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♠❛♥❡❝❡♠ "6❧✐❞❛"✱ #❛❧✈❡③ ♣❛,#❡ ❞❡ ♠✐♥❤❛ ♣❡,"♦♥❛❧✐❞❛❞❡✳ ❉❡♥#,❡ ❡"#❛"✱ ❝♦♥#✐♥✉♦ ❛ ❢❛③❡, ❛

♦♣<=♦ ❞❡ "❡, ❝♦♠❡❞✐❞♦ ❡ ,❡"#,✐♥❣✐, ♠❡✉" ❛❣,❛❞❡❝✐♠❡♥#♦" ❛ ❛)✉❡❧❛" ♣❡""♦❛" )✉❡ ❝♦♥"✐❞❡,♦

♠✉✐#♦ ✐♠♣♦,#❛♥#❡" ❡♠ #♦❞♦ ♦ ♣,♦❝❡""♦ ❞❡"#❛ #❡"❡✳ ❈❡,#❛♠❡♥#❡ )✉❡ ✉♠ #,❛❜❛❧❤♦ ❡♠ ❧❛❜♦✲

,❛#6,✐♦ ❝♦♥#❛ ❝♦♠ ❛ ❝♦❧❛❜♦,❛<=♦ ❞❡ ♠✉✐#♦" ❝♦❧❡❣❛"✱ ♠❛" 0 #❛♠❜0♠ ❝❡,#♦ )✉❡ ❛❧❣✉♥" ❞❡"#❡"

❢♦,❛♠ ♠❛✐" ✐♠♣♦,#❛♥#❡" )✉❡ ♦✉#,♦"✳

❈♦♠❡<♦✱ ♣♦,#❛♥#♦✱ ❝♦♠ ✉♠ ❛❣,❛❞❡❝✐♠❡♥#♦ ❣❡,❛❧ ❛♦ ♣❡""♦❛❧ ❞♦ ❧❛❜♦,❛#6,✐♦ ♠❛" )✉❡,♦

❞❡"#❛❝❛, ♦ ❝♦❧❡❣❛ ❊❞✉❛,❞♦ ❇✐##❛, ♣❡❧♦" ✈B,✐♦" ♠♦♠❡♥#♦" ❞❡ ❝♦♠♣❛♥❤❡✐,✐"♠♦ ❡ ❛❧#♦ ♥C✈❡❧

❞❛" ❞✐"❝✉""D❡" ♣,♦✜""✐♦♥❛✐" )✉❡ #✐✈❡♠♦" ❛♦ ❧♦♥❣♦ ❞❡"#❡" ❛♥♦"✳ ❆❝❤♦ )✉❡ ❛♣,❡♥❞❡♠♦" ♠✉✐#♦"

♥❡"#❛" ❞✐"❝✉""D❡"✳ ◆❡"#❡" $❧#✐♠♦" ♠❡"❡"✱ ✈❡♥❤♦ ♠❡ ✈❛❧❡♥❞♦ ❞❡ ✉♠❛ ♣,♦❢C❝✉❛ ❝♦❧❛❜♦,❛<=♦ ❝♦♠

❛ ❈,✐" ❆❞,✐❛♥♦ )✉❡ ,❡"✉❧#♦✉ ♥♦ #,❛❜❛❧❤♦ )✉❡ ❛♣,❡"❡♥#♦ ♥♦ ❝❛♣C#✉❧♦ 5✳ ❆❝❤♦ )✉❡ "❡ #✐✈❡""❡

♣❡♥"❛❞♦ ♥✐""♦ ❛♥#❡" ♣♦❞❡,✐❛ #❡, ♦✉#,♦" ❝❛♣C#✉❧♦" ♥❡"#❛ #❡"❡✳ ❙❡♠ "♦♠❜,❛ ❞❡ ❞$✈✐❞❛"✱ ✐♥❝❧✉♦

✉♠ ❛❣,❛❞❡❝✐♠❡♥#♦ ❡"♣❡❝✐❛❧ ❛♦ H❛"❝♦❛❧ H❛❣❧✐✉"♦✱ ♦✉ ♣,♦❢❡""♦, H❛"❝♦❛❧ ♣❛,❛ ♦" ♠❛✐" "❡♥"C✈❡✐"

I #C#✉❧♦" ✭♣♦,)✉❡ ❡❧❡ ♠❡"♠♦ ♥=♦ ♦ 0✮✱ ♣♦, "✉❛ ❝❛♣❛❝✐❞❛❞❡ ❡♠ ❝♦♥#❛❣✐❛, I)✉❡❧❡" )✉❡ ♦ ❝❡,❝❛

❝♦♠ "❡✉ ♣,♦❢✉♥❞♦ ❡♥#❡♥❞✐♠❡♥#♦ ❞❛ ❢C"✐❝❛ ❡ ♦,✐❣✐♥❛❧✐❞❛❞❡ ❞❡ "❡✉ ♣❡♥"❛♠❡♥#♦✳ ❱❛❧❡✉ ♠❡"♠♦✳

❆""✐♠ ❝♦♠♦ ✜③ ♥❛ ♠✐♥❤❛ ❞✐""❡,#❛<=♦ ❞❡ ♠❡"#,❛❞♦✱ ❝♦♥#✐♥✉♦ ❛❣,❛❞❡❝❡♥❞♦ ❛♦ ➱,✐❝ ❆♥❞,❛❞❡

♣❡❧❛ ❞✐"♣♦♥✐❜✐❧✐❞❛❞❡ ❡ ❣❡♥❡,♦"✐❞❛❞❡ ❡♠ ❞✐"❝✉""D❡" "♦❜,❡ ❛ ❢C"✐❝❛ ❞❛ ♠❛#0,✐❛ ❝♦♥❞❡♥"❛❞❛ ❡ ♣♦,

"✉❛" ✐❞0✐❛" "❡♠♣,❡ ❜❡♠ ❡❧❛❜♦,❛❞❛"✳

❈❡,#❛♠❡♥#❡ ❡"#❛ #❡"❡ ♥=♦ "❡,✐❛ ♣♦""C✈❡❧ "❡♠ ❛ ❣,❛♥❞❡ ❛❥✉❞❛ ❞♦ ♠❡✉ ♦,✐❡♥#❛❞♦,✱ ♦ ♣,♦❢❡""♦,

❈❛,❧♦" ❘❡##♦,✐✳ ❆ ♣,❡"❡♥<❛ ❡ ♦❜"#✐♥❛<=♦ ❞♦ ✏♣,♦❢❡""♦,✑ ♥♦ ❞✐❛ ❛ ❞✐❛ ❞♦ ❧❛❜♦,❛#6,✐♦ ❝❡,#❛♠❡♥#❡

"=♦ ❢♦♥#❡ ❞❡ ✐♥"♣✐,❛<=♦ ♣❛,❛ #♦❞♦" )✉❡ ❡"#=♦ ♣♦, ❧B✳ H❛,❛ ♠✐♠✱ ♥❡"#❛ #,❛♥"✐<=♦ #❡♦,✐❛✲

❡①♣❡,✐♠❡♥#♦✱ ♥❡♥❤✉♠ ♦✉#,♦ ♦,✐❡♥#❛❞♦, ♣♦❞❡,✐❛ #❡, "✐❞♦ ♠❡❧❤♦,✳ ❖ ✏♣,♦❢❡""♦,✑ ♠❡ ❡♥"✐♥♦✉✱

♥♦ ❝♦♥#❡①#♦ ❞❛ ❢C"✐❝❛✱ ♦ )✉❡ 0 ❤✐"#6,✐❛ ❡ ♦ )✉❡ 0 ❡"#6,✐❛✳ ■""♦ ❥B ✈❛❧❡ ♦ ❞♦✉#♦,❛❞♦✳

◆♦ ♠❛✐"✱ ♥=♦ ♣♦""♦ ❞❡✐①❛, ❞❡ ❛❣,❛❞❡❝❡, ❛ ♠✐♥❤❛ ❣,❛♥❞❡ ❛♠✐❣❛✱ ♥❛♠♦,❛❞❛ ❡ ♣,♦❢❡""♦,❛

❆②❛♥❛✱ )✉❡ ,❡✈✐"♦✉ ♦" ♠❡✉" ♠❛♥✉"❝,✐#♦" ✭❡♠ ♣♦,#✉❣✉V"✱ ❡♠ ✐♥❣❧V" ❡ ✏♣♦,#✉♥❣❧V"✑✮✱ )✉❡ ♠❡✉

❞❡✉ ❛♣♦✐♦ )✉❛♥❞♦ ♣,❡❝✐"❡✐ ❡ )✉❡ ♠❡ ❢❡③✱ ❡ ❢❛③✱ ❛✐♥❞❛ ♠❛✐" ❢❡❧✐③✳
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❊!"❛ "❡!❡ ❛❜♦'❞❛ ♦ ♣'♦❜❧❡♠❛ ❣❡'❛❧ ❞♦! ❡❢❡✐"♦! ❞❡ ❝❛♠♣♦! ❝'✐!"❛❧✐♥♦ ❡  ❛""❧✐♥❣ ♠♦❞❡+ ❡♠

❝♦♠♣♦!"♦! ❞♦ "✐♣♦ +❦✉""❡ ✉❞✐"❡✳ ❊♠♣'❡❣❛✱ ♣'❡❞♦♠✐♥❛♥"❡♠❡♥"❡✱ ❛ "3❝♥✐❝❛ ❞❡ '❡!!♦♥4♥❝✐❛

❞❡ !♣✐♥ ❡❧❡"'5♥✐❝♦ ✭❊❙❘✱ ♦✉ ❊:❘ ♥❛ ❧✐"❡'❛"✉'❛ ❝❧;!!✐❝❛✮ ❛✜♠ ❞❡ !♦♥❞❛' ❛ !✐♠❡"'✐❛ ❧♦❝❛❧

❞♦! ❡!"❛❞♦! ❡❧❡"'5♥✐❝♦! ❛!!♦❝✐❛❞♦! ❛ >♦♥! ❞❡ "❡''❛! '❛'❛! ♥❡!"❡! ❝♦♠♣♦!"♦! ❡ ✐♥✈❡!"✐❣❛' ❛!

✐♥♦♠♦❣❡♥❡✐❞❛❞❡! ❞❡❝♦''❡♥"❡! ❞❛ ❞✐♥4♠✐❝❛ ✭ ❛""❧✐♥❣ ♠♦❞❡+✮ ❞❡!"❡! >♦♥!✳

❉❡!❡♥✈♦❧✈❡♠♦! ♦ ♥♦!!♦ ❡!"✉❞♦ ♣'❡❞♦♠✐♥❛♥"❡♠❡♥"❡ !♦❜ ♦ !✐!"❡♠❛ ❈❡1−x❘x❋❡4:12 ✭❘ ❂

●❞✱ ❉②✱ ❊'✱ ❨❜✮✱ ✉!✉❛❧♠❡♥"❡ ❞❡!❝'✐"♦ ❝♦♠♦ ✉♠ !❡♠✐❝♦♥❞✉"♦' ❝♦♠ ❣❛♣ G ≈ 0.15 ❡❱✳ ◆♦!!♦!

'❡!✉❧"❛❞♦! ❛♣♦♥"❛♠ I✉❡ ❛ ❝♦''❡"❛ ❞❡"❡'♠✐♥❛JK♦ ❞♦! ❡❢❡✐"♦! ❞❡ ❝❛♠♣♦ ❝'✐!"❛❧✐♥♦ '❡I✉❡' ✉♠❛

♥♦✈❛ ❛❜♦'❞❛❣❡♠ ♥♦ ❡!"✉❞♦ ❞❡ ❝♦♠♣♦!"♦! ❝♦♠ !✐♠❡"'✐❛ ❚h✳ ❖ ❣'✉♣♦ ♣♦♥"✉❛❧ ❚h 3 ✉♠ ❞♦!

❝✐♥❝♦ ❣'✉♣♦! ♣♦♥"✉❛✐! ❝N❜✐❝♦! ✭❖✱ ❖h✱ ❚✱ ❚h✱ ❚d✮ ❡ 3 ♦❜"✐❞♦ ♣❡❧♦ ♣'♦❞✉"♦ ❚×σh✱ ♦♥❞❡ ❚

❞❡!❝'❡✈❡ ❛ !✐♠❡"'✐❛ ❞❡ ✉♠ "❡"'❛❡❞'♦ '❡❣✉❧❛'✳ ❉❡!"❛ ♠❛♥❡✐'❛✱ ❚h♥K♦ ♣♦!!✉✐ ❛! ♦♣❡'❛JO❡!

✻❈4 ❡ ✸❈
′

2 ❡ ♣'❡❝✐!❛♠♦! ✉"✐❧✐③❛' ✉♠ ♥♦✈♦ ♣❛'4♠❡"'♦ ❞❡ !❡①"❛ ♦'❞❡♠ ♣❛'❛ ❞❡!❝'❡✈❡' "♦❞♦! ♦!

✐♥✈❛'✐❛♥"❡! ❞❛ !✐♠❡"'✐❛ ❞♦ ❣'✉♣♦ ♣♦♥"✉❛❧ ❚h✳ ❊!"❡ ♥♦✈♦ ♣❛'4♠❡"'♦ ❝❛✉!❛ ✉♠❛ ♠✐!"✉'❛ ♥❛

!✐♠❡"'✐❛ ❞♦ ❡!"❛❞♦ ❢✉♥❞❛♠❡♥"❛❧ ❞❡ !✐!"❡♠❛! ❝N❜✐❝♦! I✉❡ ❞; ♦'✐❣❡♠ ❛ ❢❡♥5♠❡♥♦! ♥K♦ "'✐✈✐❛✐!

❞✐!❝✉"✐❞♦! ♥❛ "❡!❡✳

❘❡!✉❧"❛❞♦ ✐❣✉❛❧♠❡♥"❡ ✐♠♣♦'"❛♥"❡ 3 I✉❡✱ ❛ ♣❛'"✐' ❞♦ ❡!"✉❞♦ ❞❡!"❡ ♥♦✈♦ ♣❛'4♠❡"'♦✱ ❢♦♠♦!

❝❛♣❛③❡! ❞❡ ♠❛♣❡❛' ❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ ❞❡ ❝❛♠♣♦ ❝'✐!"❛❧✐♥♦ ❞❡❝♦''❡♥"❡ ❞❛ ❞✐♥4♠✐❝❛ ❞♦! >♦♥!

❞❡ "❡''❛ '❛'❛✳ ❉❡!"❛ ♠❛♥❡✐'❛✱ ❛ "3❝♥✐❝❛ ❞❡ ❊❙❘ ❢♦✐ ✉"✐❧✐③❛❞❛ ♣❡❧❛ ♣'✐♠❡✐'❛ ✈❡③ ♥♦ ❡!"✉❞♦ ❞❛

❞✐♥4♠✐❝❛ ❞❡ >♦♥! ❡♠ !✐!"❡♠❛! ❞♦ "✐♣♦ ❣❛✐♦❧❛✳ ❖! ❡!"✉❞♦! ❡♠ !✐!"❡♠❛! ❙ ✭L = 0✮ ♠♦!"'❛'❛♠

❛✐♥❞❛ I✉❡ ♦! ❡❢❡✐"♦! ❞❡!"❛ ❞✐♥4♠✐❝❛ ♥♦! ❡!♣❡❝"'♦! ❞❡ ❊❙❘ ♥K♦ ❞❡♣❡♥❞❡ ❞❛ ♣'❡!❡♥J❛ ❞❡!"❡

♣❛'4♠❡"'♦✱ !❡♥❞♦ ❛❧❣♦ ♠❛✐! ❣❡'❛❧✳

❊!"❛ "❡!❡ ❡①❛♠✐♥❛ ❡!"❡! ❞♦✐! ✐♠♣♦'"❛♥"❡! ❛!♣❡❝"♦! '❡❧❛❝✐♦♥❛❞♦! ❛ ❡!"'✉"✉'❛ ❝'✐!"❛❧✐♥❛ ❞❛

❢❛♠>❧✐❛ ❞❛! +❦✉""❡ ✉❞✐"❡+ ❡ ❞✐!❝✉"❡ ❡!"❡! '❡!✉❧"❛❞♦! ♥♦ ❝♦♥"❡①"♦ ❞❛! ♣♦!!>✈❡✐! ❛♣❧✐❝❛JO❡! ❞❡!"❡!

❝♦♠♣♦!"♦! ♥❛ ❝♦♥!"'✉JK♦ ❞❡ ❞✐!♣♦!✐"✐✈♦! "❡'♠♦❡❧3"'✐❝♦! ❡ "❛♠❜3♠ ♥♦ ❡!"✉❞♦ ❞❡ ❢❡♥5♠❡♥♦!

