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❆❣r❛❞❡❝✐♠❡♥t♦s

●♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r à ♠✐♥❤❛ ❢❛♠í❧✐❛ q✉❡ ♠❡ ❛♣♦✐♦✉ ♥❡ss❡s ❛♥♦s ❞❛ ❣r❛❞✉❛çã♦ ❡ ❞♦ ♠❡str❛❞♦✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ à ♠✐♥❤❛ ♠ã❡✱ ▼❛r✐❛ ❏♦s❡ ❩❛♥✐❜♦♥✐ ❙✐q✉❡✐r❛✱ q✉❡ ✐♥s✐st✐✉ ❜❛st❛♥t❡ ♣❛r❛ q✉❡

❡✉ ❝♦♥t✐♥✉❛ss❡ ❛ ❡s❝r❡✈❡r ❛ t❡s❡✱ ♠❡s♠♦ q✉❛♥❞♦ ❡✉ ❡st❛✈❛ ❜❡♠ ❝❛♥s❛❞♦✱ ❡ q✉❡ ♠❡ ❛♣♦✐♦✉ ❞❡

✉♠❛ ♠❛♥❡✐r❛ q✉❡ só ❛s ♠❡❧❤♦r❡s ♠ã❡s s❛❜❡♠ ❢❛③❡r✳

❆❣r❛❞❡ç♦ t❛♠❜é♠✿

❆♦s ❛♠✐❣♦s ❝♦♠ q✉❡♠ ❡✉ ❝♦st✉♠♦ ♠❡ r❡✉♥✐r ♥♦ ✜♥❛❧ ❞❡ s❡♠❛♥❛ ❡♠ ❈❛♠♣✐♥❛s✱ ♣♦✐s

♠❡s♠♦ s❡♥❞♦ ✉♠ ❣r✉♣♦ ♣❡q✉❡♥♦✱ é ✉♠ ❣r✉♣♦ ♥❡r❞ ❡ ❞✐✈❡rt✐❞♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s q✉❡ ❢❛③❡♠ ❢ís✐❝❛ ❝♦♠✐❣♦ ♥❛ ❯♥✐❝❛♠♣ ❡ ❝♦♠ q✉❡♠ ❞✐✈✐❞♦ ✈ár✐❛s ✐❞❡✐❛s

s♦❜r❡ ♦ ✉♥✐✈❡rs♦✱ ✐♥❝❧✉s✐✈❡ ♦s ❜❛♥❞❡❥õ❡s✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❡ ❛♠✐❣♦✱ ❆♥t♦♥✐♦ ❱✐❞✐❡❧❧❛ ❇❛rr❛♥❝♦✱ q✉❡ ♠❡ ❛❝❡✐t♦✉ ❝♦♠♦ s❡✉ ❛❧✉♥♦

❡ ♠❡ ❡♥s✐♥♦✉ ✉♠ ❧❛❞♦ ♥♦✈♦ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✳

P♦r ✜♠✱ q✉❡r♦ ❛❣r❛❞❡❝❡r à ❯♥✐❝❛♠♣ ❝♦♠♦ ✉♠ t♦❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦s s❡✉s ♣r♦❢❡ss♦r❡s✱

♣♦✐s ♣❛ss❡✐ ✻ ❛♥♦s ❞❛ ♠✐♥❤❛ ✈✐❞❛ ❛q✉✐✱ ♦♥❞❡ ❝♦♥❤❡❝✐ ♠✉✐t❛s ♣❡ss♦❛s✱ ♦♣✐♥✐õ❡s ❡ ♥♦✈❛s ✐❞❡✐❛s✱

❡ t❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛♦ ❈◆Pq✱ q✉❡ ♠❡ ❛♣♦✐♦✉ ✜♥❛♥❝❡✐r❛♠❡♥t❡ ♥♦ ♠❡str❛❞♦✳
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✈✐



❘❡s✉♠♦

◆❡st❡ ♣r♦❥❡t♦ s❡rá ✐♥✈❡st✐❣❛❞❛ ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ r✉í❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ✐♥t❡r❛çã♦ ❞❛ r❛❞✐❛çã♦

✭❝❛♠♣♦ q✉❛♥t✐③❛❞♦✮ ❝♦♠ ❛ ♠❛tér✐❛ ✭s✐st❡♠❛ ♠❡❝â♥✐❝♦ ♠❡s♦s❝ó♣✐❝♦✮✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♦ ♠♦❞♦

❞♦ ❝❛♠♣♦ ❝♦♥✜♥❛❞♦ ❡♠ ✉♠❛ ❝❛✈✐❞❛❞❡ ❞❡ ❛❧t♦ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ ❝♦♠ ✉♠ ❡s♣❡❧❤♦ ✜①♦ ❡ ♦ ♦✉tr♦

❡s♣❡❧❤♦ ♠ó✈❡❧✱ ❡st❡ tr❛t❛❞♦ ❝♦♠♦ ✉♠ ♦s❝✐❧❛❞♦r ♠❡❝â♥✐❝♦ s✉s❝❡tí✈❡❧ à ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦ ❞♦

❝❛♠♣♦ ❞❛ ❝❛✈✐❞❛❞❡✳ ■♥✈❡st✐❣❛r❡♠♦s ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ♥❛ s✐t✉❛çã♦ ❡♠ q✉❡ ♦ ♠♦❞♦ ❞♦

❝❛♠♣♦ ❝♦♥✜♥❛❞♦ ❡st❛rá s✉❜♠❡t✐❞♦ ❛ ✉♠ r✉í❞♦ ❝❛✉s❛♥❞♦ ♣❡r❞❛ ❞❡ ❝♦❡rê♥❝✐❛ ❞❡ ❢❛s❡✳
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❆❜str❛❝t

■♥ t❤✐s ♣r♦❥❡❝t ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♥♦✐s❡ ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥t❡r❛❝t✐♦♥ ♦❢

r❛❞✐❛t✐♦♥ ✭q✉❛♥t✐③❡❞ ✜❡❧❞✮ ✇✐t❤ t❤❡ ♠❛tt❡r ✭♠❡s♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠✮✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r

t❤❡ ♠♦❞❡ ✜❡❧❞ ❝♦♥✜♥❡❞ ✐♥ ❛ ❝❛✈✐t② ♦❢ ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦r ✇✐t❤ ❛ ✜①❡❞ ♠✐rr♦r ❛♥❞ ♦♥❡ ♠♦✈✐♥❣

♠✐rr♦r✱ t❤✐s tr❡❛t❡❞ ❛s ❛ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r s✉s❝❡♣t✐❜❧❡ t♦ r❛❞✐❛t✐♦♥ ♣r❡ss✉r❡ ❢r♦♠ ❝❛✈✐t②

✜❡❧❞✳ ❲❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ✐♥ t❤❡ s✐t✉❛t✐♦♥ t❤❛t t❤❡ ❝♦♥✜♥❡❞ ♠♦❞❡ ✜❡❧❞

✐s s✉❜♠✐tt❡❞ t♦ ♥♦✐s❡ ❝❛✉s✐♥❣ ❧♦ss ♦❢ ♣❤❛s❡ ❝♦❡❤❡r❡♥❝❡✳
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■♥tr♦❞✉çã♦

■♥❢♦r♠❛çõ❡s ♣♦❞❡♠ s❡r ❛r♠❛③❡♥❛❞❛s ❡♠ ❝❛✈✐❞❛❞❡s ó♣t✐❝❛s ❛tr❛✈és ❞❡ ❢ót♦♥s ❝♦❧♦❝❛❞♦s ❡♠

s❡✉ ✐♥t❡r✐♦r q✉❡ ♣❛ss❛♠ ❛ r❡✢❡t✐r ♥♦s ❡s♣❡❧❤♦s q✉❡ ♣♦ss✉❡♠ ❛❧t♦ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡✳ ❆✐♥❞❛

sã♦ ❡st✉❞❛❞❛s ♠❛♥❡✐r❛s ❞❡ ❛❝❡ss❛r ❡ss❛s ✐♥❢♦r♠❛çõ❡s s❡♠ ♣❡r❞ê✲❧❛s ♣♦st❡r✐♦r♠❡♥t❡✱ ❝♦♠♦

t❡♥t❛t✐✈❛s ❞❡ ❞✐♠✐♥✉✐r ❛ ♣❡r❞❛ ❞❡ ❝♦❡rê♥❝✐❛ ❞❡ ❢❛s❡ t❛♥t♦ ❞♦ ❝❛♠♣♦ ❝♦♠♦ ❞♦ ❡s♣❡❧❤♦ ♣❛r❛ ♦

❛♠❜✐❡♥t❡✱ ♦✉ ❝♦♠♦ ❞✐♠✐♥✉✐r ❛ ♣❡r❞❛ ❞❡ ❢ót♦♥s ♣❡❧♦ ❡s♣❡❧❤♦ q✉❡ ♥ã♦ é ♣❡r❢❡✐t❛♠❡♥t❡ r❡✢❡①✐✈♦

❧❡✈❛♥❞♦ ❛ ✉♠❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛✳ ❖ ❧❛s❡r ✭❛❜r❡✈✐❛çã♦ ❞❡ ▲✐❣❤t ❆♠♣❧✐✜❝❛t✐♦♥ ❜② ❙t✐♠✉❧❛t❡❞

❊♠✐ss✐♦♥ ♦❢ ❘❛❞✐❛t✐♦♥✮ é ♦ ❡①❡♠♣❧♦ ♠❛✐s ❝♦♠✉♠ ♥♦ ✉s♦ ❞❡ ❝❛✈✐❞❛❞❡s ó♣t✐❝❛s✳ ◆✉♠ ❛rt✐❣♦

r❡❝❡♥t❡ ❬✶❪ é ♠♦str❛❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦✱ q✉❡ é ❢♦r♠❛❞♦ ❡♠ ✉♠

♠✐❝r♦❝❤✐♣ ❞❡ s✐❧í❝✐♦ ❡♠ ❡s❝❛❧❛ ♥❛♥♦s❝ó♣✐❝❛✱ q✉❡ ❛♦ s❡r ❛❝♦♣❧❛❞♦ ❝♦♠ ❛ ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦

❞❡ ✉♠ ❧❛s❡r r❡s❢r✐❛ ✭❞✐♠✐♥✉✐✮ s❡✉ ♠♦✈✐♠❡♥t♦ ♠❡❝â♥✐❝♦ ❛té ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❛❧❝❛♥ç❛♥❞♦

✉♠ ♥ú♠❡r♦ ❞❡ ♦❝✉♣❛çã♦ ♠é❞✐♦ ❞❡ ❢ô♥♦♥s ❞❡ 0.85 ± 0.08✮✳ ❊ss❡ r❡s❢r✐❛♠❡♥t♦ é r❡❛❧✐③❛❞♦ ❛

t❡♠♣❡r❛t✉r❛ ❛♠❜✐❡♥t❡ ❞❡ ✷✵ ❑✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♠✐❧ ✈❡③❡s ♠❛✐♦r ❞♦ q✉❡ ❡♠ ❡①♣❡r✐♠❡♥t♦s

❛♥t❡r✐♦r❡s ❛ ❡ss❡ ❛rt✐❣♦✱ ❛❜r✐♥❞♦ ❝❛♠✐♥❤♦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ó♣t✐❝♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ♠❡s♦s❝ó♣✐❝♦s

♥♦ r❡❣✐♠❡ q✉â♥t✐❝♦✳ ❊♠ ♦✉tr♦ ❛rt✐❣♦ r❡❝❡♥t❡ ❬✷❪✱ ✉♠ s✐st❡♠❛ ♦♣t♦♠❡❝â♥✐❝♦ é ♠♦♥t❛❞♦ ❞❡

♠❛♥❡✐r❛ ❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ✐♥t❡r❢❡rê♥❝✐❛ q✉â♥t✐❝❛ ❡✜❝✐❡♥t❡ ❡♥tr❡ ✉♠ ♦s❝✐❧❛❞♦r ♠❡❝â♥✐❝♦ ❡

❢ót♦♥s ó♣t✐❝♦s✱ q✉❡ ♣♦❞❡♠ ♣r♦✈❡r ✉♠ tr❛♥s♣♦rt❡ ❞❡ ❡st❛❞♦s q✉â♥t✐❝♦s ❧✐✈r❡ ❞❡ ❞❡❝♦❡rê♥❝✐❛

❛tr❛✈és ❞❡ ✜❜r❛s ó♣t✐❝❛s✳

❊ss❛ ❞✐ss❡rt❛çã♦ ❞❡✜♥❡ ♥♦ ❈❛♣ít✉❧♦ ✷ ✈ár✐♦s ❝♦♥❝❡✐t♦s ❞❡r✐✈❛❞♦s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛

❝♦♠♦ ❞❡❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛✱ ❡♠❛r❛♥❤❛♠❡♥t♦ q✉â♥t✐❝♦✱ ❡♥s❡♠❜❧❡✱ s✉♣❡r♦♣❡r❛❞♦r❡s✱ ❡ ❡q✉❛✲

çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ♠é❞✐❛ ❞❡ ✉♠ ♦♣❡r❛❞♦r✳ ❊ss❡ ❝❛♣ít✉❧♦ ♣♦ss✉✐ ❛❧❣✉♥s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❡

❞❡✜♥✐çõ❡s q✉❡ ✜③ ♥♦ ♠❡str❛❞♦✳ ◆♦ ❈❛♣ít✉❧♦ ✸ é ❛♣r❡s❡♥t❛❞♦ ✉♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ❞❡ ❛❧t♦

❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ ❝♦♠ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ s✉❜♠❡t✐❞♦ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ q✉❛❧q✉❡r ❡ ❝♦♠ ❝❛♠♣♦

❡❧❡tr♦♠❛❣♥ét✐❝♦ ❞❡♥tr♦ ❞❛ ♠❡s♠❛ s❡♥❞♦ r❡✢❡t✐❞♦ ✈ár✐❛s ✈❡③❡s✳ ❙❡rá ♠♦♥t❛♥❞♦ ✉♠ ❤❛♠✐❧t♦✲

♥✐❛♥♦ q✉â♥t✐❝♦ ♣❡rt✉r❜❛t✐✈♦ ♥✉♠ r❡❣✐♠❡ ♥ã♦✲r❡❧❛t✐✈íst✐❝♦✱ ♦✉ s❡❥❛✱ tr❛t❛♥❞♦ ♦ ❝❛♠♣♦ ❝♦♠♦

♦ ❛❣❡♥t❡ ♣❡rt✉r❜❛t✐✈♦ ❡ ♦ ❡s♣❡❧❤♦ ♦s❝✐❧❛♥❞♦ ❡♠ t♦r♥♦ ❞❡ ✉♠❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ❛❧é♠ ❞♦

✶
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❝❛♠♣♦ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♣♦st♦ ♣♦r ♣r❛t✐❝❛♠❡♥t❡ ✉♠ ♠♦❞♦ ❞❡ ♦s❝✐❧❛çã♦✳ ◆♦ ❈❛♣ít✉❧♦ ✺✱ ✉♠

s✐st❡♠❛ q✉❛❧q✉❡r ✐♥t❡r❛❣❡ ❢r❛❝❛♠❡♥t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ ❞❡ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛ ❝r✐❛♥❞♦ ✉♠

❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✱ ❢❡♥ô♠❡♥♦ ♣✉r❛♠❡♥t❡ q✉â♥t✐❝♦✱ ♥♦ q✉❛❧ ♥ã♦ ♦❝♦rr❡ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛

❞♦ s✐st❡♠❛ ♣❛r❛ ♦ r❡s❡r✈❛tór✐♦✱ ♠❛s ✉♠❛ ❞❡❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛ ❞♦ s✐st❡♠❛✱ ❞✐❢❡r✐♥❞♦ ♠✉✐t♦

❛♦ s❡r ❝♦♠♣❛r❛❞♦ ❝♦♠ ✉♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❛♠♣❧✐t✉❞❡ q✉❡ é ❛ ♠❛♥❡✐r❛ ❝❧áss✐❝❛ ❞❡ q✉❡ ✉♠

s✐st❡♠❛ ♣❡r❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ♦ r❡s❡r✈❛tór✐♦✳

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ❡stã♦ ♦s r❡s✉❧t❛❞♦s q✉❡ ✜③ ❞✉r❛♥t❡ ♠❡✉ ♠❡str❛❞♦✱ tr❛t❛♥❞♦ ✉♠❛

❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ❞❡ ❛❧t♦ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ ❡♠ q✉❡ ✉♠ ❞❡ s❡✉s ❡s♣❡❧❤♦s é ♠ó✈❡❧ s✉❥❡✐t♦ ❛

✉♠❛ ♦s❝✐❧❛çã♦ ❤❛r♠ô♥✐❝❛✱ s❡♥❞♦ ♣❡rt✉r❜❛❞♦ ♣♦r ✉♠ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ♥♦ ✐♥t❡r✐♦r ❞❡ss❛

❝❛✈✐❞❛❞❡✳ ❊ss❡ ❝❛♠♣♦ ❡stá s✉❥❡✐t♦ ❛ ✉♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡ ❞❡✈✐❞♦ ❛ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦

❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ ❛ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✱ ❞❡ ♠❛♥❡✐r❛ ❛ ❣❛r❛♥t✐r ❛ ❛♣r♦①✐♠❛çã♦ ▼❛r❦♦✈✐❛♥❛✳

❊ss❡ r❡s❡r✈❛tór✐♦ é ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠❛ ❝♦❧❡çã♦ ❞❡ ✏❡s♣❡❧❤♦s ♠ó✈❡✐s✑ s✉❥❡✐t♦s✱ t❛♠❜é♠✱ ❛

✉♠❛ ♦s❝✐❧❛çã♦ ❤❛r♠ô♥✐❝❛✳ ❊①✐st❡ ❛q✉✐ ✉♠❛ s❡♠❡❧❤❛♥ç❛ ♠✉✐t♦ ❣r❛♥❞❡ ❡♥tr❡ ♦s ✈ár✐♦s ❡s♣❡❧❤♦s

❞♦ r❡s❡r✈❛tór✐♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ ❞❛ ❝❛✈✐❞❛❞❡✱ s❡♥❞♦ ❞✐❢❡r❡♥❝✐❛❞♦s ♣❡❧❛ t❡♠♣❡r❛t✉r❛ ❡ ♣❡❧♦

❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ ♦ ❝❛♠♣♦✳



❈❛♣ít✉❧♦ ✷

❉❡✜♥✐çõ❡s

✷✳✶ ❈♦❡rê♥❝✐❛ ◗✉â♥t✐❝❛

❊♠ ❢ís✐❝❛✱ ❝♦❡rê♥❝✐❛ é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛❞❛ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦♥❞❛s q✉❡ s❡ ✐♥t❡r❢❡r❡♠ ❢♦r✲

♠❛♥❞♦ ✉♠❛ ♦♥❞❛ ❡st❛❝✐♦♥ár✐❛ ✭♥♦ t❡♠♣♦ ❡ ♥♦ ❡s♣❛ç♦✮✳ ❉❡✜♥❡✲s❡ ♦ ❣r❛✉ ❞❡ ❝♦❡rê♥❝✐❛ ❡♥✲

tr❡ ❞✉❛s ♦♥❞❛s ❡❧❡tr♦♠❛❣♥ét✐❝❛s ❛tr❛✈és ❞❡ ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❝❛♠♣♦s ❡❧étr✐❝♦s

✭E (~r1, t1)✱ E (~r2, t2)✮ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡✳ ❙❡ ❛ ❝♦rr❡❧❛çã♦ ❢♦r ✐❣✉❛❧ ❛ ✶✱ ❡♥tã♦ ❛s ♦♥❞❛s sã♦

❞✐t❛s ❝♦❡r❡♥t❡s✱ s❡ ✐❣✉❛❧ ❛ ✵ sã♦ ✐♥❝♦❡r❡♥t❡s ❡ s❡ ❡♥tr❡ ✵ ❡ ✶ sã♦ ♣❛r❝✐❛❧♠❡♥t❡ ❝♦❡r❡♥t❡s✳

◆♦ ❡①♣❡r✐♠❡♥t♦ ❞❛ ❞✉♣❧❛ ❢❡♥❞❛ ❞❡ ❨♦✉♥❣ ❢❡✐t♦ ❝♦♠ ❢❡✐①❡s ❞❡ ❡❧étr♦♥s é ♣♦ssí✈❡❧ r❡❝♦♥❤❡❝❡r

❛ ❝♦❡rê♥❝✐❛✳ ◗✉❛♥❞♦ ❛♣❡♥❛s ❛ ❢❡♥❞❛ ✶ ❡stá ❛❜❡rt❛✱ ♦ ❢❡✐①❡ ❞❡ ❡❧étr♦♥s ❛t✐♥❣❡ ♦ ❛♥t❡♣❛r♦

❡ ❢♦r♠❛ ✉♠❛ ♠❛♥❝❤❛ ✭❝♦♥❝❡♥tr❛çã♦ ❞❡ ❡❧étr♦♥s q✉❡ ❝♦❧✐❞✐r❛♠ ❝♦♠ ♦ ❛♥t❡♣❛r♦✮ q✉❡ ♣♦ss✉✐

✐♥t❡♥s✐❞❛❞❡ q✉❡ ✈❛r✐❛ ❝♦♠ ❛ ♣♦s✐çã♦ ❡♠ r❡❧❛çã♦ à ❢❡♥❞❛✱ ♦✉ s❡❥❛✱ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❢❡♥❞❛

♠❛✐♦r ❛ ✐♥t❡♥s✐❞❛❞❡ ❡ q✉❛♥t♦ ♠❛✐s ❧♦♥❣❡ ♠❡♥♦r ❛ ✐♥t❡♥s✐❞❛❞❡✳ ❆ ❢✉♥çã♦ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❢❡♥❞❛

✶✱ I1(x) ✭♦♥❞❡ x = 0 é ❛ ♣♦s✐çã♦ ❞❛ ❢❡♥❞❛ ✶✮✱ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞♦ ♠ó❞✉❧♦ ❛♦ q✉❛❞r❛❞♦

❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞♦ ❡❧étr♦♥ q✉❡ ♣❛ss❛ ♣❡❧❛ ♠❡s♠❛ ❢❡♥❞❛✱ Ψ1(x, t) ✭♦♥❞❡ t é ♦ t❡♠♣♦✮✱ ❡

♣♦rt❛♥t♦ I1(x) = |Ψ1(x, t)|2✳ ◗✉❛♥❞♦ ❛♣❡♥❛s ❛ ❢❡♥❞❛ ✷ ❡stá ❛❜❡rt❛✱ ♦ ❡①♣❡r✐♠❡♥t♦ é ❛♥á❧♦❣♦✱

♣♦ré♠ ❝♦♠ I2(x) = I1(x− d)✱ ♦♥❞❡ d é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ❢❡♥❞❛s✱ ❡ Ψ2(x, t) = Ψ1(x− d, t)✳
❆s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ♣❡rt❡♥❝❡♠ ❛ C ❡ ✈❛r✐❛♠ ❝♦♠ ♦ t❡♠♣♦✱ ♣♦ré♠ ❛ ✐♥t❡♥s✐❞❛❞❡ ♥ã♦ ✈❛r✐❛

❝♦♠ ♦ t❡♠♣♦✳

◗✉❛♥❞♦ ❛s ❞✉❛s ❢❡♥❞❛s ❡stã♦ ❛❜❡rt❛s✱ ♦ r❡s✉❧t❛❞♦ ♥ã♦ é ♦ ✐♥t✉✐t✐✈♦✱ ♦✉ s❡❥❛✱ ❛ ❢✉♥çã♦

✐♥t❡♥s✐❞❛❞❡ r❡s✉❧t❛♥t❡ ♥ã♦ é IT(x) = I1(x)+ I2(x)✱ ❡ ♦ q✉❡ s❡ ♦❜té♠ sã♦ ❢r❛♥❥❛s ❝♦♠ ✉♠ ♣✐❝♦

❞❡ ♠❛✐♦r ✐♥t❡♥s✐❞❛❞❡ ❝❡♥tr❛❞♦ ❡♥tr❡ ❛s ❞✉❛s ❢❡♥❞❛s ❡ ❛♦ s❡ ❛❢❛st❛r ❞❡ss❡ ♣✐❝♦ ❛ ✐♥t❡♥s✐❞❛❞❡

❞✐♠✐♥✉✐✳ ❆q✉✐ ♦❝♦rr❡ ♦ ❢❡♥ô♠❡♥♦ ❞❛ s♦❜r❡♣♦s✐çã♦ q✉â♥t✐❝❛✱ s❡♥❞♦ ♥❡❝❡ssár✐♦ ❧❡✈❛r ❡♠ ❝♦♥t❛

❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❞♦ ❡❧étr♦♥ ♣❡❧❛s ❢❡♥❞❛s ✶ ❡ ✷✱ s❡♥❞♦ q✉❡ ❛s ❣r❛♥❞❡③❛s q✉❡ s❡ s♦♠❛♠ sã♦

❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❡ ♥ã♦ ❛s ✐♥t❡♥s✐❞❛❞❡s✳ P♦rt❛♥t♦✱ ΨT(x, t) = Ψ1(x, t) + Ψ2(x, t) ❡ ❛ss✐♠

IT(x) = |ΨT(x, t)|2 = I1(x)+ I2(x)+ I12(x)✱ ♦♥❞❡ I12(x) = 2ℜ{Ψ∗
1(x, t)Ψ2(x, t)} q✉❡ ♣♦❞❡ s❡r

✸
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♥❡❣❛t✐✈♦✳

❆s ♦♥❞❛s Ψ1(x, t) ❡ Ψ2(x, t) ♥ã♦ sã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡st❛❝✐♦♥ár✐❛s✱ ♣♦ré♠ ❛ ♦♥❞❛ ΨT(x, t)

é✱ ❥á q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❢❛s❡ ❡♥tr❡ ❛s ♦♥❞❛s ✶ ❡ ✷✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ❛ss✐♠✱ q✉❡

❡❧❛s sã♦ ❝♦❡r❡♥t❡s✱ ♦✉ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♣♦ss✉❡♠ ❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛✱ ♣♦✐s ❡ss❡ ❢❡♥ô♠❡♥♦

♦❝♦rr❡ s♦♠❡♥t❡ ❡♠ ♥í✈❡❧ q✉â♥t✐❝♦✳ ❆ ♥í✈❡❧ ♠❛❝r♦s❝ó♣✐❝♦✱ ♦ ❡①♣❡r✐♠❡♥t♦ ❞❛ ❞✉♣❧❛ ❢❡♥❞❛ ❞❡

❨♦✉♥❣ ❢❡✐t♦ ❝♦♠ ❢❡✐①❡s ❞❡ ♣❛rtí❝✉❧❛s ♠❛❝r♦s❝ó♣✐❝❛s r❡s✉❧t❛ ♥✉♠❛ ❢✉♥çã♦ ✐♥t❡♥s✐❞❛❞❡ ✐♥t✉✐t✐✈❛✱

♣♦rq✉❡ I12(x) é ✏❛❜s♦r✈✐❞♦✑ ♣❡❧♦ ❛♠❜✐❡♥t❡✱ ♦✉ s❡❥❛✱ ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ sã♦

♠♦❞✐✜❝❛❞❛s ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛ s❡ ♣❡r❞❡✱ r❡s✉❧t❛♥❞♦ ♥❛ ❞❡❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛✳

▼❛t❡♠❛t✐❝❛♠❡♥t❡✱ ❛ ❢✉♥çã♦ ❝♦rr❡❧❛çã♦ r❡s✉❧t❛ ❡♠ ③❡r♦✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ✉♠❛ ✐♥❝♦❡rê♥❝✐❛✱ ♦✉

✐♥❞❡♣❡♥❞ê♥❝✐❛✱ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s q✉❡ ❡♥tr❛♠ ♣❡❧❛ ❢❡♥❞❛ ✶ ❡ ❛s q✉❡ ❡♥tr❛♠ ♣❡❧❛ ❢❡♥❞❛ ✷✱ ♥ã♦

❤❛✈❡♥❞♦ ✐♥t❡r❢❡rê♥❝✐❛ ♦✉ s♦❜r❡♣♦s✐çã♦ ❡♥tr❡ ❛s ♠❡s♠❛s✳

✷✳✷ ❈❛✈✐❞❛❞❡ ó♣t✐❝❛

❯♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é ✉♠ ❛rr❛♥❥♦ ❞❡ ❡s♣❡❧❤♦s q✉❡ ❛♣r✐s✐♦♥❛ ♦♥❞❛s ❡❧❡tr♦♠❛❣♥ét✐❝❛s ❡♠

✉♠❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦ ❝❤❛♠❛❞❛ ❝❛✈✐❞❛❞❡ ♣♦r ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦ ❢❛t♦r

❞❡ q✉❛❧✐❞❛❞❡ ❞♦s ❡s♣❡❧❤♦s✱ ❡♠ q✉❡ ❛s ♦♥❞❛s ♣♦❞❡♠ r❡✢❡t✐r ♠✉✐t❛s ✈❡③❡s ❡ s♦❢r❡r❡♠ ♣♦✉❝❛

❛t❡♥✉❛çã♦✳

❆ ♦♥❞❛ ❛♣r✐s✐♦♥❛❞❛ r❡✢❡t✐rá ✈ár✐❛s ✈❡③❡s ❡✱ ♣♦r ❡❢❡✐t♦s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛✱ s❡ t♦r♥❛rá ❡s✲

t❛❝✐♦♥ár✐❛✱ r❡s✉❧t❛♥❞♦ ♥✉♠❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ♦♥❞❛s ❝♦♠ ❢r❡q✉ê♥❝✐❛s ❜❡♠ ❞❡✜♥✐❞❛s✱ ❞❡✈✐❞♦

à ✐♥t❡r❢❡rê♥❝✐❛ ❝♦♥str✉t✐✈❛✱ ❞❡♣❡♥❞❡♥t❡s ❛♣❡♥❛s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝❛✈✐❞❛❞❡✱ ❡ ❛s ♦✉tr❛s

❢r❡q✉ê♥❝✐❛s s❡rã♦ s✉♣r✐♠✐❞❛s ♣♦r ✐♥t❡r❢❡rê♥❝✐❛ ❞❡str✉t✐✈❛✳

✷✳✸ ❙✐st❡♠❛

❊♠ ❢ís✐❝❛✱ ✉♠ s✐st❡♠❛ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rtí❝✉❧❛s ❡ ♦❜❥❡t♦s ♦✉ ❡♥t✐❞❛❞❡s ♠❛t❡r✐❛✐s ❡s❝♦❧❤✐❞♦s

♣❛r❛ ❛♥á❧✐s❡ q✉❡ ♣♦❞❡♠ ✐♥t❡r❛❣✐r ❡♥tr❡ s✐ ❡ ❝♦♠ ♦ ❛♠❜✐❡♥t❡ q✉❡ ❝❡r❝❛ ❡ss❡ s✐st❡♠❛✳ P❛r❛ ✉♠

✐♥st❛♥t❡ t q✉❛❧q✉❡r✱ ♦ s✐st❡♠❛ ♣♦❞❡ s❡r ✐♥t❡✐r❛♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❡st❛❞♦ |ψ(t)〉✳
❆♣ós s❡r ❞❡✜♥✐❞♦✱ é ♣♦ssí✈❡❧ ❡①tr❛✐r ✐♥❢♦r♠❛çõ❡s ❞♦ ♠❡s♠♦ ❛tr❛✈és ❞♦ ✉s♦ ❞❡ ♦❜s❡r✈á✈❡✐s✳

✷✳✸✳✶ ❱❡t♦r ❊st❛❞♦

❙❡❥❛ |ψ〉 ✉♠ ✈❡t♦r q✉❡ ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ F ✳ ❖ ❡s♣❛ç♦ F∗ é ♦ ❡s♣❛ç♦ ❛❞❥✉♥t♦ ❞❡ F ✱ ❡ ♦ ✈❡t♦r

〈ψ| é ♦ ✈❡t♦r ❛❞❥✉♥t♦ ❞❡ |ψ〉✱ s❡♥❞♦ q✉❡ ❡ss❛ r❡❧❛çã♦ é ❜✐❥❡t✐✈❛✱ ♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ |ψ〉 ❡①✐st❡
❛♣❡♥❛s ✉♠ ✈❡t♦r ❛❞❥✉♥t♦ 〈ψ|✱ ❡ ✈✐❝❡✲✈❡rs❛✳ ❯♠ ❡s❝❛❧❛r✱ λ ∈ C✱ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ♠♦❞✐✜❝❛r

❛ ✐♥t❡♥s✐❞❛❞❡ ❡ ❛ ❢❛s❡ ❞❡ ✉♠ ✈❡t♦r r❡s✉❧t❛♥❞♦ ♥♦ ♣r♦❞✉t♦ λ |ψ〉✳ ❙✐♠❜♦❧♦❣✐❝❛♠❡♥t❡✱ ♣♦❞❡✲s❡
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❡s❝r❡✈❡r ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❜✐❥❡t✐✈❛ ❡♥tr❡ F ❡ F∗✿

λ |ψ〉 ←→ λ∗ 〈ψ|

❯♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ✉♠ ❡s❝❛❧❛r q✉❡ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❡♥tr❡ ✉♠ ✈❡t♦r ❞❡ F ✱ |β〉✱ ❝♦♠
✉♠ ❞❡ F∗✱ 〈α|✱ ❞❛❞♦ ♣♦r 〈α | β〉 ∈ C✳ ❯♠ ✈❡t♦r ✉♥✐tár✐♦ é ❛q✉❡❧❡ q✉❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈ψ |ψ〉 = 1✱ ❡ ❞♦✐s ✈❡t♦r❡s sã♦ ♦rt♦❣♦♥❛✐s s❡ 〈α | β〉 = 0✳

❙❡ ✉♠ ✈❡t♦r |ψ〉 ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✱ ❡♥tã♦ ❡❧❡ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❝♦♠♦ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ♦rt♦♥♦r♠❛✐s q✉❡ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ {|an〉}✿

|ψ〉 =
∑

n

cn |an〉 ✭✷✳✸✳✶✮

♦♥❞❡ cn ∈ C ❡ 〈an | am〉 = δn,m✳ ❯♠ ✈❡t♦r ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣♦❞❡ s❡r ❝❤❛♠❛❞♦ ❞❡ ❦❡t✱ ❡ ♦

✈❡t♦r ❞♦ ❡s♣❛ç♦ ❛❞❥✉♥t♦✱ H∗✱ ♣♦❞❡ s❡r ❝❤❛♠❛❞♦ ❞❡ ❜r❛✳

P❛r❛ ❞❡s❝r❡✈❡r ✉♠ s✐st❡♠❛ ❢ís✐❝♦ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ♦ ❡s♣❛ç♦ ❡st❛❞♦ E ✱ q✉❡ é ✉♠ ❡s♣❛ç♦

q✉❡ ❡stá ❝♦♥t✐❞♦ ❡♠ H ❡ ♣♦ss✉✐ ❛♣❡♥❛s ✈❡t♦r❡s ✉♥✐tár✐♦s✱ ♦✉ s❡❥❛✱ ❛❧é♠ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✳✶✮✱

❞❡✈❡✲s❡ ❛❝r❡s❝❡♥t❛r 〈ψ |ψ〉 = 1✳ ❯♠ ✈❡t♦r ❞❡ss❡ ❡s♣❛ç♦ é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❡st❛❞♦✳

✷✳✸✳✷ ❊♠❛r❛♥❤❛♠❡♥t♦

❯♠ s✐st❡♠❛ ♣♦❞❡ s❡r ❝♦♠♣♦st♦ ♣♦r s✉❜s✐st❡♠❛s✱ s❡♥❞♦ q✉❡ ✉♠ s✐st❡♠❛ ❝♦♠♣♦st♦ ♣❡❧♦s s✐st❡✲

♠❛s ❆ ❡ ❇ ♣♦ss✉❡♠ HA ❡ HB ❝♦♠♦ s❡✉s r❡s♣❡❝t✐✈♦s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱ ❡ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛

t♦❞♦ é ❞❛❞♦ ♣♦r |ψ〉 ∈ HA⊗HB✱ ♣♦r ❡①❡♠♣❧♦✿

|ψ〉 = |ψ〉
A
⊗ |ψ〉

B
✭✷✳✸✳✷✮

♦✉ t❛♠❜é♠

|ψ〉 = |ξ〉
A
⊗ |ξ〉

B
+ |φ〉

A
⊗ |φ〉

B
✭✷✳✸✳✸✮

❆s ❞✉❛s ❡q✉❛çõ❡s tr❛t❛♠ s✐st❡♠❛s ❞✐❢❡r❡♥t❡s✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✸✳✸✮

♥ã♦ ♣♦❞❡ s❡r ❝♦❧♦❝❛❞❛ ❞❛ ❢♦r♠❛ ✭✷✳✸✳✷✮✱ ♦✉ s❡❥❛✱ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❞❡s❝r✐t♦ ❡♠ ✭✷✳✸✳✸✮

♥ã♦ é ✉♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❆ ❝♦♠ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❇✱ ♦✉ s❡❥❛ é

✐♥s❡♣❛rá✈❡❧✳ P♦rt❛♥t♦✱ ♦ ❡st❛❞♦ ❞❡ ❆ ❡stá ❡♠❛r❛♥❤❛❞♦ ❝♦♠ ♦ ❡st❛❞♦ ❞❡ ❇✳

✷✳✸✳✸ ❖❜s❡r✈á✈❡❧

❯♠ ♦❜s❡r✈á✈❡❧ Â é ✉♠ ♦♣❡r❛❞♦r ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt q✉❡ é ❍❡r♠✐t✐❛♥♦✱ ❝♦♠ s❡✉s ❛✉t♦✈❡t♦r❡s

❢♦r♠❛♥❞♦ ✉♠❛ ❜❛s❡ ♥♦ ❡s♣❛ç♦ ❡st❛❞♦ ❬✸❪✱ ❡ ♣♦ss✉✐♥❞♦ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦✱ ♦✉ s❡❥❛✿
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• Â† = Â✳ ❈♦♥❞✐çã♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ❛✉t♦✈❛❧♦r❡s r❡❛✐s✳

•
∞∑

n=1

gn∑

i=1

|αin〉 〈αin| = 1 ✭r❡❧❛çã♦ ❞❡ ❢❡❝❤❛♠❡♥t♦✮✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ❡s♣❡❝tr♦ ❞✐s❝r❡t♦ ❝♦♠

Â |αin〉 = αn |αin〉✱ ❝♦♠ |αin〉 ✉♠ ❛✉t♦❡st❛❞♦ ❞❡ ❛✉t♦✈❛❧♦r αn ❡ gn é ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡

αn✱ ❛❧é♠ ❞❡ 〈αin |αjm〉 = δn,mδi,j

• Â ♣♦❞❡ s❡r ♠❡❞✐❞♦✳

❉❡✜♥✐✲s❡ P̂n =

gn∑

i=1

|αin〉 〈αin| ❝♦♠♦ ❛ ♣r♦❥❡çã♦ ❞❡ ✉♠ ✈❡t♦r ❡st❛❞♦ ♥♦ s✉❜❡s♣❛ç♦ ❞❡ αn✳ ❖

♦❜s❡r✈á✈❡❧ Â ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ♣♦r✿

Â =
∞∑

n=1

αnP̂n ✭✷✳✸✳✹✮

❝♦♠ αn ∈ R✳

P❛r❛ ♦ ❝❛s♦ ❞♦ ♦❜s❡r✈á✈❡❧ t❡r ♣❛rt❡✱ ♦✉ t♦t❛❧✐❞❛❞❡✱ ❞♦ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦✱ ✉s❛✲s❡ ♦ t❡♦r❡♠❛

❡s♣❡❝tr❛❧✳

❖s ♦♣❡r❛❞♦r❡s ♣♦s✐çã♦✱ ♠♦♠❡♥t♦ ❧✐♥❡❛r✱ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❡ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s sã♦ ❡①❡♠✲

♣❧♦s ❞❡ ♦❜s❡r✈á✈❡✐s✳

✷✳✸✳✹ ❘❡❣r❛ ❞❡ ❇♦r♥

❆ r❡❣r❛ ❞❡ ❇♦r♥ ❢♦✐ ❢♦r♠✉❧❛❞❛ ♣♦r ❇♦r♥ ♥✉♠ ❛rt✐❣♦ ❡♠ ✶✾✷✻ ❬✹❪ ❡ é ✉t✐❧✐③❛❞❛ ♣❛r❛ ♠♦str❛r ♦

q✉❡ ❛❝♦♥t❡❝❡✱ t❡♦r✐❝❛♠❡♥t❡✱ ❛♦ ❡①tr❛✐r ✐♥❢♦r♠❛çã♦ ❞❡ ✉♠ s✐st❡♠❛✳ ❙❡ ♦ ♦❜s❡r✈á✈❡❧ Â ♣♦ss✉✐

❡s♣❡❝tr♦ ❞✐s❝r❡t♦ ❡ ♦ s✐st❡♠❛ ❡stá ♥✉♠ ❡st❛❞♦ |ψ〉 ♥♦r♠❛❧✐③❛❞♦✱ ❡♥tã♦✿

• ❛♦ ♠❡❞✐✲❧♦ ♦❜t❡r❡♠♦s ✉♠ ❞♦s ❛✉t♦✈❛❧♦r❡s αn ❞❡ Â✳

• ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ♠❡❞✐r αn é ❞❛❞❛ ♣♦r 〈ψ| P̂n |ψ〉 =
gn∑

i=1

|〈αin |ψ〉|
2✳ ◆♦t❛r q✉❡ P̂n |ψ〉

é ❛ ♣r♦❥❡çã♦ ❞♦ ❡st❛❞♦ ❞❛ ♣❛rtí❝✉❧❛ s♦❜r❡ ♦ s✉❜❡s♣❛ç♦ ❞❡ αn✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ♠❡❞✐çã♦✱ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ s❡rá ♣r♦❥❡t❛❞♦ s♦❜r❡ ♦ s✉❜❡s♣❛ç♦ ❞❡

✈❛❧♦r ♠❡❞✐❞♦✿

P̂n |ψ〉
√

〈ψ| P̂n |ψ〉
=

gn∑

i=1

〈αin |ψ〉 |αin〉
√
√
√
√

gn∑

i=1

|〈αin |ψ〉|2
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✷✳✸✳✺ ❊✈♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛

P❛r❛ ❞❡s❝r❡✈❡r ❝♦♠♦ ✉♠ s✐st❡♠❛ s❡ ♠♦❞✐✜❝❛ ❝♦♠ ♦ t❡♠♣♦ é ♥❡❝❡ssár✐♦ ✉s❛r ❛ ❡q✉❛çã♦ ❞❡

❙❝❤rö❞✐♥❣❡r ❬✺❪ q✉❡ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❊r✇✐♥ ❙❝❤rö❞✐♥❣❡r ❡♠ ✶✾✷✻✿

i~
d |ψ(t)〉
dt

= Ĥ(t) |ψ(t)〉 ✭✷✳✸✳✺✮

❝♦♠ Ĥ(t) ♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ ♣♦❞❡ ✈❛r✐❛r ❝♦♠ ♦ t❡♠♣♦ t✱ ~ ❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦ ❞✐✈✐❞✐❞❛

♣♦r 2π✱ ❡ i ❛ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛✳

❙❡ Ĥ(t) = Ĥ✱ ♦✉ s❡❥❛✱ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ t❡♠♣♦✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

❞❡ ❙❝❤rö❞✐♥❣❡r é ❞❛❞❛ ♣♦r✿

|ψ(t)〉 = e
i
~
Ĥ(t−t0) |ψ(t0)〉

♦♥❞❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ é ❝❤❛♠❛❞❛ ❞❡ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ s✐st❡♠❛

❝♦♠♣♦st♦ ❞❡ ♦✉tr♦s s✐st❡♠❛s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛

t♦❞♦✱ ♥ã♦ s❡♥❞♦ ♣♦ssí✈❡❧✱ ❡♠ ❣❡r❛❧✱ ❛♣❧✐❝❛r✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s s✐st❡♠❛s✳ P♦r

❡①❡♠♣❧♦✱ s❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❞♦ s✐st❡♠❛ é ❞❛❞♦ ♣♦r✿

Ĥ = ĤA + ĤB + V̂

♦♥❞❡ V̂ é ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s s✐st❡♠❛s ❆ ❡ ❇ ❞❛❞♦ ♣♦r✿

V̂ = V̂AV̂B

❝♦♠ V̂A ✉♠ ♦♣❡r❛❞♦r q✉❡ ❛t✉❛ ♥♦ s✐st❡♠❛ ❆ ❡ V̂B ✉♠ ♦♣❡r❛❞♦r q✉❡ ❛t✉❛ ♥♦ s✐st❡♠❛ ❇✱ ❡♥tã♦

♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ s❡rá ❞❛❞♦ ♣♦r✿

e
i
~
ĤA(t−t0)e

i
~
ĤB(t−t0)e

i
~
V̂AV̂B(t−t0)

q✉❡ ❛♦ s❡r ❛♣❧✐❝❛❞♦ s♦❜r❡ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♥ã♦✲❡♠❛r❛♥❤❛❞♦ ✐rá t♦r♥á✲❧♦ ❡♠❛r❛♥❤❛❞♦ ❞❡✈✐❞♦

