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✸✳✶✳✶ ❚r❛❜❛❧❤♦ ❞❡ ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✶✳✷ ❘❡♣❡t✐♥❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✷ ❈♦♠♣❛r❛♥❞♦ ❝♦♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✸ ❊①❡♠♣❧♦ ❞❛ ♦♥❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✹ ▼ét♦❞♦s ❊s♣❡❝tr❛✐s ❡ ▼❛♣❡❛♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✹✳✶ ▼❛♣❡❛♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✹✳✷ ▼❛♣❡❛♠❡♥t♦ ❘❛❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹ ❊st❛❜✐❧✐❞❛❞❡ ❞❡ ❛❧❣✉♥s ❦✐♥❦s ✹✽

✹✳✶ λφ4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✷ ▼❙❚❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✸ ❇◆❘❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✹ ▼♦❞❡❧♦ ❙✐❣♠❛ ♠❛ss✐✈♦ ♥ã♦ ❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✺ ❈♦♥❝❧✉sõ❡s ✻✽
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✶✳✶ ❊①❡♠♣❧♦ ❞❡ ♣♦t❡♥❝✐❛✐s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷ P♦t❡♥❝✐❛❧✱ ❦✐♥❦ ❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❞❡ φ4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸ P♦t❡♥❝✐❛❧ ❡ ❦✐♥❦ ❞❡ ♣♦t❡♥❝✐❛❧ ❙❡♥♦✲●♦r❞♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ φ̄SA ♣❛r❛ ♦s t❡♠♣♦s✱ ❛✮ −10✱ ❜✮ −0.5 ❡ ❝✮ 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✺ φ̄SS ♣❛r❛ ♦s t❡♠♣♦s✱ ❛✮ −10✱ ❜✮ −0.5 ❡ ❝✮ 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✻ ❆ s♦❧✉çã♦ ❞♦ ❇r❡❛t❤❡r ♣❛r❛ ♦s t❡♠♣♦s✱ ❛✮ −5✱ ❜✮ −0.5 ❡ ❝✮ 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✼ ❖ ❦✐♥❦ ❚❑✶ ❡♠ ❛✮ ❡ ♦ ❚❑✷ ❡♠ ❜✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✽ ❑✐♥❦s ♦❢ ▼❙❚❇✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✾ ❑✐♥❦s ❇◆❘❚✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✶✵ ❑✐♥❦s ❑✶ ❧✐♥❤❛ ❝r✉③❛ ♦ ❡✐①♦ φ2✱ ❑✷ é ❛ ❧✐♥❤❛ q✉❡ ❝r✉③❛ ♦ ❡✐①♦ φ1✳ ❋✐❣✉r❛ t♦♠❛❞❛ ❞♦

❛rt✐❣♦ ❬✶❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✶✶ ❑✐♥❦s ◆❚❑✱ q✉❛♥❞♦ t❡♠♦s σ = 0.7✱ ǫ1 = ǫ2 = ǫ3 = 0✱ γ1 = 0 ❡ γ2 = 0 ♥❛ ❡sq✉❡r❞❛✱

γ2 = 5 ♥♦ ❝❡♥tr♦ ❡ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ γ2 ♥❛ ♠❡s♠❛ ✜❣✉r❛✱ q✉❡ ♠♦str❛ q✉❡ t♦❞❛s ❛s

tr❛❥❡tór✐❛s ♣❛ss❛♠ ♣❡❧♦ ♠❡s♠♦ ♣♦♥t♦✳ ❋✐❣✉r❛ t♦♠❛❞❛ ❞❡ ❬✷❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✶ ❊sq✉❡♠❛ ❞❡ ✺ ♣♦♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✷ ❊①❡♠♣❧♦ ❞❡ ✉♠ ❡sq✉❡♠❛ ✐♠♣❧í❝✐t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✶ ❊♠ ❛✮ t❡♠♦s ♦ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦ ♥❛ ❝♦♦r❞❡♥❛❞❛ x✳ ❊♠ ❜✮ t❡♠♦s ❛ ♣❡rt✉r❜❛çã♦

❣❛✉ss✐❛♥❛ ♥❛ ❝♦♦r❞❡♥❛❞❛ ξ✱ ❡ ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡❧❛ ❝♦♠ ◆❂✹✱ ◆❂✼ ❡ ◆❂✶✶✱ ✉s❛♥❞♦

♦s ♣❛râ♠❡tr♦s ♣❛râ♠❡tr♦s A0 = 0.4✱ σ = 0.2✱ ξ0 = −0.562 ❡ b = 1.5 ♥♦s ❞♦✐s ❝❛s♦s✳ ✳ ✸✻

✸✳✷ ❊♠ ❛✮ ❡ ❜✮ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝♦❡✜❝✐❡♥t❡ a0(t)✱ ❛té T = 100 ❡ T = 2000

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ❝✮ ♠♦str❛✲s❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ a3(t) ❛té T = 150✳ ❚♦❞♦s

❡❧❛s sã♦ ❝❛❧❝✉❧❛❞❛s ❝♦♠ ♣❛râ♠❡tr♦s A0 = 0.4✱ σ = 0.2✱ ξ0 = −0.562 ❡ b = 1.5✳ ✳ ✳ ✳ ✳ ✸✻

✐①
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✸✳✸ ❊s♣❡❝tr♦ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ♣❡rt✉r❜❛çã♦ ♠❡❞✐❛✱ ♣❛r❛ ❛♠♣❧✐t✉❞❡s A0 = 0.08, 0.2 ❡ 0.7

♥❛s ✜❣✉r❛s ❛✮✱❜✮ ❡ ❝✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✹ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❦✐♥❦ ❡ ❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ ✈ár✐♦s t❡♠♣♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✺ ❊♥❡r❣✐❛ t♦t❛❧ ❛té t❂✶✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✻ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉s❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ✺ ♣♦♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✼ ❊♥❡r❣✐❛ t♦t❛❧ ❢❛③❡♥❞♦ ❛ ❡✈♦❧✉çã♦ ❝♦♠ ♦ ❡sq✉❡♠❛ ❞❡ ✺ ♣♦♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✽ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉s❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ✾ ♣♦♥t♦s ✐♠♣❧í❝✐t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✾ ❊♥❡r❣✐❛ t♦t❛❧ ❢❛③❡♥❞♦ ❛ ❡✈♦❧✉çã♦ ❝♦♠ ♦ ❡sq✉❡♠❛ ❞❡ ✾ ♣♦♥t♦s ✐♠♣❧í❝✐t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✶✵ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉s❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ❙tr❛✉ss✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✶ E ❡ G ❢❛③❡♥❞♦ ❛ ❡✈♦❧✉çã♦ ❝♦♠ ♦ ❡sq✉❡♠❛ ❞❡ ❙tr❛✉ss✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✷ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❝♦♠ ✉♠ ♣❡r✜❧ ❣❛✉ss✐❛♥♦ ✐♥✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✸ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡♣♦✐s ❞❡ t❡♠♣♦ t = 2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✶✹ ▼❛♣❡❛♠❡♥t♦ tanh✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✶✺ ❉✐stâ♥❝✐❛ ♠á①✐♠❛ ✈s Nx✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✶✻ ❱ár✐♦s s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✶✼ P❛r❛ ♦ ♠❛♣❡❛♠❡♥t♦ r❛❝✐♦♥❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✶ ❊♥❡r❣✐❛ ❞❛ ♣❡rt✉r❜❛çã♦ ❞✐ss✐♣❛❞❛ ❡♠ r❛❞✐❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✷ ❚❡♠♦s ✉♠ ♦s❝✐❧❧♦♥ ❡ ✉♠ ❦✐♥❦ q✉❛♥❞♦ ❛ ♣❡rt✉r❜❛çã♦ é ♠❛✐♦r✱ A ∼ 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✸ ❙❡ ❛ ❡♥❡r❣✐❛ é ♠❛✐♦r ❞♦ q✉❡ q✉❛tr♦ ✈❡③❡s ❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✱ ♣♦❞❡♠♦s t❡r ❦✐♥❦s ❡

❛♥t✐✲❦✐♥❦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✹ ◆❡st❛ ✜❣✉r❛ t❡♠♦s ❡♥❡r❣✐❛s ❞❛ ♦r❞❡♠ ❞❡ 70 ✈❡③❡s ❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✳ ◗✉❛♥❞♦ ❡st❛♠♦s

♥♦s ♣r✐♠❡✐r♦s t❡♠♣♦s✱ ❛ ♦s❝✐❧❛çã♦ ❞♦ ❝❛♠♣♦ é ❡♠ t♦r♥♦ ❞❡ φ = 0✳ ■st♦ ♠♦str❛ q✉❡ ♦

♣♦t❡♥❝✐❛❧ ❞✉♣❧♦ é ✐❣♥♦r❛❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✺ ◗✉❛♥❞♦ ❛ ❛♠♣❧✐t✉❞❡ ❞❛s ♦s❝✐❧❛çõ❡s é ❞❛ ♦r❞❡♠ ❞❛ ✉♥✐❞❛❞❡✱ t❡♠♦s ❝r✐❛çã♦ ❞❡ ❡str✉✲

t✉r❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✻ ◗✉❛♥❞♦ ❛ ♣❡rt✉r❜❛çã♦ é ❡str❡✐t❛✱ ❛ ❡♥❡r❣✐❛ é ❞✐ss✐♣❛❞❛ ❡♠ r❛❞✐❛çã♦ q✉❡ ✈✐❛❥❛ q✉❛s❡

à ✈❡❧♦❝✐❞❛❞❡ c✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✼ ❉❡♣❡♥❞❡♥❞♦ ❞♦s ♣❛râ♠❡tr♦s ❞❛ ♣❡rt✉r❜❛çã♦ t❡♠♦s ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ♥❛ ❡✈♦❧✉çã♦✳ ✳ ✺✸

✹✳✽ ❉❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ❚❑✶ q✉❛♥❞♦ é ♣❡rt✉r❜❛❞♦ ♥♦ ❝❛♠♣♦ φ2✳ ◆❛ ✜❣✉r❛ ❞❛ ❡sq✉❡r❞❛

t❡♠♦s ♦ ❝❛♠♣♦ φ2 ♥♦s t❡♠♣♦s t = 0, 1, 2, 3, 4, 5, 6 ❞❡ ❜❛✐①♦ ♣❛r❛ ❝✐♠❛✳ ◆❛ ❞✐r❡✐t❛✱

t❡♠♦s ♦ ❞❡s❡♥❤♦ ♣❛r❛♠étr✐❝♦✳ ❆ ♣❡rt✉r❜❛çã♦ ✐♥✐❝✐❛❧ t❡♠ A = 0.05 ❡ Ω2 = 0.5✳ ✳ ✳ ✳ ✳ ✺✹
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✹✳✾ ❉❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ◆❚❑✷✱ q✉❛♥❞♦ ♣❡rt✉r❜❛♠♦s ♥♦ ❝❛♠♣♦ φ1 ❝♦♠ A = 0.01✱ b = 0.1✱

❞❡ ❜❛✐①♦ ♣❛r❛ ❛❝✐♠❛ ♣❛r❛ ♦s t❡♠♦s t = 0✱ t = 10✱ t = 20 ❡ t = 30✳ ◆❛ ✜❣✉r❛ ❞❛

❞❡r❡✐t❛ ♦ ❝ír❝✉❧♦ ❝r❡s❝❡ ♣❛r❛ t❡♠♣♦s ♣♦st❡r✐♦r❡s✳ P❛râ♠❡tr♦s Ω2 = 0.25✱ γ = 0✳ ✳ ✳ ✳ ✺✺

✹✳✶✵ ❆❧❣✉♥s ❝❡♥ár✐♦s ❛♦ ♣❡rt✉r❜❛r ♦ ❦✐♥❦ ❚❑✷ ❞♦ ▼❙❚❇✳ ◆❛ ❡sq✉❡r❞❛ t❡♠♦s ❛ ✐♥✈❡rsã♦

❞♦ ❝❛♠♣♦ φ2✱ ❡ ♥♦ ❝❡♥tr♦ ❡ ❞✐r❡✐t❛ t❡♠♦s ♦ ❝❛♠♣♦ φ1 ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛✱ ♦ q✉❡

♣❛r❡❝❡ s❡r ✉♠ ♦s❝✐❧❧♦♥✳ Ω2 = 0.5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✶✶ ◗✉❛♥❞♦ ♣❡rt✉r❜❛♠♦s ❝♦♠♠✉✐t❛ ❡♥❡r❣✐❛ ❛ ❚❑✷ t❡♠♦s ❝r✐❛çã♦ ❞❡ ❦✐♥❦s ❡ ❛♥t✐❦✐♥❦s✳Ω2 =

0.5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✶✷ ❙❡ ♣❡rt✉r❜❛♠♦s ♦ ❦✐♥❦ ❚❑✶❆❆ ❝♦♠ ✉♠❛ ❛♠♣❧✐t✉❞❡ ✏♠❡♥♦r✑ ♦ ❦✐♥❦ ❞❡❝❛✐ ❛ ✉♠ ❦✐♥❦

❚❑❆❆✭❝✮✳ ◆❡st❛ ✜❣✉r❛ ♠♦str❛♠✲s❡ ♦s ❝❛♠♣♦s ❞❡ ❜❛✐①♦ ♣❛r❛ ❝✐♠❛ ♣❛r❛ ♦s t❡♠♣♦s

t = 0✱ t = 10✱ t = 20 ❡ t = 30✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✶✸ ❊✈♦❧✉çã♦ ❞❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ ♦ ♠❡s♠♦ ❝❡♥ár✐♦ ❞❛ ✜❣✉r❛ ✹✳✶✷ ♠♦str❛♥❞♦ ♣❛r❛♠❡tr✐✲

❝❛♠❡♥t❡ ♦s ❝❛♠♣♦s ♣❛r❛ ♦s t❡♠♣♦s t = 0✱ t = 10✱ t = 40 ❡ t = 80✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✶✹ ❙❡ ♣❡rt✉r❜❛♠♦s ♦ ❦✐♥❦ ❚❑✶❆❆ ❝♦♠ ✉♠❛ ❛♠♣❧✐t✉❞❡ ✏♠❛✐♦r✑✱ ♦ ❦✐♥❦ ❞❡❝❛✐ ❛ ✉♠ ❦✐♥❦

❚❑❆❇ ❡ ✉♠ ❚❑❇❆✳ ◆❡st❛ ✜❣✉r❛ ♠♦str❛♠✲s❡ ♦s ❝❛♠♣♦s ❞❡ ❜❛✐①♦ ♣❛r❛ ❝✐♠❛ ♣❛r❛

♣❛r❛ ♦s t❡♠♣♦s t = 0✱ t = 10✱ t = 20 ❡ t = 30 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✶✺ ❊✈♦❧✉çã♦ ❞❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ ♦ ♠❡s♠♦ ❝❡♥ár✐♦ ❞❛ ✜❣✉r❛ ✹✳✶✹ ♠♦str❛♥❞♦ ♣❛r❛♠❡tr✐✲

❝❛♠❡♥t❡ ♦s ❝❛♠♣♦s ♣❛r❛ ♦s t❡♠♣♦s t = 0✱ t = 10✱ t = 20 ❡ t = 30✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✶✻ ❖s ❞♦✐s ❝❡♥ár✐♦s✱ ❞❡❝❛✐♠❡♥t♦ ❡ ♥ã♦ ❞❡❝❛✐♠❡♥t♦ ❛♦ ♣❡rt✉r❜❛r ♦ ❦✐♥❦ ❚❑✶✳ ❖s ❝ír❝✉✲

❧♦s ♠♦str❛♠ q✉❛♥❞♦ t❡♠♦s ❞❡❝❛✐♠❡♥t♦ ❡♠ ❚❑❆❇ ❡ ❚❑❇❆✳ ❖s tr✐á♥❣✉❧♦s ✐♥❞✐❝❛♠

q✉❛♥❞♦ t❡♠♦s ❞❡❝❛✐♠❡♥t♦ ❡♠ ✉♠ ❦✐♥❦ ❚❑✷✭❝✮ ❡ ♦s q✉❛❞r❛❞♦s ❧❛r❛♥❥❛s sã♦ ❝❡♥ár✐♦s

❡♠ q✉❡ ♣❡❧♦ t❡♠♣♦ s✐♠✉❧❛❞♦ ❛✐♥❞❛ ♥ã♦ s❛❜❡♠♦s s❡ ❞❡❝❛✐ ♦✉ ♥ã♦✳ ❆s ❧✐♥❤❛s sã♦ ❞❡

❡♥❡r❣í❛ ❝♦♥st❛♥t❡ ❝♦♠ ✈❛❧♦r❡s 1.01, 1.02, 1.05, 1.1, 1.2, 1.3, 1.4 ❡ 1.5✱ ♦♥❞❡ ♦s ✈❛❧♦r❡s

❝♦♥ ❧✐♥❤❛s ❛❝✐♠❛ sã♦ ❛q✉❡❧❡s ❞❡ ❧✐♥❤❛s ❝♦♥tí♥✉❛s✳ ❚❡♠♣♦ t♦t❛❧ ❡♠ ❝❛❞❛ ✉♠ ❞❡❧❡s✱

tf = 300✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✶✼ ❊✈♦❧✉çã♦ ❡♠ t = 95 ❞♦ ❦✐♥❦ ❚❑✷❆❆✳ ❚❡♠♦s ❝r✐❛çã♦ ❞❡ ❦✐♥❦s ❚❑❆❇✱ ❚❑❇❆ ❡ s❡✉s

❛♥t✐✲❦✐♥❦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✶✽ ❙❡ ❛ ♣❡rt✉r❜❛çã♦ é ♠❛✐♦r t❡♠♦s ❝r✐❛çã♦ ❞❡ ❦✐♥❦s ❚❑❆❇✱ ❚❑❇❆ ❡ s❡✉s ❛♥t✐✲❦✐♥❦s é

♠❛✐s ♣r♦✈á✈❡❧ q✉❡ ♦s ❝❛♠♣♦s ❧✐❣✉❡♠ ♦s q✉❛tr♦ ✈á❝✉♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✶✾ Pr♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✷✵ ■♥❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♣❛r❛ ❞♦✐s t❡♠♣♦s✱ t = 52✭❞❡r❡✐t❛✮ ❡ t = 53✭❡sq✉❡r❞❛✮ ❞♦

❞❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ❑✷✳ ❆s ♣❡q✉❡♥❛s ✐♥st❛❜✐❧✐❞❛❞❡s ❝r❡s❝❡♠ ♠✉✐t♦ ❡♠ ✉♠❛ ✉♥✐❞❛❞❡

❞❡ t❡♠♣♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
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✹✳✷✶ ❋✐❣✉r❛ ♣❛r❛♠étr✐❝❛ ❞♦ ❞❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ K2∗ q✉❛♥❞♦ é ♣❡rt✉r❜❛❞♦ ❧❡✈❡♠❡♥t❡

✭A = 0.01✮ ♥❛ ❞✐r❡çã♦ φ̂✳ ◆❛ ♣❛rt❡ ❞❡ ❝✐♠❛ t❡♠♦s ❛s ♣r✐♠❡✐r❛s 5 ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✱

❡ ♥❛ ❞❡ ❜❛✐①♦✱ ❞❡♣♦✐s ❞❡ 35 ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✷✷ ❈❛♠♣♦ φ3 ❡♠ ❞❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ◆❚❑ q✉❛♥❞♦ t❡♠♦s γ2 = 0 ❞❡ ❜❛✐①♦ ♣❛r❛ ❛❝✐♠❛

♥♦s t❡♠♣♦s t = 0✱ t = 5✱ t = 10 ❡ t = 15✱ ❧❡♠❜r❛♥❞♦ q✉❡ ♦s ✈á❝✉♦s ❞♦ s✐st❡♠❛ sã♦

φ3 = 1✭♣ó❧♦ ◆♦rt❡✮ ❡ φ3 = −1 ✭♣ó❧♦ ❙✉❧✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✷✸ ❉❡❝❛✐♠❡♥t♦ ❞❡ ◆❚❑ ❡♠ ❦✐♥❦s K1 ❡ K1∗✳ ◆❛ ❡sq✉❡r❞❛ ♠♦str❛✲s❡ ♦ ❝❛♠♣♦ φ3 ♣❛r❛

t❡♠♣♦s ❞❡ ❜❛✐①♦ ♣❛r❛ ❛❝✐♠❛ ♣❛r❛ t = 0 ✱ t = 5✱ t = 10 ❡ t = 15✳ ◆❛ ❞✐r❡✐t❛ t❡♠♦s

♦s❝✐❧❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ❦✐♥❦ K1 ❡ ❞♦ ❛♥t✐❦✐♥❦ K1∗✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼



◆♦t❛çã♦

❯s❛♠♦s ❛ ♥♦t❛çã♦ ❞❡ s♦♠❛ ❞❡ ❊✐♥st❡✐♥✿ í♥❞✐❝❡s r❡♣❡t✐❞♦s ✐♥❞✐❝❛♠ s♦♠❛✳ ❖s í♥❞✐❝❡s ❣r❡❣♦s ✐♥❝❧✉❡♠

♦ ③❡r♦ ❡ ♦s í♥❞✐❝❡s ❧❛t✐♥♦s ❝♦♠❡ç❛♠ ❡♠ ✉♠✳ ❆❞♦t❛♠♦s ♥♦t❛çã♦ ❞❡ ♥ú♠❡r♦s ❛♠❡r✐❝❛♥❛✱ ✐st♦ é✱ ♦s

♥ú♠❡r♦s ✉s❛♠ ♦ ♣♦♥t♦ ✭✳✮ ❡♠ ✈❡③ ❞❛ ✈ír❣✉❧❛✭✱✮ ✳ ❋✐♥❛❧♠❡♥t❡✱ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❢♦r❛♠ ♥♦t❛❞❛s

♣❡❧♦ sí♠❜♦❧♦ ∂ ❡ ❛❧❣✉♠❛s ✈❡③❡s ♣❡❧♦ s✉❜í♥❞✐❝❡✱ ♣♦r ❡①❡♠♣❧♦ φx é ✐❣✉❛❧ ❛ ∂xφ✳ ❆ ♠étr✐❝❛ ✉s❛❞❛ é ❛

▼✐♥❦♦✇s❦✐❛♥❛✿ ❞✐❛❣(1,−1,−1,−1)✳ ❙❡ ♥ã♦ é ❡s♣❡❝✐✜❝❛❞♦✱ c = 1✳

①✐✐✐



■♥tr♦❞✉çã♦

❉❡s❞❡ ❛ ❞❡s❝♦❜❡rt❛ ❞❡ ✉♠ só❧✐t♦♥ ♥❛ ❤✐❞r♦❞✐♥â♠✐❝❛ ♣♦r ❙❝♦tt✲❘✉ss❡❧❧✱ ❡♠ ✶✽✸✹✱ q✉❛♥❞♦ ❢♦✐ ♦❜s❡r✲

✈❛❞❛ ✉♠❛ ♦♥❞❛ s♦❧✐tár✐❛ q✉❡ ❛♣❛r❡♥t❡♠❡♥t❡ ♠❛♥t✐♥❤❛ ❛ s✉❛ ❢♦r♠❛✱ ❛❧t✉r❛ ❡ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❞❡s❧♦❝❛✲

♠❡♥t♦ ♣♦r ✈ár✐♦s q✉✐❧ô♠❡tr♦s✱ tê♠ ❛♣❛r❡❝✐❞♦ ❝♦♥✜❣✉r❛çõ❡s só❧✐t♦♥ ❡♠ ✉♠ ❛♠♣❧♦ ❡s♣❡❝tr♦ ❞❛ ❢ís✐❝❛✳

❆ ❞❡✜♥✐çã♦ ❡①❛t❛ ❞♦ só❧✐t♦♥ ❞❡♣❡♥❞❡ ❞♦ ❛✉t♦r✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♠ só❧✐t♦♥ ❝♦♠♦ ✉♠❛ s♦❧✉çã♦ ❞❡

✉♠❛ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r✱ q✉❡ s❛t✐s❢❛③ ❞✉❛s ❝♦♥❞✐çõ❡s✿ ✶✮ ♠❛♥té♠ ❛ s✉❛ ❢♦r♠❛ ❞✉r❛♥t❡ ❛ ✈✐❛❣❡♠ ❡

✷✮ q✉❛♥❞♦ s❡ ❝❤♦❝❛ ❝♦♠ ♦✉tr♦ só❧✐t♦♥✱ ♦s ❞♦✐s r❡❝✉♣❡r❛♠ s✉❛ ❢♦r♠❛ ❛♣ós ❛ ❝♦❧✐sã♦✳ ❙❡ ❛♣❡♥❛s ❛

♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ é s❛t✐s❢❡✐t❛✱ ❛ s♦❧✉çã♦ é ❝❤❛♠❛❞❛ ❞❡ ✏♦♥❞❛ s♦❧✐tár✐❛✑ ♦✉ ✏❦✐♥❦✑✳

❯♠❛ ✈❡③ ❡♥❝♦♥tr❛❞♦ ✉♠ ❦✐♥❦✱ é ♣r❡❝✐s♦ ❡st✉❞❛r s✉❛ ❡st❛❜✐❧✐❞❛❞❡ ❛♥t❡ ♣❡rt✉r❜❛çõ❡s✳ ❯s✉❛❧♠❡♥t❡

♣❡rt✉r❜❛✲s❡ ♦ s✐st❡♠❛ s♦♠❛♥❞♦ ❛♦ ❦✐♥❦ ✉♠❛ ♣❡rt✉❜❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ♦s❝✐❧❛tór✐❛✳ ❙❡ ❛ ♣❡rt✉r❜❛çã♦

é ♠✉✐t♦ ♣❡q✉❡♥❛✱ t♦❞♦s ♦s t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s sã♦ ✐❣♥♦r❛❞♦s ❡ t❡♠♦s ♦ r❡❣✐♠❡ ❧✐♥❡❛r✱ ♣❛r❛ ♦

q✉❛❧ é ♣♦ssí✈❡❧ ♦❜t❡r r❡s✉❧t❛❞♦s✳ ❙❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ ♦s❝✐❧❛tór✐❛ ♥ã♦ s❡ t♦r♥❛ ❡①♣♦♥❡♥❝✐❛❧ ❝r❡s❝❡♥t❡✱

t❡♠♦s ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r✳ ▼❛t❡♠❛t✐❝❛♠❡♥t❡✱ ❡st❡ ♣r♦❜❧❡♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡

❙❝❤rö❞✐♥❣❡r✱ ❡ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ❛s ❢r❡qüê♥❝✐❛s ❝♦♠ ❛s q✉❛✐s ♦s❝✐❧❛♠ ❛s ♣❡rt✉r❜❛çõ❡s✳

❊♥❝♦♥tr❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❛❧é♠ ❞♦ r❡❣✐♠❡ ❧✐♥❡❛r é ✉♠❛ t❛r❡❢❛ ♠❛✐s ❞✐❢í❝✐❧✱ ❛té ♠❡s♠♦ ❛♥❛❧✐t✐❝❛✲

♠❡♥t❡ ✐♠♣♦ssí✈❡❧✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✳ P♦r t❛♥t♦✱ é ♥❡❝❡ssár✐♦ ✉s❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳ ▼✉✐t♦s

♠ét♦❞♦s ❡①✐st❡♠ ♣❛r❛ ❢❛③❡r ❡st❡ t✐♣♦ ❞❡ ❝♦♥t❛s✳ ◆✉♠❡r✐❝❛♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛ é r❡s♦❧✈❡r ✉♠❛ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❤✐♣❡r❜ó❧✐❝❛✱ ♦✉ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s q✉❛♥❞♦ t❡♠♦s ❞♦✐s ♦✉ ♠❛✐s ❝❛♠♣♦s✳

❆❧é♠ ❞♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❦✐♥❦ ❞❛ t❡♦r✐❛ λφ4 ❡ ❞♦ s✐st❡♠❛ ❙❡♥♦✲●♦r❞♦♥✱ ♥♦✈♦s ❦✐♥❦s sã♦ ❡♥❝♦♥tr❛✲

❞♦s ❛ ❝❛❞❛ ❛♥♦✳ ◆❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ❡st✉❞❛❞♦s ♦s ♠♦❞❡❧♦s ❞❡ ❞♦✐s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ❞❡ ▼♦♥t♦♥❡♥✲

❚r✉❧❧✐♥❣❡r✲❙❛r❦❡r✲❇✐s❤♦♣ ✭▼❙❚❇✮✱ ♦ ♠♦❞❡❧♦ ❞❡ ❇❛③❡✐❛✲◆❛s❝✐♠❡♥t♦✲❘✐❜❡✐r♦✲❚♦❧❡❞♦ ✭❇◆❘❚✮ ❡ ♦ ♠♦✲

❞❡❧♦ s✐❣♠❛ ♠❛ss✐✈♦ ♥ã♦ ❧✐♥❡❛r ❞❡ três ❝❛♠♣♦s✳

❖ ❝♦♥t❡ú❞♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ♦ s❡❣✉✐♥t❡✿ ♥♦ ❝❛♣ít✉❧♦ ✉♠ ❢❛❧❛♠♦s s♦❜r❡ ♦s ❝❛♠♣♦s✱ ❦✐♥❦s ❡

❡st❛❜✐❧✐❞❛❞❡✳ ❖ ❝❛♣ít✉❧♦ ❞♦✐s é s♦❜r❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳ ◆♦ ❝❛♣ít✉❧♦ três✱ ❢❛③❡♠♦s ❛ ❝♦♠♣❛r❛çã♦

❡♥tr❡ ❞♦✐s ♠❡t♦❞♦s ♥✉♠ér✐❝♦s ♥❛ ❡✈♦❧✉çã♦ ❞♦ ❦✐♥❦ ❞❡ λφ4✳ ◆♦ ❝❛♣ít✉❧♦ q✉❛tr♦ ♣❡rt✉r❜❛♠♦s ♦✉tr♦s

❦✐♥❦s✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❛♣ít✉❧♦ ❝✐♥❝♦ t❡♠♦s ❛s ❝♦♥❝❧✉sõ❡s✳

✶



❈❛♣ít✉❧♦ ✶

❙♦❜r❡ ❑✐♥❦s ❡ ❛❧❣✉♥s ♠♦❞❡❧♦s

✶✳✶ ❉❡✜♥✐çã♦

◆❡st❛ ♣r✐♠❡✐r❛ s✉❜s❡çã♦ r❡♣r♦❞✉③✐r❡♠♦s ❛❧❣✉♠❛s ♣❛rt❡s ❞♦ ❝❛♣ít✉❧♦ ✉♠ ❞❡ ❉r❛③✐♥ ❡ ❏♦❤♥s♦♥✱ ❬✸❪✳

