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❆ ♠✐♥❤❛ ♠ã❡ ▼❛r✐❛ ❊❧❡♥❛✱ ♠❡✉ ✐r♠ã♦ ❙❛♥t✐❛❣♦✱ ♠✐♥❤❛s t✐❛s ❍❡r♠✐♥❞❛
❍❡r♥❛♥❞❡③ ❡ ❇❧❛♥❝❛ ❏❛r❛✱ ❡ ❞❡♠❛✐s ❢❛♠✐❧✐❛r❡s q✉❡ ♠✉✐t♦ ♠❡ ❛♣♦✐❛r❛♠ ♥❛s

❞✐✈❡rs❛s ❢❛s❡s ❞❛ ♠✐♥❤❛ ✈✐❞❛✳

❆ ▼✐❧❡♥❛✱ ♠✐♥❤❛ ♥❛♠♦r❛❞❛✱ ♣♦r s❡r ❛ ♠✉❧❤❡r ♠❛✐s ♠❛r❛✈✐❧❤♦s❛ ❞♦ ♠✉♥❞♦ ❡
t❡r ♣r❡❡♥❝❤✐❞♦ ♠✐♥❤❛ ✈✐❞❛ ❞❡ ❢❡❧✐❝✐❞❛❞❡✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ♣r♦❢❡ss♦r ❉r✳ ▼❛✉r✐❝❡ ❉❡ ❑♦♥✐♥❣✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ♣❡❧❛s ❞✐s❝✉ssõ❡s ❡ s✉❣✲
❡stõ❡s ❡ s♦❜r❡ t✉❞♦ ♣♦r t❡r ❛❝r❡❞✐t❛❞♦ ❡♠ ♠❡✉ ♣♦t❡♥❝✐❛❧✳
❆♦ ♣r♦❢❡ss♦r ❉r✳ ❆❧❡① ❆♥t♦♥❡❧❧✐ ♣❡❧❛s ❞✐s❝✉ssõ❡s ❡ ♦ ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ❞❡st❡
tr❛❜❛❧❤♦ ❞✉r❛♥t❡ s✉❛ r❡❛❧✐③❛çã♦✳
❆♦ ▼❡✉ ❝♦❧❡❣❛ ❞❡ s❛❧❛ ▼❛t❡✉s ❋♦♥t❛♥❛ ▼✐❝❤❡❧♦♥ ♣♦r s✉❛s r❡❝♦♠❡♥❞❛çõ❡s q✉❡
♠❡ ❛❥✉❞❛r❛♠ ❛ ❡s❝❧❛r❡❝❡r ❞ú✈✐❞❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s ♠ét♦❞♦s ❞❡ s✐♠✉❧❛çã♦✳
❆ ♠❡✉ ❣r❛♥❞❡ ❛♠✐❣♦ ❍❡r♠✐♥s♦ ❱✐❧❧❛rr❛❣❛ ♣♦r q✉❡♠ s❡♠ s❡✉ ❛♣♦✐♦ ❞❡s✐♥t❡r❡s✲
s❛❞♦✱ ♥ã♦ t❡r✐❛ s✐❞♦ ♣♦ssí✈❡❧ ✐♥✐❝✐❛r ❡st❡ ♠❡str❛❞♦✳
❆ ❆í❞❛ ▼✐❧❡♥❛ ❆❧✈❛r❡③ ❆②✉r❡✱ ♣♦r s❡✉ ❝❛r✐♥❤♦ ✐♠❡♥s♦✱ s✉❛ ♣❛❝✐ê♥❝✐❛✱ ♣❡❧❛ ❝♦♠✲
♣r❡❡♥sã♦ ❡ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ❡♠ ❝❛❞❛ ❡t❛♣❛ ❞❡st❡ ♣r♦❥❡t♦ ❡ s♦❜r❡ t✉❞♦ ♣♦r
s✉❛s ♣❛❧❛✈r❛s ❞❡ ❝♦♥❢♦rt♦ ❡♠ ♠♦♠❡♥t♦s tr✐st❡s✳
❆ ♠❡✉s ❛♠✐❣♦s ❞❛ ❣r❛❞✉❛çã♦ ❆❧❡①❛♥❞❡r ❚♦rr❡s ❡ ❨❡✐ss♦♥ ▼❛rt✐♥❡③ ♣♦r s❡✉s
❝♦♥s❡❧❤♦s✱ ❡ ♣♦r ❡♥s✐♥❛r✲♠❡ ❛ ✈❡r ❛s ❝♦✐s❛s ❞❡ ❞✐❢❡r❡♥t❡s ♣♦♥t♦s ❞❡ ✈✐st❛✳
❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞❛ ❯♥✐❝❛♠♣ ♣♦r t❡r ❢❡✐t♦ ❞❛ ♠✐♥❤❛ ❡st❛❞✐❛ ♥♦ ❇r❛s✐❧ ❛❧❣♦
♠❛✐s ❛♠❡♥♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❆♥❣❡❧❛✱ ▼✐❣✉❡❧✱ ❨♦✈❛♥♥② ✱ ❋r❛♥❝✐s❝♦✱ ❏♦ã♦✱ ❋r❛♥❦✱
❈❛r❧♦s ❡ ❍❛r❧❡②✳
❆♦s ♠❡✉s ❛♠✐❣♦s ❞❛ ▼✉s✐❝❛ ❘❛❢❛❡❧✱ ❱✐♥í❝✐✉s✱ ●✉✐❧❤❡r♠❡✱ ▲✉❝❛s✱ ❆❞❡❧✐♥♦ ♣❡❧♦
❛♣♦✐♦ ♥♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s ❡ ♣❡❧♦s ❜♦♥s ♠♦♠❡♥t♦s✳
❆♦ Pr♦❢❡ss♦r ◆é❧s♦♥ ❡ ♠❡✉ ❛♠✐❣♦ ❋r❛♥❝✐s❝♦ ♣❡❧❛s s❡①t❛s ❞❡ ❡s♣❛✐r❡❝✐♠❡♥t♦ ♥♦
r✉❞❛✳
❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦ ❞♦ ■❋●❲ ♣❡❧❛ ❢♦r♠❛çã♦ r❡❝❡❜✐❞❛✳
➚s s❡❝r❡t❛r✐❛s ❞❛ ♣ós✲❣r❛❞✉❛çã♦ ❡ ❞♦ ❉❋▼❈✱ ♣❡❧❛ ❛♠❛❜✐❧✐❞❛❞❡✱ ❝♦❧❛❜♦r❛çã♦ ❡
♣♦r s✉❛ t♦❧❡râ♥❝✐❛ ♣❡❧♦s ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♠✉♥✐❝❛çã♦✳
➚ ♠✐♥❤❛ ♠ã❡ ▼❛r✐❛ ❊❧❡♥❛✱ ♠❡✉ ✐r♠ã♦ ❙❛♥t✐❛❣♦✱ ♠✐♥❤❛s t✐❛s ❍❡r♠✐♥❞❛ ❡ ❇❧❛♥❝❛✱
❡ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣♦r s❡✉ ❛♣♦✐♦ ❡❝♦♥ô♠✐❝♦✱ ♠♦r❛❧✱ s❡♥t✐♠❡♥t❛❧ ❡♠ ❝❛❞❛ ❡t❛♣❛
❞❛ ♠✐♥❤❛ ✈✐❞❛ ♣♦✐s ❛ ❡❧❡s ❞❡✈♦ ♠✐♥❤❛ ❢♦r♠❛çã♦ ♣❡ss♦❛❧✳

●♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r✱ ✜♥❛❧♠❡♥t❡✱ ❛♦ ❈◆Pq ♣❡❧❛ s✉st❡♥t❛çã♦ ✜♥❛♥❝❡✐r❛ ❞✉✲
r❛♥t❡ ❞♦✐s ❛♥♦s ❞♦ ♣r♦❥❡t♦✱ ❡ ❛♦ ❈❊◆❆P❆❉✲❙P ♣❡❧♦s ❝á❧❝✉❧♦s ♦❜t✐❞♦s ❡♠ s❡✉s
❝♦♠♣✉t❛❞♦r❡s✳

▼✉✐t♦ ♦❜r✐❣❛❞♦✦

✈



❘❡s✉♠♦

❘❡❝❡♥t❡♠❡♥t❡ t❡♠ s✐❞♦ ♣r♦♣♦st❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦
❡♠ s✉❜stâ♥❝✐❛s ♣✉r❛s ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❡①♣❧✐❝❛r ❛❧❣✉♥s ❝♦♠♣♦rt❛♠❡♥t♦s ❛♥ô✲
♠❛❧♦s ❝♦♠♦ ♦s ✐♥❝r❡♠❡♥t♦s ❞❡ ❢✉♥çõ❡s r❡s♣♦st❛ ✭❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛✱
❝♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛✱ ❝❛❧♦r ❡s♣❡❝í✜❝♦✮ ❛♦ ❞✐♠✐♥✉✐r ❛ t❡♠♣❡r❛t✉r❛
❞❡ ✉♠ ❧íq✉✐❞♦✳ ❆ ❡①✐stê♥❝✐❛ ❞❡st❡ t✐♣♦ ❞❡ tr❛♥s✐çã♦ ❢♦✐ ❞❡♠♦str❛❞❛ ❡①♣❡r✐✲
♠❡♥t❛❧♠❡♥t❡ ♣❛r❛ ♦ ❢ós❢♦r♦ ♣♦r ❞✐s♣❡rsã♦ ❞❡ r❛✐♦s ❳✱ ❡ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s
❛t♦♠íst✐❝❛s ♦✉ ❞❡ ♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s ♣❛r❛ ❛ á❣✉❛✱ ♦ s✐❧í❝✐♦✱ ♦ ❝❛r❜♦♥♦✱ ❡t❝✳ ❆
❝♦♠♣r❡❡♥sã♦ ❞❡t❛❧❤❛❞❛ ❞❡st❡ t✐♣♦ ❞❡ tr❛♥s✐çã♦ ❡stá ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ à
q✉❡stã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ q✉❛✐s ❢❛t♦r❡s ❢ís✐❝♦s ❝♦♥tr♦❧❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠
❧íq✉✐❞♦✱ ❡ ♣♦rt❛♥t♦ ♦ ❡st✉❞♦ ❞❡st❛ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐✲
♠❡♥t♦ ❞❡ ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s✱ ❛ sí♥t❡s❡ ❞❡ ♥♦✈♦s ♠❛t❡r✐❛✐s ❡ ♦ ❝♦♥tr♦❧❡ ❞❡ s✉❛s
♣r♦♣r✐❡❞❛❞❡s✳

◆❡st❡ tr❛❜❛❧❤♦ r❡❛❧✐③❛♠♦s s✐♠✉❧❛çõ❡s ❛t♦♠íst✐❝❛s s♦❜r❡ ✉♠ s✐st❡♠❛ ❞❡ ✶✶✺✷
♣❛rtí❝✉❧❛s ❞❡ ●á❧✐♦ s✉❜♠❡t✐❞❛s ❛ ✉♠ ♣♦t❡♥❝✐❛❧ s❡♠✐✲❡♠♣ír✐❝♦ ▼❊❆▼✱ ❝♦♠
❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳ ❈♦♠ ❡st❛s s✐♠✉❧❛çõ❡s ♣r♦❝✉r❛♠♦s ✉♠❛ tr❛♥✲
s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥♦ ●á❧✐♦ ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ três
t❡♦r✐❛s✳ ■♥✐❝✐❛❧♠❡♥t❡ ♠♦str❛♠♦s q✉❡ ♦ ❧✐♠✐t❡ ❞❡ ♠❡t❛❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦
s✉♣❡r✲❛q✉❡❝✐❞♦ t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠♦♥ót♦♥♦ ❞❡❝r❡s❝❡♥t❡ ♥♦ ♣❧❛♥♦ ❞❡ ❢❛s❡
P✲❚✳ P♦st❡r✐♦r♠❡♥t❡ ♥♦ss♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ ❤✐st❡r❡s❡✱ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦
✈♦❧✉♠❡✱ ❡str✉t✉r❛s ❧♦❝❛✐s ❞✐❢❡r❡♥t❡s✱ ❞✉❛s ❢❛s❡s q✉❡ ✢✉❡♠✱ ❡ ✉♠ ❝❛❧♦r ❧❛t❡♥t❡
❝❛r❛❝t❡ríst✐❝♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P♦r t♦❞❛s ❡st❛s
r❛③õ❡s ❝♦♥❝❧✉í♠♦s q✉❡ ♦ s✐st❡♠❛ s✐♠✉❧❛❞♦ ❛♣r❡s❡♥t❛ ✉♠ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦
❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ❢♦r❛♠ r❡❛❧✐③❛❞❛s ❝♦♠♣r❡ssõ❡s ❡ ❡①♣❛♥sõ❡s
✐s♦tér♠✐❝❛s ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❞✐❢❡r❡♥t❡s✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ❡st❡s ♣r♦❝❡ss♦s t❛♠✲
❜é♠ ❛♣r❡s❡♥t❛♠ ❤✐st❡r❡s❡ ❡ q✉❡ ❡❧❛ ❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛✱
✐♥❞✐❝❛♥❞♦ ❛ss✐♠ ❛ ♣♦ssí✈❡❧ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ ❝rít✐❝♦ ❡ ❛ ✜♥❛❧✲
✐③❛çã♦ ❞❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳ ❋✐♥❛❧✐③❛♠♦s ♦ tr❛❜❛❧❤♦ ❝♦♠ ❛ ♦❜t❡♥çã♦ ❡
❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ✉♠❛ ♣♦ssí✈❡❧ ♥♦✈❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ ❞♦ ●á❧✐♦ ❝✉❥❛ ❡str✉t✉r❛
❛✐♥❞❛ ♥ã♦ t❡♠ s✐❞♦ ♦❜t✐❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ ❊st❛ ❢❛s❡ ❢♦✐ ♦❜t✐❞❛ ♣♦r ❝❛s✉❛❧✐✲
❞❛❞❡ ❞✉r❛♥t❡ ♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥♦ ●á❧✐♦
❛♦ t❡♥❝✐♦♥❛r ♦ ●á❧✐♦ ❛ ✲✶✳✻●P❛✳ ❙✉❛ ❡str✉t✉r❛ é ❞♦ t✐♣♦ ♦rt♦rrô♠❜✐❝❛ ❝♦♠ ✉♠❛
s✐♠❡tr✐❛ ❈♠❝♠ ✭❣r✉♣♦ ❡s♣❛❝✐❛❧ ✻✸✮ ❡ s✉❛ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛ ❞♦ ●á❧✐♦✲■ é ❛ ♦r✐❡♥✲
t❛çã♦ ❞♦s ❞í♠❡r♦s ❞❡ ●á❧✐♦✱ q✉❡ ♥❡st❛ ♥♦✈❛ ❢❛s❡ ❡stã♦ ❞✐s♣♦st♦s ♣❛r❛❧❡❧❛♠❡♥t❡✳
❙✐♠✉❧❛çõ❡s ♣♦r ❉❋❚ ♠♦str❛r❛♠ q✉❡ ❡st❛ ♥♦✈❛ ❢❛s❡ é ♠❡t❛❡stá✈❡❧ ❛ ♣r❡ssã♦ ♥✉❧❛
❡ ❝❤❡❣❛ ❛ s❡r ❡stá✈❡❧ ❛ ♣r❡ssõ❡s ♥❡❣❛t✐✈❛s ❛❜❛✐①♦ ❞❡ ∼ −1.5GPa✳

✈✐



❆❜str❛❝t

❘❡❝❡♥t❧②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐q✉✐❞✲❧✐q✉✐❞ tr❛♥s✐t✐♦♥ ✐♥ ♣✉r❡ s✉❜st❛♥❝❡s ❤❛s ❜❡❡♥
♣r♦♣♦s❡❞ ❛s ❛♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❛♥♦♠❛❧♦✉s ❜❡❤❛✈✐♦rs s✉❝❤ ❛s t❤❡ ✐♥❝r❡❛s❡ ♦❢ r❡✲
s♣♦♥s❡ ❢✉♥❝t✐♦♥s ✭✐s♦t❤❡r♠❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t②✱ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥✱
s♣❡❝✐✜❝ ❤❡❛t✮ ✇✐t❤ ❞❡❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ❞✐s♣❧❛②❡❞ ❜② s♦♠❡ ❧✐q✉✐❞s✳ ❚❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ t❤✐s t②♣❡ ♦❢ tr❛♥s✐t✐♦♥ ❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❢♦r ♣❤♦s✲
♣❤♦r♦✉s ❜② ❳✲r❛② ❞✐✛r❛❝t✐♦♥✱ ❛♥❞ t❤r♦✉❣❤ ❛t♦♠✐st✐❝ s✐♠✉❧❛t✐♦♥s ❢♦r ✇❛t❡r✱ s✐❧✐✲
❝♦♥ ❛♥❞ ❝❛r❜♦♥✳ ❚❤❡ ❞❡t❛✐❧❡❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤✐s t②♣❡ ♦❢ tr❛♥s✐t✐♦♥ ✐s ❝❧♦s❡❧②
r❡❧❛t❡❞ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥ ♦❢ ✇❤✐❝❤ ♣❤②s✐❝❛❧ ❢❛❝t♦rs ❝♦♥tr♦❧ t❤❡ ♣r♦♣❡r✲
t✐❡s ♦❢ ❛ ❧✐q✉✐❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st✉❞② ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡
❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✇ t❡❝❤♥♦❧♦❣✐❡s✱ t❤❡ s②♥t❤❡s✐s ♦❢ ♥❡✇ ♠❛t❡r✐❛❧s ❛♥❞ t❤❡
❝♦♥tr♦❧ ♦❢ t❤❡✐r ♣r♦♣❡rt✐❡s✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝❛rr② ♦✉t ❛ s❡r✐❡s ♦❢ ❛t♦♠✐st✐❝ s✐♠✉❧❛t✐♦♥s ♦❢ ❛ s②st❡♠ ❝♦♥✲
t❛✐♥✐♥❣ ✶✶✺✷ ●❛❧❧✐✉♠ ❛t♦♠s ❞❡s❝r✐❜❡❞ ❜② ❛ s❡♠✐✲❡♠♣✐r✐❝❛❧ ▼♦❞✐✜❡❞ ❊♠❜❡❞❞❡❞✲
❆t♦♠▼♦❞❡❧ s✉❜❥❡❝t t♦ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❇② ♠❡❛♥s ♦❢ t❤❡s❡ s✐♠✉❧❛✲
t✐♦♥s ✇❡ s❡❛r❝❤ ❢♦r ❛ ❧✐q✉✐❞✲❧✐q✉✐❞ tr❛♥s✐t✐♦♥ ✐♥ ●❛❧❧✐✉♠ ❜② ♠❡❛♥s ♦❢ ❛ ♣r♦❝❡ss ♦❢
❡❧✐♠✐♥❛t✐♦♥ ♦❢ t❤r❡❡ t❤❡♦r✐❡s✳ ■♥✐t✐❛❧❧② ✇❡ s❤♦✇ t❤❛t t❤❡ ❧✐♠✐t ♦❢ ♠❡t❛st❛❜✐❧✐t② ♦❢
t❤❡ s✉♣❡r❤❡❛t❡❞ ❧✐q✉✐❞ ❤❛s ❛ ❞❡❝r❡❛s✐♥❣ ♠♦♥♦t♦♥♦✉s ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♣r❡ss✉r❡✲
t❡♠♣❡r❛t✉r❡ ♣❤❛s❡ ❞✐❛❣r❛♠✳ ❙✉❜s❡q✉❡♥t❧②✱ ♦✉r s②st❡♠ ♣r❡s❡♥ts ❤②st❡r❡s✐s✱ ❛
❞✐s❝♦♥t✐♥✉✐t② ✐♥ ✈♦❧✉♠❡✱ t✇♦ ♣❤❛s❡s t❤❛t ❤❛✈❡ ❞✐✛❡r❡♥t ❧♦❝❛❧ ❛t♦♠✐❝ str✉❝t✉r❡s
❛♥❞ ❞✐s♣❧❛② ❞✐✛✉s✐♦♥✱ ❛♥❞ ❛ ❧❛t❡♥t ❤❡❛t✱ ❛❧❧ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❛ ✜rst✲♦r❞❡r ♣❤❛s❡
tr❛♥s✐t✐♦♥✳ ❋♦r ❛❧❧ t❤❡s❡ r❡❛s♦♥s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s✐♠✉❧❛t❡❞ s②st❡♠ ♣r❡s❡♥ts
❛ ❧✐q✉✐❞✲❧✐q✉✐❞ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♦❢ ✜rst✲♦r❞❡r ✐♥ t❤❡ s✉♣❡r❝♦♦❧❡❞ r❡❣✐♠❡✳ ■♥ ❛❞❞✐✲
t✐♦♥✱ ✇❡ ❝❛rr✐❡❞ ♦✉t s❡✈❡r❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ✐s♦t❤❡r♠❛❧ ❝♦♠♣r❡ss✐♦♥s ❛♥❞ ❡①♣❛♥✲
s✐♦♥s ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳ ❚❤❡s❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ ❤②st❡r❡s✐s ❛❧t❤♦✉❣❤ ✐t
✐s ❢♦✉♥❞ t♦ ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡✱ t❤✉s ✐♥❞✐❝❛t✐♥❣ t❤❡ ♣♦ss✐❜❧❡
❡①✐st❡♥❝❡ ♦❢ ❛ s❡❝♦♥❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❧✐q✉✐❞✲❧✐q✉✐❞ tr❛♥s✐t✐♦♥ ❡♥❞s✳

❲❡ ✜♥✐s❤ ♦✉r st✉❞✐❡s ✇✐t❤ t❤❡ ❞✐s❝♦✈❡r② ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ ❝r②st❛❧❧✐♥❡
♣❤❛s❡ ♦❢ ●❛❧❧✐✉♠ ✇❤♦s❡ str✉❝t✉r❡ ❤❛s ♥♦t ❜❡❡♥ ♦❜s❡r✈❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❚❤✐s
♣❤❛s❡ ✇❛s ♦❜t❛✐♥❡❞ ❜② ❝❤❛♥❝❡ ❞✉r✐♥❣ t❤❡ st✉❞② ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐q✉✐❞✲
❧✐q✉✐❞ tr❛♥s✐t✐♦♥ ✐♥ ●❛❧❧✐✉♠ ✉♥❞❡r t❡♥s✐♦♥ ♦❢ ✲✶✳✻●P❛✳ ■ts str✉❝t✉r❡ ✐s ♦❢ t❤❡
♦rt❤♦r❤♦♠❜✐❝ t②♣❡ ✇✐t❤ ❈♠❝♠ s②♠♠❡tr② ✭s♣❛❝❡ ❣r♦✉♣ ✻✸✮✳ ■ts ♠❛✐♥ ❞✐✛❡r❡♥❝❡
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ●❛❧❧✐✉♠✲■ ♣❤❛s❡ ✐s t❤❛t ✐♥ t❤❡ ♥❡✇ ♣❤❛s❡ t❤❡ ●❛❧❧✐✉♠ ❞✐♠❡rs
❛r❡ ❞✐s♣♦s❡❞ ✐♥ ❛ ♣❛r❛❧❧❡❧ ❢❛s❤✐♦♥✳ ❙✉❜s❡q✉❡♥t ❉❋❚ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤✐s
♥❡✇ ♣❤❛s❡ ✐s ♠❡t❛st❛❜❧❡ ❛t ③❡r♦ ♣r❡ss✉r❡ ❛♥❞ ♣r❡❞✐❝t ✐t t♦ ❜❡❝♦♠❡ st❛❜❧❡ ✇✐t❤
r❡s♣❡❝t t♦ ●❛❧❧✐✉♠✲■ ❛rr✐✈❡s ❛t ♥❡❣❛t✐✈❡ ♣r❡ss✉r❡s ❜❡❧♦✇ ✲✶✳✺●P❛✳
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❈♦♥t❡ú❞♦

✶ ■♥tr♦❞✉çã♦ ✶
✶✳✶ ■♥t❡r♣r❡t❛çõ❡s ❞❛s ❛♥♦♠❛❧✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✶✳✶ ❈♦♥❥❡❝t✉r❛ ❞♦s ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷
✶✳✶✳✷ ❚r❛♥s✐çõ❡s ❧íq✉✐❞♦ ❧íq✉✐❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✶✳✷✳✶ ▲íq✉✐❞♦s ❛♥ô♠❛❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✶✳✷✳✷ ▲íq✉✐❞♦s ♥♦r♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✶✳✸ ▲✐✈r❡ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✶✳✷ ❊✈✐❞❡♥❝✐❛s t❡ór✐❝♦ ❡①♣❡r✐♠❡♥t❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷✳✶ ❋ós❢♦r♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✷✳✷ ➪❣✉❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✶✳✷✳✸ ❙✐❧í❝✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✷✳✹ ◆✐tr♦❣ê♥✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
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✹ ❈♦♥❝❧✉sõ❡s ✺✼
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❉ Pr❡❞✐❝t✐♦♥ ♦❢ ❛ ◆♦✈❡❧ ❈r②st❛❧❧✐♥❡ P❤❛s❡ ♦❢ ●❛ ❜② ❙✐♠✉❧❛t✐♦♥ ✽✼

❊ ❚❤❡♦r❡t✐❝❛❧ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ✜rst✲♦r❞❡r ❧✐q✉✐❞✲❧✐q✉✐❞ ♣❤❛s❡ tr❛♥✲
s✐t✐♦♥ ✐♥ ❣❛❧❧✐✉♠ ✾✾



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❋❛❧❛♠♦s ❞❡ ❧íq✉✐❞♦s s✉♣❡r✲❛q✉❡❝✐❞♦s q✉❛♥❞♦ ✉♠ ❧íq✉✐❞♦ é ❧❡✈❛❞♦ ❛ t❡♠♣❡r❛t✉r❛s
s✉♣❡r✐♦r❡s à s✉❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡✈❛♣♦r❛çã♦ ♠❛♥t❡♥❞♦ s❡✉ ❡st❛❞♦ ❧íq✉✐❞♦✳ ❉❛
♠❡s♠❛ ❢♦r♠❛ ❢❛❧❛♠♦s ❞❡ ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s q✉❛♥❞♦ ❧❡✈❛♠♦s ✉♠ ❧íq✉✐❞♦
❛❜❛✐①♦ ❞❛ s✉❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❢✉sã♦ s❡♠ ♦❜t❡r ❝r✐st❛❧✐③❛çã♦✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s
❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡✈❛♣♦r❛çã♦ ♦✉ ❢✉sã♦ ♣r❡❝✐s❛ s❡r ❢❡✐r❛ ♥❛
♠❡s♠❛ ♣r❡ssã♦ ❞♦ ❧✐q✉✐❞♦ s✉♣❡r❛q✉❡❝✐❞♦ ♦✉ s✉♣❡r✲r❡s❢r✐❛❞♦✳

❖s ❧íq✉✐❞♦s s✉♣❡r✲❛q✉❡❝✐❞♦s ❛♣r❡s❡♥t❛♠ ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ♣r❡ssã♦
❡ t❡♠♣❡r❛t✉r❛ ❢♦r♠❛♥❞♦ ✉♠❛ ❝✉r✈❛ ♥♦ ♣❧❛♥♦ ✭P✱❚✮ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ s♣✐♥♦❞❛❧✳
❊st❛ ❝✉r✈❛ ❡ ❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❣ás✲❧íq✉✐❞♦ ❧✐♠✐t❛♠ ❛ r❡❣✐ã♦ ♥❛ q✉❛❧ ♦s
❧íq✉✐❞♦s s✉♣❡r❛q✉❡❝✐❞♦s ♣♦❞❡♠ ❡①✐st✐r✳

❊♥tr❡t❛♥t♦ ❛♦ ❝♦♥tr❛r✐♦ ❞♦s ✢✉✐❞♦s✱ ♦s só❧✐❞♦s ♦♣õ❡ r❡s✐stê♥❝✐❛ às ❛❧t❡r❛çõ❡s
❞❡ ❢♦r♠❛✱ t❛❧ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❣❡♥❡r❛❧✐③❛r ❞❡ ❢♦r♠❛ tr❛♥s♣❛r❡♥t❡ ♦s ❝r✐tér✐♦s
❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ✢✉✐❞♦s ❝♦♥tí♥✉♦s ♠❛❝r♦s❝ó♣✐❝♦s✳ ❆ ❡①✐stê♥❝✐❛
❞❡ ✉♠❛ s♣✐♥♦❞❛❧ ♣❛r❛ ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s ♣❡r♠❛♥❡❝❡ ✉♠❛ q✉❡stã♦ ❛❜❡rt❛✳

❊st❛ q✉❡stã♦ t❡♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ♠ú❧t✐♣❧♦s ❡st✉❞♦s ❡♠ ❞✐❢❡r❡♥t❡s s✐st❡♠❛s✱
❡♥tr❡ ♦s q✉❛✐s ✉♠❛ ❞❛s s✉❜stâ♥❝✐❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♥❛ ❚❡rr❛✱ ❛ á❣✉❛✳ ❊❧❛
❛♣r❡s❡♥t❛ ❝♦♠ ❝♦♠♣♦rt❛♠❡♥t♦s ❛♥ô♠❛❧♦s ❞❡ s✉❛s ❢✉♥çõ❡s r❡s♣♦st❛ ✭❈♦♠♣r❡ss✲
✐❜✐❧✐❞❛❞❡✱ ❝❛♣❛❝✐❞❛❞❡ ❝❛❧ór✐❝❛✱ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛✮✱ ❝♦♠♦ ♠♦str❛
❛ ❋✐❣✉r❛ ✶✳✶✳ ❊st❛s ❛♥♦♠❛❧✐❛s ❡♥✈♦❧✈❡♠✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ ❡①♣❛♥sã♦ tér♠✐❝❛
♥❡❣❛t✐✈❛ ❡ ♦ ❛✉♠❡♥t♦ ❞❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ❡ ❞❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❝♦♠ ✉♠❛
r❡❞✉çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❬✶✱ ✷✱ ✸❪✳

❯♠ ❞♦s ♣♦♥t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♥❡st❛s ❛♥♦♠❛❧✐❛s é q✉❡✱ ❛♣❛r❡♥t❡♠❡♥t❡✱
s✉❛ ♠❛❣♥✐t✉❞❡ ❛✉♠❡♥t❛ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❡♠ ❢✉♥çã♦ ❞♦ r❡s❢r✐❛♠❡♥t♦ ❝♦♠♦ ❢♦✐
♥♦t❛❞♦ ♣♦r ❆♥❣❡❧❧ ❬✶❪✳ P♦r ❡①❡♠♣❧♦✱ ❆♥❣❡❧❧ ❛❥✉st♦ ❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér✲
♠✐❝❛ ❞❛ á❣✉❛ s✉♣❡r✲r❡s❢r✐❛❞❛ ❛ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✱ ❡♥❝♦♥tr❛♥❞♦ ✉♠❛ ❛♣❛r❡♥t❡
❞✐✈❡r❣ê♥❝✐❛ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✷✷✽❑✳ (T − 228)−0.349✳

❉✐❢❡r❡♥t❡s ✐♥t❡r♣r❡t❛çõ❡s ♣❛r❛ ❡st❡s ❝♦♠♣♦rt❛♠❡♥t♦s tê♠ s✐❞♦ ♣r♦♣♦st❛s✱
♠❛s é ♣♦✉❝♦ ❝❧❛r♦ q✉❛❧ ❞❡s❝r❡✈❡ ❛ á❣✉❛ ♦✉ ♦✉tr♦s ❧íq✉✐❞♦s ❛♥ô♠❛❧♦s ❝♦♠♦ ❇❛✱
❇✐✱ ❈✱ ❈❡✱ ❈s✱ ❊✉✱ ●❛✱ ●❡✱ ■✱ P✱ P✉✱ ❘❜✱ ❙✱ ❙❜✱ ❙❡✱ ❙✐✱ ❚❡✱ D2O✱ SiO2✱ GeO2✳❬✹✱
✺✱ ✻✱ ✼✱ ✽✱ ✾❪✳

✶
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❋✐❣✉r❛ ✶✳✶✿ ❆♥♦♠❛❧✐❛s ❞❛ á❣✉❛✳ ✭❛✮ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛ KT ✱ ✭❜✮ ❈❛❧♦r
❡s♣❡❝✐✜❝♦ ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ CP ✱ ✭❝✮ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛ αP ✳ ❖
❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ á❣✉❛ é ✐♥❞✐❝❛❞♦ ♣❡❧❛ ❧✐♥❤❛ s♦❧✐❞❛✱ ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠
❧íq✉✐❞♦ t✐♣✐❝♦ ♣❡❧❛ ❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛✳✭❆❞❛♣t❛❞♦ ❞❡ ❉❡❜❡♥❡❞❡tt✐ ❬✶✵❪✮

✶✳✶ ■♥t❡r♣r❡t❛çõ❡s ❞❛s ❛♥♦♠❛❧✐❛s

❊♠ ❣❡r❛❧ ♣♦❞❡♠♦s ❢❛❧❛r ❞❡ três ✐♥t❡r♣r❡t❛çõ❡s ♣r♦♣♦st❛s ♣❛r❛ ❡①♣❧✐❝❛r ♦s ❛♥ô♠❛✲
❧♦s ✐♥❝r❡♠❡♥t♦s ♥❛s ❢✉♥çõ❡s r❡s♣♦st❛✳ ❆s três ✐♥t❡r♣r❡t❛çõ❡s ❡stã♦ ❝❛r❛❝t❡r✐③❛❞❛s
♣♦r ✉♠❛ ❝✉r✈❛ ♥♦ ♣❧❛♥♦ ✭P✱❚✮ r❡♣r❡s❡♥t❛♥❞♦ ❛ ❝♦❧❡çã♦ ❞❡ ♣♦♥t♦s q✉❡ ❞❡s❝r❡✈❡
❛ t❡♠♣❡r❛t✉r❛ ❞❡ ♠á①✐♠❛ ❞❡♥s✐❞❛❞❡ ✭❚▼❉✮ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❛ ♣r❡ssã♦✳ ❊♠
♦✉tr❛s ♣❛❧❛✈r❛s✱ é ❛ ❝✉r✈❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ ♣r❡ssã♦✱ ✐♥❞✐❝❛ ♦ t❡♠♣❡r❛t✉r❛ ♦♥❞❡ ❛
❡①♣❛♥sã♦ tér♠✐❝❛ é ♥✉❧❛ (αP = 0)✳

✶✳✶✳✶ ❈♦♥❥❡❝t✉r❛ ❞♦s ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡

❆ ♣r✐♠❡✐r❛ ✐♥t❡r♣r❡t❛çã♦✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❝♦♥❥❡❝t✉r❛ ❞♦s ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐✲
❞❛❞❡✱ ❢♦✐ ♣r♦♣♦st❛ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❙♣❡❡❞② ❬✶✶✱ ✶✷❪ ♣❛r❛ ❡①♣❧✐❝❛r ♦ ❝♦♠♣♦rt❛✲
♠❡♥t♦ ❞❛ á❣✉❛✳ ❉❡❜❡♥❡❞❡tt✐ ❡ ❉✬❆♥t♦♥✐♦ ❬✶✸✱ ✶✹❪ ♣❡sq✉✐s❛♠ ❛s ❝❛r❛❝t❡ríst✐❝❛s
t❡r♠♦❞✐♥â♠✐❝❛s ❣❡r❛✐s ❞❡ ✉♠ ✢✉✐❞♦ q✉❡ ❛♣r❡s❡♥t❛ ✉♠ ♠á①✐♠♦ ❞❡ ❞❡♥s✐❞❛❞❡✱ ❡
♣r♦♣✉s❡r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝✉r✈❛ s♣✐♥♦❞❛❧ ✭P✱❚✮ ❝♦♥tí♥✉❛ q✉❡ s♦❢r❡ ✉♠❛
✐♥✈❡rsã♦✱ ❧✐♠✐t❛♥❞♦ ♦s ❡st❛❞♦s s✉♣❡r✲❛q✉❡❝✐❞♦✱ t❡♥s✐♦♥❛❞♦s ❡ s✉♣❡r✲r❡s❢r✐❛❞♦s ❞♦
❧íq✉✐❞♦ ♠❡t❛❡stá✈❡❧✱ ❡ q✉❡ ❛tr✐❜✉✐ ♦s ✐♥❝r❡♠❡♥t♦s ❛♥ô♠❛❧♦s ♥❛s ❢✉♥çõ❡s r❡s♣♦st❛
à ♣r♦①✐♠✐❞❛❞❡ ❞❛ ❝✉r✈❛ s♣✐♥♦❞❛❧✳

P❛r❛ q✉❡ ✐st♦ s❡❥❛ ♣♦ssí✈❡❧ é ♣r❡❝✐s♦ q✉❡ ❤❛❥❛ ✉♠❛ ❛♥♦♠❛❧✐❛ ♥❛ ❞❡♥s✐❞❛❞❡
✭▼á①✐♠♦ ❞❡ ❞❡♥s✐❞❛❞❡✮ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛♠♦s✳ ❚❛❧ ❛♥♦♠❛❧✐❛ ♥ã♦ ❡st❛r✐❛ ✐s♦❧❛❞❛
♥♦ ♣❧❛♥♦ ✭P✱❚✮ ❡ ❡st❛r✐❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ❝✉r✈❛ ✭❚▼❉✮ ❝♦♥tí♥✉❛ ❝♦♠♦ é
✐♥❞✐❝❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✷ ♣♦r ✏❢❛❡✑✳ ❊st❛ ❝✉r✈❛ s♦♠❡♥t❡ ♣♦❞❡r✐❛ t❡r♠✐♥❛r ♥✉♠
❧✐♠✐t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ✭❈✉r✈❛ ❙♣✐♥♦❞❛❧✮ ❡✱ ❝✉❥❛ ✐♥t❡rs❡çã♦ ❧❡✈❛r✐❛ ❛ q✉❡ ❧❛ s♣✐♥✲
♦❞❛❧ ❞♦ ❧íq✉✐❞♦ s✉♣❡r✲❛q✉❡❝✐❞♦ ✭✏❝❡✑ ♥❛ ❋✐❣✉r❛ ✶✳✷✮ ✈✐r❛✲s❡ ♣❛r❛ s❡ t♦r♥❛r ❛
s♣✐♥♦❞❛❧ ❞♦ ❧íq✉✐❞♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ✭✏❡❢✑ ♥❛ ❋✐❣✉r❛ ✶✳✷✮✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ❡st❛ ✐♥✲
t❡rs❡çã♦ ❝♦rr❡s♣♦♥❞❡r✐❛ ❛♦ ♠á①✐♠♦ ❞❡ t❡♥sã♦ q✉❡ ♦ ❧íq✉✐❞♦ ♣♦❞❡ s✉♣♦rt❛r ❝♦♠♦
é ✐♥❞✐❝❛❞♦ ♣❡❧♦ ♣♦♥t♦ ✏❡✑ ❞❛ ❋✐❣✉r❛ ✶✳✷✳

❖✉tr❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♥♦ s✐st❡♠❛ sã♦ q✉❡ ♥ã♦ ❡①✐❜❛ ✉♠ ♠✐♥✐♠♦ ❞❡
❞❡♥s✐❞❛❞❡✱ ❡ q✉❡ ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ ❝✉r✈❛ ❚▼❉ s❡❥❛ s❡♠♣r❡ ♥❡❣❛t✐✈❛✱ ♦✉ ❡♠ ♦✉tr❛s
♣❛❧❛✈r❛s q✉❡ ❛ ❛♥♦♠❛❧✐❛ ♥❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛ ♣❡r♠❛♥❡ç❛ ♣❛r❛ ❜❛✐①❛s
♣r❡ssõ❡s ♥♦ ❧íq✉✐❞♦✳ P♦✐s ❝♦♠♦ ❢♦✐ ❞❡♠♦str❛❞♦ ♣♦r ❉❡❜❡♥❡❞❡tt✐ ❬✶✺✱ ✶✻❪ ❡ s❡✉s
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❋✐❣✉r❛ ✶✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞♦s ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❙♣❡❡❞②
❡①✐❜✐♥❞♦ ♠á①✐♠♦s ❞❡ ❞❡♥s✐❞❛❞❡ ♠❛s ♥ã♦ ♠í♥✐♠♦s✳ st é ❛ ❝✉r✈❛ ❞❡ s✉❜❧✐♠❛çã♦✱
tc é ❛ ❝✉r✈❛ ❞❡ ❡❜✉❧✐çã♦✱ ❡ tm é ❛ ❝✉r✈❛ ❞❡ ❢✉sã♦✳ c é ♦ ♣✉♥t♦ ❝r✐t✐❝♦ ❡ t
é ♦ ♣✉♥t♦ tr✐♣❧♦✱ fae é ❛ ❝✉r✈❛ ❞❡ ♠á①✐♠❛ ❞❡♥s✐❞❛❞❡ à ♣r❡ssã♦ ❝♦♥st❛♥t❡ ❡
cef r❡♣r❡s❡♥t❛ ❛ ❙♣✐♥♦❞❛❧ ❝♦♥tí♥✉❛ ❧✐♠✐t❛♥❞♦ ♦s ❡st❛❞♦ s✉♣❡r❛q✉❡❝✐❞♦ ❡ s✉♣❡r✲
r❡s❢r✐❛❞♦s✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❉❡❜❡♥❡❞❡tt✐ ❬✹❪✮

❝♦❧❛❜♦r❛❞♦r❡s ♦ ✐♥❝r❡♠❡♥t♦ ♥❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛ s♦❜r❡ r❡s❢r✐❛♠❡♥t♦
é ✐♥s❡♣❛rá✈❡❧ ❞❛ ✐♥❝❧✐♥❛çã♦ ♥❡❣❛t✐✈❛ ❞❛ ❝✉r✈❛ q✉❡ r❡♣r❡s❡♥t❛ ❛ t❡♠♣❡r❛t✉r❛ ❞❡
♠á①✐♠❛ ❞❡♥s✐❞❛❞❡ ✭❚▼❉✮ ♥♦ ♣❧❛♥♦ P✲❚✳

✶✳✶✳✷ ❚r❛♥s✐çõ❡s ❧íq✉✐❞♦ ❧íq✉✐❞♦

❯♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♠✉✐t♦ ❝♦♠✉♠ ❡♠ ♠✐st✉r❛s ❜✐♥❛r✐❛s✱ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❞♦✐s
❧íq✉✐❞♦s ♠✐s❝í✈❡✐s s❡ s❡♣❛r❛♠ ♣♦r ✈❛r✐❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❡①t❡r♥♦s ❝♦♠♦ ❛ t❡♠✲
♣❡r❛t✉r❛ ✱ ♥❡st❡s ❝❛s♦ t❡♠♦s ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♦♥❞❡ ♦s s✐st❡♠❛s
s❡ t♦r♥❛♠ ✐♠✐s❝í✈❡✐s ❬✹✱ ✶✼❪✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ s✐st❡♠❛s ♣✉r♦s✱ tr❛♥s✐çõ❡s
❡str✉t✉r❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ sã♦ ❝♦♠✉♥s ❡♥tr❡ ❢❛s❡s ❝r✐st❛❧✐♥❛s✳ ◆♦ ❡♥t❛♥t♦✱
tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❝♦♠ ❞✐❢❡r❡♥t❡ ❞❡♥s✐❞❛❞❡ ❡ ❛ ♠❡s♠❛ ❝♦♠♣♦s✐çã♦ sã♦
r❛r♦s✳ ❆♣❡s❛r ❞✐ss♦✱ r❡❝❡♥t❡♠❡♥t❡ t❡♠ s✐❞♦ r❡✈❡❧❛❞♦ q✉❡ ♦s ✢✉✐❞♦s ♣✉r♦s ♣♦❞❡♠
t❡r ❞♦✐s ❡st❛❞♦s ❧íq✉✐❞♦s✳ ❆ tr❛♥s✐çã♦ ❡♥tr❡ ❡ss❡s ❡st❛❞♦s é ❝❤❛♠❛❞❛ tr❛♥s✐çã♦
❧íq✉✐❞♦✲❧íq✉✐❞♦ ❬✶✽❪✳

❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡♠ ✉♠❛ s✉❜stâ♥❝✐❛ ♣✉r❛ é
✉♠ ❞♦s ♠❛s ✐♥t❡r❡ss❛♥t❡s ❡ ❞❡s❛✜❛♥t❡s ♣r♦❜❧❡♠❛s ♥♦ ❡st✉❞♦ ❞♦s ❧íq✉✐❞♦s ❡ ❝✉❥❛
❛t❡♥çã♦ t❡♠ ❛✉♠❡♥t❛❞♦ ♥♦s ú❧t✐♠♦s ❛♥♦s✳ ❚❛❧✈❡③ ❛ ♣r✐♠❡✐r❛ ♣❡ss♦❛ ❡♠ ✐♥❢❡r✐r
❛ ♣♦ssí✈❡❧ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ❛❧t❛ ❞❡♥s✐❞❛❞❡ ✭❍❉▲
❞❡ s✉❛ s✐❣❧❛ ❡♠ ✐♥❣❧ês ❍✐❣❤✲❉❡♥s✐t② ▲✐q✉✐❞✮ ❛ ✉♠ ❧íq✉✐❞♦ ❞❡ ❜❛✐①❛ ❞❡♥s✐❞❛❞❡
✭▲❉▲✱ ❧♦✇✲❞❡♥s✐t② ❧✐q✉✐❞✮ ❢♦✐ ❆♣t❡❦❛r ❬✶✾❪✱ q✉❡♠ ♣r♦♣ôs t❛❧ tr❛♥s✐çã♦ ♥♦ s✐❧í❝✐♦✳
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✶✳✶✳✷✳✶ ▲íq✉✐❞♦s ❛♥ô♠❛❧♦s

❘❡❝❡♥t❡♠❡♥t❡✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡♠ ❧íq✉✐❞♦s
♣✉r♦s t❡♠ s✐❞♦ s✉❣❡r✐❞❛ ❬✷✵❪✳ ❊st❛ ❤✐♣ót❡s❡ ♣r♦♣õ❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❧✐♥❤❛
❞❡ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ s❡♣❛r❛♥❞♦ ❞♦✐s ❧íq✉✐❞♦s ❞✐❢❡r❡♥❝✐❛❞♦s ♣♦r s✉❛
❞❡♥s✐❞❛❞❡✳ ◆❡st❛ s❡❣✉♥❞❛ ✐♥t❡r♣r❡t❛çã♦✱ ❛ ❧✐♥❤❛ q✉❡ s❡♣❛r❛ ❛ ❢❛s❡ ♠❛✐s ❞❡♥s❛
❞❛ ♠❡♥♦s ❞❡♥s❛ ♣♦ss✐✈❡❧♠❡♥t❡ t❡r♠✐♥❛ ❡♠ ✉♠ ♣♦♥t♦ ❝r✐tí❝♦✱ ♦ q✉❛❧ é r❡s♣♦♥✲
sá✈❡❧ ♣❡❧❛s ❛♥♦♠❛❧✐❛s ❞❛s ❢✉♥çõ❡s r❡s♣♦st❛✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡st❛ ❧✐♥❤❛
❞❡ ❝♦❡①✐stê♥❝✐❛ ❡ s❡✉ ♣♦♥t♦ ❝r✐t✐❝♦ s❡ ❡♥❝♦♥tr❛ ✐♥❞✐❝❛❞♦ ♣♦r ▲▲ ♥❛ ❋✐❣✉r❛ ✶✳✸✳
❆❧é♠ ❞✐ss♦✱ ❛♦ ❝♦♥trár✐♦ ❞❛ ❝♦♥❥❡❝t✉r❛ ❞♦s ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ♣❛r❛ q✉❡ ❡st❡
♣❛♥♦r❛♠❛ s❡❥❛ ♣♦ssí✈❡❧ é ♣r❡❝✐s♦ q✉❡ ❛ ❝✉r✈❛ ❚▼❉ ♥✉♥❝❛ ✐♥t❡r❝❡♣t❡ ❛ s♣✐♥♦❞❛❧
s✉♣❡r❛q✉❡❝✐❞❛✳ P♦r ✐ss♦✱ ❛ ❝✉r✈❛ ❚▼❉ ♣r❡❝✐s❛ ♠✉❞❛r ❞❡ ✐♥❝❧✐♥❛çã♦ ♣❛r❛ ❜❛✐①❛s
♣r❡ssõ❡s✳ ❉❡st❛ ♠❛♥❡✐r❛ ♥ã♦ s❡ t❡♠ r❛③õ❡s t❡r♠♦❞✐♥â♠✐❝❛s ♣❛r❛ q✉❡ ❛ s♣✐♥♦❞❛❧
♠✉❞❡ ♦ s✐♥❛❧ ❞❛ s✉❛ ❞❡❝❧✐✈✐❞❛❞❡ ♥♦ ♣❧❛♥♦ ✭P✱❚✮✳ ✭❱❡r ❋✐❣✉r❛ ✶✳✸✮

◆❡st❛ ✐♥t❡r♣r❡t❛çã♦✱ ❛s ❛❜r✉♣t❛s ❡ ❛♥ô♠❛❧❛s ✈❛r✐❛çõ❡s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡s✲
tr✉t✉r❛✐s ❡♠ ❢✉♥çã♦ ❞❡ ♣❛râ♠❡tr♦s t❡r♠♦❞✐♥â♠✐❝♦s ❡①t❡r♥♦s ✭❡♥❝♦♥tr❛❞❛s ❡♠
❞✐❢❡r❡♥t❡s ❧íq✉✐❞♦s t❛✐s ❝♦♠♦ ❈✱ ❈s✱ ●❡✱ P✱ ❘❜✱ ❙❡✱ ❙✐✱ ❚❡✱ H2O✱ SiO2✱ GeO2✮
❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❚▼❉✱ ♣♦❞❡♠ s❡r ✐♥❞✐❝❛t✐✈♦s ❞❡ ✉♠❛ tr❛♥✲
s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❬✺✱ ✻✱ ✽✱ ✾✱ ✷✶✱ ✷✷✱ ✷✸✱ ✷✹✱ ✷✺✱ ✷✻✱ ✷✼❪✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦
s❡rá ❛♣r❡s❡♥t❛❞♦ ♥❛ ♣ró①✐♠❛ ✐♥t❡r♣r❡t❛çã♦ ✭s❡çã♦ ✶✳✶✳✸✮✱ ❡st❡s ♥ã♦ sã♦ ❝r✐tér✐♦s
s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳

❋✐❣✉r❛ ✶✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❛ ✐♥t❡r♣r❡t❛çã♦ ❧íq✉✐❞♦ ❧íq✉✐❞♦ ♣❛r❛
✢✉✐❞♦s ❛♥ô♠❛❧♦s✳ ❆q✉✐ ❛❧é♠ ❞♦ ♣✉♥t♦ ❝r✐t✐❝♦ ❣ás✲❧íq✉✐❞♦✭▲●✮ t❡♠♦s ✉♠ ♣♦♥t♦
❛❞✐❝✐♦♥❛❧ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ✭▲▲✮✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❙❛str② ❬✶✺❪✮

❆✐♥❞❛ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ t❛✐s tr❛♥s✐çõ❡s ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s ❡♠ ♣♦t❡♥❝✐❛✐s
❛♥✐s♦tró♣✐❝♦s✱ ❡st✉❞♦s ♣♦st❡r✐♦r❡s ❞❡ ❋r❛♥③❡s❡ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✷✾❪ tê♠
❞❡♠♦str❛❞♦ q✉❡ ✉♠ ♣♦t❡♥❝✐❛❧ ✐s♦tró♣✐❝♦ ❝♦♠ ❞✉❛s ❞✐stâ♥❝✐❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦
s✉✜❝✐❡♥t❡s ♣❛r❛ ❡♥❝♦♥tr❛r ❛ tr❛♥s✐çã♦✳
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✶✳✶✳✷✳✷ ▲íq✉✐❞♦s ♥♦r♠❛✐s

❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡st✐♠✉❧♦✉ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❡ ❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ❡ s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ❉❡st❡s tr❛❜❛❧❤♦s t❡♠♦s q✉❡
❞❡st❛❝❛r ❛❧❣✉♥s ♣❛r❛ ♦s q✉❛✐s✱ ❛♦ ❝♦♥tr❛r✐♦ ❞♦s ❛r❣✉♠❡♥t♦s ❥á ❡①♣♦st♦s✱ ♥ã♦ é
♣r❡❝✐s♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦s ❛♥ô♠❛❧♦s ♣❛r❛ s✉st❡♥t❛r ❛s tr❛♥s✐çõ❡s
❧íq✉✐❞♦✲❧íq✉✐❞♦✳ ❊st❡s ♠♦❞❡❧♦s ♣♦❞❡♠✲s❡ ❞✐✈✐❞✐r ❡♠ ❞♦✐s ❣r✉♣♦s✳

◆♦ ♣r✐♠❡✐r♦ ❣r✉♣♦ t❡♠♦s q✉❡ ❞❡st❛❝❛r ♦s tr❛❜❛❧❤♦s ❞❡ ❇r❛③❤❦✐♥ ❬✸✵❪✱ ❚❛♥❛❦❛
❡ ❑✉r✐t❛ ❬✷✼✱ ✸✶✱ ✸✷✱ ✸✸❪✳ ❇r❛③❤❦✐♥ s✉♣õ❡ q✉❡ ♦s ❧íq✉✐❞♦s ❛ ❛❧t❛s ♣r❡ssõ❡s sã♦
❛ ♠✐st✉r❛ ❞❛s ❞✉❛s ❢❛s❡s ❧íq✉✐❞❛s ❝✉❥❛s ❝♦♥❝❡♥tr❛çõ❡s r❡❧❛t✐✈❛s ❞❡♣❡♥❞❡♠ ❞❡
♣❛râ♠❡tr♦s ❡①t❡r♥♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❚❛♥❛❦❛ ❛r❣✉♠❡♥t❛ q✉❡ ♦s ❧íq✉✐❞♦s ♣♦❞❡♠
❛♣r❡s❡♥t❛r ✉♠❛ ♠✐st✉r❛ ❞❡ ❧íq✉✐❞♦ ✏♥♦r♠❛❧✑ ❡ ❡str✉t✉r❛s ❧♦❝❛✐s ❝♦♠ ♦r❞❡♥❛✲
♠❡♥t♦ ❞❡ ❛❧❝❛♥❝❡ ✐♥t❡r♠❡❞✐ár✐♦✳ P❛r❛ ❡❧❡s ❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥ã♦ sã♦
❡s♣❡❝í✜❝❛s ♣❛r❛ ✉♠ ♠❛t❡r✐❛❧✱ ❡ ♣♦❞❡♠✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ❡①✐st✐r ❡♠ t♦❞♦s ♦s ❧íq✉✐❞♦s✳

❋✐❣✉r❛ ✶✳✹✿ ❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ♦❜t✐❞♦ ♣♦r ❋r❛♥③❡s❡ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ♣❛r❛
✉♠ ♣♦t❡♥❝✐❛❧ ✐s♦tró♣✐❝♦ ❤❛r❞✲❝♦r❡✱ s♦❢t✲❝♦r❡✳ ✭❜✮ é ❛ ❛♠♣❧✐❛çã♦ ❞❡ ✏❛✑ ♥❛ ✈✐③✐♥✲
❤❛♥ç❛ ❞♦ ♣♦♥t♦ C1✳ C1 é ♦ ♣♦♥t♦ ❝r✐t✐❝♦ ❞❛ tr❛♥s✐çã♦ ❣ás✲▲❉▲✱ ❝✉❥❛ ❧✐♥❤❛ ❞❡
❝♦❡①✐stê♥❝✐❛ ❡st❛ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❧✐♥❤❛ só❧✐❞❛ ✈❡r♠❡❧❤❛ ❝♦♠ ✉♠❛ ❝♦♥t✐♥✉❛çã♦
♠❡t❛❡stá✈❡❧ ✭−−−✮ ❡♠ r❡❧❛çã♦ à ❢❛s❡ ❍❉▲✳ C2 é ♦ ♣♦♥t♦ ❝r✐t✐❝♦ ♣❛r❛ ❛ tr❛♥s✐çã♦
❣ás✲❍❉▲✱ ❝✉❥❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❧✐♥❤❛ só❧✐❞❛ ♥❡❣r❛
✭•✮✳ ❆ ❧✐♥❤❛ ❧❛r❛♥❥❛ r❡♣r❡s❡♥t❛ ❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❞❛s ❢❛s❡s ▲❉▲✲❍❉▲✱ ❡
♦ tr✐❛♥❣✉❧♦ r❡♣r❡s❡♥t❛ ♦ ♣♦♥t♦ tr✐♣❧♦ ❣ás✲▲❉▲✲❍❉▲✳ ❋✐♥❛❧♠❡♥t❡✱ ♦s ❧✐♠✐t❡s ❞❡
❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ❢❛s❡ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧✐♥❤❛s ♣♦♥t✐❧❤❛❞❛s ♥❡❣r❛s ✭−♦−✮
t❡r♠✐♥❛♥❞♦ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❝r✐t✐❝♦✳✭❆❞❛♣t❛❞♦ ❞❡ ❋r❛♥③❡s❡ ❬✷✾✱ ✸✹❪✮

◆♦ s❡❣✉♥❞♦ ❣r✉♣♦ t❡♠♦s q✉❡ ❞❡st❛❝❛r ♥♦✈❛♠❡♥t❡ ♦s tr❛❜❛❧❤♦s ❞❡ ❋r❛♥③❡s❡
❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✷✾✱ ✸✹✱ ✸✺❪✱ ♦♥❞❡ ❡❧❡s ❛♣r❡s❡♥t❛♠ ✉♠ ♠❡❝❛♥✐s♠♦ ❣❡♥ér✐❝♦
❜❛s❡❛❞♦ ❡♠ ✐♥t❡r❛çõ❡s ❞❡ ♣❛r❡s ❝♦♠ ❞✉❛s ❞✐stâ♥❝✐❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ q✉❡ ❣❡r❛♠
✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳ ❈♦♠ ❛ ♣r❡s❡♥❝✐❛ ❞❡ ❡st❛s ❞✐stâ♥❝✐❛s ✭❤❛r❞ ❝♦r❡✱
s♦❢t ❝♦r❡✮ ❡❧❡s ❝♦♥s❡❣✉❡♠ ❡①♣❧✐❝❛r ♦s ❧íq✉✐❞♦s ❛♥ô♠❛❧♦s ❡ ❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲
❧íq✉✐❞♦✱ ❡ ❝♦♥❝❧✉❡♠ q✉❡ ♥ã♦ ♣r❡❝✐s❛ ❤❛✈❡r ✉♠❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✳ ❉❡st❛
♠❛♥❡✐r❛ ❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦ ❧íq✉✐❞♦ ♣♦❞❡♠ ❡♠ ♣r✐♥❝í♣✐♦ ❡①✐st✐r ❡♠ s✐st❡♠❛s
❝♦♠♦ ♠❡t❛✐s q✉❡ ♥ã♦ ❛♣r❡s❡♥t❛♠ ❛♥♦♠❛❧✐❛s ♥❛ ❞❡♥s✐❞❛❞❡✳ ◆❡st❡ ❝❛s♦ ❛ ❢❛❧t❛
❞❡ ❛♥♦♠❛❧✐❛s ♥❛ ❞❡♥s✐❞❛❞❡ ❡st❛r✐❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ✐♥❝❧✐♥❛çã♦ ♣♦s✐t✐✈❛ ❞❛
❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❡♥tr❡ ❛s ❢❛s❡s ♠❡♥♦s ❞❡♥s❛s ❡ ♠❛✐s ❞❡♥s❛s ♥♦ ♣❧❛♥♦ P✲❚✱
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❞❛♥❞♦ ❧✉❣❛r ❛ ✉♠ ♣♦♥t♦ tr✐♣❧♦ ❡♥tr❡ ♦ ❧íq✉✐❞♦ ❞❡♥s♦ ✭❍❉▲✮ ♦ ❧íq✉✐❞♦ ♠❡♥♦s
❞❡♥s♦ ✭▲❉▲✮ ❡ ♦ ❣ás✱ ❝♦♠ ❞♦✐s ♣♦♥t♦s ❝rít✐❝♦s r❡♣r❡s❡♥t❛♥❞♦ ♦ ✜♥❛❧ ❞❛ ❧✐♥❤❛ ❞❡
❝♦❡①✐stê♥❝✐❛ ❣ás✲▲❉▲ ❡ ❣ás✲❍❉▲✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✶✳✹✳

❋✐♥❛❧♠❡♥t❡✱ ❋r❛♥③❡s❡ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✼❪ s✉❣❡r❡♠ q✉❡ ❛ t❡tr❛é❞r✐❝✐❞❛❞❡
♥ã♦ é ❡ss❡♥❝✐❛❧ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦s ❝♦♠♣♦rt❛♠❡♥t♦s ❛♥ô♠❛❧♦s✱ ❡st✉❞❛♥❞♦
❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çõ❡s ✐♥tr❛♠♦❧❡❝✉❧❛r❡s✳ ◆❡st❡ ❡st✉❞♦ r❡♣r♦❞✉③❡♠ ♥ã♦ só ❛s tr❛♥✲
s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡♥tr❡ ❧íq✉✐❞♦s ❛♥ô♠❛❧♦s✱ ♠❛s t❛♠❜é♠ ❛ ♥♦ss❛ ♣ró①✐♠❛
✐♥t❡r♣r❡t❛çã♦✱ ✉♠ s✐st❡♠❛ ❧✐✈r❡ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳

