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Resumo

Estudamos a dinamica de particulas-teste em sistemas hamiltonianos com
escapes, incluindo sistemas de fisica newtoniana (o sistema de Hénon-Heiles
para energias acima da energia de escape) e sistemas de relatividade geral
correspondendo a distribuicoes de matéria axisimétricas e estaticas, que po-
dem servir como modelo de centros galacticos; em particular, estudamos o
movimento de particulas-teste em campos gravitacionais gerados por halos
de matéria, com e sem um buraco negro central, tanto na formulacao newto-
niana como relativistica. Também estudamos um sistema idealizado de dois
buracos negros estaticos, onde o movimento de particulas-teste pode ser re-
duzido a um mapa, e uma dinamica simbdlica é encontrada explicitamente.
Estudamos a dinamica em geral cadtica destes sistemas. A sensibilidade as
condicoes iniciais é manifestada na estrutura fractal das bacias de escape. A
dimensao fractal da fronteira entre as bacias de escape fornece uma medida
quantitativa do caos nestes sistemas abertos.



Abstract

We study the dynamics of test particles in Hamiltonian systems with es-
capes, including Newtonian systems (the Hénon-Heiles system for energies
above the escape energy) and general-relativistic systems corresponding to
static axisymmetric mass distributions, which could be used to model galac-
tic cores; in particular, we study the motion of test particles in gravitational
fields generated by halos, with and without a central black hole, in both
the Newtonian and the relativistic formulations. We also study an idealized
two-black-hole system, wherein the motion of test particles is reduced to a
map, and a symbolic dynamics is explicitly found. We find these systems
have in general chaotic dynamics, and the sensibility to the initial conditions
manifests itself in the fractal structure of the basins of escape. The fractal di-
mension of the boundary between the basins gives us a quantitative measure
of chaos in these open systems.
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Introducao

A extrema sensibilidade as condicoes iniciais exibida por sistemas dinamicos
de baixa dimensionalidade regidos por leis de evolucao deterministicas sim-
ples é uma das mais importantes descobertas da fisica-matematica. As com-
plexas estruturas dinamicas associadas a estes sistemas (ditos “cadticos”)
sao objeto de estudos ha varias décadas. Dentre os sistemas dinamicos,
destacam-se em importancia os sistemas hamiltonianos, por sua extensa apli-
cagao em fisica. Sistemas dinamicos hamiltonianos sao usados para descrever,
entre outros fenomenos, o movimento de particulas-teste em campos conser-
vativos, incluindo o campo métrico tensorial da relatividade geral. Nesta
tese estudamos as manifestagoes de caos cldssico (ndo-quantico) em sistemas
hamiltonianos, em particular em sistemas da relatividade geral com interesse
astrofisico. Focalizamos o nosso interesse em sistemas com escapes, onde o
caos é de natureza transiente. Neste caso, a sensibilidade as condicoes iniciais
manifesta-se através de uma dependéncia complexa da rota de escape esco-
lhida pela particula como funcao das condicoes iniciais. Observamos que o
caos em sistemas relativisticos abertos ainda é um assunto pouco explorado.

A tese é dividida em duas partes: uma introducao geral, consistindo dos
capitulos 1-4, e os resultados propriamente ditos, consistindo dos apéndices
A, B, C e D, onde estao reproduzidos artigos publicados ou submetidos para
publicacao em revistas internacionais.

No capitulo 1 e 2, fazemos uma introducao aos conceitos de integra-
bilidade e caos em sistemas hamiltonianos genéricos; falamos entre outras
coisas do problema dos pequenos denominadores em teoria de perturbacao
classica, do teorema KAM, e da formacao de emaranhados homoclinicos que
dao origem ao caos. No capitulo 3, introduzimos as ferramentas para a
andalise de sistemas hamiltonianos abertos, que sao diferentes daquelas u-
sadas em sistemas confinados, mais comumente estudados. Nestes, o caos
é caracterizado por secoes de Poincaré, e é quantificado por coeficientes de
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Lyapunov. No caso de sistemas abertos, o caos é caracterizado pela estru-
tura fractal da fronteira que separa as condicOes iniciais correspondendo a
diferentes escapes, e é quantificado pela dimensao fractal desta fronteira. Em
particular, mostramos que a dimensao fractal (ou dimensao box-counting) é
uma medida direta da sensibilidade as condigoes iniciais que caracteriza o
caos. No capitulo 4, resumimos brevemente os resultados da relatividade
geral que usaremos, em particular a dinamica de particulas-teste em cam-
pos estaticos axisimétricos, que serao extensamente explorados nos artigos
reproduzidos nos Apéndices.

No Apéndice A, esta reproduzido o artigo “Fractal basins in Hénon-Heiles
and other polynomial potentials”, onde estudamos o conhecido sistema de
Hénon-Heiles para energias acima da energia de escape, quando o sistema
apresenta trés diferentes escapes. Mostramos numericamente que as bacias
de escape (os conjuntos de condi¢oes iniciais correspondendo a cada escape
distinto) tém uma estrutura fractal, e estudamos como esta estrutura frac-
tal é formada pela dinamica, e como esta estrutura e a sua correspondente
dimensao fractal mudam com a energia. Estudamos também neste artigo
outros potenciais polinomiais.

No Apéndice B, reproduzimos o artigo “Fractal escapes in Newtonian and
relativistic multipole gravitational fields”. Neste artigo estudamos o movi-
mento planar (com momento angular nulo) de particulas em campos gra-
vitacionais produzidos em uma regiao vazia de matéria por um halo material
externo com simetria axial; admitimos também que o campo nao depende do
tempo. Na regiao interior ao halo, o campo gravitacional pode ser expandido
em termos multipolares crescentes (ou seja, cuja intensidade aumenta longe
da origem). Esta expansao multipolar também pode ser feita para campos
relativisticos axisimétricos estaticos, como esta explicado no capitulo 4. Es-
tudamos a dinamica para termos multipolares puros, que no caso newtoniano
sao dados por potenciais homogéneos nas coordenadas cartesianas, que ap-
resentam escapes. Estudamos também a dinamica dos campos relativisticos
analogos, e comparamos os resultados.

No Apéndice C, reproduzimos o artigo “Chaos and Fractals in Geodesic
Motions Around a Non-Rotating Black-Hole with Halos”, onde estudamos
um sistema similar aquele estudado no Apéndice B, mas incluindo um bu-
raco negro central sem rotacao, e ampliando a andlise para particulas com
momento angular. Um buraco negro cercado por um halo de matéria é um
bom modelo para o centro de galaxias, o que torna este modelo mais realista;
além disso, a introdugao do buraco negro também é interessante do ponto de
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vista dinamico, pois abre uma nova rota de escape para a particula, corre-
spondendo a queda no buraco negro, que nao tem equivalente newtoniano.

Finalmente, no Apéndice D temos o artigo “Scattering map for two black
holes”, onde estudamos um modelo ultra-simplificado do movimento de raios
de luz em um sistema composto de dois buracos negros de Schwarzschild.
Fazendo as aproximagcoes de que os dois buracos negros estao estaticos e a
uma grande distancia um do outro, reduzimos a dinamica de uma particula
de luz orbitando o sistema a um mapa de duas dimensoes, que pode ser
analizado em detalhes. Demonstramos que existe uma dinamica simbodlica
associada ao sistema, e que este é cadtico, exibindo uma fronteira fractal
entre os possiveis escapes (cair em um dos buracos negros ou escapar para o
infinito). Demonstramos também outros alguns resultados analiticos, obtidos
devido a simplicidade do sistema.



Capitulo 1

Sistemas Hamiltonianos e
Integrabilidade

Neste primeiro capitulo, vamos estudar questoes ligadas a integrabilidade
e a estabilidade de sistemas da mecanica classica, questoes estas que deram
origem ao estudo do caos. Comecamos com uma rapida revisao da formulagao
hamiltoniana da mecanica, e em seguida passamos a equagao de Hamilton-
Jacobi, que nos fornece a maneira mais natural de formular o conceito de
integrabilidade. Passamos entao para a teoria cldssica de perturbacoes e o
problema dos pequenos denominadores, e finalmente enunciamos e discutimos
o teorema KAM, sem demonstra-lo.

As referéncias basicas para o assunto deste capitulo sao [1, 2, 3, 4, 5, 6, 7].

1.1 Sistemas hamiltonianos

Na formulagao hamiltoniana da mecanica cldssica, a evolucao temporal de
um sistema com N graus de liberdade é dada pela fun¢ao hamiltoniana H =
H(q,p,t),onde q = {q1,---,qn} é o conjunto de coordenadas generalizadas,
ep={p1, - -,pn} é o0 conjunto de momenta generalizados. O espaco definido
pelas coordenadas e pelos momenta é o chamado espaco de fase; cada ponto
deste espaco define um estado do sistema. A evolucao temporal do sistema, é
dada por uma trajetéria q = q(t), p = p(t) no espago de fase, determinada
pelas equacgoes de Hamilton:

(1.1)
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onde 2 =1,---, N. Usando uma notacao mais compacta:
q=V,H,; p=—-V,H (1.2)

Estas equacoes de movimento sao obtidas através da extremizacao do
funcional de acao S dado por:

s=[(a-p-Had, (1.3)
onde ¢ é funcao de q, p e t através da relacao:

onde L é a funcao Lagrangeana.

Podemos efetuar uma transformacao de coordenadas no espaco de fase,
e passar do conjunto de coordenadas e momenta (q,p) a um outro (Q,P),
desde que preservemos a forma das equagoes de Hamilton (1.2). As transfor-
macoes que satisfazem este critério sao ditas candnicas. As transformacoes
canonicas tém a propriedade de preservar o volume no espago de fase, ou
seja:

// dQ1'-'qudp1-'-de=/'-'/ dQ, ---dQndP, - --dPy, (1.5)
U D(U)

onde U é uma regiao qualquer do espaco de fase, e D(U) denota esta mesma
regiao nas novas coordenadas e momenta Q, P. Como as equacoes de Hamil-
ton (1.2) definem uma transformagao canénica, o volume de uma regiao do
espaco de fase é preservado pela evolucao temporal (teorema de Liouville).

As transformagoes canonicas podem ser construidas a partir de uma
fungdo geratriz F = F(q,P,t), que é fungdo das antigas coordenadas e dos
novos momenta'. Em termos da funcido geratriz, as equacoes de transfor-
macao sao:

Q= V,F, p=V,F (1.6)

A primeira equacao acima nos da Q como funcaode q e P; invertendo,
encontramos q = q(Q, P), e substituindo na segunda equa¢ao, encontramos

p=p(Q,P).
A hamiltoniana H é transformada na nova hamiltoniana H' dada por:
/ oF
H'=H(a(Q,P),p(Q.P)) + - (1.7)

LOutros tipos de dependéncia sdo possiveis, mas nio serdo tratados aqui.
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Vamos definir agora os parénteses de Poisson entre duas funcoes f e g:
{f.9} = Vof Vg =V, f-Vyg, (1.8)

com f = f(q,p,t) e g =g(a,p,1).
O paréntesis de Poisson é invariante por transformacoes canonicas;
através dele, as equagoes de movimento (1.2) podem ser escritas como:

q={q,H}; p=1{p H} (1.9)

Na verdade, a evolucao temporal de qualquer funcao das varidveis
dinamicas f(q, p,t) tem esta forma:
df of
— = H —. 1.10
T trmy+ Y (1.10)
Da defini¢ao (1.8), vemos que q e p satisfazem as chamadas relacoes
canonicas de comutacao:

{a,4;} = {pispj} = 0; {ai,pj} = 6ij. (1.11)

Estas relacoes sao invariantes por transformacoes canonicas, e elas sao
condicoes necessdrias e suficientes para que q e p formem um par canonica-
mente conjugado e obedegam as equagoes de movimento (1.2).

Seja f = f(q,p) uma funcdo das varidveis dinamicas que ndo depende
explicitamente do tempo. f é uma constante de movimento do sistema se
4 — 0, ou seja, se ela se mantiver constante ao longo das trajetérias do

dt
sistema. Da eq. (1.10), vemos de imediato que isto implica:

{f, H}=0. (1.12)

Se f e g sao duas constantes de movimento, pode-se mostrar que {f, g}
também é uma constante de movimento.

Geometricamente, a existéncia de uma constante de movimento represen-
ta uma restricao as trajetorias possiveis do sistema no espaco de fase, pois
uma dada trajetéria (q(t), p(t)) deve necessariamente estar contida na su-
perficie f(q(t), p(t)) = cte, onde o valor da constante depende das condigoes
iniciais. Se tivermos n constantes de movimento independentes, a trajetoria
do sistema fica restrita a uma variedade de 2N — n dimensoes do espaco

OH

de fase. Se o sistema for conservativo (ou seja, se - = 0), é evidente da

eq.(1.10) que a prépria hamiltoniana é uma constante de movimento.
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1.2 A equagcao de Hamilton-Jacobi e a
Questao da Integrabilidade

Vamos a partir de agora restringir-nos a sistemas conservativos, onde a hamil-
toniana é uma constante de movimento. Podemos encontrar as solucoes
para as equagoes de movimento se conseguirmos achar uma transformagao
canodnica tal que a nova hamiltoniana H' seja funcao apenas dos novos mo-
menta (que denotaremos «;), e nao dependa das novas coordenadas (que
denotaremos (3;). Neste caso, pelas egs.(1.2), os novos momenta serao cons-
tantes de movimento, e as novas coordenadas f3; terao uma evolucao temporal
trivial:

_on (1.13)

Denotando por S a funcao geratriz para esta transformacao, temos das
equagoes (1.6) que:
pP= VqS; /8 - VaS, (1'14)

com S = S(q,a). Da equagao (1.7), temos:
H(q,V,S)=H'(a) = E, (1.15)

onde F é a energia; estamos admitindo que o sistema é conservativo. Esta
é a equacdao de Hamilton-Jacobi, que é uma equacao diferencial parcial nao-
linear de primeira ordem em S, com N varidveis independentes ¢q,-- -, qn.
A solucao geral desta equacao tem portanto N constantes arbitrarias, que
podemos identificar com os novos momenta «;. Podemos também identificar
0s a; com quaisquer combinagoes algébricas independentes destas constantes.

Assim, se conseguirmos resolver a equagao de Hamilton-Jacobi (1.15),
teremos encontrado N constantes de movimento «;, que podemos (em
principio) exprimir explicitamente em funcao de q e p através da inversao
da primeira das equacgoes (1.14):

a; = a;(q, p) = cte. (1.16)

Assim, neste caso a trajetoria do sistema estd restrita a uma variedade
N-dimensional no espaco de fase 2/N-dimensional. Quando isto acontese,
ou seja, quando a equacao de Hamilton-Jacobi é solivel, o sistema é dito
integravel.
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Das relagoes (1.11), e do fato de estas serem invariantes por transfor-
magoes canonicas, temos que:

{av,a;} =0, p/ todo i, j. (1.17)

Assim, as N constantes de movimento definidas pelos novos momenta,
estao em involug¢ao (ou seja, satisfazem a relagao acima). Usando este resul-
tado e o fato de estas N constantes serem independentes (o que vem do dato
de os N momenta de um sistema com N graus de liberdade serem indepen-
dentes), podemos demonstrar que as variedades N-dimensionais onde estao
confinadas as orbitas dos sistemas integraveis sao N-toros. Para isso, vamos
definir N campos vetoriais no espaco de fase:

Vi = (Vpai, —ani), 7 = 1,2, .. .’N_ (1.18)

Os «; sdo dados por (1.16).

Fixando os N valores dos «;, estaremos fixando a variedade N-
dimensional no espaco de fase onde as Orbitas ficam restritas (para uma
dada condicao inicial). Denotaremos esta variedade por M. O campo de
vetores n; perpendicular a superficie definida por «;(q,p) = «;, e portanto
perpendicular também a M, é dado por:

n; = (ania Vpai) . (]_]_9)
Temos entao que:
Vz' Ny = VqOéj'vaéi - vaéj : VqOéi = {Oéj, Oéi} = 0, (120)

para todo i, j.

Assim, os campos vetoriais V; sao tangenciais a M. Para movimentos
limitados (ou “ligados”), M é uma variedade compacta. Resumindo, M é
uma variedade compacta com N dimensoes e sobre a qual estao definidos
N campos vetoriais tangenciais independentes V; (pois os «; sao indepen-
dentes). Disto pode-se mostrar que M é um N-toro [8].

Um N-toro é uma variedade multiplamente conexa com N caminhos
fechados independentes e nao-homeomorfos a um ponto. Escolhendo N

tais caminhos C; (i = 1,---, N), definimos as chamadas varidveis de a¢éao
1= (Il,"',IN)l
I-—lj{ d—lfgj-d- (1.21)
P or fo Prla= on f, 2pidas :
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Cada um dos I; é por construcao uma constante de movimento, e como os
caminhos C; sao independentes, os I; também sao. Podemos entao exprimi-
los como funcoes dos «;, e escolhé-los como sendo os novos momenta. As
coordenadas conjugadas 6; (varidveis de dngulo) sao dadas por:

S

gi = 77>
0l;

(1.22)
onde S = S(q,I). As novas coordenadas assim definidas tém a propriedade
de variar de 27 no circuito correspondente:

7( 6, = 2 7( do; =0, p/ i % J. (1.23)
CZ‘ Ci

As varidveis 6; sao as coordenadas naturais definidas em um N-toro. Os
valores das variaveis de acao I; identificam em qual toro nds estamos, en-
quanto que os #; dizem onde estamos neste toro.

As equagoes de movimento (1.13) para as varidveis de angulo-acao se
escrevem:

I=0 = I=cte;

' (1.24)
0=w = 6(t) =0, + wt,
onde w = (wy, -+, wy) é dado por:
w =V H (1.25)

onde H' = H'(I) é a energia escrita em termos das varidveis de a¢do, e os w;
sao as frequencias do movimento no toro indexado por I.

Os #; sao coordenadas angulares, ou seja, #; + 2nm indica o0 mesmo ponto
que 6;, para n inteiro. Logo, qualquer fungao f(q, p) das varidveis dinamicas
pode ser escrita como uma série de Fourier nas coordenadas 6;:

flap) =Y fm(De™ 0 (1.26)

com m = (my,---,my) sendo um vetor N-dimensional com coeficientes in-
teiros. Usando a equagao (1.24), teremos:

fa(), p(t) =3 frn (D)e!(m - @t +m-6) (1.27)

m
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Em particular, temos:

o(t) = 3 qm(T)e!(m - Wi+ m-6o) (1.28)

Assim, a evolucao temporal de qualquer funcao das varidveis dinamicas
é multiplamente periddica (ou quasiperiédica), com um nimero N de fre-
queéncias independentes igual ao ntiimero de graus de liberdade, em um sis-
tema integravel.

No caso geral, as N frequéncias w; sao incomensuraveis, e a Orbita
preenche densamente o N-toro no qual ela estd contida. Em casos parti-
culares, os w; podem nao ser incomensuraveis, ou seja, podemos ter relacoes
do tipo:

m-w =0, (1.29)

para um ou mais vetores m linearmente independentes com entradas inteiras.
Caso tenhamos um numero k de relagoes independentes deste tipo, a orbita
preenche um sub-espaco (/N —k)-dimensional dentro do toro, e este caso é dito
k-degenerado. Se k = N — 1, a orbita é fechada e o movimento é periddico.

1.3 Teoria Classica de Perturbacoes e o Teo-
rema KAM

Vimos na secao anterior que sistemas integraveis (ou seja, aqueles em que a
equagao de Hamilton-Jacobi pode ser resolvida) tém o6rbitas restritas a uma
variedade N-dimensional com a topologia de um N-toro, com N frequéncias
caracteristicas (movimento multiplamente periédico, ou quasiperiédico).

Surge entao a questao da estabilidade dos sistemas integraveis, ou seja:
dado um sistema integravel, se o perturbarmos fracamente suas trajetérias
continuarao restritas a toros, mesmo que levemente distorcidos? Esta questao
foi atacada no comeco do século, em conexao com o problema da estabilidade
do sistema solar. A tentativa de resolve-la levou Poincaré a criacao de um
novo ramo da matemadtica: o estudo dos sistemas dinamicos (ver [9]).

Vamos formular este problema um pouco mais rigorosamente: seja uma
hamiltoniana integravel Hy, e seja H a hamiltoniana total do sistema, dada
por:

H = H, + €Hy, (1.30)
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resultante da perturbacao de H, pelo termo “pequeno” €H;, sendo € < 1 um
parametro adimensional que mede a intensidade da perturbagao. A pergunta
é se H é integravel ou nao, para € suficientemente pequeno.

Uma maneira de atacar este problema é usar a teoria de perturbacoes
canonica. Para isto, escreveremos a hamiltoniana H em termos das variaveis
de angulo-acao I, @ da hamiltoniana integravel Hy:

H(L,0) = Hy(I) + cHy (I, 0). (1.31)

Por causa da perturbacao eH;, I nao serd em geral constante, e @ nao
terd uma variacao linear com o tempo, ou seja, I e @ nao sao varidveis de
angulo-agao da hamiltoniana nao-perturbada H, mas elas ainda sao, é claro,
variaveis canonicas. O objetivo da teoria de perturbacoes classica é encontrar
uma transformagao para um novo conjunto de coordenadas canénicas (J,¢)
que sejam varidveis de angulo-acao para a hamiltoniana perturbada H. Se
conseguirmos fazer isso, teremos mostrado que H é integravel.

Denotemos S a fun¢ao geratriz que realiza a transformagao (se ela for
possivel). Como admitimos que € é muito menor que 1, vamos tentar escrever
S como uma série de poténcias em e:

S=0-J+eS;+---, (1.32)

onde o primeiro termo é simplesmente a transformacao identidade. A equacao
de Hamilton-Jacobi fica:

Ho(VS) + eH\(V,S,0) = H\(J) + eH! (3), (1.33)

onde H' é a hamiltoniana escrita em termos das novas variaveis de acao J.
Expandindo em série de Taylor e mantendo termos de até primeira ordem
em €, teremos as equagcoes:

Hy(J) = Hy(J) ordem zero

(1.34)
VyS1 -V, Ho(J)+ Hi(J,0) = H{(J) ordem um
A primeira equacao nos diz simplesmente que em ordem zero a energia
do sistema perturbado é igual a do sistema nao-perturbado. Tomando uma
média em @ na segunda equacgao, encontramos a correcao de primeira ordem
na energia:

H{(J) = Hy(J), (1.35)
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onde or o
E(J) = doy --- dixH,(J,0) (1.36)
0

0
¢ a média de H; no toro indexado por J.

