
▼❛r❝❡❧♦ ❩✐♠❜r❡s ❙✐❧✈❛

Pr♦❝✉r❛♥❞♦ ♣♦r ❛ss✐♥❛t✉r❛s ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦

❝ós♠✐❝♦ ❝♦♠ ✇❛✈❡❧❡ts

❈❛♠♣✐♥❛s

✷✵✶✹

✐



✐✐







✈



✈✐



❆❜str❛❝t

❉✉❡ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❡♥✐♥❣ ❝♦s♠✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ t❤❡ tr❛❥❡❝t♦r✐❡s

♦❢ ✉❧tr❛✲❤✐❣❤ ❡♥❡r❣② ❝♦s♠✐❝ r❛②s ✭❯❍❊❈❘s✮ ❝❛♥ ❜❡ ❞❡✢❡❝t❡❞ ✐♥ s✉❝❤ ❛ ✇❛②

❛s t♦ ❝r❡❛t❡ ❝❧✉st❡r❡❞ ❡♥❡r❣②✲♦r❞❡r❡❞ ✜❧❛♠❡♥t❛r② str✉❝t✉r❡s ✐♥ t❤❡ ❛rr✐✈❛❧ ❞✐✲

r❡❝t✐♦♥s ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s✱ t❤❡ s♦✲❝❛❧❧❡❞ ♠✉❧t✐♣❧❡ts✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ♣r♦♣♦s❡ ❛

♥❡✇ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ s♣❤❡r✐❝❛❧ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ t♦ ✐❞❡♥t✐❢② ♠✉❧t✐♣❧❡ts

✐♥ s❦② ♠❛♣s ❝♦♥t❛✐♥✐♥❣ ❛rr✐✈❛❧ ❞✐r❡❝t✐♦♥s ♦❢ ❯❍❊❈❘s✳ ❚❤❡ ♠❡t❤♦❞ ✐s ✐❧❧✉str❛✲

t❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ♠✉❧t✐♣❧❡t ❡♠❜❡❞❞❡❞ ✐♥ ✐s♦tr♦♣✐❝ ❜❛❝❦❣r♦✉♥❞s ✇✐t❤

❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ ❡✈❡♥ts✱ ❛♥❞ ♦♥ ❞❛t❛ ❢r♦♠ t❤❡ P✐❡rr❡ ❆✉❣❡r ❖❜s❡r✈❛t♦r②✳

❚❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛ss❡ss❡❞ t❤r♦✉❣❤ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❚②♣❡ ■

❛♥❞ ■■ ❡rr♦rs✳

✈✐✐



✈✐✐✐



❘❡s✉♠♦

❉❡✈✐❞♦ à ❛çã♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❝ós♠✐❝♦✱ tr❛❥❡tór✐❛s ❞❡ r❛✐♦s ❝ós♠✐❝♦s

♣r♦✈❡♥✐❡♥t❡s ❞❡ ✉♠❛ ♠❡s♠❛ ❢♦♥t❡ ♣♦❞❡♠ s❡r ❞❡✢❡t✐❞❛s ❡ ❞❛r ♦r✐❣❡♠ ❛ ❡str✉✲

t✉r❛s ✜❧❛♠❡♥t❛r❡s ❝✉❥♦s ❡✈❡♥t♦s sã♦ ♦r❞❡♥❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛s ❡♥❡r❣✐❛s✱

♦s ♠✉❧t✐♣❧❡t♦s✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ♣r♦♣♦♠♦s ✉♠ ♥♦✈♦ ♠ét♦❞♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛çã♦

❞❡ ♠✉❧t✐♣❧❡t♦s✱ ❜❛s❡❛❞♦ ♥♦ ✉s♦ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡ ❛

❡s❢❡r❛✱ ❝❤❛♠❛❞❛s ❞❡ ✇❛✈❡❧❡ts ❡s❢ér✐❝♦s✳

P❛r❛ t❡st❛r ♦ ♠ét♦❞♦ ❛♣❧✐❝❛♠♦s ❛ ❛♥á❧✐s❡ ❡♠ ❞❛❞♦s s✐♠✉❧❛❞♦s✳ Pr✐♠❡✐r❛✲

♠❡♥t❡ ✉s❛♠♦s ✉♠ ❢✉♥❞♦ ✐s♦tró♣✐❝♦✱ ♦♥❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ♣♦❞❡ ♦❝♦rr❡r ❛♣❡♥❛s

❛♦ ❛❝❛s♦✳ P♦st❡r✐♦r♠❡♥t❡ ❢❛③❡♠♦s ❛ ❛♥á❧✐s❡ ❝♦❧♦❝❛♥❞♦ ✉♠ ♠✉❧t✐♣❧❡t♦ ❡♠ ✉♠❛

♣♦s✐çã♦ ❛❧❡❛tór✐❛ ♥♦ ♠❡s♠♦ ❢✉♥❞♦ ✐s♦tró♣✐❝♦✳ ❈♦♠ ✐ss♦ ❝❛❧❝✉❧❛♠♦s ❡rr♦s ❞❡

t✐♣♦ ■ ❡ ■■✳ ❖ ♠ét♦❞♦ t❛♠❜é♠ é ❛♣❧✐❝❛❞♦ ❡♠ ❞❛❞♦s ♦❜t✐❞♦s ♣❡❧♦ ❖❜s❡r✈❛tór✐♦

P✐❡rr❡ ❆✉❣❡r ♣❛r❛ ❡✈❡♥t♦s ❝♦♠ ❡♥❡r❣✐❛ E > 15× 1018 ❡❱✳

✐①



①



❙✉♠ár✐♦

✶ ❘❛✐♦s ❝ós♠✐❝♦s ✶

✶✳✶ Pr♦♣❛❣❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❊s♣❡❝tr♦ ❡ ❝♦♠♣♦s✐çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸ ❊①♣❡r✐♠❡♥t♦s ❡♠ r❛✐♦s ❝ós♠✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✹ ▼✉❧t✐♣❧❡t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷ Pr❡❧✐♠✐♥❛r❡s ♠❛t❡♠át✐❝❛s ✶✸

✷✳✶ ❖ ❣r✉♣♦ ❙❖✭✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✷ ❆♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ❡♠ ❙❖✭✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✸ ■♥t❡❣r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✹ ❈♦rr❡❧❛çã♦ ❡♠ S2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✺ ❚❡ss❡❧❛çã♦ ❡♠ S2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✸ ❲❛✈❡❧❡ts ❡s❢ér✐❝♦s ✷✺

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✷ ❖ ❦❡r♥❡❧ k(l) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✸ ❈♦❡✜❝✐❡♥t❡s Slm ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✹ ❘❡❝♦♥str✉çã♦ ❞♦ s✐♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹ Pr♦❝✉r❛♥❞♦ ♣♦r ♠✉❧t✐♣❧❡t♦s ✸✺

✹✳✶ ❇✉s❝❛ ♣♦r ❢♦rç❛ ❜r✉t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹✳✷ ◆♦✈♦ ❛❧❣♦r✐t♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✸ ❆♥á❧✐s❡ ❡♠ s✐♠✉❧❛çõ❡s ❝♦♠ ❈❘Pr♦♣❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

①✐



✹✳✹ ❆♥á❧✐s❡ ♥♦s ❞❛❞♦s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✺ ❈♦♥❝❧✉sã♦ ✺✶

❆ ❋✉♥çõ❡s dlmn(β) ✺✸

❆✳✶ ❈á❧❝✉❧♦ ❞❡ dlmn ✈✐❛ ❋❋❚✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

❆✳✷ ❈á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ♣❛r❛ ❛ t❡ss❡❧❛çã♦ ✉s❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❇ ❖ ♣❛❝♦t❡ ❙❲❆❚ ✻✶

❈ ❆rt✐❣♦s ✼✾

①✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❊r♥❡st♦ ❑❡♠♣ ♣♦r ♠❡ ♣r♦♣♦r ✉♠ ♣r♦❥❡t♦ tã♦

✐♥t❡r❡ss❛♥t❡ ❡ ❛❞❡q✉❛❞♦ ❛♦ ♠❡✉ ♣❡r✜❧ ❞❡ ♣❡sq✉✐s❛✳ ❙❡♠ s✉❛ ❝♦♥✜❛♥ç❛ ❡

✐♥❝❡♥t✐✈♦ ❡ss❡ tr❛❜❛❧❤♦ ❝❡rt❛♠❡♥t❡ ♥ã♦ t❡r✐❛ s✐❞♦ ♣♦ssí✈❡❧✳

❆❣r❛❞❡ç♦ ❛ ❘❛❢❛❡❧ ❆❧✈❡s ❇❛t✐st❛ q✉❡ ❛❝♦♠♣❛♥❤♦✉ ❞❡ ♣❡rt♦ ♣r❛t✐❝❛♠❡♥t❡

t♦❞❛s ❛s ❢❛s❡s ❞❡ss❡ tr❛❜❛❧❤♦✳ ❆s ✐♥t❡♥s❛s ❞✐s❝✉ssõ❡s q✉❡ t✐✈❡♠♦s ♠❡ ❛❥✉❞❛✲

r❛♠ ♠✉✐t♦ ❝♦♠ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ♣r♦❜❧❡♠❛✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ♠❡♠❜r♦s ❞❛ ❈♦❧❛❜♦r❛çã♦ P✐❡rr❡ ❆✉❣❡r ❡ ❡♠ ♣❛r✲

t✐❝✉❧❛r ❛♦s ♠❡♠❜r♦s ❞♦ ❣r✉♣♦ ❜r❛s✐❧❡✐r♦ ❡ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❲✉♣♣❡rt❛❧✳

❉❡♥tr❡ ❡❧❡s ❞❡st❛❝♦ ❱✐t♦r ❞❡ ❙♦✉③❛✱ ♣♦r ❞✐s♣♦♥✐❜✐❧✐③❛r ♦ ❝❧✉st❡r ❞❛ ❯❙P ❙ã♦

❈❛r❧♦s ❡ ❑❛r❧✲❍❡✐♥③ ❑❛♠♣❡rt ♣❡❧♦ ❡①❝❡❧❡♥t❡ ❛♠❜✐❡♥t❡ ❞❡ tr❛❜❛❧❤♦ q✉❡ ♠❡

♣r♦♣♦r❝✐♦♥♦✉ ❡♠ s❡✉ ❣r✉♣♦✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ♠ã❡ ❊❧✐❛♥❛ ❩✳ ❙✐❧✈❛ ❡ ❛ ✐r♠ã ❋❡r♥❛♥❞❛ ❩✳ ❙✐❧✈❛ ♣♦r

t♦❞♦ ❛♣♦✐♦ ❞❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s ❞❡ ❞♦✉t♦r❛❞♦✳

❆❣r❛❞❡ç♦ ♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❛♣❡s✳

①✐✐✐



①✐✈



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ▼❛♣❛s ❞❡ ❡✈❡♥t♦s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✷ ■❧✉str❛çã♦ ❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ♥❛ ❡s❢❡r❛ ❝❡❧❡st✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸ ➶♥❣✉❧♦s ❞❡ ❊✉❧❡r ❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✹ ❯♠ ❞♦s ❞❡t❡❝t♦rs ❞❡ s✉♣❡r❢í❝✐❡ ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✳ ✳ ✾

✷✳✶ ■❧✉str❛çã♦ ❞❡ Y l
mn(θ, φ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✷ ❚❡ss❡❧❛çã♦ ❍❡❛❧♣✐① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✸ ❚❡ss❡❧❛çã♦ ❊❈P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✹ ❚❡ss❡❧❛çã♦ ■❣❧♦♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✶ ❊①♣❛♥sã♦ ❞❡ ✉♠ ✇❛✈❡❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✷ ❙✉♣♦rt❡ ❞❡ ✉♠ ✇❛✈❡❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✸ ❊①❡♠♣❧♦ ❞❡ ❞✐r❡❝✐♦♥❛❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✹ ❉✐r❡❝✐♦♥❛❧✐❞❛❞❡ ❞❡ ✉♠ ✇❛✈❡❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹✳✶ ❇✉s❝❛ ♣♦r ❢♦rç❛ ❜r✉t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✷ ❊rr♦ t✐♣♦ ■ ❡ ■■ ✭❝é✉ s✐♠✉❧❛❞♦✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✸ ●rá✜❝♦s ❞❡ |C| ❡ |c| ✭❝é✉ s✐♠✉❧❛❞♦✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✹ ▼❛♣❛ ❞❡ ❝♦❜❡rt✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✺ ❈❛♥❞✐❞❛t♦s ❛ ♠✉❧t✐♣❧❡t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❆✳✶ ❋✉♥çõ❡s dllm(θ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❆✳✷ ❈á❧❝✉❧♦ ❞❡ dlmn(π/2) ♣♦r r❡❝✉rsã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

①✈



①✈✐



❈❛♣ít✉❧♦ ✶

❘❛✐♦s ❝ós♠✐❝♦s

❚❤♦s❡ ✇❤♦ ❧❡❛r♥ ❛♥❞ ❞♦ ♥♦t t❡❛❝❤

❛r❡ t❤✐❡✈❡s✳

❉❊❙❈❖◆❍❊❈■❉❖

▲❡ ❞é❢❛✉❧t ✉♥✐q✉❡ ❞❡ t♦✉s ❧❡s ♦✉✈r❛❣❡s

❝✬❡st ❞✬êtr❡ tr♦♣ ❧♦♥❣s✳

❱❆❯❱❊◆❆❘●❯❊❙

❖ ❝♦♥❝❡✐t♦ ❞❡ r❛✐♦s ❝ós♠✐❝♦s é ❛❜str❛t♦ ♣❛r❛ ♦s q✉❡ s❡ ❞❡♣❛r❛♠ ❝♦♠

❡❧❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✱ ♠❛s ♥ã♦ ♠❛✐s ♣❛r❛ ♦s ❢ís✐❝♦s✱ q✉❡ ♦s ❡st✉❞❛♠ ❞❡s❞❡

s✉❛ ❞❡s❝♦❜❡rt❛ ♣❡❧♦ ❝✐❡♥t✐st❛ ❱✐❝t♦r ❍❡ss ♥♦ ❝♦♠❡ç♦ ❞♦ sé❝✉❧♦ ❳❳ ❬✶❪✳ ❖s

❛✈❛♥ç♦s ❡♠ té❝♥✐❝❛s ❞❡ ❞❡t❡❝çã♦ ❢❡✐t♦s ❡♠ ♠❛✐s ❞❡ ❝❡♠ ❛♥♦s ❞❡ ♣❡sq✉✐s❛ ❛t✐✈❛✱

♣♦ss✐❜✐❧✐t❛r❛♠ ❡①♣❡r✐♠❡♥t♦s ❝♦♠♦ ❆❣❛s❛ ❬✷✱ ✸❪✱ ❍✐r❡s ❬✻❪ ❡ ♦ ❖❜s❡r✈❛tór✐♦

P✐❡rr❡ ❆✉❣❡r ❬✼❪✳ ❊ss❡s ❡①♣❡r✐♠❡♥t♦s ❝♦♥tr✐❜✉ír❛♠ ❞❡ ❢♦r♠❛ ❞❡❝✐s✐✈❛ ♣❛r❛

♦ ❛✉♠❡♥t♦ ❞❛ ❛♠♦str❛❣❡♠✳ ❉❡ss❛ ❢♦r♠❛✱ ♣r❡✈✐sõ❡s t❡ór✐❝❛s ♣✉❞❡r❛♠ s❡r

t❡st❛❞❛s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦s ♠♦❞❡❧♦s ❢ís✐❝♦s s♦❢r❡r❛♠ ♠❡❧❤♦r✐❛s✳

❆♣❡s❛r ❞❡ t✉❞♦ ✐ss♦✱ ❛✐♥❞❛ ♥ã♦ s♦♠♦s ❝❛♣❛③❡s ❞❡ r❡s♣♦♥❞❡r ❛❧❣✉♠❛s ❞❛s

♣❡r❣✉♥t❛s ♠❛✐s ❢✉♥❞❛♠❡♥t❛✐s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ ❡ss❛s s❡ r❡❢❡r❡♠ ❛ r❛✐♦s

❝ós♠✐❝♦s ❝♦♠ ❡♥❡r❣✐❛s ✉❧tr❛ ❛❧t❛s✱ ♦✉✱ ♥♦s t❡r♠♦s ✉s❛❞♦s ♣❡❧♦s ❢ís✐❝♦s✱ ❯❧tr❛

❍✐❣❤ ❊♥❡r❣② ❈♦s♠✐❝ ❘❛②s ✭❯❍❊❈❘s✮ ❬✺❪✳ ❊ss❛ ♥♦♠❡♥❝❧❛t✉r❛ s❡ ❥✉st✐✜❝❛

✶



q✉❛♥❞♦ ♦❧❤❛♠♦s ♣❛r❛ ♦ ❡s♣❡❝tr♦ ❞❡ ❡♥❡r❣✐❛ ❞♦s r❛✐♦s ❝ós♠✐❝♦s✳ ❆ ❡♥❡r❣✐❛s

❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✵✵ ▼❡❱✱ ❥á é ♣♦ssí✈❡❧ ❞❡t❡❝t❛r r❛✐♦s ❝ós♠✐❝♦s✱ q✉❡

♥❡ss❡ ❝❛s♦ s❡ ♦r✐❣✐♥❛♠ ♥♦ ❙♦❧✳ ◆♦ ♦✉tr♦ ❡①tr❡♠♦ ❞♦ ❡s♣❡❝tr♦ ❡stã♦ ❡♥❡r❣✐❛s

q✉❡ ♣♦❞❡♠ s✉♣❡r❛r 1018 ❡❱ = 1 ❊❡❱✳ ❊♥q✉❛♥t♦ q✉❡ ♥❛ r❡❣✐ã♦ ❞❡ ❜❛✐①❛s

❡♥❡r❣✐❛s ♦ ✢✉①♦ ❞❡ r❛✐♦s ❝ós♠✐❝♦s é ❛❧t♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♣❡r♠✐t✐r ❡st✉❞♦s

❝♦♠ ❛❧t❛ ❛❝✉rá❝✐❛✱ ♥❛ r❡❣✐ã♦ ❞❡ ❡♥❡r❣✐❛s ✉❧tr❛ ❛❧t❛s✱ ✐✳❡✳ ❞❛ ♦r❞❡♠ ❞❡ ❊❡❱✱ ♦s

✢✉①♦s ♠❡❞✐❞♦s ♥❛ ❚❡rr❛ sã♦ ❡①tr❡♠❛♠❡♥t❡ ❜❛✐①♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❡ss❛ ❢❛✐①❛

❞❡ ❡♥❡r❣✐❛✱ ❛♣❡♥❛s ✉♠❛ ♣❛rtí❝✉❧❛ é ❡s♣❡r❛❞❛ ♣♦r q✉✐❧ô♠❡tr♦ q✉❛❞r❛❞♦ ♣♦r

❛♥♦✳

❖ ❜❛✐①♦ ✢✉①♦ ❞❡ ❯❍❊❈❘s ❞✐✜❝✉❧t❛ ♠✉✐t♦ s✉❛ ❞❡t❡❝çã♦✱ s❡ t✐✈❡r♠♦s ❛

❡s♣❡r❛♥ç❛ ❞❡ ❞❡t❡❝t❛r ✉♠❛ q✉❛♥t✐❞❛❞❡ ♠♦❞❡st❛ ❞❡ ♣❛rtí❝✉❧❛s ❞✐❛r✐❛♠❡♥t❡✱

♥♦ss♦s ❞❡t❡❝t♦r❡s t❡rã♦ q✉❡ ♠♦♥✐t♦r❛r ár❡❛s ♠✉✐t♦ ❣r❛♥❞❡s✳ P♦r ❡①❡♠♣❧♦✱

♣❛r❛ t❡r♠♦s ✉♠❛ ♠é❞✐❛ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❞❡t❡❝t❛❞❛ ♣♦r ❞✐❛✱ ♣r❡❝✐s❛♠♦s ❞❡

✉♠❛ ár❡❛ ❞❡ ❞❡ 365 ❦♠2✳

❖ ❜❛✐①♦ ✢✉①♦ ♥ã♦ é ❛ ú♥✐❝❛ ❞✐✜❝✉❧❞❛❞❡ ❡♥❝♦♥tr❛❞❛ ♣❡❧♦s ❝✐❡♥t✐st❛s q✉❡

♣r♦❥❡t❛♠ ♦❜s❡r✈❛tór✐♦s ❞❡ ❯❍❊❈❘s✳ ❖s r❛✐♦s ❝ós♠✐❝♦s ✐♥t❡r❛❣❡♠ ❝♦♠ ❛s

♣r✐♠❡✐r❛s ❝❛♠❛❞❛s ❞❛ ❛t♠♦s❢❡r❛ ❣❡r❛♥❞♦ ♣❛rtí❝✉❧❛s ❝❛rr❡❣❛❞❛s✱ ❝♦♠♦ ♣í♦♥s

♣♦r ❡①❡♠♣❧♦✳ ❙✉❛ ✐❞❡♥t✐✜❝❛çã♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❚❡rr❛ é ♣♦ssí✈❡❧ ❛♣❡♥❛s ♣♦r

❞❡t❡❝çã♦ ❞❡ ❡❢❡✐t♦s ✐♥❞✐r❡t♦s✱ ❝♦♠♦ ✐♦♥✐③❛çã♦ ❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❝❤✉✈❡✐r♦s ❛t♠♦s✲

❢ér✐❝♦s ❬✶✶❪✳ P❛r❛ ❡♥❡r❣✐❛s ❞❛ ♦r❞❡♠ ❞❡ ●❡❱✱ ♦s ❝❤✉✈❡✐r♦s ♥ã♦ sã♦ ✐♥t❡♥s♦s ♦

s✉✜❝✐❡♥t❡ ♣❛r❛ s❡r❡♠ ♠❡❞✐❞♦s ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❚❡rr❛ ❡ ♣♦r ✐ss♦✱ ♦s ❞❡t❡❝t♦r❡s

❞❡✈❡♠ s❡r ✐♥st❛❧❛❞♦s ❡♠ r❡❣✐õ❡s ❛❧t❛s✱ s❡❥❛ ♣♦r ♠❡✐♦ ❞❡ ❜❛❧õ❡s ❛t♠♦s❢ér✐❝♦s

♦✉ s❛té❧✐t❡s✳ ❆♣❡♥❛s ♣❛r❛ ♣❛rtí❝✉❧❛s ❝♦♠ ❡♥❡r❣✐❛ ❞❛ ♦r❞❡♠ ❞❡ 1015 ❡❱✱ ❛s

♣❛rtí❝✉❧❛s s❡❝✉♥❞ár✐❛s q✉❡ ❝♦♠♣õ❡♠ ♦ ❝❤✉✈❡✐r♦ ❛t♠♦s❢ér✐❝♦ sã♦ ♥✉♠❡r♦s❛s ♦

s✉✜❝✐❡♥t❡ ♣❛r❛ s❡r❡♠ ❞❡t❡❝t❛❞❛s ♥❛ s✉♣❡r❢í❝✐❡✳ ❖ ❝❤✉✈❡✐r♦ ♣r♦❞✉③✐❞♦ ♥❡ss❛

❢❛✐①❛ ❞❡ ❡♥❡r❣✐❛ ♣♦❞❡ ❝♦❜r✐r ❛❧❣✉♥s q✉✐❧ô♠❡tr♦s q✉❛❞r❛❞♦s✳

◆❡ss❡ tr❛❜❛❧❤♦ ❢♦❝❛r❡♠♦s ♥♦ ❡st✉❞♦ ❞❡ ✉♠ ❢❡♥ô♠❡♥♦ ❢ís✐❝♦✱ ❛ss♦❝✐❛❞♦

❛♦s r❛✐♦s ❝ós♠✐❝♦s✱ q✉❡ ❛❝r❡❞✐t❛♠♦s ❡st❛r ♣r❡s❡♥t❡ ♥♦s ❞❛❞♦s✱ ❛✐♥❞❛ q✉❡ ❞❡

❢♦r♠❛ ❢r❛❝❛✱ ♦s ♠✉❧t✐♣❧❡t♦s ❬✶✷❪✳ ▼✉❧t✐♣❧❡t♦s sã♦ ❛❧✐♥❤❛♠❡♥t♦s ❞❡ ❡✈❡♥t♦s✱

♣r♦✈❡♥✐❡♥t❡s ❞❡ ✉♠❛ ♠❡s♠❛ ❢♦♥t❡✱ q✉❡ ❞❡✈✐❞♦ à ❛çã♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦

✷



20 40 60 80

✭❛✮ 20 < E < 100

60 70 80 90

✭❜✮ 50 < E < 100

❋✐❣✉r❛ ✶✳✶✿ ▼❛♣❛ ❞❡ ❡✈❡♥t♦s ❞♦s ❞❛❞♦s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r ♣❛r❛
❢❛✐①❛s ❞❡ ❡♥❡r❣✐❛ ❞✐❢❡r❡♥t❡s✳ ◆❛ ✜❣✉r❛ ❞❛ ❞✐r❡✐t❛ ♣♦❞❡♠♦s ✈❡r q✉❡ ♦ ♥ú♠❡r♦
❞❡ ♣❛rtí❝✉❧❛s ❝❛✐ ❞r❛st✐❝❛♠❡♥t❡ ❝♦♥❢♦r♠❡ ❛ ❡♥❡r❣✐❛ ❝r❡s❝❡✳ ❆s ú♥✐❞❛❞❡ ❞❡
❡♥❡r❣✐❛ ✉s❛❞❛ ♥❛ ✜❣✉r❛ é ❊❡❱✳

q✉❡ ♣❡r♠❡✐❛ ♦ ❡s♣❛ç♦✱ s♦❢r❡♠ ❞❡✢❡①ã♦ ❡ ♣♦rt❛♥t♦ s❡ ❛❧✐♥❤❛♠✳ ❊ss❛s ❞❡✢❡①õ❡s

só sã♦ ♣♦ssí✈❡✐s ♣❛r❛ r❛✐♦s ❝ós♠✐❝♦s q✉❡ t❡♥❤❛♠ ❝❛r❣❛ ❡❧étr✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡

③❡r♦✱ ✉♠❛ ✈❡③ q✉❡ ♣❛rtí❝✉❧❛s ♥❡✉tr❛s ❝♦♠♦ ♦s ♥ê✉tr♦♥s ❡ ❢ót♦♥s ♥ã♦ sã♦

❞❡✢❡t✐❞❛s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❝♦♠♣♦s✐çã♦ ❞♦s r❛✐♦s ❝ós♠✐❝♦s t❡♠ ❝♦♥s❡q✉ê♥❝✐❛s

❞✐r❡t❛s ♥❛ ❢♦r♠❛çã♦ ❞❡ ♠✉❧t✐♣❧❡t♦s✳

❆s ✐♥❢♦r♠❛çõ❡s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❢ís✐❝♦✱ q✉❡ ♦s ❡①♣❡r✐✲

♠❡♥t♦s ♥♦s ❢♦r♥❡❝❡♠ s♦❜r❡ ✉♠ r❛✐♦ ❝ós♠✐❝♦ sã♦✿ s✉❛ ❞✐r❡çã♦ ❞❡ ❝❤❡❣❛❞❛ ❡ ❛

❡♥❡r❣✐❛ ❡st✐♠❛❞❛ ❞❛ ♣❛rtí❝✉❧❛✳ ❈♦♠ ❡ss❡s ❞❛❞♦s ❡ ❛❞✐❝✐♦♥❛❧♠❡♥t❡ ✉s❛♥❞♦ ♦

✐♥st❛♥t❡ ❡♠ q✉❡ ❡❧❛s ♥♦s ❛❧❝❛♥ç❛♠✱ ❞❡✈❡♠♦s s❡r ❝❛♣❛③❡s ❞❡ ❞❡s❝♦❜r✐r ❞❡ ♦♥❞❡

❡❧❛ ✈❡✐♦✳ ❖ ♣r♦❜❧❡♠❛ ❡♠ ✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ♣❛r❡❝❡ s✐♠♣❧❡s✱ ♣♦✐s ❜❛st❛r✐❛

♦❧❤❛r ♥❛ ♠❡s♠❛ ❞✐r❡çã♦ ♣❛r❛ ✈❡r s❡ ❡①✐st❡ ❛❧❣✉♠ ♦❜❥❡t♦ ❛str♦♥ô♠✐❝♦ q✉❡

♣✉❞❡ss❡ ❡♠✐t✐r ❛s ♣❛rtí❝✉❧❛s ❡♠ ♥♦ss❛ ❞✐r❡çã♦✳ ❆s ♣❛rtí❝✉❧❛s q✉❡ ❞❡t❡❝t❛♠♦s

sã♦ ❡♠ s✉❛ ♠❛✐♦r ♣❛rt❡ ❝❛rr❡❣❛❞❛s ❬✶✹❪✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ s✉❛s tr❛❥❡tór✐❛s

♥ã♦ s❡r✐❛♠ ❧✐♥❤❛s r❡t❛s✱ ❝❛s♦ ❡❧❛s s♦❢r❛♠ ❛ ❛çã♦ ❞❡ ❛❧❣✉♠ ❝❛♠♣♦ ♠❛❣♥é✲

t✐❝♦✳ ❈♦♥❝❧✉í♠♦s ❛ss✐♠ q✉❡ ♣r❡❝✐s❛♠♦s ❞❡ ♦✉tr❛ ❢♦r♠❛ ❞❡ ✐♥❢❡r✐r ❛ ♣♦s✐çã♦

✸



❞❛ ❢♦♥t❡✳ ❆❧é♠ ❞✐ss♦ é ♣♦ssí✈❡❧ q✉❡ ♦ ♦❜❥❡t♦ ❛str♦♥ô♠✐❝♦ q✉❡ ❡st❡❥❛ ❡♠✐t✐♥❞♦

❛s ♣❛rtí❝✉❧❛s ♥ã♦ ❡st❡❥❛ ❝❛t❛❧♦❣❛❞♦✳ ◆❡ss❡ s❡♥t✐❞♦ ❞❡t❡❝t❛r ✉♠ ❛❧✐♥❤❛♠❡♥t♦

❞❡ ❡✈❡♥t♦s ♣♦❞❡ ❢♦r♥❡❝❡r ♠✉✐t❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ ♣♦ssí✈❡❧ ❧♦❝❛❧✐③❛çã♦ ❞❛

❢♦♥t❡✳

❈♦♠♦ ❡st❛♠♦s ❧✐❞❛♥❞♦ ❝♦♠ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ♠✉✐t♦ ❢r❛❝♦s ❡ ❝♦♠ ❡♥❡r✲

❣✐❛s ♠✉✐t♦ ❛❧t❛s✱ ❛♣❡s❛r ❞❛ ❣r❛♥❞❡ ❞✐stâ♥❝✐❛ ❞❛s ❢♦♥t❡s✱ ❡s♣❡r❛♠♦s ❞❡✢❡①õ❡s

❛♥❣✉❧❛r❡s ♣❡q✉❡♥❛s✱ ♦♥❞❡ ♦ â♥❣✉❧♦ ❞❡ ❞❡✢❡①ã♦ δ s♦❢r✐❞♦ ♣❡❧❛ ♣❛rtí❝✉❧❛✱ é

♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ✐♥✈❡rs♦ ❞❛ ❡♥❡r❣✐❛ E ❞❛ ♣❛rtí❝✉❧❛ ✐✳❡✳ δ ∝ 1/E ❬✶✺❪✳

P♦rt❛♥t♦✱ s❡ ❢♦r♠♦s ❝❛♣❛③❡s ❞❡ ✐❞❡♥t✐✜❝❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡✈❡♥t♦s ❝♦♠♦

♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ♠✉❧t✐♣❧❡t♦ s❡rá ♣♦ssí✈❡❧ ❡♠ ♣r✐♥❝í♣✐♦ r❡❝♦♥str✉✐r ❛ ♣♦s✐çã♦

❞❛ ❢♦♥t❡ q✉❡ ♦s ❡♠✐t✐✉✳ ❆ r❡❝♦♥str✉çã♦ ❞❛ ❞✐r❡çã♦ ❞❛ ❢♦♥t❡✱ ♣♦r s✉❛ ✈❡③✱ é

❞❡♣❡♥❞❡♥t❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛❞♦t❛❞♦✳ ❯♠❛ ✈❡③ q✉❡ t❡♥❤❛♠♦s

❛s ❝♦♦r❞❡♥❛❞❛s ❞❛ ❢♦♥t❡✱ ♣♦❞❡r❡♠♦s ❝♦♠♣❛r❛r ♥♦ss♦s ♠❛♣❛s ❞❡ r❛✐♦s ❝ós♠✐❝♦s

❝♦♠ ❝❛tá❧♦❣♦s✳

❖ ♣r♦❜❧❡♠❛ s❡ r❡❞✉③ ♣♦rt❛♥t♦ ❛ ❝♦♠♦ ✐❞❡♥t✐✜❝❛r ♦s ♠✉❧t✐♣❧❡t♦s✱ t❡♥❞♦

❡♠ ✈✐st❛ q✉❡ ❡st❛rã♦ ✐♠❡rs♦s ❡♠ ✉♠ ❢✉♥❞♦ ❞❡ ❡✈❡♥t♦s✱ q✉❡ ♣♦❞❡rá s❡r ❝♦♥✲

s✐❞❡r❛❞♦ r✉í❞♦✳ ◆♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ❡s❝r❡✈♦✱ ♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s ❝♦❧❡t❛❞♦s

♣❡❧♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✱ ❝✉❥❛s ❡♥❡r❣✐❛s sã♦ ♠❛✐♦r❡s q✉❡ 15 ❊❡❱✱ é

❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 4200 ❡✈❡♥t♦s✳ ❈♦♠♦ ❡s♣❡r❛♠♦s ❛❧❣♦ ❡♠ t♦r♥♦ ❞❡ 10 ✲

20 ❡✈❡♥t♦s ♣❛r❛ ✉♠ ♠✉❧t✐♣❧❡t♦ ❬✶✷❪✱ t❡♠♦s q✉❡ ❛ ❢r❛çã♦ ❡♥tr❡ ♦s ❡✈❡♥t♦s ♥♦

♠✉❧t✐♣❧❡t♦ ❡ ♦s ❡✈❡♥t♦s ♥♦ ❢✉♥❞♦ é ❛❧❣♦ ❞❛ ♦r❞❡♠ ❞❡ 10−2✳

❆ ✜❣✉r❛ ✶✳✷ ✐❧✉str❛ ♦ ❛❧✐♥❤❛♠❡♥t♦ ❞❡ ❡✈❡♥t♦s ❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ♥♦ ♣❧❛♥♦

t❛♥❣❡♥t❡ ❛ ✉♠❛ ❡s❢❡r❛ ❡ ❛ ✜❣✉r❛ ✶✳✸ ♠♦str❛ ♦ ③♦♦♠ ❞❡ss❡ ♣❧❛♥♦ t❛♥❣❡♥t❡✱

❝♦♠ ❛❧❣✉♥s ❞❡t❛❧❤❡s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ❛♦ ❧♦♥❣♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

✶✳✶ Pr♦♣❛❣❛çã♦

❉❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ ❛✐♥❞❛ ♥ã♦ ❝♦♥❤❡❝❡r♠♦s ❛ ❝♦♠♣♦s✐çã♦ ❞♦s r❛✐♦s ❝ós♠✐❝♦s

❛ ❛❧t❛s ❡♥❡r❣✐❛s✱ t❡♠♦s ❞✐✜❝✉❧❞❛❞❡s ❡♠ ❢❛❧❛r s♦❜r❡ s✉❛ ♣r♦♣❛❣❛çã♦✱ ♣r✐♥❝✐✲

♣❛❧♠❡♥t❡ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ s✉❛ ✐♥t❡r❛çã♦ ❝♦♠ ❝❛♠♣♦s ♣r❡s❡♥t❡s ❛♦ ❧♦♥❣♦

✹





❞❡ s✉❛ tr❛❥❡tór✐❛✳

➱ ❝♦♥✈❡♥✐❡♥t❡ ❞✐✈✐❞✐r ♦ ♣r♦❜❧❡♠❛ ❡♠ ❞✉❛s ♣❛rt❡s✱ ♦ ❞♦♠í♥✐♦ ❝❧áss✐❝♦ ❡

♦ q✉â♥t✐❝♦✳ ◆♦ ❞♦♠í♥✐♦ ❝❧áss✐❝♦✱ t❡♠♦s ❛♣❡♥❛s ❞♦✐s ❝❛♠♣♦s ❛ ❝♦♥s✐❞❡r❛r✱ ♦

❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❛ r❡❧❛t✐✈✐❞❛❞❡ ❣❡r❛❧ ❡ ♦ ❝❛♠♣♦