❢♦'"❡♠❡♥"❡ ❝♦''❡❧❛❝✐♦♥❛❞♦!✳
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✹✳✹ ❉✐)❝✉))*♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✺ ❈♦♥❝❧✉)*♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✻ ❆-.✐❣♦) -❡❧❛❝✐♦♥❛❞♦) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺ ❈♦♠♣♦*7❛♠❡♥7♦ 7✐♣♦ +♣✐♥ ❣❧❛++ ❡♠ +❦✉""❡ ✉❞✐"❡+ ✼✷

✺✳✶ ■♥.-♦❞✉8*♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✺✳✷ ❊①♣❡-✐♠❡♥.♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✸ ❘❡)✉❧.❛❞♦) ❡ ❞✐)❝✉))*♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✺✳✹ ❈♦♥❝❧✉)*♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺✳✺ ❆-.✐❣♦) -❡❧❛❝✐♦♥❛❞♦) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻ ❈♦♥❝❧✉0<❡0 ✽✷
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❈❛♣#$✉❧♦ ✶

■♥$+♦❞✉-.♦

❆ ❜✉#❝❛ ♣♦( ♥♦✈♦# ♠❛,❡(✐❛✐# ❡①❡(❝❡ ♥❛ ❢1#✐❝❛ ❞❛ ♠❛,3(✐❛ ❝♦♥❞❡♥#❛❞❛ ♣❛♣❡❧ ❞❡ ❣(❛♥❞❡ ✐♠✲

♣♦(,7♥❝✐❛ ❛♦ (❡✈❡❧❛( ❡♥♦(♠❡ 8✉❛♥,✐❞❛❞❡ ❞❡ ♥♦✈♦# ❢❡♥9♠❡♥♦#✳ ▼❛,❡(✐❛✐# ❝♦♠ ❡❧3,(♦♥# ❢♦(,❡✲

♠❡♥,❡ ❝♦((❡❧❛❝✐♦♥❛❞♦#✱ ❡♠ ♣❛(,✐❝✉❧❛(✱ ❡①✐❜❡♠ ❣(❛♥❞❡ ✈❛(✐❡❞❛❞❡ ❞❡ ❢❛#❡# ❡①=,✐❝❛# ❞❛ ♠❛,3(✐❛

❝✉❥❛ ❝♦♠♣❡,✐?@♦✱ ❡ ♠❡#♠♦ ❝♦♦♣❡(❛?@♦✱ ❝♦♠ ♦✉,(❛# ❢❛#❡# ✐❣✉❛❧♠❡♥,❡ ❡①=,✐❝❛# #❡ ❞A ❞❡ ♠❛♥❡✐(❛

#✉(♣(❡❡♥❞❡♥,❡ ❬✶❪ ✭♣❛(❛ ✉♠❛ ❞✐#❝✉##@♦ ❣❡(❛❧✮✳

❖ ❡#,✉❞♦ ❞❡ #✐#,❡♠❛# ❞♦ ,✐♣♦ ❣❛✐♦❧❛✱ ❝♦♠♦  ❦✉##❡%✉❞✐#❡ ✱ #❡ ❝♦♥,❡①,✉❛❧✐③❛ ♥❛ ❜✉#❝❛ ♣♦(

#✐#,❡♠❛# ❢♦(,❡♠❡♥,❡ ❝♦((❡❧❛❝✐♦♥❛❞♦# ❢✉♥❝✐♦♥❛✐#✳ ❊#,❡# #@♦ #✐#,❡♠❛# 8✉❡✱ ❛❧3♠ ❞❡ ✐♥,❡(❡##❛♥,❡

❢1#✐❝❛ ❜A#✐❝❛✱ ❛♣(❡#❡♥,❛♠ ❣(❛♥❞❡ ♣♦,❡♥❝✐❛❧ ♣❛(❛ ❛♣❧✐❝❛?@♦ ,❡❝♥♦❧=❣✐❝❛ ❬✷❪✳ ❆♠❜♦# ❛#♣❡❝,♦#

❞❛ ❢1#✐❝❛ ❞❛#  ❦✉##❡%✉❞✐#❡ ♣❛(❡❝❡♠ ❡#,❛( ❧✐❣❛❞♦# ❝♦♠ #✉❛ ✐♥,(✐❝❛❞❛ ❡#,(✉,✉(❛ ❝(✐#,❛❧✐♥❛✳ ❊#,❛

❡#,(✉,✉(❛ ❞A ♦(✐❣❡♠ ❛ ❡❢❡✐,♦# ❞❡ ❝❛♠♣♦ ❝(✐#,❛❧✐♥♦ ♥@♦ ,(✐✈✐❛✐# ❬✸❪ ❡ ✐♠♣❧✐❝❛♠ ,❛♠❜3♠ ♥♦

❛♣❛(❡❝✐♠❡♥,♦ ❞♦# ❝❤❛♠❛❞♦# %❛##❧✐♥❣ ♠♦❞❡ ✱ 8✉❡ ❞❡#❝(❡✈❡♠ ❛ ❞✐♥7♠✐❝❛ ❞❡ 1♦♥# ✭♥♦,❛❞❛♠❡♥,❡

❞❡ ,❡((❛# (❛(❛#✮ ♥♦ ✐♥,❡(✐♦( ❞❛# ❣❛✐♦❧❛# ❬✹❪✳ ❆ ♥❛,✉(❡③❛ ❡ ❝❛(❛❝,❡(1#,✐❝❛# ❞❡#,❛ ❞✐♥7♠✐❝❛ 3

♦❜❥❡,♦ ❞❡ ❣(❛♥❞❡ ❞✐#❝✉##@♦ ♥❛ ❧✐,❡(❛,✉(❛ ❬✺✱ ✻❪✳

❖ ❡#,✉❞♦ ❞❛ ,3❝♥✐❝❛ ❞❛ (❡##♦♥7♥❝✐❛ ❞❡ #♣✐♥ ❡❧❡,(9♥✐❝♦ ✭❊❙❘✮ ,❡♠ #✐❞♦ ✉,✐❧✐③❛❞❛ ❛♦ ❧♦♥❣♦

❞♦# R❧,✐♠♦# ✻✵ ❛♥♦# ✈✐#❛♥❞♦ ♦ ❡♥,❡♥❞✐♠❡♥,♦ ❞❛ ❞✐♥7♠✐❝❛ ❞♦ #♣✐♥ ❡❧❡,(9♥✐❝♦ ❡♠ ❞✐✈❡(#♦#

❝♦♠♣♦#,♦# ❝♦♠ ❛# ♠❛✐# ✈❛(✐❛❞❛# ❝❛(❛❝,❡(1#,✐❝❛#✳ ❙@♦ ❡#,✉❞❛❞♦# ❧18✉✐❞♦#✱ #=❧✐❞♦# ❝(✐#,❛❧✐♥♦#✱

#=❧✐❞♦# ❛♠♦(❢♦#✱ ❣❡❧#✱ ❡,❝✱ ❞❡ ✐♥,❡(❡##❡ ♣❛(❛ ❛ ❋1#✐❝❛✱ ❇✐♦❧♦❣✐❛✱ ◗✉1♠✐❝❛ ❡ A(❡❛# ❝♦((❡❧❛,❛# ❬✼❪✳

X❛(,✐❝✉❧❛(♠❡♥,❡✱ ♦ ❡#,✉❞♦ ❞❡ #=❧✐❞♦# ❝(✐#,❛❧✐♥♦# #❡ ♠♦#,(♦✉ ❞❡ ❣(❛♥❞❡ ✐♥,❡(❡##❡ ♣❛(❛ ❛

❋1#✐❝❛✳ ❊❙❘ ♣❡(♠✐,❡ ✉♠❛ ✐♥✈❡#,✐❣❛?@♦ ❞✐(❡,❛ ❞❛# ♣(♦♣(✐❡❞❛❞❡# ❧♦❝❛✐# ❞♦ #♣✐♥ ❡❧❡,(9♥✐❝♦ ❝✉❥♦

❝♦♠♣♦(,❛♠❡♥,♦ ❝♦❧❡,✐✈♦ ❞A ♦(✐❣❡♠ ❛ ❢❡♥9♠❡♥♦# ❢1#✐❝♦# ♠❛❝(♦#❝=♣✐❝♦# ❞❡ ❣(❛♥❞❡ ✐♥,❡(❡##❡✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ♦ ❢❡♥9♠❡♥♦ ❞❛ ,(❛♥#✐?@♦ ♠❡,❛❧✲✐#♦❧❛♥,❡✱ ,❛❧ 8✉❛❧ ❡#,✉❞❛❞♦ ♣♦( ❆♥❞❡(#♦♥✱ ,❡♠

❣(❛♥❞❡ ✐♥#♣✐(❛?@♦ ❡♠ ❡①♣❡(✐♠❡♥,♦# ❞❡ ❊❙❘ ❡ 3 ✉♠ ❞♦# ,❡♠❛# ❝❡♥,(❛✐# ♥❛ A(❡❛ ❞❡ #✐#,❡♠❛#

❡❧❡,(9♥✐❝♦# ❢♦(,❡♠❡♥,❡ ❝♦((❡❧❛❝✐♦♥❛❞♦# ❬✽❪✳

◆♦,❛❞❛♠❡♥,❡✱ ❡①♣❡(✐♠❡♥,♦# ❞❡ ❊❙❘ ❡♠ #✐#,❡♠❛# ❝(✐#,❛❧✐♥♦# ♣❡(♠✐,❡♠ ✉♠ ❛❝❡##♦ ❞✐(❡,♦

❛ #✐♠❡,(✐❛ ❧♦❝❛❧ ❞♦# ❡#,❛❞♦# ❡❧❡,(9♥✐❝♦# ❡♠ #=❧✐❞♦#✳ X♦(,❛♥,♦✱ ❊❙❘ 3 ✉♠❛ ,3❝♥✐❝❛ ♣♦❞❡(♦#❛

✶
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❝♦♥❝❡✐%♦ ❞❡ ❝❛♠♣♦ ❝"✐$%❛❧✐♥♦ ❡ ♦ ❞✐$❝✉%✐♠♦$ ♥♦ ❝♦♥%❡①%♦ ❞❛ %9❝♥✐❝❛ ❞❡ ❊❙❘✳ ❖ ❝❛♣4%✉❧♦ 2

❞✐$❝✉%❡ ♥♦$$❛ ❝♦♥%"✐❜✉✐?@♦ ♣❛"❛ ♦ %❡♠❛ ❬✾✱ ✶✵✱ ✶✶❪✳

❆✐♥❞❛ $♦❜"❡ ❡❢❡✐%♦$ ❞❡ ❝❛♠♣♦ ❝"✐$%❛❧✐♥♦✱ ♦  ❛""❧✐♥❣ ♠♦❞❡ ❞♦ 4♦♥ "❡$$♦♥❛♥%❡ ♣"♦❞✉③ ❡❢❡✐%♦

F✉❡ ♣♦❞❡ ❡♠ ♣"✐♥❝4♣✐♦ $❡" ❞❡%❡❝%❛❞♦ ♣❡❧❛ %9❝♥✐❝❛ ❞❡ ❊❙❘✱ ♣♦✐$ ❡$%❡ ❣❡"❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡$✱

❛✐♥❞❛ F✉❡ ❞✐♥H♠✐❝❛$✱ ❞❡ ❝❛♠♣♦ ❝"✐$%❛❧✐♥♦✳ ❆ ❞✐♥H♠✐❝❛ ❞♦ 4♦♥ "❡$$♦♥❛♥%❡ ❡$%I ❛$$♦❝✐❛❞♦

%❛♠❜9♠ ❛ ✉♠ ❢❡♥J♠❡♥♦ ❛✐♥❞❛ ♠❛✐$ ❜❛$❛❧✱ F✉❡ ♦❝♦""❡ ♠❡$♠♦ ♥❛ ❛✉$K♥❝✐❛ ❞❡ ❝❛♠♣♦ ❝"✐$%❛❧✐♥♦✱

F✉❡ 9 ❛ ♠♦❞✉❧❛?@♦ ❞❛ ✐♥%❡"❛?@♦ ❞✐♣♦❧❛" ♣❡❧❛ ❢"❡F✉K♥❝✐❛ fD ❛ ❡❧❛ ❛$$♦❝✐❛❞❛✳ ❊$%❡ 9 ♦ ❢❡♥J♠❡♥♦

❞❡ ♠♦"✐♦♥❛❧ ♥❛  ♦✇✐♥❣ ❬✶✷❪✳ ❊$%❡$ ♣♦♥%♦$ $❡"@♦ "❡✈✐$❛❞♦$ ♥❡$%❡ ❝❛♣4%✉❧♦ ✐♥%"♦❞✉%5"✐♦✳ ◆♦$$❛

❝♦♥%"✐❜✉✐?@♦ ❛♦ %❡♠❛ ❡$%I ❞❡$❝"✐%❛ ♥♦ ❝❛♣4%✉❧♦ 3 ❬✶✸❪✳

◆♦$ ❝❛♣4%✉❧♦$ 4 ❡ 5 ❛♣"♦❢✉♥❞❛♠♦$ ♥♦$$❛ ❞✐$❝✉$$@♦ $♦❜"❡ ♦$  ❛""❧✐♥❣ ♠♦❞❡, ❬✶✹✱ ✶✺✱ ✶✻❪

❡♠ ,❦✉""❡ ✉❞✐"❡,✳ ◆❡$%❡ $❡♥%✐❞♦✱ ♠♦$%"❛♠♦$ ❡✈✐❞K♥❝✐❛ ♣❛"❛ ✉♠ ♣❛♣❡❧ ♠❛✐$ "❡❧❡✈❛♥%❡ ❞❡$%❡$

♠♦❞♦$ ♥♦ ❡♥%❡♥❞✐♠❡♥%♦ ❞❡ ♣"♦♣"✐❡❞❛❞❡$ ❢4$✐❝❛$ ❞❡$%❛ ❢❛♠4❧✐❛ ❞❡ ❝♦♠♣♦$%♦$✳

❆ ❛♣❧✐❝❛?@♦ ❞❛ %9❝♥✐❝❛ ❞❡ ❊❙❘ ♥♦ ❝♦♥%❡①%♦ ❞❡ ❡❢❡✐%♦$ ❞❡ ❝❛♠♣♦ ❝"✐$%❛❧✐♥♦ ❡♠ $5❧✐❞♦$ 9 ✉♠

♣"♦❝❡❞✐♠❡♥%♦ ❥I ❝❧I$$✐❝♦✱ ❝♦♠ ♠✉✐%♦$ ❡①❡♠♣❧♦$ ♥❛ ❧✐%❡"❛%✉"❛✳ ❖ ❡$%✉❞♦ ❞♦$  ❛""❧✐♥❣ ♠♦❞❡,

❡♠ $5❧✐❞♦$✱ ♥♦ ❡♥%❛♥%♦✱ 9 ♠❛✐$ "❛"♦✳ ◆♦ ❝♦♥%❡①%♦ ❞❡ $✐$%❡♠❛$ ❞♦ %✐♣♦ ❣❛✐♦❧❛ ✭,❦✉""❡ ✉❞✐"❡,✱

❝❧❛"❤ ❛"❡,✱ ❡%❝✮ ❛❝"❡❞✐%❛♠♦$ %❡" $✐❞♦ ♦$ ♣"✐♠❡✐"♦$ ❛ ❢❛③❡✲❧♦✳

✶✳✶ ❋#$✐❝❛ ❞❛$  ❦✉##❡%✉❞✐#❡ ✳

❙❦✉""❡ ✉❞✐"❡, $@♦ ❝♦♠♣♦$%♦$ ❝♦♠ ❢5"♠✉❧❛ ❘❚4❳12 ♦♥❞❡ ❘= ♠❡%❛❧ ❛❧❝❛❧✐♥♦✱ ♠❡%❛❧ ❛❧❝❛❧✐♥♦