✶✳✶✳✸ ▲✐✈r❡ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s

❊st❛ ✉❧t✐♠❛ ✐♥t❡r♣r❡t❛çã♦✱ ❞❡ ✉♠ s✐st❡♠❛ ❧✐✈r❡ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❢♦✐ ❛♣r❡s❡♥t❛❞❛
♣♦r ❙❛str②✱ ❉❡❜❡♥❡❞❡tt✐ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✶✺✱ ✶✻❪✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❛ ✐♥t❡r✲
♣r❡t❛çã♦ ❛s ❢✉♥çõ❡s r❡s♣♦st❛ ♣❡r♠❛♥❡❝❡♠ ✜♥✐t❛s✱ ❡ ❡①✐❜❡♠ ❡①tr❡♠♦s ♠❛s ♥ã♦
s✐♥❣✉❧❛r✐❞❛❞❡s ❬✸✻✱ ✶✺❪✳ ◆❡st❡ ♣❛♥♦r❛♠❛ ❛ ❧✐♥❤❛ ❞❡ ❚▼❉ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡
♥❛ ❋✐❣✉r❛ ✶✳✸✱ ♠✉❞❛ ❞❡ ✐♥❝❧✐♥❛çã♦ ♥♦ ♣❧❛♥♦ ✭P✱❚✮ q✉❛♥❞♦ ✐♥t❡rs❡❝t❛ ❛ ❧✐♥❤❛ ❞❡
KT ❡①tr❡♠❛ (dKT /dT )P = 0 ✭❚❊❈❂t❡♠♣❡r❛t✉r❡s ♦❢ ❡①tr❡♠❛❧ ❝♦♠♣r❡ss✐❜✐❧✐t②✮✳
P♦rt❛♥t♦ ♥ã♦ t❡♠♦s ✐♥t❡rs❡çã♦ ❝♦♠ ❛ s♣✐♥♦❞❛❧ s✉♣❡r❛q✉❡❝✐❞❛✱ ❛❧é♠ ❞✐ss♦✱ ♥ã♦
❛❝♦♥t❡❝❡ ♥❡♥❤✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♥ã♦
❡①✐st❡ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ ❝r✐t✐❝♦✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✶✳✺✿ ❉❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✉♠ ✏▲❛tt✐❝❡ ♠♦❞❡❧ ✑ ❝♦♠♣r❡ssí✈❡❧
♣❛r❛ á❣✉❛ ❡♠ três ♣r❡ssõ❡s ❞✐❢❡r❡♥t❡s✳ ✭❛✮ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ à ♣r❡ssã♦ ❝♦♥✲
st❛♥t❡✱ ✭❜✮ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛✱ ✭❝✮ ❈♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛✳
✭❆❞❛♣t❛❞♦ ❞❡ ❘❡❜❡❧♦ ❬✶✻❪✮

❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✺ ❛s ✈❛r✐❛çõ❡s ♥❛s ❢✉♥çõ❡s r❡s♣♦st❛
♣♦❞❡r✐❛♠ s❡r ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❣r❛♥❞❡s✱ t❛❧ ❞❡ s❡r❡♠ ❝♦♥❢✉♥❞✐❞♦s ❝♦♠ tr❛♥s✐çõ❡s
❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❉❡ ❢❛t♦ ❘♦❜❡❧♦✱ ❉❡❜❡♥❡❞❡tt✐ ❡ ❙❛str② ❞❡st❛❝❛♠ ❡st❡ ♣♦♥t♦
❡♠ ♣♦ssí✈❡✐s ❡①♣❡r✐♠❡♥t♦s ♠❡❞✐♥❞♦ ✈❛r✐❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ♦✉ ❡♥tr♦♣✐❛✳ ❆❧é♠
❞✐ss♦ r❡ss❛❧t❛♠ q✉❡ ❝❛r❛❝t❡ríst✐❝❛s t❡r♠♦❞✐♥â♠✐❝❛s ❛♥ô♠❛❧❛s ♥ã♦ ♣♦❞❡♠ s❡r
✉s❛❞❛s ♣❛r❛ ❞✐st✐♥❣✉✐r ❝♦♠♣♦rt❛♠❡♥t♦s s✐♥❣✉❧❛r❡s✳
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✶✳✷ ❊✈✐❞❡♥❝✐❛s t❡ór✐❝♦ ❡①♣❡r✐♠❡♥t❛✐s

❈♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲
❧íq✉✐❞♦ ❡♠ ✉♠❛ s✉❜stâ♥❝✐❛ ♣✉r❛ ❡ ✐s♦tró♣✐❝❛ é r❡❛❧íst✐❝❛✳ ❊♠ ♣r✐♥❝í♣✐♦ q✉❛❧q✉❡r
❧íq✉✐❞♦ ♣♦❞❡r✐❛ ❡①✐❜✐r t❛❧ tr❛♥s✐çã♦ ❡ ❡♠ ❡s♣❡❝✐❛❧ ❧✐♠✐t❛♥❞♦✲♥♦s ❛ ✉♠ ❣r✉♣♦
r❡❞✉③✐❞♦ ❞♦s ❧íq✉✐❞♦ ❛♥ô♠❛❧♦s t❡♠♦s ❢♦rt❡s ❝❛♥❞✐❞❛t♦s ❝♦♠♦ ❙✱ ●❛✱ ❙❡✱ ❚❡✱
I2✱ ❈s✱ ❇✐ ❡♥tr❡ ♦✉tr♦s ❬✷✽✱ ✸✼✱ ✸✽✱ ✸✾❪✳ ■♥❢❡❧✐③♠❡♥t❡ ❛s tr❛♥s✐çõ❡s tê♠ s✐❞♦
♣r❡❞✐t❛s ❛ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ❡ ♣r❡ssõ❡s ✭♣❛r❛ ❧íq✉✐❞♦s ❛tô♠✐❝♦s✮ ♦✉ ♦❝✉❧t❛ ♣❡❧❛
❝r✐st❛❧✐③❛çã♦ ✭♣♦r ❡①❡♠♣❧♦ á❣✉❛✮✱ ♦ q✉❡ ❞✐✜❝✉❧t❛ ♦s ❞❡t❛❧❤❡s ❡①♣❡r✐♠❡♥t❛✐s✳

✶✳✷✳✶ ❋ós❢♦r♦

❆ ♠❛✐s ❢♦rt❡ ❡✈✐❞ê♥❝✐❛ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲
❧íq✉✐❞♦✱ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ❑❛t❛②❛♠❛ ❬✶✽❪ ❡ ❡st❡♥❞✐❞❛ ♣♦r ▼♦♥❛❝♦
❬✹✵❪✳

❑❛t❛②❛♠❛ ❞❡s❝♦❜r✐✉ ❛ ♣r✐♠❡✐r❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡♠ ❢ós❢♦r♦ ❛ ❛❧✲
t❛s t❡♠♣❡r❛t✉r❛s ❡ ♣r❡ssõ❡s ❝♦♠ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ r❛✐♦s ❳✳ ◆❡st❡ ❡st✉❞♦ ❢♦r❛♠
♦❜s❡r✈❛❞❛s ♠✉❞❛♥ç❛s ❡str✉t✉r❛✐s ❛❜r✉♣t❛s ♣❛r❛ ✈❛r✐❛çõ❡s ❞❛ ♣r❡ssã♦ ❡♠ t♦r♥♦
❞❡ ✶●P❛ ♥✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✶✵✺✵ ➸❈ ✭✶✸✷✸✳✶✺❑✮✳ ❆ ♠✉❞❛♥ç❛ r❡✈❡rsí✈❡❧ ❡♥✲
✈♦❧✈❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ✉♠❛ ❢♦r♠❛ ♠♦❧❡❝✉❧❛r ❛ ❜❛✐①❛ ♣r❡ssã♦ ♣❛r❛ ✉♠❛ ❢♦r♠❛
♣♦❧✐♠ér✐❝❛ ❛ ❛❧t❛s ♣r❡ssõ❡s✳ ❆❧é♠ ❞✐ss♦ ❛ ❝♦❡①✐stê♥❝✐❛ ❞♦s ❞♦✐s ❧íq✉✐❞♦s ❢♦✐ ♦❜✲
s❡r✈❛❞❛✱ s✉❣❡r✐♥❞♦ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

❋✐❣✉r❛ ✶✳✻✿ ✭❛✮ ❘❡❣✐ã♦ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ♦♥❞❡ ❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡stá
❧♦❝❛❧✐③❛❞❛✳ ❊str❡❧❛s r❡♣r❡s❡♥t❛♠ ♣♦♥t♦s ❞❡ ❢❛s❡s ❝♦❡①✐st✐♥❞♦✱ ❝ír❝✉❧♦s ❝❤❡✐♦s
❝♦rr❡s♣♦♥❞❡♠ à ❢❛s❡ ♣♦❧✐♠ér✐❝❛ ❡ q✉❛❞r❛❞♦s ❝♦rr❡s♣♦♥❞❡♠ à ❢❛s❡ ♠♦❧❡❝✉❧❛r✳✭❜✮
❋❛t♦r ❞❡ ❡str✉t✉r❛ ❞❛s ❢❛s❡s ❝♦❡①✐st✐♥❞♦ ❛ ✵✳✼✷●P❛ ❡ ✶✹✺✵ ➸❈ ✭⋆✮✱ ❡ ❝♦♠♣❛r❛çã♦
❝♦♠ ❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r✭❝✐♥③❛✮ ❞❡ ✸✺✪ ❞❡ ❢❛s❡ ♣♦❧✐♠ér✐❝❛ ✭s✉♣❡r✐♦r✮ ❡ ✻✺✪ ❞❡
♠♦❧❡❝✉❧❛r ✭✐♥❢❡r✐♦r✮✳ ❖s ❣rá✜❝♦s s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r s❡ ❡♥❝♦♥tr❛♠ ❞❡s❧♦❝❛❞♦s ✈❡r✲
t✐❝❛❧♠❡♥t❡ ♣♦r ±1✱ ❡ ❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛✭❝✐♥③❛✮ ♣♦r −0.2✭❆❞❛♣t❛❞♦ ❞❡ ▼♦♥❛❝♦
❬✹✵❪✮
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▼♦♥❛❝♦ ❡st❡♥❞❡✉ ♦ tr❛❜❛❧❤♦ ❞❡ ❑❛t❛②❛♠❛✱ ❞❡t❡r♠✐♥❛♥❞♦ ❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✲
✐stê♥❝✐❛ ❞❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❛té ✷✷✵✵❑ ❡♠ ✵✳✸ ●P❛ t❛❧ ❝♦♠♦ é ✐♥❞✐❝❛❞♦
♥❛ ❋✐❣✉r❛ ✶✳✻❛✳ ❚❛♠❜é♠ s✉❣✐r♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦ ♣❛r❛ ❡st❛ tr❛♥✲
s✐çã♦ ❡♠ t♦r♥♦ ❞❡ ✷✺✵✵❑✳ ❖❜s❡r✈♦ ❛ ❝♦❡①✐stê♥❝✐❛ ❞❡ ✉♠ ✢✉✐❞♦ ♠♦❧❡❝✉❧❛r ❡ ✉♠
❧íq✉✐❞♦ ♣♦❧✐♠ér✐❝♦ ❡ ❝♦♥❝❧✉✐✉ q✉❡ s❡ tr❛t❛✈❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠
✭❋✐❣✉r❛ ✶✳✻❜✮✳

❚❛❧ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❢♦✐ s✉st❡♥t❛❞❛ ♣♦r s✐♠✉❧❛çõ❡s ❞❡ ♣r✐♠❡✐r♦s
♣r✐♥❝í♣✐♦s r❡❛❧✐③❛❞♦s ♣♦r ▼♦r✐s❤✐t❛ ❬✹✶❪ ❡ ❙❡♥❞❛ ❬✹✷❪ ♦❜t❡♥❞♦ ❢❛t♦r❡s ❞❡ ❡str✉t✉r❛
❡♠ ❡①❝❡❧❡♥t❡ ❛❝♦r❞♦ ❝♦♠ ♦s ♦❜s❡r✈❛❞♦s ♣♦r ❑❛t❛②❛♠❛✳

✶✳✷✳✷ ➪❣✉❛

❊st❡ s✉❜stâ♥❝✐❛✱ ❛♣❡s❛r ❞❡ s❡r tã♦ ❝♦♠✉♠ ❡♠ ♥♦ss❛s ✈✐❞❛s✱ ♥ã♦ é tã♦ ❡♥t❡♥❞✐❞❛
❡ ❛✐♥❞❛ ♥ã♦ t❡♠♦s ✉♠❛ ❡✈✐❞ê♥❝✐❛ ❡①♣❡r✐♠❡♥t❛❧ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✱
❛♣❡s❛r ❞❡ ❞✐❢❡r❡♥t❡s ❡st✉❞♦s s✉❣❡r✐r❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ tr❛♥s✐çã♦✳ ❆ ❧✐t❡r❛t✉r❛
é ❜❛st❛♥t❡ ❡①t❡♥s❛ ❡ ✐♥❝❧✉✐ tr❛❜❛❧❤♦s t❡ór✐❝♦ ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝♦♠ ❞✐❢❡r❡♥t❡s ♣♦✲
t❡♥❝✐❛✐s✳ ❊♥tr❡ ❡❧❡s ❡♥❝♦♥tr❛♠♦s ♦s tr❛❜❛❧❤♦s ♣✐♦♥❡✐r♦s ❞❡ P♦♦❧❡ q✉❡ ♣r♦♣õ❡♠
❛ ❡①✐stê♥❝✐❛ ❞❡ ❞♦✐s ♣♦♥t♦s ❝rít✐❝♦s ♥❛ á❣✉❛ ❬✷✵✱ ✹✸✱ ✹✹❪✱ ❡ ♦s tr❛❜❛❧❤♦s ❞❡ ❙t❛♥✲
❧❡②✱ ❇r❛③❤❦✐♥ ❡ ▼✐s❤✐♠❛ ❬✹✺✱ ✹✻✱ ✹✼❪ q✉❡ ♠♦str❛♠ ❛ ❝♦✐♥❝✐❞ê♥❝✐❛ ❞❛ ❧✐♥❤❛ ❞❡
❝♦❡①✐stê♥❝✐❛ ❞❛s ❞✉❛s ❢❛s❡s ❛♠♦r❢❛s ❞❛ á❣✉❛ ❡ ❛ s✉♣♦st❛ ❧✐♥❤❛ ❞❡ tr❛♥s✐çã♦
❧íq✉✐❞♦✲❧íq✉✐❞♦✱ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ❋✐❣✉r❛ ✶✳✼❜✳

❋✐❣✉r❛ ✶✳✼✿ Pr♦❥❡çã♦ ❞❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❞❛s ❞✉❛s ❢❛s❡s ❛♠♦r❢❛s ❞❛ á❣✉❛
♥❛ r❡❣✐ã♦ q✉❡ ♥ã♦ ♣♦❞❡♠♦s ❛❧❝❛♥ç❛r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ t❛❧ tr❛♥s✐çã♦ s❡ t♦r♥❛
✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ t❡r♠✐♥❛♥❞♦ ❡♠ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦ ❞❡ ✵✳✶●P❛ ❡
✷✷✵❑✳✭❛✮ ❊q✉❛çã♦ ❞❡ ❡st❛❞♦ ❞❡r✐✈❛❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♣♦r ▼✐s❤✐♠❛❬✹✼❪✳✭❜✮
❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❞❛s ❞✐❢❡r❡♥t❡s ❢❛s❡s ❞❛ á❣✉❛ ❧✐q✉✐❞❛ ♥♦
♣❧❛♥♦ ✭P✱❚✮✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❙t❛♥❧❡② ❬✹✻❪✮
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❖✉tr♦s tr❛❜❛❧❤♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝♦♠ ♦s ♣♦t❡♥❝✐❛✐s ❙❚✷✱ ❚■P✹P✱ ❚■P✺P
t❛♠❜é♠ s✉❣❡r❡♠ ❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❍❛r✲
r✐♥❣t♦♥ ❬✷✻❪ ❛s ❞✉❛s ❢❛s❡s ❞✐❢❡r❡♠ ❡♠ ❡str✉t✉r❛s✱ ❞❡♥s✐❞❛❞❡s ❡ ♠♦❜✐❧✐❞❛❞❡s✱ ❝♦♠
✉♠❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✶✺✪ ❡♠ ❞❡♥s✐❞❛❞❡✳ ❊ ❨❛♠❛❞❛ ❬✹✽❪ ❞❡t❡r♠✐♥❛ ❛ ♣♦s✐çã♦ ❞♦
♣♦♥t♦ ❝r✐t✐❝♦ ❡♠ 217 ± 3K ❛ ✉♠❛ ♣r❡ssã♦ ❞❡ 340 ± 20MPa ❡ ✉♠❛ ❞❡♥s✐❞❛❞❡
1.13 ± 0.04g/cm3 ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ❚■P✺P✳

✶✳✷✳✸ ❙✐❧í❝✐♦

❊♠❜♦r❛ ❆♣t❡❦❛r ❬✶✾❪ ❢❡③ ❛ ♣r❡❞✐çã♦ ❞❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦ ❧íq✉✐❞♦ ♥♦ s✐❧í❝✐♦ ✭Tmelting =
1685K✮ ❤á ✸✵ ❛♥♦s✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ tr❛♥s✐çã♦ ❛✐♥❞❛ é ✉♠❛ q✉❡stã♦ ❛❜❡rt❛✳

❋✐❣✉r❛ ✶✳✽✿ ❊✈✐❞ê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛ ♠✉❞❛♥ç❛ ♥❛
❝♦♦r❞❡♥❛çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ s✐❧í❝✐♦ ♠♦❞❡❧❛❞♦ ❝♦♠ ✉♠ ♣♦t❡♥❝✐❛❧ ❙t✐❧❧✐♥❣❡r✲
❲❡❜❡r✳ ✭❛✮ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦♥ót♦♥♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❡♠ ❢✉♥çã♦ ❞❛
❡♥t❛❧♣✐❛ ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ◆P❍ ❛ ❞✐❢❡r❡♥t❡s t❛①❛s ✐♥❞✐❝❛ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛
tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳✭❜✮ ❍✐st♦❣r❛♠❛ ❞❡ ❝♦♦r❞❡♥❛çã♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s
t❡♠♣❡r❛t✉r❛s✱ ❡♠ ❚❂✶✼✺✵❑ ❧✐♥❤❛ ✈❡r♠❡❧❤❛ ✭♣♦♥t♦s ❡ ❧✐♥❤❛s✮ ♦ ✈❛❧♦r ♠é❞✐♦
❞❛ ❝♦♦r❞❡♥❛çã♦ é < NC >= 6.4 ± 0.04✱ ❡♠ ❚❂✶✵✼✵❑ ❧✐♥❤❛ ✈❡r❞❡ ✭s♦❧✐❞❛✮
< NC >= 4.08±0.04 ❡ ❡♠ ❚❂✶✵✺✵❑ ❧✐♥❤❛ ❛③✉❧ ♣♦♥t✐❧❤❛❞❛ ✭❝❛✐①❛s ♣r❡❡♥❝❤✐❞❛s✮
< NC >= 4.36 ± 0.04✳✭❆❞❛♣t❛❞♦ ❞❡ ❏❛❦s❡ ❬✺✶❪✮

❆❧❣✉♥s tr❛❜❛❧❤♦s ✐♥t❡r❡ss❛♥t❡s t❡♥t❛♥❞♦ r❡s♦❧✈❡r ❡st❡ ♠✐stér✐♦ sã♦ ♦s tr❛✲
❜❛❧❤♦s ❞❡ ❙❛str② ❬✹✾❪ ❆s❤✇✐♥ ❬✺✵❪ ❡ ❏❛❦s❡ ❬✺✶❪✱ ♦♥❞❡ r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s ❡ ❞❡
♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s ♣r❡❞✐③❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥♦ s✐❧í✲
❝✐♦ ✭♣❡rt♦ ❞❡ ✶✵✻✵❑ ❡ ♣r❡ssã♦ ③❡r♦✮ ❥✉♥t♦ ❝♦♠ tr❛♥s✐çõ❡s ❧íq✉✐❞♦ ❢rá❣✐❧✲❢♦rt❡✶✱

✶◗✉❛♥❞♦ ✉♠ ❧íq✉✐❞♦ s❡ ❛♣r♦①✐♠❛ ❞❛ s✉❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ ✈ítr❡❛✱ ♦ t❡♠♣♦ ❞❡
r❡❧❛①❛çã♦ ❡str✉t✉r❛❧ ✭τ✮ ✐♥❝r❡♠❡♥t❛ ❞r❛♠❛t✐❝❛♠❡♥t❡✳ ❊st❡ ✐♥❝r❡♠❡♥t♦ ♣♦❞❡ s❡r ❝❧❛ss✐✜❝❛❞♦
❡♥tr❡ ❢♦rt❡ ♦✉ ❢rá❣✐❧✱ ✉s❛♥❞♦ Tg ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛✳ ❖s ❧íq✉✐❞♦s ♥♦ q✉❛❧ τ ♦❜❡❞❡❝❡
✉♠❛ ❧❡✐ ❞❡ ❆rr❤❡♥✐✉s{τ = A exp (BTg/T )} sã♦ ❝❤❛♠❛❞♦s ❞❡ ❢♦rt❡s✭❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠✉♠
❞♦s ❧íq✉✐❞♦s ❡stá✈❡✐s✮ ✱ ❡♥q✉❛♥t♦ ❧íq✉✐❞♦s ❢rá❣❡✐s t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s✉♣❡r✲❆rr❤❡♥✐✉s
❬✹✱ ✻✺✱ ✸✷❪✳
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♠❡t❛❧✲s❡♠✐❝♦♥❞✉t♦r q✉❡ ♠❛✐s ❡stã♦ ❧✐❣❛❞♦s ❛ ♠✉❞❛♥ç❛s ♥❛ ❡str✉t✉r❛ ❛tô♠✐❝❛ ❞♦
q✉❡ ❞❡ ❞❡♥s✐❞❛❞❡✳

◆♦ ❡♥t❛♥t♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♦ ♣❛♥♦r❛♠❛ t❡♠ s✐❞♦ ♦✉tr♦✳ P♦r ❡①❡♠♣❧♦✱
❆♥s❡❧❧ ❬✺✷❪ ❡ ❏❛❦s❡ ❬✺✸❪ r❡❢♦rç❛♠ ❛ ✐❞é✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❝♦♠
♠❡❞✐❞❛s ❞❡ r❛✐♦s ❳ ♥✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ✶✼✻✼❑ ❛ ✶✹✺✽❑✱ ❡♥❝♦♥tr❛♥❞♦ ✉♠❛ ✈❛r✐❛çã♦
♥❛ ❝♦♦r❞❡♥❛çã♦ ❞❡ ✻✳✸ ❛ ✺✳✻✳ ❊♥tr❡t❛♥t♦✱ ❑✐♠✉r❛ ❬✺✹❪ r❡♣♦rt❛ ✉♠ ✐♥❝r❡♠❡♥t♦
♥❛ ❝♦♦r❞❡♥❛çã♦ ❞❡ ✺✳✺ ❡♠ ✶✼✾✸❑ ❛ ✻✳✶ ❡♠ ✶✹✵✸❑✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❍✐❣✉❝❤✐ ❬✺✺❪
❡ ❑✐♠ ❬✺✻❪ ♥ã♦ r❡♣♦rt❛♠ ✈❛r✐❛çõ❡s ♥❛ ❝♦♦r❞❡♥❛çã♦ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛✳

✶✳✷✳✹ ◆✐tr♦❣ê♥✐♦

❖✉tr❛ ❞❛s t❛♥t❛s s✉❜stâ♥❝✐❛s ❡st✉❞❛❞❛s r❡❝❡♥t❡♠❡♥t❡ ♥❛ ♣r♦❝✉r❛ ❞❡ ✉♠❛ tr❛♥✲
s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ é ♦ ◆✐tr♦❣ê♥✐♦✳ ➱ ❞❡ ❡s♣❡r❛r t❛❧ tr❛♥s✐çã♦ ♥♦ ♥✐tr♦❣ê♥✐♦✱
♣❡❧❛ s❡♠❡❧❤❛♥ç❛ q✉❡ ❛♣r❡s❡♥t❛ ❝♦♠ ♦ ❢ós❢♦r♦✱ t❡♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❡❧❡trô♥✐❝❛s
s✐♠✐❧❛r❡s ♣♦r ♣❡rt❡♥❝❡r❡♠ ❛♦ ♠❡s♠♦ ❣r✉♣♦ ♥❛ t❛❜❡❧❛ ♣❡r✐ó❞✐❝❛✳

❋✐❣✉r❛ ✶✳✾✿ ❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ♣r♦♣♦st♦ ♣♦r ▼✉❦❤❡r❥❡❡ ❬✻✸❪ ❛♣r❡s❡♥t❛♥❞♦ ✉♠
♠á①✐♠♦ ♥❛ ❝✉r✈❛ ❞❡ ❢✉sã♦ ❡♠ ✶✾✷✵❑ ❡ ✺✵●P❛ ❡ ✉♠❛ ♣♦ssí✈❡❧ ❧✐♥❤❛ ❞❡ ❝♦❡①✲
✐stê♥❝✐❛ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡♥tr❡ ❡st❡ ♠á①✐♠♦ ❡ ♦ ♣♦♥t♦ ✶✳ ❖s q✉❛❞r❛❞♦s ❡ ❝ír❝✉❧♦s
r❡♣r❡s❡♥t❛♠ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ✭❆❞❛♣t❛❞♦ ❞❡ ▼✉❦❤❡r❥❡❡ ❬✻✸❪✮

❉♦✐s ❛rt✐❣♦s ❡♥❢♦❝❛❞♦s ♥❡st❡s ♦❜❥❡t✐✈♦ sã♦ ♦s ❛rt✐❣♦s ❞❡ ❘♦ss ❡ ❘♦❣❡rs ❬✻✷❪
❡ ▼✉❦❤❡r❥❡❡ ❡ ❇♦❡❤❧❡r ❬✻✸❪✳ ◆♦ ♣r✐♠❡✐r♦✱ ♣r❡❞✐③❡♠ ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ♣❛r❛
♦ ♥✐tr♦❣ê♥✐♦ s✐♠✐❧❛r ❛♦ ❞✐❛❣r❛♠❛ ❞♦ ❢ós❢♦r♦✱ ♦ q✉❛❧ t❡♠ ✉♠ ♠á①✐♠♦ ♥❛ ❝✉r✈❛
❞❡ ❢✉sã♦ ❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❛ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ❡ ♣r❡ssõ❡s✳ ◆♦
s❡❣✉♥❞♦ ❞❡t❡r♠✐♥❛r❛♠ ❛ ❝✉r✈❛ ❞❡ ❢✉sã♦ ♣❛r❛ ♦ ◆✐tr♦❣ê♥✐♦ ❛t❡ ✉♠❛ ♣r❡ssã♦
❞❡ ✼✶●P❛✱ ❡♥❝♦♥tr❛♥❞♦ ✉♠❛ t❡♠♣❡r❛t✉r❛ ♠á①✐♠❛ ❞❡ ✶✾✷✵❑ ❛ ✺✵●P❛ ♦♥❞❡
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❛ ✐♥❝❧✐♥❛çã♦ ✭❞❚✴❞P✮ t❡♠ ✉♠❛ ❢♦rt❡ ✈❛r✐❛çã♦✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ s✉❣❡r❡ ❛
❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦ ❧íq✉✐❞♦ ❝♦♠❡ç❛♥❞♦ ❡♠ ✺✵●P❛ ❛ ✶✾✷✵❑ ❡
♣❛ss❛♥❞♦ ❛tr❛✈és ❞❡ ✾✵●P❛ ❛ ✼✵✵✵❑✳

✶✳✷✳✺ ❈❛r❜♦♥♦

❖s ♣r✐♠❡✐r♦s ❡st✉❞♦s ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r r❡❛❧✐③❛❞♦s ♣❛r❛ ♦ ❝❛r❜♦♥♦ ❜❛s❡❛✲
❞♦s ❡♠ ♣♦t❡♥❝✐❛✐s s❡♠✐✲❡♠♣ír✐❝♦s ❞❡ ❇r❡♥♥❡r ❬✺✼✱ ✺✽❪ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❧✐♥❤❛ ❞❡
❝♦❡①✐stê♥❝✐❛ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❝♦♠❡ç❛♥❞♦ ♥❛ ❧✐♥❤❛ ❞❡ ❢✉sã♦ ❞♦ ❣r❛✜t❡ ❛ ✺✶✸✸❑ ❡
✶✳✽✽●P❛ ✭♣♦♥t♦ tr✐♣❧♦✮ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦ ❡♠ ✽✽✵✶❑ ❡ ✶✵✳✺✻●P❛✳
◆❡st❛ s✐♠✉❧❛çã♦ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ●❧♦s❧✐ ❬✻❪ ♦ ❧íq✉✐❞♦ ♠❡♥♦s ❞❡♥s♦ ✭▲❉▲✮ t❡♠
✉♠❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞✐❢❡r❡♥t❡ ❞♦ ❧íq✉✐❞♦ ♠❛✐s ❞❡♥s♦ ✭❍❉▲✮✳ ❊♥tr❡t❛♥t♦ s✉❜s❡✲
qüê♥t❡s s✐♠✉❧❛çõ❡s ❛❜ ✐♥✐t✐♦ ❡ ❝❧áss✐❝❛s ❝♦♠ ♣♦t❡♥❝✐❛✐s ❡♠♣ír✐❝♦s ♠❡❧❤♦r❛❞♦s
♥ã♦ ❡♥❝♦♥tr❛r❛♠ ❡✈✐❞ê♥❝✐❛ ♣❛r❛ ✐ss♦ ❬✺✾✱ ✻✵✱ ✻✶❪✳ ❊st❛s ❞✐s❝r❡♣â♥❝✐❛s ♠♦str❛♠
❛ ❞✐✜❝✉❧❞❛❞❡ ❞♦s ♣♦t❡♥❝✐❛✐s ❡♠♣ír✐❝♦s ♣❛r❛ ❞❡s❝r❡✈❡r ♦s ❡❢❡✐t♦s ❡❧❡trô♥✐❝♦s ♥❛s
❢❛s❡s ❝♦♥❞❡♥s❛❞❛s ❞❡ ❝❛r❜♦♥♦✳

✶✳✷✳✻ Ó①✐❞♦ ❞❡ ●❡r♠â♥✐♦ ✭GeO2✮

❋✐♥❛❧♠❡♥t❡✱ t❡r♠✐♥❛♠♦s ♥♦ss❛ ❡①♣❧♦r❛çã♦ ❞❛ ❧✐t❡r❛t✉r❛ ❝♦♠ ♦ ❖①✐❞♦ ❞❡ ❣❡r✲
♠â♥✐♦✳ ❘❡❝❡♥t❡♠❡♥t❡ ❍♦❛♥❣ ❬✻✹❪ r❡❛❧✐③♦✉ s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡♠
GeO2✱ ❡♥❝♦♥tr❛♥❞♦ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥♦ s✐st❡♠❛✳ ◆❛ tr❛♥s✐çã♦ ❛
❡str✉t✉r❛ ✈❛r✐❛ ❞❡ ✉♠❛ ❢♦r♠❛ t❡tr❛é❞r✐❝❛ ❛ ✉♠❛ ♦❝t❛é❞r✐❝❛✳ ❖ P♦t❡♥❝✐❛❧ ✐♥✲
t❡r❛tô♠✐❝♦ ✉t✐❧✐③❛❞♦ ❛♣r❡s❡♥t❛ ✉♠❛ ✐♥t❡r❛çã♦ ❞❡ ❈♦✉❧♦♠❜ ❡ ✉♠❛ ✐♥t❡r❛çã♦ ❞❡
❝✉rt♦ ❛❧❝❛♥❝❡ t✐♣♦ ▼♦rs❡

Uij(r) =
qiqj
r

+D0

{

exp

[

γ

(

1 − r

R0

)]

− 2 exp

[

1

2
γ

(

1 − r

R0

)]}

. ✭✶✳✶✮

◆❛ ❊q ✷✳✹✱ qi ❡ qj r❡♣r❡s❡♥t❛♠ ❛ ❝❛r❣❛ ❞♦s í♦♥s i ❡ j✳ P❛r❛ ♦ át♦♠♦ ❞❡
❣❡r♠â♥✐♦ qGe = +2.0e ❡ ♣❛r❛ ♦s át♦♠♦s ❞❡ ♦①✐❣ê♥✐♦ qO = −1.0e ✱ ♦♥❞❡ ❡ é ❛
❝❛r❣❛ ❡❧❡♠❡♥t❛❧ ❡ r ❞❡♥♦t❛ ❛s ❞✐stâ♥❝✐❛s ✐♥t❡r❛tô♠✐❝❛s ❡♥tr❡ ♦s át♦♠♦s i ❡ j✳

■♥t❡r❛çã♦ D0(eV ) γ R0(Ȧ)

●❡✲●❡ ✵✳✵✶✹ ✶✺✳✸✼✵✵ ✸✳✻✵✵
●❡✲❖ ✸✳✼✵✵ ✽✳✻✸✹✷ ✶✳✼✻✵
❖✲❖ ✵✳✵✹✹ ✶✵✳✹✶✶✷ ✹✳✹✵✵

❚❛❜❡❧❛ ✶✳✶✿ P❛râ♠❡tr♦s ❞♦ ♣♦t❡♥❝✐❛❧ t✐♣♦ ▼♦rs❡ ♣❛r❛ ♦ ❖①✐❞♦ ❞❡ ❣❡r♠â♥✐♦
✭❆❞❛♣t❛❞♦ ❞❡ ❍♦❛♥❣❬✻✹❪✮

✶✳✸ P❛r❛ q✉❡❄

◆❡st❛ s❡çã♦ ♣r❡t❡♥❞❡♠♦s ❛❜♦r❞❛r ❛ ❞ú✈✐❞❛ q✉❡ s❡♠♣r❡ ♥♦s ❛❧❝❛♥ç❛✿ P♦r q✉❡
❡st✉❞❛r tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦❄ ❖ q✉❡ ❣❛♥❤❛♠♦s ❝♦♠ ♦ ❡st✉❞♦ ❞❛s tr❛♥s✐çõ❡s
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❧íq✉✐❞♦ ❧íq✉✐❞♦❄✳ ◆❛s s✉❜s❡qü❡♥t❡s s✉❜s❡çõ❡s ♣r❡t❡♥❞❡♠♦s ♣r♦♣♦r❝✐♦♥❛r ✉♠❛
r❡s♣♦st❛ ❛ ❡st❛s q✉❡stõ❡s✳

✶✳✸✳✶ ■♥t❡r❡ss❡s ❚❡ór✐❝♦s

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ✉♠ ❞♦s ✐♥t❡r❡ss❡s t❡ór✐❝♦s ♠❛✐s r❡❧❡✈❛♥t❡s é ❛ q✉❡stã♦ ❢✉♥✲
❞❛♠❡♥t❛❧ ❞❡ q✉❛✐s ❢❛t♦r❡s ❢ís✐❝♦s ❝♦♥tr♦❧❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ ❧íq✉✐❞♦ ❡ ❞❡
✉♠ ✈✐❞r♦✱ ❝♦♠♦ ❢♦✐ s✉❣❡r✐❞♦ ♣♦r ❑✉r✐t❛ ❡ ❚❛♥❛❦❛ ❬✸✷✱ ✸✸❪✳ ❚❛❧ ✐♥t❡r❡ss❡ ❡st❛
❜❛s❡❛❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ♠✉❞❛♥ç❛s ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s q✉❡ ❛❝♦♠♣❛♥❤❛♠ ❛s
tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❞❡ s✉❜stâ♥❝✐❛s ♣✉r❛s✳ ❆❧❣✉♠❛s ❞❡ss❛s ♠✉❞❛♥ç❛s ❥á
❢♦r❛♠ ♠❡♥❝✐♦♥❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ s✐❧í❝✐♦ ❛❧é♠ ❞❛ ✈❛r✐❛çã♦ ♥❛
❞❡♥s✐❞❛❞❡✱ ❛ tr❛♥s✐çã♦ ❡stá ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ tr❛♥s✐çõ❡s ♠❡t❛❧✲s❡♠✐❝♦♥❞✉t♦r ❡
❧íq✉✐❞♦ ❢rá❣✐❧✲❢♦rt❡✳ ❱❛r✐❛çõ❡s ❝♦♥tí♥✉❛s ❞❡ ❢r❛❣✐❧✐❞❛❞❡ ❡♠ ✉♠ ❧íq✉✐❞♦ t❛♠❜é♠
❢♦r❛♠ r❡♣♦rt❛❞♦s ♥♦ ❡st✉❞♦ ❞♦ ❚PP ✭tr✐♣❤❡♥②❧ ♣❤♦s♣❤✐t❡✮ ❬✸✷❪✳ ◆❡st❡ ❡st✉❞♦
❑✉r✐t❛ ❡ ❚❛♥❛❦❛ ❝♦♥tr♦❧❛♠ ❛ ❢r❛❣✐❧✐❞❛❞❡ ❞❡ ✉♠ ❧íq✉✐❞♦ ✉s❛♥❞♦ ✉♠❛ tr❛♥s✐çã♦
❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡ ❢❛t♦ ❞❡ q✉❡ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ♦ ❧íq✉✐❞♦ ♠❛✐s ❢rá❣✐❧ ❡ ♦ ♠❛✐s ❢♦rt❡
❞♦ ❚PP r❡q✉❡r ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ 10h = 3.6 × 104s✳ ❈♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡
❡❧❡s ♦❜té♠ ✈❛❧♦r❡s ✐♥t❡r♠❡❞✐ár✐♦s ❞❡ ❢r❛❣✐❧✐❞❛❞❡ ❡♥tr❡ ♦s ❧íq✉✐❞♦s✱ ❛♦ r❡s❢r✐❛r
♦ s✐st❡♠❛ ❡♠ ❞✐❢❡r❡♥t❡s ❡t❛♣❛s ❞❛ tr❛♥s✐çã♦✱ ❧❡✈❛♥❞♦✲❧♦ ♣❛r❛ ✉♠ ❡st❛❞♦ ✈ítr❡♦
❝♦♠ ❞✐❢❡r❡♥t❡s ♣r♦♣r✐❡❞❛❞❡s ✭❱❡r ❚❛♥❛❦❛ ❬✸✷❪✮✳ ❉❡st❛ ♠❛♥❡✐r❛ ❑✉r✐t❛ ❡ ❚❛♥❛❦❛
❝♦♥❝❧✉❡♠ q✉❡ ❛ ❢r❛❣✐❧✐❞❛❞❡ ♥ã♦ é ✉♠❛ q✉❛♥t✐❞❛❞❡ ❡s♣❡❝í✜❝❛ ❞❡ ✉♠ ♠❛t❡r✐❛❧✱ ♦✉
s❡❥❛❀ ♥ã♦ ❡stá ❞✐r❡✐t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛♦ t✐♣♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❡♥tr❡ ❛s ♣❛rtí❝✉✲
❧❛s✳ ❈♦♥trár✐♦ à ✐♥t❡r♣r❡t❛çã♦ ❝♦♠✉♠ ♣r♦♣♦st❛ ♣♦r ❆♥❣❡❧❧✱ ♦♥❞❡ ❛ ♣❛✐s❛❣❡♠
❞❡ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞❡t❡r♠✐♥❛ ❛ ❢r❛❣✐❧✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦✱ ♦♥❞❡ ✉♠ ❧íq✉✐❞♦ ❢♦rt❡
é ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠❛ ♣❛✐s❛❣❡♠ ❝♦♠ ❜❛✐①❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♠í♥✐♠♦s s❡♣❛r❛❞♦s
♣♦r ❜❛rr❡✐r❛s ♣♦t❡♥❝✐❛✐s ❛❧t❛s✱ ❡ ♦s ❧íq✉✐❞♦s ❢rá❣❡✐s s❡ ❝❛r❛❝t❡r✐③❛♠ ♣♦r ✉♠❛ ❛❧t❛
❞❡♥s✐❞❛❞❡ ❞❡ ♠í♥✐♠♦s ♥❛ ♣❛✐s❛❣❡♠ ❞❡ ❡♥❡r❣✐❛ ❬✹✱ ✻✺❪✳ ❖✉tr❛s ✈❛r✐❛çõ❡s ♣♦s✲
sí✈❡✐s ♥❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♣♦❞❡r✐❛♠ s❡r ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ó♣t✐❝♦✱ ❛
✈✐s❝♦s✐❞❛❞❡ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s q✉í♠✐❝❛s ❝♦♠♦ ❢♦✐ r❡♣♦rt❛❞♦ ♣♦r ❑✉r✐t❛ ❡ ❚❛♥❛❦❛
❡♠ s✉❛s s✐♠✉❧❛çõ❡s s♦❜r❡ ❛ ❝✐♥ét✐❝❛ ❞❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❬✸✸❪✳

❋✐♥❛❧♠❡♥t❡✱ ♦✉tr♦s ✐♥t❡r❡ss❡s t❡ór✐❝♦s sã♦ ❝♦♥❤❡❝❡r ❛ ❡str✉t✉r❛ ❞♦ ❞✐❛❣r❛♠❛
❞❡ ❢❛s❡ ❞❡ ✉♠ s✐st❡♠❛✱ ❝♦♠♦ ❛ ♣r❡sê♥ç❛ ♦✉ ♥ã♦ ❞❡ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ ❝r✐t✐❝♦✱ ❛
✐♥❝❧✐♥❛çã♦ ❞❛ ❝✉r✈❛ ❚▼❉ ❡ ❛ ❝✉r✈❛ ❞❡ ❢✉sã♦✱ ❡ s✉❛s ❝♦rr❡❧❛çõ❡s ❝♦♠ ❛ ♣r❡s❡♥❝✐❛
❞✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳

✶✳✸✳✷ ❆♣❧✐❝❛çõ❡s ❚❡❝♥♦❧ó❣✐❝❛s

❊♠ r❡❧❛çã♦ às ❛♣❧✐❝❛çõ❡s t❡❝♥♦❧ó❣✐❝❛s✱ ❡st❛ é ✉♠❛ ár❡❛ ❛✐♥❞❛ ❛ s❡r ❡①♣❧♦r❛❞❛✳
◆♦ ❡♥t❛♥t♦✱ ♦ ❡st✉❞♦ ❞❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❡stá ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦
❝♦♠ ❡st✉❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❛ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ❡ ❛❧t❛s ♣r❡ssõ❡s✱ ♦✉ ❡st✉❞♦s ❡♠
r❡❣✐õ❡s ♠❡t❛❡stá✈❡✐s ❝♦♠♦ ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s ❡ ❧íq✉✐❞♦s ❛ ❜❛✐①❛ t❡♥sã♦✳
P♦r ✐ss♦✱ ❛❧é♠ ❞❡ ♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ❞✐r❡t❛s ❞❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♣♦r
✈❛r✐❛çõ❡s ❡♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r♥❛s ✭í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ó♣t✐❝♦✱ ✈✐s❝♦s✐❞❛❞❡✱
♣r♦♣r✐❡❞❛❞❡s ❡❧❡trô♥✐❝❛s✱ ❢r❛❣✐❧✐❞❛❞❡✱ ❡t❝✮ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❢❛❜r✐❝❛çã♦ ❞❡
♥♦✈♦s ✈✐❞r♦s✱ t❛♠❜é♠ t❡♠♦s ❛♣❧✐❝❛çõ❡s ✐♥❞✐r❡t❛s ❧✐❣❛❞❛s ❛ ❛✈❛♥ç♦s ❡①♣❡r✐♠❡♥✲
t❛✐s ♣❛r❛ ❛♣r♦❢✉♥❞❛r ♦ ❡st✉❞♦ ❞❛s tr❛♥s✐çõ❡s✳ ❊st❛ ❝♦♠♣r❡❡♥sã♦ ❞❡t❛❧❤❛❞❛ ❞❡
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❢❛s❡s ♠❡t❛❡stá✈❡✐s ♣♦❞❡rá ❧❡✈❛r ❛♦ ❞❡s❡♥❤♦ ❡ ❛ sí♥t❡s❡ ❞❡ ♥♦✈♦s ♠❛t❡r✐❛✐s✱ t❛✐s
❝♦♠♦ ♦s ❜❛s❡❛❞♦s ❡♠ ❝❧❛tr❛t♦ ❞❡ sí❧✐❝♦ ❬✻✻❪✳ P❡❧♦ ❢❛t♦ ❞❡ ♦s ❡st❛❞♦s ♠❡t❛❡stá✈❡✐s
♥❡♠ s❡♠♣r❡ ♣♦ss✉ír❡♠ t❡♠♣♦s ❞❡ ✈✐❞❛ ❝✉rt♦s✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞♦ ❞✐❛♠❛♥t❡ ✭❢❛s❡
♠❡t❛❡stá✈❡❧ ❞♦ ❝❛r❜♦♥♦✮✳

❖✉tr❛s ❛♣❧✐❝❛çõ❡s ✐♥❞✐r❡t❛s ✐♥❝❧✉❡♠ ❜♦♠❜❛s ❞❡ ♣r❡ssã♦ ♥❡❣❛t✐✈❛ ✭❧íq✉✐❞♦s
t❡♥s✐♦♥❛❞♦s✮✱ ✐♥♦✈❛❞♦r❡s ♠ét♦❞♦s ❞❡ ✐rr✐❣❛çã♦✱ ♥♦✈❛s ❛♣r♦①✐♠❛çõ❡s ❛ té❝♥✐❝❛s
♥ã♦ ❞❡str✉t✐✈❛s ♠❡❞✐♥❞♦ ❛❞❡sã♦ ❡♠ s✉♣❡r❢í❝✐❡s ♣❧❛♥❛s✱ ❛r♠❛③❡♥❛♠❡♥t♦ ❞❡ ♣r♦✲
t❡í♥❛s ❡ ❝é❧✉❧❛s ❡♠ ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s ✱ ❡ ❛ ♠♦❞✐✜❝❛çã♦ ❛rt✐✜❝✐❛❧ ❞♦ ❝❧✐♠❛
❬✶✹✱ ✹✱ ✻✼✱ ✻✽❪✳

✶✳✹ P♦r q✉❡ ●á❧✐♦❄

◆❡st❡ ♣♦♥t♦ ❞❛ ■♥tr♦❞✉çã♦ é ♣♦ssí✈❡❧ ✈✐s✉❛❧✐③❛r ❛ ✐♠♣♦rtâ♥❝✐❛ t❡ór✐❝❛ q✉❡ t❡♠ ♦
❡st✉❞♦ ❞❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦✱ ❡ ❞❛s ❢❛s❡s ♠❡t❛stá✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡
❝♦♥❤❡❝✐♠❡♥t♦ t❛❧✈❡③ ♣♦❞❡rá ❧❡✈❛r ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s ♥♦
❢✉t✉r♦ ❬✻✻❪✳

P♦r ✐ss♦✱ ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♣r♦❝✉r❛r ✉♠❛ tr❛♥✲
s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥✉♠ s✐st❡♠❛ ❛✐♥❞❛ ♥ã♦ ❡①♣❧♦r❛❞♦✿ ●á❧✐♦ ✭●❛✮✳ ❖ ●á❧✐♦ é
✉♠ ❢♦rt❡ ❝❛♥❞✐❞❛t♦ ❛ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♣♦✐s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐s✲
❝✉ssã♦ ♥❛ ❧✐t❡r❛t✉r❛✿

❼ ❆❧❣✉♠❛s t❡♦r✐❛s s✉st❡♥t❛♠ q✉❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ♣♦❞❡ ❡①✐st✐r
❡♠ q✉❛❧q✉❡r s✐st❡♠❛✳

❼ ❊ ♦✉tr❛s s✉st❡♥t❛♠ q✉❡ ❡stã♦ ❧✐❣❛❞❛s ❛ ❛♥♦♠❛❧✐❛s ♥❛s ❢✉♥çõ❡s r❡s♣♦st❛✳

❉❡ s✐st❡♠❛s q✉❡ ❛♣r❡s❡♥t❛♠ ❛♥♦♠❛❧✐❛s ❝♦♠♦ ❛ á❣✉❛✱ é ❞❡ ❡s♣❡r❛r ❛♣r❡s❡♥t❡♠
✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳ ❊st❡ é ♦ ❝❛s♦ ❞♦ ❙✐✱ ●❡✱ ❙❜✱ ❇✐✱ ●❛✱ ■♥❙❜✱ ●❛❆❙✱
●❛P✱ ❍❣❚❡✱ ❈❞❚❡✱ ❈❞❙❡ ❡♥tr❡ ♦✉tr♦s ❬✸✶✱ ✹❪✳

❉❡st❡s s✐st❡♠❛s q✉❡ s❡ ❡①♣❛♥❞❡♠ ❛♦ ❝♦♥❣❡❧❛r✲s❡ ❞♦✐s ❞❡❧❡s sã♦ ❜❛st❛♥t❡ ✐♥✲
t❡r❡ss❛♥t❡s✱ ♦ ●á❧✐♦ ❡ ♦ ❛rs❡♥❡t♦ ❞❡ ●á❧✐♦ ✭●❛❆s✮✳ ❊st❡ ú❧t✐♠♦ é ✉t✐❧✐③❛❞♦
❡①t❡♥s✐✈❛♠❡♥t❡ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❝✐r❝✉✐t♦s ✐♥t❡❣r❛❞♦s✱ ❡ ❞❡ ❞✐s♣♦s✐t✐✈♦s ♦♣t♦✲
❡❧❡trô♥✐❝♦s ❝♦♠♦ ❞✐♦❞♦s ❞❡ ❧❛s❡r ❡ ❞✐♦❞♦s ▲❊❉ ❛♣❧✐❝❛❞♦s à ❧❡✐t✉r❛ ❞❡ ❉❱❉✬s✱ ❡
❈❉✬s✱ ❡ ♣❛✐♥é✐s s♦❧❛r❡s ❡♥tr❡ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❬✼✶✱ ✼✷✱ ✼✸✱ ✼✹❪✳

P♦r ♦✉tr❛ ♣❛rt❡ ♦ ●á❧✐♦ ❡❧❡♠❡♥t❛❧✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ é ✉t✐❧✐③❛❞♦ ♥❛
❝♦♥str✉çã♦ ❞❡ ❡s♣❡❧❤♦s✱ ❧✐❣❛s ♠❡tá❧✐❝❛s✱ t❡r♠ô♠❡tr♦s✱ ❡t❝ ✭✈❡r ❬✼✹❪✮✱ ❡ ❛♣r❡s❡♥t❛
❛ ♣r♦♣r✐❡❞❛❞❡ ✐♥❝♦♠✉♠ ❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ s✉♣❡r✲r❡s❢r✐❛❞♦✱ ❝♦♥s❡r✈❛♥❞♦✲s❡ ♥♦
❡st❛❞♦ ♠❡t❛❡stá✈❡❧ ♣♦r ♠❡s❡s ❬✼✺✱ ✼✻✱ ✼✼❪✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♥♦r♠❛❧ ♣♦❞❡r✐❛
❢❛❝✐❧✐t❛r ♦ ❡st✉❞♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❝❛s♦ ❡st❡ ❣r❛✉ ❞❡
♠❡t❛❡st❛❜✐❧✐❞❛❞❡ ♣❡r♠❛♥❡ç❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡st❛ tr❛♥s✐çã♦✳ ◆♦ ❡♥t❛♥t♦ ✉♠
❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❛✐♥❞❛ ♥ã♦ ❢♦✐ r❡❛❧✐③❛❞♦✱ ♠❛s r❡❝❡♥t❡♠❡♥t❡ ❚✐❡♥ ❬✼✽❪ ❡♠ ✉♠
❡st✉❞♦ ❡①♣❡r✐♠❡♥t❛❧ ❞♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ✐♥t❡r♣r❡t♦✉ s❡✉s ❞❛❞♦s ❡♠ t❡r♠♦s
❞❛ ♣♦ssí✈❡❧ ❡①✐stê♥❝✐❛ ❞❡ ❞✉❛s ❢❛s❡s ❧✐q✉✐❞❛s✳

❯♠❛ ✉❧t✐♠❛ r❛③ã♦ ❞❛ ❡s❝♦❧❤❛ ❞♦ ●á❧✐♦ ❝♦♠♦ ♦ s✐st❡♠❛ ❛ s❡r ❡st✉❞❛❞♦✱ é
q✉❡ r❡❝❡♥t❡♠❡♥t❡ ❇❛s❦❡s ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✼✾❪ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ ♣♦t❡♥❝✐❛❧
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❋✐❣✉r❛ ✶✳✶✵✿ ✭❛✮❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ❞♦ ●á❧✐♦ ❛♣r❡s❡♥t❛♥❞♦ ❛s ❧✐♥❤❛s ❞❡ ❝♦❡①✐stê♥✲
❝✐❛ ▲íq✉✐❞♦✲❙ó❧✐❞♦ ❧✲●❛ ✭■✮✱ ❧✲●❛ ✭■■✮ ✱ ❧✲●❛ ✭■■■✮ ❡stá✈❡✐s✱ ❡ l−β✱ l−δ ✱ l−ǫ ✱ l−γ
♠❡t❛❡stá✈❡✐s✱ ❝♦♠♦ t❛♠❜é♠ ❛ ❧✐♥❤❛s ❞❡ ❝♦❡①✐stê♥❝✐❛ só❧✐❞♦✲só❧✐❞♦ ●❛✭■✮✲●❛✭■■✮✱
●❛✭■■✮✲●❛✭■■■✮✳ ❉❡st❛s ❧✐♥❤❛s ❛ ❝♦❡①✐stê♥❝✐❛ ❧íq✉✐❞♦✲●❛✭■■■✮ ❛♣r❡s❡♥t❛ ♠✉✐t❛ ✐♥✲
❝❡rt❡③❛✳✭❆❞❛♣t❛❞♦ ❞❡ ❈♦♠❡③ ❬✻✾❪✮✳ ✭❜✮❈é❧✉❧❛ ✉♥✐tár✐❛ ❞❛ ❢❛s❡ ❡stá✈❡❧ ❞♦ ●á❧✐♦
✭GaI3✮ ❛ t❡♠♣❡r❛t✉r❛ ❡ ♣r❡ssã♦ ❛♠❜✐❡♥t❡✱ ❡str✉t✉r❛ ♦rt♦rrô♠❜✐❝❛ ❢♦r♠❛❞❛ ♣❡❧❛
✏♠♦❧é❝✉❧❛✑ ❝♦✈❛❧❡♥t❡ Ga2 ❝♦♠ ✉♠ t♦t❛❧ ❞❡ ✽ át♦♠♦s ♣♦r ❝❡❧✉❧❛✳ ❈✐r❝✉❧♦ ❝❤❡✐♦s
r❡♣r❡s❡♥t❛♠ át♦♠♦s ♥♦ ♣❧❛♥♦ ✭✶✵✵✮ ❡♠ ①❂❛✱ ❡♥tr❡t❛♥t♦ ♦s ❝ír❝✉❧♦s ❛❜❡rt♦s ❡stã♦
♥♦ ♣❧❛♥♦ ①❂❛✴✷✳ ❖s át♦♠♦s ♥♦ ♣❧❛♥♦ ①❂✵ ❡stã♦ ♥❛ ♠❡s♠❛ ♣♦s✐çã♦ ❞♦s át♦♠♦s
❡♠ ①❂❛ ♠❛s ❡st❡s ♥ã♦ sã♦ ♠♦str❛❞♦s✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❇❡r♥❛s❝♦♥✐ ❬✼✵❪✮

s❡♠✐❡♠♣✐r✐❝♦ ♣❛r❛ ♦ ●á❧✐♦ ✭▼❊❆▼✷✱ ❆♣ê♥❞✐❝❡ ❈✮ ❞❡s❝r❡✈❡♥❞♦ r❛③♦❛✈❡❧♠❡♥t❡
❛s ♣r♦♣r✐❡❞❛❞❡s q✉❛❧✐t❛t✐✈❛s ❡ q✉❛♥t✐t❛t✐✈❛s ❞❛s ❢❛s❡s ●❛■✱ ●❛■■✱ ●❛■■■✱ ●❛■❱✱
❤❝♣ ❡ ♦ ●á❧✐♦ ❧íq✉✐❞♦✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❛s ❢❛s❡s ❞♦ ♥♦ss♦ ✐♥t❡r❡ss❡ ✭●❛■✸✱ ●á❧✐♦
▲íq✉✐❞♦✮ ❛ ❞✐❢✉s✐✈✐❞❛❞❡✱ ✈✐s❝♦s✐❞❛❞❡ ❡ ♦ ❝❛❧♦r ❡s♣❡❝✐✜❝♦ t❡♠ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛✲
♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ q✉❡ ♦ ❡①♣❡r✐♠❡♥t♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ✈♦❧✉♠❡✱
❛ ❡♥❡r❣✐❛✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛✱ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❣✭r✮
❡♥tr❡ ♦✉tr❛s✱ ❛♣r❡s❡♥t❛♠ ✉♠ ❡①❝❡❧❡♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛♥t✐t❛t✐✈♦✳✭❱❡r ❚❛❜❡❧❛
✶✳✷ ✮

✷✑▼♦❞✐✜❡❞ ❊♠❜❡❞❞❡❞ ❆t♦♠ ▼❡t❤♦❞✑ é ✉♠ ♣♦t❡♥❝✐❛❧ ❜❛s❛❞♦ ♥❛ t❡♦r✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❛

❞❡♥s✐❞❛❞❡ ✭❉❋❚✮ ❡ é ❡s❝r✐t♦ ❝♦♠♦ E =
P

i

“

F (ρi) + 1
2

P

i6=j φ (Rij)
”

♦♥❞❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦

é ❛ ❡♥❡r❣✐❛ ❞❡ ✐♥❝r✉st❛♠❡♥t♦ ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❞♦ ❢✉♥❞♦ ρ̄i✭❝♦♠ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛
❛♥❣✉❧❛r✮✱ ❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ é ❛ ✐♥t❡r❛çã♦ ❡♠ ♣❛r❡❧❤❛s ❡♥tr❡ ♦s át♦♠♦s i ❡ j ❝✉❥❛ s❡♣❛r❛çã♦ é
❞❛❞❛ ♣♦r Rij ✳

✸❚❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❋❛s❡ α ❡ ❆✶✶✳ ❙✉❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❢✉sã♦ é ❞❡ Tm = 302.9K
❡ é ✸✳✷✪ ♠❡♥♦s ❞❡♥s♦ q✉❡ ❛ ❢❛s❡ ❧✐q✉✐❞❛✱ ❝♦♠♦ é ✐♥❢❡r✐❞♦ ❞❛ ✐♥❝❧✐♥❛çã♦ ♥❡❣❛t✐✈❛ ❞❛ ❧✐♥❤❛ ❞❡
❝♦❡①✐stê♥❝✐❛ ❧✲●❛✭■✮ ❬✼✺✱ ✽✵✱ ✼✵❪✳
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❚✭❑✮ ▼❊❆▼ ❊①♣❡r✐♠❡♥t❛❧ ❞✐❢❡r❡♥ç❛✪

Ec(eV/atom) ✵ ✲✷✳✾✾✹ ✲✷✳✾✻✾ ✵✳✽✹✪

v

(

o

A➩/atom

)

✵ ✶✾✳✸✾ ✶✾✳✹✼ ✵✳✹✶✪

▲♦♥❣✐t✉❞❡ Ga2

(

o

A➩

)

✵ ✷✳✹✺✻ ✷✳✹✹✹ ✵✳✹✾✪

αp

(

10−6
/K
)

✸✵✵ ✺✽ ✺✺ ✺✳✹✺✪
Cp (J/K mol) ✸✵✵ 24.9 ± 0.1 25.8 ✸✳✹✾✪

△H(eV/atom) Tm ✵✳✵✻✸ ✵✳✵✺✽ ✽✳✻✷✪

△V/V Tm ✲✷✳✺✪ ✲✸✳✷✪

❚❛❜❡❧❛ ✶✳✷✿ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ♣r❡❞✐t❛s ♣❡❧♦ ▼❊❆▼ ♣❛r❛ ❛ ❢❛s❡ ●❛✭■✮✳
❆❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s ♣r❡s❡♥t❡s sã♦ ❛ ❡♥❡r❣✐❛ ❞❡ ❝♦❡sã♦ Ec✱ ♦ ✈♦❧✉♠❡ ❛tô♠✐❝♦
v✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛ αp✱ ♦ ❝❛❧♦r ❞❡ ❢✉sã♦ △H ❡ ♦ ❝❛♠❜✐♦ ❞♦
✈♦❧✉♠❡ △V/V ♥❛ tr❛♥s✐çã♦ ✭❆❞❛♣t❛❞♦ ❞❡ ❇❛s❦❡s ❬✼✾❪✮✳

✶✳✺ ❖❜❥❡t✐✈♦s ❞❛ ❚❡s❡s

❉❡♣♦✐s ❞❡st❛ ❝♦♥t❡①t✉❛❧✐③❛çã♦✱ ✜♥❛❧✐③❛♠♦s ❡st❛ ■♥tr♦❞✉çã♦ ❝♦♠ ♦s ♦❜❥❡t✐✈♦s
❞❡st❡ tr❛❜❛❧❤♦✳ ❊①✐st❡♠ ♠✉✐t❛s ♣❡r❣✉♥t❛s ❛ s❡r❡♠ r❡s♣♦♥❞✐❞❛s✱ ♣♦r ❡①❡♠♣❧♦✿