❡❧❡tr♦♠❛❣♥ét✐❝♦✱ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧✳ ❆ ✐♥t❡r❛çã♦ ❞❡ ✉♠ r❛✐♦

❝ós♠✐❝♦ ❝♦♠ ♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ é ✐♠♣♦rt❛♥t❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ❛♣❡♥❛s ♥❛s

r❡❣✐õ❡s ♦♥❞❡ ❡①✐st❛ ✉♠ ❣r❛♥❞❡ ❛❝ú♠✉❧♦ ❞❡ ♠❛ss❛✱ ❝♦♠♦ ❜✉r❛❝♦s ♥❡❣r♦s✱ ❛♦

r❡❞♦r ❞❡ ❡str❡❧❛s ❞❡ ♥ê✉tr♦♥s ❡ ♥♦ ❝❡♥tr♦ ❞❛ ❣❛❧á①✐❛✳

❖ ❡❢❡✐t♦ ❞❡ ❧❡♥t❡s ❣r❛✈✐t❛❝✐♦♥❛✐s ♣♦❞❡ s❡r ✐♠♣♦rt❛♥t❡ ♥❛ ❧♦❝❛❧✐③❛çã♦ ❞❛s

❢♦♥t❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ ❛s ♣❛rtí❝✉❧❛s ❢♦r❡♠ ❢ót♦♥s✱ q✉❡ ♣♦r ♥ã♦ t❡r❡♠

❝❛r❣❛ ❡❧étr✐❝❛✱ ♥ã♦ ♣♦❞❡♠ s❡r ❞❡✢❡t✐❞♦s ♣♦r ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡ ♠❡s♠♦

❛ss✐♠ ♣♦❞❡♠ ❞❛r ♦r✐❣❡♠ ❛ ♠✉❧t✐♣❧❡t♦s✳ ◆♦ ❡♥t❛♥t♦ ♥ã♦ ❝♦♥s✐❞❡r❛r❡♠♦s ❡ss❡

t✐♣♦ ❞❡ ✐♥t❡r❛çã♦ ♥❡ss❡ tr❛❜❛❧❤♦✳

❆ ✐♥t❡r❛çã♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❝❛rr❡❣❛❞❛ ❝♦♠ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✱

❞❛❞❛ ♣❡❧❛ ❢♦rç❛ ❞❡ ▲♦r❡♥t③

d~p

dt
= e( ~E + ~v × ~B), ✭✶✳✶✮

é ❞❡ ❧♦♥❣❡ ❛ ✐♥t❡r❛çã♦ ❝❧áss✐❝❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞♦s r❛✐♦s ❝ós♠✐❝♦s✳ ◆❛ ❢ór✲

♠✉❧❛ ❛❝✐♠❛ e ❞❡♥♦t❛ ❛ ❝❛r❣❛ ❡❧étr✐❝❛ ❞❛ ♣❛rtí❝✉❧❛✱ ~p s❡✉ ♠♦♠❡♥t♦ ❧✐♥❡❛r✱ ~v

s✉❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ~E ❡ ~B ♦s ❝❛♠♣♦s ❡❧étr✐❝♦s ❡ ♠❛❣♥ét✐❝♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥ã♦ ♣♦❞❡ ♠✉❞❛r ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ♣♦♥✲

t✉❛❧ ❝❛rr❡❣❛❞❛✱ é ♣r♦✈❛✈❡❧♠❡♥t❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♦ ❣r❛♥❞❡ r❡s♣♦♥sá✈❡❧ ♣❡❧❛

❛❝❡❧❡r❛çã♦ ❞❛s ♣❛rtí❝✉❧❛s✳ ❏á ♥♦s ♠❡✐♦s ✐♥t❡r ❡ ❡①tr❛❣❛❧á❝t✐❝♦s✱ ❛ ❞❡♥s✐❞❛❞❡

❞❡ ❝❛r❣❛ é ♣ró①✐♠❛ ❞❡ ③❡r♦✱ ❡ ♣♦rt❛♥t♦ ❛ ✐♥t❡r❛çã♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ é ❞❡✈✐❞❛

❛♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ q✉❡ ❞❡✢❡t❡ ❛ tr❛❥❡tór✐❛ ❞❛ ♣❛rtí❝✉❧❛✳

❏á ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ q✉â♥t✐❝♦ t❡♠♦s ✈ár✐❛s ✐♥t❡r❛çõ❡s ♣♦ssí✈❡✐s✱ s❡♥❞♦ ❛

♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡❧❛s ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦s ❢ót♦♥s ❞❛ ❘❛❞✐❛çã♦ ❈♦s♠♦❧ó❣✐❝❛

❞❡ ❋✉♥❞♦✱ q✉❡ ❞á ♦r✐❣❡♠ ❛♦ ❡❢❡✐t♦ ●❩❑✳
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✶✳✷ ❊s♣❡❝tr♦ ❡ ❝♦♠♣♦s✐çã♦

▼❡❞✐r ❛ ❝♦♠♣♦s✐çã♦ ❞❛ ♣❛rtí❝✉❧❛ ♣r✐♠ár✐❛ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❞♦s ♠❛✐♦r❡s

❞❡s❛✜♦s ❡♠ ❢ís✐❝❛ ❞❡ r❛✐♦s ❝ós♠✐❝♦s✳ ❈♦♠♦ ❛ ♣❛rtí❝✉❧❛ ♣r✐♠ár✐❛ ✭♥♦♠❡ ❞❛❞♦

❛♦ r❛✐♦ ❝ós♠✐❝♦ q✉❡ ♦r✐❣✐♥❛ ♦ ❝❤✉✈❡✐r♦ ❛t♠♦s❢ér✐❝♦✮ ♥ã♦ é ♦❜s❡r✈❛❞❛ ❞✐r❡t❛✲

♠❡♥t❡✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡✈❡ s❡r ✐♥❢❡r✐❞❛ ❛ ♣❛rt✐r ❞♦s ♣r♦❞✉t♦s ❞❛ ❝♦❧✐sã♦ ❞❛

♣❛rtí❝✉❧❛ ♣r✐♠ár✐❛ ❝♦♠ ❛ ❛t♠♦s❢❡r❛✳

❆ ❝♦♠♣♦s✐çã♦ ✈❛r✐❛ ♠✉✐t♦ ❝♦♠ ❢❛✐①❛ ❞❡ ❡♥❡r❣✐❛ ♦❜s❡r✈❛❞❛✳ ❆ ❡♥❡r❣✐❛s ❞❛

♦r❞❡♠ ❞❡ ✶✵✵ ▼❡❱ ♦s r❛✐♦s ❝ós♠✐❝♦s tê♠ ♦r✐❣❡♠ ✉♥✐❝❛♠❡♥t❡ s♦❧❛r✱ ❥á q✉❡ ♦

✈❡♥t♦ s♦❧❛r é ❝❛♣❛③ ❞❡ r❡♣❡❧✐r ♣❛rtí❝✉❧❛s ❝♦♠ ❡♥❡r❣✐❛s ❞❡ss❛ ♦r❞❡♠✱ ♦r✐❣✐♥ár✐❛s

❞❡ ♦✉tr❛s ❢♦♥t❡s✳ ❆ ❡♥❡r❣✐❛s ♠❛✐s ❛❧t❛s✱ ♦ ❡s♣❡❝tr♦ é ♠✉✐t♦ ❜❡♠ ❞❡s❝r✐t♦ ♣♦r

❧❡✐s ❞❡ ♣♦tê♥❝✐❛✱ ♦✉ s❡❥❛✱ ♦ ❡s♣❡❝tr♦ ❞❡ ❡♥❡r❣✐❛ é ♣r♦♣♦r❝✐♦♥❛❧ ❛ E−γ✱ ❝♦♠

✈❛❧♦r❡s ❞❡ γ q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ ❢❛✐①❛ ❞❡ ❡♥❡r❣✐❛✳ ❆ ❡♥❡r❣✐❛s ❞❛ ♦r❞❡♠ ❞❡

E ≈ 10−15 ❊❡❱ t❡♠♦s ♦ ❥♦❡❧❤♦✱ ❝❤❛♠❛❞♦ ❦♥❡❡ ♥❛ ❧✐t❡r❛t✉r❛ ✐♥t❡r♥❛❝✐♦♥❛❧✳

◆❡ss❛ r❡❣✐ã♦ ❞❡ ❡♥❡r❣✐❛✱ ♦ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r ár❡❛✱ t❡♠♣♦✱ â♥❣✉❧♦ só❧✐❞♦ ❡

❡♥❡r❣✐❛✱ s♦❢r❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ γ = 2.7 ♣❛r❛ 3.0✳ ❆❝✐♠❛ ❞♦ ❥♦❡❧❤♦ ♦ ❡s♣❡❝tr♦

t❡♠ ✉♠❛ ♥♦✈❛ ♠✉❞❛♥ç❛ ♥♦ í♥❞✐❝❡ ♣❛r❛ γ = 3.3✱ ❛ ✉♠❛ ❡♥❡r❣✐❛ ❞❡ E =

4 × 1017 ❊❡❱✱ q✉❡ é ❝❤❛♠❛❞♦ ❞❡ s❡❣✉♥❞♦ ❥♦❡❧❤♦✳ ❊✈✐❞ê♥❝✐❛s ❡①♣❡r✐♠❡♥t❛✐s

✐♥❞✐❝❛♠ q✉❡ ❡①✐st❡ ✉♠❛ ♠✉❞❛♥ç❛ ♥❛ ❝♦♠♣♦s✐çã♦✱ ♣❛ss❛♥❞♦ ♣rót♦♥s ♣❛r❛

♥ú❝❧❡♦s ♣❡s❛❞♦s ♥❡ss❛s ❡♥❡r❣✐❛s✳ ❆ ú❧t✐♠❛ ♠✉❞❛♥ç❛ q✉❡ ♣♦❞❡♠♦s ❞❡t❡❝t❛r

♥♦ í♥❞✐❝❡ γ✱ ♦❝♦rr❡ ❛ ✉♠❛ ❡♥❡r❣✐❛ ❞❡ E ≈ 5× 1018 ❊❡❱✱ ♦♥❞❡ ♦ í♥❞✐❝❡ ♠✉❞❛

♣❛r❛ γ = 2.8✳

❆❝r❡❞✐t❛✲s❡ q✉❡ ♥❡ss❛ ❢❛✐①❛ ❞♦ ❡s♣❡❝tr♦ ❛ ♠❛✐♦r ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ♦ ✢✉①♦

✈❡♥❤❛ ❞❡ r❛✐♦s ❝ós♠✐❝♦s ❡①tr❛❣❛❧á❝t✐❝♦s✳

✶✳✸ ❊①♣❡r✐♠❡♥t♦s ❡♠ r❛✐♦s ❝ós♠✐❝♦s

❉❡✈✐❞♦ ❛♦ ❡s♣❡❝tr♦ tã♦ ❛♠♣❧♦ ❞♦s r❛✐♦s ❝ós♠✐❝♦s✱ ❛s té❝♥✐❝❛s ❞❡ ❞❡t❡❝çã♦

✈❛r✐❛♠ ♠✉✐t♦✳ ◆♦ ❝❛s♦ ❞❡ ❯❍❊❈❘s✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦✱ ❛

♣❛rtí❝✉❧❛ ♣r✐♠ár✐❛ ❞✐✜❝✐❧♠❡♥t❡ ♣♦❞❡rá s❡r ❞❡t❡❝t❛❞❛✱ ❥á q✉❡ ♦ ✢✉①♦ ❞❡ r❛✐♦s

❝ós♠✐❝♦s ♥❡ss❛ ❢❛✐①❛ ❞❡ ❡♥❡r❣✐❛ é ❜❛✐①íss✐♠♦ ❡ ❛s ♣❛rtí❝✉❧❛s ♣r✐♠ár✐❛s ♣♦❞❡♠

✼



s❡r ❞❡t❡❝t❛❞❛s ❛♣❡♥❛s ✐♥❞✐r❡t❛♠❡♥t❡✳

❉♦✐s ❞♦ ❡①♣❡r✐♠❡♥t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❡♠ r❛✐♦s ❝ós♠✐❝♦s sã♦✿

❍✐❘❡s✳ ❍✐r❡s é ❛ s✐❣❧❛ ♣❛r❛ ❍✐❣❤ ❘❡s♦❧✉t✐♦♥ ❋❧②✬s ❊②❡✳ ❖ ❡①♣❡r✐♠❡♥t♦

♦♣❡r♦✉ ♥♦ ❞❡s❡rt♦ ❞♦ ❡st❛❞♦ ❞♦ ❯t❛❤ ♥♦s ❊❯❆ ❞❡ ♠❛✐♦ ❞❡ ✶✾✾✼ ❛ ❛❜r✐❧ ❞❡

✷✵✵✻ ❡ ❝♦♥s✐st✐❛ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ t❡❧❡s❝ó♣✐♦s ❞❡ ❧✉③ ✢✉♦r❡s❝❡♥t❡ ❝❤❛♠❛❞♦s

❞❡ ❍✐r❡s ■ ❡ ❍✐r❡s ■■✳ ❍✐r❡s ■ ❝♦♥s✐st✐❛ ❞❡ ✉♠ ❛♥❡❧ ❞❡ ✷✷ t❡❧❡s❝ó♣✐♦s ❡ ♣♦❞✐❛

❞❡t❡❝t❛r ❢❡✐①❡s ❞❡ ❧✉③ ✢✉♦r❡s❝❡♥t❡✱ ❝♦♠ ❡❧❡✈❛çã♦ ❡♥tr❡ ✸ ❡ ✶✼ ❣r❛✉s✳ ❍✐r❡s

■■ ❝♦♥s✐st✐❛ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ t❡❧❡s❝ó♣✐♦s ❡ ♣♦❞✐❛ ♦❜s❡r✈❛r ❡❧❡✈❛çõ❡s ♠❛✐s

❛❧t❛s✱ ❡♥tr❡ ✸ ✲ ✸✶ ❣r❛✉s✳ ❆ ❧✉③ ✢✉♦r❡s❝❡♥t❡ é ❡♠✐t✐❞❛ ♣♦r át♦♠♦s ❞❡ ♥✐tr♦❣ê♥✐♦

❡①❝✐t❛❞♦s ♣❡❧❛ ✐♦♥✐③❛çã♦ ❞❛s ♣❛rtí❝✉❧❛s ♥♦ ❝❤✉✈❡✐r♦ ❛t♠♦s❢ér✐❝♦✱ ❢♦r♠❛❞♦ ♣❡❧❛

❝♦❧✐sã♦ ❞❛ ♣❛rtí❝✉❧❛ ♣r✐♠ár✐❛ ❝♦♠ ❛ ❛t♠♦s❢❡r❛✳

➱ ❛tr✐❜✉í❞❛ ❛♦ ❍✐r❡s ❛ ♣r✐♠❡✐r❛ ♦❜s❡r✈❛çã♦ ❞♦ ❡❢❡✐t♦ ●❩❑ ❬✹❪✳

P✐❡rr❡ ❆✉❣❡r✳ ❖ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r é ❛t✉❛❧♠❡♥t❡ ♦ ♠❛✐♦r ❡①♣❡✲

r✐♠❡♥t♦ r❡❧❛❝✐♦♥❛❞♦ à ❢ís✐❝❛ ❞❡ r❛✐♦s ❝ós♠✐❝♦s✳ P❧❛♥❡❥❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛

♦♣❡r❛r ♥♦s ❞♦✐s ❤❡♠✐s❢ér✐♦s✱ ❛♣❡♥❛s ❛ ♣❛rt❡ s✉❧✱ ❧♦❝❛❧✐③❛❞❛ ❡♠ P❛♠♣❛ ❆♠❛✲

r✐❧❧❛ ♥❛ ♣r♦✈í♥❝✐❛ ❞❡ ▼❡♥❞♦③❛✱ ❆r❣❡♥t✐♥❛✱ ❡stá ♣r♦♥t❛ ❡ ♦♣❡r❛♥t❡✳ ❙❡✉ ❢♦❝♦

❡stá ♥❛ ❞❡t❡❝çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♠ ❡♥❡r❣✐❛s ✉❧tr❛ ❛❧t❛s ✐✳❡✳ ❞❛ ♦r❞❡♠ ❞❡ ❊❡❱

❡ ❛❝✐♠❛✳ ❖ ❡①♣❡r✐♠❡♥t♦ ✉s❛ ✉♠❛ té❝♥✐❝❛ ♠✐st❛ ❞❡ ❞❡t❡❝çã♦ q✉❡ ✉s❛ t❛♥t♦

❞❡t❡❝t♦r❡s ❞❡ ❧✉③ ❈❤❡r❡♥❦♦✈✱ q✉❛♥t♦ ❞❡t❡❝t♦r❡s ❞❡ ✢✉♦r❡s❝ê♥❝✐❛✳ ❙❡✉s ✶✻✵✵

❞❡t❡❝t♦r❡s ❈❤❡r❡♥❦♦✈ ❡stã♦ ❞✐str✐❜✉í❞♦s ❡♠ ✉♠❛ ár❡❛ ❞❡ ✸✵✵✵ ❦♠2✳ ❈❛❞❛

✉♠ ❞♦s ❞❡t❡❝t♦r❡s ❝♦♥té♠ ✶✷✳✵✵✵ ❧✐tr♦s ❞❡ á❣✉❛ s✉♣❡r✲♣✉r❛ ❡ ❝❛❞❛ ✉♠ ♣♦ss✉✐

três ❢♦t♦♠✉❧t✐♣❧✐❝❛❞♦r❛s r❡s♣♦♥sá✈❡✐s ♣♦r ❞❡t❡❝t❛r ❛ ❧✉③ ❈❤❡r❡♥❦♦✈✳

❖s ✷✼ ❞❡t❡❝t♦r❡s ❞❡ ✢✉♦r❡s❝ê♥❝✐❛ sã♦ ♦♣❡r❛❞♦s ❛♣❡♥❛s ❡♠ ♥♦✐t❡s ❝❧❛r❛s✱

q✉❛♥❞♦ é ♣♦ssí✈❡❧ ❢♦t♦❣r❛❢❛r ❛s ✐♥t❡r❛çõ❡s ❝❛✉s❛❞❛s ♣❡❧❛ ♣❛rtí❝✉❧❛ ♣r✐♠ár✐❛

❝♦♠ ❛s ♣r✐♠❡✐r❛s ❝❛♠❛❞❛s ❞❛ ❛t♠♦s❢❡r❛✳

✶✳✹ ▼✉❧t✐♣❧❡t♦s

◆♦ ❝❛♣ít✉❧♦ ✹ ✈❡r❡♠♦s ♦s ❞❡s❛✜♦s q✉❡ ❛ ❜✉s❝❛ ❞❡ ♠✉❧t✐♣❧❡t♦s ❛♣r❡s❡♥t❛✱ ❛ss✐♠

❝♦♠♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡ss❡ tr❛❜❛❧❤♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛♥t❡s ❞✐ss♦ é

✽





0.98✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛♥❣✉❧❛r ❞✐st❛♥❝❡ ∆ = 0.2 r❛❞ ✭≈ ✶✶

❞❡❣r❡❡s✮❀

• ❤❛s ❛ ✧❧❡♥❣t❤✑ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ ✐ts ✏✇✐❞t❤✑❀ ✳✳✳

❈♦♠ ❡ss❛s ❞❡✜♥✐çõ❡s✱ ♦ tr❛❜❛❧❤♦ s❡❣✉❡ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ q✉❛tr♦ ♦❜✲

s❡r✈á✈❡✐s✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s é ❛ ár❡❛ ❞❡ ♣♦❧í❣♦♥♦s ❢♦r♠❛❞♦s ♣❡❧♦s ❡✈❡♥t♦s

♣❡rt❡♥❝❡♥t❡s ❛♦ ♠✉❧t✐♣❧❡t♦✳ ❙❡❣✉♥❞♦ ♦ ❛✉t♦r✱ ❛ ár❡❛ ❢♦r♠❛❞❛ ♣❡❧♦s ❡✈❡♥t♦s

♣❡rt❡♥❝❡♥t❡s ❛ ♠✉❧t✐♣❧❡t♦s ❞❡✈❡rá s❡r ♠❡♥♦r q✉❡ ❛ ár❡❛ ❢♦r♠❛❞❛ ♣♦r ❡✈❡♥t♦s

♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ❢✉♥❞♦ ✐s♦tró♣✐❝♦✳

❖ s❡❣✉♥❞♦ ♦❜s❡r✈á✈❡❧ ♣r♦♣♦st♦ sã♦ ♦s ♣❛râ♠❡tr♦s ❞❡ ❢♦r♠❛✱ q✉❡ ❞❡✜♥❡♠

♦ ❝♦♠♣r✐♠❡♥t♦ L ❡ ❛ ❧❛r❣✉r❛ W ❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ❝♦♠♦ ❛s r❛í③❡s q✉❛❞r❛❞❛s

❞♦s ❛✉t♦✈❛❧♦r❡s ❞♦ t❡♥s♦r ❞❡ ✐♥ér❝✐❛✳ ❖ t❡♥s♦r ❞❡ ✐♥ér❝✐❛ é ❝❛❧❝✉❧❛❞♦ ♥♦ ♣❧❛♥♦

t❛♥❣❡♥t❡ ♦♥❞❡ ♦ ♠✉❧t✐♣❧❡t♦ ❡stá ❧♦❝❛❧✐③❛❞♦✳

❈♦♠ ❡ss❛ ❞❡✜♥✐çã♦✱ ♣♦❞❡✲s❡ ❝♦♠♣❛r❛r ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ L ❡ W ❝♦♠ ❛s

❞✐str✐❜✉✐çõ❡s ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞❡ ❢✉♥❞♦s ✐s♦tró♣✐❝♦s✱ ❡ ❛ ♣❛rt✐r ❞❛í✱ ♦❜t❡r ❛

s✐❣♥✐✜❝â♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦✳

❖ t❡r❝❡✐r♦ ♦❜s❡r✈á✈❡❧ ♣r♦♣♦st♦✱ q✉❡ t❛♠❜é♠ ❢♦✐ ✉s❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦✱ é ❛

❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦ â♥❣✉❧♦ ❞❡ ❞❡✢❡①ã♦ ❞♦ ♠✉❧t✐♣❧❡t♦ ❡ ❛ ❡♥❡r❣✐❛ ❞❛ ♣❛rtí❝✉❧❛✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦s â♥❣✉❧♦s ❞❡ ❞❡✢❡①ã♦ δ ❞❛s ♣❛rtí❝✉❧❛s ❝❛✉s❛❞♦s ♣❡❧♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ sã♦ ♣❡q✉❡♥♦s✱ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r q✉❡ ❡❧❡s sã♦ ♣r♦♣♦r❝✐♦♥❛✐s ❛♦

✐♥✈❡rs♦ ❞❛ ❡♥❡r❣✐❛ ❞❛ ♣❛rtí❝✉❧❛✱ ♣♦rt❛♥t♦ ♦ ❣rá✜❝♦ δ × 1/E ❞❡✈❡ s❡r ✉♠❛

❧✐♥❤❛ r❡t❛✳ ❆ ❝♦rr❡❧❛çã♦ ♠❡❞❡ ♦ q✉ã♦ ♣ró①✐♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡stá

❞❡ ✉♠❛ ❧✐♥❤❛ r❡t❛✳

❖ q✉❛rt♦ ❡ ú❧t✐♠♦ ♦❜s❡r✈á✈❡❧ ♣r♦♣♦st♦ ♥❛ ●❆P ◆♦t❡ ✭♥♦t❛ ✐♥t❡r♥❛ ❞❛

❝♦❧❛❜♦r❛çã♦✮ é ♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s ❡♠ t✐r❛s✱ ♦♥❞❡ ❝❛❞❛ t✐r❛ ♣♦❞❡ s❡r ♣❡♥s❛❞❛

❝♦♠♦ ✉♠ r❡tâ♥❣✉❧♦ t❛♥❣❡♥t❡ à ❡s❢❡r❛ ❡♠ ✉♠ ❞❛❞♦ ♣♦♥t♦ P ✳ ❈♦♠♦ ♠✉❧t✐♣❧❡t♦s

sã♦ ❛❝ú♠✉❧♦s ❞❡ ❡✈❡♥t♦s ❛♦ ❧♦♥❣♦ ❞❡ ❡str✉t✉r❛s ❧✐♥❡❛r❡s✱ ❞❡✈❡r✐❛ ❤❛✈❡r t✐r❛s

❝✉❥♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s ❞✐❢❡r❡ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❞♦ ❝❛s♦ ✐s♦tró♣✐❝♦✳

❆♣ós ❛♣❧✐❝❛r ❛ ❛♥á❧✐s❡ ♣r♦♣♦st❛ ❛♦s ❞❛❞♦s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✱

s❡✉ tr❛❜❛❧❤♦ é ❝♦♥❝❧✉í❞♦ s❡♠ ❡♥❝♦♥tr❛r ❡✈✐❞ê♥❝✐❛s ❞❛ ♣r❡s❡♥ç❛ ❞❡ ♠✉❧t✐♣❧❡t♦s

♥♦s ❞❛❞♦s✳

✶✵



❖✉tr♦ tr❛❜❛❧❤♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ ♠✉❧t✐♣❧❡t♦s ❢♦✐ ♣✉❜❧✐❝❛❞♦ ♦✜❝✐❛❧♠❡♥t❡

♣❡❧❛ ❝♦❧❛❜♦r❛çã♦ P✐❡rr❡ ❆✉❣❡r ❬✶✵❪✳ ❊ss❡ tr❛❜❛❧❤♦ ♥ã♦ t❡♠ ❝♦♠♦ ❢♦❝♦ ♣r✐♥✲

❝✐♣❛❧ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♠✉❧t✐♣❧❡t♦s✳ ❖ t❡①t♦ ❛❜❛✐①♦ r❡t✐r❛❞♦

❞♦ ❛rt✐❣♦ é ♦ ú♥✐❝♦ tr❡❝❤♦ q✉❡ ❞❡s❝r❡✈❡ ♦ ❛❧❣♦r✐t♠♦ ✉s❛❞♦✳

❲❡ ❤❡♥❝❡ ❝♦♥s✐❞❡r ❢♦r ❡✈❡r② ❡✈❡♥t ❛❜♦✈❡ ✹✺ ❊❡❱ t❤❡ q✉❛✲

❞r✉♣❧❡ts t❤❛t ✐t ❢♦r♠s ✇✐t❤ t❤❡ ❡✈❡♥ts ✇✐t❤✐♥ ❛ ❝✐r❝❧❡ ♦❢ ✶✺◦ ❤❛✲

✈✐♥❣ ❡♥❡r❣✐❡s ❛❜♦✈❡ ✷✺ ❊❡❱ ❛♥❞ ✇✐t❤ ❛ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t

C(u, 1/E) ≥ 0.8✳ ❚❤❡ ♣r❡❝✐s❡ ✈❛❧✉❡s ♦❢ t❤❡s❡ ❝✉ts ❛r❡ ♥♦t ❝r✉❝✐❛❧

❛s ❧♦♥❣ ❛s t❤❡② ❛❧❧♦✇ ♦♥❡ t♦ s❛❢❡❧② ✐♥❝❧✉❞❡ t❤❡ ❧❛r❣❡r ♠✉❧t✐♣❧❡ts ♦❢

✐♥t❡r❡st✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ❝❛♥❞✐❞❛t❡s ✇❡ t❤❡♥ ❡①t❡♥❞ t❤❡ s❡❛r❝❤

✐♥❝❧✉❞✐♥❣ ❛❧❧ t❤❡ ❡✈❡♥ts ❛❜♦✈❡ ✷✵ ❊❡❱ ✇✐t❤ ❛♥ ❛♥❣✉❧❛r ❞✐st❛♥❝❡ t♦

t❤❡ ❤✐❣❤❡st ❡♥❡r❣② ♦♥❡ s♠❛❧❧❡r t❤❛♥ 20◦ ❛♥❞ ❛t ❛ ❞✐st❛♥❝❡ s♠❛❧❧❡r

t❤❛♥ 3Wmax ❢r♦♠ t❤❡ q✉❛❞r✉♣❧❡t ❛①✐s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ✜♥❞ t❤❡

❝♦rr❡❧❛t❡❞ ♠✉❧t✐♣❧❡ts s❛t✐s❢②✐♥❣ t❤❡ ❝✉ts ✐♥ Wmax ❛♥❞ Cmin ✐♥ ❛

✈❡r② ❡✣❝✐❡♥t ✇❛②✱ ❛s ✐t ✐s ❞❡s✐r❛❜❧❡ t♦ ❜❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠ ❛ ❧❛r❣❡

♥✉♠❜❡r ♦❢ s✐♠✉❧❛t✐♦♥s✳

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❡♠ ♥❡♥❤✉♠ ❞❡ss❡s tr❛❜❛❧❤♦s é ❢❡✐t❛ ✉♠❛ ♣r♦♣♦✲

s✐çã♦ ❝❧❛r❛ ❞❡ ❝♦♠♦ ❧♦❝❛❧✐③❛r ❛ ♣♦s✐çã♦ ❡ ❛ ♦r✐❡♥t❛çã♦ ❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ♥♦

❝é✉✳ ❆♣❡♥❛s ♦❜s❡r✈á✈❡✐s sã♦ ♣r♦♣♦st♦s✳

✶✶



✶✷



❈❛♣ít✉❧♦ ✷

Pr❡❧✐♠✐♥❛r❡s ♠❛t❡♠át✐❝❛s

❙❝✐❡♥❝❡ ✐s ✇❤❛t ✇❡ ✉♥❞❡rst❛♥❞ ✇❡❧❧

❡♥♦✉❣❤ t♦ ❡①♣❧❛✐♥ t♦ ❛ ❝♦♠♣✉t❡r✳

❆rt ✐s ❡✈❡r②t❤✐♥❣ ❡❧s❡ ✇❡ ❞♦✳

❉❖◆❆▲❉ ❑◆❯❚❍

❊st❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ♣r♦♣♦r ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛

❜✉s❝❛ ❞❡ ♠✉❧t✐♣❧❡t♦s ❡♠ ♠❛♣❛s ❞❡ ❡✈❡♥t♦s ❞❡ r❛✐♦s ❝ós♠✐❝♦s✳ ❖ ♣r✐♥❝✐♣❛❧

❞✐❢❡r❡♥❝✐❛❧ ❡♠ r❡❧❛çã♦ ❛ ♦✉tr♦s tr❛❜❛❧❤♦s ❡stá ♥♦ ✉s♦ ❞❡ ✇❛✈❡❧❡ts ❡s❢ér✐❝♦s✳

❲❛✈❡❧❡ts ❡s❢ér✐❝♦s sã♦ ❢✉♥çõ❡s ❝♦♠ ❞♦♠í♥✐♦ ❡♠ S2✱ ♦✉ s❡❥❛✱ ❢✉♥çõ❡s ❞♦ t✐♣♦

f : S2 → R✱ q✉❡ ♦❜❡❞❡❝❡♠ ❛ ❛❧❣✉♥s ❝r✐tér✐♦s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ t❡r ♠é❞✐❛

③❡r♦ ❡ ❢♦r♠❛r ✉♠❛ ❜❛s❡ ❝♦♠♣❧❡t❛✳ P❛r❛ q✉❡ ♦ ❧❡✐t♦r s❡ s✐♥t❛ ❝♦♥❢♦rtá✈❡❧ ❝♦♠

♦s ❝♦♥❝❡✐t♦s q✉❡ s❡rã♦ ❡①♣♦st♦s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✱ ❢❛r❡♠♦s ✉♠❛ r❡✈✐sã♦

❞❛ ♠❛t❡♠át✐❝❛ ❡♥✈♦❧✈✐❞❛✳

◆♦r♠❛❧♠❡♥t❡ ❧✐❞❛♠♦s ❝♦♠ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱ ❝♦♠♦✱ ♣♦r

❡①❡♠♣❧♦✱ sér✐❡s t❡♠♣♦r❛✐s✱ ❡ t❛♠❜é♠ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❝♦♠♦ ✐♠❛❣❡♥s ❡♠

❣❡r❛❧✳ ▼❛s ❛❧❣✉♥s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♦ P✐❡rr❡ ❆✉❣❡r ❬✼❪✱ ❈♦❇❊ ❬✽❪ ❡ ❲▼❆P

❬✾❪✱ ❝♦❧❡t❛♠ ❞❛❞♦s ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❡ ♣♦rt❛♥t♦ ❛s ✐♠❛❣❡♥s ❢♦r♠❛❞❛s ♥ã♦

❡stã♦ ♠❛✐s ❞❡✜♥✐❞❛s ♥♦ ♣❧❛♥♦✱ ♠❛s s✐♠ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠❛ ❡s❢❡r❛✳

❆ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛r ❞❛❞♦s ❝♦♠ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛✱ ♥ã♦ s❡ ❧✐♠✐t❛ à

✶✸



❢ís✐❝❛ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❞✐❢❡r❡♥t❡s ár❡❛s ❞❡ ❡st✉❞♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱

✈✐sã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ q✉í♠✐❝❛ q✉â♥t✐❝❛✳ ❖ tr❛t❛♠❡♥t♦ ❞❡ss❡s ❞❛❞♦s ❛♣r❡✲

s❡♥t❛ ♥♦✈♦s ❞❡s❛✜♦s ❡ ❞❡♠❛♥❞❛ ✉♠ tr❛t❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ♠❛✐s ❝♦♠♣❧❡①♦✳

❋❡❧✐③♠❡♥t❡✱ ❜♦❛ ♣❛rt❡ ❞♦ q✉❡ ♣r❡❝✐s❛♠♦s r❡✈❡r✱ ❝♦♠♦ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s

♥♦ ❣r✉♣♦ ❙❖✭✸✮ ✭♦ ❣r✉♣♦ ❞❡ r♦t❛çõ❡s ❡♠ três ❞✐♠❡♥sõ❡s✮✱ é ✉s❛❞♦ ❡①t❡♥s✐✈❛✲

♠❡♥t❡ ♣♦r ❢ís✐❝♦s ❡♠ ✈ár✐❛s ár❡❛s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❡st✉❞♦ ❞♦ ♠♦♠❡♥t♦

❛♥❣✉❧❛r ❡♠ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ ❡ q✉â♥t✐❝❛✳

●♦st❛rí❛♠♦s ❞❡ ❡♥❢❛t✐③❛r q✉❡ ♦ tr❛t❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❢❡✐t♦ ❛q✉✐ ❡①♣õ❡

❛♣❡♥❛s ♦ ♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ❡♥t❡♥❞❡r ❛ ❛♥á❧✐s❡ ❞❡ ❢✉♥çõ❡s s♦❜r❡ ❛

❡s❢❡r❛ ❡ ❡♠ ❡s♣❡❝✐❛❧✱ ❛ ❛♥á❧✐s❡ ❞❡ ✇❛✈❡❧❡ts✳

✷✳✶ ❖ ❣r✉♣♦ ❙❖✭✸✮

❯s❛r❡♠♦s ❙❖✭✸✮ ♣❛r❛ ❞❡♥♦t❛r ♦ ❣r✉♣♦ ❞❡ r♦t❛çõ❡s ❡♠ três ❞✐♠❡♥sõ❡s✱ q✉❡

♥♦r♠❛❧♠❡♥t❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ♠❛tr✐③❡s 3×3✳ ❋✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ ❙❖✭✸✮

tê♠ ✉♠❛ ❡①♣❛♥sã♦ ❞❡ ❋♦✉r✐❡r ❛♥á❧♦❣❛ à ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ♥♦ ❝ír❝✉❧♦✳ ❖

❡st✉❞♦ ❞❡ss❡ ❣r✉♣♦ é ✐♠♣♦rt❛♥t❡ ❛q✉✐ ♣♦✐s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✱ ❛ r❡♣r❡✲

s❡♥t❛çã♦ ❞❡ ✇❛✈❡❧❡ts ❞❡ ✉♠ s✐♥❛❧ é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠ ❙❖✭✸✮✳