%❡""♦$♦ ♦✉ %❡""❛ "❛"❛✱ ❚ =♠❡%❛❧ ❞❡ %"❛♥$✐?@♦ ✭❋❡✱ ❘✉✱ ❖$✱ ❈♦✮ ❡ ❳=♣♥✐❝%✐❞❡♦ ✭Y✱ ❆$ ♦✉

❙❜✮✳ ❉❡ ♠♦❞♦ ❣❡"❛❧✱ ♦ ❡❧❡♠❡♥%♦ ❘ ❡$%I ❧♦❝❛❧✐③❛❞♦ ♥♦ ✐♥%❡"✐♦" ❞❡ ✉♠❛ ❣❛✐♦❧❛ ❢♦"♠❛❞❛ ♣❡❧♦$

❡❧❡♠❡♥%♦$ ❚ ❡ ❳✱ ❝♦♠ ❢5"♠✉❧❛ ✭❚❳3✮4 ❬✶✼❪✳ ❊♠ ❛❧❣✉♥$ ❞❡$%❡$ ❝♦♠♣♦$%♦$ ❘ ♥@♦ ❡$%I ♣"❡$❡♥%❡✱

♦✉ ♠❡$♠♦ ❡$%I ♣"❡$❡♥%❡ ❡♠ ❛♣❡♥❛$ ❛❧❣✉♠❛$ ❞❛$ ❣❛✐♦❧❛$ ❞❡ ✉♠ ❞❛❞♦ $✐$%❡♠❛✳ ❉❡$%❛ ♠❛♥❡✐"❛✱

❛$ ,❦✉""❡ ✉❞✐"❡, $❡ ❝❧❛$$✐✜❝❛♠ ♥♦$ ❣"❛♥❞❡$ ❣"✉♣♦$ ❞❛$ ,❦✉""❡ ✉❞✐"❡, ♣"❡❡♥❝❤✐❞❛$✱ ♣❛"❝✐❛❧♠❡♥%❡

♣"❡❡♥❝❤✐❞❛$ ❡ ♥@♦ ♣"❡❡♥❝❤✐❞❛$✳

❖$ ♠❡%❛✐$ ❞❡ %"❛♥$✐?@♦ ❢♦"♠❛♠ ✉♠❛ ❡$%"✉%✉"❛ ❝]❜✐❝❛ ❡♠ %♦"♥♦ ❞♦$ F✉❛✐$ ♦$ ♣♥✐❝%✐❞❡♦$

❢♦"♠❛♠ ✉♠ ♦❝%❛❡❞"♦✳ ❖ $4%✐♦ ♦❝✉♣❛❞♦ ♣♦" ❘ ❡$%I ♥♦$ ❡$♣❛?♦$ ❡♥%"❡ ❡$%❡$ ♦❝%❛❡❞"♦$✳ Y♦"

✐♥$♣❡?@♦ ❛ ✜❣✉"❛ ✶✳✶ ♥♦%❛✲$❡ F✉❡ ❡$%❡ $4%✐♦✱ ❝♦♠ "❡❢❡"K♥❝✐❛ ❛♦$ ♣"✐♠❡✐"♦$ ✈✐③✐♥❤♦$ ✭♣♥✐❝%✐❞❡♦$✮✱

♣♦$$✉✐ ❛ $✐♠❡%"✐❛ ❞❡ ✉♠ %❡%"❛❡❞"♦ ♥❛ ♣"❡$❡♥?❛ ❞❡ ❡❧❡♠❡♥%♦$ ❞❡ ✐♥✈❡"$@♦ ✭❚×{E, σh}✮✱ ❝✉❥❛

❞❡$❝"✐?@♦ 9 ❞❛❞❛ ♣❡❧♦ ❣"✉♣♦ ❞❡ ♣♦♥%♦ Th✳

❖ ❣"✉♣♦ ♣♦♥%✉❛❧ ❚✱ F✉❡ ❞❡$❝"❡✈❡ ❛ $✐♠❡%"✐❛ ❞❡ ✉♠ %❡%"❛❡❞"♦✱ ❝♦♥%9♠ ♦$ ❡❧❡♠❡♥%♦$ ❞❡

$✐♠❡%"✐❛ ✸❈2✱ ✹❈3 ❡ ✹❈3✳ ◆✉♠❛ ❝♦♠♣❛"❛?@♦ ❝♦♠ ♦$ ❡❧❡♠❡♥%♦$ ❞♦ ❣"✉♣♦ ❖✱ ❢❛❧%❛♠ ✻ ♦♣❡"❛?^❡$

❈4 ❡ ✸❈
′

2✱ ♦♥❞❡ ♦ $4♠❜♦❧♦ ❈
′

2 ✐♥❞✐❝❛ ✉♠❛ "♦%❛?@♦ ❞❡ π ❡♠ "❡❧❛?@♦ ❛ ❡✐①♦$ ♣❡"♣❡♥❞✐❝✉❧❛"❡$ ❛♦

❡✐①♦ ❞❡ "♦%❛?@♦ ❈2 ❝♦♥%✐❞♦ ♥♦ ❣"✉♣♦✳
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❋✐❣✉$❛ ✶✳✶✿ ❊*+$✉+✉$❛ ❝$✐*+❛❧✐♥❛ ❞❡ ✉♠❛ *❦✉++❡$✉❞✐+❡* ♣$❡❡♥❝❤✐❞❛✳ ❊♠ ✈❡$❞❡ ❝❧❛$♦ ❡*+7 ♦

❡❧❡♠❡♥+♦ ❘✱ ❡♠ ❧❛$❛♥❥❛ ♦ ❡❧❡♠❡♥+♦ ❚ ❡ ❡♠ ❛③✉❧ ✭❢♦$♠❛♥❞♦ ✉♠ +❡+$❛❡❞$♦ ❡♠ +♦$♥♦ ❞❡ ❘✮

❡*+@♦ ♦* ❡❧❡♠❡♥+♦* ❳✳

❖* ❡*+✉❞♦* ❞❡ ♣$❡❡♥❝❤✐♠❡♥+♦ ❞❡*+❡* *✐*+❡♠❛* ❬✷✱ ✹❪ $❡✈❡❧❛♠ G✉❡ ❘ ❡♠ ❣❡$❛❧ ❡*+7 ❢$❛❝❛✲

♠❡♥+❡ ❧✐❣❛❞♦ ❛ $❡❞❡ ❝$✐*+❛❧✐♥❛ ❡ ♣♦$ ✐**♦ ❡①❝✉$*J❡* $❡❧❛+✐✈❛♠❡♥+❡ ❣$❛♥❞❡* ❞❡*+❡* ❡❧❡♠❡♥+♦* *@♦

❡*♣❡$❛❞❛* ♥♦ ✐♥+❡$✐♦$ ❞❛* ❣❛✐♦❧❛*✳ ❊*+❛* ❡①❝✉$*J❡* *@♦ ❡♠ ❣❡$❛❧ ❞❡*❝$✐+❛* ❝♦♠♦  ❛""❧✐♥❣ ♠♦❞❡+✳

❖ ❝❡♥7$✐♦ ♠❛✐* *✐♠♣❧❡* ♣❛$❛ ❡*+❡* ♠♦❞♦* K G✉❡ *❡ +$❛+❛♠ ❞❡ ♦*❝✐❧❛❞♦$❡* ❞❡*❛❝♦♣❧❛❞♦* G✉❡

♦♣❡$❛♠ ♥✉♠❛ L♥✐❝❛ ❢$❡G✉M♥❝✐❛✳ ❙@♦✱ ♣♦$+❛♥+♦✱ ✉♠❛ $❡❛❧✐③❛O@♦ ❢P*✐❝❛ ❞♦* ♠♦❞♦* ❞❡ ❊✐♥*+❡✐♥✱

❞❡*❝$✐+♦* ❡♠ ✐♥L♠❡$♦* ❧✐✈$♦* +❡①+♦ ❞❡ ❢P*✐❝❛ ❞♦ ❡*+❛❞♦ *Q❧✐❞♦ ❬✶✽❪✳

◗✉❛♥❞♦ *@♦ ❝♦♠♣❛$❛❞❛* ❛* ❝♦♥❞✉+✐✈✐❞❛❞❡* +K$♠✐❝❛* ❞❛* +❦✉""❡ ✉❞✐"❡+ ♣$❡❡♥❝❤✐❞❛* ❡ ♥@♦

♣$❡❡♥❝❤✐❞❛*✱ ♦❜*❡$✈❛✲*❡ ✉♠❛ *❡♥*P✈❡❧ ❞✐♠✐♥✉✐O@♦ ❞❡*+❛ ❣$❛♥❞❡③❛ ♥♦* *✐*+❡♠❛* ♣$❡❡♥❝❤✐❞♦* ❬✷❪✳

■♥+❡$♣$❡+❛✲*❡ G✉❡ ❡*+❡* ♠♦❞♦* ❞❡ ❊✐♥*+❡✐♥ ❛+✉❛♠ ❝♦♠♦ ✏❢Q♥♦♥* ❧♦❝❛❧✐③❛❞♦*✑ G✉❡ ♣$♦♠♦✈❡♠

♦ ❡*♣❛❧❤❛♠❡♥+♦ ❞♦* ❢Q♥♦♥* ❞❛ $❡❞❡ ❡✱ ❞❡*+❛ ♠❛♥❡✐$❛✱ ♠✉✐+❛* +❦✉""❡ ✉❞✐"❡+ *@♦ ♠❛+❡$✐❛✐* ❝♦♠

❛❧+♦* ❝♦❡✜❝✐❡♥+❡* ❞❡ $❡❞✐♠❡♥+♦ ♣❛$❛ ❛♣❧✐❝❛O@♦ ♥❛ ❝♦♥*+$✉O@♦ ❞❡ ❞✐*♣♦*✐+✐✈♦* +❡$♠♦❡❧K+$✐❝♦*

❬✷❪✳

❆ ❡✜❝✐M♥❝✐❛ ❞❡ ♠❛+❡$✐❛✐* +❡$♠♦❡❧K+$✐❝♦* K *✐♥+♦♥✐③❛❞❛ ♣♦$ ✉♠ ❞❡❧✐❝❛❞♦ ❜❛❧❛♥O♦ ❡♥+$❡ ❛

❝♦♥❞✉+✐✈✐❞❛❞❡ ❡❧K+$✐❝❛ ❡ +K$♠✐❝❛ ❞♦ *✐*+❡♠❛✳ ❯♠❛ ✈❡③ G✉❡ ❛ ❝♦$$❡♥+❡ ❡❧K+$✐❝❛ *✉$❣❡ ❝♦♠♦

$❡*♣♦*+❛ ❛♦ ❡*+❛❜❡❧❡❝✐♠❡♥+♦ ❞❡ ✉♠ ❣$❛❞✐❡♥+❡ ❞❡ +❡♠♣❡$❛+✉$❛✱ K ✐♥+❡$❡**❛♥+❡ G✉❡ ♦ ♠❛+❡$✐❛❧

+❡♥❤❛ ❜❛✐①❛ ❝♦♥❞✉+✐✈✐❞❛❞❡ +K$♠✐❝❛✳ ◆♦ ❡♥+❛♥+♦✱ ✉♠❛ ✈❡③ G✉❡ ❡①✐*+❡ ✐♥+❡$❡**❡ ❡♠ ❛♣$♦✈❡✐+❛$

❡*+❛ ❝♦$$❡♥+❡ ❡❧K+$✐❝❛✱ ❡*♣❡$❛✲*❡ G✉❡ ♦ ♠❛+❡$✐❛❧ *❡❥❛ ✉♠ ❜♦♠ ❝♦♥❞✉+♦$ ❡❧K+$✐❝♦✳ ❊*+❡ ❝♦♠♣$♦✲

♠✐**♦ ❧❡✈♦✉ ❛ ❡❧❛❜♦$❛O@♦ ❞♦ ❝♦♥❝❡✐+♦ G✉❡ ✉♠ ❜♦♠ +❡$♠♦❡❧K+$✐❝♦ K ✉♠ ✏♣❤♦♥♦♥ ❣❧❛++✱ ❡❧❡❝" ♦♥

❝ ②+"❛❧✑ ✳

❉❡ ❢❛+♦✱ ❡*♣❡❝✉❧❛✲*❡ G✉❡ ♦*  ❛""❧✐♥❣ ♠♦❞❡+ ❞♦* *✐*+❡♠❛* ♣$❡❡♥❝❤✐❞♦* *@♦ $❡*♣♦♥*7✈❡✐* ♣❡❧❛

❢♦$♠❛O@♦ ❞♦ ✈✐❞$♦ ❞❡ ❢Q♥♦♥*✳ ◗✉❛♥+✐+❛+✐✈❛♠❡♥+❡✱ ❡*+❛ ❞❡❧✐❝❛❞❛ $❡❧❛O@♦ ❡♥+$❡ ❛ ❝♦♥❞✉+✐✈✐❞❛❞❡

❡❧K+$✐❝❛ ✭σ✮ ❡ +K$♠✐❝❛ ✭κ✮ K ❞❛❞❛ ♣❡❧❛ ❋✐❣✉$❛ ❞❡ ▼K$✐+♦ ✭zT ✮ ❬✷❪ ✭♣❛$❛ ✉♠❛ $❡✈✐*@♦✮✱ ❞❡✜♥✐❞❛
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❝♦♠♦✿

zT
.
=
α2Tσ

κ
✭✶✳✶✮

♦♥❞❡ α + ♦ ❝♦❡✜❝✐❡♥.❡ ❞❡ ❙❡❡❜❡❝❦ ❞♦ ♠❛.❡3✐❛❧ ✭5✉❡ ♠❡❞❡ 7✉❛ 3❡7♣♦7.❛ .❡3♠♦❡❧+.3✐❝❛✱

V = α∆T ✮✳ ❊♠ ✶✳✶ ✜❝❛ ❝❧❛3♦ 5✉❡ ❛❧.♦7 ✈❛❧♦3❡7 ♣❛3❛ ❛ ✜❣✉3❛ ❞❡ ♠+3✐.♦ ❞❡ ❢❛.♦ 3❡5✉❡3❡♠ ♦

❝❤❛♠❛❞♦ ✈✐❞3♦ ❞❡ ❢?♥♦♥7 ✭κ ♣❡5✉❡♥♦✮ ❡ ❝3✐7.❛❧ ❡❧❡.3@♥✐❝♦ ✭σ ❣3❛♥❞❡✮✳ ❖7 ♠❡❧❤♦3❡7 ♠❛.❡3✐❛✐7

.❡3♠♦❡❧+.3✐❝♦7 ♣♦77✉❡♠ ✜❣✉3❛ ❞❡ ♠+3✐.♦ ❡♠ .♦3♥♦ ❞❡ 1✳

❆ ❝♦♠♣❛3❛CD♦ ❡♥.3❡ 7✐7.❡♠❛7 ♣3❡❡♥❝❤✐❞♦7 ❡ ♥D♦ ♣3❡❡♥❝❤✐❞♦7✱ 3❡✈❡❧❛ .❛♠❜+♠ ❛77✐♥❛.✉3❛7

❞❛ ♣3❡7❡♥C❛ ❞❡7.❡7 ♠♦❞♦7 ❞❡ ❊✐♥7.❡✐♥ ❡♠ ♦✉.3❛7 ♣3♦♣3✐❡❞❛❞❡7 .❡3♠♦❞✐♥E♠✐❝❛7 ❡ ❞❡ .3❛♥7♣♦3.❡

❬✹❪✳

❊♠❜♦3❛ ♦ ✐♥.❡3❡77❡ ♥❡7.❡7 ♠❛.❡3✐❛✐7 7❡❥❛ ❡♠ ♣❛3.❡ ❢♦♠❡♥.❛❞♦ ♣♦3 ❡7.❛ ♣❡37♣❡❝.✐✈❛ ❞❡ ❛♣❧✐✲

❝❛CD♦ .❡❝♥♦❧?❣✐❝❛✱ ♦❜7❡3✈❛✲7❡ 5✉❡ ✉♠❛ ❣3❛♥❞❡ ✈❛3✐❡❞❛❞❡ ❞❡ ❡7.❛❞♦7 ❢✉♥❞❛♠❡♥.❛✐7 ❡①?.✐❝♦7 ❡7✲

.D♦ ❛77♦❝✐❛❞♦7 ❛ ❞✐❢❡3❡♥.❡7  ❦✉##❡%✉❞✐#❡ ✳ ❊7.❛7 ♣♦❞❡♠ 7❡3 7✉♣❡3❝♦♥❞✉.♦3❡7 ♥D♦ ❝♦♥✈❡♥❝✐♦♥❛✐7

✭ ❘❖74❙❜12✱ ❘ =M3✱ ▲❛ ❬✶✾❪✮✱ 7❡♠✐❝♦♥❞✉.♦3❡7 ❑♦♥❞♦ ✭❈❡❋❡4M12✱ ❈❡❖74❙❜12 ❬✷✵✱ ✷✶❪✮ ❡ ❛♣3❡✲

7❡♥.❛3 .♦❞❛ 7♦3.❡ ❞❡ ♦3❞❡♥❛♠❡♥.♦ ♠❛❣♥+.✐❝♦ ✭❝♦♠♦ ❡①❡♠♣❧♦ ♦7 ❢❡33♦♠❛❣♥+.✐❝♦7 ❊✉❚ 4❙❜12✱

