
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s ✲ ❯♥✐❝❛♠♣

■♥st✐t✉t♦ ❞❡ ❋ís✐❝❛ ●❧❡❜ ❲❛t❛❣❤✐♥ ✲ ■❋●❲

❈á❧❝✉❧♦s ♥✉♠ér✐❝♦s ❞❡ s✐st❡♠❛s
❡❧❡trô♥✐❝♦s ❞❡s♦r❞❡♥❛❞♦s ❝♦rr❡❧❛❝✐♦♥❛❞♦s

➱r✐❝ ❞❡ ❈❛str♦ ❡ ❆♥❞r❛❞❡

❖r✐❡♥t❛❞♦r✿ ❊❞✉❛r❞♦ ▼✐r❛♥❞❛

❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ❋ís✐❝❛
❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦
❞❡ ❉♦✉t♦r ❡♠ ❈✐ê♥❝✐❛s✳

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à r❡❞❛çã♦ ✜♥❛❧ ❞❛ t❡s❡ ❞❡ ❉♦✉t♦r❛❞♦ ❞❡❢❡♥❞✐❞❛ ♣❡❧♦
❛❧✉♥♦ ➱r✐❝ ❞❡ ❈❛str♦ ❡ ❆♥❞r❛❞❡ ❡ ❛♣r♦✈❛❞❛ ♣❡❧❛ ❈♦♠✐ssã♦ ❏✉❧❣❛❞♦r❛ ❡♠ ✶✾✴✵✽✴✷✵✶✵✳

❈❛♠♣✐♥❛s✱ ❆❣♦st♦ ❞❡ ✷✵✶✵
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ♣❛✐s ◆❡✉③❛ ❡ ❚❛❞❡✉✱ ❛♦s ♠❡✉s ✐r♠ã♦s ❍✉❣♦ ❡ ❍❡✐❞❡r✱ ❛♦s ♠❡✉s ❛✈ós ♠❛t❡r♥♦s ❆❧✐❝❡ ❡ ❏♦sé ❋❛✉st✐♥♦ ❡ ❛♦s
♠❡✉s ♠✉✐t♦s ❡ q✉❡r✐❞♦s t✐♦s ❡ ♣r✐♠♦s✱ q✉❡ s❡♠♣r❡ ❞❡r❛♠ ❛♣♦✐♦ ✐rr❡str✐t♦ à ♠✐♥❤❛ ❡s❝♦❧❤❛ ❞❡ ❝❛rr❡✐r❛ ♣r♦✜ss✐♦♥❛❧✱
♦❢❡r❡❝❡♥❞♦ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❡✉ ✈✐❡ss❡ ❡st✉❞❛r ❡♠ ❈❛♠♣✐♥❛s✱ ❛♣❡s❛r ❞❡ t♦❞❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ❝❛s❛✳

➚ ▼❛rt❤❛ ♣❡❧♦ s❡✉ ❝❛r✐♥❤♦ ❡ ❝♦♠♣r❡❡♥sã♦ ❞✉r❛♥t❡ ❡ss❡s ❛♥♦s✱ s❡♠♣r❡ ✜❝❛♥❞♦ ❛ ♠❡✉ ❧❛❞♦✱ ♠❡s♠♦ q✉❡ ❢♦ss❡ ♣❛r❛
❡st✉❞❛r ❛♦s ❞♦♠✐♥❣♦s ❡ ❢❡r✐❛❞♦s✳

❆♦ Pr♦❢✳ ❊❞✉❛r❞♦ ▼✐r❛♥❞❛ ♣❡❧❛ ❡①❝❡❧❡♥t❡ ♦r✐❡♥t❛çã♦ ❡ ♣❡❧❛ ❛♠✐③❛❞❡✱ s❡♠♣r❡ ❢♦r♥❡❝❡♥❞♦ ❝♦♥tr✐❜✉✐çõ❡s ❢✉♥✲
❞❛♠❡♥t❛✐s✱ ♥ã♦ ❛♣❡♥❛s ♣❛r❛ ❡st❡ ♣r♦❥❡t♦ ❞❡ ❞♦✉t♦r❛❞♦✱ ♠❛s t❛♠❜é♠ ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❝♦♠♦ ♣❡sq✉✐s❛❞♦r ❡♠
❋ís✐❝❛✳

❆♦ Pr♦❢✳ ❱❧❛❞ ❉♦❜r♦s❛✈❧❥❡✈✐➣ ♣♦r t❡r ♠❡ r❡❝❡❜✐❞♦ ♣❛r❛ ✉♠ ♣r♦❞✉t✐✈♦ ♣❡rí♦❞♦ ❞❡ ❞❡③ ♠❡s❡s ❞❡ ❞♦✉t♦r❛❞♦
s❛♥❞✉í❝❤❡ ♥❛ ❋❧ór✐❞❛✱ ♣❡❧❛ ❡♥t✉s✐ást✐❝❛ ❡ ❢r✉tí❢❡r❛ ❝♦❧❛❜♦r❛çã♦ ❝✐❡♥tí✜❝❛ ❡ ♣❡❧❛ ❛♠✐③❛❞❡✳

❆♦s Pr♦❢s✳ ❆❧❡① ❆♥t♦♥❡❧❧✐✱ ❆♥tô♥✐♦ ❘✉❜❡♥s ❇r✐tt♦ ❞❡ ❈❛str♦✱ ❊❞✉❛r❞♦ ▼✐r❛♥❞❛✱ ❋❡r♥❛♥❞♦ ❈❡r❞❡✐r❛✱ ●✉✐❧❧❡r♠♦
❈❛❜r❡r❛✱ ▼❛r❝✉s ❆❣✉✐❛r✱ ▼❛r✐❛ ❈r✐st✐♥❛ ❞♦s ❙❛♥t♦s ❡ ❖r❧❛♥❞♦ P❡r❡s ♣❡❧♦s ❡①❝❡❧❡♥t❡s ❝✉rs♦s ❞❡ ❣r❛❞✉❛çã♦ ❡ ❞❡
♣ós✲❣r❛❞✉❛çã♦ ♠✐♥✐str❛❞♦s✳

❆♦s ❛♠✐❣♦s ❞♦ ❈✉rsã♦ ✷✵✵✶ ❆❧❡①✱ ❆♥❞ré✱ ❉❛✈✐❞ ❡ ❋❡r♥❛♥❞♦✱ ❝♦♠ ♦s q✉❛✐s t✐✈❡ ♦ ♣r✐✈✐❧é❣✐♦ ❞❡ ❝♦♥✈✐✈❡r ❡ ❞✐s❝✉t✐r
❋ís✐❝❛✳

❆♦ ❉❛✈✐❞ ♣❡❧♦ ✐♥❡st✐♠á✈❡❧ s✉♣♦rt❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ s❡♠♣r❡ ♣r♦♣✐❝✐❛❞♦ ❝♦♠ s✉❛ ✐♠❡♥s❛ ❡ ❤❛❜✐t✉❛❧ ❜♦❛ ✈♦♥t❛❞❡✳
❆♦ ❆♥❞ré ♣♦r t❡r ♠❡ r❡❝❡❜✐❞♦ ❡ ❛❥✉❞❛❞♦ ❛ ♠❡ ✐♥st❛❧❛r ❡♠ ❚❛❧❧❛❤❛ss❡❡✳
❆♦s ❝♦♠♣❛♥❤❡✐r♦s ❞❛ s❛❧❛ ❞❡ ❡st✉❞♦s ❞♦ ❉❋▼❈✱ ♣❡❧♦ ❝♦♥✈í✈✐♦ ❛❣r❛❞á✈❡❧ ❡ ❡st✐♠✉❧❛♥t❡✳ ❆♦ ▼❛t❡✉s ❡ ♦ ❋r❛♥❦

♣❡❧♦s ❝❛❢és ❡ ❝♦♥✈❡rs❛s ❞✐ár✐❛s✱ ❛♦ ▼❛r❝❡❧♦ ♣❡❧❛ ❝♦♠♣❛♥❤✐❛ ♥♦s P❊❉✬s ❡ ❛♦ ➱✈❡rt♦♥ ♣❡❧♦s ❛❧♠♦ç♦s ❡ ❥❛♥t❛r❡s ♥♦
▼❛r❝ã♦✳

❆♦s ❛♠✐❣♦s ❞❡ ❚❛❧❧❛❤❛ss❡❡ ❆♥♥❛ ❡ ❨♦❤❛♥♥❡s✱ ❝♦♠ ♦s q✉❛✐s ❛♣r❡♥❞✐ ♠✉✐t♦✱ ❡ q✉❡ t♦r♥❛r❛♠ ♠❡✉ ♣❡rí♦❞♦ ♥❛
❋❧ór✐❞❛ ♠✉✐t♦ ♠❛✐s ❛❣r❛❞á✈❡❧✳

➚ ❋❆P❊❙P✱ ♣r♦❝❡ss♦ ✵✹✴✶✷✵✾✽✲✻✱ ❡ à ❈❆P❊❙✱ ♣r♦❝❡ss♦ ✶✹✺✺✴✵✼✲✾✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✐✈



❘❡s✉♠♦

❙✐st❡♠❛s ❡❧❡trô♥✐❝♦s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❞❡s♦r❞❡♥❛❞♦s ♣♦ss✉❡♠ ❞♦✐s ♠❡❝❛♥✐s♠♦s ❜ás✐❝♦s ♣❛r❛ ❛ ❧♦❝❛❧✐③❛çã♦
❡❧❡trô♥✐❝❛ ❡ ❛ s✉❜s❡q✉❡♥t❡ ❞❡str✉✐çã♦ ❞♦ ❡st❛❞♦ ♠❡tá❧✐❝♦✿ ♦ ❞❡ ▼♦tt ✭❝❛✉s❛❞♦ ♣❡❧❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❡❧étr♦♥✮ ❡ ♦
❞❡ ❆♥❞❡rs♦♥ ✭❝❛✉s❛❞♦ ♣❡❧❛ ❞❡s♦r❞❡♠✮✳ ◆❡st❛ t❡s❡✱ ❡st✉❞❛♠♦s ❝♦♠♦ ❡st❡s ♠❡❝❛♥✐s♠♦s ❝♦♠♣❡t❡♠ ❞❡♥tr♦ ❞❛ ❢❛s❡
♠❡tá❧✐❝❛ ❡ t❛♠❜é♠ ❝♦♠♦ ❛❢❡t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ❞♦ s✐st❡♠❛✱ ❡♠♣r❡❣❛♥❞♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ♦ ❝❛s♦
❞❡s♦r❞❡♥❛❞♦ ❞♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳

■♥✈❡st✐❣❛♠♦s ♦s ❡❢❡✐t♦s ❞❡ ❞❡s♦r❞❡♠ ❢r❛❝❛ ❡ ♠♦❞❡r❛❞❛ s♦❜r❡ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❛ T = 0 ❡♠
❞✉❛s ❞✐♠❡♥sõ❡s✳ P❛r❛ ❞❡s♦r❞❡♠ s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛✐①❛✱ ❛ tr❛♥s✐çã♦ ♠❛♥té♠ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ t✐♣♦ ▼♦tt✱ ♥❛ q✉❛❧
t❡♠♦s ♦s ♣❡s♦s ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Zi ✐♥❞♦ ❛ ③❡r♦ ♥❛ tr❛♥s✐çã♦ ❡ ✉♠❛ ❢♦rt❡ ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✳
❊♠ ❝♦♥tr❛st❡ ❝♦♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♥❝♦♥tr❛❞♦ ♣❛r❛ d = ∞✱ ♥♦ ♥♦ss♦ ❝❛s♦ ❛s ✢✉t✉❛çõ❡s ❡s♣❛❝✐❛✐s ❞♦s ♣❡s♦s ❞❡
q✉❛s✐♣❛rtí❝✉❧❛ sã♦ ❢♦rt❡♠❡♥t❡ ❛♠♣❧✐✜❝❛❞❛s ♣ró①✐♠♦ à tr❛♥s✐çã♦ ❞❡ ▼♦tt ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❡❧❡s ❛❞q✉✐r❡♠ ✉♠❛ ❞✐str✐✲
❜✉✐çã♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ P (Z) ∼ Zα−1✱ ❝♦♠ α → 0 ♥❛ tr❛♥s✐çã♦✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❧t❡r❛ ❝♦♠♣❧❡t❛♠❡♥t❡
❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡st❛ tr❛♥s✐çã♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ ❧✐♠♣♦✱ ❡ é ✉♠ ✐♥❞í❝✐♦ r♦❜✉st♦ ❞❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ ❢❛s❡
❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ♣r❡❝❡❞❡♥❞♦ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt✱ ❝♦♠ ✉♠❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡
s✐♠✐❧❛r àq✉❡❧❛ ❞♦ ✏♣♦♥t♦ ✜①♦ ❞❡ ❞❡s♦r❞❡♠ ✐♥✜♥✐t❛✑ ❡♥❝♦♥tr❛❞❛ ❡♠ ♠❛❣♥❡t♦s q✉â♥t✐❝♦s✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ss❛s ♥♦✈❛s ❝❛r❛❝t❡ríst✐❝❛s ✐♥tr♦❞✉③✐❞❛s ♣❡❧❛ ❞❡s♦r❞❡♠ é q✉❡ ❡st❛❞♦s ❡❧❡trô♥✐❝♦s
♣ró①✐♠♦s à s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ t♦r♥❛♠✲s❡ ♠❛✐s ❤♦♠♦❣ê♥❡♦s ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✱ ❛♦ ♣❛ss♦ q✉❡ ❡st❛❞♦s ❝♦♠ ♠❛✐♦r❡s
❡♥❡r❣✐❛s tê♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦♣♦st♦✿ ❡❧❡s ❛♣r❡s❡♥t❛♠ ✉♠❛ ❣r❛♥❞❡ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ ♣r❡❝✐s❛♠❡♥t❡ ♥❛s ✈✐③✐♥❤❛♥ç❛s
❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❙✉❣❡r✐♠♦s q✉❡ ✉♠❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ ❞❡♣❡♥❞❡♥t❡ ❞❛ ✐♥t❡r❛çã♦ é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❝♦♠✉♠
❛ t♦❞♦s ♦s s✐st❡♠❛s ❞❡ ▼♦tt ❞❡s♦r❞❡♥❛❞♦s✳

❊st✉❞❛♠♦s t❛♠❜é♠ ❝♦♠♦ ♦s ❡❢❡✐t♦s ❜❡♠ ❝♦♥❤❡❝✐❞♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❞❡ ❋r✐❡❞❡❧ sã♦ ❛❢❡t❛❞♦s ♣♦r
❢♦rt❡s ❝♦rr❡❧❛çõ❡s ❡❧❡trô♥✐❝❛s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ s✉❛ ❛♠♣❧✐t✉❞❡ ❡ ❛❧❝❛♥❝❡ sã♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ s✉♣r✐✲
♠✐❞♦s ❡♠ ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❢♦rt❡♠❡♥t❡ r❡♥♦r♠❛❧✐③❛❞♦s✳ P♦st❡r✐♦r♠❡♥t❡✱ ✐♥✈❡st✐❣❛♠♦s ♦ ♣❛♣❡❧ ❞♦s ❡s♣❛❧❤❛♠❡♥t♦s
❡❧ást✐❝♦s ❡ ✐♥❡❧ást✐❝♦s ♥❛ ♣r❡s❡♥ç❛ ❞❡ss❛s ♦s❝✐❧❛çõ❡s✳ ❊♠ ❣❡r❛❧✱ ♥♦ss♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ♠♦str❛♠ q✉❡ ✉♠ ♣❛♣❡❧
♣r♦❡♠✐♥❡♥t❡ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ é r❡❧❡❣❛❞♦ ❛ s✐st❡♠❛s ❢r❛❝❛♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡s✳

❆❜♦r❞❛♠♦s✱ ♣♦r ✜♠✱ ♦s ❡❢❡✐t♦s ❞❛s ✐♥t❡r❛çõ❡s s♦❜r❡ ♦ ✐s♦❧❛♥t❡ ❞❡ ❆♥❞❡rs♦♥ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✳ ❈♦♥str✉í♠♦s ❛
❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g) ❡ ♠♦str❛♠♦s q✉❡ ❛ ❡s❝❛❧❛ ❞❡ ✏❝r♦ss♦✈❡r✑ g⋆✱ q✉❡ ♠❛r❝❛ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ♦ r❡❣✐♠❡ ô❤♠✐❝♦ ❡
♦ ❧♦❝❛❧✐③❛❞♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛✱ é r❡♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛s ✐♥t❡r❛çõ❡s✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❡♠❜♦r❛ ♥ã♦ ❤❛❥❛ ❛ ❡♠❡r❣ê♥❝✐❛
❞❡ ❡st❛❞♦s ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❡st❡♥❞✐❞♦s✱ ♦ r❡❣✐♠❡ ô❤♠✐❝♦ ❞❡ g ❡st❡♥❞❡✲s❡ ❛❣♦r❛ ♣♦r ✉♠❛ r❡❣✐ã♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡
♠❛✐♦r ❞♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s✳

✈



❆❜str❛❝t

❉✐s♦r❞❡r❡❞ str♦♥❣❧② ❝♦rr❡❧❛t❡❞ ❡❧❡❝tr♦♥✐❝ s②st❡♠s ❤❛✈❡ t✇♦ ❜❛s✐❝ r♦✉t❡s t♦✇❛r❞s ❧♦❝❛❧✐③❛t✐♦♥ ✉♥❞❡r❧②✐♥❣ t❤❡ ❞❡str✉❝✲
t✐♦♥ ♦❢ t❤❡ ♠❡t❛❧❧✐❝ st❛t❡✿ t❤❡ ▼♦tt r♦✉t❡ ✭❞r✐✈❡♥ ❜② ❡❧❡❝tr♦♥✲❡❧❡❝tr♦♥ ✐♥t❡r❛❝t✐♦♥✮ ❛♥❞ t❤❡ ❆♥❞❡rs♦♥ r♦✉t❡ ✭❞r✐✈❡♥
❜② ❞✐s♦r❞❡r✮✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② ❤♦✇ t❤❡s❡ t✇♦ ♠❡❝❤❛♥✐s♠s ❝♦♠♣❡t❡ ✐♥ t❤❡ ♠❡t❛❧❧✐❝ ♣❤❛s❡✱ ❛♥❞ ❛❧s♦ ❤♦✇ t❤❡②
❝❤❛♥❣❡ t❤❡ ❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠✱ ✇✐t❤✐♥ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ ❞✐s♦r❞❡r❡❞ ❝❛s❡ ♦❢ t❤❡ ❇r✐♥❦♠❛♥✲❘✐❝❡
s❝❡♥❛r✐♦ ❢♦r t❤❡ ▼♦tt tr❛♥s✐t✐♦♥✳

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ✇❡❛❦ t♦ ♠♦❞❡r❛t❡ ❞✐s♦r❞❡r ♦♥ t❤❡ ▼♦tt ♠❡t❛❧✲✐♥s✉❧❛t♦r tr❛♥s✐t✐♦♥ ❛t T = 0 ✐♥ t✇♦
❞✐♠❡♥s✐♦♥s✳ ❋♦r s✉✣❝✐❡♥t❧② ✇❡❛❦ ❞✐s♦r❞❡r✱ t❤❡ tr❛♥s✐t✐♦♥ r❡t❛✐♥s t❤❡ ▼♦tt ❝❤❛r❛❝t❡r✱ ❛s s✐❣♥❛❧❡❞ ❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢
t❤❡ ❧♦❝❛❧ q✉❛s✐♣❛rt✐❝❧❡ ✇❡✐❣❤ts Zi ❛♥❞ str♦♥❣ ❞✐s♦r❞❡r s❝r❡❡♥✐♥❣ ❛t ❝r✐t✐❝❛❧✐t②✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ❜❡❤❛✈✐♦r ✐♥ d =∞✱
❤❡r❡ t❤❡ ❧♦❝❛❧ s♣❛t✐❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ q✉❛s✐♣❛rt✐❝❧❡ ♣❛r❛♠❡t❡rs ❛r❡ str♦♥❣❧② ❡♥❤❛♥❝❡❞ ✐♥ t❤❡ ❝r✐t✐❝❛❧ r❡❣✐♠❡✱ ✇✐t❤ ❛
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ P (Z) ∼ Zα−1 ❛♥❞ α → 0 ❛t t❤❡ tr❛♥s✐t✐♦♥✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐♥❞✐❝❛t❡s t❤❡ r♦❜✉st ❡♠❡r❣❡♥❝❡ ♦❢
❛♥ ❡❧❡❝tr♦♥✐❝ ●r✐✣t❤s ♣❤❛s❡ ♣r❡❝❡❞✐♥❣ t❤❡ ▼■❚✱ ✐♥ ❛ ❢❛s❤✐♦♥ s✉r♣r✐s✐♥❣❧② r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ✏■♥✜♥✐t❡ ❘❛♥❞♦♠♥❡ss
❋✐①❡❞ P♦✐♥t✑ s❝❡♥❛r✐♦ ❢♦r ❞✐s♦r❞❡r❡❞ q✉❛♥t✉♠ ♠❛❣♥❡ts✳

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡s❡ ♥❡✇ ❢❡❛t✉r❡s ✐♥tr♦❞✉❝❡❞ ❜② ❞✐s♦r❞❡r✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❡❧❡❝tr♦♥✐❝ st❛t❡s
❝❧♦s❡ t♦ t❤❡ ❋❡r♠✐ ❡♥❡r❣② ❜❡❝♦♠❡ ♠♦r❡ s♣❛t✐❛❧❧② ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡ ❝r✐t✐❝❛❧ r❡❣✐♦♥✱ ✇❤❡r❡❛s t❤❡ ❤✐❣❤❡r ❡♥❡r❣②
st❛t❡s s❤♦✇ t❤❡ ♦♣♣♦s✐t❡ ❜❡❤❛✈✐♦r✿ t❤❡② ❞✐s♣❧❛② ❡♥❤❛♥❝❡❞ s♣❛t✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t② ♣r❡❝✐s❡❧② ✐♥ t❤❡ ❝❧♦s❡ ✈✐❝✐♥✐t② t♦
t❤❡ ▼♦tt tr❛♥s✐t✐♦♥✳ ❲❡ s✉❣❣❡st t❤❛t s✉❝❤ ❡♥❡r❣②✲r❡s♦❧✈❡❞ ❞✐s♦r❞❡r s❝r❡❡♥✐♥❣ ✐s ❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt② ♦❢ ❞✐s♦r❞❡r❡❞
▼♦tt s②st❡♠s✳

❲❡ ❛❧s♦ st✉❞② ❤♦✇ ✇❡❧❧✲❦♥♦✇♥ ❡✛❡❝ts ♦❢ t❤❡ ❧♦♥❣✲r❛♥❣❡❞ ❋r✐❡❞❡❧ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ❛✛❡❝t❡❞ ❜② str♦♥❣ ❡❧❡❝tr♦♥✐❝
❝♦rr❡❧❛t✐♦♥s✳ ❲❡ ✜rst s❤♦✇ t❤❛t t❤❡✐r r❛♥❣❡ ❛♥❞ ❛♠♣❧✐t✉❞❡ ❛r❡ s✐❣♥✐✜❝❛♥t❧② s✉♣♣r❡ss❡❞ ✐♥ str♦♥❣❧② r❡♥♦r♠❛❧✐③❡❞
❋❡r♠✐ ❧✐q✉✐❞s✳ ❲❡ t❤❡♥ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥t❡r♣❧❛② ♦❢ ❡❧❛st✐❝ ❛♥❞ ✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡s❡ ♦s❝✐❧❧❛t✐♦♥s✳
■♥ t❤❡ s✐♥❣✉❧❛r ❝❛s❡ ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ❛♥♦♠❛❧♦✉s ❜❛❧❧✐st✐❝ s❝❛tt❡r✐♥❣ r❛t❡ ✐s ❝♦♥✜♥❡❞ t♦
❛ ✈❡r② r❡str✐❝t❡❞ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❡✈❡♥ ❢♦r ♠♦❞❡r❛t❡ ❝♦rr❡❧❛t✐♦♥s✳ ■♥ ❣❡♥❡r❛❧✱ ♦✉r ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t
❛ ♣r♦♠✐♥❡♥t r♦❧❡ ♦❢ ❋r✐❡❞❡❧ ♦s❝✐❧❧❛t✐♦♥s ✐s r❡❧❡❣❛t❡❞ t♦ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠s✳

❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss t❤❡ ❡✛❡❝ts ♦❢ ❝♦rr❡❧❛t✐♦♥s ♦♥ t❤❡ ❆♥❞❡rs♦♥ ✐♥s✉❧❛t♦r ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳ ❲❡ ❝♦♥str✉❝t t❤❡
s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ β (g) ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝r♦ss♦✈❡r s❝❛❧✐♥❣ g⋆✱ ✇❤✐❝❤ ♠❛r❦s t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♦❤♠✐❝
❛♥❞ t❤❡ ❧♦❝❛❧✐③❡❞ r❡❣✐♠❡s ♦❢ t❤❡ ❝♦♥❞✉❝t❛♥❝❡✱ ✐s r❡♥♦r♠❛❧✐③❡❞ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ s❤♦✇
t❤❛t✱ ❛❧t❤♦✉❣❤ tr✉❧② ❡①t❡♥❞ st❛t❡s ❞♦ ♥♦t ❡♠❡r❣❡✱ t❤❡ ♦❤♠✐❝ r❡❣✐♠❡ ❝♦✈❡rs ♥♦✇ ❛ ❝♦♥s✐❞❡r❛❜❧② ❧❛r❣❡r r❡❣✐♦♥ ✐♥ t❤❡
♣❛r❛♠❡t❡r s♣❛❝❡✳
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✶ ■♥tr♦❞✉çã♦ ✶

✷ ▼♦❞❡❧♦s ❡ ♠ét♦❞♦s ✼
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✈✐✐✐



Capı́tulo 1
■♥tr♦❞✉çã♦

❆s ú❧t✐♠❛s ❞é❝❛❞❛s tê♠ ✈✐✈❡♥❝✐❛❞♦ ❛✈❛♥ç♦s ❡s♣❡t❛❝✉❧❛r❡s ♥♦ ❝❛♠♣♦ ❞❛ ❝✐ê♥❝✐❛ ❡ t❡❝♥♦❧♦❣✐❛ ❞❡ ♠❛t❡r✐❛✐s✱ ❧❡✈❛♥❞♦
à ✐♥✈❡♥çã♦✱ ❡ s✉❜s❡q✉❡♥t❡ ❞✐❢✉sã♦✱ ❞❡ ✉♠❛ ❡♥♦r♠❡ ❣❛♠❛ ❞❡ ❡q✉✐♣❛♠❡♥t♦s✱ q✉❡ ❡♥❣❧♦❜❛ ❞❡s❞❡ ♦s ♣♦rtát❡✐s ❝♦♠♦
t❡❧❡❢♦♥❡s ❝❡❧✉❧❛r❡s ❛té ♠áq✉✐♥❛s ❤♦s♣✐t❛❧❛r❡s✱ ❝♦♠♦ ❛s ❞❡ r❡ss♦♥â♥❝✐❛ ♠❛❣♥ét✐❝❛ ♥✉❝❧❡❛r✳ ❊♠ ♣❛rt❡ ❞❡ss❡s ❡q✉✐♣❛✲
♠❡♥t♦s✱ ♦s ❛✈❛♥ç♦s ❢♦r❛♠ ❜❛s❡❛❞♦s ❡♠ ♠❛t❡r✐❛✐s q✉❡ ❡stã♦ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❡♥tr❡ ✉♠ ♠❡t❛❧ ❡ ✉♠
✐s♦❧❛♥t❡✳ ❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡s ♠❛t❡r✐❛✐s sã♦ ❢á❝❡✐s ❞❡ s❡r❡♠ ❛❥✉st❛❞❛s✱ ♣♦✐s ♥❡st❛ r❡❣✐ã♦ ❤á ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡
✈ár✐♦s ❡st❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s ♣♦ssí✈❡✐s ❬✶❪✳

◆❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡✱ ♠✉✐t❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s ❛♣r❡s❡♥t❛♠ ❝❛r❛❝t❡ríst✐❝❛s ♥ã♦ ✉s✉❛✐s
❬✷❪✱ q✉❡ sã♦ ❞✐❢í❝❡✐s ❞❡ s❡r❡♠ ❝♦♠♣r❡❡♥❞✐❞❛s ❛tr❛✈és ❞❡ ✐❞❡✐❛s ❡ ❛❜♦r❞❛❣❡♥s ❝♦♥✈❡♥❝✐♦♥❛✐s ❬✸✱ ✹❪✳ ❘❡❝❡♥t❡♠❡♥t❡✱ ✉♠❛
❡♥♦r♠❡ q✉❛♥t✐❞❛❞❡ ❞❡ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s t❡♠✱ ❝♦♥t✉❞♦✱ ❛♣♦♥t❛❞♦ ❡♠ ✉♠❛ ❞✐r❡çã♦ q✉❡ ♥ã♦ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✿
♦s ❡❢❡✐t♦s s✐❣♥✐✜❝❛t✐✈♦s ❞❛s ✐♥♦♠♦❣❡♥❡✐❞❛❞❡s ❡s♣❛❝✐❛✐s ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♠❛t❡r✐❛✐s✱ ❋✐❣s✳ ✭✶✳✶✮ ❡ ✭✶✳✷✮✳

❉✐❛♥t❡ ❞❡st❡ ❝❡♥ár✐♦✱ ✜❝❛ ❝❧❛r♦ q✉❡✱ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❛s ✐♥t❡r❡ss❛♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❞❡ss❡s ♠❛t❡r✐❛✐s✱ ❞❡✈❡♠♦s
❛t❛❝❛r ♦ ❞✐❢í❝✐❧ ♣r♦❜❧❡♠❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ q✉â♥t✐❝❛ ❬✽❪ ❡♥tr❡ ✉♠ ♠❡t❛❧ ❡ ✉♠ ✐s♦❧❛♥t❡✱ ♥❛ ♣r❡s❡♥ç❛ t❛♥t♦ ❞❛
r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❡♥tr❡ ♦s ❡❧étr♦♥s q✉❛♥t♦ ❞❡ss❛s ✐♥♦♠♦❣❡♥❡✐❞❛❞❡s ❡s♣❛❝✐❛✐s✳ ❆ ❛❜♦r❞❛❣❡♠ tr❛❞✐❝✐♦♥❛❧ ♣❛r❛
❡st❡ ♣r♦❜❧❡♠❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ ❞é❝❛❞❛ ❞❡ 1980✱ ♥❛ q✉❛❧ s❡ ❛ss✉♠✐✉ ✉♠❛ t❡♦r✐❛ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♣❛r❛
♦ ♠❡t❛❧✱ ❞❡s❝r❡✈❡♥❞♦ ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡ ❬✾✱ ✶✵❪✳ ❆♣❡s❛r ❞❡ s✉❛ ❡❧❡❣â♥❝✐❛ ♠❛t❡♠át✐❝❛ ❡ ❞❡
♣♦ss✉ír❡♠ ✉♠❛ ❣r❛♥❞❡ s❡♠❡❧❤❛♥ç❛ ❝♦♠ ❛ ❞❡s❝r✐çã♦ ✉s✉❛❧ ♣❛r❛ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❬✶✶❪✱ ❡st❛s t❡♦r✐❛s ♠♦str❛r❛♠✲s❡
✐♥❛❞❡q✉❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❢❡♥ô♠❡♥♦s q✉❡ sã♦ ❞♦♠✐♥❛❞♦s ♣♦r ❝♦♥✜❣✉r❛çõ❡s r❛r❛s ❞❡ ❞❡s♦r❞❡♠✱
❝♦♠♦ ❛ ❢♦r♠❛çã♦ ❞❡ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s ❡♠ ✉♠ ♠❡t❛❧ ❞❡s♦r❞❡♥❛❞♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❬✶✷✱ ✶✸❪✳

❉❡ ♠♦❞♦ ♠❛✐s ❣❡r❛❧✱ ♣♦❞❡♠♦s ♥♦s ♣❡r❣✉♥t❛r q✉❛✐s sã♦ ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ s♦❜r❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡
q✉â♥t✐❝❛✳ ❊♠ ✉♠ tr❛❜❛❧❤♦ ♣✐♦♥❡✐r♦✱ ●r✐✣t❤s ❬✶✹❪ ❞❡s❝♦❜r✐✉ q✉❡ ❝♦♥✜❣✉r❛çõ❡s r❛r❛s ❞❡ ❞❡s♦r❞❡♠ ♣♦❞❡♠ ♣r♦❞✉③✐r
❝♦rr❡çõ❡s ♥ã♦ ❛♥❛❧ít✐❝❛s ♣❛r❛ q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s✱ ❝♦♠♦ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❡ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛✳
❖❝♦rr❡ q✉❡✱ ♣❛r❛ ❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❝❧áss✐❝❛s ✭tér♠✐❝❛s✮ q✉❡ ❡❧❡ ❝♦♥s✐❞❡r♦✉✱ ❡st❛s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ♠✉✐t♦ ❢r❛❝❛s
♣❛r❛ s❡r❡♠ ♦❜s❡r✈❛❞❛s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❬✶✺❪✱ ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ♣❡r♠❛♥❡❝❡ ❜❛s✐❝❛♠❡♥t❡ ✐♥❛❧t❡r❛❞♦✳ ❏á
♣❛r❛ ♦ ❝❛s♦ q✉â♥t✐❝♦✱ ❡st❛s ❝♦♥✜❣✉r❛çõ❡s r❛r❛s ❞❡ ❞❡s♦r❞❡♠ ♣r♦✈❛r❛♠ s❡r ♠✉✐t♦ ♠❛✐s ✐♠♣♦rt❛♥t❡s✳ ❊♠ ❛❧❣✉♥s
s✐st❡♠❛s ❡❧❛s ❞ã♦ ♦r✐❣❡♠ às ✏❢❛s❡s ❞❡ ●r✐✣t❤s q✉â♥t✐❝❛s✑ ❬✶✻✱ ✶✼❪✱ ❛ss♦❝✐❛❞❛s à ❢❡♥♦♠❡♥♦❧♦❣✐❛ ❞♦ ✏♣♦♥t♦ ✜①♦ ❞❡
❞❡s♦r❞❡♠ ✐♥✜♥✐t❛✑ ❬✶✽❪✱ ♦♥❞❡ ❛ r❡s♣♦st❛ t❡r♠♦❞✐♥â♠✐❝❛ é s✐♥❣✉❧❛r ♥ã♦ ❛♣❡♥❛s ♥♦ ♣♦♥t♦ ❝rít✐❝♦✱ ♠❛s ❡♠ t♦❞❛ ✉♠❛
r❡❣✐ã♦ ❛♦ s❡✉ r❡❞♦r✳ ❋✐s✐❝❛♠❡♥t❡✱ ❡st❡ ❝❡♥ár✐♦ s✐❣♥✐✜❝❛ q✉❡ ♦ s✐st❡♠❛ ♣❛r❡❝❡ ❝❛❞❛ ✈❡③ ♠❛✐s ✐♥♦♠♦❣ê♥❡♦ ❛♦ s❡
❛♣r♦①✐♠❛r ❞♦ ♣♦♥t♦ ❝rít✐❝♦✳ ❚♦❞❛s ❡ss❛s ♥♦✈❛s ✐❞❡✐❛s ❞❡✐①❛♠ ❝❧❛r♦ q✉❡ ♦s ❡❢❡✐t♦s ❞❡ ❞❡s♦r❞❡♠ ♥ã♦ ♣♦❞❡♠ s❡r
✐❣♥♦r❛❞♦s✱ r❡❢♦rç❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡♥❢❛t✐③❛❞♦s ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ✉♠ tr❛❜❛❧❤♦ s❡♠✐♥❛❧ ❞❡ ❆♥❞❡rs♦♥ ❬✶✾❪✳

❏á ♦ ♥♦ss♦ ❡♥t❡♥❞✐♠❡♥t♦ ❛❝❡r❝❛ ❞♦s ❡❢❡✐t♦s ❞❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❡❧étr♦♥ ❡①♣❡r✐♠❡♥t♦✉ ❝♦♥s✐❞❡rá✈❡❧ ❛✈❛♥ç♦ ♥♦s
ú❧t✐♠♦s ✈✐♥t❡ ❛♥♦s✱ ❞❡✈✐❞♦ à t❡♦r✐❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ✭❚❉❈▼✮ ❬✷✵✱ ✷✶✱ ✷✷✱ ✷✸❪✳ ❊st❛ é ✉♠❛ ❛❜♦r❞❛❣❡♠
♥ã♦ ♣❡rt✉r❜❛t✐✈❛ ♥❛ ✐♥t❡r❛çã♦✱ q✉❡ ❞❡s❝r❡✈❡ ❡①❛t❛♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ú♥✐❝♦ sít✐♦ ❞❛ r❡❞❡ ❡♠❜❡❜✐❞♦ ❡♠ ✉♠
❝❛♠♣♦ ♠é❞✐♦ ❞✐♥â♠✐❝♦ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♦✉tr♦s sít✐♦s✱ ❡ q✉❡ s❡ t♦r♥❛ ❡①❛t❛ ♥♦ ❧✐♠✐t❡ ❞❡ ✐♥✜♥✐t❛s ❞✐♠❡♥sõ❡s ❬✷✸❪✳
❆ ❚❉❈▼ ♥ã♦ é ❝❛♣❛③ ❞❡ ❞❡s❝r❡✈❡r ♦s ❡❢❡✐t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥✱ ♣♦✐s tr❛t❛ ❛ ❞❡s♦r❞❡♠ ♥❛ ♠é❞✐❛✱ ❝♦♠♦
♥❛ ❛♣r♦①✐♠❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ ❝♦❡r❡♥t❡ ✭❞♦ ✐♥❣❧ês ✏❈♦❤❡r❡♥t P♦t❡♥t✐❛❧ ❆♣♣r♦①✐♠❛t✐♦♥ ✭❈P❆✮✑✮ ❬✷✹❪✳ ●❡♥❡r❛❧✐③❛çõ❡s
❞❡st❛ t❡♦r✐❛✱ ❝♦♠♦ ❛ t❡♦r✐❛ ❡st❛tíst✐❝❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ✭❚❊❉❈▼✮ ❬✷✺❪ ❡ ❛ t❡♦r✐❛ ❞♦ ❝❛♠♣♦ ♠é❞✐♦ tí♣✐❝♦
❬✷✻✱ ✷✼✱ ✷✽✱ ✷✾❪✱ tê♠ s✐❞♦ ❞❡s❡♥✈♦❧✈✐❞❛s ❞❡ ♠♦❞♦ ❛ ✐♥❝♦r♣♦r❛r❡♠ ♦s ❞♦✐s ♠❡❝❛♥✐s♠♦s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ ❧♦❝❛❧✐③❛çã♦
❞♦s ❡❧étr♦♥s✿ ♦ ❞❡ ▼♦tt ❬✸✵❪✭❝❛✉s❛❞♦ ♣❡❧❛ ✐♥t❡r❛çã♦✮ ❡ ♦ ❞❡ ❆♥❞❡rs♦♥ ❬✶✾❪✭❝❛✉s❛❞♦ ♣❡❧❛ ❞❡s♦r❞❡♠✮✳

❉❛❞♦ q✉❡ ❡①✐st❡♠ ❡st❡s ❞♦✐s ♠❡❝❛♥✐s♠♦s ♣❛r❛ ❛ ❧♦❝❛❧✐③❛çã♦ ❞♦s ❡❧étr♦♥s ❡ ❝♦♥s❡q✉❡♥t❡ ❞❡str✉✐çã♦ ❞♦ ❡st❛❞♦
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❋✐❣✉r❛ ✶✳✶✿ ■♠❛❣❡♠ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛✐s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ♥❛ s✉♣❡r❢í❝✐❡ ❞♦ ❈✉ (111) ❡♠ ✉♠❛ ár❡❛ ❞❡
500➴×500➴✱ ♦❜t✐❞❛ ♣♦r ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ t✉♥❡❧❛♠❡♥t♦ ♣♦r ✈❛rr❡❞✉r❛✳ ❘❡t✐r❛❞❛ ❞❛ ❘❡❢✳ ❬✺❪✳ ❆s ♦♥❞❛s ❡st❛❝✐♦♥ár✐❛s
q✉❡ ❛♣❛r❡❝❡♠ ❛q✉✐ sã♦ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❬✻❪✱ q✉❡ sã♦ ❝❛✉s❛❞❛s t❛♥t♦ ♣♦r ❞❡❢❡✐t♦s ♣♦♥t✉❛✐s q✉❛♥t♦ ♣❡❧♦s ❞❡❣r❛✉s
❞❛ s✉♣❡r❢í❝✐❡✱ ❡ sã♦ ✉♠❛ ♠❛♥✐❢❡st❛çã♦ ❞✐r❡t❛ ❞♦ ❝❛rát❡r ♦♥❞✉❧❛tór✐♦ ❞♦s ❡❧étr♦♥s✳

❋✐❣✉r❛ ✶✳✷✿ ❱❛r✐❛çã♦ ❡s♣❛❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛✐s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ✭♥♦r♠❛❧✐③❛❞❛ ♣♦r s❡✉ ✈❛❧♦r ♠é❞✐♦✮
♣❛r❛ ●❛1−x▼♥x❆s ❡♠ ✉♠❛ ❡s❝❛❧❛ ♥❛♥♦♠étr✐❝❛✱ ár❡❛ ❞❡ 700➴ × 700➴✱ ♦❜t✐❞❛ ♣♦r ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ t✉♥❡❧❛♠❡♥t♦
♣♦r ✈❛rr❡❞✉r❛✳ ❘❡t✐r❛❞❛ ❞❛ ❘❡❢✳ ❬✼❪✳ P❛r❛ ♦s ✈❛❧♦r❡s ❞❡ ❞♦♣❛❣❡♠ ♠♦str❛❞♦s ❛q✉✐✱ ❡st❛♠♦s ♥❛s ♣r♦①✐♠✐❞❛❞❡s
❞❡ ✉♠❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡✱ s❡♥❞♦ q✉❡ ❡♠ ✭❆✮✱ t❡♠♦s ●❛0.985▼♥0.015❆s ✭✏❢r❛❝❛♠❡♥t❡✑ ✐s♦❧❛♥t❡✮❀ ❡♠ ✭❇✮✱
●❛0.97▼♥0.03❆s✱ ❡ ❡♠ ✭❈✮✱ ●❛0.95▼♥0.05❆s ✭✏r❡❧❛t✐✈❛♠❡♥t❡✑ ❝♦♥❞✉t♦r✮✳ ❉❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çõ❡s ❡❧❡trô♥✐❝❛s✱
♦s ✈❛❧♦r❡s ❧♦❝❛✐s ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ♥♦ ❡s♣❛ç♦✳
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♠❡tá❧✐❝♦✱ é ♥❛t✉r❛❧ q✉❡ ♥♦s ♣❡r❣✉♥t❡♠♦s q✉❛❧ ❞❡❧❡s ❞♦♠✐♥❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ❞♦ s✐st❡♠❛✱ ♦✉ ❛✐♥❞❛✱ ❝♦♠♦
❡❧❡s ❝♦♠♣❡t❡♠ ❞❡♥tr♦ ❞❛ ❢❛s❡ ♠❡tá❧✐❝❛✳ ❉❡♥tr♦ ❞❡st❛ ♣❡rs♣❡❝t✐✈❛ ❣❡r❛❧✱ ❣♦st❛rí❛♠♦s ❛❣♦r❛ ❞❡ ❧✐st❛r ❜r❡✈❡♠❡♥t❡ ♦s
❛ss✉♥t♦s ❞✐s❝✉t✐❞♦s ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❝❛♣ít✉❧♦s ❞❡st❛ t❡s❡✱ ❜❡♠ ❝♦♠♦ s✉❛s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❧✉sõ❡s✳

◆♦ ❈❛♣ít✉❧♦ ✭✷✮✱ ❡①♣♦♠♦s ♦s ♠♦❞❡❧♦s q✉❡ ✉t✐❧✐③❛♠♦s ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✿ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❬✸✶✱ ✸✷✱ ✸✸❪ ❞❡s♦r✲
❞❡♥❛❞♦ ♦✉ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞✲❆♥❞❡rs♦♥✱ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❬✸✹❪✳ ❉✐s❝✉t✐♠♦s s❡✉s ❧✐♠✐t❡s
tr✐✈✐❛✐s ❡ ♠♦str❛♠♦s q✉❡ ❡❧❡s ❝❛♣t✉r❛♠ ❛ ❢ís✐❝❛ q✉❡ ❜✉s❝❛♠♦s ❞❡s❝r❡✈❡r✳ ■♥tr♦❞✉③✐♠♦s t❛♠❜é♠ ❛s ❛♣r♦①✐♠❛çõ❡s
q✉❡ ❡♠♣r❡❣❛♠♦s ❡♠ s✉❛s s♦❧✉çõ❡s✳ ❚♦❞❛ ❡ss❛ ❞✐s❝✉ssã♦ é ❢❡✐t❛ ❞❡♥tr♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s✱ ♣❛r❛
♦ q✉❛❧ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ♥♦ ❆♣ê♥❞✐❝❡ ✭❇✮✳

◆♦ ❈❛♣ít✉❧♦ ✭✸✮✱ ❡st✉❞❛♠♦s ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt✱ ❛ T = 0✱ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♥❛ ♣r❡s❡♥ç❛
❞❡ ❞❡s♦r❞❡♠ ❢r❛❝❛ ❡ ♠♦❞❡r❛❞❛ ❞❡♥tr♦ ❞♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ❬✸✺❪✳ ▼♦str❛♠♦s q✉❡ ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s
❡❧❡trô♥✐❝❛ ♣r❡❝❡❞❡ ❡st❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❬✸✻❪✳ P❛r❛ t♦r♥❛r ♦ ❛ss✉♥t♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❛✉t♦❝♦♥t✐❞♦✱ ✐♥❝❧✉í♠♦s
✉♠❛ ❜r❡✈❡ ❞✐s❝✉ssã♦ ❛❝❡r❝❛ ❞❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡✱ ❡ t❛♠❜é♠ ❞❡ ❝♦♠♦ ❛ ❞❡s♦r❞❡♠ ❛s ❛❧t❡r❛♠✱
❞❛♥❞♦ ♦r✐❣❡♠ às ❝❤❛♠❛❞❛s ❢❛s❡s ❞❡ ●r✐✣t❤s✳ ❊st❛s ❢❛s❡s ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛s ❬✶✼✱ ✷✺✱ ✸✼❪ ❢♦r❛♠ ♣r♦♣♦st❛s
♣❛r❛ s✐st❡♠❛s ❞❡s♦r❞❡♥❛❞♦s ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❜❛s❡ ♥❛ ❚❊❉❈▼✳ ❆♥t❡s ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❡❧❛s só ❤❛✈✐❛♠ s✐❞♦
✐❞❡♥t✐✜❝❛❞❛s ❡♠ r❡❞❡s ❞❡ ❇❡t❤❡ ❡ ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ❆♥❞❡rs♦♥✱ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛♣❡♥❛s
♣❛r❛ ❞❡s♦r❞❡♠ ❢♦rt❡✳

◆♦ss♦s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ ❬✸✻✱ ✸✽❪✿ ✭✐✮ ♣❛r❛ ❞❡s♦r❞❡♠ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝❛✱ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♠❛♥té♠
s❡✉ ❝❛rát❡r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❝♦♠ ♦s ❡❧étr♦♥s ❣r❛❞✉❛❧♠❡♥t❡ s❡ tr❛♥s❢♦r♠❛♥❞♦ ❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s❀
✭✐✐✮ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡s ❡s♣❛❝✐❛✐s ✐♥❞✉③✐❞❛s ♣❡❧❛ ❞❡s♦r❞❡♠ ❞ã♦ ♦r✐❣❡♠ ❛ ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛✱ ❛❝♦♠♣❛♥❤❛❞❛
❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ ❞❡s♦r❞❡♠ ✐♥✜♥✐t❛❀ ✭✐✐✐✮ ❛ ❞❡s♦r❞❡♠ r❡♥♦r♠❛❧✐③❛❞❛ ✈✐st❛ ♣❡❧❛s q✉❛s✐♣❛rtí❝✉❧❛s é ❢♦rt❡♠❡♥t❡
❜❧✐♥❞❛❞❛ ❛♣❡♥❛s ♣❛r❛ ❜❛✐①❛s ❡♥❡r❣✐❛s✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛ ♣r♦♥✉♥❝✐❛❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ❛ ❡♥❡r❣✐❛ ♣❛r❛ ❛s ❢✉♥çõ❡s
❡s♣❡❝tr❛✐s✳ ❊①♣❡r✐♠❡♥t♦s r❡❝❡♥t❡s ❡♠ s✉♣❡r❝♦♥❞✉t♦r❡s ❞❡ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✱ ✉t✐❧✐③❛♥❞♦ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ t✉♥❡❧❛✲
♠❡♥t♦ ♣♦r ✈❛rr❡❞✉r❛ ❬✸✾✱ ✹✵❪✱ ❡♥❝♦♥tr❛r❛♠ q✉❡✱ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♠♣✉r❡③❛s✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ é
s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡ ❤♦♠♦❣ê♥❡❛ ♣❛r❛ ❜❛✐①❛s ❡♥❡r❣✐❛s✱ ❋✐❣✳ ✭✶✳✸✮✳ ◆♦ss❛ t❡♦r✐❛ é ❢♦❝❛❞❛ ❛♣❡♥❛s ♥♦s ❡❢❡✐t♦s ❧♦❝❛✐s
❞❛ ❝♦rr❡❧❛çã♦✱ ❡ ♥ã♦ ✐♥❝❧✉✐ q✉❛❧q✉❡r ❢ís✐❝❛ r❡❧❛❝✐♦♥❛❞❛ à ❢♦r♠❛çã♦ ❞❡ ♣❛r❡s s✉♣❡r❝♦♥❞✉t♦r❡s✱ ♦ q✉❡ ♥♦s ♣❛r❡❝❡ ✉♠
❢♦rt❡ ✐♥❞í❝✐♦ ❞❡ q✉❡ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡s ❞❡♣❡♥❞❡♥t❡s ❞❛ ❡♥❡r❣✐❛ sã♦✱ ❞❡ ❢❛t♦✱ ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ r♦❜✉st❛ ❡ ❣❡r❛❧ ♣❛r❛
s✐st❡♠❛s ❞❡ ▼♦tt ❞❡s♦r❞❡♥❛❞♦s ❬✸✽❪✳

❏á ♥♦ ❈❛♣ít✉❧♦ ✭✹✮✱ ✐♥✈❡st✐❣❛♠♦s ❝♦♠♦ ♦s ❡❢❡✐t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❞❡ ❋r✐❡❞❡❧ sã♦ ❛❢❡t❛❞♦s ♣♦r
❝♦rr❡❧❛çõ❡s ❛♦ s❛✐r♠♦s ❞♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❧✐♠✐t❡ ❢r❛❝❛♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ ❡♠ ❞✐r❡çã♦ ❛♦ ❧✐♠✐t❡ ❢♦rt❡♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡
♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ P❛r❛ t❛❧✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❡❢❡✐t♦s ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ rí❣✐❞❛ ❡ ♥ã♦
♠❛❣♥ét✐❝❛ ❝♦❧♦❝❛❞❛ ❡♠ ✉♠ ♠❡t❛❧ ♣❛r❛♠❛❣♥ét✐❝♦ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳ ◆❡st❡ ❝❛s♦✱ ❛ ❛♥á❧✐s❡ é ♠❛✐s s✐♠♣❧❡s
❡ tr❛♥s♣❛r❡♥t❡✱ ♠❛s ❡st❡ t❡♠❛ t❛♠❜é♠ é ❞❡ ✐♠♣♦rtâ♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ r❡❣✐♠❡ ❞✐❢✉s✐✈♦
❬✹✶❪✳ ❖s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ sã♦ ✉♠❛ ♠❛♥✐❢❡st❛çã♦ ❞✐r❡t❛ ❞♦ ❝❛rát❡r ♦♥❞✉❧❛tór✐♦ ❞♦s ❡❧étr♦♥s✱ s❡♥❞♦ q✉❡ ❡①❡♠♣❧♦s
✈í✈✐❞♦s ❞❡❧❛s ❛♣❛r❡❝❡♠ t❛♠❜é♠ ❡♠ ✐♠❛❣❡♥s ❞❡ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ t✉♥❡❧❛♠❡♥t♦ ♣♦r ✈❛rr❡❞✉r❛ ❬✺✱ ✹✷❪✱ ❝♦♠♦ ❛q✉❡❧❛
r❡♣r♦❞✉③✐❞❛ ♥❛ ❋✐❣✳ ✭✶✳✶✮✳ ■♥❝❧✉í♠♦s ♥❡st❡ ❝❛♣ít✉❧♦✱ ♣♦r ❝♦♠♣❧❡t❡③❛✱ ✉♠❛ ❞✐s❝✉ssã♦ ❣❡r❛❧ ❛❝❡r❝❛ ❞❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉
❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐✱ ❜❡♠ ❝♦♠♦ s♦❜r❡ ♦ ❝á❧❝✉❧♦ ❞❛ r❡s✐st✐✈✐❞❛❞❡ ✭❝♦♥❞✉t✐✈✐❞❛❞❡✮ ❞❡♥tr♦ ❞❛ ❚❉❈▼✳ ❉❡t❛❧❤❡s ❞♦s
❝á❧❝✉❧♦s ❝♦♥t✐❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❡stã♦ ♥♦s ❆♣ê♥❞✐❝❡s ✭❉✮ ❡ ✭❊✮✳ ❏á ✉♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ ♦r✐❣❡♠ ♠❛t❡♠át✐❝❛ ❞❛s
♦s❝✐❧❛çõ❡s ❡stá ♣r❡s❡♥t❡ ♥♦ ❆♣ê♥❞✐❝❡ ✭❋✮✳

◆♦ss♦s r❡s✉❧t❛❞♦s✱ ❡♠ s✉❛ ♠❛✐♦r✐❛ ❛♥❛❧ít✐❝♦s✱ ❞❡♠♦♥str❛♠ q✉❡ ❬✹✸❪✿ ✭✐✮ ♣❛r❛ ❝♦rr❡❧❛çõ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝❛s✱
r❡❝✉♣❡r❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ ♥❛ q✉❛❧ ♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❣❡r❛❞♦
♣❡❧❛ ✐♠♣✉r❡③❛ é ❞❛❞♦ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❞❡ ❋r✐❡❞❡❧❀ ✭✐✐✮ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱
❝♦♥t✉❞♦✱ ❡ss❛s ♦s❝✐❧❛çõ❡s tê♠ s❡✉ ❛❧❝❛♥❝❡ ❞✐♠✐♥✉í❞♦✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦s ❡❢❡✐t♦s ❞❛ ❜❧✐♥❞❛❣❡♠ ❞❛ ✐♠♣✉r❡③❛
t♦r♥❛♠✲s❡ ❝❛❞❛ ✈❡③ ♠❛✐s ❧♦❝❛✐s✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠ ♠❡♥♦r ✏❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r❛✑✱ ❛ ❞✐stâ♥❝✐❛ ❡s♣❛❝✐❛❧ ❞❡ q✉❡
♦ s✐st❡♠❛ ♣r❡❝✐s❛ ♣❛r❛ r❡❝✉♣❡r❛r✲s❡ ❞♦s ❡❢❡✐t♦s ❞❛ ✐♠♣✉r❡③❛✱ ❡♠ ♦✉tr❛ ❝❛❜❛❧ ❡✈✐❞ê♥❝✐❛ ❞❡ q✉❡ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡
❝♦rr❡❧❛❝✐♦♥❛❞♦s sã♦ r♦❜✉st♦s ❝♦♠ r❡❧❛çã♦ à ❞❡s♦r❞❡♠ ❬✸✽✱ ✹✹✱ ✹✺❪✳ ❊ss❛ s✉♣r❡ssã♦ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ é
r❡✢❡①♦ ❞♦ ❢❛t♦ ❞❡ q✉❡✱ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt✱ ♦s ❡❧étr♦♥s t❡♥❞❡♠ ❛ ❧♦❝❛❧✐③❛r✲s❡✱ ♣❡r❞❡♥❞♦ ❛ss✐♠
❣r❛❞❛t✐✈❛♠❡♥t❡ s❡✉ ❝❛rát❡r ♦♥❞✉❧❛tór✐♦❀ ✭✐✐✐✮ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡st❛ ✏❝✉r❛✑ ♣❡❧❛s ❝♦rr❡❧❛çõ❡s ❝♦♠ ♦ ❡s♣❛❧❤❛♠❡♥t♦
✐♥❡❧ást✐❝♦ r❡❞✉③ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦s ❡❢❡✐t♦s ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✱ ♠❡s♠♦ ♣❛r❛ ❝♦rr❡❧❛çõ❡s ♠♦❞❡r❛❞❛s❀ ✭✐✈✮
s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ✉♠❛ ♥♦✈❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❡♠❡r❣❡ ♥♦ s✐st❡♠❛✱ ❝❛r❛❝t❡r✐③❛♥❞♦ ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❡♠ ❝❧❛r♦ ❝♦♥tr❛st❡ ❝♦♠ ♦ r❡❣✐♠❡ ❞❡ ❝♦rr❡❧❛çõ❡s
❢r❛❝❛s ♦♥❞❡ ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ t❛♠❜é♠ ❛♣r❡s❡♥t❛ ♦s❝✐❧❛çõ❡s ❞♦ t✐♣♦ ❋r✐❡❞❡❧✳ P❛r❛ ♦ ❝❛s♦ s✐♥❣✉❧❛r ❞❡ ❞✉❛s
❞✐♠❡♥sõ❡s✱ ♠♦str❛♠♦s q✉❡ ♦ t❡r♠♦ ❜❛❧íst✐❝♦ ❛♥ô♠❛❧♦ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ❬✹✶❪ ✜❝❛ r❡str✐t♦ ❛ t❡♠♣❡r❛t✉r❛s ♠✉✐t♦
❜❛✐①❛s ♠❡s♠♦ ♣❛r❛ ❝♦rr❡❧❛çõ❡s ♠♦❞❡st❛s✱ ♦ q✉❡ ❧❡✈❛♥t❛ ❞ú✈✐❞❛s s♦❜r❡ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡
r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❡♠ ❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❬✹✻✱ ✹✼❪✳

◆♦ ❈❛♣ít✉❧♦ ✭✺✮✱ ♣❛ss❛♠♦s ❛ ❞✐s❝✉t✐r ♦s ❡❢❡✐t♦s ❞❛s ❝♦rr❡❧❛çõ❡s s♦❜r❡ ❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥✳ ❖ ❡st✉❞♦

✸
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❋✐❣✉r❛ ✶✳✸✿ ❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛✐s ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❡♥❡r❣✐❛ ♦❜t✐❞❛ ♣❛r❛ ♦s ❝✉♣r❛t♦s ❧❡✈❡♠❡♥t❡ ❞♦♣❛❞♦s
❈❛1.88◆❛0.12❈✉❖2❈❧2 ✭❝✐♠❛✮ ❡ ❇✐2❙✐2❉②0.2❈✉0.8❖2❈❧8+δ ✭❜❛✐①♦✮ ♣♦r ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ t✉♥❡❧❛♠❡♥t♦ ♣♦r ✈❛rr❡❞✉r❛
r❡❛❧✐③❛❞❛ ♥♦ ♣❧❛♥♦ ❈✉❖2✳ ❈❛❞❛ ✉♠❛ ❞❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ♣♦s✐çã♦ ❞✐❢❡r❡♥t❡ ♥❡st❡ ♣❧❛♥♦✳ ❘❡t✐r❛❞❛ ❞❛ ❘❡❢✳
❬✹✵❪✳ ❱❡♠♦s q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s é ❜❛s✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ♣♦s✐çã♦ ♥♦ ❡s♣❛ç♦ ✭❞❡s♦r❞❡♠✮ ♣❛r❛ ❜❛✐①❛s
❡♥❡r❣✐❛s ❡♠ ❛♠❜♦s ❝♦♠♣♦st♦s✳ ❉❡✈✐❞♦ ❛♦ ❛rr❛♥❥♦ ❡①♣❡r✐♠❡♥t❛❧✱ ❛s ♠❛✐♦r❡s ✈❛r✐❛çõ❡s sã♦ ♠❡❞✐❞❛s ♣❛r❛ ❡♥❡r❣✐❛s
♥❡❣❛t✐✈❛s✳

❞❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ✐♥t❡r❛çõ❡s ❡ ❞❡s♦r❞❡♠ ❣❛♥❤♦✉ ✉♠ ♥♦✈♦ ✐♠♣✉❧s♦ ❛ ♣❛rt✐r ❞❛ s❡❣✉♥❞❛ ♠❡t❛❞❡ ❞❛ ❞é❝❛❞❛ ❞❡
1990✱ q✉❛♥❞♦ ❢♦✐ ♦❜s❡r✈❛❞❛ ✉♠❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❡♠ s✐st❡♠❛s ❡❧❡trô♥✐❝♦s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❬✹✼✱ ✹✽✱ ✹✾❪✳ ❊st❡
r❡s✉❧t❛❞♦ ✈❡✐♦ ❝♦♠♦ ✉♠❛ ❣r❛♥❞❡ s✉r♣r❡s❛✱ ♣♦✐s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ♣❛r❛ ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥
❬✺✵❪✱ t♦❞♦s ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❧♦❝❛❧✐③❛❞♦s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ❊♠❜♦r❛ ♦❜t✐❞♦ ♣❛r❛ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s
♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ♦ r❡s✉❧t❛❞♦ ♣❛r❡❝❡ ♣❡r♠❛♥❡❝❡r ✈á❧✐❞♦ ♠❡s♠♦ ♣❛r❛ ✐♥t❡r❛çõ❡s ❢r❛❝❛s ❬✾❪✳ ●✉✐❛❞♦s ♣❡❧❛ t❡♦r✐❛ ❞❡
❡s❝❛❧❛✱ t❛♠❜é♠ ✉t✐❧✐③❛♠♦s ❛ ❝♦♥❞✉tâ♥❝✐❛ g ❝♦♠♦ ❛ q✉❛♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ♥♦ss♦ ❡st✉❞♦✳ P❛r❛ ❝❛❧❝✉❧❛r♠♦s g✱
❡♠♣r❡❣❛♠♦s ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ▲❛♥❞❛✉❡r ❬✺✶✱ ✺✷✱ ✺✸✱ ✺✹✱ ✺✺❪✱ s♦❜r❡ ♦ q✉❛❧ ✐♥❝❧✉í♠♦s ✉♠❛ ❜r❡✈❡ ❞✐s❝✉ssã♦✱ ❡ t❛♠❜é♠
❛♣❧✐❝❛çõ❡s ❛ s✐st❡♠❛s ❥á ❜❡♠ ❝♦♥❤❡❝✐❞♦s✳

❙✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s sã♦ ♦ ❢♦❝♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣♦✐s ♥❡❧❡s ♣♦❞❡♠♦s ❝♦♥❞✉③✐r ✉♠ ❡st✉❞♦ s✐st❡♠át✐❝♦ ❝♦♠ ♦
t❛♠❛♥❤♦ L ❞❛ r❡❞❡✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♥str✉✐r ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g) ❬✺✵❪✳ ❊♠❜♦r❛ ❡♠ 1d t♦❞♦s ♦s ❡st❛❞♦s
❡❧❡trô♥✐❝♦s s❡❥❛♠ ❧♦❝❛❧✐③❛❞♦s✱ ❡s♣❡r❛♠♦s q✉❡ ❥á ♣♦ss❛♠♦s ❝❛♣t❛r ❛í ❛ ❢ís✐❝❛ ❜ás✐❝❛ ❞❡ ♥♦ss♦ ♠♦❞❡❧♦✳ ◆♦ss♦s r❡s✉❧t❛❞♦s
♠♦str❛♠ q✉❡✿ ✭✐✮ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ξ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛✉♠❡♥t❛❞♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çõ❡s✱ ❢❛③❡♥❞♦
❝♦♠ q✉❡ ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s t♦r♥❡♠✲s❡ ♠❛✐s ❡st❡♥❞✐❞♦s❀ ✭✐✐✮ ❛ ❡s❝❛❧❛ ❞❡ ✏❝r♦ss♦✈❡r✑ g⋆✱ q✉❡ ♠❛r❝❛ ❛ tr❛♥s✐çã♦ ❡♥tr❡
♦ r❡❣✐♠❡ ô❤♠✐❝♦

(

g (L) ∝ σL−1
)

❡ ♦ ❧♦❝❛❧✐③❛❞♦
(

g (L) ∝ e−L/ξ
)

✱ t❛♠❜é♠ é r❡♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛s ✐♥t❡r❛çõ❡s✳ ❉❡st❡
♠♦❞♦✱ ❡♠❜♦r❛ ♥ã♦ ❤❛❥❛ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ❡st❛❞♦s ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❡st❡♥❞✐❞♦s✱ ♦ r❡❣✐♠❡ ô❤♠✐❝♦ ❞❡ g ❡st❡♥❞❡✲s❡ ❛❣♦r❛
♣♦r ✉♠❛ r❡❣✐ã♦ ❜❡♠ ♠❛✐♦r ❞♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s✱ ♣♦❞❡♥❞♦ ❡✈❡♥t✉❛❧♠❡♥t❡ t♦r♥❛r ✐rr✐sór✐❛ ❛ r❡❣✐ã♦ ♥❛ q✉❛❧ g ❡♥tr❛
♥♦ r❡❣✐♠❡ ❧♦❝❛❧✐③❛❞♦✳ ❈❡♥ár✐♦s ❛♥á❧♦❣♦s ❛♦ ❞❡s❝r✐t♦ ♣♦r ❡st❡ r❡s✉❧t❛❞♦ ❥á ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s t❛♥t♦ ♥✉♠❡r✐❝❛♠❡♥t❡
❬✺✻✱ ✺✼❪ q✉❛♥t♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ❋✐❣✳ ✭✶✳✹✮✳

❆❧é♠ ❞❡ r❡❧❡❣❛r♠♦s ✈ár✐♦s ❞❡t❛❧❤❡s ❞♦s ❝á❧❝✉❧♦s ♣❛r❛ ♦s ❆♣ê♥❞✐❝❡s ✭❈✮✲✭❋✮✱ t❛♠❜é♠ ✐♥❝❧✉í♠♦s ♦ ❆♣ê♥❞✐❝❡ ✭❆✮✱
♥♦ q✉❛❧ ❞❡t❛❧❤❛♠♦s ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡♠♣r❡❣❛❞♦s ♣❛r❛ ♦❜t❡r♠♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ t❡s❡✳ ❆
❚❊❉❈▼ é ✉♠❛ té❝♥✐❝❛ ❝♦♠♣❧❡t❛ q✉❡ ❞❡s❝r❡✈❡ ❡①❛t❛♠❡♥t❡ ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ❡ tr❛t❛ ❛s ✐♥t❡r❛çõ❡s ❞❡ ♠♦❞♦ ♥ã♦
♣❡rt✉r❜❛t✐✈♦ ❞❡♥tr♦ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❧♦❝❛❧ ✭❚❉❈▼✮✳ ❈♦♥t✉❞♦✱ ❡❧❛ ❞❡♠❛♥❞❛ ✉♠ ❣r❛♥❞❡ ❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱
q✉❡ só é ❛✉♠❡♥t❛❞♦ ♣❡❧♦ ❢❛t♦ ❞❡ ♣r❡❝✐s❛r♠♦s ❝♦❧❡t❛r ✈ár✐❛s ❛♠♦str❛s ✭r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✮ ♣❛r❛ ♣♦❞❡r♠♦s
❝♦♥str✉✐r ❞✐str✐❜✉✐çõ❡s ❡ ❝❛❧❝✉❧❛r ✈❛❧♦r❡s ♠é❞✐♦s✳ ❚❡♥t❛♠♦s ❞❛r ✉♠❛ ✈✐sã♦ ❣❧♦❜❛❧ ❞❡ ♥♦ss❛ té❝♥✐❝❛✱ ❞❡s❝r❡✈❡♥❞♦
t❛♥t♦ ♦s ♣❛❝♦t❡s ❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s q✉❛♥t♦ ❛s ♦t✐♠✐③❛çõ❡s q✉❡ ❢♦r❛♠ ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❛♥❞❛♠❡♥t♦ ❞♦s ♣r♦❥❡t♦s✱
❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ✉s♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❡♠ ♣❛r❛❧❡❧♦✳

P♦r ú❧t✐♠♦✱ ❣♦st❛rí❛♠♦s ❞❡ ❡①♣❧✐❝✐t❛r q✉❡✱ ❞✉r❛♥t❡ t♦❞❛ ❡st❛ t❡s❡✱ ❝♦♠ ❛❧❣✉♠❛s ♣♦✉❝❛s ❡①❝❡çõ❡s✱ ❛❞♦t❛r❡♠♦s
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❋✐❣✉r❛ ✶✳✹✿ ▼❛❣♥❡t♦❝♦♥❞✉t✐✈✐❞❛❞❡ ❡♠ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛❧ ❢r❛❝❛♠❡♥t❡ ❞❡s♦r❞❡♥❛❞♦✳ ❆s ♠❡❞✐❞❛s
❢♦r❛♠ ❢❡✐t❛s ❛ T = 42♠❑ ❡ ❛s ❞❡♥s✐❞❛❞❡s ❡❧❡trô♥✐❝❛s sã♦ ✐♥❞✐❝❛❞❛s ❛♦ ❧❛❞♦ ❞❛s ✜❣✉r❛s ❡♠ ✉♥✐❞❛❞❡s ❞❡ 1011❝♠−2✱
s❡♥❞♦ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❝rít✐❝❛ ♥❛ q✉❛❧ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ♦❝♦rr❡ é ❞❛❞❛ ♣♦r nc = 0.82× 1011❝♠−2✳ ❘❡t✐r❛❞♦
❞❛ ❘❡❢✳ ❬✺✽❪✳ ❙✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱ ♠❡s♠♦ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞❛ tr❛♥s✐çã♦✱ ❡♠ ✉♠❛ r❡❣✐ã♦ ♥❛ q✉❛❧ ❛s ❝♦rr❡❧❛çõ❡s
sã♦ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞♦♠✐♥❛♥t❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❬✹✾❪✱ ❛ ❢♦r♠❛ ❞❛s ❝✉r✈❛s ❝♦♥t✐♥✉❛ ❜❛s✐❝❛♠❡♥t❡ ❛ ♠❡s♠❛✱ ❝♦♠
r❡❧❛çã♦ àq✉❡❧❛ ❞♦ r❡❣✐♠❡ ❢r❛❝❛♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡✱ ❛♣❡♥❛s ❤❛✈❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ s✉❛ ❛♠♣❧✐t✉❞❡ ✭❞❛❞❛ ♣❡❧♦ ❢❛t♦r à
❞✐r❡✐t❛ ❞❡ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❡♠ ✭❛✮✱ ❡ 10 ❡♠ ✭❜✮✮✳ ❆s ❝✉r✈❛s ✈❡r♠❡❧❤❛s tr❛❝❡❥❛❞❛s sã♦ ❛❥✉st❡s ❞♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s
✉t✐❧✐③❛♥❞♦✲s❡ ♦ r❡s✉❧t❛❞♦ t❡ór✐❝♦ ♦❜t✐❞♦ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ ❬✾❪✱ ❝♦♥✜r♠❛♥❞♦ q✉❡ ❡❧❛s ♣♦ss✉❡♠ ❛
❢♦r♠❛ ❞♦ r❡❣✐♠❡ ❢r❛❝❛♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡✳

~ = 1✱ kB = 1 ❡ a = 1✱ ♦♥❞❡ ~ é ❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦ ❞✐✈✐❞✐❞❛ ♣♦r 2π✱ kB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥ ❡ a é ♦
❡s♣❛ç❛♠❡♥t♦ ❞❡ r❡❞❡ ✭tr❛❜❛❧❤❛♠♦s ❝♦♠ r❡❞❡s q✉❛❞r❛❞❛s ❡ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✮✳
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Capı́tulo 2
▼♦❞❡❧♦s ❡ ♠ét♦❞♦s

▼✉✐t♦ ❞❡ ♥♦ss♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛❝❡r❝❛ ❞❡ s✐st❡♠❛s ❡❧❡trô♥✐❝♦s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ✈❡♠ ❞♦ ❡st✉❞♦ ❞❡ ❍❛♠✐❧✲
t♦♥✐❛♥♦s ♠♦❞❡❧♦s✳ ●❡r❛❧♠❡♥t❡✱ ❡st❡s ♠♦❞❡❧♦s ♥ã♦ ♣♦ss✉❡♠ s♦❧✉çõ❡s ❡①❛t❛s ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ❞♦ q✉❡ ✉♠✱ ♦
q✉❡ ♥♦s ❧❡✈❛ ❡♠♣r❡❣❛r ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ té❝♥✐❝❛s ♣❛r❛ ♦ s❡✉ ❡st✉❞♦ ❝♦♠♦ t❡♦r✐❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❬✺✾✱ ✻✵❪✱ ❣r✉♣♦ ❞❡
r❡♥♦r♠❛❧✐③❛çã♦ ❬✻✶✱ ✻✷❪✱ ▼♦♥t❡ ❈❛r❧♦ ❬✻✸✱ ✻✹❪ ❡ t❡♦r✐❛s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❬✸✺✱ ✻✺✱ ✷✵❪✳

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♥♦s ❝♦♥❝❡♥tr❛r❡♠♦s ❡♠ ❛❜♦r❞❛❣❡♥s ❞❡ ❝❛♠♣♦ ♠é❞✐♦✳ ❯♠ ❝♦♥❝❡✐t♦ ❜❛st❛♥t❡ út✐❧ ♣❛r❛ ❞✐s❝✉✲
t✐r♠♦s t❛✐s t❡♦r✐❛s é ♦ ❞❡ ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s✱ q✉❡ ✐♥tr♦❞✉③✐♠♦s ♥♦ ❆♣ê♥❞✐❝❡ ✭❇✮✳ ❊st❡ ❢♦r♠❛❧✐s♠♦ é ❡①tr❡♠❛♠❡♥t❡
♣♦❞❡r♦s♦ ❡ ♦ ✉t✐❧✐③❛r❡♠♦s ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❝♦♠♦ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ F ✱ ❜❡♠ ❝♦♠♦ q✉❛♥t✐✲
❞❛❞❡s ❡s♣❡❝tr❛✐s ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ G✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ✐♥✈❡st✐❣❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥
❬✸✹❪ ❞❡♥tr♦ ❞❡st❛ ❛❜♦r❞❛❣❡♠✱ ❞✐s❝✉t✐♥❞♦ ❝♦♠ ❞❡t❛❧❤❡s s✉❛ s♦❧✉çã♦ ♥♦ ❝❤❛♠❛❞♦ ❧✐♠✐t❡ ❑♦♥❞♦✱ q✉❡ ♦❝♦rr❡ ♣❛r❛ t❡♠✲
♣❡r❛t✉r❛s ♠❡♥♦r❡s ❞♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦ TK ✳ TK ♠❛r❝❛ ♦ ✏❝r♦ss♦✈❡r✑ ❡♥tr❡ ❛ ❢ís✐❝❛ ❞❡ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s
❧♦❝❛❧✐③❛❞♦s ❞❡ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ❡ ❛ ❢ís✐❝❛ ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♣❛r❛♠❛❣♥ét✐❝♦ ❢♦rt❡♠❡♥t❡ r❡♥♦r♠❛❧✐③❛❞♦ ❛
❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ❬✻✻✱ ✻✼❪✳

◆❛ s❡çã♦ ✭✷✳✷✮✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ♠♦t✐✈❛çã♦ ❛❝❡r❝❛ ❞♦ ♥♦ss♦ ❡st✉❞♦ ❞❡ ♠❛t❡r✐❛✐s ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❡ ✐♥tr♦❞✉③✐♠♦s
♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❬✸✷✱ ✻✽✱ ✻✾❪✳ ❉✐s❝✉t✐♠♦s ❛ s♦❧✉çã♦ ❞❡st❡ ♠♦❞❡❧♦ ❡♠ ❛❧❣✉♥s ❞❡ s❡✉s ❧✐♠✐t❡s s✐♠♣❧❡s✱ ♠♦str❛♥❞♦
q✉❡ ❡❧❡ ❞❡s❝r❡✈❡ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳ ❯♠❛ s♦❧✉çã♦ ❡①❛t❛ ❞❡st❡ ♠♦❞❡❧♦ só é ❝♦♥❤❡❝✐❞❛ ❡♠ ✉♠❛
❞✐♠❡♥sã♦✳ P❛r❛ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s✱ ❧❛♥ç❛♠♦s ♠ã♦ ❞❡ ❛❧❣✉♠❛ ❛♣r♦①✐♠❛çã♦✳ ❯♠❛ ❞❡❧❛s é ❛ ❚❡♦r✐❛ ❉✐♥â♠✐❝❛ ❞❡
❈❛♠♣♦ ▼é❞✐♦ ✭❚❉❈▼✮ ❬✷✵❪✱ ❞✐s❝✉t✐❞❛ ♥❛ s❡çã♦ ✭✷✳✷✳✷✮✳ ❊st❛ ❛♣r♦①✐♠❛çã♦ t❡♠ ❝♦♠♦ ✐❞❡✐❛ ❝❡♥tr❛❧ ♠❛♣❡❛r ♦ ♣r♦❜❧❡♠❛
❞❡ ✉♠❛ r❡❞❡ ✐♥t❡r❛❣❡♥t❡ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ✉♠ ❜❛♥❤♦ ❡①t❡r♥♦✱ ❜❛♥❤♦
❡st❡ ❛ s❡r ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❛✉t♦❝♦♥s✐st❡♥t❡✳ ❆ ❚❉❈▼ ❛ss✉♠❡ q✉❡ tr❛❜❛❧❤❛♠♦s ♥♦ ❧✐♠✐t❡ d→∞✱ ♦ q✉❡ ❢❛③
❝♦♠ q✉❡ t♦❞♦s ♦s sít✐♦s t❡♥❤❛♠ ♦ ♠❡s♠♦ ❜❛♥❤♦ ❡①t❡r♥♦✱ ❝♦♥❣❡❧❛♥❞♦ ❛ss✐♠ ❛s ✢✉t✉❛çõ❡s ❡s♣❛❝✐❛✐s ❡ ❧✐♠✐t❛♥❞♦ s✉❛
❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ♣❛r❛ s✐st❡♠❛s ❞❡s♦r❞❡♥❛❞♦s✳ P❛r❛ ❝♦♥t♦r♥❛r♠♦s ❡st❛ ❧✐♠✐t❛çã♦ ❡ ❡st✉❞❛r♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞
❞❡s♦r❞❡♥❛❞♦✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❚❉❈▼ ❝♦♥❤❡❝✐❞❛ ❝♦♠ ❚❡♦r✐❛ ❊st❛tíst✐❝❛ ❉✐♥â♠✐❝❛ ❞❡ ❈❛♠♣♦
▼é❞✐♦ ✭❚❊❉❈▼✮ ❬✷✺❪✱ ❞✐s❝✉t✐❞❛ ♥❛ s❡çã♦ ✭✷✳✷✳✸✮✱ q✉❡ tr❛t❛ ❛ ❞❡s♦r❞❡♠ ❡①❛t❛♠❡♥t❡✳ ❊ss❛ ❛❜♦r❞❛❣❡♠ ❧❡✈❛ ❛ ✉♠❛
❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ q✉❡ é ❧♦❝❛❧✱ ♠❛s q✉❡ ♣♦❞❡ ❛♣r❡s❡♥t❛r ❢♦rt❡s ✢✉t✉❛çõ❡s sít✐♦ ❛ sít✐♦✱ s❡♥❞♦ ❛ss✐♠ ❝❛♣❛③ ❞❡
❛❝♦♠♣❛♥❤❛r ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❞❡s♦r❞❡♠ ❡ ✐♥t❡r❛çõ❡s✳

❖s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❛✉①✐❧✐❛r❡s ✐♥tr♦❞✉③✐❞♦s ♣❡❧❛ ❚❉❈▼ ❛✐♥❞❛ sã♦ ♣r♦❜❧❡♠❛s ❞❡ ♠✉✐t♦s
❝♦r♣♦s✳ P❛r❛ r❡s♦❧✈ê✲❧♦s✱ ✉t✐❧✐③❛♠♦s ❛ té❝♥✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❬✻✺❪✱ ❞❡s❝r✐t❛ ♥❛s s❡çõ❡s ✭✷✳✷✳✹✮ ❡
✭✷✳✷✳✺✮✳ ❆ ✐❞❡✐❛ ♣♦r trás ❞❡st❛ ❛♣r♦①✐♠❛çã♦ é ❛✉♠❡♥t❛r♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❛tr❛✈és ❞❛ ✐♥tr♦❞✉çã♦ ❞❡ q✉❛tr♦
♥♦✈♦s ❜ós♦♥s✱ ✐♠♣♦♥❞♦ ✈í♥❝✉❧♦s✱ ❞❡ ♠❛♥❡✐r❛ ❛ ❡❧✐♠✐♥❛r♠♦s t♦❞♦s ♦s ❡st❛❞♦s ♥ã♦ ❢ís✐❝♦s ❞❡st❡ ♥♦✈♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt
❛✉♠❡♥t❛❞♦✳

✼
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✷✳✶ ▼♦❞❡❧♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥

❖ ♠♦❞❡❧♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❬✸✹❪ ❞❡s❝r❡✈❡ ✉♠❛ ❜❛♥❞❛ ❡❧❡trô♥✐❝❛ ❝♦♥❞✉t♦r❛ ❝♦♠ ✉♠❛ ❞✐s♣❡rsã♦ ❞❡
❡♥❡r❣✐❛s ǫk✱ ❤✐❜r✐❞✐③❛❞❛ ❝♦♠ ✉♠ ♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦ ❞❡ ❡♥❡r❣✐❛ ǫf ✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ ♣r♦❜❧❡♠❛ é

H =
∑

k,σ

ǫkc
†
k,σck,σ +

∑

k,σ

(

Vkc
†
k,σfσ + h.c.

)

+ Unf↑nf↓ + ǫf
∑

σ

f†σfσ, ✭✷✳✶✮

♦♥❞❡ ckσ é ♦ ♦♣❡r❛❞♦r ❞❡ ❞❡str✉✐çã♦ ♣❛r❛ ♦s ❡❧étr♦♥s ❝♦♥❞✉t♦r❡s✱ fσ é ♦ ♦♣❡r❛❞♦r ❞❡ ❞❡str✉✐çã♦ ♣❛r❛ ♦ ❡❧étr♦♥ ♥♦
♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦✱ nfσ = f†σfσ✱ Vk é ♦ t❡r♠♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ❡♥tr❡ ♦s ❡st❛❞♦s ❧♦❝❛❧✐③❛❞♦s ❡ ♦s ❡st❛❞♦s ❞❛ ❜❛♥❞❛ ❞❡
❝♦♥❞✉çã♦✱ ❡ U é ♦ t❡r♠♦ ❞❡ r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❧♦❝❛❧✱ q✉❡ ❡①✐st❡ ❛♣❡♥❛s q✉❛♥❞♦ ❞♦✐s ❡❧étr♦♥s ♦❝✉♣❛♠ ♦ ♦r❜✐t❛❧
❧♦❝❛❧✐③❛❞♦✳

❊st❡ ♠♦❞❡❧♦ ♣♦ss✉✐ ❞♦✐s ❧✐♠✐t❡s q✉❡ ♦ ♣❡r♠✐t❡♠ r❡s♦❧✈❡r ❡①❛t❛♠❡♥t❡✳ ❯♠ ❞❡❧❡s é ♦ ❧✐♠✐t❡ ❛tô♠✐❝♦✱ q✉❡ ❝♦r✲
r❡s♣♦♥❞❡ ❛ V♠❛①/U = 0✱ ♦♥❞❡ V♠❛① = ♠❛① (Vk)✱ ❡ ❞❡s❝r❡✈❡ ❛ ❢ís✐❝❛ ❞❡ ✉♠ í♦♥ ✐s♦❧❛❞♦ ❝♦♠ ✉♠ ú♥✐❝♦ ❡st❛❞♦
f

H❛tô♠✐❝♦ = Unf↑nf↓ + ǫf
∑

σ

f†σfσ. ✭✷✳✷✮

❊st❡ ❧✐♠✐t❡ ♣♦ss✉✐ ♦ ♠❡❝❛♥✐s♠♦ ❜ás✐❝♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❢♦r♠❛çã♦ ❞❡ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s ❬✸✹✱ ✻✼❪✳
❖s q✉❛tr♦ ❡st❛❞♦s q✉â♥t✐❝♦s ❞♦ ♠♦❞❡❧♦ ❛tô♠✐❝♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✷✮✱ ❜❡♠ ❝♦♠♦ s✉❛s r❡s♣❡❝t✐✈❛s ❡♥❡r❣✐❛s✱ sã♦✱
❛ss✉♠✐♥❞♦ q✉❡ ǫf ≤ 0 ❡ q✉❡ ǫf + U ≥ 0✱

|2〉 E (2) = 2ǫf + U ✱ ♥ã♦ ♠❛❣♥ét✐❝♦❀

|0〉 E (0) = 0✱ ♥ã♦ ♠❛❣♥ét✐❝♦❀

|↑〉 ✱ |↓〉 E (1) = ǫf ✱ ♠❛❣♥ét✐❝♦. ✭✷✳✸✮

❊♠ ✉♠ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♠❛❣♥ét✐❝♦✱ ♦ ♣r❡ç♦ ♣❛r❛ s❡ ✐♥tr♦❞✉③✐r ✉♠❛ ✢✉t✉❛çã♦ ❞❡ ✈❛❧ê♥❝✐❛ ✭♦✉ ❞❡ ❝❛r❣❛✮ ❛♦
❛❞✐❝✐♦♥❛r♠♦s ♦✉ t✐r❛r♠♦s ✉♠ ❡❧étr♦♥ ❞♦ ❡st❛❞♦ |↑〉 ♦✉ |↓〉 é s❡♠♣r❡ ♣♦s✐t✐✈❛

E (0)− E (1) = −ǫf > 0 ✭r❡♠♦çã♦✮,

E (2)− E (1) = ǫf + U > 0 ✭❛❞✐çã♦✮. ✭✷✳✹✮

P♦r ❡st❛s ❝♦♥❞✐çõ❡s✱ ✉♠ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ ❧♦❝❛❧ é ❜❡♠ ❞❡✜♥✐❞♦✱ ❞❡s❞❡ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ s❡❥❛ ♠❡♥♦r q✉❡ ❛ ❡s❝❛❧❛
❞❡ ✢✉t✉❛çã♦ ❞❡ ✈❛❧ê♥❝✐❛ TFV = ♠✐♥ (−ǫf ✱ ǫf + U)✳

P❛ss❛♠♦s ❛❣♦r❛ ❛♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ♥♦ q✉❛❧ U/V♠❛① = 0✳ ❋❛r❡♠♦s ❛ ❞✐s❝✉ssã♦ ❞❡st❡ ❧✐♠✐t❡ ❞❡♥tr♦ ❞♦
❢♦r♠❛❧✐s♠♦ ❞❡ ✐♥t❡❣r❛çã♦ ❢✉♥❝✐♦♥❛❧✱ q✉❡ é ❞❡s❝r✐t♦ ♥♦ ❆♣ê♥❞✐❝❡ ✭❇✮✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❇✳✶✶✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛
❛çã♦ ♣❛r❛ ❛ ❊q✳ ✭✷✳✶✮ ❝♦♠♦

S =

ˆ β

0

dτ







∑

k,σ

c̄kσ (τ) (∂τ − µ+ ǫk) ckσ (τ) +
∑

σ

f̄σ (τ) (∂τ − µ+ ǫf ) fσ (τ)

+
∑

k,σ

[

Vkc̄kσ (τ) fσ (τ) + V ⋆
k f̄σ (τ) ckσ (τ)

]

+ Unf↑ (τ)nf↓ (τ)







✭✷✳✺✮

S = S(0) + U

ˆ β

0

dτnf↑ (τ)nf↓ (τ) , ✭✷✳✻✮

♦♥❞❡ S(0) é ❛ ❛çã♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❱❛❧❡ ❛ ♣❡♥❛ r❡ss❛❧t❛r q✉❡ ckσ (τ)✭c̄k,σ (τ)✮ ❡ fσ (τ)✭f̄σ (τ)✮ ♥ã♦ sã♦ ♦♣❡r❛❞♦r❡s✱
❡ s✐♠ ✈❛r✐á✈❡✐s ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ s✉❛s r❡s♣❡❝t✐✈❛s ❝♦♥❥✉❣❛❞❛s✱ ❞❡♥♦t❛❞❛s ❛q✉✐ ♣♦r ❜❛rr❛s✮✳ ◆❡st❡ ❧✐♠✐t❡✱ ❡st❛♠♦s
✐♥t❡r❡ss❛❞♦s ❛♣❡♥❛s ♥❛ ♣❛rt❡ ❧✐✈r❡ ❞❛ ❛çã♦ S(0)✱ q✉❡ ❡s❝r❡✈❡r❡♠♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❢r❡q✉ê♥❝✐❛s✳

✽



❈❆P❮❚❯▲❖ ✷✳ ▼❖❉❊▲❖❙ ❊ ▼➱❚❖❉❖❙

❯t✐❧✐③❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s

aα (τ) =
1√
β

∑

n

e−iωnτaα (iωn) , ✭✷✳✼✮

aα (iωn) =
1√
β

ˆ β

0

dτeiωnτaα (τ) , ✭✷✳✽✮

δn,m =
1

β

ˆ β

0

eiτ(ωn−ωm), ✭✷✳✾✮

❝♦♠ n ❡ m s❡♥❞♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ ❡ ❛s ❢r❡q✉ê♥❝✐❛s ❞✐s❝r❡t❛s ❞❡ ▼❛ts✉❜❛r❛ ❞❛❞❛s ♣♦r

ωn =
(2n+ 1)π

β
, ✭✷✳✶✵✮

♦❜t❡♠♦s

S(0) =
∑

n,σ

{

∑

k

c̄kσ (iωn) (−iωn − µ+ ǫk) ckσ (iωn) + f̄σ (iωn) (−iωn − µ+ ǫf ) fσ (iωn)

+
∑

k

[

Vkc̄kσ (iωn) fσ (iωn) + V ⋆
k f̄σ (iωn) ckσ (iωn)

]

}

. ✭✷✳✶✶✮

❉❡✐①❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ✐♠♣❧í❝✐t❛✱ ❛ ❢✉♥çã♦ ♣❛rt✐çã♦ ♥❡st❡ ❝❛s♦ é ❞❛❞❛ ♣♦r

Z0 =

ˆ

D (c̄k,σ (iωn) ckσ (iωn))D
(

f̄σ (iωn) fσ (iωn)
)

e−S(0)

, ✭✷✳✶✷✮

❧❡♠❜r❛♥❞♦ q✉❡ S(0) é ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✶✮✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❇✳✹✮✱ ♣♦❞❡♠♦s ✐♥t❡❣r❛r ♥❛s ✈❛r✐á✈❡✐s c̄k,σ (iωn) ❡
ckσ (iωn)✱ ♦ q✉❡ ♥♦s ❞á

Z0 = det [−iωn − µ+ ǫk]

ˆ

D
(

f̄σ (iωn) fσ (iωn)
)

exp





∑

n,k,σ

(−Vkfσ (iωn))
(

−V ⋆
k f̄σ (iωn)

)

−iωn − µ+ ǫk





× exp

[

−
∑

n,σ

f̄σ (iωn) (−iωn − µ+ ǫf ) fσ (iωn)

]

, ✭✷✳✶✸✮

Z0 = det [−iωn − µ+ ǫk]

ˆ

D
(

f̄σ (iωn) fσ (iωn)
)

✭✷✳✶✹✮

× exp

[

−
∑

n,σ

f̄σ (iωn) (−iωn − µ+ ǫf + ∆ (iωn)) fσ (iωn)

]

,

Z0 = det [−iωn − µ+ ǫk] det [−iωn − µ+ ǫf + ∆ (iωn)] , ✭✷✳✶✺✮

♦♥❞❡

❞❡t [A] = etr[ln(A)] ✭✷✳✶✻✮

❡

✾
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∆ (iωn) =
∑

k

|Vk|2
iωn − (ǫk − µ)

. ✭✷✳✶✼✮

∆ (iωn) é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦✳
❈♦♠ ❛ ✐❣✉❛❧❞❛❞❡ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✻✮✱ ♣♦❞❡♠♦s ❡①♣❧✐❝✐t❛r ♦s ❝á❧❝✉❧♦s ❞♦s ❞❡t❡r♠✐♥❛♥t❡s ♣r❡s❡♥t❡s ♥❛ ❊q✳ ✭✷✳✶✺✮✳

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❞❡t❡r♠✐♥❛♥t❡✱

det [−iωn − µ+ ǫk] = exp





∑

n,k,σ

ln (−iωn − µ+ ǫk)



 . ✭✷✳✶✽✮

❈♦♥t✉❞♦✱ ♥ã♦ ✉t✐❧✐③❛r❡♠♦s ❛ ❊q✳ ✭✷✳✶✽✮ ♣❛r❛ ❛✈❛❧✐❛r♠♦s ♦s ❞❡t❡r♠✐♥❛♥t❡s✱ ♣♦✐s ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ❝á❧❝✉❧♦ ❞❛
❢✉♥çã♦ ❞❡ ●r❡❡♥ G(0)

ff (iωn)✱ ❡ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✱ ❡❧❡s s❡ ❝❛♥❝❡❧❛♠✳
❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣r♦❝✉r❛❞❛ é ❞❛❞❛ ♣♦r

G(0)
ff (iωl) = − 1

Z0

ˆ

D (c̄kσ (iωn) ckσ (iωn))D
(

f̄σ (iωn) fσ (iωn)
)

fρ (iωl) f̄ρ (iωl) e
−S(0)

. ✭✷✳✶✾✮

❉❡✈❡♠♦s ♥♦t❛r q✉❡ ❛ ✐♥t❡❣r❛❧ s♦❜r❡ ❛s ✈❛r✐á✈❡✐s c̄kσ (iωn) ❡ ckσ (iωn) ♥ã♦ ♠✉❞❛ ❝♦♠ r❡❧❛çã♦ àq✉❡❧❛ ❢❡✐t❛ ♣❛r❛ ♦
❝á❧❝✉❧♦ ❞❡ Z0✳ ❏á ♣❛r❛ r❡❛❧✐③❛r♠♦s ❛ ✐♥t❡❣r❛❧ s♦❜r❡ fσ (iωn) ❡ f̄σ (iωn)✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦ s❡❣✉✐♥t❡ t❡r♠♦ ❞❡ ❢♦♥t❡
✭❝♦rr❡♥t❡✮ ♥❛ ❛çã♦✿

∑

m,λ

{

J̄m,λfλ (iωm) + f̄λ (iωn) Jm,λ

}

✭♥❛t✉r❛❧♠❡♥t❡✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ J̄ , J → 0 ❛♦ ✜♥❛❧ ❞♦s
❝á❧❝✉❧♦s✮✳

❆♣ós ❛ ✐♥t❡❣r❛çã♦ s♦❜r❡ c̄kσ (iωn) ❡ ckσ (iωn) ❡ ❛ ✐♥tr♦❞✉çã♦ ❞♦ t❡r♠♦ ❡①tr❛ ❡♠ S(0)✱ ✜❝❛♠♦s ❝♦♠

G(0)
ff (iωl) = − limJ̄, J→0

det [−iωn − µ+ ǫk]

Z0

δ2

δJ̄l,ρδJl,ρ

ˆ

D
(

f̄σ (iωn) fσ (iωn)
)

× exp

[

−
∑

n,σ

f̄σ (iωn) (−iωn − µ+ ǫf + ∆ (iωn)) fσ (iωn)

]

× exp





∑

m,λ

{

J̄m,λfλ (iωm) + f̄λ (iωm) Jm,λ

}



 , ✭✷✳✷✵✮

❝♦♠ ♦ sí♠❜♦❧♦ δ/δJ̄l,ρ ✐♥❞✐❝❛♥❞♦ ✉♠❛ ❞❡r✐✈❛❞❛ ❢✉♥❝✐♦♥❛❧✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❇✳✹✮✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r ❛ ✐♥t❡❣r❛çã♦
s♦❜r❡ fσ (iωn) ❡ f̄σ (iωn)✱ ❞♦♥❞❡ ✈❡♠ q✉❡

G(0)
ff (iωl) = − limJ̄, J→0

det [−iωn − µ+ ǫk] det [−iωn − µ+ ǫf + ∆ (iωn)]

Z0

× δ2

δJ̄l,ρδJl,ρ
exp





∑

m,λ

{

J̄m,λJm,λ

−iωm − µ+ ǫf + ∆ (iωm)

}



 . ✭✷✳✷✶✮

❱❡♠♦s q✉❡✱ ♣❡❧❛ ❊q✳ ✭✷✳✶✺✮✱ ♦ t❡r♠♦ ♥♦ ♥✉♠❡r❛❞♦r é ❡①❛t❛♠❡♥t❡ Z0✳ ▲♦❣♦✱ ♥ã♦ ♣r❡❝✐s❛♠♦s ❛✈❛❧✐❛r ♦s ❞❡t❡r♠✐♥❛♥t❡s✱
r❡st❛♥❞♦✲♥♦s ❛ss✐♠ ❛♣❡♥❛s ❛s ❞❡r✐✈❛❞❛s

G(0)
ff (iωl) = − lim

J̄, J→0

∑

m,λ

δl,mδρ,λ

exp
[

∑

m,λ J̄m,λJm,λ [−iωm − µ+ ǫf + ∆ (iωm)]
−1
]

−iωm − µ+ ǫf + ∆ (iωm)

×
{

1 +
J̄m,λJm,λ

−iωm − µ+ ǫf + ∆ (iωm)

}

, ✭✷✳✷✷✮

❡✱ ❛♣ós t♦♠❛r♠♦s ♦ ❧✐♠✐t❡ J̄ , J → 0 t❡♠♦s

G(0)
ff (iωl) =

1

iωl − µ+ ǫf + ∆ (iωl)
. ✭✷✳✷✸✮

✶✵
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❆q✉✐✱ ✈❡♠♦s q✉❡ ♦ ❡❢❡✐t♦ ❞♦ t❡r♠♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ é ❛❧❛r❣❛r ♦ ❡st❛❞♦ ❧♦❝❛❧✐③❛❞♦ f ✱ ♣r♦❞✉③✐♥❞♦ ✉♠❛ r❡ss♦♥â♥❝✐❛✳
P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ ❧❛r❣✉r❛ ❞❡st❛ r❡ss♦♥â♥❝✐❛✱ é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r♠♦s ♥♦ ❡✐①♦ r❡❛❧✱ ❛♣❧✐❝❛♥❞♦ ❛ ❝♦♥t✐♥✉❛çã♦
❛♥❛❧ít✐❝❛ ✉s✉❛❧ ❬✺✾✱ ✻✵❪✱ iωn → ω ± iη✳ ❈♦♠❡ç❛♠♦s ♥♦t❛♥❞♦ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✼✮
♣♦ss✉✐ ✉♠ ❝♦rt❡ ❞❡ ❧✐♥❤❛ ♥♦ ❡✐①♦ r❡❛❧✱ ✉♠❛ ✈❡③ q✉❡

lim
η→0+

■♠ [∆ (ω ± iη)] = ∓π
∑

k

|Vk|2 δ (ω − ǫk) ≡ ∓Γ (ω) . ✭✷✳✷✹✮

❙❡ ❛ss✉♠✐r♠♦s q✉❡ Vk = V ✱ t❡♠♦s

Γ (ω) = πV 2ρc (ω) , ✭✷✳✷✺✮

♦♥❞❡ ρc (ω) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦✳ ❈♦♥❤❡❝❡♥❞♦ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡ ∆ (ω)✱ ♣♦❞❡♠♦s
❡♥tã♦ ❡s❝r❡✈❡r ❘❡ [∆ (ω ± iη)] ❡♠ t❡r♠♦s ❞❡ Γ (ω)✱ ✉t✐❧✐③❛♥❞♦ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❬✼✵❪

❘❡ [∆ (ω ± iη)] =
1

π
P

ˆ

dǫ
Γ (ǫ)

ω − ǫ± iη , ✭✷✳✷✻✮

♦♥❞❡ P ❞❡♥♦t❛ ♦ ✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞❛ ✐♥t❡❣r❛❧✳
●❡r❛❧♠❡♥t❡✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❡r❣✐❛s ♠✉✐t♦ ♠❡♥♦r❡s q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ❞♦s ❡❧étr♦♥s ❞❛ ❜❛♥❞❛ ❞❡

❝♦♥❞✉çã♦✳ ❆ss✉♠✐♠♦s ❛ss✐♠✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ q✉❡ Γ (ω) = Γ ♣❛r❛ |ω| < D ❡ Γ (ω) = 0 ♣❛r❛ |ω| > D✱ ♦♥❞❡ D é
❛ ♠❡✐❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ✭❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✮ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦✳ ❉❡♥tr♦ ❞❡st❛ ❛♣r♦①✐♠❛çã♦✱ ♣♦❞❡♠♦s t♦♠❛r
❘❡ [∆ (ω)] ≈ 0 ✭❊q✳ ✭✷✳✷✻✮✮✱ ❡ ✜❝❛♠♦s ❝♦♠

∆ (ω ± iη) ≃ ∓iΓ. ✭✷✳✷✼✮

◆❡st❛ ❛♣r♦①✐♠❛çã♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ♥♦ ♥í✈❡❧ f ❝♦♠♦

ρ
(0)
f (ω) = − lim

η→0+

1

π
■♠
[

G(0)
ff (ω + iη)

]

=
1

π

Γ

(ω − ǫf )
2

+ Γ2
, ✭✷✳✷✽✮

♠♦str❛♥❞♦ q✉❡ ❛ r❡ss♦♥â♥❝✐❛ ❞♦ ❡st❛❞♦ ❧♦❝❛❧✐③❛❞♦ f é ✉♠❛ ▲♦r❡♥t③✐❛♥❛ ❞❡ ❧❛r❣✉r❛ Γ ❝❡♥tr❛❞❛ ♥❛ ❡♥❡r❣✐❛ ǫf ❞❡st❡
♦r❜✐t❛❧✳

✷✳✶✳✶ ❆♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❡ ♦ ❧✐♠✐t❡ ❑♦♥❞♦

❈♦♥s✐❞❡r❛r❡♠♦s ❛❣♦r❛ ❛ s♦❧✉çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❡♠ ✉♠ ❧✐♠✐t❡ ❡s♣❡❝✐❛❧✱ ♥♦ q✉❛❧ ❢❛③❡♠♦s
❝♦♠ q✉❡ ❛ r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❧♦❝❛❧ U ≫ Γ (0)✱ ❝♦♠ Γ (ω) ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✷✺✮✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ ❞✉♣❧❛
♦❝✉♣❛çã♦ ♥♦ ♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦ s❡❥❛ ✐♠♣r♦✈á✈❡❧✱ nf ≤ 1✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❞✐s❝✉ssã♦✱ t♦♠❛r❡♠♦s ♦ ❧✐♠✐t❡ U → ∞
❡✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❧✐♠✐t❡ ❛tô♠✐❝♦✱ ♠❛♥t❡♠♦s ♦ t❡r♠♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ✜♥✐t♦✳ ❯t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❛ ❊q✳ ✭✷✳✸✮✱
♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❝♦♠♦ ❬✻✼❪

H =
∑

k,σ

ǫkc
†
k,σck,σ +

∑

k,σ

(

Vkc
†
k,σ |0〉 〈σ|+ V ⋆

k |σ〉 〈0| ck,σ

)

+ E (0) |0〉 〈0|+ E (1)
∑

σ

|σ〉 〈σ| . ✭✷✳✷✾✮

❖❝♦rr❡ q✉❡ ❡ss❡s ♥♦✈♦s ♦♣❡r❛❞♦r❡s |0〉 〈0|✱ |0〉 〈σ|✱ |σ〉 〈0| ❡ |σ〉 〈σ| ♣♦ss✉❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝♦♠✉t❛çã♦ q✉❡ ♥ã♦
♦s ❝❛r❛❝t❡r✐③❛♠ ♥❡♠ ❝♦♠♦ ❜ós♦♥s✱ ♥❡♠ ❝♦♠♦ ❢ér♠✐♦♥s✳ ◆❛ ✈❡r❞❛❞❡✱ ❡❧❡s ♣♦ss✉❡♠ ❛ á❧❣❡❜r❛ ❞❡ ❝♦♠✉t❛çã♦ ❞♦s
♦♣❡r❛❞♦r❡s ❞❡ ❍✉❜❜❛r❞✱ ♣r✐♠❡✐r❛♠❡♥t❡ ✐♥tr♦❞✉③✐❞♦s ♥❛ ❘❡❢✳ ❬✻✽❪✳ ❉❡ ❢❛t♦✱ s❡ ❞❡✜♥✐r♠♦s

Xαβ ≡ |α〉 〈β| , ✭✷✳✸✵✮

♦♥❞❡ |α〉 ✱ |β〉 = |0〉 ✱ |σ〉✱ t❡♠♦s

[Xαβ ✱ Xγδ]± = δβγXαδ ± δαδXγβ , ✭✷✳✸✶✮

♦♥❞❡ [A✱B]± = AB ±BA✳

✶✶
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❖ ♠♦t✐✈♦ ♣♦r trás ❞❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ss❡s ♦♣❡r❛❞♦r❡s ❞❡ á❧❣❡❜r❛ ✐♥❝♦♠✉♠ é q✉❡ ❝♦rr❡❧❛çõ❡s ❢♦rt❡s ❧✐♠✐t❛♠ ❝♦♥s✐✲
❞❡r❛✈❡❧♠❡♥t❡ ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ✭♣♦r ❡①❡♠♣❧♦✱ ❡①❝❧✉✐♥❞♦ ♦s ❡st❛❞♦s ❞✉♣❧❛♠❡♥t❡ ♦❝✉♣❛❞♦s✮ ❡ ✐♠♣õ❡♠ ✈í♥❝✉❧♦s à
❞✐♥â♠✐❝❛ ❡❧❡trô♥✐❝❛ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s✳ ❊ss❛ ✐♥t❡r♣r❡t❛çã♦ ✜❝❛ ♠❛✐s ❝❧❛r❛ ❛♦ ✐♥tr♦❞✉③✐r♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s
♦♣❡r❛❞♦r❡s X ❡♠ t❡r♠♦s ❞❡ ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s ❡ ❜♦sô♥✐❝♦s ✉s✉❛✐s✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♥✈❡♥✐❡♥t❡ é ❞❛❞❛ ❡♠
t❡r♠♦s ❞♦s ❝❤❛♠❛❞♦s ❜ós♦♥s ❡s❝r❛✈♦s ❬✼✶✱ ✼✷❪

X00 = b†b , Xσ0 = f̃†σb,

X0σ = f̃σb
† , Xσσ = f̃†σ f̃σ, ✭✷✳✸✷✮

♦♥❞❡
[

b✱ b†
]

−
= 1 ,

[

f̃σ✱ f̃†σ
]

+
= δσσ, ✭✷✳✸✸✮

❞❡s❞❡ q✉❡ tr❛❜❛❧❤❡♠♦s ♥♦ s✉❜❡s♣❛ç♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ ✈í♥❝✉❧♦
∑

σ

f̃†σ f̃σ + b†b = 1. ✭✷✳✸✹✮

❖ ♦♣❡r❛❞♦r ❜♦sô♥✐❝♦ b† (b) ❝r✐❛ ✭❞❡stró✐✮ ✉♠ ❜✉r❛❝♦ ♥♦ ♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦✱ ❛♦ ♣❛ss♦ q✉❡ ♦ ♦♣❡r❛❞♦r ❢❡r♠✐ô♥✐❝♦

f̃†σ

(

f̃σ

)

❝r✐❛ ✭❞❡stró✐✮ ✉♠ ❡st❛❞♦ ❞❡ ♦❝✉♣❛çã♦ s✐♠♣❧❡s ❝♦♠ s♣✐♥ σ✳

❊♠ t❡r♠♦s ❞❡st❡s ♦♣❡r❛❞♦r❡s ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ ❛ ❊q✳ ✭✷✳✷✾✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

H =
∑

k,σ

ǫkc
†
k,σck,σ +

∑

k,σ

(

Vkc
†
k,σ f̃σb

† + V ⋆
k f̃

†
σbck,σ

)

+ ǫf
∑

σ

f̃†σ f̃σ. ✭✷✳✸✺✮

❊s❝r❡✈❡♠♦s ❛❣♦r❛ ❛ ❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ❡st❛ ❍❛♠✐❧t♦♥✐❛♥❛✱ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❇✳✶✶✮✳ ❖ ✈í♥❝✉❧♦ ❞❡s❝r✐t♦ ♣❡❧❛ ❊q✳ ✭✷✳✸✹✮

é ✐♠♣♦st♦ ❛♦ ✐♥tr♦❞✉③✐♠♦s ♦ t❡r♠♦ ❝♦♥t❡♥❞♦ ✉♠ ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡ iλ (τ)
[

∑

σ
¯̃
fσ (τ) f̃σ (τ) + b̄ (τ) b (τ)− 1

]

à ❛çã♦

S =

ˆ β

0

dτ







∑

k,σ

c̄kσ (τ) (∂τ + ǫk) ckσ (τ) +
∑

σ

¯̃
fσ (τ) (∂τ + ǫf + iλ (τ)) f̃σ (τ)

+
∑

k,σ

[

Vkc̄kσ (τ) f̃σ (τ) b̄ (τ) + V ⋆
k

¯̃
fσ (τ) b (τ) ckσ (τ)

]

+ b̄ (τ) (∂τ + iλ (τ)) b (τ)− iλ (τ)







, ✭✷✳✸✻✮

♦♥❞❡ ❛ss✉♠✐♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ q✉❡ ǫk ❡ ǫf sã♦ ♠❡❞✐❞♦s ❝♦♠ r❡❧❛çã♦ ❛♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✳
◆❡st❡ ♣♦♥t♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♣♦♥t♦ ❞❡ s❡❧❛✱ ♦✉ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ♥❛ q✉❛❧ s✉❜st✐t✉í♠♦s ♦s ❝❛♠♣♦s

❜♦sô♥✐❝♦s b (τ) ❡ iλ (τ) ♣♦r s❡✉s ✈❛❧♦r❡s ♠é❞✐♦s ❡stát✐❝♦s✳ ❊st❛ ❛❜♦r❞❛❣❡♠ ❝❛✐ ❡♠ ✉♠❛ ❝❧❛ss❡ ❣❡r❛❧ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
❧✐♠✐t❡ ❞❡ N ❣r❛♥❞❡ ❬✼✶✱ ✼✷✱ ✼✸✱ ✼✹❪✳ ▼ét♦❞♦s s✐♠✐❧❛r❡s ❞❡ N ❣r❛♥❞❡ ❥á ❢♦r❛♠ ❛♣❧✐❝❛❞❛s ❝♦♠ s✉❝❡ss♦ ❛ ♦✉tr❛s ár❡❛s
❞❛ ❢ís✐❝❛✱ ❝♦♠♦ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❬✼✺❪ ❡ t❡♦r✐❛ ❞❡ ❝❛♠♣♦s ❬✼✻❪✳ ❆ ✐❞❡✐❛ ❛q✉✐ é ❣❡♥❡r❛❧✐③❛r♠♦s ♥♦ss♦ ♣r♦❜❧❡♠❛ ♣❛r❛
✉♠ ♥♦ q✉❛❧ ♦ ♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦ f ♣♦ss✉❛ ✉♠❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥ ❞❛❞❛ ♣♦r N = 2j + 1 ✭❡ ♥ã♦ ♠❛✐s N = 2✮✱
t♦♠❛♥❞♦ ❡♠ s❡❣✉✐❞❛ ♦ ❧✐♠✐t❡ ❛rt✐✜❝✐❛❧ ♥♦ q✉❛❧ N → ∞✳ ◆❡st❡ ❧✐♠✐t❡ ❡①tr❡♠♦✱ ❛ ❢ís✐❝❛ ❞♦ s✐st❡♠❛ é ❞❡s❝r✐t❛ ♣♦r
✉♠❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ N ✜♥✐t♦ sã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ✉♠❛ ❡①♣❛♥sã♦ ♥♦ ♣❛râ♠❡tr♦ ♣❡q✉❡♥♦
1/N ❬✼✶✱ ✼✷✱ ✼✸✱ ✼✹❪✳ ❯t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❝♦♥✈❡♥❝✐♦♥❛❧

〈b〉 = r, ✭✷✳✸✼✮

i 〈λ〉 = ǫ̃f − ǫf , ✭✷✳✸✽✮

r❡❡s❝r❡✈❡♠♦s ❛ ❊q✳ ✭✷✳✸✻✮ ❝♦♠♦

S0 =

ˆ β

0

dτ







∑

k,σ

c̄kσ (τ) (∂τ + ǫk) ckσ (τ) +
∑

σ

¯̃
fσ (τ) (∂τ + ǫ̃f ) f̃σ (τ)

✶✷
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+
∑

k,σ

[

rVkc̄kσ (τ) f̃σ (τ) + rV ⋆
k

¯̃
fσ (τ) ckσ (τ)

]

+
(

r2 − 1
)

(ǫ̃f − ǫf )







. ✭✷✳✸✾✮

❖ ♣ró①✐♠♦ ♣❛ss♦ é ❝❛❧❝✉❧❛r♠♦s ❛ ❢✉♥çã♦ ♣❛rt✐çã♦ Z0 ❞♦ s✐st❡♠❛ ❛tr❛✈és ❞❛s ❊qs✳ ✭❇✳✽✮ ❡ ✭❇✳✾✮

Z0 =

ˆ

D (c̄k,σ (iωn) ckσ (iωn))D
(

¯̃
fσ (iωn) f̃σ (iωn)

)

e−S0 . ✭✷✳✹✵✮

❈♦♠♦ ❛ ❛çã♦ ❛❝✐♠❛ ♥ã♦ ❝♦♥té♠ t❡r♠♦s ❞❡ ❞♦✐s ❝♦r♣♦s✱ ♦ ❝á❧❝✉❧♦ é s✐♠✐❧❛r àq✉❡❧❡ ❞♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ❊qs✳
✭✷✳✶✸✮✲✭✷✳✶✺✮✳ ❆ss✐♠✱ ✐♥t❡❣r❛♠♦s ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡ ❣❡r❛♠♦s ✉♠❛ ❛çã♦ ❡❢❡t✐✈❛ Seff ✱
❞❛❞❛ ♣♦r

Z0 = Zc

ˆ

D
(

¯̃
fσ (iωn) f̃σ (iωn)

)

e−Seff , ✭✷✳✹✶✮

♦♥❞❡

Zc = det [−iωn + ǫk] , ✭✷✳✹✷✮

❡

Seff =
∑

n,σ

¯̃
fσ (iωn)

(

−iωn + ǫ̃f + r2∆ (iωn)
)

f̃σ (iωn) + β
(

r2 − 1
)

(ǫ̃f − ǫf ) , ✭✷✳✹✸✮

❝♦♠ ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✼✮✱ ❝♦♠ µ = 0✱ ✉♠❛ ✈❡③ q✉❡ ❛❣♦r❛ ♠❡❞✐♠♦s ǫk ❝♦♠ r❡❧❛çã♦ ❛♦ ♥í✈❡❧
❞❡ ❋❡r♠✐✳ ❆ ❢✉♥çã♦ ♣❛rt✐çã♦ Z0 é✱ ❡♥tã♦✱ ❞❛❞❛ ♣♦r

Z0 = Zc❡①♣

[

∑

n,σ

❧♥
(

−iωn + ǫ̃f + r2∆ (iωn)
)

− β
(

r2 − 1
)

(ǫ̃f − ǫf )

]

, ✭✷✳✹✹✮

❡ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❧❡♠❜r❛♥❞♦ q✉❡ F0 = −T ❧♥Z0✱

F0 = −T
∑

n,σ

❧♥
(

−iωn + ǫ̃f + r2∆ (iωn)
)

+
(

r2 − 1
)

(ǫ̃f − ǫf ) . ✭✷✳✹✺✮

❆ ❡①tr❡♠✐③❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❛❝✐♠❛✱ ❝♦♠ r❡❧❛çã♦ ❛ r ❡ ǫ̃f ✱ ❧❡✈❛✲♥♦s às ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦

2T
∑

n

G̃f (iωn) = 1− r2, ✭✷✳✹✻✮

2T
∑

n

G̃f (iωn) ∆ (iωn) = (ǫ̃f − ǫf ) , ✭✷✳✹✼✮

♦♥❞❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ G̃f (iωn) ❞♦s ❢ér♠✐♦♥s f é ❞❛❞❛ ♣♦r

G̃f (iωn) =
1

iωn − ǫ̃f − r2∆ (iωn)
. ✭✷✳✹✽✮

◆❛t✉r❛❧♠❡♥t❡✱ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞♦s ❡❧étr♦♥s ❧♦❝❛❧✐③❛❞♦s é ❞❛❞❛ ♣♦r Gf (iωn) = r2G̃f (iωn)✳ ❈♦♠♣❛r❛♥❞♦ ❡st❛
❡q✉❛çã♦ ❝♦♠ ❛ ❊q✳ ✭✷✳✷✸✮✱ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✷✳✷✽✮✱ ✈❡♠♦s q✉❡ ♠❡s♠♦ ♥❡st❡ ♠♦❞❡❧♦ ❢♦rt❡♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ ❛✐♥❞❛
t❡♠♦s ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠❛ r❡ss♦♥â♥❝✐❛✳ ❊❧❛ é ❛❣♦r❛ ❧♦❝❛❧✐③❛❞❛ ❛♦ r❡❞♦r ❞❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ ❞❡st❡ ♦r❜✐t❛❧ ǫ̃f ❡
s✉❛ ❧❛r❣✉r❛ é ❞❛❞❛ ♣♦r r2∆ (iωn)✱ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ r❡♥♦r♠❛❧✐③❛❞❛ ♣♦r r2✳

❈♦♠ ❛s ❊qs✳ ✭✷✳✹✻✮✲✭✷✳✹✽✮ t❡r♠✐♥❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❛✉t♦❝♦♥s✐st❡♥t❡♠❡♥t❡✱ ♣♦✐s ❞❛❞♦s ♦s ♣❛râ♠❡tr♦s εf ❡ ∆ (ω)✱
❝❛❧❝✉❧❛♠♦s ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❡stát✐❝♦s ❞♦s ❜ós♦♥s ❡s❝r❛✈♦s r2 ❡ ǫ̃f ✳ ◆♦t❛♠♦s ❛✐♥❞❛ q✉❡ ❛ ❊q✳ ✭✷✳✹✻✮ ♥❛❞❛ ♠❛✐s é ❞♦
q✉❡ ❛ ✐♠♣♦s✐çã♦ ❞♦ ✈í♥❝✉❧♦ ✭✷✳✸✹✮ ♥❛ ♠é❞✐❛✱ ✉♠❛ ✈❡③ q✉❡ ❛ s♦♠❛ ❞❡ ▼❛ts✉❜❛r❛ 2T

∑

n G̃f (iωn) ❞á ♣r❡❝✐s❛♠❡♥t❡
nf ❬✺✾✱ ✻✵❪✳

P❛r❛ ✐❧✉str❛r♠♦s ♦ ❝♦♥t❡ú❞♦ ❞❡ss❛s ❡q✉❛çõ❡s ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛✱ ✈❛♠♦s r❡s♦❧✈ê✲❧❛s ♥♦ ❝❤❛♠❛❞♦ ❧✐♠✐t❡ ❑♦♥❞♦✳
❊♠ s❡✉ tr❛❜❛❧❤♦ ♦r✐❣✐♥❛❧ ❬✸✹❪✱ ❆♥❞❡rs♦♥ ♠♦str♦✉✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✱ q✉❡
❛❝✐♠❛ ❞❡ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ Uc ∼ πΓ✱ ♦♥❞❡ Γ é ❛ ❧❛r❣✉r❛ ❞❛ r❡ss♦♥â♥❝✐❛ ❞♦ ❡st❛❞♦ f ✭❊q✳ ✭✷✳✷✺✮✮✱ ♦