❛♦ t❡r♠♦ e
i
~
V̂AV̂B(t−t0)✳

✷✳✸✳✻ ❊st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦

❊st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦ é ♦ ❡st❛❞♦ ♥♦ q✉❛❧ ❛s ♠é❞✐❛s q✉â♥t✐❝❛s 〈x̂〉✱ 〈p̂〉 ❡ 〈Ĥ〉 sã♦ q✉❛s❡ ✐❣✉❛✐s

❛♦s ✈❛❧♦r❡s ❝❧áss✐❝♦s x✱ p ❡ H r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ x̂ ❡ p̂ ♦s ♦♣❡r❛❞♦r❡s ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ ♦ ❝❛s♦ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ s✐♠♣❧❡s✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ é
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❞❛❞♦ ♣♦r✿

Ĥ =
p̂2

2m
+

1

2
mω2x̂2

♦♥❞❡ m é ❛ ♠❛ss❛ ❞❛ ♣❛rtí❝✉❧❛ ❡ ω ❛ ❢r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r✳ ❆q✉✐ sã♦ ❞❡✜♥✐❞♦s ♦s ♦♣❡r❛❞♦r❡s

❛♥✐q✉✐❧❛çã♦✱ â✱ ❡ ❝r✐❛çã♦ â†✱ q✉❡ s❛t✐s❢❛③❡♠✿

x̂ =

√

~

mω

(
â+ â†√

2

)

p̂ =
√
~mω

(
â− â†√

2i

)

[â, â†] = 1

n̂ = â†â

♦♥❞❡ ♦s ❛✉t♦✈❡t♦r❡s ❞❡ n̂ ✭♦♣❡r❛❞♦r ♥ú♠❡r♦✱ q✉❡ ♣❛r❛ ✉♠ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ r❡♣r❡s❡♥t❛

♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s✮ sã♦ {|n〉} ❝♦♠ n ∈ N✱ ♥♦ q✉❛❧ ❢♦r♠❛♠ ❛ ❜❛s❡ ❞❡ ❋♦❝❦✳ ❚❛✐s ✈❡t♦r❡s

r❡s♣❡✐t❛♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

â |n〉 =
√
n |n− 1〉

â† |n〉 =
√
n+ 1 |n+ 1〉

❖s ❛✉t♦❡st❛❞♦s ❞❡ Ĥ t❛♠❜é♠ sã♦ {|n〉} ❡ ❛s ❛✉t♦❡♥❡r❣✐❛s sã♦✿

En = ~ω

(

n+
1

2

)

P❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ s✉❜♠❡t✐❞❛ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦✱ ♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ |α〉 ✭❝♦♠ |α| ≫ 1✮

é ♦ ❡st❛❞♦ q✉❡ ♠❛✐s s❡ ❛♣r♦①✐♠❛ ❞❡ ✉♠ ❡st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦✳ ❯♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ é ❞❡✜♥✐❞♦

♣♦r✿

|α〉 = e−
|α|2

2

∞∑

n=0

αn√
n!
|n〉

♦♥❞❡ α ∈ C✳ ❖ ❡st❛❞♦ ❝♦❡r❡♥t❡ s❛t✐s❢❛③ ✉♠❛ r❡❧❛çã♦ ❞❡ ✐♥❝❡rt❡③❛ ♠í♥✐♠❛ ✭❱❡r ✷✳✹✳✷✮✳

✷✳✹ ❊♥s❡♠❜❧❡

❯♠ ❡♥s❡♠❜❧❡ é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ♠✉✐t♦s s✐st❡♠❛s ✐❞ê♥t✐❝♦s ❬✻❪ ✭❛ ✐❞❡✐❛ é q✉❡✱ ♥♦ ❧✐♠✐t❡✱ ♦

♥ú♠❡r♦ ❞❡ s✐st❡♠❛s t❡♥❞❛ ❛♦ ✐♥✜♥✐t♦✮✱ ❡♠ q✉❡ ❝❛❞❛ s✐st❡♠❛ ❡stá ♥✉♠ ❡st❛❞♦ ♥♦r♠❛❧✐③❛❞♦
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|ψ〉❬✼❪✳ ➱ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡st❛tíst✐❝♦ ❞♦ s✐st❡♠❛✳

✷✳✹✳✶ ▼é❞✐❛ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡

❆ ♠é❞✐❛ ✭❞❡ ✉♠ ♦❜s❡r✈á✈❡❧✮ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡ ❝♦♥s✐st❡ ❡♠ ♠❡❞✐r ♦ ✈❛❧♦r ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧

Â ♣❛r❛ ❝❛❞❛ s✐st❡♠❛ ❞❛ ❝♦❧❡çã♦ ❡ ❞❡♣♦✐s ❢❛③❡r ❛ ♠é❞✐❛ ❞❡ss❡s ✈❛❧♦r❡s✿

A =

∞∑

n=1

Nnαn

∞∑

n=1

Nn

✭✷✳✹✳✶✮

❝♦♠ Nn ♦ ♥ú♠❡r♦ ❞❡ s✐st❡♠❛s q✉❡ ♠♦str❛r❛♠ ♦ ✈❛❧♦r αn ❛♦ t❡r❡♠ Â ♠❡❞✐❞♦✳

❈♦♠♦ ❛ ✐❞❡✐❛ ❞❡ ✉♠ ❡♥s❡♠❜❧❡ é t❡r ♦ ♥ú♠❡r♦ ❞❡ s✐st❡♠❛s t❡♥❞❡♥❞♦ ❛♦ ✐♥✜♥✐t♦✱ ✉s❛✲s❡ ❛

r❡❣r❛ ❞❡ ❇♦r♥ ❛✜♠ ❞❡ s❡ ♦❜t❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡st❛tíst✐❝♦ ❞♦ s✐st❡♠❛ q✉❡ ❡stá ♥✉♠ ❡st❛❞♦

♥♦r♠❛❧✐③❛❞♦ |ψ〉✿
lim

Nn→+∞

Nk
∞∑

n=1

Nn

= 〈ψ| P̂k |ψ〉 ✭✷✳✹✳✷✮

P♦rt❛♥t♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❡ ❞♦ ♥ú♠❡r♦ ❞❡ s✐st❡♠❛s ❡♠ ✭✷✳✹✳✶✮✱ ❡ ✉s❛♥❞♦ ✭✷✳✹✳✷✮ ❡ ✭✷✳✸✳✹✮✱

❛ ♠é❞✐❛ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡ s❡rá✿

A =
∞∑

n=1

αn 〈ψ| P̂n |ψ〉 = 〈ψ| Â |ψ〉 ≡ 〈Â〉ψ ✭✷✳✹✳✸✮

✷✳✹✳✷ ❘❡❧❛çã♦ ❞❡ ■♥❝❡rt❡③❛

❖ t❡r♠♦ ✐♥❝❡rt❡③❛ ♥ã♦ ♣♦ss✉✐ ✉♠❛ ❞❡✜♥✐çã♦ ú♥✐❝❛✱ s❡♥❞♦ q✉❡ ❛ ✐♥❝❡rt❡③❛ s♦❜r❡ ✉♠❛ ♠❡❞✐❞❛

❞❡ Â é r❡♣r❡s❡♥t❛❞❛ ♣♦r∆Â✳ ❊♠ ✶✾✷✼✱ ❲❡r♥❡r ❍❡✐s❡♥❜❡r❣ ❡st❛❜❡❧❡❝❡✉ ✉♠ ♣r✐♥❝í♣✐♦ q✉❡ ✜❝♦✉

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❝❡rt❡③❛ ❞❡ ❍❡✐s❡♥❜❡r❣✱ q✉❡ ❞✐③ q✉❡ ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡

♠í♥✐♠❛ ♥♦ ♣r♦❞✉t♦ ❞❛ ✐♥❝❡rt❡③❛ ❞♦ ♠♦♠❡♥t♦ ❝✐♥ét✐❝♦✱ ∆p̂✱ ❝♦♠ ❛ ✐♥❝❡rt❡③❛ ❞❛ ♣♦s✐çã♦✱ ∆x̂✱

✐♠♣♦ss✐❜✐❧✐t❛♥❞♦ ❛ss✐♠ ✉♠❛ ♠❡❞✐çã♦ ❡①❛t❛ ❞❛ ♣♦s✐çã♦ ❡ ❞♦ ♠♦♠❡♥t♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❬✽❪✿

∆x̂∆p̂ ≈ h

♣♦ré♠ ❍❡✐s❡♥❜❡r❣ ♥✉♥❝❛ ❝❤❡❣♦✉ ❛ ❞❛r ✉♠❛ ❞❡✜♥✐çã♦ ❝❧❛r❛ ❞♦ q✉❡ é ✐♥❝❡rt❡③❛✱ ❡♥tr❡t❛♥t♦ ❞❡✉

✉♠❛ ❡①♣❧✐❝❛çã♦ ♣❧❛✉sí✈❡❧ s♦❜r❡ ❝♦♠♦ ❝❤❡❣❛r ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✳

❆✐♥❞❛ ❡♠ ✶✾✷✼✱ ❑❡♥♥❛r❞ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ❞❡♠♦♥str❛r ❛ r❡❧❛çã♦ ♠♦❞❡r♥❛ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡
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✐♥❝❡rt❡③❛ ❬✾❪✿

σxσp ≥
~

2

❝♦♠ σA ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ ♠❡❞✐çõ❡s s♦❜r❡ Â q✉❡ é ✉♠ ♦❜s❡r✈á✈❡❧✱ ❞❡✜♥✐❞♦ ♣♦r✿

σA =

√

〈(Â− 〈Â〉)2〉 =
√

〈Â2〉 − 〈Â〉2

♦♥❞❡ ❛ ♠é❞✐❛ é ❢❡✐t❛ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡✳

❘❡❧❛çã♦ ❞❡ ■♥❝❡rt❡③❛ ❞❡ ❘♦❜❡rts♦♥

❊♠ ✶✾✷✾✱ ❘♦❜❡rts♦♥ ❬✶✵❪ ❞❡s❡♥✈♦❧✈❡✉ ✉♠❛ r❡❧❛çã♦ ❞❡ ✐♥❝❡rt❡③❛ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❤❡r♠✐t✐❛♥♦s

♥ã♦ ❝♦♠✉tá✈❡✐s Â ❡ B̂✿

σAσB ≥
1

2
|〈[Â, B̂]〉|

✷✳✹✳✸ ❊♥s❡♠❜❧❡ ♠✐st♦

❯♠ ❡♥s❡♠❜❧❡ ♠✐st♦ é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❡♥s❡♠❜❧❡s ♦r❞❡♥❛❞♦s ❞❡ ✉♠ ♠❡s♠♦ s✐st❡♠❛✱ ❝♦♠ ♦

n✲és✐♠♦ ❡♥s❡♠❜❧❡ tr❛t❛♥❞♦ ♦ s✐st❡♠❛ ♥✉♠ ❡st❛❞♦ ♥♦r♠❛❧✐③❛❞♦ |ψn〉 ❡ ♣♦ss✉✐♥❞♦ ✉♠❛ ❢r❛çã♦

♣♦♣✉❧❛❝✐♦♥❛❧ wn✳ ❆ s♦♠❛ ❞❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞❡✈❡ s❡r ✐❣✉❛❧ ❛ ✉♠❛ ✉♥✐❞❛❞❡✿

∑

n

wn = 1 ✭✷✳✹✳✹✮

s❡♥❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❡♥s❡♠❜❧❡s ♣♦❞❡ s❡r ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛ ❢r❛çã♦

♣♦♣✉❧❛❝✐♦♥❛❧ é ✉♠ ♥ú♠❡r♦ r❡❛❧ ❡ ♣♦s✐t✐✈♦✿ wn ≥ 0✱ ♦✉ s❡❥❛✱ é ❝♦♠♦ s❡ ❢♦ss❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡

❝❛❞❛ ❡♥s❡♠❜❧❡ ❞❛ ❝♦❧❡çã♦✳

➱ ✉s❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♦s ♣♦ssí✈❡✐s ❡st❛❞♦s ❡♠ q✉❡ ✉♠ s✐st❡♠❛ ♣♦❞❡ ❡st❛r✳ P♦r ❡①❡♠♣❧♦✱

♦ ❡st❛❞♦ ❞❡ ✉♠ ❢ót♦♥ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ s♦❜r❡♣♦s✐çã♦ ❞❛s ❞✐r❡çõ❡s ❞❡ ♣♦❧❛r✐③❛çã♦

❝✐r❝✉❧❛r ✭❞✐r❡✐t❛ |�〉 ♦✉ ❡sq✉❡r❞❛ |	〉✱ ❝♦♠ 〈	|�〉 = 0✮✱ s❡♥❞♦ q✉❡ ✉♠ ♣♦ssí✈❡❧ é |l〉 =

(|�〉+ |	〉) /
√
2 ✭♣♦❧❛r✐③❛çã♦ ❧✐♥❡❛r ✈❡rt✐❝❛❧✮✱ ❡ ♦✉tr♦ é |↔〉 = (|�〉 − |	〉) /

√
2 ✭♣♦❧❛r✐③❛çã♦

❧✐♥❡❛r ❤♦r✐③♦♥t❛❧✮✳ ❊♥tã♦✱ ✉♠ ❢ót♦♥ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r ✉♠ ❡st❛❞♦ ♣✉r♦✱ q✉❡ ♣♦❞❡ s❡r

✉♠❛ s♦❜r❡♣♦s✐çã♦ ❞❡ ♦✉tr♦s ❡st❛❞♦s ♣✉r♦s✳ ❆❣♦r❛✱ q✉❛♥❞♦ ✉♠❛ ❧â♠♣❛❞❛ ✐♥❝❛♥❞❡s❝❡♥t❡ ❡stá

❡♠✐t✐♥❞♦ ❧✉③✱ ❡ss❛ ❧✉③ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣♦r ✉♠ ❡st❛❞♦ ♣✉r♦✱ ♣♦✐s s❡✉s ❢ót♦♥s ♥ã♦ ❡stã♦

t♦❞♦s ♥♦ ♠❡s♠♦ ❡st❛❞♦✳ ❊❧❛ é ❝♦♠♣♦st❛ ❞❡ ❢ót♦♥s ❡♠ t♦❞♦s ♦s ❡st❛❞♦s ♣♦ssí✈❡✐s✿ cos β |�〉+
eiθ sin β |	〉✱ ❝♦♠ β ∈ [0, π[ ❡ θ ∈ [0, 2π[✱ ❡q✉✐✈❛❧❡♥❞♦✱ ♥♦ ✜♠ ❞❛s ❝♦♥t❛s✱ ❛ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦

❝♦♠♣♦st♦ ❞❡ ✺✵✪ |�〉 ❡ ✺✵✪ |	〉✳ P♦rt❛♥t♦✱ ♣♦❞❡✲s❡ ❝❤❛♠❛r ❧✉③ ♥ã♦✲♣♦❧❛r✐③❛❞❛ ❛ ❧✉③ ❞❡ ✉♠❛

❧â♠♣❛❞❛ ✐♥❝❛♥❞❡s❝❡♥t❡✱ ❡ ❡ss❛ ❧✉③ só ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣♦r ✉♠ ❡st❛❞♦ ♠✐st♦✳
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✷✳✹✳✹ ▼é❞✐❛ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦

❆ ♠é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦ ❝♦♥s✐st❡ ❡♠ ❢❛③❡r ❛ ♠é❞✐❛ ❞♦s ✈❛❧♦r❡s

♠é❞✐♦s ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ Â ❞❡ ❝❛❞❛ ❡♥s❡♠❜❧❡ ❞❡ ❡st❛❞♦ |ψn〉 ❞❛ ❝♦❧❡çã♦✿

〈Â〉 =
∑

n

wn〈Â〉n ✭✷✳✹✳✺✮

❝♦♠ 〈Â〉n ≡ 〈ψn| Â |ψn〉✳
❊ss❛ ❞❡✜♥✐çã♦ é ❛ ♠❡s♠❛ q✉❡ ♠❡❞✐r ♦ ✈❛❧♦r ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ Â ♣❛r❛ ❝❛❞❛ s✐st❡♠❛ ❞❛

❝♦❧❡çã♦ ❡ ❞❡♣♦✐s ❢❛③❡r ❛ ♠é❞✐❛ ❞❡ss❡s ✈❛❧♦r❡s✳

✷✳✹✳✺ ❖♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

❊s❝♦❧❤❡♥❞♦ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡ ❞✐s❝r❡t❛ ♥♦ ❡s♣❛ç♦ ❡st❛❞♦ ❛ r❡❧❛çã♦ ❞❡ ❢❡❝❤❛♠❡♥t♦ ♣♦❞❡

s❡r ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
∞∑

i=1

|φi〉 〈φi| = 1 ✭✷✳✹✳✻✮

❆♣❧✐❝❛♥❞♦ ✭✷✳✹✳✻✮ ❡♠ ✭✷✳✹✳✺✮✱ ❛ ❡q✉❛çã♦ é r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

〈Â〉 =
∑

n

∞∑

i=1

wn 〈ψn |φi〉 〈φi| Â |ψn〉 ✭✷✳✹✳✼✮

=
∞∑

i=1

〈φi| Â
[
∑

n

wn |ψn〉 〈ψn|
]

|φi〉 ✭✷✳✹✳✽✮

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞❡ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦ é✿

ρ̂ ≡
∑

n

wn |ψn〉 〈ψn| ✭✷✳✹✳✾✮

♦✉ s❡❥❛✱ é ✉♠❛ ❡①♣r❡ssã♦ ♠❛t❡♠át✐❝❛ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛❞❛ ❡♥s❡♠❜❧❡ ❞❛ ❝♦❧❡çã♦

❝♦♠ ♦ ✈❡t♦r ❡st❛❞♦ ❞♦s s✐st❡♠❛s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❊ ♣♦rt❛♥t♦✱ ❛ ♠é❞✐❛ ❞♦s ✈❛❧♦r❡s ❞❡ Â ♣❛r❛ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

〈Â〉 = Tr{Âρ̂} ✭✷✳✹✳✶✵✮

❆ ♦r❞❡♠ ❞♦s ♦♣❡r❛❞♦r❡s ♥✉♠ tr❛ç♦ ♥ã♦ ♠♦❞✐✜❝❛ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧✱ ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦ ❡♠
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✭❆✳✶✳✶✺✮✳ ❆ ❡q✉❛çã♦ ✭✷✳✹✳✺✮ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

〈Â〉 = Tr{ρ̂Â} ✭✷✳✹✳✶✶✮

✷✳✹✳✻ Pr♦♣r✐❡❞❛❞❡s ❞❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡

◆❡♠ t♦❞❛ ♠❛tr✐③ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ✉♠❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡✳ ❊①✐st❡♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s

q✉❡ ❡❧❛ ❞❡✈❡ s❡❣✉✐r✿

• ❍❡r♠✐t✐❝✐❞❛❞❡

ρ̂† =
∑

n

w∗
n (|ψn〉 〈ψn|)† ✭✷✳✹✳✶✷✮

❝♦♠♦ wn ≥ 0✱ ❡♥tã♦ w∗
n = wn ❡ (|ψn〉 〈ψn|)† = |ψn〉 〈ψn|✿

ρ̂† = ρ̂ ✭✷✳✹✳✶✸✮

• ❚r❛ç♦ ✉♥✐tár✐♦

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✹✳✶✶✮✿

Trρ̂ = 〈1〉 ✭✷✳✹✳✶✹✮

=
∑

n

wn 〈ψn |ψn〉 ✭✷✳✹✳✶✺✮

=
∑

n

wn ✭✷✳✹✳✶✻✮

❯s❛♥❞♦ ✭✷✳✹✳✹✮✱ ❡♥tã♦✿

Trρ̂ = 1 ✭✷✳✹✳✶✼✮

• ❙❡♠✐✲♣♦s✐t✐✈✐❞❛❞❡

❖❧❤❛♥❞♦ ❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ❝♦♠♦ s❡ ❢♦ss❡ ✉♠ ♦❜s❡r✈á✈❡❧✱ ❛ ♠é❞✐❛ ❞❡ s❡✉s ✈❛❧♦r❡s s♦❜r❡

✉♠ s✐st❡♠❛ ❞❡ ❡st❛❞♦ ♥♦r♠❛❧✐③❛❞♦ |Ψ〉 s❡rá✿

〈Ψ| ρ̂ |Ψ〉 =
∑

n

wn 〈Ψ |ψn〉 〈ψn |Ψ〉 ✭✷✳✹✳✶✽✮

=
∑

n

wn |〈Ψ |ψn〉|2 ✭✷✳✹✳✶✾✮
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❈♦♠♦ wn ≥ 0 ❡ |〈Ψ |ψn〉| ≥ 0✱ ❡♥tã♦✿

〈Ψ| ρ̂ |Ψ〉 ≥ 0 ✭✷✳✹✳✷✵✮

❖❜s❡r✈❛r t❛♠❜é♠ q✉❡ 〈Ψ| ρ̂ |Ψ〉 = 〈P̂Ψ〉✱ ❝♦♠ P̂Ψ = |Ψ〉 〈Ψ|

✷✳✹✳✼ ❊♥s❡♠❜❧❡ ♣✉r♦

❯♠ ❡♥s❡♠❜❧❡ ♠✐st♦ q✉❡ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ❡♥s❡♠❜❧❡ ❡♠ s✉❛ ❝♦❧❡çã♦ é ❝❤❛♠❛❞♦ ❞❡ ❡♥s❡♠❜❧❡

♣✉r♦✳

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞❡ ✉♠ ❡♥s❡♠❜❧❡ ♣✉r♦ é✿

ρ̂ = |ψ〉 〈ψ| ✭✷✳✹✳✷✶✮

P❛r❛ ✐❞❡♥t✐✜❝❛r t❛❧ ❡♥s❡♠❜❧❡ é ♥❡❝❡ssár✐♦ q✉❡ ❡❧❡ r❡s♣❡✐t❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡♠♣♦tê♥❝✐❛✿

ρ̂2 = |ψ〉 〈ψ |ψ〉 〈ψ| = ρ̂ ✭✷✳✹✳✷✷✮

❋❛❧t❛ ❛❣♦r❛ ✈❡r✐✜❝❛r s❡ ❛ ✐❞❡♠♣♦tê♥❝✐❛ ❞❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡

♣❛r❛ ✐❞❡♥t✐✜❝❛r ✉♠ ❡♥s❡♠❜❧❡ ♣✉r♦✳

❯♠❛ ♠❛tr✐③ ✐❞❡♠♣♦t❡♥t❡ ♣♦❞❡ s❡r ♣r♦❥❡t❛❞❛ s♦❜r❡ ♦ s✉❜❡s♣❛ç♦ ❞❡ ❛✉t♦✈❛❧♦r ✶✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ✭❆✳✷✳✻✮✿

ρ̂ =

g
∑

i=1

∣
∣ψi
〉 〈
ψi
∣
∣ ✭✷✳✹✳✷✸✮

❈♦♠♦ ❡ss❛ ♠❛tr✐③ t❛♠❜é♠ ♣♦ss✉✐ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡✱ ❡♥tã♦ ♦ tr❛ç♦

❞❡✈❡ s❡r ✉♥✐tár✐♦ ❡ ✐♥❞❡♣❡♥❞❡ ❞❛ ❜❛s❡ ❡s❝♦❧❤✐❞❛ q✉❡ ♣♦❞❡ s❡r ❛ ❜❛s❡ ❞❡ ❛✉t♦✈❡t♦r❡s ❞❡ ρ̂✿

Trρ̂ = g = 1 ✭✷✳✹✳✷✹✮

▲♦❣♦✿

ρ̂ =
∣
∣ψ1
〉 〈
ψ1
∣
∣ ✭✷✳✹✳✷✺✮

♦✉ s❡❥❛✱ ✉♠❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ✐❞❡♠♣♦t❡♥t❡ é ✉♠ ❡♥s❡♠❜❧❡ ♣✉r♦✳ ❈♦♠♣❛r❛♥❞♦ ❝♦♠ ✭✷✳✹✳✷✶✮✱

❝♦♥❝❧✉✐✲s❡ q✉❡ |ψ1〉 = |ψ〉✳
P♦rt❛♥t♦✱ ✉♠ ❡♥s❡♠❜❧❡ é ♣✉r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ é ✐❞❡♠♣♦t❡♥t❡✳
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✷✳✹✳✽ ❊✈♦❧✉çã♦ ❞♦ ❡♥s❡♠❜❧❡

❆ ❡✈♦❧✉çã♦ ❞❡ ✉♠ ❡♥s❡♠❜❧❡ ❞❡s❝r❡✈❡ ❝♦♠♦ ♦ ❡st❛❞♦ ❞❡ ❝❛❞❛ s✐st❡♠❛ ❞❛ ❝♦❧❡çã♦ s❡ ♠♦❞✐✜❝❛

❝♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✳ P❛r❛ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦✱ ❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

é ❞❛❞♦ ♣♦r✿
dρ̂(t)

dt
=
∑

n

wn
d

dt
[|ψn(t)〉 〈ψn(t)|] ✭✷✳✹✳✷✻✮

❖❜s❡r✈❛r q✉❡ ✉♠ ❡♥s❡♠❜❧❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♣✉r♦ ❝♦♥t✐♥✉❛ ♣✉r♦ ❛♣ós s❡r ❡✈♦❧✉í❞♦✱ ♣♦✐s ❛♣❡♥❛s

♦ ❡st❛❞♦ ❞♦s s✐st❡♠❛s s❡ ♠♦❞✐✜❝❛♠ ❞❡ ♠❛♥❡✐r❛ ✐❣✉❛❧✱ ❥á q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r é ❛

♠❡s♠❛ ♣❛r❛ t♦❞♦s✳ ❈♦♠♦ ❝❛❞❛ s✐st❡♠❛ ❡✈♦❧✉✐ s❡❣✉♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ✭✷✳✸✳✺✮✱

❡♥tã♦✿

dρ̂(t)

dt
=

∑

n

wn

(
d |ψn(t)〉

dt
〈ψn(t)|+ |ψn(t)〉

d 〈ψn(t)|
dt

)

✭✷✳✹✳✷✼✮

=
∑

n

wn

(
1

i~
Ĥ(t) |ψn(t)〉 〈ψn(t)| −

1

i~
|ψn(t)〉 〈ψn(t)| Ĥ(t)

)

✭✷✳✹✳✷✽✮

❈❤❡❣❛♥❞♦ ♥❛ ❡q✉❛çã♦ ❞❡ ✈♦♥ ◆❡✉♠♠❛♥

dρ̂(t)

dt
= − 1

i~

[

ρ̂(t), Ĥ(t)
]

✭✷✳✹✳✷✾✮

q✉❡ é ♦ ❛♥á❧♦❣♦ q✉â♥t✐❝♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡ ❞❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ ❡st❛tíst✐❝❛

dρclássico(t)

dt
= − [ρclássico(t), Hclássico(t)] ✭✷✳✹✳✸✵✮

♦♥❞❡ ρclássico é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣♦♥t♦s r❡♣r❡s❡♥t❛t✐✈♦s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❬✶✶❪✱ ❡ ♦ ❝♦❧❝❤❡t❡s ♥ã♦

é ✉♠ ❝♦♠✉t❛❞♦r✱ é ♦ ❝♦❧❝❤❡t❡s ❞❡ P♦✐ss♦♥✳ P♦r ✐ss♦✱ t❛❧ ♦♣❡r❛❞♦r r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ♦♣❡r❛❞♦r

❞❡♥s✐❞❛❞❡✳

❆ ❡q✉❛çã♦ ✭✷✳✹✳✷✾✮ é ♠✉✐t♦ ♣❛r❡❝✐❞❛ ❝♦♠ ❛ ❡q✉❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ❞✐❢❡r✐♥❞♦

❛♣❡♥❛s ♥♦ s✐♥❛❧ ❞❡ ♠❡♥♦s ♥❛ ❢r❡♥t❡ ❞♦ ❝♦♠✉t❛❞♦r✱ ❡ t❛♠❜é♠ é ❝❤❛♠❛❞❛ ❞❡ ❡✈♦❧✉çã♦ ✉♥✐tár✐❛✳

✷✳✹✳✾ ❖♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦

❙❡❥❛ ρ̂ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞❡ ✉♠ s✐st❡♠❛ ❝♦♠♣♦st♦ ❆✰❇ ❞❛❞♦ ♣♦r

ρ̂ =
∑

n

wn |ψn〉 〈ψn|

❝♦♠ |ψn〉 ✉♠ ❡st❛❞♦ ♣♦ssí✈❡❧ ❞♦ s✐st❡♠❛✱ q✉❡ ♣♦❞❡ ❞❡✜♥✐r ✉♠ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♥tr❡ ❆ ❡ ❇✳

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ é ✉♠❛ ❞❡✜♥✐çã♦ q✉❡ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r P❛✉❧ ❉✐r❛❝ ❡♠
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✶✾✸✵ ❬✶✷❪✱ q✉❡ ❞✐③ q✉❡✱ ❞❛❞♦ ✉♠ s✐st❡♠❛ ❝♦♠♣♦st♦ ♣❡❧♦s s✐st❡♠❛s ❆ ❡ ❇✱ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

❞❡ ❆✱ ρ̂A✱ é ✐❣✉❛❧ ❛♦ tr❛ç♦ ♣❛r❝✐❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❝♦♠♣♦st♦✱ ρ̂✱ s♦❜r❡ ✉♠❛

❜❛s❡ ❞♦ s✐st❡♠❛ ❇✱
{
|bm〉

B

}
✿

ρ̂A = TrBρ̂ =
∑

m
B
〈bm| ρ̂ |bm〉

B
✭✷✳✹✳✸✶✮

❈♦♠♦ ♦ ❡st❛❞♦ |ψn〉 é ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❞♦✐s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❞❛ ❜❛s❡ ❞❡ ❇ ❝♦♠ ❝❛❞❛ ❡st❛❞♦ ❞♦ ❡♥s❡♠❜❧❡ s❡rá
B
〈bm|ψn〉 ≡ |ψnm〉

A
✱

ρ̂A =
∑

n,m

wn |ψnm〉
A A
〈ψnm| ✭✷✳✹✳✸✷✮

♦❜s❡r✈❛♥❞♦ q✉❡
A
〈ψnm |ψnm〉

A
≤ 1✳ ❈♦♠♦ ❝♦r♦❧ár✐♦✱ s❡ ♦ ♦♣❡r❛❞♦r ρ̂ é ✉♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✱

❡♥tã♦ ρ̂A t❛♠❜é♠ é ✉♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✳

❊♠❛r❛♥❤❛♠❡♥t♦

❙❡ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ρ̂ ♣✉❞❡r s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛ ρ̂ = ρ̂A⊗ρ̂B✱ ❡♥tã♦ ♦ ❡♥s❡♠❜❧❡ é ❞✐t♦

s❡♣❛rá✈❡❧✱ ❝❛s♦ ❝♦♥trár✐♦ ❡❧❡ é ❞✐t♦ ❡♠❛r❛♥❤❛❞♦✳ ❊ss❛ ❝♦♥❞✐çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ é ♠❛✐s

❣❡r❛❧ q✉❡ ❛ ❞❡✜♥✐❞❛ ❡♠ ✷✳✸✱ ♣♦✐s ❛♥t❡s ❛ ❞❡✜♥✐çã♦ tr❛t❛✈❛ ❛♣❡♥❛s ✉♠ s✐st❡♠❛ ❞❡s❝r✐t♦ ♣♦r

✉♠ ❡st❛❞♦ ♣✉r♦✱ ❛❣♦r❛ ❛ ❞❡✜♥✐çã♦ ❛❜r❛♥❣❡ ✉♠ s✐st❡♠❛ ❞❡s❝r✐t♦ ♣♦r ✉♠ ❡st❛❞♦ ♠✐st♦✳ ➱

✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ s❡ ♦s ❡st❛❞♦s |ψn〉 sã♦ s❡♣❛rá✈❡✐s✱ ♦✉ s❡❥❛✱ |ψn〉 = |ψn〉
A
⊗ |ψn〉

B
✱ ♥ã♦

✐♠♣❧✐❝❛ q✉❡ ♦ ❡♥s❡♠❜❧❡ s❡❥❛ s❡♠♣r❡ s❡♣❛rá✈❡❧✳ P♦r ❡①❡♠♣❧♦✱ s❡ |ψn〉 = |ψn〉
A
⊗ |β〉

B
✱ ❡♥tã♦ ♦

❡♥s❡♠❜❧❡ é s❡♣❛rá✈❡❧✱ ❝♦♠

ρ̂A =
∑

n

wn |ψn〉
A A
〈ψn|

ρ̂B = |β〉
B B
〈β|

❊✈♦❧✉çã♦ t❡♠♣♦r❛❧

❊♠ ❣❡r❛❧✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ♥ã♦ r❡s♣❡✐t❛ ❛ ❡q✉❛çã♦ ❞❡ ✈♦♥

◆❡✉♠♠❛♥ ✭✷✳✹✳✷✾✮✱ ❞❡✈✐❞♦ ❛♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦s ❡st❛❞♦s ❡♥tr❡ ♦s s✐st❡♠❛s ❝♦♥s✐❞❡r❛❞♦s✱

t❡♥❞♦ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ s✉❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ✈❛r✐❛♥❞♦ ❝♦♠ ♦ t❡♠♣♦✳ ❆ ❡q✉❛çã♦ q✉❡

❞❡s❝r❡✈❡ t❛❧ ❡✈♦❧✉çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❡q✉❛çã♦ ♠❡str❛✳
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▼é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧

❙❡❥❛ Â ✉♠ ♦❜s❡r✈á✈❡❧ q✉❡ ❛❣❡ s♦♠❡♥t❡ s♦❜r❡ ♦ s✐st❡♠❛ ❆✱ ♦✉ s❡❥❛✱ Â ∈ HA✳ ❆ ♠é❞✐❛ ❞❡ Â

s♦❜r❡ ♦ s✐st❡♠❛ ❝♦♠♣♦st♦ é ❞❛❞❛ ♣♦r✿

〈Â〉A,B = ❚rA,B{ρ̂Â}

❝♦♠♦ ♦ tr❛ç♦ s♦❜r❡ ❛ ❜❛s❡ ❇ ❛❣❡ s♦♠❡♥t❡ s♦❜r❡ ♦ s✐st❡♠❛ ❇✱ ❡♥tã♦ ❚rB{Â} = Â✳ ❆ss✐♠✱ ❛

♠é❞✐❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♣♦r

〈Â〉A,B = ❚rA{(❚rBρ̂)Â} = ❚rA{ρ̂AÂ}

❖ ú❧t✐♠♦ ♠❡♠❜r♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠♦ ✉♠❛ ♠é❞✐❛ s♦❜r❡ ♦ s✐st❡♠❛

❆ s♦♠❡♥t❡✳ P♦rt❛♥t♦✱

〈Â〉A,B = 〈Â〉A

✷✳✹✳✶✵ ▼❡❞✐çã♦ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡

❙❡❥❛ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✱ ρ̂✱ q✉❡ ❞❡s❝r❡✈❡ ✉♠ ❡♥s❡♠❜❧❡ s❡r ❞❛❞♦ ♣♦r✿

ρ̂ =
∑

n

wn |ψn〉 〈ψn|

❖ ❡♥s❡♠❜❧❡ ❞❡ ❡st❛❞♦ |ψn〉 é ❞❛❞♦ ♣♦r✿

ρ̂n = |ψn〉 〈ψn|

❆♦ ❡s❝♦❧❤❡r ✉♠ s✐st❡♠❛ ❞❡ss❡ ❡♥s❡♠❜❧❡✱ ♠❡❞❡✲s❡ ♦ ✈❛❧♦r ❞♦ ♦❜s❡r✈á✈❡❧ Â ❝♦♠ ❛✉t♦✈❡t♦r❡s

{|αk〉}✳ P❡❧❛ ❘❡❣r❛ ❞❡ ❇♦r♥ ✷✳✸✳✹ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ✐rá ❝♦❧❛♣s❛r ♣❛r❛ ✉♠ ❞♦s ❛✉t♦✈❡t♦r❡s

❞❡ Â✱ ♠❡❞✐♥❞♦ αk ♦ s✐st❡♠❛ ❝♦❧❛♣s❛✿ |ψn〉 → |αk〉✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♠❡❞✐r αk é |〈αk |ψn〉|2✳
❆♦ ♠❡❞✐r ♦ ✈❛❧♦r ❞❡ Â ♣❛r❛ t♦❞♦s ♦s s✐st❡♠❛s ❞❡ss❡ ❡♥s❡♠❜❧❡✱ ❡❧❡ ❝♦❧❛♣s❛✿

ρ̂n
Â−→
∑

k

|〈αk |ψn〉|2 |αk〉 〈αk|

r❡♣❛r❛♥❞♦ q✉❡ ♥❡ss❡ ú❧t✐♠♦ ❡♥s❡♠❜❧❡ |〈αk |ψn〉|2 ❢❛③ ♦ ♣❛♣❡❧ ❞❡ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧✳

❆♦ ❢❛③❡r ♦ ♠❡s♠♦ ❝♦♠ ρ̂✱ ♦ ❡♥s❡♠❜❧❡ ❝♦❧❛♣s❛ ♣❛r❛✿

ρ̂
Â−→
∑

n,k

wn |〈αk |ψn〉|2 |αk〉 〈αk|
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r❡❡s❝r❡✈❡♥❞♦ ❡ss❡ ú❧t✐♠♦ ❡♥s❡♠❜❧❡✱ ♦❜té♠✲s❡✿

ρ̂
Â−→
∑

k

〈αk| ρ̂ |αk〉 |αk〉 〈αk|

❝♦♠ 〈αk| ρ̂ |αk〉 ❢❛③❡♥❞♦ ♦ ♣❛♣❡❧ ❞❡ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧✱ q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ♠❡❞✐r αk ❛♦ ❡s❝♦❧❤❡r ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠ s✐st❡♠❛ ❞❡ ρ̂✳

✷✳✺ ❊♥tr♦♣✐❛ ▲✐♥❡❛r

◆❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥❛ t❡♦r✐❛ ❞❡ ✐♥❢♦r♠❛çã♦ q✉â♥t✐❝❛✱ ❛ ❡♥tr♦♣✐❛

❧✐♥❡❛r ❞❡ ✉♠ ❡♥s❡♠❜❧❡ é ✉♠ ❡s❝❛❧❛r ❞❡✜♥✐❞♦❬✶✸❪ ♣♦r✿

SL = 1− ❚r
(
ρ̂2
)

✭✷✳✺✳✶✮

♣♦❞❡♥❞♦ ✈❛r✐❛r ❞❡ SL = 0✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠ ❡♥s❡♠❜❧❡ ♣✉r♦ (ρ̂2 = ρ̂⇒ ❚r (ρ̂2) = 1)✱ ❛té

SL = 1 − 1/d✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠ ❡st❛❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ♠✐st♦✱ ❝♦♠ d s❡♥❞♦ ❛ ❞✐♠❡♥sã♦

❞❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ρ̂✳ ❊ss❛ ❞❡✜♥✐çã♦ ❡stá ✐♥t✐♠❛♠❡♥t❡ ❧✐❣❛❞❛ ❛ ♣✉r❡③❛ ❞♦ s✐st❡♠❛✱ q✉❡ é

❞❡✜♥✐❞❛ ♣❡❧♦ ❚r (ρ̂2)✳

P♦❞❡✲s❡ ❞❡✜♥✐r t❛♠❜é♠ ♦ ❣r❛✉ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❛tr❛✈és ❞♦ ✈❛❧♦r ❞❛ ❡♥tr♦♣✐❛✳ ❙❡ SL = 1

s✐❣♥✐✜❝❛ q✉❡ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❡stá t♦t❛❧♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦ ❝♦♠ ♦✉tr♦

s✐st❡♠❛✳ ❙❡ SL = 0 s✐❣♥✐✜❝❛ q✉❡ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❡stá ❞❡s❡♠❛r❛♥❤❛❞♦ ❞❡

q✉❛❧q✉❡r ♦✉tr♦ s✐st❡♠❛ ✭é ❝♦♠♦ s❡✱ ♥❛q✉❡❧❡ ♠♦♠❡♥t♦✱ ♦ s✐st❡♠❛ ❡st✐✈❡ss❡ ✐s♦❧❛❞♦ ❞♦ ❡①t❡r✐♦r✮✳

✷✳✻ ❙✉♣❡r♦♣❡r❛❞♦r

❯♠ s✉♣❡r♦♣❡r❛❞♦r✱ J ✱ é ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r q✉❡ t❡♠ ❝♦♠♦ ❞♦♠í♥✐♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡

♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ H✱ ❡ ❝♦♠♦ ✐♠❛❣❡♠ ♦ ♠❡s♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ H✳

J : H → H

❆q✉✐ ♦ t❡r♠♦ ✏❢✉♥çã♦✑ ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣♦r ♦♣❡r❛❞♦r✱ ♣♦ré♠ ♦ ♣r❡✜①♦ s✉♣❡r é ✉t✐❧✐③❛❞♦

♣❛r❛ ❞✐❢❡r❡♥❝✐❛r ❞♦ ♦♣❡r❛❞♦r ❡♠ q✉❡ ❡stá ❛t✉❛♥❞♦✳ ❖s ♦♣❡r❛❞♦r❡s ♣♦ss✉❡♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦

♥✉♠ér✐❝❛ s♦❜ ❛ ❛çã♦ ❞❡ ✈❡t♦r❡s ❡st❛❞♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ✭♣♦r ❡①❡♠♣❧♦✱ s❡❥❛ Â ✉♠ ♦♣❡r❛❞♦r

❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡♥tã♦ 〈ψ| Â |φ〉 é ✉♠ ♥ú♠❡r♦✮✱ ♠❛s ♦s s✉♣❡r♦♣❡r❛❞♦r❡s ♥ã♦✳

❙❡❥❛ J ✉♠ s✉♣❡r♦♣❡r❛❞♦r q✉❡ ❛t✉❛ ♥✉♠ ♦♣❡r❛❞♦r ρ̂✱ ❡♥tã♦ J (ρ̂) ✭ρ̂ ♥ã♦ r❡♣r❡s❡♥t❛✱ ♥❡✲

❝❡ss❛r✐❛♠❡♥t❡✱ ✉♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✮✳ P♦r s❡r ❧✐♥❡❛r✱ r❡s♣❡✐t❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❤♦♠♦❣❡✲
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♥❡✐❞❛❞❡ ❞❡ ❣r❛✉ ✶ ❡ ❛❞✐t✐✈✐❞❛❞❡✿

• ❍♦♠♦❣❡♥❡✐❞❛❞❡ ❞❡ ❣r❛✉ ✶✿

J (λρ̂) = λJ (ρ̂)

❝♦♠ λ ✉♠ ❡s❝❛❧❛r✱ t❛❧ q✉❡ λ ∈ C✳

• ❆❞✐t✐✈✐❞❛❞❡✿

J (ρ̂1 + ρ̂2) = J (ρ̂1) + J (ρ̂2)

❈♦♠♦ é ❧✐♥❡❛r✱ J (ρ̂) ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦ J ρ̂✱ ♦✉ s❡❥❛✱ ❝♦♠♦ s❡ ❢♦ss❡ ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡

♦♣❡r❛❞♦r❡s✱ ♣♦✐s t❛❧ ♣r♦♣r✐❡❞❛❞❡ r❡s♣❡✐t❛ ❛ ❧✐♥❡❛r✐❞❛❞❡✳ ❈♦♥✈é♠ ♦❜s❡r✈❛r q✉❡ s❡ J (ρ̂1)ρ̂2 =
J ρ̂1ρ̂2 ❡ s❡ J (ρ̂1ρ̂2) = J ρ̂1ρ̂2✱ ❡♥tã♦ ♣♦❞❡ ❧❡✈❛r ❛ ❝♦♥❝❧✉sã♦ ❡rrô♥❡❛ ❞❡ q✉❡ J (ρ̂1)ρ̂2 = J (ρ̂1ρ̂2)
q✉❡ sã♦ r❡s✉❧t❛❞♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱ ♣♦rt❛♥t♦ é ❛❞❡q✉❛❞♦ ♥❡ss❛s s✐t✉❛çõ❡s q✉❡ s❡

❝♦❧♦q✉❡ ✉♠ ♣❛rê♥t❡s❡s ❡♠ t♦r♥♦ ❞♦ s✉♣❡r♦♣❡r❛❞♦r ❛t✉❛♥❞♦ ♥♦ ♦♣❡r❛❞♦r✱ ♣♦rt❛♥t♦ J (ρ̂1)ρ̂2 =
(J ρ̂1)ρ̂2 ❡ J (ρ̂1ρ̂2) = J ρ̂1ρ̂2✳

❯♠ s✉♣❡r♦♣❡r❛❞♦r é ✉s❛❞♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ♣❛r❛ s✉❜st✐t✉✐r s♦♠❛tór✐♦s ❡♠ q✉❡ ρ̂ é s❡✉

❛r❣✉♠❡♥t♦✿

J ρ̂ =
∑

i

âiρ̂b̂i ✭✷✳✻✳✶✮

❝♦♠ âi ❡ b̂i ♦♣❡r❛❞♦r❡s✳ P♦❞❡✲s❡ ✈❡r q✉❡ ❛ ❧✐♥❡❛r✐❞❛❞❡ é r❡s♣❡✐t❛❞❛ ❛q✉✐✳ ❙❡❥❛ L ✉♠ s✉♣❡r♦✲