❚ = ❋❡✱ ❘✉✱ ❖7 ❬✷✷❪✮ 5✉❡✱ ❡♠ ♣❛3.✐❝✉❧❛3✱ ♣♦❞❡ .❡3 ❣3❛♥❞❡ ❝♦♥❡①D♦ ❝♦♠ ❡7.❛❞♦7 ❞❡ ❝❛♠♣♦

❝3✐7.❛❧✐♥♦✳ ◆❡7.❡ W❧.✐♠♦ ♣♦♥.♦✱ ♦ ❢❛.♦ ❞❛ 7✐♠❡.3✐❛ ♣♦♥.✉❛❧ 7❡3 Th ♣♦❞❡ .❡3 ❣3❛♥❞❡7 ✐♠♣❧✐❝❛CX❡7

♣❛3❛ ❛7 ♣3♦♣3✐❡❞❛❞❡7 ❞❡7.❡7 ❝♦♠♣♦7.♦7 ❬✸❪✳

❊♠ 7✐♠❡.3✐❛ ❚h✱ ✉♠ ♥♦✈♦ ♣❛3E♠❡.3♦ ❞❡ 7❡①.❛ ♦3❞❡♠ ❞❡✈❡ 7❡3 ❛❞✐❝✐♦♥❛❞❛ ❛ ❍❛♠✐❧.♦♥✐❛♥❛

❞❡ ❝❛♠♣♦ ❝3✐7.❛❧✐♥♦✳ ❊7.❡ ♣❛3E♠❡.3♦ 7✉3❣❡ ❝♦♠♦ ❝♦♥7❡5✉[♥❝✐❛ ❞♦ ❢❛.♦ 5✉❡ ♦ ❣3✉♣♦ ❚h ♥D♦

♣♦77✉✐ ♦7 ❡❧❡♠❡♥.♦7 ❞❡ 7✐♠❡.3✐❛ ✻❈4 ❡ ✸❈

′

2✳ ❊7.❡ ♥♦✈♦ ♣❛3E♠❡.3♦✱ ♥♦ ❡♥.❛♥.♦✱ ♥D♦ ❛❧.❡3❛ ♦

❡75✉❡♠❛ ❞❡ ❞❡❣❡♥❡3❡7❝[♥❝✐❛7 ❞♦ ❣3✉♣♦ ❝W❜✐❝♦ ❖h✱ ♠❛7 ♣3♦✈♦❝❛ ❛ ♠✐7.✉3❛ ❞♦7 ❞✉❜❧❡.♦7 Γ6 ❡

Γ7 ❞❡7.❛ 7✐♠❡.3✐❛✳ M♦3 ❝♦♥7❡5✉[♥❝✐❛✱ .❡♠ ❢♦3.❡ ✐♥✢✉[♥❝✐❛ 7♦❜3❡ ♣3♦♣3✐❡❞❛❞❡7 ♠❛❣♥+.✐❝❛7 ❛

❜❛✐①❛7 .❡♠♣❡3❛.✉3❛7✳ ❊7♣❡❝✉❧❛✲7❡ ❛✐♥❞❛ 5✉❡ ❛ ♠✐7.✉3❛ ❞❛ 7✐♠❡.3✐❛ ❞❡✈✐❞♦ ❛♦ ❡❢❡✐.♦ ❞❡ ❝❛♠♣♦

❝3✐7.❛❧✐♥♦ ♣♦❞❡ ❡7.❛3 3❡❧❛❝✐♦♥❛❞❛ ❛♦ ❛♣❛3❡❝✐♠❡♥.♦ ❞❡ 7✉♣❡3❝♦♥❞✉.✐✈✐❞❛❞❡ ❡♠ ❛❧❣✉♥7 ❞❡7.❡7

❝♦♠♣♦7.♦7 ❬✶✾❪✳

❖ 5✉❛❞3♦ ❛❝✐♠❛ ♣♦❞❡ ❞❛3 ❛ ✐♠♣3❡77D♦ 5✉❡ ♦ ❡7.✉❞♦ ❞♦7 %❛##❧✐♥❣ ♠♦❞❡ 7❡ 3❡7.3✐♥❣❡ ❛♦

❝♦♥.❡①.♦ ❞❛7 ♣3♦♣3✐❡❞❛❞❡7 .❡3♠♦❡❧+.3✐❝❛7 ❞❡7.❡7 ♠❛.❡3✐❛✐7✳ ◆♦ ❡♥.❛♥.♦✱ ♥D♦ + ❞✐❢^❝✐❧ ✐♠❛❣✐♥❛3

5✉❡ ❞❡7❝3❡✈❡3 ❡7.❡7 ♠♦❞♦7 ❡♠ .❡3♠♦7 ❞❡ ♦7❝✐❧❛❞♦3❡7 ❞❡ ❊✐♥7.❡✐♥ + ✉♠ ❝❡♥_3✐♦ ♣♦3 ❞❡♠❛✐7

7✐♠♣❧✐✜❝❛❞♦ ❬✻❪✳ ❊❢❡✐.♦7 ❞❡ ❝♦33❡❧❛CD♦ ❞❡7.❡7 ♠♦❞♦7 ♣♦❞❡♠ ♠✉❞❛3 3❛❞✐❝❛❧♠❡♥.❡ ❡7.❡ 5✉❛❞3♦

❡✱ ❞❡ ❢❛.♦✱ ❝3❡7❝❡♥.❡ ❡✈✐❞[♥❝✐❛ ❡①♣❡3✐♠❡♥.❛❧ ❡ .❡?3✐❝❛ ❛♣♦♥.❛♠ 5✉❡ ❡7.❡7 ♠♦❞♦7 ♣♦❞❡♠ ❡7.❛3

3❡❧❛❝✐♦♥❛❞♦7 ❝♦♠ ♦ ❛♣❛3❡❝✐♠❡♥.♦ ❞❡ ❝♦♠♣♦3.❛♠❡♥.♦ ❞♦ .✐♣♦ ❢+3♠✐♦♥ ♣❡7❛❞♦ ❡ ❛.+ .❡3 ♣❛♣❡❧

✐♠♣♦3.❛♥.❡ ❡♠ ♠❡❝❛♥✐7♠♦7 ♣❛3❛ ♦ 7✉3❣✐♠❡♥.♦ ❞❡ 7✉♣❡3❝♦♥❞✉.✐✈✐❞❛❞❡ ❬✶✾❪ ✭✈❡3 3❡❢❡3[♥❝✐❛7

❝✐.❛❞❛7 ♥♦ .3❛❜❛❧❤♦✮✳

❖7 ❝♦♠♣♦7.♦7 ❝✐.❛❞♦7 ❛❝✐♠❛ 7D♦ ❛♣❡♥❛7 ❛5✉❡❧❡7 ❝♦♠ ♦7 5✉❛✐7✱ ❞❡ ♠❛♥❡✐3❛ ♦✉ ❞❡ ♦✉.3❛✱

.✐✈❡♠♦7 ❝♦♥.❛.♦ ♥♦ ❝♦♥.❡①.♦ ❞❡7.❛ .❡7❡ ❡ ❝❡3.❛♠❡♥.❡ ✉♠❛ 5✉❛♥.✐❞❛❞❡ ♠✉✐.♦ ♠❛✐♦3 ❞❡ ❝♦♠✲

✹



♣♦"#♦" ♣♦❞❡&✐❛♠ #❡& "✐❞♦ ❝✐#❛❞♦"✳ ❆ ♠❛✐♦& ♣❛&#❡ ❞❡ ♥♦""♦ #&❛❜❛❧❤♦ ❢♦✐ ❞❡❞✐❝❛❞♦ ❛♦ ❝♦♠♣♦"#♦

❈❡❋❡4412 ❡ ✐&❡♠♦" ❞❡❞✐❝❛& ♠❛✐" ❛❧❣✉♠❛" ❧✐♥❤❛" ♣❛&❛ ❛♣&❡"❡♥#❛& ❛❧❣✉♠❛" ♣&♦♣&✐❡❞❛❞❡" ❞❡"#❡

❝♦♠♣♦"#♦✳

✶✳✶✳✶ "#♦♣#✐❡❞❛❞❡* ❋,*✐❝❛* ❞♦ ❈❡❋❡4"12✳

❆ ❡"❝♦❧❤❛ ❞♦ ❝♦♠♣♦"#♦ ❈❡❋❡4412 ♣❛&❛ ♦ ❡"#✉❞♦ ♥❡"#❛ #❡"❡ ❥✉"#✐✜❝❛✲"❡ ♣❡❧❛ &❡❧❛#✐✈❛ "✐♠♣❧✐❝✐✲

❞❛❞❡ ❞❡ "✉❛" ♣&♦♣&✐❡❞❛❞❡" ❢;"✐❝❛" <✉❛♥❞♦ =" ❝♦♠♣❛&❛♠♦" ❝♦♠ ♦✉#&❛"  ❦✉##❡%✉❞✐#❡ ✳ ❆ ❛✉">♥❝✐❛

❞❡ ♦&❞❡♥❛♠❡♥#♦ ♠❛❣♥?#✐❝♦ ❡ &❡❞✉③✐❞❛ <✉❛♥#✐❞❛❞❡ ❞❡ ♣♦&#❛❞♦&❡" "A♦ ❞❡ ❡"♣❡❝✐❛❧ ✐♠♣♦&#B♥❝✐❛

♣❛&❛ ❡"#✉❞❛&♠♦" ❡❢❡✐#♦" ❞❡ ❝❛♠♣♦ ❝&✐"#❛❧✐♥♦✱ ♣♦✐" ♦" ♣&✐♠❡✐&♦" ✐♥#&♦❞✉③❡♠ ❝❛&❛❝#❡&;"#✐❝❛" ❞❡

♠❛✐♦& ❝♦♠♣❧❡①✐❞❛❞❡ =" ❧✐♥❤❛" ❞❡ &❡""♦♥B♥❝✐❛ ✭g✲ ❤✐❢# ✱ &❡❧❛①❛EA♦ ❞♦ #✐♣♦ ♠❡#F❧✐❝❛✱ ✈❡& ❘❡❢✳

❬✷✸❪ ♣❛&❛ ✉♠❛ &❡✈✐"A♦✮✳

❊"#❛ &❡❧❛#✐✈❛ "✐♠♣❧✐❝✐❞❛❞❡✱ ♥♦ ❡♥#❛♥#♦✱ ♥A♦ ❞❡✈❡ "❡& ❝♦♥❢✉♥❞✐❞❛ ❝♦♠ ❛✉">♥❝✐❛ ❞❡ ✐♥#❡&❡""❡

❞❛ ❝♦♠✉♥✐❞❛❞❡ ❡♠ "✉❛" ♣&♦♣&✐❡❞❛❞❡" ❢;"✐❝❛"✳ ❊♠ ♦✉#&❛" ♣❛❧❛✈&❛"✱ ❈❡❋❡4412 ♥A♦ ? ❛♣❡♥❛"

✉♠ "✐"#❡♠❛ ♠♦❞❡❧♦ ❝✉❥♦ ❡"#✉❞♦ ♣♦❞❡ ❧❡✈❛& ❛♦ ❡♥#❡♥❞✐♠❡♥#♦ ❞❡ "✐"#❡♠❛" ❞❡ ♠❛✐♦& ✐♥#❡&❡""❡✳

❊♠ ❣❡&❛❧✱ "✉❛" ♣&♦♣&✐❡❞❛❞❡" ❞❡ #&❛♥"♣♦&#❡ ❬✷✵✱ ✷✹❪✱ P♣#✐❝❛" ❬✷✼✱ ✷✽❪ ❡ ♠❛❣♥?#✐❝❛" ❬✷✵❪ ❛♣&❡✲

"❡♥#❛♠ ❛♥♦♠❛❧✐❛" ❛♣❛&❡♥#❡♠❡♥#❡ ✐♥#&;♥"❡❝❛" ❛♦ "✐"#❡♠❛✱ ❧❡✈❛♥❞♦ = ❝❧❛""✐✜❝❛EA♦ ❞❡"#❡ "✐"#❡♠❛

❝♦♠♦ ✉♠❛ ❞❛" ♣♦✉❝❛" &❡❛❧✐③❛ES❡" ❡①♣❡&✐♠❡♥#❛❧ ❞❡ ✉♠ ❑♦♥❞♦  ❡♠✐❝♦♥❞✉#♦% ❬✷✶✱ ✷✾❪✳ ❙✉❛"

♣&♦♣&✐❡❞❛❞❡" #❡&♠♦❡❧?#&✐❝❛"✱ ♥♦ ❡♥#❛♥#♦✱ "A♦ ❤♦❥❡ "✉♣❡&❛❞❛" ♣❡❧❛ ❢❛♠;❧✐❛ ❘❈♦ 4❙❜12✱ ❡♠❜♦&❛

❛✐♥❞❛ ❞❡"♣❡&#❡♠ ✐♥#❡&❡""❡ ❬✷❪✳

▼❡❞✐❞❛" ❞❡ #&❛♥"♣♦&#❡ ❡♠ ❈❡❋❡4412 ❛♣&❡"❡♥#❛♠ ❢♦&#❡ ❞❡♣❡♥❞>♥❝✐❛ ❝♦♠ ❛ ❛♠♦"#&❛ ❬✷✵✱ ✷✹❪✱

♠❛" ❛❧❣✉♠❛" ❝❛&❛❝#❡&;"#✐❝❛" <✉❛❧✐#❛#✐✈❛" ❞❡"#❛" ♠❡❞✐❞❛" "A♦ ❝♦♠✉♥" ❛♦" ❞✐❢❡&❡♥#❡" ❡①♣❡&✐♠❡♥✲

#♦" ❡ #❛♠❜?♠ ❛♦" ♥♦""♦" &❡"✉❧#❛❞♦"✳ ◆❛ ✜❣✉&❛ ✶✳✷ ♠♦"#&❛♠♦" &❡"✉❧#❛❞♦" ♣❛&❛ ❡①♣❡&✐♠❡♥#♦" ❞❡

&❡"✐"#✐✈✐❞❛❞❡✳ ❖" ✈❛❧♦&❡" ❛♣&❡"❡♥#❛❞♦" ❡"#A♦ ❞✐✈✐❞✐❞♦" ♣❡❧♦ ✈❛❧♦& ❞❛ &❡"✐"#✐✈✐❞❛❞❡ ❞♦ ♠❛#❡&✐❛❧ ❛

#❡♠♣❡&❛#✉&❛ ❛♠❜✐❡♥#❡✳ ❱❡♠♦" <✉❡ ♣❛&❛ #♦❞❛" ❛" #❡♠♣❡&❛#✉&❛" ♣&❡❞♦♠✐♥❛ ♦ ❝♦♠♣♦&#❛♠❡♥#♦

❞❡ ♣&♦♠♦EA♦ ❞❡ ♣♦&#❛❞♦&❡" ❛#&❛✈?" ❞❡ ✉♠ ❣❛♣✱ ❝❛&❛❝#❡&;"#✐❝❛ ❞❡ ♠❛#❡&✐❛✐" "❡♠✐❝♦♥❞✉#♦&❡"✳

❆" ❝✉&✈❛"✱ ♥♦ ❡♥#❛♥#♦✱ ♥A♦ ♣♦❞❡♠ "❡& &❡♣&♦❞✉③✐❞❛" ❝♦♠ ✉♠ [♥✐❝♦ ✈❛❧♦& ❞❡ ❣❛♣✳ ❊♠ ♣❛&✲

#✐❝✉❧❛&✱ ❛ ✈❛&✐❛EA♦ ❞❡ &❡"✐"#✐✈✐❞❛❞❡ ♥❛ ❢❛✐①❛ ❡♥#&❡ 100 . T . 200 ❑ ? ❜❛"#❛♥#❡ ❛❝❡♥#✉❛❞❛✱

♥♦#❛❞❛♠❡♥#❡ ♥♦ #&❛❜❛❧❤♦ ❞❡ ▼❡✐"♥❡& ❡# ❛❧ ❬✷✵❪✱ ❡ ❛♣♦♥#❛ ♣❛&❛ ❛❧❣✉♠ #✐♣♦ ❞❡ #&❛♥"✐EA♦ ♠❡#❛❧

✐"♦❧❛♥#❡ ❢&❛❝❛ ❬✶✹✱ ✶✺✱ ✶✻❪✳ ❆✐♥❞❛ ❛""✐♠✱ ✉♠ ✈❛❧♦& ❞❡ ∆ ≈ 0.15 ❡❱ ? ❛#&✐❜✉;❞♦ ❛ ❡"#❡ ♠❛#❡&✐❛❧