✶✸
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♠♦♠❡♥t♦ ❧♦❝❛❧✐③❛❞♦ ❛❞q✉✐r❡ ✉♠❛ ♠❛❣♥❡t✐③❛çã♦ M = 〈nf↑〉 − 〈nf↓〉 ✜♥✐t❛✳ ❈♦♥t✉❞♦✱ ❡ss❛ s♦❧✉çã♦ ✐❣♥♦r❛ ✢✉t✉❛çõ❡s
q✉â♥t✐❝❛s ❞❡ s♣✐♥ q✉❡ ❢❛③❡♠ ❝♦♠ q✉❡ ❡st❡ ♠♦♠❡♥t♦ ❧♦❝❛❧✐③❛❞♦ t✉♥❡❧❡✱ ❡♠ ✉♠❛ ❧❡♥t❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ τ↑↓✱ ❡♥tr❡ ♦s
❡st❛❞♦s ❛tô♠✐❝♦s ❞❡❣❡♥❡r❛❞♦s |↑〉 ❡ |↓〉✱ ❊q✳ ✭✷✳✷✮✳ ❙ã♦ ♣r❡❝✐s❛♠❡♥t❡ ❡st❛s ✢✉t✉❛çõ❡s q✉â♥t✐❝❛s q✉❡ ❡stã♦ ♣♦r trás
❞♦ ❡❢❡✐t♦ ❑♦♥❞♦ ❬✻✼❪✱ q✉❡ ❢❛③ ❝♦♠ q✉❡ ♦ ♠♦♠❡♥t♦ ❧♦❝❛❧✐③❛❞♦ s❡❥❛ ❜❧✐♥❞❛❞♦ ♣❡❧♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❛tr❛✈és ❞❛
❢♦r♠❛çã♦ ❞❡ ✉♠ s✐♥❣❧❡t♦✳ ■♥tr♦❞✉③✐♠♦s ✉♠❛ t❡♠♣❡r❛t✉r❛ TK ✱ ❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦✱ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡ t❡♠♣♦ ❞❡
t✉♥❡❧❛♠❡♥t♦ TK ∼ 1/τ↑↓✱ ❡ q✉❡ t❛♠❜é♠ ❞á ❛ ❧❛r❣✉r❛ ❞❛ r❡ss♦♥â♥❝✐❛ ♥❛ ❊q✳ ✭✷✳✹✽✮✳ ❆ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦ ♠❛r❝❛ ♦
✏❝r♦ss♦✈❡r✑ ❡♥tr❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t✐♣♦ ❈✉r✐❡ ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ χ ∼ 1/T ❛ ❛❧t❛s t❡♠♣❡r❛t✉r❛s
❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♣❛r❛♠❛❣♥ét✐❝♦ χ ∼ 1/TK ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳

◆♦ ❧✐♠✐t❡ ❑♦♥❞♦✱ t❡♠♦s nf ≃ 1 ❡✱ ♣❡❧❛ ❊q✳ ✭✷✳✹✻✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r nf = 1 − r2✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ r2 → 0✳
❈♦♠♦ U → ∞✱ ❛ ❞✉♣❧❛ ♦❝✉♣❛çã♦ ❡stá ❞❡s❝❛rt❛❞❛✱ ❝♦♥t✉❞♦✱ ♥ã♦ ❜❛st❛ s✉♣♦r♠♦s q✉❡ ♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ❞♦s ❡❧étr♦♥s
❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉çã♦ µ✱ ❝♦♠ µ = 0✱ s❡❥❛ ♠❛✐♦r ❞♦ q✉❡ ǫf ✱ ♣❛r❛ q✉❡ ♦ ❡st❛❞♦ f ❡st❡❥❛ s❡♠♣r❡ ❝♦♠ ♦❝✉♣❛çã♦ s✐♠♣❧❡s✳
❆❧é♠ ❞✐ss♦✱ ♣r❡❝✐s❛♠♦s q✉❡ |ǫf | ≫ Γ ♣❛r❛ q✉❡ ♥ã♦ ❤❛❥❛ ❤✐❜r✐❞✐③❛çã♦ ❡♥tr❡ ♦ ❡❧étr♦♥ ❧♦❝❛❧✐③❛❞♦ f ❡ ❛q✉❡❧❡s ❞❛ ❜❛♥❞❛
❞❡ ❝♦♥❞✉çã♦✳ P♦r ✜♠✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❝♦♠♦ ❝♦♥st❛♥t❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞♦s ❡❧étr♦♥s ❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉çã♦

ρc (ω) =

{

1/2D✱ |ω| ≤ D
0✱ |ω| > D

, ✭✷✳✹✾✮

♦♥❞❡ D é ❛ ♠❡✐❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛✳ ❈♦♥s✐❞❡r❛♠♦s t❛♠❜é♠ q✉❡ ❛♣❡♥❛s ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ♥❛ s✉♣❡r❢í❝✐❡
❞❡ ❋❡r♠✐ s❡❥❛ ✐♠♣♦rt❛♥t❡

∆ (ω) = ∆ (0) = Φ + iΓ, ✭✷✳✺✵✮

♥❛t✉r❛❧♠❡♥t❡ ❝♦♠ Φ = ❘❡ [∆ (0)] ❡ Γ = ■♠ [∆ (0)]✱ ❡st❡ ú❧t✐♠♦ ♥♦✈❛♠❡♥t❡ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✷✺✮✳
❯t✐❧✐③❛♠♦s ❛❣♦r❛ ♦s r❡s✉❧t❛❞♦s ❞♦ ❆♣ê♥❞✐❝❡ ✭❆✮ ♣❛r❛ r❡❡s❝r❡✈❡♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ✭✷✳✹✻✮ ❡ ✭✷✳✹✼✮

♥♦ ❧✐♠✐t❡ T → 0

1

π

ˆ ∞

0

❘❡
[

G̃f (iω)
]

dω = −r
2

2
, ✭✷✳✺✶✮

2

π

ˆ ∞

0

❘❡
[

∆f (iω) G̃f (iω)
]

dω = (ǫ̃f − ǫf ) . ✭✷✳✺✷✮

❖❧❤❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❊q✳ ✭✷✳✺✶✮✳ ❯t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭✷✳✹✽✮✱ ✭✷✳✹✾✮ ❡ ✭✷✳✺✵✮✱ t❡♠♦s

−
(

ǫ̃f + r2Φ
)

π

ˆ D

0

1

(ω − r2Γ)
2

+ (ǫ̃f + r2Φ)
2 dω = −r

2

2
. ✭✷✳✺✸✮

❉❡✈❡♠♦s ❝♦♥s✐❞❡r❛r✱ ❡♠ ✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ❞❛ ✐♥t❡❣r❛❧ ❝♦♠♦ ❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ D✱ ♣♦✐s é ♥❛
r❡❣✐ã♦ |ω| ≤ D q✉❡ t❡♠♦s Γ 6= 0✱ ❊q✳ ✭✷✳✷✺✮ ✳ ❈♦♥t✉❞♦✱ ❝♦♠♦ ♦ ✐♥t❡❣r❛♥❞♦ ❝❛✐ ❝♦♠ 1/ω2 ♣❛r❛ ω → ∞✱ ♣♦❞❡♠♦s
♥❡st❡ ❝❛s♦ ❢❛③❡r D →∞ ♣❛r❛ s✐♠♣❧✐✜❝❛r ♦ ❝á❧❝✉❧♦ ❞❛ ✐♥t❡❣r❛❧✱ ❞♦♥❞❡ ✈❡♠ q✉❡

− 1

π
❛r❝t❛♥

[

ω

ǫ̃f + r2Φ

]∞

−r2Γ

= −r
2

2
,

− 1

π

{

π

2
− ❛r❝t❛♥

[ −r2Γ
ǫ̃f + r2Φ

]}

= −r
2

2
. ✭✷✳✺✹✮

❈♦♠♦ r2 → 0✱ ❞❡✈❡♠♦s t❡r ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ t❡♥❞❡♥❞♦ ❛ ③❡r♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r
♦ ❛r❝♦✲t❛♥❣❡♥t❡ ❝♦♠ ♦ s❡✉ ❛r❣✉♠❡♥t♦ ✐♥❞♦ ♣❛r❛ ✐♥✜♥✐t♦✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ǫ̃f + r2Φ→ 0−✱ ❞♦♥❞❡ ♦❜t❡♠♦s

− 1

π

{

− ǫ̃f + r2Φ

r2Γ

}

= −r
2

2
,

ǫ̃f = −r2Φ− πΓr4

2
, ✭✷✳✺✺✮

❡ ✈❡♠♦s q✉❡✱ ❞❡ ❢❛t♦✱ ❛ ❝♦♥❞✐çã♦ ǫ̃f + r2Φ → 0− é s❛t✐s❢❡✐t❛✳ ❆ ❡q✉❛çã♦ ❛❝✐♠❛ ♠♦str❛ q✉❡✱ ♥♦ ❧✐♠✐t❡ ❑♦♥❞♦✱
r2 → 0✱ ❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ ❞♦ ♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦ ❛♣r♦①✐♠❛✲s❡ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ✐♥❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧
❞❛ ❡♥❡r❣✐❛ ❞❡s♣✐❞❛ ǫf ✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ❛ r❡ss♦♥â♥❝✐❛ ❞❛ ❊q✳ ✭✷✳✹✽✮ ❡st❡❥❛✱ ❛ss✐♠✱ ❝❡♥tr❛❞❛ ♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ❡

✶✹



❈❆P❮❚❯▲❖ ✷✳ ▼❖❉❊▲❖❙ ❊ ▼➱❚❖❉❖❙

♣♦ss✉❛ ❧❛r❣✉r❛ r2Γ✳ ❚❛❧ r❡ss♦♥â♥❝✐❛ ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ r❡ss♦♥â♥❝✐❛ ❑♦♥❞♦ ❬✻✼❪✱ ❡ s✉❛ ❧❛r❣✉r❛ é
❞❛❞❛ ♣❡❧❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦✱ TK = r2Γ✳

P❛ss❛♠♦s ❛❣♦r❛ ❛ s♦❧✉çã♦ ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦

− 2

π

ˆ D

0

Φ
(

ǫ̃f + r2Φ
)

(ω − r2Γ)
2

+ (ǫ̃f + r2Φ)
2 dω +

2

π

ˆ D

0

Γ
(

ω − r2Γ
)

(ω − r2Γ)
2

+ (ǫ̃f + r2Φ)
2 dω = (ǫ̃f − ǫf ) . ✭✷✳✺✻✮

❆ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ é ✐❞ê♥t✐❝❛ àq✉❡❧❛ ❛ss♦❝✐❛❞❛ à ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❊q✳ ✭✷✳✺✸✮✱ ❡ r❡str✐♥❣✐♠♦✲♥♦s
❛♦ ❝á❧❝✉❧♦ ❞❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧✳ ◆♦t❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ♥ã♦ ♣♦❞❡♠♦s t♦♠❛r ♦ ❧✐♠✐t❡ D → ∞✱ ♣♦✐s ♦ ✐♥t❡❣r❛♥❞♦ ❝❛✐
❛♣❡♥❛s ❝♦♠ 1/ω✱ ❡✱ ❛ss✐♠✱ ❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ D ❡♥tr❛ ❝♦♠♦ ✉♠ ❧✐♠✐t❡ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ ❢r❡q✉ê♥❝✐❛✳ ❉✐❛♥t❡
❞❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ t❡♠♦s q✉❡

−r2Φ +
Γ

π
❧♥

[

(

D − r2Γ
)2

+
(

ǫ̃f + r2Φ
)2

(r2Γ)
2

+ (ǫ̃f + r2Φ)
2

]

= (ǫ̃f − ǫf ) . ✭✷✳✺✼✮

◆❡st❡ ♣♦♥t♦✱ ✉t✐❧✐③❛♠♦s ❛ ❊q✳ ✭✷✳✺✺✮ ♣❛r❛ ❡s❝r❡✈❡r ǫ̃f = −r2Φ✱ ❞❡s♣r❡③❛♥❞♦ t❡r♠♦s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r✳ ❆❧é♠ ❞✐ss♦✱
t❡♠♦s q✉❡ D ≫ r2Γ✱ ❞♦♥❞❡ ✈❡♠ q✉❡

2Γ

π
❧♥
[

D

r2Γ

]

= |ǫf | ,

TK = r2Γ = De−π|ǫf |/2Γ, ✭✷✳✺✽✮

❡ ✈❡♠♦s ❛ss✐♠ q✉❡✱ ❡♠❜♦r❛ ❛ r❡ss♦♥â♥❝✐❛ s❡♠♣r❡ ♦❝♦rr❛ ♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ s✉❛ ❧❛r❣✉r❛ ❞❡♣❡♥❞❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡
❞❡ ǫf ✳

◆♦ ❝❛s♦ ❞❡ U ✜♥✐t♦✱ ♣♦❞❡♠♦s ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦ ✉t✐❧✐③❛♥❞♦ ❡ss❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✳ P❛r❛ t❛❧✱ ❝♦♥✲
s✐❞❡r❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❆♥❞❡rs♦♥ s✐♠étr✐❝♦✱ ♥♦ q✉❛❧ ǫf = −U/2✱ ❡ ❛ss✐♠ ❡s❝r❡✈❡♠♦s ❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦ ❝♦♠♦
❬✻✼❪

TK = De−πU/8Γ. ✭✷✳✺✾✮

❊st❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ TK ❝♦♠ U ♣♦❞❡ s❡r ♦❜t✐❞❛✶✱ ♣♦r ❡①❡♠♣❧♦✱ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦
❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❞❡ ❑♦t❧✐❛r ❡ ❘✉❝❦❡♥st❡✐♥✱ ❝♦♠♦ ❞✐s❝✉t✐❞❛ ♥❛ s❡çã♦ ✭✷✳✷✳✹✮✳

✷✳✷ ❈♦rr❡❧❛çõ❡s✱ ❞❡s♦r❞❡♠ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞

◆♦ss♦ tr❛❜❛❧❤♦ é ❝❡♥tr❛❞♦ ♥♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❖ t❡r♠♦ ❝♦rr❡❧❛çã♦✱ ❝♦♠♦ ✉s❛❞♦ ❡♠
♥♦ss♦ tr❛❜❛❧❤♦✱ ♣♦ss✉✐ ♦ ♠❡s♠♦ s❡♥t✐❞♦ ❞❛q✉❡❧❡ ♠❛✐s ✉s✉❛❧ ✉t✐❧✐③❛❞♦ ❡♠ ♠❛t❡♠át✐❝❛✱ ❡ ❡①♣r❡ss❛ s✐♠♣❧❡s♠❡♥t❡ ♦
❢❛t♦ ❞❡ q✉❡ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ ❞❡ q✉❛♥t✐❞❛❞❡s q✉❛✐sq✉❡r A ❡ B ✭❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦✮ é✱ ❞❡ ♠❛♥❡✐r❛
❣❡r❛❧✱ ❞✐❢❡r❡♥t❡ ❞♦ ♣r♦❞✉t♦ ❞♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛♥t✐❞❛❞❡s s❡♣❛r❛❞❛♠❡♥t❡

〈AB〉 = 〈A〉 〈B〉+ ❈♦rr❡❧❛çõ❡s. ✭✷✳✻✵✮

❇❛s❡❛❞♦ ♥❡st❛ ❞❡✜♥✐çã♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r ♥❛s ❝♦rr❡❧❛çõ❡s ❝♦♠♦ ❞❡s❝r❡✈❡♥❞♦ ❡❢❡✐t♦s q✉❡ ✈ã♦ ❛❧é♠ ❞❡ ❛♣r♦①✐♠❛çõ❡s
♦❜t✐❞❛s ♣❡❧❛ ❢❛t♦r❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦✳ ❚❛✐s ❛♣r♦①✐♠❛çõ❡s sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❛♣r♦①✐♠❛çõ❡s ❞❡ ❝❛♠♣♦
♠é❞✐♦ ❡stát✐❝❛s ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❲❡✐ss ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ❬✶✶❪✱ ♦✉ ❛
❛♣r♦①✐♠❛çã♦ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❬✻✵❪✳

❊♠ ♠❛t❡r✐❛✐s r❡❛✐s✱ ❝♦rr❡❧❛çõ❡s sã♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ✐♠♣♦rt❛♥t❡s q✉❛♥❞♦ ❞♦✐s ❡❧étr♦♥s ✭❝♦♠ s♣✐♥s ♦♣♦st♦s✮ ♦❝✉♣❛♠
♦ ♠❡s♠♦ ♦r❜✐t❛❧ ❡str❡✐t♦ d ♦✉ f ✳ P♦❞❡♠♦s ❡st✐♠❛r s❡✉ ❣r❛✉ ❞❡ ❝♦rr❡❧❛çã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ❖s ❡❧étr♦♥s ♠♦✈❡♠✲s❡
❡♠ ✉♠ ♠❡t❛❧ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ v ≈ vF ✱ ♦♥❞❡ vF = εF /~kF é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐ ❡ kF é ♦ ✈❡t♦r ❞❡ ♦♥❞❛
❞❡ ❋❡r♠✐✳ ❊s❝r❡✈❡♥❞♦ k−1

F ∼ a ❡ εF = D✱ ♦♥❞❡ D é ❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❡ a ♦ ♣❛râ♠❡tr♦ ❞❡ r❡❞❡✱ ♦❜t❡♠♦s
v ∼ Da/~✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ tí♣✐❝❛ ❝♦♠♦ v ∼ a/∆t✱ ♦♥❞❡ ∆t é ♦ t❡♠♣♦ ♠é❞✐♦ q✉❡ ♦
❡❧étr♦♥ ♣❛ss❛ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♦r❜✐t❛❧ ✭át♦♠♦✮✱ ❞♦♥❞❡ ✈❡♠ q✉❡

∆t ∼ ~

D
. ✭✷✳✻✶✮

✶◆♦t❡✱ ❝♦♥t✉❞♦✱ q✉❡ ❤á ✉♠ ❢❛t♦r ❡①tr❛ ❞❡ 1/2 ♥♦ ❡①♣♦❡♥t❡✱ r❡✢❡t✐♥❞♦ ♦ ❢❛t♦ q✉❡✱ ♣❛r❛ U ✜♥✐t♦✱ ❤á ❞♦✐s ❝❛♥❛✐s ❞❡ ✢✉t✉❛çã♦✱ ❊q✳ ✭✷✳✹✮✳

✶✺
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❋✐❣✉r❛ ✷✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❡♠ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ✭♦s í♦♥s ❞❛ r❡❞❡ sã♦ ❛ss✉♠✐❞♦s ✜①♦s✮✳
❖s ❡❧étr♦♥s ♠♦✈❡♠✲s❡ ❞❡ ✉♠ sít✐♦ ✭í♦♥✮ ❞❛ r❡❞❡ ♣❛r❛ ✉♠ ❞❡ s❡✉s ✭q✉❛tr♦✮ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s ❝♦♠ ✉♠❛ ❛♠♣❧✐t✉❞❡
❞❡ ✏❤♦♣♣✐♥❣✑ t✳ ◗✉❛♥❞♦ ❞♦✐s ❡❧étr♦♥s ❞❡ s♣✐♥s ♦♣♦st♦s ♦❝✉♣❛♠ ♦ ♠❡s♠♦ sít✐♦ ❞❛ r❡❞❡✱ ❡❧❡s ♣❛❣❛♠ ✉♠❛ ❡♥❡r❣✐❛ U
❞❡✈✐❞♦ à r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❡①✐st❡♥t❡ ❡♥tr❡ ❡❧❡s✳ ❆♥❛❧✐s❛♥❞♦ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ú♥✐❝♦ sít✐♦✱ ✈❡♠♦s q✉❡✱ ❝♦♠♦
❢✉♥çã♦ ❞♦ t❡♠♣♦✱ s✉❛ ♦❝✉♣❛çã♦ ♠✉❞❛✱ ♣♦❞❡♥❞♦ ❡❧❡ ❡st❛r ✈❛③✐♦✱ ❝♦♠ ♦❝✉♣❛çã♦ s✐♠♣❧❡s ♦✉ ❞✉♣❧❛✳

❱❡♠♦s ❛ss✐♠ q✉❡✱ q✉❛♥t♦ ♠❛✐s ❡str❡✐t❛ é ❛ ❜❛♥❞❛ ❞❡ ✉♠ ♦r❜✐t❛❧✱ ♠❛✐s t❡♠♣♦ ♦ ❡❧étr♦♥ ♣❛ss❛ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦
át♦♠♦ ❡ ♠❛✐s ❡❧❡ s❡♥t❡ ❛ ♣r❡s❡♥ç❛ ❞♦s ♦✉tr♦s ❡❧étr♦♥s✳ ◆❡st❛ ❝❧❛ss❡ ❞❡ ♠❛t❡r✐❛✐s q✉❡ ❛♣r❡s❡♥t❛♠ ❜❛♥❞❛s ❡str❡✐t❛s
✜❣✉r❛♠ ❡❧❡♠❡♥t♦s q✉❡ ♣♦ss✉❡♠ ❛s ❝❛♠❛❞❛s d ♦✉ f ♣❛r❝✐❛❧♠❡♥t❡ ♣r❡❡♥❝❤✐❞❛s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ♠❡t❛✐s ❞❡
tr❛♥s✐çã♦ V ✱ Fe✱ Ni ❡ s❡✉s ó①✐❞♦s✱ ♦✉ ❛s t❡rr❛s r❛r❛s✱ ❝♦♠♦ Ce ❡ Eu✳ ❊st❡ ❝♦♥✜♥❛♠❡♥t♦ ❡s♣❛❝✐❛❧ ❞♦s ❡❧étr♦♥s
❛✉♠❡♥t❛ ♦s ❡❢❡✐t♦s ❞❛ r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❡♥tr❡ ❡❧❡s✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ s❡ t♦r♥❡♠ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳

❖ ♠♦❞❡❧♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ tr❛t❛r♠♦s ❛s ❝♦rr❡❧❛çõ❡s é ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❬✸✶✱ ✸✷✱ ✸✸❪

H = −t
∑

〈ij〉,σ

c†iσcjσ + U
∑

i

ni↑ni↓, ✭✷✳✻✷✮

♦♥❞❡ c†iσ✭ciσ✮ ❝r✐❛ ✭❞❡stró✐✮ ✉♠ ❡❧étr♦♥ ❝♦♠ s♣✐♥ σ ♥♦ sít✐♦ i✱ niσ = c†iσciσ ❞á ♦ ♥ú♠❡r♦ ❞❡ ❡❧étr♦♥s ❝♦♠ s♣✐♥ σ ♥♦ sít✐♦
i✱ t é ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ ❡♥tr❡ ♦s sít✐♦s ✈✐③✐♥❤♦s i ❡ j ❡ U é ♦ t❡r♠♦ ❞❡ r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❧♦❝❛❧ q✉❡ ❡①✐st❡
❛♣❡♥❛s q✉❛♥❞♦ ❞♦✐s ❡❧étr♦♥s ♦❝✉♣❛♠ ✉♠ ♠❡s♠♦ sít✐♦ i✳ ❖ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❡ H é ♦ t❡r♠♦ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ♣♦✐s
❞❡s❝r❡✈❡ ♦ ♠♦✈✐♠❡♥t♦ ❞♦s ❡❧étr♦♥s ❛tr❛✈és ❞❛ r❡❞❡ ♣❡❧❛ s✉❛ ❞❡str✉✐çã♦ ✭❝r✐❛çã♦✮ ❡♠ sít✐♦ i ❡ s✉❛ ❝r✐❛çã♦ ✭❞❡str✉✐çã♦✮
♥♦ sít✐♦ j✳ ❙❡ ♦❧❤❛r♠♦s ❛ ♦❝✉♣❛çã♦ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ sít✐♦ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ❡❧❡ ♣♦❞❡rá ❡st❛r t❛♥t♦ ✈❛③✐♦
(|0〉)✱ ❝♦♠ ♦❝✉♣❛çã♦ s✐♠♣❧❡s (|↑〉 ♦✉ |↓〉) ♦✉ ❞✉♣❧❛ (|2〉)✱ ❋✐❣✳ ✭✷✳✶✮✳

❆♣❡s❛r ❞❡ s✉❛ ❛♣❛r❡♥t❡ s✐♠♣❧✐❝✐❞❛❞❡✱ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ só ♣♦ss✉✐ s♦❧✉çã♦ ❡①❛t❛ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ❬✼✼❪✳
P❛r❛ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s✱ ♣r❡❝✐s❛♠♦s ❡♠♣r❡❣❛r ❛❧❣✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ r❡s♦❧✈ê✲❧♦✳ ❍á✱ ❝♦♥t✉❞♦✱ ❞♦✐s ❧✐♠✐t❡s ♥♦s
q✉❛✐s ♣♦❞❡♠♦s r❡s♦❧✈ê✲❧♦ ❢❛❝✐❧♠❡♥t❡✳

❖ ♣r✐♠❡✐r♦ é ♦ r❡❣✐♠❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ♥♦ q✉❛❧ U = 0. ◆❡st❡ ❝❛s♦✱ ❛ ❞✐❛❣♦♥❛❧✐③❛çã♦ ❞❛ ❊q✳ ✭✷✳✻✷✮ ♣♦❞❡ s❡r ❢❡✐t❛
♣♦r ✉♠❛ s✐♠♣❧❡s tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡ ❣❡r❛♠♦s ✉♠❛ ❜❛♥❞❛ ❞❡ ❞✐s♣❡rsã♦ ε (k)✳ P❛r❛ ✉♠❛ r❡❞❡ ❤✐♣❡r✲❝ú❜✐❝❛ ❡♠
d ❞✐♠❡♥sõ❡s✱ ❝♦♠ ❞✐♠❡♥sã♦ ❧✐♥❡❛r L ❡ s✉❥❡✐t❛ ❛ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ε (k) = −2t

d
∑

i=1

❝♦s (ki) , ✭✷✳✻✸✮

❝♦♠ ki = 2πni/L ❡ ni = 0,±1,±2, · · · ,± (L/2− 1) , L/2✳ ❆ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ D é✱ ❡♥tã♦✱

D = zt = 2dt, ✭✷✳✻✹✮

✶✻
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♦♥❞❡ z é ♥ú♠❡r♦ ❞❡ ❝♦♦r❞❡♥❛çã♦ ♦✉ ♥ú♠❡r♦ ❞❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✱ q✉❡ ❡♠ ✉♠❛ r❡❞❡ ❤✐♣❡r✲❝ú❜✐❝❛ é ❞❛❞♦ s✐♠♣❧❡s✲
♠❡♥t❡ ♣♦r z = 2d✳ ❖s ❛✉t♦✈❡t♦r❡s sã♦ ❡st❛❞♦s ❡st❡♥❞✐❞♦s ❞❡ ❇❧♦❝❤

|k〉 =
1√
Ld

∑

i

eik·ri |i〉 , ✭✷✳✻✺✮

♦♥❞❡ |i〉 é ♦ ❡st❛❞♦ ❛ss♦❝✐❛❞♦ ❛♦ sít✐♦ i✱ q✉❡ ❡stá s✐t✉❛❞♦ ♥❛ ♣♦s✐çã♦ ri✳ ❆ ❢✉♥çã♦ ❞❡ ♦♥❞❛ 〈r| i〉 é ❝❡♥tr❛❞❛ ❛♦ r❡❞♦r
❞♦ sít✐♦ i ❡ ❞❡❝❛✐ à ♠❡❞✐❞❛ ❡♠ q✉❡ ❞❡❧❡ ♥♦s ❞✐st❛♥❝✐❛♠♦s✳ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s q✉❡ ❛♣r❡s❡♥t❛ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛
sã♦ ❛s ❢✉♥çõ❡s ❞❡ ❲❛♥♥✐❡r ❬✸❪✳ ◆❡st❡ r❡❣✐♠❡✱ ♦ ♠♦❞❡❧♦ s❡♠♣r❡ ❞❡s❝r❡✈❡rá ✉♠ ♠❡t❛❧✱ ❞❡s❞❡ q✉❡ ❛ ♦❝✉♣❛çã♦ ❞♦s
sít✐♦s n = N/Ld✱ ♦♥❞❡ N é ♦ ♥ú♠❡r♦ ❞❡ ❡❧étr♦♥s✱ s❡❥❛ ❞✐❢❡r❡♥t❡ ❞❡ 0 ✭❜❛♥❞❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ✈❛③✐❛✮ ♦✉ 2 ✭❜❛♥❞❛
❝♦♠♣❧❡t❛♠❡♥t❡ ❝❤❡✐❛✮✳

❖ ♦✉tr♦ ❧✐♠✐t❡ é ♦ ❧✐♠✐t❡ ❛tô♠✐❝♦✱ ♥♦ q✉❛❧ t❡♠♦s t = 0✳ ❆q✉✐ ♦ ♣r♦❜❧❡♠❛ r❡❞✉③✲s❡ ❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✉♠ ú♥✐❝♦
sít✐♦✳ ❖s q✉❛tr♦ ❡st❛❞♦s q✉â♥t✐❝♦s ❞❡st❡ ❧✐♠✐t❡✱ ❜❡♠ ❝♦♠♦ s✉❛s r❡s♣❡❝t✐✈❛s ❡♥❡r❣✐❛s✱ sã♦

|2〉 E (2) = U ;

|0〉 E (0) = 0;

|↑〉 ✱ |↓〉 E (1) = 0; ✭✷✳✻✻✮

❈♦♥❤❡❝❡♥❞♦ ♦ ❡s♣❡❝tr♦ ♣♦❞❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ♣❛rt✐çã♦ ❞❡ ❝❛❞❛ sít✐♦✱

Z =
∑

α

〈α| e−β(H−µN) |α〉 = 1 + 2eβµ + e−β(U−2µ), ✭✷✳✻✼✮

♦♥❞❡ β = 1/T ❡ µ é ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✱ ❜❡♠ ❝♦♠♦ s✉❛ ❡♥❡r❣✐❛ ❧✐✈r❡

f =
F

Ld
= −T ❧♥

(

1 + 2eβµ + e−β(U−2µ)
)

, ✭✷✳✻✽✮

♦✉ s✉❛ ♦❝✉♣❛çã♦

n =
N

Ld
=

1

Z

(

2eβµ + 2e−β(U−2µ)
)

= 2
(

eβµ + e−β(U−2µ)
)(

1 + 2eβµ + e−β(U−2µ)
)−1

. ✭✷✳✻✾✮

❉❡st❛ ú❧t✐♠❛ ❡q✉❛çã♦ ✈❡♠♦s q✉❡ ♦ ❝❛s♦ ❞❡ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✱ n = 1✱ ❝♦rr❡s♣♦♥❞❡ ❛ µ = U/2✳ ❊♠❜♦r❛ ♦❜t✐❞❛ ♥♦
❧✐♠✐t❡ ❛tô♠✐❝♦✱ ❡ss❛ r❡❧❛çã♦ é ✈á❧✐❞❛ ♠❡s♠♦ ♣❛r❛ t 6= 0✱ ❞❡s❞❡ q✉❡ t❡♥❤❛♠♦s s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦ ❬✻✵❪✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✱ ✈❡♠♦s q✉❡✱ ♣❛r❛ U/t ≪ 1✱ ♦ s✐st❡♠❛ s❡ ❝♦♠♣♦rt❛
❝♦♠♦ ✉♠ ♠❡t❛❧✱ ✉♠❛ ✈❡③ q✉❡ ♦ t❡r♠♦ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ é ♦ ❞♦♠✐♥❛♥t❡ ❡ t❡♥❞❡ ❛ ❞❡❧♦❝❛❧✐③❛r ♦s ❡❧étr♦♥s✱ ❊q✳ ✭✷✳✻✺✮✳
❏á ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ U/t≫ 1✱ ♦ s✐st❡♠❛ ❝♦♠♣♦rt❛✲s❡ ❝♦♠♦ ✐s♦❧❛♥t❡✱ ❞❛❞♦ q✉❡ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ é ♦ ❞♦♠✐♥❛♥t❡ ❡
❛ ❞✉♣❧❛ ♦❝✉♣❛çã♦ t♦r♥❛✲s❡ ❡♥❡r❣❡t✐❝❛♠❡♥t❡ ❞❡s❢❛✈♦rá✈❡❧✱ ❊q✳ ✭✷✳✻✻✮✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♦ s✐st❡♠❛ ♠✐♥✐♠✐③❡ ❛ ❡♥❡r❣✐❛
❧♦❝❛❧✐③❛♥❞♦ ♦s ❡❧étr♦♥s✳ P♦rt❛♥t♦✱ ❞❡✈❡ ❤❛✈❡r ❛❧❣✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ Uc ♥♦ q✉❛❧ ❤❛❥❛ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ✉♠
♠❡t❛❧ ♣❛r❛ ✉♠ ✐s♦❧❛♥t❡✳ ❚❛❧ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ✐♥❞✉③✐❞❛ ♣♦r ❝♦rr❡❧❛çõ❡s é ❝♦♥❤❡❝✐❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡
❞❡ ▼♦tt ❬✸✵❪✳

❆❧é♠ ❞❛s ❝♦rr❡❧❛çõ❡s✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠❛t❡r✐❛✐s ❝♦rr❡❧❛❝✐♦♥❛❞♦s sã♦ ✐♥✢✉❡♥❝✐❛❞❛s ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡s♦r❞❡♠✳
P♦r ❞❡s♦r❞❡♠ ❡♥t❡♥❞❡♠♦s q✉❛❧q✉❡r ❞❡s✈✐♦ ❞❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❛ r❡❞❡✱ ❝♦♠♦ ❞❡❢❡✐t♦s ♣♦♥t✉❛✐s ✭✐♠♣✉r❡③❛s✱ ✈❛❝â♥❝✐❛s
♦✉ ✐♥t❡rstí❝✐♦s✮ ❡ ❞✐s❝♦r❞â♥❝✐❛s ❬✸❪✳ ▼♦❞❡❧❛r❡♠♦s ❛ ❞❡s♦r❞❡♠ ♣♦r ♠❡✐♦ ❞❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠ ♥í✈❡❧ ❞❡ ❡♥❡r❣✐❛ εi ♣❛r❛
❝❛❞❛ ✉♠ ❞♦s sít✐♦s ❞❛ r❡❞❡ ❬✶✾❪✱ ❝❤❡❣❛♥❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦

H =
∑

i,σ

εic
†
iσciσ −

∑

〈ij〉,σ

tijc
†
iσcjσ + U

∑

i

ni↑ni↓. ✭✷✳✼✵✮

❈♦♥s✐❞❡r❛♠♦s q✉❡ ❡st❛s ❡♥❡r❣✐❛s εi sã♦ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞❛s ❡♥tr❡ sít✐♦s ❡ ❡s♣❡❝✐✜❝❛❞❛s ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡ P (ε) ✭❣❡r❛❧♠❡♥t❡ ✉♥✐❢♦r♠❡ ♦✉ ●❛✉ss✐❛♥❛✮✱ ❝✉❥❛ ✈❛r✐â♥❝✐❛ é ❞❛❞❛ ♣♦rW 2✳ ❉❡st❡ ♠♦❞♦✱W ❝❛r❛❝t❡r✐③❛
❛ ❢♦rç❛ ❞❛ ❞❡s♦r❞❡♠✳

❚❛♠❜é♠ ♣♦❞❡♠♦s ❡st✉❞❛r ❛❧❣✉♥s ❧✐♠✐t❡s s✐♠♣❧❡s ❞❡st❡ ♠♦❞❡❧♦✱ ❝♦♠♦ ✜③❡♠♦s ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ W = 0✳
❈♦♥s✐❞❡r❡ ♦ ❧✐♠✐t❡ ❞❡ ❞❡s♦r❞❡♠ ❢♦rt❡ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ♥♦ q✉❛❧ U = 0 ❡ W ≫ t✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ✉♠❛ ❝♦❧❡çã♦ ❞❡
sít✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❝❛❞❛ ✉♠ ❝♦♠ s✉❛ ❡♥❡r❣✐❛ ❞❛❞❛ ♣♦r εi ❛ss♦❝✐❛❞❛ ❛♦ ❡st❛❞♦ |i〉✳ ❆♣❧✐❝❛♥❞♦ t❡♦r✐❛ ❞❡ ♣❡rt✉r❜❛çã♦
❬✼✽❪ ♥♦ ✏❤♦♣♣✐♥❣✑✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❝♦rr❡çã♦ ♣❛r❛ ♦s ❛✉t♦❡st❛❞♦s ❝♦♠♦

|Ψi〉(1) =
∑

i 6=j

tij
εi − εj

|j〉 . ✭✷✳✼✶✮

✶✼



❈❆P❮❚❯▲❖ ✷✳ ▼❖❉❊▲❖❙ ❊ ▼➱❚❖❉❖❙

❋✐❣✉r❛ ✷✳✷✿ ❉✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❞❛s ❡♥❡r❣✐❛s ❞♦s sít✐♦s ❡♠ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛✳ ❈♦♠♦ ❡st❛s ❡♥❡r❣✐❛s ♥ã♦ ♣♦ss✉❡♠
❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s✱ sít✐♦s ✈✐③✐♥❤♦s ♣♦ss✉❡♠ ❡♥❡r❣✐❛s t✐♣✐❝❛♠❡♥t❡ ♠✉✐t♦ ❞✐❢❡r❡♥t❡s✳

❈♦♠♦ ❛ ❞❡s♦r❞❡♠ é ♠✉✐t♦ ❣r❛♥❞❡✱ t❡♠♦s✱ ❞❡ ❢♦r♠❛ ❣❡r❛❧✱ q✉❡ sít✐♦s ✈✐③✐♥❤♦s ♣♦ss✉❡♠ ❡♥❡r❣✐❛s t✐♣✐❝❛♠❡♥t❡ ♠✉✐t♦
❞✐❢❡r❡♥t❡s✱ ♦ q✉❡ ❢❛③ ❝♦♠ ❡st❛ ❝♦rr❡çã♦ ♣❛r❛ ♦s ❛✉t♦❡st❛❞♦s s❡❥❛ ♣❡q✉❡♥❛✱ ❋✐❣✳ ✭✷✳✷✮✳ P♦rt❛♥t♦✱ ✈❡♠♦s q✉❡ ♥❡st❡
❧✐♠✐t❡ ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❧♦❝❛❧✐③❛❞♦s✱ ♠❡s♠♦ ♣❛r❛ t 6= 0✳ ❈♦♠♦ ✈✐♠♦s q✉❡ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ W/t ≪ 1
♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❡st❡♥❞✐❞♦s✱ ❊q✳ ✭✷✳✻✺✮✱ ❡s♣❡r❛♠♦s q✉❡ ❤❛❥❛ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ❞❡s♦r❞❡♠ Wc ♣❛r❛ ♦
q✉❛❧ ❡st❛ tr❛♥s✐çã♦ ♦❝♦rr❛✳ ❚❛❧ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡✱ q✉❡ é ❝❛✉s❛❞❛ ♣❡❧❛ ❞❡s♦r❞❡♠✱ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ tr❛♥s✐çã♦
♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ❆♥❞❡rs♦♥✳

P♦r ú❧t✐♠♦✱ ✐♥✈❡st✐❣❛r❡♠♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♥♦ ❧✐♠✐t❡ ❛tô♠✐❝♦✱ t = 0✳ ❙❡♠ ❛ ♣r❡s❡♥ç❛
❞❛ ❞❡s♦r❞❡♠✱ ❝❛❞❛ sít✐♦ ❞❛ r❡❞❡ ♣♦ss✉✐ ❞♦✐s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛✱ ❊q✳ ✭✷✳✻✻✮✿ E (1) = 0 ❡ E (2) = U ✳ ❙❡ ♦ s✐st❡♠❛ ❡stá
❡♠ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦ ✭µ = EF = U/2✮✱ ❝❛❞❛ sít✐♦ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ❡❧étr♦♥✱ ♣❡r♠❛♥❡❝❡♥❞♦ ♦s ♥í✈❡✐s E (2) ✈❛③✐♦s✳
❚❡♠♦s ❛ss✐♠ ✉♠ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ ♣❛r❛ ❝❛❞❛ sít✐♦✱ ❡ ✉♠ ✏❣❛♣✑ ✐❣✉❛❧ ❛ U ♣❛r❛ ❡①❝✐t❛çõ❡s ❞❡ ❝❛r❣❛✱ ✈✐❞❡ ❋✐❣✳✷✳✸✳

◗✉❛♥❞♦ ❛❞✐❝✐♦♥❛♠♦s ❞❡s♦r❞❡♠ ❛♦ s✐st❡♠❛✱ ❝❛❞❛ ✉♠ ❞❡ss❡s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ s♦❢r❡ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ♣♦r ✉♠❛
❡♥❡r❣✐❛ εi✱ q✉❡ é ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞✐str✐❜✉í❞❛ ♥♦ ✐♥t❡r✈❛❧♦ [−W/2, W/2]✳ P❛r❛ W < U ❛ s✐t✉❛çã♦ ♥ã♦ ♠✉❞❛✱ ♣♦✐s
t♦❞♦s ♦s ♥í✈❡✐s E′

i (2) = εi + U ♣❡r♠❛♥❡❝❡♠ ✈❛③✐♦s✳ P❛r❛ W > U ✱ ❛q✉❡❧❡s sít✐♦s ❝♦♠ εi > U/2 ♣♦ss✉❡♠ ♦
♥í✈❡❧ E′

i (1) = εi + 0 > EF ❡ ❡stã♦ ✈❛③✐♦s✳ ■❣✉❛❧♠❡♥t❡✱ ❛q✉❡❧❡s sít✐♦s ❝♦♠ εi < −U/2 ♣♦ss✉❡♠ ♦ ♥í✈❡❧ ❡①❝✐t❛❞♦
E′

i (2) = εi + U <EF ❡ ❡stã♦ ❞✉♣❧❛♠❡♥t❡ ♦❝✉♣❛❞♦s✳
P♦rt❛♥t♦✱ ♥♦ r❡❣✐♠❡ ❡♠ q✉❡ W > U ✱ ❤á sít✐♦s q✉❡ ♣♦❞❡♠ ❡st❛r ✈❛③✐♦s ♦✉ ❝♦♠ ♦❝✉♣❛çã♦ ❞✉♣❧❛✳ ❆q✉✐ t❛♠❜é♠

t❡♠♦s ♦ ✏❣❛♣✑ ❞❡ ▼♦tt ❢❡❝❤❛❞♦ ✭❡st❛❞♦s ❝♦♠ ♦❝✉♣❛çã♦ ❞✉♣❧❛ ❡ ✈❛③✐♦s ❝♦❡①✐st❡♠✮✱ ❡♠❜♦r❛ ✉♠❛ ♣❛r❝❡❧❛ ❞♦s sít✐♦s
♣❡r♠❛♥❡ç❛ ❝♦♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳ ❖s ❛✉t♦r❡s ❞❛ ❘❡❢✳ ❬✼✾❪ ❞❡s❝r❡✈❡♠ ❡ss❡ ❡st❛❞♦ ❝♦♠♦ ✉♠❛ ♠✐st✉r❛
♥ã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ✐s♦❧❛♥t❡s ❞❡ ▼♦tt ❡ ❞❡ ❆♥❞❡rs♦♥ ❡ ♦ ❝❤❛♠❛♠ ❞❡ ❞♦✐s ✢✉✐❞♦s✳

P❛r❛ ✈❛❧♦r❡s ❛r❜✐trár✐♦s ❞❡ U ✱ W ❡ t✱ ♥❡❝❡ss✐t❛♠♦s ❞❡ ❛❧❣✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ r❡s♦❧✈❡r♠♦s ♦ ♠♦❞❡❧♦ ❞❡
❍✉❜❜❛r❞✳ ❯t✐❧✐③❛r❡♠♦s ❛q✉✐ ❛s ❝❤❛♠❛❞❛s t❡♦r✐❛s ❞❡ ❝❛♠♣♦ ♠é❞✐♦✳ ❈♦♠♦ ✐♠♣❧❡♠❡♥t❛❞❛ ❛q✉✐✱ ❡st❛ ❛❜♦r❞❛❣❡♠
❝♦♥s✐st❡ ❡♠ ❝♦♥❝❡♥tr❛r♠♦s t♦❞❛ ♥♦ss❛ ❛t❡♥çã♦ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ú♥✐❝♦ sít✐♦ ✐♥s❡r✐❞♦ ❡♠ ✉♠ ❝❛♠♣♦ ♠é❞✐♦ ❝r✐❛❞♦
♣♦r t♦❞♦s ♦s ♦✉tr♦s sít✐♦s✱ s❡♥❞♦ q✉❡ t❛❧ ❝❛♠♣♦ ♠é❞✐♦✱ ♦✉ ❡❢❡t✐✈♦✱ é ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❛✉t♦❝♦♥s✐st❡♥t❡✳
❉✐s❝✉t✐r❡♠♦s ❛❜❛✐①♦ ❡①❡♠♣❧♦s ❞❡st❡ ❢♦r♠❛❧✐s♠♦✳

✷✳✷✳✶ ❚❡♦r✐❛ ❞❡ ❍❛rtr❡❡✲❋♦❝❦

❆ ❛❜♦r❞❛❣❡♠ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ é ❛ t❡♦r✐❛ ❞❡ ❍❛rtr❡❡✲❋♦❝❦✳ ◆❛ ✈❡r❞❛❞❡✱
❝♦♠♦ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ é ♣✉r❛♠❡♥t❡ ❧♦❝❛❧✱ ♦ t❡r♠♦ ❞❡ tr♦❝❛ ♥ã♦ ❛♣❛r❡❝❡ ❡ ❛ t❡♦r✐❛ ❞❡
❍❛rtr❡❡✲❋♦❝❦ r❡❞✉③✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ à t❡♦r✐❛ ❞❡ ❍❛rtr❡❡✳ ❊ss❛ ❛❜♦r❞❛❣❡♠ ❝♦♠❡ç❛ ❛ss✉♠✐♥❞♦ q✉❡ ❛ ♦❝✉♣❛çã♦ ❞❡
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❋✐❣✉r❛ ✷✳✸✿ ❖❝✉♣❛çã♦ ❞♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ♥♦ ❧✐♠✐t❡ ❛tô♠✐❝♦ ♣❛r❛ ✉♠ ✐s♦❧❛♥t❡ ❞❡ ❆♥❞❡rs♦♥ ✭❡sq✉❡r❞❛✮✱ ▼♦tt
✭❞✐r❡✐t❛✮ ❡ ▼♦tt✲❆♥❞❡rs♦♥ ✭❝❡♥tr♦✮✳ ❘❡t✐r❛❞♦ ❞❛ ❘❡❢✳ ❬✼✾❪✳ ◆♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt✲❆♥❞❡rs♦♥✱ ❛ ❞❡s♦r❞❡♠ W é
❝♦♠♣❛rá✈❡❧ à ✐♥t❡r❛çã♦ U ✱ ❡ s✉r❣❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❞♦✐s ✢✉✐❞♦s✳ ❖s s♣✐♥s ❞♦s ♠♦♠❡♥t♦s ❧♦❝❛❧✐③❛❞♦s ♣r❡s❡♥t❡s
♥❡st❛ ❢❛s❡ ❡stã♦ ♦r✐❡♥t❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♥ã♦ ❤á ♦r❞❡♥❛♠❡♥t♦ ♠❛❣♥ét✐❝♦✳ ❆ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ EF

❡stá ✐♥❞✐❝❛❞❛ ♣❡❧❛ ❧✐♥❤❛ tr❛❝❡❥❛❞❛✳

❝❛❞❛ sít✐♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ s❡✉ ✈❛❧♦r ♠é❞✐♦ ♠❛✐s ✢✉t✉❛çõ❡s ❛♦ r❡❞♦r ❞❡ss❛ ♠é❞✐❛

ni↑ = 〈ni↑〉+ ∆i↑, ✭✷✳✼✷✮

ni↓ = 〈ni↓〉+ ∆i↓. ✭✷✳✼✸✮

❘❡❡s❝r❡✈❡♥❞♦ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ❧♦❝❛❧ ❞❛ ❊q✳ ✭✷✳✼✵✮ ❡♠ t❡r♠♦s ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ t❡♠♦s

ni↑ni↓ = 〈ni↑〉 〈ni↓〉+ ∆i↑ 〈ni↓〉+ 〈ni↑〉∆i↓ +O
(

∆2
)

, ✭✷✳✼✹✮

♦♥❞❡ ✐❣♥♦r❛♠♦s ♦s t❡r♠♦s q✉❛❞rát✐❝♦s ♥❛s ✢✉t✉❛çõ❡s✳ ❘❡❡s❝r❡✈❡♥❞♦ ❛ ❊q✳ ✭✷✳✼✹✮ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ♦r✐❣✐♥❛✐s✱
t❡♠♦s

ni↑ni↓ = ni↑ 〈ni↓〉+ ni↓ 〈ni↑〉 − 〈ni↑〉 〈ni↓〉 . ✭✷✳✼✺✮

❆ ❊q✳ ✭✷✳✼✵✮ ✜❝❛ ❛❣♦r❛

HHF =
∑

iσ

Eiσniσ − t
∑

〈ij〉,σ

c†iσcjσ − UN 〈ni↑〉 〈ni↓〉 , ✭✷✳✼✻✮

♦♥❞❡ N é ♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❡

Eiσ = εi + U 〈ni−σ〉 . ✭✷✳✼✼✮

❆ ❊q✳ ✭✷✳✼✻✮ ❞❡s❝r❡✈❡ ❛❣♦r❛ ✉♠❛ r❡❞❡ ❞❡s♦r❞❡♥❛❞❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ❝✉❥❛s ❡♥❡r❣✐❛s ❞♦s sít✐♦s sã♦ ❞❛❞❛s ♣❡❧❛ ❊q✳
✭✷✳✼✼✮✳ ◆❛t✉r❛❧♠❡♥t❡✱ ♣❛r❛ ❝♦♠♣❧❡♠❡♥t❛r♠♦s ❛ s♦❧✉çã♦✱ ♣r❡❝✐s❛♠♦s s✉♣❧❡♠❡♥t❛r ❡st❛s ❡q✉❛çõ❡s ❝♦♠ ✉♠❛ ❝♦♥❞✐çã♦
❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞❛ ♦❝✉♣❛çã♦✳ P❛r❛ t❛❧✱ ❞✐❛❣♦♥❛❧✐③❛♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦
❡❢❡t✐✈♦ ✭✷✳✼✻✮ ❡ ❝♦♠ s❡✉s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ♦❜t❡♠♦s 〈ni↑〉 ❡ 〈ni↓〉✳ ■t❡r❛♠♦s ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❛té q✉❡ ❛
❝♦♥✈❡r❣ê♥❝✐❛ s❡❥❛ ❛t✐♥❣✐❞❛✳

P❡❧❛ ❊q✳ ✭✷✳✼✺✮✱ ✜❝❛ ❝❧❛r♦ q✉❡ ❛ t❡♦r✐❛ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ s❡ ❜❛s❡✐❛ ♥❛ ❢❛t♦r❛çã♦ ❞♦ t❡r♠♦ q✉árt✐❝♦ ❞❡ ✐♥t❡r❛çã♦✳
❖❧❤❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❧✐♠✐t❡ ❢♦rt❡♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ ❡♠ q✉❡ U ≫ D✱ ✈❡♠♦s q✉❡ ❛ ♦❝✉♣❛çã♦ ❞✉♣❧❛ é ❢♦rt❡♠❡♥t❡
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s✉♣r✐♠✐❞❛✱ ♣♦✐s é ❡♥❡r❣❡t✐❝❛♠❡♥t❡ ❞❡s❢❛✈♦rá✈❡❧✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ❊qs✳ ✭✷✳✻✻✮✳ ◆❡st❛ s✐t✉❛çã♦ t❡♠♦s ❝❧❛r❛♠❡♥t❡
q✉❡ 〈n↑n↓〉 6= 〈n↑〉 〈n↓〉✱ ❡ ❛ss✐♠ ♥ã♦ ♣♦❞❡♠♦s ❢❛t♦r❛r ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ♥❛ ❊q✳ ✭✷✳✻✷✮✱ s♦❜ ♣❡♥❛ ❞❡✱ ❥á ❞❡ ✐♥í❝✐♦✱
❡①❝❧✉✐r♠♦s ❢❡♥ô♠❡♥♦s ❛ss♦❝✐❛❞♦s ❛ ❢♦rt❡s ❝♦rr❡❧❛çõ❡s✱ ❝♦♠♦ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ❛ ❛♣r♦①✐♠❛çã♦
❞❡ ❍❛rtr❡❡✲❋♦❝❦ s❡❥❛ r❡str✐t❛ ❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞❡ U ♦✉ ❛ ❜❛✐①♦s ✈❛❧♦r❡s ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ n ✭❧♦♥❣❡ ❞♦
s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✮✳

✷✳✷✳✷ ❚❡♦r✐❛ ❉✐♥â♠✐❝❛ ❞❡ ❈❛♠♣♦ ▼é❞✐♦ ✭❚❉❈▼✮

❯♠❛ ❛❜♦r❞❛❣❡♠ ♥ã♦ ♣❡rt✉r❜❛t✐✈❛ ❡♠ U ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❝♦rr❡❧❛❝✐♦♥❛❞♦s é ❞❛❞❛ ♣❡❧❛ t❡♦r✐❛ ❞✐♥â♠✐❝❛ ❞❡
❝❛♠♣♦ ♠é❞✐♦✳ P❛r❛ ❢❛❝✐❧✐t❛r ♥♦ss❛ ❞✐s❝✉ssã♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ❝❛s♦ ❧✐♠♣♦✱ W = 0✳ ❈♦♠♦ ❡st❛♠♦s
s❡♠♣r❡ ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ r❡str✐♥❣✐♠♦✲♥♦s à s♦❧✉çã♦ ♣❛r❛♠❛❣♥ét✐❝❛✱ ♥❛ q✉❛❧ 〈ni↑〉 = 〈ni↓〉✳
❙❡❣✉✐♥❞♦ ♦ ❡s♣ír✐t♦ ✉s✉❛❧ ❞❛s t❡♦r✐❛s ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❛ ✐❞❡✐❛ ❝❡♥tr❛❧ ❞❛ ❚❉❈▼ ❝♦♥s✐st❡ ❡♠ ♠❛♣❡❛r ♦ ♣r♦❜❧❡♠❛
❞❡ ✉♠❛ r❡❞❡ ✐♥t❡r❛❣❡♥t❡ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ ♠❛❣♥ét✐❝❛ ❡♠❜❡❜✐❞❛ ❡♠ ✉♠ ♠❡✐♦ ✭❜❛♥❤♦✮ ❡❢❡t✐✈♦✱
♠❡✐♦ ❡st❡ ❛ s❡r ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❛✉t♦❝♦♥s✐st❡♥t❡ ❬✷✵✱ ✷✶✱ ✷✷❪✳ ❊♠ ❢♦r♠✉❧❛çõ❡s ♠❛✐s ❛✈❛♥ç❛❞❛s✱ ❡st❛ ú♥✐❝❛
✐♠♣✉r❡③❛ é tr♦❝❛❞❛ ♣♦r ✉♠ ✏❝❧✉st❡r✑ ❞❡ ✐♠♣✉r❡③❛s ♠❛❣♥ét✐❝❛s ❬✽✵✱ ✽✶✱ ✽✷✱ ✽✸❪✳

❊ss❛ t❡♦r✐❛ ❝♦♠❡ç❛ t♦♠❛♥❞♦ ✉♠ sít✐♦ ❣❡♥ér✐❝♦ ❞❛ r❡❞❡✱ ❞✐❣❛♠♦s✱ ♦ sít✐♦ l✱ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ t♦❞♦s ♦s ♦✉tr♦s✱
❣❡r❛♥❞♦ ✉♠❛ ❛çã♦ ❡❢❡t✐✈❛ ♣❛r❛ l✳ ❆ ❛♣r♦①✐♠❛çã♦ ❞❛ ❚❉❈▼✱ q✉❡ é ❡①❛t❛ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ d→∞ ❬✷✸❪✱ ❝♦♥s✐st❡
❡♠ r❡t❡r✱ ❛❧é♠ ❞❛ r❡♣✉❧sã♦ ❧♦❝❛❧ ❞❡ ❍✉❜❜❛r❞✱ ❛♣❡♥❛s t❡r♠♦s q✉❛❞rát✐❝♦s ♥♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦✳
❆ ❛çã♦ ❡❢❡t✐✈❛ ♣❛r❛ ♦ sít✐♦ l ✜❝❛

Seff = −
ˆ β

0

dτ

ˆ β

0

dτ ′
∑

σ

c̄lσ (τ)G−1
0 (τ − τ ′) clσ (τ ′)

+ U

ˆ β

0

dτnl↑ (τ)nl↓ (τ) . ✭✷✳✼✽✮

❆ ❢✉♥çã♦ G0 (τ − τ ′) ❢♦r♥❡❝❡ ❛ ❛♠♣❧✐t✉❞❡ ❡❢❡t✐✈❛ ♣❛r❛ ✉♠ ❢ér♠✐♦♥ s❡r ❝r✐❛❞♦ ♥♦ sít✐♦ ✐s♦❧❛❞♦ l ♥♦ t❡♠♣♦ τ ✭✈✐♥❞♦ ❞♦
❜❛♥❤♦ ❡①t❡r♥♦✮ ❡ s❡r ❞❡str✉í❞♦ ♥♦ t❡♠♣♦ τ ′ ✭✈♦❧t❛♥❞♦ ♣❛r❛ ♦ ❜❛♥❤♦✮✳

❘❡ss❛❧t❛♠♦s q✉❡ ♦ ❝❛♠♣♦ ♠é❞✐♦ ✈✐st♦ ♣❡❧♦ sít✐♦ l✱ r❡♣r❡s❡♥t❛❞♦ ❛q✉✐ ♣♦r G0 (τ − τ ′)✱ é✱ ♥❛ ✈❡r❞❛❞❡✱ ✉♠❛ ❢✉♥çã♦
❞♦ t❡♠♣♦✱ ❡♠ ✈❡③ ❞❡ ✉♠ ❝❛♠♣♦ ♠é❞✐♦ ❡stát✐❝♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ t❡♦r✐❛ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❞✐s❝✉t✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳
■st♦ ❢❛③ ❝♦♠ q✉❡ ❛ ❛çã♦ ❡❢❡t✐✈❛ Seff ❛✐♥❞❛ s❡❥❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠✉✐t♦s ❝♦r♣♦s✱ ♣♦✐s ❞á ❝♦♥t❛ ❞❛s ✢✉t✉❛çõ❡s q✉â♥t✐❝❛s
q✉❡ ❞❡s❝r❡✈❡♠ tr❛♥s✐çõ❡s ❡♥tr❡ ♦s q✉❛tr♦ ❡st❛❞♦s q✉â♥t✐❝♦s ♣♦ssí✈❡✐s ❞♦ sít✐♦ l ✭|0〉✱ |↑〉✱ |↓〉 ❡ |2〉✮✱ ❛tr❛✈és ❞❛ tr♦❝❛
❞❡ ❡❧étr♦♥s ❝♦♠ ♦ r❡st❛♥t❡ ❞❛ r❡❞❡✱ ❞❡s❝r✐t❛ ❛q✉✐ ❝♦♠♦ ✉♠ ❜❛♥❤♦ ❡①t❡r♥♦✱ ❋✐❣✳ ✭✷✳✹✮✳ ❊st❛ ❛çã♦ ❡❢❡t✐✈❛ é ❡q✉✐✈❛❧❡♥t❡
àq✉❡❧❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❬✽✹❪✳ ❆ ❚❉❈▼ é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ✐❞❡❛❧ ♣❛r❛ ✉♠❛ t❡♦r✐❛ ❞♦s
❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❧♦❝❛❧ ❬✽✺❪✱ ♣♦✐s ❞❡s❝r❡✈❡ ✉♠❛ ❢ís✐❝❛ q✉❡ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♥ã♦ ❧♦❝❛❧ ♥♦ t❡♠♣♦✱ ❊q✳ ✭✷✳✻✶✮✱ ♠❛s
❧♦❝❛❧ ♥♦ ❡s♣❛ç♦✳

❖ ❢❛t♦ ❞❡ ❛ ❛çã♦ ❡❢❡t✐✈❛ ♣❛r❛ ♦ sít✐♦ l s❡r ✐❞ê♥t✐❝❛ àq✉❡❧❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ♣❡r♠✐t❡
q✉❡ ✉t✐❧✐③❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛ s❡çã♦ ✭✷✳✶✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✷✳✷✸✮ ♣♦❞❡♠♦s ❡s❝r❡✈❡r G−1

0 (iωn) ❡♠
t❡r♠♦s ❞❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆ (iωn)

G−1
0 (iωn) = iωn + µ−∆ (iωn) , ✭✷✳✼✾✮

s❡♥❞♦ q✉❡ ∆ (iωn) ❞❡s❝r❡✈❡ ❛ ❤✐❜r✐❞✐③❛çã♦ ❡♥tr❡ ♦ ❡❧étr♦♥✱ ♦✉ ❡❧étr♦♥s✱ ♥♦ sít✐♦ l ❡ ♦ r❡st❛♥t❡ ❞❛ r❡❞❡✳ ❈♦♥t✉❞♦✱
♥♦t❛♠♦s q✉❡✱ ❡♥q✉❛♥t♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❆♥❞❡rs♦♥ ♦r✐❣✐♥❛❧ ✭❊q✳ ✭✷✳✶✮✮ ❤á ❞♦✐s t✐♣♦s ❞❡ ❡❧étr♦♥s✱ ♦s ❞❡ ❝♦♥❞✉çã♦ ❡
♦s ❞♦ ♦r❜✐t❛❧ ❧♦❝❛❧✐③❛❞♦✱ ♥❡st❡ ❝❛s♦ ❤á ❛♣❡♥❛s ✉♠ t✐♣♦ ❞❡ ❡❧étr♦♥✱ q✉❡ ❢❛③ ❛s ✈❡③❡s t❛♥t♦ ❞❛ ✐♠♣✉r❡③❛ ♠❛❣♥ét✐❝❛✱
q✉❛♥t♦ ❞♦s ❡❧étr♦♥s ❞♦ ❜❛♥❤♦✳

❯♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ é ♦❜t✐❞♦ ❛❞✐❝✐♦♥❛♥❞♦✲s❡ à ❊q✳ ✭✷✳✼✽✮ ✉♠❛ ❡①♣r❡ssã♦ q✉❡
r❡❧❛❝✐♦♥❡ G0 (iωn) , ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ∆ (iωn)✱ ❝♦♠ q✉❛♥t✐❞❛❞❡s ❝❛❧❝✉❧❛❞❛s ❞✐r❡t❛♠❡♥t❡ ❞❡ Seff ✳ P❛r❛ ✐♥✐❝✐❛r♠♦s
❡st❛ ❝♦♥str✉çã♦✱ ❞❡✈❡♠♦s ♥♦t❛r q✉❡ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❚❉❈▼ ❛ ❛✉t♦❡♥❡r❣✐❛ ❞♦s ❡❧étr♦♥s é ♣✉r❛♠❡♥t❡ ❧♦❝❛❧ ♥♦ ❡s♣❛ç♦
❬✷✵❪✱ ♦✉ s❡❥❛

Σi,j (iωn) = δi,jΣ (iωn) , ✭✷✳✽✵✮

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛ s✉❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ✐♥❞❡♣❡♥❞❡ ❞❡ k✱ Σ (k, iωn) = Σ (iωn)✳
P♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ✐♥t❡r❛❣❡♥t❡ ♣❛rt✐♥❞♦ ❞✐r❡t♦ ❞❛ ❛çã♦ ❡❢❡t✐✈❛ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✼✽✮

G (τ − τ ′) ≡ −
〈

Tτ

[

cl (τ) c
†
l (τ ′)

]〉

Seff

, G (iωn) =

ˆ β

0

dτG (τ) eiωnτ , ✭✷✳✽✶✮

✷✵
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❋✐❣✉r❛ ✷✳✹✿ ❱✐sã♦ ❡sq✉❡♠át✐❝❛ ❞❛ t❡♦r✐❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✳ ❊st❛ t❡♦r✐❛ ♠❛♣❡✐❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢ér♠✐♦♥s
✐♥t❡r❛❣❡♥t❡s ❡♠ ✉♠❛ r❡❞❡ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ♥♦ q✉❛❧ t❡♠♦s ❛♣❡♥❛s ✉♠ sít✐♦ ❞❡st❛ r❡❞❡ ✐♥s❡r✐❞♦ ❡♠ ✉♠ ❜❛♥❤♦
❡①t❡r♥♦ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♦✉tr♦s sít✐♦s✳ ❊♠❜♦r❛ ❧♦❝❛❧ ♥♦ ❡s♣❛ç♦✱ ❡st❛ t❡♦r✐❛ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛ t❡♠♣♦r❛❧ ❞♦s
❡❧étr♦♥s ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❡❧❡s ❡♥tr❛♠ ❡ s❛❡♠ ❞♦ ❜❛♥❤♦ ❡①t❡r♥♦✳

s❡♥❞♦ q✉❡ ♥♦ ❡s♣❛ç♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ♣♦❞❡♠♦s ♣❛r❛♠❡tr✐③á✲❧❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

G−1 (iωn) = iωn + µ−∆ (iωn)− Σ (iωn) , ✭✷✳✽✷✮

❆ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ q✉❡ ❜✉s❝❛♠♦s é ❛t✐♥❣✐❞❛ ❛♦ ✐♠♣♦r♠♦s q✉❡ G (iωn)✱ ❞❡✜♥✐❞❛ ♥❛ ❊q✳ ✭✷✳✽✶✮✱

❝♦✐♥❝✐❞❛ ❝♦♠ Gll (τ − τ ′) = −
〈

Tτ

[

cl (τ) c
†
l (τ ′)

]〉

✱ q✉❡ é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ✐♥t❡r❛❣❡♥t❡ ❞❡ ✉♠ ❝♦r♣♦ ♣❛r❛ ♦

sít✐♦ l ❝❛❧❝✉❧❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❛çã♦ ❝♦♠♣❧❡t❛ ❞♦ s✐st❡♠❛✱ ❡ ♥ã♦ ❞❡ Seff ✳ ❈♦♠♦ ❛ ❛✉t♦❡♥❡r❣✐❛ é ❧♦❝❛❧✱ ❊q✳ ✭✷✳✽✵✮✱
❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡ Gll é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦

Gll (iωn) = G
(0)
ll [εl → εl + Σ (iωn)] , ✭✷✳✽✸✮

♦♥❞❡ G(0)
ll é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍✉❜❜❛r❞ ✭❊q✳ ✭✷✳✻✷✮✮ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ◆♦t❛♠♦s q✉❡ ✉♠❛

r❡❧❛çã♦ s✐♠✐❧❛r ✭❊q✉❛çã♦ ❞❡ ❉②s♦♥✮ r❡❧❛❝✐♦♥❛ ❡①❛t❛♠❡♥t❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡ ✐♥t❡r❛❣❡♥t❡ ❝♦♠ ❛q✉❡❧❛ ♥ã♦
✐♥t❡r❛❣❡♥t❡✳ ❈♦♥t✉❞♦✱ ♥❡ss❛ ❢♦r♠✉❧❛çã♦ ❡①❛t❛✱ ❛ ❛✉t♦❡♥❡r❣✐❛ ♣♦ss✉✐ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ♥ã♦ ❧♦❝❛❧ ♥♦ ❡s♣❛ç♦✱ ♦✉✱
❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❝♦♠ ♦ ♠♦♠❡♥t♦ k✳ ❆♣❧✐❝❛♥❞♦ ❛❣♦r❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛✱ ♦❜t❡♠♦s q✉❡

G (iωn) ≡ Gll (iωn) ,

∆ (iωn) = iωn + µ− Σ (iωn)− 1

Gll (iωn)
. ✭✷✳✽✹✮

▲♦❣♦✱ ✐♥✐❝✐❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ✉♠ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛ ∆ (iωn)✱ q✉❡ ✉t✐❧✐③❛♠♦s
♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦✱ ♦❜t❡♥❞♦ ❛ss✐♠ Σ (iωn)✳ ❈♦♠ ❡st❛ ❛✉t♦❡♥❡r❣✐❛✱ ✉t✐❧✐③❛♠♦s ❛
❊q✳ ✭✷✳✽✸✮ ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡ Gll (iωn)✱ q✉❡✱ q✉❛♥❞♦ ❝♦❧♦❝❛❞❛ ♥❛ ❊q✳ ✭✷✳✽✹✮✱ ❢♦r♥❡❝❡ ✉♠
♥♦✈♦ ✈❛❧♦r ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦✱ ♣❡r♠✐t✐♥❞♦✲♥♦s r❡✐♥✐❝✐❛r ♦ ❝✐❝❧♦✳

✷✳✷✳✸ ❚❡♦r✐❛ ❊st❛tíst✐❝❛ ❉✐♥â♠✐❝❛ ❞❡ ❈❛♠♣♦ ▼é❞✐♦ ✭❚❊❉❈▼✮

●♦st❛rí❛♠♦s ❛❣♦r❛ ❞❡ ✐♥❝❧✉✐r ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡s❡♥✈♦❧✈✐❞❛ ❛❝✐♠❛✳ ❖ ♥♦ss♦
♦❜❥❡t✐✈♦ é ❞❡s❝r❡✈❡r ❡①❛t❛♠❡♥t❡ t♦❞♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠✱ ❝♦♥t✐♥✉❛♥❞♦ ❛ tr❛t❛r ❛s ✐♥t❡r❛çõ❡s ❞❡♥tr♦ ❞♦ ❡s♣ír✐t♦
❞❡ ❚❉❈▼✳ ■ss♦ é ❛❧❝❛♥ç❛❞♦ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❡st❛tíst✐❝❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ✭❚❊❉❈▼✮ ❬✷✺❪✳

✷✶
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❈♦♠♦ ♥❛ ❚❉❈▼✱ ✜①❛♠♦✲♥♦s ❡♠ ✉♠ sít✐♦ ♣❛rt✐❝✉❧❛r ❞❛ r❡❞❡ l ❡ ✐♥t❡❣r❛♠♦s s♦❜r❡ t♦❞♦s ♦s ♦✉tr♦s✱ ♠❛♥t❡♥❞♦
❛♣❡♥❛s ♦s t❡r♠♦s q✉❛❞rát✐❝♦s ♥♦s ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s✳ ❉❡✈✐❞♦ à ❞❡s♦r❞❡♠✱ ♦s ❜❛♥❤♦s ❣❡r❛❞♦s ♥ã♦ sã♦ ♠❛✐s ♦s
♠❡s♠♦s ♣❛r❛ t♦❞♦s ♦s sít✐♦s✱ s❡♥❞♦ ✐♥tr♦❞✉③✐♥❞❛s ❛ss✐♠ ✢✉t✉❛çõ❡s ❡s♣❛❝✐❛✐s ♥♦ s✐st❡♠❛✳ ❆ ❛çã♦ ❡❢❡t✐✈❛ ♣❛r❛ ✉♠
sít✐♦ l é ❡♥tã♦

S
(l)
eff =

∑

σ

ˆ β

0

dτ c̄lσ (τ) (∂τ + εl − µ) clσ (τ)

+
∑

σ

ˆ β

0

dτ

ˆ β

0

dτ ′c̄lσ (τ) ∆l (τ − τ ′) clσ (τ ′) + U

ˆ β

0

dτnl↑ (τ)nl↓ (τ) , ✭✷✳✽✺✮

❥á ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ Seff ❡ ❛ ❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥✳ ◆❡st❡ ❢♦r♠❛❧✐s♠♦✱
❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ Σl (iω) ♣❡r♠❛♥❡❝❡ ❧♦❝❛❧✱ ❡♠❜♦r❛ ♣❛ss❡ ❛❣♦r❛ ❛ ❞❡♣❡♥❞❡r ❞♦ sít✐♦ ❞❡✈✐❞♦ à ✐♥tr♦❞✉çã♦ ❞❡
❞❡s♦r❞❡♠ ❬✷✺❪✱ ♦✉ s❡❥❛

Σi,j (iωn) = δi,jΣi (iωn) . ✭✷✳✽✻✮

❈❤❛♠❛r❡♠♦s ❞❡ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ❛q✉❡❧❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ à ❛çã♦ ❡❢❡t✐✈❛ ✭✷✳✽✺✮✱ G(loc)
l (τ − τ ′) =

−
〈

Tτ

[

cl (τ) c
†
l (τ ′)

]〉

Seff

✱ q✉❡ é ❞❛❞❛ ♣♦r

G
(loc)
l (iωn) =

1

iωn + µ− εl −∆l (iωn)− Σl (iωn)
. ✭✷✳✽✼✮

❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡ é ♦❜t✐❞❛ ♥♦✈❛♠❡♥t❡ ♣♦r ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛s ❡♥❡r❣✐❛s ❞♦s sít✐♦s✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡
q✉❡ ❛❣♦r❛✱ ❛❧é♠ ❞❡ ❞❡♣❡♥❞❡r ❞❛ ❢r❡q✉ê♥❝✐❛✱ ❡st❡ ❞❡s❧♦❝❛♠❡♥t♦ ✈❛r✐❛ sít✐♦ ❛ sít✐♦

Gll (iωn) = G
(0)
ll [εl → εl + Σl (iωn)] , ✭✷✳✽✽✮

♦♥❞❡ G(0)
ll é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ✭❊q✳ ✭✷✳✼✵✮✮ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❆♣❧✐❝❛♥❞♦

❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ Gll (ω) ≡ G(loc)
l (ω)✱ ♦✉ s❡❥❛✱ ✐❣✉❛❧❛♥❞♦ ❛s ❊qs✳ ✭✷✳✽✼✮ ❡ ✭✷✳✽✽✮✱ ✈❡♠ q✉❡

∆l (iωn) = iωn + µ− εl − Σl (iωn)− 1

Gll (iωn)
. ✭✷✳✽✾✮

❖ ❛❧❣♦r✐t♠♦ ❞❛ ❚❊❉❈▼ ♣♦❞❡ s❡r s✐st❡♠❛t✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ✉♠ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆
(antigo)
l (ω)❀

✷✳ ❘❡s♦❧✈❡♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s ❛ ❝❛❞❛ ✉♠ ❞♦s sít✐♦s ❞❛ r❡❞❡✱ ❊q✳ ✭✷✳✽✺✮✱ ♣❛r❛ ❡♥❝♦♥✲
tr❛r♠♦s ❛ ❛✉t♦❡♥❡r❣✐❛ Σ

(antigo)
l (ω) ❡ ❛s ❢✉♥çõ❡s ❞❡ ●r❡❡♥ G(loc)(antigo)

l (ω) ❧♦❝❛✐s ✭❊q✳ ✭✷✳✽✼✮✮❀

✸✳ ❯t✐❧✐③❛♥❞♦ Σ
(antigo)
l (ω)✱ ❝❛❧❝✉❧❛♠♦s ❛s ❢✉♥çõ❡s ❞❡ ●r❡❡♥ ❧♦❝❛✐s ❞❛ r❡❞❡ ✐♥t❡r❛❣❡♥t❡ G(antigo)

ll (ω)✱ ❊q✳ ✭✷✳✽✽✮❀

✹✳ ❆♣❧✐❝❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ ❞❛ ❚❊❉❈▼ G
(antigo)
ll (ω) ≡ G(loc)(antigo)

l (ω) ❛ ❝❛❞❛ ✉♠ ❞♦s sít✐♦s ❞❛
r❡❞❡✱ ❝❛❧❝✉❧❛♠♦s ♦s ♥♦✈♦s ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆

(novo)
l (ω)✱ ❛tr❛✈és ❞❛ ❊q✳ ✭✷✳✽✾✮✳ ❈♦♠♣❛r❛♠♦s

❛❣♦r❛ ♦s ✈❛❧♦r❡s ❞❡ ∆
(antigo)
l (ω) ❡ ∆

(novo)
l (ω) ❡ r❡t♦r♥❛r♠♦s ❛♦ ♣❛ss♦ 1✱ ❝❛s♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥ã♦

t❡♥❤❛ s✐❞♦ ❛t✐♥❣✐❞❛✳

◆♦ ❆♣ê♥❞✐❝❡ ✭❆✮✱ ❞✐s❝✉t✐♠♦s ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦✳

✷✳✷✳✹ ❇ós♦♥s ❡s❝r❛✈♦s

❈♦♠❡ç❛r❡♠♦s ❞✐s❝✉t✐♥❞♦ ❝♦♠♦ ❛ té❝♥✐❝❛ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s s❡ ❛♣❧✐❝❛ ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍✉❜❜❛r❞✱ ❊q✳ ✭✷✳✻✷✮✳ ❊♠
s❡❣✉✐❞❛✱ ✉t✐❧✐③❛r❡♠♦s ❡st❛ té❝♥✐❝❛ ♣❛r❛ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s ❞❡✜♥✐❞♦s ♣♦r ✭✷✳✽✺✮✳

❆ ✐❞❡✐❛ ❛q✉✐ é ❛✉♠❡♥t❛r♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡♠ ❝❛❞❛ sít✐♦ ♣❛r❛ q✉❡ ❝♦♥t❡♥❤❛♠✱ ❛❧é♠ ❞♦s ❢ér♠✐♦♥s ♦r✐❣✐♥❛✐s✱
✉♠ ❝♦♥❥✉♥t♦ ❞❡ q✉❛tr♦ ♦♣❡r❛❞♦r❡s ❜♦sô♥✐❝♦s✱ ei

(

e†i

)

✱ di

(

d†i

)

❡ piσ

(

p†iσ

)

✱ q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛

✷✷
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sít✐♦ ✈❛③✐♦✱ ♦❝✉♣❛çã♦ ❞✉♣❧❛ ❡ ♦❝✉♣❛çã♦ s✐♠♣❧❡s ❬✻✺❪✳ ❊st❡ ♥♦✈♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♣♦ss✉✐ ♠✉✐t♦ ♠❛✐s ❡st❛❞♦s q✉❡ ♦
❛♥t✐❣♦✳ P❛r❛ ❡❧✐♠✐♥❛r♠♦s ❡st❡s ❡st❛❞♦s ♥ã♦ ❢ís✐❝♦s✱ ✐♠♣♦♠♦s ♦s s❡❣✉✐♥t❡s ✈í♥❝✉❧♦s

∑

σ p
†
iσpiσ + e†iei + d†idi = 1, ✭✷✳✾✵✮

c†iσciσ = p†iσpiσ + d†idi. ✭✷✳✾✶✮

❖ ♣r✐♠❡✐r♦ ✈í♥❝✉❧♦ ❡st❛❜❡❧❡❝❡ q✉❡ só ❤á q✉❛tr♦ ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ❛ ♦❝✉♣❛çã♦ ❞❡ ✉♠ sít✐♦✿ ✈❛③✐♦✱ ♦❝✉♣❛çã♦ s✐♠♣❧❡s
♦✉ ♦❝✉♣❛çã♦ ❞✉♣❧❛✳ ❖ s❡❣✉♥❞♦ ✈í♥❝✉❧♦ r❡❢♦rç❛ q✉❡ ❤á ❞✉❛s ♠❛♥❡✐r❛s ❞❡ ❝♦♥t❛r♠♦s ❛ ♦❝✉♣❛çã♦ ❞❡ ✉♠ sít✐♦✿ ♦✉
♦❧❤❛♠♦s ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❢ér♠✐♦♥s

(

c†iσciσ

)

♦✉ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❜ós♦♥s
(

p†iσpiσ + d†idi

)

✳

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✻✷✮ ❡♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✳ P❛r❛ ✐ss♦✱

❞❡✈❡♠♦s ❢❛③❡r ❛s tr❛♥s❢♦r♠❛çõ❡s ciσ → biσfiσ ❡ c†iσciσ = f†iσfiσ✱ ❝♦♠ fiσ

(

f†iσ

)

s❡♥❞♦ ♦ ♥♦✈♦ ♦♣❡r❛❞♦r ❢❡r♠✐ô♥✐❝♦ ❞❡

❞❡str✉✐çã♦ ✭❝r✐❛çã♦✮ ❞❡ ✉♠ ❡❧étr♦♥ ♥♦ sít✐♦ i ✳ ❉❛í

H̃ =
∑

ij,σ

tijf
†
iσfjσb

†
iσbjσ + U

∑

i

d†idi, ✭✷✳✾✷✮

♦♥❞❡

biσ =
(

1− p†iσpiσ − d†idi

)−1/2 (

e†ipiσ + p†iσdi.
)(

1− p†i−σpi−σ − e†iei

)−1/2

. ✭✷✳✾✸✮

❆ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ♦❝♦rr❡ q✉❛♥❞♦ tr♦❝❛♠♦s ♦s ♦♣❡r❛❞♦r❡s ❜♦sô♥✐❝♦s ei

(

e†i

)

✱ di

(

d†i

)

❡ piσ

(

p†iσ

)

♣♦r s❡✉s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s e = 〈ei〉 =
〈

e†i

〉

✱ d = 〈di〉 =
〈

d†i

〉

❡ pσ = 〈piσ〉 =
〈

p†iσ

〉

✳ ❉❡st❡ ♠♦❞♦✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦

r❡s✉❧t❛♥t❡ é q✉❛❞rát✐❝♦ ♥♦s ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s fiσ ❡ f†iσ ❡ é ❞❛❞♦ ♣♦r

H̃ =
∑

σ

Zσ

∑

ij

tijf
†
iσfjσ +NUd2, ✭✷✳✾✹✮

♦♥❞❡ N é ♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❡

Zσ =
〈

b†iσbjσ

〉

=
〈

b†σbσ
〉

=
(epσ + p−σd)

2

(1− d2 − p2
σ)
(

1− e2 − p2
−σ

) ✭✷✳✾✺✮

é ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛✳ ❱❡♠♦s q✉❡ Zσ ≤ 1 r❡♥♦r♠❛❧✐③❛ ♦ t❡r♠♦ ❞❡ ✏❤♦♣♣✐♥❣✑ ❡✱ ♣♦rt❛♥t♦✱ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❛s
q✉❛s✐♣❛rtí❝✉❧❛s é

m⋆
σ =

m

Zσ
, ✭✷✳✾✻✮

♦♥❞❡ m é ❛ ♠❛ss❛ ♥ã♦ r❡♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛s ✐♥t❡r❛çõ❡s✳

✷✳✷✳✺ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ✈✐❛ ❜ós♦♥s ❡s❝r❛✈♦s

❘❡❡s❝r❡✈❡r❡♠♦s ❛ ❛çã♦ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✽✺✮ ❡♠ t❡r♠♦s ❞♦s ❜ós♦♥s ❡s❝r❛✈♦s ❞❡✜♥✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ P❛r❛ t❛❧✱
❢❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❛ss♦❝✐❛çõ❡s✿ clσ → blσflσ ❡ c†lσclσ = f†lσflσ✱ ❝♦♠ blσ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✾✸✮✳ ❙❡❣✉❡✲s❡ q✉❡

S
(l)
eff =

∑

σ

ˆ β

0

dτ f̄lσ (τ) (∂τ + εl − µ) flσ (τ)

+
∑

σ

ˆ β

0

dτ

ˆ β

0

dτ ′f̄lσ (τ) b̄lσ (τ) ∆l (τ − τ ′) blσ (τ ′) flσ (τ ′) + U

ˆ β

0

dτ d̄l (τ) dl (τ) . ✭✷✳✾✼✮

❱❡♠♦s q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ r❡❝❡❜❡✉ ❛s ✈❛r✐á✈❡✐s b̄lσ (τ) ❡ blσ (τ ′)✱ ❛♦ ♣❛ss♦ q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦
♥ã♦✳ ❖ ❢❛t♦ é q✉❡ ♥♦✱ ♣r✐♠❡✐r♦ t❡r♠♦✱ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❡stã♦ ❝❛❧❝✉❧❛❞❛s ♥♦ ♠❡s♠♦ t❡♠♣♦ τ ✱ ❡ t❡♠♦s ♦ ❡q✉✐✈❛❧❡♥t❡
❛ ✉♠ ♦♣❡r❛❞♦r ♥ú♠❡r♦

(

f†lσ (τ) flσ (τ)
)

q✉❡ ♣❡r♠❛♥❡❝❡ ✐♥❛❧t❡r❛❞♦
(

c†lσclσ = f†lσflσ

)

✳

✷✸
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❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ ❊q✳ ✭✷✳✾✼✮ ♥♦ ❡s♣❛ç♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ✐♠❛❣✐♥ár✐❛s

S
(l)
eff =

∑

n,σ

f̄lσ (iωn) (−iωn + εl − µ) flσ (iωn)

+
∑

n,σ

f̄lσ (iωn) b̄lσ (iωn) ∆l (iωn) blσ (iωn) flσ (iωn) + U

ˆ β

0

dτ d̄l (τ) dl (τ) . ✭✷✳✾✽✮

P❛r❛ ✐♠♣♦r♠♦s ♦s ✈í♥❝✉❧♦s ❞❛❞♦s ♣❡❧❛s ❊qs✳ ✭✷✳✾✵✮ ❡ ✭✷✳✾✶✮✱ ✐♥tr♦❞✉③✐r❡♠♦s ❞♦✐s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ λ(1)
l

❡ λ(2)
l ✳ ❚r❛t❛r❡♠♦s ❛ ♣❛rt❡ ❜♦sô♥✐❝❛ ❞❛ ❛çã♦ ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♣♦♥t♦ ❞❡ s❡❧❛✷✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❜é♠ ❛

s♦❧✉çã♦ ♣❛r❛♠❛❣♥ét✐❝❛✳ ❆ss✐♠✱ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❜♦sô♥✐❝❛s ♣❛ss❛♠ ❛ s❡r ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ❡ ✐❣✉❛✐s ❛ s❡✉
✈❛❧♦r ♠é❞✐♦✱ q✉❡ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ s♣✐♥

S
(l)
eff =

∑

n,σ

f̄lσ (iωn) (−iωn + εl − µ+ Zl∆l (iωn)) flσ (iωn) + Uβd2
l

+ βλ
(1)
l

(

∑

σ

p2
lσ + e2l + d2

l − 1

)

+ λ
(2)
l

∑

σ,n

(

f̄lσ (iωn) flσ (iωn)− p2
lσ − d2

l

)

, ✭✷✳✾✾✮

♦♥❞❡

Zl =
〈

b†lσblσ

〉

= 2
[

1−
(

e2l − d2
l

)2
]−1

(el + dl)
2 (

1− e2l − d2
l

)

. ✭✷✳✶✵✵✮

P♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ♣❛rt✐çã♦ ♥❡st❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♣♦♥t♦ ❞❡ s❡❧❛✱ ♣♦✐s ❛ ♣❛rt❡ ❢❡r♠✐ô♥✐❝❛ é q✉❛❞rát✐❝❛ ♥❛s
✈❛r✐á✈❡✐s ❞❡ ●r❛ss♠❛♥♥✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s ✐♥t❡❣rá✲❧❛ ❡①❛t❛♠❡♥t❡✿

Z(l)
eff = exp

[

∑

n,σ

ln
(

−iωn + εl − µ+ λ
(2)
l + Zl∆l (iωn)

)

]

×

× exp

[

−β
{

Ud2
l + λ

(1)
l

(

∑

σ

p2
lσ + e2l + d2

l − 1

)

− λ(2)
l

∑

σ

(

p2
lσ + d2

l

)

}]

. ✭✷✳✶✵✶✮

❈♦♠ ❛ ❢✉♥çã♦ ♣❛rt✐çã♦✱ ♦❜t❡♠♦s ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ F (l)
eff

F
(l)
eff = − 1

β

∑

n,σ

ln
(

−iωn + εl − µ+ λ
(2)
l + ql∆l (iωn)

)

+ Ud2
l

+ λ
(1)
l

(

∑

σ

p2
lσ + e2l + d2

l − 1

)

− λ(2)
l

∑

σ

(

p2
lσ + d2

l

)

. ✭✷✳✶✵✷✮

❚❡♠♦s q✉❛tr♦ ♣❛râ♠❡tr♦s ✈❛r✐❛❝✐♦♥❛✐s ✐♥❞❡♣❡♥❞❡♥t❡s✿ el✱ dl✱ λ
(1)
l ❡ λ(2)

l ✳ ❉❡✈❡♠♦s ❛❣♦r❛ ♠✐♥✐♠✐③❛r ❛ ❡♥❡r❣✐❛ ❧✐✈r❡
❛❝✐♠❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ❝❛❞❛ ✉♠ ❞❡❧❡s✳ ❖❧❤❛♥❞♦ ♣❛r❛ s✉❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛♦ ♠✐♥✐♠✐③❛r♠♦s F (l)

eff ❝♦♠ r❡❧❛çã♦

à λ(1)
l ♦❜t❡r❡♠♦s q✉❡ ♦ ✈í♥❝✉❧♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✾✵✮ é s❛t✐s❢❡✐t♦ ♥❛ ♠é❞✐❛✳ ❯s❛♥❞♦ ❡ss❡ ❢❛t♦✱ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❛❞❛

♣❡❧❛ ❊q✳ ✭✷✳✶✵✷✮ é r❡❡s❝r✐t❛ ❝♦♠♦

F
(l)
eff = − 1

β

∑

n,σ

ln
(

−iωn + εl − µ+ λ
(2)
l + Zl∆l (iωn)

)

+ Ud2
l − λ(2)

l

(

1 + d2
l − e2l

)

. ✭✷✳✶✵✸✮

❯t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛ ❊q✳ ✭✷✳✾✾✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛ ❡st❛ ❛çã♦

G̃
(loc)
l (iωn) = −

〈

flσ (iωn) f†lσ (iωn)
〉

Seff

=
1

iωn − ǫ̃l − Zl∆l (iωn)
, ✭✷✳✶✵✹✮

♦♥❞❡ ❞❡✜♥✐♠♦s ❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ ε̃l ❝♦♠♦

ε̃l = εl − µ+ λ
(2)
l . ✭✷✳✶✵✺✮

✷❊st❛ ❞✐s❝✉ssã♦ é ❛♥á❧♦❣❛ àq✉❡❧❛ ❞❛ s❡çã♦ ✭✷✳✶✮

✷✹
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❆ ❊q✳ ✭✷✳✶✵✹✮ ❞á ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s✳ ❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ❞♦s ❡❧étr♦♥s ❢ís✐❝♦s G(loc)
l ♣♦❞❡

s❡r ♦❜t✐❞❛ ❧❡♠❜r❛♥❞♦ q✉❡✱ ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ clσ → blσflσ✱ ❡ q✉❡ ♦s ❜ós♦♥s sã♦ tr❛t❛❞♦s ❡♠ ♣♦♥t♦
❞❡ s❡❧❛

G
(loc)
l (iωn) = ZlG̃

(loc)
l (iωn) . ✭✷✳✶✵✻✮

▼✐♥✐♠✐③❛♥❞♦ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❛❞❛ ❞❛ ❊q✳ ✭✷✳✶✵✸✮ ❝♦♠ r❡s♣❡✐t♦ ❛ el✱ dl ❡ λ
(2)
l ✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡

❡q✉❛çõ❡s

−∂Zl

∂el
T
∑

n

∆l (iωn) G̃
(loc)
l (iωn) = (µ+ ε̃l − εl) el, ✭✷✳✶✵✼✮

−∂Zl

∂dl
T
∑

n

∆l (iωn) G̃
(loc)
l (iωn) = (U − µ− ε̃l + εl) dl, ✭✷✳✶✵✽✮

T
∑

n

G̃
(loc)
l (iωn) =

1

2

(

1− e2l + d2
l

)

. ✭✷✳✶✵✾✮

❉✐✈✐❞✐♥❞♦ ❛ ❊q✳ ✭✷✳✶✵✼✮ ♣❡❧❛ ❊q✳ ✭✷✳✶✵✽✮✱ t❡♠♦s q✉❡

ε̃l = εl − µ+ Udl
∂Zl

∂el

(

∂Zl

∂el
dl +

∂Zl

∂dl
el

)−1

, ✭✷✳✶✶✵✮

❡ ✈❡♠♦s q✉❡ ❛♣❡♥❛s ♦s ♣❛râ♠❡tr♦s ✈❛r✐❛❝✐♦♥❛✐s el ❡ dl ♣r❡❝✐s❛♠ s❡r ❞❡t❡r♠✐♥❛❞♦s ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦
♠é❞✐♦✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆l (iωn)✱ r❡s♦❧✈❡♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✱ ❢♦r♠❛❞♦✱ ♣♦r
❡①❡♠♣❧♦✱ ♣❡❧❛s ❊qs✳ ✭✷✳✶✵✼✮ ❡ ✭✷✳✶✵✾✮✱ ❞❡t❡r♠✐♥❛♥❞♦ ❛ss✐♠ ♦s ✈❛❧♦r❡s ❞❡ el ❡ dl ♣❛r❛ ✈❛❧♦r❡s ✜①♦s ❞❡ U ✱ µ✱ T ❡ εl✳

❉❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣❛r❛ ❛ ❛✉t♦❡♥❡r❣✐❛
❡❧❡trô♥✐❝❛ Σl (iωn)✳ ■❣✉❛❧❛♥❞♦ ❛s ❊qs✳ ✭✷✳✽✼✮ ❡ ✭✷✳✶✵✻✮✱ ✈❡♠♦s q✉❡

Σl (iωn) = iωn

(

1− 1

Zl

)

+ vl − εl + µ, ✭✷✳✶✶✶✮

♦♥❞❡ ❞❡✜♥✐♠♦s q✉❡

vl = εl + Σl (0)− µ =
ε̃l

Zl
, ✭✷✳✶✶✷✮

é ♦ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠✳

✷✳✷✳✻ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❞❡ ✈✐❛ ❜ós♦♥s ❡s❝r❛✈♦s

◆❡st❛ s❡çã♦✱ r❡s♦❧✈❡r❡♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✷✮ ❝♦♥s✐❞❡r❛♥❞♦ ❞✐r❡t❛♠❡♥t❡
❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♥❛ r❡❞❡ ❡ ♠♦str❛r❡♠♦s q✉❡ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❡q✉✐✈❛❧❡♥t❡s ❛♦ ❞❡s❝r✐t♦ ❛♥t❡r✐✲
♦r♠❡♥t❡✱ ♥♦ q✉❛❧ ❡♠♣r❡❣❛♠♦s ❡st❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♣❛r❛ r❡s♦❧✈❡r♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛
❛ss♦❝✐❛❞♦s ❞❛ ❚❊❉❈▼✳

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ é r❡❛❧✐③❛r♠♦s ❛s tr❛♥s❢♦r♠❛çõ❡s ciσ → biσfiσ ❡ c†iσciσ = f†iσfiσ✱ ♦♥❞❡ ♦ ♦♣❡r❛❞♦r biσ é ❞❛❞♦
♣❡❧❛ ❊q✳ ✭✷✳✾✸✮✱ fiσ, f

†
iσ sã♦ ♦s ♥♦✈♦s ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s ❞❡st❡ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❛✉♠❡♥t❛❞♦ ❡ ✐♠♣♦♠♦s ♦s

✈í♥❝✉❧♦s ✭✷✳✾✵✮ ❡ ✭✷✳✾✶✮ ♣❛r❛ ❡❧✐♠✐♥❛r♠♦s ♦s ❡s♣❛ç♦s ♥ã♦ ❢ís✐❝♦s✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ r❡s✉❧t❛♥t❡ é

HBE =
∑

i,σ

εif
†
iσfiσ −

∑

ij,σ

tijf
†
iσfjσb

†
iσbjσ + U

∑

i

d†idi. ✭✷✳✶✶✸✮

❆❣♦r❛✱ ❡s❝r❡✈❡♠♦s ❛ ❢✉♥çã♦ ♣❛rt✐çã♦ ♣❛r❛ ❡st❡ ♠♦❞❡❧♦ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ✐♥t❡❣r❛❧ ❢✉♥❝✐♦♥❛❧

Z =

ˆ

[

D
(

e, d, p, λ(1,2)
)]

[D (f)] ❡①♣

[

−
ˆ β

0

L (τ)

]

, ✭✷✳✶✶✹✮

♦♥❞❡

L (τ) =
∑

ij,σ

f†iσ

{

δij

(

∂τ + εi − µ+ λ
(2)
iσ

)

− tijb†iσbjσ

}

fjσ +
∑

i,σ

p†iσ

(

∂τ + λ
(1)
i − λ

(2)
iσ

)

piσ

+
∑

i

{

e†i

(

∂τ + λ
(1)
i

)

ei + d†i

(

∂τ + U + λ
(1)
i −

∑

σ

λ
(2)
iσ

)

di − λ(1)
i

}

, ✭✷✳✶✶✺✮

✷✺
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é ❛ ▲❛❣r❛♥❣❡❛♥❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞❛ ❊q✳ ✭✷✳✶✶✸✮✳ ❖s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ λ(1)
i ❡

λ
(2)
iσ ✐♠♣õ❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ✈í♥❝✉❧♦s ✭✷✳✾✵✮ ❡ ✭✷✳✾✶✮✳
❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ♣r♦❜❧❡♠❛ ❞❡s♦r❞❡♥❛❞♦✱ ♠❛♥t❡r❡♠♦s ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ sít✐♦ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s

❜♦sô♥✐❝♦s ❡ ❢❡r♠✐ô♥✐❝♦s✳ ❈♦♥t✉❞♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ✈✐♥❞❛ ❛♣❡♥❛s ❞♦s ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s
fiσ (τ)

(

f†iσ (τ)
)

❡ ✐❣♥♦r❛r❡♠♦s ❛q✉❡❧❛ ✈✐♥❞❛ ❞♦s ♦♣❡r❛❞♦r❡s ❜♦sô♥✐❝♦s ❡ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ✭❛♣r♦①✐✲

♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ♦✉ ♣♦♥t♦ ❞❡ s❡❧❛✮✳ ❆❧é♠ ❞✐ss♦✱ ❥á ❛ss✉♠✐r❡♠♦s ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❛ s♦❧✉çã♦ ♣❛r❛♠❛❣♥ét✐❝❛
(pi↑ = pi↓)✳ ❆ ❛çã♦ S = −

´ β

0
dτL (τ)✱ ❝❛❧❝✉❧❛❞❛ ♥♦ ♣♦♥t♦ ❞❡ s❡❧❛✱ é ❞❛❞❛ ♣♦r

S0 =
∑

ij,σ,n

f†iσ (iωn)
{

δij (−iωn + ε̃i)−
√

Zitij
√

Zj

}

fjσ (iωn)

+ β
∑

i

{

Ud2
i − [ε̃i + µ− εi]

[

1− e2i + d2
i

]}

, ✭✷✳✶✶✻✮

♦♥❞❡ ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Zi é ❞❡✜♥✐❞♦ ♥❛ ❊q✳ ✭✷✳✶✵✵✮ ❡ ❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ ε̃i ♥❛ ❊q✳ ✭✷✳✶✵✺✮✳ ❆❝✐♠❛✱
❥á ❡❧✐♠✐♥❛♠♦s ♦ ✈í♥❝✉❧♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✾✵✮✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❡ é ♥❛t✉r❛❧♠❡♥t❡ s❛t✐s❢❡✐t♦ ♥♦ ♣♦♥t♦ ❞❡ s❡❧❛ ❛♦
♠✐♥✐♠✐③❛r♠♦s ❛ ❛çã♦ ❝♦♠ r❡s♣❡✐t♦ ❛ λ(1)

i ✳
❆ ❢✉♥çã♦ ♣❛rt✐çã♦ ❝❛❧❝✉❧❛❞❛ ♥♦ ♣♦♥t♦ ❞❡ s❡❧❛ é ❞❛❞❛ ♣♦r

Z0 = ❡①♣

[

−β
∑

i

{

Ud2
i − [ε̃i + µ− εi]

[

1− e2i + d2
i

]}

]

×
∏

n

ˆ

[D (f)] ❡①♣



−
∑

ij,σ

f†iσAij (ωn) fjσ



 ,

♦♥❞❡ ❛ ♠❛tr✐③ Aij (ωn) é ❞❛❞❛ ♣♦r

Aij (ωn) = δij (−iωn + ε̃i)−
√

Zitij
√

Zj . ✭✷✳✶✶✼✮

❆ ✐♥t❡❣r❛❧ ❞❛ ♣❛rt❡ ❢❡r♠✐ô♥✐❝❛ é ●❛✉ss✐❛♥❛ ❡ ♣♦❞❡ s❡r ❛✈❛❧✐❛❞❛✱ ❊q✳ ✭❇✳✹✮✱ ♦ q✉❡ ♥♦s ❞á

Z0 = C❡①♣

[

−β
∑

i

{

Ud2
i − [ε̃i + µ− εi]

[

1− e2i + d2
i

]}

+
∑

n,σ

tr ❧♥A (ωn)

]

. ✭✷✳✶✶✽✮

P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♠❛tr✐③ A✱ ❊q✳ ✭✷✳✶✶✼✮✱ ✈❡♠♦s q✉❡ ❡❧❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ s♣✐♥✱ ❡ ♣♦r ✐ss♦ ❛ s♦♠❛ s♦❜r❡ ♦ s♣✐♥ ❥á ❡stá
❡①♣❧✐❝✐t❛♠❡♥t❡ s❡♣❛r❛❞❛ ❞♦ tr❛ç♦✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s ❡ ❛✈❛❧✐❛r♠♦s ♦ t❡r♠♦ tr ❧♥A (ωn)✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡Gii (τ − τ ′) =

−
〈

Tτ ci (τ) c†i (τ ′)
〉

✱ ♦♥❞❡ Tτ é ♦ ♦♣❡r❛❞♦r ❞❡ ♦r❞❡♥❛♠❡♥t♦ t❡♠♣♦r❛❧ ✭✐♠❛❣✐♥ár✐♦✮✱ q✉❡ ❞❡✐①❛ ♦s ♠❛✐♦r❡s t❡♠♣♦s

s❡♠♣r❡ à ❡sq✉❡r❞❛ ❞♦s ♠❡♥♦r❡s✳ ❉❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞♦ ♣♦♥t♦ ❞❡ s❡❧❛✱ Gii (τ − τ ′) = −Zi

〈

Tτfi (τ) f†i (τ ′)
〉

❡
♣♦❞❡♠♦s ❡s❝r❡✈❡r

Gii (iωm) = −Zi ×
1

Z0

ˆ

[

D
(

e, d, p, λ(2)
)]

[D (f)] fi,mf
†
i,m❡①♣

[

−L0
]

.

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥✱ ✐♥tr♦❞✉③✐♠♦s t❡r♠♦s ❞❡ ❝♦rr❡♥t❡ ♥❛ ✐♥t❡❣r❛❧ ❛❝✐♠❛✱ ♦ q✉❡ ♥♦s ❞á

Gii (iωm) = −Zi
Z0

bos

Z0

ˆ

[D (f)]
δ2

δJ⋆
i,mδJi,m

❡①♣



−
∑

kj,m′,σ

f†kσAkj (ωm′) fjσ +
∑

j

(

J⋆
j,m′fj,m′ + f†j,m′Jj,m′

)





∣

∣

∣

∣

∣

∣

J=J⋆=0

,

♦♥❞❡ Z0
bos é ❛ ♣❛rt❡ ❜♦sô♥✐❝❛ ❞❛ ❢✉♥çã♦ ♣❛rt✐çã♦ Z0 ❞❡✜♥✐❞❛ ♥❛ ❊q✳ ✭✷✳✶✶✽✮✱ t❛❧ q✉❡ Z0 = Z0

bos❡①♣
[

∑

n,σ tr ❧♥A (ωn)
]

✳

❈♦♠♦ ❛ ✐♥t❡❣r❛❧ é q✉❛❞rát✐❝❛ ♥♦s ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s fiσ ❡ f†iσ✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r ❛ ✐♥t❡❣r❛❧ ●❛✉ss✐❛♥❛✱ ♦ q✉❡

✷✻
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♥♦s ❞á

Gii (iωm) = −Zl
δ2

δJ⋆
i,mδJi,m

❡①♣



−
∑

kj,m′

J⋆
k,m′A−1

kj (ωm′) Jj,m′





∣

∣

∣

∣

∣

∣

J=J⋆=0

= −
√

ZiA
−1
ii (ωm)

√

Zi

= 〈i|
(

iωmZ−1 − v −H0

)−1 |i〉 , ✭✷✳✶✶✾✮

♦♥❞❡ ♦s ♦♣❡r❛❞♦r❡s Z ❡ v sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ♥❛ ❜❛s❡ ❞♦s sít✐♦s t❛✐s q✉❡ [Z]ij = Ziδij ❀ [v]ij = viδij ✱ H0 é ♦
❍❛♠✐❧t♦♥✐❛♥♦ ❞❛ r❡❞❡ ❧✐♠♣❛ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ [H0]ij = hij ✳ ❱❛❧❡ r❡❧❡♠❜r❛r ❛q✉✐ q✉❡✱ ❝♦♠♦ Z ❡ v sã♦ ❞✐❛❣♦♥❛✐s✱
❡❧❡s ❝♦♠✉t❛♠ ❡♥tr❡ s✐✱ ❡ t❛♠❜é♠ q✉❡ v = Z−1/2ε̃Z−1/2✱ ♦♥❞❡ [ε̃]ij = εiδij ✳

❉❡♥tr♦ ❞❡ss❛ ❛♣r♦①✐♠❛çã♦✱ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ é ❞❡✜♥✐❞❛ ❝♦♠♦ F 0 = −T ❧♥Z0✱ ♦♥❞❡ Z0 é ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✶✽✮ ❡
♦❜t❡♠♦s

F 0 = −2T
∑

n

tr ❧♥
[

−iωn1 + ε̃ + Z1/2H0Z
1/2
]

+
∑

i

{

Ud2
i − [ε̃i + µ− εi]

[

1− e2i + d2
i

]}

. ✭✷✳✶✷✵✮

P♦❞❡♠♦s ❛✈❛❧✐❛r ♦ tr❛ç♦ ♥❛ ❜❛s❡ ❞♦s sít✐♦s✱ ♦ q✉❡ ♥♦s ❞á

F 0 =
∑

i

{

−2T
∑

n

〈i| ❧♥
[

−iωn1 + ε̃ + Z1/2H0Z
1/2
]

|i〉+ Ud2
i − [ǫ̃i + µ− ǫi]

[

1− e2i + d2
i

]

}

. ✭✷✳✶✷✶✮

❱❡♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❛ r❡❞❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ F 0 =
∑

i F
0
i ✱ ♦♥❞❡ F

0
i é ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❧♦❝❛❧ ❛ss♦❝✐❛❞❛ ❛

❝❛❞❛ ✉♠ ❞♦s sít✐♦s✳ ❊st❛ ❢♦r♠❛ ❥á ♥♦s ✐♥❞✐❝❛ q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❞á ✉♠❛ ❞❡s❝r✐çã♦ ♣✉r❛♠❡♥t❡
❧♦❝❛❧✱ ❛♥á❧♦❣❛ àq✉❡❧❛ ❞❛ ❚❊❉❈▼✳ ▼✐♥✐♠✐③❛♥❞♦ F 0

i ❝♦♠ r❡s♣❡✐t♦ ❛ ε̃j ✱ ✈❡♠♦s q✉❡

2T
∑

n

〈i|
[

iωn1− ε̃− Z1/2H0Z
1/2
]−1 ∂ε̃

∂ε̃j
|i〉 = δij

(

1− e2i + d2
i

)

T
∑

n

Gii (iωn) = Zi
1

2

(

1− e2i + d2
i

)

. ✭✷✳✶✷✷✮

❆❝✐♠❛✱ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ∂ǫ̃i/∂ǫ̃j = δij ✳ ❊st❛ é ❛ ♠❡s♠❛ ❡①♣r❡ssã♦ ❡♥❝♦♥tr❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ♥❛ ❊q✳ ✭✷✳✶✵✾✮✱
❛♦ ✉t✐❧✐③❛r♠♦s ❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♣❛r❛ r❡s♦❧✈❡r♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s ❞❡♥tr♦
❞❛ ❚❊❉❈▼✳

▼✐♥✐♠✐③❛♥❞♦ ❛ ❊q✳ ✭✷✳✶✷✶✮ ❛❣♦r❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ej

T
∑

n

〈i|
[

iωn1− ε̃− Z1/2H0Z
1/2
]−1

(

∂Z

∂ej
Z−1/2H0Z

1/2 + Z1/2H0Z
−1/2 ∂Z

∂ej

)

|i〉 = −2δij [ε̃i + µ− εi] ei,

T
∑

n,k

〈i|
[

iωn1−−ε̃− Z1/2H0Z
1/2
]−1

|k〉
(

∂Zk

∂ej
Z

−1/2
k hkiZ

1/2
i + Z

1/2
k hkiZ

−1/2
i

∂Zi

∂ej

)

= −2δij [ε̃i + µ− εi] ei.

