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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ♣❛✐s✱ ▼❛rt❤❛ ❘❛q✉❡❧ ❡ ❉❛♥✐❡❧✱ ❛ ♠✐♥❤❛ ❛✈ó ❘♦s❛ ❡ ❛ ♠✐♥❤❛ t✐❛ ❊s♣❡r❛♥③❛✱ ♣♦r

t♦❞♦ ♦ s❡✉ ❛♣♦✐♦ ♥❛ ♠✐♥❤❛ ❝❛rr❡✐r❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❙♦❧❛♥❣❡ ❈❛✈❛❧❝❛♥t✐✱ ▲✉✐③ ❞❡ ❖❧✐✈❡✐r❛✱ ◆❡❧s♦♥ P♦rr❛s✲▼♦♥t❡♥❡❣r♦ ❡

❍✉❣♦ ❋r❛❣♥✐t♦✱ ♣❡❧❛ s✉❛ ✈❛❧✐♦s❛ ♦r✐❡♥t❛çã♦ ❡ ❝♦♥s❡❧❤♦✳

❆ t♦❞♦s ♦s ♠❡✉s ❡st✐♠❛❞♦s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞♦ ■❋●❲ q✉❡ ♠❡ ❛❝♦♠♣❛♥❤❛r❛♠ ❞✉✲

r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s ❛q✉í ♥♦ ❇r❛s✐❧✳ ❊♠ ❡s♣❡❝✐❛❧ ❛✿ ❆❧❡①✐s✱ ➪♥❣❡❧❛✱ ❊❞✱ ❍❛r❧❡②✱ ❏♦s✉é✱

▼❛r✐❡✱ ❙❛♥❞r❛ ❡ ❱í❝t♦r✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ♠❡s♠♦✦

❊♠ ❣❡r❛❧✱ ❛♦s ♣r♦❢❡ss♦r❡s ❞♦ ■❋●❲ ♣❡❧❛ ❢♦r♠❛çã♦ r❡❝❡❜✐❞❛✳

❆ s❡❝r❡t❛r✐❛ ❞❛ P♦s✲●r❛❞✉❛çã♦ ❞♦ ■❋●❲ ♣♦r t♦❞❛ s✉❛ ❛t❡♥çã♦✱ ❝♦❧❛❜♦r❛çã♦ ❡ ❛♠❛✲

❜✐❧✐❞❛❞❡✳

➚ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳
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❘❡s✉♠♦

❊st✉❞❛✲s❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♣✉❧s♦s ó♣t✐❝♦s ✉❧tr❛❝✉rt♦s ❡ ♠❛t❡r✐❛✐s ❝♦♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦✱

❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❧✉③ ❛tr❛✈és ❞❡ ❡str✉t✉r❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ❝♦♠♣♦st❛s ❞❡

✉♠❛ s✉♣❡r✲r❡❞❡ ❞✐❡❧étr✐❝❛ ♣❡r✐ó❞✐❝❛ ❝✉❥❛ ❝é❧✉❧❛ ✉♥✐tár✐❛ ❝♦♥s✐st❡ ❡♠ ✉♠ ♣❛r ❞❡ ❝❛♠❛❞❛s ❝♦♠

❞✐❢❡r❡♥t❡s í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ n1 ❡ n2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ♣❛rt✐❝✉❧❛r ❝♦♥s✐❞❡r❛✲s❡ ♦ ❝❛s♦ ❡♠

q✉❡ n2✱ ♣♦r ❡①❡♠♣❧♦✱ é ✉♠ ♠❛t❡r✐❛❧ ❝♦♠ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ χ(3)✳

➱ ❜❡♠ s❛❜✐❞♦ q✉❡ ❛ ❧❛r❣✉r❛ ❡ ❛ ❧♦❝❛❧✐③❛çã♦ ❞♦s ❜❛♥❞ ❣❛♣s ❞❡♣❡♥❞❡♠ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡

❞♦ ❝♦♥tr❛st❡ ❡♥tr❡ ♦s í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ δn = |n1 − n2| ❡✱ ❛tr✐❜✉✐♥❞♦✲s❡ ❛ n2 ✉♠ í♥❞✐❝❡

❞❡ r❡❢r❛çã♦ ❞❡♣❡♥❞❡♥t❡ ❞❛ ✐♥t❡♥s✐❞❛❞❡✱ ❝♦♥s❡❣✉✐♠♦s ❝♦♥tr♦❧❛r ❞✐♥❛♠✐❝❛♠❡♥t❡ ❛ ❧❛r❣✉r❛ ❞♦

❜❛♥❞ ❣❛♣ ❝♦♠ ♦ ♣✉❧s♦ ❞❡ ❧✉③ ✐♥❝✐❞❡♥t❡✳ P♦rt❛♥t♦✱ ❛ ✐❞é✐❛ ❜ás✐❝❛ é ✐♥✈❡st✐❣❛r ❛ ❞✐♥â♠✐❝❛

❞❡ ♣r♦♣❛❣❛çã♦ ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❡ ✉♠ ❜❛♥❞ ❣❛♣ ❞❡♣❡♥❞❡♥t❡ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ♣❛r❛ ❛♣❧✐❝❛çõ❡s

✐♠♣♦rt❛♥t❡s ♥♦ ♣r♦❥❡t♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❢♦tô♥✐❝♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❧✐♠✐t❛❞♦r❡s ❞❡ ❧✉③ ❡

s✇✐t❝❤❡s ♣✉r❛♠❡♥t❡ ó♣t✐❝♦s✳

❉❡♥tr♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ▼❛①✇❡❧❧✱ ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s sã♦ ❢❡✐t♦s ❝♦♥s✐❞❡r❛♥❞♦

❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❝❛♠♣♦s ó♣t✐❝♦s ❛tr❛✈és ❞❡ s✉♣❡r✲r❡❞❡s q✉❡ ♣♦ss✉❡♠ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ❞♦ t✐♣♦

❑❡rr✱ ❛ss✐♠ ❝♦♠♦ s❛t✉rá✈❡❧✳ ❊st❛ ú❧t✐♠❛ é ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞❛ ✐♥t❡r❛çã♦ ❝♦♠

♣✉❧s♦s ♠✉✐t♦ ✐♥t❡♥s♦s ❥á q✉❡ ♥❡st❡ ❝❛s♦ ❛ ♠✉❞❛♥ç❛ ✐♥❞✉③✐❞❛ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞❡♣❡♥❞❡

❞❡ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ❞❡ ♦r❞❡♠ ♠❛✐s ❛❧t❛ ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛❧❝❛♥ç❛ ✉♠❛ s❛t✉r❛çã♦✳ ❊st❡

♠♦❞❡❧♦ é ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♠❛t❡r✐❛✐s t❛✐s ❝♦♠♦ ✈✐❞r♦s ❞♦♣❛❞♦s ❝♦♠ s❡♠✐❝♦♥❞✉t♦r❡s

✭❡✳❣✳ ❈❞❙1−x❙❡x✮ ❡ ♣♦❧í♠❡r♦s ♦r❣â♥✐❝♦s✱ q✉❡ ♣♦ss✉❡♠ ♣r♦♣r✐❡❞❛❞❡s ó♣t✐❝❛s ❛❧t❛♠❡♥t❡ ♥ã♦

❧✐♥❡❛r❡s✳

❆ ♣r♦♣❛❣❛çã♦ ❞❛ ♦♥❞❛ é r❡s♦❧✈✐❞❛ ✉s❛♥❞♦ ✉♠❛ ✈❡rsã♦ ♠♦❞✐✜❝❛❞❛ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦

❞♦ ♠ét♦❞♦ st❛♥❞❛r❞ ❢❛st ❋♦✉r✐❡r ❇❡❛♠ Pr♦♣❛❣❛t✐♦♥ ▼❡t❤♦❞ ✭❋❋❚✲❇P▼✮ ❝♦♠ ✉♠ ♣❛ss♦

❛❞❛♣t❛t✐✈♦✱ q✉❡ ♣♦❞❡ ♠❛♥❡❥❛r tr❛♥s♠✐ssã♦✱ ❞✐❢r❛çã♦ ❡✱ ❡s♣❡❝✐❛❧♠❡♥t❡✱ r❡✢❡①õ❡s ❞❛s ♦♥❞❛s

❡❧❡❝tr♦♠❛❣♥ét✐❝❛s ❝❛✉s❛❞❛s ♣♦r ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ ❝♦♠ ❛ ✈❛♥t❛❣❡♠ ❞❡

♥ã♦ r❡q✉❡r❡r ❛ ✐♥tr♦❞✉çã♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛❞✐❝✐♦♥❛✐s✳
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❆❜str❛❝t

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ✉❧tr❛s❤♦rt ♦♣t✐❝❛❧ ♣✉❧s❡s ✇✐t❤ ♣❤♦t♦♥✐❝ ❜❛♥❞ ❣❛♣ ♠❛t❡r✐❛❧s ❤❛s ❜❡❡♥ st✉❞✐❡❞

❜② ❝♦♥s✐❞❡r✐♥❣ ❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ t❤r♦✉❣❤ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❤♦t♦♥✐❝ ❜❛♥❞ ❣❛♣ str✉❝t✉r❡s✱

❝♦♠♣♦s❡❞ ♦❢ ❛ ♣❡r✐♦❞✐❝ ♠✉❧t✐❧❛②❡r st❛❝❦ ♦❢ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ✇❤♦s❡ ✉♥✐t❛r② ❝❡❧❧ ❝♦♥s✐sts ♦❢

❛ ♣❛✐r ♦❢ ❧❛②❡rs ✇✐t❤ ❞✐✛❡r❡♥t r❡❢r❛❝t✐✈❡ ✐♥❞✐❝❡s n1 ❛♥❞ n2✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥❡ ♦❢ t❤❡s❡✱ s❛② n2✱

✐s ❞♦♣❡❞ ✇✐t❤ ❛ χ(3) ♥♦♥❧✐♥❡❛r ♠❛t❡r✐❛❧✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❜❛♥❞ ❣❛♣s ✇✐❞t❤s ❛♥❞ ❧♦❝❛t✐♦♥s ❞❡♣❡♥❞ ❢✉♥❞❛♠❡♥t❛❧❧② ♦♥ t❤❡ r❡❢r❛❝✲

t✐✈❡ ✐♥❞❡① ❝♦♥tr❛st δn = |n1 − n2| ❛♥❞✱ ❜② ❛ss✐❣♥✐♥❣ t♦ n2 ❛♥ ✐♥t❡♥s✐t② ❞❡♣❡♥❞❡♥t r❡❢r❛❝t✐✈❡

✐♥❞❡①✱ ♦♥❡ ✐s ❜♦✉♥❞ t♦ ❞✐♥❛♠✐❝❛❧❧② ❝♦♥tr♦❧ t❤❡ ❜❛♥❞ ❣❛♣ ✇✐❞t❤ ✇✐t❤ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ♣✉❧s❡✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❜❛s✐❝ ✐❞❡❛ ❤❡r❡ ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ♥❡✐❣❤❜♦r✲

❤♦♦❞ ♦❢ s✉❝❤ ❛♥ ✐♥t❡♥s✐t②✲❞❡♣❡♥❞❡♥t ❜❛♥❞ ❣❛♣ ❢♦r ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢

❛❧❧✲♦♣t✐❝❛❧ ♣❤♦t♦♥✐❝ ❞❡✈✐❝❡s s✉❝❤ ❛s ❧✐♠✐t❡rs ❛♥❞ s✇✐t❝❤❡s✳

❲✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s✱ ❛ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐s ♠❛❞❡ ❜② ❝♦♥✲

s✐❞❡r✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ✜❡❧❞s t❤r♦✉❣❤ ♠✉❧t✐❧❛②❡rs ✇✐t❤ ❛ ❑❡rr✱ ❛s ✇❡❧❧ ❛s ❛ s❛t✲

✉r❛❜❧❡✱ t②♣❡ ♦❢ ♥♦♥❧✐♥❡❛r✐t②✳ ❚❤❡ ❧❛tt❡r ✐s ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥

✇✐t❤ ❤✐❣❤ ✜❡❧❞ str❡♥❣t❤ ♣✉❧s❡s ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ t❤❡ ✜❡❧❞✲✐♥❞✉❝❡❞ ❝❤❛♥❣❡ ✐♥ t❤❡ r❡❢r❛❝t✐✈❡

✐♥❞❡① ✐s ✐♥✢✉❡♥❝❡❞ ❜② ❤✐❣❤❡r✲♦r❞❡r ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤✐s ❝❤❛♥❣❡ ❜❡❝♦♠❡s

s❛t✉r❛t❡❞✳ ❚❤✐s ♠♦❞❡❧ ✐s ❛♣♣r♦♣r✐❛t❡ t♦ ❞❡s❝r✐❜❡ ♠❛t❡r✐❛❧s s✉❝❤ ❛s s❡♠✐❝♦♥❞✉❝t♦r✲❞♦♣❡❞

❣❧❛ss❡s ✭❡✳❣✳ ❈❞❙1−x❙❡x✮ ❛♥❞ ♦r❣❛♥✐❝ ♣♦❧②♠❡rs✱ ✇❤✐❝❤ ❤❛✈❡ ❤✐❣❤ ♥♦♥❧✐♥❡❛r ♦♣t✐❝❛❧ ♣r♦♣❡rt✐❡s✳

❚❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐s s♦❧✈❡❞ ✉s✐♥❣ ❛ t✐♠❡✲❞♦♠❛✐♥ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞

❢❛st ❋♦✉r✐❡r ❇❡❛♠ Pr♦♣❛❣❛t✐♦♥ ▼❡t❤♦❞ ✭❋❋❚✲❇P▼✮ ✇✐t❤ ❛♥ ❛❞❛♣t✐✈❡ st❡♣ s✐③❡✱ ✇❤✐❝❤ ❝❛♥

❤❛♥❞❧❡ tr❛♥s♠✐ss✐♦♥✱ ❞✐✛r❛❝t✐♦♥ ❛♥❞✱ ❡s♣❡❝✐❛❧❧②✱ r❡✢❡❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s ❝❛✉s❡❞ ❜②

❞✐s❝♦♥t✐♥✉✐t✐❡s ♦♥ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✱ ✇✐t❤ t❤❡ ❛❞✈❛♥t❛♥❣❡ ♦❢ ♥♦t r❡q✉✐r✐♥❣ t❤❡ ✐♥tr♦❞✉❝t✐♦♥

♦❢ ❛❞❞✐t✐♦♥❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

✈✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✷

✷ ❊str✉t✉r❛s ✶❉ ❝♦♠ ❇❛♥❞ ●❛♣ ❋♦tô♥✐❝♦ ✾

✷✳✶ ❊❧❡❝tr♦♠❛❣♥❡t✐s♠♦ ❞❡ ❊str✉t✉r❛s ❉✐❡❧étr✐❝❛s P❡r✐ó❞✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✶✳✶ ❊❧❡❝tr♦♠❛❣♥❡t✐s♠♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ♣ró♣r✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✶✳✷ ❚❡♦r❡♠❛ ❞❡ ❋❧♦q✉❡t✲❇❧♦❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✷ Ó♣t✐❝❛ ❞❡ s✉♣❡r✲r❡❞❡s ❞✐❡❧é❝tr✐❝❛s ♣❡r✐ó❞✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✷✳✶ ❘❡✢❡①ã♦ ❡ r❡❢r❛çã♦ ❛tr❛✈és ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ❞✐❡❧étr✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✷✳✷ ❋♦r♠✉❧❛çã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ ♠❡✐♦s ✐s♦tró♣✐❝♦s ❡str❛t✐✜❝❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷✳✸ ❆♣❧✐❝❛çã♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❛ ♠❡✐♦s ♣❡r✐ó❞✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸ Pr♦♣❛❣❛çã♦ ◆ã♦ ▲✐♥❡❛r ❞❡ P✉❧s♦s Ó♣t✐❝♦s ✸✸

✸✳✶ ❮♥❞✐❝❡ ❞❡ ❘❡❢r❛çã♦ ❉❡♣❡♥❞❡♥t❡ ❞❛ ■♥t❡♥s✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✷ ❉✐♥â♠✐❝❛ ❞❛ Pr♦♣❛❣❛çã♦ ❞❡ P✉❧s♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✸ ❆♣❧✐❝❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✸✳✶ ▲✐♠✐t❛❞♦r ó♣t✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✸✳✷ ❙✇✐t❝❤ ó♣t✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✸✳✸ ❉✐♦❞♦ ó♣t✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹ ❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ✹✾

❆ ❙♣❧✐t✲❙t❡♣ ❇❡❛♠ Pr♦♣❛❣❛t✐♦♥ ▼❡t❤♦❞ ✺✶

❆✳✶ ❙❙✲❇P▼ st❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❆✳✷ ❙❙✲❇P▼ ♠♦❞✐✜❝❛❞♦✿ ❢♦r♠❛❧✐s♠♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❇ ▼ét♦❞♦ ❞♦ Pr✐♥❝✐♣✐♦ ❞❡ ■♥❝❡rt❡③❛✿ P❛ss♦ ❆❞❛♣t❛t✐✈♦ ✺✻

✶



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

◆❛ ú❧t✐♠❛ ❞é❝❛❞❛✱ ❛✈❛♥ç♦s ❝♦♥s✐❞❡rá✈❡✐s ♥❛ ❢❛❜r✐❝❛çã♦✱ ❝❛r❛❝t❡r✐③❛çã♦ ❡①♣❡r✐♠❡♥t❛❧ ❡ ❡♥✲

t❡♥❞✐♠❡♥t♦ t❡ór✐❝♦ ❞❡ ♥❛♥♦❡str✉t✉r❛s ❢♦tô♥✐❝❛s✱ tê♠ ❝♦♥❞✉③✐❞♦ à ❝r✐❛çã♦ ❞❡ ✉♠❛ ❛♠♣❧❛ ✈❛r✲

✐❡❞❛❞❡ ❞❡ ❡str✉t✉r❛s ♣❡r✐ó❞✐❝❛s ✉♥✐✲✱ ❜✐✲ ❡ tr✐✲❞✐♠❡♥s✐♦♥❛✐s✱ t❛♥t♦ ❞✐❡❧étr✐❝❛s q✉❛♥t♦ ♠❡tá❧✐❝♦✲

❞✐❡❧étr✐❝❛s✱ q✉❡ ❡①✐❜❡♠ ♣r♦♣r✐❡❞❛❞❡s ó♣t✐❝❛s ❧✐♥❡❛r❡s✱ ♥ã♦ ❧✐♥❡❛r❡s ❡ q✉â♥t✐❝♦✲ó♣t✐❝❛s✱ ✐♥♦✈❛❞♦✲

r❛s ❡ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡s✱ q✉❡ ♣♦❞❡♠ ♣r♦♣♦r❝✐♦♥❛r ✉♠ ❝♦♥tr♦❧❡ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❛ ❧✉③ ❡ ❞❛

✐♥t❡r❛çã♦ ❧✉③✲♠❛tér✐❛ s❡♠ ♣r❡❝❡❞❡♥t❡s✳ ❉✉r❛♥t❡ ❣r❛♥❞❡ ♣❛rt❡ ❞♦ sé❝✉❧♦ ❳❳✱ ♦ ❢♦❝♦ ❡st❡✈❡ ♥♦

❝♦♥tr♦❧❡ ❡ ❛♣r♦✈❡✐t❛♠❡♥t♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡❧étr✐❝❛s ❞♦s ♠❛t❡r✐❛✐s✱ q✉❡ ❣r❛ç❛s ❛♦s ♣r♦❣r❡ss♦s

♥❛ ❢ís✐❝❛ ❞❡ s❡♠✐❝♦♥❞✉t♦r❡s ♣❡r♠✐t✐✉ ❛ r❡✈♦❧✉çã♦ ❞❛ ❡❧❡trô♥✐❝❛✱ ❝♦♠ ✉♠ ✐♠♣❛❝t♦ ♥❛ ❝♦♠✲

♣✉t❛çã♦ ❡ ♥❛s t❡❧❡❝♦♠✉♥✐❝❛çõ❡s q✉❡ ❝♦♥✈é♠ r❡ss❛❧t❛r✳ ❆❣♦r❛✱ ♦ ❢♦❝♦ ❞❡ ❛t❡♥çã♦ ❞❡ ♠✉✐t♦s

❝✐❡♥t✐st❛s t❡♠ s❡ tr❛♥s❢❡r✐❞♦ ♣❛r❛ ❛ ❧✉③ ❛♦ ✐♥✈és ❞♦s ❡❧étr♦♥s✱ ❞❡✈✐❞♦ às ✈❛r✐❛s ✈❛♥t❛❣❡♥s q✉❡✱

❡♠ ♣r✐♥❝í♣✐♦✱ ❛♣r❡s❡♥t❛ s❡✉ ✉s♦ ❝♦♠♦ ♣♦rt❛❞♦r❛ ❞❛ ✐♥❢♦r♠❛çã♦✿ ❡st❛ ♣♦❞❡ ✈✐❛❥❛r ❛ ✈❡❧♦❝✐✲

❞❛❞❡s ♠✉✐t♦ ♠❛✐♦r❡s q✉❡ ♦s ❡❧étr♦♥s ❡♠ ✉♠ ✜♦ ♠❡tá❧✐❝♦✱ ♣♦❞❡ ❝❛rr❡❣❛r ❛❞❡♠❛✐s ✉♠❛ ♠❛✐♦r

q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ ♣♦r s❡❣✉♥❞♦ ✭❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛✮✱ ❡ ❛❧é♠ ❞✐ss♦✱ ♦s ❢ót♦♥s ♥ã♦ ✐♥t❡r✲

❛❣❡♠ tã♦ ❢♦rt❡♠❡♥t❡ ❡♥tr❡ s✐ q✉❛♥t♦ ♦s ❡❧étr♦♥s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ r❡❞✉çã♦ ✐♠♣♦rt❛♥t❡

♥❛s ♣❡r❞❛s ♣♦r ❛❜s♦rçã♦✳

❇❛s❡❛❞♦s ♥♦ s✉❝❡ss♦ ❞♦s ♠❛t❡r✐❛✐s ♣❛r❛ ❛ ❡❧❡trô♥✐❝❛✱ ♦s ❝r✐st❛✐s ❢♦tô♥✐❝♦s ❞❡s♣♦♥t❛♠ ❝♦♠♦

✉♠❛ ❛❧t❡r♥❛t✐✈❛ ❛tr❛❡♥t❡ ♣❛r❛ ♦ ❞❡s❡♥❤♦ ❞❡ ♠❛t❡r✐❛✐s q✉❡ ♣♦ss❛♠ ❛❢❡t❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s

❢ót♦♥s ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ♦s s❡♠✐❝♦♥❞✉t♦r❡s ❛❢❡t❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡❧étr♦♥s✳ ❊♠ ✉♠

s❡♠✐❝♦♥❞✉t♦r✱ ♦ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ ❛♣r❡s❡♥t❛❞♦ ♣❡❧❛ r❡❞❡ ❝r✐st❛❧✐♥❛ ❛♦s ❡❧étr♦♥s ❡ ❛ ♣ró♣r✐❛

❣❡♦♠❡tr✐❛ ❞❛ r❡❞❡✱ ❞❡t❡r♠✐♥❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥❞✉çã♦ ❞♦ ❝r✐st❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛

r❡❞❡ ♣♦❞❡ ❢❛③❡r ❝♦♠ q✉❡ ❡❧étr♦♥s ❝♦♠ ❝❡rt❛s ❡♥❡r❣✐❛s ❡ ❡♠ ❝❡rt❛s ❞✐r❡çõ❡s ❡st❡❥❛♠ ♣r♦✐❜✐❞♦s

❞❡ s❡ ♣r♦♣❛❣❛r✿ ♦s ❞❡♥♦♠✐♥❛❞♦s ❣❛♣s ♥❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❞❡ ❡♥❡r❣✐❛ ❞❡ ✉♠ ❝r✐st❛❧✳

❊♠ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦✱ ♦s át♦♠♦s ❡ ♠♦❧é❝✉❧❛s q✉❡ ❝♦♠♣õ❡♠ ❛ r❡❞❡ sã♦ s✉❜st✐t✉✐❞♦s ♣♦r

♠❡✐♦s ❞✐❡❧étr✐❝♦s ♠❛❝r♦s❝ó♣✐❝♦s q✉❡ ♣♦❞❡♠ s❡r ❞❡s❝r✐t♦s ❛tr❛✈és ❞❡ ✉♠❛ ❢✉♥çã♦ ❞✐❡❧étr✐❝❛

♣❡r✐ó❞✐❝❛✳ P♦rt❛♥t♦✱ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ♣♦❞❡ s❡r ❞❡s❡♥❤❛❞♦ ♣❛r❛ q✉❡ t❡♥❤❛ ✉♠ ❜❛♥❞ ❣❛♣

✷
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❢♦tô♥✐❝♦✱ ✐st♦ é✱ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ♥♦ q✉❛❧ ❛ ❧✉③ ♥ã♦ ♣♦❞❡ ❡①✐st✐r ❞❡♥tr♦ ❞♦ ❝r✐st❛❧✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❛ ❛♥❛❧♦❣✐❛✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❜♦❛ ♣❛rt❡ ❞❛ t❡r♠✐♥♦❧♦❣✐❛ ❞❛ ❢ís✐❝❛ ❞♦

❡st❛❞♦ só❧✐❞♦ ❛♦ ❝❛s♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦✱ ❡ ✐❞❡♥t✐✜❝❛r ❝♦♥❝❡✐t♦s t❛✐s ❝♦♠♦ ❡s♣❛ç♦ r❡❝í♣r♦❝♦✱

③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥✱ r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✱ ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❞❡ ❇❧♦❝❤✱ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ✈❛♥

❍♦✈❡✱ ❡st❛❞♦s ❧♦❝❛❧✐③❛❞♦s ❞❡✈✐❞♦ ❛ ❞❡❢❡✐t♦s✱ ❡t❝✳ ❚✉❞♦ ✐st♦ ❢r✉t♦ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❢♦r♠❛❧ q✉❡

❡①✐st❡ ❡♥tr❡ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠ ♣♦t❡♥❝✐❛✐s ♣❡r✐ó❞✐❝♦s ❡ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❞❡

▼❛①✇❡❧❧ ♣❛r❛ ♠❡✐♦s ❞✐❡❧étr✐❝♦s ♣❡r✐ó❞✐❝♦s✶✿

∇×∇× E (r) =
(ω

c

)2

ǫ (r)E (r) , ✭✶✳✶✮

∇2ψ (r) = −2m

~2
[E − V (r)]ψ (r) . ✭✶✳✷✮

❆ ✐❞é✐❛ ❞❡ ❝r✐❛r ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ♣r♦✈é♠ ❞♦s tr❛❜❛❧❤♦s s❡♠✐♥❛✐s ❞❡ ❊❧✐ ❨❛❜❧♦♥♦✈✐t❝❤

❡ ❙❛❥❡❡✈ ❏♦❤♥ ❡♠ ✜♥❛✐s ❞♦s ❛♥♦s ✽✵✱ ❡♠❜♦r❛✱ ❝❛❞❛ ✉♠ ❞❡❧❡s t✐✈❡ss❡ ✉♠ ♦❜❥❡t✐✈♦ ❞✐❢❡r✲

❡♥t❡✳ ❆♠❜♦s s✉❣❡r✐r❛♠ q✉❡ ❡str✉t✉r❛s ❝♦♠ ✈❛r✐❛çõ❡s ♣❡r✐ó❞✐❝❛s ♥❛ s✉❛ ❝♦♥st❛♥t❡ ❞✐❡❧étr✐❝❛

♣♦❞❡r✐❛♠ ✐♥✢✉❡♥❝✐❛r ❛ ♥❛t✉r❡③❛ ❞♦s ♠♦❞♦s ❢♦tô♥✐❝♦s ❡♠ ✉♠ ♠❛t❡r✐❛❧✳ ❨❛❜❧♦♥♦✈✐t❝❤ ♣r♦❝✉✲

r❛✈❛ ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦♥tr♦❧❛r ♦ ❛té ❡♥tã♦ ✐♥❡❧✉❞í✈❡❧ ❢❡♥ô♠❡♥♦ ❞❛ ❡♠✐ssã♦ ❡s♣♦♥tâ♥❡❛ ❞❡

❧✉③ ❡♠ ó♣t✐❝❛ q✉â♥t✐❝❛✱ ♦ q✉❡ t❡r✐❛ ✉♠❛ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣rát✐❝❛ ❡ ❝♦♠❡r❝✐❛❧✱ ✏❥á q✉❡ ❛

♠❛✐♦r ♣❛rt❡ ❞❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛ ❝♦♥s✉♠✐❞❛ ♣❛r❛ ♣r♦❞✉③✐r ❧❛s✐♥❣ ❡r❛ ❞❡s♣❡r❞✐ç❛❞❛ ❡♠ ❡♠✐s✲

sã♦ ❡s♣♦♥tâ♥❡❛✑❬✶✱ ✷❪✳ ❏♦❤♥ ♣❡❧❛ s✉❛ ♣❛rt❡✱ q✉❡r✐❛ ♦❜s❡r✈❛r ♦ ❢❡♥ô♠❡♥♦ ❢♦tô♥✐❝♦ ❛♥á❧♦❣♦ à

❧♦❝❛❧✐③❛çã♦ ❡❧❡trô♥✐❝❛ ❞❡ ❆♥❞❡rs♦♥ ❡♠ só❧✐❞♦s ❞❡s♦r❞❡♥❛❞♦s ❬✸❪✳

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r t❛♠❜é♠✱ ♦ ❞❡s❛✜♦ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ❞✐✜❝✉❧t❛ ❛ ❢❛❜r✐❝❛çã♦ ❞❡st❛s

❡str✉t✉r❛s ❛rt✐✜❝✐❛✐s ❝♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡ ❛ ❝♦♥st❛♥t❡ ❞❡ r❡❞❡ ❞❡ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ❞❡✈❡ s❡r

❝♦♠♣❛rá✈❡❧ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ ❧✉③ q✉❡ s❡ ❞❡s❡❥❛ ❝♦♥tr♦❧❛r✳ P❛r❛ q✉❡ ♦s ❞✐s♣♦s✐t✐✈♦s

❜❛s❡❛❞♦s ❡♠ ❝r✐st❛✐s ❢♦tô♥✐❝♦s s❡❥❛♠ út❡✐s ♥❛ ✐♥❞✉str✐❛ ❞❛s t❡❧❡❝♦♠✉♥✐❝❛çõ❡s ❡ ❞❛ ♦♣t♦✲

❡❧❡trô♥✐❝❛✱ ❛ ❝♦♥st❛♥t❡ ❞❡ r❡❞❡ ❞❡✈❡ s❡r ❞❛ ♦r❞❡♠ ❞❡ ✵✳✺ µ♠✱ ❥á q✉❡ ❛ ❢r❡q✉ê♥❝✐❛ ✉s✉❛❧ ❞❡

♦♣❡r❛çã♦ ♥❡st❛s ár❡❛s é ❞❡ ✶✳✺ µ♠✱ q✉❡ ❡♠❜♦r❛ s❡❥❛ ♠✐❧ ✈❡③❡s ♠❛✐♦r q✉❡ ❛ ❝♦♥st❛♥t❡ ❞❡ r❡❞❡

❞❡ só❧✐❞♦s ❝r✐st❛❧✐♥♦s✱ é ❛✐♥❞❛ ❝❡♠ ✈❡③❡s ♠❡♥♦r q✉❡ ♦ ❞✐â♠❡tr♦ ❞❡ ✉♠ ✜♦ ❞❡ ❝❛❜❡❧♦✱ ♦ q✉❡

r❡q✉❡r ❡st❛❞♦ ❞❛ ❛rt❡ ❡♠ té❝♥✐❝❛s t❛✐s ❝♦♠♦ ❧✐t♦❣r❛✜❛ ❤♦❧♦❣rá✜❝❛✱ ❞✐r❡❝t ❧❛s❡r ✇r✐t✐♥❣ ♦✉

❈❱❉ ✭❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥✮✱ ❡♥tr❡ ♦✉tr❛s✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ ❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞❡ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ é ❝r✉❝✐❛❧ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐✲

♠❡♥t♦ ❞❡ ❝❡rt❛s ❛♣❧✐❝❛çõ❡s✳ ❊str✉t✉r❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♥st✐t✉❡♠ ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s ❞❡

✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ q✉❡✱ ❡♠❜♦r❛ s❡❥❛ ✉♠ s✐st❡♠❛ ❝♦♥❤❡❝✐❞♦ ❞❡s❞❡ ❤á ♠❛✐s ❞❡ ✉♠ sé❝✉❧♦ ❞❡♥✲

✶❈❛❜❡ r❡ss❛❧t❛r ❞❡ q✉❛❧q✉❡r ❢♦r♠❛ ❛❧❣✉♠❛s ❞✐✈❡r❣ê♥❝✐❛s ❡ss❡♥❝✐❛✐s ❝♦♠♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s s♣✐♥s ❞❡
❛♠❜❛s ♣❛rtí❝✉❧❛s✿ ♦s ❢ót♦♥s sã♦ ❜ós♦♥s ❡♥q✉❛♥t♦ ♦s ❡❧étr♦♥s sã♦ ❢ér♠✐♦♥s✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ ❡st❛tíst✐❝❛s
❞✐❢❡r❡♥t❡s✱ ✐♠♣♦rt❛♥t❡s ♥♦ ♠♦♠❡♥t♦ ❞❡ ❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❡♠ ❝❛❞❛ ❝❛s♦❀ ❡ t❛♠❜é♠✱ ❛ ♥❛t✉r❡③❛
❞✐st✐♥t❛ ❞❡ ❛♠❜❛s ❡q✉❛çõ❡s✿ ❛ ❡q✉❛çã♦ ♣❛r❛ ♦s ❢ót♦♥s é ❞❡ ❝❛rát❡r ✈❡t♦r✐❛❧ ❡♥q✉❛♥t♦ ❛ ❡q✉❛çã♦ ❡❧❡trô♥✐❝❛ é
❡s❝❛❧❛r✳
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❋✐❣✉r❛ ✶✳✶✿ ❆ s✉♣❡r✲r❡❞❡ ❞✐❡❧étr✐❝❛ é ❛ ❣❡♦♠❡tr✐❛ ♠❛✐s ❝♦♠✉♠ ❞❡ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ✶❉✱ ❝♦♠♣♦st♦ ❞❡
❝❛♠❛❞❛s ❛❧t❡r♥❛❞❛s ❞❡ ♠❛t❡r✐❛✐s ❝♦♠ ❞✐❢❡r❡♥t❡s ❝♦♥st❛♥t❡s ❞✐❡❧étr✐❝❛s✱ ❝♦♠ ✉♠ ♣❡rí♦❞♦ ❡s♣❛❝✐❛❧ ❞❡
a✳ ❋♦♥t❡✿ ❬✺❪✳

tr♦ ❞♦ ❝❛♠♣♦ ❞❛ ó♣t✐❝❛✱ ❛♣r❡s❡♥t❛♠ ❝❛r❛❝t❡ríst✐❝❛s ❢ís✐❝❛s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ s❡ ♠❛♥tê♠ ♥❛s