♣♦& ♠❡❞✐❞❛" ❞❡ &❡"✐"#✐✈✐❞❛❞❡ ❡ ? ❜❡♠ ♣&P①✐♠♦ ❞❛" ♠❡❞✐❞❛" P♣#✐❝❛" ❬✸✵❪✳

❆ ✜❣✉&❛ ✶✳✸ ♠♦"#&❛ ♠❡❞✐❞❛" ❞❡ "✉"❝❡♣#✐❜✐❧✐❞❛❞❡ ♠❛❣♥?#✐❝❛ ❉❈✱ ❡♥❝♦♥#&❛❞❛" ❡♠ ▼❡✐"♥❡&

❡# ❛❧ ❬✷✵❪✱ ❡ ❛" <✉❡ ❢♦&❛♠ &❡❛❧✐③❛❞❛" ♣♦& ♥P"✳ ◆♦✈❛♠❡♥#❡✱ ❡♥❝♦♥#&❛♠♦" ❛❝❡♥#✉❛❞❛ ❞❡♣❡♥❞>♥✲

❝✐❛ ❝♦♠ ❛ ❛♠♦"#&❛✱ ♠❛" ♦ ❝♦♠♣♦&#❛♠❡♥#♦ <✉❛❧✐#❛#✐✈♦ ? ♦ ♠❡"♠♦✿ ❛ ♠❡♥♦" ❞♦ ❝&❡"❝✐♠❡♥#♦ ❛

❜❛✐①❛" #❡♠♣❡&❛#✉&❛"✱ ❛ "✉"❝❡♣#✐❜✐❧✐❞❛❞❡ ? ♣&❛#✐❝❛♠❡♥#❡ ✐♥❞❡♣❡♥❞❡♥#❡ ❞❛ #❡♠♣❡&❛#✉&❛✳ ❊"#❡

&❡"✉❧#❛❞♦✱ ❥✉♥#♦ ❝♦♠ ♦ &❡"✉❧#❛❞♦ ♣❛&❛ &❡"✐"#✐✈✐❞❛❞❡✱ ❛♣♦♥#❛ <✉❡ ♦ ❈❡ ♥❡"#❡ ❝♦♠♣♦"#♦ ? #❡#&❛✈❛✲

❧❡♥#❡✳ ◆♦ ❡♥#❛♥#♦✱ ❡"#❛" ♠❡❞✐❞❛" ♥A♦ ❡①❝❧✉❡♠ ✉♠ ❝❡♥F&✐♦ ♣❛&❛ ♦ ❈❡ #&✐✈❛❧❡♥#❡ ❝♦♠ ♦" ❡❧?#&♦♥"

✺



❋✐❣✉$❛ ✶✳✷✿ ❘❡,✐,-✐✈✐❞❛❞❡ ❞♦ ❈❡❋❡4212 ♥♦ -$❛❜❛❧❤♦, ❞❡ ▼❡✐,♥❡$ ❬✷✵❪ ❡ ❙❛-♦ ❬✷✹❪✳ ❊♠ ❛♠❜❛,

♠❡❞✐❞❛,✱ ♦ ❝♦♠♣♦$-❛♠❡♥-♦ ❞❛ ❝✉$✈❛ ❞❡,✈✐❛ ❢♦$-❡♠❡♥-❡ ❞❡ ✉♠❛ ❝♦♥❞✉-✐✈✐❞❛❞❡ ❞♦ -✐♣♦ ❛-✐✈❛❞♦✳

4f ❢♦$-❡♠❡♥-❡ ❤✐❜$✐❞✐③❛❞♦, ❝♦♠ ❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉DE♦✳ ❊,-❛ ❤✐❜$✐❞✐③❛DE♦ ♣♦❞❡ ❞❛$ ♦$✐❣❡♠

❛ ✉♠ ❣❛♣ ❞❡ ❤✐❜$✐❞✐③❛DE♦ ❡ ♦❝❛,✐♦♥❛$ ✉♠ ❡,-❛❞♦ ❞❡ ✈❛❧F♥❝✐❛ ✐♥-❡$♠❡❞✐G$✐❛ ♣❛$❛ ♦ H♦♥ ❞❡

❈❡✱ ❣❡$❛♥❞♦ ✉♠❛ ❡,♣I❝✐❡ ❞❡ ❡❢❡✐-♦ ❑♦♥❞♦✳ ❊,-❡ I✱ ♥❛ ✈❡$❞❛❞❡✱ ✉♠ ❞♦, ❝❡♥G$✐♦, ❞✐,❝✉-✐❞♦,

❤♦❥❡ ♣❛$❛ ❡,-❡ ❝♦♠♣♦,-♦✳ ▼❡❞✐❞❛, ✉,❛♥❞♦ ❛ -I❝♥✐❝❛ ❞❡ ❳❆◆❊❙✱ ♣♦$ ❡①❡♠♣❧♦✱ ❝♦♥✜$♠❛♠ ❛

♣$❡❞♦♠✐♥Q♥❝✐❛ ❞❡ ❈❡ -$✐✈❛❧❡♥-❡ ❡♠ ❈❡❋❡4212 ❬✸✶❪✳

▼❡❞✐❞❛, ❞❡ ❡❢❡✐-♦ ❍❛❧❧ ❬✷✹❪ ,E♦ ❜❛,-❛♥-❡ $♦❜✉,-❛, ,♦❜ ✈❛$✐❛DE♦ ❞❛ ❛♠♦,-$❛ ❛ ❞❡,♣❡✐-♦ ❞❛

❣$❛♥❞❡ ✈❛$✐❛DE♦ ❡♥❝♦♥-$❛❞❛ ♥❛, ♠❡❞✐❞❛, ❞❡ $❡,✐,-✐✈✐❞❛❞❡✳ ❉♦✐, ♣♦♥-♦, ✐♥-❡$❡,,❛♥-❡, ❢♦$❛♠

❞✐,❝✉-✐❞♦, ♣♦$ ❙❛-♦ ❡$ ❛❧ ❬✷✹❪✱ ,❡♥❞♦ ❡,-❡, U✉❡ ♣❛$❛ -♦❞❛ -❡♠♣❡$❛-✉$❛ T . 300 ❑ ❛, ♠❡❞✐❞❛,

❡✈✐❞❡♥❝✐❛♠ ❣$❛♥❞❡ ♠♦❜✐❧✐❞❛❞❡ ❞❡ ♣♦$-❛❞♦$❡, ♥♦ -♦♣♦ ❞❛ ❜❛♥❞❛ ❞❡ ✈❛❧F♥❝✐❛ ✭❝♦♥❞✉-✐✈✐❞❛❞❡

❞❡ ❜✉$❛❝♦,✮ ❡ U✉❡ ✉♠❛ ❛♥♦♠❛❧✐❛ ❞♦ ❝♦❡✜❝✐❡♥-❡ ❍❛❧❧ ♣❡$-♦ ❞❡ T ≈ 30 ❑ ❡,❝❛❧❛ ❝♦♠ ♦ ❛✉♠❡♥-♦

❞❛ $❡,✐,-✐✈✐❞❛❞❡ ❛ ❜❛✐①❛, -❡♠♣❡$❛-✉$❛,✳ ◆❡,-❡ ♠❡,♠♦ -$❛❜❛❧❤♦✱ ♣♦❞❡✲,❡ ❡♥❝♦♥-$❛$ ♠❡❞✐❞❛,

❞❡ ♣♦❞❡$ -❡$♠♦❡❧I-$✐❝♦✳

❘❡❛❧✐③❛♠♦, ❛✐♥❞❛ ♠❡❞✐❞❛, ❞❡ ❝❛❧♦$ ❡,♣❡❝H✜❝♦✱ ❝♦♠ ❡ ,❡♠ ❝❛♠♣♦ ♠❛❣♥I-✐❝♦ ❛♣❧✐❝❛❞♦✱ ❡

♦ ❛♣$❡,❡♥-❛♠♦, ♥❛ ✜❣✉$❛ ✶✳✺✳ ❖ ❝❛❧♦$ ❡,♣❡❝H✜❝♦ ♥❡,-❡ ✐♥-❡$✈❛❧♦ ,❡❣✉❡ ❛♣$♦①✐♠❛❞❛♠❡♥-❡ ✉♠

❝♦♠♣♦$-❛♠❡♥-♦ ❞♦ -✐♣♦ T 3
❡ ♥E♦ ♣♦,,✉✐ ❝♦♥-$✐❜✉✐DE♦ ❡❧❡-$[♥✐❝❛ ✭γ = 0✮✱ ❝♦♠♦ ❡✈✐❞❡♥❝✐❛❞♦

♣❡❧♦ U✉❛❞$♦ ✐♥-❡$♥♦ ❞❛ ✜❣✉$❛✳ ❆✐♥❞❛ ♥❡,-❡ U✉❛❞$♦✱ -F♠✲,❡ U✉❡ ❛ ❛♣❧✐❝❛DE♦ ❞♦ ❝❛♠♣♦ ♠❛❣✲

♥I-✐❝♦ ✐♠♣❧✐❝❛✱ ❛♣❛$❡♥-❡♠❡♥-❡✱ ♥♦ ❛♣❛$❡❝✐♠❡♥-♦ ❞❡ ✉♠❛ ❝♦♥-$✐❜✉✐DE♦ ❡❧❡-$[♥✐❝❛ ✭γ = 0.15(1)

♠❏✴♠♦❧✳❑

2
✮✳ ■$❡♠♦, ❞✐,❝✉-✐$ ❛❜❛✐①♦ ♦ ❡❢❡✐-♦ ❞❡ ❝❛♠♣♦ ❝$✐,-❛❧✐♥♦ ,♦❜ ♦ ❝❛❧♦$ ❡,♣❡❝H✜❝♦ ❞♦

❈❡

3+
❡♠ ,✐♠❡-$✐❛ ❝_❜✐❝❛✳ ◆❡,-❛ ♦♣♦$-✉♥✐❞❛❞❡✱ ✜❝❛$G ❝❧❛$♦ U✉❡ ❡,-❡ $❡,✉❧-❛❞♦ ♣❛$❛ Cv -❛♠❜I♠

❢❛✈♦$❡❝❡ ❛ ✐❞I✐❛ ❞❡ ✉♠ ❈❡ -❡-$❛✈❛❧❡♥-❡✳

❖❧❤❛♥❞♦ ❡♠ ♠❛✐♦$❡, ❞❡-❛❧❤❡, ❛ ❡,-$✉-✉$❛ ❡❧❡-$[♥✐❝❛ ❡ ❝$✐,-❛❧✐♥❛ ❞♦ ♠❛-❡$✐❛❧✱ -❡♠♦, U✉❡

❛♦ ❧♦♥❣♦ ❞❛ ,I$✐❡ ❞❛, &❦✉$$❡)✉❞✐$❡& ❜❛,❡❛❞❛, ❡♠ ❈❡✱ ❡♥❝♦♥-$❛✲,❡ ✉♠❛ ❝❧❛$❛ $❡❧❛DE♦ ❡♥-$❡

✻



❋✐❣✉$❛ ✶✳✸✿ ❙✉+❝❡♣/✐❜✐❧✐❞❛❞❡ ♠❛❣♥5/✐❝❛ ❉❈ ♣❛$❛ ♦ ❈❡❋❡4912 ❝♦♠ ♦+ $❡+✉❧/❛❞♦+ ❞❡ ▼❡✐+♥❡$

❬✷✵❪ ✭H = 10❦❖❡✮ ❡ ♥♦++♦+ $❡+✉❧/❛❞♦+ ✭H = 7.5❦❖❡✮✳ ❆♠❜♦+ $❡+✉❧/❛❞♦+ ❛♣♦♥/❛♠ ♣❛$❛ ❢$❛❝❛

❞❡♣❡♥❞E♥❝✐❛ ❝♦♠ /❡♠♣❡$❛/✉$❛✳

♦+ /❛♠❛♥❤♦+ ❞❛+ ❧✐❣❛GH❡+ I✉J♠✐❝❛+✱ ♣❛$L♠❡/$♦+ ❞❡ $❡❞❡ ❡ ♣$♦♣$✐❡❞❛❞❡+ ❞❡ /$❛♥+♣♦$/❡ ❬✷✺❪✳

❊♠ ❣❡$❛❧✱ ❛ ❡+/$✉/✉$❛ ❞❡ ❜❛♥❞❛ ♣$O①✐♠♦ ❛♦ ♥J✈❡❧ ❞❡ ❋❡$♠✐ ❞❡+/❡+ ♠❛/❡$✐❛✐+ /❡♠ ♦$✐❣❡♠ ♥❛

❤✐❜$✐❞✐③❛GS♦ ❞♦+ ♦$❜✐/❛✐+ ✹f ❞♦ ❈❡ ❝♦♠ ♦+ ♦$❜✐/❛✐+ ♥d ✭♥= 3, 4, 5✮ ❞♦+ ♠❡/❛✐+ ❞❡ /$❛♥+✐GS♦ ❡

♦$❜✐/❛✐+ ♥p ✭♥= 3, 4, 5✮ ❞♦+ ♣♥✐❝/✐❞❡♦+✳ ◆♦ ❈❡❋❡4912✱ ♦ ♣❛$L♠❡/$♦ ❞❡ $❡❞❡ ✭a ≈ 7.79
o

A✮ 5

❛♥♦♠❛❧❛♠❡♥/❡ ♣❡I✉❡♥♦ ✭✈❡❥❛ ✜❣✉$❛ ✶✳✹✱ $❡♣$♦❞✉③✐❞❛ ❞❛ $❡❢❡$E♥❝✐❛ ❬✷✻❪✮✱ ♦ I✉❡ ❢❛✈♦$❡❝❡ ✉♠❛

❢♦$/❡ ❤✐❜$✐❞✐③❛GS♦ ❞♦+ ♦$❜✐/❛✐+ ✹f ✭❈❡✮✱ ✸d ✭❋❡✮ ❡ ✸p ✭9✮ ❡ I✉❡ $❡+✉❧/❛ ♥♦ ❡♥♦$♠❡ ❣❛♣ ❥Y

❛♣♦♥/❛❞♦ ♥❡+/❛ /❡+❡✳ ❊+/❛ $❡❧❛GS♦✱ ♥♦ ❡♥/❛♥/♦✱ ♥S♦ 5 ♦❜+❡$✈❛❞❛ ♣❛$❛ /♦❞❛+ ❛+ #❦✉&&❡(✉❞✐&❡#

❜❛+❡❛❞❛+ ❡♠ ❈❡✳ ❖ ❈❡❖+4❙❜12✱ ♣♦$ ❡①❡♠♣❧♦✱ +❡$✐❛ ✉♠ ♠❡/❛❧ ♥❡+/❡ I✉❛❞$♦✱ ♠❛+ ♠❡+♠♦ /❡♥❞♦

✉♠❛ ❝♦♥+/❛♥/❡ ❞❡ $❡❞❡ ❝♦♠♣❛$❛/✐✈❛♠❡♥/❡ ❣$❛♥❞❡ ✭a ≈ 9.25
o

A✮✱ 5 /❛♠❜5♠ ✉♠ ✐+♦❧❛♥/❡ ❞❡

❑♦♥❞♦ ❬✷✺❪✳

❆ ❞❡+❝$✐GS♦ ❞♦ ❈❡❋❡4912 ❡♠ /❡$♠♦+ ❞❡ ✉♠ +❡♠✐❝♦♥❞✉/♦$ ❑♦♥❞♦✱ ❢♦✐ ❝✉✐❞❛❞♦+❛♠❡♥/❡ ✐♥✲

✈❡+/✐❣❛❞❛ ♣♦$ ❡①♣❡$✐♠❡♥/♦+ ❞❡ ❢♦/♦❡♠✐++S♦✱ ❛♥❛❧✐+❛❞♦+ ❛ ❧✉③ ❞♦ ♠♦❞❡❧♦ ❞❡ ❆♥❞❡$+♦♥ ♣❛$❛

✉♠❛ ✐♠♣✉$❡③❛ ♠❛❣♥5/✐❝❛ ❬✷✶✱ ✷✾❪✳ ❖+ ♣❛$L♠❡/$♦+ ❞♦ ♠♦❞❡❧♦ ❢♦$❛♠ ❝❛❧❝✉❧❛❞♦+ ❡ ✉♠ ❝❡♥Y$✐♦

❝♦♥+✐+/❡♥/❡ ❝♦♠ ❡+/❛ ❞❡+❝$✐GS♦ ❢♦✐ ♦❜/✐❞♦✳ ❊♠ ♣❛$/✐❝✉❧❛$✱ ❛ ✈❛$✐❛GS♦ ❞❛ ❞❡♥+✐❞❛❞❡ $❡❧❛/✐✈❛

❞❡ ❡+/❛❞♦+ ✭DOS(Ef )✮ ❝♦♠ ❛ /❡♠♣❡$❛/✉$❛ ❡+❝❛❧❛ ❞❡ ♠❛♥❡✐$❛ ❜❡♠ +❡♠❡❧❤❛♥/❡ ] ♣❛$/❡ ❞❡✲