◆❡st❡ ❝❛♣ít✉❧♦ ❞♦ ❧✐✈r♦ ❝✐t❛❞♦✱ t❡♠♦s ✉♠❛ ❡①❝❡❧❡♥t❡ ✐♥tr♦❞✉çã♦ ❛♦ t❡♠❛✳ P❛r❛ ❝♦♠❡ç❛r✱ é ✐♠♣♦rt❛♥t❡

r❡❝♦♥❤❡❝❡r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s s✐♠♣❧❡s ❞❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛✱

�φ = ∂µ∂µφ = 0. ✭✶✳✶✮

❊♠ ✉♠❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧ ❡ ✉♠❛ t❡♠♣♦r❛❧✱ ♦✉ s❡❥❛ (1+1) ❞✐♠❡♥sõ❡s✱ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ s❡ ❡s❝r❡✈❡

❝♦♠♦

�φ =

(

1

c2
∂2

∂t2
− ∂2

∂x2

)

φ(x, t) = 0 ✭✶✳✷✮

❆ ❡q✉❛çã♦ ✭✶✳✷✮✱ ♣♦❞❡ s❡r r❡❛rr❛♥❥❛❞❛ ♥❛ ❢♦r♠❛

(

1

c

∂

∂t
+

∂

∂x

)(

1

c

∂

∂t
− ∂

∂x

)

φ(x, t) = 0. ✭✶✳✸✮

❊st❛ ❡q✉❛çã♦ t❡♠ ❞✉❛s s♦❧✉çõ❡s✱ f(x − ct) ❡ f(x + ct)✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s é t♦❞❛ ❢✉♥çã♦ ✈✐❛❥❛♥❞♦

❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡ c ♣❛r❛ ❛ ❞✐r❡✐t❛✳ ❆ s❡❣✉♥❞❛ s♦❧✉çã♦ ❝♦♥s✐st❡ ❞❛s ❢✉♥çõ❡s ✈✐❛❥❛♥❞♦ ♣❛r❛ ❛

❡sq✉❡r❞❛✳ ❖ ✐♠♣♦rt❛♥t❡ é ♥♦t❛r q✉❡✱ q✉❛♥❞♦ ❛s s♦❧✉çõ❡s ✈✐❛❥❛♠✱ ♠❛♥tê♠ s✉❛s ❢♦r♠❛s✳

❖✉tr♦ ♠♦❞♦ ❞❡ ♦❜s❡r✈❛r ❡st❛ ♣r♦♣r✐❡❞❛❞❡ é ❡s❝r❡✈❡r ❛ s♦❧✉çã♦ ❡♠ t❡r♠♦s ❞❡ ♦♥❞❛s ♣❧❛♥❛s✿

f(x± ct) =

∫

dk [a(k) cos(kx± ωt) + b(k) sin(kx± ωt)] . ✭✶✳✹✮

✷



❈❆P❮❚❯▲❖ ✶✳ ❙❖❇❘❊ ❑■◆❑❙ ❊ ❆▲●❯◆❙ ▼❖❉❊▲❖❙ ✸

❈❛❞❛ ♦♥❞❛ ♣❧❛♥❛ ✈✐❛❥❛ à ♠❡s♠❛ ✈❡❧♦❝✐❞❛❞❡✱ ω/k = c✱ ❡ ❛ss✐♠✱ ♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛s ✈✐❛❥❛ s❡♠ ❞✐st♦rçã♦✳

❖✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❞❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ é ❛ ❧✐♥❡❛r✐❞❛❞❡✳ ❉❛❞❛s ❞✉❛s s♦❧✉çõ❡s ❞❡

✭✶✳✷✮✱ f1(x − ct) ❡ f2(x + ct)✱ ❛ s♦♠❛ f3(x, t) = f1(x − ct) + f2(x + ct) é s♦❧✉çã♦✳ ❙❡ ❡ss❛s ❞✉❛s

s♦❧✉çõ❡s sã♦ ❞♦✐s ♣❛❝♦t❡s s❡♣❛r❛❞♦s✱ ✐♥❞♦ ✉♠ ❛♦ ❡♥❝♦♥tr♦ ❞♦ ♦✉tr♦✱ ❞❡♣♦✐s ❞❡ ✏❝♦❧✐❞✐r✑✱ ♠❛♥t❡rã♦ s✉❛

❢♦r♠❛✳ ❊st❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❞❡✈✐❞❛s ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✶✳✶✮ é ❧✐♥❡❛r ❡ s❡♠ ❞✐s♣❡rsã♦✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❝♦♠ ❞✐s♣❡rsã♦✱ ❡ ❛ ♠❛✐s s✐♠♣❧❡s✱ é

1

c
φt + φx + φxxx = 0. ✭✶✳✺✮

◆❡st❡ ❝❛s♦ ❛✐♥❞❛ t❡♠♦s ❧✐♥❡❛r✐❞❛❞❡✳ ❙✉♣♦♥❞♦ ✉♠❛ s♦❧✉çã♦ ❞❡ ♦♥❞❛ ♣❧❛♥❛✱ φ(x, t) = exp(i(kx−ωt))✱

✐♥s❡r✐♥❞♦ ❡❧❛ ♥❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r t❡♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ω = c
(

k − k3
)

✳ ❈❛❞❛ ♦♥❞❛ ♣❧❛♥❛

t❡♠ ✈❡❧♦❝✐❞❛❞❡

v =
ω

k
= c

(

1 − k2
)

.

❆ss✐♠✱ ♦♥❞❛s ❝♦♠ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♦♥❞❛ k ♣r♦♣❛❣❛♠✲s❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s ❞✐❢❡r❡♥t❡s✳ ❚❡♠♦s

❞✐s♣❡rsã♦ t❛♠❜é♠ s❡ s♦♠❛♠♦s ♦✉tr♦s t❡r♠♦s ❝♦♠ ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s í♠♣❛r❡s ♥❛ ❡q✉❛çã♦ ✭✶✳✺✮✳

❙❡ t❡♠♦s t❡r♠♦s ❝♦♠ ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ♣❛r❡s✱

1

c
φt + φx − φxx = 0, ✭✶✳✻✮

♦❜t❡♠♦s ω = c
(

k − ik2
)

✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ❛ s♦❧✉çã♦ ❡①♣♦♥❡♥❝✐❛❧

φ(x, t) = e−ck2t+ik(x−ct),

q✉❡ s❡ t♦r♥❛ ❝❛❞❛ ✈❡③ ♠❡♥♦r✱ t❡♥❞❡♥❞♦ ❛ ③❡r♦ q✉❛♥t♦ t → ∞✳ ❊st❡ ❢❡♥ô♠❡♥♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

❞✐ss✐♣❛çã♦ ❡ é ♦❜t✐❞♦ q✉❛♥❞♦ t❡♠♦s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ♣❛r❡s✳

❖✉tr♦ ❢❡♥ô♠❡♥♦ é ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❋♦✉r✐❡r✱

♣♦r t❛♥t♦ t❡r❡♠♦s ♠✐st✉r❛ ❞❡ t♦❞❛s ❛s ❢r❡qüê♥❝✐❛s✳ P♦r ❡①❡♠♣❧♦✱ s❡ t❡♠♦s φ2 ❡ ✉s❛♠♦s ❛ ♦♥❞❛ ♣❧❛♥❛✱

ei(kx−ωt)✱ t❡r❡♠♦s ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♠ ♦ ❞♦❜r♦ ❞❛ ❢r❡qüê♥❝✐❛ ✐♥✐❝✐❛❧✱ e2i(kx−ωt)✳ ■st♦ é✱ ❡st❛♠♦s

✐♥❥❡t❛♥❞♦ ❡♥❡r❣✐❛ ❡♠ ❤❛r♠ô♥✐❝♦s ♠❛✐s ❛❧t♦s ❡♠ ❝❛❞❛ t❡♠♣♦✳ ❈♦♠ ❡st❡ ❡❢❡✐t♦✱ t❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

♠❛♥t❡r ❛ ❢♦r♠❛ é ♠❛✐s ❞✐❢í❝✐❧✳

❊①✐st❡♠ ❛❧❣✉♥s ❝❛s♦s ❡♠ q✉❡ t❡♠♦s ❞✐s♣❡rsã♦ ❡ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ❡ ♦s ❞♦✐s

❡❢❡✐t♦s s❡ ♠✐st✉r❛♠ ❞❡ ✉♠ ❥❡✐t♦ t❛❧ q✉❡ é ♣♦ssí✈❡❧ t❡r s♦❧✉çõ❡s q✉❡ ♠❛♥t❡♥❤❛♠ s✉❛ ❢♦r♠❛ q✉❛♥❞♦

✈✐❛❥❛♠✳ ❊st❡ t✐♣♦ ❞❡ s♦❧✉çõ❡s r❡❝❡❜❡♠ ♥♦♠❡s ❞✐❢❡r❡♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❞♦ ❛✉t♦r✳ ◆❡st❛ ❞✐ss❡rt❛çã♦
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✉s❛r❡♠♦s ❛s ❞❡✜♥✐çõ❡s ❞❡ ❘❛❥❛r❛♠❛♥❬✹❪✳ ◆❡st❡ ❧✐✈r♦✱ ♦ ❛✉t♦r ❢❛③ ❞❡✜♥✐çõ❡s ❡♠ t❡r♠♦s ❞❡ ❡♥❡r❣✐❛

❡ ♥ã♦ ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✳ P❛r❛ ✐ss♦✱ é ♣r❡❝✐s♦ ❞❡✜♥✐r ✉♠❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ q✉❡

✉s✉❛❧♠❡♥t❡ é ❛ ❝♦♠♣♦♥❡♥t❡ T00 ❞♦ t❡♥s♦r ♠♦♠❡♥t✉♠✲❡♥❡r❣✐❛✳ ▼❛s ❛ ❞❡✜♥✐çã♦ ♥ã♦ é r❡str✐t❛ ❛ ❡st❡

❝❛s♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❛✉t♦r ❞❡✜♥❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ ❡♥❡r❣✐❛ ❝♦♠♦ ③❡r♦✳

❉❡✜♥✐♠♦s ✉♠❛ ♦♥❞❛ s♦❧✐tár✐❛ ❝♦♠♦ ✉♠❛ s♦❧✉çã♦ ❧♦❝❛❧✐③❛❞❛ ♥ã♦ s✐♥❣✉❧❛r ❞❡ q✉❛❧q✉❡r ❡q✉❛çã♦

♥ã♦ ❧✐♥❡❛r ✭♦✉ ❡q✉❛çõ❡s ❛❝♦♣❧❛❞❛s s❡ t❡♠♦s ✈ár✐♦s ❝❛♠♣♦s✮ ❝✉❥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛✱ ❛❧é♠ ❞❡ s❡r

❜❡♠ ❧♦❝❛❧✐③❛❞❛✱ t❡♠ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❢♦r♠❛✿

ε(x, t) = ε(x − ut), ✭✶✳✼✮

♦♥❞❡ u é ✉♠ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡✳ ❊st❛ ❡q✉❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ t❡r ✉♠❛ s♦❧✉çã♦ q✉❡ ✈✐❛❥❛ ♠❛♥t❡♥❞♦

s✉❛ ❢♦r♠❛✳

❉♦✐s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞♦s✳ ❖ ♣r✐♠❡✐r♦ é q✉❡ t♦❞❛ s♦❧✉çã♦ ❡stát✐❝❛✱ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡

❞♦ t❡♠♣♦✱ é ✉♠❛ ♦♥❞❛ s♦❧✐tár✐❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ♥✉❧❛✳ ❖ s❡❣✉♥❞♦ é q✉❡ q✉❛♥❞♦ t❡♠♦s ✐♥✈❛r✐â♥❝✐❛

r❡❧❛t✐✈íst✐❝❛✱ ✉♠❛ s♦❧✉çã♦ ❡stát✐❝❛ ♣♦❞❡✲s❡ tr❛♥s❢♦r♠❛r ❡♠ ✉♠❛ s♦❧✉çã♦ ❝♦♠ q✉❛❧q✉❡r ✈❡❧♦❝✐❞❛❞❡

✭♠❡♥♦r q✉❡ c✮✱ ❢❛③❡♥❞♦ ✉♠ ❜♦♦st✱ ♦✉ s❡❥❛✱ ❢❛③❡♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ r❡❢❡rê♥❝✐❛

❡♠ ♠♦✈✐♠❡♥t♦✳

❖✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❛s s♦❧✉çõ❡s ♠❛♥t❡♥❤❛♠ s✉❛s ❢♦r♠❛s ❞❡♣♦✐s ❞❡ ❝♦❧✐sã♦✱ ✉♠

❡q✉✐✈❛❧❡♥t❡ ❞❡ ❧✐♥❡❛r✐❞❛❞❡✳ ▼❛t❡♠❛t✐❝❛♠❡♥t❡✱ t❡♠♦s N ♦♥❞❛s s♦❧✐tár✐❛s ✐s♦❧❛❞❛s✱ ❝✉❥❛ ❞❡♥s✐❞❛❞❡ ❞❡

❡♥❡r❣✐❛ é ❞❛ ❢♦r♠❛

ε(x, t) →
N
∑

i=1

ε(x − ai − uit), ✭✶✳✽✮

♥♦ t = −∞✱ ♦♥❞❡ ♦s ai sã♦ ✈❡t♦r❡s ❝♦♥st❛♥t❡s✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡❧❛s ❡✈♦❧✉❡♠ ❡ ❝♦❧✐❞❡♠✳ ❙❡ ♥♦

❢✉t✉r♦ ❞✐st❛♥t❡✱ t→ ∞✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ t❡♠ ❛ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧

ε(x, t) →
N
∑

i=1

ε(x − ai − uit+ δi), ✭✶✳✾✮

♦♥❞❡ δi sã♦ ♦✉tr♦s ✈❡t♦r❡s ❝♦♥st❛♥t❡s✱ ❝❤❛♠❛♠♦s ❡st❛s ♦♥❞❛s s♦❧✐tár✐❛s ❞❡ só❧✐t♦♥s✳

✶✳✷ ❈♦♠♦ ♦❜t❡r ❡♠ ♦♥❞❛s s♦❧✐tár✐❛s ✶✰✶ ❞✐♠❡♥sõ❡s

❯♠ ❞♦s ❝❛s♦s ♠❛✐s s✐♠♣❧❡s é q✉❛♥❞♦ t❡♠♦s ✉♠❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧ ❡ ✉♠❛ t❡♠♣♦r❛❧✳ ❙✉♣♦r❡♠♦s

q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣♦ss❛ s❡r ♦❜t✐❞❛ ❞❡ ✉♠❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣✐❛♥❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦

✈❛r✐❛❝✐♦♥❛❧✳
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❆ss✐♠✱ s❡ t❡♠♦s ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r φ(x, t)✱ t❡♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣✐❛♥❛

L(x, t) =
1

2
(φ̇)2 − 1

2
(φ′)2 − U(φ), ✭✶✳✶✵✮

♦♥❞❡ ♦ ♣♦♥t♦ ❡ ❛ ❧✐♥❤❛ r❡♣r❡s❡♥t❛♠ ❞✐❢❡r❡♥❝✐❛çã♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ t❡♠♣♦ ❡ ❛♦ ❡s♣❛ç♦✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ U é ✉♠❛ ❢✉♥çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❡ r❡♣r❡s❡♥t❛ ♦ ♣♦t❡♥❝✐❛❧✳

❚♦❞❛ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ✜❝❛ ♥♦ ♣♦t❡♥❝✐❛❧ U ✳ ❙✉♣♦r❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

q✉❡ U é s❡♠♣r❡ ♣♦s✐t✐✈♦✱ ❡①❝❡t♦ ♥♦s ♠í♥✐♠♦s✱ ♦♥❞❡ é ③❡r♦✳ ❆❧é♠ ❞✐st♦✱ ❡st❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣✐❛♥❛

t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ✐♥✈❛r✐❛♥t❡ ❞❡ ▲♦r❡♥t③✳

❆ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♦❜t✐❞❛ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ✈❛r✐❛❝✐♦♥❛❧ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ é

�φ = φ̈− φ′′ = −∂U
∂φ

(x, t). ✭✶✳✶✶✮

❯♠❛ s♦❧✉çã♦ ❞❡st❛ ❡q✉❛çã♦✱ ❝♦♥s❡r✈❛ ❛ ❡♥❡r❣✐❛ ❞❛❞❛ ♣♦r✱

E [φ] =

∫ ∞

−∞
dx

[

1

2
(φ̇)2 +

1

2
(φ′)2 + U(φ)

]

, ✭✶✳✶✷✮

q✉❛♥❞♦ t ✈❛r✐❛✳

❖s ♠í♥✐♠♦s ❞❡ U(φ)✱ q✉❡ sã♦ s❡✉s ③❡r♦s✱ ♦❝♦rr❡♠ ❡♠ M ♣♦♥t♦s✱ M ≥ 1✳ ■ss♦ é✱

U(φ) = 0 ♣❛r❛ φ = g(i); i = 1, . . . ,M. ✭✶✳✶✸✮

❆ss✐♠✱ ❛ ❡♥❡r❣✐❛ t♦t❛❧ é ③❡r♦ q✉❛♥❞♦ ♦ ❝❛♠♣♦ é ❝♦♥st❛♥t❡ ❡ t♦♠❛ ❛❧❣✉♠ ❞❡ss❡s ✈❛❧♦r❡s✱ E
[

φ = g(i)
]

=

0✳

❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ♦❜s❡r✈❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣r♦❝✉r❛r❡♠♦s s♦❧✉çõ❡s ❡stát✐❝❛s✳ ◆❡st❡ ❝❛s♦✱ ❛

❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✜❝❛

φ′′ (x) =
∂2φ

∂x2
= +

∂U

∂φ
(x). ✭✶✳✶✹✮

❈♦♠♦ q✉❡r❡♠♦s s♦❧✉çõ❡s ❝♦♠ ❡♥❡r❣✐❛ ✜♥✐t❛✱ é ♥❡❝❡ssár✐♦ q✉❡ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r t♦♠❡ ❛❧❣✉♠ ✈❛❧♦r

❞♦s g(i) q✉❛♥❞♦ x→ ±∞✳ ❚❛♠❜é♠ ♣r❡❝✐s❛♠♦s q✉❡ (∂φ/∂x) → 0✳ ❆ss✐♠✱ ❛s s♦❧✉çõ❡s sã♦ tr❛❥❡tór✐❛s

q✉❡ ❧✐❣❛♠ ♠í♥✐♠♦s ❞❡ ♣♦t❡♥❝✐❛❧✳ P♦r ✐ss♦✱ ❣❡r❛❧♠❡♥t❡✱ ❡❧❛s tê♠ ✉♠❛ ❢♦r♠❛ ❞❡ ❙ ❡ sã♦ ❝❤❛♠❛❞❛s ❞❡

❦✐♥❦s✳

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❛ ❡q✉❛çã♦ ✭✶✳✶✹✮ é ❛ ♠❡s♠❛ ❡q✉❛çã♦ ❞❡ ◆❡✇t♦♥✱ s❡ ✜③❡r♠♦s ❛s

s❡❣✉✐♥t❡s tr♦❝❛s✿ φ s❡❥❛ ❛ ♣♦s✐çã♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ♠❛ss❛✱ ❛ ✈❛r✐á✈❡❧ x s❡❥❛ ♦ t❡♠♣♦✱ ❡ ❛ ❢♦rç❛ s❡❥❛

❞❛❞❛ ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞♦ ♣♦t❡♥❝✐❛❧ [−U(φ)]✳ ◆❡st❡ ♣r♦❜❧❡♠❛ ♠❡❝â♥✐❝♦ ❛ss♦❝✐❛❞♦✱ ❛ ❡♥❡r❣✐❛ ♠❡❝â♥✐❝❛
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é✱

W =
1

2

(

dφ

dx

)2

− U(φ). ✭✶✳✶✺✮

❉❛❞❛s ♥♦ss❛s ❝♦♥❞✐çõ❡s✱ U(φ) → 0 ❡ (∂φ/∂x) → 0 q✉❛♥❞♦ x→ ±∞✱ ❡ t❡♠♦s W = 0✳

Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ ♠❡❝â♥✐❝❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✶✹✮ ♣♦r φ′ ❡ ✐♥t❡❣r❛♥❞♦ ✉♠❛ ✈❡③✱

t❡♠♦s✱
∫

φ′φ′′dx =

∫

dU

dφ
φ′dx ✭✶✳✶✻✮

q✉❡ ✜❝❛✱
1

2
(φ′)

2
= U(φ). ✭✶✳✶✼✮

❆❣♦r❛✱ ✉s❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❛ss♦❝✐❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ♥♦ss♦ ♣r♦❜❧❡♠❛✳ ◆❡❧❡✱ ❛ ♣♦s✐çã♦ ❞❛ ♣❛rtí❝✉❧❛

r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r ❞❡ ♥♦ss♦ ❝❛♠♣♦ φ✳ ❊♥tã♦ ♣♦❞❡♠♦s ✉s❛r ♥♦ss♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ♠❡❝â♥✐❝❛ ❡♠

✉♠❛ ❞✐♠❡♥sã♦ ❧❡♠❜r❛♥❞♦ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ é [−U(φ)]✳ ❙❡ ♦ ♣♦t❡♥❝✐❛❧ U(φ) t❡♠ só ✉♠ ♠í♥✐♠♦✱ ♦✉

s❡❥❛✱ ✉♠ ♠á①✐♠♦ ♥♦ ♣r♦❜❧❡♠❛ ❛ss♦❝✐❛❞♦✱ ✈❡❥❛ ♥❛ ✜❣✉r❛ ✶✳✶✭❛✮✱ ❛ ♣❛rtí❝✉❧❛ ♥❡st❡ ♣♦t❡♥❝✐❛❧ ✈❛✐ ❝❛✐r

s❡♠♣r❡✱ ❡♥tã♦ ♥ã♦ t❡r❡♠♦s ♦♥❞❛s s♦❧✐tár✐❛s✱ ♣♦rq✉❡ ❡❧❛s ♥ã♦ tê♠ ❡♥❡r❣✐❛ ✜♥✐t❛✳

◗✉❛♥❞♦ t❡♠♦s ❞♦✐s ♦✉ ♠❛✐s ♠í♥✐♠♦s ♥♦ ♣♦t❡♥❝✐❛❧ U(φ)✱ ♦✉ s❡❥❛ ♠á①✐♠♦s ♥♦ ♣r♦❜❧❡♠❛ ♠❡❝â♥✐❝♦

❛ss♦❝✐❛❞♦✱ ✈❡❥❛ ♥❛ ✜❣✉r❛ ✶✳✶✭❜✮✱ t❡r❡♠♦s s♦❧✉çõ❡s ❞❡ ✐♥t❡r❡ss❡✳ P❡♥s❛♥❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❛ss♦❝✐❛❞♦✱

sã♦ t♦❞❛s ❛q✉❡❧❛s q✉❡ s❛❡♠ ❞❡ ✉♠ ♠á①✐♠♦ ❡ ✈ã♦ ❛té ❛❧❣✉♠ ♦✉tr♦ ♠á①✐♠♦ ♣ró①✐♠♦✳ ❯♠❛ ✈❡③ q✉❡

❛ ♣❛rtí❝✉❧❛ ❝❤❡❣❛ ❛ ♦✉tr♦ ♠á①✐♠♦✱ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s✱ ✈❡❧♦❝✐❞❛❞❡✱ ❛❝❡❧❡r❛çã♦✱ ❡t❝✳ sã♦ ♥✉❧❛s✱ ♣♦r

t❛♥t♦ ♥ã♦ é ♣♦ssí✈❡❧ q✉❡ ❛ ♣❛rtí❝✉❧❛ ✈♦❧t❡ ♦✉ ❝♦♥t✐♥✉❡ ❛té ♦✉tr♦ ♠á①✐♠♦✳ P♦r ❡①❡♠♣❧♦ ♥❛ ✜❣✉r❛

✶✳✶✭❜✮✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♣❛rtí❝✉❧❛ ❞❡✐①❛ φ1 ❞✐✜❝✐❧♠❡♥t❡ ❝❤❡❣❛ ❛♦ φ2 q✉❛♥❞♦ x→ ∞✳

❋✐❣✉r❛ ✶✳✶✿ ❊①❡♠♣❧♦ ❞❡ ♣♦t❡♥❝✐❛✐s✳

❘❡s✉♠✐♥❞♦✱ s❡ U(φ) t❡♠ só ✉♠ ♠í♥✐♠♦✱ ♥ã♦ ♣♦❞❡♠♦s t❡r ✉♠❛ ♦♥❞❛ s♦❧✐tár✐❛✳ ❙❡ t❡♠♦s n

♠í♥✐♠♦s✱ ♣♦❞❡♠♦s t❡r 2(n−1) t✐♣♦s ❞❡ s♦❧✉çõ❡s q✉❡ ✉♥❡♠ ❞♦✐s ♠í♥✐♠♦s ✈✐③✐♥❤♦s✱ q✉❛♥❞♦ ♦ ✏t❡♠♣♦✑

❛ss♦❝✐❛❞♦ x ✈❛r✐❛ ❞❡ −∞ ❛té +∞✳ ❖ ❢❛t♦r ❞♦✐s é ❞❡✈✐❞♦ às ❞✉❛s ❞✐r❡çõ❡s ♣♦ssí✈❡✐s ♣❛r❛ ❧✐❣❛r ♦s

✈á❝✉♦s✳
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❈♦♥❤❡❝✐❞♦s ♦s ❧✐♠✐t❡s ❞❛ ♥♦ss❛ s♦❧✉çã♦✱ ❡♥tã♦ ❛❣♦r❛ ♣♦❞❡♠♦s ✐♥t❡❣r❛r ❛ ❡q✉❛çã♦ ✭✶✳✶✼✮✱

x− x0 = ±
∫ φ(x)

φ(x0)

dφ̄
[

2U(φ̄)
]1/2

. ✭✶✳✶✽✮

❆q✉✐ x0 é ✉♠ ✈❛❧♦r ❛r❜✐trár✐♦ ✭✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧✮ ❡ φ(x0) é ✉♠ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦ ❡♥tr❡ ♦s

❞♦✐s ♠í♥✐♠♦s ❞❡ ♣♦t❡♥❝✐❛❧✳ ❆s ❞✉❛s s♦❧✉çõ❡s ± r❡♣r❡s❡♥t❛♠ ♦s ❞♦✐s s❡♥t✐❞♦s ❡♠ q✉❡ s❡ ♣♦❞❡♠ ✉♥✐r

♦s ♠í♥✐♠♦s✳

❆❣♦r❛ ♠♦str❛r❡♠♦s ♦ ❢❛♠♦s♦ ❦✐♥❦ ❞❡ φ4✳ ❖ ♣♦t❡♥❝✐❛❧ é

U(φ) =
1

4
λ

(

φ2 − m2

λ

)2

. ✭✶✳✶✾✮

❊❧❡ t❡♠ ❞♦✐s ♠í♥✐♠♦s✱ φ = ±m/
√
λ✱ ✈❡❥❛ ❋✐❣✉r❛ ✶✳✷✭❛✮✳ ❋❛③❡♥❞♦ ❛ ✐♥t❡❣r❛çã♦ ❞❡ ✭✶✳✶✽✮ ❝♦♠ ❡st❡

♣♦t❡♥❝✐❛❧✱

x− x0 = ±
∫ φ(x)

φ(x0)

dφ̄
√

λ/2
[

φ̄2 −m2/λ
]1/2

, ✭✶✳✷✵✮

❡ s✉♣♦♥❞♦ φ(x0) = 0✱ ♦❜t❡♠♦s

φ(x) = ±
(

m/
√
λ
)

tanh
[(

m/
√

2
)

(x− x0)
]

. ✭✶✳✷✶✮

❱❡❥❛ ♥❛ ✜❣✉r❛ ✶✳✷✭❜✮ ❛ s♦❧✉çã♦ ❝♦♠ s✐♥❛❧ ♣♦s✐t✐✈♦✳

❋✐❣✉r❛ ✶✳✷✿ P♦t❡♥❝✐❛❧✱ ❦✐♥❦ ❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❞❡ φ4

❈♦♠ ❛❥✉❞❛ ❞❛ ❡q✉❛çã♦ ✭✶✳✶✼✮✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ✜❝❛

ǫ(x) =
1

2
(φ′)2 + U(φ) = 2U(φ) =

m4

2λ
s❡❝❤4

[

m(x− x0)/
√

2
]

, ✭✶✳✷✷✮
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❝♦♥❢♦r♠❡ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✭✶✳✷✮✭❝✮✳ ❖❜s❡r✈❛♠♦s ✉♠❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❜❡♠ ❧♦❝❛❧✐③❛❞❛✱ ❝♦♠♦

❡r❛ ❞❡ s❡ ❡s♣❡r❛r✳

✶✳✸ ❉♦✐s ♦✉ ♠❛✐s ❝❛♠♣♦s

➱ ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡ tr❛❜❛❧❤❛r ❝♦♠ ❞♦✐s ❡ três ❝❛♠♣♦s ❡♠ ✶✰✶ ❞✐♠❡♥sõ❡s✳ ❉❡ ✉♠❛ ♠❛♥❡✐r❛ s✐♠✐❧❛r

à s❡çã♦ ❛♥t❡r✐♦r✱ s✉♣♦r❡♠♦s q✉❡ ♥♦ss♦ s✐st❡♠❛ ♣♦ss❛ s❡r ❞❡s❝r✐t♦ ♣❡❧❛ ▲❛❣r❛♥❣✐❛♥❛

L(x, t) =

N
∑

i=1

1

2

[

(φ̇i)
2 − (φ′i)

2
]

− U({φi}), ✭✶✳✷✸✮

❡ q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ s❡❥❛♠

�φi = φ̈i − φ′′i = − ∂U

∂φi
(x, t). ✭✶✳✷✹✮

P❛r❛ ♣r♦❝✉r❛r ♦♥❞❛s s♦❧✐tár✐❛s✱ ♦ ♠ét♦❞♦ ❛♥t❡r✐♦r ❥á ♥ã♦ é ❛♣❧✐❝á✈❡❧✳ ▼❡s♠♦ q✉❛♥❞♦ ♦ ❡q✉✐✈❛❧❡♥t❡

♠❡❝â♥✐❝♦ ❡①✐st❡✱ ♥ã♦ ❝♦♥❤❡❝❡♠♦s s♦❧✉çõ❡s ❞❛s ❡q✉❛❝õ❡s ❞❡ ◆❡✇t♦♥ ❡♠ ❢♦r♠❛ ❣❡r❛❧ ♣❛r❛ ♠❛✐s ❞❡

✉♠❛ ❞✐♠❡♥sã♦✳ ❆❧❣✉♥s ♠ét♦❞♦s tê♠ s✐❞♦ ♣r♦♣♦st♦s ❝♦♠♦ ♦ ❞❡ ❘❛❥❛r❛♠❛♥✱ ❬✺❪✳ ◆❡st❡✱ ✉♠❛ ór❜✐t❛

