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❘❡s✉♠♦

◆❡st❛ t❡s❡✱ ❡st✉❞❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ ♣r♦❝❡ss♦s ❞✐♥â♠✐❝♦s ❞❡ ✐♥✢✉ê♥❝✐❛

❡♠ r❡❞❡s ❝♦♠♣❧❡①❛s s✉❥❡✐t❛s ❛ ♣❡rt✉r❜❛çõ❡s ❡①t❡r♥❛s✳ ❈♦♥s✐❞❡r❛♠♦s r❡❞❡s ❝✉❥♦s ♥ós

❛❞♠✐t❡♠ ❞♦✐s ❡st❛❞♦s ✐♥t❡r♥♦s✱ ❞✐❣❛♠♦s 0 ❡ 1✳ ❖s ❡st❛❞♦s ✐♥t❡r♥♦s s❡ ❛❧t❡r❛♠ ❞❡ ❛❝♦r❞♦

❝♦♠ ♦s ❡st❛❞♦s ❞♦s ♥ós ✈✐③✐♥❤♦s✳ ❙✉♣♦♠♦s q✉❡ ❤á N1 ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ ✶✱

N0 ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ 0 ❡ ♦✉tr♦s N ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

❧✐✈r❡✳ ❖s ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ♣♦❞❡♠ s❡r ✐♥t❡r♣r❡t❛❞♦s ❝♦♠♦ ♣❡rt✉r❜❛çõ❡s

❡①t❡r♥❛s à s✉❜r❡❞❡ ❞❡ N ❡❧❡♠❡♥t♦s ❧✐✈r❡s✳ ❊st❡ s✐st❡♠❛ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦

❞♦ ❡❧❡✐t♦r ❬✷✺❪ ❡ ♣♦❞❡ ❞❡s❝r❡✈❡r ❞✐✈❡rs❛s s✐t✉❛çõ❡s ✐♥t❡r❡ss❛♥t❡s✱ ✐♥❞♦ ❞❡ s✐st❡♠❛s s♦❝✐❛✐s

❬✷✻❪ ♣❛r❛ ❛ ❢ís✐❝❛ ❡ ❛ ❣❡♥ét✐❝❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❝❛❧❝✉❧❛r❡♠♦s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛ ❡✈♦❧✉çã♦

❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ♦❜t❡♥❞♦ ❡①♣r❡ssõ❡s ♣❛r❛ ❛s ❞✐str✐❜✉✐çõ❡s

❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠❛ r❡❞❡ q✉❛❧q✉❡r ❡ t❛♠❜é♠ ❞❡ t♦❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✳

❊♠ s❡❣✉✐❞❛✱ ❣❡♥❡r❛❧✐③❛♠♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N0 ❡ N1 sã♦ ♠❡♥♦r❡s

❞♦ q✉❡ 1✱ r❡♣r❡s❡♥t❛♥❞♦ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦ ❞♦ s✐st❡♠❛ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ ❡①✲

t❡r♥♦✳ ▼♦str❛♠♦s q✉❡ ♦s r❡s✉❧t❛❞♦s ❡①❛t♦s sã♦ ❡①❝❡❧❡♥t❡s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ✈ár✐❛s

♦✉tr❛s r❡❞❡s✱ ✐♥❝❧✉✐♥❞♦ r❡❞❡s ❛❧❡❛tór✐❛s✱ r❡t✐❝✉❧❛❞❛s✱ ❧✐✈r❡s ❞❡ ❡s❝❛❧❛✱ ❡str❡❧❛ ❡ ♠✉♥❞♦

♣❡q✉❡♥♦✱ ❡ ❡st✉❞❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❡st❛s ♦✉tr❛s r❡❞❡s ♥✉♠❡r✐❝❛♠❡♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱

❞❡♠♦♥str❛♠♦s q✉❡✱ s❡ ♦s ❞♦✐s ♣❛râ♠❡tr♦s ❞❛ s♦❧✉çã♦ ♣❛r❛ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝✲

t❛❞❛s✱ N0 ❡ N1✱ ❢♦r❡♠ ❛❧t❡r❛❞♦s ♣❛r❛ ✈❛❧♦r❡s ❡❢❡t✐✈♦s ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ r❡❞❡ ❡s♣❡❝í✜❝♦✱

♦ ♥♦ss♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ❡①♣❧✐❝❛ s❛t✐s❢❛t♦r✐❛♠❡♥t❡ t♦❞❛s ❛s ❞✐♥â♠✐❝❛s ❡ ❡st❛❞♦s ❛ss✲

✐♥tót✐❝♦s ❞❡ ♦✉tr❛s t♦♣♦❧♦❣✐❛s✳ ❖ ♥♦ss♦ ♠♦❞❡❧♦ é ♣♦rt❛♥t♦ ❜❛st❛♥t❡ ❣❡r❛❧✱ s❡ ❛♣❧✐❝❛❞♦

❝✉✐❞❛❞♦s❛♠❡♥t❡✳
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❆❜str❛❝t

❲❡ st✉❞② t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ✐♥✢✉❡♥❝❡ ♥❡t✇♦r❦s s✉❜❥❡❝t❡❞ t♦ ❡①t❡r♥❛❧ ♣❡rt✉r✲

❜❛t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ♥❡t✇♦r❦s ✇❤♦s❡ ♥♦❞❡s ❤❛✈❡ ✐♥t❡r♥❛❧ st❛t❡s t❤❛t ❝❛♥ ❛ss✉♠❡ t❤❡

✈❛❧✉❡s ✵ ♦r ✶✳ ❚❤❡ ✐♥t❡r♥❛❧ st❛t❡s ❝❛♥ ❝❤❛♥❣❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ st❛t❡ ♦❢ t❤❡ ♥❡✐❣❤❜♦r✲

✐♥❣ ♥♦❞❡s✳ ❲❡ ❧❡t N1 ♥♦❞❡s ❜❡ ❢r♦③❡♥ ✐♥ t❤❡ st❛t❡ ✶✱ N0 ❜❡ ❢r♦③❡♥ ✐♥ t❤❡ st❛t❡ ✵ ❛♥❞

t❤❡ r❡♠❛✐♥✐♥❣ N ♥♦❞❡s ❜❡ ❢r❡❡ t♦ ❝❤❛♥❣❡ t❤❡✐r ✐♥t❡r♥❛❧ st❛t❡✳ ❚❤❡ ❢r♦③❡♥ ♥♦❞❡s ❛r❡

✐♥t❡r♣r❡t❡❞ ❛s ❡①t❡r♥❛❧ ♣❡rt✉r❜❛t✐♦♥s t♦ t❤❡ s✉❜✲♥❡t✇♦r❦ ♦❢ N ❢r❡❡ ♥♦❞❡s✳ ❚❤❡ s②st❡♠

✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈♦t❡r ♠♦❞❡❧ ❬✷✺❪ ❛♥❞ ❝❛♥ ❞❡s❝r✐❜❡ ❛ ✈❛r✐❡t② ♦❢ ✐♥t❡r❡st✐♥❣

s✐t✉❛t✐♦♥s✱ ❢r♦♠ s♦❝✐❛❧ s②st❡♠s ❬✷✻❪ t♦ ♣❤②s✐❝s ❛♥❞ ❣❡♥❡t✐❝s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❝❛❧❝✉✲

❧❛t❡ ❛♥❛❧②t✐❝❛❧❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥

❛♥② t✇♦ st❛t❡s ❢♦r ❛r❜✐tr❛r② ✈❛❧✉❡s ♦❢ N ✱ N1 ❛♥❞ N0 ❢♦r t❤❡ ❝❛s❡ ♦❢ ❢✉❧❧② ❝♦♥♥❡❝t❡❞

♥❡t✇♦r❦s✳

◆❡①t ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ N0 ❛♥❞ N1 ❛r❡ s♠❛❧❧❡r t❤❛♥ ✶✱

r❡♣r❡s❡♥t✐♥❣ t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ♥❡t✇♦r❦ t♦ ❛♥ ❡①t❡r♥❛❧ r❡s❡r✈♦✐r✳ ❲❡ s❤♦✇

t❤❛t ♦✉r ❡①❛❝t r❡s✉❧ts ❛r❡ ❡①❝❡❧❧❡♥t ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r s❡✈❡r❛❧ ♦t❤❡r t♦♣♦❧♦❣✐❡s✱ ✐♥✲

❝❧✉❞✐♥❣ r❛♥❞♦♠✱ r❡❣✉❧❛r ❧❛tt✐❝❡s✱ s❝❛❧❡✲❢r❡❡✱ st❛r ❛♥❞ s♠❛❧❧ ✇♦r❧❞ ♥❡t✇♦r❦s✱ ❛♥❞ st✉❞②

t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡s❡ ♦t❤❡r ♥❡t✇♦r❦s ♥✉♠❡r✐❝❛❧❧②✳ ❲❡ t❤❡♥ ♣r♦❝❡❡❞ t♦ s❤♦✇ t❤❛t✱

❜② ❛♣♣r♦♣r✐❛t❡❧② t✉♥✐♥❣ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ ❢r♦♠ ❢✉❧❧② ❝♦♥♥❡❝t❡❞

♥❡t✇♦r❦s✱ N0❛♥❞ N1✱ t♦ ❡✛❡❝t✐✈❡ ✈❛❧✉❡s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♦t❤❡r✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞

♥❡t✇♦r❦ t②♣❡s✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❡①♣❧❛✐♥ t❤❡✐r ❛s②♠♣t♦t✐❝ ♥❡t✇♦r❦ ❜❡❤❛✈✐♦✉r✳ ❖✉r ♠♦❞❡❧

✐s t❤❡r❡❢♦r❡ q✉✐t❡ ❣❡♥❡r❛❧ ✐♥ ❛♣♣❧✐❝❛❜✐❧✐t②✱ ✐❢ ✉s❡❞ ❝♦♥s❝✐♦✉s❧②✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦ Pr♦❢❡ss♦r ▼❛r❝✉s ❆✳ ▼✳ ❞❡ ❆❣✉✐❛r✱ q✉❡ ❡st❡✈❡ s❡♠♣r❡ ♣r❡s❡♥t❡ ♣❛r❛ ♠❡

❛❥✉❞❛r ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❙❡♠♣r❡ q✉❡ ♣r❡❝✐s❡✐✱ ❡❧❡ ❡st❛✈❛ ❞✐s♣♦st♦ ❛ ❛❥✉❞❛r✱

❝♦♠ s❡✉ ❜♦♠ ❤✉♠♦r ❞❡ s❡♠♣r❡ ❡ ❝♦♠ ❡①❝❡❧❡♥t❡s ✐❞é✐❛s ❡ ❝á❧❝✉❧♦s✳ ❊st❡ tr❛❜❛❧❤♦

❞❡✜♥✐t✐✈❛♠❡♥t❡ ♥ã♦ t❡r✐❛ s✐❞♦ ♣♦ssí✈❡❧ s❡ ♥ã♦ ♣❡❧♦ ▼❛r❝✉s✳ ❋♦✐ ✉♠ ❣r❛♥❞❡ ♣r❛③❡r

tr❛❜❛❧❤❛r ❝♦♠ ❡❧❡✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ t♦❞♦s q✉❡✱ ❞❡ ✉♠❛ ❢♦r♠❛ ♦✉ ❞❡ ♦✉tr❛✱ ♠❡ ❛♣♦✐❛r❛♠ ❞✉r❛♥t❡

♦ tr❛❜❛❧❤♦ ❞❡ ♠❡str❛❞♦✳ ❆❣r❛❞❡ç♦ ❛ ♣❛❝✐ê♥❝✐❛ ❞♦ ❣r✉♣♦ ❞❡ ❡st✉❞♦s ♣♦r ♦✉✈✐r❡♠

s♦❜r❡ ♠❡✉ tr❛❜❛❧❤♦ r❡♣❡t✐❞❛s ✈❡③❡s ❡ ♣❡❧♦s ❝♦♠❡♥tár✐♦s ♣r♦❞✉t✐✈♦s✳ ❖ ❛♠❜✐❡♥t❡ ❞❡

tr❛❜❛❧❤♦ ❞❛ s❛❧✐♥❤❛ ❞❡ ❡st✉❞♦s ❞♦ ❉❋▼❈ ♣♦❞❡ ♥ã♦ t❡r ❥❛♥❡❧❛s✱ ♠❛s ❛♣❡s❛r ❞✐ss♦ é

♠✉✐t♦ r❡❝❡♣t✐✈♦ ❡ é s❡♠♣r❡ ❛❣r❛❞á✈❡❧ ❡♥❝♦♥tr❛r ♦ ♣❡ss♦❛❧ ❞❡ ❧á✳ ❚❛♠❜é♠ s♦✉ ❣r❛t♦

❛♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ✐♥st✐t✉t♦✱ s❡♠♣r❡ s✐♠♣át✐❝♦s ❡ ❞✐s♣♦st♦s ❛ ❛❥✉❞❛r❀ ❡♠ ♣❛rt✐❝✉❧❛r✱

à s❡❝r❡t❛r✐❛ ❞♦ ❉❋▼❈ ❡ s❡❝r❡t❛r✐❛ ❞❡ ♣ós✲❣r❛❞✉❛çã♦✱ q✉❡ ❝❡rt❛♠❡♥t❡ t❡✈❡ ❜❛st❛♥t❡

♣❛❝✐ê♥❝✐❛ ❝♦♠✐❣♦✳ ❙♦✉ ❣r❛t♦ ❛ ♠✉✐t❛s ♣❡ss♦❛s✱ ♠❛s ♣♦r ♠❡❞♦ ❞❡ ❝♦♠❡t❡r ✐♥❥✉st✐ç❛s

❡✈✐t❛r❡✐ ❧✐st❛r ❛q✉✐ ❡st❛s ♣❡ss♦❛s ♣♦r ♥♦♠❡✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ♠❡✉s ♣❛✐s✱ ❈❛r♦❧❛ ❉♦❜r✐❣❦❡✐t ❡ ❏♦sé ❆✉❣✉st♦ ❈❤✐♥❡❧❧❛t♦✱

♣♦r t♦❞♦ t✐♣♦ ❞❡ s✉♣♦rt❡ q✉❡ ♠❡ ❞❡r❛♠ ♥❡st❡ ♣❡rí♦❞♦✳ ❊❧❡s ♠❡ ❛❥✉❞❛r❛♠ ❜❛st❛♥t❡✱

♥ã♦ só ♥❡st❡ ♣❡rí♦❞♦✱ ♠❛s ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❣❡r❛❧✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ♠❡✉ ✐r♠ã♦

♣❡❧♦ ❛♣♦✐♦ q✉❡ t❡♠ ❞❛❞♦✱ ❡ ❛❣r❛❞❡ç♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ à ❘❛❢❛❡❧❧❛ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱

❛♠✐③❛❞❡ ❡ ❜♦♥s ♠♦♠❡♥t♦s✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ à ❋❆P❊❙P ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

■■■
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

✶✳✶ ■♥tr♦❞✉çã♦

❆ ❛♣❧✐❝❛çã♦ ❞❡ ♠ét♦❞♦s ❡ té❝♥✐❝❛s ❞❡ ♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❇✐♦❧♦❣✐❛

t❡♠ s❡ t♦r♥❛❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s ❢r❡qü❡♥t❡✳ ◆♦ ❝❛♠♣♦ ❞❛ ❊❝♦❧♦❣✐❛✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣r♦❝❡s✲

s♦s ❞♦ t✐♣♦ ♣r❡❞❛❞♦r✲♣r❡s❛ ♦✉ ♣❛r❛s✐t❛✲❤♦s♣❡❞❡✐r♦ sã♦ ♠♦❞❡❧❛❞♦s ♣♦r ♠❡✐♦ ❞❡ ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♦✉ ♣♦r ❡q✉❛çõ❡s ❛ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❬✶❪✱ ❬✷❪✱ ❬✸❪✳ ■♥ú♠❡r❛s ❛♣❧✐❝❛çõ❡s ♣♦❞❡♠

t❛♠❜é♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s s❡①✉❛❞❛s ♦✉ ❛ss❡①✉❛❞❛s ❬✹❪✱ ❬✺❪✱

❬✻❪✱ ❬✼❪✳

❊①✐st❡♠ ✈ár✐❛s ♠❛♥❡✐r❛s ❞❡ ♠♦❞❡❧❛r s✐st❡♠❛s ❡❝♦❧ó❣✐❝♦s✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ q✉❡ s❡

q✉❡r ♦❜s❡r✈❛r ❡ ❞❛ s✐t✉❛çã♦ ❡s♣❡❝í✜❝❛ q✉❡ s❡ t❡♠ ❡♠ ♠❡♥t❡✳ ❊♠ ♠♦❞❡❧♦s ❞♦ t✐♣♦

❝❛♠♣♦ ♠é❞✐♦ ❝♦♥s✐❞❡r❛♠✲s❡ ♣♦♣✉❧❛çõ❡s ❝✉❥♦s ✐♥❞✐✈í❞✉♦s s❡ ♠✐st✉r❛♠ t♦t❛❧♠❡♥t❡✱ ❞❡

t❛❧ ❢♦r♠❛ q✉❡ ♣♦❞❡♠ ✐♥t❡r❛❣✐r ✉♥s ❝♦♠ ♦s ♦✉tr♦s ❞❡ ♠❛♥❡✐r❛ ✉♥✐❢♦r♠❡✳ ❊ss❡s ♠♦❞❡❧♦s

sã♦ ❞❡s❝r✐t♦s ♣♦r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s s✐♠♣❧❡s ❝✉❥❛s ✈❛r✐á✈❡✐s r❡♣r❡s❡♥t❛♠ ❛s q✉❛♥✲

t✐❞❛❞❡s ❞❡ ✐♥❞✐✈í❞✉♦s ❞❡ ❝❛❞❛ t✐♣♦✳ ▼♦❞❡❧♦s ❡s♣❛❝✐❛✐s ❥á ❧❡✈❛♠ ❡♠ ❝♦♥t❛ ❛ ♣♦s✐çã♦

❣❡♦❣rá✜❝❛ ❞♦s ✐♥❞✐✈í❞✉♦s✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ s✉❛ ✐♥t❡r❛çã♦ ❛♣❡♥❛s ❝♦♠ ✐♥❞✐✈í❞✉♦s ♠❛✐s

♣ró①✐♠♦s✳ ◆❡st❡ ❝❛s♦✱ sã♦ ❢❡✐t❛s ❞❡s❝r✐çõ❡s ♣♦r ❡q✉❛çõ❡s ♣❛r❝✐❛✐s ♦✉ ♣♦r ❡q✉❛çõ❡s ❛

❞✐❢❡r❡♥ç❛ ✜♥✐t❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ ❡ ♦ t❡♠♣♦ ❞✐s❝r❡t♦s✳ ❯♠❛ t❡r❝❡✐r❛ ❢♦r♠❛ ❞❡

♠♦❞❡❧❛❣❡♠ tr❛t❛ ❞❡ ❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s ❡ ❝♦♥s✐❞❡r❛ ♦s ✐♥❞✐✈í❞✉♦s ❝♦♠♦ ♥ós ❞❡

✉♠❛ r❡❞❡ ❛❜str❛t❛✳ ❈♦♥❡①õ❡s ❡♥tr❡ ❡st❡s ♥ós r❡♣r❡s❡♥t❛♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✐♥t❡r❛çã♦

r❡♣r♦❞✉t✐✈❛ ❡♥tr❡ ♦s ✐♥❞✐✈í❞✉♦s ❝♦♥❡❝t❛❞♦s✳ ➱ ❡♥tã♦ ♣♦ssí✈❡❧ ❡st✉❞❛r ❛ ❞✐♥â♠✐❝❛ r❡✲

♣r♦❞✉t✐✈❛ ❡✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♦ ❢❡♥ô♠❡♥♦ ❞❡ ❞❡r✐✈❛ ❣❡♥ét✐❝❛✱ ♥♦ q✉❛❧ ❞❡t❡r♠✐♥❛❞♦

❛❧❡❧♦ ❛❝❛❜❛✱ ❡❢❡t✐✈❛♠❡♥t❡✱ s❡♥❞♦ s❡❧❡❝✐♦♥❛❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ♣❛r❛ ✜①❛çã♦ ❣❡♥ét✐❝❛✳

❖ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ❞❡r✐✈❛ ❣❡♥ét✐❝❛ é ❝♦♥str✉í❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❝♦♥✲

s✐❞❡r❛♠♦s ✉♠❛ ♣♦♣✉❧❛çã♦ ♣❛♥♠ít✐❝❛ ✭✐✳❡✳✱ ♦♥❞❡ ♦s ✐♥❞✐✈í❞✉♦s ♣♦❞❡♠ s❡ r❡♣r♦❞✉③✐r

❛ss♦❝✐❛♥❞♦✲s❡ ✉♥s ❝♦♠ ♦s ♦✉tr♦s ❞❡ ♠❛♥❡✐r❛ ✉♥✐❢♦r♠❡✮ ❝♦♠ N ✐♥❞✐✈í❞✉♦s ❤❛♣❧ó✐❞❡s

✭❝♦♠ ❛♣❡♥❛s ✉♠❛ ❝ó♣✐❛ ❞❡ ❝❛❞❛ ❝r♦♠♦ss♦♠♦✮ q✉❡ s❡ r❡♣r♦❞✉③❡♠ s❡①✉❛❞❛♠❡♥t❡✳ ❖❧✲

✶



❤❛♠♦s ♣❛r❛ ✉♠ ú♥✐❝♦ ❣❡♥❡ ❞❛ ♣♦♣✉❧❛çã♦✱ q✉❡ ❛ss✉♠✐♠♦s ❡①✐st✐r ❡♠ ❞✉❛s ❢♦r♠❛s

✭❛❧❡❧♦s✮✱ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ✵ ❡ ✶✳ ❆ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✱ ✉♠ ✐♥❞✐✈í❞✉♦ ❞❛ ♣♦♣✉❧❛çã♦

✭❛ ✏♠ã❡✑✮ é ❡s❝♦❧❤✐❞♦ ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛ ♣❛r❛ r❡♣r♦❞✉③✐r✳ ◆♦ ✜♥❛❧ ❞❛ r❡♣r♦❞✉çã♦ ❡st❡

✐♥❞✐✈í❞✉♦ ♠♦rr❡ ❡ é s✉❜st✐t✉í❞♦ ♣❡❧♦ ✏✜❧❤♦✑✳ ❆ ♠ã❡ ❡s❝♦❧❤❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠ ♣❛r✲

❝❡✐r♦ ✭♦ ✏♣❛✐✑✮ ❡ ♦ ✜❧❤♦ t❡♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ p ❞❡ ❛ss✉♠✐r ♦ ❛❧❡❧♦ ❞❛ ♠ã❡ ❡ (1 − p) ❞❡

❛ss✉♠✐r ♦ ❛❧❡❧♦ ❞♦ ♣❛✐✳ ❊ss❡ ♣r♦❝❡ss♦ ♣♦❞❡ s❡r ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛♣❡❛❞♦ ♥❛ ❞✐♥â♠✐❝❛

❞❡ ✉♠❛ r❡❞❡ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡❥❛ ✉♠❛ r❡❞❡ ❣❡♥ér✐❝❛ ❝♦♠ N ♥♦❞♦s✳ ❆ ❝❛❞❛ ♥♦❞♦

i ❛ss♦❝✐❛♠♦s ✉♠ ❡st❛❞♦ ✐♥t❡r♥♦ σi q✉❡ ♣♦❞❡ ❛ss✉♠✐r ♦s ✈❛❧♦r❡s 0 ♦✉ 1✳ ❆ ❝❛❞❛ ♣❛ss♦

❞❡ t❡♠♣♦ ♦ ❡st❛❞♦ ❞♦ ♥♦❞♦ é ❛t✉❛❧✐③❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ r❡❣r❛✿ ♦✉ ♦ ❡st❛❞♦

♥ã♦ ♠✉❞❛✱ ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ p✱ ♦✉✱ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ (1− p)✱ ❡❧❡ ❝♦♣✐❛

♦ ❡st❛❞♦ ❞❡ ✉♠ ❞♦s ♥♦❞♦s ❛♦s q✉❛✐s ❡stá ❝♦♥❡❝t❛❞♦✳ ❯♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞❡ tr❛t❛r ♦

♣r♦❜❧❡♠❛ ❞❡ ❞❡r✐✈❛ ❣❡♥ét✐❝❛ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞✐♥â♠✐❝♦ s♦❜r❡ r❡❞❡s é q✉❡ ♣♦❞❡♠♦s

❛❣♦r❛ ❝♦♥s✐❞❡r❛r ♣♦♣✉❧❛çõ❡s ❡str✉t✉r❛❞❛s ✭❛♦ ✐♥✈és ❞❡ ♣❛♥♠ít✐❝❛s✮✳ ◆❡ss❡ ❝❛s♦✱ ♦s

✐♥❞✐✈í❞✉♦s tê♠ ❝♦♥❡①õ❡s ❛♣❡♥❛s ❝♦♠ ✉♠❛ ♣❛r❝❡❧❛ ✜♥✐t❛ ❞❛ r❡❞❡ ❡ ♣♦❞❡✲s❡ ❡st✉❞❛r ♦

❡❢❡✐t♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞❡ss❛s ❝♦♥❡①õ❡s ♥♦ ♣r♦❝❡ss♦✳

❊st❡ ♠♦❞❡❧♦ ❜❛st❛♥t❡ s✐♠♣❧❡s ❞❡ ❞✐♥â♠✐❝❛ ❛♣❛r❡❝❡ ❛✐♥❞❛ ❡♠ ✈ár✐♦s ♦✉tr♦s ❝♦♥t❡①t♦s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♥❛s ❈✐ê♥❝✐❛s ❙♦❝✐❛✐s ❡ss❛ ✐♥t❡r❛çã♦ ♣♦r ✐♥✢✉ê♥❝✐❛ é ❝❤❛♠❛❞❛ ❞❡ ♠♦❞❡❧♦

❞♦ ❡❧❡✐t♦r ✳ ◆❡st❡ ❝❛s♦✱ ♦ ❡st❛❞♦ ✐♥t❡r♥♦ ❞♦ ♥♦❞♦ r❡♣r❡s❡♥t❛ ❛ ✐♥t❡♥çã♦ ❞❡ ✈♦t♦ ♥♦

❝❛♥❞✐❞❛t♦ ✵ ♦✉ ♥♦ ❝❛♥❞✐❞❛t♦ ✶✳ ▼❛s ♦ q✉❡ ♦❝♦rr❡ s❡✱ ♥❡st❡ ♠♦❞❡❧♦✱ ❤á ❛❧❣✉♥s ♥ós

❝✉❥♦ ❡st❛❞♦ ✐♥t❡r♥♦ ♥ã♦ ♣♦❞❡ s❡r ❛❧t❡r❛❞♦❄ P❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ ❡❧❡✐t♦r✱ ❡ss❡s ♥♦❞♦s ✜①♦s

r❡♣r❡s❡♥t❛♠ ✐♥❞✐✈í❞✉♦s ❝♦♠ ♦♣✐♥✐õ❡s ❞❡✜♥✐❞❛s✱ q✉❡ ♣♦❞❡♠ ✐♥✢✉❡♥❝✐❛r ♦s ♦✉tr♦s ♠❛s

♥ã♦ ♣♦❞❡♠ s❡r ✐♥✢✉❡♥❝✐❛❞♦s✳ ◆♦ ❝❛s♦ ❞❛ ❞❡r✐✈❛ ❣❡♥ét✐❝❛✱ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦s ♥♦❞♦s ✜①♦s

❢❛rá ♦ ♣❛♣❡❧ ❞❡ ♠✉t❛çõ❡s✳ ❖ ❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥✢✉ê♥❝✐❛s s✉❥❡✐t❛ à ♣r❡s❡♥ç❛ ❞❡

♥♦❞♦s ✜①♦s é ❛ ♣r♦♣♦st❛ ✐♥✐❝✐❛❧ ❞❡st❡ tr❛❜❛❧❤♦✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r r❡❞❡s ♥❛s q✉❛✐s ❤á

N ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✈❛r✐á✈❡❧ ✵ ♦✉ ✶✱ N0 ❡❧❡♠❡♥t♦s ❝✉❥♦ ❡st❛❞♦ ✐♥t❡r♥♦

é ✜①♦ ❡♠ ✵ ❡ N1 ❡❧❡♠❡♥t♦s ❝✉❥♦ ❡st❛❞♦ ✐♥t❡r♥♦ é ✜①♦ ❡♠ ✶✳ ◆❡st❛ ♥♦✈❛ r❡❞❡✱ ❝♦♠

N + N0 + N1 ♥ós✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥✢✉ê♥❝✐❛s ♥❛ q✉❛❧ ❛♣❡♥❛s ♦s N

❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✈❛r✐á✈❡❧ ♣♦❞❡♠ s❡r s❡❧❡❝✐♦♥❛❞♦s ♣❛r❛ ❛t✉❛❧✐③❛çã♦ ❡♠ ✉♠

❞❛❞♦ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛✳

❈♦♠♦ ❡st❡ ♠♦❞❡❧♦ é ❣❡r❛❧✱ r❡st❛ ❛✐♥❞❛ ❛ q✉❡stã♦ ❞❡ ❝♦♠♦ ✈❛♠♦s ❞✐s♣♦r ❛s ❝♦♥❡①õ❡s

❞❛ ♥♦ss❛ r❡❞❡✳ ❊♠ ✉♠ ❡s❢♦rç♦ ♣❛r❛ r❡❛❧✐③❛r ✉♠ tr❛❜❛❧❤♦ ❝♦♠♣❧❡t♦✱ ✈❛♠♦s ❡st✉❞❛r

s❡✐s t♦♣♦❧♦❣✐❛s ❞❡ r❡❞❡ ❞✐❢❡r❡♥t❡s✿ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ r❡❞❡s ❛❧❡❛tór✐❛s✱ r❡❞❡s

r❡t✐❝✉❧❛❞❛s✱ r❡❞❡s ♠✉♥❞♦ ♣❡q✉❡♥♦✱ r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛ ❡ r❡❞❡s ❡str❡❧❛✳ ❖ ✐♥í❝✐♦ ❞❡st❡

t❡①t♦ ❞❡s❝r❡✈❡ ❡♠ ❞❡t❛❧❤❡s ❡st❛s s❡✐s r❡❞❡s❀ ❡♥tã♦✱ ❞✐s❝♦rr❡r❡♠♦s s♦❜r❡ ♦s ❡st✉❞♦s ❞❛s

❞✐♥â♠✐❝❛s ❡♠ ❝❛❞❛ ✉♠❛ ❞❡st❛s r❡❞❡s✳

➱ ♣♦rt❛♥t♦ ✉♠ ❞♦s ♥♦ss♦s ♦❜❥❡t✐✈♦s ❡♥t❡♥❞❡r ♦ ♣❛♣❡❧ ❞❛ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡ ♥♦s r❡s✉❧✲

t❛❞♦s ❞❛ ❞✐♥â♠✐❝❛✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ♥❛s ❡s❝❛❧❛s ❞❡ t❡♠♣♦ ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ♣r♦❝❡ss♦s

✷



❞❡ ❡q✉✐❧í❜r✐♦✱ ❛ss✐♠ ❝♦♠♦ ♥♦s ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ❞❡st❛s r❡❞❡s✳ Pr❡t❡♥❞❡♠♦s ❛✐♥❞❛

❣❡♥❡r❛❧✐③❛r ❛ ❞✐♥â♠✐❝❛ ❡st✉❞❛❞❛ ❡♠ ❬✽❪✱ q✉❡ ❞❡s❝r❡✈❡ ♣r♦❝❡ss♦s ❞❡ ❞❡r✐✈❛ ❣❡♥ét✐❝❛ ❡♠

♣♦♣✉❧❛çõ❡s ❤♦♠♦❣ê♥❡❛s✱ ♦✉ ♣❛♥♠ít✐❝❛s✱ ♣❛r❛ ✐♥❝❧✉✐r ♠✉t❛çõ❡s✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥♦ ❝❛♣ít✉❧♦ ❞♦✐s✱ ✈❡r❡♠♦s ✉♠❛

✐♥tr♦❞✉çã♦ às s❡✐s ❞✐❢❡r❡♥t❡s t♦♣♦❧♦❣✐❛s ❞❡ r❡❞❡s q✉❡ ❡st✉❞❛r❡♠♦s✳ ◆♦ ❝❛♣ít✉❧♦ três✱

❞❡✜♥✐r❡♠♦s ❛ ❞✐♥â♠✐❝❛ ❝♦♠ ❛ q✉❛❧ tr❛❜❛❧❤❛r❡♠♦s✱ ❡ ♣r♦❝❡❞❡r♠♦s ❛ ✉♠❛ ❛♥á❧✐s❡ ❝❛s♦✲

❛✲❝❛s♦ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s t♦♣♦❧♦❣✐❛s ❡ ✉♠ s✉❜s❡qü❡♥t❡ ❡st✉❞♦ ❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s

❞✐♥â♠✐❝❛s✳ ❆✐♥❞❛ ♥❡st❡ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦✱ r❡❛❧✐③❛r❡♠♦s s❡♠♣r❡ ❛♥á❧✐s❡s ♥✉♠ér✐❝❛s✱ ❡

❞❡❞✉③✐r❡♠♦s s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ s❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧✳ ❚♦❞♦s ♦s r❡s✉❧t❛✲

❞♦s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦✱ ❛té ♦♥❞❡ s❛❜❡♠♦s✱ ✐♥é❞✐t♦s ♥❛ ❧✐t❡r❛t✉r❛ ❡ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s

❛♦ ❧♦♥❣♦ ❞♦ ♠❡str❛❞♦✳ ❋✐♥❛❧♠❡♥t❡✱ ❛s ♥♦ss❛s ♦❜s❡r✈❛çõ❡s ✜♥❛✐s ❡st❛rã♦ r❡tr❛t❛❞❛s ♥♦

q✉❛rt♦ ❝❛♣ít✉❧♦✱ ❛ ❝♦♥❝❧✉sã♦✳

✸



❈❛♣ít✉❧♦ ✷

❚♦♣♦❧♦❣✐❛s ❞❡ ❘❡❞❡

✷✳✶ ❈❛r❛❝t❡r✐③❛çã♦

❯♠❛ ❛♥á❧✐s❡ ❞❛ t♦♣♦❧♦❣✐❛ ❞❡ q✉❛❧q✉❡r r❡❞❡ ❝♦♠♣❧❡①❛ r❡q✉❡r ❝♦♥❝❡✐t♦s ❡ ♠❡❞✐❞❛s q✉❡

s❡❥❛♠ r❡♣r❡s❡♥t❛t✐✈♦s ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ r❡❞❡ ❡✱ s❡ ♣♦ssí✈❡❧✱ q✉❡ s❡❥❛♠ t❛♠❜é♠

✐♥❞✐❝❛t✐✈♦s ❞❡ ♣r✐♥❝í♣✐♦s ❞❡ ♦r❣❛♥✐③❛çã♦✳ ❱ár✐❛s ❢♦r♠❛s ❞❡ ♠❡❞✐r ❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡rís✲

t✐❝❛s ❢♦r❛♠ ♣r♦♣♦st❛s r❡❝❡♥t❡♠❡♥t❡✱ ♠❛s ❤á três ✐❞é✐❛s ❝❡♥tr❛✐s ❜❡♠✲❡st❛❜❡❧❡❝✐❞❛s q✉❡

sã♦ ❝r✉❝✐❛✐s ❡ q✉❡ r❡♣r❡s❡♥t❛♠ q✉❛♥t✐❞❛❞❡s ♣r♦♥t❛♠❡♥t❡ ♠❡♥s✉rá✈❡✐s ❞❡ q✉❛✐sq✉❡r

r❡❞❡s ♣❛r❛ ❛s q✉❛✐s s❡ t❡♥❤❛ ✐♥❢♦r♠❛çõ❡s ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡✳

❈♦❡✜❝✐❡♥t❡ ❞❡ ❆❣r✉♣❛♠❡♥t♦ ❊♠ r❡❞❡s r❡❛✐s✱ é ♠✉✐t♦ ❝♦♠✉♠ ♦❜s❡r✈❛r q✉❡ ❡①✐s✲

t❡♠ ❣r✉♣♦s ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s ❡♥tr❡ s✐✳ ❊st❡ ❢❡♥ô♠❡♥♦ ❢♦✐

♣r✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❛❞♦ ♣♦r s♦❝✐ó❧♦❣♦s ❡♠ ❡st✉❞♦s ❞❡ r❡❧❛çõ❡s ❤✉♠❛♥❛s✱ q✉❡ ❢♦r♠❛♠

r❡❞❡s ♥❛s q✉❛✐s ♦s ♥ós r❡♣r❡s❡♥t❛♠ ♣❡ss♦❛s ❡ ❛s ❝♦♥❡①õ❡s ❡stã♦ ♣r❡s❡♥t❡s ❡♥tr❡ ❞♦✐s

♥ós s❡ ❛s ❞✉❛s ♣❡ss♦❛s ❝♦rr❡s♣♦♥❞❡♥t❡s s❡ ❝♦♥❤❡❝❡r❡♠✳ ◆❡st❡ ❝❛s♦✱ é ♠✉✐t♦ ❝♦♠✉♠ ❛

❢♦r♠❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❡ss♦❛s q✉❡ s❡ ❝♦♥❤❡ç❛♠ t♦❞❛s ❡♥tr❡ s✐✱ ♠❛s q✉❡ t❡♥❤❛♠

❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡♥♦s ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❡ss♦❛s ❢♦r❛ ❞❡st❡ ❝♦♥❥✉♥t♦✳ ❊st❡s ✐♥❞✐✈í✲

❞✉♦s ♣♦ss✐✈❡❧♠❡♥t❡ sã♦✱ ❞✐❣❛♠♦s✱ ❝♦❧❡❣❛s ❞❡ tr❛❜❛❧❤♦ ♦✉ ❡st✉❞♦✱ ❡ ❞✐③✲s❡ ❞❡ss❛s r❡❞❡s

s♦❝✐❛✐s q✉❡ ❤á ✉♠ ❝♦♥s✐❞❡rá✈❡❧ ❛❣r✉♣❛♠❡♥t♦✳

P❡r❢❛③✲s❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ q✉❛♥t✐✜❝❛r ❡st❡ ♣r✐♥❝í♣✐♦ ❞❡ ♦r❣❛♥✐③❛çã♦ ❞❡ ✉♠❛ ❢♦r♠❛

q✉❡ s❡❥❛ út✐❧ ❡♠ r❡❞❡s r❡❛✐s ❞❡ ♠✉✐t♦s ❡❧❡♠❡♥t♦s✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❛❣r✉♣❛♠❡♥t♦ ❞♦ ✐ ✲és✐♠♦ ♥ó ❞❛ r❡❞❡✱ Ci✱ ❝♦♠♦ s❡♥❞♦ ❛ r❛③ã♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s

Ei ❡①✐st❡♥t❡s ❡♥tr❡ ♦s ki ✈✐③✐♥❤♦s ❝♦♥❡❝t❛❞♦s ❛ ❡st❡ ♥ó ❡ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❡❧♦s

♣♦ssí✈❡✐s✱ ki (ki − 1) /2✿

Ci =
2Ei

ki(ki − 1)
. ✭✷✳✶✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❛ ❞❡✜♥✐çã♦✱ ♦ ✐ ✲és✐♠♦ ❡❧❡♠❡♥t♦ t❡rá ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦

✹



Ci = 0 s❡ ♥❡♥❤✉♠ ❞❡ s❡✉s ✈✐③✐♥❤♦s ❡st✐✈❡r ❝♦♥❡❝t❛❞♦ ❡♥tr❡ s✐ ❡ Ci = 1 s❡ t♦❞♦s ♦s s❡✉s

✈✐③✐♥❤♦s ❡st✐✈❡r❡♠ ✐♥t❡r❝♦♥❡❝t❛❞♦s✱ ♦ q✉❡ é r❛③♦á✈❡❧✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♠❡❞✐r ♦ ❛❣r✉♣❛♠❡♥t♦ ❞❡ ✉♠❛ r❡❞❡ ♣♦r ✐♥t❡✐r♦✱ ❞❡✜♥✐♠♦s ♦ ❝♦❡✲

✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❞❛ r❡❞❡✱ C✱ ❝♦♠♦ s❡♥❞♦ s✐♠♣❧❡s♠❡♥t❡ ❛ ♠é❞✐❛ ❞♦s Ci ♣❛r❛

t♦❞♦s ♦s ♥ós ❞❛ r❡❞❡✳

C =
1

N

N∑

i=1

Ci. ✭✷✳✷✮

❉❡st❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❞❡ q✉❛✐sq✉❡r r❡❞❡s

s♦❜r❡ ❛s q✉❛✐s s❡ t❡♥❤❛ ❛s ✐♥❢♦r♠❛çõ❡s t♦♣♦❧ó❣✐❝❛s ❞❡ ❢♦r♠❛ ✐♠❡❞✐❛t❛✳

❈❛♠✐♥❤♦ ▼í♥✐♠♦ ▼é❞✐♦ ◆❛ ♠❛✐♦r✐❛ ❞❛s r❡❞❡s r❡❛✐s✱ é ♠❛r❝❛♥t❡ q✉❡ q✉❛✐sq✉❡r

❞♦✐s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❡stã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ t✐♣✐❝❛♠❡♥t❡ ❝✉rt♦

❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ ❝♦♠♣õ❡♠ ❛ r❡❞❡✳ ❆ ♦❝♦rrê♥❝✐❛ ♠❛✐s

❢❛♠♦s❛ ❞❡st❡ ❝♦♥❝❡✐t♦ é ❛ ❞♦ ♣s✐❝ó❧♦❣♦ s♦❝✐❛❧ ❙t❛♥❧❡② ▼✐❧❣r❛♠ ✭✶✾✻✼✮✱ q✉❡✱ ❛♦ ❡st✉❞❛r

r❡❞❡s ❞❡ r❡❧❛çõ❡s ❤✉♠❛♥❛s✱ ❝♦♥❝❧✉✐✉ q✉❡ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ❝✐❞❛❞ã♦s ❞♦s ❊❯❆ ❤❛✈✐❛

✉♠ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ❞❡✱ ♥❛ ♠é❞✐❛✱ s❡✐s ❝♦♥❤❡❝✐❞♦s✱ ❛♣❡s❛r ❞♦ ❢❛t♦ ❞❡ s❡ tr❛t❛r ❞❡ ✉♠❛

r❡❞❡ ❝♦♠ ♠✉✐t♦s ♠✐❧❤õ❡s ❞❡ ❡❧❡♠❡♥t♦s ❝♦♥st✐t✉✐♥t❡s✳

❆ ♠❡❞✐❞❛ ❞❛ ❣r❛♥❞❡③❛ ❞❡ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ é✱ ✉♠❛ ✈❡③ t✐❞♦s ♦s ❞❛❞♦s t♦♣♦❧ó❣✐✲

❝♦s ❞❡ ✉♠❛ r❡❞❡✱ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠ú❧t✐♣❧❛s ♦t✐♠✐③❛çõ❡s ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠❡♥♦r ❝❛♠✲

✐♥❤♦ ❡ ❞❡♣♦✐s ♦ ❝á❧❝✉❧♦ ❞❛ ♠é❞✐❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s ❡♥tr❡ ❞♦✐s ❞❛❞♦s ❡❧❡♠❡♥t♦s✳

■♥❢❡❧✐③♠❡♥t❡✱ tr❛t❛✲s❡ ❞❡ ♣r♦❜❧❡♠❛ ❝✉st♦s♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ❞❡✈❡♠

s❡r r❡❛❧✐③❛❞❛s N(N − 1)/2 ♦t✐♠✐③❛çõ❡s✱ ✉♠❛ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡✳

◆ã♦ ❡♥tr❛r❡♠♦s ❡♠ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❛ r❡s♣❡✐t♦ ❞❡st❡s ❝á❧❝✉❧♦s ❛q✉✐❀ ♥♦ss❛ ✐♥t❡♥çã♦ é

♠❡r❛♠❡♥t❡ ✐❧✉str❛t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡st❛ ❣r❛♥❞❡③❛ ♥ã♦ ❞❡✈❡ s❡r s✉♣❡r✲

❡st✐♠❛❞❛✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❛ ♥ã♦ é r❡❛❧♠❡♥t❡ ✐♥❞✐❝❛t✐✈❛ ❞❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♦r❣❛♥✐③❛çã♦

❞❛ r❡❞❡✳

❉✐str✐❜✉✐çã♦ ❞❡ ●r❛✉ ➱ ❡✈✐❞❡♥t❡ q✉❡✱ ❡♠ ✉♠❛ r❡❞❡ r❡❛❧✱ ♥❡♠ t♦❞♦s ♦s ♥ós tê♠ ♦

♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s ❝♦♠ ♦ r❡st♦ ❞❛ r❡❞❡✳ ➱ ♣♦rt❛♥t♦ ✐♥t❡r❡ss❛♥t❡ ✐♥✈❡st✐❣❛r

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡✱ s❡❧❡❝✐♦♥❛❞♦ ✉♠ ❡❧❡♠❡♥t♦ ❛❧❡❛tór✐♦ ✐ ❞❛ r❡❞❡✱ ❡st❡ t❡♥❤❛ ✉♠ ❝❡rt♦

♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s✱ ♦✉ ❣r❛✉✱ ki❀ ♣❛r❛ t❛♥t♦✱ é út✐❧ ❡st✉❞❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ P (k)

❞❛ r❡❞❡✳ ❊st❛ é ✉♠❛ ❢✉♥çã♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡❧❡❝✐♦♥❛r ✉♠ ♥ó ❛♦

❛❝❛s♦ q✉❡ t❡♥❤❛ k ❝♦♥❡①õ❡s✳

P♦r ❡①❡♠♣❧♦✱ ❡♠ ✉♠❛ r❡❞❡ ❛❧❡❛tór✐❛✱ ♥❛ q✉❛❧ ❝❛❞❛ ♥ó t❡♠ ✉♠❛ ❝❡rt❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣

❞❡ ❡st❛r ❝♦♥❡❝t❛❞♦ ❝♦♠ ❝❛❞❛ ✉♠ ❞♦s ♦✉tr♦s ❡❧❡♠❡♥t♦s✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ s❡rá ✉♠❛

❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧✱ ♣♦r ❞❡✜♥✐çã♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ ✉♠❛ ❝♦♥❡①ã♦

é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ q✉❛❧q✉❡r ♦✉tr❛ ❡ ♦s ♥ós ❞❛ r❡❞❡ sã♦ ✐♥❞✐st✐♥❣✉í✈❡✐s✳

✺



❘❡❝❡♥t❡♠❡♥t❡✱ ❛♥á❧✐s❡s ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡ ❡♥♦r♠❡s r❡❞❡s r❡❛✐s ♠♦str♦✉

r❡s✉❧t❛❞♦s ❜❛st❛♥t❡ s✉r♣r❡❡♥❞❡♥t❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ r❡❞❡s ❝♦♠♦ ❛ ■♥t❡r♥❡t ❡ ♣❛r❛

♦✉tr♦s s✐st❡♠❛s r❡❛✐s✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ✉♠❛

❞✐str✐❜✉✐çã♦ tí♣✐❝❛ ❞❡ ✉♠❛ r❡❞❡ ❛❧❡❛tór✐❛ ❞❡ ♠❡s♠❛s ❞✐♠❡♥sõ❡s ❡ ❞❡ ♠❡s♠♦ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ❝♦♥❡①õ❡s✱ ♠♦str❛♥❞♦ q✉❡ r❡❞❡s ❛❧❡❛tór✐❛s ♥ã♦ sã♦✱ ❛♣❡s❛r ❞❡ s✉❛ ♣r❛t✐❝✐❞❛❞❡✱

s✉✜❝✐❡♥t❡♠❡♥t❡ r❡♣r❡s❡♥t❛t✐✈❛s✳

✷✳✷ ❈❛t❡❣♦r✐❛s ❯s✉❛✐s ❞❡ ❘❡❞❡s

✷✳✷✳✶ ❘❡❞❡ ❚♦t❛❧♠❡♥t❡ ❈♦♥❡❝t❛❞❛

❯♠❛ ❞❛s r❡❞❡s ♠❛✐s s✐♠♣❧❡s é ❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ♥❛ q✉❛❧ ❝❛❞❛ ✉♠ ❞♦s

❡❧❡♠❡♥t♦s ❡stá ❝♦♥❡❝t❛❞♦ ❛ t♦❞♦s ♦s ♦✉tr♦s ❞❛ ♠❡s♠❛ r❡❞❡✳

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❞❡ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s é✱ ♥❛t✉r❛❧♠❡♥t❡✱ ✶✱

✉♠❛ ✈❡③ q✉❡ ❛ r❡❞❡ ✐♥t❡✐r❛ ♣❡r❢❛③ ✉♠ ❣r✉♣♦✳ ❆s s✉❛s ♦✉tr❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦ ✐❣✉❛❧✲

♠❡♥t❡ s✐♠♣❧❡s✿ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ é t❛❧ q✉❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s tê♠ N−1 ❝♦♥❡①õ❡s

❡✱ ✜♥❛❧♠❡♥t❡✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s é s❡♠♣r❡ ❞❡ ✉♠❛ ❝♦♥❡①ã♦✳ ❆

♣❛rt✐❝✉❧❛r✐❞❛❞❡ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❞❡st❛ r❡❞❡ é q✉❡✱ t♦♣♦❧♦❣✐❝❛♠❡♥t❡✱ t♦❞♦s ♦s ❡❧❡♠❡♥✲

t♦s sã♦ ✐♥❞✐st✐♥❣✉í✈❡✐s✳

❆♣❡s❛r ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❛♣❛r❡♥t❡♠❡♥t❡ tr✐✈✐❛✐s ❞❡st❛s r❡❞❡s ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡

♥ã♦ ❤á ♠✉✐t❛s ♦❝♦rrê♥❝✐❛s r❡❛✐s ❞❡❧❛s✱ ❡❧❛s sã♦ ❜❛st❛♥t❡ út❡✐s ♣❛r❛ r❡❛❧✐③❛r ❝á❧❝✉❧♦s

❛♥❛❧ít✐❝♦s ❣❡r❛✐s q✉❡ s❡r✐❛♠ ✐♠♣♦ss✐❜✐❧✐t❛❞♦s ♣♦r ♦✉tr❛s t♦♣♦❧♦❣✐❛s ♠❛✐s ❝♦♠♣❧❡①❛s✱

❝♦♠♦ ✜❝❛rá ❡✈✐❞❡♥t❡ ♥♦ ❝❛♣ít✉❧♦ ✸✳ ❆❧é♠ ❞✐st♦✱ ❡st❛s r❡❞❡s sã♦ ❜♦❛s ❛♣r♦①✐♠❛çõ❡s

♣❛r❛ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❛❧t♦ ❛❣r✉♣❛♠❡♥t♦ ❞❡♥tr♦ ❞❡ r❡❞❡s r❡❛✐s✳

✷✳✷✳✷ ❘❡❞❡ ❆❧❡❛tór✐❛

❊♠ t❡r♠♦s ♠❛t❡♠át✐❝♦s✱ ✉♠❛ r❡❞❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠ ❣r❛❢♦✱ q✉❡ ♥❛❞❛

♠❛✐s é ❞♦ q✉❡ ✉♠ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s ♥♦ q✉❛❧ ✉♠ ❞♦s ❝♦♥❥✉♥t♦s ❝♦♥té♠ ♦s N ♥ós ❞❛

r❡❞❡ ❡ ♦ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❝♦♥té♠ t♦❞❛s ❛s ❝♦♥❡①õ❡s ❡♥tr❡ ❡❧❡s✳ ❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❣r❛❢♦s

sã♦ r❡♣r❡s❡♥t❛❞♦s ❣r❛✜❝❛♠❡♥t❡ ❞❡ ❢♦r♠❛ ✐♥t✉✐t✐✈❛ ❛tr❛✈és ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

❧✐❣❛❞♦s ♣♦r s❡❣♠❡♥t♦s ❞❡ r❡t❛✳

●r❛❢♦s ❛❧❡❛tór✐♦s✱ ♥♦s q✉❛✐s ❛s ❝♦♥❡①õ❡s sã♦ ❞✐str✐❜✉í❞❛s ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛✱ ❥á

❢♦r❛♠ ❡①t❡♥s✐✈❛♠❡♥t❡ ❡st✉❞❛❞♦s✳ ■st♦ ♣♦rq✉❡ ♠✉✐t❛s r❡❞❡s ❝♦♠ t♦♣♦❧♦❣✐❛s ❝♦♠♣❧❡①❛s

❡ ❞❡ ♦r❣❛♥✐③❛çã♦ ❞❡s❝♦♥❤❡❝✐❞❛ ♣❛r❡❝❡♠ s❡r ❛❧❡❛tór✐❛s ❡♠ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦✱ ♠❛s

✈❡r❡♠♦s q✉❡ ❡ss❛ ♣♦❞❡ s❡r ✉♠❛ s✐♠♣❧✐✜❝❛çã♦ ❡①tr❡♠❛ ❡ ♣♦✉❝♦ út✐❧✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱

❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ❣r❛❢♦s ❛❧❡❛tór✐♦s ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❊r❞ós ❡ ❘é♥②✐ ✭❬✾✱ ✶✵✱ ✶✶❪✮

♥♦s ❛♥♦s ❞❡ ✶✾✺✾✱ ✶✾✻✵ ❡ ✶✾✻✶ ❡ t❡✈❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜❛st❛♥t❡ s✐❣♥✐✜❝❛t✐✈♦s ♣❛r❛ ❛

ár❡❛ ❞❡ r❡❞❡s ❝♦♠♣❧❡①❛s✳ ❆q✉✐✱ ❝♦❜r✐r❡♠♦s ❛♣❡♥❛s ❛❧❣✉♥s ♣♦✉❝♦s tó♣✐❝♦s ❛ss♦❝✐❛❞♦s à

✻



t❡♦r✐❛ ❞❡ ❣r❛❢♦s ❛❧❡❛tór✐♦s q✉❡ sã♦ ♠❛✐s r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦ ❞❡ ❞✐♥â♠✐❝❛ ❞❡

r❡❞❡s ❝♦♠♣❧❡①❛s✳

❊st✉❞♦ ❞♦ ❆♣❛r❡❝✐♠❡♥t♦ ❞❡ Pr♦♣r✐❡❞❛❞❡s ❊r❞ós ❡ ❘é♥②✐ ❡st✉❞❛r❛♠ ♣r♦❜❛❜✐❧✐s✲

t✐❝❛♠❡♥t❡ ❛ ♣r❡s❡♥ç❛ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❡♠ ❣r❛❢♦s ♣❛r❛ ♦s q✉❛✐s N → ∞✳ ❖ r❡s✉❧t❛❞♦

♠❛✐s s✉r♣r❡❡♥❞❡♥t❡ ❞❡ ❊r❞ós ❡ ❘é♥②✐ ❢♦✐ q✉❡ ♠✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❡✈❛♥t❡s ❛♣❛r❡✲

❝❡♠ r❡♣❡♥t✐♥❛♠❡♥t❡✱ s❡ ✈❛r✐❛❞❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❡①ã♦ p❀ ❞❡st❛ ❢♦r♠❛✱ ❡♠ r❡❞❡s

❣r❛♥❞❡s ❡ ✜♥✐t❛s✱ ♣❛r❛ ❝❛❞❛ ♣r♦♣r✐❡❞❛❞❡ ◗ ❞❡st❛s ❞❡✈❡ ❡①✐st✐r ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❝rít✐❝❛ pc ❛ ♣❛rt✐r ❞❛ q✉❛❧ ◗ ✭♦✉ ♥ã♦ ◗✮ q✉❛s❡ s❡♠♣r❡ ❡stá ♣r❡s❡♥t❡ s❡ p > pc✱ ❡ q✉❛s❡

♥✉♥❝❛ ❡stá ♣r❡s❡♥t❡ s❡ p < pc✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♥t❡r❡ss❛♥t❡ é ❛ ♣r❡s❡♥ç❛ ❞❡ s✉❜❣r❛❢♦s ❡s♣❡❝í✜❝♦s✱

♦♥❞❡ ❞❡✜♥✐♠♦s s✉❜❣r❛❢♦s ❞❡ ✉♠ ❣r❛❢♦ G ❝♦♠♦ s❡♥❞♦ ❣r❛❢♦s ❞❡ ❞✐♠❡♥sã♦ ♠❡♥♦r ❝✉❥♦s

♣♦♥t♦s ❡ ❝♦♥❡①õ❡s ❡stã♦ ❝♦♥t✐❞♦s ❡♠ G✳ ❖s três t✐♣♦s ♠❛✐s ✐♠❡❞✐❛t♦s ❞❡ s✉❜❣r❛❢♦s

♣♦❞❡♠ s❡r ✈✐st♦s ♥❛ ✜❣✉r❛ ✷✳✶ ❡ ♣♦❞❡♠ t♦❞♦s s❡r ❝❛r❛❝t❡r✐③❛❞♦s s✐♠♣❧❡s♠❡♥t❡ ❝♦♥t❛♥❞♦

♦ ♥ú♠❡r♦ ❞❡ ♥ós ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s ♣r❡s❡♥t❡s ❡♠ ❝❛❞❛ ✉♠ ❞❡❧❡s✳ P♦r ❡①❡♠♣❧♦✱ é

✉♠ ✭s✉❜✮❣r❛❢♦ ❞♦ t✐♣♦ ár✈♦r❡ q✉❛❧q✉❡r ✜❣✉r❛ q✉❡ t❡♥❤❛ N ♥ós ❡ N − 1 ❝♦♥❡①õ❡s❀ ♣❛r❛

❝✐❝❧♦s✱ ❤á N ♥ós ❡ t❛♠❜é♠ N ❝♦♥❡①õ❡s ❡✱ ✜♥❛❧♠❡♥t❡✱ ♣❛r❛ s✉❜❣r❛❢♦s ❝♦♠♣❧❡t♦s✱ ❤á N

♥ós ❡ N(N − 1)/2 ❝♦♥❡①õ❡s✳

❋✐❣✉r❛ ✷✳✶✿ ❚✐♣♦s ❞❡ ❙✉❜❣r❛❢♦s

◆♦s ❡st✉❞♦s ❞❡ ❣r❛❢♦s ❛❧❡❛tór✐♦s✱ é ✐♥t❡r❡ss❛♥t❡ ❞❡t❡r♠✐♥❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝rít✐❝❛

❞❡ ❝♦♥❡①ã♦ pc ❛ ♣❛rt✐r ❞❛ q✉❛❧ q✉❛s❡ t♦❞♦s ♦s ❣r❛❢♦s ❣❡r❛❞♦s tê♠ ✉♠ s✉❜❣r❛❢♦ ❞❡ ❛❧❣✉♠

t✐♣♦ ❞❛❞♦ ❡♠ s✉❛ ❡str✉t✉r❛✳ ❉❡ ❢❛t♦✱ ❢♦✐ ❞❡♠♦♥str❛❞♦ ✭❇♦❧❧♦❜ás✱ ✶✾✽✺✱❬✶✷❪✮ q✉❡ ❡st❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❝rít✐❝❛ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣❛r❛ q✉❛❧q✉❡r s✉❜❣r❛❢♦ ❝♦♠✱ ❞✐❣❛♠♦s✱ k ♥ós

❡ l ❝♦♥❡①õ❡s✳ P❛r❛ t❛♥t♦✱ ✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❡s❝r❡✈❡r ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s✉❜❣r❛❢♦s

❞❡st❡ t✐♣♦ ✭❡s♣❡❝✐✜❝❛❞♦ ♣♦r k ❡ l ❛♣❡♥❛s✮ ❡♠ ✉♠❛ r❡❞❡✳ ◆♦t❡ q✉❡ ♦s k ❡❧❡♠❡♥t♦s ♣♦❞❡♠

s❡r ❡s❝♦❧❤✐❞♦s ❞♦s N ♥ós ❞❛ r❡❞❡ ❞❡ Ck
N ✈❡③❡s ❞✐❢❡r❡♥t❡s✱ ♦♥❞❡ Ck

N = N !/ ((N − k)!k!)

é ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❝♦♥t❡♥❞♦ k ❡❧❡♠❡♥t♦s s❡❧❡❝✐♦♥❛❞♦s ❞❡♥tr♦ ❞❡ N ♣♦ssí✈❡✐s✱

❡ ♦s l ❡❧♦s tê♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ pl ❞❡ s❡r❡♠ ❢♦r♠❛❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ♦s k ♥ós ♣♦❞❡♠ s❡r

♣❡r♠✉t❛❞♦s ❞❡ k!/a ♠❛♥❡✐r❛s ❞✐❢❡r❡♥t❡s✱ ♦♥❞❡ a r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❡r♠✉t❛çõ❡s

✐s♦♠♦r❢❛s✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s✉❜❣r❛❢♦s E ❞❡ t✐♣♦ ❞❡✜♥✐❞♦ ♣❡❧♦s ♥ú♠❡r♦s

k ❡ l ♣♦❞❡ s❡r ❞❛❞♦ ❝♦♠♦✿

✼



E = Ck
N

k!

a
pl ≃ Nkpl

a
. ✭✷✳✸✮

◆❡st❛ ❡①♣r❡ssã♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❢❡✐t❛ ❝♦♥s✐❞❡r❛ s✉❜❣r❛❢♦s ❞❡ ❞✐♠❡♥sõ❡s ♣❡q✉❡♥❛s✱

✐st♦ é✱ k ❡ l t✐♣✐❝❛♠❡♥t❡ ♠✉✐t♦ ♠❡♥♦r❡s ❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♥ós ❞❛ r❡❞❡✱ N ✱ ❡ ❡♥tã♦

Ck
N ≈ Nk/k! é ✉♠❛ ❛♣r♦①✐♠❛çã♦ r❛③♦á✈❡❧✳ ➱ ❝❧❛r♦ q✉❡ ❡st❡ é ✉♠ ✈❛❧♦r ♠é❞✐♦✱ ♠❛s

é ♣r♦✈á✈❡❧ q✉❡ ♦s ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s ♥ã♦ s❡❥❛♠ ♠✉✐t♦ ❞✐❢❡r❡♥t❡s ❞❡st❡✳ P❛r❛ t❡♥t❛r

❝❤❡❣❛r ❡♠ ✉♠ ✈❛❧♦r r❛③♦á✈❡❧ ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝rít✐❝❛✱ ✈❛♠♦s s✉♣♦r q✉❡ ❞❡s❡❥❛♠♦s

q✉❡ ❤❛❥❛ ✉♠ ♥ú♠❡r♦ ❛♣r❡❝✐á✈❡❧ c′ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ s✉❜❣r❛❢♦ ❞❡✜♥✐❞♦

♣♦r k ❡ l✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ✷✳✸✱ t❡♠♦s✿

Nkpl

a
∼ c′ → pc ∼ c′′N− k

l . ✭✷✳✹✮

◆❡st❛ ❡q✉❛çã♦✱ ✈❡♠♦s q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝rít✐❝❛ ❞❡♣❡♥❞❡ ❝r✉❝✐❛❧♠❡♥t❡ ❞♦s ✈❛❧♦r❡s

❞❡ k ❡ l✱ ♦ q✉❡ ❞❡ ❢❛t♦ ♣❛r❡❝❡ r❛③♦á✈❡❧✳ ❱❡r✐✜❝❛✲s❡ q✉❡✱ ❞❡ ❢❛t♦✱ ❤á ♦ ❛♣❛r❡❝✐♠❡♥t♦

❞❡ s✉❜❣r❛❢♦s ❞❡ ❝r❡s❝❡♥t❡ ❝♦♠♣❧❡①✐❞❛❞❡ q✉❛♥❞♦ p ❝r❡s❝❡ ♣❛r❛ r❡❞❡s ❛♣r❡❝✐❛✈❡❧♠❡♥t❡

❣r❛♥❞❡s✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ✜❣✉r❛ ✷✳✷✳ ❉❡ ✐♠❡❞✐❛t♦✱ ♥♦t❛✲s❡ q✉❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱

❛ r❡❞❡ ❛♣r❡s❡♥t❛ ❛♣❡♥❛s ár✈♦r❡s ❝♦♠ k = 2 ❡ l = 1❀ ❡♥tã♦✱ à ♠❡❞✐❞❛ ❡♠ q✉❡ sã♦

❝♦♥s✐❞❡r❛❞♦s ✈❛❧♦r❡s ❞❡ p ♠❛✐♦r❡s✱ ✈ã♦ ❛♣❛r❡❝❡♥❞♦ ár✈♦r❡s ❞❡ ♠❛✐♦r ❞✐♠❡♥sã♦✳ ❊♥tã♦✱

q✉❛♥❞♦ p ∼ N−1✱ ❛♣❛r❡❝❡♠ t♦❞♦s ♦s ❝✐❝❧♦s✱ ❡ é ❛♣❡♥❛s ♣❛r❛ p ∼ N− 2
3 q✉❡ ❝♦♠❡ç❛♠ ❛

s✉r❣✐r s✉❜❣r❛❢♦s ❝♦♠♣❧❡t♦s ❝♦♠ k > 3✳

❋✐❣✉r❛ ✷✳✷✿ ❆♣❛r❡❝✐♠❡♥t♦ ❞❡ s✉❜❣r❛❢♦s ❡♠ ❣r❛❢♦ ❛❧❡❛tór✐♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ p✱ ♦♥❞❡ z é ♦
❡①♣♦❡♥t❡ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ N ✳ ❱❡❥❛ q✉❡ z = −k/l✳

❍á ❛✐♥❞❛ ✉♠❛ tr❛♥s✐çã♦ ♠✉✐t♦ ♠❛r❝❛♥t❡ q✉❛♥❞♦✱ s❡ p ∼ N z✱ ♦ ❡①♣♦❡♥t❡ z s❡

✽



❛♣r♦①✐♠❛ ❞❡ ✲✶✳ P❛r❛ z < −1✱ ♦ ❣r❛❢♦ é ❝♦♠♣♦st♦ ❛♣❡♥❛s ❞❡ ár✈♦r❡s ❞❡s❝♦♥❡❝t❛❞❛s✱

♠❛s✱ q✉❛♥❞♦ z ≈ −1✱ ❤á ✉♠❛ ♠✉❞❛♥ç❛ sú❜✐t❛ ♥❛ ❡str✉t✉r❛ ❞♦ ❣r❛❢♦✳ ❖ ♠❛✐♦r s✉❜❣r❛❢♦

t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❞❡✐①❛ ❞❡ s❡r ✉♠❛ ♣❡q✉❡♥❛ ár✈♦r❡ ❡ ♣❛ss❛ ❛ ❛❜r❛♥❣❡r q✉❛s❡ ❛ r❡❞❡

✐♥t❡✐r❛ ✲ tr❛t❛✲s❡ ❞❡ ✉♠ ❜❧♦❝♦ ❝♦♥❡❝t❛❞♦ ❞❡ ❝❡r❝❛ ❞❡ N
2
3 ♥ós✳ ❊st❛ tr❛♥s✐çã♦ é ❜❛st❛♥t❡

s✐♠✐❧❛r ❝♦♠ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❛ss♦❝✐❛❞❛ ❛♦ ❢❡♥ô♠❡♥♦ ❞❡ ♣❡r❝♦❧❛çã♦✶✱ t❛♠❜é♠ ❥á

❜❛st❛♥t❡ ❡st✉❞❛❞♦✱ q✉❡ ♦❝♦rr❡ ❡♠ r❡❞❡s ❣❡♦❣rá✜❝❛s ❝♦♠ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❛❧❡❛tór✐❛✳

P❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦ ❞❡ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s ❝♦♠♣❧❡①❛s✱ ❡st❛ ✐♥❢♦r♠❛çã♦ é ♣❛rt✐❝✉❧❛r✲

♠❡♥t❡ út✐❧ ❛♦ ❣❡r❛r r❡❞❡s ❛❧❡❛tór✐❛s✳ ❇❛s✐❝❛♠❡♥t❡✱ ♦ ❢❛t♦ ❞❡ q✉❡ ✉♠ ❣r❛❢♦ só ♣❛ss❛ ❛ t❡r

❡❧❡♠❡♥t♦s r❡❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s ❡♥tr❡ s✐ ❞❡ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ s❡ p > N−1 ♠♦str❛ q✉❡

❛♣❡♥❛s ❛s r❡❞❡s ❣❡r❛❞❛s ❝♦♠ ❡st❡s p✬s sã♦ r❡♣r❡s❡♥t❛t✐✈❛s ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❡①✐st❡♠ ♥❛

r❡❛❧✐❞❛❞❡ ❡♠ t♦♣♦❧♦❣✐❛s ❛❧❡❛tór✐❛s✳ ❉❡st❛ ❢♦r♠❛✱ ❛s r❡❞❡s ❛♥❛❧✐s❛❞❛s ❛q✉✐ ❢♦r❛♠ t♦❞❛s

❣❡r❛❞❛s ❝♦♠ p≫ N−1✱ ✉♠❛ s✉♣♦s✐çã♦ r❛③♦á✈❡❧✳✷

❆s r❡❞❡s ❛❧❡❛tór✐❛s tê♠ ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝✐❛❧♠❡♥t❡ ♠❛r❝❛♥t❡s✳ Pr✐♠❡✐r❛♠❡♥t❡✱

♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❞❡st❛s r❡❞❡s é ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛❞♦ ♣♦r C = p✱ ✉♠❛

✈❡③ q✉❡ ❡st❛ é✱ ♥❛ ♠é❞✐❛✱ ❛ ❢r❛çã♦ ❞❡ ❝♦♥❡①õ❡s q✉❡ s❡ ❡st❛❜❡❧❡❝❡rá ♥❛ r❡❞❡ ✐♥t❡✐r❛ ❡✱

♣♦rt❛♥t♦✱ t❛♠❜é♠ ❡♠ q✉❛✐sq✉❡r ✈✐③✐♥❤♦s ❞❡ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s✳

❖ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s t❡♠ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❧♦❣❛rít♠✐❝❛

❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞❛ r❡❞❡ ❡ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦ ♣♦r✿

laleat ∼
ln(N)

ln(< k >)
. ✭✷✳✺✮

◆❡st❛ r❡❧❛çã♦✱ laleat é ♦ ♣ró♣r✐♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦✱ N é ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s

❞❛ r❡❞❡ ❡ < k >= p é ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❝♦♥❡①õ❡s ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦s ♥ós ❞❛ r❡❞❡✳ ◆♦t❡

q✉❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❧♦❣❛rít♠✐❝❛ ❞❡ ✷✳✺ ❢❛③ ❝♦♠ q✉❡ s❡♠♣r❡ ❤❛❥❛ ✉♠ ❝❛♠✐♥❤♦ ♠í♥✐♠♦

r❛③♦❛✈❡❧♠❡♥t❡ ♣❡q✉❡♥♦✱ ♠❡s♠♦ ❡♠ r❡❞❡s ❛❧❡❛tór✐❛s ❞❡ ❣r❛♥❞❡s ❞✐♠❡♥sõ❡s✳

❋✐♥❛❧♠❡♥t❡✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s s❡❣✉❡ ✉♠❛ r❡❣r❛ ❜✐♥♦♠✐❛❧

❜❛st❛♥t❡ s✐♠♣❧❡s✿

P (ki = k) = Ck
Np

k(1 − p)N−1−k. ✭✷✳✻✮

❊st❛ ❡①♣r❡ssã♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ P♦✐ss♦♥ ♥♦ ❧✐♠✐t❡ ❞❡

N ❣r❛♥❞❡ ❡ p ♣❡q✉❡♥♦✳

❆ ❡q✉❛çã♦ ✷✳✻ é ❝❛r❛❝t❡ríst✐❝❛ ♠❛r❝❛♥t❡ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s ❡ é ♠❛✐s r❡♣r❡s❡♥t❛t✐✈❛

❞❡st❛ t♦♣♦❧♦❣✐❛ ❞♦ q✉❡✱ ❞✐❣❛♠♦s✱ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❞❛❞♦ ❡♠ ✷✳✺✳ ❊♠ ❛♥á❧✐s❡s

❡♠♣ír✐❝❛s ❞❡ r❡❞❡s r❡❛✐s✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ❤á ❝♦♥s✐❞❡rá✈❡✐s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ❛ ❞✐str✐❜✉✐çã♦
✶❚r❛t❛✲s❡ ❞❛ ❛♣❛r✐çã♦ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ❡❧❡♠❡♥t♦s t♦❞♦s ❝♦♥❡❝t❛❞♦s q✉❡✱ ♥♦ ❝❛s♦ ❞❛ ♣❡r❝♦❧❛çã♦✱ ❛❜r❛♥❣❡♠ ❛ r❡❞❡

✐♥t❡✐r❛ ❞❡ ✉♠❛ ❢♦r♠❛ ❡①t❡♥s❛✳
✷❋♦✐ ❢❡✐t❛ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ❛♥❛❧✐s❛r r❡❞❡s ❛❧❡❛tór✐❛s q✉❡ ♥ã♦ s❡❣✉✐ss❡♠ ❡st❛ r❡❣r❛✱ ♠❛s ♦s r❡s✉❧t❛❞♦s ✐♥❞✐❝❛♠ q✉❡

❛ ❞✐♥â♠✐❝❛ ❞❡ s✐st❡♠❛s ❛ss✐♠ é t♦t❛❧♠❡♥t❡ ✐♠♣r❡✈✐sí✈❡❧✳ ❆ r❡❞❡ ♣♦❞❡ ❛♣r❡s❡♥t❛r ❛s♣❡❝t♦ ❞✐st✐♥t♦ ❛ ❝❛❞❛ ✈❡③ q✉❡ é
❣❡r❛❞❛ ♥♦✈❛♠❡♥t❡✱ t♦r♥❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡s✐♥t❡r❡ss❛♥t❡ ❡ ♣♦✉❝♦ r❡♣r❡s❡♥t❛t✐✈♦✱ ✉♠❛ ✈❡③ q✉❡ ♥ã♦ s❡ ❝❤❡❣❛ ❡♠ ❝♦♥❝❧✉sã♦
❛❧❣✉♠❛ ♦❧❤❛♥❞♦ ❛s ❞✐♥â♠✐❝❛s✳

✾



❞❡ ❣r❛✉ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s ❡ ♦s ❞❛❞♦s r❡❛✐s✱ ♠♦str❛♥❞♦ q✉❡ ❞❡ ❢❛t♦ ❤á ♣♦✉❝♦ q✉❡ ♣♦ss❛

s❡r ❛❞❡q✉❛❞❛♠❡♥t❡ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ r❡❞❡ ❞❡st❡ t✐♣♦✳

✷✳✷✳✸ ❘❡❞❡ ❘❡t✐❝✉❧❛❞❛

❯♠❛ ♦✉tr❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡❞❡s ❞❡ s✐♠♣❧✐❝✐❞❛❞❡ ♠❡♠♦rá✈❡❧ é ❛ ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s✳

❊st❛s✱ ❜❛st❛♥t❡ ✐♥t✉✐t✐✈❛s✱ sã♦ ❛q✉❡❧❛s ❡♠ q✉❡ ♦s ♥ós s❡ ❞✐s♣õ❡♠ r❡❣✉❧❛r♠❡♥t❡ ❡ ♣❡r✐✲

♦❞✐❝❛♠❡♥t❡ ♥♦ ❡s♣❛ç♦✱ ❝♦♠♦ ❡♠ ✉♠ ❝r✐st❛❧ ❝ú❜✐❝♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ ❡ ❤á ❝♦♥❡①õ❡s ❡♥tr❡

♦s ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ♦✉ q✉❡ ❡st❡❥❛♠ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✐♥❢❡r✐♦r ❛ D✱ ✉♠ ♣❛râ♠❡tr♦

❝❛r❛❝t❡ríst✐❝♦ ❞❛ r❡❞❡✸✳ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ r❡❞❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s

♦✉ r❡❞❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s t❛♠❜é♠❀ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ❞♦ r❡t✐❝✉❧❛❞♦ é q✉❛❧q✉❡r✳

◆❡st❛s r❡❞❡s✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ s❡♠♣r❡ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♥✉♠❡r✐❝❛✲

♠❡♥t❡ ♣❡♥s❛♥❞♦ ♥♦s ✈✐③✐♥❤♦s ❝♦♠ ❞✐stâ♥❝✐❛ ✐♥❢❡r✐♦r ❛ D ❞❡ q✉❛❧q✉❡r ✉♠ ❞♦s ❡❧❡♠❡♥t♦s

❞♦ r❡t✐❝✉❧❛❞♦✳ ❆ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡st❛ t♦♣♦❧♦❣✐❛ ❣❛r❛♥t❡ q✉❡ C ≈ Ci✱ ❡ ♣♦rt❛♥t♦ só é

♥❡❝❡ssár✐♦ ❝❛❧❝✉❧❛r ✉♠ ❞♦s Ci✳ ❈❛s♦ ❛♣❡♥❛s ♦s ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ❡st❡❥❛♠ ❝♦♥❡❝✲

t❛❞♦s✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ é ♥✉❧♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s ♥ós ✈✐③✐♥❤♦s ❛ ✉♠ ❝❡rt♦

♥ó ♥ã♦ ♣♦ss✉❡♠ ❝♦♥❡①õ❡s ❡♥tr❡ s✐❀ ♣♦ré♠✱ s❡ D ❢♦r ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐♦r ❞♦ q✉❡

❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ t❡♥❞❡ ❛ s❡r

♠✉✐t♦ s✉♣❡r✐♦r ❛♦ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s ❝♦♠ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❝♦♥❡①õ❡s ❝♦♠♣❛rá✈❡❧✳

❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡st❛s r❡❞❡s é ♦ ❢❛t♦ ❞❡ s❡r❡♠

❡①t❡♥s❛s✱ ♦ q✉❡ ❛❢❡t❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❡♥tr❡ ❞♦✐s ❡❧❡♠❡♥t♦s

q✉❛✐sq✉❡r ❞❛ r❡❞❡✳ ❊st❡ ♣❛ss❛ ❛ ❞❡♣❡♥❞❡r✱ ❛❧é♠ ❞❡ N ✱ ❞♦ ♥ú♠❡r♦ ❞❡ ❞✐♠❡♥sõ❡s χ ❞♦

r❡t✐❝✉❧❛❞♦ ♥♦ q✉❛❧ ♦s ♥ós ❡stã♦ ❞✐s♣♦st♦s✿

lretic ∼ N
1
χ . ✭✷✳✼✮

❆ss✐♠✱ ❡♠ ✉♠ r❡t✐❝✉❧❛❞♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❞❡✈❡rá ❞❡♣❡♥❞❡r

❞❡ N
1
3 ✳ ❊st❡ r❡s✉❧t❛❞♦ é r❛③♦á✈❡❧ s❡ ♣❡♥s❛r♠♦s q✉❡ N é ❣r❛♥❞❡③❛ q✉❡ ♠❡❞❡ ♦ ✈♦❧✉♠❡

❞❛ r❡❞❡ t♦❞❛✱ ✉♠❛ ✈❡③ q✉❡ ❡♥tã♦ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❞❡✈❡ ❞❡♣❡♥❞❡r ❧✐♥❡❛r♠❡♥t❡

❞❛s ❞✐stâ♥❝✐❛s ❧✐♥❡❛r❡s tí♣✐❝❛s✱ ♦✉✱ ❞✐❣❛♠♦s✱ ❞❛ ❛r❡st❛ ❞❡ ✉♠ ❝✉❜♦ χ✲❞✐♠❡♥s✐♦♥❛❧✳ ❊♠

❝♦♠♣❛r❛çã♦ ❝♦♠ ♦✉tr❛s r❡❞❡s✱ ❛s r❡❞❡s r❡t✐❝✉❧❛❞❛s tê♠ ❝❛♠✐♥❤♦s ♠í♥✐♠♦s ♠é❞✐♦s

❜❛st❛♥t❡ ❣r❛♥❞❡s✳

❋✐♥❛❧♠❡♥t❡✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡st❛s r❡❞❡s é s✐♠♣❧❡s ♣❛r❛ r❡❞❡s ❝♦♠ ❝♦♥❞✐çõ❡s

❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s✿ ❞❡✈✐❞♦ à r❡❣r❛ ❞❡ ❝♦♥❡①ã♦✱ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ tê♠

♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s✱ ❡ ♣♦rt❛♥t♦ P (k) = δ(k − k0)✱ ♦♥❞❡ k0 é ♦ ♥ú♠❡r♦ ❞❡

♥ós q✉❡ ❡stã♦ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✐♥❢❡r✐♦r ❛ D ❞❡ ✉♠ ❞❛❞♦ ❡❧❡♠❡♥t♦ ❞❛ r❡❞❡✳ P❛r❛ r❡❞❡s

✸❈❧❛r♦ q✉❡✱ s❡ D ❢♦r ❞❛ ♦r❞❡♠ ❞♦ t❛♠❛♥❤♦ ❞❛ r❡❞❡ t♦❞❛✱ t❡r❡♠♦s ✉♠❛ r❡❞❡ t♦t❛❧✲
♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ♥♦✈❛♠❡♥t❡✳ P❛r❛ ❡✈✐t❛r ✐st♦✱ t♦♠❛♠♦s✱ ❡♠ ❣❡r❛❧✱ D ≪ N δ✱ ♦♥❞❡ δ é
♦ ♥ú♠❡r♦ ❞❡ ❞✐♠❡♥sõ❡s ❞♦ ❡s♣❛ç♦ ❡♠ q✉❡ ❡stá ♦ r❡t✐❝✉❧❛❞♦✳

✶✵



s❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s✱ ❤á ❡❢❡✐t♦s ❞❡ ❜♦r❞❛ q✉❡ r❡❞✉③❡♠ ♦s ki ❞♦s ♥ós

♣ró①✐♠♦s ❞❛s ❡①tr❡♠✐❞❛❞❡s ❞❛ r❡❞❡✱ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ t♦r♥❛✲s❡ ♣♦✉❝♦ tr✐✈✐❛❧✳

◆❡st❡s ❝❛s♦s✱ é ✐♥t❡r❡ss❛♥t❡ ❝❛❧❝✉❧❛r ♣❡❧♦ ♠❡♥♦s 〈k〉 ♣❛r❛ ♦❜t❡r✲s❡ ✉♠❛ ♠❡❞✐❞❛ ❞❛

✐♥✢✉ê♥❝✐❛ ❞♦ ❡❢❡✐t♦ ❞❡ ❜♦r❞❛✳

✷✳✷✳✹ ❘❡❞❡ ▼✉♥❞♦ P❡q✉❡♥♦

◆❛s ❞✉❛s r❡❞❡s ♥ã♦✲tr✐✈✐❛✐s q✉❡ ✈✐♠♦s ❛té ❛❣♦r❛✱ t❡♠♦s ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ♠❛r✲

❝❛♥t❡s✳ ❆s r❡❞❡s ❛❧❡❛tór✐❛s ❛♣r❡s❡♥t❛♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❜❛✐①♦ ❡♠ r❡❞❡s

tí♣✐❝❛s ❝♦♠ p ♣❡q✉❡♥♦s❀ ❛❧é♠ ❞✐ss♦✱ ❡①✐❜❡♠ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❜❛st❛♥t❡ ❝✉rt♦✳

❊♠ ❝♦♥tr❛st❡✱ ❛s r❡❞❡s r❡t✐❝✉❧❛❞❛s tê♠ t❛♥t♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦ q✉❛♥t♦ ❝❛♠✲

✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❜❛st❛♥t❡ ❣r❛♥❞❡s✳

❊♠ ✉♠ ❡s❢♦rç♦ ♣❛r❛ r❡♣r❡s❡♥t❛r s✐st❡♠❛s ♥♦s q✉❛✐s ❤á ❛❣r✉♣❛♠❡♥t♦ ❝♦♥s✐❞❡rá✈❡❧✱

♠❛s ♦s ❝❛♠✐♥❤♦s ♠í♥✐♠♦s sã♦ t✐♣✐❝❛♠❡♥t❡ ❝✉rt♦s✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ✉♠❛ ❝❛t❡❣♦r✐❛ ♥♦✈❛

❞❡ r❡❞❡s ❝❤❛♠❛❞❛ ❞❡ ▼✉♥❞♦ P❡q✉❡♥♦✳ ❊st❛s r❡❞❡s sã♦ ❞❡✜♥✐❞❛s ♣❡❧♦ s❡✉ ♠♦❞❡❧♦

❣❡r❛❞♦r✱ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❲❛tts ❡ ❙tr♦❣❛t③ ✭✶✾✾✽✱ ❬✶✸❪✮✱ q✉❡ é ♦ s❡❣✉✐♥t❡✿

✶✳ ❈♦♥s✐❞❡r❡ ✉♠❛ r❡❞❡ r❡t✐❝✉❧❛❞❛ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ❝♦♠ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡

❝♦♥t♦r♥♦✱ ✐✳❡✳ ✉♠❛ r❡❞❡ ❡♠ ❛♥❡❧ ❝♦♠N ❡❧❡♠❡♥t♦s✳ ❊st❡s ♥ós ❡stã♦ ❝♦♥❡❝t❛❞♦s ❝♦♠

♦s s❡✉s d ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ✭d/2 ❞❡ ❝❛❞❛ ❧❛❞♦✮✳ P❛r❛ t❡r ✉♠❛ r❡❞❡ r❡t✐❝✉❧❛❞❛

❞❡ ❛❣r✉♣❛♠❡♥t♦ ❝♦♥s✐❞❡rá✈❡❧✱ ♠❛s ❛✐♥❞❛ ❡①t❡♥s❛✱ t♦♠❛♠♦sN ≫ d≫ ln(N) ≫ 1✳

✷✳ ❘❡❛❧♦q✉❡ ❛❣♦r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♥❡①õ❡s ❥á ❡①✐st❡♥t❡s ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ p✳ ❙❡

r❡❛❧♦❝❛❞❛✱ ✉♠❛ ❞❛❞❛ ❝♦♥❡①ã♦ ♣❛ss❛ ❛ ❧✐❣❛r ✉♠ ❡❧❡♠❡♥t♦ ❞❛ r❡❞❡ ❝♦♠ q✉❛❧q✉❡r

♦✉tr♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❞✐stâ♥❝✐❛ ❣❡♦❣rá✜❝❛✳ ■st♦ ✐♥tr♦❞✉③✐rá pN(d/2) ❝♦♥❡①õ❡s

❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❝✉❥♦ ♦❜❥❡t✐✈♦ é ❜❛s✐❝❛♠❡♥t❡ r❡❞✉③✐r ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦✱

❝♦♠♦ ✈❡r❡♠♦s✳

❋✐❣✉r❛ ✷✳✸✿ ❊①❡♠♣❧♦ ❯♠❛ r❡❞❡ r❡t✐❝✉❧❛❞❛ ❝♦♠ N = 40 ❡ d = 8 ✭❡sq✉❡r❞❛✮ ♥❛ q✉❛❧ ❢♦✐
❛♣❧✐❝❛❞❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❲❛tts✲❙tr♦❣❛t③ ❝♦♠ p = 0.1 ✭♠❡✐♦✮ ❡ ❝♦♠ p = 1.0 ✭❞✐r❡✐t❛✮✳
◆♦t❡ q✉❡ ❡st❡ ú❧t✐♠♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ r❡❞❡ ❛❧❡❛tór✐❛✳

❙❡❣✉✐♥❞♦ ❡st❛s r❡❣r❛s✱ ✉♠❛ r❡❞❡ ❣❡r❛❞❛ ❝♦♠ p = 0 s❡r✐❛ ✉♠❛ r❡❞❡ r❡t✐❝✉❧❛❞❛ ✉♥✐❞✐✲

♠❡♥s✐♦♥❛❧✱ ❡ ✉♠❛ ❝♦♠ p = 1 s❡r✐❛ ✉♠❛ r❡❞❡ ❛❧❡❛tór✐❛✳ ❖ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❡stá ✐♥❞✐❝❛❞♦

✶✶



♥❛ ✜❣✉r❛ ✷✳✸✳ ❉❡ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ❝♦♠ r❡❞❡s ❣❡r❛❞❛s ❛ss✐♠✱ ♥♦t❛✲s❡ q✉❡✱ à ♠❡❞✐❞❛

❡♠ q✉❡ ❤á ♠❛✐s ❡ ♠❛✐s r❡❛❧♦❝❛çõ❡s ❞❡ ❝♦♥❡①õ❡s ❡①✐st❡♥t❡s✱ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦

❝❛✐ ✈❡rt✐❣✐♥♦s❛♠❡♥t❡ ✭✈❡❥❛ ✜❣✉r❛ ✷✳✹✮ s❡♠ q✉❡ ❤❛❥❛ ♠✉✐t❛ ❛❧t❡r❛çã♦ ♥♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❛❣r✉♣❛♠❡♥t♦✱ ♦ q✉❡ s❡r✐❛ ❞❡ s❡ ❡s♣❡r❛r✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ❛ t♦♣♦❧♦❣✐❛ ❣❡r❛❧ ❞❛ r❡❞❡

❛✐♥❞❛ é r❡t✐❝✉❧❛❞❛ ❡ ♣♦rt❛♥t♦ ❛❞♠✐t❡ ❣r❛♥❞❡ ❛❣r✉♣❛♠❡♥t♦✱ ♠❛s ❤á ❛t❛❧❤♦s q✉❡ ♣❡r✲

❝♦rr❡♠ ❣r❛♥❞❡s ❞✐stâ♥❝✐❛s ❡ q✉❡ ❛❢❡t❛♠ ♠✉✐t♦ ♦s ❝❛♠✐♥❤♦s ♣♦ssí✈❡✐s ❡♥tr❡ q✉❛✐sq✉❡r

❞♦✐s ♥ós ❞❛ r❡❞❡✳

❋✐❣✉r❛ ✷✳✹✿ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❣r❛♥❞❡③❛s ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ l ❡ ❝♦❡✜❝✐❡♥t❡ ❞❡
❛❣r✉♣❛♠❡♥t♦ C ❝♦♠♦ ❢✉♥çõ❡s ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r❡❛❧♦❝❛çã♦ ❞❡ ❝♦♥❡①õ❡s p ♥♦ ♠♦❞❡❧♦
❞❡ ❲❛tts✲❙tr♦❣❛t③✳ ✭✜❣✉r❛ ♣r♦✈❡♥✐❡♥t❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❛rt✐❣♦ ❬✶✸❪✮

❍á ❝♦♠♦ ❞✐s❝✉t✐r ❞❡ ❢♦r♠❛ ♠❛✐s ❡①t❡♥s❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ l ❡ C ❝♦♠♦ ❢✉♥çõ❡s

❞❡ p✱ ♠❛s ♥ã♦ ♦ ❢❛r❡♠♦s ❛q✉✐✳ P❛r❛ ♦s ♥♦ss♦s ✐♥t❡r❡ss❡s✱ ❛ ✜❣✉r❛ ✷✳✹ ❥á ❝♦♥té♠ t♦❞♦s

♦s ❞❛❞♦s ❞❡s❡❥❛❞♦s✳ ◆♦t❛♠♦s ❛♣❡♥❛s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞❡ ✉♠❛

r❡❞❡ ❞❡st❡ t✐♣♦ s❡ ❝♦♠♣♦rt❛ ❞❡ ✉♠❛ ❢♦r♠❛ r❛③♦❛✈❡❧♠❡♥t❡ ✐♥t✉✐t✐✈❛✿ q✉❛♥❞♦ p = 0✱

❛ ❞✐str✐❜✉✐çã♦ é ✉♠❛ ❢✉♥çã♦ P (k) = δ(k − d)✱ ✉♠❛ ✈❡③ q✉❡ t♦❞♦s tê♠ ✉♠ ♥ú♠❡r♦

d ❞❡ ✈✐③✐♥❤♦s❀ ❡♥tã♦✱ à ♠❡❞✐❞❛ ❡♠ q✉❡ p ❝r❡s❝❡✱ ✈ã♦ s❡ ❛❞✐❝✐♦♥❛♥❞♦ ♦✉tr♦s ✈❛❧♦r❡s

❞❡ k ∼ d ± ε ❞❡ ✉♠❛ ❢♦r♠❛ ❡①♣♦♥❡♥❝✐❛❧✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡✱ ✜♥❛❧♠❡♥t❡✱ q✉❛♥❞♦ p =

1✱ r❡❝✉♣❡r❡♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧ ❡s♣❡r❛❞❛ ♣❛r❛ ✉♠❛ r❡❞❡ ❛❧❡❛tór✐❛✱ ❝❡♥tr❛❞❛

❥✉st❛♠❡♥t❡ ❡♠ k = d✳

✷✳✷✳✺ ❘❡❞❡ ❊str❡❧❛

❯♠❛ r❡❞❡ r❡❝♦rr❡♥t❡ ❡♠ ❇✐♦❧♦❣✐❛ é ❛ r❡❞❡ ❡str❡❧❛✱ ♥❛ q✉❛❧ ❛❧❣✉♥s ♣♦✉❝♦s ♥ós ♦❝✉♣❛♠

✉♠❛ ♣♦s✐çã♦ ❝❡♥tr❛❧ ❡ ♣r✐✈✐❧❡❣✐❛❞❛ ❡ ❤á ♠✉✐t♦s ♥ós ♣❡r✐❢ér✐❝♦s q✉❡ ❝♦♣✐❛♠ ♦s ❡st❛❞♦s

❞♦ ❝❡♥tr♦✳ ❖ ♠♦❞❡❧♦ q✉❡ ❛❞♦t❛♠♦s ♣❛r❛ ❡st❛s r❡❞❡s ❛q✉✐ é ❞❡ r❡❞❡s ❝♦♠ N ❡❧❡♠❡♥t♦s✹✱

❞♦s q✉❛✐s m0 ❢❛③❡♠ ♣❛rt❡ ❞❡ ✉♠ ♥ú❝❧❡♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❡ N −m0 sã♦ ❡❧❡♠❡♥t♦s

♣❡r✐❢ér✐❝♦s q✉❡ ❡stã♦ ❝♦♥❡❝t❛❞♦s ❛♣❡♥❛s ❛ t♦❞♦s ♦s ♥ós ❞♦ ♥ú❝❧❡♦✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✷✳✺✳

➱ ❛♣❛r❡♥t❡ q✉❡ r❡❞❡s ❝r✐❛❞❛s ❝♦♠ ❡st❡ ♠ét♦❞♦ tê♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦
✹P♦st❡r✐♦r♠❡♥t❡✱ ♦s N ❡❧❡♠❡♥t♦s ❛q✉✐ ❝✐t❛❞♦s ✈ã♦ s❡ ♠❛♣❡❛r ❛♦s N + N0 + N1 ❞♦ ♣r♦❜❧❡♠❛ ❝♦♠ ♥ós ❝♦♠ ❡st❛❞♦

✐♥t❡r♥♦ ✜①♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❡ ♦ ❝❛♣ít✉❧♦ ✸✳

✶✷



❋✐❣✉r❛ ✷✳✺✿ ❊①❡♠♣❧♦s ❞❡ r❡❞❡s ❡str❡❧❛ ❝♦♠ N = 8 ❡ m0 = 1 ✭❡sq✉❡r❞❛✮ ❡ m0 = 3
✭❞✐r❡✐t❛✮✳

❝❛❧❝✉❧á✈❡❧✳ ❙❡ m0 > 1✱ ♦s ❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s tê♠ m0 − 1 ✈✐③✐♥❤♦s ❝♦♠ t♦❞❛s ❛s

(m0 − 1) (m0 − 2) /2 ❝♦♥❡①õ❡s ♣♦ssí✈❡✐s ❡♥tr❡ s✐✱ ❡ N − m0 ✈✐③✐♥❤♦s ♣❡r✐❢ér✐❝♦s s❡♠

♥❡♥❤✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ s✐❀ ❧♦❣♦✱ ❞❛s (N − 1) (N − 2) /2 ❝♦♥❡①õ❡s ♣♦ssí✈❡✐s ♣❛r❛ ♦s

❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s✱ t❡♠♦s ❛♣❡♥❛s ❛s (m0 − 1) (m0 − 2) /2✳ ❖s ❡❧❡♠❡♥t♦s ♣❡r✐❢ér✐❝♦s

tê♠ m0 ✈✐③✐♥❤♦s ❝♦♥❡❝t❛❞♦s ❡♥tr❡ s✐✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❣r✉♣❛♠❡♥t♦

✐❣✉❛❧ ❛ ✶✳ ❆ ♠é❞✐❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛❣r✉♣❛♠❡♥t♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣r♦♥t❛♠❡♥t❡✿

C =
m0

N
C♥ós ❝❡♥tr❛✐s +

(N −m0)

N
C♥ós ♣❡r✐❢ér✐❝♦s

C =
(m0

N

)[ (m0 − 1) (m0 − 2)

(N − 1) (N − 2)

]
+

(
N − m0

N

)
✭✷✳✽✮

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ r❡❞❡ t❡♠ m0 = 1✱ ♦ ❢❛t♦r ❞❡ ❛❣r✉♣❛♠❡♥t♦ ✷✳✷ ♥ã♦ ❞❡✈❡ s❡r

✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦✳ ◆❡st❡ ❝❛s♦✱ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞♦ q✉❡ C = 0✱ ♣♦✐s ♥❡♥❤✉♠

❞♦s ✈✐③✐♥❤♦s ❞❡ q✉❛❧q✉❡r ♥ó ❛❞♠✐t❡ q✉❛❧q✉❡r ❝♦♥❡①ã♦ ❡♥tr❡ s✐✳

◗✉❛♥t♦ ❛♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦✱ ❡st❡ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡✳ P❛r❛

❞♦✐s ❡❧❡♠❡♥t♦s ♣❡r✐❢ér✐❝♦s✱ ♦ ❝❛♠✐♥❤♦ é ❞❡ ❞✉❛s ❝♦♥❡①õ❡s❀ ♣❛r❛ q✉❛✐sq✉❡r ♦✉tr♦s ❡❧❡✲

♠❡♥t♦s✱ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ é ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ❛♣❡♥❛s✳ ❖s ❡❧❡♠❡♥t♦s ♣❡r✐❢ér✐❝♦s tê♠

(N −m0)(N −m0 − 1)/2 ♣❛r❡s ♣♦ssí✈❡✐s✱ ❡ ❛ r❡❞❡ ✐♥t❡✐r❛ ❛❞♠✐t❡ N(N − 1)/2 ♣❛r❡s

♣❛r❛ ♠❡❞✐❞❛ ❞❡ ❝❛♠✐♥❤♦ ♠í♥✐♠♦✳ ❆ ♠é❞✐❛ ❞❡ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ❡♥tã♦ ❞❡✈❡ s❡r s✐♠✲

♣❧❡s♠❡♥t❡✿

lestrela = 1 +
(N −m0) (N −m0 − 1)

N (N − 1)
. ✭✷✳✾✮

❊st❛ ❡①♣r❡ssã♦ t❡♠ ❝♦♠♣♦rt❛♠❡♥t♦ r❛③♦á✈❡❧✿ s❡ m0 = 1 ❡ N = 8✱ ♦ ❝❛♠✐♥❤♦

♠í♥✐♠♦ ♠é❞✐♦ r❡s✉❧t❛ ❡♠ lestrela = 15/8 = 1, 88❀ s❡ ❡♥tã♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ♥ú❝❧❡♦

♠❛✐♦r✱ ❞❡ m0 = 3✱ t❡♠♦s ✉♠ lestrela ♠❡♥♦r✱ ✐❣✉❛❧ ❛ 19/14 = 1, 36✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱

❛ ❡q✉❛çã♦ ✷✳✾ ♥♦s ♠♦str❛ q✉❡ lestrela < 2✳

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡st❛s r❡❞❡s t❛♠❜é♠ é s✐♠♣❧❡s ❞❡ ❝❛❧❝✉❧❛r✱ ✉♠❛ ✈❡③ q✉❡

t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ♥ú❝❧❡♦ tê♠ N − 1 ❝♦♥❡①õ❡s ❝♦♠ ♦s ♦✉tr♦s ❡❧❡♠❡♥t♦s ❡ ♦s ♥ós

✶✸



♣❡r✐❢ér✐❝♦s tê♠ m0 ❝♦♥❡①õ❡s✱ ✉♠❛ ❝♦♠ ❝❛❞❛ ♥ó ❞♦ ❝❡♥tr♦ ❞❛ ❡str❡❧❛✳ ❚❡♠♦s ❡♥tã♦✿

P (k) =
N −m0

N
δ (k −m0) +

m0

N
δ (k − (N − 1)) . ✭✷✳✶✵✮

✷✳✷✳✻ ❘❡❞❡ ▲✐✈r❡ ❞❡ ❊s❝❛❧❛

❘❡❝❡♥t❡♠❡♥t❡✱ ❛✈❛♥ç♦s ❡♠ ❝♦♠♣✉t❛çã♦ ♣❡r♠✐t✐r❛♠ q✉❡ r❡❞❡s ❝♦♠♣❧❡①❛s ❢♦ss❡♠ ❛♥❛❧✲

✐s❛❞❛s ❞❡ ❢♦r♠❛ s❡♠ ♣r❡❝❡❞❡♥t❡s✳ ◆❡st❡s ❡st✉❞♦s✱ t❛❧✈❡③ ❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡s❝♦❜❡rt❛

❢♦✐ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡ ♠✉✐t❛s r❡❞❡s r❡❛✐s ❞❡ ❧❛r❣❛ ❡s❝❛❧❛ s❡❣✉❡✱ ❞❡ ❢❛t♦✱ ✉♠❛

r❡❣r❛ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ t✐♣♦✿

P (k) ∼ k−γ. ✭✷✳✶✶✮

❝♦♠ γ s❡♥❞♦ ✉♠ ✈❛❧♦r r❡❛❧ ♣♦s✐t✐✈♦ q✉❡ ❢♦✐ ♠❡❞✐❞♦ ♣❛r❛ ✈ár✐❛s r❡❞❡s r❡❛✐s✳ ❘❡❞❡s q✉❡

s❡❣✉❡♠ r❡❣r❛s ❝♦♠♦ ✷✳✶✶ sã♦ ❝❤❛♠❛❞❛s ❞❡ r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛✳ ❖ ✐♥t❡r❡ss❡ ❝✐❡♥tí✜❝♦

❡♠ r❡❞❡s ❞❡st❡ t✐♣♦ ❛❞q✉✐r✐✉ ♠✉✐t❛ ❢♦rç❛ ❞❡♣♦✐s ❞❡ ✉♠ ❡st✉❞♦ s♦❜r❡ ❛ ■♥t❡r♥❡t✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ ❝♦♠♦ ♥ós ❞❛ r❡❞❡ ❝❛❞❛ ✉♠ ❞♦s s✐t❡s ❡ ❝♦♥❡①õ❡s s❡♥❞♦ ♦s ❤②♣❡r❧✐♥❦s ✳ ◆❡st❡

❡st✉❞♦✱ ✭❇r♦❞❡r ❡t ❛❧✱ ✷✵✵✵ ❬✶✹❪✮ ❢♦✐ ✈❡r✐✜❝❛❞♦✱ ❝♦♠ ♦ ✉s♦ ❞❡ ♣r♦❣r❛♠❛s ❛✉t♦♠❛t✐③❛❞♦s✱

q✉❡ ❡st❛ r❡❞❡ s❡❣✉❡ ❜❛st❛♥t❡ ❜❡♠ ✉♠❛ r❡❣r❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠♦ ✷✳✶✶ ❛♦ ❧♦♥❣♦ ❞❡ ❝✐♥❝♦

♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ ❞❡ k✳

❋♦r❛♠ ❡♥tã♦ ♣r♦❝✉r❛❞❛s ❡①♣❧✐❝❛çõ❡s ♣❛r❛ ❛ ❢✉♥çã♦ P (k) ❛❞♠✐t✐r ❡st❡ ❝♦♠♣♦rt❛✲

♠❡♥t♦✳ ❉♦✐s ✐♥❣r❡❞✐❡♥t❡s sã♦ ❝r✉❝✐❛✐s ♣❛r❛ r❡❞❡s ❧✐✈r❡ ❞❡ ❡s❝❛❧❛✿ ❝r❡s❝✐♠❡♥t♦✱ ♣♦✐s ❛s

r❡❞❡s r❡❛✐s ♦❜s❡r✈❛❞❛s q✉❡ s❡❣✉❡♠ ✷✳✶✶ t♦❞❛s ❛♣r❡s❡♥t❛♠ ❛❧❣✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ❛❞✐✲

❝✐♦♥❛r ♥ós à r❡❞❡✱ ❡ ❝♦♥❡①ã♦ ♣r❡❢❡r❡♥❝✐❛❧ ✱ ♦ q✉❡ q✉❡r ❞✐③❡r q✉❡ ♥♦✈♦s ♥ós ❞❛ r❡❞❡

tê♠ ✉♠❛ t❡♥❞ê♥❝✐❛ ♠❛✐♦r ❛ ❛ss♦❝✐❛r✲s❡ àq✉❡❧❡s ❡❧❡♠❡♥t♦s q✉❡ ❥á ❛♣r❡s❡♥t❛♠ ❣r❛♥❞❡

♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s ❝♦♠ ♦✉tr♦s ❡❧❡♠❡♥t♦s✳

■♥s♣✐r❛❞♦s ♥❡st❡s ❞♦✐s ✐♥❣r❡❞✐❡♥t❡s✱ ❆❧❜❡rt✲▲ás③❧♦ ❇❛r❛❜ás✐ ❡ ❘é❦❛ ❆❧❜❡rt ✭❬✶✺❪✮ ♣r♦✲

♣✉s❡r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝r✐❛r ✉♠❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ q✉❡ r❡♣r♦❞✉③ ❛ ❞✐str✐❜✉✐çã♦

❞❡ ❣r❛✉ tã♦ ❝❛r❛❝t❡ríst✐❝❛✳ ❖ ❛❧❣♦r✐t♠♦ é ❜❛st❛♥t❡ s✐♠♣❧❡s✿

✶✳ ❈r❡s❝✐♠❡♥t♦✿ ➱ ❝r✐❛❞❛ ✉♠❛ r❡❞❡ ❝♦♠ m0 ❡❧❡♠❡♥t♦s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s✺✳ ❊♥✲

tã♦✱ ❛❞✐❝✐♦♥❛♠♦s ♥ós ♥♦✈♦s ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✱ ❝♦♥❡❝t❛♥❞♦ ❡st❡s ❛m ✭❝♦♠m < m0✮

♥ós ❥á ❡①✐st❡♥t❡s✳

✷✳ ❈♦♥❡①ã♦ Pr❡❢❡r❡♥❝✐❛❧✿ ❆♦ ❡s❝♦❧❤❡r ❛s m ❝♦♥❡①õ❡s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♥♦✈♦ ❞❛ r❡❞❡✱

✈❛♠♦s ❛ss✉♠✐r q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ Π ❞❡ q✉❡ ✉♠ ♥♦✈♦ ♥ó s❡ ❝♦♥❡❝t❡ ❝♦♠ ♦ i✲és✐♠♦

♥ó ❥á ❡①✐st❡♥t❡ ❞❛ r❡❞❡ ❞❡♣❡♥❞❡ ❞♦ ❣r❛✉ ki ❞❡st❡ ♥ó ❞❡ ❢♦r♠❛ t❛❧ q✉❡✿

✺◆ã♦ é r✐❣♦r♦s❛♠❡♥t❡ ♥❡❝❡ssár✐♦ q✉❡ ❡st❡s ♥ós ✐♥✐❝✐❛✐s ❡st❡❥❛♠ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s✿
❛ r❡❞❡ ❛♣r❡s❡♥t❛rá ❛s♣❡❝t♦ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❞❡ q✉❛❧q✉❡r ❢♦r♠❛✳

✶✹



Π (ki) =
ki∑
ki

. ✭✷✳✶✷✮

❉❡st❛ ❢♦r♠❛✱ ✉♠ ♥ó s❡♥❞♦ ❛❞✐❝✐♦♥❛❞♦ t❡♠ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❣r❛♥❞❡ ❞❡ s❡ ❝♦♥❡❝t❛r

❝♦♠ ✉♠ ❡❧❡♠❡♥t♦ q✉❡ t❡♥❤❛ ki ❛♣r❡❝✐❛✈❡❧♠❡♥t❡ ❣r❛♥❞❡✳ ❙✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡st❡

❛❧❣♦r✐t♠♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ r❡❞❡ ♠♦str❛♠ q✉❡ r❡❞❡s ♣r♦❞✉③✐❞❛s ❞❡st❛ ❢♦r♠❛ s❡❣✉❡♠

✷✳✶✶ ❝♦♠ γ = 3 ✜①♦ ❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ m ❡ m0✳

P❛r❛ ❛s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ r❡❞❡s ❣❡r❛❞❛s ❞❡st❛ ❢♦r♠❛✱ ❝♦♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❛❣r✉♣❛♠❡♥t♦ ❡ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦✱ ♥ã♦ ❤á ♣r❡✈✐sõ❡s ❛♥❛❧ít✐❝❛s✳ ◆❡st❡ ♠♦♠❡♥t♦✱

❤á ❛♣❡♥❛s ❛❧❣✉♥s tr❛❜❛❧❤♦s ♥✉♠ér✐❝♦s q✉❡ ♣r♦❝✉r❛♠ ❛♣r♦①✐♠❛r ❡st❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

❛❧❣✉♠❛ ❢♦r♠❛✳

❆♦ ❝♦♠♣❛r❛r ♦ ♠♦❞❡❧♦ ❞❡ ❇❛r❛❜ás✐✲❆❧❜❡rt ❝♦♠ r❡❞❡s r❡❛✐s✱ ♣❛r❛ ❛s q✉❛✐s ❡♠ ❣❡r❛❧

2 < γ < 3✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ❡st❡ ❛❧❣♦r✐t♠♦ ♥ã♦ r❡♣r♦❞✉③ ❝♦rr❡t❛♠❡♥t❡ ♦s γ✬s✳ ❱ár✐❛s

❝♦rr❡çõ❡s ❢♦r❛♠ ♣r♦♣♦st❛s ♣❛r❛ r❡❞✉③✐r ❡st❡ ❡①♣♦❡♥t❡✱ ♠❛s ♥❡♥❤✉♠ tr❛❜❛❧❤♦ ❛té ♦

♠♦♠❡♥t♦ ❢♦✐ r❡❛❧♠❡♥t❡ ❝♦♠♣❧❡t♦ ❡ ❞❡❝✐s✐✈♦ ❡♠ r❡❧❛çã♦ ❛ ❡st❡ ❛ss✉♥t♦✳ ❆s ♣r✐♥❝✐✲

♣❛✐s ❝♦rr❡çõ❡s ♣r♦♣♦st❛s ❡♥✈♦❧✈❡♠ ❢♦r♠❛s ❞✐❢❡r❡♥t❡s ❞❛ ❢✉♥çã♦ ❞❡ ❝♦♥❡①ã♦ ♣r❡❢❡r❡♥❝✐❛❧

✷✳✶✷✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s r❡❞❡s ❣❡r❛❞❛s ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❝❧áss✐❝♦ ❞❡

❇❛r❛❜ás✐✲❆❧❜❡rt✱ ❡ ♣♦rt❛♥t♦ ♥ã♦ ❞✐s❝♦rr❡r❡♠♦s s♦❜r❡ ❛s ♠✉✐t❛s ♦✉tr❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❡

✈❛r✐❛çõ❡s ❞❡st❡ ♠♦❞❡❧♦✳

✶✺



❈❛♣ít✉❧♦ ✸

❉✐♥â♠✐❝❛s

✸✳✶ ■♥tr♦❞✉çã♦

❚❡♥❞♦ ❞❡✜♥✐❞♦ ❛❧❣✉♠❛s t♦♣♦❧♦❣✐❛s ❞❡ r❡❞❡s q✉❡ sã♦ ❞♦ ♥♦ss♦ ✐♥t❡r❡ss❡✱ ✈❛♠♦s ❛❣♦r❛

✐♥tr♦❞✉③✐r ✉♠ t✐♣♦ ❞❡ ❞✐♥â♠✐❝❛ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ r❡❞❡ q✉❡ s❡❥❛ s✐❣♥✐✜❝❛t✐✈❛

♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞❡ ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s r❡❛✐s✳ ❈♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ r❡❞❡

❣❡♥ér✐❝❛ ❝♦♠ N + N0 + N1 ♥♦❞♦s✳ ❆ ❝❛❞❛ ♥♦❞♦ i✱ ❝♦♠ 0 ≤ i ≤ N + N0 + N1 − 1✱

❛ss♦❝✐❛r❡♠♦s ✉♠ ❡st❛❞♦ ✐♥t❡r♥♦ σi q✉❡✱ ♣❛r❛ N ♥ós ❞❛ r❡❞❡✱ ♣♦❞❡ ❛ss✉♠✐r ♦s ✈❛❧♦r❡s

0 ♦✉ 1✱ ♣❛r❛ N0 ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❡stá ✜①♦ ❡♠ σi = 0 ❡ ♣❛r❛ N1 ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡

❡stá ✜①♦ ❡♠ σi = 1✳ ◆♦t❡ q✉❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ í♥❞✐❝❡s i é r❡❧❡✈❛♥t❡ ❡ r❡ss❛❧t❛ ♦

❢❛t♦ ❞❡ q✉❡ ♦s ♥ós ❞❛ r❡❞❡ sã♦ t♦❞♦s ❞✐st✐♥❣✉í✈❡✐s ❛ ♣❛rt✐r ❞❡ s❡✉ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ♥❛

t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡✳ ❊s❝♦❧❤❡♠♦s ❞❡s❞❡ ❥á ♦s í♥❞✐❝❡s i ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ♦s ♥ós ❝♦♠ ❡st❛❞♦

✐♥t❡r♥♦ ❧✐✈r❡ ❡stã♦ r♦t✉❧❛❞♦s ❝♦♠ 0 ≤ i ≤ N − 1✱ ♦s ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ 1

tê♠ í♥❞✐❝❡s N ≤ i ≤ N + N1 − 1 ❡ ♦s ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ ✵ tê♠ í♥❞✐❝❡s

N +N1 ≤ i ≤ N +N0 +N1 − 1✳

❆ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦ ♦ ❡st❛❞♦ ❞❡ ✉♠ ❞♦s N ♥ós ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✈❛r✐á✈❡❧ é

❛t✉❛❧✐③❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ r❡❣r❛✿ ♦✉ ♦ ❡st❛❞♦ ♥ã♦ ♠✉❞❛✱ ♦ q✉❡ ♦❝♦rr❡ ❝♦♠

♣r♦❜❛❜✐❧✐❞❛❞❡ p✱ ♦✉✱ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ (1−p)✱ ♦ ♥ó ❛ss✉♠❡ ♦ ❡st❛❞♦ ❞❡ ✉♠ ❞♦s ✈✐③✐♥✲

❤♦s ❛♦s q✉❛✐s ❡stá ❝♦♥❡❝t❛❞♦✳ ❊ss❡ ♣r♦❝❡ss♦ ❞❡s❝r❡✈❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ✉♠ ❣r✉♣♦ ❞❡ ♣❡ss♦❛s t❡♥t❛♥❞♦ ❞❡❝✐❞✐r s❡ ✈♦t❛ ♥♦ ❝❛♥❞✐❞❛t♦ ❆ ♦✉ ♥♦ ❝❛♥❞✐❞❛t♦ ❇

❡♠ ✉♠❛ ❡❧❡✐çã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❤á ❛❧❣✉♠❛s ♣❡ss♦❛s q✉❡ s✐♠♣❧❡s♠❡♥t❡ ♥ã♦ ♠✉❞❛rã♦

❞❡ ♦♣✐♥✐ã♦✳ ◆♦ ❝❛s♦ ❞❡ N0 = N1 = 0 ❡ p = 0✱ ❡ss❡ ♠♦❞❡❧♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠♦❞✲

❡❧♦ ❞♦ ❡❧❡✐t♦r✳ ❆ ❝♦♥s✐❞❡r❛çã♦ ❞❡ q✉❡ ✉♠❛ ♣❛rt❡ ❞❛ r❡❞❡ t❡♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ é

✉♠❛ ❞❡ ♥♦ss❛s ♣r✐♥❝✐♣❛✐s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ✉♠ ♠♦❞❡❧♦ ❛❜str❛t♦ q✉❡✱ s❡ ♥ã♦ ♣♦r ✐ss♦✱

❥á ❢♦✐ ❡st✉❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❛❧❣✉♠❛s ❞❛s t♦♣♦❧♦❣✐❛s q✉❡ ❛❜♦r❞❛r❡♠♦s✳ ❊st❛

❝♦♥s✐❞❡r❛çã♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛t✐✈❛ ❞❡ ♠✉✐t❛s s✐t✉❛çõ❡s✱ ✐♥❝❧✉✐♥❞♦ ✐♥✢✉ê♥❝✐❛s ♣❡rt✉r✲

❜❛t✐✈❛s ❡①t❡r♥❛s à r❡❞❡ ♦✉ ✉♠❛ r❡❞❡ ✐♥t❡r❛❣✐♥❞♦ ❛tr❛✈és ❞❡ ✉♠ ✈í♥❝✉❧♦ ❧✐♠✐t❛❞♦✱ ♠❛s

✶✻



❞❡ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ❛❧❡❛tór✐♦ ❞❡♥tr♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡✱ ❝♦♠ ♦✉tr❛ r❡❞❡ ❞❡ ❞✐♠❡♥sõ❡s

♠✉✐t♦ s✉♣❡r✐♦r❡s✱ ❝✉❥❛ ❞✐♥â♠✐❝❛ ♦❝♦rr❛ ♠✉✐t♦ ♠❛✐s ❧❡♥t❛♠❡♥t❡✳ ❊st❡ ♠♦❞❡❧♦ t❛♠❜é♠

♣♦❞❡ s❡r ❞❡ ❡s♣❡❝✐❛❧ ✐♥t❡r❡ss❡ ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ t❛①❛s ❞❡ ♠✉t❛çã♦ ♥❛ ❞❡s❝r✐çã♦

❞❡ ❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s s❡①✉❛❞❛s✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s q✉❡ ❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡

t♦♠❛r N0 ❡ N1 ♥ã♦ ✐♥t❡✐r♦s✳

❆ r❡❞❡ ❝♦♠♦ ✉♠ t♦❞♦ ♣♦ss✉✐ 2N ❡st❛❞♦s ❞✐st✐♥t♦s q✉❡ ♣♦❞❡♠ s❡r r♦t✉❧❛❞♦s ♣♦r ✉♠❛

❝❛❞❡✐❛ ❞❡ ③❡r♦s ❡ ✉♥s ❞❡s❝r❡✈❡♥❞♦ ♦ ❡st❛❞♦ ❞❡ ❝❛❞❛ ♥♦❞♦ ❡♠ s❡qüê♥❝✐❛✿ (σNσN−1 · · ·σ1σ0)✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ♦s ❡st❛❞♦s ♣♦❞❡♠ s❡r ♠❛♣❡❛❞♦s ❞❡ ❢♦r♠❛ ♠❛✐s ❝♦♠♣❛❝t❛ ♣♦r ✐♥✲

t❡✐r♦s ✈✐❛ x =
∑N−1

j=0 2jσj✱ ❝♦♠ x ✈❛r✐❛♥❞♦ ❡♥tr❡ 0 ❡ 2N − 1✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ❝❛❞❛ x