♣❡♥❞❡♥/❡ ❞❛ /❡♠♣❡$❛/✉$❛ ❞♦ ♠♦♠❡♥/♦ ♠❛❣♥5/✐❝♦ ❡❢❡/✐✈♦ ❬✷✶❪✱ /❛❧ I✉❛❧ ♦❜/✐❞♦ ♣♦$ ♠❡❞✐❞❛+

❞❡ +✉+❝❡♣/✐❜✐❧✐❞❛❞❡ ♠❛❣♥5/✐❝❛ ✭✜❣✉$❛ ✶✳✸✮✳ ▼❡+♠♦ ♥❡+/❡ ❝❡♥Y$✐♦✱ ♥♦ ❡♥/❛♥/♦✱ ❛ +✉♣$❡++S♦

❞♦ +✉♣♦+/♦ ❡❢❡✐/♦ ❑♦♥❞♦ ♦❝♦$$❡ ♥✉♠❛ ❡+❝❛❧❛ ❞❡ /❡♠♣❡$❛/✉$❛ ♠✉✐/♦ +✉♣❡$✐♦$ ]I✉❡❧❛ ❞❡ ♥♦++♦

❡①♣❡$✐♠❡♥/♦✳

✼



4 12

=
f d p

4 12 0
5



✶✳✷ ❈❛♠♣♦ ❝)✐+,❛❧✐♥♦✳

❆ ✐♥#❡%❛'(♦ ❞❡ ❈♦✉❧♦♠❜ ❡♥#%❡ ❝❛❞❛ ❡❧1#%♦♥ ❧♦❝❛❧✐③❛❞♦ ♥♦ 34#✐♦ ❞❡ ✉♠ ❞❛❞♦ 4♦♥ ❡ ❛3 ❝❛%❣❛3

❡①#❡%♥❛3 ❛ ❡3#❡ 4♦♥ 1 ❞❛❞❛ ♣♦% ✉♠ ♣♦#❡♥❝✐❛❧ ❡❧❡#%♦3#8#✐❝♦ V (r)✳ ◆♦ ❝❛3♦ ❞❡ ✐♥#❡%❡33❡ ❞❡3#❛

#❡3❡✱ ❡❧1#%♦♥3 ❡♠ 4♦♥3 ❞❡ #❡%%❛3 %❛%❛3✱ ♦3 ❡❧1#%♦♥3 4f ❡3#(♦ ❜❧✐♥❞❛❞♦3 ♣❡❧❛3 ❝❛♠❛❞❛3 5s25p6

❡ ♦ ❝❛♠♣♦ ❝%✐3#❛❧✐♥♦ ❛❣❡ ❝♦♠♦ ✉♠❛ ♣❡%#✉❜❛'(♦ ❞♦ ❛❝♦♣❧❛♠❡♥#♦ 3♣✐♥✲=%❜✐#❛✳ ▼❡3♠♦ ♥❛

❛✉3?♥❝✐❛ ❞❡ ❛❝♦♣❧❛♠❡♥#♦ 3♣✐♥✲=%❜✐#❛✱ ❝❛3♦ ❞♦3 4♦♥3 ❡♠ ❡3#❛❞♦ S ✭L = 0✮✱ ♦ ❝❛♠♣♦ ❝%✐3#❛❧✐♥♦

❛✐♥❞❛ ❛❣❡ ❝♦♠♦ ✉♠❛ ♣❡%#✉❜❛'(♦ ✭❞❡ 3❡❣✉♥❞❛ ♦%❞❡♠✮✱ ✉♠❛ ✈❡③ C✉❡ ❡3#❡ ♠❡3♠♦ ❛❝♦♣❧❛♠❡♥#♦

1 ♦ ♠❡❝❛♥✐3♠♦ ♣❡❧♦ C✉❛❧ 3❡ ❞(♦ ♦3 ❡❢❡✐#♦3 ❞❡ ❝❛♠♣♦ ❝%✐3#❛❧✐♥♦ ✭❬✸✷✱ ✸✸❪ ♣❛%❛ %❡❢❡%?♥❝✐❛3

❝♦♠♣❧❡#❛3✮✳

❆ #❡♦%✐❛ ❞❡ ❝❛♠♣♦ ❝%✐3#❛❧✐♥♦ 1✱ ❡♠ ❣❡%❛❧✱ ❞❡3❡♥✈♦❧✈✐❞❛ ❡♠ #❡%♠♦3 ❞❛ ✐♥#❡%❛'(♦ ❞♦ ❡3#❛❞♦

❡❧❡#%I♥✐❝♦ ❧♦❝❛❧✐③❛❞♦ ❝♦♠ ❝❛%❣❛3 ♣♦♥#✉❛✐3✱ ❛%%❛♥❥❛❞❛3 ❞❡ ❛❝♦%❞♦ ❛ 3✐♠❡#%✐❛ ❧♦❝❛❧ ❞❡3#❡ ❡3#❛❞♦✳

❆ ♦♣'(♦ ♣♦% ✉♠ ♠♦❞❡❧♦ ❞❡ ❝❛%❣❛3 ♣♦♥#✉❛✐3 1 ✉♠❛ 3✐♠♣❧✐✜❝❛'(♦ ❞❡ ❣%❛♥❞❡ ✐♠♣♦%#L♥❝✐❛ ✉♠❛

✈❡③ C✉❡✱ ♥❡33❛ 3✐#✉❛'(♦✱ V (r) ♦❜❡❞❡❝❡ ❛ ❡C✉❛'(♦ ❞❡ M♦✐33♦♥ ∇2V (r) = 0 ❡✱ ♣♦%#❛♥#♦✱ #❡♠

✉♠❛ 3♦❧✉'(♦ ❞❛❞❛ ♣♦% ✉♠❛ ❡①♣❛♥3(♦ ❡♠ #❡%♠♦3 ❞❡ ❤❛%♠I♥✐❝♦3 ❡3❢1%✐❝♦3✳ ❈♦♠❡♥#❛♠♦3 C✉❡

✉♠❛ ❡①♣❛♥3(♦ ❞❡3#❡ ❝❡♥8%✐♦ 1 ❞❛❞♦ ♣❡❧❛ #❡♦%✐❛ ❞❡ ❝❛♠♣♦3 ❧✐❣❛♥#❡3✱ C✉❡ ❧❡✈❛ ❡♠ ❝♦♥#❛ ❛

❞✐3#%✐❜✉✐'(♦ ❡3♣❛❝✐❛❧ ❞❛3 ❝❛%❣❛3 ❡♥✈♦❧✈✐❞❛3 ♥♦ ♣%♦❜❧❡♠❛ ❡✱ ♣♦%#❛♥#♦✱ ❧❡✈❛ ❡♠ ❝♦♥3✐❞❡%❛'(♦ ❛

3♦❜%❡♣♦3✐'(♦ ❞❛ ❞✐3#%✐❜✉✐'(♦ ❞❛3 ❝❛%❣❛3 ❡①#❡%♥❛3 ❝♦♠ ♦ ❡3#❛❞♦ ❡❧❡#%I♥✐❝♦ ❧♦❝❛❧✐③❛❞♦✳ M❛%❛ ♦

♠♦❞❡❧♦ ❞❡ ❝❛%❣❛3 ♣♦♥#✉❛✐3✱ ❡3❝%❡✈❡♠♦3 ♣❛%❛ V (r)✿

V (r, θ, φ) =
∑

l

∑

m

Am
l r

lY m
l (θ, φ) ✭✶✳✷✮

◆♦33♦ ✐♥#❡%❡33❡ 1 ❝❛❧❝✉❧❛% ♦3 ❡❧❡♠❡♥#♦3 ❞❡ ♠❛#%✐③ ❞❛ ❡C ✶✳✷ ❡♥#%❡ ❡3#❛❞♦3 4f ✳ ❙❡♥❞♦ Ψ ❡

η ❞♦✐3 ❞❡3#❡3 ❡3#❛❞♦3✱ ❡3#❡ ❝8❧❝✉❧♦ 1 ❞❛❞♦ ♣❡❧❛ 3❡❣✉✐♥#❡ ✐♥#❡❣%❛❧✿

VΨη(~r) =

ˆ

η∗(~r′)V (~r′)Ψ(~r′)dτ ′ ✭✶✳✸✮

❖♥❞❡ ✉3❛♠♦3 ~r = (r, θ, φ)✳ ❉❡ ♠♦❞♦ ❣❡%❛❧✱ ♦ ❝8❧❝✉❧♦ ❞♦3 ❡❧❡♠❡♥#♦3 ❞❡ ♠❛#%✐③ ❞❛❞♦3 ♣❡❧❛

❡C ✶✳✸ 1 ❝♦♠♣❧✐❝❛❞♦✳ ❙✐♠♣❧✐✜❝❛'T❡3 ❞❡3#❡ ❝8❧❝✉❧♦ %❡3✉❧#❛♠✱ ♥♦ ❡♥#❛♥#♦✱ ❞♦ ✉3♦ ❞❡ ❛❧❣✉♥3

%❡3✉❧#❛❞♦3 ❞❛ 8❧❣❡❜%❛ ❞❡ #❡♥3♦%❡3 ✭♠❛#%✐③❡3✮ C✉❡ ❞✐3❝✉#✐%❡♠♦3 ❛ 3❡❣✉✐%✳ ◆♦33❛ ❡3#%❛#1❣✐❛

3❡%8 #%❛#❛% ♦ ♣%♦❜❧❡♠❛ ❞❡ ✉♠❛ ♠❛♥❡✐%❛ ✉♠ ♣♦✉❝♦ ♠❛✐3 ❣❡%❛❧ ♠❛3 ♣♦❞❡♠♦3 ❝✐#❛% C✉❡ ❛

C✉❛♥#✐❞❛❞❡ ❞❡ #❡%♠♦3 ❛ 3❡%❡♠ ❝❛❧❝✉❧❛❞♦3 ♥❛ ❡C ✶✳✸ ❥8 1 ❡♥♦%♠❡♠❡♥#❡ ❞✐♠✐♥✉4❞❛ ♣♦% 3✐♠♣❧❡3

♦%#♦❣♦♥❛❧✐❞❛❞❡ ❞❡ ❡3❢1%✐❝♦3 ❤❛%♠I♥✐❝♦3✳ M❛%❛ ❡3#❛❞♦3 4f ✱ ♣♦% ❡①❡♠♣❧♦✱ #♦❞♦3 ♦3 #❡%♠♦3 ♣❛%❛

l > 6 3(♦ ♥✉❧♦3✳

✾



✶✳✷✳✶ ❆❧❣✉♥( )❡(✉❧+❛❞♦( ❞❛ +❡♦)✐❛ ❞❡ )❡♣)❡(❡♥+❛12❡(✳

❖ ❝"❧❝✉❧♦ ❞❡ ❡❧❡♠❡♥*♦+ ❞❡ ♠❛*-✐③ 0 ❡♥♦-♠❡♠❡♥*❡ +✐♠♣❧✐✜❝❛❞♦ ❛♦ +❡-❡♠ ✉*✐❧✐③❛❞♦+ -❡+✉❧*❛❞♦+

❞❛ "❧❣❡❜-❛ ❞❡ *❡♥+♦-❡+✳ ❊+*❛ "❧❣❡❜-❛ 0 ❢♦-♠❛❧✐③❛❞❛ ♥♦ ❝♦♥*❡①*♦ ❞❛ *❡♦-✐❛ ❞❡ -❡♣-❡+❡♥*❛9:❡+

❬✸✹❪✳

❙❡❥❛ {ψi
λ} ✉♠ ❝♦♥❥✉♥*♦ ❞❡ ❢✉♥9:❡+ ❜❛+❡ A✉❡ ❣❡-❛ ✉♠❛ -❡♣-❡+❡♥*❛9B♦ ✐--❡❞✉*C✈❡❧ ✭❘■✮ Γi

❞❡ ✉♠ ❣-✉♣♦ ❞❡ +✐♠❡*-✐❛+ G✱ A✉❡ ❞❡+❝-❡✈❡ ❛ +✐♠❡*-✐❛ ❞♦ ♣-♦❜❧❡♠❛ ❢C+✐❝♦ ❡♠ A✉❡+*B♦✳ ❙❡❥❛

T̂ ✉♠ ♦♣❡-❛❞♦- ❛-❜✐*-"-✐♦✳ ❊♠ ❣❡-❛❧✱ T̂ψi
λ *❡-" *♦❞♦+ ♦+ ❡❧❡♠❡♥*♦+ ❞♦ ❝♦♥❥✉♥*♦ {ψ

i
λ} ❛❝✐♠❛

❞❡✜♥✐❞♦✳ J❛-❛ ✐♥✈❡+*✐❣❛- ❛+ ♣-♦♣-✐❡❞❛❞❡+ ❞❡ T̂ ✱ *♦♠❡♠♦+ ❛ ❛9B♦ ❞❡ ✉♠ ❡❧❡♠❡♥*♦ R ∈ G +♦❜

❛+ ❢✉♥9:❡+ φ❡ η ❞❡✜♥✐❞❛+ ❝♦♠♦ φ = T̂ η✳

Θ̂Rφ = φ′

Θ̂Rη = η′

φ′ = T̂ ′η′

Θ̂Rφ = T̂ ′Θ̂Rη

φ = Θ̂−1
R T̂ ′Θ̂Rη ✭✶✳✹✮

J❡❧❛ ❡A✉❛9B♦ ✶✳✹ *❡♠♦+ A✉❡ T̂−1 = Θ̂RT̂ Θ̂
−1
R ✱ A✉❡ 0 ❛ -❡❣-❛ ❞❡ *-❛♥+❢♦-♠❛9B♦ ♣❛-❛ ✉♠

♦♣❡-❛❞♦- ❛-❜✐*-"-✐♦ T̂ +♦❜ ❛ ❛9B♦ ❞❡ ✉♠ ❡❧❡♠❡♥*♦ R ❞❡ G✳ ❉❡+*❛ ♠❛♥❡✐-❛✱ *❡♠♦+ A✉❡ ♦

❝♦♥❥✉♥*♦ ❞❡ ❝♦♠♣♦♥❡♥*❡+ {Tα} ❞❡ T̂ ❣❡-❛♠ ✉♠❛ -❡♣-❡+❡♥*❛9B♦ ✭❡♠ ❣❡-❛❧✱ -❡❞✉*C✈❡❧✮ ❞♦ ❣-✉♣♦

G✳ ❊+*❛ ❛✜-♠❛9B♦ ♣♦❞❡ +❡- ❡♥*❡♥❞✐❞❛ ❝♦♥+✐❞❡-❛♥❞♦✲+❡ ❛ ❛9B♦ ❞♦ ♦♣❡-❛❞♦- Θ̂RT̂
′Θ̂−1

R +♦❜ ❛+

❢✉♥9:❡+ ❞♦ ❝♦♥❥✉♥*♦ {ψi
λ} ❛❝✐♠❛ ❞❡✜♥✐❞♦✳ ❊+*❛ -❡♣-❡+❡♥*❛9B♦ ♣♦❞❡ +❡- -❡❞✉③✐❞❛ ❡♠ *❡-♠♦+

❞❡ ❝♦♠♣♦♥❡♥*❡+ ✐--❡❞✉*C✈❡✐+ ❞♦ ♦♣❡-❛❞♦- T̂ ✱ A✉❡ +✐❣♥✐✜❝❛ A✉❡ ♣♦❞❡♠♦+ ❡+❝-❡✈❡-✿

Θ̂RT̂
′Θ̂−1

R =

ni
∑

µ=1

T̂ i
µΓ

i
µλ(R) ✭✶✳✺✮

J♦- ❝♦♥+❡A✉P♥❝✐❛ ❞❛ ❡A✉❛9B♦ ✶✳✺ ✱ ❛ ❛9B♦ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥*❡ ✐--❡❞✉*C✈❡❧ T̂ i
λ ❡♠ ψj