é ♣r♦♣♦st❛✱ q✉❡ t❡♠ ❛❧❣✉♥s ♣❛râ♠❡tr♦s ❧✐✈r❡s✳ ❊st❛ ❞❡✈❡ t❡r ✐♥í❝✐♦ ❡ ✜♠ ♥♦s ✈á❝✉♦s ❞❛ t❡♦r✐❛✳ ❖s

♣❛râ♠❡tr♦s sã♦ ❛❥✉st❛❞♦s ♦❜r✐❣❛♥❞♦ q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ s❡❥❛♠ s❛t✐s❢❡✐t❛s✳

✶✳✸✳✶ ❊q✉✐✈❛❧❡♥t❡ ▼❡❝â♥✐❝♦ ✐♥t❡❣rá✈❡❧

❊♠ ❝❡rt♦s ❝❛s♦s ❛❝♦♥t❡❝❡ q✉❡ ♦ ❛♥á❧♦❣♦ ♠❡❝â♥✐❝♦ t❡♠ ❛ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s

q✉❡ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✱ ♣♦r t❛♥t♦ é ✐♥t❡❣rá✈❡❧✱ ❡ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❡♠ t❡r♠♦s ❞❡ q✉❛❞r❛t✉r❛s✳

❚❡♠♦s s❡♠♣r❡ q✉❡ ♦ ❡q✉✐✈❛❧❡♥t❡ ♠❡❝â♥✐❝♦ ❝♦♥s❡r✈❛ ❛ ❡♥❡r❣✐❛✱ ❛ss✐♠✱ só ♣r❡❝✐s❛♠♦s ❞❡ ♠❛✐s ✉♠❛

q✉❛♥t✐❞❛❞❡ ❝♦♥s❡r✈❛❞❛ ♥♦ ❝❛s♦ ❞❡ t❡r ❞♦✐s ❝❛♠♣♦s✳ ❉❡♣♦✐s ❞❡ t❡r ❛s q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s✱ só

t❡♠♦s q✉❡ ❛❝❤❛r ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ q✉❡ ❧✐❣✉❡ ❞♦✐s ♠á①✐♠♦s ❞♦ ♣♦t❡♥❝✐❛❧ ♠❡❝â♥✐❝♦ V ✭♠í♥✐♠♦s

❞♦ ♣♦t❡♥❝✐❛❧ U✮✳ ❙❡ ♥ã♦ ❝♦♥❤❡❝❡♠♦s ❛ ♦✉tr❛ q✉❛♥t✐❞❛❞❡ ❝♦♥s❡r✈❛❞❛✱ ♣♦❞❡♠♦s ♣r♦❝✉r❛r tr♦❝❛s ❞❡

✈❛r✐á✈❡✐s q✉❡ ❞❡✐①❡♠ ❛ ❧❛❣r❛♥❣✐❛♥❛ s❡♣❛rá✈❡❧✱ ❡ ❞❡♣♦✐s ✉s❛r t♦❞♦ ♦ ❝♦♥❤❡❝✐❞♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡

❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✳

✶✳✸✳✷ ▼ét♦❞♦ ❞❡ s✉♣❡r♣♦t❡♥❝✐❛❧

❇❛③❡✐❛✱ ❡t✳ ❛❧✳ ❬✻❪ ♣r♦♣õ❡♠ ✉♠ ♠ét♦❞♦ ♠✉✐t♦ ❡❝♦♥ô♠✐❝♦ ♣❛r❛ ❛❝❤❛r s♦❧✉çõ❡s ❞❡ ♦♥❞❛s s♦❧✐tár✐❛s✳

P❛r❛ ✐ss♦✱ s✉♣♦♠♦s q✉❡ ♥♦ss♦ ♣♦t❡♥❝✐❛❧ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦
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U(φ, χ) =
1

2
H2

φ +
1

2
H2

χ, ✭✶✳✷✺✮

♦♥❞❡ ♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s sã♦ φ ❡ χ✱ H(φ, χ) é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ q✉❡ ❝❤❛♠❛♠♦s ❞❡ s✉♣❡r♣♦t❡♥❝✐❛❧

❡ Hφ = ∂H/∂φ✱ Hχ = ∂H/∂χ✳ ◆❡st❡ ❝❛s♦✱ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✜❝❛♠

∂2φ

∂t2
− ∂2φ

∂x2
+HφHφφ +HχHχφ = 0, ✭✶✳✷✻✮

❡
∂2χ

∂t2
− ∂2χ

∂x2
+HφHφχ +HχHχχ = 0. ✭✶✳✷✼✮

❆ ❡♥❡r❣✐❛ ❞❡ss❡ s✐st❡♠❛✱ ♣❛r❛ s♦❧✉çõ❡s ❡stát✐❝❛s é

E =
1

2

∫ ∞

−∞

{

(

dφ

dx

)2

+

(

dχ

dx

)2

+H2
φ +H2

χ

}

dx ✭✶✳✷✽✮

q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

E = E′ + E′′ =
1

2

∫ ∞

−∞

{

(

dφ

dx
−Hφ

)2

+

(

dχ

dx
−Hχ

)2
}

dx+

∫ ∞

−∞

{

Hφ
dφ

dx
+Hχ

dχ

dx

}

dx, ✭✶✳✷✾✮

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❛ ❢♦r♠❛ ❞❡ ❇♦❣♦❧♠♦♥✬②✐✱ Pr❛s❛❞ ❡ ❙♦♠♠❡r✜❡❧❞✱❬✼✱ ✽❪✳ ❖ s❡❣✉♥❞♦ t❡r♠♦ ❞❡st❛

❡♥❡r❣✐❛✱ E′′✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✱

E′′ =

∫ ∞

−∞

dH

dx
dx = H (φ(∞), χ(∞)) −H (φ(−∞), χ(−∞)) . ✭✶✳✸✵✮

▲♦❣♦✱ t❡♠♦s ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❞✉❛s ❡♥❡r❣✐❛s✳ ❖ s❡❣✉♥❞♦ t❡r♠♦ ❞❡♣❡♥❞❡ só ❞❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❡ ♦ ♣r✐♠❡✐r♦ é s❡♠♣r❡ ♣♦s✐t✐✈♦✳ ❆ss✐♠✱ t❡♠♦s ✉♠ ♠í♥✐♠♦✱ q✉❡ ❛❝♦♥t❡❝❡

q✉❛♥❞♦
dφ

dx
= Hφ, ✭✶✳✸✶✮

❡
dχ

dx
= Hχ. ✭✶✳✸✷✮

❈❛s✉❛❧♠❡♥t❡✱ ❛s s♦❧✉çõ❡s ❞❡st❛s ❡q✉❛çõ❡s s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s ❞❡ ♦♥❞❛s s♦❧✐tár✐❛s✳ P♦r t❛♥t♦✱

♥♦ss♦ ♣r♦❜❧❡♠❛ ❞❡ ❛❝❤❛r ♦♥❞❛s s♦❧✐tár✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♥s✐st❡ ❛❣♦r❛ ❡♠ ❛❝❤❛r ❛s s♦❧✉çõ❡s ❞❡

✭✶✳✸✶✮ ❡ ✭✶✳✸✷✮✱ q✉❡ é ✉♠ s✐st❡♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳
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✶✳✹ ❊st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r

✶✳✹✳✶ P❛r❛ ✉♠ ❝❛♠♣♦

❆ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ♣❡rt✉r❜❛♠♦s ♥♦ss♦ s✐st❡♠❛ ❞❡ ❢♦r♠❛ ✐♥✜♥✐t❡s✐♠❛❧✳ ❉❡ss❡

❥❡✐t♦✱ t♦❞❛s ❛s ♦r❞❡♥s sã♦ ❞❡s♣r❡③í✈❡✐s ❡①❝❡t♦ ❛ ❧✐♥❡❛r✳ ❆ ✐❞é✐❛ é✱ s❡❣✉✐♥❞♦ ♦s ♣❛ss♦s ❞❡ ❬✾❪✱ s✉♣♦r ❛

s♦❧✉çã♦ ❦✐♥❦ ❡ s♦♠❛r ✉♠❛ s♦❧✉çã♦ ❡①♣♦♥❡♥❝✐❛❧✱

φ (x, t) = φ0 (x) + ψk(x) exp(iωkt), ✭✶✳✸✸✮

♦♥❞❡ φ0 é ♥♦ss❛ ♦♥❞❛ s♦❧✐tár✐❛ ❡ ♦ ♦✉tr♦ t❡r♠♦ é ❛ ♣❡rt✉r❜❛çã♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳ ■♥s❡r✐♥❞♦

❡st❛ s♦❧✉çã♦ ♥❛ ❡q✉❛çã♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ✭✶✳✶✶✮✱ ♦❜t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✱

[

− d2

dx2
+ U ′′(φ0(x))

]

ψk = ω2
kψk(x). ✭✶✳✸✹✮

❙❡ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ω2
k ❞❡ ✭✶✳✸✹✮ sã♦ ♥ã♦ ♥❡❣❛t✐✈♦s✱ t❡♠♦s ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r✱ ♦ q✉❡ ✐♠♣❧✐❝❛

q✉❡ ❛s ♣❡q✉❡♥❛s ♣❡rt✉r❜❛çõ❡s ❞❡ φ0 ♥ã♦ ❝r❡s❝❡♠ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✳

❯♠❛ ❝♦✐s❛ ✐♥t❡r❡ss❛♥t❡ é q✉❡ s❡♠♣r❡ ♦❜t❡r❡♠♦s ♦ ❛✉t♦✲✈❛❧♦r ω2
k = 0✳ ■ss♦ é ❞❡✈✐❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛

tr❛♥s❧❛❝✐♦♥❛❧✳ ▲❡♠❜r❛♥❞♦ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ U(φ) ♥ã♦ ❞❡♣❡♥❞❡ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s✱ ♣♦❞❡♠♦s

❞❡r✐✈❛r ❛ ❡q✉❛çã♦ ✭✶✳✶✹✮ ✉♠❛ ✈❡③✱ ♣❛r❛ ♦❜t❡r

[

− d2

dx2
+ U ′′(φ0(x))

]

φ′0(x) = 0. ✭✶✳✸✺✮

❊st❛ é ❛ ❡q✉❛çã♦ ✭✶✳✸✹✮ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ❞♦ ❦✐♥❦ ❝♦♠♦ ❛✉t♦✲❢✉♥çã♦ ❡ ❝♦♠ ❛✉t♦✲✈❛❧♦r ③❡r♦✳ ❆❧é♠ ❞❛

✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧✱ t♦❞❛s s✐♠❡tr✐❛s ❝♦♥tí♥✉❛s✱ tê♠ ❛✉t♦✈❛❧♦r❡s ❛ss♦❝✐❛❞♦s ♥✉❧♦s✳

✶✳✹✳✷ ❊st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r ❞❡ λφ4

◗✉❡r❡♠♦s ❛❣♦r❛ ❛❝❤❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ♥♦ss♦ ♠♦❞❡❧♦ λφ4✱ ❡ s❛❜❡r s❡

♦ ❦✐♥❦ é ❡stá✈❡❧ ❧✐♥❡❛r♠❡♥t❡✳ ■♥s❡r✐♥❞♦ ❛ s♦❧✉çã♦ ❞❡ ❦✐♥❦✱ ❡q✉❛çã♦ ✭✶✳✷✶✮✱ ♥❛ ❡q✉❛çã♦ ✭✶✳✸✹✮✱ t❡♠♦s

[

− d2

dx2
+

(

2m2 − 3m2s❡❝❤2mx√
2

)]

ψk = ω2
kψk(x). ✭✶✳✸✻✮

❊st❡ ♣♦t❡♥❝✐❛❧ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ Pös❝❤❧✲❚❡❧❧❡r ❡ t❡♠ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✳ ❆❞❡♠❛✐s✱

t❡♠ ❛✉t♦✈❛❧♦r❡s ❞✐s❝r❡t♦s✱ ω2
k = 2m2 − m2

2 (2 − n)2 ❝♦♠ n = 0, 1, 2✳ ❚❛♠❜é♠ t❡♠ ✉♠ ❡s♣❡❝tr♦

❝♦♥tí♥✉♦ q✉❡ ❝♦♠❡ç❛ ❡♠ ω2
k = 2m2 ✳ ❖ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ é q✉❡ ω2

k ≥ 0✳



❈❆P❮❚❯▲❖ ✶✳ ❙❖❇❘❊ ❑■◆❑❙ ❊ ❆▲●❯◆❙ ▼❖❉❊▲❖❙ ✶✶

✶✳✹✳✸ P❛r❛ ❞♦✐s ❝❛♠♣♦s

❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❞♦✐s ❝❛♠♣♦s é ♠✉✐t♦ s✐♠✐❧❛r ❛♦ ❛♥t❡r✐♦r✳ ❙✉♣♦♠♦s ✉♠❛ s♦❧✉çã♦✱

φ (x, t) = φ0 (x) + ψk(x) exp(iωkt) ✭✶✳✸✼✮

❡

χ (x, t) = χ0 (x) + ηk(x) exp(iωkt), ✭✶✳✸✽✮

♦♥❞❡ φ0 ❡ χ0 sã♦ ♦s ❝❛♠♣♦s ❞❛ ♦♥❞❛ s♦❧✐tár✐❛✱ ❡ ψk ❡ ηk sã♦ ❛s ♣❛rt❡s ❡s♣❛❝✐❛✐s ❞❛s ♣❡rt✉r❜❛çõ❡s✳

■♥s❡r✐♥❞♦ ❡st❡ ❆♥s❛t③ ♥❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦✱ ❡q✉❛çã♦ ✭✶✳✷✹✮✱ t❡♠♦s

[

− d2

dx2
+ V

]







ψk(x)

ηk(x)






=






− d2

dx2
+







Uφφ Uφχ

Uχφ Uχχ



















ψk(x)

ηk(x)






= ω2

k







ψk(x)

ηk(x)






. ✭✶✳✸✾✮

◆♦✈❛♠❡♥t❡✱ s❡ t❡♠♦s q✉❡ t♦❞♦s ♦s ω2
k sã♦ ♥ã♦ ♥❡❣❛t✐✈♦s✱ t❡♠♦s ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r✳

✶✳✹✳✹ ❊st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r ❝♦♠ s✉♣❡r♣♦t❡♥❝✐❛❧

◗✉❛♥❞♦ t❡♠♦s ✉♠ s✉♣❡r♣♦t❡♥❝✐❛❧✱ ❛❝♦♥t❡❝❡ ❛❧❣♦ ✐♥t❡r❡s❛♥t❡✳ ❙❡❣✉✐♥❞♦ ❬✻✱ ✶✵❪✱ ♦❜t❡♠♦s ♦s ♣♦t❡♥❝✐❛✐s

❞❛ ❡q✉❛çã♦ ✭✶✳✸✾✮✱

Uφφ = H̄2
φφ + H̄2

χφ + H̄φH̄φφφ + H̄χH̄φφχ, ✭✶✳✹✵✮

❡

Uφχ = Uχφ = H̄φχH̄φφ + H̄φH̄φφχ + H̄χH̄φχχ, ✭✶✳✹✶✮

❡

Uχχ = H̄2
φφ + H̄2

φχ + H̄φH̄φχχ + H̄χH̄χχχ ✭✶✳✹✷✮

♦♥❞❡ ❛s ❧✐♥❤❛s ❛❝✐♠❛ ❞❡ H q✉❡r❡♠ ❞✐③❡r q✉❡ ❛s ❞❡r✐✈❛❞❛s sã♦ ❝❛❧❝✉❧❛❞❛s ♥❛s ♦♥❞❛s s♦❧✐tár✐❛s✳ ❖

✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ é q✉❡ ♦ ♦♣❡r❛❞♦r

S2 = − d2

dx2
+







Uφφ Uφχ

Uχφ Uχχ






, ✭✶✳✹✸✮

♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

S2 = S+
1 S

−
1 , ✭✶✳✹✹✮
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❢❛③❡♥❞♦ ❛ ❞❡✜♥✐çã♦

S±
1 ≡ ± d

dx
+







Hφφ Hφχ

Hχφ Hχχ






. ✭✶✳✹✺✮

❆ss✐♠✱ S±
1 sã♦ ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s ✉♠ ❞❡ ♦✉tr♦ ❡ S2 é ❛✉t♦✲❛❞❥✉♥t♦ ❡ ❞❡✜♥✐❞♦ s❡♠✐✲♣♦s✐t✐✈♦✳

■st♦ é✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡st❡s ♦♣❡r❛❞♦r❡s sã♦ ♥ã♦ ♥❡❣❛t✐✈♦s✳ ❈♦♠ ✐ss♦ t❡♠♦s q✉❡ t♦❞♦ s✐st❡♠❛ q✉❡

❛❝❡✐t❡ ✉♠ s✉♣❡r♣♦t❡♥❝✐❛❧ é ❧✐♥❡❛r♠❡♥t❡ ❡stá✈❡❧✳

✶✳✺ ❮♥❞✐❝❡s t♦♣♦❧ó❣✐❝♦s

❖✉tr♦ ❝♦♥❝❡✐t♦ ✐♠♣♦rt❛♥t❡ é ❞♦s í♥❞✐❝❡s t♦♣♦❧ó❣✐❝♦s ❡ ❝❛r❣❛ t♦♣♦❧ó❣✐❝❛✳ ❆ ✐❞é✐❛ é ✉s❛r ❛❧❣✉♠❛

q✉❛♥t✐❞❛❞❡ ❝♦♥s❡r✈❛❞❛ ❞❛s s♦❧✉çõ❡s✱ q✉❡ ♥♦s ♣❡r♠✐t❛ ❝❧❛ss✐✜❝á✲❧❛s✳ ◆♦ss♦s ♣r♦❜❧❡♠❛s sã♦ ❞❡ ✉♠❛

❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧✱ ❡ ♣❛r❛ t❡r s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛✱ ♣r❡❝✐s❛♠♦s q✉❡ ♦ ❝❛♠♣♦ ❛ss✉♠❛ ♦s ✈❛❧♦r❡s

❞♦ ✈á❝✉♦ ♥♦ +∞ ❡ ♥♦ −∞✱ ♦♥❞❡ ♣♦❞❡ s❡r ♦ ♠❡s♠♦✳ ❆❧❣✉♠❛s ✈❡③❡s ♦s ♠í♥✐♠♦s ❞♦ ♣♦t❡♥❝✐❛❧✱ ♦✉

s❡❥❛✱ ♦ ✈á❝✉♦✱ é ❞✐s❝r❡t♦✱ ❝♦♠♦ ❡♠ ♥♦ss♦s ❝❛s♦s ❞❡ ✐♥t❡r❡ss❡✳ ❆ss✐♠✱ ❡♠ ❛❧❣✉♠ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✱

t0✱ t❡♠♦s q✉❡

lim
x→∞

φ(x, t0) ≡ φ(∞, t0) = φ1, ✭✶✳✹✻✮

♦♥❞❡ φ1 é ✉♠ ♠í♥✐♠♦ ❞❡ U(φ)✳ ◗✉❛♥❞♦ ♦ t❡♠♣♦ ❡✈♦❧✉✐✱ ♦ ❝❛♠♣♦ ♠✉❞❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❝♦♠ t✱

❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ x✳ ❆ss✐♠✱ φ(∞, t) ✈❛✐ s❡r ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡ t✳ P♦r t❛♥t♦✱ ♣❛r❛ q✉❡ ❛

❡♥❡r❣✐❛ s❡❥❛ ✜♥✐t❛✱ é ♥❡❝❡ssár✐♦ q✉❡ φ(∞, t) s❡❥❛ ❛❧❣✉♠ ❞♦s ♠í♥✐♠♦s ❞✐s❝r❡t♦s ❞♦ ♣♦t❡♥❝✐❛❧✳ ❈♦♠♦

♥ã♦ ♣♦❞❡ ♣✉❧❛r ❞❡ φ1 ❛ ♦✉tr♦ ♠í♥✐♠♦ s❡ t❡♠ q✉❡ ♠✉❞❛r ❝♦♥t✐♥✉❛♠❡♥t❡✱ ❡♥tã♦ φ(∞, t) t❡♠ q✉❡

s❡r ❡st❛❝✐♦♥ár✐♦ ❡ t❡r ♦ ✈❛❧♦r ❝♦♥st❛♥t❡ φ1✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ φ(−∞, t) = φ2✳ ▲♦❣♦✱ t♦❞❛s

❛s s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛ t❡rã♦ s✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✜①❛s✳ ■st♦ ♥♦s s❡r✈❡ ♣❛r❛ ❞✐✈✐❞✐r

t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛ ❡♠ s❡t♦r❡s✱ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ❞♦✐s í♥❞✐❝❡s✱ ♦s ✈❛❧♦r❡s ❞❡

φ(x = ∞) ❡ φ(x = −∞)✳ ❊st❡s s❡t♦r❡s sã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❞❡s❧✐❣❛❞♦s✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♦s ❝❛♠♣♦s

❞❡ ✉♠ s❡t♦r ♥ã♦ ♣♦❞❡♠ s❡r ❞❡❢♦r♠❛❞♦s ❝♦♥t✐♥✉❛♠❡♥t❡ ❛té ♦✉tr♦ s❡t♦r✱ s❡♠ ✈✐♦❧❛r ❛ ❝♦♥❞✐çã♦ ❞❡

❡♥❡r❣✐❛ ✜♥✐t❛✳

❆❧é♠ ❞♦s í♥❞✐❝❡s✱ ❡①✐st❡ ♦✉tr❛ q✉❛♥t✐❞❛❞❡ ✉s❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝❛r❣❛ t♦♣♦❧ó❣✐❝❛✳

❊st❛ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦

Q = (
√
λ/m) [φ(x = ∞) − φ(x = −∞)] . ✭✶✳✹✼✮
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❊❧❛ t❡♠ ✉♠❛ ❝♦rr❡♥t❡ ❝♦♥s❡r✈❛❞❛ ❛ss♦❝✐❛❞❛✱

kµ = (
√
λ/m)εµν∂νφ, ✭✶✳✹✽✮

♦♥❞❡ ε é ♦ t❡♥s♦r ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥t✐✲s✐♠étr✐❝♦ ✭▲❡✈✐✲❈✐✈✐t❛✮ ❡ t❡♠♦s ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦✱

∂µk
µ = 0 ❡ Q =

∫ ∞

−∞
k0dx. ✭✶✳✹✾✮

❯s✉❛❧♠❡♥t❡ ♦ ❛❞❥❡t✐✈♦ ✏t♦♣♦❧ó❣✐❝♦✑ ♣❛r❛ ♦♥❞❛s s♦❧✐tár✐❛s é ✉s❛❞♦ só q✉❛♥❞♦ t❡♠♦s Q 6= 0✱ ♦✉ s❡❥❛✱

q✉❛♥❞♦ ❛ s♦❧✉çã♦ ✉♥❡ ❞♦✐s ♣♦♥t♦s ❞♦ ✈á❝✉♦ ❞✐❢❡r❡♥t❡s✳ ❖♥❞❛s s♦❧✐tár✐❛s ❝♦♠ Q = 0 sã♦ ❝❤❛♠❛❞❛s

✏♥ã♦✲t♦♣♦❧ó❣✐❝❛s✑✳

✶✳✺✳✶ ❙❡t♦r❡s t♦♣♦❧ó❣✐❝♦s ❞❡ λφ4

▲❡♠❜r❛♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ✭✶✳✶✾✮✱ q✉❡ t❡♠ ❞♦✐s ✈á❝✉♦s✱ φ = (±m/
√
λ)✱ ♣♦❞❡♠♦s ❞✐✈✐❞✐r t♦❞❛s ❛s

s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛✱ s❡❥❛♠ ❡stát✐❝❛s ♦✉ ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦✱ ❡♠ q✉❛tr♦ s❡t♦r❡s t♦♣♦❧ó❣✐✲

❝♦s✳ ❊st❡s s❡t♦r❡s sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧♦s ♣❛r❡s ❞❡ í♥❞✐❝❡s (−m/
√
λ,m/

√
λ)✱ (m/

√
λ,−m/

√
λ)✱

(m/
√
λ,m/

√
λ) ❡ (−m/

√
λ,−m/

√
λ)✱ q✉❡ r❡♣r❡s❡♥t❛♠ ♦s ✈❛❧♦r❡s ❞❡ (φ(x = −∞), φ(x = +∞))✳

❊♥tã♦ ♦ ❦✐♥❦✱ ♦ ❛♥t✐✲❦✐♥❦ ❡ ❛s s♦❧✉çõ❡s ❝♦♥st❛♥t❡s φ = (±m/
√
λ) sã♦ ♠❡♠❜r♦s ❞❡ss❡s s❡t♦r❡s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❦✐♥❦ ❡ ♦ ❛♥t✐✲❦✐♥❦ sã♦ s♦❧✉çõ❡s t♦♣♦❧ó❣✐❝❛s ❡ ❛s ❝♦♥st❛♥t❡s sã♦ ♥ã♦✲t♦♣♦❧ó❣✐❝❛s✳

✶✳✻ ❙♦❜r❡ ❇r❡❛t❤❡rs ❡ ❖s❝✐❧❧♦♥s

✶✳✻✳✶ ▼♦❞❡❧♦ ❙❡♥♦✲●♦r❞♦♥

❊①✐st❡ ✉♠ ♠♦❞❡❧♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❙❡♥♦✲●♦r❞♦♥ ✭t❡♠ ❛té ♣♦❧ê♠✐❝❛ ♣❡❧♦ ♥♦♠❡✮✱ ❡♠ 1+1 ❞✐♠❡♥sõ❡s

q✉❡ t❡♠ ❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞❡ s❡r ✐♥t❡❣rá✈❡❧✳ ■st♦ é✱ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ✉s❛♥❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥✈❡rs♦✳

❆❧é♠ ❞✐ss♦✱ ♦ ♠♦❞❡❧♦ t❡♠ ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s✱ ❝♦♠♦ ✐♥✜♥✐t❛s q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s

❡ ❛s s♦❧✉çõ❡s s❛t✐s❢❛③❡♠ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❇ä❝❦❧✉♥❞✱ ❡♥tr❡ ♦✉tr❛s ❬✸❪✳ ❖ ♣♦t❡♥❝✐❛❧ é

U(φ) =
m4

λ

{

1 − cos(
√
λ/mφ)

}

, ✭✶✳✺✵✮

♦♥❞❡ ♦ t❡r♠♦ ❝♦♥st❛♥t❡ é s♦♠❛❞♦ ♣❛r❛ ❞❡✐①❛r ♦s ♠í♥✐♠♦s ❞♦ ♣♦t❡♥❝✐❛❧ ❡♠ ③❡r♦✳ ❋❛③❡♥❞♦ ❛ tr♦❝❛

❞❡ ✈❛r✐á✈❡✐s✱

x̄ = mx, t̄ = mt ❡ φ̄ = (
√
λ/m)φ,
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♦❜t❡♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣✐❛♥❛

L(x, t) = (m4/λ)

[

1

2
(∂̄µφ̄)(∂̄µφ̄) + (cos φ̄− 1)

]

, ✭✶✳✺✶✮

q✉❡ ❧❡✈❛ à ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦✱

∂2φ̄

∂t̄2
− ∂2φ̄

∂x̄2
+ sin φ̄(x̄, t̄) = 0. ✭✶✳✺✷✮

➱ ♣♦r ❡st❛ ❡q✉❛çã♦ q✉❡ ♦ ♠♦❞❡❧♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❙❡♥♦✲●♦r❞♦♥✳ ❖ ♠♦❞❡❧♦ t❡♠ ✐♥✜♥✐t♦s

♠í♥✐♠♦s✱ q✉❡ sã♦ ❡♥❝♦♥tr❛❞♦s q✉❛♥❞♦ ♦ ❝❛♠♣♦ t♦♠❛ ♦s ✈❛❧♦r❡s✱

φ̄ = 2Nπ, N = 0,±1,±2, . . . ,

✈❡❥❛ ❛ ✜❣✉r❛ ✶✳✸✭❛✮✳

❆ss✐♠✱ t❡♠♦s ✐♥✜♥✐t♦s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧♦s í♥❞✐❝❡s ✐♥t❡✐r♦s (N1, N2) ❡ ♣❡❧❛

❝❛r❣❛ t♦♣♦❧ó❣✐❝❛ Q ≡ N1 − N2✳ ◆♦✈❛♠❡♥t❡✱ ❛s s♦❧✉çõ❡s ❧♦❝❛❧✐③❛❞❛s só ♣♦❞❡♠ ❧✐❣❛r ❞♦✐s ♠í♥✐♠♦s

✈✐③✐♥❤♦s✳ ❘❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❥á ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ❙❡♥♦✲●♦r❞♦♥✱ ❛s s♦❧✉çõ❡s ♣❛r❛

♦ ❦✐♥❦ ❡ ♦ ❛♥t✐✲❦✐♥❦ sã♦

φ̄(x) = ±4 tan−1(exp(x− x0)). ✭✶✳✺✸✮

❊st❛s s♦❧✉çõ❡s tê♠ ❝❛r❣❛s t♦♣♦❧ó❣✐❝❛s Q = ±1 ❡ ✈ã♦ ❞❡s❞❡ φ̄ = 0 ❛ φ̄ = 2π✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

❞❡ 2π ❛ 4π✱ 4π ❛ 6π✱ ❡t❝✳ ❱❡❥❛ ❛ ✜❣✉r❛ ✶✳✸✭❜✮✳

❋✐❣✉r❛ ✶✳✸✿ P♦t❡♥❝✐❛❧ ❡ ❦✐♥❦ ❞❡ ♣♦t❡♥❝✐❛❧ ❙❡♥♦✲●♦r❞♦♥✳

❆❧é♠ ❞❡st❛s s♦❧✉çõ❡s✱ t❡♠♦s ♦✉tr❛s q✉❡ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♣❡❧❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❇ä❝❦❧✉♥❞✳

❯♠❛ ❞❡❧❛s é

φ̄SA(x̄, t̄) = 4 tan−1

(

sinh(ut̄/
√

1 − u2)

u cosh(x̄/
√

1 − u2)

)

. ✭✶✳✺✹✮

❊st❛ r❡♣r❡s❡♥t❛ ❛ ❝♦❧✐sã♦ ❞❡ ✉♠ ❦✐♥❦ ❡ ✉♠ ❛♥t✐✲❦✐♥❦✱ ❛♣r♦①✐♠❛♥❞♦✲s❡ ❛ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ ❞❡
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2u✳ ◆♦s ❧✐♠✐t❡s t→ −∞ ❡ t→ ∞✱ ♦❜s❡r✈❛♠♦s q✉❡ sã♦ ♦ ❦✐♥❦ ❡ ♦ ❛♥t✐✲❦✐♥❦ ❛♥t❡s ❡ ❞❡♣♦✐s ❞❛ ❝♦❧✐sã♦✳

◆❛ ✜❣✉r❛ ✶✳✹✱ ♠♦str❛✲s❡ φ̄SA ❡♠ ❞✐❢❡r❡♥t❡s t❡♠♣♦s✳ ❉❡✈✐❞♦ ❛ q✉❡ ♥♦ t❡♠♣♦ ❢✉t✉r♦ ❛s ❢♦r♠❛s ❞♦s

❦✐♥❦s ❡ ❛♥t✐❦✐♥❦ sã♦ r❡❝✉♣❡r❛❞❛s✱ t❡♠♦s ❡♥tã♦ ♥ã♦ só ❦✐♥❦s✱ ♠❛s t❛♠❜é♠ só❧✐t♦♥s✳ ➱ ♣♦r ✐ss♦ q✉❡

❛ s♦❧✉çã♦ t❡♠ ❛s ❧❡tr❛s SA✱ ❞❡ s♦❧✐t♦♥✲❛♥t✐só❧✐t♦♥✳

❋✐❣✉r❛ ✶✳✹✿ φ̄SA ♣❛r❛ ♦s t❡♠♣♦s✱ ❛✮ −10✱ ❜✮ −0.5 ❡ ❝✮ 5✳

❖✉tr❛ s♦❧✉çã♦ q✉❡ ❞á ❝♦♥t❛ ❞❛ ❝♦❧✐sã♦ ❡♥tr❡ ❞♦✐s só❧✐t♦♥s ❛♣r♦①✐♠❛♥❞♦✲s❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛

2u é

φ̄SS(x̄, t̄) = 4 tan−1

(

u sinh(x̄/
√

1 − u2)

cosh(ut̄/
√

1 − u2)

)

. ✭✶✳✺✺✮

❱❡❥❛ ❛ ✜❣✉r❛ ✶✳✺✳

❋✐❣✉r❛ ✶✳✺✿ φ̄SS ♣❛r❛ ♦s t❡♠♣♦s✱ ❛✮ −10✱ ❜✮ −0.5 ❡ ❝✮ 5✳

❆❧é♠ ❞❡ss❛s s♦❧✉çõ❡s✱ t❡♠♦s ♦✉tr❛✱ ❛ ❝❤❛♠❛❞❛ s♦❧✉çã♦ ❞❡ ❇r❡❛t❤❡r✱

φ̄v(x̄, t̄) = 4 tan−1

(

sin(vt̄/
√

1 + v2)

v cosh(x̄/
√

1 + v2)

)

. ✭✶✳✺✻✮

❖ ✐♥t❡r❡ss❛♥t❡ ❞❡st❛ s♦❧✉çã♦ é q✉❡ ❡❧❛ é ♣❡r✐ó❞✐❝❛✱ ❝♦♠ ♣❡rí♦❞♦

τ̄ =
(

2π
√

1 + v2
)

/v.