❛ss♦❝✐❛✲s❡ ✐♥❡q✉✐✈♦❝❛♠❡♥t❡ ❛♣❡♥❛s ✉♠ ❡st❛❞♦ ❞❛ r❡❞❡ ❝♦♠♦ ✉♠ t♦❞♦✱ ❞❡ ❢♦r♠❛ ✐♥✲

t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣❛ à ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♥♦ s✐st❡♠❛ ❜✐♥ár✐♦✳

❆ r❡s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡st❡ t✐♣♦ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

Pt (x;x0) ❞❡ q✉❡✱ ❞❛❞♦ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ x0✱ ❛ r❡❞❡ ❡st❡❥❛ ❡♠ ✉♠ ❡st❛❞♦ x ❞❡♣♦✐s

❞❡ t ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✳ ❙✉♣♦♠♦s q✉❡ ❛ r❡❞❡ ❡✈♦❧✉✐ ❞❡ ❢♦r♠❛ ❛ssí♥❝r♦♥❛✱ ♦♥❞❡ ✉♠

ú♥✐❝♦ ♥♦❞♦ é s❡❧❡❝✐♦♥❛❞♦ ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛ ♣❛r❛ s❡r ❛t✉❛❧✐③❛❞♦ ❛ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✳

P❛r❛ ❡♥❝♦♥tr❛r ❝♦♠♦ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✈❛r✐❛ ❝♦♠ ♦ t❡♠♣♦✱ ❞❡✜♥✐♠♦s ✉♠ ❡st❛❞♦ ❛✉①✲

✐❧✐❛r x̃i q✉❡ é ✐❣✉❛❧ ❛ x ❡♠ t♦❞♦s ♦s ♥♦❞♦s ❡①❝❡t♦ ♥♦ ♥♦❞♦ i✱ q✉❡ t❡♠ ♦ ❡st❛❞♦ ✐♥t❡r♥♦

♦♣♦st♦✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ❛ r❡❞❡ ♥♦ ❡st❛❞♦ x ♥♦ ✐♥st❛♥t❡ t+ 1 ♣♦❞❡ ❡♥tã♦

s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡ três t❡r♠♦s✿ ✭❛✮ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ r❡❞❡ ❡st❛✈❛ ♥♦

❡st❛❞♦ x ♥♦ t❡♠♣♦ t ❡ q✉❡ ♦ ♥♦❞♦ s❡❧❡❝✐♦♥❛❞♦ ♥ã♦ ♠✉❞♦✉ ❞❡ ❡st❛❞♦❀ ✭❜✮ ❛ ♣r♦❜❛❜✐❧✐✲

❞❛❞❡ ❞❡ q✉❡ ❛ r❡❞❡ ❡st❛✈❛ ♥♦ ❡st❛❞♦ x ♥♦ t❡♠♣♦ t ❡ q✉❡ ♦ ♥♦❞♦ s❡❧❡❝✐♦♥❛❞♦ ❝♦♣✐♦✉ ♦

❡st❛❞♦ ❞❡ ✉♠ ✈✐③✐♥❤♦ ✐❞ê♥t✐❝♦ ✭❡ ♣♦rt❛♥t♦ s❡✉ ❡st❛❞♦ ♥ã♦ ♠✉❞♦✉✮❀ ✭❝✮ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ q✉❡ ❛ r❡❞❡ ❡st❛✈❛ ♥♦ ❡st❛❞♦ x̃i ♥♦ t❡♠♣♦ t ❡ q✉❡ ♦ ♥♦❞♦ i ❢♦✐ s❡❧❡❝✐♦♥❛❞♦ ❡ s❡✉

❡st❛❞♦ σ̃i = 1 − σi ♠✉❞♦✉ ♣❛r❛ σi✿

Pt+1 (x) = pPt (x) +
(1 − p)

N

∑

i

{Pt (x)P [σi → σi] + Pt (x̃i)P [σ̃i → σi]} . ✭✸✳✶✮

❱❡❥❛ q✉❡ ❛ s♦♠❛tór✐❛ ❡♠ i ❞❡s✐❣♥❛ t♦❞❛s ❛s ❛t✉❛❧✐③❛çõ❡s ♣♦ssí✈❡✐s✱ ❡ ❛ ❞✐✈✐sã♦ ♣♦r

N r❡♠♦♥t❛ ♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❡r ✉♠ ❞❛❞♦ ❡❧❡♠❡♥t♦ i. ◆❡st❡ ♣♦♥t♦✱ t♦r♥❛✲s❡

♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ❛❧❣♦ ♠❛✐s ❛ r❡s♣❡✐t♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡ tr❛t❛❞❛✳ ❉❡✜♥✐♠♦s ❛q✉✐

❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ζ✱ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ (N +N0 +N1) × (N +N0 +N1)

❝✉❥♦s ❡❧❡♠❡♥t♦s ζij sã♦ 1 s❡ ♦s ♥♦❞♦s i ❡ j ❡st✐✈❡r❡♠ ❝♦♥❡❝t❛❞♦s ❡ 0 ❝❛s♦ ❝♦♥trár✐♦✳ ❆

♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ t❡♠ s❡✉s ❡❧❡♠❡♥t♦s ❞✐❛❣♦♥❛✐s ♥✉❧♦s ♣♦r ❞❡✜♥✐çã♦✳

❈♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

❛❝✐♠❛ ❞❡ ❢♦r♠❛ ♠❛✐s ♣rát✐❝❛✳ P♦r ❞❡✜♥✐çã♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P [σi → σi] é s✐♠♣❧❡s♠❡♥t❡

❛ r❛③ã♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s ❞♦ ♥♦❞♦ i ♥♦ ❡st❛❞♦ σi ❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✈✐③✐♥❤♦s

✶✼



❞❡st❡ ♥♦❞♦✱ ki✿

ki =

N+N0+N1−1∑

j=0

ζij. ✭✸✳✷✮

◆♦t❡ q✉❡ ❛ ✐❞é✐❛ ❞❡ ki ❥á ❢♦✐ ✉t✐❧✐③❛❞❛ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ r❡❞❡s ♣❛r❛ ❛ ❞❡✜♥✐çã♦

❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉✳ P♦❞❡♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r P [σi → σi] ❝♦♠♦ s❡♥❞♦ ❛ r❛③ã♦ ❡♥tr❡

♦ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s ❞❡ i ❝♦♠ ♦ ♠❡s♠♦ ❡st❛❞♦ ✐♥t❡r♥♦ ❞❡ i ❡ ♦ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s

❝♦♥❡❝t❛❞♦s ❛ i✱ ki✿

P [σi → σi] =
1

ki

N+N0+N1−1∑

j=0

ζij |1 − σi − σj| . ✭✸✳✸✮

◆❡st❛ ú❧t✐♠❛ ❡①♣r❡ssã♦✱ ♥♦t❡ q✉❡ ❝❛❞❛ ♣❛r ❞❡ ♥♦❞♦s i ❡ j ❝♦♥tr✐❜✉✐ ❛♣❡♥❛s s❡ ❤♦✉✈❡r

❝♦♥❡①ã♦ ❡♥tr❡ ❡❧❡s ❡ s❡ ♦s s❡✉s ❡st❛❞♦s ❢♦r❡♠ ✐❣✉❛✐s✱ ❝♦♠♦ s❡r✐❛ ♠❡s♠♦ ❞❡ s❡ ❡s♣❡r❛r✳

❆❧é♠ ❞✐ss♦✱ ❞❡ ❢♦r♠❛ ❜❛st❛♥t❡ ♣rát✐❝❛✱ ❛ ❡①♣r❡ssã♦ ✸✳✸ t❛♠❜é♠ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ P [σ̃i → σi]✱ ♣♦rq✉❡ ❡♥tã♦ σ̃i = 1−σi ❡ σ̃j = σj ♣❛r❛ i 6= j✳ ◆❡st❡ ❝❛s♦✱ só

❤❛✈❡rá ❝♦♥tr✐❜✉✐çã♦ s❡ ♦s ❞♦✐s sít✐♦s i ❡ j ❡st✐✈❡r❡♠ ❡♠ ❡st❛❞♦s ♦♣♦st♦s✳ ❈♦♥s✐❞❡r❛♥❞♦

♣♦rt❛♥t♦ ❛s ❡q✉❛çõ❡s ✸✳✶ ❡ ✸✳✸✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ♣r♦❜❛❜✐❧íst✐❝❛ r❡❝✉rs✐✈❛✿

Pt+1 (x) = pPt (x) +
(1 − p)

N

N−1∑

i=0

1

ki

N+N0+N1−1∑

j=0

{ζij |1 − σi − σj| [Pt (x) + Pt (x̃i)]}

✭✸✳✹✮

❊st❛ é ❛ ❡q✉❛çã♦ ♠❡str❛ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s✳ ❊❧❛ é ❞❡ ❞✐❢í❝✐❧ s♦❧✉çã♦ ♣❛r❛ t♦♣♦❧♦✲

❣✐❛s ❛r❜✐trár✐❛s✱ ♠❛s ❛❧❣✉♥s ❝❛s♦s ♣♦❞❡♠ ❡✈❡♥t✉❛❧♠❡♥t❡ s❡r tr❛t❛❞♦s ❛♥❛❧✐t✐❝❛♠❡♥t❡✱

❝♦♠♦ ♦ ❝❛s♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ q✉❡ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳

✸✳✷ ❉✐♥â♠✐❝❛ ❡♠ ❘❡❞❡ ❚♦t❛❧♠❡♥t❡ ❈♦♥❡❝t❛❞❛

✸✳✷✳✶ ■♥tr♦❞✉çã♦

❯♠ ❝❛s♦ q✉❡ ❛♣r❡s❡♥t❛ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ s✐♠♣❧❡s é ♦ ❝❛s♦ ❞❡ ✉♠❛ r❡❞❡

♥❛ q✉❛❧ ❝❛❞❛ ♥♦❞♦ ❡stá ❝♦♥❡❝t❛❞♦ ❛ t♦❞♦s ♦s ♦✉tr♦s ❞❛ r❡❞❡✱ ♦✉ s❡❥❛✱ ζij = 1 − δij✱

❢❛③❡♥❞♦ ✉s♦ ❞❡ ✉♠❛ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✳ ◆❡st❡ ❝❛s♦✱ ♦❝♦rr❡rã♦ ♠✉✐t❛s s✐♠♣❧✐✜❝❛çõ❡s

❝♦♠ ❛ ❡q✉❛çã♦ ♠❡str❛ ❞❛ ❞✐♥â♠✐❝❛ ✸✳✹✳ ❆ ❝♦♥s❡qüê♥❝✐❛ ♠❛✐s ❡✈✐❞❡♥t❡ é q✉❡ ki =

N +N0 +N1 − 1 ✭✉s❛♥❞♦ ✸✳✷✮✳

❆❧é♠ ❞✐ss♦✱ t❡♠♦s ❛❣♦r❛ ❛ ✈❛♥t❛❣❡♠ ❞❛ ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❞♦s ♥ós✱ ♦ q✉❡ ♣❡r♠✐t❡

q✉❡ ✉♠ ❞❛❞♦ ❡st❛❞♦ ❞❛ r❡❞❡ s❡❥❛ t♦t❛❧♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞♦ ❛tr❛✈és ❞❛ ❝♦♥t❛❣❡♠ ❞♦

♥ú♠❡r♦ ❞❡ ♥♦❞♦s ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ❧✐✈r❡ ❝♦♠ ❞❡t❡r♠✐♥❛❞♦ ❡st❛❞♦ ✐♥t❡r♥♦ ✲ ❞✐❣❛♠♦s✱

✶✽



♦ ❡st❛❞♦ 1✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ✐♥❡q✉✐✈♦❝❛♠❡♥t❡ ♦ ❡st❛❞♦ ❞❛ r❡❞❡ t♦❞❛

❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ❝♦♠ ♦ ♥ú♠❡r♦ n (x)✿✶

n (x) =
N−1∑

i=0

σi. ✭✸✳✺✮

P♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ❛ r❡❞❡ ♥♦ ❡st❛❞♦ n (x) ❝♦♠ ❛ ♣r♦❜✲

❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥trá✲❧❛ ♥♦ ❡st❛❞♦ x ❛tr❛✈és ❞♦ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡

❛♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ ❡st❛❞♦s ✐♥t❡r♥♦s q✉❡ ♠❛♥tê♠ ✜①♦ n (x)✿

P (n (x)) = P (x)

(
N

n

)
= P (x)

N !

n! (N − n)!
. ✭✸✳✻✮

❊st❛ ❡①♣r❡ssã♦ ❛ss✉♠❡ q✉❡ t♦❞♦s ♦s ❡st❛❞♦s ❞❡ ♠❡s♠♦ n sã♦ ❡q✉✐♣r♦✈á✈❡✐s ❡ ❡q✉✐✈✲

❛❧❡♥t❡s✳ ◆♦t❡ q✉❡ ✸✳✺ ❡ ✸✳✻ ♣♦❞❡♠ s❡r ✉s❛❞❛s ♣❛r❛ r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ♠❡str❛ ✸✳✹✱

♠❛s é ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ❝❛s♦✲❛✲❝❛s♦ ♣❛r❛ ❡✈✐t❛r ❛s ❡①♣r❡ssõ❡s ❞❡ ✈❛❧♦r

❛❜s♦❧✉t♦✳ ❆♣ós ✉♠ ♣♦✉❝♦ ❞❡ ♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛✱ t❡♠✲s❡✿

Pt+1 (n) = ξ0 (n)Pt (n) + ξ+ (n)Pt (n− 1) + ξ− (n)Pt (n+ 1) ✭✸✳✼✮





ξ0 = p+ 1−p

N(N+N0+N1−1)
[n (n− 1 +N1) + (N − n) (N − n− 1 +N0)]

ξ+ = 1−p

N(N+N0+N1−1)
(N − n+ 1) (n− 1 +N1)

ξ− = 1−p

N(N+N0+N1−1)
(N − n− 1 +N0) (n+ 1)

. ✭✸✳✽✮

P♦❞❡♠♦s ♣❡♥s❛r ♥❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❡♥❝♦♥tr❛r ❛ r❡❞❡ ❝♦♠ n ♥ós ♥♦ ❡st❛❞♦ σ = 1✱

Pt (n) ✱ ❝♦♠♦ s❡♥❞♦ ❛s N+1 ❝♦♠♣♦♥❡♥t❡s ❞❡ ✉♠ ✈❡t♦r ♥♦ ❡s♣❛ç♦ (N + 1)✲❞✐♠❡♥s✐♦♥❛❧✱

✉♠❛ ✈❡③ q✉❡ 0 ≤ n ≤ N ✿

−→
P t =




Pt (0)

Pt (1)
✳✳✳

Pt (N − 1)

Pt (N)



. ✭✸✳✾✮

❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ r❡❝✉rs✐✈❛ ✸✳✼ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✳ ❉❡✜♥✐♠♦s
✶◆♦t❡ q✉❡ ✐♥❞❡①❛♠♦s ♦s ❡❧❡♠❡♥t♦s ❧✐✈r❡s ❞❛ r❡❞❡ ❝♦♠ 1 ≤ i ≤ N ✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ♣á❣✐♥❛ ✶✻✳ ❆❧é♠ ❞✐ss♦✱

♣♦❞❡rí❛♠♦s✱ ♥❛t✉r❛❧♠❡♥t❡✱ t❡r ❡s❝♦❧❤✐❞♦ n (x) = N1 +
PN

i=1 σi✱ ♦ q✉❡ r❡♣r❡s❡♥t❛r✐❛ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♥ós ❞❛ r❡❞❡ ❝♦♠
❡st❛❞♦ ✐♥t❡r♥♦ 1✱ ✐♥❝❧✉✐♥❞♦ ♦s N1 ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✳ ❖♣t❛♠♦s ♣♦r ❞❡✜♥✐r ✸✳✺ ♣♦rq✉❡ ❞❡st❛
❢♦r♠❛ é ♣♦ssí✈❡❧ r❡❛❧✐③❛r ❝♦♠♣❛r❛çõ❡s ❝♦♠ t❡♦r✐❛s ❥á ❡st❛❜❡❧❡❝✐❞❛s ♠❛✐s ❢❛❝✐❧♠❡♥t❡✳

✶✾



❛q✉✐ ❛ ♠❛tr✐③ tr✐❞✐❛❣♦♥❛❧ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ U ✱ ❡ ❡s❝r❡✈❡♠♦s✿

−→
P t+1 = U

−→
P t. ✭✸✳✶✵✮

U =




ξ0 (0) ξ− (0) 0 · · · · · · 0

ξ+ (1) ξ0 (1) ξ− (1)
✳ ✳ ✳

✳✳✳

0 ξ+ (2)
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ξ− (N − 2) 0
✳✳✳

✳ ✳ ✳ ξ+ (N − 1) ξ0 (N − 1) ξ− (N − 1)

0 · · · · · · 0 ξ+ (N) ξ0 (N)
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P♦rt❛♥t♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✈❛❧✐❛r ❛ ❞✐♥â♠✐❝❛ ❞❛ r❡❞❡ ❡stá t♦❞♦ ❝♦♥t✐❞♦ ♥❛s ❡①♣r❡ssõ❡s

✸✳✶✵ ❡ ✸✳✶✶✳ ➱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ❝♦♥s❡❣✉✐r ♣r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛ ♣r♦❜❛✲

❜✐❧✐st✐❝❛♠❡♥t❡✱ ♦✉ s❡❥❛✱ ❡♥❝♦♥tr❛r ♦ ✈❡t♦r
−→
P t ♣❛r❛ q✉❛❧q✉❡r t✱ ❞❛❞♦ ✉♠ ❝❡rt♦ ✈❡t♦r

♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✐❝✐❛❧
−→
P 0✳ ◆♦t❡ q✉❡ t s❡rá ❝❤❛♠❛❞♦ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ❞❡ ✧t❡♠♣♦✧✱

s❡♥❞♦ q✉❡ ♥❛ r❡❛❧✐❞❛❞❡ é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♥ú♠❡r♦ ❞❡ ♣❛ss♦s ❞❡

❞✐♥â♠✐❝❛ r❡❛❧✐③❛❞♦s✳

◆❛ s❡qüê♥❝✐❛✱ s❡rá r❡❛❧✐③❛❞❛ ✉♠❛ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛ ❞♦ ♣r♦❜❧❡♠❛✱ ♦ q✉❡ ♣❡r♠✐t✐rá

✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ✐♠❡❞✐❛t❛ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ r❡❞❡✳ ❆♣ós ❡st❛ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✱

♣❛ss❛r❡♠♦s ♣❛r❛ ✉♠❛ r❡s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s

❝♦♥❢♦r♠❡ ❞❡✜♥✐❞♦ ❛té ❡st❡ ♣♦♥t♦✳

✸✳✷✳✷ ❆❜♦r❞❛❣❡♠ ◆✉♠ér✐❝❛

❊♠❜♦r❛ s♦✜st✐❝❛❞❛ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛♥❛❧ít✐❝♦✱ ❛ ❞✐♥â♠✐❝❛ ❣❡r❛❧ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❞❡st❡ t✐♣♦ ♣♦❞❡ s❡r ♣r♦♥t❛♠❡♥t❡ s✐♠✉❧❛❞❛ ❝♦♠ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳

■♥✐❝✐❛❧♠❡♥t❡✱ r❡s♦❧✈❡r❡♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛ ❞✐♥â♠✐❝❛ ♠❛✐s ❜ás✐❝❛ ❡ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠

r❡s✉❧t❛❞♦ s✐♠✉❧❛❞♦✳ P❛r❛ ❝❛❧❝✉❧❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡s❡❥❛❞❛s✱ ♣♦r s❡ tr❛t❛r ❞❡ ♣r♦✲

❝❡ss♦ ❛❧❡❛tór✐♦✱ ✈❛♠♦s r❡❛❧✐③❛r ✈ár✐❛s r❡♣❡t✐çõ❡s ❞❛ s✐♠✉❧❛çã♦ ❡ ❞❡♣♦✐s ❛♥❛❧✐s❛r ♦s

r❡s✉❧t❛❞♦s ❡st❛t✐st✐❝❛♠❡♥t❡✳

❉❡ ❢♦r♠❛ ♠❛✐s r✐❣♦r♦s❛✱ ♦ ❝á❧❝✉❧♦ ❞❡✈❡rá ♦❝♦rr❡r ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❞✐❣❛♠♦s q✉❡

s❡❥❛♠ ❡❢❡t✉❛❞❛s Nsims s✐♠✉❧❛çõ❡s✳ ❊♥tã♦ ❝♦❧❡t❛r❡♠♦s ❝♦♠♦ ❞❛❞♦ r❡❧❡✈❛♥t❡ ♦ ♥ú♠❡r♦

❞❡ ✈❡③❡s ❡♠ q✉❡ t♦❞♦ ❡st❛❞♦ n ❢♦✐ ♦❝✉♣❛❞♦ ❡♠ ❝❡rt♦ t❡♠♣♦ t ❡ ❝❤❛♠❛r❡♠♦s ❡st❡

♥ú♠❡r♦ ❞❡ ❢r❡qüê♥❝✐❛ ❞❡ n ♥♦ t❡♠♣♦ t✱ ❞❡♥♦t❛♥❞♦✲♦ ♣♦r f (n; t)✳ P♦rt❛♥t♦✱ s❡rã♦

t♦♠❛❞♦s ✈❡t♦r❡s ❞❡ ❢r❡qüê♥❝✐❛ q✉❡ s❡❣✉❡♠ ❛ ❢♦r♠❛ ✸✳✶✷ ✿

✷✵



−→
f t =




ft (0; t)

ft (1; t)
✳✳✳

ft (N − 1; t)

ft (N ; t)
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❊♠ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱ ♥♦t❛♠♦s q✉❡ sã♦ ♥❡❝❡ssár✐♦s ♠✉✐t♦s ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛ ♣❛r❛

♦❜t❡r ❛❧t❡r❛çã♦ s✐❣♥✐✜❝❛t✐✈❛ ❞♦ ❡st❛❞♦ ❞❛ r❡❞❡✳ P♦r ✐ss♦✱ ♥ã♦ s❡r✐❛ ♣rát✐❝♦ ❛r♠❛③❡♥❛r

✉♠ ✈❡t♦r ❞❡ ❢r❡qüê♥❝✐❛s ❝♦♠♦ ✸✳✶✷ ❛ ❝❛❞❛ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛ ❡ ♦♣t❛♠♦s ♣♦r ❡s♣❛ç❛r

♦s
−→
f t r❡❣✉❧❛r♠❡♥t❡ ♥♦ t❡♠♣♦ ❝♦♠ ✐♥t❡r✈❛❧♦ ∆t q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦

❞❡ ♣❛ss♦s ❛ s❡r r❡❛❧✐③❛❞♦s ❡♥tr❡ ❛♠♦str❛s ❞❡
−→
f t ❡ s❡rã♦ t♦♠❛❞♦s ❛té ✉♠ ❝❡rt♦ ❧✐♠✐t❡

❞❡ t❡♠♣♦ tf = ∆t · nf ✱ ♦♥❞❡ tf é ♦ t❡♠♣♦ ✜♥❛❧ ❞❡ ✐♥t❡r❡ss❡ ♣❛r❛ ♥ós ❡ nf é ♦ ♥ú♠❡r♦

❞❡ ♠ú❧t✐♣❧♦s ❞❡ ∆t ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ tf ✳ ❉❡st❛ ❢♦r♠❛✱ s❡rã♦ t♦♠❛❞♦s nf + 1 ✈❡t♦r❡s

❞❡ ❢r❡qüê♥❝✐❛ ❡♠ s❡qüê♥❝✐❛✿
−→
f 0,

−→
f ∆t,

−→
f 2∆t, . . . ,

−→
f tf ✳

❏á q✉❡ ❡st❡s sã♦ ✈❡t♦r❡s ❞❡ ❢r❡qüê♥❝✐❛s✱ ♦ ❝á❧❝✉❧♦ ❞♦s ✈❡t♦r❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ é

s✐♠♣❧❡s♠❡♥t❡✿

−→
P t =

−→
f t

Nsims

=




ft(0;t)
Nsims
ft(1;t)
Nsims

✳✳✳
ft(N−1;t)

Nsims
ft(N ;t)
Nsims
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❙❡ t♦♠❛r♠♦s ❛s ❞✉❛s ❣r❛♥❞❡③❛s ∆t ❡ tf ❛♣r♦♣r✐❛❞❛s ♣❛r❛ ❝❛❞❛ ❝❛s♦✱ t❡r❡♠♦s ❡♥tã♦

✉♠❛ s❡qüê♥❝✐❛ ❞❡ nf+1 ✈❡t♦r❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡s♣❛ç❛❞♦s ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❛ ❞✐♥â♠✐❝❛

♣♦ss❛ s❡r ❝❛r❛❝t❡r✐③❛❞❛✳ ❈♦♥s✐❞❡r❛r❡♠♦s ❡♥tã♦ ❝♦♠♦ ♣❛râ♠❡tr♦s ❞♦ ♥♦ss♦ ♣r♦❜❧❡♠❛

♦s ✈❛❧♦r❡s ❞❛ t❛❜❡❧❛ ✸✳✶✳

P❛râ♠❡tr♦ ❉❡s❝r✐çã♦
N ◆ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❧✐✈r❡s ❞❛ ❘❡❞❡
N0 ◆ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ ✵
N1 ◆ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ ✶
n0 ◆ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❧✐✈r❡s ❞❛ r❡❞❡ ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✶ ♥♦

✐♥í❝✐♦ ❞❛ s✐♠✉❧❛çã♦
p Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♥ã♦ ♦❝♦rr❡r ♥❛❞❛ ❡♠ ✉♠ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛

Nsims ◆ú♠❡r♦ ❞❡ s✐♠✉❧❛çõ❡s ❛ ❡❢❡t✉❛r✱ ❝❛❞❛ ✉♠❛ ❝♦♠ ♦s ❞♦✐s
♣❛râ♠❡tr♦s ❛❜❛✐①♦

∆t ❊s♣❛ç❛♠❡♥t♦ ❞❡ t❡♠♣♦ ❡♥tr❡ ❛♠♦str❛s ❞♦ ✈❡t♦r ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡

nf ▼ú❧t✐♣❧♦ ❞❡ ∆t ✜♥❛❧❀ ❞❡s✐❣♥❛ ❝♦♥❝❧✉sã♦ ❞❡ ✉♠❛ s✐♠✉❧❛çã♦

❚❛❜❡❧❛ ✸✳✶✿ P❛râ♠❡tr♦s ❞❡ ❙✐♠✉❧❛çã♦✳

✷✶



❘❡ss❛❧t❛♠♦s ❛q✉✐ q✉❡ ❡st❡s ✈❛❧♦r❡s s❡rã♦ ❝♦♥st❛♥t❡s ✉s❛❞❛s ♣❛r❛ ❣❡r❛r ❛s s✐♠✉❧❛çõ❡s✳

❱❛♠♦s ✐♥✈❡st✐❣❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ r❡♣r❡s❡♥t❛t✐✈❛ ❞❡ ❝❛s♦s ❝♦♠

❞✐❢❡r❡♥t❡s ♣❛râ♠❡tr♦s✳ ❆s s✐♠✉❧❛çõ❡s s❡rã♦ ❡❢❡t✉❛❞❛s ❝♦♠ ✉♠ ❛❧❣♦r✐t♠♦ ♠✉✐t♦ s✐♠♣❧❡s

q✉❡ r❡♣r❡s❡♥t❛ ❛ ❞✐♥â♠✐❝❛ ❛❞❡q✉❛❞❛♠❡♥t❡✳

❆❧❣♦r✐t♠♦ P❛r❛ ❡❢❡t✉❛r ❛ ❞✐♥â♠✐❝❛✱ ❞❡✜♥✐♠♦s ✉♠ ✈❡t♦r ❞❡ ❡st❛❞♦s σi✱ ❝♦♠ 1 ≤ i ≤
N +N0 +N1✱ ❝♦♥t❡♥❞♦ ♦s ❡st❛❞♦s 0 ♦✉ 1 ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❡❧❡♠❡♥t♦s ♥✉♠❡r❛❞♦s ♣❡❧♦

í♥❞✐❝❡ i✳ ❆ ❞✐♥â♠✐❝❛ ❡♥tã♦ ❞❡✈❡ r❡❛❧✐③❛r ✉♠❛ ❝ó♣✐❛ ❞❡ ❡st❛❞♦✱ s❡❧❡❝✐♦♥❛♥❞♦ ✉♠ ❞♦s

í♥❞✐❝❡s i ❞❡♥tr❡ ♦s í♥❞✐❝❡s ❞♦s ❡❧❡♠❡♥t♦s ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✈❛r✐á✈❡❧ ♣❛r❛ ❛t✉❛❧✐③❛r ❡

♦✉tr♦ í♥❞✐❝❡ j ❞❡ ❛❧❣✉♠ ✈✐③✐♥❤♦ ❝♦♥❡❝t❛❞♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐st✐♥t♦ ❞❡ i✱ ♣❛r❛ ❝♦♣✐❛r✳

❊♥q✉❛♥t♦ ❛ s❡❧❡çã♦ ❞♦ í♥❞✐❝❡ ♣❛r❛ ❛t✉❛❧✐③❛r é ❛❧❡❛tór✐❛ ❡ s✐♠♣❧❡s✱ ❞❡✈❡♠♦s ❡s❝♦❧❤❡r ♦

í♥❞✐❝❡ ♣❛r❛ ❝♦♣✐❛r ❞❡♥tr❡ ✉♠❛ ❧✐st❛ ❞❡ í♥❞✐❝❡s q✉❡ ✐♥❝❧✉✐ t♦❞♦s ♦s ✈✐③✐♥❤♦s ❝♦♥❡❝t❛❞♦s

❛♦ i✲és✐♠♦ ♥ó✳ P❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ i ♣♦ssí✈❡❧✱ ❡ss❛ ❧✐st❛ ❞❡ í♥❞✐❝❡s é ❞✐st✐♥t❛❀ ♣❛r❛ ♦

♥♦ss♦ ♣r♦❣r❛♠❛✱ ❛r♠❛③❡♥❛r❡♠♦s ❝❛❞❛ ✉♠❛ ❞❡st❛s ❧✐st❛s ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ ✈✐③✐♥❤♦s

v (i, j)✱ ♦♥❞❡ ❝❛❞❛ ✈❛❧♦r ❞❡ v é ♦ í♥❞✐❝❡ ❞♦ j✲és✐♠♦ ✈✐③✐♥❤♦ ❞♦ ❡❧❡♠❡♥t♦ ✐♥❞❡①❛❞♦ i✳

◆♦t❡ ❛q✉✐ q✉❡ ♥♦s ✈✐③✐♥❤♦s ❞❡ i ❡stã♦ ✐♥❝❧✉í❞♦s t♦❞♦s ♦s N0 ❡ N1 ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦

✐♥t❡r♥♦ ✜①♦✱ ♦✉ s❡❥❛✱ 1 ≤ j ≤ N +N0 +N1 − 1✳ ❆❧é♠ ❞✐ss♦✱ ❛r♠❛③❡♥❛r❡♠♦s t❛♠❜é♠

♦s ✈❛❧♦r❡s ki ❞❡ ♥ú♠❡r♦s ❞❡ ❝♦♥❡①õ❡s q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♣♦ss✉✐ ❝♦♠ ♦s ♦✉tr♦s ❞❛ r❡❞❡✳

P❛r❛ ❡✈✐❞❡♥❝✐❛r ❡st❛s ✐❞é✐❛s✱ ❝✐t❛r❡♠♦s ❛q✉✐ ✉♠ ❡①❡♠♣❧♦ ❞❡ ♠❛tr✐③ ❞❡ ✈✐③✐♥❤♦s ❡

✈❛❧♦r❡s ❞❡ ki ♣❛r❛ ✉♠❛ r❡❞❡ ♥❛ q✉❛❧ N + N0 + N1 = 5 ❡ ❛s ❝♦♥❡①õ❡s sã♦ ❝♦♥❢♦r♠❡ ❛

✜❣✉r❛ ✸✳✶✿

❋✐❣✉r❛ ✸✳✶✿ ❊①❡♠♣❧♦ ❞❡ r❡❞❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠❛tr✐③ ❞❡ ✈✐③✐♥❤♦s✳

v =




2 4 5 0

1 3 4 5

2 0 0 0

1 2 0 0

1 2 0 0



, ✭✸✳✶✹✮

k1 = 3, k2 = 4, k3 = 1,

k4 = 2, k5 = 2.
✭✸✳✶✺✮

❱❡❥❛ q✉❡ ❛s ❧✐♥❤❛s ❞❛ ♠❛tr✐③ v (i, j) ❞❡ ✸✳✶✹ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ í♥❞✐❝❡ i ❞♦ ❡❧❡♠❡♥t♦✱

❡ ❝♦♥tê♠ ♦s í♥❞✐❝❡s ❞♦s ♥ós ❝♦♥❡❝t❛❞♦s ❛♦ i✲és✐♠♦ ❡❧❡♠❡♥t♦✳ P♦r ❡①❡♠♣❧♦✱ ♦ ♥ó ❞❡

✷✷



í♥❞✐❝❡ ✷ ❡stá ❝♦♥❡❝t❛❞♦ ❛♦s ♥ós ✶✱ ✸✱ ✹ ❡ ✺❀ ❛ss✐♠✱ ❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ v ❝♦♥té♠

♦s ❡❧❡♠❡♥t♦s (1, 3, 4, 5) ❡ s❡✉ ❣r❛✉ é k2 = 4✳

❊♠ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❛ ♠❛tr✐③ ❞❡ ✈✐③✐♥❤❛♥ç❛ é t♦t❛❧♠❡♥t❡ ♣r❡❡♥❝❤✐❞❛✱

♠❛s ❝♦♥t✐♥✉❛ ♥ã♦ ♣❡r❢❡✐t❛♠❡♥t❡ q✉❛❞r❛❞❛ ♣♦rq✉❡ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦ ♣♦❞❡ s❡r ✈✐③✐♥❤♦

❞❡ s✐ ♠❡s♠♦✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ ♦ ❣r❛✉ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s

é ki = N + N0 + N1 − 1✱ ✜①♦✳ ❆s ❞❡✜♥✐çõ❡s ❞❡ ✸✳✶✹ ❡ ✸✳✶✺ ✈ã♦ ❛✉①✐❧✐❛r tr❡♠❡♥❞❛✲

♠❡♥t❡ ♠❛✐s t❛r❞❡✱ ♣♦✐s s❡rã♦ ❡✈❡♥t✉❛❧♠❡♥t❡ ♥❡❝❡ssár✐❛s ♥♦ ❡st✉❞♦ ❞❡ t♦♣♦❧♦❣✐❛s ♠❛✐s

❝♦♠♣❧❡①❛s ❞♦ q✉❡ ❛ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳

❆❧é♠ ❞❛s ✈❛r✐á✈❡✐s v (i, j) ❡ ki✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ ❛❧❣✉♠❛s ♦✉tr❛s ✈❛r✐á✈❡✐s

❡s♣❡❝✐✜❝❛❞❛s ♥❛ t❛❜❡❧❛ ✸✳✷✳

❱❛r✐á✈❡❧ ❉❡s❝r✐çã♦
σi ❊st❛❞♦ ✐♥t❡r♥♦ ❞♦ i✲és✐♠♦ ❡❧❡♠❡♥t♦ ♥✉♠❡r❛❞♦ ❞❛ r❡❞❡✳ P♦❞❡

s❡r 0 ♦✉ ✶✱ ❝♦♠ 0 ≤ i ≤ N + N0 + N1 − 1✳
v (i, j) ❮♥❞✐❝❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ j✲és✐♠♦ ❡❧❡♠❡♥t♦ ♥✉♠❡r❛❞♦ ✈✐③✐♥❤♦

✭0 ≤ j ≤ N + N0 + N1 − 2✮ ❞♦ i✲és✐♠♦ ❡❧❡♠❡♥t♦ ✭❝♦♠
0 ≤ i ≤ N − 1✮

iat ❮♥❞✐❝❡ ❞♦ ❡❧❡♠❡♥t♦ ♥✉♠❡r❛❞♦ ❛ ❛t✉❛❧✐③❛r✱ ✉s❛❞♦ ❝♦♠♦ ✈❛❧♦r
t❡♠♣♦rár✐♦ ❛ ❝❛❞❛ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛

icop ❮♥❞✐❝❡ ❞♦ ❡❧❡♠❡♥t♦ ♥✉♠❡r❛❞♦ ❛ ❝♦♣✐❛r✱ ✉s❛❞♦ ❝♦♠♦ ✈❛❧♦r
t❡♠♣♦rár✐♦ ❛ ❝❛❞❛ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛

k ▼ú❧t✐♣❧♦ ❞❡ ∆t q✉❡ ✐♥❞✐❝❛ q✉❛♥t♦ t❡♠♣♦ ♣❛ss♦✉✱ ❡♠ ♠ú❧t✐♣❧♦s
❞❡ ∆t

f (n; t) ❚❛❜❡❧❛ ❞❡ ❢r❡qüê♥❝✐❛s ♣❛r❛ ❝❛❞❛ ❡st❛❞♦ n ❡♠ ❝❛❞❛ t❡♠♣♦ t❀
t❛♠❛♥❤♦ (N + 1) × (nf + 1)

❚❛❜❡❧❛ ✸✳✷✿ ❱❛r✐á✈❡✐s ❞❡ ❙✐♠✉❧❛çã♦✳

❆ss✐♠✱ é ♥♦ss❛ ✐♥t❡♥çã♦ ❡①❡❝✉t❛r Nsims s✐♠✉❧❛çõ❡s✱ ❝❛❞❛ ✉♠❛ ❝♦♠ ∆t · tf ♣❛ss♦s ❞❛

❞✐♥â♠✐❝❛✱ ❝♦♠ ❝❛❞❛ ♣❛ss♦ ♠♦❞✐✜❝❛♥❞♦ ❛♣❡♥❛s ♦ ♥ú♠❡r♦ n✳ ❖ ♣r♦❣r❛♠❛ ❞❡✈❡ t❛♠❜é♠

r❡❣✐str❛r ♦ ♥ú♠❡r♦ n s♦♠❛♥❞♦ ✉♠❛ ♦❝♦rrê♥❝✐❛ ❡♠ f (n; t) s❡♠♣r❡ q✉❡ t = k (∆t)✱ ❝♦♠

k = 0, 1, 2 . . . , tf ✳

❖ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡❛❧✐③❛r ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ♥ã♦ é ♠✉✐t♦ ❡①t❡♥s♦✳ ❙✉♣♦♥✲

❤❛♠♦s q✉❡ ❛s ✈❛r✐á✈❡✐s t❡♥❤❛♠ s✐❞♦ ❞❡❝❧❛r❛❞❛s ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛té ❛❣♦r❛✳ ❊♥tã♦✱

✉♠❛ ✈❡③ ❣❡r❛❞❛ ❛ t♦♣♦❧♦❣✐❛ ❡ ❞❡t❡r♠✐♥❛❞♦s ♦s ❞❛❞♦s v (i, j)✱ ❡①❡❝✉t❛r ✉♠❛ s✐♠✉❧❛çã♦

✐♥t❡✐r❛ é ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶✳ ■♥✐❝✐❛♥❞♦ ❛ s✐♠✉❧❛çã♦✳ ❋❛③❡♠♦s n = n0.

✷✳ ❈♦♥t❛❣❡♠ ✐♥✐❝✐❛❧✿ ❛❞✐❝✐♦♥❛✲s❡ 1 ❛♦ ✈❛❧♦r ❞❡ f (n0; 0)✳

✸✳ ❈♦❧♦q✉❡ k = 0✳

✹✳ ■♥✐❝✐❛❧✐③❡ σi ❝♦♠ σi = 1 ♣❛r❛ 1 ≤ i ≤ n0✱ σi = 0 ♣❛r❛ n0 + 1 ≤ i ≤ N, σi = 1 ♣❛r❛

N + 1 ≤ i ≤ N +N1 ❡✱ ✜♥❛❧♠❡♥t❡✱ σi = 0 ♣❛r❛ N +N1 + 1 ≤ i ≤ N +N0 +N1✱

❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✐♥❞❡①❛♠❡♥t♦ ♣r♦♣♦st♦ ♥❛ ♣á❣✐♥❛ ✶✻✳

✷✸



✺✳ ❘❡♣❡t✐r ❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s nf ✈❡③❡s✿

✭❛✮ ❆❞✐❝✐♦♥❡ ✶ ❛ k✳

✭❜✮ ❘❡♣❡t✐r ❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s ∆t ✈❡③❡s✿

✐✳ ❙♦rt❡✐❡ ✈❛❧♦r z ❡♥tr❡ 0 ❡ 1✳ ❙❡ z > p✱ ❡♥tã♦ ♣✉❧❡ ♣❛r❛ ♦ ♣❛ss♦ ✭❝✮✳ ❙❡

♦❝♦rr❡r q✉❡ z < p✱ ❝♦♥t✐♥✉❡✳

✐✐✳ ❙♦rt❡✐❡ iat✱ í♥❞✐❝❡ ❞♦ ♥ó ❛ s❡r ❛t✉❛❧✐③❛❞♦✱ ✐♥t❡✐r♦ ❡♥tr❡ 1 ❡ N ✱ ✐♥❝❧✉s✐✈❡

❡①tr❡♠♦s✳

✐✐✐✳ ❙♦rt❡✐❡ icop✱ í♥❞✐❝❡ ❞♦ ♥ó ❛ s❡r ❝♦♣✐❛❞♦ ♣❡❧♦ iat✲és✐♠♦ ♥ó✱ ✐♥t❡✐r♦ ❡♥tr❡ 1 ❡

kiat
✱ ✐♥❝❧✉s✐✈❡ ❡①tr❡♠♦s✳

✐✈✳ ❋❛ç❛ ❝♦♠ q✉❡ σiat
= σv(iat,icop)✳

✭❝✮ ❊❢❡t✉❡ s♦♠❛tór✐❛
∑
σi ♣❛r❛ ❡♥❝♦♥tr❛r n✳

✭❞✮ ❆❞✐❝✐♦♥❡ 1 ❛♦ ✈❛❧♦r ❞❡ f (n; k)✳

◆❡st❡ ❛❧❣♦r✐t♠♦✱ ✈❡❥❛ q✉❡ ♦s ♣❛ss♦s ❝♦♥t✐❞♦s ❡♠ ❜ r❡♣r❡s❡♥t❛♠ ❛❞❡q✉❛❞❛♠❡♥t❡ ✉♠

♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ❞✐✈✐❞✐♠♦s ❛ ❞✐♥â♠✐❝❛ ❡♠ nf ❜❧♦❝♦s✱ ❝❛❞❛ ✉♠ ❝♦♠ ∆t

♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✳ ❖s ♣❛ss♦s ❞❡s❝r✐t♦s ❛q✉✐ ❞❡✈❡♠ s❡r ♥❛t✉r❛❧♠❡♥t❡ r❡♣❡t✐❞♦s Nsims

✈❡③❡s ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❡❢❡t✉❛r ✉♠❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ ♦s ✈❛❧♦r❡s ❞❡ f (n; t)✱

q✉❡ s❡rã♦✱ ♣♦r ♣r❛t✐❝✐❞❛❞❡✱ s❛❧✈❛❞♦s ❡♠ ❞✐s❝♦✳

❆ ♣r✐♥❝✐♣❛❧ ♦❝✉♣❛çã♦ ❞❡ ♠❡♠ór✐❛ é ❢❡✐t❛ ♣❡❧❛ ♠❛tr✐③ ❞❡ ✈❛r✐á✈❡✐s v (i, j)✱ q✉❡ é ✉♠❛

♠❛tr✐③ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❡ q✉❡ ❞❡✈❡ ✐♥❡✈✐t❛✈❡❧♠❡♥t❡ ❡st❛r ❞❡✜♥✐❞❛ s❡ ❞❡s❡❥❛r♠♦s

❡❢❡t✉❛r ❛ ❞✐♥â♠✐❝❛ s❡♠ ❝♦♥❞✐❝✐♦♥❛✐s✷✳ ❊❧❛ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡ ❡ ❞❡✈❡

s❡r ♣ré✲❡st❛❜❡❧❡❝✐❞❛ ❛♥t❡s ❞❛s s✐♠✉❧❛çõ❡s ♦❝♦rr❡r❡♠✳

■♠♣❧❡♠❡♥t❛çã♦ ❆ss✐♠ q✉❡ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ♦ ❛❧❣♦r✐t♠♦ ❜ás✐❝♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦

❛♥t❡r✐♦r✱ ♥♦t❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧✳ ❆ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛s s✐♠✉❧❛çõ❡s é ❜❛s✲

t❛♥t❡ ❧❡♥t❛✱ ❡ ❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ r❡q✉❡r ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡❧❛s❀ t♦r♥❛✲s❡ ❡♥tã♦

♥❡❝❡ssár✐♦ ♦❜t❡r ❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡ ♣♦ssí✈❡❧✳

✷❋♦✐ ❡st✉❞❛❞❛ ❛ ♦♣çã♦ ❞❡ r❡❛❧✐③❛r ❛ ❞✐♥â♠✐❝❛ s❡♠ ✉t✐❧✐③❛r ❛ ♠❛tr✐③ ❞❡ ✈✐③✐♥❤♦s✱ ♦ q✉❡
r❡q✉❡r ♠❡♥♦s ♠❡♠ór✐❛✱ ♠❛s ♠❛✐s ❡①♣r❡ssõ❡s ❝♦♥❞✐❝✐♦♥❛✐s✱ q✉❡ sã♦ s❡♠♣r❡ ❝♦♠♣❛r❛t✐✲
✈❛♠❡♥t❡ ❧❡♥t❛s✳ ❊st❛ ♦♣çã♦ é ♠❛✐s rá♣✐❞❛ ❛♣❡♥❛s ❡♠ ♠áq✉✐♥❛s ❝♦♠ ❛❝❡ss♦ à ♠❡♠ór✐❛
❝❡♥tr❛❧ ❧❡♥t♦✱ ♥❛s q✉❛✐s ❛ ✉t✐❧✐③❛çã♦ ♠❡♥♦r ❞❡ ♠❡♠ór✐❛ ❢❛③ ❝♦♠ q✉❡ ♦ ♣r♦❣r❛♠❛ ✜q✉❡
t♦❞♦ ❝♦♥t✐❞♦ ♥♦ ❝❛❝❤❡ ❞♦ ♣r♦❝❡ss❛❞♦r✱ q✉❡ é ❛❝❡ss❛❞♦ ♠✉✐t♦ ♠❛✐s r❛♣✐❞❛♠❡♥t❡✳ ❊♥✲
tã♦✱ ❛♣❡♥❛s ♥❡st❡s ❝❛s♦s✱ ❛♣❡s❛r ❞❛s ❝♦♥❞✐❝✐♦♥❛✐s✱ ♦ ♣r♦❣r❛♠❛ ✜❝❛ ♠❛✐s rá♣✐❞♦✳ ◆❡st❛s
♠áq✉✐♥❛s✱ ♦ ♣❛ss♦ ✐✈ é s✉❜st✐t✉í❞♦ ♣❡❧❛ s❡qüê♥❝✐❛✿

✶✳ ❙❡ iat > n ❡ icop ≤ n ❡♥tã♦ ❛❞✐❝✐♦♥❡ 1 ❛ n✳
✷✳ ❙❡ iat ≤ n ❡ icop ≥ n ❡♥tã♦ s✉❜tr❛✐❛ 1 ❞❡ n✳

✷✹



❊♠ ✉♠ ❡s❢♦rç♦ ♣❛r❛ ♦❜t❡r ❣r❛♥❞❡ ♣❡r❢♦r♠❛♥❝❡✱ ❛❧é♠ ❞❛ ♦t✐♠✐③❛çã♦ ❞♦ ♣r♦❣r❛♠❛✱ ❢♦✐

✐♠♣❧❡♠❡♥t❛❞❛ ✉♠❛ ✈❡rsã♦ ❡♠ ♣❛r❛❧❡❧♦ ❞♦ ❛❧❣♦r✐t♠♦ ❜ás✐❝♦✱ ♦✉ s❡❥❛✱ ✉♠ ❝♦♠♣✉t❛❞♦r

❝♦♠ ❞♦✐s ♣r♦❝❡ss❛❞♦r❡s ♣♦❞❡r✐❛ r❡❛❧✐③❛r ❞✉❛s s✐♠✉❧❛çõ❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❡ ❝♦♠ ♦

❞♦❜r♦ ❞❛ ♣❡r❢♦r♠❛♥❝❡✱ ♣❡❧♦ ♠❡♥♦s ♥❛ t❡♦r✐❛✳

P❛r❛ q✉❡ ♦❜t✐✈éss❡♠♦s ♦ ❞♦❜r♦ ❞❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❢❛t♦✱ ✉t✐❧✐③❛♠♦s ❞♦✐s ♣r♦❝❡ss♦s

❞✐st✐♥t♦s✱ ❝❛❞❛ ✉♠ ❡q✉✐♣❛❞♦ ❝♦♠ ♦ s❡✉ ♣ró♣r✐♦ ❣❡r❛❞♦r ❞❡ ♥ú♠❡r♦s ♣s❡✉❞♦✲❛❧❡❛tór✐♦s

✭P❘◆●✱ ❞❡ ✏Ps❡✉❞♦✲❘❛♥❞♦♠ ◆✉♠❜❡r ●❡♥❡r❛t♦r✑✮✳ ❊ss❡ é ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡✿ ♣❛r❛

q✉❡ s❡❥❛ ♦❜t✐❞♦ ♦ ❞♦❜r♦ ❞❛ ♣❡r❢♦r♠❛♥❝❡✱ ♥ã♦ ❞❡✈❡♠ ❡①✐st✐r ❝♦♥✢✐t♦s ♣❡❧♦s ♠❡s♠♦s

❡♥❞❡r❡ç♦s ❞❡ ♠❡♠ór✐❛✱ ♣♦✐s ❛ r❡s♦❧✉çã♦ ❡♠ ❤❛r❞✇❛r❡ ❞❡st❡s ❝♦♥✢✐t♦s é ❜❛st❛♥t❡ ❞❡✲

♠♦r❛❞❛✳

❈❛❞❛ ✉♠ ❞♦s ❣❡r❛❞♦r❡s ❞❡ ♥ú♠❡r♦s ♣s❡✉❞♦✲❛❧❡❛tór✐♦s é ❧♦❝❛❧ ❡ é ❛❧✐♠❡♥t❛❞♦ ❝♦♠

✉♠❛ s❡♠❡♥t❡ ❛❧❡❛tór✐❛ ❣❡r❛❞❛ ♣♦r ✉♠ t❡r❝❡✐r♦ ❣❡r❛❞♦r ❞❡ ♥ú♠❡r♦s ❛❧❡❛tór✐♦s✱ s❡♥❞♦

q✉❡ ❡st❡ é s✐stê♠✐❝♦ ❡ ✉t✐❧✐③❛ ❝♦♠♦ s✉❛ ♣ró♣r✐❛ s❡♠❡♥t❡ ❛❧❡❛tór✐❛ ❛ ❞❛t❛✱ ♦ q✉❡ ❣❛r❛♥t❡

❛❧❡❛t♦r✐❡❞❛❞❡ s✉✜❝✐❡♥t❡✳ ❆ ❡①❡❝✉çã♦ ❞♦ ♣r♦❣r❛♠❛ ♦❝♦rr❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡

✜❣✉r❛✿

❋✐❣✉r❛ ✸✳✷✿ ❊sq✉❡♠❛ ♣❛r❛ ♣❛r❛❧❡❧✐③❛çã♦✳

❉❡ ❢❛t♦✱ ❝♦♠ ❡st❛ ✐❞é✐❛ ❜ás✐❝❛ ❞❡ ♣❛r❛❧❡❧✐③❛çã♦✱ ♥ós ❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ✉♠❛ ♣❡r❢♦r✲

♠❛♥❝❡ ❡①❝❡❧❡♥t❡✿ ❞❡ ✶✾✺✲✷✵✵✪ ❞❛ ♣❡r❢♦r♠❛♥❝❡ tí♣✐❝❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ ✐s♦❧❛❞♦✳ ❉❡st❛✲

❝❛♠♦s q✉❡ ♦ s✉❝❡ss♦ ❢♦✐ ❣r❛♥❞❡ ❞❡✈✐❞♦ à ♥❛t✉r❡③❛ ❞❡ ❢á❝✐❧ ♣❛r❛❧❡❧✐③❛çã♦ ❞❛ t❛r❡❢❛✿ ❡st❛✲

♠♦s ❛♣❡♥❛s r❡❛❧✐③❛♥❞♦ ❡st❛tíst✐❝❛ ❡♥tr❡ ♠✐❧❤õ❡s ❞❡ s✐♠✉❧❛çõ❡s ❞✐st✐♥t❛s✳ ❉❡ q✉❛❧q✉❡r

❢♦r♠❛✱ ❛❧é♠ ❞❡ ❛✉♠❡♥t❛r ❛ ❡✜❝á❝✐❛ ❞❡ ♥♦ss♦s ❡st✉❞♦s✱ ❢♦✐ ✉♠❛ ❡①❝❡❧❡♥t❡ ♦♣♦rt✉♥✐❞❛❞❡

♣❛r❛ ❛♣r❡♥❞❡r ✉♠❛ ❢❡rr❛♠❡♥t❛ ♥♦✈❛ ♠✉✐t♦ út✐❧✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ❛❝❛❜❛♠❡♥t♦ ❞♦ ♣r♦❣r❛♠❛ ❞❡ s✐♠✉❧❛çõ❡s ♣❛r❛❧❡❧♦✱ ❛ss✐♠ ❝♦♠♦

t♦❞♦s ♦s ❞❡t❛❧❤❡s ❛ r❡s♣❡✐t♦✱ ♥ã♦ s❡rã♦ ♣♦r♠❡♥♦r✐③❛❞♦s ❛q✉✐✳ ❯t✐❧✐③❛♠♦s s❡♠♣r❡ ✉♠

❝♦♠♣✐❧❛❞♦r ♠♦❞❡r♥♦ ❈✰✰✱ ♦ ●◆❯ ❈✰✰ ✹✳✵✳✸✳ ◆♦t❛♠♦s ❛♣❡♥❛s q✉❡✱ ❝♦♠ ♦ ✉s♦ ❜❡♠✲

s✉❝❡❞✐❞♦ ❞❛s ♦t✐♠✐③❛çõ❡s ❡ ❞♦ ♣❛r❛❧❡❧✐s♠♦✱ ♦❜t✐✈❡♠♦s ✉♠ ❞❡s❡♠♣❡♥❤♦ q✉❡✱ ♣❛r❛ ✉♠

✷✺



❝❛s♦ tí♣✐❝♦✱ ❡r❛ ❞❡ ❝❡r❝❛ ❞❡ 2 − 5ms ♣❛r❛ ❝❛❞❛ s✐♠✉❧❛çã♦✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ r❡❛❧✐③❛r

❛♥á❧✐s❡s ❡st❛tíst✐❝❛s ❜❛st❛♥t❡ ❜♦❛s✳

❱✐s✉❛❧✐③❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s ❍á ❛✐♥❞❛ ✉♠❛ ♦✉tr❛ q✉❡stã♦ ❜❛st❛♥t❡ ✐♠♣♦rt❛♥t❡

♣❛r❛ ✉♠❛ ❜♦❛ ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❞❛s ♥♦ss❛s s✐♠✉❧❛çõ❡s✳ ❯♠❛ ✈❡③ ♦❜t✐❞❛ ❛

t❛❜❡❧❛ ❞❡ ❢r❡qüê♥❝✐❛s f (n; t)✱ q✉❡ é s❛❧✈❛❞❛ ❡♠ ❞✐s❝♦ rí❣✐❞♦✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ❛s ♣r♦❜❛✲

❜✐❧✐❞❛❞❡s ❝♦♥❢♦r♠❡ ❡①♣❧✐❝✐t❛❞♦ ❡♠ ✸✳✶✸✳ ❊♥tã♦✱ t❡r❡♠♦s ❛❧❣✉♠❛s ❛♠♦str❛s ❞❡ ♣r♦❜❛❜✐❧✲

✐❞❛❞❡s ❞❡ ❡♥❝♦♥tr❛r ✉♠ ❡st❛❞♦ ❢✉t✉r♦ n ♣❛r❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ r❡❞❡ ❝♦♠ N +N0 +N1

❡❧❡♠❡♥t♦s q✉❡ ❝♦♠❡❝❡ s✉❛ ❞✐♥â♠✐❝❛ ❝♦♠ n0 ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ 1✳ ❆❣♦r❛✱

♣r❡❝✐s❛♠♦s ✈✐s✉❛❧✐③❛r ❡ ✐♥t❡r♣r❡t❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠❛ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛✳

◆♦t❡ q✉❡ t❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❢r❡qüê♥❝✐❛s ♣❛r❛ ✈❛❧♦r❡s ❞❡ n ❡ t q✉❡ ♣❡r❢❛③❡♠ ✉♠❛

♠❛tr✐③ ❞❡ r❡s✉❧t❛❞♦s ❞❡ ❞✐♠❡♥sã♦ (N + 1)×(nf + 1)✱ ❡ s❡r✐❛ ❞❡s❡❥á✈❡❧ q✉❡ ❢♦ss❡ ♣♦ssí✈❡❧

✈✐s✉❛❧✐③❛r t♦❞♦s ♦s ❞❛❞♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❉❡st❛ ❢♦r♠❛✱ q✉❡r❡♠♦s

❜❛s✐❝❛♠❡♥t❡ ✈✐s✉❛❧✐③❛r ✉♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r Pt (n)✱ q✉❡ é ❝❛♠♣♦ ❡s❝❛❧❛r ❞❡ ❞♦♠í♥✐♦ ❜✐❞✐✲

♠❡♥s✐♦♥❛❧ ❡ ✐♠❛❣❡♠ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❯♠❛ ♣r✐♠❡✐r❛ ♦♣çã♦✱ ♠❛✐s ó❜✈✐❛✱ s❡r✐❛ ✉t✐❧✐③❛r

❣rá✜❝♦s tr✐❞✐♠❡♥s✐♦♥❛✐s✱ ❥á q✉❡ ❡st❡s sã♦ tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛ ✈✐s✉❛❧✲

✐③❛çã♦ ❞❡ ❢✉♥çõ❡s q✉❡ s❡❣✉❡♠ ♦ ♣❛❞rã♦ f (x, y)✳ ❯♠❛ ♦✉tr❛ ♦♣çã♦ s❡r✐❛ ❝♦♥s✐❞❡r❛r

✉♠ ❣rá✜❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ q✉❡ r❡♣r❡s❡♥t❛ ❝❛❞❛ ✈❛❧♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♠ ✉♠❛ ❝♦r

❡s♣❡❝í✜❝❛✳ ❆ ✜❣✉r❛ ✸✳✸ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♥str✉í❞❛ ❞❡st❛

❢♦r♠❛✸✳

❋✐❣✉r❛ ✸✳✸✿ ●rá✜❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ q✉❡ ✉t✐❧✐③❛ ❝♦r❡s ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ t❡r❝❡✐r❛ ❞✐♠❡♥sã♦✳