♣❡r❛❞♦r✱ ✈❡r✐✜❝❛✲s❡ t❛♠❜é♠ q✉❡ s❡ J ρ̂ = Lρ̂✱ ♣❛r❛ t♦❞♦ ρ̂✱ ❡♥tã♦ J = L✳
❙❡❥❛ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

dρ̂

dt
= Âρ̂+ ρ̂B̂ ✭✷✳✻✳✷✮

♣❛r❛ q✉❛❧q✉❡r ♦♣❡r❛❞♦r Â ❡ B̂ q✉❡ ♥ã♦ ✈❛r✐❛♠ ❝♦♠ t✳ ❆ s♦❧✉çã♦ ❣❡r❛❧ ❞❡ss❛ ❡q✉❛çã♦ é ❞❛❞❛

♣♦r✿

ρ̂(t) = eÂtρ̂(0)eB̂t

❝♦♠ ρ̂(0) ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ q✉❛❧q✉❡r✳ ❆❣♦r❛✱ s❡❥❛ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

dρ̂

dt
= Âρ̂B̂ ✭✷✳✻✳✸✮

♣❛r❛ q✉❛❧q✉❡r ♦♣❡r❛❞♦r Â ❡ B̂ q✉❡ ♥ã♦ ✈❛r✐❛♠ ❝♦♠ t✳ ◆ã♦ ❡①✐st❡ s♦❧✉çã♦ ❡①❛t❛ ♣❛r❛ ❡ss❡ t✐♣♦

❞❡ ❡q✉❛çã♦ ♣❛r❛ q✉❛❧q✉❡r q✉❡ s❡❥❛ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✳ ➱ ♥❛ r❡s♦❧✉çã♦ ❞❡ss❡ t✐♣♦ ❞❡ ❡q✉❛çã♦

q✉❡ ♦ ✉s♦ ❞❡ s✉♣❡r♦♣❡r❛❞♦r❡s s❡ t♦r♥❛ út✐❧✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✻✳✶✮ s❡❥❛ J ρ̂ = Âρ̂B̂ ✭♥♦t❛r
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q✉❡ t❛❧ ❞❡✜♥✐çã♦ é ✈á❧✐❞❛✱ ♣♦✐s J é ❧✐♥❡❛r✮✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ✭✷✳✻✳✸✮ s❡ t♦r♥❛✿

dρ̂

dt
= J ρ̂

❡ s✉❛ s♦❧✉çã♦ ❢♦r♠❛❧ ♣♦❞❡ s❡r ❞❛❞❛ ❝♦♠♦✿

ρ̂(t) = eJ tρ̂(0) ✭✷✳✻✳✹✮

❝♦♠ ❛ ❞❡✜♥✐çã♦ ✉s✉❛❧ ❞❡ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ s✉♣❡r♦♣❡r❛❞♦r eJ t✿

eJ t =
∞∑

n=0

tn

n!
J n

ρ̂(t) =
∞∑

n=0

tn

n!
J nρ̂(0)

❡ ❛♣❧✐❝❛♥❞♦ ✈ár✐❛s ✈❡③❡s ♦ s✉♣❡r♦♣❡r❛❞♦r J ✿

J nρ̂ = Ânρ̂B̂n

q✉❡ ♣♦r ✜♠ r❡s✉❧t❛ ❡♠✿

ρ̂(t) =
∞∑

n=0

tn

n!
Ânρ̂(0)B̂n

♦♥❞❡ s❡ ✈ê q✉❡ é ✐♠♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ ❢ór♠✉❧❛ ❡♠ ✜♥✐t♦s t❡r♠♦s ❞❡ ❢✉♥çõ❡s ❝♦♥❤❡❝✐❞❛s

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ρ̂(0)✳ P❛r❛ ♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡ [ρ̂(0), B̂] = 0 ❡

[Â, B̂] = 0✱ ❡♥tã♦✿

ρ̂(t) =
∞∑

n=0

tn

n!
ÂnB̂nρ̂(0) = eÂB̂tρ̂(0)

P❛r❛ t❡st❛r ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✭✷✳✻✳✹✮ ♣♦❞❡✲s❡ ❞❡r✐✈❛r ❡♠ t ❛ ❡①♣♦♥❡♥❝✐❛❧✱ ♦✉ s❡❥❛✿

deJ t

dt
= J eJ t

♦♥❞❡ é ✉s❛❞♦ ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ J ♣❛r❛ ❞❡♠♦♥str❛r ❡ss❛ ✐❣✉❛❧❞❛❞❡✱ ❡ ♣♦rt❛♥t♦✿

dρ̂(t)

dt
= J eJ tρ̂(0) = J ρ̂(t)

❡ ❡stá ❞❡♠♦♥str❛❞♦ q✉❡ ❛ s♦❧✉çã♦ é ✈á❧✐❞❛✳
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❆ ♠❡s♠❛ ❛♣❧✐❝❛çã♦ ❞❡ J ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✿

dρ̂

dt
=
∑

i

âiρ̂b̂i ≡ J ρ̂

❱♦❧t❛♥❞♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✻✳✷✮✱ ♣♦❞❡✲s❡ ❝♦♥s❡❣✉✐r s♦❧✉❝✐♦♥❛r t❛❧ ❡q✉❛çã♦ ❛tr❛✈és ❞❡

❝♦♠✉t❛❞♦r❡s ❡♥tr❡ s✉♣❡r♦♣❡r❛❞♦r❡s✱ ❝❤❛♠❛♥❞♦✿

Aρ̂ ≡ Âρ̂

Bρ̂ ≡ ρ̂B̂

❡♥tã♦✿

dρ̂

dt
= (A+ B)ρ̂

ρ̂(t) = e(A+B)tρ̂(0)

❡ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ q✉❡ e(A+B)t = eAteBt✱ ❛ss✐♠ ❢❛❝✐❧✐t❛r✐❛ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠❡s♠♦✳ P❛r❛ ✈❡r✐✜❝❛r

❛ ✈❛❧✐❞❛❞❡ ❞❡ss❛ ❡q✉❛çã♦✱ ❞❡r✐✈❛✲s❡ eAteBt✿

deAteBt

dt
= AeAteBt + eAtBeBt = (A+ eAtBe−At)eAteBt

♥♦t❛♥❞♦ q✉❡ ❢♦✐ ✉s❛❞♦ e−AteAt = 1 ✭♥❡♠ t♦❞♦ s✉♣❡r♦♣❡r❛❞♦r ♣♦ss✉✐ s❡✉ ✐♥✈❡rs♦✮✳ ❈♦♠♦

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✉♣❡r♦♣❡r❛❞♦r é ♦ ♠❡s♠♦ ❞♦ ♦♣❡r❛❞♦r✱ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛ ❞❡

❇❛❦❡r✲❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛✿

eAtBe−At = B +
∞∑

n=1

tn

n!
[A, [A, ... [A,B] ...]]
︸ ︷︷ ︸

♥ ❝♦♠✉t❛❞♦r❡s

♣r✐♠❡✐r❛♠❡♥t❡ ❛♥❛❧✐s❛✲s❡ ♦s ♣r♦❞✉t♦s ❛ s❡❣✉✐r✿

ABρ̂ = Âρ̂B̂

BAρ̂ = Âρ̂B̂

❡ ❛❣♦r❛ é ♣♦ssí✈❡❧ ❛♥❛❧✐s❛r ♦ ❝♦♠✉t❛❞♦r ❡♥tr❡ A ❡ B✿

[A,B] ρ̂ ≡ ABρ̂− BAρ̂ = 0
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❡♥tã♦ eAtBe−At = B ❡ ♣♦rt❛♥t♦✿

deAteBt

dt
= (A+ B)eAteBt

de(A+B)t

dt
= (A+ B)e(A+B)t

♠♦str❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❝♦♠♦ s❡ ♣r❡t❡♥❞✐❛ ❢❛③❡r✿

e(A+B)t = eAteBt

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡✿

eBtρ̂ = ρ̂eB̂t

eAtρ̂ = eÂtρ̂

❡ ✜♥❛❧♠❡♥t❡ ♦❜t❡♥❞♦ ❛ s♦❧✉çã♦ ❡①❛t❛✿

ρ̂(t) = e(A+B)tρ̂(0) = eAteBtρ̂(0) = eÂtρ̂(0)eBt

✷✳✻✳✶ ❉❡✜♥✐♥❞♦ ♦ ❛❞❥✉♥t♦ ❞❡ ✉♠ s✉♣❡r♦♣❡r❛❞♦r

❉✉❛s ❞❡✜♥✐çõ❡s ♣♦ssí✈❡✐s s❡rã♦ ❢❡✐t❛s ❡ ❞✐s❝✉t✐❞❛s s✉❛s ✈❛♥t❛❣❡♥s✳ P❛rt✐♥❞♦ ❞❛ ❡q✉❛çã♦

✭✷✳✻✳✶✮✿

J ρ̂ =
∑

i

âiρ̂b̂i

• ❉❡✜♥✐çã♦ ✶✿

J †ρ̂ =
∑

i

â†i ρ̂b̂
†
i

• ❉❡✜♥✐çã♦ ✷✿

J †ρ̂ =
∑

i

b̂†i ρ̂â
†
i

❆❣♦r❛✱ ❛s ✈❛♥t❛❣❡♥s ❞❡ ❝❛❞❛ ❞❡✜♥✐çã♦ s❡rã♦ ❞✐s❝✉t✐❞❛s✱ ♣❛r❛ ✐ss♦ ♦s ♣♦♥t♦s ✉t✐❧✐③❛❞♦s s❡rã♦

♦ ❛❞❥✉♥t♦ ❞❡ J ρ̂ ❡ ❞❡ JL✱ ❡ ♦ tr❛ç♦ ❚r {ηJ ρ̂}✱ ❛❧é♠ ❞❡ ❛♥❛❧✐s❛r ♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡

(J ρ̂)† = J ρ̂† q✉❡ ♦❝♦rr❡ q✉❛♥❞♦ s❡ tr❛❜❛❧❤❛ ❝♦♠ ❡q✉❛çõ❡s ♠❡str❛s✳

❆❞❥✉♥t♦ ❞❡ J ρ̂

P❡❧❛ ❡q✉❛çã♦ ✭✷✳✻✳✶✮✿
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(J ρ̂)† =
∑

i

b̂†i ρ̂
†â†i

• P❡❧❛ ❞❡✜♥✐çã♦ ✶✿ ♥ã♦ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ♦ ❛❞❥✉♥t♦ ❡♠ t❡r♠♦s ❞❡ J ❡ J †✳

• P❡❧❛ ❞❡✜♥✐çã♦ ✷✿

(J ρ̂)† = J †ρ̂†

❡ s❡ (J ρ̂)† = J ρ̂ ❡ ρ̂† = ρ̂✱ ❡♥tã♦ ♣♦r ❡ss❛ ❞❡✜♥✐çã♦ J † = J ✱ ♦✉ s❡❥❛✱ J é ❤❡r♠✐t✐❛♥♦✳

❆❞❥✉♥t♦ ❞❡ JL

❙❡❥❛ L ✉♠ s✉♣❡r♦♣❡r❛❞♦r t❛❧ q✉❡✿

Lρ̂ =
∑

j

ĉj ρ̂d̂j

JLρ̂ =
∑

i,j

âiĉj ρ̂d̂j b̂i

• P❡❧❛ ❞❡✜♥✐çã♦ ✶✿

(JL)†ρ̂ =
∑

i,j

ĉ†j â
†
i ρ̂b̂

†
i d̂

†
j

❧♦❣♦

(JL)† = L†J †

q✉❡ é ♠❡s♠❛ ❝♦♥❝❧✉sã♦ q✉❡ s❡ ❝❤❡❣❛ ❝♦♠ ♠❛tr✐③❡s ♦✉ ♦♣❡r❛❞♦r❡s✳

• P❡❧❛ ❞❡✜♥✐çã♦ ✷✿

(JL)†ρ̂ =
∑

i,j

b̂†i d̂
†
j ρ̂ĉ

†
j â

†
i

❧♦❣♦

(JL)† = J †L†

❚r❛ç♦ ❚r {η̂J ρ̂}

❙❡❥❛ η̂ ✉♠ ♦♣❡r❛❞♦r✱ ❡♥tã♦✿

❚r {η̂J ρ̂} =
∑

i

❚r
{

η̂âiρ̂b̂i

}

=
∑

i

❚r
{

b̂iη̂âiρ̂
}

= ❚r

{
∑

i

b̂iη̂âiρ̂

}

♦♥❞❡ ❢♦✐ ✉s❛❞♦ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❡♥tr❡ ♦s tr❛ç♦s ✭❆✳✶✳✶✺✮✱ ♣♦ré♠ ♥❡♥❤✉♠❛ ❞❛s ❞✉❛s ❞❡✜♥✐çõ❡s

s✉❜st✐t✉✐ ♦ s♦♠❛tór✐♦ ♣♦r J ♦✉ ♣♦r J †✳ ❊♥tã♦✱ s❡ ❢❛③ ✉s♦ ❞♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ ❡q✉❛çõ❡s
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♠❡str❛s✱ (J ρ̂)† = J ρ̂ ❡ ρ̂† = ρ̂✱ ♦♥❞❡ t♦❞♦ ♦ s✉♣❡r♦♣❡r❛❞♦r J q✉❡ s❛t✐s❢❛③ ❡ss❛s ❝♦♥❞✐çõ❡s

♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r✿

J ρ̂ =
∑

i

âiρ̂b̂i + b̂†i ρ̂â
†
i

s✉❜st✐t✉✐♥❞♦ ♥♦ tr❛ç♦✱ ♦❜té♠✲s❡✿

❚r {η̂J ρ̂} = ❚r

{
∑

i

(

b̂iη̂âi + â†i η̂b̂
†
i

)

ρ̂

}

• P❡❧❛ ❞❡✜♥✐çã♦ ✶✿

❚r {η̂J ρ̂} = ❚r
{
ρ̂J †η̂

}
✭✷✳✻✳✺✮

• P❡❧❛ ❞❡✜♥✐çã♦ ✷✿ ♥ã♦ ❡①✐st❡ r❡♣r❡s❡♥t❛çã♦ ♣♦ssí✈❡❧ ❡♠ t❡r♠♦s ❞❡ J ❡ J †✳

❉❡♣♦✐s ❞❡ ❛♥❛❧✐s❛r ❡ss❡s três ♣♦♥t♦s✱ s❡rá ❡s❝♦❧❤✐❞❛ ❛ ❞❡✜♥✐çã♦ ✶✶✱ ♣♦✐s ❛❧é♠ ❞❡ t❡r ✉♠❛

❞❡✜♥✐çã♦ ♠❛✐s ♣ró①✐♠❛ ❞♦ ❤❡r♠✐t✐❛♥♦ JL✱ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ t❡r♠♦s ❞❡ J † ♣❛r❛ ♦

❤❡r♠✐t✐❛♥♦ J ρ̂ ♥ã♦ ♣♦ss✉✐ t❛♥t❛ ♥❡❝❡ss✐❞❛❞❡ ♣❛r❛ ♦ q✉❡ ✈❛✐ s❡r ✉s❛❞♦ ♥❛s ❡q✉❛çõ❡s ♠❡str❛s✱

❡ ♦ tr❛ç♦ é ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ♠é❞✐❛ ❞❡ ♦❜s❡r✈á✈❡✐s ❝♦♠♦ ✈❛✐ s❡r ♠♦str❛❞♦ ♠❛✐s

❛❞✐❛♥t❡✳

✷✳✻✳✷ Pr♦♣r✐❡❞❛❞❡s ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦

❆s ✈❡③❡s✱ ✉♠❛ ❡q✉❛çã♦ ♠❡str❛ é ♠♦❞❡❧❛❞❛ ❛♥t❡s ❞❛ ♠❡s♠❛ s❡r ❞❡♠♦♥str❛❞❛ ♣♦r ♣r✐♥❝í♣✐♦s

❡st❛❜❡❧❡❝✐❞♦s✳ P♦r ✐ss♦✱ é ♥❡❝❡ssár✐♦ q✉❡ ❡❧❛ ❛t❡♥❞❛ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ q✉❡ s✉❛ s♦❧✉çã♦

♣♦ss❛ r❡s✉❧t❛r ❡♠ ✉♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦✳ ❙❡❥❛ ρ̂ ♦ s✉♣♦st♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

r❡❞✉③✐❞♦ q✉❡ s❛t✐s❢❛③✿
dρ̂

dt
= J ρ̂ ✭✷✳✻✳✻✮

❍❡r♠✐t✐❝✐❞❛❞❡

❯♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ s❛t✐s❢❛③ ρ̂†(t) = ρ̂(t) ♣❛r❛ q✉❛❧q✉❡r ✐♥st❛♥t❡ t✳ P❛r❛ ✈❡r✐✜❝❛r t❛❧

❝♦♥❞✐çã♦ ❛ ♣❛rt✐r ❞❡ ✭✷✳✻✳✻✮✱ ❛♣❧✐❝❛✲s❡ ♦ ❤❡r♠✐t✐❛♥♦ s♦❜r❡ ❡ss❛ ❡q✉❛çã♦✿

dρ̂†

dt
= (J ρ̂)†

✶❈♦✐♥❝✐❞❡♥t❡♠❡♥t❡✱ ✈❡r✐✜q✉❡✐ q✉❡ t❛❧ ❞❡✜♥✐çã♦ é ❛ ♠❡s♠❛ q✉❡ ❛ ❞❡s❝r✐t❛ ♣♦r ❩✇❛♥③✐❣ ❡♠ ✶✾✻✹ ❬✶✹❪✱ ♣♦ré♠
✉t✐❧✐③❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ ♠❛t❡♠át✐❝♦ ♠❛✐s ❢♦r♠❛❧ ❡ r✐❣♦r♦s♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ s✉♣❡r♦♣❡✲
r❛❞♦r ✭♦✉ ❞♦ ✐♥❣❧ês✿ ✏t❡❞r❛❞✐❝s✑ ❬✶✺❪✮✳ ❇❛s✐❝❛♠❡♥t❡✱ ❞❡✜♥✐✲s❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈A |B〉 = ❚r

{
A†B

}
✱ ❝♦♠

A ❡ B ♦♣❡r❛❞♦r❡s✳ ❯♠ s✉♣❡r♦♣❡r❛❞♦r J ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ 〈JA |B〉 =
〈
A | J †B

〉
∀A,B✱ q✉❡

❝♦✐♥❝✐❞❡♥t❡♠❡♥t❡✱ ❡ss❡ J † ♣♦ss✉✐ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛ ❞❡✜♥✐çã♦ ✶ q✉❡ s✉❣❡r✐ ♥♦ t❡①t♦✳
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P❛r❛ t♦❞♦ ✐♥st❛♥t❡ t✱ s❡✿

ρ̂†(t) = ρ̂(t)⇔ dρ̂†

dt
=

dρ̂

dt
⇔ (J ρ̂)† = J ρ̂

❞❡ss❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ é ♣♦ssí✈❡❧ ✈❡r q✉❡ (J ρ̂)† = J ρ̂ = J ρ̂†✱ ♣♦✐s ❢♦✐ ❛❞♠✐t✐❞♦ q✉❡ ρ̂† = ρ̂✳

❊♥tã♦✱ s❡♠ ❛❞♠✐t✐r q✉❡ ρ̂† = ρ̂✱ s❡✿

(J ρ̂)† = J ρ̂† ∀ρ̂⇔ dρ̂†

dt
= J ρ̂† ⇔ ρ̂†(t) = eJ (t−t0)ρ̂†(t0)

❡ ❞❡ ✭✷✳✻✳✻✮ ❛s s♦❧✉çõ❡s ✜❝❛♠✿

ρ̂†(t) = eJ (t−t0)ρ̂†(t0)

ρ̂(t) = eJ (t−t0)ρ̂(t0)

♣♦rt❛♥t♦✱ ♣❛r❛ q✉❡ ❡ss❛s ❞✉❛s ❡q✉❛çõ❡s s❛t✐s❢❛ç❛♠ ρ̂†(t) = ρ̂(t) é ♥❡❝❡ssár✐♦ q✉❡ ♣❛r❛ ✉♠

❞❛❞♦ ✐♥st❛♥t❡ q✉❛❧q✉❡r t0✱ ρ̂†(t0) = ρ̂(t0)✱ ❡ ❛ss✐♠✿

ρ̂†(t) = ρ̂(t) ∀t⇔
[
ρ̂†(t0) = ρ̂(t0)

]⋂[
(J ρ̂)† = J ρ̂† ∀ρ̂

]

❚r❛ç♦ ✉♥✐tár✐♦

❯♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ s❛t✐s❢❛③ ❚rρ̂(t) = 1 ♣❛r❛ q✉❛❧q✉❡r ✐♥st❛♥t❡ t✳ P❛r❛ ✈❡r✐✜❝❛r t❛❧

❝♦♥❞✐çã♦ ❛ ♣❛rt✐r ❞❡ ✭✷✳✻✳✻✮✱ ❛♣❧✐❝❛✲s❡ ♦ tr❛ç♦ s♦❜r❡ ❡ss❛ ❡q✉❛çã♦✿

d❚rρ̂
dt

= ❚r {J ρ̂} = ❚r
{
ρ̂J †

1
}

♦♥❞❡ ❢♦✐ ✉s❛❞♦ ✭✷✳✻✳✺✮✳

❊♥tã♦✱ s❡✿

J †
1 = 0⇒ d❚rρ̂

dt
= 0

❡ s❡✿
d❚rρ̂
dt

= 0⇒ ❚r
{
ρ̂(t)J †

1
}
= 0 ∀t

s❡❥❛ {|jn〉} ❛ ❜❛s❡ ❞❡ ❛✉t♦✈❡t♦r❡s ❞♦ ♦♣❡r❛❞♦r J †
1 ❝♦♠ ❛✉t♦✈❛❧♦r❡s jn✱ ❡♥tã♦ s❡✿

❚r
{
ρ̂(t)J †

1
}
= 0⇒

∞∑

n=0

jnρn(t) = 0

❝♦♠ ρn(t) ≡ 〈jn| ρ̂(t) |jn〉✳ ❈♦♠♦ t❛❧ ❡q✉❛çã♦ ❞❡✈❡ s❡r ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ t✱ ✐♥❝❧✉s✐✈❡ ♣❛r❛ ❛
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❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ t = t0✱ ❡♥tã♦✿ ∞∑

n=0

jnρn(t0) = 0 ✭✷✳✻✳✼✮

❡①✐st✐♥❞♦ ❛ ❧✐❜❡r❞❛❞❡ ❞❡ ❡s❝♦❧❤❡r q✉❛❧q✉❡r ρ̂(t0)✱ ♣♦✐s ❞❡ ❛❝♦r❞♦ ✭✷✳✻✳✻✮✿

ρ̂(t) = eJ (t−t0)ρ̂(t0)

♣♦rt❛♥t♦ ❡s❝♦❧❤❡♥❞♦✱ ♥❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐çõ❡s✱ ❞❡ ♠❛♥❡✐r❛ ❛r❜✐trár✐❛ ρn(t0)✱ ❝♦♥❝❧✉✐✲s❡

q✉❡ jn = 0 ♣❛r❛ t♦❞♦ n✱ ♠♦str❛♥❞♦ q✉❡ J †
1 = 0✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡✿

d❚rρ̂(t)
dt

= 0⇔ ❚rρ̂(t) = ❚rρ̂(t0)

P❛r❛ q✉❡ s❡❥❛ ❝♦♥s✐❞❡r❛❞♦ ✉♠❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡✱ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ❚rρ̂(t0) = 1✳

▲♦❣♦✿

❚rρ̂(t) = 1 ∀t⇔ [❚rρ̂(t0) = 1]
⋂[
J †

1 = 0
]

❙❡♠✐♣♦s✐t✐✈✐❞❛❞❡

❯♠ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ s❛t✐s❢❛③ 〈ψ| ρ̂(t) |ψ〉 ≥ 0 ♣❛r❛ q✉❛❧q✉❡r t ❡ ♣❛r❛ t♦❞♦ |ψ〉 q✉❡ ♣❡rt❡♥❝❡
❛♦ ❡s♣❛ç♦ ❡st❛❞♦ ❞❡ ❍✐❧❜❡rt✳ ➱ ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✭✷✳✻✳✻✮✳

❯s❛✲s❡ ❛ ♥♦t❛çã♦ η ≥ 0 ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ✉♠ ♦♣❡r❛❞♦r é s❡♠✐♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✳

ρ̂(t) = eJ (t−t0)ρ̂(t0) =
∞∑

n=0

(t− t0)n
n!

J nρ̂(t0)⇒

⇒ 〈ψ| ρ̂(t) |ψ〉 =
∞∑

n=0

(t− t0)n
n!

〈ψ| J nρ̂(t0) |ψ〉

❙❡

[J η ≥ 0 ∀ (η ≥ 0)]
⋂

[ρ̂(t0) ≥ 0 ❝♦♠ t0 ≤ t]⇒ ρ̂(t) ≥ 0

❡ss❛ é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ✭❡ ♥ã♦ ♥❡❝❡ssár✐❛✮✳ ❙✉❛ ❞❡♠♦♥str❛çã♦ é ❛ s❡❣✉✐♥t❡✱ s❡✿

[J η ≥ 0 ∀ (η ≥ 0)]
⋂

[ρ̂(t0) ≥ 0 ❝♦♠ t0 ≤ t]⇒ J ρ̂(t0) ≥ 0⇒ J 2ρ̂(t0) ≥ 0⇒ J nρ̂(t0) ≥ 0

❡ ❝♦♠♦ t− t0 ≥ 0✱ ❡♥tã♦ ρ̂(t) ≥ 0✳
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✷✳✻✳✸ ▼é❞✐❛ s♦❜r❡ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦

❆ ♠é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ Â ≡ Â(t)✱ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡

❞❡ s✐st❡♠❛s ♥♦ ❡st❛❞♦|ψ(t)〉 ♣♦❞❡ s❡r ❞❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❊❤r❡♥❢❡st✿

d〈Â〉
dt

= −〈HÂ〉+
〈

∂Â

∂t

〉

✭✷✳✻✳✽✮

❝♦♠ 〈Â〉(t) = 〈ψ(t)| Â |ψ(t)〉 ❡ H ♦ s✉♣❡r♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ ✉♥✐tár✐❛✿

HÂ =
1

i~

[

Ĥ, Â
]

✭✷✳✻✳✾✮

❝♦♠ Ĥ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛✳ ❚❛❧ ❡q✉❛çã♦ é út✐❧ q✉❛♥❞♦ s❡ ❝♦♥❤❡❝❡ ❛♣❡♥❛s ♦ ❡st❛❞♦

✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ |ψ(0)〉 ✭ ♦✉ ❛ ♠é❞✐❛ ✐♥✐❝✐❛❧ 〈Â〉(0) ✮ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ♠❡s♠♦ é

❝♦♠♣❧✐❝❛❞❛✱ ❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈ψ(t)| Â |ψ(t)〉 ❣❡r❛ ♠✉✐t❛s ❝♦♥t❛s✳ ➱ ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r ❛

♣❛rt✐r ❞❡ss❛ ❡q✉❛çã♦ r❡❧❛çõ❡s ❝❧áss✐❝❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❡♠ q✉❡ ✉♠❛ ♣❛rtí❝✉❧❛

❞❡ ♠❛ss❛ m ❡stá s♦❜ ❛ ❛çã♦ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ V̂ (x̂, t)✱ ♦ ♦♣❡r❛❞♦r ❤❛♠✐❧t♦♥✐❛♥♦ é ❞❛❞♦ ♣♦r✿

Ĥ =
p̂2

2m
+ V̂ (x̂, t)

❡ ❞❡s❡❥❛✲s❡ s❛❜❡r ❛ ♠é❞✐❛ ❞❛ ♣♦s✐çã♦ ❞❛ ♣❛rtí❝✉❧❛ 〈x̂〉(t)✱ ❡♥tã♦✿

d〈x̂〉
dt

= − 1

i~
〈[Ĥ, x̂]〉+

〈
∂x̂

∂t

〉

♥❛ ♥♦t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✿
[

Ĥ, x̂
]

=

[
p̂2

2m
, x̂

]

= − i~
m
p̂

∂x̂

∂t
= 0

❡ ♣♦rt❛♥t♦✿
d〈x̂〉
dt

=
〈p̂〉
m

q✉❡ é ❛ ❡q✉❛çã♦ ❝❧áss✐❝❛ q✉❡ ❞❡✜♥❡ ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❝✐♥ét✐❝♦✳ ❋❛③❡♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦

♣❛r❛ ❝❛❧❝✉❧❛r 〈p̂〉(t)✱ ❡♥tã♦✿

[

Ĥ, p̂
]

=
[

V̂ (x̂, t), p̂
]

= i~
∂V̂

∂x̂
≡ −i~F̂ (x̂, t)

∂p̂

∂t
= 0
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♦♥❞❡ F̂ (x̂, t) r❡♣r❡s❡♥t❛ ♦ ♦♣❡r❛❞♦r ❢♦rç❛✱ ❡ ♣♦rt❛♥t♦✿

d〈p̂〉
dt

= 〈F̂ 〉

q✉❡ é ❛ ❡q✉❛çã♦ ❝❧áss✐❝❛ q✉❡ ❞❡✜♥❡ ❢♦rç❛✱ ❡ss❛ ❝♦♥❝❧✉sã♦ ❛♣♦✐❛ ♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛✳

❆❣♦r❛✱ é ♣♦ssí✈❡❧ ❢❛③❡r ♦ ♠❡s♠♦ q✉❛♥❞♦ s❡ tr❛t❛ ❞❡ ✉♠ ❡♥s❡♠❜❧❡ ♠✐st♦✱ ❛✐♥❞❛ ♠❛✐s✱ é

♣♦ssí✈❡❧ ❢❛③❡r ♦ ♠❡s♠♦ q✉❛♥❞♦ s❡ ❝♦♥❤❡❝❡ ❛♣❡♥❛s ❛ ❡q✉❛çã♦ ♠❡str❛ ❞❡ ♣❛rt❡ ❞♦ ❡♥s❡♠❜❧❡✱ ♣♦r

❡①❡♠♣❧♦✱ ✉♠ ❡♥s❡♠❜❧❡ s✐st❡♠❛✰r❡s❡r✈❛tór✐♦ ❡♠ q✉❡ s❡ ❝♦♥❤❡❝❡ ❛♣❡♥❛s ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

r❡❞✉③✐❞♦ ❞♦ s✐st❡♠❛✱ ρ̂✳ ❊♥tã♦✱ ❞❡s❡❥❛✲s❡ ❡♥❝♦♥tr❛r ❛ ♠é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ Â ≡ Â(t)✱ ♥❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ q✉❡ ❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦✿

〈Â〉(t) = ❚r{ρ̂(t)Â(t)} ✭✷✳✻✳✶✵✮

❡ ♦ ♦♣❡r❛❞♦r ρ̂✱ r❡s♣❡✐t❛ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ♠❡str❛✿

dρ̂

dt
= J ρ̂

♦♥❞❡ ❢♦✐ ❞❡✜♥✐❞♦ ρ̂ ≡ ρ̂(t) ♣❛r❛ s✐♠♣❧✐✜❝❛r✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ♠❡str❛

♣♦r Â✿

Â
dρ̂

dt
= ÂJ ρ̂

❡ ❝♦♠♦ Â ♣♦❞❡ ✈❛r✐❛r ❝♦♠ ♦ t❡♠♣♦✱ ❡♥tã♦ s❡ s✉❜st✐t✉✐ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡✿

Â
dρ̂

dt
=

d

dt
(Âρ̂)− ∂Â

∂t
ρ̂

♦❜t❡♥❞♦✿
d(Âρ̂)

dt
= ÂJ ρ̂+ ∂Â

∂t
ρ̂

❚r❛ç❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦✿

d❚r
{

Âρ̂
}

dt
= ❚r

{

ÂJ ρ̂
}

+ ❚r

{

∂Â

∂t
ρ̂

}

❝♦♠♦ ❛ ♥♦t❛çã♦ ✉s❛❞❛ é ❛ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ♥ã♦ ✈❛r✐❛♠ ❝♦♠ ♦ t❡♠♣♦ ❡

❛ss✐♠ ❛ ❢✉♥çã♦ tr❛ç♦ ♣♦❞❡ ❝♦♠✉t❛r ❝♦♠ ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧✱ ♦✉ s❡❥❛✿

❚r
d

dt
=

d

dt
❚r
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❯s❛♥❞♦ ✭✷✳✻✳✶✵✮ ❡ ✭✷✳✻✳✺✮ s❡ ♦❜té♠ ✉♠❛ ❡q✉❛çã♦ ♣❛r❡❝✐❞❛ ❝♦♠ ❚❡♦r❡♠❛ ❞❡ ❊❤r❡♥❢❡st✿

d〈Â〉
dt

= 〈J †Â〉+
〈

∂Â

∂t

〉

✭✷✳✻✳✶✶✮

P❛r❛ ♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡ ❛ ❡✈♦❧✉çã♦ é ✉♥✐tár✐❛ J = H✿

Hρ̂ = 1

i~

[

Ĥ, ρ̂
]

❡♥tã♦ s❡ ✈❡r✐✜❝❛ q✉❡ ♦ s✉♣❡r♦♣❡r❛❞♦r H é ❛♥t✐✲❤❡r♠✐t✐❛♥♦✿

H† = −H

♣♦✐s Ĥ† = Ĥ ❡
(

1
i~

)∗
= − 1

i~
✱ ❡ ♣♦rt❛♥t♦ ❛ ♠é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ Â✱ ✉s❛♥❞♦ s♦❜r❡ ❡ss❡

❡♥s❡♠❜❧❡ é✿
d〈Â〉
dt

= −〈HÂ〉+
〈

∂Â

∂t

〉

q✉❡ ❛♣❛r❡♥t❡♠❡♥t❡ é ✐❞ê♥t✐❝❛ ❛ ✭✷✳✻✳✽✮✱ ♣♦ré♠✱ ❛q✉✐✱ ♦ ❡♥s❡♠❜❧❡ é ♠✐st♦✳

✷✳✼ ❊s♣❛ç♦ ❞❡ ❋❛s❡

❊s♣❛ç♦ ❞❡ ❢❛s❡ é ✉♠ ❡s♣❛ç♦ ♦♥❞❡ t♦❞♦s ♦s ❡st❛❞♦s ♣♦ssí✈❡✐s ❞❡ ✉♠ s✐st❡♠❛ sã♦ r❡♣r❡s❡♥t❛❞♦s

♣♦r ✉♠ ♣♦♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦s✐çã♦×♠♦♠❡♥t♦✳ P❛r❛ ♦ ❝❛s♦ q✉â♥t✐❝♦✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦

♣♦♥t♦ sã♦ ✭♣♦s✐çã♦ ♠é❞✐❛✮×✭♠♦♠❡♥t♦ ♠é❞✐♦✮✱ ♦✉ s❡❥❛✱ ❛❜s❝✐ss❛ r❡♣r❡s❡♥t❛ ❛ ♣♦s✐çã♦ ♠é❞✐❛ ❡

❛ ♦r❞❡♥❛❞❛ ♦ ♠♦♠❡♥t♦ ♠é❞✐♦✳ ❈♦st✉♠❛✲s❡ r❡♣r❡s❡♥t❛r ❛ ✐♥❝❡rt❡③❛ ✭❞❡s✈✐♦ ♣❛❞rã♦✮ ♥♦ ❡s♣❛ç♦

❞❡ ❢❛s❡ ❡♠ t♦r♥♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❡st❛❞♦ ♣♦ssí✈❡❧✳ P❛r❛ ❝♦♥s❡❣✉✐r

❢❛③❡r ✐ss♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s é ♥❡❝❡ssár✐♦ r❡♣r❡s❡♥t❛r ♦ ♠❡s♠♦ ♣♦♥t♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s

r♦t❛❝✐♦♥❛❞❛s✳

❙❡❥❛ Qθ ✉♠ ❡✐①♦ q✉❡ ❝r✉③❛ ❛ ♦r✐❣❡♠ ❞♦s ❡✐①♦s ❞❛ ♣♦s✐çã♦ X ❡ ❞♦ ♠♦♠❡♥t♦ P ❡ q✉❡ ❢❛③

✉♠ â♥❣✉❧♦ θ ❝♦♠ ♦ ❡✐①♦ X✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ s❡ ✉♠ ♣♦♥t♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♣♦ss✉✐ ❝♦♦r❞❡♥❛❞❛

x ❡♠ X ❡ ❝♦♦r❞❡♥❛❞❛ p ❡♠ P ✱ ❡♥tã♦ ❡ss❡ ♣♦♥t♦ t❡rá ❝♦♦r❞❡♥❛❞❛ qθ ❡♠ Qθ q✉❡ s❛t✐s❢❛③ ❛

r❡❧❛çã♦✿

qθ = x cos θ + p sin θ

♦♥❞❡ q0 = x ❡ qπ
2
= p✱ ❡ ❝♦♠ θ ∈ [0, π[✳ ◗✉❛♥t✐❝❛♠❡♥t❡✱ ❞❡✜♥✐✲s❡ ♦ s❡❣✉✐♥t❡ ♦♣❡r❛❞♦r

q̂θ = x̂ cos θ + p̂ sin θ
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♦♥❞❡ ❛ ♠é❞✐❛ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡ ✐rá r❡♣r❡s❡♥t❛r ♦ ✈❛❧♦r ❞❛ ❝♦♦r❞❡♥❛❞❛✱ ❡ ♣❛r❛ ❡✈✐t❛r ♣r♦✲

❜❧❡♠❛s ❝♦♠ ✉♥✐❞❛❞❡s ❞❡ ♠❡❞✐❞❛✱ ✉t✐❧✐③❛✲s❡ tr❛♥s❢♦r♠❛çõ❡s q✉❡ t♦r♥❛♠ ❛❞✐♠❡♥s✐♦♥❛✐s ❛s

❝♦♦r❞❡♥❛❞❛s ✭❱❡r ❙✉❜✳ ✷✳✸✳✻✮ ❛tr❛✈és ❞♦ ✉s♦ ❞❛s q✉❛❞r❛t✉r❛s✿

x̂ =
â+ â†

2

p̂ =
â− â†
2i

❛ss✐♠ ❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ❡ ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❡rt❡③❛ ✜❝❛♠✿

[x̂, p̂] =
i

2

σxσp ≥
1

4

❖ ❝♦♥❥✉♥t♦ ❞❡ ♦♣❡r❛❞♦r❡s {q̂θ} ♦❜❡❞❡❝❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦✿

[q̂θ, q̂θ′ ] =
i

2
sin (θ′ − θ)

♦❜s❡r✈❛♥❞♦ q✉❡ s❡ ∆θ ≡ θ′ − θ = π
2
✱ ♦ ❝♦♠✉t❛❞♦r s❡ ✐❣✉❛❧❛ ❛ i

2
✱ q✉❡ é ❛ ❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛✳

❆ ✐♥❝❡rt❡③❛ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ (x, p) é ❞❛❞❛ ♣❡❧♦ ❞❡s✈✐♦ ♣❛❞rã♦✱ σθ✱ ❞♦ ♦♣❡r❛❞♦r q̂θ✱ ❛ss✐♠✿

σ2
θ = σ2

x cos
2 θ + (〈{x̂, p̂}〉 − 2〈x̂〉〈p̂〉) sin θ cos θ + σ2

p sin
2 θ ✭✷✳✼✳✶✮

♦♥❞❡ {x̂, p̂} = x̂p̂ + p̂x̂✳ ◆♦t❛r q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ s❡ tr❛t❛ ❞❛ ❢✉♥çã♦ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛

♣♦s✐çã♦ ❡ ♦ ♠♦♠❡♥t♦✳

P❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ s✐♠♣❧❡s ❝♦♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ |α〉 ✭❱❡r ❙✉❜✳ ✷✳✸✳✻✮✱
❛ ♠é❞✐❛ ❞❛ ♣♦s✐çã♦ ❡ ❞♦ ♠♦♠❡♥t♦ é ❞❛❞♦ ♣♦r✿

〈x̂〉 = ℜ{α}
〈p̂〉 = ℑ{α}

〈{x̂, p̂}〉 = 2ℜ{α}ℑ{α}

♠♦str❛♥❞♦ q✉❡ ♦ ♣♦♥t♦ ♣♦ss✉✐ ❝♦♦r❞❡♥❛❞❛s r❡t❛♥❣✉❧❛r❡s (ℜ{α},ℑ{α})✱ ❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s
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(|α| , ξ)✱ ♦♥❞❡α = |α| eiξ✳ ❆s ✐♥❝❡rt❡③❛s sã♦ ❞❛❞❛s ♣♦r

σx =
1

2

σp =
1

2

σxσp =
1

4

♠♦str❛♥❞♦ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❡rt❡③❛ é ♠í♥✐♠❛✳ ❆ ✐♥❝❡rt❡③❛ ❡♠ t♦r♥♦ ❞❡ t♦❞❛ ❛ ✈✐③✐♥❤❛♥ç❛

♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❡ ✭✷✳✼✳✶✮✿

σθ =
1

2

q✉❡ ♠♦str❛ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❞✐â♠❡tr♦ 1
2
✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ é ♠♦str❛❞♦ ✉♠ ❡①❡♠♣❧♦ ❞❡

❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡♠ q✉❡ ❛ s❡t❛ ✐♥❞✐❝❛ ♦ ❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡

❞✐â♠❡tr♦ 1
2
q✉❡ r❡♣r❡s❡♥t❛ ❛ ✐♥❝❡rt❡③❛ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s (3, 3)✳ ❈♦♥❢♦r♠❡ ♦

t❡♠♣♦ ♣❛ss❛✱ ♦ ♣♦♥t♦ ✐rá ❣✐r❛r ❡♠ t♦r♥♦ ❞❛ ♦r✐❣❡♠ ♠❛♥t❡♥❞♦ ♦ ♠❡s♠♦ r❛✐♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦

3
√
2✳

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

X

❋✐❣✉r❛ ✷✳✶✿ ❊s♣❛ç♦ ❞❡ ❢❛s❡ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ♥♦ ❡st❛❞♦ ❝♦❡r❡♥t❡|α = 3 + 3i〉✱ ♦♥❞❡ ♦ ♣♦♥t♦ ✭✸✱✸✮ r❡♣r❡s❡♥t❛

❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ♣♦s✐çã♦ ♥♦ ❡✐①♦ ❳ ✭♣❛rt❡ ❘❡❛❧ ❞❡ α✮ ❡ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞♦ ♠♦♠❡♥t♦ ♥♦

❡✐①♦ P ✭♣❛rt❡ ■♠❛❣✐♥ár✐❛ ❞❡ α✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠ ❞✐â♠❡tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❝♦♥❝ê♥tr✐❝❛ ❛♦ ♣♦♥t♦ ✭✸✱✸✮✱

q✉❡ ♣♦ss✉✐ ❝♦♠♣r✐♠❡♥t♦ ✵✳✺ ❡ ❢❛③ ✉♠ â♥❣✉❧♦ θ ❝♦♠ ♦ ❡✐①♦ ❳✱ r❡♣r❡s❡♥t❛ ❛ ✐♥❝❡rt❡③❛ ❞❛ ♠❡❞✐❞❛ ❞♦ ♦♣❡r❛❞♦r

q̂θ = x̂ cos θ + p̂ sin θ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ♥♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ |α〉✳
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■♥t❡r❛çã♦ ❡♥tr❡ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ ❡ ❛

♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦

❆ ✐♥t❡r❛çã♦ ♠❡❝â♥✐❝❛ ❡♥tr❡ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ ❡ ❛ r❛❞✐❛çã♦ ❞❡ ✉♠ ❝❛♠♣♦ é ✉♠ tó♣✐❝♦ ✐♠♣♦r✲

t❛♥t❡ q✉❛♥❞♦ s❡ tr❛t❛ ❞❛ r❡❛❧✐③❛çã♦ ❞❡ ❡①♣❡r✐♠❡♥t♦s ❞❡ ❞❡t❡❝çã♦ ❞❡ ♦♥❞❛s ❣r❛✈✐t❛❝✐♦♥❛✐s ❡♠

✐♥t❡r❢❡rô♠❡tr♦s ó♣t✐❝♦s ❞❡ ❛❧t❛ ♣r❡❝✐sã♦✱ ♦♥❞❡ ❛ ♣r❡ssã♦ ❞❡ss❛ r❛❞✐❛çã♦ ♥ã♦ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛

❬✶✻✱ ✶✼✱ ✶✽❪✳ ❖ ❡st✉❞♦ ❞❡ss❛ ✐♥t❡r❛çã♦ ♥ã♦ é ✉s❛❞♦ só ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ✢✉t✉❛çõ❡s q✉â♥t✐❝❛s✱

❝♦♠♦ ❛s ❝❛✉s❛❞❛s ♣❡❧❛ ❣r❛✈✐❞❛❞❡✱ ❡ss❡ ❡st✉❞♦ é ✈✐st♦ ❝♦♠♦ ✉♠ s✐st❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ó♣t✐❝❛

q✉â♥t✐❝❛✱ ♣♦✐s ❞❡❧❡ ❞❡♣❡♥❞❡♠ ♣r❡✈✐sõ❡s ❝♦♠♦ ❛ ❡♠✐ssã♦ ❞❡ ❢ót♦♥s ❞❡ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ ❬✶✾❪✱