P♦❞❡✲s❡ ✐♥t❡r♣r❡t❛r ❡st❛ s♦❧✉çã♦ ❝♦♠♦ ✉♠ ❡st❛❞♦ ❧✐❣❛❞♦ ❞♦ s✐st❡♠❛ só❧✐t♦♥✲❛♥t✐só❧✐t♦♥✳ ❈♦♠♦ ❡❧❛

é ♣❡r✐ó❞✐❝❛✱ ❛ s♦❧✉çã♦ ✈❛✐ ✜❝❛r ♥❛ ♠❡s♠❛ ❧♦❝❛çã♦ ♣❛r❛ s❡♠♣r❡✱ ✈❡❥❛ ❛ ✜❣✉r❛ ✶✳✻✱ ❡ ♠❡s♠♦ q✉❛♥❞♦

♥ã♦ s❛t✐s❢❛③ ♥♦ss❛s ❝♦♥❞✐çõ❡s ❞❡ ♦♥❞❛ s♦❧✐tár✐❛✱ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ t❡r ❛ ❡♥❡r❣✐❛ ❧♦❝❛❧✐③❛❞❛ ❡♠
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✉♠❛ ③♦♥❛ ✜♥✐t❛ ❞♦ ❡s♣❛ç♦✳

❆ ❡①✐stê♥❝✐❛ ❞♦ ❜r❡❛t❤❡r é ❞❡✈✐❞❛ ❛ q✉❡ ❛ ✐♥t❡r❛çã♦ só❧✐t♦♥✲❛♥t✐só❧✐t♦♥ é ❞❡ ❛tr❛çã♦✳ P♦r t❛♥t♦

❡st❛ s♦❧✉çã♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✉♠ ❡st❛❞♦ ❧✐❣❛❞♦✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ❞♦✐s só❧✐t♦♥s ♦✉ ❛♥t✐só✲

❧✐t♦♥s✱ ✐ss♦ ♥ã♦ ❛❝♦♥t❡❝❡✳ ❖ ♣❛râ♠❡tr♦ v ♥ã♦ é ✉♠❛ ✈❡❧♦❝✐❞❛❞❡✱ é só ✉♠ ♣❛râ♠❡tr♦✳

❋✐❣✉r❛ ✶✳✻✿ ❆ s♦❧✉çã♦ ❞♦ ❇r❡❛t❤❡r ♣❛r❛ ♦s t❡♠♣♦s✱ ❛✮ −5✱ ❜✮ −0.5 ❡ ❝✮ 5✳

✶✳✻✳✷ ❇r❡❛t❤❡rs ❡♠ λφ4✲ ❖s❝✐❧❧♦♥s

❋♦✐ ❝♦♠♣r♦✈❛❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡ q✉❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ❦✐♥❦ ❡ ♦ ❛♥t✐❦✐♥❦ ❞❛ t❡♦r✐❛ λφ4 t❛♠❜é♠

é ❞❡ ❛tr❛çã♦✳ ❈♦❧✐sõ❡s ❡♥tr❡ ❡st❛s ❞✉❛s s♦❧✉çõ❡s ❢♦r❛♠ ❡st✉❞❛❞❛s ♥✉♠❡r✐❝❛♠❡♥t❡ ♥❛s ❞é❝❛❞❛s ❞❡

✶✾✼✵ ❡ ✶✾✽✵✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✶✶❪✱ ❡ ❛s r❡❢❡rê♥❝✐❛s ♥❡st❛✳ ❙ó ❡♠ ✶✾✽✼✱ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❙❡❣✉r

❡ ❑r✉s❦❛❧ ❬✶✷❪✱ ♦s ❛✉t♦r❡s ♠♦str❛r❛♠ q✉❡ é ✐♠♣♦ssí✈❡❧ t❡r ✉♠❛ ❡str✉t✉r❛ ❞❡ t✐♣♦ ❜r❡❛t❤❡r ♥❛ λφ4✳

❊❧❡s ❝♦♥s❡❣✉✐r❛♠ ♠♦str❛r ✐st♦✱ ✐❧✉str❛♥❞♦ q✉❡ é ✐♠♣♦ssí✈❡❧ t❡r ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ♣❛r❛ ❡st❡

♣♦t❡♥❝✐❛❧✳ ❆❞❡♠❛✐s ♥♦ ♠❡s♠♦ tr❛❜❛❧❤♦ ♠♦str❛r❛♠ q✉❡ ❛ s♦❧✉çã♦ é q✉❛s❡ ♣❡r✐ó❞✐❝❛ ❡ t❡♠ ✉♠

t❡♠♣♦ ❞❡ ✈✐❞❛ ♠✉✐t♦ ❣r❛♥❞❡✱ τ ≈ 106 ♦s❝✐❧❛çõ❡s✱ ♠❛s ❛♦ ✜♥❛❧ ✈❛✐ ❞❡❝❛✐r✳ ❊♠❜♦r❛ s❡❥❛ ❝♦♥❤❡❝✐❞♦

q✉❡ ❛ s♦❧✉çã♦ é ♥ã♦ ❡stá✈❡❧ ❡ s❡✉ t❡♠♣♦ ❞❡ ✈✐❞❛ é tã♦ ❧♦♥❣♦✱ é ✐♠♣♦rt❛♥t❡ ❝♦♥s✐❞❡rá✲❧❛✳ ❊st❛ s♦❧✉çã♦

é ❝♦♥❤❡❝✐❞❛ ❛❣♦r❛ ❝♦♠♦ ♦s❝✐❧❧♦♥✳ ❉❡♣♦✐s ❞♦ tr❛❜❛❧❤♦ s❡♠✐♥❛❧ ❞❡ ❙❡❣✉r ❡ ❑r✉s❦❛❧✱ ❢♦✐ ❛❝❤❛❞♦ q✉❡

♠✉✐t♦s s✐st❡♠❛s✱ ❡♠ ✉♠❛ ♦✉ ✈ár✐❛s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s✱ tê♠ ❡st❡ t✐♣♦ ❞❡ ❡str✉t✉r❛s ❞❡ ✈✐❞❛ ❧♦♥❣❛

♥ã♦ ❡stá✈❡✐s✳

✶✳✼ ▼♦❞❡❧♦ ▼❙❚❇

❯♠ ❞♦s ♠♦❞❡❧♦s ♠❛✐s s✐♠♣❧❡s ❞❡ ❞♦✐s ❝❛♠♣♦s é ♦ ♠♦❞❡❧♦ ▼❙❚❇✱ ❬✶✸✱ ✶✹❪✱ ✭▼♦♥t♦♥❡♥✱ ❙❛r❦❡r✱

❚r✉❧❧✐♥❣❡r ❡ ❇✐s❤♦♣✮✳ ◆❡st❡ s✐st❡♠❛ ♥ã♦ t❡♠♦s ✉♠ s✉♣❡r♣♦t❡♥❝✐❛❧ q✉❡ ♥♦s ❛❥✉❞❡ ❛ ❛❝❤❛r s♦❧✉çõ❡s

s♦❧✐tô♥✐❝❛s✳ ▼❛s✱ s❡✉ ❛♥á❧♦❣♦ ♠❡❝â♥✐❝♦ é ❞♦ t✐♣♦ ■ ❞❡ ▲✐♦✉✈✐❧❧❡ ❡ ♣♦r t❛♥t♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✳

❙❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ❛rt✐❣♦ ❞❡ ❆❧♦♥s♦ ❡ ●✉✐❧❛rt❡✱ ❬✶✺✱ ✶✻❪✱ t❡♠♦s ♦ ♣♦t❡♥❝✐❛❧

U(φ1, φ2) =
1

2

(

φ2
1 + φ2

2 − 1
)2

+
Ω2

2
φ2

2. ✭✶✳✺✼✮
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❊st❡ ♣♦t❡♥❝✐❛❧ é ❞❡ ♦r❞❡♠ q✉❛tr♦ ❡♠ ❝❛❞❛ ❝❛♠♣♦ ❝♦♠ ❛ss✐♠❡tr✐❛✳ ❖❜s❡r✈❛✲s❡ q✉❡✱ q✉❛♥❞♦ t❡♠♦s

φ2 = 0✱ ♦❜t❡♠♦s ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ t✐♣♦ λφ4✳ ❖ ✈á❝✉♦ ❞♦ s✐st❡♠❛ é

M =
{

(φ+
1 = 1, φ+

2 = 0); (φ−1 = −1, φ−2 = 0)
}

. ✭✶✳✺✽✮

◆♦ ❛rt✐❣♦ ♦r✐❣✐♥❛❧ ❬✶✸❪✱ ♦ ❛✉t♦r ❡♥❝♦♥tr♦✉ ❞♦✐s ❦✐♥❦s q✉❡ ❧✐❣❛♠ ♦s ❞♦✐s ✈á❝✉♦s✱ q✉❛♥❞♦ ✉s❛♠♦s

♦ ♣❛râ♠❡tr♦ Ω2 ∈ (0, 1)✳ ❙ã♦ ❡st❡s✿

✶✳ ❚❑✶✱ ❝❤❛♠❛❞♦ ❛ss✐♠ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ só t❡♠♦s ✉♠ ❝❛♠♣♦ ♥ã♦ ♥✉❧♦✱ φ1✱

φ❚❑1
1 (x) = tanhx, φ❚❑1

2 (x) = 0, ✭✶✳✺✾✮

✈❡❥❛ ❛ ✜❣✉r❛ ✶✳✼❛✮✳

✷✳ ❚❑✷✱ ❡♠ ✐♥❣❧ês✱ ❦✐♥❦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❞♦✐s ❝❛♠♣♦s✱

φ❚❑2
1 = tanhΩx, φ❚❑2

2 = Ω̄s❡❝❤Ωx, ✭✶✳✻✵✮

♦♥❞❡ Ω̄2 = 1 − Ω2✳ ◆❛ ✜❣✉r❛ ✶✳✼❜✮ ✐❧✉str❛✲s❡ ❡st❡ ❦✐♥❦✳

❖s ❞♦✐s ✈á❝✉♦s ❡stã♦ ❧✐❣❛❞♦s ♣❡❧❛ s❡♠✐✲❡❧✐♣s❡✱

φ2
1 +

φ2
2

Ω̄2
= 1. ✭✶✳✻✶✮

❋✐❣✉r❛ ✶✳✼✿ ❖ ❦✐♥❦ ❚❑✶ ❡♠ ❛✮ ❡ ♦ ❚❑✷ ❡♠ ❜✮✳

▲❡♠❜r❡♠♦s q✉❡ ❡st❡ ♣♦t❡♥❝✐❛❧ t❡♠ s✐♠❡tr✐❛ ❞❡ ♣❛r✐❞❛❞❡ ♥♦s ❞♦✐s ❝❛♠♣♦s✱ ❛ss✐♠ ❝❛❞❛ ✉♠❛ ❞❡st❛s

s♦❧✉çõ❡s t❡♠✱ ❛ss♦❝✐❛❞❛s✱ ♦✉tr❛s s♦❧✉çõ❡s✳ ❖ ❚❑✶ é ❡♠ ✈❡r❞❛❞❡ ❞✉❛s s♦❧✉çõ❡s ✭❦✐♥❦ ❡ ❛♥t✐❦✐♥❦✮ ❡ ♦

❚❑✷ sã♦ q✉❛tr♦ ✭❦✐♥❦ ❡ ❛♥t✐❦✐♥❦ ❡ ❡❧✐♣s❡ ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞♦ ❡✐①♦✮✳
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❆❧é♠ ❞❡st❛s ❞✉❛s s♦❧✉çõ❡s t♦♣♦❧ó❣✐❝❛s✱ ❢♦✐ ❡♥❝♦♥tr❛❞❛ ♣♦r ❘❛❥❛r❛♠❛♥ ❬✺❪ ♦✉tr❛ s♦❧✉çã♦ ♥ã♦

t♦♣♦❧ó❣✐❝❛✳ ❊st❛ s♦❧✉çã♦ ❢❛③ ✉♠ ❝ír❝✉❧♦ ♣❛r❛ ❧✐❣❛r ✉♠ ✈á❝✉♦ ❝♦♠ ❡❧❡ ♠❡s♠♦✳ ❊❧❡ ❛❝❤♦✉ ❡ss❛ s♦❧✉çã♦

♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r Ω = 1/2✳ ■♥✈❡st✐❣❛çõ❡s ♥✉♠ér✐❝❛s ❬✶✼❪ ❛❝❤❛r❛♠✿ ✐✮ q✉❡ ❡st❡ ❦✐♥❦ ❝❤❛♠❛❞♦ ❞❡

◆❚❑✷ é ❧✐♥❡❛r♠❡♥t❡ ♥ã♦ ❡stá✈❡❧✱ ✐✐✮ q✉❡ ♥ã♦ é só ✉♠ ❦✐♥❦✱ ♠❛s ✉♠❛ ❢❛♠í❧✐❛ ❝♦♥tí♥✉❛ ❞❡ ❦✐♥❦s q✉❡

♣❛ss❛♠ ♣❡❧♦ ♣♦♥t♦ (φ1 = −0.5, φ2 = 0), q✉❡ tê♠ ❛ ♠❡s♠❛ ❡♥❡r❣✐❛✱ ❡ ♣♦❞❡♠ s❡r ♣❛r❛♠❡tr✐③❛❞♦s ♣♦r

✉♠❛ ✈❛r✐á✈❡❧ ❝♦♥tí♥✉❛✱ γ1✱ ✈❡❥❛ ✜❣✉r❛ ✶✳✽ ❡ ✐✐✐✮ ❛ ♣r♦♣r✐❡❞❛❞❡ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ r❡❣r❛ ❞❡ s♦♠❛ ❞❛s

❡♥❡r❣✐❛s✱

E◆❚❑✷ = E❚❑✶ + E❚❑✷. ✭✶✳✻✷✮

❆ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞♦ ❦✐♥❦ ◆❚❑✷ ❢♦✐ ❡♥❝♦♥tr❛❞❛ ♣♦r ❆❧♦♥s♦ ❡t✳ ❛❧✳ ❬✶✺❪ ❞❡♣♦✐s ❞❡ s♦❧✉❝✐♦♥❛r ♦

s✐st❡♠❛ ♠❡❝â♥✐❝♦ ❛♥á❧♦❣♦ ❡ ✐♥✈❡rt❡♥❞♦ ❛s ❞✉❛s ❡q✉❛çõ❡s✱ ❛ ❞❡ ór❜✐t❛ ❡ ❛ ✏t❡♠♣♦r❛❧✑✳ ❊❧❡s ♦❜t✐✈❡r❛♠✿

φ◆❚❑✷1 (x : γ1) =
(Ω − 1)

(

1 + e2(1+Ω)(x+Ωγ1)
)

+ (Ω + 1)
(

e2Ω(x+γ1) + e2(x+γ1Ω2)
)

(Ω − 1)
(

1 + e2(1+Ω)(x+Ωγ1)
)

− (Ω + 1)
(

e2Ω(x+γ1) + e2(x+γ1Ω2)
) ✭✶✳✻✸✮

φ◆❚❑✷2 (x : γ1) =
2
(

Ω2 − 1
)

eΩ(x+γ1)
(

e2(x+γ1Ω2) − 1
)

(Ω − 1)
(

1 + e2(1+Ω)(x+Ωγ1)
)

− (Ω + 1)
(

e2Ω(x+γ1) + e2(x+γ1Ω2)
) . ✭✶✳✻✹✮

❋✐❣✉r❛ ✶✳✽✿ ❑✐♥❦s ♦❢ ▼❙❚❇✳

❆❧❣✉♥s ❛♥♦s ♠❛✐s t❛r❞❡ ✭♥♦s ✽✵✬s✮✱ ■t♦ ❝♦♥s❡❣✉✐✉ ❛❝❤❛r ✉♠❛ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ❛ r❡❣r❛ ❞❡ s♦♠❛ ❬✶✽❪✳
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❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ s✐st❡♠❛ ♠❡❝â♥✐❝♦ ❛ss♦❝✐❛❞♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧ ✉s❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s

❡❧í♣t✐❝❛s✱ ♦✉ s❡❥❛✱ é ❞❡ t✐♣♦ ■ ❞❡ ▲✐♦✉✈✐❧❧❡✱ ■t♦ ❝♦♥s❡❣✉✐✉ ❛❝❤❛r ✉♠❛ r❡❧❛çã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ♦s ❦✐♥❦s

❡ ♠♦str♦✉ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛ r❡❣r❛ ❞❡ s♦♠❛✳ ◆❡ss❡ ♠❡s♠♦ ❛♥♦✱ ❥✉♥t♦ ❝♦♠ ❚❛s❛❦✐✱ ❬✶✾❪✱ ♦s ❛✉t♦r❡s

♠♦str❛r❛♠ q✉❡ ❛s s♦❧✉çõ❡s ❚❑✶ ❡ ◆❚❑✷ sã♦ ♥ã♦ ❡stá✈❡✐s✱ ♠❛s q✉❡ ♦ ❚❑✷ é ❡stá✈❡❧✱ ✉s❛♥❞♦ ♦

t❡♦r❡♠❛ ❞♦ í♥❞✐❝❡ ❞❡ ▼♦rs❡✳

✶✳✽ ▼♦❞❡❧♦ ❇◆❘❚

❉❡s❝r❡✈❡r❡♠♦s ♦ ♠♦❞❡❧♦ ❇◆❘❚ ✭❇❛③❡✐❛✱ ◆❛s❝✐♠❡♥t♦✱ ❘✐❜❡✐r♦ ❡ ❚♦❧❡❞♦✮ s❡❣✉✐♥❞♦ ♦ ❛rt✐❣♦ ❞❡ ❆❧♦♥s♦✱

❡t✳ ❛❧✳ ❬✷✵❪✳ ❖ ♠♦❞❡❧♦ ❝♦♥s✐st❡ ❞❡ ❞♦✐s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ❛❝♦♣❧❛❞♦s ♣♦r ✉♠ ♣♦t❡♥❝✐❛❧✳ ◆♦ss♦ ♠♦❞❡❧♦

❞❡ ✐♥t❡r❡ss❡✱ ❞❡♣♦✐s ❞❡ ♠✉❞❛r ✈❛r✐á✈❡✐s✱ t❡♠ ♦ ♣♦t❡♥❝✐❛❧

U(φ1, φ2) =
(

4φ2
1 + 2σφ2

2 − 1
)2

+ 16σφ2
1φ

2
2. ✭✶✳✻✺✮

❉á ♣❛r❛ ♥♦t❛r q✉❡✱ q✉❛♥❞♦ t❡♠♦s φ1 = 0✱ t❡♠♦s ✉♠ ♠♦❞❡❧♦ ♣❛r❡❝✐❞♦ ❛ λφ4✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡

q✉❛♥❞♦ φ2 = 0✳ ❆s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ s✉♣♦♥❞♦ s♦❧✉çõ❡s ❡stát✐❝❛s✱ sã♦

d2φ1

dx2
= 16φ1

[

4φ2
1 + 2σ(1 + σ)φ2

2 − 1
]

✭✶✳✻✻✮

❡
d2φ2

dx2
= 8σφ2

[

4(σ + 1)φ2
1 + 2σφ2

2 − 1
]

. ✭✶✳✻✼✮

❊st❡ ♠♦❞❡❧♦ t❡♠ ♣❛r✐❞❛❞❡ ❡s♣❛❝✐❛❧✱ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❡ ✐♥✈❛r✐â♥❝✐❛ s♦❜ π1 : (φ1, φ2) →

(−φ1, φ2) ❡ π2 : (φ1, φ2) → (φ1,−φ2)✳ ❖ ✈á❝✉♦ ❞♦ s✐st❡♠❛ é

M =

{

A1 =

(

1

2
, 0

)

;A2 =

(

−1

2
, 0

)

;B1 =

(

0,
1√
2σ

)

;B2 =

(

0,− 1√
2σ

)}

. ✭✶✳✻✽✮

◆♦✈❛♠❡♥t❡✱ ❛s s♦❧✉çõ❡s ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡✱ ❛s ♦♥❞❛s s♦❧✐tár✐❛s✱ sã♦ tr❛❥❡tór✐❛s q✉❡ ❧✐❣❛♠ ❞♦✐s

❞❡st❡s ✈á❝✉♦s✳ ❯s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ tr❛❥❡tór✐❛ ❞❡ ♣r♦✈❛✱ ❬✺❪✱ ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s✿

✶✳ ❖ ❦✐♥❦ ❚❑✶AA✿ ❝❤❛♠❛❞♦ ❛ss✐♠ ♣♦r s❡r ♦ ❦✐♥❦ t♦♣♦❧ó❣✐❝♦ ❞❡ ✉♠ ❝❛♠♣♦ ♥ã♦ ♥✉❧♦✱ ❞♦ s❡t♦r

AA✳ ❖s ❝❛♠♣♦s sã♦

φ❚❑✶
AA

1 (x) = ±1

2
t❛♥❤2

√
2(x+ a), φ❚❑✶

AA

2 (x) = 0. ✭✶✳✻✾✮

❉❡✈✐❞♦ ❛ q✉❡ ♦ ❝❛♠♣♦ ❞♦✐s é ♥✉❧♦✱ ❡st❡ ❦✐♥❦ é ♠✉✐t♦ s✐♠✐❧❛r ❛♦ ❦✐♥❦ ❞❛ t❡♦rí❛ λφ4✳
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✷✳ ❚❑✷AA✿ t❡♥t❛♥❞♦ ✉♠❛ tr❛❥❡tór✐❛ ❡❧í♣t✐❝❛ ❢♦✐ ❡♥❝♦♥tr❛❞❛ ❛ s❡❣✉✐♥t❡ s♦❧✉çã♦✿

φ❚❑✷
AA

1 (x) = ± 1
2 t❛♥❤ 2

√
2σ(x+ a)

φ❚❑✷
AA

2 (x) = ±
√

1−σ
2σ s❡❝❤ 2

√
2σ(x+ a).

✭✶✳✼✵✮

✸✳ ❚❑✶BB ✿ s❡ ♣r♦❝✉r❛♠♦s ✉♠ ❦✐♥❦ ❞❡✐①❛♥❞♦ ♦ φ1 ♥✉❧♦✱ t❡♠♦s

φ❚❑✶
BB

1 (x) = 0, φ❚❑✶
BB

2 (x) = ± 1√
2σ

t❛♥❤ 2
√
σ(x+ a). ✭✶✳✼✶✮

❊st❡ é ♥♦✈❛♠❡♥t❡ ✉♠ ❦✐♥❦ t✐♣♦ λφ4✳

❖ ✐♥t❡r❡ss❛♥t❡ ❞❡st❡ s✐st❡♠❛ é q✉❡ ❡❧ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❛ ♣❛rt✐r ❞❡ ✉♠ s✉♣❡r♣♦t❡♥❝✐❛❧✳ ❚❡♠♦s

U(φ1, φ2) =
1

2

(

∂H

∂φ1

)2

+
1

2

(

∂H

∂φ2

)2

✭✶✳✼✷✮

H(φ1, φ2) = 4
√

2

(

1

3
φ2

1 −
1

4
φ1 +

σ

2
φ1φ

2
2

)

. ✭✶✳✼✸✮

❆s ❡q✉❛çõ❡s ✭✶✳✸✶✮❡ ✭✶✳✸✷✮ sã♦ ❛s s♦❧✉çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ❛❝❤❛r s♦❧✉çõ❡s ❡st❛❝✐♦♥ár✐❛s

dφ1

dx
=
∂H

∂φ1
=

√
2
(

4φ2
1 + 2σφ2

2 − 1
)

✭✶✳✼✹✮

dφ2

dx
=
∂H

∂φ2
= 4

√
2σφ1φ2. ✭✶✳✼✺✮

❆ ❡♥❡r❣✐❛✱

E =

∫ ∞

−∞

2
∑

a=1

(

dφa

dx
− ∂H

∂φa

)2

dx+

∫ ∞

−∞

∂H

∂φa

dφa

dx
dx ✭✶✳✼✻✮

✜❝❛ ❞❡♣❡♥❞❡♥❞♦ só ❞♦s ✈❛❧♦r❡s ❞♦ ❝❛♠♣♦ ♥♦ ✐♥✜♥✐t♦✱ ✐st♦ é✱ ❞♦ s❡✉s í♥❞✐❝❡s t♦♣♦❧ó❣✐❝♦s✱

E [φ] = T [φ] = H (φ1(∞), φ2(∞)) −H (φ1(−∞), φ2(−∞)) . ✭✶✳✼✼✮

❖s ❦✐♥❦s ❞♦ s❡t♦r AA tê♠ ❡♥❡r❣✐❛ ETK2AA = 2
3

√
2 ✳ ❖s ❦✐♥❦s ❞♦ s❡t♦r AB tê♠ ❡♥❡r❣✐❛

ETK2AB = 1
3

√
2 = 1

2ETK2AA ✳ P❛r❛ ♦❜t❡r ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛✱ ❛❝❤❛♠♦s ❛ r❛③ã♦ ❡♥tr❡ ❛ ❡q✉❛çã♦

✭✶✳✼✹✮ ❡ ❛ ❡q✉❛çã♦ ✭✶✳✼✺✮ ❡ ♦❜t❡♠♦s

dφ1

dφ2
=

4φ2
1 + 2σφ2

2 − 1

4σφ1φ2
. ✭✶✳✼✽✮
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❊st❛ ❡q✉❛çã♦ ❛❞♠✐t❡ ♦ ❢❛t♦r ✐♥t❡❣r❛♥t❡ |φ2|−2/σφ−1
2 q✉❛♥❞♦ σ 6= 1 ❡ σ 6= 0✳ ❘❡s♦❧✈❡♥❞♦✱

φ2
1 +

σ

2(1 − σ)
φ2

2 =
1

4
+

c

2σ
|φ2|2/σ ✭✶✳✼✾✮

♦♥❞❡ c é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛çã♦✳ ❚❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❝♦♥tí♥✉❛ ❞❡ s♦❧✉çõ❡s✱ ♣❛r❛♠❡tr✐③❛❞❛s

♣♦r c ∈ (−∞, cs)✱ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ❚❑✷AA(c)✳ ❖ ✈❛❧♦r cs

cs =
1

4

σ

1 − σ
(2σ)(σ+1)/σ, ✭✶✳✽✵✮

❞✐✈✐❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s✳ P❛r❛ c ❛❝✐♠❛ ❞❡ cs✱ ❛s tr❛❥❡tór✐❛s ♥ã♦ ❧✐❣❛♠ ♦s ✈á❝✉♦s✳ ◗✉❛♥❞♦

t❡♠♦s cs✱ ❛ s♦❧✉çã♦ é ♦ ❦✐♥❦ ❚❑✷AB q✉❡ é ♦ ❧✐♠✐t❡ ❡♥tr❡ ❛s ❞✉❛s r❡❣✐õ❡s✳ ❉❡ss❡ ❥❡✐t♦✱ t❡♠♦s ♦s ❦✐♥❦s

q✉❡ ❥á ❝♦♥❤❡❝í❛♠♦s✱

❚❑✷AA ≡ ❚❑✷AA(0), ❚❑✶ ≡ lim
c→−∞

❚❑✷AA(c). ✭✶✳✽✶✮

❱❡❥❛ ❛ ✜❣✉r❛ ✶✳✾ ♦♥❞❡ sã♦ ✐❧✉str❛❞♦s ♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❋✐❣✉r❛ ✶✳✾✿ ❑✐♥❦s ❇◆❘❚✳

✶✳✾ ▼♦❞❡❧♦ ❙✐❣♠❛ ♠❛ss✐✈♦ ♥ã♦ ❧✐♥❡❛r

❊st❡ ♠♦❞❡❧♦ ❢♦✐ ❞❡s❝♦❜❡rt♦ ♣♦r ❆❧♦♥s♦ ❡t✳ ❛❧✳ ❡♠ ❬✶❪✳ ❋♦✐ ❞❡s❝r✐t♦ ❝♦♠ ❞❡t❛❧❤❡ ❡♠ ❬✷✶✱ ✷❪✳ ❊st❡ é