✶✳ ❖ ●á❧✐♦ ♣♦ss✉✐ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡s❝♦♥❤❡❝✐❞❛❄

✷✳ ❊st❛ é ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦❄

✸✳ ❙❡ ❡①✐st✐r✱ t❛❧ tr❛♥s✐çã♦ t❡r♠✐♥❛ ❡♠ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦ ♦✉ ✉♠ ♣♦♥t♦ tr✐♣❧♦❄

✹✳ ❊st❛ tr❛♥s✐çã♦ ❡stá ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦ ❢rá❣✐❧✲❢♦rt❡✱
♠❡t❛❧✲s❡♠✐❝♦♥❞✉t♦r ♦✉ ❛❧❣✉♠ ♦✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ❛❧é♠ ❞❛ ❞❡♥s✐❞❛❞❡❄

✺✳ ❆s ❢✉♥çõ❡s r❡s♣♦st❛ ❞✐✈❡r❣❡♠ ♦✉ ♣❡r♠❛♥❡❝❡♠ ✜♥✐t❛s❄

✻✳ ❆ s♣✐♥♦❞❛❧ s✉♣❡r❛q✉❡❝✐❞❛ é r❡❡♥tr❛♥t❡❄

✼✳ ❊t❝✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❡ ♠❡str❛❞♦ ❢♦❝❛♠♦s ❛ ♥♦ss❛ ❛t❡♥çã♦ às ♣r✐♠❡✐r❛s ❞✉❛s q✉❡stõ❡s✳
P❛r❛ ❛❜♦r❞❛r ❡❧❛s✱ ✉t✐❧✐③❛r❡♠♦s ❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡ ♦ ♠♦❞❡❧♦ ▼❊❆▼ ♣r♦✲
♣♦st♦ ♣♦r ❇❛s❦❡s ❬✼✾❪✳ ❊st❡ ♠♦❞❡❧♦✱ q✉❡ ❝♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦✱ r❡♣r♦❞✉③ ❡♠
❣r❛♥❞❡ ♣❛rt❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ●á❧✐♦ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❡ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡✳
❆ r❛③ã♦ ❞❡st❛ ❡s❝♦❧❤❛ ❡stá s✉st❡♥t❛❞❛ ♥❛ ♣r❛t✐❝✐❞❛❞❡✱ ❝♦♠♦ é ❝♦♠❡♥t❛❞♦ ♣♦r
❇❛s❦❡s❬✼✾❪✱ ♣❛r❛ ❡♥t❡♥❞❡r ✉♠ ❢❡♥ô♠❡♥♦ ❝♦♠♣❧❡①♦ ♦s ❝á❧❝✉❧♦s ❛ ♣r✐♠❡✐r♦s ♣r✐♥❝í✲
♣✐♦s sã♦ ❞❡♠❛s✐❛❞❛♠❡♥t❡ ❧❡♥t♦s✳ ❊st❡ é ♦ ❝❛s♦ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ♦♥❞❡ ❛s
t❛①❛s ❞❡ r❡s❢r✐❛♠❡♥t♦ ♦✉ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ♣r❡❝✐s❛♠ s❡r ❞❛ ♦r❞❡♠ ❞❡ ✷✵∼✷✵✵❑✴♥s✳
P♦r ✐ss♦ ❏❛❦s❡ ❬✺✶❪ tr❛❜❛❧❤❛ ❝♦♠ ✉♠ ❤í❜r✐❞♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ ❡
♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s✱ ♦❜t❡♥❞♦ ❛ ♣r❡❝✐sã♦ ❞♦s ♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s ❝♦♠ ❛ ✈❡❧♦❝✐✲
❞❛❞❡ ❞♦s ♠ét♦❞♦s ❝❧áss✐❝♦s✳ ◆♦ ❝❛s♦ ❞♦ ●á❧✐♦✱ ❝á❧❝✉❧♦s ❞❡ ♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s
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sã♦ ✐♥✈✐á✈❡✐s ♣❡❧♦ ❢❛t♦ ❞♦ ❛❧t♦ ♥ú♠❡r♦ ❞❡ ❡❧étr♦♥s ❞❡ ✈❛❧ê♥❝✐❛✭✶✸✮ ❡ ♦ ❛❧t♦ r❛✐♦
❞❡ ❝♦rt❡ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞❛s ♦♥❞❛s ♣❧❛♥❛s✳



❈❛♣ít✉❧♦ ✷

❚❡♦r✐❛

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❢❡rr❛♠❡♥t❛s ♠í♥✐♠❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛
❝♦♥t❡①t✉❛❧✐③❛çã♦ ❡ ❝♦♠♣r❡❡♥sã♦ ❞❛s tr❛♥s✐çõ❡s ❧íq✉✐❞♦✲❧íq✉✐❞♦✳ ❈♦♠♦ ❢♦✐ ♠❡♥✲
❝✐♦♥❛❞♦ ♥❛ ■♥tr♦❞✉çã♦✱ ♦ t❡♠❛ ❝❡♥tr❛❧ ❞❡ ❞✐s❝✉ssã♦ sã♦ ♦s ❝r✐tér✐♦s ❞❡ ❡st❛✲
❜✐❧✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ✭♠❡t❛❡stá✈❡❧✮✳ ❊st❛ ❞✐s❝✉ssã♦ ♣r♦✈♦❝♦✉ ❛
♣r♦♣♦st❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝✉❥♦
♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ é ❛ ❞❡♥s✐❞❛❞❡✳ P♦r t✉❞♦ ✐st♦ é ♣r❡❝✐s♦ ❛♣r♦❢✉♥❞❛r✲s❡ ♥♦s
❝r✐tér✐♦s t❡r♠♦❞✐♥â♠✐❝♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ✢✉✐❞♦s ♣✉r♦s✱ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡
✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♠❡t❛❡st❛❜✐❧✐❞❛❞❡✳ ❋✐♥❛❧♠❡♥t❡✱
♣♦r r❛③õ❡s ♠❡t♦❞♦❧ó❣✐❝❛s ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ♣❡q✉❡♥❛ ❞✐s❝✉ssã♦ ❞❡ ♠ét♦❞♦s ❞❡
s✐♠✉❧❛çã♦ ❛t♦♠íst✐❝❛ ❝♦♠ ♦ ✜♠ ❞❡ ❝♦♠♣r❡❡♥❞❡r ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❡♠♣r❡❣❛❞♦s
❡♠ ♥♦ss❛ ♣❡sq✉✐s❛✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❡st❛ ❡①♣♦s✐çã♦ t❡ór✐❝❛ é ♣r❡❝✐s♦ ❡s❝❧❛r❡❝❡r q✉❡ ❡st❡ é só ✉♠
r❡s✉♠♦ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ q✉❛❧q✉❡r ❧✐✈r♦ ❞❡ t❡r♠♦❞✐♥â♠✐❝❛ ❝♦♠♦ ♦
❈❛❧❧❡♥ ❬✽✶✱ ✽✷❪✱ ❉❡❜❡♥❡❞❡tt✐ ❬✹❪✱ ❩ár❛t❡ ❬✽✸❪ ❡♥tr❡ ♦✉tr♦s✳ ❆ ❡①♣♦s✐çã♦ à s❡❣✉✐r
❡ ❞♦s ❛♣ê♥❞✐❝❡s ❢♦r❛♠ ❜❛s❡❛❞♦s ♥❡st❡s três t❡①t♦✳

✷✳✶ ❈r✐tér✐♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡

❆ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ s✐st❡♠❛ ❡stá ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ à s❡❣✉♥❞❛ ❧❡✐ ❞❛
t❡r♠♦❞✐♥â♠✐❝❛ ✭❆♣ê♥❞✐❝❡ ❆✮ q✉❡ ❞✐③ q✉❡ s❡ ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦ s❡♠ r❡str✐çõ❡s
✐♥t❡r♥❛s ❡stá ❡♠ ❡q✉✐❧í❜r✐♦✱ ❡♥tã♦ q✉❛❧q✉❡r ✢✉t✉❛çã♦ ♦✉ ❛❧t❡r❛çã♦ s♦❜r❡ ♦ s✐st❡♠❛
❛✐♥❞❛ ✐s♦❧❛❞♦ t❡♠ q✉❡ ❧❡✈❛r ❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❛ ❡♥tr♦♣✐❛ ✭♦✉ ♥❡♥❤✉♠❛ ♠✉❞❛♥ç❛
♥❛ ❡♥tr♦♣✐❛✮✳ ❊♠ sí♠❜♦❧♦s

[△S]U,V,N ≤ 0. ✭✷✳✶✮

❖♥❞❡ ❙✱ ❯✱ ❱✱ ◆ ❞❡♥♦t❛♠ ❛ ❡♥tr♦♣✐❛✱ ❛ ❡♥❡r❣✐❛✱ ♦ ✈♦❧✉♠❡✱ ❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧❡s
❞♦ s✐st❡♠❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛ r❡❧❛❝✐♦♥❛❞♦
❝♦♠ ♦ ❢❛t♦ ❞❛ ❡♥tr♦♣✐❛ s❡r ✉♠ ♠á①✐♠♦✳ ❈♦♠♦ é ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡ ❆✳✷✱
♦ ❢❛t♦ ❞❡ s❡r ✉♠ ❡①tr❡♠♦ só ❢❛❧❛ ❞♦s ❝r✐tér✐♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❡♥tr❡ s✐st❡♠❛s ♦✉
s✉❜s✐st❡♠❛s✱ ♠❛s ♥ã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡st❛❞♦✳

✶✼
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P❛r❛ t❡♥t❛r ❞❡s✈❡♥❞❛r ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ q✉❡ ✉♠ s✐st❡♠❛ s❡❥❛
❡stá✈❡❧✱ s✉♣♦♥❤❛♠♦s ❞♦✐s s✐st❡♠❛s ✐❞ê♥t✐❝♦s✱ ❝❛❞❛ ✉♠ ❝♦♠ ✉♠❛ ❡q✉❛çã♦ ❢✉♥✲
❞❛♠❡♥t❛❧ ❙❂❙✭❯✱❱✱◆✮✱ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ♣❛r❡❞❡ t♦t❛❧♠❡♥t❡ r❡str✐t✐✈❛✳ ❙❡ r❡✲
♠♦✈❡♠♦s ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ △U ❞♦ ♣r✐♠❡✐r♦ s✉❜s✐st❡♠❛ ❡ ❛❞✐❝✐♦♥❛♠♦s
❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❛♦ s❡❣✉♥❞♦ s✉❜s✐st❡♠❛✱ ❛ ❡♥tr♦♣✐❛ t♦t❛❧ ❞♦ ❝♦♥❥✉♥t♦ t❡♠
q✉❡ ♠✉❞❛r ❞❡ s❡✉ ✈❛❧♦r ✐♥✐❝✐❛❧ ✷❙✭❯✱❱✱◆✮ ♣❛r❛ S(U + △U, V,N) + S(U −
△U, V,N)✳ ❆ q✉❡stã♦ é ♦ q✉❡ ❛❝♦♥t❡❝❡ s❡ ❛ ❜❛rr❡✐r❛ ❛❞✐❛❜át✐❝❛ ❡♥tr❡ ♦s s✐s✲
t❡♠❛s ❢♦ss❡ r❡t✐r❛❞❛❄✳ ❆ r❡s♣♦st❛ ❛ ❡st❛ ♣❡r❣✉♥t❛ s❡ ❡♥❝♦♥tr❛ ♥♦ ♣r✐♥❝✐♣✐♦ ❞❡
♠á①✐♠❛ ❡♥tr♦♣✐❛✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ s❡ ♦ s✐st❡♠❛ ✐♥✐❝✐❛❧ ❢♦ss❡ ❡stá✈❡❧✱ ❡♥tã♦ ♦
❝♦♥❥✉♥t♦ t♦t❛❧ t❡r✐❛ q✉❡ r❡t♦r♥❛r ❛ ❡st❡ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❛✉♠❡♥t❛♥❞♦ s✉❛ ❡♥tr♦♣✐❛
❡ ♣♦r t❛♥t♦

2S(U, V,N) ≥ S(U + △U, V,N) + S(U −△U, V,N), ✭✷✳✷✮

é ❛ ❝♦♥❞✐çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ ❊st❛ ❝♦♥❞✐çã♦ ♥♦s ❞✐③ q✉❡ ❛ ❡♥tr♦♣✐❛ t❡♠ q✉❡ s❡r
✉♠❛ ❢✉♥çã♦ ❝♦♥❝❛✈❛ ❡♠ r❡❧❛çã♦ à ❡♥❡r❣✐❛✳

❆s ♠❡s♠❛s ❝♦♥s✐❞❡r❛çõ❡s s❡ ❛♣❧✐❝❛♠ à tr❛♥s❢❡rê♥❝✐❛ ❞❡ ✈♦❧✉♠❡ ❡ ❞❡ q✉❛❧✲
q✉❡r ♦✉tr♦ ♣❛râ♠❡tr♦ ❡①t❡♥s✐✈♦✳ P♦r ❡①❡♠♣❧♦✱ ❛tr❛✈és ❞❡ ✉♠❛ ♣❛r❡❞❡ ♠ó✈❡❧
❞✐❛tér♠✐❝❛ ♣♦❞❡rí❛♠♦s tr❛♥s❢❡r✐r ✈♦❧✉♠❡ ❞❡ ✉♠ s✉❜s✐st❡♠❛ ❛♦ ♦✉tr♦✱ ♠❛♥t❡♥❞♦
❛ ❡♥❡r❣✐❛ ❞❡ ❝❛❞❛ ✉♠ ❝♦♥st❛♥t❡✳ ◆♦✈❛♠❡♥t❡ s❡ ♥♦ss♦ s✐st❡♠❛ ✐♥✐❝✐❛❧ é ♠❛✐s ❡s✲
tá✈❡❧ q✉❡ ♦ ✜♥❛❧✱ ❡♥tã♦ ❛♦ ❧✐❜❡r❛r ❛ ♣❛r❡❞❡ ♦s ❞♦✐s s✐st❡♠❛s t❡♥❞❡r✐❛♠ ❛ ♥✐✈❡❧❛r
s❡✉s ✈♦❧✉♠❡s ❛✉♠❡♥t❛♥❞♦ s✉❛ ❡♥tr♦♣✐❛✱ ♦✉ s❡❥❛ q✉❡

2S(U, V,N) ≥ S(U, V + △V,N) + S(U, V −△V,N). ✭✷✳✸✮

❉❡st❛ ♠❛♥❡✐r❛✱ s❡ ♦❜t❡♠♦s ❡q✉❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛s
❝♦♥❞✐çõ❡s ❞❡ ❝♦♥❝❛✈✐❞❛❞❡✱ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ❝á❧❝✉❧♦s ❞❡ ♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛
♦✉ ❛ ❡①tr❛♣♦❧❛çã♦ ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ❡♥tã♦ ♥♦ss❛ ❡q✉❛çã♦ ❢✉♥❞❛♠❡♥t❛❧
s❡r❛ ❝♦♥str✉í❞❛ ♣❡❧❛ ❝✉r✈❛ ❡♥✈❡❧♦♣❡ ❞❡ ❧✐♥❤❛s t❛♥❣❡♥t❡s ❛❝✐♠❛ ❞❡ ♥♦ss❛ ❡q✉❛çã♦
♦r✐❣✐♥❛❧✳ ❯♠ ❡①❡♠♣❧♦ ❞✐st♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✶ ♦♥❞❡ ♦ s❡❣♠❡♥t♦ BCDEF
❞❛ ❡q✉❛çã♦ ♦r✐❣✐♥❛❧ é s✉❜st✐t✉í❞❛ ♣❡❧♦ s❡❣♠❡♥t♦ BHF ✳ ◆❡st❡ ❝❛s♦ ✉♠ s✐st❡♠❛
❤♦♠♦❣ê♥❡♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦s ♣♦♥t♦s s♦❜r❡ ❛ ❝✉r✈❛ BCDEF é ♠❡♥♦s ❡stá✈❡❧
q✉❡ ✉♠❛ ♠✐st✉r❛ ❞❡ s✉❜s✐st❡♠❛s ❡♠ B ❡ F ✳ ❆ ♣❡r❞❛ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ é ♦
♠❛r❝♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

❊♠ ❣❡r❛❧✱ ♣❛r❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❢❛s❡ t❡r♠♦❞✐♥â♠✐❝♦ ❞❡ ❞✐♠❡♥sã♦ ♥✱ ❛ ❡q✉❛çã♦
❞❡ ❡st❛❞♦ ❡stá✈❡❧ ❡st❛r✐❛ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❤✐♣❡r✲s✉♣❡r❢í❝✐❡ ❡♥✈❡❧♦♣❡ ❞❡ ❤✐♣❡r✲
♣❧❛♥♦s t❛♥❣❡♥t❡s ❛❝✐♠❛ ❞❛ ❤✐♣❡r✲s✉♣❡r❢í❝✐❡ ❞❡ ❡♥tr♦♣✐❛ ♦r✐❣✐♥❛❧✳

❯♠❛ ❢♦r♠❛ ♠❡♥♦s r❡str✐t✐✈❛ ❞❛s ❡q✉❛çõ❡s ✷✳✷ ❡ ✷✳✸ é ♦❜t✐❞❛ q✉❛♥❞♦ t♦♠❛♠♦s
♦ ❝❛s♦ △U → 0 ❡ △V → 0✱ ♦❜t❡♥❞♦ ❛ ❢♦r♠❛ ❞✐❢❡r❡♥ç❛❧

(

∂2S

∂U2

)

V,N

≤ 0;

(

∂2S

∂V 2

)

U,N

≤ 0. ✭✷✳✹✮

◆❡st❛s r❡❧❛❝✐♦♥❡s t❡♠♦s ❝r✐tér✐♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❧♦❝❛✐s ♠❛s ♥ã♦ ❣❧♦❜❛✐s✳ ❊①✲
❡♠♣❧♦s ❞✐st♦ sã♦ ❛s ♣♦rçõ❡s ❞❡ ❝✉r✈❛ BC ❡ EF ♥❛ ❋✐❣✉r❛ ✷✳✶✳ ◆❡st❛ r❡❣✐ã♦ ✉♠
❡st❛❞♦ ♣♦❞❡ ♠❛♥t❡r ❛ s✉❛ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡♥q✉❛♥t♦ ❛s ✢✉t✉❛çõ❡s ❞❡ ✈♦❧✉♠❡✱
❡♥❡r❣✐❛✱ ❡t❝ ♥ã♦ ❛t✐♥❣❡♠ ❛ r❡❣ã♦ CDE✳ ◆♦ ❡♥t❛♥t♦ ✉♠❛ ❣r❛♥❞❡ ✢✉t✉❛çã♦✱ ♣♦r
❡①❡♠♣❧♦ ❛❣✐t❛çã♦ ♠❡❝â♥✐❝❛ s♦❜r❡ ♦ r❡❝✐♣✐❡♥t❡ ♣♦❞❡ ♣r❡❝✐♣✐t❛r ❛ tr❛♥s✐çã♦✳
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❋✐❣✉r❡ ✷✳✶✿ ❘❡❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❛❝♦r❞♦ ❝♦♠ ♦ ❝r✐tér✐♦
❣❧♦❜❛❧ ❞❡ ❝♦♥❝❛✈✐❞❛❞❡ ♣❛r❛ ❛ ❡♥tr♦♣✐❛✳ ❆ r❡❧❛çã♦ ✐♥✐❝✐❛❧ ❆❇❈❉❊❋● ✭✐♥stá✈❡❧✮
é tr♦❝❛❞❛ ♣❡❧❛ r❡❧❛çã♦ ❆❇❍❋●✱ ♦♥❞❡ ❛ ❧✐♥❤❛ ❇❍❋ r❡♣r❡s❡♥t❛ ✉♠❛ ❢❛s❡ ♥ã♦
❤♦♠♦❣ê♥❡❛ ❝♦♠♣♦st❛ ❞❛s ❢❛s❡s ❤♦♠♦❣ê♥❡❛s ❇ ❡ ❋✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❈❛❧❧❡♥ ❬✽✶❪✮

❉❡✈✐❞♦ às ❞✐❢❡r❡♥t❡s ❢♦r♠✉❧❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞♦ Pr✐♥❝✐♣✐♦ ❞❡ ♠á①✐♠❛ ❡♥✲
tr♦♣✐❛ ✭❆♣ê♥❞✐❝❡ ❆✳✸✮ é ❞❡ ❡s♣❡r❛r q✉❡ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ ✭U✮✱ ❛ ❡♥❡r❣✐❛
❧✐✈r❡ ❞❡ ●✐❜❜s ✭G✮✱ ❛ ❡♥t❛❧♣✐❛ ✭H✮ ❡ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❡ ❍❡❧♠❤♦❧t③ ✭A✮ ❛ ❝♦♥❞✐çã♦
❞❡ ❡st❛❜✐❧✐❞❛❞❡ s❡❥❛ ❛ ❝♦♥✈❡①✐❞❛❞❡ r❡s♣❡✐t♦ ❛ s❡✉s ♣❛râ♠❡tr♦s ❡①t❡♥s✐✈♦s✳ ■st♦
♣❡❧♦ ❢❛t♦ ❞❡ ❡st❛s ❢✉♥çõ❡s s❡r❡♠ ✉♠ ♠✐♥✐♠♦ ♥♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♠❛♥t❡♥❞♦
♦s ♣❛râ♠❡tr♦s ✐♥t❡♥s✐✈♦s ❝♦♥st❛♥t❡s✱ ❡ ♥ã♦ ✉♠ ♠á①✐♠♦ ❝♦♠♦ ❛ ❡♥tr♦♣✐❛✳ ❆ss✐♠✱
♣♦r ❡①❡♠♣❧♦✱

U(S + △S, V + △V,N) + U(S −△S, V −△V,N) ≥ 2U(S, V,N) ✭✷✳✺✮

é ❛ ❡①♣r❡ssã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❣❧♦❜❛❧✳ ❊✱ ♣♦rt❛♥t♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❧♦❝❛❧ é ❞❛❞❛ ♣♦r

∂2U

∂S2

∣

∣

∣

∣

V,N

=
∂T

∂S

∣

∣

∣

∣

V,N

≥ 0;
∂2U

∂V 2

∣

∣

∣

∣

S,N

= − ∂P

∂V

∣

∣

∣

∣

S,N

≥ 0,
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∂2U

∂S2

∣

∣

∣

∣

V,N

∂2U

∂V 2

∣

∣

∣

∣

S,N

−





∂

∂S

(

∂U

∂V

∣

∣

∣

∣

S,N

)

V,N





2

≥ 0 ✭✷✳✻✮

♦♥❞❡ ❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ❧❡✈❛ ❡♠ ❝♦♥t❛ ✈❛r✐❛çõ❡s ❝♦♥❥✉♥t❛s ❞❡ ❙ ❡ ❱✳ P♦r ♦✉tr♦
❧❛❞♦✱ t❛♠❜é♠ é ♣♦ssí✈❡❧ ❢❛❧❛r ❞♦s ♣❛râ♠❡tr♦s ✐♥t❡♥s✐✈♦s✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡
♦s ♣♦t❡♥❝✐❛✐s t❡r♠♦❞✐♥â♠✐❝♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛tr❛✈és ❞❡ tr❛♥s❢♦r♠❛❞❛s ❞❡
▲❡❣❡♥❞r❡

y(i) = U −
i
∑

j=1

ξjXj = y(i) (ξ1, ξ2, . . . , ξi, Xi+1, Xi+2, . . . , Xn+2) ✭✷✳✼✮

❝♦♠

ξj =
∂U

∂Xj
e Xj = −∂y

(i)

∂ξj
Com j ≤ i, ✭✷✳✽✮

♦♥❞❡ ❛s ✈❛r✐á✈❡✐s ξj r❡♣r❡s❡♥t❛♠ ♣❛râ♠❡tr♦s ✐♥t❡♥s✐✈♦s ✭♣r❡ssã♦✱ t❡♠♣❡r❛t✉r❛✱
❡t❝✮ ❡♥q✉❛♥t♦ ❛s ✈❛r✐á✈❡✐s Xi r❡♣r❡s❡♥t❛♠ ♣❛râ♠❡tr♦s ❡①t❡♥s✐✈♦s ✭❡♥tr♦♣✐❛✱ ✈♦❧✲
✉♠❡✱ ❡t❝ ✮✱ ❡ n é ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s✳ P♦r ❡st❛ r❛③ã♦

∂Xj

∂ξj
= −∂

2y(i)

∂ξ2j
=

1
∂2U
∂X2

j

Com j ≤ i, ✭✷✳✾✮

♦♥❞❡ ♦ s✐♥❛❧ ❞❡ ∂2y(i)/∂ξ2j é ♦ ♦♣♦st♦ ❞♦ s✐♥❛❧ ❞❡ ∂2U/∂X2✳ P♦rt❛♥t♦✱ ❝♦♠♦
❯ é ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❞♦s ♣❛râ♠❡tr♦s ❡①t❡♥s✐✈♦s✱ ❡♥tã♦ s✉❛s tr❛♥s❢♦r♠❛❞❛s
❞❡ ▲❡❣❡♥❞r❡ ✭❊♥❡r❣✐❛ ❞❡ ●✐❜❜s✱ ❊♥t❛❧♣✐❛✱ ❊♥❡r❣✐❛ ❞❡ ❍❡❧♠❤♦❧t③✮ sã♦ ❢✉♥çõ❡s
❝♦♥❝❛✈❛s ❞♦s ♣❛râ♠❡tr♦s ✐♥t❡♥s✐✈♦s✳ ❖✉ s❡❥❛✱

∂2A

∂T 2

∣

∣

∣

∣

V,N

≤ 0;
∂2A

∂V 2

∣

∣

∣

∣

T,N

≥ 0,

∂2H

∂P 2

∣

∣

∣

∣

S,N

≤ 0;
∂2H

∂S2

∣

∣

∣

∣

P,N

≥ 0,

∂2G

∂T 2

∣

∣

∣

∣

P,N

≤ 0;
∂2G

∂P 2

∣

∣

∣

∣

T,N

≤ 0. ✭✷✳✶✵✮

❊♠ r❡s✉♠♦✱ ♣❛r❛ ◆ ❝♦♥st❛♥t❡ ♦s ♣♦t❡♥❝✐❛✐s t❡r♠♦❞✐♥â♠✐❝♦s sã♦ ❢✉♥çõ❡s ❝♦♥✲
✈❡①❛s ❞❡ s❡✉s ♣❛râ♠❡tr♦s ❡①t❡♥s✐✈♦s ❡ ❝♦♥❝❛✈❛s ❞❡ s❡✉s ♣❛râ♠❡tr♦s ✐♥t❡♥s✐✈♦s✳

◆♦ ❡♥t❛♥t♦✱ t❡♠♦s q✉❡ ❧❡♠❜r❛r q✉❡ ❛s ❞❡r✐✈❛❞❛s ❡♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s
✐♥t❡♥s✐✈♦s s❡♠♣r❡ ♣♦❞❡♠ s❡r r❡✲❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❡ ♣❛râ♠❡tr♦s ❡①t❡♥s✐✈♦s
✭❡q✉❛çã♦ ✷✳✾✮ ❡✱ ♣♦rt❛♥t♦✱ t♦❞♦s ♦s ❝r✐tér✐♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s
♥❛ ❢♦r♠❛

(

∂ξ2
∂X2

)

ξ1,X3

≥ 0, ✭✷✳✶✶✮
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♦✉✱ ❝♦♠♦ é ♠♦str❛❞♦ ♣♦r ❉❡❜❡♥❡❞❡tt✐ ❬✹❪✱ ♣❛r❛ ✉♠ s✐st❡♠❛ ❝♦♠ ♥ ❝♦♠♣♦♥❡♥t❡s
♥❛ ❢♦r♠❛

(

∂2y(n)

∂X2
n+1

)

ξ1,ξ2,...,ξn,Xn+2

=

(

∂ξn+1

∂Xn+1

)

ξ1,ξ2,...,ξn,Xn+2

> 0 ✭✷✳✶✷✮

♣❛r❛ q✉❛❧q✉❡r ♦r❞❡♠ ❞❛s ✈❛r✐á✈❡✐s ξi ✭i = 1, . . . , n+ 1✮ ❡ Xj ✭j = n+ 1, n+ 2✮✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♥ã♦ ♣♦❞❡♠♦s ❡sq✉❡❝❡r q✉❡ t♦❞♦s ❡st❡s ❝r✐tér✐♦s✱ sã♦ ❛ ❡①♣r❡ssã♦
♠❛t❡♠át✐❝❛ ❞❡ ✉♠ ♠❡s♠♦ ♣r✐♥❝í♣✐♦ ✭♠á①✐♠❛ ❡♥tr♦♣✐❛✮ ❡ ♣♦rt❛♥t♦ sã♦ ❡q✉✐✈❛✲
❧❡♥t❡s✳ ▲♦❣♦ ❡st❛s ❞❡s✐❣✉❛❧❞❛❞❡s sã♦ t♦❞❛s s❛t✐s❢❡✐t❛s ♦✉ ✈✐♦❧❛❞❛s s✐♠✉❧t❛♥❡❛✲
♠❡♥t❡✳

❉❡ t♦❞❛s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t✐❞❛s ♣♦r ✷✳✶✶ ❛s ❞✉❛s ♠❛✐s út❡✐s sã♦

(

∂T

∂S

)

P

=
T

Cp
> 0

(

−∂P
∂V

)

T

=
1

V KT
> 0 ✭✷✳✶✸✮

❛s q✉❛✐s ♣♦❞❡♠ s❡r ❡①♣r❡ss❛❞❛s ❡♠ q✉❛♥t✐❞❛❞❡s ♠❡❞í✈❡✐s ❝♦♠♦ ♦ ❝❛❧♦r ❡s♣❡❝✐✜❝♦
❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ ❡ ❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛✳ ❊st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♥♦s
❞✐③❡♠ q✉❡ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ✢✉✐❞♦
♣✉r♦ é q✉❡ s❡✉ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡✭cp✮ ♦✉ s✉❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡
✐s♦tér♠✐❝❛ ✭KT ✮ s❡❥❛♠ ♣♦s✐t✐✈♦s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ s✐st❡♠❛ é ❡stá✈❡❧ ♦✉
♠❡t❛❡stá✈❡❧ s❡ ❛ ❛❞✐çã♦ ❞❡ ❝❛❧♦r ❛♦ s✐st❡♠❛ ✐♥❝r❡♠❡♥t❛ ❛ t❡♠♣❡r❛t✉r❛ ❛ ♣r❡ssã♦
❝♦♥st❛♥t❡✱ ♦✉ s❡ ✉♠❛ ❝♦♠♣r❡ssã♦ ✐s♦tér♠✐❝❛ ✐♠♣❧✐❝❛ ✉♠ ✐♥❝r❡♠❡♥t♦ ♥❛ ♣r❡ssã♦✳

❋✐s✐❝❛♠❡♥t❡ ❡st❡s ❝r✐tér✐♦s ❣❛r❛♥t❡♠ q✉❡ q✉❛❧q✉❡r ✢✉t✉❛çã♦ s♦❜r❡ s✉❜s✐s✲
t❡♠❛s ❞❡ ♥♦ss♦ ✢✉✐❞♦ sã♦ r❡st❛✉r❛❞❛s ♥♦ ❡q✉✐❧í❜r✐♦✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❞♦✐s ♣r♦✲
♣♦rçõ❡s ❞❡ ♥♦ss♦ s✐st❡♠❛ s❡ ❞❡s✈✐❛♠ ❞♦ ❡q✉✐❧í❜r✐♦ ❝♦♠ t❡♠♣❡r❛t✉r❛s ❞✐❢❡r❡♥t❡s
T1 ❡ T2✱ ♦♥❞❡ T1 é ♠❛✐♦r q✉❡ T2✳ ❊♥tã♦ ♦✉ ✢✉①♦ ❞❡ ❝❛❧♦r ❞♦ s✉❜s✐st❡♠❛ ❞❡ t❡♠✲
♣❡r❛t✉r❛ ♠❛✐s ❛❧t❛ T1 ❛♦ s✉❜s✐st❡♠❛ T2✱ ❡q✉✐❧✐❜r❛rá ❛s t❡♠♣❡r❛t✉r❛s s❡ ♦ s✐st❡♠❛
s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ❝❛❧♦r ❛✉♠❡♥t❛ ❛ t❡♠♣❡r❛t✉r❛✳ P♦r
♦✉tr❛ ♣❛rt❡ s❡ ✐♠❛❣✐♥❛♠♦s ❞♦✐s ♣❡q✉❡♥♦s s✉❜s✐st❡♠❛s ✭❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦
s✐st❡♠❛ t♦t❛❧✮ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ♣❛r❡❞❡ ✐♠❛❣✐♥ár✐❛ ♠ó✈❡❧ ❡ ❞✐❛tér♠✐❝❛✳ ❊♥tã♦
❝❛❞❛ s✉❜s✐st❡♠❛ ♠❛♥té♠ s✉❛ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡ ❛♦ ♠❛♥t❡r ❝♦♥t❛t♦ ❝♦♠ ♦
r❡st♦ ❞♦ s✐st❡♠❛ q✉❡ ❛t✉❛ ❝♦♠♦ r❡s❡r✈❛tór✐♦ ❞❡ ❝❛❧♦r✳ ❙❡ ❛s ♣r❡ssõ❡s ❞♦s s✉❜s✐s✲
t❡♠❛s ♥ã♦ sã♦ ✐❣✉❛✐s✱ ❡♥tã♦ ❛s ♣❛r❡❞❡s s❡ ♠♦✈❡♠ ❞❛ r❡❣✐ã♦ ❞❡ ♠❛✐s ❛❧t❛ ♣r❡ssã♦
à ♠❛✐s ❜❛✐①❛✱ ❛✉♠❡♥t❛♥❞♦ ♦ ✈♦❧✉♠❡ ♣❛r❛ ♦ s✉❜s✐st❡♠❛ ❞❡ ❛❧t❛ ♣r❡ssã♦ ❡ ❞✐♠✐♥✲
✉✐♥❞♦ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❜❛✐①❛ ♣r❡ssã♦✱ ♣r♦❝❡ss♦ q✉❡ s❡ ❡q✉✐❧✐❜r❛r❛ s❡ ♦ s✐st❡♠❛
s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ✉♠❛ ❡①♣❛♥sã♦ ✐s♦tér♠✐❝❛ ✐♠♣❧✐❝❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❛
♣r❡ssã♦✳
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✷✳✷ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠

❈♦♠♦ ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❝á❧❝✉❧♦s ❜❛s❡❛❞♦s ♥❛ ♠❡❝â♥✐❝❛ ❡st❛tís✲
t✐❝❛ ♦s q✉❛✐s ❛ss✉♠❡♠ q✉❡ ✉♠ s✐st❡♠❛ é ❤♦♠♦❣ê♥❡♦✱ ♦✉ ❛ ❡①tr❛♣♦❧❛çã♦ ✭♦✉
✐♥t❡r♣♦❧❛çã♦✮ ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ♣♦❞❡♠ ❧❡✈❛r ❛ ❡q✉❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s
✭❊♥tr♦♣✐❛✱ ❊♥❡r❣✐❛ ❞❡ ●✐❜❜s✱✳✳✳✮ q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ♦ ❝r✐tér✐♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡
❞❡ ❝♦♥❝❛✈✐❞❛❞❡ ✭♦✉ ❝♦♥✈❡①✐❞❛❞❡✮✳ ◗✉❛♥❞♦ ✐st♦ ❛❝♦♥t❡❝❡✱ s❛❜❡♠♦s q✉❡ ♥♦ss❛
s✉♣♦s✐çã♦ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ é ✐♥❝♦rr❡t❛ ❡ ♣♦rt❛♥t♦ ♥♦ss♦ s✐st❡♠❛ s❡ ❞✐✈✐❞❡ ❡♠
❞✉❛s ♦✉ ♠❛✐s ♣♦rçõ❡s✱ r♦♠♣❡♥❞♦ ❛ ❤♦♠♦❣❡♥❡✐❞❛❞❡✳ ❊st❛ s❡♣❛r❛çã♦ é ❝❤❛♠❛❞❛
❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❡ ❡stá ❛ss♦❝✐❛❞❛ ❝♦♠ ✉♠❛ r❡❣✐ã♦ ❧✐♥❡❛r ❡♠ ♥♦ss❛ r❡❧❛çã♦
❢✉♥❞❛♠❡♥t❛❧ ✭❈♦♠♦ ❇❍❋ ❡♠ ✷✳✶✮✳ ❊♠ ♣❛rt✐❝✉❧❛r ❝❤❛♠❛♠♦s ❞❡ tr❛♥s✐çã♦ ❞❡
♣r✐♠❡✐r❛ ♦r❞❡♠ ❛q✉❡❧❛s ♥❛s q✉❛✐s ♦s ❡st❛❞♦s ❡♥tr❡ ♦s q✉❡ ❛❝♦♥t❡❝❡ ❛ tr❛♥s✐çã♦
✭❇ ❡ ❋✮ sã♦ ❞✐st✐♥t♦s✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ r❡❣✐õ❡s s❡♣❛r❛❞❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❝♦♥✜❣✲
✉r❛çã♦✳

◆❡st❛ s❡çã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❜ás✐✲
❝❛s ❞❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❡♥tr❡ ✢✉✐❞♦s✱ t❛✐s ❝♦♠♦ ❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦ ✈♦❧✉♠❡✱
❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛❧♦r ❧❛t❡♥t❡ ✭❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❛ ❡♥tr♦♣✐❛✮ ❡ ❛ r❡❧❛çã♦ ❡♥tr❡
✉♠ ✢✉✐❞♦ q✉❡ s❡ ❡①♣❛♥❞❡ ✭♦✉ ❝♦♥tr❛✐✮ ❞✉r❛♥t❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❡ s✉❛ ❧✐♥❤❛
❞❡ ❝♦❡①✐stê♥❝✐❛ ♥♦ ♣❧❛♥♦ ❞❡ ❢❛s❡ P✲❚✳

❋✐❣✉r❛ ✷✳✷✿ ■s♦t❡r♠❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❞❡s❝r✐t❛ ♣♦r ❧❛ ❡q✉❛çã♦ ❞❡ ❱❛♥ ❞❡r
❲❛❛❧s✳ ✭❛✮ Pr❡ssã♦ ❝♦♠♦ ❢✉♥çã♦ ❞♦ ✈♦❧✉♠❡ ♠♦❧❛r ♣❛r❛ ❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s
✭T1 < T2 < T3 < T4✮ ✱ ❝✉r✈❛ ❜✐♥♦❞❛❧ ✭− · ·−✮ ❡ ❝✉r✈❛ s♣✐♥♦❞❛❧ ✭· · ·✮ ❞❛ tr❛♥s✐çã♦✳
✭❜✮ ❘❡♣r❡s❡♥t❛çã♦ ✐♥❞✐✈✐❞✉❛❧ ❞❛ ✐s♦t❡r♠❛ T1✳✭❆❞❛♣t❛❞♦ ❞❡ ❈❛❧❧❡♥ ❬✽✷❪✮

❈♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦ ❡♠ tr❛♥s✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r✲
❞❡♠ ❡♠ ✢✉✐❞♦s ♣✉r♦s ✭♥❂✶ ✮✳ ❆ tr❛♥s✐çã♦ ❞❡ ✐♥t❡r❡ss❡ é ✉♠❛ tr❛♥s✐çã♦ ❡♥tr❡
❞♦✐s ✢✉✐❞♦s ✭❧íq✉✐❞♦✲❣ás✱ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ✮✳ ❊st❛s tr❛♥s✐çõ❡s ♣♦❞❡♠ t❡r ❡q✉❛çõ❡s
❞❡ ❡st❛❞♦ ❞❡ ❢♦r♠❛s ❝♦♠♣❧❡①❛s✱ ♠❛s ♣♦r ✜♥s ♣❡❞❛❣ó❣✐❝♦s ❡ s❡♠ ♣❡r❞❛s ❞❡ ❣❡♥✲
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❡r❛❧✐❞❛❞❡ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❞❡ t✐♣♦ ❱❛♥ ❞❡r ❲❛❛❧s✶✳
❆ ❋✐❣✉r❛ ✷✳✷✳❛ ✐❧✉str❛ ❡sq✉❡♠❛t✐❝❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ✐s♦t❡r♠❛s

❞❡st❡ s✐st❡♠❛ q✉❡ s✉♣♦♥❤❛♠♦s s❡r ❤♦♠♦❣ê♥❡♦✱ ❡ ❝♦♠♦ ✉♠ ❝❛s♦ ❡s♣❡❝í✜❝♦ ✐❧✉s✲
tr❛♠♦s ✉♠❛ ❞❛s ✐s♦t❡r♠❛s ♥❛ ❋✐❣✉r❛ ✷✳✷✳❜✳ ◆❡st❛ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ♥♦ss❛
s✉♣♦s✐çã♦ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡st❛ ❡rr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s r❡♣r❡s❡♥t❛❞♦s ♣❡❧❛
♣♦rçã♦ ❞❛ ❝✉r✈❛ ❋❑▼✱ ♣♦✐s ❡st❛ r❡❣ã♦ ♥ã♦ s❛t✐s❢❛③ ♦ ❝r✐tér✐♦ ✷✳✶✸✳ P♦rt❛♥t♦
♥♦ss❛ s✉♣♦s✐çã♦ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ t❡♠ ✉♠ ❧✐♠✐t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✭❙♣✐♥♦❞❛❧✮ ♣❡❧❛
❞✐r❡✐t❛✭❡st❛❞♦ ❋✮ ❡ ✉♠ ❧✐♠✐t❡ ♣é❧❛ ❡sq✉❡r❞❛✭❡st❛❞♦ ▼✮✳ ◆♦ ❡♥t❛♥t♦ ❡ss❡s ❡st❛✲
❞♦s ❤♦♠♦❣ê♥❡♦s ♥ã♦ sã♦ ❡stá✈❡✐s ❞❡s♣❡✐t♦ ❛ q✉❛❧q✉❡r ✢✉t✉❛çã♦ ♦✉ ✐♠♣✉r❡③❛ ❡
❛❧❣✉♥s ❞❡st❡s sã♦ ♠❡t❛❡stá✈❡✐s ✭❙❡çã♦ ✷✳✸✮ ❝♦♠♦ ❛❝♦♥t❡❝✐❛ ❝♦♠ ♦ ❡st❛❞♦s ❇❈ ❡
❊❋ ❞❛ ❋✐❣✉r❛ ✷✳✶✳ ❉❡ t♦❞♦s ❡st❡s ❡st❛❞♦s ❤♦♠♦❣ê♥❡♦s ♦s ❡st❛❞♦s ❡stá✈❡✐s sã♦
❛q✉❡❧❡s q✉❡ s❛t✐s❢❛③❡♠ ♦s ❝r✐tér✐♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❣❧♦❜❛❧✳ ❉❡st❛ ❢♦r♠❛✱ ♣❛r❛
❞❡t❡r♠✐♥❛r ❛ ✐s♦t❡r♠❛ q✉❡ r❡♣r❡s❡♥t❛ ♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦✱ é ♣r❡❝✐s♦ ❢♦rç❛r
♥♦ss❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❛ s❡r ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦s ❝r✐tér✐♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ r❡❛❧✐③❛r ✐st♦✱ ❞❡t❡r♠✐♥❛♠♦s ❛ ❢✉♥çã♦ ❞❡ ●✐❜❜s✱ ❛tr❛✈és
❞❛ r❡❧❛çã♦ ❞❡ ●✐❜❜s✲❉✉❤❡♠ ✭❆♣ê♥❞✐❝❡ ❇✮

µ = −sdT + vdP ✭✷✳✶✹✮

❡ ✐♥t❡❣r❛♥❞♦ à t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡ ♦❜t❡♠♦s

µ =

ˆ

vdP + φ(T ) ✭✷✳✶✺✮

q✉❡ ♣❛r❛ ♥♦ss♦ ❝❛s♦ t❡♠ ❛ ❢♦r♠❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✸✳

❋✐❣✉r❡ ✷✳✸✿ ✭❛✮ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r
❞❛ ❡q✉❛çã♦ ✷✳✶✺ ♣❛r❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✳ ✭❜✮ ■s♦t❡r♠❛ ❞❡ ❡q✉✐❧í❜r✐♦
❣❧♦❜❛❧♠❡♥t❡ ❡stá✈❡❧ ABDKORS ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞♦ ❝r✐tér✐♦ ❞❡ ár❡❛s ✐❣✉❛✐s ➪r❡❛
■❂➪r❡❛ ■■✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❈❛❧❧❡♥ ❬✽✷❪✮

❈♦♠ ❛ ❛❥✉❞❛ ❞❛ ❋✐❣✉r❛ ✷✳✷✳❜ ❡ ❛ ❋✐❣✉r❛ ✷✳✸✳❛✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ❛s
✐s♦t❡r♠❛s ❞♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦✳ P❛r❛ ✐ss♦ t❡♠♦s q✉❡ ♦❜s❡r✈❛r

✶❊q✉❛çã♦ ❞❡ ❱❛♥ ❞❡r ❲❛❛❧s P = NRT/(V − bN) − N2a/V 2 = RT/(v − b) − a/V 2 =
RT/(v − b) − a2

1/V 2
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q✉❡ ♣❛r❛ ♣r❡ssõ❡s ♠❡♥♦r❡s q✉❡ ❛ ♣r❡ssã♦ ❡♠ B ❡ ❛ ♣r❡ssõ❡s ♠❛✐♦r❡s q✉❡ ❛ ♣r❡ssã♦
R✱ ✉♠ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦ ❝♦♠ ♣r❡ssã♦ ❡ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡ ❛♣r❡s❡♥t❛ ✉♠
ú♥✐❝♦ ✈❛❧♦r ❞♦ ✈♦❧✉♠❡✳ ❊♥tr❡t❛♥t♦✱ ♣❛r❛ ♣r❡ssõ❡s ✐♥t❡r♠é❞✐❛s t❡♠♦s trés ❡st❛❞♦s
❞✐s♣♦♥í✈❡✐s✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞❡ C,L ❡ N ✳ ◆♦ ❡♥t❛♥t♦✱ só ✉♠ ❞❡st❡s é ♦ ❡st❛❞♦ ❞❡
❡q✉✐❧í❜r✐♦ ❣❧♦❜❛❧✳ ❊st❡ ❡st❛❞♦ ♥ã♦ ♣♦❞❡ s❡r L ♣♦✐s ♥ã♦ s❛t✐s❢❛③ ♦ ❝r✐tér✐♦ ❧♦❝❛❧
❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ ❉♦s ❞♦✐s ♦✉tr♦s ❡st❛❞♦s✱ ♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ é ❛q✉❡❧❡ q✉❡ é
♠✐♥✐♠♦ ❣❧♦❜❛❧ ❞❛ ❢✉♥çã♦ ❞❡ ●✐❜❜s✳ ◆❡st❡ ❝❛s♦✱ é ♦ ❡st❛❞♦ C✱ ❝♦♥❢♦r♠❡ ♠♦str❛
❛ ❋✐❣✉r❛ ✷✳✸✳❛✳

▼❛♥t❡♥❞♦ ❡st❡ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s ❝♦♠ ♣r❡ssõ❡s ❡♥tr❡
PB ❡ PR✱ ❝❤❡❣❛♠♦s à ❝♦♥❝❧✉sã♦ q✉❡ ❛ ✐s♦t❡r♠❛ ♣r♦❝✉r❛❞❛ é ABCDOQRS✱
♦♥❞❡ ♦s ❡st❛❞♦s ❡♥tr❡ O ❡ D ❡stã♦ ✉♥✐❞♦s ♣♦r ✉♠❛ ❧✐♥❤❛ ❤♦r✐③♦♥t❛❧ ♥❛ ❋✐❣✉r❛
✷✳✷✳❜ ❝✉❥♦s ♣♦♥t♦s r❡♣r❡s❡♥t❛♠ ♠✐st✉r❛s ❞❛s ❞✉❛s ❢❛s❡s O ❡ D✳ ❆❧é♠ ❞✐ss♦ s❡✉s
♣♦t❡♥❝✐❛✐s q✉í♠✐❝♦s sã♦ ✐❣✉❛✐s µO = µD✱ ♦✉ s❡❥❛ q✉❡

Ô

D

v(P )dP = 0, ✭✷✳✶✻✮

s❡♣❛r❛♥❞♦ ❡st❛ ✐♥t❡❣r❛❧ ❡♠ q✉❛tr♦ ♣❛rt❡s✱ t❡♠♦s q✉❡

F̂

D

v(P )dP +

K̂

F

v(P )dP +

M̂

K

v(P )dP +

Ô

M

v(P )dP = 0, ✭✷✳✶✼✮

❡ r❡❛rr❛♥❥❛♥❞♦ ♦❜t❡♠♦s q✉❡

F̂

D

v(P )dP −
F̂

K

v(P )dP =

K̂

M

v(P )dP −
Ô

M

v(P )dP, ✭✷✳✶✽✮

q✉❡ ♥♦s ❞✐③ q✉❡ ♦s ♣♦♥t♦s ❖ ❡ ❉ ❞✐✈✐❞❡♠ ♥♦ss❛ ❝✉r✈❛ ❡♠ r❡❣✐õ❡s ■ ✭❞❡❧✐♠✐t❛❞❛
♣♦r ❉❊❋❏❑❉✮ ❡ ■■ ✭❞❡❧✐♠✐t❛❞❛ ♣♦r ❖◆▼▲❑❖✮ ❞❡ ❢♦r♠❛ q✉❡

AreaI = AreaII, ✭✷✳✶✾✮

✈❡r ❋✐❣✉r❛ ✷✳✸✳❜✳

✷✳✷✳✶ ❉❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦ ❱♦❧✉♠❡

❈♦♠♦ ❢♦✐ ✈✐st♦ ♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r✱ q✉❛♥❞♦ ♥♦ss♦ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛ ❝♦♠ ✉♠❛
♣r❡ssã♦ ✐❣✉❛❧ à ♣r❡ssã♦ ❞❛ tr❛♥s✐çã♦✱ ❡♥tã♦ ♥ã♦ é ♣♦ssí✈❡❧ t❡r ❡st❛❞♦s ❤♦♠♦❣ê✲
♥❡♦s ❞✐❢❡r❡♥t❡s ❞❡ ❖ ❡ ❉✱ ❝♦♠ ✈♦❧✉♠❡s ✐♥t❡r♠❡❞✐ár✐♦s ❛ vO ❡ vD✳ ▼♦str❛♥❞♦
q✉❡ ♦ ✈♦❧✉♠❡ ❡s♣❡❝í✜❝♦ ❛♣r❡s❡♥t❛ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❡st❛ ♣r❡ssã♦ ♣❛r❛ s✐s✲
t❡♠❛s ❡stá✈❡✐s ❤♦♠♦❣ê♥❡♦s✳ ❋✐s✐❝❛♠❡♥t❡ ❡st❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ é ♣r❡❡♥❝❤✐❞❛ ❝♦♠
❡st❛❞♦s ♥ã♦✲❤♦♠♦❣ê♥❡♦s ❞❡ ✈♦❧✉♠❡s ♠♦❧❛r❡s ♠é❞✐♦s vT ❝♦♠♣r❡❡♥❞✐❞♦s ❡♥tr❡ vO

❡ vD✳ ❊st❡s ✈❛❧♦r❡s ♠é❞✐♦s sã♦ ❝❛❧❝✉❧❛❞♦s ♣♦r ✉♠❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛ q✉❡ ❧❡✈❛
❡♠ ❝♦♥t❛ ❛s ❢r❛❝çõ❡s ❞❡ ❝❛❞❛ ❢❛s❡ ✭xD, xO✮ ❤♦♠♦❣ê♥❡❛ ♣r❡s❡♥t❡ ♥♦ s✐st❡♠❛ ♥ã♦
❤♦♠♦❣ê♥❡♦✳
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❋✐❣✉r❡ ✷✳✹✿ ✭❛✮❘❡♣r❡s❡♥t❛çã♦ ❞✉♠ ❡st❛❞♦ vT ♥ã♦ ❤♦♠♦❣ê♥❡♦ r❡❣✐❞♦ ♣❡❧❛ r❡❣r❛
❞❛ ❜❛❧❛♥ç❛✳✭❜✮❋r❛❣♠❡♥t♦ ❞❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❞❛s ❞✉❛s ❢❛s❡s✳ ✭❆❞❛♣t❛❞♦ ❞❡
❈❛❧❧❡♥ ❬✽✷❪✮

❉❡st❛ ♠❛♥❡✐r❛✱ ♣❛r❛ ♦ ❡st❛❞♦ T ❞❛ ❋✐❣✉r❛ ✷✳✹✳❛✱ t❡rí❛♠♦s q✉❡

vT = xDvD + xOvO, ✭✷✳✷✵✮

♦♥❞❡

xD + xO = 1. ✭✷✳✷✶✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝♦♥❤❡❝❡♥❞♦ ♦ ✈♦❧✉♠❡ ❞♦ ❡st❛❞♦ ♥ã♦ ❤♦♠♦❣ê♥❡♦ ❡ ♦ ✈♦❧✉♠❡
❞❛s ❞✉❛s ❢❛s❡s ❤♦♠♦❣ê♥❡❛s q✉❡ ♦ ❝♦♠♣õ❡♠✱ é ♣♦ssí✈❡❧ s❛❜❡r ❛ ❢r❛çã♦ ❞❡ ❝❛❞❛
s✉❜s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦✳ ❊st❛ ❢r❛çã♦ é ❞❡t❡r♠✐♥❛❞❛ ❛tr❛✈és ❞❛ r❡❣r❛ ❞❛ ❜❛❧❛♥ç❛✷

xO(vT − vO) = (vD − vT )xD ✭✷✳✷✷✮

♦♥❞❡ ❛ r❡❧❛çã♦ ❢♦✐ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡

(xD + xO)vT = xDvD + xOvO. ✭✷✳✷✸✮

◆❡st❛ r❡❣r❛✱ (vT −vO) r❡♣r❡s❡♥t❛ ❛ ❞✐stâ♥❝✐❛ OT ❡♥q✉❛♥t♦ (vD−vT ) r❡♣r❡s❡♥t❛
❛ ❞✐st❛♥❝✐❛ TD ❞❛ ❋✐❣✉r❛ ✳ ❆❧é♠ ❞✐st♦ ♥♦t❛♠♦s q✉❡ µT = xOµO + xDµD =
µO = µD✳

✷✳✷✳✷ ❈❛❧♦r ❧❛t❡♥t❡

❆ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✈♦❧✉♠❡ ♠♦❧❛r ♠❡♥❝✐♦♥❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ♥ã♦ é ❛ ú♥✐❝❛
❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♣r❡s❡♥t❡ ♥❛ tr❛♥s✐çã♦✱ ♣♦✐s ✐♥t✉✐t✐✈❛♠❡♥t❡ é ❞❡ ❡s♣❡r❛r q✉❡ t♦❞♦
♣♦t❡♥❝✐❛❧ t❡r♠♦❞✐♥â♠✐❝♦ q✉❡ ❛♣r❡s❡♥t❡ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣❧í❝✐t❛ ❞♦ ✈♦❧✉♠❡

✷P♦r s❡r ♣❛r❡❝✐❞♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ❞✉❛s ♠❛ss❛s ♥♦s ❡①tr❡♠♦s ❞❡ ✉♠❛ ❜❛❧❛♥ç❛
❞❡ ❜r❛ç♦s ❞✐❢❡r❡♥t❡s✳
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s❡❥❛ ❞❡s❝♦♥t✐♥✉♦✳ ❊st❡ é ♦ ❝❛s♦ ❞❛ ❊♥tr♦♣✐❛✭S✮✱ ❞❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❡ ❍❡❧♠❤♦❧t③
✭A✮ ❡ ❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✭U✮✳

❆ ✈❛r✐❛çã♦ ♥❛ ❡♥tr♦♣✐❛✱ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛ ✐♥t❡❣r❛♥❞♦

ds =

(

∂s

∂v

)

T

dv =

(

∂P

∂T

)

v

dv, ✭✷✳✷✹✮

♦♥❞❡ ❛ r❡❧❛çã♦ P❂P✭❚✱✈✮ é ❝♦♥❤❡❝✐❞❛✱ ♣❛r❛ ❛ ✐s♦t❡r♠❛ ❤✐♣♦tét✐❝❛ ❖▼❑❋❉
✭❋✐❣✉r❛ ✷✳✷✳❜✮✳ ❖ r❡s✉❧t❛❞♦ é q✉❡ △s = sD − sO 6= 0 ❡✱ ♣♦rt❛♥t♦✱ ❛ tr❛♥s✐çã♦
❡♥tr❡ ✉♠❛ ❢❛s❡ ❤♦♠♦❣ê♥❡❛ O ❛ ✉♠❛ ❢❛s❡ ❤♦♠♦❣ê♥❡❛ D✱ s❡ ❝❛r❛❝t❡r✐③❛ ♣♦r ✉♠❛
tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r l = T△s ✭❝❛❧♦r ❧❛t❡♥t❡✮ ❡♥tr❡ ♦ s✐st❡♠❛ ❡ ♦ r❡s❡r✈❛tór✐♦✳
❊st❡ ❝❛❧♦r é ❡♠✐t✐❞♦ ♣♦r ✉♠ ♠♦❧ ❞❡ ♠❛t❡r✐❛❧ ❛♦ r❡❛❧✐③❛r ❛ tr❛♥s✐çã♦ ❞❡ D ♣❛r❛
O ✭❋✐❣✉r❛ ✷✳✹✳❛✮✳

P❛r❛ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❡ ❍❡❧♠❤♦❧t③ ♣♦r ♠♦❧✱ t❡♠♦s ❛ss♦❝✐❛❞❛ ✉♠❛ ❞❡s❝♦♥✲
t✐♥✉✐❞❛❞❡ P△v ❛ss♦❝✐❛❞❛ ❛♦ tr❛❜❛❧❤♦ r❡❛❧✐③❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❛♦ ❡①♣❛♥❞✐r s❡✉
✈♦❧✉♠❡ ♠♦❧❛r △v = vD − vO ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s ✉♠❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡
❡♥❡r❣✐❛ ♠♦❧❛r ❞❛❞♦ ♣♦r

△u = uD − uO = T△s− P△v. ✭✷✳✷✺✮

✷✳✷✳✸ ❊q✉❛çã♦ ❞❡ ❈❧❛✉s✐✉s✲❈❧❛♣❡②r♦♥

P❛r❛ ✉♠ s✐st❡♠❛ ♣✉r♦ é ❝❛r❛❝t❡ríst✐❝♦ q✉❡ ♣❛r❛ ✉♠❛ ❞❛❞❛ t❡♠♣❡r❛t✉r❛✱ só
t❡♠♦s ✉♠❛ ♣r❡ssã♦ ♥❛ q✉❛❧ ♣♦❞❡ ❛❝♦♥t❡❝❡r ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❡st✉❞❛❞❛✳ ❊st❛
♣r❡ssã♦ POD ✈❛r✐❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ❝♦♠♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛
✷✳✷✳❛✳ ❆ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡s❛♣❛r❡❝❡ ♥✉♠ ♣♦♥t♦ O′′′ ♥♦ q✉❛❧ ❛s
❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❞❡s❛♣❛r❡❝❡♠✳ ❊st❡ ♣♦♥t♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣♦♥t♦ ❝rít✐❝♦✳

❖ ❝♦♥❥✉♥t♦ ❞❡ ♣r❡ssõ❡s ❡ t❡♠♣❡r❛t✉r❛s ♥❛s q✉❛✐s ❛❝♦♥t❡❝❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡
❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞ã♦ ❢♦r♠❛ ❛ ✉♠❛ ❝✉r✈❛ ♥♦ ♣❧❛♥♦ P✲❚ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛✳ ❊st❛ ❝✉r✈❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ♣♦❞❡ s❡r r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❝❛❧♦r
❧❛t❡♥t❡ ❡ ❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✈♦❧✉♠❡ ❛tr❛✈és ❞❛ r❡❧❛çã♦

dP

dT
=

l

T△v , ✭✷✳✷✻✮

♦♥❞❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✈♦❧✉♠❡s é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ v′ − v✱ ♦♥❞❡ ♦ ✈♦❧✉♠❡ v′

❝♦rr❡s♣♦♥❞❡ à ❢❛s❡ ♥❛ tr❛♥s✐çã♦ q✉❡ é ❤♦♠♦❣ê♥❡❛ ❛♦ ❛✉♠❡♥t❛r ❛ t❡♠♣❡r❛t✉r❛✳
P♦r ✐st♦✱ ❝♦♥❤❡❝❡♥❞♦ ❛ ✐♥❝❧✐♥❛çã♦ ❞❡st❛ ❝✉r✈❛ é ♣♦ssí✈❡❧ ♣r❡❞✐③❡r s❡ ♦ s✐st❡♠❛
s❡ ❡①♣❛♥❞❡ ♦✉ s❡ ❝♦♥tr❛✐ ❛♦ ❧❡✈❛✲❧♦ ❞❛ ❢❛s❡ ❞❡ ♠❡♥♦r t❡♠♣❡r❛t✉r❛ à ❞❡ ♠❛✐♦r
t❡♠♣❡r❛t✉r❛✳

P❛r❛ ♦❜t❡r ❡st❛ ❡q✉❛çã♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❛tr♦ ❡st❛❞♦s A✱ A′✱ B ❡ B′