➶♥❣✉❧♦s ❞❡ ❊✉❧❡r✳ P♦❞❡♠♦s r❡♣r❡s❡♥t❛r q✉❛❧q✉❡r r♦t❛çã♦ ❞❡ ✉♠ ❝♦r♣♦

rí❣✐❞♦ ❛tr❛✈és ❞❡ três r♦t❛çõ❡s ✐♥❞✐✈✐❞✉❛✐s✳ ❆ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ss❛s r♦t❛çõ❡s

✐♥❞✐✈✐❞✉❛✐s é ❢❡✐t❛ ❡♠ ❣❡r❛❧ ♣❡❧♦s â♥❣✉❧♦s ❞❡ ❊✉❧❡r✱ q✉❡ ❞❡♥♦t❛♠♦s ♥❡ss❡ tr❛✲

❜❛❧❤♦ ♣♦r α✱ β ❡ γ✳ ❆❞♦t❛r❡♠♦s ❛ ❝♦♥✈❡♥çã♦ ③②③✱ ♦✉ s❡❥❛✱ ♣r✐♠❡✐r♦ ❢❛③❡♠♦s

❛ r♦t❛çã♦ ❞❡ ✉♠ â♥❣✉❧♦ γ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ ẑ✱ ❞❡♣♦✐s ✉♠❛ r♦t❛çã♦ ❞❡ ✉♠ â♥✲

❣✉❧♦ β ❡♠ t♦r♥♦ ❞♦ ♥♦✈♦ ❡✐①♦ ŷ ✭♦❜t✐❞♦ ❛♣ós ❛ ♣r✐♠❡✐r❛ r♦t❛çã♦✮ ❡ ✜♥❛❧♠❡♥t❡

✉♠ r♦t❛çã♦ ❞❡ ✉♠ â♥❣✉❧♦ α ❡♠ t♦r♥♦ ❞♦ ♥♦✈♦ ❡✐①♦ ẑ ✭♦❜t✐❞♦ ❛♣ós ❛ s❡❣✉♥❞❛

r♦t❛çã♦✮✳ ❆ r❡♣r❡s❡♥t❛çã♦ ❞❛s ♠❛tr✐③❡s ❞❡ r♦t❛çã♦ ❝♦♠ ❛ ♣❛r❛♠❡tr✐③❛çã♦

✶✹



♠❡♥❝✐♦♥❛❞❛ ❛❝✐♠❛ é ❞❛❞❛ ♣♦r

u(α) =







cosα − sinα 0

sinα cosα 0

0 0 1






❡ a(β) =







cos β 0 − sin β

0 1 0

sin β 0 cos β






, ✭✷✳✶✮

♦♥❞❡ 0 ≤ α < 2π ❡ 0 ≤ β ≤ π✳ ❖ ♣r♦❞✉t♦ ❞❛s ♠❛tr✐③❡s ❞❡ r♦t❛çã♦ ♥♦s ❞á ❛

❢♦r♠❛ ✜♥❛❧ ❞❛ r♦t❛çã♦ ❝♦♠♣❧❡t❛ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r g

g = g(α, β, γ) = u(α)a(β)u(γ). ✭✷✳✷✮

❆ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛s r♦t❛çõ❡s ❡♠ ❙❖✭✸✮ ❛tr❛✈és ❞♦s â♥❣✉❧♦s ❞❡ ❊✉❧❡r é

♠✉✐t♦ ❝♦♥✈❡♥✐❡♥t❡ ♣♦✐s ♣❡r♠✐t❡ q✉❡ ✉s❡♠♦s ❛ ♥♦t❛çã♦ f(α, β, γ) ♣❛r❛ ♥♦s

r❡❢❡r✐r ❛ ✉♠❛ ❢✉♥çã♦ f q✉❡ t♦♠❛ ✈❛❧♦r❡s ❡♠ ❙❖✭✸✮✳

✷✳✷ ❆♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ❡♠ ❙❖✭✸✮

❈♦♠ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞♦ ❣r✉♣♦ ❙❖✭✸✮ ❞❡✜♥✐❞❛ ♥❛ ú❧t✐♠❛ s❡çã♦✱ ♣♦❞❡♠♦s

❡①♣r❡ss❛r ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ❞✉❛s ❢✉♥çõ❡s f ❡ h ∈ ❙❖✭✸✮ ❝♦♠♦

〈f, h〉 =
∫ 2π

0

dα

∫ π

0

sin βdβ

∫ 2π

0

f(α, β, γ)h(α, β, γ)dγ, ✭✷✳✸✮

♦♥❞❡ h(α, β, γ) ❞❡♥♦t❛ ♦ ❝♦♥❥✉❣❛❞♦ ❝♦♠♣❧❡①♦ ❞❡ h(α, β, γ)✳

◗✉❛❧q✉❡r ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠ ❙❖✭✸✮ ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞❛ ❡♠ t❡r♠♦s ❞❛s

❢✉♥çõ❡s D ❞❡ ❲✐❣♥❡r✱ ❞❡♥♦t❛❞❛s ❞❛ ❢♦r♠❛ Dl
mn(α, β, γ)✱ q✉❡ ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ❡♠ ❙❖✭✸✮

f(α, β, γ) =
∞
∑

l=0

l
∑

m=−l

l
∑

n=−l

f l
mnD

l
mn(α, β, γ). ✭✷✳✹✮
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❊ss❛s ❢✉♥çõ❡s s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡

〈Dl
mn, D

l′

m′n′〉 = 8π2

2l + 1
δll′δmm′δnn′ , ✭✷✳✺✮

❡ ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

Dl
mn(α, β, γ) = e−imαdlmn(β)e

−inγ, ✭✷✳✻✮

♦♥❞❡ ❛s ❢✉♥çõ❡s dlmn(β) sã♦ ❝❤❛♠❛❞❛s ❞❡ s♠❛❧❧ ❲✐❣♥❡r✲❞ ❢✉♥❝t✐♦♥s ♥❛ ❧✐t❡✲

r❛t✉r❛ ✐♥t❡r♥❛❝✐♦♥❛❧✳ ❋❛❧❛r❡♠♦s ♠❛✐s s♦❜r❡ ❡❧❛s ♥♦ ❛♣ê♥❞✐❝❡ ❆✳✶✳ ❖s ❝♦❡✜✲

❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ f(α, β, γ) ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❞❡ ♠❛♥❡✐r❛ ✉s✉❛❧

❝♦♠ ♣r♦❞✉t♦s ✐♥t❡r♥♦s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❡ ❛ ❢✉♥çã♦ f

f l
mn =

2l + 1

8π2
〈f,Dl

mn〉, ✭✷✳✼✮

=
2l + 1

8π2

∫ 2π

0

dα

∫ π

0

sin βdβ

∫ 2π

0

f(α, β, γ)Dl
mn(α, β, γ)dγ.

❯♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛s ✐♥t❡❣r❛✐s ❛❝✐♠❛ ❡①✐❣❡ ✉♠❛ ❞✐s❝r❡t✐✲

③❛çã♦ ❞❛ ✐♥t❡❣r❛❧✳ ❋❛❧❛r❡♠♦s s♦❜r❡ ✐ss♦ ♥❛s s❡çõ❡s s❡❣✉✐♥t❡s✳

❍❛r♠ô♥✐❝♦s ❡s❢ér✐❝♦s✳ P♦❞❡♠♦s t❛♠❜é♠ ❛ss♦❝✐❛r ✉♠ ♦♣❡r❛❞♦r Λ(g) ♣❛r❛

❝❛❞❛ g ∈ ❙❖✭✸✮✱ q✉❡ ❛❣❡ ❡♠ ❢✉♥çõ❡s f : S2 → R q✉❛❞r❛t✐❝❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s✱

♦✉ s❡❥❛

Λ(g)f(ω) = f(g−1ω), ✭✷✳✽✮

♦♥❞❡ ω ∈ S2 ♦✉ ✉s❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s ❝♦♥✈❡♥❝✐♦♥❛✐s ω = (θ, ϕ)✱ ♦♥❞❡

θ é ❛ ❝♦♦r❞❡♥❛❞❛ ③❡♥✐t❛❧ ❡ ϕ ❛③✐♠✉t❛❧✳ ❖s ❡s♣❛ç♦s ✐♥✈❛r✐❛♥t❡s ❞✐❛♥t❡ ❞❡ss❛

tr❛♥s❢♦r♠❛çã♦ tê♠ ❝♦♠♦ ❜❛s❡ ♦s ❤❛r♠ô♥✐❝♦s ❡s❢ér✐❝♦s Y m
l ✳ P♦rt❛♥t♦ ♣♦❞❡♠♦s

❡s❝r❡✈❡r

Λ(g)Y m
l (ω) =

l
∑

n=−l

Y n
l (ω)D

l
nm, ✭✷✳✾✮
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❡ ✉s❛♥❞♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛s ❝♦♦r❞❡♥❛❞❛s θ ❡ ϕ

f(θ, ϕ) =
∞
∑

l=0

l
∑

m=−l

almY
l
m(θ, ϕ), ✭✷✳✶✵✮

♦♥❞❡ alm sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠✉❧t✐♣♦❧♦s ❞❡ f ✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✷✳✶✿ ❍❛r♠ô♥✐❝♦s ❡s❢ér✐❝♦s ♣❛r❛ ✉♠ ♠❡s♠♦ l = 6 ❡ ✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s
❞❡ m = 4✱ 5✱ 6✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✳✸ ■♥t❡❣r❛çã♦

P❛r❛ ❝❛❧❝✉❧❛r ♦ ♣r♦❞✉t♦ ❞❡ ❢✉♥çõ❡s ❡♠ ❙❖✭✸✮ ♣r❡❝✐s❛♠♦s ❞✐s❝r❡t✐③❛r ❛

✐♥t❡❣r❛❧ ✭✷✳✸✮✱ ♦✉ s❡❥❛✱ tr❛♥s❢♦r♠❛r ❛ ✐♥t❡❣r❛❧ ❡♠ ✉♠❛ s♦♠❛tór✐❛ ✜♥✐t❛✱ ♣❛r❛

✐ss♦ ♣r❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ❛ ♠❛❧❤❛ ♦♥❞❡ ✈❛♠♦s ❛♠♦str❛r ❛s ✈❛r✐á✈❡✐s α✱ β✱ γ✳ ❆

♠❛♥❡✐r❛ ❝♦♠♦ ❢❛③❡♠♦s ❡ss❛ ❞✐s❝r❡t✐③❛çã♦ t❡♠ ✐♠♣❧✐❝❛çõ❡s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s

♥❛ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s✳ ❚r❛t❛r❡♠♦s ♠❡❧❤♦r ❡ss❡ ❛ss✉♥t♦ ♥❛ s❡çã♦ ✷✳✺✳ ❆♣ós

✉♠❛ ❞✐s❝r❡t✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✷✳✸ ❛ ❢♦r♠❛ ❣❡r❛❧ ❞❛ s♦♠❛tór✐❛ é ❞❛❞❛ ♣♦r

∑

x∈X

w(x)f(x)Dl
mn(x), ✭✷✳✶✶✮

♦♥❞❡ X ❞❡♥♦t❛ ❛ ♠❛❧❤❛ ♦♥❞❡ ❛♠♦str❛♠♦s ❛ ❢✉♥çã♦ ❡ w(x) é ✉♠❛ ❢✉♥çã♦ ♣❡s♦✳

P❛r❛ ❣❛r❛♥t✐r q✉❡ ❛ s♦♠❛tór✐❛ ❛❝✐♠❛ ❝♦♠♣✉t❡ ♣r❡❝✐s❛♠❡♥t❡ ❛ tr❛♥s❢♦r♠❛❞❛

✶✼



❞❡ ❋♦✉r✐❡r ❞❡ f(x)✱ ♣r❡❝✐s❛♠♦s ✐♠♣♦r q✉❡ f(x) t❡♥❤❛ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ B✱

♦♥❞❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ é ❞❛❞❛ ♣♦r✿

❉❡✜♥✐❝ã♦ ✶✳

❯♠❛ ❢✉♥çã♦ f ❝♦♥tí♥✉❛ ❡♠ ❙❖✭✸✮ t❡♠ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ B✱ s❡

f l
mn = 0 ∀ l ≥ B. ✭✷✳✶✷✮

❈♦♠♦ ❡st❛♠♦s ✉s❛♥❞♦ ♦s â♥❣✉❧♦s ❞❡ ❊✉❧❡r ♣❛r❛ ♣❛r❛♠❡tr✐③❛r ❛s r♦t❛çõ❡s✱

❞❡♥♦t❛♠♦s ❛ ♠❛❧❤❛ ♥❛ ❢♦r♠❛

XB = [u(αj1)a(βk)u(γj2) ❝♦♠ 0 ≤ j1, j2, k < 2B], ✭✷✳✶✸✮

♦♥❞❡

αj = γj =
2πj

2B
, βk =

π(2k + 1)

4B
. ✭✷✳✶✹✮

❙❡ ✐♠♣✉s❡r♠♦s q✉❡ ♦s ♣❡s♦s wB(k) s❛t✐s❢❛ç❛♠ ❛ ❡q✉❛çã♦

2B−1
∑

k=0

wB(k)Pm(cos βk) = δ0m ∀ 0 ≤ m < 2B, ✭✷✳✶✺✮

♣♦❞❡♠♦s ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❬✶✾❪✿

❚❡♦r❡♠❛ ✶✳ ❙✉♣♦♥❤❛ q✉❡ f ∈ L2(SO(3)) é ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛

❇✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ l < B t❡♠♦s

f l
mn =

1

(2B)2

2B−1
∑

j1=0

2B−1
∑

j2=0

2B−1
∑

k=0

wB(k)f(αj1 , βk, γj2)D
l∗
mn(αj1 , βk, γj2), ✭✷✳✶✻✮

♦♥❞❡ ♦s ♣❡s♦s tê♠ ❛ ❡①♣r❡ssã♦ ❡①❛t❛

wB(k) =
2

B
sin

(

π(2k + 1)

4B

) B−1
∑

j=0

1

2j + 1
sin
(

(2j + 1)(2k + 1)
π

4B

)

, ✭✷✳✶✼✮

✶✽



❝♦♠ 0 ≤ k < 2B✳

✷✳✹ ❈♦rr❡❧❛çã♦ ❡♠ S2

❙✉♣♦♥❤❛♠♦s q✉❡ ❝♦♠ ♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ♣♦ss❛♠♦s ❢♦r✲

♠❛r ✉♠ ✐♠❛❣❡♠✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ é ❞❡✜♥✐❞❛ ♣❡❧❛ ❢✉♥çã♦ f(θ, ϕ)✳ ❈❤❛✲

♠❛r❡♠♦s f ❞❡ s✐♥❛❧✳ ❊ss❡ s✐♥❛❧ ♣♦❞❡ s❡r ❢♦r♠❛❞♦ ❛ ♣❛rt✐r ❞❛s ❞✐r❡çõ❡s ❞❡

✐♥❝✐❞ê♥❝✐❛ ❞❡ r❛✐♦s ❝ós♠✐❝♦s ♥❛ ❚❡rr❛✱ ♣♦r ❡①❡♠♣❧♦✳ ❙✉♣♦♥❤❛♠♦s t❛♠❜é♠

q✉❡ s❛✐❜❛♠♦s ❞❛ ❡①✐stê♥❝✐❛✱ ♠❛s ♥ã♦ ❞❛ ❧♦❝❛❧✐③❛çã♦✱ ❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ✐♠❡rs♦

♥♦ s✐♥❛❧✱ ♦✉ s❡❥❛ f = ❢✉♥❞♦ + ♠✉❧t✐♣❧❡t♦✳

❙❡ ❝♦♥❤❡❝❡♠♦s ♦ s✐♥❛❧ h(θ, ϕ) q✉❡ ❞❡s❝r❡✈❡ ♦ ♠✉❧t✐♣❧❡t♦✱ ♣♦❞❡♠♦s ♣r♦❝✉rá✲

❧♦ ♥♦ s✐♥❛❧ ❝♦rr❡❧❛❝✐♦♥❛♥❞♦ t♦❞❛s ❛s ♣♦ssí✈❡✐s r♦t❛çõ❡s ❞❡ h ❝♦♠ f ❡ s❡❧❡❝✐♦♥❛r

❛ q✉❡ ♣r♦❞✉③ ✉♠❛ ♠❛✐♦r ❝♦rr❡❧❛çã♦✳ P♦rt❛♥t♦ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ♠❛♥❡✐r❛

❞❡ ❝♦rr❡❧❛❝✐♦♥❛r f ❡ h✳

▼❛t❡♠❛t✐❝❛♠❡♥t❡ ♦ q✉❡ ♣r❡❝✐s❛♠♦s ❢❛③❡r é ❝♦rr❡❧❛❝✐♦♥❛r f ❡ h ❞❛ ❢♦r♠❛

C(α, β, γ) =

∫

S2

f(θ, ϕ)Λ(α, β, γ)h(θ, ϕ)d(cos θ)dϕ, ✭✷✳✶✽✮

❡ ♣❡❣❛r ♦s ✈❛❧♦r❡s α✱ β ❡ γ ♣❛r❛ ♦s q✉❛✐s C é ✉♠ ♠á①✐♠♦ ❧♦❝❛❧✳ ❊ss❛

❛❜♦r❞❛❣❡♠ ♥♦ ❡♥t❛♥t♦ ❞❡♠❛♥❞❛ ♠✉✐t♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ s❡ ✐♠♣✉s❡r♠♦s

✉♠ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ B ❛♦s ♥♦ss♦s s✐♥❛✐s✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡

✭✷✳✶✽✮ é O(B5)✳ ❊ss❛ ❝♦♠♣❧❡①✐❞❛❞❡ ♣♦❞❡ s❡r r❡❞✉③✐❞❛ ♣❛r❛ O(B4) s❡ ✜③❡r♠♦s

♦s ❝á❧❝✉❧♦s ♥♦ ❡s♣❛ç♦ ❤❛r♠ô♥✐❝♦✳ P❛r❛ ✐ss♦ ♣r❡❝✐s❛♠♦s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

❋♦✉r✐❡r ❞❡ f ❡ h✱ q✉❡ é ❞❛❞❛ ♣♦r

f(θ, ϕ) =
B−1
∑

l=0

l
∑

m=−l

almY
l
m(θ, ϕ) ❡ h(θ, ϕ) =

B−1
∑

l=0

l
∑

m=−l

blmY
l
m(θ, ϕ). ✭✷✳✶✾✮

❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ✭✷✳✷✮ ♣❛r❛ ❡❝♦♥♦♠✐③❛r ❡s♣❛ç♦ ❡ s✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s

✶✾



❛❝✐♠❛ ❡♠ ✭✷✳✶✽✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❝♦rr❡❧❛çã♦ ❞❛ ❢♦r♠❛

C(g) =

∫

S2

[

B−1
∑

l=0

l
∑

m=−l

almY
l
m(ω)

][

Λ(g)
B−1
∑

l′=0

l′
∑

m′=−l′

bl′m′Y l′
m′(ω)

]

dω,

=
B−1
∑

l=0

l
∑

m=−l

B−1
∑

l′=0

l′
∑

m′=−l′

almbl′m′

∫

S2

Y l
mΛ(g)Y

l′
m′ . ✭✷✳✷✵✮

◆❡ss❡ ♣♦♥t♦✱ ♣♦❞❡♠♦s r❡♠♦✈❡r ✉♠❛ s♦♠❛✱ ♥♦t❛♥❞♦ q✉❡ ❛ ✐♥t❡❣r❛❧ só é ❞✐❢❡✲

r❡♥t❡ ❞❡ ③❡r♦ ♣❛r❛ ♦ ❝❛s♦ l = l′✳ ❉❡ss❛ ❢♦r♠❛ ✜❝❛♠♦s ❝♦♠

C(g) =
B−1
∑

l=0

l
∑

m=−l

l
∑

m′=−l

almblm′

∫

S2

Y l
mΛ(g)Y

l
m′ . ✭✷✳✷✶✮

▲❡♠❜r❛♥❞♦ ❛❣♦r❛ q✉❡ ❛ r♦t❛çã♦ ❞❡ ✉♠ ❤❛r♠ô♥✐❝♦ ❡s❢ér✐❝♦ ❞❡ ❣r❛✉ l ♣♦❞❡

s❡r ❡①♣r❡ss❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❤❛r♠ô♥✐❝♦s ❡s❢ér✐❝♦s ❞❡ ♠❡s♠♦

❣r❛✉✱ ❝♦♠♦ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✾✮✱ t❡♠♦s ❛ s✐♠♣❧✐✜❝❛çã♦

C(g) =
B−1
∑

l=0

l
∑

m=−l

l
∑

m′=−l

almblm′

∫

S2

Y l
m(ω)

l
∑

k=−l

Y k
l (ω)D

l
km′(g)dω,

=
B−1
∑

l=0

l
∑

m=−l

l
∑

m′=−l

l
∑

k=−l

almblm′Dl
km′(g)

∫

S2

Y m
l (ω)Y k

l (ω)dω.✭✷✳✷✷✮

❆ ✐♥t❡❣r❛❧ ✭✷✳✷✷✮ só é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ♣❛r❛ ♦ ❝❛s♦ k = m✱ ♣♦rt❛♥t♦ t❡♠♦s

✜♥❛❧♠❡♥t❡

C(g) =
B−1
∑

l=0

l
∑

m=−l

l
∑

m′=−l

almblm′Dl
mm′(g). ✭✷✳✷✸✮

❯s❛♥❞♦ ❛s r❡❧❛çõ❡s ❞❡ s✐♠❡tr✐❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s alm ❡ ❞❛s ❢✉♥çõ❡s Dl
mn✱ ♣♦✲

✷✵



❞❡♠♦s ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❞❛ ❢♦r♠❛

C(g) =
B−1
∑

l=0

l
∑

m,n=−l

almblnD
l
mn(g). ✭✷✳✷✹✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✷✳✻ ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✜❝❛♠♦s ❝♦♠

C(g) =
B−1
∑

l=0

l
∑

m,n=−l

almblne
−imαdlmn(β)e

−inγ. ✭✷✳✷✺✮

❆ ❢♦r♠❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✺✮ é ❡s♣❡❝✐❛❧♠❡♥t❡ ❛❞❡q✉❛❞❛ ❛♦ ❝á❧❝✉❧♦ ❞❛ ❝♦rr❡❧❛çã♦

q✉❛♥❞♦ ❛ ♠❛❧❤❛ ❡s❝♦❧❤✐❞❛ t❡♠ ❛s ❝♦♦r❞❡♥❛❞❛s α ❡ β ❛♠♦str❛❞❛s ❡♠ ♣♦♥t♦s

❡q✉✐❞✐st❛♥t❡s✱ ♣❡r♠✐t✐♥❞♦ ❛ss✐♠ ♦ ✉s♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r✳

❙❡ ❛ ❝♦♦r❞❡♥❛❞❛ β t❛♠❜é♠ ♣✉❞❡r s❡r ❛♠♦str❛❞❛ ❡♠ ✐♥t❡r✈❛❧♦s ❞❡ ♠❡s♠♦

t❛♠❛♥❤♦✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ♦ ✉s♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r ❛♦s três

â♥❣✉❧♦s ❞❡ ❊✉❧❡r✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣❛♥sã♦ ❞❡ ❋♦✉r✐❡r ❞❛s ❢✉♥çõ❡s dlmn(β)✱

❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❆✳✾ ❡♠ ✭✷✳✷✺✮ t❡♠♦s

C(α, β, γ) =
B−1
∑

l=0

l
∑

m,n,u=−l

almblnB
l
mnue

−(imα+iuβ+inγ), ✭✷✳✷✻✮

q✉❡ ❢♦✐ ❛ ❢♦r♠❛ ✉s❛❞❛ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ♣♦r

♠✉❧t✐♣❧❡t♦s✳

✷✳✺ ❚❡ss❡❧❛çã♦ ❡♠ S2

◗✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ♥❛ ❡s❢❡r❛✱ s♦♠♦s ♦❜r✐❣❛❞♦s ❛ ❡s✲

❝♦❧❤❡r ✉♠❛ ♠❛❧❤❛ ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❡s❢❡r❛ ✭✐✳❡✳ ♦s ♣♦♥t♦s ♦♥❞❡ ❛s ❢✉♥çõ❡s

s❡rã♦ ❛♠♦str❛❞❛s✮✳ ❊ss❡ ♣r♦❜❧❡♠❛ é tr✐✈✐❛❧ ❡♠ ❛♥á❧✐s❡ ❞❡ ✐♠❛❣❡♥s ♥♦ ♣❧❛♥♦✱

q✉❡✱ ♣♦r ♥ã♦ t❡r ❝✉r✈❛t✉r❛✱ ♣❡r♠✐t❡ ♦ ✉s♦ ❞❡ ✉♠❛ ♠❛❧❤❛ ❝✉❥♦s ♣✐①❡✐s t❡✲

♥❤❛♠ ár❡❛s ✐❣✉❛✐s✳ ◗✉❛♥❞♦ t❡♥t❛♠♦s ❡st❡♥❞❡r ♦ ✉s♦ ❞❡ ♠❛❧❤❛s ❝♦♠ ♣✐①❡✐s

❞❡ ♠❡s♠❛ ár❡❛ ♣❛r❛ ❛ ❡s❢❡r❛✱ ❡♥❢r❡♥t❛♠♦s ✉♠ ♣r♦❜❧❡♠❛✳ ❆ ❝♦♠♣❧❡①✐❞❛❞❡

✷✶



❝♦♠♣✉t❛❝✐♦♥❛❧ ✐♥tr♦❞✉③✐❞❛ ♣♦❞❡ ✐♥✈✐❛❜✐❧✐③❛r ♦ ❝á❧❝✉❧♦ ❞❡ ✐♥t❡❣r❛✐s ♥❛ ❡s❢❡r❛

❡ ❛ss✐♠ s❡✉ ✉s♦ ❡♠ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ s✐♠✉❧❛çõ❡s✳

❊♠ ❣❡r❛❧✱ ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ✉s♦ ❞♦ ❛❧❣♦r✐t♠♦

❋❋❚ ♥♦ ❝á❧❝✉❧♦ ❞❛s ✐♥t❡❣r❛✐s✳ P♦r ❡①❡♠♣❧♦✱ ❛ ♠❛❧❤❛ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✹✮

♣❡r♠✐t❡ ♦ ✉s♦ ❞❡ ❋❋❚ ♣♦r ✉s❛r ✐♥t❡r✈❛❧♦s ❝♦♥st❛♥t❡s ❞❛s ❝♦♦r❞❡♥❛❞❛s α✱ β ❡

γ✳ ◗✉❛♥❞♦ ❛ ♠❛❧❤❛ ♥ã♦ t❡♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ t❡♠♦s q✉❡ ❞❡s✐st✐r ❞♦ ✉s♦ ❞❡

❋❋❚ ❡ ✉s❛r r❡❧❛çõ❡s ❞❡ r❡❝♦rrê♥❝✐❛ q✉❡✱ ❡♠ ❣❡r❛❧✱ sã♦ ♠❛✐s ❧❡♥t❛s✳

❱❡❥❛♠♦s ❛❧❣✉♠❛s ❞❛s ♠❛❧❤❛s ♠❛✐s ✉s❛❞❛s✳

❍❡❛❧♣✐①✳ ❆ ❞✐✈✐sã♦ ♣r♦♣♦st❛ ♣❡❧♦s ❛✉t♦r❡s ❞♦ s♦❢t✇❛r❡ ❍❡❛❧♣✐①✱ q✉❡ s✐❣♥✐✜❝❛

❍✐❡r❛r❝❤✐❝❛❧ ❊q✉❛❧ ❆r❡❛ ✐s♦▲❛t✐t✉❞❡ P✐①❡❧✐③❛t✐♦♥ ♥ã♦ é ❡①❛t❛✱ ♠❛s ♣♦❞❡ s❡r

♠✉✐t♦ ♣r❡❝✐s❛ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ♣✐①❡✐s✳ ❙✉❛ ❝❛r❛❝t❡ríst✐❝❛

♠❛✐s ❞❡s❡❥á✈❡❧ é q✉❡ ♦s ♣✐①❡✐s✱ ❛♣❡s❛r ❞❡ t❡r❡♠ ❢♦r♠❛s ❞✐❢❡r❡♥t❡s ✉♥s ❞♦s

♦✉tr♦s✱ tê♠ ❛ ♠❡s♠❛ ár❡❛✳ ❊ss❛ ❝❛r❛❝t❡ríst✐❝❛ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣♦r ❞♦✐s

♠♦t✐✈♦s✳ ❖ ♣r✐♠❡✐r♦ é q✉❡ ❛ t♦❞♦ ❡①♣❡r✐♠❡♥t♦ ❡stá ❛ss♦❝✐❛❞❛ ✉♠❛ r❡s♦❧✉çã♦

❛♥❣✉❧❛r✳ ◆♦ ❝❛s♦ ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❡♥❡r❣✐❛s

♠❛✐♦r❡s q✉❡ 5 ❊❡❱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❛ r❡s♦❧✉çã♦ ❛♥❣✉❧❛r é ♠❡♥♦r q✉❡

1◦✳ ■ss♦ q✉❡r ❞✐③❡r q✉❡ s❡ ♣✉❞❡r♠♦s ❢❛③❡r t♦❞♦s ♦s ♣✐①❡✐s ❝♦♠ ❛♣r♦①✐♠❛❞❛✲

♠❡♥t❡ ❡st❡ t❛♠❛♥❤♦✱ t❡r❡♠♦s ✉♠ ♠❡❧❤♦r ❛♣r♦✈❡✐t❛♠❡♥t♦ ❞❡ ♥♦ss❛ ❞✐✈✐sã♦✳

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s ♣✐①❡✐s tê♠ ár❡❛s ✐❣✉❛✐s✱ q✉❛❧q✉❡r r✉í❞♦ q✉❡ s❡❥❛

✉♥✐❢♦r♠❡ ❛♦ ❧♦♥❣♦ ❞❛ s✉♣❡r❢í❝✐❡✱ ❝♦♥tr✐❜✉✐ ✐❣✉❛❧♠❡♥t❡ ♣❛r❛ t♦❞♦s ♦s ♣✐①❡✐s✱

❢❛t♦ q✉❡ ♥ã♦ ♦❝♦rr❡r✐❛ s❡ ❛s ár❡❛s ♥ã♦ ❢♦ss❡♠ ✐❣✉❛✐s✳

❆♣❡s❛r ❞❡ ❝♦♥❝❡✐t✉❛❧♠❡♥t❡ s❡r ♠❛✐s ❢á❝✐❧ tr❛t❛r ♦s ❞❛❞♦s ✉s❛♥❞♦ ✉♠❛

❞✐✈✐sã♦ ❡♠ ár❡❛s ✐❣✉❛✐s✱ s❡✉ ❜❡♥❡✜❝✐♦ r❡❛❧ ♥ã♦ ❡stá ❝❧❛r♦✱ ❥á q✉❡ ♥❡♥❤✉♠

❡①♣❡r✐♠❡♥t♦ t❡♠ ✉♠❛ ❡①♣♦s✐çã♦ ✐❣✉❛❧ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s✱ s❡♥❞♦ ♥❡❝❡ssá✲

r✐♦ ❛tr✐❜✉✐r ♣❡s♦s ❞✐❢❡r❡♥t❡s ❛ ♣✐①❡✐s ❝♦♠ ❡①♣♦s✐çõ❡s ❞✐❢❡r❡♥t❡s✳ ◆♦ ❝❛s♦ ❞♦

❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✱ ♦s ❞❡t❡❝t♦r❡s ❡stã♦ ❡①♣♦st♦s ❛♣❡♥❛s à ♠❡t❛❞❡ ❞♦

❝é✉✳

❆ ❞✐✈✐sã♦ ❍❡❛❧♣✐① ❛♣r❡s❡♥t❛ ✉♠ ❞❡s❛✜♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣♦✐s ❡❧❛ ♥ã♦ ♣♦ss✉✐

✉♠❛ ❞✐✈✐sã♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞❛ ❞❛ ❝♦♦r❞❡♥❛❞❛ θ✱ q✉❡ ✐♠♣♦ss✐❜✐❧✐t❛ ♦ ✉s♦

❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ✐♥t❡❣r❛✐s✳ ❖ ✉s♦ ❞❡ r❡❧❛çõ❡s ❞❡

✷✷



r❡❝♦rrê♥❝✐❛ ❞❡✈❡ s❡r ❢❡✐t♦ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❛♠♦str❛❞♦ ❞❛ ❝♦♦r❞❡♥❛❞❛ θ✳

❋✐❣✉r❛ ✷✳✷✿ ❚❡ss❡❧❛çã♦ ❍❡❛❧♣✐① ♣❛r❛ ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ P✐①❡❧✳

Pr♦❥❡çã♦ ❝✐❧í♥❞r✐❝❛ ❡q✉✐❞✐st❛♥t❡ ✭❊❈P✮✳ ❆ ♣r♦❥❡çã♦ ❊❈P é ❛ ♠❛✐s s✐♠✲

♣❧❡s ❞❡ t♦❞❛s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ◆❡ss❛ t❡ss❡❧❛çã♦ t❡♠♦s t❛♥t♦

❡♠ θ q✉❛♥t♦ ❡♠ ϕ ❞✐✈✐sõ❡s ❡q✉✐❞✐st❛♥t❡s✳ ❖ q✉❡ ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦ ❞❛s ✐♥t❡✲

❣r❛✐s ✈✐❛ ❋❋❚✳ ❆❧é♠ ❞✐ss♦✱ é ♠✉✐t♦ ❢á❝✐❧ ❞✐♠✐♥✉✐r ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ ♠❛♣❛

❝♦♠❜✐♥❛♥❞♦ ♣✐①❡✐s ✈✐③✐♥❤♦s✱ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ é ❛ ❜❛s❡ ❞❛s ❞✐✈✐sõ❡s ❞♦ t✐♣♦

✐❣❧♦♦✳

❖ ❣r❛♥❞❡ ♣r♦❜❧❡♠❛ ❞❡ss❛ t❡ss❡❧❛çã♦ é q✉❡ ♦s ♣✐①❡✐s q✉❡ ❡stã♦ ♣❡rt♦ ❞♦s

♣♦❧♦s sã♦ ❞✐st♦r❝✐❞♦s ❡ s❡ t♦r♥❛♠ ♠✉✐t♦ ♣❡q✉❡♥♦s✱ ❝❤❡❣❛♥❞♦ ❛♦ ♣♦♥t♦ ❞❡ s❡✲

r❡♠ ♣♦ss✐✈❡❧♠❡♥t❡ ♠❡♥♦r❡s q✉❡ ❛ ♣ró♣r✐❛ r❡s♦❧✉çã♦ ❛♥❣✉❧❛r ❞♦ ❡①♣❡r✐♠❡♥t♦✳

■ss♦ s✐❣♥✐✜❝❛ q✉❡✱ ❡♠ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s✱ ❡ss❡s ♣✐①❡✐s s❡rã♦ ♣r❛t✐❝❛♠❡♥t❡

❞♦♠✐♥❛❞♦s ♣♦r r✉í❞♦ ♦✉ ♥ã♦ ❝♦♥t❡rã♦ ♥❡♥❤✉♠ ❡✈❡♥t♦✳

❉✐✈✐sã♦ ❞♦ t✐♣♦ ✐❣❧✉✳ ❉✐✈✐sõ❡s ❞♦ t✐♣♦ ✐❣❧✉ ♦❢❡r❡❝❡♠ t❛♥t♦ ♣✐①❡✐s ❞❡ ár❡❛s

✐❣✉❛✐s q✉❛♥t♦ tr❛♥s❢♦r♠❛❞❛s rá♣✐❞❛s ♥❛ ❡s❢❡r❛✱ ♠❛s r❡q✉❡r❡♠ ✉♠❛ té❝♥✐❝❛

r❡❧❛t✐✈❛♠❡♥t❡ s♦✜st✐❝❛❞❛ ♣❛r❛ ❛❣r✉♣❛r ♣✐①❡✐s ❞❡ ♠❡s♠❛ ❧❛t✐t✉❞❡ P♦r ❡①❡♠♣❧♦✱

♣❛rt✐♥❞♦ ❞❛ t❡ss❡❧❛çã♦ ❊❈P✱ ♣♦❞❡♠♦s ❛❣r✉♣❛r ♣✐①❡✐s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ ár❡❛

