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❆♦ ♠❡✉ ♣❛✐✱ ❙❛♥❞♦✈❛❧ ❙✐♠õ❡s✱ ♣♦r s✉❛s

♦r❛çõ❡s ✐♥❝❡ss❛♥t❡s ❛♦ P❛✐ ❈❡❧❡st❡ ❡♠ ❢❛✈♦r ❞❡

♠✐♥❤❛ s❡❣✉r❛♥ç❛✱ ❞❡ ♠✐♥❤❛ s❛ú❞❡ ❢ís✐❝❛ ❡ ❡s♣✐r✐t✉❛❧

❡ ❞❡st❛ t❡s❡✱ ❛ q✉❛❧ ♥ã♦ ❝❤❡❣♦✉ ❛ ✈❡r ❝♦♥❝❧✉í❞❛ ❡♠ ✈✐❞❛✳

✈



✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t❡r ♠❡ ❡♥❝❛♠✐♥❤❛❞♦ à ❈❛♠♣✐♥❛s ❡ ♠❡ ♣❡r♠✐t✐❞♦ ❝♦♥❤❡❝❡r ❛❧✐ ♣❡ss♦❛s

❧✐♥❞❛s ❡ r❡❛❧✐③❛r s♦♥❤♦s ❛♥t✐❣♦s✳ ❆❣r❛❞❡ç♦ ❛ ❊❧❡ ♣♦r t❡r t♦r♥❛❞♦ ♣♦ssí✈❡❧ ❡st❡ tr❛❜❛❧❤♦✳ ❆❣r❛❞❡ç♦

❛♦s ♣r♦❢❡ss♦r❡s ❇❡r♥❛r❞♦ ▲❛❦s✱ ●✉✐❧❧❡r♠♦ ❈❛❜r❡r❛✱ ❏♦sé ❆♥t♦♥✐♦ ❘♦✈❡rs✐✱ ▼❛❦♦t♦ ❨♦s❤✐❞❛✱

▼✐❝❦❡❧ ❆❜r❡✉ ❞❡ P♦♥t❡ ❡ ❘♦❜❡rt♦ ❈❧❡♠❡♥t❡ ✭♠❡✉ ❝♦✲♦r✐❡♥t❛❞♦r✮✱ ♣♦r s✉❛s ✈❛❧✐♦s❛s s✉❣❡stõ❡s

♥❛s ❜❛♥❝❛s ❞❡ Pré✲❘❡q✉✐s✐t♦ ❡ ❉❡❢❡s❛✳ ❆❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❘♦❜❡rt♦ ▲❛❣♦s ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❡

♦♣♦rt✉♥✐❞❛❞❡ ❞❡ tr❛❜❛❧❤♦✱ ❛❧é♠ ❞❡ s✉❛ ♣r♦♥t✐❞ã♦ ❛♠✐❣❛ ♣❛r❛ ❛❥✉❞❛r ❡♠ ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s ❞❛

✈✐❞❛✳ ❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s ❈❛r♦❧ ▼♦✉r❛ ❡ ❊❧✈✐s ▲✐r❛✱ ♣♦r s✉❛ ❝♦♠♣❛♥❤✐❛✱ ❛♠✐③❛❞❡ ❡ ♣♦r t❡r❡♠

s❡ r❡✈❡❧❛❞♦ ❛♥❥♦s ❡♠ ♠✐♥❤❛ ✈✐❞❛✳ ❆❣r❛❞❡ç♦✱ ✐♥❝❧✉s✐✈❡✱ ❛♦ ❊❧✈✐s ♣❡❧♦ s♦❝♦rr♦ ♥♦s ♣r♦❜❧❡♠❛s

❞❡ ❢♦r♠❛t❛çã♦ ❞❡st❛ t❡s❡✳ ❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ❝♦♠ ♣❛❧❛✈r❛s✱ ❡①♣❧✐❝❛çõ❡s ❡

❝♦♠♣❛♥❤✐❛ ♣❛r❛ s✉❝♦s ❡ ❞❡❣✉st❛çõ❡s ❜❡♠ ❝♦♠♣❛rt✐❧❤❛❞♦s✿ ❆♥❞ré✐❛ ❍✐s✐ ✭❛♠✐❣❛ ❡ ✐r♠ã✮✱ ❈é❧✐♦

▼♦✉r❛✱ ❊❞✐❧s♦♥ ❈❛❢✉③③♦✱ ❊♥✈❡r ❋❡r♥á♥❞❡③✱ ▲á③❛r♦ ▼❛❝❡❞♦✱ P❛❜❧♦ P❛r❡❞❡③✱ ❘✐❝❛r❞♦ ❙❛t♦ ❡

❚❛t✐❛♥❛ ❚♦♠✐♦ss♦✳ ❆❣r❛❞❡ç♦ ❛♦ ♣❡ss♦❛❧ ❞❛ s❡❝r❡t❛r✐❛ ❞❡ ♣ós ❣r❛❞✉❛çã♦ ❞♦ ■❋●❲✱ ❡♠ ❡s♣❡❝✐❛❧

❛♦ ❆r♠❛♥❞♦ ❡ à ▼❛r✐❛ ■❣♥❡③ ♣♦r t♦❞❛ ❛ ❣❡♥t✐❧❡③❛ ❡ ❝✉✐❞❛❞♦ ❝♦♠ q✉❡ s❡♠♣r❡ ♠❡ ❛t❡♥❞❡r❛♠✳

❆❣r❛❞❡ç♦ ❛♦ ❛♠✐❣♦ ❡ ✐r♠ã♦ ▼✐❝❦❡❧ ♣♦r t❡r s❡ ♦❢❡r❡❝✐❞♦ ♣❛r❛ ❧❡r ♠✐♥❤❛s ❝♦♥t❛s ✐♥t❡❣r❛❧♠❡♥t❡ ✭❡

♠✉✐t♦ ♣❛❝✐❡♥t❡♠❡♥t❡✮ ❡ ♣♦r ♠❡ ✐♥tr♦❞✉③✐r ❛ ✉♠❛ ♥♦t❛çã♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ t♦❞♦s ♦s ❝á❧❝✉❧♦s

✐♥t❡❣r❛✐s✳ ❆❣r❛❞❡ç♦ ❛✐♥❞❛ à ❈í♥t✐❛ ♣♦r t❡r ♠❡ r❡❝❡❜✐❞♦ ❝♦♠ ❛❧❡❣r✐❛ ❡♠ s✉❛ ❝❛s❛✱ ♥♦s ♣❡rí♦❞♦s

❡♠ q✉❡ ❡st✐✈❡ ❡♠ ❙ã♦ ❈❛r❧♦s✳ ❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡♠ t♦❞❛s ❛s ♠✐♥❤❛s

❛✉sê♥❝✐❛s ❡ ♣❡❧❛s ♦r❛çõ❡s ❡♠ t♦❞♦ ♦ t❡♠♣♦✿ à ▲♦✉r❞❡s✱ ♠✐♥❤❛ ♠ã❡✱ ❉❛r✐❧✱ ❘♦s❛♥✐ ❡ ❙❛♥❞r❛✱

♠❡✉s ✐r♠ã♦s✱ ❛♦s ❝✉♥❤❛❞♦s ❊♠✐❡❧✱ ❘♦s❛ ❡ ❈❧á✉❞✐❛✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ à ❛♠✐❣❛ ❡ ♠ã❡ ❞♦s ♠❡✉s

s♦❜r✐♥❤♦s✱ ●r❛❝✐♥❞❛ ❞❡ ❖❧✐✈❡✐r❛✱ ♣♦r t♦❞❛ s✉❛ t♦r❝✐❞❛ ♣♦r ♠✐♠✱ ♣❡❧❛s ❝♦♥✈❡rs❛s ❞✐✈❡rt✐❞íss✐♠❛s

✈✐✐



❡ ♣♦r ♠❡ r❡❝❡❜❡r ❡♠ s✉❛ ❝❛s❛ ❝♦♠ t♦❞❛ ❛ ❤♦s♣✐t❛❧✐❞❛❞❡ ♣♦ssí✈❡❧✳ ❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ❡s♣♦s♦✱

▼❛r❝❡❧♦✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ♣♦r ♥ã♦ ♠❡ ❞❡✐①❛r ❞❡s❡s♣❡r❛r ♥♦s ♠♦♠❡♥t♦s ❞❡

tr✐st❡③❛ ❡ ❞♦r✳ ❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s q✉❡ ♦r❛r❛♠ ❡ ❥❡❥✉❛r❛♠ ♣♦r ♠✐♠ ❞✉r❛♥t❡ ❡st❡s ❛♥♦s✳ ❙❡✐ q✉❡

♦ ❣❛❧❛r❞ã♦ ❞❡ t♦❞♦s é ❣r❛♥❞❡✳ ❆❣r❛❞❡ç♦✱ ♣♦r ✜♠✱ ❛♦ ❈◆Pq✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈✐✐✐



❘❡s✉♠♦

❆♣ós ❛♣r❡s❡♥t❛r♠♦s ✉♠❛ r❡✈✐sã♦ ❞♦s ♣r✐♥❝✐♣❛✐s ♠♦❞❡❧♦s t❡ór✐❝♦s ♣❛r❛ ♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇✲

♥✐❛♥♦✱ ❝♦♥s✐❞❡r❛♠♦s ❡♠ ♣❛rt✐❝✉❧❛r ♦ ❝❛s♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝❛rr❡❣❛❞❛ s♦❜ ❛çã♦ ❞❡

❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✳ ❆ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ❡st❡ ❝❛s♦✱ r❡s♦❧✈❡♥❞♦ ❛

❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ❛ ❞✐str✐❜✉çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱

❢♦✐ s✉❣❡r✐❞❛ ❡♠ ✶✾✹✸ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r✱ ♠❛s ❛té ♦s ❛♥♦s ♥♦✈❡♥t❛ ❞♦ sé❝✉❧♦ ♣❛ss❛❞♦✱ ♦ ♣r♦✲

❜❧❡♠❛ ❢♦✐ r❛r❛♠❡♥t❡ ❝♦♥s✐❞❡r❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛✳ ❖❜t✐✈❡♠♦s ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡①❛t❛ ❞❡st❡

♣r♦❜❧❡♠❛✱ ❡ ❛♥❛❧✐s❛♠♦s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠❛ ❝❧❛ss❡ ♣❛rt✐❝✉❧❛r ❞❡ s♦❧✉çõ❡s✱

❛q✉❡❧❛s ❝♦♠ ♣❡r✜❧ ✐♥✐❝✐❛❧ ●❛✉ss✐❛♥♦ ✭♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✮✱ s❡♥❞♦ ❛ s♦❧✉çã♦ ✉♠❛ ❝♦♥✈♦❧✉çã♦ ❞❡

●❛✉ss✐❛♥❛s ✭❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ♦✉ ♣r♦♣❛❣❛❞♦r✱ ❡ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧✮✳ ❈❛❧❝✉❧❛♠♦s ❛❧❣✉♠❛s

❣r❛♥❞❡③❛s ❤✐❞r♦❞✐♥â♠✐❝❛s ❡ t❡r♠♦❞✐♥â♠✐❝❛s ❛ ♣❛rt✐r ❞❛ ❡①♣r❡ssã♦ ❡①❛t❛ ♣❛r❛ ❛ ❞✐str✐❜✉çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ ❛ s❛❜❡r✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s✱ ❛s ❞❡♥s✐❞❛❞❡s ❞❡

✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ❞❡ ❡♥❡r❣✐❛✱ ❞❡ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛✱ ❞❡ ❡♥tr♦♣✐❛ ❡ t❛♠❜é♠ ❛ t❡♠♣❡r❛✉r❛ ❡❢❡t✐✈❛

❞♦ ❣ás ❇r♦✇♥✐❛♥♦✱ q✉❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛s ❞❡♥s✐❞❛❞❡s ❞❡ ♣❛rtí❝✉❧❛ ❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✳

P✉❜❧✐❝❛♠♦s ❡♠ ✷✵✵✺ ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡①❛t❛ ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦✳

✐①



❆❜str❛❝t

❆❢t❡r ♣r❡s❡♥t✐♥❣ ❛ s❦❡t❝❤ ♦❢ t❤❡ s❡✈❡r❛❧ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥

♠♦❞❡❧✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝❤❛r❣❡❞ ❇r♦✇♥✐❛♥ ♣❛rt✐❝❧❡ ✉♥❞❡r ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❆ ♣❛t❤

t♦ s♦❧✈❡ ❛♥❛❧✐t✐❝❛❧❧② ❑r❛♠❡rs ❡q✉❛t✐♦♥✱ ❢♦r t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐♥ ♣❤❛s❡ s♣❛❝❡✱

✇❛s s✉❣❣❡st❡❞ ✐♥ ✶✾✹✸ ❜② ❈❤❛♥❞r❛s❡❦❤❛r✱ ♥❡✈❡rt❤❡❧❡ss ✉♥t✐❧ t❤❡ ♥✐♥❡t✐❡s ♦❢ ❧❛st ❝❡♥t✉r②✱ t❤✐s

♣r♦❜❧❡♠ ✇❛s r❛r❡❧② ❝♦♥s✐❞❡r❡❞✳ ❲❡ ♣r❡s❡♥t t❤❡ ❡①❛❝t ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❛♥❞ ❛♥❛❧②③❡ s♦♠❡

❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢ s♦❧✉t✐♦♥s✱ ♥❛♠❡❧②✱ ✇✐t❤ ❛ ❣❛✉ss✐❛♥ ✐♥✐t✐❛❧ ♣r♦✜❧❡

✭✐♥ ♣❤❛s❡ s♣❛❝❡✮✱ t❤✉s t❤❡ r❡s✉❧t✐♥❣ s♦❧✉t✐♦♥ ✐s ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ❣❛✉ss✐❛♥s ✭❜♦t❤ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

s♦❧✉t✐♦♥ ♦r ♣r♦♣❛❣❛t♦r✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ♣r♦✜❧❡✮✳ ❚❤❡♥ ✇❡ ❝♦♠♣✉t❡ s♦♠❡ ❤②❞r♦❞✐♥❛♠✐❝❛❧ ❛♥❞ t❤❡r✲

♠♦❞②♥❛♠✐❝❛❧ ❞❡♥s✐t✐❡s ❢r♦♠ t❤❡ ❡①❛❝t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ❇r♦✇♥✐❛♥

♣❛rt✐❝❧❡✱ ❢♦r ❡①❛♠♣❧❡✱ ♣❛rt✐❝❧❡ ❞❡♥s✐t②✱ ♠❛tt❡r ✢✉① ❞❡♥s✐t②✱ ❡♥❡r❣② ❞❡♥s✐t②✱ ❡♥❡r❣② ✢✉① ❞❡♥s✐t②✱

❡♥tr♦♣② ❞❡♥s✐t②✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❛♥❞ s♦♠❡ ❞❡r✐✈❡❞ q✉❛♥t✐t✐❡s s✉❝❤s ❛s t❤❡ ❡✛❡❝t✐✈❡ t❡♠♣❡r❛t✉r❡ ♦❢

t❤❡ ❇r♦✇♥✐❛♥ ❣❛s✳ ■♥ ✷✵✵✺ ✇❡ ♣✉❜❧✐s❤❡❞ ♣❛rt ♦❢ t❤❡s❡ r❡s✉❧ts✱ ♥❛♠❡❧② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥

❛♥❞ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ r❡❣✐♠❡✳
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✶ ■♥tr♦❞✉çã♦ ✶

✷ ❚❡♦r✐❛ ❞♦ ▼♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ✼

✷✳✶ ▼♦❞❡❧♦ ❞❡ ❊✐♥st❡✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷ ❊q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✸ ❊q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦

❯♠❛ ❡q✉❛çã♦ ❞❡ tr❛♥s♣♦rt❡s ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✹ ❊q✉❛çã♦ ❞❡ ❑r❛♠❡rs

❆ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✺ ❊q✉❛çã♦ ❞❡ ❙♠♦❧✉❝❤♦✇s❦✐

❆ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♥♦ ❧✐♠✐t❡ ❞❡ ❛tr✐t♦ ✐♥t❡♥s♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✻ ❙♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸ ❙♦❧✉çã♦ ❡①❛t❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝❛r✲

r❡❣❛❞❛✱ s♦❜ ❛çã♦ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ✸✸

✹ ❆♣❧✐❝❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❡①❛t♦s ✺✼

✹✳✶ ●r❛♥❞❡③❛s ❍✐❞r♦❞✐♥â♠✐❝❛s ❡ ❚❡r♠♦❞✐♥â♠✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✶✳✶ ❋✉♥çã♦ ●❡r❛tr✐③ ●ℓ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
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✺ ❈♦♥❝❧✉sõ❡s ✶✵✺

❆♣ê♥❞✐❝❡ ❆ ✶✵✾

❆♣ê♥❞✐❝❡ ❇ ✶✶✾

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✸✺

❆♥❡①♦s ✶✸✾
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

■♥✐❝✐❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❢❛③❡♥❞♦ ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❤✐stór✐❝❛ ❞♦ ▼♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱

♦❜❥❡t✐✈❛♥❞♦ ❝♦♥t❡①t✉❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s ♣♦r ♥ós ♦❜t✐❞♦s ❡ ❞✐✈✉❧❣❛❞♦s ❡♠ ✉♠ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦

❡♠ ✷✵✵✺ ❬✶❪✱ ❜❡♠ ❝♦♠♦ ❢❛③❡r ✉♠❛ r❡✈✐sã♦ ❞♦ ❡st❛❞♦ ❞❛ ❛rt❡ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✳

❖ ✐♥t❡r❡ss❡ ❡♠ s❡ ❡st✉❞❛r ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ❡stá ❧✐❣❛❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♥❛ ♥❛t✉r❡③❛

♦❜s❡r✈❛♠♦s ❝♦♠✉♠❡♥t❡ ♦ ❢❡♥ô♠❡♥♦ ❞❛ ❞✐❢✉sã♦ ♦✉ ❞✐s♣❡rsã♦ ❡♠ ✢✉✐❞♦s ❞❡✈✐❞♦ à ❝♦❧✐sõ❡s ❞❛

❞❡♥♦♠✐♥❛❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝♦♠ ❛s ♠♦❧é❝✉❧❛s q✉❡ ❝♦♠♣õ❡♠ ♦ ✢✉✐❞♦✳ ❖ ❡st✉❞♦ ❞❡ t❛❧

♠♦✈✐♠❡♥t♦ é ✉♠ tó♣✐❝♦ ❝❧áss✐❝♦ ❡♠ ♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛ ❡ t❡♠ ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞❛

❢ís✐❝❛ ❡ ❞❡ ♦✉tr❛s ❝✐ê♥❝✐❛s✱ t❛✐s ❝♦♠♦ ❡♠ ❜✐♦❧♦❣✐❛ ❬✷✱ ✸✱ ✹❪✱ q✉í♠✐❝❛ ❬✺❪✱ ✜♥❛♥ç❛s ❬✻❪✱ ❡ ♦✉tr♦s

❝❛♠♣♦s ❬✼✱ ✽✱ ✾❪✳

❈❤❛♠❛♠♦s ❞❡ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ♦ ♠♦✈✐♠❡♥t♦ ❛❧❡❛tór✐♦ q✉❡ ♣❡q✉❡♥❛s ♣❛rtí❝✉❧❛s ❛♣r❡✲

s❡♥t❛♠ q✉❛♥❞♦ ✐♠❡rs❛s ❡♠ ✉♠ ✢✉✐❞♦✳ ❊st❡ t✐♣♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❡r❛ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❞♦s ❜✐ó❧♦❣♦s

q✉❡ ❥á t✐♥❤❛♠ ♦❜s❡r✈❛❞♦ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ♣❛rtí❝✉❧❛s ♦r❣â♥✐❝❛s ❡♠ ✢✉✐❞♦s✱ ❡ q✉❡ ❛❝❤❛✈❛♠ q✉❡

t❛✐s ♠♦✈✐♠❡♥t♦s t✐♥❤❛♠ ✉♠ ❝❛rát❡r ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦r❣â♥✐❝♦✳ ❊ss❛ ✐❞é✐❛ ♣❡r♠❛♥❡❝❡✉ ❛té q✉❡ ♦

❜♦tâ♥✐❝♦ ❡s❝♦❝ês ❘♦❜❡rt ❇r♦✇♥ r❡❧❛t♦✉ ❡♠ ✶✽✷✽ ♦ ♠❡s♠♦ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♣❛rtí❝✉❧❛s ❞❡ ♠❛tér✐❛

✐♥♦r❣â♥✐❝❛✳

❘♦❜❡rt ❇r♦✇♥ ❢♦✐ ✉♠ ❞♦s ♠❛✐♦r❡s ❜♦tâ♥✐❝♦s ❞❛ ■♥❣❧❛t❡rr❛ ❡♠ s✉❛ é♣♦❝❛✳ ❆ ❡❧❡ ❛tr✐❜✉✐✲s❡

✶



❛ ❞❡s❝♦❜❡rt❛ ❞♦ ♥ú❝❧❡♦ ❞❛s ❝é❧✉❧❛s ❞❛s ♣❧❛♥t❛s ❡ t❛♠❜é♠ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❞✐✈❡rs❛s ❡s♣é❝✐❡s

❞❡ ♣❧❛♥t❛s✳ ❊♠ ✶✽✷✽✱ ❇r♦✇♥ ❡s❝r❡✈❡✉ ✉♠ ❛rt✐❣♦ ✐♥t✐t✉❧❛❞♦ ✏❆ ❜r✐❡❢ ❛❝❝♦✉♥t ♦❢ ♠✐❝r♦s❝♦♣✐❝❛❧

♦❜s❡r✈❛t✐♦♥s ♠❛❞❡ ✐♥ t❤❡ ♠♦♥t❤s ♦❢ ❏✉♥❡✱ ❏✉❧② ❛♥❞ ❆✉❣✉st✱ ✶✽✷✼✱ ♦♥ t❤❡ ♣❛rt✐❝❧❡s ❝♦♥t❛✐♥❡❞ ✐♥

t❤❡ ♣♦❧❧❡♥ ♦❢ ♣❧❛♥ts❀ ❛♥❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡ ♦❢ ❛❝t✐✈❡ ♠♦❧❡❝✉❧❡s ✐♥ ♦r❣❛♥✐❝ ❛♥❞ ✐♥♦r❣❛♥✐❝

❜♦❞✐❡s✑ ❬✶✵✱ ✶✶❪✱ ❡♠ q✉❡ ❞❡s❝r❡✈❡ s✉❛s ♦❜s❡r✈❛çõ❡s s♦❜r❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ♣ó❧❡♥s ❞❡ ♣❧❛♥t❛s

❡♠ ✉♠ ♠❡✐♦ ❧íq✉✐❞♦✳ ❙❡❣✉♥❞♦ ♦ ❛rt✐❣♦✱ ❡♥q✉❛♥t♦ ❡①❛♠✐♥❛✈❛ ❛ ❢♦r♠❛ ❞❡st❛s ♣❛rtí❝✉❧❛s ✐♠❡rs❛s

❡♠ á❣✉❛✱ ❡❧❡ ♦❜s❡r✈♦✉ ♠✉✐t❛s ❞❡❧❛s ❡♠ ♠♦✈✐♠❡♥t♦✱ tr♦❝❛♥❞♦ ❞❡ ❧✉❣❛r ♥♦ ✢✉✐❞♦ ❡ ❛té ❣✐r❛♥❞♦

❡♠ t♦r♥♦ ❞❡ s❡✉ ❡✐①♦✳ ❉❡♣♦✐s ❞❡ ♦❜s❡r✈❛çõ❡s r❡♣❡t✐❞❛s✱ ❇r♦✇♥ ♣❡r❝❡❜❡✉ q✉❡ t❛✐s ♠♦✈✐♠❡♥t♦s

♥ã♦ s✉r❣✐r❛♠ ❞❡ ❝♦rr❡♥t❡s ♥♦ ✢✉✐❞♦✱ ♥❡♠ ❞❡ s✉❛ ❣r❛❞✉❛❧ ❡✈❛♣♦r❛çã♦✱ ♠❛s ♣❡rt❡♥❝✐❛♠ ❛ ♣ró♣r✐❛

♣❛rtí❝✉❧❛✳ ❇r♦✇♥✱ ❡♥tã♦✱ ❡①❛♠✐♥♦✉ ♣❛rtí❝✉❧❛s ❞❡ ✈ár✐❛s ♦✉tr❛s ♣❧❛♥t❛s ✭✐♥❝❧✉s✐✈❡ ❞❡ ♣❧❛♥t❛s q✉❡

❤❛✈✐❛♠ s✐❞♦ ♣r❡s❡r✈❛❞❛s ♥✉♠ ❤❡r❜ár✐♦ ♣♦r ❝❡r❝❛ ❞❡ ✉♠ sé❝✉❧♦✮✱ ❡ ♦❜s❡r✈♦✉ ♠♦✈✐♠❡♥t♦s s✐♠✐❧❛r❡s

❡♠ t♦❞♦s ♦s ❝❛s♦s✳ ❘❡♣❡t✐✉ ❛s ♦❜s❡r✈❛çõ❡s ♣❛r❛ ♠❛t❡r✐❛✐s ✐♥♦r❣â♥✐❝♦s ✭❢r❛❣♠❡♥t♦s ❞❡ ✈✐❞r♦s✮

q✉❡ ❛♣r❡s❡♥t❛r❛♠ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❜s❡r✈❛❞♦ ♣❛r❛ ♠❛t❡r✐❛✐s ♦r❣â♥✐❝♦s✱ tr❛♥s❢❡r✐♥❞♦

❛ss✐♠ ♦ ♣r♦❜❧❡♠❛ ❞♦ ❝❛♠♣♦ ❞❛ ❇✐♦❧♦❣✐❛ ♣❛r❛ ♦ ❝❛♠♣♦ ❞❛ ❋ís✐❝❛ ❬✶✵❪✳

❆♣ós ❛ ♦❜s❡r✈❛çã♦ ❞❡ ❇r♦✇♥✱ ♥♦s tr✐♥t❛ ❛♥♦s q✉❡ s❡ s❡❣✉✐r❛♠✱ ♥ã♦ ❤♦✉✈❡ ✐♥t❡r❡ss❡ s✐❣♥✐✜❝❛✲

t✐✈♦ ♣♦r s✉❛s ♦❜s❡r✈❛çõ❡s✳ ▼❛s ❝♦♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ❡ ♥♦✈♦ ✐♥t❡r❡ss❡ ♣❡❧❛

t❡♦r✐❛ ❝✐♥ét✐❝❛ ❞♦s ❣❛s❡s ♣♦r ✈♦❧t❛ ❞❡ ✶✽✺✵✱ ❤♦✉✈❡ ✉♠ ♥♦✈♦ ❡stí♠✉❧♦ ♣❛r❛ ♣❡sq✉✐s❛s r❡❧❛❝✐♦♥❛♥❞♦

❝❛❧♦r ❡ ♠♦✈✐♠❡♥t♦ ♠✐❝r♦s❝ó♣✐❝♦✳

❈❤r✐st✐❛♥ ❲✐❡♥❡r é ❝✐t❛❞♦ ♣♦r ❛❧❣✉♥s ❡s❝r✐t♦r❡s ❬✶✵❪ ❝♦♠♦ ♦ ♣r✐♠❡✐r♦ ❛ ❛ss♦❝✐❛r ♦ ♠♦✈✐♠❡♥t♦

❇r♦✇♥✐❛♥♦ ❛♦ ♠♦✈✐♠❡♥t♦ ❞❛s ♠♦❧é❝✉❧❛s ♥✉♠ ❧íq✉✐❞♦✱ ❡♥tr❡t❛♥t♦ ♣❛r❛ ❡❧❡ ❛ ♠❛tér✐❛ ❝♦♥s✐st✐❛

❞❡ át♦♠♦s ♠❛t❡r✐❛✐s ❡ t❛♠❜é♠ ❞❡ át♦♠♦s ❞❡ ét❡r ❡ ♦ ❝❛❧♦r s❡r✐❛ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞❡ ❛♠❜♦s

t✐♣♦s ❞❡ át♦♠♦s✳ ●✐♦✈❛♥♥✐ ❈❛♥t♦♥✐ t❛♠❜é♠ ❛tr✐❜✉✐✉ ♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ❛♦s ♠♦✈✐♠❡♥t♦s

tér♠✐❝♦s ♥♦ ❧íq✉✐❞♦ ❞✐③❡♥❞♦ q✉❡ t❛❧ ❢❡♥ô♠❡♥♦ ❝♦♥st✐t✉í❛ ✉♠❛ ❜❡❧❛ ❞❡♠♦♥str❛çã♦ ❡①♣❡r✐♠❡♥t❛❧

❞♦s ♣r✐♥❝í♣✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ t❡♦r✐❛ ♠❡❝â♥✐❝❛ ❞♦ ❝❛❧♦r ✭❛ ❤♦♥r❛ ❞♦ ❞❡s❝♦❜r✐♠❡♥t♦ ❞❛ ❝❛✉s❛

✈❡r❞❛❞❡✐r❛ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ t❛♠❜é♠ t❡♠ s✐❞♦ ❛tr✐❜✉í❞❛ ❛ ❡❧❡✮✳

❙✉♠❛r✐③❛♥❞♦ ❛ s✐t✉❛çã♦✱ ❡♠ ✶✽✼✽ ♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ❡st❛✈❛ s❡ t♦r♥❛♥❞♦ ❧❛r❣❛♠❡♥t❡

❝♦♥❤❡❝✐❞♦ ❡ ❡♥q✉❛♥t♦ ✉♠❛ ♠✐♥♦r✐❛ ❞♦s ❝✐❡♥t✐st❛s ❞❛ é♣♦❝❛ ❛✐♥❞❛ ❛tr✐❜✉í❛ s✉❛ ❝❛✉s❛ ❛ ❡❢❡✐t♦s

✷



❡❧étr✐❝♦s ♦✉ ♦s♠♦s❡✱ ❛ ♠❛✐♦r✐❛ ♣❛r❡❝✐❛ ♣❡♥s❛r q✉❡ ❡❧❛ ❞❡✈❡r✐❛ ❡st❛r ❝♦♥❡❝t❛❞❛ ❛ ♠♦✈✐♠❡♥t♦s

♠♦❧❡❝✉❧❛r❡s tér♠✐❝♦s✳ ❆♣❡s❛r ❞✐ss♦✱ ❛✐♥❞❛ ♥ã♦ ❤❛✈✐❛ ✉♠❛ t❡♦r✐❛ q✉❛♥t✐t❛t✐✈❛ q✉❡ ♣✉❞❡ss❡ t❡st❛r

❛ ♦❜s❡r✈❛çã♦ ❞♦ ❢❡♥ô♠❡♥♦ ❬✶✵❪✳ ❆✐♥❞❛ ❛ss✐♠✱ ❛té ✶✽✼✾ ♥ã♦ ❤♦✉✈❡ ♠✉✐t❛ ❛t❡♥çã♦ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r

✉♠❛ t❡♦r✐❛ q✉❛♥t✐t❛t✐✈❛ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❜❛s❡❛❞♦ ♥❛ t❡♦r✐❛ ❛tô♠✐❝♦✲♠❡❝â♥✐❝❛ ❞♦

❝❛❧♦r✳ ❯♠❛ ❝✉r✐♦s✐❞❛❞❡ é q✉❡ ♥❡st❡ ♣❡rí♦❞♦ ❤♦✉✈❡ ✉♠❛ ❝♦♠♣❧❡t❛ ❛✉sê♥❝✐❛ ❞❡ ♣✉❜❧✐❝❛çõ❡s s♦❜r❡

♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ♣❡❧♦s t❡ór✐❝♦s ❝✐♥ét✐❝♦s ❈❧❛✉s✐✉s✱ ▼❛①✇❡❧❧ ❡ ❇♦❧t③♠❛♥♥✳

❖ tr❛t❛♠❡♥t♦ q✉❛♥t✐t❛t✐✈♦ ❞❡✜♥✐t✐✈♦ ♣❛r❛ ♦ ❢❡♥ô♠❡♥♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ só ✈❡✐♦

❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❊✐♥st❡✐♥ ❡♠ ✶✾✵✺ ❬✶✷❪✳ ❊✐♥st❡✐♥ ✉s♦✉ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❝✉❥❛ s♦❧✉çã♦

❞á ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❡ ♥♦ t❡♠♣♦✱ ❡ ❛tr❛✈és ❞❡st❛✱ ♦❜t❡✈❡

♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞❛ ♣❛rtí❝✉❧❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✳

❖r❛✱ ❡st❡ r❡s✉❧t❛❞♦ r❡❧❛❝✐♦♥❛ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ♠é❞✐♦ ❞❛ ♣❛rtí❝✉❧❛ ❛♦ ❞✐â♠❡tr♦ ❞❛ ♠♦❧é❝✉❧❛ ♥♦

✢✉✐❞♦✱ ♦✉ s❡❥❛✱ q✉❛♥t♦ ♠❡♥♦r ♦ ❞✐â♠❡tr♦ ❞❛ ♠♦❧é❝✉❧❛✱ ♠❡♥♦r ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛✳

P♦rt❛♥t♦✱ s❡❣✉♥❞♦ ❛ r❡❧❛çã♦ ♦❜t✐❞❛✱ ♦ ♣ró♣r✐♦ ❢❛t♦ ❞❡ ❛ ♣❛rtí❝✉❧❛ s❡ ♠♦✈❡r ✐♠♣❧✐❝❛✈❛ ♥❛ ❡①✐stê♥❝✐❛

❞❛s ♠♦❧é❝✉❧❛s✳ ❘❡s✉♠✐❞❛♠❡♥t❡✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❊✐♥st❡✐♥ r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛ ❇r♦✇♥✐❛♥♦

❛ss♦❝✐❛♥❞♦ ❛ ❧❡✐ ❞❡ ❙t♦❦❡s ✭q✉❡ ♣r❡ss✉♣õ❡ ✉♠❛ ❢♦rç❛ ❞❡ ❛tr✐t♦ ❛t✉❛♥❞♦ s♦❜r❡ ❛ ♣❛rtí❝✉❧❛✮ à ❞✐❢✉sã♦

❛❧❡❛tór✐❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛ ❬✶✷✱ ✶✸❪✳ ▼❛✐s t❛r❞❡✱ ❏❡❛♥✲❇❛♣t✐st❡ P❡rr✐♥ r❡❛❧✐③♦✉ ✉♠

❡①♣❡r✐♠❡♥t♦ ✈❛❧✐❞❛♥❞♦ ❛ r❡❧❛çã♦ ♦❜t✐❞❛ ♣♦r ❊✐♥st❡✐♥ ❡ ❝♦♥✜r♠❛♥❞♦ ❞❡✜♥✐t✐✈❛♠❡♥t❡ ❛ ♣r♦♣♦st❛

❛t♦♠✐st❛ ❬✶✹❪✳ ❍á ❞❡ s❡ ❝✐t❛r ❛q✉✐✱ ♠❡s♠♦ q✉❡ ♥ã♦ ♠✉✐t♦ ❝♦♥❤❡❝✐❞♦✱ q✉❡ ♦ ❛✉str❛❧✐❛♥♦ ❲✐❧❧✐❛♠

❙✉t❤❡r❧❛♥❞✱ ❥á ❤❛✈✐❛ ♦❜t✐❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐❢✉sã♦ ♦❜t✐❞❛ ♣♦r ❊✐♥st❡✐♥✱ ❛♣r❡s❡♥t❛♥❞♦✲❛ ♥♦ ❛♥♦ ❞❡

✶✾✵✹ ♥❛ ❝♦♥❢❡rê♥❝✐❛ ❆◆❩❆❆❙ ♥❛ ◆♦✈❛ ❩❡❧â♥❞✐❛ ❬✶✺✱ ✶✻❪✳ ❙✉t❤❡r❧❛♥❞ ♣✉❜❧✐❝♦✉ s✉❛ r❡❧❛çã♦ ❞❡

❞✐❢✉sã♦ ❡♠ ✉♠❛ r❡✈✐st❛ ✐♥t❡r♥❛❝✐♦♥❛❧ ❞❡ ❋ís✐❝❛ ❬✶✻❪ ❡♠ ✶✾✵✺✱ ❛❧❣✉♥s ♠❡s❡s ❛♥t❡s ❞♦ r❡s✉❧t❛❞♦

❞❡ ❊✐♥st❡✐♥ s❡r ♣✉❜❧✐❝❛❞♦✳

❯♠ ♦✉tr♦ ❝✐❡♥t✐st❛✱ P❛✉❧ ▲❛♥❣❡✈✐♥✱ ❝♦♥t❡♠♣♦râ♥❡♦ ❞❡ ❊✐♥st❡✐♥ ❝❤❡❣♦✉ ❛♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✱

♠❛s ♣♦r ♦✉tr♦ ❝❛♠✐♥❤♦✳ ▲❛♥❣❡✈✐♥ r❛❝✐♦❝✐♥♦✉ s♦❜r❡ ❛ s❡❣✉♥❞❛ ❧❡✐ ❞❡ ◆❡✇t♦♥✳ ❊❧❡ ✐♠❛❣✐♥♦✉ ❛

♣❛rtí❝✉❧❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ r❡♣♦✉s♦ ❡ ✉♠❛ ❢♦rç❛ s❡♥❞♦ ❛♣❧✐❝❛❞❛ à ❡❧❛✳ ❉❡✈✐❞♦ ❛♦ ❛tr✐t♦ ❝♦♠ ♦

✢✉✐❞♦✱ ❛ ♣❛rtí❝✉❧❛ ❞❡✈❡r✐❛ ❝❡ss❛r s❡✉ ♠♦✈✐♠❡♥t♦ ❡♠ ❛❧❣✉♠ t❡♠♣♦✱ ♠❛s ❝♦♠♦ ✐ss♦ ♥ã♦ ❡r❛ ♦

♦❜s❡r✈❛❞♦✱ ▲❛♥❣❡✈✐♥ s✉♣ôs q✉❡ ❞❡✈❡r✐❛ ❡①✐st✐r ❛❧❣✉♠❛ ♦✉tr❛ ❢♦rç❛✱ ❛❧é♠ ❞♦ ❛tr✐t♦✱ ✐♠♣r✐♠✐♥❞♦

✸



♠♦✈✐♠❡♥t♦ à ♣❛rtí❝✉❧❛ ❬✶✸✱ ✶✼❪✳ ❆ss✐♠✱ ❡❧❡ ♣r♦♣ôs ❛ ❝♦♥❤❡❝✐❞❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥✳ ❘❡s♦❧✈❡♥❞♦

t❛❧ ❡q✉❛çã♦✱ ▲❛♥❣❡✈✐♥ ♦❜t❡✈❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛

♥✉♠ ✢✉✐❞♦✱ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❞❡ ❊✐♥st❡✐♥✳ ◗✉❛♥t♦ à ❢♦rç❛ ❛❞✐❝✐♦♥❛❧✱ s✉❣❡r✐❞❛ ♣♦r

▲❛♥❣❡✈✐♥✱ t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ ❢♦rç❛ ✢✉t✉❛♥t❡✱ ♥ã♦ é ♣♦ssí✈❡❧ ❛✜r♠❛r s✉❛ ❢♦r♠❛ ♣r❡❝✐s❛✱ ♠❛s

♣♦❞❡♠♦s ❛tr✐❜✉✐r✲❧❤❡ ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s✳ ❖✉tr❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❢♦rç❛ r❡❢❡r✐❞❛ é q✉❡

❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❛ ❡ ♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦✱ r❡❧❛çã♦ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ t❡♦r❡♠❛ ❞❛

❋❧✉t✉❛çã♦✲❉✐ss✐♣❛çã♦ ❬✶✽❪✱ q✉❡ ❡①♣❧✐❝✐t❛ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❞✐ss✐♣❛çã♦ ❡ ❛s ✢✉t✉❛çõ❡s ❞♦ s✐st❡♠❛

❝♦♥s✐❞❡r❛❞♦✳ ❆ ❛❜♦r❞❛❣❡♠ ❞❡ ▲❛♥❣❡✈✐♥ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❢♦✐ ❢❡✐t❛ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱

❝♦♥s✐❞❡r❛♥❞♦ ❝♦♠♦ é ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ♥♦ t❡♠♣♦✱ ❡ ✉s❛♥❞♦ ♠é❞✐❛s ♣❛r❛

✐ss♦✳ ❊①✐st❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ❛ss✐♠ ❝♦♠♦ ❛ ❞❡

▲❛♥❣❡✈✐♥✱ ♠❛s ❝♦♠ ✉♠ ❝❛rát❡r ♠❛✐s ♣r♦❜❛❜✐❧íst✐❝♦ ✭❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ♥♦

t❡♠♣♦ t✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛ ❡st❡❥❛ ❡♥tr❡ ✈ ❡ ✈✰❞✈✮✳ ❊ss❛ ❛❜♦r❞❛❣❡♠ é ❢❡✐t❛ ❛tr❛✈és

❞❛ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❬✶✾❪✱ ❝✉❥❛ ✈❡rsã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡q✉❛çã♦ ❞❡

❑r❛♠❡rs ❬✷✵❪✳ ❆ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❧✐✈r❡ ✭s❡♠ ❢♦rç❛s ❡①t❡r♥❛s✮

❢♦✐ r❡s♦❧✈✐❞❛ ❛♥❛❧ít✐❝❛♠❡♥t❡ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ❬✶✾❪✱ ❡♠ ✶✾✹✸✳

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ r❡s♦❧✈❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛

❝❛rr❡❣❛❞❛✱ s♦❜ ❛çã♦ ❞❡ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦ ❡ ❡❧étr✐❝♦ ❡①t❡r♥♦s✳ ❆♥t❡s ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✱ ✉♠❛

s♦❧✉çã♦ ❡①❛t❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ s✐st❡♠❛ ❛ss✐♠✱ ♥ã♦ t✐♥❤❛ s✐❞♦

♣♦ssí✈❡❧✳ ❆ ❡q✉❛çã♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢♦✐ s♦❧✉❝✐♦♥❛❞❛ ❡①❛t❛♠❡♥t❡ ❬✷✶❪ ❡

♣❛r❛ ❝❛♠♣♦ ❡❧étr✐❝♦ t❛♠❜é♠ ❬✷✷❪✳ ▼❛s ❛té ❛q✉✐ ♥✐♥❣✉é♠ ❤❛✈✐❛ ♣✉❜❧✐❝❛❞♦ ❛ s♦❧✉çã♦ ❝♦♥s✐❞❡r❛♥❞♦

❛♠❜♦s ❝❛♠♣♦s✱ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❆ss✐♠ s❡♥❞♦✱ ♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ é ♣r♦♣♦r ✉♠❛

❢♦r♠❛ ❞❡ r❡s♦❧✉çã♦ ❡①❛t❛ ♣❛r❛ t❛❧ s✐st❡♠❛✳

❙✐st❡♠❛s ❇r♦✇♥✐❛♥♦s ❡♠ q✉❡ ❝❛♠♣♦s ❡①t❡r♥♦s ❡stã♦ ♣r❡s❡♥t❡s✱ ♣♦❞❡♠ s❡r ❜❡♠ ✐❧✉str❛❞♦s