♦ s✉r❣✐♠❡♥t♦ ❞❛ ♣r❡ssã♦ ❞♦ ✈á❝✉♦ ♣❡❧♦ ❡❢❡✐t♦ ❈❛s✐♠✐r ❬✷✵✱ ✷✶❪ ❡ ♦ ❡❢❡✐t♦ ❜❧♦q✉❡✐♦ ❞♦ ♠♦❞♦

✈á❝✉♦ ❬✷✷❪✳ ❆❧é♠ ❞❡ ♣r❡✈✐sõ❡s✱ ❡①✐st❡♠ ❡①♣❡r✐♠❡♥t♦s ✐♥❞✐❝❛♥❞♦ q✉❡ ❛ ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦ ❡

✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ ♣♦❞❡♠ s❡r ✉s❛❞♦s ♣❛r❛ ❣❡r❛r ❧✉③ ❝♦♠♣r✐♠✐❞❛ ✭sq✉❡❡③❡❞ ❧✐❣❤t✮❬✷✸❪ ❡ r❡❛❧✐③❛r

♠❡❞✐çõ❡s q✉â♥t✐❝❛s s❡♠ ❞❡♠♦❧✐çã♦ ✭q✉❛♥t✉♠ ♥♦♥❞❡♠♦❧✐t✐♦♥ ♠❡❛s✉r❡♠❡♥t✮❬✷✹❪✳

❯♠❛ q✉❡stã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ ❡s♣❡❧❤♦ ♠ó✈❡❧✰❝❛♠♣♦ é ♦ ❢♦r♠❛❧✐s♠♦

♠❛t❡♠át✐❝♦ ❡ ♦ r✐❣♦r ❝♦♠ r❡❧❛çã♦ ❛♦ ❤❛♠✐❧t♦♥✐❛♥♦✳ ◆❡ss❡ ❝❛♣ít✉❧♦ s❡rá ❛♣r❡s❡♥t❛❞♦ t❛❧

❤❛♠✐❧t♦♥✐❛♥♦✱ ♣♦ré♠ ♥♦ r❡❣✐♠❡ ♥ã♦ r❡❧❛t✐✈íst✐❝♦✱ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛❝♦♣❧❛♠❡♥t♦

❡♥tr❡ ♦ ❡s♣❡❧❤♦ ❡ ❛ r❛❞✐❛çã♦✱ ❡ ♦ s✉r❣✐♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❈❛s✐♠✐r✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡rá ❢❡✐t♦

♦ ❢♦r♠❛❧✐s♠♦ ❝❧áss✐❝♦ ✐❞❡♥t✐✜❝❛♥❞♦ ♦s ♦♣❡r❛❞♦r❡s ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ❝❛♥ô♥✐❝♦✱ ♣❛r❛ ❞❡♣♦✐s

q✉❛♥t✐③❛r ❡ r❡❛❧✐③❛r ❛♣r♦①✐♠❛çõ❡s ❝❤❡❣❛♥❞♦ ❛ ✉♠ ❤❛♠✐❧t♦♥✐❛♥♦ ❝♦♠♣♦st♦ ❡①❝❧✉s✐✈❛♠❡♥t❡

❞❡ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❞♦ ❝❛♠♣♦ ❡ s❡✉ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ♦ ❡s♣❡❧❤♦✳ ❊ss❡

❝❛♣ít✉❧♦ s❡rá ❜❛s❡❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✷✺❪✳

✸✳✶ ❊q✉❛çõ❡s ❞♦ ♠♦✈✐♠❡♥t♦

❈♦♠❡ç❛♥❞♦ ❝♦♠ ❢♦r♠❛❧✐s♠♦ ❝❧áss✐❝♦✱ s❡❥❛ ✉♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ✐❧✉str❛❞❛ ♥❛

❋✐❣✉r❛ ✸✳✶✱ ♦♥❞❡ ♦ ❝❛♠♣♦ s❡ ♣r♦♣❛❣❛ ❛♣❡♥❛s ♥❛ ❝♦♦r❞❡♥❛❞❛ ❞❡♥♦t❛❞❛ ♣♦r x✱ ❡ ❝♦♠ ❡s♣❡❧❤♦s

✸✶
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❋✐❣✉r❛ ✸✳✶✿ ❈❛✈✐❞❛❞❡ ó♣t✐❝❛ ❝♦♠ ✉♠ ❡s♣❡❧❤♦ ✜①♦ ♣♦s✐❝✐♦♥❛❞♦ ❡♠ x = 0 ❡ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ ♣♦s✐❝✐♦♥❛❞♦

❡♠ x = q(t)✱ ❝♦♠ t ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✳ ❖s ❡s♣❡❧❤♦s sã♦ ♣❧❛♥♦s✱ ♣❛r❛❧❡❧♦s ❡♥tr❡ s✐ ❡ r❡✢❡t❡♠ t♦t❛❧♠❡♥t❡ ♦

❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ q✉❡ ❡stá ❛♣r✐s✐♦♥❛❞♦ ❡♥tr❡ ♦s ❡s♣❡❧❤♦s✱ ❡ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r q✉❡ é

♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ❡✐①♦ x ❡ ♣♦ss✉✐ ❝♦♠♣♦♥❡♥t❡ A(x, t)ŷ✳ ❉❡✈✐❞♦ à ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ ♣❡r❝♦rr❡

♦ ❡✐①♦ x ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ~v = q̇(t)x̂✳

❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡✢❡❝tâ♥❝✐❛ ✐❣✉❛❧ ❛ ✶✱ ♦✉ s❡❥❛✱ ❡s♣❡❧❤♦s ♣❡r❢❡✐t♦s✳ ❯♠ ❞♦s ❡s♣❡❧❤♦s ❡stá

✜①♦ ♥❛ ♣♦s✐çã♦ x = 0 ❡ ♦ ♦✉tr♦✱ ❝♦♠ ♠❛ss❛ m✱ s❡ ♠♦✈❡ ♥♦ ❡✐①♦ x✱ s♦❜ ❛ ❛çã♦ ❞❡ ✉♠ ♣♦ç♦

❞❡ ♣♦t❡♥❝✐❛❧ V (q)✱ ❝♦♠ q ≡ q(t) s✉❛ ♣♦s✐çã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ t✱ ❡ ❝♦♠ ~v = q̇(t)x̂ s✉❛

✈❡❧♦❝✐❞❛❞❡✳ ❖ ♣♦t❡♥❝✐❛❧ ❡stá r❡str✐t♦ ❛✿

V (q) = +∞ ♣❛r❛ q ≤ 0 ✭✸✳✶✳✶✮

❛ss✐♠ ✉♠ ❡s♣❡❧❤♦ ♥ã♦ ❝♦❧✐❞❡ ❝♦♠ ♦ ♦✉tr♦✳ ❖ ❡s♣❡❧❤♦ ❡ ♦ ❝❛♠♣♦ ❝♦♥st✐t✉❡♠ ✉♠ s✐st❡♠❛

❝♦♥s❡r✈❛t✐✈♦✳ ❙❡❥❛ A(x, t) ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ❞♦ ❝❛♠♣♦ ♥❛ ❝❛✈✐❞❛❞❡✱ q✉❡ ❞❡✈❡ ❡st❛r r❡str✐t♦ ❛

❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✿

A(x, t) = 0 ♣❛r❛ x ≤ 0 ❡ x ≥ q(t) ✭✸✳✶✳✷✮

❥á q✉❡ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ❡ ❞❡✈❡ s❡r ♥✉❧♦ ❞♦

❧❛❞♦ ❞❡ ❢♦r❛ ❞❛ ❝❛✈✐❞❛❞❡✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♥ã♦ ❤á tr❛♥s♠✐ssã♦✱ ♣♦✐s ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡✢❡❝tâ♥❝✐❛

é ✐❣✉❛❧ ❛ ✶✳

❈♦♠♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛r❣❛ ❞❡♥tr♦ ❞❛ ❝❛✈✐❞❛❞❡ é ♥✉❧❛ ❡ ♦ ❝❛♠♣♦ s❡ ♣r♦♣❛❣❛ ♥♦ ✈á❝✉♦✱

❡♥tã♦ ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ❞❡✈❡ r❡s♣❡✐t❛r ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ♦❜t✐❞❛ ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ❞❡
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▼❛①✇❡❧❧ ✭❛❞♦t❛♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③ ✐❣✉❛❧ ❛ ✉♠❛ ✉♥✐❞❛❞❡✱ c = 1✮✿

∂2A(x, t)

∂x2
=
∂2A(x, t)

∂t2
✭✸✳✶✳✸✮

♦♥❞❡ ❡ss❛ ❡q✉❛çã♦ é r❡s♣❡✐t❛❞❛ ♣❛r❛ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❡♠ r❡♣♦✉s♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❡❧❤♦ ✜①♦

❡♠ x = 0✳

❆ ❡q✉❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ ❞♦ ❡s♣❡❧❤♦ é ❞❛❞❛ ♣♦r✿

mq̈ = −∂V (q)

∂q
+

1

2

(
∂A(x, t)

∂t

)2
∣
∣
∣
∣
∣
x=q(t)

✭✸✳✶✳✹✮

♦♥❞❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ é ❞❡r✐✈❛❞♦ ❞❛ ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦✳ P♦rt❛♥t♦✱ s❡ ♦ ♣♦t❡♥❝✐❛❧

✈❡t♦r✱ ❡♠ x = q✱ ✈❛r✐❛ ❞❡ ✉♠ ✐♥st❛♥t❡ ♣❛r❛ ♦✉tr♦✱ ❡♥tã♦ ♦ ❝❛♠♣♦ ❛♣❧✐❝❛ ✉♠❛ ❢♦rç❛ s♦❜r❡ ♦

❡s♣❡❧❤♦ q✉❡ é s❡♠♣r❡ ♣♦s✐t✐✈❛ ❡ ❞✐r✐❣✐❞❛ ♣❛r❛ ❢♦r❛ ❞❛ ❝❛✈✐❞❛❞❡ ✭❞❡ x = 0 ♣❛r❛ x = q✮✳

❖ ♣♦t❡♥❝✐❛❧ ✈❡t♦r✱ ❡♥tr❡ ♦s ♣♦♥t♦s x = 0 ❛ x = q✱ ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞♦ ♥✉♠❛ sér✐❡

❞❡ ❋♦✉r✐❡r ❡♠ q✉❡ s❡ ✉s❛ ❛♣❡♥❛s ✉♠❛ sér✐❡ ❞❡ s❡♥♦s✳ ❚❛❧ ❡①♣❛♥sã♦ s❡rá ❢❡✐t❛ ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✱ ♣r✐♠❡✐r♦ ❞❡✜♥❡✲s❡ ✉♠❛ ❢✉♥çã♦ í♠♣❛r ❡ ♣❡r✐ó❞✐❝❛ f(z, t)✿

f(z, t) =







A(z, t) ♣❛r❛ 0 ≤ z ≤ q

−A(−z, t) ♣❛r❛ − q ≤ z < 0

❡ ❝♦♠

f(z + 2qn, t) = f(z, t) ♣❛r❛ n ∈ Z

❊ss❛ ❢✉♥çã♦ é ❝♦♥tí♥✉❛✱ ♣♦✐s ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✸✳✶✳✷✮ A(0, t) = A(q(t), t) = 0✳ ❆ ❡①♣❛♥sã♦

s❡rá✿

f(z, t) =
∞∑

k=0

ck(t) sin

(
kπz

q

)

+ dk(t) cos

(
kπz

q

)

♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ♠✉❧t✐♣❧✐❝❛♠ ❛s ❢✉♥çõ❡s s❡♥♦s ❡ ❝♦ss❡♥♦s sã♦✿

ck(t) =
1

q(t)

ˆ q(t)

−q(t)
f(z, t) sin

(
kπz

q

)

dz =
2

q(t)

ˆ q(t)

0

A(z, t) sin

(
kπz

q

)

dz

dk(t) =
1

q(t)

ˆ −q(t)

q(t)

f(z, t) cos

(
kπz

q

)

dz = 0

❆ ❛♠♣❧✐t✉❞❡ ❞♦ ♠♦❞♦ k é ❞❡✜♥✐❞❛ ❝♦♠♦✿

Qk(t) ≡
√

2

q(t)

ˆ q(t)

0

A(z, t) sin

(
kπz

q(t)

)

dz
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❈♦♠♦ f(z, t) = A(z, t) ♣❛r❛ 0 ≤ z ≤ q(t)✱ ❡♥tã♦✿

A(x, t) =
∞∑

k=1

Qk(t)

√

2

q(t)
sin

(
kπx

q(t)

)

✭✸✳✶✳✺✮

♥♦t❛r q✉❡
√

2
q(t)

sin
(
kπx
q(t)

)

sã♦ ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s ❡ t❛♠❜é♠ sã♦ ❛s ❛✉t♦❢✉♥çõ❡s ❞❡ ✉♠❛

♣❛rtí❝✉❧❛ ❛♣r✐s✐♦♥❛❞❛ ♥✉♠ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ✐♥✜♥✐t♦✱ ❡ ♦ ✈❛❧♦r k ✐❞❡♥t✐✜❝❛ ✉♠ ♠♦❞♦ ❡s♣❡❝í✜❝♦

❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦✱ ♦✉ s❡❥❛✱ ♦ ❝❛♠♣♦ ❞❡♥tr♦ ❞❛ ❝❛✈✐❞❛❞❡ é ✉♠❛ s♦❜r❡♣♦s✐çã♦ ❞❡ ♦♥❞❛s

❡♠ q✉❡ ❛♣❡♥❛s ❛❧❣✉♠❛s ❢r❡q✉ê♥❝✐❛s sã♦ ♣❡r♠✐t✐❞❛s✿

ωk(q) =
kπ

q
✭✸✳✶✳✻✮

❊ss❛s ❢r❡q✉ê♥❝✐❛s ♥ã♦ ♣♦ss✉❡♠ ✉♥✐❞❛❞❡ ❞❡ 1
metro

✱ ♣♦✐s ❢♦✐ ❞❡✜♥✐❞♦ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③ é

c = 1✳ ❆♦ ♣❛ss❛r ♣❛r❛ ❛ ✉♥✐❞❛❞❡ ❞❡ 1
segundo

✱ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♠♦❞♦ k ♣❛ss❛ ❛ s❡r ✿

ωk(q) =
kπc

q

❝♦♠ c ≈ 3× 108m/s✳

❖❜s❡r✈❛♥❞♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ♠❡❞✐r ❛♣❡♥❛s ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝❛♠♣♦ ♥❡ss❛ ❝❛✈✐❞❛❞❡✱

♠❛s é ♣♦ssí✈❡❧ q✉❡ ✉♠ ♠♦❞♦ s❡❥❛ ♠✉✐t♦ ♠❛✐s ✐♥t❡♥s♦ q✉❡ ♦✉tr♦s✱ ♣❡r♠✐t✐♥❞♦ ❛ ♠❡❞✐çã♦ ❞❡

✉♠❛ ú♥✐❝❛ ❢r❡q✉ê♥❝✐❛✳

❖s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r sã♦ ❛s ❛♠♣❧✐t✉❞❡s ❞❡ ❝❛❞❛ ♠♦❞♦ ❡ ❛ ♣♦s✐çã♦

❞♦ ❡s♣❡❧❤♦✱ q✉❡ ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❝♦♦r❞❡♥❛❞❛s ❡ q✉❡ ♣r❡❝✐s❛♠ s❛t✐s❢❛③❡r ❛s ❡q✉❛çõ❡s

✭✸✳✶✳✹✮ ❡ ✭✸✳✶✳✸✮✳ ❙✉❜st✐t✉✐♥❞♦ ✭✸✳✶✳✺✮ ❡♠ ✭✸✳✶✳✸✮ ❡ ❡♠ ✭✸✳✶✳✹✮✱ ❡ ✉s❛♥❞♦ ❛ ♦rt♦♥♦r♠❛❧✐❞❛❞❡

❞❛s ❢✉♥çõ❡s s❡♥♦s✱ ♦❜té♠✲s❡ ❛s ❡q✉❛çõ❡s ❝❧áss✐❝❛s ❞♦ ♠♦✈✐♠❡♥t♦✿

Q̈k = −ω2
k(q)Qk + 2

q̇

q

∑

j

gkjQ̇j +
q̈q − q̇2
q2

∑

j

gkjQj +
q̇2

q2

∑

jl

gjkgjlQl ✭✸✳✶✳✼✮

mq̈ = −∂V (q)

∂q
+

1

q

∑

kj

(−1)k+jωk(q)ωj(q)QkQj ✭✸✳✶✳✽✮

❝♦♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❛❞✐♠❡♥s✐♦♥❛✐s✿

gkj =







(−1)k+j 2kj
j2−k2 ♣❛r❛ k 6= j

0 ♣❛r❛ k = j
✭✸✳✶✳✾✮
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✸✳✷ ❍❛♠✐❧t♦♥✐❛♥❛ ❝❧áss✐❝❛ ❡ s✉❛ q✉❛♥t✐③❛çã♦

❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ❞♦ ♠♦✈✐♠❡♥t♦ ✭✸✳✶✳✼✮✱ ❡ ✭✸✳✶✳✽✮ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❛ ❢✉♥çã♦ ▲❛❣r❛♥✲

❣✐❛♥❛ L✿

L(q, q̇, Qk, Q̇k) =
1

2

∑

k

[

Q̇k − ω2
k(q)Q

2
k

]

+
1

2
mq̇2−V (q)− q̇

q

∑

jk

gkjQ̇kQj +
q̇2

2q2

∑

jkl

gkjgklQlQj

✭✸✳✷✳✶✮

s❡♥❞♦ q✉❡ ❡ss❛ ❧❛❣r❛♥❣✐❛♥❛ s✉❜st✐t✉✐ ❝♦♠ ❛♣❡♥❛s ✉♠❛ ❡q✉❛çã♦ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s

❞♦ ♠♦✈✐♠❡♥t♦✳ ❆ ❢✉♥çã♦ ❍❛♠✐❧t♦♥✐❛♥❛ ❛ss♦❝✐❛❞❛ ❛ L é ❞❛❞❛ ♣♦r✿

H(q, p,Qk, Pk) = pq̇ +
∑

k

PkQ̇k − L(q, q̇, Qk, Q̇k) ✭✸✳✷✳✷✮

s❡♥❞♦ q✉❡ p ❡ Pk sã♦ ♦s ♠♦♠❡♥t♦s ❝❛♥ô♥✐❝♦s ❝♦♥❥✉❣❛❞♦s ❛ q ❡ Qk✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ sã♦

♦❜t✐❞♦s ❛tr❛✈és ❞❛ ❧❛❣r❛♥❣✐❛♥❛ ♣❡❧❛ ❞❡✜♥✐çã♦✿

Pk =
∂L

∂Q̇k

p =
∂L

∂q̇

❝❤❡❣❛♥❞♦ ❛✿

Pk = Q̇k −
q̇

q

∑

j

gkjQj ✭✸✳✷✳✸✮

p = mq̇ − 1

q

∑

jk

gkjQ̇kQj +
q̇

q2

∑

jkl

gkjgklQlQj ✭✸✳✷✳✹✮

✐s♦❧❛♥❞♦ Q̇k ❡♠ ✭✸✳✷✳✸✮ ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✸✳✷✳✹✮✿

p = mq̇ − 1

q

∑

jk

gkjPkQj ✭✸✳✷✳✺✮

❛❣♦r❛ ✐s♦❧❛♥❞♦ Q̇k ❡♠ ✭✸✳✷✳✸✮ ❡ q̇ ❡♠ ✭✸✳✷✳✺✮ ❡ s✉❜st✐t✉✐♥❞♦ ♥❛ ❧❛❣r❛♥❣✐❛♥❛ ✭✸✳✷✳✶✮ ❡ ❞❡♣♦✐s

s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✸✳✷✳✷✮✱ ♦❜té♠✲s❡ ❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❝❧áss✐❝❛ ❞♦ s✐st❡♠❛✿

H =
(p+ Γ)2

2m
+ V (q) +

1

2

∑

k

[
P 2
k + ω2

k(q)Q
2
k

]
✭✸✳✷✳✻✮
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❝♦♠

Γ ≡ 1

q

∑

jk

gkjPkQj

♦❜s❡r✈❛♥❞♦ q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❡♠ ✭✸✳✷✳✻✮ s❡ r❡❢❡r❡ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞♦ ❡s♣❡❧❤♦✱ s❡♥❞♦ q✉❡

p ♥ã♦ é ♦ ♠♦♠❡♥t♦ ❝✐♥ét✐❝♦ ❞♦ ♠❡s♠♦ ✭mq̇✮✳ ❖ ú❧t✐♠♦ t❡r♠♦ s❡ r❡❢❡r❡ à ❡♥❡r❣✐❛ ♠❡❝â♥✐❝❛ ❞❡

✉♠❛ ♣❛rtí❝✉❧❛ s✉❜♠❡t✐❞❛ à ❛çã♦ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦✱ ❡ q✉❡ é ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦

q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❝❛❞❛ ♠♦❞♦ ❞❛ r❛❞✐❛çã♦ ✐rá ❞❡s❝r❡✈❡r✳

❈♦♠♦ ❢♦✐ ❞✐t♦✱ ❡ss❛ é ❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❡ ❛ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ❞♦ ♠♦✈✐♠❡♥t♦ ✭✸✳✶✳✽✮

❡ ✭✸✳✶✳✼✮ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ❝♦♠♦ ❛s ❛♠♣❧✐t✉❞❡s✱ Qk✱ ❡ ❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦ ✈ã♦ ✈❛r✐❛r

❝♦♠ ♦ t❡♠♣♦✳ ❖ ❤❛♠✐❧t♦♥✐❛♥♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ❡❢❡t✉❛r ❛ tr❛♥s❢♦r♠❛çã♦ ♣❛r❛ ❛ ♠❡❝â✲

♥✐❝❛ q✉â♥t✐❝❛✱ ❛tr❛✈és ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛✱ ♦✉ s❡❥❛✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❡ ♠♦♠❡♥t♦s

❝❛♥ô♥✐❝♦s ♣❛ss❛♠ ❛ s❡r ✐♥t❡r♣r❡t❛❞♦s ❝♦♠♦ ♦♣❡r❛❞♦r❡s✱ ❡♠ q✉❡ ❞❡✈❡♠ s❛t✐s❢❛③❡r ❛ r❡❧❛çã♦ ❞❡

❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛✿
[

q̂, Q̂j

]

=
[

q̂, P̂k

]

=
[

p̂, Q̂j

]

=
[

p̂, P̂k

]

= 0

[q̂, p̂] = i~
[

Q̂j, P̂k

]

= i~δjk

♦s ❝♦♠✉t❛❞♦r❡s ♥✉❧♦s r❡♣r❡s❡♥t❛♠ ♦♣❡r❛❞♦r❡s ❞❡ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt ❞✐❢❡r❡♥t❡s✱ ♣♦r ❡①❡♠♣❧♦✱

♦ ❝♦♠✉t❛❞♦r ❞❡ ✉♠ ♦♣❡r❛❞♦r ❞♦ ♠♦❞♦ k ❝♦♠ ✉♠ ♦♣❡r❛❞♦r ❞♦ ❡s♣❡❧❤♦ ❞❡✈❡ s❡r ♥✉❧♦✱ ♣♦✐s

r❡♣r❡s❡♥t❛♠ ♦❜❥❡t♦s ❞✐❢❡r❡♥t❡s✱ ❡ ♠❡s♠♦ ♦ ❝♦♠✉t❛❞♦r ❞❡ ♠♦❞♦s ❞✐❢❡r❡♥t❡s ❞♦ ❝❛♠♣♦ sã♦

♥✉❧♦s✱ ♥♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❝❧áss✐❝♦ ❡ss❡s ♠♦❞♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✱ ❡ ♥♦ q✉â♥t✐❝♦

♦♣❡r❛❞♦r❡s ❞❡ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt ❞✐❢❡r❡♥t❡s✳

❉❡ ♠❛♥❡✐r❛ ❛ ❡s♣❡❝✐✜❝❛r ♦ ❡st❛❞♦ q✉â♥t✐❝♦ ❞♦ ❝❛♠♣♦ ♥❛ ❝❛✈✐❞❛❞❡ ♥♦ ❡s♣❛ç♦ ❞❡ ❋♦❝❦✱

❞❡✜♥❡✲s❡ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦ ❞♦s ♠♦❞♦s ❞♦ ❝❛♠♣♦ ❞❡♣❡♥❞❡♥t❡s ❞♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❞❛ ❝❛✈✐❞❛❞❡✿

âk(q̂) =

√

1

2~ω̂k(q̂)

[

ω̂k(q̂)Q̂k + iP̂k

]

✭✸✳✷✳✼✮

â†k(q̂) =

√

1

2~ω̂k(q̂)

[

ω̂k(q̂)Q̂k − iP̂k
]

✭✸✳✷✳✽✮

P❛r❛ ✉♠❛ ❞❛❞❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦✱ q✱ ♦s ✈❡t♦r❡s q✉❡ ❝♦♥st✐t✉❡♠ ✉♠❛ ❜❛s❡ ♥♦ ❡s♣❛ç♦ ❞❡

❋♦❝❦ ♣❛r❛ ♦ s✐st❡♠❛ sã♦ ❞❛❞♦s ♣♦r |{n}, q〉✱ ♦♥❞❡ {n} ≡ {n1, n2, . . . , nk, . . .} r❡♣r❡s❡♥t❛♥❞♦ ♦

❝♦♥❥✉♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❡♠ ❝❛❞❛ ♠♦❞♦✱ nk✿

â†k(q̂)âk(q̂) |{n}, q〉 = nk |{n}, q〉
q̂ |{n}, q〉 = q |{n}, q〉
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P♦rt❛♥t♦✱ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t❛✱ s❡♥❞♦ q✉❡

q✉❛❧q✉❡r ❡st❛❞♦ ❞♦ s✐st❡♠❛✱ |ψ〉✱ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦ ✉♠❛ s♦❜r❡♣♦s✐çã♦ ❞❛ ♣r♦❥❡çã♦ s♦❜r❡

❡ss❡s ❡st❛❞♦s✿

|ψ〉 =
∑

{n}

ˆ ∞

0

dq 〈{n}, q |ψ〉 |{n}, q〉

♥♦t❛♥❞♦ q✉❡ q > 0✱ ❞❡✈✐❞♦ ❛ ✭✸✳✶✳✶✮✳

❖ ♦♣❡r❛❞♦r ❤❛♠✐❧t♦♥✐❛♥♦ q✉â♥t✐❝❛ ✜❝❛✿

Ĥ =
(p̂+ Γ̂(q̂))2

2m
+ V̂ (q̂) + ~

∑

k

ω̂k(q̂)

[

â†k(q̂)âk(q̂) +
1

2

]

✭✸✳✷✳✾✮

♦♥❞❡

Γ̂(q̂) =
i~

2q̂

∑

kj

gkj

√

k

j

[

â†k(q̂)â
†
j(q̂)− âk(q̂)âj(q̂) + â†k(q̂)âj(q̂)− â†j(q̂)âk(q̂)

]

✭✸✳✷✳✶✵✮

❆ ❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ q✉❡ ❛♣❛r❡❝❡ ❡♠ ✭✸✳✷✳✾✮ ❞✐✈❡r❣❡✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ ❡ss❛ ❞✐✈❡r❣ê♥❝✐❛ ♥ã♦

❛❝♦♥t❡❝❡✱ ♣♦✐s ❛ ❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ ❞❡ ❝❛❞❛ ♠♦❞♦ é ❞❛❞❛ ❝♦♠♦ ♥✉❧❛✱ ❡ ♣♦rt❛♥t♦ ❛ s♦♠❛ ❞❛

❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ ❞❡ t♦❞♦s ♦s ♠♦❞♦s ❝♦♥t✐♥✉❛ ♥✉❧❛✳ ◗✉❛♥t✐❝❛♠❡♥t❡✱ ♦ ❡st❛❞♦ ❞❡ ♠❡♥♦r

❡♥❡r❣✐❛ q✉❡ ✉♠ ♠♦❞♦ ❞♦ ❝❛♠♣♦ ♣♦❞❡ ❡st❛r é ♦ ✈á❝✉♦✱ ❡ ❡ss❛ ❡♥❡r❣✐❛✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦

♠♦❞❡❧♦ ❝❧áss✐❝♦✱ é ✐❣✉❛❧ ❛ 1
2
~ωk✱ q✉❡ é ♠✉✐t♦ ♣❡q✉❡♥❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠

❡st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦ ❞♦ ♠♦❞♦ k ❞♦ ❝❛♠♣♦✱ ♦✉ s❡❥❛✱ ❡st❛❞♦ ♥♦ q✉❛❧ ❡①✐st❡♠ ♠✉✐t♦s ❢ót♦♥s✱

t♦r♥❛♥❞♦ ❞❡s♣r❡③í✈❡❧ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ✈á❝✉♦ ❞❡ss❡ ♠♦❞♦✳

❖ ❝❛♠♣♦ ❝♦♥✜♥❛❞♦ é ❝♦♠♣♦st♦ ♣♦r ✉♠❛ s♦♠❛ ❞❡ ✐♥✜♥✐t♦s ♠♦❞♦s✱ ❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦

♠♦❞❡❧♦ q✉â♥t✐❝♦✱ ♠❡s♠♦ q✉❡ ♥ã♦ ❤❛❥❛ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡✱ ❡①✐st❡ ❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ ❞❡ ❝❛❞❛

♠♦❞♦✱ q✉❡ ❛♦ s❡r s♦♠❛❞❛ ❞✐✈❡r❣❡ ♣❛r❛ ♦ ✐♥✜♥✐t♦✱ ❡ ❡ss❛ ❡♥❡r❣✐❛ é r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠❛

♣r❡ssã♦ s♦❜r❡ ❛s ♣❛r❡❞❡s ❞❛ ❝❛✈✐❞❛❞❡✱ ❢♦rç❛♥❞♦✲❛ ❛ ❡①♣❛♥❞✐r✳ ❊ ❛✐♥❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦

♠♦❞❡❧♦ q✉â♥t✐❝♦✱ ❢♦r❛ ❞❛ ❝❛✈✐❞❛❞❡ ♦ ✈á❝✉♦ ♣♦❞❡ s❡r tr❛t❛❞♦ ❝♦♠♦ ✉♠ ❝❛♠♣♦ ❝♦♠♣♦st♦ ♣♦r

✐♥✜♥✐t♦s ♠♦❞♦s✱ ♥♦ q✉❛❧ ♥❡♥❤✉♠ ❞♦s ♠♦❞♦s ♣♦ss✉✐ ❢ót♦♥s✱ ❡ ❛ ❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ ❞❡ ❝❛❞❛

♠♦❞♦ é s♦♠❛❞❛ ❡ ❞✐✈❡r❣❡ ♣❛r❛ ♦ ✐♥✜♥✐t♦✱ s❡♥❞♦ ❡ss❛ ❡♥❡r❣✐❛ r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠❛ ♣r❡ssã♦ q✉❡

❝♦♠♣r✐♠❡ ❛s ♣❛r❡❞❡s ❞❛ ❝❛✈✐❞❛❞❡✳ ❆ s♦♠❛ ❞❛ ❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ ❞♦ ❝❛♠♣♦ ❝♦♥✜♥❛❞♦ ❝♦♠ ❛

❡♥❡r❣✐❛ ❞♦ ✈á❝✉♦ ❞♦ ❧❛❞♦ ❡①t❡r♥♦ ❞❛ ❝❛✈✐❞❛❞❡ r❡s✉❧t❛ ♥✉♠ ✈❛❧♦r ✜♥✐t♦ ÊCasimir✱ ❞❡s❝r✐t♦ ♥❛

r❡❢❡rê♥❝✐❛ ❬✷✻❪✱ ❡ q✉❡✱ ♣♦r ✜♠✱ ❝♦♠♣r✐♠❡ ❛ ❝❛✈✐❞❛❞❡✳ ❖❜s❡r✈❛♥❞♦ q✉❡ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦

♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ ❡ ♦ ❡s♣❡❧❤♦ ✜①♦ ❡stã♦ ✉♠ ❞♦ ♦✉tr♦ ♠❛✐♦r é ❛ ♣r❡ssã♦ s♦❜r❡ ❛ ❝❛✈✐❞❛❞❡✳ ❊ss❡

❢❡♥ô♠❡♥♦✱ ♣r❡✈✐st♦ t❡♦r✐❝❛♠❡♥t❡✱ é ❝❤❛♠❛❞♦ ❞❡ ❊❢❡✐t♦ ❈❛s✐♠✐r✲P♦❧❞❡r✱ q✉❡ ❢♦✐ ♣r♦♣♦st♦ ♣❡❧❛

♣r✐♠❡✐r❛ ✈❡③ ♣❡❧♦s ❢ís✐❝♦s ❤♦❧❛♥❞❡s❡s ❍❡♥❞r✐❦ ❇✳ ●✳ ❈❛s✐♠✐r ❡ ❉✐r❦ P♦❧❞❡r ❡♠ ✶✾✹✽ ❬✷✼❪ ♣❛r❛

❡①♣❧✐❝❛r ❛ ❢♦rç❛ ❞❡ ❛tr❛çã♦ ❡♥tr❡ ♣❧❛❝❛s ♣❛r❛❧❡❧❛s ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ♠✉✐t♦ ♣❡q✉❡♥❛✳ ❆♣ós t❛✐s
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❝♦♥s✐❞❡r❛çõ❡s✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✜❝❛✿

Ĥ =
(p̂+ Γ̂(q̂))2

2m
+ V̂ (q̂) + ~

∑

k

ω̂k(q̂)â
†
k(q̂)âk(q̂) + ÊCasimir ✭✸✳✷✳✶✶✮

♦ ✈❛❧♦r ❞❛ ❊♥❡r❣✐❛ ❞❡ ❈❛s✐♠✐r é ♠✉✐t♦ ❜❛✐①♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ q✉❡ ♣♦ss✉✐✱

❡♠ ❣❡r❛❧✱ ♠✉✐t♦s ❢ót♦♥s✳

✸✳✸ ❆♣r♦①✐♠❛çã♦ ❧✐♥❡❛r

❈❧❛ss✐❝❛♠❡♥t❡✱ q✉❛♥❞♦ ♦ ❝❛♠♣♦ ♥ã♦ ❡stá ❡♠ ❝♦♥t❛t♦ ❝♦♠ ♦ ❡s♣❡❧❤♦✱ ♦ ♠❡s♠♦ ❡♥❝♦♥tr❛✲s❡

♣❛r❛❞♦ ♥✉♠❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ✭q(0) = q0✮✳ ❆♣ós ♦ ❝♦♥t❛t♦ ❝♦♠ ♦ ❝❛♠♣♦✱ ♦ ❡s♣❡❧❤♦

❝♦♠❡ç❛ ❛ s❡ ♠♦✈✐♠❡♥t❛r✳ ❙❡ ♦ ❝❛♠♣♦ ❛t✉❛ s♦♠❡♥t❡ ❝♦♠♦ ✉♠❛ ♣❡rt✉r❜❛çã♦ s♦❜r❡ ♦ ❡s♣❡❧❤♦✱

❡♥tã♦ ♦ ❡s♣❡❧❤♦ ♦s❝✐❧❛ ❡♠ t♦r♥♦ ❞❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♦✉ s❡❥❛ q(t) ≈ q0✳ ◗✉❛♥t✐❝❛♠❡♥t❡✱

♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ♦ ♦♣❡r❛❞♦r ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣♦❞❡

s❡r ❛♣r♦①✐♠❛❞♦ ♣❛r❛ q̂(t) ≈ q01✱ ❝♦♠ q0 ❡s❝❛❧❛r✳ ❈♦♠♦ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ✭✸✳✷✳✶✶✮ ❡stã♦ ♥❛

♥♦t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ q̂ ♥ã♦ ✈❛r✐❛ ❝♦♠ ♦ t❡♠♣♦✱ ♠❛s ♣♦❞❡✲s❡ ❞✐③❡r q✉❡ ❛♦ ♠❡❞✐r ❛ ♣♦s✐çã♦

❞♦ ❡s♣❡❧❤♦ ♥✉♠ ✐♥st❛♥t❡ t✱ ❡❧❛ ❡st❛rá ♠✉✐t♦ ♣ró①✐♠❛ ❛ q0✳ ❉❡✜♥✐♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡s❧♦❝❛♠❡♥t♦

❞♦ ❡s♣❡❧❤♦✱ x̂m✿

x̂m = q̂ − q01

é ♣♦ssí✈❡❧ ❡①♣❛♥❞✐r t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s q✉❡ ❡stã♦ ❡♠ ❢✉♥çã♦ ❞❡ q̂ ❡♠ t♦r♥♦ ❞❡ x̂m ❡ ❞❡s❝❛rt❛r

t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❛✐♦r q✉❡ ✷✱ ♦✉ s❡❥❛✱ ❞❡s❝❛rt❛r O (x̂2m)✱ ♣♦✐s ❡stá ✐♠♣❧í❝✐t♦ q✉❡ s❡rã♦ ♦❜s❡r✲

✈❛❞♦s ❛♣❡♥❛s ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❞❡ x̂m ✭♦✉ s❡❥❛✱ ♦ ♠ó❞✉❧♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ x̂m q✉❡ ❢♦r❡♠

♦❜s❡r✈❛❞♦s ❞❡✈❡♠ r❡s♣❡✐t❛♠ |xm| ≪ q0✮✳ ❊♥tã♦✱ ♣♦r ✭✸✳✶✳✻✮✱ ✭✸✳✷✳✼✮ ❡ ✭✸✳✷✳✶✵✮✱ ♦❜té♠✲s❡✿

ω̂k(q̂) =
kπ

(x̂m + q01)
≈ ωk

(

1− x̂m
q0

)

âk(q̂) ≈ âk −
x̂m
2q0

â†k

Γ̂(q̂) ≈ Γ̂0
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❝♦♠

ωk =
kπ

q0

âk = âk(q01) =

√
1

2~ωk

[

ωkQ̂k + iP̂k

]

Γ̂0 = Γ̂(q01) =
i~

2q0

∑

kj

gkj

√

k

j

[

â†kâ
†
j − âkâj + â†kâj − â†j âk

]

❙✉❜st✐t✉✐♥❞♦ ❡ss❛s ❛♣r♦①✐♠❛çõ❡s ♥♦ ❤❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✷✳✶✶✮✱ ❡ ❞❡♣♦✐s ❢❛③❡♥❞♦ ✉♠❛ tr❛♥s✲

❢♦r♠❛çã♦ ✉♥✐tár✐❛ t❛❧ q✉❡ ♦ ♥♦✈♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ s❡❥❛✿

Ĥ ′ = T̂ †ĤT̂

❝♦♠

T̂ = exp

[

ix̂mΓ̂0

~

]

❡♥tã♦✱ ♦ ♥♦✈♦ ❤❛♠✐❧t♦♥✐❛♥♦ ✜❝❛✿

Ĥ ′ ≈ p̂2

2m
+ û(x̂m) + ~

∑

k

ωkâ
†
kâk − x̂mÊ0 ✭✸✳✸✳✶✮

♦♥❞❡

û(x̂m) = V̂ (q̂) + ÊCasimir

Ê0 =
~

2q0

∑

kj

(−1)k+j√ωkωj
(

âkâj + â†kâ
†
j + â†kâj + â†j âk

)

❖ ♠♦♠❡♥t♦ ❝❛♥ô♥✐❝♦ p̂ ❡♠ Ĥ ′ s❡ t♦r♥❛ ♦ ♠❡s♠♦ q✉❡ ♦ ♠♦♠❡♥t♦ ❝✐♥ét✐❝♦✳ ❖ t❡r♠♦ ❞❡

✐♥t❡r❛çã♦ ❡s♣❡❧❤♦✲❝❛♠♣♦ é ❞❛ ❢♦r♠❛ x̂mÊ0 ❡ é ❛♥á❧♦❣♦ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ❞✐♣♦❧♦

❡❧étr✐❝♦ xE ❝♦♠ x ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛ ❝❛r❣❛ ♣♦s✐t✐✈❛ ❡ ❛ ♥❡❣❛t✐✈❛ ❞❡ ♠❡s♠♦ ♠ó❞✉❧♦✱ ❡ ❝♦♠ E
❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥✉♠ ❞❛❞♦ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦✱ q✉❡ é ♣❛r❛❧❡❧❛ ❛ ❧✐♥❤❛ q✉❡ ❧✐❣❛

❛s ❝❛r❣❛s✳

❖ ❝❛♠♣♦ ♥❛ ❝❛✈✐❞❛❞❡ ♣♦ss✉✐ ✈ár✐♦s ♠♦❞♦s s♦❜r❡♣♦st♦s✱ ❡ ♣❛r❛ ♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡

❡①✐st❡ ✉♠ ♠♦❞♦ q✉❡ é ♠✉✐t♦ ♠❛✐s ✐♥t❡♥s♦ q✉❡ ♦s ♦✉tr♦s✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ ❡①✐st❡ ✉♠ ♠♦❞♦ k ❡♠

q✉❡ s✉❛ ❡♥❡r❣✐❛ é ♠✉✐t♦ ♠❛✐♦r q✉❡ ❛ ❞♦s ♦✉tr♦s ♠♦❞♦s✱ ❡♥tã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡

✭✸✳✸✳✶✮ ♣❛r❛ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❝✐t❛❞♦ ♥❛ r❡❢❡r❡♥❝✐❛ ❬✶✽❪ ❛tr❛✈és ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦♥❞❛ ❣✐r❛♥t❡
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✭❘♦t❛t✐♥❣ ❲❛✈❡ ❆♣♣r♦①✐♠❛t✐♦♥✮✿

Ĥ ′ ≈ p̂2

2m
+ û(x̂m) + ~ωkâ

†
kâk −

~ωk
q0

x̂mâ
†
kâk ✭✸✳✸✳✷✮

➱ ♥❡❝❡ssár✐♦ ❛✐♥❞❛ q✉❡ ♦ ♠♦✈✐♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ s❡❥❛ ❛❞✐❛❜❛t✐❝❛♠❡♥t❡ ❧❡♥t♦ ♣❛r❛ q✉❡

❡❧❡ ❡s❝♦❡ ❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛ ❞♦ ♠♦❞♦ k ♣❛r❛ ♦✉tr♦s ♠♦❞♦s✱ ♠❛♥t❡♥❞♦ ❛ss✐♠ ❛ ❝♦♥❞✐çã♦

❡s♣❡❝í✜❝❛ ❞❡ q✉❡ ♦ ♠♦❞♦ k é ♠✉✐t♦ ♠❛✐s ✐♥t❡♥s♦ q✉❡ ♦s ♦✉tr♦s ♠♦❞♦s✳ ▼❛✐s r✐❣♦r♦s❛♠❡♥t❡✱ ❛

❢r❡q✉ê♥❝✐❛ ❞♦ ♠♦✈✐♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦✱ ωm✱ ❞❡✈❡ s❡r ♠✉✐t♦ ♠❡♥♦r ❞♦ q✉❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♠♦❞♦

❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝❛♠♣♦ ω1 = π/q0✱ ❡ss❛ ❝♦♥❞✐çã♦ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ r❡❣✐♠❡ ó♣t✐❝♦✳



❈❛♣ít✉❧♦ ✹

❚❡♦r✐❛ ◗✉â♥t✐❝❛ ❞❡ ❆♠♦rt❡❝✐♠❡♥t♦ ❞❡

❋❛s❡

◗✉❛♥❞♦ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦✱ ♦ ❡st❛❞♦ ❞❡ ✉♠ s✐st❡♠❛ ♣♦❞❡ s♦❢r❡r ❛♠♦rt❡❝✐♠❡♥t♦

❞♦ t✐♣♦ ❛♠♣❧✐t✉❞❡ ✭❡s❝♦❛♠❡♥t♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ♦ r❡s❡r✈❛tór✐♦✮ ♦✉ ❞♦ t✐♣♦ ❢❛s❡ ✭♣❡r❞❛ ❞❡

❝♦❡rê♥❝✐❛ ❞♦ s✐st❡♠❛✮✱ s❡♥❞♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✈❛tór✐♦ ♣♦❞❡ ❡st❛r r❡❧❛❝✐♦♥❛❞❛ ❝♦♠

♦ ❛♠♦rt❡❝✐♠❡♥t♦✳ ◆❡ss❡ ❝❛♣ít✉❧♦✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ s❡rá ❞❡s❝r✐t♦ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❛tr❛✈és

❞❡ ❡①❡♠♣❧♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✷✽❪✱ ❞❡ ✉♠ s✐st❡♠❛ s✉❥❡✐t♦ ❛ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡

❛♠♣❧✐t✉❞❡ ♦✉ s✉❥❡✐t♦ ❛ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✳ ❉❡♣♦✐s s❡rá ♠♦str❛❞♦ ✉♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❣❡r❛❧✱ ♦♥❞❡ ❛ ❡q✉❛çã♦ ♠❡str❛ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦ s✐st❡♠❛ s❡rá r❡s♦❧✈✐❞❛ ❛té ❛

s❡❣✉♥❞❛ ♦r❞❡♠✳ ◆❛ ú❧t✐♠❛ s❡çã♦✱ s❡rá ❢❡✐t❛ ❛ ❛♣r♦①✐♠❛çã♦ ▼❛r❦♦✈✐❛♥❛ s♦❜r❡ ✉♠ r❡s❡r✈❛tór✐♦

❡s♣❡❝í✜❝♦ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠❛ ❝♦❧❡çã♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ❡s♣❡❝í✜❝♦

❡♥tr❡ s✐st❡♠❛ ❡ r❡s❡r✈❛tór✐♦✳ ❆ r❡❢❡rê♥❝✐❛ ❬✷✾❪ é ✉t✐❧✐③❛❞❛ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❬✸✵❪ ♣❛r❛ ♠♦str❛r

❝♦♠♦ ❞❡s❡♥✈♦❧✈❡r ❛ ❡q✉❛çã♦ ♠❡str❛ ❡ r❡s♦❧✈❡r ❛s ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦✳

✹✳✶ ❆♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❆♠♣❧✐t✉❞❡

❆ ❞❡s❝r✐çã♦ ❞❡ ✉♠ s✐st❡♠❛ q✉❡ ❞✐ss✐♣❛ ❡♥❡r❣✐❛ é ❢❡✐t❛ ♣❡❧❛ ♦♣❡r❛çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛♠♦r✲

t❡❝✐♠❡♥t♦ ❞❡ ❛♠♣❧✐t✉❞❡ ✭❞♦ ✐♥❣❧ês✿ ❛♠♣❧✐t✉❞❡ ❞❛♠♣✐♥❣✮✳ ❆❧❣✉♠❛s s✐t✉❛çõ❡s q✉❡ ❛ ❡♥❡r❣✐❛ é

❞✐ss✐♣❛❞❛ sã♦✿ ✉♠ át♦♠♦ q✉❡ ❡♠✐t❡ ❡s♣♦♥t❛♥❡❛♠❡♥t❡ ✉♠ ❢ót♦♥✱ ✉♠ s✐st❡♠❛ ❝♦♠ s♣✐♥ à ❛❧t❛

t❡♠♣❡r❛t✉r❛ q✉❡ s❡ ❛♣r♦①✐♠❛ ❞♦ ❡q✉✐❧í❜r✐♦ ❝♦♠ ♦ ❛♠❜✐❡♥t❡✱ ❡ ✉♠ ❢ót♦♥ ❡♠ ✉♠ ✐♥t❡r❢❡rô♠❡tr♦

♦✉ ❝❛✈✐❞❛❞❡ q✉❡ ❡stá s✉❥❡✐t♦ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♦✉ ❛t❡♥✉❛çã♦✳

P❛r❛ ✐❧✉str❛r ❡ss❛ ♦♣❡r❛çã♦✱ s✉♣♦♥❤❛ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ✭s✐st❡♠❛ ♣r✐♥❝✐♣❛❧✮ q✉❡

✐♥t❡r❛❣❡ ❝♦♠ ♦ ❛♠❜✐❡♥t❡✱ ♠♦❞❡❧❛❞♦ ❝♦♠♦ ♦✉tr♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❛tr❛✈és ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦

Ĥ = ~ω(â†b̂+ b̂†â)

✹✶
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♦♥❞❡ â ❡ b̂ sã♦ ♦s ♦♣❡r❛❞♦r❡s ❛♥✐q✉✐❧❛çã♦ ❞♦ s✐st❡♠❛ ♣r✐♥❝✐♣❛❧ ❡ ❞♦ ❛♠❜✐❡♥t❡✳ ❙❡❥❛ ♦ ❡s✲

t❛❞♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ t♦❞♦ ❡♠ t = 0 é |ψ(0)〉 = (c0 |0〉
A
+ c1 |1〉

A
)⊗ |0〉

B
✱ ❝♦♠|0〉

A
❡ |1〉

A
♦s

❛✉t♦❡st❛❞♦s ❞❡ â†â✱ ❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❛♠❜✐❡♥t❡ é ♦ ❡st❛❞♦ ✈á❝✉♦ |0〉
B
✳

❆ ❡✈♦❧✉çã♦ ❞♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ é ❞❛❞❛ ♣♦r

|ψ(t)〉 = e−
i
~
Ĥt |ψ(0)〉 =

∞∑

n=0

(−iωt)n
n!