❝♦♠♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✹✳❜✱ ♦♥❞❡ ♦s ❡st❛❞♦s A ❡ B ❝♦rr❡s♣♦♥❞❡♠ ❛♦s
❡st❛❞♦s O ❞❛ ❋✐❣✉r❛ ✷✳✷✳❛ ❡ ♦s ❡st❛❞♦s A′ ❡ B′ ❛♦s ❡st❛❞♦s D✳ ❆❧é♠ ❞✐ss♦✱
µA = µA′ ❡ µB = µB′ ❡ ♣♦rt❛♥t♦

µB − µA = µB′ − µA′ ✭✷✳✷✼✮
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❉❡st❛ ♠❛♥❡✐r❛✱ ♣❛r❛ ❡st❛❞♦s A ❡ B t❛✐s q✉❡ PB − PA = dP ❡ TB − TA = dT
t❡♠♦s q✉❡

µB − µA = −sdT + vdP, ✭✷✳✷✽✮

µB′ − µA′ = −s′dT + v′dP, ✭✷✳✷✾✮

♦♥❞❡ ✉s❛♠♦s ❛ r❡❧❛çã♦ ❞❡ ●✐❜❜s✲❉✉❤❡♠ ✭❆♣ê♥❞✐❝❡ ❇✮✱ ❡ r❡♣r❡s❡♥t❛♠♦s ❛s ❡♥✲
tr♦♣✐❛s ♠♦❧❛r❡s ❞❡ ❝❛❞❛ ❢❛s❡ ♣♦r s ❡ s′✱ ❡ ♦s ✈♦❧✉♠❡s ♣♦r v ❡ v′✳ ❆♦ s✉❜st✐t✉✐r
❡st❛s ❡q✉❛çõ❡s ♥❛ ❡q✉❛çã♦ ✷✳✷✼ ♦❜t❡♠♦s

dP

dT
=
s′ − s

v′ − v
. ✭✷✳✸✵✮

❊♠♣r❡❣❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞♦ ❝❛❧♦r ❧❛t❡♥t❡ l = T△s✱ ♦❜t❡♠♦s ❛ r❡❧❛çã♦ ✷✳✷✻✱ q✉❡
é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ r❡❧❛çã♦ ❞❡ ❈❧❛✉s✐✉s✲❈❧❛♣❡②r♦♥✳

✷✳✸ ▼❡t❛❡st❛❜✐❧✐❞❛❞❡

❈♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ❡♠ s❡çõ❡s ❛♥t❡r✐♦r❡s✱ é ♣♦ssí✈❡❧ t❡r ❡st❛❞♦s t❡r♠♦❞✲
✐♥â♠✐❝♦s ♦s q✉❛✐s s❛t✐s❢❛③❡♠ ♦s ❝r✐tér✐♦s ❧♦❝❛✐s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♠❛s ♥ã♦ ♦s
❝r✐tér✐♦s ❣❧♦❜❛✐s✳ ❊st❡s ❡st❛❞♦s ♣♦❞❡♠ ❡①✐st✐r s❡ ♥ã♦ ❡stã♦ s✉❥❡✐t♦s ❛ ❣r❛♥❞❡s
✢✉t✉❛çõ❡s ♦✉ s❡ ♥ã♦ t❡♠ ✐♠♣✉r❡③❛s ♦✉ s❡♠❡♥t❡s ❞❛ ♥♦✈❛ ❢❛s❡ q✉❡ ♣r❡❝✐♣✐t❡♠ ❛
tr❛♥s✐çã♦ ♣❛r❛ ❛ ❢❛s❡ q✉❡ s❛t✐s❢❛③ ♦ ❝r✐tér✐♦ ❣❧♦❜❧❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ ❊st❡s ❡st❛❞♦s
♣♦❞❡♠ s❡r ❡st✉❞❛❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ s❡ s❡✉ t❡♠♣♦ ❞❡ ✈✐❞❛ τ é ♠❛✐s ❧♦♥❣♦
q✉❡ ♦ t❡♠♣♦ ❞❡ ♦❜s❡r✈❛çã♦ τobs✳ ❆❧é♠ ❞✐ss♦ é ♣♦ssí✈❡❧ r❡❛❧✐③❛r ✉♠ tr❛t❛♠❡♥t♦
t❡r♠♦❞✐♥â♠✐❝♦ ❛ ❡st❡s s❡ ♦ t❡♠♣♦ ❞❡ r❡❧❛①❛çã♦ ❡str✉t✉r❛❧ τrel é ♠❡♥♦r q✉❡ ♦
t❡♠♣♦ ❞❡ ♦❜s❡r✈❛çã♦ ❡✱ ♣♦r t❛♥t♦✱ τ > τobs >> τrel✳

❚❛❧✈❡③ ✉♠ ❞♦s ♠❛t❡r✐❛✐s ♠❡t❛❡stá✈❡✐s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♥❛ ✐♥❞✉str✐❛ é ♦
❞✐❛♠❛♥t❡ ♣♦r s✉❛ ❣r❛♥❞❡ ❞✉r❡③❛✱ r❡✈❡❧❛♥❞♦ q✉❡ ♦s t❡♠♣♦s ❞❡ ✈✐❞❛ ❞❡ ✉♠❛ ❢❛s❡
♠❡t❛❡stá✈❡❧ ♣♦❞❡♠ ❝❤❡❣❛r ❛ s❡r ♠✉✐t♦ ❧♦♥❣♦s✳ P♦r ✐ss♦ ♦ ❡st✉❞♦ ❞❡ ❡st❛❞♦s
♠❡t❛❡stá✈❡✐s é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ t❡❝♥♦❧♦❣✐❛✱ ♣♦✐s ❛ s✉❛ ❝♦♠♣r❡❡♥sã♦ ♣♦❞❡
❧❡✈❛r à ❡❧❛❜♦r❛çã♦ ❞❡ ♥♦✈♦s ♠❛t❡r✐❛✐s ♥❛ ✐♥❞✉str✐❛✳

✷✳✸✳✶ ❈♦♥❝❡✐t♦ ❆❜s♦❧✉t♦ ♦✉ r❡❧❛t✐✈♦❄

◗✉❛♥❞♦ ❢❛❧❛♠♦s ❞❡ ♠❡t❛❡st❛❜✐❧✐❞❛❞❡ ♣❡♥s❛♠♦s ❡♠ ✉♠ s✐st❡♠❛ q✉❡✱ ♣♦r ✐♥t❡r✲
❛çõ❡s ❝♦♠ ❛❣❡♥t❡s ❡①t❡r♥♦s ♦✉ ♣♦r ♣r♦❝❡ss♦s ✐♥t❡r♥♦s✱ ♣♦❞❡ ❡✈♦❧✉✐r ❛ ✉♠ ❡st❛❞♦
❡stá✈❡❧ ❡♠ r❡❧❛çã♦ ❛ q✉❛❧q✉❡r ✢✉t✉❛çã♦ s♦❜r❡ ♦ s✐st❡♠❛✳ ◆♦ ❡♥t❛♥t♦ ❛ ❡st❛✲
❜✐❧✐❞❛❞❡ ♥ã♦ é ✉♠ ❝♦♥❝❡✐t♦ ❛❜s♦❧✉t♦✱ ♣♦✐s é ♣r❡❝✐s♦ ❞❡✜♥✐r ❡♠ r❡❧❛çã♦ ❛ q✉❛❧
❝♦♥❞✐çã♦ ✉♠ ❞❛❞♦ s✐st❡♠❛ é ♠❡t❛❡stá✈❡❧✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❡st❛❞♦ ❡stá✈❡❧ q✉❡ é
❛❧❝❛♥ç❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❞❡♣❡♥❞❡ ❞❛s ❝♦♥❞✐çõ❡s ❡①t❡r♥❛s✳

P❛r❛ ❡s❝❧❛r❡❝❡r ✐st♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠ s✐st❡♠❛ ♠❡t❛❡stá✈❡❧ ◆ ✭❋✐❣✉r❛
✷✳✺✳❛✮ q✉❡ ❞❡❝❛✐ ❛ ✉♠ ❡st❛❞♦ ❡stá✈❡❧ ❈ q✉❛♥❞♦ ❡stá r❡str✐t♦ ❛ ♠❛♥t❡r s✉❛ t❡♠✲
♣❡r❛t✉r❛ ❡ ♣r❡ssã♦ ❝♦♥st❛♥t❡s✳ ◗✉❛♥❞♦ ❡stá ❧✐♠✐t❛❞♦ ❛ ♠❛♥t❡r ♦ ✈♦❧✉♠❡ ❡
t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡s✱ ♦ s✐st❡♠❛ ❡✈♦❧✉✐ ♣❛r❛ ♦ ❡st❛❞♦ ♥ã♦ ❤♦♠♦❣ê♥❡♦ ❳ q✉❡
t❡♠ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ❞❡ ❱ ❡ ❚✳
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❋✐❣✉r❡ ✷✳✺✿ ✭❛✮❈♦♥❝❡✐t♦ r❡❧❛t✐✈♦ ❞❛ ♠❡t❛❡st❛❜✐❧✐❞❛❞❡✳ ❯♠ ❡st❛❞♦ ♠❡t❛❡stá✈❡❧ ◆
❝❛✐ ❛♦ ❡st❛❞♦ ❳ s❡ ❡st❛ ❧✐♠✐t❛❞♦ ❛ ♠❛♥t❡r v, T ❝♦♥st❛♥t❡s✱ ♠❛s s❡ s✉❛ ❧✐♠✐t❛çã♦
é ♠❛♥t❡r ❛ P ❡ ❚ ❝♦♥st❛♥t❡s ❡♥tã♦ ❡❧❡ ✈❛✐ ♣❛r❛ ♦ ❡st❛❞♦ ❈✳ ✭❜✮ ❘❡♣r❡s❡♥t❛çã♦
❡sq✉❡♠át✐❝❛ ❞❛ s♣✐♥♦❞❛❧ ✭· · ·✮ ❡ ❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ✭❜✐♥♦❞❛❧ − · ·−✮ ❞❡ ❞✉❛s
❢❛s❡s ✢✉✐❞❛s ♥♦ ♣❧❛♥♦ P✲❚✳ ❆ ❧✐♥❤❛ s♣✐♥♦❞❛❧ ❧✐♠✐t❛ ❛ ❤✐st❡r❡s❡s ❞♦ s✐st❡♠❛ ❛♦
✈❛r✐❛r ❛ t❡♠♣❡r❛t✉r❛ ♦✉ ❛ ♣r❡ssã♦✳

❊st❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♠❡t❛❡st❛❜✐❧✐❞❛❞❡ é ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ❡♠ s✐♠✉❧❛çõ❡s
❛t♦♠íst✐❝❛s✱ ♣♦✐s é ❝♦♠✉♠ ❧❡✈❛r ✉♠ s✐st❡♠❛ ❛ ❡st❛❞♦s ♠❡t❛❡stá✈❡✐s ❝♦♠♦ ◆
♣❛rt✐♥❞♦ ❞❡ ❛❧❣✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❤♦♠♦❣ê♥❡♦ ✭♣♦r ❡①❡♠♣❧♦ ❙✮✳ P♦st❡r✐♦r♠❡♥t❡✱
❡st❡ s✐st❡♠❛ ♣♦❞❡ s❡r ♣r❡❝✐♣✐t❛❞♦ à ♥♦✈❛ ❢❛s❡ C ❛tr❛✈és ❞♦ r❡❧❛①❛♠❡♥t♦ ❞♦
s✐st❡♠❛ ♠❛♥t❡♥❞♦ ❛ ♣r❡ssã♦✱ t❡♠♣❡r❛t✉r❛ ❡ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♥st❛♥t❡s
✭◆P❚✮✳

✷✳✸✳✷ ❍✐st❡r❡s❡

❆♦ ✉t✐❧✐③❛r ❛ ❡q✉❛çã♦ ❞❛ ❱❛♥ ❞❡r ❲❛❛❧s ♣❛r❛ ♠♦❞❡❧❛r ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❣ás✱
✉♠ ❣ás ♣♦❞❡ s❡r r❡s❢r✐❛❞♦ ❛❧é♠ ❞❡ s✉❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡✈❛♣♦r❛çã♦ ✭❣ás s✉♣❡r✲
r❡s❢r✐❛❞♦✮ ♦✉ ♣♦❞❡ s❡r ❝♦♠♣r✐♠✐❞♦ ❛❜❛✐①♦ ❞❡ s❡✉ ✈♦❧✉♠❡ ❡stá✈❡❧✱ ♠❛♥t❡♥❞♦✲s❡
❡♠ ❢♦r♠❛ ♠❡t❛❡stá✈❡❧✳ ■st♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ♥ã♦ ❡①❝❡❞❡r ❛ ❝✉r✈❛ ✈❡r❞❡ ❞❛
❋✐❣✉r❛ ✷✳✷✳❛ ♦❜t✐❞❛ ❝♦♠♦ ❛ ❝♦❧❡çã♦ ❞❡ ❡st❛❞♦s ❋ ❛ ❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s ❞❛
❋✐❣✉r❛ ✷✳✷✳❜✳ ❊st❡s ❡st❛❞♦s ❋ s❛t✐s❢❛③❡♠

(

−∂P
∂V

)

T

=
1

V KT
= 0. ✭✷✳✸✶✮

❊st❛ ❝♦❧❡çã♦ ❞❡ ❡st❛❞♦s ❞❡✜♥❡ ✉♠❛ ❝✉r✈❛ ❝❤❛♠❛❞❛ ❞❡ ❙♣✐♥♦❞❛❧✱ q✉❡ ❧✐♠✐t❛ ❛
❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❣ás s✉♣❡r✲r❡s❢r✐❛❞♦✱ ❡ q✉❡ ❡st❛ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r t❡r ✉♠❛ ❢✉♥çã♦
r❡s♣♦st❛ KT ❞✐✈❡r❣❡♥t❡✳ P♦rt❛♥t♦ ♦ ❣ás s✉♣❡r✲r❡s❢r✐❛❞♦ ❡stá ❞❡❧✐♠✐t❛❞♦ à r❡❣✐ã♦
❝♦♠♣r❡❡♥❞✐❞❛ ♣❡❧❛ ❝✉r✈❛ s♣✐♥♦❞❛❧ ❡ ❛ ❝✉r✈❛ ❜✐♥♦❞❛❧ ❢♦r♠❛❞❛ ♣❡❧❛ ❝♦❧❡çã♦ ❞❡
♣♦♥t♦s ❉ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s✳

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ é ♣♦ssí✈❡❧ ❛q✉❡❝❡r ✭♦✉ ❡①♣❛♥❞✐r✮ ✉♠ ❧íq✉✐❞♦ ❛❝✐♠❛ ❞❡
s✉❛ t❡♠♣❡r❛t✉r❛ ✭✈♦❧✉♠❡✮ ❞❡ ❡✈❛♣♦r❛çã♦✱ ♠❛♥t❡♥❞♦✲♦ ♥♦ ❡st❛❞♦ ❧íq✉✐❞♦✳ ❊st❡
❡st❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❧íq✉✐❞♦ s✉♣❡r✲❛q✉❡❝✐❞♦ ❡ s❡ ❡♥❝♦♥tr❛ ❧✐♠✐t❛❞♦ à r❡❣✐ã♦
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r❡str✐♥❣✐❞❛ ♣❡❧♦ ❜r❛ç♦ ❞✐r❡✐t♦ ❞❛ ❝✉r✈❛ ❜✐♥♦❞❛❧ ✭❝♦❧❡çã♦ ❞❡ ♣♦♥t♦s ❖✮ ❡ ❛ ❝✉r✈❛
❙♣✐♥♦❞❛❧ ✭❈♦❧❡çã♦ ❞❡ ♣♦♥t♦s ▼✮ ❞❛ ❋✐❣✉r❛ ✷✳✷✳❛✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡st❛s
❝✉r✈❛s ♥♦ ♣❧❛♥♦ P✲❚ é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✺✳❜✱ ♥❛ q✉❛❧ ♣♦❞❡♠♦s ♦❜s❡r✈❛r
q✉❡ ❛ tr❛♥s✐çã♦ t❡r♠✐♥❛ ❡♠ ✉♠ ♣♦♥t♦ ♦♥❞❡ ❛ ❜✐♥♦❞❛❧ ❛ s♣✐♥♦❞❛❧ s❡ ✐♥t❡rs❡❝✲
t❛♠✳ ◆❡st❡ ♣♦♥t♦ ❝rít✐❝♦ ❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✈♦❧✉♠❡ ❞❡s❛♣❛r❡❝❡ ❡✱ ❝♦♥❢♦r♠❡
❡st❛♠♦s ♠❛✐s ♣❡rt♦ ❞❡st❡ ♣♦♥t♦ ❛ ❤✐st❡r❡s❡ ❞❛ tr❛♥s✐çã♦ ❞❡s❛♣❛r❡❝❡✳ ❯♠ ❡①✲
❡♠♣❧♦ ❞✐st♦ ❡st❛ ❜❛s❡❛❞♦ ♥❛s ❋✐❣✉r❛s ✷✳✷✳ ❯♠ s✐st❡♠❛ ♣♦❞❡ s❡r ❝♦♠♣r✐♠✐❞♦
❞❡ ✉♠ ✈♦❧✉♠❡ vA ❛ ✉♠ ✈♦❧✉♠❡ vS ❝♦♠ ✉♠❛ ❝❡rt❛ t❛①❛ ❞❡ ❝♦♠♣r❡ssã♦ t❛❧ q✉❡
♦ s✐st❡♠❛ s❡ ♠❛♥t❡♠ ❤♦♠♦❣ê♥❡♦ ❛té ♦ ❡st❛❞♦ ♠❡t❛❡stá✈❡❧ E✳ ◆❡st❡ ♣♦♥t♦ ♦
s✐st❡♠❛ s♦❢r❡ ❛ tr❛♥s✐çã♦ ❛♦ ❡st❛❞♦ Q ❡✱ ❝♦♥t✐♥✉❛♥❞♦ ❛ ❝♦♠♣r❡ssã♦✱ ✜♥❛❧♠❡♥t❡
❛t✐♥❣❡ ♦ ✈♦❧✉♠❡ vS ✳ ◆♦ ❡♥t❛♥t♦✱ s❡ t❡♥t❛♠♦s ❡①♣❛♥❞✐r ♦ s✐st❡♠❛ ❝♦♠ ❛ ♠❡s♠❛
♦✉ ♦✉tr❛ t❛①❛ é ♣♦ssí✈❡❧ q✉❡ ♦ s✐st❡♠❛ s❡ ♠❛♥t❡♥❤❛ ❤♦♠♦❣ê♥❡♦ ❛té ✉♠ ❡st❛❞♦
♠❡t❛❡stá✈❡❧ N ❛♥t❡s ❞❡ s♦❢r❡r ❛ tr❛♥s✐çã♦ ❛♦ ❡st❛❞♦ C✱ ♦♥❞❡ ❛♦ ❝♦♥t✐♥✉❛r ♦
♣r♦❝❡ss♦ ❞❡ ❡①♣❛♥sã♦ ❛❧❝❛♥ç❛rá ♦ ✈♦❧✉♠❡ vA✳ ◆❡st❡s ❞♦✐s ♣r♦❝❡ss♦s ♦ ❡st❛❞♦
♣❡r❝♦rr❡ ❝❛♠✐♥❤♦s ❞✐❢❡r❡♥t❡s ABCDEQRS ❡ SRQONCBA ❡♥❣❧♦❜❛♥❞♦ ✉♠❛
ár❡❛ CDEQONC q✉❡ ❞✐♠✐♥✉✐ ❝♦♥❢♦r♠❡ ✜❝❛♠♦s ♠❛✐s ♣❡rt♦ ❞♦ ♣♦♥t♦ ❝r✐t✐❝♦✳
❯♠ ♣r♦❝❡ss♦ s✐♠✐❧❛r ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ♠❛♥t❡♠♦s ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ ❡ ✈❛r✐❛♠♦s
❛ t❡♠♣❡r❛t✉r❛s ❞♦ s✐st❡♠❛ ❝♦♠ t❛①❛s ❞❡ ❛q✉❡❝✐♠❡♥t♦ ✭♦✉ r❡s❢r✐❛♠❡♥t♦✮ ♥ã♦
♥✉❧❛s✳ ❆q✉✐ ❛s ❧✐♥❤❛s ❙♣✐♥♦❞❛✐s ❞❛ ❋✐❣✉r❛ ✷✳✺✳❜ ❞❡❧✐♠✐t❛♠ ❡st❡ ♣r♦❝❡ss♦ ❞❡
❤✐st❡r❡s❡✳ Pr♦❝❡ss♦ q✉❡ t❛♠❜é♠ s❡ ❡♥❝♦♥tr❛ ❛❢❡t❛❞♦ ♣❡❧❛ ♠❛❣♥✐t✉❞❡ ❞❛s t❛①❛s
✭❛q✉❡❝✐♠❡♥t♦✲r❡s❢r✐❛♠❡♥t♦✱ ❝♦♠♣r❡ssã♦✲❡①♣❛♥sã♦✮ q✉❡ ❝♦♥❞✉③❡♠ ❛ tr❛♥s✐çã♦✱
❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝♦♠ ✉♠❛ t❛①❛ ❧❡♥t❛ ♦ s✐st❡♠❛ t❡♠ ♠❛✐s t❡♠♣♦ ♣❛r❛ s❡ r❡❧❛①❛r
q✉❡ ❝♦♠ ✉♠❛ t❛①❛ ♠❛✐♦r✱ ❞❡st❛ ❢♦r♠❛ ❛ ❤✐st❡r❡s❡ ❞✐♠✐♥✉✐ ❝♦♥❢♦r♠❡ ♠❛✐s ❧❡♥t❛
s❡❥❛ ❛ t❛①❛✳

✷✳✸✳✸ ❆ ❙♣✐♥♦❞❛❧ ❡ ❛ ❚▼❉ ✭❚❡♠♣❡r❛t✉r❛ ❞❡ ♠á①✐♠❛ ❞❡♥✲
s✐❞❛❞❡✮

❈♦♠♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r ♣❛r❛ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❣ás t✐♣♦
❱❛♥ ❞❡r ❲❛❛❧s✱ ♦s ❡st❛❞♦s ♠❡t❛❡stá✈❡✐s s✉♣❡r✲❛q✉❡❝✐❞♦s ❡ s✉♣❡r✲r❡s❢r✐❛❞♦s ❡①✲
✐❜❡♠ ✉♠ ❧✐♠✐t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❛❧é♠ ❞♦ q✉❛❧ ♥ã♦ ♣♦❞❡♠ ❡①✐st✐r✳ ◆❡st❡ ❧✐♠✐t❡
✭s♣✐♥♦❞❛❧✮ ❛ ❢✉♥çã♦ r❡♣♦st❛ kT ❞✐✈❡r❣❡ ✭❡q✉❛çã♦ ✷✳✸✶✮✳

❊st❡ ❧✐♠✐t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♥♦s ❧❡✈❛ à s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✱ ✏❊stã♦ ♦s ❡st❛❞♦s
♠❡t❛❡stá✈❡✐s ❞❡ t♦❞❛ tr❛♥s✐çã♦ ❧✐♠✐t❛❞♦s ♣♦r ✉♠❛ ❝✉r✈❛ s♣✐♥♦❞❛❧❄✑✳ ❊st❛ é ❛
♣r✐♥❝✐♣❛❧ q✉❡stã♦ ❞❡st❛ s✉❜s❡çã♦ ❡ t❛❧✈❡③ ✉♠❛s ❞❛s q✉❡stõ❡s ♠❛✐s ✐♠♣♦rt❛♥t❡s
♥❡st❡ tr❛❜❛❧❤♦✳ ❆ r❡s♣♦st❛ ❛ ❡st❛ q✉❡stã♦ ❛♣❛r❡♥t❡♠❡♥t❡ ✐♥❣❡♥✉❛✱ t❡♠ s✐❞♦
❢♦♥t❡ ❞❡ ✐♥✉♠❡rá✈❡✐s ❞✐s❝✉ssõ❡s ❡ ❛rtí❝✉❧♦s ❝✐❡♥tí✜❝♦s ✭❱❡r ■♥tr♦❞✉çã♦✮✳

❊♠ ❡s♣❡❝✐❛❧ ♦ ❢♦❝♦ ❞❛s ❞✐s❝✉ssõ❡s ✭♣r♦❜❧❡♠❛ ❛❜❡rt♦✮✱ r❡❝❛✐ ♥❛ ♣♦ss✐❜✐❧✐❞❛❞❡
❞❡ ❣❡♥❡r❛❧✐③❛r ♦s ❝r✐tér✐♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ t❡r♠♦❞✐♥â♠✐❝♦s✸ ❞♦s ✢✉✐❞♦s✱ q✉❛♥❞♦
❛ ♥♦✈❛ ❢❛s❡ é s♦❧✐❞❛✳ ❊st❛ ❞✐s❝✉ssã♦ ✜s✐❝❛♠❡♥t❡ s❡ ❜❛s❡✐❛ ♥♦ ❢❛t♦ ❞❡ ♦s só❧✐❞♦s
♦❢❡r❡❝❡r r❡s✐stê♥❝✐❛ às ✈❛r✐❛çõ❡s ❞❡ ❢♦r♠❛✱ ✈❛r✐á✈❡❧ q✉❡ é ✐rr❡❧❡✈❛♥t❡ ♣❛r❛ ♦s
❧íq✉✐❞♦s✳ P♦rt❛♥t♦✱ ❡♥q✉❛♥t♦ ♣❛r❛ ✉♠ ✢✉✐❞♦ ❝♦♠ ♠❛ss❛ ✜①❛✱ t❡♠♦s

dU = TdS − PdV, ✭✷✳✸✷✮

✸❈r✐tér✐♦s ❢✉♥❞❛♠❡♥t❛❞♦s ❡♠ ✉♠ s✐st❡♠❛ ♠❛❝r♦s❝ó♣✐❝♦ ❡ ❝♦♥t✐♥✉♦✳
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♣❛r❛ ✉♠ só❧✐❞♦

dU = TdS − V0σikduik, ✭✷✳✸✸✮

♦♥❞❡ σik ❡ uik sã♦ ♦s t❡♥s♦r❡s ❞❡ str❡ss ✭❚❡♥sã♦✮ ❡ str❛✐♥ ✭❞✐st♦rçã♦✮✱ q✉❡ ❧❡✈❛
❡♠ ❝♦♥t❛ q✉❡ ❛ ❢♦r♠❛ ❞❡ ✉♠ só❧✐❞♦ ♣♦❞❡ ✈❛r✐❛r ♣♦r ❢♦rç❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ♦✉
♣❡r♣❡♥❞✐❝✉❧❛r❡s às s✉❛s s✉♣❡r❢í❝✐❡s✱ t♦r❝❡♥❞♦ ❡ ❛❧♦♥❣❛♥❞♦ ♦ só❧✐❞♦ ♦r✐❣✐♥❛❧ ❞❡
✈♦❧✉♠❡ V0✳ ▲♦❣♦ ♦s ❝r✐tér✐♦s ✷✳✶✸ ❞❛ ✐♥st❛❜✐❧✐❞❛❞❡ ❞❛ ❢❛s❡ ❧✐q✉✐❞❛ s✉♣❡r✲r❡s❢r✐❛❞❛
♥ã♦ ♣♦❞❡♠ s❡r ♦s ❝r✐tér✐♦s r❡❧❡✈❛♥t❡s✱ ♣♦✐s ❡st❡s ❞❡s❝r❡✈❡♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠
✢✉✐❞♦ ❡♠ r❡❧❛çã♦ à ❢♦r♠❛çã♦ ❞❡ ♦✉tr❛ ❢❛s❡ ✢✉✐❞❛✳ ❯♠❛ ♠♦str❛ ❞✐ss♦ ❡stá ❡♠ q✉❡
♠✉✐t♦s ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s ♥ã♦ ❛♣r❡s❡♥t❛♠ ✐♥❝r❡♠❡♥t♦s ❛♥ô♠❛❧♦s ❞❡ s✉❛
❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ✐s♦tér♠✐❝❛✭kT ✮ ❡ s✉❛ ❝❛♣❛❝✐❞❛❞❡ ❝❛❧ór✐❝❛ ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡
✭CP ✮✳

❋✐❣✉r❡ ✷✳✻✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❛s trés ❡①♣❧✐❝❛çõ❡s ❡①✐st❡♥t❡s ♣❛r❛ ❛s
❛♥♦♠❛❧✐❛s ❡ ❛♣❛r❡♥t❡s ❞✐✈❡r❣ê♥❝✐❛s ❞❛s ❢✉♥çõ❡s r❡s♣♦st❛ ❞❡ ❛❧❣✉♥s ❧íq✉✐❞♦s✳ (a)❆
❙♣✐♥♦❞❛❧ s✉♣❡r ❛q✉❡❝✐❞❛ ce s❡ ✐♥t❡rs❡❝❛ ❝♦♠ ❛ ❚▼❉ ✭fae✱ ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ♦
♠✐♥✐♠♦ ❞❛s ✐só❝♦r❛s g✱h✮ ♦❝❛s✐♦♥❛♥❞♦ q✉❡ ❛ s♣✐♥♦❞❛❧ ✈✐r❡ ♣❛r❛ ❝♦♥✈❡rt✐✲s❡ ♥♦
❧✐♠✐t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ef ✳(b) ❆s ❛♣❛r❡♥t❡s ❞✐✈❡r❣ê♥❝✐❛s
sã♦ ❡①♣❧✐❝❛❞❛s ♣♦r ❛ ❝❡r❝❛♥✐❛ à s♣✐♥♦❞❛❧ ❞♦ ❧íq✉✐❞♦ ♠❛✐s ❞❡♥s♦ H ❡ ♦ ♥♦✈♦ ♣♦♥t♦
❝r✐t✐❝♦ C ′✱ ❡♠ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦ ❧íq✉✐❞♦ ✭❜✐♥♦❞❛❧ F ✮✳ (c) ❱❛r✐❛çõ❡s ❛❜r✉♣t❛s
♠❛s ✜♥✐t❛s ❞❛s ❢✉♥çõ❡s r❡s♣♦st❛ ❝♦♠♦ ❡①❡♠♣❧♦ kT ✳ ◆❛ ❋✐❣✉r❛ ❜✮ ❡ ❝✮ ❛ ❚▼❉
♥ã♦ ✐♥t❡rs❡❝❛ ❛ s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛✳❬✹✱ ✹✹✱ ✶✻❪

P♦r ♦✉tr❛ ♣❛rt❡✱ t❡♠♦s ❧íq✉✐❞♦s ❛♥ô♠❛❧♦s ❝♦♠♦ ❛ á❣✉❛ ✱ ♦ ●á❧✐♦✱ ❡♥tr❡ ♦✉t✲
r♦s q✉❡ ❡①♣❛♥❞❡♠ ❛♦ r❡s❢r✐❛r✱ ❛♣r❡s❡♥t❛♥❞♦ ❝♦♠♣♦rt❛♠❡♥t♦s ❛♥ô♠❛❧♦s ❡♠ s✉❛s
❢✉♥çõ❡s r❡s♣♦st❛ ✭♣♦r ❡①❡♠♣❧♦ kT ✮✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠♦ ❥á ❢♦✐ ♠❡♥✲
❝✐♦♥❛❞♦ ♥❛ ■♥tr♦❞✉çã♦ t❡♠ s✐❞♦ ❡①♣❧✐❝❛❞♦ ❞❡ ✸ ❢♦r♠❛s ❞✐❢❡r❡♥t❡s q✉❡ r❡s✉♠✐♠♦s
♥❛ ❝♦♥t✐♥✉❛çã♦✿

✶✳ ❊①✐st❡ ✉♠❛ ❧✐♥❤❛ s♣✐♥♦❞❛❧ ❝♦♥tí♥✉❛ ♣❛r❛ ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s✳ ❊st❛
❧✐♥❤❛ é ❛ ❝♦♥t✐♥✉❛çã♦ ❞❛ s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛ ❡ ❝✉❥❛ ♠✐♥✐♠❛ ♣r❡ssã♦
✭❚❡♥sã♦✮ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛ ❧✐♥❤❛ s✉♣❡r✲❛q✉❡❝✐❞❛ ✐♥t❡rs❡❝t❛ ♦✉tr❛ ❧✐♥❤❛
❞❡ ♠á①✐♠❛ ❞❡♥s✐❞❛❞❡ ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ ✭❚▼❉✮ ♥♦ ♣❧❛♥♦ P − T ✳ ❊st❛
s♣✐♥♦❞❛❧ s✉♣❡r✲r❡s❢r✐❛❞❛ é r❡s♣♦♥sá✈❡❧ ❞❛s ❛♣❛r❡♥t❡s ❞✐✈❡r❣ê♥❝✐❛s ✭kT →
∞✮ ❡ r❡♣r❡s❡♥t❛ ✉♠ ❧✐♠✐t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ✭❋✐❣✉r❛ ✷✳✻✳❛ ♦✉ ✶✳✷✮ ✳ ❬✶✹❪

✷✳ ❊①✐st❡ ✉♠❛ tr❛♥s✐çã♦ ❡♥tr❡ ❞♦✐s ✢✉✐❞♦s ✭❧íq✉✐❞♦✲❧íq✉✐❞♦✮ ❞✐❢❡r❡♥ç❛❞♦s ♣♦r
s✉❛ ❞❡♥s✐❞❛❞❡✳ ❚❛❧ tr❛♥s✐çã♦ t❡r♠✐♥❛ ❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡ s❡✉s ❡st❛❞♦s
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❡stã♦ ❧✐♠✐t❛❞♦s ♣♦r ✉♠❛ s♣✐♥♦❞❛❧✳ ❆ r❡❣✐ã♦ ❞❛ s♣✐♥♦❞❛❧ q✉❡ ❧✐♠✐t❛ ♦
❡st❛❞♦ ❞❡ ♠❛✐♦r t❡♠♣❡r❛t✉r❛✱ ❥✉♥t♦ ❝♦♠ ♦ ♣♦♥t♦ ❝r✐t✐❝♦ sã♦ ♦s r❡s♣♦♥sá✈❡✐s
♣❡❧❛s ❞✐✈❡r❣ê♥❝✐❛s✳ ❆❧é♠ ❞✐ss♦✱ ♥❡st❛ ❡①♣❧✐❝❛çã♦ ❛ ❚▼❉ ♥ã♦ ✐♥t❡rs❡❝t❛ ❛
s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛ t❛❧ ❝♦♠♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✻✳❜ ✭♦✉ ✶✳✸✮✳
❬✷✵✱ ✽✹✱ ✹✸✱ ✹✹❪

✸✳ ❋✐♥❛❧♠❡♥t❡✱ ♥❛ ú❧t✐♠❛ ❡①♣❧✐❝❛çã♦ ♥ã♦ ❛♣❛r❡❝❡♠ ❞✐✈❡r❣ê♥❝✐❛s✳ ◆❡st❛ ♥ã♦
t❡♠♦s ♥❡♠ ✉♠❛ s♣✐♥♦❞❛❧ s✉♣❡r✲r❡s❢r✐❛❞❛ ♥❡♠ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦ ❧íq✉✐❞♦✱
só t❡♠♦s ✉♠ ✐♥❝r❡♠❡♥t♦ ❛❜r✉♣t♦ ❞❛s ❢✉♥çõ❡s r❡s♣♦st❛ q✉❡ ♣❡r♠❛♥❡❝❡
✜♥✐t♦✳ ◆❡st❛ ❡①♣❧✐❝❛çã♦ ❛ ❚▼❉ t❛♠❜é♠ ♥ã♦ ✐♥t❡rs❡❝t❛ ❛ s♣✐♥♦❞❛❧ s✉♣❡r✲
❛q✉❡❝✐❞❛ ✭❋✐❣✉r❛ ✷✳✻✳❝ ♦✉ ✶✳✺✮✳ ❬✶✺✱ ✶✻❪

❊♠ t♦❞♦s ❡st❡s ❝❡♥ár✐♦s ❛ ❚▼❉ ❥♦❣❛ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡✱ ❞✐✈✐❞✐♥❞♦ ♦ ♣❧❛♥♦
P✲❚ ❡♠ ❞✉❛s r❡❣✐õ❡s ♦♥❞❡ ♦ ✢✉✐❞♦ t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥♦r♠❛❧✱ αP > 0 ❡
✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♥ô♠❛❧♦✱ αP < 0✳ ❊st❛ ú❧t✐♠❛ é ❛ r❡❣✐ã♦ ❞❡ ♠❛✐♦r ✐♥t❡r❡ss❡✳

✷✳✹ ❙✐♠✉❧❛çã♦ ❛t♦♠íst✐❝❛

❋✐♥❛❧♠❡♥t❡ ❝♦♥❝❧✉í♠♦s ❡st❡ ❈❛♣✐t✉❧♦ ❝♦♠ ✉♠❛ ✐❞é✐❛ ❣❡r❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❞✐♥â♠✐❝❛
♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ❝♦♠❡ç❛r✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡
❡st❡ é ✉♠ ♠ét♦❞♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ q✉❡✱ ❝♦♠♦ ♠✉✐t♦s✱ t❡♥t❛ ♠♦❞❡❧❛r ♦ ❝♦♠♣♦r✲
t❛♠❡♥t♦ ❞❛s ♠♦❧❡❝✉❧❛r ❡♠ ❞✐❢❡r❡♥t❡s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♦ ❛ q✉í♠✐❝❛✱
❜✐♦❧♦❣✐❛ ❡ ❛ ❝✐ê♥❝✐❛ ❞❡ ♠❛t❡r✐❛✐s✳

◆❡st❡ ♠ét♦❞♦ ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ é ❡s♣❡❝✐✜❝❛❞♦ ❡♠ t❡r♠♦s ❞❛s ♣♦s✐çõ❡s ❡
♠♦♠❡♥t♦s ❞❛s ♣❛rtí❝✉❧❛s ❝♦♥st✐t✉✐♥t❡s✳ ❊st❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦
♦❢❡r❡❝❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st✉❞❛r ♠✉✐t♦s ♦❜s❡r✈á✈❡✐s ❞❡ ✐♥t❡r❡ss❡✱ ♣♦ss✐❜✐❧✐t❛♥❞♦
t❡st❛r ❝♦♥❝❡✐t♦s t❡ór✐❝♦s✱ ❝♦♠♣❛r❛r r❡s✉❧t❛❞♦s ❝♦♠ ❡①♣❡r✐♠❡♥t♦s r❡❛✐s✱ ♦✉ ❞❡t❡r✲
♠✐♥❛r q✉❛♥t✐❞❛❞❡s q✉❡ sã♦ ❞✐❢í❝❡✐s ❞❡ ❞❡t❡r♠✐♥❛r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♦✉ t❡♦r✐✲
❝❛♠❡♥t❡✳ ❊♠ r❡s✉♠♦✱ ❡st❡ ♠ét♦❞♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❡♥t❡♥❞❡r ✉♠❛ q✉❡stã♦
❣❡r❛❧ ♦✉ ♣❛r❛ r❡s♣♦♥❞❡r q✉❡stõ❡s ❡s♣❡❝í✜❝❛s s♦❜r❡ ✉♠ ❞❛❞♦ s✐st❡♠❛ ❞❡ ♠❛tér✐❛
❝♦♥❞❡♥s❛❞❛✳

◆❡st❡ ♠ét♦❞♦ ❣❡r❛♠♦s ❛ tr❛❥❡tór✐❛ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ❝❧áss✐✲
❝❛s ♣❡❧❛ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❞❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✭◆❡✇t♦♥✱ ▲❛❣r❛♥❣❡✱
❍❛♠✐❧t♦♥✮ ♣❛r❛ ✉♠ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝♦ ❡s♣❡❝í✜❝♦✱ ❝♦♠ ❝❡rt❛s ❝♦♥❞✐çõ❡s ✐♥✐✲
❝✐❛✐s ✭CI✮ ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭CF ✮✳ ❯♠ ❡①❡♠♣❧♦ ❞❡st❡ t✐♣♦ ❞❡ ♣❛rtí❝✉✲
❧❛s sã♦ át♦♠♦s ♦✉ ♠♦❧é❝✉❧❛s ❧❡✈❡s ❝♦♠ ✈✐❜r❛çã♦✱ r♦t❛çã♦ ♦✉ tr❛♥s❧❛çã♦ ♦♥❞❡
kBT >> hν✱ ❡ ν é ❛ ❢r❡qüê♥❝✐❛ ✈✐❜r❛❝✐♦♥❛❧✳

❊♠ ❣❡r❛❧✱ ✉♠❛ s✐♠✉❧❛çã♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣♦❞❡ s❡r tr❛t❛❞❛ ❝♦♠♦ ✉♠
❡①♣❡r✐♠❡♥t♦ ♦♥❞❡ ♦ ✢✉①♦❣r❛♠❛ ❞♦ ♣r♦❝❡ss♦ é✿

❬❈♦♥✜❣✉r❛r s✐st❪ ❬❡q✉✐❧✐❜r❛çã♦❪ ❬Pr♦❞✉çã♦❪ ❬❙❛í❞❛❪

s❡❧❡çã♦ ❛♠♦str❛ ⇒ ♣r❡♣❛r❛r ❛♠♦str❛ ⇒ ♠é❞✐❛ ♣r♦♣r✐❡❞❛❞❡ ⇒ ❆♥á❧✐s❡ ❞❡ ❞❛❞♦s

✭◆✱❈■✱❈❋✮ ✭❛❧❝❛♥ç❛♥❞♦ ❚✱P✮ ✭❝❛❧❝✉❧❛r ▲ ♣❛ss♦s✮ ✭❝❛❧❝✳♣r♦♣r✐❡❞❛❞❡✮

◆❡st❡ ✢✉①♦❣r❛♠❛ ✭❡①♣❡r✐♠❡♥t♦ ✈✐rt✉❛❧✮ ❛ ❡ssê♥❝✐❛ ❞♦ ✢✉①♦ ❡stá ♥♦ ❝á❧❝✉❧♦ ❞❛s
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❢♦rç❛s ❡ ♥❛ ✐♥t❡❣r❛çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦✳ ❊♥tr❡t❛♥t♦✱ ♥ã♦ s❡r✐❛ ♣♦ssí✈❡❧
♦❜t❡r ❞❛❞♦s ♣❛r❛ ❛♥á❧✐s❡✱ s❡ ♥ã♦ ❢♦ss❡ ♣❡❧❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡
❢r♦♥t❡✐r❛✳

✷✳✹✳✶ ❈♦♥❞✐çõ❡s ❞❡ ❢♦♥t❡✐r❛ ✭❈❋✮

❆s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ sã♦ ❞✉❛s✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❝♦♥❞✐çõ❡s
♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ❡ ❡♠ s❡❣✉♥❞♦ s✐st❡♠❛ ❧✐✈r❡✳ ❆❧é♠ ❞✐ss♦ é ♣♦ssí✈❡❧ ♠✐s✲
t✉r❛r ❡st❛s ❞✉❛s✳

◆❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦✱ ❛ ❝❛✐①❛ ❞❡ s✐♠✉❧❛çã♦ t❡♠ ✐♠❛❣❡♥s ♣❡r✐ó❞✐❝❛s ❝♦♥tí❣✉❛s
✐♥✜♥✐t❛s ❡♥t♦r♥♦ ❞♦ s✐st❡♠❛ ✐♥✐❝✐❛❧✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ✉♠❛ ♣❛rtí❝✉❧❛ ❞❡ q✉❛❧q✉❡r
✐♠❛❣❡♠ ♣♦❞❡ ✐♥t❡r❛❣✐r ♥ã♦ só ❝♦♠ ♣❛rtí❝✉❧❛s ❞❛ ♠❡s♠❛ ✐♠❛❣❡♠✱ ♠❛s t❛♠❜é♠
❝♦♠ ♣❛rtí❝✉❧❛s ❞❡ ✐♠❛❣❡♥s ❛❞❥❛❝❡♥t❡s ✭✈❡r ❋✐❣✉r❛ ✷✳✼✮✳

❋✐❣✉r❡ ✷✳✼✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳ ❖
s✐st❡♠❛ ❞❡ ◆ ♣❛rtí❝✉❧❛s é r❡♣❧✐❝❛❞♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❝♦♠ ♦s ✈❡❝t♦r❡s h1✱ h2

❡ h3 q✉❡ t❛♠❜é♠ ❞❡✜♥❡♠ ❛ ❝❡❧✉❧❛ ♦r✐❣✐♥❛❧✳ ❊♠ ❡st❛s ❝♦♥❞✐çõ❡s ✉♠❛ ♣❛rtí❝✉❧❛
✐♥t❡r❛t✉❛ ❝♦♠ ♣❛rtí❝✉❧❛s ♠❛✐s ♣ró①✐♠❛s q✉❡ ✉♠❛ ❞✐st❛♥❝✐❛ rc✱ ✐♥❝❧✉s✐✈❡ ❝♦♠
❛❧❣✉♠❛s ♣❛rtí❝✉❧❛s r❡♣❧✐❝❛❞❛s ✭❆❞❛♣t❛❞♦ ❞❡ ❏✉ ▲✐❬✽✺❪✮✳

❯♠ s✐st❡♠❛ ❧✐✈r❡✱ ♥ã♦ ❛♣r❡s❡♥t❛ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
❛s ♣❛rtí❝✉❧❛s só ♣♦❞❡♠ ✐♥t❡r❛❣✐r ❝♦♠ ♦s át♦♠♦s ❞❛ ♣ró♣r✐❛ ❝❛✐①❛ ✱ ❝♦♠ ❢♦rç❛s
❡①t❡r♥❛s ❜❡♠ ❞❡✜♥✐❞❛s ✭❣r❛✈✐t❛çã♦✱✳✳✳✮ ❡ ❝♦♠ r❡s❡r✈❛tór✐♦s t❡r♠♦❞✐♥â♠✐❝♦s
✭Pr❡ssã♦✱ ❚❡♠♣❡r❛t✉r❛✱✳✳✳✮✳ ❋✐♥❛❧♠❡♥t❡ ♦ s✐st❡♠❛ ♠✐st♦ ♣♦r ❡①❡♠♣❧♦ ❡♠ ❢♦r♠❛
❞❡ ❝❛✐①❛✱ ♣♦❞❡ t❡r ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❡♠ ❛❧❣✉♠❛s ❞✐r❡çõ❡s ❡ ♥ã♦ ♣❡r✐ó❞✐❝❛s
❡♠s ♦✉tr❛s✳

✷✳✹✳✷ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛s ✭❈■✮

❙❡ ❧❡♠❜r❛♠♦s q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ◆❡✇t♦♥ sã♦ ❡q✉❛çõ❡s ❞✐❢❡r❡♥ç❛s ❞❡ s❡❣✉♥❞❛
♦r❞❡♠✱ ❡♥tã♦ é ❞❡ ❡s♣❡r❛r q✉❡ ♣❛r❛ q✉❡r❡r s✐♠✉❧❛r ✉♠ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉✲
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❧❛s é ♣r❡❝✐s♦ ❝♦♥❤❡❝❡r s✉❛s ♣♦s✐çõ❡s ❡ ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛❧♠❡♥t❡✳ P❛r❛ s✐st❡♠❛s
❝r✐st❛❧✐♥♦s ❛s ♣♦s✐çõ❡s ♣♦❞❡♠ s❡r ❢♦r♥❡❝✐❞❛s ♣♦r ❝♦♥✜❣✉r❛çõ❡s ❢❝❝✱ ❜❝❝✱ ❝s✱ ❡t❝✳
P❛r❛ ❛s ✈❡❧♦❝✐❞❛❞❡s ❛tr✐❜✉í♠♦s às ❞✐❢❡r❡♥t❡s ♣❛rtí❝✉❧❛s ✈❡❧♦❝✐❞❛❞❡s q✉❡ ♦❜❡❞❡✲
❝❡♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ▼❛①✇❡❧❧✲❇♦❧t③♠❛♥♥✱ ❡❧✐♠✐♥❛♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ❝❡♥tr♦
❞❡ ♠❛ss❛✳ ❊st❛ ❞✐str✐❜✉✐çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s t❡rá ❞❡s✐❣♥❛❞❛ ✉♠❛ t❡♠♣❡r❛t✉r❛
♠é❞✐❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ❡q✉✐♣❛rt✐çã♦ ❞❛ ❡♥❡r❣✐❛✱

T (t) =

N
∑

i=1

miv
2
i (t)

d kB N
. ✭✷✳✸✹✮

P❛r❛ s✐st❡♠❛s ❧íq✉✐❞♦s ❛s ♠❡❧❤♦r❡s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s sã♦ ♦❜t✐❞❛s ❛♦ ❢✉♥❞✐r
✉♠❛ ❡str✉t✉r❛ ❝r✐st❛❧✐♥❛✱ ❡ ♣❛r❛ só❧✐❞♦s ❛♠♦r❢♦s ♦ ♠❡❧❤♦r é r❡s❢r✐❛r ✉♠ ❧íq✉✐❞♦
r❛♣✐❞❛♠❡♥t❡ ❡✈✐t❛♥❞♦ ❛ ❝r✐st❛❧✐③❛çã♦✳

✷✳✹✳✸ ❈á❧❝✉❧♦ ❞❛s ❢♦rç❛s

❆ ♣❛rt❡ ❞❛ s✐♠✉❧❛çã♦ q✉❡ ❣❡r❛❧♠❡♥t❡ ❝♦♥s✉♠❡ ♦ ♠❛✐♦r t❡♠♣♦ ❞❡ ❈P❯✱ é ♦
❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ t♦t❛❧ ❛t✉❛♥❞♦ s♦❜r❡ ❝❛❞❛ ♣❛rtí❝✉❧❛✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ ❡st❡ ❝á❧❝✉❧♦
❞✐❢❡r❡ ♣❛r❛ ♦s ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♣♦t❡♥❝✐❛✐s✱ ♠❛s ❡♠ ♣♦t❡♥❝✐❛s ❛❞✐t✐✈♦s ❡♥tr❡ ♣❛r❡s
♦ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ é✿

fi =
∑

i 6=j

(

−1

r

∂V (r)

∂r

∣

∣

∣

∣

r=rij

)

r̂ij =
∑

j 6=i

fij ✭✷✳✸✺✮

♦♥❞❡ r̂ij é ✉♠ ✈❡❝t♦r ✉♥✐tár✐♦ ❡♥tr❡ ❛ ♣❛rtí❝✉❧❛ j ❡ ❛ ♣❛rtí❝✉❧❛ i✱ ❡ fij ❛ ❢♦rç❛
s♦❜r❡ ♦ át♦♠♦ i ❞❡✈✐❞♦ ❛♦ át♦♠♦ j✳ ❖♥❞❡ fji = −fij ♣♦✐s r̂ji = −r̂ij ✱ s✐♠❡tr✐❛
q✉❡ ❣❡r❛❧♠❡♥t❡ é ✉t✐❧✐③❛❞❛ ♣❛r❛ r❡❞✉③✐r ♦s t❡♠♣♦s ❞❡ ❝♦♠♣✉t❛çã♦ à ♠❡t❛❞❡✳
❆❧é♠ ❞❡ ✉t✐❧✐③❛r ❛s s✐♠❡tr✐❛s ♣❛r❛ r❡❞✉③✐r ♦s t❡♠♣♦s ❞❡ ❝á❧❝✉❧♦✱ t❛♠❜é♠ ❡①✲
✐st❡♠ té❝♥✐❝❛s ❡✜❝✐❡♥t❡s ♣❛r❛ ❛✉♠❡♥t❛r ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❛✈❛❧✐❛çã♦ ❞❛s ❢♦rç❛s ❞❡
❝✉rt♦✹ ❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❬✽✻❪✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ s✐st❡♠❛s ❝♦♠ ✐♥t❡r❛çõ❡s ❞❡ ❝✉rt♦
❛❧❝❛♥❝❡ é ❞❡ ❝♦st✉♠❡ ✉t✐❧✐③❛r ✉♠ r❛❞✐♦ ❞❡ ❝♦rt❡ rc ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ✐♥t❡r❛çõ❡s
✐♥t❡r♠♦❧❡❝✉❧❛r❡s ❞♦ s✐st❡♠❛✳ ❊st❡ ♣❛râ♠❡tr♦ t❡♠ q✉❡ s❡r ♠❡♥♦r q✉❡ ❛ ♠❡t❛❞❡
❞❛s ❞✐♠❡♥sõ❡s ❞❛ ❝❛✐①❛ q✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s✱ ❡ é ❡s✲
❝♦❧❤✐❞♦ ❞❡ ♠♦❞♦ q✉❡ ♦ ❛✉♠❡♥t♦ ❞❡st❡ ♥ã♦ ❧❡✈❛ ❛ ❣r❛♥❞❡s ✈❛r✐❛çõ❡s ❞❛ ❡♥❡r❣✐❛
❞♦ s✐st❡♠❛✳ ❚❛♠❜é♠ é ❞❡ ❝♦st✉♠❡ r❡❛❧✐③❛r ✉♠❛ ❧✐st❛ ❞❡ ✈✐③✐♥❤♦s✱ q✉❡ é ✉♠❛
♦✉tr❛ ♠❡❞✐❞❛ ♣❛r❛ r❡❞✉③✐r ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❬✽✻✱ ✽✼✱ ✾✹❪✳

✷✳✹✳✹ ■♥t❡❣r❛çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

◆❡st❡ ♣♦♥t♦✱ ✉s❛♠♦s ❛s ♣♦s✐çõ❡s ❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ t♦❞❛s ❛s ♣❛rtí❝✉❧❛s ♥♦ ♣r❡s❡♥t❡✱
❝♦♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❢♦rç❛s ❛t✉❛♥❞♦ s♦❜r❡ ❡❧❛s ♣❛r❛ ♣r❡❞✐③❡r ❛s ♣♦s✐çõ❡s ♥♦
♣ró①✐♠♦ ♣❛ss♦ t❡♠♣♦r❛❧ ✭△t✮

✹❈✉rt♦ ❛❧❝❛♥❝❡ s✐❣♥✐✜❝❛ q✉❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ t♦t❛❧ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ é ❞♦♠✐♥❛❞❛ ♣♦r ❛
✐♥t❡r❛çã♦ ❝♦♠ ♦s ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s q✉❡ ✉♠❛ ❞✐st❛♥❝✐❛ rc✳ ❙✐♠❜♦❧✐❝❛♠❡♥t❡ ♣r❡❝✐s❛♠♦s

q✉❡ ♦ t❡r♠♦ ❞❡ ❝♦rr❡çã♦ Nρ
2

´∞
rc

dr u(r)4πr
2

s❡❥❛ ♣❡q✉❡♥♦ ❡ ✜♥✐t♦ ♦✉ s❡❥❛ q✉❡ ♦ ♣♦t❡♥❝✐❛❧

❞❡❝❛✐❛ ♠❛✐s rá♣✐❞♦ q✉❡ r−3✳



❈❆P❮❚❯▲❖ ✷✳ ❚❊❖❘■❆ ✸✹

x3N (t0) → x3N (t0 + △t) → x3N (t0 + 2△t) → · · · → x3N (t0 + L△t).

❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ♣♦r ❞✐❢❡r❡♥t❡s ❛❧❣♦r✐t♠♦s ❝♦♠♦ ❱❡r❧❡t✱
❧❡❛♣✲❢r♦❣✱ ✈❡❧♦❝✐t② ❱❡r❧❡t✱ ❇❡❡♠❛♥ ❛❧❣♦r✐t❤♠✱ ♣r❡❞✐❝t♦r✲❝♦rr❡❝t♦r✱ ❡t❝ ❬✽✼✱ ✽✻✱
✽✽✱ ✽✾✱ ✾✵❪✳ P♦r ❡①❡♠♣❧♦ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❱❡r❧❡t ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡✱ ❝♦♠❡ç❛♠♦s
❝♦♠ x3N (t0) ❡ v3N (t0)✱ ❡♥tã♦✱

xi(t0 + △t) = xi(t0) + vi(t0)△t+
1

2

(

fi(t0)

mi

)

(△t)2, ✭✷✳✸✻✮

❛✈❛❧✐❛♠♦s f3N (t0 + △t)✱ ❡ ❞❡♣♦✐s✱

vi(t0 + △t) = vi(t0) +
1

2

(

fi(t0)

mi
+
fi(t0 + △t)

mi

)

△t, ✭✷✳✸✼✮

❡ ❛ss✐♠ ❛✈❛♥ç❛♠♦s ✉♠ ♣❛ss♦✳
❊st❡s ♠ét♦❞♦s ❞❡ ✐♥t❡❣r❛çã♦ ❡♠ ❣❡r❛❧ ♣♦❞❡♠ s❡r ✉s❛❞♦s ❡♠ q✉❛❧q✉❡r t✐♣♦

❞❡ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❡♠ ❡s♣❡❝✐❛❧ ♥❛s ❡q✉❛çõ❡s ❞❡ ◆❡✇t♦♥ ❝♦♠♦ ❥á ❢♦✐
♠♦str❛❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ❡st❛s ❡q✉❛çõ❡s ♣♦❞❡♠ s❡r ❞❡r✐✈❛❞❛s ❞❡ ✉♠❛ ❍❛♠✐❧t♦♥✐✲
❛♥❛ ❡ ♣♦rt❛♥t♦ ❝♦♥s❡r✈❛♠ ❛ ❡♥❡r❣✐❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❡♠ s❡♠♣r❡ s❡ tr❛❜❛❧❤❛
❝♦♠ ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠ s✐st❡♠❛ ❝♦♥st❛♥t❡ ❡ s❡♠ ✢✉t✉❛çõ❡s✳ ❊st❡ é ♦ ❝❛s♦ ❞❡ s✐s✲
t❡♠❛s ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ ♦✉ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✱ ♣♦r ❡①❡♠♣❧♦✳ P❛r❛ ♠♦❞✲
❡❧❛r s✐st❡♠❛s s✉❥❡✐t♦s ❛ ♦✉tr❛s ❝♦♥❞✐çõ❡s t❡r♠♦❞✐♥â♠✐❝❛s é ♣r❡❝✐s♦ ♠♦❞✐✜❝❛r ❛s
❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦✳ ❊st❡s ♠ét♦❞♦s r❡❢♦r♠✉❧❛♠ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦
❞♦ s✐st❡♠❛✱ ✐♥tr♦❞✉③✐♥❞♦ ♣❛râ♠❡tr♦s ❡ ✈❛r✐á✈❡✐s ❛❞✐❝✐♦♥❛✐s ❛ss♦❝✐❛❞❛s ❛ ✉♠❛
❞✐♥â♠✐❝❛ ✜❝tí❝✐❛ ❞♦ r❡s❡r✈❛tór✐♦ ❡♠ ❝♦♥t❛t♦ ✭t❡r♠♦st❛t♦ ◆♦s❡✲❍♦♦✈❡r✮✳ ❊st❛
❞✐♥â♠✐❝❛ ❡s♣❡❝✐❛❧ ❢♦r♠❛ ✉♠❛ ♥✉✈❡♠ ♥♦ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡ q✉❡ t❡♠ ❛ ❞✐str✐❜✉✐çã♦
❞❡ ❞❡♥s✐❞❛❞❡ ❞❡s❡❥❛❞❛ ❬✾✶✱ ✾✷✱ ✾✸❪✳

✷✳✹✳✺ ❈á❧❝✉❧♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s

❖ ❝á❧❝✉❧♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ❞✉r❛♥t❡ ❛ s✐♠✉❧❛çã♦ ♦✉ ❛♦ ✜♥❛❧✐③❛r
❡st❛✳ ❆q✉✐ ♥♦ss♦ ♣r♦♣♦s✐t♦ é ❝❛❧❝✉❧❛r ♠é❞✐❛s ❞❡ ❡♥s❡♠❜❧❡ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s✳
▼❛s ♣❛r❛ q✉❡ ✐ss♦ s❡❥❛ ♣♦ssí✈❡❧✱ t❡♠♦s q✉❡ t❡r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣r❡ss❛r ❡ss❛s
q✉❛♥t✐❞❛❞❡s ❝♦♠♦ ❢✉♥çã♦ ❞❛s ♣♦s✐çõ❡s ❡ ❞♦s ♠♦♠❡♥t♦s ❞♦ s✐st❡♠❛✳ ❆s ♣♦ssí✈❡✐s
♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ ❝❛❧❝✉❧❛r✱ ♣♦❞❡♠ s❡r ❛❣r✉♣❛❞❛s ❡♠ q✉❛tr♦ ❝❛t❡❣♦r✐❛s✿

✶✳ ❈❛r❛❝t❡r✐③❛çã♦ ❡str✉t✉r❛❧✿ P♦r ❡①❡♠♣❧♦ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧
❣✭r✮✱ ♦ ❢❛t♦r ❞❡ ❡str✉t✉r❛ ❙✭q✮✱ ❡t❝

✷✳ ❊q✉❛çã♦ ❞❡ ❡st❛❞♦✿ P♦r ❡①❡♠♣❧♦ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡✱ ❢✉♥çõ❡s
r❡s♣♦st❛ ❝♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❡①♣❛♥sã♦ tér♠✐❝❛✱ ❡t❝

✸✳ ❚r❛♥s♣♦rt❡✿ ❈♦♠♦ ❛ ✈✐s❝♦s✐❞❛❞❡✱ ❞✐❢✉s✐✈✐❞❛❞❡✱ ❝♦♥❞✉t✐✈✐❞❛❞❡ tér♠✐❝❛✱
❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦✱ ❡t❝✳

✹✳ ❘❡s♣♦st❛s ❢♦r❛ ❞♦ ❡q✉✐❧í❜r✐♦✿ ♣♦r ❡①❡♠♣❧♦ ❞❡❢♦r♠❛çã♦ ♣❧ást✐❝❛✺✱ ❡t❝✳
✺❉❡❢♦r♠❛çã♦ ♣❡r♠❛♥❡♥t❡ ❞❡ ✉♠ ❝♦r♣♦ q✉❡ ♣♦r t❛♥t♦ ♥ã♦ s❡❣✉❡ ❛ ❧❡✐ ❞❡ ❍♦♦❦❡✳
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❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❝❛❧❝✉❧❛❞❛s sã♦ ❛ t❡♠♣❡r❛t✉r❛ ❛ ♣r❡ssã♦ ❡ ♦
❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ✭▼❙❉✮✱ ♦♥❞❡ s❡✉s ✈❛❧♦r❡s ✐♥st❛♥tâ♥❡♦s sã♦ ❞❛✲
❞♦s ♣♦r

T (t) =

N
∑

i=1

miv
2
i (t)

d kN
✭✷✳✸✽✮

P (t) =
NkBT (t)

V (t)
+

∑N
i ri(t) • fi(t)

d V (t)
✭✷✳✸✾✮

r2(t) =
1

N

N
∑

i=1

(ri(t) − ri(0))
2
. ✭✷✳✹✵✮

❆ ú❧t✐♠❛ ❡q✉❛çã♦ é ✉♠❛ ❞❡✜♥✐çã♦ ❡♥q✉❛♥t♦ ❛s ♦✉tr❛s sã♦ ♣r♦♣r✐❡❞❛❞❡s ❝❧áss✐❝❛s
❜❛s❡❛❞❛s ♥♦ ♣rí♥❝✐♣✐♦ ❞❡ ❡q✉✐♣❛rt✐çã♦ ❡ ♥♦ t❡♦r❡♠❛ ❞♦ ✈✐r✐❛❧✳ ◆❡st❛s N é ♦
♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ✱ mi é ❛ ♠❛ss❛ ❞❛ ♣❛rtí❝✉❧❛ i ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vi✱ ♣♦s✐çã♦
ri ❡ ❝♦♠ ✉♠❛ ❢♦rç❛ t♦t❛❧ fi ✳ V r❡♣r❡s❡♥t❛ ♦ ✈♦❧✉♠❡ ❞♦ s✐st❡♠❛✱ kB ❛ ❝♦♥st❛♥t❡
❞❡ ❇♦❧t③♠❛♥♥ ❡ d ❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ ✭✷❞ ♦✉ ✸❞✮✳

❆❧é♠ ❞❡ ❝❛❧❝✉❧❛r ♣r♦♣r✐❡❞❛❞❡s ✐♥st❛♥tâ♥❡❛s✱ t❛♠❜é♠ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r s❡✉s
✈❛❧♦r❡s ❞❡ ❡q✉✐❧í❜r✐♦ ✭t❡r♠♦❞✐♥❛♠✐❝❛♠❡♥t❡ ❢❛❧❛♥❞♦✮✳ P❛r❛ ✐st♦ ❞❡✐①❛♠♦s q✉❡
♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ✐♥st❛♥tâ♥❡❛s ✭P ✱ T ✱ V ✱ U ✱ etc✮ s❡ ❡st❛❜✐❧✐③❡♠✱ ❛té
✢✉t✉❛r❡♠ ❡♠ t♦r♥♦ ❞❡ ✉♠ ✈❛❧♦r ♠é❞✐♦✱ ❡ ❝❛❧❝✉❧❛♠♦s ❛ ♠é❞✐❛ t❡♠♣♦r❛❧✳ ❙❡
❛ss✉♠❡ q✉❡ ❡st❛ ♠❡❞✐❛ ❝♦rr❡s♣♦♥❞❡ ❛♦s ✈❛❧♦r❡s ♠é❞✐♦s ♠❡❞✐❞♦s ❡①♣❡r✐♠❡♥t❛❧✲
♠❡♥t❡ s♦❜r❡ ❡s❝❛❧❛s ❞❡ t❡♠♣♦ ❞✐❢❡r❡♥t❡s✳ P♦r ✐ss♦ é ♣r❡❝✐s♦ q✉❡ ❡st❡ ✈❛❧♦r ♥ã♦
s❡❥❛ ♠✉✐t♦ ❛❢❡t❛❞♦ ❛♦ ✐♥❝r❡♠❡♥t❛r ♦ t❡♠♣♦ ❞❡ ✐♥t❡❣r❛çã♦✱ ♥❡♠ ♣♦r ♠✉❞❛r ❛s
❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ❙✐♠❜♦❧✐❝❛♠❡♥t❡ t❡♠♦s q✉❡

F (r) =
1

tsim

tsim
ˆ

0

dt′ F (r; t′) =
1

texp

texp
ˆ

0

dt′ F (r; t′) ✭✷✳✹✶✮

♦♥❞❡ F é ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐♥t❡r❡ss❡✱ tsim é ♦ t❡♠♣♦ ♣❛r❛ r❡❛❧✐③❛r ❛ ♠é❞✐❛ s♦❜r❡
❛ s✐♠✉❧❛çã♦ ❡ texp ❡ ♦ t❡♠♣♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ ♠❡❞✐❞❛ ❡①♣❡r✐♠❡♥t❛❧✳
◆❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❡stá q✉❡ ♦s t❡♠♣♦s ❞❡ s✐♠✉❧❛çã♦ ❞❡✈❡♠ s❡r
❞❛ ♦r❞❡♠ ♦✉ ♠❛✐♦r❡s q✉❡ ♦s t❡♠♣♦s ❞❡ r❡❧❛①❛çã♦ ❞♦ s✐st❡♠❛✱ ❡st❛❜❡❧❡❝❡♥❞♦ ✉♠
❧✐♠✐t❡ ✐♥❢❡r✐♦r à t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ❡st✉❞❛❞♦ ✻✳

❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ❛♣r♦❢✉♥❞❛r✲s❡ ❡♠ t❡r♠♦❞✐♥â♠✐❝❛✱ s✐st❡♠❛s ♠❡t❛❡stá✈❡✐s
❡ ♠ét♦❞♦s ❞❡ s✐♠✉❧❛çã♦ é ❝♦♥✈✐❞❛❞♦ ❛ ❧❡r t❡①t♦s ♠❛✐s ♣r♦❢✉♥❞♦s ❝♦♠♦ ♦ ❈❛❧❧❡♥❬✽✶✱
✽✷❪✱ ❩❛r❛t❡ ❬✽✸❪✱ ❉❡❜❡♥❡❞❡tt✐ ❬✹❪✱ ❏✉ ▲✐ ❬✽✺❪✱ ❋r❡♥❦❡❧ ❬✽✻❪✱ ❆❧❧❡♥ ❬✽✼❪ ♥♦s q✉❛✐s
❡stá ❜❛s❡❛❞♦ ❡st❡ ❈❛♣✐t✉❧♦✳

✻●❡r❛❧♠❡♥t❡ ♦s t❡♠♣♦s ❞❡ r❡❧❛①❛çã♦ ❛✉♠❡♥t❛♠ ❝♦♥❢♦r♠❡ ❞❡s❝❡ ❛ t❡♠♣❡r❛t✉r❛✳
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❈❛♣ít✉❧♦ ✸

❙✐♠✉❧❛çõ❡s ❡ ❘❡s✉❧t❛❞♦s

◆❡st❡ ❝❛♣✐t✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❛♦
s✐♠✉❧❛r ♦ ●á❧✐♦ ✭✻✾✳✼✷ ✉✳♠✳❛✮ ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧ s❡♠✐✲❡♠♣ír✐❝♦ ❞❡ ❇❛s❦❡s ❬✼✾❪✳ ❚♦✲
❞❛s ❛s s✐♠✉❧❛çõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ❝♦♠ ♦ ❝ó❞✐❣♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝♦
▲❆▼▼P❙ ❬✾✹❪✳

❊♠ t♦❞❛s ❡ss❛s s✐♠✉❧❛çõ❡s✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❢r♦♥✲
t❡✐r❛✱ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ✐♥t❡❣r❛çã♦ t✐♣♦ ❱❡r❧❡t ♣❛r❛ ❛s ✈❡❧♦❝✐❞❛❞❡s ❡ ✉♠ t❡♠♣♦
❞❡ ✐♥t❡❣r❛çã♦ ❞❡ △t = 1.5fs✳ ❖✉tr♦s ♣❛râ♠❡tr♦s ❛❞✐❝✐♦♥❛✐s ❢♦r❛♠ ✉♠ r❛✐♦ ❞❡
❝♦rt❡ ❞❡ rc = 5Ȧ✱ ❡ ❛❧❣✉♥s ♣❛râ♠❡tr♦s ❞♦s ❡♥s❡♠❜❧❡s ❢♦r❛♠ P❞❛♠♣❂✶✱ ❚❞❛♠♣❂
✵✳✵✼✱ ❞r❛❣❂✵ ✭✈❡r ▲❆▼▼P❙ ❬✾✹❪✮✳

◆♦ss♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❞✐s❝✉ssõ❡s ❛♣r❡s❡♥t❛❞❛s ❛ s❡❣✉✐r
❡st❛ ♥❛ s✉♣♦s✐çã♦ q✉❡ ♦ ●á❧✐♦ ❧íq✉✐❞♦ s❛t✐s❢❛③ ❛❧❣✉♠ ❞♦s três ❝♦♠♣♦rt❛♠❡♥t♦s
❡①♣♦st♦s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❧íq✉✐❞♦s ❛♥ô♠❛❧♦s ✭❙❡çõ❡s ✶✳✶✱ ✷✳✸✳✸✮✱ ❡♥tr❡ ❡st❡s ❛
♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦ ●á❧✐♦ ❛♣r❡s❡♥t❛r ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳

✸✳✶ ❈♦♠♦ é ❛ s♣✐♥♦❞❛❧ s✉♣❡r❛q✉❡❝✐❞❛❄

❙❡ ♥♦ss❛ s✉♣♦s✐çã♦ ❢♦r ❝❡rt❛ ❡ ♦ ●á❧✐♦ ❛♣r❡s❡♥t❛r ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✱
❡♥tã♦ ♥♦ ❝♦♥t❡①t♦ ❞❛s três t❡♦r✐❛s ❡①♣♦st❛s✱ ❛ ❝✉r✈❛ ❞❡ ♠á①✐♠❛ ❞❡♥s✐❞❛❞❡ ❚▼❉
❡ ❛ s♣✐♥♦❞❛❧ s✉♣❡r❛q✉❡❝✐❞❛ ♥✉♥❝❛ s❡ ✐♥t❡rs❡❝t❛r✐❛♠✳ P♦r ✐ss♦ ♥♦ss♦ ♣r✐♠❡✐r♦
♦❜❥❡t✐✈♦ ♥❛ ♣r♦❝✉r❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ é ♦❜s❡r✈❛r ❡ ❛♥❛❧✐s❛r ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❛s ❞✉❛s ❝✉r✈❛s✳

❈♦♠ ❡st❡ ✐♥t✉✐t♦ r❡❛❧✐③❛♠♦s ❞✐✈❡rs❛s s✐♠✉❧❛çõ❡s ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❛♠❜❛s✳ ❆
♣r✐♠❡✐r❛ ❞❡st❛s s✐♠✉❧❛çõ❡s ❝♦♥s✐st✐✉ ❡♠ r❡❛❧✐③❛r ❡①♣❛♥sõ❡s ✐s♦tér♠✐❝❛s ❞♦ ●á❧✐♦
❧íq✉✐❞♦ ❛ ❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s✳ ❚❛✐s ❡①♣❛♥sõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ♠❛♥t❡♥❞♦ ♦
s✐st❡♠❛ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ ❞❡ t❡♠♣❡r❛t✉r❛✱ ❡ ♠❛♥t❡♥❞♦ ♦ ✈♦❧✉♠❡
✜①♦ ❞✉r❛♥t❡ ✉♠ ♣❡rí♦❞♦ ❞❡ ✻✶✳✷♣s✳ ❆♣ós ❡st❡ ♣❡rí♦❞♦ ✈❛r✐❛♠♦s ♦ ✈♦❧✉♠❡ ❞❛
❝❛✐①❛✱ r❡❧❛①❛♠♦s ❞✉r❛♥t❡ ✻✶✳✷♣s✱ ❡ r❡♣❡t✐♠♦s ♦ ❝✐❝❧♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s
❞♦ ✈♦❧✉♠❡✳ ❖✉ ♦❜❥❡t✐✈♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❞❡t❡r♠✐♥❛r ❛ s♣✐♥♦❞❛❧ s✉♣❡r✲
❛q✉❡❝✐❞❛✱ ❡♥❝♦♥tr❛♥❞♦ ♣♦♥t♦s P❱❚ ✭♣r❡ssã♦✱ ✈♦❧✉♠❡✱ t❡♠♣❡r❛t✉r❛✮ ♥♦s q✉❛✐s
❛t✐♥❣✐♠♦s ♦s ❧✐♠✐t❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ✭❡q✉❛çã♦ ✷✳✸✶✮✳ ◆❡st❛ ❝♦♥❞✐çã♦ ✱ ♦ s✐st❡♠❛

✸✼
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❋✐❣✉r❛ ✸✳✶✿ ❉✐❛❣r❛♠❛ ❞❛ s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛ ❡ ❞❛ ❝✉r✈❛ ❚▼❉ ♦❜t✐❞❛s
❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❆ s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛ ❢♦✐ ♦❜t✐❞❛ ♣♦r ❡①♣❛♥sã♦
✐s♦tér♠✐❝❛ ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ❡ ♦ ●á❧✐♦ ❧íq✉✐❞♦ s✉♣❡r✲r❡s❢r✐❛❞♦ (�)✱ ❡ t❛♠❜é♠
♣♦r r❡s❢r✐❛♠❡♥t♦ ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ❛ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡ (H)✳ ❆ ❝✉r✈❛ ❚▼❉ (�)
❢♦✐ ♦❜t✐❞❛ t❛♠❜é♠ ♣♦r r❡s❢r✐❛♠❡♥t♦ ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ❛ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡✱ ♠❛s
♣❛r❛ ✈❛❧♦r❡s ❞♦ ✈♦❧✉♠❡ ♠❡♥♦r❡s✳ ❖s ♣♦♥t♦s ① r❡♣r❡s❡♥t❛♠ ♣♦♥t♦s ❞❡ ♣r❡ssã♦
❡ t❡♠♣❡r❛t✉r❛ ✜①❛s ♥♦s q✉❛✐s ❢♦✐ ❝❛❧❝✉❧❛❞♦ ♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦
✭▼❙❉✮✳

t❡r✐❛ q✉❡ ❡①♣❡r✐♠❡♥t❛r ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❛ ♣r❡ssã♦ ❞❡✈✐❞♦ à ❝♦❡①✐stê♥❝✐❛
❧íq✉✐❞♦✲✈❛♣♦r✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ t❛❧ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♣❛r❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡
✼✺✵❑ é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✭✸✳✷❛✮✳

❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢♦✐ r❡♣❡t✐❞♦ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❞❡ ✽✺✵❑✱✾✺✵❑✱ ✳✳✳✱ ✶✽✺✵❑
❝♦♠ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ ❞❡ ●á❧✐♦ ❢✉♥❞✐❞♦ à ♣r❡ssã♦ ③❡r♦✳ P❛r❛ ❝❛❞❛ ✉♠❛
❞❡st❛s s✐♠✉❧❛çõ❡s ❢♦✐ ♠❡❞✐❞❛ ❛ ♣r❡ssã♦ ♥❛ q✉❛❧ ♦ s✐st❡♠❛ ❛t✐♥❣❡ ♦ ❧✐♠✐t❡ ❞❡
❡st❛❜✐❧✐❞❛❞❡ ❡ ❛ ❝♦❧❡çã♦ ❞❡st❡s ♣♦♥t♦s ✭P✱❚✮ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✶
♣❡❧♦s ❞✐❛♠❛♥t❡s ✈❡r❞❡s(�)✳ ◆♦ ❡♥t❛♥t♦ ❢♦✐ ♣r❡❝✐s♦ ❛♠♣❧✐❛r ❛ r❡❣✐ã♦ ❡st✉❞❛❞❛ ❛
r❡❣✐õ❡s s✉♣❡r✲r❡s❢r✐❛❞❛s ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ✜❝❛r ❝❛❞❛ ✈❡③ ♠❛✐s ♣❡rt♦ ❞❛ ❝✉r✈❛
❚▼❉✳ P❛r❛ ✐st♦ ❢✉♥❞✐♠♦s ♦ ●❛■ ❧❡✈❛♥❞♦✲♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✺✺✵❑ ❡
✉♠❛ ♣r❡ssã♦ ❞❡ ✶✻●P❛✳ ❘❡❧❛①❛♠♦s ❡st❛ ❡str✉t✉r❛ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❞✐♠✐♥✉í♠♦s ❛
t❡♠♣❡r❛t✉r❛ ❛ ✈❛❧♦r❡s ❞❡ ✻✵✱✾✵✱✳✳✳✺✹✵✱✺✺✵✱✻✺✵❑ ♠❛♥t❡♥❞♦ ♦ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡✳
❆♣ós ❞✐st♦ ✉t✐❧✐③❛♠♦s ❡st❡s s✐st❡♠❛s ❝♦♠♦ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛s ♣❛r❛ ✉♠❛ ❡①♣❛♥sã♦
✐s♦tér♠✐❝❛ ❝♦♠♦ ❢♦✐ ❞❡s❝r✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡ ♥♦✈❛♠❡♥t❡ ♠❡❞✐♠♦s ♦s ❧✐♠✐t❡s ❞❡
❡st❛❜✐❧✐❞❛❞❡✳ ❚❛✐s r❡s✉❧t❛❞♦s sã♦ ❞❡s❝r✐t♦s t❛♠❜é♠ ♣♦r ❞✐❛♠❛♥t❡s ✈❡r❞❡s ♥❛
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❋✐❣✉r❛ ✸✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛
❝✉r✈❛ s♣✐♥♦❞❛❧ ❧íq✉✐❞♦✲✈❛♣♦r✱ ♠ét♦❞♦s q✉❡ ♠✐♥✐♠✐③❛♠ ❛s ✢✉t✉❛çõ❡s ♥♦ ✈♦❧✉♠❡
❛♦ ♠❛♥t❡r ♦ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡ s♦❜r❡ ❝❛❞❛ ♣❛t❛♠❛r✱ ♣❡r♠✐t✐♥❞♦ ✜❝❛r ♠❛✐s ♣❡rt♦
❞❡ ♥♦ss❛ ❝✉r✈❛ s♣✐♥♦❞❛❧✳ ✭❛✮ ❊①♣❛♥sã♦ ✐s♦tér♠✐❝❛ ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ❛ ✉♠❛ t❡♠✲
♣❡r❛t✉r❛ ❞❡ ✼✺✵❑✱ ❡ ✭❜✮ r❡s❢r✐❛♠❡♥t♦ ✐s♦❝ór✐❝♦ ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ❝♦♠ ✉♠ ✈♦❧✉♠❡
❞❡ 30.377Ȧ3 ♣♦r át♦♠♦✳

❋✐❣✉r❛ ✸✳✶✳ P❛r❛ t❡♠♣❡r❛t✉r❛s ❛❜❛✐①♦ ❞❡ ✺✹✵❑ ♦s ❡rr♦s ❛✉♠❡♥t❛♠ ❞❡✈✐❞♦ à
❧❡♥t✐❞ã♦ ❞❛ ❞✐♥â♠✐❝❛✳ ▼❡s♠♦ ❛ss✐♠✱ ♦s r❡s✉❧t❛❞♦s ❛♣❛r❡♥t❡♠❡♥t❡ ✐♥❞✐❝❛♠ q✉❡
❛ s♣✐♥♦❞❛❧ ❧íq✉✐❞♦✲✈❛♣♦r ♥ã♦ ✈✐r❛ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ ♣❛r❛ s❡ t♦r♥❛r ✉♠ ❧✐♠✐t❡ ❞❡
❡st❛❜✐❧✐❞❛❞❡ ❞♦s ❧íq✉✐❞♦s s✉♣❡r✲r❡s❢r✐❛❞♦s✳ ❆♣❡s❛r ❞✐ss♦ ♥ã♦ ♣♦❞❡♠♦s t❡r ❝❡rt❡③❛
❞❡ ✐st♦ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ♠✉✐t♦s ❜❛✐①❛s ♣♦✐s ✐♥t✉✐t✐✈❛♠❡♥t❡ ❡s♣❡r❛♠♦s q✉❡ ❛
❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ s❡❥❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❧❡♥t❛ ❝♦♥❢♦r♠❡ ❞✐♠✐♥✉✐ ❛ t❡♠♣❡r❛t✉r❛✳
❉❡st❛ ❢♦r♠❛ é ♣♦ssí✈❡❧ q✉❡ ❡st❡s r❡s✉❧t❛❞♦s ❡st❡❥❛♠ ❛❢❡✐t❛❞♦s ♣♦r ❡st❛ ❞✐♥â♠✐❝❛✳
P♦r ✐st♦ r❡❛❧✐③❛♠♦s ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠✉❧❛çõ❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ s♣✐♥♦❞❛❧
♣♦r ✉♠ s❡❣✉♥❞♦ ❝❛♠✐♥❤♦✳ ◆❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛rt✐♠♦s ❞❡ ●á❧✐♦ ❧íq✉✐❞♦ ❛
✈♦❧✉♠❡ ❝♦♥st❛♥t❡ ❡ ❡♠ ❝♦♥t❛♥t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✳ P♦st❡r✐♦r♠❡♥t❡✱
r❡s❢r✐❛♠♦s ♦ s✐st❡♠❛ ❞❡ ✶✶✺✷ ♣❛rtí❝✉❧❛s ❝♦♠ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡ ❛ ✉♠❛ t❛①❛ ♠é❞✐❛
❞❡ △T/△t = 30.6K/0.12ns = 255K/ns✱ ❡ ♥♦✈❛♠❡♥t❡ ❞❡t❡r♠✐♥❛♠♦s ♦s ♣♦♥t♦s
P❱❚ ♥♦s q✉❛✐s ♦ s✐st❡♠❛ ❛❧❝❛♥ç❛ ❛ s♣✐♥♦❞❛❧ ❛♦ ❞❡t❡r♠✐♥❛r ❛ t❡♠♣❡r❛t✉r❛ ♥❛
q✉❛❧ ❛ ♣r❡ssã♦ ❛♣r❡s❡♥t❛ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♣❡❧❛ ❝♦❡①✐stê♥❝✐❛ ❞❛s ❢❛s❡s ✈❛♣♦r✲
❧íq✉✐❞♦ ✭✈❡r ❋✐❣✉r❛ ✸✳✷❜✮✳

❊st❡ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❢♦✐ r❡♣❡t✐❞♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈♦❧✉♠❡s ✐♥✐❝✐❛✐s ❞♦ ❡s✲
t❛❞♦ ❧íq✉✐❞♦ ❡ ❛ ❝♦❧❡çã♦ ❞❡ ❞❛❞♦s P✲❚ ♦❜t✐❞♦s ♣❛r❛ ❛ s♣✐♥♦❞❛❧ ♣♦r ❡st❡ ♠ét♦❞♦ s❡
❡♥❝♦♥tr❛♠ r❡♣r❡s❡♥t❛❞♦s ♣❡❧♦s tr✐â♥❣✉❧♦s ♠❛❣❡♥t❛ ♥❛ ❋✐❣✉r❛ ✸✳✶✳ ◆❡st❛ é ♣♦s✲
sí✈❡❧ r❡❝♦♥❤❡❝❡r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡st❡s ❞❛❞♦s ❝♦♠ ♦s ♦❜t✐❞♦s ♣♦r ✉♠❛ ❡①♣❛♥sã♦
✐s♦tér♠✐❝❛✱ ❡ ❡st❛ s❡♠❡❧❤❛♥ç❛ ♣❛r❛ t❡♠♣❡r❛t✉r❛s s✉♣❡r✐♦r❡s ❛ ✺✹✵❑ ♥♦s ♣❡r♠✐t❡
t❡r ❝♦♥✜❛♥ç❛ ♥❛ ❝✉r✈❛ s♣✐♥♦❞❛❧ ♣♦r t❡r ♦❜t✐❞♦ ❡st❛ ♣♦r ❞♦✐s ♠ét♦❞♦s ❞✐❢❡r✲
❡♥t❡s✳ ❯♠ ❡①❡♠♣❧♦ ❞❛ ❝♦❡①✐stê♥❝✐❛ ✈❛♣♦r✲❧íq✉✐❞♦ ♦❜t✐❞❛ ♣❡❧❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s
❞❡s❝r✐t❛s ♥♦s ♠ét♦❞♦s ❛♥t❡r✐♦r❡s é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✸✳

❆♣❡s❛r ❞❡st❡s r❡s✉❧t❛❞♦s ❛✐♥❞❛ ♥ã♦ t❡♠♦s ❝❡rt❡③❛ ❞♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ s♣✐♥✲
♦❞❛❧ ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ P♦r ✐ss♦✱ ♥♦ss♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢♦✐ ❞❡t❡r♠✐✲
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✸✿ ❉✐str✐❜✉✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s ♦❜t✐❞❛ ♣❛r❛ ♦ ●á❧✐♦ ❧íq✉✐❞♦ ❛♥t❡s ❡ ❞❡♣♦✐s
❞❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥❛ ♣r❡ssã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✸✳✷✳ ✭❛✮ ●á❧✐♦ ❧íq✉✐❞♦
❡ ✭❜✮ ❈♦❡①✐stê♥❝✐❛ ✈❛♣♦r✲❧íq✉✐❞♦✳

♥❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❝✉r✈❛ ❚▼❉✳ ❚❛❧ ❝✉r✈❛ ❢♦✐ ♦❜t✐❞❛ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛
q✉❡ à ♣r❡ssã♦ ❝♦♥st❛♥t❡ ❡❧❛ ❞❡✜♥❡ ❛ t❡♠♣❡r❛t✉r❛ ♥❛ q✉❛❧ ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ ❛
♠á①✐♠❛ ❞❡♥s✐❞❛❞❡✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❛ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡ r❡♣r❡s❡♥t❛ ❛ t❡♠♣❡r✲
❛t✉r❛ ❞❡ ♣r❡ssã♦ ♠✐♥✐♠❛✳ ❉❡st❡ ♠❛♥❡✐r❛ ❝♦♥t✐♥✉❛♠♦s r❡s❢r✐❛♥❞♦ ♦ ●á❧✐♦ ❧íq✉✐❞♦
❛ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡✱ ❝♦♠ ✈♦❧✉♠❡s ❝❛❞❛ ✈❡③ ♠❡♥♦r❡s ♦❜t❡♥❞♦ ❋✐❣✉r❛s ❝♦♠♦ ❛ ❛♣✲
r❡s❡♥t❛❞❛ ❡♠ ✸✳✹✳ ◆❡st❛s ❋✐❣✉r❛s ❞❡t❡r♠✐♥❛♠♦s ❛ ♣r❡ssã♦ ❡ ❛ t❡♠♣❡r❛t✉r❛ ♥❛
q✉❛❧ ♦❜t❡♠♦s ♦ ♠✐♥✐♠♦ ❞❡ ♣r❡ssã♦ ❡ r❡♣r❡s❡♥t❛♠♦s ❡st❡s ✈❛❧♦r❡s ♣♦r q✉❛❞r❛❞♦s
❛③✉✐s ♥❛ ❋✐❣✉r❛ ✸✳✶✳ ◗✉❛❞r♦s q✉❡ ✜❝❛♠ ♠❛✐s ♣❡rt♦ ❞❛ ❧✐♥❤❛ s♣✐♥♦❞❛❧ ❛♣r❡s❡♥✲
t❛♠ ✉♠ ♠❛✐♦r ❡rr♦✱ ♣♦✐s ♦s ♠í♥✐♠♦s ❞❡ ♣r❡ssã♦ ✭❋✐❣✉r❛ ✸✳✹✮ sã♦ ♠❛✐s ❞✐❢í❝❡✐s
❞❡ ❞❡t❡r♠✐♥❛r✳

❆♦ ❢❛③❡r ❛ ❝♦♠♣❛r❛çã♦ ❞❛ ❧✐♥❤❛ s♣✐♥♦❞❛❧ ❝♦♠ ❛ ❚▼❉✱ ♥ã♦ t❡♠♦s ♠✉✐t❛
❝❡rt❡③❛ ❞❛ ✐♥t❡rs❡çã♦ ❞❡st❛s ❞♦✐s✳ ■♥❢❡❧✐③♠❡♥t❡✱ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ♠❛✐s ♣r❡✲
❝✐sã♦ ♣♦r ❝♦♥t❛ ❞❛s ✢✉t✉❛çõ❡s ♥❛ ♣r❡ssã♦ ❡ t❡♠♣❡r❛t✉r❛ ❞❛s s✐♠✉❧❛çõ❡s ◆❱❚✳
◆♦ ❡♥t❛♥t♦✱ t❡♠♦s ✉♠❛ ✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧ ❛♦ ❝♦♠♣❛r❛r ❡st❛s ❝✉r✈❛s ❡ é ✉♠
♣♦ssí✈❡❧ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✳ ❙❡ ❛ s♣✐♥♦❞❛❧ ❡ ❛ ❚▼❉ s❡ ✐♥t❡rs❡❝t❛♠✱ ❡♥tã♦ ❛
s♣✐♥♦❞❛❧ t❡r✐❛ q✉❡ ✈✐r❛r ♥♦ ♣❧❛♥♦ P✲❚ ❡ ♣♦rt❛♥t♦ ♦ ❧íq✉✐❞♦ ♥ã♦ ♣♦❞❡r✐❛ ❡①✐s✲
t✐r ♣❛r❛ ♣r❡ssõ❡s ❡ t❡♠♣❡r❛t✉r❛s ♠❡♥♦r❡s ❛♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✳ ❖ ❝♦♥trár✐♦
é ♦ ❝❛s♦ q✉❛♥❞♦ ❡st❛s ❞✉❛s ❝✉r✈❛s ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡
r❛❝✐♦❝í♥✐♦ ✉♠ ♣♦♥t♦ ✏x ✭✸✻✵❑✱ ✲✷✳✾✹●P❛✮✑ ❝♦♠♦ ♦ ✐♥❞✐❝❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✱ é
✉♠ ♣♦♥t♦ ❝❤❛✈❡ ♥❛ ♥♦ss❛ ❞✐s❝✉ssã♦✳ P❛r❛ ♦❜t❡r ❡st❡ ♣♦♥t♦ r❡❛❧✐③❛♠♦s ✉♠❛ ❡①✲
♣❛♥sã♦ ✐s♦tér♠✐❝❛ ❞❡ ✉♠ ❧íq✉✐❞♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ✉♠❛ ♣r❡ssã♦ ❞❡
✷✳✸●P❛ ❡ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✻✵❑✳ ❊st❛♥❞♦ ♥❡st❡ ♣♦♥t♦ ✜①❛♠♦s ❛ ♣r❡ssã♦
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V/atom=28.945Å³

❋✐❣✉r❛ ✸✳✹✿ ▼ét♦❞♦ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❚▼❉ ❛♦ ❡①❛♠✐♥❛r ♦ ♠✐♥✐♠♦ ❞❡
♣r❡ssã♦ ❞❛s ✐só❝♦r❛s ❝♦♥t✐♥✉❛s ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ♥♦ ♣❧❛♥♦ P✲❚✳

❡ ❛ t❡♠♣❡r❛t✉r❛ ❡ ❞❡✐①❛♠♦s ♦ s✐st❡♠❛ r❡❧❛①❛r ♦❜s❡r✈❛♥❞♦ s❡✉ ✈♦❧✉♠❡ ❡ ❛ s✉❛
❞✐❢✉sã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❡ ♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✸✳✺✳ ◆❡s✲
t❛s é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ r❛♣✐❞❛♠❡♥t❡ ♦ ✈♦❧✉♠❡ t♦♠❛ s❡✉ ✈❛❧♦r ❞❡ ❡q✉✐❧í❜r✐♦
♠❛♥t❡♥❞♦ ✉♠ ✈❛❧♦r ♠é❞✐♦ ❡♠ t♦r♥♦ ❞❡ 22.5Ȧ3 ♣♦r át♦♠♦ ✭❋✐❣✉r❛ ✸✳✺❛✮✳ ❆❧é♠
❞✐ss♦✱ ❞❛ ❋✐❣✉r❛ ✸✳✺❜ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ♦ s✐st❡♠❛ t❛♠❜é♠ ❛♣r❡s❡♥t❛ ❞✐✲
❢✉sã♦✱ ♦❜t❡♥❞♦ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ❞❡ ∼ 14Ȧ2 ❡♠ ✸✵ ♥s✳ ❆♦ ❝♦♠♣❛r❛r
❡st❡ ❞❡s❧♦❝❛♠❡♥t♦ ❝♦♠ ❛ s❡♣❛r❛çã♦ ♠é❞✐❛ ❡♥tr❡ ♣❛rtí❝✉❧❛s ♦❜t❡♠♦s q✉❡

3
√

V̄ = 2.82Ȧ < 3.74 =
√
MSD,

✐♥❞✐❝❛♥❞♦ q✉❡ ♥❡st❡ ♣♦♥t♦ ♦ s✐st❡♠❛ s❡ ♠❛♥t❡♠ ♥♦ ❡st❛❞♦ ❧íq✉✐❞♦✱ ✉♠❛ ✈❡③ q✉❡
❞✉r❛♥t❡ ❡st❡ ✐♥t❡r✈❛❧♦✱ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❞✐❢✉♥❞❡ ♠❛✐s q✉❡ ❛ s❡♣❛r❛çã♦ ♠é❞✐❛ ❡♥tr❡
♣❛rtí❝✉❧❛s✳

❇❛s❡❛❞♦s ♥❡st❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡♠ ♥♦ss♦ s✐st❡♠❛ ❞❡ ✶✶✺✷
♣❛rtí❝✉❧❛s ❞❡ ●á❧✐♦✱ ♠♦❞❡❧❛❞♦ ♣❡❧♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❇❛s❦❡s ❛ s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛
❡ ❛ ❝✉r✈❛ ❞❡ ♠á①✐♠❛ ❞❡♥s✐❞❛❞❡ ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠ ♥♦ ♣❧❛♥♦ P✲❚✳
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✭❜✮

❋✐❣✉r❛ ✸✳✺✿ ❆r❣✉♠❡♥t♦ ✜♥❛❧ q✉❡ ❝♦rr♦❜♦r❛ q✉❡ ♥♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❇❛s❦❡s✱ ♦ ●á❧✐♦
❛♣r❡s❡♥t❛ ✉♠❛ s♣✐♥♦❞❛❧ s✉♣❡r❛q✉❡❝✐❞❛ q✉❡ ♥ã♦ ✈✐r❛ ♥♦ ♣❧❛♥♦ P✲❚✱ ♣❡r♠✐t✐♥❞♦
♠❛♥t❡r ●á❧✐♦ ❧íq✉✐❞♦ ❞❡ ❢♦r♠❛ ♠❡t❛❡stá✈❡❧ ❛ ♣r❡ssõ❡s ❡ t❡♠♣❡r❛t✉r❛s ♠❡♥♦r❡s
❛♦ ♣♦ssí✈❡❧ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ ❚▼❉ ❡ ❛ s♣✐♥♦❞❛❧ ♥❛ ❋✐❣✉r❛ ✸✳✶✳

✸✳✷ Pr♦❝✉r❛♥❞♦ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦

❆♣❡s❛r ❞❡ s❛❜❡r q✉❡ ❛ s♣✐♥♦❞❛❧ ❡ ❛ ❚▼❉ ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠✱ ❛✐♥❞❛ ♥ã♦ é ♣♦ssí✈❡❧
s❛❜❡r s❡ ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✱ ♦✉ é ✉♠ s✐st❡♠❛ ❧✐✈r❡
❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳ P♦r ✐ss♦ é ♣r❡❝✐s♦ ♣r♦❝✉r❛r ❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠
♥♦ss♦ s✐st❡♠❛✳

P❛r❛ ❝♦♠❡ç❛r✱ s❡ t❛❧ tr❛♥s✐çã♦ ❡①✐st❡ ❡ s❡✉ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ t❡♠ ♦ ♠❡s♠♦
❝♦♠♣♦rt❛♠❡♥t♦ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ♣r♦♣♦st♦ ♣♦r P♦♦❧❡ ♣❛r❛ ❛ á❣✉❛ ✭❋✐❣✉r❛
✷✳✻❜✮✱ ❡♥tã♦ é ❞❡ ❡s♣❡r❛r q✉❡ ♦ ●á❧✐♦ ❧íq✉✐❞♦ ❛♣r❡s❡♥t❡ ❤✐st❡r❡s❡ ❛♦ r❡❛❧✐③❛r ✉♠
r❡s❢r✐❛♠❡♥t♦ ❡ ❛q✉❡❝✐♠❡♥t♦ ❛ ♣r❡ssã♦ ❝♦♥t❛♥t❡ ♦✉ ❛♦ r❡❛❧✐③❛r ✉♠❛ ❡①♣❛♥sã♦ ❡
✉♠❛ ❝♦♠♣r❡ssã♦ ✐s♦tér♠✐❝❛ ✭✈❡r s❡çã♦ ✷✳✸✳✷✮✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♦ s✐st❡♠❛ ❡st❛r✐❛
❧✐✈r❡ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❡ ♣♦rt❛♥t♦ ♥ã♦ t❡r✐❛ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ❛ s❡❣✉✐r é ♣r♦❝✉r❛r ❤✐st❡r❡s❡
♥♦ ●á❧✐♦ ❧íq✉✐❞♦ ❡stá✈❡❧ ♦✉ ♠❡t❛❡stá✈❡❧✳ P♦r ✐ss♦ ❛ ♣r✐♠❡✐r❛ s✐♠✉❧❛çã♦ ❢❡✐t❛ ❢♦✐
❢✉♥❞✐r ●á❧✐♦ ■✱ ❡ ♣♦st❡r✐♦r♠❡♥t❡ r❡s❢r✐❛r ❡ ❛q✉❡❝❡r ♦ ●á❧✐♦ ❧íq✉✐❞♦ ❛ ♣r❡ssã♦ ③❡r♦
♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ✶✶✺✷ ♣❛rtí❝✉❧❛s ❡ ✉♠❛ t❛①❛ ❞❡ r❡s❢r✐❛♠❡♥t♦ ❡ ❛q✉❡❝✐♠❡♥t♦ ❞❡
✶✻✻✳✻❑✴♥s✳ ❖s r❡s✉❧t❛❞♦s ❞❡st❛ s✐♠✉❧❛çã♦ s❡ ❡♥❝♦♥tr❛♠ r❡♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛
✸✳✻✱ ♦♥❞❡ ♠♦str❛♠♦s ♦s ❞❛❞♦s ♦❜t✐❞♦s ♣❡❧♦s três ♣r♦❝❡ss♦s ❞❡s❝r✐t♦s ❛♥t❡r✐ór✲
♠❡♥t❡✳ ❖ ♣r♦❝❡ss♦ ❞❡ ❢✉♥❞✐r ♦ ●á❧✐♦ só❧✐❞♦ s❡ ❡♥❝♦♥tr❛ ✐♥❞✐❝❛❞♦ ♣❡❧♦ sí♠❜♦❧♦
(+)✱ ♦♥❞❡ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛ tr❛♥s✐çã♦ só❧✐❞♦ ❧íq✉✐❞♦ ♣♦r ✉♠❛ ❛❜r✉♣t❛ ✈❛r✐✲
❛çã♦ ♥♦ ✈♦❧✉♠❡ ♣❡rt♦ ❞❡ ✼✺✵❑✱ ♣♦st❡r✐♦r♠❡♥t❡ ❛♦ ❛❧❝❛♥ç❛r ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡
✶✵✺✵❑ ♦ ●á❧✐♦ ❧íq✉✐❞♦ ❢♦✐ r❡s❢r✐❛❞♦ ❛té ✺✵❑ ✭s✐♥❛❧ ♦✮ ❡ ♥♦✈❛♠❡♥t❡ ❛q✉❡❝✐❞♦ ❛té
✶✵✺✵❑ ✭s✐♥❛❧ ⊡✮✳ ❆♦ r❡❛❧✐③❛r ❡st❡s ❞♦✐s ♣r♦❝❡ss♦s é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r✱ ❡♥tr❡ ✷✺✵❑
❡ ✹✶✵❑✱ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❤✐st❡r❡s❡ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛
♦r❞❡♠✳ ❊st❛ tr❛♥s✐çã♦ q✉❡ ♣♦❞❡r✐❛ ❡st❛r ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ♣♦ssí✈❡❧ tr❛♥s✐çã♦
❧íq✉✐❞♦✲❧íq✉✐❞♦ ♥❛ r❡❣✐ã♦ s✉♣❡r✲r❡s❢r✐❛❞❛✳ ❙❡ ✐st♦ ❢♦r ❝♦rr❡t♦ ♦ s❡❣✉✐♥t❡ ♦❜❥❡t✐✈♦
é ✈❡r✐✜❝❛r s❡ ♦ s✐st❡♠❛ à ♠❡♥♦r t❡♠♣❡r❛t✉r❛ é ✉♠ ❧íq✉✐❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
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❋✐❣✉r❛ ✸✳✻✿ ❊✈✐❞❡♥❝✐❛ ❞❡ ❤✐st❡r❡s❡s ❡♥tr❡ ✷✺✵❑ ❡ ✹✶✵❑ ♥♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦
❛♦ r❡s❢r✐❛r ❡ r❡✲❛q✉❡❝❡r ●á❧✐♦ ❧íq✉✐❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✶✵✺✵❑✱
❝♦♠ ✉♠❛ t❛①❛ ❞❡ ✶✻✻✳✻❑✴♥s✳ ❖ s✐♠❜♦❧♦ (+) r❡♣r❡s❡♥t❛ ❛ ❡t❛♣❛ ❞❡ ❛q✉❡❝❡r ❡
❢✉♥❞✐r ♦ ●á❧✐♦ ■✱ ♦ s✐♠❜♦❧♦ (♦) ❛ ❡t❛♣❛ ❞❡ r❡s❢r✐❛r ♦ ●á❧✐♦ ❧íq✉✐❞♦ ❡ ♦ s✐♠❜♦❧♦
(⊡) ❛ ❡t❛♣❛ ❞❡ r❡✲❛q✉❡❝✐♠❡♥t♦✳

❛♣r❡s❡♥t❛ ❞✐❢✉sã♦✳ ❈♦♠ ❡st❡ ✐♥t✉✐t♦ ❢♦r❛♠ s❡❧❡❝✐♦♥❛❞❛s q✉❛tr♦ t❡♠♣❡r❛t✉r❛s ♥♦
♣r♦❝❡ss♦ ❞❡ r❡✲❛q✉❡❝✐♠❡♥t♦ ♥❛ r❡❣✐ã♦ ❞❛ ❤✐st❡r❡s❡✳ ❊st❛s q✉❛tr♦ t❡♠♣❡r❛t✉r❛s
❢♦r❛♠ ✸✶✶✳✼✷❑✱ ✸✸✻✳✽✾❑✱ ✸✻✷✳✵✻❑ ❡ ✸✽✼✳✷✸❑ ❡ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ♦ s✐st❡♠❛
❢♦✐ r❡❧❛①❛❞♦ ♠❛♥t❡♥❞♦ ❛ ♣r❡ssã♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❡ ❛ t❡♠♣❡r❛t✉r❛ ✜①❛s
✭◆P❚✮✳ ❆ ♣r✐♠❡✐r❛ ❣r❛♥❞❡③❛ q✉❡ t❡♠♦s q✉❡ ♦❜s❡r✈❛r é ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ✈♦❧✲
✉♠❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ é ❛♣r❡s❡♥t❛❞♦ ♥❛s ❋✐❣✉r❛s ✸✳✼✱
q✉❡ t❡♠ três ❝❛r❛❝t❡ríst✐❝❛s ❛ r❡ss❛❧t❛r✳ ❆ ♣r✐♠❡✐r❛ sã♦ ♦s t❡♠♣♦s ❞❡ r❡❧❛①❛çã♦
❞♦s ❞✐❢❡r❡♥t❡s s✐st❡♠❛s ❡♠ ❝❛❞❛ t❡♠♣❡r❛t✉r❛✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❛s ❞✉❛s
t❡♠♣❡r❛t✉r❛s ♠❛✐s ❜❛✐①❛s ❢♦✐ ♣r❡❝✐s♦ r❡❛❧✐③❛r ✉♠❛ s✐♠✉❧❛çã♦ ❞✉r❛♥t❡ ✼✷✵♥s ♣❛r❛
♦❜t❡r ✉♠ s✐st❡♠❛ ❝♦♠ ♣♦✉❝❛s ✈❛r✐❛çõ❡s ❡♠ s❡✉ ✈♦❧✉♠❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛
❛s t❡♠♣❡r❛t✉r❛s ❞❡ ✸✻✷✳✵✻ ❡ ✸✽✼✳✷✸❑ ♦ s✐st❡♠❛ só ❢♦✐ s✐♠✉❧❛❞♦ ❞✉r❛♥t❡ ✷✺ ♥s✱
r❡❧❛①❛♥❞♦ r❛♣✐❞❛♠❡♥t❡✳ ❆♦ ❝♦♠♣❛r❛r ❡st❡s s✐st❡♠❛s ❛ ❛❧t❛s ❡ ❜❛✐①❛s t❡♠♣❡r❛t✲
✉r❛s ♦ ♣r✐♠❡✐r♦ q✉❡ ♣♦❞❡♠♦s ❞✐③❡r é q✉❡ ❛ t❡♠♣❡r❛t✉r❛s ♠❛✐s ❜❛✐①❛s ❛ ❞✐♥â♠✐❝❛
❞♦ s✐st❡♠❛ é ❝❛❞❛ ✈❡③ ♠❛✐s ❧❡♥t❛✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ♣❛r❛ t❡♥t❛r t❡r ✐♥❢♦r♠❛çã♦ ❞❡
❢♦r♠❛ ❡✜❝✐❡♥t❡ ♣❛r❛ ❡st❛s ❞✉❛s ❢❛s❡s✱ ♦ ♠❡❧❤♦r é tr❛❜❛❧❤❛r ❝♦♠ s✐st❡♠❛s q✉❡♥t❡s✱
❡♠ ♥♦ss♦ ❝❛s♦ ✸✸✻✳✽✾❑ ❡ ✸✽✼✳✷✸❑✳ ❖✉tr❛ ❝❛r❛❝t❡ríst✐❝❛ ♠❛r❝❛♥t❡ é ❛ ✈❛r✐❛çã♦
❛❜r✉♣t❛ ❞♦ ✈♦❧✉♠❡ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛✱ ✈❛r✐❛çã♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ ♠❛♥t❡r ❛ ✐❞❡✐❛
❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭✈❡r s❡çõ❡s ✷✳✷✳✶ ❡ ✷✳✸✳✸✮✳
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❋✐♥❛❧♠❡♥t❡✱ ✉♠❛ ú❧t✐♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡st❛s ❞✉❛s ❢❛s❡s✱ é q✉❡ ❛ ❢❛s❡ ♠❡♥♦s
❞❡♥s❛ t❡♠ ✉♠ ✈♦❧✉♠❡ ♠♦❧❛r ♠❛✐♦r q✉❡ ♦ ✈♦❧✉♠❡ ❞❛ ❢❛s❡ s♦❧✐❞❛✳ P♦rt❛♥t♦✱ ❛
✐❞é✐❛ ❞❡ t❡r ❝♦❡①✐stê♥❝✐❛ ❞♦ ●á❧✐♦ ❧íq✉✐❞♦ ♠❛✐s ❞❡♥s♦ ✭❚❂✸✻✷✳✵✻❑✱ ✸✽✼✳✷✸❑✮
❝♦♠ ●á❧✐♦ só❧✐❞♦ ❡stá ❞❡s❝❛rt❛❞❛ ♣♦✐s ✉♠❛ ♠✐st✉r❛ ❞❡st❛s t❡r✐❛ q✉❡ ❞❛r ✉♠ ✈♦❧✲
✉♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❛♦s ❞♦✐s ✭s❡çã♦ ✷✳✷✳✶✮✳ ◆♦ ❡♥t❛♥t♦✱ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝❛rt❛❞❛
❛ ✐❞❡✐❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❢❛s❡ ♠❡♥♦s ❞❡♥s❛ ❡ ♦✉tr❛ ❢❛s❡ ♠❛✐s ❞❡♥s❛✳
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✭❞✮

❋✐❣✉r❛ ✸✳✼✿ Pr♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦ ❞❡ q✉❛tr♦ ❝♦♥✜❣✉r❛çõ❡s ❞❡ ●á❧✐♦ ♥♦ ♣r♦❝❡ss♦
❞❡ r❡✲❛q✉❡❝✐♠❡♥t♦ ❡♠ t❡♠♣❡r❛t✉r❛s ❧♦❝❛❧✐③❛❞❛s ♥❛ r❡❣✐ã♦ ❝♦♠ ❤✐st❡r❡s❡✳ ❆s
❞✉❛s ❝♦♥✜❣✉r❛çõ❡s ♠❡♥♦s ❞❡♥s❛s ✭❛✮ ❡ ✭❜✮ ❛♣r❡s❡♥t❛♠ ✉♠ ❞✐♥â♠✐❝❛ ❧❡♥t❛ ❡ ✉♠
✈♦❧✉♠❡ ♠♦❧❛r ♠❛✐♦r ❞♦ q✉❡ ❛ ❢❛s❡ só❧✐❞❛✱ ❛❞✐❝✐♦♥❛❧♠❡♥t❡ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡
♥♦ ✈♦❧✉♠❡ é ❡✈✐❞❡♥t❡ ❛♦ ❝♦♠♣❛r❛r ❝♦♠ ❛s ❞✉❛s ❢❛s❡s ♠❛✐s ❞❡♥s❛s ✭❝✮ ❡ ✭❞✮✳

❆♥t❡s ❞❡ ♣r♦❝❡❞❡r ❛ ✈❡r✐✜❝❛r ❝♦rr♦❜♦r❛r ❡st❛ ❝♦♥❥❡❝t✉r❛✱ ♦❜s❡r✈❛♠♦s ♦ ❝♦♠✲
♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❞♦ s✐st❡♠❛
à ✸✸✻✳✽✾❑ ❡ ✸✽✼✳✷✸❑✳ ◆❛ ❋✐❣✉r❛ ✸✳✽ r❡♣r❡s❡♥t❛♠♦s ❡st❡s ❝♦♠♣♦rt❛♠❡♥t♦s ❞✉✲
r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦✱ ❡ ♥♦✈❛♠❡♥t❡ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ❛♦ ❝♦♠♣❛r❛r ❛s
❡s❝❛❧❛s t❡♠♣♦r❛✐s ❡ ❡s♣❛❝✐❛✐s✱ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦ ✭✸✸✻✳✽✾❑✮
é ❡①tr❡♠❛❞❛♠❡♥t❡ ❧❡♥t❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ s✐st❡♠❛ ♠❛✐s ❞❡♥s♦✳ ◆♦ ❡♥t❛♥t♦✱

❛♣❡s❛r ❞❛ ❧❡♥t✐❞ã♦ ♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦ ❝♦♥s❡❣✉❡ ❞✐❢✉♥❞✐r
√

120Ȧ2 = 10.95Ȧ
✱ ❡ t❛❧ ❞✐❢✉sã♦ ❡✈✐❞❡♥t❡ ♠❡♥t❡ é ♠❛✐♦r q✉❡ ❛ s❡♣❛r❛çã♦ ♠é❞✐❛ ❡♥tr❡ ♣❛rtí❝✉❧❛s
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3
√

20Ȧ3 = 2.71Ȧ✳ P♦rt❛♥t♦✱ s❡ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❝r❡s❝❡♥t❡ s❡ ♠❛♥té♠ ♣❛r❛ ♦
s✐st❡♠❛ ❛ ❜❛✐①❛ t❡♠♣❡r❛t✉r❛ ♣♦❞❡♠♦s ❞✐③❡r ❞♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦ q✉❡ ❡st❡ é
✉♠ ❧íq✉✐❞♦✳
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✭❜✮

❋✐❣✉r❛ ✸✳✽✿ ❉❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ♣❛r❛ ❛ ❢❛s❡
♠❡♥♦s ❞❡♥s❛ ✭❛✮ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✸✻✳✽✾❑ ❡ ♣❛r❛ ❛ ❢❛s❡ ♠❛✐s ❞❡♥s❛ ✭❜✮ ❛
✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✽✼✳✷✸❑✳ ❆ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦ é ♠✉✐t♦ ❧❡♥t❛✱
♠❛s s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝r❡s❝❡♥t❡ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❛❞rát✐❝♦ s❡ ♠❛♥té♠✱
❡♥tã♦ ❡st❡ s✐st❡♠❛ r❡♣r❡s❡♥t❛ ✉♠ ❧íq✉✐❞♦ ❝♦♠ ❣r❛♥❞❡ ✈✐s❝♦s✐❞❛❞❡✳

❊st❡ ❧íq✉✐❞♦ ♠❡♥♦s ❞❡♥s♦ ❡✈✐❞❡♥t❡♠❡♥t❡ é ❞✐❢❡r❡♥t❡ ❞♦ ❧íq✉✐❞♦ ♠❛✐s ❞❡♥s♦✳
❊st❛s ❞✐❢❡r❡♥ç❛s ❡str✉t✉r❛✐s ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s ❛♦ ❝♦♠♣❛r❛r ❛ ❢✉♥çã♦ ❞❡
❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ g(r)✱ ❞♦s s✐st❡♠❛s ❛ ❛❧t❛s ❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ ❚❛❧ ❝♦♠✲
♣❛r❛çã♦ é r❡❛❧✐③❛❞❛ ❛♦ ❢❛③❡r ✉♠❛ ♠é❞✐❛ s♦❜r❡ ✶✵✵✵ ❝♦♥✜❣✉r❛çõ❡s ❛♦ ❧♦♥❣♦ ❞♦s
ú❧t✐♠♦s ✶✳✺♥s ❞♦s ♣r♦❝❡ss♦s ❞❡ r❡❧❛①❛çã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✼✳ ❖s r❡s✉❧✲
t❛❞♦s ❞❛ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ♦❜t✐❞♦s ♣♦r ❡st❡ ♠ét♦❞♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛
✸✳✾❛ ♦♥❞❡ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s ❞♦✐s s✐s✲
t❡♠❛s ♠❡♥♦s ❞❡♥s♦s ✭✸✶✶✳✼✷❑✱ ✸✸✻✳✽✾❑✮ ❡ ❞♦ ♠❡s♠♦ ❥❡✐t♦ ❛ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡
♦s ❞♦✐s s✐st❡♠❛s ♠❛✐s ❞❡♥s♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❛♦ ❝♦♠♣❛r❛r ♦s s✐st❡♠❛s ♠❡♥♦s ❞❡♥✲
s♦s ❝♦♠ ♦s ♠❛✐s ❞❡♥s♦s ♦❜s❡r✈❛♠♦s ✉♠❛ ❞✐❢❡r❡♥ç❛ s✐❣♥✐✜❝❛t✐✈❛ q✉❡ ♥♦s ♣❡r♠✐t❡
❞✐③❡r q✉❡ ♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦ é ♠❛✐s ❡str✉t✉r❛❞♦ ♣❡❧❛ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❡ s❡✉s
♠í♥✐♠♦s ❡ ❛ ❛❧t✉r❛ ❞❡ s❡✉s ♣✐❝♦s✳ ❚❛❧ ❡str✉t✉r❛ ❢♦✐ ❡st✉❞❛❞❛ ❛♦ ❞❡t❡r♠✐♥❛r ♦
❤✐st♦❣r❛♠❛ ❞❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s ❞♦s ❞♦✐s s✐st❡♠❛s✳ ❊st❡ ❤✐st♦❣r❛♠❛✱ t❛♠❜é♠
❢♦✐ ❞❡t❡r♠✐♥❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦s ú❧t✐♠♦s ✶✳✺ ♥s ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦ ❡ s♦❜r❡
✉♠ t♦t❛❧ ❞❡ ✶✵✵✵ ❝♦♥✜❣✉r❛çõ❡s✳

❖ ❤✐st♦❣r❛♠❛ ❝❛❧❝✉❧❛❞♦ s❡ ❡♥❝♦♥tr❛ ❡sq✉❡♠❛t✐③❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✾❜ ❡ ♠❡❞❡
❛ ♣r♦♣♦rçã♦ ❞♦s át♦♠♦s ❝♦♠ N ✈✐③✐♥❤♦s ❛ ✉♠❛ ❞✐stâ♥❝✐❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦
♣r✐♠❡✐r♦ ♠✐♥✐♠♦ ❞❛ g(r) ❡ q✉❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ❝❛♠❛❞❛ ❞❡ s♦❧✈❡✲
t❛çã♦ ❞♦ ❧íq✉✐❞♦✳ ❉❡st❛ ❋✐❣✉r❛ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❛ ✈❛r✐❛çã♦ ❞❛ ❞❡♥s✐❞❛❞❡
❞♦ s✐st❡♠❛ ♥❛ tr❛♥s✐çã♦ é ❞❡✈✐❞❛ à r❡✲❡str✉t✉r❛çã♦ ✐♥t❡r♥❛ ❞♦s ❧íq✉✐❞♦s✳ ❊s♣❡❝✐✲
✜❝❛♠❡♥t❡✱ ♦ ❧íq✉✐❞♦ ♠❡♥♦s ❞❡♥s♦ t❡♠ ✉♠❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❝♦♠ ♦✐t♦ ✭✽✮ ✈✐③✐♥❤♦s
❡♠ s✉❛ ♣r✐♠❡✐r❛ ❝❛♠❛❞❛✱ ❡♥q✉❛♥t♦ ♦ ❧íq✉✐❞♦ ♠❛✐s ❞❡♥s♦ t❡♠ ♥♦✈❡ ✭✾✮✳

P❛r❛ ✈❡r ❞✐♥❛♠✐❝❛♠❡♥t❡ ❡st❛ r❡✲❡str✉t✉r❛çã♦ t❡♠♦s q✉❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ q✉❡
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✭❜✮

❋✐❣✉r❛ ✸✳✾✿ ❉✐❢❡r❡♥ç❛s ❡str✉t✉r❛✐s ❡♥tr❡ ❛ ❢❛s❡ ♠❡♥♦s ❞❡♥s❛ ❡ ❛ ❢❛s❡ ♠❛✐s ❞❡♥s❛
❞♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦✳ ✭❛✮ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ g(r) t❡♥❞♦ ✉♠❛ ♣❡✲
q✉❡♥❛ ❞✐❢❡r❡♥ç❛ ♥♦s ♠í♥✐♠♦s ❡ ♠á①✐♠♦s ❞❛s ❞✉❛s ❢❛s❡s✳ ✭❜✮ ❍✐st♦❣r❛♠❛ ❞❡
❝♦♦r❞❡♥❛çã♦ ❝❛❧❝✉❧❛❞♦ ♥❛ ♣r✐♠❡✐r❛ ❝❛♠❛❞❛ ❞❛s ❞✉❛s ❢❛s❡s ♠♦str❛♥❞♦ ✉♠ ❝❛♠✲
❜✐♦ ❞❡ ❝♦♦r❞❡♥❛çã♦ ❞❡ ♦✐t♦ ♣❛r❛ ♥♦✈❡ ❡♥tr❡ ❛ ❢❛s❡ ♠❡♥♦s ❞❡♥s❛ ❡ ❛ ♠❛✐s ❞❡♥s❛✳