Como 6y, --,0y sao variaveis tipo angulo, qualquer funcao de @ pode
ser escrita como uma série de Fourier em 0. Assim, escrevemos H; e S na
forma:

$1(3,0) =3 Sim(I)e™ 0,
m

- (1.37)
Hi(J,0) =Y Him(J)e"™ Y.
m
Usando a eq. (1.35) e substituindo as duas expressoes acima na eq. (1.34),
encontramos: ) 0
H m -
Si1(J,0)=1i) tm 5

S med) s

lembramos que wy(J) = V;Hy(J).
Aqui encontramos o famoso “problema dos pequenos denominadores”: se
as frequéncias wyq, -+, wony SA0 comensuraveis, ou seja, se elas satisfazem a
relacao
m-wy=0 (1.39)

para algum m, o denominador do termo correspondente em (1.38) diverge;
e mesmo que as frequéncias wy nao sejam comensuraveis, existem numeros
inteiros my, - - -, my tais que a igualdade (1.39) é satisfeita com uma precisao
arbitrdria, pois todo niimero real pode ser aproximado tanto quanto se queira
por numeros racionais. Assim, quaisquer que sejam os wy;, vao haver termos
em (1.38) que tendem ao infinito, e como os nimeros racionais formam um
conjunto denso nos reais, a fun¢ao S;(8,J) é divergente e descontinua, o que
viola as hipdteses que nés implicitamente assumimos sobre a continuidade e
suficiente diferenciabilidade de S. Assim, a teoria cldssica de perturbagoes
falha em nos dar a resposta sobre a integrabilidade da hamiltoniana pertur-
bada.

A solucao deste problema foi encontrada por Kolmogorov, Arnold e
Moser, e constitui o famoso teorema KAM, que nds vamos enunciar e discutir
sem demonstrar.

Seja um sistema integravel com N graus de liberdade descrito pela
hamiltoniana Hy(I), com varidveis de angulo-acao I;, 6; (i = 1,---,N),
sendo w; = 0H,/0I; as frequéncias associadas ao N-toro correspondente a
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(I,---,Iy). Supomos que H, é uma fun¢do analitica e que o sistema é
nao-degenerado, ou seja:
0?H,

Ow;
Fi) = det [ 220 £0. 1.4
o1, ) =\ arar, ) 7 ° (1.40)

det
Se o sistema for perturbado por um termo pequeno eH'(I,0), para €

suficientemente pequeno o teorema KAM nos diz que:

e Se as frequeéncias w; forem “suficientemente incomensuraveis”, existe
um toro, que é préximo ao toro correspondente no sistema nao-
perturbado, onde as trajetérias do sistema perturbado (correspon-
dentes a estas frequéncias) vao estar contidas.

e Se as frequéncias w; forem “suficientemente comensuraveis”, entao o
toro é destruido, e as trajetérias correspondentes exploram uma regiao
do espaco de fase de dimensao maior que N (em geral).

e A regido do espago de fase onde os toros sao destruidos (regives com
frequéncias “suficientemente comensurdveis”) tem medida de Lebesgue
finita e que é tanto menor quanto menor for a perturbacao eH’, ten-
dendo a zero para eH' — 0.

Os termos “suficientemente comensuraveis” e “suficientemente incomen-
suraveis” tém significados precisos em teoria de nimeros; para exemplificar,
em um sistema de 2 graus de liberdade, as duas frequéncias w; e wy sao “su-
ficientemente incomensurdveis” se, dado um nimero racional arbitrario r/s
(r e s inteiros) que aproxima o nimero real w;/wy, vale a desigualdade:

K(e)

$5/2

w1 r

%)) S

(1.41)

para quaisquer inteiros r e s, onde K (€) é uma func¢ao que vai a 0 para € — 0.
Os toros que nao satisfazem (1.41) sdo em geral destruidos pela perturbagao.
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Caos

No final do capitulo anterior, vimos que para sistemas integraveis fracamente
perturbados a maioria dos toros é preservada (ainda que levemente distor-
cidos), a nao ser aqueles com frequéncias “suficientemente comensuraveis”.
Para estes, sabemos que as trajetorias correspondentes exploram regioes do
espaco de fase com dimensionalidade maior que N, mas gostariamos de ter
mais informagoes sobre estas trajetorias. Além disso, o teorema KAM s6 vale
para para perturbagoes fracas; o que acontece com sistemas onde a pertur-
bacao nao pode ser considerada pequena ?

2.1 Secoes de Poincaré e Mapas “Twist”

Vamos introduzir agora um conceito extremamente 1til no estudo de sistemas
dinamicos: o mapa de Poincaré. Para isso, nos restringiremos daqui por
diante a sistemas com 2 graus de liberdade, para facilitar a exposicao.

Se o sistema é conservativo, ele tem pelo menos uma constante de movi-
mento (a energia), e as trajetérias do sistema estao confinadas a uma va-
riedade 3-dimensional (a chamada energy shell). A existéncia de uma outra
constante de movimento significa entao que o sistema ¢ integravel. Conside-
remos uma superficie 2-dimensional dentro de uma destas “energy shells”.
Escolha uma condicao inicial nesta superficie e siga a trajetéria correspon-
dente, marcando os pontos onde a trajetoria intersecta a superficie. Tere-
mos entao um conjunto de pontos no plano. Se a trajetéria for periddica,
este conjunto é composto por um numero finito de pontos. Se o sistema
for integravel, as condicoes iniciais pertencentes a toros com frequéncias in-
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comensuraveis (que é o caso geral) correspondem a um conjunto de pontos
no plano se seccao que, apesar de infinito, estd contido em uma variedade
1-dimensional no plano, pois estes pontos estao na interseccao do plano com
0 2-toro. No caso geral, um sistema apresenta tanto regioes integraveis (com
6rbitas contidas em N-toros) como nao-integraveis (com érbitas nao contidas
em toros) no espago de fase.

Com este procedimento, definimos um mapa do plano no plano: cada
ponto do plano é levado a um outro ponto pela evolugao temporal do sistema.
Este mapa tem a propriedade de conservar a drea (ver por exemplo [6]).

Suponha agora que estamos tratando de um sistema integravel. Temos
entao as variaveis de angulo-acao I, I3, 0,,65. Escolhendo a superficie de
secao tal que esta corta o toro perpendicularmente a direcao em que 65 au-
menta, e considerando I; como uma variavel radial (I, ja estd fixado por con-
servagao de energia), definimos um mapa como mostrado na fig. 2.1. I e I,
sao constantes pelas equagcoes (1.24). Denotandor = I, e @ = wy /wy = «(r),
este mapa (chamado de “mapa twist”) é dado por:

Tiv1 = T4

Assim, nestas coordenadas, temos um mapa dos circulos » = const neles
mesmos: todo o circulo é girado pelo angulo 2ra em cada iteracao. Como «
depende de r, uma linha reta radial é em geral mapeada em uma curva.

Se perturbarmos o sistema com um termo nao-integravel, como em (1.30),
I, 15,0, e B, continuam a ser variaveis canonicamente conjugadas, mas elas
nao sao mais variaveis de angulo-agao, e suas equagoes de movimento nao
sao mais tao simples como em (1.24). O novo mapa “twist” é entao dado
por:

TE _ { 9i+1 = 9,~+27ra+€f(r,~,9i) (22)
rig1 =i + €g(rq, 0;) ’

onde f e g vém da perturbacao.

2.2 0O Teorema de Poincaré-Birkhoff

Vamos estudar com mais detalhes o mapa “twist” definido na secao anterior, e
para isto vamos revisar rapidamente algumas propriedades basicas de mapas
em duas dimensoes.
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Figura 2.1: ITlustragao do mapa “twist”

Seja um mapa 1" definido por:
T T Ty (z1, x2)
)=o) = (i 29

Os pontos fizos (x19,22) de T sao pontos que satisfazem (im > =
20

T20
determinar a sua estabilidade, se o ponto fixo nao for um centro (teorema
de Hartman-Grobman, ver [15]. Sendo (07;/0%;) |(z10,000) = Jij & matriz
jacobiana de T calculada no ponto fixo, a linearizacao de T" em torno deste

ponto ¢é dada por:
Ju iz
! ( T T ) (24)

A equacao caracteristica de Ty, define dois autovalores A\; e \,. Para
mapas que tém a propriedade de preservar a drea (como o mapa “twist”),
devemos ter A\;-Ay = 1, e temos as seguintes possibilidades:

T ( 10 ) . A partir de uma linearizacao em torno de um ponto fixo, podemos

e )\ =)} =€ com « real (centro).
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Ponto fixo (centro) Ponto fixo (sela)

X, X

N

Figura 2.2: Tipos de pontos fixos do mapa T

. 2
SI7

e \; =1/)y, com A; e Ay reais (ponto hiperbdlico).

No primeiro caso, temos um ponto de equilibrio estavel, e no segundo caso,
um ponto de equilibrio instdavel, com duas trajetérias tendendo a (z19, 229)
para t — oo (variedade estavel), e duas trajetorias tendendo a (x19, T99) para
t — —oo (variedade instavel). Ver fig. 2.2.

Voltemos ao mapa “twist”, considerando um sistema integravel com
hamiltoniana Hy. Voltando a notacao da secao anterior, considere um valor
de r para o qual a razdo o = w;/wy é racional: o = ™ (m,n inteiros), de-
notando por C' o circulo correspondente nas coordenadas (r, ). Escolhemos
dois circulos C* e C'~ préximos de C' com valores irracionais de a (ver fig.
2.3a). « é uma func¢do bem comportada de r; assumimos, para fixar as idéias,
que « seja uma funcao crescente de r em C, o que significa que C* roda no
sentido anti-hordrio em relacao a C', e C'~ roda no sentido horario em relagao
a C (fig. 2.3a). Assim, sob a aplicacdo do mapa T™ (com T definido por
(2.1)), o circulo C' permanece inalterado, enquanto que C* e C~ rodam como
indicado na figura 2.3a.

Consideremos agora a perturbacao nao-integravel 7, do mapa 7', dada
pela eq. (2.2), com € < 1. O teorema KAM nos garante que as curvas
invariantes C™ e C'~ sao preservadas, para e suficientemente pequeno, mes-
mo que ligeiramente distorcidas; denotaremos por C' e C7 as novas curvas
invariantes do mapa T..
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ol C!
(2N (o
)
) &8,
T
X

(a) (b)

Figura 2.3: O teorema de Poincaré-Birkhoff

A curva C', no entanto, é destruida, por corresponder a frequéncias comen-
suraveis. Mesmo nao existindo uma curva invariante correspondendo a C,
existem pontos fixos isolados no mapa 7", como mostramos a seguir. Da
fig. 2.3a, fica claro que existe uma curva R tal que a coordenada r é preser-
vada pelo mapa 77". Definindo a curva R’ por R’ = TR, os pontos onde
R e R intersectam sao pontos fixos de T (fig. 2.3b). Da fig. 2.3b vemos
de imediato que o nimero de interseccoes é par. Se X é um destes pontos
fixos, entao T,X,T2X,---,T""'X também sdo pontos fixos, ou seja, existe
um nimero par 2kn de de pontos fixos de T (k inteiro). Além disso, como
mostra a figura 2.3b, estes pontos fixos sao alternadamente centros e selas.
Estes resultados constituem o teorema de Poincaré-Birkhoff.

Mas isso nao é tudo. Em torno de cada um dos kn centros, temos lo-
calmente uma situagdo como a mostrada na fig. 2.3, com uma estrutura
prépria de curvas invariantes, cada uma delas tendo suas frequéncias cor-
respondentes. Aplicamos entao o teorema de Poincaré-Birkhoff novamente:
para aquelas curvas com frequéncias comensuraveis, aparecem novamente
pontos fixos tipo centro e tipo sela, alternadamente; e assim por diante, em
todas as escalas; o resultado é a estrutura auto-similar esbogada na fig. 2.4.
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Figura 2.4: Aplicacoes sucessivas do teor. de Poincaré-Birkhoff

2.3 Pontos Homoclinicos e o Surgimento do
Caos

Na secao anterior vimos o que acontece com os centros que resultam da
destruicao dos toros com frequeéncias comensuraveis. Agora vamos estudar
os pontos de sela. Cada um destes pontos tem uma variedade estavel (que
denotamos por H") e uma variedade instavel (H~). Em sistemas integraveis,
H* e H podem formar um sé arco, com uma juncao suave, como mostrado
na fig. 2.5a. Tal é o caso do péndulo, por exemplo.

Em sistemas nao-integraveis, por outro lado, as variedades estavel e in-
stavel em geral se cruzam, como na fig. 2.5b; os pontos de cruzamento sao
chamados pontos homoclinicos. Vamos examinar este cruzamento com mais
detalhes.

Aplicando o mapa “twist” 7' (2.2) (n6s nao usaremos o subscrito € daqui
por diante) no ponto homoclinico X, obtemos o ponto TX. Como X fica
no cruzamento de H* e H~, para que a imagem de X seja tnica, TX deve
ficar também em um cruzamento de H* e H, ou seja, TX também é um
ponto homoclinico. Temos entao uma situagao como a mostrada na fig.
2.6a. Aplicando T no ponto T'X, obteremos pelo mesmo argumento um
outro ponto homoclinico T?X (fig. 2.6b). Como o mapa T preserva a area,
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(a) (b)

Figura 2.5: H* e H~ em sistemas integrdveis e nao-integraveis.

(a) (b)

Figura 2.6: Formacao do emaranhado homoclinico
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as regioes destacadas na fig. 2.6b tém a mesma area; e como 0s sucessivos
pontos T™ X aproximam-se cada vez mais lentamente do ponto hiperbélico H,
os loops formados por H~ tornam-se cada vez mais longos e finos. O mesmo
acontece com H™ para T-". Como H e H* nao sofrem auto-intersecgoes
(pois isto implicaria na nao-unicidade do mapa T'), vemos que H™ e H~
formam uma intrincada estrutura com uma topologia nao trivial, conhecida
como o emaranhado homoclinico. Este é a figura que Poincaré nao ousou
desenhar [13].

Como consequéncia da existéncia do emaranhado homoclinico, as tra-
jetorias na vizinhanca de pontos de equilibrio hiperbdlicos apresentam um
comportamento aparentemente randomico que é a origem da grande sensi-
bilidade as condicoes iniciais que caracteriza os sistemas cadticos (falaremos
um pouco mais sobre isto na se¢ao seguinte).

Completamos assim o estudo de sistemas integraveis fracamente pertur-
bados por termos nao-integraveis. A estrutura do espaco de fase estd es-
bocada na fig. 2.4; em torno de cada centro a estrutura se repete, e assim
infinitamente em todas as escalas, de forma auto-similar.

2.4 Caracteristicas do Movimento Caodtico

Nesta se¢ao, vamos investigar algumas caracteristicas que sao proprias ao
movimento caotico, e que o distinguem do movimento regular.

Se uma trajetoria é cadtica, ela explora uma regiao do espaco de fase de
dimensionalidade maior que aquela disponivel para trajetorias integraveis.
Nos ja vimos que estas ultimas sao quase-periddicas: a evolucao temporal de
qualquer variavel dinamica é expressa como uma série de Fourier com N fre-
quéncias fundamentais (ver eq.(1.28)). Assim, a transformada de Fourier de
qualquer variavel dinamica contém neste caso picos discretos correspondentes
as combinacoes das N frequéncias fundamentais. Para o movimento cadtico,
nao existem variaveis de angulo-a¢ao, logo nao existe um nimero finito de fre-
quencias fundamentais; ou seja, o0 movimento cadtico nao é quase-periodico.
A transformada de Fourier de uma trajetdria cadtica vai revelar, ao invés de
alguns picos discretos, um espectro essencialmente continuo. Esta é uma boa
maneira pratica de identificar trajetérias cadticas.

Uma outra caracteristica marcante das trajetérias cadticas é a extrema
sensibilidade as condigoes iniciais. Quando a trajetéria é integravel, sua
evolucao temporal em termos das variaveis de angulo-agao é dada pela
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eq.(1.24), que descreve uma evolugio linear no toro correspondente a uma
dada condicao inicial. Se escolhermos uma condicao inicial vizinha, as duas
trajetorias afastam-se linearmente uma da outra. Para trajetérias cadticas,
as duas trajetérias em geral afastam-se exponencialmente com o tempo. Os
N coeficientes ); que descrevem a taxa de separagao (correspondentes aos
N graus de liberdade) sao os chamados ezpoentes de Liapunov, e podem ser
calculados numericamente. Para 6rbitas integraveis, todos os expoentes de
Liapunov sao nulos, e para orbitas cadticas, pelo menos um deles é positivo.
A presenca de um coeficiente de Liapunov maior que zero causa um rapido
afastamento de trajetérias inicialmente proximas, o que é responsavel pela
grande sensibilidade as condic¢oes iniciais.

Para finalizar, analizaremos algumas propriedades estatisticas do movi-
mento cadtico. Para isso, definimos primeiramente o conceito de ergodici-
dade. Dada uma certa regiao do espaco de fase, e uma certa trajetoria contida
nesta regiao, dizemos que a trajetoria é ergddica se ela cobrir uniformemente
esta regiao. Em um sistema integravel com N graus de liberdade, por ex-
emplo, as trajetorias contidas em toros com frequéncias incomensuraveis sao
ergbdicas no toro (mas nao sdo ergddicas em todo o espago de fase). A
chamada hipdtese ergodica propoe que trajetérias caodticas de sistemas con-
servativos sao (em geral) ergdicas nas regides (2N—1)-dimensionais do espago
de fase acessiveis a elas.

A ergodicidade de uma trajetoria em uma regiao do espaco de fase implica
na igualdade das médias temporal e de ensemble nesta regiao:

hm%ﬂ%@@ﬂmﬁz/W/@ﬂwﬁ (2.5)

T—o0

Vamos agora introduzir um outro conceito, o de mizing. Uma trajetéria
tem a propriedade de mixing em uma dada regiao do espaco de fase se, dado
um volume pequeno (no espago de fase) em torno de um certo ponto inicial
dasta trajetéria, a evolucao temporal espalhar este volume uniformemente
por toda a regiao. Mais rigorosamente, se €1 é a regiao a qual a trajetoria
tem acesso, e sendo V' o volume inicial, a trajetéria tem mixing se, dada uma
regiao arbitraria W contida em (2, valer:

Y vol(Vr W)  vol(W)
Toooo vol(V)  wvol(Q)’

(2.6)

onde V7 é a regiao no tempo 7' correspondente a evolucao temporal de V', e
vol indica o volume no espaco de fase.



CAPITULO 2 28

Trajetorias integraveis nao apresentam “mixing”, pois para estas V ¢é
deformado linearmente pela evolucao temporal; para trajetérias cadticas,
por outro lado, V' é deformado exponencialmente, e apesar de sua area ser
preservada (vol(V') = vol(V7)), ele é “esticado” e deformado até preencher
uniformemente a regiao acessivel do espaco de fase.
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Fractais e Caos em Sistemas
Abertos

A maior parte dos estudos em caos sao restritos a sistemas dissipativos com
atratores e a sistemas hamiltonianos com movimento confinado; para estes
dois tipos de sistema, técnicas poderosas foram desenvolvidas, e a caracteri-
zagao do caos é um problema razoavelmente bem entendido. Neste capitulo,
n6s vamos investigar a dinamica de sistemas abertos, ou seja, sistemas onde o
movimento nao é limitado; um exemplo tipico sao problemas de espalhamen-
to. A caracterizacao do caos neste tipo de sistema se da através de estruturas
fractais, que é uma caracterizacao valida na relatividade geral, pois o carater
fractal de um conjunto é uma caracteristica topoldgica, que nao depende de
uma particular escolha de coordenadas.

Neste capitulo vamos introduzir a idéia de fractal e de dimensao fractal;
falaremos em seguida de sistemas dissipativos com multiplos atratores, e de
como a dimensao fractal entre as diferentes bacias de atracao caracteriza um
tipo de caos; e finalmente, falaremos do espalhamento cadtico.

3.1 Fractais e Dimensao Fractal

A maior parte dos conjuntos geométricos a que estamos acostumados é ca-
racterizada por uma dimensao que é um numero inteiro. Assim, um con-
junto discreto de pontos tem dimensao 0, uma curva tem dimensao 1, uma
superficie tem dimensao 2, etc. Todos estes conjuntos tém em comum a
seguinte propriedade: se olharmos para uma regiao pequena o suficiente, eles
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sao “suaves”, ou seja, quanto menor a regiao que olhamos, mais proxima ela
se torna da sua primeira aproximacao linear. Assim, uma curva olhada de
perto se parece com uma reta, uma superficie se parece com um plano, e
assim por diante. Estes conjuntos tém uma escala caracteristica, abaixo da
qual nenhuma estrutura aparece, e tudo fica suave.

Em sistemas dinamicos, no entanto, aparecem conjuntos que apresentam
estrutura em todas as escalas [14, 15]; para estes conjuntos, ndo importa o
quanto ampliemos uma certa regiao, ela nunca fica suave. Estes conjuntos
sao chamados de fractais. Para caracterizar suas propriedades de escala,
nos usamos uma generalizacao da definicao usual de dimensao que permite
que esta tenha valores nao-inteiros. Um conjunto é fractal se ele tem uma
dimensao nao-inteira.

Existem varias maneiras possiveis de definir a dimensao fractal; nés apre-
sentaremos a mais simples, a chamada dimensao “box-counting”. Dado um
conjunto de pontos que esta contido em um espaco euclideano n-dimensional
R"™, cobrimos uma regiao que contém o conjunto com hipercubos de aresta
¢, com € pequeno. Sendo N(€) o nimero de cubos que contém pontos do
conjunto, temos em geral uma dependéncia do tipo:

N(e) ~e 9 (3.1)

para € — 0, onde d é por definicao a dimensao fractal. Temos entao:
(3.2)

E facil demonstrar que esta definicao d& os resultados corretos para os
conjuntos nao-fractais: d = 1 para uma curva, d = 2 para uma superficie,
etc. Ela permite, porém, valores nao-inteiros; quanto isto acontece, nao
existe uma aproximacao linear para o conjunto, e ele apresenta estrutura em
escalas arbitrariamente pequenas. Um exemplo bem conhecido é o conjunto
de Cantor, construido através do processo mostrado na fig. 3.1. Mostra-se
facilmente que d =1n2/1n3 & 0.63 para este conjunto.

O conjunto de Cantor tem claramente estrutura em todas as escalas; além
disso, ele goza da propriedade de auto-similaridade: qualquer um dos subcon-
juntos que nao sao excluidos em um dado estdgio da construgao (ver fig. 3.1)
é igual ao conjunto inteiro, a menos de uma transformacao de escala. A maio-
ria das fractais encontrados em fisica nao sao auto-similares, e nao tém uma
regra de construcao simples como o conjunto de Cantor. E importante notar
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Figura 3.1: Construgao do conjunto de Cantor.

também que a fractalidade de um conjunto é uma caracteristica topologica
deste, e que é preservada por transformacoes suaves de coordenadas. Esta
propriedade é importante para a caracterizagao do caos em relatividade geral
[16].