❞❡❧❡s ♥ã♦ ✈❛r✐❡ ❝♦♥❢♦r♠❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞♦ ③ê♥✐t❡✳

✷✸



✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✷✳✸✿ ❚❡ss❡❧❛çã♦ ❊❈P ✭❊q✉✐❞✐st❛♥t ❝②❧✐♥❞r✐❝❛❧ ♣r♦❥❡❝t✐♦♥✮

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✹✿ ❚❡ss❡❧❛çã♦ ❞♦ t✐♣♦ ✐❣❧♦♦✳

✷✹



❈❛♣ít✉❧♦ ✸

❲❛✈❡❧❡ts ❡s❢ér✐❝♦s

❊✈❡r②t❤✐♥❣ s❤♦✉❧❞ ❜❡ ♠❛❞❡ ❛s s✐♠♣❧❡ ❛s

♣♦ss✐❜❧❡✱ ❜✉t ♥♦t s✐♠♣❧❡r✳

❆▲❇❊❘❚ ❊■◆❙❚❊■◆

P❡♦♣❧❡ ♦❢t❡♥ ❝❤♦♦s❡ s♦♠❡t❤✐♥❣ ♥❡✇ ❜❡❝❛✉s❡

t❤❡② ❞♦♥✬t ❦♥♦✇ ✐ts ✇❡❛❦♥❡ss❡s ②❡t✳

❇✳ ❙❚❘❖❯❙❚❘❯P

❆ ❛♥á❧✐s❡ ✇❛✈❡❧❡ts é ✉♠ ❛ss✉♥t♦ ♥♦✈♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ❜❡♠ ❡s✲

t❛❜❡❧❡❝✐❞❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ❡ ❡♥❝♦♥tr❛ s✉❛ ✉t✐❧✐❞❛❞❡ q✉❛♥❞♦ ♦ ❝❛rát❡r ❣❧♦❜❛❧

❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s ❞❡✐①❛ ❞❡ s❡r ❛ ❢♦r♠❛ ✐❞❡❛❧ ❞❡ ❞❡❝♦♠♣♦r ✉♠ s✐♥❛❧✳ ■ss♦

♦❝♦rr❡✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ❡st✉❞❛♠♦s tr❛♥s✐çõ❡s ❛❜r✉♣t❛s✱ ❡♠ q✉❡ ❛ ❞❡✲

❝♦♠♣♦s✐çã♦ ❡♠ s❡♥♦s ❡ ❝♦ss❡♥♦s ♣r❡❝✐s❛ ❞❡ ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡ ❝♦❡✜❝✐❡♥t❡s

♣❛r❛ ❞❡s❝r❡✈❡r ♦ s✐♥❛❧ ❝♦♠ ♣r❡❝✐sã♦✳

◗✉❛♥❞♦ ❛♥❛❧✐s❛♠♦s ✉♠ s✐♥❛❧✱ s❡❥❛ ❡❧❡ ✉♠❛ sér✐❡ t❡♠♣♦r❛❧ ♦✉ ✉♠❛ ✐♠❛✲

❣❡♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ ❞✉❛s ♠❛♥❡✐r❛s ❞❡ tr❛t❛r ♦ ♣r♦❜❧❡♠❛✳

Pr✐♠❡✐r❛♠❡♥t❡ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❞✐r❡t❛♠❡♥t❡ ❝♦♠ ♦s ✈❛❧♦r❡s ❞♦s ♣✐①❡✐s✱

❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ✐♠❛❣❡♠✳ ❆♣❡s❛r ❞❡ t❡r♠♦s ❛❝❡ss♦ ❛ t♦❞❛ ❛ ✐♥❢♦r♠❛✲

çã♦ ❝♦♥t✐❞❛ ♥♦ s✐♥❛❧ ❞❡ss❛ ❢♦r♠❛✱ ❡❧❛ s❡ t♦r♥❛ ✐♥❛❞❡q✉❛❞❛ q✉❛♥❞♦ q✉❡r❡♠♦s

✐♥❢♦r♠❛çõ❡s ♠❛✐s ❣❡r❛✐s❀ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ✉♠❛ sér✐❡ t❡♠♣♦r❛❧ ♦ ✈❛❧♦r ❞❡ ✉♠

✷✺



♣✐①❡❧ ♥♦s ❞á ✐♥❢♦r♠❛çã♦ ♣❛r❛ ❛♣❡♥❛s ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳

◆♦ ♦✉tr♦ ❡①tr❡♠♦✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ♦ s✐♥❛❧ ❡♠ ❢✉♥çõ❡s ❝♦♥❤❡❝✐❞❛s✱ ❝♦♠♦

s❡♥♦s ❡ ❝♦ss❡♥♦s✱ q✉❡ tê♠ ✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦ ❞❡

❛♥á❧✐s❡ ❡ ♣♦rt❛♥t♦ ❢♦r♥❡❝❡♠ ✐♥❢♦r♠❛çõ❡s ❣❧♦❜❛✐s ✐✳❡✳ q✉❛✐s ❛s ❢r❡q✉ê♥❝✐❛s ♠❛✐s

✐♠♣♦rt❛♥t❡s ❝♦♥t✐❞❛s ♥♦ s✐♥❛❧✳

▼✉✐t❛s ✈❡③❡s ♥♦ ❡♥t❛♥t♦✱ ♥❡♥❤✉♠❛ ❞❡ss❛s ❢♦r♠❛s é ❛ ✐❞❡❛❧✳ ◆♦ ❝❛s♦ ❡♠

q✉❡ t❡♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r é ✐♥❛❞❡q✉❛❞❛

♣♦✐s ♣r❡❝✐s❛ ❞❡ ♠✉✐t♦s ❝♦❡✜❝✐❡♥t❡s ♣❛r❛ ❞❡s❝r❡✈❡r ❛s ❝❛r❛❝t❡ríst✐❝❛s ✐♠♣♦r✲

t❛♥t❡s ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✐✳❡✳ s✉❛ ❧♦❝❛❧✐③❛çã♦✱ ♣♦r ❡①❡♠♣❧♦✳ ◆❡ss❡ ❝❛s♦ ♣r❡✲

❝✐s❛♠♦s ❞❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐st❛✱ q✉❡ ♥ã♦ s❡❥❛ ♥❡♠ tã♦ ❧♦❝❛❧✐③❛❞❛ q✉❛♥t♦

❛ ❛♥á❧✐s❡ ♣✐①❡❧ ❛ ♣✐①❡❧✱ ♥❡♠ tã♦ ❣❧♦❜❛❧ q✉❛♥t♦ ❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r✳ ❆q✉✐ s✉r❣❡

❛ ✉t✐❧✐❞❛❞❡ ❞❛ ❛♥á❧✐s❡ ❞❡ ✇❛✈❡❧❡ts✱ ❛tr❛✈és ❞❛ q✉❛❧ ❝♦♥s❡❣✉✐♠♦s ❝♦♥❝❡♥tr❛r

❛s ✐♥❢♦r♠❛çõ❡s r❡❧❡✈❛♥t❡s ❞❡ ✉♠ s✐♥❛❧ ❡♠ ❛❧❣✉♥s ♣♦✉❝♦s ❝♦❡✜❝✐❡♥t❡s✳

◆❡ss❡ tr❛❜❛❧❤♦ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦ ❡♠ ✇❛✈❡❧❡ts ❡s❢ér✐❝♦s

♣❛r❛ ❛ ❞❡t❡❝çã♦ ❞❡ ❡str✉t✉r❛s ✜❧❛♠❡♥t❛r❡s q✉❡ s❡ ❢♦r♠❛♠ ❡♠ ♠❛♣❛s ❞❡ r❛✐♦s

❝ós♠✐❝♦s✳ ❊ss❡ ❝❛♣ít✉❧♦ s❡rá ✉s❛❞♦ ♣❛r❛ ❞❛r ❞❡t❛❧❤❡s ❡ ❡①❡♠♣❧♦s ❞❡ ✇❛✈❡❧❡ts✳

◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ❢❛❧❛r❡♠♦s s♦❜r❡ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ✉s❛♠♦s ♣❛r❛ ✐❞❡♥t✐✜❝❛r

❡ss❛s ❡str✉t✉r❛s ✜❧❛♠❡♥t❛r❡s✱ ❝❤❛♠❛❞❛s ❞❡ ♠✉❧t✐♣❧❡t♦s✳

✸✳✶ ■♥tr♦❞✉çã♦

◆♦ ❝❛♣ít✉❧♦ ✷ ✈✐♠♦s q✉❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✉♠❛ sér✐❡ t❡♠♣♦r❛❧ ♣♦❞❡ s❡r

❞❡❝♦♠♣♦st❛ ❡♠ ✉♠❛ sér✐❡ ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s✱ ✉♠❛ ❢✉♥çã♦ f : S2 → R✱ ♣♦❞❡

s❡r ❞❡❝♦♠♣♦st❛ ❡♠ ✉♠❛ s♦♠❛ ❞❡ ❤❛r♠ô♥✐❝♦s ❡s❢ér✐❝♦s✱ q✉❡ sã♦ ❞❡♥♦t❛❞♦s ♣♦r

Y l
m(θ, ϕ)✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✳ ❖s ❝♦❡✜❝✐❡♥t❡s alm ❞❛ ❡①♣❛♥sã♦

sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠✉❧t✐♣♦❧♦s ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❡ f ✳

◆♦ ❢♦r♠❛❧✐s♠♦ q✉❡ ❛❞♦t❛♠♦s ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞❡ ✇❛✈❡❧❡ts✱ ♦s ❝♦❡✜❝✐❡♥t❡s alm
sã♦ ❢❛t♦r❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

alm = k(l)Slm. ✭✸✳✶✮

✷✻



❝♦♠ l ∈ N ❡ |m| ≤ l✳

◆❡ss❡ ❢♦r♠❛❧✐s♠♦ ❡①♣❛♥sõ❡s ✭✈❡r ❛❞✐❛♥t❡✮ sã♦ ❛♣❧✐❝❛❞❛s ❛♣❡♥❛s ❛♦ ❦❡r♥❡❧

k(l)✱ ♠❛♥t❡♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s Slm✱ ❝❤❛♠❛❞♦s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❞✐r❡❝✐♦♥❛❜✐✲

❧✐❞❛❞❡✱ ✐♥t❛❝t♦s✳

❖s ❝♦❡✜❝✐❡♥t❡s Slm✱ ♣♦r s✉❛ ✈❡③✱ ❝♦♥tr♦❧❛♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦s ✇❛✈❡❧❡ts ❞❡

❡♥❝♦♥tr❛r ❞✐r❡çõ❡s ❞❡ s✐♥❛✐s ♥❛ ❡s❢❡r❛✳ ❊❧❡s s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s r❡❧❛çõ❡s ❞❡

s✐♠❡tr✐❛ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s alm✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ✐♠♣õ❡✲s❡ ♦ ✈í♥❝✉❧♦

l
∑

m=−l

S2
lm = 1, ✭✸✳✷✮

q✉❡ ❣❛r❛♥t❡ ❛ ♥♦r♠❛❧✐③❛çã♦ ❞♦s ✇❛✈❡❧❡ts✳

❆ ❡①♣❛♥sã♦ ❞♦s ✇❛✈❡❧❡ts ♣♦r ✉♠ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ a ∈ (1,∞) é ❞❡✜♥✐❞❛

♥❛ ❢♦r♠❛

(fa)lm = k(al)Slm. ✭✸✳✸✮

P❛r❛ ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ B ❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✷✮ ✈❡♠♦s q✉❡

a ❡st❛rá ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✈❛❧♦ a ∈ [0, B]✱ ✉♠❛ ✈❡③ q✉❡ ❢♦r❛ ❞❡ss❡ ✐♥t❡r✈❛❧♦

flm = 0✳

◆❛s s❡çõ❡s s❡❣✉✐♥t❡s ✈❛♠♦s ♠♦str❛r ❛ ❞❡✜♥✐çã♦ ❞♦ ❦❡r♥❡❧ k(l) ❡ ❞♦s ❝♦❡✲

✜❝✐❡♥t❡s Slm ✉s❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦✳

✸✳✷ ❖ ❦❡r♥❡❧ k(l)

❖ ❦❡r♥❡❧ ✐♥tr♦❞✉③✐❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✸✮ é ♦❜t✐❞♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡ ✉♠ ❦❡r✲

♥❡❧ ❝♦♥tí♥✉♦ ❛tr❛✈és ❞❡ ✐♥t❡❣r❛çõ❡s ♣♦r ❢❛t✐❛s ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ a✳ ❖

♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ ❝❛❧❝✉❧á✲❧♦ s❡ ❜❛s❡✐❛ ♥♦ ❝á❧❝✉❧♦ ❞❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ Φ(k)

❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦

Φ2(l) =

∫

∞

1

da

a
K̂(al), ✭✸✳✹✮
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♦♥❞❡ K(al) é ♦ ❦❡r♥❡❧ ❝♦♥tí♥✉♦ ❞❡✜♥✐❞♦ ♣♦r

K̂(l) =











exp

(

− 1

1− t2(l)

)

s❡ t(l) ∈ (−1, 1)

0 s❡ t(l) /∈ (−1, 1)

✭✸✳✺✮

♦♥❞❡ ❛ ❢✉♥çã♦ t(l) é ❞❛❞❛ ♣♦r

t(l) = 2
al − B

(a− 1)B
− 1. ✭✸✳✻✮

◆♦ ❝❛s♦ ❞♦ ❦❡r♥❡❧ ❞✐s❝r❡t♦ k(l) ❛ss✉♠✐♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ a

t❡♠ ❛ ❢♦r♠❛ a = 2j ❝♦♠ j ∈ N ♦♥❞❡ j ♣❛ss❛ ❛ s❡r ♥♦ss♦ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛

❞✐s❝r❡t❛✳ ❆ ♠❛✐♦r ❡s❝❛❧❛ ♣♦ssí✈❡❧ s❡rá ❞❡♥♦t❛❞❛ ♣♦r J ✱ ❛ss✐♠ 0 ≤ j ≤ J ✳

❈♦♠ ✐ss♦✱ ♦s ✈❛❧♦r❡s ❞❡ k(l) ♥❛ ❡s❝❛❧❛ j ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s✱ ❡ s❡❣✉❡

k2(l) = Φ2(2−jl)− Φ2(l). ✭✸✳✼✮

◆❛ ✜❣✉r❛ ✸✳✶ ✈❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❡①♣❛♥sã♦ ❞❡ ✉♠ ✇❛✈❡❧❡t✳ ◆❡ss❡

❡①❡♠♣❧♦ ♠❛♥t✐✈❡♠♦s J = 5 ❡ ✈❛r✐❛♠♦s j ❡♥tr❡ 3✱ 4 ❡ 5✳ P♦❞❡♠♦s ✈❡r q✉❡ ♦

t❛♠❛♥❤♦ ❛♥❣✉❧❛r ❞♦ ✇❛✈❡❧❡t ❛✉♠❡♥t❛ ❝♦♠ ❛ ❡s❝❛❧❛✳ ❆ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠

✇❛✈❡❧❡t ❡♠ ✐❞❡♥t✐✜❝❛r ✉♠ s✐♥❛❧ é ♠❛✐♦r ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ s✐♥❛❧ ❡ ♦ ✇❛✈❡❧❡t

t❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ ♠❡s♠♦ t❛♠❛♥❤♦ ❛♥❣✉❧❛r✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✸✳✶✿ ❊①❡♠♣❧♦ ❞❛ ❡①♣❛♥sã♦ ❞❡ ✉♠ ✇❛✈❡❧❡t ❝♦♠ ♣❛râ♠❡tr♦s J = 5✱
N = 3 ❡ j = 3, 4, 5 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✽



❚❛❜❡❧❛ ✸✳✶✿ Pr✐♠❡✐r❛ ❝♦❧✉♥❛✿ ❡s❝❛❧❛ j✳ ❙❡❣✉♥❞❛ ❝♦❧✉♥❛✿ s✉♣♦rt❡ ❞♦ ✇❛✈❡✲
❧❡t✳ ❚❡r❝❡✐r❛ ❝♦❧✉♥❛✿ ❚❛♠❛♥❤♦ ❛♥❣✉❧❛r ❡♠ ❣r❛✉s✳ ◗✉❛rt❛ ❝♦❧✉♥❛✿ ♣r❡❝✐sã♦
❛♥❣✉❧❛r ♠á①✐♠❛ ♥❛s ✈❛r✐á✈❡✐s ❛♥❣✉❧❛r❡s✳

j ❙✉♣♦rt❡ ❚❛♠❛♥❤♦ ❛♥❣✉❧❛r Pr❡❝✐sã♦
0 (256, 128) (0.7, 1.4) 0.7
1 (256, 64) (0.7, 2.8) 0.7
2 (128, 32) (1.4, 5.6) 1.4
3 (64, 16) (2.8, 11.3) 2.8
4 (32, 8) (5.6, 22.5) 5.6
5 (16, 4) (11.3, 45.0) 11.3
6 (8, 2) (22.5, 90.0) 22.5
7 (4, 1) (45.0, 180.0) 45.0
8 (2, 1) (90.0, 180.0) 90.0

❙✉♣♦rt❡ ❤❛r♠ô♥✐❝♦ ❝♦♠♣❛❝t♦✳ ❆ ✐❞❡✐❛ ❞❡ s✉♣♦rt❡ ❤❛r♠ô♥✐❝♦ ❝♦♠♣❛❝t♦

é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞♦ s✐♥❛❧✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦

f t❡♠ ♦ s✉♣♦rt❡ ❤❛r♠ô♥✐❝♦ ❝♦♠♣❛❝t♦ ♥♦ ✐♥t❡r✈❛❧♦ l ∈ (α−1B,B)✱ s❡

flm = 0 ∀ l,m ❝♦♠ l /∈ (α−1B,B). ✭✸✳✽✮

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ♦❜t❡r ✉♠❛ ❢✉♥çã♦ f ❝♦♠ ♦ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱ ❜❛st❛ ❡s❝♦✲

❧❤❡r♠♦s ✉♠ ❦❡r♥❡❧ K(l) q✉❡ t❛♠❜é♠ t❡♥❤❛ ♦ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ♥❡ss❡ ♠❡s♠♦

✐♥t❡r✈❛❧♦✳ ◆❛ ✜❣✉r❛ ✸✳✷ ♣♦❞❡♠♦s ✈❡r ♦ s✉♣♦rt❡ ❞♦s ✇❛✈❡❧❡ts ❞❡✜♥✐❞♦s ♥❛

s❡çã♦ ✸✳✷✳

✸✳✸ ❈♦❡✜❝✐❡♥t❡s Slm

❆ ❞❡✜♥✐çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s Slm é ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❡st❡

tr❛❜❛❧❤♦✳ ❖s ❝♦❡✜❝✐❡♥t❡s alm r❡s✉❧t❛♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠ s✐♥❛❧ ❡♠

❤❛r♠ô♥✐❝♦s ❡s❢ér✐❝♦s tê♠ ❡♠ ❣❡r❛❧ ✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦ s❡♠♣r❡ q✉❡ l < B

❡ |m| ≤ l✱ ♦♥❞❡ B é ♦ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ ❞♦ s✐♥❛❧✱ ❛❝✐♠❛ ❞♦ q✉❛❧ t♦❞♦s ♦s ❝♦✲

❡✜❝✐❡♥t❡s tê♠ ✈❛❧♦r ③❡r♦✳ P❛r❛ ✈✐❛❜✐❧✐③❛r ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♦ ❝á❧❝✉❧♦ ❞❛

✷✾
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❋✐❣✉r❛ ✸✳✷✿ ❙✉♣♦rt❡ ❞♦ ❦❡r♥❡❧ ♣❛r❛ ✈ár✐❛s ❡s❝❛❧❛s j ❡ J = 8✳

❝♦rr❡❧❛çã♦ ✭✷✳✷✹✮ t❡♠♦s q✉❡ ❞✐♠✐♥✉✐r ❛ ♣r❡❝✐sã♦ ❞♦ s✐♥❛❧✳ P❛r❛ ✐ss♦ é ♥❡❝❡s✲

sár✐♦ ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞✐r❡❝✐♦♥❛❜✐❧✐❞❛❞❡✱ q✉❡ ❡stá ❧✐❣❛❞♦ à ❝❛♣❛❝✐❞❛❞❡

❞❡ ✉♠ ✇❛✈❡❧❡t ❡♥❝♦♥tr❛r ♦r✐❡♥t❛çõ❡s ❞❡ ❡str✉t✉r❛s ♥❛ ❡s❢❡r❛✳

❉❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ g(ω) ∈ L2(S2) ❝♦♠♦ ❞✐r❡❝✐♦♥á✈❡❧✱ s❡ q✉❛❧q✉❡r r♦✲

t❛çã♦ ❞❡❧❛ ❡♠ t♦r♥♦ ❞❡ s✐ ♠❡s♠❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ M ❞❡ ❢✉♥çõ❡s ❜❛s❡ gi

fζ(ω) =
M−1
∑

i=0

ki(ζ)gi(ω). ✭✸✳✾✮

❆s ❢✉♥çõ❡s ki(ζ) ❝♦♠ 0 ≤ ζ < π sã♦ ❢✉♥çõ❡s ♣❡s♦✳ ❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛

✐♠♣❧✐❝❛ ✉♠ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ ❛③✐♠✉t❛❧ ♣❛r❛ ♦ s✐♥❛❧✱ q✉❡ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❞❛

❢♦r♠❛

glm = 0 ∀ l,m ❝♦♠ |m| ≥ N. ✭✸✳✶✵✮

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♥ã♦ ♣r❡❝✐s❛♠♦s ❝♦♥s✐❞❡r❛r t♦❞❛s ❛s r♦t❛çõ❡s ♣♦ssí✈❡✐s

♥♦ ❝á❧❝✉❧♦ ❞❛ ❝♦rr❡❧❛çã♦✱ ❡ ❜❛st❛ q✉❡ s❡❥❛♠ ❢❡✐t♦s ❛♣❡♥❛s ♣❛r❛ N r♦t❛çõ❡s✳

✸✵



❖s ✇❛✈❡❧❡ts q✉❡ ❡st❛♠♦s ✉s❛♥❞♦ sã♦ ❞✐r❡❝✐♦♥á✈❡✐s ❡ tê♠ s✉❛ ❢♦r♠❛ ❞❛❞❛

♣♦r

Slm = ηNβ(N,m)

[

1

2γ(N,l)

(

γ(N, l)
γ(N,l)−m

2

)

]1/2

, ✭✸✳✶✶✮

❝♦♠

ηN =







i s❡ ◆ ♣❛r

1 s❡ ◆ í♠♣❛r
, ✭✸✳✶✷✮

❡

β(N,m) =







0 s❡ ◆ ✰ ♠ ♣❛r

1 s❡ ◆ ✰ ♠ í♠♣❛r.
, ✭✸✳✶✸✮

γ(N, l) = min

(

N − 1, l − 1 + (−1)N+l

2

)

. ✭✸✳✶✹✮

◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ✈❡♠♦s ♦ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦ ❞❛ ❞✐r❡❝✐♦♥❛❧✐❞❛❞❡✳ ❆ ❢✉♥çã♦

♠❛✐s à ❞✐r❡✐t❛ é ❛ s♦♠❛ ❞❛s ❞✉❛s ❢✉♥çõ❡s à s✉❛ ❡sq✉❡r❞❛✳

❋✐❣✉r❛ ✸✳✸✿ ❈♦♥tr♦❧❡ ❞❡ ❞✐r❡❝✐♦♥❛❜✐❧✐❞❛❞❡✳ ❆ ❢✉♥çã♦ ♠❛✐s à ❞✐r❡✐t❛ é ❛ s♦♠❛
❞❛s ❞✉❛s ❢✉♥çõ❡s à s✉❛ ❡sq✉❡r❞❛

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ ✜③❡♠♦s ♥❛ ✜❣✉r❛ ✸✳✶✱ ♣♦❞❡♠♦s ♠❛♥t❡r J ❡ ❛ ❡s❝❛❧❛

j ❝♦♥st❛♥t❡s ❡ ✈❛r✐❛r ❛♣❡♥❛s ♦ ♣❛râ♠❡tr♦ N ✳ P♦r ❡①❡♠♣❧♦✱ s❡ ♣r❡t❡♥❞❡♠♦s

✸✶
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❋✐❣✉r❛ ✸✳✹✿ ❊①❡♠♣❧♦ ❞♦ ❝♦♥tr♦❧❡ ❞❛ ❞✐r❡❝✐♦♥❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ✇❛✈❡❧❡t ❛ ♣❛rt✐r
❞♦ ♣❛râ♠❡tr♦ N ✳ ❯s❛♠♦s J = 8✱ j = 2 ❡ N = 1, 3, 127✳ ❖ ✇❛✈❡❧❡t ♠♦s✲
tr❛❞♦ ♥❛ ✜❣✉r❛ ✭c✮ t❛♠❜é♠ ❢♦✐ ✉s❛❞♦ ❡♠ ♥♦ss♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r
♠✉❧t✐♣❧❡t♦s✳ ❖s ❡✐①♦s ✉s❛♠ ✉♥✐❞❛❞❡s ❞❡ ❣r❛✉s✳

✐❞❡♥t✐✜❝❛r ❡str✉t✉r❛s ❝♦♠♦ ❢♦♥t❡s ♣♦♥t✉❛✐s✱ q✉❡ tê♠ s✐♠❡tr✐❛ ❡♠ t♦r♥♦ ❞❡ ✉♠

❡✐①♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r N = 1✱ ♣♦✐s ♥ã♦ ❤á ❞✐r❡çõ❡s ♣r❡❢❡r✐❞❛s ♥❡ss❡ ❝❛s♦✳

❏á ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ❡str✉t✉r❛ ✜❧❛♠❡♥t❛r✱ ❣♦st❛rí❛♠♦s ❞❡ t❡r ❛ ♠❛✐♦r ♣r❡❝✐sã♦

♣♦ssí✈❡❧✱ q✉❡ ♥❡ss❡ ❝❛s♦ é ❞❛❞❛ ♣♦r N = 2J−j+1✳ ◆❡ss❡ tr❛❜❛❧❤♦ ♣♦r ❡①❡♠♣❧♦✱

✉s❛♠♦s (J, j,N) = (8, 1, 127) ♥❛ ❜✉s❝❛ ♣♦r ♠✉❧t✐♣❧❡t♦s ✉♠❛ ✈❡③ q✉❡ ◆ = 127

é ♦ ♠❛✐♦r ✈❛❧♦r ♣♦ssí✈❡❧ ❞❡ N ♣❛r❛ j = 1 ❡ J = 8✳

❙❡ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❢♦r ♠✉✐t♦ ❛❧t♦ ♣❛r❛ ✉♠ ❞❛❞♦ N ♣♦❞❡♠♦s ❡s❝♦✲

❧❤❡r ✈❛❧♦r❡s ♠❡♥♦r❡s✱ ♣❡r❞❡♥❞♦ ✉♠ ♣♦✉❝♦ ❞❡ ♣r❡❝✐sã♦✱ ♠❛s s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡

❞❡ ♠✉❞❛r ❛ ❡s❝❛❧❛ ♣♦r ❡①❡♠♣❧♦✳

◆❛ ✜❣✉r❛ ✸✳✹✱ ✈❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❡♠ q✉❡ N ❛ss✉♠❡ ♦s ✈❛❧♦r❡s 1✱ 3 ❡ 127

❝♦♠ J = 8 ❡ j = 2✳

✸✳✹ ❘❡❝♦♥str✉çã♦ ❞♦ s✐♥❛❧

❆té ❛❣♦r❛✱ ✈✐♠♦s ❝♦♠♦ ♦❜t❡r ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✇❛✈❡❧❡ts ❞❡ ✉♠ s✐♥❛❧ f(θ, ϕ)✱

❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✻✮✳ ❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s✱ ♥♦ ❡♥t❛♥t♦✱ ♣r❡❝✐s❛♠♦s ❢❛✲

③❡r ♦ ❝❛♠✐♥❤♦ ✐♥✈❡rs♦✱ ♦✉ s❡❥❛✱ ❞❛❞❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ s✐♥❛❧ f ♥♦ ❡s♣❛ç♦ ❞❡

✇❛✈❡❧❡ts✱ ❞❡♥♦t❛❞♦ ♣♦r C(α, β, γ)✱ q✉❡r❡♠♦s r❡❝✉♣❡r❛r f ✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦

t❡♠ ❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s ❡♠ tr❛t❛♠❡♥t♦ ❞❡ s✐♥❛✐s✱ ♣♦✐s ♣❡r♠✐t❡ q✉❡ ♦♣❡✲

✸✷



r❛çõ❡s ❝♦♠♦ ✜❧tr❛❣❡♠ ❞♦ s✐♥❛❧ ❡ tr❛t❛♠❡♥t♦s ❡st❛tíst✐❝♦✱ s❡❥❛♠ ❛♣❧✐❝❛❞❛s ♥♦

❡s♣❛ç♦ ❞❡ ✇❛✈❡❧❡ts✱ ♦♥❞❡ ❝❡rt❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ s✐♥❛❧ sã♦ ♠❛✐s ❡✈✐❞❡♥t❡s✳

❉❡♥♦t❛♥❞♦ ♦s ♠✉❧t✐♣♦❧♦s ❞♦ s✐♥❛❧ f ♣♦r alm ❡ ♦s ♠✉❧t✐♣♦❧♦s ❞♦ ✇❛✈❡❧❡t

♣♦r (bj)lm✱ ♦♥❞❡ j r❡♣r❡s❡♥t❛ ❛ ❡s❝❛❧❛ ❞♦ ✇❛✈❡❧❡t✱ t❡♠♦s

alm = δ0lδ0ma00 +
2l + 1

8π2

J
∑

j=0

n=l
∑

n=−l

(bj)lm(f
j)lmn, ✭✸✳✶✺✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s (f j)lmn sã♦ ❞❛❞♦s ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✻✮✳ ❯♠❛ ✈❡③ q✉❡ ♦s

❝♦❡✜❝✐❡♥t❡s alm t❡♥❤❛♠ s✐❞♦ ♦❜t✐❞♦s✱ ✉♠❛ s✐♠♣❧❡s tr❛♥s❢♦r♠❛❞❛ ❡♠ ❤❛r♠ô✲

♥✐❝♦s ❡s❢ér✐❝♦s✱ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✱ ♣♦❞❡ r❡❝✉♣❡r❛r ♦ s✐♥❛❧ f ✳

✸✸
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❈❛♣ít✉❧♦ ✹

Pr♦❝✉r❛♥❞♦ ♣♦r ♠✉❧t✐♣❧❡t♦s

❲❤❛t ✇❡ ❤❛✈❡ t♦ ❧❡❛r♥ t♦ ❞♦ ✇❡ ❧❡❛r♥ ❜② ❞♦✐♥❣✳

✖ ❆❘■❙❚❖❚▲❊✱ ❊t❤✐❝❛ ◆✐❝♦♠❛❝❤❡❛ ■■ ✭❝✳ ✸✷✺ ❇✳❈✳✮

◆❡st❡ ❝❛♣ít✉❧♦♠♦str❛♠♦s ❝♦♠ ❞❡t❛❧❤❡s ♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛

❛ ❜✉s❝❛ ❞❡ ♠✉❧t✐♣❧❡t♦s ♥♦s ❞❛❞♦s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✳ ❆ ❜✉s❝❛ ♣♦r

♠✉❧t✐♣❧❡t♦s é ✉♠ tó♣✐❝♦ ♠✉✐t♦ ❛t✐✈♦ ♥❛ ❈♦❧❛❜♦r❛çã♦ P✐❡rr❡ ❆✉❣❡r ❞❡✈✐❞♦ ❛

s✉❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦ ❞❡ ❢♦♥t❡s ❞❡ r❛✐♦s ❝ós♠✐❝♦s✳ ❈♦♠♦ ♦ ❖❜s❡r✈❛tór✐♦

P✐❡rr❡ ❆✉❣❡r ❡stá ❝♦♥tr✐❜✉✐♥❞♦ ❞❡ ❢♦r♠❛ ❞❡❝✐s✐✈❛ ♣❛r❛ ❛ ❛♠♦str❛❣❡♠ ♥❛

r❡❣✐ã♦ ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s✱ s✉r❣❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❝❧❛r❛ ❞❡

✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❢♦♥t❡s ❝♦♠ ❡st❛tíst✐❝❛ s✐❣♥✐✜❝❛t✐✈❛✳

❖ ♥ú♠❡r♦ ❞❡ tr❛❜❛❧❤♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♠✉❧t✐♣❧❡t♦s ❛✐♥❞❛ é

♠✉✐t♦ ❞✐s❝r❡t♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ à ♠❛✐♦r✐❛ ❞♦s t❡♠❛s r❡❧❛❝✐♦♥❛❞♦s à ❢ís✐❝❛

❞❡ r❛✐♦s ❝ós♠✐❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ♦✜❝✐❛❧♠❡♥t❡ ❛ ❈♦❧❛❜♦r❛çã♦ P✐❡rr❡ ❆✉❣❡r

t❡♠ ❛♣❡♥❛s ✉♠ tr❛❜❛❧❤♦ ❬✼❪ ♣✉❜❧✐❝❛❞♦ s♦❜r❡ ♦ t❡♠❛❀ ♦s ❛rt✐❣♦s ❡♠ ❢♦r♠❛ ❞❡

●❛♣ ◆♦t❡s✱ q✉❡ sã♦ ◆♦t❛s ■♥t❡r♥❛s ♣r✐✈❛❞❛s ❛♦s ♠❡♠❜r♦s ❞❛ ❈♦❧❛❜♦r❛çã♦✱

❢♦r♥❡❝❡♠ ♦✉tr♦ ♠❡✐♦ ♣❛r❛ ❝♦♠✉♥✐❝❛çã♦ s♦❜r❡ ♦ ❛ss✉♥t♦✳ ❆té ♦ ♠♦♠❡♥t♦ ♦♥❞❡

❡s❝r❡✈♦ ❛♣❡♥❛s ✶✵ ●❛♣ ◆♦t❡s ❢♦r❛♠ ♣✉❜❧✐❝❛❞❛s s♦❜r❡ ♦ t❡♠❛✳ ❋♦r❛ ❞♦ ❖❜s❡r✲

✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✱ ♦ ❛✉t♦r ❞❡ss❛ t❡s❡ ❡♥❝♦♥tr♦✉ ❛♣❡♥❛s ✉♠ ♦✉tr♦ ❛rt✐❣♦

q✉❡ tr❛t❛ ❞♦ ♣r♦❜❧❡♠❛ ❬✶✻❪✳ ❉❡ss❛ ❢♦r♠❛✱ ✈❡♠♦s q✉❡ ❛♣❡s❛r ❞❛ ✐❞❡♥t✐✜❝❛çã♦

✸✺



❞❡ ♠✉❧t✐♣❧❡t♦s t❡r ❝♦♥s❡q✉ê♥❝✐❛s ❢ís✐❝❛s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s✱ ❡①✐st❡♠ ♣♦✉❝♦s

❝✐❡♥t✐st❛s tr❛❜❛❧❤❛♥❞♦ ♥♦ ♣r♦❜❧❡♠❛✳

◆❛ s❡çã♦ ✶✳✹ ✈✐♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♠✉❧t✐♣❧❡t♦s ❡ ✉♠❛ r❡✈✐sã♦ ❞♦s tr❛❜❛❧❤♦s

♠❛✐s ✐♠♣♦rt❛♥t❡s✱ q✉❡ tr❛t❛♠ ❞❡ s✉❛ ✐❞❡♥t✐✜❝❛çã♦✳ ◆❡ss❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥✲

t❛♠♦s ♦s ❞❡t❛❧❤❡s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦✳ ▼❛s ❛♥t❡s ❞✐ss♦ ✈❡r❡♠♦s ❝♦♠