(â†b̂+ b̂†â)n(c0 |0〉
A
⊗ |0〉

B
+ c1 |1〉

A
⊗ |0〉

B
)

❝♦♠

(â†b̂+ b̂†â)n |0〉
A
⊗ |0〉

B
=







|0〉
A
⊗ |0〉

B
♣❛r❛ n = 0

0 ♣❛r❛ n ≥ 1

(â†b̂+ b̂†â)n |1〉
A
⊗ |0〉

B
=







|0〉
A
⊗ |1〉

B
♣❛r❛ ní♠♣❛r

|1〉
A
⊗ |0〉

B
♣❛r❛ n♣❛r

❡ ♣♦rt❛♥t♦

|ψ(t)〉 = c0 |0〉
A
⊗ |0〉

B
+ c1

(
cos(ωt) |1〉

A
⊗ |0〉

B
− i sin(ωt) |0〉

A
⊗ |1〉

B

)

▲❡♠❜r❛♥❞♦ q✉❡ ❡ss❡ ❡st❛❞♦ ❢♦✐ ♦❜t✐❞♦ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛ ❛♣❡♥❛s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✐♥t❡✲

r❛çã♦✱ s❡♥❞♦ q✉❡ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ tr❛t❛ ❝❛❞❛ ✉♠ ❞♦s s✐st❡♠❛s ❞❡ ♠❛♥❡✐r❛ ✐♥❞✐✈✐❞✉❛❧ ❢♦✐

✐❣♥♦r❛❞♦ ♥❡ss❡ ♣r♦❝❡ss♦ ❝♦♠ ♦ ✜♠ ❞❡ ✐❧✉str❛r ❛♣❡♥❛s✳

❆ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ❞♦ s✐st❡♠❛ ♣r✐♥❝✐♣❛❧ é ❞❛❞❛ ♣❡❧♦ tr❛ç♦ s♦❜r❡ ♦ ❛♠❜✐❡♥t❡ ❞♦ ♦♣❡r❛❞♦r

❞❡♥s✐❞❛❞❡ ❞♦ s✐st❡♠❛ t♦❞♦✿

ρ̂A(t) = ❚rB(|ψ(t)〉 〈ψ(t)|) =
[

|c0|2 + |c1|2 sin2(ωt) c0c
∗
1 cos(ωt)

c∗0c1 cos(ωt) |c1|2 cos2(ωt)

]

✭✹✳✶✳✶✮

❈♦♥❢♦r♠❡ ♦ t❡♠♣♦ ♣❛ss❛✱ ♦ s✐st❡♠❛ ♣r✐♥❝✐♣❛❧ ♣❡r❞❡ ❡♥❡r❣✐❛ ✭❢ót♦♥s✮ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡✱ q✉❡

♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♣❡❧❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❝♦♠♣♦♥❡♥t❡ |1〉
A A
〈1| q✉❡ é |c1|2 cos2(ωt)✱ ♦✉ s❡❥❛✱ ♣❛r❛

t = π
2ω

t♦❞❛ ❛ ❡♥❡r❣✐❛ s❡ ❞✐ss✐♣❛✱ r❡st❛♥❞♦ ❛♣❡♥❛s ♦ ✈á❝✉♦✳ ❊ ♣❛r❛ t = π
ω
✱ t♦❞❛ ❛ ❡♥❡r❣✐❛

❞✐ss✐♣❛❞❛ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ r❡t♦r♥❛ ♣❛r❛ ♦ s✐st❡♠❛✳ ❆ ❞✐ss✐♣❛çã♦ ❞❡ ❡♥❡r❣✐❛ é ❝❛r❛❝t❡r✐③❛❞❛

♥❡ss❛ ♠❛tr✐③ ❝♦♠♦ ♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ r❡❢❡r❡♥t❡ ❛

✉♠ ❢ót♦♥ ✭❛❧é♠ ❞❡ ❛♠♦rt❡❝❡r ❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ♦s ❡st❛❞♦s |0〉
A
❡ |1〉

A
❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧♦s

❡❧❡♠❡♥t♦s ♥ã♦✲❞✐❛❣♦♥❛✐s✮✳
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✹✳✷ ❆♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❋❛s❡

❆ ❞❡s❝r✐çã♦ ❞❡ ✉♠ s✐st❡♠❛ q✉❡ ❛♠♦rt❡❝❡ ❛ ❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ♦s ❛✉t♦❡st❛❞♦s ❞❡ ❡♥❡r❣✐❛ ❡ ♥ã♦

❞✐ss✐♣❛ ❡♥❡r❣✐❛ é ❢❡✐t❛ ♣❡❧❛ ♦♣❡r❛çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✳ ▼❛tr✐❝✐❛❧♠❡♥t❡✱

♥❛ ❜❛s❡ ❞❡ ❛✉t♦❡♥❡r❣✐❛ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛✱ ❛♣❡♥❛s ♦s t❡r♠♦s ♥ã♦✲❞✐❛❣♦♥❛✐s s♦❢r❡♠ ♦

❛♠♦rt❡❝✐♠❡♥t♦✳ ◆❛ ♠❛tr✐③ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✳✶✮✱ ♦s ❡❧❡♠❡♥t♦s ♥ã♦✲❞✐❛❣♦♥❛✐s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛

❢❛s❡ r❡❧❛t✐✈❛ ❡♥tr❡ ♦s ❡st❛❞♦s |0〉
A
❡ |1〉

A
sã♦ ❛♠♦rt❡❝✐❞♦s ❞❡ t = 0 ❛té t = π

2ω
✱ ♣♦ré♠ ♦s t❡r♠♦s

❞❛ ❞✐❛❣♦♥❛❧ q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ t❛♠❜é♠ sã♦ ❛♠♦rt❡❝✐❞♦s ❡ ❞✐ss✐♣❛♠ ❛ss✐♠✱

❡♥❡r❣✐❛ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡✳

❆❧❣✉♠❛s s✐t✉❛çõ❡s ❡♠ q✉❡ ♦❝♦rr❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡ sã♦✿ ✉♠ ❢ót♦♥ ❡s♣❛❧❤❛♥❞♦ ❛❧❡❛✲

t♦r✐❛♠❡♥t❡ ♥✉♠❛ ❣✉✐❛ ❞❡ ♦♥❞❛✱ ❡ ❡st❛❞♦s ❡❧❡trô♥✐❝♦s ♥✉♠ át♦♠♦ ♣❡rt✉r❜❛❞♦s ♣❡❧❛ ✐♥t❡r❛çã♦

❝♦♠ ❝❛r❣❛s ❡❧étr✐❝❛s ❞✐st❛♥t❡s✳

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❢❡✐t❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ s❡rá ✉s❛❞♦ ♦ ❡①❡♠♣❧♦ ❞❡ ❞♦✐s ♦s❝✐❧❛❞♦r❡s

❤❛r♠ô♥✐❝♦s q✉❡ ✐♥t❡r❛❣❡♠ ♣❛r❛ ❛ss✐♠ ✐❧✉str❛r ♠❡❧❤♦r ❡ss❛ ♦♣❡r❛çã♦✳ ❉❡ss❛ ✈❡③✱ ♦ ❍❛♠✐❧t♦✲

♥✐❛♥♦ ❞❡ ✐♥t❡r❛çã♦ é ❞❛❞♦ ♣♦r

Ĥ = ~ωâ†â(b̂+ b̂†)

❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ é ♦ ♠❡s♠♦ |ψ(0)〉✳
P♦rt❛♥t♦✱

e−iĤωt |0〉
A
⊗ |0〉

B
= |0〉

A
⊗ |0〉

B

e−iĤωt |1〉
A
⊗ |0〉

B
= e−iωt(b̂+b̂

†) |1〉
A
⊗ |0〉

B
= |1〉

A
⊗ |−iωt〉

B

❝♦♠ |−iωt〉
B
✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳ ❆ss✐♠✿

|ψ(t)〉 = c0 |0〉
A
⊗ |0〉

B
+ c1 |1〉

A
⊗ |−iωt〉

B

❡ ❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ❞♦ s✐st❡♠❛ ♣r✐♥❝✐♣❛❧ é

ρ̂A =




|c0|2 c0c

∗
1e

− (ωt)2

2

c∗0c1e
− (ωt)2

2 |c1|2





❈♦♥❢♦r♠❡ ♦ t❡♠♣♦ ♣❛ss❛✱ ♦s t❡r♠♦s ♥ã♦✲❞✐❛❣♦♥❛✐s sã♦ ❛♠♦rt❡❝✐❞♦s ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ s❡♠

q✉❡ ❛ ❡♥❡r❣✐❛ s❡❥❛ ❞✐ss✐♣❛❞❛ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ♣❡❧♦s t❡r♠♦s ❞✐❛❣♦♥❛✐s✳ ◆♦ ❧✐♠✐t❡ ✭t → +∞)✱

♦s t❡r♠♦s ♥ã♦✲❞✐❛❣♦♥❛✐s s❡ t♦r♥❛♠ ♥✉❧♦s ❝❛r❛❝t❡r✐③❛♥❞♦ ❛ ♣❡r❞❛ ❞❡ ❝♦❡rê♥❝✐❛ ❞♦ s✐st❡♠❛✳



❈❆P❮❚❯▲❖ ✹✳ ❚❊❖❘■❆ ◗❯➶◆❚■❈❆ ❉❊ ❆▼❖❘❚❊❈■▼❊◆❚❖ ❉❊ ❋❆❙❊ ✹✹

✹✳✸ ■♥t❡r❛çã♦ r❡s❡r✈❛tór✐♦✲s✐st❡♠❛

❙❡❥❛ ✉♠ s✐st❡♠❛ ❙ ❞❡s❝r✐t♦ ♣❡❧♦ ❤❛♠✐❧t♦♥✐❛♥♦ Ĥ✳ ❊ss❡ s✐st❡♠❛ ❡stá ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠

r❡s❡r✈❛tór✐♦ q✉❡ é ✉♠❛ ❡♥♦r♠❡ ❝♦❧❡çã♦ ❞❡ s✐st❡♠❛s✱ ❝❛❞❛ ✉♠ ❝♦♠ ✈ár✐♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❡

❞❡s❝r✐t♦ ♣♦r ✉♠ ❤❛♠✐❧t♦♥✐❛♥♦ q✉❡ ❛♦ s❡r❡♠ s♦♠❛❞♦s r❡s✉❧t❛♠ ❡♠ R̂✳ ❖ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦

s✐st❡♠❛ ❡ ♦ r❡s❡r✈❛tór✐♦ é ❞❡s❝r✐t♦ ♣❡❧❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ V̂ ✱ q✉❡ é ♥✉❧❛ ♣❛r❛ t < t0 ❡ ♣❛r❛

t = t0 ❡❧❛ é ✏❧✐❣❛❞❛✑✳ ❖ ❤❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❞❡s❝r✐t♦ ♣❡❧♦ s✐st❡♠❛ ❙ ❡ r❡s❡r✈❛tór✐♦ é ❡♥tã♦✿

ĤT = Ĥ + R̂ + V̂ ≡ Ĥ0 + V̂ ✭✹✳✸✳✶✮

❈♦♠♦ ♦ s✐st❡♠❛ t♦t❛❧ ❡stá ✐s♦❧❛❞♦ ❞❡ q✉❛❧q✉❡r ♦✉tr❛ ♣❡rt✉r❜❛çã♦✱ ❡♥tã♦ s❡✉ ❡♥s❡♠❜❧❡

s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❛❞❛ ♣♦r ✉♠❛ ❡✈♦❧✉çã♦ ✉♥✐tár✐❛✿

i~
dρ̂

dt
= [HT, ρ̂] = [H +R + V, ρ̂] = [H0 + V, ρ̂] ✭✹✳✸✳✷✮

❝♦♠ ❛ ♥♦r♠❛❧✐③❛çã♦✿

TrR,Sρ̂(t) = 1 ✭✹✳✸✳✸✮

♦♥❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❡stã♦ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡ ♦ tr❛ç♦ ❞♦ ❡♥s❡♠❜❧❡ é

❢❡✐t♦ s♦❜r❡ ♦ s✐st❡♠❛ ❡ ♦ r❡s❡r✈❛tór✐♦✳ ❈♦♠♦ ❡♠ t = t0 ♦ s✐st❡♠❛ ❡stá ❞❡s❛❝♦♣❧❛❞♦ ❝♦♠ ♦

r❡s❡r✈❛tór✐♦ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ é s❡♣❛rá✈❡❧✿

ρ̂(t0) = ρ̂R(t0)Ŝ(t0) ✭✹✳✸✳✹✮

❝♦♠ Ŝ(t0) ❞❡s❝r❡✈❡♥❞♦ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ ❡ ρ̂R(t0) ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ r❡s❡r✈❛tór✐♦✳

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦✿

Ŝ(t) = TrRρ̂(t) ✭✹✳✸✳✺✮

ρ̂R(t) = TrSρ̂(t) ✭✹✳✸✳✻✮

❆ ❞❡✜♥✐çã♦ ❞❛ ❡q✉❛çã♦ ♠❡str❛ ❞♦ s✐st❡♠❛ ❙ ♣❛r❛ ✉♠ ✐♥st❛♥t❡ q✉❛❧q✉❡r é ❞❛❞❛ ♣❡❧♦ tr❛ç♦

s♦❜r❡ ♦ r❡s❡r✈❛tór✐♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✸✳✷✮✱ r❡s♣❡✐t❛♥❞♦ ❛ ♥♦r♠❛❧✐③❛çã♦ ✭✹✳✸✳✸✮ ❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

✭✹✳✸✳✹✮✳

❙❡❣✉❡♠ ♦s ♣❛ss♦s ♣❛r❛ r❡♠♦✈❡r ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ ♦♣❡r❛❞♦r R̂ ♣❛ss❛♥❞♦ ❞❛ r❡♣r❡s❡♥t❛çã♦

❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ■♥t❡r❛çã♦✳ ❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♥❛ r❡♣r❡s❡♥t❛çã♦

❞❡ ■♥t❡r❛çã♦ é χ̂(t)✿

ρ̂(t) = e−
i
~
Ĥ0(t−t0)χ̂(t)e

i
~
Ĥ0(t−t0) ✭✹✳✸✳✼✮
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❧❡♠❜r❛♥❞♦ q✉❡ Ĥ0 = Ĥ + R̂✳ ❆s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❝♦✐♥❝✐❞❡♠ q✉❛♥❞♦ t = t0✿

ρ̂(t0) = χ̂(t0)

❈♦♠♦ [Ĥ, R̂] = 0 ♣❛r❛ t♦❞♦ ✐♥st❛♥t❡ t✱ ❡♥tã♦ é ♣♦ssí✈❡❧ s❡♣❛r❛r ♦s t❡r♠♦s ❞❛ ❡①♣♦♥❡♥❝✐❛❧

❡♠ ✭✹✳✸✳✼✮ ❡ ✉s❛♥❞♦ ✭✹✳✸✳✺✮✱ ♦❜té♠✲s❡✿

Ŝ(t) = e−
i
~
Ĥ(t−t0)TrR

{

e−
i
~
R̂(t−t0)χ̂(t)e

i
~
R̂(t−t0)

}

e
i
~
Ĥ(t−t0)

❡ ❝♦♠♦✿

TrR

{

e−
i
~
R̂(t−t0)χ̂(t)e

i
~
R̂(t−t0)

}

= TrR

{

χ̂(t)e
i
~
R̂(t−t0)e−

i
~
R̂(t−t0)

}

= TrR {χ̂(t)}

❡♥tã♦ s❡ ❞❡✜♥❡ ŝ✱ q✉❡ é ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦ s✐st❡♠❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ■♥t❡✲

r❛çã♦✿

ŝ(t) ≡ TrR {χ̂(t)} ✭✹✳✸✳✽✮

Ŝ(t) = e−
i
~
Ĥ(t−t0)ŝ(t)e

i
~
Ĥ(t−t0) ✭✹✳✸✳✾✮

❖s ♣r✐♠❡✐r♦s ♣❛ss♦s ♣❛r❛ ♦❜t❡r ❛ ❡q✉❛çã♦ ♠❡str❛ ❞♦ s✐st❡♠❛ ❝♦♠❡ç❛♠ ❛q✉✐✳ ❉✐❢❡r❡♥❝✐❛r

✭✹✳✸✳✾✮✿
dŜ

dt
= e−

i
~
Ĥ(t−t0)

{
1

i~

[

Ĥ, ŝ(t)
]

+
dŝ

dt

}

e
i
~
Ĥ(t−t0) ✭✹✳✸✳✶✵✮

♦❜t❡♥❞♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❡q✉❛çõ❡s ❞♦ ♠♦✈✐♠❡♥t♦ ♥❛s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s✳ ❊ss❛ ❡q✉❛çã♦

s❡rá ✉s❛❞❛ ♥♦ ✜♥❛❧ ❞❡st❛ s❡çã♦✳ ❉✐❢❡r❡♥❝✐❛♥❞♦ ✭✹✳✸✳✼✮✿

dρ̂

dt
=

1

i~

[

Ĥ0, ρ̂
]

+ e−
i
~
Ĥ0(t−t0)dχ̂

dt
e

i
~
Ĥ0(t−t0) ✭✹✳✸✳✶✶✮

❡ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ✭✹✳✸✳✷✮ ❝♦♥❝❧✉✐✲s❡ q✉❡✿

e−
i
~
Ĥ0(t−t0)dχ̂

dt
e

i
~
Ĥ0(t−t0) =

1

i~

[

V̂ , ρ̂
]

✭✹✳✸✳✶✷✮

♣❛ss❛♥❞♦ ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ■♥t❡r❛çã♦ ♦s ♦♣❡r❛❞♦r❡s ❞♦ ❝♦♠✉t❛❞♦r✿

V̂ = e−
i
~
Ĥ0(t−t0)V̂ (t− t0)e

i
~
Ĥ0(t−t0) ✭✹✳✸✳✶✸✮

❝❤❡❣❛♥❞♦ ♥❛ ❡q✉❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ♣❛r❛ χ̂✿

dχ̂

dt
=

1

i~

[

V̂ (t− t0), χ̂
]

✭✹✳✸✳✶✹✮
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◆ã♦ é ♣♦ssí✈❡❧✱ ❡♠ ❣❡r❛❧✱ r❡s♦❧✈❡r ❡①❛t❛♠❡♥t❡ t❛❧ ❡q✉❛çã♦✱ ❡♥tã♦ s❡ ❢❛③ ✉s♦ ❞❡ ✉♠❛ s♦❧✉çã♦

♣♦r ❛♣r♦①✐♠❛çã♦✳ ■♥t❡❣r❛♥❞♦ ✭✹✳✸✳✶✹✮ ❞❡ t0 ❛ t✱ ❡ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦✿

χ̂(t) = χ̂(t0) +
1

i~

ˆ t

t0

[

V̂ (t′ − t0), χ̂(t′)
]

dt′ ✭✹✳✸✳✶✺✮

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✸✳✶✺✮ ♥❡❧❛ ♠❡s♠❛✱ ♦✉ s❡❥❛✱ ♥♦ ❧✉❣❛r ❞❡ χ(t′)✱ ❡ r❡♣❡t✐♥❞♦ ❡ss❡ ♣r♦❝❡ss♦✱

♦❜té♠✲s❡✿

χ̂(t) = χ̂(t0)+
1

i~

ˆ t

t0

[

V̂ (t′ − t0), χ̂(t0)
]

dt′+

(
1

i~

)2 ˆ t

t0

ˆ t′

t0

[

V̂ (t′ − t0),
[

V̂ (t′′ − t0), χ̂(t′′)
]]

dt′′dt′

✭✹✳✸✳✶✻✮

◆♦t❛♥❞♦ q✉❡ ❡ss❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♥ã♦ é ✉♠❛ ❛♣r♦①✐♠❛çã♦✱ ♣♦ré♠ s❡r✈✐rá ♣❛r❛ ✉♠❛ ❢✉t✉r❛

❛♣r♦①✐♠❛çã♦✳

✹✳✹ ❉❡r✐✈❛çã♦ ❞❛ ❡q✉❛çã♦ ♠❡str❛ s♦❜ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡

❢❛s❡

❙❡❥❛ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❞♦ s✐st❡♠❛ ❡ r❡s❡r✈❛tór✐♦ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦✿

ĤT = Ĥ + R̂ + V̂ = Ĥ0 + V̂

❡ s❡❥❛ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❞♦ r❡s❡r✈❛tór✐♦ ❞❛❞♦ ♣♦r ✉♠❛ s♦♠❛ ❞❡ ✈ár✐♦s ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s

❞❡ ❢r❡q✉ê♥❝✐❛ ωi ❝❛❞❛ ✉♠✿

R̂ =
∑

i

~ωib̂
†
i b̂i

❝♦♠ b̂i ♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ ❜♦sô♥✐❝♦ ❡ b̂†i ♦ ♦♣❡r❛❞♦r ❞❡ ❝r✐❛çã♦ ❜♦sô♥✐❝♦✳ ❙❡❥❛ ♦

❤❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✐♥t❡r❛çã♦ V̂ ❞❛❞♦ ♣♦r✿

V̂ = Ĥ
3∑

i=1

F̂i ✭✹✳✹✳✶✮

❝♦♠ F̂i s❡♥❞♦ ♦♣❡r❛❞♦r❡s ❞♦ r❡s❡r✈❛tór✐♦ ❬✸✵❪✿

F̂1 = ~

∑

i

Cib̂i F̂2 = ~

∑

i

Cib̂
†
i F̂3 = ~

2Ĥ
∑

i

|Ci|2
2miω2

i

❖ ♦♣❡r❛❞♦r ✐♥t❡r❛çã♦ ❝♦♠✉t❛ ❝♦♠ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛✱ ♣♦❞❡♥❞♦ ❝❛r❛❝t❡r✐③❛r ❛ss✐♠

✉♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✳ ❖ ú❧t✐♠♦ t❡r♠♦ é ✉♠❛ r❡♥♦r♠❛❧✐③❛çã♦ s❡♠❡❧❤❛♥t❡ àq✉❡❧❛ ❢❡✐t❛ ♥♦
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♠♦❞❡❧♦ ❞❡ ❈❛❧❞❡✐r❛✲▲❡❣❣❡tt ❬✸✶❪ q✉❡ ✉t✐❧✐③❛ ♦ ♦♣❡r❛❞♦r ♣♦s✐çã♦ x̂ ♥♦ ❧✉❣❛r ❞♦ ❤❛♠✐❧t♦♥✐❛♥♦

Ĥ✳ ❖s ❡s❝❛❧❛r❡s |Ci| sã♦ ♠✉✐t♦ ♣❡q✉❡♥♦s ❡♠ r❡❧❛çã♦ ❛♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ ❞❡ Ĥ✱ ♦ q✉❡

❝❛r❛❝t❡r✐③❛ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦ ❡♥tr❡ ♦ s✐st❡♠❛ ❡ ♦ r❡s❡r✈❛tór✐♦✳

❚r❛ç❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✹✳✸✳✶✻✮ s♦❜r❡ ♦ r❡s❡r✈❛tór✐♦✱ ♦❜té♠✲s❡ ♦ ♦♣❡r❛❞♦r

❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦ s✐st❡♠❛ ŝ = ❚rRχ̂✿

ŝ(t) = ŝ(t0) +
1

i~

ˆ t

t0

TrR

[

Ĥ
∑

i

F̂i(t
′), ŝ(t0)ρ̂R(t0)

]

dt′ +

+

(
1

i~

)2 ˆ t

t0

dt′
ˆ t′

t0

dt′′TrR
[

V̂ (t′),
[

V̂ (t′′), χ̂(t′′)
]]

✭✹✳✹✳✷✮

❡ ♦ s✐st❡♠❛ ❡ r❡s❡r✈❛tór✐♦ ❡stã♦ ❞❡s❛❝♦♣❧❛❞♦s ♥♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ t0✱ ♦✉ s❡❥❛✱ χ̂(t0) = ŝ(t0)ρ̂R(t0)✳

P❛r❛ ♣r♦ss❡❣✉✐r✱ é ❢❡✐t❛ ❛ s✉♣♦s✐çã♦ q✉❡ ♦ r❡s❡r✈❛tór✐♦ ♣♦ss✉✐ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❇♦❧t③✲

♠❛♥♥✱ ♣♦✐s✱ ❡♠ ❣❡r❛❧✱ ♦ r❡s❡r✈❛tór✐♦ ❡stá ❡♠ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ T ❡♠

t = t0✱ ❡ ♣♦rt❛♥t♦ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ é ❞❡s❝r✐t♦ ♣♦r✿

ρ̂R(t0) = ρ̂R(R̂) =
e−βR̂

TrRe−βR̂
✭✹✳✹✳✸✮

❝♦♠

β =
1

kBT
✭✹✳✹✳✹✮

s❡♥❞♦ kB ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✳

❖ ✈❛❧♦r ♠é❞✐♦ ❞♦s ♦♣❡r❛❞♦r❡s F̂i sã♦✿

〈F̂1〉R = 〈F̂2〉R = 0 〈F̂3〉R = ∆ωĤ

♦♥❞❡ ∆ω é ✉♠ ❡s❝❛❧❛r✱ ❡ ♣♦r s❡r ✉♠❛ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦ ❡ss❡ ❡s❝❛❧❛r é ♠✉✐t♦ ♣❡q✉❡♥♦ ✭❡♠

r❡❧❛çã♦ ❛♦s ❡❧❡♠❡♥t♦s ❞❡ Ĥ✮✳

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ t♦t❛❧ ❬✷✾❪ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦

χ̂(t) = ŝ(t)ρ̂R(t) + χ̂C(t)

♦♥❞❡ χ̂C(t) r❡♣r❡s❡♥t❛ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦ s✐st❡♠❛ ❡ ♦ r❡s❡r✈❛tór✐♦ ❞❡s❝r✐t♦ ♣❡❧♦ ♦♣❡r❛❞♦r

❞❡♥s✐❞❛❞❡ ρ̂R(t) ♥♦ ✐♥st❛♥t❡ t✱

dχ̂C(t)

dt
=

1

i~

[

V̂ (t), ŝ(t)ρ̂R(t)
]

❖ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ r❡s❡r✈❛tór✐♦ ❡ s✐st❡♠❛ é ❛ss✉♠✐❞♦ ❢r❛❝♦✱ ❡ ♣♦rt❛♥t♦ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡
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♦ s✐st❡♠❛ ❡ ♦ r❡s❡r✈❛tór✐♦ é ❢r❛❝❛✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❝♦rr❡❧❛çã♦✱

χ̂C(t) sã♦ ♠✉✐t♦ ♠❡♥♦r❡s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ ❞❡ ŝ(t)ρ̂R(t)✳

❆ s✉♣♦s✐çã♦ ❢❡✐t❛ s♦❜r❡ ♦ r❡s❡r✈❛tór✐♦ ♥♦s ♣❡r♠✐t❡ t❡r ρ̂R(t) = ρ̂R(t0)✳ ❊♥tã♦✱ ❛ ❡q✉❛çã♦

✭✹✳✹✳✷✮ s❡ t♦r♥❛✿

ŝ(t)− ŝ(t0) = − (t− t0)∆ω
[

Ĥ,
[

Ĥ, ŝ(t0)
]]

+

+

(
1

i~

)2 ˆ t

t0

dt′
ˆ t′

t0

dt′′
{

❚rR
[

V̂ (t′),
[

V̂ (t′′), ŝ(t′′)ρ̂R(t0)
]]

+ ✭✹✳✹✳✺✮

+ ❚rR
[

V̂ (t′),
[

V̂ (t′′), χ̂C(t
′′)
]]}

❖ t❡r♠♦
[

Ĥ,
[

Ĥ, ŝ(t0)
]]

♣♦ss✉✐ ❛ ♠❡s♠❛ ♦r❞❡♠ ❞❡ ŝ(t0)✳ ❖ ♦♣❡r❛❞♦r χ̂C(t) ♣♦ss✉✐ ♠❡s♠❛

♦r❞❡♠ ❞♦ ♦♣❡r❛❞♦r ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ V̂ (t) ✭✐♥t❡r❛çã♦ ❢r❛❝❛✮✱ q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛

♦r❞❡♠ ♠❛✐♦r q✉❡ ❛ ♦r❞❡♠ ❞❡ ŝ(t0)✳ ❖ t❡r♠♦
[

V̂ (t′),
[

V̂ (t′′), ŝ(t′′)ρ̂R(t0)
]]

♣♦ss✉✐ ✉♠❛ ♦r✲

❞❡♠ ♠❛✐♦r q✉❡ V̂ (t)✳ ❊ ♦ t❡r♠♦
[

V̂ (t′),
[

V̂ (t′′), χ̂C(t
′′)
]]

♣♦ss✉✐ ✉♠❛ ♦r❞❡♠ ♠❛✐♦r q✉❡
[

V̂ (t′),
[

V̂ (t′′), ŝ(t′′)ρ̂R(t0)
]]

✳ Pr❡s❡r✈❛♥❞♦ s♦♠❡♥t❡ ♦s t❡r♠♦s ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ V̂ (t)✱

❡♥tã♦ ♦ t❡r♠♦
[

V̂ (t′),
[

V̂ (t′′), χ̂C(t
′′)
]]

s❡rá ❞❡s❝❛rt❛❞♦ ❬✸✷❪✳

❉❡♣♦✐s ❞❡ ❞❡s❝❛rt❛r ♦ t❡r♠♦ ❞❡ ❝♦rr❡❧❛çã♦ ❡♠ ✭✹✳✹✳✺✮✱ ❞✐❢❡r❡♥❝✐❛✲s❡ ❛♠❜♦s ♦s ❧❛❞♦s ❝♦♠

r❡s♣❡✐t♦ ❛♦ t❡♠♣♦✿

dŝ(t)

dt
= −∆ω

[

Ĥ,
[

Ĥ, ŝ(t0)
]]

+

(
1

i~

)2 ˆ t

t0

dt′❚rR
[

V̂ (t),
[

V̂ (t′), ŝ(t′)ρ̂R(t0)
]]

✭✹✳✹✳✻✮

♦♥❞❡ ❛ ✐♥t❡❣r❛çã♦ ❡♠ t′ é ❢❡✐t❛ s♦❜r❡ ❛s ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦ ❞♦ r❡s❡r✈❛tór✐♦✱ q✉❡ sã♦ ❝❛r❛❝✲

t❡r✐③❛❞❛s ♣♦r ✉♠ t❡♠♣♦ q✉❡ é ❝✉rt♦✱ ♠❛s ✜♥✐t♦✳

❙✉❜st✐t✉✐♥❞♦ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ V̂ = Ĥ
∑

i F̂i ❝♦♠ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ t′ = t− τ
♥❛ ❡q✉❛çã♦ ✭✹✳✹✳✻✮✱ ❞❡s♣r❡③❛♥❞♦ ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ~

4✱ s♦❜ ❛ ❛♣r♦①✐♠❛çã♦ ▼❛r❦♦✈✐❛♥❛

ŝ(t′) = ŝ(t)✱ ❡♥tã♦ s❡ ♣♦❞❡ r❡❡s❝r❡✈❡r ✭✹✳✹✳✻✮ ❝♦♠♦✿

dŝ(t)

dt
= −∆ω

[

Ĥ,
[

Ĥ, ŝ(t0)
]]

−
[

Ĥ,
[

Ĥ, ŝ(t0)
]] 2∑

i,j=1

ˆ ∞

0

dτWij(τ)−

−
[

Ĥ, ŝ(t0)
]

Ĥ
2∑

i,j=1

ˆ ∞

0

dτ
[
Wij(τ)−W ′

ij(τ)
]

✭✹✳✹✳✼✮
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♦♥❞❡ ❛s ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦ s♦❜r❡ ♦ r❡s❡r✈❛tór✐♦ sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦

Wij(τ) = ❚rR{F̂i(t)F̂j(t− τ)ρ̂R(t0)} = 〈F̂i(t)F̂j(t− τ)〉R
W ′
ij(τ) = ❚rR{F̂i(t− τ)F̂j(t)ρ̂R(t0)} = 〈F̂i(t− τ)F̂j(t)〉R

❝♦♠ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ■♥t❡r❛çã♦✳ ◆❛ ❞❡r✐✈❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✹✳✼✮✱ ❢♦✐

✉s❛❞♦ Wi3(τ) = W3i(τ) = W ′
i3(τ) = W ′

3i(τ) = 0 ♣❛r❛ i = 1 ❡ i = 2✳ ❆s ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦

♥❡❝❡ssár✐❛s ❡♠ ✭✹✳✹✳✼✮ ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ❡♠ ❬✷✾❪✳

P❛r❛ t❡♠♣❡r❛t✉r❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❧t❛s ❛ ❛♣r♦①✐♠❛çã♦ ▼❛r❦♦✈✐❛♥❛ é ✈á❧✐❞❛✱ ❡ ❛ ❡q✉❛çã♦

✭✹✳✹✳✼✮ é r❡❞✉③✐❞❛ ♣❛r❛✿
dŝ(t)

dt
= −γ

[

Ĥ,
[

Ĥ, ŝ(t0)
]]

❡ ♣❛r❛ ❝♦♥✈❡rt❡r ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❜❛st❛ s❡❣✉✐r ♦s s❡❣✉✐♥t❡s ♣❛ss♦s✿

Ŝ(t) = e−
i
~
Ĥ0(t−t0)ŝ(t)e

i
~
Ĥ0(t−t0)

❝❤❡❣❛♥❞♦ ❡♠✿
dŜ(t)

dt
=

1

i~

[

Ĥ, Ŝ(t)
]

− γ
[

Ĥ,
[

Ĥ, Ŝ(t)
]]

q✉❡ ♥❛ ♥♦t❛çã♦ ❞❡ s✉♣❡r♦♣❡r❛❞♦r ✜❝❛✿

dŜ(t)

dt
=
(
1 + γ~2H

)
HŜ(t)

♦♥❞❡ H ❢♦✐ ❞❡s❝r✐t♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✻✳✾✮✿

HŜ(t) = 1

i~

[

Ĥ, Ŝ(t)
]
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❈❛♣ít✉❧♦ ✺

❈❛♠♣♦ ❝♦♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡

❙❡❥❛ ✉♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ❝♦♠ r❡✢❡❝t✐✈✐❞❛❞❡ t♦t❛❧ ❡♠ s❡✉ ✐♥t❡r✐♦r ❡ ❝♦♠ ✉♠ ❞♦s ❡s♣❡❧❤♦s

♠ó✈❡✐s✱ s✉❥❡✐t♦ ❛ ✉♠❛ ♦s❝✐❧❛çã♦ ❤❛r♠ô♥✐❝❛ s✐♠♣❧❡s✱ ❡ ❝♦♠ ✉♠ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❡♠ s❡✉

✐♥t❡r✐♦r q✉❡ ❡stá ❛❝♦♣❧❛❞♦ ❛ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ r❡s❡r✈❛tór✐♦ ♣❡rt✉r❜❛

♦ ❝❛♠♣♦✱ ❝♦♠♦ s❡ ❢♦ss❡ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❡s♣❡❧❤♦s s✉❥❡✐t♦s ❛ ✉♠❛ ♦s❝✐❧❛çã♦ ❤❛r♠ô♥✐❝❛ s✐♠♣❧❡s✳

❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ ❝❛♠♣♦✰❡s♣❡❧❤♦ é ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ❛♣r♦①✐♠❛❞❛ ✭✸✳✸✳✷✮✿

Ĥ ′ ≈ p̂2

2m
+ û(x̂m) + ~ωkâ

†
kâk −

~ωk
q0

x̂mâ
†
kâk ✭✺✳✵✳✶✮

q✉❡ ♣♦ss✉✐ ♣r❡❞♦♠✐♥â♥❝✐❛ ❞♦ ♠♦❞♦ k ❡ ✉♠ r❡❣✐♠❡ ó♣t✐❝♦ ωk ≫ ωm✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛

♥♦t❛çã♦✱ ♦ ♦♣❡r❛❞♦r ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ♠♦❞♦ k ❞♦ ❝❛♠♣♦✱ â†kâk✱ s❡rá s✉❜st✐t✉í❞♦ ♣♦r n̂a✳

❖ ♦♣❡r❛❞♦r ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦✿

x̂m = q̂ − q01 =

√

2~

mωm

(

b̂+ b̂†

2

)

≡
√

2~

mωm
x̂b ✭✺✳✵✳✷✮

p̂ =
√

2~mωm

(

b̂− b̂†
2i

)

≡
√

2~mωmp̂b

n̂b ≡ b̂†b̂

✈❡r✐✜❝❛♥❞♦ q✉❡ ♦s ♥♦✈♦s ♦♣❡r❛❞♦r❡s ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s ✭q✉❛✲

❞r❛t✉r❛s✮✱ ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛ ❛❞✐♠❡♥s✐♦♥❛❧ [x̂b, p̂b] = i
2
✳ ❖ ❛❝♦♣❧❛♠❡♥t♦

❡♥tr❡ ❝❛♠♣♦ ❡ ❡s♣❡❧❤♦ s❡rá ✐❞❡♥t✐✜❝❛❞♦ ♣❡❧❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ g✱ q✉❡ ♣♦ss✉✐ ✉♥✐❞❛❞❡

❞❡ ❢r❡q✉ê♥❝✐❛✱ ✐❞❡♥t✐✜❝❛❞❛ ♥❛ ❡q✉❛çã♦ ✭✺✳✵✳✶✮ ❝♦♠♦✿

g =
ωk
q0

√

2~

mωm
✭✺✳✵✳✸✮

✺✶
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❙❡♥❞♦ ✉♠ ♠♦✈✐♠❡♥t♦ ❤❛r♠ô♥✐❝♦ s✐♠♣❧❡s q✉❡ ♦ ❡s♣❡❧❤♦ s♦❢r❡ ❞❡✈✐❞♦ ❛ ♣❡rt✉r❜❛çã♦ ❞♦

❝❛♠♣♦✱ ❡♥tã♦✿
p̂2

2m
+ û(x̂m) = ~ωm

(

n̂b +
1

2

)

− ~π

24q̂
≈ ~ωmn̂b

❛ ❡♥❡r❣✐❛ ❞❡ ❈❛s✐♠✐r ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞❛✱ ♣♦✐s ♦ r❡❣✐♠❡ ó♣t✐❝♦ ❣❛r❛♥t❡ ✐ss♦✳ ❆ ❡♥❡r❣✐❛ ❞♦

✈á❝✉♦ ❞♦ ❡s♣❡❧❤♦ t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞❛✱ ♣♦✐s ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ♠❡s♠♦ s❡rá ♠✉✐t♦

❛❧t♦ ❞❡ ♠❛♥❡✐r❛ ❛ ♦❜t❡r ✉♠❛ s✐t✉❛çã♦ q✉❛s❡✲❝❧áss✐❝❛✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ ♣♦❞❡ s❡r

r❡❡s❝r✐t♦ ❝♦♠♦✿

Ĥ = ~ωkn̂a + ~ωmn̂b − ~gn̂ax̂b ✭✺✳✵✳✹✮

❙✉♣♦♥❞♦ q✉❡ ♦ r❡s❡r✈❛tór✐♦ ❛❣❡ ❝♦♠♦ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❡s♣❡❧❤♦s ❡♠ ♦s❝✐❧❛çã♦ ❤❛r♠ô♥✐❝❛✱

❡♥tã♦ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❞♦ r❡s❡r✈❛tór✐♦ s❡rá✿

R̂ =
∑

i

~ωin̂ci

❝♦♠ ♦ ♦♣❡r❛❞♦r ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞❡ ❝❛❞❛ ♦s❝✐❧❛❞♦r ❞♦ r❡s❡r✈❛tór✐♦ ❞❛❞♦ ♣♦r✿

n̂ci = ĉ†i ĉi

❆ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ❞♦ ❝❛♠♣♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ é s❡♠❡❧❤❛♥t❡ à ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦

❝❛♠♣♦✲❡s♣❡❧❤♦✿

V̂ = n̂a

3∑

i=1

F̂i

❝♦♠

F̂1 = −~
∑

i

giĉi F̂2 = −~
∑

i

giĉ
†
i F̂3 = ~

2n̂a
∑

i

|gi|2
2miω2

i

♦♥❞❡

n̂a

(

F̂1 + F̂2

)

= −~
∑

i

gin̂ax̂ci

❡ ❛ss✐♠ gi é ❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❝❛♠♣♦ ❡ ♦ ❡❧❡♠❡♥t♦ i ❞♦ r❡s❡r✈❛tór✐♦✳ ▲❡♠✲

❜r❛♥❞♦ q✉❡ F̂3 é ✉♠ ❢❛t♦r ❞❡ r❡♥♦r♠❛❧✐③❛çã♦✱ ❛♥á❧♦❣♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ❈❛❧❞❡✐r❛✲▲❡❣❣❡tt q✉❡

✉t✐❧✐③❛ ♦ ♦♣❡r❛❞♦r ♣♦s✐çã♦ x̂ ♥♦ ❧✉❣❛r ❞❡ n̂a✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ Ĥ ❞❛❞♦ ♣♦r ✭✺✳✵✳✹✮ ❝♦♠✉t❛ ❝♦♠

V̂ ✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❛ss✐♠ ✉♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✳ ❆ ✐♥t❡r❛çã♦ ❡♥tr❡ ❝❛♠♣♦ ❡ r❡s❡r✈❛tór✐♦ é