❝♦♠ ❛♣❧✐❝❛çõ❡s r❡❝❡♥t❡s ❝♦♠♦ ♦ ❝❛s♦ ❞♦s ♠♦t♦r❡s ❇r♦✇♥✐❛♥♦s✳ ❚r❛t❛✲s❡✱ r❡s✉♠✐❞❛♠❡♥t❡✱ ❞❡ ✉♠

s✐st❡♠❛ ❡♠ q✉❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ s❡ ❡♥❝♦♥tr❛ s♦❜ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡♣❡♥❞❡♥t❡ ❞❛ ♣♦s✐çã♦

✭t✐♣✐❝❛♠❡♥t❡✱ ✉♠❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ❝♦♠ ❝❛♠♣♦ ❡①t❡r♥♦✮✳ ◆❡st❡ ❝❛s♦ t❛♠❜é♠✱ ♦❝♦rr❡ ♣❡r❞❛

❞❡ ❡♥❡r❣✐❛ ♣♦r ❛tr✐t♦ ❡ ♦ ❣❛♥❤♦ ❞❡ ❡♥❡r❣✐❛ ✈✐❛ ❢♦rç❛ ❡st♦❝ást✐❝❛ ❡ ❛♠❜♦s sã♦ ❝♦♠♣❡♥s❛❞♦s ❡♠

✹



♠é❞✐❛✳ ❊♥tr❡t❛♥t♦✱ ❡♠ ❛❞✐çã♦ ❛ ❡st❛ ❞✐♥â♠✐❝❛✱ ❛ ♣❛rtí❝✉❧❛ ❛❜s♦r✈❡ ❡♥❡r❣✐❛ ❞♦ ♠❡✐♦ q✉❡ ♣♦❞❡

s❡r ❛r♠❛③❡♥❛❞❛ ♥✉♠ ❞❡♣ós✐t♦ ✐♥t❡r♥♦✳ ❆❧é♠ ❞✐ss♦ ❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ ♣♦❞❡ s❡r ❝♦♥✈❡rt✐❞❛ ❡♠

❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❛ ✉♠❛ t❛①❛ ❞❡♣❡♥❞❡♥t❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳ ❚❛♠❜é♠ ❡①✐st❡ ✉♠❛ ❞✐ss✐♣❛çã♦ ✐♥t❡r♥❛✱

q✉❡ s❡ ❛ss✉♠❡ s❡r ♣r♦♣♦r❝✐♦♥❛❧ à ❡♥❡r❣✐❛ ❞♦ ❞❡♣ós✐t♦✳ ❆ ❝♦♥✈❡rsã♦ ❞❡ ❡♥❡r❣✐❛ r❡s✉❧t❛ ❡♠ ✉♠❛

❛❝❡❧❡r❛çã♦ ❛❞✐❝✐♦♥❛❧ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ♥❛ ❞✐r❡çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❡ ❡st❡ t❡r♠♦ é ❛❞✐❝✐♦♥❛❞♦

à ❡q✉❛çã♦ ♦r✐❣✐♥❛❧ ❞❡ ▲❛♥❣❡✈✐♥ q✉❡ s❡ ❛♥❛❧✐s❛❞❛ ❛❣♦r❛✱ ♣r❡s❡r✈❛ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛ ❡q✉❛çã♦

✐♥✐❝✐❛❧ ✭❛♣❡♥❛s ❝♦♠ ♦s t❡r♠♦s ❞✐sss✐♣❛t✐✈♦s✱ ✢✉t✉❛♥t❡ ❡ ❞❡ ❝❛♠♣♦ ❡①t❡r♥♦✮✱ ❡♥tr❡t❛♥t♦ ❝♦♠ ✉♠❛

♣❡q✉❡♥❛ ❞✐❢❡r❡♥ç❛ ♥❛ ❝♦♥st❛♥t❡ ❞❡ ❛tr✐t♦✳ ❊st❛ ❛❣♦r❛ ✐♥❝❧✉✐ ✉♠ t❡r♠♦ ❞❡♣❡♥❞❡♥t❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳

P♦rt❛♥t♦✱ ♦ ✈❛❧♦r ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ ♠✉❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ ❞♦

❞❡♣ós✐t♦ ✭q✉❡ ♣♦r s✉❛ ✈❡③ é ✉♠❛ ❢✉♥çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✮✳ ◆❡st❡ ❝❛s♦✱ ♦ ♥♦✈♦ t❡r♠♦ ❞❡ ❛tr✐t♦

♣♦❞❡ ❛ss✉♠✐r ✉♠ ✈❛❧♦r ♥❡❣❛t✐✈♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛ ♣❛rtí❝✉❧❛ é ✐♠♣✉❧s✐♦♥❛❞❛ ❝♦♠ ❡♥❡r❣✐❛✱

❢✉♥❝✐♦♥❛♥❞♦ ❝♦♠♦ ✉♠ ♠♦t♦r ❬✷✸❪ ❡ ❞❛í ♦ t❡r♠♦ ♠♦t♦r ❇r♦✇♥✐❛♥♦✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❞❡st❛ t❡s❡✱ ❛♣r❡s❡♥t❛♠♦s ❛ t❡♦r✐❛ ❜❛s❡ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ✐♥❝❧✉✐♥❞♦ ♦s

r❡s✉❧t❛❞♦s ❞❡ ❊✐♥st❡✐♥✱ ▲❛♥❣❡✈✐♥ ❡ ✉♠❛ ✐♥tr♦❞✉çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ à ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦

✭❡q✉❛çã♦ ❞❡ tr❛♥s♣♦rt❡ ❛ss♦❝✐❛❞❛ à ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✮✱ à ❡q✉❛çã♦ ❞❡

❑r❛♠❡rs ✭❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✮ ❡ à ❡q✉❛çã♦ ❞❡ ❙♠♦❧✉❝❤♦✇s❦✐ ✭❡q✉❛çã♦

❞❡ ❑r❛♠❡rs ♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦ ♦✉ ❞❡ t❡♠♣♦s ❧♦♥❣♦s✱ t❛♠❜é♠ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝❛s♦ ❞❡ ❣r❛♥❞❡

❛tr✐t♦✮✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s✱ ♥♦ ❝❛s♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs✱ s✉❛ r❡s♦❧✉çã♦ ❝♦♠♦ ♣r♦♣♦st❛

♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞❡r✐✈❛❞❛s ❞❡ss❛✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ s♦❧✉çã♦ ❡①❛t❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs✱ ♣❛r❛ ✉♠❛

♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝❛rr❡❣❛❞❛ ❡ s♦❜ ❛ ❛çã♦ ❞❡ ❝❛♠♣♦s ❡①t❡r♥♦s ✭❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✮✱ ❧❡♠✲

❜r❛♥❞♦ q✉❡ ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ♦✉ ♣r♦♣❛❣❛❞♦r ✭s♦❧✉çã♦ ❝♦♠ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❞❡ ❉❡❧t❛ ❞❡ ❉✐r❛❝✮

❢♦✐ ❛♣❧✐❝❛❞❛ ❛ ✉♠❛ ❝❧❛ss❡ ♣❛rt✐❝✉❧❛r ❞❡ s♦❧✉çõ❡s✱ ❛ s❛❜❡r✱ ❛q✉❡❧❛s ❝♦♠ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❣❛✉ss✐❛♥♦ ✭♥♦

❡s♣❛ç♦ ❞❡ ❢❛s❡✮✳ ❆❧❣✉♥s ❞❡t❛❧❤❡s s♦❜r❡ ♦s ❝á❧❝✉❧♦s q✉❡ ✜❣✉r❛♠ ♥❡ss❡ ❝❛♣ít✉❧♦ sã♦ ♠♦str❛❞♦s ♥♦

❆♣ê♥❞✐❝❡ ❆✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❛♣❧✐❝❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❝❛❧❝✉❧❛♥❞♦ ♥❛ ♣r✐♠❡✐r❛ ♣❛rt❡

❛❧❣✉♠❛s ❣r❛♥❞❡③❛s ❤✐❞r♦❞✐♥â♠✐❝❛s ❡ t❡r♠♦❞✐♥â♠✐❝❛s✱ ❛ s❛❜❡r✱ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ ♣❛rtí❝✉❧❛s✱ ❞❡

✺



✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ❞❡ ❡♥❡r❣✐❛✱ ❞❡ ❡♥tr♦♣✐❛✱ ❛❧é♠ ❞❛ t❡♠♣❡r❛t✉r❛ ❡❢❡t✐✈❛ ❞♦ ❣ás ❇r♦✇♥✐❛♥♦✳ ❆s

❞❡❞✉çõ❡s ❡ ❞❡t❛❧❤❡s té❝♥✐❝♦s s♦❜r❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥✉♠ér✐❝❛✱ r❡❧❛t✐✈♦s às ❡①♣r❡ssõ❡s ♦❜t✐❞❛s✱ sã♦

✐♥❝❧✉í❞❛s ♥♦ ❆♣ê♥❞✐❝❡ ❇✳ ❆❧❣✉♥s ❞♦ ♥♦ss♦s r❡s✉❧t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❡♠ ❣rá✜❝♦s✱ q✉❡ sã♦

❛♥❛❧✐s❛❞♦s s❡❣✉♥❞♦ s✉❛ ❡✈♦❧✉çã♦ ♥♦ t❡♠♣♦ ❡ ❡s♣❛ç♦ ❡ ❝♦♠♣❛r❛❞♦s ❛♦ r❡s✉❧t❛❞♦ ❡s♣❡r❛❞♦ ♣❛r❛ ♦

❝❛s♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❧♦❝❛❧✳

◆♦ ❈❛♣ít✉❧♦ ✺ ❛♣r❡s❡♥t❛♠♦s ❛s ❝♦♥❝❧✉sõ❡s ❞❡ ♥♦ss♦s r❡s✉❧t❛❞♦s ❡ ♣❡rs♣❡❝t✐✈❛s ❞❡ tr❛❜❛❧❤♦s

❛ s❡r❡♠ ❞❡s❡♥✈♦❧✈✐❞♦s✳

❆♣ós ♦ ❈❛♣ít✉❧♦ ✺✱ s❡❣✉❡♠ ♦s ❛♣ê♥❞✐❝❡s✱ ❛s r❡❢❡rê♥❝✐❛s ❡ ✉♠❛ s❡çã♦ ❞❡ ❛♥❡①♦s q✉❡ ❝♦♥té♠

❝ó♣✐❛ ❞♦ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦ ✭r❡❢✳ ❬✶❪✮✱ ♦♥❞❡ ❛♣r❡s❡♥t❛♠♦s ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ❛❧❣✉♠❛s ❛♣❧✐✲

❝❛çõ❡s ♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦✱ ❡ ✉♠ ❛rt✐❣♦ q✉❡ ❢♦✐ ❛❝❡✐t♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦ ♥❛ r❡✈✐st❛ P❤②s✐❝❛ ❆✱

♦♥❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s✳ ❆ r❡❢❡rê♥❝✐❛ ❬✶❪ t❡♠ s✐❞♦ ❝✐t❛❞❛ ♦♥③❡

✈❡③❡s ♥❛ ▲✐t❡r❛t✉r❛ ✭r❡❢❡rê♥❝✐❛s ❬✷✹❪ à ❬✸✹❪✮✱ ❞❡st❛❝❛♥❞♦ ♦ ❝❛rát❡r ♣✐♦♥❡✐r♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✳
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❈❛♣ít✉❧♦ ✷

❚❡♦r✐❛ ❞♦ ▼♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦

❘♦❜❡rt ❇r♦✇♥ ❡♠ ✶✽✷✼✱ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ♣❡sq✉✐s❛❞♦r ❛ ❝♦♥st❛t❛r q✉❡ ♦s ♠♦✈✐♠❡♥t♦s ✐rr❡❣✉✲

❧❛r❡s ❞❡ t♦❞♦s ♦s t✐♣♦s ❞❡ ♣❡q✉❡♥❛s ♣❛rtí❝✉❧❛s ❡♠ ✢✉✐❞♦s tê♠ ✉♠❛ ❝❛✉s❛ ❢ís✐❝❛ ❡ ♥ã♦ ❜✐♦❧ó❣✐❝❛✱

❝♦♠♦ s❡ ♣❡♥s❛✈❛ ❛té ❛ é♣♦❝❛✳ ❖ q✉❡ ❘♦❜❡rt ❇r♦✇♥ ♠♦str♦✉ ❢♦✐ q✉❡ ❛ ♠❛tér✐❛✱ ♦r❣â♥✐❝❛ ♦✉

✐♥♦r❣â♥✐❝❛✱ ✐♠❡rs❛ ♥✉♠ ✢✉✐❞♦ ✭s♦❧✈❡♥t❡✮✱ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❝♦♠♣♦st❛ ❞❡ ♣❛rtí❝✉❧❛s ♣❡✲

q✉❡♥❛s q✉❡ ❡①✐❜❡♠ ✉♠ ♠❡s♠♦ t✐♣♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❛❧❡❛tór✐♦ ♥♦ s♦❧✈❡♥t❡✱ ♠♦✈✐♠❡♥t♦ ❞❡♥♦♠✐♥❛❞♦

❞♦r❛✈❛♥t❡ ❞❡ ❇r♦✇♥✐❛♥♦✳ ❊st✉❞♦s ♣♦st❡r✐♦r❡s ❢♦r❛♠ ❝♦rr♦❜♦r❛♥❞♦ ❛ ✐❞é✐❛ ❞❡ q✉❡ ❛ ♠❛tér✐❛ ❡r❛

❝♦♠♣♦st❛ ❞❡ ♣❡q✉❡♥♦s ❡♥t❡s ✐♥❞✐✈✐sí✈❡✐s ♦✉ át♦♠♦s✱ ♥ã♦ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ❝♦♥tí♥✉❛✳ ❆❝❡✐t❛r

q✉❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❛s ♣❛rtí❝✉❧❛s ❡r❛ ❢r✉t♦ ❞❡ ❛❣✐t❛çã♦ tér♠✐❝❛ ❞❡ ♠♦❧é❝✉❧❛s q✉❡ ❝♦♠♣✉♥❤❛♠

♦ ♠❡✐♦ ♥♦ q✉❛❧ ❛s ♣❡q✉❡♥❛s ♣❛rtí❝✉❧❛s ❡st❛✈❛♠ ✐♠❡rs❛s✱ ❡♠ ú❧t✐♠❛ ❛♥á❧✐s❡✱ ❡r❛ ✈❛❧✐❞❛r ❛ ♣r♦✲

♣♦st❛ ❛t♦♠✐st❛✳ ■st♦ ❞❡ ❢❛t♦ ✈❡✐♦ ❛ ❛❝♦♥t❡❝❡r ❞❡✜♥✐t✐✈❛♠❡♥t❡ ❝♦♠ ♦ tr❛❜❛❧❤♦ q✉❛♥t✐t❛t✐✈♦

s♦❜r❡ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ q✉❡ ❢♦✐ ❡❧❛❜♦r❛❞♦ ♣♦r ❊✐♥st❡✐♥ ❡ ❛♣r❡s❡♥t❛❞♦ ❝♦♠♦ s✉❛ t❡s❡ ❞❡

❞♦✉t♦r❛❞♦ ❡♠ ✶✾✵✺✳ ❖❜t❡♥❞♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ t❛♠❛♥❤♦ ❞❛s ♠♦❧é❝✉❧❛s ❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❛s

♣❛rtí❝✉❧❛s s✉s♣❡♥s❛s✱ ❊✐♥st❡✐♥ ♣♦ss✐❜✐❧✐t♦✉ ❛ ❏❡❛♥✲❇❛♣t✐st❡ P❡rr✐♥ ❛ ❝♦♠♣r♦✈❛çã♦ ❡①♣❡r✐♠❡♥t❛❧

❞❛ ♥❛t✉r❡③❛ ❞✐s❝r❡t❛ ❞❛ ♠❛tér✐❛✳ ❊♠❜♦r❛ ❡st❡ tr❛❜❛❧❤♦ ❞❡ ❊✐♥st❡✐♥ s❡❥❛ ♠✉✐t❛s ✈❡③❡s ❝✐t❛❞♦

❝♦♠♦ ♦ ♣r✐♠❡✐r♦✱ s❛❜❡♠♦s✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ■♥tr♦❞✉çã♦✱ q✉❡ ❲✳ ❙✉t❤❡r❧❛♥❞ ♣✉❜❧✐❝♦✉ r❡✲

s✉❧t❛❞♦s s❡♠❡❧❤❛♥t❡s ❛❧❣✉♥s ♠❡s❡s ❛♥t❡s✱ ❡ q✉❡ ❇❛❝❤❡❧✐❡r ❤❛✈✐❛ ♣r♦♣♦st♦ r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s

❡♠ ✶✾✵✵✱ q✉❛♥❞♦ ❡st✉❞♦✉ ❛ ✢✉t✉❛çã♦ ❞❡ ♣r❡ç♦s ♥❛ ❜♦❧s❛ ❞❡ P❛r✐s✳ ❖✉tr♦ tr❛❜❛❧❤♦ s❡♠❡❧❤❛♥t❡
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❛♦ ❞❡ ❊✐♥st❡✐♥ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ▼❛r✐❛♥ ✈♦♥ ❙♠♦❧✉❝❤♦✇s❦✐ ❬✸✺❪ ❡ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✾✵✻✳ ◆❛s

❛❜♦r❞❛❣❡♥s ❞❡ ❊✐♥st❡✐♥ ❡ ❙♠♦❧✉❝❤♦✇s❦✐✱ ♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ é ✈✐st♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡

✢✉t✉❛çõ❡s r❛♥❞ô♠✐❝❛s ❡ ✈á❧✐❞❛s s♦♠❡♥t❡ q✉❛♥❞♦ ✐❣♥♦r❛❞♦s ♦s ❡❢❡✐t♦s q✉❡ ♦❝♦rr❡♠ ❡♠ ✐♥t❡r✈❛❧♦s

❞❡ t❡♠♣♦ ❞❛ ♦r❞❡♠ ❞♦ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦✳ P❛r❛ tr❛t❛♠❡♥t♦s ♠❛✐s ❣❡r❛✐s✱ ♣♦❞❡♠♦s r❡❝♦rr❡r ❛♦

tr❛❜❛❧❤♦ ❞❡ ▲❛♥❣❡✈✐♥ q✉❡ t❛♠❜é♠ ♣r♦♣ôs ✉♠ tr❛t❛♠❡♥t♦ ♣❛r❛ ♦ ❢❡♥ô♠❡♥♦ ❇r♦✇♥✐❛♥♦ ❜❛s❡❛❞♦

♥❛ s❡❣✉♥❞❛ ❧❡✐ ❞❡ ◆❡✇t♦♥ ✭❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❊✐♥st❡✐♥ ✐♥❝❧✉í❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡♥q✉❛♥t♦ q✉❡ ▲❛♥❣❡✈✐♥ ♦❜t❡✈❡ ❛ ✈❡rsã♦ ❡st♦❝ást✐❝❛ ❞❛ s❡❣✉♥❞❛ ❧❡✐

❞❡ ◆❡✇t♦♥✱ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✮ ❬✸✻❪✳ ❆ ❛❜♦r❞❛❣❡♠ ❞❡ ❛♠❜♦s ❝♦♥s✐❞❡r❛✈❛ ✉♠❛ ♣❛rtí❝✉❧❛

❡♠ ✉♠ ♠❡✐♦✱ ❧✐✈r❡ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s✳ ❯♠❛ ✈❡rsã♦ ❡♠ ❢♦r♠❛ ❞❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧✱ ❞❛

❞❡s❝r✐çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ❢♦✐ ♦❜t✐❞❛

♣♦r ❆✳❉✳ ❋♦❦❦❡r ❡ ♣♦st❡r✐♦r♠❡♥t❡✱ ✉♠❛ ❞✐s❝✉ssã♦ ♠❛✐s ❣❡r❛❧ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ▼✳ P❧❛♥❝❦ ✭❬✸✼❪ ❡

❬✸✽❪✮✳ ❏á ❛ ✈❡rsã♦ ❞✐❢❡r❡♥❝✐❛❧ ♥❛ ❝♦♥✜❣✉r❛çã♦ ❡s♣❛❝✐❛❧ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❙♠♦❧✉❝❤♦✇s❦✐✱ ❞❡st❛ ✈❡③

❡♠ ✶✾✶✺ ❬✸✾❪✳

❯♠❛ ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❑r❛♠❡rs ❬✷✵❪✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ✐♥❝❧✉✐♥❞♦ ❛ ♣r❡✲

s❡♥ç❛ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡st❛ ❛❜♦r❞❛❣❡♠ ❡♥❝♦♥tr❛ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ♥♦ ❝❛♠♣♦

❞❛ ❢ís✐❝❛✱ ♣♦r ❡①❡♠♣❧♦ ♦ ❝❛s♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝❛rr❡❣❛❞❛ s♦❜ ❛çã♦ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦

❡ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦s ❡ ♥❡st❡ ❝♦♥t❡①t♦✱ s❡ s✐t✉❛ ♥♦ss❛ t❡s❡✳ ❖❜t❡r ✉♠❛ s♦❧✉çã♦ ❡①❛t❛ ♣❛r❛ t❛❧

s✐st❡♠❛ é ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♣♦✐s✱ ❛❧é♠ ❞❡ s❡r✈✐r ❝♦♠♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ♣r♦❜❧❡♠❛s ♠❛✐s

❝♦♠♣❧❡①♦s✱ ♥♦s ♣❡r♠✐t✐r✐❛ ❝❛❧❝✉❧❛r q✉❛♥t✐❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s ❝♦♠♦ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ ❞✐✈❡rs❛s

❣r❛♥❞❡③❛s ❝♦♠♦✿ ♦ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ❛ ❡♥tr♦♣✐❛ ❡ t❛♠❜é♠ ❛ ♣r❡ssã♦ ❧♦❝❛❧✱

❜❡♠ ❝♦♠♦ ❜✉s❝❛r ♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ❡♠ ♦✉tr♦s ❝❛♠♣♦s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♦ ♥❛ ❜✐♦❢ís✐❝❛✱

♣♦r ❡①❡♠♣❧♦ ❡st✉❞❛♥❞♦ ♠♦t♦r❡s ♠♦❧❡❝✉❧❛r❡s✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ r❡✈✐s❛♠♦s ❛s ❞❡s❝r✐çõ❡s ❡ss❡♥❝✐❛✐s

❡ ❝❧áss✐❝❛s ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❛ s❛❜❡r✱ ❛s t❡♦r✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❊✐♥st❡✐♥✱ ▲❛♥❣❡✈✐♥✱

❙♠♦❧✉❝❤♦✇s❦✐ ❡ ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡ ❑r❛♠❡rs✳

✽



✷✳✶ ▼♦❞❡❧♦ ❞❡ ❊✐♥st❡✐♥

❆♣❡s❛r ❞❡ s❛❜❡r♠♦s✱ ❝♦♠♦ ❥á ✐♥tr♦❞✉③✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ q✉❡ ❊✐♥st❡✐♥ ♥ã♦ ❢♦✐ ♦

♣✐♦♥❡✐r♦ ❛ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ t❡♦r✐❛ ❢♦r♠❛❧♠❡♥t❡ ❝♦rr❡t❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❇r♦✇♥✐❛♥♦✱ ❛✐♥❞❛ é

❝♦♠✉♠ r❡❢❡r❡♥❝✐❛r s❡✉ tr❛❜❛❧❤♦ ❞❡ ✶✾✵✺ ❝♦♠♦ ♦ ✐♥tr♦❞✉tór✐♦ ♥❡st❡ ❝♦♥t❡①t♦✳ ❙❡♥❞♦ ❛ss✐♠✱

❡①♣♦♠♦s ❛ s❡❣✉✐r✱ ❞❡ ❢♦r♠❛ ❜r❡✈❡✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❊✐♥st❡✐♥ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳

❈♦♥s✐❞❡r❡♠♦s ❛❧❣✉♠❛s ♣❛rtí❝✉❧❛s ❡s♣❛❧❤❛❞❛s ✐rr❡❣✉❧❛r♠❡♥t❡ ❡♠ ✉♠ ❧íq✉✐❞♦ ✭❤♦♠♦❣ê♥❡♦✮✱

t❛❧ q✉❡ ♦ t❛♠❛♥❤♦ ❞❡ t❛✐s ♣❛rtí❝✉❧❛s ♥♦s ♣❡r♠✐t❛ ♦❜s❡r✈❛r s❡✉s ♠♦✈✐♠❡♥t♦s ❛tr❛✈és ❞❡ ✉♠

♠✐❝r♦s❝ó♣✐♦✳ ❆s ♣❛rtí❝✉❧❛s ❞❡s❝r❡✈❡rã♦ ♠♦✈✐♠❡♥t♦s ✐rr❡❣✉❧❛r❡s ❞♦ t✐♣♦ ❇r♦✇♥✐❛♥♦✳ ❙✉♣♦♥❞♦

q✉❡ ♦s ♠♦✈✐♠❡♥t♦s ✐rr❡❣✉❧❛r❡s ♦❜s❡r✈❛❞♦s ♣❛r❛ ❛s ♣❛rtí❝✉❧❛s s✉r❥❛♠ ❞♦ ♠♦✈✐♠❡♥t♦ ✭tér♠✐❝♦✮

♠♦❧❡❝✉❧❛r✱ t❡r❡♠♦s ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦✳ ❆ss✉♠✐♠♦s t❛♠❜é♠ q✉❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❡①❡❝✉t❛

✉♠ ♠♦✈✐♠❡♥t♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❛s ♦✉tr❛s ♣❛rtí❝✉❧❛s✱ ❡ q✉❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛

♣❛rtí❝✉❧❛ ❡♠ ❞♦✐s ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❞✐❢❡r❡♥t❡s sã♦ ♣r♦❝❡ss♦s ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❆

♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✭✉♥✐❞✐♠❡♥s✐♦♥❛❧✮ ❬✶✸❪

∂f (x, t)

∂t
= D

∂2f (x, t)

∂x2
,

✭♦♥❞❡ D é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❡ f (x, t) é ❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦

❡ ♥♦ t❡♠♣♦✮✱ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❞❡♥♦♠✐♥❛❞❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♦ s❡♥❞♦ ❛ ❣❛✉ss✐❛♥❛

♥♦r♠❛❧✐③❛❞❛

f (x, t) =
1√
4πDt

e−x2/4Dt.

❊st❛ s♦❧✉çã♦ ♠♦str❛ ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s s❡ ❡s♣❛❧❤❛ ♥♦ t❡♠♣♦✱ ❝♦♠ ❛ ❝♦♥❞✐çã♦

✐♥✐❝✐❛❧ f (x, t = 0) = δ(x) ❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ f (x −→ ±∞, t) −→ 0✳

❉❡ ♣♦ss❡ ❞❡ss❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦

✾



〈
x2
〉
=

ˆ +∞

−∞
x2f (x, t) dx = 2Dt ✭✷✳✶✮

❡ ❞❡✜♥✐r ♦ ❞❡s❧♦❝❛♠❡♥t♦ ♠é❞✐♦ ❞❛ ♣❛rtí❝✉❧❛ s♦❜ ❛ ❢♦r♠❛

λx =
√

〈x2〉 =
√
2Dt. ✭✷✳✷✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ r❡❧❛❝✐♦♥❛r ❛ ❞✐❢✉sã♦ ♥♦ ❧íq✉✐❞♦ ✭❞❡✈✐❞❛ ❛ ❛❣✐t❛çã♦ tér♠✐❝❛ ❞❛s ♠♦❧é❝✉❧❛s✮

❛♦ ❞❡s❧♦❝❛♠❡♥t♦ ♦❜s❡r✈❛❞♦ ♣❛r❛ ❛ ♣❛rtí❝✉❧❛✱ ❊✐♥st❡✐♥ ♦❜t❡✈❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❝♦❡✜❝✐❡♥t❡

❞❡ ❞✐❢✉sã♦ D ❡ ❛ ♠♦❜✐❧✐❞❛❞❡ ❞❛s ♣❛rtí❝✉❧❛s s✉s♣❡♥s❛s✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ♣❛rtí❝✉❧❛ ❞❡ r❛✐♦ ρ✱

✐♠❡rs❛ ♥♦ ❧íq✉✐❞♦ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✈✐s❝♦s✐❞❛❞❡ η✱ ♠♦✈❡♥❞♦✲s❡ s♦❜ ❛ ❛çã♦ ❞❛ ❢♦rç❛ ❣r❛✈✐t❛❝✐♦♥❛❧

P ✱ ❡①♣❡r✐♠❡♥t❛rá ✉♠❛ ❢♦rç❛ ♦♣♦st❛ ❞❡ ♦r✐❣❡♠ ❤✐❞r♦❞✐♥â♠✐❝❛ ✭❞❛❞❛ ♣❡❧❛ ▲❡✐ ❞❡ ❙t♦❦❡s✮✳ ◗✉❛♥❞♦

❡st❛ ❢♦rç❛ ❡q✉✐❧✐❜r❛r ❛ ❢♦rç❛ ❣r❛✈✐t❛❝✐♦♥❛❧ P ✱ ❛ ♣❛rtí❝✉❧❛ ❝❛✐rá ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❧✐♠✐t❡ ✐❣✉❛❧ ❛

v0 =
P

6πηρ
.

❙❡ n é ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡ ✈♦❧✉♠❡✱ ❡♥tã♦ nv0 é ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s q✉❡

♣❛ss❛♠ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ár❡❛ ❡ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ s♦❜ ❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡✳ ❙❛❜❡♥❞♦ q✉❡ D é

♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❛ ♣❛rtí❝✉❧❛ s✉s♣❡♥s❛✱ ❡♥tã♦✱ ❞❡✈✐❞♦ à ❞✐❢✉sã♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

q✉❡ ♣❛ss❛ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ár❡❛ ♥♦ t❡♠♣♦ é

−D∂n
∂x
.

◆♦ ❡q✉✐❧í❜r✐♦ ❞✐♥â♠✐❝♦ t❡♠♦s

nv0 =
nP

6πηρ
= −D∂n

∂x
. ✭✷✳✸✮

✶✵



❉❡s❞❡ q✉❡ ♥♦ ❡q✉✐❧í❜r✐♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s s♦❜ ❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡ ✈❛r✐❡ s❡❣✉♥❞♦ ❛ ❞✐s✲

tr✐❜✉✐çã♦

n = n0exp

[
−P (x− x0)NA

RT

]
, ✭✷✳✹✮

♦♥❞❡ NA é ♦ ♥ú♠❡r♦ ❞❡ ❆✈♦❣❛❞r♦✱ T é ❛ t❡♠♣❡r❛t✉r❛ ❡ R é ❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ ❞♦s ❣❛s❡s✱

♣♦❞❡♠♦s s✉❜st✐t✉✐r ❛ ❡q✉❛çã♦ ✭✷✳✹✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✸✮ ❝❤❡❣❛♥❞♦ à ❡①♣r❡ssã♦

D =
RT

NA

1

6πηρ
✭✷✳✺✮

♦♥❞❡ ♦ t❡r♠♦ 6πηρ é ❝❤❛♠❛❞♦ ❞❡ ♠♦❜✐❧✐❞❛❞❡✳ ❖✉ s❡❥❛✱ ❊✐♥st❡✐♥ ❝♦♥❝❧✉✐✉ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡

❞❡ ❞✐❢✉sã♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ❡ ❞♦ t❛♠❛♥❤♦ ❞❛ ♣❛rtí❝✉❧❛

s✉s♣❡♥s❛✳

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ é ♣♦ssí✈❡❧ ♦❜t❡r ♦ ❞❡s❧♦❝❛♠❡♥t♦ ♠é❞✐♦ ❞❛

♣❛rtí❝✉❧❛

λx =

√
RT

NA

1

3πηρ
t. ✭✷✳✻✮

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ η é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ✐♥✈❡rs♦ ❞♦ q✉❛❞r❛❞♦ ❞♦ ❞✐â♠❡tr♦

❞❛ ♠♦❧é❝✉❧❛ ✭❛té ❡♥tã♦ ❤✐♣♦tét✐❝❛✮ q✉❡ ❝♦♥st✐t✉✐ ♦ ✢✉✐❞♦✳ P♦rt❛♥t♦✱ ❊✐♥st❡✐♥ ❝❤❡❣♦✉ à ✉♠❛ r❡✲

❧❛çã♦ ❡♥tr❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ♠é❞✐♦ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❡ ♦ ❞✐â♠❡tr♦ ❞❛s ♠♦❧é❝✉❧❛s ❞♦ ✢✉✐❞♦✱

s❡♥❞♦ q✉❡ q✉❛♥t♦ ♠❛✐♦r t❛❧ ❞✐â♠❡tr♦✱ ♠❛✐♦r ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✳ ❖r❛✱ t❛❧

❝♦♥st❛t❛çã♦ t❡ór✐❝❛ ✐♠♣❧✐❝❛r✐❛ ♥♦ ❢❛t♦ ❞❡ q✉❡ s❡ ❛s ♣❛rtí❝✉❧❛s ❇r♦✇♥✐❛♥❛s s❡ ♠♦✈❡♠ ✭♦ q✉❡ ❡r❛

♦❜s❡r✈❛❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✮✱ ❡♥tã♦ ❛s ❤✐♣♦tét✐❝❛s ♠♦❧é❝✉❧❛s ❡①✐st✐r✐❛♠✳ ❊st❡ ❢♦✐ ♦ ❛r❣✉♠❡♥t♦

❝❛❜❛❧ ♣❛r❛ ❛ ❝♦♠♣r♦✈❛çã♦ ❞❛ ❤✐♣ót❡s❡ ❛t♦♠✐st❛ ❡ ♣♦❞❡✲s❡ ❞✐③❡r t❛♠❜é♠ q✉❡ é ♦ q✉❡ t♦r♥❛ ❡st❡

tr❛❜❛❧❤♦ ❞❡ ❊✐♥st❡✐♥ ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞❛ ❋ís✐❝❛ ❝♦♠♦ ✉♠ t♦❞♦✳ ❖✉tr♦

❢❡✐t♦ ✐♠♣♦rt❛♥t❡✱ ❧✐❣❛❞♦ à ❡st❡ tr❛❜❛❧❤♦ ❞❡ ❊✐♥st❡✐♥✱ ❢♦✐ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞♦ ❝á❧❝✉❧♦ ❞♦ ♥ú♠❡r♦ ❞❡

✶✶



❆✈♦❣❛❞r♦✳ ❊✐♥st❡✐♥ ❝❛❧❝✉❧♦✉ ♦ ♠❡s♠♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✻✮✱ ❡♥tr❡t❛♥t♦ ♦❜t❡✈❡ ✉♠ ✈❛❧♦r

❝❡r❝❛ ❞❡ ✸ ✈❡③❡s ♠❡♥♦r q✉❡ ♦ ❝♦rr❡t♦ ✭❝♦♠♦ ❢♦✐ ❛✈❡r✐❣✉❛❞♦ ❞❡♣♦✐s✮✳ ❚❛❧ ❞✐❢❡r❡♥ç❛ ❡♠ s❡✉ r❡s✉❧✲

t❛❞♦ ❢♦✐ ❞❡✈✐❞❛ ❛♦ ✉s♦ ❞❡ ✉♠ ✈❛❧♦r ❡rr❛❞♦ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✈✐s❝♦s✐❞❛❞❡✱ q✉❡ ❢♦✐ ❝♦rr✐❣✐❞♦

❡♠ tr❛❜❛❧❤♦s ♣♦st❡r✐♦r❡s✳

✷✳✷ ❊q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥

❖ tr❛t❛♠❡♥t♦ ♣r♦♣♦st♦ ♣♦r ❊✐♥st❡✐♥ ❝♦♥s✐❞❡r❛✈❛ ❝♦♠♦ ✈❛r✐á✈❡❧ ❛ ❝♦♦r❞❡♥❛❞❛ ❞❛ ♣❛rtí❝✉❧❛✳

▲❛♥❣❡✈✐♥✱ ♣♦r s✉❛ ✈❡③✱ s✉❣❡r✐✉ ✉♠ ♠ét♦❞♦ ❛❧t❡r♥❛t✐✈♦ ❛♦ ❞❡ ❊✐♥st❡✐♥✱ ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ❞❡

◆❡✇t♦♥✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r♦✉ ❛s ♠✉❞❛♥ç❛s ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛ ❞❡✈✐❞♦ às ❝♦❧✐sõ❡s ❡♥tr❡ ❛

♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❡ ❛s ♠♦❧é❝✉❧❛s ❞♦ ✢✉✐❞♦ q✉❡ ♦ ❡♥❝❡rr❛✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ♠♦✈✐♠❡♥t♦ ❞❛s ♣❛rtí❝✉❧❛s ❇r♦✇♥✐❛♥❛s é ♠❛♥t✐❞♦ ♣❡❧❛s

✢✉t✉❛çõ❡s ♥❛s ❝♦❧✐sõ❡s ❝♦♠ ❛s ♠♦❧é❝✉❧❛s ❞♦ ♠❡✐♦ ♥♦ q✉❛❧ ❡stã♦ ✐♠❡rs❛s✳ ◆ã♦ ❤❛✈❡♥❞♦✱ ♣♦rt❛♥t♦✱

q✉❛❧q✉❡r ❢♦rç❛ ❡①t❡r♥❛✱ ▲❛♥❣❡✈✐♥ ♣r♦♣ôs ✉♠❛ ❡q✉❛çã♦ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡✱

q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

m
d~v

dt
= −~FS + ~F (t). ✭✷✳✼✮

P♦rt❛♥t♦✱ ❝♦♠♦ ▲❛♥❣❡✈✐♥ s✉❣❡r✐✉✱ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ♠❡✐♦ ♥❛ ♣❛rtí❝✉❧❛ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s

♣❛rt❡s✿ ✉♠❛ ♣❛rt❡ ❞❡t❡r♠✐♥íst✐❝❛ ✭♦✉ s✐st❡♠át✐❝❛✮✱ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❢♦rç❛ ❞❡ ❛tr✐t♦ ~FS q✉❡

❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❡①♣❡r✐♠❡♥t❛ ❡ ✉♠❛ ♣❛rt❡ ❡st♦❝ást✐❝❛ ✭♦✉ t❡r♠♦ ✢✉t✉❛♥t❡✮✱ ❞❡✈✐❞❛ à

❢♦rç❛ ✢✉t✉❛♥t❡ ~F (t)✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✳ ❖ t❡r♠♦ ❞❡ ❢r❡♥❛♠❡♥t♦ ✭♦✉ ❞❡

❛tr✐t♦✮~FS é ❞❛❞♦ ♣❡❧❛ ▲❡✐ ❞❡ ❙t♦❦❡s✱ ❛ q✉❛❧ ❡st❛❜❡❧❡❝❡ q✉❡ ❛ ❢♦rç❛ q✉❡ ❞❡s❛❝❡❧❡r❛ ✉♠❛ ♣❛rtí❝✉❧❛

❡s❢ér✐❝❛ ❞❡ r❛✐♦ ρ ❡ ♠❛ss❛ m ❡♠ ✉♠ ✢✉✐❞♦ é ❞❛❞❛ ♣♦r

~FS = mΓ~v = 6πρη~v, ✭✷✳✽✮

✶✷



♦♥❞❡ Γ é ❞❡♥♦♠✐♥❛❞♦ ❝♦♥st❛♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ ✭❞❛♠♣✐♥❣✮ ❞❛ ❡q✉❛çã♦ ❞❡ ❙t♦❦❡s ❡ η é ♦ ❝♦❡✜❝✐❡♥t❡

❞❡ ✈✐s❝♦s✐❞❛❞❡ ❞♦ ✢✉✐❞♦✱ ❝♦♠♦ ❞❡✜♥✐❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳

P❛r❛ ❛ ♣❛rt❡ ✢✉t✉❛♥t❡✱ ❞✉❛s s✉♣♦s✐çõ❡s sã♦ ✉t✐❧✐③❛❞❛s✿

✐✮
〈
~F (t)

〉
= 0✱ ♦✉ s❡❥❛✱ ❛ ❢♦rç❛ ♠é❞✐❛ ❞❡✈✐❞❛ às ❝♦❧✐sõ❡s é ♥✉❧❛✳

✐✐✮
〈
~F (t)~F (t′)

〉
= Cδ (t− t′)✱ ♦✉ s❡❥❛✱ ❝♦❧✐sõ❡s s✉❝❡ss✐✈❛s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ✭♥ã♦ tê♠ ♠❡♠ór✐❛✮✱

♦♥❞❡ C = 6mΓkBT ❝❛r❛❝t❡r✐③❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛s ✢✉t✉❛çõ❡s ✭r✉í❞♦✮✱ s❡♥❞♦ kB ❛ ❝♦♥st❛♥t❡ ❞❡

❇♦❧t③♠❛♥♥ ❡ T ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦✳ ❖ ✈❛❧♦r ❞❡ C é ❝❛❧❝✉❧❛❞♦ ♠❡❞✐❛♥t❡ ❛ ✈❛❧✐❞❛❞❡ ❞♦

t❡♦r❡♠❛ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ t❡♠♣♦s ❧♦♥❣♦s✳ ❆ r❡❧❛çã♦ ❡♥tr❡ ❛s ✢✉t✉❛çõ❡s ✭C✮ ❡ ❛

❞✐ss✐♣❛çã♦ Γ é ♦ ❢❛♠♦s♦ t❡♦r❡♠❛ ❞❛ ✢✉t✉❛çã♦✲❞✐ss✐♣❛çã♦ ❬✶✸❪✳

❆ s✉♣♦s✐çã♦ ✐✮ ✐♠♣❧✐❝❛ q✉❡ ❛ ❢♦rç❛ ♠é❞✐❛ ❡①❡r❝✐❞❛ s♦❜r❡ ❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ♥ã♦ t❡♠ ✉♠❛

❞✐r❡çã♦ ♣r✐✈✐❧❡❣✐❛❞❛✱ ❡♥q✉❛♥t♦ ❛ s❡❣✉♥❞❛ s✉♣♦s✐çã♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ♣❛rtí❝✉❧❛ ♥ã♦ t❡♠ ♠❡♠ór✐❛

❞❛s ❝♦❧✐sõ❡s s✉❝❡ss✐✈❛s✳

❆ ❛❝❡❧❡r❛çã♦ ✢✉t✉❛♥t❡ ❞❛s ♣❛rtí❝✉❧❛s ❇r♦✇♥✐❛♥❛s✱ ❞❡✈✐❞❛ ❛ ♣r❡s❡♥ç❛ ❞❡ ~F (t), é ❡ss❡♥❝✐❛❧✲

♠❡♥t❡ r❛♥❞ô♠✐❝❛✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❛s ♣❛rtí❝✉❧❛s ❇r♦✇♥✐❛♥❛s t❡♥❞♦ ❛s ♠❡s♠❛s ❝♦♦r❞❡♥❛❞❛s

❡✴♦✉ ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s✱ s♦❢r❡rã♦ ❛❝❡❧❡r❛çõ❡s q✉❡ ❞✐❢❡r✐rã♦ ❞❡ ♣❛rtí❝✉❧❛ ♣❛r❛ ♣❛rtí❝✉❧❛✱ t❛♥t♦

❡♠ ♠❛❣♥✐t✉❞❡✱ q✉❛♥t♦ ❡♠ s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦ t❡♠♣♦✳

❖ ♣r♦❝❡❞✐♠❡♥t♦ ✉t✐❧✐③❛❞♦ ♣♦r ▲❛♥❣❡✈✐♥ ♦❜❥❡t✐✈❛✈❛✱ ❛ss✐♠ ❝♦♠♦ ❊✐♥st❡✐♥✱ ♦ ❞❡s❧♦❝❛♠❡♥t♦

q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✳ P♦❞❡♠♦s ❢❛③❡r ♦ ♠❡s♠♦✱ r❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦

✭✷✳✼✮ ♣❛r❛ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠♦ s❡❣✉❡

ẍ = −Γẋ+
F (t)

m
✭✷✳✾✮

s❡♥❞♦ q✉❡ Γ é ❞❡✜♥✐❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✮✱ ❡ ẋ ❞❡♥♦t❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛✳ ❖ t❡r♠♦ F (t) /m

é ❞❡♥♦♠✐♥❛❞♦ r✉í❞♦ ❜r❛♥❝♦ ❡st♦❝ást✐❝♦✳

✶✸



▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♠❡♠❜r♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✾✮ ♣♦r x✱ t❡♠♦s q✉❡✿

xẍ = −Γxẋ+ x
F (t)

m
✭✷✳✶✵✮

❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛s r❡❧❛çõ❡s

dx2

dt
= 2xẋ

d2x2

dt2
= 2ẋẋ+ 2xẍ = 2 (ẋ)2 + 2xẍ

♦❜t❡♠♦s

xẍ =
1

2

d2x2

dt2
− (ẋ)2 . ✭✷✳✶✶✮

❆ ❡q✉❛çã♦ ✭✷✳✶✶✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ❢✉♥çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✵✮ ❝♦♠♦

d2x2

dt2
− 2 (ẋ)2 = −Γ

dx2

dt
+

2

m
xF (t)

q✉❡ ❛♣ós t♦♠❛r♠♦s ❛ ♠é❞✐❛✱ r❡s✉❧t❛

d2 〈x2〉
dt2

− 2
〈
ẋ2
〉
= −Γ

d 〈x2〉
dt

+
2

m
〈xF (t)〉 . ✭✷✳✶✷✮

❯s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❡ ❡♥❡r❣✐❛ m 〈ẋ2〉 = kBT ❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ 〈xF (t)〉 = 0

♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r ❛ ❡q✉❛çã♦ ✭✷✳✶✷✮

✶✹



d2 〈x2〉
dt2

+ Γ
d 〈x2〉
dt

− 2

m
kBT = 0, ✭✷✳✶✸✮

♦♥❞❡ ❞❡✜♥✐r❡♠♦s c = 2kBT/m✳

❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✸✮ ♣❛r❛ ♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ 〈x2〉 ♣♦❞❡ s❡r ♦❜t✐❞❛

♠❛✐s ❢❛❝✐❧♠❡♥t❡ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ✈❛r✐á✈❡❧
d〈x2〉
dt

= y ❞❡ ♠♦❞♦ q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✸✮ s❡ t♦r♥❛✿

ẏ + Γy − c = 0. ✭✷✳✶✹✮

❋❛③❡♥❞♦ y′ = Γy − c✱ t❡♠♦s q✉❡ Γẏ = ẏ′ ❡ ♣♦rt❛♥t♦✱

ẏ′ + Γy′ = 0,

q✉❡ r❡s✉❧t❛ y′ = Ae−Γt ✭A ❝♦♥st❛♥t❡✮✳

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❡♠ t = 0✱ y (0) = 0✱ t❡♠♦s q✉❡

t = 0 ⇒ y′ (0) = A ⇒ Γy (0)− c = A ⇒ A = −c.