♠❛✐s ❞❡t❛❧❤❡s ♦s ❞❡s❛✜♦s q✉❡ ❡♥❢r❡♥t❛r❡♠♦s✳

✹✳✶ ❇✉s❝❛ ♣♦r ❢♦rç❛ ❜r✉t❛

◗✉❛❧ ♦ ❛❧❣♦r✐t♠♦ ♠❛✐s s✐♠♣❧❡s q✉❡ ♣♦❞❡♠♦s ✐♠❛❣✐♥❛r ♣❛r❛ ♣r♦❝✉r❛r ♠✉❧t✐♣❧❡✲

t♦s ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s❄ ❙❡ ♦s ❝r✐tér✐♦s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❡✈❡♥t♦s ❝♦♠♦ ✉♠ ♠✉❧t✐♣❧❡t♦ ❡st✐✈❡r❡♠ ❜❡♠ ❞❡✜♥✐❞♦s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱

♦ ❛❧✐♥❤❛♠❡♥t♦ ❞♦s ❡✈❡♥t♦s ❡ s✉❛ ♦r❞❡♥❛çã♦ ❡♥❡r❣ét✐❝❛✱ t✉❞♦ q✉❡ t❡♠♦s ❛ ❢❛③❡r

é t❡st❛r t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ♣♦ssí✈❡✐s ❡ s❡❧❡❝✐♦♥❛r ♦s ❝♦♥❥✉♥t♦s q✉❡ s❛t✐s❢❛✲

③❡♠ ♦s ❝r✐tér✐♦s✳ ❱❡❥❛♠♦s ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ❡

❞❡ s✉❛s ✈❡rsõ❡s ♠❛✐s ❡❧❛❜♦r❛❞❛s✳

Pr✐♠❡✐r❛ t❡♥t❛t✐✈❛✳ ❆ ❢♦r♠❛ ♠❛✐s ó❜✈✐❛ ❞❡ ♣r♦❝✉r❛r ♣♦r ♠✉❧t✐♣❧❡t♦s é ♣❡❧♦

✉s♦ ❞❛ ❢♦rç❛ ❜r✉t❛✱ ♦✉ s❡❥❛✱ t❡st❛r q✉❛✐s ❝♦♥❥✉♥t♦s ❞❡ k ❡✈❡♥t♦s ❡♠ ✉♠ ❢✉♥❞♦

❞❡ n ❡✈❡♥t♦s✱ s❛t✐s❢❛③❡♠ ♦s ❝r✐tér✐♦s ♣❛r❛ s❡r❡♠ ❝♦♥s✐❞❡r❛❞♦s ❝❛♥❞✐❞❛t♦s✳ ❖

♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♠❜✐♥❛çõ❡s ♥❡ss❡ ❝❛s♦ é ❞❛❞♦ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧
(

n
k

)

✳

P❛r❛ ❢❛③❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ss❡ ♥ú♠❡r♦ ✈❛♠♦s ✉s❛r ✈❛❧♦r❡s ❝♦♠♣❛tí✈❡✐s

❝♦♠ ♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✱ q✉❡ é ❛t✉❛❧♠❡♥t❡ ♦ ❡①♣❡r✐♠❡♥t♦ q✉❡ ♠❛✐s

❝♦❧❡t❛ ❞❛❞♦s ♥❛ ❢❛✐①❛ ❞❡ ❡♥❡r❣✐❛ ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡✳ ❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡✈❡♥t♦s

♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡♥❡r❣✐❛ E > 15 ❊❡❱ é ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 4247✱ ♣♦rt❛♥t♦

♣❛r❛ ✜♥s ❞❡ ❡st✐♠❛t✐✈❛ ✉s❛r❡♠♦s n = 5000✳

➱ ❞✐❢í❝✐❧ ❡st✐♠❛r ♦ ♥ú♠❡r♦ k ❞❡ ❡✈❡♥t♦s q✉❡ ❝♦♠♣õ❡♠ ✉♠ ♠✉❧t✐♣❧❡t♦✳ ❆

♣✉❜❧✐❝❛çã♦ ❞❛ ❈♦❧❛❜♦r❛çã♦ P✐❡rr❡ ❆✉❣❡r s✉❣❡r❡ q✉❡ ❝❛♥❞✐❞❛t♦s ❝♦♠ ♠❡♥♦s

❞❡ k = 10 ♥ã♦ ❛♣r❡s❡♥t❛♠ ❡st❛tíst✐❝❛ s✐❣♥✐✜❝❛t✐✈❛✳ P♦rt❛♥t♦ ✉s❛r❡♠♦s ❡ss❡

♥ú♠❡r♦ ❡♠ ♥♦ss❛s ❡st✐♠❛t✐✈❛s✳ ❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♥❥✉♥t♦s q✉❡ t❡♠♦s q✉❡

❛♥❛❧✐s❛r é ♣♦rt❛♥t♦
(

n
k

)

= n!/k!(n − k)!✳ ◆♦ ♥♦ss♦ ❝❛s♦ ♦s ✈❛❧♦r❡s ❞❡ n!
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❡ (n − k)! sã♦ ♠✉✐t♦ ❛❧t♦s ❡ ♣♦rt❛♥t♦ ❥✉st✐✜❝❛✲s❡ ♦ ✉s♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡

❙t✐r❧✐♥❣ n! ≈
√
2πn(n/e)n✳ ❖ ❡rr♦ ❞❡ss❛ ❛♣r♦①✐♠❛çã♦ é ❞❡ 1/12n✱ ♦✉ s❡❥❛✱ ❞❛

♦r❞❡♠ ❞❡ ❖✭✶✵−5✮ ♣❛r❛ ♦s ♥ú♠❡r♦s ❡♥✈♦❧✈✐❞♦s✳ ❚❡♠♦s ♣♦rt❛♥t♦

(

n

k

)

=
n!

k!(n− k)!
,

≈
√
2πn(n/e)n

k!
√

2π(n− k)((n− k)/e)n−k
,

≈ (n/e)k(1− k/n)k−n−1/2

k!
,

≈ (n/e)k(1− (k − n− 1/2)k/n)

k!
, ✭✹✳✶✮

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❛♣r♦①✐♠❛çã♦✱ ✉s❛♠♦s ❛ ❡①♣❛♥sã♦ ❜✐♥♦♠✐❛❧ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡

(1 − k/n)k−n−1/2✳ ❉❡ss❛ ❢♦r♠❛ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣♦ss✐❜✐❧✐✲

❞❛❞❡s é ❞❡
(

5000
10

)

≈ 1, 34× 1026✳

❉❡✈✐❞♦ à ♠❛❣♥✐t✉❞❡ ❞❡ss❡ ♥ú♠❡r♦✱ ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ t❡st❛ t♦❞❛s ❛s ♣♦s✲

s✐❜✐❧✐❞❛❞❡s é ✐♥✈✐á✈❡❧ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✳ ◆♦ ❡♥t❛♥t♦✱ ❡st✉❞❛♥❞♦ ❝✉✐❞❛✲

❞♦s❛♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛✱ ✈❡♠♦s q✉❡ ♥❡♠ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ♣r❡❝✐s❛♠ s❡r

t❡st❛❞❛s✱ s❡ ❛ss✉♠✐r♠♦s ❛❧❣✉♥s ❢❛t♦s s♦❜r❡ ♠✉❧t✐♣❧❡t♦s✳

❙❡❣✉♥❞❛ t❡♥t❛t✐✈❛✳ ◆♦ ❝❛♣ít✉❧♦ ✶✱ ✈✐♠♦s q✉❡ ❛ ❞❡✢❡①ã♦ s♦❢r✐❞❛ ♣♦r ♣❛r✲

tí❝✉❧❛s ❝♦♠ ❡♥❡r❣✐❛s ♠✉✐t♦ ❛❧t❛s é ❞❡ ❛♣❡♥❛s ❛❧❣✉♥s ❣r❛✉s✳ ❉❡ss❛ ❢♦r♠❛

s❛❜❡♠♦s q✉❡ ❛ ♠❛✐♦r ♣❛rt❡ ❞❛s ❝♦♠❜✐♥❛çõ❡s ❝❛❧❝✉❧❛❞❛s ❡♠ ♥♦ss❛ ♣r✐♠❡✐r❛

t❡♥t❛t✐✈❛✱ ♥ã♦ r❡s✉❧t❛rã♦ ❡♠ ♠✉❧t✐♣❧❡t♦s ❡ ♣♦❞❡♠ s❡r ✐❣♥♦r❛❞❛s✳ Pr❡❝✐s❛♠♦s

❛♥❛❧✐s❛r ❛♣❡♥❛s ♦s ❝♦♥❥✉♥t♦s ❞❡ ❡✈❡♥t♦s ❝✉❥❛ ❞✐❢❡r❡♥ç❛ ❛♥❣✉❧❛r ❡♥tr❡ ♦ ❡✈❡♥t♦

❞❡ ♠❛✐♦r ❡ ♠❡♥♦r ❡♥❡r❣✐❛✱ ♥ã♦ ✉❧tr❛♣❛ss❡ ✉♠ ❝❡rt♦ ✈❛❧♦r ❞❡ ❝♦rt❡✳

❯♠ ❛❧❣♦r✐t♠♦ ♣♦ssí✈❡❧ s❡r✐❛✿ ❞❡✜♥✐r ✉♠❛ ♠❛❧❤❛ ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❡s❢❡r❛✱

❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✷✳✺✳ ❆ ❝❛❞❛ ♣♦♥t♦ ❞❛ ♠❛❧❤❛ ❛ss♦❝✐❛♠♦s ✉♠

❝ír❝✉❧♦ ❝♦♠ ✉♠ ❝❡rt♦ ❞✐â♠❡tr♦ ❡ s❡❧❡❝✐♦♥❛♠♦s ♦s ❡✈❡♥t♦s q✉❡ ✐♥❝✐❞❡♠ ♥❡ss❡

❝ír❝✉❧♦✳ ❈❛❧❝✉❧❛♥❞♦ t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♠✉❧t✐♣❧❡t♦s ♥❡ss❡s ❝♦♥❥✉♥t♦s

r❡❞✉③✐❞♦s ❞❡ ❡✈❡♥t♦s✱ t❡rí❛♠♦s t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s t❡st❛❞❛s✳ ❖❜✈✐❛♠❡♥t❡

❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ✐♥tr♦❞✉③ ✉♠ ❡rr♦ ❞❡✈✐❞♦ ❛♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ♦s ♣♦♥t♦s

✸✼



❞❛ ♠❛❧❤❛✱ q✉❡ ♣♦❞❡ s❡r ❢❡✐t♦ tã♦ ♣❡q✉❡♥♦ q✉❛♥t♦ s❡ q✉❡✐r❛✱ ❛✉♠❡♥t❛♥❞♦ ❛

r❡s♦❧✉çã♦ ❞❛ ♠❛❧❤❛ ✭r❡s✉❧t❛♥❞♦ ❡♠ ♠❛✐♦r t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❛♥á❧✐s❡✮✳

P❛r❛ ❡st✐♠❛r ♦ ♥ú♠❡r♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ♥❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ✈❛♠♦s ❛s✲

s✉♠✐r q✉❡ t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡✈❡♥t♦s ❞✐str✐❜✉í❞♦s ✉♥✐❢♦r♠❡♠❡♥t❡ ♥♦ ❝é✉

❡ q✉❡ ❛ ♠❛❧❤❛ ✉s❛❞❛ é ❞❛❞❛ ♣❡❧❛ t❡ss❡❧❛çã♦ ❊❈P✱ ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦ ✷✳✺✳

❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣♦♥t♦s ❞❡ss❛ t❡ss❡❧❛çã♦ ♥❛ ❞✐s❝r❡t✐③❛çã♦ q✉❡ ❛❞♦t❛♠♦s é

❞❛❞♦ ♣♦r n = 4B2✱ ♦♥❞❡ B✱ ❝❤❛♠❛❞♦ ❞❡ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ ❞♦ s✐♥❛❧✱ ❡stá r❡❧❛❝✐✲

♦♥❛❞♦ ❝♦♠ ♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛✳ ❆ ár❡❛ ♦♥❞❡ ✐♥❝✐❞❡♠ ♦s

❡✈❡♥t♦s ❛ss♦❝✐❛❞♦s ❛ ❝❛❞❛ ❝ír❝✉❧♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❢❛❝✐❧♠❡♥t❡ ♣❛r❛ ♦ ♣♦♥t♦

❧♦❝❛❧✐③❛❞♦ ♥♦ ♣♦❧♦ ❞❛ ❡s❢❡r❛

Ac =

∫ θ

0

∫ 2π

0

r2 sin θdθdϕ, ✭✹✳✷✮

= 2πr2(1− cos θ). ✭✹✳✸✮

❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡✈❡♥t♦s nc ✐♥❝✐❞❡♥t❡s ❡♠ ✉♠ ❝ír❝✉❧♦ é ❞❛❞♦ ♣♦r nc =

ntAc/Ae✱ ♦♥❞❡ nt é ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡✈❡♥t♦s ♥♦ ❝é✉ ✐s♦tró♣✐❝♦✱ Ac ❛ ár❡❛ ❞♦

❝ír❝✉❧♦ ❡ Ae ❛ ár❡❛ ❞❛ ❡s❢❡r❛✳

❉❡ss❛ ❢♦r♠❛ t❡♠♦s nc = nt(1− cos θ)/2✳ P❛r❛ nt = 5000 ❡ θ = 10◦✱ t❡♠♦s

nc ≈ 38 ❡✈❡♥t♦s✳ ❉❡ss❛ ❢♦r♠❛ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❛ss♦❝✐❛❞♦ ❛

✉♠ ♣♦♥t♦ ❞❛ ♠❛❧❤❛ é ❡♠ ♠é❞✐❛
(

38
10

)

= 472.733.756✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❡ss❡ ✈❛❧♦r

♣❡❧♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣♦♥t♦s ❞❛ ♠❛❧❤❛✱ t❡♠♦s ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♦♣❡r❛çõ❡s ❛

s❡r❡♠ ❢❡✐t❛s

4B2

(

38

10

)

= 4(256)2472.733.756,

= 123.924.317.732.864,

≈ 1, 23× 1014, ✭✹✳✹✮

✭✹✳✺✮

♦♥❞❡ ✉s❛♠♦s B = 256✳ ❊ss❡ ✈❛❧♦r ❞❡ B ♣r♦❞✉③ ✉♠ ❡s♣❛ç❛♠❡♥t♦ ❞❡ ❛♣r♦①✐✲

✸✽



♠❛❞❛♠❡♥t❡ 0.7◦ ♣❛r❛ ♣♦♥t♦s ♣ró①✐♠♦s ❛♦ ❡q✉❛❞♦r✳ ❆♣❡s❛r ❞❡ 1, 23 × 1014

s❡r ♠✉✐t♦ ♠❡♥♦r ❞♦ q✉❡ 1, 34×1026✱ ❛✐♥❞❛ ♥ã♦ é ✈✐á✈❡❧ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♠✉✐t❛s s✐♠✉❧❛çõ❡s ❞❡✈❡♠ s❡r ❢❡✐t❛s✳

◆❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ♦ t❡♠♣♦ ❣❛st♦ ♣❛r❛ ❣❡r❛r ❛s ❝♦♠❜✐♥❛çõ❡s ❞❡ ❡✈❡♥t♦s

❡ t❡stá✲❧❛s ♥ã♦ é ♦ ú♥✐❝♦ ❛ s❡r ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛ ♥♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ t♦t❛❧✳

❚❡♠♦s ✉♠ ♥♦✈♦ ❢❛t♦r ✐♠♣♦rt❛♥t❡✳ P❛r❛ s❡❧❡❝✐♦♥❛r ♦s ❡✈❡♥t♦s ✐♥❝✐❞❡♥t❡s ❡♠

❝❛❞❛ ❝ír❝✉❧♦✱ t❡♠♦s q✉❡ ♣❡r❝♦rr❡r t♦❞♦s ♦s ❞❛❞♦s ♥♦✈❛♠❡♥t❡✱ ♦✉ s❡❥❛✱ ✈❛♠♦s

♣❡r❝♦rr❡r ♦s n = 5000 ❡✈❡♥t♦s 4B2 = 262144 ✈❡③❡s✱ ❢❛t♦ q✉❡ ♥ã♦ ♦❝♦rr❡✉ ❡♠

♥♦ss❛ ♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛✳

❈♦♠♦ ❛♥t❡s✱ ❛✐♥❞❛ ❡①✐st❡♠ ❢❛t♦s s♦❜r❡ ♠✉❧t✐♣❧❡t♦s q✉❡ ♣♦❞❡♠ s❡r ✉s❛❞♦s

♣❛r❛ s✐♠♣❧✐✜❝❛r ♦ ❛❧❣♦r✐t♠♦✳ ❊ss❡ é ♦ ♣♦♥t♦ ❞❡ ♥♦ss❛ t❡r❝❡✐r❛ t❡♥t❛t✐✈❛✳

❚❡r❝❡✐r❛ t❡♥t❛t✐✈❛✳ ❊♠ ✈❡③ ❞❡ t❡st❛r♠♦s t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❞❡♥tr♦ ❞♦s

❝ír❝✉❧♦s ❝♦♠♦ ✜③❡♠♦s ❡♠ ♥♦ss❛ s❡❣✉♥❞❛ t❡♥t❛t✐✈❛✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦s

❡✈❡♥t♦s ❛ss♦❝✐❛❞♦s ❛ ✉♠ ♠✉❧t✐♣❧❡t♦ ❡stã♦ ❞✐str✐❜✉í❞♦s ❛♦ ❧♦♥❣♦ ❞♦ s❡❣♠❡♥t♦

❞❡ ✉♠❛ ❣❡♦❞és✐❝❛ q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ ❝❡♥tr❛❧ ❞♦ ❝ír❝✉❧♦ ✭❛s ❣❡♦❞és✐❝❛s ♥❛

s✉♣❡r❢í❝✐❡ ❞❛ ❡s❢❡r❛ sã♦ ❝✉r✈❛s ❢♦r♠❛❞❛s ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡ ✉♠ ♣❧❛♥♦ q✉❡

♣❛ss❛ ♣❡❧♦ ❝❡♥tr♦ ❞❛ ❡s❢❡r❛ ❝♦♠ s✉❛ s✉♣❡r❢í❝✐❡✱ t❛♠❜é♠ ❝❤❛♠❛❞♦s ❞❡ ❣r❛♥❞❡s

❝ír❝✉❧♦s✮✱ ❞❡ss❛ ❢♦r♠❛✱ ❡♠ ✈❡③ ❞❡ t❡st❛r t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡♥tr♦ ❞♦

❝ír❝✉❧♦ ♣r❡❝✐s❛♠♦s ❛♥❛❧✐s❛r ❛♣❡♥❛s ♦s ❡✈❡♥t♦s ❞✐str✐❜✉í❞♦s ❛♦ ❧♦♥❣♦ ❞❡ss❡s

s❡❣♠❡♥t♦s✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✳ ❖❜✈✐❛♠❡♥t❡ t❡♠♦s ✉♠❛ q✉❛♥t✐❞❛❞❡

✐♥✜♥✐t❛ ❞❡ ♦r✐❡♥t❛çõ❡s ❛ t❡st❛r✱ ♠❛s s❡ ♦ ❡rr♦ ✐♥tr♦❞✉③✐❞♦ ♣♦r ✉♠ ❞✐s❝r❡t✐③❛çã♦

❞❛ ✈❛r✐á✈❡❧ γ✱ q✉❡ ❞❡s❝r❡✈❡ ♦ ♦r✐❡♥t❛çã♦ ❞♦ s❡❣♠❡♥t♦ ❢♦r ❛❝❡✐tá✈❡❧✱ t❡♠♦s ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ✈✐á✈❡❧ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✳

❙❡ ✉s❛r♠♦s ♦ ♠❡s♠♦ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ B ♣❛r❛ γ ❝♦♠♦ ❢♦✐ ✉s❛❞♦ ♣❛r❛ α ❡

β✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❡✈❡♥t♦s q✉❡ t❡♠♦s q✉❡ t❡st❛r é ❞❛❞♦ ♣♦r

✸✾



(2B)3✳ ❯s❛♥❞♦ B = 256 t❡♠♦s

(2B)3 = 23(28)3,

= 227,

= 134.217.728,

≈ 1, 34× 108.

▲❡♠❜r❛♠♦s ❛q✉✐✱ q✉❡ ♣❛r❛ ❢♦r♠❛r ❝❛❞❛ ✉♠ ❞♦s (2B)3 ❝♦♥❥✉♥t♦ ❞❡ ❡✈❡♥t♦s

✉s❛❞♦s ♥❡ss❛ ❛♥á❧✐s❡✱ ♣r❡❝✐s❛♠♦s ♣❡r❝♦rr❡r t♦❞♦s ♦s ❞❛❞♦s ❡ s❡❧❡❝✐♦♥❛r ❛♣❡♥❛s

♦s ❡✈❡♥t♦s q✉❡ ✐♥❝✐❞❡♠ ♥❛ t✐r❛✳

❆♣❡s❛r ❞❛ ❛♣❛r❡♥t❡ ✈✐❛❜✐❧✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❡ss❡ ❛❧❣♦r✐t♠♦ ❞❡✐①❛ ❞❡

s❡r ❛tr❛❡♥t❡ ♣❡❧♦ ❢❛t♦ ❞❡ s❡r ♠✉✐t♦ s❡♥sí✈❡❧ ❛ r✉í❞♦✳ ◗✉❛♥❞♦ s❡❧❡❝✐♦♥❛♠♦s

♦s ❡✈❡♥t♦s ✐♥❝✐❞❡♥t❡s ❡♠ ✉♠ t✐r❛✱ ♥ã♦ t❡♠♦s ❛ ❣❛r❛♥t✐❛ ❞❡ q✉❡ ✐♥❝✐❞✐rã♦

❛♣❡♥❛s ❡✈❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ♠✉❧t✐♣❧❡t♦✳ ❊✈❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ❢✉♥❞♦

t❛♠❜é♠ ❡st❛rã♦ ♣r❡s❡♥t❡s✱ ❣❡r❛♥❞♦ r✉í❞♦✳ ❱❡r❡♠♦s q✉❡ ♦ ♦❜s❡r✈á✈❡❧ q✉❡

✉s❛♠♦s ♣❛r❛ ❝❧❛ss✐✜❝❛r ♦s ♠✉❧t✐♣❧❡t♦s ❝♦♠♦ ❝❛♥❞✐❞❛t♦s é ♠✉✐t♦ s❡♥sí✈❡❧ ❛

r✉í❞♦✱ ❡ ♣♦rt❛♥t♦ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ é ❛❞❡q✉❛❞♦ ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ s❡❧❡çã♦ ❞❡

❝❛♥❞✐❞❛t♦s ❛ ♠✉❧t✐♣❧❡t♦✳

✹✳✷ ◆♦✈♦ ❛❧❣♦r✐t♠♦

❉❡s❝r❡✈❡♠♦s ❛❜❛✐①♦ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ❞❡s❡♥✈♦❧✈❡♠♦s ♣❛r❛ ❜✉s❝❛ ❞❡ ♠✉❧✲

t✐♣❧❡t♦s✳ ❊ss❡ ❛❧❣♦r✐t♠♦ s❡ ❜❛s❡✐❛ ♥♦ ✉s♦ ❞❡ ✇❛✈❡❧❡ts ❡s❢ér✐❝♦s ♣❛r❛ ❡♥❝♦♥tr❛r

❛ ❧♦❝❛❧✐③❛çã♦ α ❡ β ❡ ♦r✐❡♥t❛çã♦ γ ❞♦s ♠✉❧t✐♣❧❡t♦s ♥❛ ❡s❢❡r❛ ❝❡❧❡st❡✳ ❖s ❞❛❞♦s

❞❡ ❡♥tr❛❞❛ sã♦ ❛s ❞✐r❡çõ❡s ❞❡ ✐♥❝✐❞ê♥❝✐❛ (θ, ϕ) ❞♦s r❛✐♦s ❝ós♠✐❝♦s ❥✉♥t❛♠❡♥t❡

❝♦♠ s✉❛ ❡♥❡r❣✐❛ E✳

❈♦♠♦ ❝♦♥✜❣✉r❛çã♦ ❞❛ ❛♥á❧✐s❡✱ ❡s❝♦❧❤❡♠♦s q✉❛❧ ✇❛✈❡❧❡t s❡rá ✉s❛❞♦✳ ❆

❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡♣❡♥❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ ♠ã♦ ❡ é ❢❡✐t❛ ❛❥✉st❛♥❞♦ ♦s ♣❛râ✲

♠❡tr♦s J ✱ j ❡ N ❝♦♠♦ ❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ✸✳ ❯♠❛ ✈❡③ ❢❡✐t❛ ❡ss❛ ❡s❝♦❧❤❛✱ ♦

❛❧❣♦r✐t♠♦ s❡❣✉❡ ❞❛ ❢♦r♠❛

✹✵





✶✳ P❛r❛ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❡✈❡♥t♦s✱ ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ f(θ, ϕ)✱ q✉❡ r❡✲

♣r❡s❡♥t❛ ♦ s✐♥❛❧✳ ■ss♦ ❡♥✈♦❧✈❡ ❡s❝♦❧❤❡r ✉♠❛ t❡ss❡❧❛çã♦ ♥❛ ❡s❢❡r❛ ❡ ❝♦♥t❛r

♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s q✉❡ ❛t✐♥❣❡♠ ❝❛❞❛ ♣✐①❡❧ ❞❛ ❡s❢❡r❛✳

✷✳ ❈❛❧❝✉❧❛r ❛ ❡①♣❛♥sã♦ ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ f(θ, ϕ)✱ r❡s✉❧t❛♥❞♦ ♥♦s ❝♦❡✲

✜❝✐❡♥t❡s alm✱ ❝♦♠♦ ❞❡s❝r✐t♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✳

✸✳ ❈❛❧❝✉❧❛r ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✇❛✈❡❧❡ts ❞♦ s✐♥❛❧✱ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✻✮✱

❝♦♠ blm ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✮✳

✹✳ ❙❡❧❡❝✐♦♥❛r ❛s tr✐♣❧❛s (α, β, γ)i✱ ♣❛r❛ ❛s q✉❛✐s ❛ ❝♦rr❡❧❛çã♦ C(α, β, ϕ)i >

C0✱ ♦♥❞❡ C0 é ✉♠ ✈❛❧♦r ❞❡ ❝♦rt❡✱ r❡s✉❧t❛♥❞♦ ❡♠ M ❝♦❡✜❝✐❡♥t❡s C✳

✺✳ ❙❡❧❡❝✐♦♥❛r ♦s ❡✈❡♥t♦s q✉❡ ❛t✐♥❣❡♠ ♦ ❝é✉ ❡♠ ❝❛❞❛ (α, β, γ) s❡❧❡❝✐♦♥❛❞♦✱

r❡s✉❧t❛♥❞♦ ❡♠ M ❣r✉♣♦s ❞❡ ❡✈❡♥t♦s✳

✻✳ ❉❡s❝❛rt❛r t♦❞♦s ♦s ❣r✉♣♦s ❞❡ ❡✈❡♥t♦s ♣❛r❛ ♦s q✉❛✐s n < n0✱ ♦♥❞❡ n é ♦

♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s ♥♦ ❣r✉♣♦ ❡ n0 é ✉♠ ✈❛❧♦r ❞❡ ❝♦rt❡✳

✼✳ P❛r❛ ❝❛❞❛ ❣r✉♣♦ ❞❡ ❡✈❡♥t♦s r❡st❛♥t❡s✱ ❝❛❧❝✉❧❛r ❛ ❝♦rr❡❧❛çã♦ c ❞♦ ❣rá✜❝♦

E×δ✱ ♦♥❞❡ E é ❛ ❡♥❡r❣✐❛ ❞♦ ❡✈❡♥t♦ ❡ δ ♦ â♥❣✉❧♦ ❞❡ ❞❡✢❡①ã♦✳ ❆ ❞❡✢❡①ã♦

é ❝❛❧❝✉❧❛❞❛ ❡♠ r❡❧❛çã♦ ❛ ✉♠ ❞♦s ❡✈❡♥t♦s ❞♦ ❣r✉♣♦✳

✽✳ ❆❝❡✐t❛r ❝♦♠♦ ❝❛♥❞✐❞❛t♦ ❛ ♠✉❧t✐♣❧❡t♦✱ t♦❞♦s ♦s ❣r✉♣♦s ❞❡ ❡✈❡♥t♦s✱ ♣❛r❛

♦s q✉❛✐s c > c0✱ ♦♥❞❡ c0 é ✉♠ ✈❛❧♦r ❞❡ ❝♦rt❡✳

❊st❛❜❡❧❡❝❡♥❞♦ ✈❛❧♦r❡s ❞❡ ❝♦rt❡✳ ❖ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦ ❛❝✐♠❛ ♣r❡ss✉✲

♣õ❡ três ✈❛❧♦r❡s ❞❡ ❝♦rt❡✱ C0✱ n0 ❡ c0✳ ◗✉❛♥t♦ ♠❡❧❤♦r ♣✉❞❡r♠♦s ❡st✐♠❛r ❡st❡s

✈❛❧♦r❡s✱ ♠❡❧❤♦r s❡rá ❛ ❝♦♥✜❛♥ç❛ ♥♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ♣♦r ✐ss♦ s✉❣❡r✐♠♦s

❛q✉✐ ❝♦♠♦ ✐ss♦ ♣♦❞❡ s❡r ❢❡✐t♦✳

Pr✐♠❡✐r❛♠❡♥t❡ ♣r❡❝✐s❛♠♦s ❝♦♥❤❡❝❡r ♦s ❞❛❞♦s ♦♥❞❡ q✉❡r❡♠♦s ❜✉s❝❛r ♠✉❧✲

t✐♣❧❡t♦s✳ ❆s ❞✉❛s q✉❛♥t✐❞❛❞❡s ❞❡ ✐♥t❡r❡ss❡ ❛q✉✐ sã♦ ❛ ❡①♣♦s✐çã♦ ❞♦ ❡①♣❡r✐✲

♠❡♥t♦✱ ✐st♦ é✱ q✉❛♥t♦s ❡✈❡♥t♦s ❡♠ ✉♠❛ ❞❛❞❛ ❞✐r❡çã♦ sã♦ ❡s♣❡r❛❞♦s ❡ ❛ ❞✐str✐✲

❜✉✐çã♦ ❞❡ ❡♥❡r❣✐❛ q✉❡ ❡❧❡s s❡❣✉❡♠✳ ❯♠❛ ✈❡③ q✉❡ t❡♥❤❛♠♦s ❡ss❛s ✐♥❢♦r♠❛çõ❡s

✹✷



♣♦❞❡♠♦s s✐♠✉❧❛r M ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ❝♦♠ ❛s ♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ♠❛s

♦♥❞❡ ♥ã♦ ❤á ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ♦✉ s❡❥❛ ♦♥❞❡ ✉♠ ♠✉❧t✐♣❧❡t♦ só ♣♦❞❡ ♦❝♦rr❡r ❛♦

❛❝❛s♦✳ ❉❡ss❛ ❢♦r♠❛ s❡r❡♠♦s ❝❛♣❛③❡s ❞❡ s❛❜❡r ❝♦♠ q✉❡ ❢r❡q✉ê♥❝✐❛ ♠✉❧t✐♣❧❡t♦s

♦❝♦rr❡♠ ❡♠ ✉♠ ❝é✉ ✐s♦tró♣✐❝♦✱ ♦✉ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣♦❞❡r❡♠♦s r❡s♣♦♥❞❡r

❝♦♠ q✉❡ ❢r❡q✉ê♥❝✐❛ t❡r❡♠♦s |C| > C0✱ n > n0 ❡ c > cc✱ ♦❝♦rr❡♥❞♦ ❛♦ ❛❝❛s♦✳

P❛r❛ ❞❡t❡r♠✐♥❛r ♦s ✈❛❧♦r❡s ♣♦❞❡♠♦s ✉s❛r ♦ ❛❧❣♦r✐t♠♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❆♣❧✐❝❛r ♦ ❛❧❣♦r✐t♠♦ ❡♠M ❝é✉s s✐♠✉❧❛❞♦s✱ ♦♥❞❡ ♥♦ ♣❛ss♦ 5 ❡s❝♦❧❤❡♠♦s ❛♣❡♥❛s

♦ ♠❛✐♦r ❝♦❡✜❝✐❡♥t❡ C✳ ❈♦♠ ✐ss♦ ❝❤❡❣❛r❡♠♦s ❛♦ ♣❛ss♦ 7 ❝♦♠ ❛♣❡♥❛s ✉♠❛

❝♦rr❡❧❛çã♦ c✳ ❈♦♠ M ✈❛❧♦r❡s ❞❡ C ❡ c✱ ❝❛❧❝✉❧❛♠♦s ♦s ✈❛❧♦r❡s ❞❡ ❝♦rt❡ ❞❛

❢♦r♠❛

C0 = C̄ + aσC ❡ c0 = c̄+ bσc, ✭✹✳✻✮

♦♥❞❡ C̄ ❡ c̄ r❡♣r❡s❡♥t❛♠ ♠é❞✐❛s s♦❜r❡ M ✈❛❧♦r❡s ❡ σC ❡ σc ♦s r❡s♣❡❝t✐✈♦s

❞❡s✈✐♦s ♣❛❞rã♦✳ ❖s ✈❛❧♦r❡s ❞❡ a ❡ b ♣♦❞❡♠ s❡r ❛❥✉st❛❞♦s ♣❛r❛ t♦r♥❛r ♦

❝r✐tér✐♦ ❞❡ ❝♦rt❡ ♠❛✐s s❡✈❡r♦✳ ◆❡ss❡ tr❛❜❛❧❤♦ ✉s❛♠♦s a = b = 1✳

❖ ✈❛❧♦r ❞❡ ❝♦rt❡ n0 ❞❡✈❡ s❡r ❡s❝♦❧❤✐❞♦ ❝❛s♦ ❛ ❝❛s♦✳ P♦r ❡①❡♠♣❧♦ ❡♠ ♥♦ss❛

❛♥á❧✐s❡✱ s✐♠✉❧❛♠♦s ✉♠ ♠✉❧t✐♣❧❡t♦ ❝♦♠ ❞❡③ ❡✈❡♥t♦s✱ ❡ ♣♦rt❛♥t♦ ❝♦♥s✐❞❡r❛♠♦s

n0 = 10✱ ♦✉ s❡❥❛✱ t♦❞♦s ♦s ❝❛♥❞✐❞❛t♦s ❛ ♠✉❧t✐♣❧❡t♦s ❞❡✈❡♠ t❡r ♠❛✐s ❞❡ ❞❡③

❡✈❡♥t♦s✳

❙❡❧❡çã♦ ❡✈❡♥t♦s✳ ❆ ❞✐stâ♥❝✐❛ ✐♥✜♥✐t❡s✐♠❛❧ ds ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❡♠ ❝♦♦r❞❡✲

♥❛❞❛s ❡s❢ér✐❝❛s é ❞❛❞❛ ♣♦r

ds2 = dr2 + r2((dβ)2 + sin2 β(dα)2). ✭✹✳✼✮

❈♦♠♦ ❡st❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ❞✐stâ♥❝✐❛s ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠❛ ❡s❢❡r❛✱ t❡♠♦s dr =

0✳ ❈♦♠ ❡ss❛ s✐♠♣❧✐✜❝❛çã♦ ds ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

ds2 = r2((dβ)2 + sin2 β(dα)2). ✭✹✳✽✮

❯♠ ✈❡t♦r ✐♥✜♥✐t❡s✐♠❛❧ q✉❛❧q✉❡r ♥♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ à ❡s❢❡r❛ ❝♦♠ ♦r✐❣❡♠ ❡♠