3.2 Atratores e Bacias de Atracao

Apesar de o nosso interesse principal ser sistemas hamiltonianos, vamos
voltar nossa atencao por um momento para sistemas dissipativos com mais
de um atrator, pois varios conceitos usados neste tipo de sistema serao tteis
mais tarde.

Um sistema dissipativo pode ter um ou mais atratores; cada atrator tem
associado a ele uma bacia de atragao, que é a regiao do espaco de fase con-
sistindo de condicoes iniciais de trajetorias atraidas para aquele atrator. A
fronteira que divide as diversas bacias de atracao é de especial interesse para
nés. Esta fronteira pode ter uma estrutura fractal [14], com dimensao maior
que N — 1 (onde N é a dimensao do espaco de fase). Sed = N — 1, a
fronteira é nao-fractal. Caso d > N — 1, entao temos uma fronteira fractal.
Na regiao onde a fronteira é fractal, duas ou mais bacias de atracao estao
entrelacadas de forma extremamente complexa, em todas as escalas. Se pu-
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dermos determinar uma condicao inicial apenas dentro de uma certa margem
de erro, e se esta condicao inicial estiver proxima a uma fronteira fractal, fica
dificial determinar a que bacia de atracao aquela condicao inicial pertence.
Assim, o carater fractal da fronteira entre as bacias de atracao implica em
uma grande sensibilidade as condigoes iniciais, no que diz respeito ao destino
final das trajetorias. Observamos que os atratores em si podem ser perfeita-
mente regulares; o caos que estamos estudando manifesta-se na escolha dos
atratores para cada condicao inicial, e nao nos atratores em si.

Os pontos do espaco de fase que pertencem a fronteira nao fazem parte de
nenhuma das bacias de atragao; eles sao a variedade estavel de um conjunto
invariante nao-atrator. Este conjunto invariante corresponde as trajetorias
que nunca caem em nenhum dos atratores para todos os tempos (passado e
futuro). Quando a fronteira é fractal, o conjunto invariante também é fractal.

Para entender a dinamica por tras da formacao de uma fronteira fractal,
vamos considerar um mapa 2-dimensional M que age na regiao mostrada na
fig. 3.2. A_ e A, sao os atratores, e Sy, S_ e S, sao pontos de sela. Pontos
a direita da variedade estdvel de S_ (ou seja, a curva cd) pertencem a bacia
de atracao de A_, e pontos a esquerda de ab pertencem a bacia de atracao
de A,. A pergunta é: o que acontece com os pontos da regiao Q7 Para
responder esta pergunta, temos que entender a acao de M em (), que esta
mostrada esquematicamente na fig. 3.2b; vemos o mecanismo de “stretching
and folding” caracteristico de sistemas cadticos.

Sob a acao de M, uma parte da regiao @) foi parar a direita de cd, fazendo
parte portanto da bacia de atracao de A_; trata-se da pré-imagem da regiao
IT', ou seja M~(II'), que denotaremos por II. Analogamente, a regiao
IV = M~ (IV') pertence & bacia de atracdo de A,. As regices II e IV
estao mostradas na fig. 3.2c. Mas isso nao é tudo. A bacia de atracgao
de A_ também contém pontos que sao mapeados em I, ou seja, contém
também a pré-imagem de II, que é M~'[II N M(Q)]; do mesmo modo,
M~YIV N M(A)] faz parte da bacia de atracio de A,. Estes conjuntos
fazem parte das regioes I, IIl e V, e estao mostrados na fig. 3.2c. O
processo continua infinitamente, e o resultado é que as bacias de atracao de
A_ e A, estao infinitamente entrelacadas em uma estrutura fractal; temos
entao a formacao de uma fronteira fractal.

Como ja& mencionamos, a fronteira é a variedade estavel de um conjun-
to invariante nao-atrator, que pode ser visto como a intersecao das suas
variedades estavel e instavel. No caso do mapa da fig. 3.2, o conjunto invari-
ante é formado pela interse¢ao da fronteira (variedade estavel) e do conjunto
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Figura 3.2: (a) e (b): acdo do mapa M. (c): passos na construcao das bacias
de atracao; regides sombreadas fazem parte da bacia de atracao de A, e
regioes hachuradas fazem parte da bacia de atracao de A .
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M(Q) N MA(Q) N MP(Q)N- -

Vamos tornar quantitativa a sensibilidade as condicoes iniciais de que
falamos acima. Suponha que tenhamos um sistema com dois atratores (para
simplificar), e queremos saber para qual deles vai uma certa condigao ini-
cial. Esta condicao inicial, no entanto, sé6 é conhecida a menos de uma
incerteza €; ou seja, a condicao inicial “verdadeira” estd contida em uma
bola N-dimensional de raio e. Denotaremos o centro da bola de xy. NOs
podemos calcular a trajetoria partindo de xy e ver para qual dos atratores
ela vai. Podemos tentativamente dizer que a “verdadeira” condicao inicial
tem o mesmo destino, ou seja, pertence a mesma bacia de atracao que xy. Ha
uma chance disto estar errado, quando x( estd a menos de € de distancia da
fronteira entre as bacias de atragao; chamaremos tais pontos de “incertos”.
Se € é pequeno e a fronteira nao é fractal, estes pontos ocupam um volume
proporcional a €; neste caso, se escolhermos pontos randomicamente em uma
regiao do espaco de fase que contenha a fronteira, a fracao dos pontos incertos
f(€) é proporcional a e:

f(e) ~e. (3.3)

Assim, a chance de cometermos erros quanto a que bacia de atragao
pertence um certo ponto do espaco de fase é diretamente proporcional a
incerteza na condicao inicial. Este crescimento linear do erro é tipico de um
sistema regular.

Se a fronteira for fractal com dimensao d > N — 1, podemos mostrar que
[17):

fle) ~ €%, com =N —d. (3.4)

Assim, para uma fronteira fractal o < 1, o erro na determinacao da
bacia de atracao decresce mais lentamente com a precisao do que no caso
regular. Para dar um exemplo, se a = 0.1, f(¢) ~ €”!'; para aumentar
a precisao na determinacao da bacia de atracao de um ponto qualquer em
10 vezes, precisariamos aumentar a precisao nas condicoes iniciais em 10'°
vezes! Assim, se tivermos um ponto préximo a fronteira neste sistema, é
praticamente impossivel determinar para qual atrator ele vai.

A relacao (3.4) pode ser usada para determinar numericamente a di-
mensao fractal de uma fronteira [17]. Para isso, escolhemos uma regidao R do
espaco de fase que tem uma intersecao nao-nula com a fronteira. Escolhe-
mos entao randomicamente um grande nimero de pontos em R, e evoluimos
numericamente estes pontos para saber a qual das bacias de atracao eles
pertencem; em seguida, para cada um dos pontos acima nés calculamos a
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evolucao temporal de dois pontos deslocados de 4+¢ em uma direcao qual-
quer (nao faz diferenga qual seja); se pelo menos um deles pertencer a uma
bacia de atracao diferente da bacia do ponto original, consideramos este
ponto como “incerto”. Uma fracdo g(e) dos pontos escolhidos vai ser “in-
certa”; das consideracoes feitas acima, esperamos que g(€) seja proporcional
a f(e). Repetindo este procedimento para varios valores de ¢, tragamos um
grafico log-log de g(¢€), que deve ser uma reta, com coeficiente angular igual

a =N —d. Determinamos desta maneira a dimensao fractal da fronteira.

3.3 Escape Cadtico

Vamos agora estudar uma importante manifestacao do caos em sistemas aber-
tos (ou seja, sistemas onde as trajetérias nao sao confinadas a um volume
finito no espaco de fase), que é o escape caético [14, 18]. Para simplificar a
exposi¢ao, vamos nos restringir a sistemas com dois graus de liberdade.
Considere um sistema hamiltoniano com dois graus de liberdade, tal que
o potencial V(z,y) apresente dois ou mais escapes distintos para energias
acima de um certo valor critico Ey. Para exemplificar, a fig. 3.3 mostra
algumas curvas de nivel do potencial de Hénon-Heiles, que é investigado em
detalhes no artigo reproduzido no Apéndice A, e que é dado por [10]:

Viz,y) = 1 (SUZ + yZ) + 2%y — ly?’. (3.5)
2 3

Como podemos ver na fig. 3.3, o potencial apresenta trés escapes para
energias suficientemente altas (mais exatamente, para energias tais que F >
Ey = 1/6). O escape escolhido por uma particula-teste vai depender de
suas condigbes iniciais. Para sistemas cadticos (como é o caso do sistema
de Hénon-Heiles), o escape pode ter uma grande sensibilidade as condigoes
iniciais. Neste caso, a fronteira no espaco de fase entre as condicoes iniciais
correspondendo a diferentes escapes é fractal, em analogia com o caso de
diferentes bacias de atracao analizado na secao anterior. Assim como naquele
caso, a sensibilidade as condicoes iniciais é quantificada pela dimensao box-
counting.

Uma situagao andloga ao escape cadtico é o espalhamento cadtico [19];
a diferenca basica entre os dois casos sao as condi¢oes iniciais da particula-
teste, e o fato de que os potenciais de espalhamento s6 exercem uma influéncia
apreciavel no movimento das particulas em uma certa regiao finita do espago.
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Figura 3.3: Curvas equipotenciais para o potencial de Hénon-Heiles.




Capitulo 4

Relatividade Geral

Neste capitulo, fazemos uma breve introducao a relatividade geral, com
enfase na dinamica de particulas-teste em um dado campo gravitacional
descrito por uma métrica espaco-temporal. Veremos como os conceitos de
sistemas dinamicos apresentados nos capitulos anteriores podem ser trans-
portados para sistemas relativisticos. Por tltimo, apresentamos em detalhes
o caso de campos gravitacionais estacionarios axisimétricos, que tém grande
importancia para o restante da tese.

4.1 Dinamica em Relatividade Geral

O elemento essencial usado na construcao do formalismo da relatividade geral
é o continuo espaco-temporal, composto de trés dimensoes espaciais e uma
dimensao temporal. Usaremos a convencao de denotar coordenadas relativas
as dimensoes espaciais por o', 22, 2®, e aquelas relativas & dimensao temporal
por 2°. Também usaremos o sistema de unidades usual em relatividade geral,
no qual a velocidade da luz e a constante gravitacional de Newton tém valor
unitario:
c=1; G=1. (4.1)
Um dos principios fundamentais da relatividade geral é o principio de
equivaléncia, que diz que qualquer campo gravitacional pode ser localmente
anulado por uma transformacao de coordenadas adequada. Do ponto de
vista de um observador no novo sistema de coordenadas, nao existe campo
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gravitacional, pois este se encontra em queda livre!. O principio de equiv-
aléncia leva naturalmente a formulacao do espago-tempo como uma variedade
pseudo-riemaniana quadridimensional com métrica com assinatura do tipo
Minkowski [20]. A métrica é descrita pelo tensor g,,, que é simétrico e de
‘rank’ 2. Indices gregos por convencao assumem valores de 0 a 3. Também
adotaremos a convencao de que indices repetidos sao somados. Dois pontos
vizinhos no espago-tempo definem através da métrica uma “distancia”’ dada
por:

ds® = g, drtda”. (4.2)

Como a métrica nao é positiva-definida, ds? pode ser positivo, negativo ou
nulo. Em geral, g,, é funcao de todas as quatro coordenadas z.
No formalismo relativistico, o campo gravitacional é associado a curvatura
do espago-tempo. A curvatura é medida pelo tensor de curvatura de Riemann
(67 .
Rj, 5, dado por:

arss g,

onde os g‘7 sao os simbolos de Christoffel:
1 9us | Og dgp
e — Z o K ry Y . 4.4
B 29 <8m7 + 0zb ozt (44)

Lembramos que indices repetidos sao somados de 0 a 3. Indices sao abaixados
e levantados pelo tensor métrico g,, e seu inverso ¢g"”, definido por L
67, onde 67 é o delta de Kronecker. Um valor nao-nulo de R ; em algum
ponto significa que o espago-tempo é curvo e ha um campo gravitacional
presente. Caso I ; seja nulo em todos os pontos, o espaco é plano e nao ha
nenhum campo gravitacional.

A gravidade é gerada pela distribuicao de matéria e energia no espaco,
que é por sua vez afetada pelo campo gravitacional. Esta interacdo mutua

entre gravidade e matéria ¢ descrita pela equacao de Einstein:
G = 8T, (4.5)

onde T},, é o tensor de energia-momento correspondente aos campos materiais
existentes no espago-tempo (excetuando o préprio campo gravitacional). O

!Na verdade, o principio de equivaléncia ndo é valido na vizinhanca de uma singulari-
dade no espago-tempo, como as que acredita-se existirem no centro de buracos negros.
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tensor de Einstein G, é:

1
G/u/ = Ruu - §guuR7 (46)

onde o tensor de Ricci R, e o escalar de Ricci R sao definidos por:

R, =R, R = g"R,p. (4.7)

O tensor de Einstein satisfaz a identidade V,G*” = 0, onde V denota a
derivada covariante. Pela equacao de campo (4.5), devemos ter entao

v, " =0, (4.8)

que é a equacao de movimento dos campos materiais.

As equagoes (4.5) sao um sistema de equagoes diferenciais parciais nao-
lineares acopladas, e sao em geral impossiveis de ser resolvidas analitica-
mente. Solucoes exatas sao encontradas apenas em casos muito particulares,
em geral em situagoes onde o espago-tempo tem grande simetria [22], como
no caso dos campos estaticos axisimétricos que trataremos na se¢ao seguinte.

Consideremos agora um dado campo gravitacional, descrito pela métrica
Juv- O movimento de uma particula-teste neste campo é determinado pela
extremizacao do funcional [ds, onde ds é dado por (4.2). A equagao de
movimento resultante é a equagao da geodésica:

i 4 Thyiil =0, (4.9)

onde ¢ = dz*/d)\ é a derivada em relagdo a um parametro afim A da tra-
jetoria, que no caso de particulas massivas pode ser identificado com o tempo
préprio de um observador que acompanha a particula. A equacao (4.9) pode
ser derivada da equagao de movimento geral de campos materiais (4.8) no
caso limite em que o campo estd concentrado em uma pequena regiao do
espago.
As equagoes (4.9) podem ser derivadas da Lagrangeana
1

L= 59i"d", (4.10)

através da equacao de Euler-Lagrange:

dioin o =0 (4.1)
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As equacoes de movimento também podem ser escritas em forma hamil-
toniana:

dz*  OH d oH
s e 07 (4.12)
ds opy ds oxH
onde os momentos conjugados sao dados por:
Py = JuaD™: Pt = moda*/ds, (4.13)
onde my é a massa de repouso da particula-teste. e a hamiltoniana é:
L .,
H = 29" Pubv- (4.14)

Note que a hamiltoniana é simplesmente a Lagrangeana reescrita em termos
das varidveis conjugadas z* e p,, pois esta tem apenas termos cinéticos. Ve-
mos assim que os conceitos de integrabilidade e caos em sistemas hamiltoni-
anos que apresentamos nas secoes anteriores podem ser aplicados diretamente
ao movimento de particulas-teste em campos gravitacionais relativisticos.
Uma consequéncia imediata das equagoes (4.12) é que se a métrica g,
nao depende de uma das varidveis z®, ou seja se 9g,,/0r® = 0, entdo p,
¢ uma quantidade conservada pelo movimento, p, = const. Como a hamil-
toniana nao depende explicitamente do parametro afim da geodésica, esta é
automaticamente conservada. Temos entao a constante de movimento:
1 v — 1 2
H = const = —¢"'p,p, = =mg, (4.15)
2 2
No caso do movimento de raios de luz, ou outras particulas sem massa, o
momento conjugado é definido por IT* = dz#/dA, onde A é um parametro
afim, e H = 0.

4.2 Meétricas Estaticas Axisimétricas

Em um espaco-tempo com simetria axial e com simetrias de translacao e
inversao temporal, é possivel definir coordenadas tais que a métrica é escrita
na forma [21, 22]:

ds? = e*dt* — e 2V [627(cl7"2 +dz*) + r2d¢2] : (4.16)

onde o eixo z é o eixo de simetria axial, e r é a coordenada radial cilindrica.
¢ é o angulo em torno do eixo de simetria z, e t é a coordenada temporal.
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r, z, ¢ e t sao as coordenadas de Weyl. 1 e v sao fungoes de r e z apenas.
A métrica (4.16) nao depende das coordenadas t e ¢, o que é consequéncia
direta das simetrias impostas sobre o espaco-tempo.

Usando a forma (4.16) para a métrica, as equagoes de Eintein reduzem-se
a:

Py 104
arw Ty a:/») * a;f =0 (4.17)
e\t (ow oy,
dy=r [<—8r> (32) dr 4 2r o 82 (4.18)

A eq. (4.17) é a equacao de Laplace em coordenadas cilindricas; isto
automaticamente garante a integrabilidade de (4.18). O problema resume-se
entao a resolver a eq. (4.17), e entao calcular 7 integrando a eq. (4.18).

Observamos que apesar de as coordenadas r e z usadas em (4.16) serem
convenientes em um espago-tempo axisimétrico, devemos ter cuidado com sua
interpretacao, e nao se deve cair no erro de pensar nelas como coordenadas
cilindricas usuais. Para exemplificar escrevemos a métrica de Schwarzschild
(que descreve um buraco negro esfericamente simétrico sem carga e rotacao)
nas coordenadas de Weyl:

1 R++R_—2m

=1 4.19
¥ 2nR++R_+2m’ (4.19)

onde
R =r*+ (2 £m)% (4.20)

Interpretando r e z como coordenadas cilindricas em um espaco euclideano,
este campo representa uma barra de densidade linear uniforme no eixo z,
com massa total igual a m. Na verdade, a eq. (4.19) representa o campo
gravitacional esfericamente simétrico de uma massa puntual, como revela a
transformacao de coordenadas definida por:

r =+ R(R—2)sinb; (4.21)
z=(R—1)cosé. (4.22)
Nas novas coordenadas R e 0 a métrica é:
2 2
ds = (1 - %) dt? — 1d_R — R2d02, (4.23)

R
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onde d0? = df? + sin? d¢>. Esta é a métrica de Schwarzschild, e as coor-
denadas R,0,¢ tornam evidente a simetria esférica. Note que a “barra” na
eq. (4.19) é o horizonte de eventos R = 2m do buraco negro; assim, a regiao
do espaco-tempo no interior do horizonte de eventos nao é mapeada pelas
coordenadas de Weyl r 2.

Estd claro das eqgs. (4.16) e (4.17) que a fun¢ao métrica ¢ tende ao po-
tencial gravitacional newtoniano no limite de campos fracos (]| < 1). Além
disso, no caso de métricas assintoticamente planas, a coordenada temporal ¢
é o tempo medido por um observador no infinito.

A solugao geral da equagao de Laplace axisimétrica (4.17) pode ser escrita
como uma expansao em polinomios de Legendre:

v=> {anR” + bnR’("“)} P,(cosf), (4.24)
n=0

onde R? = 22 + 1% e cosf = z/R. Os coeficientes a, e b, sdo proporcionais
aos momentos de multipolo da distribuicao de massa responsavel pelo campo,
no caso newtoniano. Esta identificacao nao pode ser feita em geral no caso
relativistico, pelas razoes apresentadas acima. De fato, se expandirmos a
fungao 1 da métrica de Schwarzschild (4.19), encontramos b,, # 0 para todos
os n pares, quando de fato o campo é puramente monopolar, como pode ser
demonstrado por um calculo relativistico dos momentos multipolares [23].

Uma outra maneira conveniente de escrever as solugoes da eq. (4.17) é
através de coordenadas prolatas esferoidais, u,v, definidas por:

Z = uv; (4.25)
r? = (u® — 1)(1 — v?); (4.26)
u>1; -1<v <L (4.27)

Nestas coordenadas, a equagoes de Laplace (4.17) fica:

[T

Esta equacao ¢ imediatamente separavel, e a solugao geral é escrita em termos
de polinomios de Legendre:

o0

1/) = Z [anQn(u) + ann(u)] [CnQn(v) + ann(v)] : (4'29)

n=0
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Devido as simetrias axial e temporal, temos duas quantidades conser-
vadas ao longo do movimento de particulas-teste no campo (4.16), que sao
identificadas como a proje¢ao do momento angular no eixo de simetria (eixo
z nas coordenadas de Weyl) L,ea energia da particula E:

A

E = p, = moe®¥t; (4.30)

~

L, = py = —morie ¢ (4.31)

Além disso, temos a lei de conservacao (4.15), que representa a conser-
vacao da massa de repouso my da particula-teste, e que é escrita na forma:

E2e72Y — [2p722Y 2200 (7'"2 + Z'Q) =mjg. (4.32)



Conclusao

Neste tese estudamos a dinamica de sistemas dinamicos hamiltonianos aber-
tos, quando o sistema apresenta escapes, com particular énfase no movimento
de particulas-teste em campos gravitacionais, tanto relativisticos como new-
tonianos. O caos nestes sistemas se manifesta através de uma fronteira fractal
que separa as condicOes iniciais no espaco de fase correspondendo a diferentes
escapes. A sensibilidade as condicoes iniciais associada a existéncia da fron-
teira fractal é medida pela dimensao fractal (box-counting) da fronteira. Nds
determinamos a existéncia de fronteiras fractais e investigamos o seu compor-
tamento como funcao dos varios parametros fisicos para varios sistemas: o
sistema de Hénon-Heiles para energias acima da energia de escape (Apéndice
A), o sistema composto por um halo de matéria cercando uma regiao in-
terior vazia (Apéndice B) ou com um buraco negro central (Apéndice C), e
um sistema idealizado composto por dois buracos negros distantes (Apéndice
D), onde pudemos determinar rigorosamente a existéncia de uma dinamica
simbdlica e de caos transiente.

A dinamica de sistemas com caos transiente ainda é bastante inexplora-
da, especialmente em sistemas da relatividade geral, o que deixa em aberto
muitas direcoes por onde o estudo apresentado aqui pode ser continuado.
Uma extensao natural do modelo buraco negro central + halo apresentado
no Apeéndice C é incluir momento angular no buraco negro, o que é fisi-
camente mais realista, visto que a grande maioria dos objetos astrofisicos
conhecidos tem rotacao. Existem solugoes exatas das equacoes de Einstein
representando um buraco negro de Kerr e um halo, e estas podem ser usadas
para investigar a dindmica neste sistema [25]. Do ponto de vista dinamico,
a introducao de rotacao quebra a simetria por inversao temporal, e deve
por isso resultar em uma dinamica diferente (e mais rica) que no caso sem
rotacao.