❙✉❜st✐t✉✐♥❞♦ ❛ s♦❧✉çã♦ y′ (t) = −ce−Γt ♥❛ ❡q✉❛çã♦ y′ = Γy − c✱ ♦❜t❡♠♦s

y =
2kBT

Γm

(
1− e−Γt

)
. ✭✷✳✶✺✮

▲❡♠❜r❛♥❞♦ q✉❡ y =
d〈x2〉
dt

✱ t❡♠♦s

d 〈x2〉
dt

=
2kBT

Γm

(
1− e−Γt

)

✶✺



q✉❡ ✐♥t❡❣r❛♥❞♦ ❞❡ ✵ ❛ t✱ r❡s✉❧t❛ ♥❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✸✮✿

〈
x2
〉
=

2kBT

Γm

[
t+

1

Γ

(
e−Γt − 1

)]
. ✭✷✳✶✻✮

❋❛③❡♥❞♦ ✉♠❛ ❛♥á❧✐s❡ ♥♦s ❧✐♠✐t❡s ❞❡ t❡♠♣♦✱ t❡♠♦s ♦s ❞♦✐s ❝❛s♦s ❛ s❡❣✉✐r✿

❙❡ t→ ∞✱ t❡♠♦s q✉❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ t❡♠♣♦

〈
x2
〉
=

2

Γ

kBT

m
t =

1kBT

3πρη
t

♦♥❞❡ ✉t✐❧✐③❛♠♦s ♦ ✈❛❧♦r ❞❡ Γ ❞❡✜♥✐❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✮✳ ❙❡ ❝♦♠♣❛r❛r♠♦s ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ à

❡①♣r❡ssã♦ ✭✷✳✶✮✱ ♦❜t✐❞❛ ♣♦r ❊✐♥st❡✐♥✱ ✈❡r✐✜❝❛♠♦s q✉❡

D =
kBT

6πρη

é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ♦❜t✐❞♦ ♥♦ ♠ét♦❞♦ ❞❡ ❊✐♥st❡✐♥ ✭♣r✐♠❡✐r❛ ✈❡rsã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ✢✉t✉❛çã♦✲

❞✐ss✐♣❛çã♦✮✳

❙❡ t → 0✱ ❡①♣❛♥❞✐♠♦s ❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✻✮ ❡♠ ✉♠❛ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦

❞❡ t = 0✱ ♦❜t❡♥❞♦

〈
x2
〉
=

2kBT

Γm
t+

2kBT

Γ2m

[(
1− Γt+

Γ2

2!
t2 − Γ3

3!
t3 + ...

)
− 1

]
.

❉❡s♣r❡③❛♥❞♦ ♦s t❡r♠♦s s✉♣❡r✐♦r❡s ❛ t3✱ t❡♠♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡

〈
x2
〉
=
kBT

m
t2

✶✻



q✉❡ ♥♦s ♠♦str❛ q✉❡ ♣❛r❛ t❡♠♣♦s ❝✉rt♦s✱ ♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ♥❛✲

t✉r❡③❛ ❞♦ ✢✉✐❞♦ ✭✐♥❞❡♣❡♥❞❡ ❞❡ Γ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞❡ η✮✱ ♦✉ s❡❥❛✱ ❛ ❞✐♥â♠✐❝❛ ❡♠ t❡♠♣♦s

❝✉rt♦s é ❣✉✐❛❞❛ ♣❡❧♦ ♠♦✈✐♠❡♥t♦ ✐♥❡r❝✐❛❧ ❞❛ ♣❛rtí❝✉❧❛ ✭❛♥t❡s ❞❡ q✉❛❧q✉❡r ✐♥✢✉ê♥❝✐❛ ❡①t❡r♥❛✮✱ ♦

q✉❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ r❡❣✐♠❡ ❜❛❧íst✐❝♦✳

✷✳✸ ❊q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦

❯♠❛ ❡q✉❛çã♦ ❞❡ tr❛♥s♣♦rt❡s ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s

➚ t♦❞❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ✭❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡st♦❝ást✐❝❛ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ~v✮ ❝♦r✲

r❡s♣♦♥❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s q✉❡ ❞❡t❡r♠✐♥❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛

❞✐str✐❜✉✐çã♦ ♣r♦❜❛❜✐❧íst✐❝❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡s f (v, t)✳ ❚❛❧ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✱ ❞❡t❡r♠✐♥íst✐❝❛ ✭♥ã♦

❡st♦❝ást✐❝❛✮✱ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡ ❞❡s❝r❡✈❡ ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡s ❡✈♦❧✉✐ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ✭r❡❣✐♠❡ ❛ss✐♥tót✐❝♦✮ ♦✉ ♦✉tr♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✳ ◆♦

❝❛s♦ ❞❡ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦✱ ❛ s♦❧✉çã♦ ❛ss✐♥tót✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❝♦rr❡s✲

♣♦♥❞❡ à ❞✐str✐❜✉✐çã♦ ❞❡ ▼❛①✇❡❧❧✲❇♦❧t③♠❛♥♥ ❬✹✵❪✳ ❈♦♥❤❡❝❡♥❞♦ ❛ s♦❧✉çã♦ ♣❛r❛ t♦❞♦s ♦s t❡♠♣♦s✱

t❡♠♦s ❛❝❡ss♦ à t♦❞❛ ❛ ❤✐stór✐❛ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ❡ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r

❛ss✐♠ ❝♦♠♦ ♦ s✐st❡♠❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ✜♥❛❧ ♦✉ ♦✉tr♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ s❡ ❢♦r ♦ ❝❛s♦✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡❞✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦✳

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ❛ ♣❛rtí❝✉❧❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ v✱ ♥♦ t❡♠♣♦ t+ τ ✱ s❛t✐s❢❛③ ✭❬✶✸❪✮

❛ ❧❡✐ ❞❡ ❡✈♦❧✉çã♦ ✭♦ t❡♠♣♦ τ é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❡r♠✐t✐♥❞♦ ❛ss✐♠ ✉♠❛ ❡①♣❛♥sã♦ ❞❡

❚❛②❧♦r ❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ ♣❡r♠✐t❛ ✈ár✐❛s ❝♦❧✐sõ❡s✮

f (v, t+ τ) =

ˆ +∞

−∞
f (v −∆, t)φ (v −∆,∆) d∆, ✭✷✳✶✼✮

♦♥❞❡ φ (v −∆,∆) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ ♣❛rtí❝✉❧❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡ v−∆ s❡❥❛ ❡♥✲

❝♦♥tr❛❞❛ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡∆✳ ❊①♣❛♥❞✐♥❞♦ f (v, t+ τ) ❡♠ t♦r♥♦ ❞❡ τ ❡ f (v −∆, t)φ (v −∆,∆)

✶✼



❡♠ t♦r♥♦ ❞❡ △✱ t❡♠♦s✿

f (v, t+ τ) = f (v, t) + τ
∂f

∂t
+
τ 2

2

∂2f

∂t2
+ ... ✭✷✳✶✽✮

f (v −∆, t)φ (v −∆,∆) = f (v, t)φ (v,∆)−∆
∂ (fφ)

∂v
+

∆2

2

∂2 (fφ)

∂v2
. ✭✷✳✶✾✮

❚❛♥t♦ τ q✉❛♥t♦ ∆ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❣r❛♥❞❡③❛s ♣❡q✉❡♥❛s✱ t❛❧ q✉❡ ♣♦❞❡♠♦s ❞❡s♣r❡③❛r ♦s

t❡r♠♦s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ♥❛s ❡q✉❛çõ❡s ✭✷✳✶✽✮ ❡ ✭✷✳✶✾✮✳ ❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✶✽✮ ❡ ✭✷✳✶✾✮

♥❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ ♦❜t❡♠♦s

f (v, t) + τ
∂f

∂t
+
τ 2

2

∂2f

∂t2
=

ˆ +∞

−∞

[
f (v, t)φ (v,∆)−∆

∂ (fφ)

∂v
+

∆2

2

∂2 (fφ)

∂v2

]
d∆

= f (v, t)

ˆ +∞

−∞
φ (v,∆) d∆− ∂

∂v

[
f

ˆ +∞

−∞
∆φ (v,∆) d∆

]

+
∂2

∂v2

[
f (v, t)

ˆ +∞

−∞

∆2

2
φ (v,∆) d∆

]
.

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ♥♦r♠❛❧✐③❛❞❛ ❡ ♥♦♠❡❛♥❞♦ ♦s t❡r♠♦s ❡♥tr❡ ❝♦❧❝❤❡t❡s

✭❞❡♥♦♠✐♥❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ♠♦♠❡♥t♦ ❞❛ ❞✐str✐❜✉çã♦ φ✮ t❡♠♦s q✉❡

ˆ +∞

−∞
φ (v,∆) d∆ = 1 ✭✷✳✷✵✮

1

τ

ˆ +∞

−∞
∆φ (v,∆) d∆ =

〈∆(v)〉
τ

=M1 (v) ✭✷✳✷✶✮

1

τ

ˆ +∞

−∞

∆2

2
φ (v,∆) d∆ =

〈∆2 (v)〉
2τ

=M2 (v) ✭✷✳✷✷✮

✶✽



♦❜t❡♠♦s ❛ ❝♦♥❤❡❝✐❞❛ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♣❛r❛ ❛ ❞✐str✐❜✉çã♦ f ✿

∂f (v, t)

∂t
+

∂

∂v
[M1 (v) f (v, t)]−

∂2

∂v2
[M2 (v) f (v, t)] = 0. ✭✷✳✷✸✮

◆❛ ❡q✉❛çã♦ ✭✷✳✷✸✮✱M1 (v) é ❝❤❛♠❛❞♦ t❡r♠♦ ❞❡ ❛rr❛st♦ ❡M2 (v) é ❝❤❛♠❛❞♦ t❡r♠♦ ❞❡ ❞✐❢✉sã♦

✭♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✮✳

P♦❞❡♠♦s ❛♣❧✐❝❛r ❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ❛♦ ❝❛s♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ✉s❛♥❞♦ ♣❛r❛ ✐ss♦ ❛

❡①♣r❡ssã♦ ❞❡ ▲❛♥❣❡✈✐♥✳ P❛r❛ ❝❛❧❝✉❧❛r♠♦s M1 (v)✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥

dv

dt
= −Γv + A (t) , ✭✷✳✷✹✮

♦♥❞❡ A (t) = F (t) /m✱ Γ = λ/m é ❛ ❝♦♥st❛♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ ♦✉ ❛♠♦rt❡❝✐♠❡♥t♦ ✭❞❛♠♣✐♥❣✮✱ λ é

♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ ❡ F (t) é ❛ ❢♦rç❛ r❛♥❞ô♠✐❝❛✳

■♥t❡❣r❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ ♥♦ t❡♠♣♦ ❞❡ t ❛ t+ τ ✱ ♦❜t❡♠♦s

v (t+ τ)− v (t) = −Γv (t) τ +

ˆ t+τ

t

A (t′) dt′. ✭✷✳✷✺✮

❈❤❛♠❛♥❞♦ ∆ = v (t+ τ)− v (t)✱ ✈❡♠♦s q✉❡ ❛ ♠é❞✐❛ t❡♠♣♦r❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✺✮ s❛t✐s❢❛③ ❛

r❡❧❛çã♦

〈v (t+ τ)− v (t)〉 = 〈∆〉 = −Γv (t) τ,

q✉❡ s✉❜st✐t✉í❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✶✮✱ r❡s✉❧t❛ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ t❡r♠♦ ❞❡ ❛rr❛st♦

M1 (v) =
〈∆(v)〉
τ

= −Γv.

✶✾



P❛r❛ ❝❛❧❝✉❧❛r M2(t)✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❡q✉❛çã♦ ✭✷✳✷✺✮ ♣❛r❛ ❝❛❧❝✉❧❛r ∆2✿

∆2 = (Γvτ)2 − 2Γvτ

ˆ t+τ

t

A (t′) dt′ +G2
t (τ) , ✭✷✳✷✻✮

♦♥❞❡ Gt (τ) =
´ t+τ

t
A (t′) dt′✳

❚♦♠❛♥❞♦ ❛ ♠é❞✐❛ 〈∆2〉 ♥❛ ❡①♣r❡ssã♦ ✭✷✳✷✻✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦

❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ s❡ ❛♥✉❧❛✱ ♣♦✐s ❡st❛♠♦s ❛ss✉♠✐♥❞♦ q✉❡ 〈A (t′)〉 = 0✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ τ é

♠✉✐t♦ ♣❡q✉❡♥♦✱ ♦ t❡r♠♦ (Γvτ)2 ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞♦✱ r❡s✉❧t❛♥❞♦ ❛♣❡♥❛s ♥❛ ❡①♣r❡ssã♦

〈
∆2
〉
=
〈
G2

t (τ)
〉 ∼=
ˆ t+τ

t

[
ˆ t′+τ

t′
〈A (t′)A (t′′)〉 dt′′

]
dt′.

❆ss✉♠✐♥❞♦ q✉❡ ❛ ❢♦rç❛ r❛♥❞ô♠✐❝❛ F (t)✱ ♦✉ ❛✐♥❞❛✱ A (t) ❡stá ❝♦rr❡❧❛❝✐♦♥❛❞❛ ✐♥st❛♥t❛♥❡❛✲

♠❡♥t❡ ♣❡❧❛ r❡❧❛çã♦ 〈A (t′)A (t′′)〉 = 2Dδ (t′ − t′′)✱ ❡♥tã♦

M2 (t) =
〈∆2 (v)〉

2τ
= D,

q✉❡ é ❞❡♥♦♠✐♥❛❞♦ t❡r♠♦ ❞❡ ❞✐❢✉sã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✳

❖ ✈❛❧♦r ❞❡ D ♣♦❞❡ s❡r ♦❜t✐❞♦ ✐♥t❡❣r❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ ❝♦♠ ✉♠ ❢❛t♦r ✐♥t❡❣r❛♥t❡ eΓt

v (t)− v (0) e−Γt = e−Γt

ˆ t

0

eΓt
′

A (t′) dt′

q✉❡✱ ❡❧❡✈❛❞♦ ❛♦ q✉❛❞r❛❞♦✱ ♣♦❞❡ s❡r r❡❛rr❛♥❥❛❞♦✱ ❡ t♦♠❛♥❞♦ ♦ ✈❛❧♦r ♠é❞✐♦ ♦❜t❡♠♦s

〈[
v (t)− v (0) e−Γt

]2〉
= e−2Γt

ˆ t

0

[
ˆ t′

0

eΓ(t
′+t′′) 〈A (t′)A (t′′)〉 dt′′

]
dt′.

❯s❛♥❞♦ 〈A (t′)A (t′′)〉 = 2Dδ (t′ − t′′) ♦❜t❡♠♦s

✷✵



〈[
v (t)− v (0) e−Γt

]2〉
= 2e−2ΓtD

ˆ t

0

e2Γt
′

dt′ =
D

Γ

(
1− e−2Γt

)
.

❚♦♠❛♥❞♦ Γt≫ 1 ♥❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ✈❡r✐✜❝❛♠♦s q✉❡

〈
v (t)2

〉
=
D

Γ

❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❡ ❡♥❡r❣✐❛✱ t❛❧ q✉❡

1

2
m
〈
v2
〉
=

1

2
kBT,

♦❜s❡r✈❛♠♦s q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ é ❞❛❞♦ ♣♦rM2 = D = ΓkBT/m✳

❙✉❜st✐t✉✐♥❞♦ M1 ❡ M2 ♥❛ ❡q✉❛çã♦ ✭✷✳✷✸✮✱ t❡♠♦s

∂f (v, t)

∂t
− Γ

∂

∂v
[vf (v, t)]− ΓkBT

m

∂2

∂v2
f (v, t) = 0. ✭✷✳✷✼✮

P♦rt❛♥t♦ ❛ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ q✉❛♥❞♦ ❛♣❧✐❝❛❞❛ à ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ r❡s✉❧t❛ ❡♠

✉♠❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❝♦♠ ❛rr❛st♦✱ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦✲

❝❡ss♦ ❞❡ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ❬✶✵❪✳

✷✳✹ ❊q✉❛çã♦ ❞❡ ❑r❛♠❡rs

❆ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡

❆ s❡❣✉✐r ✐♥tr♦❞✉③✐r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦✱ ❡st✉❞❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ ❝♦♥t❡①t♦ ❞❛

❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ❡♠ ✶✾✹✵ ♣♦r ❑r❛♠❡rs✱ ❡ ♥♦ q✉❛❧ ❝❛❧❝✉❧❛♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣♦r

✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ❞❡ q✉❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❡s❝❛♣❡ ❞❡ ✉♠ ♣♦ç♦ ♣♦t❡♥❝✐❛❧ ♣❛ss❛♥❞♦ ❛tr❛✈és ❞❡ ✉♠❛

❜❛rr❡✐r❛✳ ❆s ❛♣❧✐❝❛çõ❡s ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ sã♦ ✐♥ú♠❡r❛s✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❝❛♣ít✉❧♦

✷✶



❞❡ ✐♥tr♦❞✉çã♦✱ ❡ ❡♥tr❡ ❡❧❛s ✜❣✉r❛ ❛ ❝✐♥ét✐❝❛ q✉í♠✐❝❛ ❞❡ r❡❛çõ❡s ❬✷✵❪✱ ♥♦ ♣ró♣r✐♦ tr❛❜❛❧❤♦ ♦r✐❣✐♥❛❧

❞❡ ❑r❛♠❡rs✱ ❡♠ ✶✾✹✵✳

❈♦♥s✐❞❡r❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♠ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ f(p, q, t) ♥♦

❡s♣❛ç♦ ❞❡ ❢❛s❡ ✭❡s♣❛ç♦ q✲p✮✳ ❆ ❡✈♦❧✉çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ✉♠ t❡♠♣♦ t ❛ ✉♠ ♦✉tr♦ t❡♠♣♦ t✰τ

é ❞❛❞♦ ♣♦r

f (p1, q1, t+ τ) =

ˆ +∞

−∞
f (p−∆, q, t)φ (p−∆, q,∆) d∆, ✭✷✳✷✽✮

s❡♥❞♦ φ ❛♥á❧♦❣♦ ❛♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❡♥tr❡t❛♥t♦ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ◆❛ ❛✉sê♥❝✐❛ ❞❡ ♠♦✈✐✲

♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ♦ ♠♦✈✐♠❡♥t♦ é ❞❡t❡r♠✐♥íst✐❝♦ ❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦✱ ❡♠ t❡r♠♦s ❞❛s

❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s✱ sã♦ ✭♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛❞♦t❛♠♦s ❛ ♠❛ss❛ m = 1✮

q̇ = p

ṗ = F (q) ,

♦♥❞❡ F (q) é ❛ ❢♦rç❛ ❛t✉❛♥❞♦ s♦❜r❡ ❛s ♣❛rtí❝✉❧❛s✳ ❆ss✐♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛s ❝♦♦r❞❡♥❛❞❛s

p ❡ q✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ t❡♠♣♦ ♣❡q✉❡♥♦ τ ✱ é ❞❛❞❛ ♣♦r

q1 = q + pτ ✭✷✳✷✾✮

p1 = p+ Fτ,

♦♥❞❡ ♦s ♣❛r❡s ♦r❞❡♥❛❞♦s (q, p) ❡ (q1, p1) ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦s t❡♠♣♦s t ❡ t✰τ ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ t♦❞♦s ♦s ✐♥❝r❡♠❡♥t♦s ♣♦ssí✈❡✐s ❡♠ p ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡✲

r❛❞♦s ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ φ (p−∆, q,∆)✳ P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ ✉♠❛ ✐♥t❡❣r❛çã♦ s♦❜r❡ t♦❞♦s ♦s ∆

♥❛ ❡q✉❛çã♦ ✭✷✳✷✽✮✱ ✉s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ✭✷✳✷✾✮✱ ♦❜t❡♠♦s

✷✷



f (p+ Fτ, q + pτ, t+ τ) =

ˆ +∞

−∞
f (p−∆, q, t)φ (p−∆, q,∆) d∆. ✭✷✳✸✵✮

❆tr❛✈és ❞❡ ✉♠❛ ❡①♣❛♥sã♦ ❡♠ ❚❛②❧♦r ❞♦s t❡r♠♦s

f (p+ Fτ, q + pτ, t+ τ) = f (p, q, t) +
∂f

∂p
Fτ + ∂f

∂q
pτ +

∂f

∂t
τ + ... ✭✷✳✸✶✮

f (p−∆, q, t)φ (p−∆, q,∆) = f (p, q, t)φ (p, q,∆)− ∂ (fφ)

∂p
∆+

1

2

∂2 (fφ)

∂p2
∆2 + ..., ✭✷✳✸✷✮

♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✵✮ ❝♦♠♦

ˆ +∞

−∞
f (p−∆, q, t)φ (p−∆, q,∆) d∆ = f

ˆ +∞

−∞
φ (p, q,∆) d∆− ∂

∂p

[
f

ˆ +∞

−∞
∆φ (p, q,∆) d∆

]

+
∂2

∂p2

[
f

ˆ +∞

−∞

∆2

2
φ (p, q,∆) d∆

]
✭✷✳✸✸✮

= f (p, q, t)− ∂

∂p
[f (p, q, t)M1 (p, q) τ ] +

∂2

∂p2
[f (p, q, t)M2 (p, q) τ ] .

❋✐♥❛❧♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✸✶✮ ❡ ✭✷✳✸✸✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✸✵✮ ♦❜t❡♠♦s

∂f

∂t
+ p

∂f

∂q
+ F (q)

∂f

∂p
+

∂

∂p
[fM1 (p, q)]−

∂2

∂p2
[fM2 (p, q)] = 0, ✭✷✳✸✹✮

q✉❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡q✉❛çã♦ ❞❡ ❑❧❡✐♥✲❑r❛♠❡rs✳

❙❡♥❞♦ ❝♦♥❤❡❝✐❞♦s M1 = −Γv ❡ M2 = D = ΓkBT/m, r❡✐♥tr♦❞✉③✐♥❞♦ ♦ ✈❛❧♦r ❞❛ ♠❛ss❛ ❡

❞❡♥♦t❛♥❞♦ q = x ❡ p = v✱ t❡♠♦s

✷✸



∂f

∂t
+ v

∂f

∂x
+ F (x)

∂f

∂v
− Γ

∂

∂v
[fv]− ΓkBT

m

∂2f

∂v2
= 0. ✭✷✳✸✺✮

q✉❡ é ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ♦ ♠♦❞❡❧♦ ❇r♦✇♥✐❛♥♦✳ ❊st❛ ❡q✉❛çã♦ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛

❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♥❡❝❡ssár✐❛ ♥♦ ❝❛s♦ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s F ♥ã♦ ♥✉❧❛s✳

✷✳✺ ❊q✉❛çã♦ ❞❡ ❙♠♦❧✉❝❤♦✇s❦✐

❆ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♥♦ ❧✐♠✐t❡ ❞❡ ❛tr✐t♦ ✐♥t❡♥s♦

◆❡st❛ s❡çã♦ ❞❡❞✉③✐r❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ♣❛r❛ ✉♠ ❡♥s❡♠❜❧❡ ❞❡ ♣❛rtí❝✉❧❛s ❞❡s❝r✐t❛s

♣♦r ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ f(x, t)✱ ♥❛ q✉❛❧ ❛s ♣❛rtí❝✉❧❛s ❡①❡❝✉t❛♠ ✉♠

♠♦✈✐♠❡♥t♦ ❞❡t❡r♠✐♥íst✐❝♦ ❡♠ ✉♠ ❝❛♠♣♦ ❞❡ ❢♦rç❛✱ ❛❧é♠ ❞❡ s❡✉ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ❝❛r❛❝t❡✲

ríst✐❝♦✳ ❆ ❡✈♦❧✉çã♦ ❞❛ ❞✐str✐❜✉✐çã♦✱ ❞❡ ✉♠ t❡♠♣♦ t ♣❛r❛ ✉♠ ♦✉tr♦ t❡♠♣♦ t + τ ✱ é ❞❛❞❛ ♣❡❧❛

❡q✉❛çã♦

f(x, t+ τ) =

ˆ +∞

−∞
f (x−∆, t)φ (∆) d∆. ✭✷✳✸✻✮

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❛t✉❛♥t❡ s♦❜r❡ ❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ é V (x)✱ ❛

❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ s❡rá ❞❛❞❛ ♣♦r

ẍ+ γẋ+ V
′

(x) = F (t), ✭✷✳✸✼✮

❡♠ q✉❡ F (t) é ❛ ❢♦rç❛ r❛♥❞ô♠✐❝❛ ❡ V
′

(x) = dV (x)
dx

✳

❙♦❜ ❝♦♥❞✐çã♦ ❞❡ ❛tr✐t♦ ♠✉✐t♦ ✐♥t❡♥s♦ ✭♦✈❡r❞❛♠♣❡❞✮✱ ♥♦ q✉❛❧ ẍ ≪ γẋ✱ ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r

❛ ❡q✉❛çã♦ ✭✷✳✸✼✮ ♥❛ ❢♦r♠❛

✷✹



γẋ = −V ′

(x) + F (t). ✭✷✳✸✽✮

❖ ✐♥❝r❡♠❡♥t♦ ❞❡t❡r♠✐♥íst✐❝♦ ❡♠ x ♥♦ t❡♠♣♦ τ ✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦

s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✽✮✱ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❝♦♠♦

∂x

∂t
τ = −V

′

(x)

γ
τ. ✭✷✳✸✾✮

❊①♣❛♥❞✐♥❞♦ ❛ ❢✉♥çã♦ f ❡♠ t♦r♥♦ ❞♦ t❡♠♣♦ t✱ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✻✮✱ ❡ ❡♠

t♦r♥♦ ❞❡ x ❞♦ ❧❛❞♦ ❞✐r❡✐t♦✱ t❡♠♦s✿

f(x, t) +

[
∂f

∂t
+
∂f

∂x

(
∂x

∂t

)]
τ =

ˆ +∞

−∞

[
f (x, t)− ∂f

∂x
∆+

1

2

∂2f

∂x2
∆2

]
φ (∆) d∆

= f(x, t)

ˆ +∞

−∞
φ (∆) d∆− ∂f

∂x

ˆ +∞

−∞
∆φ (∆) d∆+

∂2f

∂x2

ˆ +∞

−∞

1

2
∆2φ (∆) d∆. ✭✷✳✹✵✮

P♦❞❡✲s❡ ♠♦str❛r t❛♠❜é♠ q✉❡

ˆ +∞

−∞
φ (∆) d∆ = 1

ˆ +∞

−∞
∆φ (∆) d∆ = 0

1

τ

ˆ +∞

−∞

1

2
∆2φ (∆) d∆ = D. ✭✷✳✹✶✮

P♦rt❛♥t♦✱ s✉❜st✐t✉✐♥❞♦ ❛ r❡❧❛çã♦ ✭✷✳✸✾✮ ♥❛ ❡①♣r❡ssã♦ ✭✷✳✹✵✮ ❡ ✉s❛♥❞♦ ❛s ✐♥t❡❣r❛✐s ❡♠ ✭✷✳✹✶✮✱

♦❜t❡♠♦s

∂f

∂t
=

∂

∂x

[
f

(
V

′

(x)

γ

)]
+D

∂2f

∂x2
, ✭✷✳✹✷✮

✷✺



♦♥❞❡ D é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ✭♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✮ ❡ é ❞❛❞♦ ♣♦r kBT/γ✱ ❝♦♠♦ ♥❛

❞❡❞✉çã♦ ❞❡ ❊✐♥st❡✐♥✳ ❆ ❡q✉❛çã♦ ✭✷✳✹✷✮ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡q✉❛çã♦ ❞❡ ❙♠♦❧✉❝❤♦✇s❦✐ q✉❡ ♣♦❞❡ s❡r

✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✉♠❛ ♣r♦❥❡çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♥♦ r❡❣✐♠❡

❞❡ ❛tr✐t♦ ✐♥t❡♥s♦✳

✷✳✻ ❙♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛

❧✐✈r❡

◗✉❛♥❞♦ ♥ã♦ ❤á ❝❛♠♣♦s ❡①t❡r♥♦s✱ ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ♦ ❝❛s♦ tr✐❞✐♠❡♥s✐♦♥❛❧ é ❞❛❞❛

♣♦r ✭❡q✉❛çã♦ ✭✷✳✸✺✮✮

∂f

∂t
+ ~v

∂f

∂~x
− 3Γf − Γ~v

∂

∂~v
[f ]− ΓkBT

m

∂2f

∂~v2
= 0. ✭✷✳✹✸✮

❆ s♦❧✉çã♦ ❣❡r❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✸✮ ♣♦❞❡ s❡r ❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❡ s❡✐s ✐♥t❡❣r❛✐s ✐♥❞❡♣❡♥✲

❞❡♥t❡s ❞❡r✐✈❛❞❛s ❞♦ s✐st❡♠❛ ▲❛❣r❛♥❣✐❛♥♦ ❬✶✾❪✿

d~v

dt
= −Γ~v

d~x

dt
= ~v,

❝✉❥❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r

✷✻



~I1 = ~veΓt

~I2 = ~x+
~v

Γ
.

■♥tr♦❞✉③✐♥❞♦ ♥♦✈❛s ✈❛r✐á✈❡✐s ❞❡✜♥✐❞❛s ♣♦r✿

~℘ = (ξ, η, ζ) = ~veΓt

~P = (X, Y, Z) = ~x+
~v

Γ
, ✭✷✳✹✹✮

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✷✳✹✸✮ s♦❜ ❛ ❢♦r♠❛

∂f

∂t
= 3Γf + q

[
e2Γt∇2

~℘f +
2

Γ
eΓt∇~℘ (∇~Pf) +

1

Γ2
∇2

~P
f

]
, ✭✷✳✹✺✮

♦♥❞❡ q = ΓkBT/m✳

❉❡♥♦t❛♥❞♦ χ = fe−3Γt✱ ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r ❛ ❡q✉❛çã♦ ✭✷✳✹✺✮ ♣❛r❛ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❝♦♠✲

♣❛❝t❛

∂χ

∂t
= q

[
e2Γt∇2

~℘χ+
2

Γ
eΓt∇~℘ (∇~Pχ) +

1

Γ2
∇2

~P
χ

]
,

q✉❡ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❞❡✜♥✐❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ✭✷✳✹✹✮✱ s❡ ❡s❝r❡✈❡ ❝♦♠♦✿

✷✼



∂χ

∂t
= q

{
e2Γt

(
∂2χ

∂ξ2
+
∂2χ

∂η2
+
∂2χ

∂ζ2

)
+

2

Γ
eΓt
(

∂2χ

∂ξ∂X
+

∂2χ

∂η∂Y
+

∂2χ

∂ζ∂Z

)
+ ✭✷✳✹✻✮

1

Γ2

(
∂2χ

∂X2
+
∂2χ

∂Y 2
+
∂2χ

∂Z2

)}

❆ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✹✻✮ ❢♦✐ ❞❡♠♦♥str❛❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ❡♠ s❡✉ tr❛❜❛❧❤♦ ❬✶✾❪✱

♥♦ q✉❛❧ é ❝✐t❛❞♦ ♦ s❡❣✉✐♥t❡ ▲❡♠❛✿ ❙❡❥❛♠ φ (t) ❡ ψ (t) ❞✉❛s ❢✉♥çõ❡s ❛r❜✐trár✐❛s ❞♦ t❡♠♣♦✳ ❙❡

t❡♠♦s ❛ ❡q✉❛çã♦

∂χ

∂t
= φ2 (t)

∂2χ

∂ξ2
+ 2φ (t)ψ (t)

∂2χ

∂ξ∂X
+ ψ2 (t)

∂2χ

∂X2
, ✭✷✳✹✼✮

❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ξ = 0 ❡ X = 0 ❡♠ t = 0✱ ❡♥tã♦ s✉❛ s♦❧✉çã♦ ♣♦ss✉✐ ❛ ❢♦r♠❛ ❞❛ ●❛✉ss✐❛♥❛

χ =
1

2π∆
1/2
g

exp

(
−aξ

2 + 2hξX + bX2

2∆g

)
, ✭✷✳✹✽✮

❡♠ q✉❡ ❛s ❢✉♥çõ❡s t❡♠♣♦r❛✐s a✱ b✱ h ❡ ∆ sã♦ ❞❡✜♥✐❞❛s ♣♦r

a = 2

ˆ t

0

ψ2 (t) dt,

b = 2

ˆ t

0

φ2 (t) dt,

h = −2

ˆ t

0

φ (t)ψ (t) dt,

∆g = ab− h2.

✷✽



P❛r❛ ❛♣❧✐❝❛r t❛❧ ▲❡♠❛ à ❡q✉❛çã♦ ✭✷✳✹✻✮✱ ❞❡✈❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ♠❡s♠❛ é s❡♣❛rá✈❡❧ ❡♠

♣❛r❡s ❞❡ ✈❛r✐á✈❡✐s (ξ,X)✱ (η, Y ) ❡ (ζ, Z)✱ ❞❡ ♠♦❞♦ q✉❡ ♣♦❞❡♠♦s s✉♣♦r ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦✿

χ = χ1 (ξ,X)χ2 (η, Y )χ3 (ζ, Z) .

❈❛❞❛ ✉♠❛ ❞❛s ❢✉♥çõ❡s χ1✱ χ2 ❡ χ3 s❛t✐s❢❛③ ✉♠❛ ❡q✉❛çã♦ ❞❛ ❢♦r♠❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✼✮✱ ♦♥❞❡

♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ✭❝♦♠♣❛r❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✹✼✮ ❡ ✭✷✳✹✻✮✮ ❛s ❢✉♥çõ❡s

φ (t) = q1/2eΓt,

ψ (t) =
q1/2

Γ
.

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✻✮✱ ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ~℘ = ~℘0 ❡ ~P = ~P0 ❡♠ t = 0✱ é

χ =
1

8π3∆
3/2
g

exp


−

a |~℘− ~℘0|2 + 2h (~℘− ~℘0)
(
~P − ~P0

)
+ b
∣∣∣~P − ~P0

∣∣∣
2

2∆g


 ,

♦♥❞❡

a = 2

ˆ t

0

qΓ−2dt = 2qΓ−2t,

b = 2

ˆ t

0

qe2Γtdt = qΓ−1
(
e2Γt − 1

)
,

h = −2

ˆ t

0

qΓ−1eΓtdt = −2qΓ−2
(
eΓt − 1

)
.

P❡❧❛ ❡q✉❛çã♦ ✭✷✳✹✹✮ ✈❡r✐✜❝❛♠♦s q✉❡

✷✾



~℘0 = ~v0

~P0 = ~x0 +
~v0
Γ

♦♥❞❡ ❞❡♥♦t❛♠♦s ~x0 ❡ ~v0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ✈❡t♦r ♣♦s✐çã♦ ❡ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛

❇r♦✇♥✐❛♥❛ ❡♠ t❂✵✳

P♦r ✜♠✱ ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✸✮✱ q✉❡ ❡①♣r❡ss❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡s ♣❛r❛ ❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

f =
e3Γt

8π3∆
3/2
g

exp


−

a |~℘− ~℘0|2 + 2h (~℘− ~℘0)
(
~P − ~P0

)
+ b
∣∣∣~P − ~P0

∣∣∣
2

2∆g


 ,

q✉❡ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡ t❛♠❜é♠ ♣♦❞❡ s❡r ❡①♣r❡ss❛ s♦❜ ❛ ❢♦r♠❛

f =
1

8π3 (FG−H2)3/2
exp




−

[
F
∣∣∣~S
∣∣∣
2

− 2H ~R~S +G
∣∣∣~R
∣∣∣
2
]

2 (FG−H2)




. ✭✷✳✹✾✮

◆❛ ❡q✉❛çã♦ ✭✷✳✹✾✮ ❞❡✜♥✐♠♦s

FG−H2 =
(
ab− h2

)
e−2Γt = ∆ge

−2Γt,

❡ ✉s❛♠♦s ❛ ♥♦t❛çã♦

~℘− ~℘0 = eΓt~S,

~P − ~P0 = ~R +
1

Γ
~S,

✸✵



❡♠ q✉❡

~R = ~x− ~x0 −
1

Γ
~vo
(
1− e−Γt

)

~S = ~v − ~v0e
−Γt

F = qΓ−3
(
2Γt− 3 + 4e−Γt − e−2Γt

)

G = qΓ−1
(
1− e−2Γt

)

H = qΓ−2
(
1− e−Γt

)2

◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ r❡s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ♣❛rtí❝✉❧❛ s❡♥t❡ ✉♠

♣♦t❡♥❝✐❛❧ ❞❡✈✐❞♦ ❛ ❢♦rç❛s ❡❧étr✐❝❛ ❡ ♠❛❣♥ét✐❝❛ ✭❢♦rç❛s ♠❡❝â♥✐❝❛s t❛♠❜é♠ ♣♦❞❡♠ s❡r ❛❞✐❝✐♦♥❛❞❛s✱

♠❛s ♥ã♦ ✉t✐❧✐③❛♠♦s ♥❡st❡ tr❛❜❛❧❤♦✮✳

✸✶



✸✷



❈❛♣ít✉❧♦ ✸

❙♦❧✉çã♦ ❡①❛t❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs

♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝❛rr❡❣❛❞❛✱

s♦❜ ❛çã♦ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦

❆ r❡s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ s♦❜ ❛çã♦ ❞❡

❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦s✱ ❢♦✐ s✉❣❡r✐❞❛ ❡♠ ✶✾✹✸ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ❬✶✾❪ ♠❛s ❛té

❛q✉✐ ❛✐♥❞❛ ♥ã♦ ❞❡♠♦str❛❞❛✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ✉♠❛ r❡s♦❧✉çã♦ ❡①❛t❛ ❞❛ ❡q✉❛çã♦

❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ s♦❜ ❛çã♦ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✳

❈♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ❬✷✵❪✿

∂P

∂t
+ ~v

∂P

∂~x
+
~F

m

∂P

∂~v
= − 1

m

∂
(
~FdP

)

∂~v
+
λkBTR
m

∂2P

∂~v2
, ✭✸✳✶✮

♦♥❞❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ λ é ♦ ✐♥✈❡rs♦ ❞♦ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦ τ ✱ ♠ é ❛ ♠❛ss❛ ❞❛ ♣❛rtí❝✉❧❛ ❡ TR é

❛ t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✈❛tór✐♦ ❝♦♠ ♦ q✉❛❧ ❛ ♣❛rtí❝✉❧❛ ♠❛♥té♠ ❝♦♥t❛t♦✳ ❆ ❢✉♥çã♦ P = P (~x,~v, t)

r❡♣r❡s❡♥t❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ❛ ♣❛rtí❝✉❧❛ ♥❛ ♣♦s✐çã♦ ~x✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡

~v ♥♦ t❡♠♣♦ t✱ ~Fd é ❛ ❢♦rç❛ ❞❡ ❛tr✐t♦ ❡ ~F ❞❡♥♦t❛ ❛ s♦♠❛ ❞❛s ❢♦rç❛s ❡①t❡r♥❛s✳

✸✸



❆ss✐♠✱ ❞❡♥♦t❛r❡♠♦s ~Fd = −λ~vm ❝♦♠♦ ❛ ❢♦rç❛ ❞✐ss✐♣❛t✐✈❛ ❞❡ ❙t♦❦❡s✳ ❉❡✜♥✐r❡♠♦s t❛♠❜é♠

❛ ✈❡❧♦❝✐❞❛❞❡ tér♠✐❝❛ ❛ ♣❛rt✐r ❞❛ ❧❡✐ ❞❡ ❡q✉✐♣❛rt✐çã♦ ❞❛ ❡♥❡r❣✐❛✿

mv2T = kBTR,

❡♠ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥ kB ≡ 1✳

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❛♣r❡s❡♥t❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✮✱ ❞❡✜♥✐r❡♠♦s ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ❛❞✐♠❡♥s✐♦✲

♥❛✐s✱

t′ =
t

τ
, ~v′ =

~v

vT
, ~x′ =

~x

l
, vT =

l

τ
= λl, ✭✸✳✷✮

♦♥❞❡ l é ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ ❡♥tr❡ ❞✉❛s ❝♦❧✐sõ❡s s✉❝❡ss✐✈❛s ✭❝❛♠✐♥❤♦ ❧✐✈r❡ ♠é❞✐♦✮✳

❯s❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ❞❛❞❛ ♣❡❧❛s ✐❣✉❛❧❞❛❞❡s ❡♠ ✭✸✳✷✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❝❛❞❛

t❡r♠♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✮✱ ❡♠ ❢✉♥çã♦ ❞❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ❝♦♠♦ s❡❣✉❡

∂P

∂t
=
∂P

∂t′
∂t′

∂t
=

1

τ

∂P

∂t′
,

∂P

∂~x
=
∂P

∂~x′
∂~x′

∂~x
=

1

l

∂P

∂~x′
,

∂P

∂~v
=
∂P

∂~v′
∂~v′

∂~v
=

1

vT

∂P

∂~v′
. ✭✸✳✸✮

▼❛s ❝♦♠♦ ~Fd = −λ~vm✱ r❡❡s❝r❡✈❡♠♦s ♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮

❝♦♠♦

✸✹



− 1

m

∂
(
~FdP

)

∂~v
= λ

∂ (~vP )

∂~v
,

❛♦ ♣❛ss♦ q✉❡ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❞❡✜♥✐❞❛s ♥❛ ❡q✉❛çã♦ ✭✸✳✷✮✱ ❡s❝r❡✈❡♠♦s

∂ (λ~vP )

∂~v
= λ

∂ (~vP )

∂~v′
∂~v′

∂~v
=

λ

vT

∂ (~vP )

∂~v′
.