♦ s✐st❡♠❛ ♣♦❞❡ ❡st❛r ♥♦ ✐♥í❝✐♦ ❞❛ r❡❧❛①❛çã♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❡st❛❞♦ N ❝♦♠♦ ♦
✐♥❞✐❝❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✺❛✳ ❙❡ ✐st♦ ❢♦r ❝♦rr❡t♦✱ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ s✐st❡♠❛ ❡♠ ❝♦♥t❛t♦
❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ ❞❡ ♣r❡ssã♦ ❡ t❡♠♣❡r❛t✉r❛ ✭◆P❚✮ ❥✉st✐✜❝❛ ♦ ❛✉♠❡♥t♦ ❞♦
✈♦❧✉♠❡ ❡♥q✉❛♥t♦ ♦ s✐st❡♠❛ r❡❧❛①❛ ❡♠ ❞✐r❡çã♦ ❛♦ ❡st❛❞♦ ❤♦♠♦❣ê♥❡♦ C ✭✈❡r s❡çã♦
✷✳✸✳✶✮✳ ◆❛ ❋✐❣✉r❛ ✸✳✶✵ ❛♣r❡s❡♥t❛♠♦s ❛ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞♦ ◆✲és✐♠♦ ✈✐③✐♥❤♦
❞❡ ✉♠ át♦♠♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✸✻✳✽✾❑✱ ✸✽✼✳✷✸❑ ❡ ✽✶✵❑✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦
s❡❣✉✐❞♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❋✐❣✉r❛s ❢♦✐ ✜①❛r ♦ ✈♦❧✉♠❡ ❞♦ s✐st❡♠❛ ❞✉r❛♥t❡ ♦ ♣❡rí♦❞♦
❞❡ r❡❧❛①❛çã♦ ✭◆P❚✮ ❡✈✐t❛♥❞♦ ♣♦ssí✈❡✐s ✢✉t✉❛çõ❡s ♥♦ ✈♦❧✉♠❡ ❡ ❣❛r❛♥t✐♥❞♦ ❛ ♣r♦✲
♣♦rçã♦ ❝♦♥st❛♥t❡ ❞❛s ❞✐❢❡r❡♥t❡s ❢❛s❡s ❝❛s♦ ❞❡ ❡①✐st❛♠✳ ▼✉❞❛♥❞♦ ❡st❛ r❡str✐çã♦
♣❛r❛ ✭◆❱❚✮✱ ♦ s✐st❡♠❛ ❢♦✐ ♠❛♥t✐❞♦ ❞✉r❛♥t❡ ✉♠ ♣❡rí♦❞♦ ❞❡ ✶✳✺♥s✳ ❯s❛♥❞♦ ✶✵✵✵
❝♦♥✜❣✉r❛çõ❡s✱ ❞❡t❡r♠✐♥❛♠♦s ❛ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞♦s ◆ ✲és✐♠♦s ✈✐③✐♥❤♦s✳ ◆♦
♣r✐♠❡✐r♦ ❝❛s♦ ✭❋✐❣✉r❛ ✸✳✶✵❛✮ ♦ s✐st❡♠❛ à t❡♠♣❡r❛t✉r❛ ✸✸✻✳✽✾❑ ❢♦✐ r❡❧❛①❛❞♦ ❞✉✲
r❛♥t❡ ✶✵✳✷ ♥s ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ❛ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞❡ ✈✐③✐♥❤♦s✳ P❛r❛
✜♥s ❞❡ ❝♦♠♣❛r❛çã♦ t❛♠❜é♠ ❢♦✐ r❡❛❧✐③❛❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❞✉❛s t❡♠✲
♣❡r❛t✉r❛s ♠❛✐s ❛❧t❛s ✭✸✽✼✳✷✸ ❑ ❡ ✽✶✵❑✮ ♥♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ r❡❧❛①❛çã♦ ✭❋✐❣✉r❛s
✸✳✶✵❜ ❡ ✸✳✶✵❝✮✳ ❉❡st❛s três ❋✐❣✉r❛s é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ♣❛r❛ t❡♠♣❡r❛t✉r❛s
❛❧t❛s ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♣r✐♠❡✐r♦s✱ s❡❣✉♥❞♦s✱ ❛té ❞é❝✐♠♦ q✉❛rt♦s ✈✐③✐♥❤♦s t❡♠
✉♠❛ ❢♦r♠❛ ❣❛✉ss✐❛♥❛ ❝♦♠♦ é ❞❡ ❡s♣❡r❛r ❞❡ ✉♠ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦ ❞❡ ♣❛rtí❝✉❧❛s✳
◆♦ ❡♥t❛♥t♦✱ ❛♦ ♦❜s❡r✈❛r ♦ ♥♦♥♦ ✈✐③✐♥❤♦ ❞♦ s✐st❡♠❛ ❛ ✸✸✻✳✽✾❑ ✈❡♠♦s q✉❡ ♥♦ss♦
s✐st❡♠❛ é ✉♠❛ ♠✐st✉r❛ ❞❡ ❞✉❛s ❢❛s❡s✱ ♣♦✐s t❡♠♦s ❞♦✐s ♣✐❝♦s ♥❡st❛ ❞✐str✐❜✉✐çã♦ ❡
♥ã♦ ✉♠ ❝♦♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ ♦s s✐st❡♠❛s à ♠❛✐♦r t❡♠♣❡r❛t✉r❛✳ ❊st❡s ❞♦✐s ♣✐❝♦s
❡st❛r✐❛♠ ❛ss♦❝✐❛❞♦s às ❢❛s❡s ❤♦♠♦❣ê♥❡❛s ❡q✉✐✈❛❧❡♥t❡s às ❢❛s❡s N ❡ C ❞❛ ❋✐❣✉r❛
✷✳✺❛✳ ❆ss✐♠✱ ❛♦ ❛❝♦♠♣❛♥❤❛r ♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦ ♦ s✐st❡♠❛ t❡r✐❛ q✉❡ ♠✉❞❛r
❛ ♣r♦♣♦rçã♦ ❞❡ ❝❛❞❛ ❢❛s❡ ❛té ❛❧❝❛♥ç❛r ♦ ❡st❛❞♦ ❈✳ P♦r ✐ss♦ t❛♠❜é♠ ❢♦✐ r❡❛❧✐③❛❞❛
✉♠❛ ♠❡❞✐❞❛ ❞❛ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞♦ ♥♦♥♦ ✈✐③✐♥❤♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❞✉r❛♥t❡
♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦✳ ❆ ❡✈♦❧✉çã♦ ❞❡st❛ ❞✐str✐❜✉✐çã♦ é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛
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✸✳✶✵❞✱ ❡ ♥❡st❛ é ♣♦ssí✈❡❧ ✈❡r q✉❡ ♦ ❛✉♠❡♥t♦ ♥♦ ✈♦❧✉♠❡ ❞♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦
❡stá ❛ss♦❝✐❛❞♦ ❛♦ ✐♥❝r❡♠❡♥t♦ ❞❛ ♥♦✈❛ ❢❛s❡ ❡♠ r❡❧❛çã♦ à ❛♥t✐❣❛✳ ❊st❡ ✐♥❝r❡♠❡♥t♦
é ♦❜s❡r✈❛❞♦ ♥❛ ✈❛r✐❛çã♦ ❞♦ ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ♣✐❝♦ ❞❛ ❞✐str✐❜✉✐çã♦✱ ♠♦str❛♥❞♦
q✉❡ ♦ ♥♦♥♦ ✈✐③✐♥❤♦ ♥❛ ♥♦✈❛ ❢❛s❡ ✭♠❡♥♦s ❞❡♥s❛✮ é ♦❜t✐❞♦ ❛ ✉♠❛ ❞✐st❛♥❝✐❛ ♠❛✐♦r
q✉❡ ♥❛ ❢❛s❡ ♠❛✐s ❞❡♥s❛✱ t❛❧ ❝♦♠♦ ❥á t✐♥❤❛ s✐❞♦ ❡♥❝♦♥tr❛❞♦ ♥♦ ❤✐st♦❣r❛♠❛ ❞❡
✈✐③✐♥❤♦s ✭❋✐❣✉r❛ ✸✳✾❜✮✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ❢♦✐ ♦❜s❡r✈❛❞♦ q✉❡ ❡st❡ ❤✐st♦❣r❛♠❛ ♥ã♦
❛♣r❡s❡♥t❛ ♠❛✐♦r❡s ♠✉❞❛♥ç❛s ❞❡♣♦✐s ❞❡ ✼✺ ♥s✱ ♠❛♥t❡♥❞♦ ✉♠ ♣❡q✉❡♥♦ ♣✐❝♦ ❞❛
❢❛s❡ ♠❛✐s ❞❡♥s❛ ❛té ✻✼✵✳✷ ♥s ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛✳ ❆♣❡s❛r ❞✐ss♦✱ é ❡✈✐❞❡♥t❡
q✉❡ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ❛s ❞✉❛s ❢❛s❡s ❞❡ ❞✐❢❡r❡♥t❡s ❞❡♥s✐❞❛❞❡s é t❛❧ ❝♦♠♦ s❡ ❡s✲
♣❡r❛✈❛ ❞❡ ✉♠ ❡st❛❞♦ ♠❡t❛❡stá✈❡❧ ♥✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛s
r❡str✐çõ❡s ❞❡ ♠❛♥t❡r ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ❛ ♣r❡ssã♦ ❡ ❛ t❡♠♣❡r❛t✉r❛ ✜①❛s
✭◆P❚✮✳ ❖ ♣r♦❜❧❡♠❛ ❞❡st❡ ♠ét♦❞♦ é q✉❡ é ♣r❡❝✐s♦ á❣✉❛r❞❛r ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦
♣❛r❛ ❛ tr❛♥s✐çã♦ ♦❝♦rr❡r✱ ♣r♦❜❧❡♠❛ q✉❡ t❛❧✈❡③ ♣♦❞❡r✐❛ s❡r ❛❝❡❧❡r❛❞♦ ❡①tr❛✐♥❞♦
❝❛❧♦r ❞♦ s✐st❡♠❛ ❡ ❢♦rç❛♥❞♦ ❛♦ s✐st❡♠❛ ❛ r❡❛❧✐③❛r ❛ tr❛♥s✐çã♦✳
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✭❞✮

❋✐❣✉r❛ ✸✳✶✵✿ ❉✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞♦s ♣r✐♠❡✐r♦ ❝❛t♦r③❡ ✈✐③✐♥❤♦s ❡♠ ❞✐❢❡r❡♥t❡s
❡stá❣✐♦s ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦ ✭◆P❚✮✳ ✭❛✮ ❉✐str✐❜✉✐çã♦ ♦❜t✐❞❛ ✜①❛♥❞♦ ◆❱❚
❛♦s ✶✵✳✷ ♥s ❛♣ós ♦ ✐♥í❝✐♦ ❞❛ r❡❧❛①❛çã♦ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❡♠ ✸✸✻✳✽✾❑✳ ✭❜✮ ❡ ✭❝✮
❉✐str✐❜✉✐çã♦ ♦❜t✐❞❛ ❞❡♣♦✐s ❞❡ r❡❧❛①❛r ♦ s✐st❡♠❛ ❛ ✸✽✼✳✷✸❑ ❡ ✽✶✵❑✳ ✭❞✮ ❱❛r✐❛çã♦
t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞♦ ♥♦♥♦ ✈✐③✐♥❤♦ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦✱
♠♦str❛♥❞♦ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ❛s ❞✉❛s ❢❛s❡s✱ ❞❛ ♠❛✐s ❞❡♥s❛ à ♠❡♥♦s ❞❡♥s❛✳
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❋✐♥❛❧♠❡♥t❡✱ ❞❡♣♦✐s ❞❡ t❡r ♠♦str❛❞♦ q✉❡ ♥♦ss♦ s✐st❡♠❛ ❞❡♠♦♥str❛ ❤✐st❡r❡s❡✱
q✉❡ ♣♦ss✉✐ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦ ✈♦❧✉♠❡✱ q✉❡ ♦ s✐st❡♠❛ ♠❡♥♦s ❞❡♥s♦ ❞✐❢✉♥❞❡✱
❡ q✉❡ ♦s ❞♦✐s s✐st❡♠❛s s❡ ❞✐❢❡r❡♥ç❛♠ ♣♦r s✉❛s ❡str✉t✉r❛s ❧♦❝❛✐s✱ só ❢❛③ ❢❛❧t❛ ✈❡r✲
✐✜❝❛r q✉❡ t❡♠♦s ✉♠ ❝❛❧♦r ❧❛t❡♥t❡ ♣❛r❛ t❡r♠♦s ❝❡rt❡③❛ q✉❡ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ♦s
❞♦✐s ❡st❛❞♦s é ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭✈❡r ❝❛♣✐t✉❧♦ ✷✮✳ P❛r❛ ❛❧❝❛♥ç❛r t❛❧ ♦❜❥❡t✐✈♦
s❡❣✉✐♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❞♦t❛❞♦ ♣♦r ❙❛str② ❡ ❆♥❣❡❧ ❬✹✾❪✱ ❝♦♠♦ t❛♠❜é♠ ♣♦r
❏❛❦s❡ ❬✺✶❪ ♣❛r❛ ♦❜t❡r ❛ ❛ss✐♥❛t✉r❛ ❞❡ ✉♠ ❝❛❧♦r ❧❛t❡♥t❡ ✭✈❡r ❋✐❣✉r❛ ✶✳✽✮✳ ◆❡st❡
♣r♦❝❡❞✐♠❡♥t♦ ♦ s✐st❡♠❛ é r❡s❢r✐❛❞♦ ♣♦r ❡①tr❛✐♥❞♦ ❝❛❧♦r ❞♦ s✐st❡♠❛ ❝♦♠ ✉♠❛
❞❛❞❛ t❛①❛✳ ❖ r❡s❢r✐❛♠❡♥t♦ é r❡❛❧✐③❛❞♦ ♠❛♥t❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ❛
♣r❡ssã♦ ❡ ❛ ❡♥t❛❧♣✐❛ ❝♦♥st❛♥t❡s ✭◆P❍✮ ❞❡♣♦✐s ❞❡ ❡①tr❛✐r ✉♠❛ ♣❡q✉❡♥❛ q✉❛♥✲
t✐❞❛❞❡ ❞❡ ❝❛❧♦r✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ é r❡♣❡t✐❞♦ s♦❜r❡ ❞✐❢❡r❡♥t❡s ♣❛t❛♠❛r❡s ❞❡
❡♥t❛❧♣✐❛ ❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❡st❡ ♠ét♦❞♦ ♣❛r❛ ❞✉❛s t❛①❛s ❞❡ 0.21eV/ms
❡ 2.5eV/ms ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✶✶ ♣❡❧♦s sí♠❜♦❧♦s � ❡ ⊙ r❡s♣❡❝✲
t✐✈❛♠❡♥t❡✳ ◆❡st❛ ❋✐❣✉r❛ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s ❛ t❡♠♣❡r❛t✉r❛ ❡♠ ❢✉♥çã♦ ❞❛
❡♥t❛❧♣✐❛ ♣♦r át♦♠♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ●á❧✐♦ ❝♦♠ ✶✶✺✷ ♣❛rtí❝✉❧❛s ❧✐♠✐t❛❞♦ ❛
♠❛♥t❡r ◆P❚ ✜①♦ s♦❜r❡ ❞✐❢❡r❡♥t❡s ♣❛t❛♠❛r❡s ❞❡ t❡♠♣❡r❛t✉r❛ ❡ ❝♦♠ ✉♠❛ t❛①❛
♠é❞✐❛ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ✭♦✉ r❡s❢r✐❛♠❡♥t♦✮ ❞❡ ✶✻✻✳✻❑✴♥s✳ ❈♦♠ ❡st❛ t❛①❛ ♦ ●á❧✐♦
só❧✐❞♦ ❢♦✐ ❢✉♥❞✐❞♦ ❛té ❛❧❝❛♥ç❛r ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✶✵✺✵❑✱ r❡s❢r✐❛❞♦ ❛té ✺✵❑
❡ ♥♦✈❛♠❡♥t❡ ❛q✉❡❝✐❞♦ ❛t❡ ✶✵✺✵❑✳ ❊st❡s três ♣r♦❝❡❞✐♠❡♥t♦s ❡stã♦ r❡♣r❡s❡♥t❛✲
❞♦s ♣♦r +✱ ♦ ❡ ⊡ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉♦s ú❧t✐♠♦s ❞♦✐s é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ✉♠❛
♣❡q✉❡♥❛ ✐♥✢❡①ã♦ ❝♦♠ ✉♠ ♣♦✉❝♦ ❞❡ ❤✐st❡r❡s❡ ♥❛ r❡❣✐ã♦ ♦♥❞❡ ❛❝♦♥t❡❝❡ ❛ tr❛♥✲
s✐çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ é ♦❜t✐❞❛ ♣❡❧❛s s✐♠✉❧❛çõ❡s ❧✐♠✐t❛❞❛s
❛ ♠❛♥t❡r ◆P❍ ❝♦♥st❛♥t❡✳ ◆❡st❛s s✐♠✉❧❛çõ❡s ❡ss❛ ♣❡q✉❡♥❛ ✐♥✢❡①ã♦ é ❝❛❞❛ ✈❡③
♠❛✐s ♣r♦♥✉♥❝✐❛❞❛ ❝♦♠ ❛ ❞✐♠✐♥✉✐çã♦ ❞❛ t❛①❛ ❞❡ ❡①tr❛çã♦ ❞❡ ❝❛❧♦r✱ ♦❜s❡r✈❛♥❞♦
q✉❡ ♣❛r❛ ❛ t❛①❛ ❞❡ ✵✳✷✶❡❱✴♠s ❛ t❡♠♣❡r❛t✉r❛ ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦
♠♦♥ót♦♥♦ ❛ss♦❝✐❛❞♦ à ❧✐❜❡r❛çã♦ ❞❡ ❝❛❧♦r ♣❡❧❛ ❢❛s❡ ♠❛✐s ❞❡♥s❛ q✉❡✱ ❝♦♥s❡q✉❡♥t❡✲
♠❡♥t❡✱ ❛✉♠❡♥t❛ ❛ t❡♠♣❡r❛t✉r❛ ♣♦✐s ♦ s✐st❡♠❛ ♣r❡❝✐s❛ ♠❛♥t❡r ❛ ❡♥tr♦♣✐❛ t♦t❛❧
❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ♣❛t❛♠❛r✳ P♦r ❡ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦♥ót♦♥♦ ♣♦❞❡♠♦s
❞✐③❡r q✉❡ t❡♠♦s ✉♠ ❝❛❧♦r ❧❛t❡♥t❡ ❡✱ ♣♦rt❛♥t♦✱ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠
♥♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ❞❡s❝r✐t♦ ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❇❛s❦❡s ❬✼✾❪✳ ❯♠ ú❧t✐♠♦
♣♦♥t♦ ❛ ❞❡st❛❝❛r ♥❛ ❋✐❣✉r❛ ✸✳✶✶ ❡stá ❡♠ q✉❡ ♦ s✐st❡♠❛ r❡❧❛①❛❞♦ ❛ ✸✸✻✳✽✾❑ (>)
s✉❥❡✐t♦ à ❧✐♠✐t❛çã♦ ◆P❚ ✜①♦s✱ ♥ã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✐st❡♠❛ s✐♠✉❧❛❞♦ ❝♦♠ ❛s ❧✐♠✲
✐t❛çõ❡s ◆P❍✳ ❈♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ✐st♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♥♦ s✐st❡♠❛
◆P❚ t❡♠♦s q✉❡ á❣✉❛r❞❛r ❛ tr❛♥s✐çã♦ ❛❝♦♥t❡❝❡r ❡s♣♦♥t❛♥❡❛♠❡♥t❡✱ ❡♥q✉❛♥t♦ ♥♦
s✐st❡♠❛ ◆P❍ ❢♦rç❛♠♦s ❛♦ s✐st❡♠❛ ❛ r❡❛❧✐③❛r ❛ tr❛♥s✐çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é ♣♦s✲
sí✈❡❧ q✉❡ ♦ s✐st❡♠❛ ◆P❍ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✸✻✳✽✾❑ ❛✐♥❞❛ ♥ã♦ ❡st❡❥❛ t♦t❛❧♠❡♥t❡
r❡❧❛①❛❞♦ ♣♦✐s ♦ ♣r♦❝❡ss♦ ❞❡ ❧✐❜❡r❛çã♦ ❞❡ ❝❛❧♦r ♣❡❧♦ s✐st❡♠❛ ♠❛✐s ❞❡♥s♦ t❛❧✈❡③
♥ã♦ t❡♥❤❛ t❡r♠✐♥❛❞♦✳ ❚❛❧ ❡st❛❞♦ ✜♥❛❧ ♣♦❞❡r✐❛ s❡r ❛❧❝❛♥ç❛❞♦ ❡①tr❛✐♥❞♦ ❝❛❧♦r
❝♦♠ ✉♠❛ t❛①❛ ♠❛✐s ❧❡♥t❛ ♦✉ ♥♦✈❛♠❡♥t❡ r❡❧❛①❛♥❞♦ ♦ s✐st❡♠❛ ♠❛♥t❡♥❞♦ ◆P❚
✜①♦s✳

✸✳✸ ❚❡♠ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ ❝r✐t✐❝♦ ♥♦ ●á❧✐♦❄

❋✐♥❛❧♠❡♥t❡ ♣❛r❛ t❡st❛r ♥♦ss❛ s✉♣♦s✐çã♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❞❡✲
s❝r✐t❛ ♣❡❧♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ♣r♦♣♦st♦ ♣♦r P♦♦❧❡ ✭❋✐❣✉r❛ ✷✳✻❜✮✱ é ♣r❡❝✐s♦ ❞❛r



❈❆P❮❚❯▲❖ ✸✳ ❙■▼❯▲❆➬Õ❊❙ ❊ ❘❊❙❯▲❚❆❉❖❙ ✹✾

 0

 200

 400

 600

 800

 1000

 1200

−3 −2.95 −2.9 −2.85 −2.8 −2.75 −2.7 −2.65 −2.6

T
 (

K
º)

H (eV/atom)

❋✐❣✉r❛ ✸✳✶✶✿ ❊✈✐❞ê♥❝✐❛ ❞❛ ♣r❡sê♥ç❛ ❞❡ ✉♠ ❝❛❧♦r ❧❛t❡♥t❡ ❡✱ ♣♦rt❛♥t♦✱ ❞❡ ✉♠❛
tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦ s✐♠✉❧❛❞♦ ♣❡❧♦ ♣♦t❡♥❝✐❛❧
❞❡ ❇❛s❦❡s✳ ❖ ♣r♦❝❡ss♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦ (+)✱ r❡s❢r✐❛♠❡♥t♦ (♦) ❡ r❡✲❛q✉❡❝✐♠❡♥t♦
(⊡) ❞❡s❝r✐t♦ ♥❛ ❋✐❣✉r❛ ✸✳✻ é ✐♥❞✐❝❛❞♦ ♥♦✈❛♠❡♥t❡ ♥❡st❡ ❞✐❛❣r❛♠❛ ❞❡ t❡♠♣❡r❛t✉r❛
❡♠ ❢✉♥çã♦ ❞❛ ❡♥t❛❧♣✐❛✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ♦ ❡st❛❞♦ ✜♥❛❧ ❞❛ r❡❧❛①❛çã♦ ✭◆P❚✮ ♣❛r❛
❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✸✻✳✽✾❑ t❛♠❜é♠ é ❛♣r❡s❡♥t❛❞♦ (>)✳ ❖ ♣♦♥t♦ ❝❤❛✈❡ ❞❡st❛
❋✐❣✉r❛ ❡stá ♥♦s s✐st❡♠❛s s✐♠✉❧❛❞♦s ♥♦ ❡♥s❡♠❜❧❡ ◆P❍✱ ♣♦✐s ❛♦ ❞✐♠✐♥✉✐r ❛ t❛①❛
❞❡ ❡①tr❛çã♦ ❞❡ ❝❛❧♦r ❞❡ ✷✳✺❡❱✴♠s (⊙) ❛ ✵✳✷✶❡❱✴♠s (�) ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ ✉♠
❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦♥ót♦♥♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ✉♠ ❝❛❧♦r ❧❛t❡♥t❡✳

✐♥❞í❝✐♦s ❞❡ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ ❝r✐t✐❝♦✳ ❆té ❛❣♦r❛ só t❡♠♦s ❝❡rt❡③❛ ❞❛ ❡①✐stê♥❝✐❛
❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ q✉❡ ❛❝♦♥t❡❝❡ ♥❛ r❡❣✐ã♦ s✉♣❡r✲r❡s❢r✐❛❞❛✳ ❊♥✲
tr❡t❛♥t♦✱ ❝♦♠♦ ❥á t❡♠ s✐❞♦ ♠❡♥❝✐♦♥❛❞♦✱ s❡ t❛❧ tr❛♥s✐çã♦ ❡①✐st❡ ❡ é ❞❡s❝r✐t❛ ♣❡❧♦
❞✐❛❣r❛♠❛ ❞❛ ❋✐❣✉r❛ ✷✳✻❜ ♥♦ss♦ s✐st❡♠❛ t❡♠ q✉❡ ❛♣r❡s❡♥t❛r ❤✐st❡r❡s❡ q✉❛♥❞♦
♦ ❧íq✉✐❞♦ s✉♣❡r✲r❡s❢r✐❛❞♦ é ❡①♣❛♥❞✐❞♦ ❡ ❝♦♠♣r✐♠✐❞♦ ✐s♦t❡r♠✐❝❛♠❡♥t❡✳ ❆❣♦r❛✱
s❡ ❛ tr❛♥s✐çã♦ ❛♣r❡s❡♥t❛ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦ ❡♥tã♦ é ❞❡ s❡ ❡s♣❡r❛r q✉❡ ♦ s✐st❡♠❛
r❡❞✉③❛ ❛ ❤✐st❡r❡s❡ ❝♦♥❢♦r♠❡ s❡ ❛♣r♦①✐♠❡ ❞❡st❡✳ P❛r❛ t❡st❛r ❡ss❛ ♣r♦♣♦st❛ ❢♦r❛♠
r❡❛❧✐③❛❞❛s ✹ s✐♠✉❧❛çõ❡s ❡①♣❛♥❞✐♥❞♦ ❡ ❝♦♠♣r✐♠✐♥❞♦ ♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ❡♠
q✉❛tr♦ t❡♠♣❡r❛t✉r❛s ❞✐❢❡r❡♥t❡s ❞❡ ✸✸✵✱ ✸✻✵✱ ✸✾✵ ❡ ✹✷✵❑✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ s❡❣✉✐❞♦
❢♦✐ ❢✉♥❞✐r ♦ ●á❧✐♦ só❧✐❞♦ ❛té ❛❧❝❛♥ç❛r ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✺✺✵❑ ❡ ✉♠❛ ♣r❡ssã♦
❞❡ ✶✻●P❛✳ P♦st❡r✐♦r♠❡♥t❡✱ ♦ s✐st❡♠❛ ❢♦✐ s✉♣❡r✲r❡s❢r✐❛❞♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡
✸✸✵✱ ✸✻✵✱ ✸✾✵ ♦✉ ✹✷✵❑ ♠❛♥t❡♥❞♦ ◆❱ ✜①♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❛ ♣r❡ssã♦ ❢♦✐ ❝♦♥✜❣✉✲
r❛❞❛ ❛ t♦♠❛r ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ✷✳✺●P❛✳ P❛rt✐♥❞♦ ❞❡st❛s ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ♦
s✐st❡♠❛ ❢♦✐ ❡①♣❛♥❞✐❞♦✱ ✈❛r✐❛♥❞♦ ❛ ♣r❡ssã♦ ❞❡ ✷✳✺●P❛ ❛ ✲✷✳✺●P❛ ❞✉r❛♥t❡ ✼✳✺♥s✳



❈❆P❮❚❯▲❖ ✸✳ ❙■▼❯▲❆➬Õ❊❙ ❊ ❘❊❙❯▲❚❆❉❖❙ ✺✵

❆♣ós✱ ♦ s✐st❡♠❛ ❢♦✐ r❡❧❛①❛❞♦ ♠❛♥t❡♥❞♦ ◆P❚ ✜①♦s ❞✉r❛♥t❡ ✻✵♣s✳ ❋✐♥❛❧♠❡♥t❡
♦ s✐st❡♠❛ ❢♦✐ ❝♦♠♣r✐♠✐❞♦✱ ✈❛r✐❛♥❞♦ ❛ ♣r❡ssã♦ ❞❡ ✲✷✳✺●P❛ ❛ s❡✉ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡
✷✳✺●P❛ ❡♠ ✼✳✺♥s✳ ❖ r❡s✉❧t❛❞♦ ❞❡st❛s s✐♠✉❧❛çõ❡s s❡ ❡♥❝♦♥tr❛ r❡♣r❡s❡♥t❛❞♦ ♥♦s
❞✐❛❣r❛♠❛s ❞❡ ♣r❡ssã♦ ❡♠ ❢✉♥çã♦ ❞♦ ✈♦❧✉♠❡ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✶✷✳
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❋✐❣✉r❛ ✸✳✶✷✿ ❘❡s♣♦st❛ ❞♦ ✈♦❧✉♠❡ ♠♦❧❛r ❞♦ ●á❧✐♦ s✉♣❡r✲r❡s❢r✐❛❞♦ ♠♦❞❡❧❛❞♦ ❝♦♠
♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❇❛s❦❡s ❞✉r❛♥t❡ ❝♦♠♣r❡ssã♦ ✭s❡t❛s ❛s❝❡♥❞❡♥t❡s✮ ❡ ❡①♣❛♥sã♦ ✭s❡✲
t❛s ❞❡s❝❡♥❞❡♥t❡s✮ ✐s♦tér♠✐❝❛✳ ❆ ❞✐♠✐♥✉✐çã♦ ❞❛ ❤✐st❡r❡s❡s é ✉♠ ✐♥❞✐❝❛t✐✈♦ ❞❛
♣r♦①✐♠✐❞❛❞❡ ❞❡ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦✳ (a)✸✸✵❑➸ (b)✸✻✵❑➸ (c)✸✾✵❑➸ (d)✹✷✵❑➸✳

◆❡st❡s ❞✐❛❣r❛♠❛s ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♠♣r❡ssã♦ ❡st❛ r❡♣r❡s❡♥t❛❞♦ ♣♦r ♣♦♥t♦s
✈❡r♠❡❧❤♦s ❡♥q✉❛♥t♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❡①♣❛♥sã♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ♣♦♥t♦s ✈❡r❞❡s✳
❆♦ ❝♦♠♣❛r❛r ❡ss❡s ❞♦✐s ♣r♦❝❡ss♦s ♣❛r❛ ❝❛❞❛ ✐s♦t❡r♠❛✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ s✐st❡♠❛
❛♣r❡s❡♥t❛ ❤✐st❡r❡s❡ ❝♦♠♦ ❡r❛ ❡s♣❡r❛❞♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳
❆❣♦r❛✱ ❡st❛ ❤✐st❡r❡s❡ ❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛✱ ❝❤❡❣❛♥❞♦ q✉❛s❡
❛ ③❡r♦ ❡♠ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✷✵❑✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ é ✉♠ ❢♦rt❡ s✐♥❛❧ ❞❛
♣r❡s❡♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ ❝r✐t✐❝♦✳ ❈á❧❝✉❧♦s ❛❞✐❝✐♦♥❛✐s ♣r❡❝✐s❛♠ s❡r r❡❛❧✐③❛❞♦s ♣❛r❛ ❛
❧♦❝❛❧✐③❛çã♦ ❞❡st❡ ♣♦♥t♦ ♥♦ ♣❧❛♥♦ P✲❚✳ ❯♠❛ ♣r♦♣♦st❛ ♣❛r❛ ❡st❛ ❧♦❝❛❧✐③❛çã♦ ❞❡st❡
♣♦♥t♦ ❡stá ❡♠ r❡❛❧✐③❛r ❡①♣❛♥sõ❡s ❡ ❝♦♠♣r❡ssõ❡s ✐s♦tér♠✐❝❛s ❛ ❞✐❢❡r❡♥t❡s t❡♠✲
♣❡r❛t✉r❛s✱ ❝♦♠ ♦ ✜♠ ❞❡ ❧♦❝❛❧✐③❛r ❛ t❡♠♣❡r❛t✉r❛ ♥❛ q✉❛❧ ❛ ❤✐st❡r❡s❡ ❞❡s❛♣❛r❡❝❡
t♦t❛❧♠❡♥t❡✱ ❛ss✐♠ ❧♦❝❛❧✐③❛♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ♣♦♥t♦ ❝r✐t✐❝♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱
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❋✐❣✉r❛ ✸✳✶✸✿ ❱♦❧✉♠❡ ♠♦❧❡❝✉❧❛r ❞♦ ●á❧✐♦ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛
♦❜t✐❞♦ ♣♦r s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ✉♠ ♣♦t❡♥❝✐❛❧ ▼❊❆▼ ❬✼✾❪
✭❧✐♥❤❛ ✈❡r❞❡✮✳ ❚❛①❛ ♠é❞✐❛ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ❞❡ ✶✻✻✳✻❑✴♥s ♣❛r❛ ✉♠❛ ♣r❡ssã♦ ❞❡
✲✶✳✻●P❛✳ ▲✐♥❤❛ ✈❡r♠❡❧❤❛ é ✉♠❛ ❣✉✐❛ ♣❛r❛ ♦ ♦❧❤♦✳

♣❛r❛ ❧♦❝❛❧✐③❛r ❛ ♣r❡ssã♦ ❞♦ ❝rít✐❝❛ ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é r❡s❢r✐❛r ❡ r❡✲❛q✉❡❝❡r ♦
●á❧✐♦ ❧íq✉✐❞♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ♣r❡ssõ❡s ❡♥❝♦♥tr❛♥❞♦ ♦ ✈❛❧♦r ❞❛ ♣r❡ssã♦ ♥♦ q✉❛❧ ❛
❤✐st❡r❡s❡ t❛♠❜é♠ ❞❡s❛♣❛r❡❝❡✳

✸✳✹ ❯♠❛ ♥♦✈❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ ❞♦ ●á❧✐♦❄

P❛r❛ ✜♥❛❧✐③❛r ❡st❡ ❈❛♣✐t✉❧♦ ♠❡♥❝✐♦♥❛♠♦s q✉❡ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❜✉s❝❛
❞❡ ❤✐st❡r❡s❡ ♥❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❞✐❢❡r❡♥t❡s s✐♠✉❧❛çõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s
♣❛r❛ ❞✐❢❡r❡♥t❡s ♣r❡ssõ❡s ❝♦♠❡ç❛♥❞♦ ❞♦ ❡st❛❞♦ só❧✐❞♦✱ ❛q✉❡❝❡♥❞♦ ✭❢✉♥❞✐♥❞♦✮✱
r❡s❢r✐❛♥❞♦ ❡ ✈♦❧t❛♥❞♦ ❛ ❛q✉❡❝❡r✳ ❉✉r❛♥t❡ ❡st❡ ♣r♦❝❡ss♦ ✉♠ ❢❛t♦ ❝✉r✐♦s♦ ❢♦✐ ♦❜✲
s❡r✈❛❞♦ ❛♦ t❡♥t❛r ❢✉♥❞✐r ●á❧✐♦ ■ ❝♦♠ ✉♠❛ ♣r❡ssã♦ ❞❡ ✲✶✳✻●P❛ ❡ ✉♠❛ t❛①❛ ❞❡
❛q✉❡❝✐♠❡♥t♦ ❞❡ △T/△t = 20K/0.12ns = 166.6K/ns✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ s❡
❡♥❝♦♥tr❛ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✸✱ ❡ ♥❡st❛ é ♣♦ssí✈❡❧ ✈❡r q✉❡ ❛♥t❡s ❞♦ ●á❧✐♦
só❧✐❞♦ ❢✉♥❞✐r✱ ❡①✐st❡ ✉♠ ❛✉♠❡♥t♦ ❞❡s❝♦♥tí♥✉♦ ❞♦ ✈♦❧✉♠❡ ❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦
❞❡ t❡♠♣❡r❛t✉r❛s ❞❡ ✻✾✵ ❡ ✼✼✵❑✳ ❆ ♣r✐♠❡✐r❛ ✐❞é✐❛ ❛ ♣❡♥s❛r é q✉❡ s❡ tr❛t❛ ❞❡
❝❛✈✐t❛çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛♦ ♦❜s❡r✈❛r ❛ ❋✐❣✉r❛ ✸✳✶✱ ♥♦t❛♠♦s q✉❡ ❡st❡ ❝♦♥❥✉♥t♦
❞❡ t❡♠♣❡r❛t✉r❛s s❡ ❡♥❝♦♥tr❛♠ ❧♦♥❣❡ ❞❛ s♣✐♥♦❞❛❧ s✉♣❡r✲❛q✉❡❝✐❞❛✱ ♣♦r ✐ss♦ ❡ss❛
✐❞é✐❛ ♥ã♦ ♣❛r❡❝❡ s❡r ✈✐á✈❡❧✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❞❡s❝❛rtá✲❧❛ t♦t❛❧♠❡♥t❡ ♦❜s❡r✈❛♠♦s
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✶✹✿ (a) ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ✈♦❧✉♠❡ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❛ ✉♠❛
♣r❡ssã♦ ❞❡ ✲✶✳✻●P❛ ♣❛r❛ ❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ ●❛✲■ ✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮✱ ❢❛s❡ ❞❡s❝♦♥✲
❤❡❝✐❞❛ ✭❧✐♥❤❛ ❛③✉❧✮ ❡ ✉♠❛ ♠✐st✉r❛ ❞❛s ❞✉❛s ❢❛s❡s ✭❧✐♥❤❛ ✈❡r❞❡✮✳ (b) ❘❡❧❛①❛çã♦
❞❛ ❢❛s❡ ♠✐st❛ ♣♦r ❣r❛❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s ♦❜t✐❞❛ ♥❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ●❛✲■ ❛
✼✺✵❑✳

❡ ❝♦♠♣❛r❛♠♦s ❛s ❡str✉t✉r❛s ❛♥t❡s ❡ ❞❡♣♦✐s ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳ P♦r ❡①❡♠♣❧♦✱ ❛♦
♦❜s❡r✈❛r três ❞✐r❡çõ❡s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❞♦ ●á❧✐♦ ■ ♦❜t❡♠♦s ✈✐s✉❛❧✐③❛çõ❡s s❡♠❡❧✲
❤❛♥t❡s ❛ ❜✱ ❜✱ ❡ ❞ ♥❛ ❋✐❣✉r❛ ✸✳✶✺✳ ❆❣♦r❛✱ ❛♦ ♦❜s❡r✈❛r ❛s ♠❡s♠❛s três ❞✐r❡çõ❡s
❞❡♣♦✐s ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✼✺✵❑ ♦❜t❡♠♦s ✈✐s✉❛❧✐③❛çõ❡s
s❡♠❡❧❤❛♥t❡s ❛ ❛ ✱ ❜ ♥❛ ❋✐❣✉r❛ ✸✳✶✺ ❡ ❜ ♥❛ ❋✐❣✉r❛ ✸✳✶✹✳ ❊stá ❝❧❛r♦ q✉❡ ♥ã♦
t❡♠♦s ❝❛✈✐t❛çã♦ ❞✉r❛♥t❡ ❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ✈♦❧✉♠❡✳ ❉❡ ❢❛t♦✱ tr❛t❛✲s❡ ❞❡ ✉♠❛
tr❛♥s✐çã♦ ❡♥tr❡ ●á❧✐♦ ■ ❡ ♦✉tr❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ ❞♦ ♠❡s♠♦✳ ❈♦♠♦ ♣♦❞❡♠♦s ✈❡r
❞❛ ❋✐❣✉r❛ ✸✳✶✺❞ ♦ ●á❧✐♦ ■ ❡st❛ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠❛ ❞✐s♣♦s✐çã♦ ❞❛s ♣❛rtí❝✉❧❛s
t✐♣♦ ✏♦♥❞❛ ❤❛r♠ô♥✐❝❛✑ s♦❜r❡ ♣❧❛♥♦s ✈❡rt✐❝❛✐s ♦♥❞❡ ❛s ♦♥❞❛s ❡♠ t♦❞♦s ♦s ♣❧❛♥♦s
s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❢❛s❡✳ ◆♦ ❡♥t❛♥t♦✱ ♥❛ ❡str✉t✉r❛ ❛ ✼✺✵❑ ✭✈❡r ❋✐❣✉r❛ ✸✳✶✹❜✮
✐st♦ ♥❡♠ s❡♠♣r❡ ❛❝♦♥t❡❝❡✱ ♣♦✐s t❡♠♦s ♣❧❛♥♦s ❡♠ ❢❛s❡ ❡ ♣❧❛♥♦s ✏❢♦r❛ ❞❡ ❢❛s❡✑ t❛❧
❝♦♠♦ é ✐♥❞✐❝❛❞♦ ♣❡❧❛s ❧✐♥❤❛s ✈❡rt✐❝❛✐s ❞❡s❡♥❤❛❞❛s ♣❛r❛ ♦❜s❡r✈❛r ❛s ❞✐❢❡r❡♥ç❛s
♠❡♥❝✐♦♥❛❞❛s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ❝♦♥❥❡❝t✉r❛r q✉❡ ❛ ❡str✉t✉r❛
♦❜t✐❞❛ ❛ ✼✺✵❑ q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ ❢♦✐ r❡❧❛①❛❞❛ ❛ s❡✉ ♠✐♥✐♠♦ ❧♦❝❛❧ ♣❡❧♦ ♠ét♦❞♦
❞❡ ❣r❛❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s✱ é ✉♠❛ ♠✐st✉r❛ ❞❡ ❞✉❛s ❢❛s❡s s♦❧✐❞❛s ♦♥❞❡ ✉♠❛ ❞❡ ❡❧❛s
é ●á❧✐♦ ■ ❡ ❛ ♦✉tr❛ é ✉♠❛ ❡str✉t✉r❛ ♣♦r ❡♥q✉❛♥t♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ ♦♥❞❡ ❛ ✈✐s✉❛❧✲
✐③❛çã♦ ❞♦s três ♣❧❛♥♦s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ♥❡st❛ ❢❛s❡ é ❞❛ ❢♦r♠❛ ❛ ✱ ❜✱ ❝ ♥❛ ❋✐❣✉r❛
✸✳✶✺✳ P❛r❛ ❢♦rt❛❧❡❝❡r ❡st❛ ♣r♦♣♦st❛ ✉♠ s✐st❡♠❛ ❞❡ ✶✹✹ ♣❛rtí❝✉❧❛s ❞❡ ●á❧✐♦ ❝♦♠
❡st❛s ♣♦s✐çõ❡s ✐♥❝✐❛✐s ❢♦✐ s✐♠✉❧❛❞♦ s♦♠❡t✐❞♦ ❛ ✉♠❛ t❡♥sã♦ ❞❡ ✲✶✳✻●P❛ ✈❛r✐❛♥❞♦
s✉❛ t❡♠♣❡r❛t✉r❛ ❡♥tr❡ ✺✵❑ ❡ ✶✵✺✵❑ ❛ ✉♠❛ t❛①❛ ♠é❞✐❛ ❞❡ ✶✻✻✳✻❑✴♥s✳ ❆❧é♠
❞✐ss♦ ♦ s✐st❡♠❛ ❡♥❝♦♥tr❛❞♦ ❞❡♣♦✐s ❞❡ r❡❧❛①❛r ♣♦r ❣r❛❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s ❛ ♣❛rt✐r
❞❛ ❝♦♥✜❣✉r❛çã♦ ❛ ✼✺✵❑ ❡ ✲✶✳✻●P❛✱ t❛♠❜é♠ ❢♦✐ ❛q✉❡❝✐❞♦ ❞❡ ✺✵❑ ❛ ✶✵✺✵❑ ❝♦♠
❛ ♠❡s♠❛ t❛①❛ ❞❡ ✶✻✻✳✻❑✴♥s✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❛s s✐♠✉❧❛çõ❡s sã♦ ❝♦♠✲
♣❛r❛❞♦s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ●á❧✐♦ ■ ❡ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✶✹❛✳
◆❡st❛ ❋✐❣✉r❛ t❡♠♦s ♦ ✈♦❧✉♠❡ ♠♦❧❡❝✉❧❛r ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❛s três
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✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

❋✐❣✉r❛ ✸✳✶✺✿ ❈♦♠♣❛r❛çã♦ ❞❛s ❡str✉t✉r❛s ❝r✐st❛❧✐♥❛s ❞♦ ●❛✲■ ❡ ❛ ❢❛s❡ ❞❡s❝♦♥✲
❤❡❝✐❞❛ ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ♥♦✈❛ ❢❛s❡ ♥ã♦ ❛♣r❡s❡♥t❛ ❝❛✈✐t❛çã♦✳ ❚rês ✈✐sõ❡s ♣❡r✲
♣❡♥❞✐❝✉❧❛r❡s ✭①✱②✱③✮ ❞❛s ❞✉❛s ❢❛s❡s ♣✉r❛s sã♦ ♦❜t✐❞❛s ❝♦♠♦ ✭❛✱❜✱❝✮ ♣❛r❛ ❛ ❢❛s❡
❞❡s❝♦♥❤❡❝✐❞❛ ❡ ✭❜✱❜✱❞✮ ♣❛r❛ ●❛✲■✳

s✐♠✉❧❛çõ❡s ❡ ♦❜s❡r✈❛♠♦s q✉❡ ❛s três ❝♦♥✜❣✉r❛çõ❡s s❡ ♠❛♥t❡♠ só❧✐❞❛s ❛ t❡♠♣❡r✲
❛t✉r❛s ♠❡♥♦r❡s ❛ ∼ 800K✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ é ♣♦ssí✈❡❧ ✈❡r q✉❡ ♦ ✈♦❧✉♠❡ ❞❛ ❢❛s❡
❞❡s❝♦♥❤❡❝✐❞❛ é ♠❛✐♦r q✉❡ ♦ ✈♦❧✉♠❡ ❞❛ ❢❛s❡ ●❛ ■ ✭❛③✉❧✮✱ ❡ q✉❡ ❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡
♦❜t✐❞❛ ♥♦ ●á❧✐♦ ■ ❛ ✼✺✵❑ ❡♠ r❡❛❧✐❞❛❞❡ é ✉♠❛ ♠✐st✉r❛ ❞❛ ❢❛s❡ ❞❡s❝♦♥❤❡❝✐❞❛ ❝♦♠
●á❧✐♦ ■✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r ❝♦♠ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ♣❛r❛ ❡ss❛ ❢❛s❡ ❞❡s❝♦♥✲
❤❡❝✐❞❛ ❛♥❛❧✐s❛♠♦s s✉❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❡ ❝♦♠♣❛r❛♠♦s ❡st❛s ❝♦♠
❞✐str✐❜✉✐çõ❡s ♦❜t✐❞❛s ♣❛r❛ ❢❛s❡s ❝♦♥❤❡❝✐❞❛s ❞♦ ●á❧✐♦✱ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢♦✐ r❡✲
❛❧✐③❛❞♦ ♣❛r❛ ❛s ❢❛s❡s ❡stá✈❡✐s ●❛■ ❬✼✺❪✱ ●❛■■ ❬✼✺✱ ✾✺✱ ✾✻❪✱ ●❛■■■ ❬✾✺❪✱ ●❛■❱ ❬✾✼❪✱
●❛❱ ❬✾✻❪ ❡ ♣❛r❛ ❛s ❢❛s❡s ♠❡t❛❡stá✈❡✐s β ❬✾✽❪✱ γ ❬✾✾❪✱ δ ❬✶✵✵❪✳ ◆ã♦ ❢♦✐ ♣♦ssí✈❡❧
r❡❛❧✐③❛r ♣❛r❛ ❛ ❢❛s❡ ǫ ❬✾✺✱ ✶✵✶❪ ♣♦✐s s✉❛ ❡str✉t✉r❛ ❝r✐st❛❧✐♥❛ ❛✐♥❞❛ é ❞❡s❝♦♥❤❡❝✐❞❛✳
❖s r❡s✉❧t❛❞♦s ❞❡st❛s ❝♦♠♣❛r❛çõ❡s s❡ ❡♥❝♦♥tr❛♠ r❡♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✸✳✶✼
♦♥❞❡ ❛ ❢❛s❡ ❞❡s❝♦♥❤❡❝✐❞❛ é ❞❡s❝r✐t❛ ♣❡❧❛ ❝✉r✈❛ ✈❡r❞❡✳ ❆♦ ♦❜s❡r✈❛r ❡st❛s ❋✐❣✉r❛s
é ❡✈✐❞❡♥t❡ q✉❡ ❛ ❢❛s❡ ❞❡s❝♦♥❤❡❝✐❞❛ ♥ã♦ ❡st❛ ❞❡s❝r✐t❛ ♣♦r ♥❡♥❤✉♠❛ ❞❛s ❡str✉✲
t✉r❛s ❝r✐st❛❧✐♥❛s ❝♦♥❤❡❝✐❞❛s ❞♦ ●á❧✐♦✳ P♦rt❛♥t♦ ❞❡st❛ ❢❛s❡ só ♣♦❞❡♠♦s r❡❛❧✐③❛r
❞✉❛s ❝♦♥❥❡❝t✉r❛s✱ ❛ ♣r✐♠❡✐r❛ q✉❡ ❡st❛ ❢❛s❡ ❝♦rr❡s♣♦♥❞❡ à ❢❛s❡ ♠❡t❛❡stá✈❡❧ ǫ ❡ ❛
s❡❣✉♥❞❛ q✉❡ ❡st❛ é ✉♠❛ ♥♦✈❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ ❞♦ ●á❧✐♦✳

■♥❢❡❧✐③♠❡♥t❡✱ ♥ã♦ t❡♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦rr♦❜♦r❛r ❡st❛s ❝♦♥❥❡❝t✉r❛s✱ ✉♠❛
✈❡③ q✉❡ ❛ ❢❛s❡ ǫ ❝♦♥t✐♥✉❛ ❞❡s❝♦♥❤❡❝✐❞❛✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢❛s❡ ǫ é
♠❡t❛❡stá✈❡❧ ❛ ♣r❡ssã♦ ③❡r♦✱ r❡❛❧✐③❛♠♦s ✉♠ ❛q✉❡❝✐♠❡♥t♦ ❞❡ ♥♦ss❛s três ❝♦♥✜❣✲
✉r❛çõ❡s ✭●❛■✱ ♠✐st✉r❛✱ ❞❡s❝♦♥❤❡❝✐❞❛✮ ❛ ♣r❡ssã♦ ③❡r♦ ♣❛r❛ ♦❜s❡r✈❛r s✉❛ ❡st❛✲
❜✐❧✐❞❛❞❡ q✉❛♥❞♦ ❛ t❛①❛ ❞❡ ❛q✉❡❝✐♠❡♥t♦ é ❞❡ ✶✻✻✳✻❑✴♥s✳ ❖s r❡s✉❧t❛❞♦ ❞❡ t❛❧
❛q✉❡❝✐♠❡♥t♦ s❡ ❡♥❝♦♥tr❛♠ ♥❛ ❋✐❣✉r❛ ✸✳✶✻❛✱ ♦♥❞❡ é ♦❜s❡r✈❛❞♦ q✉❡ ❝❛❞❛ ❝♦♥✜❣✲
✉r❛çã♦ s❡ ♠❛♥t❡♠ ❡stá✈❡❧ ❡ ❞✐❢❡r❡♥t❡ ❛té 750K ♣♦st❡r✐♦r♠❡♥t❡ ❝❛❞❛ ✉♠❛ ❞❡❧❛s
❢✉♥❞❡ ♥♦ ♠❡s♠♦ ❧íq✉✐❞♦✳

P❛r❛ ♦❜t❡r ✉♠❛ ♠❛✐♦r ✐♥❢♦r♠❛çã♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛s ❞✉❛s ❢❛s❡s ♣✉r❛s ✭●❛■✱
❞❡s❝♦♥❤❡❝✐❞❛✮ ❢♦✐ ❞❡t❡r♠✐♥❛❞❛ ❛ ❡♥❡r❣✐❛ ♣♦r át♦♠♦ ❝♦♠♦ ❢✉♥çã♦ ❞♦ ✈♦❧✉♠❡
❛tô♠✐❝♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❉❋❚✱ ❛ ♣r❡ssã♦ ❡ t❡♠♣❡r❛t✉r❛ ♥✉❧❛✳ ❊st❡s r❡s✉❧✲
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❋✐❣✉r❛ ✸✳✶✻✿ ❊st❛❜✐❧✐❞❛❞❡ ❞❛ ❢❛s❡ ❞❡s❝♦♥❤❡❝✐❞❛ ❛ ♣r❡ssã♦ ③❡r♦✳ ❛✮ ❱♦❧✉♠❡ ❡♠
❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❛ ❢❛s❡ ❞❡s❝♦♥❤❡❝✐❞❛✱ ●❛✲■ ❡ ❛ ❢❛s❡ ♠✐st❛ ♦❜t✐❞❛
♣♦r ❣r❛❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s✳ ❜✮ ❊♥❡r❣✐❛ t♦t❛❧ ♣♦r át♦♠♦ ❝♦♠♦ ❢✉♥çã♦ ❞♦ ✈♦❧✉♠❡
❛tô♠✐❝♦ ❞♦ ●❛✲■ (♦) ❡ ❛ ❢❛s❡ ❞❡s❝♦♥❤❡❝✐❞❛ (⊙)✱ ♦❜t✐❞❛ ♣♦r ❉❋❚✳

t❛❞♦s s❡ ❡♥❝♦♥tr❛♠ ❡①♣♦st♦s ♥❛ ❋✐❣✉r❛ ✸✳✶✻❜✱ ♦♥❞❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❢❛s❡
●❛ ■ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❞✐❛♠❛♥t❡s✱ ❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ♥♦✈❛ ❢❛s❡ ❡s✲
tã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❝ír❝✉❧♦s✳ ❉❡st❡ ❞✐❛❣r❛♠❛ é ♣♦ssí✈❡❧ ✈❡r q✉❡ ❛ ♥♦✈❛ ❢❛s❡
é ♠❡t❛❡stá✈❡❧ ❛♦ ❝♦♠♣❛rá✲❧❛ ❝♦♠ ❛ ❢❛s❡ ●❛■✱ ♣♦✐s s✉❛ ❡♥❡r❣✐❛ ❞❡ ❝♦❡sã♦ ❡♠
✈❛❧♦r ❛❜s♦❧✉t♦ é ♠❡♥♦r q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡ ❝♦❡sã♦ ❞♦ ●❛ ■✳ P♦r ✐ss♦✱ ❝♦♠♦ ❥á t✐♥❤❛
s✐❞♦ ♠❡♥❝✐♦♥❛❞♦✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❡r♠♦s ❡♥❝♦♥tr❛❞♦ ❛ ❢❛s❡ ǫ s❡❣✉❡ ♣r❡s❡♥t❡✳
❋✐♥❛❧♠❡♥t❡✱ ❛ ❡str✉t✉r❛ ❞❡st❛ ♥♦✈❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ é ♦rt♦rrô♠❜✐❝❛ ❝♦♠ ✉♠❛ s✐♠❡✲
tr✐❛ Cmcm ✭❣r✉♣♦ ❡s♣❛❝✐❛❧ ✻✸✮✳ ❖s ❞❡t❛❧❤❡s ❞♦s ❡st✉❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s
♥♦ ❛rt✐❣♦ ✐♥t✐t✉❧❛❞♦ ✏Pr❡❞✐❝t✐♦♥ ♦❢ ❛ ◆♦✈❡❧ ❈r②st❛❧❧✐♥❡ P❤❛s❡ ♦❢ ●❛ ❜② ❙✐♠✉❧❛✲
t✐♦♥✑ q✉❡ ❢♦✐ s✉❜♠❡t✐❞♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦ ❡♠ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ❡ ❡♥❝♦♥tr❛✲s❡ ♥♦
❆♣ê♥❞✐❝❡ ❉✳
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❋✐❣✉r❛ ✸✳✶✼✿ ❈♦♠♣❛r❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ r❛❞✐❛❧ ❞❡ ♣❛r❡s ❞❡ ♣❛rtí❝✉✲
❧❛s ❣✭r✮ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ❡str✉t✉r❛s ❝r✐st❛❧✐♥❛s ❝♦♥❤❡❝✐❞❛s ❞♦ ●á❧✐♦ ❡ ❛ ❢❛s❡
❞❡s❝♦♥❤❡❝✐❞❛ ♦❜t✐❞❛ ♣♦r s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧
▼❊❆▼❬✼✾❪✳
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❈❛♣ít✉❧♦ ✹

❈♦♥❝❧✉sõ❡s

❚❡♠♦s ❞❡s❡♥✈♦❧✈✐❞♦ ❞✐❢❡r❡♥t❡s s✐♠✉❧❛çõ❡s ❝♦♠ ♦ ❝ó❞✐❣♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r
▲❆▼▼P❙ ❬✾✹❪✱ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ✐♥t❡r❛çã♦ ❞❡ át♦♠♦s ❞❡ ●á❧✐♦ ▼❊❆▼ ♣r♦♣♦st♦
♣♦r ❇❛s❦❡s ❬✼✾❪✳ ❉❡st❛s s✐♠✉❧❛çõ❡s ❝♦♠ ✶✶✺✷ ♣❛rtí❝✉❧❛s ❞❡ ●á❧✐♦✱ ✉♠ r❛✐♦ ❞❡
✺❆ ❡ ✉♠ ♣❛ss♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ✶✳✺❢s✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦
♣♦t❡♥❝✐❛❧ s❡♠✐❡♠♣✐r✐❝♦ ❡st✉❞❛❞♦✱ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ❞♦ ●á❧✐♦ ❝♦rr❡s♣♦♥❞❡ ❝♦♠
♦ ♣r♦♣♦st♦ ♣♦r P♦♦❧❡❬✹✹❪✱ ♦♥❞❡ ❛ s♣✐♥♦❞❛❧ s✉♣❡r❛q✉❡❝✐❞❛ ♥✉♥❝❛ r❡❡♥tr❛ ❛ ❜❛✐①❛s
t❡♠♣❡r❛t✉r❛s ♣❛r❛ ❢♦r♠❛r ♣❛rt❡ ❞❛ r❡❣✐ã♦ ❞❡ ♣r❡ssõ❡s ♣♦s✐t✐✈❛s✳ ❖✉ s❡❥❛✿

✶✳ ❚❡♠♦s ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲❧íq✉✐❞♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠♦ ❢♦✐ ✜♥❛❧✲
♠❡♥t❡ ❝♦rr♦❜♦r❛❞♦ ♥❛s s✐♠✉❧❛çõ❡s ◆P❍ ♦♥❞❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦
♠♦♥ót♦♥♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❡♠ ❢✉♥çã♦ ❞❛ ❡♥t❛❧♣✐❛ é ❛ ❡✈✐❞❡♥❝✐❛ ❞❛ ♣r❡sê♥ç❛
❞❡ ✉♠ ❝❛❧♦r ❧❛t❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❝❡ss♦ ❞❡ r❡❧❛①❛çã♦ ❞❡♠♦str♦✉ q✉❡
❛♠❜❛s ❢❛s❡s ❞✐❢✉♥❞❡♠✳

✷✳ P♦r ♦✉tr❛ ♣❛rt❡ s✐♠✉❧❛çõ❡s ◆P❚ ❝♦♠ t❡♠♣❡r❛t✉r❛ ✜①❛✱ ❛♣r❡s❡♥t❛♠ ❤✐s✲
t❡r❡s❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♠♣r❡ssã♦ ❡ ❡①♣❛♥sã♦✳ ❖ ❢❛t♦ ❞❡ q✉❡ ❛ ❤✐st❡r❡s❡
❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛✱ s✉❣❡r❡ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ♣♦♥t♦
❝r✐t✐❝♦✳

✸✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ♥♦✈❛ ❢❛s❡ ❝r✐st❛❧✐♥❛ ❞♦ ●á❧✐♦✱ ❛tr❛✈és ❞❡
s✐♠✉❧❛çõ❡s ◆P❚ ♥♦ s✐st❡♠❛ t❡♥s✐♦♥❛❞♦ ❛ ✲✶✳✻●♣❛✳ ❆ ❢❛s❡ q✉❡ s❡ ♠❛♥té♠
❡stá✈❡❧ ❛ ♣r❡ssã♦ ③❡r♦✳

❈♦♠♦ ♣♦ssí✈❡✐s tr❛❜❛❧❤♦s ❢✉t✉r♦s s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❞❡t❡r♠✐♥❛r ❛ ♣♦s✐çã♦ ❞♦
♣♦♥t♦ ❝r✐t✐❝♦✱ r❡❛❧✐③❛r ❡st✉❞♦s ❛ ♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ♠✉❞❛♥ç❛s
❡❧❡trô♥✐❝❛s ♥❛ tr❛♥s✐çã♦✱ ♣r♦❝✉r❛r tr❛♥s✐çõ❡s ♠❡t❛❧✲s❡♠✐❝♦♥❞✉t♦r✱ ❡t❝✳

❚❛♠❜é♠ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❡st✉❞❛r ♦ ❛rs❡♥❡t♦ ❞❡ ●á❧✐♦ ●❛❆s ♣♦r s✉❛s ❢♦rt❡s
✐♠♣❧✐❝❛çõ❡s t❡❝♥♦❧ó❣✐❝❛s ❡ ✐♥✈❡st✐❣❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❧íq✉✐❞♦✲
❧íq✉✐❞♦✳

✺✼
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❬✶✵✵❪ ▲✳ ❇♦s✐♦✱ ❍✳ ❈✉r✐❡♥✱ ▼✳ ❉✉♣♦♥t✱ ❆✳ ❘✐♠s❦②✱ ❆❝t❛ ❈r②st❛❧❧♦❣r❛♣❤✐❝❛ ❙❡❝✲
t✐♦♥ ❇ ✷✾✱ ✸✻✼ ✭✶✾✼✸✮✳

❬✶✵✶❪ ❇✳ ❋✳ ❙♦❛r❡s✱ ❑✳ ❋✳ ▼❛❝❉♦♥❛❧❞✱ ❱✳ ❆✳ ❋❡❞♦t♦✈✱ ◆✳ ■✳ ❩❤❡❧✉❞❡✈✱ ◆❛♥♦
▲❡tt❡rs ✺✱ ✷✶✵✹ ✭✷✵✵✺✮✳
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❆♣ê♥❞✐❝❡ ❆

Pr✐♥❝✐♣✐♦ ❞❡ ▼á①✐♠❛
❊♥tr♦♣✐❛ ✭P▼❊✮

◆♦ss♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ sã♦ ♦s ♠♦t♦r❡s r❡✈❡rsí✈❡✐s✶ ❡ ✐rr❡✈❡rsí✈❡✐s✳ ❆q✉✐ ❛ ❝❤❛✈❡
♣❛r❛ ❛ ❢♦r♠✉❧❛çã♦ ✜♥❛❧ ❞❛ s❡❣✉♥❞❛ ❧❡✐ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ é ❛ ❝♦♥❤❡❝✐❞❛ ❞❡s✐❣✉❛❧✲
❞❛❞❡ ❞❡ ❈❧❛✉s✐✉s✳

∑ Qi

Ti
≤ 0

{

Ciclos que intercambiam uma quantidade de

calor finita Qi com uma fonte a Temperatura Ti.