✹✸



(r, α, β) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

~d = rdββ̂ + r sin βdαα̂ ✭✹✳✾✮

❆❣♦r❛ ❡s❝r❡✈❡♠♦s ❡ss❡ ✈❡t♦r ❡♠ t❡r♠♦s ❞♦s ✈❡rs♦r❡s L̂✱ q✉❡ ❡stá ❛❧✐♥❤❛❞♦ ❝♦♠

♦ ♠✉❧t✐♣❧❡t♦ ❡ Ŵ ✱ q✉❡ é ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ♠✉❧t✐♣❧❡t♦✳ ❊ss❡s ❞♦✐s ✈❡rs♦r❡s s❡

r❡❧❛❝✐♦♥❛♠ ❝♦♠ α̂ ❡ β̂ ❛tr❛✈és ❞❡ ✉♠❛ r♦t❛çã♦ ❞❡ ✉♠ â♥❣✉❧♦ γ

α̂ = cos γL̂− sin γŴ ✭✹✳✶✵✮

β̂ = sin γL̂+ cos γŴ . ✭✹✳✶✶✮

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ✹✳✾ ❞❛ ❢♦r♠❛

~d = dL̂L̂+ dŴ Ŵ ✭✹✳✶✷✮

♦♥❞❡ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥❛s ❞✐r❡çõ❡s L̂ ❡ Ŵ sã♦ ❞❛❞♦s ♣♦r

dL̂ = r(dβ cos γ + sin βdα sin γ) ✭✹✳✶✸✮

dŴ = r(−dβ sin γ + sin βdα cos γ). ✭✹✳✶✹✮

❆s ❡q✉❛çõ❡s ❛❝✐♠❛ ❢♦r❛♠ ✉s❛❞❛s ❡♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r

q✉❛✐s ❡✈❡♥t♦s ❡stã♦ ❞❡♥tr♦ ❞❡ ✉♠ s❡❣♠❡♥t♦ ❡ q✉❛✐s ♥ã♦✳

✹✳✸ ❆♥á❧✐s❡ ❡♠ s✐♠✉❧❛çõ❡s ❝♦♠ ❈❘Pr♦♣❛

❆♥t❡s ❞❡ ❛♣❧✐❝❛r ♦ ❛❧❣♦r✐t♠♦ ❡♠ ❞❛❞♦s r❡❛✐s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡ ❆✉❣❡r✱

✈❛♠♦s t❡stá✲❧♦ ❡♠ ❞❛❞♦s s✐♠✉❧❛❞♦s✱ ♦♥❞❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦

♣♦❞❡ s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠ ♠❛✐s ❝❧❛r❡③❛✳

❯s❛♠♦s ♦ ♣r♦❣r❛♠❛ ❈❘Pr♦♣❛ ♣❛r❛ s✐♠✉❧❛r ♠✉❧t✐♣❧❡t♦s ❡♠ ✉♠ ❝❡♥ár✐♦

❝♦♥tr♦❧❛❞♦✱ ♦♥❞❡ ❛s ❢♦♥t❡s ✐♥❥❡t❛♠ ♣❛rtí❝✉❧❛s ❝♦♠ ✉♠ ❡s♣❡❝tr♦ ❞❡ ❡♥❡r❣✐❛s

q✉❡ ♦❜❡❞❡❝❡ ❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ E−2.2✳ ❆s ❢♦♥t❡s sã♦ ❝♦♥s✐❞❡r❛❞❛s ♣♦♥t✉❛✐s ❡

✹✹



❞✐st❛♠ 30 ▼♣❝ ❞♦ ♦❜s❡r✈❛❞♦r✳ ❖ ♦❜s❡r✈❛❞♦r ♣♦r s✉❛ ✈❡③ é ✉♠❛ ❡s❢❡r❛ ❝♦♠

r❛✐♦ ✶▼♣❝✳ ❆s ♣❛rtí❝✉❧❛s ♣r♦♣❛❣❛♠ ❡♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ ✶ ♥●✳

❈❛❞❛ ❢♦♥t❡ ✐♥❥❡t❛ ♠✉✐t❛s ♣❛rtí❝✉❧❛s ♠❛s ❛♣❡♥❛s ❛❧❣✉♠❛s ❝❤❡❣❛♠ ❛♦ ♦❜✲

s❡r✈❛❞♦r✱ ❞❡✈✐❞♦ à ❞❡✢❡①ã♦ s♦❢r✐❞❛ ♣❡❧♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ❉❡✈✐❞♦ ❛ s✐♠❡tr✐❛

❡s❢ér✐❝❛ ❞♦ ♣r♦❜❧❡♠❛✱ ♥ã♦ t❡♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✈❛r✐❛r ❛ ♣♦s✐çã♦ ❞♦ ♠✉❧✲

t✐♣❧❡t♦✱ ♣♦rt❛♥t♦✱ ❞♦s ✈ár✐♦s ♠✉❧t✐♣❧❡t♦s s✐♠✉❧❛❞♦s✱ ❡s❝♦❧❤❡♠♦s ❛♣❡♥❛s ✉♠

♣❛r❛ s❡r ✉s❛❞♦ ❡♠ ♥♦ss❛ ❛♥á❧✐s❡✳ ❖ ♠✉❧t✐♣❧❡t♦ ❡s❝♦❧❤✐❞♦ é ❝♦♠♣♦st♦ ❞❡ ❞❡③

♣❛rtí❝✉❧❛s✱ ♦♥❞❡ ❛s ♣❛rtí❝✉❧❛s t❡♠ ❡♥❡r❣✐❛ ♥♦ ✐♥t❡r✈❛❧♦ 15 < E < 55 ❊❡❱ ❡

s✉❛ ❝♦rr❡❧❛çã♦ é ❞❡ c = 0.99✱ ♦✉ s❡❥❛✱ ♦ ❣rá✜❝♦ δ × 1/E s❡ ❛♣r♦①✐♠❛ ❞❡ ✉♠❛

❧✐♥❤❛ r❡t❛✳

❆ ❛♥á❧✐s❡ s❡❣✉❡ ❝♦♠ ♦s ♣❛ss♦s✳ ❙✐♠✉❧❛♠♦s ❝é✉s ✐s♦tró♣✐❝♦s ❝♦♠ ♦s s❡✲

❣✉✐♥t❡s ♥ú♠❡r♦s ❞❡ ♣❛rtí❝✉❧❛s M = 100, 200, ..., 1000✳ P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ M ✱

✜③❡♠♦s 1000 s✐♠✉❧❛çõ❡s✳ ❖s ❡✈❡♥t♦s sã♦ s✐♠✉❧❛❞♦s ❝♦♠ ❡①♣♦s✐çã♦ ✉♥✐❢♦r♠❡

♥♦ ❝é✉ ❡ ❝♦♠ ❛✉sê♥❝✐❛ ❞❡ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ♣❛r❛ ❞❡✢❡t✐r ❛s ♣❛rtí❝✉❧❛s✳

◆❡ss❡ ❝❛s♦ ✉♠ ♠✉❧t✐♣❧❡t♦ ♣♦❞❡ ♦❝♦rr❡r s♦♠❡♥t❡ ❛♦ ❛❝❛s♦✳ ❆ ♣❛rt✐r ❞❡ss❡

❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❝❛❧❝✉❧❛♠♦s ♦s ✈❛❧♦r❡s ❞❡ ❝♦rt❡ C0 ❡ c0 ♣❛r❛ ❝❛❞❛ M ✱

❝♦♠♦ ❡①♣❧✐❝❛❞♦ ♥❛ s❡çã♦ ✹✳✷✳

◆❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❛ ❛♥á❧✐s❡ ✉s❛♠♦s ❡①❛t❛♠❡♥t❡ ♦s ♠❡s♠♦s ❡✈❡♥t♦s✱ ❝♦♠

❛ ❡①❝❡çã♦ ❞❡ q✉❡ ✉♠ ♠✉❧t✐♣❧❡t♦ ❣❡r❛❞♦ ❝♦♠ ♦ ❈❘Pr♦♣❛ é ✐♥s❡r✐❞♦ ♥♦s ❞❛❞♦s✳

❖ ♦❜❥❡t✐✈♦ ❛q✉✐ é ✈❡r s❡ ♦s ✇❛✈❡❧❡ts sã♦ s❡♥sí✈❡✐s ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡t❡❝t❛r

♦ ♠✉❧t✐♣❧❡t♦ ✐♠❡rs♦ ♥♦ ❢✉♥❞♦ ✐s♦tró♣✐❝♦✳ ❆ ❢r❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ✈❛r✐❛ ❞❡

f = 10−1 ❛ f = 10−2✳ ❖s ❣rá✜❝♦s ❝♦♠♣❛r❛♥❞♦ ♦s ❞♦✐s ❝❛s♦s ♣♦❞❡♠ s❡r ✈✐st♦s

♥❛s ✜❣✉r❛s ✹✳✸✳ ◆❛ ✜❣✉r❛ ✹✳✸ ✭❛✮ ✈❡♠♦s q✉❡ ❛ ❝♦rr❡❧❛çã♦ C s❡❣✉❡ ❜❛st❛♥t❡

❞❡st❛❝❛❞❛ ♣❛r❛ ♦s ❞♦✐s ❝❛s♦s ❛té q✉❡ ❛ ❢r❛çã♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s ♥♦

♠✉❧t✐♣❧❡t♦ ❡ ♥♦ ❢✉♥❞♦ ❛❧❝❛♥ç❛ f = 10−2✳ ◆❡ss❡ ♣♦♥t♦ ❛s ❜❛rr❛s ❞❡ ❡rr♦s

❝♦♠❡ç❛♠ ❛ s❡ t♦❝❛r✳ P♦rt❛♥t♦ ❝♦♥s✐❞❡r❛♠♦s ❡ss❡ ♦ ❧✐♠✐t❡ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞♦

❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦✳ ◆❛ ✜❣✉r❛ ✹✳✸ ✭❜✮ ✈❡♠♦s ❛ ❝♦rr❡❧❛çã♦ c ♣❛r❛ ♦s ❞♦✐s ❝❛s♦s✳

❱❡♠♦s ❝❧❛r❛♠❡♥t❡ ♣❛r❛ ♦ ❣rá✜❝♦ ❡♠ ✈❡r♠❡❧❤♦ q✉❡ ♦ ✈❛❧♦r ❞❡ c ❞❡❝r❡s❝❡ à

♠❡❞✐❞❛ q✉❡ ❛❞✐❝✐♦♥❛♠♦s ♠❛✐s ❡✈❡♥t♦s ❛♦ ❢✉♥❞♦✳ ➱ ♥♦tá✈❡❧ q✉❡ ♦ ❛❧❣♦r✐t♠♦

♣r♦♣♦st♦ ♥ã♦ t❡♥❤❛ ✐❞❡♥t✐✜❝❛❞♦ ♥❡♥❤✉♠ ♠✉❧t✐♣❧❡t♦ ♣♦r ❡♥❣❛♥♦ ✭❣rá✜❝♦ ❡♠

✹✺



Multiplet embbeded in isotropic sky
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✭❜✮ ❊rr♦s t✐♣♦ ■■

❋✐❣✉r❛ ✹✳✷✿ ◆❛ ❡sq✉❡r❞❛✿ ▼✉❧t✐♣❧❡t♦ ❝♦♠ ❞❡③ ❡✈❡♥t♦s✱ ✐♠❡rs♦ ❡♠ ✉♠ ❢✉♥❞♦
❝♦♠ ✶✵✵✵ ❡✈❡♥t♦s✳ ◆❛ ❞✐r❡✐t❛✿ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❡♥❝♦♥tr❛r c < c0
♣❛r❛ ✉♠ ♠✉❧t✐♣❧❡t♦ ❝✉❥❛ ❝♦rr❡❧❛çã♦ é ❞❡ c = 0.99✳

❛③✉❧✮✳ ❆tr✐❜✉í♠♦s ❡ss❡ ❢❛t♦ ❛♦s ❝r✐tér✐♦s s❡✈❡r♦s q✉❡ ✉s❛♠♦s✱ ✉♠❛ ✈❡③ q✉❡

❝❛♥❞✐❞❛t♦s ❛ ♠✉❧t✐♣❧❡t♦s tê♠ q✉❡ ♣❛ss❛r ♣♦r três ❝r✐tér✐♦s ❞❡ ❝♦rt❡ ✐✳❡✳ C0✱

c0 ❡ n0✳

◆❛ ✜❣✉r❛ ✹✳✷ ✭❜✮ ✈❡♠♦s ♦ ❡rr♦ ❞❡ t✐♣♦ ■■ ♣❛r❛ ❡ss❡ ❛❧❣♦r✐t♠♦✳ ❖✉ s❡❥❛✱

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❞❡s❝❛rt❛r♠♦s ✉♠ ♠✉❧t✐♣❧❡t♦ q✉❡ s❛❜❡♠♦s ❡st❛r ♣r❡s❡♥t❡

♥♦s ❞❛❞♦s✳ ❱❡♠♦s q✉❡ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é r❛③♦❛✈❡❧♠❡♥t❡ ❛❧t❛ q✉❛♥❞♦ ♦

♥ú♠❡r♦s ❞❡ ❡✈❡♥t♦s ♥♦ ❢✉♥❞♦ é ❛❧t♦✳

✹✳✹ ❆♥á❧✐s❡ ♥♦s ❞❛❞♦s ❞♦ ❖❜s❡r✈❛tór✐♦ P✐❡rr❡

❆✉❣❡r

❆ ❛♥á❧✐s❡ q✉❡ ✜③❡♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r ✉s❛ ✉♠ ❢✉♥❞♦ ❝♦♠ ❞✐str✐❜✉✐çã♦ ✉♥✐✲

❢♦r♠❡ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s✱ ✐st♦ é✱ ❡s♣❡r❛♠♦s ♦ ♠❡s♠♦ ✢✉①♦ ❡♠ t♦❞❛s ❛s

❞✐r❡çõ❡s ❞♦ ❝é✉✳ ◗✉❛♥❞♦ ♣❛ss❛♠♦s ❞❡ ❛♥á❧✐s❡ ❡♠ s✐♠✉❧❛çõ❡s ♣❛r❛ ❛♥á❧✐s❡

❡♠ ❞❛❞♦s ♦❜t✐❞♦s ❡♠ ❡①♣❡r✐♠❡♥t♦s✱ ♥♦ss♦ ❝❡♥ár✐♦ s♦❢r❡ ✉♠❛ ❛❧t❡r❛çã♦ ✐♠✲
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❋✐❣✉r❛ ✹✳✸✿ ✭❛✮ ▼❛❣♥✐t✉❞❡ ❞♦ ♠❛✐♦r ❝♦❡✜❝✐❡♥t❡ ❞❡ ✇❛✈❡❧❡ts ♣❛r❛ ♦ ❝❛s♦ ✐s♦tró✲
♣✐❝♦ ✭❡♠ ❛③✉❧✮ ❡ ✐s♦tró♣✐❝♦ ❝♦♠ ✉♠ ♠✉❧t✐♣❧❡t♦ ✭❡♠ ✈❡r♠❡❧❤♦✮✳ ✭❜✮ ❈♦rr❡❧❛çã♦
❞♦ ❣rá✜❝♦ δ × 1/E ♣❛r❛ ♦ ❝❛s♦ ✐s♦tró♣✐❝♦ ❡ ✐s♦tró♣✐❝♦ ❝♦♠ ✉♠ ♠✉❧t✐♣❧❡t♦✳

♣♦rt❛♥t❡✳ ❆ ❡①♣♦s✐çã♦ ❞♦s ❞❡t❡❝t♦r❡s ♥ã♦ é ✐❣✉❛❧ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❡ ✐ss♦

s✐❣♥✐✜❝❛ q✉❡ ❡ss❛ ❡①♣♦s✐çã♦ ❞❡s✐❣✉❛❧ ❞❡✈❡ s❡r ❧❡✈❛❞❛ ❡♠ ❝♦♥t❛ ♥❛s s✐♠✉❧❛çõ❡s✳

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❛♣❡♥❛s ❡♠ ✈❛❧♦r❡s ♠é❞✐♦s ❞❡ ✐♥❝✐❞ê♥❝✐❛ ❞❡

r❛✐♦s ❝ós♠✐❝♦s ❡♠ ✉♠❛ ❞❛❞❛ ❞✐r❡çã♦✱ ♣♦❞❡♠♦s ✐❣♥♦r❛r ♦s ❝♦❡✜❝✐❡♥t❡s alm

❞❡ ✉♠ s✐♥❛❧ ♣❛r❛ ❢r❡q✉ê♥❝✐❛s ♠✉✐t♦ ❛❧t❛s✱ q✉❡ r❡♣r❡s❡♥t❛♠ ❛♣❡♥❛s ❞❡t❛❧❤❡s

✐♥❞✐✈✐❞✉❛✐s ❞♦s r❛✐♦s ❝ós♠✐❝♦s✳ ❯♠❛ ♠❛♥❡✐r❛ ♠❛✐s r❡❜✉s❝❛❞❛ ❞❡ ✜❧tr❛r ♦ s✐♥❛❧

é ❞❛❞♦ ♣❡❧♦ ✉s♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ✐♥✈❡rs❛ ❞❡ ✇❛✈❡❧❡ts✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛

s❡çã♦ ✭✸✳✹✮✳ ■❣♥♦r❛❞♦ ❛s ❡s❝❛❧❛s ♠❛✐s ❜❛✐①❛s ♥❛ s♦♠❛tór✐❛ ✭✸✳✶✺✮ ❡❧✐♠✐♥❛♠♦s

❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❞♦ s✐♥❛❧ ❛s ❡str✉t✉r❛s ❞❡ ♣❡q✉❡♥♦ t❛♠❛♥❤♦ ❛♥❣✉❧❛r✳ P♦r

❡①❡♠♣❧♦✱ ✈❡♠♦s ♥❛ t❛❜❡❧❛ ✸✳✶ q✉❡ ✉s❛♥❞♦ ❛♣❡♥❛s j ≥ 5✱ ❡❧✐♠✐♥❛♠♦s t♦❞❛s ❛s

❡str✉t✉r❛s ❛♥❣✉❧❛r❡s ♠❡♥♦r❡s q✉❡ 11◦✳ ❋✐❧tr❛♥❞♦ ♦ s✐♥❛❧ ❞❡ss❛ ❢♦r♠❛ t❛♠❜é♠

✈✐❛❜✐❧✐③❛ ✉♠ tr❛t❛♠❡♥t♦ ❡st❛tíst✐❝♦ ♠❛✐s ❡❧❛❜♦r❛❞♦ ❡♠ ❡s♣❛ç♦ ❞❡ ✇❛✈❡❧❡ts✳

◆❛ ✜❣✉r❛ ✹✳✹ ✈❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ♠❛♣❛ ❞❡ ❝♦❜❡rt✉r❛ ✭❜✮ ♦❜t✐❞♦ ❛ ♣❛rt✐r

❞❡ ✭❛✮ ♣❛r❛ ♣❛rtí❝✉❧❛ ❝♦♠ ❡♥❡r❣✐❛ E > 20 ❊❡❱✳ ❖ ♠❛♣❛ ❞❡ ❝♦❜❡rt✉r❛ ✐♥❢♦r♠❛

♦ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s ❡s♣❡r❛❞♦ ❡♠ ✉♠❛ ❞❛❞❛ ❞✐r❡çã♦ ♥♦ ❝é✉✳

❆ ❛♣❧✐❝❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✹✳✷ ♥♦s ❞❛❞♦s ❞♦ ❖❜s❡r✈❛✲

✹✼



✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✹✿ ✭❛✮ ■♠❛❣❡♠ ❢♦r♠❛❞❛ ♣❡❧♦s ❡✈❡♥t♦s ❝♦❧❡t❛❞♦s ♣❡❧♦ ❖❜s❡r✈❛tór✐♦
P✐❡rr❡ ❆✉❣❡r ♣❛r❛ E > 15 ❊❡❱✳ ✭❜✮ ▼❛♣❛ ❞❡ ❝♦❜❡rt✉r❛ ❢♦r♠❛❞♦ ❛ ♣❛rt✐r ❞♦
♠❛♣❛ ✭❛✮✳

tór✐♦ P✐❡rr❡ ❆✉❣❡r r❡s✉❧t♦✉ ❡♠ ❞♦✐s ❝❛♥❞✐❞❛t♦s ❛ ♠✉❧t✐♣❧❡t♦✱ ❝♦♠♦ ❛♣r❡s❡♥✲

t❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✺✳ ❆s s✐♠✉❧❛çõ❡s ❢❡✐t❛s ❡♠ ❝é✉s ❝♦♠ ❞✐str✐❜✉✐çã♦ ✐s♦tró♣✐❝❛

❞❡ ❡✈❡♥t♦s✱ r❡s✉❧t♦✉ ♥❛s s❡❣✉✐♥t❡s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♦❝♦rrê♥❝✐❛ ❛♦ ❛❝❛s♦ ❞♦s

♠✉❧t✐♣❧❡t♦s✱ P = 0, 47 × 10−3 ♣❛r❛ ♦ ♠✉❧t✐♣❧❡t♦ ♥❛ ✜❣✉r❛ ❞❛ ❡sq✉❡r❞❛ ❡

P < 4.5× 10−5 ♣❛r❛ ♦ ❝❛♥❞✐❞❛t♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✜❣✉r❛✳

➱ ❞✐❢í❝✐❧ ❝♦♠♣❛r❛r ❡ss❡s r❡s✉❧t❛❞♦s ❝♦♠ ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ❡♠ ❬✶✵❪ ✉♠❛

✈❡③ q✉❡ ♦ ♠❛♦✐r ♠✉❧t✐♣❧❡t♦ ❡♥❝♦♥tr❛❞♦ ✉s❛♥❞♦ ❛ ❛♥á❧✐s❡ ❞❡ ✇❛✈❡❧❡ts ❝♦♥té♠

♥♦✈❡ ♣❛rtí❝✉❧❛s✳ ❖ ♥♦ss♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❡ss❡ ♥ú♠❡r♦ é ❞❡ ❞❡③ ❡✈❡♥t♦s✳

◆❛ ♦♣✐♥✐ã♦ ❞♦ ❛✉t♦r ❞❛ t❡s❡✱ ❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❡♥❝♦♥tr❛r ❝❛♥❞✐❞❛t♦s ❝♦♠

♠❛✐s ❡✈❡♥t♦s ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦✱ ❜❛s❡❛❞♦

❡♠ ✇❛✈❡❧❡ts ❡s❢ér✐❝♦s ✉s❛ três ✈❛❧♦r❡s ❞❡ ❝♦rt❡ ♣❛r❛ s❡❧❡❝✐♦♥❛r ♦s ❡✈❡♥t♦s✱ ♦s

❝♦❡✜❝✐❡♥t❡ C q✉❡ ❞á ❛ ♠❛❣♥✐t✉❞❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✇❛✈❡❧❡t✱ ♦ ❝♦❡✜❝✐❡♥t❡ c

q✉❡ ❝♦♠♣✉t❛ ❛ ❝♦rr❡❧❛çã♦ ❞♦ ❣rá✜❝♦ δ × 1/E ❡ ♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s n q✉❡

❝♦♠♣õ❡♠ ♦ ♠✉❧t✐♣❧❡t♦✳

❖✉tr❛ ❞✐❢❡r❡♥ç❛ ✐♠♣♦rt❛♥t❡ ❞♦ ❛❧❣♦r✐t♠♦ ❬✶✵❪ ❡stá ♥♦ ❢❛t♦ ❞❡ q✉❡ ❡♠ t♦❞♦s

♦s s❡✉s ♣❛ss♦s✱ s❡♠♣r❡ é ✉s❛❞❛ ✉♠❛ ❛♥á❧✐s❡ ❡✈❡♥t♦ ❛ ❡✈❡♥t♦✱ ❡♥q✉❛♥t♦ q✉❡ ❛

❛♥á❧✐s❡ ❞❡ ✇❛✈❡❧❡ts ❣❡r❛ ♣r✐♠❡✐r❛♠❡♥t❡ ✉♠❛ ✐♠❛❣❡♠ ❞♦ ❝é✉✱ ❢♦r♠❛❞❛ ❛ ♣❛rt✐r

❞♦ ♥ú♠❡r♦ ❞❡ ❡✈❡♥t♦s ✐♥❝✐❞❡♥t❡s ❡♠ ❝❛❞❛ ♣✐①❡❧✳ ❉❡ss❛ ❢♦r♠❛ ✜❝❛ ❡✈✐❞❡♥t❡
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20 < E < 65, C = 0.787, n = 8 events

25 30 35 40

✭❛✮

15 < E < 65, c = 0.896, n = 9 out of 4146 events.

16 18 20 22 24

✭❜✮

❋✐❣✉r❛ ✹✳✺✿ ❈❛♥❞✐❞❛t♦s ❛ ♠✉❧t✐♣❧❡t♦s✳ ❯s❛♠♦s ❊❡❱ ♣❛r❛ ✉♥✐❞❛❞❡s ❞❡ ❡♥❡r❣✐❛✳

q✉❡ ♣❛r❛ q✉❡ ✉♠ ♠✉❧t✐♣❧❡t♦ s❡❥❛ ✐❞❡♥t✐✜❝❛❞♦ ❡❧❡ ❞❡✈❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s❡

❞❡st❛❝❛r ❡♠ r❡❧❛çã♦ ❛♦ ❢✉♥❞♦✳ P♦r ❡①❡♠♣❧♦✱ s❡ ♦s ♣✐①❡✐s ♦♥❞❡ ✐♥❝✐❞❡♠ ♦s

❡✈❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ♠✉❧t✐♣❧❡t♦ ❝♦♥t✐✈❡r❡♠ ♥ú♠❡r♦s ❞❡ ❡✈❡♥t♦s ♣❛r❡❝✐❞♦s

❝♦♠ ♦s ♦✉tr♦s ♣✐①❡✐s ❞❛ ✈✐③✐♥❤❛♥ç❛✱ t❡rã♦ t❛♠❜é♠ ❛ ♠❡s♠❛ ❝♦r✱ s❡♥❞♦ ❛ss✐♠

✐♠♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝á✲❧♦s✳
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❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sã♦

❖ ❡s❝♦♣♦ ♣r✐♥❝✐♣❛❧ ❞❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❡ ♠♦str❛r ❛ ✉t✐❧✐❞❛❞❡ ❞❡ ✇❛✈❡❧❡ts ❡s❢é✲

r✐❝♦s ❡♠ ❜✉s❝❛s ♣♦r ❡str✉t✉r❛s ✜❧❛♠❡♥t❛r❡s ❝❤❛♠❛❞❛s ♠✉❧t✐♣❧❡t♦s ❡♠ ♠❛♣❛s

❝❡❧❡st❡s ❢♦r♠❛❞♦s ❛ ♣❛rt✐r ❞❡ ❞✐r❡çõ❡s ❞❡ ✐♥❝✐❞ê♥❝✐❛ ❞❡ r❛✐♦s ❝ós♠✐❝♦s✳ ❊ss❡

♣❛r❡❝❡ s❡r ♦ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ q✉❡ ✉s❛ ✇❛✈❡❧❡ts ♣❛r❛ ❡♥❝♦♥tr❛r ♠✉❧t✐♣❧❡t♦s✳

❆ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡ ✇❛✈❡❧❡ts ❡s❢ér✐❝♦s q✉❡ ❡♥❝♦♥tr❛♠♦s ❡st❛✲

✈❛♠ r❡❧❛❝✐♦♥❛❞❛s ❛ ❡st✉❞♦s ❞❡ ❛♥✐s♦tr♦♣✐❛ ❡♠ ❡s♣❡❝✐❛❧ ❡♠ ❞❛❞♦s ❞❡ r❛❞✐❛çã♦

❝♦s♠♦❧ó❣✐❝❛ ❞❡ ❢✉♥❞♦✳

❖s t❡st❡s ❞♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❢♦r❛♠ ❢❡✐t♦s ❡♠ s✐♠✉❧❛çõ❡s ❡ ❡ss❡s r❡✲

s✉❧t❛❞♦s ♣♦st❡r✐♦r♠❡♥t❡ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❝♦♠ ❞❛❞♦s r❡❛✐s ❞♦ ❖❜s❡r✈❛tór✐♦

P✐❡rr❡ ❆✉❣❡r✳ ❖s ✇❛✈❡❧❡ts s❡ ♠♦str❛r❛♠ ♠✉✐t♦ s❡♥s✐t✐✈♦s ❛ ♠✉❧t✐♣❧❡t♦s ❡

t✐✈❡r❛♠ ✉♠ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❛té ❢r❛çõ❡s ❞❛ ♦r❞❡♠ ❞❡ 10−2 ❞♦ ♥ú♠❡r♦ ❞❡

❡✈❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ♠✉❧t✐♣❧❡t♦ ❝♦♠ ♦ ❢✉♥❞♦✳

✺✶



✺✷



❆♣ê♥❞✐❝❡ ❆

❋✉♥çõ❡s dlmn(β)

❱❛♠♦s ❞❛r ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ às ❢✉♥çõ❡s dlmn(β) ❞❡✈✐❞♦ ❛ s✉❛ ✐♠♣♦rtâ♥❝✐❛ ♥❛

❛♥á❧✐s❡ ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ ❙❖✭✸✮✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡r ❬✶✼❪✳ ❊ss❛s

❢✉♥çõ❡s s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡ r❡❝♦rrê♥❝✐❛ ❡♠ três t❡r♠♦s

dlmn(β) =
2[n− (m+ 1) cos β]

[(l −m)(l +m+ 1)]1/2 sin β
dl(m+1)n ✭❆✳✶✮

−
[

(l −m− 1)(l +m+ 2)

(l −m)(l +m+ 1)

]

dl(m+2)n,

❝♦♠ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❛❞♦s ♣♦r

dl0n(β) = (−1)l−n

[

(2l)!

(l − n)!(l + n)!

](1/2)(

sin
β

2

)l−n(

cos
β

2

)l+n

. ✭❆✳✷✮

❆s s❡❣✉✐♥t❡s r❡❧❛çõ❡s ❞❡ s✐♠❡tr✐❛ t❛♠❜é♠ sã♦ s❛t✐s❢❡✐t❛s✿

• ❙✐♠❡tr✐❛ ❝♦♠ r❡s♣❡✐t♦ à ❞✐❛❣♦♥❛❧ ♦✉ ❝❡♥tr♦

dl
−m−n = dlmn = (−1)m−ndlmn. ✭❆✳✸✮

✺✸



• ❙✐♠❡tr✐❛ ❝♦♠ r❡s♣❡✐t♦ à ❝♦❧✉♥❛ ❝❡♥tr❛❧

dlmn(β ± π) = (−1)l−ndlm−n, ✭❆✳✹✮

= (−1)l−mdl
−mn.

• P❛r❛ β = π/2

dlmn(π/2) = (−1)l−mdlm−n(π/2), ✭❆✳✺✮

= (−1)l−ndl
−mn(π/2).

• P❛r✐❞❛❞❡

dlmn(−β) = (−1)m−ndlm−n(β). ✭❆✳✻✮

• P❡r✐♦❞✐❝✐❞❛❞❡

dlmn(β + 2π) = dlm−n(β). ✭❆✳✼✮

❆✳✶ ❈á❧❝✉❧♦ ❞❡ dlmn ✈✐❛ ❋❋❚✳

❖ ❝á❧❝✉❧♦ ❞❡ dlmn(β) ❛tr❛✈és ❞♦ ❛❧❣♦r✐t♠♦ ❋❋❚ é ❛ ❜❛s❡ ❞♦ ❛❧❣♦r✐t♠♦ ❋❛st

❘♦t❛t✐♦♥❛❧ ▼❛t❝❤✐♥❣ ✭✈❡❥❛ s❡çã♦ ✷✳✹✮ ❡ t❛♠❜é♠ ❞❛ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ✇❛✈❡❧❡ts ♥❛ ❡s❢❡r❛✳ ❆ ❢♦r♠❛ ❛❞♦t❛❞❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ss❛s

❢✉♥çõ❡s ❜❛s❡✐❛✲s❡ ♥❛ s✐♠♣❧✐❝✐❞❛❞❡ ❡ ♥❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✳ ❇❛s✐❝❛♠❡♥t❡✱

❡①✐st❡♠ ❞✉❛s ❢♦r♠❛s ❞❡ ❝á❧❝✉❧♦✳ ❯♠❛ ❞❡❧❛s ✉s❛ r❡❧❛çõ❡s ❞❡ r❡❝♦rrê♥❝✐❛ ❡♠

três ♣❛ss♦s ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ dlmn(β) ♣❛r❛ ✉♠ β ❞❡s❡❥❛❞♦✳ ❆ s❡❣✉♥❞❛

❞❡❧❛s ✉s❛ ❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r ✭❋❋❚✮✱ q✉❡ ❢♦✐ ♦ ♠ét♦❞♦ ❛❞♦t❛❞♦

♥❡ss❡ tr❛❜❛❧❤♦✳

❆ ♣r✐♥❝✐♣❛❧ ✈❛♥t❛❣❡♠ ❡♠ s❡ ✉s❛r ❋❋❚ ❡stá ❡♠ s✉❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛

❡ ♣❡r❢♦r♠❛♥❝❡✳ ❆❧é♠ ❞❡ ❋❋❚ ❝♦♥t✐♥✉❛r ✉♠ tó♣✐❝♦ ❛t✐✈♦ ❡♠ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦✱

✺✹



❡①✐st❡♠ ♠✉✐t❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❞❡ q✉❛❧✐❞❛❞❡ ❞✐s♣♦♥í✈❡✐s✳ ❙❡ ❧❡♠❜r❛r♠♦s q✉❡

♥❛ t❡ss❡❧❛çã♦ ❊❈P ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦ ✷✳✺✱ ❛s três ❝♦♦r❞❡♥❛❞❛s α✱ β ❡ γ

sã♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞❛s✱ ✈❡♠♦s q✉❡ ♣♦❞❡♠♦s ❡st❡♥❞❡r ♦ ✉s♦ ❞❡ ❋❋❚ ♣❛r❛

t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡❣r❛çã♦✳

❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❛s ❢✉♥çõ❡s dlmn(β) ❡♠ ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ♣♦❞❡ s❡r

❢❡✐t❛ ♥♦t❛♥❞♦ q✉❡ ✉♠❛ r♦t❛çã♦ ♣♦r ✉♠ â♥❣✉❧♦ β ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❞❛

❢♦r♠❛

R(0, β, 0) = R(−π/2, 0, 0)R(0,−π/2, 0)R(β, 0, 0)R(0, π/2, 0)R(π/2, 0, 0).