❊♥tr❡t❛♥t♦✱ ❞❡✜♥✐♠♦s ~v′ = ~v
vT
✱ ♦✉ s❡❥❛✱ ~v = ~v′vT ✳ ❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡

λ
∂

∂~v
(~vP ) =

λvT
vT

∂ (~v′P )

∂~v′
,

r❡s✉❧t❛♥❞♦ ♥❛ ✐❣✉❛❧❞❛❞❡

λTR
m

∂➨P

∂~v➨
= λ

mvT ➨

mkB

∂➨P

∂~v➨
=
λvT ➨

kB

∂➨P

∂~v➨
.

❙❛❜❡♥❞♦ q✉❡

∂➨P

∂~v➨
=

∂

∂~v

(
1

vT

∂P

∂~v′

)

❡
∂

∂~v
=

∂

∂~v′
∂~v′

∂~v
=

1

vT

∂

∂~v′

❡♥tã♦ ❛ ❞❡r✐✈❛❞❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ ~v s❡ t♦r♥❛

∂➨P

∂~v➨
=

1

vT ➨

∂➨P

∂~v′➨
.

❙✉❜st✐t✉✐♥❞♦ ❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮✱ t❡♠♦s

✸✺



1

τ

∂P

∂t′
+
vT~v

′

l

∂P

∂~x′
+
F

m

1

vT

∂P

∂~v′
= λ

∂ (~v′P )

∂~v′
+
λvT ➨

kB

1

vT ➨

∂➨P

∂~v′➨
. ✭✸✳✹✮

❉❡✜♥✐r❡♠♦s ❛ ❢♦rç❛ ❡①t❡r♥❛ ❝♦♠♦

~F = ~F (~v, t) = ~Fmec + e ~E +
e

c
~v × ~B,

♦♥❞❡ ~Fmec ❞❡♥♦t❛ ✉♠❛ ❢♦rç❛ ♠❡❝â♥✐❝❛✱ ♦ t❡r♠♦ e ~E ❞❡♥♦t❛ ❛ ❢♦rç❛ ❡❧étr✐❝❛ ❡ ♦ t❡r♠♦
(
e~v × ~B

)
/c

r❡♣r❡s❡♥t❛ ❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❢♦rç❛ ~F ♥❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ♦❜t❡♠♦s

1

τ

∂P

∂t′
+

1

τ
~v′
∂P

∂~x′
+

1

mvT

(
~Fmec + e ~E +

e

c
~v × ~B

) ∂P
∂~v′

=
1

τ

∂ (~v′P )

∂~v′
+

1

τ

∂➨P

∂~v′➨
. ✭✸✳✺✮

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ❛ ❛❝❡❧❡r❛çã♦ ~a ❞❡✈✐❞❛ às ❢♦rç❛s ❡❧étr✐❝❛ ❡ ♠❡❝â♥✐❝❛✱ ❝♦♠ ♣♦t❡♥❝✐❛❧ φ

❛ss♦❝✐❛❞♦✱ ❡ ❛ ❛❝❡❧❡r❛çã♦ ~amag ✭❞❡✈✐❞❛ à ❢♦rç❛ ♠❛❣♥ét✐❝❛✮✿

✶✳ ❚❡♠♦s ~̃a = 1
m

(
~Fmec + e ~E

)
= −∂φ

∂~x
❝♦♠♦ ❛ ❛❝❡❧❡r❛çã♦ ❞❡✈✐❞❛ à ❢♦rç❛ ❡❧étr✐❝❛ ❡ ♠❡❝â♥✐❝❛

✭❝♦♠ ❞✐♠❡♥sõ❡s✮✳

P❛r❛ t♦r♥❛r ~̃a ❛❞✐♠❡♥s✐♦♥❛❧✱ ✉s❛♠♦s ❛s ✈❛r✐á✈❡✐s ❥á ❞❡✜♥✐❞❛s ♥❛ ❡q✉❛çã♦ ✭✸✳✷✮✿ vT~a = τ~̃a

~a =
τ

mvT

(
~Fmec + e ~E

)
. ✭✸✳✻✮

✷✳ ❚❡♠♦s ~̃amag = 1
m

(
e
c
~v × ~B

)
= ~v × ~ω ❝♦♠♦ ❛ ❛❝❡❧❡r❛çã♦ ❞❡✈✐❞❛ à ❢♦rç❛ ♠❛❣♥ét✐❝❛ ✭❝♦♠

❞✐♠❡♥sõ❡s✮✳

P❛r❛ t♦r♥❛r ~̃amag ❛❞✐♠❡♥s✐♦♥❛❧ r❡❡s❝r❡✈❡♠♦s s♦❜ ❛ ❢♦r♠❛ ~̃amag = ~v × ~ω✱ ♦♥❞❡ ~ω = e ~B/mc

✭❢✉♥çã♦ ❞❡ ~x ❡ t✮ é ❛ ❢r❡qüê♥❝✐❛ ❞❡ ❝í❝❧♦tr♦♥ ❝♦♠ ❞✐♠❡♥sõ❡s ❡ ✉s❛♠♦s ♥♦✈❛♠❡♥t❡ ❛s
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✈❛r✐á✈❡✐s ✭✸✳✷✮✿ ~v′ = ~v/vT ❡ ~Ω = τ~ω ♦✉ s❡❥❛✱

~amag =
vT
τ
~v′ × ~Ω =

vT
τ
~v′ × ωω̂, ✭✸✳✼✮

♦♥❞❡ ω = ωcτ ❡ ωc = |~ω| ✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✸✳✼✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✺✮ t❡♠♦s✿

1

τ

∂P

∂t′
+

1

τ
~v′
∂P

∂~x′
+

[
~a

τ
+
vT
vT

~v′ × ωω̂

τ

]
∂P

∂~v′
=

1

τ

∂ (~v′P )

∂~v′
+

1

τ

∂➨P

∂~v′➨
. ✭✸✳✽✮

❊❧✐♠✐♥❛♥❞♦ ♦ í♥❞✐❝❡ ❧✐♥❤❛ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ❡ ❞❡✜♥✐♥❞♦ ♦ ❡✐①♦ ③ ❝♦♠♦ ❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ (ω̂ = ẑ)✱ ❛ ❡q✉❛çã♦ ✭✸✳✽✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

1

τ

∂P

∂t
+

1

τ
~v
∂P

∂~x
+
~a

τ

∂P

∂~v
= −1

τ
~v × ωẑ

∂P

∂~v
+

1

τ

∂ (~vP )

∂~v
+

1

τ

∂➨P

∂~v➨

♦✉ ❛✐♥❞❛ ♣♦r

∂P

∂t
+ ~v

∂P

∂~x
+ ~a

∂P

∂~v
=

∂

∂~v
[~v + (ωẑ × ~v)]P +

∂➨P

∂~v➨
, ✭✸✳✾✮

q✉❡ é ❛ ❡q✉❛çã♦ ✭✸✳✶✮ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❛❞✐♠❡♥s✐♦♥❛✐s✳

❉♦r❛✈❛♥t❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s✱ ❡①❝❡t♦ q✉❛♥❞♦ ♦ ❝♦♥trár✐♦ ❡st✐✈❡r ❡①♣❧í❝✐t♦✳

❈♦♠ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ ♦ ❢❛t♦r λ ❢♦✐ ❛❜s♦r✈✐❞♦ ♣❡❧❛s ✈❛r✐á✈❡✐s r❡♥♦r♠❛❧✐③❛❞❛s✳ P♦❞❡✲

♠♦s r❡❡s❝r❡✈❡r ♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s❡s✱ ♥❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r✱ ❞❡ t❛❧ ❢♦r♠❛ ❛ ❞❡✜♥✐r ✉♠ ♥♦✈♦

Λ q✉❡ ❡♥❝❡rr❛ ♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ t✐♣♦ ❙t♦❦❡s ❡ ♦ t❡r♠♦ r❡❧❛t✐✈♦ ❛♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❬✷✶❪✳

❊①♣❧✐❝✐t❛♥❞♦ ♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s✐s ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ t❡♠♦s✿
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ωẑ × ~v = −ωvyx̂+ ωvxŷ = ω (−vyx̂+ vxŷ) .

❉❡ss❛ ❢♦r♠❛✱ ♦ t❡r♠♦ ❡♥tr❡ ❝♦❧❝❤❡t❡s ♥❛ ❡q✉❛çã♦ ✭✸✳✾✮ ♣♦❞❡ ❡♥tã♦ s❡r r❡♥♦♠❡❛❞♦ ❝♦♠♦✿

Λ~v = ~v + ωẑ × ~v = (vx − ωvy) x̂+ (vy + ωvx) ŷ + vz ẑ.

◆♦ ❝❛s♦ ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥✉❧♦✱ t❡♠♦s Λ = I ✭♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✮ ♥❛ ❢♦r♠❛ ❛❞✐♠❡♥s✐♦♥❛❧

❡ Λ = λI ♥❛ ❢♦r♠❛ ❞✐♠❡♥s✐♦♥❛❧✳

P♦❞❡♠♦s ❡①♣r❡ss❛r Λ~v ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❝♦♠♦✿




1 −ω 0

ω 1 0

0 0 1







vx

vy

vz



= Λ~v = ~v + ~Ω× ~v.

◆♦ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦ ✭❬✶❪✮✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ♥♦t❛çã♦ ♠❛✐s ❝♦♠♣❛❝t❛ ✭r❡❢✳ ❬✹✶❪✮✱ ❞❡✜♥✐❞❛ ♣♦r

|x〉 =




1

0

0



, |y〉 =




0

1

0



, |z〉 =




0

0

1



,

❛❧é♠ ❞♦s ♣r♦❥❡t♦r❡s ✭t❡♥s♦r✐❛✐s✮

ê1 =




0

0

1




[
0 0 1

]
= |z〉 〈z|
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ê2 =




1

0

0




[
1 0 0

]
+




0

1

0




[
0 1 0

]
= |x〉 〈x|+ |y〉 〈y|

ê3 =




1

0

0




[
0 1 0

]
−




0

1

0




[
1 0 0

]
= |x〉 〈y| − |y〉 〈x| .

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r Λ~v t❛♠❜é♠ s♦❜ ❛ ❢♦r♠❛✿

Λ~v = (ê− ωê3)~v,

♦♥❞❡ ê = ê1 + ê2✱ ❝♦♠♦ ✉t✐❧✐③❛❞♦ ♥♦ ❛rt✐❣♦✳

P♦r ✜♠✱ ❛ ❢♦r♠❛ ❝♦♠♣❛❝t❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs é ❞❛❞❛ ♣♦r

∂P

∂t
+ ~v

∂P

∂~x
+ ~a

∂P

∂~v
=

∂

∂~v
(Λ~vP ) +

∂➨P

∂~v➨
. ✭✸✳✶✵✮

❆ ❡q✉❛çã♦ ✭✸✳✶✵✮ ❢♦✐ r❡s♦❧✈✐❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ✭❬✶✾❪✮ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ Λ

é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡ ~a = 0 ✭s❡♠ ❝❛♠♣♦s ❡①t❡r♥♦s✮ ❬✶✾❪✳ ❆ r❡s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❢♦✐

❛♣❡♥❛s s✉❣❡r✐❞❛ ♥❛ ♠❡s♠❛ r❡❢❡rê♥❝✐❛✳

❖ ❝❛s♦ ❡♠ q✉❡ ~a = 0 ❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡stá ♣r❡s❡♥t❡✱ ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦r ❈③♦♣♥✐❦ ❡

●❛r❜❛❝③❡✇s❦✐ ❬✷✶❪✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❛❞♦t❛❞♦ ❡♠ s❡✉ ❛rt✐❣♦ é ❜r❡✈❡♠❡♥t❡ r❡s✉♠✐❞♦ ❛ s❡❣✉✐r✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ❛♣r❡s❡♥t❛ ✉♠❛

♠❛tr✐③ Λ 6= I ✭❝♦♠♦ tr❛t❛❞♦ ♥❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs r❡s♦❧✈✐❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✱ s❡çã♦ ✷✳✻✮✳ ❆ss✐♠✱

♦ ♣r♦❝❡ss♦ ❞❡ r❡s♦❧✉çã♦ ❞❡✈❡ s❡r r❡❢❡✐t♦✱ ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ♣♦❞❡♠♦s ✉s❛r ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣♦r

❈❤❛♥❞r❛s❡❦❤❛r✳

❖ ♠♦❞❡❧♦ q✉❡ ❝♦♥s✐❞❡r❛ ♦ ❛tr✐t♦ ❧✐♥❡❛r ✭♥♦ ❝❛s♦ ❞❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ♣❛r❛ ❛ ♣❛rtí❝✉❧❛
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❧✐✈r❡✮ ♣♦❞❡ s❡r ❛❞♦t❛❞♦ ❛♦ ❝❛s♦ ❞❛ ❞✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦

❝♦♥st❛♥t❡ q✉❡ ❛t✉❛ s♦❜r❡ ❛s ♣❛rtí❝✉❧❛s ✈✐❛ ❢♦rç❛ ❞❡ ▲♦r❡♥t③✳ ❆ ❡q✉❛çã♦ ✭❞✐♠❡♥s✐♦♥❛❧✮ ❞❡

▲❛♥❣❡✈✐♥ ♣❛r❛ ♦ ♠♦✈✐♠❡♥t♦ é ❡①♣r❡ss❛ ❝♦♠♦

d~v

dt
= −λ~v + e

mc
~v × ~B + ~A (t) ✭✸✳✶✶✮

♦♥❞❡ e é ❛ ❝❛r❣❛ ❡❧étr✐❝❛ ❞❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛ss❛ m✳

P❛r❛ s✐♠♣❧✐✜❝❛r✱ ❛ss✉♠✐r❡♠♦s ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❝♦♥st❛♥t❡ ♥❛ ❞✐r❡çã♦ ẑ✱ t❛❧ q✉❡ ~B =

(0, 0, B)✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✶✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

d~v

dt
= −Λ~v + ~A (t) , ✭✸✳✶✷✮

♦♥❞❡ ❛ ♠❛tr✐③ Λ ♣♦ss✉✐ ❛ ❢♦r♠❛

Λ =




λ −ωc 0

ωc λ 0

0 0 λ



. ✭✸✳✶✸✮

❆ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✸✳✶✷✮ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❢♦r♠❛❧♠❡♥t❡ ❡ ❡①♣r❡ss❛ ❝♦♠♦

~v (t)− e−Λt~v0 =

ˆ t

0

e−Λ(t−s) ~A (s) ds. ✭✸✳✶✹✮

❈❤❛♠❛r❡♠♦s ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ❞❡ ~S✱ ❛ss✐♠ ❝♦♠♦ r❡❛❧✐③❛❞♦

♥❛ r❡❢❡rê♥❝✐❛ ❬✷✶❪✳ ❉❡st❛ ❢♦r♠❛ t❡♠♦s

~S = ~v (t)− e−Λt~v0 =

ˆ t

0

ψ (s) ~A (s) ds, ✭✸✳✶✺✮

♦♥❞❡ ψ (s) = e−Λ(t−s)✳
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❖r❛✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ ~S sã♦ ✐❞ê♥t✐❝❛s àq✉❡❧❛s ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ❡q✉❛çã♦

✭✸✳✶✹✮✱ ❛ss✐♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❞✉③✐r ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (~v, t|~v0)

é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❞❡ ❞❡❞✉③✐r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ ✈❡t♦r r❛♥❞ô♠✐❝♦ ~S✳ ◆♦

❆♣ê♥❞✐❝❡ ❆ ❛♣r❡s❡♥t❛♠♦s ❛s ❥✉st✐✜❝❛t✐✈❛s ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ❛ s❡❣✉✐r✳

❆ ❞✐str✐❜✉çã♦ ♣r♦❜❛❜✐❧íst✐❝❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ~S✱ ❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ~v (t = 0) = ~v0✱ é ✉♠❛

❣❛✉ss✐❛♥❛ ❝♦♠ ♠é❞✐❛ ③❡r♦✱ ❝✉❥❛ ✈❛r✐â♥❝✐❛ é ✐❣✉❛❧ ❛

σ2 = 2D

ˆ t

0

e−2λ(t−s)ds =
kBT

m

(
1− e−2λt

)
✭✸✳✶✻✮

❡ é ❞❛❞❛ ♣♦r

P (~v, t|~v0) =
1

[
2π kBT

m
(1− e−2λt)

]3/2 exp
(
−
∣∣~v − e−Λt~v0

∣∣2

2kBT
m

(1− e−2λt)

)
. ✭✸✳✶✼✮

P❛ss❡♠♦s ❛ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦✱ só q✉❡ ❛❣♦r❛ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❡s♣❛❝✐❛❧✱ ❡♠ q✉❡ ❞❡✜✲

♥✐♠♦s ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❡s♣❛❝✐❛❧ s♦❜ ❛ ❢♦r♠❛

~x− ~x0 =

ˆ t

0

~v (t′) dt′.

❯s❛♥❞♦ ~v (t) ❝♦♠♦ ❞❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✱ t❡♠♦s q✉❡

~v (t) = e−Λt~v0 +

ˆ t

0

e−Λ(t−s) ~A (s) ds ✭✸✳✶✽✮

◗✉❛♥❞♦ ✐♥t❡❣r❛♠♦s ❛ ❡q✉❛çã♦ ✭✸✳✶✽✮ ♥♦ t❡♠♣♦✱ r❡s✉❧t❛

~x− ~x0 − Λ−1
(
1− e−Λt

)
~v0 =

ˆ t

0

Λ−1
(
1− eΛ(s−t)

)
~A (s) ds

♦✉✱ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ Ω ≡ Λ−1
(
1− e−Λt

)
❡ φ (s) ≡ Λ−1

(
1− eΛ(s−t)

)
✱ ♦❜t❡♠♦s

✹✶



~R = ~x− ~x0 − Ω~v0 =

ˆ t

0

φ (s) ~A (s) ds. ✭✸✳✶✾✮

❈♦♠♦ t❡♠♦s ~B = Bẑ✱ ❛ s✐♠❡tr✐❛ ❝✐❧í♥❞r✐❝❛ ♥♦s ♣❡r♠✐t❡ ❝♦♥s✐❞❡r❛r s❡♣❛r❛❞❛♠❡♥t❡ ♦s ♣r♦✲

❝❡ss♦s ♥♦ ♣❧❛♥♦ ①② ❡ ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ ③✳ ❆ss✐♠✱ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ♣❧❛♥❛r✱ t❡♠♦s

e−Λt = e−λt




cos (ωct) sen (ωct)

−sen (ωct) cos (ωct)


 e Λ−1 =

1

λ2 + ω2
c




λ ωc

−ωc λ




q✉❡ ❛✐♥❞❛ ❡stã♦ ❝♦♠ ❞✐♠❡♥sõ❡s✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ♣♦❞❡♠♦s ♦❜t❡r ✭✈❡r ❡q✉❛çã♦ ✭✺✳✻✮ ❞♦

❆♣ê♥❞✐❝❡ ❆✮ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭❞✐♠❡♥s✐♦♥❛❧✮ ❞♦ ✈❡t♦r r❛♥❞ô♠✐❝♦ ✭♣❧❛♥❛r✮ ~R✱ ❛

s❛❜❡r

P (~x, t|~x0, t0 = 0, ~v0) =
1

4π kBT
m

λ
λ2+ω2

c
(t+ θ)

exp

(
− |x− x0 − Ωv0|2

4kBT
m

λ
λ2+ω2

c
(t+ θ)

)
, ✭✸✳✷✵✮

♦♥❞❡

θ =
1

2λ

(
1− e−2λ(t−s)

)
− 2

λ2 + ω2
c

{
λ+ e−λt [−λcos (ωct) + ωcsen (ωct)]

}
.

❉❛❞♦ q✉❡ ♦s ✈❡t♦r❡s ~S ❡ ~R tê♠ ❞✐str✐❜✉✐çã♦ ❣❛✉ss✐❛♥❛ ❝♦♠ ♠é❞✐❛ ③❡r♦✱ t❡♠♦s q✉❡ ❛ ❞✐s✲

tr✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ W
(
~S, ~R

)
é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛s ❡ ❝♦✲

✈❛r✐â♥❝✐❛s✿ C = (cij) = (〈xixj〉)✱ ❝♦♠ x = (S1, S2, R1, R2)✳ ❊♠ ❢✉♥çã♦ ❞❡ ~S ❡ ~R✱ ❛ ♠❛tr✐③ ❞❡

❝♦✈❛r✐â♥❝✐❛s é ❞❛❞❛ ♣♦r

✹✷



C =




〈S1S1〉 〈S1S2〉 〈S1R1〉 〈S1R2〉

〈S2S1〉 〈S2S2〉 〈S2R1〉 〈S2R2〉

〈R1S1〉 〈R1S2〉 〈R1R1〉 〈R1R2〉

〈R2S1〉 〈R2S2〉 〈R2R1〉 〈R2R2〉




, ✭✸✳✷✶✮

❡♥q✉❛♥t♦ ❛ ❞✐str✐❜✉✐çã♦ ✭♣❧❛♥❛r✮ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ~S ❡ ~R é ❞❛❞❛ ♣♦r

W2

(
~S, ~R

)
= W (~x) =

1

4π2

(
1

detC

)1/2

exp

(
−1

2

∑

ij

C−1
ij xixj

)
, ✭✸✳✷✷✮

♦♥❞❡ C−1
ij ❞❡♥♦t❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ ✐♥✈❡rs❛✳

P❛r❛ ♦❜t❡r ❛s ♠❛tr✐③❡s C ❡ C−1 ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ♣r❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s

q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ♠❛tr✐③ ✭✸✳✷✶✮✳ ❉❡✜♥✐♥❞♦ ❝❛❞❛ ✉♠ ❞❡st❡s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ✭❝❛❧❝✉❧❛❞♦s ♥♦

❆♣ê♥❞✐❝❡ ❆✱ ❞❛ ❡q✉❛çã♦ ✭✺✳✼✮ ❛té ❛ ❡q✉❛çã♦ ✭✺✳✶✵✮✮ ❝♦♠♦ g✱ f ✱ h ❡ k✱ t❡♠♦s✿

C =




g 0 h −k

0 g k h

h k f 0

−k h 0 f




e C−1 =
1

detC

(
fg − h2 − k2

)




f 0 −h k

0 f −k −h

−h −k g 0

k −h 0 g




.

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✷✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

W2

(
~S, ~R

)
=

1

4π2 (fg − h2 − k2)
exp


−

[
f
∣∣∣~S
∣∣∣
2

+ g
∣∣∣~R
∣∣∣
2

− 2h~S ~R + 2k
(
~S × ~R

)]

2 (fg − h2 − k2)


 , ✭✸✳✷✸✮

❝♦♠ ❞✐♠❡♥sõ❡s ♣❛r❛ ♦ ♣❧❛♥♦ ❳❨ ❡ ♦♥❞❡ ~S ❡ ~R sã♦ ❞❛❞♦s ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡ ✭✸✳✶✾✮✱ r❡s♣❡❝✲

✹✸



t✐✈❛♠❡♥t❡✳

❆ s♦❧✉çã♦ ♥❛ ❞✐r❡çã♦ z é ❛ ♠❡s♠❛ ♦❜t✐❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ✭♠♦str❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✱

❡q✉❛çã♦ ✭✷✳✹✾✮✮✱ q✉❛♥❞♦ ♣❛rt✐❝✉❧❛r✐③❛♠♦s ♣❛r❛ ✉♠❛ ❞✐♠❡♥sã♦ ❛♣❡♥❛s✱ ♦✉ s❡❥❛✱

W1 (z, v, t) = W1 (S,R) =

[
1

4π2 (FG−H2)

]1/2
exp

{
−GR

2 − 2HRS + FS2

2 (FG−H2)

}
, ✭✸✳✷✹✮

♦♥❞❡ R = z − v0
(
1− e−λt

)
λ−1✱ S = v − v0e

−λt✱ F = (D/λ)
(
2λt− 3 + 4e−λt − e−2λt

)
✱ G =

Dλ
(
1− e−2λt

)
❡ H = D

(
1− e−λt

)2
✳

❉❡st❛ ❢♦r♠❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s r❡s✉❧t❛♥t❡ s❡rá

W = W2

(
~S, ~R

)
W1 (S,R) ,

♦♥❞❡ W2

(
~S, ~R

)
é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✸✮ ❡ W1 (S,R) é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✹✮✳

❙✉♣♦♥❞♦ ❛❣♦r❛ q✉❡ ♣❛rt✐♠♦s ❞❛ ❡q✉❛çã♦ ✭✸✳✶✵✮✱ ♦✉ s❡❥❛✱ q✉❡ ♦ t❡r♠♦ r❡❧❛t✐✈♦ ❛♦ ❝❛♠♣♦

❡❧étr✐❝♦ ❢♦✐ ❛❞✐❝✐♦♥❛❞♦ ❛♦ ♥♦ss♦ s✐st❡♠❛✱ t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❝✉❥❛ ❢♦r♠❛ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣♦r ❋❡rr❛r✐

❬✷✷❪✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ Λ é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ✭❞✐ss✐♣❛çã♦ ❞❡✈✐❞❛ ❛♦ ❛tr✐t♦ ❝♦♠ ♦ ✢✉✐❞♦

❛♣❡♥❛s✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦ ❢♦✐ s✉❣❡r✐❞♦ ♥♦ ❛rt✐❣♦ ❞❡ ❋❡rr❛r✐✱ ✐♥tr♦❞✉③✐♠♦s ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s✿





~R = ~x−
´ t

0
〈~v〉t′ dt′

~V = d~R
dt

= d~x
dt

− 〈~v〉t = ~v − 〈~v〉t ,
✭✸✳✷✺✮

♦♥❞❡ 〈~v〉t é ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ✭♥♦ t❡♠♣♦ t✮ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ q✉❡ é ❞❛❞❛ ♣❡❧❛ s♦❧✉çã♦

❞❛ ❡q✉❛çã♦

d 〈~v〉t
dt

− ~a+ Λ 〈~v〉t = 0. ✭✸✳✷✻✮

✹✹



P♦rt❛♥t♦

〈~v〉t =
1

Λ

(
1− e−Λt

)
~a+ e−Λt~v0, ✭✸✳✷✼✮

❡ s✉❛ ✐♥t❡❣r❛❧ t❡♠♣♦r❛❧ é ❞❛❞❛ ♣♦r

ˆ t

0

〈~v〉t′ dt′ =
1

Λ

[
t− 1

Λ

(
1− e−Λt

)]
~a+

1

Λ

(
1− e−Λt

)
~v0, ✭✸✳✷✽✮

♦♥❞❡ ~a é ❛ ❛❝❡❧❡r❛çã♦ ❞❡✈✐❞❛ ❛ ✉♠ ❝❛♠♣♦ ❡❧étr✐❝♦ ❝♦♥st❛♥t❡ ♥♦ t❡♠♣♦ ❡ ✉♥✐❢♦r♠❡ ♥♦ ❡s♣❛ç♦✳

P❛ss❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ♣❛r❛ ♦ ❡s♣❛ç♦
(
~R, ~V

)
✱ ✉t✐❧✐③❛♥❞♦ ✭✸✳✷✺✮✱ t❡♠♦s q✉❡ s❡

P ∗
(
~R (t) , ~V (t) , t

)
é ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ♥♦ ❡s♣❛ç♦

(
~R, ~V

)
✱ ♥♦ t❡♠♣♦ t✱ ❡♥tã♦

P (~x,~v, t) ~dxd~v = P ∗
(
~R (t) , ~V (t) , t

)
d~Rd~V

∣∣∣J
(
~R, ~V

)∣∣∣ ,

♦♥❞❡ ♦ ❥❛❝♦❜✐❛♥♦
∣∣∣J
(
~R, ~V

)∣∣∣ é ❞❛❞♦ ♣♦r

∣∣∣J
(
~R, ~V

)∣∣∣ =

∥∥∥∥∥∥∥

∂ ~R
∂~x

∂ ~R
∂~v

∂~V
∂~x

∂~V
∂~v

∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥

1 0

0 1

∥∥∥∥∥∥∥
= 1.

❚❡♠♦s ♣♦rt❛♥t♦ q✉❡

P (~x,~v, t) = P ∗
(
~R (t) , ~V (t) , t

)
= P ∗

(
~x−
ˆ t

0

〈~v〉t′ dt′, ~v − 〈~v〉t , t
)
.

P❛ss❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ♣❛r❛ ♦ ❡s♣❛ç♦
(
~R, ~V

)
✱ ♥♦t❛♠♦s q✉❡

∂P

∂t
=

(
∂P ∗

∂t

)

~x,~v

=
∂P ∗

∂ ~R

∂ ~R

∂t
+
∂P ∗

∂~V

∂~V

∂t
+
∂P ∗

∂t
= −〈~v〉t

∂P ∗

∂ ~R
− d 〈~v〉t

dt

∂P ∗

∂~V
+
∂P ∗

∂t
.

❙❡ ❧❡♠❜r❛r♠♦s ❞❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ❞❡✜♥✐❞❛s ♥❛ ❡①♣r❡ssã♦ ✭✸✳✷✺✮✱ s❡❣✉❡ q✉❡✿

✹✺



∂

∂xi
=

∂

∂Ri

,
∂

∂vi
=

∂

∂Vi
,
∂➨

∂vi➨
=

∂➨

∂Vi➨
(i = 1, 2, 3)

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ♥♦ ❡s♣❛ç♦
(
~R, ~V

)
❝♦♠♦ s❡❣✉❡✿

−〈~v〉t
∂P ∗

∂ ~R
− d 〈~v〉t

dt

∂P ∗

∂~V
+
∂P ∗

∂t
+
(
~V + 〈~v〉t

) ∂P ∗

∂ ~R
+ ~a

∂P

∂~V
=

∂

∂~V
Λ
(
~V + 〈~v〉t

)
P ∗ +

∂➨P ∗

∂~V ➨

,

♦✉ ❛✐♥❞❛✱

∂P ∗

∂t
+ ~V

∂P ∗

∂ ~R
=

(
d 〈~v〉t
dt

− ~a+ Λ 〈~v〉t
)

∂

∂~V
P ∗ +

∂~V ΛP ∗

∂~V
+
∂➨P ∗

∂~V ➨

. ✭✸✳✷✾✮

◆♦t❛♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ t❡♠ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r

♣❛r❛ ♦ ❝❛s♦ s❡♠ ❝❛♠♣♦s ❡①t❡r♥♦s ❬✶✾❪✱ ❞❡s❞❡ q✉❡

d 〈~v〉t
dt

− ~a+ Λ 〈~v〉t = 0,

♦ q✉❡ r❡❞✉③ ❛ ❡q✉❛çã♦ ✭✸✳✷✾✮ à ❢♦r♠❛

∂P ∗

∂t
+ ~V

∂P ∗

∂ ~R
= Λ

∂~V P ∗

∂~V
+
∂➨P ∗

∂~V ➨

. ✭✸✳✸✵✮

P♦rt❛♥t♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ✭❝♦♠ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥ã♦ ♥✉❧♦✮ ❢♦✐ r❡❞✉③✐❞❛ à ❢♦r♠❛ ❞❛ ❡q✉❛çã♦

❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦ ✭♥♦ ❡s♣❛ç♦
(
~R, ~V

)
✮ ♣❛r❛ ♦ ❝❛s♦ ❧✐✈r❡ ❞❡ ❝❛♠♣♦s ❡①t❡r♥♦s✱ ❝✉❥❛ s♦❧✉çã♦ ❢♦✐

♦❜t✐❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ✭r❡❢✳ ❬✶✾❪✮ ❡♠ ✶✾✹✸✿

P ∗
(
~R, ~V , t|~R0, ~V0

)
=

ntot

8π➩ (FG−H➨)3/2
exp




−G

∣∣∣~R− ~R0

∣∣∣ ➨− 2H
(
~R− ~R0

)
~V + F

∣∣∣~V
∣∣∣ ➨

2 (FG−H➨)



 , ✭✸✳✸✶✮

✹✻



♦♥❞❡

F ≡ kBT

mΛ➨

(
2Λt− 3 + 4e−Λt − e−2Λt

)
✭✸✳✸✷✮

G ≡ kBT

m

(
1− e−2Λt

)
✭✸✳✸✸✮

H ≡ kBT

mΛ

(
1− e−Λt

)
➨. ✭✸✳✸✹✮

❆q✉✐✱ Λ é ✉♠ ❡s❝❛❧❛r ❡ ✈❡♠♦s q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛♣❡♥❛s ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡stá ❧✐❣❛❞♦✱

❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❝♦♠ r❡❧❛çã♦ à s♦❧✉çã♦ ♣❛r❛ ❛✉sê♥❝✐❛ ❞❡ ❝❛♠♣♦s ✭♦❜t✐❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r✮ é

❝♦♠ r❡❧❛çã♦ às ✈❛r✐á✈❡✐s✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛r ❛ ♣r❡s❡♥ç❛ ❞❡ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥♦ s✐st❡♠❛ é ❡q✉✐✈❛✲

❧❡♥t❡ à tr♦❝❛r ❛s ✈❛r✐á✈❡✐s (~x,~v) ♣❡❧❛s ♥♦✈❛s ✈❛r✐á✈❡✐s
(
~R, ~V

)
✱ ♠❛♥t❡♥❞♦✱ ❡♥tr❡t❛♥t♦✱ ♦ ❢♦r♠❛t♦

❞❛ s♦❧✉çã♦ ❞❡ ❈❤❛♥❞r❛s❡❦❤❛r✳ P♦ré♠✱ ❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

✐♥❝❧✉✐♥❞♦ t❛♠❜é♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ❞❡✈❡♠♦s ✉t✐❧✐③❛r ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣♦r ❈③♦♣♥✐❦ ❬✷✶❪

✭❡q✉❛çã♦ ✭✸✳✷✸✮✱ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡♠♦str❛❞❛ ❡ q✉❡ ❝♦♥s❡r✈❛ ❛s ♠❡s♠❛s ✈❛r✐á✈❡✐s q✉❡ ❛ r❡s♦❧✉çã♦

❞❡ ❈❤❛♥❞r❛s❡❦❤❛r✮ ❡♥tr❡t❛♥t♦ ❝♦♠ ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s
(
~R, ~V

)
s✉❣❡r✐❞❛s ♣♦r ❋❡rr❛r✐ ❬✷✷❪ ❡ ❛❣♦r❛

❝♦♥s✐❞❡r❛♥❞♦ ♦ Λ ❝♦♠♦ ❛ ♠❛tr✐③ ❛❞✐♠❡♥s✐♦♥❛❧ ❞❛❞❛ ♣♦r

Λ =




1 −ω 0

ω 1 0

0 0 1



. ✭✸✳✸✺✮

❚♦❞❛✈✐❛✱ ❝♦♠♦ Λ ♥ã♦ é ❞✐❛❣♦♥❛❧✱ ❞❡✈❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❞✐❛❣♦♥❛❧✐③á✲❧❛ ❡ ♣❛r❛ ✐st♦ ❝♦♥✲

s✐❞❡r❛r❡♠♦s ❛ r❡❧❛çã♦ Λ = SDS−1 ✭♦♥❞❡ ❉ é ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❞❡ Λ ❡ S é ✉♠❛ ♠❛tr✐③ ❞❡

tr❛♥s❢♦r♠❛çã♦ ❛ ❞❡t❡r♠✐♥❛r✮✳ ❙❡ Λ = SDS−1✱ ❡♥tã♦ D = S−1ΛS✳ Pr❡❝✐s❛♠♦s✱ ♣♦rt❛♥t♦✱ ❞♦s

❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ Λ q✉❡ ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❞❛ ❡q✉❛çã♦ Det (Λ− Iǫ) = 0 ✭❛ ♠❛tr✐③ ❞✐❛❣♦✲

♥❛❧ ❉ é ❝♦♠♣♦st❛ ♣❡❧♦s ❛✉t♦✈❛❧♦r❡s ♥❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✮✱ ♦♥❞❡ ǫ sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❛ s❡r❡♠

✹✼



❞❡t❡r♠✐♥❛❞♦s✳ P❛rt✐♥❞♦ ❞❛ ❡q✉❛çã♦

Det (Λ− Iǫ) =

∣∣∣∣∣∣∣∣∣∣

(1− ǫ) −ω 0

ω (1− ǫ) 0

0 0 (1− ǫ)

∣∣∣∣∣∣∣∣∣∣

= 0,

✈❡r✐✜❝❛♠♦s q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ❞❛ ❢♦r♠❛ ǫ1 = 1 + iω✱ ǫ2 = 1 − iω ❡ ǫ3 = 1✱ ❞❡ ♠♦❞♦ q✉❡ ❛

♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❞❡ Λ é

D =




1 + iω 0 0

0 1− iω 0

0 0 1



.

❖s ❛✉t♦✈❡t♦r❡s✱ ❞♦ t✐♣♦ ~u = (a, b, c)✱ sã♦ ♦❜t✐❞♦s ❢❛③❡♥❞♦ Λ~u = ǫ~u✱ ♦✉ ❛✐♥❞❛ (Λ− Iǫ) ~u = 0

♣❛r❛ ❝❛❞❛ ❛✉t♦✈❛❧♦r ❡✱ ♣♦rt❛♥t♦✱ ♣❛r❛ ǫ1 ♦❜t❡♠♦s ~u1 = (a,−ia, 0)✱ ♣❛r❛ ǫ2✱ ~u2 = (a, ia, 0) ❡ ♣❛r❛

ǫ3✱ ~u3 = (0, 0, 1)✳ ❉❡t❡r♠✐♥❛❞♦s ♦s ❞♦✐s ❛✉t♦✈❡t♦r❡s✱ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ S sã♦ ❝♦♠♣♦st❛s ♣❡❧♦s

❛✉t♦✈❡t♦r❡s ♥❛ ❢♦r♠❛

S =




a a 0

−ia ia 0

0 0 1



,

❝✉❥❛ ✐♥✈❡rs❛ é ❞❛❞❛ ♣♦r

S−1 =




a ia 0

a −ia 0

0 0 1



.

P❛r❛ ♦❜t❡r ✉♠ ✈❛❧♦r ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦ a✱ ♣♦❞❡♠♦s ✉s❛r ❛ r❡❧❛çã♦ D = S−1ΛS✱

❞❡ ❢♦r♠❛ q✉❡✱ r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✱ ❝❤❡❣❛♠♦s ❛♦s ✈❛❧♦r❡s a = ± 1√
2
❡ b = ∓ i√

2
✱ q✉❡ r❡s✉❧t❛ ♥❛

✹✽



♠❛tr✐③

S =




1√
2

1√
2

0

− i√
2

i√
2

0

0 0 1



.

❯♠❛ ✈❡③ ♦❜t✐❞❛ ❛ ♠❛tr✐③ ❙✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ~R ❡ ~V ❡♠ ❢✉♥çã♦ ❞❡ Λ ♣❛r❛ t❡r ❡①♣r❡ss❛ ❛

s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ❝♦♠♣❧❡t❛♠❡♥t❡ ✭♦✉ s❡❥❛✱ ❝♦♠ t♦❞♦s ♦s ❝❛♠♣♦s ❡①t❡r♥♦s✮✳

◆❛ r❡❢❡rê♥❝✐❛ ❬✷✷❪ sã♦ ❞❡✜♥✐❞❛s ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ✭❡q✉❛çõ❡s ✭✸✳✷✺✮✮

~V ≡ ~v − 〈~v〉t =
d~R

dt
✭✸✳✸✻✮

~R ≡ ~x−
ˆ t

0

〈~v〉t′ dt′ ✭✸✳✸✼✮

t❛❧ q✉❡

~R (~x, 0) = ~x

~R0 ≡ ~R (~x0, 0) = ~x0

~V (~v, 0) = ~v − 〈~v〉0 = ~v − ~v0

♦♥❞❡✱ ♣❛r❛ ✉♠ ❝❛♠♣♦ ~E ❝♦♥st❛♥t❡ ♥♦ t❡♠♣♦ ❡ ✉♥✐❢♦r♠❡ ♥♦ ❡s♣❛ç♦✱ t❡♠♦s

〈~v〉t = Λ−1
(
1− e−Λt

)
~a+ e−Λt~v0 ✭✸✳✸✽✮

q✉❡ é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✷✻✮✳ ❆❧é♠ ❞✐ss♦✱ ♥♦ ❡s♣❛ç♦
(
~R, ~V

)
✱ t❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

✹✾



é P
(
~R, ~V , 0

)
= ntotδ

(
~R− ~R0

)
δ
(
~V
)
✳

P❛r❛ ❡①♣r❡ss❛r ❛ ❡q✉❛çã♦ ✭✸✳✷✸✮ ❡♠ ❢✉♥çã♦ ❞❡ Λ✱ ♣r❡❝✐s❛♠♦s ❡s❝r❡✈❡r ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ❡♠

❢✉♥çã♦ ❞❡ Λ✿

✶✳ ❱❛r✐á✈❡❧ ~R = ~x−
´ t

0
〈~v〉t′ dt′ ✿

❆ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ✐♥t❡❣r❛❧ q✉❡ ❛♣❛r❡❝❡ ❡♠ ~R é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✽✮

ˆ t

0

〈~v〉t′ dt′ = Λ−1
[
t− Λ−1

(
1− e−Λt

)]
~a+ Λ−1

(
1− e−Λt

)
~v0

❞❡ ❢♦r♠❛ q✉❡ ~R ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦

~R = ~x−M~at+M2 (1−Θ)~a−M (1−Θ)~v0.