❊♠ ♥♦ss❛s ❛♥á❧✐s❡s✱ ♦♣t❛♠♦s ♣❡❧❛ s❡❣✉♥❞❛ ♦♣çã♦✱ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ à ✜❣✉r❛ ✸✳✸✱

♣♦✐s ❡st❛ ♥♦s ♣❡r♠✐t✐✉ ♠❛✐♦r ❧✐❜❡r❞❛❞❡ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦s ✈❛❧♦r❡s q✉❡ ❛♣❛r❡❝❡r❛♠✳

❋♦✐ ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❝♦r❡s ❡ ✈❛❧♦r❡s ❞❡ Pt (n) ♥ã♦ tr✐✈✐❛❧✱

♣♦✐s ♦s ✈❛❧♦r❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡st❛✈❛♠ ❞✐str✐❜✉í❞♦s ❞❡ ✉♠❛ ❢♦r♠❛ ❜❛st❛♥t❡ ❡s♣❡❝í✲

✜❝❛✳ ❆❧❣✉♥s ♣♦✉❝♦s ✈❛❧♦r❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ sã♦ s❡♠♣r❡ ♠✉✐t♦ ❛❧t♦s ✲ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱

é ❝❧❛r♦✱ ♦ ✈❛❧♦r ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ❛ r❡❞❡ ❡♠ n0 ♥♦ t❡♠♣♦ 0✱ q✉❡ é 1 ✲ ♠❛s

❛ ♠❛✐♦r✐❛ ❞♦s ✈❛❧♦r❡s é ❞❛ ♦r❞❡♠ ❞❡ 1/N ✱ ♦ q✉❡ t♦r♥❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝♦❧❤❡r ✉♠❛ ❝♦r✲
✸❊st❛ ✜❣✉r❛ é ❛♣❡♥❛s ✉♠ ❡①❡♠♣❧♦ ❢❡✐t♦ ♠❛♥✉❛❧♠❡♥t❡ ❡ ♥ã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ♥❡♥❤✉♠ r❡s✉❧t❛❞♦ r❡❛❧✳
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r❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❝♦r❡s ❡ ✈❛❧♦r❡s ❞❡ Pt (n) ❝r✉❝✐❛❧ ♣❛r❛ q✉❡ ♦s ❣rá✜❝♦s ❜✐❞✐♠❡♥s✐♦♥❛✐s

s❡❥❛♠ ❞❡ ❢❛t♦ r❡♣r❡s❡♥t❛t✐✈♦s✳

P❛r❛ ❞✐s❝❡r♥✐r ❡♥tr❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♠✉✐t♦ ❜❛✐①❛s✱ ♦♣t❛♠♦s ♣♦r ❞✐❛❣r❛♠❛s ❞❡ ❝✉r✈❛s

❞❡ ♥í✈❡❧✱ ♦✉ s❡❥❛✱ ♦♣t❛♠♦s ♣♦r ✈✐s✉❛❧✐③❛r ✉♠❛ sér✐❡ ❞❡ ❢❛✐①❛s ❝♦♠ ❛ ♠❡s♠❛ ♣r♦❜❛❜✐❧✲

✐❞❛❞❡✳ ❊s❝♦❧❤❡♠♦s ❞✐✈✐❞✐r ♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s Pt (n) ❡♥tr❡ ✵ ❡ ✶ ❡♠ ndivs

✐♥t❡r✈❛❧♦s✱ ❡ ♣♦s✐❝✐♦♥❛r ❢❛✐①❛s ❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ 1/ndivs✳ P❛r❛ t❛♥t♦✱

✉t✐❧✐③❛♠♦s ✉♠❛ ❢✉♥çã♦ ❞❡ ♠❛♣❡❛♠❡♥t♦ ❞❡ ❝♦r❡s ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♠ ♦ ❛s♣❡❝t♦

q✉❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ s❡❣✉✐♥t❡ ✜❣✉r❛✿

❋✐❣✉r❛ ✸✳✹✿ ❆s♣❡❝t♦ ❞❡ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ ❝♦r✲♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❣❡r❛r ❞✐❛❣r❛♠❛s ❞❡
❝✉r✈❛s ❞❡ ♥í✈❡❧✳

❆ ✐❞é✐❛ é q✉❡ s❡rá ♣♦ssí✈❡❧ ✈✐s✉❛❧✐③❛r ❢❛✐①❛s ❞❡ ❝♦r❡s ❢♦rt❡s ♣❛r❛ r❡♣r❡s❡♥t❛r ❢❛✐①❛s

❞✐st✐♥t❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❜❡♠ ❡s♣❛ç❛❞❛s✱ ❛ss✐♠ ❝♦♠♦ ❢❛✐①❛s ❞❡ ❝♦r❡s ❢r❛❝❛s ♣❛r❛

r❡♣r❡s❡♥t❛r ❢❛✐①❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♠❡♥♦s ❡s♣❛ç❛❞❛s✳ ➱ ✐♠♣♦rt❛♥t❡ q✉❡ ❝❛❞❛ ❝✉r✈❛

❞❡ ♥í✈❡❧ s❡❥❛ ❞❡ ❢❛t♦ ✉♠❛ ✏❢❛✐①❛✑✱ ♣♦ss✉✐♥❞♦ ✉♠❛ ❝❡rt❛ ❧❛r❣✉r❛✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦

❡♠ ✸✳✹✳ ■ss♦ ♣♦rq✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ✉♠❛ ✈❛r✐á✈❡❧ q✉❡✱ ♣❛r❛ ✜♥s ♣rát✐❝♦s✱ é ❝♦♥tí♥✉❛✱

❡ ♥ã♦ s❡r✐❛ ♣♦ssí✈❡❧ ✈❡r ♥❛❞❛ s❡ ♥ã♦ ❤♦✉✈❡ss❡ ✉♠❛ ❧❛r❣✉r❛ ❛♣r❡❝✐á✈❡❧ ♥❛ ❛ss♦❝✐❛çã♦

♣r♦❜❛❜✐❧✐❞❛❞❡✲❝♦r❡s✳ ❆ss✐♠✱ ❝❛❞❛ ✉♠❛ ❞❛s ❢❛✐①❛s r❡♣r❡s❡♥t❛rá ✈❛❧♦r❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

♠✉✐t♦ s❡♠❡❧❤❛♥t❡s✳

❯♠❛ ❢✉♥çã♦ q✉❡ r❡♣r♦❞✉③❛ ❡st❡ ❛s♣❡❝t♦ ♣♦❞❡ s❡r ❛r❜✐trár✐❛✱ ❞❡s❞❡ q✉❡ ❛s ❢❛✐①❛s

s❡❥❛♠ ❡q✉✐♣r♦✈á✈❡✐s ❡ ❜❡♠ r❡♣r❡s❡♥t❛t✐✈❛s ❞♦ ♣r♦❜❧❡♠❛✳ ❆ ❢✉♥çã♦ ❡s❝♦❧❤✐❞❛ ❛tr❛✈és

❞❡ ❡①♣❡r✐♠❡♥t❛çã♦ ❢♦✐✿

g (Pt (n)) =

{
3
5
cos6 (2πndivsPt (n)) , se |Pt (n) − k| > 1

2ndivs
, ∀k ∈ Z

cos6 (2πndivsPt (n)) , se |Pt (n) − k| < 1
2ndivs

, ∀k ∈ Z
. ✭✸✳✶✻✮

❊st❛ ❞❡✈❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ g (Pt (n))é ❛ ❢✉♥çã♦ q✉❡ ❛tr✐❜✉✐ ♣❛r❛

❝❛❞❛ Pt (n) ✉♠ ✈❛❧♦r ❝♦♥tí♥✉♦ ❞❡ ✵ ❛ ✶ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❢r❛çã♦ ❞❡ ❜r❛♥❝♦ ❝♦rr❡s♣♦♥✲

❞❡♥t❡✱ s❡♥❞♦ ✵ ♣r❡t♦ ❡ ✶ ❜r❛♥❝♦✳

❊st❛ ❡①♣r❡ssã♦ ❣❡r❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ✉♠❛ ❢✉♥çã♦ ❝♦♠ ♦ ❛s♣❡❝t♦ ❞❡ ✸✳✹✳ ❆ ✈❛r✐á✈❡❧

ndivs✱ ❝♦♠♦ ❥á s✉❣❡r❡ ❛ ✜❣✉r❛ ✸✳✹✱ r❡♣r❡s❡♥t❛ ♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ❞✐✈✐sõ❡s✳ ❖s ❢❛t♦r❡s
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❞❡ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ❛tr❛✈és ❞❡ ❡①♣❡r✐♠❡♥t❛çã♦ ❡ é ❞❡s❡❥á✈❡❧ q✉❡ ♦

❝♦ss❡♥♦ ❞❛s s✉❜❞✐✈✐sõ❡s t❡♥❤❛ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦♠❜✐♥❛çã♦ ♠❛✐♦r ❞♦ q✉❡ ♦ ❝♦ss❡♥♦ ❞❛s

❞✐✈✐sõ❡s ❡s♣❛ç❛❞❛s✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❛ ✐♠❛❣❡♠ ❣❡r❛❞❛ t❡♥❤❛ ❞❡t❛❧❤❡s ❜❡♠ ✈✐sí✈❡✐s

♠❡s♠♦ ♣❛r❛ ❛s s✉❜❞✐✈✐sõ❡s ♠❡♥♦r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣♦tê♥❝✐❛ ❛♣❧✐❝❛❞❛ ♥♦s ❝♦ss❡♥♦s

❣❛r❛♥t❡ q✉❡ ❛ ❧❛r❣✉r❛ ❞❛s ❢❛✐①❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s❡♠❡❧❤❛♥t❡ t❡♥❤❛ ❜♦♠ ❛s♣❡❝t♦ ♣❛r❛

❛ ✈✐s✉❛❧✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛❀ s❡♠ ❛ ♣♦tê♥❝✐❛✱ ❛ ❧❛r❣✉r❛ s❡r✐❛ ❣r❛♥❞❡ ❞❡♠❛✐s ❡ ♦ ❞✐❛❣r❛♠❛

♥ã♦ ♠♦str❛r✐❛ ❞❡t❛❧❤❡s✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ❛ ✜❣✉r❛ ✸✳✺ r❡tr❛t❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♠♦ ❡st❡ ❝ó❞✐❣♦ ❞❡ ❝♦r❡s

❢✉♥❝✐♦♥❛ ❡ ❞❡ ❝♦♠♦ ❞❡✈❡ s❡r ✐♥t❡r♣r❡t❛❞♦✳ ❆s ❢❛✐①❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s❡♠❡❧❤❛♥t❡s ❡stã♦

♠❛r❝❛❞❛s ❡ sã♦ r❡♣r❡s❡♥t❛t✐✈❛s ❞❛ ❞✐♥â♠✐❝❛❀ ♥♦t❡ q✉❡ ❤á ❛✐♥❞❛ ✉♠❛ ❣r❛♥❞❡ ❧✐❜❡r❞❛❞❡

❛❞✐❝✐♦♥❛❧ ♥❛ ❡s❝♦❧❤❛ ❞♦ ♥ú♠❡r♦ ndivs✳ ❆ ♠❡♥♦s q✉❡ s❡❥❛ ❡st✐♣✉❧❛❞♦ ♦ ❝♦♥trár✐♦✱ s❡♠♣r❡

✉t✐❧✐③❛♠♦s ndivs = 1000✱ ♦ q✉❡ ♣❡r♠✐t❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ✉♠❛ ❝♦rr❡❧❛çã♦ ❝♦♠ ♠✐❧és✐♠♦s

❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ♠ú❧t✐♣❧♦s ❞❡ ✵✱✺✪ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛✿

❋✐❣✉r❛ ✸✳✺✿ ❊①❡♠♣❧♦ ❞❡ ❝ó❞✐❣♦ ❞❡ ❝♦r❡s ✉s❛❞♦ ♥♦ ❞✐❛❣r❛♠❛ ❞❡ ❝✉r✈❛s ❞❡ ♥í✈❡❧ ❡ ✐♥t❡r✲
♣r❡t❛çã♦✳ ❉❡s❡♥❤♦ s❡♠ ❡s❝❛❧❛s ❡ ❞❡t❛❧❤❡s❀ ❛♣❡♥❛s ❡①♣❧✐❝❛t✐✈♦✳

❈♦♠ ❡ss❡ ❝ó❞✐❣♦ ❞❡ ❝♦r❡s✱ é ♣♦ssí✈❡❧ r❡♣r❡s❡♥t❛r t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❛s ♥♦ss❛s

s✐♠✉❧❛çõ❡s ❞❡ ❢♦r♠❛ s❛t✐s❢❛tór✐❛✳ ❖s ❞✐❛❣r❛♠❛s P (n) × t sã♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ út❡✐s

♣❛r❛ ✐♥❞✐❝❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♠ ❛ q✉❛❧ ❛ r❡❞❡ ❛t✐♥❣❡ s❡✉ ❡st❛❞♦ ❛ss✐♥tót✐❝♦❀ ✐♥❢❡❧✐③♠❡♥t❡✱

❡st❡s ❞✐❛❣r❛♠❛s ♥ã♦ sã♦ ❝❧❛r♦s ♥♦ q✉❡ ❝♦♥❝❡r♥❡ ♦s ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ✜♥❛✐s✳ ❙❡ ❤♦✉✈❡r

♥❡❝❡ss✐❞❛❞❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ❞❡ r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ❞❡st❡s ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ❝♦♠ ♠❛✐s

❞❡t❛❧❤❡s✱ ♦ q✉❡ ♦❝♦rr❡rá ❡♠ ❝❛s♦s ♥♦s q✉❛✐s ❡st❡s ❡st❛❞♦s ♥ã♦ sã♦ tr✐✈✐❛✐s✱ ♣♦❞❡♠♦s

s❡♠♣r❡ r❡❝♦rr❡r ❛ ❝♦rt❡s ❞✐♠❡♥s✐♦♥❛✐s✱ ❣r❛✜❝❛♥❞♦ Pt (n) ♣❛r❛ ✉♠ ❞❛❞♦ t❡♠♣♦ ❡s♣❡❝í✜❝♦

❜❛st❛♥t❡ ❣r❛♥❞❡ ❡♠ ✉♠ ❣rá✜❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞♦ t✐♣♦ f (n)✳ ●rá✜❝♦s ❛ss✐♥tót✐❝♦s q✉❡

sã♦ ❝♦rt❡s ❞♦ ❡st❛❞♦ ✜♥❛❧ ❞❡ ❞✐❛❣r❛♠❛s ❝♦♠♦ ✸✳✺ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛♦ ❧♦♥❣♦ ❞❛ t❡s❡

❝♦♥❢♦r♠❡ ♥❡❝❡ssár✐♦✳

❘❡s✉❧t❛❞♦s

❈❛s♦ s❡♠ ❡❧❡♠❡♥t♦s ✜①♦s ❊♠ ♥♦ss♦s ❡st✉❞♦s✱ ❝♦❜r✐♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ r❡❞❡s ♣❛r❛

❛s q✉❛✐s N0 = N1 = 0 ❝♦♥s✐❞❡r❛♥❞♦ r❡❞❡s ❞❡ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s ❡ t❛♠❜é♠ ❡st❛❞♦s
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✐♥✐❝✐❛✐s ❞✐st✐♥t♦s✳ ❊s❝♦❧❤❡♠♦s ♠♦str❛r ❛q✉✐ ♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠❛ r❡❞❡ ❝♦♠ N = 200

❡ ❝♦♠ três s✐t✉❛çõ❡s ✐♥✐❝✐❛✐s✱ n0 = 100✱ n0 = 50 ❡ n0 = 25✳ ❉❡st❡s três✱ ✈❛♠♦s t✐r❛r

❝♦♥❝❧✉sõ❡s q✉❡ s❡ ❛♣❧✐❝❛♠ ❛ t♦❞♦s ♦s ❝❛s♦s✱ ♠❡s♠♦ ❛q✉❡❧❡s q✉❡ ♥ã♦ ❢♦r❛♠ r❡❧❛t❛❞♦s

❛q✉✐✳

❖s três ❝❛s♦s ❡s❝♦❧❤✐❞♦s ❡stã♦ r❡tr❛t❛❞♦s ♥❛s ✜❣✉r❛s ✸✳✻✱ ✸✳✼ ❡ ✸✳✽✳ ❊st❛s ✜❣✉r❛s

❢♦r❛♠ ❣❡r❛❞❛s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❝♦♥❢♦r♠❡ ❥á ❞✐s❝✉t✐❞♦ ❡

✉t✐❧✐③❛♠ ♦s ❞✐❛❣r❛♠❛s ❞❡ ❝✉r✈❛s ❞❡ ♥í✈❡❧✳ ❊♠ t♦❞♦s ♦s três✱ ❡s❝♦❧❤❡♠♦s ∆t = 1000✱

N = 200✱ p = 0 ❡ Nsims = 108✳

❋✐❣✉r❛ ✸✳✻✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ n0 = 100 ❡ N = 200✳

❋✐❣✉r❛ ✸✳✼✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ n0 = 50 ❡ N = 200✳

❋✐❣✉r❛ ✸✳✽✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ n0 = 25 ❡ N = 200✳

❊st❡s três ❞✐❛❣r❛♠❛s ❞❡ ❝✉r✈❛s ❞❡ ♥í✈❡❧ sã♦ ❜❡♠ r❡♣r❡s❡♥t❛t✐✈♦s ❞❡ ✈❛r✐❛çõ❡s ♥❛

❣r❛♥❞❡③❛ n0✱ ✈❛r✐❛çõ❡s ❡ss❛s q✉❡ ❝❛✉s❛♠ ♦s ❡❢❡✐t♦s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s ❞❡ ♠♦❞✐✜❝❛çã♦
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❞❛ ❞✐♥â♠✐❝❛✳ ❈♦❜r✐♠♦s t❛♠❜é♠ ✈❛r✐❛çõ❡s ❞♦ ✈❛❧♦r ❞❡ p✱ q✉❡✱ ♣❛r❛ p ♣ró①✐♠♦ ❞❡ 1✱

❛t✉❛♠ ❛♣❡♥❛s ❝♦♠♦ ❢❛t♦r ❝♦♠♣❧❡♠❡♥t❛r ❛ ✉♠❛ ❡s❝❛❧❛ ✐♥✈❡rs❛ ❞♦ t❡♠♣♦✳ P♦r ❡①❡♠♣❧♦✱

p = 0, 9✱ q✉❡ t❡♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ (1 − p) = 0, 1 ❞❡ ♦❝♦rr❡r ♠✉❞❛♥ç❛ ♣♦r ❝ó♣✐❛✱ ❛♣r❡s❡♥t❛

❞✐♥â♠✐❝❛ ❝♦♠ ❛ ♠❡t❛❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ p = 0, 8✱ q✉❡ t❡♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ (1 − p) = 0, 2

❞❡ ♦❝♦rr❡r ♠✉❞❛♥ç❛ ♣♦r ❝ó♣✐❛✳ ■st♦ ❛❝♦♥t❡❝❡ s✐♠♣❧❡s♠❡♥t❡ ♣♦rq✉❡ ❤á ♦ ❞♦❜r♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ❛❧❣✉♠❛ ✐♥t❡r❛çã♦ s✐❣♥✐✜❝❛t✐✈❛ ♥❛ r❡❞❡ ♥♦ ❝❛s♦ p = 0, 8 ❞♦

q✉❡ ♥♦ ❝❛s♦ p = 0, 9✳ ❉❡st❛ ❢♦r♠❛✱ ♣❛r❛ p ❣r❛♥❞❡✱ ♦ t❡♠♣♦ ❞❡✈❡ ❡♥tã♦ s❡r ♠♦❞✐✜❝❛❞♦

❧✐♥❡❛r♠❡♥t❡ ❝♦♠ ❛ ❡①♣r❡ssã♦ (1 − p)❀ ✐♥❢❡❧✐③♠❡♥t❡✱ ❡st❛ ♠❡s♠❛ r❡❣r❛ ♣❛r❡❝❡ ♥ã♦ s❡

❛♣❧✐❝❛r ♣❛r❛ q✉❛❧q✉❡r p✳

❆❧é♠ ❞✐ss♦✱ ❝♦❜r✐♠♦s t❛♠❜é♠ ✈❛r✐❛çõ❡s ❞❡ N ✱ q✉❡ ❛t✉❛♠ ❜❛s✐❝❛♠❡♥t❡ ❝♦♠♦ ❢❛t♦r

❞❡ ❡s❝❛❧❛ ❧✐♥❡❛r ❞♦ ❡s♣❛ç♦ ❞❡ n✬s ❡ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ q✉❛❞rát✐❝♦ ❞♦

t❡♠♣♦ ♣❛r❛ ❡st❛❜✐❧✐③❛çã♦✳ ❊st❡s r❡s✉❧t❛❞♦s ❛❞✐❝✐♦♥❛✐s ❢♦r❛♠ ♦♠✐t✐❞♦s ❞❡✈✐❞♦ à s✉❛

♠♦❞✐✜❝❛çã♦ ♠❛✐s s✐♠♣❧❡s ♥❛ ❞✐♥â♠✐❝❛ s❡ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♠♦❞✐✜❝❛çõ❡s ❞❡✈✐❞♦ ❛ n0✳

◆♦t❛✲s❡ ♥♦s r❡s✉❧t❛❞♦s q✉❡ t♦❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♦❝♦rr❡r❡♠ ❡st❛❞♦s ❡♥tr❡

n = 1 ❡ n = N − 1 t❡♥❞❡♠ ❛ ③❡r♦ ♣❛r❛ t❡♠♣♦s ❜❛st❛♥t❡ ❣r❛♥❞❡s✳ ❍á ✉♠ ❛❝ú♠✉❧♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ♥❛s ❡①tr❡♠✐❞❛❞❡s✱ ❡♠ n = 0 ❡ n = N ✱ q✉❡ s❡❣✉❡ ❡①❛t❛♠❡♥t❡ ❛ ♣r♦♣♦rçã♦

tr♦❝❛❞❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ 1 ♥♦ ✐♥í❝✐♦ ❞❛s s✐♠✉❧❛çõ❡s✳ ◆♦ ❝❛s♦

❞❛ ✜❣✉r❛ ✸✳✼✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♣r♦♣♦rçã♦ ✐♥✐❝✐❛❧ é ❞❡ 25% ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

1 ❡ 75% ❝♦♠ ❡st❛❞♦ 0❀ ♥❛ t❡♥❞ê♥❝✐❛ ❛ss✐♥tót✐❝❛✱ ♦❜s❡r✈❛♠♦s q✉❡ 25% ❞❛s s✐♠✉❧❛çõ❡s

❡♥❝❡rr❛✈❛♠ s✉❛ ❞✐♥â♠✐❝❛ ❡♠ n = N ❡ 75% ❞❛s s✐♠✉❧❛çõ❡s ❡♠ n = 0❀ ♦ ♠❡s♠♦ ✈❛❧❡

♣❛r❛ ❛ ✜❣✉r❛ ✸✳✽✱ ❝♦♠ s✉❛ ♣r♦♣♦rçã♦ ✐♥✐❝✐❛❧ ❞❡ n0/N ❞❡ 12, 5%✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❞✐♥â♠✐❝❛✱ é ✐♠❡❞✐❛t♦ ✈❡r q✉❡✱ q✉❛♥❞♦ ✉♠❛ r❡❞❡ s❡ ❡♥❝♦♥tr❛

❡♠ ❡st❛❞♦ n = 0 ♦✉ n = N ✱ ♦s ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛ ♥ã♦ ✈ã♦ ♠♦❞✐✜❝❛r ♠❛✐s ♦ ❡st❛❞♦ ❞❛

r❡❞❡✱ ♣♦✐s q✉❛❧q✉❡r ❝ó♣✐❛ q✉❡ s❡❥❛ ♣♦r✈❡♥t✉r❛ r❡❛❧✐③❛❞❛ ♥ã♦ t❡rá ❡❢❡✐t♦ ❛❧❣✉♠ s❡ t♦❞♦s

♦s ❡❧❡♠❡♥t♦s t✐✈❡r❡♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✐❣✉❛❧✳ ❉❡st❛ ❢♦r♠❛✱ é ♥❛t✉r❛❧ q✉❡ ❛s s✐♠✉❧❛çõ❡s

t♦❞❛s ❛♣r❡s❡♥t❡♠ ❝♦♥✈❡r❣ê♥❝✐❛ ✐♥❡✈✐tá✈❡❧ ♣❛r❛ ❡st❡s ❡st❛❞♦s ❡①tr❡♠♦s ❞♦ ❡s♣❛ç♦ ❞❡ n✳

❆✐♥❞❛ ✉♠ ♦✉tr♦ ❡❢❡✐t♦✱ ♠❛✐s s✉t✐❧✱ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛s ✐♠❛❣❡♥s✳ ❉❡♣♦✐s ❞❡

♣❛ss❛❞❛s ✈ár✐❛s ✐t❡r❛çõ❡s ❞❛ ❞✐♥â♠✐❝❛✱ ♥ã♦ ❤á ♠❛✐s ❝✉r✈❛s ❞❡ ♥í✈❡❧ ❤♦r✐③♦♥t❛✐s✱ s❡♠♣r❡

✈❡rt✐❝❛✐s✳ ■ss♦ s✉❣❡r❡ q✉❡✱ ♥♦ ❧✐♠✐t❡ ❞❡ t❡♠♣♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❛ r❡❞❡ t❡♠ ✉♠❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡q✉❡♥❛ ❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧ ❞❡ s❡ ❡♥❝♦♥tr❛r ❡♠ q✉❛❧q✉❡r ❡st❛❞♦

❡♥tr❡ 1 ❡ N − 1✳ ❱❡r❡♠♦s ♠❛✐s ♣❛r❛ ❢r❡♥t❡✱ ❡♠ ♥♦ss❛s ❛♥á❧✐s❡s ❛♥❛❧ít✐❝❛s✱ q✉❡ ✐st♦ é

❡①❛t❛♠❡♥t❡ ♦ q✉❡ ❛❝♦♥t❡❝❡✳

❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛s s✐♠✉❧❛çõ❡s ❢♦r❛♠ t♦❞♦s ❞❡♥✲

tr♦ ❞♦ ❡s♣❡r❛❞♦ ❡ ❝♦♥❞✐③❡♠ ❝♦♠ ♦ ♠♦❞❡❧♦✳ ❉❡ ❢❛t♦✱ é r❛③♦á✈❡❧ ✐♥t✉✐r q✉❡✱ ❞❛❞♦ ♦

♠♦❞❡❧♦ ❞♦ ❡❧❡✐t♦r ✈✐st♦ ♥❛ ♣r✐♠❡✐r❛ s❡çã♦✱ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❡st❛rã♦ ❛♣❡♥❛s

❡♠ ✉♠ ❡st❛❞♦ ❛♣ós ✉♠ t❡♠♣♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ s❡♠ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ ❛❣❡♥t❡s

❡①t❡r♥♦s✳ ❘❡st❛ ❛❣♦r❛ ✈❡r✐✜❝❛r ♦ q✉❡ ♦❝♦rr❡ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❞❛ r❡❞❡✱

✸✵



q✉❡ ♣♦❞❡♠ r❡♣r❡s❡♥t❛r t❛♠❜é♠ ❡st❡s ♠❡s♠♦s ❛❣❡♥t❡s ❡①t❡r♥♦s✳

❈❛s♦ ❝♦♠ ❊❧❡♠❡♥t♦s ❋✐①♦s ❉✐✈✐❞✐♠♦s ♦s ♣r♦❜❧❡♠❛s ♣♦ssí✈❡✐s ❡♠ três ❝❛t❡❣♦r✐❛s

♣❛r❛ ❢❛❝✐❧✐t❛r ❛ t❛r❡❢❛ ❞❡ ✐♥✈❡st✐❣❛çã♦✳ ❙ã♦ ❡❧❛s✿

✶✳ ❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❯♥✐❧❛t❡r❛❧♠❡♥t❡✱ ♥♦s q✉❛✐s ♦❝♦rr❡ q✉❡ N0 = 0 ❡ N1 6= 0

♦✉ ♦❝♦rr❡ q✉❡ N0 6= 0 ❡ N1 = 0✳ P♦r s✐♠❡tr✐❛✱ ❡①✐❜✐r❡♠♦s ❛♣❡♥❛s ✉♠ ❞❡❧❡s✳

✷✳ ❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❙✐♠❡tr✐❝❛♠❡♥t❡✱ ♥♦s q✉❛✐s N0 = N1 6= 0✳

✸✳ ❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❆ss✐♠❡tr✐❝❛♠❡♥t❡✱ ♥♦s q✉❛✐sN0 6= 0✱ N1 6= 0 ❡N0 6= N1✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❯♥✐❧❛t❡r❛❧♠❡♥t❡ ◆❡st❡ ❝❛s♦✱ ❛ ❞✐♥â♠✐❝❛ s❡ ❝♦♠♣♦rt❛

❞❡ ✉♠❛ ❢♦r♠❛ ❜❛st❛♥t❡ ♣r❡✈✐sí✈❡❧✿ ❞❡♣♦✐s ❞❡ ♣❛ss❛❞♦ s✉✜❝✐❡♥t❡ t❡♠♣♦✱ t♦❞❛ r❡❞❡

q✉❡ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ✜①♦s ❝♦♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❡st❛❞♦ ✐♥t❡r♥♦ t❡♥❞❡rá ❛ ✐♠✐t❛r ❡st❡

❡st❛❞♦ ✐♥t❡r♥♦✳ P♦rt❛♥t♦✱ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ t❡rã♦ ❛q✉❡❧❡ ❡st❛❞♦ ✐♥t❡r♥♦✱

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡st❛ r❡❞❡✳

❊st❡s ❝❛s♦s sã♦ ❜❛st❛♥t❡ s✐♠♣❧❡s ❡ ❝✐t❛r❡♠♦s ❛q✉✐ ❞♦✐s ❡①❡♠♣❧♦s✳ P❛r❛ ❛♠❜♦s✱

❡s❝♦❧❤❡♠♦s p = 0✱ N = 200✱ n0 = 25 ❡ Nsims = 107❀ ❡♠ ✉♠ ❞❡❧❡s✱ ❡s❝♦❧❤❡♠♦s N1 = 1✱

❡ ♥♦ ♦✉tr♦✱ ♦♣t❛♠♦s ♣♦r N1 = 5✳

P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ N1 = 1✱ ♦♣t❛♠♦s ♣♦r ∆t = 250 ❡ nf = 1000✳ ❊st❛s ❡s❝♦❧❤❛s

♣❡r♠✐t❡♠ ✉♠❛ ❜♦❛ ✈✐s✉❛❧✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛✿

❋✐❣✉r❛ ✸✳✾✿ ❘❡s✉❧t❛❞♦s ❞♦ ❝❛s♦ ❝♦♠ ❡❧❡♠❡♥t♦s ✜①♦s ✉♥✐❧❛t❡r❛❧♠❡♥t❡ ♣❛r❛ N1 = 1✳

◆❡st❛ ♣r✐♠❡✐r❛ ✜❣✉r❛✱ ♥♦t❡ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❡st❛❞♦ n = 200 é r❡❛❧♠❡♥t❡

❧❡♥t❛✳ ❆s ❞✐♠❡♥sõ❡s ❞❡ t❡♠♣♦ r❡tr❛t❛❞❛s ❛q✉✐ sã♦ ✶✵ ✈❡③❡s s✉♣❡r✐♦r❡s às ❞♦s ❝❛s♦s ✸✳✻✱

✸✳✼ ❡ ✸✳✽✱ ❡ ♦ ❛s♣❡❝t♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s é ❜❛st❛♥t❡ ❞✐s♣❡rs♦✳

❖ s❡❣✉♥❞♦ ❝❛s♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ r❡tr❛t❛r ❡st❛ ❝❛t❡❣♦r✐❛ ❞❡ ♣r♦❜❧❡♠❛s é ✉♠ ❝♦♠

✈❛❧♦r ❞❡ N1 = 5✱ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♠✉✐t♦ ♠❛✐s rá♣✐❞❛ ❡ ❡✈✐❞❡♥t❡✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✵✳

❖♣t❛♠♦s ♣♦r ∆t = 80 ❡ nf = 1000 ♥❡st❡ ❝❛s♦ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♦ q✉❡ ♠♦str❛ ❛ rá♣✐❞❛

t❡♥❞ê♥❝✐❛ ❞❡ ❡st❛❜✐❧✐③❛çã♦ ❞♦ s✐st❡♠❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❛♥t❡r✐♦r✳

◆❡st❡ ❝❛s♦✱ ♥♦t❛♠♦s q✉❡ ❤á ✉♠❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦r❞❡♥❛❞❛ ♣❛r❛ n = 200✱ q✉❡ é

♠❛r❝❛♥t❡ s❡ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ r❡❧❛t✐✈❛ ❞✐s♣❡rsã♦ ❛♥t❡s ❞❛ ❛❝✉♠✉❧❛çã♦ ♥♦ ❝❛s♦ ❞❛

✸✶



❋✐❣✉r❛ ✸✳✶✵✿ ❘❡s✉❧t❛❞♦s ❞♦ ❝❛s♦ ❝♦♠ ❡❧❡♠❡♥t♦s ✜①♦s ✉♥✐❧❛t❡r❛❧♠❡♥t❡ ♣❛r❛ N1 = 5✳

✜❣✉r❛ ✸✳✾✳ ❊st❡s ❞♦✐s ❝❛s♦s r❡♣r❡s❡♥t❛♠ ❜❡♠ t✉❞♦ ♦ q✉❡ ♣♦❞❡ ❛❝♦♥t❡❝❡r s❡ ✉♠ ❞♦s N0

♦✉ N1 ❢♦r ♥✉❧♦❀ ❛q✉❡❧❡ q✉❡ ♥ã♦ é ♥✉❧♦ ❞✐t❛ ❛ s✐t✉❛çã♦ ✜♥❛❧ ❞♦ s✐st❡♠❛ ❡ ♦ s❡✉ ✈❛❧♦r

r❡✢❡t❡ ❞✐r❡t❛♠❡♥t❡ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ s✐st❡♠❛✳ ❖✉tr♦s ❝❛s♦s ✉♥✐❧❛t❡r❛✐s

s❡❣✉❡♠ t❛♠❜é♠ ♦s ♣❛❞rõ❡s ✈✐st♦s ❛q✉✐✱ s❡♠ ♥❡♥❤✉♠❛ ❡①❝❡çã♦ ❡♥❝♦♥tr❛❞❛✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❙✐♠❡tr✐❝❛♠❡♥t❡ ◆❡st❡ ❝❛s♦✱ ❛ ❞✐♥â♠✐❝❛ s❡ ❝♦♠♣♦rt❛

❞❡ ✉♠❛ ❢♦r♠❛ ❛✐♥❞❛ ♣r❡✈✐sí✈❡❧✱ ♠❛s ♥ã♦ tã♦ s✐♠♣❧❡s q✉❛♥t♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❆

♣r❡s❡♥ç❛ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❞♦s ❞♦✐s t✐♣♦s ♣♦ssí✈❡✐s ❡ ❡♠ ✐❣✉❛❧

q✉❛♥t✐❞❛❞❡ ❢❛③ ❝♦♠ q✉❡ ❛ r❡❞❡ ♥ã♦ ❡st❛❜✐❧✐③❡ ♥♦s ❡①tr❡♠♦s✱ ♠❛s s✐♠ ❛ss✉♠❛ ✉♠❛

❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s✐♠étr✐❝❛ ❛♦ r❡❞♦r ❞❡ N/2 ❡ ♠á①✐♠❛ ❥✉st❛♠❡♥t❡ ♣❛r❛

n = N/2✳ ❆q✉✐✱ ♥♦✈❛♠❡♥t❡✱ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❛ r❡❞❡ é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐rr❡❧❡✈❛♥t❡✳

❊s❝♦❧❤❡♠♦s ❝♦♠♦ r❡♣r❡s❡♥t❛♥t❡s ❞♦s r❡s✉❧t❛❞♦s q✉❛tr♦ ❝❛s♦s ♣❛r❛ ♦s q✉❛✐sN = 200✱

p = 0✱ n0 = 25 ❡ Nsims = 2 · 107❀ ♥❡st❡s✱ t❡♠♦s N0 = N1 = 1 ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ q✉❡ é

✉♠ ❝❛s♦ ❛♥ô♠❛❧♦✱ ❝♦♠♦ ✈❡r❡♠♦s ❡♠ ❜r❡✈❡❀ N0 = N1 = 2 ♥♦ s❡❣✉♥❞♦❀ N0 = N1 = 3

♥♦ t❡r❝❡✐r♦ ❡ ✜♥❛❧♠❡♥t❡ N0 = N1 = 5 ♥♦ q✉❛rt♦ ❝❛s♦✳

❖ ♣r✐♠❡✐r♦ ❝❛s♦✱ N0 = N1 = 1✱ t❡♠ ❝♦♠♦ ♣❛râ♠❡tr♦s ❞❡ ❛♠♦str❛❣❡♠ ∆t = 120 ❡

nf = 1000 ❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ✸✳✶✶✳

❋✐❣✉r❛ ✸✳✶✶✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ❝❛s♦ s✐♠étr✐❝♦ ❝♦♠ N0 = N1 = 1✳

◆❛ r❡❛❧✐❞❛❞❡✱ ♦ q✉❡ s❡ ✈ê ♥❡st❛ ✜❣✉r❛ é ✉♠ t❛♥t♦ ✐♥❡s♣❡r❛❞♦✳ ❊s♣❡rá✈❛♠♦s ❡♥❝♦♥✲

tr❛r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s q✉❡ ❢♦ss❡ ♠❛✐♦r ❛♦ r❡❞♦r ❞❡ s❡✉ ❝❡♥tr♦✱ ❡♠

n = N/2✱ ❡ ♥ã♦ ✉♠❛ q✉❡ ❛♣❛r❡♥t❡♠❡♥t❡ é ✉♥✐❢♦r♠❡✱ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ❛q✉✐✱ ❥á q✉❡ ♦ ❡s✲

✸✷



t❛❞♦ ❛ss✐♥tót✐❝♦ ✜♥❛❧ é ❝♦♠♣♦st♦ ❛♣❡♥❛s ❞❡ ✉♠❛ ❢❛✐①❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✳ ◆❛ r❡❛❧✐❞❛❞❡✱

♣♦r ❝❛✉s❛ ❞❛ ❡s❝♦❧❤❛ ❞❡ ❝✉r✈❛s ❞❡ ♥í✈❡❧✱ ❡st❛ ❝✉r✈❛ é ✉♠❛ ❞❛s ♠❛✐s ❢♦rt❡s ❡ ❝♦rr❡s♣♦♥❞❡

❛ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 0, 5%✱ ♦ q✉❡ r❡❛❧♠❡♥t❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛

❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❛♦ ❧♦♥❣♦ ❞♦s 201 ❡st❛❞♦s ♣♦ssí✈❡✐s ♣❛r❛ ❛ r❡❞❡✳

❱❡r✐✜❝❛♠♦s q✉❡ ❡st❡ r❡s✉❧t❛❞♦ é r❡❛❧♠❡♥t❡ ✈á❧✐❞♦ ❡♠ q✉❛❧q✉❡r s✐t✉❛çã♦ ✐♥✐❝✐❛❧✱

❝♦♥t❛♥t♦ q✉❡ ♦❝♦rr❛ q✉❡ N0 = N1 = 1✳ ◆ã♦ s❡ tr❛t❛ ❞❡ ♣r♦❜❧❡♠❛ ❞♦s ♥♦ss♦s ❝á❧❝✉❧♦s❀

❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ✈❡r✐✜❝❛❞♦ ❞❡ ❢♦r♠❛ ❛♥❛❧ít✐❝❛✱ ❝♦♠♦ ✈❡r❡♠♦s ❡♠

❜r❡✈❡✳

P❛r❛ ❛♥❛❧✐s❛r ❡st❡ r❡s✉❧t❛❞♦ ❡♠ ♠❛✐s ❞❡t❛❧❤❡✱ ❢♦✐ ❢❡✐t♦ ♦ ❣rá✜❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡

P120000 (n) ♥❛ ✜❣✉r❛ ✸✳✶✷✱ ❡ ✈❡♠♦s q✉❡ ❞❡ ❢❛t♦ tr❛t❛✲s❡ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✱

s❡ ❞❡s❝♦♥s✐❞❡r❛❞❛s ❛s ✢✉t✉❛çõ❡s ❛❧❡❛tór✐❛s✳

❋✐❣✉r❛ ✸✳✶✷✿ ❈✉r✈❛ Pt (n) ❝♦♠ t = 1, 2 · 105✳

❖ ♣ró①✐♠♦ ❝❛s♦ q✉❡ ❡st✉❞❛♠♦s ❢♦✐ ♦ ❞❡ N0 = N1 = 2✱ q✉❡ r❡❛❧♠❡♥t❡ ❛♣r❡s❡♥t❛ ✉♠❛

❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♠❛✐s ❝♦♥❞✐③❡♥t❡ ❝♦♠ ♦ ❡s♣❡r❛❞♦ ❡ ❝❡♥tr❛❞❛

♥♦ ✈❛❧♦r n = N/2✳ ❖s ♣❛râ♠❡tr♦s ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡s❝♦❧❤✐❞♦s ❢♦r❛♠ ∆t = 40 ❡ nf =

1000❀ ♥♦t❡ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ❛ s✐t✉❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ é ♠✉✐t♦ ♠❛✐s rá♣✐❞❛ ♥❡st❡

❝❛s♦✳

❋✐❣✉r❛ ✸✳✶✸✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ❝❛s♦ s✐♠étr✐❝♦ ❝♦♠ N0 = N1 = 2✳

❉❡ ❢❛t♦✱ ❝♦♠♦ s❡r✐❛ ❞❡ s❡ ❡s♣❡r❛r✱ ♥❡st❡ ❝❛s♦ ♥♦t❛✲s❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞✐str✐❜✉✐çã♦

❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛♣ós ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s t q✉❡ é s✐♠étr✐❝❛ ❡ ♠á①✐♠❛

✸✸



♣❛r❛ n = N/2✳ ❆ ❡st❛❜✐❧✐③❛çã♦ ❞❛ r❡❞❡ ♦❝♦rr❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ três ✈❡③❡s ♠❛✐s

r❛♣✐❞❛♠❡♥t❡ ❞♦ q✉❡ ♥♦ ❝❛s♦ ❞❛ ✜❣✉r❛ ✸✳✶✶✱ ❝♦♠♦ ✐♥❞✐❝❛ ❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦✱ ✉♠❛ ✈❡③ q✉❡

❡♠ ✉♠ ❝❛s♦ tf = 40000 ❡ ♥♦ ♦✉tr♦ tf = 120000✳ ❆✐♥❞❛ ❛ss✐♠✱ ❤á ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❛♣r❡❝✐á✈❡❧ ❞❡ ❡♥❝♦♥tr❛r ❛ r❡❞❡ ❡♠ ✉♠ ❡st❛❞♦ q✉❛❧q✉❡r ❞❡ n✳

P❛r❛ ♦ ♣ró①✐♠♦ ❝❛s♦✱ N0 = N1 = 3✱ ✈❡♠♦s q✉❡ ❛ ❝✉r✈❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ t♦r♥❛✲

s❡ ♠❛✐s ❡str❡✐t❛ ❡ ❝♦♥t✐♥✉❛ s✐♠étr✐❝❛✳ ❆ r❡❞❡ t❡♠ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝r❡s❝❡♥t❡ ❞❡

✐♥t❡r❛❣✐r ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ✜①♦s ♥❡st❡ ❝❛s♦✱ ❡ ❛ ♣r♦♣♦rçã♦ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❛❢❡t❛ ♦

s✐st❡♠❛ ♠❛✐s ❞r❛st✐❝❛♠❡♥t❡✳ P❛r❛ ♦ ❞❡s❡♥❤♦✱ t♦♠❛♠♦s ∆t = 25 ❡ nf = 1000✳

❋✐❣✉r❛ ✸✳✶✹✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❝❛s♦ s✐♠étr✐❝♦ ❡♠ q✉❡ N0 = N1 = 3✳

❆ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ♥♦t❛❞♦ ♥❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦✱

é t❛♠❜é♠ ♠✉✐t♦ ♠❛✐s rá♣✐❞❛ ♥❡st❡ ❝❛s♦ ❡♠ r❡❧❛çã♦ ❛♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❖ q✉❛rt♦ ❡ ú❧t✐♠♦ ❝❛s♦ ❡s❝♦❧❤✐❞♦ é ♦ ❞❡ N0 = N1 = 5✱ ♥♦ q✉❛❧ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

é ❡①tr❡♠❛♠❡♥t❡ rá♣✐❞❛ ❡ ❛ r❡❞❡ ❡st❛❜✐❧✐③❛ ❡♠ ✉♠ ❡st❛❞♦ ❜❛st❛♥t❡ ❡str❡✐t♦ ❛♦ r❡❞♦r

❞❡ n = N/2✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s❡ ❡str❡✐t♦✉

❜❛st❛♥t❡ ❝♦♠ ✉♠❛ ♣❡rt✉r❜❛çã♦ ♥❛ ❢♦r♠❛ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s q✉❡ t❡♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❝❡r❝❛ ❞❡ 5% ❞❡ ❛t✉❛r ❡♠ ✉♠ ❞❛❞♦ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛✳ P❛r❛ ❛ ✜❣✉r❛✱ ♦♣t❛♠♦s ♣♦r

∆t = 10 ❡ nf = 1000❀ ♥♦t❡ q✉❡ ❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ é t❛❧ q✉❡ ❢♦r❛♠ ❡❢❡t✉❛❞♦s ✶✷ ✈❡③❡s

♠❡♥♦s ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛ ❞♦ q✉❡ ♥♦ ❝❛s♦ ❞❛ ✜❣✉r❛ ✸✳✶✶✳ ◆♦t❡ q✉❡ ❛❧t❡r❛♠♦s ♣❡❧❛

♣r✐♠❡✐r❛ ✈❡③ ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ ♦s ✈❛❧♦r❡s ❞❡ ❝✉r✈❛ ❞❡ ♥í✈❡❧✿ ndivs = 250 ♥❡st❡

❝❛s♦ ❡♠ ♣❛rt✐❝✉❧❛r✳ ❉❡st❛ ❢♦r♠❛✱ ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ ❢r❛❝❛s ❞✐st❛♠ 0, 4% ✉♠❛s ❞❛s

♦✉tr❛s✱ ❡ ❛s ❢♦rt❡s ❞✐st❛♠ 2%✳

P❛r❛ ✉♠❛ ❝♦♠♣❛r❛çã♦ rá♣✐❞❛ ❡ ✐♠❡❞✐❛t❛ ❞❛ s✐t✉❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦s ❝❛s♦s ✈✐s✐t❛✲

❞♦s✱ ♣♦❞❡♠♦s ❣r❛✜❝❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s Pt (n) ♣❛r❛ t ♠á①✐♠♦ ❞❡ ♥♦ss❛s s✐♠✉❧❛çõ❡s✿

◆♦t❛✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ✉♠ ❡str❡✐t❛♠❡♥t♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s q✉❛♥❞♦

♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❞❛ r❡❞❡ é ❛✉♠❡♥t❛❞♦✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❆ss✐♠❡tr✐❝❛♠❡♥t❡ ◆♦ ❝❛s♦ ❞❡ ❤❛✈❡r ❡❧❡♠❡♥t♦s ✜①♦s

❞♦s ❞♦✐s t✐♣♦s✱ ♠❛s ❡♠ q✉❛♥t✐❞❛❞❡s ❞✐❢❡r❡♥t❡s✱ ❛s ❝✉r✈❛s ✈✐st❛s q✉❛♥t♦ N0 = N1 ❛♣✲

r❡s❡♥t❛♠ ❞✐st♦rçõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ ■♥✈❡st✐❣❛r❡♠♦s ❛q✉✐ ❛❧❣✉♥s

❝❛s♦s ❝♦♠ N0 = 5 ✜①♦ ❛♦ ❧♦♥❣♦ ❞❡st❡s ❝❛s♦s ❡ ❝♦♠ N1 ✈❛r✐á✈❡❧✱ ♣♦❞❡♥❞♦ s❡r ✶✱ ✸✱ ✶✵
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❋✐❣✉r❛ ✸✳✶✺✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❝❛s♦ s✐♠étr✐❝♦ ❡♠ q✉❡ N0 = N1 = 5✳ ◆♦t❡ q✉❡ ndivs =
250✳

N0 = N1 = 2 N0 = N1 = 3 N0 = N1 = 5

❋✐❣✉r❛ ✸✳✶✻✿ ❈♦♠♣❛r❛çã♦ ❞❡ ❝✉r✈❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛s (t → ∞)✳

♦✉ ✷✵✳ ❚♦❞♦s ♦s ❝❛s♦s tê♠ N = 200✱ p = 0✱ Nsims = 108 ❡ n0 = 25✱ ♥♦t❛♥❞♦ q✉❡✱ ♥♦✈❛✲

♠❡♥t❡✱ n0 é ❣r❛♥❞❡③❛ ✐rr❡❧❡✈❛♥t❡ ♣❛r❛ ♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❛ r❡❞❡✳ ❱❛❧♦r❡s ❞✐❢❡r❡♥t❡s

❞❡ n0 ❝❛✉s❛♠ ❞✐st♦rçõ❡s ♣r❡✈✐sí✈❡✐s ♥❛ ❞✐♥â♠✐❝❛✱ q✉❡ s❡ ❛❥✉st❛ ❝♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡❀

♦♣t❛♠♦s ♣♦r ♦♠✐t✐✲❧❛s ❛q✉✐ ♣♦r ♥ã♦ s❡ tr❛t❛r ❞❡ ♥❛❞❛ ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ N0 = 5 ❡ N1 = 1✱ t❡♠♦s ✉♠ ❛❝ú♠✉❧♦ ❞❡ s✐♠✉❧❛çõ❡s t❡♥❞❡♥❞♦

♣❛r❛ n = 0✱ ❝♦♠♦ s❡r✐❛ ❞❡ s❡ ❡s♣❡r❛r✳ ❍á ✉♠❛ ❝✉r✈❛ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s

❝r❡s❝❡♥t❡ à ♠❡❞✐❞❛ ❡♠ q✉❡ n✬s ❞❡❝r❡s❝❡♠✳ ❊s❝♦❧❤❡♠♦s ❛q✉✐ ∆t = 12 ❡ nf = 1000✱ ❡

♠♦❞✐✜❝❛♠♦s ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ ♣❛r❛ ndivs = 250 ✭❞✐✈✐sõ❡s ❛ ❝❛❞❛ 2% ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❡ s✉❜❞✐✈✐sõ❡s ❛ ❝❛❞❛ 0, 4% ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✮✳

❋✐❣✉r❛ ✸✳✶✼✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ❝❛s♦ ❛ss✐♠étr✐❝♦ N0 = 5 ❡ N1 = 1✳ ◆♦t❡ q✉❡ ndivs = 250
❛q✉✐✳
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❖ ❛❝ú♠✉❧♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♥❛ ✜❣✉r❛ ✸✳✶✼ é t❛❧ q✉❡ ♦ ♠á①✐♠♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱

q✉❡ ❡stá ❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 2, 5%✱ ❡stá ❧♦❝❛❧✐③❛❞♦ r❡❛❧♠❡♥t❡ ❡♠ n = 0✳ ❆s s✐♠✉✲

❧❛çõ❡s ♠♦str❛r❛♠ ♣♦rt❛♥t♦ q✉❡ ❛ r❡❞❡ t❡♥❞❡ ❛ ❝♦♣✐❛r ♦ ❡st❛❞♦ ♠❛✐s ♣r❡s❡♥t❡❀ ♥♦t❛♠♦s

t❛♠❜é♠ q✉❡ ❛ ♣r♦♣♦rçã♦ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❡♠ ❝❛❞❛ ❡st❛❞♦✱ q✉❡ é ❞❡ ✶ ♣❛r❛ ✺✱ ♥ã♦

✐♥✢✉❡♥❝✐♦✉ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ❝✉r✈❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♣r❡✈✐sí✈❡❧✳

❖r✐❣✐♥❛❧♠❡♥t❡✱ t✐♥❤❛ s✐❞♦ ❝♦❣✐t❛❞❛ ❛ ✐❞é✐❛ ❞❡ q✉❡ t❛❧ ♠á①✐♠♦ ❛♣r❡s❡♥t❛ss❡ r❡❣r❛ ❞❡

♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✱ ❛ss✐♠ ❝♦♠♦ ❛ ♣r♦♣♦rçã♦ ❞❡ s✐♠✉❧❛çõ❡s q✉❡ ❝♦♥✈❡r❣✐❛ ❛ss✐♥t♦t✐❝❛✲

♠❡♥t❡ ♣❛r❛ n = 0 ♦✉ n = 200 ♥♦ ❝❛s♦ ❞❡ N0 = N1 = 0 ❞❡♣❡♥❞✐❛ ❞❛ ♣r♦♣♦rçã♦

❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✶ ♥♦ ✐♥í❝✐♦ ❞❛s s✐♠✉❧❛çõ❡s✱ ♠❛s ♥ã♦ ❤á ♥❡♥❤✉♠❛ r❡❣r❛ ❞❡

♣r♦♣♦rçõ❡s q✉❡ s❡ ❛♣r❡s❡♥t❛ ♥❡st❡s r❡s✉❧t❛❞♦s✳

❖ ♣ró①✐♠♦ ❝❛s♦✱ N0 = 5 ❡ N1 = 3✱ ❥á ♠♦str❛ q✉❡ ♦ ♠á①✐♠♦ ❞❛ ❝✉r✈❛ ❞❡ ❞✐str✐❜✉✐çã♦

❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♥ã♦ ❡stá ♠❛✐s ❧♦❝❛❧✐③❛❞♦ ❡♠ n = 0✳ P❛r❛ ❡st❛ ✜❣✉r❛✱ ❡s❝♦❧❤❡♠♦s

∆t = 15 ❡ nf = 1000✱ ❡ ♠♦❞✐✜❝❛♠♦s ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ ♣❛r❛ ndivs = 750 ✭❞✐✈✐sõ❡s ❛

❝❛❞❛ 0, 67% ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ s✉❜❞✐✈✐sõ❡s ❛ ❝❛❞❛ 0, 13% ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✮✳

❋✐❣✉r❛ ✸✳✶✽✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ❝❛s♦ ❛ss✐♠étr✐❝♦ ❝♦♠ N0 = 5 ❡ N1 = 3✳ ◆♦t❡ q✉❡ ndivs =
750 ❛q✉✐✳

◆♦t❛✲s❡ q✉❡ ❛ r❡❞❡ ❛❞♠✐t❡✱ ♣❛r❛ t❡♠♣♦ ❣r❛♥❞❡✱ ✉♠ ❛s♣❡❝t♦ ❜❛st❛♥t❡ ♣ró①✐♠♦ ❞♦

❞❛ ✜❣✉r❛ ✸✳✶✹✱ ❝♦♠♦ s❡r✐❛ ❞❡ s❡ ❡s♣❡r❛r✳ ❍á ✉♠❛ t❡♥❞ê♥❝✐❛ ❞❡ ❛s s✐♠✉❧❛çõ❡s ✢✉t✉❛r❡♠

❡♠ ❡st❛❞♦s ❝♦♠ n ✐♥❢❡r✐♦r ❛ N/2✱ ♦ q✉❡ é ♥❛t✉r❛❧ ❡ ❡s♣❡r❛❞♦✱ ♣♦✐s N0 > N1✳ ❖s ♦✉tr♦s

❞♦✐s ❝❛s♦s ✜♥❛✐s ❡stã♦ r❡tr❛t❛❞♦s ♥❛s ✜❣✉r❛s ✸✳✶✾ ❡ ✸✳✷✵✱ ❝♦♠ ∆t = 20 ❡ nf = 1000 ❡♠

❛♠❜♦s ♦s ❝❛s♦s✳

◆♦t❛✈❡❧♠❡♥t❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❛ ❝✉r✈❛ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss✲

✐♥tót✐❝❛ ♣❛r❛ t❡♠♣♦s ❣r❛♥❞❡s t♦r♥❛✲s❡ ♠❛✐s ❡str❡✐t❛ ♥♦ ❝❛s♦ s✐♠étr✐❝♦✱ ❤á ✉♠ ❡str❡✐t❛✲

♠❡♥t♦ ♥❛s ✜❣✉r❛s ✸✳✶✾ ❡ ✸✳✷✵ q✉❡ é ❜❛st❛♥t❡ ❡✈✐❞❡♥t❡✳ ◆❛ ✜❣✉r❛ ✸✳✷✵ ❡♠ ♣❛rt✐❝✉❧❛r✱

t❡♠♦s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡①❝❡❞❡♥❞♦ 2% ✲ ❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ às ❢❛✐①❛s ❡♠ ❜r❛♥❝♦ ✲ ♦

q✉❡ ♥ã♦ ❛♣❛r❡❝❡ q✉❛♥❞♦ ❤á ♣❡q✉❡♥♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✳

P❛r❛ ❝♦♠♣r♦✈❛r t♦❞❛s ❛s ♥♦ss❛s ♦❜s❡r✈❛çõ❡s ❡ ✜♥❛❧✐③❛r ❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s

❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ t → ∞ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❝❛s♦s ❞❛s ✜❣✉r❛s

❛♥t❡r✐♦r❡s ♥❛ ✜❣✉r❛ ✸✳✷✶ ♥❛ ♣ró①✐♠❛ ♣á❣✐♥❛✳

✸✻



❋✐❣✉r❛ ✸✳✶✾✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ❝❛s♦ ❛ss✐♠étr✐❝♦ ❝♦♠ N0 = 5 ❡ N1 = 10✳ ◆♦t❡ q✉❡
ndivs = 750 ❛q✉✐✳

❋✐❣✉r❛ ✸✳✷✵✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ❝❛s♦ ❛ss✐♠étr✐❝♦ ❝♦♠ N0 = 5 ❡ N1 = 20✳ ◆♦t❡ q✉❡
ndivs = 500 ❛q✉✐✳

N0 = 5 ❡ N1 = 1 N0 = 5 ❡ N1 = 3

N0 = 5 ❡ N1 = 10 N0 = 5 ❡ N1 = 20

❋✐❣✉r❛ ✸✳✷✶✿ ❈♦♠♣❛r❛çã♦ ❞❡ ❝✉r✈❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛s (t → ∞)✳

✸✼



❈♦♥❝❧✉✐♥❞♦✱ ♦❜t✐✈❡♠♦s ❛❧❣✉♠❛s ❝♦♥❝❧✉sõ❡s ❜❛st❛♥t❡ ❝r✉❝✐❛✐s q✉❡ ❞✐st✐♥❣✉❡♠ ♦ ❝❛s♦

❞❡ r❡❞❡s ❝♦♠ ❡❧❡♠❡♥t♦s ✜①♦s ❞♦ ❝❛s♦ ❡st✉❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦t❛♠♦s

q✉❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❛ r❡❞❡ ♥ã♦ é ❞❡ ♥❡♥❤✉♠❛ r❡❧❡✈â♥❝✐❛ ♣❛r❛ ♦ ❡st❛❞♦ ✜♥❛❧ q✉❡

❡st❛ ❛ss✉♠❡ ♣❛r❛ t❡♠♣♦s ♠✉✐t♦ ❣r❛♥❞❡s✳ ❱✐♠♦s q✉❡ ♦s ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ♣❛r❛

t❡♠♣♦s ❣r❛♥❞❡ sã♦ ✐♥t❡✐r❛♠❡♥t❡ ❣♦✈❡r♥❛❞♦s ♣❡❧❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦

✐♥t❡r♥♦ ✜①♦ ❞❛ r❡❞❡ ❞❡ ✉♠❛ ❢♦r♠❛ ❜❛st❛♥t❡ ♣r❡✈✐sí✈❡❧✳ ❊♠ q✉❛❧q✉❡r ❝✐r❝✉♥stâ♥❝✐❛✱ ❛

r❡❞❡ ❧✐✈r❡ ❛❝❛❜❛ ✐♠✐t❛♥❞♦ ❣r♦ss❡✐r❛♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s ✜①♦s ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ s❡♥❞♦

q✉❡ ❛ ✐♠✐t❛çã♦ s❡rá ❜❛st❛♥t❡ ✈❛❣❛ ✲ ✐✳❡✳✱ ❞❡ ❣r❛♥❞❡ ❧❛r❣✉r❛ ♣r♦❜❛❜✐❧íst✐❝❛ ✲ ♣❛r❛ ✉♠❛

q✉❛♥t✐❞❛❞❡ ♣❡q✉❡♥❛ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❡ ❜❛st❛♥t❡ ♣r❡❝✐s❛ ✲ ✐✳❡✳✱ ❞❡ ♣❡q✉❡♥❛ ❧❛r❣✉r❛

♣r♦❜❛❜✐❧íst✐❝❛ ✲ ♣❛r❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❣r❛♥❞❡ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❞❛ r❡❞❡✳ ❊♠ ♥♦ss❛s

s✐♠✉❧❛çõ❡s✱ ❝♦♥st❛t❛♠♦s q✉❡ ✏❣r❛♥❞❡✑ ❛q✉✐ é ❞❛ ♦r❞❡♠ ❞❡ ❛❧❣✉♥s ♣♦♥t♦s ♣❡r❝❡♥t✉❛✐s

❞♦ t❛♠❛♥❤♦ t♦t❛❧ ❞❛ r❡❞❡ ♣❛r❛ ♦❜t❡r ✉♠❛ ❡str❡✐t❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✜♥❛❧✳

❊♥❝❡rr❛❞❛ ❛ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛ ❞♦ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s r❡s♦❧✈❡r ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛

❞❡st❡s s✐st❡♠❛s ❡ r❡❛❧✐③❛r ✉♠❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s✳

✸✳✷✳✸ ❘❡s♦❧✉çã♦ ❆♥❛❧ít✐❝❛

❯♠❛ ✈❡③ ❛❞q✉✐r✐❞❛ ❢❛♠✐❧✐❛r✐❞❛❞❡ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❡ ❥á r❡❛❧✐③❛❞♦s ♦s ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s✱

✈❛♠♦s ❛❣♦r❛ ❛❜♦r❞❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❞❡ ✉♠❛ ❢♦r♠❛

❛♥❛❧ít✐❝❛✱ ❡st❡♥❞❡♥❞♦ ♦ q✉❡ ❥á ❢♦✐ ✈✐st♦ ♥❛ ✐♥tr♦❞✉çã♦✳

■♥✐❝✐❛r❡♠♦s ❛ ♥♦ss❛ ❛♥á❧✐s❡ ✈♦❧t❛♥❞♦ às ❡①♣r❡ssõ❡s ✸✳✶✵ ❡ ✸✳✶✶ ♥❛ ♣á❣✐♥❛ ✷✵✱ q✉❡

♠♦str❛♠ ❛ ♠❛tr✐③ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ U ❞♦ ✈❡t♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❉❛ ❡①♣r❡ssã♦

✸✳✶✵ é ❡✈✐❞❡♥t❡ q✉❡ ✉♠ ✈❡t♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡
−→
P t ❡♠ ✉♠ t❡♠♣♦ q✉❛❧q✉❡r t ♣♦❞❡

s❡♠♣r❡ s❡r ❡s❝r✐t♦ ❡♠ ❢✉♥çã♦ ❞♦ ✈❡t♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✐❝✐❛❧
−→
P 0 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

−→
P t = U t−→P 0. ✭✸✳✶✼✮

❘❡ss❛❧t❛♠♦s q✉❡✱ ♥❡st❛ ❡①♣r❡ssã♦✱ U t ❞❡s✐❣♥❛ ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ U ❡ ♥ã♦ ❛ ♠❛tr✐③

tr❛♥s♣♦st❛✳ ❉❡st❛ ❡①♣r❡ssã♦✱ t♦r♥❛✲s❡ ❡✈✐❞❡♥t❡ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❞❡ U

sã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛❀ ♣♦ré♠✱ ❞❡✈❡♠♦s s❛❧✐❡♥t❛r ❞❡s❞❡ ❥á q✉❡ ❛ ♠❛tr✐③ U ♥ã♦ é

s✐♠étr✐❝❛ ❡✱ ♣♦rt❛♥t♦✱ ♦s s❡✉s ❛✉t♦✈❡t♦r❡s ♥ã♦ s❡❣✉❡♠ ❛s r❡❣r❛s tr❛❞✐❝✐♦♥❛✐s ❞❛ á❧❣❡❜r❛

♠❛✐s ❜ás✐❝❛✳ ❊♠❜♦r❛ ❡①✐st❛ ❛♣❡♥❛s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ♣❛r❛ U ✱ s❡♥❞♦ ❡st❡

(N + 1)✲❞✐♠❡♥s✐♦♥❛❧✱ ❤á ❞♦✐s ❝♦♥❥✉♥t♦s ❞✐st✐♥t♦s ❞❡ ❛✉t♦✈❡t♦r❡s ❞❡st❛ ♠❛tr✐③✿ ♦s ♣❡❧❛

❞✐r❡✐t❛ ❡ ♦s ♣❡❧❛ ❡sq✉❡r❞❛✳

❉❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ✈❛♠♦s ♥✉♠❡r❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ U ✱ λ✱ ❝♦♠ ✉♠ í♥❞✐❝❡

✐♥t❡✐r♦ r ❡♥tr❡ 0 ❡ N ✱ ❞❡♥♦t❛♥❞♦✲♦s ❞❡ λr✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛r❡♠♦s ♦s ❛✉t♦✈❡t♦r❡s

♣❡❧❛ ❞✐r❡✐t❛ ❞❡ U ♣♦r−→a r✱ ❝♦♠ ♦ í♥❞✐❝❡ r ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛♦ ❛✉t♦✈❛❧♦r ❞❡ ❝❛❞❛ ❛✉t♦✈❡t♦r

❡s♣❡❝í✜❝♦❀ ♥♦t❡ q✉❡ ♦s −→a r sã♦ ✈❡t♦r❡s ❝♦❧✉♥❛ ❡ s❡ ❛ss❡♠❡❧❤❛♠ ❝♦♠ ❛ ❡①♣r❡ssã♦ ❞❡
−→
P t

❞❛❞❛ ❡♠ ✸✳✾✳ ❉❡♥♦t❛r❡♠♦s ♦s ❛✉t♦✈❡t♦r❡s ♣❡❧❛ ❡sq✉❡r❞❛ ♣♦r
−→
b r✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❡st❡s

✸✽



sã♦ ✈❡t♦r❡s ❧✐♥❤❛✳ ❚❡♠♦s ❡♥tã♦✿

U−→a r = λr
−→a r ✭✸✳✶✽✮

❡

−→
b rU = λr

−→
b r. ✭✸✳✶✾✮

P❛r❛ ❧✐❞❛r ❝♦♠ ❛ á❧❣❡❜r❛ ❞❡st❡ ❡s♣❛ç♦ (N + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❡✜❝✐❡♥t❡♠❡♥t❡✱ ✈❛♠♦s

❛❣♦r❛ ❡s❝r❡✈❡r ❛ s✉❛ r❡❣r❛ ❞❡ ✐❞❡♥t✐❞❛❞❡ ❡ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ❛♠❜❛s ✉♠ ♣♦✉❝♦ ❞✐s✲

t✐♥t❛s ❞♦ q✉❡ ♦ ✉s✉❛❧ ♣❛r❛ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛✳

N∑

r=0

1

Γr

−→a r ·
−→
b r = I, ✭✸✳✷✵✮

−→
b r · −→a r′ = Γrδrr′ , ✭✸✳✷✶✮

Γr =
∑

m

armbrm. ✭✸✳✷✷✮

◆❛ ❡①♣r❡ssã♦ ✸✳✷✵✱ I é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ (N + 1) × (N + 1)✲❞✐♠❡♥s✐♦♥❛❧✱ arm

❞❡s✐❣♥❛ ♦ m✲és✐♠♦ ❝♦♠♣♦♥❡♥t❡ ❞❡ −→a r ❡ brm ❞❡s✐❣♥❛ ♦ m✲és✐♠♦ ❝♦♠♣♦♥❡♥t❡ ❞❡
−→
b r✳

▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❡st❛ á❧❣❡❜r❛✱ ♣♦❞❡♠♦s ♣r♦❥❡t❛r ✉♠ ✈❡t♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♥♦ ❡s✲

♣❛ç♦ ❞❡ ❛✉t♦✈❡t♦r❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉t✐❧✐③❛♥❞♦ ✸✳✷✵✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r
−→
P 0 ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

−→
P 0 =

N∑

r=0

(
1

Γr

−→
b r ·

−→
P 0

)
−→a r. ✭✸✳✷✸✮

❆❣♦r❛✱ ♣♦❞❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ♣r♦♣❛❣❛r
−→
P 0 ♠✉❧t✐♣❧✐❝❛♥❞♦ ✸✳✷✸ ♣♦r U t ❡ ✉t✐❧✐③❛♥❞♦

✸✳✶✽✿

−→
P t = U t−→P 0 =

N∑

r=0

λt
r

(
1

Γr

−→
b r ·

−→
P 0

)
−→a r. ✭✸✳✷✹✮

❖ ♣r♦❜❧❡♠❛ ❡♥tã♦ s❡ r❡s✉♠❡ ❛ ❡♥❝♦♥tr❛r ♦s ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ❛✉t♦✈❡t♦r❡s −→a r ❡
−→
b r

❡ ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s λr ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❯♠❛ ✈❡③ ❡♥❝♦♥tr❛❞♦s ❡st❡s✱ ♣♦❞❡✲s❡ s❡♠♣r❡

✉t✐❧✐③❛r ✸✳✷✹ ♣❛r❛ ❡♥❝♦♥tr❛r q✉❛❧q✉❡r ♣r♦❜❛❜✐❧✐❞❛❞❡ ❢✉t✉r❛✳ ◗✉❛♥❞♦ é ❞♦ ✐♥t❡r❡ss❡

s❛❜❡r ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❡s♣❡❝í✜❝❛ ❞❛❞♦ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ n0✱ ♣r❡❝✐s❛♠♦s

r❡❛❧✐③❛r ❛ s❡❣✉✐♥t❡ ♦♣❡r❛çã♦ ❞❡ r❡❝♦♥str✉çã♦ ❞❡ ✉♠ ❝♦♠♣♦♥❡♥t❡ n✲és✐♠♦ ❡s♣❡❝í✜❝♦ ❞♦

✈❡t♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✿

✸✾



Pn0,n (t) =
N∑

r=0

1

Γr

brn0arnλ
t. ✭✸✳✷✺✮

▼❛♥✐♣✉❧❛♥❞♦ ❛ ▼❛tr✐③ ❞❡ ❊✈♦❧✉çã♦ ❚❡♠♣♦r❛❧ ❆ ♠❛tr✐③ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

U ✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐❞❛ ❡♠ ✸✳✶✶ ♥❛ ♣á❣✐♥❛ ✷✵✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ♣rát✐❝❛

s❡ ❝♦♥s✐❞❡r❛❞❛s ❛s s✐♠❡tr✐❛s ❞❛s ❡①♣r❡ssõ❡s ❞❡ ✸✳✼✳ ❱❡❥❛✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ ♣♦❞❡♠♦s

r❡❡s❝r❡✈❡r ξ0 (n) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ξ0 (n) = 1 + (1 − p)

{
[n (n− 1 +N1) + (N − n) (N − n− 1 +N0)]

N (N +N0 +N1 − 1)
− 1

}
. ✭✸✳✷✻✮

◆❡st❛ ❡q✉❛çã♦✱ ❥á é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ s❡rá ♣rát✐❝♦ r❡❞❡✜♥✐r ♦ ♥♦ss♦ ♣r♦❜❧❡♠❛

♠❛♣❡❛♥❞♦ U ❡♠ ✉♠❛ ♦✉tr❛ ♠❛tr✐③ W ❞❡ ❛❝♦r❞♦ ❝♦♠✿

U = I +
1 − p

N (N +N0 +N1 − 1)
W, ✭✸✳✷✼✮

♦♥❞❡ I é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡ W é ❞❛❞❛ ♣♦r✿

W =




κ0 (0) κ− (0) 0 · · · · · · 0

κ+ (1) κ0 (1) κ− (1)
✳ ✳ ✳

✳✳✳

0 κ+ (2)
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ κ− (N − 2) 0
✳✳✳

✳ ✳ ✳ κ+ (N − 1) κ0 (N − 1) κ− (N − 1)

0 · · · · · · 0 κ+ (N) κ0 (N)




, ✭✸✳✷✽✮

❝♦♠ ♦s κ ❡♥❝♦♥tr❛❞♦s ❛♣ós ♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛✿





κ0 = −2n (N − n) −N1 (N − n) − nN0

κ+ = (N − n+ 1) (n− 1 +N1)

κ− = (N − n− 1 +N0) (n+ 1)

. ✭✸✳✷✾✮

❊st❛s ❡①♣r❡ssõ❡s sã♦ ♥♦t❛✈❡❧♠❡♥t❡ ♠❛✐s s✐♠♣❧❡s ❞♦ q✉❡ ❛s ❡①♣r❡ssõ❡s ♣❛r❛ ♦s ξ✱

♣♦✐s ❝♦♠ ♦ ✉s♦ ❞❡ W ✱ ❡✈✐t❛♠♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ p✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦

♠❛♣❡❛♠❡♥t♦ ✸✳✷✼✱ ♦s ❛✉t♦✈❡t♦r❡s ❞❡ W ✱ t❛♥t♦ ♣❡❧❛ ❡sq✉❡r❞❛ q✉❛♥t♦ ♣❡❧❛ ❞✐r❡✐t❛✱ sã♦

♦s ♠❡s♠♦s ❞❡ U ❀ ♣♦ré♠✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡✈❡♠ s❡r ❝♦rr✐❣✐❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠✿

λr = 1 +
1 − p

N (N +N0 +N1 − 1)
µr ✭✸✳✸✵✮

✹✵



❆q✉✐✱ µr sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ W ❛ss♦❝✐❛❞♦s ❛♦ ❛✉t♦✈❛❧♦r λr ❞❡ ♠❡s♠♦

❛✉t♦✈❡t♦r ❞❡ U ✳ ❊st❛s ♠❛♥✐♣✉❧❛çõ❡s ✐♥✐❝✐❛✐s ❢❛❝✐❧✐t❛rã♦ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛ t❛r❡❢❛ ❞❡

❡♥❝♦♥tr❛r ♦s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❞❡ U ✳

❆✉t♦✈❛❧♦r❡s ❞❛ ❊✈♦❧✉çã♦ ❚❡♠♣♦r❛❧ P❛r❛ ❡♥❝♦♥tr❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ W ✱ ✉t✐✲

❧✐③❛♠♦s ♦ s♦❢t✇❛r❡ ▼❛t❤❡♠❛t✐❝❛ ♣❛r❛ ❛❧❣✉♥s ❝á❧❝✉❧♦s ❡♠ ✈ár✐♦s ❝❛s♦s ❞❡ N ♣❛r❛ ♦❜t❡r

✈ár✐♦s ❝♦♥❥✉♥t♦s ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❡W ✳ ❘❡tr❛t❛♠♦s ❛❧❣✉♥s ❞❡st❡s ❝♦♥❥✉♥t♦s✱ ♦r❞❡♥❛❞♦s

❡♠ ❢♦r♠❛ ❞❡❝r❡s❝❡♥t❡ ❞❡ µr✱ ♥❛ t❛❜❡❧❛ ✸✳✸✱ ♥❛ q✉❛❧ Υ = N0 +N1✳

N ❈♦♥❥✉♥t♦ ❞❡ ❆✉t♦✈❛❧♦r❡s
2 {0,−Υ,−2 (Υ + 1)}
4 {0,−Υ,−2 (Υ + 1) ,−3 (Υ + 2) ,−4 (Υ + 3)}
6 {0,−Υ,−2 (Υ + 1) ,−3 (Υ + 2) ,−4 (Υ + 3) ,−5 (Υ + 4) ,−6 (Υ + 5)}
7 {0,−Υ,−2 (Υ + 1) ,−3 (Υ + 2) ,−4 (Υ + 3) ,−5 (Υ + 4) ,−6 (Υ + 5) ,−7 (Υ + 6)}

❚❛❜❡❧❛ ✸✳✸✿ ❆❧❣✉♥s ❝♦♥❥✉♥t♦s ❞❡ ❛✉t♦✈❛❧♦r❡s µr ♣❛r❛ ❞✐✈❡rs♦s ✈❛❧♦r❡s ❞❡ N ✳ ◆♦t❡ q✉❡
Υ = N0 +N1✳

◆♦t❛✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ❣❡r❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♠❡s♠❛

❢ór♠✉❧❛ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ N ✱ s❡♥❞♦ q✉❡ N só ❡s♣❡❝✐✜❝❛ q✉❛♥t♦s ❡❧❡♠❡♥t♦s ❣❡r❛❞♦s

♣❡❧❛ ♠❡s♠❛ ❢ór♠✉❧❛ sã♦ r❡❧❡✈❛♥t❡s✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♥❞♦ ❛ t❛❜❡❧❛ ✸✳✸✱ ❛ ❢ór♠✉❧❛

♣❛r❛ ♦s ❛✉t♦✈❛❧♦r❡s t♦r♥❛✲s❡ ❡✈✐❞❡♥t❡✿

µr = −r (r +N0 +N1 − 1) . ✭✸✳✸✶✮

◆❡st❛ ❡①♣r❡ssã♦✱ r é ✉♠ ♥ú♠❡r♦ ❡♥tr❡ 0 ❡ N ✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ✸✳✸✶

❡♠ ✸✳✸✵ ❡ ♦❜t❡r ♦s ❛✉t♦✈❛❧♦r❡s λr ❞❛ ♠❛tr✐③ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ U ✿

λr = 1 − (1 − p)
r (r +N0 +N1 − 1)

N (N +N0 +N1 − 1)
. ✭✸✳✸✷✮

❈♦♠♣r♦✈❛♠♦s ❡st❛ ❢ór♠✉❧❛ ❡♠ ♠✉✐t♦s ♦✉tr♦s ❝❛s♦s ❡ ♦♣t❛♠♦s ♣♦r ♥ã♦ r❡❧❛t❛r ❡st❡s

❛q✉✐✳ ❊①♣❧✐❝❛♠♦s ❛q✉✐ ❛ ♠❛♥❡✐r❛ ♣❡❧❛ q✉❛❧ ♦s ❛✉t♦✈❛❧♦r❡s ❢♦r❛♠ ♦❜t✐❞♦s ❛♣❡♥❛s✳ ❯♠❛

❞❡♠♦♥str❛çã♦ ♠❛✐s r✐❣♦r♦s❛ ✉s❛♥❞♦ ✸✳✷✽ ♣r♦✈❛✈❡❧♠❡♥t❡ é ♣♦ssí✈❡❧✱ ♠❛s ❛✐♥❞❛ ♥ã♦ ❝❤❡❣✲

❛♠♦s ❡♠ t❛❧ ❞❡♠♦♥str❛çã♦ ❛té ❡st❡ ♣♦♥t♦ ❞♦ tr❛❜❛❧❤♦✳ ➱ t❛♠❜é♠ ♣♦ssí✈❡❧ ❝♦♥✜r♠❛r ❛

❝♦♥s✐stê♥❝✐❛ ❞❡st❡ r❡s✉❧t❛❞♦ ✉t✐❧✐③❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞♦ tr❛ç♦ ❞❛ ♠❛tr✐③ U ✭♦✉ ♠❡s♠♦

W ✮✱ ♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ♦ s❡✉ tr❛ç♦ ❞❡✈❡ s❡r ✐❣✉❛❧ à s♦♠❛tór✐❛ ❞♦s ❛✉t♦✈❛❧♦r❡s✳ ❆

❡①♣r❡ssã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❧❡✈❛✱ ❞❡♣♦✐s ❞❡ ❛❧❣✉♠❛s ♠❛♥✐♣✉❧❛çõ❡s✱ ❛ ✉♠ r❡s✉❧t❛❞♦ ❝♦♠✲

♣❛tí✈❡❧ ❝♦♠ ♦s µr ❡ λr ♣r♦♣♦st♦s❀ ❡st❛✱ é ❝❧❛r♦✱ ♥ã♦ s❡r✐❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ r✐❣♦r♦s❛✳

◆❡st❡ ♣♦♥t♦✱ ❥á é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r q✉❡ ♦ ✈❛❧♦r ❞❡ p ❞❡✈❡ ✐♥tr♦❞✉③✐r ✉♠❛ ❝♦rr❡çã♦

❧✐♥❡❛r ♥❛ ❡s❝❛❧❛ ❞♦ t❡♠♣♦ ♣❛r❛ p ♣ró①✐♠♦ ❞❡ 1✳ P❛r❛ t❛♥t♦✱ ❧❡♠❜r❛♠♦s q✉❡ ♥❡♥❤✉♠

❞♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❞❡ µr ♣♦❞❡ ❞❡♣❡♥❞❡r ❞❡ p✱ ♣♦✐s W ✐♥❞❡♣❡♥❞❡ ❞❡ p✳ ❆❣♦r❛ ✈❡❥❛

✹✶



q✉❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s é ❞❛❞❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✸✳✷✹✱ ♣♦r λt
r✳

❆ss✐♠✱ t❡♠♦s ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❞♦ t✐♣♦✿

λt
r =

[
1 − (1 − p)

r (r +N0 +N1 − 1)

N (N +N0 +N1 − 1)

]t

. ✭✸✳✸✸✮

❆❣♦r❛ ✈❡❥❛ q✉❡✱ s❡ p ❡stá ♣ró①✐♠♦ ❞❡ 1✱ ❡♥tã♦ ❡st❛ ❡①♣r❡ssã♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛

♣❛r❛ ✸✳✸✹✱ ❝♦♥t❛♥t♦ q✉❡ r (r +N0 +N1 − 1) s❡❥❛ ❞❛ ♦r❞❡♠ ❞❡ N(N +N0 +N1 − 1) ♦✉

♠❡♥♦s✱ ♦ q✉❡ s❛❜❡♠♦s q✉❡ é ✈❡r❞❛❞❡✱ ♣♦✐s 0 ≤ r ≤ N ✳ P♦rt❛♥t♦✿

λt
r ≈ e

− 1−p

N(N+N0+N1−1)
|µr|t ✭✸✳✸✹✮

❉❡st❛ ❢♦r♠❛✱ ❝♦♠♣r♦✈❛♠♦s ♦ q✉❡ ✈✐♠♦s ♥♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s s♦❜r❡ ❛ ❛t✉❛çã♦

❞♦ ❢❛t♦r p✿ ♦ s❡✉ ❝♦♠♣❧❡♠❡♥t❛r ❛ ✉♠ é ✉♠ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ❧✐♥❡❛r ♥♦ t❡♠♣♦✱ ❞❡ ❢❛t♦✳

■♥❢❡❧✐③♠❡♥t❡✱ ♣♦r ❝❛✉s❛ ❞❛ ♥❛t✉r❡③❛ ❞❛ ♣♦tê♥❝✐❛ ❡♥✈♦❧✈✐❞❛ ❡♠ ✸✳✸✸✱ ♥ã♦ ♣♦❞❡♠♦s

❞✐③❡r ♦ ♠❡s♠♦ ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ t♦❞♦ ❞❡ p ❡ q✉❛❧q✉❡r N ✳ ■st♦ é r❛③♦á✈❡❧ ❡ s❡❣✉❡

❛ ♥♦ss❛ ✐♥t✉✐çã♦✱ ♣♦✐s ❛✜♥❛❧✱ ♣❛r❛ ✈❛❧♦r❡s ❛r❜✐trár✐♦s ❞❡ p✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♥ã♦

❛❝♦♥t❡❝❡r ♥❛❞❛ ❡♠ ✈ár✐❛s ❡t❛♣❛s ❞❛ ❞✐♥â♠✐❝❛ s❡❣✉✐rá ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ P♦✐ss♦♥✱ ❡ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ❛❧❣♦ s❡rá s❡♠♣r❡ ❛ ❝♦♠♣❧❡♠❡♥t❛r ❞❡st❛❀ ❛ss✐♠✱ ♥ã♦ ♦❜t❡r❡♠♦s

✉♠❛ ❡①♣r❡ssã♦ tã♦ s✐♠♣❧❡s q✉❛♥t♦ ✸✳✸✹✳ ◆♦ ❝❛s♦ ❣❡r❛❧✱ ❛ ❛t✉❛çã♦ ❞❡ p ❛✐♥❞❛ ❞❡♣❡♥❞❡

❞♦ ✈❛❧♦r ❞❡ r✱ ♣♦✐s ♥ã♦ ❤á ❝♦♠♦ s❡♣❛rá✲❧♦s ❡♠ ✸✳✸✸✳

❍á ❛✐♥❞❛ ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ✐♥t❡r❡ss❛♥t❡ ❞❡ ♦❜s❡r✈❛r ✸✳✸✸✳ ❈❛❞❛ ❢❛t♦r λt
r ❡stá ❛ss♦✲

❝✐❛❞♦ ❛ ✉♠ ❛✉t♦✈❡t♦r −→a r ❡ ❝❛rr❡❣❛ s✐❣♥✐✜❝❛❞♦ ❛ r❡s♣❡✐t♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♥♦ t❡♠♣♦

❞❡ ❝❛❞❛ ✉♠ ❞♦s −→a r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞♦s ♦s λr s❡❣✉❡♠ p ≤ λr ≤ 1✳ ❖s ❛✉t♦✈❛❧♦r❡s

λr = 1 r❡♣r❡s❡♥t❛♠ ❛✉t♦✈❛❧♦r❡s q✉❡ sã♦ ❛✉t♦❡st❛❞♦s ❞❛ ❞✐♥â♠✐❝❛ ❡✱ ❞❡st❛ ❢♦r♠❛✱ ♣❡r✲

♠❛♥❡❝❡rã♦ s❡♠♣r❡ ♣r❡s❡♥t❡s ♣❛r❛ t❡♠♣♦s ♠✉✐t♦ ❣r❛♥❞❡s✳ P♦rt❛♥t♦✱ ❛ ❡st❡s ❛✉t♦✈❛❧♦r❡s

❡stã♦ ❛ss♦❝✐❛❞♦s ♦s ❛✉t♦✈❡t♦r❡s ❛ss✐♥tót✐❝♦s ♥♦ t❡♠♣♦ ❞♦ ♥♦ss♦ ♣r♦❜❧❡♠❛✳ ❚♦❞♦s ♦s

♦✉tr♦s ❛✉t♦✈❛❧♦r❡s sã♦ tr❛♥s✐tór✐♦s✱ ❝♦♠ λt
r < λr < 1✱ ❡ sã♦ r❡❢❡r❡♥t❡s à ❞✐♥â♠✐❝❛ q✉❡

s❡ ♦❜s❡r✈❛ ♥♦ ✐♥í❝✐♦ ❞❡ t♦❞❛s ❛s s✐♠✉❧❛çõ❡s✳

P♦❞❡♠♦s ❛✐♥❞❛ r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ❣r♦ss❡✐r❛ ❞❡ t❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦ ❞❛ ❞✐♥â♠✐❝❛

❜❛s❡❛♥❞♦✲s❡ ❡♠ ❛❧❣♦ ♣❛r❡❝✐❞♦ ❝♦♠ ♦ q✉❡ ✜③❡♠♦s ♣❛r❛ ❛ ❡①♣r❡ssã♦ ✸✳✸✹✳ ❖ ❛✉t♦✈❛❧♦r

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❛✉t♦✈❡t♦r ❝✉❥❛ ♣r❡s❡♥ç❛ ❝❛✐ ♠❛✐s ❧❡♥t❛♠❡♥t❡ ✲ ❛q✉❡❧❡ q✉❡ ♣❡r❞✉r❛rá

♣♦r ♠❛✐s t❡♠♣♦ ✲ é ♦ ❞❡ r ♣❡q✉❡♥♦❀ ❛ss✐♠✱ s❡ ✈♦❧t❛r♠♦s ❛ ✸✳✸✸ ❡ ❝♦♥s✐❞❡r❛r♠♦s N ≫ 1✱

t❡♠♦s ❛❣♦r❛ ❛ r❡❧❛çã♦✿

r (r +N0 +N1 − 1)

N (N +N0 +N1 − 1)
≪ 1. ✭✸✳✸✺✮

❉❡st❛ ❢♦r♠❛✱ ✈❛❧❡ ❛ ❡q✉❛çã♦✿ ✭♥♦t❡✿ ♣♦r ✉♠❛ r❛③ã♦ ❞✐❢❡r❡♥t❡ ❞❡ ✸✳✸✹✮✳

✹✷



λt
2 ≈ e

−(1−p)
r(r+N0+N1−1)

N(N+N0+N1−1)
t
. ✭✸✳✸✻✮

◆❡st❛ ❡q✉❛çã♦✱ ✈❡♠♦s ❛❣♦r❛ q✉❡✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ✈❛❧♦r ❞❡ p✱ ❛ ❞✐♥â♠✐❝❛

❡st❛❜✐❧✐③❛✲s❡ ❝♦♠ ✉♠ t❡♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ s❡❣✉✐♥❞♦✿

λt
2 ≈ e−

t
τ , ✭✸✳✸✼✮

❝♦♠

τ =
N (N +N0 +N1 − 1)

r (r +N0 +N1 − 1)
(1 − p) . ✭✸✳✸✽✮

❊st❛ r❡❧❛çã♦ ♥♦s ❞✐③ q✉❡ ❛ r❡❞❡ ❡st❛❜✐❧✐③❛rá ❡♠ ✉♠ t❡♠♣♦ ❞❛ ♦r❞❡♠ ❞❡ ❛♣r♦①✐✲

♠❛❞❛♠❡♥t❡ N2 ♥♦ ❝❛s♦ ❧✐✈r❡ ❡♠ q✉❡ N0 = N1 = 0✱ ❡ q✉❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ 1 − p ✈♦❧t❛

❛ s❡r ❧✐♥❡❛r ♥♦ t❡♠♣♦ ♣❛r❛ N ❣r❛♥❞❡✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛♣❡♥❛s ❛ ❣r❛♥❞❡③❛ tí♣✐❝❛ ❞❡

❡st❛❜✐❧✐③❛çã♦ ❞❛ r❡❞❡✳ ❱❛❧❡ ❧❡♠❜r❛r ❛q✉✐ q✉❡ ❛s ♦❜s❡r✈❛çõ❡s ❞❡ ❛♥t❡s ❛✐♥❞❛ ✈❛❧❡♠✿

1 − p ❡①❡r❝❡ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ❧✐♥❡❛r ❛♣❡♥❛s ♣❛r❛ ❡st❡ ❝á❧❝✉❧♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦ r ≪ N ❀

♣❛r❛ ♦s ♦✉tr♦s ❛✉t♦✈❛❧♦r❡s✱ ❛ ❡①♣r❡ssã♦ ✸✳✸✸ ♥ã♦ é tã♦ ✐♥❢♦r♠❛t✐✈❛✳

❯♠❛ ♦✉tr❛ ♦❜s❡r✈❛çã♦ ✐♥t❡r❡ss❛♥t❡ ❞❡ ✸✳✸✽ é q✉❡✱ s❡ ✉♠ ❞♦s N0 ♦✉ N1 ❢♦r❡♠ ♥ã♦

♥✉❧♦s✱ ❡♥tã♦ ♦ ❛✉t♦✈❛❧♦r λ1 ❞❡✐①❛ ❞❡ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♠ ❛✉t♦✈❛❧♦r ❛ss✐♥tót✐❝♦ ❡ ♣❛ss❛

❛ s❡r ❛✉t♦✈❡t♦r ❝♦♠ ♠❛✐♦r t❡♠♣♦ ❞❡ ✈✐❞❛ ❞❛ ❞✐♥â♠✐❝❛✳ ❙❡ ♦s ✈❛❧♦r❡s ❞❡ N0 ♦✉ N1

❢♦r❡♠ ♠✉✐t♦ ✐♥❢❡r✐♦r❡s ❛ N ❡ ♣ró①✐♠♦s ❞❡ ✶✱ t❡r❡♠♦s ✉♠ τ ♠❛✐♦r ❛té ❞♦ q✉❡ ♦ ♠á①✐♠♦

τ ♥♦ ❝❛s♦ ❡♠ q✉❡ N0 = N1 = 0❀ ♣♦ré♠✱ s❡ N0 ♦✉ N1 ♥ã♦ ❢♦r❡♠ ♣ró①✐♠♦s ❞❡ ✶✱ ❛

❡①♣r❡ssã♦ ✸✳✸✽ ✐♥❞✐❝❛ q✉❡ ❛ ❡st❛❜✐❧✐③❛çã♦ ❞❛ ❞✐♥â♠✐❝❛ s❡rá ♠❛✐s rá♣✐❞❛ ❞♦ q✉❡ ♥♦ ❝❛s♦

N0 = N1 = 0✳

❆✉t♦✈❡t♦r❡s ❞❛ ❊✈♦❧✉çã♦ ❚❡♠♣♦r❛❧ P❛r❛ ❡♥❝♦♥tr❛r ♦s ❛✉t♦✈❡t♦r❡s ❞♦ ♥♦ss♦

♣r♦❜❧❡♠❛✱ r❡t♦r♥❛r❡♠♦s à ♠❛tr✐③ ❛✉①✐❧✐❛r W ❞❡✜♥✐❞❛ ♣♦r ✸✳✷✽ ❡ ✸✳✷✾✳ ❊♠ ♣❛rt✐❝✉✲

❧❛r✱ ✈❡❥❛ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ✉♠❛ ❡q✉❛çã♦ ♠❡str❛ s❡♠❡❧❤❛♥t❡ ❛ ✸✳✼ ♥❛ ♣á❣✐♥❛ ✶✾

❝♦♠ ♦s κ ❞❡ ✸✳✷✾ ❡ ❡♥tã♦✱ ✉t✐❧✐③❛♥❞♦ ♦s µr✱ ❝❤❡❣❛r ❡♠ ✉♠❛ r❡❧❛çã♦ ❞❡ r❡❝✉rsã♦ q✉❡

❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♣❡❧♦s ❝♦♠♣♦♥❡♥t❡s arm ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❛✉t♦✈❡t♦r❡s −→a r✳ ◆♦t❡ q✉❡

❛ ❡①♣r❡ssã♦ ❞❡♣❡♥❞❡✱ ♥❛t✉r❛❧♠❡♥t❡✱ ❞❡ r t❛♠❜é♠✿

(n+ 1) (N +N0 − n− 1) ar,n+1 = [2n (N − n) +N1 (N − n) +N0n− µr] ar,n

− (N − n+ 1) (N1 + n− 1) ar,n−1

✭✸✳✸✾✮

❯♠❛ ❡①♣r❡ssã♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ✉t✐❧✐③❛♥❞♦ W tr❛♥s♣♦st❛

♣❛r❛ ♦s ❛✉t♦✈❡t♦r❡s ♣❡❧❛ ❡sq✉❡r❞❛✱ q✉❡ s❛t✐s❢❛③❡♠✿

✹✸



(N − n) (N1 + n) br,n+1 = [(N − n) (N1 + n) + n (N +N0 − n) − µr] br,n

−n (N +N0 − n) br,n−1

✭✸✳✹✵✮

❆ r❡s♦❧✉çã♦ ❞❡st❛s r❡❧❛çõ❡s ❞❡ r❡❝✉rsã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ✉t✐❧✐③❛♥❞♦ ✉♠ r❛❝✐♦❝í♥✐♦

✐♥✈❡rs♦ ❛♦ ❞❡ ❋r♦❜❡♥✐✉s✳ ❱❛♠♦s ❝♦♥✈❡rt❡r ✸✳✸✾ ❡♠ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣r♦♣♦♥❞♦

✉♠❛ ❢✉♥çã♦ ❣❡r❛tr✐③✿

Pr (x) =
N∑

n=0

arnx
n ✭✸✳✹✶✮

❆❣♦r❛✱ ♠✉❧t✐♣❧✐❝❛r❡♠♦s ✸✳✸✾ ♣♦r xm ❡ s♦♠❛r❡♠♦s s♦❜r❡ m✳ ❚♦❞❛s ❛s ❡①♣r❡ssõ❡s

r❡s✉❧t❛♥t❡s ♣♦❞❡♠✱ ❛♣ós ❛❧❣✉♠❛ ♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛✱ s❡r ❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❡

Pr (x) ❞❡ ✸✳✹✶❀ ♦❜t❡♠♦s ❛ss✐♠ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

x (1 − x)
d2Pr(x)

dx2
+[(1 −N −N0) − (1 +N1 −N)x]

dPr (x)

dx
+

[
NN1 −

µr

1 − x

]
Pr (x) = 0

✭✸✳✹✷✮

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r ❛q✉✐ q✉❡ ❛ ❡q✉❛çã♦ ✸✳✸✾ ❢♦✐ ❝♦♥✈❡rt✐❞❛ ❡♠ ✸✳✹✷ ❝♦♥s✐❞❡r❛♥❞♦

q✉❡ ❢♦r❛♠ ❛♣❧✐❝❛❞❛s ❞✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✿ arN+1 = 0 ❡ ar,−1 = 0✳ ■st♦ é

♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ ❛ r❡❧❛çã♦ ❞❡ r❡❝✉rsã♦ ✸✳✸✾ ✈❛❧❤❛ ❛té ♠❡s♠♦ ♥❛s ❡①tr❡♠✐❞❛❞❡s ❞♦

♥♦ss♦ ♣r♦❜❧❡♠❛❀ ♥♦t❡ q✉❡ t❡♦r✐❝❛♠❡♥t❡✱ ❡st❡s ❝♦♠♣♦♥❡♥t❡s arn ❝♦♠ n < 0 ♦✉ n > N

♥❡♠ s❡q✉❡r ❡①✐st❡♠✱ ♠❛s ❢♦r❛♠ ❝r✐❛❞♦s ♣❛r❛ ✜♥s ❞❡ ❝á❧❝✉❧♦✳ ❆s ❞✉❛s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ♥♦s ❞✐③❡♠✱ ❛ ♣❛rt✐r ❞♦s κ ❞❡ ✸✳✷✾✱ q✉❡ q✉❛❧q✉❡r arn ❝♦♠ n < −1 ♦✉ n > N+1

t❛♠❜é♠ é ♥✉❧♦✳

❙❡ µr = 0✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ✸✳✹✷ t♦r♥❛✲s❡ ✉♠❛ ❡q✉❛çã♦ ❤✐♣❡r❣❡♦♠étr✐❝❛ ❞❡ s♦❧✉çã♦

❝♦♥❤❡❝✐❞❛✳ ◆❡st❛ s✐t✉❛çã♦✱ t❡♠♦s ❞❡ ❝♦♥s✐❞❡r❛r ❛✐♥❞❛ ❞♦✐s ❝❛s♦s ❞✐st✐♥t♦s✳ Pr✐♠❡✐r❛✲

♠❡♥t❡✱ s❡N1 6= 0 ♦✉N0 6= 0✱ ❡♥tã♦ µr = 0 ✐♠♣❧✐❝❛ r = 0✱ ❡ ❛s ❞✉❛s s♦❧✉çõ❡s ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s sã♦ ❝♦♥str✉í❞❛s ❝♦♠ ❜❛s❡ ♥❛ sér✐❡ ❤✐♣❡r❣❡♦♠étr✐❝❛✱ q✉❡ ❡s❝r❡✈❡r❡♠♦s

❝♦♠ sí♠❜♦❧♦s ❞❡ P♦❝❤❤❛♠♠❡r✿
{
P0 (x) = F (−N,N1, 1 −N −N0, x)

P0 (x) = x(N+N0)F (N0, N +N0 +N1, N +N0 + 1, x)
, ✭✸✳✹✸✮

❝♦♠

F (a, b, c, z) =
∞∑

n=0

(a){n} (b){n}

(c){n}
zn

n!
, ✭✸✳✹✹✮

✹✹



(a){n} = a (a+ 1) (a+ 2) . . . (a+ n− 2) (a+ n− 1) =
Γ (a+ n)

Γ (a)
=

(a+ n− 1)!

(a− 1)!
.

✭✸✳✹✺✮

❉❛s ❞✉❛s s♦❧✉çõ❡s ✸✳✹✸✱ ❛q✉❡❧❛ q✉❡ é ❞♦ ✐♥t❡r❡ss❡ é ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛✱ ✉♠❛ ✈❡③ q✉❡

❛ s❡❣✉♥❞❛ t❡♠ ❡①♣❛♥sã♦ ❝✉❥❛s ♣♦tê♥❝✐❛s ❝♦♠❡ç❛♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡♠ N +N0 ❡ ♥ã♦

♣♦❞❡♠ ♣♦rt❛♥t♦ s❡r ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦ ❝♦♠♣♦♥❡♥t❡s ❞♦s ♥♦ss♦s ❛✉t♦✈❡t♦r❡s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ N0 = N1 = 0✱ ❡♥tã♦ µr = 0 ✐♠♣❧✐❝❛ r = 0 ♦✉ r = 1✱ ❡ ❛ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛❧ ✸✳✹✷ t♦r♥❛✲s❡✿

x
d2Pr(x)

dx2
+ (1 −N)

dPr (x)

dx
= 0. ✭✸✳✹✻✮

❊st❛ ❡q✉❛çã♦ ❛❞♠✐t❡ ❛s ❞✉❛s s♦❧✉çõ❡s P0 (x) = 1 ❡ P1 (x) = xN ✱ q✉❡ r❡♣r❡s❡♥t❛♠

❛s ❞✉❛s s✐t✉❛çõ❡s ❞❛ r❡❞❡ ♣♦ssí✈❡✐s ♣❛r❛ r❡❞❡s ❧✐✈r❡s✿ ✉♠❛ ❡♠ q✉❡ n = 0✱ ♦✉ s❡❥❛✱ ❛

r❡❞❡ t♦❞❛ ❡♥❝♦♥tr❛✲s❡ ♥♦ ❡st❛❞♦ 0✱ ❡ ♦✉tr❛ s✐t✉❛çã♦ ❡♠ q✉❡ n = N ✱ ♦✉ s❡❥❛✱ t♦❞♦s

♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❡st❛❞♦ 1✳ ◆❡st❡ ❝❛s♦✱ ❛s ❞✉❛s s♦❧✉çõ❡s sã♦

r❡❧❡✈❛♥t❡s✳

❊♥q✉❛♥t♦ q✉❡ ❛s s♦❧✉çõ❡s ❝♦♠ µr = 0 ❝❛rr❡❣❛♠ ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♣♦✐s λr = λt
r = 1 ♥❡st❡ ❝❛s♦✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r

✸✳✹✷ ♣❛r❛ µr 6= 0 ♣❛r❛ ♦❜t❡r t♦❞♦s ♦s ❛✉t♦✈❡t♦r❡s −→a r✳ P❛ss❛ ❛ s❡r ♥❡❝❡ssár✐❛ ✉♠❛

♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✿

Pr (x) =
1

(1 − x)(r+N0+N1−1)
fr (x) . ✭✸✳✹✼✮

❈♦❧♦❝❛♥❞♦ ✸✳✹✼ ❡♠ ✸✳✹✷✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿

x (1 − x)
d2fr(x)

dx2
+ [ψ − (ϕ+ φ+ 1)x]

dfr (x)

dx
− ϕφfr (x) = 0, ✭✸✳✹✽✮





ϕ = 1 − r −N0

φ = 1 − r −N −N0 −N1

ψ = 1 −N −N0

. ✭✸✳✹✾✮

❆ ❡q✉❛çã♦ ✸✳✹✽ é ✉♠❛ ♦✉tr❛ ❡q✉❛çã♦ ❤✐♣❡r❣❡♦♠étr✐❝❛ ❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❞✉❛s

❡①♣r❡ssõ❡s ❞♦ t✐♣♦ ✸✳✹✸✱ ♠❛s ❝♦♠ ♣❛râ♠❡tr♦s ♠♦❞✐✜❝❛❞♦s✳ ❈♦♥s✐❞❡r❛♠♦s ♥♦✈❛♠❡♥t❡

q✉❡ ✉♠❛ ❞❡❧❛s ♥ã♦ ❢❛③ s❡♥t✐❞♦ ♣❛r❛ ♦ ♥♦ss♦ ❝❛s♦✱ ✉♠❛ ✈❡③ q✉❡ ❤á ✉♠❛ ♣♦tê♥❝✐❛ ❞♦

t✐♣♦ xN+N0 ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❢✉♥çã♦ ❤✐♣❡r❣❡♦♠étr✐❝❛✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s

❞❛ ❡①♣❛♥sã♦ ❡①❝❡❞❛♠ ❛s ♥♦ss❛s ♣♦tê♥❝✐❛s ♣r♦❝✉r❛❞❛s✳ ❆ ❡①♣r❡ssã♦ ❛❞✐❝✐♦♥❛❧ ❞♦ t✐♣♦

(1 − x)−a q✉❡ ❛♣❛r❡❝❡ ♥❛ ❢r❡♥t❡ ♥ã♦ ♠✉❞❛ ✐st♦✱ ♣♦✐s ❛ ❡①♣❛♥sã♦ ❞❡st❛ ❢✉♥çã♦ ❛♦ r❡❞♦r

✹✺



❞❡ 0 ♠♦str❛ q✉❡ só ❤á ♣♦tê♥❝✐❛s xi ❝♦♠ i ≥ 0✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ❢✉♥çã♦ ❣❡r❛tr✐③ ♣❛r❛

µr 6= 0 é✿

Pr (x)
1

(1 − x)(r+N0+N1−1)
F (1 − r −N0, 1 − r −N −N0 −N1, 1 −N −N0, x) .

✭✸✳✺✵✮

❈❛❞❛ ✉♠❛ ❞❡st❛s ❢✉♥çõ❡s ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞❛ ❡♠ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❞❡ x✱ ♦ q✉❡

r❡s✉❧t❛ ♥♦s ❝♦♠♣♦♥❡♥t❡s ❞♦s ❛✉t♦✈❡t♦r❡s −→a r✳ ❯t✐❧✐③❛r❡♠♦s✱ s❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧✱ ❛

♥♦t❛çã♦ ❞❡ P♦❝❤❤❛♠♠❡r ❞❡ ✸✳✹✺✿

arn =

p̄∑

p=0

(N0 +N1 + r − 1){n−p}

(n− p)!
Dp, ✭✸✳✺✶✮

❝♦♠

Dp =
(−1)p

p!

(N0 + r − p){p} (N +N0 +N1 + r − p){p}

(N +N0 − p){p}
, ✭✸✳✺✷✮

❡

p̄ = min [n,N0 + r − 1] . ✭✸✳✺✸✮

◆♦t❡ q✉❡ ❡st❛s ❡①♣r❡ssõ❡s sã♦ s❡♠♣r❡ ✈á❧✐❞❛s ❡ r❡s♦❧✈❡♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦s
−→a r❀ ♣❛r❛ q✉❡ ❡st❡s ❛✉t♦✈❡t♦r❡s t❡♥❤❛♠ ✉t✐❧✐❞❛❞❡✱ ♣♦ré♠✱ ❛✐♥❞❛ é ♥❡❝❡ssár✐♦ ❡♥❝♦♥tr❛r

♦s
−→
b r✳ P❛r❛ t❛♥t♦✱ ✈♦❧t❛r❡♠♦s à ❡q✉❛çã♦ ✸✳✹✵ ❡ ❞❡✜♥✐♠♦s ✉♠❛ ♦✉tr❛ ❢✉♥çã♦ ❣❡r❛tr✐③

qr (x)✱ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣❛ à ❞❡ ✸✳✹✶✿

Qr (x) =

N+N0−1∑

n=−N1+1

brnx
n. ✭✸✳✺✹✮

➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ♦s ❧✐♠✐t❡s ❞❛ s♦♠❛tór✐❛ ♥❡st❡ ❝❛s♦ ♥ã♦ sã♦ tr✐✈✐❛✐s✳ ■st♦

♦❝♦rr❡ ♣♦rq✉❡✱ ♣❛r❛ ♠❛♥t❡r ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ ♥♦ss♦ ♣r♦❜❧❡♠❛

❡ ❢❛③❡r ❝♦♠ q✉❡ ❛ r❡❧❛çã♦ ❞❡ r❡❝✉rsã♦ ✸✳✹✵ ✈❛❧❤❛ ❡♠ t♦❞♦ ❧✉❣❛r✱ ❡s❝♦❧❤❡♠♦s ❝♦♠♦

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ q✉❡ br,−N1 = br,N+N0 = 0✳ ■st♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s κ ❞❡ ✸✳✷✾✱

❣❛r❛♥t❡ q✉❡ t♦❞♦ brn ❝♦♠ n < −N1 ❡ n > N +N0 s❡❥❛ ♥✉❧♦✳

❘❡❛❧✐③❛♥❞♦ ❛❣♦r❛ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✸✳✹✵ ♣♦r xn ❡ s♦♠❛♥❞♦ ❡♠ n✱ ❝❤❡❣❛♠♦s✱ ❛♣ós

♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛ ❝✉✐❞❛❞♦s❛✱ ♥❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

x (1 − x)2 d2Qr(x)
dx2 + (1 − x) [(N −N1 + 1) − x (N +N0 − 3)] dQr(x)

dx
+

+
[

(N+1)(N1−1)
x

−NN1 + µr + x (N +N0 − 1)
]
Qr (x) = 0.

✭✸✳✺✺✮

✹✻



❊st❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦✲❤♦♠♦❣ê♥❡❛ é ❞❡ ❞✐❢í❝✐❧ ♠❛♥✐♣✉❧❛çã♦✱ ❡ ❢❛③✲s❡ ♥❡❝❡ssár✐♦

✉t✐❧✐③❛r ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✿

Qr (x) =
x(1−N1)

(1 − x)(r+1)
gr (x) . ✭✸✳✺✻✮

❊st❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ❢❛③ ❝♦♠ q✉❡ ✸✳✺✺ s❡ tr❛♥❢♦r♠❡ ♥✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

❤✐♣❡r❣❡♦♠étr✐❝❛ ❞♦ t✐♣♦ ✸✳✹✽✱ ❝♦♠ ♣❛râ♠❡tr♦s ϕ✱ φ ❡ ψ ❞❛❞♦s ♣♦r✿





ϕ = 1 − r −N1

φ = 1 − r −N −N0 −N1

ψ = 1 −N −N1

. ✭✸✳✺✼✮

❉❡st❛ ❢♦r♠❛✱ s❡ ❞❡s♣r❡③❛r♠♦s ♥♦✈❛♠❡♥t❡ ❛ s❡❣✉♥❞❛ s♦❧✉çã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞❡ ♣♦tê♥❝✐❛s ♠✉✐t♦ ♠❛✐♦r❡s ❞♦ q✉❡ ❛s ♥♦ss❛s✱ r❡str✐t❛s ❡♥tr❡

xi ❝♦♠ 0 ≤ i ≤ N ✱ ❛ ❢✉♥çã♦ ❣❡r❛tr✐③ ✸✳✺✹ é✿

Qr (x) =
x(1−N1)

(1 − x)(r+1)
F (1 − r −N1, 1 − r −N −N0 −N1, 1 −N −N1, x) . ✭✸✳✺✽✮

❊st❛ s♦❧✉çã♦ ♣♦❞❡✱ ❛ss✐♠ ❝♦♠♦ ✸✳✺✵✱ s❡r ❡①♣❛♥❞✐❞❛ ❡♠ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❞❡ x ♣❛r❛

❛ ♦❜t❡♥çã♦ ❞♦s ❝♦♠♣♦♥❡♥t❡s brn ❞♦s
−→
b r✳ ❍á ✉♠❛ s✐t✉❛çã♦ q✉❡ ❞❡✈❡ s❡r tr❛t❛❞❛ ❡♠

♣❛rt✐❝✉❧❛r✱ q✉❡ é ❛ ❞❡ N0 = N1 = 0❀ ♥❡st❛✱ ❛s ❞✉❛s s♦❧✉çõ❡s✱ q✉❡ ❞❡✈❡♠ s❡r tr❛t❛❞❛s

s❡♣❛r❛❞❛♠❡♥t❡✱ sã♦✿

−→
b 0 =




1

1

1
✳✳✳

1

1

1




−→
b 1 =




−N
−N + 2

−N + 4
✳✳✳

N − 4

N − 2

N




✭✸✳✺✾✮

◆♦ ❝❛s♦ ❡♠ q✉❡ N1 6= 0 ♦✉ N0 6= 0✱ ❛ ❡①♣❛♥sã♦ ❡♠ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❞❡ ✸✳✺✽

❢♦r♥❡❝❡✿

brn =

p∑

p=0

(n− p+N1)
{r}

r!
D̄p, ✭✸✳✻✵✮

❝♦♠

✹✼



D̄p =
(−1)p

p!

(N1 + r − p){p} (N +N0 +N1 + r − p){p}

(N +N1 − p){p}
, ✭✸✳✻✶✮

❡

p̄ = min [n+N1 − 1, N1 + r − 1] . ✭✸✳✻✷✮

❚♦❞♦s ♦s ✈❛❧♦r❡s✱ ✐♥❝❧✉✐♥❞♦ b0 ❡ bN ✱ ❡stã♦ s❡♠♣r❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛

❡ ❛té ❝♦♠ ❞✐❛❣♦♥❛❧✐③❛çõ❡s ❛❧❣é❜r✐❝❛s ❞✐r❡t❛s r❡❛❧✐③❛❞❛s ♥♦ ▼❛t❤❡♠❛t✐❝❛ ♣❛r❛ ♠❛tr✐③❡s

W ♣❡q✉❡♥❛s✳

❆✐♥❞❛ é ♣♦ssí✈❡❧ ♥♦r♠❛❧✐③❛r ♦ ❛✉t♦✈❡t♦r ❛ss✐♥tót✐❝♦ ✭❝♦♠ λ = 1✮ ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡ N0 ❡ N1 sã♦ ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✳ ◆❡st❡ ❝❛s♦✱ ♦❜t❡♠♦s✿

N∑

n=0

a0n =
(N0 − 1)!

(N +N0 − 1)!

(N +N0 +N1 − 1)!

(N0 +N1 − 1)!
. ✭✸✳✻✸✮

❉❡st❛ ❢♦r♠❛✱ ❛ss✐♥t♦t✐❝❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ρ

❞❛❞❛ ♣♦r✿

ρ(n) = C(N,N0, N1)
(N1 + n− 1)! (N +N0 − n− 1)!

(N − n)! n!
. ✭✸✳✻✹✮

❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ C (N,N0, N1) ❞❛❞❛ ♣♦r✿

C(N,N0, N1) = C(N,N1, N0) =
N ! (N0 +N1 − 1)

(N +N0 +N1 − 1)! (N1 − 1)! (N0 − 1)!
. ✭✸✳✻✺✮

❆ ❢ór♠✉❧❛ ✸✳✻✹ ❝♦rr❡s♣♦♥❞❡ r✐❣♦r♦s❛♠❡♥t❡ ❛♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦❜t✐❞♦s ❛tr❛✈és

❞❡ ❡st❛tíst✐❝❛ ❞❡ s✐♠✉❧❛çõ❡s✳

✸✳✷✳✹ ●❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ N0 ❡ N1 ♥ã♦✲✐♥t❡✐r♦s

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r ❛ ♣♦ss✐✲

❜✐❧✐❞❛❞❡ ❞❡ ❛s t❛①❛s ❞❡ ♠✉t❛çã♦ ❛ss♦❝✐❛❞❛s ❝♦♠ ♦s ♥ós ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❛s✲

s✉♠✐r❡♠ ✈❛❧♦r❡s q✉❛✐sq✉❡r ❡ ♥ã♦ só ♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s µ0 = N0/ (N +N0 +N1 − 1)

❡ µ1 = N1/ (N +N0 +N1 − 1)✳ ◆♦ ♥♦ss♦ ♠♦❞❡❧♦✱ ♦❜t✐✈❡♠♦s ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❡st❡s

❝❛s♦s ❛✉t♦♠❛t✐❝❛♠❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ❛s ♥♦ss❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❛ pr (x) ❡ qr (x)

sã♦ ♣❡r❢❡✐t❛♠❡♥t❡ ✈á❧✐❞❛s ♣❛r❛ ✈❛❧♦r❡s r❡❛✐s q✉❛✐sq✉❡r ❞❡ N0 ❡ N1✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛

❛s ❡①♣r❡ssõ❡s ❞❡ arm ❡ brm✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❞✐r❡t❛♠❡♥t❡ N0 ❡ N1 ♣♦r ❣r❛♥❞❡③❛s

r❡❛✐s q0 ❡ q1✱ ❡s❝r❡✈❡♥❞♦ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♠ t❡r♠♦s ❞❡ ❢✉♥çõ❡s ❣❛♠❛✳ P❛r❛ ❛s ❞✐s✲

tr✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡q✉✐❧í❜r✐♦ ✭❛✉t♦✈❡t♦r❡s ❝♦♠ λ = 1✮✱ ♦❜t❡♠♦s✱ ❞❡st❛

✹✽



❢♦r♠❛✱ ❛ ❡①♣r❡ssã♦✿

P (n) =
N !

(N − n)! n!