❡str✉t✉r❛s ❝♦♠ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡s ♠❛✐♦r❡s✿ ❜❛♥❞ ❣❛♣s ❢♦tô♥✐❝♦s✱ ♠♦❞♦s ❧♦❝❛❧✐③❛❞♦s✱ ❡st❛❞♦s

s✉♣❡r✜❝✐❛✐s✱ ❡ ✐♥❝❧✉s✐✈❡ r❡✢❡①ã♦ ♦♠♥✐❞✐r❡❝✐♦♥❛❧✳ ❉❡ ❢❛t♦✱ ❡st❡ tr❛❜❛❧❤♦ ❡stá ❝❡♥tr❛❞♦ ♥❡st❡

t✐♣♦ ❞❡ ❡str✉t✉r❛s✱ ❞❡st❛❝❛♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ❡❢❡✐t♦s ♥ã♦ ❧✐♥❡❛r❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡ ❞✐s♣♦s✐t✐✈♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ó♣t✐❝♦s✱ ❝♦♠♦ ❡①♣❧✐❝❛r✲s❡✲á ♠❛✐s ❛❞✐❛♥t❡✳ ❆ ❣❡♦♠❡tr✐❛ ❛r✲

q✉❡tí♣✐❝❛ ❞♦ ❝❛s♦ ✶❉ é ♦ ❡s♣❡❧❤♦ ❞❡ ❇r❛❣❣✱ ❡sq✉❡♠❛t✐③❛❞♦ ♥❛ ✜❣✳ ✶✳✶ ✭❞❡t❛❧❤❡s ❛❞✐❝✐♦♥❛✐s

s❡rã♦ ❞✐s❝✉t✐❞♦s ♥♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✮✳ ❖s ❝r✐st❛✐s ❢♦tô♥✐❝♦s ❜✐❞✐♠❡♥s✐♦♥❛✐s s❡❣✉❡♠ ❡♠ ♥í✈❡❧

❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✱ ❡ s❡✉ ✐♥t❡r❡ss❡ ♣r✐♥❝✐♣❛❧ ❡stá ♥❛s s✉❛s ♣♦t❡♥❝✐❛✐s ❛♣❧✐❝❛çõ❡s ❞❡♥tr♦ ❞❡ ❝✐r✲

❝✉✐t♦s ✐♥t❡❣r❛❞♦s ó♣t✐❝♦s ❝♦♠♦ ❣✉✐❛s ❞❡ ♦♥❞❛✳ ❆s ❣❡♦♠❡tr✐❛s ❡♠❜❧❡♠át✐❝❛s ♥❡st❡ ❝❛s♦ sã♦ ❞❡

❞♦✐s t✐♣♦s✿ ✉♠❛ ❝♦♥s✐st❡ ❡♠ ✉♠ ❛rr❛♥❥♦ q✉❛❞r❛❞♦ ♦✉ tr✐❛♥❣✉❧❛r ❞❡ ❝✐❧✐♥❞r♦s ❞✐❡❧étr✐❝♦s ♥ã♦

s✉♣❡r♣♦st♦s ✭✜❣✳ ✶✳✷❛✮ ❡♥q✉❛♥t♦ ❛ ♦✉tr❛ ❡stá ❜❛s❡❛❞❛ ♥❛ ❡str✉t✉r❛ ✐♥✈❡rs❛✱ ♦✉ s❡❥❛✱ ❝✐❧✐♥❞r♦s

❞❡ ❛r ✐♥tr♦❞✉③✐❞♦s ❛tr❛✈és ❞❡ ♣❡r❢✉r❛çõ❡s ❡♠ ✉♠ ♠♦❧❞❡ ❞✐❡❧étr✐❝♦ ✭✜❣✳ ✶✳✷❜✮✳ ❆ ✐❞é✐❛ ❜ás✐❝❛

♥❡st❡ ❝❛s♦ é ✉s❛r ❞❡❢❡✐t♦s ❧✐♥❡❛r❡s ♣❛r❛ ❣✉✐❛r ❧✉③ ❝✉❥❛s ❢r❡q✉ê♥❝✐❛s ❡st❡❥❛♠ ❞❡♥tr♦ ❞♦ ❜❛♥❞

❣❛♣ ❢♦tô♥✐❝♦ ❞♦ ❝r✐st❛❧ ❛♦ q✉❡ ❡stá ❝♦♥✜♥❛❞❛✳ ❊st❡ é ✉♠ ♠❡❝❛♥✐s♠♦ ✐♥♦✈❛❞♦r ♣❛r❛ ❣✉✐❛r ❧✉③

s❡♠ ♣❡r❞❛s✱ ❛❧t❡r♥❛t✐✈♦ às ✜❜r❛s ó♣t✐❝❛s q✉❡ ❡stã♦ ❜❛s❡❛❞❛s ♥❛ r❡✢❡①ã♦ t♦t❛❧ ✐♥t❡r♥❛✱ ❡ ♦♥❞❡

❛ ❧✉③ ♣♦❞❡ ❡s❝❛♣❛r ♣❛r❛ â♥❣✉❧♦s ❞❡ ✐♥❝✐❞ê♥❝✐❛ ♠✉✐t♦ ❣r❛♥❞❡s✳ ❖ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ♣♦❞❡✱ ♥♦ ❡♥✲

t❛♥t♦✱ ❝♦♥✜♥❛r ❛ ❧✉③ ❛✐♥❞❛ ❛tr❛✈és ❞❡ ❝✉r✈❛s ♣r♦♥✉♥❝✐❛❞❛s ✭✈❡r ✜❣✉r❛ ✶✳✸✮✳ ❖ ♣r✐♠❡✐r♦ ❝r✐st❛❧

❢♦tô♥✐❝♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ✉♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❝♦♠♣❧❡t♦ ❢♦✐ ❢❛❜r✐❝❛❞♦ ♣♦r ❨❛❜❧♦♥♦✈✐t❝❤

❡♠ ✶✾✾✶✷ ♥♦ r❡❣✐♠❡ ❞❡ ♠✐❝r♦♦♥❞❛s ❬✹❪✱ r❡s✉❧t❛♥❞♦ ♥❛ ❡str✉t✉r❛ ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✶✳✹❛✱

❝❤❛♠❛❞❛ ❞❡♣♦✐s ❞❡ ✬❨❛❜❧♦♥♦✈✐t❛✬✳ ❉❡s❞❡ ❡♥tã♦ ✈ár✐♦s ♦✉tr♦s ❞❡s❡♥❤♦s tê♠ ❛♣❛r❡❝✐❞♦ q✉❡

♦❢❡r❡❝❡♠ t❛❧ ❝❛r❛❝t❡ríst✐❝❛✱ t❛✐s ❝♦♠♦ ❛ ❡str✉t✉r❛ t✐♣♦ ✇♦♦❞♣✐❧❡ ❬✻❪ ❡ ❛ ♦♣❛❧❛ ✐♥✈❡rs❛ ✭✈❡❥❛

❛s ✜❣✉r❛s ✶✳✹❜ ❡ ✶✳✹❝ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ P❛r❛ s❛❜❡r ❞❡t❛❧❤❡s ❞♦ ♣r♦❣r❡ss♦ ❞❛s té❝♥✐❝❛s ❞❡

✷◗✉❛tr♦ ❛♥♦s ❞❡♣♦✐s ❞❛ s✉❛ ♣r♦♣♦st❛ ✐♥✐❝✐❛❧✱ ❥á q✉❡ ♥ã♦ ❡r❛ ♥❛❞❛ ♦❜✈✐♦ q✉❡ ❣❡♦♠❡tr✐❛ ❞❡ r❡❞❡ ♣r♦♣♦r✲
❝✐♦♥❛r✐❛ ✉♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❝♦♠♣❧❡t♦✳
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✶✳✷✿ ❉✉❛s ❣❡♦♠❡tr✐❛s tí♣✐❝❛s ♣❛r❛ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ✷❉✳ ✭❛✮ ❯♠❛ r❡❞❡ q✉❛❞r❛❞❛ ❞❡ ❝✐❧✐♥❞r♦s
❞✐❡❧étr✐❝♦s ❞❡ r❛✐♦ r ❡ ❝♦♥st❛♥t❡ ❞✐❡❧étr✐❝❛ ǫ❀ ♦ ♠❛t❡r✐❛❧ é ❤♦♠♦❣ê♥❡♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ z ❡ ❝♦♠
♣❡r✐♦❞✐❝✐❞❛❞❡ ♥♦ ♣❧❛♥♦ xy ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ r❡❞❡ a✳ ❖ ✐♥s❡t ❞❛ ❡sq✉❡r❞❛ ♠♦str❛ ✈✐st❛ s✉♣❡r✐♦r ❞❡st❛
❡str✉t✉r❛✱ ❝♦♠ ❛ ❝é❧✉❧❛ ✉♥✐tár✐❛ ❞❡st❛❝❛❞❛ ❡♠ ✈❡r♠❡❧❤♦✳ ✭❜✮ ❯♠❛ r❡❞❡ tr✐❛♥❣✉❧❛r ❞❡ ❝♦❧✉♥❛s ❞❡ ❛r
❞❡ r❛✐♦ r✱ ❞❡♥tr♦ ❞❡ ✉♠ ♠♦❧❞❡ ❞✐❡❧étr✐❝♦ q✉❡ s❡ ❡st❡♥❞❡ ❤♦♠♦❣❡♥❡❛♠❡♥t❡ ♥♦ ❡✐①♦ z✳ ❖ ✐♥s❡t ❡sq✉❡r❞♦
❞á ♦ ❝♦rt❡ tr❛♥s✈❡rs❛❧ ✭♥♦ ♣❧❛♥♦ xy✮ ❞♦ ❝r✐st❛❧ ❢♦tô♥✐❝♦✱ ❞❡st❛❝❛♥❞♦ ❛ ❝❡❧✉❧❛ ✉♥✐tár✐❛ ❡♠ ✈❡r♠❡❧❤♦✳
❋♦♥t❡✿ ❬✺❪✳

❋✐❣✉r❛ ✶✳✸✿ ●✉✐❛ ❞❡ ♦♥❞❛ ❢♦r♠❛❞❛ r❡♠♦✈❡♥❞♦ ✉♠❛ ✜❧❡✐r❛ ❞❡ ❝✐❧✐♥❞r♦s ❞❛ r❡❞❡ ♣❡r❢❡✐t❛ ❞♦ ❝r✐st❛❧
❢♦tô♥✐❝♦ ✷❉ ❞❛ ✜❣✳ ✶✳✷❛✱ ♦ q✉❡ ♣❡r♠✐t❡ ❛ ❛♣❛r✐çã♦ ❞❡ ✉♠❛ ❜❛♥❞❛ ❞❡ ♠♦❞♦s ❣✉✐❛❞♦s ♦✉ ❧♦❝❛❧✐③❛❞♦s
♥❛ r❡❣✐ã♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ♣r♦✐❜✐❞❛s✳ ◆❛ ✜❣✉r❛ ♠♦str❛✲s❡ ✉♠❛ s✐♠✉❧❛çã♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❞❛ ❧✉③
♣r♦♣❛❣❛♥❞♦✲s❡ ❛tr❛✈és ❞❡ ✉♠ ❣✉✐❛ ❞❡ ♦♥❞❛ ❝♦♠ ✉♠❛ ❞♦❜r❛ ❛♥❣✉❧♦s❛✳ ❆✐♥❞❛ ❛tr❛✈és ❞❛ ❞♦❜r❛ ❡♠
â♥❣✉❧♦ r❡t♦✱ ✾✽✪ ❞❛ ♣♦tê♥❝✐❛ ❞❛ ❧✉③ q✉❡ ❡♥tr❛ ♣♦r ✉♠ ❡①tr❡♠♦ s❛✐ ❞♦ ♦✉tr♦ ❧❛❞♦✱ ♦ q✉❡ ❞❡✈❡ s❡r
❝♦♥tr❛st❛❞♦ ❝♦♠ ♦ ✸✵✪ ❞❡ tr❛♥s♠✐tâ♥❝✐❛ ❞❡ ✉♠❛ ✜❜r❛ ó♣t✐❝❛ ❝♦♥✈❡♥❝✐♦♥❛❧ ❛♥á❧♦❣❛✳ ❋♦♥t❡✿ ❆✳ ▼❡❦✐s✱
P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✼✼✱ ✸✼✽✼ ✭✶✾✾✻✮✳
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✭❛✮

✭❜✮ ✭❝✮

❋✐❣✉r❛ ✶✳✹✿ ●❡♦♠❡tr✐❛s ❡♠❜❧❡♠át✐❝❛s ❞❡ ❝r✐st❛✐s ❢♦tô♥✐❝♦s ✸❉✳ ✭❛✮ ■♠❛❣❡♠ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛ ❡s✲
tr✉t✉r❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❨❛❜❧♦♥♦✈✐t❛✳ ✭❜✮ ■♠❛❣❡♠ ❞❡ ♠✐❝r♦s❝♦♣✐♦ ❡❧❡trô♥✐❝♦ ❞❡ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦
t✐♣♦ ✇♦♦❞♣✐❧❡✳ ❖s ❧✐♥❣♦t❡s q✉❡ ❝♦♠♣õ❡♠ ❡st❛ ❡str✉t✉r❛ ❢♦r♠❛♠ ✉♠❛ r❡❞❡ ❢❝❝ ❡♠♣✐❧❤❛❞❛ ♥❛ ❞✐r❡çã♦
❬✵✵✶❪✳ ✭❝✮ ■♠❛❣❡♠ ❙❊▼ ❞❛ ❡str✉t✉r❛ ❞❡ ♦♣❛❧❛ ✐♥✈❡rs❛✿ ❝♦♠♣♦st❛ ❞❡ ❝❛s❝❛s ❞✐❡❧étr✐❝❛s ✭s✐❧✐❝✐♦✮ ❡♠
✉♠❛ r❡❞❡ ❝ú❜✐❝❛ ❝❡♥tr❛ ♥❛s ❝❛r❛ ✭❢❝❝✮✳ ❋♦♥t❡✿ ❬✺❪✳

❢❛❜r✐❝❛çã♦✱ ❛❧é♠ ❞♦s ✈ár✐♦s ❡♥❢♦q✉❡s t❛♥t♦ t❡ór✐❝♦s q✉❛♥t♦ ♥✉♠ér✐❝♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♣❛r❛ ❡st❡

❝❛♠♣♦✱ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ é r❡❢❡r✐❞♦ ❛♦ ❛rt✐❣♦ ❞❡ r❡✈✐sã♦ ❞❡ ❇✉s❝❤ ❡t ❛❧✳ ❬✼❪✳

❆ ♣r✐♥❝í♣✐♦ ❞♦s ❛♥♦s ✽✵✱ ✉♠❛ ♥♦✈❛ ár❡❛ ❞❡ ♣❡sq✉✐s❛ ♥❛s❝❡✉ ❞❛ ✐♥t❡rs❡çã♦ ❡ ❝r❡s❝✐♠❡♥t♦

❞♦s ❝❛♠♣♦s ❞❛ ó♣t✐❝❛ ♥ã♦ ❧✐♥❡❛r ❡ ❞♦s ❝r✐st❛✐s ❢♦tô♥✐❝♦s✳ ❆ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ❢♦♥t❡s ✐♥t❡♥s❛s

❞❡ ❧❛s❡r ❥✉♥t♦ ❝♦♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥✜♥❛r ❛ ❧✉③ ❛ r❡❣✐õ❡s ❡s♣❛❝✐❛✐s ♣❡q✉❡♥❛s ❞❡♥tr♦ ❞♦s

❝r✐st❛✐s ❢♦tô♥✐❝♦s ♣❡r♠✐t✐r❛♠ ❣❡r❛r ❝❛♠♣♦s ó♣t✐❝♦s q✉❡ ♦❝❛s✐♦♥❛♠ ♠✉❞❛♥ç❛s ❝♦♥s✐❞❡rá✈❡✐s

♥❛ ❢✉♥çã♦ ❞✐❡❧étr✐❝❛ ❞♦s ♠❛t❡r✐❛✐s q✉❡ ❝♦♠♣õ❡♠ ❛ ❡str✉t✉r❛ ♣❡r✐ó❞✐❝❛✳ ❊st❡ ❢❛t♦ ✐♠♣❧✐❝❛

q✉❡ ♣♦❞❡♠♦s ✬❝♦♥❢❡❝❝✐♦♥❛r✬ ❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❞♦s ❝r✐st❛✐s ❢♦tô♥✐❝♦s ✉s❛♥❞♦ ❛ ♣ró♣r✐❛

✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ✐♥❝✐❞❡♥t❡✳ ❆❧❣✉♥s ❞♦s ♣r✐♠❡✐r♦s tr❛❜❛❧❤♦s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s

♥ã♦ ❧✐♥❡❛r❡s ❞❡ ❡str✉t✉r❛s ❞✐❡❧étr✐❝❛s ♣❡r✐ó❞✐❝❛s sã♦ ♦s ❞❡ ❲✐♥❢✉❧ ❡t ❛❧✳ ❬✽❪✱ ♥♦s q✉❡ s❡

❞❡st❛❝❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥♦✈♦s ❢❡♥ô♠❡♥♦s q✉❡ ♣♦❞❡r✐❛♠ ❛♣❛r❡❝❡r ❡♠ ❡str✉t✉r❛s ♣❡r✐ó❞✐❝❛s
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✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ❞♦ t✐♣♦ ❑❡rr✱ ✐♥❝❧✉✐♥❞♦ ❜✐❡st❛❜✐❧✐❞❛❞❡✱ ❝❤❛✈❡❛♠❡♥t♦

✭s✇✐t❝❤✐♥❣✮ ❡ ❧✐♠✐t❛çã♦ ó♣t✐❝❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❧✉③ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ ♦r❞❡♠ ❞♦

♣❡rí♦❞♦ ❞❛ ❡str✉t✉r❛ s♦❢r❡ ✉♠❛ ❢♦rt❡ ❞✐s♣❡rsã♦ ♦❝❛s✐♦♥❛❞❛ ♣❡❧❛s ♠ú❧t✐♣❧❛s r❡✢❡①õ❡s ❡♥tr❡ ❛s

❝❛♠❛❞❛s ❞❛ ❡str✉t✉r❛ ♣❡r✐ó❞✐❝❛❀ s❡ ❝♦♠❜✐♥❛r♠♦s ❡st❡ ❡❢❡✐t♦ ❝♦♠ ❛ ♠✉❞❛♥ç❛ ♥ã♦ ❧✐♥❡❛r ♥❛

❝♦♥st❛♥t❡ ❞✐❡❧étr✐❝❛ ❞❡✈✐❞♦ às ❢♦rt❡s ✐♥t❡♥s✐❞❛❞❡s✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡

só❧✐t♦♥s✿ ♣✉❧s♦s q✉❡ r❡tê♠ s✉❛ ❢♦r♠❛ ♥❛ ♣r♦♣❛❣❛çã♦ ❡♠❜♦r❛ ❛ t❡♥❞ê♥❝✐❛ ❛ s❡ ❛❧❛r❣❛r ❞❡✈✐❞❛

à ❞✐s♣❡rsã♦✳ ❊st❡ ♥♦✈♦ ♣❛ss♦ ♥♦ ❡st✉❞♦ ❞♦s ❡❢❡✐t♦s ♥ã♦ ❧✐♥❡❛r❡s ❡♠ ❝r✐st❛✐s ❢♦tô♥✐❝♦s ❢♦✐ ❞❛❞♦

♣♦r ❈❤❡♥ ❡ ▼✐❧❧s ❬✾❪ q✉❡ ❡♥❝♦♥tr❛r❛♠ s♦❧✉çõ❡s s♦❧✐tô♥✐❝❛s ❡st❛❝✐♦♥ár✐❛s ♣❛r❛ ❡st❛s ❡str✉t✉r❛s✳

❊st❡s só❧✐t♦♥s ♣♦❞❡♠ s❡r ❝❛r❛t❡r✐③❛❞♦s ♣❡❧❛ s✉❛ ❢r❡q✉ê♥❝✐❛ ❝♦♠ r❡❧❛çã♦ ❛♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦✿

❣❛♣ só❧✐t♦♥s✱ ❛q✉❡❧❡s ❝✉❥❛ ❢r❡q✉ê♥❝✐❛ ❝❛✐ ❞❡♥tr♦ ❞♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❡ ❇r❛❣❣ s♦❧✐t♦♥s✱ ❝✉❥❛s

❢r❡q✉ê♥❝✐❛s ❡stã♦ ♣❡rt♦ ❞♦ ❜❛♥❞ ❣❛♣ ♠❛s ♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡ ❢♦r❛ ❞❡❧❡❀ ❡ tê♠ ♣r♦♣r✐❡❞❛❞❡s

ú♥✐❝❛s ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♣♦❞❡r ✈✐❛❥❛r ❛ q✉❛❧q✉❡r ✈❡❧♦❝✐❞❛❞❡✱ ❞❡s❞❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③ ♥♦

♠❡✐♦ ❛té ✐♥❝❧✉s✐✈❡ ③❡r♦✳ ❚♦❞♦s ❡st❡s r❡s✉❧t❛❞♦s tê♠ s✐❞♦ ❛♥❛❧✐s❛❞♦s ♣♦r ✉♠ ❝❡rt♦ ♥ú♠❡r♦

❞❡ ♣❡sq✉✐s❛❞♦r❡s ✉s❛♥❞♦ ❢♦r♠❛❧✐s♠♦s ❞❡ ❢✉♥çã♦ ❡♥✈♦❧✈❡♥t❡✱ q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥♦

❛rt✐❣♦ ❞❡ r❡✈✐sã♦ ❞❡ ❞❡❙t❡r❦❡ ✫ ❙✐♣❡ ❬✶✵❪✳

❊st❡s ♥♦✈♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s ❞❡s❝♦❜❡rt♦s ❡♠ ❝r✐st❛✐s ❢♦tô♥✐❝♦s ♥ã♦ ❧✐♥❡❛r❡s ❝❡rt❛♠❡♥t❡

✈ã♦ ❝♦♥❞✉③✐r ❛ ❛✈❛♥ç♦s ❡♠ ❞✐s♣♦s✐t✐✈♦s ó♣t✐❝♦s ❡ ♣♦❞❡♠ t♦r♥❛r r❡❛❧✐❞❛❞❡ ❛ ❝♦♥str✉çã♦ ❞❡ ♠✐✲

❝r♦❝✐r❝✉✐t♦s ❢♦tô♥✐❝♦s✱ ❛♥á❧♦❣♦s ❛♦s ❝✐r❝✉✐t♦s ✐♥t❡❣r❛❞♦s ❢♦tô♥✐❝♦s ❞❡ ❤♦❥❡ ❡♠ ❞✐❛✱ q✉❡ ♣♦❞❡♠

r❡❛❧✐③❛r t❛r❡❢❛s ❡♠ s✐st❡♠❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡ ♣r♦❝❡ss❛♠❡♥t♦ ó♣t✐❝♦s✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s ✐♥✲

❝❧✉❡♠✿ ❢♦r♠❛çã♦✱ ❝♦♠♣r❡ssã♦ ❡ r❡❣❡♥❡r❛çã♦ ❞❡ ♣✉❧s♦s✱ ❜✉✛❡rs ó♣t✐❝♦s ♣❛r❛ ❛r♠❛③❡♥❛❣❡♠ ❞❛

❧✉③ ♣♦r ♣❡rí♦❞♦s ❡st❡♥❞✐❞♦s✱ q✉❡ ♣♦❞❡♠ s✉❜st✐t✉✐r ❛s ❛t✉❛✐s ♠❡♠ór✐❛s ❡❧❡trô♥✐❝❛s✱ ❝❤❛✈❡❛❞♦r❡s

ó♣t✐❝♦s✱ ❧✐♠✐t❛❞♦r❡s ó♣t✐❝♦s✱ ❞✐♦❞♦s ó♣t✐❝♦s✱ ❛♠♣❧✐✜❝❛❞♦r❡s ♣❛r❛♠étr✐❝♦s ó♣t✐❝♦s ❡t❝✳ ❖ ❡s✲

t✉❞♦ ❞❡ ❛❧❣✉♠❛s ❞❡st❛s ❛♣❧✐❝❛çõ❡s ❡♠ ♣♦t❡♥❝✐❛❧ é ♦ t❡♠❛ ❝❡♥tr❛❧ ❞❡st❡ tr❛❜❛❧❤♦✳

❆ ♦r❣❛♥✐③❛çã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❛ s❡❣✉✐♥t❡✳ ◆♦ ❝❛♣ít✉❧♦ ✷ ❡st❛❜❡❧❡❝❡✲s❡ ♦ ❢♦r♠❛❧✐s♠♦

t❡ór✐❝♦ ♥♦ r❡❣✐♠❡ ❧✐♥❡❛r ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❡❧❡tr♦♠❛❣♥ét✐❝❛s ❛tr❛✈és ❞❡

♠❡✐♦s ❞✐❡❧étr✐❝♦s ❡str❛t✐✜❝❛❞♦s✱ ❡♠ ❡s♣❡❝✐❛❧✱ ♠❡✐♦s ♣❡r✐ó❞✐❝♦s ❬✷✵❪✳ ❯s❛✲s❡ ❝♦♠ ❡st❡ ✜♠ ♦

♠ét♦❞♦ ❞❡ ♠❛tr✐③ ❞❡ tr❛♥s❢❡rê♥❝✐❛✳ ❖ t❡♦r❡♠❛ ❞❡ ❋❧♦q✉❡t✲❇❧♦❝❤ é ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❞✐t♦ ❢♦r✲

♠❛❧✐s♠♦ ♣❛r❛ ❞❡r✐✈❛r r❡❧❛çõ❡s ❞❡ ❞✐s♣❡rsã♦✱ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s✱ tr❛♥s♠✐tâ♥❝✐❛ ❡ r❡✢❡❝tâ♥❝✐❛

❞❛s s✉♣❡r✲r❡❞❡s ❞✐❡❧étr✐❝❛s✳ ◆♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ✐❞é✐❛ ❝❡♥tr❛❧ ❞❛ ❞✐ss❡rt❛çã♦✱ ✐st♦ é✱ ♦

í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞❡♣❡♥❞❡♥t❡ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ❞✐♥â♠✐❝♦ ❞❛ ❧❛r❣✉r❛ ❞♦ ❜❛♥❞ ❣❛♣

✉s❛♥❞♦ ♣✉❧s♦s ó♣t✐❝♦s✳ ❇❛s❡❛❞♦s ♥❡st❛ ✐❞é✐❛ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s

♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❞❡ ▼❛①✇❡❧❧ ♥❛ ♠❛tér✐❛ ♣❛r❛ ♦ r❡❣✐♠❡ ♥ã♦

❧✐♥❡❛r sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ❆ ❡q✉❛çã♦ ❞❡ ♣r♦♣❛❣❛çã♦ é r❡s♦❧✈✐❞❛ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ s♣❧✐t✲st❡♣

♠♦❞✐✜❝❛❞♦ ❬✸✺❪✱ ✈❛r✐❛♥t❡ ❞♦ ♠ét♦❞♦ tr❛❞✐❝✐♦♥❛❧✱ ❝♦♠✉♠ ♥❛ ❛♥á❧✐s❡ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s

ó♣t✐❝♦s ❡♠ ✜❜r❛s ó♣t✐❝❛s✱ ♠❛s ♥❡st❡ ❝❛s♦ ❝♦♠ ❛ ♣r♦♣❛❣❛çã♦ ♥♦ ❞♦♠í♥✐♦ t❡♠♣♦r❛❧✳ ❊st❡ t❡♠

❛ ✐♠♣♦rt❛♥t❡ ✈❛♥t❛❣❡♠ ❞❡ ♥ã♦ ♣r❡❝✐s❛r ❞♦ ✉s♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ s✉❜s✐❞✐ár✐❛s ❞❡✈✐❞❛s
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à ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❥á q✉❡ ❡stã♦ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❝♦♥t✐❞❛s ♥❛ ❡✈♦❧✉çã♦

❞✐♥â♠✐❝❛ ❞❛s ❡q✉❛çõ❡s✳

❊♠ ♣❛rt✐❝✉❧❛r ♥❡st❡ tr❛❜❛❧❤♦✱ ❛♥❛❧✐s❛✲s❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ó♣t✐❝♦s ❣❛✉ss✐❛♥♦s ❛tr❛✈és

❞❡ s✉♣❡r✲r❡❞❡s ❞✐❡❧étr✐❝❛s ❝♦♠♣♦st❛s ❞❡ ❝❛♠❛❞❛s ❛❧t❡r♥❛❞❛s ❞❡ ♠❛t❡r✐❛❧ ❞✐❡❧étr✐❝♦ ❡ s❡♠

♣❡r❞❛s✱ ❝♦♠ í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ n1 ❡ n2✱ ♦♥❞❡ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ✉♠ ❞❡ss❡s ♠❛t❡r✐❛✐s ♣♦ss✉✐

✉♠❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ❞♦ t✐♣♦ ❑❡rr ♦✉ ❑❡rr s❛t✉rá✈❡❧✳ ❇❛s❡❛❞♦s ♥❛s ✐❞é✐❛s ❞❡ ❙❝❛❧♦r❛ ❡t ❛❧✳

❬✷✺✱ ✷✻❪✱ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ♣♦t❡♥❝✐❛✐s t❛✐s ❝♦♠♦ ❛ ❞❡ ✉♠ ❧✐♠✐t❛❞♦r✱ ✉♠ ❝❤❛✈❡❛❞♦r ✭s✇✐t❝❤✮

❡ ✉♠ ❞✐♦❞♦ ó♣t✐❝♦s✱ sã♦ ❞❡♠♦♥str❛❞❛s✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❛♣ít✉❧♦ ✹✱ t❡♠♦s ❛s ❝♦♥❝❧✉sõ❡s

❞❡st❛ ❞✐ss❡rt❛çã♦ ❡ ❛❧❣✉♠❛s ♣♦ssí✈❡✐s ♣❡rs♣❡❝t✐✈❛s ❞❡ tr❛❜❛❧❤♦ ♣❛r❛ ♦ ❢✉t✉r♦✳ ◆♦s ❛♣ê♥❞✐❝❡s

❡①♣❧✐❝✐t❛✲s❡ ❡♠ q✉❡ ❝♦♥s✐st❡ ♦ ♠ét♦❞♦ s♣❧✐t✲st❡♣ ♠♦❞✐✜❝❛❞♦ ❡ ❝♦♠♦ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦

✭❆♣ê♥❞✐❝❡ ❆✮✱ ❛❧é♠ ❞❡ ❛♣r❡s❡♥t❛r ♦ ❝r✐tér✐♦ ✉s❛❞♦ ♣❛r❛ ❛ ❡s❝♦❧❤❛ ❞♦ ♣❛ss♦ ❞❡ ♣r♦♣❛❣❛çã♦✱

❝r✉❝✐❛❧ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❡ ♥❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ♠❡s♠♦ ✭❆♣ê♥❞✐❝❡ ❇✮✳
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❊str✉t✉r❛s ✶❉ ❝♦♠ ❇❛♥❞ ●❛♣ ❋♦tô♥✐❝♦

❖ ❡①❡♠♣❧♦ ♠❛✐s s✐♠♣❧❡s ❞❡ ✉♠ ❝r✐st❛❧ ❢♦tô♥✐❝♦ é ❛ ❝❤❛♠❛❞❛ s✉♣❡r✲r❡❞❡ ❞✐❡❧étr✐❝❛✶ q✉❡

❝♦♥s✐st❡ ❞❡ ❝❛♠❛❞❛s ❞❡ ♠❛t❡r✐❛✐s ❛❧t❡r♥❛❞♦s✱ ❝♦♠ ❞✐❢❡r❡♥t❡s ❧❛r❣✉r❛s ❡ ❝♦♥st❛♥t❡s ❞✐❡❧étr✐✲

❝❛s✱ s❡ r❡♣❡t✐♥❞♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ✭✜❣✳ ✷✳✶✮✳ ❊st❛s ❡str✉t✉r❛s ✭q✉❡ ♥ã♦ sã♦ ✉♠❛ ♥♦✈✐❞❛❞❡✿

❛ ✐❞é✐❛ ❞❡ ✉♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡r❛ ❝♦♥❤❡❝✐❞❛ ❞❡s❞❡ ✶✽✽✼ ❝♦♠ ♦ tr❛❜❛❧❤♦

❞❡ ▲♦r❞ ❘❛②❧❡✐❣❤ ❬✶✶❪✮ tê♠ s✐❞♦ ✉s❛❞❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❝♦♠♦ ❡s♣❡❧❤♦s ✭❇r❛❣❣ ♠✐rr♦rs✮ ♣❛r❛

r❡✢❡t✐r ❧✉③ ✐♥❝✐❞❡♥t❡ ❡♠ ✉♠❛ ❝❡rt❛ ❞✐r❡çã♦✱ ❝♦♠ ❢r❡q✉ê♥❝✐❛s ❞❡♥tr♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ❡s♣❡❝í✲

✜❝♦✱ ❡ s❡✉ ❡st✉❞♦ tê♠ s✐❞♦ ❡st✐♠✉❧❛❞♦ ♣❡❧❛s s✉❛s ❞❡s❡❥á✈❡✐s ❝❛r❛t❡ríst✐❝❛s t❛✐s ❝♦♠♦✱ ♣❡r✲

❞❛s ❡①tr❡♠❛❞❛♠❡♥t❡ ❜❛✐①❛s ♣❛r❛ ❢r❡q✉ê♥❝✐❛s ó♣t✐❝❛s ♦✉ ♥♦ ■❘✱ ❜❛✐①♦ ❝✉st♦ ❡✱ ❢❛❝✐❧✐❞❛❞❡ ❞❡

❢❛❜r✐❝❛çã♦✳ ❊♠❜♦r❛ s❡❥❛ ✉♠ s✐st❡♠❛ ❡st✉❞❛❞♦ ❤á ♠❛✐s ❞❡ ✉♠ sé❝✉❧♦✱ ❛✐♥❞❛ r❡❝❡♥t❡♠❡♥t❡✱

❞✐✈❡rs❛s ♥♦tá✈❡✐s ✐♥✈❡♥çõ❡s ❜❛s❡❛❞❛s ❡♠ ❝r✐st❛✐s ❢♦tô♥✐❝♦s ✶❉ tê♠ s✐❞♦ ❞❡s❡♥✈♦❧✈✐❞❛s✿ ✉♠

r❡✢❡t♦r ❞✐❡❧étr✐❝♦ ♦♠♥✐❞✐r❡❝✐♦♥❛❧ ❬✶✷✱ ✶✸❪✱ ✉♠ ❣✉✐❛ ❞❡ ♦♥❞❛ ❝♦❛①✐❛❧ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❡❧étr✐❝♦