˛

dQ

T
≤ 0

{

Ciclos que intercambiam uma quantidade

infinitesimal de calor com cada uma das fontes.
✭❆✳✶✮

❉❡s✐❣✉❛❧❞❛❞❡ ❛♣♦✐❛❞❛ ♥❛ ❢♦r♠✉❧❛çã♦ ❞❛ s❡❣✉♥❞❛ ❧❡✐ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ❢♦r✲
♠✉❧❛❞❛ ♣❛r❛ ♠♦t♦r❡s ❡ r❡❢r✐❣❡r❛❞♦r❡s ❡ q✉❡ ❡♠ r❡s✉♠♦ ❡st❛❜❡❧❡❝❡ q✉❡ ♥❡♥❤✉♠
♠♦t♦r✭r❡❢r✐❣❡r❛❞♦r✮ ❢✉♥❝✐♦♥❛♥❞♦ ❡♥tr❡s ❞♦✐s ❢♦❝♦s tér♠✐❝♦s ✷ ♣♦❞❡ s❡r ♠❛✐s ❡✜✲
❝✐❡♥t❡ q✉❡ ✉♠ ♠♦t♦r ✭r❡❢r✐❣❡r❛❞♦r✮ ❞❡ ❈❛r♥♦t ✭r❡✈❡rsí✈❡❧✮ q✉❡ tr❛❜❛❧❤❡ ❡♥tr❡ ♦s
♠❡s♠♦s ❢♦❝♦s✳ P♦rt❛♥t♦ ❝♦♠ ❞♦✐s ♠♦t♦r❡s r❡✈❡rsí✈❡❧ ✭R✮ ❡ ✐rr❡✈❡rsí✈❡❧ ✭I✮ q✉❡
❢✉♥❝✐♦♥❡♠ ❡♥tr❡ ♦s ♠❡s♠♦s ❢♦❝♦s ❡ ❛❜s♦r❜❛♠ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❧♦r✱ ♦
tr❛❜❛❧❤♦ ♥❡t♦ ♥♦ ♠♦t♦r ❞❡ ❈❛r♥♦t t❡rá q✉❡ s❡r ♠❛✐♦r q✉❡ ♥♦ ♠♦t♦r ✐rr❡✈❡rsí✈❡❧
❡ ♣❛r❛ ❡st♦ s❡ ❞❡❜❡ ❝✉♠♣r✐r q✉❡ |QEntregado I | > |QEntregado R| ❧♦❣♦ s❡ t❡♠♦s ❛
✐❣✉❛❧❞❛❞❡ ❞❡ ❈❧❛✉s✐✉s ✭❄❄✮ ♣❛r❛ ❝✐❝❧♦s r❡✈❡rsí✈❡✐s t❡rí❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛
❝✐❝❧♦s ✐rr❡✈❡rsí✈❡✐s✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ❡♠ ✉♠ ❝✐❝❧♦ ♦s ♠♦t♦r❡s ❛❜s♦r❜❡♠ ❡
❡♥tr❡❣❛♠ ❝❛❧♦r ❞❡ ❢♦❝♦s tér♠✐❝♦s ❛ ❛❧t❛s ❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳

❆ ✐♠♣♦rtâ♥❝✐❛ ❞❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ r❛❞✐❝❛ ♥❛ ✐♥❢♦r♠❛çã♦ ❞♦s ♣r♦❝❡ss♦s r❡✲
✈❡rsí✈❡✐s ❡ ✐rr❡✈❡rsí✈❡✐s ✭♥ã♦ só ❞♦s ❝✐❝❧♦s✮ ♦❝✉❧t❛ ❡♠ ❡❧❛✳ P♦r ❡①❡♠♣❧♦ ❡♠ ✉♠

✶❯♠ ♣r♦❝❡ss♦ é r❡✈❡rsí✈❡❧ s❡ ♦ s✐st❡♠❛ ❡ s❡✉s ❛rr❡❞♦r❡s ♣♦❞❡♠ s❡r r❡st❛✉r❛❞♦s ❛ s❡✉s
r❡s♣❡❝t✐✈♦s ❡st❛❞♦s ✐♥✐❝✐❛✐s

✷❋♦❝♦ tér♠✐❝♦ ♦✉ ❢♦♥t❡ tér♠✐❝❛ é ✉♠ ❝♦r♣♦ q✉❡ ♥ã♦ ✈❛r✐❛ s✉❛ t❡♠♣❡r❛t✉r❛ ✐♥❞❡♣❡♥❞❡♥t❡
❞♦ ❝❛❧♦r ❡♥tr❡❣❛❞♦ ♦✉ ❡①tr❛í❞♦✳

✻✺
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❋✐❣✉r❛ ❆✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❞♦✐s ❝✐❝❧♦s t❡r♠♦❞✐♥â♠✐❝♦s✳ (a) ❛ ❞✐r❡✐t❛ t❡♠♦s ❛
r❡♣r❡s❡♥t❛çã♦ ❞✉♠ ❝✐❝❧♦ r❡✈❡rsí✈❡❧ ❡ (b) ❛ ❡sq✉❡r❞❛ t❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠
❝✐❝❧♦ ✐rr❡✈❡rsí✈❡❧ ❝✉❥❛ ♣❛rt❡ ✐rr❡✈❡rsí✈❡❧ ❡st❛ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛
✐♥❞✐❝❛♥❞♦ q✉❡ ❡st❛ ♥ã♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♥♦ ♣❧❛♥♦ P✲❚ ♣♦✐s s❡✉s ❡st❛❞♦s
✐♥t❡r♠é❞✐♦s ♥ã♦ sã♦ ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦✳

♣r♦❝❡ss♦ r❡✈❡rsí✈❡❧ ✭❆✮ ✉♠ s✐st❡♠❛ q✉❡ s❡ ❡♥❝♦♥tr❛ ❡♠ ✉♠ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦
✭✶✮ é ❧❡✈❛❞♦ ❛ ✉♠ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ✭✷✮ ❡ r❡❣r❡ss❛❞♦ ❛♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♠❡❞✐❛♥t❡
❞♦✐s ♣r♦❝❡ss♦s r❡✈❡rsí✈❡✐s ❞✐❢❡r❡♥t❡s ❇ ❡ ❈ ✭✈❡r ❋✐❣✉r❛ ❆✳✶✳❛✮✳ P❛r❛ ❝❛❞❛ ❝✐❝❧♦
❆❇ ❡ ❆❈ ❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ❈❧❛✉s✐✉s é s❛t✐s❢❡✐t❛ ♣♦✐s ♦ ❝✐❝❧♦ ❝♦♠♣❧❡t♦ é r❡✈❡rsí✈❡❧

(
ˆ 2

1

dQ

T

)

A

+

(
ˆ 1

2

dQ

T

)

B

= 0

(
ˆ 2

1

dQ

T

)

A

+

(
ˆ 1

2

dQ

T

)

C

= 0

❆♦ ❝♦♠♣❛r❛r ❡st❛s ❡q✉❛çõ❡s ♦❜t❡♠♦s q✉❡

△S2→1 =

(
ˆ 1

2

dQ

T

)

B

=

(
ˆ 1

2

dQ

T

)

C

✭❆✳✷✮

▲♦❣♦✱ ❝❤❡❣❛♠♦s á ❝♦♥❝❧✉sã♦ q✉❡ ❛ ✐♥t❡❣r❛❧
´ 2

1
dQ
T t❡♠ ✉♠ ✈❛❧♦r ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞♦ ♣r♦❝❡ss♦ s❡♠♣r❡ q✉❡ ❡st❡ s❡❥❛ ❡❢❡t✉❛❞♦ ❞❡ ❢♦r♠❛ r❡✈❡rsí✈❡❧✳ ❙❡ ❛ ❡st❛
✐♥t❡❣r❛❧ ❛ ❝❤❛♠❛♠♦s △S ♣♦❞❡♠♦s ❝❤❡❣❛r á ❝♦♥❝❧✉sã♦ q✉❡ ❙ é ✉♠❛ ❢✉♥çã♦ ❞❡
❡st❛❞♦✸ ♣♦✐s △S ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ tr❛❥❡tór✐❛ s❡❣✉✐❞❛✳ ❚❛❧ ❢✉♥çã♦ ❞❡ ❡st❛❞♦ ❛

✸❖ ✈❛❧♦r ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❡st❛❞♦ só ❞❡♣❡♥❞❡ ❞♦ ❡st❛❞♦ t❡r♠♦❞✐♥â♠✐❝♦ ❡♠ q✉❡ s❡ ❡♥❝♦♥tr❛
♦ s✐st❡♠❛ s❡♠ ✐♠♣♦rt❛r ❝♦♠♦ ❝❤❡❣♦ ❛ ❡st❡✳
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❝❤❛♠❛r❡♠♦s ❡♥tr♦♣✐❛ ❡ s✉❛ ✈❛r✐❛çã♦ só ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❛tr❛✈és ❞❡ ♣r♦❝❡ss♦s
r❡✈❡rsí✈❡✐s✱ ♣♦r ✐ss♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ✈❛r✐❛çã♦ ❞❡ ❡♥tr♦♣✐❛ ❡♠ ✉♠ ♣r♦❝❡ss♦ ✐rr❡✈❡r✲
sí✈❡❧ q✉❛❧q✉❡r✱ ✐♠❛❣✐♥❛♠♦s ✉♠ ♦ ♠❛✐s ♣r♦❝❡ss♦s r❡✈❡rsí✈❡✐s ❧❡✈❛♥❞♦ ♦ s✐st❡♠❛ ❞♦
♠❡s♠♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❛♦ ♠❡s♠♦ ❡st❛❞♦ ✜♥❛❧ ❡ ❝❛❧❝✉❧❛♠♦s △S s♦❜r❡ ❡st♦s ♣r♦❝❡s✲

s♦s r❡✈❡rsí✈❡✐s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s ❛ ✐♥t❡❣r❛❧
(

´ 2

1
dQ
T

)

Irrev
s♦❜r❡ ✉♠ ♣r♦❝❡ss♦

✐rr❡✈❡rsí✈❡❧ ♥ã♦ ❛✈❛❧✉❛♠ ♦s ❝â♠❜✐♦s ❞❡ ♥♦ss❛ ❢✉♥çã♦ ❞❡ ❡st❛❞♦ ❡♥tr♦♣✐❛✱ ♥ã♦
♦❜st❛♥t❡ ❡st❛ s❡♠♣r❡ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ s♦❜r❡ q✉❛❧q✉❡r ♣r♦❝❡ss♦ r❡✈❡rsí✈❡❧ ❡
✐rr❡✈❡rsí✈❡❧✳ P♦r ❡①❡♠♣❧♦ s✉♣♦♥❤❛♠♦s ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦✹ ❡❢❡✐t✉❛ ✉♠ ♣r♦❝❡ss♦
✐rr❡✈❡rsí✈❡❧ ❞❡ ✉♠ ❡st❛❞♦ ✶ ❛ ✉♠ ❡st❛❞♦ ✷ r❡♣r❡s❡♥t❛❞♦ ❡♠ ❧❛ ❋✐❣✉r❛ ✭❆✳✶✳❜✮✱
s❡ r❡❣r❡ss❛♠♦s ♦ s✐st❡♠❛ ❛ s❡✉ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♠❡❞✐❛♥t❡ ✉♠ ♣r♦❝❡ss♦ r❡✈❡rsí✈❡❧✱ ♦
❝✐❝❧♦ t♦t❛❧ é ✐rr❡✈❡rsí✈❡❧✱ ♣♦rq✉❡ ✉♠ ❞♦s ♣r♦❝❡ss♦s é ✐rr❡✈❡rsí✈❡❧✳ ❊♥tã♦ s❡❣✉♥❞♦
❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❧❛✉s✐✉s s❡ t❡♠ q✉❡✿

(
ˆ 2

1

dQ

T

)

Irrev

+

(
ˆ 1

2

dQ

T

)

Rev

< 0

▼❛s
(

´ 2

1
dQ
T

)

Irrev
= 0 ♣♦✐s ♦ ♣r♦❝❡ss♦ ✐rr❡✈❡rsí✈❡❧ ❡st❛ ✐s♦❧❛❞♦ ❡ ♣♦rt❛♥t♦ ♥ã♦

t❡♠♦s ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❝❛❧♦r✳ ▲♦❣♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡ r❡❞✉③❡ ❛

△S2→1 = S1 − S2 =

(
ˆ 1

2

dQ

T

)

Irrev

< 0

P♦✐s ❛ ✐♥t❡❣r❛❧ é ❛✈❛❧✉❛❞❛ s♦❜r❡ ✉♠ ♣r♦❝❡ss♦ r❡✈❡rsí✈❡❧✳ ❉❡st❛ ♠❛♥❡✐r❛ ❛ ❡♥✲
tr♦♣✐❛ ♥♦ ❡st❛❞♦ ✷ é ♠❛✐♦r q✉❡ ♥♦ ❡st❛❞♦ ✶ ✭S2 > S1✮ ✐♥❞✐❝❛♥❞♦ q✉❡ ❡♠ ✉♠
♣r♦❝❡ss♦ ✐rr❡✈❡rsí✈❡❧ ✐s♦❧❛❞♦ ❛ ❡♥tr♦♣✐❛ ❛✉♠❡♥t❛✳ ❋✐♥❛❧♠❡♥t❡ s❡ ♦ s✐st❡♠❛ ❡st✉✲
❞❛❞♦ ♥ã♦ é ✐s♦❧❛❞♦ ❡ ✐♥t❡r❛t✉❛ ❝♦♠ ♦✉tr♦s s✐st❡♠❛s✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r
✉♠ ♥♦✈♦ s✐st❡♠❛ ✐s♦❧❛❞♦ ❝♦♠♣♦st♦ ❞♦ s✐st❡♠❛ ♦r✐❣✐♥❛❧ ❡ ♦s s✐st❡♠❛s ❝♦♠ ♦s
q✉❛✐s ✐♥t❡r❛t✉❛✱ ❞❡st❡ ❥❡✐t♦ ✉♠ ♣r♦❝❡ss♦ ✐rr❡✈❡rsí✈❡❧ ♥❡st❡ s✐st❡♠❛ ❛✉♠❡♥t❛r❛ ❛
❡♥tr♦♣✐❛✳ ◆❡st❡ ♥♦✈♦ s✐st❡♠❛ ♦ ❝❛♠❜✐♦ t♦t❛❧ ❞❡ ❡♥tr♦♣✐❛ é ❛ s✉♠❛ ❞♦s ❝â♠❜✐♦s
❞❡ ❡♥tr♦♣✐❛ ❞❡ ❝❛❞❛ s✐st❡♠❛ q✉❡ ❝♦♠♣õ❡ ♦ s✐st❡♠❛ t♦t❛❧ ✱ ❝♦♠♦ é ❞❡ ❡s♣❡r❛r ❞❛
❞❡✜♥✐çã♦ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❆✳✷✳

❆✳✶ P♦st✉❧❛❞♦s ▼♦❞❡r♥♦s

❉❡♣♦✐s ❞❡st❛ ❜r❡✈❡ ❝♦♥t❡①t✉❛❧✐③❛çã♦ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❞♦✐s ♣♦s✲
t✉❧❛❞♦s ❡ss❡♥❝✐❛✐s ♥♦ ❡st✉❞♦ t❡r♠♦❞✐♥â♠✐❝♦ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❡ ❞♦s s✐st❡♠❛s
❡♠ ❡q✉✐❧í❜r✐♦✳

❆✳✶✳✶ P♦st✉❧❛❞♦ ✶✳

❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❡st❛❞♦ ❙ ❞❡ ♣❛râ♠❡tr♦s ❡①t❡♥s✐✈♦s ❝❤❛♠❛❞❛ ❡♥tr♦♣✐❛✱ ❡st❛
❢✉♥çã♦ ❡st❛ ❞❡✜♥✐❞❛ ♣❛r❛ q✉❛❧q✉❡r s✐st❡♠❛ ❝♦♠♣♦st♦ ❡ ♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s ❞❡

✹❋r♦♥t❡✐r❛ rí❣✐❞❛✱ ❛❞✐❛❜át✐❝❛ ❡ ✐♠♣❡r♠❡á✈❡❧ ✐♠♣❡❞✐♥❞♦ ❛ r❡❛❧✐③❛çã♦ ❞❡ tr❛❜❛❧❤♦ ✱ ✐♥t❡r❝❛♠✲
❜✐♦ ❞❡ ❝❛❧♦r ❡ ♣❛rtí❝✉❧❛s ♣♦r ♦✉ s♦❜r❡ ♦ s✐st❡♠❛✳
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❡q✉✐❧í❜r✐♦ ❝♦♠ ❛ s❡❣✉❡♥t❡ ♣r♦♣r✐❡❞❛❞❡✳ ❖s ✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣❡❧♦s ♣❛râ♠❡tr♦s
❡①t❡♥s✐✈♦s ✭❡♠ ❡q✉✐❧í❜r✐♦✮ ♥❛ ❛✉sê♥❝✐❛ ❞❡ r❡str✐çõ❡s ✐♥t❡r♥❛s sã♦ ❛q✉❡❧❡s q✉❡
♠❛①✐♠✐③❛♠ ❛ ❡♥tr♦♣✐❛ s♦❜r❡ t♦❞♦s ♦s ♣♦ssí✈❡✐s ❡st❛❞♦s ♣❡r♠✐t✐❞♦s✳

❉❡ ♠❛♥❡✐r❛ ❡q✉✐✈❛❧❡♥t❡ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❡♠ ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦ ❢♦r❛ ❞♦
❡q✉✐❧í❜r✐♦ ❝♦♠ ♣r♦❝❡ss♦s ❛❞✐❛❜át✐❝♦s ❡s♣♦♥tâ♥❡♦s✱ ❛ ❡♥tr♦♣✐❛ t❡♠ q✉❡ ❛✉♠❡♥t❛r
♣❛r❛ ❛❧❝❛♥ç❛r ♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✳ ❊st❡s ♣r♦❝❡ss♦s ♣♦❞❡♠ ❛❝♦♥t❡❝❡r s♦❜r❡
s✐st❡♠❛s ✐s♦❧❛❞♦s ❛♦ r❡♠♦✈❡r ✉♠ r❡str✐çã♦ ✐♥t❡r♥❛✱ ♣♦r ❡①❡♠♣❧♦ ❛♦ ❡❧✐♠✐♥❛r
✉♠❛ ♠❡♠❜r❛♥❛ s❡♠✐♣❡r♠❡á✈❡❧ ♦✉ ✉♠❛ ♣❛rt✐çã♦ rí❣✐❞❛✳

❖✉tr❛ ❢♦r♠✉❧❛çã♦ ❞❡st❡ ♣♦st✉❧❛❞♦ ♣♦❞❡r✐❛ s❡r q✉❡ s❡ ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦ s❡♠
r❡str✐çõ❡s ✐♥t❡r♥❛s ❡st❛ ❡♠ ❡q✉✐❧í❜r✐♦✱ ❡♥tã♦ q✉❛❧q✉❡r ✢✉t✉❛çã♦ ♦✉ ❝❛♠❜✐♦ s♦❜r❡
♦ s✐st❡♠❛ ❛✐♥❞❛ ✐s♦❧❛❞♦ t❡♠ q✉❡ ❧❡✈❛r ❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ♥❛ ❡♥tr♦♣✐❛ ✭♦✉ ♥❡♥❤✉♠
❝❛♠❜✐♦ ❡♠ ❡♥tr♦♣✐❛✮✳ ❊♠ sí♠❜♦❧♦s✱

[△S]U,V,N ≤ 0, ✭❆✳✸✮

❖♥❞❡ S✱ U ✱ V ❡ N ❞❡♥♦t❛♠ r❡s♣❡t✐✈❛♠❡♥t❡ ❛ ❡♥tr♦♣✐❛✱ ❡♥❡r❣✐❛✱ ✈♦❧✉♠❡✱ ❡
♥ú♠❡r♦ ❞❡ ♠♦❧❡s ❞♦ s✐st❡♠❛✳

❆✳✶✳✷ P♦st✉❧❛❞♦ ✷✳

❆ ❡♥tr♦♣✐❛ ❞❡ ✉♠ s✐st❡♠❛ ❝♦♠♣♦st♦ é ❛❞✐t✐✈❛ s♦❜r❡ ♦s s✐st❡♠❛s ❝♦♥st✐t✉✐♥t❡s✳ ❆
❡♥tr♦♣✐❛ é ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛✱ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ♠♦♥♦t♦♥❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❝♦♠
❛ ❡♥❡r❣✐❛✳

❆✳✷ ❊q✉✐❧í❜r✐♦ tér♠✐❝♦ ❡ ♠❡❝â♥✐❝♦

◆❡st❛ s❡çã♦ ♣r❡t❡♥❞❡♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ✐♥t❡r❡ss❛♥t❡s ✐♠♣❧✐❝❛çõ❡s ❞♦ ♣r✐♥✲
❝✐♣✐♦ ❞❡ ♠á①✐♠❛ ❡♥tr♦♣✐❛✱ ❡♠ ❡s♣❡❝✐❛❧ q✉❡ ❛ ❡♥tr♦♣✐❛ é ✉♠ ❡①tr❡♠♦ ✭❞❙❂✵✮
♣❛r❛ s✐st❡♠❛s ❡♠ ❡q✉✐❧í❜r✐♦✳

❆♥t❡s ❞❡ ✈❡r ❛s ✐♠♣❧✐❝❛çõ❡s ❞❡st❛ ❝♦♥❞✐çã♦ é ♣r❡❝✐s♦ ❞❡✜♥✐r ❛❧❣✉♥s ♣❛râ♠❡t✲
r♦s ✐♥t❡♥s✐✈♦s ❝♦♠♦ ❛ t❡♠♣❡r❛t✉r❛ ❡ ❛ ♣r❡ssã♦ ❞❡ ✉♠ s✐st❡♠❛✳ ◆♦ss❛ ❞❡✜♥✐çã♦
✐♥t✉✐t✐✈❛ s❡ ❡♥❝♦♥tr❛ s✉st❡♥t❛❞❛ ♥♦ ❢❛t♦ q✉❡ ❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❞❡ ✉♠ ✢✉✐❞♦
❞❡ ♠❛ss❛ ❝♦♥st❛♥t❡ ❡st❛ ❞❛❞❛ ♣♦r

dU = TdS − PdV

❖✉ s❡❥❛ q✉❡

1

T
(U, V,N) =

∂S

∂U V,N

P

T
(U, V,N) =

∂S

∂V U,N

♦♥❞❡ ❙✱❯✱❚✱❱✱P✱◆ r❡♣r❡s❡♥t❛♠ ❛ ❡♥tr♦♣✐❛✱ ❡♥❡r❣✐❛✱ t❡♠♣❡r❛t✉r❛✱ ✈♦❧✉♠❡✱ ♣r❡ssã♦
❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧❡s ❞♦ s✐st❡♠❛✳
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❈♦♠ ❡st❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡♥tr♦♣✐❛ é ✉♠ ❡①tr❡♠♦✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r ✉♠ s✐st❡♠❛ ❢❡❝❤❛❞♦ ❝♦♠♣♦st♦ ♣♦r ❞♦✐s s✉❜s✐st❡♠❛s s❡♣❛r❛❞♦s ♣♦r
✉♠❛ ♣❛r❡❞❡ ♠ó✈❡❧✱ ❞✐❛tér♠✐❝❛ é ✐♠♣❡r♠❡á✈❡❧✺✳ P♦r t❛♥t♦ t❡♠♦s q✉❡

dU1 + dU2 = 0 ✭❆✳✹✮

dV 1 + dV 2 = 0 ✭❆✳✺✮

❖♥❞❡ ♦s s♦❜r❡s❝r✐t♦s ✶ ❡ ✷ ❡t✐q✉❡t❛♠ ❝❛❞❛ s✉❜s✐st❡♠❛✳ ❆❞❡♠❛✐s ✉♠ ♣r♦❝❡ss♦
✐♥✜♥✐t❡s✐♠❛❧ ✈✐rt✉❛❧ ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❡ ❞❡s❧♦❝❛♠❡♥t♦
❞❛s ♣❛r❡❞❡s t❡r✐❛ ✉♠❛ ✈❛r✐❛çã♦ ♥❛ ❡♥tr♦♣✐❛ ❞❛❞❛ ♣♦r

dS =

(

∂S1

∂U1

)

V 1,N1

dU1 +

(

∂S1

∂V 1

)

U1,N1

dV 1 +

(

∂S2

∂U2

)

V 2,N2

dU2 +

(

∂S2

∂V 2

)

U2,N2

dV 2 ✭❆✳✻✮

❖♥❞❡ t✐✈❡♠♦s ❡♠ ❝♦♥t❛ q✉❡ ❛ ❡♥tr♦♣✐❛ é ❛❞✐t✐✈❛✳ ❋✐♥❛❧♠❡♥t❡ s❡ ❛ ❡♥tr♦♣✐❛ t♦t❛❧
❞♦ s✐st❡♠❛ é ✉♠ ❡①tr❡♠♦ ✭❞❙❂✵✮✱ t❡rí❛♠♦s ♣❛r❛ ❡st❡s ♣r♦❝❡ss♦s ✐♥✜♥✐t❡s✐♠❛✐s
q✉❡

dS =

(

1

T 1
− 1

T 2

)

dU1 +

(

P 1

T 1
− P 2

T 2

)

dV 1 = 0 ✭❆✳✼✮

♦♥❞❡ t✐✈❡♠♦s ❡♠ ❝♦♥t❛ ❛s ❡q✉❛çõ❡s ❆✳✹✱ ❆✳✺ ❡ ❆✳✻✳ ❊ ❝♦♠♦ ❡st❛ ❡①♣r❡ssã♦ ❞❡✈❡
❞❡s❛♣❛r❡❝❡r ♣❛r❛ ✈❛r✐❛çõ❡s ❛r❜✐tr❛r✐❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ dU1 ❡ dV 1✱ ❡♥tã♦
t❡♠♦s q✉❡ t❡r

1

T 1
− 1

T 2
= 0

P 1

T 1
− P 2

T 2
= 0

♦♥❞❡ t❡♠♦s ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r dV 1 = 0 ♣❛r❛ ✉♠❛ ♣❛r❡❞❡ ✜①❛ ❞✐❛tér♠✐❝❛✱ ♣♦✐s ❛
✈❛r✐çã♦ ❞❡ ❡♥❡r❣✐❛ só ♣♦❞❡r s❡r ♣♦r tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r✱ ♥❡st❡ ❝❛s♦ ♦❜t❡♠♦s
q✉❡

1

T 1
− 1

T 2
= 0

P♦r ♦✉tr❛ ♣❛rt❡ s❡ ❛ ♣❛r❡❞❡ é ♠ó✈❡❧ ❡ ❛❞✐❛❜át✐❝❛ ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛
❡♠ ❝❛❞❛ s✉❜s✐st❡♠❛ é ❞❛ ❢♦r♠❛

dU1 = −P 1dV 1; dU2 = −P 2dV 2, ✭❆✳✽✮

✺◗✉❡ ♥ã♦ ♣❡r♠✐t❡ ♦ ✢✉①♦ ❞❡ ♠❛tér✐❛ ❡♥tr❡ ♦s s✐st❡♠❛s✳
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♣♦r t❛♥t♦ ❛♦ s✉❜st✐t✉✐r ♥❛ ❡q✉❛çã♦ ❆✳✻ ❛ q✉❛♥t✐❞❛❞❡ ❞❙ ❞❡s❛♣❛r❡❝❡ ❝♦♠♦ é ❞❡
❡s♣❡r❛r ♣♦✐s S1 ❡ S2 s❡ ♠❛♥t❡♠ ❝♦♥st❛♥t❡ ♣♦✐s ♥ã♦ t❡♠♦s ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❝❛❧♦r
❡♥tr❡ ♦s s✉❜s✐st❡♠❛s✳ ❆ss✐♠ ♥ã♦ t❡♠♦s ✐♥❢♦r♠❛çã♦ ❛❧❣✉♠❛ ❞♦ ❡q✉✐❧í❜r✐♦ ❞♦s
s✉❜s✐st❡♠❛s✱ ♥ã♦ ♦❜st❛♥t❡ ❡st❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r s♦❧✉❝✐♦♥❛❞♦ t❡♥❞♦ ❡♠ ❝♦♥t❛
q✉❡ ❛ ❡♥❡r❣✐❛ ❡ ♦ ✈♦❧✉♠❡ t♦t❛❧ ❞♦ s✐st❡♠❛ sã♦ ❝♦♥st❛♥t❡s ❆✳✹✱ ❆✳✺✱ ❞❡st❡ ❥❡✐t♦
❛♦ s✉❜st✐t✉✐r ❛s ❡q✉❛çõ❡s ❆✳✽ ❡♠ ❆✳✹ t❡♠♦s q✉❡

P 1 = P 2

❈♦♥❞✐çã♦ q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ✐♥❢❡r✐❞❛ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠✐♥✐♠❛ ❡♥❡r❣✐❛ ❛♣r❡✲
s❡♥t❛❞♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

❊♠ r❡s✉♠♦ q✉❛♥❞♦ ❞♦✐s s✐st❡♠❛s s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❝♦♥t❛❝t♦ ♣♦r ✉♠❛ ♣❛r❡❞❡
❞✐❛tér♠✐❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ é q✉❡ s✉❛s t❡♠♣❡r❛t✉r❛s s❡❥❛♠
✐❣✉❛✐s✱ s❡ ❛❞❡♠❛✐s ❛ ♣❛r❡❞❡ é ♠ó✈❡❧ ❡♥tã♦ t❛♠❜é♠ s✉❛s ♣r❡ssõ❡s sã♦ ✐❣✉❛✐s✱
❡ ✜♥❛❧♠❡♥t❡ s❡ t❡♠♦s ✉♠❛ ♣❛r❡❞❡ ❛❞✐❛❜át✐❝❛ ❡ ♠ó✈❡❧ ♦ q✉❡ ♣♦❞❡♠♦s ❞✐③❡r ❞♦s
❞♦✐s s✐st❡♠❛s ❡♠ ❡q✉✐❧í❜r✐♦ é q✉❡ s✉❛s ♣r❡ssõ❡s sã♦ ✐❣✉❛✐s✳

❆✳✸ ❋♦r♠✉❧❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞♦ P▼❊

◆♦ ♦❜st❛♥t❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✷✳✶ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦
❡q✉✐❧í❜r✐♦✳ ❊①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♥❡♠ s❡♠♣r❡ q✉❡r❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠ s✐st❡♠❛
❞❡ U ✱ V ✱ Ni ❝♦♥st❛♥t❡ ❡ ✐s♦❧❛❞♦✳ P♦r ❡①❡♠♣❧♦ r❡s✉❧t❛ ✐♥t❡r❡ss❛♥t❡ tr❛❜❛❧❤❛r
❝♦♠ s✐st❡♠❛s ❛ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡ ❡ ♣r❡ssã♦ ❝♦♥t❛♥t❡ ♦✉ ♦✉tr♦s s✐st❡♠❛s
❝♦♠ ✈♦❧✉♠❡ ❝♦♥st❛t❡ ❡ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✱ ❡♥tr❡ ♦✉tr♦s✳ P♦r ✐ss♦ é ♣r❡❝✐s♦
r❡❢♦r♠✉❧❛r ♥♦ss♦ ♣r✐♥❝✐♣✐♦ ❞❡ ♠á①✐♠❛ ❡♥tr♦♣✐❛ ❡♠ ❢♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ♣❛r❛
s✐st❡♠❛s ❝♦♠ ❞✐❢❡r❡♥t❡s r❡str✐çõ❡s ❞❡ ❚❡♠♣❡r❛t✉r❛✱ ❡♥tr♦♣✐❛✱ ♣r❡ssã♦✱ ✈♦❧✉♠❡✱
❡t❝✳

P❛r❛ ❝♦♠❡ç❛r ❛✜r♠❛r❡♠♦s q✉❡ ♦ ♣r✐♥❝✐♣✐♦ ❞❡ ♠á①✐♠❛ ❡♥tr♦♣✐❛ q✉❡ ❛✜r♠❛
q✉❡ ✏❖ ✈❛❧♦r ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠ ♣❛râ♠❡tr♦ ✐♥t❡r♥♦ s❡♠ r❡str✐çõ❡s é t❛❧ q✉❡
♠❛①✐♠✐③❛ ❛ ❡♥tr♦♣✐❛ ♣❛r❛ ✉♠ ❞❛❞♦ ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛ t♦t❛❧✑ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠
♣r✐♥❝✐♣✐♦ ❞❡ ♠✐♥✐♠❛ ❡♥❡r❣✐❛ ❡①♣r❡ss❛❞♦ ❛ss✐♠✿ ✏❖ ✈❛❧♦r ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠
♣❛râ♠❡tr♦ ✐♥t❡r♥♦ s❡♠ r❡str✐çõ❡s é t❛❧ q✉❡ ♠✐♥✐♠✐③❛ ❛ ❡♥❡r❣✐❛ ♣❛r❛ ✉♠ ❞❛❞♦
✈❛❧♦r ❞❡ ❡♥tr♦♣✐❛ t♦t❛❧✳✑❬✽✶❪✱ s✐♠❜♦❧✐❝❛♠❡♥t❡

[△U ]S,V,N ≥ 0

P❛r❛ ♣r♦✈❛r ❡st❛ ❛✜r♠❛çã♦ ❛ss✉♠❛♠♦s✱ q✉❡ ✉♠ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛ ❡♠
❡q✉✐❧í❜r✐♦ ♠❛s s✉❛ ❡♥❡r❣✐❛ ♥ã♦ é ❛ ♠❛✐s ♣❡q✉❡♥❛ ♣❛r❛ ✉♠ ❞❛❞♦ ✈❛❧♦r ❞❡ ❡♥tr♦♣✐❛✳
P♦r t❛♥t♦ é ♣♦ssí✈❡❧ ❡①tr❛✐r ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ✭❡♠ ❢♦r♠❛ ❞❡ tr❛❜❛❧❤♦✮ ♠❛♥t❡♥❞♦
❛ ❡♥tr♦♣✐❛ t♦t❛❧ ❝♦♥st❛♥t❡✱ ♣♦st❡r✐♦r♠❡♥t❡ é ♣♦ssí✈❡❧ r❡t♦r♥❛r ❡st❛ ❡♥❡r❣✐❛ ❛♦
s✐st❡♠❛ ❡♠ ❢♦r♠❛ ❞❡ ❝❛❧♦r✱ ❡ ♣♦r t❛♥t♦ ❛ ❡♥tr♦♣✐❛ ❞♦ s✐st❡♠❛ t❡♠ q✉❡ ❛✉♠❡♥t❛r
✭dQ = TdS✮✳ ❖ r❡s✉❧t❛❞♦ ✜♥❛❧ é ✉♠ s✐st❡♠❛ ❝♦♠ ❛ ♠❡s♠❛ ❡♥❡r❣✐❛ ✐♥✐❝✐❛❧ ❡
✉♠❛ ❡♥tr♦♣✐❛ ♠❛✐♦r ✱ ♦ q✉❛❧ é ✐♥❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ ♣r✐♥❝✐♣✐♦ ❞❡ ♠á①✐♠❛ ❡♥tr♦♣✐❛
♣♦✐s ♦ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛✈❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❡q✉✐❧í❜r✐♦✳ P♦rt❛♥t♦ é ♣r❡❝✐s♦
❝♦♥❝❧✉✐r q✉❡ ♦ s✐st❡♠❛ ✐♥✐❝✐❛❧ ❡♠ ❡q✉✐❧í❜r✐♦ t❡♠ q✉❡ t❡r ❛ ♠✐♥✐♠❛ ❡♥❡r❣✐❛ ♣♦ssí✈❡❧
❝♦rr❡s♣♦♥❞❡♥t❡ ❝♦♠ s❡✉ ✈❛❧♦r ❞❡ ❡♥tr♦♣✐❛✳
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❖✉tr❛s ♣♦ssí✈❡✐s ❢♦r♠✉❧❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ♣♦❞❡♠ s❡r ♣r♦♣♦st❛s s❡ ♦ s✐st❡♠❛
✐♥t❡r❛t✉❛ ❝♦♠ ❛❣❡♥t❡s ❡①t❡r♥♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❣r❛♥❞❡s r❡s❡r✈❛tór✐♦s✳ ❯♠
❞❡st❡s ♣♦❞❡ s❡r✱ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✻ ✱ ♦ q✉❛❧ ♥ã♦ r❡❛❧✐③❛ tr❛❜❛❧❤♦ ❡ ✐♥t❡r❛❣❡
❝♦♠ ♦ s✐st❡♠❛ ❛tr❛✈és ❞❡ ✉♠❛ ❢r♦♥t❡✐r❛ rí❣✐❞❛ ❡ ✐♠♣❡r♠❡á✈❡❧✳ ❖✉tr♦ r❡s❡r✈❛tór✐♦
❞❡ ✐♥t❡r❡ss❡ é ♦ ♠❡❝â♥✐❝♦✼✱ ♥❡st❡ r❡s❡r✈❛tór✐♦ ♦ s✐st❡♠❛ ❛✉♠❡♥t❛ ♦ ❞✐♠✐♥✉✐ s✉❛
❡♥❡r❣✐❛ ✉♥✐❝❛♠❡♥t❡ ♣♦r tr❛❜❛❧❤♦ ✐♥t❡r❝❛♠❜✐❛❞♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳ P❛r❛ ❝❛❞❛
✉♠ ❞♦s ❞✐❢❡r❡♥t❡s ❝❛s♦s ♥♦ ❝✉❛❧ ♦ s✐st❡♠❛ ❡st✉❞❛❞♦ ✐♥t❡r❛t✉❛ ♦✉ ♥ã♦ ❝♦♠ ❛❧❣✉♠
♦✉ ♦s ❞♦✐s r❡s❡r✈❛tór✐♦s✱ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ✐♥t❡✐r♦ s❡ ❡♥❝♦♥tr❛ ✐s♦❧❛❞♦✳

◆♦ss♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❞❡ ✐♥t❡r❡ss❡ é q✉❛♥❞♦ ♦ s✐st❡♠❛ ❡st✉❞❛❞♦ ✐♥t❡r❛t✉❛✽ ❝♦♠
♦ r❡s❡r✈❛tór✐♦ ❞❡ ❝❛❧♦r✳ ◆❡st❡ ❝❛s♦ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ❡ ❞♦ r❡s❡r✈❛tór✐♦
sã♦ ✐❣✉❛✐s✱ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛ ❡ r❡s❡r✈❛tór✐♦ sã♦ ❝♦♥st❛♥t❡s✱ ❡ s❡ ♦ ❝♦♥✲
❥✉♥t♦ s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❡q✉✐❧í❜r✐♦ ❡ ✐s♦❧❛❞♦✱ ❡♥tã♦ q✉❛❧q✉❡r ✈❛r✐❛çã♦ ❞❛ ❡♥tr♦♣✐❛
t♦t❛❧ t❡♠ q✉❡ ❞❡❝r❡s❝❡r ♦ ♣❡r♠❛♥❡❝❡r ❝♦♥st❛♥t❡✱ ❞❡st❡ ❥❡✐t♦ t❡♠♦s q✉❡

△S + △Sτ ≤ 0, ✭❆✳✾✮

△U + △Uτ = 0, ✭❆✳✶✵✮

❖♥❞❡ ♦ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ é ❞❡♥♦t❛❞♦ ♣❡❧♦ s♦❜r❡s❝r✐t♦ τ ✱ ❡ ♦ s✐st❡♠❛ ❞❡
✐♥t❡r❡ss❡ ♥ã♦ t❡♠ s♦❜r❡s❝r✐t♦✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ t✐✈❡♠♦s ❡♠ ❝♦♥t❛ q✉❡ ❛ ❡♥tr♦♣✐❛
❡ ❛ ❡♥❡r❣✐❛ é ❛❞✐t✐✈❛ ♣❛r❛ ♦s ❞♦✐s s✐st❡♠❛s✳ ▲♦❣♦ ❝♦♠♦ ♦ r❡s❡r✈❛tór✐♦ ♥ã♦ r❡❛❧✐③❛
tr❛❜❛❧❤♦ t❡♠♦s q✉❡ ♦ ❝❛♠❜✐♦ ❡♠ s✉❛ ❡♥❡r❣✐❛ ❡st❛ ❞❛❞❛ ♣♦r

△Uτ = T△Sτ ✭❆✳✶✶✮

❡ ✜♥❛❧♠❡♥t❡ s✉❜st✐t✉✐♥❞♦ ❆✳✶✶ ❡♥tr❡ ❆✳✶✵✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❆✳✾ ♣♦r ❚ ❡ s✉❜✲
tr❛❡♥❞♦✱ ♦❜t❡♠♦s q✉❡

△U − T△S ≥ 0, ✭❆✳✶✷✮

q✉❡ é ❛ ❝♦♥❞✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠ s✐st❡♠❛ ❝♦♠ t❡♠♣❡r❛t✉r❛✱ ✈♦❧✉♠❡ ❡ ◆ú♠❡r♦
❞❡ ♠♦❧❡s ✜①♦✳ ❉❡✜♥✐♥❞♦ ❆❂❯✲❚❙✱ t❡♠♦s

[△A]T,V,N ≥ 0. ✭❆✳✶✸✮

❖✉ s❡❥❛ ✱ ❡♠ ❡q✉✐❧í❜r✐♦ ❛ ❡♥❡r❣✐❛ ❞❡ ❍❡❧♠❤♦❧t③ ✭❆✮ ❞❡ ✉♠ s✐st❡♠❛ ✐♠♣❡r♠❡á✈❡❧
é ✉♠ ♠✐♥✐♠♦ ❝♦♠ r❡s♣❡✐t♦ ❛ ❡st❛❞♦s r❡s✉❧t❛♥t❡s ❞❡ ✈❛r✐❛çõ❡s q✉❡ ♥ã♦ ❝❛♠❜✐❡♠
s❡✉ ✈♦❧✉♠❡ ♥❡♠ t❡♠♣❡r❛t✉r❛✳

❖✉tr♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ é ✉♠ s✐st❡♠❛ ❞❡ t❡♠♣❡r❛t✉r❛s ❡ ♣r❡ssã♦ ❝♦♥✲
st❛♥t❡✱ ❡st❡ s✐st❡♠❛ ♣♦❞❡ s❡r ♣❡♥s❛❞♦ ❝♦♠♦ ✉♠ s✐st❡♠❛ q✉❡ ✐♥t❡r❛❣❡ ❝♦♠ ✉♠

✻❯♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ ♦✉ ❞❡ ❝❛❧♦r✱ é ✉♠❛ ❢♦♥t❡ r❡✈❡rsí✈❡❧ ❞❡ ❝❛❧♦r t❛❧ q✉❡ é ✉♠ s✐st❡♠❛
❝♦♥t✐❞♦ ♣♦r ♣❛r❡❞❡s rí❣✐❞❛s ❡ ✐♠♣❡r♠❡á✈❡✐s✱ ❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r t❡♠♣♦s ❞❡ r❡❧❛①❛çã♦ ❝✉rt♦s✳
❖ ú♥✐❝♦ ♣♦ssí✈❡❧ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ é ❞❛ ❢♦r♠❛ ❞❯❂❞◗❂❚❞❙✳

✼❯♠ r❡s❡r✈❛tór✐♦ ❞❡ tr❛❜❛❧❤♦ ♣❡r♠✐t❡ ♦ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ❞♦✐s s✐st❡♠❛s só
❛tr❛✈és ❞❡ tr❛❜❛❧❤♦ ❛❞✐❛❜át✐❝♦✱ ❡st❡ ❡st❛ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❡st❛r ❝♦♥t✐❞♦ ❡♠ ♣❛r❡❞❡s ❛❞✐❛❜át✐✲
❝❛s✱ ✐♠♣❡r♠❡á✈❡✐s ❡ ♣♦r t❡r t❡♠♣♦s ❞❡ r❡❧❛①❛çã♦ ❞❡♠❛s✐❛❞♦ ❝✉rt♦s✳

✽❆ ♣❛r❡❞❡ q✉❡ ♣❡r♠✐t❡ ♦ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ❞♦✐s s✐st❡♠❛s é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♥ã♦ ❛❞✐❛✲
❜át✐❝❛ ♦✉ ❞✐❛tér♠✐❝❛✳
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r❡s❡r✈❛tór✐♦ ❞❡ ❝❛❧♦r ❡ ✉♠ ❞❡ tr❛❜❛❧❤♦ ❛tr❛✈és ❞❡ ✉♠❛ ♣❛r❡❞❡ ✐♠♣❡r♠❡á✈❡❧✱ ♥ã♦
❛❞✐❛❜át✐❝❛ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ❞❡ ❝❛❧♦r✱ ❡ ♠ó✈❡❧ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ❞❡ tr❛❜❛❧❤♦✳
◆♦✈❛♠❡♥t❡ s❡ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ s✐st❡♠❛s s❡ ❡♥❝♦♥tr❛ ✐s♦❧❛❞♦ ❡ ❡♠ ❡q✉✐❧í❜r✐♦✳
❊♥tã♦ q✉❛❧q✉❡r ✈❛r✐❛çã♦ s♦❜r❡ ♦ s✐st❡♠❛ t❡♠ q✉❡ ❞✐♠✐♥✉✐r ❛ ❡♥tr♦♣✐❛ t♦t❛❧✱
♠❛♥t❡♥❞♦ ❛ ❡♥❡r❣✐❛ ❡ ♦ ✈♦❧✉♠❡ t♦t❛❧ ❝♦♥st❛t❡ ✱ ♦✉ s❡❥❛

△S + △Sτ ≤ 0,

△U + △Uτ + △Uπ = 0, ✭❆✳✶✹✮

△V + △V π = 0. ✭❆✳✶✺✮

◆❡st❡ ❝❛s♦ ♦ r❡s❡r✈❛tór✐♦ ♠❡❝â♥✐❝♦ ❡ ❞❡♥♦t❛❞♦ ♣❡❧♦ s♦❜r❡s❝r✐t♦ π ✳❆❧é♠ ❞✐ss♦
t✐✈❡♠♦s ❡♠ ❝♦♥t❛ q✉❡ ♦ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ ♠❛♥t❡♠ s❡✉ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡ ❡
♦ r❡s❡r✈❛tór✐♦ ♠❡❝â♥✐❝♦ ♠❛♥t❡♠ s✉❛ ❡♥tr♦♣✐❛ ❝♦♥st❛♥t❡✳ ▲❡♠❜r❛♥❞♦ q✉❡ ✉♠
❝❛♠❜✐♦ ❞❡ ❡♥❡r❣✐❛ ❞♦ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ é ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ❆✳✶✶ ❡♠ q✉❛♥t♦
♦ ❝❛♠❜✐♦ ♥♦ r❡s❡r✈❛tór✐♦ ♠❡❝â♥✐❝♦ é ❞❛❞♦ ♣♦r

△Uπ = −P△V π = P△V ✭❆✳✶✻✮

♣♦❞❡♠♦s s✉❜st✐t✉✐r ❆✳✶✶ ❡ ❆✳✶✻ ❡♠ ❆✳✶✹ ❡ s✉❜tr❛✐r ❆✳✾ ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ❚✱
♦❜t❡♥❞♦ q✉❡

△U − T△S + P△V ≥ 0 ✭❆✳✶✼✮

❞❡✜♥✐♥❞♦ ●❂❯✲❚❙✰P❱✱ t❡rí❛♠♦s q✉❡

[△G]T,P,N ≥ 0. ✭❆✳✶✽✮

❖✉ s❡❥❛ q✉❡ ❡♠ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♥♦ss♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✱ ❛ ❡♥❡r❣✐❛ ❞❡ ●✐❜❜s
✭●✮ é ✉♠ ♠✐♥✐♠♦ ❝♦♠ r❡s♣❡✐t♦ ❛ q✉❛❧q✉❡r ❞♦s ❡st❛❞♦s r❡s✉❧t❛♥t❡s ❞❡ ✈❛r✐❛çõ❡s
q✉❡ ♥ã♦ ❝❛♠❜✐❡♠ s✉❛ ♣r❡ssã♦ ♦ t❡♠♣❡r❛t✉r❛✳

❋✐♥❛❧♠❡♥t❡ s❡ ♥♦ss♦ s✐st❡♠❛ só ✐♥t❡r❛t✉❛ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ♠❡❝â♥✐❝♦ ❡ ♥ã♦
❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ❞❡ ❝❛❧♦r✱ ❡♥tã♦ ❛ ❡♥tr♦♣✐❛ ❛ ♠❛ss❛ ❡ ♦ ✈♦❧✉♠❡ ❞♦ s✐st❡♠❛
✐♥t❡✐r♦ ♣❡r♠❛♥❡❝❡♠ ❝♦♥st❛♥t❡s✱ ❡ ♥♦✈❛♠❡♥t❡ s❡ ❝♦♥s✐❞❡r❛♠♦s ✈❛r✐❛çõ❡s ❧♦♥❣❡
❞♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ✉♠ ❞❛❞♦ ❡st❛❞♦✱ t❡rí❛♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛
❝♦♠♣♦st♦ t❡r✐❛ q✉❡ ❛✉♠❡♥t❛r ♦ ♣❡r♠❛♥❡❝❡r ✐❣✉❛❧✱ ♦✉ s❡❥❛

△U + △Uπ ≥ 0, ✭❆✳✶✾✮

△V + △V π = 0.

❖♥❞❡ ♦ ❝❛♠❜✐♦ ❞❡ ❡♥❡r❣✐❛ ❞♦ r❡s❡r✈❛tór✐♦ ♠❡❝â♥✐❝♦ ❡st❛ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ❆✳✶✻✱
❡ ♣♦r t❛♥t♦ s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ❆✳✶✾✱ t❡♠♦s

△U + P△V ≥ 0, ✭❆✳✷✵✮

❡ ❞❡✜♥✐♥❞♦ ❍❂❯✰P❱✱ t❡rí❛♠♦s q✉❡
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[△H]S,P,N ≥ 0, ✭❆✳✷✶✮

q✉❡ ❡♠ r❡s✉♠♦ ❞✐③✱ q✉❡ ❛ ❡♥tr♦♣✐❛ ❞❡ ✉♠ s✐st❡♠❛ ❢❡❝❤❛❞♦ é ✉♠ ♠✐♥✐♠♦ r❡s♣❡✐t♦
❛♦s ❡st❛❞♦s r❡s✉❧t❛♥t❡s ❞❛s ✈❛r✐❛çõ❡s q✉❡ ♥ã♦ ❝❛♠❜✐❡♠ s✉❛ ♣r❡ssã♦ ♥❡♠ s✉❛
❡♥tr♦♣✐❛✳
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❆♣♣❡♥❞✐① ❇

❘❡❧❛çã♦ ❞❡ ●✐❜❜s✲❉✉❤❡♠

❊♠ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r✐♠❡✐r❛ ❧❡✐ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ t❡♠♦s q✉❡

dU = TdS − PdV + µ1dN1 + ...+ µndNn = TdS +

n+1
∑

j=1

PjdXj , ✭❇✳✶✮

◆ã♦ ♦❜st❛♥t❡ ❞❛❞❛ ❛ ❛❞✐t✐✈✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛✭♦✉ ❡♥tr♦♣✐❛✮✱ s❡♠♣r❡ é ♣♦ssí✈❡❧
r❡♣❧✐❝❛r ✉♠ s✐st❡♠❛ ✉♠ ♥ú♠❡r♦ λ ❞❡ ✈❡③❡s✱ ❡ ♥♦ss❛ ❡♥❡r❣✐❛ ✭♦✉ ❡♥tr♦♣✐❛✮ s❡rã♦
λ ✈❡③❡s ♦ ✈❛❧♦r ❞❡ ✉♠ ❞❡ ❡st❡s s✉❜s✐st❡♠❛s ♦r✐❣✐♥❛✐s✳ ❙✐♠❜♦❧✐❝❛♠❡♥t❡ t❡♠♦s q✉❡

S(λU, λV, λN1, ..., λNn) = λS(U, V,N1, ..., Nn)

U(λS, λV, λN1, ..., λNn) = λU(S, V,N1, ..., Nn)

s❡ ♣♦st❡r✐♦r♠❡♥t❡ ❞❡r✐✈❛♠♦s ❡st❛ ❡q✉❛çã♦ ❝♦♠ r❡s♣❡✐t♦ ❛ λ✱ t❡♠♦s q✉❡

∂U (· · ·λXk · · · )
∂ (λS)

S + · · · ∂U (· · ·λXk · · · )
∂ (λXj)

Xj + · · · = U(S,X1, ..., Xn+1).