◆❛ ♣❛ss❛❣❡♠ ❞❛ ♣r✐♠❡✐r❛ ♣❛r❛ ❛ s❡❣✉♥❞❛ ❧✐♥❤❛✱ ✐♥tr♦❞✉③✐♠♦s ❛ r❡❧❛çã♦ ❞❡ ❝♦♠♣❧❡t❡③❛
∑

k |k〉 〈k| = 1 ❡ ✉s❛♠♦s q✉❡
hki = 〈k|H0 |i〉✳ ❈♦♠♦ hik = hki✱ Gik = Gki ❡ ∂Zk/∂ei = δik∂Zi/∂ei✱ ✈❡♠♦s q✉❡ ❛♠❜♦s ♦s t❡r♠♦s ❞❡♥tr♦ ❞♦s
♣❛rê♥t❡s❡s ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ sã♦ ✐❣✉❛✐s✱ ❞❡ ❢♦r♠❛ q✉❡ t❡♠♦s

−2T
∂Zi

∂ei

∑

n,k

Gik (iωn)hki = 2Zi [ε̃i + µ− εi] ei. ✭✷✳✶✷✸✮

❆ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❊q✳ ✭✷✳✶✷✶✮ ❝♦♠ r❡❧❛çã♦ ❛ di é ❛♥á❧♦❣❛

−2T
∂Zi

∂di

∑

n,k

Gik (iωn)hki = 2Zi [U − ε̃i − µ+ εi] di. ✭✷✳✶✷✹✮

❈♦♠♦ ✈❡♠♦s✱ ❛s ❊qs✳ ✭✷✳✶✷✸✮ ❡ ✭✷✳✶✷✹✮ ♥ã♦ ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛s ❊qs✳ ✭✷✳✶✵✼✮ ❡ ✭✷✳✶✵✽✮✳ P❛r❛ ✜♥❛❧♠❡♥t❡
❡st❛❜❡❧❡❝❡r♠♦s ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❡❧❛s✱ ♣r❡❝✐s❛♠♦s ✈❡r✐✜❝❛r ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

∆i (iωn)Gii (iωn) =
∑

k

Gik (iωn)hki. ✭✷✳✶✷✺✮

✷✼



❈❆P❮❚❯▲❖ ✷✳ ▼❖❉❊▲❖❙ ❊ ▼➱❚❖❉❖❙

P❛r❛ t❛❧✱ r❡❡s❝r❡✈❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡ ❞❛❞❛ ♥❛ ❊q✳ ✭✷✳✶✶✾✮ ❡♠ t❡r♠♦s ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♠♦

G (iωn)
(

iωnZ−1 − v −H0

)

= 1, ✭✷✳✶✷✻✮

❞♦♥❞❡

〈i|G (iωn)

{

∑

k

|k〉 〈k|
}

(

iωnZ−1 − v −H0

)

|i〉 = 1,

(

iωn

Zi
− vi

)

Gii (iωn)−
∑

k

Gik (iωn)hki = 1, ✭✷✳✶✷✼✮

❡ ♣♦rt❛♥t♦

∑

k

Gik (iωn)hki =

(

iωn

Zi
− vi

)

Gii (iωn)− 1. ✭✷✳✶✷✽✮

❆❣♦r❛✱ ✉t✐❧✐③❛♠♦s ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧✱ ❊qs✳ ✭✷✳✶✵✹✮ ❡ ✭✷✳✶✵✻✮✱ q✉❡ ❡♠❡r❣❡ ❛♦ ❛♣❧✐❝❛r♠♦s ❛ ❛♣r♦①✐♠❛çã♦
❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♣❛r❛ r❡s♦❧✈❡r♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s ❞❡♥tr♦ ❞❛ ❚❊❉❈▼✱ ❞❡ ❢♦r♠❛ ❛
❡♥❝♦♥tr❛r♠♦s ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆i (iωn)

∆i (iωn)G
(loc)
i (iωn) =

(

iωn

Zi
− vi

)

G
(loc)
i (iωn)− 1. ✭✷✳✶✷✾✮

❆ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ ❞❛ ❚❊❉❈▼ ✐♠♣õ❡ q✉❡ G(loc)
i (iωn) ≡ Gii (iωn)✱ ♦ q✉❡ ♥♦s ❞á

∆i (iωn)Gii (iωn) =

(

iωn

Zi
− vi

)

Gii (iωn)− 1. ✭✷✳✶✸✵✮

❈♦♠♣❛r❛♥❞♦ ❛s ❊qs✳ ✭✷✳✶✷✽✮ ❡ ✭✷✳✶✸✵✮✱ ✈❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ♦s ❢♦r♠❛❧✐s♠♦s ❡st❛❜❡❧❡❝✐❞❛
♣❡❧❛ ❊q✳ ✭✷✳✶✷✺✮ é s❛t✐s❢❡✐t❛✳

❊♠❜♦r❛ ❢♦r♠❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✱ ❡st❡s ❞♦✐s ♠ét♦❞♦s sã♦ ♠✉✐t♦ ❞✐❢❡r❡♥t❡s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♥✉♠ér✐❝♦✳ ❆♦
❛♣❧✐❝❛r♠♦s ❞✐r❡t❛♠❡♥t❡ ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♥♦ ♣r♦❜❧❡♠❛ ❞❛ r❡❞❡✱ ♣r❡❝✐s❛♠♦s r❡s♦❧✈❡r ✉♠ ❝♦♥❥✉♥t♦
❞❡ 2N ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❛❝♦♣❧❛❞❛s✱ ❊qs✳ ✭✷✳✶✷✷✮✲✭✷✳✶✷✹✮✱ ♣❛r❛ t♦❞♦s ♦s sít✐♦s ❞❛ r❡❞❡ ❛♦ ♠❡s♠♦ t❡♠♣♦✳ ❏á
♣❛r❛ ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ❚❊❉❈▼✱ r❡s♦❧✈❡♠♦s ❞✉❛s ❡q✉❛çõ❡s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s N sít✐♦s ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❊qs✳
✭✷✳✶✵✼✮✲✭✷✳✶✵✾✮✱ ♦ q✉❡ t♦r♥❛ ♦ ❛❧❣♦r✐t♠♦ ♠✉✐t♦ ♠❛✐s ❡stá✈❡❧✳ ❖ ♣r❡ç♦ q✉❡ ♣❛❣❛♠♦s ❛♦ ✉t✐❧✐③❛r♠♦s ♦ ❢♦r♠❛❧✐s♠♦ ❞❛
❚❊❉❈▼ é q✉❡ t❡♠♦s q✉❡ ❢❛③❡r ❛ s♦♠❛ s♦❜r❡ ❢r❡q✉ê♥❝✐❛s ♥❛s ❊qs✳ ✭✷✳✶✵✼✮✲✭✷✳✶✵✾✮ ♥✉♠❡r✐❝❛♠❡♥t❡✱ ❛♦ ♣❛ss♦ q✉❡
❡st❛s s♦♠❛s ♥❛s ❊qs✳ ✭✷✳✶✷✷✮✲✭✷✳✶✷✹✮ sã♦ ❢❡✐t❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♥❡st❡ ❢♦r♠❛❧✐s♠♦
✭❊q✳ ✭✷✳✶✶✾✮✮ é ✐❞ê♥t✐❝❛ àq✉❡❧❛ ❞♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳

✷✽



Capı́tulo 3
❋❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt

❡♠ d = 2

❊❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ❡♠ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ q✉â♥t✐❝❛s tê♠ ❞❡♠♦♥str❛❞♦ s❡r ♠✉✐t♦ ♠❛✐s ❞r❛♠át✐❝♦s ❞♦ q✉❡ ♣❛r❛
s✐st❡♠❛s ❝❧áss✐❝♦s ❬✶✻❪✳ P❛r❛ ❡st❛s tr❛♥s✐çõ❡s✱ ❛❧❣✉♥s ♣♦♥t♦s ❝rít✐❝♦s ♣♦❞❡♠ s❡r ❞❡s❝r✐t♦s ❝♦♠♦ ♣♦♥t♦s ❝rít✐❝♦s ❞❡
❞❡s♦r❞❡♠ ✐♥✜♥✐t❛ ❬✶✽❪ ❝♦♠ s✉❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❡①ót✐❝♦ é ❜❡♠ ❡♥t❡♥❞✐❞♦ ♣❛r❛
s✐st❡♠❛s ♠❛❣♥ét✐❝♦s ✐s♦❧❛♥t❡s q✉❡ ❛♣r❡s❡♥t❛♠ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❝♦♠ s✐♠❡tr✐❛ ❞✐s❝r❡t❛✱ ♠❛s ❡❧❡ ♣♦❞❡ ♦✉ ♥ã♦
s♦❜r❡✈✐✈❡r ❡♠ ♦✉tr♦s ♠♦❞❡❧♦s✱ ♦✉ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❞✐ss✐♣❛çã♦ ❞❡✈✐❞♦ ❛♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❬✷✱ ✽✻✱ ✽✼❪✳

❚r❛♥s✐çõ❡s ♠❡t❛❧✲✐s♦❧❛♥t❡ r❡♣r❡s❡♥t❛♠ ♦✉tr❛ ✐♠♣♦rt❛♥t❡ ❝❧❛ss❡ ❞❡ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ q✉â♥t✐❝❛s✱ ❝♦♠ ❛ ❝❛r❛❝t❡✲
ríst✐❝❛ ❡s♣❡❝✐❛❧ ❞❡ q✉❡ ❡st❛ tr❛♥s✐çã♦ ♥ã♦ ❡stá ❛ss♦❝✐❛❞❛ ❛ ♥❡♥❤✉♠❛ q✉❡❜r❛ ❞❡ s✐♠❡tr✐❛✳ ❚❡♦r✐❛s ❝♦♥✈❡♥❝✐♦♥❛✐s ♣❛r❛
❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❡♠ s✐st❡♠❛s ❞❡s♦r❞❡♥❛❞♦s ❬✾❪ tr❛t❛♠ ❛ ❞❡s♦r❞❡♠ ♥❛ ♠é❞✐❛✳ ❊♠❜♦r❛ ❡st❛s ❛❜♦r❞❛❣❡♥s
t❡♥❤❛♠ ♦ ❛♣❡❧♦ ❞❡ s❡r❡♠ ♠✉✐t♦ s✐♠✐❧❛r❡s às t❡♦r✐❛s ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ✉s✉❛✐s✱ ❡❧❛s ♥ã♦ ✐♥❝♦r♣♦r❛♠ ❛ ❢ís✐❝❛ ❞❡
❡✈❡♥t♦s r❛r♦s ♦✉ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❞❡s♦r❞❡♠ ✐♥✜♥✐t❛✳ ❊①✐st❡ ❝♦♥t✉❞♦ ✉♠ ❣r❛♥❞❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s
❞♦❝✉♠❡♥t❛♥❞♦ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t✐♣♦ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ❞❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞❡ ❝♦♥✜❣✉r❛çõ❡s
r❛r❛s ❞❡ ❞❡s♦r❞❡♠ ❬✷✱ ✽✽✱ ✽✾✱ ✾✵❪✱ ♠❡s♠♦ ♣❛r❛ s✐st❡♠❛s q✉❡ ❡st❡❥❛♠ ❧♦♥❣❡ ❞❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ ♦r❞❡♥❛♠❡♥t♦ ❞❡ ❝❛r❣❛
♦✉ s♣✐♥✱ ♦ q✉❡ ❧❡✈♦✉ à ✐♥tr♦❞✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ❬✶✼✱ ✷✺✱ ✸✼❪✳

P❛r❛ s✐t✉❛r♠♦s ♠❡❧❤♦r ♥♦ss❛ ❞✐s❝✉ssã♦✱ ❞❡s❝r❡✈❡♠♦s ❜r❡✈❡♠❡♥t❡ ♥❛ s❡çã♦ ✭✸✳✶✮ ❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ ♣❛r❛ tr❛♥s✐çõ❡s
❞❡ ❢❛s❡✱ ❝♦♠ ❡s♣❡❝✐❛❧ ❡♥❢♦q✉❡ ♥❛s tr❛♥s✐çõ❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♦✉ ❝♦♥tí♥✉❛s✳ ❚❛♠❜é♠ ❡♥tr❛♠♦s ♥♦ ❢♦❝♦ ♣r✐♥❝✐♣❛❧
❞❛ ♥♦ss❛ ♣❡sq✉✐s❛✱ q✉❡ é ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ❛ ❞❡s♦r❞❡♠ ❛❢❡t❛ ❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡✳ ❆ ♠❛♥❡✐r❛ ✉s✉❛❧ ❞❡ ❡♥❝❛r❛r ❡st❡
♣r♦❜❧❡♠❛ é tr❛t❛r ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥❛ ♠é❞✐❛✱ ♦ q✉❡ ❧❡✈❛✱ ♣♦r ❡①❡♠♣❧♦✱ à ❡❧❛❜♦r❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❍❛rr✐s✳
P❛r❛ s✐st❡♠❛s ❡❧❡trô♥✐❝♦s✱ ❡st❛ ❛❜♦r❞❛❣❡♠ é ❝❡rt❛♠❡♥t❡ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♦♣❡r❛❝✐♦♥❛❧✱ ❝♦♥t✉❞♦
♥ã♦ é ❝❛♣❛③ ❞❡ ❝❛♣t✉r❛r ♥❡♠ ❡❢❡✐t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ♥❡♠ ❛ ❢ís✐❝❛ ❞❡ r❡❣✐õ❡s r❛r❛s✱ q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s✱
sã♦ ❞❡ ❝❡♥tr❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❡①♣❧✐❝❛r♠♦s ❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛✳

❆ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❞❡s♦r❞❡♠ é ❞✐s❝✉t✐❞❛ ♥❛ s❡çã♦ ✭✸✳✷✳✶✮✳ ❊st❛ é ✉♠❛ tr❛♥s✐çã♦
q✉❡ ♦❝♦rr❡ ❡♠ s✐st❡♠❛s ♥♦s q✉❛✐s ❛ r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ é ❝♦♠♣❛rá✈❡❧ à ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞♦s ❡❧étr♦♥s ❡ ❡♥✈♦❧✈❡
❛ ❛❜❡rt✉r❛ ❞❡ ✉♠ ✏❣❛♣✑ ✭✏❣❛♣✑ ❞❡ ▼♦tt✮ ♥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❡❧❡trô♥✐❝♦s✳ ❈♦♠♦ ♠♦❞❡❧♦ ♣❛r❛ ❡st✉❞❛r♠♦s ❡st❛
tr❛♥s✐çã♦✱ ❛❞♦t❛♠♦s ♦ tr❛❞✐❝✐♦♥❛❧ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞✱ q✉❡ é ✈❛st❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦ ❝❛♠♣♦ ❞❡ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡
❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ P❛r❛ tr❛t❛r ❡st❡ ❍❛♠✐❧t♦♥✐❛♥♦✱ ✉t✐❧✐③❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ q✉❡ r❡♣r♦❞✉③ ♦
❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ◆❡st❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ✐❣♥♦r❛♠♦s ❛s ❝♦rr❡❧❛çõ❡s
♠❛❣♥ét✐❝❛s ❡♥tr❡ ♦s sít✐♦s ❡ ❢♦❝❛♠♦s ❛♣❡♥❛s ♥♦s ❡❢❡✐t♦s ❧♦❝❛✐s ❞❛ ✐♥t❡r❛çã♦✱ ♦❜t❡♥❞♦ ✉♠❛ ❞❡s❝r✐çã♦ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡
❋❡r♠✐ ♣❛r❛ ♦ ♠❡t❛❧✱ ♦♥❞❡ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s é ❢♦rt❡♠❡♥t❡ r❡♥♦r♠❛❧✐③❛❞❛✱ ❞✐✈❡r❣✐♥❞♦ ♥❛ tr❛♥s✐çã♦
❞❡ ▼♦tt✱ ♠❛r❝❛♥❞♦ ❛ss✐♠ ❛ tr❛♥s♠✉t❛çã♦ ❞♦s ❡❧étr♦♥s ❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳

❈✐❡♥t❡s ❞♦ r❡❣✐♠❡ ❞❡ ✈❛❧✐❞❛❞❡ ❞♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡✱ ♣❛ss❛♠♦s ❛♦ ❡st✉❞♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♥❛
♣r❡s❡♥ç❛ ❞❡ ❞❡s♦r❞❡♠ ♥❛ s❡çã♦ ✭✸✳✷✳✷✮✳ ❚r❛t❛♠♦s ❛ ❞❡s♦r❞❡♠ ❡①❛t❛♠❡♥t❡ ❛tr❛✈és ❞❛ ❞✐❛❣♦♥❛❧✐③❛çã♦ ♥✉♠ér✐❝❛ ❞❡
r❡❞❡s ✜♥✐t❛s✱ ❝❛♣t✉r❛♥❞♦ ♦s ❡❢❡✐t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ❡ ❛ ❢ís✐❝❛ ❞❡ ❡❢❡✐t♦s r❛r♦s✳ ❈♦♥str✉í♠♦s ✉♠ ❞✐❛❣r❛♠❛
❞❡ ❢❛s❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ❡♠ d = 2 ❛ T = 0✳ ❙❡ ♣♦r ✉♠ ❧❛❞♦ ❡st❡ ❞✐❛❣r❛♠❛ ♣♦ss✉✐ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❣❡r❛❧ ❡s♣❡r❛❞♦✱ ♦✉ s❡❥❛✱ ♦ ❛✉♠❡♥t♦ ❝♦♠ ❛ ❞❡s♦r❞❡♠ ❞♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ ♣❛r❛ ♦ q✉❛❧ ❛
tr❛♥s✐çã♦ ❞❡ ▼♦tt ♦❝♦rr❡✱ ❡❧❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛ ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♥é❞✐t❛✿ ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ s❡♠♣r❡
♣r❡❝❡❞❡♥❞♦ ❛ tr❛♥s✐çã♦ ❬✸✻❪✳ ❱❡♠♦s t❛♠❜é♠ q✉❡ ❛s ❞✉❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♣♦ss✉❡♠
❝♦♠♣♦rt❛♠❡♥t♦s ❞✐st✐♥t♦s ♣ró①✐♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❊♥q✉❛♥t♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❛s ❡♥❡r❣✐❛s r❡♥♦r♠❛❧✐③❛❞❛s ❞♦s

✷✾
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sít✐♦s ❞✐♠✐♥✉✐ s✉❛ ❧❛r❣✉r❛✱ ❛ ❧❛r❣✉r❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❛✉♠❡♥t❛✦ ❊ss❛ ❞✐❝♦t♦♠✐❛ ❞á ♦r✐❣❡♠
❛ ✉♠❛ ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❡♥❡r❣✐❛ ♥❛ q✉❛❧ s♦♥❞❛♠♦s ♦ s✐st❡♠❛ ❬✸✽❪✳

❆ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ é ❡①♣❧♦r❛❞❛ ♥❛ s❡çã♦ ✭✸✳✸✮✳ ❆♥t❡s ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❡ss❛ ❢❛s❡ ❤❛✈✐❛ s✐❞♦ ✐❞❡♥t✐✜❝❛❞❛
❛♣❡♥❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ tr❛♥s✐çõ❡s ♠❡t❛❧✲✐s♦❧❛♥t❡ ✐♥❞✉③✐❞❛s ♣❡❧❛ ❞❡s♦r❞❡♠ ✭tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥✮ ❡♠ s✐st❡♠❛s
❡❧❡trô♥✐❝♦s ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❖ ♥♦ss♦ tr❛❜❛❧❤♦ ♠♦str♦✉ q✉❡ ❡st❛ ❢❛s❡ ❡stá t❛♠❜é♠ ♣r❡s❡♥t❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛
tr❛♥s✐çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥t❡r❛çã♦✱ ♠❡s♠♦ ♣❛r❛ ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❡ ♠♦❞❡r❛❞♦s ❞❡ ❞❡s♦r❞❡♠✳ ❚❛♠❜é♠ ❢♦♠♦s ❝❛♣❛③❡s
❞❡ ♠♦♥✐t♦r❛r ♠❡❧❤♦r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ❞♦ s✐st❡♠❛ ❡ ❡st❛❜❡❧❡❝❡♠♦s ✈ár✐♦s ♣❛r❛❧❡❧♦s ❡♥tr❡ ❛ ❢❛s❡ ❞❡ ●r✐✣t❤s
❡❧❡trô♥✐❝❛ ❡ ❛q✉❡❧❛ ❡♥❝♦♥tr❛❞❛ ❡♠ ♠❛❣♥❡t♦s ❞❡s♦r❞❡♥❛❞♦s✳ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s é ♠❛✐s ✉♠❛ ✈❡③
r❡❢♦rç❛❞❛ ❛♦ ❝♦♠♣❛r❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❡♠ d = ∞ ❡ d = 2 ❡ ❛♦ ❡st✉❞❛r♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s r❡❣✐õ❡s r❛r❛s ❡♠
♥♦ss♦ s✐st❡♠❛✳

✸✳✶ ❚❡♦r✐❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ❞❡ ▲❛♥❞❛✉ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡

❆ ♠❛✐♦r✐❛ ❞❛s t❡♦r✐❛s ♠♦❞❡r♥❛s ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ é ❜❛s❡❛❞❛ ♥❛ t❡♦r✐❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ❞❡ ▲❛♥❞❛✉ ❬✶✶✱ ✾✶✱ ✾✷❪✳
▲❛♥❞❛✉ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠✱ ✉♠❛ q✉❛♥t✐❞❛❞❡ t❡r♠♦❞✐♥â♠✐❝❛ q✉❡ é ③❡r♦ ❡♠ ✉♠❛ ❢❛s❡
✭❛ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛✶✮ ❡ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ♥❛ ♦✉tr❛ ❢❛s❡ ✭❢❛s❡ ♦r❞❡♥❛❞❛✮✳ ❆ ❡s❝♦❧❤❛ ❛♣r♦♣r✐❛❞❛ ❞♦ ♣❛râ♠❡tr♦ ❞❡
♦r❞❡♠ ✈❛r✐❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❞❡ ♣r♦❜❧❡♠❛ ♣❛r❛ ♣r♦❜❧❡♠❛✳ ◆♦ ❝❛s♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❢❡rr♦♠❛❣♥ét✐❝❛✱ ❡❧❛ é s✐♠♣❧❡s
✉♠❛ ✈❡③ q✉❡ ❛ ♠❛❣♥❡t✐③❛çã♦ t♦t❛❧ é ✉♠ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠✳ ❏á ♥♦ ❝❛s♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥✱ ❡♥❝♦♥tr❛r ♦
♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❡♠ s✐ é ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠♣❧✐❝❛❞♦✳

✸✳✶✳✶ ■♥tr♦❞✉çã♦

❆ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ▲❛♥❞❛✉ ❜❛s❡✐❛✲s❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ F é ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ❞♦ ♣❛râ♠❡tr♦
❞❡ ♦r❞❡♠ η ❡ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s ❡①♣❛♥❞✐✲❧❛ ❡♠ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛ ❡♠ η

F = FL (η) = F0 + rη2 + vη3 + uη4 +O
[

η5
]

. ✭✸✳✶✮

❆q✉✐ r✱ v ❡ u sã♦ ♣❛râ♠❡tr♦s q✉❡ ❞❡♣❡♥❞❡♠ ❞❡ t♦❞♦s ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ s✐st❡♠❛ ♠❡♥♦s ❞♦ ♣❛râ♠❡tr♦ ❞❡
♦r❞❡♠ η✳ ❖ ✈❛❧♦r ❢ís✐❝♦ ❞❡ η é ❛q✉❡❧❡ q✉❡ ♠✐♥✐♠✐③❛ FL✳ ❙❡ ♦ ♠í♥✐♠♦ ❞❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❝♦rr❡s♣♦♥❞❡ ❛ η = 0 ♦ s✐st❡♠❛
❡stá ♥❛ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛✱ ❛♦ ♣❛ss♦ q✉❡ s❡ ♦ ♠í♥✐♠♦ ♦❝♦rr❡ ♣❛r❛ ❛❧❣✉♠ η 6= 0✱ ♦ s✐st❡♠❛ ❡stá ♥❛ ❢❛s❡ ♦r❞❡♥❛❞❛✳
❙❡ v 6= 0✱ ❛ tr❛♥s✐çã♦ ❞❡ η = 0 ♣❛r❛ η 6= 0 ♦❝♦rr❡ ❞❡s❝♦♥t✐♥✉❛♠❡♥t❡✱ ♦✉ s❡❥❛ é ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳
◗✉❛♥❞♦ v = 0 ✭❝♦♠♦ ❣❡r❛❧♠❡♥t❡ é ♦ ❝❛s♦ ♣♦r s✐♠❡tr✐❛✮✱ ❛ t❡♦r✐❛ ❞❡s❝r❡✈❡ ✉♠❛ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛ ♦✉ ♣♦♥t♦ ❝rít✐❝♦
♣❛r❛ r = 0✳ P♦rt❛♥t♦✱ r ♠❡❞❡ ❛ ❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ ❝rít✐❝♦✳ P♦r ❡①❡♠♣❧♦✱ r ∝ (T − Tc) ♣❛r❛ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡
tér♠✐❝❛✱ ♦♥❞❡ T é ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ❡ Tc é ❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ♣❛r❛ ❛ q✉❛❧ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♦❝♦rr❡✳

❉❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s é ♦ ♠❡s♠♦✳ P♦r ❡①❡♠♣❧♦✱
♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ✈❛✐ ❛ ③❡r♦ q✉❛♥❞♦ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞♦ ♣♦♥t♦ ❝rít✐❝♦ ♣❡❧❛ ❢❛s❡ ♦r❞❡♥❛❞❛ ❝♦♠♦

η =

(−r
2u

)β

, ✭✸✳✷✮

♦♥❞❡ ♦ ❡①♣♦❡♥t❡ β✱ q✉❡ ❞❡s❝r❡✈❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ♥♦ ♣♦♥t♦ ❝rít✐❝♦✱ t❡♠ s❡♠♣r❡ ✈❛❧♦r 1/2✳
❯♠❛ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s é ❞❡ ❢❛t♦ ♦❜s❡r✈❛❞❛ ❡♠ ❡①♣❡r✐♠❡♥t♦s✱ ♠❛s é ✉♠❛ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♠❛✐s
❢r❛❝❛ q✉❡ ❛ ♣r❡✈✐st❛ ♣❡❧❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s ♣♦❞❡♠ ❞❡♣❡♥❞❡r ❞❛ ❞✐♠❡♥sã♦ d✳

❆ r❛③ã♦ ♣❡❧❛ q✉❛❧ ❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ ❢❛❧❤❛ ♥❛ ❞❡s❝r✐çã♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ é q✉❡ ❡❧❛ ♥ã♦ ❝♦♥s✐❞❡r❛
✢✉t✉❛çõ❡s ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❛♦ r❡❞♦r ❞♦ s❡✉ ✈❛❧♦r ♠é❞✐♦✳ ❊ss❛s ✢✉t✉❛çõ❡s ❣❡r❛❧♠❡♥t❡ ❞❡❝r❡s❝❡♠ ❝♦♠ ❛
❞✐♠❡♥sã♦ ❡ t❛♠❜é♠ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞♦ ♣❛râ♠❡tr♦ ❞♦ ♦r❞❡♠✳ ❊ss❡ ❢❛t♦ s✉❣❡r❡ q✉❡ ❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉
é ❝❛♣❛③ ❞❡ ❞❡s❝r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ❝♦rr❡t♦ ♣❛r❛ s✐st❡♠❛s ❝♦♠ ✉♠❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ d s✉✜❝✐❡♥t❡♠❡♥t❡
❛❧t❛✳ ❉❡ ❢❛t♦✱ ✢✉t✉❛çõ❡s ✐♥tr♦❞✉③❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✿ ❛ ❞✐♠❡♥sã♦ ❝rít✐❝❛
✐♥❢❡r✐♦r d−c ❡ ❛ ❞✐♠❡♥sã♦ ❝rít✐❝❛ s✉♣❡r✐♦r d+

c ✳ ❙❡ d ≥ d+
c ✱ ♣♦❞❡♠♦s ❞❡s♣r❡③❛r ❛s ✢✉t✉❛çõ❡s ❡ ❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉

❞á ❛ r❡s♣♦st❛ ❝♦rr❡t❛✳ ❙❡ d−c < d < d+
c ❛✐♥❞❛ t❡♠♦s ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ♠❛s s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ é ♠❛✐s

❞❡s❝r✐t♦ ♣❡❧❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉✳ P❛r❛ d ≤ d−c ✱ ❛s ✢✉t✉❛çõ❡s t♦r♥❛♠✲s❡ tã♦ ❢♦rt❡s q✉❡ ❞❡str♦❡♠ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛
❢❛s❡ ♦r❞❡♥❛❞❛✳

✶P❡❧❛ ♥♦♠❡♥❝❧❛t✉r❛ ♣❛❞rã♦✱ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛ s✐❣♥✐✜❝❛ ✉♠❛ ❢❛s❡ s❡♠ ♦r❞❡♠ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✳ ❊st❡ t❡r♠♦ ❞❡s♦r❞❡♠ ♥ã♦ ❞❡✈❡ s❡r
❝♦♥❢✉♥❞✐❞♦ ❝♦♠ ❛ ❞❡s♦r❞❡♠ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ✐♠♣✉r❡③❛s ♦✉ ❞❡❢❡✐t♦s✱ q✉❡ é ♦ q✉❡ s❡rá ❡①❛✉st✐✈❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥❡st❛ t❡s❡✳

✸✵



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

P♦r ❡st❛ ❞✐s❝✉ssã♦✱ ❛❜❛✐①♦ ❞❛ ❞✐♠❡♥sã♦ ❝rít✐❝❛ s✉♣❡r✐♦r ❛s ✢✉t✉❛çõ❡s ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ tê♠ ✉♠ ♣❛♣❡❧
❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ❞♦ s✐st❡♠❛✳ P❛r❛ ✐♥❝❧✉í✲❧❛s✱ ❞❡✈❡♠♦s ❣❡♥❡r❛❧✐③❛r ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❡ ▲❛♥❞❛✉
F ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✸✳✶✮✳ ■ss♦ é ❢❡✐t♦ ❛♦ ❡s❝r❡✈❡r♠♦s ❛ ❢✉♥çã♦ ♣❛rt✐çã♦ ❞♦ s✐st❡♠❛ ❝♦♠♦ ✉♠❛ ✐♥t❡❣r❛❧ ❢✉♥❝✐♦♥❛❧

Z = e−F/T =

ˆ

D [φ] e−S[φ], ✭✸✳✸✮

❝♦♠ ❛ ❛çã♦ ♦✉ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲❛♥❞❛✉ ❞❛❞❛ ♣♦r

S [φ] =
1

T

ˆ

ddx
{

(∇φ (x))
2

+ F (φ (x))− hφ (x)
}

. ✭✸✳✹✮

❆q✉✐✱ φ (x) é ✉♠ ❝❛♠♣♦ ❝✉❥♦ ✈❛❧♦r ♠é❞✐♦ é ✐❣✉❛❧ ❛♦ ♣❛râ♠❡tr♦ ❞♦ ♦r❞❡♠ 〈φ (x)〉 = η✱ ♦♥❞❡ 〈· · · 〉 ❞❡♥♦t❛ ❛ ♠é❞✐❛
❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣❡s♦ ❡st❛tíst✐❝♦ e−S[φ]✱ ❡ h é ✉♠ ❝❛♠♣♦ ❡①t❡r♥♦ ❝♦♥❥✉❣❛❞♦ ❛♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠✳

◆❛ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛ ❡ ❧♦♥❣❡ ❞❛ tr❛♥s✐çã♦✱ ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ ❞❛s ✢✉t✉❛çõ❡s ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠
G (x− y) = 〈φ (x)φ (y)〉 é ❣❡♥❡r✐❝❛♠❡♥t❡ ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✳ ◗✉❛♥❞♦ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ ❝r✐t✐❝❛❧✐❞❛❞❡✱ ❛s ❝♦r✲
r❡❧❛çõ❡s t♦r♥❛♠✲s❡ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✳ ❆ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡st❛s ❝♦rr❡❧❛çõ❡s✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❝♦rr❡❧❛çã♦ ξ✱ ❞✐✈❡r❣❡ q✉❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ r ❛♦ ♣♦♥t♦ ❝rít✐❝♦ ✈❛✐ ❛ ③❡r♦✱

ξ ∝ |r|−ν
. ✭✸✳✺✮

❆q✉✐✱ ν é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦✳ Pró①✐♠♦ ❛♦ ♣♦♥t♦ ❝rít✐❝♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦
é ❛ ú♥✐❝❛ ❡s❝❛❧❛ r❡❧❡✈❛♥t❡ ♥♦ s✐st❡♠❛✳

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r♠♦s q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ t❛♠❜é♠ ❣♦✈❡r♥❛ ❝♦♠♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ✈❛r✐❛
♥♦ ❡s♣❛ç♦ ❡♠ r❡s♣♦st❛ ❛ ✉♠ ❝❛♠♣♦ ❡①t❡r♥♦ ✐♥♦♠♦❣ê♥❡♦ ✭h (x) ❞❛ ❊q✳ ✭✸✳✹✮✮✳ ❆♣❧✐❝❛❞❛ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❞❡st❡ t✐♣♦
❛♦ s✐st❡♠❛✱ ❛✐♥❞❛ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ s♦❧✉çã♦ ❛✉t♦❝♦♥s✐st❡♥t❡ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❞❡♥tr♦ ❞❡ ✉♠❛ t❡♦r✐❛
❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ▲❛♥❞❛✉✳

✸✳✶✳✷ ❊❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡

■♥✐❝✐❛❧♠❡♥t❡✱ ♣❡♥s♦✉✲s❡ q✉❡ ❛ ❞❡s♦r❞❡♠ ❞❡str✉✐r✐❛ t♦❞♦ ♦ t✐♣♦ ❞❡ ♣♦♥t♦ ❝rít✐❝♦✱ ♣♦✐s✱ ❞❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞❡ ❞❡❢❡✐t♦s✱
♦ s✐st❡♠❛ ✐r❛ s❡ s✉❜❞✐✈✐❞✐r ❡♠ ✈ár✐❛s r❡❣✐õ❡s ❡s♣❛❝✐❛✐s q✉❡ s♦❢r❡r✐❛♠ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❝♦♠
❞✐❢❡r❡♥t❡s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s✳ ❆r❣✉♠❡♥t❛r❡♠♦s ❛q✉✐ q✉❡ ❡st❡ ♥ã♦ é ♦ ❝❛s♦✱ ♣♦✐s ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♣❡r♠❛♥❡❝❡
❜❡♠ ❞❡✜♥✐❞❛ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡❢❡✐t♦s✱ ♣❡❧♦ ♠❡♥♦s ♣❛r❛ s✐st❡♠❛s ❝❧áss✐❝♦s ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡s♦r❞❡♠ ❝♦♠ ❝♦rr❡❧❛çõ❡s
❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✳

❆ss✉♠✐r❡♠♦s q✉❡ ♦ ú♥✐❝♦ ❡❢❡✐t♦ ❞❛ ❞❡s♦r❞❡♠ é ✐♥tr♦❞✉③✐r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ t❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çõ❡s Tc ♥♦
s✐st❡♠❛✱ ♥❛t✉r❛❧♠❡♥t❡ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ Tc = Tc (x)✳ ◆❡st❡ ❝♦♥t❡①t♦✱ t❡♠♦s t❛♠❜é♠ q✉❡ ❛s ❞✉❛s ❢❛s❡s ❞♦ ♠❛t❡r✐❛❧
♥ã♦ ♠✉❞❛♠ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❞❡✈✐❞♦ à ✐♥tr♦❞✉çã♦ ❞❛ ❞❡s♦r❞❡♠✳ ❊♠ ✉♠ ❢❡rr♦♠❛❣♥❡t♦✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠♣❡r❛t✉r❛s
❛❧❡❛tór✐❛s ♣♦❞❡♠ s❡r ✐♥tr♦❞✉③✐❞❛s ♣❡❧❛ ❞✐❧✉✐çã♦ ❞❛ r❡❞❡✱ ♦✉ s❡❥❛✱ ❛ tr♦❝❛ ❞❡ át♦♠♦s ♠❛❣♥ét✐❝♦s ♣♦r ♥ã♦ ♠❛❣♥ét✐❝♦s✳

✸✳✶✳✷✳✶ ❉❡s♦r❞❡♠ ♠é❞✐❛ ❡ ❝r✐tér✐♦ ❞❡ ❍❛rr✐s

❍❛rr✐s ❬✾✸❪ ❡st❛❜❡❧❡❝❡✉ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❧✐♠♣♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡s♦r❞❡♠ ❢r❛❝❛
❞❡s❝♦rr❡❧❛❝✐♦♥❛❞❛ ✭❞❡❢❡✐t♦s ♣♦♥t✉❛✐s✮✱ ♦✉ ♠❡s♠♦ ❝♦♠ ❝♦rr❡❧❛çõ❡s ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✳

❈♦♥s✐❞❡r❡ q✉❡ ♦ s✐st❡♠❛ ❞❡ ✈♦❧✉♠❡ V ❢♦✐ ❞✐✈✐❞✐❞♦ ❡♠ N ❜❧♦❝♦s ❞❡ t❛♠❛♥❤♦ ❧✐♥❡❛r ξ✱ ❝♦♠♦ ♠♦str❛❞♦ ♣✐❝✲
t♦r✐❝❛♠❡♥t❡ ♥❛ ❋✐❣✳ ✭✸✳✶✮✳ ❆ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s ❜❧♦❝♦s s❡rá t♦♠❛❞❛ ❝♦♠♦ ✉♠❛ ♠é❞✐❛ ❞❡
r (x) = r + δr (x) ♥♦ ✈♦❧✉♠❡ Vb ∼ ξd ❞❡ ❝❛❞❛ ❜❧♦❝♦✳ ❉❡st❡ ♠♦❞♦✱ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❜❡♠ ❞❡✜♥✐❞❛ só ♣♦❞❡
♦❝♦rr❡r s❡ ❛ ✈❛r✐❛çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ∆r ❡♥tr❡ ♦s ❜❧♦❝♦s é ♠❡♥♦r ❞♦ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❣❧♦❜❛❧ r ❞❛ tr❛♥s✐çã♦✳

P❛r❛ ❞❡s♦r❞❡♠ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞❛✱ ♦ t❡♦r❡♠❛ ❞♦ ❧✐♠✐t❡ ❝❡♥tr❛❧ ❞✐③ q✉❡ ❛ ✈❛r✐❛çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ✈❛✐ ❝♦♠ ❛ r❛✐③
q✉❛❞r❛❞❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❜❧♦❝♦s

∆r ∼
√
N ∼

√

V

ξd
∼ ξ−d/2. ✭✸✳✻✮

❯s❛♥❞♦ ❛s ❊qs✳ ✭✸✳✺✮ ❡ ✭✸✳✻✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡ ∆r ∼ rdν/2✳ P❛r❛ q✉❡ ❛ tr❛♥s✐çã♦ s❡❥❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ❞❡✈❡♠♦s
t❡r ∆r/r < 1✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛♦ ❝r✐tér✐♦ ❞❡ ❍❛rr✐s

dν < 2, ✭✸✳✼✮

✸✶



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

❋✐❣✉r❛ ✸✳✶✿ ❉✐✈✐sã♦ ♣✐❝tór✐❝❛ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✈♦❧✉♠❡ V ❡♠ N ❜❧♦❝♦s ❞❡ ❡s❝❛❧❛ ❧✐♥❡❛r ξ✱ ♦♥❞❡ ξ é ♦ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❝♦rr❡❧❛çã♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❧✐♠♣❛ ✭s❡♠ ❞❡s♦r❞❡♠✮✳

♦♥❞❡ ν é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ❞♦ s✐st❡♠❛ ❧✐♠♣♦✳ ❉❡✈❡♠♦s ♥♦t❛r q✉❡ ♦ ❝r✐tér✐♦ ❞❡ ❍❛rr✐s
❢♦r♥❡❝❡ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛✱ ♠❛s ♥ã♦ s✉✜❝✐❡♥t❡✱ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ♣♦♥t♦ ❝rít✐❝♦ ❧✐♠♣♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡
❞❡s♦r❞❡♠✳

✸✳✶✳✷✳✷ ❘❡❣✐õ❡s r❛r❛s ❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ●r✐✣t❤s

P❛r❛ ❞❡r✐✈❛r♠♦s ♦ ❝r✐tér✐♦ ❞❡ ❍❛rr✐s✱ ❞✐s❝✉t✐♠♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ❡♠ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ♥♦s ❜❛s❡❛♥❞♦ ♥♦
❝♦♠♣♦rt❛♠❡♥t♦ ♠é❞✐♦ ✭❣❧♦❜❛❧✮ ❞❛ ❞❡s♦r❞❡♠✳ ❆❣♦r❛✱ ❣♦st❛rí❛♠♦s ❞❡ ❞✐s❝✉t✐r ♦s ❡❢❡✐t♦s q✉❡ ✢✉t✉❛çõ❡s r❛r❛s ❞❡
❞❡s♦r❞❡♠ ♣♦❞❡♠ t❡r s♦❜r❡ ♦ s✐st❡♠❛ ❬✶✻❪✳ ❈♦♥❝❡♥tr❛r❡♠♦s ❛ ❞✐s❝✉ssã♦ ❡♠ ♠❛❣♥❡t♦s ❞✐❧✉í❞♦s ❝♦♠♦ ❛q✉❡❧❡ ❡s❜♦ç❛❞♦
♥❛ ❋✐❣✳ ✭✸✳✷✮✳ ❆ ❞✐❧✉✐çã♦ ♣♦❞❡ s❡r ♣❡♥s❛❞❛ ❝♦♠♦ ❛ ✐♥tr♦❞✉çã♦ ❞❡ át♦♠♦s ♥ã♦ ♠❛❣♥ét✐❝♦s✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❞❡
✈❛❝â♥❝✐❛s✳

❆ ❞✐❧✉✐çã♦ r❡❞✉③ ❛ t❡♥❞ê♥❝✐❛ ❛♦ ♦r❞❡♥❛♠❡♥t♦ ♠❛❣♥ét✐❝♦ ❡✱ ♣♦rt❛♥t♦✱ r❡❞✉③ Tc ❝♦♠ r❡❧❛çã♦ ❛♦ s❡✉ ✈❛❧♦r ♥♦ ❝❛s♦
❧✐♠♣♦ T 0

c ✳ ❈♦♥t✉❞♦✱ ♣❛r❛ ✉♠ s✐st❡♠❛ ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r r❡❣✐õ❡s ❡s♣❛❝✐❛✐s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❣r❛♥❞❡s q✉❡ ♥ã♦
♣♦ss✉❛♠ ✐♠♣✉r❡③❛s✳ P❛r❛ t❡♠♣❡r❛t✉r❛s ❡♥tr❡ Tc ❡ T 0

c ✱ ❡ss❛s r❡❣✐õ❡s ❡stã♦ ♦r❞❡♥❛❞❛s ♠❛❣♥❡t✐❝❛♠❡♥t❡✱ ❛♣❡s❛r ❞❡ ♦
s✐st❡♠❛ ❝♦♠♦ ✉♠ t♦❞♦ ❛✐♥❞❛ ❡st❛r ♥❛ ❢❛s❡ ♣❛r❛♠❛❣♥ét✐❝❛✳ ❊st❛s r❡❣✐õ❡s ❡s♣❛❝✐❛✐s sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ r❡❣✐õ❡s r❛r❛s
❡ ❛s ✢✉t✉❛çõ❡s ♥♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ✐♥❞✉③✐❞❛s ♣♦r ❡❧❛s sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ♠♦♠❡♥t♦s ❧♦❝❛✐s✳ ❆ ❞✐♥â♠✐❝❛ ❞❡
✉♠❛ r❡❣✐ã♦ r❛r❛ é ♠✉✐t♦ ❧❡♥t❛✱ ✉♠❛ ✈❡③ q✉❡ ♠✉❞❛r s❡✉ s♣✐♥ ❞❡ ❞✐r❡çã♦ ❡♥✈♦❧✈❡ ✉♠❛ ♠✉❞❛♥ç❛ ❝♦❡r❡♥t❡ ❞♦ ♣❛râ♠❡tr♦
❞❡ ♦r❞❡♠ s♦❜r❡ ✉♠ ✈♦❧✉♠❡ ♠✉✐t♦ ❣r❛♥❞❡✳ ●r✐✣t❤s ❬✶✹❪ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ♠♦str❛r q✉❡ t❛✐s r❡❣✐õ❡s r❛r❛s ♣♦❞❡♠ ❧❡✈❛r
❛ s✐♥❣✉❧❛r✐❞❛❞❡s ♥❛ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ●r✐✣t❤s✳ ❊ss❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♦❝♦rr❡♠ ❡♠ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦
❞❡ t❡♠♣❡r❛t✉r❛ ❡♥tr❡ Tc ❡ T 0

c ✱ q✉❡ ❛❣♦r❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ r❡❣✐ã♦ ♦✉ ❢❛s❡ ❞❡ ●r✐✣t❤s✳ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❛♥á❧♦❣❛s
t❛♠❜é♠ ♦❝♦rr❡♠ ♥♦ ❧❛❞♦ ♦r❞❡♥❛❞♦ ❞❛ tr❛♥s✐çã♦✳

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r♠♦s ✉♠ r❡❣✐ã♦ r❛r❛ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❡q✉❡♥❛ ♥♦ s❡✉ ✈♦❧✉♠❡ VR ❡ ♥❛ ❝♦♥❝❡♥tr❛✲
çã♦ ❞❡ ✐♠♣✉r❡③❛s p✱ PR ∼ ❡①♣ [−pVR]✳ ❆ss✐♠✱ r❡❣✐õ❡s r❛r❛s sã♦ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ♥ã♦ ♣❡rt✉r❜❛t✐✈♦s✳ ❊❧❛s ♣♦❞❡♠
s❡r ✈✐st❛s ❞❡♥tr♦ ❞❡ ✉♠❛ ❝❧❛ss❡ ♠❛✐♦r ❞❡ ❡✈❡♥t♦s r❛r♦s✱ ❞❛ q✉❛❧ ✉♠ ❡①❡♠♣❧♦ sã♦ ❛s ❝❛✉❞❛s ❞❡ ▲✐❢s❤✐t③ ♣r❡s❡♥t❡s ♥❛
❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞❡ s❡♠✐❝♦♥❞✉t♦r❡s ❞❡s♦r❞❡♥❛❞♦s ❬✾✹❪✳

◆♦ ❝❛s♦ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❝❧áss✐❝❛s✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞❡ ●r✐✣t❤s ❛♣❛r❡❝❡♠ ❝♦♠♦ s✐♥❣✉❧❛✲
r✐❞❛❞❡s ❡ss❡♥❝✐❛✐s ♥❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡✱ ♣♦rt❛♥t♦✱ sã♦ ♠✉✐t♦ ✭❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✮ ❢r❛❝❛s✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ♥ã♦ ❤á✱ ❛té
♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✱ ♥❡♥❤✉♠❛ ✈❡r✐✜❝❛çã♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❡ t❛❧ ❢❡♥ô♠❡♥♦✳

✸✳✶✳✷✳✸ ❚r❛♥s✐çõ❡s ❞❡ ❢❛s❡ q✉â♥t✐❝❛s

●♦st❛rí❛♠♦s ❛❣♦r❛ ❞❡ ✐♥✈❡st✐❣❛r q✉❛✐s sã♦ ♦s ❡❢❡✐t♦s ❞❡st❡ ♠❡s♠♦ t✐♣♦ ❞❡ ❞❡s♦r❞❡♠ ❡♠ s✐st❡♠❛s q✉â♥t✐❝♦s✳ ❚r❛♥✲
s✐çõ❡s ❞❡ ❢❛s❡ q✉â♥t✐❝❛s sã♦ ❛q✉❡❧❛s q✉❡ ♦❝♦rr❡♠ ❛ T = 0✱ q✉❛♥❞♦ ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ ♠✉❞❛ ❝♦♠♦
❢✉♥çã♦ ❞❡ ✉♠ ♣❛râ♠❡tr♦ ❡①t❡r♥♦✱ ❝♦♠♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♦✉ ♣r❡ssã♦ ❬✽✱ ✾✺❪✳

❯♠ ♠♦❞❡❧♦ ✈❛st❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ s❡ ❡st✉❞❛r tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ q✉â♥t✐❝❛s é ♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ♥♦ ❝❛♠♣♦

✸✷



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

❋✐❣✉r❛ ✸✳✷✿ ❊s❜♦ç♦ ❞❡ ✉♠ ♠❛❣♥❡t♦ ❝❧áss✐❝♦ ❞✐❧✉í❞♦✳ ❆ r❡❣✐ã♦ s♦♠❜r❡❛❞❛ é ❧✐✈r❡ ❞❡ ✐♠♣✉r❡③❛s ❡ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♠
♣❡❞❛ç♦ ❞♦ ❜✉❧❦ ❞♦ s✐st❡♠❛ ❧✐♠♣♦✳

tr❛♥s✈❡rs♦ ❡♠ ✉♠❛ r❡❞❡ ❤✐♣❡r❝ú❜✐❝❛ d−❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ N = Ld sít✐♦s✳ ❙❡✉ ❍❛♠✐❧t♦♥✐❛♥♦ é ❞❛❞♦ ♣♦r

H = −
∑

〈i,j〉

JijŜ
z
i Ŝ

z
j −

∑

i

hx
i Ŝ

x
i , ✭✸✳✽✮

❡ é ❝♦♥st✐t✉í❞♦ ♣♦r ❞♦✐s t❡r♠♦s q✉❡ ♥ã♦ ❝♦♠✉t❛♠✳ ❖ ♣r✐♠❡✐r♦ é ❞❛❞♦ ♣❡❧❛ ✐♥t❡r❛çã♦ ❞❡ tr♦❝❛ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s
z ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥− 1

2 Ŝi ❧♦❝❛❧✐③❛❞♦s ❡♠ sít✐♦s ✈✐③✐♥❤♦s✳ ❖ s❡❣✉♥❞♦ t❡r♠♦ ❞❡s❝r❡✈❡ ❛ ✐♥t❡r❛çã♦ ❞❛ ❝♦♠♣♦♥❡♥t❡
x ❞♦s s♣✐♥s ❝♦♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥❛ ❞✐r❡çã♦ tr❛♥s✈❡rs❛ (❞✐r❡çã♦ x)✳

❉✐s❝✉t✐r❡♠♦s ❜r❡✈❡♠❡♥t❡ ♦ ❝❛s♦ ❧✐♠♣♦✱ Jij = J > 0 ❡ hx
i = hx✳ ◆❛ ❛✉sê♥❝✐❛ ❞♦ ❝❛♠♣♦ tr❛♥s✈❡rs♦ (hx = 0)✱

♦ t❡r♠♦ ❞❡ tr♦❝❛ ❢❛③ ❝♦♠ q✉❡ t♦❞♦s ♦s s♣✐♥s ❛♣♦♥t❡♠ ❡♠ ✉♠❛ ♠❡s♠❛ ❞✐r❡çã♦✱ ❞❛♥❞♦ ♦r✐❣❡♠ ❛ ✉♠ ❡st❛❞♦
❢✉♥❞❛♠❡♥t❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦✳ ❆♦ ❧✐❣❛r♠♦s ♦ ❝❛♠♣♦✱ ✐♥❞✉③✐♠♦s ♦s s♣✐♥s ❛ t✉♥❡❧❛r❡♠ ❡♥tr❡ ♦s ❡st❛❞♦s |↑〉 ❡ |↓〉
(

Ŝx =
(

Ŝ+ + Ŝ−

)

/2
)

✱ ❞✐♠✐♥✉✐♥❞♦ ❛ss✐♠ ❛ ♠❛❣♥❡t✐③❛çã♦ ♥❛ ❞✐r❡çã♦ z✳ ❍á ✉♠ ❝❛♠♣♦ ❝rít✐❝♦ hx
c,0 ❛❝✐♠❛ ❞♦ q✉❛❧

❡st❡ t✉♥❡❧❛♠❡♥t♦ ❞❡stró✐ ♦ ❡st❛❞♦ ❢❡rr♦♠❛❣♥ét✐❝♦ ❡ ♦ s✐st❡♠❛ t♦r♥❛✲s❡ ♣❛r❛♠❛❣♥ét✐❝♦✳

✸✳✶✳✷✳✹ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ●r✐✣t❤s ♥♦ ❝❛s♦ q✉â♥t✐❝♦

■♥✈❡st✐❣❛r❡♠♦s ❛❣♦r❛ ♦s ❡❢❡✐t♦s ❞❡ r❡❣✐õ❡s r❛r❛s ♥♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ❡♠ ✉♠ ❝❛♠♣♦ tr❛♥s✈❡rs♦✱ ❊q✳ ✭✸✳✽✮✳ P♦r
s✐♠♣❧✐❝✐❞❛❞❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❞❡s♦r❞❡♠ ❛♣❡♥❛s ♥♦ t❡r♠♦ ❞❡ tr♦❝❛ Jij ❡ ❛ss✉♠✐r❡♠♦s ✉♠ ❝❛♠♣♦ tr❛♥s✈❡rs♦ ✉♥✐❢♦r♠❡
hx✳ ❚♦♠❛r❡♠♦s ✉♠❛ ❞✐str✐❜✉✐çã♦ ❜✐♥ár✐❛ P (J) = (1− p) δ (J − J0) + pδ (J − rJ0)✱ ♦♥❞❡ 0 < r < 1✱ ❞❡ ♠♦❞♦ q✉❡
Jij > 0✱ ❡①❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦s ❛♥t✐❢❡rr♦♠❛❣♥ét✐❝♦s✳ ❈♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ❛❝♦♣❧❛♠❡♥✲
t♦s ❛❧❡❛tór✐♦s✱ ❢❛✈♦r❡❝❡♠♦s ❛ ❢❛s❡ ♣❛r❛♠❛❣♥ét✐❝❛✱ ❞❡ ♠♦❞♦ q✉❡ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ ❝❛♠♣♦ tr❛♥s✈❡rs♦ ♠❡♥♦r ♣❛r❛
❞❡str✉✐r♠♦s ❛ ❢❛s❡ ❢❡rr♦♠❛❣♥ét✐❝❛ hx

c < hx
c,0✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ r❡❣✐ã♦ ❞❡ ●r✐✣t❤s ❞❡♥tr♦ ❞❛ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛ ♦♥❞❡ hx
c < hx < hx

c,0✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ ❡♥❝♦♥tr❛r♠♦s ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❧✐♥❡❛r LR ♥❛ q✉❛❧ t♦❞♦s ♦s Jij ≃ J0 ✭r❡❣✐ã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢♦rt❡s✮ é
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❡q✉❡♥❛ ♥♦ ✈♦❧✉♠❡ ❞❡st❛ r❡❣✐ã♦ ❡ ♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ p✳ P❛r❛ ✈❡r✐✜❝❛r♠♦s ✐ss♦✱ ❝❛❧❝✉❧❛♠♦s ♦ t❡r♠♦
❞♦♠✐♥❛♥t❡ ♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❤❛r♠♦s t❛❧ r❡❣✐ã♦ ❡♠ ✉♠ ✈♦❧✉♠❡ VR ∼ Ld

R

P (LR) ∼ (1− p)Ld
R ∼ ❡①♣

[

−p̃Ld
R

]

, ✭✸✳✾✮

♦♥❞❡ p̃ = −❧♥ [1− p]✳
❊st❛ r❡❣✐ã♦ ♦r❞❡♥❛❞❛ ❢❡rr♦♠❛❣♥❡t✐❝❛♠❡♥t❡ ❞❡♥tr♦ ❞❛ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛ ♣♦ss✉✐ ✉♠ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ t♦t❛❧ q✉❡

é ♣r♦♣♦r❝✐♦♥❛❧ ❛ Ld
R✳ ❚❛❧ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ t♦t❛❧ ♣♦❞❡ t✉♥❡❧❛r ❡♥tr❡ ♦s ❞♦✐s ❡st❛❞♦s q✉❡ ♣♦ss✉❡♠ s❡♥t✐❞♦s ✐♥✈❡rs♦s

❞❡ ♠❛❣♥❡t✐③❛çã♦✱ s❡♥❞♦ q✉❡ ❛ t❛①❛ ❞❡ t✉♥❡❧❛♠❡♥t♦ é ❞❛❞❛ ♣♦r

∆ ∼ ❡①♣
[

−aLd
R

]

, ✭✸✳✶✵✮

♦♥❞❡ a é ✉♠❛ ❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❛♦ ♠❡❝❛♥✐s♠♦ ♠✐❝r♦s❝ó♣✐❝♦ ❞❡ t✉♥❡❧❛♠❡♥t♦✳ ❊st❛ t❛①❛ ❞❡ t✉♥❡❧❛♠❡♥t♦ ❞á ❛
❞✐❢❡r❡♥ç❛ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♦ ♣r✐♠❡✐r♦ ❡st❛❞♦ ❡①❝✐t❛❞♦ ❞❡st❛ r❡❣✐ã♦ ❢❡rr♦♠❛❣♥ét✐❝❛✱ s❡♥❞♦
q✉❡ ♦s ♦✉tr♦s ❡st❛❞♦s ❡①❝✐t❛❞♦s ♣♦ss✉❡♠ ✉♠❛ ❡♥❡r❣✐❛ ♠✉✐t♦ ♠❛✐♦r q✉❡ ❛ ❞❡ss❡s ❞♦✐s ❡ ♣♦❞❡♠ s❡r ✐❣♥♦r❛❞♦s✳
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❯♠❛ ✈❡③ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ P
(

Ld
R

)

é ❝♦♥❤❡❝✐❞❛✱ ❊q✳ ✸✳✾✱ ❡ s❛❜❡♠♦s ❝♦♠♦ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ∆ ❞❡♣❡♥❞❡ ❞❡ Ld
R✱

❊q✳ ✸✳✶✵✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❡♥❡r❣✐❛s P̃ (∆)✳ P❛r❛ ✐ss♦✱ ❜❛st❛ r❡❛❧✐③❛r♠♦s ❛ s❡❣✉✐♥t❡
tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s

P̃ (∆) = P
(

Ld
R (∆)

)

∣

∣

∣

∣

dLd
R (∆)

d∆

∣

∣

∣

∣

∼ ∆α−1, ✭✸✳✶✶✮

♦♥❞❡ α = p̃/a✳
❯♠❛ ❞✐str✐❜✉✐çã♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞♦ ♣r♦❜❧❡♠❛ é ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s

❞❡ ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s✱ ❡ ♦❝♦rr❡ ♣♦rq✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❡q✉❡♥❛ ❞❡ ❡♥❝♦♥tr❛r♠♦s ✉♠❛ r❡❣✐ã♦
r❛r❛ é ❝♦♠♣❡♥s❛❞❛ ♣❡❧❛ ❞❡♣❡♥❞ê♥❝✐❛ t❛♠❜é♠ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ ✏❣❛♣✑ ❞❡ ❡♥❡r❣✐❛ ♥♦ ✈♦❧✉♠❡ ❞❛ r❡❣✐ã♦ r❛r❛✳ ❘❡ss❛❧t❛♠♦s
❛q✉✐ ✉♠❛ ❞✐❢❡r❡♥ç❛ ❝♦♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ ❝❧áss✐❝♦✳ ◆♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ❝❧áss✐❝♦✱ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦ ✏❣❛♣✑ ♥♦ ✈♦❧✉♠❡
♥ã♦ é ❞❛❞♦ ♣♦r ✉♠❛ ❡①♣♦♥❡♥❝✐❛❧✱ ♠❛s s✐♠ ♣♦r ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✱ ♦ q✉❡ ❣❡r❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ❛
r❡❣✐ã♦ r❛r❛ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❡q✉❡♥❛✳

❉❛❞❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❛s ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛s ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞♦ s✐st❡♠❛✳ P❛r❛
❝❛❧❝✉❧❛r♠♦s ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ ❞♦ s✐st❡♠❛ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ T ✱ ❛ss✉♠✐r❡♠♦s q✉❡ t♦❞❛s ❛s r❡❣✐õ❡s ❝♦♠
∆ > T ✭❛❧t♦ t✉♥❡❧❛♠❡♥t♦✮ ❡stã♦ ❝♦♥❣❡❧❛❞❛s ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♥ã♦ ♠❛❣♥ét✐❝♦✳ ❚♦❞❛s ❛s ♦✉tr❛s r❡❣✐õ❡s r❛r❛s
sã♦ ❜❛s✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ❞ã♦ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ❈✉r✐❡ ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡✳ ❖ ♥ú♠❡r♦ ❞❡
s♣✐♥s ❧✐✈r❡s ❛ ✉♠ t❡♠♣❡r❛t✉r❛ T é ❞❛❞♦ ♣♦r

n (T ) =

ˆ T

0

P̃ (∆) d∆ ∼ Tα. ✭✸✳✶✷✮

❈♦♠ ♦ ♥ú♠❡r♦ ❞❡ s♣✐♥s ❧✐✈r❡s✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r χ ❝♦♠♦

χ ∼ n (T )

T
∼ Tα−1. ✭✸✳✶✸✮

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ♣r❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ ❞♦ s✐st❡♠❛

U =

ˆ T

0

∆P̃ (∆) d∆ ∼ Tα+1, ✭✸✳✶✹✮

❡ ❛ss✐♠

C

T
=

1

T

∂U

∂T
∼ Tα−1. ✭✸✳✶✺✮

❱❡♠♦s ♣❡❧❛s ❊qs✳ ✭✸✳✶✸✮ ❡ ✭✸✳✶✺✮ q✉❡✱ q✉❛♥❞♦ ♦ ❡①♣♦❡♥t❡ α é ♠❡♥♦r ❞♦ q✉❡ 1✱ t❡♠♦s ❝♦♥tr✐❜✉✐çõ❡s s✐♥❣✉❧❛r❡s ♣❛r❛
❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❡ ♣❛r❛ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✳ ❊♠❜♦r❛ ♦ ❡①♣♦❡♥t❡ α s❡❥❛ ♥ã♦ ✉♥✐✈❡rs❛❧✱ ❡st❡ t✐♣♦ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦
♣❛r❛ ❛s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s é ❝♦♠♣❛rt✐❧❤❛❞♦ ♣♦r t♦❞❛s ❛s ❢❛s❡s ❞❡ ●r✐✣t❤s✳

✸✳✷ ❚r❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt

❯♠❛ ❞✐st✐♥çã♦ ❝❧❛r❛ ❡♥tr❡ ♠❡t❛✐s ❡ ✐s♦❧❛♥t❡s é ❢♦r♥❡❝✐❞❛ ♣❡❧❛ t❡♦r✐❛ ❞❡ ❜❛♥❞❛s ❬✸❪✳ ❆ t❡♦r✐❛ ❞❡ ❜❛♥❞❛s ❞❡s❝r❡✈❡
❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ú♥✐❝♦ ❡❧étr♦♥ ❡♠ ✉♠ só❧✐❞♦✱ s❡♥❞♦ q✉❡ ♦s ❡❢❡✐t♦s ❞❡ t♦❞♦s ♦s ♦✉tr♦s ❡❧étr♦♥s sã♦ ✐♥tr♦❞✉③✐❞♦s
❛tr❛✈és ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦✱ ♥♦ ♠❡s♠♦ ❡s♣ír✐t♦ ❞❛s t❡♦r✐❛s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞✐s❝✉t✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❉❡♥tr♦
❞❡st❛ t❡♦r✐❛✱ ❡st❛❞♦s ♠❡tá❧✐❝♦s ❡ ✐s♦❧❛♥t❡s sã♦ ❞✐❢❡r❡♥❝✐❛❞♦s ♣❡❧❛ ♣♦s✐çã♦ r❡❧❛t✐✈❛ ❡♥tr❡ ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ µ ❡ ♦s
✏❣❛♣s✑ ❞❡ ❡♥❡r❣✐❛ ♥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s

D (ω) =
∑

m,k

δ (ω − εm (k)) , ✭✸✳✶✻✮

♦♥❞❡ ♦ í♥❞✐❝❡ m ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❜❛♥❞❛ ❡s♣❡❝í✜❝❛ ❡ εm (k) ❞á ❛ ❞✐s♣❡rsã♦ ❞❡ ❡♥❡r❣✐❛s ♥❡st❛ ❜❛♥❞❛❀ ✈❡❥❛✱ ♣♦r
❡①❡♠♣❧♦✱ ❛ ❊q✳ ✭✷✳✻✸✮✳

◗✉❛♥❞♦ µ ❝♦✐♥❝✐❞❡ ❝♦♠ ✉♠ ✏❣❛♣✑✱ ♦✉ s❡❥❛✱ D (µ) = 0✱ ♦ s✐st❡♠❛ é ✉♠ ✐s♦❧❛♥t❡✱ ♣♦rq✉❡ ♥ã♦ ❡①✐st❡♠ ❡①❝✐t❛çõ❡s
❞❡ ❜❛✐①❛ ❡♥❡r❣✐❛ ❞♦ t✐♣♦ ♣❛rtí❝✉❧❛ ♦✉ ❜✉r❛❝♦✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s q✉❡ ❤á ✉♠ ♥ú♠❡r♦ N ❞❡ ❡❧étr♦♥s ♥♦ s✐st❡♠❛✱
❝♦♥❝❧✉í♠♦s q✉❡ ❛s ❜❛♥❞❛s ❛❜❛✐①♦ ❞❡ µ ❡stã♦ ♣r❡❡♥❝❤✐❞❛s ❝♦♠ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ 2N ❡❧étr♦♥s✱ ❥á ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛
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❋✐❣✉r❛ ✸✳✸✿ ✭❛✮ ❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛ ❛ ♦ V2O3 ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❞♦♣❛❣❡♠ ❝♦♠ Cr ♦✉ Ti✱ ❞❛ ♣r❡ssã♦
❡ ❞❛ t❡♠♣❡r❛t✉r❛ ❬✾✻❪✳ ✭❜✮ ❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❡①♣❡r✐♠❡♥t❛❧ ❞♦ s❛❧ ♦r❣â♥✐❝♦ κ− (BEDT − TTF )2 Cu [N (CN)2]Cl
❬✾✽❪✳ ❊♠ ❛♠❜♦s ♠❛t❡r✐❛✐s ♦ ❛✉♠❡♥t♦ ❞❛ ♣r❡ssã♦ ✭❤✐❞r♦stát✐❝❛ ♦✉ q✉í♠✐❝❛✮ ❛✉♠❡♥t❛ ❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❡ ❢❛✈♦r❡❝❡
❛ ❡st❛❜✐❧✐③❛çã♦ ❞♦ ❡st❛❞♦ ♠❡tá❧✐❝♦✳

❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳ ❏á q✉❛♥❞♦ D (µ) 6= 0✱ t❡♠♦s ✉♠ ♠❡t❛❧ ❡✱ ♣❛r❛ T = 0✱ µ é ✐❣✉❛❧ à ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ εF ✳
❆ s✉♣❡r❢í❝✐❡ ❞❡✜♥✐❞❛ ♣♦r εn (k) = εF ♥♦ ❡s♣❛ç♦ k é ❝❤❛♠❛❞❛ ❞❡ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❜❛✐①❛s
t❡♠♣❡r❛t✉r❛s ❞♦s ❡❧étr♦♥s✷ sã♦ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ❡❧étr♦♥s ♣ró①✐♠♦s ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✳

❊s♣❡r❛♠♦s q✉❡ ❛ t❡♦r✐❛ ❞❡ ❜❛♥❞❛s s❡❥❛ ✈á❧✐❞❛ q✉❛♥❞♦ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞♦s ❡❧étr♦♥s ✭❞❛❞❛ ❜❛s✐❝❛♠❡♥t❡ ♣♦r εF ✮
❢♦r ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞♦♠✐♥❛♥t❡ ❞♦ ♣r♦❜❧❡♠❛✳ ❉❡ ❢❛t♦✱ ❡❧❛ ❞❡s❝r❡✈❡ ❜❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❜♦♥s ♠❡t❛✐s✱ ❝♦♠♦
♦s ♠❡t❛✐s ❛❧❝❛❧✐♥♦s✳ ❈♦♥t✉❞♦✱ ❡❧❛ ❢❛❧❤❛ ❡♠ ❛❧❣✉♠❛s ♠❛t❡r✐❛✐s ♥♦s q✉❛✐s ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ é t✐♣✐❝❛♠❡♥t❡ ♣❡q✉❡♥❛✱
❝♦♠♦ ❡♠

❼ ▼❛t❡r✐❛✐s q✉❡ ♣♦ss✉❡♠ ❧❛r❣✉r❛s ❞❡ ❜❛♥❞❛s ❡str❡✐t❛s✳ ❖s ❡①❡♠♣❧♦s ♠❛✐s ❡st✉❞❛❞♦s ❞❡ t❛✐s ♠❛t❡r✐❛✐s sã♦ ♦s
ó①✐❞♦s ❞❡ ♠❡t❛✐s ❞❡ tr❛♥s✐çã♦ ❡♠ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♦ ó①✐❞♦ ❞❡ ✈❛♥á❞✐♦ ❞♦♣❛❞♦ ❝♦♠ ❝r♦♠♦
(V1−xCrx)2O3 ❬✾✻✱ ✾✼❪❀

❼ ❙❡♠✐❝♦♥❞✉t♦r❡s ❞♦♣❛❞♦s✱ ❝♦♠♦ ♦ Si : P ❬✶✷❪✱ ♦✉ ❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❡♠ ▼❖❙❋❊❚✬s ❬✹✼✱ ✹✾❪✳

◆❡ss❡s ❡①❡♠♣❧♦s ❛❝✐♠❛✱ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ♣r♦✈❡♥✐❡♥t❡ ♦✉ ❞❛ r❡♣✉❧sã♦ ❡❧étr♦♥✲❡❧étr♦♥ ♦✉ ❞❛ ❞❡s♦r❞❡♠✱ t♦r♥❛✲s❡
❝♦♠♣❛rá✈❡❧ à ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ❡ ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ s♦❢r❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞r❛♠át✐❝❛✱ ❝♦♠ ♦s ❡❧étr♦♥s
s❡ t♦r♥❛♥❞♦ ❧♦❝❛❧✐③❛❞♦s✳ ❘❡ss❛❧t❛♠♦s q✉❡✱ ♣❛r❛ ❡st❡s ❡①❡♠♣❧♦s✱ ❛ t❡♦r✐❛ ❞❡ ❜❛♥❞❛s ♥ã♦ ♣r❡✈ê ❛ ❛❜❡rt✉r❛ ❞❡ ♥❡♥❤✉♠
✏❣❛♣✑ ♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✳ ❖s ♠❡❝❛♥✐s♠♦s ♣♦r trás ❞❡st❛s tr❛♥s✐çõ❡s s❡rã♦ tó♣✐❝♦s ❞❛ ❞✐s❝✉ssõ❡s s❡❣✉✐♥t❡s✳

✸✳✷✳✶ ❋❡♥♦♠❡♥♦❧♦❣✐❛ ❞♦ ❝❛s♦ ❧✐♠♣♦ ❡ ♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡

❈♦♠ ❞✐s❝✉t✐♠♦s ♥❛ s❡çã♦ ✭✷✳✷✮✱ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt é ✉♠❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❝❛✉s❛❞❛ ♣❡❧❛s ❝♦rr❡❧❛çõ❡s
❡❧❡trô♥✐❝❛s ❬✸✵❪✳ ❊❧❛ é r❡❛❧✐③❛❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡♠ ó①✐❞♦s ❞❡ ♠❡t❛✐s ❞❡ tr❛♥s✐çã♦ tr✐❞✐♠❡♥s✐♦♥❛✐s ❡ s❛✐s ♦r❣â♥✐❝♦s✱
s❡♥❞♦ ❝♦♥tr♦❧❛❞❛ ❛tr❛✈és ❞❛ ✈❛r✐❛çã♦ ❞❡ ♣r❡ssã♦✱ t❡♠♣❡r❛t✉r❛ ❡ ❝♦♠♣♦s✐çã♦ q✉í♠✐❝❛ ✭❞♦♣❛❣❡♠✮ ❞♦s ❡❧❡♠❡♥t♦s✱ ❋✐❣✳
✭✸✳✸✮✳

P❛r❛ ❡st✉❞❛r♠♦s ❡st❛ tr❛♥s✐çã♦✱ ✉t✐❧✐③❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❧✐♠♣♦✱ ❝♦♠♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✷✳✻✷✮✱ ❡♠
s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦ (n = 1)✳ ❉✐s❝✉t✐r❡♠♦s ❛❧❣✉♥s ❝❡♥ár✐♦s ♣♦ssí✈❡✐s ♣❛r❛ ❡st❛ tr❛♥s✐çã♦ q✉❡ ❡♠❡r❣❡♠ ❞❡♥tr♦ ❞❡st❡
♠♦❞❡❧♦ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ❞❡♥s✐❞❛❞❡s ❞❡ ❡st❛❞♦s ❝✐r❝✉❧❛r

ρ (ε) =
2

πD

√

1−
( ε

D

)2

, ✭✸✳✶✼✮

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ r❡❞❡ ♣♦ss✉❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ D
✷❊♠ s✐st❡♠❛s ❢❡r♠✐ô♥✐❝♦s✱ q✉❛♥❞♦ ♥♦s r❡❢❡r✐♠♦s ❛ ❜❛✐①❛s ❡♥❡r❣✐❛s ❡ t❡♠♣❡r❛t✉r❛s q✉❡r❡♠♦s ❞✐③❡r✱ ♥❛t✉r❛❧♠❡♥t❡✱ ❡♥❡r❣✐❛s ❡ t❡♠♣❡✲

r❛t✉r❛s ♠✉✐t♦ ♠❡♥♦r❡s q✉❡ εF ❡ TF ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ TF é ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❋❡r♠✐✳ ❈♦♠♦ ✉s❛♠♦s kB = 1✱ t❡♠♦s q✉❡ TF = εF ✳

✸✺
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Gap de Mott  

❋✐❣✉r❛ ✸✳✹✿ ❱✐sã♦ ❡sq✉❡♠át✐❝❛ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♠♦ ❢✉♥çã♦ ❞❛ r❛③ã♦ U/D ♥♦ ❡♥❢♦q✉❡ ❞❡ ❍✉❜❜❛r❞ ❬✸✷✱
✻✽✱ ✻✾❪✳ ❖ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt é ❛ss♦❝✐❛❞♦ ❛q✉✐ à ❛❜❡rt✉r❛ ❞❡ ✉♠ ✏❣❛♣✑ ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ✭❝✉r✈❛ ❝♦♥tí♥✉❛✮✳ ❊st❡
✏❣❛♣✑ ❞❡ ▼♦tt é ❞❛❞♦ ♣♦r ∆M ≃ U − 2D✱ ♦♥❞❡ U é r❡♣✉❧sã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❧♦❝❛❧ ❡ D é ❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛✳ ❆s
❞✉❛s ❜❛♥❞❛s q✉❡ ❛♣❛r❡❝❡♠ s❡♣❛r❛❞❛s ♣♦r ❡st❡ ✏❣❛♣✑ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞ s✉♣❡r✐♦r ✭❝❡♥tr❛❞❛
❡♠ U/2✮ ❡ ✐♥❢❡r✐♦r ✭❝❡♥tr❛❞❛ ❡♠ −U/2✮✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❡st❡ ✏❣❛♣✑ ❞✐♠✐♥✉✐ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛ r❛③ã♦ U/D ❞✐♠✐♥✉✐
❡ ✜♥❛❧♠❡♥t❡ ❞❡s❛♣❛r❡❝❡ ✭❝✉r✈❛ tr❛❝❡❥❛❞❛✮✱ s✐t✉❛çã♦ ❡st❛ ❡♠ q✉❡ ✈♦❧t❛♠♦s ❛ t❡r ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❡tá❧✐❝♦✳

❊♠ tr❛❜❛❧❤♦s ♣✐♦♥❡✐r♦s✱ ❘❡❢s✳ ❬✸✷✱ ✻✽✱ ✻✾❪✱ ❍✉❜❜❛r❞ ❞❡✉ ✉♠❛ ❞❡s❝r✐çã♦ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ q✉❡ ❡stá
❡sq✉❡♠❛t✐③❛❞❛ ♥❛ ❋✐❣✳ ✭✸✳✹✮✳ ❙✉♣♦♥❤❛ q✉❡ ❡st❛♠♦s ♥❛ s✐t✉❛çã♦ ❞❡ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦ ❡ ♥♦ ❧✐♠✐t❡ ❛tô♠✐❝♦ U/D ≫ 1✳
❆❞✐❝✐♦♥❛♠♦s ❛❣♦r❛ ♠❛✐s ✉♠ ❡❧étr♦♥ ❛♦ s✐st❡♠❛✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ sít✐♦ ♣❛r❛ ♦ q✉❛❧ ❡❧❡ ✈❛✐ ❛✉♠❡♥t❡
❡♠ U ✱ ♣♦✐s ♣❛ss❛ ❛ ❤❛✈❡r ♦❝✉♣❛çã♦ ❞✉♣❧❛ ♥❡❧❡✳ ❆ss✐♠✱ ♦ s✐st❡♠❛ t❡♠ ❛❣♦r❛ ❞♦✐s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ s❡♣❛r❛❞❛s ♣♦r
✉♠ ✏❣❛♣✑ ❞❡ U ✳ ❆♦ ❛✉♠❡♥t❛r♠♦s t❡r♠♦ ❞❡ ✏❤♦♣♣✐♥❣✑✱ ❛✉♠❡♥t❛♠♦s D ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❛♠♦s ✉♠❛ ❧❛r❣✉r❛ ❛
❡ss❡s ❞♦✐s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ✭q✉❡ s❡ t♦r♥❛♠ ❛s ❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞ ❞❛ ❋✐❣✳ ✭✸✳✹✮✮ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❡st❡ ✏❣❛♣✑ s❡❥❛
❞❛❞♦ ♣♦r ∆M ≃ U − 2D✳ ❊st❡ ✏❣❛♣✑ ❞❡ ▼♦tt ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ ❡♥❡r❣✐❛ q✉❡ ♦ ❡❧étr♦♥ t❡♠ q✉❡ ❞❡s♣❡♥❞❡r ♣❛r❛
s✉♣❡r❛r ❛ ❜❛rr❡✐r❛ ❈♦✉❧♦♠❜✐❛♥❛ ❡ ♠♦✈❡r✲s❡ ♣❡❧❛ r❡❞❡✳ ❙❡ ❞✐♠✐♥✉✐r♠♦s ♦ ✈❛❧♦r ❞❡ U ✱ ❝❤❡❣❛ ♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ❛s
❞✉❛s ❜❛♥❞❛s s❡ t♦❝❛♠ ❡ ♦ s✐st❡♠❛ ♣❛ss❛ ❛ s❡r ♠❡tá❧✐❝♦✳ ❆ss✐♠✱ ♥❡st❡ ❡♥❢♦q✉❡ ❞❡ ❍✉❜❜❛r❞✱ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt
❡stá ❛ss♦❝✐❛❞❛ ❛♦ ❢❡❝❤❛♠❡♥t♦ ♦✉ ❛❜❡rt✉r❛ ❞♦ ✏❣❛♣✑ ❞❡ ▼♦tt✳ ❈♦♠♦ ❡❧❡ ❛ss✉♠❡ q✉❡ ❡st❛♠♦s ♥❛ ❢❛s❡ ✐s♦❧❛♥t❡ ❝♦♠
U ❣r❛♥❞❡✱ ❡s♣❡r❛♠♦s q✉❡ ❡❧❡ ❡st❡❥❛ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❝♦rr❡t♦ ♥❡st❛ r❡❣✐ã♦✱ ♠❛s q✉❡ ♥ã♦ ❞❡s❝r❡✈❛ ♠✉✐t♦ ❜❡♠ ❛ ❢❛s❡
♠❡tá❧✐❝❛✳

P♦❞❡♠♦s ❛❞♦t❛r ✉♠❛ ✈✐sã♦ ❝♦♠♣❧❡♠❡♥t❛r ❡ ♣❛rt✐r ❞❛ ❢❛s❡ ♠❡tá❧✐❝❛ ❝♦♠ U = 0✱ ❡ ❣r❛❞✉❛❧♠❡♥t❡ ❛✉♠❡♥t❛r♠♦s
❛ ✐♥t❡r❛çã♦✳ ■st♦ é ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣♦r ❇r✐♥❦♠❛♥ ❡ ❘✐❝❡✱ ❘❡❢✳ ❬✸✺❪✳ ❉✐s❝✉t✐r❡♠♦s ♠❡❧❤♦r ❡st❡ ❝❡♥ár✐♦ ❛ s❡❣✉✐r✱
❧✐♠✐t❛♥❞♦✲♥♦s ♣♦r ♦r❛ ❛ ❝✐t❛r s✉❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛✱ q✉❡ é ❛ r❡♥♦r♠❛❧✐③❛çã♦ ❞❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛✱ ❢❛③❡♥❞♦ ❝♦♠
q✉❡ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞❡st❡ ♣r♦❜❧❡♠❛ ♣❛ss❡ ❛ s❡r ∆ = ZD✱ ♦♥❞❡ Z é ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛✱ ❞❛❞♦ ♣❡❧❛ ❊q✳
✭✷✳✶✵✵✮✱ s❡♥❞♦ q✉❡ Z ❞á ♠❛ss❛ ❡❢❡t✐✈❛ ❞♦s ❡❧étr♦♥s✱ ❊q✳ ✭✷✳✾✻✮✱ m⋆/m = Z−1✳ ❉❡♥tr♦ ❞❡st❡ ❡sq✉❡♠❛✱ ❛ tr❛♥s✐çã♦
❞❡ ▼♦tt é ❛❧❝❛♥ç❛❞❛ ❛tr❛✈és ❞❛ ❧♦❝❛❧✐③❛çã♦ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s✱ m⋆ → ∞✱ ❝❛r❛❝t❡r✐③❛♥❞♦ s❡✉ ❞❡s❛♣❛r❡❝✐♠❡♥t♦ ♥♦
✐s♦❧❛♥t❡✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❝♦♥s✐st❡♥t❡ ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞♦ ♠❡t❛❧ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❛ ❜❛✐①❛s ❡♥❡r❣✐❛s✱ ♠❛s ♥ã♦
❡①♣❧✐❝❛ ❛s ❡①❝✐t❛çõ❡s ❞❡ ❛❧t❛ ❡♥❡r❣✐❛ q✉❡ ❝♦♥st✐t✉❡♠ ❛s ❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞✱ ❛s q✉❛✐s ❥á ❞❡✈❡r✐❛♠ ❡st❛r ♣r❡s❡♥t❡s
♠❡s♠♦ ♥♦ ❡st❛❞♦ ♠❡tá❧✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡ ❞á ✉♠❛ ✈❡rsã♦ ♠✉✐t♦ s✐♠♣❧✐✜❝❛❞❛ ❞♦ ✐s♦❧❛♥t❡✱ q✉❡ é r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦
✉♠❛ ❝♦❧❡çã♦ ❞❡ ♠♦♠❡♥t♦s ❧♦❝❛✐s ✐♥❞❡♣❡♥❞❡♥t❡s ✭✸✳✺✮

❊ss❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s sã♦ r❡❝♦♥❝✐❧✐❛❞❛s ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ♦ q✉❡ ✜❝❛ ❛♣❛r❡♥t❡ ❛♦
❡st✉❞❛r♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♠ ❛s ✐♥t❡r❛çõ❡s✱ ❋✐❣✳ ✸✳✻✳ P❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞❡ U ✱ ❛ ❞❡♥s✐❞❛❞❡
❞❡ ❡st❛❞♦s ❧♦❝❛❧ é s✐♠✐❧❛r àq✉❡❧❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ P❛r❛ ♠❛✐♦r❡s ✈❛❧♦r❡s ❞❡ U ✱ ✉♠ ♣✐❝♦ ❡str❡✐t♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛
❢♦r♠❛✲s❡ ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✱ ❝♦♠ ❧❛r❣✉r❛ ∆ = ZD ❡ ♣❡s♦ Z✳ ❊st❡ ♣✐❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❡①❝✐t❛çõ❡s ❝♦❡r❡♥t❡s ❞❡
q✉❛s✐♣❛rtí❝✉❧❛s ❛♦ r❡❞♦r ❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✳ P♦r ❡①❝✐t❛çõ❡s ❝♦❡r❡♥t❡s✱ q✉❡r❡♠♦s ❞✐③❡r ❡①❝✐t❛çõ❡s q✉❡ ♣♦ss✉❡♠
✉♠❛ ♠❡✐❛ ✈✐❞❛✲❧♦♥❣❛✳ ❈♦♥❝♦♠✐t❛♥t❡♠❡♥t❡✱ ❞♦✐s ♣✐❝♦s ❛❞✐❝✐♦♥❛✐s s✉r❣❡♠ ♥❛s ❢r❡q✉ê♥❝✐❛s ±U/2 ❡ ❡stã♦ ❛ss♦❝✐❛❞♦s às
❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ❡①❝✐t❛çõ❡s ✐♥❝♦❡r❡♥t❡s ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s q✉❡ ❞❡❝❛❡♠ r❛♣✐❞❛♠❡♥t❡✳ ➚ ♠❡❞✐❞❛
q✉❡ U ❝r❡s❝❡✱ ♠❛✐s ❡ ♠❛✐s ♣❡s♦ ❡s♣❡❝tr❛❧ é tr❛♥s❢❡r✐❞♦ ❞♦ ♣✐❝♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ♣❛r❛ ❛s ❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞✱ ❛té ♦
♠♦♠❡♥t♦ ❡♠ q✉❡ ♦ ♣✐❝♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❞❡s❛♣❛r❡❝❡ ❡ ♦ s✐st❡♠❛ t♦r♥❛✲s❡ ✉♠ ✐s♦❧❛♥t❡✳
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U/D=1.0
U/D=2.0
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❋✐❣✉r❛ ✸✳✺✿ ❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♠♦ ❢✉♥çã♦ ❞❛ r❛③ã♦ U/D ♥♦ ❡♥❢♦q✉❡ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ❬✸✺❪✳ ➚ ♠❡❞✐❞❛ q✉❡
❛✉♠❡♥t❛♠♦s ❛s ❝♦rr❡❧❛çõ❡s✱ ❛s q✉❛s✐♣❛rtí❝✉❧❛s ✈ã♦ ✜❝❛♥❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s ♣❡s❛❞❛s✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦
❞❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❡❢❡t✐✈❛✳ P❛r❛ Uc ≃ 3.4D✱ t❡♠♦s ❛ ❞❡str✉✐çã♦ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ❡ ♦s ❡❧étr♦♥s tr❛♥s❢♦r♠❛♠✲s❡
❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳ ❆q✉✐ t❡♠♦s t❛♠❜é♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❣❡r❛❧ ❞❡ ✉♠❛ t❡♦r✐❛ ❞❡ ❧íq✉✐❞♦ ❞❡
❋❡r♠✐ ❧♦❝❛❧✿ ♦ ✈❛❧♦r ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ♥ã♦ é r❡♥♦r♠❛❧✐③❛❞♦ ♣❡❧❛s ✐♥t❡r❛çõ❡s✳

❋✐❣✉r❛ ✸✳✻✿ P❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ❞♦s ❡❧étr♦♥s ρ (ω) = ■♠ [G− i0+] /πD ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡
U ✱ ♦❜t✐❞♦s ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❬✾✾✱ ✶✵✵❪✳ P❛r❛ ❝♦rr❡❧❛çõ❡s ❢r❛❝❛s (U/D = 1)✱ ❛✐♥❞❛ t❡♠♦s ❛
♠❛✐♦r ♣❛rt❡ ❞♦ ♣❡s♦ ❡s♣❡❝tr❛❧ ❛♦ r❡❞♦r ❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ (εF = 0)✱ s❡♥❞♦ q✉❡ ♦ s✐st❡♠❛ é ❜❡♠ ❞❡s❝r✐t♦ ♣❡❧♦ ❝❡♥ár✐♦
❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡✳ P❛r❛ ✈❛❧♦r❡s ♠♦❞❡r❛❞♦s ❡ ❢♦rt❡s ❞❡ ❝♦rr❡❧❛çã♦ ✭U/D = 2, 2.5, 3✮✱ t❡♠♦s ❛ ❡str✉t✉r❛ ❞❡ três ♣✐❝♦s
❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❚❉❈▼✳ ❖ ♣✐❝♦ ❝❡♥tr❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ❡①❝✐t❛çõ❡s ❝♦❡r❡♥t❡s ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s ❛♦ r❡❞♦r ❞❛ ❡♥❡r❣✐❛ ❞❡
❋❡r♠✐✱ ❛♦ ♣❛ss♦ q✉❡ ♦s ♣✐❝♦s ❧❛t❡r❛✐s sã♦ ❛s ❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ❡①❝✐t❛çõ❡s ✐♥❝♦❡r❡♥t❡s✳ ❆❝✐♠❛
❞♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ (Uc ≃ 3.3D)✱ ♦ ♣✐❝♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❞❡s❛♣❛r❡❝❡ ❡ ♦ s✐st❡♠❛ t♦r♥❛✲s❡ ✉♠ ✐s♦❧❛♥t❡ ❝♦♠
❞✉❛s ❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞ ❜❡♠ ❞❡✜♥✐❞❛s ❝❡♥tr❛❞❛s ❡♠ ±U/2 ❡ s❡♣❛r❛❞❛s ♣❡❧♦ ✏❣❛♣✑ ❞❡ ▼♦tt✳ ◆♦✈❛♠❡♥t❡✱ ♦ ✈❛❧♦r ❞❛
❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ♥ã♦ é r❡♥♦r♠❛❧✐③❛❞♦ ♣❡❧❛s ✐♥t❡r❛çõ❡s✱ ✐♥❞♦ ❛❜r✉♣t❛♠❡♥t❡ ❛ ③❡r♦ ♥♦ ✐s♦❧❛♥t❡✳
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▼❡s♠♦ ❢♦r♥❡❝❡♥❞♦ ✉♠❛ ❞❡s❝r✐çã♦ ✐♥❝♦♠♣❧❡t❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥ ❡ ❘✐❝❡ ❬✸✺❪ ❝♦♥st✐t✉✐
✉♠ ✐♠♣♦rt❛♥t❡ ♣❛ss♦ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ ❛ss♦❝✐❛❞❛ à tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♥♦ s❡t♦r ❞❡
❜❛✐①❛s ❡♥❡r❣✐❛s✳ ❆ ♣❛rt✐r ❞❡st❡ ♣♦♥t♦✱ ❛❜♦r❞❛r❡♠♦s ❛♣❡♥❛s ❡st❡ ❝❡♥ár✐♦✱ ❡ ❞✐s❝✉t✐r❡♠♦s s✉❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛✱ s❡♠♣r❡
t❡♥❞♦ ❡♠ ♠❡♥t❡ s❡✉ ❧✐♠✐t❡ ❞❡ ✈❛❧✐❞❛❞❡✳

❊♠ s✉❛ ❢♦r♠✉❧❛çã♦ ♦r✐❣✐♥❛❧✱ ❇r✐♥❦♠❛♥ ❡ ❘✐❝❡ ✉t✐❧✐③❛r❛♠ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ●✉t③✇✐❧❧❡r ❬✸✶✱ ✶✵✶❪ ♣❛r❛ r❡s♦❧✈❡r ♦
❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍✉❜❜❛r❞✱ ❊q✳ ✭✷✳✻✷✮✳ ❊♠ ✈❡③ ❞❡ ❛❞♦t❛r♠♦s ❡ss❡ tr❛t❛♠❡♥t♦✱ tr❛❜❛❧❤❛r❡♠♦s ❡♠ ✉♠❛ ❡❧❛❜♦r❛çã♦
♣♦st❡r✐♦r ❡ ❡q✉✐✈❛❧❡♥t❡✱ ❞❛❞❛ ♣❡❧❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❬✻✺❪✱ ❝♦♠♦ ❞❡s❝r✐t❛ ♥❛ s❡çã♦
✭✷✳✷✳✹✮✳

❈♦♠❡ç❛♠♦s ♥♦t❛♥❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❡❧étr♦♥s ❝♦♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ s♣✐♥ σ ❡♠ ✉♠ ❞❛❞♦ sít✐♦ i✱ niσ = f†iσfiσ✱
♣♦❞❡ s❡r ♦❜t✐❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ✈í♥❝✉❧♦ ❥á s❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❡✱ ♣❡❧❛ ❊q✳ ✭✷✳✾✶✮✱
t❡♠♦s q✉❡

n↑ = p2
↑ + d2, ✭✸✳✶✽✮

n↓ = p2
↓ + d2. ✭✸✳✶✾✮

❯t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛ ❊q✳ ✭✷✳✾✵✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

n = n↑ + n↓ = 1 + d2 − e2. ✭✸✳✷✵✮

❉❡✜♥✐♥❞♦✲s❡ ❛ ♠❛❣♥❡t✐③❛çã♦ m ❡♠ ❝❛❞❛ sít✐♦ ❝♦♠♦

m = p2
↑ − p2

↓ = n↑ − n↓, ✭✸✳✷✶✮

t❡♠♦s q✉❡ ❛ ❊q✳ ✭✷✳✾✺✮ é ❞❛❞❛ ♣♦r

Zσ = 8d2
(

1− 2d2
)

[

1 +m2

(

1− 1

4 (1− 2d2)
2

)]

+O
(

m4
)

, ✭✸✳✷✷✮

❛ss✉♠✐♥❞♦ q✉❡ ❡st❛♠♦s ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦ h ♠✉✐t♦ ❢r❛❝♦✱ t❛❧ q✉❡ só ♣r❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r
♦ t❡r♠♦ ❞♦♠✐♥❛♥t❡ ♥❛ ♠❛❣♥❡t✐③❛çã♦✳

P♦❞❡♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ f = F/N ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✳ ❆
♠❛♥❡✐r❛ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❢❛③❡r♠♦s ✐ss♦ é ❡s❝r❡✈❡r♠♦s ❛ ❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❊q✳ ✭✷✳✾✷✮ ❡ ❝♦♥s✐❞❡r❛r♠♦s ❛
❛♣r♦①✐♠❛çã♦ ❞♦ ♣♦♥t♦ ❞❡ s❡❧❛ ❬✻✺❪ ✭✈❡❥❛ t❛♠❜é♠ s❡çã♦ ✭✷✳✷✳✻✮✮✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛

f = Ud2 − λ(2)
(

1 + d2 − e2
)

− T
∑

σ

ˆ

dερ (ε) ❧♥
[

1 + e−β(Zσε−µ+σh+λ(2))
]

, ✭✸✳✷✸✮

♦♥❞❡ β = 1/T ✱ ρ (ε) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞❛ r❡❞❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ µ é ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❡ λ(2) é ♦ ♠✉❧t✐♣❧✐❝❛❞♦r
❞❡ ▲❛❣r❛♥❣❡✱ q✉❡ é ❛❞✐❝✐♦♥❛❞♦ à ❛çã♦ ♣❛r❛ ✐♠♣♦r♠♦s ♦ ✈í♥❝✉❧♦ ✭✷✳✾✶✮✳ ❆s ❡q✉❛çõ❡s ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ sã♦
❡♥❝♦♥tr❛❞❛s ❛♦ ♠✐♥✐♠✐③❛r♠♦s ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❝♦♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s ✈❛r✐❛❝✐♦♥❛✐s d ❡ λ(2)✳

❆ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ε̄ = ∂ (βf) /∂β✱ ❞♦♥❞❡

ε̄ = Ud2 − λ(2)
(

1 + d2 − e2
)

−
∑

σ

1

Zσ

ˆ

dxρ (x/Zσ)
x

1 + ❡①♣
[

β
(

x− µ+ σh+ λ(2)
)] , ✭✸✳✷✹✮

❝♦♠ ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s x = Zσε ♥❛ ✐♥t❡❣r❛❧✳
P♦❞❡♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ ❞♦ ♠❡t❛❧ ❛tr❛✈és ❞❛s ❊qs✳ ✭✸✳✷✷✮ ❡ ✭✸✳✷✹✮

χ−1 =
1

m

∂ε̄

∂m

∣

∣

∣

∣

h→0

,

=
Z

2ρ (ε0F )

[

1− ρ (εF )U

2

(1 + U/2Uc)

(1 + U/Uc)
2

]

, ✭✸✳✷✺✮

♦♥❞❡ Uc✱ ❛ s❡r ❞❡t❡r♠✐♥❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡✱ é ♦ ✈❛❧♦r ❞❡ ✐♥t❡r❛çã♦ ❝rít✐❝♦ ♣❛r❛ ♦ q✉❛❧ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♦❝♦rr❡✱ ❡
εF é ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ❞♦ s✐st❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳

✸✽



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

❚❛♠❜é♠ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✳ P❛r❛ ✐ss♦✱ ✉t✐❧✐③❛♠♦s ❛ ❡①♣❛♥sã♦ ❞❡ ❙♦♠♠❡r❢❡❧❞ ❬✸❪ ❞✐r❡t❛✲
♠❡♥t❡ ♥❛ s♦❧✉çã♦ ♣❛r❛♠❛❣♥ét✐❝❛ (m = 0) ❞❛ ❊q✳ ✭✸✳✷✹✮✱ ♦ q✉❡ ♥♦s ❞á

ε̄ = ε̄0 +
1

Z

π

3
ρ (εF )T 2,

❡✱ ♣♦rt❛♥t♦✱

cV =
1

Z

2π

3
ρ (εF )T. ✭✸✳✷✻✮

P❛rt✐❝✉❧❛r✐③❛♠♦s ♥♦ss❛ ❞✐s❝✉ssã♦ ♣❛r❛ ❛ s♦❧✉çã♦ ♣❛r❛♠❛❣♥ét✐❝❛ (m = 0) ❛ T = 0✳ ❆ss✉♠✐♠♦s t❛♠❜é♠ q✉❡
❡st❛♠♦s ❡♠ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦ (n = 1)✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ e = d✳ ▼✐♥✐♠✐③❛♥❞♦ ❛ ❊q✳ ✭✸✳✷✸✮ ❝♦♠ r❡s♣❡✐t♦ λ(2) ✈❡♠
q✉❡

2

ˆ (µ−λ(2))/Z

−∞

dερ (ε) = 1. ✭✸✳✷✼✮

▼✐♥✐♠✐③❛♥❞♦ ❛❣♦r❛ ❝♦♠ r❡s♣❡✐t♦ ❛ d ♦❜t❡♠♦s

∂Z

∂d

ˆ (µ−λ(2))/Z

−∞

dεερ (ε) = −Ud. ✭✸✳✷✽✮

❈♦♠♦ ❡st❛♠♦s ❡♠ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦ ❡ ρ (ε) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ t❡♠♦s q✉❡
(

µ− λ(2)
)

Z
= εF . ✭✸✳✷✾✮

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

Uc = 8
∣

∣ε0kin

∣

∣ , ✭✸✳✸✵✮

♦♥❞❡ ε0kin é ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ♠é❞✐❛ ♥♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡

ε0kin = 2

ˆ εF

−∞

dεερ (ε) , ✭✸✳✸✶✮

❞❡ t❛❧ ❢♦r♠❛ q✉❡

d =
1

2

√

1− U

Uc
. ✭✸✳✸✷✮

❆ss✐♠✱ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ❞❡s❛♣❛r❡❝✐♠❡♥t♦ ❞❛ ❞✉♣❧❛ ♦❝✉♣❛çã♦ ♣❛r❛ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡
✐♥t❡r❛çã♦ Uc✱ ♠❛r❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❞♦s ❡❧étr♦♥s ❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳ ◆♦t❛♠♦s q✉❡ ♣♦❞❡♠♦s
❞❡✜♥✐r d ❝♦♠♦ ♥♦ss♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❡ q✉❡ ❡❧❡ ♣♦ss✉✐ ✉♠ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ν = 1/2✱ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ❡♠ ✉♠❛
t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ ✉s✉❛❧ ✭✈❡❥❛ ❊q✳ ✭✸✳✷✮✮✳ ❯t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛s ❊qs✳ ✭✸✳✷✷✮ ❡ ✭✸✳✸✷✮✱ ✈❡♠♦s q✉❡

Z =

(

1 +
U

Uc

)(

1− U

Uc

)

. ✭✸✳✸✸✮

❆ ❊q✳ ✭✸✳✸✸✮ ❞✐③ q✉❡ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞♦ s✐st❡♠❛ m⋆/m ∼ (1− U/Uc) ❞✐✈❡r❣❡ ♥❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ✐♥❞✐❝❛♥❞♦ ❛
❧♦❝❛❧✐③❛çã♦ ✭❞❡str✉✐çã♦✮ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s✳ ❉❡ ❢❛t♦✱ é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r♠♦s Z ❝♦♠♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠
❞❛ tr❛♥s✐çã♦✸✱ ♣♦✐s ❡❧❡ ❡stá ❞✐r❡t❛♠❡♥t❡ ❛ss♦❝✐❛❞♦ ❛ ✈ár✐❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡
♠❛❣♥ét✐❝❛ ❞❡ s♣✐♥ ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❙♦♠♠❡r❢❡❧❞ ♣❛r❛ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ❊qs✳ ✭✸✳✷✺✮ ❡ ✭✸✳✷✻✮✳

❖ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ❞❡s❝r❡✈❡ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❝♦♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ q✉â♥t✐❝♦ ♥♦ q✉❛❧ ✈❛♠♦s ❞❡ ✉♠
♠❡t❛❧ ♣❛r❛ ✉♠ ✐s♦❧❛♥t❡ ❛♣❡♥❛s ✈❛r✐❛♥❞♦ ❛ ✐♥t❡r❛çã♦ U ✳ ❆ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❞✐s❝✉t✐❞❛ ❛q✉✐ ❡stá ❛ss♦❝✐❛❞❛ à ❛❜❡rt✉r❛
❞❡ ✉♠ ✏❣❛♣✑ ♥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞♦ s✐st❡♠❛ ♥❛ ❛✉sê♥❝✐❛ ❞❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ ♦r❞❡♥❛♠❡♥t♦ ♠❛❣♥ét✐❝♦✱ ♦✉ s❡❥❛✱ ♥❛

✸■ss♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡s❝♦❧❤❛ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ♥ã♦ é ú♥✐❝❛✳ ❆ ú♥✐❝❛ ❝♦♥❞✐çã♦ ♣❛r❛ s✉❛ ❡s❝♦❧❤❛ é q✉❡ ❡st❛
q✉❛♥t✐❞❛❞❡ s❡❥❛ ③❡r♦ ♥❛ ❢❛s❡ ❞❡s♦r❞❡♥❛❞❛ ✭✐s♦❧❛♥t❡ ❞❡ ▼♦tt✮ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ♥❛ ❢❛s❡ ♦r❞❡♥❛❞❛ ✭♠❡t❛❧ ❝♦rr❡❧❛❝✐♦♥❛❞♦✮✳

✸✾



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

❢❛s❡ ♣❛r❛♠❛❣♥ét✐❝❛✳ P♦rt❛♥t♦✱ ❡st❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♥ã♦ ❡stá ❛ss♦❝✐❛❞❛ ❛ ♥❡♥❤✉♠❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛
❞♦ s✐st❡♠❛✳ ■ss♦ ♣❛r❡❝❡ ❝♦♥tr❛❞✐tór✐♦✱ ✉♠❛ ✈❡③ q✉❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✈❡♠ s❡♠♣r❡ ❛❝♦♠♣❛♥❤❛❞❛ ❞❡
✉♠ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛✳ ❚r❛t❛♠❡♥t♦s ♠❛✐s s♦✜st✐❝❛❞♦s✱ q✉❡ ❧❡✈❛♠ ❡♠ ❝♦♥t❛ ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ♦s sít✐♦s
❞❛ r❡❞❡✱ ♣r❡✈❡❡♠ q✉❡ ❛ tr❛♥s✐çã♦ é ❞❡ ❢❛t♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❬✽✶✱ ✽✷✱ ✽✸❪✳ ◆❡st❡ ❝❛s♦✱ ❡♠❜♦r❛ ♥ã♦ ❤❛❥❛ ♠❛✐s
✉♠❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ ♥❛ tr❛♥s✐çã♦✱ ❡❧❛ ❛✐♥❞❛ ❛ss✐♠ ❛✉♠❡♥t❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♥♦s
❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ é ♦❜s❡r✈❛❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡♠ ✈ár✐♦s s✐st❡♠❛s✱ ❝♦♠♦
s❛✐s ♦r❣â♥✐❝♦s q✉❛s❡ ❜✐❞✐♠❡♥s✐♦♥❛✐s ❬✾✽✱ ✶✵✷❪✱ ❍❡3 ❧íq✉✐❞♦ ❬✶✵✸✱ ✶✵✹❪✱ ❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❬✹✼✱ ✹✾✱ ✶✵✺❪
❡ ó①✐❞♦s ❞❡ ♠❡t❛✐s ❞❡ tr❛♥s✐çã♦ ❬✶✵✻❪✳

❖ ❢❛t♦ ❞❡ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞✐✈❡r❣✐r ♥❛ tr❛♥s✐çã♦ ✐♠♣❧✐❝❛ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❙♦♠♠❡r❢❡❧❞ γ (γ = cV /T ) t❛♠❜é♠ ♦
❢❛③✱ ❝♦♠♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♠♦str❛❞♦ ♥❛ ❊q✳ ✭✸✳✷✻✮✳ ❊♠ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✱ ❡st❡ t✐♣♦ ❞❡ ❝♦♠♣♦rt❛✲
♠❡♥t♦ é ❡s♣❡r❛❞♦ ❛♣❡♥❛s ❛ t❡♠♣❡r❛t✉r❛s ❛❜❛✐①♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❝♦❡rê♥❝✐❛ T ⋆ ∼ ZTF ✱ ♦♥❞❡ TF é t❡♠♣❡r❛t✉r❛ ❞❡
❋❡r♠✐ ❞♦ s✐st❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❆❝✐♠❛ ❞❡st❛ t❡♠♣❡r❛t✉r❛ T ⋆✱ ❛s q✉❛s✐♣❛rtí❝✉❧❛s sã♦ ❞❡str✉í❞❛s ♣❡❧❛s ✢✉t✉❛çõ❡s
tér♠✐❝❛s ❡ ❛ ❞❡s❝r✐çã♦ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♦❜t✐❞❛ ♣❡❧♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ❞❡✐①❛ ❞❡ s❡r ✈á❧✐❞❛✱ s❡çã♦
✭✹✳✶✮✳

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ t❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ❡♥tr♦♣✐❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

s (T ⋆) =

ˆ T ⋆

0

cV
dT

T
= γT ⋆ ∼ O (1) . ✭✸✳✸✹✮

❈♦♠♦ T ⋆ → 0 ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ✈❡♠♦s q✉❡ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❛ ♠❛ss❛
❡❢❡t✐✈❛ ✐♠♣❧✐❝❛ q✉❡ ♦ ♥♦ss♦ ✐s♦❧❛♥t❡ ♣♦ss✉✐ ✉♠❛ ❡♥tr♦♣✐❛ r❡s✐❞✉❛❧ ✜♥✐t❛✳ ■ss♦ é r❡s✉❧t❛❞♦ ❞♦ ❢❛t♦ ❞❡ ❞❡s♣r❡③❛r♠♦s
❛s ❝♦rr❡❧❛çõ❡s ♠❛❣♥ét✐❝❛s ❡♥tr❡ ♦s sít✐♦s✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ♦ ✐s♦❧❛♥t❡ s❡❥❛ ✈✐st♦ ❝♦♠♦ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ♠♦♠❡♥t♦s
♠❛❣♥ét✐❝♦s ❞❡ s♣✐♥ 1/2 ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❆ ❡♥tr♦♣✐❛ r❡s✐❞✉❛❧ ❞❡st❡ ❡st❛❞♦ ❛❧t❛♠❡♥t❡ ❞❡❣❡♥❡r❛❞♦ é ❞❛❞❛ s✐♠♣❧❡s♠❡♥t❡
♣♦r S (0+) = R❧♥ [2]✳

❉❡st❡ ♠♦❞♦✱ t❡♠♦s q✉❡ ✉♠ ❛✉♠❡♥t♦ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛✱ q✉❛♥❞♦ ♦❜s❡r✈❛❞♦ ❡♠ ✉♠ ❡①♣❡r✐♠❡♥t♦✱ ✐♥❞✐❝❛ q✉❡ ♥♦s
❛♣r♦①✐♠❛♠♦s ❞❡ ✉♠❛ ❢❛s❡ q✉❡ ♣♦ss✉✐ ❛❧t❛ ❡♥tr♦♣✐❛ ♠❡s♠♦ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ♠✉✐t♦ ❜❛✐①❛s✳ ❊st❛ s✐t✉❛çã♦ ♦❝♦rr❡
♥❛t✉r❛❧♠❡♥t❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ♦♥❞❡ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥tr♦♣✐❛ é ❧✐❜❡r❛❞❛ ❞❡✈✐❞♦
à ❢♦r♠❛çã♦ ❞❡ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s ♥♦ ❧❛❞♦ ✐s♦❧❛♥t❡ ❞❛ tr❛♥s✐çã♦✳

●❡r❛❧♠❡♥t❡✱ ❡st❡s ♠♦♠❡♥t♦s ❧♦❝❛❧✐③❛❞♦s ♣♦ss✉❡♠ ✉♠❛ ✐♥t❡r❛çã♦ ❛♥t✐❢❡rr♦♠❛❣♥ét✐❝❛ ❞♦ t✐♣♦ ✏s✉♣❡r❡①❝❤❛♥❣❡✑
Jeff ∼ t2/U ✱ ♦ q✉❡ ❧❡✈❛ ❛ ✉♠ ♦r❞❡♥❛♠❡♥t♦ ♠❛❣♥ét✐❝♦ ❛ t❡♠♣❡r❛t✉r❛s ❞❛ ♦r❞❡♠ TJeff

∼ Jeff ✳ ❊st❡ ♦r❞❡♥❛♠❡♥t♦
♠❛❣♥ét✐❝♦ ❧❡✈❛♥t❛ ❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞♦ s✐st❡♠❛ ❡ r❡st❛✉r❛ ❛ ❚❡r❝❡✐r❛ ▲❡✐ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛✹✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❡❧❡
só ♦❝♦rr❡ ❛❜❛✐①♦ ❞❛ ❡s❝❛❧❛ ❞❡ t❡♠♣❡r❛t✉r❛ ❞❛❞❛ ♣♦r TJeff

✱ q✉❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ♣♦❞❡ s❡r ❡①tr❡♠❛♠❡♥t❡ ❜❛✐①❛ ❞❡✈✐❞♦
à ❢r✉str❛çã♦ t❛♥t♦ ❣❡♦♠étr✐❝❛ q✉❛♥t♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❝♦♠♣❡t✐çã♦ ❞❡ ♦r❞❡♥s ♠❛❣♥ét✐❝❛s✳

✸✳✷✳✷ ❊❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt

❊♠ ♠✉✐t♦s ♠❛t❡r✐❛✐s✱ ❛ ♠❛❣♥✐t✉❞❡ ❞❛ ❞❡s♦r❞❡♠ ❡ ❞❛ ✐♥t❡r❛çã♦ sã♦ ❝♦♠♣❛rá✈❡✐s ❡ ✉♠❛ t❡♦r✐❛ s❛t✐s❢❛tór✐❛ ❞❛ tr❛♥s✐çã♦
♠❡t❛❧✲✐s♦❧❛♥t❡ ❡♠ t❛✐s ♠❛t❡r✐❛✐s só ♣♦❞❡ s❡r ❛❧❝❛♥ç❛❞❛ q✉❛♥❞♦ ❛♠❜♦s ❡❢❡✐t♦s sã♦ ❧❡✈❛❞♦s ❡♠ ❝♦♥t❛ ❬✾❪✳ ❆s t❡♦r✐❛s
❝♦♥✈❡♥❝✐♦♥❛✐s ♣❛r❛ ❛t❛❝❛r ♦ ♣r♦❜❧❡♠❛ ❬✾✱ ✶✵✼❪ ❣❡r❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛♠ ✉♠❛ ♠é❞✐❛ s♦❜r❡ ❛ ❞❡s♦r❞❡♠✳ ❉❡♥tr♦ ❞❡st❡
t✐♣♦ ❞❡ ❞❡s❝r✐çã♦ é ♠✉✐t♦ ❞✐❢í❝✐❧ ✐♥❝♦r♣♦r❛r✲s❡ ❛ ❢ís✐❝❛ ❞❡ ❡✈❡♥t♦s r❛r♦s ❡✱ ❝♦♠♦ ❞✐s❝✉t✐♠♦s ♥❛ s❡çã♦ ✭✸✳✶✮✱ ♦s ❡❢❡✐t♦s
❞❡ t❛✐s ❡✈❡♥t♦s r❛r♦s ❡♠ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡s q✉â♥t✐❝❛s ♣♦❞❡♠ s❡r ❞r❛♠át✐❝♦s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❡✈❡♥t♦s r❛r♦s ✐♥❞✉③✐❞♦s ♣♦r ❞❡s♦r❞❡♠ ❡♠ s✐st❡♠❛s ❡❧❡trô♥✐❝♦s ❞ã♦ ♦r✐❣❡♠ ❛ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s
❧♦❝❛❧✐③❛❞♦s ❞❡♥tr♦ ❞❡ ✉♠ s✐st❡♠❛ ♠❡tá❧✐❝♦ q✉❡ ♣❡rs✐st❡♠ ❛té t❡♠♣❡r❛t✉r❛s ♠✉✐t♦ ❜❛✐①❛s✱ ❧❡✈❛♥❞♦ ❛ ✉♠ ❝♦♠♣♦r✲
t❛♠❡♥t♦ ❞♦ t✐♣♦ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ é ✈✐st♦ t❛♥t♦ ❡♠ s❡♠✐❝♦♥❞✉t♦r❡s ❢♦rt❡♠❡♥t❡ ❞♦♣❛❞♦s
❬✶✷✱ ✶✸✱ ✶✵✽❪ q✉❛♥t♦ ❡♠ s✐st❡♠❛s ❞❡ ❢ér♠✐♦♥s ♣❡s❛❞♦s ❬✽✽✱ ✽✾✱ ✾✵❪✳

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ é t❛♠❜é♠ ✈✐st♦ ❡♠ s✐st❡♠❛s q✉❡ ❡stã♦ ❧♦♥❣❡
❞❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ ♦r❞❡♥❛♠❡♥t♦ ❞❡ s♣✐♥ ♦✉ ❝❛r❣❛✳ ❚❛❧ ❢❛t♦ ❧❡✈♦✉ à ✐♥tr♦❞✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s
❡❧❡trô♥✐❝❛ ✭❋●❊✮ ❬✷✱ ✶✼✱ ✸✼❪✳ ❈♦♠♦ ✈❡r❡♠♦s✱ ❡st❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ♣♦ss✉✐ ❝❛r❛❝t❡ríst✐❝❛s ♠✉✐t♦ s❡♠❡❧❤❛♥t❡s
à ❢❛s❡ ❞❡ ●r✐✣t❤s ♠❛❣♥ét✐❝❛ ❞✐s❝✉t✐❞❛ ♥❛ s❡çã♦ ✭✸✳✶✮✱ ❡ ♦❝♦rr❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ tr❛♥s✐çõ❡s ♠❡t❛❧✲✐s♦❧❛♥t❡✱ t❛♥t♦
✐♥❞✉③✐❞❛s ♣❡❧❛ ✐♥t❡r❛çã♦ ✭▼♦tt✮ q✉❛♥t♦ ♣❡❧❛ ❞❡s♦r❞❡♠ ✭❆♥❞❡rs♦♥✮✳

P❛r❛ ❡st✉❞❛r♠♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♥❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡✱ ✉t✐❧✐③❛r❡♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❝❡♥ár✐♦
❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ✈✐st♦ ♥❛ s❡çã♦ ✭✸✳✷✳✶✮ ♣❛r❛ ♦ ❝❛s♦ ❞❡s♦r❞❡♥❛❞♦✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡st❛ té❝♥✐❝❛ é ❞✐s❝✉t✐❞❛ ♥❛
s❡çã♦ ✭✷✳✷✳✺✮✳ ❖ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ é ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ✭✷✳✼✵✮✱ ❝♦♠ ❛ ❞❡s♦r❞❡♠ s❡♥❞♦ ✐♥tr♦❞✉③✐❞❛

✹❱❛❧❡ ❛ ♣❡♥❛ r❡ss❛❧t❛r q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t✐♣♦ ✐s♦❧❛♥t❡ ♥ã♦ é ❝❛✉s❛❞♦ ♣❡❧♦ ♠❛❣♥❡t✐s♠♦✱ s❡♥❞♦ q✉❡ ♦ ✐s♦❧❛♥t❡ ♣❡rs✐st❡ ❛té
t❡♠♣❡r❛t✉r❛s ❞❛ ♦r❞❡♠ TM ∼ ∆M ≫ TJeff

✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✳ ✭✸✳✸✮✳

✹✵



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

❛tr❛✈és ❞❛s ❡♥❡r❣✐❛s ❛❧❡❛tór✐❛s εi ❞❡ ❝❛❞❛ sít✐♦✱ q✉❡ s❡rã♦ ❡s♣❡❝✐✜❝❛❞❛s ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (ε)
✉♥✐❢♦r♠❡

P (ε) =

{

1/W, |ε| ≤W/2
0, |ε| > W/2

✭✸✳✸✺✮

❝✉❥❛ ✈❛r✐â♥❝✐❛ é ❞❛❞❛ ♣♦r W 2/12✱ ♦♥❞❡ W ❞á ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❞❡s♦r❞❡♠✳
❘❡s♦❧✈❡♠♦s ❡st❡ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ❛ T = 0✱ ❧✐♠✐t❛♥❞♦✲♥♦s ❛♦ r❡❣✐♠❡ ❞❡ ❞❡s♦r❞❡♠ ❢r❛❝❛ ❡

♠♦❞❡r❛❞❛ (W . Uc (W ))✳ ❈♦♥s✐❞❡r❛♠♦s r❡❞❡s q✉❛❞r❛❞❛s ❝♦♠ L × L sít✐♦s✱ s✉❥❡✐t❛s ❛ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡
❝♦♥t♦r♥♦ ❡ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ µ = U/2✳ ❆♣r♦①✐♠❛♠♦✲♥♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt s❡♠♣r❡ ♠❛♥t❡♥❞♦
❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❞❡s♦r❞❡♠ ❝♦♥st❛♥t❡ ❡ ❛✉♠❡♥t❛♥❞♦ ♦ ✈❛❧♦r ❞❛ r❡♣✉❧sã♦ ❧♦❝❛❧ U ❛té s❡✉ ✈❛❧♦r ❝rít✐❝♦ Uc (W )✱ q✉❡ ❛❣♦r❛
♣❛ss❛ ❛ s❡r ❞❡♣❡♥❞❡♥t❡ ❞❛ ❞❡s♦r❞❡♠✳ ❈♦♠♦ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛✱ ✉t✐❧✐③❛♠♦s ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ✭♦✉ s❡♠✐❧❛r❣✉r❛ ❞❡
❜❛♥❞❛✮ ❞♦ ❝❛s♦ ❧✐♠♣♦ εF = D = 4t✱ ♦♥❞❡ t é ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑✳ P❛r❛ ❝❛❞❛ ♣❛r ❞❡ ✈❛❧♦r❡s (U,W ) r❡❛❧✐③❛♠♦s
❝❡r❝❛ ❞❡ q✉❛r❡♥t❛ r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳ ❚❛♠❜é♠ ✈❛r✐❛♠♦s ♦ t❛♠❛♥❤♦ ❞❛ r❡❞❡ ❛té L = 50 ❡ ✈❡r✐✜❝❛♠♦s q✉❡
♥♦ss♦s r❡s✉❧t❛❞♦s ♥ã♦ ♣❛❞❡❝❡♠ ❞❡ ❡❢❡✐t♦s ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦✱ ❝♦♠♦ ♠♦str❛♠♦s ♥❛s ❋✐❣s✳ ✭✸✳✶✵✮ ❡ ✭✸✳✶✾✮✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ❞❛ ❧♦❝❛❧✐③❛çã♦ ❬✺✵❪ ❡ s❡çã♦ ✭✺✳✷✳✷✮✱ q✉❛❧q✉❡r q✉❛♥t✐❞❛❞❡ ❞❡ ❞❡s♦r❞❡♠ ❧❡✈❛
s✐st❡♠❛s ❡♠ ❞✐♠❡♥sõ❡s ♠❡♥♦r❡s ♦✉ ✐❣✉❛❧ ❛ ❞♦✐s ❛ ✉♠❛ ❢❛s❡ ✐s♦❧❛♥t❡✱ ❞❡s❞❡ q✉❡ L s❡❥❛ ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛
s✉♣❡r❛r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦✳ ❈♦♥t✉❞♦✱ ❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ ♦❜t✐❞♦ ♣❛r❛ ❡❧étr♦♥s ♥ã♦ ✐♥t❡r❛❣❡♥t❡s✳ ◆♦s
ú❧t✐♠♦s ❛♥♦s✱ ✈ár✐♦s tr❛❜❛❧❤♦s ♥✉♠ér✐❝♦s ❡♥❝♦♥tr❛r❛♠ ❢♦rt❡s ❡✈✐❞ê♥❝✐❛s ❞❡ q✉❡✱ ❞❡ ❢❛t♦✱ ❝♦rr❡❧❛çõ❡s ❛✉♠❡♥t❛♠ ❛
❝♦♥❞✉t✐✈✐❞❛❞❡ ❞❡ s✐st❡♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❞❡s♦r❞❡♥❛❞♦s ❬✺✻✱ ✺✼✱ ✶✵✾✱ ✶✶✵✱ ✶✶✶✱ ✶✶✷✱ ✶✶✸❪✱ ❡♠❜♦r❛ ❛ ❡①✐stê♥❝✐❛ ♦✉
♥ã♦ ❞❡ ✉♠ ❡st❛❞♦ ♠❡tá❧✐❝♦ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦ ❛✐♥❞❛ ❡st❡❥❛ s♦❜ ❞❡❜❛t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠
♠❡t❛❧ ❡♠ 2d ❝♦♠ r❡s♣❡✐t♦ ❛ ❝♦rr❡çõ❡s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ ❬✶✶✹❪ ❢♦✐ ✐♥✈❡st✐❣❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❝✉✐❞❛❞♦s❛ ♣❡❧♦s ❛✉t♦r❡s
❞❛s ❘❡❢s✳ ❬✶✵✼✱ ✶✶✺❪✳ ❊ss❡s ❛✉t♦r❡s ❞❡♠♦♥str❛r❛♠ q✉❡ q✉❛❧q✉❡r ♠❡t❛❧ ♣❡r♠❛♥❡❝❡ ❡stá✈❡❧ ❡♠ 2d ❝♦♠ r❡s♣❡✐t♦ à
❞❡s♦r❞❡♠ ❞❡✈✐❞♦ ❛♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ♥♦✈❛s ❝♦rr❡çõ❡s ❛♥t✐❧♦❝❛❧✐③❛♥t❡s ✐♥tr♦❞✉③✐❞❛s ♣❡❧❛ ✐♥t❡r❛çã♦ ❈♦✉❧♦♠❜✐❛♥❛ ❡♥tr❡
♦s ❡❧étr♦♥s✳ ◆♦t❛♠♦s✱ ❝♦♥t✉❞♦✱ q✉❡ t❛♥t♦ ❛s ❝♦rr❡çõ❡s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ q✉❛♥t♦ ❡ss❛s ❝♦rr❡çõ❡s ❛♥t✐❧♦❝❛❧✐③❛♥t❡s
s❡ ♠❛♥✐❢❡st❛♠ ❛♣❡♥❛s ❛tr❛✈és ❞❡ ❝♦rr❡çõ❡s ❧♦❣❛rít♠✐❝❛s ❝♦♠ ♦ t❛♠❛♥❤♦ L ❞♦ s✐st❡♠❛✳ P♦r s❡r❡♠ tã♦ s✉t✐s✱ ❡st❛s
❝♦rr❡çõ❡s ♥ã♦ sã♦ ✈✐sí✈❡✐s ♣❛r❛ ♦s ❜❛✐①♦s ✈❛❧♦r❡s ❞❡ ❞❡s♦r❞❡♠ r❡♥♦r♠❛❧✐③❛❞❛ q✉❡ ❛♣❛r❡❝❡♠ ♥❡st❛ ♣❛rt❡ ❞♦ ♥♦ss♦
tr❛❜❛❧❤♦✱ ❡♠ ♣❛rt✐❝✉❧❛r ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❇❛s❡❛❞♦s ♥❡st❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ❛ss✉♠✐♠♦s q✉❡ ❛
❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ ✉♠❛ ✈❡r❞❛❞❡✐r❛ ❢❛s❡ ♠❡tá❧✐❝❛ t❡r♠♦❞✐♥â♠✐❝❛ ❡♠ 2d ♥ã♦ ♣♦ss✉✐ r❡❧❡✈â♥❝✐❛ ♣❛r❛ ❛s q✉❡stõ❡s q✉❡
❛❜♦r❞❛♠♦s ♥❡st❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦✳

❖ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Z ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ❞♦ ❧❛❞♦ ♠❡tá❧✐❝♦ ❡ ✈❛✐ ❛ ③❡r♦ ❧✐♥❡❛r♠❡♥t❡
♥❛ tr❛♥s✐çã♦ ✭❊q✳ ✭✸✳✸✸✮✮✳ ❉❡st❡ ♠♦❞♦✱ é ♥❛t✉r❛❧ q✉❡ ❞❡✜♥❛♠♦s Z ❝♦♠♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❞❛ tr❛♥s✐çã♦ ♥♦ ❝❛s♦
❧✐♠♣♦✳ P❛r❛ ♦ ❝❛s♦ ❞❡s♦r❞❡♥❛❞♦✱ t❡♠♦s ✉♠❛ ❞✐str✐❜✉✐çã♦ P (Z) ❞❡ ✈❛❧♦r❡s ♣❛r❛ Z✱ ♣♦✐s ❝❛❞❛ sít✐♦ ♣♦ss✉✐ ❛❣♦r❛ ✉♠ Zi

❞✐❢❡r❡♥t❡✳ ❙❡❣✉✐♥❞♦ ❡st✉❞♦s ❛♥t❡r✐♦r❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❞❡s♦r❞❡♥❛❞❛ ❬✹✹✱ ✼✾✱ ✶✶✻❪✱ ❡s❝♦❧❤❡r❡♠♦s ♦ ✈❛❧♦r tí♣✐❝♦
❞❡ Zi✱ ❞❡✜♥✐❞♦ ❛tr❛✈és ❞❡ s✉❛ ♠é❞✐❛✺ ❣❡♦♠étr✐❝❛ Ztyp = ❡①♣ [〈❧♥ [Z]〉]✱ ❝♦♠♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❞❛ tr❛♥s✐çã♦
❞❡s♦r❞❡♥❛❞❛✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❧✐♠♣♦✱ ❡st❛ q✉❛♥t✐❞❛❞❡ ✈❛✐ ❛ ③❡r♦ ❧✐♥❡❛r♠❡♥t❡ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱
✐♥❞✐❝❛♥❞♦ q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❡❧étr♦♥s ❞❛ r❡❞❡ ♣♦ss✉✐ Zi ≈ 0 ❡ tr❛♥s❢♦r♠❛r❛♠✲s❡ ❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳
◆❛t✉r❛❧♠❡♥t❡✱ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♣❧❡t♦ s♦❜r❡ ♦ s✐st❡♠❛ só é ❛❧❝❛♥ç❛❞♦ ❛♦ ♦❧❤❛r♠♦s ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ P (Z)✱
♦ q✉❡ ❢❛r❡♠♦s ❡①❛✉st✐✈❛♠❡♥t❡✳ ❖ ✉s♦ ❞❡ Ztyp é ✉♠❛ ♠❛♥❡✐r❛ ❝♦♥✈❡♥✐❡♥t❡ ❞❡ ♣❛r❛♠❡tr✐③❛r♠♦s t♦❞❛ ❛ ✐♥❢♦r♠❛çã♦
❝♦♥t✐❞❛ ❡♠ P (Z) ❡♠ ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡ ❢á❝✐❧ ❞❡ s❡r ❝❛❧❝✉❧❛❞❛✳

❆ ❋✐❣✳ ✭✸✳✼✮ ♠♦str❛ Ztyp ❡ t❛♠❜é♠ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ Zav = 〈Z〉 ❝♦♠♦ ❢✉♥çã♦ ❞❛ ✐♥t❡r❛çã♦ ♣❛r❛ ❞♦✐s ✈❛❧♦r❡s
❞❡ ❞❡s♦r❞❡♠ ❞✐❢❡r❡♥t❡s✳ ◆❛t✉r❛❧♠❡♥t❡✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ W ❝r❡s❝❡✱ ♦s ✈❛❧♦r❡s tí♣✐❝♦s ❡ ♠é❞✐♦s s❡ ❞✐❢❡r❡♥❝✐❛♠✱
✐♥❞✐❝❛♥❞♦ q✉❡ ❛ ❧❛r❣✉r❛ ❞❡ P (Z) ❡stá ❛✉♠❡♥t❛♥❞♦✳ ❖ ♣♦♥t♦ ❡♠ q✉❡ Ztyp = 0 ❞❡✜♥❡ ♦ ✈❛❧♦r ❞❡ Uc (W )✳ ◆♦t❛♠♦s
q✉❡ Zav é ♣❡q✉❡♥♦✱ ♠❛s ✜♥✐t♦✱ ♥❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♣❛rt❡ ❞♦s sít✐♦s ♣❡r♠❛♥❡❝❡ ✈❛③✐❛

(

e2i = 1
)

♦✉ ❞✉♣❧❛♠❡♥t❡ ♦❝✉♣❛❞❛
(

d2
i = 1

)

✱ ♥ã♦ ❞❛♥❞♦ ♦r✐❣❡♠✱ ❛ss✐♠✱ ❛ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳ ❊st❡ t✐♣♦ ❞❡
❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❞♦✐s ✢✉✐❞♦s ❬✼✾❪ é ♠❛✐s r❡❧❡✈❛♥t❡ ♣❛r❛ ♦ r❡❣✐♠❡ ❞❡ ❞❡s♦r❞❡♠ ❢♦rt❡ (W > Uc (W ))✱ q✉❡ ♥ã♦
❛❜♦r❞❛r❡♠♦s ❛q✉✐✳

◆❛ ❋✐❣✳ ✭✸✳✽✮✱ t❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ❡♠ d = 2✳ ❆ ❞❡s♦r❞❡♠ t❡♥❞❡ ❛
t✐r❛r ♦ s✐st❡♠❛ ❧♦❝❛❧♠❡♥t❡ ❞♦ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✱ ♣♦✐s sít✐♦s ❝♦♠ ❡♥❡r❣✐❛s ❜❛✐①❛s t❡♥❞❡rã♦ ❛ ✜❝❛r ❞✉♣❧❛♠❡♥t❡ ♦❝✉✲
♣❛❞♦s

(

e2i > do✱ ♦♥❞❡ do = eo é ♦ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❝❛s♦ ❧✐♠♣♦ W = 0
)

❡ sít✐♦s ❝♦♠ ❡♥❡r❣✐❛s ❛❧t❛s t❡♥❞❡rã♦ ❛
✜❝❛r ✈❛③✐♦s

(

d2
i > do

)

✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ Uc (W ) ❝r❡sç❛ ❝♦♠ ❛ ❞❡s♦r❞❡♠✱ ✉♠❛ ✈❡③ q✉❡ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ ✈❛❧♦r ❝❛❞❛
✈❡③ ♠❛✐♦r ❞❛ ✐♥t❡r❛çã♦ ❧♦❝❛❧ U ♣❛r❛ ❡❧✐♠✐♥❛r♠♦s t❛✐s sít✐♦s ❝♦♠ ♦❝✉♣❛çã♦ ❞✉♣❧❛ ♦✉ ✈❛③✐♦s ❡ ❡♥tr❛r♠♦s ♥♦ ✐s♦❧❛♥t❡
❞❡ ▼♦tt✳

✺❚♦❞❛s ❛ ♠é❞✐❛s ❞❡ q✉❛♥t✐❞❛❞❡s ❧♦❝❛✐s s❡rã♦ ❝❛❧❝✉❧❛❞❛s ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ♠é❞✐❛ s♦❜r❡ sít✐♦s ❡ t❛♠❜é♠ ❛ ♠é❞✐❛ s♦❜r❡ r❡❛❧✐③❛çõ❡s ❞❡
❞❡s♦r❞❡♠✳