❬✶✹❪ ❡ ✉♠❛ ✜❜r❛ ❞❡ ❡s♣❡❧❤♦ ❞✐❡❧étr✐❝♦ ♦♠♥✐❞✐r❡❝✐♦♥❛❧ ❬✶✺❪✱ sã♦ ❛❧❣✉♠❛s ❞❛s ♠❛✐s ❞❡st❛❝❛❞❛s✱

t✉❞♦ ✐st♦ s❡♠ ♠❡♥❝✐♦♥❛r ❛s ♠ú❧t✐♣❧❛s ♣♦ss✐❜✐❧✐❞❛❞❡s q✉❡ s❡ ❛❜r❡♠ ❛♦ ❝♦♥s✐❞❡r❛r ♠❛t❡r✐❛✐s

♥ã♦ ❧✐♥❡❛r❡s✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é✱ ♣♦rt❛♥t♦✱ ❡st❛❜❡❧❡❝❡r ♦ ♠❛r❝♦ t❡ór✐❝♦ ♥❡❝❡ssár✐♦

♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s ❡♠ ♠❡✐♦s ♣❡r✐ó❞✐❝♦s ❞✐❡❧étr✐❝♦s ❡

✐♥tr♦❞✉③✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s✱

❞❛♥❞♦ ❡s♣❡❝✐❛❧ ❛t❡♥çã♦ ❛♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ P♦r ❡♥q✉❛♥t♦ ♦ tr❛t❛♠❡♥t♦ s❡rá ❢❡✐t♦ ♥♦

r❡❣✐♠❡ ❧✐♥❡❛r ❞❡✐①❛♥❞♦ ❛ ✐♥❝❧✉sã♦ ❞❡ ❛❧❣✉♥s ❡❢❡✐t♦s ♥ã♦ ❧✐♥❡❛r❡s ♣❛r❛ ♦ ❝❛♣ít✉❧♦ ✸✳

✶❡♠ ✐♥❣❧ês ❞✐❡❧❡❝tr✐❝ s✉♣❡r❧❛tt✐❝❡ ♦r ♠✉❧t✐❧❛②❡r st❛❝❦

✾
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❋✐❣✉r❛ ✷✳✶✿ ✭❛✮ ❙❊▼ ✭✶✶✵✵✵×✮ ❞❡ ✸✵ ♣❛r❡s ❞❡ ❝❛♠❛❞❛s ❛❧t❡r♥❛❞❛s ❞❡ ●❛❆s ✭❝♦r ❡s❝✉r❛✮ ❡
❆❧0.3●❛0.7❆s ✭❝♦r ❝❧❛r❛✮ ❝r❡s❝✐❞♦s s♦❜r❡ ✉♠ s✉❜str❛t♦ ❞❡ ●❛❆s✳ ✭❜✮ ❋♦t♦❣r❛✜❛ ❛ ✺✺✵✵✵× ♠♦str❛♥❞♦
♦ ♣❡rí♦❞♦ ❞❡ ✵✳✶✽✺µ♠✳ ❋♦♥t❡✿ ❏✳ P✳ ✈❛♥ ❞❡r ❩✐❡❧ ✫ ▼✳ ▲❧❡❣❡♠s✱ ❆♣♣❧✳ ❖♣t✳ ✶✹✱ ✷✻✷✼ ✭✶✾✼✺✮✳

✷✳✶ ❊❧❡❝tr♦♠❛❣♥❡t✐s♠♦ ❞❡ ❊str✉t✉r❛s ❉✐❡❧étr✐❝❛s P❡r✐ó❞✐✲

❝❛s

✷✳✶✳✶ ❊❧❡❝tr♦♠❛❣♥❡t✐s♠♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r❡s ♣ró♣r✐♦s

❆ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦✱ ❛ ❞❡s❝r✐çã♦ ❞❛ ❧✉③ ❡♠ ❝r✐st❛✐s ❢♦tô♥✐❝♦s ❡♥✈♦❧✈❡ ❛

s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ❡♠ ✉♠ ♠❡✐♦ ❞✐❡❧étr✐❝♦ ♣❡r✐ó❞✐❝♦✱ ❡ ❝♦♠♦ ❥á s❡ ♠❡♥❝✐♦♥♦✉

♥❛ ✐♥tr♦❞✉çã♦✱ ❡♥❝♦♥tr❛✲s❡ ❛♥❛❧♦❣✐❛s ❞✐r❡t❛s ❝♦♠ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❞❡ ♠❛tér✐❛ ❡♠ ♣♦✲

t❡♥❝✐❛✐s ♣❡r✐ó❞✐❝♦s✳ ❯♠ ❛s♣❡❝t♦ ✐♥t❡r❡ss❛♥t❡ ❞❡st❛s ❡q✉❛çõ❡s é q✉❡✱ ❛ ❞✐❢❡r❡♥ç❛ ❞♦ ♣r♦❜❧❡♠❛

❝♦♠♣❧❡①♦ ❞❡ ♠✉✐t♦s ❝♦r♣♦s ❢♦rt❡♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡s ❞♦s ❡❧étr♦♥s ❞❡♥tr♦ ❞❡ ✉♠ só❧✐❞♦✱ ❡st❛s

♣♦❞❡♠ s❡r r❡s♦❧✈✐❞❛s ✏❡①❛t❛♠❡♥t❡✑✱ ❡♥q✉❛♥t♦ ❡st✐✈❡r♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♠❛t❡r✐❛✐s ❧✐♥❡❛r❡s ❡

♥ã♦ ❤❛❥❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s ❢ót♦♥s✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❝ô♠♣✉t♦s t❡ór✐❝♦s ♣♦❞❡♠ ♣r♦♣♦r✲

❝✐♦♥❛r ❞❡s❝r✐çõ❡s ❡ ♣r❡❞✐çõ❡s ❜❡♠ ♣r❡❝✐s❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❢ót♦♥s ❡ ♣♦rt❛♥t♦ s❡r ♠✉✐t♦

út❡✐s ❡ ❝♦♠♣❧❡♠❡♥t❛r❡s às ♣❡sq✉✐s❛s ❡①♣❡r✐♠❡♥t❛✐s✳

◆♦ ♥♦ss♦ ❝❛s♦ ❝♦♥s✐❞❡r❛♠♦s ♠❛t❡r✐❛✐s ✐s♦tró♣✐❝♦s ✭❛ ❢✉♥çã♦ ❞✐❡❧étr✐❝❛ é ✉♠❛ ❢✉♥çã♦ ❡s✲

❝❛❧❛r✮✱ ♥ã♦ ❞✐s♣❡rs✐✈♦s ✭❛ ❢✉♥çã♦ ❞✐❡❧étr✐❝❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ♦✉ é ♣r❛t✐❝❛♠❡♥t❡

❝♦♥st❛♥t❡ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡r❡ss❡✱ ❤á ✉♠❛ r❡s♣♦st❛ ✐♥st❛♥tâ♥❡❛ ❞♦ ♠❡✐♦✮ ❡ tr❛♥s♣❛r✲

❡♥t❡s ✭❛ ❢✉♥çã♦ ❞✐❡❧étr✐❝❛ é r❡❛❧ ❡ ♣♦s✐t✐✈❛✱ ♥ã♦ ❤á ♣❡r❞❛s✮✳ ❊♠ ❛✉sê♥❝✐❛ ❞❡ ❝❛r❣❛s ❡ ❝♦rr❡♥t❡s

❧✐✈r❡s ✭ρ = 0 ❡ ❏ = 0✮✱ ❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ❡♠ ✉♠ ♠❡✐♦ ❝♦♥t✐♥✉♦ ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ✭❡♠

✉♥✐❞❛❞❡s ❞♦ ❙■✮✿
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∇× E (r✱t) = − ∂

∂t
B(r✱t), ∇ · D (r✱t) = 0, ✭✷✳✶✮

∇× H (r✱t) = +
∂

∂t
D(r✱t), ∇ · B (r✱t) = 0. ✭✷✳✷✮

❚❛♠❜é♠✱ r❡❧❛❝✐♦♥❛♠♦s✱ D ❝♦♠ E✱ ❡ B ❝♦♠ H✱ ❛tr❛✈és ❞❛s r❡❧❛çõ❡s ❝♦♥st✐t✉t✐✈❛s✿

D (r✱t) = ǫ0E (r✱t) + P (r✱t) , ✭✷✳✸✮

B (r✱t) = µ0H (r✱t) + M (r✱t) , ✭✷✳✹✮

❝♦♠ P ❡ M s❡♥❞♦ ❛ ♣♦❧❛r✐③❛çã♦ ❡❧étr✐❝❛ ❡ ♠❛❣♥❡t✐③❛çã♦ ♠❛❣♥ét✐❝❛✱ ❡ ǫ0 ❡ µ0 sã♦ ❛ ♣❡r♠✐t✐✈✐✲

❞❛❞❡ ❡❧étr✐❝❛ ❡ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ ❞♦ ✈á❝✉♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✱ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ E✱ ❡ ❛ ♣♦❧❛r✐③❛çã♦✱ P✱ ♠❡❞✐✲

❛♥t❡ ✉♠❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❡♠ E✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❬✶✻❪✿

Pi/ǫ0 =
∑

j

χ
(1)
ij Ej +

∑

j,k

χ
(2)
ijkEjEk +

∑

j,k,l

χ
(3)
ijklEjEkEl + · · · ✭✷✳✺✮

♦♥❞❡ ♦s t❡♥s♦r❡s✱ χ(1)
ij ✱ χ(2)

ijk✱ χ
(3)
ijkl✱ sã♦ ❛s s✉s❝❡♣t✐❜✐❧✐❞❛❞❡s ó♣t✐❝❛s ❞❡ ♣r✐♠❡✐r❛✱ s❡❣✉♥❞❛✱ ❡

t❡r❝❡✐r❛ ♦r❞❡♠ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ❡♥q✉❛♥t♦ ✈❛♠♦s ❧✐♠✐t❛r ❛ ❛♥á❧✐s❡ ❛♦ r❡❣✐♠❡ ❧✐♥❡❛r✱

♥❡❣❧✐❣❡♥❝✐❛♥❞♦ ❡♥tã♦ ♦s t❡r♠♦s ❞❡ O(E2)✱ ♦✉ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛❞♠✐t✐♥❞♦ ✐♥t❡♥s✐❞❛❞❡s ❞❡

❝❛♠♣♦ ❡❧étr✐❝♦ ♣❡q✉❡♥❛s✳ ◆♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡ ✈♦❧t❛r❡♠♦s ❛ ❡st❡ ♣♦♥t♦ ♣❛r❛ ✐♥❝❧✉✐r ❛❧❣✉♥s

❡❢❡✐t♦s ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠✳

❉❡♥tr♦ ❞❛s ❛♣r♦①✐♠❛çõ❡s ♠❡♥❝✐♦♥❛❞❛s✱ ❛s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s sã♦ r❡❡s❝r✐t❛s ❛ss✐♠✷

D (r✱t) = ǫ0ǫ (r)E (r✱t), ✭✷✳✻✮

❡

B (r✱t) = µ0µ (r)H (r✱t) ≅ µ0H (r✱t), ✭✷✳✼✮

♦♥❞❡ s✉❜st✐t✉í♠♦s µ (r) ≅ 1 ❥á q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s ♠❛t❡r✐❛✐s ♥ã♦ ♠❛❣♥ét✐❝♦s✱ ❡ ♥❡st❡ ❝❛s♦✱

ǫ é ♦ q✉❛❞r❛❞♦ ❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ q✉❡ ❡♠ ❣❡r❛❧ ❡stá ❞❡✜♥✐❞♦ ❝♦♠♦ n =
√

ǫ (r)µ (r)✳ ❆s

❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧ ✜❝❛♠

∇× E (r✱t) = −µ0
∂

∂t
H(r✱t), ∇ · [ǫ (r)E (r✱t)] = 0, ✭✷✳✽✮

✷❆❧❣✉♥s ❛✉t♦r❡s ✉s❛♠ ǫr ♣❛r❛ ❛ ♣❡r♠✐t✐✈✐❞❛❞❡ r❡❧❛t✐✈❛ ❡ ǫ ♣❛r❛ ❛ ♣❡r♠✐t✐✈✐❞❛❞❡ ǫ0ǫr✳ ❆q✉✐ ❛❞♦t❛♠♦s ❛
❝♦♥✈❡♥çã♦ s❡♠ ♦ s✉❜í♥❞✐❝❡ r✱ ❥á q✉❡ tr❛❜❛❧❤❛♠♦s s♦♠❡♥t❡ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❛❞✐♠❡♥s✐♦♥❛❧ ǫr✳
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∇× H (r✱t) = +ǫ0ǫ (r)
∂

∂t
E(r✱t), ∇ · H (r✱t) = 0. ✭✷✳✾✮

❆ ❧✐♥❡❛r✐❞❛❞❡ ❞❛s ❡qs✳ ✷✳✽✲✷✳✾ ♥♦s ♣❡r♠✐t❡ ❝♦♥str✉✐r s♦❧✉çõ❡s q✉❡ sã♦ s✉♣❡r♣♦s✐çã♦ ❞❡ ♠♦❞♦s

❤❛r♠ô♥✐❝♦s ❞♦s ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦✱

E (r✱t) = E (r) exp (−✐ωt) + ❝✳❝. ✭✷✳✶✵✮

❡

H (r✱t) = H (r) exp (−✐ωt) + ❝✳❝., ✭✷✳✶✶✮

❡ ♦♥❞❡ E (r) ❡ H (r) sã♦ ♦s ❝❤❛♠❛❞♦s ♣❡r✜s ❞♦s ♠♦❞♦s ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♠♦❞♦s ❡❧❡❝tr♦✲

♠❛❣♥ét✐❝♦s✱ q✉❡ sã♦ ❢✉♥çõ❡s ❞❛ ❢r❡q✉ê♥❝✐❛ ❛❧é♠ ❞❛ ♣♦s✐çã♦✳ ❯s❛♥❞♦ ❛s s♦❧✉çõ❡s ✷✳✶✵✲✷✳✶✶

♣♦❞❡♠♦s ❝♦♠❜✐♥❛r ❛s ❡q✉❛çõ❡s ❞♦ r♦t❛❝✐♦♥❛❧ ♣❛r❛ ♦❜t❡r ❛s ❡q✉❛çõ❡s ❞❡ ♦♥❞❛ ♣❛r❛ ♦ ❝❛♠♣♦

❡❧étr✐❝♦ ❡ ♠❛❣♥ét✐❝♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛✿

[

∇×
(

1

ǫ (r)
∇×

)]

H (r) =
(ω

c

)2

H (r) , ✭✷✳✶✷✮

[

1

ǫ (r)
∇×∇×

]

E (r) =
(ω

c

)2

E (r) ✭✷✳✶✸✮

❝♦♠ c = 1/
√
ǫ0µ0 = 2.9979 × 108♠✴s✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③ ♥♦ ✈á❝✉♦✳ ❊st❛s ❡q✉❛çõ❡s ❞❡

♦♥❞❛ s✉❥❡✐t❛s às r❡str✐çõ❡s ❡st❛❜❡❧❡❝✐❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ❞❛ ❞✐✈❡r❣ê♥❝✐❛✱ ∇ · [ǫ (r)E (r✱t)] = 0

❡ ∇ · H (r✱t) = 0 ✭❝♦♥❞✐çõ❡s ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞❡✮✱ ♥♦s ❞ã♦ t♦❞❛ ❛ ✐♥❢♦r♠❛çã♦ ♣♦ssí✈❡❧ ♣❛r❛

❡♥❝♦♥tr❛r ♦s ♠♦❞♦s H (r) ❡ E (r)✳ ❚❡♠♦s ❢♦r♠✉❧❛❞❛s ❡♥tã♦ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❛

❛❝❤❛r ♦s ♠♦❞♦s ❡❧❡❝tr♦♠❛❣♥ét✐❝♦s ❝♦♠♦ ♣r♦❜❧❡♠❛s ❞❡ ❛✉t♦✈❛❧♦r❡s✳ ◆♦ ❝❛s♦ ❞❛ ❡q✳ ✷✳✶✷✱ ♣♦r

❡①❡♠♣❧♦✱ H (r) sã♦ ❛s ❛✉t♦❢✉♥çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ♦♣❡r❛❞♦r ❤❡r♠✐t✐❛♥♦ Θ̂✿

Θ̂ ≡
[

∇×
(

1

ǫ (r)
∇×

)]

✭✷✳✶✹✮

❡ ❝✉❥♦s ❛✉t♦✈❛❧♦r❡s sã♦ ♣r♦♣♦r❝✐♦♥❛✐s ❛♦ q✉❛❞r❛❞♦ ❞❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ❞✐t♦s ♠♦❞♦s✿ (ω/c)2✳

❚♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s✱ ❢❛♠✐❧✐❛r❡s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❤❡r♠✐t✐❛♥♦s sã♦

❡♥tã♦ ✈á❧✐❞❛s✿ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ s♦❧✉çõ❡s é t❛♠❜é♠ s♦❧✉çã♦✱ ❛✉t♦✈❛❧♦r❡s r❡❛✐s✱ ♦rt♦❣♦♥❛❧✲

✐❞❛❞❡ ❡ ❝♦♠♣❧❡t❡③❛ ❞❛s ❛✉t♦❢✉♥çõ❡s✱ ❡st❛s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞❡ ✉♠ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧✱ ❡t❝

❬✶✼❪✳

✷✳✶✳✷ ❚❡♦r❡♠❛ ❞❡ ❋❧♦q✉❡t✲❇❧♦❝❤

❊st❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ❝❛s♦ q✉â♥t✐❝♦ é ❛♣r♦✈❡✐t❛❞❛ ❛♦ ♠á①✐♠♦ ♥♦ ❡st✉❞♦ ❞❡ ❝r✐st❛✐s ❢♦tô♥✐❝♦s✱

r❡❝♦♥❤❡❝❡♥❞♦ ❡st❡s ❝♦♠♦ ✉♠ ❛rr❛♥❥♦ ❡s♣❛❝✐❛❧♠❡♥t❡ ♣❡r✐ó❞✐❝♦ ❞❡ ♠❛t❡r✐❛❧ ❞✐❡❧étr✐❝♦✱ ❝✉❥❛
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❢✉♥çã♦ ❞✐❡❧étr✐❝❛ ǫ (r) ✭q✉❡ ❢❛③ ❛s ✈❡③❡s ❞♦ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ ❛♣r❡s❡♥t❛❞♦ ♣❡❧❛ r❡❞❡ ❝r✐st❛❧✐♥❛

❛♦s ❡❧étr♦♥s✮✱ ❡①✐❜❡ s✐♠❡tr✐❛s tr❛♥s❧❛❝✐♦♥❛✐s✱ t❛♥t♦ ❝♦♥t✐♥✉❛s q✉❛♥t♦ ❞✐s❝r❡t❛s✳ ❯s❛♥❞♦ ❛

t❡r♠✐♥♦❧♦❣✐❛ ❞❛ ❢ís✐❝❛ ❞♦ ❡st❛❞♦ só❧✐❞♦ ❬✶✽❪✱ ♦ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❛tr❛✈és ❞❡

✉♠❛ r❡❞❡ ❞❡ ❇r❛✈❛✐s ❞✲❞✐♠❡♥s✐♦♥❛❧ ✭✉♥✐✲✱ ❜✐✲ ♦✉ tr✐❞✐♠❡♥s✐♦♥❛❧✮ s✉❜❥❛❝❡♥t❡ R✱ q✉❡ ❝♦♥s✐st❡

❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❝♦♠ ✈❡t♦r ♣♦s✐çã♦ R ❞❛ ❢♦r♠❛ R =
∑d

i=1 liai✱ ♦♥❞❡ ♦s li ∈ Z ❡ ai sã♦ ♦s

✈❡t♦r❡s ♣r✐♠✐t✐✈♦s q✉❡ ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s q✉❡ ❣❡r❛♠

❛ r❡❞❡✳ P♦rt❛♥t♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ǫ (r) = ǫ (r + R) ✭✷✳✶✺✮

♣❛r❛ t♦❞♦ r ∈ R✳ ❆ss✐♠ ♠❡s♠♦✱ ❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❢✉♥çõ❡s ❝♦♠ ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡

✉♠❛ r❡❞❡ ❞❡ ❇r❛✈❛✐s✱ t❛❧ ❝♦♠♦ ❛ ♣❡r♠✐t✐✈✐❞❛❞❡ ǫ (r)✱ ❝♦♥❞✉③ à ♥♦çã♦ ❞❡ r❡❞❡ r❡❝í♣r♦❝❛✱ G✱

❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❞❛❞❛ r❡❞❡ ❞❡ ❇r❛✈❛✐s✱ ❝✉❥♦s ✈❡t♦r❡s ❞❡ r❡❞❡ G ∈ G✱ s❛t✐s❢❛③❡♠ G ·R = 2πm

✭❝♦♠ m ✐♥t❡✐r♦✮ ♣❛r❛ t♦❞♦ R ∈ R✳ ❆ss♦❝✐❛❞♦ à r❡❞❡ ❞❡ ❇r❛✈❛✐s t❡♠♦s ❛ ♥♦çã♦ ❞❡ ❝é❧✉❧❛ ❞❡

❲✐❣♥❡r✲❙❡✐t③✱ q✉❡ é ✉♠ ✈♦❧✉♠❡ d✲❞✐♠❡♥s✐♦♥❛❧ q✉❡ q✉❛♥❞♦ tr❛♥s❧❛❞❛❞♦ ❛tr❛✈és ❞❡ t♦❞♦s ♦s

✈❡t♦r❡s ❞❡ ✉♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡ r❡❞❡ ❞❡ ❇r❛✈❛✐s✱ ❝♦❜r❡ ❡①❛t❛♠❡♥t❡ t♦❞♦ ♦ ❡s♣❛ç♦✳ ❆ ❝é❧✉❧❛

❞❡ ❲✐❣♥❡r✲❙❡✐t③ ❞❛ r❡❞❡ r❡❝í♣r♦❝❛ é ❛ ❝❤❛♠❛❞❛ ♣r✐♠❡✐r❛ ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥✳

P♦r ❝❛✉s❛ ❞❛s s✐♠❡tr✐❛s ❞❡st❡s s✐st❡♠❛s✱ ♦ ❣r✉♣♦ ❞❡ s✐♠❡tr✐❛ ❞❡ ✉♠❛ r❡❞❡ ❞❡ ❇r❛✈❛✐s ✐♥❝❧✉✐

❡♠ ❣❡r❛❧ r♦t❛çõ❡s✱ r❡✢❡①õ❡s ❡ ✐♥✈❡rsõ❡s q✉❡ ♠❛♣❡❛♠ ❛ r❡❞❡ s♦❜r❡ s✐ ♠❡s♠❛✳ ▼❛t❡♠át✐❝❛✲

♠❡♥t❡✱ q✉❡ ✉♠ s✐st❡♠❛ t❡♥❤❛ ❝❡rt❛ s✐♠❡tr✐❛ s❡ tr❛❞✉③ ❡♠ q✉❡ ♦ ♦♣❡r❛❞♦r Θ̂ ❝♦♠✉t❛ ❝♦♠ ♦

♦♣❡r❛❞♦r ❞❡ s✐♠❡tr✐❛ ❝♦rr❡s♣♦♥❞❡♥t❡ Ŝ✿
[

Θ̂, Ŝ
]

= 0✱ ♦ q✉❛❧ é ❝♦♥✈❡♥✐❡♥t❡ ❥á q✉❡ ❛s ❛✉t♦✲

❢✉♥çõ❡s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ s✐♠❡tr✐❛ sã♦ ❞❡t❡r♠✐♥❛❞❛s ❢❛❝✐❧♠❡♥t❡ ✭❡♥q✉❛♥t♦ às ❞♦ ♦♣❡r❛❞♦r

Θ̂ ♥ã♦✮ ❡ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❡ ❝❛t❛❧♦❣❛r ❛s ❛✉t♦❢✉♥çõ❡s ❞❡ ❛❝♦r❞♦ às ♣r♦♣r✐❡❞❛❞❡s ❞❡ Ŝ✳ ❆

tít✉❧♦ ❞❡ ❡①❡♠♣❧♦ ❡①❛♠✐♥❡♠♦s ♦ ❝❛s♦ ❞❡ ✉♠❛ s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❝♦♥tí♥✉❛✱ ♦♥❞❡ ♦ s✐st❡♠❛

♥ã♦ ♠✉❞❛ ❛♦ r❡❛❧✐③❛r ✉♠❛ tr❛♥s❧❛çã♦ ❛tr❛✈és ❞❡ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ d = dẑ✳ P❛r❛ ❝❛❞❛ d

t❡♠♦s ✉♠ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❧❛çã♦ ❛s♦❝✐❛❞♦ T̂d✱ t❛❧ q✉❡ T̂dǫ (r) = ǫ (r + d) = ǫ (r)✱ ❡ ♣♦rt❛♥t♦
[

Θ̂, T̂d

]

= 0✳ ➱ ❢á❝✐❧ ♠♦str❛r q✉❡ ❛s ❛✉t♦❢✉♥çõ❡s ❞❡st❡ ♦♣❡r❛❞♦r sã♦ ❞❛ ❢♦r♠❛ e✐kz ❝♦♠ ❛✉✲

t♦✈❛❧♦r e✐kd ❝♦♠ ❝❡rt♦ k✳ ❆s ❛✉t♦❢✉♥çõ❡s ❞♦ ♥♦ss♦ s✐st❡♠❛ ♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞❛s ❞❡ ❢♦r♠❛

q✉❡ s❡❥❛♠ ❛✉t♦❢✉♥çõ❡s ❞♦s ❞✐❢❡r❡♥t❡s T̂d✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♣♦❞❡♠♦s ❝❧❛ss✐✜❝á✲❧❛s ♣❡❧♦s ✈❛❧♦r❡s

♣❛rt✐❝✉❧❛r❡s ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ k✳ ◆♦ ❝❛s♦ ❞❡ ✉♠ ♠❡✐♦ ❤♦♠♦❣ê♥❡♦ ✭s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ♥❛s

três ❞✐r❡çõ❡s ♦✉ ǫ (r) ❝♦♥st❛♥t❡✮ ♣♦r ❡①❡♠♣❧♦✱ ♦s ♠♦❞♦s sã♦ ♦♥❞❛s ♣❧❛♥❛s✱

Hk (r) = H0e
✐k·r ✭✷✳✶✻✮

❝♦♠ H0 s❡♥❞♦ q✉❛❧q✉❡r ✈❡t♦r ❝♦♥st❛♥t❡ ♥❛ ❞✐r❡çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦✳ ❖s ❛✉t♦✈❛❧♦r❡s ❝♦rr❡s♣♦♥✲

❞❡♥t❡s sã♦ (ω/c)2 = k2/ǫ✱ ❞❡ ♦♥❞❡ ♦❜t❡♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✿ ω = ck/
√
ǫ✳ ◆♦ ❝❛s♦ ❞❡

✉♠❛ s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞✐s❝r❡t❛✱ ✐st♦ é✱ ♦ s✐st❡♠❛ é ✐♥✈❛r✐❛♥t❡ s♦❜ tr❛♥s❧❛çõ❡s ♠ú❧t✐♣❧❛s ❞❡
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❋✐❣✉r❛ ✷✳✷✿ ❊①❡♠♣❧♦ ❞❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞✐❡❧étr✐❝❛ ❝♦♠ s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞✐s❝r❡t❛ ❡♠ ✉♠❛❛
❞✐r❡çã♦✳ ❉❡s❧♦❝❛♥❞♦ ♦ s✐st❡♠❛ ♣♦r ✉♠ ♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ ❞❡ a ♥❛ ❞✐r❡çã♦ ❞❡ s✐♠❡tr✐❛ ❞❡✐①❛ ❡st❡
✐♥✈❛r✐á✈❡❧✳ ❉❡st❛❝❛❞❛ ❞❡♥tr♦ ❞❡ ✉♠❛ ❝❛✐①❛ ❡stá ✉♠❛ ❝é❧✉❧❛ ✉♥✐tár✐❛✳ ❋♦♥t❡✿ ❬✺❪

✉♠❛ ❞✐st❛♥❝✐❛ ✜①❛✱ ❝♦♠♦ é ♦ ♥♦ss♦ ❝❛s♦ ❞❡ s✉♣❡r✲r❡❞❡s ❞✐❡❧étr✐❝❛s ✭✈❡❥❛ ✜❣✳ ✷✳✷✮✱ ♣♦❞❡♠♦s✱

✉s❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡①♣♦st♦s ❛❝✐♠❛✱ ❝♦♥str✉✐r ♦s ♠♦❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s à ❡q✳ ✷✳✶✷ ❞❛

❢♦r♠❛

Hnk (r) = unk (r) e−✐k·r ✭✷✳✶✼✮

♦♥❞❡ unk (r) = unk (r + R)✱ ❝♦♠ R ∈ R✳ ❖s ♠♦❞♦s tê♠ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ♦♥❞❛ ♣❧❛♥❛

♠✉❧t✐♣❧✐❝❛❞♦s ♣♦r ✉♠❛ ❢✉♥çã♦ ✈❡t♦r✐❛❧ ♣❡r✐ó❞✐❝❛ ❝♦♠ ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❛ r❡❞❡ ❞❡ ❇r❛✈❛✐s✳

❆q✉✐ ♦ ✈❡t♦r ❞❡ ♦♥❞❛ k ❡stá r❡str✐t♦ à ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥ ❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ r❡❞❡ r❡❝í♣r♦❝❛

❡ ♦ í♥❞✐❝❡ n ❛♣❛r❡❝❡ ♣♦rq✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ k t❡r❡♠♦s ♠✉✐t♦s ♠♦❞♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳

❊st❡ r❡s✉❧t❛❞♦ é ♦ ❢❛♠♦s♦ t❡♦r❡♠❛ ❞❡ ❋❧♦q✉❡t✲❇❧♦❝❤ ❞♦ ❡st❛❞♦ só❧✐❞♦✱ ❡ tê♠ ✐♠♣♦rt❛♥t❡s

❝♦♥s❡q✉ê♥❝✐❛s✿

• ❖s ♠♦❞♦s ❞❛ ❢♦r♠❛ ✷✳✶✼ sã♦ ❝❤❛♠❛❞♦s ❢✉♥çõ❡s ❞❡ ❇❧♦❝❤✱ sã♦ ♦♥❞❛s ♣❧❛♥❛s ❝❛r❛❝t❡r✐✲

③❛❞❛s ♣♦r ✉♠ ✈❡t♦r ❞❡ ♦♥❞❛ k, ♠♦❞✉❧❛❞❛s ❡s♣❛❝✐❛❧♠❡♥t❡ ♣❛r❛ t❡r ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞♦

❝r✐st❛❧✳ ❊st❛s ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛s ♦♥❞❛s ♣❧❛♥❛s ❞♦ ❝❛s♦ ❞♦

♠❡✐♦ ❤♦♠♦❣ê♥❡♦ ❛♦ ❝❛s♦ ❞❡ s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞✐s❝r❡t❛✳ ❖ í♥❞✐❝❡ n ❛♣❛r❡❝❡ ♣♦rq✉❡

♣❛r❛ ❝❛❞❛ k ❡①✐st❡♠ ♠✉✐t❛s s♦❧✉çõ❡s ❞❛ ❡q✳ ✷✳✶✷✳ ■st♦ s❡ ♣♦❞❡ ❛♣r❡❝✐❛r s✉❜st✐t✉✐♥❞♦ ❛s
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❢✉♥çõ❡s ❞❡ ❇❧♦❝❤ ♥❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ♣❛r❛ H ♦❜t❡♥❞♦

Θ̂Hnk (r) =

(

ωn (k)

c

)2

Hnk (r)

[

∇×
(

1

ǫ (r)
∇×

)]

unk (r) e−✐k·r =

(

ωn (k)

c

)2

unk (r) e−✐k·r ✭✷✳✶✽✮

(✐k + ∇) × 1

ǫ (r)
(✐k + ∇) × unk (r) =

(

ωn (k)

c

)2

unk (r)

Θ̂kunk (r) =

(

ωn (k)

c

)2

unk (r) ,

♦♥❞❡ s❡ ❞❡✜♥✐✉

Θ̂k ≡ (✐k + ∇) × 1

ǫ (r)
(✐k + ∇) × . ✭✷✳✶✾✮

❚r❛♥s❢♦r♠❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r ❞❡ ❛✉t♦✈❛❧♦r❡s ❡♠ ♦✉tr♦ ♣❛r❛ ❢✉♥çõ❡s ❝♦♠ ❛ ♣❡r✐✲

♦❞✐❝✐❞❛❞❡ ❞❛ r❡❞❡✱ unk (r)✱ s✉❥❡✐t♦ ❛ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s s♦❜r❡ ❛ ❝é❧✉❧❛ ❞❡

❲✐❣♥❡r✲❙❡✐t③✳ P♦rt❛♥t♦ ❡s♣❡r❛♠♦s ❡♥❝♦♥tr❛r ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❡ ❞✐s❝r❡t♦ ❞❡ ❛✉t♦✲

✈❛❧♦r❡s ✭❢r❡q✉ê♥❝✐❛s ωn (k)✮ q✉❡ ❡t✐q✉❡t❛♠♦s ❝♦♠ ♦ í♥❞✐❝❡ n✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❛❞♦ ❞❡

k✳

• ❆ r❡str✐çã♦ ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ k à ♣r✐♠❡✐r❛ ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥ s✐❣♥✐✜❝❛ q✉❡ ♣♦❞❡♠♦s

❡st❡♥❞❡r ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ωn (k) ❡ ❛s ❢✉♥çõ❡s ❞❡ ❇❧♦❝❤ Hnk (r) ❛ ✈❡t♦r❡s ❞❡ ♦♥❞❛

❢♦r❛ ❞❡st❛ ③♦♥❛✳ P♦r ✐ss♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛✉t♦❢✉♥çõ❡s ❝♦♠ ✈❡t♦r❡s ❞❡ ♦♥❞❛ q✉❡

❞✐❢❡r❡♠ só ♣♦r ✉♠ ✈❡t♦r ❞❛ r❡❞❡ r❡❝í♣r♦❝❛ G tê♠ ❛✉t♦❢✉♥çõ❡s ✐❞ê♥t✐❝❛s✿

Hnk+G (r) = Hnk (r) , ✭✷✳✷✵✮

ωn (k + G) = ωn (k) .