α

✭T̂ i
λψ

j
α = T̂ i

λΘ̂
−1
R Θ̂Rψ

j
α✮ +❡ *-❛♥+❢♦-♠❛ ❝♦♠♦ ✉♠❛ -❡♣-❡+❡♥*❛9B♦ ♣-♦❞✉*♦ Γ

i × Γj
❡ ♦ *❡♦-❡♠❛

❞❡ ♦-*♦❣♦♥❛❧✐❞❛❞❡ ❞❡ -❡♣-❡+❡♥*❛9:❡+ ❬✸✹❪ ❣❛-❛♥*❡ ❛ +❡❣✉✐♥*❡ -❡❣-❛ ❞❡ +❡❧❡9B♦✿

〈φm
σ |T̂

i
λ|ψ

j
α〉 = 0

✶✵



∵ Γm /∈ Γi × Γj

❈♦♠♦ ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦) ♣❡♥)❛, ♥❛ ✐♥.❡❣,❛❧ ✶✳✸✳ 3❛,❛ ❡❧4.,♦♥) 4f ✱ ❛♣❡♥❛) ❝♦♠♣♦♥❡♥.❡)

❞❡ ❡).❛❞♦) l ≤ 3 ❡①✐).❡♠✳ ❖ ♣,♦❞✉.♦ ❞♦ ♣♦.❡♥❝✐❛❧ V (r)✱ ❝♦♠ ❝♦♠♣♦♥❡♥.❡ i✱ ❝♦♠ ♦✉.,♦ ❡).❛❞♦

4f ✱ .❡♠ ❝♦♠♣♦♥❡♥.❡) n ✭n > 0✮ ❛♣❡♥❛) ❡♥.,❡ i− 3 ≤ n ≤ i + 3✳ ❉❡).❛ ♠❛♥❡✐,❛✱ ♣❛,❛ ;✉❡ ❛

✐♥.❡❣,❛❧ )❡❥❛ ❞✐❢❡,❡♥.❡ ❞❡ 0✱ .❡♠♦) ;✉❡ i ≤ 6✳

✶✳✷✳✷ ❖♣❡&❛❞♦&❡* ❞❡ ❙,❡✈❡♥* ❡ ♦ ❚❡♦&❡♠❛ ❞❡ ❲✐❣♥❡&✲❊❝❦❛&,

❱❛♠♦) ✐♥✈❡).✐❣❛, ❝♦♠ ♠❛✐) ❞❡.❛❧❤❡) ♦) ,❡)✉❧.❛❞♦) ❞❛ )❡AB♦ ❛♥.❡,✐♦,✳ ❆ ✐❞4✐❛ 4 ❡).✉❞❛,♠♦) ❛)

❝♦♥)❡;✉D♥❝✐❛) ❞❛) ,❡❣,❛) ❞❡ .,❛♥)❢♦,♠❛AB♦ ❞❡ ♦♣❡,❛❞♦,❡)✱ ;✉❡ ❛❣♦,❛ ❞✐)❝✉.✐♠♦) ❞❡ ♠❛♥❡✐,❛

❣❡,❛❧✳ ❉❡)❝♦❜,✐♠♦) ;✉❡ ✉♠ ♦♣❡,❛❞♦, T̂ .,❛♥)❢♦,♠❛ ❝♦♠♦ T̂−1 = Θ̂RT̂
′Θ̂−1

R ✱ ✐))♦ )✐❣♥✐✜❝❛ ;✉❡

♣♦❞❡♠♦) ❡)❝,❡✈❡,

Θ̂RT̂
′Θ̂−1

R =
∑

β

T̂βΓ
T
βα(R)

❖♥❞❡ ΓT
4 ✉♠❛ ,❡♣,❡)❡♥.❛AB♦ ,❡❞✉.G✈❡❧ ❞❡ G✱ ❣❡,❛❞❛ ♣❡❧♦ ♦♣❡,❛❞♦, ✭,❡❞✉.G✈❡❧✮ T̂ ′✳ ➱ ✉♠

,❡)✉❧.❛❞♦ ❣❡,❛❧✱ ❞❡❞✉.G✈❡❧ ❞♦ .❡♦,❡♠❛ ❞❡ ♦,.♦❣♦♥❛❧✐❞❛❞❡ ❞❡ ❝❛,❛❝.❡,❡) ❡ ,❡♣,❡)❡♥.❛AI❡)✱ ;✉❡

♣♦❞❡♠♦) ,❡❞✉③✐, ❡).❛ ,❡♣,❡)❡♥.❛AB♦ ❡♠ .❡,♠♦) ❞❡ ,❡♣,❡)❡♥.❛AI❡) ✐,,❡❞✉.G✈❡✐)✳

ΓT =
∑

i∈RI

aiΓ
i

ai =
1

h

∑

g∈G

χT (g)∗χi(g)

❉❡).❛ ♠❛♥❡✐,❛✱ .❡♠♦) ❛ )❡❣✉✐♥.❡ ❡①♣,❡))B♦ ✭;✉❡ 4 ❡①♣,❡))B♦ ✶✳✺ ❡)❝,✐.❛ ❛❝✐♠❛✮✿

Θ̂RT̂
′Θ̂−1

R =
∑

β

T̂ i
βΓ

i
βα(R)

❊).❛ ❡①♣,❡))B♦ ❞❡.❡,♠✐♥❛ ;✉❡ ♣♦❞❡♠♦) ,❡❞✉③✐, ;✉❛❧;✉❡, ♦♣❡,❛❞♦, ❛ )✉❛) ❝♦♠♣♦♥❡♥.❡)

✐,,❡❞✉.G✈❡✐) T̂ i
β✳ ❆ ♣♦))✐❜✐❧✐❞❛❞❡ ❞❡ ,❡❞✉③✐, ♦♣❡,❛❞♦,❡) ❛ )✉❛) ❝♦♠♣♦♥❡♥.❡) ✐,,❡❞✉.G✈❡✐) 4

❝❤❛♠❛❞♦ ♠4.♦❞♦ ❞♦) ♦♣❡,❛❞♦,❡) ❞❡ ❙.❡✈❡♥) ❬✸✸❪✳ ❊).❛) ❝♦♠♣♦♥❡♥.❡) ✐,,❡❞✉.G✈❡✐) ❛❣❡♠ )♦❜

❛) ❜❛)❡) ✭❡).❛❞♦) ❡❧❡.,Q♥✐❝♦)✮ ❞❡ ✉♠❛ ♠❛♥❡✐,❛ ;✉❡ ❥R ❞❡.❡,♠✐♥❛♠♦) ♥❛ S❧.✐♠❛ )❡AB♦✱ ♦✉ )❡❥❛✱

❝♦♠♦ ✉♠❛ ,❡♣,❡)❡♥.❛AB♦ ♣,♦❞✉.♦✳ ❆))✐♠ ❝♦♠♦ ;✉❛❧;✉❡, ♦✉.,❛ ,❡♣,❡)❡♥.❛AB♦✱ ❡).❛) .❛♠❜4♠

♣♦❞❡♠ )❡, ,❡❞✉③✐❞❛)✳ 3❛,❛ ♦ ♣,♦❞✉.♦ ❞❡ ,❡♣,❡)❡♥.❛AI❡) ✐,,❡❞✉.G✈❡✐) Γi
❡ Γj

✱ ❡)❝,❡✈❡♠♦)✿

Γi × Γj =
∑

l

alijΓ
l

✭✶✳✻✮

✶✶



◆!♦ # ❞✐❢'❝✐❧ ♣❡,❝❡❜❡, .✉❡ ♦ 0'♠❜♦❧♦ alij # 0✐♠#2,✐❝♦ ♥♦0 '♥❞✐❝❡0 i ❡ j✳ ◆❛ 0✐2✉❛6!♦ ❡0♣❡❝✐❛❧

.✉❡ l ∈ RI ❞❡ G✱ ❛ ❡.✉❛6!♦ ✶✳✻ ❞❡✜♥❡ ❛ 0#,✐❡ ❞❡ ❈❧❡❜0❝❤✲●♦,❞❛♥ ♣❛,❛ ♦ ♣,♦❞✉2♦ Γi× Γj
✳ ❖0

❝♦❡✜❝✐❡♥2❡0 ❞❡ ❈❧❡❜0❝❤✲●♦,❞❛♥ ♣♦00✉❡♠ ♠✉✐2❛0 ♣,♦♣,✐❡❞❛❞❡0 ❡ ❡02!♦ ❛00♦❝✐❛❞♦0 ❛ ✐♠♣♦,2❛♥2❡0

❛♣❧✐❝❛6@❡0 ❡♠ ❢'0✐❝❛ 2❡A,✐❝❛ ❬✸✹❪✳ ❆.✉✐✱ ✈❛♠♦0 ❛♣❡♥❛0 ♥♦0 ❛2❡, ❛♦ 2❡♦,❡♠❛ ❞❡ ❲✐❣♥❡,✲❊❝❦❛,2✱

❞❡ ❡0♣❡❝✐❛❧ ✐♠♣♦,2L♥❝✐❛ ♣❛,❛ ♦ ❝M❧❝✉❧♦ ❞♦ ❝❛♠♣♦ ❝,✐02❛❧✐♥♦✳ ❱❛♠♦0 ❞❡✜♥✐, a(lij) = (ijl)✱

♣❛,❛ ❢❛❝✐❧✐2❛, ❛ ♥♦2❛6!♦✳ ❈♦♥0✐❞❡,❡ ♦ ❝M❧❝✉❧♦ ❞♦ 0❡❣✉✐♥2❡ ❡❧❡♠❡♥2♦ ❞❡ ♠❛2,✐③✿

〈ψi
µ|T̂

m
α |φ

j
ν〉 ✭✶✳✼✮

❖ 2❡♦,❡♠❛ ❞❡ ❲✐❣♥❡,✲❊❝❦❛,2 ♥♦0 ❣❛,❛♥2❡ .✉❡ ✶✳✼ # ❞❛❞♦ ♣♦,✿

=
∑

si

(mα, jν|isiµ)〈ψ
i‖T̂m‖φj〉 ✭✶✳✽✮

♦♥❞❡ ♦ '♥❞✐❝❡ si = (mji) ❡①♣,❡00❛ ♦ ♥V♠❡,♦ ❞❡ ✈❡③❡0 .✉❡ ❛ ,❡♣,❡0❡♥2❛6!♦ Γi
❛♣❛,❡❝❡

♥❛ ,❡❞✉6!♦ ❞❡ Γm × Γj
✳ ❖ ❡❧❡♠❡♥2♦ ❞❡ ♠❛2,✐③ 〈ψi‖T̂m‖φj〉 # ❝❤❛♠❛❞♦ ❡❧❡♠❡♥2♦ ,❡❞✉③✐❞♦ ❡

❞❡♣❡♥❞❡ ❛♣❡♥❛0 ❞♦0 '♥❞✐❝❡0 i ❡ j✳ ■02♦ 0✐❣♥✐✜❝❛ .✉❡ ♣❛,❛ ❝❛❧❝✉❧❛, .✉❛❧.✉❡, ❡❧❡♠❡♥2♦ ❞❡ ♠❛2,✐③

❞❛ ❢♦,♠❛ 〈ψi
µ|T̂

m
α |φ

j
ν〉✱ ♣,❡❝✐0❛♠♦0 ❛♣❡♥❛0 ❞♦ ❝M❧❝✉❧♦ ♣❛,❛ ✉♠ ❡❧❡♠❡♥2♦ ❡0♣❡❝'✜❝♦ ❡ ♦0 ❞❡♠❛✐0

❡02❛,!♦ ❞❛❞♦0 ♣❡❧❛ ❝♦❡✜❝✐❡♥2❡0 ❞❡ ❈❧❡❜0❝❤✲●♦,❞❛♥✳ ❖ ❝❛0♦ ❞❡ ♠❛✐♦, ✐♥2❡,❡00❡ ❢'0✐❝♦ # ♦ ❞❡

♠♦♠❡♥2♦ ❛♥❣✉❧❛,✱ ♦ .✉❡ 0✐♠♣❧✐✜❝❛ ♠✉✐2♦ ♦ ❝M❧❝✉❧♦ ♣♦✐0 ♣❛,❛ .✉❛❧.✉❡, ❡02❛❞♦ ❞❡ ♠♦♠❡♥2♦

❛♥❣✉❧❛, si = 1✳

✶✳✷✳✸ ▼♦❞❡❧♦ ❞❡ ❝❛♠♣♦ ❝-✐/0❛❧✐♥♦

◆❛0 ❞✉❛0 V❧2✐♠❛0 0✉❜0❡6@❡0 ♥♦0 ❛2❡♠♦0 ❛♦ ♣,♦❜❧❡♠❛0 ❞♦ ❝M❧❝✉❧♦ ❞❡ ❡❧❡♠❡♥2♦0 ❞❡ ♠❛2,✐③ ❞❡

♦♣❡,❛❞♦,❡0✳ ❱✐♠♦0 .✉❡ 2❡♦,❡♠❛0 ❞❛ 2❡♦,✐❛ ❞❡ ,❡♣,❡0❡♥2❛6@❡0 ♥♦0 ♣❡,♠✐2❡♠ ,❡❞✉③✐, ♦♣❡,❛❞♦,❡0

❛ 0✉❛0 ❝♦♠♣♦♥❡♥2❡0 ✐,,❡❞✉2'✈❡✐0✱ ❝✉❥♦ ❝M❧❝✉❧♦ ❡♠ ❜❛0❡0 ❞❡ ❘■0 ❞♦ ❣,✉♣♦ G ❞❡ 0✐♠❡2,✐❛0 ❞♦

0✐02❡♠❛ ❢'0✐❝♦ # ❞❛❞♦ ♣❡❧♦ 2❡♦,❡♠❛ ❞❡ ❲✐❣♥❡,✲❊❝❦❛,2✳ ◆❡02❛ 0❡6!♦✱ ✈❛♠♦0 ❡02✉❞❛, ❛ ♦❜2❡♥6!♦

❞❡02❛0 ❜❛0❡0 ❡ ❞❡ ✉♠ ♣♦2❡♥❝✐❛❧ ❞❡ ❝❛♠♣♦ ❝,✐02❛❧✐♥♦ ❡♠ 2❡,♠♦0 ❞❡ ♦♣❡,❛❞♦,❡0 ❞❡ ❙2❡✈❡♥0✳ ❊02❡0

,❡0✉❧2❛❞♦0 0❡,!♦ ✉2✐❧✐③❛❞♦0 ♣❛,❛ ❡02✉❞❛,♠♦0 ❞✉❛0 ❣,❛♥❞❡③❛0 ✐♠♣♦,2❛♥2❡0✿ ❛ ♠❛❣♥❡2✐③❛6!♦ ❡

♦ ❝❛❧♦, ❡0♣❡❝'✜❝♦✳

❆0 ❜❛0❡0 ❞❛0 ❘■0 ❞♦ ❣,✉♣♦ G 0!♦ ♦❜2✐❞❛0 ♣❡❧❛ ,❡❞✉6!♦ ❞❛ 0✐♠❡2,✐❛ ❞❛0 ❜❛0❡0 ❞❛ ,❡♣,❡0❡♥✲

2❛6!♦ ❞❡ ♠♦♠❡♥2♦ ❛♥❣✉❧❛, 2♦2❛❧ J = L+S ❡♠ 2❡,♠♦0 ❞♦0 0✉❜❣,✉♣♦0 ❞❡ SO3 .✉❡ ❞❡0❝,❡✈❡♠ ❛

0✐♠❡2,✐❛ ❧♦❝❛❧ ❞♦0 ❡02❛❞♦0 ❡❧❡2,[♥✐❝♦0 ❡♠ 0A❧✐❞♦0✳ ❖ ♣,♦❜❧❡♠❛✱ ♥♦ ❡♥2❛♥2♦✱ ,❡.✉❡, ❛ ✉2✐❧✐③❛6!♦

❞❡ ❛❧❣✉♠ ♠♦❞❡❧♦ .✉❡ 0❡❧❡❝✐♦♥❡ ♦ ♠✉❧2✐♣❧❡2♦ ❞♦ ❡02❛❞♦ ❢✉♥❞❛♠❡♥2❛❧✳ \♦, ❡①❡♠♣❧♦✱ ♣❛,❛ ♦