✉♠ ♠♦❞❡❧♦ ❞❡ três ❝❛♠♣♦s ❡s❝❛❧❛r❡s s✉❥❡✐t♦s à r❡str✐çã♦

φ2
1 + φ2

2 + φ2
3 = R2, ✭✶✳✽✷✮
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✐st♦ é✱ ❡stã♦ ♥❛ ❡s❢❡r❛ S
2✳ P♦r t❛♥t♦✱ t❡♠♦s só ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳ ❚❡♠♦s ♦ ♣♦t❡♥❝✐❛❧

U(φ1, φ2, φ3) =
1

2

(

α2
1φ

2
1 + α2

2φ
2
2 + α3

3φ
2
3

)

, ✭✶✳✽✸✮

❝♦♠ ❛s r❡str✐çõ❡s✱ α2
1 ≥ α2

2 > α2
3 ≥ 0✳ ❖ ♣♦t❡♥❝✐❛❧ t❡♠ s✐♠❡tr✐❛ s♦❜ ✐♥✈❡rsã♦ ❞❡ s✐♥❛❧ ♥♦s três

❝❛♠♣♦s✳ ❚❡♠♦s ❞♦✐s ♠í♥✐♠♦s ❞♦ ♣♦t❡♥❝✐❛❧✱ ♦ ✈á❝✉♦✱ ♦s ❞♦✐s ♣♦❧♦s✱

M = {N = (0, 0, R);S = (0, 0,−R)} . ✭✶✳✽✹✮

❆s s♦❧✉çõ❡s ❞❡ ♦♥❞❛s s♦❧✐tár✐❛s s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s

lim
x→±∞

dφα

dx
= 0, lim

x→±∞
φα = N ♦✉S. ✭✶✳✽✺✮

❚❡♠♦s q✉❛tr♦ s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✱ C = CNN ∪CNS∪CSN ∪CSS ✳ P♦❞❡♠♦s ❢❛③❡r ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s

❡s❢êr✐❝❛s✿ θ ∈ [0, π] , ϕ ∈ [0, 2π)

φ1 = R sin θ cosϕ

φ2 = R sin θ sinϕ

φ3 = R cos θ,

❡ ♦ ♣♦t❡♥❝✐❛❧ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

U (θ, φ) =
R2

2
sin2 θ

(

σ2 + σ̄2 cos2 ϕ+ ❝t❡
)

, ✭✶✳✽✻✮

❢❛③❡♥❞♦ ❛s ❞❡✜♥✐çõ❡s

σ2 =
α2

2 − α2
3

α2
1 − α2

3

=
γ2

λ2
, σ̄ =

√

1 − σ2. ✭✶✳✽✼✮

❆ ❝♦♥st❛♥t❡ ♥♦ ♣♦t❡♥❝✐❛❧ é ❞❡s♣r❡③í✈❡❧✳ ❆ ❛çã♦ ♥❡st❛s ✈❛r✐á✈❡✐s é

S =

∫

dtdx

{

R2

2

[

∂µθ∂
µθ + sin2 θ∂µϕ∂

µϕ
]

+R2 sin2 θ
(

σ2 + σ̄2 cos2 ϕ
)

}

. ✭✶✳✽✽✮
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❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ sã♦

�θ − 1

2
sin 2θ

(

∂µϕ∂µϕ− cos2 ϕ− σ2 sin2 ϕ
)

= 0 ✭✶✳✽✾✮

∂µ
(

sin2 θ∂µϕ
)

− 1

2
σ̄ sin2 θ sin 2ϕ = 0. ✭✶✳✾✵✮

• ◗✉❛♥❞♦ t❡♠♦s ϕ = π
2 ♦✉ ϕ = 3π

2 ✱ ❛s ❡q✉❛çõ❡s ✜❝❛♠

�θ +
σ2

2
sin 2θ = 0. ✭✶✳✾✶✮

❊st❡ é ♦ ♠♦❞❡❧♦ ❙❡♥♦✲●♦r❞♦♥✱ ❝✉❥❛s s♦❧✉çõ❡s ❞❡ ♦♥❞❛ s♦❧✐tár✐❛ sã♦

θK1/K∗

1
(x) = 2 tan−1 e±σ(x−x0). ✭✶✳✾✷✮

◗✉❛♥❞♦ t❡♠♦s ϕK1
(x) = π

2 ❡ ϕK∗

1
(x) = 3π

2 ✱ ❛s s♦❧✉çõ❡s sã♦ ❝❤❛♠❛❞❛s K1/K
∗
1 ✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❖ s✐♥❛❧ ± ❞❛ ❡①♣♦♥❡♥❝✐❛❧ sã♦ ❛ s♦❧✉çã♦ ❦✐♥❦ ❡ ❛♥t✐✲❦✐♥❦✳ ❖s ❦✐♥❦s ♣❡rt❡♥❝❡♠ ❛♦ s❡t♦r

CNS ❡ ♦s ❛♥t✐❦✐♥❦s✱ ❛♦ s❡t♦r CSN ✳ ❆s q✉❛tr♦ s♦❧✉çõ❡s tê♠ ❡♥❡r❣✐❛ EK1/K∗

1
= 2λR2σ✳ ❱❡❥❛

✜❣✉r❛ ✶✳✶✵✳

• ◗✉❛♥❞♦ t❡♠♦s ϕK2
= 0 ♦✉ ϕK∗

2
= π✱ t❡♠♦s

�θ +
1

2
sin 2θ = 0, ✭✶✳✾✸✮

q✉❡ t❡♠ s♦❧✉çõ❡s

θK2/K∗

2
(x) = 2 tan−1 e±(x−x0), ✭✶✳✾✹✮

❡ sã♦ ❝❤❛♠❛❞❛s K2/K
∗
2 ✳ ❱❡❥❛ ✜❣✉r❛ ✶✳✶✵✳ ❊❧❛s tê♠ ❡♥❡r❣✐❛ EK2/K∗

2
= 2λR2✱ q✉❡ é ♠❛✐♦r

q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦s ❦✐♥❦s K1/K
∗
1 ✳

❆ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r ❞❡st❡s ❦✐♥❦s ❢♦✐ ♠♦str❛❞❛ ❡♠ ❬✶✱ ✷✶❪ ♣♦r ✉♠ ♠ét♦❞♦ s✐♠✐❧❛r ❛♦ ✐♥tr♦❞✉③✐❞♦ ♥❛

s❡çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r✱ só q✉❡ ♥❡st❡ ❝❛s♦ t❡♠♦s ✉♠❛ ❡q✉❛çã♦ q✉❡ ♥ã♦ é ❞❡ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✳

❖s ❦✐♥❦s K1/K
∗
1 sã♦ ❡stá✈❡✐s ❧✐♥❡❛r♠❡♥t❡✱ ♠❛s ♦s K2/K

∗
2 ♥ã♦✳

❆❧é♠ ❞❡st❛s ❞✉❛s ❢❛♠í❧✐❛s ❞❡ s♦❧✉çõ❡s✱ ❆❧♦♥s♦ ❡t✳ ❛❧✳ ❛❝❤❛r❛♠ ♦✉tr❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ❞❡

♦♥❞❛s s♦❧✐tár✐❛s✳ ❋❛③❡♥❞♦ ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s ♣❛r❛ ❝♦♦r❞❡♥❛❞❛s ❡s❢❡r♦✲❡❧í♣t✐❝❛s✱ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠

❛♥á❧♦❣♦ ♠❡❝â♥✐❝♦ s❡♣❛rá✈❡❧✱ ♥♦ s❡♥t✐❞♦ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✳ ❆ss✐♠✱ ❢♦✐ ♦❜t✐❞❛ ❛ ❡q✉❛çã♦ ❞❛ ór❜✐t❛

❡ ❛ ❡q✉❛çã♦ ❡♠ ❢✉♥çã♦ ❞♦ ✏t❡♠♣♦✑ x✳ ❊st❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s sã♦ ♥ã♦✲t♦♣♦❧ó❣✐❝❛s ♣♦rq✉❡ ✉♥❡♠

♦ ♠❡s♠♦ ✈á❝✉♦✳ ❙ã♦ ❝❤❛♠❛❞❛s ◆❚❑✳ ❊♠ ❬✷❪✱ ❆❧♦♥s♦ ❡t✳ ❛❧✳ r❡s♦❧✈❡♠ ❡st❡ s✐st❡♠❛ ♣❛r❛ S
N ✉s❛♥❞♦
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❝♦♦r❞❡♥❛❞❛s ❡s❢❡r♦✲❝ô♥✐❝❛s✳ ❊❧❡s ♦❜t✐✈❡r❛♠ ❛s ❡①♣r❡ssõ❡s ❞♦s ❝❛♠♣♦s φ✬s ❡♠ t❡r♠♦s ❞❛ ♣♦s✐çã♦

❝♦♠♦

φ◆❚❑1 = (−1)
ǫ1 Rσ̄

s❡❝❤ (x+ γ1)

1 − σ tanh (x+ γ1) tanhσ (x+ γ2)
, ǫ1 = 0, 1 ✭✶✳✾✺✮

φ◆❚❑2 = (−1)
ǫ2 Rσ̄

tanh (x+ γ1)s❡❝❤σ (x+ γ2)

1 − σ tanh (x+ γ1) tanhσ (x+ γ2)
, ǫ2 = 0, 1 ✭✶✳✾✻✮

φ◆❚❑2 = (−1)
ǫ3 R

σ − tanh (x+ γ1) tanhσ (x+ γ2)

1 − σ tanh (x+ γ1) tanhσ (x+ γ2)
, ǫ3 = 0, 1. ✭✶✳✾✼✮

◗✉❛♥❞♦ ǫ3 = 0✱ t❡♠♦s s♦❧✉çõ❡s q✉❡ ❧✐❣❛♠ ♦ ♣ó❧♦ s✉❧ ❝♦♠ ❡❧❡ ♠❡s♠♦✱ ❡ ♣❡rt❡♥❝❡♠ ❛♦ s❡t♦r CSS ✳

❚❡♠♦s s♦❧✉çõ❡s ♥♦ s❡t♦r CNN q✉❛♥❞♦ t❡♠♦s ǫ3 = 1✳ ❚♦❞❛s ❛s s♦❧✉çõ❡s ❞❡st❛ ❢❛♠í❧✐❛ ❞❡ ❦✐♥❦s tê♠

❛ ♠❡s♠❛ ❡♥❡r❣✐❛ ❡ s❛t✐s❢❛③❡♠ ✉♠❛ r❡❣r❛ ❞❡ s♦♠❛

E◆❚❑ = 2λR2 (1 + σ) = EK2
+ EK1

. ✭✶✳✾✽✮

❚♦❞❛s ❛s s♦❧✉çõ❡s ❞❛ ❢❛♠í❧✐❛ ❞❡ ❦✐♥❦s ❞♦ s❡t♦r CSS ✱ s❡♠ ✐♠♣♦rt❛r γ2✱ tê♠ ❝r✉③❛♠❡♥t♦s ❝♦♠

φ2 = 0 ♥♦ ♠❡s♠♦ ♣♦♥t♦✱ F = (Rσ̄, 0, Rσ)✳ ❱❡❥❛ ✜❣✉r❛ ✶✳✶✶✳ ❆❧❣♦ s✐♠✐❧❛r ❛❝♦♥t❡❝❡ ❝♦♠ ❛ ❢❛♠í❧✐❛ ❞♦

s❡t♦r CNN ✳

❊♠ ❬✶✱ ✷✶❪✱ ❆❧♦♥s♦ ❡t✳ ❛❧✳ ♠♦str❛♠ q✉❡ ❡st❛s ❢❛♠í❧✐❛s ♥ã♦ t♦♣♦❧ó❣✐❝❛s sã♦ ✐♥stá✈❡✐s ♣❡❧♦ t❡♦r❡♠❛

❞❡ í♥❞✐❝❡ ❞❡ ▼♦rs❡✳

❋✐❣✉r❛ ✶✳✶✵✿ ❑✐♥❦s ❑✶ ❧✐♥❤❛ ❝r✉③❛ ♦ ❡✐①♦ φ2✱ ❑✷ é ❛ ❧✐♥❤❛ q✉❡ ❝r✉③❛ ♦ ❡✐①♦ φ1✳ ❋✐❣✉r❛ t♦♠❛❞❛ ❞♦
❛rt✐❣♦ ❬✶❪✳
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❋✐❣✉r❛ ✶✳✶✶✿ ❑✐♥❦s ◆❚❑✱ q✉❛♥❞♦ t❡♠♦s σ = 0.7✱ ǫ1 = ǫ2 = ǫ3 = 0✱ γ1 = 0 ❡ γ2 = 0 ♥❛ ❡sq✉❡r❞❛✱
γ2 = 5 ♥♦ ❝❡♥tr♦ ❡ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ γ2 ♥❛ ♠❡s♠❛ ✜❣✉r❛✱ q✉❡ ♠♦str❛ q✉❡ t♦❞❛s ❛s tr❛❥❡tór✐❛s ♣❛ss❛♠
♣❡❧♦ ♠❡s♠♦ ♣♦♥t♦✳ ❋✐❣✉r❛ t♦♠❛❞❛ ❞❡ ❬✷❪✳



❈❛♣ít✉❧♦ ✷

▼ét♦❞♦s ◆✉♠ér✐❝♦s

◆♦ss♦ ♣r♦❜❧❡♠❛ é ❛❝❤❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s✳ ❆s ❡q✉❛çõ❡s sã♦ ♥ã♦ ❧✐♥❡❛r❡s ❡ ❛❝♦♣❧❛❞❛s

✭s❡ t❡♠♦s ❞♦✐s ♦✉ ♠❛✐s ❝❛♠♣♦s✮✱ ❡♥tã♦✱ ♣❛r❛ ❛❝❤❛r ❛ s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛ t❡♠♦s q✉❡ ✉s❛r ♠ét♦❞♦s

♥✉♠ér✐❝♦s✳ ▲✐♥❤❛r❡s ❡ ❞❡ ❖❧✐✈❡✐r❛ ❬✷✷❪ ✉s❛♠ ♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ ♣❛r❛ ❛❝❤❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

❞♦ ❦✐♥❦ λφ4✳ ◆❡st❡ tr❛❜❛❧❤♦ t❛♠❜é♠ ✉s❛♠ ✉♠ ♠❛♣❡❛♠❡♥t♦ ♣❛r❛ t❡r t♦❞❛ ❛ r❡t❛ r❡❛❧ ♥♦ ✐♥t❡r✈❛❧♦

✜♥✐t♦ (−1, 1)✳ ●❛❧❡r❦✐♥ é ✉♠ ♠ét♦❞♦ ❡s♣❡❝tr❛❧✳ ❆❧é♠ ❞♦s ♠ét♦❞♦s ❡s♣❡❝tr❛✐s✱ ❡①✐st❡♠ t❛♠❜é♠

♠✉✐t♦s ♦✉tr♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✳ Pr♦✈❛✈❡❧♠❡♥t❡✱ ♦ ♠❛✐s s✐♠♣❧❡s é ♦

♠ét✐❞♦ ❞❛s ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ P♦r ✐ss♦✱ ❞❡❝✐❞✐♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❡❧❛s✳

✷✳✶ ▼ét♦❞♦s ❡♠ sér✐❡s

◆♦s ♠ét♦❞♦s ❞❡ sér✐❡s✱ ❝♦♠ ✉♠❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡✱ s✉♣♦♠♦s q✉❡ ❛ s♦❧✉çã♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛

♣♦r ✉♠❛ s♦♠❛ ❞❡ N + 1 ❢✉♥çõ❡s ❜❛s❡✱ φn✱

u(x) ≈ uN (x) =

N
∑

n=0

anφn(x). ✭✷✳✶✮

◆♦ss❛ ❡q✉❛çã♦ ❞❡ ✐♥t❡r❡ss❡ é

Lu = 0, ✭✷✳✷✮

♦♥❞❡ L é ✉♠ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ♦✉ ✐♥t❡❣r❛❧✳ ◗✉❛♥❞♦ ✐♥s❡r✐♠♦s uN ♥❛ ❡q✉❛çã♦✱ t❡♠♦s ✉♠❛ ❢✉♥çã♦

r❡s✐❞✉❛❧✱

R(x, a0, · · · , aN ) = LuN . ✭✷✳✸✮

✷✻



❈❆P❮❚❯▲❖ ✷✳ ▼➱❚❖❉❖❙ ◆❯▼➱❘■❈❖❙ ✷✼

◆❛ s♦❧✉çã♦ ❡①❛t❛ ❞❛ ❡q✉❛çã♦✱ ♦ r❡sí❞✉♦ é ③❡r♦✳ ◆♦ss♦ ♣r♦❜❧❡♠❛ ❛❣♦r❛ é ❛❝❤❛r ♦s ❝♦❡✜❝✐❡♥t❡s an q✉❡

♠✐♥✐♠✐③❡♠ ❛ ❢✉♥çã♦ r❡s✐❞✉❛❧✳

✷✳✷ ●❛❧❡r❦✐♥

❆❧é♠ ❞❛s ❢✉♥çõ❡s ❜❛s❡✱ t❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(f, g) =

∫

D

fgdx. ✭✷✳✹✮

❖ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ ❝♦♥s✐st❡ ❡♠ ❛❝❤❛r ♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ s❛t✐s❢❛③❡♠

(R,φk) = 0, k = 1, · · · , N ✭✷✳✺✮

♦♥❞❡ ❛s φk sã♦ ❛s ♠❡s♠❛s ❢✉♥çõ❡s ✉s❛❞❛s ♥❛ sér✐❡✱ ❡q✉❛çã♦ ✭✷✳✶✮✳ ❙❡ ♥♦ss♦ ♦♣❡r❛❞♦r L é ❧✐♥❡❛r✱ ♦

s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✷✳✺✮ é ✉♠ s✐st❡♠❛ ❧✐♥❡❛r✳ ❙❡ ♦ ♦♣❡r❛❞♦r é ♥ã♦✲❧✐♥❡❛r✱ ♦ s✐st❡♠❛ t❛♠❜é♠ é✳

❙❡ ♦ ♣r♦❜❧❡♠❛ ❞❡♣❡♥❞❡ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s✱ u(x, t)✱ s✉♣♦♠♦s ❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛

u(x, t) ≈ uN (x, t) =

N
∑

n=0

an(t)φn(x). ✭✷✳✻✮

◗✉❛♥❞♦ ❢❛③❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ t❡♠♦s ✉♠ s✐st❡♠❛ q✉❡ ❛❣♦r❛ é ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥✲

❝✐❛✐s ♦r❞✐♥ár✐❛s ❛❝♦♣❧❛❞❛s ♥❛s ✈❛r✐á✈❡✐s an(t)✳ P❛r❛ r❡s♦❧✈❡r ❡st❡ s✐st❡♠❛✱ t❡♠♦s ❜♦♥s ❛❧❣♦r✐t♠♦s✱

❝♦♠♦ ♦ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♦r❞❡♠ q✉❛tr♦✳

✷✳✸ ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s

❊①✐st❡♠ r❡❢❡rê♥❝✐❛s ♠✉✐t♦ ❜♦❛s s♦❜r❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ❡♥tr❡ ❡❧❛s ❬✷✸✱ ✷✹❪✱ ♣♦r t❛♥t♦ ❛q✉✐ só r❡s✉✲

♠✐r❡♠♦s ♦ ♥❡❝❡ssár✐♦✳ Pr✐♠❡✐r♦✱ ♥♦ss❛s ❡q✉❛çõ❡s ❞❡ ✐♥t❡r❡ss❡ sã♦ ❡q✉❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❧❡♠❜r❛♥❞♦

q✉❡ q✉❛♥❞♦ t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞❛ ❢♦r♠❛

Autt +Butx + Cuxx + t❡r♠♦s ❞❡ ♦r❞❡♠ ✐♥❢❡r✐♦r = 0 ✭✷✳✼✮
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t❡♠♦s ♦s t✐♣♦s ❞❡ ❡q✉❛çã♦

B2 − 4AC































> 0, ❤✐♣❡r❜ó❧✐❝❛

= 0, ♣❛r❛❜ó❧✐❝❛

< 0, ❡❧í♣t✐❝❛

. ✭✷✳✽✮

❆ ❡q✉❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ♠❛✐s ❢❛♠✐❧✐❛r é ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❡q✉❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s sã♦

❛s q✉❡ ♣♦❞❡♠ ❛♣r❡s❡♥t❛r ♠❛✐s ♣r♦❜❧❡♠❛s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✳

❆ ♠❛✐♦r ♣❛rt❡ ❞❛ t❡♦r✐❛ é ❢❡✐t❛ ♣❛r❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❧✐♥❡❛r❡s ❡ t❡♠♦s ♣♦✉❝❛s r❡❢❡rê♥❝✐❛s

s♦❜r❡ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❞✐s❝r❡t✐③❛♠♦s ♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡r❡ss❡✳ ❆ss✐♠✱ s✉♣♦♠♦s q✉❡ ♦

❡s♣❛ç♦ ❡ ♦ t❡♠♣♦ ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛❞❛s ♣♦r ✉♠❛ r❡❞❡ r❡t❛♥❣✉❧❛r ✉♥✐❢♦r♠❡✳ ❈❛❞❛ ✈❛❧♦r ❞❡ ✉♠❛

q✉❛♥t✐❞❛❞❡ ❡♠ ✉♠ ♣♦♥t♦ r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r ❞❡ss❛ q✉❛♥t✐❞❛❞❡ ♥❡ss❛ ♣♦s✐çã♦ ❡ s✉❛s ✈✐③✐♥❤❛♥ç❛s✳

❉❡♣♦✐s ❞❛ ❞✐s❝r❡t✐③❛çã♦✱ ♦ ♣♦♥t♦ (m,n) r❡♣r❡s❡♥t❛ ♦ ♣♦♥t♦ (x = mh, t = nk)✱ ♦♥❞❡ h ❡ k sã♦ ♦s

❡s♣❛ç❛♠❡♥t♦s ❞❛ r❡❞❡ ♥❛ ❞✐r❡çã♦ ❡s♣❛❝✐❛❧ ❡ t❡♠♣♦r❛❧✳

❯♠❛ ✈❡③ ❞✐s❝r❡t✐③❛❞♦ ♦ ❞♦♠í♥✐♦✱ t❡♠♦s q✉❡ ❞✐s❝r❡t✐③❛r ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦✱ ♦✉ s❡❥❛✱ ♦❜t❡r

✉♠❛ ❡q✉❛çã♦ ♣❛r❛ ♦s ♣♦♥t♦s ❞✐s❝r❡t♦s ❞❡ ♠♦❞♦ q✉❡✱ q✉❛♥❞♦ ❛ r❡s♦❧✈❡♠♦s✱ s✉❛ s♦❧✉çã♦ s❡❥❛ ♣❛r❡❝✐❞❛

❝♦♠ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❝♦♥tí♥✉❛✱ q✉❡ é ♥♦ss♦ ♦❜❥❡t✐✈♦✳

P❛r❛ ❞✐s❝r❡t✐③❛r ❛ ❡q✉❛çã♦✱ ❧❡♠❜r❛♠♦s ❛s ❞❡✜♥✐çõ❡s ❞❡ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧

∂u

∂t
(x, t) = lim

ǫ→0

u(x, t+ ǫ) − u(x, t)

ǫ
✭✷✳✾✮

= lim
ǫ→0

u(x, t+ ǫ) − u(x, t− ǫ)

2ǫ
✭✷✳✶✵✮

= lim
ǫ→0

u(x, t) − u(x, t− ǫ)

ǫ
. ✭✷✳✶✶✮

❊♥tã♦✱ t❡♠♦s ♥ã♦ só ✉♠❛✱ ♠❛s três ❞❡✜♥✐çõ❡s ❞❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧✳ ❆ss✐♠✱ ♣♦❞❡♠♦s t❡r três ❛♣r♦✲

①✐♠❛çõ❡s ✜♥✐t❛s ❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s

∂u

∂t
(mh, nk) ≈ u(mh, (n+ 1)k) − u(mh, nk)

k
✭✷✳✶✷✮

≈ u(mh, (n+ 1)k) − u(mh, (n− 1)k)

2k
✭✷✳✶✸✮

≈ u(mh, nk) − u(mh, (n− 1)k)

2k
. ✭✷✳✶✹✮

❊st❛s ❛♣r♦①✐♠❛çõ❡s sã♦ ❝❤❛♠❛❞❛s ❞✐❢❡r❡♥ç❛s ♣r♦❣r❡ss✐✈❛s✱ ❝❡♥tr❛✐s ❡ r❡❣r❡ss✐✈❛s✳ ❈❛❞❛ ✉♠❛ ❞❡❧❛s
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t❡♥❞❡ à ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ♥♦ ❧✐♠✐t❡ k → 0✳ ❙❡ ♣r❡❝✐s❛♠♦s ❞❡ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ ♦r❞❡♠ ❞♦✐s✱ t❡♠♦s

∂2u(mh, nk)

∂t2
≈ u(mh, (n+ 2)k) − 2u(mh, (n+ 1)k) + u(mh, nk)

k2
✭✷✳✶✺✮

≈ u(mh, (n+ 1)k) − 2u(mh, nk) + u(mh, (n− 1)k)

k2
✭✷✳✶✻✮

≈ u(mh, nk) − 2u(mh, (n− 1)k) + u(mh, (n− 2)k)

k2
, ✭✷✳✶✼✮

q✉❡ sã♦ ❝❤❛♠❛❞❛s t❛♠❜é♠ ♣r♦❣r❡ss✐✈❛✱ ❝❡♥tr❛❧ ❡ r❡❣r❡ss✐✈❛✳ P❛r❛ ❛ ♣❛rt❡ ❡s♣❛❝✐❛❧ t❡♠♦s ❛❧❣♦

s✐♠✐❧❛r✱ só t❡♠♦s q✉❡ tr♦❝❛r k ♣♦r h ❡ ❢❛③❡r ❛s ❞✐❢❡r❡♥ç❛s ♥❛ ♣❛rt❡ ❡s♣❛❝✐❛❧✳ ◆♦ss♦ s✐st❡♠❛ ❞❡

❡q✉❛çõ❡s ❞❡ ✐♥t❡r❡ss❡ é ❤✐♣❡r❜ó❧✐❝♦✱ s✉❛ ♣❛rt❡ ❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s é ✐❣✉❛❧ à ❡q✉❛çã♦ ❞❛ ♦♥❞❛✱ ♣♦r

t❛♥t♦ ❡♥❝♦♥tr❡♠♦s ✉♠ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣❛r❛ ❡❧❛✳ ❆ ❡q✉❛çã♦ ❞❡ ♦♥❞❛✱ ❝♦♠ c = 1 é

∂2u

∂t2
− ∂2u

∂x2
= 0, ✭✷✳✶✽✮

❡ ✉♠❛ ❡q✉❛çã♦ ❡♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ✉s❛♥❞♦ ❛s ❞❡r✐✈❛❞❛s ❝❡♥tr❛✐s ♥♦ t❡♠♣♦ ❡ ♥♦ ❡s♣❛ç♦ é

un+1
m − 2un

m + un−1
m

k2
− un

m+1 − 2un
m + un

m−1

h2
= 0, ✭✷✳✶✾✮

♦♥❞❡ ❡st❛♠♦s ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ un
m ≡ u(mh, nk)✳

✷✳✸✳✶ ❊①♣❧í❝✐t♦ ❡ ✐♠♣❧í❝✐t♦

❙❡ ❝♦♥❤❡❝❡♠♦s un
m ♣❛r❛ t♦❞♦ m✱ ♣❛r❛ ✉♠ t❡♠♣♦✱ n ❡ ✉♠ t❡♠♣♦ ❛♥t❡r✐♦r✱ n − 1✱ é ♣♦ssí✈❡❧ ❛❝❤❛r

un+1
m ❡♠ t❡r♠♦s ❞❡ q✉❛♥t✐❞❛❞❡s ❥á ❝♦♥❤❡❝✐❞❛s

un+1
m =

k2

h2

(

un
m+1 − 2un

m + un
m−1

)

+ 2un
m − un−1

m . ✭✷✳✷✵✮

❆ss✐♠ ❡st❛♠♦s ❛❝❤❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞♦ ♣❛ss♦ s❡❣✉✐♥t❡ ❞❡ t❡♠♣♦ ❡♠ t❡r♠♦s ❞❡ q✉❛♥t✐❞❛❞❡s ❞♦

t❡♠♣♦ ❛t✉❛❧ ❡ ♦ ❛♥t❡r✐♦r✳ ◗✉❛♥❞♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❡sq✉❡♠❛ ❛ss✐♠✱ ❝❤❛♠❛♠♦s ♦ ❡sq✉❡♠❛ ❞❡

❡①♣❧í❝✐t♦✳ ❖ ❡sq✉❡♠❛ ❛♥t❡r✐♦r é ❝❤❛♠❛❞❛ ❞❡ ✺ ♣♦♥t♦s ❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❣r❛✜❝❛♠❡♥t❡✱ ✈❡❥❛

✜❣✉r❛ ✷✳✶✳

❙❡ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡✐①❛r ✉♠❛ só q✉❛♥t✐❞❛❞❡ ❞❡s❝♦♥❤❡❝✐❞❛ ❡♠ t❡r♠♦s ❞❡ q✉❛♥t✐❞❛❞❡s ❝♦♥❤❡❝✐❞❛s

❡♥tã♦ t❡♠♦s ✉♠ ❡sq✉❡♠❛ ✐♠♣❧í❝✐t♦✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❛ ✜❣✉r❛ ✷✳✷✳ ❊❧❡s sã♦ r❡s♦❧✈✐❞♦s s♦❧✉❝✐♦♥❛♥❞♦

✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♣❛r❛ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✱ ♦♥❞❡ ❛s ✈❛r✐á✈❡✐s sã♦ ❛s q✉❛♥t✐❞❛❞❡s ♥♦ t❡♠♣♦

n+1✳ ❊st❡s s✐st❡♠❛s ✐♠♣❧í❝✐t♦s tê♠ ❛ ❞❡s✈❛♥t❛❣❡♠ ❡♥tã♦ ❞❡ t❡r q✉❡ r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ ❛❧❣é❜r✐❝♦✱
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un+1
m

❜ s ❜

s s s

un
m−1 un

m un
m+1

❜ s ❜

un−1
m

✻
t

✲

x

❋✐❣✉r❛ ✷✳✶✿ ❊sq✉❡♠❛ ❞❡ ✺ ♣♦♥t♦s✳

un+1
m−1 un+1

m un+1
m+1

s s s

❜ s ❜

un
m

❜ ❜ ❜

❋✐❣✉r❛ ✷✳✷✿ ❊①❡♠♣❧♦ ❞❡ ✉♠ ❡sq✉❡♠❛ ✐♠♣❧í❝✐t♦✳

❧✐♥❡❛r ♦✉ ♥ã♦ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❡q✉❛çã♦ ❝♦♥tí♥✉❛✱ ♣❛r❛ ❝❛❞❛ ♣❛ss♦ ❡ ❛❧❣✉♠❛s ✈❡③❡s ❛♣r❡s❡♥t❛♠

♦s❝✐❧❛çõ❡s ♥ã♦ ❞❡s❡❥❛❞❛s✳ ▼❛s tê♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r❡♠ ♠❛✐s ❡stá✈❡✐s ♥✉♠❡r✐❝❛♠❡♥t❡✳

✷✳✸✳✷ ❉❛ ❝♦♥s✐stê♥❝✐❛✱ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡

❆s ❞❡✜♥✐çõ❡s s❡❣✉✐♥t❡s✱ ❝♦♣✐❛❞❛s ❞❡ ❬✷✺❪✱ sã♦ ✐♠♣♦rt❛♥t❡s✳ ❙❡ t❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧

Pu = f t❡♠ ✉♠ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s Pk,hv = Rk,hf ✱ ❢❛③❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦✿ ❙❡❥❛ u(x, t) ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❡ vm,n ✉♠❛ s♦❧✉çã♦ ❛♦ ❡sq✉❡♠❛

❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ ❖ ❡sq✉❡♠❛ é ❝♦♥✈❡r❣❡♥t❡ s❡ ♣❛r❛ t♦❞❛ vm,n s♦❧✉çã♦✱ q✉❛♥❞♦ vm,0 ❝♦♥✈❡r❣❡ ❛

u(x, 0) q✉❛♥❞♦ mh ❝♦♥✈❡r❣❡ ❛ x✱ ❡♥tã♦ vm,n ❝♦♥✈❡r❣❡ ❛ u(x, t) q✉❛♥❞♦ (mh, nk) ❝♦♥✈❡r❣❡ ❛ (t, x) ❡

h, k t❡♥❞❡♠ ❛ ③❡r♦✳

❉❡✜♥✐çã♦✿ ❖ ❡sq✉❡♠❛ Pk,hv = Rk,hf é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ Pu = f s❡✱ ♣❛r❛ t♦❞❛ ❢✉♥çã♦

φ(x, t)✱

Pφ− Pk,hφ→ 0 q✉❛♥❞♦ h, k → 0.
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❉❡✜♥✐çã♦✿ ❆ ♥♦r♠❛ L2 ❞❡ ✉♠❛ ❢✉♥çã♦ ❞✐s❝r❡t❛ w ❡s❝r✐t❛ ❝♦♠♦ ||w||h é ❞❡✜♥✐❞❛ ❝♦♠♦

||w||h =

(

h
∞
∑

m=−∞
|w|2

)1/2

. ✭✷✳✷✶✮

❉❡✜♥✐çã♦✿ ❖ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s Pk,hvm,n = 0 é ❡stá✈❡❧ ♥❛ r❡❣✐ã♦ Λ s❡ ❡①✐st❡ ✉♠

✐♥t❡✐r♦ J t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t❡♠♣♦ T ✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ CT t❛❧ q✉❡

||vn||h = CT

J
∑

j=0

||v,j ||h

♣❛r❛ 0 ≤ nk ≤ T ✱ ❝♦♠ (h, k) ∈ Λ✳

❉❡✜♥✐çã♦✿ ❖ ❡sq✉❡♠❛ Pk,hv = Rk,hf q✉❡ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ Pu = f é ♣r❡❝✐s❛ ❞❛

♦r❞❡♠ p ♥♦ t❡♠♣♦ ❡ ♦r❞❡♠ q ♥♦ ❡s♣❛ç♦ s❡ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ s✉❛✈❡ φ(x, t)

Pk,hφ−Rk,hPφ = O(kp) +O(hq).