✭❆✳✽✮

❈♦♠ ✐ss♦✱ s❡ ❞❡♥♦t❛r♠♦s∆l
um = dlmn(π/2)✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❞❡❝♦♠♣♦s✐çã♦

❞❡ ❋♦✉r✐❡r ❞♦s d✬s ❞❛ ❢♦r♠❛

dlmn(β) =
l
∑

u=−l

Bl
mnue

iuβ, ✭❆✳✾✮

♦♥❞❡

Bl
mnu = in−m∆l

um∆
l
un. ✭❆✳✶✵✮

❉❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡

Bl
mn−u = (−1)n−mBl

mnu. ✭❆✳✶✶✮

❆❧é♠ ❞✐ss♦✱ ♦s ❝♦❡✜❝✐❡♥t❡s Bl
mnu tê♠ ❛ ♣r♦♣r✐❡❞❛❞❡

Bl
mn−u = Bl∗

mnu. ✭❆✳✶✷✮

❖s ❝♦❡✜❝✐❡♥t❡s ∆l
mn s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s ❞❡ r❡❝♦rrê♥❝✐❛

∆l
l,0 =

(

2l − 1

2l

)1/2

∆l−1
l−1,0, ✭❆✳✶✸✮

✺✺



∆l
l,n =

[

(2l − 1)l

2(l + n)(l + n− 1)

]1/2

∆l−1
l−1,n−1, ✭❆✳✶✹✮

∆l
m,n =

2n

[(l −m)(l +m+ 1)]1/2
∆l

m+1,n −
[

(l −m− 1)(l +m+ 2)

(l −m)(l +m+ 1)

]1/2

∆l−1
m+2,n. ✭❆✳✶✺✮

◆❛ ✜❣✉r❛ ❆✳✶ ✈❡♠♦s ❛❧❣✉♥s dlmn

✭❛✮ d200,0(β) ✭❜✮ d2010,0(β) ✭❝✮ d2010,10(β)

❋✐❣✉r❛ ❆✳✶✿ ❋✉♥çõ❡s dllm(θ) ❞❡ ❲✐❣♥❡r

❆✳✷ ❈á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ♣❛r❛ ❛ t❡ss❡❧❛çã♦ ✉s❛❞❛

▼♦str❛r❡♠♦s ❛❧❣✉♥s ❞❡t❛❧❤❡s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❝♦♠♦ ❝❛❧❝✉❧❛r ❛s ❢✉♥✲

çõ❡s dlmn(β) ✉s❛♥❞♦ ❋❋❚ ❡ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ q✉❛✐s ♦s t✐♣♦s ❞❡ tr❛♥s❢♦r✲

♠❛❞❛s ❞❡✈❡♠ s❡r ✉s❛❞♦s ♥♦ ♣r♦❣r❛♠❛ ❋❋❚❲ ❬✶✽❪✳

P❛r❛ ❝♦♠❡ç❛r é ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r q✉❡ ❛s ❢✉♥çõ❡s dlmn(β) s❛t✐s❢❛③❡♠ ❛s

r❡❧❛çõ❡s ❞❡ s✐♠❡tr✐❛ ✭❆✳✸✮ ❡ ♣♦rt❛♥t♦ sã♦ ❢✉♥çõ❡s í♠♣❛r❡s s❡ m−n ❢♦r í♠♣❛r

❡ ♣❛r❡s s❡ m− n ❢♦r ♣❛r✳ ❈♦♠ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s ♣♦❞❡♠♦s r❡❞✉③✐r ♦ ❝á❧❝✉❧♦

❞❡ ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♣❛r❛ tr❛♥s❢♦r♠❛❞❛s ❡♠ s❡♥♦s ❡ ❝♦ss❡♥♦s✳

❆s r❡❣r❛s ❞❡ q✉❛❞r❛t✉r❛ ✭✷✳✸✮✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ✐♥t❡❣r❛çã♦ ❞❡ ❢✉♥çõ❡s

✺✻



l = 3

l = 2

l = 1

l = 0

n

-3
-2

-1
0

1
2

3

2
1

0
-1

-2

-1
0

1

0

m
3

2
1

0
-1

-2
-3

-2
-1

0
1

2

1
0

-1

0

Equação x

Equação y

Equação z

❋✐❣✉r❛ ❆✳✷✿ ❈á❧❝✉❧♦ ❞❡ dlmn(π/2) ♣♦r r❡❝✉rsã♦
❊sq✉❡♠❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s r❡❧❛çõ❡s ❞❡ r❡❝✉rsã♦✳ ❆ ❡q✉❛çã♦ ✭①✮ ✐♥❞✐❝❛❞❛

♥❛ ✜❣✉r❛ ❝♦rr❡s♣♦♥❞❡ à ❡q✉❛çã♦ ✭❆✳✶✸✮✱ ✭②✮ à ❡q✉❛çã♦ ✭❆✳✶✹✮ ❡ ✭③✮ à
❡q✉❛çã♦ ✭❆✳✶✺✮✳

✺✼



❞❡✜♥✐❞❛s ❡♠ ❙❖✭✸✮✱ ❡①✐❣❡♠ q✉❡ ❛ ❝♦♦r❞❡♥❛❞❛ β s❡❥❛ ❛♠♦str❛❞❛ ♥❛ ♠❛❧❤❛

βk =
(2k + 1)π

4B
, ✭❆✳✶✻✮

♦♥❞❡ B é ♦ ❧✐♠✐t❡ ❞❡ ❜❛♥❞❛ ❞♦ s✐♥❛❧ ❛♥❛❧✐s❛❞♦✳ ❈♦♠ ✐ss♦ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r

❛ ❡q✉❛çã♦ ✭❆✳✾✮ ❞❛ ❢♦r♠❛

dlmn(βk) =
l
∑

u=−l

Bl
mnue

iuβk ,

=
−1
∑

u=−l

Bl
mnue

iuβk +Bl
mn0 +

l
∑

u=1

Bl
mnue

iuβk ,

= Bl
mn0 +

l
∑

u=1

(Bl
mne

iuβk +Bl
mn−ue

−iuβk),

= Bl
mn0 +

l
∑

u=1

(Bl
mne

iuβk +Bl∗
mnue

−iuβk), ✭❆✳✶✼✮

♦♥❞❡ Bl
mnu ❡stá ❞❡✜♥✐❞♦ ❡♠ ✭❆✳✶✵✮✳ ❋❛r❡♠♦s ♦ tr❛t❛♠❡♥t♦ s❡♣❛r❛❞♦ ♣❛r❛ ♦s

❝❛s♦s ❡♠ q✉❡ m− n é ♣❛r ♦✉ í♠♣❛r✳

❈❛s♦ n − m ♣❛r✳ P❛rt✐♥❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ✭❆✳✶✼✮ ❡ ❞❡♥♦t❛♥❞♦ n − m = 2e

t❡♠♦s

dlmn(βk) = i2e

[

∆l
0m∆

l
0n + 2

l
∑

u=1

∆l
um∆

l
un

(

eiuβk + (−1)n−me−iuβk

2

)

]

= (−1)e

[

∆l
0m∆

l
0n + 2

l
∑

u=1

∆l
um∆

l
un cos

(

πu(k + 1/2)

2B

)

]

.✭❆✳✶✽✮

◆❛ ❞♦❝✉♠❡♥t❛çã♦ ❞♦ ♣❛❝♦t❡ ❋❋❚❲ ✈❡♠♦s q✉❡ ❡ss❛ tr❛♥s❢♦r♠❛❞❛ t❡♠ ♦

✺✽



t✐♣♦ ❘❊❉❋❚✵✶ ❝✉❥❛ ❢♦r♠❛ ❣❡r❛❧ é

Yk = X0 + 2
n−1
∑

j=1

Xj cos[πj(k + 1/2)/n)]. ✭❆✳✶✾✮

❈♦♠♣❛r❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♠ ✭❆✳✶✽✮ ✈❡♠♦s q✉❡ n = 2B✳ ❖s ❝♦❡✜❝✐❡♥t❡s

❞❡ ❋♦✉r✐❡r sã♦ ❞❛❞♦s ♣♦r

Xj =







(−1)e∆l
jm∆

l
jn, j ≤ l.

0, j > l.
✭❆✳✷✵✮

❈❛s♦ n − m í♠♣❛r✳ P❛rt✐♥❞♦ ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ❆✳✶✼ ❡ ❞❡♥♦t❛♥❞♦

n−m = 2g + 1 t❡♠♦s

dlmn(βk) = i2g+1

[

∆l
0m∆

l
0n + 2

l
∑

u=1

∆l
um∆

l
un

(

eiuβk + (−1)2g+1e−iuβk

2

)

]

,

= 2(−1)g
l
∑

u=1

∆l
um∆

l
un sin

(

πu(k + 1/2)

2B

)

,

= 2(−1)g
l
∑

u=0

∆l
(u+1)m∆

l
(u+1)n sin

(

π(u+ 1)(k + 1/2)

2B

)

, ✭❆✳✷✶✮

♦♥❞❡ ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ♦❜t✐❞❛ ♥♦t❛♥❞♦ q✉❡✱ s❡ ✉s❛r♠♦s ✭❆✳✶✷✮ ❡

✭❆✳✶✵✮ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ Bl
mn0 = (−1)n−mBl

mn0✱ ♣♦rt❛♥t♦ Bl
mn0 = 0 ♣❛r❛

n−m í♠♣❛r✳

◆❛ ❞♦❝✉♠❡♥t❛çã♦ ❞♦ ♣❛❝♦t❡ ❋❋❚❲ ✈❡♠♦s q✉❡ ❡ss❛ tr❛♥s❢♦r♠❛❞❛ t❡♠ ♦

t✐♣♦ ❘❖❉❋❚✵✶ ❝✉❥❛ ❢♦r♠❛ ❣❡r❛❧ é

Yk = (−1)kXn−1 + 2
n−2
∑

j=0

Xj sin[π(j + 1)(k + 1/2)/n)], ✭❆✳✷✷✮

❈♦♠♣❛r❛♥❞♦ ✭❆✳✷✶✮ ❝♦♠ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♦❜t❡♠♦s n = 2B✳ ❖s ❝♦❡✜❝✐❡♥t❡s

✺✾



❞❡ ❋♦✉r✐❡r sã♦ ❞❛❞♦s ♣♦r

Xj =







(−1)g∆l
(j+1)m∆

l
(j+1)n, 0 ≤ j ≤ l.

0, j > l.
✭❆✳✷✸✮

✻✵



❆♣ê♥❞✐❝❡ ❇

❖ ♣❛❝♦t❡ ❙❲❆❚

❨♦✉ ❝❛♥✬t tr✉st ❝♦❞❡ t❤❛t ②♦✉ ❞✐❞ ♥♦t

t♦t❛❧❧② ❝r❡❛t❡ ②♦✉rs❡❧❢✳

❑❊◆ ❚❍❖▼P❙❖◆

❲❤❛t ■ ❝❛♥♥♦t ❝r❡❛t❡✱ ■ ❞♦ ♥♦t ✉♥❞❡rst❛♥❞✳

❘■❈❍❆❘❉ P✳ ❋❆❨◆▼❆◆

❍á ♠✉✐t♦s ❛♥♦s✱ ❝♦♠♣✉t❛çã♦ ♣❛ss♦✉ ❛ s❡r tó♣✐❝♦ ❝♦♠✉♠ ❛♦s ❢ís✐❝♦s✱ s❡❥❛♠

❡❧❡s t❡ór✐❝♦s ♦✉ ❡①♣❡r✐♠❡♥t❛✐s✳ ➱ ❜❛st❛♥t❡ ❝♦♠✉♠ ❡♥❝♦♥tr❛r ♣❡sq✉✐s❛❞♦r❡s

q✉❡ ♣❛ss❛♠ ♦ ❞✐❛ ♣r♦❣r❛♠❛♥❞♦✳ ◆♦ ❝❛s♦ ❞❡ss❡ tr❛❜❛❧❤♦ ❞❡ ❞♦✉t♦r❛❞♦✱ ♥ã♦

❢♦✐ ❞✐❢❡r❡♥t❡✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞♦ t❡♠♣♦ ❞♦ ❛✉t♦r ❢♦✐ ❣❛st♦ ✐♠♣❧❡♠❡♥t❛♥❞♦

♦s ❛ss✉♥t♦s ❞♦s ❝❛♣ít✉❧♦s ✷✱ ✸ ❡ ✹ ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ ❝♦♠♣✉t❛❞♦r✳ ❉❡ss❛

❢♦r♠❛ ❡ss❡ ❛♣ê♥❞✐❝❡ é ❞❡❞✐❝❛❞♦ ♠♦str❛r ❛♦ ❧❡✐t♦r ❛s ❞✐✜❝✉❧❞❛❞❡s ❡♥❝♦♥tr❛❞❛s

❛♦ ❧♦♥❣♦ ❞♦ ❝❛♠✐♥❤♦✱ ❛ss✐♠ ❝♦♠♦ ✉♠ ♠❛♥✉❛❧ ❞❡ ❝♦♠♦ ✉t✐❧✐③❛r ♦ ♣r♦❣r❛♠❛

❞❡s❡♥✈♦❧✈✐❞♦✳

▲♦❣♦ ♥♦s ♣r✐♠❡✐r♦s ♠❡s❡s ❞♦ ❞♦✉t♦r❛❞♦✱ ♣❡r❝❡❜✐ q✉❡ ❧✐❞❛r ❝♦♠ ♦ ♣r♦❜❧❡♠❛

❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡♠❛♥❞❛r✐❛ ♠✉✐t♦ ❞♦ ♠❡✉ t❡♠♣♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ♠❡✉

❝❛s♦✱ ❝♦♠ ✉♠❛ ❢♦r♠❛çã♦ ❛té ❡♥tã♦ ❡♠ ❢ís✐❝❛ t❡ór✐❝❛ ❡ s❡♠ ❡①♣❡r✐ê♥❝✐❛ ❡♠

♣r♦❣r❛♠❛çã♦ ❡ ❝♦♠♣✉t❛çã♦ ❡♠ ❣❡r❛❧✳

❚í♥❤❛♠♦s ♦ s❡❣✉✐♥t❡ ❝❡♥ár✐♦✳ ❊st❛✈❛ ❜❡♠ ❞❡✜♥✐❞♦ q✉❡ ✉s❛rí❛♠♦s ✇❛✈❡✲

✻✶



❧❡ts ♣❛r❛ ❧♦❝❛❧✐③❛r ♠✉❧t✐♣❧❡t♦s ❡ t❛♠❜é♠ q✉❛❧ s❡r✐❛ ♦ ✇❛✈❡❧❡t✱ ♠❛s tí♥❤❛♠♦s

✉♠ ♣r♦❜❧❡♠❛ ♣❡❧❛ ❢r❡♥t❡✳ ❖ t❡♠♣♦ ❝♦♥s✉♠✐❞♦ ♣❛r❛ ❡①❡❝✉t❛r ❛♣❡♥❛s ✉♠❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ✇❛✈❡❧❡ts ❡r❛ ❞❡ ✼✷ ♠✐♥✉t♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣✉❜❧✐❝❛çã♦ q✉❡

✐♥tr♦❞✉③✐✉ ♦ ✇❛✈❡❧❡t q✉❡ ✉s❛♠♦s✳ ■ss♦ ❡r❛ ♣r❡♦❝✉♣❛♥t❡✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❛r❛

✈❛❧✐❞❛çã♦ ❞♦ ♠ét♦❞♦✱ ♠✐❧❤❛r❡s ❞❡ s✐♠✉❧❛çõ❡s ❞❡✈❡♠ s❡r ❢❡✐t❛s✳ ❙❡ ❝♦♥s✐❞❡✲

r❛r♠♦s ♣♦r ❡①❡♠♣❧♦ q✉❡ ❡♠ ❣❡r❛❧ t❡r❡♠♦s q✉❡ r♦❞❛r ❛ tr❛♥s❢♦r♠❛❞❛ 10.000

✈❡③❡s ❡♠ ❞❛❞♦s s✐♠✉❧❛❞♦s✱ ♣r❡❝✐s❛rí❛♠♦s ❞❡ 500 ❞✐❛s ❞❡ s✐♠✉❧❛çã♦✳ ❖❜✈✐❛✲

♠❡♥t❡ ♣♦❞❡rí❛♠♦s ♣❡♥s❛r ❡♠ ❞✐✈✐❞✐r ♦ tr❛❜❛❧❤♦ ❡♠ ✈ár✐❛s ♠áq✉✐♥❛s✱ ✉s❛♥❞♦

✉♠ ❝❧✉st❡r✱ ♠❛s ✐ss♦ ♥ã♦ ♠❡❧❤♦r❛✈❛ ♠✉✐t♦ ❛s ❝♦✐s❛s✳

P❛r❛ q✉❡ ❢♦ss❡ ♣♦ssí✈❡❧ r❡❞✉③✐r ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❛♥á❧✐s❡✱ t❡rí❛✲

♠♦s q✉❡ ❝♦♥❤❡❝❡r ♠✉✐t♦ ❜❡♠ ♦s ❞❡t❛❧❤❡s ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ tr❛♥s❢♦r♠❛❞❛

❞❡ ✇❛✈❡❧❡ts✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❡❝✐❞✐♠♦s t❡r ♥♦ss❛ ♣ró♣r✐❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛

tr❛♥s❢♦r♠❛❞❛✱ q✉❡ ♣❡r♠✐t✐r✐❛ ♠❛✐♦r ❝♦♥tr♦❧❡ ❡ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦t✐♠✐③❛çã♦✳

❆ss✐♠✱ ❝♦♠❡ç❛♠♦s ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❛❧❣✉♥s ♠❡s❡s ❛♣ós ♦

✐♥í❝✐♦ ❞♦ ❞♦✉t♦r❛❞♦✳ ❆ s✐t✉❛çã♦ ♥♦ ❡♥t❛♥t♦ ♣✐♦r♦✉ q✉❛♥❞♦ ❝♦♥st❛t❛♠♦s q✉❡

❛ ♥♦✈❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣❛r❛ ♥♦ss♦ ❡s♣❛♥t♦✱ ❧❡✈❛✈❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✺ ❤♦r❛s

❡♠ ✈❡③ ❞❡ ✼✷ ♠✐♥✉t♦s✳

❖ ♣r♦❜❧❡♠❛ ❡st❛✈❛ ♥♦ ❢❛t♦ ❞❡ ❡st❛r♠♦s ✉s❛♥❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❝♦♠ ❝♦♠♣❧❡✲

①✐❞❛❞❡ O(n5) q✉❛♥❞♦ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡stá ♣r♦✈❛❞♦ s❡r ♣♦ssí✈❡❧ r❡s♦❧✈ê✲❧♦

❡♠ O(n4)✳ ❋♦✐ ♠❛✐s ♦✉ ♠❡♥♦s ♥❡ss❡ ♣❡rí♦❞♦ q✉❡ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ♣✉❜❧✐❝❛✲

çã♦✱ ♦♥❞❡ é ❛♣r❡s❡♥t❛❞❛ ✉♠❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ q✉❡ ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦ ❞❛

❢✉♥çõ❡s dlmn ❞❡ ❲✐❣♥❡r ✈✐❛ ❋❋❚✳

❆♣ós ✐♠♣❧❡♠❡♥tá✲❧♦ ❝♦♠ s✉❝❡ss♦✱ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❝❛✐✉ ❝♦♥s✐❞❡r❛✈❡❧✲

♠❡♥t❡✱ ❡ ♣❛ss♦✉ ❛ s❡r ❝♦♠♣❛rá✈❡❧ ❛♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ♠♦str❛❞♦ ♥♦ ❛rt✐❣♦

♦r✐❣✐♥❛❧ s♦❜r❡ ✇❛✈❡❧❡ts✳ ▼❡s♠♦ ❛ss✐♠✱ ❛s s✐♠✉❧❛çõ❡s ❛✐♥❞❛ ♥ã♦ s❡r✐❛♠ ♣♦ssí✲

✈❡✐s ❡ ♣♦rt❛♥t♦ ♠✉✐t♦ ♠❛✐s tr❛❜❛❧❤♦ t❡r✐❛ q✉❡ s❡r ❢❡✐t♦✳ ❆♦ ❧♦♥❣♦ ❞♦s ✈ár✐♦s

❛♥♦s s❡❣✉✐♥t❡s ❞❡ ❞♦✉t♦r❛❞♦✱ ❛ ❡①♣❡r✐ê♥❝✐❛ ❡♠ ❝♦♠♣✉t❛çã♦ ❢♦✐ ❛✉♠❡♥t❛❞♦

❡ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❢♦✐ s❡ ❛♣r♦①✐♠❛♥❞♦ ❞❡ ❛❧❣♦ ❛❝❡✐tá✈❡❧✳ ❆t✉❛❧♠❡♥t❡

t❡♠♦s ❛❧❣♦ ❡♠ t♦r♥♦ ❞❡ ✸ ♠✐♥✉t♦s ♣❛r❛ ❛ tr❛♥s❢♦r♠❛❞❛✳ ❚♦❞❛s ❛s s✐♠✉❧❛çõ❡s

❛♣r❡s❡♥t❛❞❛s ♥❡ss❛ t❡s❡ ❢♦r❛♠ ❢❡✐t❛s ✉s❛♥❞♦ ❛♣❡♥❛s ✉♠❛ ♠áq✉✐♥❛✱ ❞❡ ❢♦r♠❛
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s❡q✉❡♥❝✐❛❧✱ s❡♠ ♣r❡❝✐s❛r ✉s❛r ✈ár✐♦s ♥ú❝❧❡♦s✱ q✉❡ ❡stã♦ ❝♦♠✉♠❡♥t❡ ❞✐s♣♦♥í✲

✈❡✐s ♥❛s ♠áq✉✐♥❛s ♠♦❞❡r♥❛s✱ ♦✉ ❡♠ ❝❧✉st❡rs ❞❡ ❝♦♠♣✉t❛❞♦r❡s✱ ♦♥❞❡ ♦ t❡♠♣♦

❞❡ ✉s♦ é ♠✉✐t♦ ♠❛✐s ❝❛r♦✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❛✐♥❞❛ ♥ã♦ s❡ ❡♥❝♦♥tr❛ ❡♠ s❡✉ ❡st❛❞♦ ❞❛ ❛rt❡✳ ❊①✐st❡♠

♠✉✐t♦s ♣♦♥t♦s q✉❡ ♣♦❞❡♠ t❡r ♠❡❧❤♦r✐❛s s✐❣♥✐✜❝❛t✐✈❛s✳ ❊✉ ♥ã♦ ✜❝❛r✐❛ s✉r✲

♣r❡s♦ s❡ ♦ t❡♠♣♦ t♦t❛❧ ❞❡ ❡①❡❝✉çã♦ ♣✉❞❡ss❡ s❡r r❡❞✉③✐❞♦ ♣❛r❛ ❛♣❡♥❛s ❛❧❣✉♥s
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1 Introduction

SWAT is a package for analysis of functions that are defined on the sphere.
It has been used extensively to analyze data collected by the Pierre Auger
experiment, CRPropa simulations and other simulation data. The program
has been written from scratch as part of my my Ph.D, where it evolved from
a simple ROOT macro and got bigger and bigger, since the code may be
useful to other people I decided to organize, document it and make it public.
The project main feature is its C++ implementation of the spherical wavelet
transform as presented in [2]. Some attractive features of SWAT are:

• Harmonic and Wavelet transform on the sphere.

• Interface to Healpix code, which is included in the build system (the
user does not have to install it).

• Easy selection of events hitting sky window.

• Calculation of deflection vs. 1/E graphs.
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• ROOT and FFTW are the only prerequisites.

The package includes some parts of the Healpix code. There are two reasons
why I decided to include it here, instead of just link against Healpix libraries.

1. I do not need all Healpix routines and support to the fits format.

2. I usually need shared libraries to call Healpix code in a ROOT session,
which are not built by Healpix build system since most of its code are
C++ templates.

3. Healpix installation used to be messy.

Most of the theoretical details of analysis of functions defined on S2 and
SO(3) were taken from [2] and references therein.
The code has been tested in Linux and MacBook, but the code is portable
enough to be built on other platforms. In the following we describe how to
use SWAT. Questions concerning the software can be sent to Marcelo Zimbres
mzimbres@gmail.com
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1.1 Installation

As a prerequisite to install SWAT you need ROOT and FFTW installed,
the configure script will fail if they are not installed. SWAT uses autotools
to generate the configure script and the Makefile, so you can expect all the
standard configure options and makefile targets. The lines bellow will install
the libraries on “/usr/local”
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$ tar −xvzf swat −1 .53 . ta r . gz
$ cd swat −1.53
$ . / con f i gu r e CXXFLAGS=”−O3 − f f a s t −math”
$ make
$ sudo make i n s t a l l

The flags passed to the configure script are optional, but greatly improve
performance. To use some of the features of the package, I am assuming you
are able to build shared libraries on your platform. To easy the task of loading
swat libraries the macro load.C, will be installed on ”/usr/local/share/swat”.
To load the libraries in ROOT’s C++ interpreter you have to execute it in
your ROOT session, or add it to your code .rootlogon.C macro.

$ cp / usr / l o c a l / share / swat/ load .C ˜/ . root logon .C
$ root # The . so ’ s are au tomat i ca l l y loaded here .

All SWAT classes are now available in the ROOT session with syntax high-
lighting (currently I do not use swat from inside a root session, but it may
be usefull for others). You should also be able to generate documentation in
HTML format with the macro ”prefix/share/swat/makehtml.C”. You have
to run this macro from the directory where you built SWAT. The documenta-
tion will be built in the directory htmldoc, this is a nice way to get aquainted
with the code (this is meant for those wanting to develop).

1.2 Getting ready

To use Herald file (a file distributed by the Pierre Auger collaboration con-
taining collected data), you will have to convert the ascii file to a TTree and
save it in a .root file, for that you should use the macro prefix/share/swat/-
convert herald.C where prefix is usually /usr/local. Copy this macro to the
same directory where you have the herald data file. The macro will read
a file with name ”herald.dat”, so you may have to rename your file or edit
the macro. For CRPropa simulations you can configure CRPropa to output
a .root file instead of a text file. The code uses the title of the TTree to
differentiate between a Herald and CRPropa file. The title of the TTree for
CRPropa must be “CRPropa 3D events”, as far as I know, this is the default.
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1.3 High quality graphs with pgfplots

If you have pgfplots installed on your machine, you can use the LATEX files
which are available in the directory pgfplots in swat root dyrectory, to gen-
erate high quality graphs using some output of swat analysis. You may have
noted that after running swat find you get many text files in your working di-
rectory. They are input files for the LATEX files. In the following subsections
we show how to use the material.

1.3.1 Skymaps

When you run the program swat find or swat sim, they produce a file named
skymap.dat. This file contains the coordinates and energy of the events that
passed the cut. To generate a graph for an isotropic sky for example, one
can use:

$ tar −xz f skymap . tar . gz
$ cd skymap
$ swatsim −n 1000 −s 1
$ pd f l a t ex −−jobname=skymap− f 1 skymap . tex

Example skies can be seem here:

2.6 2.8 3 3.2 3.4

·10−2

−4

−2

0

2

4

1/E

δ

The program will also generate the file mult cand.tex, this file contains only
the events which hit the tangent plane in the position found by the wavelet
analysis. Usually the energy of events is represented in skymaps as circles of
varying size, where events with higher energy have larger circles. I do not
like such representations since they can give the false impression that the
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angular resolution gets worse as the energy increases, which is not true. Ad-
ditionally, these circles pollute the figure. In the representations I am using,
colors are used to differentiate energies which in my opinion is a much clear
way of representing the sky.

1.3.2 Energy deflection graphs

In addition to skymap.dat, the files corr graphN.dat will be also generated,
with N varying from 0 to 15 (this number can be passed in the command
line). These files contains the energy-deflection graphs, of the events the hit
the tangent plane in the position found by the wavelet analysis. On figures
above, we see one example. The graph on the left originates from a CRPropa
simulation.

1.3.3 Wigner-d functions

Swat implements the calculation of the wigner dlmn functions via FFT. You
can use the file pgfplots/wignerd.tar.gz to generate some nice graphs.

2 Transforms on the Sphere

Most SWAT functionality is based on Fourier and wavelet transforms on
the sphere, therefore we give in this section a brief overview of analysis of
functions on the sphere. Before that however, it is important to mention
the problem of sampling functions on the sphere, which is refered to as its
pixelization. Due to the fact that most of the time we work with function
defined on the line (temporal series, for example) or on the plane (images in
general) we do not have to care much about how to sample. We simply divide
it in squares of same area and everything works just fine. However, when we
try the same thing on the sphere we imediately see that it is impossible to
achieve same area pixelization on the sphere due its curvature.
There are two main features we would like to have when dividing a sphere
in pixels. First we would like to have pixels of same area, this is achieved by
the Healpix pixelization 2. Second, we would like to to use FFT to calculate
functions on the sphere instead of slow recursion and that is achieved by
ECP Pixalization, which stands for “Equidistant cylindrical projection”2.
Unfortunately theses two features can not be achieved at the same time.
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In this software we decided to use ECP due to its simplicity. In ECP, the
three Euler angles, which we are using to parametrize SO(3), are sampled as
follows α, β and γ

αj1 = γj1 =
2πj

2B
, βj1 =

π(2k + 1)

4B
(1)

Figure 1: Above:Healpix pixelization of the sphere. Below: The ECP pix-
elization.

2.1 Fourier Transform on SO(3)

A function f ∈ L2(SO(3)) can be decomposed as follows

f(α, β, γ) =
∑

l=0

l
∑

m=−l

l
∑

n=−l

f l
mnD

l
mn(α, β, γ). (2)

where

Dl
mn(α, β, γ) = e−imαdlmn(β)e

−inγ. (3)

is called ”Wigner-D functions” and form an irreducible representation on
SO(3). The functions dlmn are called ”small wigner-d functions”.
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The inverse of 2 on ECP pixelization is given by

f l
mn =

1

(2B)2

2B−1
∑

j1=0

2B−1
∑

j2=0

2B−1
∑

k=0

wB(k)f(αj1 , βk, γj1)D
l∗
mn(αj1 , βk, γj1) (4)

where B is the band limit and the quadrature weights are given by

wB(k) =
2

B
sin

(

π(2k + 1)

4B

)

B−1
∑

j=0

1

2k + 1
sin

(

(2j + 1)(2k + 1)
π

4B

)

(5)

where 0 ≤ k < 2B.

3 Installed programms

In the following sub-sections we will describe the main programs which SWAT
installs and which provide an easy interface to the wavelet analysis.

3.1 swat find

swat find is the main program. It can be used to find sources in Pierre
Auger data and CRPropa simulations. Beyond that, it can be also used to
test whether the events belong to a multiplet, calculating energy-deflections
graphs for the sources found. All information is saved in .root format. A
source here is a term used to mean something with a position on the sky,
usually described by (θ, φ) and an orientation. We will use the three Euler
angle (α, β, γ) to describe the source.
It uses the following algorithm:

1. The TTree containing Pierre Auger data or CRPropa simulations is
read from the file passed in the command line with option -f.

2. Events with energy in the range emin < E < emax are selected and
used to fill a Healpix map. The options -i and -e are used to pass the
energy range.

3. The Healpix map generated is transformed to wavelet space. The pa-
rameter N , passed by the option -N gives the precision on the ability
of the wavelet to find the angle γ, which can range from 1 - 128 in
our implementation. The precision in degrees are calculated with the
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formula 180/N The scale on which the analysis is performed is passed
with option -j. It ranges from 0 - 8. We found out that the best results
are achieved with j = 1.

4. A partial sort is used to find the 15 largest wavelet coefficients.

5. The euler angles found will be used to calculated the tangent plane
equation for each source. The width and length of the plane are passed
with options -w and -l respectively.

6. A loop on the data is made to select all events hitting the tangent
plane. The energy cut is used again.

7. The energy-deflection graphs are calculated and the correlations found
are printed on the screen.

All the information is saved in the file ”sources.root”. Lets see an example:

$ swat f ind − j 1 −N 127 − i 20 −e 40 −w 2 − l 10 − f cha in . root
TFi le ∗∗ chain . root CRPropa output data f i l e
TFi le ∗ chain . root CRPropa output data f i l e
OBJ: TNtuple events CRPropa 3D events
OBJ: TEventList l i s t 20 < emin && emax < 40
OBJ: THealpixMap hmap Healpix sky map
OBJ: TGraph g0 C = −0.993 , N = 4
OBJ: TGraph g1 C = −0.986 , N = 5
OBJ: TGraph g2 C = 0.000 , N = 0
OBJ: TGraph g3 C = −1.000 , N = 2
. . .

The N in the TGraph title is the number of events in the graph (or the
number of events which hit the tangent plane) and is not to be confused
with the N passed by command line option -N. C is the correlation of the
energy-deflection graphs.
Now, if you want to see the exact location of the source:

$ root source s . root
root [ 1 ] . l s
TFi le ∗∗ source s . root
TFi le ∗ source s . root
KEY: THealpixMap hmap ; 1 Healpix sky map
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KEY: TEulerAngle source0 ; 1
KEY: TEulerAngle source1 ; 1
KEY: TEulerAngle source2 ; 1

root [ 2 ] source0−>Show(1)
wav (137 .812 , −27 .4219 ,159 .638) = −0.035312
root [ 3 ]

Help description

Searches f o r mu l t i p l e t s in hera ld data or CRPropa
s imu l a t i on s . Ca l cu l a t e s c o r r e l a t i o n o f events h i t t i n g
s t r i p e on the tangent plane and d i s p a l y s on the screen .
The r e s u l t s are saved to source s . root f i l e . Two input
f i l e formats are supported , both are TTrees saved in a
. root f i l e . The TTrees can be e i t h e r the output o f
CRPropa or a Herald f i l e converted to TTree ( see macro
macros/ conver t he ra ld .C in swat source t r e e ) .

Usage : swat f i nd [ − j s c a l e ] [−N number ] [− i emin ]
[−e emax ] [−w width ] [− l l ength ] [− f f i l e . root ]
[−n nsources ] [− t wav threshold ]

Options :

−h : This menu .
− j : Wavelet s c a l e . I t i s a number in the range

0 <= j <= 8 , d e f a u l t s to 1 .
−N: Band l im i t o f wavelet , in the range 0 < N <= 128 ,

d e f a u l t s to 1 .
− i : Minimum energy o f events , d e f a u l t s to 20 EeV .
−e : Maximum energy o f events , d e f a u l t s to 40 EeV .
−w: Width o f tangent plane , d e f a u l t s to 2 degrees .
− l : Length o f tangent plane , d e f a u l t s to 10 degrees .
− f : Root f i l e conta in ing Tree with data , d e f a u l t s to

chain . root .
−n : Number o f source s to look f o r . Defau l t to 15
−t : Wavelet thre sho ld va lue .

3.2 swat sim

swat sim uses Monte Carlo simulations to calculate the probability of a mul-
tiplet happen by chance on a isotropic sky. The distribution of E, θ and φ

10



must be passed in the command line, it can be generated by swat gen The
probability is calculated as follows:

• The program simulates n isotropic skies. If you want to add your
simulated events to each sky you can use the option -f and a TTree in
CRPropa format will be read and added in each sky.

• For each sky simulated the analysis made by swat find is used to cal-
culate the correlation coefficient.

• If the correlation is larger than C , passed with option -c and has more
than n events, passed with option -m, then the multiplet has passed
the criteria.

• The probability will be total number of multiplets passing the criteria
divided by number of skies simulated.

Beyond the probability, the program outputs two additional histograms:

1. A histogram of the correlation coefficients found, for which the total
number of events is larger than the value passed with -m.

2. A histogram of the number of events in the tangent plane.

3. A histogram of the largest wavelet coefficients found.

Help message

Ca l cu l a t e s the p r obab i l i t y o f a mu l t i p l e t with minimum
co r r e l a t i o n c > c 0 ( see −c opt ion ) , minimum number o f
events m > m 0 ( see −m opt ion ) and where the magnitude o f
the wavelet c o e f f i c i n t e C > C 0 ( see −C opt ion ) , happen
by chance us ing wavelet a n a l y s i s . F i r s t an i s o t r o p i c sky
i s s imulated ( the coverage and energy d i s t r i b u t i o n must
be provided ) and the wavelet r ep r e s en t a t i on o f the sky i s
c a l cu l a t ed , the eu l e r ang l e s o f the l a r g e s t c o e f f i c i e n t
i s used to c a l c u l a t e the equat ions o f the tangent plane
at the po s i t i o n found ( the eu l e r ang l e s ) . The c o r r e l a t i o n
c i s c a l c u l a t ed i n c l ud ing a l l events that h i t the tangent
plane , whose s i z e i s s p e c i f i e d with the opt ions − l and
−w. The p r o b a b l i l i t y w i l l be the number o f mu l t i p l e t s
with c > c 0 , C > C 0 and m > m 0 , d iv ided by the number
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o f s k i e s s imulated . Addit ionaly , seven other qu an t i t i e s
are c a l c u l a t ed :

1 − The histogram of the number o f events that h i t the
tangent plane .

2 − The histogram of the c ’ s found f o r which the
number o f events i s g r ea t e r than m 0 and C > C 0
( passed in the command l i n e ) .

3 − The histogram of the magnitude o f wavelet
c o e f f i c i e n t s C 0 .

4 − The histogram of the mean o f wavelet c o e f f i c i e n t s .
5 − The histogram of the var i ance o f wavelet

c o e f f i c i e n t s .
6 − The histogram of the skewness o f wavelet

c o e f f i c i e n t s .
7 − The histogram of the ku r t o s i s o f wavelet

c o e f f i c i e n t s .

I f − f opt ion i s used , a TTree in the f i l e w i l l be read
and events w i l l be added to the ana l y s i s , t h i s i s u s e f u l
to inc lude a s imulated mu l t i p l e t on the ana l y s i s , h id ing
i t in the i s o t r o p i c backgroung the t e s t the a lgor i thm .

I t i s a l s o mandatory to s p e c i f y :

− Energy d i s t r i b u t i o n .
− The theta d i s t r i b u t i o n .
− The phi d i s t r i b u t i o n .

This i s the d i s t r i b u t i o n the background events have to
f o l l ow . These d i s t r i b u t i o n s are read from a root f i l e .
Use swat gen and swat coverage to generate them .

Usage : swat s im [ − j s c a l e ] [−N number ] [−n nevents ]
[− s s k i e s ] [− i emin ] [−e emax ] [− c corr ] [−m mevents ]
[−w width ] [− l l ength ] [− f f i l e . root ] [−C min wav ]
[−d energy ] [−a coverage ]

Options :

−h : This menu .
− j : Wavelet s ca l e , a number in the range 0 <= j <= 8 ,

d e f a u l t s to 1 .
−N: Band l im i t o f wavelet , in the range 0 < N <= 128 ,

d e f a u l t s to 1 .