✹✶
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❋✐❣✉r❛ ✸✳✼✿ ❱❛❧♦r tí♣✐❝♦ Ztyp = ❡①♣ [〈❧♥ [Z]〉] ❡ ✈❛❧♦r ♠é❞✐♦ Zav = 〈Z〉 ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❝♦♠♦ ❢✉♥çã♦ ❞❛
✐♥t❡r❛çã♦ ♣❛r❛ ❞♦✐s ✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s ❞❡ ❞❡s♦r❞❡♠✳ ❆ tr❛♥s✐çã♦ ❞❡ ▼♦tt é ✐❞❡♥t✐✜❝❛❞❛ ♣❡❧♦ ♣♦♥t♦ ❡♠ q✉❡ Ztyp ✈❛✐ ❛
③❡r♦✳ ◆♦t❛♠♦s q✉❡ Zav ♣❡r♠❛♥❡❝❡ ✜♥✐t♦ ♥❛ tr❛♥s✐çã♦✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♣❛rt❡ ❞♦s s✐t♦s ♣❡r♠❛♥❡❝❡ ✈❛③✐❛ ♦✉ ❞✉♣❧❛♠❡♥t❡
♦❝✉♣❛❞❛ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ s❡ tr❛♥s♠✉t❛ ❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳ ❆q✉✐ ✉t✐❧✐③❛♠♦s L = 20✳

❈♦♠♦ Ztyp ∼ (Uc (W )− U) ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ Uc (W ) ♦❝♦rr❡ ❝♦♠ ✉♠ ❡rr♦
r❡❧❛t✐✈♦ ❞❡ 0.5% − 1.0% ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ W ✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❜❛rr❛s ❞❡ ❡rr♦s s❡❥❛♠ ♠❡♥♦r❡s q✉❡ ♦s
❝ír❝✉❧♦s ♠♦str❛❞♦s ♥❛ ❋✐❣✳ ✭✸✳✽✮✳

✸✳✷✳✷✳✶ ❇❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦

❖ ♦✉tr♦ ♣❛râ♠❡tr♦ r❡❧❡✈❛♥t❡ ♣❛r❛ ❛ ♥♦ss❛ ❛♥á❧✐s❡ é ♦ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ vi = ε̃i/Zi✳ ❆♦ ❡st✉❞❛r✲
♠♦s ❝♦♠♦ s✉❛ ❞✐str✐❜✉✐çã♦ é ❛❧t❡r❛❞❛ ♣♦r U ✱ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ♠❡❧❤♦r ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❞❡s♦r❞❡♠ ❡ ✐♥t❡r❛çõ❡s✳

❆♦ ❛♣❧✐❝❛r♠♦s ❛ ❚❉❈▼ ✭❡ ♥ã♦ ❛ ❚❊❉❈▼✮ ❛♦ ♣r♦❜❧❡♠❛ ❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❞❡s♦r❞❡♥❛❞❛
❬✹✹❪✱ ❡♥❝♦♥tr❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡✱ q✉❡ é ❛ ❜❧✐♥❞❛❣❡♠ ♣❡r❢❡✐t❛ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦ ♥❛s
♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❆ ❜❧✐♥❞❛❣❡♠ ♣❡r❢❡✐t❛ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦ ♥♦s ❞á q✉❡ ❛ ❧❛r❣✉r❛ ❞❛
❞✐str✐❜✉✐çã♦ ❞❡ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛s P (v)✱ ♠❡❞✐❞❛ ♣❡❧♦ s❡✉ ❞❡s✈✐♦ ♣❛❞rã♦ σ (v)✱ ✈❛✐ ❛ ③❡r♦ ❡♠ Uc (W )✱ ♣❛r❛ t♦❞♦
W ✱ ❞❡s❞❡ q✉❡ t❡♥❤❛♠♦s s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✳

❉❡♥tr♦ ❞❛ ❚❉❈▼✱ q✉❡ é ❡①❛t❛ ❡♠ d = ∞✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ t♦❞♦s ♦s sít✐♦s ✈❡❡♠ ✉♠❛ ♠❡s♠❛ ❢✉♥çã♦ ❞❡
❤✐❜r✐❞✐③❛çã♦ ♠é❞✐❛ ∆av (ω) = 〈∆i (ω)〉✳ ❙❡ ✉t✐❧✐③❛r♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♣❛r❛ r❡s♦❧✈❡r♠♦s ♦s
♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛✱ ✈❡♠♦s q✉❡ t♦❞♦s ♦s ❜ós♦♥s ❡♠ ✉♠ sít✐♦ ♣❛ss❛♠ ❛ ❞❡♣❡♥❞❡r ❞❛ ❡♥❡r❣✐❛ ❧♦❝❛❧ εi ❞❛q✉❡❧❡
sít✐♦✳ ❚❡♠♦s ❡♥tã♦ q✉❡✱ ♣♦r ❡①❡♠♣❧♦✱ Zi = Zi (εi)✱ ♠❛s q✉❡ ♦ ✈❛❧♦r ❞❡ Zi ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ sít✐♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦
✈❛❧♦r ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ♥♦s sít✐♦s ✈✐③✐♥❤♦s✳ ❊st❛ ❛♣r♦①✐♠❛çã♦✱ q✉❡ ❥♦❣❛ ❢♦r❛ t♦❞♦ t✐♣♦ ❞❡ ❝♦rr❡❧❛çã♦ ❡s♣❛❝✐❛❧
✐♥tr♦❞✉③✐❞❛ ♣❡❧❛ ❞❡s♦r❞❡♠✱ ❡ q✉❡ t❛♠❜é♠ ♥ã♦ ✐♥❝❧✉✐ ❡❢❡✐t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥✱ é ❛♥á❧♦❣❛ à ❛♣r♦①✐♠❛çã♦
❞♦ ♣♦t❡♥❝✐❛❧ ❝♦❡r❡♥t❡ ❬✷✹✱ ✶✶✼❪✱ ✈❛st❛♠❡♥t❡ ✉t✐❧✐③❛❞❛ ❡♠ ♣r♦❜❧❡♠❛s ❞❡s♦r❞❡♥❛❞♦s✳

❏á ♥❛ s♦❧✉çã♦ ❚❊❉❈▼✱ ♣❡r♠✐t✐♠♦s q✉❡ ♦ ❜❛♥❤♦ ✢✉t✉❡ sít✐♦ ❛ sít✐♦✱ ❞❡ ❢♦r♠❛ q✉❡ ❝❛❞❛ sít✐♦ ♣♦ss✉❛ ✉♠❛ ❢✉♥çã♦
❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆i (ω) ❞✐❢❡r❡♥t❡✳ ❈♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✳ ✭✸✳✾✮✱ t❡♠♦s q✉❡✱ ❡♠❜♦r❛ ♦ ❜❛♥❤♦ ♠é❞✐♦ ♣♦ss✉❛ s✐♠❡tr✐❛
♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ ♦s ❜❛♥❤♦s ❧♦❝❛✐s sã♦ ❛ss✐♠étr✐❝♦s✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♥ã♦ ❡s♣❡r❡♠♦s✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ✉♠❛ ❜❧✐♥❞❛❣❡♠
❞❛ ❞❡s♦r❞❡♠ ❛♥á❧♦❣❛ àq✉❡❧❛ ❡♥❝♦♥tr❛❞❛ ❡♠ ❚❉❈▼ ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳

❙✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱ ♥ós t❛♠❜é♠ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❢♦rt❡ ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦✱ ❝♦♠♦ ✐❧✉str❛❞♦
♣❡❧❛s ❋✐❣s✳ ✭✸✳✶✵✮ ❡ ✭✸✳✶✶✮✱ ♠❡s♠♦ ♣❛r❛ ✈❛❧♦r❡s ♠♦❞❡r❛❞♦s ❞❡ ❞❡s♦r❞❡♠ (W . Uc)✳ ■ss♦ r❡❢♦rç❛ q✉❡✱ ❛❧é♠ ❞❛s
♣r♦♣r✐❡❞❛❞❡s ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛✱ ❛ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼ ❞❡♣❡♥❞❡ ♠✉✐t♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡
❛✉t♦❝♦♥s✐stê♥❝✐❛✱ ♣♦✐s ❡♠❜♦r❛ ♦ s✐st❡♠❛ ❞❡s♦r❞❡♥❛❞♦ ♥ã♦ ♣♦ss✉❛ s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡
❛✉t♦❝♦♥s✐stê♥❝✐❛ ❛ r❡✐♥tr♦❞✉③✳

❯♠❛ ♠❛♥✐❢❡st❛çã♦ ❢ís✐❝❛ ✐♥t❡r❡ss❛♥t❡ ❞❡ss❛ ❜❧✐♥❞❛❣❡♠ ♣♦❞❡ s❡r ✈✐st❛ ♥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ❞♦ s✐st❡♠❛✱
q✉❡ é ❛ss✐♠ ❞❡✜♥✐❞❛

ρi (ω) =
1

π
■♠ [Gii (ω − iδ)]|δ→0 , ✭✸✳✸✻✮
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❋✐❣✉r❛ ✸✳✽✿ ❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❛ T = 0 ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ❡♠ d = 2 ❝♦♠♦ ❢✉♥çã♦ ❞❛ ✐♥t❡r❛çã♦
❧♦❝❛❧ U ✱ ♣❛r❛ ❞❡s♦r❞❡♥s ❢r❛❝❛s ❡ ♠♦❞❡r❛❞❛s W . U ✳ ❯♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ❡♠❡r❣❡✱ s❡♣❛r❛♥❞♦ ♦ ❧íq✉✐❞♦
❞❡ ❋❡r♠✐ ❞❡s♦r❞❡♥❛❞♦ ❞♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳ ❆q✉✐ ✉t✐❧✐③❛♠♦s L = 20✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✸✻❪✳
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average
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site 2

❋✐❣✉r❛ ✸✳✾✿ P❛rt❡s r❡❛❧ ✭❝✉r✈❛s tr❛❝❡❥❛❞❛s✮ ❡ ✐♠❛❣✐♥ár✐❛ ✭❝✉r✈❛s ❝♦♥tí♥✉❛s✮ ❞❛ ❢✉♥çã♦ ❤✐❜r✐❞✐③❛çã♦ ∆i (ω)✳ ❊♠❜♦r❛
♦ ✈❛❧♦r ♠é❞✐♦ ∆av (ω) = 〈∆i (ω)〉 ♣♦ss✉❛ s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ ✈❡♠♦s q✉❡ ♣❛r❛ sít✐♦s ❛r❜✐trár✐♦s ∆i (ω) ♣♦ss✉✐
❧♦❝❛❧♠❡♥t❡ ✉♠❛ ❛ss✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 20 ❡ W = U = 2.25✳
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❋✐❣✉r❛ ✸✳✶✵✿ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (v) ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ vi✳ ◆❛ ♠❡❞✐❞❛ ❡♠
q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ♦❝♦rr❡ ❛ ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦✱ ❞✐♠✐♥✉✐♥❞♦ ❛ ❧❛r❣✉r❛
❞❡ P (v)✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 50 ❡ W = 2.25✳ ❆ ✐♥s❡rçã♦ ❞❛ ✜❣✉r❛ ✐❧✉str❛ ❝♦♠♦ ♥♦ss♦s r❡s✉❧t❛❞♦s
sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛ ♣❛r❛ ❛s r❡❞❡s ❝♦♥s✐❞❡r❛❞❛s✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 20
✭❝✉r✈❛ ❝♦♥tí♥✉❛✮ ❡ L = 50 ✭❝✉r✈❛ tr❛❝❡❥❛❞❛✮✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ U/Uc = 0.93 ❡ W = 2.25✳
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❋✐❣✉r❛ ✸✳✶✶✿ ❆♠♣❧✐t✉❞❡ ❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❞❡s♦r❞❡♠ r❡♥♦r♠❛❧✐③❛❞♦✱ ♠❡❞✐❞❛ ♣❡❧♦ ❞❡s✈✐♦ ♣❛❞rã♦ σ (v) ❞❛ ❞✐str✐❜✉✐çã♦
P (v) ❡ ♥♦r♠❛❧✐③❛❞❛ ♣❡❧♦ s❡✉ ✈❛❧♦r ♥ã♦ ✐♥t❡r❛❣❡♥t❡

(

σ (v)U=0 = W/2
√

3
)

✳ ❊♠❜♦r❛ ♥ã♦ t❡♥❤❛♠♦s ✉♠❛ ❜❧✐♥❞❛❣❡♠
♣❡r❢❡✐t❛ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ ❚❉❈▼✱ ❛ ❜❧✐♥❞❛❣❡♠ ♣❡r♠❛♥❡❝❡
❢♦rt❡ ♠❡s♠♦ ♣❛r❛ ✈❛❧♦r❡s ♠♦❞❡r❛❞♦s ❞❡ ❞❡s♦r❞❡♠✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 20✳
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♦♥❞❡

Gii (iωn) =
[

(

iωnZ−1 − v −H0

)−1
]

ii
✭✸✳✸✼✮

é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ❞❛ r❡❞❡ ❡ ♦s ♦♣❡r❛❞♦r❡s Z ❡ v sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ♥❛ ❜❛s❡ ❞♦s s✐t♦s [Z]ij = Ziδij ❀
[v]ij = viδij ✱ H0 é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❛ r❡❞❡ ❧✐♠♣❛ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳

❊st❛ q✉❛♥t✐❞❛❞❡ é ❞✐r❡t❛♠❡♥t❡ ❛❝❡ss❛❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♣♦r té❝♥✐❝❛s ❝♦♠♦ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ t✉♥❡❧❛♠❡♥t♦
♣♦r ✈❛rr❡❞✉r❛✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✸✳✸✼✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ρi (ω) =
1

π
■♠
[[

(

ωZ−1 − v −H0 − iδ
)−1
]

ii

]∣

∣

∣

δ→0
. ✭✸✳✸✽✮

◆♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ (ω = 0)✱ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ρi ❝♦♠ Z ❞❡s❛♣❛r❡❝❡✳ ❙❡ ❛❣♦r❛ ❛ss✉♠✐r♠♦s t❛♠❜é♠ q✉❡ ❡st❛♠♦s
♣ró①✐♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ t❡♠♦s q✉❡ vi ≈ 0 ❞❡✈✐❞♦ à ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r q✉❡
ρi (0) ≈ 1

π ■♠
[[

(−H0 − iδ)−1
]

ii

]∣

∣

∣

δ→0
✱ ❡ ♣♦rt❛♥t♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦s ✈❛❧♦r❡s ❞❡ U ❡ W ✦

P❛r❛ ✐❧✉str❛r ❡st❡ ❢❛t♦✱ ❝❛❧❝✉❧❛♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♣❛r❛ ✉♠❛ r❡❛❧✐③❛çã♦ ❡s♣❡❝í✜❝❛
❞❡ ❞❡s♦r❞❡♠✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✸✳✶✷✮✳ ◆❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ❛ ❜❧✐♥❞❛❣❡♠ ❞❛ ✐♥t❡r❛çã♦ ♣❡❧❛ ❞❡s♦r❞❡♠ é ❢♦rt❡
❡ ♦ s✐st❡♠❛ ✜❝❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❤♦♠♦❣ê♥❡♦ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞❛ tr❛♥s✐çã♦✳ ❊♠ ❡♥❡r❣✐❛s ♠❛✐s ❛❧t❛s✱ ♦ t❡r♠♦ ω/Zi

✐♥tr♦❞✉③ ❞❡s♦r❞❡♠ ♥♦ s✐st❡♠❛ ❡ ❡❧❡ ❛♣r❡s❡♥t❛ ❡str✉t✉r❛s ❡s♣❛❝✐❛✐s ❜❡♠ ❞❡✜♥✐❞❛s✳
P♦rt❛♥t♦✱ ♥♦ss♦s r❡s✉❧t❛❞♦s ♣r❡✈❡❡♠ q✉❡ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❞❡s♦r❞❡♥❛❞♦s✱ q✉❛♥❞♦ ❛❝❡ss❛❞♦s

♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ sã♦ r♦❜✉st♦s ❝♦♥tr❛ ❡❢❡✐t♦s ❞❡ ❞❡s♦r❞❡♠✳
P❛r❛ ❡♥t❡♥❞❡r♠♦s ✉♠ ♣♦✉❝♦ ♠❡❧❤♦r ❡st❛ ❢♦rt❡ ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦✱ r❡❝♦rr❡♠♦s à s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✷✳✶✮✳ P❡❧❛s ❊qs✳ ✭✷✳✺✾✮ ❡ ✭✷✳✺✺✮ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ✉t✐❧✐③❛♥❞♦
❛ ❛ss♦❝✐❛çã♦ ✐♠❡❞✐❛t❛ r2 = Z

ZΓ = TK = De−πU/8Γ, ✭✸✳✸✾✮

❡

v =
π

2
ΓZ + ❘❡ [∆ (0)] , ✭✸✳✹✵✮

♦♥❞❡ Γ = ■♠ [∆ (0)]✳ ❈♦♠♣❛r❛♥❞♦ ❛ ❊q✳ ✭✸✳✸✾✮ ❝♦♠ ❛ ❊q✳ ✭✸✳✸✸✮✱ ♣♦❞❡♠♦s ✈❡r ✐♠❡❞✐❛t❛♠❡♥t❡ ♦ ❡❢❡✐t♦ ❞❛ ❝♦♥❞✐çã♦
❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ ❞❛ ❚❉❈▼✳ ❊♥q✉❛♥t♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ Z ✈❛✐ ❛ ③❡r♦ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠
U ✱ ♥♦ ♣r♦❜❧❡♠❛ ❛✉t♦❝♦♥s✐st❡♥t❡ ❞❛ r❡❞❡ ❡❧❡ ♦ ❢❛③ ❧✐♥❡❛r♠❡♥t❡✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ❝♦♠♦ ❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦
é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛✱ ✭✸✳✸✾✮✱ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♣♦❞❡ s❡r ♣❡♥s❛❞❛ ❝♦♠♦ ❛ ❞✐♠✐♥✉✐çã♦ ❞❛
t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦ ❡ ❛ ❝♦♥s❡q✉❡♥t❡ ❞❡str✉✐çã♦ ❞♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ❬✷✵❪✳

■❣♥♦r❛♥❞♦ ♣♦r ✉♠ ✐♥st❛♥t❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛✱ ✈❡♠♦s ❡♥tã♦ q✉❡ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ Z → 0 ✭❧✐♠✐t❡
❑♦♥❞♦✮✱ v ✭q✉❡ ♥❡st❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♥❡❝❡ ❛ ♣♦s✐çã♦ ❞❛ r❡ss♦♥â♥❝✐❛ ❑♦♥❞♦✮ ❛♣r♦①✐♠❛✲s❡ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ✐♥❞❡♣❡♥✲
❞❡♥t❡♠❡♥t❡ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ ❞♦ sít✐♦ εi✱ ❞❡s❞❡ q✉❡ t❡♥❤❛♠♦s s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦ (❘❡ [∆ (0)] = 0)✳
❆ss✐♠✱ ♦ ❢❛t♦ ❞❡ ❡♥❝♦♥tr❛r♠♦s q✉❡ σ (v) é ❢♦rt❡♠❡♥t❡ s✉♣r✐♠✐❞♦ ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❡stá ❞✐r❡t❛✲
♠❡♥t❡ ❧✐❣❛❞♦ à ❢ís✐❝❛ ♥ã♦ ♣❡rt✉r❜❛t✐✈❛ ❞♦ ❡❢❡✐t♦ ❑♦♥❞♦ ❞❡s❝r✐t❛ ♣❡❧❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❬✹✹❪✳

✸✳✷✳✷✳✷ ❇❧✐♥❞❛❣❡♠ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❢r❡q✉ê♥❝✐❛

❏á ✈✐♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ P (v) ✜❝❛ ♠❛✐s ❡str❡✐t❛ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❆❣♦r❛✱ ✐♥✈❡st✐❣❛r❡♠♦s q✉❛❧ é ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❞✐str✐❜✉✐çã♦ P (Z)✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❞❡ P (Z/Ztyp)✳

❈♦♠♦ ❥á ❞✐ss❡♠♦s✱ ❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❚❊❉❈▼ ✐♥❝♦r♣♦r❛ ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s ❡♥tr❡ ❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s✱ ✐♠♣❧✐✲
❝❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ♦ ✈❛❧♦r ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ sít✐♦ ❞❡♣❡♥❞❛ ❞♦ ✈❛❧♦r ❞♦s ♣❡s♦s ❞❡
q✉❛s✐♣❛rtí❝✉❧❛s ♥♦s sít✐♦s ✈✐③✐♥❤♦s✳ P♦rt❛♥t♦✱ ❞❡✈✐❞♦ ❛ ❝♦♥✜❣✉r❛çõ❡s r❛r❛s ❞❡ ❞❡s♦r❞❡♠✱ ❡s♣❡r❛♠♦s q✉❡ s❡❥❛ ♣♦ssí✈❡❧
❡♥❝♦♥tr❛r♠♦s r❡❣✐õ❡s ❡s♣❛❝✐❛✐s ♥❛s q✉❛✐s Zi ≪ Ztyp ✭r❡❣✐õ❡s ✈❡r♠❡❧❤❛s ♥❛ ❋✐❣✳ ✭✸✳✶✸✮✮✳ ❈♦♠♦ ♥❛s ♣r♦①✐♠✐❞❛❞❡s
❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt Zi → 0✱ t❛✐s r❡❣✐õ❡s ❞❡✈❡♠ s❡r r❡❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ✐❧❤❛s ❞❡ ▼♦tt ✏q✉❛s❡ ❧♦❝❛❧✐③❛❞❛s✑ ❞❡♥tr♦
❞♦ ❜✉❧❦ ♠❡tá❧✐❝♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳ P❡❧❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❞♦ t✐♣♦ ❇r✐♥❦♠❛♥✲❘✐❝❡✱ t❛✐s ✐❧❤❛s ❞ã♦ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦
♣r❛t✐❝❛♠❡♥t❡ s✐♥❣✉❧❛r ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ ❧♦❝❛❧ (χi) ❡ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❙♦♠♠❡r❢❡❧❞ ❞♦ ❝❛❧♦r
❡s♣❡❝í✜❝♦ (γi)✱ ✉♠❛ ✈❡③ q✉❡ χi ∼ γi ∼ Z−1

i ✳ ❱❡♠♦s ❛ss✐♠ q✉❡ ❛s r❡❣✐õ❡s ❝♦♠ ♦s ♠❡♥♦r❡s Zi ❞♦♠✐♥❛♠ ❛ r❡s♣♦st❛
t❡r♠♦❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❡ ❞ã♦ ♦r✐❣❡♠ ❛ ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❝♦♠♦
♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✸✳✽✮ ❡ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✸✳✸✮✳

✹✺
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❋✐❣✉r❛ ✸✳✶✷✿ ❉✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ♥♦r♠❛❧✐③❛❞❛ ♣♦r s❡✉ ✈❛❧♦r ❧✐♠♣♦ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡
♣❛r❛ ✉♠❛ ❞❛❞❛ r❡❛❧✐③❛çã♦ ❞❡ ❞❡s♦r❞❡♠ ❡ ❞♦✐s ✈❛❧♦r❡s ❞❡ ❡♥❡r❣✐❛s✿ ✭❛✮ ❋♦r❛ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ω = 0.1❀ ✭❜✮ ◆❛
❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ω = 0✳ ❉❡✈✐❞♦ à ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ✐♥t❡r❛çã♦✱ ❛ ❞✐str✐❜✉✐çã♦ t♦r♥❛✲s❡ ❤♦♠♦❣ê♥❡❛ ♥❛s
♣r♦①✐♠✐❞❛❞❡s ❞❛ ❡♥❡r❣✐❛ ❋❡r♠✐ ❡ ❛♣r❡s❡♥t❛ ✉♠❛ ❡str✉t✉r❛ ❡s♣❛❝✐❛❧ ♣r♦♥✉♥❝✐❛❞❛ ❡♠ ❡♥❡r❣✐❛s ♠❛✐♦r❡s✳ ❖s r❡s✉❧t❛❞♦s
sã♦ ♠♦str❛❞♦s ♣❛r❛ U/Uc = 0.96✱ W = 0.75 ❡ L = 50 ✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✸✻❪✳

✹✻
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❋✐❣✉r❛ ✸✳✶✸✿ ❉✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ♣❛r❛ ❛s s✉s❝❡♣t✐❜✐❧✐❞❛❞❡s ♠❛❣♥ét✐❝❛s ❧♦❝❛✐s χi ∼ Z−1
i ♥♦r♠❛❧✐③❛❞❛s ♣♦r s❡✉ ✈❛❧♦r

tí♣✐❝♦ χtyp ♣❛r❛ ✉♠❛ ❞❛❞❛ r❡❛❧✐③❛çã♦ ❞❡ ❞❡s♦r❞❡♠✳ ❉❡ ❜❛✐①♦ ♣❛r❛ ❝✐♠❛✱ t❡♠♦s✿ U/Uc = 0.73, 0.87, 0.96✳ ❆ ❡s❝❛❧❛ ❞❡
❝♦r é ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ❡♥❢❛t✐③❛r ♦ ❢❛t♦ ❞❡ q✉❡✱ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞❛ tr❛♥s✐çã♦✱ t❡♠♦s ❛ ❢♦r♠❛çã♦ ❞❡ r❡❣✐õ❡s ♥❛s
q✉❛✐s χi ≫ χtyp ✭♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✱ r❡❣✐õ❡s ✈❡r♠❡❧❤❛s✮ ♦✉ χi ≪ χtyp ✭sít✐♦s ✈❛③✐♦s ♦✉ ❞✉♣❧❛♠❡♥t❡
♦❝✉♣❛❞♦s ❡ ✐♥❡rt❡s ♠❛❣♥❡t✐❝❛♠❡♥t❡✱ r❡❣✐õ❡s ❛③✉✐s✮✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 50 ❡W = 2.25✳ ▼♦str❛❞♦
♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✸✽❪

❆s ✐❧❤❛s ❞❡ ▼♦tt ♣♦ss✉❡♠ ✉♠❛ ✐♥✢✉ê♥❝✐❛ ❞✐r❡t❛ ♥❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (Z/Ztyp)✱ ✉♠❛ ✈❡③ q✉❡
❡❧❛s ❞ã♦ ♦r✐❣❡♠ ❛ ✉♠❛ ❝❛✉❞❛ ♥❡st❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞❡ Z✱ ❝♦♥tr✐❜✉✐♥❞♦ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡
P (Z/Ztyp) ✜❝❛ ♥❛ ✈❡r❞❛❞❡ ♠❛✐s ❧❛r❣❛ à ♠❡❞✐❞❛ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ♣❛r❛
✉♠❛ ❞❛❞❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❞❡s♦r❞❡♠ W ✜①❛✱ ❋✐❣s✳ ✭✸✳✶✸✮ ❡ ✭✸✳✶✹✮✳ ❈❡rt❛♠❡♥t❡✱ ❤á t❛♠❜é♠ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛
❡st❡ ❛❧❛r❣❛♠❡♥t♦ ✈✐♥❞❛ ❞❛ ❝❛✉❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❛❧t♦s ✈❛❧♦r❡s ❞❡ Z✱ ♣r♦✈❡♥✐❡♥t❡ ❞❛q✉❡❧❡s sít✐♦s ❝♦♠ Zi ≫ Ztyp

✭r❡❣✐õ❡s ❛③✉✐s ♥❛ ❋✐❣✳ ✭✸✳✶✸✮✮✳ ❊st❡s sít✐♦s ♣❡r♠❛♥❡❝❡♠ ❝♦♠ ✉♠ Zi ✜♥✐t♦ ♥❛ tr❛♥s✐çã♦ ❡ ❡stã♦ ❜❛s✐❝❛♠❡♥t❡ ✈❛③✐♦s ♦✉
❞✉♣❧❛♠❡♥t❡ ♦❝✉♣❛❞♦s✳ ❈♦♥t✉❞♦✱ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡s sít✐♦s ♣❛r❛ ♦s ❢❡♥ô♠❡♥♦s q✉❡ ❛♥❛❧✐s❛r❡♠♦s ♥ã♦ é r❡❧❡✈❛♥t❡✱
♣♦✐s t♦❞❛ ❛ ❝♦♥tr✐❜✉✐çã♦ s✐♥❣✉❧❛r ✭t❛♥t♦ ♣❛r❛ ❛s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s✱ q✉❛♥t♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧✮ ✈❡♠
❞❛s ✐❧❤❛s ❞❡ ▼♦tt✳

❋✐❝❛ ❝❧❛r♦ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❞✐str✐❜✉✐çõ❡s P (v) ❡ P (Z/Ztyp) ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞♦ ♣♦♥t♦ ❝rít✐❝♦ é ♦♣♦st♦✳
❊♥q✉❛♥t♦ ❛ ♣r✐♠❡✐r❛ s✉❣❡r❡ ❛ ❜❧✐♥❞❛❣❡♠ ❞❛ ❞❡s♦r❞❡♠✱ ❛ s❡❣✉♥❞❛ s✉❣❡r❡ q✉❡ ❛ ❞❡s♦r❞❡♠ ❞❡ ❢❛t♦ ❝r❡s❝❡✳ ❊st❛
❞✐❝♦t♦♠✐❛ ❞á ♦r✐❣❡♠ ❛ ✉♠❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❡♥❡r❣✐❛✳ ◆♦✈❛♠❡♥t❡✱ ♦❧❤❛r❡♠♦s ♣❛r❛ ♦s ❡❢❡✐t♦s ❞❡st❡
❢❡♥ô♠❡♥♦ ❛tr❛✈és ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ❞♦ s✐st❡♠❛✳ ❉❛ ❊q✳ ✭✸✳✸✽✮✱ ✈❡♠♦s q✉❡ ❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ ✏✈✐st❛✑
♣❡❧❛s q✉❛s✐♣❛rtí❝✉❧❛s ♥❛ ❡♥❡r❣✐❛ ω ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦

εeff
i (ω) =

ω

Zi
− vi. ✭✸✳✹✶✮

✹✼
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U/U
c
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U/U
c
=0.93
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c
=0.96

❋✐❣✉r❛ ✸✳✶✹✿ ❉✐str✐❜✉✐çã♦ ❞♦s ♣❡s♦s ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❞✐✈✐❞✐❞♦s ♣❡❧♦ s❡✉ ✈❛❧♦r tí♣✐❝♦ ♣❛r❛ W = 2.25 ❡ Uc (W ) = 3.7✳
◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞♦ ♣♦♥t♦ ❝rít✐❝♦✱ P (Z/Ztyp) ✜❝❛ ♠❛✐s ❧❛r❣❛✱ ♠❡s♠♦ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♠❛♥t❡♠♦s
❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❞❡s♦r❞❡♠ W ✜①❛✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 20✳

◆❛ ♥♦ss❛ ❛♣r♦①✐♠❛çã♦✱ ❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s é r❡❞✉③✐❞❛ ♣♦r ✉♠ ❢❛t♦r q✉❡ é ❞❛❞♦ ❛♣r♦①✐♠❛❞❛✲
♠❡♥t❡ ♣♦r Ztyp q✉❛♥❞♦ U → Uc✳ P❛r❛ ♠♦♥✐t♦r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡♥tr♦ ❞❛ ❜❛♥❞❛ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s✱ ❞❡✜♥✐♠♦s
✉♠❛ ❢r❡q✉ê♥❝✐❛ r❡❡s❝❛❧❛❞❛ ω⋆ = ω/Ztyp✱ q✉❡ s❡rá ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞❛ tr❛♥s✐çã♦✳ ◆❛ ❋✐❣✳
✭✸✳✶✺✮✱ ♠♦str❛♠♦s ♠❛♣❛s t♦♣♦❣rá✜❝♦s ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ♣❛r❛ ✉♠❛ r❡❛❧✐③❛çã♦ ❡s♣❡❝í✜❝❛ ❞❡ ❞❡s♦r❞❡♠✳
❉❡✈✐❞♦ à ❜❧✐♥❞❛❣❡♠ ❞❛ ✐♥t❡r❛çã♦ ♣❡❧❛ ❞❡s♦r❞❡♠✱ t❡♠♦s vi ≈ 0✳ ▲♦❣♦✱ s❡ ♦ s✐st❡♠❛ é ❡①❛♠✐♥❛❞♦ ♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐
(ω = 0)✱ ❡❧❡ s❡ t♦r♥❛ ♠❛✐s ❡ ♠❛✐s ❤♦♠♦❣ê♥❡♦ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦✳ ❏á ♣❛r❛ ❡♥❡r❣✐❛s ✜♥✐t❛s (ω⋆ 6= 0)✱ ❛s ✢✉t✉❛çõ❡s
❞❡ Ztyp/Zi ❡stã♦ ♣r❡s❡♥t❡s ❡✱ ❝♦♠♦ ❡❧❛s sã♦ ♠✉✐t♦ ❢♦rt❡s ♥❛ ❝r✐t✐❝❛❧✐❞❛❞❡✱ t❡♠♦s ✉♠ ❛✉♠❡♥t♦ ❞❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ ❞♦
s✐st❡♠❛✳

❊st❡ r❡s✉❧t❛❞♦ é s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡ s❡♠❡❧❤❛♥t❡ ❛ ✐♠❛❣❡♥s ❡s♣❡❝tr♦s❝ó♣✐❝❛s r❡❝❡♥t❡s ❡♠ s✐st❡♠❛s ❞❡ ❝✉♣r❛t♦s
❞♦♣❛❞♦s ❬✸✾❪✳ ◆♦ss❛ t❡♦r✐❛ ❝❛♣t✉r❛ ❛♣❡♥❛s ♦s ❡❢❡✐t♦s ❧♦❝❛✐s ❞❛ ❝♦rr❡❧❛çã♦ ✭❞♦ t✐♣♦ ❑♦♥❞♦✮ ❡ ♥❡❣❧✐❣❡♥❝✐❛ ✐♥t❡r❛çõ❡s
♠❛❣♥ét✐❝❛s ❡♥tr❡ ♦s sít✐♦s✳ ❊❧❛ t❛♠❜é♠ ♥ã♦ ✐♥❝❧✉✐ q✉❛❧q✉❡r ❢ís✐❝❛ r❡❧❛❝✐♦♥❛❞❛ à ❢♦r♠❛çã♦ ❞❡ ♣❛r❡s s✉♣❡r❝♦♥❞✉t♦r❡s✱
♦ q✉❡ ♥♦s ♣❛r❡❝❡ ✉♠ ❢♦rt❡ ✐♥❞í❝✐♦ ❞❡ q✉❡ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡s ❞❡♣❡♥❞❡♥t❡s ❞❛ ❡♥❡r❣✐❛ sã♦ ❞❡ ❢❛t♦ ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛
r♦❜✉st❛ ❡ ❣❡r❛❧ ♣❛r❛ s✐st❡♠❛s ❞❡ ▼♦tt ❞❡s♦r❞❡♥❛❞♦s✳ ❉❡ ❢❛t♦✱ r❡s✉❧t❛❞♦s r❡❝❡♥t❡s ❬✹✺❪ ❝♦rr♦❜♦r❛♠ ❡st❛ ✈✐sã♦ ❞❡
✉♠❛ ❞❡s♦r❞❡♠ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❡♥❡r❣✐❛ ❡♠ s✐st❡♠❛s ❡❧❡trô♥✐❝♦s ❞❡s♦r❞❡♥❛❞♦s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳

✸✳✸ ❋❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛

P❛r❛ ❝♦♠♣❧❡♠❡♥t❛r♠♦s ❛ ❞✐s❝✉ssã♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ✐r❡♠♦s ❝❛r❛❝t❡r✐③❛r ♠❡❧❤♦r ❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛
✭❋●❊✮ q✉❡ s✉r❣❡ ❛♥t❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❋✐❣✳ ✭✸✳✽✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ r❡ss❛❧t❛♠♦s q✉❡ ❛ ❋●❊ ♥ã♦ é ✉♠❛ ❢❛s❡
t❡r♠♦❞✐♥â♠✐❝❛ s❡♣❛r❛❞❛✳ ❊❧❛ ❛♣❡♥❛s ♠❛r❝❛ ✉♠❛ ♠✉❞❛♥ç❛ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛✱ q✉❛♥❞♦ ❡❧❡ ♣❛ss❛ ❞❡
❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ❛ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✳

❆ ❡s❝❛❧❛ ❞❡ t❡♠♣❡r❛t✉r❛ q✉❡ ♠❛r❝❛ ❛ ❡♥tr❛❞❛ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ é ❞❛❞❛ ♣❡❧❛ t❡♠♣❡✲
r❛t✉r❛ ❞❡ ❝♦❡rê♥❝✐❛ T ⋆ ≈ ZTF ✱ ♦♥❞❡ TF é ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❋❡r♠✐✳ ❊st❛ t❡♠♣❡r❛t✉r❛ é ♦ ❛♥á❧♦❣♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
❞❡ r❡❞❡ ❞❛ t❡♠♣❡r❛t✉r❛ ❑♦♥❞♦ ❞❡✜♥✐❞❛ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛✳ ❆❜❛✐①♦ ❞❡st❛ t❡♠♣❡r❛t✉r❛✱ ♦ s✐st❡♠❛ ❢♦rt❡✲
♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ ❝♦♠♣♦rt❛✲s❡ ❝♦♠♦ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❧✐✈r❡s✱ só q✉❡ ❝♦♠ ❛ r❡♥♦r♠❛❧✐③❛çã♦ ❞❡ ❛❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s
❝♦♠♦ ❛ ♠❛ss❛ (m⋆ = m/Z) ❡ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ ❞❡ s♣✐♥ χ−1 ∼ Zχ−1

o ✳
❱✐♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r q✉❡ ❛s ✢✉t✉❛çõ❡s ✐♥❞✉③✐❞❛s ♣❡❧❛ ❞❡s♦r❞❡♠ ❢❛③❡♠ ❝♦♠ q✉❡ t❡♥❤❛♠♦s r❡❣✐õ❡s ♥❛s q✉❛✐s

Zi ≪ Ztyp✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ T ⋆
i ≪ T ⋆

typ ✳ ❖✉ s❡❥❛✱ ❝❛❞❛ ✈❡③ ♠❛✐s ♣r❡❝✐s❛♠♦s ❞❡ t❡♠♣❡r❛t✉r❛s ♠❡♥♦r❡s ♣❛r❛ ❢❛③❡r
❝♦♠ q✉❡ ❡st❛s r❡❣✐õ❡s r❛r❛s ❡♥tr❡♠ ♥♦ r❡❣✐♠❡ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✳ ❯♠❛ ❞❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❡st❡ ❢❛t♦ é q✉❡✱
♣❛r❛ t❡♠♣❡r❛t✉r❛s T ♥♦ ✐♥t❡r✈❛❧♦ T ⋆

i < T < T ⋆
typ✱ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ t❛✐s r❡❣✐õ❡s ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ é ❞❛❞❛ ♣❡❧❛

❧❡✐ ❞❡ ❈✉r✐❡ χ−1
i ∼ T ✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❛s ♣♦❞❡♠ s❡r ♣❡♥s❛❞❛s ❝♦♠♦ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s ❧✐✈r❡s✳ ❈♦♠♦

T ⋆
i ≈ 0 ♥❛ ❝r✐t✐❝❛❧✐❞❛❞❡✱ ✈❡♠♦s q✉❡ ❡st❛s r❡❣✐õ❡s ❞ã♦ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ s✐♥❣✉❧❛r ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛✳

✹✽
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❋✐❣✉r❛ ✸✳✶✺✿ ❉✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ♥♦r♠❛❧✐③❛❞❛ ♣♦r s❡✉ ✈❛❧♦r ❧✐♠♣♦ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡
♣❛r❛ ✉♠❛ ❞❛❞❛ r❡❛❧✐③❛çã♦ ❞❡ ❞❡s♦r❞❡♠ ❡ ❞♦✐s ✈❛❧♦r❡s ❞❡ ✐♥t❡r❛çã♦✿ ✭❛✮ U/Uc = 0.87 ❡ ✭❜✮ U/Uc = 0.96✱ ❝♦♠
Uc = 3.7✳ ❚❡♠♦s ω = 0 ♥❛s ✜❣✉r❛s ❞❡ ❜❛✐①♦ ❡ ω⋆ = ω/Ztyp = 0.1 ♥❛s ❞❡ ❝✐♠❛✳ ◆❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ❛ ❞❡♥s✐❞❛❞❡
❞❡ ❡st❛❞♦s t♦r♥❛✲s❡ ♠❛✐s ❤♦♠♦❣ê♥❡❛ q✉❛♥❞♦ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❙❡ ♥♦s ❛❢❛st❛♠♦s ✉♠ ♣♦✉❝♦
❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s t♦r♥❛✲s❡✱ ♥❛ ✈❡r❞❛❞❡✱ ♠❛✐s ✐♥♦♠♦❣ê♥❡❛ ♣❡rt♦ ❞❡ Uc✳ ❖s r❡s✉❧t❛❞♦s sã♦
♠♦str❛❞♦s ♣❛r❛ L = 50 ❡ W = 2.25✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✸✽❪✳

✹✾
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❋✐❣✉r❛ ✸✳✶✻✿ ❉✐str✐❜✉✐çã♦ ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ♥♦r♠❛❧✐③❛❞❛ ♣♦r Zo✱ q✉❡ é ♦ ♠❡♥♦r ✈❛❧♦r ❡♥❝♦♥tr❛❞♦ ❞❡♥tr♦
❞❛ s♦❧✉çã♦ ❞❛ ❚❉❈▼✳ ❆q✉✐ ❝♦♠♣❛r❛♠♦s ❛ s♦❧✉çã♦ ❞❛ ❚❉❈▼ ✭s❡♠ ✢✉t✉❛çõ❡s ♥♦ ❜❛♥❤♦✮ ❡ ❛ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼
✭❝♦♠ ✢✉t✉❛çõ❡s ♥♦ ❜❛♥❤♦✮✳ ❆ ❞✐str✐❜✉✐çã♦ ♦❜t✐❞❛ ❡♠ ❚❉❈▼ é ❧✐♠✐t❛❞❛ t❛♥t♦ ✐♥❢❡r✐♦r♠❡♥t❡ q✉❛♥t♦ s✉♣❡r✐♦r♠❡♥t❡✱
❧✐♥❤❛s tr❛❝❡❥❛❞❛s✱ ❝♦♥tr❛r✐❛♠❡♥t❡ àq✉❡❧❛ ♦❜t✐❞❛ ♣❡❧❛ ❚❊❉❈▼✱ ♥❛ q✉❛❧ ❡♥❝♦♥tr❛♠♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ Zi ≪ Zo✳ ◆❛
✐♥s❡rçã♦✱ t❡♠♦s ❛ ❢✉♥çã♦ Z (ε)✱ ♥♦✈❛♠❡♥t❡ ♣❛r❛ ♦s ❞♦✐s ❝❛s♦s✱ ✐❧✉str❛♥❞♦ q✉❡✱ ♣❛r❛ ❛ ❚❉❈▼✱ Zi = Zo +Aǫ2i ✭♥❡st❡
❡①❡♠♣❧♦✱ Zo = 0.042 ❡ A = 0.008✮✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 50✱ U/Uc = 0.93 ❡ W = 2.25✳

❊♠❜♦r❛ t❡♥❤❛♠♦s ♦❜t✐❞♦ t♦❞♦s ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ ❡❧❡s ♣♦❞❡♠ s❡r
❡♥t❡♥❞✐❞♦s ❞❡ ❢♦r♠❛ ♠✉✐t♦ ♠❛✐s ❣❡r❛❧ ❞❡♥tr♦ ❞❡ ✉♠❛ t❡♦r✐❛ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✳

❊st❛ é ❛ ♠❡s♠❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ q✉❡ ♦❜t❡♠♦s ♥♦ ❝❛s♦ ❞❡ ❢❛s❡s ❞❡ ●r✐✣t❤s ♠❛❣♥ét✐❝❛s✱ ❞✐s❝✉t✐❞❛s ♥❛ s❡çã♦ ✭✸✳✶✮✱
♦♥❞❡ ❛s r❡❣✐õ❡s r❛r❛s t❛♠❜é♠ ❞ã♦ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ s✐♥❣✉❧❛r ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡✳ ❆ ❞✐❢❡r❡♥ç❛ ❛q✉✐ é q✉❡ ❛
tr❛♥s✐çã♦ ❞❡ ▼♦tt ♥ã♦ ❡♥✈♦❧✈❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ q✉❡❜r❛ ❞❡ s✐♠❡tr✐❛✱ ❥✉st✐✜❝❛♥❞♦ ❛ss✐♠ ❛ ✐♥tr♦❞✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡
❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ❬✷✱ ✶✼✱ ✸✼❪✳

P❛r❛ ❞❡s❝r❡✈❡r♠♦s ✉♠❛ ❢❛s❡ ❞❡ ●r✐✣t❤s✱ ♣r❡❝✐s❛♠♦s ❛❝❡ss❛r ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ♥ã♦ ♣❡rt✉r❜❛t✐✈♦s ♥♦ s✐st❡♠❛✱
q✉❡ sã♦ ❛s r❡❣✐õ❡s r❛r❛s✳ ■ss♦ só é ❛❧❝❛♥ç❛❞♦ s❡ tr❛t❛r♠♦s ❛ ❞❡s♦r❞❡♠ ❡①❛t❛♠❡♥t❡✱ ❛✐♥❞❛ q✉❡ r❡str✐♥❣✐♥❞♦ ♥♦ss♦s
❡st✉❞♦s ❛ r❡❞❡s ❞❡ t❛♠❛♥❤♦s ✜♥✐t♦s✳ P❛r❛ ✐❧✉str❛r♠♦s ❡st❡ ♣♦♥t♦✱ ❝♦♠♣❛r❛r❡♠♦s ❛ s♦❧✉çã♦ ❞❛ ❚❉❈▼✱ ❡♠ q✉❡ t♦❞♦s
♦s sít✐♦s ✈ê❡♠ ♦ ♠❡s♠♦ ❜❛♥❤♦✱ ❡ ♣♦rt❛♥t♦ ❛ ❞❡s♦r❞❡♠ é tr❛t❛❞❛ ♥❛ ♠é❞✐❛✱ ❝♦♠ ❛ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼✱ ♥❛ q✉❛❧ ❝❛❞❛
sít✐♦ ♣♦ss✉✐ ✉♠ ♠❡✐♦ ❡❢❡t✐✈♦ ✭❜❛♥❤♦ ❡❧❡trô♥✐❝♦✮ ❞✐❢❡r❡♥t❡✱ ❧❡✈❛♥❞♦ ❛ss✐♠ ❡♠ ❝♦♥t❛ t♦❞♦s ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠✳
❈❛❧❝✉❧❛♠♦s ❛ ❞✐str✐❜✉✐çã♦ P (Z) ✉s❛♥❞♦ ❛♠❜❛s ❛s té❝♥✐❝❛s✱ ❡ ♦ r❡s✉❧t❛❞♦ é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✸✳✶✻✮✳

◆❛ ✐♥s❡rçã♦ ❞❛ ❋✐❣✳ ✭✸✳✶✻✮✱ ♠♦str❛♠♦s q✉❡ ✉♠ ❝á❧❝✉❧♦ ✉t✐❧✐③❛♥❞♦ ❚❉❈▼ ♣❛r❛ ❛ ♥♦ss❛ r❡❞❡ q✉❛❞r❛❞❛ ♥♦s ❞á
❬✷✽✱ ✹✹❪

Zi = Zo +Aε2i , ✭✸✳✹✷✮

♦♥❞❡ Zo = Zi (εi = 0) é ♦ ♠❡♥♦r ✈❛❧♦r q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r✱ ✉♠❛ ✈❡③ q✉❡ Zi só ❞❡♣❡♥❞❡ ❞❛ ❡♥❡r❣✐❛ εi ❞♦ sít✐♦ i
❡ A é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ U ❡ W ✳

❈♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ P (ε) é ❝♦♥❤❡❝✐❞❛✱ ❊q✳ ✭✸✳✸✺✮✱ ❡ s❛❜❡♠♦s ❝♦♠♦ Z ❞❡♣❡♥❞❡ ❞❡ ε✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r P (Z)
r❡❛❧✐③❛♥❞♦ ✉♠❛ s✐♠♣❧❡s tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s✳ ❈♦♥t✉❞♦✱ ❡♠ ✈❡③ ❞❡ ❝❛❧❝✉❧❛r♠♦s P (Z)✱ é ❝♦♥✈❡♥✐❡♥t❡ ❝❛❧❝✉❧❛r♠♦s P (z)✱
♦♥❞❡ z = Z/Z0✳ ■ss♦ ♣♦rq✉❡ ❡st❛ ❞✐str✐❜✉✐çã♦ t❡♥❞❡ ❛ ✉♠❛ ❝✉r✈❛ ✉♥✐✈❡rs❛❧ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♥❛ s♦❧✉çã♦
❚❉❈▼ ❬✷✽❪✳ P❛r❛ ❡♥❝♦♥tr❛r♠♦s P (z)✱ ✉t✐❧✐③❛♠♦s ❛ s❡❣✉✐♥t❡ ♣r❡s❝r✐çã♦

P (z) = P (ε (z))

∣

∣

∣

∣

dε (z)

dz

∣

∣

∣

∣

, ✭✸✳✹✸✮

♦♥❞❡ ε (z) = ±
√

(Zo/A) (z − 1) é ❛ ✐♥✈❡rs❛ ❞❛ ❊q✳ ✭✸✳✹✷✮✳ ❉❡✈❡♠♦s ♥♦t❛r q✉❡ ❡st❛ tr❛♥s❢♦r♠❛çã♦ ♥ã♦ é ✉♥✐❝❛♠❡♥t❡
❞❡✜♥✐❞❛✱ ♦ q✉❡ ♥♦s ❞❛rá ♦ ❢❛t♦r ❞♦✐s ♥❛ ❞✐str✐❜✉✐çã♦ P (z)✱ ❣❛r❛♥t✐♥❞♦ q✉❡ ❡❧❛ s❛✐❛ ♥♦r♠❛❧✐③❛❞❛

P (z) =

{

(

Zo/
(

AW 2
))1/2

(z − 1)
−1/2

, 1 ≤ z ≤ 1 +AW 2/4Zo;
0, ❝❛s♦ ❝♦♥trár✐♦,

✭✸✳✹✹✮

✺✵
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0 0.5 1 1.5 2 2.5 3
z

0

0.2

0.4

0.6

0.8

P
(z

)

TDCM
U/U

c
=0.60

U/U
c
=0.80

U/U
c
=0.90

U/U
c
=0.92

U/U
c
=0.94

U/U
c
=0.97

❋✐❣✉r❛ ✸✳✶✼✿ ❉✐str✐❜✉✐çã♦ P (z = Z/Zo) à ♠❡❞✐❞❛ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ P♦r ❝♦♠♣❧❡t❡③❛✱
♠♦str❛♠♦s t❛♠❜é♠ ❛ ❢♦r♠❛ ✜①❛ ❞❛ ❞✐str✐❜✉✐çã♦ ♦❜t✐❞❛ ♣❡❧❛ ❚❉❈▼✳ ◆♦ss♦s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛♥❞♦ ❚❊❉❈▼ ♠♦str❛♠
q✉❡✱ ❞❡✈✐❞♦ ❛♦s ❡✈❡♥t♦s r❛r♦s✱ ✉♠❛ ❝❛✉❞❛

(

P (z) ∼ zα−1
)

❡♠❡r❣❡ ♥❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ z . 1 ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♥♦s
❛♣r♦①✐♠❛♠♦s ❞♦ ♣♦♥t♦ ❝rít✐❝♦✳ ◗✉❛♥❞♦ α < 1✱ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✉♠❡ ✉♠❛ ❢♦r♠❛ s✐♥❣✉❧❛r✱ ✐♥❞✐❝❛♥❞♦ ❛ ❡♥tr❛❞❛ ♥❛
❢❛s❡ ❞❡ ●r✐✣t❤s✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 20 ❡ W = 5.00✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✸✻❪✳

♠♦str❛♥❞♦ q✉❡ ♥♦ ❝❛s♦ ❞❛ ❚❉❈▼✱ P (z) é ❞❡ ❢❛t♦ ❝♦t❛❞❛ t❛♥t♦ ✐♥❢❡r✐♦r♠❡♥t❡ q✉❛♥t♦ s✉♣❡r✐♦r♠❡♥t❡✳
◆❛ ❋✐❣✳ ✭✸✳✶✻✮✱ ❝♦♠♣❛r❛♠♦s ❡ss❡ P (z) ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✸✳✹✹✮ ❝♦♠ ❛q✉❡❧❡ ♦❜t✐❞♦ ♣❡❧❛ s♦❧✉çã♦ ❝♦♠♣❧❡t❛ ❞❛

❚❊❉❈▼✳ P❛r❛ ♣r♦❞✉③✐r♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♠❛✐s s❡♥t✐❞♦✱ t❛♠❜é♠ r❡❡s❝❛❧❛♠♦s ❛ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼ ♣❡❧♦
♠❡s♠♦ Zo ♦❜t✐❞♦ ✈✐❛ ❚❉❈▼✳ ◆♦t❛♠♦s q✉❡✱ ❡♥q✉❛♥t♦ ❛ s♦❧✉çã♦ ❞❛ ❚❉❈▼ é ❧✐♠✐t❛❞❛ t❛♥t♦ s✉♣❡r✐♦r♠❡♥t❡ q✉❛♥t♦
✐♥❢❡r✐♦r♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼ ♥ã♦ ♣♦ss✉✐ ❡ss❡s ❧✐♠✐t❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r Zi ❛r❜✐tr❛r✐❛♠❡♥t❡
♣❡q✉❡♥♦s t❛✐s q✉❡ Zi ≪ Ztyp ∼ Z0✱ q✉❡ s❡rã♦ ❥✉st❛♠❡♥t❡ ♦s r❡s♣♦♥sá✈❡✐s ♣❡❧❛ ❡♠❡r❣ê♥❝✐❛ ❞❛ ❢❛s❡ ❞❡ ●r✐✣t❤s✳

◆❛ ❋✐❣✳ ✭✸✳✶✼✮ ✈❡♠♦s q✉❡ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞♦ ♣♦♥t♦ ❝rít✐❝♦✱ ✉♠❛ ❝❛✉❞❛ ❡♠❡r❣❡ ❡♠ P (z) ♣❛r❛ z . 1 ❞❡✈✐❞♦
❛♦s ❡✈❡♥t♦s r❛r♦s✳ ❊st❛ ❝❛✉❞❛ é ❞❡s❝r✐t❛ ♣♦r ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♥❛ ❢♦r♠❛

P (z) ∼ zα−1. ✭✸✳✹✺✮

❋✐s✐❝❛♠❡♥t❡✱ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ ❧❛r❣❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Zi ✐♥❞✐❝❛ ❛ ♣r❡s❡♥ç❛ ❞❡ r❛r❛s
❝♦♥✜❣✉r❛çõ❡s ❞❡ ❞❡s♦r❞❡♠ ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛ ∆i = T ∗

i ≈ ZiTF ❛♥♦♠❛❧❛♠❡♥t❡ ♣❡q✉❡♥❛s✳ ▼❛✐s
✉♠❛ ✈❡③✱ ✈❡♠♦s q✉❡ ❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ ❞❛ ❋●❊ é s✐♠✐❧❛r àq✉❡❧❛ ❞❛s ❢❛s❡s ❞❡ ●r✐✣t❤s ♠❛❣♥ét✐❝❛s✱ ❞❛❞♦ q✉❡ t❛♠❜é♠
❡♥❝♦♥tr❛♠♦s ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✈❡❥❛ ❊q✳ ✭✸✳✶✶✮✮✳

❉❡t❡r♠✐♥❛♠♦s ♦ ❝♦❡✜❝✐❡♥t❡ α (U) ❛tr❛✈és ❞❡ ❞♦✐s ♠ét♦❞♦s ❞✐st✐♥t♦s q✉❡ sã♦ ❞❡s❝r✐t♦s ❡♠ ♠❛✐s ❞❡t❛❧❤❡s ♥♦
❆♣ê♥❞✐❝❡ ✭❈✮✳ ❖ ♣r✐♠❡✐r♦ ❜❛s❡✐❛✲s❡ ♥♦ ❡st✐♠❛❞♦r ❬✶✶✽❪ α̂ = 〈❧♥ [Zmax/Zi]〉−1

Zi≤Zmax
✱ ♦♥❞❡ Zmax ∼ Ztyp ∼ Zo é ✉♠

❧✐♠✐t❡ s✉♣❡r✐♦r ❛❞❡q✉❛❞♦ ♣❛r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✳ ❖ s❡❣✉♥❞♦ ♠ét♦❞♦ ❡♥✈♦❧✈❡ ♦ ❝á❧❝✉❧♦ ❞❛
q✉❛♥t✐❞❛❞❡ 〈Z−µ〉−1

Zi≤Zmax
♣❛r❛ ✉♠ µ ✜①♦ ❝♦♠♦ ❢✉♥çã♦ ❞❡ U ✳ ❊st❛ q✉❛♥t✐❞❛❞❡ ✈❛✐ ❛ ③❡r♦ ♣❛r❛ U = Uµ✱ ♦♥❞❡ t❡♠♦s

α = µ✳ ❆♠❜♦s ♦s ♠ét♦❞♦s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ sí♠❜♦❧♦s ✈❛③✐♦s ❡ ❝❤❡✐♦s ♥❛ ❋✐❣✳ ✭✸✳✶✽✮✮ ❞ã♦ r❡s✉❧t❛❞♦s ❝♦♥s✐st❡♥t❡s
❞❡♥tr♦ ❞❛s ❜❛rr❛s ❞❡ ❡rr♦s ❝❛❧❝✉❧❛❞❛s✳

❖ ❡rr♦ ❞♦ ❡st✐♠❛❞♦r é ❞❛❞♦ ♣♦r ❬✶✶✽❪ σα̂ = α̂/
√
n✱ ♦♥❞❡ n é ♥ú♠❡r♦ ❞❡ ❞❛❞♦s ♣❛r❛ ♦s q✉❛✐s Zi ≤ Zmax✳ ❏á ♦ ❡rr♦

❞♦ s❡❣✉♥❞♦ ♠ét♦❞♦ é ♦ ❡rr♦ ❞❛ ❡①tr❛♣♦❧❛çã♦ ✭❧✐♥❡❛r✮ ♣❛r❛ ❞❡t❡r♠✐♥❛r♠♦s Uµ✳ ❈♦♠♦ t❡♠♦s ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡
♣♦♥t♦s✱ ❝❡r❝❛ ❞❡ 104 ♣❛r❛ ❝❛❞❛ sí♠❜♦❧♦ ❞❛ ❋✐❣✳ ✭✸✳✶✽✮✱ ❡st❡s ❡rr♦s sã♦ ❜❡♠ ❝♦♥tr♦❧❛❞♦s ❡ ♣❡q✉❡♥♦s✳ ❖ q✉❡ ✐♥tr♦❞✉③
❛ ♠❛✐♦r ✐♥❝❡rt❡③❛ é ♦ ✈❛❧♦r ❞❡ Zmax✳ P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ♦ Zo

max ót✐♠♦✱ ❞❡✈❡♠♦s ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r α ♣❛r❛ ❞✐❢❡r❡♥t❡s
❧✐♠✐t❡s s✉♣❡r✐♦r❡s Zj

max ❛té ❡♥❝♦♥tr❛♠♦s ✉♠ ✈❛❧♦r Zo
max ♣❛r❛ ♦ q✉❛❧ α ♥ã♦ ✈❛r✐❡ ♠✉✐t♦ ✭❞❡♥tr♦ ❞❡ ✉♠ ❝r✐tér✐♦ ❞❡

t♦❧❡râ♥❝✐❛✮ ❛♦ r❡❞♦r ❞❡❧❡✳ ❊st❡s ❡rr♦s ❞✐♠✐♥✉❡♠ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ W ❡ U ✱ ♣♦✐s ❡♠ ❛♠❜♦s ♦s ❝❛s♦s P (Z) ❛❧❛r❣❛✲s❡✱
❡ t❡♠♦s ❝❛❞❛ ✈❡③ ♠❛✐s sít✐♦s ♥♦s q✉❛✐s Zi ≪ Ztyp✳ ◆❛ ❋✐❣✳ ✭✸✳✶✾✮✱ ♠♦str❛♠♦s ❝♦♠♦ ♥♦ss♦s r❡s✉❧t❛❞♦s ♥ã♦ ♣❛❞❡❝❡♠
❞❡ ❡❢❡✐t♦s ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦ ♣❛r❛ ♦s t❛♠❛♥❤♦s ❞❡ r❡❞❡s q✉❡ ❝♦♥s✐❞❡r❛♠♦s ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✳

❊♥❝♦♥tr❛♠♦s q✉❡ ♦ ❡①♣♦❡♥t❡ α ❞✐♠✐♥✉✐ ❝♦♥t✐♥✉❛♠❡♥t❡ à ♠❡❞✐❞❛ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦✱ ❛té q✉❡
❛ ❞✐str✐❜✉✐çã♦ P (Z) ✭❊q✳ ✭✸✳✹✺✮✮ ❛ss✉♠❛ ✉♠❛ ❢♦r♠❛ s✐♥❣✉❧❛r (α < 1)✱ ✐♥❞✐❝❛♥❞♦ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ ❢❛s❡ ❞❡
●r✐✣t❤s ❡❧❡trô♥✐❝❛✳ ❙❡♠♣r❡ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦ ✐♥í❝✐♦ ❞❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ♣r❡❝❡❞❡ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡✱ ❋✐❣✳

✺✶
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0.7 0.75 0.8 0.85 0.9 0.95 1
U/U

c

0

1

2
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4

α
(U

) W=3.75W=5.00

❋✐❣✉r❛ ✸✳✶✽✿ ❊①♣♦❡♥t❡ α (U) ♣❛r❛ ❞♦✐s ✈❛❧♦r❡s ❞❡ ❞❡s♦r❞❡♠✳ P❛r❛ ❝❛❧❝✉❧❛r♠♦s α✱ ✉s❛♠♦s ❞♦✐s ♠ét♦❞♦s ❞✐❢❡r❡♥t❡s
✭sí♠❜♦❧♦s ❝❤❡✐♦s ❡ ✈❛③✐♦s✱ ✈❡❥❛ ♦ t❡①t♦✮✳ ❆ ❡♥tr❛❞❛ ♥❛ ❢❛s❡ ❞❡ ●r✐✣t❤s ❡❧❡trô♥✐❝❛ ♦❝♦rr❡ q✉❛♥❞♦ α = 1 ✭❧✐♥❤❛
❝♦♥tí♥✉❛ ❤♦r✐③♦♥t❛❧✮✳ ❉❡♥tr♦ ❞❛s ❜❛rr❛s ❞❡ ❡rr♦s ❡st✐♠❛❞❛s✱ ❡♥❝♦♥tr❛♠♦s ✉♠ ✈❛❧♦r ❡①tr❛♣♦❧❛❞♦ q✉❡ é ❝♦♥s✐st❡♥t❡
❝♦♠ α = 0 ♥❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ L = 20✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳
❬✸✻❪✳
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α

❋✐❣✉r❛ ✸✳✶✾✿ ❉✐str✐❜✉✐çã♦ ❞♦s ♣❡s♦s ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s P (Z) ♣❛r❛ três t❛♠❛♥❤♦s L ❞✐❢❡r❡♥t❡s ❞❡ r❡❞❡✳ ◆❛ ✐♥s❡rçã♦
t❡♠♦s ♦ ✈❛❧♦r ❞♦ ❡①♣♦❡♥t❡ α✱ ❝❛❧❝✉❧❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞♦ ❡st✐♠❛❞♦r✱ ❝♦♠♦ ❢✉♥çã♦ ❞❡ L✳ ❆♠❜♦s ♠♦str❛♠ ❝♦♠♦ ♥♦ss♦s
r❡s✉❧t❛❞♦s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ t❛♠❛♥❤♦ ❞❡ r❡❞❡ ♣❛r❛ ❛s r❡❞❡s ❝♦♥s✐❞❡r❛❞❛s ❛q✉✐✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s
♣❛r❛ W = 5.00 ❡ U/Uc = 0.93✱ ♦♥❞❡ Uc = 5.3✳

✺✷
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✭✸✳✽✮✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❛s ✢✉t✉❛çõ❡s ✐♥tr♦❞✉③✐❞❛s ♣❡❧❛ ❞❡s♦r❞❡♠ ❛❧t❡r❛♠ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦✱
♠❡s♠♦ ♣❛r❛ ❞❡s♦r❞❡♥s ❢r❛❝❛s ❡ ♠♦❞❡r❛❞❛s✳ ■♥t❡r❡ss❛♥t❡♠❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s ❞❡♥tr♦ ❞❡ ♥♦ss❛ ♣r❡❝✐sã♦ ♥✉♠ér✐❝❛
q✉❡ α → 0 ♣r❡❝✐s❛♠❡♥t❡ ♥❛ ❝✉r✈❛ ❝rít✐❝❛ U = Uc (W )✳ ❈♦♠♦ α−1 ♠❡❞❡ ❛ ❧❛r❣✉r❛ ❞❡ ❧♥ [Zi] ✭❆♣ê♥❞✐❝❡ ✭❈✮✮✱ ❛
❞✐str✐❜✉✐çã♦ P (Z) t♦r♥❛✲s❡ ✐♥✜♥✐t❛♠❡♥t❡ ❧❛r❣❛ ♥♦ ♣♦♥t♦ ❝rít✐❝♦✱ ❝♦rr♦❜♦r❛♥❞♦ ♦ q✉❡ ❥á ❤❛✈í❛♠♦s ❛♣r❡s❡♥t❛❞♦ ♥❛s
❋✐❣s✳ ✭✸✳✶✸✮ ❡ ✭✸✳✶✹✮✳ ❚❡♠♦s ❛ss✐♠ ✉♠❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ ♠✉✐t♦ ♣ró①✐♠❛ à ❞❛s ❢❛s❡s ❞❡ ●r✐✣t❤s ♠❛❣♥ét✐❝❛s q✉❡
❛♣r❡s❡♥t❛♠ ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ ❞❡s♦r❞❡♠ ✐♥✜♥✐t❛ ❬✶✽✱ ✽✻❪ ♥❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✳ ◆❡st❡ ♣♦♥t♦✱ t❡♠♦s ❥✉st❛♠❡♥t❡ q✉❡ ❛
❞✐str✐❜✉✐çã♦ ❞❡ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛ ❞♦ ♣r♦❜❧❡♠❛ t♦r♥❛✲s❡ ✐♥✜♥✐t❛♠❡♥t❡ ❧❛r❣❛✱ ♠❡s♠♦ q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❞❡s♦r❞❡♠
❞❡s♣✐❞❛ ✭♦ ❛♥á❧♦❣♦ ❞♦ ♥♦ss♦ W ✮ s❡❥❛ ✜♥✐t❛✳ ❘❡ss❛❧t❛♠♦s ❛q✉✐ q✉❡ s❡♠♣r❡ t❡♠♦s 0 ≤ Zi ≤ 1 ❡✱ ♥ã♦ só ♥♦ ♥♦ss♦ ❝❛s♦✱
♠❛s ❝♦♠♦ ❡♠ t♦❞❛s ❛s ♦✉tr❛s ❢❛s❡s ❞❡ ●r✐✣t❤s✱ é ✐♠♣♦rt❛♥t❡ q✉❡ ♦❧❤❡♠♦s ♣❛r❛ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛✱
♣♦✐s é ❛ ❞✐str✐❜✉✐çã♦ ❞❡st❛ q✉❛♥t✐❞❛❞❡ q✉❡ s❡ ❡st❡♥❞❡ ♣♦r ✈ár✐❛s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛✳

P❛r❛ ❡①♣❧♦r❛r♠♦s ❛ ❡str✉t✉r❛ ❞♦s ❡✈❡♥t♦s r❛r♦s q✉❡ ❞ã♦ ♦r✐❣❡♠ à ❢❛s❡ ❞❡ ●r✐✣t❤s✱ ❡①❛♠✐♥❛♠♦s ✉♠ ♥ú♠❡r♦ ❞❡
r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠ ❡ ❡s❝♦❧❤❡♠♦s ❛q✉❡❧❛s q✉❡ ❝♦♥t✐♥❤❛♠ ♦s ♠❡♥♦r❡s Zi✳ ❯♠ ❡①❡♠♣❧♦ tí♣✐❝♦ é ♠♦str❛❞♦ ♥❛ ❋✐❣✳
✭✸✳✷✵✮✱ ♦♥❞❡ ♦ ❡✈❡♥t♦ r❛r♦ é ✈✐st♦ ❝♦♠♦ ✉♠ ♣✐❝♦ ❜❡♠ ❞❡✜♥✐❞♦ ♥❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❧♦❝❛❧ ❞❡ s♣✐♥ χi ∼ Z−1

i ✭♥♦t❡ ❛
❡s❝❛❧❛ ❧♦❣❛rít♠✐❝❛ ❞❡ ❝♦r❡s✮✳ ❆ r❡❣✐ã♦ r❛r❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡ss❡ ❡✈❡♥t♦ r❛r♦ é ❡♥tã♦ ❝♦❧♦❝❛❞❛ ❞❡♥tr♦ ❞❡ ✉♠❛ ❝❛✐①❛
❞❡ ❧❛❞♦ l ✭❧✐♥❤❛s tr❛❝❡❥❛❞❛s ❞❛ ❋✐❣✳ ✭✸✳✷✵✮✮✳ P❛r❛ ❛♥❛❧✐s❛r♠♦s ♦ ♣❛♣❡❧ ❞❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s✱ ♠❛♥t❡♠♦s ❛ ♠❡s♠❛
r❡❛❧✐③❛çã♦ ❞❡ ❞❡s♦r❞❡♠ ❞❡♥tr♦ ❞❛ ❝❛✐①❛ ❡♥q✉❛♥t♦ tr♦❝❛♠♦s ♦ ❛♠❜✐❡♥t❡ ❡①t❡r♥♦ ♣♦r ✉♠ ♠❡✐♦ ❡❢❡t✐✈♦ ❛♣r♦♣r✐❛❞♦✻✳
❊♥tã♦ ❝❛❧❝✉❧❛♠♦s ♥♦✈❛♠❡♥t❡ ♦s ♣❛râ♠❡tr♦s Zi ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞❛ ❝❛✐①❛ é r❡❞✉③✐❞♦ ❞❡ l = L ✭t❛♠❛♥❤♦
♦r✐❣✐♥❛❧✮✱ ❛té l = 1 ✭❧✐♠✐t❡ ❚❉❈▼ ♦♥❞❡ t♦❞❛s ❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s sã♦ s✉♣r✐♠✐❞❛s✮✳ ❊♥❝♦♥tr❛♠♦s q✉❡ ♦ ❡✈❡♥t♦
r❛r♦ ♣❡r♠❛♥❡❝❡ ❜❛s✐❝❛♠❡♥t❡ ♦ ♠❡s♠♦ ❛té ❛ ❝❛✐①❛ ❛t✐♥❣✐r ✉♠ t❛♠❛♥❤♦ l ∼ lER ✭lER ≈ 9 ♥♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✳ ✭✸✳✷✵✮✮✱
❡ é ❡♥tã♦ r❛♣✐❞❛♠❡♥t❡ ✭❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✮ s✉♣r✐♠✐❞♦ ♣❛r❛ l < lER✳ ❉❡st❡ ♠♦❞♦✱ ✈❡♠♦s q✉❡ ❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s
✐♥❞✉③✐❞❛s ♣❡❧❛ ❞❡s♦r❞❡♠ sã♦ ❞❡ ❢❛t♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❢ís✐❝❛ ❞❡ ❡✈❡♥t♦s r❛r♦s ❡ q✉❡ ❡❧❛s ♣♦ss✉❡♠ ✉♠ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❝♦rr❡❧❛çã♦ ❜❡♠ ❞❡✜♥✐❞♦✱ ❛❧é♠ ❞♦ q✉❛❧ ♦ ❛♠❜✐❡♥t❡ ❡①t❡r♥♦ t❡♠ ♣♦✉❝❛ ♦✉ ♥❡♥❤✉♠❛ ✐♥✢✉ê♥❝✐❛✳

◆ós t❛♠❜é♠ ✈❡r✐✜❝❛♠♦s q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❞❡s♦r❞❡♠ ❞❡♥tr♦ ❞❛ ❝❛✐①❛✼ ❞❡ t❛♠❛♥❤♦ lER é ❛♣r❡❝✐❛✈❡❧♠❡♥t❡
♠❡♥♦r ❞♦ q✉❡ ♦ ✈❛❧♦r W ❞♦ ❜✉❧❦✱ ❡✱ ♣♦rt❛♥t♦✱ q✉❡ UER

c < Uc (W )✱ ❡st❛❜❡❧❡❝❡♥❞♦ ❛ss✐♠ q✉❡ ♦s ❡✈❡♥t♦s r❛r♦s q✉❡
❞♦♠✐♥❛♠ ❛ ❢❛s❡ ❞❡ ●r✐✣t❤s s✉r❣❡♠ ❞❡ ❝♦♥✜❣✉r❛çõ❡s r❛r❛s ❞❡ ❞❡s♦r❞❡♠✱ ♣r❡❝✐s❛♠❡♥t❡ ❝♦♠♦ ❡s♣❡r❛❞♦ ❞❡ ✉♠ ❝❡♥ár✐♦
❞❡ ♣♦♥t♦ ✜①♦ ❞❡ ❞❡s♦r❞❡♠ ✐♥✜♥✐t❛✳

❘❡t♦♠❛♠♦s ❛❣♦r❛ ♦s ❛r❣✉♠❡♥t♦s ❞❛ s❡çã♦ ✭✸✳✶✮✱ ♦♥❞❡ ❞✐ss❡♠♦s q✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛
♣❛r❛ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞♦ ♣r♦❜❧❡♠❛ ♦❝♦rr❡ ♣♦rq✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❡q✉❡♥❛ ❞❡ ❡♥❝♦♥tr❛r♠♦s
✉♠❛ r❡❣✐ã♦ r❛r❛ é ❝♦♠♣❡♥s❛❞❛ ♣❡❧❛ t❛♠❜é♠ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ✭✏❣❛♣✑ ❞❡ ❡♥❡r❣✐❛✮ ♥♦
✈♦❧✉♠❡ ❞❛ r❡❣✐ã♦ r❛r❛✱ ❊q✳ ✭✸✳✶✶✮✳ P❛r❛ ✈❡r✐✜❝❛r♠♦s q✉❡ Z ♣♦ss✉✐ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠ ♦ ✈♦❧✉♠❡ ❞❛
r❡❣✐ã♦ r❛r❛✱ ✜③❡♠♦s ✉♠ ❝á❧❝✉❧♦ s✐♠✐❧❛r ❛♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✳ ❉❡✜♥✐♠♦s ✉♠❛ ❝❛✐①❛ ❞❡ t❛♠❛♥❤♦ l ♥♦ ❝❡♥tr♦ ❞❡ ✉♠❛ r❡❞❡
q✉❛❞r❛❞❛ ❞❡ t❛♠❛♥❤♦ L✳ ❉❡♥tr♦ ❞❡st❛ ❝❛✐①❛ ❞❡ t❛♠❛♥❤♦ l✱ r❡♣r❡s❡♥t❛♠♦s ✉♠ ❡✈❡♥t♦ r❛r♦ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ U > Uc

❛í ❞❡♥tr♦✳ ❋♦r❛ ❞❛ ❝❛✐①❛✱ ❡s❝♦❧❤❡♠♦s U < Uc✱ ❞❡ ♠♦❞♦ q✉❡ Zbulk ♣❡r♠❛♥❡ç❛ ✜♥✐t♦✳ ❖ r❡s✉❧t❛❞♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦
é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✸✳✷✶✮ ♦♥❞❡ ✈❡♠♦s q✉❡✱ ❞❡ ❢❛t♦✱ Z ∼ e−al2 ❞❡♥tr♦ ❞❛ r❡❣✐ã♦ r❛r❛✳

✻❊st❡ ♠❡✐♦ ❡❢❡t✐✈♦ é ❝❛❧❝✉❧❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ W = 0✱ ♠❛s ❝♦♠ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ ❡❢❡t✐✈❛ teff t❛❧ q✉❡ t❡♥❤❛♠♦s ♦ ♠❡s♠♦
Uc q✉❡ ♥❛ s♦❧✉çã♦ ✉t✐❧✐③❛♥❞♦ ❚❊❉❈▼✳

✼❉❡✜♥✐♠♦s ❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ ❝♦♠♦ Weff = 4 〈|εi|〉✱ ♦♥❞❡ ❛ ♠é❞✐❛ é ❛✈❛❧✐❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛♣❡♥❛s ♦s sít✐♦s ❞❡♥tr♦ ❞❛ ❝❛✐①❛ ❞❡
t❛♠❛♥❤♦ l✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❡st❛ é ❛♣❡♥❛s ✉♠❛ ♠❡❞✐❞❛ q✉❛❧✐t❛t✐✈❛✱ ❞❡✈✐❞♦ ❛♦ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡ sít✐♦s ❞❡♥tr♦ ❞❛ ❝❛✐①❛✳

✺✸



❈❆P❮❚❯▲❖ ✸✳ ❋❆❙❊ ❉❊ ●❘■❋❋■❚❍❙ ❊▲❊❚❘Ô◆■❈❆ ❉❆ ❚❘❆◆❙■➬➹❖ ❉❊ ▼❖❚❚ ❊▼ D = 2

❋✐❣✉r❛ ✸✳✷✵✿ ✭❛✮ ❉✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❞❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❧♦❝❛❧ ❞❡ s♣✐♥ χi ∼ Z−1
i ♥♦r♠❛❧✐③❛❞❛ ♣❡❧♦ s❡✉ ✈❛❧♦r tí♣✐❝♦✱

✐❧✉str❛♥❞♦ ✉♠❛ r❡❛❧✐③❛çã♦ ❞❡ ❞❡s♦r❞❡♠ ❝♦♥t❡♥❞♦ ✉♠ ❡✈❡♥t♦ r❛r♦ χi ≫ χtyp❀ ✭❜✮ ❆s ✢✉t✉❛çõ❡s ✐♥❞✉③✐❞❛s ♣❡❧❛
❞❡s♦r❞❡♠ sã♦ ❡❧✐♠✐♥❛❞❛s ❞♦ ❧❛❞♦ ❞❡ ❢♦r❛ ❞❡ ✉♠❛ ❝❛✐①❛ ❞❡ ❧❛❞♦ l = 9 s❡♠ ♠✉❞❛r ❛♣r❡❝✐❛✈❡❧♠❡♥t❡ ♦ ❡✈❡♥t♦ r❛r♦❀ ✭❝✮
◗✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❝❛✐①❛ é r❡❞✉③✐❞♦ ❛✐♥❞❛ ♠❛✐s✱ ♣❛r❛ l = 3✱ ♦ ❡✈❡♥t♦ r❛r♦ é r❛♣✐❞❛♠❡♥t❡ ✭❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✮
s✉♣r✐♠✐❞♦✱ ❡st❛❜❡❧❡❝❡♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ♥ã♦ ❧♦❝❛❧ ❞♦s ❡✈❡♥t♦s r❛r♦s✳ ❖s r❡s✉❧t❛❞♦s sã♦ ♠♦str❛❞♦s ♣❛r❛ W = 5.00
❡ U/Uc = 0.96 ❡ L = 30✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✸✻❪✳
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❋✐❣✉r❛ ✸✳✷✶✿ P❡r✜❧ ❞♦ ✈❛❧♦r ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Zi ❡♠ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ♥♦r♠❛❧✐③❛❞♦ ♣❡❧♦ s❡✉ ✈❛❧♦r ♥♦ ❜✉❧❦
Zbulk ❝♦♠♦ ❢✉♥çã♦ ❞❛ ♣♦s✐çã♦ ri ♥❛ r❡❞❡✳ ❊st❡ ❝á❧❝✉❧♦ ❢♦✐ ❢❡✐t♦ ❛ss✉♠✐♥❞♦ q✉❡✱ ♥♦ ❝❡♥tr♦ ❞❛ r❡❞❡✱ ❡①✐st❡ ✉♠❛ ❝❛✐①❛
❞❡ t❛♠❛♥❤♦ l r❡♣r❡s❡♥t❛♥❞♦ ✉♠ ❡✈❡♥t♦ r❛r♦ ♥♦ q✉❛❧ U > Uc ❡ q✉❡ ❢♦r❛ ❞❡st❛ ❝❛✐①❛✱ U < Uc✳ ❊♠ ❛♠❜❛s s✐t✉❛çõ❡s
t❡♠♦s W = 0✳ ◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛✉♠❡♥t❛♠♦s l✱ ♦s ✈❛❧♦r❡s ❞❡ Z ❞❡♥tr♦ ❞♦ ❡✈❡♥t♦ r❛r♦ sã♦ s✉♣r✐♠✐❞♦s ❡ ❡st❛ r❡❣✐ã♦
❛♣r♦①✐♠❛✲s❡ ❝❛❞❛ ✈❡③ ♠❛✐s ❞❡ ✉♠ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳ ◆❛ ✐♥s❡rçã♦ ♠♦str❛♠♦s ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ Z✱ ❛q✉❡❧❡ ❝❛❧❝✉❧❛❞♦ ♥♦
❝❡♥tr♦ ❞❛ ❝❛✐①❛ ❞♦ ❡✈❡♥t♦ r❛r♦✱ ❝♦♠♦ ❢✉♥çã♦ ❞♦ ✈♦❧✉♠❡ l2 ❞❡st❛ r❡❣✐ã♦ r❛r❛✱ ❡①✐❜✐♥❞♦ ✉♠ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳
❯t✐❧✐③❛♠♦s ❛q✉✐ L = 31✱ U/Uc = 0.75 ♣❛r❛ ♦ ❜✉❧❦ ❡ U/Uc = 1.01 ♣❛r❛ ❛ r❡❣✐ã♦ r❛r❛✱ ❝♦♠ Uc ≃ 1.62D✳

✺✹



Capı́tulo 4
❖s❝✐❧❛çõ❡s q✉â♥t✐❝❛s ❡♠ ♠❡t❛✐s ❢♦rt❡♠❡♥t❡

❝♦rr❡❧❛❝✐♦♥❛❞♦s

❆ t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✐st❡♠❛s ♠❡tá❧✐❝♦s ✐♥t❡r❛❣❡♥t❡s ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s
♠❡s♠♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛s ✐♥t❡r❛çõ❡s sã♦ ♠✉✐t♦ ❢♦rt❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❡♠ ♠❡t❛✐s ❞❡ tr❛♥s✐çã♦ ❬✶✶✾❪ ♦✉ ❢ér♠✐♦♥s
♣❡s❛❞♦s ❬✾✵❪✳ ◆❛ ♣r❡s❡♥ç❛ ❞❡ ♣❡rt✉r❜❛çõ❡s q✉❡ q✉❡❜r❛♠ ❛ s✐♠❡tr✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛✱ t❛✐s ❝♦♠♦ ✐♠♣✉r❡③❛s
❡ ❞❡❢❡✐t♦s✱ ♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ s❡ r❡❛❥✉st❛✱ ♣r♦❞✉③✐♥❞♦ ❛❣♦r❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ✈✐st♦ ♣❡❧❛s q✉❛s✐♣❛rtí❝✉❧❛s q✉❡ é
✐♥♦♠♦❣ê♥❡♦ ♥♦ ❡s♣❛ç♦ ❬✷✱ ✾❪✳ ❆q✉✐✱ ❛ ♥❛t✉r❡③❛ ♦♥❞✉❧❛tór✐❛ ❞♦s ❡❧étr♦♥s ♠❛♥✐❢❡st❛✲s❡ ♣❡❧❛ ❢♦r♠❛çã♦ ❞❡ ♦s❝✐❧❛çõ❡s
✭❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❬✻❪✮ ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❛♦ r❡❞♦r ❞❡ss❛s ♣❡rt✉r❜❛çõ❡s✳ Pr♦❝❡ss♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡
q✉❛s✐♣❛rtí❝✉❧❛s ♣♦r ❡st❛s ♦♥❞✉❧❛çõ❡s ♣r♦❞✉③❡♠ ❡♥tã♦ ♥♦✈❛s ❝♦rr❡çõ❡s ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s
❞❡ tr❛♥s♣♦rt❡✳

❆ t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ só ♥♦s ❞á ❛ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞❡st❛s ❝♦rr❡çõ❡s✱ s❡♠ ❞✐③❡r ♥❛❞❛ ❛❝❡r❝❛ ❞♦ ✐♥t❡r✈❛❧♦
❡♠ q✉❡ ❡❧❛s sã♦ ❞♦♠✐♥❛♥t❡s ❞❡♥tr♦ ❞❛ t❡♦r✐❛✳ P❛r❛ ♦❜t❡r♠♦s ❡st❡ ✐♥t❡r✈❛❧♦✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ ❝á❧❝✉❧♦ ❡♠ ✉♠ ♠♦❞❡❧♦
♠✐❝r♦s❝ó♣✐❝♦ q✉❡ ♥ã♦ ❡st❡❥❛ r❡str✐t♦ ❛ ❛♣❡♥❛s ♦❜t❡r ❛ ❢♦r♠❛ ❞❛s ❝♦rr❡çõ❡s✳ ❯♠ ❝á❧❝✉❧♦ ❝✉✐❞❛❞♦s♦ ❡ ❞❡t❛❧❤❛❞♦ ❝♦♠
❡st❡ ♦❜❥❡t✐✈♦ é ❞❡s❡♥✈♦❧✈✐❞♦ ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❯♠❛ ✈✐sã♦ ❣❡r❛❧ ❞❛ t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❞❡ ▲❛♥❞❛✉ é ❞❛❞❛ ♥❛ s❡çã♦ ✭✹✳✶✮✱ ♦♥❞❡ ❞✐s❝✉t✐♠♦s ❝♦♥❝❡✐t♦s ❝♦♠♦
♠❛ss❛ ❡❢❡t✐✈❛✱ ♣❛râ♠❡tr♦s ❞❡ ▲❛♥❞❛✉ ❡ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s✱ q✉❡ s❡rã♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥❛s
s❡çõ❡s ♣♦st❡r✐♦r❡s✳ P❛r❛ ✜♥❛❧✐③❛r✱ ❢❛③❡♠♦s ❛ ❝♦♥❡①ã♦ ❞♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ tr❛♥s✐çã♦ ❛ ❞❡ ▼♦tt ❝♦♠ ❛
t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐✳

❏á ♥❛ s❡çã♦ ✭✹✳✷✮✱ ♣❛ss❛♠♦s ❛ ❞✐s❝✉t✐r tr❛♥s♣♦rt❡ ❡♠ s✐st❡♠❛s ♠❡tá❧✐❝♦s✳ ❯t✐❧✐③❛♠♦s ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ❑✉❜♦
❛♣❧✐❝❛❞♦ à ❚❡♦r✐❛ ❉✐♥â♠✐❝❛ ❞❡ ❈❛♠♣♦ ▼é❞✐♦✱ ♦♥❞❡ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ♣♦ss✉✐ ✉♠❛ ❢♦r♠❛ ♣❛rt✐❝✉❧❛r♠❡♥t❡ s✐♠♣❧❡s
❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ é ❧♦❝❛❧ ❞❡♥tr♦ ❞❡st❛ ❛❜♦r❞❛❣❡♠✳

◆❛ s❡çã♦ ✭✹✳✸✮ ✐♥✈❡st✐❣❛♠♦s ♦s ❡❢❡✐t♦s ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ rí❣✐❞❛ ❡ ♥ã♦ ♠❛❣♥ét✐❝❛ ❝♦❧♦❝❛❞❛ ❡♠ ✉♠ ♠❡t❛❧
♣❛r❛♠❛❣♥ét✐❝♦ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❬✹✸❪✳ ❖ ♠❡t❛❧ é ❞❡s❝r✐t♦ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡
❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✳ ◆ã♦ só r❡s♦❧✈❡♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❛ss♦❝✐❛❞❛s✱
❝♦♠♦ t❛♠❜é♠ ❡♥❝♦♥tr❛♠♦s ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♥♦ ❧✐♠✐t❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❢r❛❝♦ ✭❛♣r♦①✐♠❛çã♦ ❞❡ ❇♦r♥✮✳ ❆❧é♠
❞❡ ❝♦rr♦❜♦r❛r❡♠ ♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s✱ ♦s ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ♠♦str❛♠ q✉❡ ♥♦ss❛ t❡♦r✐❛ ❝❛♣t✉r❛ ❛s t❡♥❞ê♥❝✐❛s
q✉❛❧✐t❛t✐✈❛s ❞♦ s✐st❡♠❛ ♠❡s♠♦ ♣❛r❛ ❡s♣❛❧❤❛♠❡♥t♦ ❢♦rt❡✳

❆s ❞❡♣❡♥❞ê♥❝✐❛s ❞♦♠✐♥❛♥t❡s ❞❛ r❡s✐st✐✈✐❞❛❞❡ ρ (T ) ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ sã♦ ❝❛❧❝✉❧❛❞❛s ♥❛ s❡çã♦ ✭✹✳✹✮✳ ❯t✐❧✐③❛♠♦s
♦ ❝á❧❝✉❧♦ ♠✐❝r♦s❝ó♣✐❝♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ s❡çã♦ ✭✹✳✸✮✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❜é♠ ❛ ♣r❡s❡♥ç❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦
♣❛r❛ ✐♥✈❡st✐❣❛r♠♦s ❝♦♠♦ ❡ss❛s ❝♦rr❡çõ❡s ❞♦♠✐♥❛♥t❡s ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ✈❛r✐❛♠ ❡♠ ❢✉♥çã♦ ❞❛s ❝♦rr❡❧❛çõ❡s✳

✹✳✶ ❚❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐

❉❡s❞❡ s✉❛ ✐♥tr♦❞✉çã♦ ♣♦r ▲❛♥❞❛✉ ❬✶✷✵✱ ✶✷✶✱ ✶✷✷✱ ✶✷✸❪✱ ❛ t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ t❡♠ s✐❞♦ ✉♠❛ ♣♦❞❡r♦s❛ ❢❡rr❛✲
♠❡♥t❛ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ s✐st❡♠❛s ❞❡ ❢ér♠✐♦♥s ✐♥t❡r❛❣❡♥t❡s✳ ❊♠❜♦r❛ ✐♥tr♦❞✉③✐❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛ ❞❡s❝r❡✈❡r
❛ ❢❛s❡ ♥♦r♠❛❧ ❞♦ ❍❡3 ✭✉♠ s✐st❡♠❛ ♥❡✉tr♦✮✱ ❡❧❛ ❢♦r♠❛ ❛ ❜❛s❡ ❞❡ t♦❞♦ ♦ ♥♦ss♦ ❡♥t❡♥❞✐♠❡♥t♦ ❛❝❡r❝❛ ❞❡ s✐st❡♠❛s
♠❡tá❧✐❝♦s✳ ❖ ♦❜❥❡t✐✈♦ ❞❛ t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ é ❞❡s❝r❡✈❡r ♦s ♣r✐♠❡✐r♦s ❡st❛❞♦s ❡①❝✐t❛❞♦s ❞❡ ✉♠ s✐st❡♠❛
❢❡r♠✐ô♥✐❝♦ ❡✱ ♣♦rt❛♥t♦✱ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳

✺✺
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✹✳✶✳✶ ❋♦r♠✉❧❛çã♦ ●❡r❛❧

■♠❛❣✐♥❡ q✉❡ ❝♦♠❡ç❛♠♦s ❝♦♠ ✉♠ s✐st❡♠❛ ❢❡r♠✐ô♥✐❝♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ✭❣ás ❞❡ ❋❡r♠✐✮ ❡♠ s❡✉ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡
q✉❡ ❧✐❣❛♠♦s ❛s ✐♥t❡r❛çõ❡s ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s ❞❡ ❢♦r♠❛ ❣r❛❞✉❛❧ ❬✶✷✹❪✳ ▲❛♥❞❛✉ ❛r❣✉♠❡♥t♦✉ q✉❡✱ ❝♦♠♦ ♦s ❢ér♠✐♦♥s
♣ró①✐♠♦s ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ♥ã♦ tê♠ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♣❛r❛ ♦♥❞❡ ❡s♣❛❧❤❛r ✭✈❡r ❛r❣✉♠❡♥t♦ ❢♦r♠❛❧ ❛♦ ✜♥❛❧ ❞❡st❛
s❡çã♦✮✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛s ✐♥t❡r❛çõ❡s sã♦ ❧✐❣❛❞❛s ❛❞✐❛❜❛t✐❝❛♠❡♥t❡✱ ♦s ❡st❛❞♦s ❞♦ s✐st❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ♦r✐❣✐♥❛❧
❞❡✈❡♠ ❡✈♦❧✉✐r ❞❡ ♠❛♥❡✐r❛ s✉❛✈❡✱ s❡♠ ❤❛✈❡r ❝r✉③❛♠❡♥t♦ ❞❡ ♥í✈❡✐s✳ ❆ss✐♠✱ ♦s ❡st❛❞♦s ✜♥❛✐s ❞♦ s✐st❡♠❛ ✐♥t❡r❛❣❡♥t❡
❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✉♠ ❛ ✉♠ ❝♦♠ ♦s ❡st❛❞♦s ✐♥✐❝✐❛✐s ❞♦ s✐st❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ◆❛t✉r❛❧♠❡♥t❡✱ ♣❛r❛ q✉❡
❛ ❡✈♦❧✉çã♦ ❛❞✐❛❜át✐❝❛ s❡ ❛♣❧✐q✉❡✱ ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ t❡♠ q✉❡ ♣❡r♠❛♥❡❝❡r ❡stá✈❡❧✳ ❊st❛
❝♦♥❞✐çã♦ é q✉❡❜r❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ♦ s✐st❡♠❛ s♦❢r❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♣❛r❛ ♦✉tr♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱
✉♠❛ s✐t✉❛çã♦ q✉❡ ♣♦❞❡ ♦❝♦rr❡r ♣❛r❛ ✉♠ ❝❡rt♦ ✈❛❧♦r ❝rít✐❝♦ ❞❛ ✐♥t❡r❛çã♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s q✉❡ ❡♠❡r❣❡ ❞❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ é ♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛✱ q✉❡✱
❡♠ ❡ssê♥❝✐❛✱ é ❛ ❡✈♦❧✉çã♦ ❛❞✐❛❜át✐❝❛ ❞♦ ❢ér♠✐♦♥ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ♣❛r❛ ✉♠ ♠❡✐♦ ✐♥t❡r❛❣❡♥t❡✳ ❈♦♠♦ r❡s✉❧t❛❞♦ ❞❛
t❡♦r✐❛✱ t❡♠♦s q✉❡✱ ❡♠❜♦r❛ ❛ ❝❛r❣❛ ❡ ♦ s♣✐♥ ❞❡st❛ q✉❛s✐♣❛rtí❝✉❧❛ ♥ã♦ s❡❥❛♠ ❛❢❡t❛❞♦s ♣❡❧❛s ✐♥t❡r❛çõ❡s✱ s✉❛ ♠❛ss❛ ❡
s❡✉ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ sã♦ r❡♥♦r♠❛❧✐③❛❞♦s ♣❛r❛ m⋆ ❡ g⋆✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯♠ s❡❣✉♥❞♦ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❞❡st❛ t❡♦r✐❛ é q✉❡ ❡❧❛ ✐♥tr♦❞✉③ ✉♠❛ ✐♥t❡r❛çã♦ ❡❢❡t✐✈❛ ❡♥tr❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s✳
P❛r❛ ✐♥tr♦❞✉③✐✲❧❛✱ t❡♠♦s q✉❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦ s❡❣✉✐♥t❡ ❢❛t♦✿ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦♠❡♥t♦ q✉❡ ❞✉❛s ♣❛rtí❝✉❧❛s ♣♦❞❡♠
tr♦❝❛r ❞✉r❛♥t❡ ✉♠❛ ❝♦❧✐sã♦ ✈❛✐ ❛ ③❡r♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❞❡✈✐❞♦ ❛♦ ♣r✐♥❝í♣✐♦ ❞❛ ❡①❝❧✉sã♦ ❞❡ P❛✉❧✐✳ P♦rt❛♥t♦✱
♥♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ✭❡♥❡r❣✐❛s ♣ró①✐♠❛s ❞❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✮✱ ♦ ♥ú♠❡r♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s ❝♦♠ ✉♠ ❞❛❞♦
♠♦♠❡♥t♦ p ❡ ♣r♦❥❡çã♦ ❞❡ s♣✐♥ σ✱ nσ (p)✶ t♦r♥❛✲s❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞♦ ♠♦✈✐♠❡♥t♦✳ ❙❡♥❞♦ ❛ss✐♠✱ é r❛③♦á✈❡❧ s✉♣♦r♠♦s
q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡st❡ ❣ás ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s ♣♦ss❛ s❡r ❡①♣r❡ss❛ ❝♦♠♦ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ nσ (p)✳ ❈♦♠♦ ❡st❛♠♦s ❛ ❜❛✐①❛s
t❡♠♣❡r❛t✉r❛s✱ t❡♠♦s ✉♠❛ ❜❛✐①❛ ❞❡♥s✐❞❛❞❡ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s ❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛ é ❞❛❞❛ ♣♦r

E = E0 +
∑

pσ

εσ (p) δnσ (p) +
1

2

∑

pσ,p′σ′

f (pσ,p′σ′) δnσ (p) δnσ′ (p′) , ✭✹✳✶✮

♦♥❞❡ E0 é ❛ ❡♥❡r❣✐❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ εσ (p) = p2/2m⋆ é ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠❛ q✉❛s✐♣❛rtí❝✉❧❛ ✐s♦❧❛❞❛✱ δnσ (p) =

nσ (p)−n(0)
σ (p) é ♦ ❞❡s✈✐♦ ♥♦ ♥ú♠❡r♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s ❝♦♠ r❡❧❛çã♦ ❛♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ f (pσ,p′σ′) ❞❡s❝r❡✈❡

❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✳
❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ εσ (p) ❡stá ❛ss♦❝✐❛❞♦ à ❡♥❡r❣✐❛ t♦t❛❧ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ❞❡r✐✈❛❞❛ ❢✉♥❝✐♦♥❛❧

εσ (p) =
δE

δnσ (p)

∣

∣

∣

∣

0

, ✭✹✳✷✮

♦♥❞❡ 0 ❞❡♥♦t❛ ♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❡s❢❡r❛ ❞❡ ❋❡r♠✐✮✳ ❊st❛ ❡♥❡r❣✐❛ ♣♦❞❡ s❡r ❧✐♥❡❛r✐③❛❞❛ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛
s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✱ ❞♦♥❞❡ ♦❜t❡♠♦s q✉❡

εσ (p) = vF (|p| − kF ) + εF =
kF

m⋆
(|p| − kF ) + εF , ✭✹✳✸✮

♦♥❞❡ vF = ∂ξ
(0)
σ /∂p

∣

∣

∣

|p|=kF

é ❛ ✈❡❧♦❝✐❞❛❞❡❀ kF ✱ ♦ ♠♦♠❡♥t♦❀ ❡ εF ✱ ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✳ P♦❞❡♠♦s t❛♠❜é♠ ❞❡✜♥✐r ✉♠❛

❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♣❛r❛ ❡st❛s q✉❛s✐♣❛rtí❝✉❧❛s✱ q✉❡✱ ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✱ é ❞❛❞❛ ♣♦r

ρ⋆ (εF ) = 2
∑

p

δ (εF − εσ (p)) =
1

π2~3

ˆ

dpp2δ (εF − εσ (p)) =
m⋆kF

π2~3
, ✭✹✳✹✮

❡ ✈❡♠♦s q✉❡ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❡t❡r♠✐♥❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✳
❏á ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ sã♦ ❞❛❞♦s ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡r✐✈❛❞❛ ❢✉♥❝✐♦♥❛❧

f (pσ,p′σ′) =
δ2E

δnσ (p) δnσ′ (p′)

∣

∣

∣

∣

0

,

✶❯♠❛ ✈❡③ q✉❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s ♠✉❞❛♠ ❛❞✐❛❜❛t✐❝❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ❢ér♠✐♦♥s ❧✐✈r❡s✱ ❡❧❛s t❛♠❜é♠ s❡❣✉❡♠ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❋❡r♠✐✲
❉✐r❛❝✿ nσ (p) = {❡①♣ [β (εσ (p) − µ)] + 1}−1✳ ❖ q✉❡ ❞❡✈❡♠♦s s❛❧✐❡♥t❛r é q✉❡ ❡ss❛ ❡q✉❛çã♦ é ❛❣♦r❛ ✉♠❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛✱ ✉♠❛ ✈❡③
q✉❡ ❛ ❡♥❡r❣✐❛ εσ (p) ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ♣❛ss❛ ❛ s❡r ✉♠❛ ❢✉♥çã♦ ❞❡ nσ (p)✳ ❆ ú♥✐❝❛ ❡①❝❡çã♦ ♦❝♦rr❡ q✉❛♥❞♦ ❡st❛♠♦s ❡①❛t❛♠❡♥t❡ ❛ T = 0✱
♦♥❞❡ r❡❝✉♣❡r❛♠♦s ❛ ❢♦r♠❛ ✉s✉❛❧ nσ (p) = θ (kF − |p|)✳

✺✻
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◗✉❛♥t✐❞❛❞❡ ❢ís✐❝❛ ◆ã♦ ✐♥t❡r❛❣❡♥t❡ ▲íq✉✐❞♦ ❞❡ ❋❡r♠✐

▼♦♠❡♥t♦ ❞❡ ❋❡r♠✐ kF
kF ✭♥ã♦ ♠✉❞❛✮

❚❡♦r❡♠❛ ❞❡ ▲✉tt✐♥❣❡r ❬✶✷✾✱ ✶✸✵❪
❉❡♥s✐❞❛❞❡ ❞❡ ❢ér♠✐♦♥s n = k3

F /3π
2 n = k3

F /3π
2✭♥ã♦ ♠✉❞❛✮

▼❛ss❛ ❡❢❡t✐✈❛ m m⋆ = m (1 + F s
1 /3)

❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ρ (εF ) = mkF /π
2
~

2 ρ⋆ (εF ) = m⋆kF /π
2
~

2

❈♦❡✜❝✐❡♥t❡ γ ❞❡ ❙♦♠♠❡r❢❡❧❞ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✿ CV = γT π2k2
Bρ (εF ) /3 π2k2

Bρ
⋆ (εF ) /3

❙✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♣❛r❛♠❛❣♥ét✐❝❛ ❞❡ P❛✉❧✐ χ µ2
Bρ (εF ) µ2

Bρ
⋆ (εF ) / (1 + F a

0 )
❈♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ κ ρ (εF ) /n2 ρ⋆ (εF ) / (1 + F s

0 )n2

❚❛❜❡❧❛ ✹✳✶✿ ❘❡❧❛çã♦ ❡♥tr❡ ♦s ♣❛râ♠❡tr♦s ❞❡ ▲❛♥❞❛✉ F s,a
0,1 ❡ ❛s q✉❛♥t✐❞❛❞❡s r❡♥♦r♠❛❧✐③❛❞❛s ❡♠ ✉♠ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✱

❛ss✉♠✐♥❞♦ ✉♠❛ ❞✐s♣❡rsã♦ ♣❛r❛❜ó❧✐❝❛ ♥♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❘❡t✐r❛❞❛ ❞❛ ❘❡❢✳ ❬✶✸✶❪

s❡♥❞♦✱ ♣♦rt❛♥t♦✱ s✐♠étr✐❝♦s f (pσ,p′σ′) = f (p′σ′,pσ)✳ ◆❛ ♣r❡s❡♥ç❛ ❞❡st❡ t❡r♠♦✱ ❛ ❡♥❡r❣✐❛ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s
ξσ (p) ♣❛ss❛ ❛ ❞❡♣❡♥❞❡r ❞♦s ❞❡s✈✐♦s δnσ (p) ❡ é ❞❛❞❛ ♣♦r

ξσ (p) = εσ (p) +
∑

pσ

f (pσ,p′σ′) δnσ′ (p′) . ✭✹✳✺✮

❆ ❊q✳ ✭✹✳✺✮ ✐♥❞✐❝❛ q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠❛ q✉❛s✐♣❛rtí❝✉❧❛ ❞❡ ♠♦♠❡♥t♦ p ♥ã♦ é s✐♠♣❧❡s♠❡♥t❡ ❛ ❡♥❡r❣✐❛ ❞❛ q✉❛s✐♣❛rtí❝✉❧❛
✐s♦❧❛❞❛ εσ (p)✱ ♣♦✐s ♣♦ss✉✐ ✉♠ t❡r♠♦ ❡①tr❛ q✉❡ ❞❡s❝r❡✈❡ ♦ ❡❢❡✐t♦ ❞❡ ✉♠ ❝❛♠♣♦ ♠é❞✐♦ ❡stát✐❝♦✱ ♦✉ ❝❛♠♣♦ ♠♦❧❡❝✉❧❛r
❬✶✷✺❪✱ ❣❡r❛❞♦ ♣♦r t♦❞❛s ❛s ♦✉tr❛s ♣❛rtí❝✉❧❛s✳

◆❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦✱ ξσ (p) ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ s♣✐♥✱ ❡ ❡s❝r❡✈❡♠♦s ξσ (p) = ξ (p)✳ ❉❡st❡
♠♦❞♦✱ f (pσ,p′σ′) ♣♦❞❡ ❞❡♣❡♥❞❡r ❛♣❡♥❛s ❞♦ ♣r♦❞✉t♦ σ ·σ′✱ ♦♥❞❡ σi é ✉♠❛ ♠❛tr✐③ ❞❡ P❛✉❧✐✱ ❡ t❡♠♦s ❞❡ ❢♦r♠❛ ❣❡r❛❧
q✉❡ ❬✶✷✻✱ ✶✷✼❪

f (pσ,p′σ′) = fs
pp′ + fa

pp′σ · σ′, ✭✹✳✻✮

♦♥❞❡ ❛ ✐♥t❡r❛çã♦ ♣❛ss❛ ❛ t❡r ✉♠❛ ♣❛rt❡ s✐♠étr✐❝❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ s♣✐♥ ❡ ❞❡♥♦t❛❞❛ ♣♦r s✱ ❡ ✉♠❛ ❛♥t✐✲s✐♠étr✐❝❛✱
q✉❡ ❞❡♣❡♥❞❡ ❞♦ s♣✐♥ ❡ é ❞❡♥♦t❛❞❛ ♣♦r a✳ ◆❛ ♣rát✐❝❛✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❢❡♥ô♠❡♥♦s ♣ró①✐♠♦s ❞❛ s✉♣❡r❢í❝✐❡
❞❡ ❋❡r♠✐ ❞❡ t❛❧ ♠♦❞♦ q✉❡ |p| = |p′| = kF ✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡✱ ♣❛r❛ ✉♠ s✐st❡♠❛ ✐s♦tró♣✐❝♦✱ f (pσ,p′σ′) ❞❡♣❡♥❞❡
❛♣❡♥❛s ❞♦ â♥❣✉❧♦ θ ❡♥tr❡ p ❡ p′✱ p · p′ = k2

F ❝♦s [θ]✳ ➱ út✐❧ tr❛♥s❢♦r♠❛r♠♦s fs,a ❡♠ q✉❛♥t✐❞❛❞❡s ❛❞✐♠❡♥s✐♦♥❛✐s✱
❢❛③❡♥❞♦ F s,a = ρ⋆ (εF ) fs,a✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ F s,a só ❞❡♣❡♥❞❡♠ ❞❡ ❝♦s [θ]✱ é ❝♦♥✈❡♥✐❡♥t❡ ❡①♣❛♥❞✐✲❧♦s ♥❛ ❜❛s❡ ❞♦s
♣♦❧✐♥ô♠✐♦s ❞❡ ▲❡❣❡♥❞r❡ ❬✼✵❪ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

F s,a (❝♦s [θ]) =

∞
∑

l=0

(2l + 1)F s,a
l Pl (❝♦s [θ]) . ✭✹✳✼✮

❖s ❝♦❡✜❝✐❡♥t❡s F s,a
l sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♣❛râ♠❡tr♦s ❞❡ ▲❛♥❞❛✉ ❡ sã♦ ❝❛❧❝✉❧❛❞♦s ❡♠ t❡r♠♦s ❞❡ F s,a ❛tr❛✈és ❞❛ r❡❧❛✲

çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❡❣❡♥❞r❡ ❬✶✷✽❪✳ P❛r❛ ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s✱ ❣❡r❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛♠♦s ❛♣❡♥❛s
♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❞❡st❛ sér✐❡✱ ♣♦✐s ♦s t❡r♠♦s ❝♦♠ l ≥ 2 sã♦ ❞✐❢í❝❡✐s ❞❡ s❡r❡♠ ♦❜t✐❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳

❖ ❣r❛♥❞❡ tr✉♥❢♦ ❞❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❡stá ❡♠ ❥✉st❛♠❡♥t❡ ♣❛r❛♠❡tr✐③❛r ❛ ✐♥t❡r❛çã♦ ❡♥tr❡
❛s q✉❛s✐♣❛rtí❝✉❧❛s ❡♠ t❡r♠♦s ❞❡ ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡ ♣❛râ♠❡tr♦s✳ ❙ã♦ ❡st❡s ♣❛râ♠❡tr♦s ❞❡ ▲❛♥❞❛✉ q✉❡ ❞❡s❝r❡✲
✈❡♠ ❛ ♣♦❧❛r✐③❛çã♦ ❞♦ ♠❡✐♦ ❞❡✈✐❞♦ à ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s✱ ♣♦rt❛♥t♦ ❞❡s❝r❡✈❡♥❞♦ ❛ r❡♥♦r♠❛❧✐③❛çã♦ ❞❛
t❡♦r✐❛ ❧✐✈r❡ ♦r✐❣✐♥❛❧✳ ◆❛ ❚❛❜✳ ✭✹✳✶✮✱ ❧✐st❛♠♦s ❝♦♠♦ ❡st❡s ♣❛râ♠❡tr♦s ❞❡ ▲❛♥❞❛✉ r❡❧❛❝✐♦♥❛♠✲s❡ ❝♦♠ ❛s q✉❛♥t✐❞❛❞❡s
r❡♥♦r♠❛❧✐③❛❞❛s ❡♠ ✉♠ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✳

❉❡st❡ ♠♦❞♦✱ ❛ t❡♦r✐❛ ❞❡ ▲❛♥❞❛✉ é ✉♠❛ t❡♦r✐❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ q✉❡ ✐♥tr♦❞✉③ ✉♠ ♣❛râ♠❡tr♦✱ m⋆✱ ♣❛r❛ ♦ ❡s♣❡❝tr♦
❞❡ ❡①❝✐t❛çã♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛✱ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s✱ F s,a✱ ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❞✉❛s q✉❛s✐♣❛rtí❝✉❧❛s✳
❊st❡s ♣❛râ♠❡tr♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❛tr❛✈és ❞❡ ❡①♣❡r✐♠❡♥t♦s ♦✉ ❛tr❛✈és ❞❡ ❝á❧❝✉❧♦s ❡♠ ♠♦❞❡❧♦s ♠✐❝r♦s❝ó♣✐❝♦s
❬✽✺✱ ✶✷✻✱ ✶✷✼✱ ✶✸✷❪✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❣♦st❛rí❛♠♦s ❞❡ ❡st✉❞❛r ♦ r❡❣✐♠❡ ❞❡ ✈❛❧✐❞❛❞❡ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛✳ ❆ q✉❡stã♦ ❢✉♥❞❛♠❡♥t❛❧
é s❛❜❡r s❡ ❤á ✉♠ r❡❣✐♠❡ ♥♦ q✉❛❧ ❡ss❛s q✉❛s✐♣❛rtí❝✉❧❛s ❢♦r♥❡❝❡♠ ✉♠❛ ❞❡s❝r✐çã♦ út✐❧ ❞♦ s✐st❡♠❛ ♦✉ s❡ ❡❧❛s ❞❡❝❛❡♠ tã♦
r❛♣✐❞❛♠❡♥t❡ ♣❛r❛ ❡st❛❞♦s ♠❛✐s ❝♦♠♣❧✐❝❛❞♦s q✉❡ sã♦ ❞❡ ♣♦✉❝♦ ✉s♦ ♣rát✐❝♦✳ ❖ q✉❡ ❢❛r❡♠♦s ❛q✉✐ é ❞❛r ✉♠ ❛r❣✉♠❡♥t♦
❤❡✉ríst✐❝♦ r❡t✐r❛❞♦ ❞❛ ❘❡❢✳ ❬✶✷✻❪✳ ❯♠ ❝á❧❝✉❧♦ ♠❛✐s ❞❡t❛❧❤❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ❘❡❢✳ ❬✽✺❪✳

❖ ♣r♦❝❡ss♦ q✉❡ ❜✉s❝❛♠♦s ❞❡s❝r❡✈❡r é ♦ ❞❡❝❛✐♠❡♥t♦ ❞❡ ✉♠❛ q✉❛s✐♣❛rtí❝✉❧❛ ❡♠ ♦✉tr❛s ❞✉❛s q✉❛s✐♣❛rtí❝✉❧❛s ❡ ♠❛✐s
✉♠ q✉❛s✐❜✉r❛❝♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✹✳✶✮✳ ❊st❡ ♣r♦❝❡ss♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♥❛ ❢♦r♠❛ α → β̄ + γ + δ✱ ♦ q✉❡ é

✺✼
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❋✐❣✉r❛ ✹✳✶✿ ◗✉❛s✐♣❛rtí❝✉❧❛ ❞❡ ❡♥❡r❣✐❛ ξα ❞❡❝❛✐♥❞♦ ❡♠ ♦✉tr❛s ❞✉❛s q✉❛s✐♣❛rtí❝✉❧❛s ❞❡ ❡♥❡r❣✐❛s ξγ ❡ ξδ ♠❛✐s ✉♠
q✉❛s✐❜✉r❛❝♦ ❞❡ ❡♥❡r❣✐❛ ξβ ✳ ❚♦❞❛s ❛s ❡♥❡r❣✐❛s sã♦ ♠❡❞✐❞❛s ❝♦♠ r❡s♣❡✐t♦ à ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ εF ✳

❡q✉✐✈❛❧❡♥t❡ ❛ α + β → γ + δ✱ ✉♠❛ ✈❡③ q✉❡ ❝r✐❛r ✉♠ ❜✉r❛❝♦ ♥♦ ❡st❛❞♦ β̄ é ♦ ♠❡s♠♦ q✉❡ ❞❡str✉✐r ✉♠❛ ♣❛rtí❝✉❧❛ ♥♦
❡st❛❞♦ β✳ ❆ t❛①❛ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡st❡ ♣r♦❝❡ss♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣❡❧❛ r❡❣r❛ ❞❡ ♦✉r♦ ❞❡ ❋❡r♠✐ ❬✼✽❪

1

τ
= 2π

∑

β,γ,δ

1

2
|〈γδ|V |αβ〉|2 δ (ξα + ξβ − ξγ − ξδ) , ✭✹✳✽✮

♦♥❞❡ 〈γδ|V |αβ〉 ❞❡s❝r❡✈❡ ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♣r♦❝❡ss♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✹✳✶✮ ❡ ❛ ❢✉♥çã♦ ❞❡❧t❛ ✐♠♣õ❡ ❛ ❝♦♥s❡r✈❛çã♦ ❞❡
❡♥❡r❣✐❛ ξα = |ξβ |+ξγ +ξδ✳ ❈♦♠♦ ❛s ❡♥❡r❣✐❛s sã♦ ♠❡❞✐❞❛s ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✱ t❡♠♦s q✉❡ ξα✱ ξδ ❡ ξγ > 0 ❡
q✉❡ ξβ < 0✱ ❞♦♥❞❡ ✈❡♠♦s q✉❡ ♥❡♥❤✉♠❛ ❞❛s três ❡♥❡r❣✐❛s |ξβ |✱ ξγ ❡ ξδ ♣♦❞❡ s❡r ♠❛✐♦r q✉❡ ξα✳ ❙❡♥❞♦ ρ⋆ (ξ) ❛ ❞❡♥s✐❞❛❞❡
❞❡ ❡st❛❞♦s ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ❡ ❞❡✜♥✐♥❞♦ ♦s ✈❛❧♦r❡s ♠á①✐♠♦s ❞❡ ρ⋆ (ξ) ❡ 〈γδ|V |αβ〉 ♣❛r❛ 0 < |ξβ | , ξγ , ξδ < ξα ❝♦♠♦
ρ⋆

max ❡ Vmax✱ ♦❜t❡♠♦s

1

τ
= π

ˆ ∞

0

dξγ

ˆ ∞

0

dξδ

ˆ −∞

0

dξβ ρ
⋆ (ξγ) ρ⋆ (ξδ) ρ

⋆ (ξβ) |〈γδ|V |αβ〉|2 δ (ξα + ξβ − ξγ − ξδ)

= π

ˆ ξα

0

dξγ

ˆ ξα

0

dξδ ρ
⋆ (ξγ) ρ⋆ (ξδ) ρ

⋆ (ξγ + ξδ − ξα) |〈γδ|V |αβ〉|2

≤ πV 2
max (ρ⋆

max)
3
ξ2α. ✭✹✳✾✮

❉❡st❡ ♠♦❞♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ✈❛❧♦r ❞❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❡ ❝♦♥s✐❞❡r❛♥❞♦
q✉❡ ❛♠❜♦s ♣❡r♠❛♥❡ç❛♠ ✜♥✐t♦s✱ t❡♠♦s q✉❡ ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ q✉❛s✐♣❛rtí❝✉❧❛ τ−1 s❡rá s❡♠♣r❡ ❧✐♠✐t❛❞❛ ♣♦r
✉♠❛ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛❞❛ ♣❡❧♦ q✉❛❞r❛❞♦ ❞❡ s✉❛ ❡♥❡r❣✐❛✳ ❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❛ ✉♠ q✉❛s✐✲
❜✉r❛❝♦✱ ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ t❡♠♣♦ ❞❡ ✈✐❞❛ τ ❞❡ ✉♠❛ ❡①❝✐t❛çã♦ ❡♠ ✉♠ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ❛✉♠❡♥t❛ ❛♦ ♥♦s
❛♣r♦①✐♠❛r♠♦s ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✳ ❆ss✐♠✱ ✉♠ s✐st❡♠❛ ❢❡r♠✐ô♥✐❝♦ ❢♦rt❡♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ s❡♠♣r❡ ♣♦ss✉✐rá ✉♠❛
r❡❣✐ã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✱ ♦♥❞❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s ♣♦ss✉❡♠ ✉♠❛ ✈✐❞❛ ♠é❞✐❛ ❧♦♥❣❛ ❡
sã♦ ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❛♣r♦♣r✐❛❞♦s ♣❛r❛ tr❛t❛r♠♦s ♦ s✐st❡♠❛✳

❖s ❡❢❡✐t♦s ❞❡ t❡♠♣❡r❛t✉r❛ t❛♠❜é♠ ♣♦❞❡♠ s❡r ✐♥❝❧✉í❞♦s ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❬✽✺❪✱ ❡ ✉♠❛ ❡①♣r❡ssã♦ ♠❛✐s ❣❡r❛❧ ♣❛r❛
❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s é ❞❛❞❛ ♣♦r

1

τ (ε, T )
= C

[

π2 (kBT )
2

+ (ε− εF )
2
]

, ✭✹✳✶✵✮

♦♥❞❡ C é ✉♠❛ q✉❛♥t✐❞❛❞❡ q✉❡ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞❛s ✐♥t❡r❛çõ❡s ❡ ❞♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦✳

✹✳✶✳✷ ❊①❡♠♣❧♦✿ ❈❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt

❈♦♠♦ ❝♦♠❡♥t❛♠♦s ❛❝✐♠❛✱ é ♥❡❝❡ssár✐❛ ✉♠❛ t❡♦r✐❛ ♠✐❝r♦s❝ó♣✐❝❛ ♣❛r❛ q✉❡ s❡ ♣♦ss❛♠ ❝❛❧❝✉❧❛r ♦s ♣❛râ♠❡tr♦s ❞❡
▲❛♥❞❛✉ ❡♠ t❡r♠♦s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ♦r✐❣✐♥❛❧✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ t❛❧ ❝á❧❝✉❧♦ é ❛ s♦❧✉çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡

✺✽
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❍✉❜❜❛r❞ ❧✐♠♣♦ ✭❊q✳ ✭✷✳✻✷✮✮ ❞❡♥tr♦ ❞♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt✱ s❡çã♦
✭✸✳✷✳✶✮✳ ◆❡ss❛ ❛❜♦r❞❛❣❡♠✱ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞♦s ❡❧étr♦♥s é m⋆ = m/Z0✱ ♦♥❞❡ Z0 é ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❡
Z0 = 1−u2✱ ❝♦♠ u = U/Uc✱ ❊q✳ ✭✸✳✸✸✮✳ ❖ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ Uc ✭❊q✳ ✭✸✳✸✵✮✮✱ ♣❛r❛ ♦ q✉❛❧ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲
✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❬✸✵❪ ♦❝♦rr❡✱ é ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s s❡
❧♦❝❛❧✐③❛♠✱ tr❛♥s❢♦r♠❛♥❞♦✲s❡ ❡♠ ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s✳ ❈❛❧❝✉❧❛♠♦s ✈ár✐❛s ❢✉♥çõ❡s r❡s♣♦st❛s ❞♦ s✐st❡♠❛
❝♦rr❡❧❛❝✐♦♥❛❞♦ ❞❡♥tr♦ ❞❡st❡ ❝❡♥ár✐♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛✱ ❊q✳ ✭✸✳✷✺✮