Γ(q1 + n) Γ(N + q0 − n)

Γ(q1) Γ(N + q0)
. ✭✸✳✻✻✮

◆❡st❛ ❡①♣r❡ssã♦✱ q0 ❡ q1 ♣♦❞❡♠ s❡r q✉❛✐sq✉❡r ❞♦✐s ♥ú♠❡r♦s r❡❛✐s q✉❡ ❞❡✜♥❛♠ ❛s

t❛①❛s ❞❡ ♠✉t❛çã♦✳ ❖ ❝❛s♦ ❡♠ q✉❡ q0 = q1 r❡♣r❡s❡♥t❛ ♠✉t❛çõ❡s s❡♠ ♣r❡❢❡r❡♥❝✐❛❧✐❞❛❞❡✱

♥❛s q✉❛✐s ✉♠ ❡st❛❞♦ ♣♦❞❡ s❡r ❛❧t❡r❛❞♦ ♣❛r❛ ✵ ♦✉ ✶ ❝♦♠ ✐❣✉❛❧ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❙❡

q0 6= q1✱ ❛s ♠✉t❛çõ❡s t❡♥❞❡♠ ❛ ✉♠ ❞♦s ❛❧❡❧♦s ✭❡q✉✐✈❛❧❡♥t❡ ❛♦ ♥♦ss♦ ❡st❛❞♦ ✐♥t❡r♥♦✮ ❞❡

✉♠ ❣❡♥❡✱ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❣❡♥ét✐❝♦ tí♣✐❝♦✳ P♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❡st❡ ❝❛s♦ ❝♦♠♦ ✉♠

❢❛✈♦r❡❝✐♠❡♥t♦ ♣♦r s❡❧❡çã♦ ♥❛t✉r❛❧ ❞❡ ✉♠ ❞♦s ❛❧❡❧♦s✳ ❯♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞❡ ♠❛♣❡❛r ♦

♣r♦❜❧❡♠❛ ❞❡ ❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s✱ ♥♦ q✉❛❧ ❞❡r✐✈❛ ❣❡♥ét✐❝❛ ❡ ♠✉t❛çõ❡s ❝♦♠♣❡t❡♠✱

é q✉❡ ♣♦❞❡♠♦s s✉❜s❡qü❡♥t❡♠❡♥t❡ ❝♦♥s✐❞❡r❛r ❡str✉t✉r❛s ❞✐❢❡r❡♥t❡s ❞❡ r❡❞❡s✳ ❆ ✜❣✉r❛

✸✳✷✷ ✐♥❞✐❝❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❛ ❡①♣r❡ssã♦ ✸✳✻✻ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ♥ã♦✲✐♥t❡✐r♦s ❞❡ N0

❡ N1✳
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❋✐❣✉r❛ ✸✳✷✷✿ ❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ P (n) ❞❡ ✸✳✻✻ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ N0 ❡ N1✳

P♦❞❡♠♦s ❛✐♥❞❛ ❛♣r♦①✐♠❛r ❛ ❡①♣r❡ssã♦ ✸✳✻✻ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N0 ≪ 1 ❡ N1 ≪ 1

❡♠ ❞♦✐s ❧✐♠✐t❡s✿ ♦ ♣r✐♠❡✐r♦✱ ♣❛r❛ n ≪ N ✱ ❡ ♦ s❡❣✉♥❞♦✱ ♣❛r❛ n ≫ 1✳ ❋❛r❡♠♦s ✉s♦ ❞❛s

s❡❣✉✐♥t❡s ❛♣r♦①✐♠❛çõ❡s✿

✶✳ Γ(k + ǫ) ≈ Γ(k)(1 + ǫ ln k) ♣❛r❛ ǫ≪ 1/ ln(k) ❡ k ✐♥t❡✐r♦✳

✷✳ ǫΓ(ǫ) ≈ 1 ♣❛r❛ ǫ→ 0✳

✸✳ Γ(1 − x) = π/[sin (πx) Γ(x)]

❯t✐❧✐③❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ✭✶✮ ❡ ✭✷✮ ❡♠ ✸✳✻✻✱ t❡♠♦s✱ ♣❛r❛ n≪ N ✱

P (n) ≈ N !

(N − n)! n!
(n − 1)!N1 (1 + N1 lnn)

(N − n − 1)!

(N − 1)!

✹✾



=
NN1

n(N − n)
(1 + N1 lnn) ≈ N1

n
(1 + N1 lnn) ≈ N1

n1−N1

✭✸✳✻✼✮

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♣❛r❛ n≫ 1 ♣♦❞❡♠♦s ♦❜t❡r✿

P (n) ≈ N1

(N − n) 1−N0

[1 + (N1 − N0) lnN ]. ✭✸✳✻✽✮

❊st❛s ❞✉❛s ❡①♣r❡ssõ❡s ♥ã♦ ❡stã♦ s✐♠étr✐❝❛s ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛ s♦❧✉çã♦ ❛✐♥❞❛
♥ã♦ ❢♦✐ ❛❞❡q✉❛❞❛♠❡♥t❡ ♥♦r♠❛❧✐③❛❞❛ ❡♠ ♥❡♥❤✉♠ ❞♦s ❞♦✐s ❝❛s♦s✳ P♦❞❡♠♦s ✉t✐❧✐③❛r ❛
❡①♣r❡ssã♦ ✸✳✻✺ ❝♦♠ ❢✉♥çõ❡s ❣❛♠♠❛ ♥♦ ❧✉❣❛r ❞❡ ❢❛t♦r✐❛✐s ❡ ❢❛③❡r ✉s♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✮
♣❛r❛ ❝❤❡❣❛r ❡♠ ✉♠❛ ♥♦r♠❛❧✐③❛çã♦✿

C(N,N0, N1) ≈
πΓ(1)(N0 + N1) cos (πN) Γ(N)[1 + (N0 + N1) lnN ]

πN0 cos (πN)Γ(1)Γ(N)[1 + N0 lnN ]

=
N0 + N1

N0

[1 + (N0 + N1) lnN ]

[1 + N0 lnN ]

≈ N0 + N1

N0

(1 + N1 lnN). ✭✸✳✻✾✮

◆♦t❡ q✉❡ ❡st❛ ❝♦♥st❛♥t❡ é ❛ ♠❡s♠❛✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ❧✐♠✐t❡ t♦♠❛❞♦ ✭n≪ N

♦✉ n≫ 1✮✳ ❉✐✈✐❞✐♥❞♦ ❛s ❡①♣r❡ssõ❡s ✸✳✻✼ ❡ ✸✳✻✽ ♣♦r ✸✳✻✾ ♦❜t❡♠♦s✿

ρ(n) ≈ N1N0

N0 + N1

(1 − N1 lnN)
1

n1−N1

♣❛r❛ n ≪ N ✭✸✳✼✵✮

❡

ρ(n) ≈ N1N0

N0 + N1

(1 − N0 lnN)
1

(N − n)1−N0

♣❛r❛ N − n ≪ N. ✭✸✳✼✶✮

❯♠❛ ✈❡③ ♦❜t✐❞❛s ❡st❛s ❞✉❛s s♦❧✉çõ❡s✱ ♣♦❞❡♠♦s s♦♠á✲❧❛s ❡ ♦❜t❡r tr✐✈✐❛❧♠❡♥t❡ ✉♠❛
❡①❝❡❧❡♥t❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ q✉❛❧q✉❡r n ❡♥tr❡ ✵ ❡ N ❞❛❞❛ ♣♦r✿

ρ(n) ≈ N1N0

N0 + N1

(
1

n1−N1

(1 − N1 lnN) +
1

(N − n)1−N0

(1 − N0 lnN)

)
✭✸✳✼✷✮

❆ ✜❣✉r❛ ✸✳✷✸ ♠♦str❛ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞❛ s♦❧✉çã♦ ❡①❛t❛ ❝♦♠ ❡st❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛

✉♠ ❝❛s♦ ❡♠ q✉❡ N0 = N1 = 0, 01 ❡ N = 100❀ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ é ❡①❝❡❧❡♥t❡✳

✸✳✷✳✺ ❆♥á❧✐s❡ ❞❡ r❡❞❡s ❝♦♠♣❧❡①❛s ❛tr❛✈és ❞❡ ✈❛❧♦r❡s ❡❢❡t✐✈♦s ❞❡ N0 ❡ N1

❙❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ ❞♦✐s ❡st❛❞♦s ✐♥t❡r♥♦s ✉t✐❧✐③❛❞❛ ❛té ❡st❡ ♣♦♥t♦ ❢♦r ❡st❡♥❞✐❞❛ ♣❛r❛

r❡❞❡s ♠❛✐s ❝♦♠♣❧❡①❛s✱ t❡r❡♠♦s ♣r♦❜❧❡♠❛s sér✐♦s ♣❛r❛ r❡♣❡t✐r ❛ ❛♥á❧✐s❡ ❢❡✐t❛ ❛té ❡st❡

♣♦♥t♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ✐rr❡❣✉❧❛r ❞❡st❛s r❡❞❡s t♦r♥❛ ✉♠❛ ❢♦r✲

♠✉❧❛çã♦ ❛♥❛❧ít✐❝❛ ✐♥tr❛tá✈❡❧✳ ▼❛s✱ s❡♠♣r❡ q✉❡ N0 6= 0 ❡ N1 6= 0✱ ❤á ✉♠❛ ❞✐str✐❜✉✐çã♦

❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ✭♣❛r❛ t → ∞✮ ♥ã♦ tr✐✈✐❛❧✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ r❡❞❡ t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❡ é ✉♠❛ ♣r♦♣♦st❛ ✐♥t❡r❡ss❛♥t❡ ❞❡s❝r❡✈❡r ❡st❛ ❝✉r✈❛ ❛ss✐♥tót✐❝❛ ♥♦

✺✵



❋✐❣✉r❛ ✸✳✷✸✿ ❈♦♠♣❛r❛çã♦ ❞❡ ❞✐str✐❜✉✐çõ❡s ❛ss✐♥tót✐❝❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛
♣❛r❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✿ ❡♠ ♣r❡t♦✱ ❝✉r✈❛ ♦❜t✐❞❛ ❡①❛t❛♠❡♥t❡ ❛tr❛✈és ❞❛ ❢ór♠✉❧❛
✸✳✻✺ ❡ ❡♠ ❝✐♥③❛✱ ❝✉r✈❛ ❛♣r♦①✐♠❛❞❛ ❝♦♠ ✸✳✼✷ ♣❛r❛ N0 = N1 = 0, 01 ❡ N = 100✳

❢♦r♠❛❧✐s♠♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳

■st♦ ♣♦❞❡ s❡r ❝♦♥s❡❣✉✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❜❛st❛♥t❡ ✐♠❡❞✐❛t❛✳ ◗✉❛♥❞♦✱ ❡♠ r❡❞❡s ♠❛✐s

❝♦♠♣❧✐❝❛❞❛s✱ t❡♠♦s ♥ós ❝✉❥♦ ❡st❛❞♦ ✐♥t❡r♥♦ ❡stá ✜①♦✱ ❡st❡s ♥ós ❡①❡r❝❡♠ ✉♠❛ ✐♥✢✉ê♥❝✐❛

♥❛ r❡❞❡ q✉❡ ♥ã♦ é ✐❣✉❛❧ à ❡①❡r❝✐❞❛ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝✲

t❛❞❛✳ P♦❞❡♠♦s ❡♥tã♦ ❛❥✉st❛r ❞♦✐s ♣❛râ♠❡tr♦s (N0)ef ❡ (N1)ef ✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡

✈❛❧♦r❡s ❡❢❡t✐✈♦s ❞❡ N0 ❡ N1✱ ❡st❡s s❡♥❞♦ ♥ú♠❡r♦s ♥ã♦✲✐♥t❡✐r♦s t❛✐s q✉❡ ❛ ❞✐str✐❜✉✐çã♦

❛ss✐♥tót✐❝❛ ❞❡ ✸✳✻✺ ✐♠✐t❡ ❞❡ ✉♠❛ ❢♦r♠❛ ❜❛st❛♥t❡ s❛t✐s❢❛tór✐❛ ✉♠❛ ❝✉r✈❛ ❛ss✐♥tót✐❝❛ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ♦❜t✐❞❛ ♣❛r❛ ✉♠❛ r❡❞❡ ♥ã♦✲t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❝♦♠ N0 ❡ N1 ✐♥t❡✐r♦s

❞✐s♣♦st♦s ❞❡ ✉♠❛ ❢♦r♠❛ ❝♦♠♣❧❡①❛ ♥❛ r❡❞❡✳ ❆♦ ❧♦♥❣♦ ❞❡ ♥♦ss❛s ♣ró①✐♠❛s s❡çõ❡s✱ q✉❡

❡st✉❞❛♠ ❛ ❞✐♥â♠✐❝❛ ❞❡ ♦✉tr❛s r❡❞❡s ♠❛✐s ❡❧❛❜♦r❛❞❛s ❞♦ q✉❡ ❛ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱

❢❛r❡♠♦s ❡st❛ ❛♥á❧✐s❡ ✈ár✐❛s ✈❡③❡s ❡ ✈❡r❡♠♦s q✉❡✱ ♣❛r❛ r❡❞❡s s❡♠ ❝❛rát❡r ❡①t❡♥s♦✱ é

♣♦ssí✈❡❧ ❛❥✉st❛r (N0)ef ❡ (N1)ef t❛✐s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

é ♠✉✐t♦ ❜❡♠ ❡①♣❧✐❝❛❞❛ ♣❡❧♦ ♥♦ss♦ ♠♦❞❡❧♦✳ ❉✐s❝✉t✐r❡♠♦s ❛s ✐♠♣❧✐❝❛çõ❡s ❞❡st❛s ❝♦♠✲

♣❛r❛çõ❡s ♥❛ ❝♦♥❝❧✉sã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❛♣ós ✉♠❛ ❛♥á❧✐s❡ ❞❡ t♦❞♦s ♦s ❞❛❞♦s r❡❢❡r❡♥t❡s

às ♦✉tr❛s t♦♣♦❧♦❣✐❛s✳

✸✳✸ ❉✐♥â♠✐❝❛ ❡♠ ❘❡❞❡ ❆❧❡❛tór✐❛

✸✳✸✳✶ ❈r✐❛♥❞♦ ❛ ❘❡❞❡

❘❡❞❡s ❛❧❡❛tór✐❛s✱ ❥á ❡①♣❧✐❝❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✷✱ sã♦ ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ✉♠ ❣r❛♥❞❡

♥ú♠❡r♦ ❞❡ s✐st❡♠❛s r❡❛✐s✳ ❆ss✐♠ s❡♥❞♦✱ é ❞❡ ✐♥t❡r❡ss❡ ✐♥✈❡st✐❣❛r♠♦s ❝♦♠♦ s❡ ❝♦♠♣♦rt❛

❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ s✐st❡♠❛ ❞❡st❡s✳ ■♥❢❡❧✐③♠❡♥t❡✱ ♥❡♥❤✉♠❛ t❡♥t❛t✐✈❛ ❞❡ s♦❧✉❝✐♦♥❛r ♦

✺✶



♣r♦❜❧❡♠❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❜❛s❡❛❞♦ ♥❛ ❡q✉❛çã♦ ✸✳✹ ♥❛ ♣á❣✐♥❛ ✶✽ t❡rá s✉❝❡ss♦✱ ✉♠❛ ✈❡③

q✉❡ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ζ é ❛❧❡❛tór✐❛✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ♥✉♠ér✐❝❛ é ✐♠❡❞✐❛t❛ ❡ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ❝♦♠ ✉♠❛ ♠♦❞✐✜❝❛çã♦

❜❛st❛♥t❡ s✐♠♣❧❡s ❞♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦✳ ❉❡

❢❛t♦✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❡①❛t❛♠❡♥t❡ ❛s ♠❡s♠❛s ✈❛r✐á✈❡✐s✱ ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ sér✐❡ ❞❡

♥ú♠❡r♦s ✐♥t❡✐r♦s v# (i)✱ ❝♦♠ 1 ≤ i ≤ N ✱ q✉❡ ❞❡s✐❣♥❛ ♦ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s ❞♦ i✲és✐♠♦

♥ó ❞❛ r❡❞❡✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡✈❡ ❡♥tã♦ s❡r ♠♦❞✐✜❝❛❞♦ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❛ s❡❧❡çã♦ ❞❡ icop✱

♦ ❡❧❡♠❡♥t♦ ❛ s❡r ❝♦♣✐❛❞♦✱ ❞❡✈❡ s❡r ❢❡✐t❛ ❝♦♥s✐❞❡r❛♥❞♦ 1 ≤ icop ≤ v# (iat)✱ ♦♥❞❡ iat é✱

❝♦♠♦ ❥á ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ♥ó q✉❡ t❡rá s❡✉ ❡st❛❞♦ ✐♥t❡r♥♦ ❛t✉❛❧✐③❛❞♦✳ ❊♠ ✉♠❛

r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ v# (i) = N + N0 + N1 − 1❀ ❡♠ ❣❡r❛❧✱ ❝♦♠♦ ❡♠ ✉♠❛ r❡❞❡

r❡❛❧✱ ❡st❡ ♥ã♦ é ♦ ❝❛s♦✳

❯♠❛ ✈❡③ ♠♦❞✐✜❝❛❞♦ ♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ✐♥❝❧✉✐r v# (i)✱ ❜❛st❛ ❡♥tã♦ ❣❡r❛r ✉♠❛ r❡❞❡

❛❧❡❛tór✐❛ ❝♦♠ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❡①ã♦ pc ≫ 1/N ❡ ♣r❡❡♥❝❤❡r ❛ ♠❛tr✐③ ❞❡ ✈✐③✲

✐♥❤♦s v (i, j) ❞❡ ✉♠❛ ❢♦r♠❛ r❡♣r❡s❡♥t❛t✐✈❛✳ ❘❡s✉♠✐❞❛♠❡♥t❡✱ ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡

s❡qüê♥❝✐❛ ♣❛r❛ r❡❛❧✐③❛r ❡st❛ t❛r❡❢❛✿

✶✳ ❈r✐❛r❡♠♦s ✉♠❛ ❧✐st❛ ❞❡ ♣❛r❡s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s q✉❡ ❝♦♥t❡♥❤❛ ♦s í♥❞✐❝❡s ❞♦s ♥ós

❧✐❣❛❞♦s ♣♦r t♦❞❛s ❛s ❝♦♥❡①õ❡s ♣♦ssí✈❡✐s✳ ❆ ❧✐st❛ s❡❣✉❡ ♦ ❢♦r♠❛t♦

{(1, 2) , (1, 3) , . . . , (2, 3) , (2, 4) , . . . , (N − 2, N − 1) (N − 1, N)}

♦♥❞❡ ♣❛r❛ t♦❞♦ ♣❛r (i, j) ✈❛❧❡ i < j✱ ❡ ❤á n❝♦♥❡①õ❡s = N (N − 1) /2 ♣❛r❡s ❞❡ í♥❞✐❝❡s✳

✷✳ ■♥✐❝✐❛❧✐③❛♠♦s ✉♠❛ r❡❞❡ ❝♦♠♣❧❡t❛♠❡♥t❡ s❡♠ ❝♦♥❡①õ❡s✱ ♣❛r❛ ❛ q✉❛❧ v# (i) = 0 ♣❛r❛

t♦❞♦ i✳

✸✳ ❱❛rr❡♠♦s ❛ ❧✐st❛ ❞❡ n❝♦♥❡①õ❡s ✉♠❛ ♣♦r ✉♠❛ ❡ s♦rt❡❛♠♦s✱ ♣❛r❛ ❝❛❞❛ ♣❛r (i, j)✱

✉♠ ♥ú♠❡r♦ r❡❛❧ z✳ ❙❡ z < pc✱ ❡♥tã♦ ❛❞✐❝✐♦♥❛♠♦s ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛q✉❡❧❡ ♣❛r

♣❛rt✐❝✉❧❛r ❞❡ í♥❞✐❝❡s✱ ❛❞✐❝✐♦♥❛♥❞♦ ✶ ❡♠ v# (i) ❡ ❡♠ v# (j) ❡ ❢❛③❡♥❞♦ v (i, v# (i)) = j

❡ v (j, v# (j)) = i✳ ❙❡ z > pc✱ ❡♥tã♦ ♥ã♦ ♦❝♦rr❡ ♥❛❞❛✳

❊st❛ s❡qüê♥❝✐❛ ❣❡r❛ ♦s ❞❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ s✐♠✉❧❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s

❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ♠❡s♠♦s ❛❧❣♦r✐t♠♦s ❥á ❡①♣❧✐❝❛❞♦s ♥❛ s❡çã♦ ❞❡ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s

t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✳

✸✳✸✳✷ ❆❜♦r❞❛❣❡♠ ◆✉♠ér✐❝❛

P♦❞❡♠♦s ✐♠♣❧❡♠❡♥t❛r ♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s ❞❡ ✉♠❛

❢♦r♠❛ ✐♠❡❞✐❛t❛✳ ❱♦❧t❛♥❞♦ à ♣á❣✐♥❛ ✷✸✱ t❡♠♦s ❞❡ ❝♦♥s✐❞❡r❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ♦

❡st❛❞♦ ✐♥✐❝✐❛❧✐③❛❞♦ s❡r✐❛ ✉♠ ♣♦✉❝♦ ✈✐❝✐❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s ♥ós ♥✉♠❡r❛❞♦s ❞❡ 1 ❛ N

sã♦ ✐♥✐❝✐❛❧✐③❛❞♦s ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ♦s ♥ós ❞❡ 1 ❛ n0 tê♠ ❡st❛❞♦ ✐♥t❡r♥♦ 1✱ ❡ ♦s ♥✉♠❡r❛❞♦s

✺✷



n0 + 1 ❛ N tê♠ ❡st❛❞♦ ✐♥t❡r♥♦ 0✳ ◆❛ r❡❛❧✐❞❛❞❡✱ ♣❛r❛ ✉♠❛ s✐♠✉❧❛çã♦ ❛❞❡q✉❛❞❛✱ s❡r✐❛

♥❡❝❡ssár✐♦ s♦rt❡❛r q✉❛✐s ❞♦s N ❡❧❡♠❡♥t♦s ❧✐✈r❡s tê♠ ❞❡ ❢❛t♦ ❡st❛❞♦ ✐♥t❡r♥♦ 1❀ ✐ss♦ ♥ã♦

❢♦✐ ♥❡❝❡ssár✐♦ ❛♥t❡s ❞❡✈✐❞♦ à ✐♥❞✐st✐♥❣✉✐❜✐❧✐❞❛❞❡ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ♥❛ t♦♣♦❧♦❣✐❛

t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦✹ ✐♥✐❝✐❛❧✐③❛r ♦s ❡st❛❞♦s σi ❞❛ r❡❞❡ ❝♦♠ ♦ s❡❣✉✐♥t❡

❛❧❣♦r✐t♠♦ ❞❡ s♦rt❡✐♦ ❛❧❡❛tór✐♦✿

✶✳ ❩❡r❛r t♦❞♦s ♦s σi ❝♦♠ 0 ≤ i ≤ N ✳

✷✳ ❘❡❛❧✐③❛r ♦s s❡❣✉✐♥t❡s ♣❛ss♦s n0 ✈❡③❡s✿

✭❛✮ ❙♦rt❡❛r ✉♠ ♥ú♠❡r♦ l ❡♥tr❡ 1 ❡ N ✳

✭❜✮ ❊♥q✉❛♥t♦ σl = 1✱ s♦rt❡❛r ✉♠ ♦✉tr♦ ♥ú♠❡r♦ l ❡♥tr❡ 1 ❡ N ✳

✭❝✮ ❊st✐♣✉❧❡ σl = 1✳

✸✳ ■♥✐❝✐❛❧✐③❡ σi ❝♦♠ σi = 1 ♣❛r❛ N + 1 ≤ i ≤ N + N1 ❡✱ ✜♥❛❧♠❡♥t❡✱ σi = 0 ♣❛r❛

N +N1 + 1 ≤ i ≤ N +N0 +N1✱ ❞❡ ❛❝♦r❞♦ ❛✐♥❞❛ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦

♣r♦♣♦st♦ ❛♥t❡r✐♦r♠❡♥t❡✳

❊st❡s ❝♦♠❛♥❞♦s ❜❛st❛♥t❡ s✐♠♣❧❡s ❢❛rã♦ ❝♦♠ q✉❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡❥❛ ❡♠❜❛r❛❧❤❛❞♦ ❡♥tr❡

♦s ♥ós ❝♦♠ ❡st❛❞♦s ✐♥t❡r♥♦s ❧✐✈r❡s✳ ◆♦t❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦s ✐♥t❡r♥♦s ✜①♦s

❛✐♥❞❛ ❝♦♥t✐♥✉❛♠ ✐♥❞❡①❛❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛✳

P♦❞❡♠♦s ❡♥tã♦ ❡❢❡t✉❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❡st✐♣✉❧❛❞♦ ❛♥t❡r✐✲

♦r♠❡♥t❡✳ ◆♦t❡ q✉❡ ❡s❝r❡✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❥á ♣❡♥s❛♥❞♦ ♥❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s✐♠✉❧❛r

t♦♣♦❧♦❣✐❛s ❞✐❢❡r❡♥t❡s✱ ♥❛s q✉❛✐s ki 6= N +N0 +N1 − 1 ❝♦♠♦ ♥❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝✲

t❛❞❛✳

❖s r❡s✉❧t❛❞♦s ♣❛r❛ r❡❞❡s ❛❧❡❛tór✐❛s s❡ ♠♦str❛r❛♠ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡s✿ ❡❧❡s sã♦

✐❞ê♥t✐❝♦s às s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ♣❛r❛ ❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳ ❚✐♣✐❝❛♠❡♥t❡✱ s❡

❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ r❡❞❡ ❞❡ N = 200 ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❡①ã♦ ❞❡ p ≫ 0, 005✱ ❞❡

❛❝♦r❞♦ ❝♦♠ ❛ r❡❣r❛ ♣❛r❛ ❢♦r♠❛çã♦ ❞❡ s✉♣❡r❣r✉♣♦ ✈✐st❛ ♥♦ ❝❛♣ít✉❧♦ ✷✱ t♦❞❛s ❛s ✜❣✉r❛s

❞❡ s✐♠✉❧❛çõ❡s ❞❡ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s sã♦ r❡♣r♦❞✉③✐❞❛s ♣❛r❛ r❡❞❡s ❛❧❡❛tór✐❛s✱

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ s❡ ❡s❝♦❧❤❡♠♦s✱ ❞✐❣❛♠♦s✱ p = 0, 75 ♦✉ p = 0, 1✳

■st♦ ❢❛③ s❡♥t✐❞♦✿ ❛ r❡❞❡ ❛❧❡❛tór✐❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❞❡♥s❛ ♣❛rt❡ ❞❛ ❛❧❡❛t♦r✐❡❞❛❞❡ ❛♦

s❡❧❡❝✐♦♥❛r ✉♠ ❡❧❡♠❡♥t♦ ♣❛r❛ ❝♦♣✐❛r ❡♠ s✉❛ t♦♣♦❧♦❣✐❛✱ ♥ã♦ ❛❢❡t❛♥❞♦ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

♦ ♣r♦❝❡ss♦ ❞❡ ❝ó♣✐❛ q✉❡ ❛❝♦♥t❡❝❡ ❡♠ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❝♦♥t❛♥t♦ q✉❡

❤❛❥❛ ♥ú♠❡r♦ ❛♣r❡❝✐á✈❡❧ ❞❡ ❝♦♥❡①õ❡s ❛✐♥❞❛ ♣r❡s❡♥t❡s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s✳ ■st♦ ♠♦str❛

q✉❡ ❛s r❡❞❡s ❛❧❡❛tór✐❛s sã♦ ♠✉✐t♦ ❜❡♠ r❡♣r❡s❡♥t❛❞❛s ♣♦r r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱

✹◆❛ r❡❛❧✐❞❛❞❡✱ ♥❛ r❡❞❡ ❛❧❡❛tór✐❛ ❛✐♥❞❛ ♣♦❞❡rí❛♠♦s t❡r ✉s❛❞♦ ♦ ♠ét♦❞♦ ❛♥t❡r✐♦r ♣❛r❛
✐♥✐❝✐❛❧✐③❛r ❛ r❡❞❡✱ ✉♠❛ ✈❡③ q✉❡ ❛ t♦♣♦❧♦❣✐❛ é ❛❧❡❛tór✐❛ ❡ ❛ ❛❧❡❛t♦r✐❡❞❛❞❡ ♥ã♦ tr❛③ ❝♦♥s✐❣♦
♥❡♥❤✉♠❛ t❡♥❞ê♥❝✐❛ ♣❛r❛ ✐♥✢✉❡♥❝✐❛r ❛ ❞✐♥â♠✐❝❛✳
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♦ q✉❡ ❞á ❣r❛♥❞❡ ❛❜r❛♥❣ê♥❝✐❛ ❛ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞✐s❝✉t✐❞♦s ❛té ❡st❡ ♣♦♥t♦✱ s❡❥❛

❝♦♥s✐❞❡r❛♥❞♦ N0 = N1 = 0 ♦✉ ♥ã♦✳ ❖♣t❛♠♦s ♣♦r ♥ã♦ r❡♣r♦❞✉③✐r ♥❡♥❤✉♠ r❡s✉❧t❛❞♦

❛q✉✐ ❥✉st❛♠❡♥t❡ ♣♦rq✉❡ ♥ã♦ ❤á ❛❜s♦❧✉t❛♠❡♥t❡ ♥❡♥❤✉♠❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ q✉❡ ❥á ✈✐♠♦s

❛té ❡st❡ ♣♦♥t♦ ❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ r❡❞❡s ❛❧❡❛tór✐❛s✳

✸✳✹ ❉✐♥â♠✐❝❛ ❡♠ ❘❡❞❡ ❘❡t✐❝✉❧❛❞❛

✸✳✹✳✶ ❈r✐❛♥❞♦ ❛ ❘❡❞❡

❘❡❞❡s r❡t✐❝✉❧❛❞❛s sã♦ ❜❛st❛♥t❡ s✐♠♣❧❡s ❡♠ s✉❛ ❡ssê♥❝✐❛ ❡ ♣♦❞❡♠ s❡r ❣❡r❛❞❛s ❞❡ ❢♦r♠❛

❜❛st❛♥t❡ ✐♠❡❞✐❛t❛✳ ◆❛ ♥♦ss❛ ❛♥á❧✐s❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s r❡❞❡s ❞❡ ✉♠❛✱ ❞✉❛s ♦✉ ❛té três

❞✐♠❡♥sõ❡s✱ ❡ s❡♠♣r❡ ❝♦♠ ❛ s✐♠❡tr✐❛ ♠❛✐s s✐♠♣❧❡s ♣♦ssí✈❡❧✱ ❛ ❝ú❜✐❝❛✳ ❈❛r❛❝t❡r✐③❛r❡♠♦s

❛ r❡❞❡ ♣♦r ❞♦✐s ♣❛râ♠❡tr♦s✿ ♦ ♥ú♠❡r♦ a ❞❡ ❡❧❡♠❡♥t♦s q✉❡ ♣❡r❢❛③ ✉♠❛ ❛r❡st❛ ❞❛ r❡❞❡ ❡

❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ d ♣❛r❛ q✉❡ ❤❛❥❛ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❞♦✐s ❡❧❡♠❡♥t♦s✳ ❊st✐♣✉❧❛r❡♠♦s

q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ♠❛✐s ❛❞❥❛❝❡♥t❡s é s❡♠♣r❡ ✉♥✐tár✐❛✳ ❆❧❣✉♥s

❡①❡♠♣❧♦s ❞❡ r❡❞❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s ♣❡q✉❡♥❛s ❡stã♦ r❡tr❛t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✷✹

❋✐❣✉r❛ ✸✳✷✹✿ ❊①❡♠♣❧♦s ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ a = 7 ✭✹✾ ❡❧❡♠❡♥t♦s ♥❛ r❡❞❡✮✳ ❉❛
❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ t❡♠♦s✿ 1 ≤ d <

√
2✱

√
2 ≤ d < 2 ❡

√
5 ≤ d < 2

√
2✳

❖ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❣❡r❛r ❡st❛s r❡❞❡s é s✐♠♣❧❡s✿

✶✳ ■♥✐❝✐❛❧✐③❛♠♦s ✉♠❛ r❡❞❡ ❝♦♠♣❧❡t❛♠❡♥t❡ s❡♠ ❝♦♥❡①õ❡s✱ ♣❛r❛ ❛ q✉❛❧ v# (i) = 0 ♣❛r❛

t♦❞♦ i✳

✷✳ ❉✐s♣♦♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❡s♣❛❝✐❛❧♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ✉♠✱ ❞♦✐s ♦✉ três ❧♦♦♣s

❞❡ ♣r♦❣r❛♠❛✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❞✐♠❡♥sã♦ ❞❛ r❡❞❡ r❡t✐❝✉❧❛❞❛✳

✸✳ P❛r❛ ❝❛❞❛ i✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ r❡❞❡✱ r❡❛❧✐③❛♠♦s ❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s✿

✭❛✮ ❈♦♥s✐❞❡r❛♠♦s t♦❞♦s ♦s j✲és✐♠♦s ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡✱ ❝♦♠ i 6= j✱ ♠❡❞✐♥❞♦ ❛

❞✐stâ♥❝✐❛ dij ❡♥tr❡ ❡st❡s ❞♦✐s ❡❧❡♠❡♥t♦s✳

✭❜✮ ❙❡ dij < d✱ ❡♥tã♦ ❢❛③❡♠♦s v# (i) = v# (i) + 1 ❡ v (i, v# (i)) = j✳ ❙❡ dij > d✱

❡♥tã♦ ♥ã♦ ❛❞✐❝✐♦♥❛r❡♠♦s ♥❡♥❤✉♠❛ ❝♦♥❡①ã♦✳

✺✹



Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❛♥❛❧✐s❛r r❡❞❡s ❝♦♠ N0 = N1 = 0✱ ♥❛s q✉❛✐s só ❤á ❡❧❡♠❡♥t♦s

❧✐✈r❡s❀ ❞❡♣♦✐s✱ ❤á ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❡ r❡❞❡s ❝♦♠ ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✳

◆❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ♦s ❡❧❡♠❡♥t♦s sã♦ ✐♥❞✐st✐♥❣✉í✈❡✐s✱ ❡ ♥ã♦ ❤á ❛ ❞ú✈✐❞❛

s♦❜r❡ ♦♥❞❡ ♣♦s✐❝✐♦♥❛r ♦s ♥ós ❞❡ ❡st❛❞♦ ✜①♦❀ ♥❛ r❡❞❡ ❛❧❡❛tór✐❛✱ t❛♠❜é♠ ❤á ✉♠❛ ✐♥❞✐s✲

t✐♥❣✉✐❜✐❧✐❞❛❞❡ ❝♦♠♦ ❝♦♥s❡qüê♥❝✐❛ ❞♦ ❡❢❡✐t♦ ♠é❞✐♦ ❞❛ ❛❧❡❛t♦r✐❡❞❛❞❡ ❞❛s ❝♦♥❡①õ❡s✱ ♠❛s

♥❛ r❡❞❡ r❡t✐❝✉❧❛❞❛✱ ♦ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ é ❛❧t❛♠❡♥t❡

r❡❧❡✈❛♥t❡✳

❖♣t❛♠♦s ♣♦r ✐♥✈❡st✐❣❛r ♦ q✉❡ ♦❝♦rr❡ ❡♠ ✐♥t❡r❢❛❝❡s ❝♦♠♣♦st❛s ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠

❡st❛❞♦ ✐♥t❡r♥♦ ❧✐✈r❡ q✉❡ ❧✐❣❛♠ ✉♠ ❤✐♣❡r♣❧❛♥♦ ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❛ ✉♠ ♦✉tr♦

❤✐♣❡r♣❧❛♥♦ ❝♦♠ ❡st❛❞♦s ✜①♦s ♥♦ ❡st❛❞♦ ♦♣♦st♦✳ ❆ ✜❣✉r❛ ✭✸✳✷✺✮ ✐❧✉str❛ ❡st❛ ✐❞é✐❛ ❡

♠♦str❛ ❡st❛s ✐♥t❡r❢❛❝❡s ❡♥tr❡ ❞✉❛s r❡❣✐õ❡s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✳ ◆❡st❛s ✐♥t❡r❢❛❝❡s✱

♦♣t❛♠♦s ♣♦r r❡❞❡s ❝♦♠ d = 1✳

❋✐❣✉r❛ ✸✳✷✺✿ ❊①❡♠♣❧♦s ✐❧✉str❛t✐✈♦s ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s ❧✐✈r❡s ❝♦♠ ❡①tr❡♠✐❞❛❞❡s ❧✐❣❛❞❛s ❛ r❡❣✐õ❡s ❞❡
❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✳ P❛r❛ ❝♦♥✈❡♥✐ê♥❝✐❛✱ ♦♣t❛♠♦s ♣♦r d = 1❀ ❝❧❛r♦ q✉❡ ❡st❛s ✐♥t❡r❢❛❝❡s ♣♦❞❡♠ ❡①✐st✐r
♣❛r❛ d > 1 t❛♠❜é♠✳

◆♦ ❝❛s♦ ❡♠ q✉❡ N0 = N1 = 0✱ ♥ã♦ ❝♦♥s✐❞❡r❛♠♦s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦

♥❛s q✉❛✐s ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ r❡❞❡ ❡stã♦ ❝♦♥❡❝t❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s ❞❛

♦✉tr❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ r❡❞❡✿ ❡r❛ ❞❡s❡❥❛❞♦ ♦❜s❡r✈❛r ❥✉st❛♠❡♥t❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ❡①t❡♥sã♦

❞❛ r❡❞❡ ♥❛ ❞✐♥â♠✐❝❛✳ ◆♦ ❝❛s♦ ❞❛s ✐♥t❡r❢❛❝❡s t❛♠❜é♠ ❤á ❛ ♣♦ss✐❜✐❧✐❛❞❡ ❞❡ ❝♦♥❞✐çõ❡s

♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✱ ♠❛s ❡st❛ ♥ã♦ ❢♦✐ ❡①♣❧♦r❛❞❛✳ ◆❛ r❡❛❧✐❞❛❞❡✱ ♦ ❝❛s♦ ❞❡ ✐♥t❡r❢❛❝❡s

s❡♠♣r❡ r❡❝❛✐✱ ♣♦r s✐♠❡tr✐❛✱ s♦❜r❡ ✉♠❛ ♠é❞✐❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❡ ❞❡✲

❝✐❞✐♠♦s✱ ♣♦r ❡st❛ r❛③ã♦✱ r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ❝✉✐❞❛❞♦s❛ ❞❛ ✐♥t❡r❢❛❝❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❆s ♦✉tr❛s ✐♥t❡r❢❛❝❡s ❢♦r❛♠ ❡①♣❧♦r❛❞❛s ♥✉♠❡r✐❝❛♠❡♥t❡✱ ♠❛s s❡♠ ♠✉✐t♦s ❞❡t❛❧❤❡s✳

✸✳✹✳✷ ❘❡s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s

❊①✐st❡ ✉♠ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s q✉❡ ❛✐♥❞❛ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❛♥❛❧✐t✐✲

❝❛♠❡♥t❡ ❞❡ ❢♦r♠❛ ❛♣r♦①✐♠❛❞❛✳ ❚r❛t❛✲s❡ ❞♦ ❝❛s♦ ❡♠ q✉❡ d = 1✱ ♦✉ s❡❥❛✱ ❛♣❡♥❛s ♦s

✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ❡stã♦ ❝♦♥❡❝t❛❞♦s ❡♥tr❡ s✐✱ ❡ ❤á ❛♣❡♥❛s ✉♠❛ ❞✐♠❡♥sã♦✳ ❉❡st❛

✺✺



❢♦r♠❛✱ t♦❞♦s ♦s N ❡❧❡♠❡♥t♦s ❧✐✈r❡s ❡stã♦ ❞✐s♣♦st♦s ❡♠ s❡q✉ê♥❝✐❛ ❡ ❤á ❛♣❡♥❛s ❞✉❛s

♣♦ss✐❜✐❧✐❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s ♥♦ q✉❡ ❝♦♥❝❡r♥❡ ♦s ♥ós ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✳ Pr✐♠❡✐r♦✱

♣♦❞❡ ♥ã♦ ❤❛✈❡r ❡❧❡♠❡♥t♦s ❝✉❥♦ ❡st❛❞♦ ✐♥t❡r♥♦ é ✜①♦✳ ❊st❡ ❝❛s♦ ♥ã♦ é tã♦ s✐♠♣❧❡s ❡ ♥ã♦

s❡rá ❛❜♦r❞❛❞♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛q✉✐✳ ◆❛ s❡❣✉♥❞❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♥ã♦✲tr✐✈✐❛❧✱ ❤á ✉♠ ♥ó

❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ ✵ ❡♠ ✉♠❛ ❞❛s ❡①tr❡♠✐❞❛❞❡s ❞❛ r❡❞❡ ❧✐♥❡❛r ❡ ✉♠ ♥ó ❝♦♠

❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❡♠ ✶ ♥❛ ♦✉tr❛ ❡①tr❡♠✐❞❛❞❡✳ ❊st❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❡stã♦ r❡tr❛t❛❞❛s

♥❛ ✜❣✉r❛ ✸✳✷✻✳

❋✐❣✉r❛ ✸✳✷✻✿ P♦ss✐❜✐❧✐❞❛❞❡s ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ d = 1✿ ❡①tr❡♠✐✲
❞❛❞❡s ✜①❛s ♦✉ ♥ã♦✳

P❛r❛ ❡s♣❡❝✐✜❝❛r ✉♠ ❡st❛❞♦ ❞❡ ✉♠❛ r❡❞❡ ❝♦♠ ❡st❡ ❛s♣❡❝t♦✱ ❜❛st❛ ✐♥❢♦r♠❛r ❛té q✉❡

♣♦♥t♦ ❞❛ r❡❞❡ ❤á ❡st❛❞♦s ✶✱ ♦ q✉❡ ♥❛ r❡❛❧✐❞❛❞❡ é ✐❞ê♥t✐❝♦ ❛♦ ❝á❧❝✉❧♦ ♣r♦♣♦st♦ ❡♠ ✸✳✺✳

◆♦t❡ q✉❡✱ ❛♦ ✉t✐❧✐③❛r ❡st❛ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ✉♠ ❡st❛❞♦✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s

❡st❛❞♦s ♥♦s q✉❛✐s ♥ã♦ ❤á ✧❜✉r❛❝♦s✧✱ ♦✉ s❡❥❛✱ ♦s ú♥✐❝♦s ❡st❛❞♦s ❛❝❡ssí✈❡✐s ♣❛r❛ ❡st❛ r❡❞❡

sã♦ ❛q✉❡❧❡s ❡♠ q✉❡ ♦s ♥ós ❛té ✉♠ ❝❡rt♦ ♣♦♥t♦ ♥❛ ❝❛❞❡✐❛ ❧✐♥❡❛r ❡stã♦ ❡♠ ✉♠ ❡st❛❞♦✱ ❡

❞❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡ ❡♠ ♦✉tr♦✳ ❈❧❛r♦ q✉❡✱ ✉♠❛ ✈❡③ q✉❡ d = 1✱ ❛ r❡❞❡ s❡♠♣r❡ t❡♥❞❡rá

❛ ✉♠ ❡st❛❞♦ ❞❡st❡ t✐♣♦✳ ❆ ✜❣✉r❛ r❡tr❛t❛ ❛❧❣✉♥s ❡st❛❞♦s ♣♦ssí✈❡✐s✱ ❛ss✐♠ ❝♦♠♦ ✉♠ q✉❡

♥ã♦ ❡stá s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦✱ q✉❡ ♣♦ss✉✐ ❧❛❝✉♥❛s✳

❋✐❣✉r❛ ✸✳✷✼✿ P♦ssí✈❡✐s ❡st❛❞♦s ♣❛r❛ r❡❞❡s r❡t✐❝✉❧❛❞❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ d = 1 ❡
N = 10 ❝♦♠ ❡❧❡♠❡♥t♦s ✜①♦s ♥❛s ❡①tr❡♠✐❞❛❞❡s✳

✺✻



❆❣♦r❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ♣❛r❛ s✐st❡♠❛s ❞❡st❡ t✐♣♦✱ ❡q✉❛çõ❡s ♣❛r❛ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞❡ ❡♥❝♦♥tr❛r ✉♠ ❞❛❞♦ ❡st❛❞♦ n ❛♣ós t ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✱ ❞❡ ❢♦r♠❛ ✐♥t❡✐r❛♠❡♥t❡

❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❡♠ ✸✳✼✳

❆ ✜❣✉r❛ ✸✳✷✽ ♠♦str❛ ❝♦♠♦ é ♣♦ssí✈❡❧ ♦❜t❡r✱ ❡♠ ♣r✐♥❝í♣✐♦✱ q✉❛❧q✉❡r ❡st❛❞♦ ❛♣ós ✉♠

♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛✱ ❞❛❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞♦s ❡st❛❞♦s ❛♥t❡s ❞❡st❛ ❛t✉❛❧✐③❛çã♦✳

❋✐❣✉r❛ ✸✳✷✽✿ ▼❛♥❡✐r❛s ❞❡ ♦❜t❡r ✉♠ ❡st❛❞♦ ❛♣ós ✉♠ ♣❛ss♦ ❞❛ ❞✐♥â♠✐❝❛✳

P♦❞❡♠♦s ❡♥tã♦ ❡s❝r❡✈❡r✿

Pt+1 (n) =
1

2N
Pt (n+ 1) +

(
1 − 1

N

)
Pt (n) +

1

2N
Pt (n− 1) , 0 < n < N ✭✸✳✼✸✮

Pt+1 (0) =
1

2N
Pt (1) +

(
1 − 1

2N

)
Pt (0)

Pt+1 (N) =

(
1 − 1

2N

)
Pt (N) +

1

2N
Pt (N − 1)

❊st❛s ❡q✉❛çõ❡s sã♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐s s✐♠♣❧❡s ❞♦ q✉❡ ❛s ❞❡ ✸✳✼✱ ♦ q✉❡ é ❞❡ s❡

❡s♣❡r❛r ❞❛❞❛ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛✳ ❆ ♠❛tr✐③ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♣♦❞❡ s❡r

❡s❝r✐t❛ ❝♦♠♦

U =
1

N




N − 1
2

1
2

· · · · · · 0

1
2

N − 1 1
2

✳ ✳ ✳
✳✳✳

0 1
2

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ 1

2
0

✳✳✳
✳ ✳ ✳ 1

2
N − 1 1

2

0 · · · · · · 0 1
2

N − 1
2




. ✭✸✳✼✹✮

◆❡st❡ ❝❛s♦✱ ❛♦ ❝♦♥trár✐♦ ❞♦ ❝❛s♦ ❞❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❛✉t♦✈❡t♦r❡s ❡ ❛✉t♦✲

✈❛❧♦r❡s ♣♦❞❡♠ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❢á❝✐❧✿ ❡♠ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛✱

♦s ❛✉t♦✈❡t♦r❡s ♣❡❧❛ ❡sq✉❡r❞❛ ❡ ♦s ♣❡❧❛ ❞✐r❡✐t❛ sã♦ ✐❣✉❛✐s✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♥♦✈❛♠❡♥t❡

✺✼



q✉❡ t❡♠♦s ✉♠ ❡s♣❡❝tr♦ λr ❞❡ N + 1 ❛✉t♦✈❛❧♦r❡s✱ ✐♥❞❡①❛❞♦s ❝♦♠ 0 ≤ r ≤ N ❡♠ ♦r❞❡♠

❞❡❝r❡s❝❡♥t❡✳

❖ ❡s♣❡❝tr♦ λr ❡♠ q✉❡stã♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛tr❛✈és ❞❡ ✐♥✈❡st✐❣❛çã♦ ❝♦♠ ♦ s♦❢t✲

✇❛r❡ ▼❛t❤❡♠❛t✐❝❛✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✜③❡♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♠ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛

❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳ ❚❡♠♦s ❡♥tã♦✿

λr =

(
1 − 1

N

)
+

1

N
cos

(
πr

(N + 1)

)
. ✭✸✳✼✺✮

❆ ❡①♣r❡ssã♦ ✸✳✼✺ ♠♦str❛ q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡stá ❝♦♥t✐❞♦ ❡♥tr❡ 1 ❡ 1−2/N ✳

❯♠❛ ✈❡③ ❝♦♥❤❡❝✐❞♦s ♦s ❛✉t♦✈❛❧♦r❡s✱ ♣♦❞❡♠♦s ❛❣♦r❛ r❡t♦r♥❛r à ❡q✉❛çã♦ ✸✳✼✸ ❡ ❡s❝r✲

❡✈❡r ❛ r❡❧❛çã♦✿

1

2N
ar,k−1 +

(
1 − 1

N

)
ar,k +

1

2N
ar,k+1 = λrar,k. ✭✸✳✼✻✮

❊st❛ ❡q✉❛çã♦ é ✈á❧✐❞❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✸✳✼✸✱ ❛♣❡♥❛s ♣❛r❛ k ❡♥tr❡ 1 ❡ N − 1❀ ♣♦ré♠✱

♣♦❞❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ t♦♠❛r ar,−1 = ar0 ❡ arN = ar,N+1 ❡ ❛ ❡q✉❛çã♦

✸✳✼✻ r❡♣r♦❞✉③✐rá ❛❞❡q✉❛❞❛♠❡♥t❡ ❛s ❞✉❛s ❡q✉❛çõ❡s ❛❞✐❝✐♦♥❛✐s ❞❡ ✸✳✼✸✳ P♦❞❡♠♦s ❡♥tã♦

✐♥s❡r✐r ❡♠ ✸✳✼✻ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ✸✳✼✺ ❡ ♠✉❧t✐♣❧✐❝❛r t✉❞♦ ♣♦r 2N ✿

ar,k+1 − 2 cos

(
rπ

N + 1

)
ar,k + ar,k−1 = 0. ✭✸✳✼✼✮

▼✉❧t✐♣❧✐❝❛♠♦s ❛❣♦r❛ ❡st❛ ❡①♣r❡ssã♦ ♣♦r xk✱ s♦♠❛♠♦s ❡♠ k ❞❡ 0 ❛ 1 ❡ ❞❡✜♥✐♠♦s ❛

❢✉♥çã♦ ❣❡r❛tr✐③✿

fr(x) =
N∑

k=0

arkx
k ✭✸✳✼✽✮

❆♣ós ✉♠ ♣♦✉❝♦ ❞❡ á❧❣❡❜r❛✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❤á ✉♠❛ s✐♠❡tr✐❛ ❞♦ t✐♣♦ arN =

(−1)rar0✱ ❝❤❡❣❛♠♦s ❡♠ ✉♠❛ ❢✉♥çã♦ ❣❡r❛tr✐③ q✉❡ é r❛③ã♦ ❞❡ ❞♦✐s ♣♦❧✐♥ô♠✐♦s✿

fr(x) = ar0(1 − x)
1 − (−1)rxN+1

1 − 2x cos
(

rπ
N+1

)
+ x2

✭✸✳✼✾✮

❊st❛ ❢✉♥çã♦ ❣❡r❛tr✐③ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✺✿

fr(x) = Ā

(
1 − x

x

) N∑

k=1

xk sin

(
rkπ

N + 1

)
✭✸✳✽✵✮

❆ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ Ā t❛♠❜é♠ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡ é✿
✺❱❡❥❛ ●r❛❞s❤t❡✐♥✱ ♣❣✳ ❳❳❳ ❬✶✻❪✳

✺✽



ark =
1√
N + 1

cos

(
r(2k + 1)π

2(N + 1)

)
✭✸✳✽✶✮

❆ss✐♠✱ ❡stá ❡♥❝❡rr❛❞♦ ♦ ❝á❧❝✉❧♦ ❞♦ ❝❛s♦ ❡♠ q✉❡ ❤á ❡❧❡♠❡♥t♦s ✜①♦s✱ ✉♠❛ ✈❡③ q✉❡

t❡♠♦s ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❝♦♠♣❧❡t❛ ♣❛r❛ q✉❛❧q✉❡r N ✳ ❆ ❞✐♥â♠✐❝❛ t❡♠ ✉♠ ❝❛rát❡r ❞✐❢✉✲

s✐✈♦ q✉❡ s❡ ❛ss❡♠❡❧❤❛ ❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ q✉❛❞r❛❞♦ ❛t❡♥✉❛❞❛

❞❡ ❢♦r♠❛ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❡♥❡r❣✐❛✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛s ❡q✉❛çõ❡s ♣r❡✈ê❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛✉t♦✈❡t♦r ❛ss✐♥tót✐❝♦ ❝♦♥✲

st❛♥t❡ ❡ ✉♥✐❢♦r♠❡ q✉❡ ❢♦✐✱ ❞❡ ❢❛t♦✱ ✈❡r✐✜❝❛❞♦✳ ❊❧❡ é ❝♦♥❞✐③❡♥t❡ t❛♠❜é♠ ❝♦♠ ❛ t❡♦r✐❛

❞❡ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ♥❛ q✉❛❧✱ s❡ N0 = N1 = 1✱ t❡♠♦s ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ✉♥✐❢♦r♠❡ ❝♦♠♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦✳

❆❧é♠ ❞✐ss♦✱ ♥♦t❛♠♦s q✉❡ ♦s ♥♦ss♦s ❝á❧❝✉❧♦s sã♦ ✐♥❞✐❝❛t✐✈♦s ❞❡ q✉❡✱ ♠❡s♠♦ ❡♠

r❡❞❡s r❡t✐❝✉❧❛❞❛s✱ ♣r♦❝❡ss♦s ❞✐s❝r❡t♦s ♣♦❞❡♠ s❡r ❛♣r♦①✐♠❛❞♦s ♣♦r ❡q✉❛çõ❡s ❜❛st❛♥t❡

s✐♠♣❧❡s ❞❡ ❞✐❢✉sã♦✳ ◆ã♦ ♥♦s ❞❡♠♦s ❛♦ tr❛❜❛❧❤♦ ❞❡ ❡st❡♥❞❡r ❡st❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛

r❡❞❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s ♦✉ ♠❡s♠♦ tr✐❞✐♠❡♥s✐♦♥❛✐s✱ ✉♠❛ ✈❡③ q✉❡ s❡r✐❛ ♥❡❝❡ssár✐❛ ✉♠❛

♠❡t♦❞♦❧♦❣✐❛ ✐♥t❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ q✉❡ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❛q✉✐✱ ♠❛s é ❝♦♥❝❡❜í✈❡❧

q✉❡ ♦ ❛s♣❡❝t♦ ❞✐❢✉s✐✈♦ ❞❛ ❞✐♥â♠✐❝❛ ♣❡r♠❛♥❡❝❡ss❡ ✐♥❛❧t❡r❛❞♦✱ ♥❛ ♠é❞✐❛✳

✸✳✹✳✸ ❆❜♦r❞❛❣❡♠ ◆✉♠ér✐❝❛

❆s r❡❞❡s r❡t✐❝✉❧❛❞❛s ♣♦❞❡♠ s❡r s✐♠✉❧❛❞❛s ❝♦♠ ♦ ♠❡s♠♦ ❛❧❣♦r✐t♠♦ ❡ ❝♦♠ ♦ ♠❡s♠♦

❝ó❞✐❣♦ ♣❛r❛❧❡❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛s r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✳ ❱❛♠♦s ✉t✐❧✐③❛r ♥♦✈❛✲

♠❡♥t❡ ❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❞❡ ❡①✐❜✐r r❡s✉❧t❛❞♦s✳

■♥✐❝✐❛r❡♠♦s ❛ ♥♦ss❛ ❛♥á❧✐s❡ ❝♦♠ ✉♠ ❡st✉❞♦ ❡♠ r❡❞❡s ❧✐✈r❡s ✭N0 = N1 = 0✮ s♦❜r❡

❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛ ❞✐❛♥t❡ ❞❡ ✈❛r✐❛çõ❡s ❞♦ ♥ú♠❡r♦ ❞❡ ❞✐♠❡♥sõ❡s✱ ❡❢❡t✉❛♥❞♦

s✐♠✉❧❛çõ❡s ❡♠ r❡❞❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ❜✐❞✐♠❡♥s✐♦♥❛✐s ❡ tr✐❞✐♠❡♥s✐♦♥❛✐s✳ ❊♠ s❡❣✉✐❞❛✱

♣❛rt✐r❡♠♦s ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❤á ❡❧❡♠❡♥t♦s ✜①♦s✱ ❡ ❛♥❛❧✐s❛r❡♠♦s ♦ ú♥✐❝♦ ❝❛s♦ q✉❡ ♥ós

♥♦s ♣r♦♣✉s❡♠♦s ❛ ✈❡r✐✜❝❛r✱ ♦ ❝❛s♦ ❞❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ❞✉❛s r❡❣✐õ❡s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

✜①♦✱ ❡ ✈❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❛ ❞✐♥â♠✐❝❛✱ ✈❡r✐✜❝❛♥❞♦ q✉❡ ❤á ✉♠❛

♣❡r❢❡✐t❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦ ♥♦ss♦ ♠♦❞❡❧♦ ❛♥❛❧ít✐❝♦ ❡ ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s✻✳

❘❡❞❡s ❯♥✐❞✐♠❡♥s✐♦♥❛✐s ▲✐✈r❡s ❆ ✜❣✉r❛ ✸✳✷✾ ✐♥❞✐❝❛ ✉♠❛ ♣r✐♠❡✐r❛ s✐♠✉❧❛çã♦ ✉t✐✲

❧✐③❛♥❞♦ ✉♠ ♣❛râ♠❡tr♦ d = 6✳ ❈❧❛r♦ q✉❡✱ s❡ d > N/2✱ t❡r❡♠♦s ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡

❝♦♥❡❝t❛❞❛❀ s❡ d ❢♦r ✐♥❢❡r✐♦r ❛ N/2✱ ❡s♣❡r❛♠♦s q✉❡ ❛ ❞✐♥â♠✐❝❛ s❡❥❛ ♠❛✐s ❧❡♥t❛✱ ♣♦✐s ❤á

✉♠ ❝❛rát❡r ❡①t❡♥s♦ ❞❛ r❡❞❡ q✉❡ ♣r♦í❜❡ ✉♠❛ ❞✐♥â♠✐❝❛ ❡①❝❡ss✐✈❛♠❡♥t❡ rá♣✐❞❛✳ ➱ ❡①❛t❛✲

♠❡♥t❡ ✐st♦ q✉❡ ❛ ✜❣✉r❛ ✸✳✷✾ ✐♥❞✐❝❛✿ ♥♦t❡ q✉❡ ❛ ✜❣✉r❛ r❡♣r❡s❡♥t❛ t❡♠♣♦s ❞❡ ❛té 100000

♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✱ ❡♥q✉❛♥t♦ q✉❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ t❡r✐❛ ✉♠ ❛s♣❡❝t♦
✻❊st❡ ❝á❧❝✉❧♦ é ♣❛rt✐❝✉❧❛r♠❡♥t❡ s✐♠♣❧❡s ♥❡st❡ ❝❛s♦✱ ✉♠❛ ✈❡③ q✉❡ ❛s ❡①♣r❡ssõ❡s ♣❛r❛ ❛ s♦❧✉çã♦ ❡①❛t❛ ♥ã♦ ❡♥✈♦❧✈❡♠

❢❛t♦r✐❛✐s✱ ❡ ♦s ❛✉t♦✈❡t♦r❡s ♣❡❧❛ ❡sq✉❡r❞❛ ❡ ❞✐r❡✐t❛ sã♦ ♦s ♠❡s♠♦s✳ ❆ ❛✈❛❧✐❛çã♦ ❞♦ ♥♦ss♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ t♦r♥❛✲s❡
♠✉✐t♦ ♠❛✐s ❢á❝✐❧ ❛q✉✐ ❞♦ q✉❡ ♥❛ s♦❧✉ç❛♦ ❞❡ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳

✺✾



♥ã♦ ♠✉✐t♦ ❞✐❢❡r❡♥t❡ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ❡st❛❞♦s s❡ t✐✈éss❡♠♦s ❞❡s❡♥❤❛❞♦ ❛té ❛♣❡♥❛s 25000

♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✳

❋✐❣✉r❛ ✸✳✷✾✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ r❡t✐❝✉❧❛❞❛ ♥❛ q✉❛❧ d = 6✱ N = 200✱ N0 = N1 = 0❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

➱ ❡✈✐❞❡♥t❡ q✉❡✱ ♣❛r❛ ds ♠❛✐♦r❡s✱ t❡♠♦s ✉♠❛ ❞✐♥â♠✐❝❛ ♠❛✐s rá♣✐❞❛✱ ✉♠❛ ✈❡③ q✉❡ ❛

r❡❞❡ t❡rá ❛s♣❡❝t♦ ♠❛✐s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❡ ♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❞❛ r❡❞❡ s❡rá

♠✉✐t♦ ♠❡♥♦r✳ ❆ r❡❞❡ ❡❢❡t✐✈❛♠❡♥t❡ ♣❡r❞❡ ♦ s❡✉ ❝❛rát❡r ❡s♣❛❝✐❛❧✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡

♠✉❞❛♥ç❛s ❞❡ ❡st❛❞♦ tr❛♥s✐t❡♠ ♠❛✐s ❧✐✈r❡♠❡♥t❡ ♣❡❧❛ t♦♣♦❧♦❣✐❛✳ ❆ ✜❣✉r❛ ✸✳✸✵ ✐♥❞✐❝❛ ❡st❡