♦♥❞❡M = Λ−1✱ Θ = e−Λt ❡ ~a é ❛ ❛❝❡❧❡r❛çã♦ ❝♦♥s❡r✈❛t✐✈❛ ✭❝♦♠ ♣♦t❡♥❝✐❛❧ ❛ss♦❝✐❛❞♦ φ✮ ❞❛❞❛

♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✻✮✳ P♦rt❛♥t♦✱ é ❡♠ ~a q✉❡ ❛♣❛r❡❝❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡①t❡r♥♦ ✭❛ ❝♦♥tr✐❜✉✐çã♦

♠❛❣♥ét✐❝❛ ❛♣❛r❡❝❡ ❡♠ Λ✮✳

✷✳ ❱❛r✐á✈❡❧ ~V = ~v − 〈~v〉t = d~R
dt
✿

◆♦t❛♠♦s q✉❡

d~R

dt
=
d~x

dt
+
d

dt

(
M
dφ

d~x
t

)
− d

dt

[
M (1−Θ)

(
M
dφ

d~x
+ ~v0

)]

d~R

dt
= ~v +M

dφ

d~x
+M2dφ

d~x

dΘ

dt
−M

d~v0
dt

+M
dΘ~v0
dt

✺✵



d~R

dt
= ~v +M

dφ

d~x
+M2dφ

d~x

(
−Λe−Λt

)
+M~v0

(
−Λe−Λt

)
.

❈♦♠♦ M = Λ−1 ❡ MΛ = I✱ t❡♠♦s q✉❡

d~R

dt
= ~v +M

dφ

d~x
−M

dφ

d~x
e−Λt − ~v0e

−Λt

d~R

dt
= ~V = ~v −M (1−Θ)~a−Θ~v0,

♦♥❞❡ ~a é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✻✮✳

P♦r ✜♠✱ ♦❜t✐❞♦s ~R ❡ ~V ✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ♥❛ s♦❧✉çã♦ ✭❡q✉❛çã♦ ✭✸✳✷✸✮✮ ❡ ♦❜t❡r ❛ s♦❧✉çã♦

❣❡r❛❧ ❡①♣❧í❝✐t❛ ♣❛r❛ ♦ s✐st❡♠❛ ♥♦ ♣❧❛♥♦✳ ❊♥tr❡t❛♥t♦✱ ❝♦♠♦ ♥♦s r❡s✉❧t❛❞♦s ❡stã♦ ♣r❡s❡♥t❡s ❛s

❣r❛♥❞❡③❛s Λ ❡ e−Λt✱ t❛♠❜é♠ ♣r❡❝✐s❛♠♦s ♦❜t❡r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ e−Λt✳

P❛r❛ ❡st❡ ♣r♦♣ós✐t♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡①♣r❡ssã♦ ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ φ✿

φ (Λ) = Sφ (D)S−1 ✭✸✳✸✾✮

q✉❡ q✉❛♥❞♦ ❛♣❧✐❝❛❞❛ ❛♦ ❝❛s♦ φ (Λ) = e−Λt = Sφ (D)S−1✿

φ (Λ) =




1
2
(e−ǫ1t + e−ǫ2t) i

2
(e−ǫ1t − e−ǫ2t) 0

− i
2
(e−ǫ1t − e−ǫ2t) 1

2
(e−ǫ1t + e−ǫ2t) 0

0 0 e−ǫ3t




✺✶



e−Λt = Θ =




e−tcos (ωt) e−tsen (ωt) 0

−e−tsen (ωt) e−tcos (ωt) 0

0 0 e−t



= e−t




cos (ωt) sen (ωt) 0

−sen (ωt) cos (ωt) 0

0 0 1



. ✭✸✳✹✵✮

❯t✐❧✐③❛♥❞♦ ❛s r❡❧❛çõ❡s ♣❛r❛ ê1✱ ê2 ❡ ê3✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛s ❡q✉❛çõ❡s ✭✸✳✸✷✮✱ ✭✸✳✸✸✮ ❡

✭✸✳✸✹✮✿

F (Λ) =
[F (λ1) + F (λ2)]

2
ê2 +

i [F (λ1)− F (λ2)]

2
ê3 + F (λ3) ê1

G (Λ) =
[G (λ1) +G (λ2)]

2
ê2 +

i [G (λ1)−G (λ2)]

2
ê3 +G (λ3) ê1

H (Λ) =
[H (λ1) +H (λ2)]

2
ê2 +

i [H (λ1)−H (λ2)]

2
ê3 +H (λ3) ê1.

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ e−Λt = Θ = e−t [cos (ωt) ê2 + sen (ωt) ê3 + ê1]✳

❯♠❛ ♦✉tr❛ ❣r❛♥❞❡③❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦s ❝á❧❝✉❧♦s✱ é Λ−1✳ ❆ss✐♠ ♣♦❞❡♠♦s ❝❛❧❝✉❧á✲❧❛ ❝♦♠♦

s❡❣✉❡✿

ΛΛ−1 = I =




1 −ω 0

ω 1 0

0 0 1







a b c

d e f

g h i



=




1 0 0

0 1 0

0 0 1



. ✭✸✳✹✶✮

❘❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✶✮✱ ♦❜t❡♠♦s

Λ−1 =M =
1

1 + ω➨




1 ω 0

−ω 1 0

0 0 (1 + ω➨)



= ê1 + α(ê2 + ωê3), ✭✸✳✹✷✮

✺✷



♦♥❞❡ ❞❡✜♥✐♠♦s

α =
1

1 + ω➨
.

❋✐♥❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❞❡♥♦t❛❞❛ ♣♦r PF ✱ ❝♦♠♦ ❛q✉❡❧❛ q✉❡

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

P (~x,~v, t = 0|~x0, ~v0) = δ (~x− ~x0) δ (~v − ~v0)

❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ PF (~x,~v, t) → 0 ♥♦s ❧✐♠✐t❡s |{~x}| |{~v}| → ∞✱ ❞❛❞❛ ♣♦r

PF (~x,~v, t|~x0, ~v0) =
(

1

2π

)3
1

∆
√
∆∗

exp

(
−1

2
Φ

)
, ✭✸✳✹✸✮

♦♥❞❡

Φ = Φd − Φs − Φa

❡

Φd = ~V †Av
~V + ~R†Ar

~R

Φs = ~V †Am
~R + ~R†Am

~V

Φa = 2Q†
(
~R× ~V

)
.

❖s t❡♥s♦r❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛ sã♦ ❞❛ ❢♦r♠❛

Aα =
aα
∆
ê2 +

a∗α
∆∗ ê1

Q =
k

∆
ω̂,

✺✸



♦♥❞❡ t❡♠♦s q✉❡ ♦s aα✱ k ❡ ∆ sã♦ ❞❛❞♦s ♣♦r

ar = g = 1− b2e

am = h = α
(
1− 2bebc + b2e

)

av = f = α {ar + 2t− 4α [1 + be (ωbs − bc)]}

k = α (2bebs − ωar)

∆ = avar − a2m − k2,

❝♦♠ be = exp (−t)✱ bc = cos (ωt) ❡ bs = sen (ωt)✳

❖s t❡r♠♦s g✱ h✱ f ❡ k sã♦ ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ✭✸✳✷✶✮✱ ❝❛❧❝✉❧❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡ ❆ ✭❡q✉❛çõ❡s

✭✺✳✼✮ ❛ ✭✺✳✶✵✮✮ ❡ ♦s t❡r♠♦s ♥♦s q✉❛✐s ❛♣❛r❡❝❡ ✯ ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦

♥✉❧♦ ✭ω = 0✮✳

▲❡♠❜r❛♥❞♦ q✉❡ ♦s ✈❡t♦r❡s ~R = (r1, r2, r3) ❡ ~V = (v1, v2, v3) tê♠ ❝♦♠♣♦♥❡♥t❡s ❞❛❞❛s ♣❡❧❛s

♥♦✈❛s ✈❛r✐á✈❡✐s ♦❜t✐❞❛s

~R = ~x−M~at+M2 (1−Θ)~a−M (1−Θ)~v0 − ~x0 ✭✸✳✹✹✮

~V = ~v −M (1−Θ)~a−Θ~v0, ✭✸✳✹✺✮

♣♦❞❡♠♦s ❡①♣r❡ss❛r ❛ s♦❧✉çã♦ ❣❡r❛❧✱ ❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛❞❛ P0 (~x0, ~v0) ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

P (~x,~v, t) → 0 ♥♦s ❧✐♠✐t❡s |{~x}| |{~v}| → ∞✿

P (~x,~v, t) =

ˆ

PF (~x,~v, t|~x0, ~v0)P0 (~x0, ~v0) d~x0d~v0.

✺✹



▲❡♠❜r❛♥❞♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ❣❛✉ss✐❛♥❛ ❡♠ três ❞✐♠❡♥sõ❡s

g (~y) =

(
1

2πσ2

) 3

2

e−
(~y−~y)2

2σ2 ,

♦♥❞❡ σ é ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❡ y é ♦ ✈❛❧♦r ♠é❞✐♦ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦✱ ❡st✉❞❛r❡♠♦s s♦♠❡♥t❡ ♦ ❝❛s♦ ❞❡

♣❡r✜❧ ✐♥✐❝✐❛❧ ❞❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ❣❛✉ss✐❛♥❛s✱ ✉♠❛ r❡♣r❡s❡♥t❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧

❡ ♦✉tr❛ ❛ ❞✐tr✐❜✉✐çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✿ P0 (~x0, ~v0) = gx (~x0) gv (~v0)✳

❆ ❞✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❡stá ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ ✭❞❡✜♥✐♥❞♦ ❛ ♦r✐❣❡♠ ❡♠ ③❡r♦✮✱ ❝♦♠ ❞❡s✈✐♦

♣❛❞rã♦ L✱ ❡ ❞❛❞❛ ❝♦♠♦ s❡❣✉❡✿

gx (~x0) = N

(
1

2πL➨

) 3

2

e
−~x2

0

2L➨ .

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s t❡♠ ✈❛❧♦r ♠é❞✐♦ ~V0 ❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡✜♥✐❞♦ ❝♦♠♦

T0/m✱ ♦♥❞❡ T0 ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ❛ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ ♣❛r❛ ❡st❛ ❞✐str✐❜✉✐çã♦ ✭m é ❛

♠❛ss❛ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✮✱ ❡ ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦✿

gv (~v0) = N

(
m

2πT0

) 3

2

e
−m(~v0−~V0)

2

2T0 .

P❛r❛ ❡s❝r❡✈❡r t❛✐s ❣❛✉ss✐❛♥❛s ❡♠ ❢♦r♠❛ ❛❞✐♠❡♥s✐♦♥❛❧ ✉s❛r❡♠♦s ❛s ♥♦t❛çõ❡s ❞❛❞❛s ❡♠ ✭✸✳✷✮✱

✉t✐❧✐③❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✿

gx0
= N

(
1

2πL➨

) 3

2

e
−~x2

0
l̃2

2

gv0 = N

(
m

2πT0

) 3

2

e−
(~v0−~V0)

2
u2

2 ,

♦♥❞❡ l̃ = l
L
❡ u2 = mv2T

T0

= TR

T0

✭TR é ❛ t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✈❛tór✐♦ ❡ T0 é ❛ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧✮✳

✺✺



❉❡st❛ ❢♦r♠❛ ❡s❝r❡✈❡♠♦s r❡s✉♠✐❞❛♠❡♥t❡ ❛ s♦❧✉çã♦ ❣❡r❛❧✱ ♥♦r♠❛❧✐③❛❞❛

P (~x,~v, t) = χ

ˆ

exp

[
−β~x20 − γ̃

(
~v0 − ~V0

)2
− 1

2
Φ

]
d~x0d~v0, ✭✸✳✹✻✮

♦♥❞❡ β = l̃2

2
✱ γ̃ = u2

2
❡

χ = N
(
lυT
2π

)3
1

∆
√
∆∗

= Nl̃3u3
(

1

2π

)3(
1

2π

)3
1

∆
√
∆∗

✳

❖❜t✐❞❛ ❛ s♦❧✉çã♦ ❣❡r❛❧✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ✉♠❛ sér✐❡ ❞❡ ❣r❛♥❞❡③❛s ❚❡r♠♦❞✐♥â♠✐❝❛s✱ ❝♦♠♦

❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ♥✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥tr♦♣✐❛✱ ❡♥tr❡ ♦✉tr♦s✱ ❝♦♥st✐t✉✐♥❞♦ ❛ss✐♠ ✉♠❛

❛♣❧✐❝❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ à ❋ís✐❝❛✳ ❚❛❧ ♣r♦❝❡❞✐♠❡♥t♦ ❡♥✈♦❧✈❡ ✉♠❛ sér✐❡ ❞❡ ✐♥t❡❣r❛çõ❡s ✭❝♦♥✲

✈♦❧✉çõ❡s ❞❡ ❣❛✉ss✐❛♥❛s✮✱ ❝✉❥♦s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ❡ ❞❡✈✐❞❛♠❡♥t❡ ❛♥❛❧✐s❛❞♦s ♥♦ ♣ró①✐♠♦

❝❛♣ít✉❧♦✳

✺✻



❈❛♣ít✉❧♦ ✹

❆♣❧✐❝❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❡①❛t♦s

❊st❛♠♦s ❡♠ ♣♦ss❡ ❞❛ s♦❧✉çã♦ ❣❡r❛❧ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❑r❛♠❡rs ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❇r♦✇✲

♥✐❛♥❛ ❝❛rr❡❣❛❞❛ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ❝♦♥st❛♥t❡s✱ ❞❛❞❛s ❛s ❝♦♥❞✐çõ❡s

✐♥✐❝✐❛✐s ❣❛✉ss✐❛♥❛s✱ ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♥✉❧❛s ♥♦ ✐♥✜♥✐t♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳

❆ ✐♥t❡❣r❛❧ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✹✻✮ ❞❡✈❡rá s❡r ❝❛❧❝✉❧❛❞❛ ♣❛r❛ ❛s ✸ ❞✐♠❡♥sõ❡s ✭①✱②✱③✮✳

❖❜s❡r✈❛♥❞♦ q✉❡ ❛s ✐♥t❡❣r❛✐s sã♦ s✐♠✐❧❛r❡s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❞✐♠❡♥sõ❡s✱ ✐♥tr♦❞✉③✐♠♦s ✉♠❛

♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ❛♣r❡s❡♥t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ ❆s ✈❛r✐á✈❡✐s ❞❡✜♥✐❞❛s ♥♦

✜♥❛❧ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r s❡rã♦ ❞❡♥♦t❛❞❛s ❝♦♠♦

~x = {x} = {xm; m = 1, 2, 3} ,

~v = {υ} = {υm; m = 1, 2, 3} ,

~x0 = {x} = {xm; m = 1, 2, 3} ,

~v0 = {υ} = {υm; m = 1, 2, 3} .

❊s❝r❡✈❡♠♦s ❛sss✐♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❣❛✉ss✐❛♥❛s ❝♦♠♦

P0 ({x} , {υ}) = N

(
1

2πL2

)3/2(
m

2πT0

)3/2

exp

[
−
∑

m

(
x2m
2L2

+
m (υm − Vm)

2

2T0

)]

✺✼



♦♥❞❡ T0 é ❛ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧✱m é ❛ ♠❛ss❛ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ N é ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

❡ ♦♥❞❡ xm, υn s❡ r❡❢❡r❡♠ à ♣♦s✐çã♦ ❡ à ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛✐s ✭❞❡♥♦t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❝♦♠♦

~x0 ❡ ~v0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳

❚♦r♥❛♥❞♦ ❛❞✐♠❡♥s✐♦♥❛❧✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r✿

P0 ({x} , {υ}) = N

(
1

2πL2

)3/2(
1

2πυ′2

)3/2

exp

{
−
∑

m

[
x2ml

2

2L2
+
m (υmυT − VmυT )

2

2T0

]}

= N

(
1

2πL2

)3/2(
1

2πυ′2

)3/2

exp

[
−
∑

m

(
x2ml̃

2

2
+

(υm − Vm)
2 u2

2

)]
,

♦♥❞❡ ❞❡✜♥✐♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ l̃ = l/L ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ u = υT/υ
′ ❛❞✐♠❡♥s✐♦♥❛✐s✱ ♦♥❞❡ υ′2 = υ2T =

T0/m é ❛ ✈❡❧♦❝✐❞❛❞❡ tér♠✐❝❛✱ ❛ss♦❝✐❛❞❛ à t❡♠♣❡r❛t✉r❛ T0✱ l = υT τ é ♦ ❝❛♠✐♥❤♦ ❧✐✈r❡ ♠é❞✐♦ ❡ τ

é ♦ t❡♠♣♦ ❡♥tr❡ ❝♦❧✐sõ❡s✳

❆ss✐♠ ♦❜t❡♠♦s ❛ ❢ór♠✉❧❛ ❣❡r❛❧

P0 ({x} , {υ}) = N exp

{
−1

2

∑

m

[
l̃2x2m + u2 (υm − Vm)

2
]}

✭✹✳✶✮

♦♥❞❡

N = N

(
1

2πL2

)3/2(
1

2πυ′2

)3/2

.

▲❡♠❜r❛♥❞♦ t❛♠❜é♠ ❛s ♠❛tr✐③❡s ✭✸✳✹✷✮ ❡ ✭✸✳✹✵✮ ❞❡✜♥✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✸

M =




α αω 0

−αω α 0

0 0 1




✺✽



Θ =




e−tcos (ωt) µ2 0

−µ2 e−tcos (ωt) 0

0 0 e−t




❡ ❞❡✜♥✐♥❞♦ ❛ ♠❛tr✐③ C = M (1−Θ)✱ q✉❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ s❡ t♦r♥❛✿

C =




α (µ1 + ωµ2) α (ωµ1 − µ2) 0

−α (ωµ1 − µ2) α (µ1 + ωµ2) 0

0 0 1− e−t



, ✭✹✳✷✮

♦♥❞❡

µ1 = 1− e−tcos (ωt)

µ2 = e−tsen (ωt) ,

t❛♠❜é♠ r❡❞❡✜♥✐r❡♠♦s ♦ t❡r♠♦ Φ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❡q✉❛çã♦ ✭✸✳✹✻✮ ❡ q✉❡ é ❢✉♥çã♦ ❞❛s ♠❡s♠❛s

♠❛tr✐③❡s✳ P❛r❛ ✐ss♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦s í♥❞✐❝❡s m ✭m′✱m′′✮ ❡ n ✭n′✮ ✈❛r✐❛♠ ❞❡

1 à 3✳ P♦r q✉❡stã♦ ❞❡ s✐♠♣❧✐❝✐❞❛❞❡✱ ✈❛♠♦s ❞❡✜♥✐r ♦s ✈❡t♦r❡s

Am = xm −
(
∑

n

Mmnan

)
t+
∑

n

Mmn

[
∑

n′
Mnn′

(
an′ −

∑

m′
Θn′m′am′

)]
✭✹✳✸✮

Bm = υm −
∑

n

Mmn

(
an −

∑

m′
Θnm′am′

)
= υm −Nm ✭✹✳✹✮

❡ t❛♠❜é♠

Rm = Am − xm −
∑

n

Cmnυn ✭✹✳✺✮

Vm = Bm −
∑

n

Θmnυn ✭✹✳✻✮

✺✾



♦♥❞❡ ♦ t❡r♠♦ am r❡❢❡r❡✲s❡ à ❛❝❡❧❡r❛çã♦ ❞❛❞❛ ♣♦r✿

a =
τ

mυT
(Fmec + eE) ,

♦♥❞❡ τ = l/υT é ♦ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦✱ Fmec é ❛ ❢♦rç❛ ♠❡❝â♥✐❝❛✱ e é ❛ ❝❛r❣❛ ❡❧étr✐❝❛✱ ❡ E é ♦ ❝❛♠♣♦

❡❧étr✐❝♦✳

❆ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ PF ✭❡q✉❛çã♦ ✭✸✳✹✸✮✮✱ é ❞❛❞❛ ♣♦r

PF ({x} , {υ} , t |{x} , {υ}) = 1

(2π)3
1

∆
√
∆0

exp

(
−1

2

∑

m

Φm

)
, ✭✹✳✼✮

s❡♥❞♦

Φ1 =
∑

m

(
dmV

2
m + fmR

2
m

)
✭✹✳✽✮

Φ2 = 2
∑

m

gmVmRm ✭✹✳✾✮

Φ3 =
2K

∆

∑

m,n

ε3mnRmVn ✭✹✳✶✵✮

dm = d (δm1 + δm2) + d0δm3 ✭✹✳✶✶✮

fm = f (δm1 + δm2) + f 0δm3 ✭✹✳✶✷✮

gm = g (δm1 + δm2) + g0δm3 ✭✹✳✶✸✮

✻✵



❡

d = α
1

∆

[
1− e−2t + 2t− 4α (µ1 + ωµ2)

]

d0 =
1

∆0

[
1− e−2t − 4

(
1− e−t

)
+ 2t

]

f =
1

∆

(
1− e−2t

)

f 0 =
1

∆0

(
1− e−2t

)

g = α
1

∆

[
2µ1 −

(
1− e−2t

)]

g0 =
1

∆0

(
1− e−t

)2

♦♥❞❡

K = α
[
2µ2 − ω

(
1− e−2t

)]

∆ = 2α
(
1− e−2t

)
(t+ 2α)− 8α2µ1

∆0 = 2
(
1− e−t

) [
t
(
1 + e−t

)
− 2

(
1− e−t

)]
.

P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ∆0 ≥ 0 ✉♠❛ ✈❡③ q✉❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡

t
(
1 + e−t

)
− 2

(
1− e−t

)

é ③❡r♦ ♣❛r❛ t = 0✳

▲❡♠❜r❛♥❞♦ q✉❡ εmn3 r❡♣r❡s❡♥t❛ ♦ sí♠❜♦❧♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦

✻✶



ε123 = ε312 = ε231 = 1 (♣❡r♠✉t❛çõ❡s ♣❛r❡s) ✭✹✳✶✹✮

ε132 = ε321 = ε213 = −1 (♣❡r♠✉t❛çõ❡s í♠♣❛r❡s) ✭✹✳✶✺✮

ε122 = ε133 = ε211 = ε233 = ε311 = ε322 = ε111 = ε222 = ε333 = 0 , ✭✹✳✶✻✮

♥♦t❛♠♦s q✉❡

∑

m

Φm =
∑

m

[
dmV

2
m + 2gmVmRm + fmR

2
m +

2K

∆

∑

n

ε3mnRmVn

]
.

✹✳✶ ●r❛♥❞❡③❛s ❍✐❞r♦❞✐♥â♠✐❝❛s ❡ ❚❡r♠♦❞✐♥â♠✐❝❛s

❉❡✜♥✐♠♦s ♥❡st❛ s❡çã♦ ❛❧❣✉♠❛s ❣r❛♥❞❡③❛s ❚❡r♠♦❞✐♥â♠✐❝❛s q✉❡ ❝❛❧❝✉❧❛♠♦s ✉t✐❧✐③❛♥❞♦ ❛

s♦❧✉çã♦ ❣❡r❛❧ ♦❜t✐❞❛ ❡ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✹✻✮✳ ❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r ❝♦♠ ❡st❛s ❞❡✜♥✐çõ❡s✱

✉s❛r❡♠♦s ✉♠❛ ♥♦✈❛ ♥♦t❛çã♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❣❡r❛❧ ✭✸✳✹✻✮✱ ❝❤❛♠❛♥❞♦✲❛ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❞❡

❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ρ✿

P (~x,~v, t) = ρ ({x} , {υ} , t) =
ˆ ∞

−∞
d {x} d {υ}PF ({x} , {υ} , t |{x} , {υ})P0 ({x} , {υ}) .

■♥t❡❣r❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛❞❛ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦s ❞✐✈❡rs♦s ♠♦✲

♠❡♥t♦s ♥❛ ✈❡❧♦❝✐❞❛❞❡✱ ♦❜t❡♥❞♦ ❛ss✐♠ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s n ❞♦ s✐st❡♠❛

n ({x} , t) =
ˆ

d {υ} ρ ({x} , {υ} , t) ,

✻✷



❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s J

J ({x} , t) =
ˆ

d {υ} {υ} ρ ({x} , {υ} , t) ,

❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ E

E ({x} , t) = 3

2
n ({x} , t) θ ({x} , t) = 1

2

ˆ

d {υ} {υ}2 ρ ({x} , {υ} , t) ,

❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛ Jε ({x} , t)

JE ({x} , t) =
1

2

ˆ

d {υ} {υ} {υ}2 ρ ({x} , {υ} , t)

❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥tr♦♣✐❛ s

s ({x} , t) = −
ˆ

d {υ} ρ ({x} , {υ} , t) lnkρ ({x} , {υ} , t) , ✭✹✳✶✼✮

♦♥❞❡ ❞❡✜♥✐♠♦s θ ({x} , t) ❝♦♠♦ ❛ t❡♠♣❡r❛t✉r❛ ❡❢❡t✐✈❛ ❧♦❝❛❧ ❞♦ ❣ás ❇r♦✇♥✐❛♥♦ ❬✶❪ ❡ k é ✉♠❛

❝♦♥st❛♥t❡ ❛❞✐t✐✈❛ ♥❛ ❡♥tr♦♣✐❛ ❡s❝♦❧❤✐❞❛ t❛❧ q✉❡✱ s♦❜ ❝♦♥❞✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ ✭t❡♠♣♦s

❧♦♥❣♦s ❡ ❝❛♠♣♦s ❡①t❡r♥♦s ♥✉❧♦s✮✱ r❡❝✉♣❡r❛♠♦s ♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❬✶❪✿

lnk = −1 + 3ln
h

τTR
.

▲❡♠❜r❛♥❞♦ q✉❡ h ✭❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦✮✱ τ ✭t❡♠♣♦ ❞❡ ❝♦❧✐sã♦✮ ❡ TR ✭t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✲

✈❛tór✐♦✮ ❛♣❛r❡❝❡♠ ❛q✉✐ ❝♦♠ ❞✐♠❡♥sõ❡s✳

P❛r❛ ♦❜t❡r♠♦s ❛s ❣r❛♥❞❡③❛s ❚❡r♠♦❞✐♥â♠✐❝❛s ♠❡♥❝✐♦♥❛❞❛s ♣r❡❝✐s❛♠♦s ❛♥t❡s ♦❜t❡r ✉♠❛ ❡①✲

✻✸



♣r❡ssã♦ ♣❛r❛ ρ ({x} , {υ} , t)✱ ♦✉ s❡❥❛✱ ✐♥t❡❣r❛r ❛ ❡q✉❛çã♦ ♥❛s ✈❛r✐á✈❡✐s ~x0 ❡ ~v0✳ ❈♦♠❡ç❛♠♦s

❡s❝r❡✈❡♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡①♣❧✐❝✐t❛♠❡♥t❡✿

ρ ({x} , {υ} , t) =

ˆ ∞

−∞
d {x} d {υ}PF ({x} , {υ} , t |{x} , {υ})P0 ({x} , {υ})

= χ

ˆ ∞

−∞
d {x} d {υ} exp

{
−
∑

m

[
βx2m + γ̃ (υm − Vm)

2 +
1

2
Φm

]}

= χ

ˆ ∞

−∞
d {x} d {υ} exp

{
−
∑

m

[
βx2m + γ̃ (υm − Vm)

2 +
1

2
dmV

2
m

+ gmVmRm +
1

2
fmR

2
m +

K

∆

∑

n

ε3mnRmVn

]}

♦♥❞❡

χ = N
(
lυT
2π

)3
1

∆
√
∆0

= Nl̃3u3
(

1

2π

)3(
1

2π

)3
1

∆
√
∆0

✳

❯t✐❧✐③❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ✭✹✳✺✮ ❡ ✭✹✳✻✮✱ ♦❜t❡♠♦s

ρ ({x} , {υ} , t) = χ

ˆ

∞

−∞

d {x} d {υ} exp
{
−
∑

m

[
βx2

m + γ̃ (υm − Vm)
2
+

1

2
dmV 2

m

+gmVmRm +
1

2
fmR2

m +
K

∆

∑

n

ε3mnRmVn

]}

= χ

ˆ

∞

−∞

d {x} d {υ} exp
{
−
∑

m

[
βx2

m + γ̃ (υm − Vm)
2

+
1

2
dm

(
Bm −

∑

n

Θmnυn

)2

+ gm

(
Bm −

∑

n

Θmnυn

)(
Am −

∑

n

Cmnυn − xm

)

+
1

2
fmR2

m +
K

∆

∑

n

ε3mn

(
Am − xm −

∑

n

Cmnυn

)(
Bn −

∑

n′

Θnn′υn′

)]}

✻✹



ρ ({x} , {υ} , t) = χ

ˆ

∞

−∞

d {x} d {υ} exp
{
−
∑

m

[(
β +

1

2
fm

)
x2
m +

(
gm

(
∑

n

Θmnυn −Bm

)

+fm

(
∑

n

Cmnυn −Am

)
+

K

∆

∑

n

ε3mn

(
∑

n′

Θnn′υn′ −Bn

))
xm

+γ̃ (υm − Vm)
2
+

1

2
dm

(
Bm −

∑

n

Θmnυn

)2

+
1

2
fm

(
Am −

∑

n

Cmnυn

)2

+gm

(
Bm −

∑

n

Θmnυn

)(
Am −

∑

n

Cmnυn

)

+
K

∆

∑

n

ε3mn

(
Am −

∑

n

Cmnυn

)(
Bn −

∑

n′

Θnn′υn′

)]}
.

❉❡✜♥✐♥❞♦

Ωm = β +
1

2
fm

ςmn = gmΘmn + fmCmn +
K

∆

∑

n′
ε3mn′Θn′n

ξm = fmAm + gmBm +
K

∆

∑

n

ε3mnBn

Πm ({υn}) =
∑

n

ςmnυn − ξm,

♣♦❞❡♠♦s ❡s❝r❡✈❡r

ρ ({x} , {υ} , t) = χ

ˆ ∞

−∞
d {υ} exp



−

∑

m


γ̃ (υm − Vm)

2 +
1

2
dm

(
Bm −

∑

n

Θmnυn

)2

+
1

2
fm

(
Am −

∑

n

Cmnυn

)2

+ gm

(
Bm −

∑

n

Θmnυn

)(
Am −

∑

n

Cmnυn

)

+
K

∆

∑

n

ε3mn

(
Am −

∑

n

Cmnυn

)(
Bn −

∑

n′
Θnn′υn′

)]}

×
ˆ ∞

−∞
d {x} exp

{
−
∑

m

[
Ωmx

2
m +Πm ({υn}) xm

]
}
.

❘❡❡s❝r❡✈❡♥❞♦ ♦ t❡r♠♦
´∞
−∞ d {x} exp {−∑m [Ωmx

2
m +Πm ({υn}) xm]}✱ q✉❡ ❛♣❛r❡❝❡ ♥❛ ú❧t✐♠❛

✻✺



❡①♣r❡ssã♦✱ t❡♠♦s✿

ˆ ∞

−∞
d {x} exp

{
−
∑

m

[
Ωmx

2
m +Πm ({υn}) xm

]
}

=

ˆ ∞

−∞
d {x} exp

{
−
∑

m

[(√
Ωmxm

)2
+Πm ({υn}) xm

]}

= exp

{
∑

m

(
Πm ({υn})
2
√
Ωm

)2
}
ˆ ∞

−∞
d {x} exp

{
−
∑

m

[(√
Ωmxm +

Πm ({υn})
2
√
Ωm

)2
]}

=
∏

m

{
exp

[(
Πm ({υn})
2
√
Ωm

)2
]
ˆ ∞

−∞
dx exp

[
−
(√

Ωmxm +
Πm ({υn})
2
√
Ωm

)2
]}

.

❯t✐❧✐③❛♥❞♦ ❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛çã♦

x̂m =
√
Ωmxm +

Πm ({υn})
2
√
Ωm

,

✈❡r✐✜❝❛♠♦s q✉❡

dx̂m =
√
Ωmdxm

❞❡ ♠♦❞♦ q✉❡ r❡❡s❝r❡✈❡♠♦s

ˆ ∞

−∞
dx exp

[
−
(√

Ωmxm +
Πm ({υn})
2
√
Ωm

)2
]

=
1√
Ωm

ˆ ∞

−∞
dx̂ exp

(
−x̂2m

)

=

√
π

Ωm

❡ ❛ss✐♠

ˆ ∞

−∞
d {x} exp

{
−
∑

m

[
Ωmx

2
m +Πm ({υn}) xm

]
}

=
∏

m

{√
π

Ωm

exp

[(
Πm ({υn})
2
√
Ωm

)2
]}

= π3/2 1√
Ω1Ω2Ω3

exp

[
∑

m

(
Πm ({υn})
2
√
Ωm

)2
]
,

✻✻



❞❡s❞❡ q✉❡

Ωm > 0✳

P♦rt❛♥t♦✱ ✈❡r✐✜❝❛♠♦s q✉❡

ρ ({x} , {υ} , t) = π3/2χ
1√

Ω1Ω2Ω3

ˆ

∞

−∞

d {υ} exp



−

∑

m


γ̃ (υm − Vm)

2
+

1

2
dm

(
Bm −

∑

n

Θmnυn

)2

+
1

2
fm

(
Am −

∑

n

Cmnυn

)2

+ gm

(
Bm −

∑

n

Θmnυn

)(
Am −

∑

n′

Cmn′υn′

)

+
K

∆

∑

n

ε3mn

(
Am −

∑

n

Cmnυn

)(
Bn −

∑

n′

Θnn′υn′

)]}
exp




∑

m

1

4Ωm

[
∑

n

ςmnυn − ξm

]2


= π3/2χ
1√

Ω1Ω2Ω3

ˆ

∞

−∞

d {υ} exp



−

∑

m


γ̃ (υm − Vm)

2
+

1

2
dm

(
Bm −

∑

n

Θmnυn

)2

+
1

2
fm

(
Am −

∑

n

Cmnυn

)2

+ gm

(
Am −

∑

n′

Cmn′υn′

)(
Bm −

∑

n

Θmnυn

)

+
K

∆

∑

n

ε3mn

(
Am −

∑

n

Cmnυn

)(
Bn −

∑

n′

Θnn′υn′

)]}
exp




∑

m

1

4Ωm

[
∑

n

ςmnυn − ξm

]2
 .

▼❛♥✐♣✉❧❛♥❞♦ ❛❧❣✉♥s t❡r♠♦s ❞❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r✱ t❡♠♦s

γ̃ (υm − Vm)
2 = γ̃υ2m − 2γ̃υmVm + γ̃V2

m, ✭✹✳✶✽✮

1

2
dm

(
Bm −

∑

n

Θmnυn

)2

=
1

2
dm

(
Bm −

∑

n

Θmnυn

)(
Bm −

∑

n′
Θmn′υn′

)
✭✹✳✶✾✮

=
1

2
dm
∑

n,n′
ΘmnΘmn′υnυn′ − dmBm

∑

n

Θmnυn +
1

2
dmB

2
m,

✻✼



1

2
fm

(
Am −

∑

n

Cmnυn

)2

=
1

2
fm

(
Am −

∑

n

Cmnυn

)(
Am −

∑

n′
Cmn′υn′

)
✭✹✳✷✵✮

=
1

2
fm
∑

n,n′
CmnCmn′υn′υn − fmAm

∑

n

Cmnυn +
1

2
fmA

2
m,

gm

(
Am −

∑

n′
Cmn′υn′

)(
Bm −

∑

n

Θmnυn

)
✭✹✳✷✶✮

= gmAmBm + gm
∑

n,n′
Cmn′Θmnυnυn′ − gm

∑

n

(AmΘmn +BmCmn) υn,

K

∆

∑

n

ε3mn

(
Am −

∑

n

Cmnυn

)(
Bn −

∑

n′
Θnn′υn′

)
✭✹✳✷✷✮

=
K

∆

∑

n

ε3mnAmBn +
K

∆

∑

n

ε3mn

(
∑

m′,n′
Cmm′Θnn′υn′υm′

)

−K
∆

∑

n

ε3mn

[
∑

n′
(AmΘnn′ +BnCmn′) υn′

]
,

1

4Ωm

[
∑

n

ςmnυn − ξm

]2
=

1

4Ωm

[
∑

n

ςmnυn − ξm

][
∑

n′
ςmn′υn′ − ξm

]
✭✹✳✷✸✮

=
1

4Ωm

∑

n,n′
ςmnςmn′υnυn′ −

1

2Ωm

ξm
∑

n

ςmnυn +
1

4Ωm

ξ2m,

✻✽



❡ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r

ρ ({x} , {υ} , t) = π3/2χ
1√

Ω1Ω2Ω3

ˆ ∞

−∞
d {υ}

× exp

{
−
∑

m,n

[
γ̃δmn +

1

2

∑

n′

(
dn′Θn′nΘn′m + fn′Cn′nCn′m + 2gn′Cn′mΘn′n − ςn′nςn′m

2Ωn′

)

+
K

∆

∑

m′,n′
ε3n′m′Cn′nΘm′m

]
υnυm +

∑

m

[
2γ̃Vm +

∑

n

[(dnBn + gnAn)Θnm

+(fnAn + gnBn)Cnm − ξnςnm

2Ωn

]
+

K

∆

∑

n,n′
ε3n′n (An′Θnm +BnCn′m)

]
υm

−
∑

m

[
1

2
dmB2

m +
1

2
fmA2

m + gmAmBm + γ̃V2
m − ξ2m

4Ωm
+

K

∆

∑

n

ε3mnAmBn

]}
✳

❙❡ ❞❡✜♥✐r♠♦s

κ =
∑

m

[
1

2
dmB2

m +
1

2
fmA2

m + gmAmBm + γ̃V2
m − ξ2m

4Ωm
+

K

∆

∑

n

ε3mnAmBn

]

ηm = 2γ̃Vm +
∑

n

[
(dnBn + gnAn)Θnm + (fnAn + gnBn)Cnm − ξnςnm

2Ωn

]
+

K

∆

∑

n,n′

ε3n′n (An′Θnm +BnCn′m)

Qmn = γ̃δmn +
1

2

∑

n′

(
dn′Θn′nΘn′m + fn′Cn′nCn′m + 2gn′Θn′nCn′m − ςn′nςn′m

2Ωn′

)
+

K

∆

∑

m′,n′

ε3n′m′Cn′nΘm′m

♣♦❞❡♠♦s ❡s❝r❡✈❡r

ρ ({x} , {υ} , t) = π3/2χ
1√

Ω1Ω2Ω3

exp (−κ)

ˆ

∞

−∞

d {υ} exp
(
−
∑

m,n

Qmnυnυm +
∑

m

ηmυm

)
. ✭✹✳✷✹✮

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ ❢❛r❡♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ Qmn ♣❛r❛ ✈❡r✐✜❝❛r

❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✉❛çã♦ ✭✹✳✷✹✮✳ ❊st❛ ❛♥á❧✐s❡ ♣♦❞❡ s❡r ✈✐st❛ ♥♦ ❆♣ê♥❞✐❝❡ ❇✱ ♥❛

♣á❣✐♥❛ ✶✶✾✳

❱♦❧t❛♥❞♦ à ❡①♣r❡ssã♦ ✭✹✳✷✹✮✱ ♥♦t❛♠♦s q✉❡

✻✾



ρ ({x} , {υ} , t) = π3/2χ
1√

Ω1Ω2Ω3
exp (−κ)

ˆ ∞

−∞
d {υ} exp

(
−
∑

m,n

Qmnυnυm +
∑

m

ηmυm

)

= π3/2χ
1√

Ω1Ω2Ω3
exp (−κ)

ˆ ∞

−∞
dυ1

ˆ ∞

−∞
dυ2

ˆ ∞

−∞
dυ3

exp
[
−Q11 (υ1)

2 − (Q12 +Q21) υ1υ2 −Q22 (υ2)
2 −Q33 (υ3)

2 + η1υ1 + η2υ2 + η3υ3

]

= π3/2χ
1√

Ω1Ω2Ω3
exp (−κ)

ˆ ∞

−∞
dυ1

ˆ ∞

−∞
dυ2

ˆ ∞

−∞
dυ3

exp
[
−Q11 (υ1)

2 + η1υ1 −Q22 (υ2)
2 + η2υ2 −Q33 (υ3)

2 + η3υ3

]

= π3/2χ
1√

Ω1Ω2Ω3
exp (−κ)

∏

m

{
ˆ ∞

−∞
dυm exp

[
−Qmm (υm)2 + ηmυm

]}
.

▼❛s ❝♦♠♦

ˆ

∞

−∞

dυm exp
[
−Qmm (υm)

2
+ ηmυm

]
=

ˆ

∞

−∞

dυm exp

[
−
(√

Qmmυm

)2
+ ηmυm

]

= exp

[(
ηm

2
√
Qmm

)2
]
ˆ

∞

−∞

dυm exp

[
−
(√

Qmmυm − ηm

2
√
Qmm

)2
]

= exp

[(
ηm

2
√
Qmm

)2
]

1√
Qmm

ˆ

∞

−∞

dυ̂m exp
[
− (υ̂m)

2
]

=
π1/2

√
Qmm

exp

[
(ηm)

2

4Qmm

]
,

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r

ρ ({xm} , {υm} , t) = π3χ
1√

Ω1Ω2Ω3Q11Q22Q33
exp

(
∑

m

(ηm)2

4Qmm
− κ

)

= π3χ
1

Ω1Q11
√
Ω3Q33

exp

{
−
∑

m

[
1

2
dmB2

m + γ̃V2
m − η2m

4Qmm
+

1

2
fmA2

m

+gmAmBm +
K

∆

∑

n

ε3mnAmBn − ξ2m
4Ωm

]}
✭✹✳✷✺✮

♦♥❞❡

✼✵



ηm = 2γ̃Vm +
∑

n

[
(dnBn + gnAn)Θnm + (fnAn + gnBn)Cnm − ξnςnm

2Ωn

]
+

K

∆

∑

n,n′
ε3n′n (An′Θnm +BnCn′m)

ξm = fmAm + gmBm +
K

∆

∑

n

ε3mnBn

Ωm = β +
1

2
fm.