✉♠❛ ✐♥t❡r❛çã♦ ❢r❛❝❛✱ s❡♥❞♦ ♣♦ssí✈❡❧ ✉s❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❢❡✐t♦ ♥❛ s❡çã♦ ❆♠♦rt❡❝✐♠❡♥t♦ ❞❡

❋❛s❡ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❛♣r♦①✐♠❛çã♦ ▼❛r❦♦✈✐❛♥❛ s♦❜ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ♣❛r❛ ♦ r❡s❡r✈❛tó✲
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r✐♦✱ q✉❡ ❧❡✈❛ à ❡q✉❛çã♦ ♠❡str❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✿

dρ̂

dt
=
(
H− γN 2

a

)
ρ̂ ✭✺✳✵✳✺✮

❝♦♠ γ s❡♥❞♦ ✉♠ ✈❛❧♦r ♣♦s✐t✐✈♦ ♠✉✐t♦ ♣❡q✉❡♥♦✱ ❡ ♦s s✉♣❡r♦♣❡r❛❞♦r❡s sã♦ ❞❡s❝r✐t♦s ♣♦r✿

Hρ̂ =
1

i~

[

Ĥ, ρ̂
]

Naρ̂ = [n̂a, ρ̂]

✺✳✶ ▼é❞✐❛ ❞❡ ❛❧❣✉♥s ♦❜s❡r✈á✈❡✐s

❆♥❛❧✐s❛♥❞♦ ♦ ❛❞❥✉♥t♦ ❞❡ss❡ s✉♣❡r♦♣❡r❛❞♦r❡s✱ ♦❜té♠✲s❡✿

H† = −H
N †
a = Na

❡ ❛ss✐♠ ❛ ♠é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧ Â ♣♦❞❡ s❡r ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦✿

d〈Â〉
dt

= −〈
(
H + γN 2

a

)
Â〉+

〈

∂Â

∂t

〉

✭✺✳✶✳✶✮

❚❛❧ ❡q✉❛çã♦ ♠❡str❛ r❡s♣❡✐t❛ ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡♠♦♥str❛❞❛s ♥❛ ❙✉❜s❡çã♦ ✷✳✻✳✷✱ ❝♦♠♦ s❡r

❤❡r♠✐t✐❛♥❛✱ ♣♦✐s✿ {

(Hρ̂)† = Hρ̂†
(N 2

a ρ̂)
†
= N 2

a ρ̂
† ⇒ ρ̂†(t) = ρ̂(t)

❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ tr❛ç♦ ❡st❛❝✐♦♥ár✐♦✱ ♣♦✐s✿

−
(
H + γN 2

a

)
1 = 0 =⇒ d❚rρ̂

dt
= 0

❛❣♦r❛✱ q✉❛♥t♦ ❛ s❡♠✐♣♦s✐t✐✈✐❞❛❞❡✱ ❡❧❛ s❡rá ❛♥❛❧✐s❛❞❛ ❞❡♣♦✐s✳
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✺✳✶✳✶ ❊♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❡ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s

P❛r❛ ❛♥❛❧✐s❛r ❛ ♠é❞✐❛ ❞❡ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✱ ♣r✐♠❡✐r❛♠❡♥t❡ s❡ ❛♣❧✐❝❛ ♦s s✉♣❡r♦♣❡r❛❞♦r❡s

s♦❜r❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ Ĥ✱ ❞❛❞♦ ♣♦r ✭✺✳✵✳✹✮✿

HĤ = 0

NaĤ = 0

∂Ĥ

∂t
= 0

❝♦♥❝❧✉✐♥❞♦ ♣♦r ✭✺✳✶✳✶✮ q✉❡✿
d 〈H〉
dt

= 0

❝♦♥✜r♠❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✱ q✉❡ ❞✐③ q✉❡ ❛ ❡♥❡r❣✐❛ ♥ã♦ ✈❛③❛ ❞♦ s✐st❡♠❛

♣❛r❛ ♦ r❡s❡r✈❛tór✐♦ ♥✉♠ r❡❣✐♠❡ ❞❡ ❛❧t❛ t❡♠♣❡r❛t✉r❛✳

❯♠❛ ❛♥á❧✐s❡ ♣♦❞❡ s❡r ❢❡✐t❛ s♦❜r❡ ❛ q✉❛❧✐❞❛❞❡ ❞❡ ❛r♠❛③❡♥❛❣❡♠ ❞❡ ✐♥❢♦r♠❛çã♦ ♥❛ ❝❛✈✐❞❛❞❡✱

♦✉ s❡❥❛✱ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ❝❛♠♣♦✳ ➱ ✈á❧✐❞♦ ♥♦t❛r q✉❡ ♣❡❧♦ ❡s♣❡❧❤♦ ♥ã♦ ❞❡✈❡♠

✈❛③❛r ❢ót♦♥s✱ ♣♦✐s ♦ ♠❡s♠♦✱ ❛ ♣r✐♥❝í♣✐♦✱ ♣♦ss✉✐ ♣❡r❢❡✐t❛ r❡✢❡①ã♦✱ ❡ ♦ ♠❡s♠♦ ❞❡✈❡ ♦❝♦rr❡r ❝♦♠

♦ r❡s❡r✈❛tór✐♦ q✉❡ ♣♦ss✉✐ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ✏❡s♣❡❧❤♦s✑ ♣❡r❢❡✐t❛♠❡♥t❡ r❡✢❡①✐✈♦s✿

Hn̂a = 0

Nan̂a = 0
∂n̂a
∂t

= 0

❝♦♥❝❧✉✐♥❞♦ ♣♦r ✭✺✳✶✳✶✮ q✉❡✿

d〈n̂a〉
dt

= 0⇒ 〈n̂a〉(t) = 〈n̂a〉(0) ≡ Nk ✭✺✳✶✳✷✮

❝♦♥✜r♠❛♥❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s✱ Nk✱ ❞♦ ❝❛♠♣♦ ❞♦ ♠♦❞♦ k ♥❛ ❝❛✈✐❞❛❞❡ ♣❡r♠❛♥❡❝❡

✐♥❛❧t❡r❛❞♦✳
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✺✳✶✳✷ ❉✐♥â♠✐❝❛ ❞♦ ❡s♣❡❧❤♦

➱ ✐♥t❡r❡ss❛♥t❡ ✈❡r✐✜❝❛r ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ ♥♦ ❡♥s❡♠❜❧❡ t♦❞♦ ❡ ♥♦t❛r

s❡ r❡s♣❡✐t❛♠ ❛s r❡❧❛çõ❡s ❝❧áss✐❝❛s ❞♦ ♠♦✈✐♠❡♥t♦✿

Hx̂b =
1

i~
~ωm [n̂b, x̂b] = −ωmp̂b

Nax̂b = 0
∂x̂b
∂t

= 0

❝♦♥❝❧✉✐♥❞♦ ♣♦r ✭✺✳✶✳✶✮ q✉❡✿
d〈x̂b〉
dt

= ωm〈p̂b〉 ✭✺✳✶✳✸✮

♠♦str❛♥❞♦ q✉❡ 〈p̂b〉 r❡❝♦❜r❛ ❛ ❞❡✜♥✐çã♦ ❝❧áss✐❝❛ ❞❡ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❝✐♥ét✐❝♦✳ ❋❛③❡♥❞♦ ❛ ♠❡s♠❛

❛♥á❧✐s❡ ♣❛r❛ ♦ ♠♦♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦✿

Hp̂b =
1

i~
(~ωm [n̂b, p̂b]− ~gn̂a [x̂b, p̂b]) = ωmx̂b − gn̂a

Nap̂b = 0
∂p̂b
∂t

= 0

❝♦♥❝❧✉✐♥❞♦ ♣♦r ✭✺✳✶✳✶✮ q✉❡✿
d〈p̂b〉
dt

= −ωm〈x̂b〉+ gNk ✭✺✳✶✳✹✮

♦♥❞❡ ❢♦✐ ✉s❛❞❛ ❛ ❡q✉❛çã♦ ✭✺✳✶✳✷✮✳ ❊ss❛ ❡q✉❛çã♦ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ❞♦ ❡s♣❡❧❤♦✱

♦✉ s❡❥❛✱ ❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ q✉❡ é ❛ s♦♠❛ ❞❛ ❢♦rç❛ ❞❡ ♦s❝✐❧❛çã♦ −ωm〈x̂b〉 q✉❡ é ❝♦♥trár✐❛ ❛♦

❞❡s❧♦❝❛♠❡♥t♦ 〈x̂b〉 ❡ ♣❡❧❛ ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦ ❞♦ ❝❛♠♣♦ q✉❡ é ♣♦s✐t✐✈❛ ❡ t❡♥t❛ ❛❢❛st❛r ♦

❡s♣❡❧❤♦ ♠ó✈❡❧ ❞♦ ✜①♦ ❞❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛✳ ❊ss❡s r❡s✉❧t❛❞♦s sã♦ ✐♠♣♦rt❛♥t❡s✱ ♣♦✐s ♠♦str❛♠

q✉❡✱ ❡♠ ♠é❞✐❛✱ ♦ ❡s♣❡❧❤♦ ♥ã♦ é ❛❢❡t❛❞♦ ♣❡❧❛ ❞✐♥â♠✐❝❛ ❞♦ r❡s❡r✈❛tór✐♦ q✉❡ ❡stá ❡♠ ❝♦♥t❛t♦

❝♦♠ ♦ ❝❛♠♣♦✳ ❆s ❡q✉❛çõ❡s ✭✺✳✶✳✸✮ ❡ ✭✺✳✶✳✹✮ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞❛s ❞❡✜♥✐♥❞♦ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛❧✿
dX(t)

dt
= AX(t) + B

❡ ♣❛r❛ ♦ ❝❛s♦ q✉❡ A s❡❥❛ ✐♥✈❡rtí✈❡❧✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ é ❞❛❞❛ ♣♦r✿

X(t) = eAt
(
A−1B +X(0)

)
− A−1B ✭✺✳✶✳✺✮
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■❞❡♥t✐✜❝❛♥❞♦ t❛✐s ♠❛tr✐③❡s✱ ♦❜té♠✲s❡✿

X(t) =

(

〈x̂b〉
〈p̂b〉

)

(t)

A = ωm

(

0 1

−1 0

)

B = gNk

(

0

1

)

❡♥❝♦♥tr❛♥❞♦ ♦s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ♥♦r♠❛❧✐③❛❞♦s ❞❡ A✿

∣
∣
∣
∣
∣

−λ 1

−1 −λ

∣
∣
∣
∣
∣
= 0⇒ λ =







i =⇒ |+〉 = 1√
2




1

i





−i =⇒ |−〉 = 1√
2




1

−i





❛ ✐♥✈❡rs❛ ❞❡ A é ❞❛❞❛ ♣♦r✿

A−1 =
1

ωm

(

0 −1
1 0

)

=⇒ A−1B =
gNk

ωm

(

−1
0

)

❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ é ♦❜t✐❞❛ ❛tr❛✈és ❞♦s ❛✉t♦✈❡t♦r❡s✿

eAt = eiωmt |+〉 〈+|+ e−iωmt |−〉 〈−|

=
eiωmt

2

(

1 −i
i 1

)

+
e−iωmt

2

(

1 i

−i 1

)

=

(

cos(ωmt) sin(ωmt)

− sin(ωmt) cos(ωmt)

)

❡♥❝♦♥tr❛♥❞♦ ❛ss✐♠ ❛ ♣♦s✐çã♦ ❡ ♦ ♠♦♠❡♥t♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✳✺✮✿

〈x̂b〉(t) =

(

〈x̂b〉(0)−
gNk

ωm

)

cos(ωmt) + 〈p̂b〉(0) sin(ωmt) +
gNk

ωm
✭✺✳✶✳✻✮

〈p̂b〉(t) = −
(

〈x̂b〉(0)−
gNk

ωm

)

sin(ωmt) + 〈p̂b〉(0) cos(ωmt) ✭✺✳✶✳✼✮

➱ ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❙❡çã♦ ✸✳✸✱ q✉❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ é ♠✉✐t♦

♠❡♥♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛✱ ♦✉ s❡❥❛✱ q − q0 ≪ q0 q✉❡ é ♦ ♠❡s♠♦ q✉❡
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q(t) ≈ q0 ✭♠❛♥t❡♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ q✉❡ ♠♦str❛ ✉♠ ❝❛♠♣♦ ♣❡rt✉r❜❛t✐✈♦✮

❡ q✉❡ ωm ≪ ωk ✭♠♦str❛♥❞♦ q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ ♠♦❞♦ k ♥ã♦ é ❡s♣❛❧❤❛❞❛ ♣❛r❛ ♦✉tr♦s ♠♦❞♦s✮✳

❊♠ ✭✺✳✶✳✻✮✱ ❝❤❛♠❛♥❞♦✿

v sin u = 〈x̂b〉(0)−
gNk

ωm
✭✺✳✶✳✽✮

v cosu = 〈p̂b〉(0) ✭✺✳✶✳✾✮

❡♥tã♦

v =

√
(

〈x̂b〉(0)−
gNk

ωm

)2

+ (〈p̂b〉(0))2

u = arctan

(

〈x̂b〉(0)− gNk

ωm

〈p̂b〉(0)

)

❙✉❜st✐t✉✐♥❞♦ ✭✺✳✶✳✽✮ ❡ ✭✺✳✶✳✾✮ ❡♠ ✭✺✳✶✳✻✮✱ ❡♥tã♦✿

〈x̂b〉(t) = v sin (ωmt+ u) +
gNk

ωm

❡ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ é ❞❛❞♦ ♣♦r v+ gNk

ωm
✳ P❛r❛ r❡s♣❡✐t❛r ❛ ❝♦♥❞✐çã♦

❞❡ q✉❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ é ♠✉✐t♦ ♠❡♥♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ q0✱ ❡♥tã♦✿

〈x̂m〉(t) ≤
√

~

2mωm

(

v +
gNk

ωm

)

≪ q0 =⇒ g√
2

(

v +
gNk

ωm

)

≪ ωk

❛♦♥❞❡ ❢♦✐ ✉s❛❞❛ ❛ ❊q✳ ✭✺✳✵✳✷✮ ❡ ✭✺✳✵✳✸✮✳

✺✳✷ ❖♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞♦ s✐st❡♠❛

➱ ♣♦ssí✈❡❧ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ♠❡str❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞♦s s✉♣❡r♦♣❡r❛❞♦r❡s✱ ❡ ❛ ♣❛rt✐r ❞❛

❡q✉❛çã♦ ✭✺✳✵✳✺✮ ❛ s♦❧✉çã♦ ❢♦r♠❛❧ ✜❝❛✿

ρ̂(t) = e(H−γN 2
a)tρ̂(0)

❝♦♠
[
H,N 2

a

]
= 0
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s❡♥❞♦ ♣♦ssí✈❡❧ s❡♣❛r❛r ♦s t❡r♠♦s ❞❛ ❡①♣♦♥❡♥❝✐❛❧✿

ρ̂(t) = eHte−γN
2
a tρ̂(0)

❖ s✉♣❡r♦♣❡r❛❞♦r N 2
a é s❡♣❛rá✈❡❧ t❛♠❜é♠✿

N 2
a ρ̂ = [n̂a, [n̂a, ρ̂]] = −2n̂aρ̂n̂a + n̂2

aρ̂+ ρ̂n̂2
a ≡ (J + L) ρ̂

❝♦♠

J ρ̂ = −2n̂aρ̂n̂a ✭✺✳✷✳✶✮

Lρ̂ = n̂2
aρ̂+ ρ̂n̂2

a

♦❜s❡r✈❛♥❞♦ ❛ ❝♦♠✉t❛çã♦ ❡♥tr❡ ❡ss❡s s✉♣❡r♦♣❡r❛❞♦r❡s [J ,L] = 0✳ P♦rt❛♥t♦✿

ρ̂(t) = eHte−γLte−γJ tρ̂(0)

❆❧❣✉♠❛s ❡①♣♦♥❡♥❝✐❛✐s ♣♦ss✉❡♠ ✉♠❛ ❢♦r♠❛ ❡①❛t❛ ♣♦r ♦♣❡r❛❞♦r✱ ♦✉ s❡❥❛✿

ρ̂(t) = e−
i
~
Ĥte−γn̂

2
at
[
e−γJ tρ̂(0)

]
e−γn̂

2
ate

i
~
Ĥt ✭✺✳✷✳✷✮

♥ã♦ é ♣♦ssí✈❡❧ ❛❝❤❛r ✉♠❛ ❢♦r♠❛ ❡①❛t❛ ♣❛r❛ e−γJ t✱ ♠❛s ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ρ̂(0)

é ♣♦ssí✈❡❧✳ ❆❣♦r❛ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r s❡ ρ̂ é s❡♠✐♣♦s✐t✐✈♦ ♦✉ ♥ã♦✳ ❆♣❧✐❝❛♥❞♦ ♦ ❜r❛✲❦❡t ❡♠

ρ̂(t) ♣❛r❛ ✉♠ ❡st❛❞♦ ❛r❜✐trár✐♦ |ψ〉✱ ♦ ❡s❝❛❧❛r ♣r♦❞✉③✐❞♦ s❡rá

〈ψ| ρ̂(t) |ψ〉 = 〈ψ| e− i
~
Ĥte−γn̂

2
at
[
e−γJ tρ̂(0)

]
e−γn̂

2
ate

i
~
Ĥt |ψ〉 ✭✺✳✷✳✸✮

♥♦t❛♥❞♦ q✉❡ ❛s ❡①♣♦♥❡♥❝✐❛✐s ❛♣❧✐❝❛❞❛s ❛♦s ❦❡t ❡ ❜r❛ ♣r♦❞✉③❡♠

e
i
~
Ĥt |ψ〉 ≡ |ψ′(t)〉 ←→ 〈ψ| e− i

~
Ĥt = 〈ψ′(t)| ✭✺✳✷✳✹✮

♦♥❞❡ ❛ s❡t❛ ❞❡ ❞✉♣❧♦ s❡♥t✐❞♦←→ ❧❡✈❛ ♦ ❡s♣❛ç♦ ❡st❛❞♦ E ❛♦ ❡s♣❛ç♦ ❡st❛❞♦ ❛❞❥✉♥t♦ E† ❡

✈✐❝❡✲✈❡rs❛✱ ♦✉ s❡❥❛✿

Â |ψ〉 = |ψ′〉 ←→ 〈ψ| Â† = 〈ψ′|

❝♦♠ A ✉♠ ♦♣❡r❛❞♦r ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❙✉❜st✐t✉✐♥❞♦ ✭✺✳✷✳✹✮ ❡♠ ✭✺✳✷✳✸✮✱ ❡♥tã♦

〈ψ| ρ̂(t) |ψ〉 = 〈ψ′(t)| e−γn̂2
at
[
e−γJ tρ̂(0)

]
e−γn̂

2
at |ψ′(t)〉 ✭✺✳✷✳✺✮
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◆♦✈❛♠❡♥t❡✱ ❛s ❡①♣♦♥❡♥❝✐❛✐s ❛♣❧✐❝❛❞❛s ❛♦s ❦❡t ❡ ❜r❛ ♣r♦❞✉③❡♠

e−γn̂
2
at |ψ′(t)〉 ≡ |ψ′′(t)〉 ←→ 〈ψ′(t)| e−γn̂2

at = 〈ψ′′(t)| ✭✺✳✷✳✻✮

❡ s✉❜st✐t✉✐♥❞♦ ✭✺✳✷✳✻✮ ❡♠ ✭✺✳✷✳✺✮✱ ❡♥tã♦

〈ψ| ρ̂(t) |ψ〉 = 〈ψ′′(t)|
[
e−γJ tρ̂(0)

]
|ψ′′(t)〉 ✭✺✳✷✳✼✮

➱ ♥❡❝❡ssár✐♦ ❛♥❛❧✐s❛r ❛ sér✐❡ ✐♥✜♥✐t❛ ♣r♦❞✉③✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞♦ s✉♣❡r♦♣❡r❛❞♦r J ♥✉♠❛

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❛r❜✐trár✐❛ ρ̂(0)✳ ❊①♣❛♥❞✐♥❞♦ e−γJ t

e−γJ tρ̂(0) =
∞∑

n=0

(−γt)n
n!
J nρ̂(0) =

∞∑

n=0

(2γt)n

n!
n̂na ρ̂(0)n̂

n
a ✭✺✳✷✳✽✮

♦♥❞❡ ❢♦✐ ✉s❛❞❛ ❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✮✳ ❙✉❜st✐t✉✐♥❞♦ ✭✺✳✷✳✽✮ ❡♠ ✭✺✳✷✳✼✮✱ ❡♥tã♦

〈ψ| ρ̂(t) |ψ〉 =
∞∑

n=0

(2γt)n

n!
〈ψ′′(t)| n̂na ρ̂(0)n̂na |ψ′′(t)〉 ✭✺✳✷✳✾✮

❈❛❞❛ ♦♣❡r❛❞♦r ❞❡ss❡ s♦♠❛tór✐♦ ❛♣❧✐❝❛❞♦s ❛♦s ❦❡t ❡ ❜r❛ ♣r♦❞✉③❡♠

n̂na |ψ′′(t)〉 ≡ |ψ′′
n(t)〉 ←→ 〈ψ′′

n(t)| n̂na = 〈ψ′′
n(t)| ✭✺✳✷✳✶✵✮

❡ ♣♦rt❛♥t♦✱ ❛♦ s✉❜st✐t✉✐r ✭✺✳✷✳✶✵✮ ❡♠ ✭✺✳✷✳✾✮ ❝❤❡❣❛✲s❡ ❛ ❢♦r♠❛ ✜♥❛❧

〈ψ| ρ̂(t) |ψ〉 =
∞∑

n=0

(2γt)n

n!
〈ψ′′

n(t)| ρ̂(0) |ψ′′
n(t)〉 ✭✺✳✷✳✶✶✮

s❡♥❞♦ q✉❡ |ψ′′
n(t)〉 ∈ E ✳ ❇❛st❛ q✉❡✱ ❝♦♠♦ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ♦ ♦♣❡r❛❞♦r ρ̂(0) s❡❥❛ s❡♠✐♣♦s✐t✐✈♦

♣❛r❛ q✉❡ ρ̂(t) s❡❥❛ t❛♠❜é♠✳ P♦rt❛♥t♦✱ s❡

ρ̂(0) ≥ 0 =⇒ 〈ψ′′
n(t)| ρ̂(0) |ψ′′

n(t)〉 ≥ 0 =⇒ ρ̂(t) ≥ 0 ∀γ ≥ 0

♣r♦✈❛♥❞♦ ❛ss✐♠ ❛ s❡♠✐♣♦s✐t✐✈✐❞❛❞❡ ❞❡ ρ̂(t)✳

❱♦❧t❛♥❞♦ à ❡q✉❛çã♦ ✭✺✳✷✳✷✮✱ ♦ ♦♣❡r❛❞♦r Ĥ ♣♦ss✉✐ t❡r♠♦s q✉❡ ♥ã♦ ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ♣❛r❛

t♦r♥❛r ❛ s✉❛ ❡①♣♦♥❡♥❝✐❛❧ s❡♣❛rá✈❡❧✳ ❙❡❣✉✐♥❞♦ ♦ ♣r♦❝❡ss♦ ❢❡✐t♦ ♥♦ ❆♣ê♥❞✐❝❡ ❆✳✸✱ é ♣♦ssí✈❡❧

s❡♣❛r❛r t❛✐s t❡r♠♦s✿

e−
i
~
Ĥt = e−irn̂ateis

2n̂2
a(t−sin t)esn̂a(ηb̂†−η∗b̂)e−in̂bt ✭✺✳✷✳✶✷✮
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♦♥❞❡ η = 1 − e−it✱ s = g/(2ωm) é ♦ ♣❛râ♠❡tr♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ r❡❡s❝❛❧❛❞♦✱ r = ωk/ωm✱ ❡ t

r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦ r❡❡s❝❛❧❛❞♦✱ s❡♥❞♦ ♦ t❡♠♣♦ ❞✐♠❡♥s✐♦♥❛❧ ❡♠ s❡❣✉♥❞♦s ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ωm✱

t♦r♥❛♥❞♦✲s❡ ❛❞✐♠❡♥s✐♦♥❛❧✳ P❛r❛ ✈❛❧♦r❡s ❞❡ s ❞❛ ♦r❞❡♠ ❞❡ ✉♠❛ ✉♥✐❞❛❞❡✱ ♦s ❡①♣❡r✐♠❡♥t♦s s❡

t♦r♥❛♠ ♣r❛t✐❝á✈❡✐s ✭ωk ∼ 1016❍③, ωm ∼ 103❍③, q0 ∼ 1♠, ❡ m ∼ 10−5❦❣✮ ❬✸✸✱ ✸✹✱ ✸✺❪✳ ◆♦ s❡✲

❣✉♥❞♦ ♠❡♠❜r♦✱ ❛ t❡r❝❡✐r❛ ❡①♣♦♥❡♥❝✐❛❧✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ é ♦ ♦♣❡r❛❞♦r ❞❡s❧♦❝❛♠❡♥t♦

q✉❡ ❛t✉❛ s♦❜r❡ ♦ ❡s♣❡❧❤♦✿

D̂b(sηn̂a) ≡ esn̂a(ηb̂†−η∗b̂)

❆ ♣❛rt✐r ❞❡ ✭✺✳✷✳✶✷✮ ❡ ✭✺✳✷✳✷✮ é ♣♦ssí✈❡❧ ❛♣❧✐❝❛r ✉♠❛ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❛r❜✐trár✐❛ ♣❛r❛

❝❛♠♣♦ ❡ ❡s♣❡❧❤♦✳ ❙✉♣♦r q✉❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❡♥s❡♠❜❧❡ s❡❥❛ ♣✉r♦ ❡ ♦ ❡st❛❞♦ s❡❥❛ ❝♦❡r❡♥t❡✳

❊ss❛ s✉♣♦s✐çã♦ é ❢❡✐t❛✱ ♣♦✐s ❛ ♣r❡♣❛r❛çã♦ ❞❡ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♣❛r❛ ♦ ❝❛♠♣♦ ♣♦❞❡ s❡r

❢❡✐t❛ ❛tr❛✈és ❞❡ ✉♠ ❧❛s❡r✱ q✉❡ é ✐♥❥❡t❛❞♦ ❞❡♥tr♦ ❞❛ ❝❛✈✐❞❛❞❡ ❛tr❛✈és ❞❡ s✉❛s ♣❛r❡❞❡s q✉❡✱

❡①t❡r♥❛♠❡♥t❡✱ ♣♦ss✉❡♠ í♥❞✐❝❡ ❞❡ r❡✢❡①ã♦ ♠✉✐t♦ ❜❛✐①♦✳ ❊ ❛ ♣r❡♣❛r❛çã♦ ❞♦ ❡s♣❡❧❤♦ ♥✉♠

❡st❛❞♦ ❝♦❡r❡♥t❡ é ❢❡✐t❛✱ ♣♦r ❡①❡♠♣❧♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❢♦rç❛ ❞❡ ❝♦♠♣r❡ssã♦ ❡♥tr❡ ♦ ❡s♣❡❧❤♦ ❡ ✉♠❛

♠♦❧❛ q✉❡✱ ♣♦r s❡r❡♠ ♦❜❥❡t♦s ♠❛❝r♦s❝ó♣✐❝♦s✱ ♣r♦❞✉③❡♠ ✉♠ ♠♦✈✐♠❡♥t♦ ❝❧áss✐❝♦✱ ♣r❡♣❛r❛♥❞♦✲♦

❛ss✐♠✱ ♥✉♠ ❡st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦✳ P♦rt❛♥t♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♦ s✐st❡♠❛ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r ✉♠

❡st❛❞♦ ♣✉r♦✿

|ψ(0)〉 = |α〉a ⊗ |β〉b
♦♥❞❡ |α〉a ❡ |β〉b sã♦ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ✐♥✐❝✐❛✐s ❞♦ ❝❛♠♣♦ ❡ ❞♦ ❡s♣❡❧❤♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖

❡♥s❡♠❜❧❡ ✐♥✐❝✐❛❧♠❡♥t❡ é ❡s❝r✐t♦ ❝♦♠♦✿

ρ̂(0) = |α〉 〈α| ⊗ |β〉 〈β|

P❛r❛ ❛♥❛❧✐s❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❛♣❧✐❝❛✲s❡ ♦ s✉♣❡r♦♣❡r❛❞♦r e−γtJ s♦❜r❡ ♦

❡♥s❡♠❜❧❡✱ q✉❡ é ♦ r❡s♣♦♥sá✈❡❧ ♣♦r t♦r♥á✲❧♦ ♠✐st♦✱ ❡♠❛r❛♥❤❛♥❞♦ ❝❛♠♣♦ ❡ r❡s❡r✈❛tór✐♦✿

e−γtJ ρ̂(0) = e−|α|2
∞∑

l,n,m=0

(2γt)l

l!

αnα∗m
√
n!m!

n̂la |n〉 〈m| n̂la⊗ |β〉 〈β|

= e−|α|2
∞∑

n,m=0

αnα∗m
√
n!m!

e2γmnt |n〉 〈m| ⊗ |β〉 〈β| ✭✺✳✷✳✶✸✮

♦♥❞❡ |n〉 ❞❡♥♦t❛ ♦ ❡st❛❞♦ ❞❡ ❋♦❝❦ ❞♦ ❝❛♠♣♦ ❞❛ ❝❛✈✐❞❛❞❡✳
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❆❣♦r❛✱ ❛♣❧✐❝❛✲s❡ ♦s ♦♣❡r❛❞♦r❡s e−γn̂
2
at ❞❡ ❝❛❞❛ ❧❛❞♦ ❞♦ ❡♥s❡♠❜❧❡ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✸✮✿

e−γn̂
2
at
[
e−γJ tρ̂(0)

]
e−γn̂

2
at = e−|α|2

∞∑

n,m=0

αnα∗m
√
n!m!

e2γmnte−γ(n
2+m2)t |n〉 〈m| ⊗ |β〉 〈β|

= e−|α|2
∞∑

n,m=0

αnα∗m
√
n!m!

e−γ(n−m)2t |n〉 〈m| ⊗ |β〉 〈β| ✭✺✳✷✳✶✹✮

q✉❡ ❛♣ós ❡ss❛ ú❧t✐♠❛ tr❛♥s❢♦r♠❛çã♦✱ ♦s t❡r♠♦s n 6= m s❡rã♦ ❛♠♦rt❡❝✐❞♦s✱ ♦❜t❡♥❞♦ ❛♣ós s❡

♣❛ss❛r ♠✉✐t♦ t❡♠♣♦ ✉♠❛ ❞❡❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛ ♣❛r❛ ♦ ❝❛♠♣♦✳ ❆♥t❡s ❞❡ ❛♣❧✐❝❛r ❛ ❡✈♦❧✉çã♦

✉♥✐tár✐❛✱ é ♣r❡❝✐s♦ r❡❡s❝❛❧❛r ♦ t❡♠♣♦ s✉❜st✐t✉✐♥❞♦ ωmt ♣♦r t✱ ❡ γ/ωm ♣♦r σ✳ P♦r ✜♠✱ ❛♣❧✐❝❛♥❞♦

❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉♥✐tár✐❛ q✉❡ é ❛ r❡s♣♦♥sá✈❡❧ ♣♦r ❡♠❛r❛♥❤❛r ♦ ❝❛♠♣♦ ❝♦♠ ♦ ❡s♣❡❧❤♦✱

♦❜té♠✲s❡✿

ρ̂(t) = e−
i
~
Ĥte−γn̂

2
at
[
e−γJ tρ̂(0)

]
e−γn̂

2
ate

i
~
Ĥt

❆♣❧✐❝❛♥❞♦ s❡♣❛r❛❞❛♠❡♥t❡ ❛s ❡①♣♦♥❡♥❝✐❛✐s ❞❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✷✮ s♦❜r❡ ✭✺✳✷✳✶✹✮ ♣❡❧❛ ❡sq✉❡r❞❛ ❡

♣❡❧❛ ❞✐r❡✐t❛✱ ♦❜té♠✲s❡✿

e−in̂bt |n〉 ⊗ |β〉 = |n〉 ⊗
∣
∣βe−it

〉

D̂b(sηn̂a) |n〉 ⊗
∣
∣βe−it

〉
= |n〉 ⊗

∣
∣βe−it + sηn

〉

♦♥❞❡ ❢♦✐ ✉s❛❞♦ D̂b(sηn̂a) |n〉 = D̂b(sηn) |n〉✳ ❆s ❞✉❛s ♦✉tr❛s ❡①♣♦♥❡♥❝✐❛✐s q✉❡ ❝♦♥té♠ ♦

♦♣❡r❛❞♦r n̂a s❡rã♦ ❛♣❧✐❝❛❞❛s s♦❜r❡ s❡✉s ❛✉t♦✈❡t♦r❡s |n〉✳ ❊ss❡ r❛❝✐♦❝í♥✐♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ❧❛❞♦

❡sq✉❡r❞♦ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✱ ♣♦ré♠ é ♣♦ssí✈❡❧ ❢❛③❡r ♦ ♠❡s♠♦ ❛♦ ❛♣❧✐❝❛r ♣❛r❛ ♦ ❧❛❞♦ ❞✐r❡✐t♦✱

♥♦t❛♥❞♦ q✉❡ é ♥❡❝❡ssár✐♦ ❝♦♥❥✉❣❛r ♦s ♦♣❡r❛❞♦r❡s✳ ❆ ❢♦r♠❛ ✜♥❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ é✿

ρ̂(t) = e−|α|2
∞∑

n,m=0

(αe−irt)
n
(αe−irt)

∗m
√
n!m!

e−σ(n−m)2teis
2(n2−m2)(t−sin t) |n〉 〈m| ⊗ |φn(t)〉 〈φm(t)|

✭✺✳✷✳✶✺✮

❝♦♠ |φn(t)〉 ❞❡♥♦t❛♥❞♦ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♣❛r❛ ♦ ❡s♣❡❧❤♦ ❞❛❞♦ ♣♦r✿

|φn(t)〉 =
∣
∣βe−it + sn

(
1− e−it

)〉
✭✺✳✷✳✶✻✮
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✺✳✸ ❊♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ s✐st❡♠❛

❖ ❝á❧❝✉❧♦ ❞❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❛ss♦❝✐❛❞♦ ❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ρ̂(t) ♣❡r♠✐t❡ ❞✐③❡r ♦ q✉❛♥t♦ ♦

s✐st❡♠❛ ❡stá ❡♠❛r❛♥❤❛❞♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳ Pr✐♠❡✐r♦✱ ❝❛❧❝✉❧❛✲s❡ ρ̂2(t)✳

ρ̂(t) =
∞∑

n,m=0

ρnm(t) |n〉 〈m| ⊗ |φn(t)〉 〈φm(t)| ⇒

⇒ ρ̂2(t) =
∞∑

n,m,l=0

ρnl(t)ρlm(t) |n〉 〈m| ⊗ |φn(t)〉 〈φm(t)| ✭✺✳✸✳✶✮

♦♥❞❡ ❢♦✐ ✉s❛❞❛ ❛ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞♦s ✈❡t♦r❡s ❞❡ ❋♦❝❦ ❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉♥✐tár✐♦ ❞❡ ✈❡t♦r❡s

❝♦❡r❡♥t❡s ✐❣✉❛✐s✳

❙❡❥❛ |ψ〉 ❡ |ϕ〉 ✈❡t♦r❡s ❡st❛❞♦s ❛r❜✐trár✐♦s ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✱ ❡♥tã♦ é ✈á❧✐❞❛ ❛ s❡❣✉✐♥t❡

✐❞❡♥t✐❞❛❞❡

❚r {|ϕ〉 〈ψ|} = 〈ψ |ϕ〉 ✭✺✳✸✳✷✮

♦♥❞❡ ♦ tr❛ç♦ é ❢❡✐t♦ s♦❜r❡ ♦ ❡s♣❛ç♦ H✳
❊❢❡t✉❛♥❞♦ ♦ tr❛ç♦ s♦❜r❡ ✭✺✳✸✳✶✮ ❡ ✉s❛♥❞♦ ✭✺✳✸✳✷✮✱ ♦❜té♠✲s❡✿

❚r
{
ρ̂2(t)

}
=

∞∑

n,l=0

ρnl(t)ρln(t)

✉s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ t♦❞❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ é ❤❡r♠✐t✐❛♥❛✱ ❡♥tã♦ ρ∗nl(t) = ρln(t) ❡ ♣♦r✲

t❛♥t♦✿

❚r
{
ρ̂2(t)

}
=

∞∑

n,l=0

|ρnl(t)|2 ✭✺✳✸✳✸✮

❡ss❛ ❡q✉❛çã♦ só ❢♦✐ ♣♦ssí✈❡❧ ❞❡✈✐❞♦ ❛ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞♦s ✈❡t♦r❡s ❞❡ ❋♦❝❦✳

❆ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ s✐st❡♠❛ é ❛❧❝❛♥ç❛❞❛ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✳✶✮✱ ❛ss✐♠✿

SL(t) = 1− e−2|α|2
∞∑

n,l=0

|α|2(l+n)
l!n!

e−2σ(l−n)2t ✭✺✳✸✳✹✮

❈❛❞❛ ❧✐♥❤❛ ❞❛ ❋✐❣✉r❛ ✺✳✶ é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞❡ α ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛

❧❡❣❡♥❞❛✳ ❊ss❡ ❣rá✜❝♦ ♠♦str❛ q✉❡ q✉❛♥t♦ ♠❛✐♦r |α|✱ ♠❛✐s r❛♣✐❞❛♠❡♥t❡ ❛ ❡♥tr♦♣✐❛ s❡ ❛♣r♦①✐♠❛

❞❡ ✶✱ ♦✉ s❡❥❛✱ ♠❛✐♦r é ♦ ❣r❛✉ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ s✐st❡♠❛ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳ ❈❛s♦

❤❛❥❛ ✈á❝✉♦ ♥❛ ❝❛✈✐❞❛❞❡✱ ❡♥tã♦ ❛ ❡♥tr♦♣✐❛ ♣❡r♠❛♥❡❝❡ ♥✉❧❛ ♦ t❡♠♣♦ t♦❞♦✱ ♦✉ s❡❥❛✱ ♦ ❡s♣❡❧❤♦

♣❡r♠❛♥❡❝❡ ♥✉♠ ♠♦✈✐♠❡♥t♦ ❤❛r♠ô♥✐❝♦ s✐♠♣❧❡s ❞❡ ❡st❛❞♦ |β〉✳
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❋✐❣✉r❛ ✺✳✶✿ ❊♥tr♦♣✐❛ ▲✐♥❡❛r ❞♦ ❙✐st❡♠❛ ❡♠ ❢✉♥çã♦ ❞❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧ σt✳ ❖ ❙✐st❡♠❛ é ❝♦♠♣♦st♦ ♣♦r

✉♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ❝♦♠ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧ s✉❜♠❡t✐❞♦ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦ ❛❝♦♣❧❛❞♦ ❛ ✉♠ ❝❛♠♣♦ ❡❧❡✲

tr♦♠❛❣♥ét✐❝♦ ❝♦♥✜♥❛❞♦ ❡♠ s❡✉ ✐♥t❡r✐♦r✳ ❖ ❝❛♠♣♦ ❡stá ❛❝♦♣❧❛❞♦ ❛ ✉♠ r❡s❡r✈❛tór✐♦ q✉❡ r❡❛❧✐③❛ ❛♠♦rt❡❝✐♠❡♥t♦

❞❡ ❢❛s❡ s♦❜r❡ ♦ s✐st❡♠❛✳ ◆♦ ✐♥st❛♥t❡ t = 0✱ ♦ ❝❛♠♣♦ ❡stá ♥♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ |α〉 ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ ♥♦ ❡st❛❞♦

❝♦❡r❡♥t❡ |β〉✳ ❈❛❞❛ ❧✐♥❤❛ ❞♦ ❣rá✜❝♦ r❡♣r❡s❡♥t❛ ✉♠ ✈❛❧♦r ❞✐❢❡r❡♥t❡ ❞❡ |α| ❞❛❞♦ ♣❡❧❛ ❧❡❣❡♥❞❛ ❞❡ ❝♦r❡s✳

P❛r❛ t = 0 ♦ s✐st❡♠❛ ❡stá ❞❡s❡♠❛r❛♥❤❛❞♦ ❞♦ r❡s❡r✈❛tór✐♦ ❝♦♠ SL = 0 ❡ ♣❛r❛ t ≫ σ−1 ❛

❡♥tr♦♣✐❛ ❝♦♥✈❡r❣❡ ♣❛r❛✿

SL(|α|) ≡ lim
t→+∞

SL(t) = 1− e−2|α|2
∞∑

n=0

|α|4n
n!2

✭✺✳✸✳✺✮

❝♦♠ ♦ s♦♠❛tór✐♦ r❡♣r❡s❡♥t❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ♠♦❞✐✜❝❛❞❛ ❞❡ ♣r✐♠❡✐r♦ t✐♣♦✱ I0
(
2 |α|2

)
✳

❖ ❡♥s❡♠❜❧❡ ❞♦ s✐st❡♠❛ ♣❛r❛ t≫ σ−1 ❝♦♥✈❡r❣❡ ♣❛r❛✿

ρ̂(t≫ σ−1) ∼= e−|α|2
∞∑

n=0

|α|2n
n!
|n〉 〈n| ⊗ |φn(t)〉 〈φn(t)| ✭✺✳✸✳✻✮

❝♦♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ P♦✐ss♦♥ ♣❛r❛ ❝❛❞❛ ❡st❛❞♦ ♣♦ssí✈❡❧ ❞♦ s✐st❡♠❛✱ ♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ s❡

❡♥❝♦♥tr❛ ♥♦s ❡st❛❞♦s ♦rt♦♥♦r♠❛✐s |ψ(t)〉 = |n〉 ⊗ |φn(t)〉 ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ e−|α|2 |α|2n /n!✱ ❡
♣♦rt❛♥t♦✱ s❡ ❢♦r ♣♦ssí✈❡❧ ♠❡❞✐r ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡✱ ❡♥tã♦ é ♣♦ssí✈❡❧ s❛❜❡r ❡♠

q✉❡ ❡st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦ ♦ ❡s♣❡❧❤♦ s❡ ❡♥❝♦♥tr❛✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✺✳✷✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ♦ s✐st❡♠❛ ❡♠❛r❛♥❤❛ t♦t❛❧♠❡♥t❡ ❝♦♠ ♦ r❡✲

s❡r✈❛tór✐♦ ♣❛r❛ ❡st❛❞♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❛s❡✲❝❧áss✐❝♦s ✭|α| ≫ 1✮✱ ❡ ♦ ❡♥s❡♠❜❧❡ s❡ t♦r♥❛ ❝♦♠✲

♣❧❡t❛♠❡♥t❡ ❛❧❡❛tór✐♦ ✭♦✉ s❡❥❛✱ ✐♥❝♦❡r❡♥t❡✮✳ P❛r❛ |α| = 0 ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ é

③❡r♦✱ ♦✉ s❡❥❛✱ ♦ ❝❛♠♣♦ ❡stá ♥♦ ❡st❛❞♦ ❞❡ ✈á❝✉♦ ❡ ♣❡r♠❛♥❡❝❡ ❛ss✐♠ ❞✉r❛♥t❡ t♦❞♦ ♦ t❡♠♣♦✱ ❡

♦ ❡♥s❡♠❜❧❡ ♣❡r♠❛♥❡❝❡ ♣✉r♦✳
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❋✐❣✉r❛ ✺✳✷✿ ❊♥tr♦♣✐❛ ▲✐♥❡❛r ❞♦ ❙✐st❡♠❛ ♣❛r❛ t❡♠♣♦s ♠✉✐t♦ ❧♦♥❣♦s ❡♠ ❢✉♥çã♦ ♠ó❞✉❧♦ |α|✳ ❈❛❞❛ ♣♦♥t♦

❞♦ ❣rá✜❝♦ r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r ❧✐♠✐t❡ ❞❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ s✐st❡♠❛ ❛ss♦❝✐❛❞♦ ❛ ❝❛❞❛ ❝✉r✈❛ ❞❛ ❋✐❣✉r❛ ✺✳✶✳ ❖

s✐st❡♠❛✱ q✉❡ ❡stá ❛❝♦♣❧❛❞♦ ❛♦ r❡s❡r✈❛tór✐♦ ❛tr❛✈és ❞♦ ❝❛♠♣♦✱ é ❛♠♦rt❡❝✐❞♦ ❞❡ ♠❛♥❡✐r❛ ❛ ❝♦♥s❡r✈❛r ❛ ❡♥❡r❣✐❛✳

✺✳✹ ❊♥tr♦♣✐❛ ▲✐♥❡❛r ❞♦ ❡s♣❡❧❤♦

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦ ❡s♣❡❧❤♦ é ❞❛❞♦ ♣♦r✿

ρ̂m(t) ≡ ❚ra {ρ̂(t)} = e−|α|2
∞∑

n=0

|α|2n
n!
|φn(t)〉 〈φn(t)| ✭✺✳✹✳✶✮

♠♦str❛♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ é ❞❡ P♦✐ss♦♥✱ s❡♥❞♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠ ♦ t❡♠♣♦✳ ❖❜s❡r✈❛♥❞♦ q✉❡