❆ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❝♦♥t✐♥✉❛s ❡♠ k✱ ωn (k)✱ ❝♦♥st✐t✉✐ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❞♦ ❝r✐st❛❧

❢♦tô♥✐❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ❝♦♠✉♠❡♥t❡ ❝❤❛♠❛❞❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❢♦tô♥✐❝❛✳

P❛r❛ ✜♥s ✐❧✉str❛t✐✈♦s✱ ♠♦str❛r❡♠♦s ❞♦✐s ❡①❡♠♣❧♦s ❞❡ ❡str✉t✉r❛s ❞❡ ❜❛♥❞❛s ❢♦tô♥✐❝❛s ❝❛❧❝✉✲

❧❛❞❛s ♣♦r ❇✉s❝❤ ❡t ❛❧✳ ❬✼❪ ♣❛r❛ ❞♦✐s ❞✐❢❡r❡♥t❡s ❝r✐st❛✐s ❢♦tô♥✐❝♦s ✷❉ ❝♦♠♣♦st♦s ❞❡ ❜✉r❛❝♦s ❞❡

❛r ❞❡♥tr♦ ❞❡ ✉♠ ♠❛t❡r✐❛❧ ❞✐❡❧étr✐❝♦ ❛♥✜tr✐ã♦✱ ❛❞♠✐t✐♥❞♦ q✉❡ ❛ ❧✉③ s❡ ♣r♦♣❛❣❛ ❡♠ ✉♠ ♣❧❛♥♦

♥♦r♠❛❧ ❛s ❜✉r❛❝♦s ✭✜❣✉r❛s ✷✳✸ ❡ ✷✳✹✮✳ ❖s ♠♦❞♦s sã♦ s❡♣❛r❛❞♦s ❡♠ ❞✉❛s ❝❧❛ss❡s ❝♦rr❡s♣♦♥✲

❞❡♥t❡s ❛♦ t✐♣♦ ❞❡ ♣♦❧❛r✐③❛çã♦✿ ♣♦❧❛r✐③❛çã♦ t✐♣♦ E ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝❛♠♣♦

❡❧étr✐❝♦ é ♣❛r❛❧❡❧♦ ❛♦ ❡✐①♦ ❞♦s ❜✉r❛❝♦s✱ ❡ ♣♦❧❛r✐③❛çã♦ t✐♣♦ H ♥❛ q✉❛❧ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é

♣❛r❛❧❡❧♦ ❛♦ ❡✐①♦ ❞♦s ❜✉r❛❝♦s✳ ❙❡ ❛ss✉♠❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡ q✉❡ ❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s é ❛♣r❡s❡♥✲
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❋✐❣✉r❛ ✷✳✸✿ ❊str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❢♦tô♥✐❝❛ ♣❛r❛ ❧✉③ ♣♦❧❛r✐③❛❞❛ ❞♦ ✭❛✮ t✐♣♦ E ❡ ✭❜✮ t✐♣♦ H✱ ❡♠ ✉♠
❝r✐st❛❧ ❢♦tô♥✐❝♦ ✷❉ ❝♦♠ r❡❞❡ tr✐❛♥❣✉❧❛r ❢♦r♠❛❞❛ ♣♦r ❜✉r❛❝♦s ❞❡ ❛r ✭ǫ1 = 1✮ ❝♦♠ r❛✐♦ r0 = 0.3a ✭a ♦
♣❡rí♦❞♦ ❞❛ r❡❞❡✮ ❡♠ ✉♠ ❞✐❡❧étr✐❝♦ ❝♦♠ ♣❡r♠✐t✐✈✐❞❛❞❡ ǫ2 = 12❀ ♦s ❜❛♥❞ ❣❛♣s ❛♣❛r❡❝❡♠ s♦♠❜r❡❛❞♦s✳
❖ ✐♥s❡t s✉♣❡r✐♦r ♠♦str❛ ✉♠❛ ✈✐st❛ tr❛♥s✈❡rs❛❧ ❞♦ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ✷❉✳ ❖ ✐♥s❡t ✐♥❢❡r✐♦r✱ ❛ ③♦♥❛ ❞❡
❇r✐❧❧♦✉✐♥ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ❝♦♠ ❛ ③♦♥❛ ✐rr❡❞✉tí✈❡❧ s♦♠❜r❡❛❞❛✳ ❋♦♥t❡✿ ❬✼❪

t❛❞❛ s♦❜r❡ ❛s ❞✐r❡çõ❡s ❞❡ ♠❛✐♦r s✐♠❡tr✐❛ ❞❛ ♣r✐♠❡✐r❛ ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥ ✭❛ ③♦♥❛ ✐rr❡❞✉tí✈❡❧✮✱

✐♥❝❧✉í❞❛ ♥♦ ✐♥s❡t ❞❛ ♣❛rt❡ ✐♥❢❡r✐♦r ❞✐r❡✐t❛ ❞❛s ✜❣✉r❛s✳

✷✳✷ Ó♣t✐❝❛ ❞❡ s✉♣❡r✲r❡❞❡s ❞✐❡❧é❝tr✐❝❛s ♣❡r✐ó❞✐❝❛s

✷✳✷✳✶ ❘❡✢❡①ã♦ ❡ r❡❢r❛çã♦ ❛tr❛✈és ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ❞✐❡❧étr✐❝❛

❈♦♠❡ç❛♠♦s ♣♦r ❡st❛❜❡❧❡❝❡r ❛ ♠❛tr✐③ ❞✐♥â♠✐❝❛ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ❛♠♣❧✐t✉❞❡s ❞❛s ♦♥❞❛s

r❡✢❡t✐❞❛ ❡ tr❛♥s♠✐t✐❞❛ ❡♠ t❡r♠♦s ❞❛ ❛♠♣❧✐t✉❞❡ ❞❛ ♦♥❞❛ ✐♥❝✐❞❡♥t❡✱ ✐♠♣♦♥❞♦ ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ❡♠ ✉♠❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ❞♦✐s ♠❡✐♦s ❞✐❡❧étr✐❝♦s ❤♦♠♦❣ê♥❡♦s ✭✈❡❥❛ ✜❣✳ ✷✳✺✮✳ ❏á s❛❜❡♠♦s

q✉❡ ♦s ♠♦❞♦s q✉❡ sã♦ s♦❧✉çã♦ ❞❛ ❡q✉❛ç❛♦ ❞❡ ♦♥❞❛ ✷✳✶✸ sã♦ ♦♥❞❛s ♣❧❛♥❛s q✉❡ ♣♦❞❡♠ s❡r ❡s❝r✐t❛s

❝♦♠♦ ✉♠❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ♦♥❞❛s ✐♥❝✐❞❡♥t❡s ❡ r❡✢❡t✐❞❛s ❡♠ ❝❛❞❛ ♠❡✐♦ ❛ss✐♠✿

E (r) =







E1e
−✐k1·r + E

′
1e

−✐k′
1·r, z < 0

E2e
−✐k2·r + E

′
2e

−✐k′
2·r z > 0

✭✷✳✷✶✮

k1 é ♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✐♥❝✐❞❡♥t❡✱ k2 é ♦ ✈❡t♦r ❞❡ ♦♥❞❛ tr❛♥s♠✐t✐❞♦✱ ❡ k
′

1 ❡ k
′

2 sã♦ ✐♠❛❣❡♥s

❡s♣❡❝✉❧❛r❡s ❞♦s ✈❡t♦r❡s k1✱ k2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡✈✐❞♦ à ❧❡✐ ❞❡ ❙♥❡❧❧✳ ❖s ✈❡t♦r❡s ❞❡ ♦♥❞❛

tê♠ ♠❛❣♥✐t✉❞❡s ki = niω/c✳ ❖ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ H (r) ♣♦❞❡ s❡r ♦❜t✐❞♦ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞♦
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❋✐❣✉r❛ ✷✳✹✿ ❊str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❢♦tô♥✐❝❛ ♣❛r❛ ❧✉③ ♣♦❧❛r✐③❛❞❛ ❞♦ ✭❛✮ t✐♣♦ E ❡ ✭❜✮ t✐♣♦ H✱ ❡♠ ✉♠
❝r✐st❛❧ ❢♦tô♥✐❝♦ ✷❉ ❝♦♠ r❡❞❡ tr✐❛♥❣✉❧❛r ❢♦r♠❛❞❛ ♣♦r ❜✉r❛❝♦s ❞❡ ❛r ✭ǫ1 = 1✮ ❝♦♠ r❛✐♦ r0 = 0.45a ✭a ♦
♣❡rí♦❞♦ ❞❛ r❡❞❡✮ ❡♠ ✉♠ ❞✐❡❧étr✐❝♦ ❝♦♠ ♣❡r♠✐t✐✈✐❞❛❞❡ ǫ2 = 12❀ ♦s ❜❛♥❞ ❣❛♣s ❛♣❛r❡❝❡♠ s♦♠❜r❡❛❞♦s✳
❖ ✐♥s❡t s✉♣❡r✐♦r ♠♦str❛ ✉♠❛ ✈✐st❛ tr❛♥s✈❡rs❛❧ ❞♦ ❝r✐st❛❧ ❢♦tô♥✐❝♦ ✷❉✳ ❖ ✐♥s❡t ✐♥❢❡r✐♦r✱ ❛ ③♦♥❛ ❞❡
❇r✐❧❧♦✉✐♥ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ❝♦♠ ❛ ③♦♥❛ ✐rr❡❞✉tí✈❡❧ s♦♠❜r❡❛❞❛✳ ❋♦♥t❡✿ ❬✼❪

❋✐❣✉r❛ ✷✳✺✿ ❘❡✢❡①ã♦ ❡ r❡❢r❛çã♦ ❞❡ ✉♠❛ ♦♥❞❛ t✐♣♦ s ♦✉ ❚❊✳ ◆❛ ❝♦♥✜❣✉r❛çã♦ ♣❛r❛ ✉♠❛ ♦♥❞❛ t✐♣♦ p

♦✉ ❚▼✱ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✜❝❛ ♥♦ ♣❧❛♥♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛✳
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r♦t❛❝✐♦♥❛❧ ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✷✳✽ ❡ ✷✳✷✶✱

H (r) =
✐
ω
∇× E (r) . ✭✷✳✷✷✮

■♥❝❧✉✐♠♦s ♦ t❡r♠♦ E
′
2 ♣❛r❛ ❣❡♥❡r❛❧✐③❛r ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❡ ♠❡✐♦s ❡str❛t✐✜❝❛❞♦s✳

❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ♠❡✐♦s ✶ ❡ ✷ ❤♦♠♦❣ê♥❡♦s ❡ ✐s♦tró♣✐❝♦s r❡q✉❡r❡♠ q✉❡ ❛s

❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛✐s ❞♦s ❝❛♠♣♦s s❡❥❛♠ ❝♦♥t✐♥✉❛s ♥❛ ✐♥t❡r❢❛❝❡ ❬✶✾❪✳ P♦r ✐ss♦ s❡ ❛❝♦st✉♠❛

r❡s♦❧✈❡r ♦s ✈❡t♦r❡s ❞❡ ❝❛♠♣♦ ♥❛s ❝♦♠♣♦♥❡♥t❡s ♣❛r❛❧❡❧❛ ✭♦♥❞❛ p✮ ❡ ♣❡r♣❡♥❞✐❝✉❧❛r ✭♦♥❞❛ s✮ ❛♦

♣❧❛♥♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛ xz✳ P❛r❛ ❛ ♦♥❞❛ s t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ tr❛♥s✈❡rs❛❧ ❡❧étr✐❝❛ ✭❚❊✮✱ t♦✲

❞♦s ♦s ✈❡t♦r❡s ❞❡ ❝❛♠♣♦ ❡❧étr✐❝♦ sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛♦ ♣❧❛♥♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛✱ ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡

♥❛ ✐♥t❡r❢❛❝❡ z = 0 ❝♦♥❞✉③ ❛

Es
1 + Es′

1 = Es
2 + Es′

2
√
ǫ1 (Es

1 − Es′
1 ) cos θ1 =

√
ǫ2 (Es

2 − Es′
2 ) cos θ2, ✭✷✳✷✸✮

q✉❡ ♣♦❞❡ s❡r r❡✲❡s❝r✐t❛ ❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱

D̂s
1

[

Es
1

Es′
1

]

= D̂s
2

[

Es
2

Es′
2

]

, ✭✷✳✷✹✮

♦♥❞❡

D̂s
i ≡

[

1 1
√
ǫi cos θi −√

ǫi cos θi

]

, ✭✷✳✷✺✮

❝♦♠ i = 1, 2. ❆ ♠❛tr✐③ D̂s
i é ❝❤❛♠❛❞❛ ❛ ♠❛tr✐③ ❞✐♥â♠✐❝❛ ❞❛ ♦♥❞❛ s ♣❛r❛ ♦ ♠❡✐♦ i✳

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ♦❜t❡♠♦s ♣❛r❛ ❛ ♦♥❞❛ p ♦✉ tr❛♥s✈❡rs❛❧ ♠❛❣♥ét✐❝❛ ✭❚▼✮✱ ❛s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t✐♥✉✐❞❛❞❡ ♥❛ ✐♥t❡r❢❛❝❡✱

(

Ep
1 − Ep′

1

)

cos θ1 =
(

Ep
2 − Ep′

2

)

cos θ2 ✭✷✳✷✻✮
√
ǫ1
(

Ep
1 + Ep′

1

)

=
√
ǫ2
(

Ep
2 + Ep′

2

)

,

❞❡ ♥♦✈♦ ❝♦♠♣❛❝t❛❞❛s ❡♠ ✉♠❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧✿

D̂p

1

[

Ep
1

Ep′
1

]

= D̂p

2

[

Ep
2

Ep′
2

]

, ✭✷✳✷✼✮

♦♥❞❡

D̂p

i ≡
[

cos θi cos θi√
ǫi −√

ǫi

]

. ✭✷✳✷✽✮
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❝♦♠ ❞✐❢❡r❡♥t❡ ♣♦❧❛r✐③❛çã♦ ❛ss✐♠

Rs =

∣

∣

∣

∣

S
s′
1 · ẑ

Ss
1 · ẑ

∣

∣

∣

∣

, Rp =

∣

∣

∣

∣

S
p′
1 · ẑ

S
p
1 · ẑ

∣

∣

∣

∣

, ✭✷✳✸✸✮

T s =

∣

∣

∣

∣

S
s′
2 · ẑ

Ss
1 · ẑ

∣

∣

∣

∣

, T p =

∣

∣

∣

∣

S
p
1 · ẑ

S
p
1 · ẑ

∣

∣

∣

∣

, ✭✷✳✸✹✮

❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❛ ❡st❛s ❞❡✜♥✐çõ❡s✱ ❛ r❡✢❡❝tâ♥❝✐❛ ❡ ❛ tr❛♥s♠✐tâ♥❝✐❛ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❛♦s

❝♦❡✜❝✐❡♥t❡s ❞❡ ❋r❡s♥❡❧ ❛ss✐♠✱

Rs = |rs|2 , Rp = |rp|2 , ✭✷✳✸✺✮

T s =
n2 cos θ2 |ts|2
n1 cos θ1

, T p =
n2 cos θ2 |tp|2
n1 cos θ1

. ✭✷✳✸✻✮

❈♦♠♦ ❡st❛♠♦s ❡♠ ♠❡✐♦s s❡♠ ♣❡r❞❛s ❛ ❝♦♥s❡r✈❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❡st❛❜❡❧❡❝❡ q✉❡ R + T = 1.◆❛

✜❣✉r❛ ✷✳✻ ♠♦str❛✲s❡ ❛ ✈❛r✐❛çã♦ ❞❛s r❡✢❡❝tâ♥❝✐❛s Rs ❡ Rp ❡♠ ❢✉♥çã♦ ❞♦ â♥❣✉❧♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛

♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r n1 = 1.0 ❡ n1 = 1.5✳

✷✳✷✳✷ ❋♦r♠✉❧❛çã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ ♠❡✐♦s ✐s♦tró♣✐❝♦s ❡str❛t✐✜❝❛❞♦s

❯s❛♥❞♦ ❛s ❢ór♠✉❧❛s ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❝♦♥t✐♥✉❛♠♦s ❛♣r❡s❡♥t❛♥❞♦ ✉♠ ❡♥❢♦q✉❡ s✐st❡♠át✐❝♦

♠❛tr✐❝✐❛❧ ♣❛r❛ tr❛t❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❡❧❡❝tr♦♠❛❣♥ét✐❝❛s ❡♠ ♠❡✐♦s ❝♦♠ ✉♠

♥ú♠❡r♦ ❛r❜✐trár✐♦ ❞❡ ❝❛♠❛❞❛s ❞❡ ❞✐❢❡r❡♥t❡s ♠❛t❡r✐❛✐s✱ ♠ét♦❞♦ ❡st❡ q✉❡ é ❢❛❝✐❧♠❡♥t❡ ❛❞❛♣tá✈❡❧

♣❛r❛ ❡st✉❞❛r ♠❡✐♦s ♣❡r✐ó❞✐❝♦s ❬✷✵❪✳

❆ ❡str✉t✉r❛ ❞✐❡❧étr✐❝❛ é ❞❡s❝r✐t❛ ♣♦r ✭✈❡❥❛ ✜❣✳ ✷✳✼✮ ✿

n (z) =























































n0, z < z0,

n1, z0 < z < z1,

n2, z1 < z < z2,
✳✳✳

✳✳✳

nN , zN−1 < z < zN ,

nS, zN < z,

✭✷✳✸✼✮

♦♥❞❡ nl é ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞❛ l✲s✐♠❛ ❝❛♠❛❞❛✱ zl é ❛ ♣♦s✐çã♦ ❞❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ❛ l✲s✐♠❛

❝❛♠❛❞❛ ❡ ❛ (l + 1)✲s✐♠❛✱ nS é ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞♦ s✉❜str❛t♦ ❡ n0 é ❡ss❡ ❞♦ ♠❡✐♦ ✐♥❝✐❞❡♥t❡✳
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❡♥tr❡ ❛s ❛♠♣❧✐t✉❞❡s ❞♦ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❡♠ ❝❛❞❛ ❝❛♠❛❞❛ ❝♦♠♦

[

A0

B0

]

= D̂−1
0 D̂1

[

A1

B1

]

,

[

Al

Bl

]

= P̂lD̂
−1
0 D̂1

[

A1

B1

]

, l = 1, 2, ..., N, ✭✷✳✹✶✮

❝♦♠ N + 1 ≡ S✱ ❡ ✐❞❡♥t✐✜❝❛♥❞♦ ❛s ❞✐st✐♥t❛s D̂l ❝♦♠♦

D̂l ≡
[

1 1

nl cos θl −nl cos θl

]

, ♣❛r❛ ❛ ♦♥❞❛ s, ✭✷✳✹✷✮

❡

D̂l ≡
[

cos θl cos θl

nl −nl

]

, ♣❛r❛ ❛ ♦♥❞❛ p, ✭✷✳✹✸✮

❡ ❛❞❡♠❛✐s ♦♥❞❡ ✐♥tr♦❞✉③✐♠♦s ❛ ♠❛tr✐③ P̂l q✉❡ ❞á ❛ ♣r♦♣❛❣❛çã♦ ❞❛ ♦♥❞❛ ✭✐✳ ❡✳ ❛ ♠✉❞❛♥ç❛ ♥❛

❢❛s❡✮ ❛tr❛✈és ❞♦ ✈♦❧✉♠❡ ❞❛ ❝❛♠❛❞❛✱ ❞❡✜♥✐❞❛ ♣♦r

P̂l ≡
[

e✐φl 0

0 e−✐φl

]

, ✭✷✳✹✹✮

❝♦♠ φl = kldl✳ ❊♠ s❡❣✉✐❞❛✱ r❡❧❛❝✐♦♥❛♠♦s ❛s ❛♠♣❧✐t✉❞❡s ❞❛ ♦♥❞❛ ✐♥❝✐❞❡♥t❡✱ A0 ❡ B0✱ ❝♦♠ ❛s

❛♠♣❧✐t✉❞❡s ♥♦ ♠❡✐♦ q✉❡ s❡r✈❡ ❞❡ s✉❜str❛t♦✱ AS ❡ BS✱

[

A0

B0

]

=

[

M11 M12

M21 M22

][

AS

BS

]

= M̂

[

AS

BS

]

✭✷✳✹✺✮

❛tr❛✈és ❞❛ ♠❛tr✐③ M̂ ❞❡✜♥✐❞❛ ♣♦r

M̂ ≡ D̂−1
0

[

N
∏

l=1

D̂lP̂lD̂
−1
l

]

D̂S. ✭✷✳✹✻✮

P♦r ú❧t✐♠♦ r❡❞❡✜♥✐♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ r❡✢❡①ã♦ ❡ tr❛♥s♠✐ssã♦✱ r ❡ t ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱

❛❞♠✐t✐♥❞♦ q✉❡ ❛ ❧✉③ é ✐♥❝✐❞❡♥t❡ ❞❡s❞❡ ♦ ♠❡✐♦ ✵ ✭❡ ♣♦r t❛♥t♦ ❞❡✈❡♠♦s ❢❛③❡r BS = 0✮✱ ❛ss✐♠✿

r =
B0

A0

, ✭✷✳✹✼✮

❡

t =
AS

A0

, ✭✷✳✹✽✮
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q✉❡ ♣♦❞❡♠♦s ❛✈❛❧✐❛r ✉s❛♥❞♦ ❡q✳ ✷✳✹✺✱ ♦❜t❡♥❞♦

r =
M21

M11

, ✭✷✳✹✾✮

❡

t =
1

M11

. ✭✷✳✺✵✮

P♦rt❛♥t♦ ❛ r❡✢❡❝tâ♥❝✐❛ ❡st❛rá ❞❛❞❛ ♣♦r

R = |r|2 =

∣

∣

∣

∣

M21

M11

∣

∣

∣

∣

2

, ✭✷✳✺✶✮

❡ ❛ tr❛♥s♠✐tâ♥❝✐❛ ♣♦r

T =
nS cos θS

n0 cos θ0

|t|2 =
nS cos θS

n0 cos θ0

∣

∣

∣

∣

1

M11

∣

∣

∣

∣

2

, ✭✷✳✺✷✮

♦♥❞❡✱ ❧❡♠❜r❛♠♦s✱ ❝♦♥s✐❞❡r❛♠♦s ♠❡✐♦s s❡♠ ♣❡r❞❛s✳

❆ ♠❛♥❡✐r❛ ❞❡ ❡①❡♠♣❧♦✱ ❛♣❧✐❝❛♠♦s ♦ ♠ét♦❞♦ ❛♥t❡r✐♦r ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ r❡✢❡❝tâ♥❝✐❛ ❡

tr❛♥s♠✐tâ♥❝✐❛ ❞❡ ❧✉③ ✐♥❝✐❞✐♥❞♦ ♥♦r♠❛❧♠❡♥t❡ s♦❜r❡ ✉♠❛ ❡str✉t✉r❛ ♠✉❧t✐❝❛♠❛❞❛ ♣❡r✐ó❞✐❝❛

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ q✉❛rt❡r✲✇❛✈❡ st❛❝❦✱ q✉❡ ❝♦♥s✐st❡ ❞❡ N ♣❛r❡s ❞❡ ❝❛♠❛❞❛s ❛❧t❡r♥❛❞❛s ❝♦♠

í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ n1 ❡ n2✱ t❛✐s q✉❡ s❡ ❝✉♠♣r❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

n1d1 = n2d2 =
λ0

4
, ✭✷✳✺✸✮

❝♦♠ λ0 ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ ♦♥❞❛ ✐♥❝✐❞❡♥t❡✳ ❊st❡ t✐♣♦ ♣❛rt✐❝✉❧❛r ❞❡ s✉♣❡r✲r❡❞❡ ✈❛✐ s❡r

✉s❛❞♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❞❡✈✐❞♦ às ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❛♣r❡s❡♥t❛✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✳ ✷✳✹✻ ❛ ♠❛tr✐③ M̂ ❡st❛rá ❞❛❞❛ ♥❡st❡ ❝❛s♦ ♣♦r

M̂ = D̂−1
0

[

D̂1P̂1D̂
−1
1 D̂2P̂2D̂

−1
2

]N

D̂S, ✭✷✳✺✹✮

❝♦♠ ♠❛tr✐③ ❞❡ ♣r♦♣❛❣❛çã♦

P̂1,2 =

[

✐ 0

0 −✐

]

, ✭✷✳✺✺✮

❥á q✉❡ ♣❛r❛ ❛s ❝❛♠❛❞❛s ❞❡ q✉❛rt♦ ❞❡ ♦♥❞❛ φl = π/2✳ ❆♣ós ❝❡rt❛ ♠❛♥✐♣✉❧❛çã♦ ♠❛tr✐❝✐❛❧ ❡

✉s❛♥❞♦ ❛s ❡qs✳ ✷✳✺✹✱ ✷✳✺✺ ❡ ❛ ❞❡✜♥✐çã♦ ✷✳✺✶✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ r❡✢❡❝tâ♥❝✐❛✱

R =

(

1 − (nS/n0) (n1/n2)
2N

1 + (nS/n0) (n1/n2)
2N

)2

, ✭✷✳✺✻✮
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N R

✶ ✵✳✶✺
✷ ✵✳✹✹
✸ ✵✳✼✵
✹ ✵✳✽✺
✺ ✵✳✾✸
✻ ✵✳✾✻

❚❛❜❡❧❛ ✷✳✶✿ ❘❡✢❡❝tâ♥❝✐❛ ♣❛r❛ ♦ q✉❛rt❡r ✇❛✈❡ st❛❝❦ ✱ ♣❛r❛ ❧✉③ ❝♦♠ λ = 1µ♠ ❛ ✐♥❝✐❞ê♥❝✐❛ ♥♦r♠❛❧ ❡
❝♦♠ í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ n1 = 1.0 ❡ n1 = 1.5✱ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ❞❡ ❝❛♠❛❞❛s N ✳

q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

R = tanh2NΓ, ✭✷✳✺✼✮

s❡♥❞♦

Γ = ln
n1

n2

+
1

2N
ln
nS

n0

. ✭✷✳✺✽✮

P❛r❛ ♦ ❝❛s♦✱ n0 = n1 = nS = 1.0 ❡ n2 = 1.5✱ ♥❛ t❛❜❡❧❛ ✷✳✶ ❛♣r❡s❡♥t❛✲s❡ ❛ r❡✢❡❝tâ♥❝✐❛ ❞❡

❛❝♦r❞♦ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ❞❡ ❝❛♠❛❞❛s ❞❛ ❡str✉t✉r❛✳

✷✳✷✳✸ ❆♣❧✐❝❛çã♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❛ ♠❡✐♦s ♣❡r✐ó❞✐❝♦s

P♦r ✜♠✱ ✈❛♠♦s tr❛t❛r ♦ ❝❛s♦ ❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ✉♠ ❛rr❛♥❥♦ ♣❡r✐ó❞✐❝♦ ❞❡

✐♥t❡r❢❛❝❡s ❞✐❡❧étr✐❝❛s q✉❡ ❡①✐❜❡♠ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥♦ s❡✉ í♥❞✐❝❡ r❡❢r❛❝t✐✈♦✳ ❆ ❝❛r❛❝t❡ríst✐❝❛

♠❛✐s ❞❡st❛❝❛❞❛ ❞❡ ❡st❡ t✐♣♦ ❞❡ ❡str✉t✉r❛ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❣r❛♥❞❡ r❡✢❡❝tâ♥❝✐❛✱ ❞❡✈✐❞♦

❛♦ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ r❡✢❡①õ❡s ❝♦♠ ❛s ♠ú❧t✐♣❧❛s ✐♥t❡r❢❛❝❡s✳ ❆ss✉♠✐♠♦s q✉❡ ❛ ❡str✉t✉r❛ é

♣❡r✐ó❞✐❝❛ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ z ❡ q✉❡ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ t❡♠ ♦ s❡❣✉✐♥t❡ ♣❡r✜❧✿

n (z) =







n1, 0 < z < d1;

n2, d1 < z < a;
✭✷✳✺✾✮

❝♦♠

n (z) = n (z + a) , ✭✷✳✻✵✮

♦♥❞❡ a = d1 + d2 é ♦ ♣❡rí♦❞♦ ❞❛ ❡str✉t✉r❛ ♦✉ t❛♠❛♥❤♦ ❞❛ ❝é❧✉❧❛ ✉♥✐tár✐❛ ❝♦♠♣♦st❛ ❞❡ ❞✉❛s

❝❛♠❛❞❛s ❞✐❡❧étr✐❝❛s ❞❡ ❧❛r❣✉r❛s d1 ❡ d2✳ ❯♠ ❡sq✉❡♠❛ ❞❛ ❡str✉t✉r❛ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✳ ✷✳✽✳

◆♦✈❛♠❡♥t❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✈❛✐ t❡r ❛ ❢♦r♠❛ ❞❛ ❡q✳ ✷✳✸✽ ❞❡✈✐❞♦ às s✐♠❡tr✐❛s ❞♦ s✐st❡♠❛✱

❡ ❡①♣r❡ss❛♠♦s E (z) ❡♠ ❝❛❞❛ ❝❛♠❛❞❛ ❤♦♠♦❣ê♥❡❛ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ✉♠❛ ♦♥❞❛ ♣❧❛♥❛ ✐♥❝✐❞❡♥t❡
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♦♥❞❡

P1 =

[

e✐k1d1 0

0 e−✐k1d1

]

, ✭✷✳✻✹✮

P2 =

[

e✐k2d2 0

0 e−✐k2d2

]

.

❙✉❜st✐t✉✐♥❞♦ ❛s ❡qs✳ ✷✳✹✷✲✷✳✹✸ ❞❛s ♠❛tr✐③❡s ❞✐♥â♠✐❝❛s ❡ ❡qs✳ ✷✳✻✹ ❞❛s ♠❛tr✐③❡s ❞❡ ♣r♦♣❛❣❛çã♦

♥❛ ❡q✳ ✷✳✻✸ ♦❜t❡♠♦s✱ ♣❛r❛ ♦♥❞❛s ❚❊✿

[

Al−1

Bl−1

]

=
1

2





e✐k2d2

(

1 + k2

k1

)

e−✐k2d2

(

1 − k2

k1

)

e✐k2d2

(

1 − k2

k1

)

e−✐k2d2

(

1 + k2

k1

)





[

Cl

Dl

]

, ✭✷✳✻✺✮

❡
[

Cl

Dl

]

=
1

2





e✐k1d1

(

1 + k1

k2

)

e−✐k1d1

(

1 − k1

k2

)

e✐k1d1

(

1 − k1

k2

)

e−✐k1d1

(

1 + k1

k2

)





[

Al

Bl

]

, ✭✷✳✻✻✮

q✉❡ ❛♦ ❡❧✐♠✐♥❛r♠♦s

[

Cl

Dl

]

✜❝❛ ❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧

[

Al−1

Bl−1

]

=

[

M❚❊

11 M❚❊

12

M❚❊

21 M❚❊

22

][

Al

Bl

]

, ✭✷✳✻✼✮

❝✉❥♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ sã♦

M❚❊

11 = e✐k1d1

[

cos k2d2 +
1

2
✐

(

k2

k1

+
k1

k2

)

sin k2d2

]

,

M❚❊

12 = e−✐k1d1

[

1

2
✐

(

k2

k1

− k1

k2

)

sin k2d2

]

,

M❚❊

21 = e✐k1d1

[

−1

2
✐

(

k2

k1

− k1

k2

)

sin k2d2

]

,

M❚❊

22 = e−✐k1d1

[

cos k2d2 −
1

2
✐

(

k2

k1

+
k1

k2

)

sin k2d2

]

, ✭✷✳✻✽✮

q✉❡ sã♦ ❢✉♥çõ❡s ❞❡ β✱ ♦ ✈❡t♦r ❞❡ ♦♥❞❛ ♥❛ ❞✐r❡çã♦ tr❛♥s✈❡rs❛❧✳ ❆ ❡q✳ ♠❛tr✐❝✐❛❧ ✷✳✻✼ r❡❧❛❝✐♦♥❛

❛s ❛♠♣❧✐t✉❞❡s ❞❛ ♦♥❞❛ ✐♥❝✐❞❡♥t❡ ❡ r❡✢❡t✐❞❛ ❞❛ (l − 1)✲s✐♠❛ ❝❛♠❛❞❛ ❝♦♠ ❛s s✉❛s ❡q✉✐✈❛❧❡♥t❡s

✉♠❛ ❝é❧✉❧❛ ✉♥✐tár✐❛ ❛❞✐❛♥t❡✳ ❙✐♠✐❧❛r♠❡♥t❡ ♦❜t❡♠♦s ♣❛r❛ ❛ ♣♦❧❛r✐③❛çã♦ ❚▼ ❛s s❡❣✉✐♥t❡s
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❢♦r♠✉❧❛s✿

M❚▼

11 = e✐k1d1

[

cos k2d2 +
1

2
✐

(

n2
2k1

n2
1k2

+
n2

1k2

n2
2k1

)

sin k2d2

]

,

M❚▼

12 = e−✐k1d1

[

1

2
✐

(

n2
2k1

n2
1k2

− n2
1k2

n2
2k1

)

sin k2d2

]

,

M❚▼

21 = e✐k1d1

[

−1

2
✐

(

n2
2k1

n2
1k2

− n2
1k2

n2
2k1

)

sin k2d2

]

,

M❚▼

22 = e−✐k1d1

[

cos k2d2 −
1

2
✐

(

n2
2k1

n2
1k2

+
n2

1k2

n2
2k1

)

sin k2d2

]

. ✭✷✳✻✾✮

❯s❛♥❞♦ ❛s ❢ór♠✉❧❛s ❛♥t❡r✐♦r❡s ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ♦ ✈❡t♦r ❝♦❧✉♥❛ ❞❛ ❝❛♠❛❞❛ ③❡r♦ ✭✐♥❝✐❞❡♥t❡✮

❝♦♠ ♦ ✈❡t♦r ❝♦❧✉♥❛ ❞❛ ❝❛♠❛❞❛ l✲s✐♠❛ ❛ss✐♠✿

[

Al

Bl

]

=

[

M11 M12

M21 M22

]−l [

A0

B0

]

. ✭✷✳✼✵✮

P♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠❛tr✐③ M̂ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❝✉♠♣r❡♠ ❬✷✵❪✱ M11M22 −
M12M21 = 1✱ ♦✉ s❡❥❛ M̂ é ✉♥✐♠♦❞✉❧❛r✱ ❡ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r ❛ ❡q✉❛çã♦ ♣r❡❝❡❞❡♥t❡

❛
[

Al

Bl

]

=

[

M22 −M12

−M21 M11

]l [

A0

B0

]

. ✭✷✳✼✶✮

❉❡ ❛❝♦r❞♦ ❛♦ t❡♦r❡♠❛ ❞❡ ❋❧♦q✉❡t✲❇❧♦❝❤✱ ♦s ♠♦❞♦s q✉❡ sã♦ s♦❧✉çã♦ à ❡q✉❛çã♦ ❞❡ ♦♥❞❛

♣❛r❛ ✉♠ ♠❡✐♦ ♣❡r✐ó❞✐❝♦ sã♦ ❞❛ ❢♦r♠❛

EK (x, z) = EK (z) e−✐βxe−✐Kz, ✭✷✳✼✷✮

♦♥❞❡ EK (z) tê♠ ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❛ s✉♣❡r✲r❡❞❡

EK (z + a) = EK (z) , ✭✷✳✼✸✮

❡ K é ♦ ✈❡t♦r ❞❡ ♦♥❞❛ ❞❡ ❇❧♦❝❤ q✉❡ ♥ã♦ ❞❡✈❡ s❡r ❝♦♥❢✉♥❞✐❞♦ ❝♦♠ ♦s ✈❡t♦r❡s ❞❡ ♦♥❞❛ ❡♠ ❝❛❞❛