Além do modelo buraco negro + halo, existem outros modelos que apro-
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ximam distribui¢oes de matéria encontrados em astrofisica; um deles é o mo-
delo de disco, usado para descrever galaxias espirais ou discos de acres¢ao de
buracos negros. A dinamica nestes sistemas para regimes abertos ainda nao
foi estudada (ha estudos da dinadmica confinada, usando segoes de Poincaré
[24]).

Uma outra via de investigacao é o estudo de sistemas nao-axisimétricos,
onde temos trés graus de liberdade, e a dinamica ocorre em um espago de
fase de cinco dimensoes (em sistemas conservativos). A dinamica de sistemas
de mais de dois graus de liberdade é ainda quase totalmente desconhecida, e
temos aqui intimeras possibilidades de investigacao.
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Abstract

The dynamics of several Hamiltonian systems of two degrees of free-
dom with polynomial potentials is examined. All these systems present
unbounded trajectories escaping along different routes. The motion in
these open systems is characterized by a fractal boundary (and its corre-
sponding fractal dimension) separating the basins of the escape routes.
The fractal (basin boundary) dimensions for these systems are studied
in some detail.

A.1 Introduction

The phenomenon of chaos in the escape of particles in Hamiltonian systems
is well known in the field of dynamical systems, in particular in systems of
two degrees of freedom with polynomial potentials, and has been intensively
investigated in astrophysics (see for instance, [1] and references therein) and
recently in general relativity [2, 3]. In these systems a test particle can escape
from an inner region of the potential to infinity through several distinct
escape routes. The escape route chosen by the particle is a function of its
initial conditions. If this function has a fractal structure in phase space, the
system is said to be chaotic, in the sense that the escape route followed by the
particle depends strongly on the initial condition, i.e., a small change in the
initial conditions can produce a considerable change in the particle motion.
This sensibility to initial conditions can be quantified by the “box-counting”
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dimension or other topological dimensions of the boundary between regions
corresponding to different escape routes [4].

In this communication, we study numerically some Hamiltonian systems
of interest to astrophysics and general relativity that have escapes. The
main tool used is the box-counting dimension. In section 2, we introduce
some standard concepts employed to study open trajectories in Hamiltonian
systems: invariant sets, basin boundaries, and box-counting dimension. We
examine unbounded motions of the classical Hénon-Heiles system [5]. In sec-
tion 3, we consider two galactic potentials extensively studied by Contopoulos
and collaborators [1], in particular we compute the box-counting dimension
for these systems. In section 4, we study a class of homogeneous models for
which some rigorous analytic results about the existence of chaotic motion
are known [6, 7]. Recently, these systems have been considered in connection
with the motion of test particles in a plane fronted gravitational wave (pp
wave) [2, 3]. In the last section our main results are discussed.

A.2 Hénon-Heiles System

Since it was first proposed as an idealized model for the potential of an
axisymmetric galaxy, the Hénon-Heiles (HH) model gained life of its own
and became a paradigm of chaotic Hamiltonian dynamics. Even though it is
one of the simplest non-linear two-degrees-of-freedom Hamiltonians it shows
the full complexity of chaotic dynamics [5].

The study of orbits of the HH model have been limited mainly to energies
below the escape energy F., i.e., bounded motions. However, it is natural to
investigate the dynamics for energies above E.. We expect also that chaos
be present for unbounded motions [6].

The HH Hamiltonian is':

H =

% (p2+p]) +V(x,y), (A.1)

L 3

1
Via,y) =5 (2* +9°) + 2% - 50", (A2)

'Potential V in eq. (A.2) is a special case of the general potential V\ = 1(z? + y?) +
A2y — %y3), where A is a real parameter that measures the strength of the cubic terms
responsible for chaotic behavior. In this article, we shall restrict ourselves to the standard
choice A =1
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where p, = @ and p, = y are the conjugate momenta to x and y . The escape
energy is £, = 1/6. When E < E., the equipotentials V(x,y) = E are closed
curves and the motion is bounded. In limit case £ = E,. the equipotential
is an equilateral triangle. For E > E., the vertices of the triangle open and
the particles can escape. In fig. 1 we show the contour lines of the potential
(A.2) for different values of E. For energies above 1/6 we have three escapes
that we label 1, 2 and 3.

For an energy above FE., the escape chosen by a particular orbit is a
function of the initial conditions of this orbit, i.e., it is a function of the
accessible phase space. The set of initial conditions leading to escape through
the opening i (where i is one of the values 1, 2 or 3) is defined as the basin of
the escape i. We observe that if the initial conditions are chosen in the inner
region bound by the three openings and the equipotential curve, a trajectory
directed outwards passing through any one of the openings will never return,
due to the form of V'(x,y), so the basins are well defined for this region.

We have chaos in this system when the basin boundaries are fractal [4].
The sensitivity to different initial conditions is quantified by the topological
dimension d of the set of initial conditions belonging to the basin, which is
non-integer for a fractal basin boundary (FBB). Many systems have been
shown to have FBBs [1, 8, 9.

In order to have a picture of the structure of the basins in phase space, we
chose a 2-dimensional subset S of the 3-dimensional accessible phase space
at a fixed energy F, defined by a segment || < a (where a is a length to be
chosen appropriately) and y = 0. For each point in the segment, the modulus
of the velocity (2 + 9/?)/? is fixed by the energy,

(@ + )2 =v=QE-V(e,0)" = 28-2")"".  (A3)

The direction of the velocity is a free parameter. Hence & is topologically
equivalent to a segment of a cylinder, therefore it can be parameterized by x
and 0, where # is the angle of the velocity with respect to the x-axis,

T =wvcosb, 7 = vsinf. (A.4)

To obtain a picture of the basins in S, we chose a = 0.5 (for F = 0.3),
and we divided the intervals —a < z < a and 0 < # < 27 into 500 parts
each, and thus create a 500 x 500 grid of initial conditions in S. We integrate
numerically the equations of motion for each of these points until they leave
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through one of the openings; we know then to which basin each point in the
grid belongs.

We obtain in this way a (finite resolution) portrait of the basin structure
in §. The result for £ = 0.3 and a = 0.5 is shown in fig. 2a, with the
following color-code: black regions belong to basin 1 (escape to y — +00),
grey regions belong to basin 2 (escape to £ — —o00, y — —00), and white
regions belong to basin 3 (escape to x — 400, y — —00), see fig. 1. The
magnification of a tiny region of fig. 2a is shown in fig. 2b. Therefore we
have a complex mixing of the basins down to very small scales, which is an
indication of the presence of a FBB. We proceed to calculate the box-counting
dimension of the basin boundary [4] . To do this, we take a large number
of initial conditions (¢, fy) chosen randomly in S. For each of these initial
conditions we integrate the equations of motion and see to which basin it
belongs. Then we pick for each (zg,6p) the two initial conditions: (x4 €, 6yp)
and (zg — €,6p), where € is a given (small) number, and find their basins in
the same way. When they do not belong to the same basin as the original
point (xg,6y) the point (xg,6) is labeled “uncertain”. The fraction P(e) of
uncertain points as a function of the displacement e can be shown to scale as

P(e) ox P74, (A.5)

where D is the dimension of the ambient space (2 in our case) and d is the
box-counting dimension of the intersection of the basin boundary with §.
We calculate d from a plot of In P versus Ine: this should be a straight line,
and its inclination gives D — d. If the basin boundary is not fractal, we have
d = D — 1; otherwise, d > D — 1. For E = 0.3, we found d = 1.63 + 0.02,
showing that the basin boundary is indeed fractal.

The basin boundary is composed by the set of unstable trapped orbits,
which is the stable manifold of an unstable invariant set (a repellor set), which
is made of unstable orbits that do not escape for both t - —oc and ¢t — +00.
If the invariant set is fractal (that is, if we have a strange repellor), the basin
boundary will also be fractal. Orbits starting near a FBB will follow the
stable manifold of the repellor, will stay near it for long times (the particle
bouncing back and forth many times in the inner region without escaping)
and will finally escape following a trajectory near its unstable manifold. We
have thus associated with the chaos in the choice of the escape, a chaos in
the time of escape. This is illustrated in fig. 3, which shows the escape
time versus the angle 6 of the initial velocity for x = 0. The blow-up in
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fig. 3b shows the dramatic sensitivity to the initial conditions. We observe
that since the escape time depends on when we consider an orbit to have
escaped (in the case of figs. 3, orbits are considered to have escaped when
Va4 y? > 10), it is to some extent arbitrary. Nevertheless, the structure
observed in figs. 3 is independent on this choice. We observe that there is
an almost-repeating pattern discernible in figs. 3, but the fractal nature of
the picture makes a detailed comparison difficult.

In order to have a picture of how the FBB arises as a result of the dy-
namics of the system, we define the twist number n of an orbit (x(t),y(t)) as
the number of times it crosses the phase-space surface of section P given by
y = 0 in the negative direction (that is, with § < 0) before escaping. If we
take initial conditions on S, there is a subset that corresponds to orbits with
n = 0 that escape without ever crossing P in the negative direction; some
orbits, on the other hand, cross P at least once; these have n > 1. We denote
by Ij the set of initial conditions on & that generate orbits with n > k. We
have the obvious hierarchical relation:

I, DI, DI3D---. (A.6)

The limit limy_, , o, I is the restriction to S of the stable manifold of the
repellor, that is, the FBB. The construction of the FBB can be followed in
figs. 4a, 4b and 4c, which show I, I, and I3 for E = 0.3 with the same grid
used in fig. 2a. Every step I, — I,y is made by taking out from [, ever
thinner intercalated strips, in a process identical to the construction of the
Cantor set. This is the mechanism responsible for the creation of the FBB.
The construction of the repellor can be followed in a similar way: defining
Ry, as the set of initial conditions in S that have crossed P at least k times
(in the negative direction) for both directions of time before escaping, the
limit limg_, o Ix is the repellor set. In fig. 4d we show R,. The division of
phase space into regions corresponding to different twist numbers also has a
fractal structure which is intimately connected to the structure of the escape
basins. In fact, a calculation of the box-counting dimension for the boundary
between the regions I, yields exactly the same value d as that obtained for
the basin boundary.

All the previous discussion was limited to a fixed value of the energy. It is
also interesting to investigate how the dynamics changes as we vary E while
keeping F/ > E.. For E — E., the openings in the equipotentials are small,
and a particle typically bounces back and forth many times before it escapes.
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We accordingly expect that the chaos is more intense (or that d is larger) as
we lower the energy towards F.. We have found that this is indeed the case.
In fig. 5, we show how the box-counting dimension varies as a function of the
energy, for F near E.. As we expected, d is a decreasing function of E, and
in the limit £ — E. = 0.166... it appears to reach the limiting value of 2,
which represents maximum chaos. For F near F., d depends approximately
linearly on FE.

In fig. 6 we show the dependency of d on E for large values of E. It
is clear from this figure that as £ — 400 d decreases monotonically to a
limiting value d; =~ 1.2, instead of tending to 1, as might have been expected.
To understand this behavior, consider the homogeneous potential:

1
Vo(z,y) = 2y — gy?’, (A7)

obtained from (A.2) by dropping the quadratic terms. Vy(z,y) is a homoge-
neous polynomial of third degree in x and y. It can be directly verified that
for large values of E the level curves of V' are well approximated by those of
Vo (attention: this is not true in general!). Thus, we hope that the dynamics
of the system (A.7) gives us the motion in the Hénon-Heiles potential (A.2)
in the limit £ — +o0.

The equations of motion in a homogeneous potential of degree n are
unaltered by the transformation x — Az, y — Ay, t — t/\/x, E — \"E,
where A is a real scale factor. This means that in a homogeneous potential
all orbits with a given energy are similar to the corresponding orbits with
any other energy by the above scale transformation (as long as both energies
are of the same sign). Therefore, we have to consider only one value of F
in the study of the dynamics of the system. In particular, the box-counting
dimension d is a number which depends only on the system, and not on the
energy nor any other parameter. We have calculated d for the system (A.7),
obtaining the value d = 1.23 4+ 0.02. Comparing this with fig. 6 we see that
this agrees with the limiting value of d for the HH model for £ — +4o00.

A.3 Contopoulos’ Potentials

Contopoulos and collaborators [1] studied in some detail the escapes of par-
ticles subjected to the two potentials:

1
Vile,y) = 5 (2% +9°) — ey, (A-8)
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(x2 + y2) — exy?, (A.9)

DO | —

Va(z,y) =

where € is a free parameter.

The first potential V; has closed equipotential curves (and therefore
bounded motion) for 0 < F < 1/4e. For E > E. = 1/4¢, the equipoten-
tials open, and the system has four distinct escapes. We have calculated the
box-counting dimension in this system as a function of the energy for e =1,
by the same procedure we used in the Hénon-Heiles Hamiltonian. The result
is shown in fig. 7. We see that, as in the HH case, d is a generally decreasing
function of E, and we have also verified that it goes to the limiting value of
2 as F approaches the escape energy E.. However, as opposed to the HH
case, d tends to 1 for large E, that is, the basin boundaries become regular
(non-fractal) for large E.

The second potential V5 has only two escapes above its escape energy, but
it has shown very similar features to the earlier case. In particular, d — 2 as
E — E., and d — 1 as F — oo. We remark that for both potentials studied
in this section, the approximation of dropping the quadratic terms from
the potential (used in section 2) does not work, because the equipotential
curves obtained thus do not approximate the equipotential curves of the full
potentials.

A.4 Homogeneous Potentials

Apart from a constant factor, potential (A.7) is a particular case of the class
of homogeneous potentials defined by:

Un(z,y) = Re{2"}, (A.10)

with z = y + iz; Re denotes the real part. In polar coordinates (p, ¢) given
by p? = 2% + y* and ¢ = arctan(y/x), U, takes the form:

Un(p, ¢) = p" cos(no). (A.11)

The origin p = 0 is a degenerate saddle, and has n distinct escapes for positive
energies.

Eq. (A.10) or (A.11) defines a homogeneous potential of order n; (A.7)
is given by n = 3. As explained in section 2, the box-counting dimension
of systems described by homogeneous potentials is the same for all energies,
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and so d depends only on n. We have calculated d for some values of n; the
result is plotted in fig. 8. The value of d calculated for n = 3 given in the
previous section is compatible with the estimated value obtained in [3]. We
see that d increases with n.

The potentials U,, have been studied analytically in [6, 7], where it is
proved that the invariant set of these systems defines a symbolic dynamics,
which shows rigorously that they have chaotic motion. These potentials have
also been studied in the context of the motion of test particles in interaction
with a plane fronted (pp) gravitational wave [2, 3].

A.5 Conclusions

We have studied numerically the structure of the basin boundaries of escape
of the Hénon-Heiles and some related systems. We found that they have
fractal structures, implying a great sensitivity to the initial conditions in the
escape route followed by particles, measured by the box-counting dimension
d. One common feature in the systems is that d tends to its maximum value
(which is equal to the dimension of the ambient space) as the energy tends to
the escape energy?. We conjecture that this is a general behavior, valid for
all systems. The behavior for energies much greater than the escape energy
is system-dependent. In the Hénon-Heiles system, d — 1 tends asymptotically
to a non-zero limiting value, while in the case of the two potentials of section
3, d — 1 goes to zero as E — oc.
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Figure A.1: Level contours of V(z,y) for the Hénon-Heiles system.
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Figure A.2: Portrait of the basins of the HH system for £ = 0.3. The initial
conditions were chosen on a grid of 500 x 500. Regions in black correspond
to orbits that escape to y — +o00; regions in gray correspond to orbits that
escape for x — —oo, and regions in white correspond to orbits that escape

for ¥ — +o00. (b) is a detail of (a).
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Figure A.3: Escape time in the Hénon-Heiles model versus the velocity angle
6, for 1o = yo =0 and E = 0.3. (b) is a detail of (a).
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Figure A.4: Sets I, and Ry for the Hénon-Heiles potential with £ = 0.3: (a)
Ila (b) 127 (C) 137 (d) RQ-
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Figure A.5: Dimension d of the basin boundary for the Henén-Heiles model
as a function of the energy, for F near F.. The size of the circles correspond
approximately to the statistical uncertainty of d.
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Figure A.6: Plot of the dimension d of the basin boundary for the HH model
as a function of the energy, for large values of E. The size of the circles
correspond approximately to the statistical uncertainty of d.
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Figure A.7: Dimension d of the basin boundary for the V] potential (A.8) as
a function of the energy. The size of the circles correspond approximately to
the statistical uncertainty of d.
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Figure A.8: Dimension d of the basin boundary for the U,, potentials (A.10)
as a function of n. The size of the circles correspond approximately to the
statistical uncertainty of d.
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Abstract

We study the planar motion of test particles in gravitational fields pro-
duced by an external material halo, of the type found in many astro-
physical systems, such as elliptical galaxies and globular clusters. Both
the Newtonian and the general-relativistic dynamics are examined, and
in the relativistic case the dynamics of both massive and massless par-
ticles are investigated. The halo field is given in general by a multipole
expansion; we restrict ourselves to multipole fields of pure order, whose
Newtonian potentials are homogeneous polynomials in cartesian coor-
dinates. A pure n-pole field has n different escapes, one of which is
chosen by the particle according to its initial conditions. We find that
the escape has a fractal dependency on the initial conditions for n > 2
both in the Newtonian and the relativistic cases for massive test par-
ticles, but with important differences between them. The relativistic
motion of massless particles, however, was found to be regular for all
the fields we could study. The box-counting dimension was used in each
case to quantify the sensitivity to initial conditions which arises from
the fractality of the escape route.

B.1 Introduction

It is common in astrophysics to find systems composed by an external ma-
terial halo surrounding an inner region which is either void or has a massive
black hole in the center. Examples of systems that are realistically described
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by such a model are elliptical galaxies and globular clusters[1]. The gravi-
tational field in the inner region due to the halo satisfies the vacuum field
equations, and in Newtonian gravitation it can be expanded in a sum of mul-
tipole terms of various orders. Due to the intrinsic nonlinearity of general
relativity, in general this is not true for general relativistic fields. However,
in many situations the halo can be supposed to be axisymmetric; in this
case, the general solution of Einstein’s equations is known, and the inner
relativistic field can also be expanded in a series of multipolar terms. In
this article, we study the dynamics of test particles in pure multipolar halo
fields (without any matter in the inner region), both in the Newtonian and
relativistic theories, for several multipole orders, for material particles and
(in the relativistic cases) for light. We find that in each case the systems
have distinct well-defined escapes. Different escapes are chosen by the test
particles depending on its initial conditions; if the escape route is a fractal
function of the initial conditions, the outcome of a particle starting from a
given initial condition shows a sensitive dependence on these initial condi-
tions. In this sense, we say that the system is chaotic[2, 3, 4]. Associated
with this, we have a conveniently defined fractal dimension, which quantifies
this sensitiveness. Fractal escapes have been found in a number of physical
systems, including the Henon-Heiles system|[5], astrophysical potentials[6],
the motion of test particles in gravitational waves[7], classical ionization[8],
motion of particles in a fluid[9], inflationary cosmology[10], and others. We
study the fractal dimension for different multipole orders and for different
energies, in the case of material test particles. For simplicity, we confine
ourselves to the case of zero angular momentum, when the motion is planar.

This article is organized as follows: in section 2, we investigate the clas-
sical multipole gravitational field, showing the fractality of the escape basins
and calculating the corresponding dimension for several multipole orders. In
section 3, we turn to the relativistic case, and investigate the dynamics of
both material particles and massless particles; we compare the results with
those obtained in the classical case. In section 4, we summarize our results
and draw some conclusions.

B.2 Newtonian multipole fields

The Newtonian gravitational field in the inner region due to the mass in the
halo satisfies the vacuum (Laplace) field equation V?W¥ = 0, and therefore
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can be uniquely expanded in a sum of multipole terms. If the field is axisym-
metric, as we admit from now on, its multipole expansion can be written
as:

T => {anR” + bnR’("“)} P,(cosb),

n=0

where R? = 22 + 72 cosf) = z/R, and r and z are the usual cylindrical
coordinates; the P, are Legendre polynomials. If we consider the inner region
to be empty of matter, ¥ cannot have singularities there. This means that
b, = 0 for all n in the inner region. Thus:

o
U =qq+ Z a,R" P, (cosf), (B.1)

n=1
where ag is a constant which can without lack of generality be chosen as zero.
The multipole expansion of ¥ contains only terms that become singular as
R — oo (with the exception of the constant term ag). Here we are interested
in studying the dynamics of the field due to each multipole term separately.

We therefore define the n-th order multipole field ¥,, as:

U, = a,R"P,(cosb). (B.2)

We now consider a test particle moving in the field ¥,, with no angular
momentum in the direction of the symmetry axis z; in this case, the particle’s
motion is restricted to a plane that contains the 2z axis. A convenient set of
coordinates in this plane is given by the z axis and the extended r axis,
which reaches negative values. In order to avoid confusion, we shall denote
the extended r axis by x, with —oo < z < +o00. ¥ is written in terms of =
simply by replacing it for r. The Hamiltonian of a test particle of unit mass
acted upon by the field ¥,, is:

H, = % (32 + 2) + Uz, 2). (B.3)

The corresponding equations of motion are & = —0V,,/0x, 2 = -0V, /0z.
Since ¥, is a homogeneous potential, satisfying W, (Az, A\z) = \"¥, (z, 2),
these equations are invariant with respect to the similarity transformations
T — Ar, 2z — Az, t — t/\/X, and £ — A"E, where ) is an arbitrary scale fac-
tor. Thus, to each orbit in the W, (z, z) potential there corresponds a similar
orbit in the transformed potential ¥, (Az, Az), as long as A is positive. This
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means that the dynamics for all positive values of E is the same except for
scaling; we have to consider only one value of E for each multipole potential
¥, when we study its dynamical properties. We could use this scaling prop-
erty of the Hamiltonian to make a, = 1 in eq. (B.2), but we prefer to keep
the constant arbitrary because of numerical convenience.

The region in the (x, z)-plane accessible by a particle moving in the poten-
tial ¥, with energy FE is bounded by the equipotential curves ¥, (z,z) = E;
the particle must satisfy W, (x,z) < E. This inequality can only be satis-
fied for a positive energy if ¥, is positive. From equation (B.2), it follows
that the directions 6 satisfying P, (cosf) < 0 are accessible for all positive
energies, whereas directions satisfying P,(cos#) > 0, if followed far enough,
reach values of R which violate the inequality ¥, (z,2) < E. Therefore, the
directions with negative values of P,(cos#) define distinct escapes of the po-
tential ¥,,; these escapes are separated by inaccessible regions lying at angles
with P,(cosf) > 0. From the properties of Legendre polynomials, it follows
that the potential ¥,, has n distinct escapes.