♥❛ ❡q✉❛çã♦✭✺✳✷✳✶✺✮ ❛ ú♥✐❝❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦ r❡s❡r✈❛tór✐♦ é ♦ t❡r♠♦ σ ✭q✉❡ é ♦ ❢❛t♦r ❞❡

❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✮ ❡ q✉❛♥❞♦ σ = 0 s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❤á ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ s✐st❡♠❛ ❡

r❡s❡r✈❛tór✐♦✳ ◆❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✭✺✳✹✳✶✮ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦ r❡s❡r✈❛tór✐♦✱

♠♦str❛♥❞♦ q✉❡ ❛ ❡q✉❛çã♦ é ❛ ♠❡s♠❛ s❡ σ = 0✱ ♦✉ s❡❥❛✱ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞♦ s✐st❡♠❛ ❝♦♠ ♦ r❡s❡r✲

✈❛tór✐♦ ♥ã♦ ♠♦❞✐✜❝❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ ✐♠♣♦rt❛ ❛ ❝♦♥✜❣✉r❛çã♦

✐♥✐❝✐❛❧ ❞♦ ❡♥s❡♠❜❧❡✱ ρ̂(0)✱ ♦ ❡s♣❡❧❤♦ ♥ã♦ ✈❛✐ t❡r s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❢❡t❛❞♦ ♣❡❧♦ r❡s❡r✈❛tór✐♦✳

❊❧❡✈❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❛♦ q✉❛❞r❛❞♦✱ ♦❜té♠✲s❡✿

ρ̂2m(t) = e−2|α|2
∞∑

n,m=0

|α|2(n+m)

n!m!
〈φn(t) |φm(t)〉 |φn(t)〉 〈φm(t)|

♥♦t❛♥❞♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ✉s❛r ❛ ❡q✉❛çã♦ ✺✳✸✳✸ ❞❡✈✐❞♦ ❛ ♥ã♦✲♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞♦s ❡st❛❞♦s

❝♦❡r❡♥t❡s✳
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❯s❛♥❞♦ ✺✳✸✳✷✱ ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ ❡s♣❡❧❤♦ é ❞❛❞❛ ♣♦r✿

SLM(t) = 1− ❚r
{
ρ̂2m(t)

}
= 1− e−2|α|2

∞∑

n,m=0

|α|2(n+m)

n!m!
|〈φn(t) |φm(t)〉|2

♦ t❡r♠♦ ❡♠ ❜r❛❝❦❡t é ❝❛❧❝✉❧❛❞♦ ❛ s❡❣✉✐r

〈φn(t) |φm(t)〉 = e−
1
2
|φn(t)−φm(t)|2e−iℑ{φm(t)(φn(t)−φm(t))∗} ⇒

⇒ 〈φn(t) |φm(t)〉 = e−2s2(n−m)2 sin2( t
2
)eis(n−m)(ℜ{β} sin t+ℑ{β}(1−cos t)) ⇒ ✭✺✳✹✳✷✮

⇒ |〈φn(t) |φm(t)〉|2 = e−4s2(n−m)2 sin2( t
2
) ✭✺✳✹✳✸✮

♦♥❞❡ ❢♦✐ ✉s❛❞❛ ❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✻✮ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ φn(t)✱ ❝♦♠ ℜ ❡ ℑ
r❡♣r❡s❡♥t❛♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❘❡❛❧ ❡ ■♠❛❣✐♥ár✐❛ ❞❡ s❡✉ ❛r❣✉♠❡♥t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆

❡q✉❛çã♦ ✜♥❛❧ ♣❛r❛ ❛ ❡♥tr♦♣✐❛ ❞♦ ❡s♣❡❧❤♦ é ❞❛❞❛ ♣♦r✿

SLM(t) = 1− e−2|α|2
∞∑

n,m=0

|α|2(n+m)

n!m!
e−4s2(n−m)2 sin2( t

2
) ✭✺✳✹✳✹✮

♥♦t❛♥❞♦ q✉❡ s✉❛ ❡♥tr♦♣✐❛ ✐♥❞❡♣❡♥❞❡ ❞❛ ✐♥❢♦r♠❛çã♦ ❞♦ ✈❛❧♦r ❞❡ β✱ ♣♦ré♠ é ♥❡❝❡ssár✐♦ q✉❡ ♦

❡st❛❞♦ ❞♦ ❡s♣❡❧❤♦ s❡❥❛ ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳

❆ ❞✐♥â♠✐❝❛ ❞♦ ❡s♣❡❧❤♦ q✉❡ s❡ ❞❡st❛❝❛ ❞❛s ❡q✉❛çõ❡s ✭✺✳✷✳✶✺✮ ❡ ✭✺✳✹✳✹✮ ♠♦str❛ q✉❡ ❞❡♣♦✐s

❞❡ ✉♠ t❡♠♣♦ t = 2π ✭q✉❡ ❡q✉✐✈❛❧❡✱ ❝❧❛ss✐❝❛♠❡♥t❡✱ ❛ ✉♠❛ ♦s❝✐❧❛çã♦ ✐♥t❡✐r❛ ❞♦ ❡s♣❡❧❤♦✮✱

❡❧❡ r❡t♦r♥❛✱ q✉❛♥t✐❝❛♠❡♥t❡✱ ❛♦ s❡✉ ❡st❛❞♦ ♦r✐❣✐♥❛❧ |β〉 ❞❡s❡♠❛r❛♥❤❛♥❞♦ ❝❛♠♣♦ ❡ ❡s♣❡❧❤♦✳

P❛r❛ t♦❞♦s ♦s ✐♥st❛♥t❡s ❡♥tr❡ t = 0 ❡ t = 2π ♦ ❡st❛❞♦ ❞♦ ❡s♣❡❧❤♦ ❡stá ❡♠❛r❛♥❤❛❞♦ ❝♦♠ ♦

❡st❛❞♦ ❞♦ ❝❛♠♣♦✱ s❡♥❞♦ ♠á①✐♠♦ ♣❛r❛ t = π✳ ❆ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ é

♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✸ ❡ ♣❛r❛ ✉♠ ✈❛❧♦r ✜①♦ ❞❡ |α|✱ q✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞♦ ❛❝♦♣❧❛♠❡♥t♦

s✱ ❛ ❡♥tr♦♣✐❛ s❡ ❛♣r♦①✐♠❛ ♠❛✐s ❞❡ ✶ ❡ ♠❛✐s r❛♣✐❞❛♠❡♥t❡ ✐ss♦ ♦❝♦rr❡✱ ♦✉ s❡❥❛✱ ♠❛✐♦r é ❛

✐♥t❡♥s✐❞❛❞❡ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ ❝♦♠ ♦ ❝❛♠♣♦ ❡ ♣♦r ♠❛✐s t❡♠♣♦ ♣❡r♠❛♥❡❝❡♠

❛❧t❛♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦s✳
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✭❛✮ |α| = 0.5
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✭❜✮ |α| = 2
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✭❝✮ |α| = 9

❋✐❣✉r❛ ✺✳✸✿ ❊♥tr♦♣✐❛ ▲✐♥❡❛r ❞♦ ❊s♣❡❧❤♦✱ SLM(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ t✳ ❈❛❞❛ ❣rá✜❝♦ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠

❡st❛❞♦ ✐♥✐❝✐❛❧ ❝♦❡r❡♥t❡ |α〉 ❞♦ ❝❛♠♣♦✱ ♦♥❞❡ ❝❛❞❛ ❧✐♥❤❛ r❡♣r❡s❡♥t❛ ✉♠ ✈❛❧♦r ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❝❛♠♣♦✲❡s♣❡❧❤♦ s

❞✐st✐♥t♦✳ ❖s ❣rá✜❝♦s ❡stã♦ ♣❧♦t❛❞♦s ♣❛r❛ ♦ ♣❡rí♦❞♦ ❞❡ ✉♠❛ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦✱ ♦✉ s❡❥❛✱ ❞❡ t = 0 ❛ t = 2π✳

✺✳✺ ▼❡❞✐çã♦ s♦❜r❡ ♦ ❡s♣❡❧❤♦

❆q✉✐ s❡rã♦ ❢❡✐t❛s ♠❡❞✐çõ❡s s❡q✉❡♥❝✐❛✐s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡rá ♠❡❞✐❞❛ ❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦✱

♠♦str❛♥❞♦ ❝♦♠♦ ❡♥s❡♠❜❧❡ ❞♦ s✐st❡♠❛ ✜❝❛rá ❛♣ós ❝♦❧❛♣s❛r✳ ❊ ❞❡♣♦✐s✱ s❡rá ❢❡✐t❛ ✉♠❛ ♠❡❞✐çã♦

s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ s✐st❡♠❛ ❡ s❡rá ❛♥❛❧✐s❛❞♦ ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ♠❡❞✐çã♦ ❛❧t❡r❛ ❛ ❛♥á❧✐s❡

✜♥❛❧✳ ❖ ♣r♦❝❡ss♦ ❢❡✐t♦ ❛q✉✐ ♥❡ss❛ s❡çã♦ s❡❣✉❡ ✉♠ ♣r♦❝❡ss♦ ♣❛r❡❝✐❞♦ ❢❡✐t♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸✻❪✳

❆♦ ♠❡❞✐r ❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦✱ ♦ ❡♥s❡♠❜❧❡ ❞♦ s✐st❡♠❛ ❝♦❧❛♣s❛ ♣❛r❛✿

ρ̂(t)
x̂b−→
ˆ ∞

−∞
dx

b
〈x| ρ̂(t) |x〉

b
|x〉

b b
〈x| = e−|α|2

∞∑

n,m=0

ˆ ∞

−∞
dx

(αe−irt)
n
(αe−irt)

∗m
√
n!m!

×

× e−σ(n−m)2teis
2(n2−m2)(t−sin t) 〈x |φn(t)〉 〈φm(t) | x〉 |n〉 〈m| ⊗ |x〉 〈x|

▼❡❞✐♥❞♦✱ ❡♥tã♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s✱ ♦ ❡♥s❡♠❜❧❡ ❞♦ s✐st❡♠❛ ❝♦❧❛♣s❛ ♣❛r❛✿

ρ̂(t)
x̂b,n̂a−→ e−|α|2

∞∑

n=0

ˆ ∞

−∞
dx
|α|2n
n!
|〈x |φn(t)〉|2 |n〉 〈n| ⊗ |x〉 〈x|
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❆ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ é ❞❛❞❛ ♣♦r

fn(x, t) = e−|α|2 |α|2n
n!
|〈x |φn(t)〉|2 =

√

2

π

|α|2n
n!

e−|α|2e−2(x−ℜ{φn(t)})2 ✭✺✳✺✳✶✮

q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ❢❛t♦r ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ σ q✉❡ ❢♦✐ ❡❧✐♠✐♥❛❞♦ ❛♦ ♠❡❞✐r ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s

❡ ♥♦t❛♥❞♦ q✉❡ ❛ ♦r❞❡♠ ❞❛s ♠❡❞✐çõ❡s ♥ã♦ ❛❧t❡r❛ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧✱ ♣♦✐s [x̂b, n̂a] = 0✳ ❆ ♣❛rt❡

❘❡❛❧ ❞❡ φn(t) é ❞❛❞❛ ♣♦r

ℜ{φn(t)} = |β| cos(ξ − t) + sn(1− cos t) ✭✺✳✺✳✷✮

❡ ❛q✉✐ ♦❝♦rr❡ ✉♠ ❢❛t♦ ✐♥t❡r❡ss❛♥t❡ q✉❡ ♣❡r♠✐t❡ ❡st✐♠❛r ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ❝♦♠

❣r❛♥❞❡ ♣r❡❝✐sã♦✿ s❡ ❛♦ ♠❡❞✐r ❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦✱ ♦ ✈❛❧♦r ♦❜t✐❞♦ ❢♦r✿

x ≈ ℜ{φn(t)}

❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ é ♠✉✐t♦ ♣r♦✈❛✈❡❧♠❡♥t❡ ✐❣✉❛❧ ❛ n✱ ♣♦✐s ❛ ❢✉♥çã♦ ❣❛✉ss✐❛♥❛

❞❡❝❛✐ r❛♣✐❞❛♠❡♥t❡ t♦r♥❛❞♦ ♦s t❡r♠♦s ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞✐❢❡r❡♥t❡ ❞❡ n ❞❡s♣r❡③í✈❡✐s✳

■ss♦ é ♣♦ssí✈❡❧✱ ♣♦✐s sã♦ ❝♦♥❤❡❝✐❞♦s ♦s ✈❛❧♦r❡s✿ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ q✉❡ ❢♦✐ ♣r❡♣❛r❛❞♦

❝♦♠♦ ρ̂(0) = |α〉 〈α| ⊗ |β〉 〈β|✱ ❝♦♠ β = |β| eiξ❀ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❡s♣❡❧❤♦✲❝❛♠♣♦ s❀ ❡ ❞♦ ✐♥st❛♥t❡

t ❡♠ q✉❡ é ❢❡✐t❛ ❛ ♠❡❞✐çã♦ ❞❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦✳ ❊♥tã♦✱ ♦ ✈❛❧♦r ❞❡ ℜ{φn(t)} t❛♠❜é♠ é

❝♦♥❤❡❝✐❞♦ ♣❛r❛ t♦❞♦ n✳

✺✳✻ ❊♥tr♦♣✐❛ ▲✐♥❡❛r ❞♦ ❈❛♠♣♦

❖ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦ ❝❛♠♣♦ é ❞❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✺✮ ♣♦r

ρ̂c(t) ≡ ❚rb {ρ̂(t)} = e−|α|2
∞∑

n,m=0

(αe−irt)
n
(αe−irt)

∗m
√
n!m!

×

× e−σ(n−m)2teis
2(n2−m2)(t−sin t) 〈φm(t) |φn(t)〉 |n〉 〈m| ✭✺✳✻✳✶✮

♦♥❞❡ ♦ tr❛ç♦ ❢♦✐ ❢❡✐t♦ s♦❜r❡ ♦ ❡st❛❞♦ ❞♦ ❡s♣❡❧❤♦ ✭q✉❡ ♣♦ss✉✐ ♦♣❡r❛❞♦r❡s ❞❡ í♥❞✐❝❡ b✮✱ s❡♥❞♦

♣♦ssí✈❡❧ ❛ s✉❜st✐t✉✐çã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦s ✈❡t♦r❡s ❝♦❡r❡♥t❡s ♣♦r ✭✺✳✹✳✷✮✳ ❈♦♠♦ ♦s ✈❡t♦r❡s

❞❡ ❋♦❝❦ sã♦ ♦rt♦♥♦r♠❛✐s✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ✉s❛r ✺✳✸✳✸ ♣❛r❛ ❝❤❡❣❛r ♥❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ ❝❛♠♣♦✿

SLC(t) = 1− e−2|α|2
∞∑

n,m=0

|α|2(n+m)

n!m!
e−σ(n−m)2te−4s2(n−m)2 sin2( t

2
) ✭✺✳✻✳✷✮
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♦♥❞❡ ❢♦✐ ✉s❛❞♦ ❛ r❡❧❛çã♦ ✭✺✳✹✳✸✮✳

◆❛ ❋✐❣✉r❛ ✺✳✹✱ ❛ ❛❜s❝✐ss❛ é ❞❡✜♥✐❞❛ ♣❡❧♦ t❡♠♣♦ ❛❞✐♠❡♥s✐♦♥❛❧ ❡ ❛ ♦r❞❡♥❛❞❛ é ❞❡✜♥✐❞❛

♣❡❧❛ ❡♥tr♦♣✐❛ ❞❛❞❛ ♣♦r ✭✺✳✻✳✷✮✳ ❆ ❛❜s❝✐ss❛ ❢♦✐ ♣❧♦t❛❞❛ ❛té 6π q✉❡ ❡q✉✐✈❛❧❡ ❛ três ♦s❝✐❧❛çõ❡s

❝♦♠♣❧❡t❛s ❞♦ ❡s♣❡❧❤♦✱ s❡r✈✐♥❞♦ ♣❛r❛ ♠♦str❛r q✉❡ ❛ ❝❛❞❛ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦✱ ❛ ❛♠♣❧✐t✉❞❡ ❞❡

♦s❝✐❧❛çã♦ ❞❛ ❡♥tr♦♣✐❛ ❞✐♠✐♥✉✐ ❡♠ r❡❧❛çã♦ ❛ s = 0 ✭♦✉ s❡❥❛✱ q✉❛♥❞♦ ♦ ❡s♣❡❧❤♦ s♦❢r❡ ❛çã♦ ❛♣❡♥❛s

❞❡ ✉♠❛ ❢♦rç❛ ❤❛r♠ô♥✐❝❛✮✱ ❢❡♥ô♠❡♥♦ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❢❛t♦r ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ σ✳ ❆❧é♠ ❞✐ss♦✱

q✉❛♥t♦ ♠❛✐♦r é ♦ ❛❝♦♣❧❛♠❡♥t♦✱ s✱ ❡♥tr❡ ❝❛♠♣♦ ❡ ❡s♣❡❧❤♦✱ ♠❛✐♦r é ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ♦s❝✐❧❛çã♦

❞❛ ❡♥tr♦♣✐❛ ❞♦ ❝❛♠♣♦ ❡♠ r❡❧❛çã♦ ❛ s = 0✱ ♠♦str❛♥❞♦ q✉❡ ♠❡❞✐çõ❡s s♦❜r❡ ♦ ❝❛♠♣♦ s♦❢r❡♠

♠❛✐♦r❡s ❛❧t❡r❛çõ❡s ♣❛r❛ t❡♠♣♦s ❝✉rt♦s ❡♠ r❡❧❛çã♦ ❛ s = 0✱ ❞❡✈✐❞♦ ❛♦ ❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ ♦

❡s♣❡❧❤♦✳ ❚❛♠❜é♠ é ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ q✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞♦ ❢❛t♦r ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦✱

♠❡♥♦r❡s sã♦ ❛s ♦s❝✐❧❛çõ❡s ❞❛ ❡♥tr♦♣✐❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✈❛❧♦r ❞❡ s✱ ♠♦str❛♥❞♦ q✉❡ ♦ ❝❛♠♣♦

♣❛r❡❝❡ ♥ã♦ ❡st❛r ❡♠ ❝♦♥t❛t♦ ❝♦♠ ♦ ❡s♣❡❧❤♦ ❡ q✉❡ ♠❡❞✐çõ❡s s♦❜r❡ ♦ ♠❡s♠♦ ❧❡✈❛♠ ❡♠ ❝♦♥t❛

❛♣❡♥❛s ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ r❡s❡r✈❛tór✐♦✱ ♦✉ s❡❥❛✱ ❡♠ r❡❧❛çã♦ ❛ s✐t✉❛çã♦ ❡♠ q✉❡ ♦ ❝❛♠♣♦ ♥ã♦

❡stá ♥❡♠ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ❡s♣❡❧❤♦✱ ♥❡♠ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✱ ♦ ❝❛♠♣♦ ♣❡r❞❡ ❝♦❡rê♥❝✐❛ ♣❛r❛

♦ r❡s❡r✈❛tór✐♦✱ ❝♦♠♦ ♠♦str❛ ♦s ❣rá✜❝♦s ✭❣✮✱ ✭❤✮ ❡ ✭✐✮✳ ❖ r❡s❡r✈❛tór✐♦✱ ❡♠ t❡♦r✐❛✱ s♦❢r❡ ✉♠❛

♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦✱ s❡♥❞♦ q✉❡ s✉❛ ❡♥tr♦♣✐❛ ♣❡r♠❛♥❡❝❡ ♣r❛t✐❝❛♠❡♥t❡ ③❡r♦✱ ♦✉ s❡❥❛✱ q✉❛❧q✉❡r

♠❡❞✐çã♦ ❢❡✐t❛ s♦❜r❡ ♦ ♠❡s♠♦ ❞❡✈❡rá ♣r♦❞✉③✐r ♦s ♠❡s♠♦s ✈❛❧♦r❡s ❝❛s♦ ♥ã♦ ❡st✐✈❡ss❡ ❡♠ ❝♦♥t❛t♦

❝♦♠ ♦ s✐st❡♠❛✳ P❡❧❛ ❡q✉❛çã♦ ✭✺✳✻✳✷✮ ❡ ♣❡❧❛ ❋✐❣✉r❛ ✺✳✹✱ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ♣❛r❛ t❡♠♣♦s

♠✉✐t♦ ❧♦♥❣♦s ❛ ❡♥tr♦♣✐❛ ❞♦ ❝❛♠♣♦ s❡ ✐❣✉❛❧❛ ❛ ❡♥tr♦♣✐❛ ❧✐♠✐t❡ ❞♦ s✐st❡♠❛ ✭✺✳✸✳✺✮✱ ♠♦str❛♥❞♦

q✉❡ ♦ ❝❛♠♣♦ ❛t✐♥❣❡ ✉♠ ❡♠❛r❛♥❤❛♠❡♥t♦ ❧✐♠✐t❡ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✱ r❡s✉❧t❛♥❞♦ ♥✉♠ ❡♥s❡♠❜❧❡

✐♥❝♦❡r❡♥t❡✳ ◗✉❛♥t♦ ♠❛✐♦r é ♦ ✈❛❧♦r ❞❡ |α|✱ ♠❛✐♦r é ❡ss❡ ✈❛❧♦r ❧✐♠✐t❡✱ ❡ ♠❛✐♦r é ♦ ✈❛❧♦r ❞❛

❡♥tr♦♣✐❛ ♣❛r❛ s = 0✳ P♦rt❛♥t♦✱ ❡♠ s✐t✉❛çõ❡s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❛s❡✲❝❧áss✐❝❛s✱ ♦ ❝❛♠♣♦ q✉❛s❡

✐♥st❛♥t❛♥❡❛♠❡♥t❡ ♣❡r❞❡ t♦❞❛ s✉❛ ❝♦❡rê♥❝✐❛ ♣❛r❛ ♦ r❡s❡r✈❛tór✐♦✱ r❡s✉❧t❛♥❞♦ ♥✉♠ s✐st❡♠❛ ❝♦♠

♦ ❝❛♠♣♦ ❡①❛t❛♠❡♥t❡ ♥♦ ❡st❛❞♦ ❞❡ ❋♦❝❦ ✭❡♥s❡♠❜❧❡ ✐♥❝♦❡r❡♥t❡✮✱ ❡ ❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦ ❞❛

♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦ é ❞❛❞❛ ♣♦r fn(x, t) ✭❡q✉❛çã♦ ✭✺✳✺✳✶✮✮✱ ❡ ♣♦rt❛♥t♦ é ♣r♦✈á✈❡❧ q✉❡ ✉♠❛

♠❡❞✐çã♦ ❞❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦ ❡st❡❥❛ ♣ró①✐♠❛ ❞❡ ℜ{φn(t)} ❞❡t❡r♠✐♥❛♥❞♦ ❝♦♠ ♠❛✐s ❡①❛t✐❞ã♦

✭q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❛ ✉♠❛ s✐t✉❛çã♦ ✐♥✐❝✐❛❧ q✉❡ ♥ã♦ é q✉❛s❡✲❝❧áss✐❝❛✱ ♦♥❞❡ ♦ ❡st❛❞♦ ❞♦ ❝❛♠♣♦

é ✉♠❛ s♦❜r❡♣♦s✐çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s✮ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞❡♥tr♦ ❞❛ ❝❛✈✐❞❛❞❡✳
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✭❣✮ |α| = 5 σ = 1
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✭❤✮ |α| = 2 σ = 1
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✭✐✮ |α| = 0.5 σ = 1

1
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0

✭❥✮ ▲❡❣❡♥❞❛✳

❋✐❣✉r❛ ✺✳✹✿ ❊♥tr♦♣✐❛ ▲✐♥❡❛r ❞♦ ❈❛♠♣♦✱ SLC(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ t✳ ❈❛❞❛ ❣rá✜❝♦ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠

❡st❛❞♦ ✐♥✐❝✐❛❧ ❝♦❡r❡♥t❡ |α〉 ❞♦ ❝❛♠♣♦✱ ♦♥❞❡ ❝❛❞❛ ❧✐♥❤❛ r❡♣r❡s❡♥t❛ ✉♠ ✈❛❧♦r ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❝❛♠♣♦✲❡s♣❡❧❤♦

s ❞✐st✐♥t♦ ❞❡s❝r✐t♦s ♣❡❧❛ ❧❡❣❡♥❞❛ ❞❡ ❝♦r❡s✳ ❖s ❣rá✜❝♦s ❡stã♦ ♣❧♦t❛❞♦s ♣❛r❛ ♦ ♣❡rí♦❞♦ ❞❡ três ♦s❝✐❧❛çã♦ ❞♦

❡s♣❡❧❤♦✱ ♦✉ s❡❥❛✱ ❞❡ t = 0 ❛ t = 6π✳
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✺✳✼ ▼❡❞✐çõ❡s s♦❜r❡ ♦ ❝❛♠♣♦

◆ã♦ é ♣♦ssí✈❡❧ ✉s❛r ❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ ❢ór♠✉❧❛ ❡①❛t❛ ♣❛r❛ ❛ ♠é❞✐❛ ❞❡ ✉♠

♦♣❡r❛❞♦r ❛r❜✐trár✐♦ ❞♦ ❝❛♠♣♦✱ s❡♠ s❛❜❡r ❡①❛t❛♠❡♥t❡ q✉❛❧ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ρ̂(0)✱ ♣♦✐s✱ ❡♠

❣❡r❛❧✱ ❛♦ t❡♥t❛r ❡❢❡t✉❛r ❡ss❡ ♣r♦❝❡ss♦✱ é ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♠é❞✐❛ ❞❡

✉♠ s❡❣✉♥❞♦ ♦♣❡r❛❞♦r ❞♦ ❝❛♠♣♦ q✉❡ s✉r❣❡ ♥❡ss❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✺✳✶✳✶✮✳ ❊ss❡ s❡❣✉♥❞♦

♦♣❡r❛❞♦r✱ ❛♦ ♣❛ss❛r t❛♠❜é♠ ♣♦r ✭✺✳✶✳✶✮✱ ✐rá ❞❛r ♦r✐❣❡♠ ❛ ✉♠ t❡r❝❡✐r♦ ♦♣❡r❛❞♦r ❞♦ ❝❛♠♣♦

✭❞✐st✐♥t♦ ❞♦ ♣r✐♠❡✐r♦ ❡ ❞♦ s❡❣✉♥❞♦✮✱ q✉❡ ❛♦ ♣❛ss❛r ♣♦r ✭✺✳✶✳✶✮ ✐rá ❞❛r ♦r✐❣❡♠ ❛ ✉♠ q✉❛rt♦

♦♣❡r❛❞♦r ❞♦ ❝❛♠♣♦ ✭❞✐st✐♥t♦ ❞♦s três ♦♣❡r❛❞♦r❡s ❛♥t❡r✐♦r❡s✮ s❡♥❞♦ q✉❡ ❡ss❡ ♣r♦❝❡ss♦ ♣♦❞❡ s❡r

r❡❛❧✐③❛❞♦ ✐♥✜♥✐t❛♠❡♥t❡✱ ♦✉ s❡❥❛✱ ♥ã♦ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ ❢ór♠✉❧❛ ❡①❛t❛ ♣❛r❛ ❛ ♠é❞✐❛

❞♦ ♣r✐♠❡✐r♦ ♦♣❡r❛❞♦r ❡♠ q✉❡stã♦✳ ❊①✐st❡♠ ❛❧❣✉♠❛s ❡①❝❡çõ❡s q✉❡ ♥ã♦ ❡♥tr❛♠ ♥❡ss❡ ♣r♦❝❡ss♦

✐♥✜♥✐t♦✱ ❡ ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s é ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ❝♦♠✉t❛♠ ❝♦♠ ♦s ♦♣❡r❛❞♦r❡s ❞♦ ♣♦t❡♥❝✐❛❧

❞❡ ✐♥t❡r❛çã♦✱ V̂ ✳ ■ss♦ ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦ s✉♣❡r♦♣❡r❛❞♦r e−γJ t ♥ã♦ ♣♦ss✉✐r ✉♠❛ ❢♦r♠❛ ❡①❛t❛ ❛♦

s❡r ❛♣❧✐❝❛❞♦ s♦❜r❡ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❛r❜✐trár✐❛ρ̂(0)✱ s❡♥❞♦ ❡①✐❜✐❞♦ ❛♣❡♥❛s ❝♦♠♦ ✉♠❛ sér✐❡

✐♥✜♥✐t❛✳ P❛r❛ ❡♥❝♦♥tr❛r ❛ ♠é❞✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞♦ ❡s♣❡❧❤♦ é ♣♦ssí✈❡❧ ✉s❛r ❛♣❡♥❛s ✭✺✳✶✳✶✮✱

♣♦rq✉❡ J ❛t✉❛ ❛♣❡♥❛s ❡♠ ❡st❛❞♦s ❞♦ ❝❛♠♣♦✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ q✉❛s❡✲❝❧áss✐❝❛ ρ̂(0) = |α〉 〈α| ⊗ |β〉 〈β|✱ ❡♥tã♦ s❡rá

❡♥❝♦♥tr❛❞❛ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡✱ x̂a✱ ❞♦ ❝❛♠♣♦ ❞❡ ♠♦❞♦ k✳

✺✳✼✳✶ ◆ú♠❡r♦ ❞❡ ❋ót♦♥s

❙❡ ❢♦r ♣♦ssí✈❡❧ ❛❝❡ss❛r ❞✐r❡t❛♠❡♥t❡ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦✱ ❡♥tã♦ ❛♦ ♠❡❞✐r ♦ ♥ú♠❡r♦ ❞❡

❢ót♦♥s ❞❡ ✭✺✳✻✳✶✮✱ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❝♦❧❛♣s❛rá ♣❛r❛✿

ρ̂C(t)
n̂a−→

∞∑

n=0

〈n| ρ̂C(t) |n〉 |n〉 〈n|

♦♥❞❡ 〈n| ρ̂C(t) |n〉 é ❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s✱ ❡ ♦ ♥♦✈♦ ❡♥s❡♠❜❧❡ ♣♦ss✉✐

tr❛ç♦ ✉♥✐tár✐♦✳ ❆ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ✜❝❛✿

〈n| ρ̂C(t) |n〉 = e−|α|2 |α|2n
n!

♠♦str❛♥❞♦ q✉❡ ♥ã♦ ❤á ♠♦❞✐✜❝❛çã♦ ❝♦♠ ♦ t❡♠♣♦✳
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✺✳✼✳✷ ◗✉❛❞r❛t✉r❛ ❞❛ ❆♠♣❧✐t✉❞❡

x̂a é ♦ ♦♣❡r❛❞♦r q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♠♦❞♦ k ❞♦ ❝❛♠♣♦ ❞❡✜♥✐❞♦ ♣♦r✿

x̂a ≡
√
ωk
2~
Q̂k

q✉❡ é ✉♠ ♦♣❡r❛❞♦r ❛❞✐♠❡♥s✐♦♥❛❧✳ ▲❡♠❜r❛r q✉❡ Q̂k é ♦ ♦♣❡r❛❞♦r ❛♠♣❧✐t✉❞❡ ❞♦ ♠♦❞♦ k ❞♦

❝❛♠♣♦✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ é

~B = ∇× ~A

~E = −∇φ− ∂ ~A

∂t

0 =
∂φ

∂t
+∇ · ~A ✭✺✳✼✳✶✮

❝♦♠ ~E ❡ ~B ♦s ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♦ ♠❛❣♥ét✐❝♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ~A ❡ φ sã♦ ♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r

❡ ♦ ♣♦t❡♥❝✐❛❧ ❡❧étr✐❝♦ ❡s❝❛❧❛r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆❛ s✐t✉❛çã♦ ❞♦ ❡①♣❡r✐♠❡♥t♦ ❢ís✐❝♦ ♣r♦♣♦st♦✱

♥ã♦ ❡①✐st❡♠ ❝❛r❣❛s ❧✐✈r❡s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ♥❡♠ ❝♦rr❡♥t❡ ❡❧étr✐❝❛✳ ❖ ♣♦t❡♥❝✐❛❧ ✈❡t♦r ❡ ♦

♣♦t❡♥❝✐❛❧ ❡s❝❛❧❛r sã♦ ❞❛❞♦s ♣♦r

~A(x, t) = A(x, t)ŷ

φ(x, t) = 0

♦♥❞❡ φ(x, t) é ❝❛❧❝✉❧❛❞♦ ✉s❛♥❞♦ ✭✺✳✼✳✶✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ♥ã♦ ❡①✐st❡♠ ❝❛r❣❛s ❧✐✈r❡s✳

❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✻✳✶✮ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❛ ♠é❞✐❛ ❞❡ x̂a✿

〈x̂a〉(t) = ❚r {ρ̂c(t)x̂a} ✭✺✳✼✳✷✮

❆♣❧✐❝❛♥❞♦ x̂a s♦❜r❡ ✉♠ ❡st❛❞♦ ❞❡ ❋♦❝❦✱ ♦❜té♠✲s❡

x̂a |n〉 =
1

2

(√
n |n− 1〉+

√
n+ 1 |n+ 1〉

)

✭✺✳✼✳✸✮

❙✉❜st✐t✉✐♥❞♦ ✭✺✳✼✳✸✮ ❡♠ ✭✺✳✼✳✷✮✱ ❡♥tã♦

〈x̂a〉(t) =
1

2

∞∑

n,m=0

ρcnm(t)
(√

n❚r {|n− 1〉 〈m|}+
√
n+ 1❚r {|n+ 1〉 〈m|}

)

✭✺✳✼✳✹✮
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♦♥❞❡

ρcnm(t) = e−|α|2 (αe
−irt)

n
(αe−irt)

∗m
√
n!m!

e−σ(n−m)2teis
2(n2−m2)(t−sin t) 〈φm(t) |φn(t)〉

❯s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✺✳✸✳✷✮ ❡♠ ✭✺✳✼✳✹✮

〈x̂a〉(t) =
1

2

( ∞∑

n=0

√
nρcn,n−1(t) +

∞∑

m=0

√
mρcm−1,m(t)

)

♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❤❡r♠✐t✐❛♥❛ ❞❡ ρ̂c(t)✱ ❡♥tã♦
(
ρcn,n−1(t)

)∗
= ρcn−1,n(t) ❡ ❝♦♠♦ n ❡ m sã♦ í♥❞✐❝❡s

♠✉❞♦s ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ❛ ♠é❞✐❛ ♣❛ss❛ ❛ s❡r

〈x̂a〉(t) =
∞∑

n=0

√
nℜ
{
ρcn,n−1(t)

}
= ℜ

{ ∞∑

n=0

√
nρcn,n−1(t)

}

〈x̂a〉(t) = e−|α|2e−σte−2s2 sin2( t
2
) ×

× ℜ
{

αe−irteis(ℜ{β} sin t+ℑ{β}(1−cos t))

∞∑

n=0

|α|2(n−1)

(n− 1)!
eis

2(2n−1)(t−sin t)

}

❛❧t❡r❛♥❞♦ ♦ í♥❞✐❝❡ n 7→ n+ 1✱ ❡♥tã♦

〈x̂a〉(t) = e−|α|2e−σte−2s2 sin2( t
2
) ×

× ℜ







αe−irteis(ℜ{β} sin t+ℑ{β}(1−cos t))eis
2(t−sin t)

∞∑

n=1

(

|α| eis2(t−sin t)
)2n

n!







✭✺✳✼✳✺✮

♦♥❞❡
∞∑

n=1

(

|α| eis2(t−sin t)
)2n

n!
= e|α|

2 cos(2s2(t−sin t))ei|α|
2 sin(2s2(t−sin t)) − 1 ✭✺✳✼✳✻✮

❙✉❜st✐t✉✐♥❞♦ ✭✺✳✼✳✻✮ ❡♠ ✭✺✳✼✳✺✮

〈x̂a〉(t) = |α| e−(|α|2+σt+2s2 sin2( t
2
))
[

e|α|
2 cos(2s2(t−sin t))×

× cos
(
z + |α|2 sin

(
2s2 (t− sin t)

))
− cos(z)

]
✭✺✳✼✳✼✮

♦♥❞❡ ❛ ♥♦✈❛ ❢✉♥çã♦ z✱ s✉❜st✐t✉✐ t❡r♠♦s r❡♣❡t✐❞♦s✿

z = θ + rt+ s (ℜ{β} sin t+ ℑ{β} (1− cos t)) + s2 (t− sin t)
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❝♦♠

α = |α| eiθ

❖ ❡s❝❛❧❛r q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦

β = |β| eiξ

✺✳✼✳✸ ▼é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡

❆ ❡q✉❛çã♦ ✭✺✳✼✳✼✮ é ♠✉✐t♦ ❝♦♠♣❧❡①❛ ♣❛r❛ s❡r ❛♥❛❧✐s❛❞❛✱ ♣♦ré♠ ♦ ✈❛❧♦r ❞♦ ❛❝♦♣❧❛♠❡♥t♦ s é

❢✉♥❞❛♠❡♥t❛❧ ❡♠ s✉❛ ❝♦♠♣r❡❡♥sã♦✱ ♣♦✐s ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ s✉❛ ✐♥t❡♥s✐❞❛❞❡ s❡ ✈❡r✐✜❝❛ q✉❡ ♦

❣rá✜❝♦ t × 〈x̂a〉(t) s❡ ❛❣r✉♣❛ ❞❡ ♠❛♥❡✐r❛ ❛ ❝r✐❛r ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❡♠ q✉❡ 〈x̂a〉(t) ≈ 0 ❡♠

r❡❧❛çã♦ ❛♦ ✈❛❧♦r ❞❛s ❛♠♣❧✐t✉❞❡s q✉❡ ♦❝♦rr❡ ♥♦s ❛❣r✉♣❛♠❡♥t♦s✳ P♦r ❡①❡♠♣❧♦✿
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❋✐❣✉r❛ ✺✳✺✿ ▼é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ 〈x̂a〉(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ t✳ ❖ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é|α| = 4✱ ♦ ❢❛t♦r ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝❛♠♣♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é

s = 0.18 ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦ é r = 3✳ ◆ã♦ ❤á

❛♠♦rt❡❝✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♣♦r ♣❛rt❡ ❞♦ r❡s❡r✈❛tór✐♦✱ σ = 0✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ é ♦ ✈á❝✉♦✱ β = 0✱ ❡ ❛

❢❛s❡ ❞♦ ❝❛♠♣♦ é ♥✉❧❛✱ θ = 0✳
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❘❡♣❛r❛♥❞♦ q✉❡ ❡①✐st❡♠ ✐♥t❡r✈❛❧♦s q✉❡ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ q✉❛s❡ s❡

❛♥✉❧❛✳ ❆♦ ❛✉♠❡♥t❛r ♦ ✈❛❧♦r ❞❡ s✱ ❡♥tã♦ ♦ ❣rá✜❝♦ ✜❝❛✿
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❋✐❣✉r❛ ✺✳✻✿ ▼é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ 〈x̂a〉(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ t✳ ❖ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é|α| = 4✱ ♦ ❢❛t♦r ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝❛♠♣♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é

s = 0.34 ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦ é r = 3✳ ◆ã♦ ❤á

❛♠♦rt❡❝✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♣♦r ♣❛rt❡ ❞♦ r❡s❡r✈❛tór✐♦✱ σ = 0✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ é ♦ ✈á❝✉♦✱ β = 0✱ ❡ ❛

❢❛s❡ ❞♦ ❝❛♠♣♦ é ♥✉❧❛✱ θ = 0✳

❖s ❣r✉♣♦s ❞❛ ❋✐❣✉r❛ ✺✳✻ s❡ ❛♣r♦①✐♠❛♠ ❡ ❝♦♥tr❛❡♠ s✉❛ ❧❛r❣✉r❛ ❡♠ r❡❧❛çã♦ ❛♦s ❞❛ ❋✐❣✉r❛

✺✳✺✱ ❛❧é♠ ❞❡ ❛❧❣✉♥s ❞✐♠✐♥✉ír❡♠ s✉❛ ✐♥t❡♥s✐❞❛❞❡✳ ❖ ❢❛t♦r s ❛❧t❡r❛ ❛ ❧❛r❣✉r❛ ❞❡ ❝❛❞❛ ❣r✉♣♦ ❡

♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ❡❧❡s✱ s❡♥❞♦ q✉❡ é ♣♦ssí✈❡❧ ✉♥✐r ❣r✉♣♦s✱ ❛❧é♠ ❞❡ ❛❧t❡r❛r ♦ ✈❛❧♦r ♠á①✐♠♦

❞❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✉♠ ❣r✉♣♦✳ ❊ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ✜❣✉r❛s ✺✳✼ ❡ ✺✳✽✱ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s

♥❛ ❝❛✈✐❞❛❞❡ ❞❛❞♦ ♣♦r Nk = |α|2 ❛❧t❡r❛ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❝❛❞❛ ❣r✉♣♦✱ ❛❧é♠ ❞❡

❛❧t❡r❛r ❛ ❧❛r❣✉r❛ ❞❡ ✉♠ ❣r✉♣♦✳ ❖ ✈❛❧♦r ❞❡ r ❛❧t❡r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣✐❝♦s ❡ ✈❛❧❡s ❞♦s ❣r✉♣♦s✳ ❖

✈❛❧♦r ❞❡ β ❛❧t❡r❛ ♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ❞♦✐s ✈❛❧❡s ❝♦♥s❡❝✉t✐✈♦s ❡ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❝❛❞❛

❣r✉♣♦ ❝r✉③❛ ♦ ❡✐①♦ t✳ ❖ ✈❛❧♦r ❞❡ θ ❛❧t❡r❛ ❛ ❢❛s❡ ❞♦s ✈❛❧❡s ♥♦ ❣r✉♣♦✳ ❖ ❢❛t♦r ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

σ ❛♦ s❡r ❛✉♠❡♥t❛❞♦✱ ❞❡stró✐ r❛♣✐❞❛♠❡♥t❡ ❣r✉♣♦s ♠❛✐s ❛❢❛st❛❞♦s ❞❡ t = 0✳ ❆ ♣❛rt✐r ❞❡ ✉♠

❝❡rt♦ ✈❛❧♦r ❞❡ σ ✭σ = 1 ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ✉♠ ✈❛❧♦r ❜❡♠ ❛❧t♦✮ s♦❜r❛ ❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦

❣r✉♣♦ q✉❡ ❝♦♠❡ç❛ ❡♠ t = 0 ❡ t❡r♠✐♥❛ ❛♦♥❞❡ ❞❡t❡r♠✐♥❛ ♦s ✈❛❧♦r❡s ❞❡ s ❡ ❞❡ |α|✳
P❛r❛ ✉♠❛ s✐t✉❛çã♦ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❛s❡✲❝❧áss✐❝❛ ✭|α| ≫ 1 ✮✱ ♠❡s♠♦ q✉❡ ♥ã♦ ❤❛❥❛ ❛♠♦rt❡✲

❝✐♠❡♥t♦ ✭σ = 0✮✱ ♦s ❣r✉♣♦s s❡ ❛❢❛st❛♠ t❛♥t♦ q✉❡✱ ♣♦r ✉♠ ❧♦♥❣♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦✱ ❡①✐st✐rá
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❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦ ❣r✉♣♦✱ ♦♥❞❡ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ♦s❝✐❧❛ ❛♣❡♥❛s ♥♦s ♣r✐♠❡✐✲

r♦s ✐♥st❛♥t❡s ❡ ❞❡♣♦✐s ♣❛ss❛ ❛ s❡r ♣r❛t✐❝❛♠❡♥t❡ ♥✉❧❛ ♣♦r ✉♠ ❧♦♥❣♦ ♣❡rí♦❞♦✳ P❛r❛ ❛ s✐t✉❛çã♦

q✉â♥t✐❝❛✱ ♣♦r ❡①❡♠♣❧♦ ❛ ❋✐❣✉r❛ ✺✳✼✱ ♦♥❞❡ é ♠♦str❛❞❛ ✉♠❛ s✐t✉❛çã♦ ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦

❡♥tr❡ ❝❛♠♣♦ ❡ ❡s♣❡❧❤♦✱ ♥♦t❛✲s❡ q✉❡ ♦s ❣r✉♣♦s ❛✐♥❞❛ ♥ã♦ s❡ ❢♦r♠❛r❛♠✱ ❡ ♦ ❡s♣❛ç♦ ❡♥tr❡ ❡❧❡s

♥ã♦ é ♥✉❧♦✱ ❡ q✉❡ ❛♦ s❡r ❛♠♦rt❡❝✐❞♦ ❝♦♠ σ = 0.008✱ ♦ ❣rá✜❝♦ s❡ t♦r♥❛ ❛ ❋✐❣✉r❛ ✺✳✽✳
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❋✐❣✉r❛ ✺✳✼✿ ▼é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ 〈x̂a〉(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ t✳ ❖ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é|α| = 1✱ ♦ ❢❛t♦r ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝❛♠♣♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é

s = 0.08 ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦ é r = 0.3✳ ◆ã♦ ❤á

❛♠♦rt❡❝✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♣♦r ♣❛rt❡ ❞♦ r❡s❡r✈❛tór✐♦✱ σ = 0✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ é ♦ ✈á❝✉♦✱ β = 0✱ ❡ ❛

❢❛s❡ ❞♦ ❝❛♠♣♦ é ♥✉❧❛✱ θ = 0✳
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❋✐❣✉r❛ ✺✳✽✿ ▼é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ 〈x̂a〉(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ t✳ ❖ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é|α| = 1✱ ♦ ❢❛t♦r ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝❛♠♣♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é

s = 0.08 ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦ é r = 0.3✳ ❊①✐st❡

❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡ ❞♦ ❝❛♠♣♦ ♣♦r ♣❛rt❡ ❞♦ r❡s❡r✈❛tór✐♦✱ σ = 0.008✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ é ♦ ✈á❝✉♦✱

β = 0✱ ❡ ❛ ❢❛s❡ ❞♦ ❝❛♠♣♦ é ♥✉❧❛✱ θ = 0✳

❉✉r❛♥t❡ ♦s ✐♥st❛♥t❡s ❡♠ q✉❡ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ é ♣r❛t✐❝❛♠❡♥t❡ ♥✉❧❛✱

♥ã♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ t❛♠❜é♠ é ♥✉❧♦✱ ♣♦✐s ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❞❡✈❡

s❡ ♠❛♥t❡r ❝♦♥st❛♥t❡✱ ❝♦♠♦ ❢♦✐ ❝❛❧❝✉❧❛❞♦ ❛♦ ♠♦str❛r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞♦ ♠♦❞♦ k ♥❛

❝❛✈✐❞❛❞❡ é ❝♦♥st❛♥t❡✳ ❖ q✉❡ ♦❝♦rr❡ é q✉❡ ♦s ❣rá✜❝♦s ♠♦str❛r❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♠é❞✐❛

❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♣♦t❡♥❝✐❛❧ ✈❡t♦r✱ ❡ ✐ss♦ ✐♥❞✐❝❛ q✉❡ ✉♠❛ s✐t✉❛çã♦ ✐♥✐❝✐❛❧♠❡♥t❡

q✉❛s❡✲❝❧áss✐❝❛ s❡ t♦r♥❛ q✉â♥t✐❝❛ ❝♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✳ ❯s❛♥❞♦ ❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛

❙✉❜s❡çã♦ ✷✳✹✳✶✵ ❡ ♠❡❞✐♥❞♦ ❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❡st❛❞♦ ❞♦ ❝❛♠♣♦✱ ❡❧❡ ❝♦❧❛♣s❛rá

♣❛r❛✿

ρ̂C(t)
x̂a−→
ˆ ∞

−∞
dx 〈x| ρ̂C(t) |x〉 |x〉 〈x|

♦♥❞❡ 〈x| ρ̂C(t) |x〉 r❡♣r❡s❡♥t❛ ❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧✱ ❡ ♦ ♥♦✈♦ ❡♥s❡♠❜❧❡ ❛❝✐♠❛ ♥ã♦ ♣♦ss✉✐ tr❛ç♦

✉♥✐tár✐♦✱ ❥á q✉❡ ♦ ✈❡t♦r ♣♦s✐çã♦ ♥ã♦ é ♥♦r♠❛❧✐③á✈❡❧✳ ❆♥❛❧✐s❛♥❞♦ ❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧✱ ♦❜té♠✲
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s❡✿

f(x, t) ≡ 〈x| ρ̂C(t) |x〉 =
e−|α|2−2x2

√
π

∞∑

n,m=0

(|α|/
√
2)n+m

n!m!
e−(σt+2s2 sin2(t/2))(n−m)2Hn(

√
2x)Hm(

√
2x)×

× cos
[
(θ − rt+ s |β| (sin(t− ξ)− sin ξ))(n−m) + s2(n2 −m2)(t− sin t)

]

♦♥❞❡ ❢♦✐ ✉s❛❞♦ β = |β| eiξ✱ ❡ ❛s ❛✉t♦❢✉♥çõ❡s ❡♥❡r❣✐❛s r❡♣r❡s❡♥t❛❞❛s ❡♠ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐çã♦✿

〈x |n〉 = 1√
2nn!