❋❛③❡♥❞♦ ❛❧❣✉♠❛s ♠❛♥✐♣✉❧❛çõ❡s ♥❛ ❡q✉❛çã♦ ✭✹✳✷✺✮ ✭q✉❡ ♣♦❞❡♠ s❡r ✈✐st❛s ♥♦ ❆♣ê♥❞✐❝❡ ❇✱

♥❛ ♣á❣✐♥❛ ✶✷✾✮ ❡ ❞❡✜♥✐♥❞♦ ♦ ✈❡t♦r Ξnm ❛ s❡❣✉✐r

Ξnm =
2Ωndn − (gn)

2

2Ωn

Θnm +
β

Ωn

gnCnm +
K

∆

∑

n′
ε3n′n

1

Ωn′

(
βCn′m − K

2∆

∑

m′
ε3n′m′Θm′m

)
,

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✹✳✷✺✮ ❝♦♠♦

ρ ({x} , {υ} , t) = π3χ
1

Ω1Q11

√
Ω3Q33

exp

[
−
∑

m

(
Tm +BmYm +B2

mZm

)
]
,

♦✉ ❛✐♥❞❛

ρ ({x} , {υ} , t) = π3χ
1

Ω1Q11

√
Ω3Q33

exp

{
−
∑

m

[
Tm + (υm −Nm)Ym + (υm −Nm)

2
Zm

]}

= π3χ
1

Ω1Q11

√
Ω3Q33

exp {−H} ✭✹✳✷✻✮

♦♥❞❡

H =
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2mZm

]

❡ ♦♥❞❡ ❞❡✜♥✐♠♦s

✼✶



Tm = γ̃V2
m + β

fm
2Ωm

A2
m − 1

4Qmm

(
2γ̃Vm + β

∑

n

An

Ωn

ςnm

)2

Ym = β

(
Am

Ωm

gm +
K

∆

∑

n

ε3nm
An

Ωn

−
∑

n,n′

1

2Qn′n′

An

Ωn

ςnn′Ξmn′

)
− γ̃

∑

n

Ξmn
Vn

Qnn

Zm =
2Ωmdm − (gm)

2

4Ωm

+
1

4Qmm

(Ξmm)
2 −

[
(Ξ12)

2

4Qmm

+
1

Ωm

(
K

2∆

)2
]
(1− δm3) .

P❛r❛ ♦❜t❡r ♦s ♠♦♠❡♥t♦s ♥❛ ✈❡❧♦❝✐❞❛❞❡✱ ♣r❡❝✐s❛♠♦s r❡❛❧✐③❛r ❛s ✐♥t❡❣r❛✐s ❞❛ ❡q✉❛çã♦ ✭✹✳✷✻✮

♣❛r❛ ❝❛❞❛ ♠♦♠❡♥t♦ ❞❡s❡❥❛❞♦✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ❣❡r❛❞♦r ú♥✐❝♦ ❞❡ ♠♦♠❡♥t♦s✱ ❛♣❡♥❛s

✈❛r✐❛♥❞♦ ♦ ❣r❛✉ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❛ s❡r ✐♥t❡❣r❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠♦♠❡♥t♦ ♣r❡t❡♥❞✐❞♦✱ ♦ q✉❛❧

❝❤❛♠❛r❡♠♦s ❞❡ ❋✉♥çã♦ ●❡r❛tr✐③✳

✹✳✶✳✶ ❋✉♥çã♦ ●❡r❛tr✐③ ●ℓ

◆♦ss❛ ❢✉♥çã♦ ❣❡r❛tr✐③ é ✉♠❛ ❡q✉❛çã♦ q✉❡ ❣❡r❛ t♦❞♦s ♦s ♠♦♠❡♥t♦s ♥❛ ✈❡❧♦❝✐❞❛❞❡✱ ❜❛st❛♥❞♦

♣❛r❛ ✐ss♦ ✐♥t❡❣r❛r ❛ ❡q✉❛çã♦ ✭✹✳✷✻✮ ♥❛ ✈❛r✐á✈❡❧ {υ} ❝♦♠♦ é ♠♦str❛❞♦ ❛ s❡❣✉✐r✿

Gℓ ({x} , t) =
ˆ ∞

−∞
d {υ} (−→υ )ℓ ρ ({x} , {υ} , t) .

❊s❝r❡✈❡♥❞♦ Gℓ ({x} , t) ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡♠ ❢✉♥çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✻✮✱ ♦❜t❡♠♦s

Gℓ ({x} , t) =
(υT )

3+ℓ π3χ

Ω1Q11

√
Ω3Q33

ˆ ∞

−∞
d {υ} (−→υ )ℓ

exp

{
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2mZm

]
}

♦♥❞❡✱ s❡ ℓ = 0✱ t❡♠♦s ♦ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ✭❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s✮✱ ℓ = 1✱ t❡♠♦s ♦ s❡❣✉♥❞♦

♠♦♠❡♥t♦ ✭❞❡♥s✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s✮✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

✼✷



❆♥t❡s ❞❡ r❡❛❧✐③❛r♠♦s ❛s ✐♥t❡❣r❛✐s✱ ♥♦t❛♠♦s q✉❡

−→υ = lim−→
Ψ→0

[
∇Ψ exp

(−→υ · −→Ψ
)]

= lim−→
Ψ→0

[∇Ψ exp (υxΨx + υyΨy + υzΨz)]

= lim−→
Ψ→0

[(
∂

∂Ψx

î+
∂

∂Ψy

ĵ +
∂

∂Ψz

k̂

)
exp (υxΨx + υyΨy + υzΨz)

]

=
(
υx̂i+ υy ĵ + υzk̂

)
lim−→
Ψ→0

exp (υxΨx + υyΨy + υzΨz) =
−→υ .

❉❛ ♠❡s♠❛ ❢♦r♠❛

(−→υ )2 = lim−→
Ψ→0

[
∇2

Ψ exp
(−→υ · −→Ψ

)]
= lim−→

Ψ→0

[(
∂2

∂Ψ2
x

+
∂2

∂Ψ2
y

+
∂2

∂Ψ2
z

)
exp (υxΨx + υyΨy + υzΨz)

]

=
[
(υx)

2 + (υy)
2 + (υz)

2] lim−→
Ψ→0

exp (υxΨx + υyΨy + υzΨz) = (−→υ )2 ,

❡ t❛♠❜é♠

(−→υ )
3

= lim
−→
Ψ→0

[
∇3

Ψ exp
(−→υ · −→Ψ

)]

= lim
−→
Ψ→0

{[(
∂3

∂Ψ3
x

+ 3
∂3

∂Ψx∂Ψ2
y

+ 3
∂3

∂Ψx∂Ψ2
z

)
î+

(
3

∂3

∂Ψy∂Ψ2
x

+
∂3

∂Ψ3
y

+ 3
∂3

∂Ψy∂Ψ2
z

)
ĵ

+

(
3

∂3

∂Ψz∂Ψ2
x

+ 3
∂3

∂Ψz∂Ψ2
y

+
∂3

∂Ψ3
z

)
k̂

]
exp (υxΨx + υyΨy + υzΨz)

}

=
{[

υx

(
(υx)

2
+ 3 (υy)

2
+ 3 (υz)

2
)
î+ υy

(
3 (υx)

2
+ (υy)

2
+ 3 (υz)

2
)
ĵ + υz

(
3 (υx)

2
+ 3 (υy)

2
+ (υz)

2
)
k̂
]}

lim
−→
Ψ→0

exp (υxΨx + υyΨy + υzΨz)

= (−→υ )
2 −→υ .

P♦rt❛♥t♦✱ ❞❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ ✭ℓ = 0, 1, 2, 3✮✱ t❡♠♦s q✉❡

(−→υ )ℓ = lim−→
Ψ→0

[
∇ℓ

Ψ exp
(−→υ · −→Ψ

)]
.

❆ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

✼✸



Gℓ ({x} , t) =
(υT )

3+ℓ π3χ

Ω1Q11
√
Ω3Q33

lim−→
Ψ→0

∇ℓ
Ψ

ˆ ∞

−∞
d {υ}

exp

{
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm −Ψm) + υ2mZm

]
}

=
(υT )

3+ℓ π3χ

Ω1Q11
√
Ω3Q33

lim−→
Ψ→0

∇ℓ
Ψ

∏

m

{
exp

[
−
(
Tm −NmYm +N2

mZm

)] ˆ ∞

−∞
dυm exp

{
−
[
υm (Ym − 2NmZm −Ψm) + υ2mZm

]}}

=
(υT )

3+ℓ π3χ

Ω1Q11
√
Ω3Q33

lim−→
Ψ→0

∇ℓ
Ψ

∏

m

{
exp

[
−
(
Tm −NmYm +N2

mZm

)]

ˆ ∞

−∞
dυm exp

{
−
[(√

Zmυm +
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Ym − 2NmZm −Ψm

2
√
Zm

)2
]}}

=
(υT )

3+ℓ π3χ

Ω1Q11
√
Ω3Q33

lim−→
Ψ→0

∇ℓ
Ψ

∏

m{
1√
Zm

exp

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]
ˆ ∞

−∞
dυ̂m exp

(
−υ̂2m

)
}

=
(υT )

3+ℓ π3χ

Ω1Q11
√
Ω3Q33

lim−→
Ψ→0

∇ℓ
Ψ

∏

m

{
1√
Zm

exp

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]
π1/2

}

=
(υT )

3+ℓ π3χπ3/2

Ω1Q11Z1
√
Ω3Q33Z3

lim−→
Ψ→0

∇ℓ
Ψ exp

{
∑

m

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

.

❊ ♣♦rt❛♥t♦✱ t❡♠♦s ✉♠❛ ❢ór♠✉❧❛ q✉❡ ♣♦❞❡ ✏❣❡r❛r✑ ❛s ❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s q✉❡ ♥♦s

♣r♦♣✉s❡♠♦s ❛ ❝❛❧❝✉❧❛r ♥❡st❡ tr❛❜❛❧❤♦✿

Gℓ ({x} , t) =
(υT )

3+ℓ
π3χπ3/2

Ω1Q11Z1

√
Ω3Q33Z3

lim
−→
Ψ→0

∇ℓ
Ψ exp

{
∑

m

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

− Im

]}
✭✹✳✷✼✮

✼✹



♦♥❞❡

Im =
(
Tm −NmYm +N2

mZm

)
.

❆ ❡q✉❛çã♦ ✭✹✳✷✼✮ é ❛ ❢✉♥çã♦ ❣❡r❛tr✐③ ❞❡ ❞❡♥s✐❞❛❞❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

✹✳✶✳✷ ❉❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ♥

❆ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❢♦✐ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✹✳✷✼✮ ♣❛r❛ ℓ = 0✱ ♦✉ s❡❥❛✱

n ({x} , t) = G0 ({x} , t)✱ q✉❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ é ❞❛❞❛ ♣♦r✿

n ({x} , t) =
(υT )

3
π3χπ3/2

Ω1Q11Z1

√
Ω3Q33Z3

lim
−→
Ψ→0

exp

{
∑

m

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

− Im

]}
✭✹✳✷✽✮

=
(υT )

3
π3χπ3/2

Ω1Q11Z1

√
Ω3Q33Z3

exp

{
∑

m

[(
Ym − 2NmZm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

.

❆ ❡q✉❛çã♦ ✭✹✳✷✽✮ é ❝❤❛♠❛❞❛ ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s✱ ❡ ✉♠❛ ✈✐s✉❛❧✐③❛✲

çã♦ ❣rá✜❝❛ ❞❡ ❝♦♠♦ t❛❧ ❞✐str✐❜✉✐çã♦ s❡ ❝♦♠♣♦rt❛ ♥♦ t❡♠♣♦ ❡ ❝♦♠♦ ❛t✉❛♠ ♦s ❝❛♠♣♦s ♠❛❣♥ét✐❝♦

❡ ❡❧étr✐❝♦ s♦❜r❡ ❡❧❛ sã♦ ♠♦str❛❞♦s ♥❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡st❡ ❝❛♣ít✉❧♦✳

✹✳✶✳✸ ❉❡♥s✐❞❛❞❡ ❞❡ ❋❧✉①♦ ❞❡ P❛rtí❝✉❧❛s ❏

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✷✼✮ ♣❛r❛ ℓ = 1✱ ♦❜t❡♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ♦✉ s❡❥❛

J ({x} , t) = G1 ({x} , t)✱ q✉❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡♠ ❢✉♥çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✻✮ r❡s✉❧t❛✿

✼✺



J ({x} , t) =
(υT )

3+1 π3χπ3/2

Ω1Q11Z1
√
Ω3Q33Z3

lim−→
Ψ→0

(
∂

∂Ψx
î+

∂

∂Ψy
ĵ +

∂

∂Ψz
k̂

)

exp

{
∑

m

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

= −1

2

(υT )
4 π3χπ3/2

2Ω1Q11Z1
√
Ω3Q33Z3

exp

{
∑

m

[(
Ym − 2NmZm

2
√
Zm

)2

− Im

]}

(
Y1 − 2N1Z1

Z1
î+

Y2 − 2N2Z1

Z1
ĵ +

Y3 − 2N3Z3

Z3
k̂

)
. ✭✹✳✷✾✮

❆ ❡q✉❛çã♦ ✭✹✳✷✾✮ ♥♦s ❞á ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s✳

✹✳✶✳✹ ❉❡♥s✐❞❛❞❡ ❞❡ ❊♥❡r❣✐❛ ❈✐♥ét✐❝❛ E

P❛r❛ ❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ✉s❛♠♦s ❛ ❡q✉❛çã♦ ✭✹✳✷✼✮ ❝♦♠ ℓ = 2✱ ♦✉ s❡❥❛✱

t❡r❡♠♦s E ({x} , t) = G2 ({x} , t)✱ ❝♦♠♦ s❡❣✉❡✿

E ({x} , t)

=
1

2

(υT )
3+2 π3χπ3/2

Ω1Q11Z1
√
Ω3Q33Z3

lim−→
Ψ→0

(
∂2

∂Ψ2
x

î+
∂2

∂Ψ2
y

ĵ +
∂2

∂Ψ2
z

k̂

)
·
(
î+ ĵ + k̂

)

exp

{
∑

m

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

=
1

2

(υT )
3+2 π3χπ3/2

Ω1Q11Z1
√
Ω3Q33Z3

lim−→
Ψ→0

(
∂2

∂Ψ2
x

+
∂2

∂Ψ2
y

+
∂2

∂Ψ2
z

)

exp

{
∑

m

[(
Ym − 2NmZm −Ψm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

=
1

4

(υT )
5 π3χπ3/2

Ω1Q11Z1
√
Ω3Q33Z3{

1

Z1

[
1

2

(
Y1 − 2N1Z1√

Z1

)2

+ 1

]
+

1

Z1

[
1

2

(
Y2 − 2N2Z1√

Z1

)2

+ 1

]
+

1

Z3

[
1

2

(
Y3 − 2N3Z3√

Z3

)2

+ 1

]}

exp

{
∑

m

[(
Ym − 2NmZm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

. ✭✹✳✸✵✮

❆ ❡q✉❛çã♦ ✭✹✳✸✵✮ ♥♦s ❞á ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✳

✼✻



✹✳✶✳✺ ❉❡♥s✐❞❛❞❡ ❞❡ ❋❧✉①♦ ❞❡ ❊♥❡r❣✐❛ ❏E

❯t✐❧✐③❛♥❞♦ ℓ = 3 ♥❛ ❡q✉❛çã♦ ✭✹✳✷✼✮✱ ♦❜t❡♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛✱ ❝♦♠♦ ♠♦str❛❞♦

❛ s❡❣✉✐r✿

JE ({x} , t)

=
(υT )

3+3 π3χπ3/2

Ω1Q11Z1
√
Ω3Q33Z3{[

−
(
Y1 − 2N1Z1

2Z1

)3

− 3
1

2Z1

(
Y1 − 2N1Z1

2Z1

)]
î+

[
−
(
Y2 − 2N2Z1

2Z1

)3

− 3
1

2Z1

(
Y2 − 2N2Z1

2Z1

)]
ĵ

+

[
−
(
Y3 − 2N3Z3

2Z3

)3

− 3
1

2Z3

(
Y3 − 2N3Z3

2Z3

)]
k̂

}

exp

{
∑

m

[(
Ym − 2NmZm

2
√
Zm

)2

−
(
Tm −NmYm +N2

mZm

)
]}

. ✭✹✳✸✶✮

❆ ❡q✉❛çã♦ ✭✹✳✸✶✮ ♥♦s ❞á ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛✳

✼✼



✹✳✶✳✻ ❉❡♥s✐❞❛❞❡ ❞❡ ❊♥tr♦♣✐❛ ❙

P❛r❛ ❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥tr♦♣✐❛✱ ✉t✐❧✐③❛♠♦s ❛ ❡q✉❛çã♦ ✭✹✳✶✼✮✱ ♦ q✉❡ r❡s✉❧t❛

S ({x} , t) = − (υT )
3
π3χ

Ω1Q11

√
Ω3Q33

ˆ

∞

−∞

d {υ} exp
{
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2

mZm

]
}

ln

[
π3χ

1

Ω1Q11

√
Ω3Q33

exp

{
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2

mZm

]
}]

= − (υT )
3
π3χ

Ω1Q11

√
Ω3Q33

ˆ

∞

−∞

d {υ} exp
{
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2

mZm

]
}

{
ln

[
π3χ

1

Ω1Q11

√
Ω3Q33

]
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2

mZm

]
}

= −n ({x} , t) ln
[

π3χ

Ω1Q11

√
Ω3Q33

]

+
(υT )

3
π3χ

Ω1Q11

√
Ω3Q33

ˆ

∞

−∞

d {υ}
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2

mZm

]

exp

{
−
∑

m

[
1

2
dmB2

m + γ̃V2
m − η2m

4Qmm
+

1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn − ξ2m
4Ωm

]}

= −n ({x} , t) ln
[

π3χ

Ω1Q11
√
Ω3Q33

]

+
∑

n

(
Tn −NnYn +N2

nZn

) (υT )
3 π3χ

Ω1Q11
√
Ω3Q33

ˆ ∞

−∞
d {υ}

exp

{
−
∑

m

[
1

2
dmB2

m + γ̃V2
m − η2m

4Qmm
+

1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn − ξ2m
4Ωm

]}

+
∑

n

(Yn − 2NnZn)
(υT )

3 π3χ

Ω1Q11
√
Ω3Q33

ˆ ∞

−∞
d {υ} υn

exp

{
−
∑

m

[
1

2
dmB2

m + γ̃V2
m − η2m

4Qmm
+

1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn − ξ2m
4Ωm

]}

+
∑

n

Zn
(υT )

3 π3χ

Ω1Q11
√
Ω3Q33

ˆ ∞

−∞
d {υ} υ2n

exp

{
−
∑

m

[
1

2
dmB2

m + γ̃V2
m − η2m

4Qmm
+

1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn − ξ2m
4Ωm

]}
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❡ ♣♦rt❛♥t♦

S ({x} , t) = n ({x} , t)
[
∑

n

(
Tn −NnYn +N2

nZn

)
− ln

(
π3χ

Ω1Q11
√
Ω3Q33

)]

+
∑

n

(Yn − 2NnZn)Jn ({x} , t) +
∑

n

ZnKn ({x} , t)

= −n ({x} , t) ln
(

π3χ

Ω1Q11
√
Ω3Q33

)

+
∑

n

[(
Tn −NnYn +N2

nZn

)
n ({x} , t) + (Yn − 2NnZn)Jn ({x} , t) + ZnKn ({x} , t)

]
.

❆ ú❧t✐♠❛ ❡q✉❛çã♦ ♥♦s ❞á ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥tr♦♣✐❛✳
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✹✳✷ ❆♣r❡s❡♥t❛çã♦ ●rá✜❝❛ ❞♦s ❘❡s✉❧t❛❞♦s

❋✐③❡♠♦s ❣rá✜❝♦s ♣❛r❛ ❛ ❡✈♦❧✉çã♦ ♥♦ ❡s♣❛ç♦ ❡ t❡♠♣♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

♣❛rtí❝✉❧❛s✱ ❡q✉❛çã♦ ✭✹✳✷✽✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✜①❛♠♦s ✉♠❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s ♥❛ ♦r✐❣❡♠

✭z = 0✮ ❡ ♠❛♥t✐✈❡♠♦s ♦s ❝❛♠♣♦s ❡①t❡r♥♦s ❞❡s❧✐❣❛❞♦s ✭ω = 0 ❡ −→a = (0, 0, 0)✮✳ ❖s ❣rá✜❝♦s ❞❛

❋✐❣✉r❛ ✶ ♠♦str❛♠ q✉❡ ❛s ♣❛rtí❝✉❧❛s tê♠ ❝♦♥❝❡♥tr❛çã♦ ♠❛✐♦r ♥❛ ♦r✐❣❡♠✱ ♥♦ ✐♥í❝✐♦ ❞♦s t❡♠♣♦s

❡ à ♠❡❞✐❞❛ q✉❡ ❡st❡ ♣❛ss❛✱ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ s❡ ❞✐❢✉♥❞❡ ♥♦ ❡s♣❛ç♦ ❝♦♠ ❞✐♠✐♥✉✐çã♦ ❞❛ ❛♠♣❧✐t✉❞❡

✭♦✉ s❡❥❛✱ ✉♠❛ ❣❛✉ss✐❛♥❛ q✉❡ s❡ ❞✐❢✉♥❞❡ ♥♦ ❡s♣❛ç♦✱ ❞✐♠✐♥✉✐♥❞♦ s✉❛ ❛♠♣❧✐t✉❞❡✱ ❛✉♠❡♥t❛♥❞♦ s❡✉

❞❡s✈✐♦ ♣❛❞rã♦ ❡ ❝♦♥s❡r✈❛♥❞♦ ❛ss✐♠ s❡✉ ✈♦❧✉♠❡✮✳ ❯t✐❧✐③❛♠♦s ♦s ✐♥❝r❡♠❡♥t♦s ❞❡ t❡♠♣♦ t ❂ ✵✳✺✱

✶✱ ✸✱ ✶✺✱ ✸✵✱ ✼✵✱ ✶✺✵✱ ✷✵✵ ✉✳t✳ ✭✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦ ❛❞✐♠❡♥s✐♦♥❛✐s✮✳
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❋✐❣✉r❛ ✶✳ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❛té t ❂ ✶✺ ✉✳t s❡♠ ❝❛♠♣♦s ❡①t❡r♥♦s✳

✽✵



❉❡✐①❛♥❞♦ ♦ t❡♠♣♦ tr❛♥s❝♦rr❡r ❛✐♥❞❛ ♠❛✐s✱ ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ ❝♦♥t✐♥✉❛ ❛té q✉❡ ❛ ❛♠♣❧✐✲

t✉❞❡ é ✐♠♣❡r❝❡♣tí✈❡❧ ❡ ✉♥✐❢♦r♠❡ ✭❡q✉✐❧í❜r✐♦✮✱ ❝♦♠♦ s❡ ✈ê ♥❛ ❋✐❣✉r❛ ✷✳
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❋✐❣✉r❛ ✷✳ ❊✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ t ❂ ✸✵ ✉✳t✳ ❛té t ❂ ✷✵✵ ✉✳t s❡♠ ❝❛♠♣♦s

❡①t❡r♥♦s✳

❈♦♠ ❛s ♠❡s♠❛s ❝♦♥✜❣✉r❛çõ❡s ❛❞♦t❛❞❛s ♣❛r❛ ♦s ❣rá✜❝♦s ❛♥t❡r✐♦r❡s✱ ♠❛s ❛❣♦r❛ ❝♦♠ ♦ ❝❛♠♣♦

❡❧étr✐❝♦ ❧✐❣❛❞♦ ♥❛ ❞✐r❡çã♦ ①✱ ✈❡♠♦s q✉❡ ❛❧é♠ ❞❛ ❞✐❢✉sã♦ ♦❜s❡✈❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ s✐st❡♠❛ ❛♣r❡✲

s❡♥t♦✉ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ♣r♦❣r❡ss✐✈♦ ♥♦ ♠❡s♠♦ s❡♥t✐❞♦✱ ❝♦♠♦ ✈❡♠♦s ♥❛s ❋✐❣✉r❛s ✸ ❡ ✹✱ ❛ s❡❣✉✐r✿
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❋✐❣✉r❛ ✸✳ ❉❡s❧♦❝❛♠❡♥t♦ ❞❛ ❣❛✉ss✐❛♥❛ ♥♦ s❡♥t✐❞♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✭ω = 0 ❡

−→a = (1, 0, 0)✮✳

◆❛ ❋✐❣✉r❛ ✹ ♣♦❞❡♠♦s ✈❡r q✉❡ ♣❛r❛ t = 200✱ ❛ ❣❛✉ss✐❛♥❛ ❡stá ❜❛st❛♥t❡ ❞✐st❛♥t❡ ❞❛ ♣♦s✐çã♦

❡♠ q✉❡ ❡st❛✈❛ ✐♥✐❝✐❛❧♠❡♥t❡ ✭x = 0✮✱ ♥♦ ✐♥í❝✐♦ ❞♦s t❡♠♣♦s ✭❋✐❣✉r❛ ✸✮✳
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❋✐❣✉r❛ ✹✳ ❉❡s❧♦❝❛♠❡♥t♦ ❞❛ ❣❛✉ss✐❛♥❛ ♥♦ s❡♥t✐❞♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡♠ t❡♠♣♦s

❧♦♥❣♦s ✭ω = 0 ❡ −→a = (1, 0, 0)✮✳

❋✐①❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥❛ ❞✐r❡çã♦ y✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❜s❡✈❛❞♦ ❢♦✐ s✐♠✐❧❛r ❝♦♠ ❞❡s❧♦❝❛✲

♠❡♥t♦ ❛♣❡♥❛s ♥❡st❛ ❞✐r❡çã♦✳ ◗✉❛♥❞♦ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥❛s três ❞✐r❡çõ❡s ✭−→a = (1, 1, 1)✮✱

♦❜s❡✈❛♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❞✐❢✉sã♦ ❝♦♠ ♦ ❛rr❛st❡✱ ♠❛s ♥❡st❡ ❝❛s♦ ♥❛ ❞✐r❡çã♦ ❞✐❛❣♦♥❛❧✳ ◆❛ ❋✐❣✉r❛

✺ ♣♦❞❡♠♦s ✈❡r t❛❧ ❞❡s❧♦❝❛♠❡♥t♦ ♥♦ ❡s♣❛ç♦ ❛❝♦♠♣❛♥❤❛♥❞♦ ♦ s❡♥t✐❞♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✳
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❋✐❣✉r❛ ✺✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❡ ❞❡s❧♦❝❛♠❡♥t♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞♦ ❝❛♠♣♦

❡❧étr✐❝♦ ✭ω = 0 ❡ −→a = (1, 1, 1)✮✳

❆ ♣❛rt✐r ❞♦s ❣rá✜❝♦s ❞❛ ❋✐❣✉r❛ ✻✱ ✈❡♠♦s q✉❡ ♠❡s♠♦ tr❛♥s❝♦rr✐❞♦ ✉♠ t❡♠♣♦ ❧♦♥❣♦✱ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ♦❜s❡r✈❛❞♦ ♣❛r❛ ♦ ✐♥í❝✐♦ ❞♦s t❡♠♣♦s s❡ ♠❛♥té♠✳ ❆q✉✐ ♥♦t❛♠♦s ✉♠❛ ❞✐♠✐♥✉✐çã♦

♥❛ ❛♠♣❧✐t✉❞❡ ✉♠ ♣♦✉❝♦ ♠❛✐s rá♣✐❞❛ ♣❛r❛ t❡♠♣♦s ❧♦♥❣♦s ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛❣♦r❛ ♦ ♠ó❞✉❧♦

❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ é ♠❛✐s ✐♥t❡♥s♦✳
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❋✐❣✉r❛ ✻✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❡ ❞❡s❧♦❝❛♠❡♥t♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞♦ ❝❛♠♣♦

❡❧étr✐❝♦ ♣❛r❛ t❡♠♣♦s ❧♦♥❣♦s ✭ω = 0 ❡ −→a = (1, 1, 1)✮✳

❖✉ s❡❥❛✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦s✱ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ s❡ ❞✐❢✉♥❞❡ ♠❛✐s

r❛♣✐❞❛♠❡♥t❡ q✉❡ ♦ ❝❛s♦ s❡♠ ❝❛♠♣♦s ❡ ♦ ❝❡♥tr♦ ❞❛ ❣❛✉ss✐❛♥❛ s❡ ❞❡s❧♦❝❛ ✭é ❛rr❛st❛❞♦✮ ♥❛ ❞✐r❡çã♦

❞♦ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦✳

❆ s✐♠✉❧❛çã♦ ❞♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ❛ ❞✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛♣❡♥❛s ♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ ❡stá ❧✐❣❛❞♦ ✭❝❛♠♣♦ ❡❧étr✐❝♦ ♥✉❧♦✮✱ ♥♦s ❧❡✈♦✉ à ♦❜s❡r✈❛çã♦ ❞♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦

q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❝♦♠ ❛♠❜♦s ♦s ❝❛♠♣♦s ❞❡s❧✐❣❛❞♦s✱ ❡①❝❡t♦ ♣❡❧❛ ❞✐♠✐♥✉✐çã♦ ❞❛ ❛♠♣❧✐t✉❞❡ q✉❡ ❢♦✐

♠❛✐s ❧❡♥t❛ q✉❡ ♥♦ ❝❛s♦ s❡♠ ❝❛♠♣♦s✳
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❋✐❣✉r❛ ✼✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❛♣❡♥❛s ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❧✐❣❛❞♦ ✭ω = 1 ❡

−→a = (0, 0, 0)✮✳

❆s ❋✐❣✉r❛s ✼ ❡ ✽ ♥♦s s✉❣❡r❡♠ q✉❡ ❛ ❞✐♠✐♥✉✐çã♦ ♥❛ ❛♠♣❧✐t✉❞❡ é ♠❛✐s ❧❡♥t❛ q✉❡ ♥♦s ❝❛✲

s♦s s❡♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ♦ q✉❡ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢❛③❡r ❣✐r❛r ❛ ♣❛rtí❝✉❧❛

❝❛rr❡❣❛❞❛ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ z✳

✽✻
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❋✐❣✉r❛ ✽✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❛♣❡♥❛s ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❧✐❣❛❞♦ ❡♠ t❡♠♣♦s

❧♦♥❣♦s ✭ω = 1 ❡ −→a = (0, 0, 0)✮✳

❉❡✈✐❞♦ à ❛❜s❡r✈❛çã♦ ❞❡ ✉♠ ♣❡q✉❡♥♦ ❛tr❛s♦ ♥❛ ❞✐❢✉sã♦✱ q✉❛♥❞♦ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱

✜③❡♠♦s ✉♠ t❡st❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♠✉✐t♦ ✐♥t❡♥s♦ ✭ω = 100 ❡ −→a = (0, 0, 0)✮✱ ❛

✜♠ ❞❡ ❝♦♥✜r♠❛r t❛❧ ❛tr❛s♦✱ ❝♦♠♦ é ♠♦str❛❞♦ ♥❛s ❋✐❣✉r❛s ✾ ❡ ✶✵✳
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❋✐❣✉r❛ ✾✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♠✉✐t♦ ✐♥t❡♥s♦ ✭ω = 100 ❡

−→a = (0, 0, 0)✮✳

❆ ❋✐❣✉r❛ ✾ ♥♦s ♠♦str❛ q✉❡ ♠❡s♠♦ tr❛♥s❝♦rr✐❞♦ ♦ t❡♠♣♦ ❛té t = 15✱ ❛ ❞✐♠✐♥✉✐çã♦ ❞❛

❛♠♣❧✐t✉❞❡ ❞❛ ❣❛✉ss✐❛♥❛ é ♠✉✐t♦ ♠❛✐s ❧❡♥t❛ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥ã♦ é ❛♣❧✐✲

❝❛❞♦✱ ❝♦♠♦ ✈❡♠♦s ♥❛ ❋✐❣✉r❛ ✶✳
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❋✐❣✉r❛ ✶✵✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♠✉✐t♦ ✐♥t❡♥s♦ ✭ω = 100 ❡

−→a = (0, 0, 0)✮✳

❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❝♦♠♣❛r❛♥❞♦ ❛s ❋✐❣✉r❛s ✶ ❡ ✷ ✭❝❛s♦ s❡♠ ❝❛♠♣♦s✮ ❝♦♠ ❛s ❋✐❣✉r❛s ✾ ❡

✶✵ ✭❝❛s♦ ❝♦♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐♥t❡♥s♦✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ❞✐❢✉sã♦ é ✐♥✐❜✐❞❛ ♣❡❧❛ ♣r❡s❡♥ç❛ ❞♦

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ q✉❡ ❝❛✉s❛ ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❝♦♥✜♥❛♠❡♥t♦✳

▲✐❣❛♥❞♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥❛ ❞✐r❡çã♦ ①✱ ♦❜s❡r✈❛♠♦s ✉♠❛ ❞✐♠✐♥✉✐çã♦

❞❛ ❛♠♣❧✐t✉❞❡ ♥♦✈❛♠❡♥t❡ ♠❛✐s ❧❡♥t❛ q✉❡ ♥❛ ❛✉sê♥❝✐❛ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡ ❛❝r❡s❝✐❞♦ ❛ ✐st♦ ✉♠

❛rr❛st❡ ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ❞♦ ① ❡ ♥❡❣❛t✐✈♦ ❞♦ ②✱ ❝♦♠♦ ♠♦str❛♠ ❛s ❋✐❣✉r❛s ✶✶ ❡ ✶✷✳
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❋✐❣✉r❛ ✶✶✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦ ❡ ❡❧étr✐❝♦ ❧✐❣❛❞♦s ✭ω = 1 ❡

−→a = (1, 0, 0)✮✳

❆s ❛♠♣❧✐t✉❞❡s ❞❛s ❣❛✉ss✐❛♥❛s ♥❛ ❋✐❣✉r❛ ✶✶ ♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞❛s àq✉❡❧❛s ❞❛ ❋✐❣✉r❛ ✷✱ ✐♥✲

❞✐❝❛♥❞♦ q✉❡ ♠❡s♠♦ ❝♦♠ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❧✐❣❛❞♦✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦❝♦rr❡♥❞♦ ♦ ❞❡s❧♦❝❛♠❡♥t♦

♥❛ ❞✐r❡çã♦ ❞♦ ♠❡s♠♦✱ ❛ ♣r❡s❡♥ç❛ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐♥✐❜❡ ✉♠ ♣♦✉❝♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ ♥♦

t❡♠♣♦✳
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❋✐❣✉r❛ ✶✷✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦ ❡ ❡❧étr✐❝♦ ❧✐❣❛❞♦ ✭ω = 1 ❡

−→a = (1, 0, 0)✮✳

P♦r ✜♠✱ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥❛s três ❞✐r❡çõ❡s✱ ❛✉♠❡♥t❛♥❞♦ ❛ss✐♠ ♦ ♠ó❞✉❧♦ ❞♦ ♠❡s♠♦✱

❡ ♠❛♥t✐✈❡♠♦s ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❧✐❣❛❞♦✳ ❖ r❡s✉❧t❛❞♦ ❢♦✐ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ♠❛✐s rá♣✐❞❛ ♥❛ ❛♠✲

♣❧✐t✉❞❡ ❡♠ s❡ ❝♦♠♣❛r❛♥❞♦ ❛♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ❡ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ❞❡ ①

✭❋✐❣✉r❛s ✶✸ ❡ ✶✹✮✳

✾✶
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❋✐❣✉r❛ ✶✸✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦ ❡ ❡❧étr✐❝♦ ❧✐❣❛❞♦ ✭ω = 1 ❡

−→a = (1, 1, 1)✮✳

❆ ❛♠♣❧✐t✉❞❡ ❞❛ ❣❛✉ss✐❛♥❛ ♥❛ ❋✐❣✉r❛ ✶✹ ♣❛r❛ t = 200✱ s❡ ❝♦♠♣❛r❛❞❛ à ❝♦rr❡s♣♦♥❞❡♥t❡

♥❛ ❋✐❣✉r❛ ✶✷✱ ♠♦str♦✉ q✉❡ q✉❛♥❞♦ ❛✉♠❡♥t❛♠♦s ♦ ♠ó❞✉❧♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ❛ ❞✐❢✉sã♦ ♦❝♦rr❡

❞❡ ♠❛♥❡✐r❛ ♠❛✐s ✐♥t❡♥s❛✱ ♥♦s ❧❡✈❛♥❞♦ ❛ ❝r❡r q✉❡ ❝♦♠ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡❧étr✐❝♦ ♠❛✐s

✐♥t❡♥s♦ ♣♦❞❡♠♦s ❛❝❡❧❡r❛r ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦✱ ❝♦♥tr❛r✐❛♠❡♥t❡ ❛♦ ❝❛s♦ ✈✐st♦ ❡♠ q✉❡ t❡♠♦s

❛♣❡♥❛s ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐♥t❡♥s♦ ❡ ❛tr❛✈és ❞❡❧❡ ❛tr❛s❛♠♦s ❛ ❞✐❢✉sã♦✳
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❋✐❣✉r❛ ✶✹✳ ❉✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡s♣❛ç♦ ❝♦♠ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦ ❡ ❡❧étr✐❝♦ ❧✐❣❛❞♦ ✭ω = 1 ❡

−→a = (1, 1, 1)✮

❖s ❣rá✜❝♦s ❝♦♥✜r♠❛♠ ❛s ♥♦ss❛s ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❡ t❛♠✲

❜é♠ ❝♦♥✜r♠❛♠ ♦ ❢❛t♦ ❞❡ q✉❡✱ s❡♥❞♦ ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❛♠❜♦s ●❛✉ss✐❛♥❛s✱

❛ ❝♦♥✈♦❧✉çã♦ ❞❛s ●❛✉ss✐❛♥❛s é t❛♠❜é♠ ✉♠❛ ●❛✉ss✐❛♥❛✱ ❝♦♠ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❡ ❛♠♣❧✐t✉❞❡✱ ❡

❛✉♠❡♥t♦ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦✱ s❡♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✉♠ t❡r♠♦ ❞❡ ❛rr❛st❡ ❞♦ ❝❡♥tr♦ ❞❛ ●❛✉ss✐❛♥❛

♥❛ ❞✐r❡çã♦ ❞♦ ♠❡s♠♦ ❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢❛③❡♥❞♦ ❣✐r❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❡♠ t♦r♥♦

❞♦ ❡✐①♦ ❡♠ q✉❡ ❡❧❡ ❛t✉❛✱ ❝♦♠ ❢r❡q✉ê♥❝✐❛ ❝✐❝❧♦trô♥✐❝❛ ❡ r❡❞✉③✐♥❞♦ ♦ t❡♠♣♦ ❞❡ ❞✐♠✐♥✉✐çã♦ ❞❛

❛♠♣❧✐t✉❞❡✳

❋✐③❡♠♦s ❛❧❣✉♥s ❣rá✜❝♦s ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛ ❡❢❡t✐✈❛ ❞♦ ❣ás ❇r♦✇♥✐❛♥♦✱ ✈❛r✐❛♥❞♦ ♥♦✈❛♠❡♥t❡

✾✸



♦s ♣❛râ♠❡tr♦s r❡❧❛t✐✈♦s ❛♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✭ω✮✱ ❝❛♠♣♦ ❡❧étr✐❝♦ ✭−→a ✮✱ t❡♠♣♦ ✭t✮ ❡ ❡s♣❛ç♦ ✭−→x ✮✳

❆ ❡①♣r❡ssã♦ ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛ ❡♠ ❢✉♥çã♦ ❞❡ t❛✐s ♣❛râ♠❡tr♦s ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❛ r❡❧❛çã♦

θ (−→x , t) = 2

3

E (−→x , t)
n (−→x , t)

♦♥❞❡ E (−→x , t) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✸✵✮✱ n (−→x , t) é ❛ ❞❡♥s✐❞❛❞❡

❞❡ ♣❛rtí❝✉❧❛s ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✷✽✮ ❡ ♦♥❞❡ ❛ss✉♠✐♠♦s ♦ ❚❡♦r❡♠❛ ❞❛ ❊q✉✐♣❛rt✐çã♦ ❞❡ ❊♥❡r❣✐❛✳

❖s ❣rá✜❝♦s ❢♦r❛♠ ♦❜t✐❞♦s ♣r✐♠❡✐r❛♠❡♥t❡ ✜①❛♥❞♦ ❛ ♦r✐❣❡♠ ❡♠ ③❡r♦ ❡ ❢❛③❡♥❞♦ ♦ t❡♠♣♦ ✈❛r✐❛r

❞❡ ③❡r♦ ❛té ✼✵ ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦ ✭✉✳t✳✮✳ ❆ t❡♠♣❡r❛t✉r❛ é ❞❛❞❛ ❡♠ ✉♥✐❞❛❞❡s ❞❡ TR ✭t❡♠♣❡r❛t✉r❛

❞♦ r❡s❡r✈❛tór✐♦✮✱ ❡ ♦s ❣rá✜❝♦s ❢♦r❛♠ ❣❡r❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦s ❞♦✐s ❝❛s♦s✿ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧

♠❡♥♦r ❡ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ ♠❛✐♦r q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✈❛tór✐♦✱ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ❝✉r✈❛s

✈❡r♠❡❧❤❛ ❡ ❛③✉❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ❋✐❣✉r❛ ✶✺ ♠♦str❛ ❝♦♠♦ ✈❛r✐❛ ❛ t❡♠♣❡r❛t✉r❛ q✉❛♥❞♦ ♦s ❝❛♠♣♦s ❡①t❡r♥♦s ❡stã♦ ❞❡s❧✐❣❛❞♦s✳

❙❡ ❛ ♣❛rtí❝✉❧❛ t❡♠ ✉♠❛ t❡♠♣❡r❛t✉r❛ ♠❡♥♦r ♦✉ ♠❛✐♦r q✉❡ ❛ ❞♦ r❡s❡r✈❛tór✐♦✱ ❡❧❛ t❡♥❞❡ ❛ ❛ss✉♠✐r

❛ ♠❡s♠❛ t❡♠♣❡r❛t✉r❛ ❞❡st❡ ❡♠ t❡♠♣♦s ❧♦♥❣♦s✳ ❆♠❜❛s ❛s ❝✉r✈❛s ❛❜❛✐①♦ t❡♥❞❡♠ ❛♦ ✈❛❧♦r ✶

✭✉♥✐❞❛❞❡ ❞❡ TR✮✳
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❋✐❣✉r❛ ✶✺✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❝❛♠♣♦s ❞❡s❧✐❣❛❞♦s✳

◗✉❛♥❞♦ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✭ω = 1✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ♥ã♦ ♦❝♦rr❡ ♠✉❞❛♥ç❛ ♥♦

♣❡r✜❧ ❞❛ t❡♠♣❡r❛t✉r❛✱ ❡ ♥♦✈❛♠❡♥t❡ ❛♠❜❛s ❛s ❝✉r✈❛s ❛t✐♥❣❡♠ ♦ ✈❛❧♦r ❞❡ t❡♠♣❡r❛t✉r❛ ✐❣✉❛❧ ❛ ✶

✭✉♥✐❞❛❞❡ ❞❡ TR✮✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✶✻✳

✾✺
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❋✐❣✉r❛ ✶✻✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❝❛♠♣♦s ❡❧étr✐❝♦ ❞❡s❧✐❣❛❞♦ ❡ ♠❛❣♥ét✐❝♦ ✐❣✉❛❧