As an example, Fig. 1 shows equipotential curves for some energies for
the octopole field W3. The curves for different energies have the same shapes,
which is a direct consequence of the potential’s homogeneity. The three
openings in the equipotential curves are seen clearly.

To give an idea of the kind of matter distribution that gives rise to
fields of the form (B.1) and (B.2), consider two point masses (with mass
m), located on the z axis at z = 4a and z = —a. On the (z,2)-
plane, the potential generated by these two masses is given by ¥ =
—mG [((z —a)?+ 2P ((z+a)? + x2)_1/2], where G is Newton’s grav-
itational constant. At x =0, z = 0, we have 0¥ /0x = 0¥ /0z = 0. Expand-
ing ¥ in a Taylor series in the vicinity of this equilibrium point, we find that
to second order in x and z, W is given by:

—27;7;)G (22:2 — x2) =

B 4mG

v = 3

R?Py(cos ). (B.4)

In the expression above we have discarded an unimportant additive constant.
Thus, the field near the equilibrium point is approximately a quadrupole field
Uy, with ay = —4mG/a3. This field has two escapes, directed towards the
two point masses. As a more complicated example, consider a field generated
by a point mass with mass M on the 2z axis at z = h and a ring of uniform
linear density and total mass m centered on the z axis at z = b with radius a.
A calculation similar to the one presented above shows that if the parameters
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of the system are chosen so as to satisfy the relations:
(a® +6%)"/?
(202 — a2)*’
B 2b (a* + %)
22 —qa?
with b < 0, h > 0 and 2b> < a?, then both the dipole and the quadrupole

terms vanish at (z,z) = (0,0), and the field is described to a first approxi-
mation by an octopole field U3 with a coefficient az given by:

- 4
as = _m (a2 + b2) " <2a2b + a_> .

M = —4mb?

2 2b

This field has three escapes (see Fig. 1), directed towards the point mass
and the two intersections of the (z, z)-plane with the massive ring.

To each escape we define the corresponding basin, which is the set of initial
conditions in the phase space that lead to that escape. If the escape chosen
by a particle is a fractal function of its initial condition, then the basins
of the various escapes are mixed in a complex fashion, down to arbitrarily
small scales, and the final state of the particle (i.e. which escape it chooses)
can be extremely sensitive to its initial state. This happens when the basin
boundary is fractal. We then say that the system presents chaos. This is
the appropriate definition of chaos to open systems, whose motions are not
confined to a limited volume of the phase space, and this is the definition
used throughout this article.

The directions 6, which are minima of P,(cos ) correspond to valleys in
the potential W,; the escape regions are centered around these directions.
The walls on either side of these valleys became increasingly steeper as we
go to R — oo. This makes the orbits of escaping particles become focused
in beams around these directions as they move towards R — oo. This phe-
nomenon can be seen in fig. 2a, which shows some numerically integrated
orbits all beginning with initial conditions on z = z = 0, and varying initial
velocity direction angle ¢, defined by:

vy = vsing; v, = vCos P,

where v, and v, are the initial velocities in the x and z directions, and the
velocity modulus v is fixed by the conservation of energy:

v=vV2E,
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since U,,(0,0) = 0.

The fractal nature of the basin boundary can be observed in a plot of the
escape angle ., as a function on the initial velocity direction angle. This is
shown in Fig. 3a. We had to choose a “cutoff distance” R, such that the
integration stops when R reaches R;. In the case of Fig.3, we chose Ry = 10.0.
The discreteness of the values assumed by the escape angle is clearly seen in
Fig. 3; this is an illustration of the focusing effect. The magnification of a
tiny region of fig. 3a shown in fig. 3b gives us a convincing proof that the
basin boundary is fractal. An example of the sensitivity to initial conditions
implied by the fractality of the basin boundary is given in fig. 2b, where
three orbits with ¢ differing by less that one thousandth of a radian choose
different escapes. We see that initially the orbits are indistinguishable, and
after a time they separate rather abruptly and go to their distinct escapes.
Figures 2 and 3 were plotted with £ = 1 and a3 = 1, but as we explained
above, the result is exactly the same regardless of the parameters’ values.
We note that we have found no bounded orbits for any of the ¥, potentials,
which might have been expected from the shapes of the equipotentials.

The reason why the escape basins are fractally mixed is that the parti-
cle can bounce many times off the potential “walls” before escaping. This
means that associated with the fractality in the basin boundary we have also
fractality in the escape time. To see that this is so, we plot the time it takes
for a particle to escape (without discriminating among the various escapes)
as a function of its initial velocity angle ¢, for a fixed initial position xg, 2.
Figure 4 shows the results for the octopole potential, with xqg = 2y = 0. The
magnification shown in fig. 4b shows clearly the fractal nature of the escape
time. Notice that fractal and non-fractal areas are mixed for all scales. The
fractal nature of the escape time is a result of the existence of a fractal set
of singularities in the escape time function, where the escape time diverges.
This set of singularities results from the intersection between the set of initial
conditions (a topological circle in this case) and the set in the phase space
composed of orbits that never escape for ¢ — oo, which in its turn is the
stable manifold of the so-called invariant set, which is also fractal in our case
and is composed of orbits that never escape for both ¢t — oo and ¢t — —o0.

The sensitivity to initial conditions implied by the fractal nature of the
basin boundary is made precise with the introduction of the box-counting
dimension d, calculated in the following way. For a given initial position
(which is xy = yo = 0 in our case), we pick a large number of random initial
velocity angles ¢, with 0 < ¢ < 27. For each of these we integrate the
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equations of motion and see to which basin it belongs. We then take two
neighboring angles ¢ — ¢ and ¢ + ¢ (with the same initial position), with
€ being a small number, and find to which basin they belong. If all these
three initial conditions do not belong to the same basin (if they lead to
different escapes), then ¢ is said to be an “uncertain” angle. The number
n of uncertain angles found in a sample of N randomly chosen points is a
function of the displacement ¢, and for large N the fraction n/N of uncertain
points scales as

% =foce, (B.5)

where d is by definition the box-counting dimension of the intersection of the
basin boundary with the one-dimensional manifold in which we chose the
initial conditions. We numerically calculate f for several values of €, and d is
directly obtained from the plot of In f versus In ¢, which should be a straight
line, and whose inclination « is related to d by a =1 —d.

We have calculated in this way the box-counting dimension for multipole
fields with orders from 2 to 9. Since the dynamics is the same for every value
of the energy, d does not depend on E, and is unique for each multipole order.
Figure 5 shows the plot of In f versus In e we have obtained for the octopole
field (n = 3). The data fit quite well into a straight line, whose inclination
(v = 0.77 £ 0.01) gives a dimension d = 0.23 £ 0.01, confirming the fractal
nature of the basin boundary. Figure 6 shows d as a function of the multipole
order n. We see that d increases monotonically with n, which means that
the fractality of the basin boundary increases with n, and thus the dynamics
becomes “more chaotic” with multipolar fields of higher orders. The dipole
and quadrupole fields (n = 1 and n = 2, respectively) have regular basin
boundaries, and show no chaos in their dynamics. In fact, the potentials Wy
and WU, are separated using the x, z coordinates, as can be immediately seen
from (B.2), which implies that the Hamiltonian is integrable and the basin
boundaries are regular.

A field of the general form (B.1), with the contribution of more than
one multipole order, is not homogeneous, and its dynamics changes with the
energy. We have studied how the box-counting dimension changes with E for
the field ¥ = U3 + ¥,, with equal contributions of the 3rd and 4th multipole
orders. For high values of E, the particle’s motion is dominated by the 16-
pole component of the field, and the equipotentials are practically the same
as the pure 16-pole field. Accordingly, for these energies the box-counting
dimension was found to be numerically indistinguishable from the value we
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obtained for the pure 16-pole field ¥,. As the energy is lowered, however, d
does not go to its pure octopole field value, as might be imagined. In fact, for
E = 0.1, we found d = 0.38 £0.01; this value of d is higher then that of both
the pure octopole field and the quadrupole field. Thus, the fractal dimension
from a field made by the mixture of two multipole orders is not necessarily
an intermediate value between the dimensions of each pure multipole order
separately.

B.3 Relativistic multipole fields

In this section we investigate the dynamics with a general-relativistic gener-
alization of the Newtonian multipole fields we studied in the previous sec-
tion. In general relativity, the dynamics results from the space-time metric
ds* = gudztdz”, where g,, is the metric tensor and z* are the space-time
coordinates. The equations of motion for a test particle in the field g,, are
given by the geodesic equation #* = —T' ;#%3”, where T ; is the Christoffel
symbol, and i# = dx*/d\, with A being a convenient affine parameter.

For an axially symmetric and static field, the metric is most conveniently
written in the Weyl form[11]:

ds? = e*Vdt* — e 2 [627 (dr2 + dzZ) + r2d¢2] : (B.6)

where r, 2 and ¢ are cylindrical-like coordinates, and ¢ is the time. We use
units such that ¢ = 1 throughout. The metric functions ¥ and v depend on
r and z only, and satisfy the vacuum Einstein field equations:

O’ 10V 5%V

2 = _ _ =0
V= o Tror oz 0 (B7)
0w\’  [ov)’ oW O

Eq. (B.7) is just Laplace’s equation in cylindrical coordinates, and eq. (B.8)
is a quadrature whose integrability is automatically guaranteed by eq. (B.7).
Thus, each axisymmetric solution of Newton’s field equation corresponds to
a general-relativistic metric (B.6), with v being found by integration of eq.
(B.8) with the requirement that the metric be regular in the symmetry axis.
Based on this, we define the relativistic analogue to the multipolar fields ¥,
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in eq. (B.2) to be the metric (B.6) with ¥ = W, and v = ~,, obtained through
eq. (B.8). The integration can be performed analytically, and the result is:

= ga2R2n [P,%(COS 0) — Pﬁ_l(cos 9)] , (B.9)

with R? = r? 4+ 22. Since there are many possible relativistic space-times
which in the weak field limit correspond to a given Newtonian field, the
choice of the metric is not unique. We have chosen the metric defined by W,
and 7, because it is the simplest choice, and because the field obtained in
this way shares important features with the Newtonian field, as we shall see
shortly.

As in the Newtonian case, the invariance of the system with respect to
time translations and axial rotations implies the existence of two constants
of motion, which can be identified as the energy E and the z-component
of the angular momentum L,. They can be found by using the Lagrangian
associated with the metric (B.6):

2L = ?Vi? —e?¥ [627 (fZ + 22) + r2q52] : (B.10)

where the dot denotes differentiation with respect to the affine parameter.
Since both ¥ and v depend only on r and z, the Lagrangian L does not
depend on t and ¢; they are “cyclical coordinates” in the language of Hamil-
tonian dynamics, and they are associated with the conserved quantities:

OL .
L i (B.11)

L,= B_L = —r2e 2§, (B.12)
09
Since the Lagrangian function (B.10) has only kinetic terms, and since L
does not depend explicitly on the affine parameter, the Hamiltonian of this
system is simply L itself, and its conservation gives us yet another constant
of motion:

E

1
L= §mg,
where mg is the test particle’s rest mass. In the case of light, we have
mg = 0; for massive particles, we can without loss of generality make my = 1.

Rewriting L with the help of eqs. (B.11) and (B.12), we have:

E?e 2V — [ 227 _ o207 Y0) (fZ + 22) =0, (B.13)
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with § = 0 for particles with zero rest mass, and 6 = 1 for massive particles.
As in the Newtonian case in the previous section, we will restrict ourselves to
motion with zero angular momentum (L, = 0), when the motion is planar.
In complete analogy to what we did for the Newtonian potential, we define
a new coordinate x, which is no more than r extended to negative values;
the motion of our zero angular momentum test particle occurs on the (x, z)-
plane. All the expressions above are written in terms of x simply by replacing
r by x everywhere.

The accessible region of the (x, z)-plane is found by setting & = 2 = 0 in
(B.13); taking into account that L, = 0, we have:

E*i=2=0)=U(z,2) = de?". (B.14)

The accessible region for a particle with energy E is given by U(z, z) <
E?. For massless particles (§ = 0), U = 0, and this condition is always
satisfied; thus, the whole (z, z)-plane is accessible to null geodesics. This is
not so for massive particles (0 = 1); the regions they are able to reach on the
xz plane depend on their energy and are determined by W.

We now consider the pure multipole potentials ¥,, = a, R"P,(cos 8), with
Yn given by (B.9). We first treat the case of massive particles; the motion
of light will be studied later. The effective potential is U = e?¥ = gy,
where gy is the time-time component of the metric. It is clear that the
dynamics in the relativistic field (¥,,, v,,) is more complex than its Newtonian
counterpart. In particular, since neither the effective potential (B.14) nor
v, are homogeneous functions, and furthermore the relativistic equations of
motion depend on the velocities z#, the orbits in the relativistic field do
not satisfy the homogeneity property that guarantees for the orbits in the
Newtonian field that the dynamics is the same for all energies, up to a global
scaling. We thus expect the dynamics to change with the energy in the
relativistic case; this is a fundamental difference between the two theories.
In spite of this, we see from eq. (B.14) that the curves of constant effective
potential are still given by ¥,, = const (although the constant is no longer
just the energy). This means that the escapes in the potentials ¥,, are the
same as those in the Newtonian fields. As R — oo along the asymptotically
allowed directions, given by P,(cosf) < 0 (exactly as in the Newtonian case),
we have U = g, — 0, that is, we have an infinite red shift (as in section 2, we
assume a, > 0): particles are attracted to these regions. On the other hand,
for asymptotically forbidden regions, with P,(cosf) < 0, we have g, — oo,
an infinite blue shift: particles are attracted away from these regions.
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We now study the dynamics in this field using the same techniques we
used in the Newtonian case. We integrate numerically orbits with initial
position xyg = zg = 0 and variable velocity angle ¢, with the magnitude v
of the velocity being fixed by the conservation of energy. Since ¥,(0,0) =
7,(0,0) = 0 for all n, from eq. (B.13) we see that:

To =vsing Zy = v cos ¢,
with
vi=FE%—1.

The equations of motion for the independent variables z and z are ob-
tained directly from the geodesic equations:

i = —% (9% + fo (i% = 22) + 2f 202 ; (B.15)
5= —% 9B + f. (2% — &) + 2f 432] | (B.16)

with f = €Y= and ¢" = e~ ?Y; these equations are valid for L, = 0.
Together with the quadrature (B.11), the above equations give the complete
dynamics of the system.

Similar to what we found in the previous section, the orbits are focused
along directions corresponding to the minima of P, (cos @). Plots of the escape
angle for n > 2 are very similar to Fig. 3, showing clearly that the escape
has a fractal dependency on the initial conditions. As in the Newtonian case,
the dipole and quadrupole fields (n = 1 and 2, respectively) show a regular
basin boundary. However, the equations of motion are not separated in z, 2
coordinates, as is the case for the Newtonian fields.

As we explained above, we expect the fractal basin boundary present in
the n > 2 fields to change with the energy in the relativistic case, as opposed
to the Newtonian one. As in the Newtonian case, we have found no stable
bounded orbits, neither for massive particles nor for massless ones.

We calculate the fractal dimension of this set in the same way we did
previously for the motion in the Newtonian field. In that case the dimension
did not depend on the energy, because the dynamics is the same for all
(positive) energies. This is not true for the relativistic dynamics, and we
expect the dimension to change with the energy. This is indeed what we have
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found. As an example, we take the field (¥4, ;). We consider particles with
energies higher than 1, corresponding to positive energies in the Newtonian
case. For F close to 1 (corresponding to energies close to 0 in the Newtonian
field), we find that the box-counting dimension is equal to its Newtonian
value. For instance, for E = 1.01, we find d = 0.33 £ 0.02, which is (within
the error) the same value we found for the Newtonian field W,. For higher
energies, however, d changes with E: for £ = 1.5, we have d = 0.30 &+ 0.02,
and for £ = 2.0, d = 0.26 £+ 0.02. We have calculated d for more values of
E than we show here, and it seems that d decreases monotonically with E,
and the system becomes more chaotic for large energies; this is the contrary
to what is usually the case in bounded dynamics, where commonly the chaos
grows with the energy. The same behavior is observed in the octopole field
(n = 3), but in this case the variations in the dimension are smaller. Because
of the complexity of the equations of motion for high multipole orders, we
have not been able to calculate d with enough accuracy for n larger than 4,
but we think this behavior of d might be a general feature of the dynamics
for the ¥, fields.

In the case of null geodesics, the equations of motion are again given by
eqs. (B.15) and (B.16), but the initial conditions are required to satisfy the
constraint (B.13) with § = 0 (and L, = 0 in our case). This allows us to scale
the affine parameter so as to eliminate F from the equations. This means
that the planar motion of light depends only on the chosen field ¥,,, and not
on any other parameter, unlike the motion of massive particles.

Even though the whole (z, z)-plane is accessible to massless particles, as
we have seen, null geodesics also show focusing effects similar to that shown
by massive particles. An example is given in Fig. 7, where the escape angle
is plotted as a function of the initial velocity angle for null geodesics, for
the octopole field n = 3. We see clearly that the values assumed by the
escape angle are indeed discrete. We do not see, however, any region where
the escape angle shows rapid variations, that is typical of fractal functions.
Magnifications of several regions of Fig. 7 show no small-scale structures,
indicating that the escape angle is not fractal. This is confirmed by direct
calculation of the box-counting dimension, which gives d = 1 to within sta-
tistical accuracy. This result also holds for n = 4 and n = 5, which is the
highest multipole order for which we have been able to obtain reliable results.
We speculate that this result might be true for all n.
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B.4 Conclusions

We have studied the dynamics of test particles in pure multipole fields gen-
erated by external halos of matter, when the particles have zero angular mo-
mentum and the motion happens on a plane. Such a system could be used
to approximate observed astronomical fields, such as the interior of galaxies.
We have considered both the Newtonian and the general-relativistic fields,
and we have compared the results of the two theories.

For the Newtonian fields, the homogeneity of the pure potentials ¥,, im-
plies that the dynamics is independent on the energy. We have found that
the escape chosen by the test particles is a fractal function of the initial con-
ditions for all pure multipole fields of order higher than 3. For n = 1,2, the
Hamiltonian is separable and the basin boundaries are regular. We have cal-
culated numerically the box-counting dimension d associated with the escape
function. Since the dynamics is the same for all energies, d depends only on
the multipole order n. We have found that d is an increasing function of n
for n up to 9; higher values of n could not be studied because of numerical
limitations. The increasing in the intensity of chaos with n can be under-
stood by the fact that fields of higher order have a higher number of escapes.
We have also studied the dynamics of a field made by the superposition of
two different multipole orders, specifically, the field ¥ = U3 4+ ¥,. For this
field, the dynamics depends on the energy, and we found that, although for
high energies the box-counting dimension tends to the value of the ¥, field,
for low energies d assumes values higher than the dimensions of both ¥3 and
V,, maybe somewhat surprisingly.

We now discuss the results found for the relativistic fields, starting by
the dynamics of massive particles. The relativistic pure multipole fields have
not the homogeneous property shown by their Newtonian counterparts, and
their dynamics does depend on the energy, and so does the escape function.
We found that the escape chosen by the particle is a fractal function of the
initial conditions for fields of order higher than 2 also in the relativistic case.
The dipole and quadrupole fields have regular basin boundaries, but unlike
the Newtonian fields, the relativistic equations of motion are not directly
separable. For n > 2, we expect the box-counting dimension d to change
with the energy. We have calculated d as a function of the energy, and we
have found that for low energies, d goes to the Newtonian values, as might
have been expected. As F increases, d was found to decrease monotonically,
for all the energies for which we have been able to obtain reliable results. We
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have obtained these results for n = 3,4 and 5, and this seems to be a general
feature of the dynamics of these fields.

For massless test particles, the escape function was found to be regular
(non-fractal) for n up to 5; at least as far as the fifth multipole order, null
geodesics are not chaotic.
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Figure B.1: Equipotential curves for the Newtonian octopole field ¥3. From
the inside out, the energies are £ = 0.25, £ = 1.0 and E = 4.0.
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Figure B.2: Orbits in the Newtonian field W3 all starting from x = z = 0,
with different initial directions and £ = 1.0, a3 = 1. Fig. 2b shows three
orbits with initial velocity angles differing by 1/5000 radian; the circle marks
the starting point x = z = 0.
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Figure B.3: Escape angle 6, as a function of the initial velocity angle ¢ for
the octopole field. Fig. 3b is a magnification of a small region of Fig. 3a.
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Figure B.4: Escape time as a function of the initial velocity angle ¢ for the
octopole field. Fig. 4b is a magnification of a small region of Fig. 4a.
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n. The error bars come from the statistical errors in the calculation of d.
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Abstract

We study the escape dynamics of test particles in general-relativistic
gravitational fields generated by core-shell models, which are used in
astrophysics to model observed mass distributions, such as the interior
of galaxies. As a general-relativistic core-halo system, we use exact ax-
isymmetric static solutions of Einstein’s field equations which represent
the superposition of a central Schwarzschild black hole (the core) and
multipolar fields from external masses (the halo). We are particularly
interested in the occurrence of chaos in the escape, which is character-
ized by a great sensibility of the choice of escape by a test particle to
initial conditions. The motion of both material particles and zero rest
mass particles is considered. Chaos is quantified by the fractal dimen-
sion of the boundary between the basins of the different escapes. We
find chaos in the motion of both material particles and null geodesics,
but its intensity depends strongly on the halo. We have found for all the
cases we have considered that massless particles are less chaotic than
massive particles.

C.1 Introduction

Core-shell gravitational systems play an important role in astrophysics, be-
cause they are often good approximations to observed astronomical distribu-
tions of masses. These systems are characterized by a central massive core
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(possibly a black hole) and a surrounding halo of matter. The space between
the core and the halo is assumed to be empty, and the gravitational field there
satisfies the vacuum field equations. In real systems the assumption that the
region between the core and the halo is empty is clearly not satisfied exactly,
but we still expect the core-shell approximation to be valid in situations when
the field in this region is dominated by the core-shell contributions.