χ−1 =
1

µ2
Bρ

⋆ (εF )

[

1− ρ (εF )Uc

2

[

1− 1

(1 + u)
2

]]

, ✭✹✳✶✶✮

♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❙♦♠♠❡r❢❡❧❞ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ❊q✳ ✭✸✳✷✻✮

γ =
k2

Bπ
2

3
ρ⋆ (εF ) , ✭✹✳✶✷✮

❡ ❛ ❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡

κ−1 =
n2

ρ⋆ (εF )

(

1 +
Ucρ (εF )

2

[

1

(1− u)2
− 1

])

, ✭✹✳✶✸✮

♦♥❞❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❡❢❡t✐✈❛ ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ é

ρ⋆ (εF ) =
ρ (εF )

1− u2
. ✭✹✳✶✹✮

❆❣♦r❛✱ é ❛♣❡♥❛s ✉♠❛ q✉❡stã♦ ❞❡ ❝♦♠♣❛r❛r♠♦s ❛s ❊qs✳ ✭✹✳✶✶✮✲✭✹✳✶✹✮ ❝♦♠ ❛ ❚❛❜✳ ✭✹✳✶✮ ♣❛r❛ ♦❜t❡r♠♦s ✉♠❛ ❢♦r♠❛
♠✐❝r♦s❝ó♣✐❝❛ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ▲❛♥❞❛✉

m⋆

m
=

1

Z0
=

1

1− u2
, ✭✹✳✶✺✮

F a
0 = −p

(

1− 1

(1 + u)
2

)

, ✭✹✳✶✻✮

F s
0 = p

(

1

(1− u)2
− 1

)

, ✭✹✳✶✼✮

♦♥❞❡ ❞❡✜♥✐♠♦s

p =
Ucρ (εF )

2
. ✭✹✳✶✽✮

❯♠❛ ❛♣❧✐❝❛çã♦ ✐♥t❡r❡ss❛♥t❡ ❞❡st❡ ❢♦r♠❛❧✐s♠♦ é ❞✐s❝✉t✐❞❛ ♥❛ ❘❡❢✳ ❬✶✵✸❪✱ ♦♥❞❡ ♦ ❛✉t♦r ❡st✉❞❛ ❛s ♣r♦♣r✐❡❞❛❞❡s
❡stát✐❝❛s ❞♦ ❡st❛❞♦ ♥♦r♠❛❧ ❞♦ ❍❡3 ❧íq✉✐❞♦ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❡ s❡✉ ♣♦♥t♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦ ❡ ♦❜té♠ ✉♠ ót✐♠♦ ❛❝♦r❞♦
q✉❛♥t✐t❛t✐✈♦ ❝♦♠ ♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳

✹✳✷ ❈♦♥❞✉t✐✈✐❞❛❞❡ ❡♠ s✐st❡♠❛s ♠❡tá❧✐❝♦s

❆ ❝♦♥❞✉t✐✈✐❞❛❞❡ σ é ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ❜ás✐❝❛s ❞❡ ✉♠ só❧✐❞♦✱ ♣♦✐s r❡❧❛❝✐♦♥❛ ❛ ❝♦rr❡♥t❡ j q✉❡ é ♥❡❧❡ ✐♥❞✉③✐❞❛
❞❡✈✐❞♦ à ❛♣❧✐❝❛çã♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡❧étr✐❝♦ ❡①t❡r♥♦ E✱ j = σE✳ ❆ ✐❞❡✐❛ ❜ás✐❝❛ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡
❡❧❡trô♥✐❝❛ ❡stá ❝♦♥t✐❞❛ ♥♦ ♠♦❞❡❧♦ ❞❡ ❉r✉❞❡ ❬✸❪ q✉❡✱ ♠❡s♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❛♥t❡s ❞♦ ❛❞✈❡♥t♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛✱
❧❛♥ç❛ ♠ã♦ ❞❡ ♠✉✐t♦s ❞♦s ❝♦♥❝❡✐t♦s ♣r❡s❡♥t❡s ♥❛s t❡♦r✐❛s ♠♦❞❡r♥❛s ❞❡ tr❛♥s♣♦rt❡✳ ❉r✉❞❡ ✉t✐❧✐③♦✉✱ ♣♦r ❡①❡♠♣❧♦✱ ♦
❝♦♥❝❡✐t♦ ❞❡ ❧✐✈r❡ ❝❛♠✐♥❤♦ ♠é❞✐♦ ♣❛r❛ ♦ ❡❧étr♦♥✱ q✉❡ é ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ l ♣❡r❝♦rr✐❞❛ ❡♥tr❡ ❡s♣❛❧❤❛♠❡♥t♦s✳ ❖ t❡♠♣♦
❝❛r❛❝t❡ríst✐❝♦ ❡♥tr❡ ❡ss❡s ❡✈❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ é ❝❤❛♠❛❞♦ ❞❡ t❡♠♣♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ tr❛♥s♣♦rt❡ τtr✱ q✉❡ s❡
r❡❧❛❝✐♦♥❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❝♦♠ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡

σ =
ne2

m
τtr, ✭✹✳✶✾✮

✺✾
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♦♥❞❡ n é ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛✱ m é ❛ ♠❛ss❛ ❞♦ ❡❧étr♦♥ ❡ −e é ❛ ❝❛r❣❛ ❞♦ ❡❧étr♦♥✳ P❛r❛ ✉♠ ❣ás ❞❡ ❋❡r♠✐✱ ❝✉❥❛
✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞♦s ❡❧étr♦♥s é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐ vF ✱ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r l ❡ τtr s✐♠♣❧❡s♠❡♥t❡ ❝♦♠♦

l = vF τtr. ✭✹✳✷✵✮

❯♠ ❜♦♠ ❝♦♥❞✉t♦r é ❛q✉❡❧❡ ♥♦ q✉❛❧ ❡ss❡ ❧✐✈r❡ ❝❛♠✐♥❤♦ ♠é❞✐♦ é ♠✉✐t♦ ♠❛✐♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞♦s ❡❧étr♦♥s
♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ λF = 2π~/kF ✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡✱ ❡♥tr❡ ❛s ❝♦❧✐sõ❡s✱ ♦s ❡❧étr♦♥s s❡ ♠♦✈❛♠ ❝♦♠♦ ♣❛rtí❝✉❧❛s ❧✐✈r❡s
❡ ♣♦ss❛♠ s❡r ❞❡s❝r✐t♦s ♣♦r ✉♠❛ ❞✐♥â♠✐❝❛ s❡♠✐❝❧áss✐❝❛✳ P❛r❛ ♠❡t❛✐s ♣✉r♦s✱ ♦ ❧✐✈r❡ ❝❛♠✐♥❤♦ ♠é❞✐♦ é ♣❡❧♦ ♠❡♥♦s
❞❛ ♦r❞❡♠ ❞❡ 103➴✱ ♦✉ s❡❥❛✱ ❝❡r❝❛ ❞❡ ♠✐❧ ✈❡③❡s ♠❛✐♦r ❞♦ q✉❡ ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ♦s í♦♥s ❬✸❪✳ ❉❡st❡ ♠♦❞♦✱ s❡
❞✐✈✐❞✐r♠♦s l ♣♦r λF ✱ q✉❡ ♣♦r s✉❛ ✈❡③ é ❞❛ ♦r❞❡♠ ❞♦ ❡s♣❛ç❛♠❡♥t♦ ❞❛ r❡❞❡✱ ♦❜t❡♠♦s l/λF & 103✱ ♦ q✉❡ ❡stá ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ ♥♦ss❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❞❡ ❜♦♠ ❝♦♥❞✉t♦r✳

✹✳✷✳✶ ❋♦r♠❛❧✐s♠♦ ❞❡ ❑✉❜♦

P❛r❛ q✉❡ ❛ ❞❡s❝r✐çã♦ ❞♦ tr❛♥s♣♦rt❡ ✜q✉❡ ❝♦♠♣❧❡t❛✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ t❡♦r✐❛ ♠✐❝r♦s❝ó♣✐❝❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛
❝♦♥❞✉t✐✈✐❞❛❞❡✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❞♦ t❡♠♣♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ tr❛♥s♣♦rt❡✳ ❉❡♥tr♦ ❞❡ ✉♠❛ ❞❡s❝r✐çã♦ q✉â♥t✐❝❛✱
j é ✉♠ ♦♣❡r❛❞♦r ❡✱ ❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❢ér♠✐♦♥s ❡♠ ✉♠❛ r❡❞❡✱ ❝❛❧❝✉❧❛r❡♠♦s ❡ss❡ ♦♣❡r❛❞♦r
❝♦rr❡♥t❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❡♠ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛ d ❞✐♠❡♥s✐♦♥❛❧✳ ❙❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❛ ❊q✳ ✭✷✳✻✷✮✱
❛ ❝♦♠♣♦♥❡♥t❡ x ❞♦ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡ é ❞❛❞❛ ♣♦r ❬✻✵❪

jx = −it
∑

σ

c†j,σ (cj+x̂,σ − cj,σ) , ✭✹✳✷✶✮

♦✉ ♥♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r
jx (q) = −2t

∑

k,σ

s✐♥ [kx] c†k,σck+q,σ. ✭✹✳✷✷✮

◆♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ✈❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡ ❝♦♠✉t❛ ❝♦♠ H0 ❡ é ✉♠❛ ❝♦♥st❛♥t❡ ❞♦ ♠♦✈✐♠❡♥t♦✱
✐♠♣❧✐❝❛♥❞♦ q✉❡ ❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛ ♥ã♦ ❞❡❝❛✐✳ ❖ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛✱ ❣❡r❛♥❞♦ ✉♠❛ r❡s✐st✐✈✐❞❛❞❡ ✜♥✐t❛
♥♦ s✐st❡♠❛✱ ♣♦ss✉✐ ❞✉❛s ❢♦♥t❡s ♣r✐♥❝✐♣❛✐s✿

❼ ❉❡s♦r❞❡♠ ✲ q✉❡ ❝❛✉s❛ ✉♠❛ q✉❡❜r❛ ❞❛ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ❝r✐st❛❧❀

❼ ■♥t❡r❛çõ❡s ✲ ❡♥tr❡ ❡❧étr♦♥s ❡ ❢ô♥♦♥s ❡ ❡♥tr❡ ♦s ♣ró♣r✐♦s ❡❧étr♦♥s✱ q✉❡ ❢❛③ ❝♦♠ q✉❡ ♦s ❛♥t✐❣♦s ❛✉t♦❡st❛❞♦s ❞❡
♠♦♠❡♥t♦ ❛❣♦r❛ ♣♦ss✉❛♠ ✉♠❛ ♠❡✐❛✲✈✐❞❛ ✜♥✐t❛ τ ✳

❱♦❧t❛♥❞♦ ❛♦ ❝á❧❝✉❧♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡✱ s✉❛ ❡①♣r❡ssã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❑✉❜♦ ♣❛r❛ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡
❡❧étr✐❝❛ ❬✻✵❪

σ (q, ω) =
i

ω

[

Πr❡t (q, ω) +
ne2

m

]

. ✭✹✳✷✸✮

❆ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ Π (q, ωn) é ❞❛❞❛ ♣♦r

Π (q, ωn) = − 1

dLd

ˆ β

0

dτeiωnτ 〈Tτ j (τ) · j (0)〉 , ✭✹✳✷✹✮

♦♥❞❡ L é ♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐♥❡❛r ❞♦ s✐st❡♠❛✱ β = 1/T ✱ ωn = (2n+ 1)π/β sã♦ ❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛✱ τ é
♦ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦✱ 〈· · · 〉 ❞❡♥♦t❛ ❛ ♠é❞✐❛ t❡r♠♦❞✐♥â♠✐❝❛ ❡ Tτ é ♦♣❡r❛❞♦r ❞❡ ♦r❞❡♥❛♠❡♥t♦ t❡♠♣♦r❛❧ ♥♦ t❡♠♣♦
✐♠❛❣✐♥ár✐♦✱ s❡♠♣r❡ ❝♦❧♦❝❛♥❞♦ ♦s ♠❡♥♦r❡s t❡♠♣♦s τ à ❞✐r❡✐t❛✳ ❯t✐❧✐③❛♠♦s t❛♠❜é♠ ❛ s✐♠❡tr✐❛ ❝ú❜✐❝❛ ❡♥✈♦❧✈✐❞❛ ♥♦
♣r♦❜❧❡♠❛ ♣❛r❛ ❛♥✉❧❛r♠♦s ♦s ❡❧❡♠❡♥t♦s ♥ã♦ ❞✐❛❣♦♥❛✐s ❞♦ t❡♥s♦r ❞❡ ❝♦♥❞✉t✐✈✐❞❛❞❡✱ ❡ t❛♠❜é♠ ♣❛r❛ ❢❛③❡r♠♦s t♦❞♦s
♦s ❡❧❡♠❡♥t♦s ❞✐❛❣♦♥❛✐s ✐❣✉❛✐s ❛ σ✳ ❆ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ r❡t❛r❞❛❞❛ Πr❡t (q, ω) é ♦❜t✐❞❛ ❛♦ ❢❛③❡r♠♦s ❛ ❝♦♥t✐♥✉❛çã♦
❛♥❛❧ít✐❝❛ iωn → ω + i0+ ♥❛ ❊q✳ ✭✹✳✷✹✮

❆ ❢ór♠✉❧❛ ❞❡ ❑✉❜♦ é ❞❡r✐✈❛❞❛ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r ❬✺✾✱ ✻✵❪ ❡ é✱ ♣♦rt❛♥t♦✱ ❧✐♠✐t❛❞❛ ❛ ❜❛✐①♦s ✈❛❧♦r❡s
❞♦ ❝❛♠♣♦ ❡①t❡r♥♦ ❛♣❧✐❝❛❞♦✳ ❱❡♠♦s q✉❡ ❡❧❛ ♣♦ss✉✐ ❞♦✐s t❡r♠♦s✱ s❡♥❞♦ q✉❡ ♦ ♣r✐♠❡✐r♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ t❡r♠♦
♣❛r❛♠❛❣♥ét✐❝♦ ❡ ♦ s❡❣✉♥❞♦ ❝♦♠♦ t❡r♠♦ ❞✐❛♠❛❣♥ét✐❝♦✳ ❖ ♣❛ss♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞♦ ♥❡st❡ ❝á❧❝✉❧♦ é ❡♥❝♦♥tr❛r♠♦s ♦
✈❛❧♦r ♠é❞✐♦ ♣r❡s❡♥t❡ ♥❛ ❊q✳ ✭✹✳✷✹✮✳ P❡❧❛ ❢♦r♠❛ ❞♦ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡ ♥❛ ❊q✳ ✭✹✳✷✷✮✱ ✈❡♠♦s q✉❡ t❡♠♦s q✉❡ ❛✈❛❧✐❛r

t❡r♠♦s ❞♦ t✐♣♦
〈

Tτ c3c4c
†
1c

†
2

〉

✱ q✉❡ sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❡ ❞♦✐s ❝♦r♣♦s ❬✺✾✱ ✻✵✱ ✶✷✼✱ ✶✸✷❪✳ ❖ ❝á❧❝✉❧♦
❞❡st❡ t❡r♠♦ ♣♦❞❡ s❡r ❢❡✐t♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛tr❛✈és ❞❛ ❡①♣❛♥sã♦ ❞❡st❡ ✈❛❧♦r ♠é❞✐♦ ❡♠ ✉♠❛ sér✐❡ ♣❡rt✉r❜❛t✐✈❛✳ ❊①❝❡t♦
♣❡❧♦ t❡r♠♦ ❞❡ ♦r❞❡♠ ③❡r♦✱ ❡st❛ ❡①♣❛♥sã♦ ❝♦♥té♠ t❡r♠♦s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r r❡❞✉③✐❞♦s ❛ ♣r♦❞✉t♦s ❞❡ ❢✉♥çã♦ ❞❡
●r❡❡♥ ❞❡ ✉♠ ❝♦r♣♦✳ ❚❛✐s t❡r♠♦s sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❝♦rr❡çõ❡s ❞❡ ✈ért✐❝❡✳

✻✵
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✹✳✷✳✷ ❈♦♥❞✉t✐✈✐❞❛❞❡ ❞❡♥tr♦ ❞❛ ❚❡♦r✐❛ ❉✐♥â♠✐❝❛ ❞❡ ❈❛♠♣♦ ▼é❞✐♦

❈♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ✭✷✳✷✳✷✮✱ ❛ ❚❉❈▼ é ✉♠❛ t❡♦r✐❛ q✉❡ ♣♦ss✉✐ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ ❧♦❝❛❧✳ ❊ss❡ ❢❛t♦ s✐♠♣❧✐✜❝❛
❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦ ❝á❧❝✉❧♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡✱ ♣♦✐s✱ ♣❛r❛ ✉♠❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞❡♣❡♥❞❡♥t❡ ❛♣❡♥❛s ❞❛ ❢r❡q✉ê♥❝✐❛
σ (q = 0, ω)✱ t♦❞❛s ❛s ❝♦rr❡çõ❡s ❞❡ ✈ért✐❝❡ ❛♥✉❧❛♠✲s❡ ❡ σ (q = 0, ω) ♣❛ss❛ ❛ ❞❡♣❡♥❞❡r ❛♣❡♥❛s ❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥
❞❡ ✉♠ ❝♦r♣♦ ❬✷✵❪✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛♠❛❣♥ét✐❝❛ ♣❛r❛ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ é ❞❛❞❛ ♣♦r ✭❝♦♥s✐❞❡r❛♥❞♦
t♦❞♦s ♦ ♣ré✲❢❛t♦r❡s ❞✐♠❡♥s✐♦♥❛✐s✮

❘❡σ
(

ω + i0+
)

=
2πσ0D

2

d

ˆ +∞

−∞

dǫN (ǫ)

ˆ +∞

−∞

dν
f (ν)− f (ν + ω)

ω
A (ǫ, ν)A (ǫ, ν + ω) , ✭✹✳✷✺✮

♦♥❞❡ f (ν) é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❋❡r♠✐✲❉✐r❛❝✱ D é ❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛✱ σ0 = e2/2~a✱ a é ♦ ♣❛râ♠❡tr♦ ❞❡ r❡❞❡✱
N (ǫ) é ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞❛ r❡❞❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❡ A (ǫ, ν) é ❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ q✉❡ é ❞❛❞❛ ♣♦r

A (ǫ, ω) = − 1

π
■♠G

(

ǫ, ω + i0+
)

= − 1

π
■♠
(

1

ω + µ− ǫ− Σ (ω) + i0+

)

, ✭✹✳✷✻✮

♦♥❞❡ G é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ❞❡ ✉♠ ❝♦r♣♦✱ ♦❜t✐❞❛ ❛♦ ❝❛❧❝✉❧❛r♠♦s ❛ ❛✉t♦❡♥❡r❣✐❛ ❧♦❝❛❧ Σ (ω)✳
❚❡♠♦s q✉❡ s❛❧✐❡♥t❛r q✉❡ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞✐❛♠❛❣♥ét✐❝❛ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ é ❛ ❛♥✉❧❛❞❛ ♣❡❧❛ ❞✐✈❡r❣ê♥❝✐❛ ❝♦♠ 1/ω ❞❛

❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ ❝♦rr❡♥t❡✲❝♦rr❡♥t❡ ❬✷✵❪✳ P♦❞❡♠♦s s✐♠♣❧✐✜❝❛r ❛ ❊q✳ ✭✹✳✷✺✮ ❛✐♥❞❛ ♠❛✐s ✉♠ ♣♦✉❝♦ ❛♦ t♦♠❛r♠♦s ♦
❧✐♠✐t❡ ω → 0 ♣❛r❛ ♦❜t❡r♠♦s ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❉❈

❘❡σ (ω = 0) = σ❞❝ =
2πσ0D

2

d

ˆ +∞

−∞

dǫN (ǫ)

ˆ +∞

−∞

dν

(

−∂f (ν)

∂ν

)

A2 (ǫ, ν) . ✭✹✳✷✼✮

❈♦♠♦ ✉♠ ❡①❡♠♣❧♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡st❡ ❢♦r♠❛❧✐s♠♦✱ ❡st✉❞❛r❡♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡ s✐st❡♠❛s ❢♦rt❡✲
♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ❬✶✸✸❪✳ P❛r❛ t❡♠♣❡r❛t✉r❛s ❡ ❢r❡q✉ê♥❝✐❛s ♠❡♥♦r❡s ❞♦ q✉❡ ✉♠❛ t❡♠♣❡✲
r❛t✉r❛ ❞❡ ❝♦❡rê♥❝✐❛ T ⋆✱ ❛ ❛✉t♦❡♥❡r❣✐❛ ❞❡♥tr♦ ❞❡ ❚❉❈▼ ❛ss✉♠❡ ✉♠❛ ❢♦r♠❛ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ❧♦❝❛❧ ❬✻✻✱ ✻✼❪

Σ (ω) = ω

(

1− 1

Z

)

− iC
(

ω2 + (πkBT )
2
)

. ✭✹✳✷✽✮

❆q✉✐✱ Z é ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ q✉❡✱ ❛ss✐♠ ❝♦♠♦ ❛q✉❡❧❡ ❞❡✜♥✐❞♦ ♥❛ ❊q✳ ✭✹✳✶✺✮✱ r❡♥♦r♠❛❧✐③❛ ❛ ♠❛ss❛ ❞❛s
q✉❛s✐♣❛rtí❝✉❧❛s✷✳ ❆ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❛✉t♦❡♥❡r❣✐❛ ❡stá ❛ss♦❝✐❛❞❛ à t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s✱ ♣♦r
✐ss♦ ♣♦ss✉✐ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛ ❊q✳ ✭✹✳✶✵✮✱ ♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛
❝♦♥s✐❞❡r❛❞❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❡ ❞❛s ✐♥t❡r❛çõ❡s✳ ❆ t❡♠♣❡r❛t✉r❛ ❞❡ ❝♦❡rê♥❝✐❛ é T ⋆ = ZTF ✱ ♦♥❞❡ TF é ❛ t❡♠♣❡r❛t✉r❛ ❞❡
❋❡r♠✐ ❞♦ s✐st❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳

❈♦♠ ❡st❛ ❛✉t♦❡♥❡r❣✐❛ ❡♠ ♠ã♦s✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ A (ǫ, ω)✳ ❱❛♠♦s ❧✐♠✐t❛r ♦ ♥♦ss♦ ❡st✉❞♦ ❛
❜❛✐①❛s ❡♥❡r❣✐❛s ❡ t❡♠♣❡r❛t✉r❛s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❛✉t♦❡♥❡r❣✐❛ ∆ = −■♠ [Σ]
s❡❥❛ ♣❡q✉❡♥❛ ∆→ 0✳ ❊st❛ q✉❛♥t✐❞❛❞❡ ∆ ❝♦❞✐✜❝❛ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ❡❧étr♦♥✲❡❧étr♦♥ ♣r❡s❡♥t❡ ♥♦ ♣r♦❜❧❡♠❛✱ ❡
t♦♠❛r ∆→ 0 s✐❣♥✐✜❝❛ q✉❡ ❝❛❧❝✉❧❛♠♦s ♦ t❡r♠♦ ❞♦♠✐♥❛♥t❡ ♥❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞❡✈✐❞♦ ❛ ❡ss❡ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦✳
❉❛ ❊q✳ ✭✹✳✷✻✮ t❡♠♦s q✉❡

lim
∆→0

A (ǫ, ω) =
1

π
lim
∆→0

(

∆

Ω2 + ∆2

)

= δ (Ω) , ✭✹✳✷✾✮

♦♥❞❡ Ω (ω) = ω+µ−ǫ−❘❡ [Σ (ω)]✳ ❊st❛ r❡s♣♦st❛ é r❛③♦á✈❡❧✱ ♣♦✐s s❡ ∆ = 0✱ r❡❝✉♣❡r❛♠♦s ❛ ❢♦r♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❛
❢✉♥çã♦ ❡s♣❡❝tr❛❧✱ ✉♠❛ ✈❡③ q✉❡ t✉❞♦ q✉❡ ❛✉t♦❡♥❡r❣✐❛ ❢❛③ ❛❣♦r❛ é r❡♥♦r♠❛❧✐③❛r ♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛✳ ■ss♦ ❛✐♥❞❛ ♥ã♦ é
s✉✜❝✐❡♥t❡✱ ♣♦✐s ♣r❡❝✐s❛♠♦s ❛✈❛❧✐❛r A2 (ǫ, ω)✱ q✉❡✱ ♣❡❧❛ ♥♦ss❛ ❞✐s❝✉ssã♦ ❛♥t❡r✐♦r✱ ♣❛r❡❝❡ ✐r ❝♦♠ ♦ q✉❛❞r❛❞♦ ❞❛ ❢✉♥çã♦
❞❡❧t❛✳ ❈❡rt❛♠❡♥t❡✱ A2 (ǫ, ω) ❞❡✈❡ ❞✐✈❡r❣✐r ♣❛r❛ ∆→ 0✱ ✉♠❛ ✈❡③ q✉❡ ♣r❡❝✐s❛♠♦s r❡❝✉♣❡r❛r ♦ r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦ ❞❡
q✉❡✱ ❛ T = 0✱ ✉♠ ♠❡t❛❧ ♣❡r❢❡✐t♦ ♣♦ss✉✐ ❝♦♥❞✉t✐✈✐❞❛❞❡ ✐♥✜♥✐t❛✳ ❖ q✉❡ ♣r❡❝✐s❛♠♦s é ❞❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ tr❛t❛r♠♦s

✷P❛r❛ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛ Σ(ω) ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♠♦♠❡♥t♦ k✱ t❡♠♦s✱ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ q✉❡

m⋆

m
=

1

Z
= 1 −

∂

∂ω
❘❡Σ

`

ω + i0+
´

˛

˛

ω=0
.

✻✶



❈❆P❮❚❯▲❖ ✹✳ ❖❙❈■▲❆➬Õ❊❙ ◗❯➶◆❚■❈❆❙ ❊▼ ▼❊❚❆■❙ ❋❖❘❚❊▼❊◆❚❊ ❈❖❘❘❊▲❆❈■❖◆❆❉❖❙

❡ss❛ ❞✐✈❡r❣ê♥❝✐❛ ❬✻✵❪✱ ♦ q✉❡ ♥♦s é ❞❛❞♦ ❛♦ ❝♦♥s✐❞❡r❛♠♦s ❛s s❡❣✉✐♥t❡s ✐♥t❡❣r❛✐s

ˆ +∞

−∞

dΩ

π

∆

Ω2 + ∆2
= 1, ✭✹✳✸✵✮

ˆ +∞

−∞

dΩ

π

(

∆

Ω2 + ∆2

)2

=
1

2∆
. ✭✹✳✸✶✮

❆ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ ✭❊q✳ ✭✹✳✸✵✮✮ ♣♦ss✉✐ ♦ ❧✐♠✐t❡ ❝♦rr❡t♦✱ ❞❛❞♦ q✉❡ ❡❧❛ r❡♣r♦❞✉③ ❛ ❊q✳ ✭✹✳✷✾✮✳ ❏á ❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧
✭❊q✳ ✭✹✳✸✶✮✮ s✉❣❡r❡ ❛ s❡❣✉✐♥t❡ ❡q✉✐✈❛❧ê♥❝✐❛

lim
∆→0

A2 (ǫ, ω) =
1

π2
lim
∆→0

(

∆

Ω2 + ∆2

)2

=
δ (Ω)

2π∆
, ✭✹✳✸✷✮

q✉❡ ♥♦s ❢♦r♥❡❝❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡s♣❡r❛❞♦ ♣❛r❛ ∆→ 0✳
❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✹✳✸✷✮✱ r❡❛❧✐③❛♠♦s ❛ tr♦❝❛ A2 (ǫ, ω)→ δ (Ω) /2π∆ ♥❛ ❊q✳ ✭✹✳✸✺✮✱ ♦ q✉❡ ♥♦s ❞á

σ❞❝ (T ) =
2πσ0D

2

d

1

2πC

ˆ +∞

−∞

dωN
(ω

Z

)

(

−∂f (ω)

∂ω

)

1

ω2 + (πkBT )
2 . ✭✹✳✸✸✮

❋❛③❡♥❞♦ ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s x = ω/kBT ❡ ❝❛❧❝✉❧❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❛ T = 0✱ ✉♠❛ ✈❡③ q✉❡ ❝♦rr❡çõ❡s ❡♠
T ❣❡r❛r✐❛♠ t❡r♠♦s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r✱ ❝❤❡❣❛♠♦s ❛

σ❞❝ (T ) =
σ0D

2

d

I0N (εF )

C

1

k2
BT

2
, ✭✹✳✸✹✮

♦♥❞❡ I0 =
´ +∞

−∞
ex/

(

x2 + π2
)

(1 + ex)
2 ≃ 1/12 ❡ N (εF ) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞❛ r❡❞❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ❝❛❧❝✉❧❛❞❛

♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✳ ❈♦♠♦ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞✐✈❡r❣❡ ❡♠ T = 0✱ ♣♦❞❡ s❡r ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r♠♦s ❝♦♠ s✉❛
✐♥✈❡rs❛✱ ❛ r❡s✐st✐✈✐❞❛❞❡ ρ (T ) = 1/σ❞❝ (T )

ρ (T ) =
Cd

σ0D2I0N (εF )
k2

BT
2. ✭✹✳✸✺✮

❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ✭❡♠ q✉❡ ρ (T ) = ρ0 + AT 2✱ ♣❛r❛ T → 0✮ é ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ♠❡t❛✐s
❝✉❥♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦♠✐♥❛♥t❡ é ❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❡❧étr♦♥ ❡ é ♦❜s❡r✈❛❞♦ ❡♠ ♠❡t❛✐s ❞❡ tr❛♥s✐çã♦
❬✶✶✾❪✱ ❢ér♠✐♦♥s ♣❡s❛❞♦s ❬✾✵❪ ❡ ✈ár✐♦s ❝♦♥❞✉t♦r❡s ♦r❣â♥✐❝♦s ❬✾✽✱ ✶✵✷✱ ✶✸✹❪✳

✹✳✸ ■♠♣✉r❡③❛s ❡♠ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✿ s♦❧✉çã♦ ❛♥❛❧í✲

t✐❝❛

■♥✈❡st✐❣❛♠♦s ❛❣♦r❛ ♦s ❡❢❡✐t♦s ❞❡ ✐♠♣✉r❡③❛s rí❣✐❞❛s ❡ ♥ã♦ ♠❛❣♥ét✐❝❛s ❝♦❧♦❝❛❞❛s ❡♠ ✉♠ ♠❡t❛❧ ♣❛r❛♠❛❣♥ét✐❝♦ ❢♦rt❡✲
♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳ ❖ ♠❡t❛❧ é ❞❡s❝r✐t♦ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❑♦t❧✐❛r✲
❘✉❝❦❡♥st❡✐♥ ❬✻✺❪✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❇r✐♥❦♠❛♥✲❘✐❝❡ ❬✸✺❪✳ ◆ã♦ só r❡s♦❧✈❡♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦
❛ss♦❝✐❛❞❛s ♥✉♠❡r✐❝❛♠❡♥t❡✱ ❝♦♠♦ t❛♠❜é♠ ❡♥❝♦♥tr❛♠♦s ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♥♦ ❧✐♠✐t❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❢r❛❝♦
✭❛♣r♦①✐♠❛çã♦ ❞❡ ❇♦r♥✮✳ ❉❡st❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ♠♦♥✐t♦r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛ ❛♦ s❛✐r♠♦s ❞♦ ❜❡♠ ❝♦♥❤❡✲
❝✐❞♦ r❡❣✐♠❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❡♠ ❞✐r❡çã♦ ❛♦ ♥ã♦ tã♦ ❜❡♠ ❡♥t❡♥❞✐❞♦ r❡❣✐♠❡ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ ♥❛s ✈✐③✐♥❤❛♥ç❛s
❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳

✹✳✸✳✶ ❉❡✜♥✐çã♦ ❞♦ ♣r♦❜❧❡♠❛

❈♦♥s✐❞❡r❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ ❡♠ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛ d ❞✐♠❡♥s✐♦♥❛❧✱ ❊q✳ ✭✷✳✼✵✮✳ ◆♦✈❛♠❡♥t❡✱
t♦❞❛s ❛s ❡♥❡r❣✐❛s s❡rã♦ ❡①♣r❡ss❛s ❡♠ t❡r♠♦s ❞❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ✭❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✮ D ❡ ❛♣r♦①✐♠❛♠♦✲♥♦s ❞❛
tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❛✉♠❡♥t❛♥❞♦ ❛ ✐♥t❡r❛çã♦ ❧♦❝❛❧ U ❝♦♠ ❛ r❡❞❡ ❡♠ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦ ✭♣♦t❡♥❝✐❛❧
q✉í♠✐❝♦ µ = U/2✮✳

P❛r❛ r❡s♦❧✈❡r♠♦s ❡st❡ ♠♦❞❡❧♦✱ ❛♣❧✐❝❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❞✐r❡t❛♠❡♥t❡ ❛♦
♣r♦❜❧❡♠❛ ❞❛ r❡❞❡✳ ❈♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✷✳✷✳✻✮✱ ❡st❛ t❡♦r✐❛ é ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ✐♠♣❧❡♠❡♥t❛r♠♦s ❛

✻✷
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❚❊❉❈▼✱ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♣❛r❛ r❡s♦❧✈❡r♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛
❛ss♦❝✐❛❞♦s✱ ❙❡❝s✳ ✭✷✳✷✳✸✮ ❡ ✭✷✳✷✳✺✮✳ ❆ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞♦ ♥♦ss♦ s✐st❡♠❛ é✱ ❡♥tã♦✱ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✷✶✮

F = −2T
∑

ωn

Tr ln
[

−iωn1 + Zv + Z1/2H0Z
1/2
]

+
∑

i

[

Ud2
i −

(

1− e2i + d2
i

)

(Zivi − εi + µ)
]

, ✭✹✳✸✻✮

♦♥❞❡ ei ❡ di sã♦ ❛s ❛♠♣❧✐t✉❞❡s ❞♦s ❜ós♦♥s ❡s❝r❛✈♦s ❝♦rr❡s♣♦♥❞❡♥❞♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ sít✐♦ ✈❛③✐♦ ❡ ♦❝✉♣❛çã♦ ❞✉♣❧❛✱
T é ❛ t❡♠♣❡r❛t✉r❛ ❡ ωn sã♦ ❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛✳ ❆s ♠❛tr✐③❡s Z ❡ v sã♦ ❞✐❛❣♦♥❛✐s ♥❛ ❜❛s❡ ❞♦s sít✐♦s✿
[Z] = Ziδij ✱ [v]ij = viδij ❡ H0 é ❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❞❛ r❡❞❡ ❧✐♠♣❛ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❖ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ é ❞❛❞♦
♣❡❧❛ ❊q✳ ✭✷✳✶✵✵✮

Zi =
2 (ei + di)

2 (
1− e2i − d2

i

)

1− (e2i − d2
i )

2 , ✭✹✳✸✼✮

❡♥q✉❛♥t♦ ♦ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ ❡♠ ❝❛❞❛ sít✐♦ é✱ ♣❡❧❛s ❊qs✳ ✭✷✳✶✶✵✮ ❡ ✭✷✳✶✶✷✮

vi =
1

Zi



εi − µ+
Udi

(

∂Zi

∂ei
di + ∂Zi

∂di
ei

)

∂Zi

∂ei



 . ✭✹✳✸✽✮

❖ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ ❞á ♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ q✉❡ ❛s q✉❛s✐♣❛rtí❝✉❧❛s ✏✈❡❡♠✑ ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✳ ❏á
♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❞❡✜♥❡ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ∆⋆

i ♥❛ q✉❛❧ ❛s q✉❛s✐♣❛rtí❝✉❧❛s sã♦ ❜❡♠ ❞❡✜♥✐❞❛s✿ ∆⋆
i = ZiD✳

❊①tr❡♠✐③❛♥❞♦ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ♥❛ ❊q✳ ✭✹✳✸✻✮ ❝♦♠ r❡❧❛çã♦ às ❛♠♣❧✐t✉❞❡s ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ ❝❤❡❣❛♠♦s às ❡q✉❛çõ❡s
❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ q✉❡ sã♦ ❞❛❞❛s ♣❡❧❛s ❊qs✳ ✭✷✳✶✷✷✮✲✭✷✳✶✷✹✮

T
∑

n

G̃ii (iωn) =
1

2

(

1− e2i + d2
i

)

, ✭✹✳✸✾✮

(

∂Zi

∂ei
+
∂Zi

∂di

)

T
∑

n,k

G̃ik (iωn)hki = −
(

U

2
(ei + di) + (ε̃i − εi) (ei − di)

)

, ✭✹✳✹✵✮

♦♥❞❡ hki = [H0]ki sã♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❞❛ r❡❞❡ ❧✐♠♣❛ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❝❛❧❝✉❧❛❞♦s ♥❛ ❜❛s❡ ❞♦s sít✐♦s✱

G̃ij (iωn) = 〈i|
[

iωm − ǫ̃−
√

ZH0

√
Z
]−1

|j〉 ✭✹✳✹✶✮

é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ❡ ❧❡♠❜r❛♠♦s q✉❡

ε̃i = Zivi, ✭✹✳✹✷✮

é ❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ ❞♦ sít✐♦ i✱ q✉❡ é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ♠❛♥✐♣✉❧❛r♠♦s ❞✉r❛♥t❡ ♦s ❝á❧❝✉❧♦s ❞♦ q✉❡ ❛
q✉❛♥t✐❞❛❞❡ ❢ís✐❝❛✱ q✉❡ é vi✳

❈♦♥s✐❞❡r❛r❡♠♦s ♣r✐♠❡✐r♦ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ❞❡s♦r❞❡♠ ❢r❛❝♦ (|εi| ≪ D) ❡ ❡①♣❛♥❞✐r❡♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦
♠é❞✐♦✱ ❊qs✳ ✭✹✳✸✾✮ ❡ ✭✹✳✹✵✮✱ ❛♦ r❡❞♦r ❞❛ s♦❧✉çã♦ ✉♥✐❢♦r♠❡✳ ❊st❛ ❡①♣❛♥sã♦ é s✐♠♣❧✐✜❝❛❞❛ s❡ ✐♥tr♦❞✉③✐r♠♦s ✉♠❛ ♥♦✈❛
❜❛s❡ ♥♦ ♣r♦❜❧❡♠❛

xi = ei + di, ✭✹✳✹✸✮

yi = ei − di, ✭✹✳✹✹✮

q✉❡✱ ♥♦ ❧✐♠✐t❡ ✉♥✐❢♦r♠❡✱ r❡❞✉③✲s❡ ❛ x0 = 2d0 =
√

1− u ❡ y0 = 0 ❝♦♠

u =
U

Uc
, ✭✹✳✹✺✮

s❡♥❞♦ Uc ♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ ♣❛r❛ ♦ q✉❛❧ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ♦❝♦rr❡✱ ❊q✳ ✭✸✳✸✵✮✳
❊♠ t❡r♠♦s ❞❡st❛s ♥♦✈❛s ✈❛r✐á✈❡✐s✱ ❛s ❊qs✳ ✭✹✳✸✼✮ ❡ ✭✹✳✸✽✮ ✜❝❛♠

Zi =
x2

i

(

2− x2
i − y2

i

)

1− x2
i y

2
i

, ✭✹✳✹✻✮

✻✸
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❡

ε̃i − εi = −U
4

yi

(

1 + x2
i

) (

2− x2
i − y2

i

)

xi (1− x2
i y

2
i )

. ✭✹✳✹✼✮

❏á ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❊qs✳ ✭✹✳✸✾✮ ❡ ✭✹✳✹✵✮✱ sã♦ r❡❡s❝r✐t❛s ❝♦♠♦

T
∑

n

G̃ii (iωn) = w1 (xi, yi) , ✭✹✳✹✽✮

T
∑

n,k

√

ZiG̃ik (iωn)
√

Zkhki = w2 (xi, yi) , ✭✹✳✹✾✮

♦♥❞❡

w1 (xi, yi) =
1

2
(1− xiyi) , ✭✹✳✺✵✮

❡

w2 (xi, yi) = − U
16

(

2− x2
i − y2

i

) (

x2
i − y2

i

)

1− x2
i

. ✭✹✳✺✶✮

❆ ❧✐♥❡❛r✐③❛çã♦ ❞❡ss❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ é ♠♦str❛❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ✭❉✮✳

✹✳✸✳✷ ◗✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s

❈♦♠ ❛ ❡①♣❛♥sã♦ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ✭❉✮✱ t❡♠♦s t♦❞❛s ❛s ❢❡rr❛♠❡♥t❛s ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s
❞❡ ✐♥t❡r❡ss❡✳ ❯t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭✹✳✹✷✮✱ ✭❉✳✹✮✱ ✭❉✳✻✮✱ ✭❉✳✶✸✮ ❡ ✭❉✳✶✹✮ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ Zi = Z0 +O

(

ε2i
)

✱ ♣♦❞❡♠♦s
❡♥❝♦♥tr❛r ♦ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ vi✿

vi =
1

1− u2

(

εi −
[

M−1 (u)
]

ij
εj

)

. ✭✹✳✺✷✮

❆ ♠❛tr✐③ M (u) é ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞✐s❝r❡t❛ ❞❡

Mq (u) = 1− 2g (u)
[

UcΠ
(0)
q

]−1

, ✭✹✳✺✸✮

♦♥❞❡ Π
(0)
q é ❛ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭❊✳✽✮ ❡

g (u) =
(1 + u) (1− u)2
u [2 + u (1− u)] . ✭✹✳✺✹✮

◆❛ ♣r❡s❡♥ç❛ ❞❡st❡ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❞❛s ✐♠♣✉r❡③❛s✱ ❛s ❝❛r❣❛s r❡♠❛♥❡❥❛♠✲s❡ ♣❛r❛ ❜❧✐♥❞❛r ♦s ❡❢❡✐t♦s ❞❡st❡ ♣♦t❡♥✲
❝✐❛❧✱ ❝❛✉s❛♥❞♦ ❞❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❧♦❝❛❧ ni = 1 + δni✳ ❚❛✐s ❞❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ sã♦ ❞❛❞♦s
♣♦r δni = −e2i + d2

i ≃ − (1− u)1/2
Yijεj ❡✱ ❛tr❛✈és ❞❛s ❊qs✳ ✭❉✳✶✸✮ ❡ ✭❉✳✶✹✮✱ ♦❜t❡♠♦s

δni = − 4g (u)

Uc (1− u2)

[

M−1 (u)
]

ij
εj , ✭✹✳✺✺✮

❝♦♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❡s♣❛❝✐❛❧ q✉❡ vi ♥❛ ❊q✳ ✭✹✳✺✷✮✳
❘❡ss❛❧t❛♠♦s ♠❛✐s ✉♠❛ ✈❡③ q✉❡ ❛s ❡①♣r❡ssõ❡s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛ ❞❡s♦r❞❡♠ ♣❛r❛ vi✱ ❊q✳ ✭✹✳✺✷✮ ❡ δni✱ ❊q✳

✭✹✳✺✺✮✱ ✈❛❧❡♠ ♣❛r❛ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❡s♣❛❝✐❛❧ ❛r❜✐trár✐❛ ❞❡ ✐♠♣✉r❡③❛s✳ ❆ ♥♦ss❛ ú♥✐❝❛ ❤✐♣ót❡s❡ ❛♦ ❞❡r✐✈á✲❧❛s ❢♦✐
❛ss✉♠✐r q✉❡ ❛ ❞❡s♦r❞❡♠ é ❢r❛❝❛✱ ♦✉ s❡❥❛✱ |εi| ≪ D✳

P♦❞❡♠♦s t❛♠❜é♠ ❡♥❝♦♥tr❛r ❛ ♠❛tr✐③ T ✱ q✉❡ ❞❡t❡r♠✐♥❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ s✐st❡♠❛✳ ❆ ♠❛tr✐③
T é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❬✶✶✼❪

G = G(0) + G(0)TG(0), ✭✹✳✺✻✮

♦♥❞❡ G é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ t♦t❛❧ ❞♦ s✐st❡♠❛ ❡ G(0) é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ r❡❞❡ ✉♥✐❢♦r♠❡ ✐♥t❡r❛❣❡♥t❡ ❡ é ❞❛❞❛ ♣♦r

G(0) = Z0G̃
(0) =

Z0

iωn1− Z0H0
. ✭✹✳✺✼✮

✻✹
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❆❝✐♠❛✱ ✈✐♠♦s q✉❡ δZi ∼ O
(

ε2i
)

❡ q✉❡ ε̃i ∼ O (εi)✳ ❆❧é♠ ❞✐ss♦✱ ✉t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭❉✳✾✮ ❡ ✭✹✳✺✼✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r
❛ ❡①♣❛♥sã♦ ❞❡ G ❛té ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛ ❡♥❡r❣✐❛ ❞❛s ✐♠♣✉r❡③❛s ❝♦♠♦

G = G(0) + G(0)

(

ε + δε̃(1)
)

Z0
G(0). ✭✹✳✺✽✮

❈♦♠♣❛r❛♥❞♦ ❛❣♦r❛ ❛s ❊qs✳ ✭✹✳✺✻✮ ❡ ✭✹✳✺✽✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

T =

(

ε + δε̃(1)
)

Z0
= v, ✭✹✳✺✾✮

r❡s✉❧t❛❞♦ q✉❡ é ✈á❧✐❞♦ ❛té ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s ❡♥❡r❣✐❛s ❞❛s ✐♠♣✉r❡③❛s ❡ ❝♦♥s✐st❡♥t❡ ❝♦♠ ♥♦ss❛ ❞❡✜♥✐çã♦ ❞❡ v ❝♦♠♦
♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠✳

❊♠ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛ ❝♦rr❡çã♦ ♣❛r❛ ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ δZi✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ εi =
δioεo✳ ❉❛s ❊qs✳ ✭❉✳✶✸✮✱ ✭❉✳✶✹✮✱ ✭❉✳✶✼✮ ❡ ✭❉✳✷✺✮✱ ✈❡♠ q✉❡

δZi = 2u2 (1− u)
{

[

M−1
1 (u)

]

ij

(

4 [M2 (u)]jk

[

L−2 (u)
]

kl

[

Π(0)2
]

lo

− (1 + u) (1− u)2 Π
(4)
jkl

[

L−1 (u)
]

ko

[

L−1 (u)
]

lo

)

− 2 (1− u)
[

L−2 (u)
]

ij

[

Π(0)2
]

jo

}

ε2o. ✭✹✳✻✵✮

❝♦♠ ✉♠❛ ❡str✉t✉r❛ ♠❛✐s ❝♦♠♣❧❡①❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ às ❊qs✳ ✭✹✳✺✷✮ ❡ ✭✹✳✺✺✮✳

✹✳✸✳✷✳✶ ▲✐♠✐t❡s ❞❡ ❢r❛❝♦ ❡ ❢♦rt❡ ❛❝♦♣❧❛♠❡♥t♦

◆❡st❡ ♣♦♥t♦✱ ♣❛rt✐❝✉❧❛r✐③❛r❡♠♦s t♦❞❛ ❛ ❞✐s❝✉ssã♦ ♣❛r❛ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ ❧♦❝❛❧✐③❛❞❛ ♥♦ sít✐♦ o✱ ❡ ❛ss✐♠ εi = δioεo✳
P❛r❛ ✈❡r✐✜❝❛r♠♦s ❡ ✐❧✉str❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s✱ r❡s♦❧✈❡♠♦s ❛s ❊qs✳ ✭✹✳✸✾✮ ❡ ✭✹✳✹✵✮ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❛r❛
d = 1 ❡ d = 2✳ ❊st❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛s ❋✐❣s✳ ✭✹✳✷✮✲✭✹✳✾✮✳ ❊♠❜♦r❛ ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s
❛♥❛❧ít✐❝♦s s❡❥❛♠ ✈á❧✐❞♦s ♥♦ ❧✐♠✐t❡ ❞❡ ❞❡s♦r❞❡♠ ❜❛✐①❛ (εo ≪ D)✱ ❡❧❡s ❝❛♣t✉r❛♠ ❛s t❡♥❞ê♥❝✐❛s q✉❛❧✐t❛t✐✈❛s ❞♦ s✐st❡♠❛
♠❡s♠♦ q✉❛♥❞♦ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♥ã♦ é ❢r❛❝♦✱ ✐ss♦ é ♠♦str❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛s ❋✐❣s✳ ✭✹✳✺✮ ❡ ✭✹✳✽✮✳

P❛r❛ ❛❞q✉✐r✐r♠♦s ✉♠❛ ✈✐sã♦ ♠❛✐s ❝❧❛r❛ ❞♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ♣❛r❛ vi✱ ni ❡ Zi✱ ❛♥❛❧✐s❛r❡♠♦s s✉❛s ❡①♣r❡ssõ❡s
♥♦s ❧✐♠✐t❡s ❞❡ ✐♥t❡r❛çã♦ ❢r❛❝❛ ❡ ❢♦rt❡✱ ♦♥❞❡ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❡♠ ♣♦tê♥❝✐❛s ❞❡ u ♦✉ (1− u)✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦❜t❡♥❞♦ ❡①♣r❡ssõ❡s s✐♠♣❧✐✜❝❛❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❢✉♥çã♦ g (u) ❞❡✜♥✐❞❛ ❡♠ ✭✹✳✺✹✮ r❡❞✉③✲s❡ ❛

g (u) ≃
{

1/2u, u→ 0;

(1− u)2 , u→ 1.
✭✹✳✻✶✮

❏á ❛s ♠❛tr✐③❡s ❛✉①✐❧✐❛r❡s M (u)✱ M1 (u)✱ M2 (u) ❡ L (u) ✭❊qs✳ ✭✹✳✺✸✮✱ ✭❉✳✷✻✮✱ ✭❉✳✷✼✮ ❡ ✭❉✳✶✹✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮
❛ss✉♠❡♠ ❛s s❡❣✉✐♥t❡s ❢♦r♠❛s

u→ 0

M (u) ≃ UΠ(0); ✭✹✳✻✷✮

M1 (u) ≃ Uc

16
1, ✭✹✳✻✸✮

M2 (u) ≃ Uc

8
1, ✭✹✳✻✹✮

L (u) ≃ −1 + u
(

1 + UcΠ
(0)
)

. ✭✹✳✻✺✮

u→ 1

M (u) ≃ 1− 2

Uc

(

1− u2
) [

Π(0)
]−1

; ✭✹✳✻✻✮

M2 (u) ≃ Uc

8
1 +O (1− u) ; ✭✹✳✻✼✮

L (u) ≃ UΠc +O (1− u) . ✭✹✳✻✽✮

▼❡s♠♦ ♥♦ ❧✐♠✐t❡ u→ 1✱ ❛ ♠❛tr✐③ M1 (u) ♥ã♦ ♣♦ss✉✐ ✉♠❛ ❡①♣r❡ssã♦ ❢❡❝❤❛❞❛ s✐♠♣❧❡s✳ ◆❡st❡ ❝❛s♦✱ t❛♠❜é♠ t♦♠❛♠♦s
♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦❧❤❛♠♦s ❛♣❡♥❛s ♣❛r❛ sít✐♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ❞✐st❛♥t❡s ❞❛ ✐♠♣✉r❡③❛✳ ❊st❡
♣r♦❝❡❞✐♠❡♥t♦ ❡stá ❞❡s❝r✐t♦ ♥♦ ❆♣ê♥❞✐❝❡ ✭❊✳✷✮✳

✻✺
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❋✐❣✉r❛ ✹✳✷✿ ❉❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ δni = ni − 1 ♣❛r❛ ♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❡♠ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥✲
s✐♦♥❛❧ ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❞✐stâ♥❝✐❛ rio ❞❛ ✐♠♣✉r❡③❛✱ q✉❡ é ♠❡❞✐❞❛ ❡♠ ✉♥✐❞❛❞❡s ❞♦ ❡s♣❛ç❛♠❡♥t♦ ❞❡ r❡❞❡ a✳ ▼❡s♠♦
s❡♥❞♦ ❧♦❝❛❧✐③❛❞❛ ♥♦ ❡s♣❛ç♦ (εi = εoδio)✱ ❡st❛ ✐♠♣✉r❡③❛ ✐♥❞✉③ ♦s❝✐❧❛çõ❡s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❡♠ δni q✉❡ ❞❡❝❛❡♠ ❛ss✐♥✲
t♦t✐❝❛♠❡♥t❡ ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✳ ■♥s❡rçã♦✿ r❡❡s❝❛❧❛♠♦s δni ♣♦r rio✱ ✐❧✉str❛♥❞♦ q✉❡ ♦ ❞❡❝❛✐♠❡♥t♦ ❛ss✐♥tót✐❝♦
❞❡ δn(0)

i ❝♦♠ rd
io t❛♠❜é♠ ✈❛❧❡ ♥❡st❡ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s ✉♠❛ r❡❞❡✳ P❛r❛ ❡st❛ ❡str✉t✉r❛ ❞❡ ❜❛♥❞❛✱ kF = π/2✱ ❞❡

t❛❧ ♠♦❞♦ q✉❡ ♦ ♣❡rí♦❞♦ ❞❡ ♦s❝✐❧❛çã♦ ❡s♣❛❝✐❛❧ ♥♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦ é ❞❡ ❞♦✐s ❡s♣❛ç❛♠❡♥t♦s ❞❡ r❡❞❡✳ ❯t✐❧✐③❛♠♦s ❛q✉✐
L = 400✱ εo = −D✱ T = 0✱ u = 0 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

❼ ▲✐♠✐t❡ ❢r❛❝❛♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ (u→ 0)

◆❡st❡ r❡❣✐♠❡✱ ♥ã♦ ❤á r❡♥♦r♠❛❧✐③❛çã♦ ❞❛ ♠❛ss❛ ❡❧❡trô♥✐❝❛ ❞❡ ❜❛♥❞❛✱ ✉♠❛ ✈❡③ q✉❡ Z0 ∼ 1+O
(

u2
)

✱ ❡ ❛ ♥♦ss❛ s♦❧✉çã♦
❝♦✐♥❝✐❞❡ ❝♦♠ ❛ s♦❧✉çã♦ ❍❛rtr❡❡✲❋♦❝❦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞✱ ♥❛ q✉❛❧ t❡♠♦s ✉♠❛ ❛✉t♦❡♥❡r❣✐❛ ❧♦❝❛❧ ❡ ❡stát✐❝❛
q✉❡ é ❞❛❞❛ ♣♦r Σi = Un0

i ✱ ♦♥❞❡ n
0
i = 1+2Π

(0)
ij εj é ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ♥❛ ♣r❡s❡♥ç❛ ❞❛ ✐♠♣✉r❡③❛✳

▼❡s♠♦ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❞❛ ✐♠♣✉r❡③❛ s❡❥❛ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❡s♣❛ç♦✱ ♦s ❞❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ δn(0)
i ❛♣r❡s❡♥t❛♠

♦s❝✐❧❛çõ❡s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❞❡ ❋r✐❡❞❡❧✱ q✉❡ sã♦ ❝♦❞✐✜❝❛❞❛s ♣♦r Π
(0)
ij ✱ ❋✐❣✳ ✭✹✳✷✮✳ ❆ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❞❛s ♦s❝✐❧❛çõ❡s

❞❡ ❋r✐❡❞❡❧ ❞❡♣❡♥❞❡ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❞♦ s✐st❡♠❛ ❬✹✷❪ ❡ ✉♠ ❝á❧❝✉❧♦ ❛♥❛❧ít✐❝♦ ❡♠ d > 1 só é ♣♦ssí✈❡❧ ♣❛r❛ ✉♠❛
s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❡s❢ér✐❝❛✱ ♦♥❞❡ ♦❜t❡♠♦s q✉❡ δn(0) ∼ ❝♦s (2kF r) /r

d✱ ❝♦♠ r s❡♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❛té ❛ ✐♠♣✉r❡③❛ ❡ kF

♦ ♠♦♠❡♥t♦ ❞❡ ❋❡r♠✐✸✳ ❖s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ q✉❡ ❞❡❝❛❡♠ ❧❡♥t❛♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ sã♦ ✉♠❛
❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❛s ❡①❝✐t❛çõ❡s ❡♠ ✉♠ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♥ã♦ ♣♦ss✉❡♠ ✏❣❛♣✑✳

❖ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ é ❛❣♦r❛ ❞❛❞♦ ♣♦r vi ≃ εi + UΠ
(0)
ij εj ✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ ♦s ❡❧étr♦♥s ♥ã♦

sã♦ ❡s♣❛❧❤❛❞♦s s♦♠❡♥t❡ ♣❡❧♦ ♣♦t❡♥❝✐❛❧ ❧♦❝❛❧ ❞❛ ✐♠♣✉r❡③❛✱ ❝♦♠♦ ♦❝♦rr❡ ♣❛r❛ u = 0✱ ♠❛s t❛♠❜é♠ ♣♦r ✉♠ ♣♦t❡♥❝✐❛❧
❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❣❡r❛❞♦ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✱ ❋✐❣✳ ✭✹✳✸✮✳ ❖ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s ♣❡❧❛s
♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❣❡r❛ ♥♦✈❛s ❝♦rr❡çõ❡s ♣❛r❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❞❛ r❡s✐st✐✈✐❞❛❞❡ q✉❡ ❞✐❢❡r❡♠ ❞❛s
❝♦rr❡çõ❡s ✉s✉❛✐s ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐✱ ❊q✳ ✭✹✳✸✺✮✳ ❉✐s❝✉t✐r❡♠♦s ♠❛✐s ❡ss❛s ❝♦rr❡çõ❡s ♥❛ s❡çã♦ ✭✹✳✹✮✳ ❱❛❧❡ ❛
♣❡♥❛ ♥♦t❛r t❛♠❜é♠ q✉❡✱ ♥❡st❡ ❧✐♠✐t❡✱ ❛ ❡str✉t✉r❛ ❡s♣❛❝✐❛❧ ❞❡ vi ❡ δni é ❡str✐t❛♠❡♥t❡ ❛ ♠❡s♠❛✱ ❝♦♠♦ é r❡❛❧ç❛❞♦ ♥❛
✐♥s❡rçã♦ ❞❛ ❋✐❣✳ ✭✹✳✸✮✳

❼ ▲✐♠✐t❡ ❢♦rt❡♠❡♥t❡ ✐♥t❡r❛❣❡♥t❡ (u→ 1)

◗✉❛♥❞♦ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦ ❞❛ r❡❣✐ã♦ ❝rít✐❝❛✱ ❝♦♥t✉❞♦✱ ♦s ❞❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❧♦❝❛❧ ❞❡ ❡❧étr♦♥s sã♦
❞❛❞♦s ♣♦r

δni = −2 (1− u)
Uc

[

εi +
2

Uc
(1− u)2

[

Π(0)
]−1

ij
εj

]

, ✭✹✳✻✾✮

✸❱❡❥❛ ♦ ❆♣ê♥❞✐❝❡ ✭❋✮✱ ♦♥❞❡ ❢❛③❡♠♦s ❡st❡ ❝á❧❝✉❧♦ ❡♠ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ❊①♣r❡ssõ❡s ❡①❛t❛s ♣❛r❛ ❛ ❢✉♥çã♦ ♣♦❧❛r✐③❛çã♦ Π
(0)
ij ❞❡

✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❧✐✈r❡s ❡♠ d = 1✱ d = 2 ❡ d = 3 ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛ ❘❡❢✳ ❬✶✸✺❪✳

✻✻
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❋✐❣✉r❛ ✹✳✸✿ P♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ vi ❡♠ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❞✐stâ♥❝✐❛ rio
❞❛ ✐♠♣✉r❡③❛ ♥♦ r❡❣✐♠❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦✳ ◆❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çõ❡s✱ vi ♣❛ss❛ ❛ s❡r ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✱ ❡♠❜♦r❛
♦ ♣♦t❡♥❝✐❛❧ ❞❛ ✐♠♣✉r❡③❛ ❞❡s♣✐❞❛ s❡❥❛ ❡①tr❡♠❛♠❡♥t❡ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❡s♣❛ç♦

(

v
(0)
i = εoδi,o

)

✳ ■♥s❡rçã♦✿ r❡❡s❝❛❧❛♠♦s vi

♣♦r rio ✐❧✉str❛♥❞♦ q✉❡ ❛ ♣❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞❡ vi é ❞❡ ❢❛t♦ ❣❡r❛❞❛ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛✳
❯t✐❧✐③❛♠♦s ❛q✉✐ L = 400✱ εo = −D✱ T = 0✱ u = 0.05 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

♠♦str❛♥❞♦ ✉♠❛ s✉♣r❡ssã♦ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✿ ❛ ♣❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞❡ δni é ✉♠ ❢❛t♦r (1− u)2 ♠❡♥♦r ❞♦ q✉❡
❛ ❧♦❝❛❧✳ P♦rt❛♥t♦✱ ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ é ♠♦❞✐✜❝❛❞❛ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛♣❡♥❛s ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ ✐♠♣✉r❡③❛✱
✐♠♣❧✐❝❛♥❞♦ ❡♠ ✉♠ ✏❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r❛✑ ♠✉✐t♦ ♠❡♥♦r✱ ❋✐❣s✳ ✭✹✳✹✮✱ ✭✹✳✺✮ ❡ ✭✹✳✼✮✳ ❊st❡ ✏❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r❛✑
é ♦ ❝♦♠♣r✐♠❡♥t♦ ❡s♣❛❝✐❛❧ ❞❡ q✉❡ ♦ s✐st❡♠❛ ♣r❡❝✐s❛ ♣❛r❛ s❡ r❡❝✉♣❡r❛r ❞♦s ❡❢❡✐t♦s ❞❛ ✐♠♣✉r❡③❛✳ ❆ s✉♣r❡ssã♦ ❞♦
❞❡❝❛✐♠❡♥t♦ ❡s♣❛❝✐❛❧ ❧❡♥t♦ ❞❡ δni r❡✢❡t❡ ❛ t❡♥❞ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ❛ ❧♦❝❛❧✐③❛r❡♠✲s❡✱ ✉♠❛ ✈❡③ q✉❡
♦ s✐st❡♠❛ ❛♣r♦①✐♠❛✲s❡ ❞♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳

❖ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ ✜❝❛

vi = − (1− u)U−1
c

[

Π(0)
]−1

ij
εj , ✭✹✳✼✵✮

s❡♥❞♦ tã♦ ♥ã♦ ❧♦❝❛❧ q✉❛♥t♦ ♣❛r❛ u ♣❡q✉❡♥♦✱ ❡①❝❡t♦ ♣♦r ✉♠❛ r❡❞✉çã♦ ♥❛ ❛♠♣❧✐t✉❞❡ ❣❧♦❜❛❧ ❞♦s t❡r♠♦s✱ ❋✐❣s✳ ✭✹✳✻✮ ❡
✭✹✳✼✮✳ ❆ss✐♠✱ ♥ã♦ ♥♦s ❞❡✈❡♠♦s ❣✉✐❛r ❛♣❡♥❛s ♣❡❧❛s ✢✉t✉❛çõ❡s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛✱ q✉❡ sã♦ ✏❝✉r❛❞❛s✑ ❞❡ ♠❛♥❡✐r❛
❡①tr❡♠❛♠❡♥t❡ ❡❢❡t✐✈❛✳ ◆♦t❛♠♦s ❛✐♥❞❛ q✉❡ vi ✈❛✐ ❛ ③❡r♦ ❧✐♥❡❛r♠❡♥t❡ ♥❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ s✐♥❛❧✐③❛♥❞♦ ✉♠❛ ❝♦♠♣❧❡t❛
s✉♣r❡ssã♦ ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛s ✐♥t❡r❛çõ❡s ❬✹✹❪✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✸✳✷✳✷✳✶✮✳

❘❡ss❛❧t❛♠♦s q✉❡ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ♣♦ss✉❡♠✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ✉♠ ❞❡❝❛✐♠❡♥t♦ ❡s♣❛❝✐❛❧ ❞✐❢❡r❡♥t❡ ♥❡st❡ ❧✐♠✐t❡✱
♣♦✐s t❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♥ã♦ ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ Π

(0)
q ✱ ♠❛s ❞❡ s✉❛ ✐♥✈❡rs❛✱ ❊qs✳ ✭✹✳✻✾✮

❡ ✭✹✳✼✵✮✳ ◆♦ ❆♣ê♥❞✐❝❡ ✭❋✮ ❝❛❧❝✉❧❛♠♦s ❡st❛ tr❛♥s❢♦r♠❛❞❛ ♣❛r❛ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s✳ P❛r❛ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱
♦❜t❡♠♦s ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡s♣❛❝✐❛❧ ❞✐❢❡r❡♥t❡ ✭❊qs✳ ✭❋✳✶✶✮ ❡ ✭❋✳✶✼✮✮✳ ❏á ♣❛r❛ ♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ♦ ❞❡❝❛✐♠❡♥t♦
❡s♣❛❝✐❛❧ é ♦ ♠❡s♠♦ ✭❊qs✳ ✭❋✳✸✷✮ ❡ ✭❋✳✸✹✮✮✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ss❛s ♦s❝✐❧❛çõ❡s é ❢♦rt❡♠❡♥t❡ s✉♣r✐♠✐❞❛
♣❡❧♦ ❢❛t♦r (1− u)✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❡s♣❛❝✐❛❧ ♣❡r❝❛ ✐♠♣♦rtâ♥❝✐❛✳

P❛r❛ ✈❛❧♦r❡s ✐♥t❡r♠❡❞✐ár✐♦s ❞❡ ✐♥t❡r❛çã♦✱ ♦s ❞❡s✈✐♦s ♥♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ δZi = Zi−Z0 t❛♠❜é♠ ❛♣r❡s❡♥t❛♠
♦s❝✐❧❛çõ❡s ❞♦ t✐♣♦ ❋r✐❡❞❡❧✱ ❛♦ ♣❛ss♦ q✉❡✱ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ δZi ❛♣r❡s❡♥t❛ ✉♠ ❞❡❝❛✐♠❡♥t♦ ♣r❡❞♦♠✐♥❛♥✲
t❡♠❡♥t❡ ❡①♣♦♥❡♥❝✐❛❧ ❛ ♣❛rt✐r ❞♦ sít✐♦ ❞❛ ✐♠♣✉r❡③❛✱ ✉♠❛ ✈❡③ q✉❡ t♦❞♦s ♦s ♦✉tr♦s t❡r♠♦s ❞❡s❝r❡✈❡♥❞♦ ❛s ♦s❝✐❧❛çõ❡s
❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ sã♦ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❡♠ (1− u)✱ ✈❡❥❛ ❋✐❣s✳ ✭✹✳✽✮ ❡ ✭✹✳✾✮ ❡ ❛ ❊q✳ ✭✹✳✼✶✮ ❛❜❛✐①♦ ✭♦s ❞❡t❛❧❤❡s ❞❡st❡
❝á❧❝✉❧♦ ❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡ ✭❊✳✷✮✮✳ ❖ ♣♦t❡♥❝✐❛❧ ❞❛ ✐♠♣✉r❡③❛ t✐r❛ ❛ ♦❝✉♣❛çã♦ ❞♦ sít✐♦ o ❞♦ s❡♠✐♣r❡❡♥❝❤✐✲
♠❡♥t♦✱ r❡❞✉③✐♥❞♦ ❛ss✐♠ ❛ t❡♥❞ê♥❝✐❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ✉♠ ♠♦♠❡♥t♦ ♠❛❣♥ét✐❝♦ ❧♦❝❛❧✱ ❞❡✐①❛♥❞♦✲♦ ♠❛✐s ♠❡tá❧✐❝♦ ♣❡❧♦
❛✉♠❡♥t♦ ❞❡ Zi✳ ◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛s ✐♥t❡r❛çõ❡s ❛✉♠❡♥t❛♠✱ ❡st❛ ✏♠❡t❛❧✐③❛çã♦✑ t❡♥❞❡ ❛ s❡ ❡s♣❛❧❤❛r ❛ ♣❛rt✐r ❞❛ ✐♠✲
♣✉r❡③❛✱ ❝r✐❛♥❞♦ ✏❜♦❧❤❛s✑ ♠❡tá❧✐❝❛s ✭r❡❣✐õ❡s ✈❡r♠❡❧❤❛s ❞❛ ❋✐❣✳ ✭✹✳✽✮✮ ❡♠ ✉♠ s✐st❡♠❛ q✉❛s❡ ❧♦❝❛❧✐③❛❞♦✳ ❯♠ r❡s✉❧t❛❞♦
❞❡ ❝❡rt❛ ❢♦r♠❛ s✐♠✐❧❛r ❡♠❡r❣❡ ♥♦ ♠♦❞❡❧♦ t− t′ − J ✱ ♥♦ q✉❛❧ ✉♠❛ ✐♠♣✉r❡③❛ ✐♥❞✉③ ✉♠❛ ♠❛❣♥❡t✐③❛çã♦ ❛❧t❡r♥❛❞❛ ❡♠
s✉❛ ✈✐③✐♥❤❛♥ç❛✱ ❝✉❥❛ ❡①t❡♥sã♦ ❡s♣❛❝✐❛❧ t❛♠❜é♠ ❛✉♠❡♥t❛ ❝♦♠ ❛s ❝♦rr❡❧❛çõ❡s ❬✶✸✻✱ ✶✸✼❪✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦
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0 4 8 12 16 20
r
io

-0.03

0
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δ
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u=0.00
u=0.10
u=0.29
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u=0.69

❋✐❣✉r❛ ✹✳✹✿ P❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞♦s ❞❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ δni ❡♠ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♦ ❢✉♥çã♦
❞❛ ❞✐stâ♥❝✐❛ rio ❞❛ ✐♠♣✉r❡③❛✳ ➚ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s u✱ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ sã♦ s✉♣r✐♠✐❞❛s ❡ ❛ r❡s♣♦st❛
t♦r♥❛✲s❡ ❝❛❞❛ ✈❡③ ♠❛✐s ❧♦❝❛❧✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ L = 400✱ εo = −0.1D✱ T = 0 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

❋✐❣✉r❛ ✹✳✺✿ ❉❡s✈✐♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ δni ❡①✐❜✐♥❞♦ ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❝❛r❛❝t❡ríst✐❝❛s✳ ❉❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱
t❡♠♦s u = 0 ❡ u = 0.84✳ ❆s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❛♣❛r❡❝❡♠ ❛q✉✐ ❝♦♠♦ ❝r✉③❡s ❞❡✈✐❞♦ à ❛♥✐s♦tr♦♣✐❛ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡
❋❡r♠✐ ❬✹✷❪✳ ❆♦ ❡♥tr❛♠♦s ♥♦ r❡❣✐♠❡ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ sã♦ s✉♣r✐♠✐❞❛s✱ ✐♠♣❧✐❝❛♥❞♦
❡♠ ✉♠ ✏❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r❛✑ ♠❡♥♦r✱ ♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ ♣r❡❝✐s❛ ❞❡ ✉♠❛ ❞✐stâ♥❝✐❛ ♠❡♥♦r ♣❛r❛ r❡❝✉♣❡r❛r✲s❡ ❞♦s
❡❢❡✐t♦s ❞❡st❛ ✐♠♣✉r❡③❛✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ❝♦♠ L = 30✱ εo = −D✱ T = 0 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s
❞❡ ❝♦♥t♦r♥♦✳ ❆ ❡s❝❛❧❛ ❞❡ ❝♦r ❝♦❞✐✜❝❛ ❛♣❡♥❛s ♦s ✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❞❡ δni✳ ▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✹✸❪✳
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u=0.00
u=0.10
u=0.49
u=0.88
u=0.98

❋✐❣✉r❛ ✹✳✻✿ P❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞♦ ♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ vi ❡♠ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♦ ❢✉♥çã♦
❞❛ ❞✐stâ♥❝✐❛ rio ❞❛ ✐♠♣✉r❡③❛✳ ➚ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s u✱ ❡ss❡s t❡r♠♦s ♥ã♦ ❧♦❝❛✐s tê♠ s✉❛ ❛♠♣❧✐t✉❞❡ r❡❞✉③✐❞❛✳
❯t✐❧✐③❛♠♦s ❛q✉✐ L = 400✱ εo = −0.1D✱ T = 0 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳
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g
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v
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ε ο
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❋✐❣✉r❛ ✹✳✼✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ❞♦s t❡r♠♦s ❧♦❝❛❧ ❡ ♥ã♦ ❧♦❝❛❧ ❞❡ δni ❡ vi✳ ◆❛ r❡❣✐ã♦ ❝rít✐❝❛✱ ♦ t❡r♠♦ ❧♦❝❛❧ ❞❡ δni

✈❛✐ ❝♦♠ (1− u)✱ ❡♥q✉❛♥t♦ ♦ ♥ã♦ ❧♦❝❛❧ ✈❛✐ ❝♦♠ (1− u)3✳ ❏á ♥♦ ❝❛s♦ ❞❡ vi✱ ❛♠❜♦s ✈ã♦ ❛ ③❡r♦ ❝♦♠ (1− u)✳ ❖ t❡r♠♦
♥ã♦ ❧♦❝❛❧ é ❝❛❧❝✉❧❛❞♦ ♥♦ ✈✐③✐♥❤♦ ❞❛ ❞✐r❡✐t❛ ❛♦ sít✐♦ ❞❛ ✐♠♣✉r❡③❛✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠
L = 400✱ εo = −0.1D✱ T = 0 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

✻✾
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❋✐❣✉r❛ ✹✳✽✿ ❉❡s✈✐♦s ♥♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ δZi = Zi − Z0✳ ❉❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ t❡♠♦s u = 0.40 ❡ u = 0.96✳
❊♥q✉❛♥t♦ q✉❡ ♣❛r❛ ✈❛❧♦r❡s ♠♦❞❡r❛❞♦s ❞❡ ✐♥t❡r❛çã♦ δZi ❛♣r❡s❡♥t❛ ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✱ ❡❧❡ ♣♦ss✉✐ ✉♠ ❞❡❝❛✐♠❡♥t♦
❡①♣♦♥❡♥❝✐❛❧ ❞♦♠✐♥❛♥t❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ ✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ❝♦♠ L = 30✱
εo = −D✱ T = 0 ❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳ ❆ ❡s❝❛❧❛ ❞❡ ❝♦r ❝♦❞✐✜❝❛ ❛♣❡♥❛s ♦s ✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❞❡ δZi✳
▼♦str❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✹✸❪✳

❞❡ δZi é ❝❛♣t✉r❛❞♦ ♣♦r ♥♦ss❛s ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ✭✈❡❥❛ ♦ ❆♣ê♥❞✐❝❡ ✭❊✳✷✮✮ ❡ ♠♦str❛♠♦s q✉❡✱ ♣❛r❛ rio/ξ ≫ 1✱

δZi ∼ 1− u
U2

c

(

π(1−d)/2

2(1+d)/2

(

Cdξ
(3−d)/2e−rio/ξ + 4 (1− u)3

[

Π(0)
]−1

io

)

ε2o, ✭✹✳✼✶✮

♦♥❞❡ Cd = 1 ♣❛r❛ d = 1 ♦✉ Cd = π(1−d)/2/2(1+d)/2 ♣❛r❛ d ≥ 2❀ rio = |ri − ro|✱ ❝♦♠ ro s❡♥❞♦ ❛ ♣♦s✐çã♦ ❞❛ ✐♠♣✉r❡③❛
❡

ξ = (2z(1− u))−1/2 ✭✹✳✼✷✮

❢❛③ ❛s ✈❡③❡s ❞❡ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦✱ ❝♦♠ z = 2d s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♦r❞❡♥❛çã♦ ❞❛ r❡❞❡✳ ❊st❡ ❝♦♠✲
♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ❞✐✈❡r❣❡ ♥❛ tr❛♥s✐çã♦ ❝♦♠ ✉♠ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ 1/2✳ ❊st✉❞♦s ❛♥t❡r✐♦r❡s
s♦❜r❡ ❛ ✐♥t❡r❢❛❝❡ ❞❡ ✉♠ ♠❡t❛❧ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❡ ✉♠ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❬✶✸✽✱ ✶✸✾❪✱ ❡♠♣r❡❣❛♥❞♦ té❝♥✐❝❛s
❜❡♠ s✐♠✐❧❛r❡s às ♥♦ss❛s✱ t❛♠❜é♠ ❡♥❝♦♥tr❛♠ ✉♠ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❛♦ ♣❡♥❡tr❛r ♥♦
✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❛ ♣❛rt✐r ❞♦ ♠❡t❛❧✳ ◆❡st❡s ❡st✉❞♦s✱ ❝♦♥t✉❞♦✱ ♦s t❡r♠♦s ♦s❝✐❧❛♥t❡s ❞❛ ❊q✳ ✭✹✳✼✶✮ ❢♦r❛♠ ✐❣♥♦r❛❞♦s✱
♣r♦✈❛✈❡❧♠❡♥t❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ s✉❛ ♣❡q✉❡♥❛ ❛♠♣❧✐t✉❞❡ ✐♥✈✐❛❜✐❧✐③❛ s✉❛ ❝❛♣t✉r❛ ♣♦r ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s✱ ❋✐❣s✳
✭✹✳✽✮ ❡ ✭✹✳✾✮✳

✹✳✹ ❈♦rr❡çõ❡s ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡

❱✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çõ❡s✱ ♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ❞❡ ❞❡s♦r❞❡♠ ♣♦ss✉✐ ✉♠❛ ♣❛rt❡ ❞❡ ❧♦♥❣♦
❛❧❝❛♥❝❡✱ ❋✐❣✳ ✭✹✳✸✮✱ q✉❡ é ❣❡r❛❞❛ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✳ Pr♦❝❡ss♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ♣♦r

✼✵
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0 1 2 3 4 5

r
io

*(1-u)
1/2

1×10
-8

1×10
-7

1×10
-6

1×10
-5

1×10
-4

1×10
-3

1×10
-2

δ
Z

i/(
1
-u

)1
/2

u=0.882
u=0.930
u=0.960
u=0.978

❋✐❣✉r❛ ✹✳✾✿ ❉❡s✈✐♦ ♥♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ δZi ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❡♠ ✉♠❛ ❡s❝❛❧❛ ♠♦♥♦❧♦❣✳
❖ r❡❡s❝❛❧❛♠❡♥t♦ ❝♦♥✜r♠❛ q✉❡ ξ ∼ (1− u)−1/2 ❡ q✉❡ δZ (0) ∼ (1− u)1/2✳ ❆❧é♠ ❞✐ss♦✱ ✈❡♠♦s q✉❡✱ ❡❢❡t✐✈❛♠❡♥t❡✱
♦ t❡r♠♦ ❡①♣♦♥❡♥❝✐❛❧ é ♦ ❞♦♠✐♥❛♥t❡ ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❝♦♥❞✐çõ❡s
♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✱ L = 400✱ εo = −0.1D ❡ T = 0✳ P❛r❛ δZi/ (1− u)1/2

< 10−6✱ ♦ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦ ♥ã♦ é ♠❛✐s
❝♦♥✜á✈❡❧✳

❡ss❛s ♦♥❞✉❧❛çõ❡s ♣r♦❞✉③❡♠ ♥♦✈❛s ❝♦rr❡çõ❡s ♣❛r❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✈ár✐❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s
❬✹✱ ✾✱ ✹✶❪✳ ❯♠ ❡①❡♠♣❧♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ sã♦ ❛s ❝♦rr❡çõ❡s ♣❛r❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ∆σ ❡♠ s✐st❡♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s

∆σ ∼
{

T, ❜❛❧íst✐❝♦✱ l≫ λF ;
❧♥T, ❞✐❢✉s✐✈♦✱ l≪ λF .

✭✹✳✼✸✮

❯s❛♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❛ ❊q✳ ✭✹✳✷✵✮✱ ❝♦♠ l s❡♥❞♦ ♦ ❧✐✈r❡ ❝❛♠✐♥❤♦ ♠é❞✐♦ ❡ λF ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞♦s
❡❧étr♦♥s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✳ ❈♦♠♦ ♥♦t❛❞♦ ♥❛ ❘❡❢✳ ❬✹✶❪✱ ❡♠❜♦r❛ ❡ss❛s ❝♦rr❡çõ❡s t❡♥❤❛♠ ✉♠❛ ❢♦r♠❛ ❞✐❢❡r❡♥t❡ ❡
s❡❥❛♠ ❝❛❧❝✉❧❛❞❛s ❡♠ r❡❣✐♠❡s ❢ís✐❝♦s ❞✐❢❡r❡♥t❡s✱ ❡❧❛s ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ♦r✐❣❡♠ ❢ís✐❝❛✿ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦❡r❡♥t❡ ❞❛s
q✉❛s✐♣❛rtí❝✉❧❛ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✳

❈♦♠♦ ❞❡ ♣r❛①❡✱ ❛ t❡♦r✐❛ ❞♦s ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ só ♥♦s ❞á ❛ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞❛s ❝♦rr❡çõ❡s✱ s❡♠ ❞✐③❡r ♥❛❞❛ ❛❝❡r❝❛ ❞♦
✐♥t❡r✈❛❧♦ ❡♠ q✉❡ ❡st❛s ❝♦rr❡çõ❡s sã♦ ❛s ❞♦♠✐♥❛♥t❡s ❞❡♥tr♦ ❞❛ t❡♦r✐❛✳ P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ❡st❡ ✐♥t❡r✈❛❧♦ ♣r❡❝✐s❛♠♦s
❞❡ ✉♠ ❝á❧❝✉❧♦ ❡♠ ✉♠ ♠♦❞❡❧♦ ♠✐❝r♦s❝ó♣✐❝♦✳ ❯t✐❧✐③❛r❡♠♦s ❛q✉✐ ♦ ❝á❧❝✉❧♦ ♠✐❝r♦s❝ó♣✐❝♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ s❡çã♦ ✭✹✳✸✮✱
✐♥✈❡st✐❣❛♥❞♦ ❝♦♠♦ ❛s ❝♦rr❡çõ❡s ❞♦♠✐♥❛♥t❡s ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ✈❛r✐❛♠ ❝♦♠♦ ❢✉♥çõ❡s ❞❛s
❝♦rr❡❧❛çõ❡s✳

✹✳✹✳✶ ▼♦t✐✈❛çã♦ ❡①♣❡r✐♠❡♥t❛❧

❆♦ ❧♦♥❣♦ ❞♦s ú❧t✐♠♦s q✉✐♥③❡ ❛♥♦s✱ ❛✈❛♥ç♦s ❡①♣❡r✐♠❡♥t❛✐s s✐❣♥✐✜❝❛t✐✈♦s ♣r♦♣♦r❝✐♦♥❛r❛♠ ❡✈✐❞ê♥❝✐❛s ❝♦♥✈✐♥❝❡♥t❡s ❞❛
❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❜❡♠ ❞❡✜♥✐❞❛ ❡♠ ❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s ✭●❊✷❉✮ ❝♦♠♦ ❢✉♥çã♦
❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❬✹✼✱ ✹✾❪✳ ❆s ♠❡❧❤♦r❡s ❡✈✐❞ê♥❝✐❛s ❞❡st❛ tr❛♥s✐çã♦ sã♦ ♦❜s❡r✈❛❞❛s ♥❛s ❛♠♦str❛s ♠❛✐s ❧✐♠♣❛s
❬✹✼❪✱ ♥❛s q✉❛✐s ♥♦s ❡♥❝♦♥tr❛♠♦s ♥♦ r❡❣✐♠❡ ❜❛❧íst✐❝♦ ❞❡ tr❛♥s♣♦rt❡✳

P❛r❛ ♦ r❡❣✐♠❡ ❜❛❧íst✐❝♦✱ ❩❛❧❛ ❡t ❛❧✳ ❬✹✶❪ ❞❡r✐✈❛r❛♠ ✉♠❛ t❡♦r✐❛ ♠✉✐t♦ ❡❧❡❣❛♥t❡ ❡ ❞❡ ❣r❛♥❞❡ s✉❝❡ss♦✱ ♠♦str❛♥❞♦
q✉❡✱ ♥♦ r❡❣✐♠❡ ❢r❛❝❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ ❤á ♦ s✉r❣✐♠❡♥t♦ ❞❡ ✉♠❛ ❝♦rr❡çã♦ ❧✐♥❡❛r ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛✳
▼✉✐t♦s ❡①♣❡r✐♠❡♥t♦s ❡♠ ●❊✷❉ ♣❛ss❛r❛♠ ❡♥tã♦ ❛ ✉s❛r ❡st❛ t❡♦r✐❛ ❝♦♠♦ ❣✉✐❛ ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ s❡✉s r❡s✉❧t❛❞♦s
❬✹✻✱ ✶✵✺❪✳

❈♦♥t✉❞♦✱ ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✱ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ m⋆ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛✉♠❡♥t❛❞❛ ✭✉♠❛ ❛ss✐♥❛t✉r❛ ❝❛r❛❝t❡ríst✐❝❛
❞❡ ❢♦rt❡s ❝♦rr❡❧❛çõ❡s✮✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ❢❛t♦r g ❡❢❡t✐✈♦ (g⋆ = g/ (1 + F a

0 )) ♣❡r♠❛♥❡❝❡ ♣r❛t✐❝❛♠❡♥t❡ s❡♠ s❡r r❡♥♦r♠❛✲
❧✐③❛❞♦✹✱ ✈❡❥❛ ❋✐❣✳ ✭✹✳✶✵✮✳ ❖❧❤❛♥❞♦ ♣❛r❛ ❛s ❊qs✳ ✭✹✳✶✺✮ ❡ ✭✹✳✶✻✮✱ ✈❡♠♦s q✉❡ ❢❡♥♦♠❡♥♦❧♦❣✐❛ s✐♠✐❧❛r ❛♣❛r❡❝❡ ♥♦ ❝❡♥ár✐♦

✹❊st❡ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ é ♦❜s❡r✈❛❞♦ ♥❛ tr❛♥s✐çã♦ ❞❡ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♣❛r❛ só❧✐❞♦ ♥♦ ❍❡3 ♥♦r♠❛❧ ❬✶✵✸✱ ✶✵✹❪✳

✼✶
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❋✐❣✉r❛ ✹✳✶✵✿ ❘❡♥♦r♠❛❧✐③❛çã♦ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ ✭q✉❛❞r❛❞♦✮ ❡ ❞♦ ❢❛t♦r g ✭❝ír❝✉❧♦s✮ ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛
♣❛r❛ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛❧✳ ❘❡t✐r❛❞♦ ❞❛ ❘❡❢✳ ❬✹✻❪✳ ■♥s❡rçã♦✿ ❈♦♠♣❛r❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ▲❛♥❞❛✉
F a

0 ♦❜t✐❞♦ ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ ♠♦❞❡❧♦ t❡ór✐❝♦ ✭❝✉r✈❛ ❝❤❡✐❛✮ ❝♦♠ ❛q✉❡❧❡ ❡①tr❛í❞♦ ❞♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ✭❝ír❝✉❧♦s✮✳
◆❡st❛ ❛♠♦str❛✱ ❛ ❞❡♥s✐❞❛❞❡ ❝rít✐❝❛ ♣❛r❛ q✉❛❧ ❛ tr❛♥s✐çã♦ ♦❝♦rr❡ é nc = 0.8× 1011❝♠−2✳

❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ s✉❣❡r✐♥❞♦ ✉♠ ❡st✉❞♦ ❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ❣❛s❡s ❞❡ ❡❧étr♦♥s
❜✐❞✐♠❡♥s✐♦♥❛✐s ❞❡♥tr♦ ❞❡st❛ ❛❜♦r❞❛❣❡♠ ❬✶✹✵❪✳

◆♦ss♦ ♠♦❞❡❧♦ é ♠✉✐t♦ s✐♠♣❧❡s ♣❛r❛ ✉♠❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❖ q✉❡ q✉❡r❡♠♦s ❢❛③❡r
❛q✉✐ é ✐♥✈❡st✐❣❛r ♦ q✉ã♦ r♦❜✉st❛ é ❡ss❛ ❝♦rr❡çã♦ ❧✐♥❡❛r ♣❛r❛ ρ (T ) ❡♠ 2d ✭❞❡r✐✈❛❞❛ ❞❡♥tr♦ ❞❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦
❍❛rtr❡❡✲❋♦❝❦✮ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❛♠ ❡♠ ❝❡♥❛✳

✹✳✹✳✷ ■♥❝❧✉sã♦ ❞♦s ✏❝✉t♦✛s✑ ✐♥❡❧ást✐❝♦s

❆ q✉❛♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❡st✉❞❛r♠♦s tr❛♥s♣♦rt❡ ❡♠ s✐st❡♠❛s ♠❡tá❧✐❝♦s✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✹✳✷✮✱ é ❛
t❛①❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ tr❛♥s♣♦rt❡ τ−1

tr ❬✸❪

τ−1
tr (k) =

2πni

V

ˆ

d2k′

(2π)
2 δ (ε (k)− ε (k′)) |f (k,k′)|2

(

1− k̂′ · k̂
)

, ✭✹✳✼✹✮

♦♥❞❡ f (k,k′) é ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ♦ ❡st❛❞♦ ❞❡ ♠♦♠❡♥t♦ k ❡ ❛q✉❡❧❡ ❞❡ ♠♦♠❡♥t♦ k′✱ nimp é ❛
❝♦♥❝❡♥tr❛çã♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✐♠♣✉r❡③❛s ❡ ❛ ❢✉♥çã♦ ❞❡❧t❛ ✐♠♣õ❡ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ s❡❥❛ ❡❧ást✐❝♦✳ f (k,k′) ♥❛❞❛
♠❛✐s é ❞♦ q✉❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✱ ❞❛❞♦ ♣❡❧❛ ♠❛tr✐③ T ✱ ❊q✳ ✭✹✳✺✻✮✳ ❈♦♠♦
❡st❛♠♦s ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❇♦r♥✱ ❛ ♠❛tr✐③ T é s✐♠♣❧❡s♠❡♥t❡ ❞❛❞❛ ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦ ♣♦✲
t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ v✱ ❊q✳ ✭✹✳✺✾✮✳ P❛r❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ❞❡s♦r❞❡♠ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ♣♦❞❡♠♦s
❡s❝r❡✈❡r q✉❡ f (k,k′) = f (q)✱ ♦♥❞❡ q = |k− k′| = 2ks✐♥ (θ/2) é ♦ ♠♦♠❡♥t♦ tr❛♥s❢❡r✐❞♦ ♥❛ ❝♦❧✐sã♦✱ θ é ♦ â♥❣✉❧♦ ❞❡
❡s♣❛❧❤❛♠❡♥t♦ ❡ |k′| = |k| = k✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s✱ ❣♦st❛rí❛♠♦s ❞❡ ❝❧❛r✐✜❝❛r ♦ ♣r♦❜❧❡♠❛ ❢ís✐❝♦ q✉❡ ♥♦s ♣r♦♣♦♠♦s ❛ r❡s♦❧✈❡r✳ ❖ t❡r♠♦ ❧✐♥❡❛r
♥❛ r❡s✐st✐✈✐❞❛❞❡ ρ (T ) ❡♠❡r❣❡ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦❡r❡♥t❡ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✱ ❡ ❡st❛s
♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ sã♦ ❡♠ s✐ ✉♠ ♣r♦❝❡ss♦ ❛ss✐♥tót✐❝♦ ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❆♣ê♥❞✐❝❡ ✭❋✮✮✳ P❛r❡❝❡✲♥♦s✱ ❡♥tã♦✱
r❛③♦á✈❡❧ ❛ss✉♠✐r q✉❡ s❡❥❛ s✉✜❝✐❡♥t❡ ❡st✉❞❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦ s✐st❡♠❛ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❝♦♠♦ ❡st❡
t❡r♠♦ ❧✐♥❡❛r é ❛❢❡t❛❞♦ ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ❝♦rr❡❧❛çõ❡s✳ ❇❛s❡❛❞♦ ♥❡st❡ r❛❝✐♦❝í♥✐♦✱ ♦ ✉s♦ ❞❡ ✉♠❛ ❞✐s♣❡rsã♦ ❞♦ t✐♣♦ ❡❧étr♦♥
❧✐✈r❡ ε = k2/2m ♣❛r❛ ♦s ❡❧étr♦♥s ❞❛ r❡❞❡ é ❜❡♠ ❥✉st✐✜❝❛❞❛✱ ♣♦✐s ✉♠❛ ❞❡s❝r✐çã♦ ❞❡ ❝♦♥tí♥✉♦ é ❛♣r♦♣r✐❛❞❛ ♥❡st❡ ❧✐♠✐t❡
❞❡ ❧♦♥❣♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛✳ ❈♦♠ ❡st❛ ❡s❝♦❧❤❛ ❞❡ ❞✐s♣❡rsã♦✱ t❡♠♦s q✉❡ δ (ε (k)− ε (k′)) = (m/k) δ (k − k′) ❡
❛ ❊q✳ ✭✹✳✼✹✮ ✜❝❛

✼✷
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τ−1
tr (ε) = nimpm

ˆ 2π

0

dθ

2π
|Tq|2 (1− ❝♦sθ) . ✭✹✳✼✺✮

❖ t❡♠♣♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ tr❛♥s♣♦rt❡ é ❞❛❞♦ ♣❡❧❛ ♠é❞✐❛ ❬✸❪

τtr (T ) =

ˆ

dετtr (ε) f ′ (ε) , ✭✹✳✼✻✮

♦♥❞❡ f ′ (ε) é ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❞❡ ❋❡r♠✐✲❉✐r❛❝✳
❊♠ ♥♦ss❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ ❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ é ♣✉r❛♠❡♥t❡ r❡❛❧ ❬✻✺❪ ❡ ❞❡s❝r❡✈❡

❛♣❡♥❛s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❞♦s ❡❧étr♦♥s ♣♦r ✉♠ ♣♦t❡♥❝✐❛❧ ❜❧✐♥❞❛❞♦ ❞❛ ✐♠♣✉r❡③❛ ❞❡♣❡♥❞❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛✳
❈♦♥t✉❞♦✱ ❡st❡ ❡sq✉❡♠❛ ❞❡✈❡ ❞❡ ❢❛t♦ s❡r ❡♥❝❛r❛❞♦ ❝♦♠♦ ✉♠ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧ ❞♦s ♣❛râ♠❡tr♦s ❞❡ q✉❛s✐♣❛rtí❝✉❧❛s
❞❡♥tr♦ ❞♦ ♥♦ss♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❚❊❉❈▼✳ ❊♠ ✉♠ tr❛t❛♠❡♥t♦ ♠❛✐s ❝♦♠♣❧❡t♦✱ t❛♠❜é♠ ❡①✐st❡ ✉♠❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛
♥❛ ❛✉t♦❡♥❡r❣✐❛✱ r❡✢❡t✐♥❞♦ ❡❢❡✐t♦s ✐♥❡❧ást✐❝♦s ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❊q✳ ✭✹✳✷✽✮✮✳ ❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❛✈❛❧✐❛r♠♦s ❛♣❡♥❛s
♦s ❡❢❡✐t♦s ♣❡rt✉r❜❛t✐✈♦s ❞♦♠✐♥❛♥t❡s ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛ ✐♠♣✉r❡③❛✱ ❡st❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ♣♦❞❡ s❡r ❝♦♠♣✉t❛❞❛ ♥♦
s✐st❡♠❛ ✉♥✐❢♦r♠❡✱ ♦♥❞❡ ❡❧❛ ❡♠❡r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❝♦♥t❡①t♦ ❞❡ ✉♠❛ t❡♦r✐❛ ❧♦❝❛❧ ❞❡ ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❝♦♠♦ ❛
❚❉❈▼ ❬✷✵✱ ✶✹✶❪✱ ❡ é ❞❛❞❛ ♣♦r

γ (T ) = Λ (u)TF (T/TF )
2
, ✭✹✳✼✼✮

♦♥❞❡ TF é ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❋❡r♠✐ ❡ ❛ ❢✉♥çã♦ Λ (u) ♣♦ss✉✐ ♦s s❡❣✉✐♥t❡s ❧✐♠✐t❡s✿ Λ (u) ∼ u2 ♣❛r❛ u ♣❡q✉❡♥♦ ❡
Λ (u) ∼ (1− u)−2 ∼ (m⋆/m)

2 ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❊st❡s ❧✐♠✐t❡s ♣♦❞❡♠ s❡r ❡♥t❡♥❞✐❞♦s ♣❡❧♦ ❢❛t♦ ❞❡
q✉❡✱ ♥♦ r❡❣✐♠❡ ❢r❛❝❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ ♦s ❡❢❡✐t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ sã♦ ♣❡rt✉r❜❛t✐✈♦s✱ ❛♦ ♣❛ss♦ q✉❡ ♥♦
r❡❣✐♠❡ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ r❡❝✉♣❡r❛♠♦s ❛ ❝♦♥❤❡❝✐❞❛ r❡❧❛çã♦ ❞❡ ❑❛❞♦✇❛❦✐✲❲♦♦❞s✺ ❬✶✹✶❪✱ q✉❡ é ♦❜s❡r✈❛❞❛ ❡♠
✈ár✐♦s s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❡ q✉❡ ✈❛❧❡ ❞❡♥tr♦ ❞❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❚❉❈▼ q✉❡ ✉s❛♠♦s ❛q✉✐✻✳

❍á ❞✉❛s ❝♦♥tr✐❜✉✐çõ❡s ♣r✐♥❝✐♣❛✐s ✈✐♥❞❛s ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦✳ ❆ ♣r✐♠❡✐r❛ é ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ✏❜✉❧❦✑✱
♣r❡s❡♥t❡ ♠❡s♠♦ ♥♦ s✐st❡♠❛ ✉♥✐❢♦r♠❡✱ ❞❛❞❛ ♣♦r τ−1

in (T ) = ηγ (T )✱ ♦♥❞❡ η é ✉♠ ❢❛t♦r ❣❡♦♠étr✐❝♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛
❡str✉t✉r❛ ❞❡ ❜❛♥❞❛ ✉t✐❧✐③❛❞❛ ♥♦ ❝á❧❝✉❧♦ ❞❛ ❚❉❈▼ ✭❡st❡ r❡s✉❧t❛❞♦ ❞❡❝♦rr❡ ❞❛ ❊q✳ ✭✹✳✸✹✮✮✳ τ−1

in (T ) s✐♠♣❧❡s♠❡♥t❡
❛❞✐❝✐♦♥❛✲s❡ ❛ τ−1

tr (T ) ❛tr❛✈és ❞❛ r❡❣r❛ ❞❡ ▼❛tt❤✐❡ss❡♥ ❬✸❪✱ ✉♠❛ ✈❡③ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ✐♠♣✉r❡③❛s ♠✉✐t♦ ❞✐❧✉í❞❛s✳
❆ s❡❣✉♥❞❛ ❝♦♥tr✐❜✉✐çã♦ ✈❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ ✉♠❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ✜♥✐t❛ t❛♠❜é♠ s✉♣r✐♠❡ ❛s ♥ã♦ ❛♥❛❧✐t✐❝✐❞❛❞❡s
❞❡❝♦rr❡♥t❡s ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❬✹✶✱ ✶✹✷❪✳ ❊st❡ ❢❛t♦ é ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛ ❛♦ ❝❛❧❝✉❧❛r♠♦s
Π

(0)
q ✱ ♣♦✐s ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ ❡❧étr♦♥ ♣♦ss✉✐ ❛❣♦r❛ t❛♠❜é♠ ✉♠❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛❞❛ ♣♦r γ (T )✳ ❖

❝á❧❝✉❧♦ ❞❡ Π
(0)
q ✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❛❧❛r❣❛♠❡♥t♦ ❞❡ ♥í✈❡✐s é ❝✉✐❞❛❞♦s❛♠❡♥t❡ ❞✐s❝✉t✐❞♦ ♥❛ ❘❡❢✳ ❬✶✹✷❪ ♣❛r❛ ♦ ❝❛s♦ ❞❡

✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❡♠ 2d✱ ❡ ♥ós ✉t✐❧✐③❛♠♦s ❛ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ❞❡ Π
(0)
q ♦❜t✐❞❛ ❧á

Π(0)
q = −2ρ (εF ) f (q, γ, T ) , ✭✹✳✼✽✮

♦♥❞❡

f (q, γ, T ) =
1

2
− 1

πQ

√

T

TF

ˆ TF /T−y0

0

dy
■♠Ψ [1/2 + γ (T ) /2πT − i (y + y0) /2π]√

y
, ✭✹✳✼✾✮

Q =
q

kF
= 2

k

kF
s✐♥
[

θ

2

]

= 2

√

ε

εF
s✐♥
[

θ

2

]

, ✭✹✳✽✵✮

y0 =
TF

T

(

1− Q2

4

)

= −ε− εF

T
+
ε

T
❝♦s2

[

θ

2

]

, ✭✹✳✽✶✮

❡ Ψ (z) é ❛ ❢✉♥çã♦ ❞✐❣❛♠❛✱ q✉❡ é ❛ ❞❡r✐✈❛❞❛ ❧♦❣❛rít♠✐❝❛ ❞❛ ❢✉♥çã♦ ❣❛♠❛✱ Ψ (z) = Γ′ (z) /Γ (z) ❬✶✷✽❪✳

✺❊st❛ r❡❧❛çã♦ ❞❡ ❑❛❞♦✇❛❦✐✲❲♦♦❞s é ♦❜s❡r✈❛❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡ ❞✐③ q✉❡✱ ♣❛r❛ s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✱ A/γ2 =
❝♦♥st❛♥t❡✱ ♦♥❞❡ A é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❛ r❡s✐st✐✈✐❞❛❞❡

`

ρ (T ) = ρ0 + AT 2
´

❡ γ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❙♦♠♠❡r❢❡❧❞ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ (cv (T ) = γT )✱
♠❡s♠♦ q✉❡ γ2 ✈❛r✐❡ ♣♦r ♦r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡ ♥♦ ♠❛t❡r✐❛❧ ❡st✉❞❛❞♦✳

✻γ (T ) ❞á ♦ ✐♥✈❡rs♦ ❞❛ ♠❡✐❛✲✈✐❞❛ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ❡ ❡s♣❡r❛♠♦s q✉❡✱ ❛♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❡st❛ ♠❡✐❛✲✈✐❞❛
s❡❥❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❝✉rt❛✱ ❝✉❧♠✐♥❛♥❞♦ ❝♦♠ ❛ ❞❡str✉✐çã♦ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s ♥❛ tr❛♥s✐çã♦✳

✼✸
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0 1 2 3 4 5
x=q/k

F

0

0.2

0.4

0.6

0.8

1

-Π
(0

) (x
)/

2
ρ

(ε
F
)

T=0.00, γ=0.00
T=0.05, γ=0.00
T=0.10, γ=0.00
T=0.00, γ=0.05
T=0.00, γ=0.10

❋✐❣✉r❛ ✹✳✶✶✿ ❋✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❊q✳ ✭✹✳✼✾✮ ♥♦r♠❛❧✐③❛❞❛ ♣❡❧♦ s❡✉ ✈❛❧♦r ❡♠ q = 0✳ ❱❡♠♦s q✉❡
à ♠❡❞✐❞❛ q✉❡ t❛♥t♦ T ♦✉ γ sã♦ ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✱ ❛ ♥ã♦ ❛♥❛❧✐t✐❝✐❞❛❞❡ ❡♠ q = 2kF é s✉♣r✐♠✐❞❛✳

◆♦ ❧✐♠✐t❡ ❞❡ T = 0✱ γ (T ) = 0 ❡ r❡❝✉♣❡r❛♠♦s ❛ ❡①♣r❡ssã♦ ✉s✉❛❧ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ 2d ❬✶✹✸✱ ✶✹✹❪

f (q, 0, 0) =

{

1, x ≤ 1

1−
√

1− x−2, x > 1
❝♦♠ x =

|q|
2kF

. ✭✹✳✽✷✮

❱❡♠♦s q✉❡ f (q, 0, 0) ♣♦ss✉✐ ✉♠❛ ❝ús♣✐❞❡ ♣❛r❛ x = 1✱ ♣♦♥t♦ ❡♠ q✉❡ s✉❛ ❞❡r✐✈❛❞❛ é✱ ♣♦rt❛♥t♦✱ ❞❡s❝♦♥tí♥✉❛✳ ❉❡✈✐❞♦
❛ ❡st❛ ♥ã♦ ❛♥❛❧✐t✐❝✐❞❛❞❡ ❡♠ q ≈ 2kF ✱ ♣r♦❝❡ss♦s ❞❡ r❡tr♦❡s♣❛❧❤❛♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❝♦♥st✐t✉❡♠
♦ ♠❡❝❛♥✐s♠♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✳ ❆s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✱ ♣♦r ❡①❡♠♣❧♦✱ tê♠ ♦r✐❣❡♠ ♥❡st❛ ♥ã♦
❛♥❛❧✐t✐❝✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ♣❛r❛ q = 2kF ✳ ❊❢❡✐t♦s ❞❡ t❡♠♣❡r❛t✉r❛ ❡ ❛❧❛r❣❛♠❡♥t♦ ❞❡ ♥í✈❡✐s t❡♥❞❡♠ ❛
s✉❛✈✐③❛r ❛ ❝ús♣✐❞❡ ❞❡ f (q, 0, 0) ❡♠ q = 2kF ✱ s✉♣r✐♠✐♥❞♦ ❛ss✐♠ ♦s ❡❢❡✐t♦s ❞❛s ♥ã♦ ❛♥❛❧✐t✐❝✐❞❛❞❡s✱ ❋✐❣✳ ✭✹✳✶✶✮✳

✹✳✹✳✸ ❈á❧❝✉❧♦ ❞❛ t❛①❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ τ−1
tr ✱ ❊q✳ ✭✹✳✼✺✮✱ ♣r❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r Tq✱ q✉❡✱ ♣❡❧❛ ❊q✳ ✭✹✳✺✾✮✱ s❛❜❡♠♦s s❡r ❞❛❞❛ ♣❡❧❛ tr❛♥s❢♦r✲

♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❊q✳ ✭✹✳✺✷✮✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✹✳✼✽✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

T (q, γ, T ) =
εo

1− u2

{

1−
[

1 +
g (u)

ρ (εF )Uc

1

f (q, γ, T )

]−1
}

, ✭✹✳✽✸✮

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❝❛❧❝✉❧❛r τ−1
tr ♣❛r❛ T ≪ TF ✱ ❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ♥ã♦ ♥✉❧♦ ✭♦✉ ❞♦♠✐♥❛♥t❡✮

❡♥✈♦❧✈❡♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ s❡rá ♠❛♥t✐❞♦✳ P❛r❛ ♣r♦❣r❡❞✐r♠♦s✱ ❞❡✜♥✐♠♦s

f (q, γ, T ) = 1− δf (q, γ, T ) , ✭✹✳✽✹✮

♦♥❞❡

δf (q, γ, T ) =
1

2
+

1

πQ

√

T

TF

ˆ TF /T−y0

0

dy
F (γ/T, y + y0)√

y
, ✭✹✳✽✺✮

❝♦♠

F (γ/T, y) = ■♠Ψ [1/2 + γ/2πT − i (y + y0) /2π] . ✭✹✳✽✻✮

P♦r ♦r❛✱ ❛ss✉♠✐r❡♠♦s q✉❡ δf ≪ 1✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛ q✉❛♥t✐❞❛❞❡ ❝♦♥té♠ ❛ ♣r✐♠❡✐r❛ ❝♦rr❡çã♦ ❡♠ T/TF ♣❛r❛ τ−1
tr ✳

❆♦ ✜♥❛❧ ❞♦ ❝á❧❝✉❧♦✱ ✈❡r✐✜❝❛r❡♠♦s q✉❡ ❡st❛ ❝♦♥❞✐çã♦ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦✳ ❈♦♠♦ ✐ss♦✱ ❛ ❊q✳ ✭✹✳✽✸✮
✜❝❛
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T (q, γ, T ) =
εo

1− u2

{

1−
[

1 +
g (u)

ρ (εF )Uc (1− δf (q, T ))

]−1
}

≃ εo
g (u)

(1− u2) (ρ (εF )Uc + g (u))

{

1 +
ρ (εF )Uc

(ρ (εF )Uc + g (u))
δf (q, T )

}

. ✭✹✳✽✼✮

❆ ❊q✳ ✭✹✳✽✼✮ ❣❡r❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ |T (q, T )|2

|T (q, γ, T )|2 ≃ τ−1
0 A2 (u) {1 + α (u) δf (q, T )} , ✭✹✳✽✽✮

♦ q✉❡ ♥♦s ❧❡✈❛ ❛✱ ✉s❛♥❞♦ ❛ ❊q✳ ✭✹✳✼✺✮

τ−1
tr (ε, γ, T ) = τ−1

0 A2 (u) {1 + α (u) I (ε, γ, T )} , ✭✹✳✽✾✮

♦♥❞❡

τ−1
0 = nimpε

2
o, ✭✹✳✾✵✮

A (u) =
g (u)

(1− u2) (ρ (εF )Uc + g (u))
, ✭✹✳✾✶✮

α (u) =
2ρ (εF )Uc

(ρ (εF )Uc + g (u))
, ✭✹✳✾✷✮

❡

I (ε, γ, T ) =

ˆ 2π

0

dθ

2π
(1− ❝♦s (θ)) δf (q, γ, T ) . ✭✹✳✾✸✮

τ−1
0 é ❛ t❛①❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡✈✐❞♦ s♦♠❡♥t❡ à ✐♠♣✉r❡③❛ ❞❡s♣✐❞❛ ❛ T = 0✱ ❡ ❧❡♠❜r❛♠♦s t❛♠❜é♠ q✉❡ q =

2
√
εs✐♥ [θ/2] , ❊q✳ ✭✹✳✽✵✮✳ ❆ ❢✉♥çã♦ A (u) ❝♦♥tr♦❧❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ t❛①❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧♦ ♣♦t❡♥❝✐❛❧ ❜❧✐♥❞❛❞♦

❞❛ ✐♠♣✉r❡③❛✱ ❋✐❣✳ ✭✹✳✶✷✮✳ ◆♦ r❡❣✐♠❡ ❢r❛❝❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ A (u) ∼ 1✱ ❛♦ ♣❛ss♦ q✉❡✱ ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✱
A2 (u) ∼ (1− u)2✱ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ vi s❡ ❛♥✉❧❛ ❡♠ U = Uc✱ ❊q✳ ✭✹✳✼✵✮✳ ❆ ❢✉♥çã♦ α (u) ❝♦♥tr♦❧❛ ❛ ✐♥t❡♥s✐❞❛❞❡
❞❛ ♣r✐♠❡✐r❛ ❝♦rr❡çã♦ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛✱ ❋✐❣✳ ✭✹✳✶✷✮✳ ❊❧❛ ✈❛✐ ❝♦♠ U ♣❛r❛ ❝♦rr❡❧❛çõ❡s ❢r❛❝❛s✱ ✐♥❞✐❝❛♥❞♦ q✉❡
❛s ❝♦rr❡çõ❡s ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ só ❛♣❛r❡❝❡♠ ♥❛ ♣r❡s❡♥ç❛ ❞❛ r❡♣✉❧sã♦ ❡❧étr♦♥✲❡❧étr♦♥ ❡ s❛t✉r❛ ❛ 2✱ ♣ró①✐♠♦ ❞❛
tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❏á ✐♥t❡❣r❛❧ I (ε, γ, T ) é q✉❡ ❞❡ ❢❛t♦ ❞❡t❡r♠✐♥❛ ❛ ❢♦r♠❛ ❞❛ ❝♦rr❡çã♦ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❡ s❡rá
❛✈❛❧✐❛❞❛ ❛ s❡❣✉✐r✳

✹✳✹✳✸✳✶ ❈á❧❝✉❧♦ ❞❛s ✐♥t❡❣r❛✐s

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❡st❛ ✐♥t❡❣r❛❧ I✱ ✐♥tr♦❞✉③✐♠♦s ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ u =
√

ε/T ❝♦s [θ/2]✱ ❡✱ ❞❛ ❊q✳ ✭✹✳✽✶✮✱ y0 =
− (ε− εF ) /T + u2✳ ❊♠ t❡r♠♦s ❞❡st❛ ♥♦✈❛ ✈❛r✐á✈❡❧ u✱ t❡♠♦s

I (ε, γ, T ) =
1

2
+

1

2π2

ˆ −
√

ε/T

√
ε/T

2du

−
√

ε
T s✐♥

[

θ
2

]2s✐♥2

[

θ

2

]

1

2
√

ε
εF

s✐♥
[

θ
2

]

√

T

TF

ˆ TF /T−y0

0

dy
F (γ/T, y + y0)√

y

=
1

2
+

2

π2

T

ε

ˆ

√
ε/T

0

du

ˆ TF /T−y0

0

dy
F (γ/T, y + y0)√

y
. ✭✹✳✾✹✮

❆❝✐♠❛✱ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ✐♥t❡❣r❛❧ é ♣❛r ❡♠ u✱ ♣♦✐s t♦❞❛ s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ u ✈❡♠ ❞❡ y0 = − (ε− εF ) /T+
u2✳

✼✺
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❋✐❣✉r❛ ✹✳✶✷✿ ◗✉❛❞r❛❞♦ ❞❛ ❢✉♥çã♦ A (u)✱ q✉❡ ❧✐♠✐t❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ t❛①❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧♦ ♣♦t❡♥❝✐❛❧ ❜❧✐♥❞❛❞♦
❞❛ ✐♠♣✉r❡③❛ ✭❡sq✉❡r❞❛✮❀ ❡ ❢✉♥çã♦ α (u)✱ q✉❡ ❝♦♥tr♦❧❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ♣r✐♠❡✐r❛ ❝♦rr❡çã♦ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❞❡
τ−1
tr (T ) ✭❞✐r❡✐t❛✮✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ ρ (εF )Uc = 0.8✳

r

Θ

$%%%%%%%%%%%%%%%z + �������
TF

T

$%%%%%%%%%%%%%%%z + �������
TF

T

t

u

❋✐❣✉r❛ ✹✳✶✸✿ ❘❡❣✐ã♦ ❞❡ ✐♥t❡❣r❛çã♦ ❞❛ ❊q✳ ✭✹✳✾✾✮ ♥♦ ♣❧❛♥♦ t− u✳

✼✻
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❆té ❡st❡ ♣♦♥t♦✱ t❡♠♦s ❛♣❡♥❛s τ−1
tr (ε, γ, T )✳ P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s τtr (γ, T )✱ ♣r❡❝✐s❛♠♦s ❢❛③❡r ✉♠❛ ♠é❞✐❛ s♦❜r❡

❛ ❢✉♥çã♦ ❞❡ ❋❡r♠✐✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❊q✳ ✭✹✳✼✻✮✳ ❈♦♠♦ ❡st❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ❛♣❡♥❛s ♦ t❡r♠♦ ❞♦♠✐♥❛♥t❡✱ ♣♦❞❡♠♦s
❡s❝r❡✈❡r

τtr (ε, γ, T ) ≃ τ0A
−2 (u) {1− α (u) I (ε, γ, T )} . ✭✹✳✾✺✮

❊st❡ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❊q✳ ✭✹✳✽✾✮✱ s❡♠♣r❡ t❡♥❞♦ ❡♠ ♠❡♥t❡ q✉❡ ♠❛♥t❡r❡♠♦s ❛♣❡♥❛s ❛ ❝♦♥tr✐❜✉✐çã♦
❞♦♠✐♥❛♥t❡ ✈✐♥❞❛ ❞❡ δf q✉❡ é ❞❡✜♥✐❞❛ ♥❛ ❊q✳ ✭✹✳✽✹✮✱ ❡ q✉❡ ❞❡t❡r♠✐♥❛ I (ε, γ, T )✱ ❊q✳ ✭✹✳✾✸✮✳ ❯s❛♥❞♦ ❛s ❊qs✳ ✭✹✳✼✻✮
❡ ✭✹✳✾✹✮✱ ♦❜t❡♠♦s

τ (γ, T ) = τ0A
−2 (u) {1− 2α (u)w (γ, T )} , ✭✹✳✾✻✮

♦♥❞❡ ❛ ✐♥t❡❣r❛❧ w (γ, T ) é ❞❛❞❛ ♣♦r

w (γ, T ) =
1

4
− 4

π2

ˆ ∞

0

dεf ′ (ε)
T

ε

ˆ

√
ε/T

0

du

ˆ TF /T−y0

0

dy
F (γ/T, y + y0)√

y
. ✭✹✳✾✼✮

❉❡✜♥✐♥❞♦✲s❡ z = (ε− εF ) /T ✱ t❡♠♦s y0 = −z + u2✱ ❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✜❝❛

w (γ, T ) =
1

4
+

4

π2

ˆ ∞

−εF /T

dz
1

4
s❡❝❤2

[z

2

] T

TF (1 + zT/TF )

ˆ

√
TF (1+zT/TF )/T

0

du

ˆ TF /T−y0

0

dy
F (γ/T, y + y0)√

y
,

♦♥❞❡ ❡s❝r❡✈❡♠♦s f ′ (ε) = −s❡❝❤2 [z/2] /4✳ ❚♦♠❛♥❞♦ ❛❣♦r❛ ♦ ❧✐♠✐t❡ T/TF → 0✱ ❡ ♠❛♥t❡♥❞♦ ❛♣❡♥❛s ♦ t❡r♠♦ ❞♦♠✐♥❛♥t❡
t❡♠♦s

w (γ, T ) ≃ 1

4
+

T

4π2TF

ˆ +∞

−∞

dz s❡❝❤2
[z

2

]

ˆ

√
TF /T+z

0

du

ˆ TF /T+z−u2

0

dy
F
(

γ/T, y + u2 − z
)

√
y

. ✭✹✳✾✽✮

❋❛③❡♥❞♦ y = t2✱ ❡♥❝♦♥tr❛♠♦s

w (γ, T ) =
1

4
+

T

4π2TF

ˆ +∞

−∞

dz s❡❝❤2
[z

2

]

ˆ

√
TF /T+z

0

du

ˆ

√
TF /T+z−u2

0

dt F
(

γ/T, t2 + u2 − z
)

. ✭✹✳✾✾✮

P❡❧❛ ❊q✳ ✭✹✳✾✾✮✱ ♥♦t❛♠♦s q✉❡ ❤á ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♥tr❡ ❛ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡❣r❛çã♦ u ❡ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ✈❛r✐á✈❡❧
t✱ q✉❡ ❝❤❛♠❛♠♦s ❞❡ tmax

t2max + u2 =
TF

T
+ z, ✭✹✳✶✵✵✮

q✉❡ ❞❡s❝r❡✈❡ ✉♠ ❝ír❝✉❧♦ ♥♦ ♣❧❛♥♦ t− u✱ ❝♦♠ ✉♠ r❛✐♦ ♠á①✐♠♦ ❞❛❞♦ ♣♦r r2max = TF /T + z✱ ✈❡❥❛ ❛ ❋✐❣✳ ✭✹✳✶✸✮✳ ❊st❛
✐❞❡♥t✐✜❝❛çã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ s✉❣❡r❡ ❛ s❡❣✉✐♥t❡ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s✱ (t, u)→ (r, θ)✱ ❞❡ ♦♥❞❡ t❡♠♦s q✉❡

w (γ, T ) =
1

4
+

T

2π2TF

ˆ +∞

−∞

dz s❡❝❤2
[z

2

]

ˆ π/2

0

dθ

ˆ

√
TF /T+z

0

dr r F
( γ

T
, r2 − z

)

=
1

4
+

T

4πTF

ˆ +∞

−∞

dz s❡❝❤2
[z

2

]

ˆ

√
TF /T+z

0

dr r F
( γ

T
, r2 − z

)

=
1

4
+

T

8πTF

ˆ +∞

−∞

dz s❡❝❤2
[z

2

]

ˆ TF /T+z

0

ds ■♠Ψ

[

1

2
+

γ

2πT
− i (s− z)

2π

]

.