♠❡✐♦✱ k1 ❡ k2✳ ❉❡✈✐❞♦ à s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞✐s❝r❡t❛ ❞♦ s✐st❡♠❛ ♥❛ ❞✐r❡çã♦ z✱ ♦s ✈❛❧♦r❡s

q✉❡ ♣♦❞❡ t♦♠❛r K ❡stã♦ r❡str✐t♦s à ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥✱ −π/a < K ≤ π/a✳ ❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦

❞❡ ♣❡r✐♦❞✐❝✐❞❛❞❡ ✷✳✼✸ ❡♠ t❡r♠♦s ❞♦s ✈❡t♦r❡s ❝♦❧✉♥❛ ♣❛r❛ ♦ ❝❛♠♣♦ ❡♠ ❝❛❞❛ ❝❛♠❛❞❛✱ s❡❣✉♥❞♦

♥♦ss♦ ❢♦r♠❛❧✐s♠♦ ♠❛tr✐❝✐❛❧✱ ❡st❛ ✜❝❛

[

Al

Bl

]

= e−✐Ka

[

Al−1

Bl−1

]

. ✭✷✳✼✹✮
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P♦rt❛♥t♦ s❡ s❡❣✉❡ ❞❛ ❡q✳ ✷✳✻✼ q✉❡ ♦ ✈❡t♦r ❝♦❧✉♥❛ ❞❛ ♦♥❞❛ ❞❡ ❇❧♦❝❤ s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡

♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r❡s✿

[

M11 M12

M21 M22

][

Al

Bl

]

= e✐Ka

[

Al

Bl

]

, ✭✷✳✼✺✮

♦♥❞❡ r❡❝♦♥❤❡❝❡♠♦s ♦ ❢❛t♦r e✐Ka ❝♦♠♦ ♦ ❛✉t♦✈❛❧♦r ❞❛ ♠❛tr✐③ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ M̂✱ ❡ ❡stá ❞❛❞♦

♣♦r

e✐Ka =
1

2
(M11 +M221) ±

√

[

1

2
(M11 +M22)

2 − 1

]

. ✭✷✳✼✻✮

❖s ❛✉t♦✈❡t♦r❡s ❝♦rr❡s♣♦♥t❡s ❛♦s ❛♥t❡r✐♦r❡s ❛✉t♦✈❛❧♦r❡s s❛♦ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ✷✳✼✺ ❡ sã♦

[

A0

B0

]

=

[

M12

e✐Ka −M11

]

, ✭✷✳✼✼✮

s❛❧✈♦ ✉♠❛ ❝♦♥st❛♥t❡ ❛r❜✐trár✐❛✳

❆ ❡q✉❛çã♦ ✷✳✼✻ ❞❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡♥tr❡ ω✱ β ❡ K ♣❛r❛ ♦ ❡st❛❞♦ ❞❡ ❇❧♦❝❤ ✷✳✼✷✿

K (β, ω) =
1

a
arccos

[

1

2
(M11 +M22)

]

. ✭✷✳✼✽✮

❆♥❛❧✐s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❞♦✐s t✐♣♦s ❞❡ ❡st❛❞♦s ❞❡ ❇❧♦❝❤✳ ◗✉❛♥❞♦

s❡ ❝✉♠♣r❡ q✉❡
∣

∣

1
2
(M11 +M22)

∣

∣ < 1✱ K t♦♠❛ ✈❛❧♦r❡s r❡❛✐s ❡ ♣♦rt❛♥t♦ ❛s ♦♥❞❛s ❞❡ ❇❧♦❝❤

sã♦ ♣r♦♣❛❣❛♥t❡s ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ t❡♠♦s ❡st❛❞♦s ❡st❡♥❞✐❞♦s✳ ❆♦ ❝♦♥trár✐♦✱ q✉❛♥❞♦
∣

∣

1
2
(M11 +M22)

∣

∣ > 1✱ K s❡ t♦r♥❛ ❝♦♠♣❧❡①♦ ❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ K = mπ/a + ✐κ✱ ♦♥❞❡

❛ ❝♦♠♣♦♥❡♥t❡ ✐♠❛❣✐♥ár✐❛ ♣r♦✈♦❝❛ ✉♠ ❞❡❝❛✐♠❡♥t♦ ❞❛ ♦r❞❡♠ ❞❡ 1/κ ❡ é ♣♦r ✐ss♦ q✉❡ ❡st❡s

♠♦❞♦s sã♦ ❝❤❛♠❛❞♦s ❡✈❛♥❡s❝❡♥t❡s✳ m é ✉♠ ✐♥t❡✐r♦ q✉❡ ❞á ❛ ♦r❞❡♠ ❞❛ ❜❛♥❞❛✳ ❊♠❜♦r❛ ❡st❡s

♠♦❞♦s ❡✈❛♥❡s❝❡♥t❡s s❡❥❛♠ s♦❧✉çõ❡s ✈á❧✐❞❛s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r❡s✱ ❞✐✈❡r❣❡♠ ♥♦ ❧✐♠✐t❡

z → ±∞ ✭❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐♥❛❧ ❞❡ κ✮ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♥ã♦ ♣♦❞❡♠ s❡r ❡①❝✐t❛❞♦s ❞❡♥tr♦

❞❡ ✉♠ ❝r✐st❛❧ ✐❞❡❛❧ ❞❡ ❡①t❡♥sã♦ ✐♥✜♥✐t❛✳ ▼❛s✱ ❛♦ ❝♦♥s✐❞❡r❛r ✉♠ ❝r✐st❛❧ ✜♥✐t♦ ♦✉ ✉♠ ❞❡❢❡✐t♦✱ ♥♦

q✉❡ s❡r✐❛ ❞❡ q✉❛❧q✉❡r ♦✉tr❛ ❢♦r♠❛ ✉♠ ❝r✐st❛❧ ♣❡r❢❡✐t♦✱ ♣♦❞❡✲s❡ t❡r♠✐♥❛r ❝♦♠ ❡st❡ ❝r❡s❝✐♠❡♥t♦

❡①♣♦♥❡♥❝✐❛❧ ❡ ♣♦rt❛♥t♦ ❛❞♠✐t✐r ✉♠ ♠♦❞♦ ❡✈❛♥❡s❝❡♥t❡❀ ❢❛❧❛♠♦s ❡♥tã♦ q✉❡ ♣♦❞❡♠♦s ❡①❝✐t❛r ✉♠

♠♦❞♦ ❧♦❝❛❧✐③❛❞♦ ❞❡♥tr♦ ❞♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦✱ ❢❡♥ô♠❡♥♦ ❡st❡ ❛♥á❧♦❣♦ ❛♦s ❡st❛❞♦s ❧♦❝❛❧✐③❛❞♦s

q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❞❡ ✉♠ s❡♠✐❝♦♥❞✉t♦r ❛♦ ✐♥tr♦❞✉③✐r ✐♠♣❡r❢❡✐çõ❡s ♥❛ r❡❞❡

❝r✐st❛❧✐♥❛ ♣❡r❢❡✐t❛✿ ✐♠♣✉r❡③❛s✳ P♦r ú❧t✐♠♦✱ ❛ ❝♦♥❞✐çã♦
∣

∣

1
2
(M11 +M22)

∣

∣ = 1 ♥♦s ❞á ❛s ❜♦r❞❛s

❞♦ ❜❛♥❞ ❣❛♣✳

P❛r❛ ♦ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ✐♥❝✐❞ê♥❝✐❛ ♥♦r♠❛❧✱ β = 0✱ ❡ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛

❝♦♠♦



❈❆P❮❚❯▲❖ ✷✳ ❊❙❚❘❯❚❯❘❆❙ ✶❉ ❈❖▼ ❇❆◆❉ ●❆P ❋❖❚Ô◆■❈❖ ✷✾

cosKa = cos k1d1 cos k2d2 −
1

2

(

n2
1 + n2

2

n1n2

)

sin k1d1 sin k2d2, ✭✷✳✼✾✮

♦♥❞❡ k1 = (ω/c)n1 ❡ k2 = (ω/c)n2✳ ❆ ✜❣✉r❛ ✷✳✾ ♠♦str❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♦ ❡str✉t✉r❛ ❞❡

❜❛♥❞❛s ❢♦tô♥✐❝❛ ♣❛r❛ ✉♠❛ s✉♣❡r✲r❡❞❡ ❝♦♠ d1 = d2 = 0.5a✱ ❝♦♠ í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ n1 = 1.0✱

n2 = 1.5✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆s ❜❛♥❞❛s ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞♦ ❣❛♣ ♣♦❞❡♠ s❡r ✐❞❡♥t✐✜❝❛❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐str✐❜✉✐ç❛♦ ❞❛

❡♥❡r❣✐❛ ❞♦s s❡✉s ♠♦❞♦s ✉s❛♥❞♦ ♦ ♣r✐♥❝✐♣✐♦ ✈❛r✐❛❝✐♦♥❛❧✳ ❖ ♠❡♥♦r ❛✉t♦✈❛❧♦r ω2/c2✱ ❡ ♣♦rt❛♥t♦

♦ ♠♦❞♦ ❞❡ ♠❡♥♦r ❢r❡q✉ê♥❝✐❛✱ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❡r✜❧ q✉❡ ♠✐♥✐♠✐③❛ ♦ ❢✉♥❝✐♦♥❛❧

U (H) ≡
∫

drH ·
(

Θ̂H

)

∫

dr |H|2
=

∫

dr |∇ × E|2
∫

drǫ (r) |E|2

♦♥❞❡ U (H) é ✉♠ ❢✉♥❝✐♦♥❛❧ ✭❛s ✈❡③❡s ❝❤❛♠❛❞♦ q✉♦❝✐❡♥t❡ ❞❡ ❘❛②❧❡✐❣❤✮ q✉❡ ❛♣❛r❡❝❡ ❡♠

✉♠ t❡♦r❡♠❛ ✈❛r✐❛❝✐♦♥❛❧ s✐♠✐❧❛r ♣❛r❛ q✉❛❧q✉❡r ♦♣❡r❛❞♦r ❤❡r♠✐t✐❛♥♦✳ ❉❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r

♣♦❞❡♠♦s ❞❡❞✉③✐r q✉❡ ❛ ❢♦r♠❛ ❞❡ ♠✐♥✐♠✐③❛r ♦ ❢✉♥❝✐♦♥❛❧ é ❝♦♥❝❡♥tr❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦

❡♠ r❡❣✐õ❡s ❝♦♠ ❛❧t❛ ❝♦♥st❛♥t❡ ❞✐❡❧étr✐❝❛ ✭♠❛①✐♠✐③❛♥❞♦ ♦ ❞❡♥♦♠✐♥❛❞♦r✮ ❡ ♠✐♥✐♠✐③❛♥❞♦

♦ ♥ú♠❡r♦ ❞❡ ♦s❝✐❧❛çõ❡s ❡s♣❛❝✐❛✐s ✭♠✐♥✐♠✐③❛♥❞♦ ♦ ♥✉♠❡r❛❞♦r✮ ❝✉♠♣r✐♥❞♦ ❛ r❡str✐çã♦ ❞❡

s❡ ♠❛♥t❡r ♦rt♦❣♦♥❛❧ ❛♦s ♠♦❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛s ♠❡♥♦r❡s✳ P♦rt❛♥t♦✱ ❝♦♠♦ r❡❣r❛ ❣❡r❛❧ ♦s

♠♦❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛s ❜❛✐①❛s t❡♥❞❡♠ ❛ ❝♦♥❝❡♥tr❛r✲s❡ ❡♠ r❡❣✐õ❡s ❝♦♠ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞❡

ǫ ❡ ✈✐❝❡✲✈❡rs❛✳ ❆♠✐ú❞❡✱ ❡s♣❡❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ tr❛t❛♠♦s ❝r✐st❛✐s ❢♦tô♥✐❝♦s ❞❡ ♠❛✐s ❞❡ ✉♠❛

❞✐♠❡♥sã♦✱ ❛s r❡❣✐õ❡s ❝♦♠ ǫ ❜❛✐①♦ sã♦ r❡❣✐õ❡s ❞❡ ❛r✱ ♦❝❛s✱ ❡ é ♣♦r ❡st❛ r❛③ã♦ q✉❡ é ❝♦♠✉♠

s❡ r❡❢❡r✐r à ❜❛♥❞❛ ❛❝✐♠❛ ❞♦ ❣❛♣ ✭♠❛✐♦r ❢r❡q✉ê♥❝✐❛✮ ❝♦♠♦ ❛ ❜❛♥❞❛ ❞❡ ❛r✱ ❡ à ❜❛♥❞❛ ❛❜❛✐①♦

❞♦ ❣❛♣ ✭❢r❡q✉ê♥❝✐❛s ♠❡♥♦r❡s✮ ❝♦♠♦ ❛ ❜❛♥❞❛ ❞✐❡❧étr✐❝❛✱ ❡♠ ❞✐r❡t❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛s ❜❛♥❞❛s ❞❡

❝♦♥❞✉çã♦ ❡ ✈❛❧ê♥❝✐❛ ❞♦s s❡♠✐❝♦♥❞✉t♦r❡s✳

❆❧❣✉♠❛s ❢ór♠✉❧❛s út❡✐s ♣♦❞❡♠ s❡r ❞❡❞✉③✐❞❛s ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♠ q✉❛rt❡r✲✇❛✈❡

st❛❝❦✳ ❆ ❡q✳ ✷✳✼✾ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ❞❡ ❢♦r♠❛ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ K ♥❛ r❡❣✐ã♦ ✏♣r♦✐❜✐❞❛✑ ❥á

q✉❡ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❜❛♥❞ ❣❛♣ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Ka = π ± ✐x. ✭✷✳✽✵✮

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ q✉❛♥❞♦ ❛ ❡str✉t✉r❛ é ✉♠ q✉❛rt❡r✲✇❛✈❡ st❛❝❦✱ ❛ ❧❛r❣✉r❛ ❞♦ ❣❛♣ ✭♥❛

✐♥❝✐❞ê♥❝✐❛ ♥♦r♠❛❧✮ é ♠❛①✐♠✐③❛❞❛ ❬✷✵❪❀ ❥á s❛❜❡♠♦s q✉❡ ♥❡ss❡ ❝❛s♦ s❡ ❝✉♠♣r❡ q✉❡ k1d1 =

k2d2 = π/2✱ ♦✉ ❡♠ t❡r♠♦s ❞❛ ❢r❡qû❡♥❝✐❛ ❝♦rr❡s♣♦♥❞❡♥t❡✿ ω0 = n1+n2

4n1n2

2πc
a

✭❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛❧
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❞♦ ❣❛♣✮❀ ❛s ❧❛r❣✉r❛s ❞❛s ❝❛♠❛❞❛s tê♠✱ ❡♥tã♦✱ ✉♠ q✉❛rt♦ ❞❡ ♦♥❞❛ ❡①❛t❛♠❡♥t❡✱

λ0

n1

= 4d1, ❡
λ0

n2

= 4d2. ✭✷✳✽✶✮

◆❡st❛ ❢r❡qû❡♥❝✐❛ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ✷✳✼✾ ✜❝❛

cosKa = −1

2

(

n2
1 + n2

2

n1n2

)

, ✭✷✳✽✷✮

q✉❡ ✉s❛♥❞♦ ✷✳✽✵ ❡ r❡s♦❧✈❡♥❞♦ ♣❛r❛ x✱ s❡ ❝♦♥✈❡rt❡ ❡♠

x = ln

∣

∣

∣

∣

n2

n1

∣

∣

∣

∣

; ✭✷✳✽✸✮

❞❡♥tr♦ ❞♦ ❜❛♥❞ ❣❛♣ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡ Ka ✈❛r✐❛ ❞❡s❞❡ ③❡r♦ ♥❛s ❜♦r❞❛s ❛té ❡st❡ ✈❛❧♦r

♠á①✐♠♦ ✷✳✽✸ à ❢r❡q✉ê♥❝✐❛ ω0✳ ❉❡✜♥❛♠♦s ❛❣♦r❛ ❛ ❞❡s✈✐♦ δω ≡ ω − ω0 ❛ ♣❛rt✐r ❞♦ ❝❡♥tr♦ ❞♦

❣❛♣✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✳ ✷✳✼✾ ❡♠ ❢✉♥çã♦ ❞❡ δω ❡ x ♦❜t❡♠♦s

coshx =
1

2

(

n2
1 + n2

2

n1n2

)

cos2

(

δω
n1n2

n1 + n2

a

c

)

− sin2

(

δω
n1n2

n1 + n2

a

c

)

, ✭✷✳✽✹✮

q✉❡ ♥♦s ❞á ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡Ka ❡♠ ❢✉♥çã♦ ❞❛ ❢r❡q✉ê♥❝✐❛✳ ❆s ❜♦r❞❛s

❞♦ ❜❛♥❞ ❣❛♣ sã♦ ♦❜t✐❞❛s ❢❛③❡♥❞♦ x = 0✱ ❝♦♠ ♦ r❡s✉❧t❛❞♦✿

2δω❜♦r❞❛ = ∆ω =
4

π
ω0 arcsin

|n1 − n2|
n1 + n2

, ✭✷✳✽✺✮

♦♥❞❡ ∆ω é ❛ ❧❛r❣✉r❛ ❞♦ ❜❛♥❞ ❣❛♣✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ❛ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❞✐r❡t❛ ❡♥tr❡ ♦

❝♦♥tr❛st❡ ❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ δn ≡ |n1 − n2| ❡ ❛ ❧❛r❣✉r❛ ∆ω✱ ❡st❡ ❢❛t♦ ✈❛✐ s❡r ❛♣r♦✈❡✐t❛❞♦

q✉❛♥❞♦ ❝♦♥s✐❞❡r❛r♠♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❝♦♠ ❛ ✐♥t❡♥s✐❞❛❞❡ ♥♦

❡st✉❞✐♦ ❞♦s ♠❛t❡r✐❛✐s ♥ã♦ ❧✐♥❡❛r❡s✳ ◆❛ ✜❣✳ ✷✳✶✵✭❛✮ ♠♦str❛✲s❡ ♣❛r❛ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s

❞❛ ✜❣✳ ✷✳✾✱ ❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❝❛❧❝✉❧❛❞❛ ♥❡st❡ ❝❛s♦ ♣❛r❛ ✉♠ q✉❛rt❡r✲✇❛✈❡ st❛❝❦✳ ❆ ✜❣✳

✷✳✶✵✭❜✮ ❞❡st❛❝❛ ❝♦♠♦ ♦ ❛✉♠❡♥t♦ ❞♦ ❝♦♥tr❛st❡ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❢❛③ ❛✉♠❡♥t❛r ♦ t❛♠❛♥❤♦

❞♦ ❣❛♣✳





❈❛♣ít✉❧♦ ✸

Pr♦♣❛❣❛çã♦ ◆ã♦ ▲✐♥❡❛r ❞❡ P✉❧s♦s

Ó♣t✐❝♦s

❉✐s❝✉t✐♠♦s ♥♦ ❝❛♣ít✉❧♦ ✷ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s

♠♦♥♦❝r♦♠át✐❝❛s ♣❧❛♥❛s ❡♠ ♠❡✐♦s ❡str❛t✐✜❝❛❞♦s ♣❡r✐ó❞✐❝♦s✱ ♥ã♦ ❞✐s♣❡rs✐✈♦s ❡ s❡♠ ♣❡r❞❛s✳

❆ r❛❞✐❛çã♦ ❧❛s❡r ❡♠ ❈❲ ✭❝♦♥t✐♥✉♦✉s ✇❛✈❡✮ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ q✉❛s✐♠♦♥♦❝r♦♠át✐❝❛ ❡ ❢r❡✲

q✉❡♥t❡♠❡♥t❡ é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ♦♥❞❛ ♣❧❛♥❛✳ ◆♦ ❡♥t❛♥t♦✱ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s

❞♦s ❧❛s❡rs ❡♥✈♦❧✈❡♠ ❧❛s❡rs ❞❡ ♣✉❧s♦s✳ ◆❡ss❡ ♠♦❞♦ ❞❡ ♦♣❡r❛çã♦✱ ❛ ❡♥❡r❣✐❛ ❞♦ ❜♦♠❜❡✐♦ ♣♦❞❡

s❡r ❝♦♥❝❡♥tr❛❞❛ ❡♠ ♣❡r✐♦❞♦s ❡①tr❡♠❛❞❛♠❡♥t❡ ♣❡q✉❡♥♦s✱ ❛✉♠❡♥t❛♥❞♦ ♣♦rt❛♥t♦ ❛ ♣♦tê♥❝✐❛

❞❡ ♣✐❝♦ ❞♦ ♣✉❧s♦✳ ■st♦ é ❞❡ ✐♠♣♦rtâ♥❝✐❛ ❝❤❛✈❡ ❡♠ ♥✉♠❡r♦s❛s ❛♣❧✐❝❛çõ❡s ❝✐❡♥tí✜❝❛s✱ ❥á q✉❡

♥♦s ♣❡r♠✐t❡ s♦♥❞❛ ❢❡♥ô♠❡♥♦s tr❛♥s✐❡♥t❡s ❞❡ ♣♦✉❝❛ ❞✉r❛çã♦ ✭❁✶✵−12 s✮✳ ❊ss❡ ❢❛t♦ ❝♦♠❜✐✲

♥❛❞♦ ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥✜♥❛♠❡♥t♦ ❞❛ ❧✉③ ❛ ♣❡q✉❡♥❛s r❡❣✐õ❡s ❡s♣❛❝✐❛✐s ❡♠ ❝r✐st❛✐s

❢♦tô♥✐❝♦s ♥♦s ♣❡r♠✐t❡ ❣❡r❛r ❝❛♠♣♦s ó♣t✐❝♦s q✉❡ ♣r♦❞✉③❡♠ ♠✉❞❛♥ç❛s ❞r❛♠át✐❝❛s ♥❛ ❢✉♥çã♦

❞✐❡❧étr✐❝❛ ❞♦ ♠❛t❡r✐❛❧✱ ❝♦♠ ♦ q✉❡ ♣♦❞❡♠♦s s✐♥t♦♥✐③❛r ❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛s ❞♦ ❝r✐st❛❧ ❢♦tô♥✐❝♦

s✐♠♣❧❡s♠❡♥t❡ ✈❛r✐❛♥❞♦ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ✐♥❝✐❞❡♥t❡✳

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♠♦❞❡❧♦ ♥✉♠ér✐❝♦ ♣❛r❛ s✐♠✉❧❛r ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s

❡♠ s✉♣❡r✲r❡❞❡s ❞✐❡❧étr✐❝❛s✱ ♣r♦❝✉r❛♥❞♦ ❡♥t❡♥❞❡r ❝♦♠♦ ❡✈♦❧✉✐ t❡♠♣♦r❛❧♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞❡

✉♠ ♣✉❧s♦ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❝♦♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ✶❉ ❡ ❝♦♠♦ ❛s ♥ã♦ ❧✐♥❡❛r✐✲

❞❛❞❡s ✐♥❝❧✉✐❞❛s ❞❡♥tr♦ ❞❛ ❝♦♠♣♦s✐çã♦ ❞❛ ❡str✉t✉r❛ ♣♦❞❡♠ s❡r ❛♣r♦✈❡✐t❛❞❛s ♣❛r❛ ♦ ❞❡s❡♥❤♦ ❡

❢❛❜r✐❝❛çã♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❢♦tô♥✐❝♦s út❡✐s✳

✸✳✶ ❮♥❞✐❝❡ ❞❡ ❘❡❢r❛çã♦ ❉❡♣❡♥❞❡♥t❡ ❞❛ ■♥t❡♥s✐❞❛❞❡✶

❆ r❡s♣♦st❛ ♥ã♦ ❧✐♥❡❛r ❞❡ ♠❡✐♦s ✐s♦tró♣✐❝♦s✱ ♥ã♦ ❞✐s♣❡rs✐✈♦s ❡ s❡♠ ♣❡r❞❛s✱ é ✐♥tr♦❞✉③✐❞❛

✶◆❡st❡ ❝❛♣ít✉❧♦ ✉s❛r❡♠♦s ♦ s✐st❡♠❛ ●❛✉ss✐❛♥♦ ❞❡ ✉♥✐❞❛❞❡s ♣❛r❛ ❡s❝r❡✈❡r t♦❞❛s ❛s ❡q✉❛çõ❡s✳

✸✸
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♥♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ▼❛①✇❡❧❧ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ❝♦♥st✐t✉t✐✈❛ ✷✳✸✿

D (r✱t) = E (r✱t) + 4πP (r✱t) , ✭✸✳✶✮

♦♥❞❡ ❝♦♠♦ ✈✐♠♦s✱ P ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ♥♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ❡q✳

✷✳✺✿

Pi = P
(1)
i + P

(2)
i + P

(3)
i + · · · =

∑

j

χ
(1)
ij Ej +

∑

j,k

χ
(2)
ijkEjEk +

∑

j,k,l

χ
(3)
ijklEjEkEl + · · · ✭✸✳✷✮

♦♥❞❡ P (j)
i sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ✈❡t♦r ♣♦❧❛r✐③❛çã♦ ❞❡ ♦r❞❡♠ j✱ ❡ ♦s ❞✐❢❡r❡♥t❡s χ sã♦ ❛s

s✉s❝❡♣t✐❜✐❧✐❞❛❞❡s ó♣t✐❝❛s q✉❡ sã♦ t❡♥s♦r❡s ❞❡ ♦r❞❡♠ j + 1✳

◆♦ ❝❛s♦ ♥ã♦ ❧✐♥❡❛r ♥ã♦ ♣♦❞❡♠♦s ❢❛③❡r ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s ❡ t❡♠✲

♣♦r❛❧ ❛tr❛✈és ❞♦s ♠♦❞♦s ❤❛r♠ô♥✐❝♦s✱ ❛ss✐♠ q✉❡ ♣❛rt✐♠♦s ❞❛s ❡q✉❛çõ❡s ❞❡ ▼❛①✇❡❧❧✱ ❛✐♥❞❛ ❡♠

r❡❣✐õ❡s s❡♠ ❝❛r❣❛s ♥❡♠ ❝♦rr❡♥t❡s ❧✐✈r❡s✱

∇× E (r✱t) = −1

c

∂

∂t
B(r✱t), ∇ · D (r✱t) = 0, ✭✸✳✸✮

∇× H (r✱t) = +
1

c

∂

∂t
D(r✱t), ∇ · B (r✱t) = 0, . ✭✸✳✹✮

♣❛r❛ ♦❜t❡r ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ó♣t✐❝❛✿

∇×∇× E (r✱t) +
1

c2
∂2

∂t2
D (r✱t) = 0, ✭✸✳✺✮

q✉❡ ✉s❛♥❞♦ ❛ ❡q✳ ✸✳✶ s❡ ❝♦♥✈❡rt❡ ❡♠

∇×∇× E (r✱t) +
1

c2
∂2

∂t2
E (r✱t) = −4π

c2
∂2

∂t2
P (r✱t) . ✭✸✳✻✮

P♦❞❡♠♦s s✐♠♣❧✐✜❝❛r ❡st❛ ❡q✉❛çã♦ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✈❡t♦r✐❛❧ ∇×∇× ≡ ∇ (∇·)−∇2✱ q✉❡

❡♠ ♠✉✐t♦s ❝❛s♦s ❡♠ ó♣t✐❝❛ ♥ã♦ ❧✐♥❡❛r ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♥❡❣❧✐❣❡♥❝✐❛♥❞♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦

❞❛ ❞✐r❡✐t❛ ✜❝❛♥❞♦ só ❝♦♠ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦❀ ❡s♣❡❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ ✉s❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦

❞❡ ❡♥✈♦❧✈❡♥t❡ ❧❡♥t❛♠❡♥t❡ ✈❛r✐á✈❡❧ ❡ t❡♠♦s ❝❛♠♣♦s ❝✉❥♦s ✈❡t♦r❡s ❞❡ ♦♥❞❛ ❢❛③❡♠ ✉♠ â♥❣✉❧♦

♣❡q✉❡♥♦ ❝♦♠ ♦ ❡✐①♦ ♦r✐❣✐♥❛❧ ❞❡ ♣r♦♣❛❣❛çã♦✳ ❊st❛ é ❛ ❝❤❛♠❛❞❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛①✐❛❧✱ q✉❡ é

❡①❛t❛ ♣❛r❛ ♦♥❞❛s ♣❧❛♥❛s✳

❖ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✳ ✸✳✷ é r❡s♣♦♥sá✈❡❧ ♣❡❧♦s ❡❢❡✐t♦s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

t❛✐s ❝♦♠♦ ❣❡r❛çã♦ ❞❡ s❡❣✉♥❞♦ ❤❛r♠ô♥✐❝♦ ♦✉ s♦♠❛✲❞✐❢❡r❡♥ç❛ ❞❡ ❢r❡q✉ê♥❝✐❛s✳ ◆♦ ❡♥t❛♥t♦✱ s❡

❛s ♦♥❞❛s q✉❡ ✐♥t❡r❛❣❡♠ ♣♦r ♠❡✐♦ ❞❡ss❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ♥ã♦ ❡stã♦ ❡♠ ❢❛s❡ ♦✉ s❡ ♦ ♠❛t❡✲
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▼❛t❡r✐❛❧ n0 χ(3)✭♠2✴❱2✮ nNL✭❝♠2✴❲✮

❆❧2❖3 ✶✳✽ ✸✳✶×✶✵−22 ✷✳✾×✶✵−16

❈❞❙ ✷✳✸✹ ✾✳✽×✶✵−20 ✺✳✶×✶✵−14

●❛❆s ✸✳✹✼ ✶✳✹×✶✵−18 ✸✳✸×✶✵−13

▲✐❋ ✶✳✹ ✻✳✷×✶✵−23 ✾✳✵×✶✵−17

❙✐ ✸✳✹ ✷✳✽×✶✵−18 ✷✳✼×✶✵−14

❚✐❖2 ✷✳✹✽ ✷✳✶×✶✵−20 ✾✳✹×✶✵−15

❋✉s❡❞ ❙✐❧✐❝❛ ✶✳✹✼ ✷✳✺×✶✵−22 ✸✳✷×✶✵−16

◆❛♥♦♣❛rt✐❝✉❧❛s ❈❞❙x❙❡1−x ❡♠ ✈✐❞r♦ ✶✳✺ ✶✳✹×✶✵−20 ✶✳✽×✶✵−14

P♦❧í♠❡r♦ ♦r❣á♥✐❝♦ P❚❙ ✲ ✽✳✹×✶✵−18 ✸✳✵×✶✵−12

P♦❧í♠❡r♦ ♦r❣á♥✐❝♦ ✹❇❈▼❯ ✶✳✺✻ ✲✶✳✸×✶✵−19 ✲✶✳✺×✶✵−13

❚❛❜❡❧❛ ✸✳✶✿ ❈♦❡✜❝✐❡♥t❡s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❞❡ ❛❧❣✉♥s ♠❛t❡r✐❛✐s✳ ❋♦♥t❡✿ ❬✶✻❪

r✐❛❧ q✉❡ ❝♦♠♣õ❡ ❛s ♥❛♥♦❡str✉t✉r❛s é ❝❡♥tr♦s✐♠étr✐❝♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ✉♠ só❧✐❞♦ ❛♠♦r❢♦

✭❝♦♠♦ ✈✐❞r♦✮✱ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✳ ❊st❡ ✈❛✐ s❡r ♦ ♥♦ss♦

❝❛s♦ ♥❡st❡ tr❛❜❛❧❤♦✳ ❖ t❡r♠♦ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ♥❛ ♣♦❧❛r✐③❛çã♦ ♣r♦❞✉③✱ ❛❧é♠ ❞❛ ♣♦ssí✈❡❧

❣❡r❛çã♦ ❞❡ t❡r❝❡✐r♦s ❤❛r♠ô♥✐❝♦s ❡ ♦✉tr❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r❡q✉ê♥❝✐❛ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s✱ ✉♠❛

❝♦♥tr✐❜✉✐çã♦ à ♣♦❧❛r✐③❛çã♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❝❛♠♣♦ ✐♥❝✐❞❡♥t❡❀ ♣♦rt❛♥t♦✱ ❡ss❡ t❡r♠♦ ❝♦♥❞✉③

❛ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ♥ã♦ ❧✐♥❡❛r ♣❛r❛ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❡①♣❡r✐♠❡♥t❛❞♦ ♣♦r ✉♠❛ ♦♥❞❛ ❝♦♠

❡ss❛ ❢r❡q✉ê♥❝✐❛✳ P❛r❛ ♠✉✐t♦s ♠❛t❡r✐❛✐s ❡st❡ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❛tr❛✈és ❞❛

r❡❧❛çã♦

n = n0 + nNLI, ✭✸✳✼✮

♦♥❞❡ n0 é ♦ í♥❞✐❝❡ r❡❢r❛t✐✈♦ ❧✐♥❡❛r ❡ nNL é ♦ ❝❤❛♠❛❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♥ã♦ ❧✐♥❡❛r ♦✉ s❡❣✉♥❞♦

í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ q✉❡ ❞á ❛ t❛①❛ à q✉❡ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❛✉♠❡♥t❛ ✭♦✉ ❞✐♠✐♥✉✐ ♥♦ ❝❛s♦

❞❡❧❡ s❡r ♥❡❣❛t✐✈♦✱ ♦ q✉❡ ❛❝♦♥t❡❝❡ ♣❛r❛ ❛❧❣✉♥s ♠❛t❡r✐❛✐s✮ ❛♦ ❛✉♠❡♥t❛r ❛ ✐♥t❡♥s✐❞❛❞❡✳ ❊st❡ é ♦

❝❤❛♠❛❞♦ ❡❢❡✐t♦ ❑❡rr ó♣t✐❝♦✳ I✱ r❡♣r❡s❡♥t❛ ❛ ♠❡❞✐❛ t❡♠♣♦r❛❧ ❞❛ ✐♥t❡♥s✐❞❛❞❡✱ ❞❛❞❛ ♣♦r

I =
n0c

2π
|E|2 , ✭✸✳✽✮

❡ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♥ã♦ ❧✐♥❡❛r nNL ❡stá r❡❧❛❝✐♦♥❛❞♦ à s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ó♣t✐❝❛ ❞❡ t❡r❝❡✐r❛

♦r❞❡♠ χ(3) ♣♦r

nNL =
12π2

n0c
χ(3) ✭✸✳✾✮

❈♦♠♦ ❡①❡♠♣❧♦✱ ♠♦str❛♠♦s ♥❛ t❛❜❡❧❛ ✸✳✶ ❛❧❣✉♥s í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ ♠❡❞✐❞♦s ❡①♣❡r✐♠❡♥t❛❧✲

♠❡♥t❡ ♣❛r❛ ✈ár✐♦s ♠❛t❡r✐❛✐s✳

❆❧❣✉♥s ♠❛t❡r✐❛✐s q✉❡ ♣♦ss✉❡♠ ❝♦❡✜❝✐❡♥t❡s ♥ã♦ ❧✐♥❡❛r❡s ❛❧t♦s✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞❡ ✈✐❞r♦s ❞♦♣❛✲