In newtonian gravitation, a general way of treating the field by the halo
is by means of a multipole expansion. Each multipole term is a solution of
Laplace’s equation, which increase with distance, contrary to the more usual
decreasing multipoles. The field by a general halo can always be written
as a linear superposition of such multipole terms. In general relativity, the
situation is more complicated, because Einstein’s field equations are not lin-
ear. However, in the particular case of axisymmetric (and static) vacuum
fields, a general solution of the field equations is known, and this solution
is parameterized by a certain metric function which is related in a simple
way to the Newtonian gravitational field in the limit of weak fields, and it
can be used to perform a multipole expansion. Although such expansion is
by no means unique, and its relationship with the newtonian expansion is
far from straightforward, it is still valuable and can be used to describe the
general-relativistic gravitational field of a general halo.

This article is concerned with the motion of test particles (both massive
particles and light will be considered) in a core-shell system in the region
between the core (which we assume to be a non-rotating black hole) and the
halo, whose gravitational field in this region is described by a multipole sum,
in which we keep terms of up to the third order (octopole). The treatment is
fully relativistic, using exact solutions of Einstein’s equations that describe
the gravitational (vacuum) field due to the superposition of the fields by a
Schwarzschild black hole and the various multipole components of the halo;
in some cases we also use the corresponding Newtonian field to compare
the results. The motion of test particles in the core-halo field may depend
on several parameters: the energy, the angular momentum, the multipole
strengths, etc. Depending on the values of these parameters, the motion
may be either bounded or unbounded. Bounded motion means that the par-
ticle is restricted to a finite volume of phase space; unboundedness means
that a particle has access to an infinite phase-space volume. In this paper, we
are interested in the escape properties of these systems. If a system has two
or more physically well-defined escapes for a given set of parameters of the
metric (for instance, regions where a particle runs away to infinity, or where
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it falls into an event horizon), then the escape it chooses is a function of its
initial conditions; when this function has a fractal structure, we have a well-
defined kind of chaos, and the correspondent fractal dimension gives a good
quantitative characterization of the chaos, besides having a simple physical
interpretation as a measure of the sensitivity to initial conditions (see sec-
tion III). Since the fractal nature of the boundary between the escapes is a
topological feature, it is independent of the choice of the space-time coor-
dinates; this assures the meaningfulness of this characterization for General
Relativity.

The study of chaos in dynamical systems with unbounded orbits is rela-
tively recent [1]. The characterization of chaos for this class of problems is
different from that used for bounded hamiltonian dynamics, which is based
upon the destruction of KAM tori. One of the most important situations
with unbounded motion is that of the escape of particles from a certain re-
gion; this problem is closely related to scattering, the difference between
the two being essentially the choice of the initial conditions. Escapes have
been studied for several systems: two-dimensional autonomous Hamiltonian
systems [2, 3, 4], nonlinear oscillations [5, 6], two-dimensional conservative
mappings [7] and inflationary cosmology [8] are only a few examples.

This paper is organized as follows: in section Il we review the general
vacuum static axisymmetric metric and some of its properties; in section 111
we define the box-counting dimension and discuss its physical significance; in
section IV, we investigate the basins of escape in the motion of material par-
ticles for some choices of static axisymmetric metrics, and show numerically
the existence of chaos; the axial and temporal symmetries of the space-time
allow us to define a two-dimensional “effective potential”, which as in the
Newtonian case determines the regions in space that are accessible to the
particle, thereby making the analysis of the relativistic system analogous to
that of the Newtonian systems in many ways. In section V, we show that
null geodesics are regular (non-chaotic) in the field of a dipolar halo (plus
the black hole), but chaos arises if we add multipole moments of higher or-
der to the halo; and in section VI we summarize our results and draw some
conclusions.
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C.2 The Weyl Metric

Many astrophysical systems have axial symmetry, and their mass distribution
can often be approximated by a static configuration. Throughout this article,
we consider only axisymmetric static gravitational fields, and use the Weyl
metric to describe a general static axisymmetric space-time[9]:

ds® = e*dt? — e7%Y [627(617“2 +d2?) + r2d¢2] : (C.1)

where r and z are the radial and axial coordinates, and ¢ is the angle about
the z axis, which is the axial symmetry axis. Throughout this article, we
will use units such that ¢ = 1 and m = 1, where m is the mass of the central
black hole (C.1). ¢ and + are functions of r and z only. In these coordinates,
the vacuum Einstein equations reduce to:

o 10y %y

a7 ooy T oz =0 (©2)
o\ (v’ O O
dy=r [(E) — <$> ] dr + 27“55612. (C.3)

The first expression is just Laplace’s equation in cylindrical coordinates;
the second equation defines 7, once 1 is found. From Eq. (C.2) and the form
of the metric (C.1) it is clear that in the weak-field limit U can be identified
as the Newtonian scalar gravitational field.

The metric (C.1) is independent of the time ¢ and of the symmetry angle
¢. From this we obtain the two constants of motion £ (energy) and L, (pro-
jection of the angular momentum on the symmetry axis), that are conserved
along the trajectories of test particles in the metric (C.1). They are given
by: R

E =p, = gut; (C.4)

L. =g = gop9, (C.5)

where the dot denotes differentiation with respect to the proper time in the
case of a massive test particle, or an affine parameter, in the case of particles
with zero rest mass. The only independent dynamical variables are thus r, z
and their momenta p, and p,: the time evolution of ¢ and ¢ are given by the
quadratures above. This means that the dynamical system corresponding

to the motion of test particles in the Weyl metric has only two degrees of
freedom.
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Besides the energy and the z component of the angular momentum, there
is another quantity which is conserved along the trajectory of a test particle,
namely its rest mass. This conserved quantity is given by:

o= B D E ) = (C6)

where f = —¢,, = —¢,, = €27 and my is the rest mass of the test particle,
which must satisty mg < 1. Dividing both sides by my (if mg # 0), we rewrite
the above equation in a more convenient form:

E*g" + L2g% + f (7 + 2%) = 6, (C.7)

where F = E/mo is the test particle’s energy per mass, L, = iz/mg is the
z component of the angular momentum per mass, and the dot now means
differentiation with respect to the new affine parameter obtained from the
previous one by multiplication by mg. d = 1 for massive particles, and § = 0
for particles with zero rest mass. The conservation equations for the scaled

quantities £/ and L, are:

Remember that the differentiation is performed with the scaled affine param-
eter.
The equations of motion for the test particles are:

i 4 Thyiil =0, (C.10)

where F’;ﬁ are the Christoffel symbols. The equations for ¢ and ¢ reduce to
the quadratures (C.8) and (C.9). Using these equations and Eq. (C.1), we
cast the equations for the remaining variables r and z in the convenient form:

i = —% 9B + g% L2 + £, (77 = 2) + 2f 7] ; (C.11)
5= —% [gf§E2 + g%+ f, (z2 - ﬁ) +2 f,ﬂ'»z} . (C.12)

To proceed further, it is convenient to define the prolate spheroidal coor-

dinates v and v by:
Z = uv; (C.13)
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r? = (u? — 1)(1 —v?); (C.14)
u > 1; -1 <v <1

In these coordinates, equation (C.2) separates, and a general solution is
obtained in a series of products of Legendre polynomials and zonal harmonics
[10]. We must select a class of solutions that represents the physical system
we are interested in: the field (C.1) should be the result of the superposition
of a Schwarzschild black hole and multipolar contributions from an external
halo. It is well known that in Weyl’s coordinates the black hole’s event
horizon the black hole is represented as a singular bar lying on the symmetry
axis, the inner region being excluded from the picture[9]; the “bar” singularity
is therefore due to the choice of coordinates, which do not cover the whole
space-time. On the other hand, the halo field, being the result of external
matter sources, cannot have singularities in the region interior to the halo.
The general solution which satisfies these conditions is:

= %m (Z - 1) + nio:lanPn(u)Pn(v). (C.15)

The first term represents a Schwarzschild black hole with unit mass m =1,
and the terms under the summation sign are multipolar contributions from
the halo.

Using the coordinates u and v and the expression (C.15) for ¢, v can
be obtained from a straightforward integration of Eq. (C.3); the constant
of integration is chosen so as to avoid conical singularities on the z axis, by
imposing 7y = 0 for r = 0 and |z| > 1.

In this article, we are interested in the multipole contributions only up
to the octopole term (n = 3 in Eq.(C.15)). Redefining the coefficients in the
expansion, we can write 1 as:

%m (3= 1) — Duv + (Q/6)(3u% — 1)(3v* — 1) +
(0/10)uv(5u® — 3)(5v* — 3), (C.16)

v =

where D, () and O are related to the dipole, quadrupole and octopole mo-
ments; we will refer to them as the dipole, quadrupole and octopole strengths,
respectively. Now an explicit expression for v may be found by direct inte-
gration. Since the expressions are cumbersome and not particularly illumi-
nating, we will not write them here; they can be found in [12, 13, 14]. We
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only observe that due to the nonlinearity of Einstein’s equation, there are
nonlinear terms of interaction between the multipole terms in v: the gravi-
tational field due to the different terms in the expansion (C.15) is not simply
the superposition of the fields due to each term separately; this is a dramatic
difference between the Newtonian and the relativistic theories.

We finish this discussion by reminding again that the coordinates u and v
describe the metric only outside the black hole; in these coordinates, the event
horizon is given by the segment r = 0, |z| < 1. Since we are interested only
in the motion of particles outside the event horizon, this singular behavior
of the coordinates will not concern us here.

C.3 Fractal Basin Boundaries

We now review briefly some basic concepts on fractals in dynamical systems
with escapes; a complete discussion is found in [1].

Systems allowing escapes have isolated unstable periodic orbits lying near
the openings of the potential (we are considering Hamiltonian systems with
two degrees of freedom, such as those treated here); these are the so-called
Lyapunov orbits [2]. We define the inner region of the system to consist of
the closed region in the configuration space bounded by the Lyapunov orbits
and by the equipotential curves of a given energy. In order to simplify the
discussion, we suppose for the moment that we have an inner region which has
two distinct escapes, denoted by 1 and 2 (the generalization of the discussion
for a higher number of escapes is straightforward). By escape we mean a
route that allows the particle to leave the inner region permanently. The
particular escape chosen by a particle is dependent on the initial conditions
of that particle. For a given dynamical system and a given energy, the set
of points in phase space which correspond to initial conditions such that the
particle chooses escape 1 is the basin corresponding to escape 1; the basin
corresponding to escape 2 is defined analogously. A point in phase space is
defined to be a boundary point if every neighborhood of such a point contains
points belonging to both basins. The basin boundary is the set formed by
all the boundary points.

This system is chaotic if its basin boundary is fractal. Near a fractal
basin boundary the points belonging to the different basins are mixed in
a very complex way, down to arbitrarily small scales. If we draw a plot
of the basins with a finite resolution, and amplify a region containing a
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fractal boundary, then no matter how much we amplify it, we will always
find complex structures of intermixing points of both basins. This implies a
strong dependency on the initial conditions near a fractal basin boundary.

If a system has a fractal basin boundary, then it has a fractal set of unsta-
ble “eternal” bounded orbits, that never escape in the past and in the future
(orbits that have never entered nor will ever leave the inner region), called
the chaotic saddle. The basin boundary is formed by trajectories belong-
ing to the stable manifold of the chaotic saddle, that is, by trajectories that
never escape in the future (“trapped” trajectories); the unstable manifold is
formed by orbits that do not escape for t — —oo. The chaotic saddle, as
well as its stable and unstable manifolds, are sets of zero measure within the
phase space. The chaotic saddle is part of the full invariant set, which is
the set of all eternal orbits. Notice that in general not all eternal trajecto-
ries belong to the chaotic saddle: if the system has a stable periodic orbit
for energies above the escape energy, then orbits near this one will also be
eternal, and they form a non-zero-measure set of eternal orbits that are not
part of the chaotic saddle. For Hamiltonian systems with two degrees of
freedom such as the ones considered in this article, these orbits are bounded
by the outermost KAM torus, which separates the inner region filled with
bounded orbits from the outer regions filled with escaping orbits (with the
exception of the zero-measure set or orbits on the stable manifold of the
chaotic saddle). The region of phase space bounded by the outermost KAM
torus consists in general of a mixture of chaotic and regular orbits. This
region is a non-hyperbolic part of the invariant set.

We note that, for a system (at a given energy) to have a fractal basin
boundary, it needs not only to be non-integrable, but also it must be such
as to allow the presence of such fractal set of trapped trajectories. In other
words, the potential must be such that the particle can bounce back and
forth many times before it escapes, if the system is to have a fractal basin
boundary. An example of a non-integrable dynamical system with regular
basin boundaries is given by the motion of null geodesics in the black hole
plus dipole field, discussed in Section V.

The presence of a fractal set of unstable orbits is the result of transversal
crossings of the stable and unstable manifolds of the Lyapunov orbits [2].
The basin boundaries between the different escapes are the stable manifolds
of the Lyapunov orbits. The homoclinic and heteroclinic crossings imply
a horseshoe symbolic dynamics, which is responsible for the chaos and the
fractal character of the basin boundaries. The horseshoe dynamics results
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also in the existence of a set of countable unstable periodic orbits, that must
thus exist if the system has a fractal basin boundary.

To give a quantitative measure of the sensibility to initial conditions of a
system with a fractal basin boundary, we define the box-counting dimension
[15] of the boundary as follows: let two points chosen randomically in a region
of the phase space be separated by a small distance ¢; it is then generally
the case that the probability that the two points belong to different basins
scales as:

P(e) ox P74, (C.17)

where D is the (integer) dimension of the region where the ensemble of points
was chosen; and d is the (possibly non-integer) dimension of the intersection
of the basin boundary with this region. If the boundary is non-fractal, then
d = D — 1, while if the boundary is fractal, we have d > D — 1. By choosing
randomly a large number of points in a region of the phase space for a certain
fixed €, we can calculate P(e) numerically, and doing this for several values
of €, we can calculate the fractal dimension d; this is the method we use in
this article (see [15] for more details).

If our system has a stable periodic orbit for energies above escape, then as
we said above it has a set of positive measure of non-escaping orbits bounded
by tori in phase-space. Escaping orbits that come close to this set stay in its
neighborhood for a long time before leaving; in other words this set is “sticky”
[7]. This complicates the task of calculating the box-counting dimension, for
it demands a greater integration time. We also observe that for this same
reason, the boundary between the escaping and the non-escaping regular
orbits does not have a well-defined box-counting dimension.

We observe that since the fractal structure of the basin boundary is a
topological feature of the dynamical system, it is a valid characterizations of
chaos in general relativity.

C.4 Dynamics of Material Particles

In this section, we study the motion of material test particles in the metric
(C.16) for some choices of the multipole moments D, ) and O. Important
properties of the dynamics can be understood by means of the “effective
potential” associated with this metric [11].

The boundary of the region in the configuration space which is accessible
to the particle is found by setting 7 = 2 = 0 in Eq. (C.7), with § = 1 for
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massive test particles:
E?g" + L2¢g% —1=0. (C.18)

The “effective potential” V(r, z) is then given by:

1 — Lg%
Vr,z) = E* = T; (C.19)
Substituting for the Weyl metric (C.1), we have:
21/)L2
— o2 € z .
Vi(r,z) =e <1 + T) ; (C.20)

The region on the 7z plane accessible to the particle is given by V (r, z) < E?.
Using equation (C.16) for ¢, we thus have an expression for the effective
potential in terms of the multipole moments. We note that V' depends only
on 1, and not on 7.

In the following subsections, we will analyze the dynamics for some in-
teresting choices of D, () and O. For bounded trajectories, this system was
shown through Poincaré sections to be chaotic [12, 13, 14].

C.4.1 Dipole Potential

If we make @ = O = 0 in (C.16), we have a pure dipole field together
with a Schwarzschild black hole. The Newtonian system equivalent to this
is the field due to a point mass superposed to a Newtonian shell dipole field,
which is simply a field of constant acceleration. Bounded trajectories of
the relativistic system have been studied, and chaos has been found using
Poincaré sections[13]; the Newtonian system can be shown to be integrable,
so the chaos is due to general relativistic contributions to the dynamics. We
shall now study this system in the open regime, that is, with energies large
enough as to allow them to escape either to infinity or to the event horizon.

In Figure 1 we show some contour levels of the effective potential V(r, 2)
for D = 3x 107 and Q = O = 0, with L, = 3.0. The first feature we
notice is the “tunnel” formed by the equipotential curves for small values of
r, that leads to the event horizon (remember that in these coordinates, the
event horizon is given by 7 = 0 and |z| < 1). This is the route followed by
particles that fall into the black hole. We observe that V' is invariant under
the transformation z — —2z; D — —D.
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If a particle has high enough energy (E? higher than about 0.94 for the
parameters of Fig. 1), it can also escape to infinity. This is shown clearly in
Fig. 1 by the opening that appears in the equipotentials for high energies.

Now let us pick one specific value for the energy, for instance £? = 0.95.
At this energy, a particle’s orbit can have three outcomes: (1) escape into
the black hole; (2) escape to infinity; and (3) keep bouncing back and forth
forever, and never leave the inner region.

To investigate the nature of the basin boundaries, we need a portrait of
the basins; to do this, we define a 2-dimensional section of the 3-dimensional
energy shell of the phase space that is accessible to the particle. For £? = 0.95
we define this section as the set of initial conditions with spatial coordinates
lying on the segment given by z = 0 and 15 < r < 25, with velocities given
by:

7 = vcos(f); z = vsin(), (C.21)
where

1
b= (42 =2 (1- E?g" — L2g*) (C.22)

is defined by the conservation equation (C.7) with 6 = 1, and 0 < 0 < 27.
This section is thus a topological segment of a cylinder embedded within the
phase space, and we will denote it by S.

To obtain numerically the intersection of the basins with this section, we
divide the intervals 15 < r < 25 and 0 < 6§ < 27 into 400 equal parts each;
this defines a grid on .S composed of 400 x400 points. For each of these points,
we integrate numerically the equations of motion for the dipole metric, and
record the outcome: if the trajectory falls into the black hole (numerically,
if 7 becomes too small, or less than 0.5 in this case), that initial condition
belongs to basin 1; if the trajectory escapes to infinity (numerically, if r or z
becomes too large, larger than 60 in this case), it belongs to basin 2; and if
after a certain proper time 7,4, (in this case we have chosen 7,,,, = 100000;
for reference, the typical exit time is about 2000) the trajectory chooses
none of the two escapes above, then we admit that it belongs to the set of
“trapped” trajectories that never leaves the confining region. We choose 7,4,
such that the set of “trapped” trajectories is well resolved for the scale of the
grid we use.

The results of this calculation are shown in Fig. 2a. A black dot means
that the corresponding point (r,#) in S belongs to basin 1; a white dot
indicates that it belongs to basin 2; and a grey dot means it belongs to the
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set of “trapped” trajectories. We notice a complex Cantor-like mixing of
basins, indicating that the structure continues down to smaller scales. This
is confirmed by the amplification of a detail of Figure 2a, shown in Fig. 2b.
The area covered by Fig. 2b is about 10 orders of magnitude smaller than
that of Fig. 2a, giving strong evidence that the basin boundary is indeed
fractal. We note that the set of trapped trajectories has a non-zero measure;
this is clear from Fig. 2a. In Fig. 3a, which shows the intersection of some
of these trapped orbits with the surface of section z = 0. The parameters
are the same as in Fig. 2.

To have a more precise and quantitative characterization of the fractal
structure seen in Fig. 2, we proceed to the calculation of the fractal dimen-
sion, as discussed in section III. The random points are chosen in S, and for
each point (r,0) we find through numerical integration to which of the basins
it belongs, and then do the same for two nearby phase space points given by
r+ € and r — € and the same 6. If all three points do not belong to the same
basin, then the point (7, ) is considered an “uncertain” point, meaning that
it lies close to a basin boundary. For a large number N of points randomly
chosen in S, the fraction of uncertain points is f(e) = N'/N, where N’ is
the number of uncertain points found in the sample of N points. For N
large enough, f is proportional to P in Eq. (C.17); finding in this way f for
several values of ¢, a log-log plot of f(¢) should give a straight line, and the
basin boundary dimension d is found by the angular coefficient through Eq.
(C.17). For reasons explained in sec. III, we calculate d choosing points in a
region that does not intersect the trapped region bounded by KAM tori. By
getting rid in this way of the “stickiness” of the regular region, we are able
to obtain a meaningful result for d.

The results are shown in Fig. 3b. We have chosen N such that N’ > 100;
this means a statistical uncertainty of about 10% in f. We see that the points
lie on a clearly defined straight line; the angular coefficient is & = 0.4740.02,
which gives a dimension of d = 1.53 + 0.02, showing unambiguously that the
boundary is fractal. We remember that d is the dimension of the intersection
of the basin boundary with the 2-dimensional section S; the dimension of
the basin boundary in the accessible 3-dimensional space is d + 1. We have
calculated d for some subregions of S, and we have obtained always the
same value to within the statistical uncertainty, showing that the method is
self-consistent and the result is meaningful.

We have studied how the box-counting dimension changes as we change
the various parameters of the metric. If D = 0, a particle needs an energy
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E higher than 1 to be able to escape to infinity. If D # 0, the escape energy
becomes less than 1, and depends on the angular momentum L,. We denote
the escape energy by Ey = Eg(L,). The basin boundary dimension d is
defined only for £ > E,;. We have found that for £ > 1, d = 1 (to within
the statistical error), and the basin boundary is regular. We have verified
this result for several values of L, and F, and three different values of D.

We have also investigated how d changes with the dipole strength D. In
the limit |D| — oo, we have a field dominated by the dipole component; the
geodesics defined by a pure dipole field are integrable, and thus we expect
d to approach 1 for high values of D. If we decrease D enough, we end up
reaching a value Dy below which the particle can no longer escape to infinity,
and d is no longer well defined. Near D = Dy, with D > D, the opening of
the equipotential to the escape to infinity is small, and the particle is likely
to bounce more times before it escapes through this route than in the case
of higher values of D, and we accordingly expect the chaos to be “larger”
in this case, that is, d to be larger. These features are indeed verified in a
plotting of d versus D for E? = 0.95 and L, = 3.0, shown in Fig. 4. For
these values of D and L,, we have Dy = 2.5 x 107%. The system is regular
(d=140.01) for D > 9 x 10~ %, and d reaches its highest value of about 1.6
at D = Do.

C.4.2 Quadrupole Potential

We next turn to the case D = O = 0. This quadrupole field has a reflection
symmetry with respect to the z axis: the metric is unchanged by z — —z.
For the oblate case (@ > 0), the open equipotentials are similar to the pure
dipole case discussed above (except for the aforementioned symmetry). A
more interesting choice is ) < 0 (prolate case); in this case, as shown in Fig.
5, there are two different escapes to infinity, besides the escape into the event
horizon. We investigate this system for the energy E? = 0.97, with L, = 2.6
and @ = —4 x 107, For these parameters, the invariant set appears to have
zero measure, since we were able to find no stable orbit in the inner region.