❊st❡ ❡sq✉❡♠❛ é ♣r❡❝✐s♦ ❞❡ ♦r❞❡♠ (p, q)✳

❚❡♦r❡♠❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r✿ ❯♠ ❡sq✉❡♠❛ é ❡stá✈❡❧ ❡ ❝♦♥s✐st❡♥t❡ ❝♦♠ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

♣❛r❝✐❛❧ ❧✐♥❡❛r s❡ ❡ s♦♠❡♥t❡ s❡ é ❝♦♥✈❡r❣❡♥t❡✳

✷✳✸✳✸ ❖✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡sq✉❡♠❛s ♥✉♠ér✐❝♦s

◗✉❛♥❞♦ t❡♠♦s s✐st❡♠❛s q✉❡ tê♠ q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s✱ é ✐♠♣♦rt❛♥t❡ t❡r q✉❡ ♦ ❡sq✉❡♠❛ ❝♦♥s❡r✈❡

❛ ✈❡rsã♦ ❞✐s❝r❡t❛ ❞❡st❛s q✉❛♥t✐❞❛❞❡s✳ ❊♥tr❡ ❛s q✉❛♥t✐❞❛❞❡s q✉❡ sã♦ ❞❡s❡❥á✈❡✐s q✉❡ s❡❥❛♠ ❝♦♥s❡r✈❛❞❛s

t❡♠♦s ❛ ❡♥❡r❣✐❛✱ ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r✱ ♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❡ ❛ s✐♠♣❧❡t✐❝✐❞❛❞❡✳ ❊♠ ❣❡r❛❧✱ ♦s ❡sq✉❡♠❛s

❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♥ã♦ ❝♦♥s❡r✈❛♠ ❡st❛s q✉❛♥t✐❞❛❞❡s✳

❈♦♥s❡r✈❛çã♦ ❞❡ ❡♥❡r❣✐❛✿ ❊sq✉❡♠❛s q✉❡ tê♠ ❡st❛ q✉❛❧✐❞❛❞❡ ❡①✐st❡♠ ❞❡s❞❡ ✶✾✷✽ ❝♦♠ ❈♦✉r❛♥t✱

❡t✳ ❛❧✳ ▼❛s ♦ ✐♥t❡r❡ss❡ ❞♦s ❡sq✉❡♠❛s ❡r❛ ♣❛r❛ ♣r♦✈❛r ❡st❛❜✐❧✐❞❛❞❡ ❡ ♥ã♦ ❛ ❝♦♥s❡r✈❛çã♦✳ ❉❡♣♦✐s ❞♦s

❛♥♦s ✼✵✱ ♦❝♦rr❡✉ ✉♠ ✐♥t❡r❡ss❡ ♣❡❧♦s ❡sq✉❡♠❛s ❡ ❛ ❝♦♥s❡r✈❛çã♦ ❞❛ ❡♥❡r❣✐❛✱ ❡ ❛❧❣✉♥s tr❛❜❛❧❤♦s sã♦

❙tr❛✉ss ❡ ❱❛③q✉❡③❬✷✻❪✱ ●r❡❡♥s♣❛♥❬✷✼❪✱ ▲✐ ❡ ❱✉✲◗✉♦❝❬✷✽❪✱ ❡ ❋❧❛❬✷✾❪✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❛♣❛r❡❝❡♠

♦s tr❛❜❛❧❤♦s ❞❡ ❋✉r✐❤❛t❛ ❬✸✵❪ ❡ ▼❛ts✉♦ ❬✸✶❪✳

❈♦♥s❡r✈❛çã♦ ❞❡ ❙✐♠♣❧❡t✐❝✐❞❛❞❡✿ ❉❡s❞❡ ♦s ✻✵ t❡♠✲s❡ tr❛❜❛❧❤❛❞♦ ❡♠ ❡sq✉❡♠❛s ♥✉♠ér✐❝♦s q✉❡

❝♦♥s❡r✈❡♠ ❛ s✐♠♣❧❡t✐❝✐❞❛❞❡✱ ♦✉ s❡❥❛✱ ❛ ❡str✉t✉r❛ ❣❡♦♠étr✐❝❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞❡ s✐st❡♠❛s ❤❛♠✐❧✲

t♦♥✐❛♥♦s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛ q✉❛♥t✐❞❛❞❡ ❝♦♥s❡r✈❛❞❛ é ❛ ✷✲❢♦r♠❛ ω = dp ∧ dq✱ ❡ q✉❡r❡♠♦s q✉❡

s❡❥❛ ❝♦♥s❡r✈❛❞❛ dω/dt = 0✳ ❖s ❛❧❣♦r✐t♠♦s s✐♠♣❧ét✐❝♦s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ♣♦r ❉❡ ❱♦❣❡❧❛❡r❡ ❡♠
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✶✾✺✻✳ P❛r❛ s✐st❡♠❛s ❝♦♥tí♥✉♦s✱ ♥♦s ❛♥♦s ✾✵s✱ ❡sq✉❡♠❛s ♠✉❧t✐✲s✐♠♣❧ét✐❝♦s ❢♦r❛♠ ❞❡s❝♦❜❡rt♦s✱ ❝♦♠

♦s tr❛❜❛❧❤♦s ❞❡ ▼❛rs❞❡♥ ❡t✳ ❛❧✳ ❬✸✷❪ ❡ ❇r✐❞❣❡s ❬✸✸❪✱ ✳

✷✳✸✳✹ ❆❧❣✉♥s ❡sq✉❡♠❛s

❖s ❡sq✉❡♠❛s ✉s❛❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❡s❝♦❧❤✐❞♦s ♣❡❧❛ s✐♠♣❧✐❝✐❞❛❞❡ ❡ ♣♦r s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ sã♦ ♦s

s❡❣✉✐♥t❡s✿

• ✺✲♣♦♥t♦s✿ ❆❧❣♦r✐t♠♦ ❡①♣❧í❝✐t♦ ❞❡ ♦r❞❡♠ O(h2) + O(k2)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

s❡r ♠✉❧t✐s✐♠♣❧é❝t✐❝♦✳ P❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❑❧❡✐♥ ●♦r❞♦♥ ♥ã♦ ❧✐♥❡❛r✱ utt − uxx + f(u) = 0✱ ♦

❡sq✉❡♠❛ é
un+1

m − 2un
m + un−1

m

k2
+ f(um,n) =

un
m+1 − 2un

m + un
m−1

h2
. ✭✷✳✷✷✮

• ✾✲♣♦♥t♦s✿ ❆❧❣♦r✐t♠♦ ✐♠♣❧í❝✐t♦ ❞❡ ♦r❞❡♠ O(h2) +O(k2)✱ ♠✉❧t✐s✐♠♣❧ét✐❝♦✱

∂2
t (un

m−1 + 2un
m + un

m+1) − ∂2
x(un

m + 2un
m + un−1

m ) +
∑

f = 0, ✭✷✳✷✸✮

❡♠ q✉❡

∂2
t u

n
m =

1

k2

(

un
m − 2un

m + un−1
m

)

∂2
xum,n =

1

h2

(

un
m−1 − 2un

m + un
m+1

)

∑

f = f
(

u
n−1/2
m−1/2

)

+ f
(

u
n+1/2
m−1/2

)

+ f
(

u
n−1/2
m+1/2

)

+ f
(

u
n+1/2
m+1/2

)

u
i+1/2
j+1/2 =

1

4

(

ui
j + 2ui

j+1 + ui+1
j + ui+1

j+1

)

• ❙tr❛✉ss✿ ❖ ❡sq✉❡♠❛ ❞❡ ❙tr❛✉ss é✱ ♣r♦✈❛✈❡❧♠❡♥t❡✱ ♦ ❡sq✉❡♠❛ ♠❛✐s s✐♠♣❧❡s q✉❡ ❝♦♥s❡r✈❛ ✉♠❛

q✉❛♥t✐❞❛❞❡ ❞✐s❝r❡t❛ ❞❛ ❡♥❡r❣✐❛✳ ➱ ❞❡ ♦r❞❡♠ O(h2)+O(k2)✳ ❙❡ t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r

❞❡ ❑❧❡✐♥✲●♦r❞♦♥✱ utt − uxx + F ′(u) = 0✱ ♦ ❡sq✉❡♠❛ é

un+1
m − 2un

m + un−1
m

k2
+
F
(

un+1
m

)

− F
(

un−1
m

)

un+1
m − un−1

m

=
un

m+1 − 2un
m + un

m−1

h2
. ✭✷✳✷✹✮

P❛r❛ ❡st❡ ❡sq✉❡♠❛✱ ❞❡✜♥✐♠♦s ❛ ✈❡rsã♦ ❞✐s❝r❡t❛ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛

G (un
m) =

1

2

[

(

un+1
m − un

m

k

)2

+

(

un+1
m+1 − un+1

m

h

)

(

un
m+1 − un

m

h

)

+ F (un+1
m ) + F (un

m)

]

,

✭✷✳✷✺✮
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❛ q✉❛❧✱ s♦♠❛❞❛ s♦❜r❡ t♦❞♦ ❡s♣❛ç♦✱ é ❝♦♥s❡r✈❛❞❛ ❡①❛t❛♠❡♥t❡✿

E(un) =
∑

m

hG(un
m). ✭✷✳✷✻✮

❊st❡ ❡sq✉❡♠❛ é ✐♠♣❧í❝✐t♦ ❝♦♠♦ s❡ ♣♦❞❡ ✈❡r ❞❡ ✭✷✳✷✹✮✳



❈❛♣ít✉❧♦ ✸

❈♦♠♣❛r❛çã♦ ❡♥tr❡ ♠ét♦❞♦s

❆ ♠♦t✐✈❛çã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ ✈❡♠✱ ❡♠ ♣❛rt❡✱ ❞♦ ♠ét♦❞♦ ✉s❛❞♦ ♥✉♠ ❛rt✐❣♦ ❞❡ ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛

❬✷✷❪✱ ♣♦✐s ❡❧❡ ♣❛r❡❝❡ ♠✉✐t♦ ❡❝♦♥ô♠✐❝♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ q✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ♥❛ r❡t❛ r❡❛❧✳ P♦r

t❛♥t♦✱ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡st❛ ❞✐ss❡rt❛çã♦ ✈✐s♦✉ r❡♣r♦❞✉③✐r ♦s ❝á❧❝✉❧♦s ❡ ❣rá✜❝♦s ❞♦ ❛rt✐❣♦ ❝✐t❛❞♦✳

✸✳✶ ❘❡♣❡t✐♥❞♦ ♦ ❛rt✐❣♦ ❞❡ ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛

❖ ♦❜❥❡t✐✈♦ é ♣❡rt✉r❜❛r ♦ ❦✐♥❦ λφ4 ❡ ♦❜s❡r✈❛r ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ❛s ♣❡rt✉r❜❛çõ❡s✳ ❊ss❡ ♠ét♦❞♦

♣❡r♠✐t❡ t❡r ♣❡rt✉r❜❛çõ❡s ❛❧é♠ ❞♦ r❡❣✐♠❡ ❧✐♥❡❛r✳

✸✳✶✳✶ ❚r❛❜❛❧❤♦ ❞❡ ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛

▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛ ❬✷✷❪ ✉s❛♠ ♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ ♣❛r❛ ♦❜t❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❦✐♥❦ ♣❡r✲

t✉r❜❛❞♦ λφ4✳ P❛r❛ ✐ss♦✱ t❡♠♦s q✉❡ r❡s♦❧✈❡r ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

(

∂2

∂t2
− ∂2

∂x2

)

φ(x, t) +
(

φ2 − b2
)

φ(x, t) = 0, ✭✸✳✶✮

♦♥❞❡ ❢♦✐ ✉s❛❞♦ ♦ ♣♦t❡♥❝✐❛❧ V (φ) = 1
4 (φ2 − b2)2✱ ❡ ❝✉❥❛ s♦❧✉çã♦ ❦✐♥❦ é φ0 = b tanh b√

2
x✳ ❊♥tã♦✱

s✉♣♦♥❞♦ ✉♠❛ s♦❧✉çã♦ t♦t❛❧ ♣❛r❛ φ(x, t) ❞❛ ❢♦r♠❛

φ(x, t) = φ0(x) + δφ(x, t), ✭✸✳✷✮

♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ♣❛r❛ ❛ ♣❡rt✉r❜❛çã♦✳ ❖ ❞♦♠í♥✐♦ ❞♦ ♣r♦❜❧❡♠❛ é x ∈ (−∞,∞)✱

t ∈ (0,∞)✳ ❊♠ ❣❡r❛❧✱ ❡①✐st❡♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ❛♣r♦♣r✐❛❞❛s ♣❛r❛ ❡s♣❛ç♦s ♥ã♦ ❧✐♠✐t❛❞♦s✱ ❝♦♠♦ ❢✉♥çõ❡s

✸✹
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s✐♥❝✱ ❤❡r♠✐t❡ ❡ ❝❤❡❜②s❤❡✈ ♠❛♣❡❛❞♦s ❡ t❛♠❜é♠ t❡♠♦s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♣❛r❛ ❡s♣❛ç♦s s❡♠✐✲❧✐♠✐t❛❞♦s✱

❝♦♠♦ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✸✹❪ ❝❛♣ít✉❧♦ ✶✼✳

❖ ♠ét♦❞♦ ✉s❛❞♦ ♣♦r ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛ é ❞✐❢❡r❡♥t❡✳ ❈♦♥s✐st❡ ❡♠ ❢❛③❡r ✉♠ ♠❛♣❡❛♠❡♥t♦ ❞❛

r❡t❛ r❡❛❧ ♥♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ (−1, 1) ✉s❛♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ✈❛r✐á✈❡✐s ξ = tanh bx/
√

2✳

❖ ♠❛♣❡❛♠❡♥t♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ✐♥✜♥✐t♦ ❛ ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ●r♦s❝❤ ❡ ❖rs③❛❣

❡♠ ✶✾✼✼ ❬✸✺❪✳ ◆❡st❡ ❛rt✐❣♦ s❡♠✐♥❛❧✱ ♦❜t✐✈❡r❛♠ r❡s✉❧t❛❞♦s ✐♥t❡r❡ss❛♥t❡s q✉❛♥❞♦ ❛s s♦❧✉çõ❡s ❝❛❡♠

❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♥♦ ✐♥✜♥✐t♦✳

❆ s♦❧✉çã♦ ❦✐♥❦ ❛❣♦r❛ é φ0(ξ) = bξ ❡ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ❛ ♣❡rt✉r❜❛çã♦ δφ(ξ, t) é

(δφ)̈ − b2

2
(1 − ξ2)

[

(1 − ξ2) (δφ)
′′ − 2ξ(δφ)′

]

+
(

3ξ2 − 1
)

b2δφ+
(

3bξ2 + δφ
)

(δφ)
2

= 0, ✭✸✳✸✮

❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ δφ(ξ = ±1, t) = 0✳ P❡❧♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ s❡ ✉s❛ ✉♠❛ ❡①♣❛♥sã♦

❡♠ sér✐❡ ♣❛r❛ δφ

δφ(ξ, t) =

N
∑

n=0

a(t)Ψ(ξ). ✭✸✳✹✮

P❛r❛ s❛t✐s❢❛③❡r ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♦s ❛✉t♦r❡s ✉s❛♠ ❝♦♠♦ ❢✉♥çõ❡s ❞❡ ❜❛s❡

Ψ(ξ) = Tk+2(ξ) − Tk(ξ), ✭✸✳✺✮

♦♥❞❡ Tk(ξ) é ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❤❡❜②s❤❡✈ ❞❡ ♦r❞❡♠ k✳ ■♥s❡r✐♥❞♦ ❡st❛ sér✐❡ ❡♠ ✭✸✳✸✮✱ ♦❜t❡♠♦s R✳ ❊♠

s❡❣✉✐❞❛✱ ❢❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ♣♦♥t♦ ❝♦♠ ❝❛❞❛ ✉♠ ❞♦s Ψk ❡ ✐❣✉❛❧❛♥❞♦ ❛ ③❡r♦✱ ♦❜t❡♠♦s N +1 ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❛❝♦♣❧❛❞❛s ♣❛r❛ ♦s N + 1 ❝♦❡✜❝✐❡♥t❡s a(t) ✱

ä0 + 5
2a0 + b2

2 a2 + · · · = 0

ä1 + 3b2

2 a1 + 44987
63365a11 + · · · = 0

✳✳✳

ä11 − 63b2

4 a9 + 3701b2

58 a11 + · · · = 0

. ✭✸✳✻✮

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛s ❡q✉❛çõ❡s só ❝♦♥tê♠ ❝♦❡✜❝✐❡♥t❡s ♣❛r❡s ♦✉ í♠♣❛r❡s✳ ❆ss✐♠✱ ♦ s✐st❡♠❛

❞❡ ❡q✉❛çõ❡s ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❞♦✐s s✐st❡♠❛s ✐♥❞❡♣❡♥❞❡♥t❡s✳

❆ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ é ✉♠❛ ♣❡rt✉r❜❛çã♦ ❣❛✉ss✐❛♥❛

δφ(ξ, 0) =
A0√
2πσ

e−
1

2σ2
(x(ξ)−x(ξ0))

2

, ✭✸✳✼✮

♦♥❞❡ A0 é ❛ ❛♠♣❧✐t✉❞❡✱ σ é ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❡ x(ξ0) é ♦ ❝❡♥tr♦ ❞❛ ♣❡rt✉r❜❛çã♦✳
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✸✳✶✳✷ ❘❡♣❡t✐♥❞♦

P❛r❛ ♦s ❝á❧❝✉❧♦s✱ ✉s❛♠♦s ♦ s♦❢t✇❛r❡ ▼❛t❤❡♠❛t✐❝❛✱ ✈❡rsã♦ ✻ ❡ ✼✱ ♣❛r❛ ✇✐♥❞♦✇s ❡ ❧✐♥✉①✳ ❊st❡ ♣❡r♠✐t❡

❛ ♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛ ❞❡ ❡①♣r❡ssõ❡s ❣r❛♥❞❡s ❝♦♠ ♠❛✐s ❢❛❝✐❧✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ♦ ▼❛t❡♠❛t✐❝❛

♣♦ss✉✐ ✉♠ ♣❛❝♦t❡ ♥✉♠ér✐❝♦ ♣❛r❛ r❡s♦❧✈❡r s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱ ❡ t❛♠❜é♠ t❡♠ ❢✉♥çõ❡s

✐♠♣❧❡♠❡♥t❛❞❛s ♣❛r❛ ❛❝❤❛r ❡s♣❡❝tr♦s ❡♠ ❢r❡qüê♥❝✐❛s ✉s❛♥❞♦ ❛ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭❋❋❚✮✳

◆❛ ✜❣✉r❛ ✸✳✶❛✮✱ ♠♦str❛✲s❡ ♦ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦ ♥❛ ❝♦♦r❞❡♥❛❞❛ x✱ ❡♠ ❜✮ ❛ ♣❡rt✉r❜❛çã♦ ♥❛

❝♦♦r❞❡♥❛❞❛ ξ ✉s❛♥❞♦ ◆❂✹✱✼ ❡ ✶✶ t❡r♠♦s ♥❛ sér✐❡ ❝♦♠ ♦s ♣❛râ♠❡tr♦s A0 = 0.4✱ σ = 0.2✱ ξ0 = −0.562

❡ b = 1.5✳ ❊st❡ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ à ✜❣✉r❛ ✶ ❞♦ ❛rt✐❣♦ ❞❡ ▲✐♥❤❛r❡s✳

❋✐❣✉r❛ ✸✳✶✿ ❊♠ ❛✮ t❡♠♦s ♦ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦ ♥❛ ❝♦♦r❞❡♥❛❞❛ x✳ ❊♠ ❜✮ t❡♠♦s ❛ ♣❡rt✉r❜❛çã♦
❣❛✉ss✐❛♥❛ ♥❛ ❝♦♦r❞❡♥❛❞❛ ξ✱ ❡ ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡❧❛ ❝♦♠ ◆❂✹✱ ◆❂✼ ❡ ◆❂✶✶✱ ✉s❛♥❞♦ ♦s ♣❛râ♠❡tr♦s
♣❛râ♠❡tr♦s A0 = 0.4✱ σ = 0.2✱ ξ0 = −0.562 ❡ b = 1.5 ♥♦s ❞♦✐s ❝❛s♦s✳

◆❛ ✜❣✉r❛ ✸✳✷✱ ♠♦str❛✲s❡ ❡♠ ❛✮ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝♦❡✜❝✐❡♥t❡s a0(t) ♣❛r❛ t❡♠♣♦s ❛té T = 100

❡ ❡♠ ❜✮ ❛té T = 2000✳ ❊♠ ❝✮ ♠♦str❛✲s❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ a3(t) ❛té T = 150✱ ✉s❛♥❞♦ ♥♦s

três ❝❛s♦s ❛ ❛♠♣❧✐t✉❞❡ A0 = 0.01✳ ❊st❛ ❝♦rr❡s♣♦♥❞❡ à ✜❣✉r❛ ✷ ❞♦ ❛rt✐❣♦ ❞❡ ▲✐♥❤❛r❡s✳

❋✐❣✉r❛ ✸✳✷✿ ❊♠ ❛✮ ❡ ❜✮ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝♦❡✜❝✐❡♥t❡ a0(t)✱ ❛té T = 100 ❡ T = 2000
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ❝✮ ♠♦str❛✲s❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ a3(t) ❛té T = 150✳ ❚♦❞♦s ❡❧❛s sã♦
❝❛❧❝✉❧❛❞❛s ❝♦♠ ♣❛râ♠❡tr♦s A0 = 0.4✱ σ = 0.2✱ ξ0 = −0.562 ❡ b = 1.5✳



❈❆P❮❚❯▲❖ ✸✳ ❈❖▼P❆❘❆➬➹❖ ❊◆❚❘❊ ▼➱❚❖❉❖❙ ✸✼

◆❛ ✜❣✉r❛ ✸✳✸✱ ♠♦str❛✲s❡ ♦ ❡s♣❡❝tr♦ ❞❡ ♣♦tê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ♠é❞✐♦

〈φ(x, t)〉 =

∫ ∞

−∞
δφ(x, t)dx = −4

N
∑

k=0

a2k

2k + 1
, ✭✸✳✽✮

♣❛r❛ ❛s ❛♠♣❧✐t✉❞❡s A0 = 0.08, 0.2 ❡ 0.7✳ ❆ ✜❣✉r❛ ✸ ❞♦ ❛rt✐❣♦ ❞❡ ▲✐♥❤❛r❡s é s✐♠✐❧❛r ❛ ❡st❛✱ ♠❛✐s ♥ã♦

❡①❛t❛♠❡♥t❡ ✐❣✉❛❧✳ ■ss♦ s❡ ❞❡✈❡✱ t❛❧✈❡③✱ ❛♦ ♠ét♦❞♦ ✉s❛❞♦ ♣❛r❛ ✐♥t❡❣r❛r ❛s ❡q✉❛çõ❡s ♦✉ ❛♦ ♠ét♦❞♦

♣❛r❛ ❛❝❤❛r ♦ ❡s♣❡❝tr♦ ❞❡ ♣♦tê♥❝✐❛s✳ ❖ ✐♠♣♦rt❛♥t❡ é ♥♦t❛r q✉❡ ♦s ❣rá✜❝♦s ♠♦str❛♠ ❝♦♠♣♦rt❛♠❡♥t♦s

s✐♠✐❧❛r❡s✳ P❛r❛ ♣❡rt✉r❜❛çõ❡s ♣❡q✉❡♥❛s✱ t❡♠♦s ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r ❝♦♠ ❛❧❣✉♥s ♣✐❝♦s ♥❛s

❢r❡qüê♥❝✐❛s ❧✐♥❡❛r❡s ❡ q✉❛♥❞♦ ❛❝r❡s❝❡♥t❛♠♦s ❛ ❛♠♣❧✐t✉❞❡✱ ♦ ❡s♣❡❝tr♦ t❡♠ ❢♦r♠❛ ❞❡ r✉í❞♦✱ ❞❡✈✐❞♦ à

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✳

❋✐❣✉r❛ ✸✳✸✿ ❊s♣❡❝tr♦ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ♣❡rt✉r❜❛çã♦ ♠❡❞✐❛✱ ♣❛r❛ ❛♠♣❧✐t✉❞❡s A0 = 0.08, 0.2 ❡ 0.7 ♥❛s
✜❣✉r❛s ❛✮✱❜✮ ❡ ❝✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❛ ✜❣✉r❛ ✸✳✹✱ ♠♦str❛✲s❡ ♦ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ t❡♠♣♦s ❞✐❢❡r❡♥t❡s✳ ◆❛ ✜❣✉r❛ ✸✳✺ t❡♠♦s

♦ ❣rá✜❝♦ ❞❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❯♠ ❞❡t❛❧❤❡ ✐♥t❡r❡ss❛♥t❡ ❞❛ ❡♥❡r❣✐❛ é s✉❛ ✈❛r✐❛çã♦✳

➱ ❞❡ s❡ ❡s♣❡r❛r q✉❡ ❤❛❥❛ ✉♠❛ ✈❛r✐❛çã♦✱ ♣♦✐s ♦ ❡sq✉❡♠❛ ♥ã♦ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥s❡r✈❛çã♦

❞❡ ❡♥❡r❣✐❛✱ ♠❛s ❛ ✜❣✉r❛ ✸✳✺ ♠♦str❛ ✈❛r✐❛çõ❡s ❞❡ ❡♥❡r❣✐❛ ❡♠ t♦r♥♦ ❞❡ 20 ♣♦r ❝❡♥t♦✳

✸✳✷ ❈♦♠♣❛r❛♥❞♦ ❝♦♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s

❉❡♣♦✐s ❞❡ ♦❜t❡r ♦s ❣rá✜❝♦s ❞♦ ❛rt✐❣♦✱ ❝♦♠♣❛r❛♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡

●❛❧❡r❦✐♥ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ P❛r❛ ❡ss❡ ú❧t✐♠♦ s✐♠✉❧❛♠♦s ♦ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦✱
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❋✐❣✉r❛ ✸✳✹✿ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❦✐♥❦ ❡ ❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ ✈ár✐♦s t❡♠♣♦s✳

❋✐❣✉r❛ ✸✳✺✿ ❊♥❡r❣✐❛ t♦t❛❧ ❛té t❂✶✵✳
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❞❡✐①❛♥❞♦ ♦ s✐st❡♠❛ t♦❞♦ ❡✈♦❧✉✐r✳ ◆ós ✉s❛♠♦s ♦s três ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❡①♣❧✐❝❛❞♦s ♥♦

❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊❧❡s ❢♦r❛♠ ♣r♦❣r❛♠❛❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ ❈✳

P❛r❛ ❛ s✐♠✉❧❛çã♦ ❝♦♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ s✐♠✉❧❛♠♦s só ✉♠❛ ✏❥❛♥❡❧❛✑ ❞♦ ❞♦♠í♥✐♦ ✐♥✜♥✐t♦✱ ❞❡✐①❛♥❞♦

❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♥❡st❡ ✐♥t❡r✈❛❧♦ ✜①❛s✳ ❆ss✐♠✱ ❛ s✐♠✉❧❛çã♦ é só ✈á❧✐❞❛ ❛té q✉❡ ❛ ♣❡rt✉r❜❛çã♦

❝❤❡❣✉❡ ♣ró①✐♠♦ ❞❡ss❛s ❝♦♥❞✐çõ❡s✳ P❛r❛ t❡r ✉♠❛ ♥♦çã♦ ❞♦ t❡♠♣♦✱ s❡ ♥♦ss♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦❣r❛♠❛çã♦

❛❜r❛♥❣❡ ♦ ✐♥t❡r✈❛❧♦ ❞♦ ❡s♣❛ç♦ ❢ís✐❝♦ [−L,L]✱ ♦ t❡♠♣♦ q✉❡ ✈❛✐ t♦♠❛r ✉♠❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ ❝❤❡❣❛r

❛♦ ❝♦♥t♦r♥♦ é tm = L/c✱ s✉♣♦♥❞♦ q✉❡ ❡❧❛ ✐♥✐❝✐♦✉ ♥❛ ♣♦s✐çã♦ x = 0✳ P❡❧♦ ❢❛t♦ ❞❡ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡

❞❛ ❧✉③ é ✉♠✱ t❡♠♦s ❛ss✐♠ ✉♠ t❡♠♣♦ tm = L✳

❖ ♠ét♦❞♦ ❞❡ ✺✲♣♦♥t♦s ❡①♣❧í❝✐t♦ ♥ã♦ t❡✈❡ ♥❡♥❤✉♠ ❞❡t❛❧❤❡ ❞❡ ♣r♦❣r❛♠❛çã♦✳ ❆♦ s❡r ❡①♣❧í❝✐t♦✱

❝❛❞❛ ♣♦♥t♦ ♥♦✈♦ ❝❛❧❝✉❧❛❞♦ é ♦❜t✐❞♦ ❞❛ ❡①♣r❡ssã♦ ✭✷✳✷✷✮✳ ◆❛ ✜❣✉r❛ ✸✳✻✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞♦ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦✱ ✉s❛♥❞♦ N = 8192✱ ♣❛r❛ ♦s ♠❡s♠♦s t❡♠♣♦s ❞❛ ✜❣✉r❛ ✸✳✹ ❡

❝♦♠ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s✱ ❛ ✜♠ ❞❡ ❢❛③❡r ✉♠❛ ❝♦♠♣❛r❛çã♦✳ ❆ ✜❣✉r❛ ✸✳✼✱ ♠♦str❛ ❛ q✉❛♥t✐❞❛❞❡

En = h

N
∑

m=2

[

1

2

(

un
m − un−1

m

k

)2

− 1

2

(

un
m − un

m−1

h

)2

+ F (un
m)

]

, ✭✸✳✾✮

q✉❡ é ✉♠ ❡q✉✐✈❛❧❡♥t❡ ❞✐s❝r❡t♦ ❞❛ ❡♥❡r❣✐❛✳

P❛r❛ ♠ét♦❞♦ ❞❡ ✾✲♣♦♥t♦s ✐♠♣❧í❝✐t♦✱ t❡♠♦s q✉❡ r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ✐♠♣❧í❝✐t♦ ❡♠ ❝❛❞❛

♣❛ss♦ ❞❡ t❡♠♣♦✿

(

1 − r2
)

un+1
m−1 +

(

2 + 2r2
)

un+1
m +

(

1 − r2
)

un+1
m+1

+
(

−2 − 2r2
)

un
m−1 +

(

−4 + 4r2
)

un
m +

(

−2 − 2r2
)

un
m+1

+
(

1 − r2
)

un−1
m−1 +

(

2 + 2r2
)

un−1
m +

(

1 − r2
)

un−1
m+1

+k2
[

F
(

u
n+1/2
m−1/2

)

+ F
(

u
n+1/2
m+1/2

)

+ F
(

u
n−1/2
m−1/2

)

+ F
(

u
n−1/2
m+1/2

)]

= 0,

♦♥❞❡ m = 2, 3, . . . , N − 1✱ ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ sã♦

un+1
1 = −b ✭✸✳✶✵✮

un+1
N = b. ✭✸✳✶✶✮

❆ss✐♠✱ t❡♠♦s N ❡q✉❛çõ❡s ❡ N ✐♥❝ó❣♥✐t❛s✳ ❯s❛♠♦s ♦ ♣❛❝♦t❡ ●❙▲ ❬✸✻❪ ♣❛r❛ r❡s♦❧✈❡r ❡st❡ s✐st❡♠❛✳

❊st❡ ♣❛❝♦t❡ t❡♠ ✈ár✐❛s ❢✉♥çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ♣❛r❛ r❡s♦❧✈❡r s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❡ ♥ã♦✲

❧✐♥❡❛r❡s✱ q✉❡ t❡♥❤❛♠ ❏❛❝♦❜✐❛♥♦ ❛♥❛❧ít✐❝♦ ♦✉ ♥ã♦✳

◆❛ ✜❣✉r❛ ✸✳✽✱ t❡♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❦✐♥❦ ♣❡rt✉r❜❛❞♦ ♣❛r❛ ♦s ♠❡s♠♦s t❡♠♣♦s



❈❆P❮❚❯▲❖ ✸✳ ❈❖▼P❆❘❆➬➹❖ ❊◆❚❘❊ ▼➱❚❖❉❖❙ ✹✵

❋✐❣✉r❛ ✸✳✻✿ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉s❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ✺ ♣♦♥t♦s✳

❋✐❣✉r❛ ✸✳✼✿ ❊♥❡r❣✐❛ t♦t❛❧ ❢❛③❡♥❞♦ ❛ ❡✈♦❧✉çã♦ ❝♦♠ ♦ ❡sq✉❡♠❛ ❞❡ ✺ ♣♦♥t♦s✳



❈❆P❮❚❯▲❖ ✸✳ ❈❖▼P❆❘❆➬➹❖ ❊◆❚❘❊ ▼➱❚❖❉❖❙ ✹✶

❡ ♣❛r❛ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ❞♦ s✐st❡♠❛✳ ❯s♦✉✲s❡ N = 512✳ ❆ ❡✈♦❧✉çã♦ ♣♦r ❧♦♥❣♦s ♣❡rí♦❞♦s ✉s❛♥❞♦

❡st❡ ❡sq✉❡♠❛ t❡♠ ♦s❝✐❧❛çõ❡s ♥ã♦ ❢ís✐❝❛s ❞❡✈✐❞❛s ❛♦ ❢❛t♦ ❞❡ q✉❡ ❡❧❡ é ✐♠♣❧í❝✐t♦✳ ❊st❡ ♣r♦❜❧❡♠❛ é ❜❡♠

❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❡ ❡①✐st❡♠ té❝♥✐❝❛s ♥✉♠ér✐❝❛s ♣❛r❛ r❡♠♦✈ê✲❧❛s✳ ◆ós ♥ã♦ ♣r♦❣r❛♠❛♠♦s ❡st❛s

té❝♥✐❝❛s✱ ♣♦rq✉❡ ♦ t❡♠♣♦ ❞❡ ❡✈♦❧✉çã♦ ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡ é ❝✉rt♦ ❡ ♦s r❡s✉❧t❛❞♦s ♥ã♦ ♠♦str❛r❛♠ ❡ss❛s

♦s❝✐❧❛çõ❡s ♥ã♦ ❞❡s❡❥❛❞❛s✳ ◆❛ ✜❣✉r❛ ✸✳✾ t❡♠♦s ❛ ❡♥❡r❣✐❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳

❉❡♣♦✐s ❞✐ss♦✱ ♣r♦❣r❛♠❛♠♦s ♦ ❡sq✉❡♠❛ ❞❡ ❙tr❛✉ss✳ ❈♦♠♦ ❡❧❡ é ✐♠♣❧í❝✐t♦✱ ✉s❛♠♦s ♥♦✈❛♠❡♥t❡ ❛

●❙▲✳ ❊st❡ ❡sq✉❡♠❛ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥s❡r✈❛r ❡♥❡r❣✐❛✱ ♦✉ ♠❡❧❤♦r✱ ✉♠❛ ✈❡rsã♦ ❞✐s❝r❡t❛ ❞❡❧❛✿

G (un
m) =

1

2

[

(

un+1
m − un

m

k

)2

+

(

un+1
m+1 − un+1

m

h

)

(

un
m+1 − un

m

h

)

+ F (un+1
m ) + F (un

m)

]

, ✭✷✳✷✺✮

◆❛ ✜❣✉r❛ ✸✳✶✵✱ ✐❧✉str❛♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❡ ♥❛ ✜❣✉r❛ ✸✳✶✶ ♠♦str❛♠♦s ❛s ❞✉❛s ✈❡rsõ❡s

❞✐s❝r❡t❛s ❞❛ ❡♥❡r❣✐❛✱ ✭✸✳✾✮ ❡ ✭✷✳✷✺✮✳

❖ ✐♠♣♦rt❛♥t❡ ❞❡st❛ s✉❜✲s❡çã♦ é ♥♦t❛r q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❦✐♥❦ ♣❡rt✉r❜❛❞♦ ✉s❛♥❞♦ ♦

♠ét♦❞♦ ❞❡ ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛ ♥ã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❡✈♦❧✉çã♦ ♦❜t✐❞❛ ✉s❛♥❞♦ ♦s ❡sq✉❡♠❛s ❞❡ ❞✐❢❡r❡♥ç❛s

✜♥✐t❛s✳ ▼❛s ♦s ❞✐❢❡r❡♥t❡s ❡sq✉❡♠❛s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♠♦str❛♠ r❡s✉❧t❛❞♦s ♣❛r❡❝✐❞♦s✳ ❖✉tr❛ ❝♦✐s❛

♥♦tá✈❡❧ é q✉❡ ❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s é ♠✉✐t♦ ♠❡♥♦r ♦✉ ♥✉❧❛ ❝♦♠♣❛r❛❞♦

❝♦♠ ❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ▲✐♥❛r❡s✳

✸✳✸ ❊①❡♠♣❧♦ ❞❛ ♦♥❞❛

❉❡✈✐❞♦ às ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♦s ♠ét♦❞♦s ✉s❛❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❞❡❝✐❞✐♠♦s ❢❛③❡r ✉♠❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞❡ ✉♠ s✐st❡♠❛ ♠❛✐s s✐♠♣❧❡s ❡ ❝✉❥❛ s♦❧✉çã♦ é ❝♦♥❤❡❝✐❞❛✱ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

P❛r❛ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ✉s❛♠♦s ✉♠ ♣❡r✜❧ ❣❛✉ss✐❛♥♦ ✭q✉❡ é s✉❛✈❡✮ ♠♦✈❡♥❞♦✲s❡ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❝♦♠

✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ c✳ ❙❛❜❡♠♦s ❡♥tã♦ q✉❡ ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ é ♦ ♣❡r✜❧ ♠♦✈❡♥❞♦✲s❡ ❝♦♠ ❛

♠❡s♠❛ ✈❡❧♦❝✐❞❛❞❡ ♥❛ ♠❡s♠❛ ❞✐r❡çã♦✳ ❯s❛♠♦s ❛ ♠❡s♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✉s❛❞❛ ♣♦r

▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛ ❡ ❛s ♠❡s♠❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡✳

◆❛ ✜❣✉r❛ ✸✳✶✷✱ ♦❜t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❝♦♠ N = 11✱ ♣❛r❛ ♦s t❡♠♣♦s t = 0, 1 ❡ 2✳ ❈♦♠♦ s❡

♣♦❞❡ ♦❜s❡r✈❛r✱ ❛ ❡✈♦❧✉çã♦ ❛❝♦♥t❡❝❡ r❡❧❛t✐✈❛♠❡♥t❡ ❜❡♠✱ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡s♣❡r❛❞♦✱

q✉❛♥❞♦ t❡♠♦s t❡♠♣♦s ♣❡q✉❡♥♦s✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ❛ s✐♠✉❧❛çã♦ ❝❤❡❣❛ ❛ t = 2✱ ♦❜s❡r✈❛♠♦s q✉❡

❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♣❡r✜❧ ✜❝❛ ♠❡♥♦r ❡ ♦❜s❡r✈❛♠♦s ♦✉tr♦s ❡❢❡✐t♦s ♣❡q✉❡♥♦s✱ q✉❡ ♣♦ss✐✈❡❧♠❡♥t❡ s❡❥❛♠

❞❡✈✐❞♦s ❛ ❞✐s♣❡rsã♦✳

◆❛ ✜❣✉r❛ ✸✳✶✸ ♠♦str❛✲s❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡♣♦✐s ❞❡ t = 2✳ ◆❡st❛ ✜❣✉r❛ ♦ ♣❡r✜❧ é r❡✢❡t✐❞♦

♠✉❞❛♥❞♦ ❞❡ s❡♥t✐❞♦✱ ❝♦♠♦ s❡ t✐✈éss❡♠♦s ✉♠ ❝♦♥t♦r♥♦ ✜①♦✱ ♦ q✉❡ é ♠✉✐t♦ ✐♥❡s♣❡r❛❞♦✱ ♣♦rq✉❡ ❛
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❋✐❣✉r❛ ✸✳✽✿ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉s❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ✾ ♣♦♥t♦s ✐♠♣❧í❝✐t♦✳

❋✐❣✉r❛ ✸✳✾✿ ❊♥❡r❣✐❛ t♦t❛❧ ❢❛③❡♥❞♦ ❛ ❡✈♦❧✉çã♦ ❝♦♠ ♦ ❡sq✉❡♠❛ ❞❡ ✾ ♣♦♥t♦s ✐♠♣❧í❝✐t♦✳



❈❆P❮❚❯▲❖ ✸✳ ❈❖▼P❆❘❆➬➹❖ ❊◆❚❘❊ ▼➱❚❖❉❖❙ ✹✸

❋✐❣✉r❛ ✸✳✶✵✿ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉s❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ❙tr❛✉ss✳

❋✐❣✉r❛ ✸✳✶✶✿ E ❡ G ❢❛③❡♥❞♦ ❛ ❡✈♦❧✉çã♦ ❝♦♠ ♦ ❡sq✉❡♠❛ ❞❡ ❙tr❛✉ss✳

❋✐❣✉r❛ ✸✳✶✷✿ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❝♦♠ ✉♠ ♣❡r✜❧ ❣❛✉ss✐❛♥♦ ✐♥✐❝✐❛❧✳
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♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s é ❢❡✐t❛ ♣❛r❛ s✐♠✉❧❛r t♦❞❛ ❛ r❡t❛ r❡❛❧✳

❋✐❣✉r❛ ✸✳✶✸✿ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡♣♦✐s ❞❡ t❡♠♣♦ t = 2✳

❙❡ ✐ss♦ ❛❝♦♥t❡❝❡r ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r s✐♠♣❧❡s✱ ❡♥tã♦ ❛❧❣♦ ❡stá ❡rr❛❞♦ ♥♦ ♠ét♦❞♦ ✉s❛❞♦ ♣♦r

▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡ t❡♥t❛r❡♠♦s ❡♥t❡♥❞❡r ♦ q✉❡ ❡stá ❛❝♦♥t❡❝❡♥❞♦✳

✸✳✹ ▼ét♦❞♦s ❊s♣❡❝tr❛✐s ❡ ▼❛♣❡❛♠❡♥t♦s

❙❛❜❡♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ é ❜♦♠ ♣❛r❛ r❡s♦❧✈❡r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱ ❡♥tã♦✱ ♣♦r q✉❡ ♦s

r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥ã♦ sã♦ ♦s ❡s♣❡r❛❞♦s ♣❛r❛ ♥♦ss♦ ♣r♦❜❧❡♠❛ ❞❡ ✐♥t❡r❡ss❡❄

❙✉♣♦♠♦s q✉❡ ♣r❡❝✐s❛♠♦s r❡s♦❧✈❡r ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✱ ♦✉ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥✲

❝✐❛✐s✱ ♥♦ ✐♥t❡r✈❛❧♦ (−∞,+∞)✱ ❡ q✉❡ q✉❡r❡♠♦s r❡s♦❧✈ê✲❧♦ ✉s❛♥❞♦ ❛❧❣✉♠ ♠ét♦❞♦ ❡s♣❡❝tr❛❧✳ ❚❡♠♦s

❛s s❡❣✉✐♥t❡s ❡s❝♦❧❤❛s✿

✶✳ P♦❞❡♠♦s tr✉♥❝❛r ♦ ✐♥t❡r✈❛❧♦ (−∞,+∞) ❛ ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ (−L,+L) ❛ ✜♠ ❞❡ ✉s❛r ♠ét♦❞♦s

❡s♣❡❝tr❛✐s q✉❡ s❡ ❛❥✉st❡♠ ❛ ❡ss❡ ♣r♦❜❧❡♠❛✳ ❯♠❛ ❞✐✜❝✉❧❞❛❞❡ ♦❝♦rr❡ ♣♦rq✉❡ ❡st❛♠♦s ✐❣♥♦r❛♥❞♦

t✉❞♦ ♦ q✉❡ ❛❝♦♥t❡ç❛ ♥♦ ✐♥t❡r✈❛❧♦ (−∞,−L) ∪ (+L,+∞)✳ ❊st❛♠♦s s✉♣♦♥❞♦ q✉❡ ♥❡ss❡s ✐♥t❡r✲

✈❛❧♦s ❛ s♦❧✉çã♦ é ♥✉❧❛ ♦✉ q✉❡ ❛ss✉♠❛ ♦s ✈❛❧♦r❡s ❞♦ ✐♥✜♥✐t♦✳ ◗✉❛♥❞♦ ✐ss♦ ❞❡✐①❛ ❞❡ ❛❝♦♥t❡❝❡r✱

❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ é ❝♦♥s✐❞❡r❛❞❛ ❡rr❛❞❛✳

✷✳ ❖✉tr❛ ♦♣çã♦ é ✉s❛r ❜❛s❡s q✉❡ tê♠ ❝♦♠♦ ❞♦♠í♥✐♦ ❛ r❡t❛ r❡❛❧✱ ❡♥tr❡ ❡❧❛s✱ ♦s ♣♦❧✐♥ô♠✐♦s r❛❝✐♦♥❛✐s

❞❡ ❈❤❡❜②s❤❡✈ ♦✉ ❍❡r♠✐t❡✳ ❱❡❥❛ ❬✸✹❪✳

✸✳ ❊①✐st❡ t❛♠❜é♠ ♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✱ ❜✐❥❡t♦r❛ ❡ ✐♥✈❡rsí✈❡❧ f(x) :

(−∞,+∞) → (−a,+a)✱ ❢❛③❡♠♦s ✉♠♠❛♣❡❛♠❡♥t♦ ❞❡ ♥♦ss♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡r❡ss❡ ❛ ✉♠ ✐♥t❡r✈❛❧♦

✜♥✐t♦✳ ❉❡ss❡ ♠♦❞♦ ♣♦❞❡♠♦s ✉s❛r ♠ét♦❞♦s ❡s♣❡❝tr❛✐s ❞❡ ✐♥t❡r✈❛❧♦s ✜♥✐t♦s✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ ♦♣çã♦ ✸✳ ❙❡❥❛ z ❛ ✈❛r✐á✈❡❧ ♥♦ ✐♥t❡r✈❛❧♦ ✜♥✐t♦✱ x ❛ ✈❛r✐á✈❡❧ ♥❛ r❡t❛ r❡❛❧
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❡ ❛ tr❛♥s❢♦r♠❛çã♦ z = f(x)✳ ❆ss✐♠✱ ✉♠ ✐♥t❡r✈❛❧♦ ∆x ♣❡q✉❡♥♦ é ♠❛♣❡❛❞♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♥♦

✐♥t❡r✈❛❧♦

∆z = f ′(x)∆x. ✭✸✳✶✷✮

❊♠ ❣❡r❛❧✱ ♦s ♠ét♦❞♦s ❡s♣❡❝tr❛✐s tê♠ ✉♠❛ r❡s♦❧✉çã♦ ❞❡ ♦r❞❡♠ 1/N ✱ ♦♥❞❡ N é ♦ í♥❞✐❝❡ ❞❛ ❢✉♥çã♦

✉s❛❞❛✳ ◆ós ❞❡s❡❥❛♠♦s q✉❡ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ t❡♥❤❛♠ ✉♠❛ r❡s♦❧✉çã♦ ❞❡ ∆z ♥♦ ♥♦ss♦ ❞♦♠í♥✐♦ ❞❡

✐♥t❡r❡ss❡✱ ❡♥tã♦ ♣r❡❝✐s❛♠♦s ❞❡ Nz = 1/∆z ❢✉♥çõ❡s ❜❛s❡✳ ❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✷✮✱ ♣♦❞❡♠♦s ♦❜t❡r

✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♥♦s ❞♦✐s ❞♦♠í♥✐♦s✿

Nz = g′(z)Nx =
1

f ′(x)
Nx , ✭✸✳✶✸✮

♦♥❞❡ x = g(z) é ❛ ✐♥✈❡rs❛ ❞❡ f(x)✳ ❆ss✐♠✱ ♦❜s❡r✈❛♠♦s ❡♥tã♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡

❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ q✉❡ ❡st❛♠♦s ♦❜s❡r✈❛♥❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✈✐❞♦ à ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞❡ f ′✱ q✉❛♥❞♦

♥♦s ❛❢❛st❛♠♦s ❞❛ ♦r✐❣❡♠✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ ♥ú♠❡r♦ ❝❛❞❛ ✈❡③ ♠❛✐♦r ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♥♦ ✐♥t❡r✈❛❧♦

❝♦♠♣❛❝t♦✳

❖✉ ❛✐♥❞❛✱ s❡ t❡♠♦s ✉♠ ♥ú♠❡r♦ ✜①♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♥♦ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ Nz✱ ❡ ✉♠❛ ❢✉♥çã♦

♥❛ r❡t❛ r❡❛❧ q✉❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣♦r Nx✱ ❡♥tã♦ só ♣♦❞❡♠♦s ❞❛r ❝♦♥t❛ ❛té ✉♠❛ ❞✐stâ♥❝✐❛

xM (Nz;Nx)✱ ✐ss♦ é✱ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ✜①❛ ♥ã♦ ❢ís✐❝❛✳

✸✳✹✳✶ ▼❛♣❡❛♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦

❊st❡ é ♦ ♠❛♣❡❛♠❡♥t♦ ✉s❛❞♦ ♣♦r ▲✐♥❤❛r❡s ❡ ❖❧✐✈❡✐r❛✳ ❙❡❥❛ ❛ tr❛♥s❢♦r♠❛çã♦ z = tanh sx✱ q✉❡ ♠❛♣❡✐❛

❛ r❡t❛ r❡❛❧ ❛♦ ✐♥t❡r✈❛❧♦ (−1, 1)✱ ❡ s é ✉♠ ♣❛râ♠❡tr♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ q✉❡ ❞á ❝♦♥t❛ ❞❛ ✐♥❝❧✐♥❛çã♦

❞❛ ❝✉r✈❛✳ ❱❡❥❛ ♥❛ ✜❣✉r❛ ✸✳✶✹✳

❋✐❣✉r❛ ✸✳✶✹✿ ▼❛♣❡❛♠❡♥t♦ tanh✳
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P❛r❛ ❡st❡ ❝❛s♦✱

xM =
1

s
cosh−1

(

√

sNz

Nx

)

, ✭✸✳✶✹✮

❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✸✳✶✺✳ ❖ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❛q✉✐✱ é ♥♦t❛r q✉❡ t❡♠♦s ❞✐❢❡r❡♥t❡s xM ♣❛r❛ ❞✐❢❡r❡♥t❡s

Nx✳ ❙❡ t❡♠♦s ✉♠❛ ❢✉♥çã♦ q✉❡ é ❝♦♥str✉í❞❛ ❞❡ ✈ár✐❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡✱ ♥ã♦ t♦❞❛s ❡❧❛s ✐rã♦ s❡r

r❡♣r❡s❡♥t❛❞❛s ❞❡♣♦✐s ❞❡ ❝❡rt❛ ❞✐stâ♥❝✐❛✳ ❆s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ❞❡ ♠❛✐♦r í♥❞✐❝❡ s❡rã♦ r❡♣r❡s❡♥t❛❞❛s

❛té ❞✐stâ♥❝✐❛s ♠❡♥♦r❡s q✉❡ ❛q✉❡❧❛s q✉❡ tê♠ ✉♠ í♥❞✐❝❡ Nx ♠❡♥♦r✳ ❈♦♠♦ ❡❢❡✐t♦ t♦t❛❧✱ ❞✐❢❡r❡♥t❡s

❝♦♠♣♦♥❡♥t❡s s❡rã♦ r❡✢❡t✐❞❛s ❡♠ ❞✐❢❡r❡♥t❡s ♣♦s✐çõ❡s✱ ✉♠ ❡❢❡✐t♦ ❞✐s♣❡rs✐✈♦✳

❋✐❣✉r❛ ✸✳✶✺✿ ❉✐stâ♥❝✐❛ ♠á①✐♠❛ ✈s Nx✳

◆❛ ✜❣✉r❛ ✸✳✶✻✱ t❡♠♦s ❛ ✜❣✉r❛ ❛♥t❡r✐♦r ♣❛r❛ ❞✐❢❡r❡♥t❡s ♣❛râ♠❡tr♦s s✳ ◗✉❛♥❞♦ s é ♣❡q✉❡♥♦✱ ❛

❞✐stâ♥❝✐❛ ♠á①✐♠❛ é ♠❛✐♦r✱ ♠❛s ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ r❡♣r❡s❡♥t❛❞❛s é ♠❡♥♦r✳ ■ss♦ é ❞❡✈✐❞♦

❛♦ ♠❛✐♦r ❛❧♦♥❣❛♠❡♥t♦ ❞❛ tr❛♥s❢♦r♠❛çã♦✳ ❖ ✐♥✈❡rs♦ ♦❝♦rr❡ q✉❛♥❞♦ s é ❣r❛♥❞❡✳

❋✐❣✉r❛ ✸✳✶✻✿ ❱ár✐♦s s✳

✸✳✹✳✷ ▼❛♣❡❛♠❡♥t♦ ❘❛❝✐♦♥❛❧

❙❡❥❛ ♦ ♠❛♣❡❛♠❡♥t♦

z =
x√

x2 + L2
✭✸✳✶✺✮
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♦♥❞❡ L é ✉♠ ♥ú♠❡r♦ r❡❛❧ q✉❡ ❧❡✈❛ ❡♠ ❝♦♥t❛ ♥♦✈❛♠❡♥t❡ ❛ ✐♥❝❧✐♥❛çã♦ ♦✉ ❧❛r❣✉r❛ ❞♦ ♠❛♣❡❛♠❡♥t♦✳ ❆

✜❣✉r❛ ✸✳✶✼✱ ♠♦str❛ ♦s ♠❛♣❡❛♠❡♥t♦s ❡ ♦ xM ✳

❋✐❣✉r❛ ✸✳✶✼✿ P❛r❛ ♦ ♠❛♣❡❛♠❡♥t♦ r❛❝✐♦♥❛❧✳



❈❛♣ít✉❧♦ ✹

❊st❛❜✐❧✐❞❛❞❡ ❞❡ ❛❧❣✉♥s ❦✐♥❦s

❉♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ s❛❜❡♠♦s q✉❡ ♦s ♠ét♦❞♦s ❡s♣❡❝tr❛✐s ❝♦♠ ♠❛♣❡❛♠❡♥t♦s ♥ã♦ sã♦ ❛❞❡q✉❛❞♦s

♣❛r❛ ❡st✉❞❛r ❦✐♥❦s ♣❡rt✉r❜❛❞♦s ♥❛ r❡t❛ r❡❛❧✳ P♦r t❛♥t♦✱ ✉s❛r❡♠♦s ✉♠ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱

♦ ♠ét♦❞♦ ❞❡ ✺ ♣♦♥t♦s ❡①♣❧í❝✐t♦✱ ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❞❡st❡s ❦✐♥❦s✳ ❊st❡ ♠ét♦❞♦ é s✐♠♣❧❡s ❡

❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❡❝♦♥ô♠✐❝♦ ♣♦r s❡r ❡①♣❧í❝✐t♦✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ ♣♦ss✉✐ r❡str✐çõ❡s ♥♦ t❛♠❛♥❤♦ ❞❛

♣❡rt✉r❜❛çã♦✱ ♣♦r t❛♥t♦ ♣♦❞❡♠♦s ❛❝❤❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❛❧é♠ ❞♦ r❡❣✐♠❡ ❧✐♥❡❛r✳

❆ ♣❡rt✉r❜❛çã♦ q✉❡ ✉s❛♠♦s é ❞❡ ♣❡r✜❧ ❣❛✉ss✐❛♥♦✳ ❊st❡ t❡♠ ❡♥tr❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❛ ❞❡ s❡r

s✉❛✈❡ ❡ ❧♦❝❛❧✐③❛❞♦✳ ❆ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞❛ ♣❡rt✉r❜❛çã♦ é

δφ = A exp
(

−b(x− x0)
2
)

, ✭✹✳✶✮

♦♥❞❡ A é ❛ ❛♠♣❧✐t✉❞❡✱ 1/
√
b é ❛ ❧❛r❣✉r❛ ❡ x0 é ❛ ♣♦s✐çã♦ ❞♦ ❝❡♥tr♦ ❞♦ ♣❡r✜❧✳ ▼✉❞❛♥❞♦ ❛ ❛♠♣❧✐t✉❞❡

❡ s✉❛ ❧❛r❣✉r❛✱ ♠✉❞❛♠♦s ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞❡ ❝♦♥✜❣✉r❛çã♦ ❞♦ s✐st❡♠❛✳

❆ ❡st❛❜✐❧✐❞❛❞❡ ❧✐♥❡❛r ❞♦s ❦✐♥❦s ❢♦✐ ♠♦str❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✉♠✳ ❆❧é♠ ❞✐ss♦✱ s❛❜❡♠♦s q✉❡ t♦❞❛s

❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s✱ ❡stát✐❝❛s ❡ ❞✐♥â♠✐❝❛s✱ ❡stã♦ ❝❧❛ss✐✜❝❛❞❛s ❡♠ s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✳ ❙❡ ❛

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ✉♠ ❦✐♥❦ ♠❛✐s ❛ ♣❡rt✉r❜❛çã♦ ❞❡s❝r✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ φ(x, t)

t❡♠ q✉❡ ✜❝❛r ♥♦ ♠❡s♠♦ s❡t♦r t♦♣♦❧ó❣✐❝♦ ❞♦ ❦✐♥❦ ♥ã♦ ♣❡rt✉r❜❛❞♦✳ ◆♦ss♦ ✐♥t❡r❡ss❡ é ♦❜s❡r✈❛r ❝♦♠♦ ♦

s✐st❡♠❛ t♦t❛❧ ❡✈♦❧✉✐✳ ❊♥tr❡ ♦s ♣♦ssí✈❡✐s ❝❡♥ár✐♦s t❡♠♦s ♦ ❞❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ❛ ♦✉tr♦ ❦✐♥❦ ❞❡ ♠❡♥♦r