❞♦s ❝♦♠ s❡♠✐❝♦♥❞✉t♦r❡s ✭❈❞❙x❙❡1−x ♣♦r ❡①❡♠♣❧♦✮✱ ❡ ♣♦❧í♠❡r♦s ♦r❣â♥✐❝♦s ✭P❚❙ ♦✉ ✹❇❈▼❯✮✱

❛ ♠✉❞❛♥ç❛ ✐♥❞✉③✐❞❛ ♣❡❧♦ ❝❛♠♣♦ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣♦r ✉♠❛ ♥ã♦
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❧✐♥❡❛r✐❞❛❞❡ ❞♦ t✐♣♦ ❑❡rr✱ ❥á q✉❡ ❡st❛ é ✐♥✢✉❡♥❝✐❛❞❛ ♣♦r ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ❞❡ ♦r❞❡♠ ♠❛✐♦r✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛ ♠✉❞❛♥ç❛ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ s❡ s❛t✉r❛ ♣❛r❛ ❛♠♣❧✐t✉❞❡s ❞❡ ❝❛♠♣♦

❛❧t❛s✳ ❆❧é♠ ❞✐ss♦✱ t♦❞♦ ♠❛t❡r✐❛❧ r❡❛❧ ♣♦ss✉✐ ✉♠ ❧✐♠✐t❡ ♥♦ ❝â♠❜✐♦ ❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ q✉❡

♣♦❞❡ s❡r ✐♥❞✉③✐❞♦ ♦♣t✐❝❛♠❡♥t❡ ✭❛ ❡q✳ ✸✳✼ s✉❣❡r❡ ✉♠ ❝r❡s❝✐♠❡♥t♦ ✐♥❞❡✜♥✐❞♦ ❞❡ n ❝♦♠ I✮✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ t❡r ❡♠ ❝♦♥t❛ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s❛t✉r❛çã♦✱ ❞❡s❝r❡✈❡♠♦s ❛ ♠✉❞❛♥ç❛

♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❛tr❛✈és ❞❡ ❬✷✶✱ ✷✷✱ ✷✸❪

∆n◆▲ =
nNLI

1 + I/Is❛t
✭✸✳✶✵✮

♦♥❞❡ Is❛t ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ♠á①✐♠♦ ✈❛❧♦r ∆ns❛t ♣♦r Is❛t = ∆ns❛t/nNL✳ ❱❛❧♦r❡s tí♣✐❝♦s

❞❡ ∆ns❛t ♣♦❞❡♠ ✈❛r✐❛r ❞❡s❞❡ ✵✳✶ ❛ ✶✵−6 ❡♠ ✈✐❞r♦s✱ ✈✐❞r♦s ❞♦♣❛❞♦s ❝♦♠ s❡♠✐❝♦♥❞✉t♦r❡s ❡

♦r❣â♥✐❝♦s ❬✷✹❪✳ ◗✉❛♥❞♦ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❞❛❞❛ ♣♦r I é ♠✉✐t♦ ♠❡♥♦r q✉❡ ❛ ✐♥t❡♥s✐❞❛❞❡

❞❡ s❛t✉r❛çã♦ Is❛t✱ ♦ s✐st❡♠❛ ♦♣❡r❛ ❞❡♥tr♦ ❞♦ r❡❣✐♠❡ ❑❡rr ❡ t❡♠♦s ∆n ∝ |E|2✳ ◆♦ ♦✉tr♦ ❧✐♠✐t❡✱

♣❛r❛ |E|2 ≫ Is❛t✱ ❛ ♠✉❞❛♥ç❛ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞❡❝r❡s❝❡ ♣r❡✈❡♥✐♥❞♦ ♦ ❛✉♠❡♥t♦ ✐♥❞❡✜♥✐❞♦

❞❡ n✳

❆ ✐❞é✐❛ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ❛♣r❡s❡♥t❛r ❞❡ ❢♦r♠❛ q✉❛❧✐t❛t✐✈❛ ❛❧❣✉♠❛ ❞❛s ♠ú❧t✐♣❧❛s

♣♦ss✐❜✐❧✐❞❛❞❡s q✉❡ s❡ ❛❜r❡♠ ❛♦ ✉s❛r ♠❛t❡r✐❛✐s ❝✉❥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♣♦ss❛ s❡r ❝♦♥tr♦❧❛❞♦

❛tr❛✈és ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❡ ✉♠ ❝❛♠♣♦ ó♣t✐❝♦✳ ❏á ✈✐♠♦s ♥♦ ✜♥❛❧ ❞♦ ❝❛♣ít✉❧♦ ✸✱ q✉❡ ❛ ❧❛r❣✉r❛

❞♦ ❜❛♥❞ ❣❛♣ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ❝♦♥tr❛st❡ ❞♦s í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ✭❡q✳ ✷✳✽✺✮✳ ■♠❡❞✐❛t❛♠❡♥t❡

♣♦❞❡♠♦s ✈❡r q✉❡ ❞♦♣❛♥❞♦ ❛♦ ♠❡♥♦s ✉♠ ❞♦s ♠❛t❡r✐❛✐s q✉❡ ❝♦♠♣õ❡♠ ❛ s✉♣❡r✲r❡❞❡ ❝♦♠ ✉♠

♠❡✐♦ q✉❡ t❡♥❤❛ ✉♠❛ r❡s♣♦st❛ ♥ã♦ ❧✐♥❡❛r ❞♦ t✐♣♦ χ(3) ♣♦❞❡♠♦s✱ ❛tr❛✈és ❞♦ ❡❢❡✐t♦ ❑❡rr ❝♦♠

♦✉ s❡♠ s❛t✉r❛çã♦✱ ♠✉❞❛r ❛ ❧❛r❣✉r❛ ❞♦ ❣❛♣ ❞✐♥â♠✐❝❛♠❡♥t❡ ♣♦r ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣r♦♣♦r❝✐♦♥❛❧

à ✐♥t❡♥s✐❞❛❞❡ ❧♦❝❛❧✳ ❉✐s❝✉t✐r❡♠♦s ❡♠ s❡❣✉✐❞❛ ❝♦♠♦ ❞❡s❝r❡✈❡♠♦s ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s

❡❧❡❝tr♦♠❛❣♥ét✐❝♦s t❡♥❞♦ ❡♠ ❝♦♥t❛ ♠❛t❡r✐❛✐s ❞♦ t✐♣♦ ❑❡rr ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❝♦♥❝r❡t❛s

❞❡st❡ ❡❢❡✐t♦ q✉❡ tê♠ s❡ ♦❜t✐❞♦ ❛tr❛✈és ❞❡ ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s✳

✸✳✷ ❉✐♥â♠✐❝❛ ❞❛ Pr♦♣❛❣❛çã♦ ❞❡ P✉❧s♦s

❆ ❞✉r❛çã♦ ✜♥✐t❛ ❞❡ ✉♠ ♣✉❧s♦ ❧❛s❡r ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ ❝♦♠♣♦s✐çã♦ ❡s♣❡❝tr❛❧ ❞❡♥tr♦ ❞❡ ❝❡rt♦

✐♥t❡r✈❛❧♦ ✜♥✐t♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛✳ P♦❞❡♠♦s r❡♣r❡✲

s❡♥t❛r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡st❡ ♣✉❧s♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ♠✉✐t❛s ♦♥❞❛s ♣❧❛♥❛s q✉❡ sã♦ s♦❧✉çõ❡s ❞❛

❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❞❡ ▼❛①✇❡❧❧ ❧✐♥❡❛r✱ ❛ss✐♠

E (z, t) =

∫

∞

−∞

E (k) e✐(ωt−kz)dk, ✭✸✳✶✶✮

♦♥❞❡ E (k) r❡♣r❡s❡♥t❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ♦♥❞❛ ♣❧❛♥❛ ❝♦♠ ♥ú♠❡r♦ ❞❡ ♦♥❞❛ k✳

❖✉ s❡❥❛✱ E (k) é ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡♠ ❛❧❣✉♠ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ t ❞♦ ♣✉❧s♦ E (z, t)✱ ❡
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|E (k)|2 é ♦ ❝❤❛♠❛❞♦ ❡s♣❡❝tr♦ ❞❡ ❋♦✉r✐❡r ❞♦ ♣✉❧s♦✳ ❯♠ ♣✉❧s♦ ❧❛s❡r é ✉s✉❛❧♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞♦

♣❡❧❛ s✉❛ ❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛❧ ω0 ✭♦✉ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ✈❡t♦r ❞❡ ♦♥❞❛ k0✮✱ ✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞❛

❝❛rr✐❡r ✇❛✈❡ ❢r❡q✉❡♥❝②✱ ❡ ♣❡❧❛ s✉❛ ❧❛r❣✉r❛ ❡s♣❡❝tr❛❧ ∆ω ❛♦ r❡❞♦r ❞❡ ω0 ✭♦✉ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡

∆k✮✳ ❖✉ s❡❥❛✱ E (k) ❡stá ❝♦♥❝❡♥tr❛❞❛ ❛♦ r❡❞♦r ❞❡ k0✳ P❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❞❡st❡ ♣✉❧s♦

♥♦ t❡♠♣♦ ❡①♣❛♥❞✐♠♦s ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ω (k) ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❛♦ r❡❞♦r ❞❡ k0✿

ω (k) = ω0 +

(

∂ω

∂k

)

k0

(k − k0) + · · · ✭✸✳✶✷✮

❡ ❛ s✉❜st✐t✉í♠♦s ♥❛ ❡q✳ ✸✳✶✶✱ ♦❜t❡♥❞♦

E (z, t) ≃ e✐(ω0t−k0z)

∫

∞

−∞

E (k) e✐[(∂ω/∂k)
k0

t−z](k−k0)dk, ✭✸✳✶✸✮

♦♥❞❡ s✉♣õ❡✲s❡ q✉❡ ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❛✐♦r ❡♠ (k − k0) sã♦ ♥✉❧♦s ♦✉ ❞❡s♣r❡③í✈❡✐s✳ ❆ ✐♥t❡❣r❛❧

❞❡♥tr♦ ❞❛ ❡q✳ ✸✳✶✸ é ✉♠❛ ❢✉♥çã♦ ❞❛ ✈❛r✐á✈❡❧ ❝♦♠♣♦st❛ (∂ω/∂k)k0
t− z s♦♠❡♥t❡✱ ❡ é ❝❤❛♠❛❞❛

❞❡ ❢✉♥çã♦ ❡♥✈♦❧✈❡♥t❡ ❞♦ ♣✉❧s♦ A (z, t)✱ ❡ ❞❡st❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♣✉❧s♦

❝♦♠♦

E (z, t) = A (z, t) e✐(ω0t−k0z). ✭✸✳✶✹✮

P❛r❛ ❞❡s❝r❡✈❡r ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ó♣t✐❝♦s ❛tr❛✈és ❞❡ ✉♠ ♠❡✐♦ ♣❡r✐ó❞✐❝♦ ✉s❛♠♦s ❛

❡q✉❛çã♦ ❞❡ ♦♥❞❛ ♣❛r❛ ♠❛t❡r✐❛✐s ♥ã♦ ❧✐♥❡❛r❡s✱ ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛①✐❛❧✱

∇2
E (r✱t) − 1

c2
∂2

∂t2
E (r✱t) =

4π

c2
∂2

∂t2
P (r✱t) ✭✸✳✶✺✮

❡s❝r❡✈❡♥❞♦ ♦s ❝❛♠♣♦s ❡❧étr✐❝♦ ❡ ❞❡ ♣♦❧❛r✐③❛çã♦ ❡♠ t❡r♠♦s ❞❡ ❢✉♥çõ❡s ❡♥✈♦❧✈❡♥t❡s E ❡ P ✱ ❡

♦♥❞❛s ♣❧❛♥❛s ✭❝❛rr✐❡r ✇❛✈❡s✮ ❛ss✐♠✿

E (r✱t) =
1

2

[

êE (r❚, z, t) e
✐(kz−ωt) + ❝✳❝✳

]

✭✸✳✶✻✮

❡

P (r✱t) =
1

2

[

êP (r❚, z, t) e
✐(kz−ωt) + ❝✳❝✳

]

✭✸✳✶✼✮

♦♥❞❡ ω = kc ❡ k = 2π/λ✱ ❡ ❛❞♠✐t✐♠♦s q✉❡ ❛ ♣r♦♣❛❣❛çã♦ ❛❝♦♥t❡❝❡ ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ z ❡ r❚ é

❛ ❝♦♦r❞❡♥❛❞❛ tr❛♥s✈❡rs❛❧✳ ❙✉❜st✐t✉✐çã♦ ❞✐r❡t❛ ❞❛s ❡qs✳ ✸✳✶✻ ❡ ✸✳✶✼ ♥❛ ❡q✳ ✸✳✶✺ ❝♦♥❞✉③ ❛ ✉♠❛

❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❡s❝❛❧❛r ♣❛r❛ ❛ ❡♥✈♦❧✈❡♥t❡✿

∂2E

∂z2
− 1

c2
∂2E

∂t2
+ 2✐k

∂E

∂z
+

2✐ω
c2

∂E

∂t
+ ∇2

❚
E =

4π

c2

(

∂2P

∂t2
− 2✐ω

∂P

∂t
− ω2P

)

, ✭✸✳✶✽✮

❝♦♠ ∇2
❚
✱ ♦ ❧❛♣❧❛❝✐❛♥♦ tr❛♥s✈❡rs❛❧✳
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❘❡s♦❧✈❡♠♦s ❡st❛ ❡q✉❛çã♦ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ s♣❧✐t✲st❡♣ ❜❡❛♠ ♣r♦♣❛❣❛t✐♦♥ ♥♦ ❞♦♠í♥✐♦ ❞♦

t❡♠♣♦✱ ❝♦♠♦ é ❞❡s❝r✐t♦ ♥♦ ❛♣ê♥❞✐❝❡ ❆✱ ♦♥❞❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❆✳✶✵

❉̂ =
✐

4π

λ0

a

∂2

∂ξ2
− ✐

4π

λ0

a

∂2

∂τ 2
− ∂

∂ξ
+

✐
4π

λ0

a
∇2

⊥

◆̂E = −✐

(

λ0

a

∂2

∂τ 2
− 4π✐

∂

∂τ
− 4π2 a

λ0

)

P.

❆q✉✐ t❡♠♦s ✐♥tr♦❞✉③✐❞♦ ❛s ✈❛r✐á✈❡✐s ❛❞✐♠❡♥s✐♦♥❛✐s✿ τ = ct/a ❡ ξ = z/a✱ ❡ ∇2
⊥

= a2∇2
❚
✳

P♦❞❡♠♦s ❡s❝r❡✈❡r ❡♥tã♦ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ♥❛ ❢♦r♠❛ ❝♦♠♣❛❝t❛ ❆✳✾

∂E

∂τ
=
(

❉̂ + ◆̂
)

E,

❡ ♣r♦♣❛❣❛r ♦ ❝❛♠♣♦ E (r❚, z, t) ✉♠ ♣❡q✉❡♥♦ ♣❛ss♦ ♥♦ t❡♠♣♦✱ δτ ✱ ✉s❛♥❞♦ ❛ r❡❝❡✐t❛ ❞❛❞❛ ♣❡❧❛

❡q✉❛çã♦ ❆✳✶✷✿

E (r⊥, ξ, τ + δτ) = ❡①♣

(

1

2
δτ❉̂

)

❡①♣
(

δτ ◆̂
)

❡①♣

(

1

2
δτ❉̂

)

E (r⊥, ξ, τ) + O (δτ)3 .

◆❡ss❡ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦ ♣✉❧s♦ ✐♥❝✐❞❡ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ s♦❜r❡ ❛ s✉♣❡r✲r❡❞❡ ♣❡❧♦

q✉❡ ♣♦❞❡♠♦s ❞❡s❝❛rt❛r ❛ ❝♦♦r❞❡♥❛❞❛ tr❛♥s✈❡rs❛❧ r⊥✱ ❡ t❛♠❜é♠ ✈❛♠♦s ❛❞♠✐t✐r q✉❡ ♦s ♣✉❧s♦s

sã♦ ✉❧tr❛❝✉rt♦s✱ ❞❛ ♦r❞❡♠ ❞❡ ✶✵✵ ❝✐❝❧♦s ó♣t✐❝♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✭❛♦ r❡❞♦r ❞❡ ✸✵✵ ❢s ♣❛r❛

λ = 1µ♠✮ ♠❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❧❛r❣♦s ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❡ ♣r♦♣❛❣❛çã♦

t❡♠♣♦r❛❧ δτ ✳ P♦r ✐st♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❡♥✈♦❧✈❡♥t❡ ❧❡♥t❛♠❡♥t❡ ✈❛r✐á✈❡❧ ♥♦

t❡♠♣♦ ❡✱ ♣♦rt❛♥t♦✱ ❞❡s♣r❡③❛r ❛s ❞❡r✐✈❛❞❛s t❡♠♣♦r❛✐s ❞❡ ❛❧t❛ ♦r❞❡♠ ❡ r❡t❡r só ♦s t❡r♠♦s ❞❡

♠❡♥♦r ♦r❞❡♠ ❞♦s ♥♦ss♦s ♦♣❡r❛❞♦r❡s ❞❡ ♣r♦♣❛❣❛çã♦✱ s✐♠♣❧✐✜❝❛♥❞♦✲♦s ♣❛r❛

❉̂ =
✐

4π

λ0

a

∂2

∂ξ2
− ∂

∂ξ
, ✭✸✳✶✾✮

◆̂E = ✐4π2 a

λ0

P = ✐π
[

n2 (ξ, |E| − 1)
]

E,

♦♥❞❡ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ♣♦❧❛r✐③❛çã♦ ❡ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r

P =
[n2 (ξ, |E|) − 1]

4π
E. ✭✸✳✷✵✮

n (ξ, |E|) = n0+∆n◆▲✱ é ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❡❢❡t✐✈♦ ❞♦ ♠❡✐♦✱ ❡ ❝♦♥té♠ ❛ ✐♥❢♦r♠❛çã♦ t❛♥t♦ ❞♦

♣❡r✜❧ ❞❛ s✉♣❡r✲r❡❞❡ q✉❛♥t♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❛ r❡s♣♦st❛✱ ❧✐♥❡❛r ❡ ♥ã♦ ❧✐♥❡❛r✱ ❞❛ ❡str✉t✉r❛✱ ❞❛❞♦

♣❡❧❛s ❡q✉❛çõ❡s ✸✳✼ ✭♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ❑❡rr✮ ♦✉ ✸✳✶✵ ✭♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ s❛t✉rá✈❡❧✮✳ P♦r ú❧t✐♠♦✱
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❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦ ❣❛♣ ❡①❝❧✉❛ ❝❛❞❛ ✈❡③ ✉♠ ✐♥t❡r✈❛❧♦ ♠❛✐♦r ❞❡ ❢r❡q✉ê♥❝✐❛s ❞❡ ♣r♦♣❛❣❛r✲s❡

❛tr❛✈és ❞❛ ❡str✉t✉r❛ ❡ ♣♦rt❛♥t♦✱ ❝♦♠♦ s❡ ♠♦str❛ ♥❛ s❡q✉ê♥❝✐❛ ❞❡ ✜❣✉r❛s✱ ❛✉♠❡♥t❛♥❞♦ ❛ ♦♥❞❛

r❡✢❡t✐❞❛ ❣r❛❞❛t✐✈❛♠❡♥t❡✳ P♦❞❡✲s❡ ♥♦t❛r ❛❞❡♠❛✐s✱ ❝♦♠♦ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❛çã♦ ❞♦ ♣✉❧s♦ é

❞✐❢❡r❡♥t❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❡ ❡♥tr❛❞❛✱ ❡♥q✉❛♥t♦ ❛ ❢♦r♠❛ ❡ ♥ú♠❡r♦ ❞♦s ♣✉❧s♦s

❣❡r❛❞♦s✱ ❞❡♣❡♥❞❡♥❞♦ ❜ás✐❝❛♠❡♥t❡ ❞❛ ❧❛r❣✉r❛ ❞♦ ♣✉❧s♦✱ ❛ ✐♥t❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡ ❛ s✐♥t♦♥✐③❛çã♦

❞❛ ❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛❧ ❞♦ ♣✉❧s♦ ❝♦♠ r❡s♣❡✐t♦ à ❜♦r❞❛ ❞♦ ❣❛♣✳ P❛r❛ r❡❣✐õ❡s ♣ró①✐♠❛s à ❜♦r❞❛

❞♦ ❜❛♥❣ ❣❛♣✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❣r✉♣♦ ✈❛✐ t❡♥❞❡♥❞♦ ❛ ③❡r♦ ❬✷✼❪✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❛ ✐♥t❡r❛çã♦

❝♦♠ ❛ ❡str✉t✉r❛ s❡❥❛ ♠❛✐s ♣r♦❧♦♥❣❛❞❛✱ ❡ ♦s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❢❡r❡♥❝✐❛ s❡❥❛♠ ♠❛✐s ❛♣r❡❝✐á✈❡✐s✳

P♦r ❡①❡♠♣❧♦ ✈❡♠♦s ♥❛ ✜❣✳ ✸✳✺✭❜✮✱ ❝♦♠♦ ❛✐♥❞❛ ✉♠❛ ♣❛rt❡ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♣❡r♠❛♥❡❝❡

❞❡♥tr♦ ❞❛ ❡str✉t✉r❛ s♦❢r❡♥❞♦ ♠ú❧t✐♣❧❛s r❡✢❡①õ❡s✱ ❡ ♥❛ ♣❛rt❡ ✭❝✮ ❞❡ss❛ ♠❡s♠❛ ✜❣✉r❛ ♥♦t❛♠♦s

❝♦♠♦ ❡ss❡ ❡❢❡✐t♦ é ❛✐♥❞❛ ♠ás ♥♦tá✈❡❧✱ ♦❝❛s✐♦♥❛♥❞♦ ✉♠❛ ❢♦rt❡ ✐♥t❡r❢❡rê♥❝✐❛ ❡♥tr❡ ❛s ❞✐❢❡r❡♥t❡s

❝♦♠♣♦♥❡♥t❡s ❡s♣❡❝tr❛✐s✳

✸✳✸✳✷ ❙✇✐t❝❤ ó♣t✐❝♦

▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛s ✐❞é✐❛s ❛♥t❡r✐♦r❡s ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡st❡ ♠❡s♠♦ ❡❢❡✐t♦ ❛♦ s✇✐t❝❤✐♥❣ ó♣t✐❝♦

❞❡ ♣✉❧s♦s ❝♦♠ ❛♣❡♥❛s ❛❧❣✉♠❛s ✈❛r✐❛♥t❡s✳ ❊①❛♠✐♥❡♠♦s ♣❛r❛ ✐st♦ ♦ ❝❛s♦ ♦♥❞❡ ❞♦✐s ❢❡✐①❡s ❝♦♠

❢r❡q✉ê♥❝✐❛s ❧❡✈❡♠❡♥t❡ ❞✐❢❡r❡♥t❡s ✐♥❝✐❞❡♠ s♦❜r❡ ❛ ❡str✉t✉r❛ ❝♦♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ✶❉ ♥ã♦

❧✐♥❡❛r ❞❡s❝r✐t❛ ❛❝✐♠❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ I é ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❡ ✉♠ ❞♦s ❢❡✐①❡s✱ q✉❡ ✈❛✐ ❢❛③❡r ❛s

✈❡③❡s ❞❡ ✉♠ ♣✉❧s♦ ❞❡ ❜♦♠❜❡✐♦✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ✐♥t❡♥s♦ ❝♦♠♦ ♣❛r❛ ♣r♦❞✉③✐r ✉♠❛ ♠✉❞❛♥ç❛

❛♣r❡❝✐á✈❡❧ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞♦ ♠❡✐♦ ❝♦♠ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ χ(3)✱ ❡ ❝✉❥❛ ❢r❡q✉ê♥❝✐❛ ❡stá ❞❛❞❛

♣♦r ω✳ ❖ ♦✉tr♦ ❢❡✐①❡ ✈❛✐ s❡r ♦ ♥♦ss♦ ♣✉❧s♦ ❞❡ s♦♥❞❛❣❡♠✱ ❝♦♠ ✉♠❛ ✐♥t❡♥s✐❞❛❞❡ I0✱ t❛❧ q✉❡

I0 ≪ I✱ ❡ ❝✉❥❛ ❝❛rr✐❡r ❢r❡q✉❡♥❝② ✈❡♠ ❞❛❞❛ ♣♦r ω0✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ❛❞♠✐t✐♠♦s q✉❡ ω ❡ ω0

❡st❡❥❛♠ s✐♥t♦♥✐③❛❞❛s ♣♦✉❝♦ ❛♥t❡s ❞❛ ❜♦r❞❛ ❞♦ ❣❛♣✱ ♠❛s ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ω s❡ ❡♥❝♦♥tr❡

r❡❧❛t✐✈❛♠❡♥t❡ ♠❛✐s ❛❢❛st❛❞♦ ❞❛ ❜♦r❞❛ ❞♦ q✉❡ ω0✳ ❆♠❜♦s ❢❡✐①❡s sã♦ tr❛♥s♠✐t✐❞♦s ♣♦rt❛♥t♦

✐♥✐❝✐❛❧♠❡♥t❡✳

▼❛s✱ ❛♦ ❝♦♠❡ç❛r ❛ ✐♥t❡r❛❣✐r ♦ ♣✉❧s♦ ❞❡ ❜♦♠❜❡✐♦ ❝♦♠ ❛ ❡str✉t✉r❛✱ ❛ s✉❛ ❢♦rt❡ ✐♥t❡♥s✐❞❛❞❡

♦❝❛s✐♦♥❛ ✉♠❛ ♠✉❞❛♥ç❛ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ q✉❡ ❝♦♥❞✉③ ❛ ✉♠ ❛❧❛r❣❛♠❡♥t♦ ❞♦ ❜❛♥❞ ❣❛♣

❢♦tô♥✐❝♦✳ ❊st❡ ❛❧❛r❣❛♠❡♥t♦ ♣♦❞❡ s❡r t❛❧ q✉❡ ✐♥❝❧✉❛ ❛ ❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛❧ ω0 ❞♦ ♥♦ss♦ ♣✉❧s♦

❞❡ s♦♥❞❛❣❡♠✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❡st❡ s❡❥❛ r❡✢❡t✐❞♦ ❞❛ ❡str✉t✉r❛✳ ❆ss✐♠✱ ❧✐❣❛♥❞♦ ❡ ❞❡s❧✐❣❛♥❞♦

♦ ♣✉❧s♦ ❞❡ ❜♦♠❜❡✐♦ ♣♦❞❡♠♦s ❝❤❛✈❡❛r ❞❡ ❢♦r♠❛ t♦t❛❧♠❡♥t❡ ó♣t✐❝❛✱ ✉s❛♥❞♦ ✉♠ ♦✉tr♦ ♣✉❧s♦

ó♣t✐❝♦✱ s✐♥❛✐s ❞❡ ❝❡rt❛s ❢r❡q✉ê♥❝✐❛s✳ ❖ ❛♥t❡r✐♦r ❝♦♥st✐t✉✐ ❛ ❞✐♥â♠✐❝❛ ❞❡ ♦♣❡r❛çã♦ ❞❡ ✉♠ s✇✐t❝❤

ó♣t✐❝♦ ❝♦♠♦ s❡ ❡♥❝♦♥tr❛ ❡sq✉❡♠❛t✐③❛❞♦ ♥❛ ✜❣✳ ✸✳✻✳
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✸✳✸✳✸ ❉✐♦❞♦ ó♣t✐❝♦

❯♠ ♦✉tr♦ ❡①❡♠♣❧♦ ❞❡ ❞✐s♣♦s✐t✐✈♦ q✉❡ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦ ✉s❛♥❞♦ ❡st❡ t✐♣♦ ❞❡ ♥ã♦ ❧✐♥❡❛r✐✲

❞❛❞❡s é ✉♠ ❞✐♦❞♦ ❬✷✻❪✳ P❛r❛ ✐ss♦✱ ❡st✉❞❛♠♦s ✉♠❛ ❣❡♦♠❡tr✐❛ ❧❡✈❡♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ ❛♥t❡r✐♦r✱

♦♥❞❡ ♥❡ss❡ ❝❛s♦✱ ♦s ✈❛❧♦r❡s ♠á①✐♠♦ ✭n2✮ ❡ ♠í♥✐♠♦ ✭n1✮ ❞♦s í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ ❞❡ ❝❛❞❛ ❝❛✲

♠❛❞❛✱ ❛✉♠❡♥t❛♠ ❣r❛❞❛t✐✈❛♠❡♥t❡ ❝♦♠ ❛ ❞✐stâ♥❝✐❛ ♣♦r ♦❝❛❧✐③❛❞♦s✉♠❛ ♣❡q✉❡♥❛ q✉❛♥t✐❞❛❞❡

δǫ✱ ❝♦♠♦ é ♠♦str❛❞♦ ♥❛ ✜❣✳ ✸✳✼ ❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝❛♠❛❞❛s ❝♦♥t✐♥✉❛ s❡♥❞♦ ✹✵ ✭✷✵ ♣❡rí♦✲

❞♦s✮ ❡ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ❣r❛❞✐❡♥t❡ ♣❛r❛ ❛ ❝♦♥st❛♥t❡ ❞✐❡❧étr✐❝❛ ❞❡ δǫ = 0.01✳ ❆❞❡♠❛✐s✱ ✈❛♠♦s

❛❞♠✐t✐r q✉❡ ♦ ♠❛t❡r✐❛❧ ♥ã♦ ❧✐♥❡❛r ❞♦ q✉❡ ❡stá ❝♦♠♣♦st❛ ❛ ❝❛♠❛❞❛ ❝♦♠ í♥❞✐❝❡ n2 ♣♦ss✉✐ ✉♠

❝♦❡✜❝✐❡♥t❡ ♥ã♦ ❧✐♥❡❛r ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ χ(3) < 0✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ s❡

❡str❡✐t❡ ♣r♦♣♦r❝✐♦♥❛❧♠❡♥t❡ ❝♦♠ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ♣✉❧s♦ ✐♥❝✐❞❡♥t❡ ❝♦♠♦ ❥á ❢♦✐ ♠♦str❛❞♦✳ ❙♦❜

❡st❛s ❝♦♥❞✐çõ❡s✱ ♦ ♣✉❧s♦ ó♣t✐❝♦ ✏✈ê✑ ✉♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ q✉❡ s❡ ❞❡s❧♦❝❛ ❡ ♠✉❞❛ ❞❡ t❛♠❛♥❤♦

❛♦ ❡❧❡ ✐r ❛✈❛♥ç❛♥❞♦ ❛tr❛✈és ❞❛ ❡str✉t✉r❛✳ ❊st❛ ❛♥✐s♦tr♦♣✐❛ ♥❛ ❣❡♦♠❡tr✐❛ ❞❛ s✉♣❡r✲r❡❞❡ ✈❛✐

s❡r ❡①♣❧♦r❛❞❛ ♣❛r❛ ♦❜t❡r ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❞✐r❡çã♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛

❞♦ ♣✉❧s♦ r❡s♣❡✐t♦ ❞❛ ❡str✉t✉r❛✳

❈♦♠❡ç❛♠♦s ♦ ❛♥á❧✐s❡ ❞❡ss❛ s✐t✉❛çã♦✱ ❡①❛♠✐♥❛♥❞♦ ♦ r❡❣✐♠❡ ❧✐♥❡❛r ❝♦♠ χ(3) = 0✳ P❛r❛ ✐ss♦

s✐♥t♦♥✐③❛♠♦s ❛ ❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛❧ ❞♦ ♥♦ss♦ ♣✉❧s♦ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛♦ ✐♥❝✐❞✐r

♣❡❧♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡str✉t✉r❛✱ ❡❧❛ ❡st❡❥❛ ❧♦❝❛❧✐③❛❞❛ ♣ró①✐♠❛ ❞❛ ❜♦r❞❛ ❞♦ ❜❛♥❞ ❣❛♣ ❧♦❝❛❧

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠ q✉❛rt❡r✲✇❛✈❡ st❛❝❦ ❝♦♠ n1 = 1.0 ❡ n2 = 1.4✱ r❡s✉❧t❛♥❞♦ ♥✉♠❛ r❡✢❡t✐✈✐✲

❞❛❞❡ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✺✵✪✱ s❡ ♥ã♦ ❡①✐st✐❡ss❡ ♦ ❣r❛❞✐❡♥t❡✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ♠❡t❛❞❡ ❞❛s

❢r❡q✉ê♥❝✐❛s q✉❡ ❝♦♠♣õ❡♠ ♦ ♣✉❧s♦ ❡♥❝♦♥tr❛♠✲s❡ ❢♦r❛ ❞❛ ③♦♥❛ ♣r♦✐❜✐❞❛✳ ▼❛s ❛♦ ❡①✐st✐r ✉♠

❣r❛❞✐❡♥t❡ ♥♦s í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦✱ ♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❧♦❝❛❧ ✈❛✐ s❡ ❞❡s❧♦❝❛♥❞♦ ❛ ❢r❡q✉ê♥❝✐❛s

❝❛❞❛ ✈❡③ ♠❡♥♦r❡s ❞❡ ♠❛♥❡✐r❛ q✉❡✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ❛ ❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛❧ ❞♦ ♣✉❧s♦ ❡st❛rá ❞❡♥tr♦

❞♦ ❣❛♣ ❡ ♦ ♣✉❧s♦ ❝♦♠❡ç❛rá ❛ s❡r r❡✢❡t✐❞♦✳ ❊st❡ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ é ❡s♣❡r❛❞♦ ♣❛r❛ ✉♠

♣✉❧s♦ q✉❡ ✐♥❝✐❞❡ ❞♦ ❧❛❞♦ ❝♦♥trár✐♦ ✭❞✐r❡✐t♦✮ ❞❛ ❡str✉t✉r❛✳ ❊ss❛s s✉♣♦s✐çõ❡s sã♦ ❝♦rr♦❜♦r❛❞❛s

♣❡❧❛s ♥♦ss❛s s✐♠✉❧❛çõ❡s✳ ◆❛ ✜❣✉r❛ ✸✳✽✱ ✈❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❛ ✐♥t❡r❛çã♦ ❞❡ ♣✉❧s♦s ✐♥❝✐❞❡♥t❡s

❞❛s❞❡ ♦s ❞♦✐s ❧❛❞♦s ❞❛ ❡str✉t✉r❛✳ ❆ r❡s♣♦st❛ ♦❜t✐❞❛ ❡♠ ❛♠❜♦s ❝❛s♦s é ❛ ♠❡s♠❛✿ ♦s ♣✉❧s♦s

sã♦ t♦t❛❧♠❡♥t❡ r❡✢❡t✐❞♦s✳ ▼❛s✱ ❡♠❜♦r❛ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ s❡❥❛ ❛♣❛r❡♥t❡♠❡♥t❡ ♣❛r❡❝✐❞♦✱

❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❛çã♦ ❞♦s ♣✉❧s♦s ❝♦♠ ❛ ❡str✉t✉r❛ é ❞✐❢❡r❡♥t❡✳ P❛r❛ ♦❜s❡r✈❛r ✐st♦ ♠❡❧✲