We proceed as we did for the dipole case. We choose initial conditions
in the segment r = 25.0, |z| < 25.0; the velocities are given by (C.21). The
results are in Fig. 6a, with black dots denoting trajectories that escape up-
wards, white dots denoting trajectories that escape downwards, and grey
dots denoting trajectories that fall into the event horizon. Figure 6b shows
an amplification of a very small area of Fig. 6a, and the absence of smooth-
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ness in the basin boundary shows clearly its fractal character. The fractal
dimension was computed as described above, and the value we obtained was
d = 1.60 & 0.03. In the corresponding oblate case, with @ = +4 x 10°°
and all other parameters being equal, we found no detectable chaos, and
the basin boundary was found to be regular, with d = 1 to within our nu-
merical accuracy. This is in agreement with the results found in [14], where
it was found (by using Poincaré sections) that for a black hole plus oblate
quadrupole field the bounded orbits show an almost regular behavior, the
chaotic regions being restricted to very small volumes in phase space, while
the corresponding prolate field shows strong chaos.

We have calculated d for other values of the energy and angular momen-
tum, and we found that, as opposed to the dipolar halo system studied in
the previous section, this system is chaotic for £ > 1. In fact, we found that
the boundary is fractal for arbitrarily large values of the energy (for @ < 0),
as far as we have been able to investigate; this appears to be an important
difference between the dipolar and quadrupolar halos.

Since the basin boundary between the escapes is the stable manifold of the
chaotic saddle, we have associated with the chaos in the choice of the escape
route a chaos in the escape time as well, as is well-known in chaotic scattering.
This happens because orbits starting from very close initial conditions may
make a different number of bounces before escaping, leading to very different
escape (proper) times. We have illustrated this by finding numerically the
escape proper times 7, for orbits starting from a fixed position r = 25, z = 0,
for several velocity angles 6, as defined by Eq. (C.21). We plot 7.(6) in
Fig. 7a. The “spiked” character of the graph is striking, suggesting a fractal
structure. This is confirmed by Fig. 7b, which shows that the function 7.(6)
has a fractal set of singular points, where 7.(f) goes to infinity; this set is
the intersection of the line of initial conditions with the basin boundary. We
observe that the escape time 7, is to some extent arbitrary, because it depends
on where we stop the integrations of the trajectories before we consider them
to have escaped. However, the fractal structure seen in Fig. 7 is topological,
and is not affected by this choice. These features of the escape time function
remain the same for r and z within the inner region.

In order to gain more insight into the fractal structure of the basin bound-
ary and its related complex dynamics, we now define a surface of section in
phase space denoted by P and given by z = 0, for a given F and L,. We
define I,, (n > 1) as the set of points on the surface of initial conditions S
that generate orbits that cross P at least n times in the negative direction
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(that is, satisfying Z < 0) before escaping. Obviously I, is a subset of I if
k < n, and we have that:

LD, DI3D---. (C.23)

For systems without KAM tori (as appears to be the case of the
quadrupole field with the parameters of Fig. 7), the basin boundary is given
by lim, s I,. If we let I,, with n being a negative integer, denote the
set of points in S corresponding to past-directed orbits which cross P in
the negative direction at least |n| times, then the unstable manifold of the
chaotic saddle is analogously given by lim, ., ., I,,. Defining now the set
R, = I, N 1I_,, the chaotic saddle is given by lim, , . R,. This simply
states that the chaotic saddle is the intersection of its stable and unstable
manifolds.

The mechanism of the construction of the fractal basin boundary by the
dynamics of the system may be followed by examining the sets I,, (n > 0).
Figs. 8a, 8b and 8c show Iy, I, and I3 respectively, using the same grid as
that of Fig. 7a. As n increases, the structure of I, becomes more and more
complicated: every step I,, — I, results in taking from [,, increasing num-
bers of ever thinner strips, alternately. We recognize this as the mechanism
for the construction of a Cantor set, in the limit n — 4o00.

We can follow in the same way the construction of the chaotic saddle
itself: in Fig. 8d we show R,; compare this with Fig. 8b.

The Newtonian system equivalent to the multipole field we are dealing
with is given by the Hamiltonian:

1
H=3 (P2 +92) +V(r,2), (C.24)

where V(r, z) is the effective potential:

L2 1

V(T, Z) == ﬁ - ; + ’QZ)(T, Z), (025)
and 1 is given by (C.16). For the dipole field (Q = O = 0), as we mentioned
before, the Hamiltonian (C.24) is integrable. For the quadrupole field, how-
ever, it is not[12], so we expect to have a fractal basin boundary for this
case as well. Figure 9 shows some level contours of V' with L, = 2.6 and
Q = —4x107% D = O = 0; these are the same parameters we have used for
the relativistic case. For this negative value of (), we have two escapes (for
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@ > 0, there is only one escape). Since we want to compare the Newtonian
and the relativistic cases, we choose the energy to be E — 1, where F is
the energy we used in the relativistic case, which gives -0.0151. We proceed
as in the relativistic case to calculate the basin boundary dimension. The
initial conditions are chosen in the segment |z| < 5, 7 = 13. The result is
d = 1.64 £ 0.02, which is roughly the same (actually a little larger) value we
obtained for the relativistic case.

C.4.3 Quadrupole + Octopole Potential

The last case we investigate in this section is the field formed by the super-
position of the quadrupole and octopole components, D = 0 with @}, O # 0.
The octopole term breaks the reflection symmetry of the quadrupole po-
tential, as can be seen in Fig. 10, which shows some level contours of the
effective potential for D =0, Q = —4x107%, O = -1 x 107" and L, = 2.6.
We still have three escapes as in the previous case, but the equipotentials
are distorted, and are no longer symmetrical with respect to the z = 0 axis.
We select the energy E? = 0.97, and pick the initial conditions on the seg-
ment |z| < 20, r = 20. Using these parameters, we have calculated the basin
boundary dimension, and found d = 1.59 + 0.02, which is practically the
same value obtained for the pure quadrupole field O = 0. If we calculate d
for the pure octopole field O = —10~", Q = 0, keeping the other parameters
fixed, we find d = 1.70 4+ 0.02, which is larger than the value obtained for
the mixed field. This is a somewhat surprising result, and it shows that a
“more complicated” field does not necessarily result in a more complicated
(or “more chaotic”) motion.

C.5 The Null Geodesics

We will now study the dynamics of the null geodesics in the metric (C.16).
For null geodesics, ds?> =0 and § = 0 in Eq. (C.7), and we have:

E2g" 4+ L2g% + f(7? + %) = 0, (C.26)
with f = —g,, = —¢,,. The effective potential is then given by:

E? B 1 g¢¢ el
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where b is the impact parameter with respect to the z axis. The curve
V(r,z) = 1/b* = constant is the boundary of the accessible regions of the
rz plane to a particle having an impact parameter of b. We notice that in
the case of massive particles, the effective potential depends separately on E
and L,, while for the case of massless particles, it only depends on the ratio
E/L, = b. The equations of motion for the null geodesics are Egs. (C.11)
and (C.12), together with the quadratures (C.8) and (C.9), with E and L,
related by b = L,/E. The initial conditions must be such as to satisfy the
constraint (C.26).

In the case of the dipole field (Q = O = 0), we find that below a certain
value of the impact parameter b the equipotential curves open, and the orbits
can either fall into the event horizon or escape to infinity. We find, however,
by numerical calculations of pictures of the basins, which show regular basin
boundaries, and by the computation of the basin boundary dimension, which
gives d = 1 to within the statistical uncertainty, that the basin boundaries
are regular and the system presents no chaos. This result holds for all values
of D and b we have investigated, and it seems safe to conclude that massless
test particles in the field of a black hole surrounded by a dipolar material
halo move in regular orbits.

When we introduce terms of higher order in the multipolar expansion of
the halo, this situation changes. We illustrate this with a pure quadrupolar
halo. If @ > 0, there are only two escapes (towards infinity and towards the
event horizon), and the orbits are again regular. If ) < 0, however, we have
three escape routes (towards the event horizon, towards z — oo and towards
z — —00), and chaotic behavior arises. This can be seen in Fig. 11, where we
show some equipotential curves for () = —0.05, with D = O = 0. Choosing
b* = 12.5, we obtain a picture of the basins by numerical integration, with
the initial conditions in the segment r = 2, |z| < 2. The result is shown in
Fig. 12a, and an amplification of several orders of magnitude shows (Fig.
12b) that the basin boundary is fractal. This is further confirmed by the
calculation of the basin boundary box-counting dimension, which yields d =
1.25 + 0.02. We have verified that an octopole halo also gives rise to chaos,
as is probably the case for multipole terms of higher order.

Now we make some general remarks on the motion of massless particles
in the metric (C.16). The absence of stable periodic orbits, and therefore
of a non-zero measure set of confined orbits, was verified in all cases we
have investigated, leading us to make the hypothesis that this is a general
feature of the motion of zero mass particles in the black-hole-halo field; we
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speculate that this may be the case for all static axisymmetric metrics. We
also observed that in all cases in which there are only two escapes (as for
instance in the dipolar halo field and in the quadrupolar field with @ > 0),
the motion of zero rest mass particles is always regular, as opposed to the
motion of material particles in the same fields. When there are three or
more escapes, on the other hand, chaotic behavior appears. We have found,
however, that the motion of massless particles is always less chaotic (that
is, the box-counting dimension d of the basin boundary is lower) than the
motion of massive particles for the same field, for all cases considered by us.

C.6 Conclusions

In this article we have considered core-shell gravitational models, which could
describe inner regions of elliptical galaxies. Our study focused on the dynam-
ics of test particles moving in the gravitational field of such objects, and we
have particularly studied unbounded motions and their associated escape
dynamics, both for massive test particles and for light.

In the case of massive particles, chaos was found in the form of fractal
basin boundaries. We single out the case of a dipolar halo, which has a
Newtonian counterpart that is known to be integrable; the chaos for this case
is thus a result of relativistic corrections to the dynamics. This is compatible
with earlier results obtained with bounded orbits [12]. Also for this case, we
have investigated the set of trapped orbits with non-zero measure, and we
showed that it is formed by orbits which are bound by KAM tori in phase
space. This means that even for energies above the escape energy, there are
regions in phase space wherein the motion remains bounded. Such stable
regions are surrounded by unstable ones, where particles either fall into the
black hole or escape to infinity, these two outcomes being separated in phase
space by a fractal basin boundary.

We have found that the core-dipole system is not chaotic for energies
above 1, which is the escape energy for an isolated non-rotating black-hole.
The system appears to be most chaotic (its boundary dimension attains its
highest value) for energies near escape.

If the halo is composed by a pure quadrupole term, the situation changes.
For a prolate halo (@ < 0), there can be three escape routes, as opposed to
only two present in the dipole case, and in this case the system is chaotic for
arbitrarily large values of the energy, as far as we could determine. Oblate
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halos (@ > 0) show no detectable chaos for the parameters we have used,
as opposed to the prolate ones. This is in agreement with results found
previously for bounded orbits[14], which show that oblate halos have very
little chaos.

In the case of massless particles (null geodesics), we find that the black
hole + dipolar halo system is not chaotic, the basin boundary between the
escapes being regular for all values of the parameters we have investigated. If
we add a quadrupole term to the halo, the motion becomes chaotic if Q) < 0;
the orbits are still regular for () > 0, further confirming that oblate halos are
a weak source of chaos. Terms of higher order also introduce chaos in the
system. Contrary to the case of material particles, we have not found any
stable periodic orbit, with its accompanying non-zero measure set of confined
orbits. We believe the absence of stable periodic orbits of massless particles
is a general feature of axisymmetric static gravitational fields.
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Figure C.1: Level contours of the effective potential for the dipole field
(Q = O = 0), with D = 3 x 10* and L, = 3.0. The values of E? for
the equipotentials are, from the inside out, 0.93, 0.94, 0.95 and 0.96. Since
we have chosen units such that G = ¢ =m =1 (m is the black hole’s mass),
all quantities in this and the other Figures are dimensionless. In regular
units, r and z are given in units of Gm/c?, which is half the Schwarzschild
radius of the black hole.
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Figure C.2: Basin portrait of the section S of the phase space for the dipole
field, with initial conditions on the axis z = 0, for D = 3 x 107%, L, = 3.0
and E? = 0.95. The black areas correspond to regions of S whose trajectories
fall into the event horizon; white areas correspond to trajectories that escape
to infinity; and grey areas correspond to trajectories that remain trapped
inside the confining region. This Figure was calculated on a grid of 400 x 400
points. (b) is a magnification of (a).
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Figure C.3: (a) Poincaré section of trapped orbits, with the surface of section
z=0,for D=3%x10"%, L, = 3.0 and E? = 0.95; )\ is an affine parameter. (b)
Plot of the fraction of “uncertain” points f(€) as a function of the separation
€.
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Figure C.4: Box-counting dimension of the basin boundary as a function of
the dipole strength D, for £ = 0.95 and L, = 3.0.
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Figure C.5: Level contours of the effective potential for a quadrupole field
(D = O = 0) with a prolate halo (Q = —4 x 107%) and L, = 2.6. The values
of E? for the equipotentials are, from the inside out, 0.93, 0.94, 0.95 and
0.96.
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Figure C.6: Basin portrait for the quadrupole field, with Q@ = —4 x 107% and
L, = 2.6. Black areas denote regions whose trajectories fall into the event
horizon; gray areas correspond to trajectories that escape towards z — +00;
and white areas correspond to trajectories that escape towards z — —oc.
(b) is a magnification of (a).
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Figure C.7: Time of escape versus the velocity angle (Q = —4 x 107%, L, =
2.6), for r =25 and z = 0. (b) is a magnification of (a).
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Figure C.8: (a) I, (b) Iy, (¢) I3, (d) Ry, for @ = —4 x 1075, L, = 2.6 and
D=0=0.
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Figure C.9: Level contours of the effective potential for the classical
quadrupole field with Q@ = —4 x 107% and L, = 2.6. The values of E?
for the equipotentials are, from the inside out, 0, -0.01, -0.02 and -0.03.
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Figure C.10: Level contours of the effective potential for the field with D = 0,
Q = —4x107% O = —1077 and L, = 2.6. The values of E? for the
equipotentials are, from the inside out, 0.94, 0.95, 0.96 and 0.97.
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Figure C.11: Level contours of the effective potential for null geodesics for
the quadrupole field @ = —0.05, D = O = 0. The values of b (b is the
impact parameter with respect to the symmetry axis) are, from the inside
out, 10.0, 15.0 and 20.0.
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Figure C.12: Basin portrait for null geodesics with Q = —0.05, D = 0 =0
and b?> = 12.5. Areas in black correspond to trajectories that fall into the
event horizon; areas in gray correspond to trajectories that escape towards
z — 400, and areas in white denote trajectories that escape to z — —oo.
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Abstract

We study the motion of light in the gravitational field of two
Schwarzschild black holes, making the approximation that they are far
apart, so that the motion of light rays in the neighborhood of one black
hole can be considered to be the result of the action of each black hole
separately. Using this approximation, the dynamics is reduced to a 2-
dimensional map, which we study both numerically and analytically.
The map is found to be chaotic, with a fractal basin boundary sepa-
rating the possible outcomes of the orbits (escape or falling into one of
the black holes). In the limit of large separation distances, the basin
boundary becomes a self-similar Cantor set, and we find that the box-
counting dimension decays slowly with the separation distance, following
a logarithmic decay law.

D.1 Introduction

In this article, we study the motion of light (null geodesics) in the grav-
itational field of two non-rotating Schwarzschild black holes. In general
relativity, solutions of the field equations describing more than one purely
gravitational sources are necessarily non-stationary, because gravity is al-
ways attractive (we are not considering exotic matter); there is no possibility
of arbitrarily “pinning” sources as is done in Newtonian gravitation, because
of the automatic self-consistency of the nonlinear Einstein’s equations. If
we demand that the two black holes be fixed in space, then the solution in-
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cludes a conical singularity (a “strut”) lying on the axis on which the two
masses are located[1]. This singularity appears as a natural consequence of
the field equations, and it is necessary to keep the two masses from falling
towards each other. However, this singularity would have to be made of
very exotic matter, and this solution does not describe any realistic system
in astrophysics. The real solution to the relativistic two-body problem can
have no conical singularities, and it is necessarily non-stationary. The two
black holes will spiral around each other, emitting gravitational waves, which
makes this problem even more difficult. There is no exact solution for the
relativistic two-body problem, and even a numerical solution has eluded the
most powerful computers.

In order to cope with this problem, Contopoulos and others [2, 3] have
used the Majumdar-Papetrou solution [1] to study the dynamics of test par-
ticles in a space-time with two black holes. The Majumdar-Papetrou metric
used by Contopoulos describes two non-rotating black holes with extreme
electric charge () = M in relativistic units), whose gravitational pull is ex-
actly matched by their electrostatic repulsion, thereby allowing a static mass
configuration. They have found that in this metric the motion of both light
and massive particles is chaotic, with a fractal invariant set and a fractal
basin boundary. However, it is very unlikely that the Majumdar-Papetrou
metric describes realistic astronomical objects, since there is no known real-
istic astrophysical process by which a black hole with extreme charge could
be formed. Even though the system of two black holes with extreme charge
has proven useful a useful model, it is important to address the more realistic
problem of two uncharged black holes. This is what we do in this article, for
the motion of light and other massless particles.

In order to overcome the fact that there is no static solution for the two-
black-hole system, we consider the case when the two black holes are far
apart, with a distance much larger than their Schwarzschild radii. In this
case, nonlinear effects in the field equations are expected to be small, and we
can approximate the motion of test particles in the neighborhood of one of
the masses as being the result of the field of that mass alone, and disregard
the effect of the other black hole as being negligible. Using this approxima-
tion, the motion of test particles in the two-black-hole system is treated as a
combination of motions caused by isolated Schwarzschild black holes. Since
the equations of motion for the Schwarzschild geometry can be analytically
integrated, our dynamical system is reduced to a map, which is much easier
to study than a system of ordinary differential equations. This scattering
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map is built in Section 2, for the simple case of two black holes with equal
masses. In Section 3, we show that this map has a fractal basin boundary
separating the possible outcomes of a light ray in the two-black-hole field,
namely, falling into either of the black holes or escaping towards the asymp-
totically plane infinity. The fractal (box-counting) dimension of this basin
boundary is numerically calculated, and the sensitivity to initial conditions
implied by the fractal nature of the boundary is thereby quantified. In Sec-
tion 4 we use explicitly the condition of large separation between the black
holes. In this limit, the basin boundary becomes a self-similar Cantor set,
which allows us to obtain some analytical results. One of our main results
is that the fractal dimension decays very slowly (logarithmically) with dis-
tance. The slow decay of the fractal dimension makes it more likely that the
fractal nature of the basin boundary has some importance for astrophysics.
In section 5, we consider the case of two black holes with unequal masses, in
the limit of a large separation; we find that the logarithmic decay law of the
fractal dimension for large distances is also valid in this case. In section 6,
we summarize our results and draw some conclusions.

D.2 Scattering map for two black holes with
equal masses

We begin by reviewing some basic results concerning the motion of test par-
ticles in the field of an isolated Schwarzschild black hole[4, 5]. We consider
specifically the case of null geodesics.

The Schwarzschild metric is written in spherical coordinates as:

oM 2
ds? = (1 - —) - a2,

r

with dQ? = df? + sin® fd¢? being the element of unit area, and ¢ is the time
measured by a distant observer. M is the black hole’s mass in geometrized
units. We are interested only in the region of space-time outside the event
horizon, » > 2M. Due to the conservation of angular momentum, test par-
ticles move on a plane, which is conveniently chosen as § = 7/2. The plane
whereon the motion occurs is then described by the coordinates r and ¢. The
geodesic equations which describe trajectories of test particles on this plane
can be analytically integrated by means of elliptical functions[4]. Here we are
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interested in the scattering of null geodesics by the black hole. A light ray
coming from infinity towards the black hole is characterized by the impact
parameter b defined by the ratio b = L/E, where the angular momentum L
and the energy E are constants of motion given by:

2MN dt
E=(1-22)%,
( T)d)\’

249
L=r %

A is the geodesic’s affine parameter. For null geodesics only the ratio of L

and FE is of importance to the dynamics. In the asymptotically plane region

r — 00, b corresponds to the usual impact parameter of classical scattering

problems.

If the impact parameter is below the critical value b, = 3v/3M, the light
ray spirals down the event horizon and plunges into the black hole. If b >
b., the ray circles the black hole and escapes again towards infinity, being
deflected by an angle A. The lowest value P of the radial coordinate r along
the trajectory (the “perihelium”) is given by:

P3
2
b = oM (D.1)

Following Chandrasekhar[4], we define the quantities @, k and x by:

Q* = (P —2M)(P + 6M); (D.2)
_ Q—-P+6M
k? = TR (D.3)
—P+2M
sin (y/2) = g_}gﬁ. (D.4)

The scattering angle A is then given by
A=7—2f(b), (D.5)

and the function f(b) is:

fb) =24/ = [K (k) — F(x/2, k)] (D.6)
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Here F'is the Jacobian elliptic integral and K is the complete elliptic integral.
In Fig. 1 we show a plot of A(b). We observe that A(—b) = —A(b). As b
approaches the critical value b, from above, A goes to infinity; trajectories
with b sufficiently near b. can circle the black hole an arbitrary number of
times before escaping, and for b = b., the light ray makes an infinite number
of rotations, and never escapes. This is a consequence of the existence of
an unstable periodic orbit at » = 3M, which appears as a maximum in the
effective potential. The orbits with b = b, spiral towards the » = 3M orbit,
and in the language of dynamical systems they make up the stable manifold
associated with this periodic orbit.

The fact that A assumes values above 7 for a non-zero range of b implies
the existence of a rainbow singularity in the scattering cross section; this
is to be contrasted with the Newtonian Rutherford scattering, which shows
no such singularities. In fact, A assumes arbitrarily large values, and the
differential cross section at any given angle 6 is made up by an infinite number
of contributions arising from trajectories with A = 6, A = 6 4 27, in general
A = 60+ 2nm, corresponding to trajectories that circle the black hole n times
before being scattered towards #. However, large values of n correspond to
very small ranges of b: the set of trajectories that scatters by 6 4+ 2nm has a
measure that decreases very rapidly with n. Chandrasekhar [4] shows that
the impact parameter b, corresponding to a scattering by 6 + 2n7 for large
values of n is given approximately by:

by = b, + 3.48Me (02, (D.7)

This expression shows that the measure of the set of trajectories scattered
by 0 4+ 2nm decays exponentially with n, and the contribution of orbits with
large n to the cross section is small. In fact, we shall see later that in many
cases it is a good approximation to consider only orbits with n = 0.