❝♦♠♣♦rt❛♠❡♥t♦✿ ♥❡❧❛✱ t♦♠❛♠♦s ❝♦♠♦ t❡♠♣♦ ✜♥❛❧ 50000 ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✱ ♠❡t❛❞❡

❞❛ ✜❣✉r❛ ✸✳✷✾✱ ❡ ♦❜s❡r✈❛♠♦s ✉♠❛ ❞✐♥â♠✐❝❛ ♠✉✐t♦ ♠❛✐s rá♣✐❞❛✳ ➱ ♥❛t✉r❛❧ ❡s♣❡r❛r q✉❡ ❛

✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛ ✈❛r✐❡ ❞❡ ❢♦r♠❛ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡ ❝♦♠ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ d✱ ❛té

❛ t❡♥❞ê♥❝✐❛ ❛ss✐♥tót✐❝❛ q✉❛♥❞♦ d > N/2 ❞❡ ♦❜t❡r♠♦s ❡①❛t❛♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛

r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳ ◆❡♥❤✉♠ ❞♦s ♦✉tr♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡

❢♦❣❡ ❛ ❡st❛ r❡❣r❛ ❜❛st❛♥t❡ s✐♠♣❧❡s✳

❋✐❣✉r❛ ✸✳✸✵✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ r❡t✐❝✉❧❛❞❛ ♥❛ q✉❛❧ d = 50✱ N = 200✱ N0 = N1 = 0❀
❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❘❡❞❡s ❇✐❞✐♠❡♥s✐♦♥❛✐s ❡ ❚r✐❞✐♠❡♥s✐♦♥❛✐s ▲✐✈r❡s ❆s r❡❞❡s ❜✐✲ ❡ tr✐❞✐♠❡♥s✐♦♥❛✐s

❛♥❛❧✐s❛❞❛s ♣♦ss✉❡♠ ✈❛❧♦r❡s ❞❡ ❛r❡st❛ a = 14 ♥♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✭N = 196✮ ❡ a = 6

♥♦ ❝❛s♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ✭N = 216✮✳ ❊st❡s sã♦ ♦s ✈❛❧♦r❡s ✐♥t❡✐r♦s q✉❡ r❡s✉❧t❛♠ ❡♠ ✉♠

♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧ ❞❡ N = 200✱ ♦ q✉❡ ❢❛❝✐❧✐t❛

❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ❞✐♥â♠✐❝❛ ♦❜s❡r✈❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ r❡❞❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

✻✵



❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦❜s❡r✈♦✉✲s❡ ❛ ♠❡s♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛

❞♦ ♣❛râ♠❡tr♦ d✳ ◗✉❛♥❞♦ d s❡ t♦r♥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✭d > a
√
D/2✮✱ ♦♥❞❡ D é

♦ ♥ú♠❡r♦ ❞❡ ❞✐♠❡♥sõ❡s ❞❛ r❡❞❡ ❝♦♥s✐❞❡r❛❞❛✮✱ t❡♠♦s ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛❀

à ♠❡❞✐❞❛ ❡♠ q✉❡ d ❞❡❝r❡s❝❡✱ ❛ r❡❞❡ t❡♠ ❝♦♥❡❝t✐✈✐❞❛❞❡ ♠❛✐s ❡①t❡♥s❛ ❡✱ ♣♦rt❛♥t♦✱

♣♦ss✉✐ ❞✐♥â♠✐❝❛ ❛ss♦❝✐❛❞❛ ♠❛✐s ❧❡♥t❛✳ ❆ ✜❣✉r❛ ✸✳✸✶ ♠♦str❛ ♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧

r❡♣r❡s❡♥t❛t✐✈♦ ❞❡ ♥♦ss❛s ❛♥á❧✐s❡s✱ ❡ ❛ ✜❣✉r❛ ✸✳✸✷ r❡♣r❡s❡♥t❛ ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s

♣❛r❛ ✉♠❛ r❡❞❡ tr✐❞✐♠❡♥s✐♦♥❛❧✳ ◆♦t❡ q✉❡ ❡s❝♦❧❤❡♠♦s ♦s ♣❛râ♠❡tr♦s d ❞❛ ♠❡❧❤♦r ❢♦r♠❛

t❛❧ q✉❡ ❝❤❡❣áss❡♠♦s ♣ró①✐♠♦s ❛♦ ✈❛❧♦r ❞❡ ki = 12 ♣❛r❛ ❛ r❡❞❡ ❞❛ ✜❣✉r❛ ✸✳✷✾❀ ♥♦ ❝❛s♦ ❞❡

d = 2 ❜✐❞✐♠❡♥s✐♦♥❛❧✱ t❡♠♦s 〈k〉 = 10, 5✱ ❡ ♥♦ ❝❛s♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ t❡♠♦s✱ ❝♦♠ d = 1, 5❀

ki = 18✱ ❝♦♠ ♠✉✐t♦s ❡❧❡♠❡♥t♦s ♣❡r✐❢ér✐❝♦s ❝♦♠ ki < 18 t❛❧ q✉❡ 〈k〉 = 13, 3✱ ✉♠ ✈❛❧♦r

r❛③♦❛✈❡❧♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 12 q✉❡ ❛✐♥❞❛ ♣❡r♠✐t❡ ❝♦♠♣❛r❛çõ❡s r❛③♦á✈❡✐s✳

❋✐❣✉r❛ ✸✳✸✶✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ r❡t✐❝✉❧❛❞❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ♥❛ q✉❛❧ d = 2✱ a = 14✱ N = 196✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✸✷✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ r❡t✐❝✉❧❛❞❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ♥❛ q✉❛❧ d = 1, 5✱ a = 6✱ N =
216✱ N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❖❜s❡r✈❛♠♦s q✉❡ ❛ ❞✐♥â♠✐❝❛ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐s rá♣✐❞❛ ♣❛r❛ r❡❞❡s ❡♠ ❞✐♠❡♥✲

sõ❡s s✉♣❡r✐♦r❡s✳ ◆♦t❡ t❛♠❜é♠ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ r❡❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡ tr✐❞✐♠❡♥✲

s✐♦♥❛❧ ❡♠ t❡r♠♦s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛ é ✐♥❢❡r✐♦r à ❞✐❢❡r❡♥ç❛ ❞❡ q✉❛❧q✉❡r ✉♠❛

❞❡st❛s ❞✉❛s ❝♦♠ ❛ r❡❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ q✉❡✱ ❞❡ ❧♦♥❣❡✱ é ❛ ♠❛✐s ❧❡♥t❛ ❞❡ t♦❞❛s✳ ■st♦

♣r♦✈❛✈❡❧♠❡♥t❡ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❡st❛s r❡❞❡s tê♠ ❝❛♠✐♥❤♦s ♠í♥✐♠♦s ♠é❞✐♦s ❞r❛s✲

t✐❝❛♠❡♥t❡ r❡❞✉③✐❞♦s ❡♠ r❡❧❛çã♦ às r❡❞❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ♦ q✉❡ é ó❜✈✐♦ ❛ ♣❛rt✐r ❞❡ s✉❛

❡str✉t✉r❛✳ ➱ ❝❧❛r♦ q✉❡ ♦ ❝❛s♦ ❞❡ ❞✐♥â♠✐❝❛ ❡♠ r❡❞❡s ❡①t❡♥s❛s✱ r❡t✐❝✉❧❛❞❛s ❡♠ ♣❛❞rã♦

✻✶



❝ú❜✐❝♦ ♦✉ ❛✐♥❞❛ ♠❛✐s ❝♦♠♣❧❡①♦✱ ❥á ❢♦✐ ❡st✉❞❛❞♦ ❝♦♠ ♠✉✐t❛s ❢❡rr❛♠❡♥t❛s ❡st❛tíst✐❝❛s

❞✐❢❡r❡♥t❡s✱ ♠❛s r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ♠✉✐t♦ ❛♣r♦❢✉♥❞❛❞❛ ❛q✉✐ ❡stá ❢♦r❛ ❞♦ ❡s❝♦♣♦ ❞❡st❡

tr❛❜❛❧❤♦✳ ◆♦ss❛s ❛♥á❧✐s❡s✱ ❜❛st❛♥t❡ s✉♣❡r✜❝✐❛✐s✱ ❛♣❡♥❛s ♣♦s✐❝✐♦♥❛♠ r❡❞❡s r❡t✐❝✉❧❛❞❛s

❡ r❡❞❡s ❡①t❡♥s❛s ❞❡♥tr♦ ❞♦ ❝♦♥t❡①t♦ ❞❡ r❡❞❡s ❝♦♠♣❧❡①❛s✳

■♥t❡r❢❛❝❡s ❡♥tr❡ ❘❡❣✐õ❡s ❞❡ ❊st❛❞♦ ■♥t❡r♥♦ ❋✐①♦ ❖ ❝❛s♦ ❞❡ ✐♥t❡r❢❛❝❡s ✉♥✐❞✐✲

♠❡♥s✐♦♥❛✐s ❢♦✐ ❡st✉❞❛❞♦ ❡①❝❧✉s✐✈❛♠❡♥t❡ ♥❛ s✐t✉❛çã♦ ❡♠ q✉❡ d = 1✱ ❝♦♠ ❡st❛❞♦ ✐♥✐❝✐❛❧

n = N/2✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♥ã♦ ❤á ✧❜✉r❛❝♦s✧ ❝♦♥st✐t✉í❞♦s ♣♦r ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

❞✐❢❡r❡♥t❡ ❞❡ s❡✉s ❞♦✐s ✈✐③✐♥❤♦s✱ ❝♦♠♦ ✐♥❞✐❝❛ ❛ ✜❣✉r❛ ✸✳✷✼✳ ❋♦✐ ❢❡✐t♦ ✉♠ ♠ó❞✉❧♦ s✐♠✲

✉❧❛❞♦r ❝❛♣❛③ ❞❡ ❝♦♥s✐❞❡r❛r ✐♥t❡r❢❛❝❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ❜✐❞✐♠❡♥s✐♦♥❛✐s ❡ ❛té tr✐❞✐♠❡♥✲

s✐♦♥❛✐s✳ ❊♠ t♦❞❛s ❛s ✐♥stâ♥❝✐❛s✱ ❤❛✈✐❛ ✉♠ ❡st❛❞♦ ❛ss✐♥tót✐❝♦ ✉♥✐❢♦r♠❡❀ ❡♠ ♣❛rt✐❝✉❧❛r✱

❛s ✐♥t❡r❢❛❝❡s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❛♣r❡s❡♥t❛♠ ❞❡ ❢❛t♦ ❛ ❞✐♥â♠✐❝❛ ❛♥❛❧ít✐❝❛ q✉❡ ❢♦✐ ❞❡♠♦♥✲

str❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ◆♦t❡ q✉❡ ❡st❡ ❝❛s♦ é ✉♠❛ ❡①❝❡çã♦ ♥❛ q✉❛❧ ♥ã♦ s❡rá ✉t✐❧✐③❛❞❛ ❛

✐♥✐❝✐❛❧✐③❛çã♦ ❞❛ r❡❞❡ ♣♦r s♦rt❡✐♦✿ ♦s n0 ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✶ s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s

s❡q✉❡♥❝✐❛❧♠❡♥t❡✱ ❡ ♥ã♦ ❡s❝♦❧❤✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ❝♦♠♦ ❡①♣❧✐❝❛❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝r✐✲

❛çã♦ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s✳ ❚♦❞❛s ❛s ♦✉tr❛s ✐♥✐❝✐❛❧✐③❛çõ❡s ❞❡ r❡❞❡ q✉❡ ♥ã♦ ❛ ❞❛ ✐♥t❡r❢❛❝❡

♣♦❞❡♠ ✉t✐❧✐③❛r ❛ ✐♥✐❝✐❛❧✐③❛çã♦ ♣♦r s♦rt❡✐♦ ❧✐✈r❡♠❡♥t❡✳

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ r❡s✉❧t❛❞♦s ♣❛r❛ r❡❞❡s ✉♥✐❞✐♠❡♥✲

s✐♦♥❛✐s ❝♦♠ N = 60✱ s❡♠♣r❡ ❝♦♠ N0 = N1 = 1 ❞✐s♣♦st♦s ♥❛s ❡①tr❡♠✐❞❛❞❡s ❡ ✐♥✐❝✐❛♥❞♦

❛ r❡❞❡ ❝♦♠ n = 30 ❝♦♥t❛❞♦s ❛ ♣❛rt✐r ❞❛ ❡①tr❡♠✐❞❛❞❡ ❝♦♠ N1 = 1✳ ❖s ♣r✐♠❡✐r♦s

❞❛❞♦s✱ ❛♣r❡s❡♥t❛❞♦s ♥❛ ✜❣✉r❛ ✸✳✸✸✱ ❢♦r❛♠ ♦❜t✐❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡❀ ❡st❛ ✜❣✉r❛ ❞❡✈❡ s❡r

❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ ❞❛ ✐♠❛❣❡♠ ✸✳✸✹✱ ❝♦rr❡s♣♦♥❞❡♥t❡s à ♠❡s♠❛ ❞✐♥â♠✐❝❛ ❛✈❛❧✐❛❞❛ ❝♦♠

❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡ ✸✳✽✶✳

❋✐❣✉r❛ ✸✳✸✸✿ ❉✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡ r❡t✐❝✉❧❛❞❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♥❛ q✉❛❧ d = 1✱ N = 60✱
N0 = N1 = 1❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 500 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✸✹✿ ❉✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡ r❡t✐❝✉❧❛❞❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♥❛ q✉❛❧ d = 1✱ N = 60✱
N0 = N1 = 1❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 500 ❡ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡①❛t❛✳

✻✷



✸✳✺ ❉✐♥â♠✐❝❛ ❡♠ ❘❡❞❡ ▼✉♥❞♦ P❡q✉❡♥♦

✸✳✺✳✶ ❈r✐❛♥❞♦ ❛ ❘❡❞❡

P❛r❛ ❝r✐❛r ✉♠❛ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❲❛tts✲❙tr♦❣❛t③

❥á ❞✐s❝✉t✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❜❛st❛♠ ❛❧❣✉♥s ♣♦✉❝♦s ♣❛ss♦s ❛ ♠❛✐s ❞♦ q✉❡ ✉♠❛ r❡❞❡

r❡t✐❝✉❧❛❞❛✳ ❈♦♠♦ t❡♠♦s ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ pc ❞❡ r❡❛❧♦❝❛çã♦ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♥❡①õ❡s

❡①✐st❡♥t❡s✱ ♣r❡❝✐s❛r❡♠♦s ❝r✐❛r ✉♠❛ ❧✐st❛ ❞❡ t♦❞❛s ❛s ❝♦♥❡①õ❡s ❞❛ r❡❞❡✱ ♣❛r❛ ❡♥tã♦ ✈❛rr❡r

❡st❛ ❧✐st❛ ❡ r❡❛❧♦❝❛r ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ◆♦t❡ q✉❡ ❛ r❡❞❡ ❞❡ ❲❛tts✲❙tr♦❣❛t③ é ❣❡r❛❞❛ ❛

♣❛rt✐r ❞❡ ✉♠❛ r❡❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

❖ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❣❡r❛r ✉♠❛ r❡❞❡ ❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ✉t✐❧✐③❛❞♦ ❢♦✐ ❡st❡✿

✶✳ ■♥✐❝✐❛❧✐③❛♠♦s ✉♠❛ r❡❞❡ ❧✐♥❡❛r✱ ♣❛r❛ ❛ q✉❛❧ r❡❝♦♥❤❡❝✐❞❛♠❡♥t❡ v# (i) = 2d ♣❛r❛

t♦❞♦ i❀ ♣r❡❝✐s❛♠♦s ♣r❡❡♥❝❤❡r ❛♣❡♥❛s ❛ ♠❛tr✐③ ❞❡ ✈✐③✐♥❤♦s v (i, j)✳

✷✳ P❛r❛ ❝❛❞❛ i✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ r❡❞❡✱ r❡❛❧✐③❛♠♦s ❛ s❡❣✉✐♥t❡ ♦♣❡r❛çã♦✿

✭❛✮ ❈♦♥s✐❞❡r❛r t♦❞♦s ♦s j ✐♥t❡✐r♦s q✉❡ s❛t✐s❢❛③❡♠ 1 ≤ j ≤ d✳ ❙❡ i + j ≤ N ✱

❡♥tã♦ v (i, j) = i + j ❡ v (j, i+ d) = i❀ ❝❛s♦ ❝♦♥trár✐♦✱ v (i, j) = i + j − N ❡

v (j, i+ d) = N − i✳

✸✳ ❈r✐❛♠♦s ✉♠❛ ❧✐st❛ ❞❡ ♣❛r❡s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s q✉❡ ❝♦♥t❡♥❤❛ ♦s í♥❞✐❝❡s ❞♦s ♥ós

❧✐❣❛❞♦s ♣♦r t♦❞❛s ❛s ❝♦♥❡①õ❡s ♣♦ssí✈❡✐s✳ ❆ ❧✐st❛ s❡❣✉❡ ♦ ❢♦r♠❛t♦

{(1, 2) , (1, 3) , . . . , (2, 3) , (2, 4) , . . . , (N − 2, N − 1) (N − 1, N)}

♦♥❞❡ ♣❛r❛ t♦❞♦ ♣❛r (i, j) ✈❛❧❡ i > j✱ ❡ ❤á ncon = Nd ♣❛r❡s ❞❡ í♥❞✐❝❡s✳

✹✳ ❱❛rr❡♠♦s ❛ ❧✐st❛ ❞❡ n ✉♠❛ ♣♦r ✉♠❛ ❡ s♦rt❡❛♠♦s✱ ♣❛r❛ ❝❛❞❛ ♣❛r (i, j)✱ ✉♠ ♥ú♠❡r♦

r❡❛❧ z✳ ❙❡ z < pc✱ ❡♥tã♦ r❡❛❧♦❝❛r❡♠♦s ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛q✉❡❧❡ ♣❛r ♣❛rt✐❝✉❧❛r ❞❡

í♥❞✐❝❡s✱ t♦♠❛♥❞♦ ♦ ❝✉✐❞❛❞♦ ❞❡ ❝r✐❛r ✉♠❛ ❝♦♥❡①ã♦ q✉❡ ❛✐♥❞❛ ♥ã♦ ❡①✐st❛✳ P❛r❛ ✐ss♦✱

❡s❝♦❧❤❡♠♦s r❡❛❧♦❝❛r ♦ í♥❞✐❝❡ j✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣❛r❛ ✉♠ ♦✉tr♦ í♥❞✐❝❡

jrealoc✳ ❊♥q✉❛♥t♦ ♦ ♣❛r (i, jrealoc) ❡st✐✈❡r ❝♦♥t✐❞♦ ♥❛ ❧✐st❛ ❞❡ ❝♦♥❡①õ❡s ❡①✐st❡♥t❡s✱

s♦rt❡❛r❡♠♦s ♦✉tr♦ jrealoc ❡♥tr❡ ✵ ❡ N ✳

◗✉❛♥❞♦ ❝♦♥❝❧✉í❞♦s ❡st❡s ♣❛ss♦s✱ t❡r❡♠♦s ❣❡r❛❞♦ ✉♠❛ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ❝♦♠✱ ♥❛

♠é❞✐❛✱ Ndpc ❝♦♥❡①õ❡s r❡❛❧♦❝❛❞❛s✳ ◆ã♦ ❝♦♥s✐❞❡r❛r❡♠♦s ♥❡♥❤✉♠ ❝❛s♦ ❡♠ q✉❡ N0 6= 0

♦✉ N1 6= 0✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡❀ ❤❛✈❡r✐❛ ❜❛st❛♥t❡ ❛♠❜✐❣ü✐❞❛❞❡ ❛❝❡r❝❛ ❞❡ ♦♥❞❡ ♣♦s✐❝✐♦♥❛r

♦s ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦s ✜①♦s✱ s❡ ♦♣táss❡♠♦s ♣♦r ❢❛③ê✲❧♦✳

✸✳✺✳✷ ❆❜♦r❞❛❣❡♠ ◆✉♠ér✐❝❛

❯t✐❧✐③❛r❡♠♦s ❡st❡ ❛❧❣♦r✐t♠♦ ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ tr❛♥s✐çã♦ s✉❛✈❡ ❡♥tr❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s ❡

r❡❞❡s ❛❧❡❛tór✐❛s✱ s❡♥❞♦ q✉❡ ❡st❛s ú❧t✐♠❛s ❛♣r❡s❡♥t❛♠ ❛ ❞✐♥â♠✐❝❛ tí♣✐❝❛ ❞❡ ✉♠❛ r❡❞❡ t♦✲

✻✸



t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳ ❊st❛ tr❛♥s✐çã♦ s✉❛✈❡ é ❝♦♥tr♦❧❛❞❛ ♣❡❧❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r❡❝♦♥❡①ã♦

pc✿ q✉❛♥t♦ pc = 0✱ t❡♠♦s ✉♠❛ r❡❞❡ r❡t✐❝✉❧❛❞❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧❀ q✉❛♥❞♦ pc = 1✱ t❡♠♦s

✉♠❛ r❡❞❡ ❛❧❡❛tór✐❛✳ ❱❛♠♦s ✈❡r✐✜❝❛r ❝♦♠♦ ❛ ❞✐♥â♠✐❝❛ s❡ ♠♦❞✐✜❝❛ ♣❛r❛ ♦s s❡❣✉✐♥t❡s

✈❛❧♦r❡s ❞❡ pc✿ 0❀ 0, 01❀ 0, 05❀ 0, 1❀ 0, 2❀ 0, 5❀ 0, 75 ❡ 1, 0✳ P❛r❛ ♣♦ss✐❜✐❧✐t❛r ♠❡❧❤♦r ❝♦♠✲

♣❛r❛çã♦✱ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ✉♠❛ r❡❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ N = 200✱ N0 = N1 = 0✱

n0 = 100 ❡ d = 6 ✭❝♦♠ 〈k〉 = 12✮✱ s❡♥❞♦ q✉❡ ♦s n0 ❡st❛❞♦s ✶ ✐♥✐❝✐❛✐s sã♦ ❞✐s♣♦st♦s

❛❧❡❛t♦r✐❛♠❡♥t❡ ♥❛ r❡❞❡✳

❋✐❣✉r❛ ✸✳✸✺✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ♥❛ q✉❛❧ pc = 0✱ d = 6✱ N = 200✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 5.106✳

❋✐❣✉r❛ ✸✳✸✻✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ♥❛ q✉❛❧ pc = 0, 01✱ d = 6✱ N = 200✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 5.106✳

❋✐❣✉r❛ ✸✳✸✼✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ♥❛ q✉❛❧ pc = 0, 05✱ d = 6✱ N = 200✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 5.106✳

✻✹



❱❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡st❛s ✜❣✉r❛s q✉❡ ❛ ❞✐♥â♠✐❝❛ s❡ t♦r♥❛ ♠❛✐s rá♣✐❞❛

♠❡s♠♦ ♣❛r❛ ✈❛❧♦r❡s ❜❛st❛♥t❡ ♣❡q✉❡♥♦s ❞❡ pc✳ ❈♦♥s✐❞❡r❛♥❞♦ pcs ❛✐♥❞❛ ♠❛✐♦r❡s✱ t❡♠♦s

❛s ✜❣✉r❛s✿

❋✐❣✉r❛ ✸✳✸✽✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ♥❛ q✉❛❧ pc = 0, 1✱ d = 6✱ N = 200✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 5.106✳

❋✐❣✉r❛ ✸✳✸✾✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ♥❛ q✉❛❧ pc = 0, 5✱ d = 6✱ N = 200✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 5.106✳

◆♦t❛✲s❡ q✉❡✱ ❝♦♠ ♠❡t❛❞❡ ❞❛s ❝♦♥❡①õ❡s r❡❛❧♦❝❛❞❛s✱ t❡♠♦s ✉♠❛ ❞✐♥â♠✐❝❛ ❝♦♥s✐❞❡r✲

❛✈❡❧♠❡♥t❡ ♠❛✐s rá♣✐❞❛ ❞♦ q✉❡ ❛ ❞❛ ✜❣✉r❛ ✸✳✸✺✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❞✐♥â♠✐❝❛ t♦r♥❛✲s❡ ♠❛✐s

❡ ♠❛✐s ♣ró①✐♠❛ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ♣❛r❛ ❛ q✉❛❧ ✈❛❧❡♠

♥♦ss♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s✳ ◗✉❛♥❞♦ pc = 1, r❡❝✉♣❡r❛♠♦s ❡①❛t❛♠❡♥t❡ ❛ ✜❣✉r❛ ✸✳✻✱

❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ❋✐❣✉r❛ ✸✳✹✵✱ ♦ q✉❡ é ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♥s✐st❡♥t❡✳

❋✐❣✉r❛ ✸✳✹✵✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ♥❛ q✉❛❧ pc = 1✱ d = 6✱ N = 200✱
N0 = N1 = 0❀ ❣❡r❛❞❛ ❝♦♠ ndivs = 1000 ❡ nsims = 5.106✳

✻✺



❉❡st❛ ❛♥á❧✐s❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦ ❞❡❲❛tts✲❙tr♦❣❛t③ t❡♠ ❞✐♥â♠✐❝❛

q✉❡ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐s rá♣✐❞❛ ❞♦ q✉❡ ✉♠❛ r❡❞❡ r❡t✐❝✉❧❛❞❛ tr❛❞✐❝✐♦♥❛❧✱ ❛♣❡s❛r

❞❡ t❡r ❝❛r❛❝t❡ríst✐❝❛s t♦♣♦❧ó❣✐❝❛s ♠❛✐s tí♣✐❝❛s ❞❡ r❡❞❡s r❡t✐❝✉❧❛❞❛s✱ ❝♦♠♦ ❛❧t♦ ❢❛t♦r

❞❡ ❛❣r✉♣❛♠❡♥t♦✳ ■st♦ r❡ss❛❧t❛ ♥♦✈❛♠❡♥t❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦

❡♥tr❡ ❞♦✐s ♥ós✿ ♣❛r❛ ✉♠❛ r❡❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦✱ t❡♠♦s ✉♠ ❝❛♠✐♥❤♦ ❝♦♥s✐❞❡r❛✈❡♠❡♥t❡

❡♥❝✉rt❛❞♦ ❞❡✈✐❞♦ ❛♦s ❛t❛❧❤♦s ❝r✐❛❞♦s ♣❡❧❛s ❝♦♥❡①õ❡s r❡❛❧♦❝❛❞❛s✳

✸✳✻ ❉✐♥â♠✐❝❛ ❡♠ ❘❡❞❡ ❊str❡❧❛

✸✳✻✳✶ ❈r✐❛♥❞♦ ❛ ❘❡❞❡

❯♠❛ r❡❞❡ ❡str❡❧❛✱ ❝♦♥❢♦r♠❡ ❥á ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ é ❝♦♠♣♦st❛ ❞❡ m0 ❡❧❡♠❡♥t♦s

❝❡♥tr❛✐s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s ❡ N+N0+N1−m0 ❡❧❡♠❡♥t♦s ♣❡r✐❢ér✐❝♦s✱ s❡ ❝♦♥s✐❞❡r❛r✲

♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ♦❝✉♣❛♠ ♣♦s✐çõ❡s ♣❡r✐❢ér✐❝❛s✳ ❊st❛s r❡❞❡s

♣♦❞❡♠ s❡r ❣❡r❛❞❛s ❞❡ ❢♦r♠❛ ♠✉✐t♦ s✐♠♣❧❡s ❛tr❛✈és ❞♦ ✉s♦ ❞♦ ♠❡s♠♦ ❝ó❞✐❣♦ q✉❡ ❣❡r♦✉

❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❞❡ ❛♥t❡s✳ ❯♠❛ ✈❡③ ❣❡r❛❞♦ ♦ ♥ú❝❧❡♦ ❞❡ m0 ❡❧❡♠❡♥t♦s✱

t❡♠♦s ❛♣❡♥❛s ❞❡ ❛❞✐❝✐♦♥❛r N +N0 +N1 −m0 ♥ós ❝♦♠ m0 ❝♦♥❡①õ❡s ❝♦♠ ♦ ♥ú❝❧❡♦✳

➱ ❛♣❛r❡♥t❡ q✉❡✱ ♥✉♠❛ r❡❞❡ ❝♦♠ ❡st❛ t♦♣♦❧♦❣✐❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✉♠❛

❝ó♣✐❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ✜①♦ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡♥♦r ❞♦ q✉❡ ❡♠ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡

❝♦♥❡❝t❛❞❛ ❝♦♠ ♦s ♠❡s♠♦s N ✱ N0 ❡ N1✳ ❱❡r❡♠♦s q✉❡ ✐st♦ t❡♠ ✉♠ ❡❢❡✐t♦ ❜❛st❛♥t❡

✐♥t❡r❡ss❛♥t❡ ♥❛ ❞✐♥â♠✐❝❛✳

✸✳✻✳✷ ❆❜♦r❞❛❣❡♠ ◆✉♠ér✐❝❛

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ r❡❞❡ ❡str❡❧❛ ♠♦str❛r❛♠ q✉❡ ❤á ✉♠❛ ❞✐♥â♠✐❝❛ rá♣✐❞❛

❜❛st❛♥t❡ ♣❛rt✐❝✉❧❛r✳ ■♥✈❡st✐❣❛♠♦s r❡❞❡s ❧✐✈r❡s ❝♦♠ N = 200 ❡ N0 = N1 = 0 ❝♦♠

❞✐✈❡rs♦s ✈❛❧♦r❡s ❞❡ m0 ❡ ❝♦♥st❛t❛♠♦s q✉❡ ❡st❛ r❡❞❡ é✱ ❞❡ ❢❛t♦✱ ❛ q✉❡ ♣♦ss✉✐ ❞✐♥â♠✐❝❛

♠❛✐s rá♣✐❞❛✳ ❯♠ ❡①❡♠♣❧♦ tí♣✐❝♦ ♣❛r❛ m0 = 10✱ ✉♠ ✈✐❣és✐♠♦ ❞❛ r❡❞❡✱ ♣♦❞❡ s❡r ✈✐st♦

♥❛ ✜❣✉r❛ ✸✳✹✶✳ ◆♦t❡✱ ❛ ♣❛rt✐r ❞❛s ❝✉r✈❛s ❞❡ ✐❣✉❛❧ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ q✉❡ ♠❛✐s ❞❡ ✾✺✪

❞❛s s✐♠✉❧❛çõ❡s ❥á ❡stã♦ ♣r❛t✐❝❛♠❡♥t❡ ❡st❛❜✐❧✐③❛❞❛s ♥❛s ❡①tr❡♠✐❞❛❞❡s ❛♣ós ❛♣❡♥❛s ✺✵✵✵

♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛✳ ❯♠❛ ♦✉tr❛ ♦❜s❡r✈❛çã♦ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ é ❛ ♣r♦①✐♠✐❞❛❞❡ ❞❛

❞✐♥â♠✐❝❛ ❝♦♠ ♦ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦✱ ❝♦♠♦ ✈✐st♦ ♥❛ ✜❣✉r❛ ✸✳✻✳
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❋✐❣✉r❛ ✸✳✹✶✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♥❛ q✉❛❧ m0 = 10✱ N = 200✱ N0 = N1 = 0❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

P❛r❛ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞❡ m0✱ ❛ ❞✐♥â♠✐❝❛ t♦r♥❛✲s❡ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐s ❧❡♥t❛✳

■st♦ ♥ã♦ s✉r♣r❡❡♥❞❡❀ ❛✜♥❛❧✱ ♥❡st❡s ❝❛s♦s t❡♠♦s ♥ú❝❧❡♦s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s ♠❛✐♦r❡s

q✉❡ tr❛③❡♠ ❝♦♥s✐❣♦ ✉♠❛ ❞✐♥â♠✐❝❛ ♠✉✐t♦ ♠❛✐s ❧❡♥t❛✳ ❖ ❧✐♠✐t❡ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❞❡

❢❛t♦ é ♦ ❡♠ q✉❡ m0 é ✉♠ ✐♥t❡✐r♦ ♠✉✐t♦ ♠❡♥♦r ❞♦ q✉❡ ✉♠ ❞é❝✐♠♦ ❞❡ N ✳ ◆❡st❡ ❝❛s♦✱ ❛

❞✐♥â♠✐❝❛ ❛❞♠✐t❡ ✉♠ ♥ú♠❡r♦ ❜❡♠ ✈✐sí✈❡❧ ❞❡ ❝❛♠✐♥❤♦s ♠❛✐s ♣r♦✈á✈❡✐s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦

♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ♣♦ssí✈❡✐s ♣❛r❛ ♦ ♥ú❝❧❡♦✱ ❡ ♣♦✉❝♦s ♣❛ss♦s ❞❛ ❞✐♥â♠✐❝❛ sã♦ ♥❡❝❡ssár✐♦s

♣❛r❛ ❤❛✈❡r ❡st❛❜✐❧✐③❛çã♦✳ ❱❡♠♦s ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♥✐t✐❞❛♠❡♥t❡ ♥❛ ✜❣✉r❛ ✸✳✹✷✱ ❝♦♠

m0 = 1✿ ❤á ❞♦✐s ❡st❛❞♦s ✐♥t❡r♥♦s ♣♦ssí✈❡✐s ♣❛r❛ ♦ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ ❞❛ ❡str❡❧❛✱ ❡ ✈❡♠♦s

q✉❡ ♦ s♦rt❡✐♦ ✐♥✐❝✐❛❧ ❞♦ ❡st❛❞♦ ✐♥t❡r♥♦ ❞❡st❡ ❡❧❡♠❡♥t♦ é ❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛ q✉❛❧ ❝❛♠✐♥❤♦

❛ r❡❞❡ t♦♠❛rá✳ ❙❡ ♦ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ t✐✈❡r ❡st❛❞♦ ✐♥t❡r♥♦ ✵✱ ❛ r❡❞❡ ✐♥t❡✐r❛ s❡❣✉✐rá ✉♠

❝❛♠✐♥❤♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❡st❛❞♦ n = 0❀ s❡ ♦ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ t✐✈❡r ❡st❛❞♦ ✐♥t❡r♥♦

✶✱ ❛ r❡❞❡ ✐♥t❡✐r❛ t❡♥❞❡rá ❛♦ ❡st❛❞♦ n = N ✳ ❈❧❛r♦ q✉❡ ❡①✐st❡ ❛ ♣❡q✉❡♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ q✉❡ ♦ ♥ó ❝❡♥tr❛❧ ❞❛ r❡❞❡ tr♦q✉❡ ♦ s❡✉ ❡st❛❞♦✱ ♦ q✉❡ ❝❛✉s❛r✐❛ ✉♠ ♣✉❧♦ ♣❛r❛ ♦ ♦✉tr♦

❝❛♠✐♥❤♦ ❡ ❥✉st✐✜❝❛ ❛ ♣❡q✉❡♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♦❜s❡r✈❛❞❛ ❡♥tr❡ ♦s ♣✐❝♦s ❞❛ ✜❣✉r❛ ✸✳✹✷✳

❋✐❣✉r❛ ✸✳✹✷✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♥❛ q✉❛❧ m0 = 1✱ N = 200✱ N0 = N1 = 0❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❆❧❣✉♥s ♦✉tr♦s ❡①❡♠♣❧♦s✱ ❝♦♠♦ m0 = 2✱ ❝♦♠ três ❝❛♠✐♥❤♦s ♠❛✐s ♣r♦✈á✈❡✐s ♣❛r❛ ❛

r❡❞❡ ❡ m0 = 3✱ ❝♦♠ q✉❛tr♦ ❝❛♠✐♥❤♦s ♠❛✐s ♣r♦✈á✈❡✐s✱ ♣♦❞❡♠ s❡r ✈✐st♦s ♥❛s ✜❣✉r❛s

✸✳✹✸ ❡ ✸✳✹✹✳ ◆❡st❛s ✜❣✉r❛s✱ t♦r♥❛✲s❡ ❡✈✐❞❡♥t❡ ♦ ❛r❣✉♠❡♥t♦ ❞❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s

♣♦ssí✈❡✐s ❞♦ ♥ú❝❧❡♦ ❞❛ ❡str❡❧❛ é ♥❛t✉r❛❧♠❡♥t❡ m0 + 1✳

✻✼



❋✐❣✉r❛ ✸✳✹✸✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♥❛ q✉❛❧ m0 = 2✱ N = 200✱ N0 = N1 = 0❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✹✹✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♥❛ q✉❛❧ m0 = 3✱ N = 200✱ N0 = N1 = 0❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❊st❡s ❝❛♠✐♥❤♦s só sã♦ ✈✐sí✈❡✐s s❡ N ≫ m0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❤á ✉♠❛ s✉♣❡r♣♦s✐çã♦

t❛❧ q✉❡ ♦❜t❡♠♦s ✉♠❛ ✐♠❛❣❡♠ s✉❛✈❡✱ ❝♦♠♦ ♦ q✉❡ ♦❝♦rr❡ ♥❛ ✜❣✉r❛ ✸✳✹✶✳ ❆❧é♠ ❞❡st❡s

❝❛♠✐♥❤♦s ❡q✉✐✈❛❧❡♥t❡s ❛ ✉♠ ❡st❛❞♦ ❞♦ ♥ú❝❧❡♦ ❞❛ ❡str❡❧❛✱ ❤á t❛♠❜é♠ tr❛♥s✐çõ❡s q✉❡

❛♣❛r❡❝❡♠ ❡♥tr❡ ❡st❡s ❝❛♠✐♥❤♦s✳ ❉✉r❛♥t❡ ❛ ♣❛ss❛❣❡♠ ❞❡ ✉♠ ♣❛r❛ ♦✉tr♦✱ t❡♠♦s✱ ♥❛

♠é❞✐❛✱ ✉♠❛ ❝✉r✈❛ ❡①♣♦♥❡♥❝✐❛❧ ❜❡♠ ❞❡✜♥✐❞❛✱ ❝♦♥s❡qüê♥❝✐❛ ❞❡ q✉❡✱ s❡ ♥ã♦ ❤á ❛❧t❡r✲

❛çã♦ ♥♦ ❡st❛❞♦ ❞♦ ♥ú❝❧❡♦ ❞❛ ❡str❡❧❛✱ ❛ ❞✐♥â♠✐❝❛ ❞❛ r❡❞❡ é s❡♠❡❧❤❛♥t❡ ❛ ✉♠ ♣r♦❝❡ss♦

♣♦✐ss♦♥✐❛♥♦ ❝♦♠ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❯♥✐❧❛t❡r❛❧♠❡♥t❡ ❆ ❞✐♥â♠✐❝❛ é ❛❧t❡r❛❞❛ s✐❣♥✐✜❝❛t✐✈❛✲

♠❡♥t❡ q✉❛♥❞♦ sã♦ ❛❞✐❝✐♦♥❛❞♦s ❡❧❡♠❡♥t♦s ✜①♦s✳ ◆♦ ❝❛s♦ ❞❡ ❡❧❡♠❡♥t♦s ✜①♦s ❡♠ ❛♣❡♥❛s

✉♠ ❞♦s ❡st❛❞♦s ✐♥t❡r♥♦s✱ ❛ ❞✐♥â♠✐❝❛ é tr✐✈✐❛❧✿ t♦❞♦s ♦s ♥ós ❞❛ r❡❞❡ ❡✈❡♥t✉❛❧♠❡♥t❡

❛ss✉♠❡♠ ❛q✉❡❧❡ ❡st❛❞♦ ✐♥t❡r♥♦✳ ❆ ✜❣✉r❛ ✸✳✹✶ ♠♦❞✐✜❝❛✲s❡ ❞❡ ❢♦r♠❛ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡

à ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ❋✐❣✉r❛ ✸✳✹✺✱ s❡

t♦♠❛r♠♦s✱ ❞✐❣❛♠♦s✱ N1 = 10✳

✻✽



❋✐❣✉r❛ ✸✳✹✺✿ ❉✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ ❡str❡❧❛ ❝♦♠ m0 = 10✱ ♣❛r❛ N1 = 20✱ N0 = 0✱ ❝♦♠
ndivs = 1000 ❡ nsims = 107.

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉♠❛ r❡❞❡ ❝♦♠ m0 = 2 t❛♠❜é♠ t❡♥❞❡ ❛♦ ❡st❛❞♦ ❡♠ q✉❡ n = 200✱

♠❛s ♦s ❝❛♠✐♥❤♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s três ❡st❛❞♦s ❞♦ ♥ú❝❧❡♦ ♣♦ssí✈❡✐s ✭✵✱ ✶ ♦✉ ✷ ♥ós

♥♦ ❡st❛❞♦ ✶ ♥♦ ♥ú❝❧❡♦✮ ❝♦♥t✐♥✉❛♠ t❡♥❞♦ ♦ ♠❡s♠♦ ❛s♣❡❝t♦ ❞❡ ❛♥t❡s✳ ■st♦ ♣♦❞❡ s❡r ✈✐st♦

♥❛ ✜❣✉r❛ ✸✳✹✻✳ ◆♦t❡✱ ♣♦ré♠✱ q✉❡ ❛ ❡st❛❜✐❧✐③❛çã♦ t♦t❛❧ ❞❛ r❡❞❡ ❝♦♥s♦♠❡ ♠✉✐t♦ ♠❛✐s

t❡♠♣♦ ❞♦ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♥ã♦ ❤á ❡❧❡♠❡♥t♦s ✜①♦s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❛t✉❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ✜①♦s é ❜❛st❛♥t❡ ❜❛✐①❛✳

❋✐❣✉r❛ ✸✳✹✻✿ ❉✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ ❡str❡❧❛ ❝♦♠ m0 = 2✱ ❝♦♠ N0 = 0 ❡ N1 = 20✱ ✜❣✉r❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❙✐♠❡tr✐❝❛♠❡♥t❡ ❆❣♦r❛ ✈❡❥❛♠♦s ❛❧❣✉♥s ❝❛s♦s s✐♠étr✐✲

❝♦s ♥♦s q✉❛✐s N0 = N1 = 5 ❡ N0 = N1 = 10✱ r❡tr❛t❛❞♦s ♥❛s ✜❣✉r❛s ✸✳✹✼ ❡ ✸✳✹✽✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦✱ ♣♦r ❡♥q✉❛♥t♦✱ ✉♠ ♥ú♠❡r♦ r❛③♦á✈❡❧ ❞❡ m0 = 10 ♣❛r❛

❡✈✐t❛r ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ❞✐♥â♠✐❝❛s ❛❧t❛♠❡♥t❡ ❡s♣❡❝í✜❝❛s✱ ❝♦♠♦ ❛s ❞❛s ✜❣✉r❛s ✸✳✹✸ ❡

✸✳✹✹✳

✻✾



❋✐❣✉r❛ ✸✳✹✼✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♥❛ q✉❛❧ m0 = 10✱ N = 200✱ N0 = N1 = 2❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✹✽✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♥❛ q✉❛❧ m0 = 10✱ N = 200✱ N0 = N1 = 5❀ ❣❡r❛❞❛
❝♦♠ ndivs = 1000 ❡ nsims = 107✳

P❛r❛ ✐♥t❡r♣r❡t❛r ❛❞❡q✉❛❞❛♠❡♥t❡ ❡st❛s ✜❣✉r❛s✱ é ♥❡❝❡ssár✐♦ ✈♦❧t❛r ❛♦ r❛❝✐♦❝í♥✐♦ ❞❡

q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✉♠❛ ❝ó♣✐❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ✜①♦ ♥❡st❛s r❡❞❡s ❡str❡❧❛ é

♠✉✐t♦ ♠❡♥♦r ❞♦ q✉❡ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥✉♠❛

r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✉♠❛ ❝ó♣✐❛ ❞❡ ❡❧❡♠❡♥t♦ ❝♦♠

❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ é s✐♠♣❧❡s♠❡♥t❡ ❞❛❞❛ ♣♦r (N0 +N1) / (N +N0 +N1 − 1)✱ ♠❛s ♥❛

r❡❞❡ ❡str❡❧❛✱ ❡st❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✈❛✐ ♣❛r❛✿

Pcop. de fixo =
(m0

N

)( N0 +N1

N +N0 +N1 − 1

)
✭✸✳✽✷✮

◆♦s ❝❛s♦s r❡tr❛t❛❞♦s ♥❛s ✜❣✉r❛s ✸✳✹✼ ❡ ✸✳✹✽✱ ♣♦rt❛♥t♦✱ t❡♠♦s ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❛t✉❛çã♦ ❞♦s ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ q✉❡ é ❞❡ 1/20 ✈❡③❡s ♦ ❡q✉✐✈❛❧❡♥t❡ ❞❡ ✉♠❛ r❡❞❡

t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✳ ■ss♦ ♠♦str❛ q✉❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❛ss✐♥tót✐❝❛

❞❡ ✉♠❛ r❡❞❡ ❡str❡❧❛ ❝♦♠ m0 = N/20 ❞❡st❡ t✐♣♦ é ❝♦♥s✐❞❡r❛r q✉❡ N0 → N0/20 = 0, 1 ❡

N1 → N1/20 = 0, 1 ♥♦ ❝❛s♦ N0 = N1 = 2 ❡ N0 → 0, 25 ❡ N1 → N1/20 = 0, 25 ♥♦ ❝❛s♦

N0 = N1 = 5✳ ❉❡ ❢❛t♦✱ ❛ ♥♦ss❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ✈á❧✐❞❛ ♣❛r❛ N0

❡ N1 ♥ã♦ ✐♥t❡✐r♦s✱ s❡ s✉❜st✐t✉✐r♠♦s ❛s ❢❛t♦r✐❛✐s ♣♦r ❢✉♥çõ❡s ❣❛♠❛✳ ❯♠❛ ❝♦♠♣❛r❛çã♦

❡♥tr❡ ❛ ❝✉r✈❛ ♦❜t✐❞❛ ♥❛ ✜❣✉r❛ ✸✳✹✼ ❡ ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❝♦♠ N0 = N1 = 0, 1 ♠♦str❛

q✉❡ ❡st❛ ✐❞é✐❛ é r❛③♦á✈❡❧✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❛s♣❡❝t♦ ❞❛ ❝✉r✈❛ é ❡①❛t❛♠❡♥t❡ ♦ ♠❡s♠♦✱

✼✵



❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ✜❣✉r❛ ✸✳✹✾✳

❋✐❣✉r❛ ✸✳✹✾✿ ❈♦♠♣❛r❛çã♦ ❞❡ ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ❞❛ ❞✐♥â♠✐❝❛ ♣❛r❛ r❡❞❡ ❡str❡❧❛ ❝♦♠
N0 = N1 = 2 ✭❧✐♥❤❛ só❧✐❞❛ ❣r♦ss❛✮✱ ♣❛r❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❝♦♠N0 = N1 = 0, 1
✭❧✐♥❤❛ ❝✐♥③❛ só❧✐❞❛✮ ❡ ❝♦♠ N0 = N1 = 0, 16 ✭❧✐♥❤❛ ❝✐♥③❛ ❤❛❝❤✉r❛❞❛✮

❊♥q✉❛♥t♦ q✉❡ ❛ ❛♣❛rê♥❝✐❛ ❞❛ ❝✉r✈❛ é r❛③♦á✈❡❧✱ ❛ ✐♥✈❡st✐❣❛çã♦ ❞❛s ❞✉❛s ❝✉r✈❛s ✐♥❞✐❝❛

q✉❡ ❤❛✈❡r✐❛ ♠❛✐♦r ♣r♦①✐♠✐❞❛❞❡ s❡ t♦♠áss❡♠♦s N0 = N1 = 0, 16✱ ❡ ♥ã♦ 0, 10✳

❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ❛ ♠❡s♠❛ ❝♦♠♣❛r❛çã♦ ♣♦❞❡✱ ❡♠ t❡r♠♦s ❣❡r❛✐s✱ s❡r r❡❛❧✐③❛❞❛

♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N0 = N1 = 5 ♥❛ r❡❞❡ ❡str❡❧❛ ❡ N0 = N1 = 0, 25 ♥❛ r❡❞❡ t♦t❛❧♠❡♥t❡

❝♦♥❡❝t❛❞❛✳

❋✐❣✉r❛ ✸✳✺✵✿ ❈♦♠♣❛r❛çã♦ ❞❡ ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ❞❛ ❞✐♥â♠✐❝❛ ♣❛r❛ r❡❞❡ ❡str❡❧❛ ❝♦♠
N0 = N1 = 5 ✭❧✐♥❤❛ só❧✐❞❛✮ ❡ ♣❛r❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❝♦♠ N0 = N1 = 0, 25
✭❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛✮✳

❊st❛s ✜❣✉r❛s ♠♦str❛♠ q✉❡ ♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ t❡♠ ✉t✐❧✐❞❛❞❡ ♠❡s♠♦ ❡♠ r❡❞❡s

♠❛✐s ❝♦♠♣❧❡①❛s ❞♦ q✉❡ ❛s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s ❡ ❛❧❡❛tór✐❛s✱ ♣❡❧♦ ♠❡♥♦s ❛♦ ♣r❡✈❡r

❣r♦ss❡✐r❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ r❡❞❡✳ ❆ ❡q✉❛çã♦ ✸✳✽✷ s✉❣❡r❡ t❛♠❜é♠ q✉❡ ❛ ❝❤❛♥❝❡

❞❡ ❛t✉❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ✜①♦s é ❜❛st❛♥t❡ r❡❧❡✈❛♥t❡ ♣❛r❛ ❛ r❡❞❡ ❝♦♠♦ ✉♠ t♦❞♦✱ ❡ ♦

♥ú♠❡r♦ ❞❡ ❝♦♥❡①õ❡s q✉❡ ♦s ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ♣♦ss✉❡♠ ❝♦♠ ♦ r❡st♦ ❞❛ r❡❞❡

é ❝r✉❝✐❛❧ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❛s♣❡❝t♦ ❞♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦✳

✼✶



❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡ráss❡♠♦s m0 ≪ N ✱ ♦✉ s❡❥❛✱ ❤♦✉✈❡ss❡ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡

❞✐♥â♠✐❝❛s ❡s♣❡❝í✜❝❛s ❝♦♠♦ ❛s ❞❡ ✸✳✹✷✱ ✸✳✹✸ ❡ ✸✳✹✹✱ ❤❛✈❡r✐❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛ ♥♦ss❛

♣r❡✈✐sã♦ ❢❛❧❤❛r ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡✳ ■st♦ ♣♦rq✉❡ ❛ r❡❞❡ t❡♥❞❡rá ❛ ✉♠ ❡st❛❞♦ ❛ss✐♥tót✐❝♦

❜❛st❛♥t❡ ♣❛rt✐❝✉❧❛r ❡ ❤❛✈❡rá ♣❡q✉❡♥♦s ♣✐❝♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❝❛❞❛

✉♠ ❞♦s ❡st❛❞♦s ♣♦ssí✈❡✐s ❞♦ ♥ú❝❧❡♦ ❞❛ ❡str❡❧❛✳ ■st♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ✸✳✺✶✱ ♦♥❞❡

♦♣t❛♠♦s ♣♦r m0 = 2 ❡ N0 = N1 = 50✱ ✉♠ ♥ú♠❡r♦ ❝♦♠♣❛r❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ❡❧❡✲

♠❡♥t♦s ✜①♦s✱ t❡♥❞♦ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♠♦str❛r ♣✐❝♦s ♠❛✐s ♣r♦♥✉♥❝✐❛❞♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

❆ ✜❣✉r❛ ✸✳✺✷ ♠♦str❛ ♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❛ r❡❞❡ ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❡♥❢át✐❝❛ ❡♠ ✉♠

❣rá✜❝♦✳

❋✐❣✉r❛ ✸✳✺✶✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ❝♦♠ m0 = 3✱ N0 = N1 = 50✱ ndivs = 1000 ❡
nsims = 107✳

❋✐❣✉r❛ ✸✳✺✷✿ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ♣❛r❛ r❡❞❡ ❡str❡❧❛ ❝♦♠ m0 = 3✱
N0 = N1 = 50✱ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❡st❛❞♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✺✶✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❆ss✐♠❡tr✐❝❛♠❡♥t❡ ❍á t❛♠❜é♠ ❛ ú❧t✐♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡✱

❛ ❞❡ ❝♦♥s✐❞❡r❛r N0 6= N1✱ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✳ ❊st❡ ❝❛s♦ é t❛♠❜é♠ s✐♠♣❧❡s✿ ♥ã♦ ♦❝♦rr❡

❞❡s❧♦❝❛♠❡♥t♦ ❞♦s ♣✐❝♦s✱ q✉❡ ♣❡r♠❛♥❡❝❡♠ ♥❛s ♠❡s♠❛s ♣♦s✐çõ❡s✱ ♠❛s ❛ ✐♥t❡♥s✐❞❛❞❡

❞❡st❡s ♣✐❝♦s t❡♥❞❡ ❛ ❝r❡s❝❡r q✉❛♥❞♦ n s❡ ❛♣r♦①✐♠❛ ❞❡ ✵ ✭❝❛s♦ N0 > N1✮✱ ♦✉ q✉❛♥❞♦

n s❡ ❛♣r♦①✐♠❛ ❞❡ ✷✵✵ ✭❝❛s♦ N1 > N0✮✳ ❊s❝♦❧❤❡♠♦s ♣❛r❛ r❡♣r❡s❡♥t❛r ❡st❡s ❝❛s♦s ✉♠❛

s✐t✉❛çã♦ ❡♠ q✉❡ N0 = 50 ❡ N1 = 75✱ ❝♦♠ m0 = 2✱ ✉♠❛ ♠♦❞✐✜❝❛çã♦ ✐♠❡❞✐❛t❛ ❞❛ ✜❣✉r❛

✸✳✺✶✳

✼✷



❋✐❣✉r❛ ✸✳✺✸✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❡str❡❧❛ ♣❛r❛ m0 = 3✱ ❝♦♠ N0 = 50✱ N1 = 75✱ ❣❡r❛❞❛ ❝♦♠
ndivs = 1000 ❡ nsims = 107.