♦♥❞❡ ✜③❡♠♦s s = r2 ❡ ✉s❛♠♦s ❛ ❊q✳ ✭✹✳✽✻✮ ♣❛r❛ r❡❡s❝r❡✈❡r ❛ ❢✉♥çã♦ F ✳ ❆ ✐♥t❡❣r❛❧ s♦❜r❡ s ♣♦❞❡ s❡r ❢❡✐t❛ s❡ ✉s❛r♠♦s
❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ❞✐❣❛♠❛ Ψ (z) = d❧♥ [Γ (z)] /dz✱

w (γ, T ) =
1

4
+

T

8πTF

ˆ +∞

−∞

dz s❡❝❤2
[z

2

]

■♠

[

−2π

i
❧♥Γ

(

1

2
+

γ

2πT
− i (s− z)

2π

)∣

∣

∣

∣

TF /T+z

0

]

=
1

4
+

T

TF

ˆ +∞

−∞

dz
1

4
s❡❝❤2

[z

2

]

❘❡
[

❧♥Γ

(

1

2
+

γ

2πT
− i TF

2πT

)

− ❧♥Γ

(

1

2
+

γ

2πT
+ i

z

2π

)]

. ✭✹✳✶✵✶✮

❙ó r❡st❛ ❛❣♦r❛ r❡❛❧✐③❛r ❡st❛ ✐♥t❡❣r❛❧ s♦❜r❡ ❛ ✈❛r✐á✈❡❧ z✳ ❊♠❜♦r❛ ♥ã♦ ♣♦ss❛ s❡r ❛✈❛❧✐❛❞❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡✱ s✉❛ ✐♥t❡❣r❛çã♦
♥✉♠ér✐❝❛ ♥ã♦ ❛♣r❡s❡♥t❛ ❞✐✜❝✉❧❞❛❞❡s ❡①tr❛s✳ ❱❡♠♦s q✉❡ w (γ, T ) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ γ s♦③✐♥❤♦✱ ♠❛s s✐♠ ❞❛ r❛③ã♦ γ/T ✳
❈♦♥t✉❞♦✱ ❞❡✈✐❞♦ ❛♦ t❡r♠♦ iTF /2πT ♣r❡s❡♥t❡ ❡♠ ✉♠ ❞♦s ❧♦❣❛r✐t♠♦s✱ ✉♠❛ ❢♦r♠❛ ❞❡ ❡s❝❛❧❛ ❣❡♥ér✐❝❛ ♥ã♦ é ♣♦ssí✈❡❧✱
❋✐❣✳ ✭✹✳✶✹✮✳

✼✼
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10
-4

10
-2

10
0

10
2

10
4

10
6

γ/T

10
-1

10
0

10
1

10
2

10
3

10
4

w
(T

,γ
/T

)*
(2

T
F
/T

)

T=0.1T
F

T=0.01T
F

T=0.0001T
F

❋✐❣✉r❛ ✹✳✶✹✿ ■♥t❡❣r❛❧ w (T, γ/T ) ❞✐✈✐❞✐❞❛ ♣♦r s❡✉ ✈❛❧♦r ❛ss✐♥tót✐❝♦ T/2TF ✱ ✈❡❥❛ ❊q✳ ✭✹✳✶✵✹✮✳ P❛r❛ γ/T . 10−2

❛s ❝✉r✈❛s t❡♥❞❡♠ ❛ s❡✉ ✈❛❧♦r ❛ss✐♥tót✐❝♦✱ ❡ ✜❝❛♠ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ T ✳ ❏á ♣❛r❛ γ > TF t♦❞❛s ❛s ❝✉r✈❛s ♥♦ ❣rá✜❝♦
s❛t✉r❛♠ ♣❛r❛ ♦ ✈❛❧♦r TF /2T ✳

✹✳✹✳✸✳✷ ▲✐♠✐t❡ T/TF ≪ 1

❈♦♠♦ ❡st❛♠♦s ♥♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s TF /T →∞✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t✐r❧✐♥❣ ♥❛ ❢✉♥çã♦
❣❛♠❛ ♣r❡s❡♥t❡ ♥❛ ❊q✳ ✭✹✳✶✵✶✮✳ ❆ ❢ór♠✉❧❛ ❞❡ ❙t✐r❧✐♥❣ é ❞❛❞❛ ♣♦r ❬✶✷✽❪

❧♥Γ (z) ∼
(

z − 1

2

)

❧♥z − z +
1

2
❧♥2π, z →∞, ✭✹✳✶✵✷✮

❡ t❡♠♦s q✉❡

w (γ, T ) ∼ 1

4
+

T

TF

ˆ +∞

−∞

dz
1

4
s❡❝❤2

[z

2

]

❘❡
[

−❧♥Γ

(

1

2
+

γ

2πT
+ i

z

2π

)

+
1

2π

(

γ

T
− iTF

T

)

❧♥
(

1

2
+

γ

2πT
− i TF

2πT

)

− 1

2
− γ

2πT
+ i

TF

2πT
+

1

2
❧♥2π

]

=
1

4
+

T

TF

ˆ +∞

−∞

dz
1

4
s❡❝❤2

[z

2

]

[

❘❡
[

−❧♥Γ

(

1

2
+

γ

2πT
+ i

z

2π

)]

− 1

2
− γ

2πT
+

1

2
❧♥2π

− TF

2πT
t❛♥−1

[

1

πT/TF + γ/TF

]

+
γ

4πT
❧♥

(

(

1

2
+

γ

2πT

)2

+

(

TF

2πT

)2
)]

,

❯s❛♠♦s ❛❣♦r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❛♠❜♦s T/TF ❡ γ/TF sã♦ ♣❡q✉❡♥♦s ♣❛r❛ ❡s❝r❡✈❡r♠♦s t❛♥−1 [1/x] ≃ π/2−x ❡ ❧♥
[

1 + x2
]

≃
0✱ ♦♥❞❡ x = πT/TF + γ/TF

w (γ, T ) ≃ 1

4
+

T

TF

ˆ +∞

−∞

dz
1

4
s❡❝❤2

[z

2

]

[

−❘❡
[

❧♥Γ

(

1

2
+

γ

2πT
+ i

z

2π

)]

− 1

2
− γ

2πT
+

1

2
❧♥2π

− TF

2πT

[

π

2
− π T

TF
− γ

TF

]

+
γ

2πT
❧♥
(

TF

2πT

)]

=
T

TF

{

γ

2πT
❧♥
(

TF

2πT

)

+
1

2
❧♥2π −

ˆ +∞

−∞

dz
1

4
s❡❝❤2

[z

2

]

❘❡
[

❧♥Γ

(

1

2
+

γ

2πT
+ i

z

2π

)]}

✭✹✳✶✵✸✮

❆ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❡st❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❡ ❛ ❡①❛t❛ é ♠♦str❛❞❛ ♥❛ ❋✐❣✳ ✭✹✳✶✺✮✳ ❊st❛ ❢♦r♠❛ ♣❛r❛ w (γ, T ) é
❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ♥♦ss❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦ t❡r♠♦ δf ✱ ♥❛ ❊q✳ ✭✹✳✽✺✮✱ é ♣❡q✉❡♥♦✳
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10
-4

10
-2

10
0

10
2

10
4

10
6

γ/T

10
-2

10
-1

10
0

10
1

10
2

w
(T

,γ
/T

)*
(2

T
F
/T

)

T=0.01T
F
, Exato

T=0.01T
F
, Stirling

❋✐❣✉r❛ ✹✳✶✺✿ ❊①♣r❡ssã♦ ❡①❛t❛ ✭❊q✳ ✭✹✳✶✵✶✮✮ ❡ ❛♣r♦①✐♠❛❞❛ ✭❊q✳ ✭✹✳✶✵✸✮✮ ♣❛r❛ w (T, γ/T )✱ ❞✐✈✐❞✐❞❛ ♣♦r s❡✉ ✈❛❧♦r
❛ss✐♥tót✐❝♦ T/2TF ✳ ❱❡♠♦s q✉❡ ❛s ❞✉❛s s♦❧✉çõ❡s sã♦ ✐❣✉❛✐s ♥♦ ✐♥t❡r✈❛❧♦ ❡♠ q✉❡ γ < TF ✱ ✐♥t❡r✈❛❧♦ ❡st❡ q✉❡ ♥ã♦ só
❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❤✐♣ót❡s❡s ✉s❛❞❛s ♥❛ ❛♣r♦①✐♠❛çã♦✱ ❝♦♠♦ t❛♠❜é♠ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ r❡❣✐ã♦ ❢ís✐❝❛ ❞❡ ✐♥t❡r❡ss❡✳

◆♦ ❧✐♠✐t❡ ❡♠ q✉❡ q✉❡ γ = 0✱ ❛ ❊q✳ ✭✹✳✶✵✸✮ r❡❞✉③✲s❡ ❛

w (0, T ) =
T

2TF
, ✭✹✳✶✵✹✮

q✉❡ é ♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦ ✉t✐❧✐③❛❞♦ ♥❛ ❋✐❣✳ ✭✹✳✶✹✮✳

✹✳✹✳✸✳✸ ❘❡❣✐ã♦ ❞❡ r❡❧❡✈â♥❝✐❛ ❞❛ ❝♦rr❡çã♦ ❧✐♥❡❛r ❞❡ ρ (T ) ❡♠ 2d

❯t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭✹✳✾✻✮ ❡ ✐♥❝❧✉✐♥❞♦ ♦ t❡r♠♦ ❞❡ ✏❜✉❧❦✑ ❞❡✈✐❞♦ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦✱ ❝❤❡❣❛♠♦s à ❢♦r♠❛ ✜♥❛❧
❞❡ τ−1

tr (γ, T )

τ−1
tr (γ, T ) = τ−1

0 A2 (u)

{

1 + 2
T

TF
α (u)w′ (γ (T ) , T )

}

+ ηγ (T ) , ✭✹✳✶✵✺✮

♦♥❞❡

w′ (γ (T ) , T ) =
TF

T
w (γ (T ) , T ) , ✭✹✳✶✵✻✮

❡ w (γ (T ) , T ) é ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✹✳✶✵✸✮✳
P❛r❛ γ (T ) = 0✱ ❛♣❡♥❛s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❡stá ♣r❡s❡♥t❡ ❡ t❡♠♦s w′ (0, T ) = 0.5✱ ❊q✳ ✭✹✳✶✵✹✮✳ ■♥s❡r✐♥❞♦

❡st❡ r❡s✉❧t❛❞♦ ❞❡ ✈♦❧t❛ ♥❛ ❊q✳ ✭✹✳✶✵✺✮✱ ✈❡♠♦s q✉❡ ❛ ❝♦rr❡çã♦ ❧✐♥❡❛r ❝♦♠ T ♦❝♦rr❡ ♣❛r❛ t♦❞♦ u > 0 ❡ ✜❝❛ ❧✐♠✐t❛❞❛
❛♣❡♥❛s ♣❡❧❛ ❛♠♣❧✐t✉❞❡ A (u)✳ ■ss♦ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✳ ✭✹✳✼✵✮✱ ♣♦✐s ❧á ♠♦str❛♠♦s q✉❡ ❛ ♣❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞♦
♣♦t❡♥❝✐❛❧ r❡♥♦r♠❛❧✐③❛❞♦ ❞❡ ❞❡s♦r❞❡♠ vi ❡stá ♣r❡s❡♥t❡ ♠❡s♠♦ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❡ é ❧✐♠✐t❛❞❛
❛♣❡♥❛s ♣♦r ✉♠❛ ❛♠♣❧✐t✉❞❡ ❣❧♦❜❛❧✼✳ ➱ ❥✉st❛♠❡♥t❡ ❡st❛ ♣❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞❡ vi q✉❡ ❞á ♦r✐❣❡♠ ❛ ❡st❛ ❝♦rr❡çã♦ ❧✐♥❡❛r
❡♠ T ❞♦ t✐♣♦ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛✳

❏á ♣❛r❛ ✉♠ γ (T ) ✜♥✐t♦✱ ❛ r❡❣✐ã♦ ❧✐♥❡❛r ❞❡ ρ (T ) ❞✐♠✐♥✉✐ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛♦ ❡♥tr❛r♠♦s ♥♦ r❡❣✐♠❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳
❈♦♠♦ ❤á ❞✉❛s ❝♦♥tr✐❜✉✐çõ❡s ❞♦♠✐♥❛♥t❡s ♣❛r❛ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦✱ ❛♥❛❧✐s❛♠♦s s❡✉s ❡❢❡✐t♦s ✐♥❞✐✈✐❞✉❛✐s s❡♣❛✲
r❛❞❛♠❡♥t❡✱ ❞❡✜♥✐♥❞♦ ❞✉❛s t❡♠♣❡r❛t✉r❛s ❧✐♠✐t❛♥t❡s q✉❡ r❡str✐♥❣❡♠ ❛ r❡❣✐ã♦ ❞♦ t✐♣♦ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ♣♦r ❝✐♠❛✳
❊❧❛s sã♦ ♦❜t✐❞❛s ❛♦ ❝♦♠♣❛r❛r♠♦s τ−1

tr (T ) ♥♦ ❝❛s♦ ♣✉r❛♠❡♥t❡ ❡❧ást✐❝♦ ✭γ (T )→ 0✱ ♥❛ ❊q✳ ✭✹✳✶✵✺✮✮✱ ❝♦♠ ❞✉❛s ♦✉tr❛s
t❛①❛s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✿ ✉♠❛ ♥❛ q✉❛❧ ❢❛③❡♠♦s η → 0

(

T ⋆
imp

)

✱ ❡ ❛ ♦✉tr❛ ♥❛ q✉❛❧ t♦♠❛♠♦s w′ (γ (T ) , T ) → w′ (0, T )
(T ⋆

bulk)✱ ♥❛ ❊q✳ ✭✹✳✶✵✺✮✳

✼◆♦ ❆♣ê♥❞✐❝❡ ✭❋✮✱ ♠♦str❛♠♦s q✉❡ ❡st❛ ♣❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞❡ vi ♣♦ss✉✐ ❛ ♠❡s♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ t❛♥t♦ ♣❛r❛ u → 0 q✉❛♥t♦ ♣❛r❛ u → 1✱ ♦
q✉❡ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❝♦rr❡çã♦ ❧✐♥❡❛r ❡stá ♣r❡s❡♥t❡ ♣❛r❛ t♦❞♦ u > 0✳

✼✾
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P♦❞❡♠♦s ❢❛③❡r ✉♠❛ ❡st✐♠❛t✐✈❛ s✐♠♣❧❡s ❞❡ss❛s t❡♠♣❡r❛t✉r❛s ❧✐♠✐t❛♥t❡s T ⋆
bulk ❡ T ⋆

imp ♥♦ r❡❣✐♠❡ ❝rít✐❝♦✳ ❯t✐❧✐③❛♥❞♦
❛ ❊q✳ ✭✹✳✼✼✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

γ (T ) = cTF

(

m⋆

m

)2(
T

TF

)2

, ✭✹✳✶✵✼✮

❝♦♠

c = CDZ2
0 = CD

( m

m⋆

)2

∼ O (1) , ✭✹✳✶✵✽✮

❡ TF = D ✭kB = 1✮✳ ❉✐s❝✉t✐r❡♠♦s ♠❡❧❤♦r ❛ ❊q✳ ✭✹✳✶✵✽✮ ❛ s❡❣✉✐r ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✳ ✭✹✳✶✻✮✮✳ ❆❧é♠ ❞✐ss♦✱
♣❡❧❛s ❊qs✳ ✭✷✳✾✻✮ ❡ ✭✸✳✸✸✮✱

Z0 = 1− u2 =
m

m⋆
. ✭✹✳✶✵✾✮

◆♦ ❝❛s♦ ❞❡ T ⋆
imp✱ ❡❧❛ é ❝❛❧❝✉❧❛❞❛ ♥❛ ❛✉sê♥❝✐❛ ❞♦ t❡r♠♦ ❞❡ ❜✉❧❦ (η = 0)✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ q✉❛❧q✉❡r ❞❡s✈✐♦ ❞♦

❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r ✈❡♥❤❛ ❞❛ ❢✉♥çã♦ w′ (γ (T ) , T )✳ P❡❧❛ ❋✐❣✳ ✭✹✳✶✹✮✱ ✈❡♠♦s q✉❡ w′ (γ (T ) , T ) é ❝♦♥st❛♥t❡ ❡
✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ T ♣❛r❛ γ/T . 10−2✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛té ❡st❡ ♣♦♥t♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r s♦❜r❡✈✐✈❡✱ ❞❡ ♠♦❞♦
q✉❡ t❡♠♦s

T ⋆
imp

TF
≈ 102 γimp

TF
= 102c

(

m⋆

m

)2(T ⋆
imp

TF

)2

, ✭✹✳✶✶✵✮

❞♦♥❞❡

T ⋆
imp

TF
≈ 10−2

( m

m⋆

)2

. ✭✹✳✶✶✶✮

T ⋆
bulk✱ ♣♦r s✉❛ ✈❡③✱ é ❝❛❧❝✉❧❛❞❛ ♣❛r❛ w′ (γ (T ) , T ) = w′ (0, T ) = 0.5 ❡ η 6= 0✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦ ❞❡s✈✐♦ ❞❛

❧✐♥❡❛r✐❞❛❞❡ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ❝♦♥tr✐❜✉✐çã♦ q✉❛❞rát✐❝❛ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ❞♦ ❜✉❧❦ s✉♣❡r❛ ❛q✉❡❧❛ ❧✐♥❡❛r ✈✐♥❞❛
❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ♣❡❧❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✳ ❈♦♠♣❛r❛♥❞♦ ❡st❛s ❞✉❛s ❝♦♥tr✐❜✉✐çõ❡s✱ ♣♦❞❡♠♦s ❡st✐♠❛r T ⋆

bulk✱
❧❡♠❜r❛♥❞♦ q✉❡✱ ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✱ α (u) ∼ 2 ❡ A2 (u) ∼ (1− u)2 ∼ (m/m⋆)

2

T ⋆
bulk

TF
(τ0εF )

−1
( m

m⋆

)2

≈ η

(

m⋆

m

)2(
T ⋆

bulk

TF

)2

T ⋆
bulk

TF
≈ (τ0εF )

−1
( m

m⋆

)4

. ✭✹✳✶✶✷✮

❈♦♠♣❛r❛♥❞♦ ❛s ❊qs✳ ✭✹✳✶✶✶✮ ❡ ✭✹✳✶✶✷✮✱ ✈❡♠♦s q✉❡✱ ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✱ T ⋆
bulk ∼ (m/m⋆)

4✱ ❛♦ ♣❛ss♦ q✉❡ T ⋆
imp ∼

(m/m⋆)
2✱ ♦ q✉❡ ♥♦s s✉❣❡r❡ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❧✐♠✐t❛♥t❡ ♣❛r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r s❡❥❛ ❞❛❞❛ ♣♦r T ⋆

bulk✳ ❆❧é♠
❞✐ss♦✱ ✈❡♠♦s q✉❡ T ⋆

bulk t❛♠❜é♠ ❞❡♣❡♥❞❡ ❞❡ (τ0εF )
−1✳ ❈♦♠♦ ❛ss✉♠✐♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❢r❛❝♦ ❡♠ ♥♦ss❛s

❞❡r✐✈❛çõ❡s✱ ❞❡✈❡♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r q✉❡ τ0εF ≫ 1✱ ❊q✳ ✭✹✳✾✵✮✳ P♦rt❛♥t♦✱ q✉❛♥t♦ ♠❛✐s ❢r❛❝♦ ❢♦r ♦ ❡s♣❛❧❤❛♠❡♥t♦✱
♠❡♥♦r s❡rá ♦ ✈❛❧♦r ❞❡ T ⋆

bulk ❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ♠❡♥♦r ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✈❛❧✐❞❛❞❡ ❞❛ ❝♦rr❡çã♦ ❧✐♥❡❛r ♣❛r❛ ρ (T )✳
❯♠ ❝á❧❝✉❧♦ q✉❛♥t✐t❛t✐✈♦ ❞❡ss❛s t❡♠♣❡r❛t✉r❛s ♣♦❞❡ s❡r ♦❜t✐❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛ ❊q✳ ✭✹✳✶✵✺✮✳ P❛r❛

♣r♦❝❡❞❡r♠♦s✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ ♠♦❞❡❧♦ r❛③♦á✈❡❧ q✉❡ ♥♦s ♣❡r♠✐t❛ ❡①tr❛✐r ♦s ✈ár✐♦s ♣❛râ♠❡tr♦s ❞❛ t❡♦r✐❛✽✳ P❡❧❛s
❊qs✳ ✭✹✳✾✶✮ ❡ ✭✹✳✾✷✮✱ ✈❡♠♦s q✉❡ ✉♠ ♣❛râ♠❡tr♦ q✉❡ ❛♣❛r❡❝❡ ❡♠ ♥♦ss♦s ❝á❧❝✉❧♦s é ♦ ♣r♦❞✉t♦ ρ (εF )Uc✳ ❉❛ ❊q✳ ✭✸✳✸✵✮✱
t❡♠♦s q✉❡ Uc = 8

∣

∣ε0kin

∣

∣✱ ♦♥❞❡ ♦♥❞❡ ε0kin é ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ♠é❞✐❛ ♥♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ q✉❡ é ❞❛ ♦r❞❡♠ ❞❛
s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ D✳ P♦rt❛♥t♦✱ é r❛③♦á✈❡❧ s✉♣♦r♠♦s q✉❡✱ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ρ (εF )Uc ∼ O (1)✳ ❯♠❛ ❡st✐♠❛t✐✈❛
♣❛r❛ ❡st❡ ♣❛râ♠❡tr♦ é ♦❜t✐❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛♦ ❢❛③❡r♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞✐r❡t❛ ❞♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s
❝♦♠ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♣❛r❛ ❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ P❡❧❛ ❊q✳ ✭✹✳✶✻✮✱ t❡♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡
▲❛♥❞❛✉ F a

0 ✱ ♣ró①✐♠♦ ❞❛ tr❛♥s✐çã♦✱ ❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

F a
0 ≃ −3

8
ρ (εF )Uc. ✭✹✳✶✶✸✮

✽❖s ❛r❣✉♠❡♥t♦s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ sã♦ s✐♠✐❧❛r❡s àq✉❡❧❡s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❘❡❢✳ ❬✶✵✸❪✱ ♦♥❞❡ ♦ ❛✉t♦r ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❍❡3

❧íq✉✐❞♦ ♣ró①✐♠♦ ❞♦ ♣♦♥t♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦ ✉t✐❧✐③❛♥❞♦ ♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳

✽✵
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❋✐❣✉r❛ ✹✳✶✻✿ ❈♦❡✜❝✐❡♥t❡ c✱ ❊q✳ ✭✹✳✶✵✽✮✱ ❞❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ ❝♦♠♦ ❢✉♥çã♦ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ m⋆✱ r❡t✐r❛❞♦ ❞❛
❘❡❢✳ ❬✶✸✸❪✳ ❏á ♣❛r❛ m⋆ & 1.5m✱ t❡♠♦s q✉❡ c é ❜❛s✐❝❛♠❡♥t❡ ✉♠❛ ❝♦♥st❛♥t❡✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♠❡s♠♦ ❛í ❥á ❡st❛♠♦s
❝❛♣t✉r❛♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦✱ ♥♦ q✉❛❧ ❛ ú♥✐❝❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞♦ ♣r♦❜❧❡♠❛ ♣❛ss❛ ❛ s❡r ❞❛❞❛ ♣♦r Z0D✳

P❡❧❛ ❋✐❣✳ ✭✹✳✶✵✮✱ t❡♠♦s q✉❡ F a
0 ≃ −0.3✳ ❈♦♠♣❛r❛♥❞♦ ❛♠❜♦s✱ t❡♠♦s q✉❡

ρ (εF )Uc = 0.8. ✭✹✳✶✶✹✮

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ t❡st❛r♠♦s ❛ r❛③♦❛❜✐❧✐❞❛❞❡ ❞❡st❛ ❡s❝♦❧❤❛✱ t❛♠❜é♠ ✜③❡♠♦s ♦s ❝á❧❝✉❧♦s ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ρ (εF )Uc =
8.0✱ ❋✐❣✳ ✭✹✳✶✼✮✳ ❊♥❝♦♥tr❛♠♦s q✉❡ T ⋆

bulk ♣♦ss✉✐ ✉♠❛ ♣❡q✉❡♥❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ ✈❛❧♦r ❞❡ ρ (εF )Uc✱ ❛♦ ♣❛ss♦ q✉❡
T ⋆

imp é ❜❛s✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡❧❡✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ♥♦ss❛s ❝♦♥❝❧✉sõ❡s ❣❡r❛✐s sã♦ ✐♥❛❧t❡r❛❞❛s ♣❛r❛ q✉❛❧q✉❡r
✉♠❛ ❞❛s ❞✉❛s ❡s❝♦❧❤❛s✱ ♣♦✐s ♦s r❡s✉❧t❛❞♦s ❝♦✐♥❝✐❞❡♠✱ ✐♥❝❧✉s✐✈❡ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡✱ ♣❛r❛ ❛♠❜❛s✳

❆♥❛❧✐s❛r❡♠♦s ❛❣♦r❛ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❢✉♥çã♦ Λ (u) ❞❡s❝r❡✈❡♥❞♦ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛✱
❊q✳ ✭✹✳✼✼✮✳ P❡❧❛s ❊qs✳ ✭✹✳✷✽✮✱ ✭✹✳✶✵✼✮ ❡ ✭✹✳✶✵✽✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡ γ (T ) = c (m⋆/m)

2
TF

(

T/T 2
F

)

✱ ❝♦♠
c = CD (m/m⋆)

2✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❢✉♥çã♦ Λ (u) é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ c✱ q✉❡ é ♥❛t✉r❛❧♠❡♥t❡
❝♦♥st❛♥t❡ ❝♦♠ r❡❧❛çã♦ ❛♣❡♥❛s ❛ ω ❡ T ✱ ♠❛s ♥ã♦ ❝♦♠ r❡❧❛çã♦ ❛ u✳ P❛r❛ ❡st✐♠❛r♠♦s ♦ ✈❛❧♦r ❞❡ c ❡♠ ♥♦ss♦s ❝á❧❝✉❧♦s
♥✉♠ér✐❝♦s✱ ✉t✐❧✐③❛♠♦s ♦s ❞❛❞♦s ❞❛ ❘❡❢✳ ❬✶✸✸❪✱ ♦❜t✐❞♦s ❞❡♥tr♦ ❞❛ ❚❉❈▼✱ ❡ q✉❡ ❡stã♦ r❡♣r♦❞✉③✐❞♦s ♥❛ ❋✐❣✳ ✭✹✳✶✻✮✳

❏á ♦ ❢❛t♦r ❣❡♦♠étr✐❝♦ η é ❡st✐♠❛❞♦ ❛ ♣❛rt✐r ❞❛ ❊qs✳ ✭✹✳✶✾✮✱ ✭✹✳✸✺✮ ❡ ✭✹✳✼✼✮✱ ❡ é ❞❛❞♦ ♣♦r

η =
4td

D2ρ (εF ) I0
≈ I−1

0 ≈ 10, ✭✹✳✶✶✺✮

♦♥❞❡ ❛ss✉♠✐♠♦s q✉❡ n = 1✱ t = 1/2m✱ D = 4dt ❡ Dρ (εF ) ≈ 1✳
❈♦♠♦ ♣♦❞❡♠♦s ✈❡r ❞❛ ❋✐❣✳ ✭✹✳✶✼✮✱ T ⋆

bulk é ❡str✐t❛♠❡♥t❡ ♠❡♥♦r q✉❡ T ⋆
imp✱ ♦ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ t❡♥❞ê♥❝✐❛

❝❛♣t✉r❛❞❛ ♣♦r ♥♦ss❛s ❡st✐♠❛t✐✈❛s✱ ❊qs✳ ✭✹✳✶✶✶✮ ❡ ✭✹✳✶✶✷✮✳ P♦rt❛♥t♦✱ ♣❛r❛ q✉❛❧q✉❡r ❣r❛✉ ❞❡ ❝♦rr❡❧❛çã♦✱ é T ⋆
bulk q✉❡

❞❡t❡r♠✐♥❛ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ r❡❣✐ã♦ ❧✐♥❡❛r ❞❡ ρ (T )✳
❚❛♠❜é♠ ♣❡❧❛ ❋✐❣✳ ✭✹✳✶✼✮ ✈❡♠♦s q✉❡✱ ♠❡s♠♦ ♣❛r❛ ❝♦rr❡❧❛çõ❡s ♠♦❞❡r❛❞❛s✱ ❛ r❡❣✐ã♦ ❞♦ t✐♣♦ ♥ã♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐

é r❡str✐t❛ ❛ t❡♠♣❡r❛t✉r❛s ♠✉✐t♦ ❜❛✐①❛s✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ m/m⋆ ∼ 0.9✱ T ⋆
bulk ∼ 10−2TF ✱ ❡ ♣❛r❛ m/m⋆ ∼ 0.6✱

T ⋆
bulk ∼ 10−4TF ✳ ❙✉♣♦♥❞♦ q✉❡ ❡st❛ t❡♦r✐❛ ❝❛♣t✉r❡ ♦s ❡❧❡♠❡♥t♦s ❜ás✐❝♦s ♣❛r❛ ❞❡s❝r❡✈❡r ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❡♠

❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❬✹✽✱ ✹✾❪✱ ❡st✐♠❛♠♦s q✉❡ T ⋆ ≈ 1♠❑ ♣❛r❛ m/m⋆ ∼ 0.6✱ ✉♠❛ ✈❡③ q✉❡✱ ♥❡ss❡s s✐st❡♠❛s✱
TF ∼ 10❑✱ ✉♠❛ t❡♠♣❡r❛t✉r❛ q✉❡ ❡stá ❜❡♠ ❛❜❛✐①♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣❡r❛t✉r❛s r❡❧❡✈❛♥t❡s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳

❊♠ ú❧t✐♠❛ ✐♥stâ♥❝✐❛✱ ❝♦♠♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r ❡♠ T t❛♠❜é♠ é ❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ t❡♠♣❡r❛t✉r❛ ✐♥❢❡r✐♦r q✉❡
♠❛r❝❛ ❛ ❡♥tr❛❞❛ ♥♦ r❡❣✐♠❡ ❞✐❢✉s✐✈♦✾✱ ♦ ✐♥t❡r✈❛❧♦ ❜❛❧íst✐❝♦ ♥♦ q✉❛❧ ❛s ❝♦rr❡çõ❡s ❡❧ást✐❝❛s ♣r❡❞♦♠✐♥❛♠ ♣♦❞❡ ♥❡♠
♠❡s♠♦ ❡st❛r ♣r❡s❡♥t❡✱ s❡♥❞♦ q✉❡st✐♦♥❛❞❛ ♣♦rt❛♥t♦ s✉❛ r❡❧❡✈â♥❝✐❛ ♣❛r❛ ❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❬✹✼❪✳

✾❊♠ t❡r♠♦s ❞❛ t❡♠♣❡r❛t✉r❛✱ ♦ r❡❣✐♠❡ ❞✐❢✉s✐✈♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ Tτtr ≪ 1✱ ❛♦ ♣❛ss♦ q✉❡ ♦ ❜❛❧íst✐❝♦ é ❞❛❞♦ ♣♦r Tτtr & 1✳
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❋✐❣✉r❛ ✹✳✶✼✿ ❚❡♠♣❡r❛t✉r❛s ❧✐♠✐t❛♥t❡s ♣❛r❛ ♦ r❡❣✐♠❡ ❧✐♥❡❛r ❡♠ T ❞❛ r❡s✐st✐✈✐❞❛❞❡ ρ (T ) ❡♠ ✉♠ ❧íq✉✐❞♦ ❡❧❡trô♥✐❝♦
❜✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♦ ❢✉♥çã♦ ❞❛s ❝♦rr❡❧❛çõ❡s ❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✳ T ⋆

imp ❡ T ⋆
bulk sã♦ ❝❛❧❝✉❧❛❞❛s ❛tr❛✈és ❞❡ ❞✉❛s

❤✐♣ót❡s❡s ❞✐❢❡r❡♥t❡s ✭✈❡❥❛ ♦ t❡①t♦✮ ♣❛r❛ ❞♦✐s ✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ ρ (εF )Uc✳ T ⋆
imp é ❜❛s✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡

ρ (εF )Uc✱ ❡ ❛♣❡♥❛s ✉♠❛ ❞❛s ❝✉r✈❛s é ♠♦str❛❞❛✳ T ⋆
bulk é ♦ ✏❝✉t♦✛✑ ❞♦♠✐♥❛♥t❡✱ ❛❝✐♠❛ ❞♦ q✉❛❧ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❧✐♥❡❛r ❞❡s❛♣❛r❡❝❡✳ ❆q✉✐✱ ✉t✐❧✐③❛♠♦s τ0εF = 10✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♠♣✉r❡③❛ ❢r❛❝♦✳ ▼♦str❛❞♦ ♣❡❧❛
♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✹✸❪✳
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Capı́tulo 5
▲♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ♥❛ ♣r❡s❡♥ç❛ ❞❡

❝♦rr❡❧❛çõ❡s

❆ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ❬✺✵❪ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ❬✶✾❪ ♣r❡❞✐③ q✉❡ ❛ ❞❡s♦r❞❡♠ ❢❛③ ❝♦♠ q✉❡ ♦s ❡st❛❞♦s
❡❧❡trô♥✐❝♦s ❞❡ s✐st❡♠❛s ♥ã♦ ✐♥t❡r❛❣❡♥t❡s s❡❥❛♠ t♦❞♦s ❧♦❝❛❧✐③❛❞♦s ♣❛r❛ d ≤ 2✳ P❛r❛ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❛
❝♦♥❞✉tâ♥❝✐❛ ♣♦ss✉✐ ❝♦rr❡çõ❡s s✐♥❣✉❧❛r❡s ✭❞✐✈❡r❣❡♥t❡s✮✱ ✉♠ ❡❢❡✐t♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ ❬✹✱ ✾✱ ✶✶✹❪✱ q✉❡
❛ ❢❛③ ❞❡❝r❡s❝❡r ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ é ❜❛✐①❛❞❛✱ ❧❡✈❛♥❞♦✱ ❡♠ ú❧t✐♠❛ ✐♥stâ♥❝✐❛✱ ❛ ✉♠
❡st❛❞♦ ✐s♦❧❛♥t❡ ♣❛r❛ T = 0 ❬✺✵❪✳

➱ ♥❛t✉r❛❧ q✉❡ ♥♦s ♣❡r❣✉♥t❡♠♦s ♥❡st❡ ♣♦♥t♦ q✉❛❧ é ❛ ✐♥✢✉ê♥❝✐❛ ❞❛s ❝♦rr❡❧❛çõ❡s s♦❜r❡ ❡st❡ ❝❡♥ár✐♦✳ ❯♠❛ ❞❛s
♣♦ssí✈❡✐s ♠❛♥❡✐r❛s ❞❡ ✐♥❝❧✉✐r♠♦s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦ ♥♦ ❡st✉❞♦ ❞❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ é ❛tr❛✈és ❞❡ ✉♠❛
❛❜♦r❞❛❣❡♠ ❞♦ t✐♣♦ ❧íq✉✐❞♦ ❞❡ ❋❡r♠✐ ❬✶✵✱ ✶✹✺❪✱ ♥❛ q✉❛❧ ❛s ❡①❝✐t❛çõ❡s ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ❞❡st❡ ♠❡t❛❧ ❞❡s♦r❞❡♥❛❞♦
❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦ sã♦ ❞❡s❝r✐t❛s ♣♦r ✉♠ ♣❡q✉❡♥♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❛s
q✉❛s✐♣❛rtí❝✉❧❛s ❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ❞✐❢✉sã♦✳ ❊st❛ ❞❡s❝r✐çã♦ é ✈á❧✐❞❛ ❛♣❡♥❛s ♣❛r❛ ❞❡s♦r❞❡♠ ❢r❛❝❛✱ ♣♦✐s só tr❛t❛ ❛
❞❡s♦r❞❡♠ ♥❛ ♠é❞✐❛✳ ❈♦♠♦ ❞✐s❝✉t✐♠♦s ❞♦ ❈❛♣ít✉❧♦ ✭✸✮✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✐st❡♠❛s ❞❡s♦r❞❡♥❛❞♦s ♣♦❞❡ s❡r
❝♦♠♣❧❡t❛♠❡♥t❡ ♠♦❞✐✜❝❛❞♦ ♣❡❧❛ ❢ís✐❝❛ ❞❡ ❡✈❡♥t♦s r❛r♦s✱ q✉❡ é ✐❣♥♦r❛❞❛ ♥❡st❡ tr❛t❛♠❡♥t♦ ♠é❞✐♦✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❛❜r❛♥❣❡♥t❡ ♣♦❞❡ s❡r ❞❡s❡♥✈♦❧✈✐❞❛ ❛♦ ❝♦♠❜✐♥❛r♠♦s ♦ ❢♦r♠❛❧✐s♠♦ ❞♦ ❈❛♣ít✉❧♦ ✭✸✮ ❝♦♠ ❛
t❡♦r✐❛ ❞❡ ❡s❝❛❧❛✳ ❉❡♥tr♦ ❞❡st❛ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛✱ ❛ ❝♦♥❞✉tâ♥❝✐❛ ♦❝✉♣❛ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦✐s ❡❧❛ é ❛ss✉♠✐❞❛
❝♦♠♦ s❡♥❞♦ ❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ r❡❧❡✈❛♥t❡ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ❬✺✵❪✳ ❆ ❝♦♥❞✉tâ♥❝✐❛ G é ✐♥tr♦❞✉③✐❞❛ ♣❡❧❛ ❧❡✐ ❞❡ ❖❤♠✱
I = GV ✱ ❝♦♠♦ ♦ ❢❛t♦r ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ ❛ ❝♦rr❡♥t❡ t♦t❛❧ I ❡ ❛ q✉❡❞❛ ❞❡ t❡♥sã♦ V ❛tr❛✈és ❞♦ ❝♦♥❞✉t♦r✱ ❡
❝♦rr❡s♣♦♥❞❡ ♥❛t✉r❛❧♠❡♥t❡ ❛♦ ✐♥✈❡rs♦ ❞❛ r❡s✐stê♥❝✐❛ R ✭❝♦♠♦ ❡st❛♠♦s ♥♦ r❡❣✐♠❡ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✱ V → 0✮ ✳

❉❛❞♦ ♦ ♣❛♣❡❧ ❞❡ ❞❡st❛q✉❡ q✉❡ ❛ ❝♦♥❞✉tâ♥❝✐❛ ♦❝✉♣❛ ♥♦ ❡st✉❞♦ ❞❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥✱ ✐r❡♠♦s ❛❞♦tá✲❧❛ ❝♦♠♦
❛ q✉❛♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ♥♦ss❛ ❛♥á❧✐s❡✳ ❱✐♠♦s ♥❛ s❡çã♦ ✭✹✳✷✮ q✉❡ ✉♠❛ ❞❛s ♣♦ssí✈❡✐s ♠❛♥❡✐r❛s ❞❡ ❝❛❧❝✉❧❛r♠♦s
❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ é ❛tr❛✈és ❞❛ ❢ór♠✉❧❛ ❞❡ ❑✉❜♦ ❬✻✵❪✳ ❆ ♠❛✐♦r ♣❛rt❡ ❞♦s tr❛❜❛❧❤♦s ❡♠ t❡♦r✐❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ✉t✐❧✐③❛
❡st❡ ❢♦r♠❛❧✐s♠♦ ❞❡ ❑✉❜♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ t❡♦r✐❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❞✐❛❣r❛♠át✐❝❛ ❬✹✱ ✾✱ ✶✷✼❪✳ ❊①✐st❡✱ ❝♦♥t✉❞♦✱ ✉♠❛
❛❜♦r❞❛❣❡♠ ❝♦♠♣❧❡♠❡♥t❛r ❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ▼❡✐r✲❲✐♥❣r❡❡♥ ❬✶✹✻✱ ✶✹✼❪ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛✱ q✉❡ é
❡①❛t❛ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ ✐♥t❡r❛çã♦✱ t❡♠♣❡r❛t✉r❛ ♦✉ ✈♦❧t❛❣❡♠ ❞♦ s✐st❡♠❛✳ P❛r❛ T = 0✱ ❡ ♥♦ ❧✐♠✐t❡ ❞❡ r❡s♣♦st❛
❧✐♥❡❛r✱ V → 0✱ ❡❧❛ s❡ r❡❞✉③ ♣❛r❛ ❛ ♠✉✐t♦ ♠❛✐s s✐♠♣❧❡s ❢ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r ❬✺✶✱ ✺✷✱ ✺✸✱ ✺✹✱ ✺✺❪✱ ❡ é ❡st❡ ❢♦r♠❛❧✐s♠♦
q✉❡ ✉t✐❧✐③❛r❡♠♦s ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✳ ◆❛ s❡çã♦ ✭✺✳✶✮✱ ❞✐s❝✉t✐♠♦s ❡st❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠✱ ❛♦ ♣❛ss♦ q✉❡ ♥❛ s❡çã♦ ✭✺✳✷✮ ❛
❛♣❧✐❝❛♠♦s ♣❛r❛ ❡①❡♠♣❧♦s ❝♦♥❤❡❝✐❞♦s ❛ ✜♠ ❞❡ ♠♦str❛♠♦s q✉❡ ❡❧❛ é ❛❞❡q✉❛❞❛ ♣❛r❛ ❛❜♦r❞❛r♠♦s ♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦✳

❯♠❛ ✈❡③ ❝❛❧❝✉❧❛❞❛ ❛ ❝♦♥❞✉tâ♥❝✐❛ G✱ ❞❡t❡r♠✐♥❛♠♦s ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g) = d❧♥g/d❧♥L✱ ♦♥❞❡ g = Gh/2e2 é
❛ ❝♦♥❞✉tâ♥❝✐❛ ❛❞✐♠❡♥s✐♦♥❛❧✱ ♣❛r❛ ❡st✉❞❛r♠♦s ❞❡ ♠❛♥❡✐r❛ s✐st❡♠át✐❝❛ ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ✐♥t❡r❛çã♦ ❡ ❞❡s♦r❞❡♠ ❡♠
s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

✺✳✶ ❋ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r

❯♠❛ ❞❛s ❛❜♦r❞❛❣❡♥s ♠❛✐s út❡✐s ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ ❝♦♥❞✉tâ♥❝✐❛ ✈❡♠ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ▲❛♥❞❛✉❡r ❬✺✶✱ ✺✷✱ ✺✸✱ ✺✹✱ ✺✺❪✳
◆❡st❡ ❡sq✉❡♠❛✱ ❛ ❝♦rr❡♥t❡ ❛tr❛✈és ❞❡ ✉♠ ❝♦♥❞✉t♦r é ❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ✉♠ ❡❧étr♦♥ ♣♦ss✉✐
❞❡ s❡ tr❛♥s♠✐t✐r ❛tr❛✈és ❞❡❧❡✳ ❊st❡ ♣♦♥t♦ ❞❡ ✈✐st❛ é ♠✉✐t♦ ❛tr❛❡♥t❡✱ ♣♦✐s ♣❛r❡❝❡ ♥❛t✉r❛❧ q✉❡ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❞❡ ✉♠❛
❛♠♦str❛ ❞❡♣❡♥❞❛ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♠ ❛ q✉❛❧ ♣♦rt❛❞♦r❡s ❞❡ ❝❛r❣❛s ✐♥tr♦❞✉③✐❞♦s ❡♠ ✉♠ ❞❡ s❡✉s ❡①tr❡♠♦s ❝❤❡❣✉❡♠
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❋✐❣✉r❛ ✺✳✶✿ ❯♠❛ ❛♠♦str❛ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s♠✐ssã♦ T ❡ s❡çã♦ tr❛♥s✈❡rs❛❧ W ❡stá ❝♦♥❡❝t❛❞❛ ❛ ❞♦✐s ❝♦♥t❛t♦s
L ❡ R✳ ❆ss✉♠✐♠♦s q✉❡ ❡st❡s ❝♦♥t❛t♦s sã♦ ❝♦♥❞✉t♦r❡s ❜❛❧íst✐❝♦s ❝♦♠ M ❝❛♥❛✐s ❞❡ ❝♦♥❞✉çã♦ ❝❛❞❛ ✉♠✱ ❡ q✉❡ ❡stã♦
❝♦♥❡❝t❛❞♦s ❛ ❞♦✐s r❡s❡r✈❛tór✐♦s ❡❧❡trô♥✐❝♦s ❞❡ ♣❛rtí❝✉❧❛s L ❡ R q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ❡stã♦ s✉❥❡✐t♦s ❛ ✉♠❛ ❞✐❢❡r❡♥ç❛ ❞❡
♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❛❞❛ ♣♦r µL − µR = eV ✱ ♦♥❞❡ V é ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡♥tr❡ ♦s r❡s❡r✈❛tór✐♦s✳

❛ s❡✉ ♦✉tr♦ ❡①tr❡♠♦✳
❯♠❛ ❞❡r✐✈❛çã♦ s✐♠♣❧❡s ❞❛ ❢ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ✉♠❛ ❛♠♦str❛ ❝♦♥❡❝t❛❞❛ ❛ ❞♦✐s

r❡s❡r✈❛tór✐♦s ❛tr❛✈és ❞❡ ❞♦✐s ❝♦♥t❛t♦s✱ ❝♦♠♦ ♥❛ ❋✐❣✳ ✭✺✳✶✮✳ ❆ss✉♠✐♠♦s q✉❡ ❡st❡s ❝♦♥t❛t♦s sã♦ ❝♦♥❞✉t♦r❡s ❜❛❧íst✐❝♦s
❝♦♠ M ❝❛♥❛✐s ❞❡ ❝♦♥❞✉çã♦ ❝❛❞❛ ✉♠✶ ❡ q✉❡ T s❡❥❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s♠✐ssã♦ ♠é❞✐❛ ❞❡ ✉♠ ❡❧étr♦♥ ❛tr❛✈és
❞❛ ❛♠♦str❛✳ ❖s r❡s❡r✈❛tór✐♦s ❡❧❡trô♥✐❝♦s ♣♦ss✉❡♠ ♣♦t❡♥❝✐❛✐s q✉í♠✐❝♦s ❞✐❢❡r❡♥t❡s✱ ❞❛❞♦s ♣♦r µL ❡ µR✱ ❡ ❛ss✉♠✐♠♦s
q✉❡ µL > µR✱ ❝♦♠ µL − µR = eV ✱ ♦♥❞❡ V é ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡♥tr❡ ♦s r❡s❡r✈❛tór✐♦s✱ q✉❡ é ❛ ♠❡s♠❛ q✉❛♥❞♦
❝❛❧❝✉❧❛❞❛ ❡♥tr❡ ♦s ❝♦♥t❛t♦s ❬✺✹❪✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♥❛ ❥✉♥çã♦ ❞♦s ❝♦♥t❛t♦s ❝♦♠ ♦s r❡s❡r✈❛tór✐♦s ♦s
❡❧étr♦♥s ♥ã♦ s♦❢r❡♠ r❡✢❡①ã♦✳

❆ss✉♠✐♥❞♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ s❡❥❛ ✐❣✉❛❧ ❛ ③❡r♦✱ ♦ ✢✉①♦ ❞❡ ❝♦rr❡♥t❡ ♦❝♦rr❡ ❛♣❡♥❛s ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡
µR ❡ µL✳ ❉❡st❡ ♠♦❞♦✱ ♦ ✢✉①♦ ❞❡ ❡❧étr♦♥s ❞♦ ❝♦♥❞✉t♦r L ♣❛r❛ ❛ ❛♠♦str❛ é

I+
L =

2e

h
M (µL − µR) . ✭✺✳✶✮

❏á ♦ ✢✉①♦ q✉❡ s❛✐ ❞❛ ❛♠♦str❛ ♣❛r❛ ♦ ❝♦♥❞✉t♦r R é ❞❛❞♦ ♣♦r

I+
R =

2e

h
MT (µL − µR) . ✭✺✳✷✮

◆❛t✉r❛❧♠❡♥t❡✱ ♦ ✢✉①♦ q✉❡ r❡t♦r♥❛ ♥♦ ❝♦♥❞✉t♦r L é ❞❛❞♦ ♣♦r

I−L =
2e

h
M (1− T ) (µL − µR) . ✭✺✳✸✮

❆ ❝♦rr❡♥t❡ ❡♠ q✉❛❧q✉❡r ✉♠ ❞♦s ❝♦♥❞✉t♦r❡s é ❞❛❞❛ ❡♥tã♦ ♣♦r

I = I+
L − I−L = I+

R =
2e

h
MT (µL − µR) . ✭✺✳✹✮

✶❖ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s tr❛♥s✈❡rs♦s ❡♠ ✉♠❛ ❡♥❡r❣✐❛ E é ♦❜t✐❞♦ ❝♦♥t❛♥❞♦✲s❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❝♦♠ ❡♥❡r❣✐❛ ♠❡♥♦r ❞♦ q✉❡ E✿
M (E) =

P

ν θ (E − εν)✳ P❛r❛ ✉♠ ❛rr❛♥❥♦ ❡♠ 2d ❝♦♠♦ ♦ ❞❛ ❋✐❣✳ ✭✺✳✶✮✱ t❡♠♦s M = 2WkF /π❀ ❥á ♣❛r❛ 3d✱ t❡♠♦s M = Ak2
F /2π✱ ♦♥❞❡ A

é ❛ ár❡❛ ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧✱ ❝♦♠ ❛♠❜♦s r❡s✉❧t❛❞♦s ✐♥❝❧✉✐♥❞♦ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ s♣✐♥✳
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▲♦❣♦✱ ❛ ❝♦♥❞✉tâ♥❝✐❛ G ≡ I/V é

G =
I

(µL − µR) /e
=

2e2

h
MT. ✭✺✳✺✮

❊st❛ é ❛ ❢ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r✱ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❞♦ ❝✐r❝✉✐t♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✺✳✶✮ ❝♦♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ tr❛♥s♠✐ssã♦ T ❛tr❛✈és ❞❛ ❛♠♦str❛✳

◆♦t❛♠♦s q✉❡✱ ♠❡s♠♦ ♣❛r❛ T = 1✱ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s ✉♠❛ ❛♠♦str❛ q✉❡ ❝♦♥❞✉③ ♣❡r❢❡✐t❛♠❡♥t❡✱ ❛ ❊q✳ ✭✺✳✺✮
❢♦r♥❡❝❡ ✉♠❛ ❝♦♥❞✉tâ♥❝✐❛✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♠❛ r❡s✐stê♥❝✐❛ ✜♥✐t❛✱ q✉❡ é ❞❛❞❛ ♣♦r

Rc = G−1
c =

h

2e2
1

M
≈ 12.9kΩ

M
, ✭✺✳✻✮

❡ q✉❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s✱ ♣♦✐s s✉r❣❡ ♥❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ♦s ❝♦♥t❛t♦s ❡ ♦s r❡s❡r✈❛tór✐♦s ❬✺✹✱ ✺✺❪✳
◆♦s r❡s❡r✈❛tór✐♦s✱ ❛ ❝♦rr❡♥t❡ é tr❛♥s♠✐t✐❞❛ ♣♦r ✐♥✜♥✐t♦s ♠♦❞♦s✱ ❛♦ ♣❛ss♦ q✉❡ ♥♦s ❝♦♥❞✉t♦r❡s✱ ❛♣❡♥❛s ♣♦r ✉♠ ♥ú♠❡r♦
✜♥✐t♦ M ✳ ❊st❛ ❞✐❢❡r❡♥ç❛ ❢❛③ ❝♦♠ q✉❡ ❛ ❝♦rr❡♥t❡ t❡♥❤❛ q✉❡ s❡ r❡❞✐str✐❜✉✐r ❡♥tr❡ ❡ss❡s ❞✐❢❡r❡♥t❡s ♥ú♠❡r♦s ❞❡ ♠♦❞♦s
♣r❡❝✐s❛♠❡♥t❡ ♥❛ ✐♥t❡r❢❛❝❡✱ ❝r✐❛♥❞♦ ❛ r❡s✐stê♥❝✐❛✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

G−1
S = G−1 −G−1

c =
h

2e2

(

1

M
− 1

MT

)

=
hM

2e2
T

1− T , ✭✺✳✼✮

♦♥❞❡ G é ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✺✳✺✮✱ Gc ♣❡❧❛ ❊q✳ ✭✺✳✻✮ ❡ G−1
S é ❛ r❡s✐stê♥❝✐❛ ❛♣❡♥❛s ❞❛ ❛♠♦str❛✳ ❖✉ s❡❥❛✱ ❡♥t❡♥❞❡♠♦s ❛

r❡s✐stê♥❝✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛✱ ♦❜t✐❞❛ ♣❡❧❛ ❊q✳ ✭✺✳✺✮✱ ❝♦♠♦ ✉♠❛ ❛ss♦❝✐❛çã♦ ❞❡ r❡s✐st♦r❡s ❡♠ sér✐❡
(

G−1 = G−1
S +G−1

c

)

✱
✉♠ ❝♦rr❡s♣♦♥❞❡♥❞♦ à ❛♠♦str❛✱ ❡ ♦ ♦✉tr♦✱ ❛♦s ❝♦♥t❛t♦s✳

◆❛ ❊q✳ ✭✺✳✺✮✱ r❡❧❛❝✐♦♥❛♠♦s ❛ ❝♦♥❞✉tâ♥❝✐❛ ❡♠ ✉♠❛ ❛♠♦str❛ ❝♦♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s♠✐ssã♦ T ❛tr❛✈és ❞❡❧❛✳
◆❡st❡ ❝á❧❝✉❧♦✱ ❛ss✉♠✐♠♦s q✉❡ t♦❞♦s ♦s ❝❛♥❛✐s ❞❡ ❝♦♥❞✉çã♦ ♣♦ss✉❡♠ ✉♠❛ ♠❡s♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s♠✐ssã♦ T ✳
P♦❞❡♠♦s ❛❣♦r❛ ❣❡♥❡r❛❧✐③❛r ❛ ❊q✳ ✭✺✳✺✮✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ♥❡♠ t♦❞♦s ♦s ❝♦♥t❛t♦s ❝♦♥❞✉③❡♠ ✐❣✉❛❧♠❡♥t❡✱ ♦ q✉❡
♥♦s ❞á ❬✺✹✱ ✺✺✱ ✶✹✽❪

G =
2e2

h
❚r
[

t† (εF ) t (εF )
]

=
2e2

h

M
∑

n=1

Tn (εF ) , ✭✺✳✽✮

♦♥❞❡ Tn (εF ) =
∑

m |tnm (εF )|2 é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s♠✐ssã♦ ❞❡ ✉♠ ❡❧étr♦♥ ❞♦ ❝♦♥❞✉t♦r L ♣❛r❛ ♦ ❝♦♥❞✉t♦r
R ❛tr❛✈és ❞♦ ❝❛♥❛❧ n✱ ❡ tnm = [t]nm é ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ ❞❡ tr❛♥s♠✐ssã♦ t✳ ❈♦♠♦ ❡st❛♠♦s à t❡♠♣❡r❛t✉r❛
③❡r♦✱ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s sã♦ ❝❛❧❝✉❧❛❞❛s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ εF ✳ ❆ss✐♠✱ ❛ q✉❛♥t✐❞❛❞❡ ♣r✐♥❝✐♣❛❧ ❛ s❡r ❝❛❧❝✉❧❛❞❛
♥♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ▲❛♥❞❛✉❡r é ❛ ♠❛tr✐③ ❞❡ tr❛♥s♠✐ssã♦ t✳ ❯♠❛ ♠❛♥❡✐r❛ ❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❝❛❧❝✉❧❛r♠♦s t é ❛tr❛✈és
❞♦ ❢♦r♠❛❧✐s♠♦ ❞❛s ❢✉♥çõ❡s ❞❡ ●r❡❡♥ ❢♦r❛ ❞♦ ❡q✉✐❧í❜r✐♦ ♦✉ ❢♦r♠❛❧✐s♠♦ ❞❡ ❑❡❧❞②s❤ ❬✺✹✱ ✻✵✱ ✶✹✼❪✳ ▲✐♠✐t❛r✲♥♦✲❡♠♦s
❛q✉✐ ❛♣❡♥❛s ❛ ✉♠❛ ❞✐s❝✉ssã♦ ❣❡r❛❧ ❛❝❡r❝❛ ❞❡st❡ ❢♦r♠❛❧✐s♠♦ ❞❡ ♥ã♦ ❡q✉✐❧í❜r✐♦✱ s✐♠♣❧❡s♠❡♥t❡ ♠♦str❛♥❞♦ ♦s ♣r✐♥❝✐♣❛✐s
r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✳

✺✳✶✳✶ ❊①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ❛ ❝♦rr❡♥t❡

❊①♣❧✐❝❛r❡♠♦s✱ ❡♠ s❡❣✉✐❞❛✱ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣❧✐❝❛❞❛ ❛ ❡ss❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❢✉♥çõ❡s ❞❡ ●r❡❡♥ ❢♦r❛ ❞♦ ❡q✉✐❧í❜r✐♦ ❬✶✹✻✱ ✶✹✼❪
✭♥♦✈❛♠❡♥t❡ s❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞❛ ❋✐❣✳ ✭✺✳✶✮✮✳ ❈♦♥s✐❞❡r❛♠♦s q✉❡ ♦ s✐st❡♠❛ ♥ã♦ ♣❡rt✉r❜❛❞♦ ❝♦♥s✐st❡ ❞❡ três r❡❣✐õ❡s
❞❡s❛❝♦♣❧❛❞❛s✿ ♦s ❝♦♥t❛t♦s L ❡ R ❡ ❛ r❡❣✐ã♦ ❝❡♥tr❛❧✱ r❡❢❡r❡♥t❡ à ❛♠♦str❛✳ ◆❡st❛ s✐t✉❛çã♦ ✐♥✐❝✐❛❧✱ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥t❛t♦s
❡stá ❡♠ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ ❡ ♣♦❞❡♠♦s ❛ss♦❝✐❛r✲❧❤❡s ♣♦t❡♥❝✐❛✐s q✉í♠✐❝♦s µL ❡ µR ✭s✉♣♦♥❞♦ q✉❡ µL > µR✮✳ ◆♦t❡ q✉❡
❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡ss❡s ♣♦t❡♥❝✐❛✐s q✉í♠✐❝♦s ♣♦❞❡ s❡r ❛r❜✐trár✐❛✳ ◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❧✐❣❛♠♦s ♦s ❛❝♦♣❧❛♠❡♥t♦s ❡♥tr❡
♦s ❞♦✐s ❝♦♥t❛t♦s ❡ ❛ ❛♠♦str❛✱ ✉♠❛ ❝♦rr❡♥t❡ I ✢✉✐ ❞♦ ❝♦♥t❛t♦ ❡sq✉❡r❞♦ ♣❛r❛ ♦ ❞✐r❡✐t♦✳ ❆♣ós ❛❧❣✉♠ t❡♠♣♦✱ ♦ s✐st❡♠❛
❝❤❡❣❛ ❛♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✳ ❉✉r❛♥t❡ ❡st❡ ♣r♦❝❡ss♦✱ ❛ss✉♠✐♠♦s q✉❡ ♦s r❡s❡r✈❛tór✐♦s s❡❥❛♠ ❣r❛♥❞❡s ♦ s✉✜❝✐❡♥t❡ ♣❛r❛
q✉❡ µL ❡ µR ♥ã♦ s❡❥❛♠ ❛❧t❡r❛❞♦s ♣❡❧❛ ❝♦rr❡♥t❡ I✳

P♦r ❡st❛ ♠❡t♦❞♦❧♦❣✐❛✱ ✈❡♠♦s q✉❡ ♣♦❞❡♠♦s ❞✐✈✐❞✐r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ❞♦ s✐st❡♠❛ ❡♠ três ♣❛rt❡s

H = Hc +HT +HS , ✭✺✳✾✮

♦♥❞❡

Hc =
∑

k,α∈L,R

εkαd
†
kαdkα, ✭✺✳✶✵✮

✽✺



❈❆P❮❚❯▲❖ ✺✳ ▲❖❈❆▲■❩❆➬➹❖ ❉❊ ❆◆❉❊❘❙❖◆ ◆❆ P❘❊❙❊◆➬❆ ❉❊ ❈❖❘❘❊▲❆➬Õ❊❙

é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ ❞❡s❝r❡✈❡ ♦s ❝♦♥t❛t♦s✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛ss✉♠✐r❡♠♦s ♦s ❝♦♥t❛t♦s ❝♦♠♦ ♠❡t❛✐s ♥ã♦ ✐♥t❡r❛❣❡♥t❡s
❡ ❧✐♠♣♦s✱ ❝✉❥❛ ❞✐s♣❡rsã♦ é ❞❛❞❛ ♣♦r εkα✱ ❝♦♠ d†kα (dkα) ❝r✐❛♥❞♦ ✭❞❡str✉✐♥❞♦✮ ✉♠ ❡❧étr♦♥ ♥♦ ❝❛♥❛❧ α ❞❡ ♠♦♠❡♥t♦ k✱
t❛♥t♦ ♥♦ ❝♦♥t❛t♦ ❞✐r❡✐t♦ q✉❛♥t♦ ♥♦ ❡sq✉❡r❞♦✳

❖ ❍❛♠✐❧t♦♥✐❛♥♦ HT ❞❡s❝r❡✈❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦s ❝♦♥t❛t♦s ❡ ❛ r❡❣✐ã♦ ❝❡♥tr❛❧✱ ❝♦♥❡❝t❛♥❞♦ ♦s ❝♦♥t❛t♦s ❝♦♠
❛s ❜♦r❞❛s ❞❛ ❛♠♦str❛✳ ❊♠ ♣r✐♥❝í♣✐♦✱ ❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❡♣❡♥❞❡♠ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛r❣❛s ♥❛ r❡❣✐ã♦
❝❡♥tr❛❧ ❡ ❞❡✈❡r✐❛♠ s❡r ❞❡t❡r♠✐♥❛❞❛s ❞❡ ❢♦r♠❛ ❛✉t♦❝♦♥s✐st❡♥t❡✳ ◆ã♦ ❢❛r❡♠♦s ❡st❛ ❛♥á❧✐s❡ ❛q✉✐✱ ❡ ❛ss✉♠✐r❡♠♦s q✉❡
❡st❡s ❛❝♦♣❧❛♠❡♥t♦s sã♦ ❝♦♥❤❡❝✐❞♦s✱ ❞❡ ❢♦r♠❛ q✉❡

HT =
∑

i,k,α∈L,R

[

Vkα,id
†
kαci + ❤✳❝✳

]

, ✭✺✳✶✶✮

♦♥❞❡ Vkα,i ❞á ❛ ❤✐❜r✐❞✐③❛çã♦ ❡♥tr❡ ✉♠ ❡st❛❞♦ ♥♦ ❝♦♥t❛t♦ ❞❡ ♠♦♠❡♥t♦ k ♥♦ ❝❛♥❛❧ α ❝♦♠ ♦ ❡st❛❞♦ |i〉 ❞❛ ❛♠♦str❛ ❡
ci ❞❡stró✐ ✉♠ ❡❧étr♦♥ ♥♦ ❡st❛❞♦ |i〉 ❞❛ ❛♠♦str❛✳

❆ ❢♦r♠❛ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❛ r❡❣✐ã♦ ❝❡♥tr❛❧ HS ✱ ♦✉ ❞❛ ❛♠♦str❛✱ ♠✉❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳
◆♦ ♥♦ss♦ ❝❛s♦✱ HS é ❞❛❞♦ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦✱ ❝♦♠♦ ❞❡✜♥✐❞♦ ♥❛ ❊q✳ ✭✷✳✼✵✮✳

❯t✐❧✐③❛♥❞♦ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ♥ã♦ ❡q✉✐❧í❜r✐♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❝♦rr❡♥t❡ I q✉❡ ✢✉✐ ♣❡❧♦ s✐st❡♠❛✳ ❊st❡
r❡s✉❧t❛❞♦ ❢♦✐ ♦❜t✐❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✶✹✻❪ ❡ é r❡♣r♦❞✉③✐❞♦ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥❛ ❘❡❢✳ ❬✶✹✼❪

I =
e

h

ˆ +∞

−∞

dε [fL (ω)− fR (ω)]❚r
[

G
†
S (ω)ΓR (ω)GS (ω)ΓL (ω) [■♠ [Σ0 (ω)]]

−1
[■♠ [Σ (ω)]]

]

, ✭✺✳✶✷✮

♦♥❞❡ fL(R) (ε) é ❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦ ❞❡ ❋❡r♠✐✲❉✐r❛❝✱ ♥ã♦ ♣❡rt✉r❜❛❞❛✱ ❞♦ ❝♦♥t❛t♦ L (R)✳ ΓL(R) (ε) é ❛ ♠❛tr✐③ ❞❡
❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦ ❝♦♥t❛t♦ L (R) ❡ ♦ ❝♦♥❞✉t♦r✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❞❛❞♦s ♣♦r

[

ΓL(R) (ω)
]

ij
= 2π

∑

α∈L(R)

ρα (ω)Vα,i (ω)V ⋆
α,j (ω) , ✭✺✳✶✸✮

♦♥❞❡ ρα (ω) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ❝♦♥❞✉t♦r ♣❛r❛ ♦ ❝❛♥❛❧ α ❡ Vα,i (ω) = Vkα,i ♣❛r❛ ω = εkα✳ ❏á ❛ ♠❛tr✐③
GS (ω) ❞á ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ ❛♠♦str❛ ♥❛ ♣r❡s❡♥ç❛ ❞♦s ❝♦♥t❛t♦s✱ ❡ é ❡s❝r✐t❛ ❝♦♠♦

GS (ω) =
[

(ω + µ)1−H0
S −Σ (ω)

]−1
, ✭✺✳✶✹✮

❝♦♠ ❛ ❛✉t♦❡♥❡r❣✐❛ ❞❛❞❛ ♣♦r

Σ (ω) = ΣS (ω) + Σ0 (ω) , ✭✺✳✶✺✮

❡

Σ0 (ω) = ΣL (ω) + ΣR (ω) , ✭✺✳✶✻✮

♦♥❞❡ µ é ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❛ ❛♠♦str❛ ❡ H0
S é ♦ s❡✉ ❍❛♠✐❧t♦♥✐❛♥♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ΣS (ω) é ❛ ❛✉t♦❡♥❡r❣✐❛

❡❧❡trô♥✐❝❛ q✉❡ ❝♦♥té♠ ♦s ❡❢❡✐t♦s ❞❛ ❝♦rr❡❧❛çã♦ ❡❧❡trô♥✐❝❛ ❡ ΣL(R) (ω) é ❛ ❛✉t♦❡♥❡r❣✐❛ q✉❡ ❞❡s❝r❡✈❡ ♦ ❛❝♦♣❧❛♠❡♥t♦
❡♥tr❡ ❛ r❡❣✐ã♦ ❝❡♥tr❛❧ ❡ ♦ ❝♦♥t❛t♦ L (R)✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ ΣS (ω)✱ q✉❡ ❣❡r❛❧♠❡♥t❡ é ♦❜t✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♣r♦①✐♠❛❞❛✱
ΣL(R) (ω) é ❝♦♥❤❡❝✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❡①❛t❛✱ ❝♦♠♦ ♠♦str❛r❡♠♦s ❛ s❡❣✉✐r✳ ❆ r❡❧❛çã♦ ❡♥tr❡ ΣL(R) (ε) ❡ ΓL(R) (ω) é ❞❛❞❛
♣♦r ❬✺✹❪

ΓL(R) (ω) = −2■♠
[

ΣL(R) (ω)
]

> 0. ✭✺✳✶✼✮

P❛r❛ t❡♠♣❡r❛t✉r❛ ③❡r♦ ❡ ♥♦ r❡❣✐♠❡ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✱ ❛♣❡♥❛s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ é ♣❡r♠✐t✐❞♦ ♣♦r ❝♦♥s❡r✈❛çã♦
❞❡ ❡♥❡r❣✐❛✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✹✳✶✮✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ■♠ [Σ (εF )] = ■♠ [Σ0 (εF )]✱ ❡ ❛ ❊q✳ ✭✺✳✶✷✮ r❡❞✉③✲s❡
❛ss✐♠ ❛

I =
e

h

ˆ +∞

−∞

dε [fL (ω)− fR (ω)]❚r
[

G
†
S (ω)ΓR (ω)GS (ω)ΓL (ω)

]

. ✭✺✳✶✽✮

❈♦♠♦ ❡st❛♠♦s ♥♦ r❡❣✐♠❡ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r µL = µ ❡ µR = µ − eV ✳ ❯s❛♥❞♦ ❡st❛s ❡①♣r❡ssõ❡s ❡
❧❡♠❜r❛♥❞♦ q✉❡ ❡st❛♠♦s ❛ t❡♠♣❡r❛t✉r❛ ③❡r♦✱ ♦❜t❡♠♦s fL (ω)− fR (ω) ≈ δ (ω − εF ) eV ✱ ❞♦♥❞❡

I ≃ e2

h
❚r
[

G
†
S (εF )ΓR (εF )GS (εF )ΓL (εF )

]

V. ✭✺✳✶✾✮

✽✻



❈❆P❮❚❯▲❖ ✺✳ ▲❖❈❆▲■❩❆➬➹❖ ❉❊ ❆◆❉❊❘❙❖◆ ◆❆ P❘❊❙❊◆➬❆ ❉❊ ❈❖❘❘❊▲❆➬Õ❊❙

❈♦♠♦ I = GV ✱ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✺✳✽✮✱ ❡s❝r❡✈❡♠♦s

G =
2e2

h
T (εF ) , ✭✺✳✷✵✮

♦♥❞❡ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s♠✐ssã♦ é ❞❛❞❛ ♣♦r

T (εF ) =
1

2
❚r
[

G
†
S (εF )ΓR (εF )GS (εF )ΓL (εF )

]

. ✭✺✳✷✶✮

❈♦♠♣❛r❛♥❞♦ ❛ ❊q✳ ✭✺✳✷✶✮ ❝♦♠ ❛ ❊q✳ ✭✺✳✽✮✱ ✈❡♠♦s q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ♠❛tr✐③ ❞❡ tr❛♥s♠✐ssã♦ t ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛

t =
√

ΓR (εF )GS (εF )
√

ΓL (εF ), ✭✺✳✷✷✮

♦♥❞❡ ✉t✐❧✐③❛♠♦s ❛ ♣r♦♣r✐❡❞❛❞❡ ❝í❝❧✐❝❛ ❞♦ tr❛ç♦✱ ❡ q✉❡ ΓL(R) (εF ) ≥ 0✱ ❊q✳ ✭✺✳✶✼✮✳
▲♦❣♦✱ ✈❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r ♣❛r❛ ❝♦♥❞✉tâ♥❝✐❛ ♥♦ r❡❣✐♠❡ ❧✐♥❡❛r ✈❛❧❡ ♥ã♦ ❛♣❡♥❛s ♣❛r❛ ♦ ❝❛s♦ ♥ã♦

✐♥t❡r❛❣❡♥t❡✱ ♠❛s t❛♠❜é♠ ♣❛r❛ ♦ ❝❛s♦ ✐♥t❡r❛❣❡♥t❡ à t❡♠♣❡r❛t✉r❛ ③❡r♦✳ P❛r❛ t❡♠♣❡r❛t✉r❛s ✜♥✐t❛s ♦✉ ♣❛r❛ ✈♦❧t❛❣❡♥s
✜♥✐t❛s✱ ♣r♦❝❡ss♦s ✐♥❡❧ást✐❝♦s tê♠ q✉❡ s❡r ❧❡✈❛❞♦s ❡♠ ❝♦♥t❛ ❡ ❛ ❢ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r ❞❡✐①❛ ❞❡ ✈❛❧❡r✳

✺✳✶✳✷ ❈♦♥❞✉tâ♥❝✐❛ ❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❞❡

❆♣❧✐❝❛♠♦s ❛❣♦r❛ ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ tr❛♥s♣♦rt❡ ❛❝✐♠❛ ❞❡s❡♥✈♦❧✈✐❞♦ ❛ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❞❡✳ ❈♦♠♦ ❞❡ ♣r❛①❡✱ ✉t✐❧✐③❛r❡♠♦s
♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦✱ ❊q✳ ✭✷✳✼✵✮✱ ❡♠ ✉♠ r❡❞❡ ❤✐♣❡r❝ú❜✐❝❛ d ❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❧✐♥❡❛r L✳
◆♦s t❡r♠♦s ❞❛ ❋✐❣✳ ✭✺✳✶✮✱ ❛ss✉♠✐♠♦s q✉❡ ♦s ❝♦♥t❛t♦s L (R) sã♦ r❡❞❡s s❡♠✐✲✐♥✜♥✐t❛s ❞❡s❝r✐t❛s ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦
❞❛ ❊q✳ ✭✷✳✻✷✮ ❝♦♠ ❝♦♠ U = 0✱ εi = 0 ❡ tij = tc✳ ❊ss❡s ❝♦♥t❛t♦s ❡stã♦ ❛❝♦♣❧❛❞♦s ❝♦♠ ❛ ❛♠♦str❛ ❛tr❛✈és ❞❡ ✉♠
✏❤♦♣♣✐♥❣✑ tT ✳

❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ t♦t❛❧ ♥♦ss♦ s✐st❡♠❛ é ❞❛❞❛ ♣♦r

G (ω) =
[(

ω + µ− i0+
)

1 + H
]−1

, ✭✺✳✷✸✮

♦♥❞❡ H é ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✺✳✾✮✳ ❖ ❝á❧❝✉❧♦ ❞✐r❡t♦ ❞❛ ✐♥✈❡rs❛ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s ♥♦ss♦ s✐st❡♠❛ é ✐♥✜♥✐t♦✱ ✉♠❛ ✈❡③
q✉❡ ❝♦♥s✐❞❡r❛♠♦s ✉♠ s✐st❡♠❛ ❛❜❡rt♦ q✉❡ s❡ ❛❝♦♣❧❛ ❛ ❝♦♥t❛t♦s q✉❡ s❡ ❡st❡♥❞❡♠ ❛té ♦ ✐♥✜♥✐t♦✳ ❙❡ s✐♠♣❧❡s♠❡♥t❡
tr✉♥❝❛r♠♦s ❡ss❛ ♠❛tr✐③ ❡♠ ✉♠ ❝❡rt♦ ♣♦♥t♦✱ ❞❡s❝r❡✈❡r❡♠♦s ✉♠ s✐st❡♠❛ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ r❡✢❡t♦r❛s✱ ❛♦
✐♥✈és ❞❡ ✉♠ s✐st❡♠❛ ❛❜❡rt♦ ♥♦ q✉❛❧ ♦s ❡❧étr♦♥s ♣♦❞❡♠ ❡♥tr❛r ❡ s❛✐r✳ ❊st❡ tr✉♥❝❛♠❡♥t♦ ❞❡✈❡ s❡r ❢❡✐t♦ ❞❡ ♠❛♥❡✐r❛
♠❛✐s ❝✉✐❞❛❞♦s❛✱ ❘❡❢✳ ❬✺✹✱ ✶✹✾❪✱ t❛❧ q✉❡ ♦s ❡❢❡✐t♦s ❞♦s ❝♦♥t❛t♦s s❡❥❛♠ ✐♥tr♦❞✉③✐❞♦s ❛tr❛✈és ❞❡ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛✱
❞❡s❝r❡✈❡♥❞♦ s❡✉ ❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ ❛ ❛♠♦str❛ ✜♥✐t❛✱ ❝♦♠♦ ❛♥t❡❝✐♣❛❞♦ ♣❡❧❛ ❊q✳ ✭✺✳✼✮✳

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❞✐s❝✉ssã♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❛ ❛♠♦str❛ ❡stá ❝♦♥❡❝t❛❞❛ ❛ ❛♣❡♥❛s ✉♠ ❝♦♥t❛t♦ L (R)✳ P♦❞❡♠♦s
♣❛rt✐❝✐♦♥❛r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ t♦t❛❧✱ ❊q✳ ✭✺✳✷✸✮✱ ❡♠ s✉❜♠❛tr✐③❡s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

G (ω) =

[

GL(R) GL(R)−S

GS−L(R) GS

]

≡
[

g−1
L(R) HT

H
†
T g−1

S

]−1

, ✭✺✳✷✹✮

❆q✉✐✱ g−1
L(R) =

[

(ω + µ− i0+)1 + HL(R)

]

r❡♣r❡s❡♥t❛ ♦ ❝♦♥t❛t♦ L ✐s♦❧❛❞♦ ❡ g−1
S = [(ω + µ− i0+)1 + HS ] é ❛ ❢✉♥çã♦

❞❡ ●r❡❡♥ ❞❛ ❛♠♦str❛ t❛♠❜é♠ ✐s♦❧❛❞❛✳ ◆♦✈❛♠❡♥t❡✱ s❡❣✉✐♠♦s ❛ ♥♦t❛çã♦ ❞❛ ❊q✳ ✭✺✳✾✮✳ ❆ ♣❛rt✐çã♦ ❛❝✐♠❛ s❡❣✉❡ ❞❛
s❡♣❛r❛çã♦ ✐♥trí♥s❡❝❛ ❞♦s ❡st❛❞♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❝❛✉s❛❞❛ ♣❡❧❛ s❡♣❛r❛çã♦ ❡♥tr❡ ❛ ❛♠♦str❛ ❡ ♦s ❝♦♥t❛t♦s ♥♦
❡s♣❛ç♦ ❞❡✜♥✐❞♦ ♣❡❧♦s ❡st❛❞♦s ❞❛ r❡❞❡✳ ❖s ❜❧♦❝♦s ❞✐❛❣♦♥❛✐s sã♦ ❛ ♠❛tr✐③ ✐♥✜♥✐t❛ GL(R)✱ ❝♦♥❡❝t❛♥❞♦ ♦s sít✐♦s ♥♦
❝♦♥t❛t♦ L (R)✱ ❡ ❛ ♠❛tr✐③ ✜♥✐t❛ GS ✱ ❝♦♥❡❝t❛♥❞♦ ♦s sít✐♦s ❞❡♥tr♦ ❞❛ ❛♠♦str❛✳ ❖s ❜❧♦❝♦s ♥ã♦ ❞✐❛❣♦♥❛✐s GL(R)−S ❡
GS−L(R) ❝♦♥❡❝t❛♠ ♦s ❡st❛❞♦s ❞♦ ❝♦♥t❛t♦ ❝♦♠ ♦s ❞❛ ❛♠♦str❛✳

❊s❝r❡✈❡♥❞♦ q✉❡ HG (ω) = 1 ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✺✳✷✹✮✱ t❡♠♦s

g−1
L(R)GL(R)−S + HT GS = 0, ✭✺✳✷✺✮

H
†
T GL(R)−S + g−1

S GS = 1, ✭✺✳✷✻✮

❡✱ r❡s♦❧✈❡♥❞♦ ♣❛r❛ GS ✱ ♦❜t❡♠♦s

GS =
[

ω + µ−HS −H
†
T gL(R)HT

]−1

. ✭✺✳✷✼✮

✽✼
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◆♦t❛♠♦s q✉❡ gL(R) ❛✐♥❞❛ é ✉♠❛ ♠❛tr✐③ ✐♥✜♥✐t❛✱ ❝♦♥t✉❞♦ ❡❧❛ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❡①❛t❛♠❡♥t❡ ♣❛r❛ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦
❞♦ t✐♣♦ ✏t✐❣❤t ❜✐♥❞✐♥❣✑ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ❛q✉✐ ❬✶✹✾❪✳ ❈♦♠♦ r❡s✉❧t❛❞♦ ✜♥❛❧✱ t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ ❛♠♦str❛
✜♥✐t❛✱ ♥❛ q✉❛❧ t♦❞❛s ❛s ✐♥❢♦r♠❛çõ❡s ❛❝❡r❝❛ ❞♦s ❝♦♥t❛t♦s ❡♥tr❛♠ ❛tr❛✈és ❞❡ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛✱ ❊qs✳ ✭✺✳✶✹✮✲✭✺✳✶✼✮✱ ❡
q✉❡ é ❞❛❞❛ ♣♦r

ΣL(R) (ω) = H
†
T

[

(ω + µ)1 + HL(R)

]−1
HT . ✭✺✳✷✽✮

❯♠❛ ✈❡③ q✉❡ ❛ ❛✉t♦❡♥❡r❣✐❛ ♣r♦❞✉③ ✉♠❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ♦♠✐t✐♠♦s ♦ ❛❣♦r❛ ✐rr❡❧❡✈❛♥t❡ ❢❛t♦r ❞❡
❝♦♥✈❡r❣ê♥❝✐❛ i0+✳ ❊st❛ ❛✉t♦❡♥❡r❣✐❛ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ❛♣❡♥❛s ♣❛r❛ sít✐♦s ❞❛ ❜♦r❞❛ ❞❛ ❛♠♦str❛✱ ❞❡✈✐❞♦ à ❢♦r♠❛
❞❡ HT ✳ ❙❡♥❞♦ ❛ ❛♠♦str❛ ❝♦♥❡❝t❛❞❛ ❛ ✈ár✐♦s ❝♦♥t❛t♦s✱ ❞❡✈❡♠♦s ❡♥tã♦ s♦♠❛r ❛s ❛✉t♦❡♥❡r❣✐❛s ❣❡r❛❞❛s ♣♦r ❝❛❞❛ ✉♠
❞❡❧❡s✳ ❈♦♠♦ ❝♦♥s✐❞❡r❛♠♦s ❞♦✐s ❝♦♥t❛❞♦s✱ ❛ ❢♦r♠❛ ✜♥❛❧ ❞❛ ❛✉t♦❡♥❡r❣✐❛ é ❛q✉❡❧❛ ❥á ❛♣r❡s❡♥t❛❞❛ ♥❛ ❊q✳ ✭✺✳✶✻✮✱ ❝♦♠
❝❛❞❛ ✉♠ ❞❡ s❡✉s t❡r♠♦s ❞❛❞♦✱ ♥❛t✉r❛❧♠❡♥t❡✱ ♣❡❧❛ ❊q✳ ✭✺✳✷✽✮✳

❊st❛s ❛✉t♦❡♥❡r❣✐❛s ♠❡❞❡♠ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❛ ❛♠♦str❛ ❝♦♠ ♦s ❝♦♥t❛t♦s ❡ ♣♦❞❡♠ s❡r r❡❧❛❝✐♦♥❛❞❛s ❛♦ t❡♠♣♦ q✉❡
♦ ❡❧étr♦♥ ♣❡r♠❛♥❡❝❡ ❞❡♥tr♦ ❞❛ ❛♠♦str❛ ❛♥t❡s ❞❡ ❡s❝❛♣❛r ♣❛r❛ ✉♠ ❞♦s ❝♦♥t❛t♦s✳ P❛r❛ ✈❡r♠♦s ✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦
s❡❣✉✐♥t❡ ❛r❣✉♠❡♥t♦✳ ❚❡♠♦s ✉♠ s✐st❡♠❛ ❛❜❡rt♦ ❝❡r❝❛❞♦ ♣♦r ❝♦♥❞✉t♦r❡s ♣❡r❢❡✐t♦s✱ ❝❛s♦ ❡♠ q✉❡ ♥ã♦ ♣♦❞❡♠♦s ❢❛❧❛r
❡♠ ❛✉t♦❡st❛❞♦s✳ ❈♦♥t✉❞♦✱ ♣♦❞❡♠♦s ❛✐♥❞❛ ❞❡✜♥✐r ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❞❡✜♥✐çã♦ ❞❡ GS ❡♠
✭✺✳✷✼✮

Heff = HS + Σ0 (εF ) . ✭✺✳✷✾✮

◆❛t✉r❛❧♠❡♥t❡✱ Heff ♥ã♦ é ♠❛✐s ✉♠ ♦♣❡r❛❞♦r ❍❡r♠✐t❡❛♥♦ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ t♦t❛❧ ♥ã♦ é ❝♦♥s❡r✈❛❞❛✳ ▼❡s♠♦ ❛ss✐♠✱
❛✐♥❞❛ ♣♦❞❡♠♦s ❞✐❛❣♦♥❛❧✐③á✲❧♦✱ ❞❡✜♥✐♥❞♦ ❛✉t♦❡st❛❞♦s ♣❡❧❛ ❡sq✉❡r❞❛ ❡ ♣❡❧❛ ❞✐r❡✐t❛✱ ❜❡♠ ❝♦♠♦ ❛✉t♦❡♥❡r❣✐❛s q✉❡✱ ❞❡
♠♦❞♦ ❣❡r❛❧✱ sã♦ ❝♦♠♣❧❡①❛s

Heff

∣

∣Ψeff
α

〉

= Eeff
α

∣

∣Ψeff
α

〉

, ✭✺✳✸✵✮

♦♥❞❡

Eα
eff = Eα − ζ ′α − i

ζα
2
, ✭✺✳✸✶✮

❝♦♠ Eα ❝♦rr❡s♣♦♥❞❡♥❞♦ às ❛✉t♦❡♥❡r❣✐❛s ❞♦ s✐st❡♠❛ ✐s♦❧❛❞♦ ❞❡✜♥✐❞♦ ♣♦r HS ✳ ❆ss✐♠✱ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ζα ❞❡✲
t❡r♠✐♥❛ ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❡ ✉♠ ❡❧étr♦♥ ♥♦ ❡st❛❞♦ ✭❝❛♥❛❧✮ α✱ ❛♥t❡s ❞❡ ❡❧❡ ❡s❝❛♣❛r ♣❛r❛ ♦s ❝♦♥t❛t♦s✳ ❆
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡❧étr♦♥ ♣❡r♠❛♥❡❝❡r ♥♦ ❡st❛❞♦ α ❛♣ós ✉♠ t❡♠♣♦ t é ❞❛❞❛ ♣♦r

∣

∣

〈

Ψeff
α (0)

∣

∣ Ψeff
α (t)

〉∣

∣

2
✱ q✉❡ ❞❡❝❛✐

❝♦♠♦
∣

∣❡①♣
(

−iEeff
α t/~

)∣

∣

2
=|❡①♣ (−ζαt/~)|2 ❡✱ ♣♦rt❛♥t♦✱ ❛ ♠❡✐❛✲✈✐❞❛ ❞♦ ❡❧étr♦♥ ❞❡♥tr♦ ❞♦ ❝♦♥❞✉t♦r✱ ♥♦ ❡st❛❞♦ α✱ é

τα = ~/2ζα✳

✺✳✶✳✸ ❆♣r♦①✐♠❛çã♦ ❞❡ ❜❛♥❞❛ ❧❛r❣❛ ❡ ✐♥❝❧✉sã♦ ❞❛s ✐♥t❡r❛çõ❡s

◆❛ ú❧t✐♠❛ s❡çã♦✱ ❝♦♥s❡❣✉✐♠♦s ❡❧✐♠✐♥❛r ♦s ❝♦♥t❛t♦s s❡♠✐✲✐♥✜♥✐t♦s ♣❡❧❛ ✐♥tr♦❞✉çã♦ ❞❡ ❛✉t♦❡♥❡r❣✐❛s✳ ❆✐♥❞❛ ♥♦s ❢❛❧t❛✱
❝♦♥t✉❞♦✱ ❞❡t❡r♠✐♥❛r ❛ ❢♦r♠❛ ❡①❛t❛ ❞❡ ΣL(R) (ω)✳ ❯t✐❧✐③❛r❡♠♦s ❛q✉✐ ♦ q✉❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜❛♥❞❛
❧❛r❣❛✱ ♥❛ q✉❛❧ ❛ss✉♠✐♠♦s q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ ❞❡♥tr♦ ❞♦s ❝♦♥t❛t♦s tc ≫ D✱ ♦♥❞❡ D = dt é ❛ ♠❡✐❛✲❧❛r❣✉r❛
❞❡ ❜❛♥❞❛ ❞❡♥tr♦ ❞❛ ❛♠♦str❛✱ s❡♥❞♦ d ❛ ❞✐♠❡♥sã♦ ❞♦ s✐st❡♠❛ ❡ t ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ ❞❡♥tr♦ ❞❛ ❛♠♦str❛✳
■ss♦ ❡q✉✐✈❛❧❡ ❛ ❛ss✉♠✐r♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞♦ ❝♦♥❞✉t♦r ❝♦♠♦ ❝♦♥st❛♥t❡✳ ❊st❛ ❛♣r♦①✐♠❛çã♦ ♥♦s ❢♦r♥❡❝❡
❛✉t♦❡♥❡r❣✐❛s ♣✉r❛♠❡♥t❡ ✐♠❛❣✐♥ár✐❛s ❡ ❝♦♥st❛♥t❡s

ΣL(R) (ω) = −iη
2
BL(R), ✭✺✳✸✷✮

♦♥❞❡ ❛ ♠❛tr✐③ BL(R) ✈❛❧❡ 1 ♣❛r❛ sít✐♦s ♥❛ ❜♦r❞❛ ❞❛ ❛♠♦str❛ q✉❡ ❡stã♦ ❝♦♥❡❝t❛❞♦s ❛♦s ❝♦♥t❛t♦s✱ ❡ 0 ❝❛s♦ ❝♦♥trár✐♦✳
❊st❛ ❝♦♥st❛♥t❡ η ❡♥tr❛ ❝♦♠♦ ♠❛✐s ✉♠ ♣❛râ♠❡tr♦ ❞❛ t❡♦r✐❛ ❡ ♠♦❞❡❧❛ t♦❞♦ ♦ ♥♦ss♦ ❝♦♥t❛t♦✳ ❊♠ ❜r❡✈❡✱ ♠♦str❛r❡♠♦s
♥ã♦ ❛♣❡♥❛s q✉❡ ❡st❛ ❛♣r♦①✐♠❛çã♦ s✐♠♣❧✐✜❝❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♥♦ss♦s ❝á❧❝✉❧♦s✱ ♠❛s q✉❡ é t❛♠❜é♠ ❜❡♠ ❞❡✜♥✐❞❛
♣❛r❛ ♦ ♣r♦❜❧❡♠❛ q✉❡ ♥♦s ♣r♦♣♦♠♦s ❛ r❡s♦❧✈❡r✳

P❛r❛ ❝♦♥s✐❞❡r❛r♠♦s ❡❢❡✐t♦s ❞❡ ❝♦rr❡❧❛çã♦ ❞❡♥tr♦ ❞❡ ♥♦ss❛ ❛♠♦str❛✱ ✉t✐❧✐③❛r❡♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦
❞❡ ❜ós♦♥s ❡s❝r❛✈♦s✱ ❝✉❥❛ ❛✉t♦❡♥❡r❣✐❛ é ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✶✶✶✮ ✭✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❝♦♠♣❧❡t❛✱ ❡♠♣r❡❣❛♥❞♦ ❚❉❈▼
❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛ ❜❛♥❞❛✱ é ❞✐s❝✉t✐❞❛ ♥❛ ❘❡❢✳ ❬✶✺✵❪✮✳ ❯t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭✺✳✶✹✮✲✭✺✳✶✼✮✱
❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❊qs✳ ✭✷✳✶✶✶✮ ❡ ✭✺✳✸✷✮✱ t❡♠♦s q✉❡

GS (ω) =
√

Z
[

ω1− Zv −
√

ZH0
S

√
Z + i

η

2

√
Z (BL + BR)

√
Z
]−1√

Z. ✭✺✳✸✸✮

✽✽
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❊st❛ ❡q✉❛çã♦ ✐❧✉str❛ ❜❡♠ ♦ ♣♦rq✉ê ❞♦ ✉s♦ ❞❡ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛ ❝♦♥st❛♥t❡ s❡r ❝♦♥✈❡♥✐❡♥t❡✳ ❈♦♠ ❡❧❛✱ ♣♦❞❡♠♦s
❞❡t❡r♠✐♥❛r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛✐♥❞❛ ❛tr❛✈és ❞❛ ❞✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ ✉♠❛ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦✱ ❊q✳ ✭✺✳✷✾✮✳ ❖ q✉❡
♠✉❞❛ é q✉❡ ❛❣♦r❛ t❡♠♦s ✉♠❛ ♠❛tr✐③ q✉❡ ♥ã♦ é ♠❛✐s ❍❡r♠✐t❡❛♥❛✳ P❡❧❛ ❊q✳ ✭✺✳✸✸✮✱ ♥♦t❛♠♦s t❛♠❜é♠ q✉❡ ♣r❡❝✐s❛♠♦s
r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s q✉❡ ❞❡t❡r♠✐♥❛♠ ❛s ❛♠♣❧✐t✉❞❡s ❞♦s ❜ós♦♥s ❡s❝r❛✈♦s ♥❛ ♣r❡s❡♥ç❛ ❞♦s ❝♦♥t❛t♦s ✭❝♦❞✐✜❝❛❞♦s ♣♦r
s✉❛s ❛✉t♦❡♥❡r❣✐❛s✮✱ ♣♦✐s ♥ã♦ é s♦♠❡♥t❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ ❞❡♥tr♦ ❞❛ ❛♠♦str❛ q✉❡ é r❡♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛s
❝♦rr❡❧❛çõ❡s✱ ♠❛s t❛♠❜é♠ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛ ❛♠♦str❛ ❡ ♦s ❝♦♥t❛t♦s✳

❆ ❝♦♥❞✉tâ♥❝✐❛ é ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s♠✐ssã♦ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✺✳✷✶✮✱ ❛ q✉❛❧ ✉t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭✺✳✸✷✮
❡ ✭✺✳✶✼✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

T (εF ) =
1

2
η2❚r

[

G1N (εF )G†
N1 (εF )

]

, ✭✺✳✸✹✮

♦♥❞❡ G1N é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛ ❛♠♦str❛ q✉❡ ❝♦♥❡❝t❛ ❛ ❝❛♠❛❞❛ 1 ✭❝♦♥❡❝t❛❞❛ ❛♦ ❝♦♥t❛t♦ L✮ à ❝❛♠❛❞❛ N ✭❝♦♥❡❝t❛❞❛
❛♦ ❝♦♥t❛t♦ R✮✳ ❊♠❜♦r❛ ✉♠ ♣r✐♠❡✐r♦ ♦❧❤❛r s♦❜r❡ ❛ ❊q✳ ✭✺✳✷✶✮ s✉❣✐r❛ q✉❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ GS ❡st❡❥❛♠
❡♥✈♦❧✈✐❞♦s ♥♦ ❝á❧❝✉❧♦✱ ❛♣❡♥❛s ❛q✉❡❧❡s ❝✐t❛❞♦s ❛❝✐♠❛✱ ❝♦♥❡❝t❛♥❞♦ ❛s ❜♦r❞❛s ❞❛ ❛♠♦str❛✱ ❛♣❛r❡❝❡♠✳ ❊st❡ r❡s✉❧t❛❞♦ é
❣❡r❛❧ ❬✺✹✱ ✶✹✾❪✱ ❡ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛s ♠❛tr✐③❡s ΓL(R) só ♣♦ss✉❡♠ ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ❡♥tr❡ ❛s ❝❛♠❛❞❛s 1 ❡ N
❞❛ ❛♠♦str❛✳ P♦rt❛♥t♦✱ ❛ ❡①♣r❡ssã♦ ❞❡♥tr♦ ❞♦ tr❛ç♦ ❞❛ ❊q✳ ✭✺✳✸✹✮ é ❛✈❛❧✐❛❞❛ ❛♣❡♥❛s ♥❡st❡ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s
♦r❜✐t❛✐s ♥♦s ❞♦✐s ❡①tr❡♠♦s ❞❛ ❛♠♦str❛✳ ■st♦ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡s♣ír✐t♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ▲❛♥❞❛✉❡r✱ q✉❡ ❝♦♥s✐st❡ ❡♠
❝❛❧❝✉❧❛r ❛ ❝♦♥❞✉tâ♥❝✐❛ s❡♠ s❡ ♣r❡♦❝✉♣❛r ❝♦♠ ♦ ❡st❛❞♦s ✐♥t❡r♥♦s ❞❛ ❛♠♦str❛✳

✺✳✷ ❆♣❧✐❝❛çõ❡s ✐♥✐❝✐❛✐s ❞♦ ❢♦r♠❛❧✐s♠♦s ❞❡ ▲❛♥❞❛✉❡r

❆♥t❡s ❞❡ ✐♥✈❡st✐❣❛r♠♦s ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❞❡s♦r❞❡♠ ❡ ✐♥t❡r❛çã♦ ♣❛r❛ ✈❛❧♦r❡s ❛r❜✐trár✐♦s ❞❡ U ❡W ✱ ✈❡r✐✜❝❛r❡♠♦s q✉❡
♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❝♦♥té♠ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ♣❛r❛ ❞❡s❝r❡✈❡r♠♦s ❡st❡ ♣r♦❜❧❡♠❛✱ ❡st✉❞❛♥❞♦
s❡♣❛r❛❞❛♠❡♥t❡ ❛s tr❛♥s✐çõ❡s ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt (W = 0 ❡ U 6= 0) ❡ ❞❡ ❆♥❞❡rs♦♥ (W 6= 0 ❡ U = 0)✳

✺✳✷✳✶ ❚r❛♥s✐çã♦ ❞❡ ▼♦tt ♥❛ ♣r❡s❡♥ç❛ ❞♦s ❝♦♥t❛t♦s

◗✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ Uc✱ ♣❛r❛ ♦ q✉❛❧ ♦
s✐st❡♠❛ s♦❢r❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✸✳✸✵✮✳ ❈♦♥❝❡♥tr❛r❡♠♦s ♥♦ss❛ ❞✐s❝✉ssã♦ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ r❡❞❡
❝ú❜✐❝❛ ❞❡ ❞✐♠❡♥sã♦ ❧✐♥❡❛r L ✭♠❡❞✐❞❛ ❝♦♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç❛♠❡♥t♦ ❞❡ r❡❞❡ a✮✱ ♦♥❞❡ ❡♥❝♦♥tr❛♠♦s q✉❡ Uc ≃ 16.04t✳

◆❛ ♣r❡s❡♥ç❛ ❞♦s ❝♦♥t❛t♦s ❛ s✐t✉❛çã♦ ✜❝❛ ❞✐❢❡r❡♥t❡✱ ♣♦✐s ❛❣♦r❛ ♦ ❛rr❛♥❥♦ ❞❛ ❋✐❣✳ ✭✺✳✶✮ ♣♦❞❡ s❡r ♣❡♥s❛❞♦ ❝♦♠♦
✉♠❛ ❤❡t❡r♦❡str✉t✉r❛✱ ♥❛ q✉❛❧ ❛❝♦♣❧❛♠♦s ✉♠ ♠❡t❛❧ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ✭❛ ♣❛rt❡ ❝❡♥tr❛❧✮ ❛ ❞♦✐s ♠❡t❛✐s ♥ã♦ ✐♥t❡r❛❣❡♥t❡s
✭❞❡s❝r❡✈❡♥❞♦ ♦s ❝♦♥t❛t♦s✮✳ ❖ q✉❡ ❛❝♦♥t❡❝❡ ❛q✉✐ é q✉❡✱ ♠❡s♠♦ q✉❛♥❞♦ ❛ ♣❛rt❡ ❝❡♥tr❛❧ ♣♦ss✉✐ U > Uc✱ ❛✐♥❞❛ t❡♠♦s
Z 6= 0✱ ♣♦✐s ♦ ♠❡t❛❧ ❝♦♥s❡❣✉❡ ♣❡♥❡tr❛r ♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt ❬✶✸✽✱ ✶✸✾❪✳ ❊st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞♦ à ❧✉③ ❞❛ t❡♦r✐❛
❞❡s❝r✐t❛ ♥❛ s❡çã♦ ✭✹✳✸✮✱ ♦♥❞❡ ❞❡s❝r❡✈❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ ❡♠ ✉♠ ♠❡t❛❧ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳
P❡❧❛ ❋✐❣✳ ✭✹✳✽✮ ❡ ♣❡❧❛ ❊q✳ ✭✹✳✼✶✮ ✈❡♠♦s q✉❡ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ♥♦ sít✐♦ o ✭❝♦♠ ❡♥❡r❣✐❛ εo✮ t✐r❛ ❡st❡
sít✐♦ ❞❛ s✐t✉❛çã♦ ❞❡ s❡♠✐♣r❡❡♥❝❤✐♠❡♥t♦✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ Z (εo) > Z (0) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t♦r♥❛ ❡st❡ sít✐♦ ♠❛✐s
♠❡tá❧✐❝♦✳ ➚ ♠❡❞✐❞❛ q✉❡ U ❛✉♠❡♥t❛✱ ✈✐♠♦s q✉❡ ❡st❛ ✏♠❡t❛❧✐③❛çã♦✑ t❡♥❞❡ ❛ s❡ ❡s♣❛❧❤❛r ♣❡❧❛ r❡❞❡✳ ❆q✉✐ ♦❝♦rr❡ ♦
♠❡s♠♦ ❢❡♥ô♠❡♥♦✱ só q✉❡ ❡♠ ✈❡③ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ t❡♠♦s ♦s ♣❧❛♥♦s x = 1 ❡ x = L✱ q✉❡ sã♦ ♠❡tá❧✐❝♦s ❞❡✈✐❞♦ ❛♦s
❝♦♥t❛t♦s✳ ❊st❛ ✐♠❛❣❡♠ é ❝♦rr♦❜♦r❛❞❛ ♣❡❧❛ ❋✐❣✳ ✭✺✳✷✮✱ ♦♥❞❡ ✈❡♠♦s q✉❡ Z (x) ∼ e−x/ξ✱ ❡♠ ❝♦♥❝♦r❞â♥❝✐❛ ❝♦♠ ❛ ❊q✳
✭✹✳✼✶✮✱ ❡ q✉❡ ❡st❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ξ ♣♦ss✉✐ ✉♠ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞♦ t✐♣♦ ❝❛♠♣♦ ♠é❞✐♦ ν = 0.52 ± 0.02✱
❡①❛t❛♠❡♥t❡ ❝♦♠♦ ❛q✉❡❧❡ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❊q✳ ✭✹✳✼✷✮✳ ❖ ♣r♦❝❡ss♦ ❢ís✐❝♦ q✉❡ ❞♦♠✐♥❛ ❡st❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ♦ ♠❡t❛❧
❡ ♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt é ♦ ❡❢❡✐t♦ ❑♦♥❞♦✳ ❖s ♠♦♠❡♥t♦s ♠❛❣♥ét✐❝♦s ❧♦❝❛❧✐③❛❞♦s q✉❡ s❡ ❢♦r♠❛♠ ♥♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt
sã♦ ❜❧✐♥❞❛❞♦s q✉❛♥❞♦ ❡♥tr❛♠ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ♦ ♠❡t❛❧✱ t♦r♥❛♥❞♦✲s❡ ❛ss✐♠ ♣❛rt❡ ❞❡st❡ ♠❡t❛❧✳ ❊st❡ ♠❡❝❛♥✐s♠♦
é ❝♦♥t✉❞♦ ✐♥❡✜❝✐❡♥t❡✱ ♣♦✐s ♣❛r❛ t❡r♠♦s ξ ≈ 10✱ ♣r❡❝✐s❛rí❛♠♦s ✜❝❛r ♠✉✐t♦ ♣ró①✐♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❝♦♠
(U − Uc) /Uc ≈ 10−4✳

✺✳✷✳✷ ❚❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ❡ ❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥

❊♠ ✉♠ tr❛❜❛❧❤♦ ♣✐♦♥❡✐r♦ ❬✶✾❪✱ ❆♥❞❡rs♦♥ ♠♦str♦✉ q✉❡ ❡st❛❞♦s ❡❧❡trô♥✐❝♦s ❡♠ ✉♠ ♠❡✐♦ ❞❡s♦r❞❡♥❛❞♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡
♣♦❞❡♠ s❡r ♣r♦❢✉♥❞❛♠❡♥t❡ ♠♦❞✐✜❝❛❞♦s ♣❛r❛ ✈❛❧♦r❡s ❞❡ ❞❡s♦r❞❡♠ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡♥tr♦ ❞❛ ✈✐sã♦ tr❛❞✐❝✐♦♥❛❧
❞❛ t❡♦r✐❛ ❞❡ ♠❡t❛✐s ❬✸❪✱ ❡s♣❡r❛♠♦s q✉❡ ♦s ❡st❛❞♦s ✭♦♥❞❛s✮ ❞❡ ❇❧♦❝❤ s♦❢r❛♠ ❡s♣❛❧❤❛♠❡♥t♦s ❞❡✈✐❞♦ à ❞❡s♦r❞❡♠ ❞♦
♠❡✐♦✱ ♠❛s q✉❡ ❡st❡s ❡st❛❞♦s ❛✐♥❞❛ ❛ss✐♠ ♣❡r♠❛♥❡ç❛♠ ❡st❡♥❞✐❞♦s s♦❜r❡ t♦❞♦ ♦ s✐st❡♠❛✳ ❖ q✉❡ ❆♥❞❡rs♦♥ ♠♦str♦✉ é
q✉❡ ❡①✐st❡ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ❞❡s♦r❞❡♠ Wc ❛❝✐♠❛ ❞♦ q✉❛❧ t♦❞♦s ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❧♦❝❛❧✐③❛❞♦s ♥♦ ❡s♣❛ç♦✱ ♦✉

✽✾
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❋✐❣✉r❛ ✺✳✷✿ ❈♦rt❡ ♥♦ ♣❧❛♥♦ (y, z) ❞♦ ♣❡r✜❧ ❡s♣❛❝✐❛❧ ❞♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Z ❡♠ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛ ❝♦♠♦ ❢✉♥çã♦
❞❛ ♣♦s✐çã♦ x ♥♦ ♠❡t❛❧ ❝♦rr❡❧❛❝✐♦♥❛❞♦✱ ♦♥❞❡ ❡♠ x = 1 ❡ x = L t❡♠♦s ❛ ♣r❡s❡♥ç❛ ❞♦s ❝♦♥t❛t♦s ♠❡tá❧✐❝♦s✳ ❱❡♠♦s q✉❡✱
♠❡s♠♦ ♣❛r❛ U > Uc✱ ♦♥❞❡ Uc = 16.04t✱ Z (x) ∼ e−x/ξ > 0✱ ♣♦✐s ♦ ♠❡t❛❧ ❝♦♥s❡❣✉❡ ♣❡♥❡tr❛r ♥♦ ✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳
❊st❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ é ❞❛❞♦ ♣♦r ξ−1 ∼ (U − Uc)

0.52±0.02✳ ❆q✉✐ t❡♠♦s t = 1✱ η = 1.5t✱ W = 0 ❡ L = 12✳

s❡❥❛✱ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡ ✉♠ ❡❧étr♦♥ ❧♦❝❛❧✐③❛❞♦ ❡♠ ✉♠ ♣♦♥t♦ r0 ❞♦ ❡s♣❛ç♦ ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❛ ♣❛rt✐r ❞❡st❡
♣♦♥t♦

|ψ (r)| ∼ ❡①♣ (− |r− r0| /ξ) , ✭✺✳✸✺✮

♦♥❞❡ ξ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦✳ ❊st❛ tr❛♥s✐çã♦ ❡♥tr❡ ❡st❛❞♦s ❡st❡♥❞✐❞♦s ❡ ❧♦❝❛❧✐③❛❞♦s ♣♦r
❡❢❡✐t♦s ❞❡ ❞❡s♦r❞❡♠ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ❆♥❞❡rs♦♥ ❬✾❪✳

❆ t❡♦r✐❛ ♣❛❞rã♦ ❝♦rr❡♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ é ❛ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ❬✺✵❪✳
❊st❛ t❡♦r✐❛ ❛ss✉♠❡ q✉❡ ♦ ú♥✐❝♦ ♣❛râ♠❡tr♦ r❡❧❡✈❛♥t❡ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❧♦❝❛❧✐③❛çã♦ ❡♠ ✉♠ s✐st❡♠❛ é ❛ ❝♦♥❞✉tâ♥❝✐❛
❛❞✐♠❡♥s✐♦♥❛❧ g

g =
G

2e2/h
, ✭✺✳✸✻✮

q✉❡✱ ♣❡❧❛ ❊q✳ ✭✺✳✷✵✮✱ ✈❡♠♦s q✉❡ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s♠✐ssã♦ ❞❡st❡ s✐st❡♠❛✳ ❆ ❝♦♥❞✉tâ♥❝✐❛ g
é s❡♥sí✈❡❧ ❛ ❡❢❡✐t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦✱ ♣♦✐s ❡♠ ✉♠ ♠❡t❛❧ ✭✐s♦❧❛♥t❡✮ ❡❧❛ ❛✉♠❡♥t❛ ✭❞✐♠✐♥✉✐✮ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝♦♠ ♦
t❛♠❛♥❤♦ L ❞♦ s✐st❡♠❛✱ ❝♦♠♦ ❞✐s❝✉t✐♠♦s ❛ s❡❣✉✐r✳

❆ ❝♦♥❞✉tâ♥❝✐❛ g0✱ ❞❡✜♥✐❞❛ ♥❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❧✐✈r❡ ❝❛♠✐♥❤♦ ♠é❞✐♦ l✱ é ✉♠❛ ♠❡❞✐❞❛ ♠✐❝r♦s❝ó♣✐❝❛ ❞❛
❞❡s♦r❞❡♠✱ ♣♦✐s é ♣❡q✉❡♥❛ s❡ ❛ ❞❡s♦r❞❡♠ é ❣r❛♥❞❡ ❡ ✈✐❝❡✲✈❡rs❛✳ ❖ ♣♦♥t♦ é q✉❡ g (L) ♣♦ss✉✐ ❞♦✐s ❧✐♠✐t❡s ❛ss✐♥tót✐❝♦s
❜❡♠ ❞✐❢❡r❡♥t❡s ♣❛r❛ L≫ l✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ✈❛❧♦r ❞❛ ❞❡s♦r❞❡♠ ♠✐❝r♦s❝ó♣✐❝❛✳ P❛r❛ ❡st❛❞♦s ❡st❡♥❞✐❞♦s✱ ✈❛❧❡ ❛ ❧❡✐ ❞❡
❖❤♠ ❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ❛ss✉♠✐♥❞♦ q✉❡ L≫ l

g (L) = σLd−2, ✭✺✳✸✼✮

♦♥❞❡ σ é ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛✱ q✉❡ é ✉♠❛ q✉❛♥t✐❞❛❞❡ ✐♥t❡♥s✐✈❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ L✳ ❏á ♣❛r❛ ❡st❛❞♦s ❧♦❝❛❧✐✲
③❛❞♦s✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

g (L) ∝ e−L/ξ, ✭✺✳✸✽✮

❛ss✉♠✐♥❞♦ q✉❡ L≫ ξ✱ ❡ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ t❡♠♦s q✉❡ ξ > l✳ P❛r❛ ❞❛❞♦ ✈❛❧♦r ❞❡ ❞❡s♦r❞❡♠✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ L ✜❝❛
♠❛✐♦r q✉❡ l✱ g (L) ❡✈♦❧✉✐ ❞❡ ♠❛♥❡✐r❛ s✉❛✈❡ ❛ ♣❛rt✐r ❞❡ g0✱ ✐♥❞♦ ♣❛r❛ ✉♠❛ ❞❛s ❢♦r♠❛s ❛ss✐♥tót✐❝❛s ❞❛❞❛ ♣❡❧❛s ❊q✳
✭✺✳✸✼✮ ❡ ✭✺✳✸✽✮✳

❆ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ g (L) ❝♦♠ L ♣❛r❛ ♦s t♦❞♦s L≫ l✱ ❡♠ ✈ár✐❛s ❞✐♠❡♥sõ❡s✳ ◆❛ ❘❡❢✳
❬✺✵❪✱ ♦s ❛✉t♦r❡s ❛r❣✉♠❡♥t❛♠ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ β (g) = dlng/dlnL é ✉♠❛ ❢✉♥çã♦ ❛♣❡♥❛s ❞❛ ❝♦♥❞✉tâ♥❝✐❛ g✳ ❆ ✐❞❡✐❛ é

✾✵
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q✉❡ ✉♠❛ ♠✉❞❛♥ç❛ ♥❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ q✉❛♥❞♦ ♦ s✐st❡♠❛ s❡ t♦r♥❛ ♠❛✐♦r é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ✈❛❧♦r ❞❛ ❞❡s♦r❞❡♠ ♥❛
❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♥t❡r✐♦r ❡ q✉❡ ❛ ❝♦♥❞✉tâ♥❝✐❛ é ❛ ú♥✐❝❛ ♠❡❞✐❞❛ ❞❛ ❞❡s♦r❞❡♠✳ β (g) é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❢✉♥çã♦
❞❡ ❡s❝❛❧❛ ♣❛r❛ ❛ ❝♦♥❞✉tâ♥❝✐❛✳ ❈♦♠♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ s✐st❡♠❛s ✜♥✐t♦s✱ s✉♣♦♠♦s q✉❡ β (g) s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛
❡ q✉❡ ❝r❡sç❛ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝♦♠ g ♣❛r❛ ❡s♣❛❧❤❛♠❡♥t♦s ❞♦ t✐♣♦ ♣♦t❡♥❝✐❛❧ ✭✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ s♣✐♥✮ ❝♦♥s✐❞❡r❛❞♦s
❛q✉✐✳ ❙❡✉s r❡❣✐♠❡s ❛ss✐♥tót✐❝♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s ❊qs✳ ✭✺✳✸✼✮ ❡ ✭✺✳✸✽✮✱ ❞♦♥❞❡ ✈❡♠ q✉❡

β (g) = d− 2 ✭✺✳✸✾✮

♥♦ r❡❣✐♠❡ ô❤♠✐❝♦✱ q✉❡ ❛ss✉♠✐♠♦s ✈á❧✐❞♦ ♣❛r❛ g ≫ g⋆✱ ♦♥❞❡ g⋆ é ✉♠❛ ❝♦♥❞✉tâ♥❝✐❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ s✐st❡♠❛ q✉❡
❞❡t❡r♠✐♥❛ ♦ ✏❝r♦ss♦✈❡r✑ ❡♥tr❡ ♦ ❧✐♠✐t❡ ô❤♠✐❝♦ ✭❊q✳ ✭✺✳✸✼✮✮ ❡ ♦ ♥ã♦ ô❤♠✐❝♦ ❞❡ g ✭❊q✳ ✭✺✳✸✽✮✮✳ P♦❞❡♠♦s t❛♠❜é♠
❝❛❧❝✉❧❛r ❝♦rr❡çõ❡s ♣❡rt✉r❜❛t✐✈❛s ❛♦ ✈❛❧♦r ❞❡ g ✉t✐❧✐③❛♥❞♦ ❛ ❝❤❛♠❛❞❛ t❡♦r✐❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ ❬✾✱ ✶✶✹❪

β (g) = (d− 2)− g⋆

g
. ✭✺✳✹✵✮

P♦rt❛♥t♦✱ ✈❡♠♦s q✉❡ β (g) é s❡♠♣r❡ ♠❡♥♦r ❞♦ q✉❡ s❡✉ ✈❛❧♦r ô❤♠✐❝♦✳ P❛r❛ ♦ r❡❣✐♠❡ ♥ã♦ ô❤♠✐❝♦✱ β (g) é ❞❛❞❛ ♣♦r

β (g) = ln

(

g

g⋆

)

, ✭✺✳✹✶✮

◆❡st❡ ❧✐♠✐t❡✱ ✈❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✱ ❛❧é♠ ❞❡ s❡r ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✱ é s❡♠♣r❡ ♥❡❣❛t✐✈❛✱
♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❡ g ❛♦ ❛✉♠❡♥t❛r♠♦s ❛ ❡s❝❛❧❛ L✳

❆ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛ ♣r❡❞✐③ q✉❡ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ♦❝♦rr❛ ♣❛r❛ ✉♠❛ ❝♦♥❞✉tâ♥❝✐❛ gc = g (Wc)✱ ♥❛ q✉❛❧
β (gc) = 0✳ ❊st❛ ❝♦♥❞✉tâ♥❝✐❛ ❝rít✐❝❛ gc é ✐♥✈❛r✐❛♥t❡ s♦❜ ♠✉❞❛♥ç❛s ❞❡ ❡s❝❛❧❛✳ ❆ ♠❡♥♦r ❞✐♠❡♥sã♦ ♥❛ q✉❛❧ t❡♠♦s ❛
tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ é d = 3 ❬✺✵❪✳ P❛r❛ d ≤ 2✱ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡str✉t✐✈❛ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❡❧❡trô♥✐❝❛s✱
❝❛✉s❛❞❛ ♣♦r ❡❢❡✐t♦s ❞❡ r❡tr♦❡s♣❛❧❤❛♠❡♥t♦ ❬✶✶✹❪✱ ❢❛③ ❝♦♠ q✉❡ t♦❞♦s ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s s❡❥❛♠ ❧♦❝❛❧✐③❛❞♦s ♣❛r❛
q✉❛❧q✉❡r q✉❛♥t✐❞❛❞❡ ❞❡ ❞❡s♦r❞❡♠ ♥♦ ❧✐♠✐t❡ L → ∞✳ ❏á ❛ ❞✐♠❡♥sã♦ ❝rít✐❝❛ s✉♣❡r✐♦r ♣❛r❛ ❡st❛ tr❛♥s✐çã♦✱ ❛q✉❡❧❛
❞✐♠❡♥sã♦ ❛❝✐♠❛ ❞❛ q✉❛❧ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ t♦r♥❛✲s❡ ❡①❛t❛✱ é d = ∞ ❬✶✺✶✱ ✶✺✷❪✳ ❉❡♥tr♦ ❞❡st❛ ❛❜♦r✲
❞❛❣❡♠✱ ❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ é ✈✐st❛ ❝♦♠♦ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♠ ❡①♣♦❡♥t❡s ❝rít✐❝♦s s✱
ν ❝❛r❛❝t❡r✐③❛♥❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ σ ∝ |W −Wc|s ✈❛✐ ❛ ③❡r♦ ❡ ❝♦♠♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❝♦rr❡❧❛çã♦ ξ ∝ |W −Wc|−ν ❞✐✈❡r❣❡ q✉❛♥❞♦ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ ❞❡s♦r❞❡♠ ❝rít✐❝❛ Wc✳

✺✳✷✳✷✳✶ ❚r❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ ❡♠ 3d

P♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❢♦r♠❛❧✐s♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❡♠ d = 3
✉t✐❧✐③❛♥❞♦ ❛s ✐❞❡✐❛s ❞❛ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦✱ ❊q✳ ✭✷✳✼✵✮✱ ❝♦♠
U = 0 ✭q✉❡ s❡ r❡❞✉③ ❛♦ ♠♦❞❡❧♦ t✐❣❤t✲❜✐♥❞✐♥❣✮ ❡♠ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛ ❞❡ ❧❛❞♦ L ✭♠❡❞✐❞♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç❛♠❡♥t♦
❞❡ r❡❞❡ a✮✳ ❊st❡ s✐st❡♠❛ é ♠✉✐t♦ ❜❡♠ ❡st✉❞❛❞♦ ❬✶✺✶✱ ✶✺✸✱ ✶✺✹❪ ❡ ❝♦♥❤❡❝❡♠♦s ♣r❡❝✐s❛♠❡♥t❡ t❛♥t♦ Wc q✉❛♥t♦ ♦s
❡①♣♦❡♥t❡s ❝rít✐❝♦s✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ✉♠❛ ❝♦♥❢r♦♥t❛çã♦ ❞✐r❡t❛ ❝♦♥tr❛ ♥♦ss♦s r❡s✉❧t❛❞♦s✳ ❈♦♥s✐❞❡r❛♠♦s ❝♦♥❞✐çõ❡s
❛❜❡rt❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛ ❞✐r❡çã♦ x̂✱ ♣♦✐s ❛❝♦♣❧❛♠♦s ♥♦ss♦s ❝♦♥t❛t♦s ❛♦s ♣❧❛♥♦s x = 1 ❡ x = L✳ ❏á ♥❛s ❞✐r❡çõ❡s ŷ ❡
ẑ ❝♦♥s✐❞❡r❛♠♦s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳ ❘♦❞❛♠♦s ♦ ❝ó❞✐❣♦ ♣❛r❛ L = 4✱ 6✱ 8✱ 10 ❡ 12
❝♦♥s✐❞❡r❛♥❞♦ 1000 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠ ✭❝❛❞❛ r❡❛❧✐③❛çã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❛♠♦str❛ ❞✐❢❡r❡♥t❡✮ ❡ ❝❛❧❝✉❧❛♠♦s ♦
✈❛❧♦r tí♣✐❝♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ gtyp ♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐✳ ❈♦♥s✐❞❡r❛♠♦s ♦ ✈❛❧♦r tí♣✐❝♦ ❡ ♥ã♦ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ g ♣♦rq✉❡
s✉❛ ❞✐str✐❜✉✐çã♦ é ♠✉✐t♦ ❧❛r❣❛ ❬✺✹✱ ✶✹✾✱ ✶✺✺❪ ❡ s❡✉ ✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ é ❞❛❞♦ ♣♦r s❡✉ ✈❛❧♦r tí♣✐❝♦✱ ❡ ♥ã♦ ♣❡❧♦ ♠é❞✐♦✳
❱♦❧t❛r❡♠♦s ❛ ❡st❡ ♣♦♥t♦ ♥❛ ♣ró①✐♠❛ s✉❜s❡çã♦✳