❛ ✶✳

❊♠ s❡❣✉✐❞❛✱ ✈❛r✐❛♠♦s ❛♣❡♥❛s ♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ♠❛♥t❡♥❞♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡s❧✐❣❛❞♦✳

❖❜s❡r✈❛♠♦s q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❛❧❝❛♥ç❛ ✉♠ ✈❛❧♦r ♠á①✐♠♦ ❡♠ t♦r♥♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✳✽

✭✉♥✐❞❛❞❡ ❞❡ TR✮ ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❛♣❡♥❛s ❡♠ ✉♠❛ ❞✐r❡çã♦✳ ❆ ❋✐❣✉r❛ ✶✼ ♠♦str❛ ♦ ❝❛s♦ ❞♦

❝❛♠♣♦ ❡❧étr✐❝♦ ❧✐❣❛❞♦ ❛♣❡♥❛s ♥❛ ❞✐r❡çã♦ x❀ ♦s ❣rá✜❝♦s ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❧✐❣❛❞♦ ♥❛s ❞✐r❡çõ❡s

y ♦✉ z sã♦ ✐❞ê♥t✐❝♦s✱ ✈✐st♦ q✉❡ ✐♠♣❧✐❝❛♠ ❡♠ ✉♠ ♠❡s♠♦ ♠ó❞✉❧♦ ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦✳

✾✻
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❋✐❣✉r❛ ✶✼✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡s❧✐❣❛❞♦ ❡ ♦ ❝❛♠♣♦

❡❧étr✐❝♦ ❧✐❣❛❞♦ ❡ ✐❣✉❛❧ ❛ ✶ ✭❡♠ ❛♣❡♥❛s ✉♠❛ ❞✐r❡çã♦✮✳

❙❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❢♦r ❧✐❣❛❞♦ ♥❛s três ❞✐r❡çõ❡s −→a = (1, 1, 1)✱ ♦✉ s❡❥❛✱ s❡ ❛✉♠❡♥t❛r♠♦s

♦ ♠ó❞✉❧♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡s❧✐❣❛❞♦✱ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛

❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ✈❛❧♦r ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✸✳✸ ✭✉♥✐❞❛❞❡s ❞❡ TR✮✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✶✽✳
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❋✐❣✉r❛ ✶✽✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡s❧✐❣❛❞♦ ❡ ♦ ❡❧étr✐❝♦

❧✐❣❛❞♦ ♥❛s três ❞✐r❡çõ❡s✳

❈♦♠❜✐♥❛♠♦s t❛♠❜é♠ ♦s ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✱ ❢❛③❡♥❞♦ ♣r✐♠❡✐r❛♠❡♥t❡ ω = 1 ❡

❧✐❣❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ❛♣❡♥❛s✳ ❖ r❡s✉❧t❛❞♦ ❢♦✐ ♦ ♠❡s♠♦ ♣❛r❛ ❛s ❞✐r❡çõ❡s x

❡ y ❡ ❛ t❡♠♣❡r❛t✉r❛ t❡♥❞❡ ❛ ✶✳✺ ✭✉♥✐❞❛❞❡s ❞❡ TR✮✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✶✾✳ ❊st❡ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ♣♦❞❡ s❡r ❝♦♠♣❛r❛❞♦ ❛♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✼✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦

♠♦❞✉❧❛ ♦ ✈❛❧♦r ❞❛ t❡♠♣❡r❛t✉r❛ ✜♥❛❧ ❛t✐♥❣✐❞❛✳
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❋✐❣✉r❛ ✶✾✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐❣✉❛❧ ❛ ✶ ❡ ♦ ❡❧étr✐❝♦

❧✐❣❛❞♦ ❡♠ ✉♠❛ ❞✐r❡çã♦ ✭x ♦✉ y)✳

❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✭ω = 1✮ é ❧✐❣❛❞♦ ❥✉♥t♦ ❝♦♠ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❛♣❡♥❛s

♥❛ ❞✐r❡çã♦ z✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♣❡r♠❛♥❡❝❡ ♦ ♠❡s♠♦ q✉❡ ♣❛r❛ ♦ ❝❛s♦ s❡♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♦✉

s❡❥❛✱ ❛ t❡♠♣❡r❛t✉r❛ t❡♥❞❡ ❛ ✶✳✽ ✭✉♥✐❞❛❞❡s ❞❡ TR✮✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✵✳
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❋✐❣✉r❛ ✷✵✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✐❣✉❛❧ ❛ ✶ ❡ ♦ ❡❧étr✐❝♦

❧✐❣❛❞♦ ♥❛ ❞✐r❡çã♦ z✳

◗✉❛♥❞♦ ❢❛③❡♠♦s ω = 1 ❡ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥❛s três ❞✐r❡çõ❡s ✭−→a = (1, 1, 1)✮✱ ❛

t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ t❡♥❞❡ ❛♦ ✈❛❧♦r ❞❡ ✷✳✺✳ ❖s r❡s✉❧t❛❞♦s ❛♣❛r❡❝❡♠ ♥❛ ❋✐❣✉r❛ ✷✶✳
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❋✐❣✉r❛ ✷✶✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ♦s ❝❛♠♣♦s ♠❛❣♥ét✐❝♦ ❡ ❡❧étr✐❝♦ ❧✐❣❛❞♦s ✭ω = 1

❡ −→a = (1, 1, 1)✮✳

❈♦♠ ❛ ❛♥á❧✐s❡ ❞♦s ❣rá✜❝♦s ❞❡ t❡♠♣❡r❛t✉r❛✱ ♣✉❞❡♠♦s ♦❜s❡r✈❛r q✉❡ q✉❛♥❞♦ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦

❡❧étr✐❝♦ ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❧✐❣❛❞♦✱ ♦ ✈❛❧♦r ♠á①✐♠♦ ❛t✐♥❣✐❞♦ ♣❡❧❛ t❡♠♣❡r❛t✉r❛ é ❛t❡♥✉❛❞♦

❡♠ s❡ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ ❝❛s♦ ❡♠ q✉❡ ❛t✉❛ ❛♣❡♥❛s ♦ ❝❛♠♣♦ ❡❧étr✐❝♦✳ ❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ ♦s

❝❛♠♣♦s ❡stã♦ ❧✐❣❛❞♦s ❛♣❡♥❛s ♥❛ ❞✐r❡çã♦ ③✱ ♦ ✈❛❧♦r ❛t✐♥❣✐❞♦ ❝♦♥t✐♥✉❛ ♦ ♠❡s♠♦ q✉❡ ♥♦ ❝❛s♦ ❡♠

q✉❡ ♥ã♦ ❤❛✈✐❛ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ❆ t❡♠♣❡r❛t✉r❛ ❡❢❡t✐✈❛ s❡♠♣r❡ r❡❧❛①❛ à t❡♠♣❡r❛t✉r❛ ❞❡ ❡q✉✐✲

❧í❜r✐♦✱ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦s✱ ❡ ❛ ✉♠ ✈❛❧♦r ♠❛✐♦r q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡q✉✐❧í❜r✐♦ ♥❛

♣r❡s❡♥ç❛ ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦s✱ s❡♥❞♦ ❞❡ ❢♦r♠❛ ❣❡r❛❧ ✉♠❛ r❡❧❛①❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✳ P♦rt❛♥t♦✱ ❝♦♠

❝❛♠♣♦ ❡❧étr✐❝♦ ♥ã♦ ♥✉❧♦✱ ♦ ✈❛❧♦r ✜♥❛❧ ✭❛ss✐♥tót✐❝♦✮ ❞❛ t❡♠♣❡r❛t✉r❛ é ♠❛✐♦r q✉❡ ♥♦ ❡q✉✐❧í❜r✐♦✱

♥✉♥❝❛ s❡♥❞♦ ✉♠ ❡❢❡✐t♦ ♠❛✐♦r q✉❡ ❛q✉❡❧❡ ♣❛r❛ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥✉❧♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❛

✶✵✶



s❡❣✉✐r ♣❡❧❛ ❡①♣r❡ssã♦ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛ ❬✶❪ ✭❝♦♠ ❞✐♠❡♥sõ❡s✮✿

θ (−→x , t) = T (−→x , t)
TR

= 1− 1

2t
+

1

3
u2 (−→x , t) ✭✹✳✸✷✮

❡①♣r❡ssã♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦s ❝❛♠♣♦s ❡①t❡r♥♦s ❛tr❛✈és ❞♦ ❢❛t♦r u (−→x , t) ✭❛ ✈❡❧♦❝✐❞❛❞❡ ❤✐❞r♦❞✐♥â✲

♠✐❝❛✮✱ ❞❛❞❛ ♣♦r ✭❝♦♠ ❞✐♠❡♥sõ❡s✮

u (−→x , t) = VD + VF

♦♥❞❡

VD =
1

2t
(R+R×Ω)

❡ VF é ♦❜t✐❞♦ ❛tr❛✈és ❞❛ s♦❧✉çã♦ ❞❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❝♦♠ ❞✐♠❡♥sõ❡s

VF =
τ

m

(
eE+

e

c
VF ×B

)
.

❱❡♠♦s✱ ♣♦rt❛♥t♦✱ ❛tr❛✈és ❞♦ t❡r♠♦ q✉❛❞rát✐❝♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✸✷✮✱ q✉❡ ♦ ✈❛❧♦r ✜♥❛❧ ❞❛

t❡♠♣❡r❛t✉r❛ é ❞❡ ❢❛t♦ ♠♦❞✉❧❛❞♦ ♣❡❧♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ q✉❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡stá ❧✐❣❛❞♦✳

❋✐③❡♠♦s ✉♠ ú❧t✐♠♦ t❡st❡✱ ❛✉♠❡♥t❛♥❞♦ ♠✉✐tíss✐♠♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝❛♠♣♦

❡❧étr✐❝♦ ✭ω = 100 ❡ −→a = (1, 1, 1)✮ ❡ ♦s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ❛ s❡❣✉✐r✳

✶✵✷
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❋✐❣✉r❛ ✷✷✳ ●rá✜❝♦s ❞♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♠✉✐t♦ ♠❛✐s ✐♥t❡♥s♦ q✉❡

♦ ❡❧étr✐❝♦✳

❖❜s❡r✈❛♠♦s ♣❡❧❛ ❋✐❣✉r❛ ✷✷ q✉❡ q✉❛♥❞♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é ♠✉✐t♦ ♠❛✐s ✐♥t❡♥s♦ q✉❡

♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✭❡♠ ♠ó❞✉❧♦✮✱ ❛s ❝✉r✈❛s ❛♣r❡s❡♥t❛♠ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ✈✐st♦ ♥❛ ❋✐❣✉r❛

✷✵ ❡♠ q✉❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❛t✉❛ ❛♣❡♥❛s ♥❛ ❞✐r❡çã♦ z✳

P♦r ✜♠✱ ❛♥❛❧✐s❛♠♦s ❛s ❝✉r✈❛s ♥♦ ✐♥í❝✐♦ ❞♦s t❡♠♣♦s ❛ ✜♠ ❞❡ ♦❜s❡r✈❛r ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

❛s ✈❡❧♦❝✐❞❛❞❡s ❝♦♠ q✉❡ ❝❛❞❛ ❝❛s♦ ❛t✐♥❣❡ ❛ t❡♠♣❡r❛t✉r❛ ✜♥❛❧ ✭❛ss✐♥tót✐❝❛✮✳ ❈♦♠♦ ✈✐♠♦s ♥❛s

❋✐❣✉r❛s ✶✺ ❡ ✶✻✱ s❡♠ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ♦ ✈❛❧♦r ✜♥❛❧ ❞❛ t❡♠♣❡r❛t✉r❛ ♥ã♦ é ❛❢❡t❛❞♦ ♣❡❧♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦✱ ❡♥tr❡t❛♥t♦ ❞❡♠♦r❛ ✉♠ ♣♦✉❝♦ ♠❛✐s ♣❛r❛ ❛❧❝❛♥ç❛r ♦ ❡q✉✐❧í❜r✐♦✱ ♦ q✉❡ ♣♦❞❡ s❡r ♥♦t❛❞♦

❝♦♠♣❛r❛♥❞♦ ❛s ❝✉r✈❛s r♦s❛✱ ✈❡r♠❡❧❤❛ ❡ ♣r❡t❛ ❝♦♠ ❛s ❞❡♠❛✐s ✭❋✐❣✉r❛ ✷✸✮✱ ❡ ♦ q✉❡ ❝♦♥✜r♠❛

t❛♠❜é♠ ♥♦ss♦s r❡s✉❧t❛❞♦s ❛ss✐♥tót✐❝♦s✳
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❋✐❣✉r❛ ✷✸✳ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣❡r✜s ❞❡ t❡♠♣❡r❛t✉r❛ ♥♦ ✐♥í❝✐♦ ❞♦s t❡♠♣♦s✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡

t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ ♠❡♥♦r q✉❡ ❛ ❞♦ r❡s❡r✈❛tór✐♦✳

◆❛ ✜❣✉r❛ ✷✸✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ q✉❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ é ❧✐❣❛❞♦✱ ❛s ❝✉r✈❛s ❛s❝❡♥✲

❞❡♠ ♠❛✐s r❛♣✐❞❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♣❛r❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ ω = 1 ❡ −→a = (1, 1, 1) ❝♦♠ ♦

❝❛s♦ ❡♠ q✉❡ ω = 100 ❡ −→a = (1, 1, 1)✱ ✈❡♠♦s q✉❡ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♠❛✐s ✐♥t❡♥s♦

t♦r♥❛ ❛ ✏❝❤❡❣❛❞❛✑ ❛♦ ❡q✉✐❧í❜r✐♦ ♠❛✐s ❧❡♥t❛✱ q✉❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡stá ♣r❡s❡♥t❡✳ ❊♠ r❡s✉♠♦✱

❛✉♠❡♥t❛♥❞♦ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ♦ s✐st❡♠❛ ❛t✐♥❣❡ ♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦ ♠❛✐s r❛♣✐✲

❞❛♠❡♥t❡✱ ♠✉✐t♦ ❡♠❜♦r❛✱ ♣♦ss❛♠♦s ❝♦♥tr♦❧❛r ❡st❛ ✏✈❡❧♦❝✐❞❛❞❡✑ ❛✉♠❡♥t❛♥❞♦ t❛♠❜é♠ ♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦✳

✶✵✹



❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s

❊st❡ tr❛❜❛❧❤♦ ❢♦✐ ✐♥✐❝✐❛❞♦ ❝♦♠ ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❤✐stór✐❝❛ ❞♦ ▼♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✳ ❆

s❡❣✉✐r✱ ✜③❡♠♦s ✉♠❛ s✉❝✐♥t❛ r❡✈✐sã♦ ❞❛s ♣r✐♥❝✐♣❛✐s ❛❜♦r❞❛❣❡♥s t❡ór✐❝❛s✿ ♦s tr❛❜❛❧❤♦s ❞❡ ❊✐♥st❡✐♥

❡ ❙♠♦❧✉❝❤♦✇s❦✐✱ ❛ ❢♦r♠✉❧❛çã♦ ❞❡ ▲❛❣❡✈✐♥ ❡ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡♥♦♠✐♥❛❞❛s

✭s❡❣✉♥❞♦ ❑✉❜♦ ❬✹✷❪✮ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦ ✭❡q✉❛çõ❡s ❞✐❢❡✲

r❡♥❝✐❛✐s✱ ♥❡ss❡ ❝❛s♦ ❡st♦❝ást✐❝❛s✱ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ❞✐♥â♠✐❝❛s✮ ❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r

✭❡q✉❛çã♦ ❛ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s q✉❡ ❞❡s❝r❡✈❡ ♦s ✈❛❧♦r❡s

❡s♣❡r❛❞♦s ♦✉ ♠♦♠❡♥t♦s ❞❛s ✈❛r✐á✈❡✐s ❞✐♥â♠✐❝❛s✱ s❡♥❞♦ q✉❡✱ ♥♦ ♥♦ss♦ ❝❛s♦✱ ❛s ♦❜s❡r✈á✈❡✐s ✐♥✲

❝❧✉❡♠ ✈❛r✐á✈❡✐s ❞❡♥♦♠✐♥❛❞❛s ❤✐❞r♦❞✐♥â♠✐❝❛s ❡ t❡r♠♦❞✐♥â♠✐❝❛s✮✳ ❆ ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦✱

❢♦r♠✉❧❛❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ❢♦✐ ❡st❡♥❞✐❞❛ ❛♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✭✈❡❧♦❝✐❞❛❞❡s

❡ ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s✮ ♣♦r ❑r❛♠❡rs ❡ ❑❧❡✐♥ ❬✷✵❪✱ ❡ ♣♦st❡r✐♦♠❡♥t❡ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ❬✶✾❪✳

❑r❛♠❡rs t❛♠❜é♠ ♠♦str♦✉ q✉❡ ♥♦ ❧✐♠✐t❡ ❞❡ t❡♠♣♦s ❧♦♥❣♦s ✭r❡❣✐♠❡ ❛ss✐♥tót✐❝♦✮ ♦✉ ❞❡ ❣r❛♥❞❡

❛tr✐t♦✱ ❛s ❡q✉❛çõ❡s s❡ r❡❞✉③❡♠ ✭✐♥t❡❣r❛♥❞♦ ♥❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❢♦r♠❛ ❛♣r♦♣r✐❛❞❛✱ ♦ q✉❡ é ❝♦✲

♥❤❡❝✐❞♦ ❝♦♠♦ ❛s ❛❝r♦❜❛❝✐❛s ♠❛t❡♠át✐❝❛s ❞❡ ❑r❛♠❡rs ❬✶✾❪✮ à ❡q✉❛çã♦ ❞❡ ❙♠♦❧✉❝❤♦✇s❦✐✱ ❛♥t❡r✐♦r

à ❡q✉❛çã♦ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦✳ P♦r s✉❛ ✈❡③✱ ❛ ❡q✉❛çã♦ ❞❡ ❙♠♦❧✉❝❤♦✇s❦✐ s❡ r❡❞✉③ à ❡q✉❛çã♦ ❞❡

❞✐❢✉sã♦ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❝❛♠♣♦s ❡①t❡r♥♦s✱ ♦✉ s❡❥❛✱ r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧ ❞❡ ❊✐♥st❡✐♥✳

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ♦ ♠♦✈✐♠❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ✉♠ ♠♦❞❡❧♦ ❥á ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ♣r❛t✐❝❛♠❡♥t❡ ❡♠

t♦❞❛s ❛s ár❡❛s ❞❛s ❝✐ê♥❝✐❛s ❡①❛t❛s ❬✹✸❪✱ t❡✈❡ s✉❛ r❡❧❡✈â♥❝✐❛ ❡①❛❧t❛❞❛ ♣♦r s✉❝❡ss♦s ❡♠ ♠♦❞❡❧♦s

✶✵✺



❡ ✐♥t❡r♣r❡t❛çã♦ ❞❡ ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ♦s ❞❡♥♦♠✐♥❛❞♦s ❜✐♦♠♦t♦r❡s ✭♠♦t♦r❡s ♠♦❧❡❝✉❧❛r❡s✮ ✭❬✶✺❪✱

❬✷✸❪✮✳ P♦ré♠✱ s❡♥❞♦ ❛s ♣❛rtí❝✉❧❛s ❝❛rr❡❣❛❞❛s ✭í♦♥s✮ ♠✉✐t♦ ♣r❡s❡♥t❡s ❡♠ tr❛♥s♣♦rt❡ ❝❡❧✉❧❛r ❡

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s ❜✐♦♠♦t♦r❡s ♣❛r❡❝❡♠ s❡r ❜❡♠ ♠♦❞❡❧❛❞♦s ❝♦♠♦ ♠♦t♦r❡s ❇r♦✇♥✐❛♥♦s✱ ❛♦

♠❡♥♦s ❡♠ ✉♠❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ ♦ ❡st✉❞♦ ❞❡ tr❛s♣♦rt❡ ❞❡ í♦♥s ♥♦ ❡sq✉❡♠❛ ❇r♦✇♥✐❛♥♦✱ ❝♦♥s✐❞❡r❛♥❞♦

♦s ❡❢❡✐t♦s ❞❡ ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✱ ♣❛r❡❝❡ q✉❛s❡ ✐♥❡①✐st❡♥t❡ ♥❛ ▲✐t❡r❛t✉r❛ ✭❡①❝❡t♦ ♥♦

❡st✉❞♦ ❞❡ ♣❧❛s♠❛ ❇r♦✇♥✐❛♥♦ ❬✷✶❪✮✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ❞❡❝✐❞✐♠♦s ❡st✉❞❛r ❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞♦

❝❛♠♣♦ ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ❣ás ❇r♦✇♥✐❛♥♦✳ ❆ r❡❧❡✈â♥❝✐❛ ❞❡st❡ ♣r♦❜❧❡♠❛ ❡

♦ ❝❛♠✐♥❤♦ ♣❛r❛ s✉❛ s♦❧✉çã♦ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♣♦r ❈❤❛❞r❛s❡❦❤❛r ❡♠ ✶✾✹✸ ❬✶✾❪✳ P♦ré♠✱ ❛té ♦s

❛♥♦s ♥♦✈❡♥t❛✱ ❡ss❡ ♣r♦❜❧❡♠❛ ♣❡r♠❛♥❡❝❡✉ ✐❣♥♦r❛❞♦✳

Pr♦❝✉r❛♠♦s ✉♠ ❝❛♠✐♥❤♦ ❛❧t❡r♥❛t✐✈♦ ❛♦ s✉❣❡r✐❞♦ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱

✉t✐❧✐③❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❋❡rr❛r✐ ❬✷✷❪ ✭✐♥❝❧✉✐♥❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ♠❛s s❡♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✮

♦♥❞❡✱ ❝♦♠ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✭❣❛✉❣❡ ♦✉ ❝❛❧✐❜r❡ ❞❡ ❋❡rr❛r✐✮✱ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦

♣♦❞❡ s❡r ❛❜s♦r✈✐❞♦ ♣❡❧❛s ❡q✉❛çõ❡s r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛ ❡q✉❛çã♦ ♣❛r❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ✭s❡♠ ❝❛♠♣♦

❡①t❡r♥♦✮✳ ❊♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ❝♦♥s✐❞❡r❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❈③♦♣♥✐❦ ❡ ●❛r❜❛❝③❡✇s❦✐ ❬✷✶❪✱ q✉❡

❝♦♥s✐❞❡r❛r❛♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡♠ ✉♠❛ ❞✐r❡çã♦ ❛♣❡♥❛s ❡ s❡✉ ❡❢❡✐t♦ ♥♦ ♣❧❛♥♦ ♣❡r♣❡♥❞✐❝✉❧❛r

❛ ❡st❛✳ ❖s r❡s✉❧t❛❞♦s ❢♦r❛♠ ❝♦♠♣❛❝t❛❞♦s ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❝❛❧✐❜r❛♥❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❛tr✐t♦✱ r❡s✉❧t❛♥❞♦ ♥✉♠❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ❝♦♠ ✉♠ t❡♥s♦r ❞❡ ❛tr✐t♦ ✭s❡♥❞♦ s✉❛ ♣❛rt❡ ♥ã♦ ❞✐❛❣♦♥❛❧

❞❡♣❡♥❞❡♥t❡ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✮✳ ❖♣❡r❛♥❞♦ ❛♠❜♦s ❝❛❧✐❜r❡s ♥❛ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡✱

♦❜t✐❞❛ ♣♦r ❈❤❛♥❞r❛s❡❦❤❛r ❬✶✾❪✱ ❝♦♥str✉í♠♦s ❡ ♣✉❜❧✐❝❛♠♦s ❬✶❪ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❡①❛t❛ ✐♥é❞✐t❛ ♣❛r❛

✉♠ ❣ás ❇r♦✇♥✐❛♥♦ s♦❜ ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ❤♦♠♦❣ê♥❡♦s ✭♥ã♦ ❞❡♣❡♥❞❡s ❞❛s ❝♦♦r❞❡♥❛❞❛s

❡s♣❛❝✐❛✐s✮✳ ❘❡❝❡♥t❡♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛ t❡♠ s✐❞♦ ❝♦♥s✐❞❡r❛❞♦ ♣♦r ❞✐✈❡rs♦s ❛✉t♦r❡s ❝♦♠ ❝✐t❛çõ❡s

❛♦ ♥♦ss♦ tr❛❜❛❧❤♦ ♣✐♦♥❡✐r♦ ✭r❡❢❡rê♥❝✐❛s ❬✷✹❪ à ❬✸✹❪✮✳

◆❡ss❡ tr❛❜❛❧❤♦ ❬✶❪✱ ❡st✉❞❛♠♦s ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦♠♦

❞❡❧t❛ ❞❡ ❉✐r❛❝✮✳ ❉❡♣♦✐s ❞❡ ♦❜t❡r ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧✱ ✉♠❛ ❣❛✉ss✐❛♥❛ ❣❡♥❡r❛❧✐③❛❞❛ ♥♦ ❡s♣❛ç♦

❞❡ ❢❛s❡✱ ❡st✉❞❛♠♦s s♦❧✉çõ❡s ❣❡r❛✐s ❝♦♠ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❣❛✉ss✐❛♥♦✳ ❈♦♠♦ ❛ s♦❧✉çã♦ ❣❡r❛❧ é ✉♠❛

❝♦♥✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ♦ ❝❛s♦ ❡st✉❞❛❞♦ t❡♠ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛

✭✉♠❛ ♦✉tr❛ ❞✐str✐❜✉çã♦ ❣❛✉ss✐❛♥❛✱ ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡ss♦ ár❞✉♦ ❡ tr❛❜❛❧❤♦s♦✱ ♣♦ré♠
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♣♦ssí✈❡❧✮✳ ❆s ❞✐✈❡rs❛s ❣r❛♥❞❡③❛s r❡❧❡✈❛♥t❡s ✭❤✐❞r♦❞✐♥â♠✐❝❛s ❡ t❡r♠♦❞✐♥â♠✐❝❛s✮ t❛♠❜é♠ ♣♦❞❡♠

s❡r ❣❡r❛❞❛s ❝♦♠♦ ✐♥t❡❣r❛çõ❡s ❞❡ ❣❛✉ss✐❛♥❛s ❡ ❞❡r✐✈❛❞❛s ♣❛r❛♠étr✐❝❛s ❞❡ ✉♠❛ ❢✉♥çã♦ ❣❡r❛❞♦r❛ ❞❡

♠♦♠❡♥t♦s✳ ❆♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❞✐✈❡rs❛s ❣r❛♥❞❡③❛s r❡❧❡✈❛♥t❡s✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s

❛❧❣✉♥s ❣rá✜❝♦s✱ ✈✐s✉❛❧✐③❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❡ ❝♦rr♦❜♦r❛♥❞♦ q✉❡ ❛ ❝♦♥✈♦❧✉çã♦ ❞❡ ●❛✉ss✐❛♥❛s é

t❛♠❜é♠ ●❛✉ss✐❛♥❛ ❡ q✉❡ ♦ ❛❧❛r❣❛♠❡♥t♦ ❞❛s ●❛✉sss✐❛♥❛s ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝♦♥❤❡❝✐❞♦ ❛❧❛r❣❛♠❡♥t♦

❞✐❢✉s✐✈♦✳ ❖s ❡❢❡✐t♦s ❞♦s ❝❛♠♣♦s t❛♠❜é♠ sã♦ ♦❜s❡r✈❛❞♦s✿ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❞❡s❧♦❝❛ ✭❛rr❛st❛✮ ♦

❝❡♥tr♦ ❞❛ ●❛✉ss✐❛♥❛ ❡♠ s✉❛ ❞✐r❡çã♦✱ ❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣✐r❛ ❛ ●❛✉ss✐❛♥❛ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦

q✉❡ ♦ ❝♦♥té♠✱ ❛tr❛s❛♥❞♦ ❛ ❞✐❢✉sã♦ ❞❛ ♠❡s♠❛✳ ❋✐♥❛❧♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❣rá✜❝♦s ♠♦str❛♥❞♦ ❛

r❡❧❛①❛çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❡❢❡t✐✈❛ ❛ ✉♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ✭❞❡ ❡q✉✐❧í❜r✐♦✱ ❝❛s♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦

s❡❥❛ ♥✉❧♦✮ ❡ ❛ ✉♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ❞✐❢❡r❡♥t❡ ❛♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ q✉❛♥❞♦ ❧✐❣❛♠♦s ♦ ❝❛♠♣♦

❡❧étr✐❝♦✳

❆❧é♠ ❞❛ r❡❧❡✈â♥❝✐❛ ❡♠ s❡ ♦❜t❡r s♦❧✉çõ❡s ❡①❛t❛s✱ ❛ ✐♠♣♦rtâ♥❝✐❛ é t❛♠❜é♠ ❞❡ ❝❛rát❡r ♣rát✐❝♦✳

❊ss❛s s♦❧✉çõ❡s ❡①❛t❛s ❛♠❡♥✐③❛♠ ❡♥♦r♠❡♠❡♥t❡ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❞✐✈❡rs❛s ❡s♣é❝✐❡s ❞❡

♣❛rtí❝✉❧❛s ❇r♦✇♥✐❛♥❛s✱ q✉❡ ✐♥t❡r❛❣❡♠ ❛tr❛✈és ❞❡ r❡❛çõ❡s q✉í♠✐❝❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦♥❞❡ s♦❧✉çõ❡s

❡①❛t❛s ♥ã♦ tê♠ s✐❞♦ ❡♥❝♦♥tr❛❞❛s✳ ◆❡ss❡s ❝❛s♦s✱ ❛s ❞✐✈❡rs❛s ❛♣r♦①✐♠❛çõ❡s ♦✉ s✐♠✉❧❛çõ❡s ♥✉♠ér✐✲

❝❛s ♣♦❞❡♠ s❡r ✐♥✐❝✐❛❞❛s ♣❛rt✐♥❞♦ ❞❡ s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s✳

❆ ❝♦♥t✐♥✉❛çã♦ ❞❡ ♥♦ss♦s tr❛❜❛❧❤♦s ❝♦♥t❡♠♣❧❛✱ ✉t✐❧✐③❛r ♥♦ss♦s r❡s✉❧t❛❞♦s ❡①❛t♦s ❡♠ ❝♦♠❜✐✲

♥❛çã♦ ❝♦♠ ❛❧❣✉♠❛s ❛♣r♦①✐♠❛çõ❡s✱ ♣❛r❛ ❡st✉❞❛r ♣❛rtí❝✉❧❛s ❇r♦✇♥✐❛♥❛s ❝❛rr❡❣❛❞❛s✱ q✉❡ r❡❛❣❡♠

q✉✐♠✐❝❛♠❡♥t❡✱ ♣♦r ❡①❡♠♣❧♦✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ❛ s✐st❡♠❛s ❤✐❞r♦❞✐♥â♠✐❝♦s

s❡♠ ❝❛r❣❛✱ ♠❛s s♦❜ ❢♦rç❛s ❞❡ ❈♦r✐♦❧✐s✳ ❖✉tr❛s ❛♣❧✐❝❛çõ❡s ❡♥✈♦❧✈❡♠ ❡st✉❞❛r ❛ ✈❛❧✐❞❛❞❡ ❞❡ ♣r✐♥❝í✲

♣✐♦s ✈❛r✐❛❝✐♦♥❛✐s ♥❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ♣r♦❝❡sss♦s ✐rr❡✈❡rsí✈❡✐s✳ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❡ ❛♣❧✐❝❛çõ❡s

♥❡ss❛ ❞✐r❡çã♦ s❡rã♦ ♣✉❜❧✐❝❛❞♦s ❬✹✹❪ ✭❛♥❡①♦s✮✳
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❆♣ê♥❞✐❝❡ ❆

❈á❧❝✉❧♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛ ❡ ❝♦✈❛r✐â♥❝✐❛

◆♦ ❈❛♣ít✉❧♦ ✸ ✭❡q✉❛çã♦ ✭✸✳✶✺✮ ✮✱ ✐♥tr♦❞✉③✐♠♦s ❛ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ s♦❜

❛çã♦ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✿

~S = ~v (t)− e−Λt~v0 =

ˆ t

0

ψ (s) ~A (s) ds.

❆❣♦r❛✱ ❞✐✈✐❞✐r❡♠♦s ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦ ♥♦ t❡♠♣♦ ❡♠ ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ✭◆✮ ❞❡

♣❡q✉❡♥♦s s✉❜✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ∆t ✭ψ (s) é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ (j∆t, {j + i}∆t)

❡ ✐❣✉❛❧ ❛ ψ (j∆t)✮✳ ❆ ❡①♣r❡ssã♦ r❡s✉❧t❛♥t❡✱ ♥❡st❡ ❝❛s♦ é

~S =
N−1∑

j=0

ψ (j∆t)

ˆ (j+1)∆t

j∆t

~A (s) ds =
N−1∑

j=0

ψ (j∆t) ~B (∆t) =
N−1∑

j=0

~sj ✭✺✳✶✮

♦♥❞❡ ψ (s) = e−Λ(t−s)✳

❋✐s✐❝❛♠❡♥t❡✱ ~B (∆t) é ❛ ❛❝❡❧❡r❛çã♦ ❧íq✉✐❞❛ q✉❡ ❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ♣♦❞❡ s♦❢r❡r ❞✉r❛♥t❡

✉♠ ✐♥t❡r✈❛❧♦ ∆t ✭r❡❢s✳ ❬✶✾✱ ✷✶❪✮✳ ❯♠❛ ✈❡③ q✉❡ t❡♠♦s ♦ t❡r♠♦ ~A (s) ❝♦♠♦ ✉♠ t❡r♠♦ ❞❡ r✉í❞♦

❜r❛♥❝♦✱ ♣♦❞❡♠♦s ✐♥❢❡r✐r q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ~B (∆t) é ❣❛✉ss✐❛♥❛ ❝♦♠ ♠é❞✐❛

③❡r♦ ❡ ✈❛r✐â♥❝✐❛ q = λKBT/m✱ ❞❡ ❢♦r♠❛ q✉❡
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w
[
~B (∆t)

]
=

(
1

4πq∆t

)3/2

exp


−

∣∣∣ ~B (∆t)
∣∣∣
2

4q∆t


 ✭✺✳✷✮

♦✉ ❛✐♥❞❛✱ ❥á q✉❡ ~sj = ψ (j∆t) ~B (∆t) = ψj
~B (∆t)✱

w̃ [~sj] = det
(
ψ−1

)
w
(
ψ−1~sj

)
.

❈♦♠♦ detψ (s) = e−3λ(t−s) ❡ ψ−1 (s) = U [− (t− s)] eλ(t−s)✱ t❡♠♦s

w̃ [~sj] =

(
1

4πq∆t

)3/2
1

e−3λ(t−j∆t)
exp

(
−
∣∣eλ(t−j∆t)U [− (t− j∆t)]~sj

∣∣2

4q∆t

)

❡✱ ♣♦rt❛♥t♦

w̃ [~sj] =

(
1

4πq∆t

1

e−2λ(t−j∆t)

)3/2

exp

(
− |~sj|2
4q∆te−2λ(t−j∆t)

)
.

❖s ~sj sã♦ ✈❛r✐á✈❡✐s r❛♥❞ô♠✐❝❛s ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❝✉❥❛ ❞✐str✐❜✉✐çã♦ é ❣❛✉ss✐❛♥❛

❝♦♠ ♠é❞✐❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ σ2
j = 2q∆te−2λ(t−j∆t)✳ ❆ss✐♠✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ~S

✭❡q✉❛çã♦ ✭✺✳✶✮✮ é t❛♠❜é♠ ❣❛✉ss✐❛♥❛ ❝♦♠ ♠é❞✐❛ ③❡r♦✳ ❙✉❛ ✈❛r✐â♥❝✐❛ é ✐❣✉❛❧ à s♦♠❛ ❞❡ ✈❛r✐â♥❝✐❛s

❞❡ ~sj✱ ♦✉ s❡❥❛✱ σ2 = 2qΣj∆te
−2λ(t−j∆t)✳

❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❞❡ N → ∞ ❝❤❡❣❛♠♦s ❛

σ2 = 2q

ˆ t

0

e−2λ(t−s)ds =
KBT

m

(
1− e−2λt

)
.

❈♦♠♦ ~S = ~v (t) − e−Λt~v0 ✭❡q✉❛çã♦ ✭✸✳✶✺✮✮✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞❛

✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ ♦❜s❡r✈❛❞❛ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ~v = ~v0 ❡♠ t0 = 0✱ é ❡s❝r✐t❛

❝♦♠♦✿
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P (~v, t|~v0) =
(

1

2πKBT
m

(1− e−2λt)

)3/2

exp

(
−
∣∣~v (t)− e−Λt~v0

∣∣2

2KBT
m

(1− e−2λt)

)
. ✭✺✳✸✮

P❛r❛ ♦ ♣r♦❝❡ss♦ ❡s♣❛❝✐❛❧✱ ♣♦❞❡♠♦s ♣r♦❝❡❞❡r ❝♦♠♦ ♣❛r❛ ♦ ❝❛s♦ ❛♥t❡r✐♦r ♥♦ ❡s♣❛ç♦ ❞❡ ✈❡✲

❧♦❝✐❞❛❞❡✳ ❆ss✐♠✱ ♥ós ♣r♦❝✉r❛♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ✈❡t♦r r❛♥❞ô♠✐❝♦ ✭♣❧❛♥❛r✮

~R =
´ t

0
φ (s) ~A (s) ds ✭❡q✉❛çã♦ ✭✸✳✶✾✮✮✱ ♦♥❞❡

~R = ~x− ~x0 − Ω~v0.

❉✐✈✐❞✐♥❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ (0, t) ❡♠ ♣❡q✉❡♥♦s s✉❜✐♥t❡r✈❛❧♦s ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ φ (s)

s❡❥❛ ❝♦♥st❛♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ (j∆t, {j + 1}∆t) ❡ ✐❣✉❛❧ ❛ φ (j∆t)✱ ♦❜t❡♠♦s

~R = ΣN−1
j=0 φ (j∆t)

ˆ (j+1)∆t

j∆t

~A (s) ds = ΣN−1
j=0 φ (j∆t)

~B (∆t) = ΣN−1
j=0 ~xj ✭✺✳✹✮

♦♥❞❡ ~xj = φ (j∆t) ~B (∆t) = φj
~B (∆t)✳

❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✷✮✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ~xj = φj
~B (∆t)✱ ♦❜t❡♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ~xj✿

w̃ [~xj] = det
[
φ−1
j

]
w
[
φ−1
j ~xj

]
=

1

detφj

w
[
φ−1
j ~xj

]
.

❈♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸ q✉❡✿

φ (s) ≡ Λ−1
(
1− eΛ(s−t)

)
= Λ−1

[
1− e−λ(t−s)U (t− s)

]

=
1

λ2 + ω2




λ ω

−ω λ







1− eλ(s−t)cosω (s− t) −eλ(s−t)senω (s− t)

eλ(s−t)senω (s− t) 1− eλ(s−t)cosω (s− t)


 ,

♦♥❞❡

✶✶✶



U (t) =




cosωt senωt

−senωt cosωt


 ,

♣♦❞❡♠♦s ♦❜t❡r s❡✉ ❞❡t❡r♠✐♥❛♥t❡

detφ (s) =
1

λ2 + ω2

{
1 + e2λ(s−t) − 2eλ(s−t)cosω (s− t)

}

❡ t❛♠❜é♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r φ−1 (s)

φ−1 (s) =
1

1 + e2λ(s−t) − 2eλ(s−t)cosω (s− t)

[
1− eλ(s−t)U {− (s− t)}

]
Λ.

❙❡❣✉✐♥❞♦ ❡st❡ ♣❛❞rã♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ φj t❡♠ ❛ ❢♦r♠❛

φ−1
j =

Ãj

γj

♦♥❞❡

Ãj =




1− eλ(j∆t−t)cosω (j∆t− t) −eλ(j∆t−t)senω (j∆t− t)

eλ(j∆t−t)senω (j∆t− t) 1− eλ(j∆t−t)cosω (j∆t− t)







λ ω

−ω λ




❡

γj = 1 + e2λ(j∆t−t) − 2eλ(j∆t−t)cosω (j∆t− t) ,

♦ q✉❡ r❡s✉❧t❛ t❛♠❜é♠

detφ−1
j = (detφj)

−1 =
(
λ2 + ω2

) 1

γj

❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ~xj s❡ t♦r♥❛

✶✶✷



w̃ [~xj] =
1

1
λ2+ω2γj

(
1

4πq∆t

)
exp





∣∣∣∣∣∣∣
Ãj




xxj

xyj




∣∣∣∣∣∣∣

2

γ2j 4q∆t





,

♦♥❞❡

∣∣∣∣∣∣∣
Ãj




xxj

xyj




∣∣∣∣∣∣∣

2

=
(
λ2 + ω2

)
γj

[(
xxj
)2

+
(
xyj
)2]

,

r❡s✉❧t❛♥❞♦ ✜♥❛❧♠❡♥t❡

w̃ [~xj] =
λ2 + ω2

4πq∆tγj
exp

{
−(λ2 + ω2) |~xj|2

4q∆tγj

}
.

❉❡s❞❡ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛❝✐♠❛ é ❣❛✉ss✐♥❛❞❛ ❝♦♠ ♠é❞✐❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛

σ2
j = 2q∆t

γj
λ2+ω2 ✱ ♦ ✈❡t♦r r❛♥❞ô♠✐❝♦ ~R✱ ♣♦r s❡r ❛ s♦♠❛ ❞❛s ✈❛r✐á✈❡✐s r❛♥❞ô♠✐❝❛s ~xj ✭❡q✉❛çã♦

✭✺✳✹✮✮✱ t❡♠ ❛ s❡❣✉✐♥t❡ ❞✐str✐❜✉✐çã♦

w
(
~R
)
=

1

2πΣjσ2
j

exp

{
−
(
R2

x +R2
y

)

2Σjσ2
j

}

s❡♥❞♦ q✉❡ σ2 = Σjσ
2
j = 2qΣj∆t

1
λ2+ω2γj✳

◆♦ ❧✐♠✐t❡ ❞❡ ∆t→ 0 ❝❤❡❣❛♠♦s à ✐♥t❡❣r❛❧

σ2 = 2q
1

λ2 + ω2

ˆ t

0

γ (s) ds.