❤♦r✱ ✈❡❥❛♠♦s ✉♠❛ ❣rá✜❝❛ ❞♦ ♣❡r✜❧ ❞❡ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❡❧é❝tr✐❝♦ ❞❡♥tr♦ ❞❛ ❡str✉t✉r❛ ♥♦

♠♦♠❡♥t♦ ❡♠ q✉❡ ♦ ♣✉❧s♦ ❡stá ❛tr❛✈❡ss❛♥❞♦✲❧❛✱ ✜❣✳ ✸✳✾✳

◆♦t❛♠♦s ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ é ❞✐❢❡r❡♥t❡ ♣❛r❛ ♦s ♣✉❧s♦s ✐♥❝✐❞❡♥t❡s

❡♠ ❞✐❢❡r❡♥t❡s ❧❛❞♦s ❞❛ ❡str✉t✉r❛✳ ❖ ♣✉❧s♦ q✉❡ s❡ ❞❡s❧♦❝❛ ❞❡ ❡sq✉❡r❞❛ ♣❛r❛ ❞✐r❡✐t❛✱ ❝♦♥s❡❣✉❡

♣❡♥❡tr❛r ♠✉✐t♦ ♠❛✐s ❛❞❡♥tr♦ ❞❛ ❡str✉t✉r❛ ❞♦ q✉❡ ♦ ♣✉❧s♦ q✉❡ ✈✐❛❥❛ ❞❡ ❞✐r❡✐t❛ ♣❛r❛ ❡sq✉❡r❞❛✱

❛t✐♥❣✐♥❞♦ ♣♦rt❛♥t♦ ✐♥t❡♥s✐❞❛❞❡s ♠✉✐t♦ ♠❛✐♦r❡s✳ ■st♦ ♣♦❞❡ s❡r ❡①♣❧✐❝❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

♦ ♣✉❧s♦ q✉❡ s❡ ❞❡s❧♦❝❛ ❞❡ ❡sq✉❡r❞❛ ♣❛r❛ ❞✐r❡✐t❛✱ ❡♥❝♦♥tr❛✲s❡✱ ♣♦r ❝♦♥str✉çã♦✱ ♣❡rt♦ ♠❛s ❢♦r❛

❞♦ ❜❛♥❞ ❣❛♣ ❧♦❝❛❧✳ ❆ ♠❡❞✐❞❛ q✉❡ ♦ ♣✉❧s♦ ✈❛✐ ♣❡♥❡tr❛♥❞♦ ♥❛ ❡str✉t✉r❛✱ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦
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✭❛✮

✭❜✮

❋✐❣✉r❛ ✸✳✶✵✿ ❉❡ ♥♦✈♦ ♦s ♠❡s♠♦s ❞♦✐s ♣✉❧s♦s ❞❛ ✜❣✳ ✸✳✽ ♠❛s ♥❡st❡ ❝❛s♦ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ s✉♣❡r✲r❡❞❡
❝✉❥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ♠❛✐♦r n2 ❡stá ❞♦♣❛❞♦ ❝♦♠ ✉♠ ♠❛t❡r✐❛❧ ❝♦♠ χ(3) < 0✳ ◆❡st❡ ❝❛s♦ ♦ ♣✉❧s♦
q✉❡ ❡♥tr❛ à ❞✐r❡✐t❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ r❡✢❡t✐❞♦✱ ❡♥q✉❛♥t♦ ♦ ♣✉❧s♦ q✉❡ í♥❞✐❝❡ à ❡sq✉❡r❞❛ é ♣❛r❝✐❛❧♠❡♥t❡
tr❛♥s♠✐t✐❞♦✳ ■st♦ ❛❝♦♥t❡❝❡ ❞❡✈✐❞♦ ❛ q✉❡ ♦ ♣✉❧s♦ q✉❡ ✈✐❛❥❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❝♦♥s❡❣✉❡
♣❡♥❡tr❛r ♦ s✉✜❝✐❡♥t❡ ❞❡♥tr♦ ❞❛ ❡str✉t✉r❛ ♣❛r❛ ❛t✐✈❛r ❛ r❡s♣♦st❛ ♥ã♦ ❧✐♥❡❛r ❞♦ ♠❡✐♦ ❡ ✐r ❞❡s❧♦❝❛♥❞♦
♦ ❜❛♥❞ ❣❛♣ ❧♦❝❛❧ ❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛✈❛♥ç❛ ♣❡❧❛ s✉♣❡r✲r❡❞❡✳ ❖ ♣✉❧s♦ q✉❡ ✈✐❛❥❛ ❞❛ ❞✐r❡✐t❛ ♣❛r❛ ❛
❡sq✉❡r❞❛ ❡♥❝♦♥tr❛✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❡♠ ✉♠ ❣❛♣ ❧♦❝❛❧ ❡ ♦s ♥í✈❡✐s ❞❡ ✐♥t❡♥s✐❞❛❞❡ sã♦ ♠✉✐t♦ ❜❛✐①♦s
♣❛r❛ ❡①❝✐t❛r ❛ r❡s♣♦st❛ ♥ã♦ ❧✐♥❡❛r✳



❈❛♣ít✉❧♦ ✹

❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

❊st✉❞♦✉✲s❡ ❛ ♣r♦♣❛❣❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ♣✉❧s♦s ❣❛✉ss✐❛♥♦s ❛tr❛✈és ❞❡ ❡str✉t✉r❛s ❝♦♠ ❜❛♥❞

❣❛♣ ❢♦tô♥✐❝♦ ✶❉ ✉s❛♥❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ♠♦❞✐✜❝❛❞♦ ❞♦ ♠ét♦❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ s♣❧✐t✲st❡♣ ❜❡❛♠

♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞✳ ❊st❡ ♠ét♦❞♦ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞❛ ✐♥t❡r❛çã♦

❞❡ ♣✉❧s♦s ❝♦♠ ♠❡✐♦s q✉❡ t❡♥❤❛♠ ♠✉❞❛♥ç❛s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❣r❛♥❞❡s ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱

✐♥❝❧✉✐♥❞♦ ♣♦rt❛♥t♦✱ r❡✢❡①õ❡s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s✱ s❡♠ r❡q✉❡r❡r ❛ ✐♥tr♦❞✉çã♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ❡①♣❧í❝✐t❛s ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ♥❛s ✐♥t❡r❢❛❝❡s✳ ❙ó é ♥❡❝❡ssár✐♦ ❛ ❡s♣❡❝✐✜❝❛çã♦ ❞❡

✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✐♥✐❝✐❛❧✱ ♦ ♣❡r✜❧ ❡s♣❛❝✐❛❧ ❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ ❡ ❛s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s

❞♦ ♠❛t❡r✐❛❧✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡stã♦ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ✐♥❝❧✉í❞❛s ♥❛ ❡✈♦❧✉çã♦ ❞✐♥â♠✐❝❛

❞❛s ❡q✉❛çõ❡s✳

❋♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ❡♠ ♣❛rt✐❝✉❧❛r s✉♣❡r✲r❡❞❡s ❝♦♠♣♦st❛s ❞❡ ❝❛♠❛❞❛s ❛❧t❡r♥❛❞❛s ❞❡ ♠❛✲

t❡r✐❛✐s ❞✐❡❧étr✐❝♦s ❡ s❡♠ ♣❡r❞❛s✱ ❝♦♠ í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ n1 ❡ n2✱ ❝♦♠ ❧❛r❣✉r❛s ❞❡ ✉♠ q✉❛rt♦

❞❡ ♦♥❞❛ ✭q✉❛rt❡r✲✇❛✈❡ st❛❝❦✮ ❝❛❞❛ ✉♠❛✱ ❝♦♥✜❣✉r❛çã♦ q✉❡ ♣r♦❞✉③ ❛ ♠á①✐♠❛ ❧❛r❣✉r❛ ❞♦ ❣❛♣

♣❛r❛ ✉♠ ✈❛❧♦r ❞♦ ❝♦♥tr❛st❡ ❞❛❞♦✳ ❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ss❛s ❡str✉t✉r❛s é ❛

♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❞✐r❡t❛ q✉❡ ❡①✐st❡ ❡♥tr❡ ❛ ❧❛r❣✉r❛ ❞♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❡ ♦ ❝♦♥tr❛st❡ ❞♦s

í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦✳ ❯s❛♥❞♦ ❡st❡ ❢❛t♦✱ ♣♦❞❡✲s❡ ❝♦♥tr♦❧❛r ❛ ❧❛r❣✉r❛ ❞♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❝♦♠

❛ ✐♥t❡♥s✐❞❛❞❡ ❞❡ ✉♠ ♣✉❧s♦ ó♣t✐❝♦ ❡①t❡r♥♦ ♣r♦♣❛❣❛♥❞♦✲s❡ ❛tr❛✈és ❞❛ ❡str✉t✉r❛✱ s❡ ❝♦♥s✐❞❡r✲

♠♦s q✉❡ ✉♠❛ ❞❛s ❝❛♠❛❞❛s ❡stá ❝♦♠♣♦st❛ ❞❡ ✉♠ ♠❛t❡r✐❛❧ ❝♦♠ r❡s♣♦st❛ ó♣t✐❝❛ ♥ã♦ ❧✐♥❡❛r ❞❡

t❡r❝❡✐r❛ ♦r❞❡♠ χ(3)✳ ❈♦♠ ✐st♦ ❝♦♥s❡❣✉✐♠♦s ❞❡s❧♦❝❛r ❡ ❛❧❛r❣❛r ✭♦✉ ❞✐♠✐♥✉✐r✱ ♥♦ ❝❛s♦ ❞❡ ✉♠❛

s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♥❡❣❛t✐✈❛✮ ❞✐♥â♠✐❝❛♠❡♥t❡ ♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦✳

Ó♣t✐❝❛ ♥ã♦ ❧✐♥❡❛r ❡♠ ❡str✉t✉r❛s ❝♦♠ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ t❡♠ ❞❡s♣♦♥t❛❞♦ ❝♦♠♦ ✉♠❛ ár❡❛

♣r♦♠✐ss♦r❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❢♦tô♥✐❝♦s ❝♦♠♣❛❝t♦s ❡ ❡✜❝✐❡♥t❡s✳ ▼✉✐t❛s

❛♣❧✐❝❛çõ❡s tê♠ s✐❞♦ ✐♠❛❣✐♥❛❞❛s ❡♠ s✐st❡♠❛s ✶❉✳ ◆❡ss❛ ❞✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s

❞❡st❛s ♣♦t❡♥❝✐❛✐s ❛♣❧✐❝❛çõ❡s✱ ♠♦str❛♥❞♦✲s❡ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ ❛❧❣✉♥s ❞✐s♣♦s✐t✐✈♦s ó♣t✐❝♦s✱

s✉❣❡r✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ❢❛❝tí✈❡✐s ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ♣r♦♣❛❣❛çã♦ ♥❛s ✈✐③✐♥✲

❤❛♥ç❛s ❞♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠ ❧✐♠✐t❛❞♦r ó♣t✐❝♦ ❡ ✉♠ ❝❤❛✈❡❛❞♦r ó♣t✐❝♦✱

✹✾
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✉s❛♥❞♦ ✉♠❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ χ(3) ♣♦s✐t✐✈❛ ❡ ♣✉❧s♦s ❣❛✉ss✐❛♥♦s ✉❧tr❛❝✉rt♦s ✭❞❡ ❛♣r♦①✐♠❛❞❛✲

♠❡♥t❡ ✶✵✵ ❝✐❝❧♦s ó♣t✐❝♦s✮ ❝✉❥❛s ❢r❡q✉ê♥❝✐❛s ❝❡♥tr❛✐s ❡stã♦ s✐♥t♦♥✐③❛❞❛s ♥❛ ❜♦r❞❛ ❞♦ ❣❛♣ ♥❛

❜❛♥❞❛ ❞❡ tr❛♥s♠✐ssã♦✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❡str✉t✉r❛ s✐♠✐❧❛r à ✉s❛❞❛ ♥❛s

❛♣❧✐❝❛çõ❡s ❛♥t❡r✐♦r❡s✱ ♠❛s ❝♦♠ ✉♠❛ ❛ss✐♠❡tr✐❛ ❝♦♠ r❡❧❛çã♦ à ❞✐r❡çã♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ ♥❡st❡ ❝❛s♦ ✉♠ ♣❡r✜❧ ❞♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ q✉❡ ❛✉♠❡♥t❛ ❣r❛❞❛t✐✈❛♠❡♥t❡ ❛♦ ❧♦♥❣♦

❞❛ ❡str✉t✉r❛✳ ❈♦♠ ✐st♦ ❝♦♥s❡❣✉✐♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❞♦ ❜❛♥❞ ❣❛♣ ❢♦tô♥✐❝♦ ❧♦❝❛❧ q✉❡ ♦ ♣✉❧s♦

✏✈ê✑ ❛♦ ♣r♦♣❛❣❛r✲s❡✳ ▼♦str❛✲s❡ ❝♦♠♦ ❡st❛ ❝♦♥✜❣✉r❛çã♦ ♣♦❞❡ s❡r ✉s❛❞❛ ❝♦♠♦ ✉♠ ♣♦ssí✈❡❧

❞✐♦❞♦ ó♣t✐❝♦✳

▲❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥s✐❞❡r❛ç❛♦ ♦ ❝❛rát❡r ♥ã♦ ❧✐♥❡❛r ❡ ✉❧tr❛❝✉rt♦ ❞❛ ✐♥t❡r❛çã♦ ♣✉❧s♦✲❡str✉t✉r❛

❛ ♦♣❡r❛çã♦ ❞♦s ❞✐s♣♦s✐t✐✈♦s s✉❣❡r✐❞♦s ♣♦❞❡ s❡r ✉❧tr❛✲rá♣✐❞❛✱ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ✜♥❛❧ ❞❡ ❝❛❞❛ ✉♠

❞❡❧❡s ❞❡♣❡♥❞❡rá s♦♠❡♥t❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♠ q✉❡ ❛ r❡s♣♦st❛ ♥ã♦ ❧✐♥❡❛r ❞♦ ♠❡✐♦ ♣♦ss❛ s❡r

❡①❝✐t❛❞❛✳ ❱❛❧❡ ❛ ♣❡♥❛ r❡ss❛❧t❛r ❛q✉✐ q✉❡ ♣♦r ❝❛✉s❛ ❞♦s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ q✉❡ ❛♣❛r❡❝❡♠

❞❡♥tr♦ ❞❛ s✉♣❡r✲r❡❞❡✱ ❛s ✐♥t❡♥s✐❞❛❞❡s ❧♦❝❛✐s ♣♦❞❡♠ s❡r ✈ár✐❛s ✈❡③❡s ♠❛✐♦r❡s q✉❡ ❛ ✐♥t❡♥s✐❞❛❞❡

♠á①✐♠❛ ❞♦ ♣✉❧s♦ ❞❡ ❡♥tr❛❞❛✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ♦s ♣✉❧s♦s ♥ã♦ ♣r❡❝✐s❛♠ s❡r tã♦ ✐♥t❡♥s♦s

❝♦♠♦ ♣♦❞❡r✲s❡✲✐❛ ♣❡♥s❛r✱ ❝♦♥❤❡❝✐♠❡♥t♦ ❡ss❡♥❝✐❛❧ ♥♦ ♠♦♠❡♥t♦ ❞❡ ❞❡s❡♥❤❛r ❞✐s♣♦s✐t✐✈♦s r❡❛✐s

❛♦ ❝♦♥s✐❞❡r❛r ♣❛râ♠❡tr♦s t❛✐s ❝♦♠♦ ❧✐♠✐t❛çõ❡s ❡♥❡r❣ét✐❝❛s ✭❞❡ ♣♦tê♥❝✐❛✮ ♦✉ ❞❡str✉✐çã♦ ❞♦

♠❛t❡r✐❛❧✳

❆❧é♠ ❞♦s ♠❛t❡r✐❛✐s ❞♦ t✐♣♦ ❑❡rr✱ é ♣♦ssí✈❡❧ ♠♦❞❡❧❛r ♠❛t❡r✐❛✐s ❝♦♠ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ s❛t✲

✉rá✈❡❧✱ ❛ q✉❛❧ é ❛❞❡q✉❛❞❛ ♣❛r❛ ❞❡s❝r❡✈❡r ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ó♣t✐❝♦s ❝♦♠ ✐♥t❡♥s✐❞❛❞❡s ❞❡

❝❛♠♣♦ ❛❧t❛s ❡ ♠❛t❡r✐❛✐s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♥ã♦ ❧✐♥❡❛r❡s ❣r❛♥❞❡s ✭❝♦♠♦ ✈✐❞r♦s ❞♦♣❛❞♦s ❝♦♠

s❡♠✐❝♦♥❞✉t♦r❡s ♦✉ ♣♦❧í♠❡r♦s ♦r❣â♥✐❝♦s✮✳ ❉❡ ❢❛t♦✱ ♣❛r❛ q✉❛❧q✉❡r ♠❛t❡r✐❛❧ r❡❛❧ ❤á ✉♠ ❧✐♠✐t❡

s✉♣❡r✐♦r ♣❛r❛ ❛ ♠✉❞❛♥ç❛ ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ q✉❡ ♣♦❞❡ s❡r ✐♥❞✉③✐❞♦ ♦♣t✐❝❛♠❡♥t❡✳ ❆ ✐♥t❡♥✲

s✐❞❛❞❡ à q✉❡ ♦❝♦rr❡ t❛❧ s❛t✉r❛çã♦ ❞❡♣❡♥❞❡rá ✜♥❛❧♠❡♥t❡ ❞♦s ♣r♦❝❡ss♦s ❢ís✐❝♦s ♣❛rt✐❝✉❧❛r❡s q✉❡

❝❛✉s❛♠ ❛ ✈❛r✐❛çã♦ ♥ã♦ ❧✐♥❡❛r✳

❋✐♥❛❧♠❡♥t❡✱ ❛ ❝♦♥s✐❞❡r❛çã♦ ❞❡ ♦✉tr♦s ❡❢❡✐t♦s ❝♦♠♦ ❛❜s♦rçã♦✱ ❞✐s♣❡rsã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

❣r✉♣♦✱ ❞✐s♣❡rsã♦ ❘❛♠❛♥ ❡st✐♠✉❧❛❞❛✱ ❞✐s♣❡rsã♦ ❞❡ ❇r✐❧❧♦✉✐♥ ❡st✐♠✉❧❛❞❛✱ ♦✉ ❛ ✐♥❝❧✉sã♦ ❞❡

♠❡✐♦s ❛t✐✈♦s ♦✉ ❝♦♠ ❣❛♥❤♦s✱ ♣♦❞❡♠ s❡r ✐♥❝♦r♣♦r❛❞❛s ❢❛❝✐❧♠❡♥t❡ ♥❛ ❞✐♥â♠✐❝❛✱ ✉s❛♥❞♦ ❡st❡

❛❧❣♦r✐t♠♦ ❞❡ s♣❧✐t✲st❡♣ ♠♦❞✐✜❝❛❞♦✱ ❛ss✐♠ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ♠ét♦❞♦ ♣❛r❛ ❡str✉t✉r❛s ❝♦♠

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡s ♠❛✐♦r❡s ♦✉ ❝♦♠ ♦✉tr❛s ❣❡♦♠❡tr✐❛s ❞❡ ✐♥t❡r❡ss❡✳



❆♣ê♥❞✐❝❡ ❆

❙♣❧✐t✲❙t❡♣ ❇❡❛♠ Pr♦♣❛❣❛t✐♦♥ ▼❡t❤♦❞

❖ ❝❤❛♠❛❞♦ ❢❛st ❋♦✉r✐❡r ❜❡❛♠ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✭❋❋❚✲❇P▼✮ ♦✉ s♣❧✐t✲st❡♣ ❜❡❛♠ ♣r♦♣✲

❛❣❛t✐♦♥ ♠❡t❤♦❞ ✭❙❙✲❇P▼✮✱ t❡♠ s✐❞♦ ♦ ♠ét♦❞♦ ♣r❡❢❡r✐❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❞✐❢r❛çã♦ ❞❡ ♦♥❞❛s

❡❧❡tr♦♠❛❣♥ét✐❝❛s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞❛ ó♣t✐❝❛ t❛✐s ❝♦♠♦ ❜✐❡st❛❜✐❧✐❞❛❞❡ ó♣t✐❝❛ ❬✷✽❪✱ ❡s♣❛❧✲

❤❛♠❡♥t♦ ❘❛♠❛♥ ❡st✐♠✉❧❛❞♦ ❬✷✾❪ ❡ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ❡♠ ♠❡✐♦s ❞✐s♣❡rs✐✈♦s ♥ã♦ ❧✐♥❡❛r❡s

❬✸✵✱ ✸✶❪✳ ❚❛♠❜é♠ t❡♠ s✐❞♦ ✉s❛❞♦ ❡①t❡♥s✐✈❛♠❡♥t❡ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥ã♦

❧✐♥❡❛r✱ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❡st✉❞♦ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ❡♠ ✜❜r❛s ó♣t✐❝❛s ❬✸✸❪✳ ❊♠❜♦r❛ s❡❥❛

♣♦ssí✈❡❧ ❡st✉❞❛r ❡st❡s ❡❢❡✐t♦s ✉s❛♥❞♦ ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ♣♦❞❡ s❡ ♠♦str❛r q✉❡✱ ❡♠

❣❡r❛❧✱ ♦s ♠ét♦❞♦s ♣s❡✉❞♦❡s♣❡❝tr❛✐s ✭❡ ♦ ❙❙✲❇P▼ ♣❡rt❡♥❝❡ ❛ ❡ss❛ ❝❛t❡❣♦r✐❛✮ sã♦ ♠❛✐s rá♣✐❞♦s

♥♦ ♠í♥✐♠♦✱ ♣♦r ✉♠❛ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛✱ ❛t✐♥❣✐♥❞♦ ❛ ♠❡s♠❛ ♣r❡❝✐sã♦ ❬✸✷❪✳ ❆ ✈❡❧♦❝✐❞❛❞❡

r❡❧❛t✐✈❛ ❞♦ ❙❙✲❇P▼ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❛ ♠❛✐♦r✐❛ ❞♦s ♠ét♦❞♦s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣♦❞❡ s❡

❛tr✐❜✉✐r ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦ ✉s♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r✳

❆✳✶ ❙❙✲❇P▼ st❛♥❞❛r❞

◆❡st❡ tr❛❜❛❧❤♦ ❛ ❡q✉❛çã♦ ❞❡ ✐♥t❡r❡ss❡ é ❛ ❡q✳ ✸✳✶✽✱ ❛♣r❡s❡♥t❛❞❛ ❡ ❞❡❞✉③✐❞❛ ♥♦ ❝❛♣ít✉❧♦ ✸✿

∂2E

∂z2
− 1

c2
∂2E

∂t2
+ 2✐k0

∂E

∂z
+

2✐ω0

c2
∂E

∂t
+ ∇2

❚
E =

4π

c2

(

∂2P

∂t2
− 2✐ω0

∂P

∂t
− ω2

0P

)

. ✭❆✳✶✮

♦♥❞❡ E = E (r❚✱z, t) é ❛ ❢✉♥çã♦ ❡♥✈♦❧✈❡♥t❡ ♦✉ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦ ❡✱ k0 ❡ ω0✱ sã♦ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡ ♦ ✈❡t♦r ❞❡ ♦♥❞❛ ❡ ❢r❡q✉ê♥❝✐❛ ❝❡♥tr❛✐s ❞♦ ♣✉❧s♦✱ r❡❧❛❝✐♦♥❛❞❛s ❛tr❛✈és ❞❡ k0 = ω0/c✳

❆ ❢♦r♠✉❧❛çã♦ ♣❛❞rã♦ ✐♥❝♦r♣♦r❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❡♥✈♦❧✈❡♥t❡ ❧❡♥t❛♠❡♥t❡ ✈❛r✐á✈❡❧ ✭❙❱❊❆✮✶

q✉❡ ✐♠♣❧✐❝❛ ❡♠

✶❙❱❊❆ ♣♦r s❡✉ ❛❝rô♥✐♠♦ ❡♠ ✐♥❣❧ês✿ s❧♦✇❧②✲✈❛r②✐♥❣ ❡♥✈❡❧♦♣❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

✺✶
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∂2E

∂z2
≪ k0

∂E

∂z
,

∂2E

∂t2
≪ ω0

∂E

∂t
,

∂2P

∂t2
≪ ω0

∂P

∂t
≪ ω2

0P,

❡ ♣♦rt❛♥t♦✱ r❡t❡♠♦s ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❡♥♦r ♥❛s ❞❡r✐✈❛❞❛s ❞❛ ❡q✉❛çã♦ ❆✳✶✿ t❛♥t♦ ♦

❝❛♠♣♦ ❡❧étr✐❝♦ q✉❛♥t♦ ❛ ♣♦❧❛r✐③❛çã♦ sã♦ ❢✉♥çõ❡s q✉❡ ✈❛r✐❛♠ ❧❡♥t❛♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❡ ♥♦

t❡♠♣♦✳ ❆❞❡♠❛✐s✱ ❢❛③❡♥❞♦ ✉s♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛♦ ❝❤❛♠❛❞♦ r❡❢❡r❡♥❝✐❛❧ ❝♦✲

♣r♦♣❛❣❛♥t❡✱ z′ = z, t′ = t− z/c✱ ❛ ❡q✉❛çã♦ ❝♦♥✈❡rt❡✲s❡ ❡♠

∂E

∂z
− ✐

2k0

∇2
❚
E = 2π✐k0P = 2π✐k0χE, ✭❆✳✷✮

♦♥❞❡ ❛❞♠✐t✐♠♦s q✉❡ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r P ❡ E ❛tr❛✈és ❞❡ P = χE✱ s❡♥❞♦ χ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡

❡❢❡t✐✈❛ ❞♦ ♠❡✐♦✱ q✉❡ ♣♦❞❡ s❡r ❡♠ ❣❡r❛❧ ✉♠❛ ❢✉♥çã♦ ❞❛ ♣♦s✐çã♦ ❡✱ ♣♦ss✐✈❡❧♠❡♥t❡ ❞❛ ✐♥t❡♥s✐❞❛❞❡

❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✱ ♥♦ ❝❛s♦ ♥ã♦ ❧✐♥❡❛r✳ ❆ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❛ ❡q✳ ❆✳✷ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♥tã♦

❝♦♠♦

E (r❚✱z) = ❡①♣





z
∫

0

(

D̂ + N̂
)

dz



E (r❚✱0) , ✭❆✳✸✮

❝♦♠ ❉̂ = ✐

2k0

∇2
❚
s❡♥❞♦ ♦ ♦♣❡r❛❞♦r q✉❡ ❞❡s❝r❡✈❡ ❛ ❞✐❢r❛çã♦ ♥♦ ❡s♣❛ç♦ ❧✐✈r❡✱ ❡ ◆̂ = 2π✐k0χ ♦

♦♣❡r❛❞♦r q✉❡ ❞❡s❝r❡✈❡ ❛ ✐♥t❡r❛çã♦ ❞♦ ❝❛♠♣♦ ❝♦♠ ♦ ♠❡✐♦ ✭r❡❢r❛çã♦✮✳ ❉❡✐①❛♠♦s ❛ ❧❡tr❛ ✬◆✬ ♣❛r❛

❡st❡ ♦♣❡r❛❞♦r ♣❛r❛ ❧❡♠❜r❛r q✉❡ ♣♦❞❡ ✐♥❝❧✉✐r t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s✳ ❯s❛♥❞♦ ❡st❛s ❞❡✜♥✐çõ❡s✱ ❛

❡q✳ ❆✳✷ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❝♦♠♣❛❝t❛

∂E

∂z
=
(

❉̂ + ◆̂
)

E. ✭❆✳✹✮

❖ ❙❙✲❇P▼ ❡stá ✐♥s♣✐r❛❞♦ ♥❛ s♦❧✉çã♦ ❆✳✸✿ s❡ ❧♦❣r❛r♠♦s s❡♣❛r❛r ❛ ❛çã♦ ❞❡ ❝❛❞❛ ♦♣❡r❛❞♦r

♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ♣❛r❛ ♣❡q✉❡♥♦s ♣❛ss♦s ❞❛ ♣r♦♣❛❣❛çã♦✿

E (r❚✱z + δz) ≃ ❡①♣
(

δz ❉̂
)

❡①♣
(

δz ◆̂
)

❊(r❚✱z). ✭❆✳✺✮

P♦❞❡♠♦s ✐♠❛❣✐♥❛r q✉❡ ❛ ♣r♦♣❛❣❛çã♦ é ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s ♣❛rt❡s✱ ❛ ♣r✐♠❡✐r❛✱ q✉❡ ❞á ❛ ♠✉❞❛♥ç❛

❞❡ ❢❛s❡ ❞❡✈✐❞❛ à r❡❢r❛çã♦ ♥❛ ♣r✐♠❡✐r❛ ♠❡t❛❞❡ ❞♦ ✐♥t❡r✈❛❧♦✱ ❡ ❛ s❡❣✉♥❞❛✱ q✉❡ ❡♥✈♦❧✈❡ ❛ ♣r♦♣❛✲

❣❛çã♦ ❞♦ ♣✉❧s♦ ♥♦ ❡s♣❛ç♦ ❧✐✈r❡ ♥❛ s❡❣✉♥❞❛ ♠❡t❛❞❡ ❞♦ ✐♥t❡r✈❛❧♦✳ ❊st❛ ❢ór♠✉❧❛ é ❛♣r♦①✐♠❛❞❛

❥á q✉❡✱ ❡♠ ❣❡r❛❧✱ ❉̂ ❡ ◆̂ ♥ã♦ ❝♦♠✉t❛♠❀ ❡①❛t❛♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❢♦r♠❛❧ ❞❛ ❡q✳ ❆✳✹ é

E (r❚✱z + δz) = ❡①♣
[

δz
(

❉̂ + ◆̂
)]

E (r❚✱z) , ✭❆✳✻✮

❡ s❡ ✉s❛r♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ❇❛❦❡r✲❍❛✉s❞♦r✛ ♣❛r❛ ❞♦✐s ♦♣❡r❛❞♦r❡s q✉❡ ♥ã♦ ❝♦♠✉t❛♠ ❆̂ ❡ ❇̂
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❡①♣
(

❆̂
)

❡①♣
(

❇̂
)

= ❡①♣

(

❆̂ + ❇̂ +
1

2!

[

❆̂, ❇̂
]

+
1

3!