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♥ã♦ s❛❜❡♠♦s ❛ ❧♦❝❛❧✐③❛çã♦ ♣r❡❝✐s❛ ❞❡ Wc✱ ♦✉ ♦ ✈❛❧♦r ❞♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s s ❡ ν✱ ❡ ♥♦ss❛
❛❜♦r❞❛❣❡♠ é ❜❛s❡❛❞❛ ♥♦ ❡s❝❛❧❛♠❡♥t♦ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦ ❬✶✶❪✳ ❖ ❢❛t♦ ❞❡ ❝♦♥s✐❞❡r❛r♠♦s t❛♠❛♥❤♦s ✜♥✐t♦s ❞❡ r❡❞❡ ❢❛③
❝♦♠ q✉❡ L ✐♥tr♦❞✉③❛ ✉♠ ❧✐♠✐t❡ ♥❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s✐st❡♠❛✱ ♣♦✐s ♠❡s♠♦ q✉❡ ✉♠ ❡st❛❞♦ ❡❧❡trô♥✐❝♦ s❡❥❛
❧♦❝❛❧✐③❛❞♦✱ ❡❧❡ s❡rá ❡❢❡t✐✈❛♠❡♥t❡ ❡st❡♥❞✐❞♦ s❡ t✐✈❡r♠♦s ξ > L✳ ■ss♦ ❢❛③ ❝♦♠ ❛ q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ ✜q✉❡
✏❛rr❡❞♦♥❞❛❞❛✑✱ ❡ q✉❡ ♥ã♦ s❡❥❛ ❝❧❛r♦ ♦♥❞❡ ❡❧❛ ❞❡ ❢❛t♦ ♦❝♦rr❡✳

◆♦ss♦ ♣r♦❝❡❞✐♠❡♥t♦ ❝♦♠❡ç❛ ✉t✐❧✐③❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ gc = gtyp (Wc) é ✐♥✈❛r✐❛♥t❡ s♦❜ ♠✉❞❛♥ç❛s ❞❡ ❡s❝❛❧❛✱ ♦✉ s❡❥❛✱
♦ ✈❛❧♦r ❞❛ ❝♦♥❞✉tâ♥❝✐❛ ♣❛r❛ ♦ q✉❛❧ ❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ ♦❝♦rr❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ L✳ ❆ss✐♠✱ ♣♦❞❡♠♦s t❡r ✉♠❛
✐❞❡✐❛ ❞❡ ♦♥❞❡ Wc s❡ ❧♦❝❛❧✐③❛ ❢❛③❡♥❞♦ ❣rá✜❝♦s ❞❡ gtyp ❝♦♠♦ ❢✉♥çã♦ ❞❡ W ♣❛r❛ ✈ár✐♦s L✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✺✳✸✮✳
❖ ♣♦♥t♦ ♥♦ q✉❛❧ t♦❞❛s ❛s ❝✉r✈❛s s❡ ❝r✉③❛♠ ❞❡✜♥❡ Wc✳ P❡❧❛ ❋✐❣✳ ✭✺✳✸✮✱ t❡♠♦s q✉❡ Wc ≈ 16.5t✱ ♦ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠
♦ ✈❛❧♦r ❛❝❡✐t♦ ❬✶✺✶✱ ✶✺✹❪✳ ❖s ♣ró①✐♠♦s ♣❛ss♦s ❞❡ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ♣♦❞❡♠ s❡r s✐st❡♠❛t✐③❛❞♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶✳ ❋❛③❡♠♦s ✉♠ ❣rá✜❝♦ ❞❡ gtyp ❝♦♠♦ ❢✉♥çã♦ ❞❡ L−1 ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ W ❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✱ ❝♦♠♦ ♥❛
❋✐❣✳ ✭✺✳✸✮❀

✾✶
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❋✐❣✉r❛ ✺✳✸✿ ✭❛✮ ❱❛❧♦r tí♣✐❝♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ gtyp ❡♠ r❡❞❡ ❝ú❜✐❝❛ ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❞❡s♦r❞❡♠ W ✭♠❡❞✐❞❛ ❡♠ ✉♥✐❞❛❞❡s
❞❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ t✮ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐♥❡❛r ❞♦ s✐st❡♠❛ L ✭♠❡❞✐❞♦ ❝♦♠ r❡❧❛çã♦ ❛♦
❡s♣❛ç❛♠❡♥t♦ ❞❡ r❡❞❡✮✳ ❈♦♠♦ gc = gtyp (Wc) é ✐♥✈❛r✐❛♥t❡ s♦❜ ♠✉❞❛♥ç❛s ❞❡ ❡s❝❛❧❛✱ ♦ ♣♦♥t♦ ♥♦ q✉❛❧ t♦❞❛s ❛s ❝✉r✈❛s
s❡ ❝r✉③❛♠ ❞❡✜♥❡ Wc ≈ 16.5t ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛ ✈❡rt✐❝❛❧✮✳ ✭❜✮ gtyp ❝♦♠♦ ❢✉♥çã♦ ❞❡ L−1 ♣❛r❛ W =13t− 21t✱ ❝♦♥t❛♥❞♦
❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱ ❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✳ ❆ ❝✉r✈❛ tr❛❝❡❥❛❞❛ ❝♦rr❡s♣♦♥❞❡ ❛ W = Wc = 16.5t✳ ❈♦♠♦ ❡s♣❡r❛❞♦
♣❡❧❛s ❊qs✳ ✭✺✳✸✼✮ ❡ ✭✺✳✸✽✮✱ gtyp ❛✉♠❡♥t❛ ❝♦♠ L ♥♦ ❧❛❞♦ ♠❡tá❧✐❝♦ ❡ ❞✐♠✐♥✉✐ ♥♦ ❧❛❞♦ ✐s♦❧❛♥t❡✳ ◆♦t❡ q✉❡ ❛q✉✐ ❛
r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s ❡stá ✐♥❝❧✉í❞❛✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❡st❡s ✈❛❧♦r❡s ❞❡ ❞❡s♦r❞❡♠ ❡❧❛ ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞❛✱ ❞❛❞♦
q✉❡ g−1

s ≈ g−1
c ≫ g−1

c ✱ ❊q✳ ✭✺✳✼✮✳ ❆q✉✐✱ t❡♠♦s t = 1✱ η = 1.5t✱ U = 0 ❡ 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳

✷✳ P❡❧❛s ❊qs✳ ✭✺✳✸✼✮ ❡ ✭✺✳✸✽✮✱ ✈❡♠♦s q✉❡✱ ♥❛ ❢❛s❡ ♠❡tá❧✐❝❛✱ gtyp t❡♥❞❡ ❛ ❛✉♠❡♥t❛r ❧✐♥❡❛r♠❡♥t❡ ❝♦♠ L✱ ♦ q✉❡ ❢❛③
❝♦♠ ❛s ❝✉r✈❛s ❝✉r✈❡♠✲s❡ ♣❛r❛ ❝✐♠❛ ♣❛r❛ L ❣r❛♥❞❡✳ ❏á ♥❛ ❢❛s❡ ✐s♦❧❛♥t❡✱ gtyp ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ L ❡
❛s ❝✉r✈❛s ❝✉r✈❛♠✲s❡ ♣❛r❛ ❜❛✐①♦ ♣❛r❛ L ❣r❛♥❞❡✱ ❋✐❣✳ ✭✺✳✸✮❀

✸✳ ❙♦♠❡♥t❡ ♣❛r❛ W = Wc✱ gtyp é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ L✳ ❆♦ ❞✐✈✐❞✐r♠♦s t♦❞❛s ❛s ❝✉r✈❛s ♣♦r gtyp

(

Wc, L
−1
)

✱ ❡st❛
❝✉r✈❛ ❝rít✐❝❛ t♦r♥❛✲s❡ ✉♠❛ r❡t❛ ❤♦r✐③♦♥t❛❧ ❞❡ ✈❛❧♦r 1 ❡ t♦❞❛s ❛s ♦✉tr❛s ❡s♣❛❧❤❛♠✲s❡ ❛ s❡✉ r❡❞♦r✱ ❋✐❣✳ ✭✺✳✹✮❀

✹✳ ❖ ú❧t✐♠♦ ♣❛ss♦ ❡♥✈♦❧✈❡ ❝♦❧❛♣s❛r♠♦s t♦❞❛s ❛s ❝✉r✈❛s ❛tr❛✈és ❞❡ ✉♠ r❡❡s❝❛❧❛♠❡♥t♦ ❞♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✱ ♦ q✉❡✱
♥❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✱ ❝♦rr❡s♣♦♥❞❡ ❛ ❞❡s❧♦❝❛r♠♦s ❛s ❝✉r✈❛s r❡s✉❧t❛♥t❡s ♣❛r❛ ❛ ❡sq✉❡r❞❛ ♦✉ ♣❛r❛ ❛ ❞✐r❡✐t❛✳ ❖ ❢❛t♦r
✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st❡ r❡❡s❝❛❧❛♠❡♥t♦✱ q✉❡ é ♥❛t✉r❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ W ✱ ❞❡✜♥❡ ♦ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❧♦❝❛❧✐③❛çã♦ ξ (W ) ❛ ♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦ ❞♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ν✱ ❋✐❣✳ ✭✺✳✹✮✳

❯♠❛ ✈❡③ r❡❛❧✐③❛❞♦ ❡st❡ ♣r♦❝❡ss♦ ❞❡ ❡s❝❛❧❛♠❡♥t♦ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦✱ ✈❡♠♦s q✉❡ t♦❞❛s ❝✉r✈❛s✱ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ξ/L✱
❝❛❡♠ ❡♠ ❞♦✐s r❛♠♦s✳ ❯♠ ❞♦s r❛♠♦s ❝♦rr❡s♣♦♥❞❡ à s♦❧✉çã♦ ♠❡tá❧✐❝❛✱ ❡ ♦ ♦✉tr♦✱ ♥❛t✉r❛❧♠❡♥t❡✱ à ✐s♦❧❛♥t❡✱ ❋✐❣✳ ✭✺✳✹✮✳
❉❡st❡ ❡s❝❛❧❛♠❡♥t♦✱ ♦❜t❡♠♦s q✉❡ ν = 1.51± 0.02✱ q✉❡ t❛♠❜é♠ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ ✈❛❧♦r ❛❝❡✐t♦ ❞❡ 1.58 ❬✶✺✹❪✳

P❛r❛ ❡st❡ ❡st✉❞♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ ❡♠ 3d✱ ♥ã♦ ♣r❡❝✐s❛♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛ r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s✱
✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❡st❡s ✈❛❧♦r❡s ❞❡ ❞❡s♦r❞❡♠ ❡❧❛ ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞❛✱ ❞❛❞♦ q✉❡ g−1

s ≫ g−1
c . ❈♦♥t✉❞♦✱ q✉❛♥❞♦

tr❛❜❛❧❤❛♠♦s ❝♦♠ W ≪ D✱ ♦♥❞❡ D é ❛ s❡♠✐❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❞♦ s✐st❡♠❛ ❧✐♠♣♦✱ ❡ss❛ r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s g−1
c

♣❛ss❛ ❛ s❡r ✐♠♣♦rt❛♥t❡✳ ◆❛ ❋✐❣✳ ✭✺✳✺✮✱ ♠♦str❛♠♦s ❝♦♠♦ ❡ss❛ r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s ❞❡♣❡♥❞❡ ❞❡ L ♣❛r❛ ✉♠❛ r❡❞❡
❝ú❜✐❝❛✿ gc = L2✱ ♣r❡❝✐s❛♠❡♥t❡ ❝♦♠♦ ❡s♣❡r❛❞♦ ♣❡❧❛ ❊q✳ ✭✺✳✻✮ ✳

✺✳✷✳✷✳✷ ▲♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ❡♠ 1d

❊st✉❞❛r❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❈♦♠♦ ❞✐s❝✉t✐❞♦ ❛❝✐♠❛✱ t♦❞♦s ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❧♦❝❛❧✐③❛❞♦s ❡♠
✉♠❛ ❞✐♠❡♥sã♦ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ ❞❡s♦r❞❡♠ ❬✺✵❪ ❡ ♥♦ss♦ ❡st✉❞♦ ✜❝❛ ❝♦♥❝❡♥tr❛❞♦ ❛♣❡♥❛s ♥❛ ❢❛s❡ ✐s♦❧❛♥t❡✳ ◆♦ss♦
♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❛q✉✐ é ❝♦♥str✉✐r ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✳ P❡❧❛s ❊qs✳ ✭✺✳✹✵✮ ❡ ✭✺✳✹✶✮✱ ✈❡♠♦s q✉❡ β (g) é s❡♠♣r❡
♠❡♥♦r q✉❡ −1✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♥ã♦ ✐♠♣♦rt❛ q✉❛❧ s❡❥❛ ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ g✱ ❡❧❡ s❡♠♣r❡ ❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦
❞❡ L✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ s❡ ❝❤❡❣✉❡ r❛♣✐❞❛♠❡♥t❡ ❛♦ r❡❣✐♠❡ ❧♦❝❛❧✐③❛❞♦✳ P❛r❛ ♦ ❡st✉❞♦ ❞❡ ✉♠❛ r❡❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧
t❡♠♦s t❛♠❜é♠ q✉❡ ❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s g−1

c ✱ ✉♠❛ ✈❡③ q✉❡ Wc = 0✳ ◆❛t✉r❛❧♠❡♥t❡✱
gc ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ L✱ ♣♦✐s ♥ã♦ ❤á ♠♦❞♦s tr❛♥s✈❡rs♦s✱ ❡ ♣❛r❛ η = 1.0t ❡ t = 1.0✱ ❡♥❝♦♥tr❛♠♦s gc = 1.0✳ ❙❡♠♣r❡
tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❞♦ s✐st❡♠❛ gS ✱ q✉❡ é ❞❡✜♥✐❞❛ ♣❡❧❛ ❊q✳ ✭✺✳✼✮✳

❈♦♠♦ ❡♥❢❛t✐③❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❘❡❢✳ ❬✶✺✺❪✱ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❛♠♦str❛ ✢✉t✉❛ ❢♦rt❡♠❡♥t❡✱
❡ s✉❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ P (gS) ✈❛✐ s❡ t♦r♥❛♥❞♦ ♠❛✐s ❧❛r❣❛ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ L ❛✉♠❡♥t❛✳ P♦❞❡♠♦s ✈❡r✐✜❝❛r
❡st❡ ❢❛t♦ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✳ ◆❛ ❋✐❣✳ ✭✺✳✻✮✱ ♠♦str❛♠♦s q✉❡ gS ♣♦ss✉✐ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❧♦❣✲♥♦r♠❛❧✱

✾✷
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(b)

❋✐❣✉r❛ ✺✳✹✿ ✭❛✮ ❱❛❧♦r tí♣✐❝♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ gtyp

(

W,L−1
)

❡♠ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛✱ ❝♦♠♦ ❢✉♥çã♦ ❞❡ L−1✱ ♥♦r♠❛❧✐③❛❞♦
♣♦r gtyp

(

Wc, L
−1
)

♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ W ❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✳ ❖s ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♠ ❛ W < Wc✱ ❡ ♦s
tr✐â♥❣✉❧♦s✱ ❛ W > Wc✳ ✭❜✮ ◆♦✈❛♠❡♥t❡ gtyp

(

W,L−1
)

♥♦r♠❛❧✐③❛❞♦ ♣♦r gtyp

(

Wc, L
−1
)

❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✱ só
q✉❡ ❛❣♦r❛ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ξ/L ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ W ✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ξ é ♦❜t✐❞♦ ❛♦ r❡❛❧✐③❛r♠♦s ♦
❝♦❧❛♣s♦ ❞❛s ❝✉r✈❛s ❛♣r❡s❡♥t❛❞❛s ❡♠ ✭❛✮✳ ❱❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡ t♦❞❛s ❛s ❝✉r✈❛s s❡ ❞✐str✐❜✉❡♠ ❡♠ ❞♦✐s r❛♠♦s✱ ❝♦♠
♦ ❞❡ ❝✐♠❛ ❝♦rr❡s♣♦♥❞❡♥❞♦ à s♦❧✉çã♦ ♠❡tá❧✐❝❛✱ ❡ ♦ ❞❡ ❜❛✐①♦✱ à ✐s♦❧❛♥t❡✳ ❆q✉✐✱ t❡♠♦s t = 1✱ η = 1.5t✱ U = 0 ❡ 103

r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳
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❋✐❣✉r❛ ✺✳✺✿ ❈♦♥❞✉tâ♥❝✐❛ ❞♦s ❝♦♥t❛t♦s gc ❝♦♠♦ ❢✉♥çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐♥❡❛r L ♣❛r❛ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛✳ P❡❧❛ ❊q✳
✭✺✳✻✮ ❡s♣❡r❛♠♦s q✉❡ gc s❡❥❛ ❞❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s tr❛♥s✈❡rs♦s✱ ♦ q✉❡✱ ♥♦ ♣r❡s❡♥t❡ ❝❛s♦✱ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡
L2✳ ❆ ✐♥s❡rçã♦ ♠♦str❛ gc/L

2 ❝♦♠♦ ❢✉♥çã♦ ❞❡ L✱ ✐♥❞✐❝❛♥❞♦ q✉❡✱ ♣❛r❛ L > 4✱ ❡st❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢❛t♦ ♦s❝✐❧❛ ❡♠ t♦r♥♦
❞♦ ✈❛❧♦r ❡s♣❡r❛❞♦ 1✳ ❆q✉✐✱ t❡♠♦s t = 1✱ η = 1.5t ❡ W = 0✳

✾✸



❈❆P❮❚❯▲❖ ✺✳ ▲❖❈❆▲■❩❆➬➹❖ ❉❊ ❆◆❉❊❘❙❖◆ ◆❆ P❘❊❙❊◆➬❆ ❉❊ ❈❖❘❘❊▲❆➬Õ❊❙

-30 -25 -20 -15 -10 -5 0 5 10
ln(g

S
)

0.00

0.05

0.10

0.15

0.20

0.25

P
(l

n
(g

S
))

L=60
L=60
L=300
L=300
L=600
L=600

0 100 200 300 400 500 600
L

1

2

3

4

5

σ
(P

(l
n
(g

S
))

)

❋✐❣✉r❛ ✺✳✻✿ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (❧♥gS) ❞♦ ❧♦❣❛r✐t♠♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ ❞♦ s✐st❡♠❛ gS ♣❛r❛ três t❛♠❛♥❤♦s L
❞❡ ✉♠❛ ❝❛❞❡✐❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆s ❧✐♥❤❛s tr❛❝❡❥❛❞❛s sã♦ ❞✐str✐❜✉✐çõ❡s ●❛✉ss✐❛♥❛s ❛❥✉st❛❞❛s ❝♦♠ ❛ ♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛
❞♦s ❞❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ r❡❛❧ç❛r ♦ ❢❛t♦ ❞❡ q✉❡ gS ♣♦ss✉✐ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❧♦❣✲♥♦r♠❛❧✳ ◆❛ ✐♥s❡rçã♦✱ ♠♦str❛♠♦s
❝♦♠♦ ❛ ✈❛r✐â♥❝✐❛ ❞❡ P (❧♥gS) ❛✉♠❡♥t❛ ❝♦♠ ♦ t❛♠❛♥❤♦ ❞❛ r❡❞❡✳ ❆q✉✐ t❡♠♦s t = 1✱ η = 1.0t✱ U = 0 ❡ ❝♦♥s✐❞❡r❛♠♦s
104 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳

♦✉ s❡❥❛✱ P (❧♥gS) é ✉♠❛ ●❛✉ss✐❛♥❛✳ ❙❛❜❡♥❞♦ ❝♦♠♦ gS é ❞✐str✐❜✉í❞❛✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛s ✢✉t✉❛çõ❡s ❛♦ r❡❞♦r ❞❡ s❡✉
✈❛❧♦r ♠é❞✐♦ ❬✶✺✻❪

∆gS ≡
gS

√

✈❛r [gS ]
=

√

eσ2 − 1, ✭✺✳✹✷✮

♦♥❞❡ gS ❞❡♥♦t❛ ❛ ♠é❞✐❛ ❞❡ gS ✱ ✈❛r [gS ] é ❛ ✈❛r✐â♥❝✐❛ ❞❡ gS ❡ σ = ✈❛r [❧♥gS ]✳ ❈♦♠♦ σ ❛✉♠❡♥t❛ ❝♦♠ L✱ ❋✐❣✳ ✭✺✳✻✮✱
✈❡♠♦s q✉❡ ❛s ✢✉t✉❛çõ❡s ❛♦ r❡❞♦r ❞❛ ♠é❞✐❛ ❞❡ gS ❛✉♠❡♥t❛♠ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛✱ ❢❛③❡♥❞♦
❝♦♠ q✉❡ ♦ ✈❛❧♦r ♠é❞✐♦ ♥ã♦ ❞ê ✉♠❛ ❜♦❛ ♠❡❞✐❞❛ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡✳ ■ss♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❢❛t♦ ❞❡ P (gS) s❡r ♠✉✐t♦
❧❛r❣❛✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❤❛❥❛ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❡q✉❡♥❛✱ ♠❛s ✜♥✐t❛✱ ❞❡ ❡♥❝♦♥tr❛r♠♦s ❣r❛♥❞❡s ✈❛❧♦r❡s ❞❡ gS ✳ ❚❛✐s
✈❛❧♦r❡s✱ ❡♠❜♦r❛ ❛❧t❛♠❡♥t❡ ✐♠♣r♦✈á✈❡✐s✱ ❞♦♠✐♥❛♠ ♦ ✈❛❧♦r ♠é❞✐♦ gS ✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❡❧❡ ♥ã♦ s❡❥❛ ✉♠❛ ❜♦❛ ♠❡❞✐❞❛
❞❛ ❝♦♥❞✉tâ♥❝✐❛ ♠❛✐s ♣r♦✈á✈❡❧ ❞❛s ❛♠♦str❛s✳ ❖ ✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ ❞❡ gS ✱ ♦✉ s❡✉ ✈❛❧♦r tí♣✐❝♦✱ é✱ ♥❛ ✈❡r❞❛❞❡✱ ❞❛❞♦
♣❡❧❛ s✉❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ gtyp =❡①♣

[

❧♥gS

]

, ♦♥❞❡ ❧♥gS ❞❡♥♦t❛ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ ❧♥gS ✳
❆♣❧✐❝❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧❛♠❡♥t♦ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦✱ ❡♥❝♦♥tr❛♠♦s ❛ ❝✉r✈❛ gtyp (L/ξ) ♠♦str❛❞❛ ♥❛ ❋✐❣✳

✭✺✳✼✮✳ P❛r❛ ❡st❡ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ξ é ♣r♦♣♦r❝✐♦♥❛❧ ❛ W−2✳ ❬✶✶✼✱ ✶✺✼❪✳ ◆❡st❛ ✜❣✉r❛✱ ✜❝❛ ❝❧❛r♦ ♦ ❡❢❡✐t♦ ❞❛
r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s✳ ❙❡ ❝❛❧❝✉❧❛♠♦s gtyp ❝♦♠♦ ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞❡ g ❡♠ ✈❡③ ❞❡ gS ✱ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ L/ξ . 1
✜❝❛ ❝♦♠♣r♦♠❡t✐❞♦✱ ✉♠❛ ✈❡③ q✉❡ ♦❜t❡♠♦s gtyp ∼ 1 ❡♠ ✈❡③ ❞❡ gtyp ∼ ξ/L✱ ❝♦♠♦ ❡s♣❡r❛❞♦ ♣❡❧❛ ❊q✳ ✭✺✳✸✼✮✳

◆❛ ❘❡❢✳ ❬✶✺✺❪✱ ♦s ❛✉t♦r❡s ❡♥❝♦♥tr❛♠ ✉♠❛ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ♣❛r❛ ❛ ❝✉r✈❛ gtyp (L/ξ)

g

(

L

ξ

)

=
g⋆

eL/ξ − 1
, ✭✺✳✹✸✮

♦♥❞❡ ✐♥❝❧✉í♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛ ❡s❝❛❧❛ ❞❡ ✏❝r♦ss♦✈❡r✑ g⋆✳ ❉❡ ♣♦ss❡ ❞❡st❛ ❡①♣r❡ssã♦✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ✐♠❡❞✐❛t❛✲
♠❡♥t❡ ❛ ❢✉♥çã♦ β (g)

β (g) =
d❧♥g
d❧♥L

= −
(

1 +
g

g⋆

)

❧♥
(

1 +
g⋆

g

)

, ✭✺✳✹✹✮

q✉❡ ♣♦ss✉✐ ♣r❡❝✐s❛♠❡♥t❡ ❛s ❢♦r♠❛s ❛ss✐♥tót✐❝❛s ❞❛❞❛s ♣❡❧❛s ❊qs✳ ✭✺✳✹✵✮ ❡ ✭✺✳✹✶✮✳
◆❡st❡ ♣♦♥t♦✱ ✈❡♠♦s q✉❡ ♣♦ss✉í♠♦s ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❣❡r❛❧ ♣❛r❛ ❡st✉❞❛r♠♦s ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥✱ ❡ ♦

❛♣❧✐❝❛r❡♠♦s ❛❣♦r❛ ❛♦ ❝❛s♦ ❡♠ q✉❡ U 6= 0✳

✾✹
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-6
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-4

10
-2

10
0

10
2

10
4

g
typ

=<g
S
>

geo
g

typ
=<g>

geo

g=1/(e
L/ξ

−1)

(a)

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

g
typ

-7

-6

-5

-4

-3

-2

-1

0

β
(g

ty
p
)

(b)

❋✐❣✉r❛ ✺✳✼✿ ✭❛✮ gtyp (L/ξ) ❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣✲❧♦❣✱ ❝♦♠ ξ−1 ∝ W (2.030±0.003)✳ ❖s ❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ✈❛❧♦r
tí♣✐❝♦ ❞❡ gS ✱ ❡♥q✉❛♥t♦ ♦s q✉❛❞r❛❞♦s r❡♣r❡s❡♥t❛♠ ♦ ✈❛❧♦r tí♣✐❝♦ g✱ q✉❡ ✐♥❝❧✉✐ ❛ r❡s✐stê♥❝✐❛ ❞♦s ❝♦♥t❛t♦s✳ ❆ ❧✐♥❤❛
❝♦♥tí♥✉❛ ❝♦rr❡s♣♦♥❞❡ à s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✺✳✹✸✮✱ ❝♦♠ g⋆ = 1✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝❛s♦ ❡♠ 3d ✭❋✐❣✳
✭✺✳✹✮✮✱ ❛q✉✐ só t❡♠♦s ♦ r❛♠♦ ✐s♦❧❛♥t❡✱ ♣♦✐s ❡♠ 1d t♦❞♦s ♦s ❡st❛❞♦s sã♦ ❧♦❝❛❧✐③❛❞♦s✳ ✭❜✮ ❋✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✳ ❖s
❝ír❝✉❧♦s ❝♦rr❡s♣♦♥❞❡♠ à s♦❧✉çã♦ ♥✉♠ér✐❝❛✱ ❡ ❛ ❧✐♥❤❛ ❝♦♥tí♥✉❛✱ à s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✱ ❞❛❞❛ ♣♦r ✭✺✳✹✹✮✱ ❝♦♠ g⋆ = 1✳
❱❡♠♦s ❛q✉✐ q✉❡ ♦ ✏❝r♦ss♦✈❡r✑ ❡♥tr❡ ♦s ❧✐♠✐t❡s ô❤♠✐❝♦ β (g) ∼ −1 ✭❊q✳ ✭✺✳✸✾✮✮ ❡ ♥ã♦ ô❤♠✐❝♦ β (g) ∼ −❧♥ (g/g⋆) ✭❊q✳
✭✺✳✹✶✮✮ ♦❝♦rr❡ ♣❛r❛ gtyp ≃ 1✱ ❥✉st✐✜❝❛♥❞♦ ❛ss✐♠ g⋆ = 1✳ ❈♦♥s✐❞❡r❛♠♦s ❛q✉✐ t = 1✱ η = 1.0t✱ U = 0 ❡ 104 r❡❛❧✐③❛çõ❡s
❞❡ ❞❡s♦r❞❡♠✳

✺✳✸ ▲♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❝♦rr❡❧❛çõ❡s ❡♠ 1d

P❛r❛ ❡st✉❞❛r♠♦s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦ s♦❜r❡ ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥✱ r❡s♦❧✈❡r❡♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍✉❜❜❛r❞
❞❡s♦r❞❡♥❛❞♦ ❡♠ ✉♠❛ ❝❛❞❡✐❛ ❧✐♥❡❛r ❞❡ át♦♠♦s✱ q✉❡ é ♦ s✐st❡♠❛ ♠❛✐s s✐♠♣❧❡s q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r✱ ❡ ♣❛r❛ ♦
q✉❛❧ ♦ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦ é ♠❛✐s ❛❝❡ssí✈❡❧✳ ❈♦♥s✐❞❡r❛♠♦s ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❡ ✐♥t❡r♠❡❞✐ár✐♦s ❞❡ U ✱ ❧♦♥❣❡ ❞♦ ✈❛❧♦r
U0

c = 32t/π ≃ 10.2t✱ ♣❛r❛ ♦ q✉❛❧ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ♦❝♦rr❡ ♥♦ ❝❛s♦ ❧✐♠♣♦✳
❆ q✉❛♥t✐❞❛❞❡ ❝❡♥tr❛❧ ❞❡ ♥♦ss♦ ❡st✉❞♦ s❡rá ❛ ❝♦♥❞✉tâ♥❝✐❛ ❛❞✐♠❡♥s✐♦♥❛❧ g✱ ❊q✳ ✭✺✳✸✻✮✱ ❡ ♥♦ss♦ ♦❜❥❡t✐✈♦ ✜♥❛❧ é

❡♥t❡♥❞❡r q✉❛✐s sã♦ ♦s ❡❢❡✐t♦s ❞❛ ✐♥t❡r❛çã♦ s♦❜r❡ ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✺✳✸✸✮ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r
❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞♦ ♥♦ss♦ s✐st❡♠❛✱ ❡ ❝♦♠ ❡❧❛ ♦❜t❡r♠♦s g ✭♦✉ ❛ ♠❛tr✐③ ❞❡ tr❛♥s♠✐ssã♦✮ ♣❡❧❛ ❊q✳ ✭✺✳✸✹✮✳ ❖ q✉❡
♥♦t❛♠♦s é q✉❡✱ ♥❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ (ω = 0)✱ ❡st❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ só ❞❡♣❡♥❞❡ ❞❛s ❡♥❡r❣✐❛s r❡♥♦r♠❛❧✐③❛❞❛s vi✬s✱ ♣♦✐s
t♦❞❛ ❛ s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦s ♣❡s♦s ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ Zi✬s s❡ ❝❛♥❝❡❧❛

GS (0) =
√

Z
[

−Zv −
√

ZH0
S

√
Z + i

η

2

√
Z (BL + BR)

√
Z
]−1√

Z.

= −
[

v + H0
S + i

η

2
(BL + BR)

]−1

. ✭✺✳✹✺✮

❆ss✐♠✱ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❝♦♥❞✉tâ♥❝✐❛ ♦❧❤❛♥❞♦ ❛♣❡♥❛s ♣❛r❛ P (v)✱ ❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦ ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ vi✳ ❆ ❊q✳ ✭✺✳✹✺✮ t❛♠❜é♠ s✉❣❡r❡ q✉❡ ✐♥tr♦❞✉③❛♠♦s ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦

Heff = v + H0
S + i

η

2
(BL + BR) , ✭✺✳✹✻✮

♠❛♣❡❛♥❞♦ ❛ss✐♠ ♥♦ss♦ ♣r♦❜❧❡♠❛ ✐♥t❡r❛❣❡♥t❡ ❛ ✉♠ ♣r♦❜❧❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❡✜♥✐❞♦ ♣♦r Heff ✳ ❊①♣❧♦r❛r❡♠♦s ❡st❛
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♠❛✐s ❛❞✐❛♥t❡✳

❈♦♠♦ ✉t✐❧✐③❛♠♦s ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ♣❛r❛ ❛s ❡♥❡r❣✐❛s ❞♦s sít✐♦s✱ ❊q✳ ✭✸✳✸✺✮✱ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ σ (v) ❞❡
P (v) ♣❛r❛ U = 0 é ❞❛❞♦ ♣♦r W/2

√
3✳ ◆❛ ❋✐❣✳ ✭✺✳✽✮✱ ♠♦str❛♠♦s ❝♦♠♦ P (v) ❞❡♣❡♥❞❡ ❞❛ ✐♥t❡r❛çã♦ ❡ ✈❡♠♦s q✉❡✱ ❛♦

❛✉♠❡♥t❛r♠♦s U ✱ s✉❛ ❧❛r❣✉r❛ ❞✐♠✐♥✉✐✱ ❡♠❜♦r❛ ❡❧❛ ❛✐♥❞❛ ♠❛♥t❡♥❤❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ s✉❛ ❢♦r♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❡
❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✳ ❏á s❡✉ ❞❡s✈✐♦ ♣❛❞rã♦ ♠❛♥té♠ ✉♠❛ r❡❧❛çã♦ ❧✐♥❡❛r ❝♦♠ W ♣❛r❛ ✈❛❧♦r❡s ❝❛❞❛ ✈❡③ ♠❡♥♦r❡s ❞❡
❞❡s♦r❞❡♠✳ ❏á ♥❛ ❋✐❣✳ ✭✺✳✾✮✱ ♠♦str❛♠♦s ❝♦♠♦ P (v)✱ ❡✱ ♥❛t✉r❛❧♠❡♥t❡✱ σ (v)✱ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ t❛♠❛♥❤♦ ❞❛ r❡❞❡
♣❛r❛ ♦s t❛♠❛♥❤♦s ❝♦♥s✐❞❡r❛❞♦s ❛q✉✐✳

❉✐❛♥t❡ ❞❡st❛ s✉♣r❡ssã♦ ❞♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ♣❡❧❛ ❝♦rr❡❧❛çã♦✱ ❡s♣❡r❛♠♦s q✉❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ U t❡♥❤❛♠♦s
✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛✉♠❡♥t♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ g ❞❡ ✉♠❛ ❛♠♦str❛ s❡ ♠❛♥t✐✈❡r♠♦s ❛ ❞❡s♦r❞❡♠ ❝♦♥st❛♥t❡✱ ♣♦✐s ❛
❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ Weff ✈✐st❛ ♣❡❧♦ s✐st❡♠❛ é ♠❡♥♦r✳ ◆❛ ❋✐❣✳ ✭✺✳✶✵✮✱ ✈❡♠♦s q✉❡✱ ❞❡ ❢❛t♦ gtyp✱ ❛✉♠❡♥t❛ ♣♦r ✈ár✐❛s

✾✺
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(b)

❋✐❣✉r❛ ✺✳✽✿ ✭❛✮ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛s ❡♥❡r❣✐❛s r❡♥♦r♠❛❧✐③❛❞❛ ❞♦s sít✐♦s P (v) ♣❛r❛ W = 1t ❡ L = 300
♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ U ✳ ➚ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s ❛ ✐♥t❡r❛çã♦✱ ❛ ❧❛r❣✉r❛ ❞❡ P (v) ❞✐♠✐♥✉✐✱ ❡♠❜♦r❛ ❡❧❛s ❛✐♥❞❛
♠❛♥t❡♥❤❛♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ s✉❛ ❢♦r♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❡ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✳ ✭❜✮ ❉❡s✈✐♦ ♣❛❞rã♦ σ (v) ❞❡
P (v) ❝♦♠♦ ❢✉♥çã♦ ❞❡ W ♣❛r❛ L = 300 ❡ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ U ✳ ❈♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ U ✱ ❛s ❞✐str✐❜✉✐çõ❡s ✜❝❛♠ ♠❛✐s
❡str❡✐t❛s✳ ❈♦♥s✐❞❡r❛♠♦s ❛q✉✐ t = 1✱ η = 1.0t ❡ 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳
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(b)

❋✐❣✉r❛ ✺✳✾✿ ✭❛✮ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛s ❡♥❡r❣✐❛s r❡♥♦r♠❛❧✐③❛❞❛ ❞♦s sít✐♦s P (v) ♣❛r❛ U = 3t✱ W = 1t ❡
W = 2t ❡ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ L✱ ♠♦str❛♥❞♦ q✉❡ P (v) é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❛ r❡❞❡ ♣❛r❛ ♦s ✈❛❧♦r❡s ❝♦♥s✐❞❡r❛❞♦s
❛q✉✐✳ ✭❜✮ ❉❡s✈✐♦ ♣❛❞rã♦ σ (v) ❞❡ P (v) ❝♦♠♦ ❢✉♥çã♦ ❞❡W ♣❛r❛ U = 3t ❡ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ L✳ ❆ss✐♠ ❝♦♠♦ P (v)✱ σ (v)
♥ã♦ ❞❡♣❡♥❞❡ ❞❡ L ♣❛r❛ ♦s t❛♠❛♥❤♦s q✉❡ ❝♦♥s✐❞❡r❛♠♦s✳ P❛r❛W . 3t✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡ σ (v) = Weff/2

√
3 ✭❧✐♥❤❛

tr❛❝❡❥❛❞❛✮✱ ♦♥❞❡ ❞❡✜♥✐♠♦s Weff ❝♦♠♦ ✉♠❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛ ❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ✈❛❧❡ Weff = 0.52W ✳ ❈♦♥s✐❞❡r❛♠♦s
❛q✉✐ t = 1✱ η = 1.0t ❡ 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳
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(b)

❋✐❣✉r❛ ✺✳✶✵✿ ✭❛✮ ❱❛❧♦r tí♣✐❝♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ gtyp ❝♦♠♦ ❢✉♥çã♦ ❞❛ ❞❡s♦r❞❡♠ W ♣❛r❛ ✉♠❛ ❝❛❞❡✐❛ ❧✐♥❡❛r ❞❡ t❛♠❛♥❤♦
L = 300✳ ❱❡♠♦s q✉❡✱ ❛♦ ❧✐❣❛r♠♦s U ✱ ♦ ✈❛❧♦r ❞❡ gtyp ❛✉♠❡♥t❛ ♣♦r ✈ár✐❛s ♦r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡✳ ❯t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦
❞❛ ❋✐❣✳ ✭✺✳✾✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡ Weff/W = 0.80✱ 0.52 ❡ 0.33 ♣❛r❛ U = 1t✱ 3t ❡ 5t✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✭❜✮
❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (❧♥gS) ❞♦ ❧♦❣❛r✐t♠♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ ❞♦ s✐st❡♠❛ gS ✱ ♣❛r❛ três ✈❛❧♦r❡s ❞❛ ✐♥t❡r❛çã♦
U ✱ ❝♦♠ W = 2t✱ ❡♠ ✉♠❛ ❝❛❞❡✐❛ ❧✐♥❡❛r ❞❡ t❛♠❛♥❤♦ L = 100✳ ❆s ❧✐♥❤❛s tr❛❝❡❥❛❞❛s sã♦ ❞✐str✐❜✉✐çõ❡s ●❛✉ss✐❛♥❛s
❛❥✉st❛❞❛s ❝♦♠ ❛ ♠é❞✐❛ ❡ ❝♦♠ ❛ ✈❛r✐â♥❝✐❛ ❞♦s ❞❛❞♦s ♥✉♠ér✐❝♦s✱ ♣❛r❛ r❡❛❧ç❛r ♦ ❢❛t♦ ❞❡ q✉❡✱ ♠❡s♠♦ q✉❛♥❞♦ U > 0✱ gS

❛✐♥❞❛ ♣♦ss✉✐ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❧♦❣✲♥♦r♠❛❧✳ ❆q✉✐✱ t❡♠♦s t = 1✱ η = 1.0t ❡ ❝♦♥s✐❞❡r❛♠♦s 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠
♣❛r❛ ✭❛✮ ❡ 104 ♣❛r❛ ✭❜✮✳

♦r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡ ♣❛r❛ U > 0✱ ❢❛t♦ q✉❡ t❛♠❜é♠ s❡ r❡✢❡t❡ ♥❛ ❞✐str✐❜✉✐çã♦ ❞❡ P (❧♥ (gS))✳ P♦❞❡♠♦s t❡♥t❛r ❡♥t❡♥❞❡r
❡st❡s r❡s✉❧t❛❞♦s q✉❛♥t✐t❛t✐✈❛♠❡♥t❡✱ ❛ss✉♠✐♥❞♦ ✉♠ ❝❡♥ár✐♦ s✐♠♣❧❡s✱ ♥♦ q✉❛❧ t♦❞♦ ♦ ❡❢❡✐t♦ ❞❛s ❝♦rr❡❧❛çõ❡s ❝♦♥s✐st❡ ❡♠
❢❛③❡r ❝♦♠ q✉❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ ❞❛ ❊q✳ ✭✺✳✹✻✮ s❡❥❛ ✐❞ê♥t✐❝♦ àq✉❡❧❡ ❞♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ❛♣❡♥❛s ❝♦♠Weff ♥♦
❧✉❣❛r ❞❡W ✳ ❙❡ ❡st❛ ❤✐♣ót❡s❡ ❢♦r ✈❡r❞❛❞❡✐r❛✱ ♦ ú♥✐❝♦ ❡❢❡✐t♦ s❡rá ♦ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦✱ ♠❛s ❝♦♠ ξ
♠❛♥t❡♥❞♦ ❛ ♠❡s♠❛ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ❞❡ U = 0✿ ξeff ∼W−2

eff ✳ ❈♦♥s✐❞❡r❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ✈❛❧♦rW = 2t✱ ❞❛ ❋✐❣✳ ✭✺✳✶✵✮✱
♣❛r❛ U = 0 ❡ ♣❛r❛ U = 1t✳ P❛r❛ ❡st❡ ✈❛❧♦r ❞❡ W ✱ ❥á ❡st❛♠♦s ♥♦ r❡❣✐♠❡ ❢♦rt❡♠❡♥t❡ ❧♦❝❛❧✐③❛❞♦✱ ♦♥❞❡ gtyp ∼ e−L/ξ✳
❈♦♠♦ Weff = 0.8W ♣❛r❛ U = 1t✱ t❡♠♦s q✉❡ ξeff ≃ 1.6ξ ❡ ♦❜t❡♠♦s q✉❡ gtyp (U = 1t) ∼ [gtyp (U = 0)]

0.6 ∼ 10−6✳
P❡❧♦ ❣rá✜❝♦✱ ❝♦♥t✉❞♦✱ t❡♠♦s✱ q✉❡ ♥❛ ✈❡r❞❛❞❡✱ gtyp ∼ 10−3✳ ❊ss❛ ❞✐❢❡r❡♥ç❛ ❞❡ três ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ ♥♦s ✐♥❞✐❝❛
q✉❡ ❛s ✐♥t❡r❛çõ❡s ❢❛③❡♠ ♠❛✐s ❞♦ q✉❡ ❛♣❡♥❛s r❡♥♦r♠❛❧✐③❛r ❛ ❞❡s♦r❞❡♠✱ ❡ q✉❡ ❡①✐st❡ ❛❧❣✉♠ ♦✉tr♦ ♠❡❝❛♥✐s♠♦ ♣♦r trás
❞❡st❡ ❛✉♠❡♥t♦ ❝♦❧♦ss❛❧ ❞❡ gtyp ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çõ❡s✳ ❯♠ ❞♦s ♣♦ssí✈❡✐s ❝❛♥❞✐❞❛t♦s sã♦ ❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s
♥♦s ✈❛❧♦r❡s ❞❡ v q✉❡ ❞✐s❝✉t✐♠♦s ❛ s❡❣✉✐r✳

✺✳✸✳✶ ❈♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s ♥❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ vi

❱✐♠♦s q✉❡✱ ♣❛r❛ ❞❡s♦r❞❡♠ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞❛✱ t♦❞♦s ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❧♦❝❛❧✐③❛❞♦s ❡♠
✉♠❛ ❞✐♠❡♥sã♦✳ ❈♦♥t✉❞♦✱ ❛♦ ❧✐❣❛r♠♦s ❛s ✐♥t❡r❛çõ❡s✱ ❛s ❡♥❡r❣✐❛s r❡♥♦r♠❛❧✐③❛❞❛s vi t♦r♥❛♠✲s❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❡s✲
♣❛❝✐❛❧♠❡♥t❡✳ P♦❞❡♠♦s ❡①♣❧♦r❛r ❡st❡ ❢❛t♦ ✉t✐❧✐③❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❞❛ s❡çã♦ ✭✹✳✸✮✱ ♥✉♠❛ ❛❜♦r❞❛❣❡♠ q✉❡
❞❡♥♦♠✐♥❛r❡♠♦s ❝♦♠♦ ✏❛♣r♦①✐♠❛çã♦ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✑ ✭❆❘▲✮✳ ❊♠❜♦r❛ ❞❡r✐✈❛❞♦s ♣❛r❛ εi → 0✱ ❡st❡s r❡s✉❧t❛❞♦s
sã♦ út❡✐s ❛q✉✐✱ ♣♦✐s ❛ ✈❛r✐á✈❡❧ ❞❡ ❡s❝❛❧❛ r❡❧❡✈❛♥t❡ é L/ξ ❡✱ ♣♦rt❛♥t♦✱ t♦❞♦s ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❡①♣♦♥❡♥❝✐❛❧✲
♠❡♥t❡ ❧♦❝❛❧✐③❛❞♦s✱ ♠❡s♠♦ ♣❛r❛ ❞❡s♦r❞❡♠ ♣❡q✉❡♥❛✱ ❝♦♥t❛♥t♦ q✉❡ ♦ t❛♠❛♥❤♦ L ❞♦ s✐st❡♠❛ s❡❥❛ ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡✳
❈♦♠ ❛ ❊q✳ ✭✹✳✺✷✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ B (q) = 〈v (q) v (p)〉✱ ♦♥❞❡ 〈· · · 〉 ❞❡♥♦t❛ ♠é❞✐❛ s♦❜r❡
❝♦♥✜❣✉r❛çõ❡s ✭r❡❛❧✐③❛çõ❡s✮ ❞❡ ❞❡s♦r❞❡♠

B (q) = 〈v (q) v (p)〉 = δ (p+ q)
1

(1− u2)
2

[

1− 1

Mq (u)

]2
W 2

12
, ✭✺✳✹✼✮

✉♠❛ ✈❡③ q✉❡ 〈εiεj〉 = δijW
2/12 ❡✱ ♣♦rt❛♥t♦✱ 〈ε (q) ε (p)〉 = δ (p+ q) f (q)✱ ♦♥❞❡ f (q) = W 2/12 ✷✳ ❚❛♠❜é♠ ♠❛♥t✐✈❡✲

♠♦s ❛ ♥♦t❛çã♦ ❞❛ s❡çã♦ ✭✹✳✸✮✱ u = U/U0
c ✱ ❡ ❛q✉✐ U0

c = 10.2t✳ ❯t✐❧✐③❛♥❞♦ ❛ ❢♦r♠❛ ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ♣❛r❛ ✉♠❛
❞✐s♣❡rsã♦ t✐❣❤t✲❜✐♥❞✐♥❣ ✭❊q✳ ✭❋✳✺✮✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❊q✳ ✭✺✳✹✼✮ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❛r❛
q✉❛❧q✉❡r ✈❛❧♦r ❞❡ u ❡ ✐♥✈❡st✐❣❛r♠♦s✱ ❛ss✐♠✱ ❝♦♠♦ ❡st❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❡ v (q) s❡ r❡✢❡t❡ ♥♦ ❡s♣❛ç♦ r❡❛❧✱

✷❯♠ ❝á❧❝✉❧♦ s✐♠✐❧❛r ♣♦❞❡ s❡r ❢❡✐t♦ ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ✭q✉❡ é ❡q✉✐✈❛❧❡♥t❡ à ♥♦ss❛ ♣❛r❛ u → 0✮ ❡ é ❞✐s❝✉t✐❞♦ ♥❛
❘❡❢✳ ❬✶✺✽❪

✾✼
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10 20 30
r
i

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

B
(i

)/
(W

2 /1
2
)

u=0.01
u=0.05
u=0.10
u=0.30
u=0.50
u=0.70
u=0.90

(a)

0 2 4 6 8 10 12 14 16
x

0

0.1

0.2

<
χ

(x
)>

U=1.0t
U=3.0t
U=4.0t
U=5.0t

(b)

❋✐❣✉r❛ ✺✳✶✶✿ ✭❛✮ ❋✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ B (i) = 〈v (i) v (0)〉 ♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛ ✈❛r✐â♥❝✐❛ ❞❡ εi ❡ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛
tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❊q✳ ✭✺✳✹✼✮✳ ❈♦♠♦ ❛ ♣❛rt❡ ♥ã♦ ❧♦❝❛❧ ❞❡ vi só s✉r❣❡ ♣❛r❛ u > 0✱ ✈❡♠♦s q✉❡ ❛ ❛♠♣❧✐t✉❞❡
❞❡ B (i) ❛✉♠❡♥t❛ ♣❛r❛ u ♣❡q✉❡♥❛ ❛té u ≈ 0.1 ❡ ❡♥tã♦ ❞❡❝r❡s❝❡✱ ♣♦✐s ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ sã♦ s✉♣r✐♠✐❞❛s ♣❡❧❛s
✐♥t❡r❛çõ❡s✳ ❆q✉✐✱ u = U/U0

c ❡ U0
c ≃ 10.2t✳ ✭❜✮ ❱❛❧♦r ♠é❞✐♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦ ❧✐♥❡❛r 〈χ (x)〉 ❞❛s ❡♥❡r❣✐❛s

r❡♥♦r♠❛❧✐③❛❞❛s vi✱ ❊q✳ ✭✺✳✹✽✮✱ ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ U ✱ W = 1t ❡ L = 200✱ ❛♣r❡s❡♥t❛♥❞♦ ♦s❝✐❧❛çõ❡s ❞♦ t✐♣♦ ❋r✐❡❞❡❧✳
❈♦♠♦ ✉t✐❧✐③❛♠♦s ❝♦♥❞✐çõ❡s ❛❜❡rt❛s ❞❡ ❝♦♥t♦r♥♦✱ ❛ ❡st❛tíst✐❝❛ ✜❝❛ ♠❛✐s ♣♦❜r❡ ♣❛r❛ x ♠❛✐♦r❡s✳ ❯t✐❧✐③❛♠♦s ❡♠ ✭❜✮
t = 1✱ η = 1.0t ❡ ❝♦♥s✐❞❡r❛♠♦s 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳

♦ q✉❡ ♠♦str❛♠♦s ♥❛ ❋✐❣✳ ✭✺✳✶✶✮✳ ❖s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛✉t♦❝♦♥s✐st❡♥t❡s ♣♦❞❡♠ s❡r ❝♦♥tr❛st❛❞♦s
❝♦♠ ❡st❡ r❡s✉❧t❛❞♦ ❞❛ ❆❘▲ ❛♦ ❡st✉❞❛r♠♦s ♦ s❡❣✉✐♥t❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦ ❧✐♥❡❛r

χ (x) =
〈v (x) v (0)〉

✈❛r [v]
. ✭✺✳✹✽✮

P❡❧❛ s✉❛ ❞❡✜♥✐çã♦✱ t❡♠♦s q✉❡ −1 ≤ χ (x) ≤ 1✳ χ (x) é ✐❣✉❛❧ ❛ 1 (−1) q✉❛♥❞♦ t♦❞♦s ♦s ❞❛❞♦s ❝❛❡♠ ❡♠ ✉♠❛ r❡t❛
❞❡ ✐♥❝❧✐♥❛çã♦ ♣♦s✐t✐✈❛ ✭♥❡❣❛t✐✈❛✮✳ χ (x) ≈ 0 s✐❣♥✐✜❝❛ q✉❡ ♦s ❞❛❞♦s sã♦ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❈♦♠♦ ❡st❛ q✉❛♥t✐❞❛❞❡
❡stá ♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛ ✈❛r✐â♥❝✐❛ ❞❡ v✱ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ❝♦♠♦ ❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s s❡ ❝♦♠♣♦rt❛♠ ♣❛r❛ ❞✐❢❡r❡♥t❡s
✈❛❧♦r❡s ❞❡ U ❡ W ✱ ❋✐❣✳ ✭✺✳✶✶✮✳ ❊♠❜♦r❛ ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❛✉t♦❝♦♥s✐st❡♥t❡s s❡❥❛♠ ♦❜t✐❞♦s ♣❛r❛ ✉♠❛ ❞❡s♦r❞❡♠
❣r❛♥❞❡✱ t❛❧ q✉❡ ♥♦ss❛ ❡①♣❛♥sã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡ εi ♥ã♦ s❡❥❛ ♠❛✐s tã♦ ❜❡♠ ❥✉st✐✜❝❛❞❛✱ ✈❡♠♦s q✉❡✱ ❡♠ ❛♠❜♦s
♦s ❝❛s♦s✱ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ♣❛r❡❝❡♠ ❡st❛r ♣♦r trás ❞❡st❛ ❝♦rr❡❧❛çã♦ ❡s♣❛❝✐❛❧ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❡ vi✳

P❡❧♦ ♠❡♥♦s ♥♦s ❧✐♠✐t❡s u→ 0 ❡ u→ 1✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ tr❛♥s❢♦r♠❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❊q✳ ✭✺✳✹✼✮ ❛♥❛❧✐t✐❝❛♠❡♥t❡

♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦✱ ✉t✐❧✐③❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞♦ ❆♣ê♥❞✐❝❡ ✭❋✮✳ P❛r❛ u → 0✱ t❡♠♦s vi ≃
(

1 + UΠ
(0)
ij

)

εj ✱ ❡ ♣❡❧❛

❊q✳ ✭❋✳✶✶✮

B (i) ∼
i→∞ −❝♦s (2kF ri)

ri
, u→ 0. ✭✺✳✹✾✮

❏á ♣❛r❛ u→ 1✱ t❡♠♦s vi ≃ − (1− u)U−1
c

[

Π(0)
]−1

ij
εj ✭❊q✳ ✭✹✳✼✵✮✮✱ ❡ ♣❡❧❛ ❊q✳ ✭❋✳✶✼✮

B (i) ∼
i→∞

❝♦s (2kF ri)

ri (❧♥ (4kF ri))
3 , u→ 1. ✭✺✳✺✵✮

❊♠ ❛♠❜♦s ❧✐♠✐t❡s ✈❡♠♦s q✉❡ ❛s ❝♦rr❡❧❛çõ❡s ❡s♣❛❝✐❛✐s ♦s❝✐❧❛♠ ❝♦♠♦ ✉♠❛ ♦s❝✐❧❛çã♦ ❞❡ ❋r✐❡❞❡❧ ✉s✉❛❧✳ ❈♦♥t✉❞♦✱ ♥❛s
♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ❛♣❛r❡❝❡ ✉♠❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛ ❛♦ ❞❡❝❛✐♠❡♥t♦ ✉s✉❛❧ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✳

❱❡♠♦s ❛ss✐♠ q✉❡✱ ♥♦ ♥♦ss♦ ♠♦❞❡❧♦ ❡❢❡t✐✈♦✱ ✭✺✳✹✻✮✱ ❛s ❡♥❡r❣✐❛s ❞♦s sít✐♦s✱ ❛❣♦r❛ ❞❛❞❛s ♣♦r vi✱ sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s
♥♦ ❡s♣❛ç♦✳ ❖ ❡st✉❞♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❞❡s♦r❞❡♠ ❝♦rr❡❧❛❝✐♦♥❛❞❛ ♣♦ss✉✐ ✉♠❛ ❧♦♥❣❛ ❧✐t❡r❛t✉r❛
❡ ❡①✐st❡♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ♥♦s q✉❛✐s ❝❡rt♦s t✐♣♦s ❞❡ ❝♦rr❡❧❛çã♦ ❢❛③❡♠ ❝♦♠ q✉❡ ❡st❛❞♦s ❡st❡♥❞✐❞♦s ❡♠❡r❥❛♠✱ ♠❡s♠♦
❡♠ 1d✳ ◆❛ ❘❡❢✳ ❬✶✺✾❪✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛♠ ✉♠❛ ❞❡s♦r❞❡♠ ❝♦rr❡❧❛❝✐♦♥❛❞❛ t❛❧ q✉❡ B (q) ∝ q−α✱ ❡
❡♥❝♦♥tr❛♠ q✉❡ ❡st❛❞♦s ♠❡tá❧✐❝♦s ♣♦❞❡♠ ❡①✐st✐r ♣❛r❛ α > 2✳ ❏á ❡♠ ❬✶✻✵❪✱ ♦s ❛✉t♦r❡s t❛♠❜é♠ ❡♥❝♦♥tr❛♠ ❡st❛❞♦s
❡st❡♥❞✐❞♦s ❡♠ 1d✱ ♠❛s ❛❣♦r❛ ✉t✐❧✐③❛♥❞♦ ❞✐❢❡r❡♥t❡s ♣r♦❝❡ss♦s ❞❡ ✜❧tr❛❣❡♠✱ ❞❡ ♠❛♥❡✐r❛ ❛ ❢❛③❡r ❝♦♠ q✉❡ ✉♠ ❞❛❞♦
♣♦t❡♥❝✐❛❧ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞♦ ✐♥✐❝✐❛❧ s❡❥❛ tr❛♥s❢♦r♠❛❞♦ ❡♠ ✉♠ ♣♦t❡♥❝✐❛❧ s✉❛✈❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳

●♦✈❡r♥❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ ❡st❛❞♦s ❡st❡♥❞✐❞♦s ❡♠ 1d ❡stá ♦ t❡♦r❡♠❛ ❞❡ ❑♦t❛♥✐ ❬✶✻✵✱ ✶✻✶❪✱ q✉❡ ❡st❛❜❡❧❡❝❡ ❛
s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛✿ ❡st❛❞♦s ♠❡tá❧✐❝♦s ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ♥ã♦ ♣♦❞❡♠ ❡①✐st✐r s❡ ❧✐♠i→∞B (i)→ 0 ❝♦♠♦ ✉♠❛

✾✽
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10
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10
-2

10
-1

10
0

10
1

10
2

L/ξ

10
-12

10
-10
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(b)

❋✐❣✉r❛ ✺✳✶✷✿ ✭❛✮ ❱❛❧♦r tí♣✐❝♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛ gS ❝♦♠♦ ❢✉♥çã♦ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ❡s❝❛❧❛ L/ξ ♣❛r❛ U = 1t✳
❆ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❆❘▲ ❞❡s❝r❡✈❡ ❜❡♠ ♦s ❞❛❞♦s ♥✉♠ér✐❝♦s ❛té ♦ ♣♦♥t♦ ❞❡ ✏❝r♦ss♦✈❡r✑ L/ξ ≈ 1✱ ♦♥❞❡ ❡st❡s
❝♦♥t✐♥✉❛♠ ❝♦♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ô❤♠✐❝♦ gtyp ∼ ξ/L ❡♥q✉❛♥t♦ ❛ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❆❘▲
❥á ❡♥tr❛ ♥♦ r❡❣✐♠❡ ♥ã♦ ô❤♠✐❝♦ gtyp ∼ e−L/ξ✳ ◆❛t✉r❛❧♠❡♥t❡✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ é ❞✐❢❡r❡♥t❡ ♣❛r❛ ❝❛❞❛ ✉♠
❞♦s ❝❛s♦s ❛❝✐♠❛✿ ξ−1

ARL ∝W (2.38±0.01) ❡ ξ−1 ∝W (2.48±0.02)✱ ✈❡❥❛ ❋✐❣✳ ✭✺✳✶✸✮✳ P❛r❛ ❡❢❡✐t♦s ❞❡ ❝♦♠♣❛r❛çã♦✱ ✐♥❝❧✉í♠♦s
❛ ❝✉r✈❛ ♣❛r❛ U = 0✱ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭✺✳✹✸✮ ❝♦♠ g⋆ = 1✳ ✭❜✮ ❖ ♠❡s♠♦ q✉❡ ❛ ❝✉r✈❛ ❛♥t❡r✐♦r✱ só q✉❡ ❛❣♦r❛ ♣❛r❛ U = 3t✳
◆❡st❡ ❝❛s♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞✉❛s s♦❧✉çõ❡s é ♠❛✐s ❛❝❡♥t✉❛❞❛ ❡ t❡♠♦s✿ ξ−1

ARL ∝W (2.79±0.03) ❡ ξ−1 ∝W (2.95±0.05)✳
❯t✐❧✐③❛♠♦s ❛q✉✐ t = 1✱ η = 1.0t ❡ ❝♦♥s✐❞❡r❛♠♦s 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠

❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♦✉ ♠❛✐s rá♣✐❞♦✳ ❖❧❤❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❛ss✐♥tót✐❝❛ ❞❡ ♥♦ss❛s ❢✉♥çõ❡s ❞❡ ❝♦rr❡❧❛çã♦✱ ❊qs✳ ✭✺✳✹✾✮ ❡ ✭✺✳✺✵✮✱
✈❡♠♦s q✉❡ ♥♦ss♦ ♣♦t❡♥❝✐❛❧ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ♥ã♦ ♣r❡❡♥❝❤❡ ♦s r❡q✉✐s✐t♦s ♣❛r❛ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ❡st❛❞♦s ❡st❡♥❞✐❞♦s ❡♠
✉♠❛ ❞✐♠❡♥sã♦✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❡st❛ ❝♦♥❝❧✉sã♦ ❜❛s❡✐❛✲s❡ ❡♠ ✉♠ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❇♦r♥ ✭♦✉✱
❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❞❛ ❆❘▲✮✳ ❆❝r❡❞✐t❛♠♦s✱ ❝♦♥t✉❞♦✱ q✉❡ ❡❧❛ s❡❥❛ r❡str✐t✐✈❛ ♦ s✉✜❝✐❡♥t❡✱ ♣♦✐s✱ ♠❡s♠♦ ♣❛r❛ ❞❡s♦r❞❡♠
❢r❛❝❛✱ ❥á ❡s♣❡r❛rí❛♠♦s ❛❧❣✉♠ ❡❢❡✐t♦ q✉❛♥t✐t❛t✐✈♦ s❡ ❤♦✉✈❡ss❡ ❡st❛❞♦s ❡st❡♥❞✐❞♦s ❞❡♥tr♦ ❞❡ ♥♦ss❛ ❛❜♦r❞❛❣❡♠✳

✺✳✸✳✷ ❋✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)

❈❛❧❝✉❧❛r❡♠♦s ❛❣♦r❛ ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g) ♥❛ ♣r❡s❡♥ç❛ ❞❛s ✐♥t❡r❛çõ❡s ❛tr❛✈és ❞❛ t❡♦r✐❛ ❞❡ ❡s❝❛❧❛♠❡♥t♦ ✜♥✐t♦ ❞❡s✲
❝r✐t❛ ♥❛ s❡çã♦ ✭✺✳✷✳✷✮✱ t❛♥t♦ ♣♦r ✉♠ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦ ❛✉t♦❝♦♥s✐st❡♥t❡✱ ❝♦♠♦ ✉t✐❧✐③❛♥❞♦ ❛ ❆❘▲✳ ❖ ❝á❧❝✉❧♦ ✉t✐❧✐③❛♥❞♦
❛ ❆❘▲ ♣♦ss✉✐ ❞♦✐s ♦❜❥❡t✐✈♦s✳ ❖ ♣r✐♠❡✐r♦ ❡ ♠❛✐s ✐♠❡❞✐❛t♦ é ♣❡r♠✐t✐r ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞✐r❡t❛ ❝♦♠ ♥♦ss♦s r❡s✉❧t❛❞♦s
♥✉♠ér✐❝♦s❀ ♦ ♦✉tr♦✱ ♠❛✐s ❛♠❜✐❝✐♦s♦✱ ❡ q✉❡ ♥ã♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ❛q✉✐✱ é ❢♦r♥❡❝❡r ✉♠❛ ❧✐❣❛çã♦ ❝♦♠ ❛s t❡♦r✐❛s ✉s✉❛✐s
❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥ ❬✾❪✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❝❤❛♠❛❞❛ t❡♦r✐❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ ❬✶✶✹✱ ✶✷✼❪ tr❛t❛ ♦ ♣♦t❡♥❝✐❛❧ ❞❛s
✐♠♣✉r❡③❛s ❞❡♥tr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❇♦r♥✱ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥❛ ❊q✳ ✭✹✳✺✷✮✳ ❆ ❞✐❢❡r❡♥ç❛ é q✉❡✱ ❡♠ ✈❡③ ❞❡ s♦♠❛r♠♦s
✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ❞✐❛❣r❛♠❛s ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡✱ ✉t✐❧✐③❛r❡♠♦s ❛ ❛❜♦r❞❛❣❡♠ ❞❡ ▲❛♥❞❛✉❡r✱ q✉❡
❡♠❜♦r❛ r❡str✐t❛ ❛♦ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦✱ é ❡①❛t❛✳

❈♦♠❡ç❛♠♦s ♣♦r ❡s❝r❡✈❡r ❛s ❝✉r✈❛s ❞❡ gtyp ❝♦♠♦ ❢✉♥çã♦ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ❡s❝❛❧❛ L/ξ✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✭✺✳✶✷✮✳
❖s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ r❡s✉❧t❛♥t❡s ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ sã♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✳ ✭✺✳✶✸✮✳ ❱❡♠♦s q✉❡ ξ ❛✉♠❡♥t❛
❝♦♠ ❛ ✐♥t❡r❛çã♦ ♠❡s♠♦ q✉❛♥❞♦ ❢❛③❡♠♦s ♦ ❝á❧❝✉❧♦ ❞❡♥tr♦ ❞❛ ❆❘▲✳ ❈♦♥t✉❞♦✱ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ é ❞✐❢❡r❡♥t❡ ♣❛r❛ ♦s
❞♦✐s ♠ét♦❞♦s✱ ❝♦♠ ν > 2 ❡♠ ❛♠❜♦s✳ ❉❡st❡ ♠♦❞♦✱ ❛s ✐♥t❡r❛çõ❡s ♥ã♦ ✐♥tr♦❞✉③❡♠ ❛ ❛♣❡♥❛s ✉♠❛ ❞❡s♦r❞❡♠ ❡❢❡t✐✈❛
Weff ✱ ♠❛s t❛♠❜é♠ r❡♥♦r♠❛❧✐③❛♠ ♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s✳ ◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ξ é ❢♦rt❡♠❡♥t❡ r❡♥♦r♠❛❧✐③❛❞♦✱ t❡r❡♠♦s✱
❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦✱ q✉❡ ξ > L✱ ❡ ♦s ❡st❛❞♦s t♦r♥❛♠✲s❡ ❡❢❡t✐✈❛♠❡♥t❡ ❡st❡♥❞✐❞♦s✳ ❈♦♥t✉❞♦✱ ♣❛r❛ ❡st❛❜❡❧❡❝❡r♠♦s ❛
❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♠❡t❛❧✱ ♣r❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✳

❱♦❧t❛♥❞♦ ♣❛r❛ ❛ ❋✐❣✳ ✭✺✳✶✷✮✱ ✈❡♠♦s q✉❡✱ ❡♠❜♦r❛ ❛ ❆❘▲ ❞ê ✉♠❛ r❡s♣♦st❛ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❝♦rr❡❧❛çã♦✱ q✉❛♥❞♦ gtyp (L/ξ) é ❝❛❧❝✉❧❛❞❛ ❞❡♥tr♦ ❞❡st❛ ❛♣r♦①✐♠❛çã♦✱ ❡❧❛ s❡ r❡❞✉③ àq✉❡❧❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❖✉ s❡❥❛✱
s♦❜ ♦ ❡s❝❛❧❛♠❡♥t♦ ❛♣r♦♣r✐❛❞♦✱ ♦ s✐st❡♠❛ ❝♦♠♣♦rt❛✲s❡ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❏á ❛s ❝✉r✈❛s
♦❜t✐❞❛s ♣❡❧♦ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛✉t♦❝♦♥s✐st❡♥t❡ ♠♦str❛♠ q✉❡ gtyp (L/ξ) ❞✐❢❡r❡ ❞❛q✉❡❧❛ ❞♦ ❝❛s♦ ♥ã♦
✐♥t❡r❛❣❡♥t❡✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ r❡❣✐♠❡ ô❤♠✐❝♦✱ ♦♥❞❡ gtyp ∼ ξ/L✱ ❡st❡♥❞❡✲s❡ ♣♦r ✉♠❛ r❡❣✐ã♦ ♠❛✐♦r ❞❛ ✈❛r✐á✈❡❧ ξ/L✳
❖ ❝❛s♦ U = 3t é ♦ ♠❛✐s ❡♠❜❧❡♠át✐❝♦✱ ♣♦✐s ❧á ♥❡♠ ♠❡s♠♦ ✈❡♠♦s ❛ ❡♥tr❛❞❛ ♥♦ r❡❣✐♠❡ ♥ã♦ ô❤♠✐❝♦ ♣❛r❛ ❛ ❥❛♥❡❧❛ ❞❡
♣❛râ♠❡tr♦s ❝♦♥s✐❞❡r❛❞♦s✳

P♦❞❡✲s❡ ❛r❣✉♠❡♥t❛r✱ ❝♦♥t✉❞♦✱ q✉❡✱ ❝♦♠♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ é ❞❡t❡r♠✐♥❛❞♦ ❛ ♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡✱
❡st❛♠♦s ❛♣❡♥❛s ✜①❛♥❞♦ ❡st❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦❞♦ ✐♠♣ró♣r✐♦✱ ❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ❛❝❡ss❛♥❞♦ ✈❛❧♦r❡s ❞❡ ξ t❛✐s q✉❡ ξ & L✱

✾✾
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❋✐❣✉r❛ ✺✳✶✸✿ ✭❛✮ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ r❡s✉❧t❛♥t❡ ❞♦ ❝♦❧❛♣s♦ ❞❛s ❝✉r✈❛s ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ tí♣✐❝❛✳ ❊st❡s
❝♦♠♣r✐♠❡♥t♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❝♦rr❡s♣♦♥❞❡♠ à s♦❧✉çã♦ ♥✉♠ér✐❝❛✳ ✭❜✮ ❖ ♠❡s♠♦ q✉❡ ❛ ❝✉r✈❛ ❛♥t❡r✐♦r✱ só q✉❡ ❛❣♦r❛
❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s✱ ✈❡♠♦s q✉❡ ❤á ✉♠ ❝♦♥s✐❞❡rá✈❡❧ ❛✉♠❡♥t♦ ❞♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❝♦♠ ❛s ✐♥t❡r❛çõ❡s✳ ◆♦ss♦s r❡s✉❧t❛❞♦s ❞❡✐①❛♠ ❞❡ s❡r ❝♦♥✜á✈❡✐s ♣❛r❛ ξ & L ∼ 103✱ ❞❡✈✐❞♦
❛♦s t❛♠❛♥❤♦s ❝♦♥s✐❞❡r❛❞♦s✳ ❯t✐❧✐③❛♠♦s ❛q✉✐ t = 1✱ η = 1.0t ❡ ❝♦♥s✐❞❡r❛♠♦s 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳

❧❡✈❛♥❞♦ ❛ r❡s✉❧t❛❞♦s ✐♥❛❝✉r❛❞♦s✳ ◆❛ ❋✐❣✳ ✭✺✳✶✹✮✱ r❡❡①❛♠✐♥❛♠♦s ❛ ❝✉r✈❛ gtyp (L/ξ) ♣❛r❛ ♦ ❝❛s♦ ♥✉♠ér✐❝♦ ❝♦♠
U = 1t✱ ♠❛s ❛❣♦r❛ r❡❡s❝❛❧❛♠♦s t❛♥t♦ ♦ ❡✐①♦ x ✭❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ξ → ξ/a✮ q✉❛♥t♦ ♦ y ✭❡s❝❛❧❛ ❞❡
✏❝r♦ss♦✈❡r✑ g∗✮✳ ❈♦♠ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ✈❡♠♦s q✉❡ ❛ ❝✉r✈❛ ♥✉♠ér✐❝❛ ❛❣♦r❛ t❛♠❜é♠ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛q✉❡❧❛ ♣❛r❛
U = 0✳ ❖ r❡❡s❝❛❧❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ♣♦❞❡ s❡r ❡♥❝❛r❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s ♥❛t✉r❛❧✱ ♣♦✐s✱ ❝♦♠♦ t❡♠♦s
❞✐t♦ ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ s❡♠♣r❡ ❞❡✜♥✐♠♦s ξ ❛ ♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡✳ ❏á ♦ r❡❡s❝❛❧❛♠❡♥t♦ ❞❡ g⋆ ♣♦ss✉✐ ✉♠
s✐❣♥✐✜❝❛❞♦ ♠❛✐s ♣r♦❢✉♥❞♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❡❧❡ ♥ã♦ é ❝❛♣t✉r❛❞♦ ♣❡❧❛ ❆❘▲✱ ♣♦rt❛♥t♦ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ tr❛t❛♠❡♥t♦
♥ã♦ ♣❡rt✉r❜❛t✐✈♦ ♥❛ ❞❡s♦r❞❡♠ ♣❛r❛ ❞❡s❝r❡✈ê✲❧♦✳ ❈♦♠♦ g⋆ ♠❛r❝❛ ♦ ✏❝r♦ss♦✈❡r✑ ❡♥tr❡ ♦ r❡❣✐♠❡ ô❤♠✐❝♦ (g > g⋆) ❡ ♦
♥ã♦ ô❤♠✐❝♦ (g < g⋆)✱ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❡ g⋆ ✐♠♣❧✐❝❛ ❡♠ ✉♠ ❛❧❛r❣❛♠❡♥t♦ ❞♦ r❡❣✐♠❡ ô❤♠✐❝♦✱ ❡ ❝♦♠♦ g⋆ ❞✐♠✐♥✉✐ ❝♦♠
U ✱ ❡st❛ ❡s❝❛❧❛ ♣♦❞❡ t♦r♥❛r✲s❡ tã♦ ♣❡q✉❡♥❛ ❞❡ ♠♦❞♦ ❛ ❞❡✐①❛r ❛ r❡❣✐ã♦ ♥ã♦ ô❤♠✐❝❛ ✈✐rt✉❛❧♠❡♥t❡ ✐♥❛❝❡ssí✈❡❧✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ g⋆ é ♠❡❧❤♦r ❡♥t❡♥❞✐❞♦ ❛♦ ♦❧❤❛r♠♦s ❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✱ ❋✐❣✳ ✭✺✳✶✺✮✳
❈♦♠♦ β (g) é ❛ ❞❡r✐✈❛❞❛ ❧♦❣❛rít♠✐❝❛ ❞❡ g ❝♦♠ r❡❧❛çã♦ ❛ L✱ t♦❞❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ξ ❞❡s❛♣❛r❡❝❡✱ ❞❡✐①❛♥❞♦ ❛
r❡♥♦r♠❛❧✐③❛çã♦ ❞❡ g⋆ ❛✐♥❞❛ ♠❛✐s ❡✈✐❞❡♥t❡✳ ❇❛s❡❛❞❛ ❡♠ s✉❛ ❢♦r♠❛ ❣❡r❛❧✱ ♦❜t✐❞❛ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡ ❧♦❝❛❧✐③❛çã♦
❢r❛❝❛✱ ❊q✳ ✭✺✳✹✵✮✱ t❡♠♦s q✉❡ β (g) = −1 − g⋆/g✱ ❝♦♥s✐st❡♥t❡ ♥♦✈❛♠❡♥t❡ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ r❡❞✉③✐r g⋆ ❡①♣❛♥❞❡
♦ r❡❣✐♠❡ ô❤♠✐❝♦ (β = −1)✳ ❯t✐❧✐③❛♠♦s ❛ ❊q✳ ✭✺✳✹✹✮ ♣❛r❛ ❛❥✉st❛r♠♦s ♥♦ss♦s ❞❛❞♦s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ g⋆ < 1✳
❉❡✈✐❞♦ ❛ ✢✉t✉❛çõ❡s ♥✉♠ér✐❝❛s✱ ♦s ❞❛❞♦s ✜❝❛♠ ❡s♣❛❧❤❛❞♦s✱ ♠❛s ✈❡♠♦s q✉❡ ❛s ❝✉r✈❛s ❛♥❛❧ít✐❝❛s ❝❛♣t✉r❛♠ ❜❛st❛♥t❡
❛s t❡♥❞ê♥❝✐❛s ❞❡ss❡s ❞❛❞♦s✳ ❖ ❢❛t♦ ❞❡ ❛ ♠❡s♠❛ ❝✉r✈❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❡s❝r❡✈❡r ♦s r❡s✉❧t❛❞♦s ✐♥t❡r❛❣❡♥t❡s ❞❡✐①❛
❝❧❛r♦ q✉❡ ♥ã♦ ❤á ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ❡st❛❞♦s ❡st❡♥❞✐❞♦s✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠✱ ♥❡st❛ ❧✐♥❣✉❛❣❡♠✱ ❛ β (g) > 0✱ ❛♣❡s❛r ❞❡st❡
❣r❛♥❞❡ ❛✉♠❡♥t♦ ❞❛ r❡❣✐ã♦ ô❤♠✐❝❛✳ ❈❡♥ár✐♦s ❛♥á❧♦❣♦s ❛♦ ❞❡s❝r✐t♦ ♣♦r ❡st❡ r❡s✉❧t❛❞♦ ❥á ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s✱ t❛♥t♦
♥✉♠ér✐❝❛✱ ❬✺✻✱ ✺✼❪ q✉❛♥t♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❬✺✽❪ ✭❋✐❣✳ ✭✶✳✹✮✮✱ ♣❛r❛ ❣❛s❡s ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳

❉❡✈✐❞♦ ❛♦ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡st❡ ♠ét♦❞♦ ❞❡ ❡s❝❛❧❛✱ ❛✐♥❞❛ ♥ã♦ ♣r♦❞✉③✐♠♦s ✉♠❛ ❡st❛tíst✐❝❛ s✉✜❝✐❡♥t❡✲
♠❡♥t❡ ❜♦❛ ♣❛r❛✱ ♣♦r ❡①❡♠♣❧♦✱ r❡❛❧✐③❛r ✉♠ ❡st✉❞♦ ♠❛✐s q✉❛♥t✐t❛t✐✈♦ ❞❡ ❝♦♠♦ g⋆ ❞✐♠✐♥✉✐ ❝♦♠ U ✳ ■ss♦ s❡♠ ♠❡♥❝✐♦♥❛r
✉♠ ♦❜❥❡t✐✈♦ ♠❛✐s ❛♠❜✐❝✐♦s♦✱ q✉❡ s❡r✐❛ ❡st✉❞❛r ❡st❡ ♣r♦❜❧❡♠❛ ❡♠ d > 1✳ ❙❡ ❛ss✉♠✐r♠♦s ♣♦r ✉♠ ✐♥st❛♥t❡ q✉❡ ♦
❝❡♥ár✐♦ ❞❡s❝r✐t♦ ❛❝✐♠❛ ❡st❡❥❛ ❝♦rr❡t♦ ❡ q✉❡ ♣❡r♠❛♥❡ç❛ ✈á❧✐❞♦ ♣❛r❛ d > 1✱ ✈❡♠♦s q✉❡✱ ❡♠ d = 2✱ ❛ss✐♠ ❝♦♠♦ d = 1✱
♥ã♦ ❤á ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ❡st❛❞♦s ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❡st❡♥❞✐❞♦s✳ ❏á ♣❛r❛ d = 3✱ t❡♠♦s ♦ ✈❛❧♦r ❞❡ Wc ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡
❛✉♠❡♥t❛❞♦✱ ♦ q✉❡ ♣♦❞❡ ❞❡✐①❛r ♦ r❡❣✐♠❡ ❧♦❝❛❧✐③❛❞♦ ♣r❛t✐❝❛♠❡♥t❡ ✐♥❛❝❡ssí✈❡❧✳
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U=0.0
U=1.0t, numerico, 
g*=0.23, a=0.31
U=1.0t, ARL

❋✐❣✉r❛ ✺✳✶✹✿ ❱❛❧♦r tí♣✐❝♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛ gS ❝♦♠♦ ❢✉♥çã♦ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ❡s❝❛❧❛ L/ξ ♣❛r❛ U = 1t✱ ❝♦♠ ❛
♠❡s♠❛ ♥♦t❛çã♦ ❞❛ ❋✐❣✳ ✭✺✳✶✷✮✳ ❱❡♠♦s q✉❡✱ ❛♦ r❡❡s❝❛❧❛r♠♦s t❛♥t♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ξ (ξ′ = ξ/a) q✉❛♥t♦
❛ ❡s❝❛❧❛ ❞❡ ✏❝r♦ss♦✈❡r✑ g⋆✱ ♦s ❞❛❞♦s ♥✉♠ér✐❝♦s sã♦ ❜❡♠ ❞❡s❝r✐t♦s ♣❡❧❛ ❝✉r✈❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳
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typ

-6
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-4
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0

β
(g

ty
p
)

U=1t
U=2t
β(g), g*=1
β(g), g*=0.23
β(g), g*=0.083

❋✐❣✉r❛ ✺✳✶✺✿ ❋✉♥çã♦ ❞❡ ❡s❝❛❧❛ β (g)✳ ❖s sí♠❜♦❧♦s ❝♦rr❡s♣♦♥❞❡♠ às s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❡ ❛s ❝✉r✈❛s ❝♦♥tí♥✉❛s à
s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❛❞❛ ♣♦r ✭✺✳✹✹✮ ❝♦♠ ♦ ✈❛❧♦r ❞❡ g⋆ ✐♥❞✐❝❛❞♦ ♥❛ ❧❡❣❡♥❞❛✳ ❈♦♠♦ β (g) é ❛ ❞❡r✐✈❛❞❛ ❧♦❣❛rít♠✐❝❛ ❞❡ g
❝♦♠ r❡❧❛çã♦ ❛ L✱ t♦❞❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ξ ❞❡s❛♣❛r❡❝❡✱ ✜❝❛♥❞♦ r❡❛❧ç❛❞❛ ❛q✉✐ ❛ ❞✐♠✐♥✉✐çã♦ ❞❡ g⋆ ❝♦♠ ❛s ✐♥t❡r❛çõ❡s✳
❈♦♥s✐❞❡r❛♠♦s ❛q✉✐ t = 1✱ η = 1.0t✱ U = 0 ❡ 103 r❡❛❧✐③❛çõ❡s ❞❡ ❞❡s♦r❞❡♠✳
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Capı́tulo 6
❈♦♥❝❧✉sã♦

◆❡st❛ t❡s❡✱ ❡st✉❞❛♠♦s ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❢♦rt❡s ❝♦rr❡❧❛çõ❡s ✲ ❢ís✐❝❛ ❞❡ ▼♦tt ✲ ❡ ♦s ❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ❛ss♦❝✐❛❞♦s
❝♦♠ ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❆♥❞❡rs♦♥✳ ◆♦ss♦ ❡st✉❞♦ t❡ór✐❝♦ ❜❛s❡♦✉✲s❡ ♥♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❞❡s♦r❞❡♥❛❞♦ q✉❡ tr❛t❛♠♦s
❞❡♥tr♦ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ✈❛r✐❛❝✐♦♥❛❧ q✉❡ r❡♣r♦❞✉③ ♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳ ❏á ♦s
❡❢❡✐t♦s ❞❛ ❞❡s♦r❞❡♠ ❢♦r❛♠ ✐♥❝❧✉í❞♦s ❞❡ ♠❛♥❡✐r❛ ❡①❛t❛ ❛tr❛✈és ❞❛ ❞✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ r❡❞❡s ✜♥✐t❛s✳

Pr✐♠❡✐r❛♠❡♥t❡✱ r❡❛❧✐③❛♠♦s ✉♠❛ ✐♥✈❡st✐❣❛çã♦ ❞❡t❛❧❤❛❞❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❞❡s♦r❞❡♥❛❞❛ ❡♠ d = 2 ♣♦r ♠❡✐♦ ❞❡
❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ♣❛r❛ ♦ r❡❣✐♠❡ ❞❡ ❞❡s♦r❞❡♠ ❢r❛❝❛ ❡ ♠♦❞❡r❛❞❛✳ ◆♦ss♦s r❡s✉❧t❛❞♦s ✐♥❞✐❝❛♠ q✉❡ ❝♦♥✜❣✉r❛çõ❡s r❛r❛s
❞❡ ❞❡s♦r❞❡♠ ♣♦❞❡♠ ❞♦♠✐♥❛r ❛ ❝r✐t✐❝❛❧✐❞❛❞❡ q✉â♥t✐❝❛ ♠❡s♠♦ ♥❛ ❛✉sê♥❝✐❛ ❞❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ ♦r❞❡♠ ♠❛❣♥ét✐❝❛✱
✉♠❛ ✐❞❡✐❛ ❛ s❡r t❡st❛❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡♠ ✉♠❛ ✈❛st❛ ❣❛♠❛ ❞❡ ♠❛t❡r✐❛✐s ❬✷❪✳

❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ♥♦ss♦s ❝á❧❝✉❧♦s é q✉❡ t❡♠♦s ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ t♦t❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡ ♣❛r❛
❛ ❡♥❡r❣✐❛ r❡♥♦r♠❛❧✐③❛❞❛ ❞♦ sít✐♦ ❡ ♣❛r❛ ♦ ♣❡s♦ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ tr❛♥s✐çã♦
❞❡ ▼♦tt✳ ❊♥q✉❛♥t♦ ❛ ❞❡s♦r❞❡♠ é s✉♣r✐♠✐❞❛ ♥♦ ♣r✐♠❡✐r♦✱ ❛ ❞✐str✐❜✉✐çã♦ ❞♦ ú❧t✐♠♦ s❡ ❛❧❛r❣❛✳ ❖ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❡st❛
❞✐❝♦t♦♠✐❛ é ✉♠❛ ♣❛✐s❛❣❡♠ ♥ã♦ tr✐✈✐❛❧ ♥♦ ❡s♣❛ç♦ ❞❡ ❡♥❡r❣✐❛✱ q✉❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✐♥♦♠♦❣❡♥❡✐❞❛❞❡s ❞❡♣❡♥❞❡♥t❡s
❞❛ ❡♥❡r❣✐❛✳

❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❝á❧❝✉❧♦ ❞❡t❛❧❤❛❞♦✱ ❡♠ ❜♦❛ ♣❛rt❡ ❛♥❛❧ít✐❝♦✱ ❡st✉❞❛♥❞♦ ♦s ❡❢❡✐t♦s ❞❡ ✉♠❛ ú♥✐❝❛
✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ ❝♦❧♦❝❛❞❛ ❡♠ ✉♠ ♠❡t❛❧ ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳ ❉❡s❝♦❜r✐♠♦s q✉❡ ❢♦rt❡s ❝♦rr❡❧❛çõ❡s
t❡♥❞❡♠ ❛ r❡❞✉③✐r ♦ ❡❢❡✐t♦ ❞❛ ♣❛rt❡ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❡ ♥♦ss♦ tr❛❜❛❧❤♦ ❞á ✉♠❛ ✐❞❡✐❛ ❛♥❛❧ít✐❝❛
❝❧❛r❛ ❞❡ ❝♦♠♦ ✐ss♦ ♦❝♦rr❡✳ ❯t✐❧✐③❛♥❞♦ ❛ ♣r❡s❡♥t❡ ❣❡r❛çã♦ ❞♦s ♠ét♦❞♦s ❞❡ ♠✐❝r♦s❝♦♣✐❛ ❞❡ ✈❛rr❡❞✉r❛ ♣♦r t✉♥❡❧❛♠❡♥t♦
❞❡✈❡ s❡r ♣♦ssí✈❡❧ t❡st❛r ❞✐r❡t❛♠❡♥t❡ ✈ár✐❛s ❞❡ ♥♦ss❛s ♣r❡❞✐çõ❡s✱ ❛❥✉❞❛♥❞♦ ❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✐st❡♠❛s
❞❡s♦r❞❡♥❛❞♦s ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt✳

❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ♥♦ss♦s r❡s✉❧t❛❞♦s✱ ❡st✉❞❛♠♦s ❛ r❡❧❛çã♦ ❡♥tr❡ ❡s♣❛❧❤❛♠❡♥t♦s ❡❧ást✐❝♦ ❡ ✐♥❡❧ást✐❝♦ ♥❛
♣r❡s❡♥ç❛ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✳ ◆♦ ❝❛s♦ s✐♥❣✉❧❛r ❞❡ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♠♦str❛♠♦s q✉❡ ♦ t❡r♠♦ ❛♥ô♠❛❧♦ ✭❧✐♥❡❛r
❡♠ T ✮ q✉❡ ❛♣❛r❡❝❡ ♥❛ r❡s✐st✐✈✐❞❛❞❡ ♥♦ r❡❣✐♠❡ ❜❛❧íst✐❝♦ ✜❝❛ ❝♦♥✜♥❛❞♦ ❛ t❡♠♣❡r❛t✉r❛s ❡①tr❡♠❛♠❡♥t❡ ❜❛✐①❛s✱ ✉♠❛
✈❡③ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ é ❧❡✈❛❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦✳

●♦st❛rí❛♠♦s ❞❡ s❛❧✐❡♥t❛r q✉❡ ✐♠♣✉r❡③❛s ❝♦❧♦❝❛❞❛s ❡♠ s✉♣❡r❝♦♥❞✉t♦r❡s ❞♦ t✐♣♦ ✏❉✲✇❛✈❡✑ t❛♠❜é♠ ♣r♦❞✉③❡♠
♣❡rt✉r❜❛çõ❡s q✉❡ ❞❡❝❛❡♠ ❧❡♥t❛♠❡♥t❡ ♥♦ ❡s♣❛ç♦ r❡❛❧✱ r❡✢❡t✐♥❞♦ s✉❛ ♥❛t✉r❡③❛ s❡♠ ✏❣❛♣✑✱ ❛tr❛✈és ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦
♠✉✐t♦ ♣❛r❡❝✐❞♦ ❝♦♠ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❡♠ ♠❡t❛✐s ✉s✉❛✐s✳ ❯♠ tr❛❜❛❧❤♦ r❡❝❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ●❛r❣ ❡t ❛❧✳ ❬✹✺❪✱
✉t✐❧✐③❛♥❞♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ t❡ór✐❝❛ ♠✉✐t♦ s✐♠✐❧❛r à ♥♦ss❛✱ ♠♦str❛ q✉❡✱ ♥❡ss❡s s✐st❡♠❛s✱ ❢♦rt❡s ❝♦rr❡❧❛çõ❡s t❛♠❜é♠
❧❡✈❛♠ ❛ ✉♠❛ ♣r♦♥✉♥❝✐❛❞❛ ✏❝✉r❛✑ ❡s♣❛❝✐❛❧✳ ❆❝r❡❞✐t❛♠♦s q✉❡ ❛♠❜♦s ♦s ❢❡♥ô♠❡♥♦s ♣♦ss✉❡♠ ✉♠❛ ♦r✐❣❡♠ s✐♠✐❧❛r ❡
♥♦ss♦s r❡s✉❧t❛❞♦s s✉❣❡r❡♠ ❢♦rt❡♠❡♥t❡ q✉❡ ♦ ❡❢❡✐t♦ ❞❡ ✏❝✉r❛✑ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s ❣❡r❛❧ ❞❡ ♠❡t❛✐s ❝♦rr❡❧❛❝✐♦♥❛❞♦s
♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ♥ã♦ ✉♠ ❡❢❡✐t♦ ❡s♣❡❝í✜❝♦ ❞♦s ❝✉♣r❛t♦s ♦✉ ❞♦ ❡st❛❞♦ s✉♣❡r❝♦♥❞✉t♦r✳

❋✐♥❛❧♠❡♥t❡✱ ❡st✉❞❛♠♦s ❝♦♠♦ ❛s ✐♥t❡r❛çõ❡s ❛❢❡t❛♠ ♦ ✐s♦❧❛♥t❡ ❞❡ ❆♥❞❡rs♦♥ ❡♠ d = 1 ♦❧❤❛♥❞♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡
❡s❝❛❧❛ β (g)✱ ❝♦♠ ❛ ❝♦♥❞✉tâ♥❝✐❛ g ❝❛❧❝✉❧❛❞❛ ♣❡❧♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ▲❛♥❞❛✉❡r✳ ❉❡ ❢♦r♠❛ r♦❜✉st❛✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❛
❡s❝❛❧❛ g⋆✱ ♠❛r❝♦ ❞❛ tr❛♥s✐çã♦ ❡♥tr❡ ♦ r❡❣✐♠❡ ô❤♠✐❝♦ ❡ ♦ ❧♦❝❛❧✐③❛❞♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡✱ é ❢♦rt❡♠❡♥t❡ r❡♥♦r♠❛❧✐③❛❞❛
♣❡❧❛s ✐♥t❡r❛çõ❡s✱ ♠❡s♠♦ ♣❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞❡ ✐♥t❡r❛çã♦✱ ❝♦♠ ❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ ♠❛♥t❡♥❞♦ s✉❛ ❢♦r♠❛ ♥ã♦ ✐♥t❡✲
r❛❣❡♥t❡✳ ❊st❡ r❡s✉❧t❛❞♦ ❞✐③ q✉❡✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çõ❡s✱ ❛ r❡❣✐ã♦ ♥❛ q✉❛❧ ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦
ô❤♠✐❝♦ é ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛✉♠❡♥t❛❞❛✱ ❡♠❜♦r❛ ♥ã♦ ❤❛❥❛ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ❡st❛❞♦s ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❡st❡♥❞✐❞♦s ♣❛r❛
♦s q✉❛✐s β (g) > 0✳

❆ ❡①t❡♥sã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s s❡r✐❛ ❡①tr❡♠❛♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡✳ ❊♠ d = 3✱ ♣♦❞❡rí❛♠♦s
♠♦♥✐t♦r❛r ❝♦♠♦ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ❞❡s♦r❞❡♠ ♣❛r❛ ❛ tr❛♥s✐çã♦ ❞❡ ❆♥❞❡rs♦♥ ♠✉❞❛ ❝♦♠ ❛ ✐♥t❡r❛çã♦✳ P❡❧❛ t❡♥❞ê♥❝✐❛

✶✵✸



❈❆P❮❚❯▲❖ ✻✳ ❈❖◆❈▲❯❙➹❖

❝❛♣t✉r❛❞❛ ❡♠ d = 1✱ ❡s♣❡r❛♠♦s q✉❡ ❡st❡ ✈❛❧♦r ❛✉♠❡♥t❡ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡✱ ❡ q✉❡ ❛ ❢❛s❡ ♠❡tá❧✐❝❛ s❡ t♦r♥❡ ♠✉✐t♦ ♠❛✐s
❡stá✈❡❧✳ ❏á ♣❛r❛ d = 2✱ ♣♦❞❡rí❛♠♦s ❡♥t❡♥❞❡r ♠❡❧❤♦r s❡ ❤á ♦✉ ♥ã♦ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ ❢❛s❡ ♠❡tá❧✐❝❛ t❡r♠♦❞✐♥â♠✐❝❛✳

❖ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ q✉❡ ✉t✐❧✐③❛♠♦s ❡♠ ♥♦ss♦s ❡st✉❞♦s ❢♦❝❛ ❛♣❡♥❛s ♥♦s ❛s♣❡❝t♦s ❧♦❝❛✐s ❞❛ ✐♥t❡r❛çã♦
✭t✐♣♦ ❑♦♥❞♦✮ ❡ ♥❡❣❧✐❣❡♥❝✐❛ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❝♦rr❡❧❛çã♦ ♠❛❣♥ét✐❝❛ ❡♥tr❡ ♦s sít✐♦s✳ ❊st❡ t✐♣♦ ❞❡ ❛♣r♦①✐♠❛çã♦ só é
r❡❧❡✈❛♥t❡ ♣❛r❛ s✐st❡♠❛s q✉❡ ❛♣r❡s❡♥t❡♠ ✉♠❛ ❢♦rt❡ ❢r✉str❛çã♦ ♠❛❣♥ét✐❝❛✳ ❆ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠ t❡r♠♦ ❞❡ tr♦❝❛ ♥❡ss❡
t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ ✈❛r✐❛❝✐♦♥❛❧ ❬✶✻✷❪ é ✉♠ ♣❛ss♦ ✐♠♣♦rt❛♥t❡ ❛ s❡r t♦♠❛❞♦ ♥♦ ❢✉t✉r♦✱ s❡ q✉✐s❡r♠♦s ❞❡s❝r❡✈❡r s✐st❡♠❛s
❝♦♠♦ ♦s ❝✉♣r❛t♦s ♦✉ s❡♠✐❝♦♥❞✉t♦r❡s ❞♦♣❛❞♦s✱ ♥♦s q✉❛✐s ❛ ✐♥t❡r❛çã♦ ❞❡ ✏s✉♣❡r❡①❝❤❛♥❣❡✑ ❡♥tr❡ ♦s sít✐♦s é ♠✉✐t♦
❢♦rt❡✳ ❯♠❛ ♠❛♥❡✐r❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ✐♥tr♦❞✉③✐r♠♦s ❡st❡ t❡r♠♦ ❞❡ tr♦❝❛ ♣♦❞❡ s❡r ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ✏❝❧✉st❡r✑ ❞❡
✐♠♣✉r❡③❛s ❬✽✷✱ ✽✸❪✱ ❛♦ ✐♥✈és ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ ♥❛ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼✳ ❊♠❜♦r❛ ❝✉st♦s♦✱ ❡st❡ ♠ét♦❞♦ ❞á ❝♦♥t❛
❞❛s ❝♦rr❡❧❛çõ❡s ♠❛❣♥ét✐❝❛s ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✳

❆❧é♠ ❞✐ss♦✱ ♦ ❝❡♥ár✐♦ ❞❡ ❇r✐♥❦♠❛♥✲❘✐❝❡ ❞❡s❝r❡✈❡ ❜❡♠ ❛♣❡♥❛s ❛ ❢ís✐❝❛ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s✱ ♣❛r❛ ❛ q✉❛❧ t❡♠♦s
q✉❛s✐♣❛rtí❝✉❧❛s ❜❡♠ ❞❡✜♥✐❞❛s✱ ♣❡r❞❡♥❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❢ís✐❝❛ ✐♥❝♦❡r❡♥t❡ ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s ✭❜❛♥❞❛s ❞❡ ❍✉❜❜❛r❞✮✳
▼❡❧❤♦r✐❛s ♥❡st❡ s❡♥t✐❞♦ ♣♦❞❡♠ s❡r ❢❡✐t❛s ❛♦ r❡s♦❧✈❡r♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s ♥ã♦ ❝♦♠ ♦s
❜ós♦♥s ❡s❝r❛✈♦s✱ ♠❛s ❝♦♠ té❝♥✐❝❛s ❡①❛t❛s ❝♦♠♦ ♦ ▼♦♥t❡ ❈❛r❧♦ ◗✉â♥t✐❝♦ ❬✶✻✸✱ ✶✻✹❪✳ ❈♦♠ ❡st❛ ❛❜♦r❞❛❣❡♠✱ ♣♦❞❡♠♦s
❡st✉❞❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt ❛ t❡♠♣❡r❛t✉r❛s ✜♥✐t❛s✱ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ t❛♠❜é♠ ♣♦ss✉✐ r❡❧❛çã♦ ❞✐r❡t❛
❝♦♠ ♦s ❡①♣❡r✐♠❡♥t♦s✱ ❋✐❣✳ ✭✸✳✸✮✳ ❖ ♣r❡ç♦ q✉❡ t❡♠♦s q✉❡ ♣❛❣❛r é ♦ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♥✈♦❧✈✐❞♦ ♥❡ss❛ té❝♥✐❝❛✱
♦ q✉❡✱ ❝♦♥t✉❞♦✱ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛s ♦t✐♠✐③❛çõ❡s ♥✉♠ér✐❝❛s ❞❡s❝r✐t❛s ♥❡st❛ t❡s❡✳

✶✵✹



Apêndice A
▼ét♦❞♦s ♥✉♠ér✐❝♦s ✉t✐❧✐③❛❞♦s

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❞✐s❝✉t✐♠♦s ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❡s❝r✐t♦s ❛♦ ❧♦♥❣♦ ❞❛
t❡s❡✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ✉t✐❧✐③❛♠♦s ❛ ❧✐♥❣✉❛❣❡♠ ❋❖❘❚❘❆◆ ✾✵ ❬✶✻✺❪ ♣❛r❛ ❡s❝r❡✈❡r♠♦s ♦s ❝ó❞✐❣♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡
♦ ❈♦♠♣✐❧❛❞♦r ❋♦rtr❛♥ ■♥t❡❧➤ ♣❛r❛ ▲✐♥✉① ♣❛r❛ ❝♦♠♣✐❧á✲❧♦s ❬✶✻✻❪✳ ❋✐③❡♠♦s ✉s♦ ✐♥t❡♥s♦ ❞❡ ♣❛r❛❧❡❧✐s♠♦✱ ❛tr❛✈és ❞❛
✐♥t❡r❢❛❝❡ ❞❡ ♣r♦❣r❛♠❛çã♦ ❖♣❡♥▼P ❬✶✻✼❪✳ P❛r❛ ✉♠❛ ✈✐sã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛✱ ❞✐s❝✉t✐r❡♠♦s ♣❛ss♦ ❛ ♣❛ss♦ ❛ ✐♠♣❧❡♠❡♥✲
t❛çã♦ ♥✉♠ér✐❝❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ s♦❧✉çã♦ ❞❛ ❚❡♦r✐❛ ❊st❛tíst✐❝❛ ❉✐♥â♠✐❝❛ ❞❡ ❈❛♠♣♦ ▼é❞✐♦✱ q✉❡ é ❞❡s❝r✐t♦ ♥❛ s❡çã♦
✭✷✳✷✳✸✮✱ ❡ q✉❡ r❡♣r♦❞✉③✐♠♦s ❛q✉✐ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✿

✶✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ✉♠ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆
(antigo)
l (ω)❀

✷✳ ❘❡s♦❧✈❡♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s ❛ ❝❛❞❛ ✉♠ ❞♦s sít✐♦s ❞❛ r❡❞❡✱ ❊q✳ ✭✷✳✽✺✮✱ ♣❛r❛ ❡♥❝♦♥✲
tr❛r♠♦s ❛ ❛✉t♦❡♥❡r❣✐❛ Σ

(antigo)
l (ω) ❡ ❛s ❢✉♥çõ❡s ❞❡ ●r❡❡♥ G(loc)(antigo)

l (ω) ❧♦❝❛✐s ✭❊q✳ ✭✷✳✽✼✮✮❀

✸✳ ❯t✐❧✐③❛♥❞♦ Σ
(antigo)
l (ω)✱ ❝❛❧❝✉❧❛♠♦s ❛s ❢✉♥çõ❡s ❞❡ ●r❡❡♥ ❧♦❝❛✐s ❞❛ r❡❞❡ ✐♥t❡r❛❣❡♥t❡ G(antigo)

ll (ω)✱ ❊q✳ ✭✷✳✽✽✮❀

✹✳ ❆♣❧✐❝❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ ❞❛ ❚❊❉❈▼ G
(antigo)
ll (ω) ≡ G(loc)(antigo)

l (ω) ❛ ❝❛❞❛ ✉♠ ❞♦s sít✐♦s ❞❛
r❡❞❡✱ ❝❛❧❝✉❧❛♠♦s ♦s ♥♦✈♦s ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆

(novo)
l (ω)✱ ❛tr❛✈és ❞❛ ❊q✳ ✭✷✳✽✾✮✳ ❈♦♠♣❛r❛♠♦s

❛❣♦r❛ ♦s ✈❛❧♦r❡s ❞❡ ∆
(antigo)
l (ω) ❡ ∆

(novo)
l (ω) ❡ r❡t♦r♥❛r♠♦s ❛♦ ♣❛ss♦ 1✱ ❝❛s♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥ã♦

t❡♥❤❛ s✐❞♦ ❛t✐♥❣✐❞❛✳
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❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡♥✈♦❧✈❡ ✉♠❛ ❜♦❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆i (iωn)✳
❈♦♠♦ ❛♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦s ❡st✉❞♦s s❡♠♣r❡ ♠❛♥t✐✈❡♠♦s ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✏❤♦♣♣✐♥❣✑ t ✜①❛ ❡ tr❛❜❛❧❤❛♠♦s ❡♠ s❡♠✐♣r❡✲
❡♥❝❤✐♠❡♥t♦ µ = U/2✱ ✜❝❛♠♦s ❝♦♠ três ♣❛râ♠❡tr♦s ❛ s❡r❡♠ ✈❛r✐❛❞♦s✿ L✱ W ❡ U ✳ ❉❡st❡ ♠♦❞♦✱ ♦ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛
∆i (iωn) ♣❛r❛ ✉♠ ❞❛❞♦ ✈❛❧♦r ❞❡st❛ tr✐♥❝❛✱ ❞✐❣❛♠♦s✱ (L,W,U + ∆U)✱ é s❡♠♣r❡ t♦♠❛❞♦ ❝♦♠♦ ♦ ✈❛❧♦r ❝♦♥✈❡r❣✐❞♦ ❞❡
∆i (iωn) ♣❛r❛ ❛ tr✐♥❝❛ ❛♥t❡r✐♦r✱ ♥❡st❡ ❡①❡♠♣❧♦ ❞❛❞❛ ♣♦r(L,W,U)✳ ◆❛t✉r❛❧♠❡♥t❡✱ ❛ ❡s❝♦❧❤❛ ❞❛ ✈❛r✐❛çã♦ ∆U ❞❡♣❡♥❞❡
❞❛ r❡❣✐ã♦ ❞❡ ♣❛râ♠❡tr♦s ❝♦♥s✐❞❡r❛❞❛✳ P♦r ❡①❡♠♣❧♦✱ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt s❡♠♣r❡ ✉t✐❧✐③❛♠♦s ✈❛✲
❧♦r❡s ♠❡♥♦r❡s ❞❡ ∆U ✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s àq✉❡❧❡s ❞❛ r❡❣✐ã♦ ❢r❛❝❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛✳ ❊♠ t♦❞♦s ♦s ♥♦ss♦s t❡st❡s✱
✈❡r✐✜❝❛♠♦s q✉❡ ♥♦ss♦ ❝ó❞✐❣♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧✳
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❖ ♣❛ss♦ 2 ❞♦ ❛❧❣♦r✐t♠♦ ❡♥✈♦❧✈❡ ❛ s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s✳ ❈♦♠♦ ❛ ❚❊❉❈▼ é ✉♠❛
❛❜♦r❞❛❣❡♠ ❧♦❝❛❧✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ♥♦ sít✐♦ i é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ s♦❧✉çã♦ ♥♦
sít✐♦ j✱ ✉♠❛ ✈❡③ ❞❛❞❛s ❛s ❢✉♥çõ❡s ❞❡ ❤✐❜r✐❞✐③❛çã♦ ∆i (iωn) ❡ ∆j (iωn)✳ ❊st❡ ❢❛t♦ ♣❡r♠✐t❡ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞✐r❡t❛
❞❡st❡ ♣❛ss♦ ❡♠ ♣❛r❛❧❡❧♦✳

❊♠❜♦r❛ ❢❛❝✐❧♠❡♥t❡ ♣❛r❛❧❡❧✐③á✈❡❧✱ ❡st❡ s❡❣✉♥❞♦ ♣❛ss♦ ❞♦ ❛❧❣♦r✐t♠♦ é ♦ ♠❛✐s ❞✐❢í❝✐❧✱ ♣♦✐s ❡♥✈♦❧✈❡ ❛ s♦❧✉çã♦ ❞❡
♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❞❡ ❆♥❞❡rs♦♥ ❡♠ ✉♠ ❜❛♥❤♦ ❛r❜✐trár✐♦✱ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦✳ ❈♦♠♦
❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✭✷✳✷✳✺✮✱ ✉t✐❧✐③❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ♣❛r❛ r❡s♦❧✈❡r♠♦s ❡st❡s

✶✵✺
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♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s✳ ❆♦ ❛♣❧✐❝❛r♠♦s ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ♦❜t❡♠♦s ❞✉❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦
♣❛r❛ ❝❛❞❛ sít✐♦✱ ❊qs✳ ✭✷✳✶✵✼✮ ❡ ✭✷✳✶✵✾✮✱ q✉❡✱ ♥♦✈❛♠❡♥t❡ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ r❡♣r♦❞✉③✐♠♦s ❛q✉✐

T
∑

n

G̃
(loc)
i (iωn) =

1

2

(

1− e2i + d2
i

)

. ✭❆✳✶✮

−
(

∂Zi

∂ei
+
∂Zi

∂di

)

T
∑

n

∆i (iωn) G̃
(loc)
i (iωn) = Udi + (ε̃i − εi + µ) (ei − di) , ✭❆✳✷✮

♦♥❞❡

G̃
(loc)
i (iωn) =

1

iωn − Zivi − Zi∆i (iωn)
✭❆✳✸✮

é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s✱ ❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞♦s ❡❧étr♦♥s é ❞❛❞❛ ♣♦rG(loc)
i (iωn) = ZiG̃

(loc)
i (iωn)✱

❝♦♠

ε̃i = εi − µ+
Udi

(

∂Zi

∂ei
di + ∂Zi

∂di
ei

)

∂Zi

∂ei
, ✭❆✳✹✮

vi =
ε̃i

Zi
, ✭❆✳✺✮

❡

Zi = 2
[

1−
(

e2i − d2
i

)2
]−1

(ei + di)
2 (

1− e2i − d2
i

)

. ✭❆✳✻✮

❊s❝r✐t❛s ❝♦♠♦ ❡stã♦✱ ❛s ❊qs✳ ✭❆✳✶✮ ❡ ✭❆✳✷✮ sã♦ ✈á❧✐❞❛s ❛ ✉♠ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛ T ✳ ❈♦♥t✉❞♦✱ t♦❞♦s ♦s ♥♦ss♦s
r❡s✉❧t❛❞♦s sã♦ ♦❜t✐❞♦s ♣❛r❛ T = 0✳ ❊♠❜♦r❛ ❜❡♠ ❞❡✜♥✐❞♦✱ ♦ ❧✐♠✐t❡ T = 0 t❡♠ q✉❡ s❡r ❛✈❛❧✐❛❞♦ ❝✉✐❞❛❞♦s❛♠❡♥t❡✳
❙❡❣✉✐r❡♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ♣❡❧❛ ❘❡❢✳ ❬✶✷✼❪ ✭✈❡❥❛ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ s❡çã♦ 17✮✳

❖ ♣r✐♠❡✐r♦ ❢❛t♦ ❛ s❡r ♥♦t❛❞♦ é q✉❡ ❛ s♦♠❛ S = T
∑

n G̃
(loc)
i (iωn) ♥ã♦ é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳ P❛r❛ ✈❡r♠♦s

✐ss♦✱ ❧❛♥ç❛r❡♠♦s ♠ã♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ▲❡❤♠❛♥♥✶ ♣❛r❛ G̃(loc)
i (iωn) ❬✺✾✱ ✻✵✱ ✶✷✼❪

G̃(loc) (iωn) =

ˆ +∞

−∞

dǫ

2π

A (ǫ)

iωn − ǫ
, ✭❆✳✼✮

♦♥❞❡
ˆ +∞

−∞

dǫ

2π
A (ǫ) dǫ = 1, ✭❆✳✽✮

❡ A (ǫ) ∈ R é ❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ ❞♦ s✐st❡♠❛✱ q✉❡✱ ♥♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ r❡❞✉③✲s❡ à ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❧♦❝❛❧ ❞♦
s✐st❡♠❛✳ ❆tr❛✈és ❞❛s ❊qs✳ ✭❆✳✼✮ ❡ ✭❆✳✽✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

■♠
[

G̃(loc) (iωn)
]

=

ˆ +∞

−∞

dǫ

2π

−ωnA (ǫ)

ω2
n + ǫ2

≈ − 1

ωn
, |ωn| → ∞, ✭❆✳✾✮

❘❡
[

G̃(loc) (iωn)
]

=

ˆ +∞

−∞

dǫ

2π

ǫA (ǫ)

ω2
n + ǫ2

≈ 1

ω2
n

ˆ +∞

−∞

dǫ

2π
ǫA (ǫ) , |ωn| → ∞. ✭❆✳✶✵✮

P❡❧❛s ❊qs✳ ✭❆✳✾✮ ❡ ✭❆✳✶✵✮✱ t❡♠♦s q✉❡ G̃(loc)
i ≈ 1/iωn ♣❛r❛ ωn ≫ 1✱ ♠♦str❛♥❞♦ q✉❡✱ ♣❛r❛ ❛✈❛❧✐❛r♠♦s ❛ s♦♠❛ S =

T
∑

n G̃
(loc)
i (iωn)✱ ♣r❡❝✐s❛♠♦s ✐♥tr♦❞✉③✐r ✉♠ ❢❛t♦r ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ τ < 0✱ s❡♠ ♦ q✉❛❧ ❡❧❛ ❞✐✈❡r❣❡ ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡✳

❈♦♠ ❡st❡ ❢❛t♦r ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ S é ❞❛❞❛ ♣♦r

S = ❧✐♠τ→0−T
∑

n

G̃
(loc)
i (iωn) e−iωnτ , ✭❆✳✶✶✮

✶❆ r❡♣r❡s❡♥t❛çã♦ ❞❡ ▲❡❤♠❛♥♥ é ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ❡st❛ ♠♦str❛❞❛ ❛q✉✐✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❛ t❛♠❜é♠ ✈❛❧❡ ♣❛r❛ ❢✉♥çõ❡s ❞❡ ●r❡❡♥ q✉❡
♣♦ss✉❡♠ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ ♠♦♠❡♥t♦✳

✶✵✻
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❯t✐❧✐③❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ G̃(loc)
i (iωn) = G̃

(loc)⋆
i (−iωn) ❬✺✾✱ ✻✵✱ ✶✷✼❪✱ q✉❡ ❞❡❝♦rr❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❊q✳ ✭❆✳✼✮✱

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ s♦♠❛ ❛❝✐♠❛ ❝♦♠♦

S = 2T ❧✐♠τ→0−

∑

n≥0

❘❡
[

G̃
(loc)
i (iωn)

]

❝♦s (ωnτ) + 2T ❧✐♠τ→0−

∑

n≥0

■♠
[

G̃
(loc)
i (iωn)

]

s✐♥ (ωnτ) . ✭❆✳✶✷✮

◆♦ ♣r✐♠❡✐r♦ t❡r♠♦✱ ♣♦❞❡♠♦s t♦♠❛r τ = 0✱ ✉♠❛ ✈❡③ q✉❡ ❘❡
[

G̃
(loc)
i (iωn)

]

✈❛✐ ❛ ③❡r♦ ♠❛✐s rá♣✐❞♦ q✉❡ 1/ωn ♣❛r❛

ωn ≫ 1✱ ❊q✳ ✭❆✳✶✵✮✳ ❏á ♣❛r❛ ♦ s❡❣✉♥❞♦ t❡r♠♦✱ ♥♦t❛♠♦s q✉❡ ❛ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ❛ s♦♠❛ ✈❡♠ ❞❛ r❡❣✐ã♦ ❡♠
q✉❡ t❡♠♦s ωnτ ∼ 1✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛♦ ❧✐♠✐t❡ ωn →∞✱ ✉♠❛ ✈❡③ q✉❡ τ → 0−✳ ◆❡st❡ ❝❛s♦✱ é ❧í❝✐t♦ ♥ã♦ só q✉❡ ✉s❡♠♦s
♦ ✈❛❧♦r ❛ss✐♥tót✐❝♦ ❞❡ G̃(loc)

i (iωn)✱ ♠❛s q✉❡ t❛♠❜é♠ t♦♠❡♠♦s ♦ ❧✐♠✐t❡ T = 0✱ ❧❡♠❜r❛♥❞♦ q✉❡ (ωn = (2n+ 1)πT )
❬✺✾✱ ✻✵✱ ✶✷✼❪✱ tr♦❝❛♥❞♦ ❛ s♦♠❛ s♦❜r❡ n ♣♦r ✉♠❛ ✐♥t❡❣r❛❧

T
∑

n

· · · → 1

2π

ˆ

dω · · · , ✭❆✳✶✸✮

♦ q✉❡ ♥♦s ❞á (τ → 0−)

2T
∑

n≥0

■♠
[

G̃
(loc)
i (iωn)

]

s✐♥ (ωnτ) = − 1

π

ˆ ∞

0

dω
s✐♥ (ωτ)

ω
= −1

2
s❣♥τ =

1

2
. ✭❆✳✶✹✮

❯t✐❧✐③❛♥❞♦ ❊qs✳ ✭❆✳✶✶✮✲✭❆✳✶✹✮✱ ♣♦❞❡♠♦s ✜♥❛❧♠❡♥t❡ ❡s❝r❡✈❡r✱ ❡♠ T = 0✱

S =
1

π

ˆ ∞

0

❘❡
[

G̃
(loc)
i (iωn)

]

+
1

2
. ✭❆✳✶✺✮

❉❡ ♣♦ss❡ ❞❛ ❊q✳ ✭❆✳✶✺✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❊q✳ ✭❆✳✶✮ ❛ T = 0✳ P❛r❛
r❡❡s❝r❡✈❡r♠♦s ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❊q✳ ✭❆✳✷✮✱ ✉t✐❧✐③❛♠♦s ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ❛❝✐♠❛

❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ♦ ❧✐♠✐t❡ τ → 0− ♥❛ ❊q✳ ✭❆✳✶✷✮ é ❞✐r❡t♦✱ ♣♦rq✉❡ t❛♥t♦ ❘❡
[

∆i (iωn) G̃
(loc)
i (iωn)

]

q✉❛♥t♦ ■♠
[

∆i (iωn) G̃
(loc)
i (iωn)

]

✈ã♦ ❛ ③❡r♦ ♠❛✐s rá♣✐❞♦ q✉❡ 1/ωn✱ ♣❛r❛ ωn ≫ 1✳ ▲♦❣♦✱ t❡♠♦s q✉❡

1

π

ˆ ∞

0

❘❡
[

G̃
(loc)
i (iω)

]

dω =
1

2

(

−e2i + d2
i

)

, ✭❆✳✶✻✮

1

π

ˆ ∞

0

❘❡
[

∆i (iω) G̃
(loc)
i (iω)

]

dω = −Udi + (ε̃i − εi + µ) (ei − di)

∂Zi/∂ei + ∂Zi/∂di
. ✭❆✳✶✼✮

❆s ❊qs✳ ✭❆✳✶✻✮ ❡ ✭❆✳✶✼✮ sã♦ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❛❝♦♣❧❛❞❛s ♥❛s ❛♠♣❧✐t✉❞❡s ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ei ❡ di✳ P❛r❛
r❡❛❧ç❛r ❡st❡ ❢❛t♦✱ r❡❡s❝r❡✈❡♠♦✲❧❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

{

f i
1 (ei, di) = 0
f i
2 (ei, di) = 0

, ✭❆✳✶✽✮

♦♥❞❡

f i
1 (ei, di) =

1

π

ˆ ∞

0

❘❡
[

G̃
(loc)
i (iω)

]

dω − 1

2

(

−e2i + d2
i

)

, ✭❆✳✶✾✮

f i
2 (ei, di) =

1

π

ˆ ∞

0

❘❡
[

∆i (iω) G̃
(loc)
i (iω)

]

dω +
Udi + (ε̃i − εi + µ) (ei − di)

∂Zi/∂ei + ∂Zi/∂di
. ✭❆✳✷✵✮

P❛r❛ r❡s♦❧✈❡r♠♦s ❡st❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✱ ✉t✐❧✐③❛♠♦s ❛ s✉❜r♦t✐♥❛ ❞❡ ❋❖❘❚❘❆◆ ✼✼ ❞♥sq❡ ❬✶✻✽❪✱ q✉❡ é ❞❡
❞♦♠í♥✐♦ ♣ú❜❧✐❝♦✱ ❡ ✐♠♣❧❡♠❡♥t❛ ♦ ♠ét♦❞♦ ❞❡ P♦✇❡❧❧ ❤í❜r✐❞♦ ❬✶✻✾❪✳ ❈♦♠♦ é ❝♦♠✉♠ ❛ ❡ss❡s ♠ét♦❞♦s ❞❡ s♦❧✉çã♦ ❞❡
❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ ❛❧é♠ ❞❛ ❢✉♥çã♦✱ ❞❡✈❡♠♦s t❛♠❜é♠ ❢♦r♥❡❝❡r s✉❛s ❞❡r✐✈❛❞❛s✳ ❖ ❏❛❝♦❜✐❛♥♦ J ❞❡st❛s ❢✉♥çõ❡s é
❞❛❞♦ ♣♦r