12



−n : Number o f events in the s imulated sky , d e f a u l t s
to n = 1000

−s : Number o f s k i e s to s imulate , d e f a u l t s to 100 .
− i : Minimum energy o f events , d e f a u l t s to 20 EeV .
−e : Maximum energy o f events , d e f a u l t s to 40 EeV .
−c : Minimum co r r e l a t i on , d e f a u l t s to 0 . 2 .
−C: Minimum Magniftude o f wavelet c o e f f i c i e n t ,

d e f a u l t s to 0 . 0 .
−m: Minimum number o f events h i t t i n g tangent plane .
−w: Width o f tangent plane , d e f a u l t s to 2 degrees .
− l : Length o f tangent plane , d e f a u l t s to 10 degrees .
− f : Add events in TTree s tored in f i l e to the

s imulated sky .
−d : Histogram with energy d i s t r i b u t i o n s .
−a : Histogram with theta and phi d i s t r i b u t i o n s .

3.3 swat gen

Generates distribution of E θ and φ coordinates that will be used by swat sim
program. Two kinds of distribution are supported, isotropic or Auger distri-
bution if herald data is provided.

Figure 2: Energy distribution on the left. On the right angular distribution.
Both for Auger experiment.

3.4 swat prob

Reads a f i l e output by swat sim and c a l c u l a t e s
p r o b a b i l i t i e s . Use the macros cprob . tex and
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wprob . tex in pg f p l o t s d i r e c t o ry to produce
p r obab i l i t y graphs .

Usage : swat prob [−n n s t ep s ] [−o outpu− f i l e ] [− t ]
[−k kind ]

Options :

−h : This menu .
−o : Output f i l e , where p r o b a b i l i t i e s

w i l l be recorded .
−t : Ca l cu l a t e s P(q >= q 0 ) i f provided ,

P(q < q 0 ) otherwise . q w i l l be the
c o r r e l a t i o n or wavelet c o e f f i c i e n t ,
depending on the va lue passed in opt ion −k

−k : E i ther 1 f o r c o r r e l a t i o n or two f o r
wavelet c o e f f i c i e n t .

−n : Total number o f s t ep s ( po in t s on
p r obab i l i t y graph ) . De fau l t s to 10 .

3.5 swat

This program is only used to benchmark and test the algorithm. It can test
both the spherical harmonic transform and the spherical wavelet transform.

$ time swat −J 8 # Wil l t e s t s p h e r i c a l harmonic transform .
$ time swat −J 8 −N 3 # Wil l t e s t wavelet transform .

Help message

Tests the a lgor i thm performing forward and backward
transform . Both s ph e r i c a l harmonic transform ( i f opt ion
−N i s not provided ) or s ph e r i c a l wavelet trans forms can
be performed . I use t h i s program to benchmark my code
us ing the time command :

$ time swat −J 8 −N 127

f o r example . I f forward f o l l o e d by backward transform do
not r e s u l t in the data , with p r e c i s i o n 1e−10 , program
ex i t s with EXIT FAILURE s ta tu s . For example

14



$ swat J8 −N 127
$ echo $?
0
$

Usage : swat [−J j ] [−N n ]

Options :
−h : This menu .
−J : Sets band l im i t o f the s i g n a l to 2ˆJ , d e f a u l t s to

J = 7 .
−N: Band l im i t o f wavelet to be used .
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Abstract

Due to the action of the intervening cosmic magnetic fields, ultra-high energy cosmic rays (UHECRs) can be deflected in such a

way to create clustered energy-ordered filamentary structures in the arrival direction of these particles, the so-called multiplets. In

this work we propose a new method based on the spherical wavelet transform to identify multiplets in sky maps containing arrival

directions of UHECRs. The method is illustrated in scenarios with a multiplet embedded in isotropic backgrounds with different

number of events. The efficiency of the algorithm is assessed through the calculation of Type I and II errors.

Keywords: spherical wavelets, ultra-high energy cosmic rays, cosmic magnetic fields, multiplets

1. Introduction

Cosmic rays were discovered more than one century ago.

One remarkable feature of the cosmic ray spectrum is that it

spans more than ten orders of magnitude, up to hundreds of

EeV (1 EeV = 1018 eV). The spectrum roughly follows an in-

verse power law, which means that the expected flux of particles

at the highest energies is extremely low compared to the lower

energies. In fact, at energies of a few EeV, only one particle

per square kilometer per year is expected. Particles with en-

ergies & 1 EeV are referred to as Ultra-High Energy Cosmic

Rays (UHECRs). Some experiments, such as the Pierre Auger

Observatory and the Telescope Array, have been designed to in-

crease the statistics of events in this energy range. Despite the

higher statistics achieved, which has shed light over many im-

portant questions, some of them still remain unanswered, such

as the origin, nature and mechanisms of acceleration of these

particles.

Due to the presence of galactic and extragalactic magnetic

fields, charged cosmic rays are expected to be deflected. Hence,

incoming directions, as measured by a detector, do not point

back to the exact position of the source. The magnitude of

the deflection depends on the strength of the intervening fields.

In the case of charged particles the deflections are roughly in-

versely proportional to the particle energy. Therefore, for co-

herent fields, the different Larmor radii described by cosmic

rays can create filamentary structures ordered by energy, the

multiplets. This allows the reconstruction of the source posi-

tion, and consequently enhances the possibility to do astronomy

with UHECRs.

In this paper we propose a new method of identifying mul-

tiplets, based on the spherical wavelet transform. The paper is
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rafael.alves.batista@desy.de (R. Alves Batista),
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organized as follows: in section 2, we review the physics under-

lying multiplets; in section 3 we present the wavelet transform

from a pattern matching algorithm point of view, and give moti-

vations for its use in cosmic ray physics; in section 4 we present

a novel algorithm to identify filamentary structures in cosmic

ray maps; in section 5 the method is applied to simulated data

sets; in section 6, we present our results; in section 7 we make

our final remarks.

2. Cosmic Magnetic Fields and Multiplets

Several results show that at ultra-high energies the cosmic

ray spectrum might contain a component of atomic nuclei. Data

from the High Resolutions Fly’s Eye Experiment (HiRes) indi-

cate that UHECRs are probably protons [1], whereas the results

from the Pierre Auger Observatory indicate that the composi-

tion tends to heavy nuclei at the highest energies1 [2]. Despite

this controversy, one can consider that UHECRs are predomi-

nantly charged particles and, as so, can be deflected by mag-

netic fields.

The deflection expected for a UHECR of charge Z due to

the regular component of the galactic magnetic field (GMF) is

given approximately by [3]:

δ ≈ 53◦
Z

E

∣

∣

∣

∣

∣

∣

L
∫

0

d~r

kpc
×

~B

µG

∣

∣

∣

∣

∣

∣

EeV, (1)

where E is the energy of the particle, ~B the magnetic field, and

L the travel distance of the particle. Since | ~B| ∼ µG and is

coherent over lengths of ∼ 10 kpc, typical deflections are ∼
10◦ for protons of 10 EeV.

1Notice that this results strongly depends upon the hadronic interaction

model taken into account.

Preprint submitted to Astroparticle Physics May 3, 2013



The expected deflection due to the turbulent component is

[4]:

δturb ≈ 10◦
Z EeV

E

Brms

µG

√

L

kpc

√

Lc

50 pc
, (2)

where Lc is the coherence length of the field and Brms is the

root mean square intensity of the magnetic field.

According to equation (1) the deflection is inversely pro-

portional to the energy of the particle. Therefore it is possible

that energy ordered filamentary structures, the so-called multi-

plets, can be detected in cosmic ray maps as shown in figure 1.

Another method to detect filamentary structures in the arrival

directions distributions of UHECRs was proposed by Harari et

al.[5].

An interesting property of the multiplets is that the posi-

tion of the source can be reconstructed, allowing one to identify

UHECRs sources. A method to reconstruct the source position

of a multiplet was presented by Golup et al. [6] and was used

by the Pierre Auger Collaboration to estimate the position of the

sources for some possible multiplet candidates [4]. In the afore-

mentioned work, no evidence for the presence of multiplets was

found for energies above 20 EeV.

Figure 1: Illustration of a multiplet on the tangent plane of a

sky map. The dots represent events from higher (red) to lower

(blue) energies. The black dot corresponds to the position of

the source.

It is important to notice that for some models of the galactic

magnetic fields such as the ones proposed by [7–9] cosmic ray

multiplets can be formed, whereas in other models such as the

one recently proposed by [10] they are very unlikely to occur,

due to the strength of the field, especially the turbulent compo-

nent.

The role played by extragalactic magnetic fields in the de-

flection of UHECRs is not fully understood. Simulations of

the propagation of UHE particles in the large scale structure of

the universe have been performed by several groups [11–14].

However, these results are contradictory and one cannot obtain

a clear picture of the effects of the extragalactic magnetic field

for the deflection of UHECRs. For the purposes of this work we

assume that the deflections induced by extragalactic magnetic

fields are much smaller than the ones induced by the GMF.

3. Wavelets on the sphere

In many branches of Physics, specially Astrophysics and

Cosmology, wavelets have been successfully applied to solve

various problems, particularly related to detection of signals.

Wavelets on the plane have been widely used to denoise cos-

mic microwave background (CMB) maps [15–17]. However,

the problem of identifying anisotropies in the distribution of ar-

rival directions of UHECRs has not been properly addressed,

and only a few works [18–22] on this topic are available in the

literature.

Wavelets are commonly used in one and two dimensional

data analysis, but in recent years the interest in data lying on

the sphere has increased due to experiments such as the Cos-

mic Background Explorer (CoBE), the Wilkinson Microwave

Anisotropy Probe (WMAP), the Planck Satellite and the Pierre

Auger Observatory, which make use of these kind of data. The

need to process these sorts of data sets pushed the interest on

new techniques under development, being wavelet analysis on

the sphere one example. Wavelets on the sphere have been

successfully applied to studies of the cosmic microwave back-

ground [23–26], and also dark energy detection [27, 28].

Wavelets can be specially useful for cosmic ray data analy-

sis, where we usually have to deal with a non uniform exposure

to search for local structures in the sky, with a defined position,

such as point sources, and possibly an orientation, such as mul-

tiplets. An event by event analysis is not viable, and the analysis

in harmonic space would be even harder since all local proper-

ties are lost. Spherical wavelets come up as a good alternative

to address these problems. Other attractive features of wavelet

analysis are:

• any function can be exactly represented by its wavelet

coefficients;

• local features of the signal can be enhanced in wavelet

domain, meaning that the number of coefficients needed

to represent a given signal is reduced;

• it provides scale decomposition, making it possible to

identify structures with different angular sizes and focus

on the part of interest in the signal;

• it does not rely on any tangent plane approximation, in

the case of wavelets on the sphere.

Data representation in wavelet domain can be thought as

something between pixel and harmonic representation. Some-

times it is very convenient to decompose the data to enhance

properties that are not clear in harmonic or pixel domain. Wavelets

can be interpreted as local analysis functions which can be ro-

tated and/or dilated, to obtain information regarding the signal

morphology.
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3.1. Pattern matching on the sphere

In this subsection we show that the problem of finding a

multiplet, or any other pattern defined on the sphere, can be

treated by the fast rotational matching algorithm [29].

Let f(θ, ϕ) and h(θ, ϕ) be two functions defined on the

sphere. Assume that h is a rotated version of f , such that

f = Λ(α, β, γ)h, with (α, β, γ) being Euler angles, and Λ de-

noting the rotation operator in SO(3).
If we know that a rotated version of the pattern f is present

in h, we can find its latitude, longitude and orientation on the

sphere by correlating all rotated versions of f with h, and se-

lecting the rotation which maximizes the correlation

C =

∫

S2

h(θ, ϕ)Λf(θ, ϕ)d(cos θ)dϕ. (3)

We can parametrize the rotations in terms of Euler angles. In

this case the correlation function can be denoted byC = C(α, β, γ).
In other words, we want to find the angles α, β and γ for which

C is maximum.

The straightforward evaluation ofC is very time-consuming

and not affordable depending on the precision we are using to

describe our signal. Denoting the band-limit of the signal by

B, the complexity of equation (3) is O(B5). This complex-

ity can be reduced to O(B4) by calculating the correlation in

the harmonic domain. So, we can write the spherical harmonic

expansions of f and h as

f(θ, ϕ) =

B−1
∑

l=0

l
∑

m=−l

almY l
m(θ, ϕ) (4)

h(θ, ϕ) =
B−1
∑

l=0

l
∑

m=−l

blmY l
m(θ, ϕ), (5)

with Y l
m being spherical harmonics. Using these expansions we

can show (see Ref. [30] for more details) that the correlation

function (3) can be cast as

C =

B−1
∑

l=0

l
∑

m,n=−l

almblnD
l
mn(α, β, γ) (6)

=

B−1
∑

l=0

l
∑

m,n=−l

almblne
imαdlmn(β)e

inγ , (7)

where Dl
mn denotes the Wigner-D functions and dlmn the small

Wigner-d functions. This algorithm is called Fast Rotational

Matching, abbreviated to FRM. It uses the Fast Fourier Trans-

form (FFT) on both α and γ to calculate equation 7. Depending

on the tessellation chosen, the FFT can be extended to the β
coordinate [29].

This approach to find a multiplet may not be an option be-

cause we do not know exactly the pattern f(θ, ϕ) that describes

the multiplet. Moreover, for angular resolutions corresponding

to a band limit higher than B = 128, too much memory would

be required. For B = 256, for example, approximately 4.5 GB

of RAM would be necessary in our implementation.

In the next subsection we show that the difficulties men-

tioned above can be overcome by using a special family of di-

rectional wavelets instead of the pattern itself.
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Figure 2: The figure shows the harmonic support in the fre-

quency domain of the family of wavelets used, for J = 8.

Table 1: First column: scale j. Second column: wavelet sup-

port. Third column: angular sizes in degrees for which the

wavelet is sensitive. Fourth column: maximum precision on

the angular variables in degrees.

j Support Angular size (◦) Precision (◦)

0 (256, 128) (0.7, 1.4) 0.7
1 (256, 64) (0.7, 2.8) 0.7
2 (128, 32) (1.4, 5.6) 1.4
3 (64, 16) (2.8, 11.3) 2.8
4 (32, 8) (5.6, 22.5) 5.6
5 (16, 4) (11.3, 45.0) 11.3
6 (8, 2) (22.5, 90.0) 22.5
7 (4, 1) (45.0, 180.0) 45.0
8 (2, 1) (90.0, 180.0) 90.0

3.2. Pattern matching with directional wavelets

When the function f from equation 4 is a wavelet, and h is

the signal of interest, equation 3 is the definition of the forward

spherical wavelet transform, and the correlation function can be

interpreted as the wavelet representation of the signal h.

The wavelets used in this work are defined in the harmonic

domain2. Their harmonic representation has the special prop-

erty of allowing them to be split into a kernel and a directional

part

blm = k(l)Slm, (8)

where the kernel k(l) is responsible for dilations and Slm is

responsible for the directional properties of the wavelets. This

split ensures that dilations do not affect directional properties,

so that these two parts can be treated independently.

2For the explicit definition and derivation of the mother-wavelet equation,

refer to Ref. [31].
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The kernel k(l) at each scale j has zero values at frequen-

cies outside the range (2J−1−j , 2J+1−j), which is usually re-

ferred to as the wavelet support. The support is related to the

frequencies to which the wavelets are sensitive. For a graphical

representation see figure 2. It is interesting to notice in this fig-

ure that an adequate choice of j can suppress some values of l,
making this method powerful even when we consider the expo-

sure of a detector, which is usually associated to low values of

l.
In our implementation, for a given band limit B, the num-

ber of scales in the wavelet analysis is given by J = log2 B.

Since we have used B = 256, then J = 8. For a physical in-

terpretation, however, it is simpler to think in terms of angular

sizes. For that, we can convert the frequency range into an an-

gular size using the formula 360◦/2l, where l is the frequency

we are interested in. In table 1 the angular size to which each

scale is sensitive is shown.

The sensitivity of the wavelet on finding the angle γ can be

controlled by imposing a band limit on Slm. Denoting this band

limit by N , then Slm = 0 for all m ≥ N . If the directional fea-

tures of the signal are not relevant for the analysis, low values

of N , such as N = 1, can be used. The maximum value of N
at scale j is given by N = 2J−j+1. The precision of the orien-

tation for a given N is given by ∆γ = 180/N . In this work, we

have used N = 127, shown in figure 3, which gives a precision

∆γ = 1.42 degrees. This value is a good compromise between

computational resources and the required precision.

−30 −20 −10 0 10 20 30

−10
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(a) N = 1

−30 −20 −10 0 10 20 30
−10
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(b) N = 127

Figure 3: Comparison of wavelet with parameters (J, j,N) =
(8, 2, 1) and (J, j,N) = (8, 2, 127). Both axes are in units of

degrees. The wavelet shown in figure (b) is the one used in the

analysis.

4. Looking for multiplets

We have developed an algorithm that uses spherical wavelets

to identify and locate filaments in maps containing arrival direc-

tions of UHECRs. The algorithm is described below.

1. From a set of events, calculate the function h(θ, ϕ) that

represents the signal. This involves choosing a tessel-

lation for the sphere, and counting the total number of

events contained in each pixel in the sky.

2. Calculate the Fourier expansion of h(θ, ϕ), resulting in

the coefficients alm (see equation 4).

3. Choose the appropriate wavelet. For the family of wavelets

used, this involves choosing three parameters, the maxi-

mum scale J , the scale at which the analysis is performed

j and the azimuthal band limit, controlled by the parame-

ter N . Ideally, the angular size of the wavelet will match

the size of the multiplet. This choice relies on 1.

4. Calculate C(α, β, γ) from equation (7).

5. Select all (α, β, γ) such that |C(α, β, γ)| > C0, where

C0, is threshold value.

6. Select the events at each location (α, β, γ) (see section

4.2). This will result in m groups of events.

7. Discard all groups of events for which n < n0, where n
is the number of events in the group, and n0 is a threshold

value.

8. For each group of events, calculate the correlation c of

the graph δ × 1/E (see equation 17).

9. Accept as a multiplet candidate all groups for which |c| >
c0, where c0 is a threshold value. (see section 4.2)

4.1. Establishing thresholds

To carry out all steps of this algorithm one needs to establish

three threshold values: the wavelet threshold C0 used in step

5, the minimum number of events n0, used in step 7, and the

minimum correlation c0, used in step 8.

To calculate the thresholds, we have used simulated sky

maps containing arrival directions of events isotropically dis-

tributed. No magnetic fields are considered in this case, so that

if a multiplet is identified by our method, it certainly happened

by chance. This allows us to establish the threshold values C0,

c0, and n0 by using algorithm previously presented in section

4.

To estimate C0, we start with M isotropic realizations fol-

lowing the same assumptions on the injection spectrum and ex-

posure. Ci is the largest wavelet coefficient obtained for each

realization i, according to step 5 of the algorithm.

By selecting only one value of C for each realization, we

have a single correlation coefficient ci for each of the simulated

isotropic skies, calculated at step 8 of the algorithm.

From M wavelet coefficients Ci and correlations ci, we

choose

C0 = C̄ + rCσC and c0 = c̄+ rcσc, (9)

where C̄ and c̄ denote the average values over M realizations,

and σC and σc their respective standard deviations. The num-

bers rC and rc are chosen according to the error the user is

willing to accept. In this work we set rC = 1 and rc = −1.

The threshold value for the number of events in the multi-

plet, n0, is chosen depending on the specific problem. In this

analysis, for example, we have chosen n0 = 10, following Ref.

[4].

4.2. Selecting events

To select events around the position where a wavelet has a

high magnitude we need the Euler angles α and β, to provide a

location in the sky, and the angle γ, to provide an orientation.
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A multiplet can, in principle, describe an arbitrary curve on the

surface of the celestial sphere, depending on the intervening

magnetic fields. To be general for all possible shapes we have

used small segments as shown on figure 4. Each segment should

be small enough so that the curve described by the events is

approximately a straight line inside the segment.

A small deflection angle (. 10◦) can be written as δ =
∆s/r, which in spherical coordinates takes the form

∆s2 = r2((∆β)2 + sin2 β(∆α)2), (10)

with ∆s being the linear distance over the surface of a sphere

of radius r.

Now we note that the unit vectors α̂ and β̂, which point in

the direction where α and β vary, are orthogonal and span the

plane tangent to the sphere at (α, β). Using equation 10 we can

write a displacement vector, tangent to that point as

~d = r(∆β)β̂ + r sinβ(∆α)α̂. (11)

It is convenient to write ~d in terms of L̂, aligned with the wavelet,

and Ŵ , which is perpendicular to it. These vectors are related

to α̂ and β̂ by a rotation of an angle γ in the tangent plane, as

shown below:

α̂ = cos γL̂− sin γŴ (12)

β̂ = sin γL̂− cos γŴ . (13)

We can now cast 11 as

~d = d
L̂
L̂+ d

Ŵ
Ŵ , (14)

where

d
L̂

= r(∆β cos γ + sinβ∆α sin γ) (15)

d
Ŵ

= r(−∆β sin γ + sinβ∆α cos γ). (16)

With equations 15 and 16, we can select events in the sky at

the position of maximum wavelet coefficient. The only infor-

mation required are the Euler angles α, β, and γ, since r = 1
for the celestial sphere.

5. Analysis

To simulate both the background and the events belong-

ing to the multiplet, we have used the CRPropa software [32].

Protons were injected following a typical E−2.2 spectrum, for

15 < E < 40 EeV. The effective detector size is a sphere of

radius 1 Mpc, and the source was assumed to be in our local

universe, at a distance of 30 Mpc from the detector. For the

isotropic data sets, the events were simulated in random posi-

tions of the sky.

We have divided our analysis in two parts. First we analyze

an isotropic distribution of events to establish the thresholds, as

explained in section 4.1. In the second part of the analysis we

used a simulated multiplet composed by 10 events, embedded

in the same isotropic datasets previously used. The multiplet

formation was induced by an unrealistic uniform magnetic field

of 1 nG oriented in the ẑ direction. Nevertheless, the results are

Figure 4: Illustration of a multiplet along a segment. The dots

represent events from higher (red) to lower (blue) energies. The

angles (α, β, γ) are the Euler angles associated with the multi-

plet.

totally independent of the method used to generate the multi-

plets, since it depends only on the position of the events, and

on the energy- deflection correlation. The number of isotropic

events range between 100 and 1000 events, in steps of 100, and

a total of 1000 realizations for each of these values. The mul-

tiplet embedded in one of the isotropic skies containing 1000

isotropically distributed events can be seen in figure 5.

20 25 30 35

Figure 5: Simulated multiplet containing 10 events embedded

in a background of 1000 events. The color scale corresponds to

the energy of the events in units of EeV. The zoom shows more

closely the events of the simulated multiplet.
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The simulated multiplet has a correlation coefficient c =
0.99 when no background is present. c corresponds to the Pear-

son’s coefficient of the δ × E−1 graph, given by:

c =

n
∑

i=1

(

1

Ei

−
〈

1

E

〉

) n
∑

i=1

(δi − 〈δ〉)
√

n
∑

i=1

(

1

Ei

−
〈

1

E

〉

)2

√

n
∑

i=1

(δi − 〈δ〉)2
. (17)

The scale at which we performed the analysis was chosen

based on table 1. At scales j = 2 and 3 the angular size of

the wavelet is close to what we would expect for a multiplet

similar to the simulated one, i.e., 10◦ × 2◦. Since at scale j =
3 the maximum precision of the angular variable is 2.8◦, we

have used j = 2 for the analysis. The size of the segments are

10◦ × 2◦, to match the dimensions of the wavelet.

6. Results and Discussion

In this section we present the results of the proposed algo-

rithm, when applied to the simulations.

Since the magnitude of the wavelet coefficients is used to

select directions of interest in sky maps, i.e., Euler angles, es-

tablishing the wavelet coefficient threshold is a crucial part of

the analysis. The wavelets should have enough sensitivity to

distinguish the cases of interest (isotropic data sets with an em-

bedded multiplet and without it). Figure 6 shows the aver-

age values of the magnitude of the largest wavelet coefficients

found in each realization, for the two data sets. The error bars

are the standard deviation of the 1000 realizations of isotropic

skies. In this particular case, for a multiplet composed of 10

events, the error bars start overlapping at around 1000 events,

which corresponds to a fraction of events from the multiplet

with respect to the background of ≈ 10−2.

The correlation coefficient is the main observable to prop-

erly characterize a multiplet. In this analysis we have used

n0 = 10, which means that a candidate will only be considered

a multiplet if it is composed by, at least, 10 events. We also have

to determine the value of c0, which is the value of the thresh-

old correlation coefficient. It is expected that the greater the

number of isotropically distributed events, which corresponds

to the background, the smaller the correlation coefficient. This

is corroborated by figure 7, which shows that the correlation

coefficient monotonically decreases for larger number of back-

ground events, indicating a contamination of the multiplet by

the background. This allows us to establish a threshold value

for the correlation coefficient. For 1000 isotropic events the

lowest value of c0 considered is c0 = 0.4, according to equa-

tion 9.

It is important to address the questions related to the proba-

bility of the algorithm finding a multiplet with c > c0 in a given

data set, when no multiplets are known to be present (Type II

error), and the probability of a multiplet to have c < c0 if it is

known to be present in the data (Type I error). In the isotropic

simulations, no multiplets with c > 0.4 were identified for a

fraction of events inferior to 10−2, implying that the maximum

type II error of the method is 10−3. Figure 8 shows the Type

200 400 600 800 1,000

0.5

1

1.5

2
·10−2

Number of events

|C
|

Magnitude of wavelet coefficients |C|

Figure 6: Magnitude of the largest wavelet coefficients in all

the 1000 realizations, as a function of the number of events in

the background. Blue circles correspond to the purely isotropic

case, and red squares to the multiplet embedded in the isotropic

background. The error bars are the standard deviation of the

wavelet coefficients for all the realizations.
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0.2
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0.6

0.8

1

1.2
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ve
ra
ge

c

Correlation comparison

Figure 7: Correlation coefficients of the 1000 realizations, as

a function of the number of events in the background. Blue

circles correspond to the purely isotropic case, and red squares

to the multiplet embedded in the isotropic background. The

error bars are the standard deviation of the wavelet coefficients

for all the realizations.

I error introduced by our method. It is worth mentioning that

for the most conservative case, which has the lowest fraction of

number of events of the multiplet with respect to the number of

6



events of the background, the Type I error introduced by using

a threshold value c0 = 0.4 is approximately 25%, whereas for

the least conservative case it is around 2%. For a high threshold

value such as c0 = 0.9, this error is of the order of 30% for

the most conservative case. It is important to stress that the es-

timated Type I and II errors depend on the confidence interval

adopted, set by the parameters rC and rc.

0 0.2 0.4 0.6 0.8 1

0
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20

30

c0

P
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b
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it
y
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c
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c 0
(%

)

n = 1000 n = 900 n = 800
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n = 400 n = 300 n = 200
n = 100

Figure 8: Probability of having c < c0 (type I error) when the

multiplet is known to be present in the data set. Each curve

corresponds to a different fraction of events of the multiplet

with respect to the isotropic background.

7. Conclusion

We have developed a wavelet based analysis method to iden-

tify multiplets in maps containing arrival directions of UHE-

CRs. We have illustrated the method by applying it to a hypo-

thetical scenario with a uniform magnetic field of 1 nG, consid-

ering several fractions of events from the multiplet with respect

to the background, down to a fraction of 10−2. All the param-

eters used in this study are rather arbitrary. These choices were

made to illustrate the method, and not to evaluate its overall

performance.

The observables used to accept or reject the multiplet candi-

date were the magnitudeC of the wavelet coefficient at the mul-

tiplet location (α, β, γ), the correlation c of the deflection ver-

sus inverse of the energy graph and the total number of events

in the multiplet n0.

The efficiency of the method was assessed by comparing the

analysis when applied to isotropically distributed events with

and without an embedded multiplet. The probability of wrongly

accepting a candidate multiplet with a correlation coefficient c

above the threshold value c0 > 0.4 is below 10−3. The prob-

ability of wrongly rejecting a candidate multiplet, when it is

known to be present in the data, is in the most conservative case,

approximately 30%. This value goes down to 3% by decreasing

the number of isotropic events in the data set. For the adopted

correlation coefficient threshold, these values are, respectively,

25% and 2%.

Even though we have assumed a uniform detector exposure

for the analysis previously presented, the results also hold for a

non uniform exposure, since the ideal parameters for multiplet

search in the wavelet analysis suppress low frequency modes,

that could be related to the coverage of the cosmic ray detec-

tor. The only caveat is that, in this case, the comparison data

sets should follow an isotropic distribution modulated by the

exposure of the detector.

The method focused on the search of multiplets, but it can

be adapted for generic application to related problems in astro-

physics, particularly the ones involving the search of filamen-

tary structures in sky maps.

All results showed in this paper can be easily reproduced

with the software SWAT (Spherical Wavelet Analysis Tool), de-

veloped by the authors of this paper. In case of interest in the

code, please contact us.
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Identifying Patterns on Cosmic Ray Maps with Wavelets on the Sphere

Rafael Alves Batista,∗ Marcelo Zimbres, and Ernesto Kemp
Instituto de Física “Gleb Wataghin” - Universidade Estadual de Campinas

The deflection of ultra-high energy cosmic rays depends on the shape of the injection spectrum of the source

and the pervasive cosmic magnetic fields. In this work it is applied the wavelet transform on the sphere to

search for energy ordered filamentary structures arisen from magnetic bending. These structures, the so-called

multiplets, can bring relevant information concerning the intervening magnetic fields.

I. INTRODUCTION

Ultra-High Energy Cosmic Rays (UHECRs) are particles with

energy above 1018 eV reaching the Earth. Almost a century

after the discovery of cosmic radiation, the origin, chemical

composition and mechanisms of acceleration and propagation

of the UHECRs remain a mystery[1].

The way their arrival directions are represented is by associ-

ating each event with its corresponding latitude and longitude

in the celestial sphere. For charged particles, the pervasive

cosmic magnetic fields play an important role, affecting the

distribution of arrival directions of UHECRs.

Several mechanisms of acceleration of UHECR in different

astrophysical sites result on a power law differential energy

spectrum[3], i. e.,

dN

dE
∝ E−α , (1)

where α is the spectral index. For a single source emitting

UHECRs of energy E according to this spectrum, the expected

angular deflection is inversely proportional to the energy. The-

refore, particles with different energies will deflect differently

and the greater the energy of the particle the smaller the an-

gular deflection of the particle (and vice-versa). So, if locally,

the typical scale of the intervening magnetic fields (coherence

length) is smaller or of the same order of magnitude of the

Larmor radius of the cosmic ray, filamentary structures in sky

maps are expected to be formed. The cosmic ray events that

compose this structure are ordered by energy, creating the so-

called multiplets of UHECRs. For the galactic magnetic field

the expected angular deflection (δ ) is given by[2]

δ = 8.1◦40
Z

E

∣

∣

∣

∣

∣

∣

L
∫

0

d~r

3 kpc
×

~B

2 kpc

∣

∣

∣

∣

∣

∣

, (2)

where L is the distance to the source, ~B is the magnetic field,

Z is the atomic number of the nuclei and E its energy in EeV.

II. THE METHOD

In this work it is proposed a new method (for another method

refer to [4]) to identify multiplets in maps containing arrival

directions of UHECRs. This method is based on the spherical

∗ rab@ifi.unicamp.br

wavelet transform[5] and consists on the correlation of a sig-

nal with rotated versions of a given pattern, both defined on a

spherical manifold. Let alm be the coefficients of the spherical

harmonic expansion of the signal, and bln be the same expan-

sion for the sought rotated pattern (in this case, a wavelet).

The correlation coefficient is

C =
B−1

∑
l=0

∑
|m|≤l

∑
|m′|≤l

almblm′Dl
mm′(α ,β ,γ), (3)

where the overline indicates the complex conjugate, Dl
mm′ de-

signates Wigner-D functions, B is the band limit of the imple-

mented algorithm, and (α,β ,γ) are the Euler angles associa-

ted to the rotation of the wavelet.

Applying the spherical wavelet transform using a code cal-

led SWAT (Spherical Wavelet Analysis Tool)[6] to the dis-

tribution of arrival directions of UHECRs, if the correlation

coefficient is high, this indicates a similarity between the pat-

tern (wavelet) used and the signal. The Euler angles provide

information regarding the coordinates (latitude and longitude)

where there is a maximal correlation coefficient, and the ori-

entation of the pattern.

Even though the method is able to identify filamentary

structures, it does not take into account the energy ordering of

the events for the analysis. This is done by choosing a rectan-

gle of dimensions ∼ 12◦ × 1.5◦ (typical dimensions of a mul-

tiplet) with the obtained orientation, and calculating the Pear-

son coefficient for δ ×E−1 of the events within this rectangle.

If this coefficient is high, it indicates an energy ordering and

the filamentary structure is a possible multiplet candidate.

III. APPLICATION TO SIMULATIONS

Events of UHECRs were simulated using the code CRT[7],

which numerically solves Lorentz force equations of motion

for charged particles in a magnetic field using fifth order adap-

tative Runge-Kutta routines. Fifty proton events were simula-

ted from a hypothetical source lying at a distance of 4 kpc

from Earth, with galactic coordinates (l,b) = (90◦,−45◦).
The source was assumed to have an injection spectrum with

α = 2.7 and to emit particles within a perfectly collimated jet.

The magnetic field models used in the simulation are the

ones proposed by Harari, Mollerach and Roulet[8], namely

the ASS-S, ASS-A, BSS-S and BSS-A models, were ASS

stands for AxiSymmetric Spiral (even under the transforma-

tion θ → θ +π , where θ is the azimuth angle) and BSS for

BiSymmetric Spiral (odd with respect to the mentioned trans-

formation). The sufixes -A and -S indicate the parity of the
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transformation above and below the galactic disk, where -S is

symmetric (even) and -A is antisymmetric (odd) with respect

to the z → z transformation. In this class of models the mag-

netic field in the disk of the galaxy can be decomposed in a

radial and an azimuthal part, depending on the pitch angle (p)

of the logarithmic spiral that models the magnetic field of the

Milky Way. The intensity of the magnetic field in the disk is

B(r,θ) = 3
r0

r
tanh3

(

r

r1

)

cosm

(

θ − 1

tan p
ln

r

r0

)

µG, (4)

where r0 = 10.55 kpc, r1 = 2 kpc, p = −10◦ and m is 1 for

BSS models and 2 for ASS models. The z component of the

magnetic field is

B(z) =

[

2cosh

(

z

z0

)

+2cosh

(

z

z1

)]−1

ζ (z) µG, (5)

where ζ (z) = tanh(z/z2) for -A models and 1 for -S models,

z0 = 4 kpc, z1 = 0.3 kpc and z2 = 20 pc.

By applying the method to these specific simulations, using

the wavelet transform with suitable parameters (compatible

with the expected dimensions of a multiplet), the multiplet

was correctly identified and the orientation for different mo-

dels was calculated and is shown in table I. Figure 1 shows the

simulated events for the simulations.

Tabela I: Orientation (χ) for the simulated source in the class

of models of Harari, Mollerach and Roulet, for the different

symmetries.

Model χ (◦)

ASS-S 100.3

ASS-A 108.4

BSS-S 65.7

BSS-A 68.1

°b=-90

°b=+90

°l=-180 °l=+180

HMR ASS-S

HMR ASS-A

HMR BSS-S

HMR BSS-A

source

HMR ASS-S

HMR ASS-A

HMR BSS-S

HMR BSS-A

source

Figura 1: Skymap containing the arrival direction of the

simulated events. The size of the circles are proportional to

the energy of the event.

IV. CONCLUSIONS AND PERSPECTIVES

The orientation of the multiplet, i.e., the angle it forms with

the galactic plane, depends on the coordinates of the source

and the magnetic field model adopted. Therefore, it is possi-

ble to set limits on models of the galactic magnetic field by

analysing the orientation of multiplets. When the method was

applied to simulated data, the multiplets were correctly iden-

tified and it was noticed a relation between the orientation of

the multiplet and the adopted model. If this method is ap-

plied to data collected by the Pierre Auger Observatory or any

other cosmic ray experiment and is able to successfully iden-

tify multiplets, a new tool to probe the galactic magnetic field

will be available.
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