1

π1/4
e−x

2

Hn(
√
2x)

❝♦♠ Hn s❡♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❍❡r♠✐t❡✳

◆❛ ❋✐❣✉r❛ ✺✳✾ sã♦ ♠♦str❛❞❛s ❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ♥❛ ❛❜s❝✐ss❛ ❡ ❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐✲

♦♥❛❧ ♥❛ ♦r❞❡♥❛❞❛✱ s❡♥❞♦ q✉❡ ♦ ✐♥st❛♥t❡ é t = 30✱ ❛ss✐♠ ❛ ❝♦♠♣❛r❛çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❝♦♠ ❛

❋✐❣✉r❛ ✺✳✺ q✉❡ ♠♦str❛ ✉♠❛ ♠é❞✐❛ ♥✉❧❛ ♥❡ss❡ ✐♥st❛♥t❡✳

-4 -2 0 2 4
x

0.01

0.02

0.03

0.04
f x,t

❋✐❣✉r❛ ✺✳✾✿ ❋r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ f(x, t)✱ ♥♦ ✐♥st❛♥t❡ t = 30✱ ❡♠

❢✉♥çã♦ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦ x✳ ❖ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é|α| = 4✱

♦ ❢❛t♦r ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝❛♠♣♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é s = 0.18 ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦

❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦ é r = 3✳ ◆ã♦ ❤á ❛♠♦rt❡❝✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♣♦r ♣❛rt❡ ❞♦ r❡s❡r✈❛tór✐♦✱

σ = 0✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ é ♦ ✈á❝✉♦✱ β = 0✱ ❡ ❛ ❢❛s❡ ❞♦ ❝❛♠♣♦ é ♥✉❧❛✱ θ = 0✳
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-4 -2 0 2 4
x

0.01

0.02

0.03

0.04
f x,t

❋✐❣✉r❛ ✺✳✶✵✿ ❋r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ f(x, t)✱ ♥♦ ✐♥st❛♥t❡ t = 30✱ ❡♠

❢✉♥çã♦ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦ x✳ ❖ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ é|α| = 4✱ ♦

❢❛t♦r ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝❛♠♣♦ ❡ ♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é s = 0.18 ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡ ❛

❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦ ❡s♣❡❧❤♦ é r = 3✳ ❊①✐st❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡ ❞♦ ❝❛♠♣♦ ♣♦r ♣❛rt❡ ❞♦ r❡s❡r✈❛tór✐♦✱

σ = 0.1✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦ ❡s♣❡❧❤♦ é ♦ ✈á❝✉♦✱ β = 0✱ ❡ ❛ ❢❛s❡ ❞♦ ❝❛♠♣♦ é ♥✉❧❛✱ θ = 0✳

❋✐❝❛♥❞♦ ❡✈✐❞❡♥t❡ ♥❛s ❋✐❣✉r❛s ✺✳✾ ❡ ✺✳✶✵ q✉❡ ❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ♥ã♦ é ♥✉❧❛✱ ❡

♣♦rt❛♥t♦ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ t❛♠❜é♠ ♥ã♦ é✳ ◆♦t❛✲s❡ ♥❛ ❋✐❣✉r❛ ✺✳✾ q✉❡ ❛ ♣♦♣✉❧❛çã♦

❝♦♠ ❛♠♣❧✐t✉❞❡ ♣♦s✐t✐✈❛ é ♣❛r❡❝✐❞❛ ❝♦♠ ❛ ❞❡ ❛♠♣❧✐t✉❞❡ ♥❡❣❛t✐✈❛✱ ❡✈✐❞❡♥❝✐❛♥❞♦ q✉❡ ❛ ♠é❞✐❛ é

q✉❛s❡ ♥✉❧❛✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✺ ♣❛r❛ ♦ ✐♥st❛♥t❡ t = 30✳ ❊ss❛ s❡♠❡❧❤❛♥ç❛ ❛✉♠❡♥t❛

♠✉✐t♦✱ q✉❛♥❞♦ ♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❛♣❛r❡❝❡ ♥❛ ❋✐❣✉r❛ ✺✳✶✵✱ ♦♥❞❡ ❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ♣♦❞❡ s❡r

r❡❡s❝r✐t❛ ❝♦♠♦ s❡ σ ≫ 1✿

〈x| ρ̂C(t) |x〉 =
e−|α|2−2x2

√
π

∞∑

n=0

(
|α|2/2

)n

n!2
H2
n(
√
2x)

❊ss❡s ♣♦♥t♦s ❢♦r❛♠ ❡♥❢❛t✐③❛❞♦s ♣❛r❛ ♠♦str❛r q✉❡ ♦ ❡st❛❞♦ ❞♦ ❝❛♠♣♦ q✉❡ ❝♦♠❡ç❛ ❝♦♠♦

q✉❛s❡✲❝❧áss✐❝♦ |α〉 ✭|α| ≫ 1✮✱ ♥ã♦ ❝♦♥t✐♥✉❛rá q✉❛s❡✲❝❧áss✐❝♦✱ ♣♦✐s✱ ❝❧❛ss✐❝❛♠❡♥t❡✱ s❡ ♥ã♦ ❤á

❛♠♦rt❡❝✐♠❡♥t♦✱ ❛ ❛♠♣❧✐t✉❞❡ ♥ã♦ ♣❡r♠❛♥❡❝❡ ♥✉❧❛ ♣♦r ❧♦♥❣♦s ♣❡rí♦❞♦s ❞❡ t❡♠♣♦✳ ❯♠❛ ❞❛s

❡①♣❧✐❝❛çõ❡s ♣❛r❛ ✐ss♦ é q✉❡ ❛ ❡♥❡r❣✐❛ ❝❧áss✐❝❛ ❞♦ ❝❛♠♣♦ q✉❡ é ❞❛❞❛ ♣♦r✿

1

2

ˆ q(t)

0

dx

[(
∂A

∂t

)2

+

(
∂A

∂x

)2
]

✭✺✳✼✳✽✮

❡ ♥ã♦ ❞❡✈❡ ✈❛r✐❛r ❝♦♠ ♦ t❡♠♣♦✱ ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦ t❛♥t♦ ❝❧❛ss✐❝❛♠❡♥t❡ ❝♦♠♦ q✉❛♥t✐❝❛♠❡♥t❡✳

❆ss✐♠✱ ♣❛r❛ q✉❡ ❛ ♠é❞✐❛ ❞❛ ❛♠♣❧✐t✉❞❡✱ 〈Q̂k〉✱ ❝♦rr❡s♣♦♥❞❛ s❡♠♣r❡ ❛♦s ✈❛❧♦r❡s ❝❧áss✐❝♦s✱ ❡❧❛ ♥ã♦

♣♦❞❡ s❡ ❛♥✉❧❛r ♣♦r ❧♦♥❣♦s ♣❡rí♦❞♦s✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r✱ ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦

♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻✱ ♣♦✐s ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞❡ 〈Q̂k〉✱ q✉❡ s❡r✐❛ ✉s❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✺✳✼✳✽✮✱
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✐r✐❛ q✉❛s❡ s❡ ❛♥✉❧❛r✱ ❛❧t❡r❛♥❞♦✱ ❛ss✐♠✱ ♦ ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ♥❛ ❝❛✈✐❞❛❞❡✳ P♦rt❛♥t♦✱

♥ã♦ ❞❡✈❡ ❤❛✈❡r ❛ ❝r✐❛çã♦ ❞❡ ❣r✉♣♦s ♣❛r❛ q✉❡ ♦ ❡st❛❞♦ ❝♦♥t✐♥✉❡ q✉❛s❡✲❝❧áss✐❝♦✳ ❯♠❛ ♦✉tr❛

❡①♣❧✐❝❛çã♦ ♣❛r❛ q✉❡ ♦ ❡st❛❞♦ ❞♦ ❝❛♠♣♦ ♥ã♦ ❝♦♥t✐♥✉❡ q✉❛s❡✲❝❧áss✐❝♦ é ♦ ✈❛❧♦r q✉❡ ❛ ✐♥❝❡rt❡③❛

s♦❜r❡ ❛ ♠❡❞✐çã♦ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ♣r♦❞✉③✱ ♣♦✐s✿

〈x̂2a〉 ≫ 〈x̂a〉2 ✭✺✳✼✳✾✮

s❡♥❞♦ q✉❡ s❡ ♦ ❡st❛❞♦ ❝♦♥t✐♥✉❛ss❡ s❡♠♣r❡ q✉❛s❡✲❝❧áss✐❝♦ ❡ss❡s ✈❛❧♦r❡s s❡r✐❛♠ ❛♣r♦①✐♠❛❞❛✲

♠❡♥t❡ ✐❣✉❛✐s✳ ❈♦♥❝❧✉✐✲s❡✱ ❡♥tã♦✱ q✉❡ ❛ ❡q✉❛çã♦ ✭✺✳✼✳✼✮ ✭❝♦♠ σ = 0✮ ♥ã♦ é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

❝❧áss✐❝❛ ✭✸✳✶✳✼✮✳
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❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sã♦

❆ ❡q✉❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞♦ s✐st❡♠❛ ✭✺✳✷✳✶✺✮ tr❛t❛ ✉♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛ ❝♦♠ ✉♠

❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❡ ✉♠ ❡s♣❡❧❤♦✱ ❛♠❜♦s ♣r❡♣❛r❛❞♦s ❡♠ ❡st❛❞♦s ❝♦❡r❡♥t❡s ✭❝❛♠♣♦ ♣r❡✲

♣❛r❛❞♦ ♥♦ ❡st❛❞♦ |α〉 ❡ ♦ ❡s♣❡❧❤♦ ❡♠ |β〉✮✱ s❡♥❞♦ q✉❡ ♦ ❝❛♠♣♦ ✐♥t❡r❛❣❡ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦✱

♥♦ q✉❛❧ ♦ ❢❛t♦r ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡ é σ✳ ❚❛❧ ❡q✉❛çã♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ❛ ♣❛rt✐r ❞♦

❢♦r♠❛❧✐s♠♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ ❞❡♥tr♦ ❞❡ ✉♠❛ ❝❛✈✐❞❛❞❡✱ t❡♥❞♦ ❡st❛

✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ t❡♦r✐❛ ❞♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✳ ❋♦✐ ✈❡r✐✜❝❛❞♦ ♣❛r❛

t❡♠♣♦s ❧♦♥❣♦s ✭t≫ σ−1✮ q✉❡ ♦ ❡♥s❡♠❜❧❡ ♣❡r❞❡ ❝♦❡rê♥❝✐❛ ❞❡✈✐❞♦ ❛♦ ❛♠♦rt❡❝✐♠❡♥t♦ ✭❡q✉❛çã♦

✭✺✳✸✳✻✮✮✱ s❡♥❞♦ q✉❡ ❡ss❡ ♣r♦❝❡ss♦ é ✐rr❡✈❡rsí✈❡❧ ❝♦♠♦ ♠♦str❛ ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ s✐st❡♠❛ ♥❛

❡q✉❛çã♦ ✭✺✳✸✳✹✮ ♦✉ ♥♦ ❣rá✜❝♦ ✭✺✳✶✮✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ |α| ≫ 1 ✭❡st❛❞♦ ✐♥✐❝✐❛❧✲

♠❡♥t❡ q✉❛s❡✲❝❧áss✐❝♦✮ ♦ ❡♥s❡♠❜❧❡ ❝❤❡❣❛ ❛ s❡ t♦r♥❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ♠✐st♦ ✭❡♥tr♦♣✐❛ ✐❣✉❛❧ ❛ ✶✮✳

❊♥tr❡t❛♥t♦ ❝❛♠♣♦ ♣❡r♠❛♥❡❝❡ s❡♠ ♣❡r❞❡r ❡♥❡r❣✐❛ ♣❛r❛ ♦ r❡s❡r✈❛tór✐♦ q✉❡ é ✉♠ r❡s✉❧t❛❞♦ ❡s✲

♣❡r❛❞♦✱ ❥á q✉❡ ❡ss❡ r❡s❡r✈❛tór✐♦ ❢♦✐ ♠♦❞❡❧❛❞♦ ♣♦r ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❡s♣❡❧❤♦s s✉❥❡✐t♦s às ♠❡s♠❛s

❝♦♥❞✐çõ❡s ❞♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ ❞❛ ❝❛✈✐❞❛❞❡✱ ❞✐❢❡r✐♥❞♦ ❛♣❡♥❛s ♥❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❛❝♦♣❧❛♠❡♥t♦

❝♦♠ ♦ ❝❛♠♣♦ ❡ ♥♦ ✈❛❧♦r ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ q✉❡ ♣♦ss❛ ✈❛❧❡r ❛ ❛♣r♦①✐♠❛çã♦ ▼❛r❦♦✈✐❛♥❛✳

▲❡♠❜r❛♥❞♦ q✉❡ ❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✺✮ é ✈á❧✐❞❛ s♦♠❡♥t❡ ♣❛r❛ q✉❛♥❞♦ ✉♠ ♠♦❞♦ ❞♦ ❝❛♠♣♦ é ♠✉✐t♦

♠❛✐s ✐♥t❡♥s♦ q✉❡ ♦s ♦✉tr♦s ♠♦❞♦s✱ ♥✉♠ r❡❣✐♠❡ ó♣t✐❝♦✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦

♠✉✐t♦ ♠❛✐♦r q✉❡ ❛ ❞♦ ❡s♣❡❧❤♦✱ ❛❧é♠ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ s❡r ♥ã♦✲r❡❧❛t✐✈íst✐❝♦✱ ❛ss✐♠ ♦ ❡s♣❡❧❤♦

♥ã♦ ❛t✐♥❣❡ ❢r❡q✉ê♥❝✐❛s ♠✉✐t♦ ❛❧t❛s✳

❆♦ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✹✳✶✮ ❢♦✐ ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦ ♥ã♦ é ❛❧t❡r❛❞♦ ♣❡❧❛ ♣r❡s❡♥ç❛ ❞♦ r❡s❡r✈❛tór✐♦✱ ♣♦✐s ❛♦ ✈❛r✐❛r ♦ ✈❛❧♦r

❞♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢❛s❡✱ σ✱ ❛ ❡q✉❛çã♦ ❝♦♥t✐♥✉❛ ❛ ♠❡s♠❛ q✉❡ σ = 0✱ ♦✉ s❡❥❛✱ ♦ ❛❝♦♣❧❛♠❡♥t♦

❞♦ s✐st❡♠❛ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ♥ã♦ ♠♦❞✐✜❝❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡s♣❡❧❤♦✳ ❊ss❛ ❝♦♥❝❧✉sã♦ ❢♦✐

❢❡✐t❛ ♣❛r❛ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦❡r❡♥t❡ |α〉 〈α| ⊗ |β〉 〈β|✱ ♣♦ré♠ ♥ã♦ ✐♠♣♦rt❛ ❛ ❝♦♥✜❣✉r❛çã♦

✐♥✐❝✐❛❧ ❞♦ ❡♥s❡♠❜❧❡✱ ρ̂(0)✱ ♦ ❡s♣❡❧❤♦ ♥ã♦ ✈❛✐ t❡r s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❢❡t❛❞♦ ♣❡❧♦ r❡s❡r✈❛tór✐♦✳

P♦rt❛♥t♦✱ ❛ ❡♥tr♦♣✐❛ ❧✐♥❡❛r ❞♦ ❡s♣❡❧❤♦ ♣♦ss✉✐ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❝❛s♦

✽✶



❈❆P❮❚❯▲❖ ✻✳ ❈❖◆❈▲❯❙➹❖ ✽✷

❡♠ q✉❡ ♦ ❝❛♠♣♦ ♥ã♦ ❡stá ❡♠ ❝♦♥t❛t♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳ P❡❧♦s ❣rá✜❝♦s ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛

✺✳✸✱ t❡♠♦s ✉♠ ♣r♦❝❡ss♦ r❡✈❡rsí✈❡❧✱ ❡♠ q✉❡ ❛ ❡♥tr♦♣✐❛ ✈❛r✐❛ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ❞❡ ❢♦r♠❛ q✉❡

q✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❞♦ ❝❛♠♣♦✲❡s♣❡❧❤♦✱ s✱ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✉♠ ❡♥s❡♠❜❧❡

❝♦♠♣❧❡t❛♠❡♥t❡ ❛❧❡❛tór✐♦ ❡❧❡ ❝❤❡❣❛ ♣❛r❛ t = π ✭✐♥st❛♥t❡ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ♠á①✐♠♦ ❡♥tr❡

❝❛♠♣♦ ❡ ❡s♣❡❧❤♦✮✳

▼❡❞✐♥❞♦ ❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦ ♠ó✈❡❧ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ❝♦♠ ❝❡rt❛ ♣r❡❝✐sã♦ ♦ ♥ú♠❡r♦ ❞❡

❢ót♦♥s ❝♦♥✜♥❛❞♦s ♥❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✺✳✺✳✶✮✱ ❛ ❢r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧

❞❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦ é ✉♠❛ ❢✉♥çã♦ ❣❛✉ss✐❛♥❛ ❝♦♠ ♦s ✈❛❧♦r❡s ❞♦s ♣✐❝♦s ✈❛r✐❛♥❞♦ ❝♦♠ ♦ ♥ú♠❡r♦

❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡✱ ♦✉ s❡❥❛✱ ♦s ♣✐❝♦s ❡stã♦ ❧♦❝❛❧✐③❛❞♦s ❡♠ ℜ{φn(t)} ✭❡q✉❛çã♦ ✭✺✳✺✳✷✮✮ ❝♦♠

n ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s✳ ■ss♦ é ♣♦ssí✈❡❧✱ ♣♦✐s sã♦ ❝♦♥❤❡❝✐❞♦s ♦s ✈❛❧♦r❡s✿ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦

s✐st❡♠❛ q✉❡ ❢♦✐ ♣r❡♣❛r❛❞♦ ❝♦♠♦ ρ̂(0) = |α〉 〈α| ⊗ |β〉 〈β|✱ ❝♦♠ β = |β| eiξ❀ ❞♦ ❛❝♦♣❧❛♠❡♥t♦

❡s♣❡❧❤♦✲❝❛♠♣♦ s❀ ❡ ❞♦ ✐♥st❛♥t❡ t ❡♠ q✉❡ é ❢❡✐t❛ ❛ ♠❡❞✐çã♦ ❞❛ ♣♦s✐çã♦ ❞♦ ❡s♣❡❧❤♦✳ ❊♥tã♦✱ ♦

✈❛❧♦r ❞❡ ℜ{φn(t)} t❛♠❜é♠ é ❝♦♥❤❡❝✐❞♦ ♣❛r❛ t♦❞♦ n✳ P♦rt❛♥t♦✱ s❡ ♦ ✈❛❧♦r ❞❛ ♣♦s✐çã♦ ❡st✐✈❡r

♣ró①✐♠♦ ❛ ✉♠ ❞❡ss❡s ♣✐❝♦s✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡ é ♣r♦✈❛✈❡❧♠❡♥t❡ ✐❣✉❛❧ ❛ n✱

♣♦✐s ❛ ❢✉♥çã♦ ❣❛✉ss✐❛♥❛ ❞❡❝❛✐ r❛♣✐❞❛♠❡♥t❡ ❛♦ s❡ ❛❢❛st❛r ❞❡ s❡✉ ♣✐❝♦✱ t♦r♥❛❞♦ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ t❡r♠♦s ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ❞✐❢❡r❡♥t❡ ❞❡ n ❞❡s♣r❡③í✈❡✐s✳

◗✉❛♥t♦ ❛♦ ❝❛♠♣♦ ❝♦♥✜♥❛❞♦ ♥❛ ❝❛✈✐❞❛❞❡✱ s✉❛ ❡♥tr♦♣✐❛ ❞♦ ❧✐♥❡❛r é ❞❡s❝r✐t❛ ♣❡❧❛ ❡q✉❛çã♦

✭✺✳✻✳✷✮ q✉❡ ❛♣r❡s❡♥t❛ ✉♠❛ s♦❜r❡♣♦s✐çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❛ ❡♥tr♦♣✐❛ ❞♦ s✐st❡♠❛ ❝♦♠ ❛

❡♥tr♦♣✐❛ ❞♦ ❡s♣❡❧❤♦✱ q✉❡ ♣♦❞❡ s❡r ♠❡❧❤♦r ✈✐s✉❛❧✐③❛❞❛ ❛♦ ❝♦♠♣❛r❛r ♦ ❣rá✜❝♦ ❞❛ ❡♥tr♦♣✐❛ ❞♦

❝❛♠♣♦ ♥❛ ❋✐❣✉r❛ ✺✳✹ ❝♦♠ ❛s ❋✐❣✉r❛s ✺✳✸ ❡ ✺✳✶✳ ❆ ♣❡r❞❛ ❞❡ ❝♦❡rê♥❝✐❛ ❞♦ ❝❛♠♣♦ ♦❝♦rr❡ ♣❛r❛

t❡♠♣♦s ❧♦♥❣♦s ✭t ≫ σ−1✮✱ ♦♥❞❡ ❛ ❡♥tr♦♣✐❛ ❛t✐♥❣❡ ✉♠ ❧✐♠✐t❡✱ ❡ q✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞❡ |α|✱
♠❛✐s ♣ró①✐♠♦ ❞❡ ✉♠ ❡♥s❡♠❜❧❡ ✐♥❝♦❡r❡♥t❡ ♦ ❝❛♠♣♦ ❝❤❡❣❛✳

❈❧❛ss✐❝❛♠❡♥t❡✱ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦ ❡ s✉❛ ✈❛✲

r✐❛çã♦ t❡♠♣♦r❛❧✱ ❡ ♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ✉♠ ❡st❛❞♦ q✉❛s❡✲❝❧áss✐❝♦ ❞❡✈❡ r❡❧❛❝✐♦♥❛r✱ ❞❛ ♠❡s♠❛

♠❛♥❡✐r❛ q✉❡ ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦✱ ❛ ♠é❞✐❛ ❞❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❝♦♠ ❛ ♠é❞✐❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦

❝❛♠♣♦ ❡ s✉❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧✳ P♦ré♠✱ ♣❛r❛ ♦ s✐st❡♠❛ ❝♦♠♣♦st♦ ♣♦r ✉♠❛ ❝❛✈✐❞❛❞❡ ó♣t✐❝❛

❝♦♠ ✉♠ ❝❛♠♣♦ ❝♦♥✜♥❛❞♦ ❡ ✉♠ ❡s♣❡❧❤♦ ♠ó✈❡❧✱ ❛♠❜♦s ❞❡s❝r✐t♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ❡st❛❞♦s ❝♦✲

❡r❡♥t❡s ❞❡♠♦♥str♦✉ q✉❡ s✉❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❧❡✈❛ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦

❝❛♠♣♦ ❛ s❡ ❝♦♠♣♦rt❛r ❝♦♠♦ ♥♦s ❣rá✜❝♦s ✺✳✺ ❡ ✺✳✻✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❡rt♦s ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❛

♠é❞✐❛ ❞❛ ❛♠♣❧✐t✉❞❡ é q✉❛s❡ ♥✉❧❛✱ ❢♦r♠❛♥❞♦ ❣r✉♣♦s✳ ◗✉❛♥t✐❝❛♠❡♥t❡✱ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛

❛ ❛♠♣❧✐t✉❞❡ é ♥✉❧❛ ♥❡ss❡s ✐♥t❡r✈❛❧♦s✱ ❡ ❛ ♠é❞✐❛ ❞❛ ❡♥❡r❣✐❛ ♥ã♦ é ♥✉❧❛ ❡ ♥❡♠ ✈❛r✐❛ ❝♦♠ ♦

t❡♠♣♦✱ ❡ ❛ss✐♠ ❡ss❛s ♠é❞✐❛s ♥ã♦ ♣♦❞❡♠ s❡r r❡❧❛❝✐♦♥❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ ❝❧áss✐❝❛ ❞❛ ❡♥❡r❣✐❛✳ ❆

❝♦♥❝❧✉sã♦ é q✉❡ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ q✉❡ ❡r❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❛s❡✲❝❧áss✐❝♦ ❞❡✐①❛ ❞❡ s❡r ❝♦♠ ♦

♣❛ss❛r ❞♦ t❡♠♣♦✱ ❞✐❢❡r✐♥❞♦ ❛ss✐♠ ❞❛ ❞❡s❝r✐çã♦ ❢❡✐t❛ ♣❡❧♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦✳

❆♦ ❛❝♦♣❧❛r ♦ ❝❛♠♣♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦✱ ❛ ♠é❞✐❛ ❞❛ q✉❛❞r❛t✉r❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦

s❡ ❛♣r♦①✐♠❛ ❞❡ ③❡r♦ ❝♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥♦ ❣rá✜❝♦ ✺✳✽✱ ❡ ❛♣❛r❡♥t❡♠❡♥t❡
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✏❞❡stró✐✑ ♦ ❝❛♠♣♦ ❝♦♥s❡r✈❛♥❞♦ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ♥❛ ❝❛✈✐❞❛❞❡ ✭❞❡✈✐❞♦ ❛♦ ❛♠♦rt❡❝✐♠❡♥t♦

❞❡ ❢❛s❡✮✱ ♣♦ré♠ ❡ss❛ ❞❡str✉✐çã♦ ♦❝♦rr❡ ❛♣❡♥❛s ♣❛r❛ ❛ ♠é❞✐❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦✱ ♣♦✐s ❞❡

❛❝♦r❞♦ ❝♦♠ ♦ ❣rá✜❝♦ ✺✳✶✵ ♦ ❝❛♠♣♦ ❝♦♥t✐♥✉❛ ❛ ❡①✐st✐r✱ ❛♣❡♥❛s ❛ ❞✐str✐❜✉✐çã♦ ❞❛s ❛♠♣❧✐t✉❞❡s

s❡ ♠♦❞✐✜❝❛ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ❧❛❞♦ ❝♦♠ ❛♠♣❧✐t✉❞❡ ♣♦s✐t✐✈❛ ❞❡ss❡ ❣rá✜❝♦ é ✐❞ê♥t✐❝♦ ❛♦ ❧❛❞♦

❝♦♠ ❛♠♣❧✐t✉❞❡ ♥❡❣❛t✐✈❛✳ ❖ ❣rá✜❝♦ ✺✳✶✵ ❡①♣❧✐❝❛ ❞❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ❛

♠é❞✐❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦ q✉❡ s❡ ❛♥✉❧❛ ❞✉r❛♥t❡ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❞♦ ❣rá✜❝♦ ✺✳✺✳
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❆♣ê♥❞✐❝❡ ❆

❆♣ê♥❞✐❝❡

❆✳✶ ❚r❛ç♦ ❞♦ ❝♦♠✉t❛❞♦r

❖ tr❛ç♦ ❞♦ ♣r♦❞✉t♦ ❞❡ ❞♦✐s ♦♣❡r❛❞♦r❡s Â ❡ B̂ ❢❡✐t♦ s♦❜r❡ ✉♠❛ ❜❛s❡ ❞✐s❝r❡t❛ é ❞❛❞♦ ♣♦r✿

❚r{ÂB̂} =
∑

i

〈φi| ÂB̂ |φi〉 ✭❆✳✶✳✶✮

❡ s♦❜r❡ ✉♠❛ ❜❛s❡ ❝♦♥tí♥✉❛ é ❞❛❞♦ ♣♦r✿

❚r{ÂB̂} =
ˆ

du 〈φ(u)| ÂB̂ |φ(u)〉 ✭❆✳✶✳✷✮

P❛r❛ ✉♠❛ ❜❛s❡ ❞✐s❝r❡t❛ ❝♦♠ N ✈❡t♦r❡s✱ ♦ tr❛ç♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦✿

Tr{ÂB̂} =
N∑

i=1

〈φi| ÂB̂ |φi〉 ✭❆✳✶✳✸✮

=
N∑

i=1

N∑

j=1

〈φi| Â |φj〉 〈φj| B̂ |φi〉 ✭❆✳✶✳✹✮

=
N∑

i=1

N∑

j=1

〈φj| B̂ |φi〉 〈φi| Â |φj〉 ✭❆✳✶✳✺✮

=
N∑

j=1

N∑

i=1

〈φj| B̂ |φi〉 〈φi| Â |φj〉 ✭❆✳✶✳✻✮

=
N∑

j=1

〈φj| B̂Â |φj〉 ✭❆✳✶✳✼✮

= Tr{B̂Â} ✭❆✳✶✳✽✮

✽✺
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P❛r❛ ✉♠❛ ❜❛s❡ ❝♦♥tí♥✉❛ ❝♦♠ ✈❡t♦r❡s ♥♦ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ u ∈ [a, b]✱ ♦ tr❛ç♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦

❝♦♠♦✿

❚r{ÂB̂} =

ˆ b

a

du 〈φ(u)| ÂB̂ |φ(u)〉 ✭❆✳✶✳✾✮

=

ˆ b

a

du

ˆ b

a

dv 〈φ(u)| Â |φ(v)〉 〈φ(v)| B̂ |φ(u)〉 ✭❆✳✶✳✶✵✮

=

ˆ b

a

du

ˆ b

a

dv 〈φ(v)| B̂ |φ(u)〉 〈φ(u)| Â |φ(v)〉 ✭❆✳✶✳✶✶✮

=

ˆ b

a

dv

ˆ b

a

du 〈φ(v)| B̂ |φ(u)〉 〈φ(u)| Â |φ(v)〉 ✭❆✳✶✳✶✷✮

=

ˆ b

a

dv 〈φ(v)| B̂Â |φ(v)〉 ✭❆✳✶✳✶✸✮

= ❚r{B̂Â} ✭❆✳✶✳✶✹✮

❊ ♣♦rt❛♥t♦✱ ♦ tr❛ç♦ s♦❜r❡ ♦ ❝♦♠✉t❛❞♦r ❞❡ ❞♦✐s ♦♣❡r❛❞♦r❡s Â ❡ B̂ ✭❢❡✐t♦ s♦❜r❡ ✉♠❛ ❜❛s❡ ✜♥✐t❛✮

é✿

Tr{[Â, B̂]} = Tr{ÂB̂} − Tr{B̂Â} = 0 ✭❆✳✶✳✶✺✮

P♦ré♠ ❡ss❡ r❡s✉❧t❛❞♦ ♥ã♦ é s❡♠♣r❡ ✈á❧✐❞♦ ♣❛r❛ ❜❛s❡s ❞✐s❝r❡t❛s ❝♦♠ ✐♥✜♥✐t♦s ✈❡t♦r❡s ❡ ♣❛r❛

❜❛s❡s ❝♦♥tí♥✉❛s ❝♦♠ ✐♥t❡r✈❛❧♦ ✐♥✜♥✐t♦✱ ♣♦✐s ♥❡♠ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❝♦♠✉t❛r ❛ ♦r❞❡♠ ❞❡ ✉♠❛

s♦♠❛ ❞✉♣❧❛ ✭ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ ♣❛ss❛❣❡♠ ✭❆✳✶✳✺✮ à ✭❆✳✶✳✻✮ ✮ ♦✉ ✐♥t❡❣r❛❧ ❞✉♣❧❛ ✭ ❝♦♠♦ ❢♦✐

❢❡✐t♦ ♥❛ ♣❛ss❛❣❡♠ ✭❆✳✶✳✶✶✮à✭❆✳✶✳✶✷✮ ✮ q✉❛♥❞♦ s❡✉s ✐♥t❡r✈❛❧♦s sã♦ ✐♥✜♥✐t♦s✳ ◆❡ss❡ ❝❛s♦✱ ♣❛r❛

q✉❡ ❛ ❝♦♠✉t❛çã♦ s❡❥❛ ♣♦ssí✈❡❧✱ é ♥❡❝❡ssár✐♦ q✉❡ ♦ ✈❛❧♦r ❞♦ tr❛ç♦ ✭ ✭❆✳✶✳✶✮ ❡ ✭❆✳✶✳✷✮ ✮ s❡❥❛

❝♦♥✈❡r❣❡♥t❡✳ P♦r ❡①❡♠♣❧♦✿

❚r{[â, â†]} = ❚r{1} = +∞
❚r{[x̂, p̂]} = i~❚r{1} = +i∞

♥ã♦ s❛t✐s❢❛③❡♥❞♦ ❛ss✐♠ ✭❆✳✶✳✶✺✮✳

❆ ♠é❞✐❛ ❞❡ ✉♠ ♦❜s❡r✈á✈❡❧✱ Â✱ s♦❜r❡ ✉♠ ❡♥s❡♠❜❧❡ ❞❡s❝r✐t♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ρ̂ é

❞❛❞♦ ♣♦r✿

〈Â〉 = ❚r{Âρ̂}

♦♥❞❡ ♦ tr❛ç♦ é ❢❡✐t♦ s♦❜r❡ ✉♠❛ ❜❛s❡ ✐♥✜♥✐t❛✳ ❈♦♠♦ ✉♠❛ ♠é❞✐❛ q✉❛❧q✉❡r ♥✉♥❝❛ r❡s✉❧t❛rá

♥✉♠ ✈❛❧♦r ✐♥✜♥✐t♦✱ ❡♥tã♦ é s❡♠♣r❡ ♣♦ssí✈❡❧ ❝♦♠✉t❛r ♦s ♦♣❡r❛❞♦r❡s Â ❡ ρ̂ ♥♦ ❛r❣✉♠❡♥t♦ ❞❛

❢✉♥çã♦ tr❛ç♦✳ ◆❛ ❞✐ss❡rt❛çã♦ ❡①✐st❡♠ tr❡❝❤♦s ❡♠ q✉❡ s♦♠❛s ❞✉♣❧❛s ❝♦♠ ✐♥✜♥✐t♦s t❡r♠♦s

❢♦r❛♠ ❝♦♠✉t❛❞❛s✱ ♣♦rq✉❡ ♦ ✈❛❧♦r ❞❛ s♦♠❛ ❞✉♣❧❛ ❡♠ q✉❡stã♦ é ✜♥✐t♦✳
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❆✳✷ ▼❛tr✐③ ✐❞❡♠♣♦t❡♥t❡

❯♠❛ ♠❛tr✐③ ✐❞❡♠♣♦t❡♥t❡ Â é ✉♠❛ ♠❛tr✐③ q✉❡ ❛♦ s❡r ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r ❡❧❛ ♠❡s♠❛ r❡s✉❧t❛ ♥❡❧❛

♠❡s♠❛✿

Â2 = Â ✭❆✳✷✳✶✮

♦✉ s❡❥❛✱ é ✉♠❛ ♠❛tr✐③ q✉❡ ♣♦ss✉✐ ❛ ♠❡s♠❛ ♣♦tê♥❝✐❛ ♥❛t✉r❛❧ s❡♠♣r❡✿

ÂN = Â ✭❆✳✷✳✷✮

❝♦♠ N ∈ N
∗✳

❙❡❥❛ |αin〉 ✉♠ ❛✉t♦✈❡t♦r ♥♦r♠❛❧✐③❛❞♦ ❞❡ Â✱ ✉s❛♥❞♦ ❡ss❡s ❛✉t♦✈❡t♦r❡s ❡♠ ✭❆✳✷✳✶✮✿

(αn)
2
∣
∣αin
〉
= αn

∣
∣αin
〉

✭❆✳✷✳✸✮

❝♦♥❝❧✉✐✲s❡ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s sã♦✿

α1 = 0 ✭❆✳✷✳✹✮

α2 = 1 ✭❆✳✷✳✺✮

▲♦❣♦✱ ❛ ♠❛tr✐③ Â ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

Â =

g2∑

i=1

∣
∣αi2
〉 〈
αi2
∣
∣ ✭❆✳✷✳✻✮

❝♦♠ g2 ♦ ❣r❛✉ ❞❡ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞♦ s✉❜❡s♣❛ç♦ ❞❡ ❛✉t♦✈❛❧♦r ✶✳

❆✳✸ ❉❡r✐✈❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉♥✐tár✐♦

◆❡ss❛ s❡çã♦ s❡rá s❡❣✉✐❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❛ r❡❢❡rê♥❝✐❛ ❬✸✻❪✳ ❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉♥✐tár✐❛ é

❞❛❞❛ ♣♦r✿

Û(t) = e−
i
~
Ht = e−irn̂ae−in̂bt+isn̂a(b̂+b̂†)t

♦♥❞❡ t é ♦ t❡♠♣♦ ❛❞✐♠❡♥s✐♦♥❛❧ r❡❡s❝❛❧❛❞♦✱ ♦✉ s❡❥❛✱ ♦ t❡♠♣♦ ✉s✉❛❧ ❞✐♠❡♥s✐♦♥❛❧ ❞❛❞♦ ❡♠

s❡❣✉♥❞♦s ♠✉❧t✐♣❧✐❝❛❞♦ ♣❡❧❛ ❢r❡q✉ê♥❝✐❛ ωm✱ s = g/(2ωm)✱ ❡ r = ωk/ωm✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ✉s❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡s❧♦❝❛♠❡♥t♦ ❞❡✜♥✐❞♦ ♣♦r✿

D̂ ≡ D̂b(−sn̂a) = e−isn̂a(b̂†−b̂)



❆P✃◆❉■❈❊ ❆✳ ❆P✃◆❉■❈❊ ✽✽

◆♦t❛♥❞♦ q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❢ót♦♥s ♥❛ ❝❛✈✐❞❛❞❡✱

❡ q✉❡ ♦ ❛❞❥✉♥t♦ ❞♦ ♦♣❡r❛❞♦r ❞❡s❧♦❝❛♠❡♥t♦ é D̂† = D̂b(sn̂a)✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❇❛❦❡r✲

❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛ ✭❇❈❍✮✱ ❡ ❛♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛✱ ♦❜té♠✲s❡✿

D̂b̂D̂† = b̂+ sn̂a

D̂b̂†D̂† = b̂† + sn̂a

D̂n̂aD̂
† = n̂a

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡

Ûf({X̂i})Û † = f({ÛX̂iÛ
†}) ✭❆✳✸✳✶✮

♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ f ✱ ♦♣❡r❛❞♦r ✉♥✐tár✐♦ Û ✱ ❡ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ♦♣❡r❛❞♦r❡s {X̂i}✱ ♦
❡❢❡✐t♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ s♦❜r❡ ♦ ♦♣❡r❛❞♦r ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é ❝❛❧❝✉❧❛❞♦ ❡ s❡ t♦r♥❛✿

D̂Û(t)D̂† = e−irn̂ateis
2n̂2

ate−in̂bt

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣❡❧❛ ❡sq✉❡r❞❛ ♣♦r D̂† ❡ ♣❡❧❛ ❞✐r❡✐t❛ ♣♦r D̂ é ❞❡s❢❡✐t♦ ❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛✱

✈♦❧t❛♥❞♦ ❛ ♦❜t❡r Û(t)✱ ♣♦ré♠ ❝♦♠ ✉♠❛ ❢♦r♠❛ ❞✐❢❡r❡♥t❡✿

Û(t) = e−irn̂ateis
2n̂2

atD̂†e−in̂btD̂

♣♦✐s D̂ ❝♦♠✉t❛ ❝♦♠ n̂a✳ ❈♦♠♦ e−in̂btein̂bt = 1✱ ❡♥tã♦✿

Û(t) = e−irn̂ateis
2n̂2

atD̂†e−in̂btD̂ein̂bte−in̂bt

♥♦t❛♥❞♦ q✉❡ e−in̂bt é ✉♠ ♦♣❡r❛❞♦r ✉♥✐tár✐♦✱ ❡ ❛♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ✉♥✐tár✐❛ ❡♠ D̂ ❛tr❛✈és

❞❡ ✭❆✳✸✳✶✮ ❡ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❇❈❍✱ ♦❜té♠✲s❡✿

e−in̂btD̂ein̂bt = e−sn̂a(b̂†e−it−b̂eit) = D̂b(−se−itn̂a)

❡ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❛❞✐çã♦ ❞❡ ❛r❣✉♠❡♥t♦s ❡♠ ♦♣❡r❛❞♦r❡s ❞❡s❧♦❝❛♠❡♥t♦✿

D̂b(sn̂a)D̂b(−se−itn̂a) = D̂b(s(1− e−it)n̂a)e−is
2n̂2

a sin t

▲♦❣♦✿

Û(t) = e−irn̂ateis
2n̂2

a(t−sin t)esn̂a(ηb̂†−η∗b̂)e−in̂bt

❝♦♠ η = 1− e−it✳
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❝♦❤❡r❡♥t ❝♦✉♣❧✐♥❣ ♦❢ ❛ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r t♦ ❛♥ ♦♣t✐❝❛❧ ❝❛✈✐t② ♠♦❞❡✑✱ ◆❛t✉r❡✱ ❱♦❧✳

✹✽✷✱ ♣á❣✳ ✻✸✳
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❬✹❪ ❇♦r♥✱ ▼❛① ✭✶✾✷✻✮✳ ✏❩✉r ◗✉❛♥t❡♥♠❡❝❤❛♥✐❦ ❞❡r ❙t♦ÿ✈♦r❣ä♥❣❡✑✱ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ✭❡♠

❛❧❡♠ã♦✮✳

❬✺❪ ❙❝❤rö❞✐♥❣❡r✱ ❊✳ ✭✶✾✷✻✮✳ ✏❆♥ ❯♥❞✉❧❛t♦r② ❚❤❡♦r② ♦❢ t❤❡ ▼❡❝❤❛♥✐❝s ♦❢ ❆t♦♠s ❛♥❞ ▼♦❧❡✲

❝✉❧❡s✑✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇✱ ❱♦❧✳ ✷✽✱ ♣á❣✳ ✶✵✹✾✳
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❢ür P❤②s✐❦✱ ❱♦❧✳ ✹✹ ✭✹✕✺✮✱ ♣á❣✳ ✸✷✻
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♠❛t✐❝❛❧ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s♦♣❤✐❝❛❧ ❙♦❝✐❡t②✱ ✷✻✱ ♣á❣✳ ✸✼✻✲✸✽✺✳

✽✾
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