❋❛③❡♥❞♦
´ t

0
γ (s) ds = t+ θ✱ ♦♥❞❡

✶✶✸



θ =
1

2λ

(
1− e−2λ(t−s)

)
− 2

λ2 + ω2

[
λ+ e−λt (−λcosωt+ ωsenωt)

]
✭✺✳✺✮

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❡s♣❛❝✐❛❧ ❝♦♠♦

P (~x, t|~x0, t0 = 0, ~v0) =
1

4πKBT
m

λ
λ2+ω2 (t+ θ)

exp

(
− |~x− ~x0 − Ω~v0|2
4KBT

m
λ

λ2+ω2 (t+ θ)

)
✭✺✳✻✮

♦♥❞❡

Ω ≡ Λ−1
(
1− e−Λt

)
=

1

λ2 + ω2








λ ω

−ω λ


− e−λt




λ ω

−ω λ







cosωt senωt

−senωt cosωt







,

❥á q✉❡ e−Λt = e−λtU (t)✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ♣r♦❝❡ss♦ ❝♦♠♣❧❡t♦ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❡ ♥ã♦ ❛♣❡♥❛s ♥♦s ♣r♦❝❡ss♦s

❡s♣❛❝✐❛❧ ❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s✱ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✳ P♦rt❛♥t♦✱ ♣r❡❝✐s❛♠♦s ❡s♣❡❝✐✜❝❛r

❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ P (~x,~v, t|~x0, ~v0, t0 = 0) ❞♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛♥❞♦ ❛s

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ~x = ~x0 ❡ ~v = ~v0 ❡♠ t = 0✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❝❛❧❝✉❧❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❞♦s ✈❡t♦r❡s ~S ❡ ~R✱ ❞❛❞♦s ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡ ✭✸✳✶✾✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ t❛✐s ✈❡t♦r❡s tê♠ ❞✐str✐❜✉✐çõ❡s ❣❛✉ss✐❛♥❛s ❝♦♠ ♠é❞✐❛ ③❡r♦

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛ ❞✐str✐❜✉✐çã♦ ❝♦♥❥✉♥t❛ W
(
~S, ~R

)
é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛s

❡ ❝♦✈❛r✐â♥❝✐❛s C = (cij) = (〈xi, xj〉)✱ ♦♥❞❡ x = (S1, S2, R1, R2) ❡ i, j = 1, 2, 3, 4✳ ❆ s❡❣✉✐r ❡stá ♦

❝á❧❝✉❧♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s✱ ♠♦str❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✸✳

P❛r❛ ❝❛❧❝✉❧❛r ❛s ✐♥t❡❣r❛✐s ✭❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s✮ ♦❜s❡r✈❛♠♦s q✉❡ 〈Ai (s)〉 = 0

❡ 〈Ai (s)Aj (s
′)〉 = 2qδijδ (s− s′)✱ ♦♥❞❡ q = KBT

m
λ✿

✶✶✹



❈á❧❝✉❧♦ ❞❡ ❣✿

g ≡ 〈S1S1〉 = 〈S2S2〉 =
ˆ t

0

ˆ s

0

e−2λ(t−s) [cosω (t− s) cosω (t− s′) 〈A1 (s)A1 (s
′)〉+

senω (t− s) senω (t− s′) 〈A2 (s)A2 (s
′)〉+ 2cosω (t− s) senω (t− s′) 〈A1 (s)A2 (s

′)〉] dsds′

g =

ˆ t

0

ˆ s

0

e−2λ(t−s) [cosω (t− s) cosω (t− s′) 2qδ (s− s′)+

senω (t− s) senω (t− s′) 2qδ (s− s′)] dsds′

g = 2q

ˆ t

0

e−2λ(t−s)
[
cos2ω (t− s) + sen2ω (t− s)

]
ds

g = ar = 2qe−2λt

ˆ t

0

e−2λsds =
q

β

(
1− e−2λt

)
. ✭✺✳✼✮

❈á❧❝✉❧♦ ❞❡ ❢✿

f ≡ 〈R1R1〉 = 〈R2R2〉 =
(

1

λ2 + ω2

)2 ˆ t

0

ˆ s

0

{[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]

[
λ
(
1− e−λ(t−s′)cosω

(
t− s′

))
+ ωe−λ(t−s′)senω

(
t− s′

)] 〈
A1 (s)A1

(
s′
)〉

+
[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]

[
−λe−λ(t−s′)senω

(
t− s′

)
+ ω

(
1− e−λ(t−s′)cosω

(
t− s′

))] 〈
A2 (s)A2

(
s′
)〉}

dsds′

f =

(
1

λ2 + ω2

)2

2q

ˆ t

0

{[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]2

+
[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]2}
ds

✶✶✺



f =

(
1

λ2 + ω2

)2

2q

ˆ t

0

[(
λ2 + ω2

) (
1− e−λ(t−s)cosω (t− s)

)2
+
(
ω2 + λ2

)
e−2λ(t−s)sen2ω (t− s)

]
ds

f =
2q

λ2 + ω2

ˆ t

0

[
1− 2e−λ(t−s)cosω (t− s) + e−2λ(t−s)

]
ds

f =
2q

λ2 + ω2

[
t− I1 +

1

2λ

(
1− e−2λ(t−s)

)]
✭✺✳✽✮

♦♥❞❡ I1 = 2
´ t

0
e−λ(t−s)cosω (t− s) ds = 2

λ2+ω2

[
λ+ e−λt (−λcosωt+ ωsenωt)

]
.

❯s❛♥❞♦ t❛♠❜é♠ ❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♣❛r❛ θ ♥❛ ❡q✉❛çã♦ ✭✺✳✺✮✱ t❡♠♦s

f = av =
2q

λ2 + ω2
[t+ θ] .

❈á❧❝✉❧♦ ❞❡ ❤✿

h ≡ 〈R1S1〉 = 〈S1R1〉 =
1

λ2 + ω2

ˆ t

0
ds

ˆ s

0

{[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]
A1 (s)+

[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]
A2 (s)

}{
e−λ(t−s′)

[
cosω

(
t− s′

)
A1

(
s′
)
+

senω
(
t− s′

)
A2

(
s′
)]}

ds′

h =
1

λ2 + ω2

ˆ t

0

ds

ˆ s

0

{
e−λ(t−s′)cosω (t− s′)

[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]
〈A1 (s)A1 (s

′)〉+

e−λ(t−s′)senω (t− s′)
[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]
〈A2 (s)A2 (s

′)〉
}
ds′

✶✶✻



h =
2q

λ2 + ω2

ˆ t

0

{
e−λ(t−s)cosω (t− s)

[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]
+

e−λ(t−s)senω (t− s)
[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]}
ds

h =
2q

λ2 + ω2

ˆ t

0

e−λ(t−s)
[
λcosω (t− s) + ωsenω (t− s)− λe−λ(t−s)

]
ds

h = − 2q

λ2 + ω2

ˆ t

0

[
λe−λxcosωx+ ωe−λxsenωx− βe−2λx

]
dx

♦♥❞❡ x = t− s

h = am =
q

λ2 + ω2

[
1 + e−2λt − 2e−λtcosωt

]
. ✭✺✳✾✮

❈á❧❝✉❧♦ ❞❡ ❦✿

k ≡ 〈R1S2〉 = −〈R2S1〉 =
1

λ2 + ω2
ˆ t

0
ds

ˆ s

0

{[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]
A1 (s)+

[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]
A2 (s)

}

{
e−λ(t−s′)

[
−senω

(
t− s′

)
A1

(
s′
)
+ cosω

(
t− s′

)
A2

(
s′
)]}

ds′

k =
1

λ2 + ω2

ˆ t

0

ds

ˆ s

0

{
−e−λ(t−s′)senω (t− s′)

[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]

〈A1 (s)A1 (s
′)〉+ e−λ(t−s′)cosω (t− s′)

[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]
〈A2 (s)A2 (s

′)〉
}
ds′

✶✶✼



k =
2q

λ2 + ω2

ˆ t

0

{
−e−λ(t−s)senω (t− s)

[
λ
(
1− e−λ(t−s)cosω (t− s)

)
+ ωe−λ(t−s)senω (t− s)

]
+

e−λ(t−s)cosω (t− s)
[
−λe−λ(t−s)senω (t− s) + ω

(
1− e−λ(t−s)cosω (t− s)

)]}
ds

k = − 2q

λ2 + ω2

ˆ t

0

e−λ(t−s)
[
λsenω (t− s)− ωcosω (t− s) + ωe−λ(t−s)

]
ds

k =
q

λ2 + ω2

[
2e−λtsenωt− ω

λ

(
1− e−2λt

)]
. ✭✺✳✶✵✮

✶✶✽



❆♣ê♥❞✐❝❡ ❇

❆♥á❧✐s❡ ❞❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ◗

❈♦♠♦ ✐♥✐❝✐❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❛♣r❡s❡♥t❛♠♦s ❛q✉✐ ❛ ❛♥á❧✐s❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ ✐♥t❡❣r❛❧ q✉❡

❛♣❛r❡❝❡ ♥❛ ❡q✉❛çã♦ ✭✹✳✷✹✮ ❛tr❛✈és ❞❛ ✈❡r✐✜❝❛çã♦ ❞♦ s✐♥❛❧ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ◗✳

❆ ♠❛tr✐③ Qmn é ❞❛❞❛ ♣♦r

Qmn = γ̃δmn+
1

2

∑

n′

(
dn′Θn′nΘn′m + fn′Cn′nCn′m + 2gn′Θn′nCn′m − ςn′nςn′m

2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′nΘm′m

♦♥❞❡

ςmn = gmΘmn + fmCmn +
K

∆

∑

n′
ε3mn′Θn′n✳

❆♥❛❧✐s❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ ✭m = n✮✿

Qmm = γ̃ +
1

2

∑

n′

(
dn′Θ

2
n′m + fn′C

2
n′m + 2gn′Θn′mCn′m − ς2n′m

2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′mΘm′m

❞❡ ♠♦❞♦ q✉❡

Q11 = γ̃ +
1

2

∑

n′

(
dn′Θ

2
n′1 + fn′C

2
n′1 + 2gn′Θn′1Cn′1 −

ς2n′1
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′1Θm′1

= γ̃ +
K

∆
(C11Θ21 − C21Θ11) +

1

2

(
d1Θ

2
11 + d2Θ

2
21 + d3Θ

2
31 + f1C

2
11 + f2C

2
21 + f3C

2
31

+2g1Θ11C11 + 2g2Θ21C21 + 2g3Θ31C31 −
ς211
2Ω1

− ς221
2Ω2

− ς231
2Ω3

)

✶✶✾



♦♥❞❡

ς11 = g1Θ11 + f1C11 +
K

∆
Θ21

ς21 = g2Θ21 + f2C21 −
K

∆
Θ11

ς31 = g3Θ31 + f3C31.

Q22 = γ̃ +
1

2

∑

n′

(
dn′Θ

2
n′2 + fn′C

2
n′2 + 2gn′Θn′2Cn′2 −

ς2n′2
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′2Θm′2

= γ̃ +
K

∆
(C12Θ22 − C22Θ12) +

1

2

(
d1Θ

2
12 + d2Θ

2
22 + d3Θ

2
32 + f1C

2
12 + f2C

2
22 + f3C

2
32

+2g1Θ12C12 + 2g2Θ22C22 + 2g3Θ32C32 −
ς212
2Ω1

− ς222
2Ω2

− ς232
2Ω3

)

♦♥❞❡

ς12 = g1Θ12 + f1C12 +
K

∆
Θ22

ς22 = g2Θ22 + f2C22 −
K

∆
Θ12

ς32 = g3Θ32 + f3C32✳

Q33 = γ̃ +
1

2

∑

n′

(
dn′Θ

2
n′3 + fn′C

2
n′3 + 2gn′Θn′3Cn′3 −

ς2n′3
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′3Θm′3

= γ̃ +
K

∆
(C13Θ23 − C23Θ13) +

1

2

(
d1Θ

2
13 + d2Θ

2
23 + d3Θ

2
33 + f1C

2
13 + f2C

2
23 + f3C

2
33

+2g1Θ13C13 + 2g2Θ23C23 + 2g3Θ33C33 −
ς213
2Ω1

− ς223
2Ω2

− ς233
2Ω3

)

✶✷✵



♦♥❞❡

ς13 = g1Θ13 + f1C13 +
K

∆
Θ23

ς23 = g2Θ23 + f2C23 −
K

∆
Θ13

ς33 = g3Θ33 + f3C33✳

❖s ❡❧❡♠❡♥t♦s ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ sã♦

Q12 =
1

2

∑

n′

(
dn′Θn′2Θn′1 + fn′Cn′2Cn′1 + 2gn′Θn′2Cn′1 −

ςn′2ςn′1
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′2Θm′1

=
K

∆
(C12Θ21 − C22Θ11) +

1

2
(d1Θ12Θ11 + d2Θ22Θ21 + d3Θ32Θ31 + f1C12C11 + f2C22C21

+f3C32C31 + 2g1Θ12C11 + 2g2Θ22C21 + 2g3Θ32C31 −
ς12ς11
2Ω1

− ς22ς21
2Ω2

− ς32ς31
2Ω3

)

Q13 =
1

2

∑

n′

(
dn′Θn′3Θn′1 + fn′Cn′3Cn′1 + 2gn′Θn′3Cn′1 −

ςn′3ςn′1
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′3Θm′1

=
K

∆
(C13Θ21 − C23Θ11) +

1

2
(d1Θ13Θ11 + d2Θ23Θ21 + d3Θ33Θ31 + f1C13C11 + f2C23C21

+f3C33C31 + 2g1Θ13C11 + 2g2Θ23C21 + 2g3Θ33C31 −
ς13ς11
2Ω1

− ς23ς21
2Ω2

− ς33ς31
2Ω3

)

Q21 =
1

2

∑

n′

(
dn′Θn′1Θn′2 + fn′Cn′1Cn′2 + 2gn′Θn′1Cn′2 −

ςn′1ςn′2
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′1Θm′2

=
K

∆
(C11Θ22 − C21Θ12) +

1

2
(d1Θ11Θ12 + d2Θ21Θ22 + d3Θ31Θ32 + f1C11C12 + f2C21C22

+f3C31C32 + 2g1Θ11C12 + 2g2Θ21C22 + 2g3Θ31C32 −
ς11ς12
2Ω1

− ς21ς22
2Ω2

− ς31ς32
2Ω3

)

✶✷✶



Q23 =
1

2

∑

n′

(
dn′Θn′3Θn′2 + fn′Cn′3Cn′2 + 2gn′Θn′3Cn′2 −

ςn′3ςn′2
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′3Θm′2

=
K

∆
(C13Θ22 − C23Θ12) +

1

2
(d1Θ13Θ12 + d2Θ23Θ22 + d3Θ33Θ32 + f1C13C12 + f2C23C22

+f3C33C32 + 2g1Θ13C12 + 2g2Θ23C22 + 2g3Θ33C32 −
ς13ς12
2Ω1

− ς23ς22
2Ω2

− ς33ς32
2Ω3

)

Q31 =
1

2

∑

n′

(
dn′Θn′1Θn′3 + fn′Cn′1Cn′3 + 2gn′Θn′1Cn′3 −

ςn′1ςn′3
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′1Θm′3

=
K

∆
(C11Θ23 − C21Θ13) +

1

2
(d1Θ11Θ13 + d2Θ21Θ23 + d3Θ31Θ33 + f1C11C13 + f2C21C23

+f3C31C33 + 2g1Θ11C13 + 2g2Θ21C23 + 2g3Θ31C33 −
ς11ς13
2Ω1

− ς21ς23
2Ω2

− ς31ς33
2Ω3

)

Q32 =
1

2

∑

n′

(
dn′Θn′2Θn′3 + fn′Cn′2Cn′3 + 2gn′Θn′2Cn′3 −

ςn′2ςn′3
2Ωn′

)
+
K

∆

∑

m′,n′
ε3n′m′Cn′2Θm′3

=
K

∆
(C12Θ23 − C22Θ13) +

1

2
(d1Θ12Θ13 + d2Θ22Θ23 + d3Θ32Θ33 + f1C12C13 + f2C22C23

+f3C32C33 + 2g1Θ12C13 + 2g2Θ22C23 + 2g3Θ32C33 −
ς12ς13
2Ω1

− ς22ς23
2Ω2

− ς32ς33
2Ω3

)
.

▲❡♠❜r❛♥❞♦ q✉❡

Θ =




e−tcos (ωt) µ2 0

−µ2 e−tcos (ωt) 0

0 0 e−t




✭✺✳✶✶✮

C =




α (µ1 + ωµ2) α (ωµ1 − µ2) 0

−α (ωµ1 − µ2) α (µ1 + ωµ2) 0

0 0 1− e−t



, ✭✺✳✶✷✮

✶✷✷



♥♦t❛♠♦s q✉❡

Θ13 = Θ23 = Θ31 = Θ32 = 0

C13 = C23 = C31 = C32 = 0

❞❡ ♠♦❞♦ q✉❡

ς13 = ς31 = ς23 = ς32 = 0

❡ t❛♠❜é♠

Q13 = Q31 = Q23 = Q32 = 0,

µ1 = 1− e−tcos (ωt)

µ2 = e−tsen (ωt) .

❱✐st♦ q✉❡

ς11 = g1Θ11 + f1C11 +
K

∆
Θ21

= g1e
−tcos (ωt) + f1α (µ1 + ωµ2)−

K

∆
µ2

= α
1

∆

[(
1− e−2t

)
(1 + 2ωµ2)− 2µ1e

−2t
]
,

ς21 = g2Θ21 + f2C21 −
K

∆
Θ11

= −g2µ2 − f2α (ωµ1 − µ2)−
K

∆
e−tcos (ωt)

= −α 1

∆

[
2e−2tµ2 + ω

(
1− e−2t

)
(2µ1 − 1)

]
,

✶✷✸



ς12 = g1Θ12 + f1C12 +
K

∆
Θ22

= g1µ2 + f1α (ωµ1 − µ2) +
K

∆
e−tcos (ωt)

= α
1

∆

[
2e−2tµ2 + ω

(
1− e−2t

)
(2µ1 − 1)

]
= −ς21,

ς22 = g2Θ22 + f2C22 −
K

∆
Θ12

= g2e
−tcos (ωt) + f2α (µ1 + ωµ2)−

K

∆
µ2

= α
1

∆

[(
1− e−2t

)
(1 + 2ωµ2)− 2µ1e

−2t
]
= ς11,

ς33 = g3Θ33 + f3C33

= g3e
−t + f3

(
1− e−t

)

=
1

∆0

(
1− e−t

)2 (
1 + 2e−t

)
,

♦s t❡r♠♦s ♥ã♦ ♥✉❧♦s ❞❡ ◗ sã♦ ❞❛❞♦s ♣♦r

Q11 = γ̃ +
K

∆
(C11Θ21 − C21Θ11)

+
1

2

(
d1Θ

2
11 + d2Θ

2
21 + f1C

2
11 + f2C

2
21 + 2g1Θ11C11 + 2g2Θ21C21 −

ς211
2Ω1

− ς221
2Ω2

)

= γ̃ +
K

∆
(C11Θ21 − C21Θ11)

+
1

2

[
d
(
Θ2

11 +Θ2
21

)
+ f

(
C2
11 + C2

21

)
+ 2g (Θ11C11 +Θ21C21)−

ς211 + ς212
2Ω1

]
,

Q12 =
K

∆
(C12Θ21 − C22Θ11)

+
1

2

(
d1Θ11Θ12 + d2Θ21Θ22 + f1C11C12 + f2C21C22 + 2g1Θ12C11 + 2g2Θ22C21 −

ς11ς12

2Ω1
− ς21ς22

2Ω2

)

=
K

∆
(C12Θ21 − C22Θ11)

+
1

2
[d (Θ11Θ12 +Θ21Θ22) + f (C11C12 + C21C22) + 2g (Θ12C11 +Θ22C21)] ,

✶✷✹



Q21 =
K

∆
(C11Θ22 − C21Θ12)

+
1

2

(
d1Θ11Θ12 + d2Θ21Θ22 + f1C11C12 + f2C21C22 + 2g1Θ11C12 + 2g2Θ21C22 −

ς11ς12

2Ω1
− ς21ς22

2Ω2

)

=
K

∆
(C11Θ22 − C21Θ12)

+
1

2
[d (Θ11Θ12 +Θ21Θ22) + f (C11C12 + C21C22) + 2g (Θ11C12 +Θ21C22)] ,

Q22 = γ̃ +
K

∆
(C12Θ22 − C22Θ12)

+
1

2

(
d1Θ

2
12 + d2Θ

2
22 + f1C

2
12 + f2C

2
22 + 2g1Θ12C12 + 2g2Θ22C22 −

ς212
2Ω1

− ς222
2Ω2

)

= γ̃ +
K

∆
(C12Θ22 − C22Θ12) +

1

2

[
d
(
Θ2

12 +Θ2
22

)
+ f

(
C2
12 + C2

22

)
+ 2g (Θ12C12 +Θ22C22)−

ς212 + ς211
2Ω1

]
,

♦♥❞❡ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡

Θ2
12 +Θ2

22 = e−2tsen2 (ωt) + e−2tcos2 (ωt) = e−2t

Θ2
11 +Θ2

21 = e−2tsen2 (ωt) + e−2tcos2 (ωt) = e−2t

Θ11Θ12 +Θ21Θ22 = e−2tcos (ωt) sen (ωt)− e−2tsen (ωt) cos (ωt)

= 0,

C2
11 + C2

21 = [α (µ1 + ωµ2)]
2 + [α (ωµ1 − µ2)]

2

= α2
(
1 + ω2

) [(
1− e−tcos (ωt)

)2
+
(
e−tsen (ωt)

)2]

= α
[
1 + e−2t − 2e−tcos (ωt)

]

= α
[
2µ1 −

(
1− e−2t

)]
,

C2
12 + C2

22 = [α (ωµ1 − µ2)]
2 + [α (µ1 + ωµ2)]

2

= α
[
1 + e−2t − 2e−tcos (ωt)

]
,

✶✷✺



C11C12 + C21C22 = α2 (µ1 + ωµ2) (ωµ1 − µ2)− α2 (µ1 + ωµ2) (ωµ1 − µ2) = 0,

Θ11C11 +Θ12C12 = e−tcos (ωt)α (µ1 + ωµ2) + e−tsen (ωt)α (ωµ1 − µ2)

= αe−t [µ1cos (ωt)− µ2sen (ωt) + ωµ2cos (ωt) + ωµ1sen (ωt)]

= αe−t
[
cos (ωt) + ωsen (ωt)− e−t

]
,

Θ11C12 −Θ12C11 = e−tcos (ωt)α (ωµ1 − µ2)− e−tsen (ωt)α (µ1 + ωµ2)

= αe−t [ωµ1cos (ωt)− µ2cos (ωt)− µ1sen (ωt)− ωµ2sen (ωt)]

= αe−t
[
ωcos (ωt)− ωe−t − sen (ωt)

]
,

❡ ❛ss✐♠

Q11 = γ̃ +
K

∆
(C12Θ11 − C11Θ12) +

1

2

[
de−2t + f

(
C2

11 + C2
12

)
+ 2g (Θ11C11 +Θ12C12)−

ς211 + ς212
2Ω1

]

= γ̃ +
K

∆
αe−t

[
ω cos (ωt)− ωe−t − sin (ωt)

]

+
1

2

[
de−2t + fα

[
2µ1 −

(
1− e−2t

)]
+ 2gαe−t

[
cos (ωt) + ω sin (ωt)− e−t

]
− ς211 + ς212

2Ω1

]

= γ̃ +
e−4t

2

[
1

(1 + ω2) (1 + ω2 + 4βt) (1− e−2t)− 8β (1 + e−2t − 2e−2t cos (ωt))

]

{
e2t − 8β − 18βe2t + 2βe4t + 4βte2t + 2ω2e2t − 8βω2 + 6βω2e2t + 2e4tβω2 + 4e2ttβω2

+e2tω4 − 8βet
[
−3 +

(
−1 + e2t

)
ω2
]
cos (ωt) + 8et

(
−2 + e2t

)
βω sin (ωt)

}

= γ̃ +
1

2

[
1

(1 + ω2) (1 + ω2 + 4βt) (1− e−2t)− 8β (1− 2e−t cos (ωt) + e−2t)

]

{(
1 + ω2

)2
e−2t + 2β

(
1 + ω2

) [
1 + 2

(
t− 2e−2t

)
e−2t

]
+ 6β

(
ω2 − 3

)
e−2t

+8βe−t
{[(

ω2 + 3
)
cos (ωt)− 2ω sin (ωt)

]
e−2t + ω sin (ωt)− ω2 cos (ωt)

}}

✶✷✻



= γ̃ +
1

2

[
1

(1 + ω2)2 (1− e−2t) + 4β [t (1 + ω2) (1− e−2t)− 2 (1− 2e−t cos (ωt) + e−2t)]

]

×
[(
1 + ω2

)2
e−2t + 2β

{(
1 + ω2

) [
1 + 2

(
t− 2e−2t

)
e−2t

]
+ 3

(
ω2 − 3

)
e−2t

+4e−t
{[(

ω2 + 3
)
cos (ωt)− 2ω sin (ωt)

]
e−2t + ω [sin (ωt)− ω cos (ωt)]

}}]

= γ̃ +
1

2

[
1

1− e−2t + 2β∆

] [
e−2t + 2β

{
α
[
1 + 2

(
t− 2e−2t

)
e−2t

]
+ 3α (1− 4α) e−2t

+4α2e−t
{[(

ω2 + 3
)
cos (ωt)− 2ω sin (ωt)

]
e−2t + ω [sin (ωt)− ω cos (ωt)]

}}]
.

Q12 = −K

∆
(C12Θ12 + C11Θ11) + g (Θ12C11 −Θ11C12)

= −αe−t

{
K

∆

[
cos (ωt) + ω sin (ωt)− e−t

]
+ g

[
ω cos (ωt)− ωe−t − sin (ωt)

]}

= −α2 1

∆
e−t

{[
2µ2 − ω

(
1− e−2t

)] [
cos (ωt)− e−t + ω sin (ωt)

]
+
[
2µ1 −

(
1− e−2t

)] [
ω cos (ωt)− ωe−t − sin (ωt)

]}

= −α2 1

∆
e−t

{[
2e−t sin (ωt)ω − 2

(
1− e−t cos (ωt)

)
+
(
1− e−2t

) (
1− ω2

)]
sin (ωt)

+2
[
e−t sin (ωt)− ωe−t

(
cos (ωt)− e−t

)] [
cos (ωt)− e−t

]}

= −e−2t

(
2ω − 4ωet cos (ωt) + 2ωe2t cos (2ωt) + 3et sin (ωt) + e3t sin (ωt)− ω2et sin (ωt) + ω2e3t sin (ωt)− 2e2t sin (2ωt)

2 {2 + t+ ω2t− e2t (−2 + t+ ω2t)− 4et cos (ωt)}

)

=
1

2

(
2ωe−3t − e−2t

[(
ω2 − 3

)
sin (ωt) + 4ω cos (ωt)

]
+ 2e−t [ω cos (2ωt)− sin (2ωt)] +

(
1 + ω2

)
sin (ωt)

t (1 + ω2) (1− e−2t) + 4e−t cos (ωt)− 2 (1 + e−2t)

)
e−t

=
α2e−t

∆

{
2ωe−3t − e−2t

[(
ω2 − 3

)
sin (ωt) + 4ω cos (ωt)

]
+ 2e−t [ω cos (2ωt)− sin (2ωt)] +

(
1 + ω2

)
sin (ωt)

}
.

✶✷✼



Q21 =
K

∆
(C12Θ12 + C11Θ11)− g (Θ12C11 −Θ11C12)

= −Q12.

Q22 = γ̃ +
K

∆
(C12Θ11 − C11Θ12) +

1

2

[
de−2t + f

(
C2

11 + C2
12

)
+ 2g (Θ11C11 +Θ12C12)−

ς211 + ς212
2Ω1

]

= Q11.

Q33 = γ̃ +
1

2

(
d3Θ

2
33 + f3C

2
33 + 2g3Θ33C33 −

ς233
2Ω3

)

= γ̃ +
1

2∆0

{[(
1− e−2t

)
− 4

(
1− e−t

)
+ 2t

]
e−2t +

(
1− e−t

)3 (
1 + 3e−t

)
− 1

2∆0Ω3

(
1− e−t

)4 (
1 + 2e−t

)2
}

= γ̃ +
1

2 (1− e−t)

e−2t + 2β
[
1 + e−2t (−9 + 2t) + 12e−3t − 4e−4t

]

1 + e−t + 4β [(t+ 2) e−t + t− 2]

= γ̃ +
1

2 (1− e−t)

e−2t + 2β
{
1 +

[
2t− (3− 2e−t)

2
]
e−2t

}

(1 + e−t) + 4β [(t+ 2) e−t + t− 2]

= γ̃ +
1

2 (1− e−t)

2β + e−2t
[
1 + 4βt− 2β (3− 2e−t)

2
]

(1 + e−t) (1 + 4βt)− 8β (1− e−t)

= γ̃ +
1

2

2β + e−2t
[
1 + 4βt− 2β (3− 2e−t)

2
]

(1− e−2t) (1 + 4βt)− 8β (1− e−t)
2

= γ̃ +
β + e−2t

[
1
2 + 2βt− β (3− 2e−t)

2
]

(1− e−2t) (1 + 4βt)− 8β (1− e−t)
2

= γ̃ +
1

2 (1− e−t)

e−2t + β
{
1 +

[
2t− (3− 2e−t)

2
]
e−2t

}

(1 + e−t) + 4β [t (1 + e−t)− 2 (1− e−t)]

= γ̃ +
1

2

e−2t + β
{
1 +

[
2t− (3− 2e−t)

2
]
e−2t

}

1− e−2t + 2β∆0
.

❖❜s❡r✈❡ q✉❡ Q33 ≥ 0 ✈✐st♦ q✉❡

✶✷✽



t
(
1 + e−t

)
− 2

(
1− e−t

)
≥ 0

1 +
[
2t−

(
3− 2e−t

)2]
e−2t ≥ 0.

❉❡st❡ ♠♦❞♦ ✈❡♠♦s q✉❡ ❛ ♠❛tr✐③ Qmn é ❞❛ ❢♦r♠❛

Q =




Q11 Q12 0

−Q12 Q11 0

0 0 Q33




❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛s ✐♥t❡❣r❛✐s ✜❝❛ ❝♦♥❞✐❝✐♦♥❛❞❛ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ Qmm✳

▼❛♥✐♣✉❧❛çõ❡s ♠❛t❡♠át✐❝❛s ♥❛ ❡q✉❛çã♦ ✭✹✳✷✺✮

P❛r❛ t♦r♥❛r ♦ ❛r❣✉♠❡♥t♦ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❡q✉❛çã♦ ✭✹✳✷✺✮ ♠❛✐s ❝♦♠♣❛❝t♦✱

✜③❡♠♦s ❛s ♠❛♥✐♣✉❧❛çõ❡s ❡ ✐♥s❡r✐♠♦s ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ♠♦str❛❞❛s ❛ s❡❣✉✐r✳

P♦❞❡♠♦s ♥♦t❛r q✉❡ ♥♦ ❛r❣✉♠❡♥t♦ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ r❡❢❡r✐❞❛ t❡♠♦s ♦ t❡r♠♦✿

1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn − ξ2m
4Ωm

=
1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn − 1

4Ωm

(
fmAm + gmBm +

K

∆

∑

n

ε3mnBn

)2

=
1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn

− 1

4Ωm

(
fmAm + gmBm +

K

∆

∑

n

ε3mnBn

)(
fmAm + gmBm +

K

∆

∑

n′

ε3mn′Bn′

)

✶✷✾



=
1

2
fmA2

m + gmAmBm − 1

4Ωm
(fmAm + gmBm)2 +

K

∆

∑

n

ε3mnAmBn

− 1

2Ωm

K

∆

∑

n

ε3mnBn (fmAm + gmBm)− 1

4Ωm

(
K

∆

)2
(
∑

n

ε3mnBn

)2

=
1

2
fmA2

m + gmAmBm − 1

4Ωm
(fmAm + gmBm)2

+
K

∆

∑

n

ε3mnAmBn

(
2Ωm − fm

2Ωm

)
− 1

4Ωm

(
K

∆

)2
(
∑

n

ε3mnBn

)2

=
1

Ωm


β
(
1

2
fmA2

m + gmAmBm +
K

∆

∑

n

ε3mnAmBn

)
−
(
1

2
gmBm

)2

−
(

K

2∆

∑

n

ε3mnBn

)2

 ,

❡♥q✉❛♥t♦ q✉❡

ηm = 2γ̃Vm +
∑

n

[
(dnBn + gnAn)Θnm + (fnAn + gnBn)Cnm − ξnςnm

2Ωn

]
+

K

∆

∑

n,n′
ε3n′n (An′Θnm +BnCn′m)

= 2γ̃Vm +
∑

n

[
(dnBn + gnAn)Θnm + (fnAn + gnBn)Cnm − fnAn + gnBn + K

∆

∑
n′ ε3nn′Bn′

2Ωn
ςnm

]

+
K

∆

∑

n,n′
ε3n′n (An′Θnm +BnCn′m)

= 2γ̃Vm +
∑

n

[
(dnBn + gnAn)Θnm + (fnAn + gnBn)

(
Cnm − ςnm

2Ωn

)]

+
K

∆

∑

n,n′
ε3n′n

[
An′Θnm +

(
Cn′m − ςn′m

2Ωn′

)
Bn

]

= 2γ̃Vm +
∑

n

{
(dnBn + gnAn)Θnm + (fnAn + gnBn)

1

Ωn

[
βCnm − 1

2
gnΘnm − K

2∆

∑

n′
ε3nn′Θn′m

]}

+
K

∆

∑

n,n′
ε3n′n

{
An′Θnm +

1

Ωn′

[
βCn′m − 1

2
gn′Θn′m − K

2∆

∑

m′
ε3n′m′Θm′m

]
Bn

}

✶✸✵



= 2γ̃Vm +
∑

n

An
β

Ωn

(
fnCnm + gnΘnm +

K

∆

∑

n′
ε3nn′Θn′m

)

+
∑

n

Bn

[
2Ωndn − (gn)

2

2Ωn
Θnm +

β

Ωn
gnCnm +

K

∆

∑

n′
ε3n′n

1

Ωn′

(
βCn′m − K

2∆

∑

m′
ε3n′m′Θm′m

)]
.

❉❡✜♥✐♥❞♦ ♦ ✈❡t♦r ❛ s❡❣✉✐r

Ξnm =
2Ωndn − (gn)

2

2Ωn

Θnm +
β

Ωn

gnCnm +
K

∆

∑

n′
ε3n′n

1

Ωn′

(
βCn′m − K

2∆

∑

m′
ε3n′m′Θm′m

)
,

r❡❡s❝r❡✈❡♠♦s ηm✿

ηm = 2γ̃Vm + β
∑

n

An

Ωn

ςnm +
∑

n

BnΞnm

♦♥❞❡ ❧❡♠❜r❛♠♦s q✉❡

ςnm = fnCnm + gnΘnm +
K

∆

∑

n′
ε3nn′Θn′m.

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ Ξnm ✐♠♣❧✐❝❛ q✉❡

Ξ11 =
2Ω1d− (g)2

2Ω1

Θ11 +
β

Ω1

gC11 +
K

∆

∑

n′
ε3n′1

1

Ωn′

(
βCn′1 −

K

2∆

∑

m′
ε3n′m′Θm′1

)

=
2Ω1d− (g)2

2Ω1

Θ11 +
β

Ω1

gC11 +
K

∆
ε321

1

Ω2

(
βC21 −

K

2∆
ε321Θ11

)
,

Ξ22 =
2Ω1d− (g)2

2Ω1

Θ11 +
β

Ω1

gC11 +
K

∆

∑

n′
ε3n′2

1

Ωn′

(
βCn′2 −

K

2∆

∑

m′
ε3n′m′Θm′2

)

=
2Ω1d− (g)2

2Ω1

Θ11 +
β

Ω1

gC11 +
K

∆
ε312

1

Ω1

(
βC12 −

K

2∆
ε312Θ22

)

=
2Ω1d− (g)2

2Ω1

Θ11 +
β

Ω1

gC11 +
K

∆
ε321

1

Ω2

(
βC21 −

K

2∆
ε321Θ11

)

= Ξ11

✶✸✶



Ξ12 =
2Ω1d− (g)2

2Ω1

Θ12 +
β

Ω1

gC12 +
K

∆

∑

n′
ε3n′1

1

Ωn′

(
βCn′2 −

K

2∆

∑

m′
ε3n′m′Θm′2

)

=
2Ω1d− (g)2

2Ω1

Θ12 +
β

Ω1

gC12 +
K

∆
ε321

1

Ω2

(
βC22 −

K

2∆
ε321Θ12

)
,

Ξ21 = −2Ω1d− (g)2

2Ω1

Θ12 −
β

Ω1

gC12 +
K

∆

∑

n′
ε3n′2

1

Ωn′

(
βCn′1 −

K

2∆

∑

m′
ε3n′m′Θm′1

)

= −2Ω1d− (g)2

2Ω1

Θ12 −
β

Ω1

gC12 +
K

∆
ε312

1

Ω1

(
βC11 −

K

2∆
ε312Θ21

)

= −2Ω1d− (g)2

2Ω1

Θ12 −
β

Ω1

gC12 −
K

∆
ε321

1

Ω2

(
βC22 −

K

2∆
ε321Θ12

)

= −Ξ12

Ξ13 =
2Ω1d1 − (g1)

2

2Ω1

Θ13 +
β

Ω1

g1C13 +
K

∆

∑

n′
ε3n′1

1

Ωn′

(
βCn′3 −

K

2∆

∑

m′
ε3n′m′Θm′3

)

= 0

Ξ23 =
2Ω2d2 − (g2)

2

2Ω2

Θ23 +
β

Ω2

g2C23 +
K

∆

∑

n′
ε3n′2

1

Ωn′

(
βCn′3 −

K

2∆

∑

m′
ε3n′m′Θm′3

)

= 0

Ξ31 =
2Ω3d3 − (g3)

2

2Ω3

Θ31 +
β

Ω3

g3C31 +
K

∆

∑

n′
ε3n′3

1

Ωn′

(
βCn′1 −

K

2∆

∑

m′
ε3n′m′Θm′1

)

= 0

Ξ32 =
2Ω3d3 − (g3)

2

2Ω3

Θ32 +
β

Ω3

g3C32 +
K

∆

∑

n′
ε3n′3

1

Ωn′

(
βCn′2 −

K

2∆

∑

m′
ε3n′m′Θm′2

)

= 0.

❊ ✈♦❧t❛♥❞♦ à ❡q✉❛çã♦ ✭✹✳✷✺✮✱ ✈❡♠♦s q✉❡ ♦ ❛r❣✉♠❡♥t♦ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ é ❞❛❞♦ ♣♦r

∑

m

[
1

2
dmB

2
m + γ̃V2

m − η2m
4Qmm

+
1

2
fmA

2
m + gmAmBm +

K

∆

∑

n

ε3mnAmBn −
ξ2m
4Ωm

]

=
∑

m



γ̃V

2
m − (2γ̃Vm)

2

4Qmm

− 4γ̃Vm

4Qmm

(
β
∑

n

An

Ωn

ςnm

)
− 1

4Qmm

(
β
∑

n

An

Ωn

ςnm

)2

+ βfm
1

2Ωm

A2
m

✶✸✷



− γ̃Vm

Qmm

∑

n

BnΞnm − β

2Qmm

∑

n

An

Ωn

ςnm
∑

n′

Bn′Ξn′m − 1

4Qmm

(
∑

n

BnΞnm

)2

+β
Am

Ωm

(
gmBm +

K

∆

∑

n

ε3mnBn

)
+

2Ωmdm − (gm)
2

4Ωm

B2
m − 1

Ωm

(
K

2∆

∑

n

ε3mnBn

)2




=
∑

m



γ̃V

2
m + β

fm
2Ωm

A2
m − 1

4Qmm

(
2γ̃Vm + β

∑

n

An

Ωn

ςnm

)2

+Bm

[
β

(
Am

Ωm

gm +
K

∆

∑

n

ε3nm
An

Ωn

−
∑

n,n′

1

2Qn′n′

An

Ωn

ςnn′Ξmn′

)
− γ̃

∑

n

Ξmn
Vn

Qnn

]

+
2Ωmdm − (gm)

2

4Ωm

B2
m +

∑

n,n′

BnBn′

[
1

4Qmm

ΞnmΞmn′ − 1

Ωm

(
K

2∆

)2

ε3mnε3mn′

]}

=
∑

m



γ̃V

2
m + β

fm
2Ωm

A2
m − 1

4Qmm

(
2γ̃Vm + β

∑

n

An

Ωn

ςnm

)2

+Bm

[
β

(
Am

Ωm

gm +
K

∆

∑

n

ε3nm
An

Ωn

−
∑

n,n′

1

2Qn′n′

An

Ωn

ςnn′Ξmn′

)
− γ̃

∑

n

Ξmn
Vn

Qnn

]

+B2
m

{
2Ωmdm − (gm)

2

4Ωm

+
1

4Qmm

(Ξmm)
2 −

[
(Ξ12)

2

4Qmm

+
1

Ωm

(
K

2∆

)2
]
(1− δm3)

}}
.

▼❛s t❡♠♦s q✉❡

∑

m,n,n′

BnBn′

[
1

4Qmm

ΞnmΞmn′ − 1

Ωm

(
K

2∆

)2

ε3mnε3mn′

]

= (B1)
2 1

4Q11

(Ξ11)
2 + (B2)

2 1

4Q22

(Ξ22)
2 + (B3)

2 1

4Q33

(Ξ33)
2

− (B1)
2 1

4Q22

(Ξ12)
2 − (B2)

2 1

4Q11

(Ξ12)
2

− (B1)
2 1

Ω2

(
K

2∆

)2

− (B2)
2 1

Ω1

(
K

2∆

)2

=
∑

m

(Bm)
2

{
1

4Qmm

(Ξmm)
2 −

[
(Ξ12)

2

4Qmm

+
1

Ωm

(
K

2∆

)2
]
(1− δm3)

}
,

✶✸✸



❡✱ ♣♦rt❛♥t♦✱ ✈❡♠♦s q✉❡ ❛ ✐♥t❡❣r❛❧ ❡♠ υm ♣♦❞❡ s❡r ❢❡✐t❛ s❡♠ ♣r♦❜❧❡♠❛s✳

❙❡ ❞❡✜♥✐r♠♦s

Tm = γ̃V2
m + β

fm
2Ωm

A2
m − 1

4Qmm

(
2γ̃Vm + β

∑

n

An

Ωn

ςnm

)2

Ym = β

(
Am

Ωm

gm +
K

∆

∑

n

ε3nm
An

Ωn

−
∑

n,n′

1

2Qn′n′

An

Ωn

ςnn′Ξmn′

)
− γ̃

∑

n

Ξmn
Vn

Qnn

Zm =
2Ωmdm − (gm)

2

4Ωm

+
1

4Qmm

(Ξmm)
2 −

[
(Ξ12)

2

4Qmm

+
1

Ωm

(
K

2∆

)2
]
(1− δm3) ,

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ρ ❝♦♠♦

ρ ({xm} , {υm} , t) = π3χ
1

Ω1Q11

√
Ω3Q33

exp

[
−
∑

m

(
Tm +BmYm +B2

mZm

)
]

♦✉ ❛✐♥❞❛

ρ ({xm} , {υm} , t) = π3χ
1

Ω1Q11

√
Ω3Q33

exp

{
−
∑

m

[
Tm + (υm −Nm)Ym + (υm −Nm)

2
Zm

]}

= π3χ
1

Ω1Q11

√
Ω3Q33

exp

{
−
∑

m

[(
Tm −NmYm +N2

mZm

)
+ υm (Ym − 2NmZm) + υ2

mZm

]
}
.
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