❡♥❡r❣✐❛ ♣❡rt❡♥❝❡♥t❡ ❛♦ ♠❡s♠♦ s❡t♦r✱ ❛ ❡♠✐ssã♦ ❞❡ r❛❞✐❛çã♦✱ ❡ ❛ ❝r✐❛çã♦ ❞❡ ♠❛✐s ❦✐♥❦s ❡ ❛♥t✐❦✐♥❦s✳

❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥r❡❣✐❛ ❞❛ ♣❡rt✉❜❛çã♦ é ❞❛ ❢♦r♠❛ q✉❡✱ q✉❛♥❞♦ ❛✉♠❡♥t❛♠♦s ❛ ❛♠♣❧✐t✉❞❡ ❞❛

♣❡rt✉r❜❛çã♦✱ ❞❡✐①❛♥❞♦ ✜①❛ ❛ ❧❛r❣✉r❛✱ t❡♠♦s s❡♠♣r❡ ♠❛✐s ❡♥❡r❣✐❛✳ ❙❡ b é ❣r❛♥❞❡✱ t❡♠♦s ♣❡rt✉r❜❛çõ❡s

❡str❡✐t❛s✱ q✉❡ tê♠ ❡♥❡r❣✐❛s ❣r❛♥❞❡s ❞❡✈✐❞♦ à rá♣✐❞❛ ✈❛r✐❛çã♦ ❡s♣❛❝✐❛❧ ❞♦ ❝❛♠♣♦✳ ❙❡ b é ♣❡q✉❡♥♦✱

❛ ♣❡rt✉r❜❛çã♦ é ❧❛r❣❛✱ ❡ t❛♠❜é♠ t❡♠ ❡♥❡r❣✐❛ ❣r❛♥❞❡✳ ❱❡❥❛ ❛s ❧✐♥❤❛s ❞❛ ✜❣✉r❛ ✹✳✼✱ q✉❡ sã♦ ❝✉r✈❛s

✹✽
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❞❡ ❡♥❡r❣✐❛ ❝♦♥st❛♥t❡ ❡ ♠♦str❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦✳ P❛r❛ ❡st❡ tr❛❜❛❧❤♦ ✈❛r✐❛♠♦s só ❛ ❛♠♣❧✐t✉❞❡ ❡ ❛

❧❛r❣✉r❛ ❞♦ ♣❡r✜❧✱ ♦✉ s❡❥❛✱ ♥♦ss♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s é ♦ ♣❧❛♥♦ A− b✳

✹✳✶ λφ4

P❛r❛ ♥♦ss❛ s✐♠✉❧❛çã♦✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ s✉♣♦♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ b ❞♦ ♣♦t❡♥❝✐❛❧ λφ4 é ✐❣✉❛❧ ❛ ✉♠✳

❆ss✐♠✱ ♦ ♣♦t❡♥❝✐❛❧ é ❞❛ ❢♦r♠❛

U(φ) =
1

4

(

φ2 − 1
)2
. ✭✹✳✷✮

▲❡♠❜r❛♥❞♦ ♦ q✉❡ ❢♦✐ ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ✶✱ t❡♠♦s ✉♠ ❦✐♥❦✱ ✉♠ ❛♥t✐✲❦✐♥❦ ❡ ❛❧❣♦ ♣❛r❡❝✐❞♦ ❝♦♠

✉♠ ❜r❡❛t❤❡r✱ q✉❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦s❝✐❧❧♦♥✳ P❡rt✉r❜❛♠♦s ♦ ❦✐♥❦ ❝♦♠ ❛ ♣❡rt✉r❜❛çã♦ ❞❡s❝r✐t❛ ♥❛

✐♥tr♦❞✉çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

◗✉❛♥❞♦ ❛ ♣❡rt✉r❜❛çã♦ é ♠✉✐t♦ ♣❡q✉❡♥❛✱ ❡st❛♠♦s ♥♦ r❡❣✐♠❡ ❧✐♥❡❛r ❡ ❛ ♣❡rt✉r❜❛çã♦ é ❞✐ss✐♣❛❞❛

❡♠ ❢♦r♠❛ ❞❡ r❛❞✐❛çã♦✳ ◗✉❛♥❞♦ t❡♠♦s b ❞❛ ♦r❞❡♠ ❞❡ 0.1 ❡ ❛ ❛♠♣❧✐t✉❞❡ A ♠❡♥♦r q✉❡ ✉♠✱ ♣r❛t✐❝❛✲

♠❡♥t❡ t❡♠♦s q✉❡ t♦❞❛ ❛ ♣❡rt✉r❜❛çã♦ é tr❛♥s❢♦r♠❛❞❛ ❡♠ r❛❞✐❛çã♦✳ ◆❛ ✜❣✉r❛ ✹✳✶ ♦❜s❡r✈❛♠♦s ❡st❡

❝♦♠♣♦rt❛♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✿ ❊♥❡r❣✐❛ ❞❛ ♣❡rt✉r❜❛çã♦ ❞✐ss✐♣❛❞❛ ❡♠ r❛❞✐❛çã♦✳

❙❡ ❛✉♠❡♥t❛♠♦s ♠❛✐s ❛ ❛♠♣❧✐t✉❞❡✱ q✉❛♥❞♦ t❡♠♦s ✉♠❛ ❡♥❡r❣✐❛ t♦t❛❧ ♣❡rt♦ ❛ três ✈❡③❡s ❛ ❡♥❡r❣✐❛

❞♦ ❦✐♥❦✱ é ❝r✐❛❞♦ ✉♠ ♦s❝✐❧❧♦♥✱ ✈❡❥❛ ♥❛ ✜❣✉r❛ ✹✳✷✳ ❙❡ ❛✉♠❡♥t❛♠♦s ❛✐♥❞❛ ♠❛✐s ❛ ❛♠♣❧✐t✉❞❡✱ q✉❛♥❞♦

t❡♠♦s ✉♠❛ ❡♥❡r❣✐❛ t♦t❛❧ ❛❝✐♠❛ ❞❡ q✉❛tr♦ ✈❡③❡s ❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✱ t❡♠♦s ❝r✐❛çã♦ ❞❡ ✉♠ ❦✐♥❦ ❡ ✉♠

❛♥t✐✲❦✐♥❦ ❡ ✉♠ ♦s❝✐❧❧♦♥✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✸✳

❙❡ ❛✉♠❡♥t❛♠♦s ❛ ❛♠♣❧✐t✉❞❡ ♠❛✐s ❛✐♥❞❛✱ t❡♠♦s ♦s❝✐❧❛çõ❡s ❡♠ t♦r♥♦ ❞❡ ③❡r♦✳ ■ss♦ q✉❡r ❞✐③❡r q✉❡

❛ ❡♥❡r❣✐❛ é tã♦ ❣r❛♥❞❡ q✉❡ é ❝♦♠♦ s❡ ♦ ♣♦t❡♥❝✐❛❧ ♥ã♦ t✐✈❡ss❡ ♦s ❞♦✐s ♠í♥✐♠♦s✱ ♠❛s ❝♦♠♦ s❡ t✐✈❡ss❡
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só ✉♠ ❡♠ ③❡r♦✳ ❱❡❥❛ ♣♦r ❡①❡♠♣❧♦ ♥❛ ✜❣✉r❛ ✹✳✹✱ ♦♥❞❡ ❛ ❡♥❡r❣✐❛ é ♠❛✐s ❞❡ 70 ✈❡③❡s ❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✳

◆❡st❡s ❝❛s♦s✱ ❞❡♣♦✐s ❞❡ ❛❧❣✉♠ t❡♠♣♦✱ ❛ ❡♥❡r❣✐❛ ✈❛✐ s❡ ❞✐str✐❜✉✐♥❞♦ ♥♦ ❝♦♥❡ ❞❡ ❧✉③ ❡ ♦ t❛♠❛♥❤♦ ❞❛s

♦s❝✐❧❛çõ❡s é ❝❛❞❛ ✈❡③ ♠❡♥♦r✳ ◗✉❛♥❞♦ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ss❛s ♦s❝✐❧❛çõ❡s é ❞❛ ♦r❞❡♠ ❞❛ ✉♥✐❞❛❞❡✱ t❡♠♦s

❝r✐❛çã♦ ❞❡ ❡str✉t✉r❛s✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✺✳

❋✐❣✉r❛ ✹✳✷✿ ❚❡♠♦s ✉♠ ♦s❝✐❧❧♦♥ ❡ ✉♠ ❦✐♥❦ q✉❛♥❞♦ ❛ ♣❡rt✉r❜❛çã♦ é ♠❛✐♦r✱ A ∼ 1✳

❋✐❣✉r❛ ✹✳✸✿ ❙❡ ❛ ❡♥❡r❣✐❛ é ♠❛✐♦r ❞♦ q✉❡ q✉❛tr♦ ✈❡③❡s ❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✱ ♣♦❞❡♠♦s t❡r ❦✐♥❦s ❡
❛♥t✐✲❦✐♥❦s✳

❙❡ t❡♠♦s b ♠❡♥♦r✱ ❛ ♣❡rt✉r❜❛çã♦ é ♠❛✐s ❧❛r❣❛✱ ❡ t❡♠♦s ❛ ❝r✐❛çã♦ ❞❡ ♦s❝✐❧❧♦♥s ❝♦♠ ♠❛✐♦r ❢❛✲

❝✐❧✐❞❛❞❡✳ ❙❡ t❡♠♦s b ♠❛✐♦r ❞♦ q✉❡ 100✱ ❛ ♣❡rt✉r❜❛çã♦ é ♠✉✐t♦ ❡str❡✐t❛ ❡ q✉❛s❡ t♦❞❛ ❛ ❡♥❡r❣✐❛ é

❞✐ss✐♣❛❞❛ ❡♠ ♦♥❞❛s q✉❡ ✈✐❛❥❛♠ q✉❛s❡ à ✈❡❧♦❝✐❞❛❞❡ c✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✻✱ ❡ ❞❡ss❡ ❥❡✐t♦ ❛ ❡♥❡r❣✐❛ ✜❝❛ ♥♦

❝♦♥t♦r♥♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡r❛❧ ❞❛ ♣❡rt✉r❜❛çã♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ♣❛râ♠❡tr♦s ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛
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❋✐❣✉r❛ ✹✳✹✿ ◆❡st❛ ✜❣✉r❛ t❡♠♦s ❡♥❡r❣✐❛s ❞❛ ♦r❞❡♠ ❞❡ 70 ✈❡③❡s ❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✳ ◗✉❛♥❞♦ ❡st❛♠♦s
♥♦s ♣r✐♠❡✐r♦s t❡♠♣♦s✱ ❛ ♦s❝✐❧❛çã♦ ❞♦ ❝❛♠♣♦ é ❡♠ t♦r♥♦ ❞❡ φ = 0✳ ■st♦ ♠♦str❛ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❞✉♣❧♦
é ✐❣♥♦r❛❞♦✳

❋✐❣✉r❛ ✹✳✺✿ ◗✉❛♥❞♦ ❛ ❛♠♣❧✐t✉❞❡ ❞❛s ♦s❝✐❧❛çõ❡s é ❞❛ ♦r❞❡♠ ❞❛ ✉♥✐❞❛❞❡✱ t❡♠♦s ❝r✐❛çã♦ ❞❡ ❡str✉t✉r❛s✳
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❋✐❣✉r❛ ✹✳✻✿ ◗✉❛♥❞♦ ❛ ♣❡rt✉r❜❛çã♦ é ❡str❡✐t❛✱ ❛ ❡♥❡r❣✐❛ é ❞✐ss✐♣❛❞❛ ❡♠ r❛❞✐❛çã♦ q✉❡ ✈✐❛❥❛ q✉❛s❡ à
✈❡❧♦❝✐❞❛❞❡ c✳

✹✳✼✳ ❆s ❧✐♥❤❛s ❞❡ ❝♦r❡s sã♦ ❝✉r✈❛s ❞❡ ❡♥❡r❣✐❛ t♦t❛❧ ❝♦♥st❛♥t❡✳ ❊❧❛s ❡stã♦ ♠❡❞✐❞❛s ❡♠ t❡r♠♦s ❞♦ ♥ú✲

♠❡r♦ ❞❡ ✈❡③❡s ❞❛ ❡♥❡r❣✐❛ ❞♦ ❦✐♥❦✱ ♣❛r❛ ♦s ✈❛❧♦r❡s 2, 3, 4, 5, 6, 7, 8, 9, 10, 20, 50, 100, 200, 500, 1000, 2000 ❡ 5000✳

❖s ✈❛❧♦r❡s ❝♦♥ ❧✐♥❤❛s ❜❛✐①♦ sã♦ ❛s ❧✐♥❤❛s ❝♦♥tí♥✉❛s ♥❛ ❣rá✜❝❛✳ ❖s ❞✐❢❡r❡♥t❡s sí♠❜♦❧♦s r❡♣r❡s❡♥t❛♠

❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s✳ ❖s ❝ír❝✉❧♦s ♣r❡t♦s ✐♥❞✐❝❛♠ q✉❡ ❛ ❡♥❡r❣✐❛ ❞❛ ♣❡rt✉r❜❛çã♦ ❢♦✐ ❞✐ss✐♣❛❞❛ ❡♠ r❛✲

❞✐❛çã♦✳ ❖s tr✐â♥❣✉❧♦s ♣❛r❛ ❛❝✐♠❛ ✐♥❞✐❝❛♠ q✉❡ t❡♠♦s ✉♠ ♦s❝✐❧❧♦♥✳ ❆s ❝❛✐①❛s r❡♣r❡s❡♥t❛♠ ✉♠ ❦✐♥❦

❡ ✉♠ ❛♥✐t❦✐♥❦✳ ❖s ❝ír❝✉❧♦s ❝♦♠ ♣♦♥t♦s ✐♥❞✐❝❛♠ q✉❡ t❡♠♦s ✉♠ ❦✐♥❦ ♠❛✐s ✉♠ ❛♥t✐✲❦✐♥❦ ❡ ✉♠ ♦✉

❞♦✐s ♦s❝✐❧❧♦♥s✳ ❆st❡r✐s❝♦s ♣r❡t♦s q✉❡r❡♠ ❞✐③❡r q✉❡ ❛s ♣❡rt✉r❜❛çõ❡s sã♦ tã♦ ❣r❛♥❞❡s q✉❡ ♦ ♣♦t❡♥❝✐❛❧

❞✉♣❧♦ ♥ã♦ é ✈✐st♦✳ ❖ tr✐â♥❣✉❧♦ ♣r❡t♦ ❞❡ ❧❛❞♦ é ♦ ❝❡♥ár✐♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✻✱ ❡♠ q✉❡ t♦❞❛ ❛

❡♥❡r❣✐❛ ✜❝❛ ♥♦ ❝♦♥t♦r♥♦✳

✹✳✷ ▼❙❚❇

❖s ❞❡♠❛✐s ❦✐♥❦s ♣❡rt✉r❜❛❞♦s ❢♦r❛♠ ❞❡❢❡✐t♦s ❞❡ ❞♦✐s ❝❛♠♣♦s✳ ❆ ❡str❛té❣✐❛ ♣❛r❛ s✐♠✉❧❛r ❡❧❡s é ✐❣✉❛❧

❞❛ ✉♠ só ❝❛♠♣♦✳ ❯s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ 5 ♣♦♥t♦s ❡①♣❧í❝✐t♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❝❛❞❛ ❝❛♠♣♦ ❞♦

s❡❣✉✐♥t❡ t❡♠♣♦ ❝♦♠ ♦s ❝❛♠♣♦s ❝♦♥❤❡❝✐❞♦s ❞♦ t❡♠♣♦ ❛t✉❛❧✳

◆❡st❡ ♠♦❞❡❧♦ t❡♠♦s ♠❛✐s ❡str✉t✉r❛s✱ ❧❡♠❜r❛♥❞♦ ❞♦ ❝❛♣ít✉❧♦ ✶✱ t❡♠♦s ♦s ❦✐♥❦s ❚❑✶✱ ❚❑✷ ❡

◆❚❑✷✳ ❙❛❜❡♠♦s t❛♠❜é♠✱ q✉❡ ♦ ❦✐♥❦ ❚❑✷ é ♦ ú♥✐❝♦ ❡stá✈❡❧✳ ❊♥tã♦ ♦ ♣r✐♠❡✐r♦ q✉❡ ❢❛r❡♠♦s ♥❡st❛

s❡çã♦ é ♠♦str❛r q✉❡ ♦s ❦✐♥❦ ❚❑✶ ❡ ◆❚❑✷ sã♦ ✐♥stá✈❡✐s✳

❆ ❢✉♥çã♦ ❞♦ ❦✐♥❦ ❚❑✶ ❢♦✐ ♠♦str❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✶✳ ◆❡st❡ ❦✐♥❦✱ ♦ ❝❛♠♣♦ φ2 é ♥✉❧♦✱ ♣♦r t❛♥t♦

t❡♠♦s q✉❡ ♦ ♣♦t❡♥❝✐❛❧ t♦t❛❧ ♣❛r❛ φ1 é ❝♦♠♦ ♦ ❞❛ t❡♦r✐❛ λφ4✳ ❊♥tã♦ s❡ ♣❡rt✉r❜❛♠♦s ❡st❡ ❝❛♠♣♦✱

❞❡✐①❛♥❞♦ ♦ ❝❛♠♣♦ φ2 ❡♠ ③❡r♦ s❡♠♣r❡✱ t❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❖ ❦✐♥❦ ❚❑✶ é ❡stá✈❡❧
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s❡ é ♣❡rt✉r❜❛❞♦ ♥❛ ❝♦♠♣♦♥❡♥t❡ φ1✳

❙❡ ♣❡rt✉r❜❛♠♦s ♦ ❦✐♥❦ ❚❑✶ ♥♦ ❝❛♠♣♦ φ2✱ ♦❜s❡r✈❛♠♦s ❛ ✐♥st❛❜✐❧✐❞❛❞❡ ❞♦ ❦✐♥❦✳ ❯♠❛ ♣❡q✉❡♥❛

♣❡rt✉r❜❛çã♦ ♥♦ ❝❛♠♣♦ ❞♦✐s✱ ❝r❡s❝❡ ❡ ❝r❡s❝❡ ❛té t❡r ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❦✐♥❦ ❚❑✷✳ ❱❡❥❛ ✜❣✉r❛ ✹✳✽✳

❋✐❣✉r❛ ✹✳✽✿ ❉❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ❚❑✶ q✉❛♥❞♦ é ♣❡rt✉r❜❛❞♦ ♥♦ ❝❛♠♣♦ φ2✳ ◆❛ ✜❣✉r❛ ❞❛ ❡sq✉❡r❞❛
t❡♠♦s ♦ ❝❛♠♣♦ φ2 ♥♦s t❡♠♣♦s t = 0, 1, 2, 3, 4, 5, 6 ❞❡ ❜❛✐①♦ ♣❛r❛ ❝✐♠❛✳ ◆❛ ❞✐r❡✐t❛✱ t❡♠♦s ♦ ❞❡s❡♥❤♦
♣❛r❛♠étr✐❝♦✳ ❆ ♣❡rt✉r❜❛çã♦ ✐♥✐❝✐❛❧ t❡♠ A = 0.05 ❡ Ω2 = 0.5✳

❆ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞♦ ❦✐♥❦ ◆❚❑✷ ❡stá ♥♦ ❝❛♣ít✉❧♦ ✶ ❡ s❛❜❡♠♦s q✉❡ ♦ ❦✐♥❦ é ✐♥stá✈❡❧✳ ◗✉❛♥❞♦

s✐♠✉❧❛♠♦s ❡st❡ ❦✐♥❦✱ ❡❧❡ ❞❡❝❛✐ ❞❡♣♦✐s ❞❡ ✉♠ t❡♠♣♦✱ ❛✐♥❞❛ q✉❛♥❞♦ ♥ã♦ ♣❡rt✉r❜❛♠♦s✳ ■ss♦ s❡ ❞❡✈❡

t❛❧✈❡③✱ ❛♦ ❛rr❡❞♦♥✲❞❛♠❡♥t♦ ♥✉♠ér✐❝♦ ♥♦ ❝á❧❝✉❧♦ ❞❛s ❢✉♥çõ❡s ♠❛t❡♠át✐❝❛s ✉s❛❞❛s ♥❛ ❡①♣r❡ssã♦✳ ❖

❦✐♥❦ ◆❚❑✷ ❞❡❝❛✐ ❛ ✉♠ ❦✐♥❦ ♠❛✐s ✉♠ ❛♥t✐❦✐♥❦ ❚❑✷ q✉❡ ✜❝❛♠ s❡ ❛❢❛st❛♥❞♦ ✉♠ ❞♦ ♦✉tr♦✱ ✈❡❥❛ ✜❣✉r❛

✹✳✾✳ ■ss♦ é ♣♦ssí✈❡❧ ♦❧❤❛♥❞♦ ❛ r❡❣r❛ ❞❡ s♦♠❛ ❞❡ ❡♥❡r❣✐❛s

E◆❚❑✷ = E❚❑✶ + E❚❑✷ ≥ 2E❚❑✷. ✭✹✳✸✮

▲♦❣♦✱ ♦ ❚❑✶ ❡ ♦ ◆❚❑✷ ❞❡❝❛❡♠ ❛ ✉♠ ❦✐♥❦ ♦✉ ✉♠ ❦✐♥❦ ❡ ✉♠ ❛♥t✐❦✐♥❦ ❚❑✷ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆❣♦r❛✱ ♥♦ss♦ ✐♥t❡r❡ss❡ ❝♦♥s✐st❡ ❡♠ ♣❡rt✉r❜❛r ♦ ❦✐♥❦ ❚❑✷ ❡ ♦❜s❡r✈❛r ♦ q✉❡ ♦❜t❡♠♦s✳ P♦❞❡♠♦s

♣❡rt✉r❜á✲❧♦ ♥♦ φ1 ♦✉ ♥♦ φ2✱ ♠❛s ♦s ❝❡♥ár✐♦s sã♦ s✐♠✐❧❛r❡s✳

❚❡♠♦s ♦ ❝❡♥ár✐♦ ❞❛ ❡♥❡r❣✐❛ ❞✐ss✐♣❛❞❛ ❡♠ r❛❞✐❛çã♦ s❡ ❛ ♣❡rt✉r❜❛çã♦ é ♣❡q✉❡♥❛ ❡ ❧❛r❣❛✳ ❙❡ ❛

♣❡rt✉r❜❛çã♦ é ❡str❡✐t❛ ❡ ♣❡q✉❡♥❛✱ t❡♠♦s ♦ ❝❡♥ár✐♦ ♦♥❞❡ ❛ ❡♥❡r❣✐❛ ✈❛✐ ✜❝❛r ♥♦ ❝♦♥❡ ❞❡ ❧✉③✳ ❆❧❣✉♠❛s

✈❡③❡s ❡♥❝♦♥tr❛♠♦s q✉❡ ♦ ❦✐♥❦ s❡ ✐♥✈❡rt❡ ♥♦ ❝❛♠♣♦ φ2✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✶✵ ❛ ❡sq✉❡r❞❛✳ ❊♠ ❝❡rt♦s ❝❛s♦s

❡sq✉✐s✐t♦s✱ ❛té ♣❛r❡❝❡ ❡①✐st✐r ✉♠ ♦s❝✐❧❧♦♥✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✶✵ ❝❡♥tr♦ ❡ ❞✐r❡✐t❛✳ ❙❡ ❛✉♠❡♥t❛♠♦s ❛ ❡♥❡r❣✐❛

♠✉✐t♦✱ t❡♠♦s ❛ ❝r✐❛çã♦ ❞❡ ❦✐♥❦s ❡ ❛♥t✐❦✐♥❦s✳ ❊♠❜♦r❛ ♦ ❝❛♠♣♦ φ2 t❡♥❤❛ ♠✉✐t❛s ✈❛r✐❛çõ❡s✱ ♦ ❝❛♠♣♦

φ1 ♥ã♦ ♦s❝✐❧❛ t❛♥t♦✱ ❡ ♥❡❧❡ ♦❜s❡r✈❛♠♦s q✉❛♥❞♦ t❡♠♦s ❝r✐❛çã♦ ❞❡ ❡str✉t✉r❛s✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✶✶✳ ❆
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❋✐❣✉r❛ ✹✳✾✿ ❉❡❝❛✐♠❡♥t♦ ❞♦ ❦✐♥❦ ◆❚❑✷✱ q✉❛♥❞♦ ♣❡rt✉r❜❛♠♦s ♥♦ ❝❛♠♣♦ φ1 ❝♦♠ A = 0.01✱ b = 0.1✱
❞❡ ❜❛✐①♦ ♣❛r❛ ❛❝✐♠❛ ♣❛r❛ ♦s t❡♠♦s t = 0✱ t = 10✱ t = 20 ❡ t = 30✳ ◆❛ ✜❣✉r❛ ❞❛ ❞❡r❡✐t❛ ♦ ❝ír❝✉❧♦
❝r❡s❝❡ ♣❛r❛ t❡♠♣♦s ♣♦st❡r✐♦r❡s✳ P❛râ♠❡tr♦s Ω2 = 0.25✱ γ = 0✳

♦❝♦rrê♥❝✐❛ ❞❡st❡s ❝❡♥ár✐♦s ♥ã♦ ♣❛r❡❝❡ s❡r ✉♠❛ ❢✉♥çã♦ ❝❧❛r❛ ❞♦s ♣❛râ♠❡tr♦s✱ A ❡ b✱ ❞❛ ♣❡rt✉r❜❛çã♦✳

P♦r ✐ss♦✱ ✉♠❛ ✜❣✉r❛ ❝♦♠♦ ❛ ✹✳✼ ♣❛r❛ ❡st❡ ❝❛s♦ ♥ã♦ ♠♦str❛ ✐♥❢♦r♠❛çã♦ út✐❧✳

❈♦♠♦ ✉♠ ❞❡t❛❧❤❡ ✜♥❛❧✱ t♦❞❛s ❛s s✐♠✉❧❛çõ❡s ❞❡st❛ s❡çã♦ ❢♦r❛♠ ❢❡✐t❛s ❝♦♠ Ω2 = 0.5✳

✹✳✸ ❇◆❘❚

❊st❡ s✐st❡♠❛ t❡♠ ❞♦✐s ❝❛♠♣♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❚❡♠ ♥♦✈❛♠❡♥t❡ ❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞❡ q✉❡ s❡ ❞❡✐①❛♠♦s

♦ ❝❛♠♣♦ φ2 = 0✱ ♦❜t❡♠♦s ♦ s✐st❡♠❛ λφ4✳ ▲❡♠❜r❛♥❞♦ ❞♦ ❝❛♣ít✉❧♦ ✶✱ t❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❝♦♥tí♥✉❛

❞❡ ❦✐♥❦s✱ t♦❞♦s ❡stá✈❡✐s ❧✐♥❡❛r♠❡♥t❡ ♣❡❧❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ s✉♣❡r✲♣♦t❡♥❝✐❛❧✳ ❯s❛♠♦s ♥❡st❡ ♠♦❞❡❧♦

σ = 0.2✳

❉❡ ♥♦✈♦✱ s❡ t❡♠♦s ♦ ❦✐♥❦ ❚❑✶❆❆ ♣❡rt✉r❜❛❞♦ ♥♦ ❝❛♠♣♦ φ1 ❡ ❞❡✐①❛♠♦s ♦ ❝❛♠♣♦ φ2 = 0✱ ♦❜t❡♠♦s

♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❞❛ s❡çã♦ ✺✳✶✳ ❆❣♦r❛✱ s❡ ♣❡rt✉r❜❛♠♦s ♦ ❦✐♥❦ ♥♦ ❝❛♠♣♦ ❞♦✐s✱ ♦❜t❡♠♦s ❞♦✐s

❝❡♥ár✐♦s ♣♦ssí✈❡✐s✳ ❙❡ ❛ ♣❡rt✉r❜❛çã♦ é ♣❡q✉❡♥❛✱ t❡♠♦s q✉❡ ♦ ❦✐♥❦ ♠✉❞❛ ❛té t♦♠❛r ❛ ❢♦r♠❛ ❞❡ ✉♠

❦✐♥❦ ❚❑✷✭❝✮✱ ❝♦♠ ❛♠♣❧✐t✉❞❡ ♠á①✐♠❛ ♥♦ ❝❛♠♣♦ φ2 ♠❡♥♦r q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ✐♥✐❝✐❛❧ ❞❛ ♣❡rt✉r❜❛çã♦✱

✈❡❥❛ ✜❣✉r❛ ✹✳✶✷ ❡ ✹✳✶✸✳ ❙❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ♣❡rt✉r❜❛çã♦ é ♠❛✐♦r ❞♦ q✉❡ ❝❡rt♦ ✈❛❧♦r✱ t❡♠♦s q✉❡ ♦ ❦✐♥❦

♠✉❞❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛té ♦❜t❡r ❞♦✐s ❦✐♥❦s✱ ❚❑❆❇ ❡ ❚❑❇❆✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✶✹ ❡ ✹✳✶✺✳ ❱❡❥❛ ♥❛ ✜❣✉r❛

✹✳✶✻ ♦s ❞♦✐s ❝❡♥ár✐♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s ♣❛râ♠❡tr♦s ❞❛ ♣❡rt✉r❜❛çã♦✳



❈❆P❮❚❯▲❖ ✹✳ ❊❙❚❆❇■▲■❉❆❉❊ ❉❊ ❆▲●❯◆❙ ❑■◆❑❙ ✺✻

❋✐❣✉r❛ ✹✳✶✵✿ ❆❧❣✉♥s ❝❡♥ár✐♦s ❛♦ ♣❡rt✉r❜❛r ♦ ❦✐♥❦ ❚❑✷ ❞♦ ▼❙❚❇✳ ◆❛ ❡sq✉❡r❞❛ t❡♠♦s ❛ ✐♥✈❡rsã♦ ❞♦
❝❛♠♣♦ φ2✱ ❡ ♥♦ ❝❡♥tr♦ ❡ ❞✐r❡✐t❛ t❡♠♦s ♦ ❝❛♠♣♦ φ1 ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛✱ ♦ q✉❡ ♣❛r❡❝❡ s❡r ✉♠
♦s❝✐❧❧♦♥✳ Ω2 = 0.5✳
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0.5✳
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❝❛♠❡♥t❡ ♦s ❝❛♠♣♦s ♣❛r❛ ♦s t❡♠♣♦s t = 0✱ t = 10✱ t = 40 ❡ t = 80✳
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