[

❆̂− ❇̂,
[

❆̂, ❇̂
]]

+ · · ·
)

, ✭❆✳✼✮

♣❛r❛ ❝♦♠♣❛r❛r ❛s ❡qs✳ ❆✳✺ ❡ ❆✳✻✱ ❛❝❤❛♠♦s q✉❡ ♥❛ ♠❡♥♦r ♦r❞❡♠ ❡♠ δz✱ ♦ ❡rr♦ ❝♦♠❡t✐❞♦

❡♠ ❝❛❞❛ ♣❛ss♦ é ✐❣✉❛❧ ❛ −1/2 (δz)2
[

❆̂, ❇̂
]

E (r❚✱z)✳ ■st♦ é✱ ✉♠ ❡rr♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥♦

t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳

❆ ♣r❡❝✐sã♦ ❞♦ ❙❙✲❇P▼ ♣♦❞❡ s❡r ♠❡❧❤♦r❛❞❛ ❛✐♥❞❛ ♠❛✐s✱ ❛❞♦t❛♥❞♦ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞✐❢❡r✲

❡♥t❡ ♣❛r❛ ♣r♦♣❛❣❛r ♦ ♣✉❧s♦ ❛tr❛✈és ❞♦ s❡❣♠❡♥t♦ ❡♥tr❡ ③ ❡ z + δz✳ ◆❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❛ ❡q✳

❆✳✺ é s✉❜st✐t✉í❞❛ ♣♦r

E (r❚✱z + δz) = ❡①♣

(

1

2
δz ❉̂

)

❡①♣
(

δz ◆̂
)

❡①♣

(

1

2
δz ❉̂

)

E (r❚✱z) + O (δz )3 , ✭❆✳✽✮

♦♥❞❡ ❛ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛ ❡stá ❡♠ q✉❡ ♦ ❡❢❡✐t♦ ❞❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ❡stá ✐♥❝❧✉í❞♦ ♥❛ ♠❡t❛❞❡

❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦♣❛❣❛çã♦✳ ❉❡✈✐❞♦ ❛ q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❡①♣♦♥❡♥❝✐❛✐s ✜❝❛♠ ♦r❞❡♥❛❞♦s ❞❡

❢♦r♠❛ s✐♠étr✐❝❛✱ ❡st❛ ✈❡rsã♦ ❞♦ s♣❧✐t✲st❡♣ é ❝❤❛♠❛❞❛ ❞❡ ❙❙✲❇P▼ s✐♠❡tr✐③❛❞♦ ❬✸✹❪✳ ❆ ♣r✐♥❝✐♣❛❧

✈❛♥t❛❣❡♠ ❞❡ ✉s❛r ❛ ❢♦r♠❛ s✐♠❡tr✐③❛❞❛ é q✉❡ ♦ ❡rr♦ ❞❡ ♦r❞❡♠ ♠❛✐♦r r❡s✉❧t❛ ❞♦ ❝♦♠✉t❛❞♦r

❞✉♣❧♦ ❡♠ ❆✳✼ ❡ é✱ ❡♥tã♦✱ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦♣❛❣❛çã♦✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❙❙✲❇P▼ é r❡❧❛t✐✈❛♠❡♥t❡ ❞✐r❡t❛✳ ❖ ♣✉❧s♦ ó♣t✐❝♦ é ♣r♦♣❛❣❛❞♦ ❞❡

s❡❣♠❡♥t♦ ❛ s❡❣♠❡♥t♦ ✉s❛♥❞♦ ❛ r❡❝❡✐t❛ ❞❛ ❡q✳ ❆✳✽✳ ❆ ❛♣❧✐❝❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❡①♣
(

1
2
δz ❉̂

)

s♦❜r❡ ♦ ♣✉❧s♦ E (r❚✱z) é ✉♠ ♣♦✉❝♦ ♣r♦❜❧❡♠át✐❝❛ ❞❛❞❛ ❛ ❡①✐stê♥❝✐❛ ❞❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s✱

♠❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r✱ r❡s✉❧t❛ s✐♠♣❧❡s ❞❡ ❛✈❛❧✐❛r ❥á q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛✐s ❞♦ t✐♣♦

∂n/∂xn
j sã♦ s✉❜st✐t✉í❞♦s ♣♦r t❡r♠♦s ❞♦ t✐♣♦ (✐k)n✱ ❡ ♥❡ss❡ ❝❛s♦✱ ♦ ♦♣❡r❛❞♦r ❉̂ é só ✉♠ ♥ú♠❡r♦

♥♦ ❞♦♠í♥✐♦ ❞♦s ✈❡t♦r❡s ❞❡ ♦♥❞❛✳ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❝❛♠♣♦ é ❛✈❛❧✐❛❞❛ ✉s❛♥❞♦

♦ ❛❧❣♦r✐t♠♦ ❞❡ ❋❋❚✱ ♦ q✉❡ ❢❛③ q✉❡ ♦ ♠ét♦❞♦ ❞❡ s♣❧✐t✲st❡♣ s❡❥❛ ❛té ❞✉❛s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛

♠❛✐s rá♣✐❞♦ q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❛❧❣♦r✐t♠♦s ❜❛s❡❛❞♦s ❡♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❬✸✷❪✳

❆✳✷ ❙❙✲❇P▼ ♠♦❞✐✜❝❛❞♦✿ ❢♦r♠❛❧✐s♠♦ ♥♦ ❞♦♠í♥✐♦ ❞♦

t❡♠♣♦

❖ ❙❙✲❇P▼ ❛ss✐♠ ❝♦♠♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ♥ã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❞❡ ❢♦r♠❛

❡✜❝✐❡♥t❡ ❛ s✐st❡♠❛s ♦♥❞❡ ❛❝♦♥t❡ç❛♠ ❝â♠❜✐♦s s✐❣♥✐✜❝❛t✐✈♦s ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ ❥á q✉❡ ♥❡st❡

❝❛s♦ ❛ ❙❱❊❆ ♥ã♦ é ✈❛❧✐❞❛ ❡✱ ♣♦rt❛♥t♦✱ é ♥❡❝❡ssár✐♦ ✐♥❝❧✉✐r ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ s✉♣❧❡♠❡♥✲

tár✐❛s ❡♠ ❝❛❞❛ ✐♥t❡r❢❛❝❡✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ s❡ t♦r♥❡ ♣❡s❛❞♦ ❡ ❞✐❢í❝✐❧ ❞❡ ♠❛♥❡❥❛r

❛♦ ✐r❡♠ ❛✉♠❡♥t❛♥❞♦ ❞✐t♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡r❢❛❝❡s✳ ➱ ❝❧❛r♦ q✉❡ ❛s s✉♣❡r✲r❡❞❡s ❞✐❡❧étr✐❝❛s sã♦ ✉♠

❜♦♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ s✐st❡♠❛ q✉❡ ♣♦ss✉✐ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✳ ❊♠ s❡❣✉✐❞❛
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❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ s♣❧✐t✲st❡♣ ❞❡✈✐❞❛ ❛ ❙❝❛❧♦r❛ ❡t ❛❧✳ ❬✸✺❪✱ ❛ q✉❛❧

❝♦♥s❡❣✉❡ ❞❡s❝r❡✈❡r ♠✉❞❛♥ç❛s ❛r❜✐trár✐❛s ♥♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦✱ ❛❧é♠ ❞♦s ❡❢❡✐t♦s ❞✐❢r❛t❛♥t❡s✱

❝♦♠ ♦ ♠❡s♠♦ ❣r❛✉ ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❞♦ ♠ét♦❞♦ ♣❛❞rã♦✳ ❊st❛ ✈❡rsã♦ ❢♦✐ ❛ ✉s❛❞❛ ✜♥❛❧♠❡♥t❡

♥❡st❡ tr❛❜❛❧❤♦✳

❖ ♣r✐♠❡✐r♦ q✉❡ ❞❡✈❡♠♦s ❢❛③❡r é ❡❧✐♠✐♥❛r ❛ r❡str✐çã♦ ❝❛✉s❛❞❛ ♣❡❧❛ ❙❱❊❆✳ ■st♦ s✐❣♥✐✜❝❛

q✉❡ t❡♠♦s ❞❡ tr❛❜❛❧❤❛r ❞✐r❡t❛♠❡♥t❡ ❝♦♠ ❛ ❡q✳ ❆✳✶✱ s❡♠ ❞❡s♣r❡③❛r ♥❡♥❤✉♠❛ ❞❛s ❞❡r✐✈❛❞❛s

t❡♠♣♦r❛✐s ♥❡♠ ❡s♣❛❝✐❛✐s ❡✱ t❛♠❜é♠✱ s❡♠ ♣❛ss❛r ❛♦ s✐st❡♠❛ ❞♦ r❡❢❡r❡♥❝✐❛❧ ❞♦ ❢❡✐①❡✳ ❆♣❡s❛r

❞❡ t✉❞♦ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♥♦ss❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❞❛ ❢♦r♠❛ ❝♦♠♣❛❝t❛ ❛♣t❛ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦

❞♦ ♠ét♦❞♦ s♣❧✐t✲st❡♣✿

∂E

∂τ
=
(

❉̂ + ◆̂
)

E, ✭❆✳✾✮

❝♦♠ ❛s ❞❡✜♥✐çõ❡s

❉̂ =
✐

4π

λ0

a

∂2

∂ξ2
− ✐

4π

λ0

a

∂2

∂τ 2
− ∂

∂ξ
+

✐
4π

λ0

a
∇2

⊥
✭❆✳✶✵✮

◆̂E = −✐

(

λ0

a

∂2

∂τ 2
− 4π✐

∂

∂τ
− 4π2 a

λ0

)

P,

❡ ♦♥❞❡ ❢♦r❛♠ ✉s❛❞❛s ❛s ✉♥✐❞❛❞❡s ❛❞✐♠❡♥s✐♦♥❛✐s✿ τ = ct/a ❡ ξ = z/a✱ ❡s❝❛❧❛❞❛s ❛♦ ♣❡rí♦❞♦ ❞❛

❡str✉t✉r❛✱ a✱ ❡ s❡♥❞♦ P ❛ ♣♦❧❛r✐③❛çã♦ ❞♦ ♠❡✐♦✱ q✉❡ ❡♠ ❣❡r❛❧ é ✉♠❛ ❢✉♥çã♦ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✳

❆ s♦❧✉çã♦ ❞❛ ❡q✳ ❆✳✾ é ❝♦♠♣❧✐❝❛❞❛ ❥á q✉❡ ♦s ♦♣❡r❛❞♦r❡s ♣♦❞❡♠ t❡r ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣❧í❝✐t❛

❞♦ t❡♠♣♦✳ ▼❛s✱ s❡ ✉s❛r♠♦s ❛ ❢♦r♠✉❧❛ ❞❡ ▼❛❣♥✉s✷❬✸✻❪✱ ♥❛ s✉❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦✱ ❛

s♦❧✉çã♦ é ✐❞ê♥t✐❝❛ à ❡q✳ ❆✳✸✱ ♠❛s ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❛ ♣r♦♣❛❣❛çã♦ s❡r ♥❡st❡ ❝❛s♦ ♥♦ t❡♠♣♦✿

E (r⊥✱ξ, τ) = ❡①♣





τ
∫

0

(

D̂ + N̂
)

dτ



E (r⊥, ξ, 0) , ✭❆✳✶✶✮

❡ ♣♦rt❛♥t♦✱ ♣♦❞❡r❡♠♦s ✉s❛r ❛ ❡①♣r❡ssã♦ ✉s❛❞❛ ♥♦ ♠ét♦❞♦ ❞❡ s♣❧✐t✲st❡♣ s✐♠❡tr✐③❛❞♦✱ ❝♦♠ ♦s

♦♣❡r❛❞♦r❡s ❞❡ ❞✐❢r❛çã♦ ❡ r❡❢r❛çã♦ ❛t✉❛♥❞♦ s❡♣❛r❛❞❛♠❡♥t❡✱

E (r⊥, ξ, τ + δτ) = ❡①♣

(

1

2
δτ❉̂

)

❡①♣
(

δτ ◆̂
)

❡①♣

(

1

2
δτ❉̂

)

E (r⊥, ξ, τ) + O (δτ)3 . ✭❆✳✶✷✮

❆ ♣❛rt❡ ❞✐❢r❛t✐✈❛ é✱ ❡♥tã♦✱ ❞❡s❝r✐t❛ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭❢❛③❡♥❞♦ ◆̂ = 0)

✷❊st❛ ❢♦r♠✉❧❛ ❢♦✐ ❞❡r✐✈❛❞❛ ♣♦r ♣r✐♠❡✐r❛ ✈❡③ ♣♦r ❲✳ ▼❛❣♥✉s ❡♠ ✶✾✺✹ ❬✸✼❪✱ ♠❛s ❡r❛ r❡❧❛t✐✈❛♠❡♥t❡ ♣♦✉❝♦
❝♦♥❤❡❝✐❞❛ ❡♥tr❡ ♦s ❢ís✐❝♦s ❡ ❢♦✐ ❞❡r✐✈❛❞❛ s✉❜s❡q✉❡♥t❡ ❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ❘♦❜✐♥s♦♥ ❬✸✽❪ ❡ P❡❝❤✉❦❛s ❡
▲✐❣❤t ❬✸✻❪✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ t❡♠♣♦r❛❧ ♣❛r❛ s♦❧✉❝✐♦♥❛r ❛ ❡q✳ ❞❡ ❙❝❤rö❞✐♥❣❡r✳



❆P✃◆❉■❈❊ ❆✳ ❙P▲■❚✲❙❚❊P ❇❊❆▼ P❘❖P❆●❆❚■❖◆ ▼❊❚❍❖❉ ✺✺

∂E (ξ, τ)

∂τ
=

[

✐
4π

λ0

a

∂2

∂ξ2
− ✐

4π

λ0

a

∂2

∂τ 2
− ∂

∂ξ

]

E (ξ, τ) , ✭❆✳✶✸✮

♦♥❞❡ ✐❣♥♦r❛♠♦s ♦s ❡❢❡✐t♦s tr❛♥s✈❡rs❛✐s q✉❡ ♣♦❞❡♠ s❡r ✐♥❝❧✉í❞♦s ❢❛❝✐❧♠❡♥t❡✳ ❊st❛ ♣♦❞❡ s❡r

r❡s♦❧✈✐❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r r❡s✉❧t❛♥❞♦ ♥❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥ár✐❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

[

∂2

∂τ 2
− 4π✐

a

λ0

∂

∂τ
+

(

k2 + 4π
a

λ0

k

)]

Ẽ (k, τ) = 0, ✭❆✳✶✹✮

♦♥❞❡

Ẽ (k, τ) =

∞
∫

−∞

E (ξ, τ) exp (−✐kξ) ❞ξ,

é ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ✐♥✈❡rs❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦✳ ❊q✳ ❆✳✶✹ ♣♦❞❡ s❡r

s♦❧✉❝✐♦♥❛❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❛r❛ ✉♠ ❝❡rt♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦♣❛❣❛çã♦ δτ ♣♦r q✉❛❧q✉❡r ♠ét♦❞♦

♥✉♠ér✐❝♦ ❛♣r♦♣r✐❛❞♦✳ ❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ ❛ r❡❢r❛çã♦ s♦❜r❡ ❡ss❡ ♠❡s♠♦ ✐♥t❡r✈❛❧♦ ♣♦❞❡ s❡r ♦❜t✐❞❛

♣♦r ✐♥t❡❣r❛çã♦ ❞✐r❡t❛ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

∂E (ξ, τ)

∂τ
=

[

−✐
λ0

a

∂2

∂τ 2
− 4π

∂

∂τ
+ 4π2✐

a

λ0

]

P (ξ, τ) , ✭❆✳✶✺✮

♦♥❞❡ ❛ s♦❧✉çã♦ ❞❡st❛ ❡q✉❛çã♦ ✈❛✐ ❞❡♣❡♥❞❡r ❞❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❡ P ✱ q✉❡ ♥❡st❡ tr❛❜❛❧❤♦ s❡

t♦♠❛ ❝♦♠♦ P = χ❡✛ (ξ)E✳

❊st❛ ✈❡rsã♦ ❞♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ♦ tr❛❞✐❝✐♦♥❛❧✳ ❆

♣r✐♥❝✐♣❛❧✱ q✉✐çá✱ é q✉❡ ♦ ♠ét♦❞♦ ♥ã♦ r❡q✉❡r ❛ ❡s♣❡❝✐✜❝❛çã♦ ❡①♣❧í❝✐t❛ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

♣❛r❛ ♦ ❝❛♠♣♦ ♥❛s ✐♥t❡r❢❛❝❡s✳ ❆♦ ♥ã♦ ✉s❛r ❛ ❙❱❊❆✱ ❛s ❢✉♥çõ❡s ❞❛ ❝♦♦r❞❡♥❛❞❛ ❧♦♥❣✐t✉❞✐♥❛❧

♥ã♦ ♣r❡❝✐s❛♠ ✈❛r✐❛r ❧❡♥t❛♠❡♥t❡✱ ❡ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ✈❛r✐❛çõ❡s ❛r❜✐trár✐❛s ❞♦ í♥❞✐❝❡ ❞❡ r❡✲

❢r❛çã♦✿ ❛♦ ❝❛♠♣♦ s❡r ❛✈❛♥ç❛❞♦ ♥♦ t❡♠♣♦✱ ❛s ✈❛r✐❛çõ❡s ❧♦♥❣✐t✉❞✐♥❛✐s ❡ tr❛♥s✈❡rs❛✐s ❡✈♦❧✉❡♠

❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞❡ χ❡✛ (ξ)✱ ♦ q✉❡ s✐❣♥✐✜❝❛✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ q✉❡ ❡st❡

♠ét♦❞♦ ♣♦❞❡ ❞❛r ❝♦♥t❛ ❞❛s r❡✢❡①õ❡s ❛❧é♠ ❞♦s ❡❢❡✐t♦s tr❛♥s✈❡rs❛✐s✳ ❆❞❡♠❛✐s✱ ♣♦❞❡♠♦s ❞❡s❝r✲

❡✈❡r ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛r❜✐trár✐♦✱ ❥á q✉❡ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s t❡♠♣♦r❛✐s

q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❡q✳ ❞❡ ♦♥❞❛ ❞❡ ▼❛①✇❡❧❧ sã♦ r❡t✐❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✐♥❝❧✉✐ ❛ ♣♦ss✐❜✐❧✐✲

❞❛❞❡ ❞❡ ❞❡s❝r❡✈❡r ♣✉❧s♦s ✉❧tr❛❝✉rt♦s✳ P♦r ú❧t✐♠♦✱ q✉❡r♦ ❛♣♦♥t❛r q✉❡ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛

♠❛t❡♠át✐❝♦✱ ❛ ❡s❝♦❧❤❛ ❞♦s ♦♣❡r❛❞♦r❡s ❉̂ ❡ ◆̂ é ❛r❜✐trár✐❛ ❡♥q✉❛♥t♦ ❝♦♥t✐♥✉❡♠ s❛t✐s❢❛③❡♥❞♦

❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ❛ ❞❡✜♥✐çã♦ ❞❡st❡s ♦♣❡r❛❞♦r❡s ❢♦✐ ❢❡✐t❛

♣❛r❛ r❡ss❛❧t❛r ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ♦ ❡❢❡✐t♦ ❞✐❢r❛t✐✈♦ ❡ ♦ r❡❢r❛t✐✈♦✳



❆♣ê♥❞✐❝❡ ❇

▼ét♦❞♦ ❞♦ Pr✐♥❝✐♣✐♦ ❞❡ ■♥❝❡rt❡③❛✿ P❛ss♦

❆❞❛♣t❛t✐✈♦

❊♠❜♦r❛ ♦ ❙❙✲❇P▼ s❡❥❛ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ ❡ r❡❧❛t✐✈❛♠❡♥t❡ ❢á❝✐❧ ❞❡ ✐♠♣❧❡♠❡♥t❛r✱

r❡q✉❡r ❞❡ ❝❡rt♦s ❝✉✐❞❛❞♦s ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ s❡❥❛ ✉s❛❞♦ ❛♣r♦♣r✐❛❞❛♠❡♥t❡✳ P♦r ❡①❡♠♣❧♦✱ é

✐♠♣♦rt❛♥t❡ ♠♦♥✐t♦r❛r ❛ ♣r❡❝✐sã♦ ❝❛❧❝✉❧❛♥❞♦ q✉❛♥t✐❞❛❞❡s ❝♦♥s❡r✈❛❞❛s ❝♦♠♦ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦

♣✉❧s♦ ✭❡♠ ❛✉sê♥❝✐❛ ❞❡ ❛❜s♦rçã♦✮✱ ✉s❛r ✉♠❛ ❥❛♥❡❧❛ ❞❡ s✐♠✉❧❛çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❧❛r❣❛ ♣❛r❛ q✉❡

❛ ❡♥❡r❣✐❛ ❞♦ ♣✉❧s♦ ✜q✉❡ ❝♦♥✜♥❛❞❛ ❞❡♥tr♦ ❞❡❧❛ ✭❥á q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❋❋❚ ✉s❛ ✐♠♣❧✐❝✐t❛♠❡♥t❡

❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s✱ ❡ ❛ ❡♥❡r❣✐❛ q✉❡ ❛t✐♥❣❡ ✉♠ ❡①tr❡♠♦ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❡♥tr❛ ❞❡ ♥♦✈♦ ♣❡❧♦

♦✉tr♦ ❡①tr❡♠♦✮ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❡s❝♦❧❤❡r ❞❡ ❢♦r♠❛ ❛❞❡q✉❛❞❛ ♦ ♣❛ss♦ ❞❛ ♣r♦♣❛❣❛çã♦✳

❯♠ ❜♦♠ ❝r✐tér✐♦ ❞❡ s❡❧❡çã♦ ♣❛r❛ ♦ ♣❛ss♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ♦♣t✐♠✐③❛çã♦ ❞♦

❙❙✲❇P▼✳ ❚❛♥t♦ ❛ ♣r❡❝✐sã♦ q✉❛♥t♦ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛ ❞♦s ♣❛ss♦s

t❡♠♣♦r❛❧ ❡ ❡s♣❛❝✐❛❧✱ δτ ❡ δξ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ é ♠♦str❛❞♦ ♣♦r ❙✐♥❦✐♥ ❡t ❛❧✳ ❬✸✾❪✱ ♦

♣❛ss♦ ❞❡ ♣r♦♣❛❣❛çã♦ ✭δτ ♥♦ ♥♦ss♦ ❝❛s♦✮ é ♣♦✉❝♦ s❡♥sí✈❡❧ às ♠✉❞❛♥ç❛s ❡♠ δξ✱ ❡ é ♣♦r ✐ss♦

q✉❡ ♥♦s ❝♦♥❝❡♥tr❛♠♦s ♥❛ ❡s❝♦❧❤❛ ❞❡ δτ ✳ ❆❞❡♠❛✐s✱ ♥❡ss❡ ♠❡s♠♦ tr❛❜❛❧❤♦ ♦❜s❡r✈❛✲s❡ q✉❡

♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✱ ❛ ♦♣çã♦ s✐♠♣❧❡s ❞❡ ♠❛♥t❡r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❝♦♥st❛♥t❡ é ♦ ♠❡♥♦s

❡✜❝✐❡♥t❡ ❞♦s ♠ét♦❞♦s✳

❏á s❛❜❡♠♦s q✉❡ ♦ ❡rr♦ ❞♦ ❙❙✲❇▼P é ❝❛✉s❛❞♦ ♣❡❧♦ ❢❛t♦ ❞♦s ♦♣❡r❛❞♦r❡s ❉̂ ❡ ◆̂ ♥ã♦ ❝♦✲

♠✉t❛r❡♠✳ ◆❛ ♠❡♥♦r ♦r❞❡♠ ❡♠ δτ ♦ ❡rr♦ ❞♦ ♠ét♦❞♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❞❛

❝♦♦r❞❡♥❛❞❛ ❧♦♥❣✐t✉❞✐♥❛❧ ♣♦r✿

− 1/2 (δτ)2
[

❉̂, ◆̂
]

E (ξ, τ) , ✭❇✳✶✮

✉s❛♥❞♦ ❛ ❡q✳ ❆✳✼✳ ❉❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ ♣rát✐❝♦✱ ♥ã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ❡rr♦ ❡♠ ❝❛❞❛

♣♦♥t♦ ♠❛s ❡♠ ✉♠ ♥ú♠❡r♦ q✉❡ ♥♦s ♣r♦♣♦r❝✐♦♥❡ s✉✜❝✐❡♥t❡ ✐♥❢♦r♠❛çã♦ ♣❛r❛ ❡s❝♦❧❤❡r ♦ ♣❛ss♦

t❡♠♣♦r❛❧ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r❡❝✐sã♦ ❞❡s❡❥❛❞❛✳ ❆ r❡❢✳ ❬✸✾❪ ❞❡✜♥❡ ❡ ✉s❛ ❝♦♠♦ ✉♠ ❜♦♠ ♣❛râ♠❡tr♦

✺✻
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♦ ❡rr♦ ❧♦❝❛❧ r❡❧❛t✐✈♦ ❝❛❧❝✉❧❛❞♦ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

η ≡ ‖En − Ea‖
‖Ea‖

, ✭❇✳✷✮

♦♥❞❡ En é ♦ r❡s✉❧t❛❞♦ ♥✉♠ér✐❝♦ ❛♣ós ✉♠ ♣❛ss♦ ❞❡ ♣r♦♣❛❣❛çã♦✱ Ea é ♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ q✉❡

s❡ s✉♣õ❡ ❝♦♥❤❡❝✐❞♦ ♦✉ ❡st✐♠❛❞♦ ❞❡ ❛❧❣✉♠❛ ♠❛♥❡✐r❛✱ ❡ ‖E‖ ≡
√

∫

|E (ξ, τ)|2 ❞ξ✳ ❯s❛♥❞♦ ❛s

❡q✉❛çõ❡s ❆✳✺✱ ❆✳✻ ❡ ❆✳✼✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡

η = (1/2) (δτ)2

√

√

√

√

√

∫

∣

∣

∣

[

❉̂, ◆̂
]

E (ξ, τ)
∣

∣

∣

2

❞ξ
∫

|E (ξ, τ)|2 ❞ξ
. ✭❇✳✸✮

❈♦♠ ❡st❛ ❢ór♠✉❧❛ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❡ ♣r♦♣❛❣❛çã♦✱ δτ ✱ ♣❛r❛ ✉♠❛

♣r❡❝✐sã♦ ❡s♣❡❝í✜❝❛✱ η✳

■♥s♣✐r❛❞♦s ♥❛ ❞❡✜♥✐çã♦ ❇✳✸ ♣❛r❛ ♦ ❡rr♦ ❧♦❝❛❧ r❡❧❛t✐✈♦✱ ❘✐❡③♥✐❦ ❡t ❛❧✳ ❬✹✵❪ ✉s❛♠ ✉♠ ♦✉tr♦

♣❛râ♠❡tr♦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ❛❞❛♣t❛t✐✈♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✱ ❜❛s❡❛❞♦ ♥♦ ❡rr♦ ♠é❞✐♦ ❞❛❞♦ ♣♦r

ε ≡ (1/2) (δτ)2
∣

∣

∣

〈[

❉̂, ◆̂
]〉∣

∣

∣
≡ (1/2) (δτ)2

∣

∣

∣

∫

E∗ (ξ, τ)
[

❉̂, ◆̂
]

E (ξ, τ) ❞ξ
∣

∣

∣

∫

|E (ξ, τ)|2 ❞ξ
, ✭❇✳✹✮

♦♥❞❡ ✉s❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞♦ ✈❛❧♦r ♠é❞✐♦ ❞♦ ❝♦♠✉t❛❞♦r
[

❉̂, ◆̂
]

♥♦ ❡st❛❞♦ E (ξ, τ) ❝♦♠♦ é

✉s❛❞❛ ♥♦ ❝♦♥t❡①t♦ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✳ ❊❧❡s ♠♦str❛♠ ❝♦♠♦ ❡st❡ ❡rr♦ ε é t❛♠❜é♠ ✉♠ ❜♦♠

♣❛râ♠❡tr♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ♦ ✈❛❧♦r ❡①❛t♦ ❡ ♦ ♥✉♠ér✐❝♦✳ ❊ é ♣r❡❝✐s❛♠❡♥t❡

❛tr❛✈és ❞❡ ✉♠ ❝♦♥❝❡✐t♦ ♠✉✐t♦ út✐❧ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ❛ s❛❜❡r✿ ♦ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♥❝❡rt❡③❛

❡♥tr❡ ✉♠ ♣❛r ❞❡ ♦❜s❡r✈á✈❡✐s✱ q✉❡ ❝♦♥s❡❣✉❡♠ ❡st❛❜❡❧❡❝❡r ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ❛♦ ✈❛❧♦r ❞❡ ε✱

❢❛③❡♥❞♦ ✉♠❛ ❡s❝♦❧❤❛ ❝♦rr❡t❛ ❞❡ δτ ✳

❖ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♥❝❡rt❡③❛ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙❝❤✇❛r③ ❬✹✶❪ q✉❡ é ❛♣❧✐❝❛✈❡❧

❛ q✉❛❧q✉❡r ♣❛r ❞❡ ♦♣❡r❛❞♦r❡s ❤❡r♠✐t✐❛♥♦s✱ ❡ ❡♠ ♣❛rt✐❝✉❧❛r ❛♦s ♦♣❡r❛❞♦r❡s ❉̂ ❡ ◆̂✱ ❞❛❞♦ q✉❡

♦ sã♦✶✱ ❡ t❡♠ ❛ ❢♦r♠❛

∣

∣

∣

〈[

❉̂, ◆̂
]〉∣

∣

∣
≤ 2∆❉̂∆◆̂, ✭❇✳✺✮

♦♥❞❡ ∆❉̂ ❡ ∆◆̂ sã♦ ♦s ❞❡s✈✐♦s ♣❛❞rã♦✱ ♥♦✈❛♠❡♥t❡ ❞❡✜♥✐❞♦s ❝♦♠♦ ♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱

❛tr❛✈és ❞❡✿

∆❆̂ =

√

〈

(

❆̂−
〈

❆̂
〉)2

〉

, ✭❇✳✻✮

✶❊♠❜♦r❛ ◆̂ s❡❥❛ ✉♠ ♦♣❡r❛❞♦r ♥ã♦ ❧✐♥❡❛r✱ ❡♥✈♦❧✈❡ s♦♠❡♥t❡ ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❛ ♣♦s✐çã♦
❡ ♣♦rt❛♥t♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❡ ♣r♦♣❛❣❛çã♦ t❡♠♣♦r❛❧✳



❆P✃◆❉■❈❊ ❇✳ ▼➱❚❖❉❖ ❉❖ P❘■◆❈■P■❖ ❉❊ ■◆❈❊❘❚❊❩❆✿ P❆❙❙❖ ❆❉❆P❚❆❚■❱❖ ✺✽

s❡♥❞♦
〈

❆̂
〉

=

∫

E∗ (ξ, τ) ❆̂E (ξ, τ) ❞ξ
∫

|E (ξ, τ)|2 ❞ξ
. ✭❇✳✼✮

P♦rt❛♥t♦✱ ❝♦♠❜✐♥❛♥❞♦ ❛s ❡qs✳ ❇✳✹ ❡ ❇✳✺ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

ε = (1/2) (δτ)2
∣

∣

∣

〈[

❉̂, ◆̂
]〉∣

∣

∣
≤ (δτ)2 ∆❉̂∆◆̂, ✭❇✳✽✮

❡ ❞❛í✱ ❡s❝♦❧❤❡r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❡ ❛❝♦r❞♦ ❝♦♠

δτ =

√

ε

∆❉̂∆◆̂
, ✭❇✳✾✮

❛❝♦t❛♥❞♦ ❛ss✐♠ ♦ ❡rr♦ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡s❡❥❛❞♦ q✉❡ s❡ s✉❜st✐t✉✐rá ♥❛ ❡q✳ ❇✳✾✳ ❊st❡

é ♦ ❝r✐t❡r✐♦ ❝❤❛♠❛❞♦ ❞❡ ♠ét♦❞♦ ❞♦ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♥❝❡rt❡③❛ ❬✹✵❪ ❞❡✈✐❞♦ ❛ ❡st❛r ❜❛s❡❛❞♦ ♥❛

❞❡s✐❣✉❛❧❞❛❞❡ ♠❛t❡♠ât✐❝❛ q✉❡ ❞á ❧✉❣❛r ❛♦ ♣r✐♥❝✐♣✐♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❡

t❛♠❜é♠ ♣♦r s❡r❡♠ ❝❛❧❝✉❧❛❞♦s ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥❡ss❡ ❢♦r♠❛❧✐s♠♦✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ♣rát✐❝❛ ❞♦ ♠ét♦❞♦ ❞♦ ♣r✐♥❝✐♣✐♦ ❞❡ ✐♥❝❡rt❡③❛ é s✐♠♣❧❡s✱ ❜❛st❛ ❛❞✐❝✐♦♥❛r

✉♠❛ s✉❜r♦t✐♥❛ q✉❡ ❛✈❛❧✐❡ ❛ ♠é❞✐❛ ♠❡❝â♥✐❝♦✲q✉â♥t✐❝❛✱ ❡ ❝♦♠ ❡st❛✱ ❝❛❧❝✉❧❛r ❛s ❞❡s✈✐❛çõ❡s

♣❛❞rã♦ ❞♦s ♦♣❡r❛❞♦r❡s ❡♥✈♦❧✈✐❞♦s✱ ∆❉̂ ❡ ∆◆̂✱ q✉❡ sã♦ ✉s❛❞♦s ♥❛ ❡q✳ ❇✳✾✳ ❈♦♠♦ ♥♦ ❝❛s♦ ❞❛

✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ s♣❧✐t✲st❡♣✱ ❛✈❛❧✐❛r ❡st❛s ♠é❞✐❛s q✉â♥t✐❝❛s ♥♦ ❡s♣❛ç♦ ❞✐r❡t♦ ♣♦❞❡ s❡r ❝♦♠✲

♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❞✐s♣❡rsã♦✱ ❥á q✉❡ ✐♥❝❧✉✐ ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s✱

♠❛s✱ ♣♦❞❡♠♦s ✐r ❛♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r ❡ ♦❜t❡r ❞❡ ❢♦r♠❛ ♠✉✐t♦ ♠❛✐s ❢á❝✐❧ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✿

〈

❆̂
〉

=

∫

Ẽ∗ (κ, τ) ❆̂Ẽ (κ, τ) ❞κ
∫

∣

∣

∣Ẽ (κ, τ)
∣

∣

∣

2

❞κ
✭❇✳✶✵✮

❝♦♠ Ẽ (k, τ) = F [E (ξ, τ)] =
∫

∞

−∞
E (ξ, τ) exp (−✐κξ) ❞ξ ✱ ❥á q✉❡ ❛ ♠é❞✐❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛

r❡♣r❡s❡♥t❛çã♦ q✉❡ ❡st❡❥❛♠♦s ✉t✐❧✐③❛♥❞♦✳ P♦r ú❧t✐♠♦✱ ✈❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡ ♥ã♦ é ♥❡❝❡ss❛r✐♦

r❡❝❛❧❝✉❧❛r δτ ❛ ❝❛❞❛ ♣❛ss♦ ❞❛ ♣r♦♣❛❣❛çã♦✱ ♥♦r♠❛❧♠❡♥t❡ é s✉✜❝✐❡♥t❡ ❝❤❛♠❛r ❡st❛ s✉❜r♦t✐♥❛ ❛

❝❛❞❛ ✶✵✲✷✵ ♣❛ss♦s✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❊✳ ❨❛❜❧♦♥♦✈✐t❝❤✱ ✏■♥❤✐❜✐t❡❞ s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ ✐♥ s♦❧✐❞✲st❛t❡ ♣❤②s✐❝s ❛♥❞ ❡❧❡❝tr♦♥✐❝s✑✱

P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✺✽✱ ✷✵✺✾ ✭✶✾✽✼✮✳

❬✷❪ ❊✳ ❨❛❜❧♦♥♦✈✐t❝❤✱ ✏P❤♦t♦♥✐❝ ❝r②st❛❧s✿ s❡♠✐❝♦♥❞✉❝t♦rs ♦❢ ❧✐❣❤t✑✱ ❙❝✐✳ ❆♠✳ ✷✽✺✱ ✹✼ ✭✷✵✵✶✮✳

❬✸❪ ❙✳ ❏♦❤♥✱ ✏❙tr♦♥❣ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ ♣❤♦t♦♥s ✐♥ ❝❡rt❛✐♥ ❞✐s♦r❞❡r❡❞ ❞✐❡❧❡❝tr✐❝ s✉♣❡r❧❛tt✐❝❡s✑✱

✺✽✱ ✷✹✽✻ ✭✶✾✽✼✮✳

❬✹❪ ❊✳ ❨❛❜❧♦♥♦✈✐t❝❤✱ ❚✳ ●♠✐tt❡r✱ ✫ ❑✳ ▲❡✉♥❣✱ ✏P❤♦t♦♥✐❝ ❜❛♥❞ str✉❝t✉r❡✿ t❤❡ ❢❛❝❡✲❝❡♥t❡r❡❞✲

❝✉❜✐❝ ❝❛s❡ ❡♠♣❧♦②✐♥❣ ♥♦♥s♣❤❡r✐❝❛❧ ❛t♦♠s✑✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✻✼✱ ✷✷✾✺ ✭✶✾✾✶✮✳

❬✺❪ ❏✳ ❉✳ ❏♦❛♥♥♦♣♦✉❧♦s✱ ❙✳ ●✳ ❏♦❤♥s♦♥✱ ❏✳ ◆✳ ❲✐♥♥✱ ❘✳ ❉✳ ▼❡❛❞❡✱ P❤♦t♦♥✐❝ ❈r②st❛❧s✿ ▼♦❧❞✲

✐♥❣ t❤❡ ✢♦✇ ♦❢ ❧✐❣❤t✱ ✷♥❞ ❡❞✳ ✭Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥ ◆❏✱ ✷✵✵✽✮✳

❬✻❪ ❍✳ ❙ö③ü❡r✱ ✫ ❏✳ ❉♦✇❧✐♥❣✱ ✏P❤♦t♦♥✐❝ ❜❛♥❞ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r ✇♦♦❞♣✐❧❡ str✉❝t✉r❡s✑✱ ❏✳ ▼♦❞✳

❖♣t✳ ✹✶✱ ✷✸✶ ✭✶✾✾✹✮❀ ❑✳ ▼✳ ❍♦✱ ❈✳ ❚✳ ❈❤❛♥✱ ❈✳ ▼✳ ❙♦✉❦♦✉❧✐s✱ ❘✳ ❇✐s✇❛s✱ ✫ ▼✱ ❙✐❣❛❧❛s✱

✏P❤♦t♦♥✐❝ ❜❛♥❞ ❣❛♣s ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✿ ◆❡✇ ❧❛②❡r✲❜②✲❧❛②❡r ♣❡r✐♦❞✐❝ str✉❝t✉r❡s✑✱ ❙♦❧✐❞

❙t❛t❡ ❈♦♠♠✳ ✽✾✱ ✹✶✸ ✭✶✾✾✹✮✳

❬✼❪ ❑✳ ❇✉s❝❤✱ ●✳ ✈♦♥ ❋r❡②♠❛♥♥✱ ❙✳ ▲✐♥❞❡♥✱ ❙✳ ❋✳ ▼✐♥❣❛❧❡❡✈✱ ▲✳ ❚❦❡s❤❡❧❛s❤✈✐❧✐✱ ▼✳ ❲❡❣❡♥❡r✱
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