❋✐❣✉r❛ ✸✳✺✹✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❡str❡❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✺✸

■st♦ ❡♥❝❡rr❛ ❛ ♥♦ss❛ ❛♥á❧✐s❡ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s ❡str❡❧❛✳ ❱✐♠♦s q✉❡ ❡st❛s r❡❞❡s

❛♣r❡s❡♥t❛♠ ❞✐♥â♠✐❝❛s ❜❛st❛♥t❡ rá♣✐❞❛s✱ ❡ q✉❡ ❤á ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ✉♠❛ ❞✐♥â♠✐❝❛

♥ã♦ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ m0 ≪ N ✳

❘❡ss❛❧t❛♠♦s q✉❡ ❡st❛ é ❛ ú♥✐❝❛ t♦♣♦❧♦❣✐❛ ♣❛r❛ ❛ q✉❛❧ ❛ ❞✐♥â♠✐❝❛ ❣❡r❛❧ ❞❛ r❡❞❡ t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ♥ã♦ s❡ ❛♣❧✐❝❛ ♥❡♠ ❝♦♠♦ ❛♣r♦①✐♠❛çã♦ ❣r♦ss❡✐r❛ ♥❡st❡ ❧✐♠✐t❡✱ ♠❡s♠♦

❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❢❛t♦r ❞❡ ❝♦rr❡çã♦ ❧✐♥❡❛r ♥♦ t❡♠♣♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❞✐♥â♠✐❝❛ ♠❛✐s

rá♣✐❞❛✳ ◆❡st❡ ❝❛s♦✱ ❛♣❛r❡❝❡♠ ♣✐❝♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ ♠❛✐s ❞♦ q✉❡ ✉♠❛ ♣♦s✐çã♦

❞✉r❛♥t❡ ❛ ❞✐♥â♠✐❝❛✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡ ❡♠ ♥❡♥❤✉♠❛ ❞❛s ♦✉tr❛s ❝♦♥❡❝t✐✈✐❞❛❞❡s ❡st✉✲

❞❛❞❛s✳ ■st♦ ✐♥❞✐❝❛ q✉❡ t♦♣♦❧♦❣✐❛s ❞❡ r❡❞❡ ❡s♣❡❝í✜❝❛s ♣♦❞❡♠ ❞❡s✈✐❛r ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡

❞❛ q✉❡ ❡st✉❞❛♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡✱ ❛ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛❀ ♣♦ré♠✱ ❡st❛t✐st✐❝❛♠❡♥t❡✱

♣❛r❛ r❡❞❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❞❡s♦r❞❡♥❛❞❛s ♣❛r❛ ❛s q✉❛✐s ♦s ❞✐✈❡rs♦s ❡❢❡✐t♦s ❡s♣❡❝í✜❝♦s ❞❡

t♦♣♦❧♦❣✐❛ s❡ ❝❛♥❝❡❧❛♠ ❡♥tr❡ s✐✱ ❛ ♥♦ss❛ ❞✐♥â♠✐❝❛ r❡s♦❧✈✐❞❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛✐♥❞❛ ♣♦❞❡

✈♦❧t❛r ❛ s❡r ♠❛✐s út✐❧✳ ◆❛ ♣ró①✐♠❛ s❡çã♦✱ ✈❡r❡♠♦s q✉❡ ❛s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛✱ q✉❡

❛♣r❡s❡♥t❛♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♠✉✐t❛s ❡str❡❧❛s ❞❡ ❞✐✈❡rs♦s t❛♠❛♥❤♦s ✭✐✳❡✳ ♥ú♠❡r♦ ❞❡ ❡❧✲

❡♠❡♥t♦s✮ ✐♥t❡r❝♦♥❡❝t❛❞❛s✱ ♥ã♦ s❡❣✉❡♠ ❞✐♥â♠✐❝❛ r❛❞✐❝❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ t♦t❛❧♠❡♥t❡

❝♦♥❡❝t❛❞❛✳

✼✸



✸✳✼ ❉✐♥â♠✐❝❛ ❡♠ ❘❡❞❡s ▲✐✈r❡s ❞❡ ❊s❝❛❧❛

✸✳✼✳✶ ❈r✐❛♥❞♦ ❛ ❘❡❞❡

❆s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛ sã♦ ❛s ♠❛✐s ❝♦♠♣❧❡①❛s r❡❞❡s q✉❡ s❡rã♦ ❡st✉❞❛❞❛s ❛q✉✐✳ ❖

❛❧❣♦r✐t♠♦ ♣❛r❛ ❣❡r❛r ❛ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ✉t✐❧✐③❛❞♦ ❢♦✐ ♦ ❞❡ ❆❧❜❡rt✲❇❛r❛❜❛s✐✱

q✉❡ ❡♥✈♦❧✈❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛ r❡❞❡ ❛ ♣❛rt✐r ❞❡ ✉♠❛ r❡❞❡ ✐♥✐❝✐❛❧ ❞❡ m0 ❡❧❡♠❡♥t♦s t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞♦s ❛tr❛✈és ❞❛ ❛❞✐çã♦ ❞❡ N+N0+N1−m0 ❡❧❡♠❡♥t♦s✱ ❝❛❞❛ ✉♠ t♦♠❛♥❞♦

m ❝♦♥❡①õ❡s ❝♦♠ ❛ r❡❞❡ ❥á ❡①✐st❡♥t❡✳

❊①♣❧✐❝❛r❡♠♦s ❛q✉✐ ❞❡ ❢♦r♠❛ ♥ã♦ ❡①❛✉st✐✈❛♠❡♥t❡ ❞❡t❛❧❤❛❞❛ ♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦

♣❛r❛ ❣❡r❛r ❛s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛✳ ❊s❝♦❧❤❡♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

✜①♦ ❡stã♦ ♥❛s r❡❣✐õ❡s ♠❛✐s ♣❡r✐❢ér✐❝❛s ❞❛ r❡❞❡✱ ♦✉ s❡❥❛✱ ❢♦r❛♠ ❛❞✐❝✐♦♥❛❞♦s ♣♦r ú❧t✐♠♦

♥❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛✳ ■st♦ é ✐♥t❡✐r❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ❝♦♥s✐❞❡r❛r✱ ❝♦♠♦ ❥á ❢♦✐ ❢❡✐t♦

❛♥t❡s✱ q✉❡ ♦s ♥ós ❞❡ í♥❞✐❝❡ 1 ≤ i ≤ N sã♦ ❧✐✈r❡s✱ ♦s ❞❡ N + 1 ≤ i ≤ N + N0 tê♠

❡st❛❞♦ ✐♥t❡r♥♦ ✵ ✜①♦✱ ❡ ♦s ❞❡ N + N0 + 1 ≤ i ≤ N + N0 + N1 tê♠ ❡st❛❞♦ ✐♥t❡r♥♦

✶ ✜①♦✳ ❊s❝♦❧❤❡♠♦s ❡st❛s ✐♥❞❡①❛çõ❡s ❥✉st❛♠❡♥t❡ ♣♦rq✉❡ s✐♠♣❧✐✜❝❛♠ ♦ ♣r♦❝❡ss♦ ❞❡

♣♦s✐❝✐♦♥❛♠❡♥t♦ ❞❡st❡s ❡❧❡♠❡♥t♦s ♥❡st❡ ❝❛s♦✳

❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ é ♦ s❡❣✉✐♥t❡✿

✶✳ ■♥✐❝✐❛r❡♠♦s ♥♦ss♦ ♣r♦❝❡ss♦ ❞❡ ❝r✐❛çã♦ ❞❡ r❡❞❡ ❝♦♠ ✉♠❛ r❡❞❡ ❞❡ N + N0 + N1

❡❧❡♠❡♥t♦s t♦t❛❧♠❡♥t❡ ❞❡s❝♦♥❡❝t❛❞♦s ❝♦♠ v# (i) = 0 ♣❛r❛ t♦❞♦ i✳

✷✳ ❖s ♣r✐♠❡✐r♦s m0 ♥ós✱ ❝♦♠❡ç❛♥❞♦ ❛ ❝♦♥t❛r ❞♦s N ❧✐✈r❡s ❡ ❝♦♠ m0 < N ✱ sã♦

t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦s ❡♥tr❡ s✐✳ ▲♦❣♦✱ ❡st✐♣✉❧❛♠♦s v# (i) = m0 − 1 ♣❛r❛ 1 ≤ i ≤
m0 ❡ ♦s v (i, j) ❝♦♠ 1 ≤ j ≤ m0 − 1 ❝♦♥tê♠ ✉♠❛ ❧✐st❛ ❞❡ í♥❞✐❝❡s ❞❡ 1 ❛ m0 q✉❡

❡①❝❧✉✐ i✳

✸✳ ❊♠ s❡❣✉✐❞❛✱ sã♦ ❛❞✐❝✐♦♥❛❞♦s N +N0 +N1 −m0 ♥ós à r❡❞❡✱ s❡♥❞♦ q✉❡ ♦s N0 +N1

❝♦♠ ❡st❛❞♦ ✜①♦ sã♦ ❛❞✐❝✐♦♥❛❞♦s ♣♦r ú❧t✐♠♦✱ ♦ q✉❡ ❞á ❛ ❡❧❡s ❝❛rát❡r ♣❡r✐❢ér✐❝♦✳

P❛r❛ ❝❛❞❛ ✉♠ ❞❡st❡s✱ ❞❡✈❡♠ s❡r r❡❛❧✐③❛❞❛s ❛s ♦♣❡r❛çõ❡s✿

✭❛✮ ❈r✐❛✲s❡ ✉♠❛ ❧✐st❛ ❞❡ í♥❞✐❝❡s g (p) ❝♦♠ í♥❞✐❝❡ 1 ≤ p ≤
∑
ki q✉❡ ❝♦♥té♠ ♦s

í♥❞✐❝❡s ❞♦s i✲és✐♠♦s ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✱ ❝❛❞❛ ✉♠✱ ki ✈❡③❡s✳

✭❜✮ ❆❞✐❝✐♦♥❛✲s❡ ✉♠ l✲és✐♠♦ ❡❧❡♠❡♥t♦ à r❡❞❡✳ P❛r❛ ❡s❝♦❧❤❡r ❛s s✉❛s ❝♦♥❡①õ❡s✱

r❡♣❡t✐♠♦s ♦s s❡❣✉✐♥t❡s ♣❛ss♦s m ✈❡③❡s✿

✐✳ ➱ s♦rt❡❛❞♦ ✉♠ ♥ú♠❡r♦ p1 ❡♥tr❡ 1 ❡
∑
ki✳ ❙❡ ♦ l✲és✐♠♦ ❡❧❡♠❡♥t♦ ♥ã♦

♣♦ss✉✐r ❝♦♥❡①ã♦ ❝♦♠ ♦ ❡❧❡♠❡♥t♦ ❞❡ í♥❞✐❝❡ g (p1)❀ ❡♥tã♦ s♦♠❛✲s❡ 1 ❛ v# (l)

❡ v (l, v# (l)) = g (p1)✳ ❙❡ ♦ l✲és✐♠♦ ❡❧❡♠❡♥t♦ ❥á ♣♦ss✉✐r ❡st❛ ❝♦♥❡①ã♦✱ ❡st❡

♣❛ss♦ ❞❡✈❡ s❡r r❡♣❡t✐❞♦ ♥♦✈❛♠❡♥t❡ ✭❞❛í q✉❡ m < m0 é ♦❜r✐❣❛tór✐♦✮✳
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❊st❛ s❡qüê♥❝✐❛ ❞❡ ♣❛ss♦s ❣❡r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ v# ❡ v q✉❡ sã♦ s✉✜❝✐❡♥t❡s

♣❛r❛ q✉❡ ♦ ♠❡s♠♦ ❛❧❣♦r✐t♠♦ ❞❡s❝r✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛

♣♦ss❛ s❡r ✉t✐❧✐③❛❞♦✳

✸✳✼✳✷ ❆❜♦r❞❛❣❡♠ ◆✉♠ér✐❝❛

❆s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛ tê♠ ❝❛rát❡r ♠❛✐s ❡①t❡♥s♦ ❞♦ q✉❡ ❛s ❡str❡❧❛✱ ♦ q✉❡ ✜❝❛ ❡✈✐❞❡♥t❡

s❡ ♣❡♥s❛r♠♦s ♥♦ ❝❛♠✐♥❤♦ ♠í♥✐♠♦ ♠é❞✐♦ ❞❡st❛s ❞✉❛s r❡❞❡s✳ ❉❡st❛ ❢♦r♠❛✱ s❡r✐❛ ❞❡ s❡

❡s♣❡r❛r q✉❡ ❛ ❞✐♥â♠✐❝❛ ❢♦ss❡ ♠❛✐s ❧❡♥t❛ ❞♦ q✉❡ ♥♦ ❝❛s♦ ❞❛ r❡❞❡ ❡str❡❧❛✱ ♦ q✉❡ ❞❡ ❢❛t♦

❢♦✐ ✈❡r✐✜❝❛❞♦✳

❆ ♥♦ss❛ ❛♥á❧✐s❡ ❞❡ss❛s r❡❞❡s ❝♦♥s✐st✐✉ ❞❡ ✉♠❛ ✈❛rr❡❞✉r❛ ❞❡ ✈ár✐♦s ♣❛râ♠❡tr♦s ♣♦s✲

sí✈❡✐s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ❛♣❡♥❛s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = N1 = 0✱ s❡♠

❡❧❡♠❡♥t♦s ✜①♦s✱ ❝♦♠ N = 200✱ ∆t = 25 ❡ nf = 1000✳ ❖s ♣❛râ♠❡tr♦s ❞❡ r❡❞❡ ❡s❝♦❧❤✐❞♦s

♣❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❢♦r❛♠ m0 = 10 ❡ m = 5❀ ♣❛r❛

❡st❡ ❝❛s♦✱ t❡♠♦s 〈k〉 = 9, 9✳ ❖♣t❛♠♦s ♣♦r s✐♠✉❧❛r ❛s ♠❡s♠❛s três ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡

❡st❛❞♦ ✐♥✐❝✐❛❧ t♦♠❛❞❛s ♥♦ ❝❛s♦ ❞❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✿ n0 = 100✱ n0 = 50 ❡

n0 = 25✳ ❊st❛s três ♣♦ss✐❜✐❧✐❞❛❞❡s ❡stã♦ r❡tr❛t❛❞❛s ♥❛s ✜❣✉r❛s ✸✳✺✺✱ ✸✳✺✻ ❡ ✸✳✺✼✳

❋✐❣✉r❛ ✸✳✺✺✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = N1 = 0✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✺✻✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = N1 = 0✱
n0 = 50✱ ndivs = 1000 ❡ nsims = 107✳
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❋✐❣✉r❛ ✸✳✺✼✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = N1 = 0✱
n0 = 25✱ ndivs = 1000 ❡ nsims = 107✳

❊st❛s três ✜❣✉r❛s ♠♦str❛♠ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ ❢❛t♦ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐s ❧❡♥t❛

❞♦ q✉❡ ❛ ❞❡ ✉♠❛ r❡❞❡ ❡str❡❧❛✱ ♠❛s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ✜❣✉r❛ ✸✳✻ ♥❛ ♣á❣✐♥❛ ✷✾

♠♦str❛ q✉❡ ❛ ❞✐♥â♠✐❝❛ é ♠❛✐s rá♣✐❞❛ ❞♦ q✉❡ ♥♦ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦✳ ◆❛s três

✜❣✉r❛s✱ ♥♦t❛♠♦s q✉❡ ♦ ❛s♣❡❝t♦ ❣❡r❛❧ ❞❛ ❞✐♥â♠✐❝❛ ♥ã♦ é ♠✉✐t♦ ❞✐st✐♥t♦ ❞♦ ❞❡ ✉♠❛

r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠ ❢❛t♦r ❧✐♥❡❛r ❞❡ ❡s❝❛❧❛ ♥♦ t❡♠♣♦✳ ❆s

♣r♦♣♦rçõ❡s ❛ss✐♥tót✐❝❛s ❞❡ s✐♠✉❧❛çã♦ t❛♠❜é♠ sã♦ ❝♦♥s✐st❡♥t❡s ❝♦♠ ♦s ♥♦ss♦s r❡s✉❧t❛✲

❞♦s ❛♥❛❧ít✐❝♦s ♣❛r❛ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ ♦ q✉❡ s❡r✐❛ ❞❡ s❡ ❡s♣❡r❛r❀ q✉❛❧q✉❡r

❡s♣❡❝✐✜❝✐❞❛❞❡ ❞❛ t♦♣♦❧♦❣✐❛ é ♣❡r❞✐❞❛ q✉❛♥❞♦ s❡ ❡s❝♦❧❤❡ ♦s n0 ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

✶ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❡♥tr❡ ♦s N ♥ós ❞❛ r❡❞❡✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❯♥✐❧❛t❡r❛❧♠❡♥t❡ ❊♠ s❡❣✉✐❞❛✱ ❛♥❛❧✐s❛♠♦s ❛❧❣✉♥s ❝❛s♦s

❞❡ r❡❞❡s ❝♦♠ ❡❧❡♠❡♥t♦s ❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❞❡ ❛♣❡♥❛s ✉♠ t✐♣♦✱ ♦✉ s❡❥❛✱ r❡❞❡s ♣❛r❛

❛s q✉❛✐s N0 = 0 ❡ N1 6= 0✳ ◆ã♦ ❤á ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡ N1 = 0✱

♣♦✐s tr❛t❛✲s❡ ❞❡ s✐t✉❛çã♦ s✐♠étr✐❝❛✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❛ r❡❞❡ ✐♥t❡✐r❛ ❡st❛❜✐❧✐③❛ ♥♦ ❡st❛❞♦

n = N ✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛❀ ♦ q✉❡ ♥♦s ✐♥t❡r❡ss❛✱ ❞❡ ❢❛t♦✱ é

q✉❡ ❛ ❞✐♥â♠✐❝❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ ♠❛✐s rá♣✐❞❛✳

❱❛♠♦s r❡♣r❡s❡♥t❛r ❛q✉✐ ❞♦✐s ❝❛s♦s ❡♠ r❡❞❡s ❝♦♠ N = 200✱ m0 = 10 ❡ m = 5✿ ✉♠

❝❛s♦ ❡♠ q✉❡ N1 = 1✱ ♥❛ ✜❣✉r❛ ✸✳✺✽✱ ❡ ♦✉tr♦ ❝❛s♦ ♥♦ q✉❛❧ N1 = 5✱ ❛♣r❡s❡♥t❛❞♦ ♥❛

✜❣✉r❛ ✸✳✺✾✳

❋✐❣✉r❛ ✸✳✺✽✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 0✱ N1 = 1✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

✼✻



❋✐❣✉r❛ ✸✳✺✾✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 0✱ N1 = 5✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

◆❛ ✜❣✉r❛ ✸✳✺✽✱ é ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛ ❝✉r✈❛ q✉❛s❡ ❛ss✐♥tót✐❝❛ ❝r❡s❝❡ ♣❛r❛ n

♣❡q✉❡♥♦s✱ ♦ q✉❡ é ✐♥❞✐❝❛t✐✈♦ ❞❡ q✉❡ ♦✉ ❛ r❡❞❡ ❡stá✱ ❞❡ ❢❛t♦✱ ❡st❛❜✐❧✐③❛❞❛ ♥♦ ♣✐❝♦ n = N ✱

♦✉ ❛ r❡❞❡ t❡♠ ♠❛✐♦r ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ❡♠ ❡st❛❞♦s ❝♦♠ n ♣❡q✉❡♥♦s✱ ♣❛r❛ ♦s

q✉❛✐s ❛ ♠❛✐♦r ♣❛rt❡ ❞❛s ❝ó♣✐❛s ♣♦ssí✈❡✐s é ✐rr❡❧❡✈❛♥t❡✳ ❊st❛ é ✉♠❛ ♣r✐♠❡✐r❛ ✐♥❞✐❝❛çã♦

❞❡ q✉❡ ♦ ❡❧❡♠❡♥t♦ ✜①♦ ♥♦ ❡st❛❞♦ ✶ t❡♠ ✉♠❛ ✐♥✢✉ê♥❝✐❛ ❜❛st❛♥t❡ ❜❛✐①❛ ♥❛ r❡❞❡✱ ♣♦✐s

t❡♠ ✉♠❛ ❝❤❛♥❝❡ ❞❡ s❡r ❝♦♣✐❛❞♦ q✉❡ é ❜❛st❛♥t❡ r❡❞✉③✐❞❛ ♥❡st❛ t♦♣♦❧♦❣✐❛✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❙✐♠❡tr✐❝❛♠❡♥t❡ ❖ ❝❛s♦ ❡st✉❞❛❞♦ ❛ s❡❣✉✐r ❢♦✐ ♦ ❞❡

N0 = N1 6= 0✱ s❡♠♣r❡ ♠❛♥t❡♥❞♦ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ❞❡ r❡❞❡✿ N = 200✱ m0 = 10

❡ m = 5✳ ❈♦♠❡ç❛♠♦s ❛ ♥♦ss❛ ❛♥á❧✐s❡ ♣❡❧♦ ❝❛s♦ N0 = N1 = 1✱ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛

✸✳✻✵✳

❋✐❣✉r❛ ✸✳✻✵✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 1✱ N1 = 1✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

◆♦t❡ q✉❡ ❤á ✉♠❛ ❝✉r✈❛ ❛ss✐♥tót✐❝❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ ♥❡st❡ ❝❛s♦✱ ❡ ❡st❛

❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ♥ã♦ é ✉♥✐❢♦r♠❡✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛

✭✜❣✉r❛ ✸✳✶✶✮✳ ❆ ✜❣✉r❛ ✸✳✻✶ ♠♦str❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✜♥❛❧ ❡stá✈❡❧ ❞❛

❞✐♥â♠✐❝❛✳

✼✼



❋✐❣✉r❛ ✸✳✻✶✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = N1 = 1 ❝♦rr❡s♣♦♥❞❡♥t❡
❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✻✵ ❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠ (N0)ef =

(N1)ef = 0, 335✳

➱ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✈❛❧♦r❡s ♥ã♦✲✐♥t❡✐r♦s ❞❡ N0 ❡ N1 q✉❡ ❢❛ç❛♠ ❝♦♠ q✉❡ ❛ t❡♦r✐❛

❛♥❛❧ít✐❝❛ ♣❛r❛ ♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ✐♠✐t❡ ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡st❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛✳ ❆♣ós ✉♠ ♣♦✉❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛çã♦✱

❝❤❡❣❛♠♦s ❛ ✉♠ ✈❛❧♦r ❡❢❡t✐✈♦ ❞❡ (N0)ef = (N1)ef = 0, 335 q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ❞✐str✐❜✉✐çã♦

♦❜t✐❞❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ✐♠✐t❡ ❞❡ ❢♦r♠❛ ❡①tr❛♦r❞✐♥❛r✐❛♠❡♥t❡ s❛t✐s❢❛tór✐❛ ❛ ❝✉r✈❛ ❛ss✐♥✲

tót✐❝❛ ♦❜t✐❞❛ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ✸✳✻✶✱ ♥❛ q✉❛❧ ❛ ❝✉r✈❛

❝✐♥③❛ r❡♣r❡s❡♥t❛ ✉♠ ✈❡t♦r ❛ss✐♥tót✐❝♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ✉t✐❧✐③❛♥❞♦ ♦ ✈❛❧♦r ❡❢❡t✐✈♦ ✵✱✸✸✺✳

■♥❢❡❧✐③♠❡♥t❡✱ ♥ã♦ é tr✐✈✐❛❧ ❡st❛❜❡❧❡❝❡r ✉♠❛ r❡❣r❛ s✐♠♣❧❡s q✉❡✱ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❛tr❛✈és

❞♦s ♣❛râ♠❡tr♦s ❞❛ r❡❞❡✱ s❡❥❛ ❝❛♣❛③ ❞❡ ♣r❡✈❡r ♦s ✈❛❧♦r❡s ❡❢❡t✐✈♦s (N0)ef ❡ (N1)ef q✉❡

❢❛③❡♠ ❝♦♠ q✉❡ ❛s ❞✉❛s ❞✐str✐❜✉✐çõ❡s✱ ❛♥❛❧ít✐❝❛ ❡ ♥✉♠ér✐❝❛✱ s❡❥❛♠ ✐❞ê♥t✐❝❛s✳ ▼❡s♠♦

❛ss✐♠✱ é ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡ é ♣❡r❢❡✐t❛♠❡♥t❡ ♣♦ssí✈❡❧ ♠♦❞❡❧❛r ♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦

❞❡ ✉♠❛ r❡❞❡ tã♦ ❝♦♠♣❧❡①❛ q✉❛♥t♦ ✉♠❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ♦ ❛❥✉st❡

❞❡st❡s ❞♦✐s ✈❛❧♦r❡s ❡❢❡t✐✈♦s✳

▼❛✐s ❛❧❣✉♥s ❝❛s♦s s✐♠étr✐❝♦s ❢♦r❛♠ ❛♥❛❧✐s❛❞♦s ✉t✐❧✐③❛♥❞♦ ❡st❡ ♠❡s♠♦ ♠ét♦❞♦✳ ❚✐♣✐✲

❝❛♠❡♥t❡✱ t❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ N0 = N1 = 2✱ ❝♦♠ t♦❞♦s ♦s ♦✉tr♦s ♣❛râ♠❡tr♦s ✐♥❛❧✲

t❡r❛❞♦s ❡♠ N = 200✱ m0 = 10 ❡ m = 5✱ ♥❛ ✜❣✉r❛ ✸✳✻✷✳ ❆ ❛♥á❧✐s❡ ❞❡ ✈❛❧♦r❡s ❡❢❡t✐✈♦s

(N0)ef ❡ (N1)ef q✉❡ r❡♣r♦❞✉③❡♠ ❝♦rr❡t❛♠❡♥t❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss✐♥✲

tót✐❝❛ é s✐♠♣❧❡s ❡ r❡s✉❧t❛ ❡♠ ✉♠ ✈❛❧♦r (N0)ef = (N1)ef = 0, 585✳ ❆♠❜❛s ❛s ❝✉r✈❛s

❛ss✐♥tót✐❝❛s✱ t❛♥t♦ ❛ ♥✉♠ér✐❝❛ ❡♠ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = N1 = 2 ❡ ❛♥❛❧ít✐❝❛ ❡♠

r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❝♦♠ (N0)ef = (N1)ef = 0, 585✱ ❡stã♦ r❡tr❛t❛❞❛s ♥❛ ✜❣✉r❛

✸✳✻✸✳ ◆❡st❡ ❝❛s♦ ♥♦t❛♠♦s q✉❡✱ ♥♦✈❛♠❡♥t❡✱ ❤á ❡①❝❡❧❡♥t❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❛s ❞✉❛s

❝✉r✈❛s✳

✼✽



❋✐❣✉r❛ ✸✳✻✷✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 2✱ N1 = 2✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✻✸✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = N1 = 2 ❝♦rr❡s♣♦♥❞❡♥t❡
❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✻✷ ❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠ (N0)ef =

(N1)ef = 0, 585✳

❯♠ ú❧t✐♠♦ ❝❛s♦ s✐♠étr✐❝♦ ❛♥❛❧✐s❛❞♦ ❢♦✐ ♦ ❞❡ N0 = N1 = 5✱ ❛✐♥❞❛ ❝♦♠ N = 200✱

m0 = 10 ❡ m = 5✳ ❆ ✜❣✉r❛ ✸✳✻✹ ♠♦str❛ ❛ ❞✐♥â♠✐❝❛ ♥❡st❡ ❝❛s♦ ❡ ❛ ✜❣✉r❛ ✸✳✻✺ ♠♦str❛

❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛ ❡ ✉♠❛

❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ♠♦❞❡❧♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠ (N0)ef = (N1)ef = 1, 45✳

❋✐❣✉r❛ ✸✳✻✹✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 5✱ N1 = 5✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

✼✾



❋✐❣✉r❛ ✸✳✻✺✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = N1 = 5 ❝♦rr❡s♣♦♥❞❡♥t❡
❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✻✹ ❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠ (N0)ef =

(N1)ef = 1, 45✳

❘❡ss❛❧t❛♠♦s q✉❡ ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ t♦♠❛♥❞♦ (N0)ef ❡

(N1)ef ❛♣r♦♣r✐❛❞♦s✱ ❢✉♥❝✐♦♥❛ ♠✉✐t♦ ❜❡♠ ❡♠ t♦❞♦s ♦s ❝❛s♦s ❛té ❛❣♦r❛✳ ❘❡st❛ s❛❜❡r s❡

♦ s✉❝❡ss♦ é ♥♦✈❛♠❡♥t❡ ♦❜s❡r✈❛❞♦ ♣❛r❛ r❡❞❡s ❛ss✐♠étr✐❝❛s✳

❈❛s♦ ❞❡ ❊❧❡♠❡♥t♦s ❋✐①♦s ❆ss✐♠❡tr✐❝❛♠❡♥t❡ ❯♠ ú❧t✐♠♦ ❝❛s♦ ❛ ❛♥❛❧✐s❛r ♥❛

t♦♣♦❧♦❣✐❛ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ é ♦ ❝❛s♦ ❡♠ q✉❡ N0 6= N1✱ N0 6= 0 ❡ N1 6= 0✳ ▼❛♥t✐✈❡♠♦s ♦s

♣❛râ♠❡tr♦s ❞❡ r❡❞❡ ✐♥❛❧t❡r❛❞♦s ❡♠ N = 200✱ m0 = 10 ❡ m = 5 ❡ ❛❜♦r❞❛♠♦s três ❝❛s♦s

❛♥❛❧✐t✐❝❛♠❡♥t❡✳

❆ ♣r✐♠❡✐r❛ r❡❞❡ ❛♥❛❧✐s❛❞❛ t♦♠♦✉ N0 = 5 ❡ N1 = 1✳ ❈♦♠♦ s❡r✐❛ ❞❡ s❡ ❡s♣❡r❛r✱ ❡st❛

r❡❞❡ ❝♦♥✈❡r❣✐✉ ♣❛r❛ ✉♠ ❡st❛❞♦ ❛ss✐♥tót✐❝♦ ❞✐❢❡r❡♥t❡ ❞♦ ❞❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱

❡q✉✐✈❛❧❡♥t❡ ❛ N0 ❡ N1 ❡❢❡t✐✈♦s ✐♥❢❡r✐♦r❡s ❛♦s ✈❛❧♦r❡s r❡❛✐s✱ ❝♦♠♦ ♥♦ ❝❛s♦ s✐♠étr✐❝♦

❛♥❛❧✐s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❆ ✜❣✉r❛ ✸✳✻✻ r❡♣r❡s❡♥t❛ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ ❝♦♠ ❡st❛s

❝❛r❛❝t❡ríst✐❝❛s ❡ ❛ ✜❣✉r❛ ✸✳✻✼ ♠♦str❛ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❛ss✐♥tót✐❝❛ ❞❡st❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡

❝♦♥❡❝t❛❞❛ ❝♦♠ (N0)ef = 1, 45 ❡ (N1)ef = 0, 335✳

❋✐❣✉r❛ ✸✳✻✻✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 5✱ N1 = 1✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳
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❋✐❣✉r❛ ✸✳✻✼✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = 5 ❡ N1 = 1 ❝♦rr❡✲
s♣♦♥❞❡♥t❡ ❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✻✻ ❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠
(N0)ef = 1, 45 ❡ (N1)ef = 0, 335✳

❖ s❡❣✉♥❞♦ ❝❛s♦ ❛❜♦r❞❛❞♦ ❢♦✐ ✉♠ ❡♠ q✉❡ N0 = 5 ❡ N1 = 3✳ ❊st❛ r❡❞❡ t❛♠❜é♠

❝♦♥✈❡r❣✐✉ r❛♣✐❞❛♠❡♥t❡ ❡ ♦s s❡✉s r❡s✉❧t❛❞♦s ❡stã♦ ♥❛ ✜❣✉r❛ ✸✳✻✽✳ ❋♦✐ r❡❛❧✐③❛❞❛ ✉♠❛ ❜♦❛

❝♦♠♣❛r❛çã♦ ❞♦ ❡st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡st❛ r❡❞❡ ❝♦♠ ♦ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛

❝♦♠ (N0)ef = 1, 45 ❡ (N1)ef = 0, 83✱ ✐♥❞✐❝❛❞❛ ♥❛ ✜❣✉r❛ ✸✳✻✾✳ ❍á ❛♣❡♥❛s ✉♠❛ ♣❡q✉❡♥❛

❞✐s❝r❡♣â♥❝✐❛ ♣❛r❛ n ♣ró①✐♠♦ ❞❡ 1 ❡♠ r❡❧❛çã♦ à ❝✉r✈❛ ❝♦♥str✉í❞❛ ❝♦♠ ✈❛❧♦r❡s ❡❢❡t✐✈♦s✳

❋✐❣✉r❛ ✸✳✻✽✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 5✱ N1 = 3✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✻✾✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = 5 ❡ N1 = 3 ❝♦rr❡✲
s♣♦♥❞❡♥t❡ ❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✻✽ ❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠
(N0)ef = 1, 45 ❡ (N1)ef = 0, 83✳
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P❛r❛ ❡♥❝❡rr❛r✱ ❛♥❛❧✐s❛♠♦s ✉♠ ú❧t✐♠♦ ❝❛s♦ ❡♠ q✉❡N0 = 5 ❡ N1 = 10✱ r❡♣r♦❞✉③✐❞♦ ♥❛

✜❣✉r❛ ✸✳✼✵✳ ❊st❡ ❝❛s♦ é ♠❛r❝❛♥t❡ ♣♦rq✉❡✱ q✉❛♥❞♦ ❛♥❛❧✐s❛❞❛ ❛ ❝✉r✈❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❛ss✐♥tót✐❝❛ ❞♦ s✐st❡♠❛✱ ❡❧❛ s❡ ❝♦♠♣❛r❛ ❜❡♠ ❝♦♠ ❛ ❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛

❝♦♠ ✈❛❧♦r❡s (N0)ef = 1, 45 ❡ (N1)ef = 2, 95 ❛♠❜♦s s✉♣❡r✐♦r❡s ❛ ✶✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦

❞❛ ✜❣✉r❛ ✸✳✻✺✳

❋✐❣✉r❛ ✸✳✼✵✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = 10✱ N1 = 3✱
n0 = 100✱ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✼✶✿ ❊st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ N0 = 5 ❡ N1 = 10 ❝♦rr❡✲
s♣♦♥❞❡♥t❡ ❛♦ ✜♥❛❧ ❞❛ ✜❣✉r❛ ✸✳✼✵ ❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❝❛s♦ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❝♦♠
(N0)ef = 1, 45 ❡ (N1)ef = 2, 95✳

❚r❛♥s✐çã♦ ❞❡ ❘❡❞❡ ❚♦t❛❧♠❡♥t❡ ❈♦♥❡❝t❛❞❛ ♣❛r❛ ❘❡❞❡ ▲✐✈r❡ ❞❡ ❊s❝❛❧❛ ❯♠❛

♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡ q✉❡ ♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛ é ❛ ❞❡ r❡❛❧✐③❛r

✉♠❛ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛ ❡♥tr❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ♣❛r❛ ❛ q✉❛❧ m0 = N ✱

❡ ✉♠❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 < N ✳ ❆ ✈✐s✉❛❧✐③❛çã♦ ❞❡st❛ tr❛♥s✐çã♦ é ❛ ♠❡❧✲

❤♦r ♠❛♥❡✐r❛ ❞❡ ✈❡r✐✜❝❛r ♦ q✉ã♦ ♠❛✐s rá♣✐❞❛ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛

r❡❛❧♠❡♥t❡ é✳ P❛r❛ ❛s s✐♠✉❧❛çõ❡s ❞❡ tr❛♥s✐çã♦✱ ❡st✐♣✉❧❛♠♦s ✉♠ ✈❛❧♦r ✜①♦ ❞❡ m = 5❀

❝♦♥s✐❞❡r❛♠♦s s❡♠♣r❡ N = 200✱ n0 = 100✱ N0 = N1 = 0 ❡ t❡st❛♠♦s ❛ ❞✐♥â♠✐❝❛ ♣❛r❛

m0 = 200✱ 100✱ 50 ❡✱ ✜♥❛❧♠❡♥t❡✱ m0 = 10✳

✽✷



❋✐❣✉r❛ ✸✳✼✷✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✱ ❡q✉✐✈❛❧❡♥t❡ à r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛
❝♦♠ m0 = 200✱ m = 5✱ N0 = N1 = 0✱ ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✼✸✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 100✱ m = 5✱ N0 = N1 = 0✱
ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✼✹✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 50✱ m = 5✱ N0 = N1 = 0✱
ndivs = 1000 ❡ nsims = 107✳

❋✐❣✉r❛ ✸✳✼✺✿ ❉✐♥â♠✐❝❛ ❞❡ r❡❞❡ ❧✐✈r❡ ❞❡ ❡s❝❛❧❛ ❝♦♠ m0 = 10✱ m = 5✱ N0 = N1 = 0✱
ndivs = 1000 ❡ nsims = 107✳
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❱❡♠♦s ❞❡st❡s r❡s✉❧t❛❞♦s q✉❡ r❡❞❡s ❝♦♠ N = 200 sã♦ ♠❛✐s rá♣✐❞❛s ♥♦ ❝❛s♦ ❡♠

q✉❡ m0 = 50 ❞♦ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ m0 = 10✳ ■st♦ ✐♥❞✐❝❛ q✉❡ ❛ ❞✐♥â♠✐❝❛ t❡♠ s❡✉

♠á①✐♠♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❡s♣❡❝í✜❝♦ ❞❡ ✈❛❧♦r❡s ❡ ♥ã♦ é ❛✉t♦♠át✐❝♦ q✉❡✱

r❡❞✉③✐♥❞♦✲s❡ m0✱ ♦❜t❡♠♦s ✉♠❛ ❞✐♥â♠✐❝❛ ♠❛✐s rá♣✐❞❛✳

❈♦♠ ❡st❡s r❡s✉❧t❛❞♦s✱ ❡♥❝❡rr❛♠♦s ❛ ♥♦ss❛ ❛♥á❧✐s❡ ❝♦♠♣❛r❛t✐✈❛ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s

❧✐✈r❡s ❞❡ ❡s❝❛❧❛ ❝♦♠ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ ♣❛r❛ ❛s q✉❛✐s t❡♠♦s ✉♠ ♠♦❞❡❧♦ q✉❡

s❡ ♣r♦✈♦✉ s❡r ❜❛st❛♥t❡ ❛♣❧✐❝á✈❡❧ ❡♠ ❞✐♥â♠✐❝❛s ❡♠ ❣❡r❛❧✳
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❈❛♣ít✉❧♦ ✹

❈♦♥❝❧✉sã♦

◆❡st❡ tr❛❜❛❧❤♦✱ tí♥❤❛♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ✉♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❞❡ ❞✐♥â♠✐❝❛s ❞❡ ❞♦✐s

❡st❛❞♦s ❡♠ r❡❞❡s ❞❡ ❞✐❢❡r❡♥t❡s t♦♣♦❧♦❣✐❛s✱ ❝♦♠ ✉♠ ♠♦❞❡❧♦ q✉❡ ♣r❡✈✐❛ ❛ ✐♥❝❧✉sã♦ ❞❡

❡❧❡♠❡♥t♦s ❞❛ r❡❞❡ ❝✉❥♦ ❡st❛❞♦ ✐♥t❡r♥♦ é ✜①♦✳ ❖r✐❣✐♥❛❧♠❡♥t❡✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ❛❜♦r✲

❞❛❣❡♥s t❛♥t♦ ❛♥❛❧ít✐❝❛s q✉❛♥t♦ ♥✉♠ér✐❝❛s✳ ❏á tí♥❤❛♠♦s ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❝♦♠♣❧❡t❛

♣❛r❛ ♦ ❝❛s♦ s❡♠ ❡st❛❞♦s ✐♥t❡r♥♦s ✜①♦s ❡♠ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ ♠❛s ❡st❡ ❡r❛

✉♠ r❡s✉❧t❛❞♦ ❞❡ t❛♠❛♥❤❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❞❡❞✉çã♦ q✉❡ ♥ã♦ ❤❛✈✐❛ t❛♥t❛ ❡s♣❡r❛♥ç❛ ❞❡

❜♦♥s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❣❡r❛✐s ♣❛r❛ ♦ ❝❛s♦ ❝♦♠ ❡st❛❞♦s ✐♥t❡r♥♦s ✜①♦s✳

❉✉r❛♥t❡ ♦s ♥♦ss♦s ❡st✉❞♦s✱ ❢♦♠♦s ❝❛♣❛③❡s ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❝♦♠✲

♣❧❡t❛ ♣❛r❛ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s ♣❛r❛ ❛s q✉❛✐s ❤á ♥ós ❝♦♠ ❡st❛❞♦s ✐♥t❡r♥♦s ✜①♦s✳

❆ ♥♦ss❛ ♥♦✈❛ ❞❡❞✉çã♦ é ♠❛✐s s✐♠♣❧❡s ❡ ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ❛ s♦❧✉çã♦ ♦r✐❣✐♥❛❧ ✭❬✽❪✮ ♣❛r❛

r❡❞❡s ❧✐✈r❡s✱ ❡ é ♥❡st❡ ♣♦♥t♦ q✉❡ s❡ ❡♥❝♦♥tr❛ ❛ s✉❛ ✉t✐❧✐❞❛❞❡❀ ♥❛ r❡❛❧✐❞❛❞❡✱ ❛ s♦❧✉çã♦

♦r✐❣✐♥❛❧ t♦r♥♦✉✲s❡ ♦❜s♦❧❡t❛ ❡ ♥ã♦ ❢♦✐ ♥❡♠ s❡q✉❡r ✐♥❝❧✉í❞❛ ♥❡st❡ t❡①t♦✳

❊st❛ s♦❧✉çã♦ ❢♦✐ ❡♥❝♦♥tr❛❞❛ t♦♠❛♥❞♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❜❛st❛♥t❡ ❝♦♠✉♠ ❡♠ ♣r♦❜✲

❧❡♠❛s ❡♠ ❢ís✐❝❛✿ tr❛♥s❢♦r♠♦✉✲s❡ ♦ ♣r♦❜❧❡♠❛ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡ ❛✉✲

t♦✈❡t♦r❡s✳ ❯♠❛ ✈❡③ ❢❡✐t♦ ✐ss♦✱ ❡♥❝♦♥tr❛r ♦s ❛✉t♦✈❡t♦r❡s ❡ ❛✉t♦✈❛❧♦r❡s é ❛♣❡♥❛s ✉♠

♣r♦❜❧❡♠❛ ❛❧❣é❜r✐❝♦✳ ❈❛❜❡ ❛ ♥ós t❛♠❜é♠ ✉t✐❧✐③❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠❛ ❢♦r♠❛ s✐❣♥✐✜❝❛✲

t✐✈❛✱ t♦♠❛♥❞♦ ❛♣r♦①✐♠❛çõ❡s ❡ ♦❜s❡r✈❛♥❞♦ ❣r❛♥❞❡③❛s ♠❛✐s ❡s♣❡❝í✜❝❛s ❝♦♥t✐❞❛s ❞❡♥tr♦

❞❡st❛ ♥♦ss❛ s♦❧✉çã♦ ❣❡r❛❧✳ ➱ ❛q✉✐ t❛♠❜é♠ q✉❡ s❡r✐❛ ❛♣r♦♣r✐❛❞♦ ✉♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❢✉t✉r♦❀ ✉♠ ❝❡rt♦ ❡s❢♦rç♦ ❡①♣❧♦r❛tór✐♦ q✉❡ ✜③❡ss❡ ✉s♦ ❞❡ ♥♦ss♦s r❡s✉❧t❛❞♦s ♣♦❞❡r✐❛ ♣♦s✲

s✐✈❡❧♠❡♥t❡ ❧❡✈❛r ❛ ♥♦✈❛s ✐❞é✐❛s✳

❉❡♣♦✐s ❞❡ ❞❡s❡♥✈♦❧✈✐❞❛ ❡ss❛ r❡s♣♦st❛ ❛♥❛❧ít✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❣❡r❛❧ ❡♠ r❡❞❡s t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ ♣❛rt✐♠♦s ♣❛r❛ ♦s ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ❡♠ ♦✉tr❛s r❡❞❡s✳ ❋♦r❛♠ ❡s✲

t✉❞❛❞❛s✱ s♦❜ ♦ ♠❡s♠♦ ❡♥❢♦q✉❡ ❞❡ ❞✐♥â♠✐❝❛ ❞❡ ❞♦✐s ❡st❛❞♦s✱ ♦✉tr♦s ❝✐♥❝♦ t✐♣♦s ❞❡

r❡❞❡s✱ ✐♥❝❧✉✐♥❞♦ r❡❞❡s r❡t✐❝✉❧❛❞❛s✱ ♠✉♥❞♦ ♣❡q✉❡♥♦✱ ❛❧❡❛tór✐❛s✱ ❡str❡❧❛ ❡ ❧✐✈r❡s ❞❡ ❡s✲

❝❛❧❛✱ ❝❛❞❛ ✉♠❛ ❝♦♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✐♥❝❧✉✐r ♦✉ ♥ã♦ ❡❧❡♠❡♥t♦s ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦

✜①♦✳ P❛r❛ ❛s r❡❞❡s ❧✐✈r❡s ✭✐✳❡✳✱ s❡♠ ♥ós ❝♦♠ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦✮✱ ❛ ♥♦ss❛ s♦❧✉çã♦

✽✺



❛♥❛❧ít✐❝❛ ❡①♣❧✐❝❛ ❝♦♠ ❡①❝❡❧❡♥t❡ ♣r❡❝✐sã♦ ❛ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s ❛❧❡❛tór✐❛s✳ ❈♦♠ ♠❡♥♦s

s✉❝❡ss♦✱ ❛ ❞✐♥â♠✐❝❛ ❞❡ r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛ t❛♠❜é♠ s❡ ❛ss❡♠❡❧❤❛ à ❞♦ ❝❛s♦ t♦t❛❧✲

♠❡♥t❡ ❝♦♥❡❝t❛❞♦✱ s❡ ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ♥♦ t❡♠♣♦✳ P❛r❛ r❡❞❡s ❡str❡❧❛✱

✈❡r✐✜❝❛♠♦s ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ t❛♠❜é♠ r❛③♦á✈❡❧✱ ❞❡s❞❡ q✉❡ m0 ≫ 1✳ ❆s r❡❞❡s r❡t✐❝✲

✉❧❛❞❛s ♠♦str❛r❛♠✲s❡ ❜❛st❛♥t❡ ❞✐❢❡r❡♥t❡s ❡♠ t❡r♠♦s ❞❛ ❞✐♥â♠✐❝❛❀ ❝♦♥❢r♦♥t❛❞♦s ❝♦♠

❡st❛ ❞✐❢❡r❡♥ç❛✱ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♣❡q✉❡♥♦ ♠♦❞❡❧♦ ❛♥❛❧ít✐❝♦ ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡

❡s♣❛ç♦s ❝♦♠ ❡st❛❞♦s ✐♥t❡r♥♦s ✜①♦s ❡ ✈❡r✐✜❝❛♠♦s ❜♦❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛✳ ❉❡st❛ ❢♦r♠❛✱

❝❤❡❣❛♠♦s à ❝♦♥❝❧✉sã♦ ❞❡ q✉❡ ♦ ♥♦ss♦ ♠♦❞❡❧♦ ❛♥❛❧ít✐❝♦ t❡♠ ♠ér✐t♦ ♣❛r❛ r❡❞❡s ❧✐✈r❡s ❞❡

❡s❝❛❧❛ ❡ ❛❧❡❛tór✐❛s✱ ♠❛s ❢❛❧❤❛ q✉❛♥❞♦ ❝♦♥❢r♦♥t❛❞♦ ❝♦♠ r❡❞❡s ❞❡ ❝❛rát❡r ❡①t❡♥s♦✱ ❝♦♠♦

r❡❞❡s r❡t✐❝✉❧❛❞❛s✳

❖s ❝❛s♦s ❡st✉❞❛❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❡stã♦ r❡❧❛t❛❞♦s ♥❛ t❛❜❡❧❛ ✹✳✶✳ ◆♦t❡ q✉❡ ❝♦♥❝❡♥✲

tr❛♠♦s ♦s ♥♦ss♦s ❡s❢♦rç♦s ♥❛s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛✱ ♣❛r❛ ❛s q✉❛✐s ❤á ✉♠❛ q✉❛♥t✐❞❛❞❡

❡♥♦r♠❡ ❞❡ ❡①❡♠♣❧♦s❀ r❡❞❡s r❡t✐❝✉❧❛❞❛s ❡ r❡❞❡s ♠✉♥❞♦ ♣❡q✉❡♥♦ tê♠ s✉❛ ✐♠♣♦rtâ♥❝✐❛

r❡❞✉③✐❞❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛✳

❘❡❞❡ ❘❡t✐❝✉❧❛❞❛ ▼✉♥❞♦ P❡q✉❡♥♦ ❚❈✴❆❧❡❛tór✐❛ ▲✐✈r❡ ❞❡ ❊s❝❛❧❛ ❊str❡❧❛

N0 = N1 = 0
√ √ √ √ √

N0 6= 0✱ N1 = 0 × × √ √ √

N0 = N1 6= 0
√

✭N0 = N1 = 1) × √ √ √

N0 6= 0✱ N1 6= 0✱ N0 6= N1 × × √ √ ×

❚❛❜❡❧❛ ✹✳✶✿ ❘❡s✉♠♦ ❞♦s ❝❛s♦s ❛♥❛❧✐s❛❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡✳ ◆♦t❡ q✉❡
√

❞❡s✐❣♥❛ ❝❛s♦s
❛❜♦r❞❛❞♦s ❡ × ❞❡s✐❣♥❛ ❝❛s♦s q✉❡ ♥ã♦ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s✳

❊♠ t❡r♠♦s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛✱ ♣✉❞❡♠♦s ♦r❞❡♥❛r ♦s t✐♣♦s ❞❡ r❡❞❡ ❡♠ ✉♠❛

♦r❞❡♠ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❝r❡s❝❡♥t❡✳ ❊st❛ ♦r❞❡♠✱ ✐♥❞♦ ❞❛ r❡❞❡ ❝♦♠ ❞✐♥â♠✐❝❛ ♠❛✐s ❧❡♥t❛ ♣❛r❛

❛ ♠❛✐s rá♣✐❞❛✱ é ❜❛st❛♥t❡ s✐♠♣❧❡s ❡ r❛③♦á✈❡❧✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❛s r❡❞❡s r❡t✐❝✉❧❛❞❛s✱ ❝♦♠

♦ s❡✉ ❛s♣❡❝t♦ ❡①t❡♥s♦✱ sã♦ ❛s r❡❞❡s ♠❛✐s ❧❡♥t❛s✳ ❆s r❡❞❡s ❞❡ ♠✉♥❞♦ ♣❡q✉❡♥♦✱ ❣❡r❛❞❛s

♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ r❡❛❧♦❝❛çã♦ ❛❧❡❛tór✐❛ ❞❡ ❲❛tts✲❙tr♦❣❛t③✱ sã♦ r❡❞❡s ❝✉❥❛ ❞✐♥â♠✐❝❛ é

♠✉✐t♦ ❛❝❡❧❡r❛❞❛ ❡♠ r❡❧❛çã♦ às r❡t✐❝✉❧❛❞❛s ❝♦♥✈❡♥❝✐♦♥❛✐s✱ ✉♠❛ ✈❡③ q✉❡ ❤á ❛ ♣r❡s❡♥ç❛

❞❡ ✧❛t❛❧❤♦s✧ ♥❛ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡✳ ❆s r❡❞❡s ❛❧❡❛tór✐❛s✱ ❝❛s♦ ❡①tr❡♠♦ ❞❛s r❡❞❡s ❞❡

❲❛tts✲❙tr♦❣❛t③✱ sã♦ ♦ ♥♦ss♦ ♣❛❞rã♦ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✭✐❞ê♥t✐❝♦ à ✈❡❧♦❝✐❞❛❞❡

❞❡ ✉♠❛ r❡❞❡ t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛✮❀ ❡♠ s❡❣✉✐❞❛✱ ❛s r❡❞❡s ♠❛✐s rá♣✐❞❛s✱ ❡♠ ♦r❞❡♠

❝r❡s❝❡♥t❡✱ sã♦ ❛s r❡❞❡s ❧✐✈r❡s ❞❡ ❡s❝❛❧❛ ❡ ❛s r❡❞❡s ❡str❡❧❛✳ ❆ ✜❣✉r❛ ✹✳✶ ♠♦str❛ ❡st❛

t❡♥❞ê♥❝✐❛ ❡♠ ✉♠ ❞✐❛❣r❛♠❛ ❝♦♠♣❛r❛t✐✈♦✳
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❋✐❣✉r❛ ✹✳✶✿ ❉✐❛❣r❛♠❛ ❝♦♠♣❛r❛t✐✈♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛ ❞❛s ❝✐♥❝♦ r❡❞❡s✳ ◆♦t❡ q✉❡
❡①❝❧✉í♠♦s r❡❞❡s ❡str❡❧❛s ❞❡st❡ ❞✐❛❣r❛♠❛✳

◗✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛♠ r❡❞❡s ❝♦♠ ❡❧❡♠❡♥t♦s ✜①♦s✱ ♣❛r❛ ❛s q✉❛✐s N0 6= 0 ❡ N1 6= 0✱

t❡♠♦s ♠❛✐s ✉♠❛ sér✐❡ ❞❡ r❡s✉❧t❛❞♦s ❡ ♦ ♠♦❞❡❧♦ ❛♥❛❧ít✐❝♦ ♠♦str❛✲s❡ út✐❧ ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞♦

❡st❛❞♦ ❛ss✐♥tót✐❝♦ ❞❛ r❡❞❡ ✭♣❛r❛ t→ ∞✮ s❡ ❛❥✉st❛r♠♦s ♦s ♣❛râ♠❡tr♦s N0 ❡ N1 ❞❛ ♥♦ss❛

s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡①❛t❛ ♣❛r❛ ♦s s❡✉s ✈❛❧♦r❡s ❡❢❡t✐✈♦s ✱ ❝♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❖

♠♦❞❡❧♦ ❛♥❛❧ít✐❝♦ ❣❛♥❤❛ ❛❜r❛♥❣ê♥❝✐❛ ❛♦ s❡r ❝❛♣❛③ ❞❡ ❝♦♠♣❛r❛r r❡❞❡s q✉❛✐sq✉❡r ❝♦♠ ♥ós

❞❡ ❡st❛❞♦ ✐♥t❡r♥♦ ✜①♦ ❝♦♠ r❡❞❡s t♦t❛❧♠❡♥t❡ ❝♦♥❡❝t❛❞❛s✱ ❡ ❞❡s❝r❡✈❡ ❝♦♠ ❜♦❛ ♣r❡❝✐sã♦

♦ q✉❡ ❛❝♦♥t❡❝❡ ❡♠ r❡❞❡s ♠❛✐s ❝♦♠♣❧❡①❛s ❛ss✐♥t♦t✐❝❛♠❡♥t❡✳

❊st❡ tr❛❜❛❧❤♦ ♣♦❞❡r✐❛ ❛✐♥❞❛ s❡r ❡st❡♥❞✐❞♦ ❡♥❝♦♥tr❛♥❞♦✲s❡ (N0)ef ❡ (N1)ef ❝♦♠♦

❢✉♥çõ❡s ❞♦ t✐♣♦ ❞❡ r❡❞❡ ❡ ❞♦s ♣❛râ♠❡tr♦s ❞❡st❛ r❡❞❡✳ ❆té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✱ ♥ã♦

t✐✈❡♠♦s s✉❝❡ss♦ ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ ❢♦r♠❛ s✉✜❝✐❡♥t❡♠❡♥t❡ s✐♠♣❧❡s ❞❡ ♠❛♣❡❛r ♦s ✈❛❧♦r❡s

❡❢❡t✐✈♦s q✉❡ ❡♥❝♦♥tr❛♠♦s ❡♠♣✐r✐❝❛♠❡♥t❡ ❝♦♠ ❛❧❣✉♠❛ ❢ór♠✉❧❛ q✉❡ s❡❥❛ ❝❛♣❛③ ❞❡ ♣r❡✈❡r

❡st❡s ✈❛❧♦r❡s✳

❯♠❛ ♦✉tr❛ ❡①t❡♥sã♦ ♣♦ssí✈❡❧ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦ s❡r✐❛ ❝♦♥s✐❞❡r❛r s✐st❡♠❛s ❝♦♠ ♠❛✐s

❞❡ ❞♦✐s ❡st❛❞♦s ✐♥t❡r♥♦s✳ ❆❧❣✉♥s t❡st❡s ✐♥✐❝✐❛✐s ❝♦♠ ♥ós ❝♦♠ três ❡st❛❞♦s ✐♥t❡r♥♦s

❢♦r❛♠ r❡❛❧✐③❛❞♦s✱ ♠❛s s❡♠ ♠✉✐t♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥t❡r❡ss❡ ❛té ❡st❡ ♣♦♥t♦✳ ➱ ❝❧❛r♦ q✉❡✱

❝♦♠ três ❡st❛❞♦s ✐♥t❡r♥♦s✱ ♦ tr❛❜❛❧❤♦ ❛♥❛❧ít✐❝♦ ♣r♦✈❛✈❡❧♠❡♥t❡ t♦r♥❛✲s❡ ♠❛✐s ❞✐❢í❝✐❧✱

♠❛s ♣r♦✈❛✈❡❧♠❡♥t❡ ❛✐♥❞❛ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ♣❡❧♦ ♠❡♥♦s ♦s ❡st❛❞♦s ❛ss✐♥tót✐❝♦s ❞❡

❡q✉✐❧í❜r✐♦ ♣❛r❛ ❛ r❡❞❡✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ✐st♦ ♣♦❞❡r✐❛ s❡r ✐♥✈❡st✐❣❛❞♦ ♠❛✐s ❛ ❢✉♥❞♦✳

✽✼



❈♦♥❝❧✉✐♥❞♦✱ ❡st❡ tr❛❜❛❧❤♦ t❡✈❡ ❡①❝❡❧❡♥t❡ s✉❝❡ss♦ ❡♠ ❡st✉❞❛r ♣r♦❝❡ss♦s ❞✐♥â♠✐❝♦s

❣❡r❛✐s✱ ❞❡s❝r✐t♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ♠♦❞❡❧♦ ❡①tr❡♠❛♠❡♥t❡ s✐♠♣❧❡s✱ ❡♠ ♠✉✐t❛s r❡❞❡s ❞❡

❝♦♠♣❧❡①✐❞❛❞❡ ♥ã♦✲tr✐✈✐❛❧✳ ◆ã♦ só ❢♦r❛♠ ❢❡✐t♦s ❡st✉❞♦s ♥✉♠ér✐❝♦s ❡①t❡♥s✐✈♦s✱ ♠❛s t❛♠✲

❜é♠ ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡s ❡ ✐♥é❞✐t♦s✳
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❘✳ ❉✉rr❡tt ❛♥❞ ❙✳❆✳ ▲❡✈✐♥✱ P❤✐❧♦s✳ ❚r❛♥s✳ ❘✳ ❙♦❝✳ ▲♦♥❞♦♥✱ ❙❡r✳ ❇ ✸✹✸✱ ✸✷✾ ✭✶✾✾✹✮✳
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❬✺❪ ❍✳ ❙❛②❛♠❛✱ ▼✳❆✳▼✳ ❞❡ ❆❣✉✐❛r✱ ❊✳ ❘❛✉❝❤✱ ❨✳ ❇❛r✲❨❛♠ ❛♥❞ ▼✳ ❇❛r❛♥❣❡r✱ P❤②s✳ ❘❡✈✳ ❊✻✺ ✭✷✵✵✷✮

✵✺✶✾✶✾✳

❬✻❪ ▼✳❆✳▼✳ ❞❡ ❆❣✉✐❛r✱ ❍✳ ❙❛②❛♠❛✱ ❊✳ ❘❛✉❝❤✱ ❨✳ ❇❛r✲❨❛♠ ❛♥❞ ▼✳ ❇❛r❛♥❣❡r✱ P❤②s✳ ❘❡✈✳ ❊✻✺ ✭✷✵✵✷✮

✸✶✾✵✾✳

❬✼❪ ❊✳ ▼✳ ❘❛✉❝❤ ❛♥❞ ❨✳ ❇❛r✲❨❛♠✱ ◆❛t✉r❡ ✹✸✶✱ ✹✹✾ ✭✷✵✵✹✮✳

❬✽❪ ▼✳❆✳▼✳ ❞❡ ❆❣✉✐❛r✱ ■✳❘✳ ❊♣st❡✐♥ ❛♥❞ ❨✳ ❇❛r✲❨❛♠✱ P❤②s✳ ❘❡✈✳ ❊✼✷ ✭✷✵✵✺✮ ✵✻✼✶✵✷✳

❬✾❪ ❊r❞ös✱ P✳ ❛♥❞ ❆✳ ❘é♥②✐✱ ✶✾✺✾✱ P✉❜❧✳ ▼❛t❤✳ ❉❡❜r❡❝❡♥ ✻✱ ✷✾✵✳

❬✶✵❪ ❊r❞ös✱ P✳ ❛♥❞ ❆✳ ❘é♥②✐✱ ✶✾✻✵✱ P✉❜❧✳ ▼❛t❤✳ ■♥st✳ ❍✉♥❣✳ ❆❝❛❞✳ ❙❝✐ ✺✱ ✶✼✳

❬✶✶❪ ❊r❞ös✱ P✳ ❛♥❞ ❆✳ ❘é♥②✐✱ ✶✾✻✶✱ ❇✉❧❧✳ ■♥st✳ ■♥t✳ ❙t❛t✳ ✸✽✱ ✸✹✸✳

❬✶✷❪ ❇♦❧❧♦❜ás✱ ❇✳✱ ✶✾✽✺✱ ❘❛♥❞♦♠ ●r❛♣❤s ✭❆❝❛❞❡♠✐❝ Pr❡ss✱ ▲♦♥❞♦♥✳✮

❬✶✸❪ ❲❛tts✱ ❉✳❏✳ ❛♥❞ ❙✳❍✳ ❙tr♦❣❛t③✱ ✶✾✾✽✱ ◆❛t✉r❡ ✸✾✸✱ ✹✹✵✳

❬✶✹❪ ❇r♦❞❡r✱ ❆✳✱ ❘✳ ❑✉♠❛r✱ ❋✳ ▼❛❣❤♦✉❧✱ P✳ ❘❛❣❤❛✈❛♥✱ ❙✳ ❘❛❥❛❧♦♣❛❣❛♥✱ ❘✳ ❙t❛t❛✱ ❆✳ ❚♦♠❦✐♥s ❛♥❞ ❏✳

❲✐❡♥❡r✱ ✷✵✵✵✱ ❈♦♠♣✉t✳ ◆❡t✇✳ ✸✸ ✸✵✾✳

❬✶✺❪ ❇❛r❛❜ás✐✱ ❆✳✲▲✳✱ ❘✳ ❆❧❜❡rt ❛♥❞ ❍✳ ❏❡♦♥❣✱ ✶✾✾✾✱ ❙❝✐❡♥❝❡ ✷✽✻✱ ✺✵✾

❬✶✻❪ ●r❛❞s❤t❡②♥ ■✳❙✳✱ ❘②③❤✐❦ ■✳▼✳ ✶✾✾✻✱ ❚❛❜❧❡s ♦❢ ■♥t❡❣r❛❧s✱ ❙❡r✐❡s ❛♥❞ Pr♦❞✉❝ts✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱

■◆❈

❬✶✼❪ ❘✳ ❆❧❜❡rt ❛♥❞ ❆✳✲▲✳ ❇❛r❛❜ás✐✱ ❘❡✈✳ ▼♦❞✳ P❤②s✳ ✼✹ ✭✷✵✵✷✮ ✹✼✳

❬✶✽❪ ❨✳ ❇❛r✲❨❛♠ ❛♥❞ ■✳ ❊♣st❡✐♥✱ P◆❆❙ ✶✵✶✱ ✹✸✹✶ ✭✷✵✵✹✮✳

❬✶✾❪ ▲✳ ❍✳ ❍❛rt✇❡❧❧✱ ❏✳ ❏✳ ❍♦♣✜❡❧❞✱ ❙✳ ▲❡✐❜❧❡r✱ ❆✳ ❲✳ ▼✉rr❛②✱ ◆❛t✉r❡ ✹✵✷ ✭✶✾✾✾✮ ❈✹✼ ✳

❬✷✵❪ ❨✳ ▼♦r❡♥♦✱ ▼✳ ◆❡❦♦✈❡❡ ❛♥❞ ❆✳❋✳ P❛❝❤❡❝♦✱ P❤②s✳ ❘❡✈✳ ❊ ✻✾ ✭✷✵✵✹✮ ✵✻✻✶✸✵✳
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❬✷✶❪ ❙✳ ❇♦❝❝❛❧❡tt✐✱ ❱✳ ▲❛t♦r❛✱ ❨✳ ▼♦r❡♥♦✱ ▼✳ ❈❤❛✈❡③ ❛♥❞ ❉✳✲❯✳ ❍✇❛♥❣✱ P❤②s✳ ❘❡♣✳ ✹✷✹ ✷✵✵✻ ✶✼✺✳
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