Ji =

(

J i
11 J i

12

J i
21 J i

22

)

=

(

∂f i
1/∂ei ∂f i

1/∂di

∂f i
2/∂ei ∂f i

2/∂di

)

. ✭❆✳✷✶✮

✶✵✼
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❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ♦ ❏❛❝♦❜✐❛♥♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ ❈♦♥t✉❞♦✱
♥♦ ♥♦ss♦ ❝❛s♦✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ❡①♣r❡ssã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ❡❧❡✱ ❜❛st❛♥❞♦ t♦♠❛r ❛s ✭tr❛❜❛❧❤♦s❛s✮ ❞❡r✐✈❛❞❛s ❞❛s ❊qs✳
✭❆✳✶✾✮ ❡ ✭❆✳✷✵✮✳ P❛r❛ t❛❧✱ ❞❡✈❡♠♦s r❡❧❡♠❜r❛r ✉♠ ❢❛t♦ ❝r✉❝✐❛❧ ❞❡ ♥♦ss❛ ❛❜♦r❞❛❣❡♠✿ ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛
❛ss♦❝✐❛❞♦s sã♦ r❡s♦❧✈✐❞♦s ♣❛r❛ ✉♠ ❜❛♥❤♦ ∆i (iωn) ✜①♦✳ ❊♠ ♥♦ss♦ ❝ó❞✐❣♦✱ ✐♠♣❧❡♠❡♥t❛♠♦s ❡ss❡ ❝á❧❝✉❧♦ ❛♥❛❧ít✐❝♦ ❞♦
❏❛❝♦❜✐❛♥♦✳

P♦r ✜♠✱ ♥♦ ❝á❧❝✉❧♦ ❞❡ f1 (ei, di) ❡ f2 (ei, di)✱ ♣r❡❝✐s❛♠♦s ❛✈❛❧✐❛r ❞✉❛s ✐♥t❡❣r❛✐s

Ii
1 (ei, di) ≡

ˆ ∞

0

❘❡
[

G̃
(loc)
i (iω)

]

dω, ✭❆✳✷✷✮

Ii
2 (ei, di) ≡

ˆ ∞

0

❘❡
[

∆i (iω) G̃
(loc)
i (iω)

]

dω. ✭❆✳✷✸✮

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❢♦❝❛r❡♠♦s ❛♣❡♥❛s ♥♦ ❝á❧❝✉❧♦ ❞❡ Ii
1 (ei, di)✱ s❡♥❞♦ ❛♥á❧♦❣♦ ♦ ❝á❧❝✉❧♦ ❞❡ Ii

2 (ei, di)✳ Pr✐♠❡✐r❛♠❡♥t❡✱
♣❛rt✐❝✐♦♥❛♠♦s ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

Ii
1 (ei, di) =

ˆ Ω

0

❘❡
[

G̃
(loc)
i (iω)

]

dω +

ˆ ∞

Ω

❘❡
[

G̃
(loc)
i (iω)

]

dω, ✭❆✳✷✹✮

♦♥❞❡ Ω é ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❧✐♠✐t❡✷ ❛❝✐♠❛ ❞❛ q✉❛❧ ✉s❛♠♦s ❛ ❢♦r♠❛ ❛ss✐♥tót✐❝❛ ❞♦ ✐♥t❡❣r❛♥❞♦✱ ❝♦♠♦ ❞❛❞❛ ♣❡❧❛ ❊q✳
✭❆✳✶✵✮✳ ❉❡st❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

I1 (ei, di) =

ˆ Ω

0

❘❡
[

G̃
(loc)
i (iω)

]

dω +
C

Ω
, ✭❆✳✷✺✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C =
´ +∞

−∞
dǫǫA (ǫ) /2π é ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ❞♦ ✈❛❧♦r ❞♦ ✐♥t❡❣r❛♥❞♦✱ ✉♠❛ ✈❡③ q✉❡ ♦ r❡❣✐♠❡

❛ss✐♥tót✐❝♦ s❡❥❛ ❛❧❝❛♥ç❛❞♦✳ P❛r❛ r❡❛❧✐③❛r♠♦s ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ✐♥t❡❣r❛❧✱ ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ❘♦♠❜❡r❣ ❬✶✻✾❪✳

❆✳✸ P❛ss♦ 3

❯♠❛ ✈❡③ r❡s♦❧✈✐❞♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❛ss♦❝✐❛❞♦s✱ ♦ q✉❡ ♥♦ ♥♦ss♦ ❝❛s♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❝♦♥❤❡❝❡r♠♦s ❛s
❛♠♣❧✐t✉❞❡s ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ei ❡ di ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s N sít✐♦s ❞❛ r❡❞❡✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛
❧♦❝❛❧

Σi (ω) = ω

(

1− 1

Zi

)

− εi + vi + µ, ✭❆✳✷✻✮

❡ ♣❛ss❛♠♦s ❛❣♦r❛ ❛♦ t❡r❝❡✐r♦ ♣❛ss♦ ❞♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❞❡ s♦❧✉çã♦ ❞❛ ❚❊❉❈▼✱ ♥♦ q✉❛❧ t❡♠♦s q✉❡ ❞❡t❡r♠✐♥❛r ❛s
❢✉♥çõ❡s ❞❡ ●r❡❡♥ ❧♦❝❛✐s ❞❛ r❡❞❡ Gii (ω)✱ ❞❛❞❛ ❡st❛ ❢♦r♠❛ ❞❛ ❛✉t♦❡♥❡r❣✐❛✳ ❈♦♠♦ ❡st❛♠♦s ❧✐❞❛♥❞♦ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛
❞❡ r❡❞❡✱ é ❝♦♥✈❡♥✐❡♥t❡ r❡❡s❝r❡✈❡r♠♦s ❛ ❛✉t♦❡♥❡r❣✐❛ ❡♠ ✉♠❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧

Σ (ω) = ω
(

1− Z−1
)

− ε + v + µ1, ✭❆✳✷✼✮

♦♥❞❡ ♦s ♦♣❡r❛❞♦r❡s ε✱ Z ❡ v sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ♥❛ ❜❛s❡ ❞♦s sít✐♦s [ε]ij = εjδij ❀ [Z]ij = Zjδij ❀ [v]ij = vjδij ✳
❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❆✳✷✼✮ ❡ ❛ ❡q✉❛çã♦ ❞❡ ❉②s♦♥✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

G (ω) = [(ω + µ)1− ε−H0 −Σ (ω)]
−1

=
[

ωZ−1 − v −H0

]−1

= Z1/2
[

ω − Z1/2 (v + H0)Z
1/2
]−1

Z1/2, ✭❆✳✷✽✮

♦♥❞❡ H0 é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❛ r❡❞❡ ❧✐♠♣❛ ✭s❡♠ ❞❡s♦r❞❡♠✮ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡
(

[H0]ij = tij

)

✳ ❯♠❛ ✈❡③ q✉❡ 0 < Zi ≤ 1✱
√
Zi é s❡♠♣r❡ ❜❡♠ ❞❡✜♥✐❞❛✳ ■♥tr♦❞✉③✐♠♦s ❛❣♦r❛ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦ Heff

Heff = Z1/2 (v + H0)Z
1/2, ✭❆✳✷✾✮

✷P❛r❛ ✜①❛r♠♦s Ω✱ r❡❛❧✐③❛♠♦s t❡st❡s ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ U ❡ W ✱ ❝♦♠♣❛r❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ❊qs✳ ✭❆✳✷✷✮ ❡ ✭❆✳✷✹✮✱ ❡ ❡①✐❣✐♥❞♦
q✉❡ ❞✐❢❡r❡♥ç❛ s❡❥❛ ♠❡♥♦r q✉❡ ✉♠❛ ❞❛❞❛ t♦❧❡râ♥❝✐❛✳ ❚✐♣✐❝❛♠❡♥t❡✱ Ω & 50✳

✶✵✽
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❞❡ t❛❧ ♠♦❞♦ q✉❡

G (ω) = Z1/2 [ω −Heff ]
−1

Z1/2, ✭❆✳✸✵✮

❡ ♣♦rt❛♥t♦

Gii (ω) = 〈i|G (ω) |i〉 = Zi

∑

ν

|〈i |ν 〉|2
ω − Eν

, ✭❆✳✸✶✮

♦♥❞❡ Heff |ν〉 = Eν |ν〉✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ♦❜t❡r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❧♦❝❛❧ ❞❛ r❡❞❡ ❞✐❛❣♦♥❛❧✐③❛♥❞♦ ♦ ❍❛♠✐❧t♦♥✐❛♥♦
❡❢❡t✐✈♦ Heff ✱ ❊q✳ ✭❆✳✷✾✮✳

❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛ ♣r❡s❝r✐çã♦ ❞❛ ❚❊❉❈▼✱ q✉❡ s✉♣õ❡ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛ ❡❧❡trô♥✐❝❛ ❧♦❝❛❧✱ s❡♠♣r❡ ♣❡r♠✐t❡ q✉❡
❝❛❧❝✉❧❡♠♦s Gii (ω) ❛tr❛✈és ❞❡ ✉♠❛ ✐♥✈❡rsã♦ ♠❛tr✐❝✐❛❧✱ ♣♦✐s ♣♦❞❡♠♦s ❢❛③❡r ❛ ❛ss♦❝✐❛çã♦ εi → εi + Σi (ω)❀ ♦✉ s❡❥❛✱ ❛
❛✉t♦❡♥❡r❣✐❛ ♣r♦❞✉③ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦✱ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❢r❡q✉ê♥❝✐❛✱ ♥❛s ❡♥❡r❣✐❛s ♦r✐❣✐♥❛✐s ❞♦s sít✐♦s✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ❛
❛♣r♦①✐♠❛çã♦ ❞❡ ❜ós♦♥s ❡s❝r❛✈♦s ❣❡r❛ ✉♠❛ ❛✉t♦❡♥❡r❣✐❛ q✉❡ é ❧✐♥❡❛r ♥❛ ❢r❡q✉ê♥❝✐❛ ✭❊q✳ ✭❆✳✷✻✮✮✱ ❡ q✉❡✱ ❝♦♠♦ ✈✐♠♦s
❛❝✐♠❛✱ ♣❡r♠✐t❡ q✉❡ ❡♥❝♦♥tr❡♠♦s Gii (ω) ♥ã♦ ❛tr❛✈és ❞❡ ✉♠❛ ✐♥✈❡rsã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ ❝❛❞❛ ❢r❡q✉ê♥❝✐❛ ω✱ ♠❛s ❛tr❛✈és
❞❡ ❛♣❡♥❛s ✉♠❛ ú♥✐❝❛ ❞✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❢❡t✐✈♦✱ ❊q✳ ✭❆✳✷✾✮✱ ❡ ❞❡ s✉❝❡ss✐✈❛s ❛♣❧✐❝❛çõ❡s ❞❛ ❊q✳
✭❆✳✸✶✮ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ ω✱ ♦ q✉❡ t♦r♥❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❡①tr❡♠❛♠❡♥t❡ ❛tr❛t✐✈❛ ❡ ❡✜❝✐❡♥t❡✳

❈♦♠♦ ❝♦♠❡♥t❛❞♦ ❛❝✐♠❛✱ ♥❡st❡ ♣❛ss♦ ❞♦ ❛❧❣♦r✐t♠♦ ♣r❡❝✐s❛♠♦s r❡❛❧✐③❛r ✉♠❛ ❞✐❛❣♦♥❛❧✐③❛çã♦ ♥✉♠ér✐❝❛✳ P❛r❛
❝✉♠♣r✐r♠♦s ❡st❛ t❛r❡❢❛✱ ✉t✐❧✐③❛♠♦s ♦ ♣❛❝♦t❡ ❞❡ s✉❜r♦t✐♥❛s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ▲❆P❆❈❑ ❬✶✼✵❪✳ ❊♠ s✉❛ ú❧t✐♠❛ ✈❡rsã♦✱
♦ ▲❆P❆❈❑ ❥á ✈❡♠ ❡s❝r✐t♦ ❡♠ ❋❖❘❚❘❆◆ ✾✵✳ ▼❛s✱ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞♦ q✉❡ ✐ss♦✱ é q✉❡ ♦ ❈♦♠♣✐❧❛❞♦r ❋♦rtr❛♥ ■♥t❡❧➤
♣♦ss✉✐ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ✐♥t❡r♥❛✱ ❝❤❛♠❛❞❛ ❞❡ ▼❑▲ ❬✶✼✶❪✱ ♥❛ q✉❛❧ t❡♠♦s ✉♠❛ ✈❡rsã♦ ♣❛r❛❧❡❧❛ ✭♦❜t✐❞❛s ✉t✐❧✐③❛♥❞♦✲s❡
❖♣❡♥▼P✮ ❞❡ t♦❞❛s ❛s s✉❜r♦t✐♥❛s ❞♦ ▲❆P❆❈❑✳ ❖ ✉s♦ ❞❡st❛ ❜✐❜❧✐♦t❡❝❛ ▼❑▲ ♣r♦❞✉③ ✉♠ ❣❛♥❤♦ ❞❡ t❡♠♣♦ ❧✐♥❡❛r ♥♦
♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss❛❞♦r❡s✱ ♦ q✉❡ ❛❝❡❧❡r❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♥♦ss♦s ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s✳

❆✳✹ P❛ss♦ 4

❖ ♣❛ss♦ ✜♥❛❧ ❞♦ ❛❧❣♦r✐t♠♦ ❞❛ ❚❊❉❈▼ ❡♥✈♦❧✈❡ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ Gii (ω) ≡ G
(loc)
i (ω)✱

❛tr❛✈és ❞❛ q✉❛❧ ❡①tr❛í♠♦s ♦ ♥♦✈♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦✱ ∆
(novo)
i (ω)✱ ❡ ✈♦❧t❛♠♦s ❛♦ ♣❛ss♦ 1 ❝❛s♦ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ♥ã♦ t❡♥❤❛ s✐❞♦ ❛❧❝❛♥ç❛❞❛✳
❉❡ ♠❛♥❡✐r❛ ♠❛✐s ❣❡r❛❧✱ ❡st❡ ♥♦✈♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ♣♦❞❡ s❡r ♣❡♥s❛❞♦ ❝♦♠♦ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❛ ❢✉♥çã♦

❞❡ ❤✐❜r✐❞✐③❛çã♦ ❛♥t✐❣❛✱ ✐st♦ é✱

∆
(novo)
i (ω) = ∆

(novo)
i

{

∆(antigo) (ω)
}

, ✭❆✳✸✷✮

♦♥❞❡ ∆(antigo) (ω) é ✉♠ ✈❡t♦r t❛❧ q✉❡
[

∆(antigo) (ω)
]

i
= ∆

(antigo)
i (ω)✱ ♣♦✐s ∆

(novo)
i (ω) ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞❛s ❢✉♥çõ❡s

❞❡ ❤✐❜r✐❞✐③❛çã♦ ❛♥t✐❣❛s ❡♠ t♦❞♦s ♦s sít✐♦s✳ ❯♠❛ ✈❡③ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ s❡❥❛ ❡st❛❜❡❧❡❝✐❞❛✱ ❛ ❢✉♥çã♦
❞❡ ❤✐❜r✐❞✐③❛çã♦ t♦r♥❛✲s❡ ✐♥✈❛r✐❛♥t❡

∆
(novo)
i

{

∆(antigo) (ω)
}

= ∆
(antigo)
i (ω) . ✭❆✳✸✸✮

❉❡✜♥✐♥❞♦✲s❡ ✉♠ ♠❛♣❛ Fi = [F]i ❝♦♠♦ ❛ s❡❣✉✐♥t❡ ❞✐❢❡r❡♥ç❛

Fi

(

∆(antigo) (ω)
)

= ∆
(novo)
i

{

∆(antigo) (ω)
}

−∆
(antigo)
i (ω) , ✭❆✳✸✹✮

t❡♠♦s q✉❡ ❛ ❛✉t♦❝♦♥s✐tê♥❝✐❛ ❝♦rr❡s♣♦♥❞❡ ❛ r❡s♦❧✈❡r♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s

F
(

∆(antigo) (ω)
)

= 0. ✭❆✳✸✺✮

◆❛t✉r❛❧♠❡♥t❡✱ ✉♠ ú♥✐❝♦ ❧♦♦♣ ❞❡ ❚❊❉❈▼ ❝♦rr❡s♣♦♥❞❡ ❛ ❛♣❧✐❝❛r♠♦s F ❛♣❡♥❛s ✉♠❛ ✈❡③ à ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦✳
❆ s♦❧✉çã♦ ❞❛ ❊q✳ ✭❆✳✸✺✮ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ❞♦ t✐♣♦ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ❬✶✻✾❪✱ q✉❡ ♥♦s

❞ã♦

∆(input) (ω) = ∆(antigo) (ω)−
[

J(antigo)
]−1

F
(

∆(antigo) (ω)
)

, ✭❆✳✸✻✮

✶✵✾
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♦♥❞❡ J(antigo) é ♦ ❏❛❝♦❜✐❛♥♦✸ ❞♦ s✐st❡♠❛ ♥♦ ♣♦♥t♦ ∆(antigo) (ω)✱ ❡ ∆(input) (ω) é ♦ ♥♦✈♦ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ❧❛ç♦
❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❧♦♦♣ ❞❛ ❚❊❉❈▼✳

❖ ✈❡r❞❛❞❡✐r♦ ❏❛❝♦❜✐❛♥♦ ♥ã♦ é ❝♦♥❤❡❝✐❞♦ ❡ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❝❛❧❝✉❧á✲❧♦✳ ❯♠❛ ❛♣r♦①✐♠❛çã♦
s✐♠♣❧❡s é s✉♣♦r♠♦s

J(antigo) = − 1

α
1, ✭❆✳✸✼✮

♦♥❞❡ α ∈ [0, 1]✳ ❙❡ ✉t✐❧✐③❛r♠♦s ❡ss❛ ❛♣r♦①✐♠❛çã♦ ♥❛ ❊q✳ ✭❆✳✸✻✮✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❊q✳ ✭❆✳✸✹✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

∆(input) (ω) = α∆(novo) (ω) + (1− α)∆(antigo) (ω) , ✭❆✳✸✽✮

q✉❡ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ✉♠❛ ♠✐st✉r❛ ❧✐♥❡❛r✱ ❝♦♠ ♦ ♣❛râ♠❡tr♦ ❞❡ ♠✐st✉r❛ ❞❛❞♦ ♣❡❧❛ ❝♦♥st❛♥t❡ α✱ ❞♦ ✈❛❧♦r ❞❡ ❡♥tr❛❞❛
❡ ❞❡ s❛í❞❛ ❞♦ ❧♦♦♣ ❞❛ ❚❊❉❈▼✳ ◆❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❛ ❚❊❉❈▼ é ♦❜t✐❞❛ ❝♦♠ ❛
✉t✐❧✐③❛çã♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ s✐♠♣❧❡s✳ ❯♠❛ ❛♣r♦①✐♠❛çã♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡❧❤♦r ♣❛r❛ ♦ ❏❛❝♦❜✐❛♥♦✱ ❝♦♥t✉❞♦
❛✐♥❞❛ ❞❡ ❢á❝✐❧ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣♦❞❡ s❡r ♦❜t✐❞❛ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ❝❤❛♠❛❞♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ❬✶✻✾❪✳ ❯♠❛ ót✐♠❛
❞✐s❝✉ssã♦ s♦❜r❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ❛♦ ❧♦♦♣ ❞❡ ❛✉t♦❝♦♥s✐stê♥❝✐❛ ❞❛ ❚❉❈▼ é ❡♥❝♦♥tr❛❞❛ ♥❛ ❘❡❢✳
❬✶✼✷❪✳

P♦❞❡♠♦s t✐r❛r ✈❛♥t❛❣❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ t♦❞❛ ❛ ♥♦ss❛ s♦❧✉çã♦ é ♣❛r❛♠❡tr✐③❛❞❛ ❡♠ t❡r♠♦s ❞❛s ❛♠♣❧✐t✉❞❡s ❞❡
❜ós♦♥s ❡s❝r❛✈♦s ei ❡ di✱ ❞❡ ♠♦❞♦ q✉❡ ♥ã♦ ♣r❡❝✐s❛♠♦s ✉t✐❧✐③❛r ❛ ❢✉♥çã♦ ❞❡ ❤✐❜r✐❞✐③❛çã♦ ❝♦♠♦ ♥♦ss♦ ❝r✐tér✐♦ ❞❡
❝♦♥✈❡r❣ê♥❝✐❛✱ q✉❡✱ ❛❧é♠ ❞❡ ❞❡♣❡♥❞❡r ❞♦ sít✐♦✱ ❞❡♣❡♥❞❡ ❞❛s ❢r❡q✉ê♥❝✐❛s✱ ♠❛s ❛♣❡♥❛s ♦ ✈❛❧♦r ❞❡st❛ ❞✉♣❧❛ ❡♠ ❝❛❞❛
sít✐♦✳ ❈♦♥s✐❞❡r❛♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❛ ❚❊❉❈▼ ❝♦♥✈❡r❣❡ q✉❛♥❞♦ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡

∣

∣

∣e
(novo)
i − e(antigo)

i

∣

∣

∣ /e
(antigo)
i

❡ ❞❡
∣

∣

∣d
(novo)
i − d(antigo)

i

∣

∣

∣ /d
(antigo)
i ✱ ❝❛❧❝✉❧❛❞♦s sít✐♦ ❛ sít✐♦✱ é ♠❡♥♦r ❞♦ q✉❡ ✉♠ ❝r✐tér✐♦ ❞❡ t♦❧❡râ♥❝✐❛✱ q✉❡ t✐♣✐❝❛♠❡♥t❡

t♦♠❛♠♦s ❝♦♠♦ 10−5✳
❊♠ ✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ❞♦ ♣r♦❥❡t♦✱ ✉t✐❧✐③❛♠♦s ❛ ♠✐st✉r❛ ❧✐♥❡❛r ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭❆✳✸✽✮ ❝♦♠♦ ♠❛♥❡✐r❛ ❞❡ ❣❡r❛r

♦ ♣❛❧♣✐t❡ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❞♦ ❧♦♦♣ ❞❡ ❚❊❉❈▼✳ ❚✐♣✐❝❛♠❡♥t❡✱ ✉t✐❧✐③❛♠♦s α = 0.4 ♣❛r❛ ❝♦rr❡❧❛çõ❡s ❢r❛❝❛s
❡ ♠♦❞❡r❛❞❛s ❡ α = 0.3 ♣❛r❛ ❝♦rr❡❧❛çõ❡s ❢♦rt❡s✳ ❉❡♣♦✐s✱ ❥á ✐♠♣❧❡♠❡♥t❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥✱ q✉❡ ♥ã♦ só é ♠❛✐s
rá♣✐❞♦ q✉❡ ♦ ♠ét♦❞♦ ❞❛ ♠✐st✉r❛ ❧✐♥❡❛r✱ ♣♦✐s ❝♦♥✈❡r❣❡ ❡♠ ♠❡♥♦s ✐t❡r❛çõ❡s✱ ❝♦♠♦ t❛♠❜é♠ ❝♦♥✈❡r❣❡ ❡♠ ❝❡rt❛s r❡❣✐õ❡s
❞❡ ♣❛râ♠❡tr♦s (❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ W ≫ U ❡ U ≃ Uc (W ))✱ ♥❛s q✉❛✐s ♦ ♠ét♦❞♦ ❞❡ ♠✐st✉r❛ ❧✐♥❡❛r ♥ã♦ ❝♦♥✈❡r❣❡✱ ♦✉
❝♦♥✈❡r❣❡ ❞❡♠❛s✐❛❞❛♠❡♥t❡ ❞❡✈❛❣❛r✱ ❛♣❡♥❛s ♣❛r❛ ✈❛❧♦r❡s ❞❡ α ♠✉✐t♦ ♣❡q✉❡♥♦s✳

✸❋♦r♠❛❧♠❡♥t❡✱ ♦ ❏❛❝♦❜✐❛♥♦ é ❞❛❞♦ ♣❡❧❛ ❞❡r✐✈❛❞❛ ❢✉♥❝✐♦♥❛❧ Jij = δFi/δ∆j ✳

✶✶✵



Apêndice B
❆❧❣✉♥s r❡s✉❧t❛❞♦s ♣❛r❛ ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s

❆♣r❡s❡♥t❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ♥❡st❛ s❡çã♦ ❛ ♥♦t❛çã♦ ❞❡ ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s✳ ❘❡❢❡rê♥❝✐❛s ❝♦♠♣❧❡t❛s s♦❜r❡ ♦ ❛ss✉♥t♦
♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✷✻✱ ✶✼✸✱ ✶✼✹❪✳

❆s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡ sã♦ ❞❡✜♥✐❞❛s ❡♠ t❡r♠♦s ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s ❬✼✽❪✳ ❆♦ ❞❡✜♥✐r♠♦s ❡st❡s
❡st❛❞♦s ♣❛r❛ ❢ér♠✐♦♥s✱ ♣r❡❝✐s❛♠♦s ✐♥tr♦❞✉③✐r ✈❛r✐á✈❡✐s ❞❡ ●r❛ss♠❛♥♥✶✱ ❞❛s q✉❛✐s ❧✐st❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s
❛❜❛✐①♦

ξaξb + ξbξa = 0.

❊♠ ♣❛rt✐❝✉❧❛r✱

ξ2a = 0. ✭❇✳✶✮

P♦❞❡♠♦s t❛♠❜é♠ ❞❡✜♥✐r ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ ξa✱ ❞❡♥♦t❛❞♦ ♣♦r ξ⋆
a✳ ❆ ✐♥t❡❣r❛çã♦ s♦❜r❡ ✈❛r✐á✈❡✐s ❞❡ ●r❛ss♠❛♥♥ é ❞❡✜♥✐❞❛

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛
ˆ

dξ1 = 0,

ˆ

dξξ = 1. ✭❇✳✷✮

❈♦♠ ❛ ❛❥✉❞❛ ❞❛s ❊qs✳ ✭❇✳✶✮ ❡ ✭❇✳✷✮✱ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡
ˆ

dξ⋆dξ exp (−aξ⋆ξ) =

ˆ

dξ⋆dξ (1− aξ⋆ξ) = a, ✭❇✳✸✮

♦♥❞❡ a é ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ q✉❛❧q✉❡r✳
❖ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ✐♥t❡r❡ss❛ ❞❡ ❢❛t♦ é ❝♦♠♦ r❡❛❧✐③❛r ✐♥t❡❣r❛✐s ●❛✉ss✐❛♥❛s ♠✉❧t✐❞✐♠❡♥s✐♦♥❛✐s s♦❜r❡ ❡st❛s ✈❛r✐á✈❡✐s✳

❙❡♥❞♦ ξ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♠♣❧❡①❛ ♣❛r❛ ❜ós♦♥s ❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ●r❛ss♠❛♥♥ ♣❛r❛ ❢ér♠✐♦♥s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦
❣❡r❛❧✱ ❘❡❢✳ ❬✶✷✻❪

[detA]
−ζ
e

P

αβ η⋆
αAαβηβ =

ˆ

dµ (ξ) e−
P

αβ ξ⋆
αAαβξβ+

P

α(η⋆
αξα+ηαξ⋆

α), ✭❇✳✹✮

♦♥❞❡

dµ (ξ) =
1

N
∏

α

dξ⋆
αdξα, ✭❇✳✺✮

N =

{

2πi, ❜ós♦♥s
1, ❢ér♠✐♦♥s , ✭❇✳✻✮

✶P❛r❛ ❜ós♦♥s✱ ✉t✐❧✐③❛♠♦s ✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s✱ ✉♠❛ ✈❡③ q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❜♦sô♥✐❝♦s ❝♦♠✉t❛♠ ✭❛ss✐♠ ❝♦♠♦ q✉❛❧q✉❡r ♥ú♠❡r♦ ❝♦♠✲
♣❧❡①♦✮✱ ❛♦ ♣❛ss♦ q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s ❛♥t✐❝♦♠✉t❛♠✳

✶✶✶
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ζ =

{

1, ❜ós♦♥s
−1, ❢ér♠✐♦♥s . ✭❇✳✼✮

❆ ❢✉♥çã♦ ♣❛rt✐çã♦ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

Z = Tre−β(Ĥ−µN̂), ✭❇✳✽✮

Z =

ˆ

ξα(β)=ζξ(0)

D (ξ⋆
α (τ) ξα (τ)) e−S , ✭❇✳✾✮

♦♥❞❡

D (ξ⋆
α (τ) ξα (τ)) =

1

N
∏

α

dξ⋆
α (τ) dξα (τ) , ✭❇✳✶✵✮

❝♦♠ α ❞❡♥♦t❛♥❞♦ ♦s ❡st❛❞♦s ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❞♦ s✐st❡♠❛✳ ▲❡♠❜r❛♠♦s ❛✐♥❞❛ q✉❡ ❛s ✈❛r✐á✈❡✐s ξα (τ) ❡ ξ⋆
α (τ) sã♦

♣❡r✐ó❞✐❝❛s ✭❜ós♦♥s✮ ♦✉ ❛♥t✐✲♣❡r✐ó❞✐❝❛s ✭❢ér♠✐♦♥s✮ ♥♦ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦ τ ✱ ❝♦♠ ♣❡rí♦❞♦ ✐❣✉❛❧ ❛ β✳ ❚❡♠♦s t❛♠❜é♠
q✉❡

S =

ˆ β

0

dτ

[

∑

α

ξ⋆
α (τ) (∂τ − µ) ξα (τ) +H (ξ⋆

α (τ) , ξα (τ))

]

✭❇✳✶✶✮

é ❛ ❛çã♦ ❞♦ s✐st❡♠❛✳ ◆♦t❡ q✉❡ ξα (τ) ♥ã♦ é ♠❛✐s ✉♠ ♦♣❡r❛❞♦r✱ ❡ s✐♠ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♠♣❧❡①❛ ♦✉ ❞❡ ●r❛ss♠❛♥♥✳ ❊st❛
é ✉♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞❡st❡ ❢♦r♠❛❧✐s♠♦✳ ❆ ❞❡s✈❛♥t❛❣❡♠ é q✉❡ ❛❣♦r❛ t❡♠♦s q✉❡ ❢❛③❡r ✉♠❛ ✐♥t❡❣r❛❧ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✱
q✉❡✱ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ só s❛❜❡♠♦s r❡❛❧✐③❛r ❡①❛t❛♠❡♥t❡ q✉❛♥❞♦ ❛ ❛çã♦ é q✉❛❞rát✐❝❛ ❡♠ ξα (τ)✳

❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥✱ ♣♦r s✉❛ ✈❡③✱ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

Gλγ (τ − τ ′) = −
〈

Tτ

[

aλ (τ) a†γ (τ ′)
]〉

=
1

Z Tr
[

Tτe
−
´

β

0
(H−µN)aλ (τ) a†γ (τ ′)

]

, ✭❇✳✶✷✮

❝♦♠ aλ (τ) ❡ a†γ (τ ′) s❡♥❞♦ ♦♣❡r❛❞♦r❡s ❞❡ ❞❡str✉✐çã♦ ❡ ❝r✐❛çã♦ ♥♦ ❡♥❢♦q✉❡ ❞❡ ✐♥t❡r❛çã♦✱ ❡ Tτ s❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡
♦r❞❡♥❛♠❡♥t♦ t❡♠♣♦r❛❧ ✭✐♠❛❣✐♥ár✐♦✮✱ q✉❡ ❞❡✐①❛ ♦s ♠❛✐♦r❡s t❡♠♣♦s s❡♠♣r❡ à ❡sq✉❡r❞❛ ❞♦s ♠❡♥♦r❡s✳ ❱❡♠♦s q✉❡ ❛
♠é❞✐❛ q✉❡ ❡♥tr❛ ♥❛ ❞❡✜♥✐çã♦ ❞❡ Gλγ (τ − τ ′) é ✉♠❛ ♠é❞✐❛ tér♠✐❝❛✳ ◆❛ ♥♦t❛çã♦ ❞❡ ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s✱ t❡♠♦s

Gλγ (τ − τ ′) = − 1

Z

ˆ

ξα(β)=ζξ(0)

D (ξ⋆
α (τ) ξα (τ)) ξα (τ) ξ⋆

α (τ) e−S . ✭❇✳✶✸✮

✶✶✷



Apêndice C
▼ét♦❞♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦

❡①♣♦❡♥t❡ α

❖ ❡st✐♠❛❞♦r α̂✱ ❞❡✜♥✐❞♦ ♥❛ ❘❡❢✳ ❬✶✶✽❪✱ ❡ ✉t✐❧✐③❛❞♦ ♣♦r ♥ós ❝♦♠♦ ✉♠❛ ♠❡❞✐❞❛ ❞♦ ❡①♣♦❡♥t❡ α✱ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞♦ ❞❛
s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ❈♦♥s✐❞❡r❡ q✉❡ ♥♦ss♦ ♠♦❞❡❧♦ ♦❜❡❞❡ç❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛

P (Z) =
α

Zα
max

Zα−1, ✭❈✳✶✮

♦♥❞❡ α é ♦ ❡①♣♦❡♥t❡ ❞❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❡ Zmax é ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Z✱ ♣❛r❛ ♦ q✉❛❧ ❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛
♣❛r❛ P (Z) ✈❛❧❡✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❝♦♥t❡♥❞♦ n ♦❜s❡r✈❛çõ❡s✱ ♣❛r❛ ❛s q✉❛✐s Zi ≤ Zmax✳ ◗✉❡r❡♠♦s s❛❜❡r ♦
✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ ❞❡ α✱ ♥❛ ❊q✳ ✭❈✳✶✮✱ q✉❡ ❣❡r♦✉ ♦s ♥♦ss♦s ❞❛❞♦s✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ t♦❞❛s ❡ss❛s n ♦❜s❡r✈❛çõ❡s
s❛t✐s❢❛ç❛♠ ♥♦ss♦ ♠♦❞❡❧♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛

p (Z|α) =

n
∏

i=1

α

Zα
max

Zα−1
i . ✭❈✳✷✮

❖ ♠❛✐s ♣r♦✈á✈❡❧ é q✉❡ ♦s ❞❛❞♦s t❡♥❤❛♠ s✐❞♦ ❣❡r❛❞♦s ♣❡❧♦ ♠♦❞❡❧♦ ❝♦♠ ✉♠ ❡①♣♦❡♥t❡ α q✉❡ ♠❛①✐♠✐③❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❛❝✐♠❛✳ ❊♠ ✈❡③ ❞❡ ♠❛①✐♠✐③❛r♠♦s ❞✐r❡t❛♠❡♥t❡ p (Z|α)✱ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ s❡✉ ❧♦❣❛r✐t♠♦

L = ❧♥ [p (Z|α)] = n❧♥ [α]− nα❧♥ [Zmax] + (α− 1)

n
∑

i=1

❧♥ [Zi] , ✭❈✳✸✮

❞♦♥❞❡

∂L
∂α

=
n

α
−

n
∑

i=1

❧♥
[

Zmax

Zi

]

. ✭❈✳✹✮

❋❛③❡♥❞♦ ∂L/∂α = 0✱ t❡♠♦s ❛ ❢♦r♠❛ ♣r♦❝✉r❛❞❛ ❞♦ ❡st✐♠❛❞♦r

α =
n

∑n
i=1 ❧♥ [Zmax/Zi]

=

〈

❧♥
[

Zmax

Zi

]〉−1

Zi≤Zmax

. ✭❈✳✺✮

◆❛t✉r❛❧♠❡♥t❡✱ ❡st❡ é ❞❡ ❢❛t♦ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✱ ✉♠❛ ✈❡③ q✉❡ ∂2L/∂2α = −nα−2 < 0✳
◆❡st❡ ♠ét♦❞♦✱ s❛❜❡♠♦s ❡①❛t❛♠❡♥t❡ ♦ ✈❛❧♦r ❞❡ U ✱ s❡♥❞♦ q✉❡ ♦ ✈❛❧♦r ❞❡ α r❡❢❡r❡♥t❡ ❛ ❡st❡ U é ❞❛❞♦ ♣❡❧♦ ❡st✐♠❛❞♦r

❛❝✐♠❛✳ ❖ ❡rr♦ ❛ss♦❝✐❛❞♦ ❛ ❡st❡ ❡st✐♠❛❞♦r é ❞❛❞♦ ♣♦r ❬✶✶✽❪ σα̂ = α̂/
√
n✳ P♦ré♠✱ ♥♦ss❛ ♠❛✐♦r ✐♥❝❡rt❡③❛ ✈❡♠✱ ♥❛

✈❡r❞❛❞❡✱ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ Zmax✳
❖ s❡❣✉♥❞♦ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ❡①♣♦❡♥t❡ α é ❜❛s❡❛❞♦ ♥❛ ❢✉♥çã♦

g (µ) =
〈

Z−µ
〉−1

Zi≤Zmax
, ✭❈✳✻✮

✶✶✸
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♦♥❞❡ µ é ✉♠ ♣❛râ♠❡tr♦ r❡❛❧✱ ❡ ❛ss✉♠✐♠♦s q✉❡ Z é ❞✐str✐❜✉í❞♦ s❡❣✉♥❞♦ ❛ ❊q✳ ✭❈✳✶✮✳ ❈❛❧❝✉❧❛♥❞♦ ♦ ✈❛❧♦r ♠é❞✐♦✱
❛❝✐♠❛ t❡♠♦s

g (µ) =

[

α

Zα
max

ˆ Zmax

0

Zα−µ−1dZ

]−1

=

[

α

Zµ
max

1

α− µ

]−1

=
Zµ

max

α
(α− µ) . ✭❈✳✼✮

❈❛❧❝✉❧❛♠♦s ❡♥tã♦ ❛ ❢✉♥çã♦ g (µ)✱ ❝♦♠ µ ✜①♦✱ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ U ✱ ❡ ❡♥❝♦♥tr❛♠♦s ♦ ✈❛❧♦r ❞❡ ✐♥t❡r❛çã♦ Uµ ♣❛r❛
♦ q✉❛❧ ❡❧❛ s❡ ❛♥✉❧❛✱ ♦♥❞❡ t❡♠♦s q✉❡ α = µ✳ ❊st❡ ♠ét♦❞♦ é ❝♦♠♣❧❡♠❡♥t❛r ❛♦ ♣r✐♠❡✐r♦✱ ✉♠❛ ✈❡③ q✉❡ ♥❡❧❡ ♦ q✉❡ é
❝♦♥❤❡❝✐❞♦ é ♦ ✈❛❧♦r ❞❡ α✱ ❡ ❡♥❝♦♥tr❛♠♦s ♦ ✈❛❧♦r ❞❡ Uµ ♣❡❧❛ ❡①tr❛♣♦❧❛çã♦ ❧✐♥❡❛r ❞❛ ❊q✳ ✭❈✳✼✮✳ ◆♦✈❛♠❡♥t❡✱ ❛ ♠❛✐♦r
❢♦♥t❡ ❞❡ ❡rr♦ ♥❡st❡ ♠ét♦❞♦ ❡stá ❛ss♦❝✐❛❞❛ à ❡s❝♦❧❤❛ ❞♦ ✈❛❧♦r ❞❡ Zmax✳

P♦r ✜♠✱ ❣♦st❛rí❛♠♦s ❞❡ ♠♦str❛r q✉❡ ♦ ❡①♣♦❡♥t❡ α ♠❡❞❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ σ❧♦❣ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❧♥ [Z]✱ ❝♦♠
P (Z) ♥♦✈❛♠❡♥t❡ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭❈✳✶✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝❛❧❝✉❧❛♠♦s ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ ❧♥ [Z]

〈❧♥ [Z]〉 =
α

Zα
max

ˆ Zmax

0

Zα−1❧♥ [Z] dZ

=
α

Zα
max

{

1

α
Zα❧♥ [Z]|Zmax

0 − 1

α

ˆ Zmax

0

Zα−1dZ

}

= ❧♥ [Zmax]− 1

α
. ✭❈✳✽✮

❆❣♦r❛✱ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ (❧♥ [Z])
2

〈

(❧♥ [Z])
2
〉

=
α

Zα
max

ˆ Zmax

0

Zα−1 (❧♥ [Z])
2
dZ

=
α

Zα
max

{

1

α
Zα (❧♥ [Z])

2
∣

∣

∣

Zmax

0
− 2

α

ˆ Zmax

0

Zα−1❧♥ [Z] dZ

}

= (❧♥ [Zmax])
2 − 2

α

(

❧♥ [Zmax]− 1

α

)

. ✭❈✳✾✮

❉❡st❡ ♠♦❞♦✱

σ❧♦❣ =

√

〈

(❧♥ [Z])
2
〉

− 〈❧♥ [Z]〉2

=
1

α
, ✭❈✳✶✵✮

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

✶✶✹



Apêndice D
❊①♣❛♥sã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♥❡st❡ ❝á❧❝✉❧♦ é ❡①♣❛♥❞✐r♠♦s ✉♠❛ ❢✉♥çã♦ fi (xi, yi) q✉❛❧q✉❡r✱ ♣♦r ❡①❡♠♣❧♦✱ Zi ❡♠ ✭✹✳✸✼✮✱ ❡♠
t❡r♠♦ ❞❛s ❡♥❡r❣✐❛s εi✳ ❆❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s ♥ã♦ ♣♦ss✉❡♠ ❝♦rr❡çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ❝❛s♦ ❞❡ s✐♠❡tr✐❛
♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♣r❡❝✐s❛♠♦s ✐r ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛ ❡♥❡r❣✐❛ ❞❛s ✐♠♣✉r❡③❛s✱ ❡ ♥♦ss❛ sér✐❡ ❞❡
❚❛②❧♦r ✜❝❛ ✭✉t✐❧✐③❛♥❞♦ ❛ ❝♦♥✈❡♥çã♦ ❞❡ ❊✐♥st❡✐♥ ♣❛r❛ ❛ s♦♠❛✮

fi (xi, yi) ≃ f0 +

(

∂fi

∂xi

∣

∣

∣

∣

0

Xij +
∂fi

∂yi

∣

∣

∣

∣

0

Yij

)

εj +
1

2

(

∂fi

∂xi

∣

∣

∣

∣

0

X ′
ijk +

∂fi

∂yi

∣

∣

∣

∣

0

X ′
ijk

+
∂2fi

∂x2
i

∣

∣

∣

∣

0

XijXik +
∂2fi

∂y2
i

∣

∣

∣

∣

0

YijYik +
∂2fi

∂xi∂yi

∣

∣

∣

∣

0

(XikYij +XijYik)

)

εjεk, ✭❉✳✶✮

♦♥❞❡

Xij ≡
∂xi

∂εj
❡ X ′

ijk ≡
∂2xi

∂εj∂εk
, ✭❉✳✷✮

❝♦♠ ✉♠❛ ♥♦t❛çã♦ ❛♥á❧♦❣❛ ♣❛r❛ Y ✳ ❱❡♠♦s q✉❡ ❛♣❛r❡❝❡♠ ❞❡r✐✈❛❞❛s ❞♦ t✐♣♦ ∂xi/∂εj ✱ ✐♥❞✐❝❛♥❞♦ q✉❡ q✉❛♥t✐❞❛❞❡s
❛ss♦❝✐❛❞❛s ❛♦ sít✐♦ i ❞❡♣❡♥❞❡♠ ❞❛ ❡♥❡r❣✐❛ ❞♦s ♦✉tr♦s sít✐♦s ❞❛ r❡❞❡✱ ❡ ♥ã♦ s♦♠❡♥t❡ ❞❛ ❡♥❡r❣✐❛ ❧♦❝❛❧ εi✳ ■ss♦ ❞❡❝♦rr❡ ❞♦
❢❛t♦ ❞❡ q✉❡ r❡s♦❧✈❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠❛♥❡✐r❛ ❛✉t♦❝♦♥s✐st❡♥t❡✱ ❡♥❝♦♥tr❛♥❞♦ ❛ ❝♦♥✜❣✉r❛çã♦ ❡s♣❛❝✐❛❧ ❞♦s ♣❛râ♠❡tr♦s
❞❡ ❜ós♦♥s ❡s❝r❛✈♦s q✉❡ ♠✐♥✐♠✐③❛ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡♠ ✭✹✳✸✻✮✳

❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛❞rã♦ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❛ ❡①♣❛♥sã♦ é ♦ s❡❣✉✐♥t❡✿
✶✳ ❊①♣❛♥❞❡✲s❡ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ✭✹✳✹✽✮ ❡ ✭✹✳✹✾✮✱ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❊q✳ ✭❉✳✶✮❀

✷✳ ❘❡❛❧✐③❛♠✲s❡ ❛s s♦♠❛s ❞❡ ▼❛ts✉❜❛r❛✱ ✉t✐❧✐③❛♥❞♦✲s❡ ♦s r❡s✉❧t❛❞♦s ❞♦ ❆♣ê♥❞✐❝❡ ✭❊✮❀

✸✳ ❊①♣❛♥❞❡✲s❡ ❡♥tã♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❞❛❞♦s ♣❡❧❛s ❢✉♥çõ❡s w1 ✭❊q✳ ✭✹✳✺✵✮✮ ❡ w2 ✭❊q✳
✭✹✳✺✶✮✮❀

✹✳ ❈♦♠♣❛r❛✲s❡ ♦ r❡s✉❧t❛❞♦ ❞❡st❛s ❡①♣❛♥sõ❡s ❛té ❛ ♦r❞❡♠ ❞❡s❡❥❛❞❛ ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s Xij ✱ Yij ✱ X ′
ijk

❡ Y ′
ijk✳

❉✳✶ ❚❡r♠♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

❊♥❝♦♥tr❛♠♦s ♦s t❡r♠♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❡st❛ ❡①♣❛♥sã♦ ✭♦s ❝♦❡✜❝✐❡♥t❡s Xij ❡ Yij✮ ❛tr❛✈és ❞❛ ❧✐♥❡❛r✐③❛çã♦ ❞❛s
❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♠é❞✐♦✳ P❛r❛ ✐♥✐❝✐❛r♠♦s✱ ❡①♣❛♥❞✐r❡♠♦s Zi ❡ ǫ̃i✱ ❊q✳ ✭✹✳✹✻✮ ❡ ✭✹✳✹✼✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ q✉❡ ♥♦s
❞á

Zi = Z0 + δZ
(1)
i +O

(

ε2i
)

✭❉✳✸✮

❡

ε̃i − εi = δε̃
(1)
i +O

(

ε2i
)

, ✭❉✳✹✮

✶✶✺
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❝♦♠

δZ
(1)
i = g1 (u)Xijεj , ✭❉✳✺✮

δε̃
(1)
i =

U

2
f1 (u)Yijεj , ✭❉✳✻✮

♦♥❞❡ Z0 = 1− u2✱ ❡

g1 (u) = 4u
√

1− u, ✭❉✳✼✮

f1 (u) =
1√

1− u (2 + u (1− u)) . ✭❉✳✽✮

P❛r❛ ❧✐♥❡❛r✐③❛r♠♦s ❛ ❊q✳ ✭✹✳✹✽✮✱ ❝♦♠❡ç❛♠♦s ❡①♣❛♥❞✐♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❛s q✉❛s✐♣❛rtí❝✉❧❛s G̃ii✱ ❊q✳ ✭✹✳✹✶✮✳
❯s❛♥❞♦ ❛s ❊qs✳ ✭❉✳✸✮ ❡ ✭❉✳✹✮✱ ♦❜t❡♠♦s

G̃
(1)
ii = 〈i|

[

iωn1− ε− δε̃(1) − Z0

(

1 +
1

Z0
δZ(1)

)1/2

H0

(

1 +
1

Z0
δZ(1)

)1/2
]−1

|i〉

= 〈i|
[

iωn1− Z0H0 − ε− δε̃(1) − 1

2

(

δZ(1)H0 + H0δZ(1)
)

]−1

|i〉

= 〈i|
[

(

G̃(0)
)−1

(

1− G̃(0)

{

ε + δε̃(1) +
1

2

(

δZ(1)H0 + H0δZ(1)
)

})]−1

|i〉

= 〈i|
[

G̃(0) + G̃(0)

{

ε + δε̃(1) +
1

2

(

δZ(1)H0 + H0δZ(1)
)

}

G̃(0)

]

|i〉 , ✭❉✳✾✮

♦♥❞❡
[

G̃(0)
]−1

= iωn1−Z0H0✱ ❡ ✉t✐❧✐③❛♠♦s ❛❣♦r❛ ✉♠❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♠❛✐s ❝♦♠♣❛❝t❛✱ ❡♠ q✉❡
[

δε̃(1)
]

ij
= δijδε̃

(1)
i

❡
[

δZ(1)
]

ij
= δijδZ

(1)
i ✳ ❆ s♦♠❛ ❞❡ ▼❛ts✉❜❛r❛ ✜❝❛

T
∑

n

G̃
(1)
ii = T

∑

n

G̃
(0)
ii + T

∑

n

G̃
(0)
ik G̃

(0)
ki

(

εk + δε̃
(1)
k

)

+
1

2
T
∑

n

{

G̃
(0)
ik hklG̃

(0)
li δZ

(1)
k + G̃

(0)
ik hklG̃

(0)
li δZ

(1)
l

}

❈♦♠ ❛ ❛❥✉❞❛ ❞❛s ❊qs✳ ✭❊✳✼✮✱ ✭❊✳✾✮ ❡ ✭❊✳✶✵✮✱ t❡♠♦s

T
∑

n

G̃
(1)
ii = T

∑

n

G̃
(0)
ii +

1

Z0
Π

(0)
ik

(

εk + δε̃
(1)
k

)

+
1

Z0
Π

(1)
ik δZ

(1)
k . ✭❉✳✶✵✮

❆ss✉♠✐♥❞♦ s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ Π
(1)
ik = 0✱ ❊q✳ ✭❊✳✶✼✮✱ ❡ ❛ ❊q✳ ✭❉✳✶✶✮ r❡❞✉③✲s❡ ❛

T
∑

n

G̃
(1)
ii = T

∑

n

G̃
(0)
ii +

1

Z0
Π

(0)
ik

(

εk + δε̃
(1)
k

)

. ✭❉✳✶✶✮

❱❡♠♦s q✉❡✱ ♣❛r❛ s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ ❛ ❡①♣r❡ssã♦ ✜♥❛❧ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛s ❝♦rr❡çõ❡s ♣❛r❛ ❛ ❡♥❡r❣✐❛✳
❊①♣❛♥❞✐♠♦s ❛❣♦r❛ ❛ ❢✉♥çã♦ w1 (xi, yi)✱ ❞❛❞❛ ♥❛ ❊q✳ ✭✹✳✺✵✮

w
(1)
1 (xi, yi) =

1

2

(

1−
√

1− uYijǫj
)

. ✭❉✳✶✷✮

■❣✉❛❧❛♥❞♦ ❛s ❊qs✳ ✭❉✳✶✶✮ ❡ ✭❉✳✶✷✮✱ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❉✳✻✮✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ s♦❧✉çã♦ ❞♦ ❝❛s♦ ✉♥✐❢♦r♠❡✱
T
∑

n G̃
(0)
ii = 1/2✱ t❡♠♦s ❛ ✈❡rsã♦ ❧✐♥❡❛r✐③❛❞❛ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦ ✭❊q✳ ✭✹✳✹✽✮✮

1

Z0
Π(0)ε +

U

2Z0
f1 (u)Π(0)Yε = −1

2

√
1− uYε.

✶✶✻
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❘❡s♦❧✈❡♥❞♦ ♣❛r❛ Y✱ ♦❜t❡♠♦s

Y = −2 (1− u)1/2
L−1 (u)Π(0), ✭❉✳✶✸✮

♦♥❞❡

L (u) = (1 + u) (1− u)2 1 +
Ucu

2
(2 + u (1− u))Π(0). ✭❉✳✶✹✮

❆♣❧✐❝❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❊q✳ ✭✹✳✹✾✮✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r
X✳ ❈♦♥t✉❞♦✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛ ❜✉r❛❝♦ ❡stá ♣r❡s❡♥t❡✱

X = 0. ✭❉✳✶✺✮

❉❡st❡ ♠♦❞♦✱ ✈❡♠♦s q✉❡ δZ(1)
i ✱ ❊q✳ ✭❉✳✺✮ é ③❡r♦✱ ❡✱ ♣♦rt❛♥t♦✱ ♣r❡❝✐s❛♠♦s ✐r ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛ ❡①♣❛♥sã♦✳

❉✳✷ ❚❡r♠♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦s t❡r♠♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✭X ′
ijk ❡ Y ′

ijk✮✱ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ ❛ ❞❡s♦r❞❡♠ s❡❥❛ ✐♥tr♦❞✉③✐❞❛
❛♣❡♥❛s ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠♣✉r❡③❛ ❧♦❝❛❧✐③❛❞❛ ♥♦ sít✐♦ o✱ s✐♠♣❧✐✜❝❛♥❞♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦s ❝á❧❝✉❧♦s✳
❆ss✐♠✱ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❞❡s♦r❞❡♠ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱ εi = δioεo✳ ❚❛♠❜é♠ ❛ss✉♠✐r❡♠♦s s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲
❜✉r❛❝♦✱ ♣♦✐s é ♥❡st❡ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s xi − x0 = O

(

ε2i
)

✳ ❆ ❡①♣❛♥sã♦ ❞❡ Zi ❡ ǫ̃i ✜❝❛

Zi = Z0 +
1

2
δZ

(2)
i , ✭❉✳✶✻✮

♦♥❞❡

δZi =

(

g1 (u)X ′
ioo −

1

8
g1 (u)

2
Y 2

io

)

ε2o ✭❉✳✶✼✮

❡

ǫ̃i = δioǫo + δε̃
(1)
i +

1

2
δε̃

(2)
i , ✭❉✳✶✽✮

δε̃
(2)
i =

U

2
f1 (u)Y ′

iooε
2
o, ✭❉✳✶✾✮

❝♦♠ δε̃
(1)
i ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭❉✳✻✮✳

❊①♣❛♥❞✐♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✱ ❊q✳ ✭✹✳✹✽✮✱ ❛té s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦❜t❡♠♦s

Y′ = 0, ✭❉✳✷✵✮

♦♥❞❡ [Y′]ij = δijY
′
ioo✳ ❆ss✐♠✱ ♦ t❡r♠♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ ǫ̃i é ③❡r♦✱ ❡ só ♥♦s r❡st❛ ❛✈❛❧✐❛r ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡

❝❛♠♣♦ ♠é❞✐♦✱ ❊q✳ ✭✹✳✹✽✮✱ ♣❛r❛ ♦❜t❡r♠♦s X ′
ioo✳ ❈♦♠❡ç❛r❡♠♦s ❡①♣❛♥❞✐♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❛té

s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛ ❡♥❡r❣✐❛✱ ♥✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦ àq✉❡❧❡ ❞❛ ❊q✳ ✭❉✳✾✮

G̃(2) = G̃(0) + G̃(0)

(

ε + δε̃(1) +
1

4

(

δZ(2)H0 + H0δZ(2)
)

)

G̃(0)

+ G̃(0)
(

ε + δε̃(1)
)

G̃(0)
(

ε + δε̃(1)
)

G̃(0). ✭❉✳✷✶✮

❆ q✉❛♥t✐❞❛❞❡ q✉❡ ❞❡ ❢❛t♦ ❛♣❛r❡❝❡ ❡♠ ✭✹✳✹✾✮ ♥ã♦ é G̃(2)✱ ♠❛s s✐♠

Z1/2G̃(2)Z1/2H0 = Z0

(

1 +
1

4Z0
δZ(2)

)

G̃(2)

(

1 +
1

4Z0
δZ(2)

)

H0

= Z0G̃
(0)H0 + Z0G̃

(0)
(

ε + δε̃(1)
)

G̃(0)H0 +
Z0

4
G̃(0)

(

δZ(2)H0 + H0δZ(2)
)

G̃(0)H0

+ Z0G̃
(0)
(

ε + δε̃(1)
)

G̃(0)
(

ε + δε̃(1)
)

G̃(0)H0 +
1

4

(

δZ(2)G̃(0)H0 + G̃(0)
δZ(2)H0

)

.

✶✶✼
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❯t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭❊✳✶✵✮ ❡ ✭❊✳✶✸✮✲✭❊✳✶✺✮✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r ❛s s♦♠❛s ❞❡ ▼❛ts✉❜❛r❛✳ ▲❡♠❜r❛♥❞♦ q✉❡ t❡♠♦s Π
(3)
ik = 0

❡ ♠❛♥t❡♥❞♦ ❛♣❡♥❛s ♦s t❡r♠♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦❜t❡♠♦s

T
∑

n

√

ZiG̃
(2)
ik (iωn)

√

Zkhki =
1

4
Π

(2)
ik δZ

(2)
k − Uc

64

(

δZ
(2)
i − 1

zt
hikδZ

(2)
k

)

+
1

Z0
Π

(4)
ikl

(

εk + δε̃
(1)
k

)(

εl + δε̃
(1)
l

)

. ✭❉✳✷✷✮

❊①♣❛♥❞✐♥❞♦ ❛❣♦r❛ ❛ ❊q✳ ✭✹✳✺✶✮ ❛té s❡❣✉♥❞❛ ♦r❞❡♠✱ ✈❡♠ q✉❡

w(2) (xi, yi) = − U
16

(

(1− u)1/2 (
1 + u2

)

u2
X ′

ioo −
4

u
Y 2

io

)

ε2o. ✭❉✳✷✸✮

❆❣♦r❛✱ ❞❡✈❡♠♦s ✐❣✉❛❧❛r ❛s ❊qs✳ ✭❉✳✷✷✮ ❡ ✭❉✳✷✸✮ ♣❛r❛ ♦❜t❡r♠♦s ❛ ❡①♣❛♥sã♦ ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ❞❛ s❡❣✉♥❞❛
❡q✉❛çã♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦✳ P❛r❛ ❢❛③❡r♠♦s ✐ss♦✱ é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ r❡❡s❝r❡✈❡r♠♦s ❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ❡♠ ✉♠❛ ❢♦r♠❛
♠❛tr✐❝✐❛❧✳ P❛r❛ ❧✐❞❛r♠♦s ❝♦♠ ♦ t❡♥s♦r Π

(4)
ikl ✱ ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥✈❡♥çã♦

Π
(4)
ikl

(

εk + δε̃
(1)
k

)(

εl + δε̃
(1)
l

)

≡
[

(

ε + δε̃(1)
)

←−→
Π(4)

(

ε + δε̃(1)
)

]

i

, ✭❉✳✷✹✮

❞❡ t❛❧ ♠♦❞♦ q✉❡ ❡♥❝♦♥tr❛♠♦s✱ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❉✳✶✼✮✱

− U
16

(

(1− u)1/2 (
1 + u2

)

u2
X′ − 4

u
Y2

)

=
1

4
Π(2)

(

g1 (u)X′ − 1

8
g1 (u)

2
Y2

)

− Uc

64

(

g1 (u)X′ − 1

8
g1 (u)

2
Y2 − 1

zt
H0

(

g1 (u)X′ − 1

8
g1 (u)

2
Y2

))

+
1

Z0ε2o

(

ε + δε̃(1)
)

←−→
Π(4)

(

ε + δε̃(1)
)

.

❘❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣❛r❛ X′✱ ✉t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛s ❊qs✳ ✭❉✳✻✮✱ ✭❉✳✶✸✮ ❡ ✭❉✳✶✹✮✱ t❡♠♦s

X′ = u (1− u)1/2
M−1

1 (u)
(

4M2 (u)L−2 (u)Π(0)2

− (1 + u) (1− u)2 L−1 (u)
←−→
Π(4)L−1 (u)

)

, ✭❉✳✷✺✮

♦♥❞❡

M1 (u) = u2

{

Π(2) +
Uc

16zt
H0

}

+
Uc

16
, ✭❉✳✷✻✮

M2 (u) =
u2

2
(1− u)

{

Π(2) +
Uc

16zt
H0 −

Uc

16

}

+
Uc

8
. ✭❉✳✷✼✮

✶✶✽



Apêndice E
▼❛tr✐③❡s ❞❡ ♣♦❧❛r✐③❛çã♦

❉✉r❛♥t❡ ❛ ❡①♣❛♥sã♦ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ s❡çã♦ ✭✹✳✸✮✱ ♣r❡❝✐s❛♠♦s ❛✈❛❧✐❛r ✉♠❛ sér✐❡ ❞❡ s♦♠❛s s♦❜r❡ ❢r❡q✉ê♥❝✐❛s ❞❡ ▼❛t✲
s✉❜❛r❛ ❬✺✾✱ ✻✵❪✳ ◆♦ ♣r❡s❡♥t❡ ❝❛s♦✱ ❡ss❛s s♦♠❛s sã♦ s✐♠♣❧❡s✱ ♣♦✐s ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞❡ q✉❛s✐♣❛rtí❝✉❧❛ ❞♦ s✐st❡♠❛
✉♥✐❢♦r♠❡ G̃0

ik (iωn) ✭❊q✳ ✭✹✳✹✶✮✮ ♣♦ss✉✐ ✉♠❛ ❢♦r♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ❡ ♣♦❞❡♠♦s ❡①♣❛♥❞✐✲❧❛ tr✐✈✐❛❧♠❡♥t❡ ❡♠ t❡r♠♦s
❞❡ s❡✉s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s

G̃0
ik = 〈i| 1

iωn − ǫ̃o − ZoH0
|k〉

=
∑

q

〈i| q〉 〈q| k〉
iωn − ǫ̃o − Zoε (q)

, ✭❊✳✶✮

♦♥❞❡ ε (q) ❡ |q〉 sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❞♦ ♣r♦❜❧❡♠❛ ✉♥✐❢♦r♠❡ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❡✜♥✐❞♦
♣♦r H0✳ ❖s ❛✉t♦✈❡t♦r❡s✱ q✉❛♥❞♦ ❡①♣r❡ss♦s ♥❛ ❜❛s❡ ❞♦s sít✐♦s✱ sã♦ ❞❛❞♦s s✐♠♣❧❡s♠❡♥t❡ ♣♦r ♦♥❞❛s ♣❧❛♥❛s

〈i| q〉 =
eiq·ri

√
V
, ✭❊✳✷✮

♦♥❞❡ V = Ld é ♦ ✈♦❧✉♠❡ ❞♦ s✐st❡♠❛✱ q✉❡ ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❧✐♥❡❛r L✳ ❏á ♦s ❛✉t♦✈❛❧♦r❡s ❞❡♣❡♥❞❡♠ ❞♦s ❡❧❡♠❡♥t♦s
❞❡ ✏❤♦♣♣✐♥❣✑ tij ✳ ❈♦♠♦ ❝♦♥s✐❞❡r❛♠♦s ✏❤♦♣♣✐♥❣✑ ❛♣❡♥❛s ❡♥tr❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s (tij = −t) ❡♠ ✉♠❛ r❡❞❡ ❝ú❜✐❝❛ d
❞✐♠❡♥s✐♦♥❛❧✱ ❡❧❡s sã♦ ❞❛❞♦s ♣♦r

ε (q) = −2t

d
∑

i=1

❝♦sqi,

♦♥❞❡ ♦s ♠♦♠❡♥t♦s sã♦ ❞❡✜♥✐❞♦s ♣♦r qi = 2πni/L✱ ❝♦♠ ni = 0,±1,±2, · · · ,± (L/2− 1) , L/2✳

❊✳✶ ❙♦♠❛s ❞❡ ▼❛ts✉❜❛r❛ ❡ ❞❡✜♥✐çã♦ ❞❛s ♠❛tr✐③❡s Π
(i)
q

❉❡✈✐❞♦ à ❢♦r♠❛ ❞❡ G̃0
ik (iωn) ♥❛s ❊q✳ ✭❊✳✶✮✱ ❛s s♦♠❛s ❞❡ ▼❛ts✉❜❛r❛ q✉❡ t❡♠♦s q✉❡ ❛✈❛❧✐❛r r❡❞✉③❡♠✲s❡ ❛ ✉♠❛ ❞❛s

s❡❣✉✐♥t❡s ❝❧❛ss❡s ❬✺✾✱ ✻✵❪

❼

T
∑

n

1

iωn − x
= f (x) , ✭❊✳✸✮

❼

T
∑

n

iωn

iωn − x
= xf (x) , ✭❊✳✹✮

✶✶✾
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❼

T
∑

n

1

iωn − x
1

iωn − y
=

f (x)− f (y)

x− y , ✭❊✳✺✮

❼

T
∑

n

1

iωn − x
1

iωn − y
1

iωn − u
=

(y − u) f (x) + (u− x) f (y) + (x− y) f (u)

(y − x) (u− y) (x− u) , ✭❊✳✻✮

♦♥❞❡ f (x) é ❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦ ❞❡ ❋❡r♠✐✲❉✐r❛❝✱ f (x) = [1 + ❡①♣ [x] /T ]✳
❯t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛s ❊qs✳ ✭❊✳✸✮✲✭❊✳✻✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛s ♠❛tr✐③❡s ❞❡ ♣♦❧❛r✐③❛çã♦ q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ♥♦ss❛ ❡①♣❛♥✲

sã♦✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s é

Π
(0)
ik = Z0T

∑

n

G̃0
ikG̃

0
ki

=
1

V

∑

q

eiq·(ri−rk)Π(0)
q , ✭❊✳✼✮

♦♥❞❡

Π(0)
q =

1

V

∑

p

f (ε (p))− f (ε (p− q))

(ε (p)− ε (p− q))
✭❊✳✽✮

é ❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡stát✐❝❛ ❬✺✾✱ ✻✵✱ ✶✼✺❪✳ ❊st❛ ❢✉♥çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ s❡♠♣r❡ ❛♣❛r❡❝❡ q✉❛♥❞♦ ❡st✉❞❛♠♦s t❡♦r✐❛
❞❡ r❡s♣♦st❛ ❧✐♥❡❛r ❡♠ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s✳

❆s ♦✉tr❛s ❢✉♥çõ❡s ❞❡ ♣♦❧❛r✐③❛çã♦✱ q✉❡ ♣♦❞❡♠ s❡r ♣❡♥s❛❞❛s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞✱ sã♦
❞❛❞❛s ♣♦r

Π
(1)
ik = Z0

∑

l

T
∑

n

hklG̃
0
ikG̃

0
li

=
1

V

∑

q

eiq·(ri−rk)Π(1)
q , ✭❊✳✾✮

Π
(2)
ik = Z0

∑

l,m

T
∑

n

hklhmi

[

G̃0
ikG̃

0
lm + G̃0

ilG̃
0
mk

]

=
1

V

∑

q

eiq·(ri−rk)Π(2)
q , ✭❊✳✶✵✮

♦♥❞❡ hkl = 〈k|H0 |l〉 ❡

Π(1)
q =

1

2V

∑

p

[ε (p) + ε (p− q)]
f (ε (p))− f (ε (p− q))

(ε (p)− ε (p− q))
, ✭❊✳✶✶✮

Π(2)
q =

1

2V

∑

p

[ε (p) + ε (p− q)]
2 f (ε (p))− f (ε (p− q))

(ε (p)− ε (p− q))
. ✭❊✳✶✷✮

❊ss❛s ❢✉♥çõ❡s ❞❡ ♣♦❧❛r✐③❛çã♦ ❛♣❛r❡❝❡♠ ♥❛ ❡①♣❛♥sã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛ ❡♥❡r❣✐❛✳ ❈♦♠♦ ✈❛♠♦s ❛té s❡❣✉♥❞❛
♦r❞❡♠✱ ♣r❡❝✐s❛♠♦s ✐♥tr♦❞✉③✐r ❛❧❣✉♥s t❡♥s♦r❡s ❞❡ ♣♦❧❛r✐③❛çã♦✳ ❊st❡s t❡♥s♦r❡s ❞❡ ♣♦❧❛r✐③❛çã♦ sã♦ t❡♥s♦r❡s ❞❡ ♦r❞❡♠ 3
❡ ♥ã♦ ♣♦❞❡♠ s❡r ❡①♣r❡ss♦s ❡♠ t❡r♠♦s ❞❡ tr❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡r ❝♦♠♦ ❛s ❊qs✳ ✭❊✳✼✮✱ ✭❊✳✾✮ ❡ ✭❊✳✶✵✮✱ s❡♥❞♦ ❞❛❞♦s
♣♦r

Π
(3)
ikl = Z2

0T
∑

n

G̃0
ikG̃

0
klG̃

0
li

= −Z2
0

1

V 3

∑

q,q′,q′′

eiri·(q−q′′)eirk·(q′−q)eiri·(q′′−q′)

× (ε (q′′)− ε (q′)) f (ε (q)) + (ε (q)− ε (q′′)) f (ε (q′)) + (ε (q′)− ε (q)) f (ε (q′′))

(ε (q′)− ε (q)) (ε (q′′)− ε (q′)) (ε (q)− ε (q′′))
, ✭❊✳✶✸✮

✶✷✵
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Π
(4)
ikl = Z2

0T
∑

m

∑

n

G̃0
ikG̃

0
klG̃

0
lmhmi

= −Z2
0

1

3V 3

∑

q,q′,q′′

eiri·(q−q′′)eirk·(q′−q)eirl·(q′′−q′) × (ε (q) + ε (q′) + ε (q′′))

× (ε (q′′)− ε (q′)) f (ε (q)) + (ε (q)− ε (q′′)) f (ε (q′)) + (ε (q′)− ε (q)) f (ε (q′′))

(ε (q′)− ε (q)) (ε (q′′)− ε (q′)) (ε (q)− ε (q′′))
. ✭❊✳✶✹✮

▲❡♠❜r❛♠♦s t❛♠❜é♠ q✉❡ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✐♥t❡r❛çã♦ Uc ♣❛r❛ ♦ q✉❛❧ ❛ tr❛♥s✐çã♦ ♠❡t❛❧✲✐s♦❧❛♥t❡ ❞❡ ▼♦tt ♦❝♦rr❡
t❛♠❜é♠ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❡♠ t❡r♠♦s ❞❡ ✉♠❛ s♦♠❛ ❞❡ ▼❛ts✉❜❛r❛

Uc = −16
∑

k

T
∑

n

G̃0
ikhki. ✭❊✳✶✺✮

❆❣♦r❛✱ ❣♦st❛rí❛♠♦s ❞❡ ❞❡♠♦♥str❛r q✉❡✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❤á s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦ (µ = 0)✱ t❡♠♦s Π
(1)
ik = 0

❡ Π
(3)
ikl = 0✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡♠♦s d = 1✱ ♦♥❞❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ε (q) = −2t❝♦s [q] . ✭❊✳✶✻✮

❱❡♠♦s q✉❡ ❡st❛ ❞✐s♣❡rsã♦ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ε (q + π) = −ε (q) ❡ t❛♠❜é♠ ♥♦t❛♠♦s q✉❡✱ ❞❡ ❢♦r♠❛ ❣❡r❛❧✱ f (−ε (q)) =
1− f (ε (q))✳ ❉❛s ❊qs✳ ✭❊✳✾✮ ❡ ✭❊✳✶✶✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Π
(1)
ik =

1

8π2

ˆ +π

−π

dqeiq(ri−rk)

{
ˆ +π

−π

dp [ε (p) + ε (p− q)] f (ε (p))− f (ε (p− q))
(ε (p)− ε (p− q))

}

Π
(1)
ik =

1

8π2

ˆ +π

−π

dqeiq(ri−rk)

{
ˆ 0

−π

dp [ε (p) + ε (p− q)] f (ε (p))− f (ε (p− q))
(ε (p)− ε (p− q))

+

ˆ +π

0

dp [ε (p) + ε (p− q)] f (ε (p))− f (ε (p− q))
(ε (p)− ε (p− q))

}

.

❋❛③❡♥❞♦ p→ p+ π ♥❛ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧

Π
(1)
ik =

1

8π2

ˆ +π

−π

dqeiq(ri−rk)

{

−
ˆ π

0

dp [ε (p) + ε (p− q)] f (ε (p))− f (ε (p− q))
(ε (p)− ε (p− q))

+

ˆ +π

0

dp [ε (p) + ε (p− q)] f (ε (p))− f (ε (p− q))
(ε (p)− ε (p− q))

}

= 0. ✭❊✳✶✼✮

❆ ♣r♦✈❛ ♣❛r❛ Π
(3)
ikl é ❛♥á❧♦❣❛✳ ❇❛st❛ ♥♦t❛r♠♦s q✉❡ ❛ s♦♠❛ s♦❜r❡ ♠♦♠❡♥t♦s é r❡str✐t❛ à ♣r✐♠❡✐r❛ ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥✱

q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡ ❡st❛r ❝♦♥t✐❞❛ t❛♥t♦ ❡♠ [−π, π] q✉❛♥t♦ ❡♠ [0, 2π]✳ ❆ss✐♠✱ ❛ ❊q✳ ✭❊✳✶✸✮ tr♦❝❛ ❞❡ s✐♥❛❧ s♦❜ ❛
♦♣❡r❛çã♦ (q, q′, q′′)→ (q + π, q′ + π, q′′ + π)✱ ❡ t❡♠♦s Π

(3)
ikl = 0 ✳

❯♠ ú❧t✐♠♦ ❝♦♠❡♥tár✐♦ ❛❝❡r❝❛ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❛s ♠❛tr✐③❡s ❞❡ ♣♦❧❛r✐③❛çã♦ sã♦ ❡①♣r❡ss❛s ❛♣❡♥❛s ❡♠ t❡r♠♦s ❞♦
s✐st❡♠❛ ✉♥✐❢♦r♠❡ ❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ P❡❧❛ ❢♦r♠❛ ❞❛ ❊q✳ ✭❊✳✶✮✱ ❡s♣❡r❛rí❛♠♦s q✉❡ ❤♦✉✈❡ss❡ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ε̃0
❡ Z0✱ ♣♦✐s✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ s♦♠❛ ❞♦ t✐♣♦ ❞❛q✉❡❧❛ ♥❛ ❊q✳ ✭❊✳✸✮ é ❞❛❞❛ ♣♦r

T
∑

n

1

iωn − ε̃0 − Zoε (q)
= f (ε̃0 + Zoε (q)) .

❖ ♣♦♥t♦ é q✉❡✱ ♣❛r❛ T → 0✱ f (x)→ θ (−x)✱ ❡ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉

θ (ax+ b) =

{

θ (x+ b/a) , a > 0
θ (−x− b/a) , a < 0

, ✭❊✳✶✽✮

q✉❡ ♥♦s ❞á

θ (−Zoε (q)− ε̃o) = θ (−ε (q) + ε̃o/Zo) = θ (−ε (q) + εF ) , ✭❊✳✶✾✮

♦♥❞❡ εF é ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ❞♦ s✐st❡♠❛✱ ❡ ✉t✐❧✐③❛♠♦s ❛ r❡❧❛çã♦ ε̃o/Zo = εF ✱ q✉❡ ✈❛❧❡ ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❡ ❜ós♦♥s
❡s❝r❛✈♦s✱ ❊qs✳ ✭✷✳✶✵✺✮ ❡ ✭✸✳✷✾✮✳ ❉❡st❡ ♠♦❞♦✱ ✈❡♠♦s q✉❡✱ ❞❡ ❢❛t♦✱ t♦❞❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ❛s ✐♥t❡r❛çõ❡s ❞❡s❛♣❛r❡❝❡✳

✶✷✶
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❊✳✷ ▲✐♠✐t❡ ❛ss✐♥tót✐❝♦

❚♦♠❛♠♦s ❛❣♦r❛ ♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦ ❞❛s ❊qs✳ ✭❊✳✼✮✱ ✭❊✳✾✮ ❡ ✭❊✳✶✵✮ ❢❛③❡♥❞♦ |q| → 0✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♦❧❤❛r
❛♣❡♥❛s ♣❛r❛ ❧♦♥❣♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛✳ ◆❡st❡ ❧✐♠✐t❡✱ ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

V −1
∑

q

→ (2π)
−d
ˆ

dΩd

ˆ Λ

0

dq qd−1,

♦♥❞❡ dΩd é ♦ ❡❧❡♠❡♥t♦ ❞❡ â♥❣✉❧♦ só❧✐❞♦ ❡♠ d ❞✐♠❡♥sõ❡s ❡ Λ é ✉♠ ✏❝✉t♦✛✑ q✉❡ ❣❛r❛♥t❡ ♥♦ss♦ ❧✐♠✐t❡ ❞❡ ❧♦♥❣♦s
❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛✳ ❆s ❊qs✳ ✭❊✳✼✮✱ ✭❊✳✾✮ ❡ ✭❊✳✶✵✮ sã♦ ❛❣♦r❛ ❞❛❞❛s ♣♦r

Π
(0)
ik ∼ 1

(2π)
d

ˆ

dΩd

ˆ Λ

0

dq qd−1eiq·(ri−rk)

{

1

V

∑

p

∂f (ε (p))

∂ε (p)

}

∼ 1

(2π)
d

ˆ

dΩd

ˆ Λ

0

dq qd−1eiq·(ri−rk)

{
ˆ

dǫρ (ǫ)
∂f (ǫ)

∂ǫ

}

∼ −ρ (εF )
1

(2π)
d

ˆ

dΩd

ˆ Λ

0

dq qd−1eiq·(ri−rk). ✭❊✳✷✵✮

Π
(1)
ik ∼ 1

(2π)
d

ˆ

dΩd

ˆ Λ

0

dq qd−1eiq·(ri−rk)

{

1

2V

∑

p

2ε (p)
∂f (ε (p))

∂ε (p)

}

∼ εF Π
(0)
ik . ✭❊✳✷✶✮

Π
(2)
ik ∼ 1

(2π)
d

ˆ

dΩd

ˆ Λ

0

dq qd−1eiq·(ri−rk)

{

1

2V

∑

p

4ε (p)
2 ∂f (ε (p))

∂ε (p)

}

∼ 2ε2F Π
(0)
ik . ✭❊✳✷✷✮

P♦❞❡♠♦s ❢❛③❡r ✉♠❛ ❛♥á❧✐s❡ s❡♠❡❧❤❛♥t❡ ♣❛r❛ ❛ ♠❛tr✐③ M1 (u) ❊q✳ ✭❉✳✷✻✮✳ ❈♦♥s✐❞❡r❛♥❞♦ s✐♠❡tr✐❛ ♣❛rtí❝✉❧❛✲❜✉r❛❝♦
(εF = 0)✱ ❡ ✉t✐❧✐③❛♥❞♦ ❛s ❊qs✳ ✭❊✳✷✵✮✲✭❊✳✷✷✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r M1 (u) ❝♦♠♦

M1 (u) = u2 Uc

16zt
H0 +

Uc

16
. ✭❊✳✷✸✮

❆ss✉♠✐♥❞♦ t❛♠❜é♠ q✉❡ ❡st❡❥❛♠♦s ♣ró①✐♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt (u→ 1)✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ✐♥✈❡rs❛ ❞❡st❛ ♠❛tr✐③
♥❛ ❜❛s❡ ❞♦s ♠♦♠❡♥t♦s ✭♦♥❞❡ H0 é ❞✐❛❣♦♥❛❧✮ ❝♦♠♦

[

M−1
1 (u)

]

q
=

16z

Uc
[1 + 2 (1− u)]

(

z [1 + 2 (1− u)]− 2

d
∑

i=1

❝♦s (qi)

)−1

≃ 16z

Uc

1

ξ−2 + q2
, ✭❊✳✷✹✮

♦♥❞❡

ξ−2 = 2z (1− u) , ✭❊✳✷✺✮

❢❛③ ❛s ✈❡③❡s ❞❡ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦rr❡❧❛çã♦ ❡ ❛ss✉♠✐♠♦s q✉❡ ❡st❛♠♦s ♥♦ ❧✐♠✐t❡ ❞♦ ❝♦♥tí♥✉♦ k → 0✳
❆ ❢♦r♠❛ ❛ss✐♥tót✐❝❛ ❞❡ M1 (u) ♥♦ ❡s♣❛ç♦ r❡❛❧ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♣❛r❛ rij/ξ ≫ 1 ✭❛ ✐♥t❡❣r❛❧ é ❛✈❛❧✐❛❞❛

♥❛ ❘❡❢✳ ❬✶✶❪✮✱ ❡ é ❞❛❞❛ ♣♦r

[

M−1
1 (u)

]

ij
∼ 16z

Uc
Cdξ

(3−d)/2e−rij/ξ, ✭❊✳✷✻✮

♦♥❞❡

Cd =

{

1, d = 1
π(1−d)/2/2(1+d)/2, d ≥ 2

, ✭❊✳✷✼✮

✶✷✷



❆P✃◆❉■❈❊ ❊✳ ▼❆❚❘■❩❊❙ ❉❊ P❖▲❆❘■❩❆➬➹❖

❡ rij = |ri − rj |✳
❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭✹✳✻✵✮✱ ✈❡♠♦s q✉❡ ♦ t❡r♠♦ ❞♦♠✐♥❛♥t❡ ♣❛r❛ δZi ♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦ é ❡①♣♦♥❡♥❝✐❛❧✱ ♣♦✐s✱

♣ró①✐♠♦s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✱ ♦❜t❡♠♦s

δZi =
1− u
Uc

[

M−1
1 (u)

]

io
ε2o +O

(

(1− u)2
)

. ✭❊✳✷✽✮

●♦st❛rí❛♠♦s ❛❣♦r❛ ❞❡ ❡♥❝♦♥tr❛r ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❡♠ δZi✳ ❈♦♠♦
[

M−1
1 (u)

]

ij
❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧✲

♠❡♥t❡✱ q✉❛❧q✉❡r t❡r♠♦ q✉❡ ❞❡❝❛✐❛ ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❡ q✉❡ ❡st❡❥❛ ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ❡st❡ t❡r♠♦ ❞♦♠✐♥❛♥t❡
♥ã♦ ❝♦♥tr✐❜✉✐rá✱ ♦ q✉❡ ♥♦s ❞❡✐①❛ ❛♣❡♥❛s ❝♦♠ ♦ ú❧t✐♠♦ t❡r♠♦ ❞❛ ❊q✳ ✭✹✳✻✵✮✿ 2 (1− u)

[

L−2 (u)
]

ij

[

Π(0)2
]

jo
εo✳ P❛r❛

❛✈❛❧✐á✲❧♦✱ ♣r❡❝✐s❛♠♦s ❡①♣❛♥❞✐r L−2 (u)✳ ◆ã♦ é s✉✜❝✐❡♥t❡ ✉t✐❧✐③❛r♠♦s ❛ ❊q✳ ✭✹✳✻✽✮✱ ♣♦✐s ♦ t❡r♠♦ ❣❡r❛❞♦ ♥❡st❛ ♦r❞❡♠
é ❧♦❝❛❧✳ ▲♦❣♦✱ ♣r❡❝✐s❛♠♦s ✐r ❛té ♦r❞❡♥s s✉♣❡r✐♦r❡s ❡♠ (1− u)✱ ♦♥❞❡ ♦❜t❡♠♦s

L−2 (u) =
1

U2
c

[

Π(0)
]−2

{

1− (1− u) +
7

4
(1− u)2 +

4

Uc
(1− u)2

[

Π(0)
]−1
}

+O
(

(1− u)3
)

.

❈♦♠♦ q✉❡r❡♠♦s ❛♣❡♥❛s ♦s t❡r♠♦s ♥ã♦ ❧♦❝❛✐s✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦♠✐♥❛♥t❡ ❝♦♠♦

L−2 (u) ∼ 4

U3
c

(1− u)2
[

Π(0)
]−3

, ✭❊✳✷✾✮

❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦s t❡r♠♦s q✉❡ ❞❡❝❛❡♠ ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ sã♦ ✉♠ ❢❛t♦r (1− u)3 ♠❡♥♦r❡s q✉❡ ♦ t❡r♠♦
❞♦♠✐♥❛♥t❡ ❡①♣♦♥❡♥❝✐❛❧✱ s❡♥❞♦ ❛ss✐♠ ❢♦rt❡♠❡♥t❡ s✉♣r✐♠✐❞♦s ♥❛ r❡❣✐ã♦ ❝rít✐❝❛✳

✶✷✸
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✶✷✹



Apêndice F
❋✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ 1d ❡ 2d

❈❛❧❝✉❧❛r❡♠♦s ❛q✉✐ ❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ 1d ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞✐s♣❡rsã♦ ❞♦ ♠♦❞❡❧♦ t✐❣❤t✲❜✐♥❞✐♥❣✳ ❆♥t❡s ❞❡
✐♥✐❝✐❛r♠♦s ♦ ❝á❧❝✉❧♦✱ ❧❡♠❜r❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ✉♠❛ ❞✐s♣❡rsã♦ ♣❛r❛❜ó❧✐❝❛

(

ε = k2/2m
)

❬✶✼✺❪

Π1 (q) = −ρ (εF )
2kF

q
❧♥
∣

∣

∣

∣

q + 2kF

q − 2kF

∣

∣

∣

∣

, ✭❋✳✶✮

♦♥❞❡ ♦ ♠♦♠❡♥t♦ ❞❡ ❋❡r♠✐ é ❞❛❞♦ ♣♦r kF = nπ/2✱ ❝♦♠ n s❡♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛✱ ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦
♥í✈❡❧ ❞❡ ❋❡r♠✐ é ❞❛❞❛ ρ (εF ) = 2m/πkF ✳

❋✳✶ ❋✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ 1d ♣❛r❛ ✉♠❛ ❞✐s♣❡rsã♦ t✐❣❤t✲❜✐♥❞✐♥❣

P❛r❛ ♣r♦❝❡❞❡r✱ ♣❛rt✐♠♦s ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❞❛❞❛ ♣❡❧❛ ❊q✳ ✭❊✳✽✮✱ ❥á t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ L→∞

Π (q) =
1

2π

ˆ 2π

0

dk
f (ε (k + q/2))− f (ε (k − q/2))

ε (k + q/2)− ε (k − q/2)
, ✭❋✳✷✮

♦♥❞❡ ❛ ✐♥t❡❣r❛❧ s♦❜r❡ k r❡str✐♥❣❡✲s❡ à ♣r✐♠❡✐r❛ ③♦♥❛ ❞❡ ❇r✐❧❧♦✉✐♥✱

ε (k) = −2t❝♦s (k) , ✭❋✳✸✮

❡ f (ε) =
[

1 + e(ε−µ)/T
]−1

é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❋❡r♠✐✲❉✐r❛❝✱ ❝♦♠ µ s❡♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❡ T ❛ t❡♠♣❡r❛t✉r❛✳
◆♦ ❧✐♠✐t❡ ❞❡ T = 0 ❡ ❝♦♥s✐❞❡r❛♥❞♦ s❡♠✐✲♣r❡❡♥❝❤✐♠❡♥t♦ (n = 1)✱ t❡♠♦s kF = π/2 ❡ ❛ ❊q✳ ✭❋✳✷✮ ✜❝❛

Π (q) =
1

2π

ˆ 2π

0

dk
θ (π/2− |k + q/2|)− θ (π/2− |k − q/2|)
−2t (❝♦s (k + q/2)− ❝♦s (k − q/2))

=
1

8πts✐♥ (q/2)

ˆ 2π

0

dk
θ (π/2− |k + q/2|)− θ (π/2− |k − q/2|)

s✐♥ (k)
, ✭❋✳✹✮

♦♥❞❡✱ ❝♦♠♦ ❞❡ ❤á❜✐t♦✱ θ (x) = 1 ♣❛r❛ x > 0 ❡ 0 ♣❛r❛ x < 0✳ ❆ r❡❣✐ã♦ ❞❡ ✐♥t❡❣r❛çã♦ é ♠♦str❛❞❛ ♥❛ ❋✐❣✳ ✭❋✳✶✮✱ s❡♥❞♦
❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❞✐❢❡r❡♥ç❛ ❞❛s ❢✉♥çõ❡s t❡t❛✱ ❞♦♥❞❡ ♦❜t❡♠♦s q✉❡

Π (q) =
1

8πts✐♥ (q/2)

[

ˆ (π+q)/2

(π−q)/2

dk
−1

s✐♥ (k)
+

ˆ (3π+q)/2

(3π−q)/2

dk
1

s✐♥ (k)

]

=
1

8πts✐♥ (q/2)

[

−❧♥
∣

∣

∣

∣

t❛♥ ((π + q) /4)

t❛♥ ((π − q) /4)

∣

∣

∣

∣

+ ❧♥
∣

∣

∣

∣

t❛♥ ((3π + q) /4)

t❛♥ ((3π − q) /4)

∣

∣

∣

∣

]

= −ρ (εF )
1

s✐♥ (q/2)
❧♥
∣

∣

∣

∣

❝♦s (q/2)

1− s✐♥ (q/2)

∣

∣

∣

∣

, ✭❋✳✺✮

✶✷✺
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❋✐❣✉r❛ ❋✳✶✿ ❘❡❣✐ã♦ ❞❡ ✐♥t❡❣r❛çã♦ ❞❛ ❊q✳ ✭❋✳✹✮✱ ♦♥❞❡ g (k) = θ (π/2− |k + q/2|)− θ (π/2− |k − q/2|) ❝♦♥s✐❞❡r❛♥❞♦
q✉❡ q ≥ 0✳

♦♥❞❡ ρ (εF ) = [2πt]
−1 é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✳ ❊st❛ ❢✉♥çã♦ ♣♦ss✉✐ ♦s ❧✐♠✐t❡s ❡s♣❡r❛❞♦s✱

♣♦✐s✱ ♣❛r❛ q → 0✱ t❡♠♦s Π (q) ≈ ρ (εF ) (2/q)❧♥ |1− q/2| = −ρ (εF ) ❡ ♣❛r❛ q → 2kF (2kF = π)✱ t❡♠♦s Π (q) ∼
❧♥ |q − 2kF |✱ ♦✉ s❡❥❛✱ ✉♠❛ ❞✐✈❡r❣ê♥❝✐❛ ❧♦❣❛rít♠✐❝❛✱ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ❞✐s♣❡rsã♦ ♣❛r❛❜ó❧✐❝❛✱ ❋✐❣✳
✭❋✳✷✮✳ ❊st❛ ❞✐✈❡r❣ê♥❝✐❛ ❡♠ q = 2kF ♣❛r❛ Π (q) é ❝❛r❛❝t❡ríst✐❝❛ ❞❡ s✐st❡♠❛s 1d✳ P❛r❛ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s✱ t❡♠♦s
❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❛♣❡♥❛s ♥❛s s✉❛s ❞❡r✐✈❛❞❛s ❬✶✸✺✱ ✶✹✸✱ ✶✼✺✱ ✶✼✻❪ ❡ sã♦ ❡st❛s ♥ã♦ ❛♥❛❧✐t✐❝✐❞❛❞❡s ❡♠ Π (q) q✉❡ ❞ã♦
♦r✐❣❡♠✱ ♣♦r ❡①❡♠♣❧♦✱ às ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✳

❋✳✷ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ 1d

P❛ss❛♠♦s ❛❣♦r❛ ❛♦ ❝á❧❝✉❧♦ ❞❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ✈❛❧♦r
❛ss✐♥tót✐❝♦ ❞❡st❛s tr❛♥s❢♦r♠❛❞❛s ❡✱ ♣♦rt❛♥t♦✱ é s✉✜❝✐❡♥t❡ q✉❡ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❞✐s♣❡rsã♦ ❞❡ ❡❧étr♦♥s ❧✐✈r❡s✱ ❊q✳
✭❋✳✶✮✳ P❛r❛ ❡st❡ ❝á❧❝✉❧♦✱ ✉t✐❧✐③❛♠♦s ♦ t❡♦r❡♠❛ ❞❡ ▲✐❣❤t❤✐❧❧ ✭t❡♦r❡♠❛ 19 ❞❛ ❘❡❢✳ ❬✶✼✼❪✮✱ q✉❡✱ ❣r♦ss♦ ♠♦❞♦✱ ❞✐③ q✉❡
♦ ✈❛❧♦r ❛ss✐♥tót✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ✉♠❛ ❢✉♥çã♦ é ❞❛❞♦ ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❡①♣❛♥sã♦
❞❡st❛ ❢✉♥çã♦ ❛♦ r❡❞♦r ❞❡ s✉❛s ♥ã♦ ❛♥❛❧✐t✐❝✐❞❛❞❡s✳ ❆s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ sã♦ ❡♠ s✉❛ ❡ssê♥❝✐❛ ✉♠ ❡①❡♠♣❧♦ ❞❡st❡
t❡♦r❡♠❛✱ ♣♦✐s s✉r❣❡♠ ❞❡✈✐❞♦ às s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ✭♦✉ ❞❡ s✉❛s ❞❡r✐✈❛❞❛s✮ ❡♠ q = 2kF ✳ ❙❡ ♥ã♦
♥♦s ♣r❡♦❝✉♣❛♠♦s ❝♦♠ ❡st❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♦❜t❡♠♦s ♦ ❝❡♥ár✐♦ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐✱ ♥♦ q✉❛❧ ♦❜t❡♠♦s ✉♠ ❞❡❝❛✐♠❡♥t♦
❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ❛♦ ✐♥✈és ❞❡ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❬✺✾✱ ✻✵❪✳

❆ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ q✉❡ ❛✈❛❧✐❛r❡♠♦s é

g1 (x) =
1

2π

ˆ +∞

−∞

dqeiqxΠ1 (q) . ✭❋✳✻✮

❙❡ ✉t✐❧✐③❛r♠♦s ♦s ❝♦♥t♦r♥♦s C− ❡ C+ ♠♦str❛❞♦s ♥❛ ❋✐❣✳ ✭❋✳✸✮✱ t❡♠♦s

g1 (x) = −kF ρ (εF )

π

{

ˆ

C−

dq
eiqx

q
❧♥ |q + 2kF | −

ˆ

C+

dq
eiqx

q
❧♥ |q − 2kF |

}

. ✭❋✳✼✮

❆s ✐♥t❡❣r❛✐s ❛♦ ❧♦♥❣♦ ❞❡st❡s ❞♦✐s ❝♦rt❡s ❞❡ ❧✐♥❤❛ só ❞❡♣❡♥❞❡♠ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❛ ❢✉♥çã♦ ❛♦ ❝r✉③❛r♠♦s ❡st❡ ❝♦rt❡✱ ❡ ❡st❛
❞✐❢❡r❡♥ç❛ ✈❡♠ t♦❞❛ ❞❛ ❢❛s❡ ❞♦ ❧♦❣❛r✐t♠♦✳ P❛r❛ ❝❛❧❝✉❧á✲❧❛✱ ❡s❝r❡✈❡♠♦s ❧♥z = (❧♥r± + iθ) /2✱ ♦♥❞❡ r± = (q ± 2kF )

2 ❡
❛ ❢❛s❡ θ ✈❛❧❡ π ❛❝✐♠❛ ❞♦ ❝♦rt❡ (■♠ [z] > 0) ❡ −π ❛❜❛✐①♦ (■♠ [z] < 0)✱ ❡✱ ❛ss✐♠✱ ♦❜t❡♠♦s q✉❡ ❞✐❢❡r❡♥ç❛ ♥❛ ❢❛s❡ ✈❛❧❡ π✳

✶✷✻
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-1 -0.5 0 0.5 1
x=k/2k

F

0

2

4

6

-Π
(x

)/
ρ

(ε
F
)

ε(k)=k
2
/2m

ε(k)=-2t*cos(k)

❋✐❣✉r❛ ❋✳✷✿ ❋✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ρ (εF ) ❝♦♠♦ ❢✉♥çã♦ ❞♦
♠♦♠❡♥t♦ q ❞✐✈✐❞✐❞♦ ♣♦r ❞✉❛s ✈❡③❡s ♦ ♠♦♠❡♥t♦ ❞♦ ❋❡r♠✐ kF ✱ ❝❛❧❝✉❧❛❞❛ t❛♥t♦ ♣❛r❛ ✉♠❛ ❞✐s♣❡rsã♦ ❞❡ ❡❧étr♦♥s ❧✐✈r❡s
✭❧✐♥❤❛ ❝♦♥tí♥✉❛✮✱ ❊q✳ ✭❋✳✶✮✱ q✉❛♥t♦ ♣❛r❛ ✉♠❛ ❞♦ t✐♣♦ t✐❣❤t✲❜✐♥❞✐♥❣ ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮✱ ❊q✳ ✭❋✳✺✮✳ ❱❡♠♦s q✉❡ ❛♠❜❛s
❝♦✐♥❝✐❞❡♠ ♣❛r❛ q → 0✱ ❡ q✉❡ ❞✐✈❡r❣❡♠ ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡ ♣❛r❛ q → 2kF ✳

❈♦❧♦❝❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❞❡ ✈♦❧t❛ ♥❛ ❊q✳ ✭❋✳✼✮✱ ♦❜t❡♠♦s

g1 (x) =
kF ρ (εF )

π
(iπ)

{

−
ˆ −∞

−2kF

dq
eiqx

q
+

ˆ +∞

2kF

dq
eiqx

q

}

,

❢❛③❡♥❞♦ ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s u = qx ❡ tr♦❝❛♥❞♦ u→ −u ♥❛ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧✱ ✈❡♠♦s q✉❡

g1 (x) = 2kF ρ (εF ) s✐ (2kFx) , ✭❋✳✽✮

♦♥❞❡ ❛ ✐♥t❡❣r❛❧ s❡♥♦ s✐ (y) é ❞❡✜♥✐❞❛ ❝♦♠♦ ❬✶✷✽❪

s✐ (y) = −
ˆ ∞

y

du
s✐♥u
u

, ✭❋✳✾✮

❡ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❡①♣❛♥sã♦

s✐ (y) = −❝♦sy
y
− s✐♥y

y2
+O

[

y−3
]

, y →∞, ✭❋✳✶✵✮

q✉❡ ❛♣❧✐❝❛❞❛ à ❊q✳ ✭❋✳✽✮ ♥♦s ❧❡✈❛ ❛

g1 (x) ≈ −ρ (εF )
❝♦s (2kFx)

x
, x→∞, ✭❋✳✶✶✮

q✉❡ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧✱ q✉❡ ♣♦ss✉❡♠ ✉♠ ✈❡t♦r ❞❡ ♦♥❞❛ ❞❡ 2kF ❡ ❞❡❝❛❡♠
❝♦♠ rd✱ ♦♥❞❡ r é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣♦♥t♦ ❞❡ ♦❜s❡r✈❛çã♦ ❡ ♦ ♣♦♥t♦ ♥♦ q✉❛❧ s❡ s✐t✉❛ ❛ ♣❡rt✉r❜❛çã♦✱ ❡ d é ❛ ❞✐♠❡♥sã♦✳

❊♠❜♦r❛ ♣♦ss❛♠♦s ❢❛③❡r ♦ ❝á❧❝✉❧♦ ❞❛ ❊q✳ ✭❋✳✷✸✮ ❞❡ ♠❛♥❡✐r❛ ❡①❛t❛✱ ❊q✳ ✭❋✳✽✮✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s✱ ♥❛ ✈❡r❞❛❞❡✱
❛♣❡♥❛s ♥♦ r❡s✉❧t❛❞♦ ❛ss✐♥tót✐❝♦ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭❋✳✶✶✮✳ ❊st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ✉t✐❧✐③❛♥❞♦✲s❡ ♦s ❝♦♥t♦r♥♦s C1

❡ C2 ♠♦str❛❞♦s ♥❛ ❋✐❣✳ ✭❋✳✸✮✳ ❊st❡ ❝á❧❝✉❧♦ s❡❣✉❡ ♦s ♠❡s♠♦s ♣❛ss♦s ❞❛q✉❡❧❡ ❞✐s❝✉t✐❞♦ ❛❝✐♠❛✱ ❝♦♠ ❛ ✈❛♥t❛❣❡♠ ❞❡
❛♣❧✐❝❛r✲s❡ ❛ ♦✉tr♦s ❝❛s♦s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳ ◆♦t❛♠♦s q✉❡ ❛s ✐♥t❡❣r❛✐s ❛♦ ❧♦♥❣♦ ❞♦s ❝♦rt❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s
❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❢❛s❡ ∆ ❞♦s ❧♦❣❛r✐t♠♦s✱ q✉❡ ♥♦✈❛♠❡♥t❡ é ❞❛❞❛ ♣♦r π ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❘❡❢✳ ❬✺✾❪✱ s❡çã♦ 14 ✮✱ ❡
✜❝❛♠♦s ❝♦♠

g1 (x) ∼
x→∞ −ikF ρ (εF )

{

e−i2kF xi

ˆ ∞

η

du
e−ux

−2kF
− ei2kF xi

ˆ ∞

η

dv
e−vx

2kF

}

, ✭❋✳✶✷✮

✶✷✼
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❋✐❣✉r❛ ❋✳✸✿ ❈♦♥t♦r♥♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛✈❛❧✐❛r♠♦s ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞✳ ❖s ❝♦♥t♦r♥♦s
C+ ❡ C− ❡♠ (a) r❡♣r❡s❡♥t❛♠ ♦s ❝♦rt❡s ❞❡ ❧✐♥❤❛ ✉s✉❛✐s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ✐♥t❡❣r❛✐s q✉❡ ❡♥✈♦❧✈❛♠ ❛ ❢✉♥çã♦ ❧♦❣❛r✐t♠♦
❬✼✵❪✳ ❏á ♦s ❝♦♥t♦r♥♦s C1 ❡ C2 ❡♠ (b) sã♦ ♦s ♠❛✐s ❛♣r♦♣r✐❛❞♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ✈❛❧♦r ❛ss✐♥tót✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛
❞❡ ❋♦✉r✐❡r ❬✺✾❪✳

♦♥❞❡ ✐♥tr♦❞✉③✐♠♦s q = 2kF + iv ❛♦ ❧♦♥❣♦ ❞❡ C1✱ ❡ q = −2kF + iu ❛♦ ❧♦♥❣♦ ❞❡ C2✳ ❉❡✈✐❞♦ à ❡①♣♦♥❡♥❝✐❛❧ ❞❡❝r❡s❝❡♥t❡
♣r❡s❡♥t❡ ♥♦ ✐♥t❡❣r❛♥❞♦✱ ❛✈❛❧✐❛♠♦s ♦ ♥ú❝❧❡♦ ❞❡st❛ ✐♥t❡❣r❛❧ ♥♦ ✐♥í❝✐♦ ❞♦ ❝♦rt❡ ❞❡ ❧✐♥❤❛✱ ♦✉ s❡❥❛✱ ❡♠ q = ±2kF ✳
■♥tr♦❞✉③✐♠♦s t❛♠❜é♠ ♦ ❢❛t♦r η → 0+ ♣❛r❛ q✉❡ s❡♠♣r❡ t❡♥❤❛♠♦s ■♠ [q] > 0✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♥♦ss❛ ❢✉♥çã♦ s❡❥❛
♣❡r❢❡✐t❛♠❡♥t❡ ❛♥❛❧ít✐❝❛ ♥♦ ♣❧❛♥♦ s✉♣❡r✐♦r✳ ❋✐♥❛❧♠❡♥t❡✱ ♦❜t❡♠♦s

g1 (x) ∼
x→∞ −ρ (εF )

❝♦s (2kFx)

x
, ✭❋✳✶✸✮

q✉❡✱ ♥❛t✉r❛❧♠❡♥t❡✱ ♣❡❧♦ t❡♦r❡♠❛ ❝✐t❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✱ é ✐❞ê♥t✐❝❛ à ❊q✳ ✭❋✳✶✶✮✳
❆✈❛❧✐❛r❡♠♦s ❛❣♦r❛ ❛ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧

g2 (x) =
1

2π

ˆ +∞

−∞

dqeiqx 1

Π1 (q)
, ✭❋✳✶✹✮

q✉❡ ❛♣❛r❡❝❡ ♥❛ ❊q✳ ✭✹✳✼✵✮✱ ❡ ❡①♣❧✐❝❛ ❝♦♠♦ ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❞❡❝❛❡♠ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❛ tr❛♥s✐çã♦ ❞❡ ▼♦tt✳
❆q✉✐✱ ✉t✐❧✐③❛r❡♠♦s ♥♦✈❛♠❡♥t❡ ♦s ❝♦♥t♦r♥♦s C1 ❡ C2 ♠♦str❛❞♦s ♥❛ ❋✐❣✳ ✭❋✳✸✮✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡ ❛❣♦r❛ t❡♠♦s
♦ ❧♦❣❛r✐t♠♦ ♥♦ ❞❡♥♦♠✐♥❛❞♦r✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

■♠
[

1

❧♥z

]

= ■♠
[

2

❧♥r± + iθ

]

=
−2θ

(❧♥r±)
2

+ θ2
≃ − 2θ

(❧♥r±)
2 , ✭❋✳✶✺✮

♦♥❞❡ r± = (q ± 2kF )
2 ❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❢❛s❡ ∆ é ❞❡ −π ✱ q✉❡✱ ❛ ♠❡♥♦s ❞❡ ✉♠ s✐♥❛❧✱ é ✐❣✉❛❧ à ❞♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❆❝✐♠❛✱ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ (❧♥r±)
2 ≫ θ2 ♣❛r❛ q → ±2kF ✳ ❯t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✭❋✳✶✺✮✱ t❡♠♦s q✉❡

g2 (x) ∼
x→∞ − 1

πkF ρ (εF )
(−iπ)

{

e−i2kF xi

ˆ ∞

η

du
(−2kF ) e−ux

(2❧♥ |iu/4kF |)2
− ei2kF xi

ˆ ∞

η

dv
(2kF ) e−vx

(2❧♥ |4kF /iv|)2

}

∼
x→∞

1

2ρ (εF )x

{

e−i2kF x

ˆ ∞

ηx

du′
e−u′

(❧♥u′ − ❧♥ (4kFx))
2 + ei2kF x

ˆ ∞

ηx

dv′
e−v′

(❧♥ (4kFx)− ❧♥v′)2

}

, ✭❋✳✶✻✮

♦♥❞❡ ♠❛✐s ✉♠❛ ✈❡③ ✜③❡♠♦s q = 2kF + iv ❛♦ ❧♦♥❣♦ ❞❡ C1✱ ❡ q = −2kF + iu ❛♦ ❧♦♥❣♦ ❞❡ C2✱ ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❜é♠
q✉❡ u′ = ux ❡ v′ = vx✳ ❆ ❝♦♥tr✐❜✉✐çã♦ ❞♦♠✐♥❛♥t❡ ❞❡st❛ ✐♥t❡❣r❛❧ ❝♦♥s✐st❡ ❡♠ t♦♠❛r♠♦s u′ = 0 ❡ ♦✉ v′ = 0 ♥♦s

✶✷✽
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]
ij

Analitico, ~ [ln(4k
F
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]
-1

(a)

100 1000
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]
ij
*x

Analitico, ~[ln(4k
F
x)

3
]
-1

(b)

❋✐❣✉r❛ ❋✳✹✿ ✭❛✮ ❉❡❝❛✐♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ✐♥✈❡rs❛ ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és
❞❛ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❞❛ ❊q✳ ✭❋✳✺✮✳ ❖s r❡s✉❧t❛❞♦s ❡stã♦ ♥♦r♠❛❧✐③❛❞♦s ❞❡ ♠❛♥❡✐r❛ ❛ ✐❧✉str❛r♠♦s ❛ ♣r❡s❡♥ç❛ ❞❡
✉♠❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛✱ ❝♦♠♦ ♣r❡❞✐t♦ ♣❡❧❛ ❊q✳ ✭❋✳✶✼✮✳ ✭❜✮ ❉❡❝❛✐♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
❞♦ q✉❛❞r❛❞♦ ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ✐♥✈❡rs❛✱ ♥♦✈❛♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❡ ✉♠❛ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❞❛ ❊q✳ ✭❋✳✺✮✳
❆q✉✐ t❛♠❜é♠ ❤á ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛✱ ❊q✳ ✭❋✳✷✵✮✳

❧♦❣❛r✐t♠♦s✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❛✈❛❧✐❛r ♦ ♥ú❝❧❡♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡♠ ±2kF ✳ ❈♦♥t✉❞♦✱ ❡st❛ ❝♦♥tr✐❜✉✐çã♦
❞♦♠✐♥❛♥t❡ é ♥✉❧❛✱ ❡ ♣r❡❝✐s❛♠♦s ❛✈❛❧✐❛r ♦ ♣ró①✐♠♦ t❡r♠♦✳ ❆ ♠❛✐♦r ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ❡st❛s ✐♥t❡❣r❛✐s ✈❡♠ ❞♦ r❡❣✐♠❡
❡♠ q✉❡ ❧♥u′ (❧♥v′)≪ ❧♥ (4kFx)✳ ❈♦♠♦ x→∞✱ ♣♦❞❡♠♦s s✐♠♣❧❡s♠❡♥t❡ t♦♠❛r ❧♥u′ = ❧♥v′ = 0✶✱ ❞♦♥❞❡

g2 (x) ∼
x→∞

1

2ρ (εF )x (❧♥ (4kFx))
2

{

e−i2kF x

ˆ ∞

ηx

du′e−u′

+ ei2kF x

ˆ ∞

ηx

dv′e−v′

}

∼
x→∞

1

ρ (εF )

❝♦s (2kFx)

x (❧♥ (4kFx))
2 . ✭❋✳✶✼✮

❱❡♠♦s q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛✐♥❞❛ t❡♠♦s ❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❝♦♠ ✉♠ ♣❡rí♦❞♦ ❡s♣❛❝✐❛❧ ❞❛❞♦ ♣♦r π/kF ✳ ❈♦♥t✉❞♦✱
❡❧❛s ♥ã♦ só ❛♣r❡s❡♥t❛♠ ♦ s✐♥❛❧ ♦♣♦st♦ àq✉❡❧❡ ❞❛ ❊q✳ ✭❋✳✶✸✮✱ ❝♦♠♦ t❛♠❜é♠ ❛❞q✉✐r❡♠ ✉♠❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛ ❛
s❡✉ ❞❡❝❛✐♠❡♥t♦ ❡s♣❛❝✐❛❧ ✉s✉❛❧ ❞♦ t✐♣♦ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ x−1✳ ❱❡r✐✜❝❛♠♦s ❡st❛ ❝♦rr❡çã♦ ❛♦ ❝♦♠♣❛r❛r♠♦s ♥♦ss❛ s♦❧✉çã♦
❛♥❛❧ít✐❝❛ ❝♦♠ ✉♠ ❝á❧❝✉❧♦ ♥✉♠ér✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ ❋✐❣✳ ✭❋✳✹✮✳

P♦r ú❧t✐♠♦✱ ❛✈❛❧✐❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❝á❧❝✉❧♦ ❞❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ ❞❛s ❡♥❡r❣✐❛s r❡♥♦r✲
♠❛❧✐③❛❞❛s ❞♦s sít✐♦s

g3 (x) =
1

2π

ˆ +∞

−∞

dqeiqx 1

Π2
1 (q)

. ✭❋✳✶✽✮

❆♣❧✐❝❛♥❞♦ ❡①❛t❛♠❡♥t❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡

■♠

[

4

(❧♥z)2

]

=
8 (❧♥r±) θ

[

(❧♥r±)
2 − θ2

]2

+ 4 (❧♥r±)
2
θ2
≃ − 8θ

(❧♥r±)
3 , ✭❋✳✶✾✮

❞♦♥❞❡ ✈❡♠♦s q✉❡

g2 (x) ∼
x→∞

❝♦s (2kFx)

x (❧♥ (4kFx))
3 . ✭❋✳✷✵✮

❋✳✸ ❚r❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ ❡♠ 2d

P❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s ❡ ❛ T = 0✱ ❛ ❢✉♥çã♦ ❞❡ ▲✐♥❞❤❛r❞ é ❞❛❞❛ ♣♦r ❬✶✹✸✱ ✶✹✹❪

Π2 (q) = −2ρ (εF ) f

( |q|
2kF

)

= −m
π
f

( |q|
2kF

)

, ✭❋✳✷✶✮

✶❆✈❛❧✐❛♠♦s ❡st❛s ✐♥t❡❣r❛✐s ♥✉♠❡r✐❝❛♠❡♥t❡ ❡ ♦❜s❡r✈❛♠♦s q✉❡✱ ❥á ♣❛r❛ ❧♥ (4kF x) = 5✱ ❡st❛ ❛♣r♦①✐♠❛çã♦ ♣r♦❞✉③ ❛♣❡♥❛s ❝❡r❝❛ ❞❡ 5% ❞❡
❡rr♦✳

✶✷✾
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♦♥❞❡

f (x) =

{

1, x ≤ 1

1−
√

1− x−2, x > 1
, ✭❋✳✷✷✮

❡ ♥❛t✉r❛❧♠❡♥t❡ ❛ss✉♠✐♠♦s ✉♠❛ ❞✐s♣❡rsã♦ ❞♦ t✐♣♦ ❡❧étr♦♥s ❧✐✈r❡s✳
❆s ✐♥t❡❣r❛✐s q✉❡ ❛✈❛❧✐❛r❡♠♦s s❡rã♦ ❞♦ s❡❣✉✐♥t❡ t✐♣♦

h (r) =
1

(2π)
2

ˆ

d2qeiq·rχ (q) , ✭❋✳✷✸✮

♦♥❞❡ χ (q) = Π2 (q) ♦✉ Π−1
2 (q)✳ ❉❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡

h (r) =
1

2π

ˆ ∞

0

dqqχ (q) J0 (qr) , ✭❋✳✷✹✮

♦♥❞❡ J0 (y) é ❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ ❞❡ ♦r❞❡♠ ③❡r♦✱ ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❛ s❡❣✉✐♥t❡ r❡♣r❡s❡♥t❛çã♦ ❬✼✵❪

J0 (qr) =
1

2π

ˆ 2π

0

dθeiqrcosθ, ✭❋✳✷✺✮

♦♥❞❡ θ é ♦ â♥❣✉❧♦ ❡♥tr❡ q ❡ r✳ P❛r❛ ❡st✉❞❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ ❞❡✜♥✐❞❛
♣❡❧❛ ❊q✳ ✭❋✳✷✸✮✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ♥❛t✉r❛❧♠❡♥t❡ ❛ ❡①♣r❡ssã♦ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❡st❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❬✼✵❪

J0 (y) ≃
√

2

πy
❝♦s
(

y +
π

4

)

✱ y ≫ 1. ✭❋✳✷✻✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✭❋✳✷✻✮ ♥❛ ❊q✳ ✭❋✳✷✹✮✱ ✈❡♠ q✉❡

h (r) ∼
r→∞

1

2

1√
2π3/2

1√
r

ˆ ∞

0

dq
√
qχ (q)

(

ei(qr+π/4) + e−i(qr+π/4)
)

, r ≫ 1. ✭❋✳✷✼✮

❯t✐❧✐③❛r❡♠♦s ♥♦✈❛♠❡♥t❡ ❛q✉✐ ♦ t❡♦r❡♠❛ ❞❡ ▲✐❣❤t❤✐❧❧ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡st❡ ✈❛❧♦r ❛ss✐♥tót✐❝♦✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s
❡①♣❛♥❞✐r ❛ ❢✉♥çã♦ f (x)✱ ❊q✳ ✭❋✳✷✷✮✱ ❛♦ r❡❞♦r ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✭❡♠ s✉❛ ❞❡r✐✈❛❞❛✮ ♣r❡s❡♥t❡ ❡♠ q = 2kF ✱ ♦ q✉❡ ♥♦s
❞á

f (q) = 1− 1√
kF

√

|q − 2kF |θ (q − 2kF ) +O (q − 2kF ) . ✭❋✳✷✽✮

❖ t❡r♠♦ ❝♦♥st❛♥t❡ ❡♠ f (q) ♥ã♦ ❝♦♥tr✐❜✉✐ ♣❛r❛ ♦ ✈❛❧♦r ❛ss✐♥tót✐❝♦✱ ✉♠❛ ✈❡③ q✉❡ é ♥ã♦ s✐♥❣✉❧❛r ❬✶✼✼❪✳ ❖ ♠❡s♠♦
❛r❣✉♠❡♥t♦ ✈❛❧❡ ♣❛r❛ ♦ t❡r♠♦

√
q ♣r❡s❡♥t❡ ♥♦ ♥ú❝❧❡♦ ❞❛ ✐♥t❡❣r❛❧ ✭❋✳✷✼✮✳ ❏á ♣❛r❛ ♦ s❡❣✉♥❞♦ t❡r♠♦✱ ✉t✐❧✐③❛r❡♠♦s ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❬✶✼✼❪

1

2π

ˆ +∞

−∞

eiuv
√

|u|θ (u) du =
1

25/2π

1

v3/2
e−3πi/4. ✭❋✳✷✾✮

❈♦♠ t♦❞♦s ❡st❡s ❡❧❡♠❡♥t♦s✱ ♣r♦ss❡❣✉✐♠♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ❢❛t♦✳

❼ χ (q) = Π2 (q)

❉❛ ❊q✳ ✭❋✳✷✼✮✱ ✈❡♠♦s q✉❡

h (r) ∼
r→∞ −1

2

m√
2π5/2

1√
r

ˆ ∞

0

dq
√

2kF
θ (q − 2kF )√

kF

√

|q − 2kF |
(

ei(qr+π/4) + e−i(qr+π/4)
)

, ✭❋✳✸✵✮

♦♥❞❡ ❥á ❛✈❛❧✐❛♠♦s
√
q ❡♠ 2kF ✳ ❉❡✈✐❞♦ à ❢✉♥çã♦ ❞❡❣r❛✉✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

h (r) ∼
r→∞ −1

2

m

π5/2

1√
r

ˆ ∞

2kF

dqθ (q − 2kF )
√

|q − 2kF |
(

ei(qr+π/4) + e−i(qr+π/4)
)

∼
r→∞ −1

2

m

π5/2

1√
r

ˆ ∞

0

duθ (u)
√

|u|
(

ei(ur+2kF r+π/4) + e−i(ur+2kF r+π/4)
)

∼
r→∞ −1

2

m

π5/2

1√
r

ˆ +∞

−∞

duθ (u)
√

|u|
(

ei(ur+2kF r+π/4) + e−i(ur+2kF r+π/4)
)

. ✭❋✳✸✶✮

✶✸✵
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❆❝✐♠❛✱ ✜③❡♠♦s ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s u = q − 2kF ✳ ❯t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛ ❊q✳ ✭❋✳✷✾✮✱ ♦❜t❡♠♦s

h (r) ∼
r→∞ − m

(2π)
5/2

1

r2

(

ei(2kF r−π/2) + e−i(2kF r−π/2)
)

∼
r→∞ −❝♦s (2kF r − π/2)

r2
, ✭❋✳✸✷✮

q✉❡ ♣♦ss✉✐ ❛ ❢♦r♠❛ ✉s✉❛❧ ❞❛s ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳

❼ χ (q) = Π−1
2 (q)

◆❡st❡ ❝❛s♦✱ ❛♣❛r❡❝❡ ♥♦ ♥ú❝❧❡♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ 1/f (q) ❛♦ ✐♥✈és ❞❡ f (q)✳ ❉❛ ❊q✳ ✭❋✳✷✷✮✱ é ✐♠❡❞✐❛t♦ ❡s❝r❡✈❡r q✉❡

1

f (q)
= 1 +

1√
kF

√

|q − 2kF |θ (q − 2kF ) +O (q − 2kF ) . ✭❋✳✸✸✮

❈♦♠♣❛r❛♥❞♦ ❛s ❊qs✳ ✭❋✳✸✸✮ ❡ ✭❋✳✷✽✮✱ ✈❡♠♦s q✉❡ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞✉❛s ❡①♣r❡ssõ❡s é ♦ s✐♥❛❧ ❞♦ t❡r♠♦
s✐♥❣✉❧❛r✳ P♦rt❛♥t♦✱ é ❞✐r❡t♦ ❡s❝r❡✈❡r q✉❡

h (r) ∼
r→∞

1

2

1√
2mπ1/2

1√
r

ˆ ∞

0

dq
√

2kF
θ (q − 2kF )√

kF

√

|q − 2kF |
(

ei(qr+π/4) + e−i(qr+π/4)
)

∼
r→∞

❝♦s (2kF r − π/2)

r2
. ✭❋✳✸✹✮

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♥♦ q✉❛❧ ❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ Π1 (q) ✭❊q✳ ✭❋✳✶✶✮✮ ❡ Π1 (q) ✭❊q✳ ✭❋✳✶✼✮✮
♣♦ss✉❡♠ ✉♠ ❞❡❝❛✐♠❡♥t♦ ❡s♣❛❝✐❛❧ ❞✐❢❡r❡♥t❡✱ ♣❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s ❡❧❛s ❝♦✐♥❝✐❞❡♠✱ ❊qs✳ ✭❋✳✸✷✮ ❡ ✭❋✳✸✹✮✳
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