❖♥❞❡ ❡st❛ ❡q✉❛çã♦ é s❛t✐s❢❡✐t❛ ♣❛r❛ q✉❛❧q✉❡r λ ❡ ❡♠ ❡s♣❡❝✐❛❧ λ = 1✱ t♦♠❛♥❞♦ ❛
❢♦r♠❛

U =
∂U

∂S
S + · · · ∂U

∂Xj
Xj + · · · = TS +

n+1
∑

j=1

PjXj . ✭❇✳✷✮

❙❡♠ ❡♠❜❛r❣♦ ❝♦♠♦ ❡st❛ r❡❧❛çã♦ é s❛t✐s❢❡✐t❛ s❡♠♣r❡✱ ❡♥tã♦ s✉❛ ❢♦r♠❛ ❞✐❢❡r❡♥ç❛❧
t❡♠ q✉❡ ❡st❛r ❞❡ ❛❝♦r❞♦ ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ❧❡✐ ❇✳✶✱ ❧♦❣♦ t♦♠❛♥❞♦ ❛ ❞✐❢❡r❡♥ç❛❧ ❞❡
❇✳✷✱ ♦❜t❡♠♦s

dU = TdS + SdT +

n+1
∑

j=1

PjdXj +

n+1
∑

j=1

XjdPj

✼✺
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❡ ♣♦r ❝♦♠♣❛r❛çã♦ ❝♦♠ ❇✳✶✱ ❡♥❝♦♥tr❛♠♦s ❛ ❝♦♥❤❡❝✐❞❛ r❡❧❛çã♦ ❞❡ ●✐❜❜s✲❉✉❤❡♠

SdT +
n+1
∑

j=1

XjdPj = 0,

q✉❡ ♣❛r❛ s✐st❡♠❛s ♣✉r♦s ✭✉♠❛ ❝♦♠♣♦♥❡♥t❡✮✱ t❡♠ ❛ ❢♦r♠❛ ♣❛rt✐❝✉❧❛r

SdT − V dP +Ndµ = 0

♦✉

dµ = −sdT + vdP

q✉❡ ♥♦s ❞✐③ q✉❡ ❛ ✈❛r✐❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✶✱ t❡♠♣❡r❛t✉r❛ ❡ ♣r❡ssã♦ ♥ã♦
sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ✳ ❊♠ ✈✐st❛ ❞✐ss♦ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛ ✈❛r✐❛çã♦ ❞❡ ✉♠❛
❞❡❧❛s ❡♠ ❢✉♥çã♦ ❞❛s ♦✉tr❛s ❞♦✐s✳

✶P❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ s✐st❡♠❛s ♣✉r♦s t❡♠♦s q✉❡ µ = G/N = (U − TS + PV )/N ✱ ♦♥❞❡
N é ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s✳



❆♣ê♥❞✐❝❡ ❈

❚❍❊ ▼❖❉■❋■❊❉
❊▼❇❊❉❉❊❉ ❆❚❖▼
▼❊❚❍❖❉ ✭▼❊❆▼✮

◆❡st❡ ❛♣ê♥❞✐❝❡ ❛♣r❡s❡♥t❛♠♦s ❛s ❢❡rr❛♠❡♥t❛s ♣r✐♥❝✐♣❛✐s ♣❛r❛ ❡♥t❡♥❞❡r ♦ ♠ét♦❞♦
s❡♠✐✲❡♠♣ír✐❝♦ ▼❊❆▼ ♦ q✉❛❧ ❢♦✐ ✉t✐❧✐③❛❞♦ ♥♦ ❡st✉❞♦ ❞♦ ●á❧✐♦ ❛♣r❡s❡♥t❛❞♦ ♥❡st❛
❚❡s❡s✳ ❯♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ♣r♦❢✉♥❞♦ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞♦ ♥♦ r❡✲
♣♦rt❡ ❞❡ ●✉❧❧❡t ❬✶❪✱ ♦✉ t❛♠❜é♠ ♣♦❞❡r s❡r ♦❜t✐❞♦ ❞❛s ❞✐❢❡r❡♥t❡s r❡❢❡r❡♥❝✐❛s ❛♣✲
r❡s❡♥t❛❞❛s ♥❡st❡ ❛♣ê♥❞✐❝❡✳

❖ ❛♣ê♥❞✐❝❡ s❡ ❡♥❝♦♥tr❛ ❞✐✈✐❞✐❞♦ ❡♠ q✉❛tr♦ ♣❛rt❡s ❞❛s q✉❛✐s ❛s ♣r✐♠❡✐r❛s trés
❝♦rr❡s♣♦♥❞❡♠ às ❜❛s❡s t❡ór✐❝❛s ❞♦ ▼ét♦❞♦ ✭▼❊❆▼✮ ❡ ♥❛ ✉❧t✐♠❛ ❛♣r❡s❡♥t❛♠♦s
❛s ✐❞❡✐❛s ♣r✐♥❝✐♣❛✐s ❞♦ ♠ét♦❞♦✳

❈✳✶ ❊♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ❡ s❡♣❛r❛çã♦ ❆tô♠✐❝❛

❈♦♠❡ç❛♠♦s ❡st❡ ❛♣ê♥❞✐❝❡ ❝♦♠ ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞❡ ❞♦✐s ❛rt✐❣♦s ❞❡ ❘♦s❡ ❡ s❡✉s
❝♦❧❛❜♦r❛❞♦r❡s ❬✷✱ ✸❪ q✉❡ tr❛t❛ ❞❛ ❡♥❡r❣✐❛ ❝♦❡s✐✈❛ ❞♦s át♦♠♦s ❡♠ ♠❡t❛✐s✱ ❝♦♠♦
t❛♠❜é♠ ❞❛ ❡♥❡r❣✐❛ ❛❞❡s✐✈❛ ❡♥tr❡ ❞♦✐s s✉♣❡r❢í❝✐❡s ♠❡tá❧✐❝❛s✳ ◆❡st❡s ❛rt✐❣♦s ❘♦s❡
❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s s✉❣❡r❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ✉♥✐✈❡rs❛❧ E∗ (a∗) q✉❡
♣♦❞❡ s❡r ❞✐♠❡♥s✐♦♥❛❞❛ ♣❛r❛ ❛❥✉st❛r ❛s ❝✉r✈❛s ❞❡ ❡♥❡r❣✐❛ ❛❞❡s✐✈❛ ❡♥tr❡ ❞♦✐s
♠❡t❛✐s ♦✉ ❛ ❡♥❡r❣✐❛ ❝♦❡s✐✈❛ ❞♦s át♦♠♦s ❞❡ ✉♠ ♠❡t❛❧✳ P♦rt❛♥t♦ ❛s ❡♥❡r❣✐❛s ❡stã♦
r❡♣r❡s❡♥t❛❞❛s ❞❡ ✉♠❛ ❢♦r♠❛ ❣❡r❛❧ ♣♦r

E(rws) = △E E∗ (a∗) , ✭❈✳✶✮

♦♥❞❡ △E ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ❛ ❡♥❡r❣✐❛ ❞❡ ❝♦❡sã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ rws ❝♦♠ ♦ r❛❞✐♦
❞❡ ❲✐❣♥❡r✲❙✐❡t③✶ ✱ ❡ a∗ ❝♦♠ ❛ ❧♦♥❣✐t✉❞❡ ❞✐♠❡♥s✐♦♥❛❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

✶❘❛❞✐♦ ❞❡ ✉♠❛ ❡s♣❡r❛ ❝♦♠ ♦ ♠❡s♠♦ ✈♦❧✉♠❡ ❛tô♠✐❝♦ ♠é❞✐♦✳

✼✼
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❋✐❣✉r❛ ❈✳✶✿ ❊♥❡r❣✐❛ ❝♦❡s✐✈❛ ✭❞✐r❡✐t❛✮ ❡ ❡♥❡r❣✐❛ ❆❞❡s✐✈❛ ✭❡sq✉❡r❞❛✮ ❡♥tr❡ ❞✐❢❡r✲
❡♥t❡s ♠❡t❛✐s✱ ❛❥✉st❛❞❛s ❛ ✉♠❛ ❢✉♥çã♦ ✉♥✐✈❡rs❛❧ E∗ (a∗)✳ ✭❆❞❛♣t❛❞♦ ❞❡ ❘♦s❡
❬✷✱ ✸❪✮

a∗ = (rws − rwse) /l = α (rws/rwse − 1) , ✭❈✳✷✮

♦♥❞❡ rwse é ♦ r❛❞✐♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❡ l é ✉♠ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ✐♥tr♦❞✉③✐❞♦✳ P♦r
❝♦♥✈❡♥çã♦ ❛ ❢✉♥çã♦ ✉♥✐✈❡rs❛❧ E∗ (a∗) t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❡♠ ❡q✉✐❧í❜r✐♦
(a∗ = 0)✳ E∗ (a∗ = 0) = −1✱ E∗′(0) = 0 ❡ E∗′′(0) = 1 ♦♥❞❡ ❛s ❧✐♥❤❛s ❞❡♥♦t❛♠
❞❡r✐✈❛❞❛s ❝♦♠ r❡s♣❡✐t♦ ❛ a∗✳ ❯♠ ❡①❡♠♣❧♦ ❞❡st❡ t✐♣♦ ❞❡ ❢✉♥çã♦ é ❛♣r❡s❡♥t❛❞❛
♥❛ ✜❣✉r❛ ❈✳✶ ♦♥❞❡ ❛ ❡♥❡r❣✐❛ ❞❡ ❝♦❡sã♦ ❢♦✐ ❡s❝❛❧❛ ❛ ✉♠❛ ❢✉♥çã♦ ✉♥✐✈❡rs❛❧ ❝♦♠ ❛s
♣r♦♣r✐❡❞❛❞❡s ❥á ♠❡♥❝✐♦♥❛❞❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s ♠❡t❛✐s✳

❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❞❡st❛ ✜❣✉r❛ ❛ ❢✉♥çã♦ ✉♥✐✈❡rs❛❧ t❡♠ ✉♠ ❡①❝❡❧❡♥t❡
❛❥✉st❡ ♣❛r❛ ❝❛❞❛ ♠❡t❛❧✳ ❆♦ ♦❜s❡r✈❛r ❛s ❡q✉❛çõ❡s ❈✳✶ ❡ ❈✳✷ ♥♦t❛♠♦s q✉❡ ♣❛r❛
❞❡✜♥✐r ❝♦♠♣❧❡t❛♠❡♥t❡ E(rws)✱ é ♣r❡❝✐s♦ ❝♦♥❤❡❝❡r △E ✱ rwse ❡ l✳ ❉❡st❡s trés
♣❛râ♠❡tr♦s ❛✐♥❞❛ ♥ã♦ é ❝♦♥❤❡❝✐❞♦ l✱ ♠❛s l ❡st❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦
♣❡❧♦ ♠ó❞✉❧♦ ✈♦❧✉♠étr✐❝♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ B✱ ❞❡✜♥✐❞♦ ❝♦♠♦

B = −V [∂P/∂V ]T = −Ω[∂P/∂Ω]T , ✭❈✳✸✮

♦♥❞❡ T ✱ P ✱ V ❡ Ω sã♦ ❛ t❡♠♣❡r❛t✉r❛✱ ❛ ♣r❡ssã♦✱ ♦ ✈♦❧✉♠❡ t♦t❛❧ ❡ ❛tô♠✐❝♦
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ B t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❛tr❛✈és ❞❛ ❡♥❡r❣✐❛ E(rws) ❝♦♠♦

Ω[∂2E(rws)/∂Ω2]T=0,Ω=Ωe
✭❈✳✹✮

❞❡t❡r♠✐♥❛❞♦ B ❞❡st❛ ❢♦r♠❛ ❡ t❡♥❞♦ ❡♠ ❝♦♥t❛ ❛s ♣r♦♣r✐❡❞❛❞❡s E∗ (a∗) ♥♦ ❡q✉✐✲
❧í❜r✐♦✳ ❖❜t❡♠♦s q✉❡

B =
△E

12πl2rwse
✭❈✳✺✮
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❡ ♣♦rt❛♥t♦

l =

[ △E
12πBrwse

]1/2

=

[△E r2wse

9BΩe

]1/2

✭❈✳✻✮

♦♥❞❡ Ωe = 4πr3wse/3.❆❞❡♠❛✐s ♦✉ ❞❡t❡r♠✐♥❛r ❛ ✈❛r✐❛çã♦ ❞❡st❡ ♠ó❞✉❧♦ ✈♦❧✉♠étr✐❝♦
❝♦♠ ❛ ♣r❡ssã♦ ♦❜t❡♠♦s q✉❡ ❡♠ T = 0K✱

∂B

∂P

∣

∣

∣

∣

T

= 1 − rwse

3l

E∗′′′(0)

E∗′′(0)
. ✭❈✳✼✮

❋✐♥❛❧♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♥❛❧ít✐❝♦ ❞❛ ❢✉♥çã♦ E∗ (a∗) ♣r♦♣♦st♦ ♣♦r ❘♦s❡
é ❞♦ t✐♣♦

E∗ (a∗) ≈ f∗ (a∗) exp (−a∗) ✭❈✳✽✮

❡ ♣❛r❛ a∗ < 1 é ❛ss✉♠✐❞♦ q✉❡

f∗ (a∗) ≈ f∗0 + f∗1 a
∗ + f∗2 a

∗2 + f∗3 a
∗3 ✭❈✳✾✮

♦♥❞❡ ❝❛❞❛ ❝♦♥st❛♥t❡ f∗i ✭i = 0−2✮ é ❞❡t❡r♠✐♥❛❞❛ ✉♥✐✈♦❝❛♠❡♥t❡ ♣❡❧❛s ❝♦♥❞✐çõ❡s
♥❛s ❞❡r✐✈❛s ✐♠♣♦st❛s ♣❛r❛ ❛ ❢✉♥çã♦ E∗ (a∗) ♥♦ ❡q✉✐❧í❜r✐♦✱ ❡ f∗3 é ❛❥✉st❛❞♦ ♣❛r❛
♦❜t❡r ❛ ❞❡r✐✈❛❞❛ ❝♦rr❡t❛ ❞♦ ♠ó❞✉❧♦ ✈♦❧✉♠étr✐❝♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦
✈♦❧✉♠❡ ✭❡q✉❛çã♦ ❈✳✼✮✳ P♦rt❛♥t♦ E(rws) ✜❝❛

E(rws) = −△E
(

1 + a∗ + f∗3 a
∗3
)

exp (−a∗) ✭❈✳✶✵✮

❈✳✷ ❖ ♣❛♣❡❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛

◆❡st❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ ❛♣ê♥❞✐❝❡ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡♠♦str❛çã♦ ❞❡s❡♥✈♦❧✈✐❞❛
♣♦r ❍♦❤❡♥❜❡r❣ ❡ ❑♦♥❣ ❬✹❪ ♥❛ q✉❛❧ ❛ ❡♥❡r❣✐❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠
s✐st❡♠❛ ❞❡ ❡❧❡❝tr♦♥❡s é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❞♦ ❡st❛❞♦ ❜❛s❡✳

P❛r❛ r❡❛❧✐③❛r ❛ ❞❡♠♦str❛çã♦ ❍♦❤❡♥❜❡r❣ ❝♦♥s✐❞❡r♦ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s s♦♠❡t✐❞♦
❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ v(r)✱ ♣♦t❡♥❝✐❛❧ q✉❡ ♥♦ ❝❛s♦ ❞❡ ✉♠ ❝r✐st❛❧ ♣♦❞❡ s❡r ♦ ♣♦✲
t❡♥❝✐❛❧ ❞♦s ♥ú❝❧❡♦s ♣♦s✐t✐✈♦s✳ ❆ ❍❛♠✐❧t♦♥✐❛♥❛ t❡♠ ❛ ❢♦r♠❛

H = T + V + U, ✭❈✳✶✶✮

❈♦♠ T ✱ V ❡ U ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥❛ ❡ ❞❡
❈♦✉❧♦♠❜✳ ❉❡♥♦t❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❞♦ ❡st❛❞♦ ❜❛s❡ Ψ ♣♦r

n(r) ≡ (Ψ, ψ∗(r)ψ(r)Ψ), ✭❈✳✶✷✮

❖ q✉❛❧ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞♦ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ v(r)✳ ▼❛s ❝♦♠♦ ❢♦✐ ❞❡♠♦str❛❞♦
♣♦r ❍♦❤❡♥❜❡r❣ ♣♦r r❡❞✉çã♦ ❛♦ ❛❜s✉r❞♦✱ ♦ ❝♦♥tr❛r✐♦ t❛♠❜é♠ é ✈❡r❞❛❞❡✱ ♦✉ s❡❥❛
q✉❡ v(r) ✜❝❛ ✉♥✐✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣♦r n(r)✱ s❛❧✈♦ ✉♠❛ ❝♦♥st❛♥t❡✳

❆ss✉♠✐♥❞♦ q✉❡ ❡①✐st❡ ♦✉tr♦ ♣♦t❡♥❝✐❛❧ v′(r)✱ ❝♦♠ ❝♦♠ ✉♠ ❡st❛❞♦ ❜❛s❡ Ψ′

♣❛r❛ ♦ q✉❛❧ s❡ t❡♠ ❛ ♠❡s♠❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ n(r)✳ ❊♥tã♦ ❡st❡ ❡st❛❞♦ ❞✐❢❡r❡



❆P✃◆❉■❈❊ ❈✳ ❚❍❊ ▼❖❉■❋■❊❉ ❊▼❇❊❉❉❊❉ ❆❚❖▼▼❊❚❍❖❉ ✭▼❊❆▼✮✽✵

❞♦ ❡st❛❞♦ Ψ ✭❛ ♠❡♥♦s q✉❡ v′(r) − v(r) = cte✮ ♣♦✐s s❛t✐s❢❛③❡♠ ❡q✉❛çõ❡s ❞❡
❙❝❤rö❞✐♥❣❡r ❞✐❢❡r❡♥t❡s✳ ❉❡♥♦t❛♥❞♦ ❝♦♠ H ′ ❡ E′ ❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❡ ❛ ❡♥❡r❣✐❛ ❞❡
❡st❡ ♥♦✈♦ ❡st❛❞♦ ❜❛s❡✱ ❡♥tã♦ ♣❛r❛ ❡st❛❞♦s ❜❛s❡ ♥ã♦ ❞❡❣❡♥❡r❛❞♦s✱ ❛ ❡♥❡r❣✐❛ ❞♦
❡st❛❞♦ ❜❛s❡ t❡♠ q✉❡ s❡r ❛ ♠❡♥♦r ❡♥tr❡ ♦s ❞✐❢❡r❡♥t❡s ❡st❛❞♦s q✉â♥t✐❝♦s✱ ❛ss✐♠

E′ = (Ψ′, H ′Ψ′) < (Ψ, H ′Ψ) = (Ψ, (H + V ′ − V ) Ψ) ✭❈✳✶✸✮

♣♦rt❛♥t♦

E′ < E +

ˆ

[v′(r) − v(r)]n(r)dr. ✭❈✳✶✹✮

■♥t❡r❝❛♠❜✐❛♥❞♦ ❛s q✉❛♥t✐❞❛❞❡s ❝♦♠ ❧✐♥❤❛s ♣❡❧❛s q✉❛♥t✐❞❛❞❡s s✐♠ ❧✐♥❤❛s ♦❜t❡♠♦s

E < E′ +

ˆ

[v(r) − v′(r)]n(r)dr. ✭❈✳✶✺✮

❆❞✐❝✐♦♥❛❞♦ ❡st❛s q✉❛♥t✐❞❛❞❡s s❡ ♦❜té♠ ✉♠❛ ✐♥❝♦♥s✐stê♥❝✐❛✳

E + E′ < E + E′ ✭❈✳✶✻✮

❊♠ r❡s✉♠♦ v(r) é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ n(r)✱ ❡①❝❡♣t♦ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡✳ P♦rt❛♥t♦
♦ ❡st❛❞♦ ❜❛s❡ ❞❡ t♦❞❛s ❛s ♣❛rtí❝✉❧❛s é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ n(r)✳

❈✳✸ ■♥s❡r✐♥❞♦ ✐♠♣✉r❡③❛s

❊st❛ ♣❛rt❡ ❞❛ ❛♣ê♥❞✐❝❡ ❝♦♥❝❡r♥❡ à ❡♥❡r❣✐❛ ❞❡ ✉♠ át♦♠♦ q✉❡ é ❛❞✐❝✐♦♥❛❞♦ ❡♠ ✉♠
s✐st❡♠❛ ❡❧❡trô♥✐❝♦ ❛r❜✐trár✐♦ ✭❙t♦tt ❡ ❩❛r❡♠❜❛ ❬✺❪✮✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ s✐st❡♠❛
❛♥✜tr✐ã♦ ❝♦♠ ✉♠❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ n0(~r)✱ s✉❜♠❡t✐❞♦ ❛ ✉♠ ❝❛♠♣♦ ❡①t❡r♥♦
❞❡✈✐❞♦ ❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ rí❣✐❞❛ ❞❡ ❝❛r❣❛ ♣♦s✐t✐✈❛ n+

0 (~r)✳ ❊♥tã♦ ❛ ❡♥❡r❣✐❛ t♦t❛❧
❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ ❛♥✜tr✐ã♦ é ❡s❝r✐t♦ ❝♦♠ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ n0(~r)
♣♦✐s ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ n0(~r)✱ ❝♦♠♦ ❢♦✐ ♣r♦✈❛❞♦ ♥❛ s❡çã♦
❛♥t❡r✐♦r✳

E0 = E0[n0(~r)] ≡ (Φ, (T + V + U)Φ). ✭❈✳✶✼✮

❊st❡ ❢✉♥❝✐♦♥❛❧ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✱ ❛ ♣r✐♠❡✐r❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❝♦♠
✉♠ t❡r♠♦ q✉❡ s❡ ❡s♣❡r❛ s❡❥❛ ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱
❡♥❡r❣✐❛ ❞❡ ❡①❝❤❛♥❣❡ ❡ ❞❡ ❝♦rr❡❧❛çã♦ G[n0]✳ ❆ s❡❣✉♥❞❛ ♣❛rt❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♠
♦s tér♠✐♥♦s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✱ q✉❡ ♣❛r❛ ♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ sã♦ ♦s t❡r♠♦s ❞❡
❈♦✉❧♦♠❜ ❞❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❡❧étr♦♥ ❡ ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ ❝❛♠♣♦ ❡①t❡r♥♦✳ ❉❡st❛
❢♦r♠❛ E0 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

E0 = G [n0] −
ˆ

d~r1

ˆ

d~r2
n0 (~r1)n

+
0 (~r2)

r12
+

1

2

ˆ

d~r1

ˆ

d~r2
n0 (~r1)n0 (~r2)

r12
.

✭❈✳✶✽✮
❈♦♥s✐❞❡r❛♥❞♦ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ❝❛r❣❛ ♣♦s✐t✐✈❛ Z ❝♦♠ ✉♠❛ ❞✐str✐❜✉✐çã♦
△n+

z (~r)✱ ❥✉♥t♦ ❝♦♠ Z ❡❧étr♦♥s✳ ▲♦❝❛❧✐③❛♥❞♦ ❛s ❝❛r❣❛s ♣♦s✐t✐✈❛s ❡♠ ♣♦♥t♦s ✜①♦s
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s♦❜r❡ ❛ r❡❞❡ ❝r✐st❛❧✐♥❛✱ ❡ ❞❡s♣r❡❝✐❛♥❞♦ ❛ r❡❧❛①❛çã♦ ❞❛ r❡❞❡ ❝r✐st❛❧✐♥❛ ❡♥t♦r♥♦ à
✐♠♣✉r❡③❛✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ♥♦✈❛ ❞✐str✐❜✉✐çã♦ ❡❧❡trô♥✐❝❛ ♣❛r❛ ♦ ❡st❛❞♦ ❢✉♥❞❛✲
♠❡♥t❛❧ ✜❝❛ ❡①♣r❡ss❛❞♦ ❝♦♠♦

nz(~r) = n0(~r) + △nz(~r), ✭❈✳✶✾✮

♦♥❞❡ △nz(~r) é ❛ ❝♦♥tr✐❜✉✐çã♦ ❡❧❡trô♥✐❝❛ ❞❛ ✐♠♣✉r❡③❛ ❛♦ ❛♥✜tr✐ã♦ ❡ q✉❡ ♣♦❞❡
❡st❛r ❧♦❝❛❧✐③❛❞♦ ❡♥t♦r♥♦ ❛♦ ♥ú❝❧❡♦ Z ♦✉ ♣♦❞❡ ❝♦♥tr✐❜✉✐r à s✉♣❡r❢í❝✐❡✳ ❆ ❡♥❡r❣✐❛
t♦t❛❧ ♣❛r❛ ♦ ❛♥✜tr✐ã♦ ❡ ❛ ✐♠♣✉r❡③❛ ✜❝❛ ❝♦♠♦

Ez = G [nz] −
ˆ

d~r1

ˆ

d~r2
nz (~r1)

[

n+
0 (~r2) + △n+

z (~r2)
]

r12
✭❈✳✷✵✮

+
1

2

ˆ

d~r1

ˆ

d~r2
nz (~r1)nz (~r2)

r12
+

ˆ

d~r1

ˆ

d~r2
n+

0 (~r1)△n+
z (~r2)

r12
,

♦♥❞❡ ❛s ✐♥t❡r❛çõ❡s ❞❡ ❈♦✉❧♦♠❜ ❝♦rr❡s♣♦♥❞❡♠ ❝♦♠ ❛ ✐♥t❡r❛çã♦ ❡❧é❝tr♦♥✲Prót♦♥✱
❡❧é❝tr♦♥✲❡❧é❝tr♦♥ ❡ Prót♦♥✲Prót♦♥ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈❛❧❝✉❧❛♥❞♦ ❛ ✈❛r✐❛çã♦ ❞❛
❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ✐♠♣✉r❡③❛ t❡♠♦s q✉❡

Ez =

„

G [nz] − G [n0] −

ˆ

d~r1

ˆ

d~r2
△nz (~r1)△n+

z (~r2)

r12
✭❈✳✷✶✮

+
1

2

ˆ

d~r1

ˆ

d~r2
△nz (~r1)△nz (~r2)

r12

«

+

ˆ

d~rφz (~r)
ˆ

n0 (~r) − n
+
0 (~r)

˜

,

♦♥❞❡

φz (~r) =

ˆ

d~r1
△nz (~r1) −△n+

z (~r1)

|~r − ~r1|
, ✭❈✳✷✷✮

é ♦ ♣♦t❡♥❝✐❛❧ ❡❧❡tr♦stát✐❝♦ ❛ss♦❝✐❛❞♦ ❝♦♠ ❛ ✐♠♣✉r❡③❛✳ ❖ t❡r♠♦ ❡♠ ♣❛r❡♥t❡s❡s
♥❛ ❡q✉❛çã♦ ❈✳✷✶ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ❛✉t♦✲❡♥❡r❣✐❛ ❞❛ ✐♠♣✉r❡③❛✳ ❆✉t♦✲❡♥❡r❣✐❛
q✉❡ ✜❝❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❡s♣❡❝✐✜❝❛r △nz(~r) ❡ n0(~r)✳ ◆♦ ♦❜st❛♥t❡ △nz(~r) é
❢✉♥❝✐♦♥❛❧ ❞♦ ♣♦t❡♥❝✐❛❧ v0(~r) ❛ss♦❝✐❛❞♦ ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❝❛r❣❛s ♣♦s✐t✐✈❛s ♥♦
s✐st❡♠❛ ❛♥✜tr✐ã♦✳ ❙❡♠ ❡♠❜❛r❣♦ v0(~r)✱ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛
n0(~r) ❞♦ s✐st❡♠❛ ❛♥✜tr✐ã♦✳ P♦rt❛♥t♦✱ △nz(~r) ❡ △E sã♦ ❢✉♥❝✐♦♥❛✐s ❞❡ n0(~r)✳

❖ t❡r♠♦ ❛❞✐❝✐♦♥❛❧ ♥❛ ❡q✉❛çã♦ ❈✳✷✶ t❡♠ ❡♠ ❝♦♥t❛ ❛ ✐♥t❡r❛çã♦ ❡①♣❧✐❝✐t❛ ❞❛
✐♠♣✉r❡③❛ ❝♦♠ ♦ s✐st❡♠❛ ❛♥✜tr✐ã♦✳ ❊st❡ t❡r♠♦ ❞❡s❛♣❛r❡❝❡ s❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡
❝❛r❣❛ ♣♦s✐t✐✈❛ é ❡s♣❛❧❤❛❞❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ♥♦ s✐st❡♠❛ ❛♥✜tr✐ã♦ ✭❏❡❧❧✐✉♠✮✱♦❜t❡♥❞♦

△E [n0] = F [n0] = G [nz] −G [n0] −
ˆ

d~r1

ˆ

d~r2
△nz (~r1)△n+

z (~r2)

r12

+
1

2

ˆ

d~r1

ˆ

d~r2
△nz (~r1)△nz (~r2)

r12
✭❈✳✷✸✮

◆♦ ♦❜st❛♥t❡ ✉♠ s♦❧✐❞♦ r❡❛❧ ❞✐❢❡r❡ ❞♦ ❥❡❧❧✐✉♠ ❡♠ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❝❛r❣❛
❞❡ ❢✉♥❞♦ ♥ã♦ é ✉♥✐❢♦r♠❡✳ P♦rt❛♥t♦ é ♣r❡❝✐s♦ t❡r ❡♠ ❝♦♥t❛ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦
❡♥tr❡ ❛ ✐♠♣✉r❡③❛ ❡ ❛ r❡❞❡✳
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❈✳✹ ▼❊❆▼

❋✐♥❛❧♠❡♥t❡✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡♥t❡♥❞❡r ❛s ✐❞❡✐❛s ❜ás✐❝❛s ❞♦ ▼❊❆▼✳ ▼ét♦❞♦
q✉❡ ♣❡r♠✐t❡ ♦❜t❡r ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠❛t❡r✐❛✐s ❝♦♠ ❜❛♥❞❛s ♠❡tá❧✐❝❛s ❡
❝♦✈❛❧❡♥t❡s✳ ❆❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ❞✐✈❡rs♦s ♠❛t❡r✐❛✐s sã♦ ♦
♣❛râ♠❡tr♦ ❞❡ r❡❞❡✱ ❛s ❝♦♥st❛♥t❡s ❡❧ást✐❝❛s✱ ❛ ❡♥❡r❣✐❛ ❞❡ s✉❜❧✐♠❛çã♦✱ ❡♥tr❡ ♦✉tr❛s✳
❉✐✈❡rs♦s tr❛❜❛❧❤♦s t❡♠ s✐❞♦ ❞❡s❡♥✈♦❧✈✐❞♦s ❝♦♠ ❡st❡ ♣♦t❡♥❝✐❛❧✱ ❛❜r❛♥❣❡♥❞♦ ♠❛✐s
❞❡ ✷✻ ♠❛t❡r✐❛✐s ❝♦♠ ❡❧❡♠❡♥t♦s q✉✐♠✐❝❛♠❡♥t❡ ❛t✐✈♦s ❡ ✐♥❡rt❡s✳ ◆❡st❡s ♠❛t❡r✐❛✐s
❡♥❝♦♥tr❛♠♦s ❡str✉t✉r❛s ❢❝❝✱ ❜❝❝ ❡ ❞✐❛♠❛♥t❡✱ t❛♠❜é♠ t❡♠ s✐❞♦ tr❛t❛❞♦s ♠❛t❡r✐❛✐s
❝♦♠ ❞í♠❡r♦s ❡ ♠❛t❡r✐❛✐s ❣❛s♦s♦s ❬✶✱ ✼✱ ✽✱ ✾✱ ✶✵✱ ✶✶❪✳
❆ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ ❞♦ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡♠ ✈❡r ❝❛❞❛ át♦♠♦ ❞❡ ✉♠ s♦❧✐❞♦ ❝♦♠♦ ✉♠❛
✐♠♣✉r❡③❛ ✐♥s❡r✐❞❛ ♥✉♠ s✐st❡♠❛ ❛♥✜tr✐ã♦ ❝♦♠♣r❡❡♥❞✐❞♦ ♣❡❧♦s ♦✉tr♦s át♦♠♦s ❞♦
s♦❧✐❞♦✳ ❈♦♠♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❛ ❡♥❡r❣✐❛ ❞❡ ✐♥❝r✉st❛♠❡♥t♦ ❞❡
❡st❛ ✐♠♣✉r❡③❛ ♥♦ s✐st❡♠❛ ❛♥✜tr✐ã♦ ❡st❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛
❞♦ s✐st❡♠❛ ❛♥✜tr✐ã♦ ❛♥t❡s ❞❡ ❛❞✐❝✐♦♥❛r ❛ ✐♠♣✉r❡③❛✳ ◆♦ ❝❛s♦ ❞♦ ❥❡❧❧✐✉♠ ❛ ❡♥❡r❣✐❛
❞❡ ✐♥❝r✉st❛♠❡♥t♦ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❞♦ s✐st❡♠❛ ❛♥✜tr✐ã♦
FZ,R [n0]✳ ▼❛s ♦ ❢✉♥❝✐♦♥❛❧ é ✉♥✐✈❡rs❛❧ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ s✐st❡♠❛ ❛♥✜tr✐ã♦✳
❆ ❋♦r♠❛ ❞♦ ❢✉♥❝✐♦♥❛❧ é ❞❡s❝♦♥❤❡❝✐❞❛✱ ❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ❝♦♠♣❧✐❝❛❞❛✳ P♦r ✐ss♦
✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧ é ❛ss✉♠✐❞❛✱ ❡st❛ ❛♣r♦①✐♠❛çã♦ ❝♦♥s✐st❡ ❡♠ ❛ss✉♠✐r q✉❡ ❛
❡♥❡r❣✐❛ ❞❡ ✐♥❝r✉st❛♠❡♥t♦ ❞❡♣❡♥❞❡ só ❞♦ ❡♥t♦r♥♦ ✐♠❡❞✐❛t♦ q✉❡ ❧✐♠✐t❛ ❛ ✐♠♣✉r❡③❛
❬✺✱ ✻❪✳ ❉❡ ❛❝♦r❞♦ ❛ ❡st❛ s✉♣♦s✐çã♦ ❛ ❡♥❡r❣✐❛ ❞❡ ✐♥❝r✉st❛♠❡♥t♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛
♥♦ ❥❡❧❧✐✉♠ ❞❡✐①❛ ❞❡ s❡r ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❞❡ t♦❞♦ ♦ s✐st❡♠❛
❛♥✜tr✐ã♦✱ ❡ ✈✐r❛ ✉♠❛ ❢✉♥çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❧♦❝❛❧ ❞♦ s✐st❡♠❛ ❛♥✜tr✐ã♦✳ ❉❡ ❢♦r♠❛
s✐♠❜ó❧✐❝❛

△Ei = FZ,Ri
[n0] ≃ FZi

(n0(Ri)) = Fi(n0,i), ✭❈✳✷✹✮

♦♥❞❡ ❡st❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ❛ ❡♥❡r❣✐❛ ❞❡ ✐♥❝r✉st❛♠❡♥t♦ ♥♦ ❥❡❧❧✐✉♠ ❞❡ ✉♠ át♦♠♦
i✱ ❝♦♠ ❝❛r❣❛ ♣♦s✐t✐✈❛ Zi✱ ♥❛ ♣♦s✐çã♦ Ri✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❛ ❛♣r♦①✐♠❛çã♦ ❛
❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛ ❝♦rr❡s♣♦♥❞❡ ❛

Etot =
∑

i

Fi(n0,i) =
∑

i

Fi(ρi), ✭❈✳✷✺✮

♦✉ s❡❥❛✱ é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛ s✉♠❛ ✐♥❞✐✈✐❞✉❛❧ ❞❛s ❝♦♥tr✐❜✉✐çõ❡s✳ ◆❡st❛ ❡q✉❛çã♦
♠✉❞❛♠♦s ❛ ♥♦t❛çã♦ ❞❡ ❢♦r♠❛ q✉❡ n0,i = ρi ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡
❡❧❡trô♥✐❝❛ ❞♦ s♦❧✐❞♦ ♥❛ ♣♦s✐çã♦ i ✭Ri✮ s❡♠ ♦ át♦♠♦ i✳

❈♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ✉♠ s♦❧✐❞♦ r❡❛❧ ❞✐❢❡r❡ ❞♦ ❥❡❧❧✐✉♠ ❡♠ q✉❡ ❛ ❞✐str✐❜✉✐çã♦
❞❡ ❝❛r❣❛ ❞❡ ❢✉♥❞♦ ♥ã♦ é ✉♥✐❢♦r♠❡✳ P♦rt❛♥t♦ é ♣r❡❝✐s♦ t❡r ❡♠ ❝♦♥t❛ ♦ t❡r♠♦ ❞❡
✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ✐♠♣✉r❡③❛ ❡ ❛ r❡❞❡✳ ❆♦ ❝♦♥s✐❞❡r❛r ❡st❡ t❡r♠✐♥♦ ♣❛r❛ t♦❞♦s
♦s át♦♠♦s✱ ✈❡♠♦s q✉❡ ❡st❡ t❡r♠✐♥♦ ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ❛ ✐♥t❡r❛çã♦ ❞♦s ❞✐❢❡r❡♥t❡s
♥ú❝❧❡♦s ❝♦♠ s❝r❡❡♥✐♥❣ ❞❡✈✐❞♦ à ♥✉✈❡♠ ❡❧❡trô♥✐❝❛ ❡♥t♦r♥♦✳ ❊st❛ ✐♥t❡r❛çã♦ ♣♦❞❡
s❡r ♠♦❞❡❧❛❞❛ ♣♦r ✉♠ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡ φi,j ❡♥tr❡ ❞✐❢❡r❡♥t❡s
♣❛r❡s ❞❡ ♥ú❝❧❡♦s i, j✳
❊♠ r❡s✉♠♦ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞✉♠ s♦❧✐❞♦ r❡❛❧ ♥❡st❡ ♠ét♦❞♦ ❡st❛ ❞❛❞♦ ♣♦r
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Etot =
∑

i



Fi (ρi) +
1

2

∑

j 6=i

φi,j (Rij)



 , ✭❈✳✷✻✮

♦♥❞❡ ♦ t❡r♠♦ ➼ t❡♠ ❡♠ ❝♦♥t❛ ❛ ❞♦❜❧❡ ❝♦♥t❛❣❡♠ ♥♦ ♣♦t❡♥❝✐❛❧ φi,j ✳ ◆❡st❡ ♣♦♥t♦
♣♦❞❡♠♦s ✈❡r q✉❡ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ s✐st❡♠❛ ♠♦♥♦✲❛tô♠✐❝♦ ✭Zi = Z✱ ♣❛r❛ t♦❞♦ i✮✳
❖s s✉❜í♥❞✐❝❡s i✱ j ♥❛s ❢✉♥çõ❡s F ❡ φ ♥ã♦ sã♦ ♥❡❝❡ssár✐♦s✳ P♦r t❛♥t♦ ❛ ❡q✉❛çã♦
❈✳✷✻ ✜❝❛ ❞❛ ❢♦r♠❛

Etot =
∑

i



F (ρi) +
1

2

∑

j 6=i

φ (Rij)



 , ✭❈✳✷✼✮

♦♥❞❡ ♦ t❡r♠♦

Eu = F (ρi) +
1

2

∑

j 6=i

φ (Rij) ✭❈✳✷✽✮

♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ❛ ❡♥❡r❣✐❛ ❞❡ ❝❛❞❛ át♦♠♦✳ ❙❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡
❛ ❡♥❡r❣✐❛ ❞❡ ❝❛❞❛ át♦♠♦ ❡st❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛❢❡❝t❛❞♦ ♣♦r s❡✉s ♣r✐♠❡✐r♦s n1

✈✐③✐♥❤♦s ✭❝✉rt♦ ❛❧❝❛♥❝❡✮ ♦❜t❡♠♦s q✉❡

Eu (R) = F (ρi) +
1

2
n1φ (R) , ✭❈✳✷✾✮

❡ ♣♦rt❛♥t♦

φ (R) =
2

n1
{Eu (R) − F (ρi)} = Φ(R). ✭❈✳✸✵✮

❯♠❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❡st❡ ♣♦t❡♥❝✐❛❧ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦
✉♠ ♥✉♠❡r♦ ♠❛✐♦r ❞❡ ✈✐③✐♥❤♦s✱ ♥♦ ❝❛s♦ ❞❡ ❝♦♥s✐❞❡r❛r ♦s ♣r✐♠❡✐r♦s s✲✈✐③✐♥❤♦s
t❡♠♦s q✉❡

φ (R) = Φ(R) −
∑

s 6=1

ns

n1
Φ(asR) +

(

ns

n1

)2

Φ(a2
sR), ✭❈✳✸✶✮

❛q✉✐ R é ❛ ❞✐st❛♥❝✐❛ ❛♦ ♣r✐♠❡✐r♦ ✈✐③✐♥❤♦✱ ❡ asR é ❛ ❞✐st❛♥❝✐❛ ❛♦ s✲és✐♠♦ ✈✐③✐♥❤♦✳
❊✈✐❞❡♥t❡♠❡♥t❡ ♣❛r❛ ♣♦❞❡r ❞❡t❡r♠✐♥❛r ❡st❡ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ é ♣r❡❝✐s♦ ❝♦♥✲
❤❡❝❡r ❛ ❡♥❡r❣✐❛ ♣♦r át♦♠♦ Eu(R) ❡ ❛ ❢✉♥çã♦ F (ρ)✳ ❆ ♣r✐♠❡✐r❛ ❞❡st❛s Eu(R)
♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ ❝á❧❝✉❧♦s ❞❡ ♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s ♦✉ ♣♦❞❡ s❡r t♦♠❛❞❛ ❝♦♠♦ ❛
❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ✉♥✐✈❡rs❛❧ ❞❡ ❘♦s❡ ✭❡q✉❛çã♦ ❈✳✶✵✮✱ ❛ss✐♠

E(r) = −Ec

(

1 + a∗ +
re
r
δa∗3

)

exp (−a∗) , ✭❈✳✸✷✮

❝♦♠

a∗ = α

(

r

re
− 1

)

✭❈✳✸✸✮

❡
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α2 =
9ΩB

Ec
✭❈✳✸✹✮

❝♦♠ Ec✱ re✱ Ω ❡ B ❛ ❡♥❡r❣✐❛ ❝♦❡s✐✈❛✱ ❛ ❞✐st❛♥❝✐❛ ❛♦ ♣r✐♠❡✐r♦ ✈✐③✐♥❤♦✱ ♦ ✈♦❧✉♠❡
❛tô♠✐❝♦✱ ❡ ♦ ♠ó❞✉❧♦ ✈♦❧✉♠étr✐❝♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛✈❛❧✐❛❞♦s ♥❛
❡str✉t✉r❛ ❞❡ r❡❢❡r❡♥❝✐❛ ❞❡ ❡q✉✐❧í❜r✐♦✳
❆ s❡❣✉♥❞❛ ❢✉♥çã♦ ❋✱ ❢♦✐ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❇❛s❦❡s ❬✾❪ ❝♦♠♦

F (ρ) = AEcρlnρ ✭❈✳✸✺✮
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Abstract

We report evidence for a novel crystalline phase of Gallium by the combination of classical

molecular dynamics (MD) simulations and density-functional theory (DFT) calculations. The MD

simulations, based on a modified embedded-atom (MEAM) potential, reveal the new crystalline

form through a first-order phase transition originating from the Cmca symmetric Ga-I phase

under hydrostatic tension. Subsequently, the DFT calculations are employed to verify its stability

and determine its electronic structure. The structure of the orthorhombic phase is described by

symmetry group Cmcm and shows a dimer arrangement resemblant of the Ga-I phase. A first-order

phase transition from Ga-I to the new phase is estimated to occur at (−1.6 ± 0.2) GPa.

PACS numbers: 61.50.Ah, 61.66.Bi, 71.20.-b
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The element Ga is of fundamental technological importance, being an essential building

block in the semiconductor industry [1]. So far, the application of this element has con-

centrated mostly on its use in compounds such as GaN and GaAs, which are employed in

opto-electronic devices. Recently, however, it has been shown that even elemental Ga may

be prove useful in a technological context, demonstrating potential as a phase-change ma-

terial. Such materials have recently become the topic of considerable interest due to their

potential application in non-volatile and low-power electronic memory devices [2–7]. The

fundamental property of such systems is that they feature rapid transitions between different

phases. While phase-change materials typically feature transitions between a crystalline and

an amorphous phase [6, 7], in the case of Ga it was shown that a nanoparticle can be made to

pass through a sequence of 4 different metastable crystalline phases [3, 5]. Accordingly, the

potential of elemental Ga as a phase-change material is closely related to our understanding

of its phase diagram.

Ga is known to be highly polymorphic, fostered by the coexistence of covalent and metallic

bonding types. In addition to the zero pressure stable Ga-I [8] phase (also referred to as

α-Ga) and the liquid/vapor, it contains at least four crystalline phases that are stable at

elevated pressure, namely Ga-II [8, 9, 11], Ga-III [9] Ga-IV [12], and Ga-V [11]. Furthermore,

there are at least four metastable phases in the low-pressure regime known as β-Ga [13], δ-

Ga [14] γ-Ga [15] and ǫ-Ga [9], respectively. Curiously, while the latter phase is observed in

the phase-change sequence in Ga [3], its crystal structure and most basic physical properties

remain unknown [9, 10].

In this paper we present evidence for the existence of a new crystalline phase of elemental

Ga. The evidence is entirely rooted in simulation results, based on a combination classical

molecular dynamics (MD) simulations using the modified embedded-atom model (MEAM)

for Ga [16] and density-functional-theory (DFT) calculations. After the initial observation

of the new phase in a classical MD simulation during which Ga-I is heated under hydrostatic

tension, the new-found structure is optimized using the DFT approach at zero external pres-

sure and temperature. The new structure is found to be metastable under these conditions.

A comparison between the specific enthalpies of Ga-I and the new phase suggests that the

latter becomes stable with respect to the former at a negative pressure of (−1.6± 0.2) GPa.

Figure 1 shows results of the classical MD simulations [17] based on the MEAM potential.

The simulations were carried out using a cell containing 1152 Ga atoms initially arranged on
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the Cmca symmetric Ga-I lattice. The cell was first equilibrated within the NPT ensemble

at a temperature of 50 K and a hydrostatic pressure of -1.6 GPa. Subsequently, the system

was heated at constant pressure, ramping its temperature to 1050 K in 4× 106 MD steps of

1.5 fs each. Figure 1 shows the volume per atom as a function of the instantaneous kinetic

temperature. The result clearly shows the occurrence of two abrupt transitions. The first is

a transition from the Ga-I phase to the unknown phase near 690 K, involving an increase of

the atomic volume by almost 4%. Upon further heating the latter then transforms into the

liquid phase at T ≈ 800K.

The identification of the unknown phase as being crystalline is made by conjugate-

gradient quenching of a corresponding atomic configuration. The result of the quench is

depicted in Figure 2, which shows a view perpendicular to the c-axis [18] of the original

Ga-I phase. Panel a) shows how the structure can be seen as a succession of wave-like

patterns. When considering adjacent ”waves”, one observes two possibilities. In one case,

neighboring waves are ”in phase”, while in the other they are 180 degrees out of phase. The

former pattern is characteristic of Ga-I, whereas the latter reveals a previously unknown

structure. The novel structure also features the presence of Ga dimers. When looking at

the configuration of Panel a) from this point of view, as shown in panel b), it is clear that

the computational cell obtained after the quench is a mixture of the two phases. There are

two domains of Ga-I and the novel phase each, separated by four planar defects. The main

difference between Ga-I and the novel phase is that while in the former case the dimers have

alternating orientations, in the latter they are are all aligned.

Although the MEAM description predicts the existence of this novel crystalline phase of

elemental Ga, transferability is always an issue when it comes to using semi-empirical models

of interatomic interaction. Therefore, to verify the robustness of the finding, we subsequently

subject the novel phase to a first-principles study. To this end we employ the state-of-the-

art DFT implementation of the Vienna Ab initio Simulation Package (VASP) [19–21], using

the Perdew-Burke-Ernzerhof (PBE) [22] generalized-gradient approximation (GGA) [23] and

the projector-augmented-wave (PAW) [21] approach. We use a plane-wave kinetic-energy

cutoff of 650 eV, a 5 × 5 × 5 k-point mesh in the Brillouin zone and the Methfessel-Paxton

integration scheme with a smearing width of 0.2 eV. All configurations were optimized at

zero external pressure, adjusting both atomic and cell degrees of freedom. In the final

configuration the forces on all atoms were smaller than 0.001 eV/Å. All total-energy values
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were obtained using the tetrahedron integration method with Blöchl corrections.

First, to assess the quality of this computational scheme, we applied it to the Ga-I phase,

for which experimental data [24, 25] as well as previous DFT results [18] are available. A

summary of the results is shown in Table I (lattice parameters and the internal coordinates u

and v are named according to Ref. [18]). A plot of the total energy per atom as a function of

the atomic volume is shown in Figure 3. As discussed earlier [18], one of the problems of the

local-density approximation (LDA) to DFT is the underestimate of the atomic volume and

overestimate of the bulk modulus by ∼ 10% with respect to the experimental values. Indeed,

the present GGA calculations lead to a significant improvement of the atomic volume, giving

a discrepancy of less than 5%. The structural parameters also show improvement and are in

good agreement with the experimental data, which is also the case for the cohesive energy.

The GGA bulk modulus is significantly lower than the LDA value, giving an underestimate

of ∼ 10% compared to the experimental value.

Next we used the same DFT approach for the novel crystalline phase. The calculations

were carried out using a supercell that was obtained by cutting an 8-atom orthorhombic

periodic cell from the conjugate-gradient-relaxed 1152-atom cell used in the MEAM-based

MD simulations. Indeed, the novel phase is found to be stable within (GGA) DFT and

Figure 3 shows its total energy per atom as a function of the volume per atom. Inspection

of the two curves in Figure 3 shows that the novel phase is metastable with respect to Ga-I at

zero external pressure. Analysis of the atomic arrangement reveals that it is an orthorhombic

phase with Cmcm symmetry (space group 63). The orthorhombic unit cell (twice the size

of the primitive unit cell) corresponding to the minimum of Figure 3 is characterized by the

lattice parameters a = 7.8849 Å, b = 4.6404 Å and c = 4.6271 Å, and the 8 atomic positions

(8g Wyckoff positions)
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with x = 0.160584 and y = 0.174307, respectively. Its cohesive energy at equilibrium at

zero pressure is E0 = −2.902 eV per atom and its bulk modulus is estimated at (460 ± 40)

kbar. Comparison of these results with the data in Table I shows that the novel phase is
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elastically softer and has a higher cohesive energy and atomic volume compared to Ga-I. This

implies that, while the latter is the stable crystalline phase at zero external pressure, a phase

transition in which Ga-I transforms into the new phase is conceivable at negative pressures,

as was seen in the classical MD simulations. To estimate the conditions under which this

transition is expected to occur, we use the DFT data of the total energy vs. volume curves

of and compute the specific enthalpy, h = u + Pv, as a function of pressure at T = 0 K for

both phases. The results show a cross-over at a negative pressure of P = (−1.6± 0.2) GPa,

suggesting that the novel structure becomes stable with respect to Ga-I for pressures below

this value. Interestingly, the DFT-derived transition pressure is essentially equal to the value

used in the MEAM-based classical MD simulations. From an experimental standpoint, such

tensile conditions are accessible using modern growth and processing techniques [26, 27],

allowing an experimental validation of this prediction. Moreover, the conjecture that the

novel phase be metastable even at zero pressure may further facilitate such a verification.

Despite the above thermodynamic differences, the novel and Ga-I phase show striking

similarities from the structural point of view. The most captivating resemblance is the fact

that each atom has only a single nearest neighbor, forming Ga2 dimers with essentially

equal lengths of 2.529Å and 2.530Å for the novel and Ga-I phases respectively. In addition,

in both phases each atom is further surrounded by six additional nearest-neighbor pairs

at similar distances of 2.713Å, 2.796Å, 2.823Å (novel phase) and 2.711Å, 2.769Å, 2.807Å

(Ga-I), respectively. The fact that these particular structural features are thought to be

responsible for the mixed metallic-covalent character of the bonding in Ga-I suggests that

the electronic structure of the novel phase may also be similar to that of Ga-I. A comparison

of the electronic densities of states and charge densities of the two phases, as depicted

in Figures 4, shows that this is indeed the case. The electronic densities of states of the

two phases are essentially the same, both showing distinct pseudogaps at the Fermi level,

which is indicative for the coexistence of metallic and covalent bonding characteristics [28].

Furthermore, the charge-density plots for both structures also show strong similarities, with

a clear concentration of electronic charge between the pairs of atoms forming the Ga dimers.

As a final point, we discuss the possibility of a connection between the present finding and

the unknown ǫ-Ga phase observed in the phase-change experiments [3]. In view of the fact

that the new-found structure is predicted to be metastable at zero pressure, it is conceivable

that it may in fact correspond to the unknown ǫ-Ga phase. Unfortunately, however, given
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the lack of structural experimental information on the ǫ-Ga phase, it is impossible to verify

this possibility at present. In this context, experimental efforts directed toward unraveling

the crystallographic structure of ǫ-Ga and/or Ga phases at negative pressures are essential.

In summary, we present evidence for the existence of a new crystalline form of elemental

Ga. This finding, based on a combination of classical MD simulations and DFT calculations,

extends our knowledge of the phase diagram of elemental Ga into the negative-pressure

regime. The phase is characterized by Cmcm symmetry and, similar to the Ga-I phase,

features the presence of Ga dimers. As a consequence of this structural similarity, the

electronic structure of the novel phase is resemblant of that of Ga-I, having a density of states

with a pronounced pseudogap at the Fermi level. A comparison of the specific enthalpies of

the novel and Ga-I forms at T = 0K suggests a transition pressure of (−1.6±0.2) GPa. Such

tensile conditions are accessible using modern growth and processing techniques, allowing

an experimental validation of this prediction. Moreover, the conjecture that the novel phase

be metastable even at zero pressure may further facilitate such a verification. While it

is conceivable that the new-found structure corresponds to the unknown metastable ǫ-Ga

phase, the lack of experimental information regarding the latter precludes us, at present, to

verify this possibility.

The work was supported by the Brazilian agencies FAPESP, CNPq and CAPES. Part of
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FIG. 1: (Color online) Volume as a function of instantaneous kinetic temperature in the MEAM-

based classical MD simulation (green line). Average heating rate is 175 K/ns. Red dashed line is

to guide the eye.

TABLE I: Comparison of structural data Ga-I. Theoretical results at zero pressure and tempera-

ture. Experimental data correspond to atmospheric pressure and a temperature of 4.2 K. The first

five parameters specify the Ga-I structure as explained in Ref. 18. Error bar in GGA bulk modulus

is obtained from uncertainties in polynomial regression.

Property LDA (Ref. 18) GGA (This work) Expt. (Refs. 24,25)

a(Å) 4.387 4.550 4.509

b/a 1.0013 1.0005 1.0013

c/a 1.695 1.692 1.695

u 0.0814 0.0795 0.0785

v 0.1573 0.1563 0.1525

Atomic volume (Å3) 17.93 20.25 19.41

Bulk modulus (kbar) 669 540 ± 40 613

Cohesive energy (eV) - -2.915 -2.969
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a)

b)

FIG. 2: (Color online) Atomic configuration after the first transition shown in Figure 1. The thick

lines in panel a) are shown to guide the eye and distinguish the different wave-like patterns. The

dashed lines in panel b) indicate the positions of the planar faults separating Ga-I from the novel

structure.
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FIG. 3: DFT total energy per atom as a function of atomic volume of Ga-I (diamonds) and the

novel crystalline phase (circles). Lines show quadratic fits to DFT data.

FIG. 4: (Color online) Comparison of electronic structure of Ga-I and new phase. Left panel:

Electronic density of states of Ga-I (dashed line) and the new phase (full line). Top right: Elec-

tronic charge density of Ga-I phase. Bottom right: Electronic charge density of new phase. Both

isosurfaces correspond to a density of 0.3 e/Å3
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We report on theoretical results that lend support to recent experimental observations suggesting the
existence of a first-order liquid-liquid phase transformation �LLPT� in gallium. Using molecular
dynamics simulation based on a modified embedded-atom model, we observe a transition from a
high-density to a low-density liquid in the supercooled regime. The first-order character of the
transition is established through the detection of the release of latent heat and our findings suggest
that the LLPT terminates in a critical point that is located in the tensile-strained domain of the
metastable phase diagram. © 2009 American Institute of Physics. �DOI: 10.1063/1.3154424�

Currently, one of the most fascinating themes in the
physics of liquids involves the occurrence of first-order
phase changes between different liquid forms of the same
composition.1–7 The first suggestion of their existence
emerged from the analysis of the two-state model,2,8 which
was proposed in the context of the melting behavior of
“anomalous” liquids that display an initial negative slope of
the melting line and/or exhibit a melting-temperature maxi-
mum.

While such a liquid-liquid phase transition �LLPT� has
been speculated to occur in several anomalous liquids in-
cluding water,9 nitrogen,7 and silicon,6,10,11 conclusive ex-
perimental evidence for the existence of a first-order LLPT
has so far only been given for Y2O3–Al2O3 �Refs. 12 and
13� and elemental phosphorus.14 This is related to the fact
that direct experimental investigation is faced with serious
difficulties mostly because LLPTs usually occur in the
deeply supercooled regime where crystallization and vitrifi-
cation phenomena tend to obscure direct observation. In this
context, elemental gallium �Ga� is a notable exception. In
addition to displaying characteristics that have been associ-
ated with the possible existence of LLPTs in substances such
as water and silicon, namely, a high degree of
polymorphism15–17 and a negative initial slope of the melting
line, Ga has a low melting temperature and its liquid phase
can be maintained in a deeply supercooled state for a pro-
longed period of time,18 facilitating experimental
investigation.18,19 Indeed, Tien et al.

19 recently reported
nuclear magnetic resonance measurements carried out while
supercooling Ga in an opal-confined environment. The main
result, namely, the appearance of two distinct peaks, was
interpreted in terms of the possible existence of two different
liquid forms of Ga at temperatures around 60 K below the
melting temperature.

In this Communication, we provide theoretical evidence
that is consistent with this experimental conjecture. We carry

out a series of molecular dynamics �MD� simulations of su-
percooled liquid Ga that unambiguously show a first-order
LLPT between a ninefold coordinated high-density liquid
�HDL� and an eightfold coordinated low-density liquid
�LDL� in the deeply supercooled regime. Similar to the ex-
perimental situation, the transition is observed to occur at a
temperature between 60 and 70 K below the MD model’s
melting point. In addition, our results suggest that the LLPT
terminates in a critical point that is located very close to
spinodal line of the tensile-strained liquid.

To investigate the possible existence of a LLPT in Ga
from the theoretical standpoint, we adopt a methodology
based on a recent modified embedded-atom model �MEAM�

for Ga,20 which has been fitted primarily to a first-principles
database. While the quantitative value of its melting tem-
perature is higher than the experimental value of 303 K, with
recent free-energy calculations estimating it close to 410 K,21

the model correctly reproduces several relevant qualitative
characteristics of Ga including the initial negative slope of
the melting line with respect to the low-pressure �-Ga phase,
the positive slope of the melting line with regard to the high-
pressure Ga II phase, and the ninefold coordination of the
stable liquid. Moreover, the model has recently demonstrated
its predictive capabilities, anticipating the existence of a pre-
viously unknown crystalline phase of Ga, confirmed by first-
principles calculations.22 These characteristics provide confi-
dence that, while the quantitative temperature values may not
coincide with those measured in experiment, the model is
capable of describing the phase behavior of Ga in a qualita-
tive manner. All simulations were carried out using the NPT

and NPH ensembles of the LAMMPS MD package,23 employ-
ing a computational cell containing 1152 atoms subject to
standard periodic boundary conditions and an integration
time step of 1.5 fs.

Figure 1 shows the hysteresis observed in several
heating/cooling/heating cycles conducted at constant zero
pressure. Panel �a� depicts the atomic volume measured
along a heating/cooling/heating cycle initiating in the crys-a�Electronic mail: dekoning@ifi.unicamp.br.
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talline �-Ga phase at 50 K. After equilibration of the solid at
this temperature, we initiate the heating process at a rate of
200 K/ns. The superheated crystal melts at approximately
750 K, producing a liquid phase with a specific volume that
is 2% lower than that of the solid, demonstrating the density
anomaly upon melting. Subsequently, the liquid is cooled at
the same rate, until reaching a temperature of 50 K. During
this process, there is a sudden and significant density reduc-
tion around T=350 K. Finally, upon reheating, the system
displays appreciable hysteresis before returning to the dense
liquid phase. Panel �b� depicts three different hysteresis
cycles corresponding to cooling/heating rates of 200, 20, and
10 K/ns, respectively. A comparison between these cycles
shows that upon cooling �open symbols�, the temperature at
which the specific-volume increase starts appears to be inde-
pendent of the cooling rate, around 375 K. Moreover, the
hysteresis upon reheating �full symbols� is clearly present for
all three cycles, although the degree of hysteresis becomes
smaller with a decreasing cooling/heating rate. The magni-
tude of the density reduction also shows a distinct depen-
dence on the cooling rate: the slower the extraction of heat,
the larger the increase in the specific volume.

The hysteresis depicted in Fig. 1 is a hallmark signature
of a first-order phase transformation. To further verify the
first-order character of the transition associated with the den-
sity reduction, we carried out two additional simulations in
which the system was decoupled from the thermostat to de-
tect the release of latent heat. Under the conditions of con-
stant zero pressure and constant enthalpy, we repeated the
cooling simulation by slowly extracting kinetic energy from
the system. The results are depicted in Fig. 2, which shows
the enthalpy per atom as a function of the kinetic tempera-
ture of the system as obtained for cooling rates of 2.2
�10−3 and 1.8�10−4 eV /atom ns, respectively. The results

clearly certify the first-order character of the transition. Al-
though the process characterized by the faster energy-
extraction rate still shows a monotonous behavior of the tem-
perature as a function of the enthalpy, there is a distinct
inflection point around T=340 K. Reducing the rate by a
factor 10, the temperature is no longer a monotonous func-
tion of the enthalpy, signaling the release of latent heat
around a transition temperature of T=350 K. Interestingly,
this transition temperature is �60 K below the Ga-MEAM
melting temperature, in qualitative agreement with the de-
gree of undercooling in the experiments of Tien et al.

19

Having established the first-order character of the transi-
tion, we now analyze the dynamical and structural features of
both phases. To this end we first carry out a 0.9 �s constant
temperature and pressure equilibration simulation of the low-
density phase at a temperature of T=336 K and zero pres-
sure. The system is found to be disordered and demonstrates
an extremely slow �on the simulation time scale� dynamics.
The system diffuses slowly but steadily along this run, accu-
mulating a mean atomic displacement of 11 Å, which corre-
sponds to four to five average interatomic distances. Al-
though small, the fact that the diffusion measured on this
time scale is robust and finite characterizes this phase as
being liquid. In addition to the atomic diffusion, the specific
volume of the system increases further with respect to the
maximum value reached in Fig. 1�b�, eventually arriving at
20.0 Å3

/atom. Comparison with the results of Fig. 1�a� then
shows that the density of this sluggish liquid is lower than
that of the crystalline �-Ga phase at this temperature and we
will refer to it as the LDL. Subsequently, we perform a zero-
pressure equilibrium simulation for the HDL at T=362 K
during 17 ns. The HDL diffuses as a normal liquid, with

(a) (b)

FIG. 1. �Color� Hysteresis in atomic volume during heating/cooling/heating
cycle at zero pressure. �a� Heating/cooling/heating cycle at rate of 200 K/ns.
The blue dashed curve shows initial heating of crystalline �-Ga, leading to
melting at approximately 750 K, followed by cooling to 50 K. The red full
curve depicts subsequent reheating. �b� Hysteresis loops for different
heating/cooling rates: 200 K/ns �squares�, 20 K/ns �triangles�, and 10 K/ns
�circles�. Open symbols show cooling parts and full symbols depict subse-
quent heating. Data points represent running averages over 1�104 MD
steps. Lines are to guide the eye.

FIG. 2. �Color online� Enthalpy per atom as a function of the kinetic tem-
perature of the system as obtained during constant zero-pressure and en-
thalpy cooling simulations. Two distinct average cooling rates of 2.2
�10−3 eV /atom ns �diamonds� and 1.8�10−4 eV /atom ns �circles� were
used. Data points represent running averages over 1�104 MD steps. Lines
are to guide the eye.
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diffusion constant of D=3.1�10−6 cm2
/s, in agreement

with the results in Ref. 20.
For the structural analysis, we first determine the radial

distribution function for both liquids. For the case of the
LDL, it was measured during the final 0.1 �s of the equili-
bration run. The results �as shown in Fig. 3�a�� reveal notice-
able structural differences between both liquids. Integration
of the radial distribution functions over the first solvation
shell shows that each atom in the HDL is, on average, sur-
rounded by 9 neighbors, whereas the LDL has a mean coor-
dination of 8. Figure 3�b� depicts the angular distribution
functions for both phases. Although both liquids show peaks
near 60° and 120°, the LDL is clearly more structured. Fi-
nally, Fig. 3�c� displays the distribution of ninth-neighbor
distances for the LDL and HDL liquids at temperatures of
350 and 362 K, respectively, as well as a sequence of instan-
taneous distributions measured along the equilibrium simu-
lation of 0.9 �s at T=336 K. For the HDL, the distribution
is characterized by a single broad peak. Upon transforming
to the LDL phase, it evolves into a bimodal distribution that
shows the development of a second peak near r�3.6 Å at
the cost of a decreasing peak at r�3.2 Å. This suggests that
the LDL is formed from the HDL by “pushing” an atom into
the second solvation shell. These findings are qualitatively
similar to those reported by Sastry and Austen Angell for the
LLPT in silicon.10

Finally, we investigated the possibility of the existence
of a second critical point at which the HDL/LDL transition
would cease to be discontinuous. Figure 4�a� shows a sche-
matic representation of the expected metastable phase dia-
gram involving the two liquid forms. The full line depicts the
coexistence line, having a negative slope due to the larger
volume of the LDL liquid, and the two long-dashed lines

portray the spinodal lines of the HDL and LDL. If one car-
ries out an isothermal process at a temperature T1 in which,
starting in the HDL phase, the pressure is rapidly decreased
until reaching the LDL phase followed by the opposite pro-
cess, one expects to observe a hysteresis loop with a width
��P1. If this process is repeated at a higher temperature
T2�T1, the hysteresis loop is expected to shift toward lower
pressure values and have a smaller width �P2��P1. When
the temperature approaches its critical value Tc, the hyster-
esis loop is expected to disappear altogether, shrinking
around the critical pressure Pc. To verify this picture we
carry out a sequence of isothermal expansion/compression
cycles in which the external pressure is decreased/increased
at a constant rate of 0.67 GPa/ns at different temperatures.
Between the expansion and compression simulation at a
given temperature, the system is equilibrated for 60 ps. The
results are presented in Figs. 4�b�–4�e�, which show the evo-
lution of the atomic volume along the isothermal expansion/
compression cycle for temperatures between T=330 K and
T=480 K. For T=330 K, the cycle is clearly subject to hys-
teresis, indicating the crossing of a first-order-type transition
on the expansion/compression path. Upon repeating the
cycle for higher temperatures, the size of the hysteresis loop
decreases and shifts toward more negative pressures, as ex-
pected. At T=450 K, the hysteresis is barely visible, and at
T=480 K it has disappeared entirely. These results suggest
the critical point to be located at a critical temperature Tc in
the range between 450 and 480 K and a critical pressure Pc

close to �2.5 GPa. We find that these conditions are very
close to the metastability limit of the tensile-strained liquid,
exhibiting cavitation for pressures just below �2.8 GPa.

In summary, we present a series of theoretical results
that lends support to the recent experimental suggestion of

FIG. 3. �Color� Structural features of LDL and HDL.
�a� Radial and �b� angular distribution functions for the
LDL �full line� and HDL �dashed line�. �c� Distribution
of ninth-neighbor distances for the HDL liquid at T

=362 K �full line�, the LDL liquid at T=350 K �short-
dotted line�, and during the HDL-LDL transition at T

=336 K.
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the existence of a first-order LLPT in elemental Ga. Our
approach is based on a recent MEAM model for the inter-
atomic interactions and MD simulation. The results unam-
biguously identify a first-order LLPT between a ninefold co-
ordinated HDL and an eightfold coordinated LDL in the
deeply supercooled regime. The transition occurs 60–70 K

below the model’s melting temperature, which is consistent
with the degree of undercooling employed in the mentioned
experimental results. Moreover, the results suggest that the
LLPT terminates in a critical point that is located in the
tensile-strained domain of the metastable phase diagram,
close to the spinodal line of the tensile-strained liquid.

The work was supported by the Brazilian agencies
FAPESP, CNPq, and CAPES. Part of the computations was
carried out at CENAPAD-SP.
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FIG. 4. �Color online� Hysteresis in isothermal expansion/compression pro-
cess involving the LDL and HDL forms. �a� Schematic representation of the
metastable phase diagram. Full line indicates the coexistence line and
dashed lines represent HDL and LDL spinodals. Dotted lines depict process
at a temperature T1 and short-dashed lines depict process at T2�T1. ��b�–
�e�� Hysteresis in atomic volume along expansion/compression cycle during
which the external pressure is decreased/increased at a constant rate of 0.67
GPa/ns for different temperatures. Full and dashed lines are associated with
expansion and compression, respectively, and were obtained by first-order
Savitzky–Golay smoothing of the instantaneous volume data.
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