After reviewing some properties of an isolated black hole, we now consider
the case of two black holes with equal mass M (we consider the case of
different masses in Section 5). As we mentioned in the introduction, there
is no exact solution of Einstein’s field equations that describes this system.
Because of this, we assume that the two black holes are separated by a
distance D much larger than their Schwarzschild radius 2M; in this limit the
nonlinear interaction between the two gravitational fields can be ignored.
In a real system, the two black holes will be rotating around their center
of mass; however, their rotation speed is much smaller than the velocity of
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light. For the purpose of studying the dynamics of null geodesics, we can
thus consider the two black holes to be fixed in space, without incurring in
too much error. Notice that this approximation is generally not be valid for
massive test particles.

We are interested in the orbits that never escape to infinity nor fall into
one of the event horizons; these orbits make up the basin boundary of the
system, which will be discussed later in more detail. For the orbits not to
escape, they need to have impact parameters such that they are scattered by
at least m by one of the black holes. In the case of an isolated black hole, this
corresponds to an impact parameter lower than b = b, ~ 5.35696M, which
is less that three times the Schwarzschild radius. Since in our approximation
D > 2M, for the purpose of finding the basin boundary we can consider that
the light rays are scattered by each black hole separately, the other black hole
being too far away to make a significant difference in the scattering. After
suffering a scattering by one of the black holes, the ray may reach the other
black hole, depending on its emerging trajectory after the first scattering.
It is then scattered again, and may return to the first black hole, and so
on. Since D > 2M, we consider the scattering process of each black hole
separately and use formulas (D.5) and (D.6) to determine the deflection angle
due to each black hole as a function of the incident impact parameter.

By making the approximations mentioned above, we reduce the motion
of light in the two-black-hole space-time to a 2-d map. To do this, we make
the further assumption that the light rays have zero angular momentum in
the direction of the axial symmetry axis, on which lie the two black holes;
the orbits are then confined to a plane containing the two black holes. Due
to the axial symmetry of the system, the motions on all such planes are
similar. Now suppose we have a light ray escaping from one of the black
holes with impact parameter b, and with an escaping angle ¢,, with respect
to the symmetry axis, as shown schematically in Figure 2. Since the black
holes are considered to be very far apart, the impact parameter b, of the
light ray with respect to the other black hole is the segment [ shown in Figure
2 (one black hole can be considered to be “at infinity” as regards the other).
We use the convention that positive values of b means that the ray is directed
to the right side of the black hole, and rays with negative b are directed to the
left. From elementary geometry, we have [ = b, + Dsin ¢,,. The deflection
angle is given by A(b,1). The map is then written as:

bpi1 = by + Dsin ¢y; (D.8)
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¢n+1 =7+ ¢n — A(bn+1) mod 2. (Dg)

The angles ¢,, are measured counterclockwisely with respect to each black
hole; the first term in Eq. (D.9) comes from the change in the angle’s orien-
tation necessary to take account of that.

Consider the initial conditions by = bes. and ¢y = 0. Since A(bes.) = T,
we see from the above equations that these values of b and ¢ are a fixed point
of the map. It corresponds to the periodic orbit depicted in Figure 3a, which
revolves around the black holes, making a U-turn at each black hole and then
heading towards the other. Another periodic orbit is shown in Fig. 3b. This
orbit is such that b,.1 = —b, and ¢,.1 = —¢,. Inserting these conditions
in Egs. (D.8) and (D.9), we find 2by = —Dsin¢y and A(by) = 7 + 2|¢o|
(remember that the angles are defined modulus 27), with by > 0. ¢y is given
by the solution of the equation

A (g sin|6o]) = 7+ 21

These are the simplest periodic orbits, but there are many others. Indeed,
we shall see later that there is a countably infinite set of periodic orbits
circling the two black holes.

We observe that Equations (D.8) and (D.9) are valid only as long as b
remains within the range b, < b < beq.. If b falls out of this interval, the ray
either escapes or falls into one of the black holes, and the iteration must be
stopped.

D.3 Analysis of the scattering map

We now proceed to study in detail the map defined by Equations (D.8) and
(D.9). We begin by a direct numerical investigation of these equations.

In order to iterate Equations (D.8) and (D.9) for given initial values ¢,
and by, we first have to be able to calculate the deflection angle A for a given
impact parameter b. To do this, we must begin by finding the “perihelium
distance” P corresponding to b; this is done by solving the third-order equa-
tion (D.1) for P. We use the well-known Newton-Raphson method, which
guarantees a very fast convergence[6]. We then use Egs. (D.2), (D.3) and
(D.4) to calculate @, k and x, and we finally substitute these quantities in
Egs. (D.5) and (D.6) to obtain A(b). The elliptical functions F' and K are
computed by numerical routines found in [6].
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Depending on its initial conditions, a light ray may either fall into one
black hole, fall into the other black hole, or escape towards infinity. The set
of initial conditions which leads to each of these outcomes is called the basin
of that outcome. In our numerical iteration of the map (D.8,D.9), we are
interested in obtaining a basin portrait of the system. To do this, we have
to choose a set of initial conditions and iterate them to find out to which
basin they belong. Our choice is the one-dimensional set with ¢y = 0 and an
interval of b. As we have seen in the previous Section, if |b| < b, the light
ray always falls into the event horizon, and if |b| > b.s,, it always escapes.
We thus choose the interval to be b, < b < bes.. We divide this segment into
5000 points, and iterate the map (D.8,D.9) for each of these initial conditions,
recording the final outcome for each point: if at any point in the iteration
|bn| < b, this means that the light ray falls into one of the black holes, and
if |by| > bese, it escapes to infinity. We define the discrete-valued function
g(b) to be 1 if the orbit with initial conditions ¢y = 0, by = b falls into
one of the black holes, -1 if it falls into the other, and 0 if it escapes to the
asymptotically plane region. ¢(b) gives a picture of the intersections of the
three basins with the segment ¢g = 0, b, < b < bese.

The result is shown in Fig. 4a, for D = 15M. We see that there are
large intervals in which ¢ is constant, intercalated by ranges of b where ¢
varies wildly. If by lies within one of these latter ranges, the final outcome
of the light ray is highly uncertain. In Fig. 4b we show a magnification of
one of these regions. Except for the scale, it is very similar to Fig. 4a. A
further magnification is shown in Fig. 4c, again revealing structure in small
scales. We have obtained even further magnifications, which are not shown
here, and all show similar structures, down to the smallest scales allowed by
the numerical limitations. This shows that g has a fractal dependency on b.
Notice that there are large intervals of b where g is perfectly regular. These
regular regions are mixed in all scales with the fractal regions, where the
outcome of a light ray is highly uncertain. This sensitivity of the dynamics
to the initial conditions is made precise with the definition of the boz-counting
dimension, which we now present briefly[7].

We define the basin boundary of the system to be the set of points (initial
conditions) such that all neighborhoods of these points have points belonging
to at least two different basins, no matter how small that neighborhood is.
The fractal nature of the basins shown in Fig. 4 results from a fractal basin
boundary[7]. It is not difficult to see that a fractal basin boundary implies
a fundamental uncertainty in the final outcome of an orbit. We now define
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the box-counting dimension of the basin boundary, which gives a measure
of this uncertainty. Let by be a randomly chosen impact parameter in the
interval [be, bese]; we consider ¢y = 0 throughout for simplification. Let f(e)
be the probability that there is a point of the basin boundary lying within a
distance € from by. In the limit € — 0, f generally scales with € by a power
law. We thus write:

fle) oc et (D.10)

d is the box-counting dimension of the intersection of the basin boundary
with the one-dimensional section of initial conditions given by b € [be, besc|
and ¢y = 0. Clearly, we must have 0 < d < 1. If the basin boundary is
regular, then d = 0; fractal boundaries have d > 0. f can be interpreted as a
measure of the uncertainty as to which basin the point b belongs, for a given
error € in the initial condition, which is always present in a real situation.
For a regular basin boundary, f decreases linearly with €. If we have a fractal
boundary, however, the exponent in the power law (D.10) is less than 1, and
f decreases much more slowly with e, which makes the uncertainty in the
outcome much higher than in the case of a regular boundary. Thus, d is
a good measure of the sensitivity to the initial conditions that results from
a fractal basin boundary, and since it is a topological invariant[7], it is a
meaningful characterization of chaos in general relativity.

We calculate the box-counting dimension d numerically by using the
method we now explain[7]. We pick a large number of initial conditions
b randomly, and for each one of them we compute the map (D.8-D.9), find-
ing out its outcome and therefore to which basin it belongs. We then do the
same thing to the two neighboring initial conditions b + € and b — ¢, for a
given (small) €, for each b. If the three points do not belong to the same
basin, b is labeled an “uncertain” initial condition. For a large number of
initial conditions, we expect that the fraction of uncertain points for a given
e approximates f(¢). Calculating in this way f for several values of €, we use
Eq. (D.10) to obtain d from the inclination of the log-log plot of f versus
€. Applied to the two-black-hole map with D = 15M, this method gives
d = 0.17 £ 0.02. The error comes from the statistical uncertainty which
results from the finite number of points used in the computation of f. In
our calculation, the number of initial conditions was such that the number
of “uncertain points” is always higher than 200.

How does the fractal basin boundary arise from the dynamics of the map
(D.8-D.9)? In order to answer this question, we first observe that every point
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in the basin boundary gives rise to orbits that neither escape nor fall into one
of the black holes (otherwise they would be part of one of the basins, which
violates the definition of the basin boundary); that is, the basin boundary is
made up of “eternal orbits” which move forever around the two black holes.
We need thus to investigate these orbits to understand the formation of the
basin boundary.

Consider the one-dimensional set of initial conditions parameterized by
the impact parameter b with ¢y = 0. We have seen that if || < b, the orbit
falls into the event horizon of a black hole, and if |b| > b.s. the orbit escapes.
Thus, the points of the basin boundary belong to the interval

1b] € [be, bese), (D.11)

which is actually two disjoint intervals, corresponding to positive and nega-
tive values of b. However, not all points in this interval are part of the basin
boundary; in order to survive the next iteration of the map (D.8-D.9) without
escaping or falling, the corresponding orbits must be deflected in such a way
that they reach the other black hole with an impact parameter within the
interval (D.11). From Fig. 5 we see that for this to happen the orbits must
be deflected by an angle # in the neighborhood of (2n + 1)7 + «, and either
(2n+1)m or (2n+ 1)1 + 2, depending on the previous deflection suffered by
the orbit; the angle a depends on the distance separating the black holes. n
is the number of turns the orbit makes around one of the black holes before
moving on to the other one. For each n, there are two intervals of the deflec-
tion angle @ for which the orbit survives the next iteration without escaping
or falling; these two intervals correspond to the positive and negative values
of b satisfying Eq. (D.11). In the first iteration, the initial interval (D.11) is
divided into infinitely many pairs of sub-intervals, each pair labeled by the
number n of times the orbit circles the black hole. From Eq. (D.7), inter-
vals corresponding to large n’s decrease exponentially with n. In the next
iteration, each of these sub-intervals are themselves divided into an infinite
number of intervals, and so on in the next iterations. In the limit of infinite
iterations, the set of surviving orbits is a fractal set with zero measure. This
set is the basin boundary, and its fractality is responsible for the complex
dynamics shown in Fig. 4. The two fractal regions on the right of Fig. 4a
consist of orbits whose first scattering has n = 0, that is, they are deflected
by the black hole by m and m + «. The leftmost fractal region in Fig. 4a
is actually an infinite number of very small regions, corresponding to orbits
with n # 0; the scale of Fig. 4a is too gross for them to be distinguished.



APENDICE D 134

This gives us an indication that the orbits with n > 0 make up only a very
small fraction of the basin boundary; we shall return to this later in this
Section.

Each orbit which is part of the basin boundary can be labeled by
an infinite sequence of symbols ajasasz--- (including bi-infinite sequences
-+-Q_9G_1G9a1as - - -), where each symbol a,, = n,(k;,) gives the neighbor-
hood of the deflection angle (2n,, + 1) + k,« after the m-th scattering.
As an example, the periodic orbit shown in Fig. 3a is represented by the
sequence 0(0)0(0)0(0) - - -. Periodic orbits correspond to repeating sequences,
and they define a countably infinite set. However, not all sequences are al-
lowed. It is clear from Fig. 5 that a symbol n(0) must be followed either by
one of type m(0) or m(1), but it cannot be followed by a symbol like m/(2),
that is, of the form m(k) with & = 2. Analogously, a symbol with k£ = 1 of
k = 2 cannot be followed by one with £ = 0. Even with these restrictions,
however, there is an uncountable set of non-repeating sequences which label
orbits that are part of the basin boundary. The uncountability of this set is
a reflection of the fractal nature of the boundary.

The basin boundary is the stable manifold of the invariant set, which is

made by orbits labeled by bi-infinite symbols - - - a_sa_jagaas - - -. These are
orbits that do not escape for both forward and backward iterations of the
map (D.8-D.9).

It is important to observe that the basin boundary is fractal because
the scattering function A(b) of the isolated black hole (D.5) assumes values
higher than 7, which makes it possible for orbits to be scattered to both sides
of the black hole, giving rise to the fractal basin boundary. The scattering
of particles by two fixed Newtonian mass points is immediately seen to be
regular, because Rutherford’s scattering function does not assume values
higher than 7. This is of course in accordance with the fact that the fixed
two-mass problem in Newtonian gravitation is integrable, since the Hamilton-
Jacobi equation of this system is separated in elliptical coordinates [8].

We have seen that after being scattered by a black hole, the light ray
must have an impact parameter lying on the interval (D.11) to belong to
the basin boundary. Since b, = 3v3M ~ 5.19615M and b, ~ 5.35696M,
the impact parameter must belong to one of two intervals of length Ab =
bese — be &~ 0.16081M (the two intervals correspond to positive and negative
impact parameters). In our approximation, we have Ab < D. Using this
fact, we can approximate the value of b in Fig. 5a by b.s., with an error of
Ab at worst, which means a fractional error of about Ab/b.s. =~ 0.03. The
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distance L in Fig. ba traveled by orbits which were deflected by (2n+1)7+«
or (2n + 1)7 + 2« in the previous scattering is thus given by (L/2)% + b2, =

(D/2)?, that is,

L=,/D?—4b2,.. (D.12)
For the map (D.8-D.9) to be well-defined, we must have D > 2b,,.. Of course,
this condition is satisfied in our approximation D > 2M. The angle « is

calculated from Fig. 5 in this approximation, using elementary geometry:

2be$c
ina = } D.13
sin «v D ( )

Consider a set of orbits with impact parameters filling the interval [b., bes.]
of length Ab, which may have already suffered several previous scatterings.
The subsets of these orbits that survive the next scattering without escaping
nor falling in one of the black holes are sub-intervals in the neighborhood of
bE, where bF are the values of the impact parameter such that the orbit is

deflected by an angle of (2n + 1)7 + ka (k = 0, 1 or 2). They are solutions
of the algebraic equation

A®BE) = 2n + )7 + ka, (D.14)

with A given by Eq. (D.5). The fractal regions of Fig. 4a are located around
values of b given by Eq. (D.14) with & = 0 and k£ = 1. Depending on the
previous deflections suffered by a given set of trajectories, the values k = 1
and k£ = 2 must be used instead in Eq. (D.14), according to the rules of the
symbolic dynamics we exposed above.

Because the distance D is much larger than Ab, the allowed range in the
deflection angle 6% around (2n + 1)7 + ka of an orbit such that it arrives at
the other black hole with b in one of the intervals (D.11) is approximately:

o _ Ab 12 Ab
80, = X 60, = 7
where L is given by Eq. (D.12). The length AbF of the interval of surviving
orbits around b* is in this approximation much smaller than Ab: AbF <
Ab. We can therefore approximate Ab® by the first-order expression AbF ~
G0F J|A'(0F)|, with A" = dA/db. We define \* = AbF/Ab as the fraction of
the interval [be, besc] (Or [—bese, —bc|) occupied by the surviving orbits with b
around b%. We have:

(D.15)

\0 1 . 1,2 1

_ P . D.16
" DIA®)] LA (b)) (10
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Given a value of D, it is easy to solve Eq. (D.14) numerically for b%,
with L and « given by Egs. (D.12) and (D.13). For D = 15M, we find
L =~ 10.5M and « =~ 0.7956. By a direct numerical calculation of A and its
first derivatives, we find:

by = bese;  A'(by) = —5.863/M; A”"(b)) = 38.30/M?; (D.17)

by = 5.26629M; A'(by) = —13.35/M; A"(by) = 202.5/M?;
by = 5.22729M; A'(b3) = —31.66/M; A"(b3) = 1030/M?;
W =5.19643M; A'()) =~ —3600/M; A"(bY) ~ 1.3 x 107/ M?>.

Here A” = d?A/db?. The second derivative of A will be used below. Notice
that b2 is independent of D. Using Eq. (D.16), we obtain:

Ay = 0.01137;  Aj = 0.007134; A3 = 0.003008;

A 1.85 x 1077,

We see that A} is two or three orders of magnitude smaller that Af, and
the other A\¥’s with n > 1 are even smaller. From Eq. (D.7), they decrease
exponentially with increasing n. These values show that for most purposes
we can disregard the contributions to the dynamics from deflections with
n > 0: the measure of the set of orbits that make multiple turns around a
black hole is negligible. This approximation will be used extensively in the
next Section.

Equations (D.14-D.16) are not exact, because the derivative A'(b) varies
in the intervals AbF. To estimate the error, we use the fact that the AbF are
small. The error 6\ in ¥ is then to first order:

20 — Abg A”(bg) 1,2 _ Abiﬁ A”(b}{Z)

T T T L e
Using AbE = AbAE | we get the fractional error dAF /A

OAn _ Ab A™(b,) A" Ab A"(by")

N TDWEE N L [ (D19)
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The terms A”(bF)/ (A’(b,’i))2 are of the order of 1, and the terms Ab/D and

Ab/L are much smaller than 1. Thus, the fractional errors in the values \*
given by the approximate formula (D.16) are very small, of about 0.01 for
D = 15M. In the limit of large D, we have L ~ D, and dA¥/\f ~ 1/D:
the fractional error is inversely proportional to the separation D, and the
approximation (D.16) gets better and better as D increases.

D.4 The limit D — oo

We now take the limit D > 2b.,.. From Eqgs. (D.13) and (D.12), we have
that in this limit « — 0 and L — D. Egs. (D.14) and (D.16) then imply that
bE — 00 = b, and AbEF — AW = Ab,: the two intervals of surviving orbits
of a given n come closer and closer as D increases, and their lengths become
the same in this limit. Because of the approximate equality in the lengths,
the magnification of each interval by (\,) ! gives approximately the same
set of intervals. In other words, the fractal basin boundary is self-similar in
this approximation.

The box-counting dimension of this self-similar set is given by the solution
of the transcendental equation[7]:

As we have seen in the previous Section, A; is many orders of magnitude
smaller than \y. Therefore, it is a good approximation to neglect terms with
n > 0 in the above expression, and d can then be explicitly written as:

In2

d=——. D.19
ln()\g)fl ( )
From Eq. (D.16), we have (\g) ! = D|A(bes.)|, and we get:
In2
== D.2
InD+ 3 (D-20)

with G = In |A(bese)|. For large D, the box-counting dimension decays log-
arithmically with the distance, which is a very slow decay law. Even for the
large distances found in astronomy, d is still non-negligible. Since the box-
counting dimension is linked to the scattering cross-section [9], the slow decay
of d with D shown in Eq. (D.20) could have observational consequences.
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D.5 The case of different masses

Now we consider the case of two black holes with different masses M, and
M,. We restrict ourselves to the limit D > 2%, 2b% . where b2, and 0%,
are the impact parameters corresponding to deflections of 7 of the two black
holes. Because the two masses are different, the ranges Ab, and Ab, of impact
parameters for surviving orbits are different, and therefore the allowed range
of scattering angles depends on which black hole the orbit is heading to. This
means that the ‘shrinking factors’ A% and A} (given by Eq. (D.16)) depend on
the black hole. This spoils the property of self-similarity, which is a feature
of the equal-masses case in the limit D — oo. However, since the orbits are
scattered alternately by the two black holes, the square of the scattering map
defined by the system is self-similar, in the limit D — oo.

After two iterations, of each interval [b,, besc] there remains four subsets of
surviving orbits, all with size of approximately A2\) (we are not considering
orbits with n > 0). Each of these subsets gives rise to four others after two
further iterations, and so on. The box-counting dimension of the surviving
set is given by[7] 4(A§A\3)¢ = 1, that is:

L In4
I (Aga)

Substituting Egs. (D.16) and (D.17) with M replaced by M, and M,, we
obtain \§ and \j, and we find:

qo In2
B InD+3+In/n

(D.21)

where n = M,/M,, 3 = In A'(b2,,). The difference between Eqs. (D.21) and
(D.20) is the constant term In /7 in the denominator of d. If M, = M, then
n=1and Eq. (D.21) is equal to Eq. (D.20), as of course it should. In the
limit D — oo, d also decays logarithmically with distance in this case, as in

the case of equal masses.

D.6 Conclusions

In this article we have studied the chaotic behavior of light rays orbiting a
system of two non-rotating fixed black holes. We have assumed that the black
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holes are sufficiently far away from each other, so that we could consider the
motion of the light rays to be the result of the action of each black hole
separately. Since the equations of motion of a light ray in the space-time of
an isolated black hole can be solved analytically, using this approximation
we reduce the motion of the massless test particle to a 2-dimensional map.
Numerical integration of this map showed the existence of a fractal basin
boundary, with an associated fractional box-counting dimension. In the limit
of a large separation distance D between the two black holes, we have been
able to obtain an analytical expression to the asymptotic value of the box-
counting dimension d. We found that d ~ (In D)~! for large D; this result
also holds for different black hole masses.
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Figure D.1: The deflection function A(b) for an isolated Schwarzschild black
hole.

o

Figure D.2: Construction of the scattering map.
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Figure D.3: Two examples of periodic orbits of the scattering map.
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Figure D.4: Portrait of the basins as a function of the impact parameter b,
for ¢9 = 0. The ‘basin function’ g(b) is defined to be 1 if the orbit with initial
conditions ¢y = 0, by = b falls into one of the black holes, -1 if it falls into the
other black hole, and 0 if it escapes to the asymptotically plane region. Two
successive magnifications of a small region of the initial interval are pictured,
showing the fractal dependency of g on b.
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Figure D.5: (a) Two possible types of scatterings for an orbit which was
previously scattered by (2n+ 1)m; (b) two scatterings for an orbit which was
previously deflected by (2n+ 1)7 + « or (2n + 1)7 + 2a.