❉②

3+
✭4f 9

✮ ✉♠❛ ❣,❛♥❞❡ ✈❛,✐❡❞❛❞❡ ❞❡ ❡02❛❞♦0 ❞❡ ♠♦♠❡♥2♦ ❛♥❣✉❧❛, 2♦2❛❧ 0!♦ ♣♦00'✈❡✐0✳ ❘❡❣,❛0

❢❡♥♦♠❡♥♦❧A❣✐❝❛0✱ ❝♦♥❤❡❝✐❞❛0 ❝♦♠♦ ,❡❣,❛0 ❞❡ ❍✉♥❞ ✭❬✸✺❪ ♣❛,❛ ✉♠❛ ❜♦❛ ❞✐0❝✉00!♦✮ 0❡❧❡❝✐♦♥❛♠

♥❡02❡ ❝❛0♦ J = 15
2
✱ ❡♠ ♥♦2❛6!♦ ❡0♣❡❝2,♦0❝A♣✐❝❛

6H 15

2

✭S = 5
2
✱L = 5✮✳

✶✷
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❣"✉♣♦ ✜♥✐1♦ ❞❡ ✐♥1❡"❡//❡ ❡ ❞♦ ❣"✉♣♦ SO3✳ ❖ "❡/✉❧1❛❞♦ ✜♥❛❧ * 5✉❡ ♦ ♠✉❧1✐♣❧❡1♦ ❝♦♠ J ❝♦♥/1❛♥1❡

❡/1❛"B ❝❧❛//✐✜❝❛❞♦ ❡♥1"❡ ❛/ "❡♣"❡/❡♥1❛-;❡/ Γi
❞♦ ❣"✉♣♦ ♣♦♥1✉❛❧✳

❆♣"❡/❡♥1❛♠♦/ ❡♠ ❞❡1❛❧❤❡ ♦ ♣"♦❜❧❡♠❛ ♣❛"❛ ♦ ❈❡

3+
✐❧✉/1"❛♥❞♦ ❛ ❝♦♥/1"✉-.♦ ❞❡ ✉♠ ♣♦1❡♥❝✐❛❧

❞❡ ❝❛♠♣♦ ❝"✐/1❛❧✐♥♦ ❡ /✉❛ ✉1✐❧✐③❛-.♦ ♥♦ ❝B❧❝✉❧♦ ❞❡ ❣"❛♥❞❡③❛/ ❢G/✐❝❛/✳ ❱❛♠♦/ ❢❛③❡" ♦ ❝B❧❝✉❧♦

❡♠ /✐♠❡1"✐❛ ❝I❜✐❝❛ Oh✳ ❖ ❈❡

3+
1❡♠ ❝♦♥✜❣✉"❛-.♦ ❡❧❡1"8♥✐❝❛ ❬❳❡❪4f 1

✳ ❆ "❡❣"❛ ❞❡ ❍✉♥❞ ♥♦/

❞✐③ 5✉❡✱ ❞❡ 1♦❞♦/ ❡/1❛❞♦/ ❛♥1✐//✐♠*1"✐❝♦/ 5✉❡ ♣♦❞❡♠ /❡" ❢♦"♠❛❞♦/✱ ♦ ♠✉❧1✐♣❧❡1♦ ❢✉♥❞❛♠❡♥1❛❧

* ❞❛❞♦ ♣❡❧♦ ❡/1❛❞♦

2F 5

2

✳ ❊♠ 1❡"♠♦/ ❞❡ ❤❛"♠8♥✐❝♦/ ❡/❢*"✐❝♦/✱ ♦ ♣♦1❡♥❝✐❛❧ ❞❡ ❝❛♠♣♦ ❝"✐/1❛❧✐♥♦

* ❞❛❞♦ ♣♦"✿

V (r) = D4[Y
0
4 +

√

5

14
(Y 4

4 + Y −4
4 )] +D6[Y

0
6 −

√

7

2
(Y 4

6 + Y −4
6 )] ✭✶✳✾✮

❊♠ 1❡"♠♦/ ❞❡ ♦♣❡"❛❞♦"❡/ ❡5✉✐✈❛❧❡♥1❡/✱ ❡/❝"❡✈❡♠♦/✿

V (r) = Bc
4[O

0
4 + 5O4

4] +Bc
6[O

0
6 − 21(O4

6 +O−4
6 )] ✭✶✳✶✵✮

❖/ ❡/1❛❞♦/ "❡/✉❧1❛♥1❡/ /.♦ ❞❛❞♦/ ♣❡❧❛ ❞✐❛❣♦♥❛❧✐③❛-.♦ ❞❛ ♠❛1"✐③ ✶✳✶✵✱ 5✉❡ ♣♦❞❡ /❡" ❝❛❧✲

❝✉❧❛❞❛ ❢❛❝✐❧♠❡♥1❡ ♥❛ ❜❛/❡ |JM〉 ✉/❛♥❞♦ ❛/ 1❛❜❡❧❛/ ❥B ❡①✐/1❡♥1❡/ ❬✸✸❪✳ ❊/1❡/ ❡/1❛❞♦/ /.♦

❝❧❛//✐✜❝❛❞♦/ ❡♠ 1❡"♠♦/ ❞❛/ "❡♣"❡/❡♥1❛-;❡/ ❞♦ ❣"✉♣♦ ❞❡ ♣♦♥1♦ Oh ✳ ❈♦♠♦ ♦ ♥I♠❡"♦ ❞❡

❡❧*1"♦♥/ * G♠♣❛"✱ ❛/ "❡♣"❡/❡♥1❛-;❡/ /❡".♦ "❡♣"❡/❡♥1❛-;❡/ ❞❡ /♣✐♥✱ ♦✉ "❡♣"❡/❡♥1❛-;❡/ ❞♦❜"❛❞❛/✳

❖ ♠✉❧1✐♣❧❡1♦ J = 5
2
/❡ ❞✐✈✐❞❡ ❡♠ ✉♠ ❞✉❜❧❡1♦ Γ7 ❡ ✉♠ 5✉❛"1❡1♦ Γ8✳

Γ8 =
0.912871|5

2
± 5

2
〉+ 0.408248|5

2
∓ 3

2
〉

|5
2
± 1

2
〉

Γ1
7 = −0.40828|

5

2
±
5

2
〉+ 0.912871|

5

2
∓
3

2
〉 ✭✶✳✶✶✮

❉❡/1❛ ♠❡/♠❛ ♠❛♥❡✐"❛✱ 1❛♠❜*♠ ♣♦❞❡♠♦/ ❡♥❝♦♥1"❛" ♦/ ❛✉1♦✈❛❧♦"❡/ ✭❡♥❡"❣✐❛/✮ ❞♦ /✐/1❡♠❛✿

Γ8 = 2Bc
4

Γ7 = −4B
c
4 ✭✶✳✶✷✮

❖ ❡/1❛❞♦ ❢✉♥❞❛♠❡♥1❛❧ ❞❡♣❡♥❞❡"B✱ ♣♦"1❛♥1♦✱ ❞♦ /✐♥❛❧ ❞♦ ♣❛"W♠❡1"♦ Bc
4✳ ❖ ❢❛1♦ ❞❡/1❡

❝B❧❝✉❧♦ ❞❡♣❡♥❞❡" ❛♣❡♥❛/ ❞♦ ♣❛"W♠❡1"♦ ❞❡ 5✉❛"1❛ ♦"❞❡♠ * ✉♠ ❝❛/♦ ♣❛"1✐❝✉❧❛" ❞❡✈✐❞♦ ❛♦ ❢❛1♦

5✉❡ ♦/ ❡❧❡♠❡♥1♦/ ❞❡ ♠❛1"✐③ ❞♦ ♣❛"W♠❡1"♦ ❞❡ /❡①1❛ ♦"❞❡♠ /.♦ ♥✉❧♦/ ♣❛"❛ ♦ ♠✉❧1✐♣❧❡1♦ J = 5
2
✳
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c
4 = −720(144)♠❑ ❬✾❪ ❡ ♦ ❡-.❛❞♦ ❢✉♥❞❛♠❡♥.❛❧ 4 ❞❛❞♦ ♣❡❧♦ 6✉❛".❡.♦ Γ8✱ ✉♠

❡-.❛❞♦ ❝♦♠ ❞❡❣❡♥❡"❡-❝9♥❝✐❛ 4✳ ❊-.❛ ❞❡❣❡♥❡"❡-❝9♥❝✐❛ 4 ✉♠ ❛-♣❡❝.♦ ❢✉♥❞❛♠❡♥.❛❧ ❞♦ -✐-.❡♠❛✳

❊♠ 6✉❛❧6✉❡" -✐.✉❛=>♦ "❡❛❧✱ ♥♦ ❡♥.❛♥.♦✱ ♦ ❝❛♠♣♦ ❝"✐-.❛❧✐♥♦ ♥>♦ -❡"? ♦ @♥✐❝♦ .❡"♠♦ ❞♦

❍❛♠✐❧.♦♥✐❛♥♦ ❞♦ -✐-.❡♠❛✳ ❊♠ ♣❛".✐❝✉❧❛"✱ ♥♦ ❝❛-♦ ❞❡ ✉♠ ❡①♣❡"✐♠❡♥.♦ ❞❡ ❊❙❘✱ .❡♠♦- ❛

✐♥.❡"❛=>♦ ❩❡❡♠❛♥ 6✉❡✱ ♠❡-♠♦ 6✉❡ ❢"❛❝❛♠❡♥.❡✱ 6✉❡❜"❛ ❡-.❛ ❞❡❣❡♥❡"❡-❝9♥❝✐❛ ❞♦ 6✉❛".❡.♦ Γ8

❡♠ 6✉❛."♦ ❡-.❛❞♦-✳ ❊❢❡✐.♦- ❞❡ .❡♠♣❡"❛.✉"❛✱ ♥♦ ❡♥.❛♥.♦✱ ❢❛❝✐❧♠❡♥.❡ ❧❡✈❛♠ H ♠✐-.✉"❛ ❞❡-.❡-

❡-.❛❞♦-✳

✶✳✷✳✹ ▼❛❣♥❡)✐③❛,-♦ ❡ ❈❛❧♦1 ❡2♣❡❝5✜❝♦ ❡♠ ❈❛♠♣♦ ❈1✐2)❛❧✐♥♦✳

❖ ❡♥.❡♥❞✐♠❡♥.♦ ❞♦- ❡❢❡✐.♦- ❞❡ ❝❛♠♣♦ ❝"✐-.❛❧✐♥♦ ❡♠ ♠❡❞✐❞❛- ♠❛❝"♦-❝J♣✐❝❛- ♣♦❞❡ -❡" ♦❜.✐❞♦

♣♦" ❝?❧❝✉❧♦ ❞✐"❡.♦- ❜❛-❡❛❞♦- ❡♠ ♠♦❞❡❧♦- .❡J"✐❝♦- -✐♠♣❧❡-✳ ❊-.❡- ♠♦❞❡❧♦- ->♦ ✐♠♣♦".❛♥.❡- ♣♦✐-

♣❡"♠✐.❡♠ ❝♦♠♣❛"❛=>♦ ❞✐"❡.❛ ❝♦♠ ❡①♣❡"✐♠❡♥.♦-✳ ❱❛♠♦- ❝♦♥-✐❞❡"❛" ❛ -❡❣✉✐♥.❡ ❍❛♠✐❧.♦♥✐❛♥❛

❡♠ ♥♦--♦ ❝?❧❝✉❧♦✱ ❡-❝"✐.❛ ❡♠ ♦"❞❡♠ ❞❡❝"❡-❝❡♥.❡ ❞❡ ✐♠♣♦".L♥❝✐❛ ❞♦- .❡"♠♦-✿

H = Hintra +Hsp−orb +Hcryst +HZ ✭✶✳✶✸✮

❊♠ ✶✳✶✸ Hintra ❞❡-❝"❡✈❡ ❛ ✐♥.❡"❛=>♦ ❞❡ ❈♦✉❧♦✉♠❜✳ ❊-.❡ 4 ♦ .❡"♠♦ ♠❛✐- ✐♠♣♦".❛♥.❡ ❞♦

❍❛♠✐❧.♦♥✐❛♥♦ 6✉❡ ❞❡-❝"❡✈❡ ❛ ✐♥.❡"❛=>♦ ❈♦❧✉♠❜✐❛♥❛ ❞♦- ❡❧4."♦♥- ❞❛ ❝❛♠❛❞❛ 4f ✳ ❖ -❡❣✉♥❞♦

.❡"♠♦ 6✉❡❜"❛ ❛ ❞❡❣❡♥❡"❡-❝9♥❝✐❛ ❞♦ ♣"✐♠❡✐"♦ ❡ -❡❧❡❝✐♦♥❛ ♦ ♠✉❧.✐♣❧❡.♦
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2

❝♦♠♦ ♦ ❡-.❛❞♦

❢✉♥❞❛♠❡♥.❛❧ ✭"❡❣"❛ ❞❡ ❍✉♥❞✮✳ ❖ .❡"❝❡✐"♦ .❡"♠♦✱ ❞✐✈✐❞❡ ♦ ♠✉❧.✐♣❧❡.♦ ♥♦- 2 ❡-.❛❞♦- 6✉❡

❝❛❧❝✉❧❛♠♦- ♥❛ -❡=>♦ ❛♥.❡"✐♦" ❡ ♦ @❧.✐♠♦ .❡"♠♦✱ ❛ ✐♥.❡"❛=>♦ ❩❡❡♠❛♥✱ ♣"♦♠♦✈❡ ❛ -❡♣❛"❛=>♦

❝♦♠♣❧❡.❛ ❞❡ .♦❞♦- ♦- ♥R✈❡✐- ❞❡ ❡♥❡"❣✐❛✳ ❆6✉✐ ✈❛♠♦- ♥♦- ❛.❡" ❛♣❡♥❛- ❛♦ ♠✉❧.✐♣❧❡.♦ ❞♦ ❡-.❛❞♦

❢✉♥❞❛♠❡♥.❛❧

2F 5

2

✱ ❞❡ ♠❛♥❡✐"❛ 6✉❡ ✶✳✶✸ -❡ "❡❞✉③ ❛✿

H ≈ Hcryst +HZ

= Bc
4[O

0
4 + 5O4

4] + gJµBJ.H ✭✶✳✶✹✮

❖ ❝?❧❝✉❧♦ ❞❛- ❡♥❡"❣✐❛- ❞❡ ✶✳✶✹ 4 ❢❡✐.♦ ❡①❛.❛♠❡♥.❡ ♣❛"❛ Hcryst ❡ ✉-❛✲-❡ ❛ .❡♦"✐❛ ❞❡ ♣❡"✲

.✉❜❛=>♦ ❡♠ ♣"✐♠❡✐"❛ ♦"❞❡♠ ♣❛"❛ ❝❛❧❝✉❧❛" ♦- ♥R✈❡✐- ✜♥❛✐- ❞❡ ❡♥❡"❣✐❛ ❞❛❞♦- ♣♦" HZ ✳ ❖-

"❡-✉❧.❛❞♦- ->♦ ❛♣"❡-❡♥.❛❞♦- ❞❡ ♠❛♥❡✐"❛ ❡-6✉❡♠?.✐❝❛ ♥❛- ✜❣✉"❛- ✶✳✻❛ ❡ ✶✳✻❜✳ ❖ ✈❛❧♦" Bc
4 =

−720(144)♠❑ ❞❡ ❝❛♠♣♦ ❝"✐-.❛❧✐♥♦ ❬✾❪ ❢♦✐ ✉-❛❞♦ ♥❡-.❡ ❝?❧❝✉❧♦ ❈❡

3+
✳

❖ ❝♦♥❤❡❝✐♠❡♥.♦ ❞♦- ♥R✈❡✐- ❞❡ ❡♥❡"❣✐❛ ♥♦- ♣❡"♠✐.❡ ♣"♦--❡❣✉✐" ❝♦♠ ♦ ❝?❧❝✉❧♦ ❞❛- ❣"❛♥❞❡③❛-

.❡"♠♦❞✐♥L♠✐❝❛-✳ ❆ "❡-♣♦-.❛ ❞♦ -✐-.❡♠❛ H ❛=>♦ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥4.✐❝♦ ❡-.?.✐❝♦ H 4 ❞❛❞❛✱

♥❛ ❞✐-."✐❜✉✐=>♦ ❝❛♥Z♥✐❝❛✱ ♣♦" ❬✸✷❪✿

✶✹



❋✐❣✉$❛ ✶✳✻✿ ❛✮ ❊,-✉❡♠❛ ❣❡$❛❧ ❞♦, ♥4✈❡✐, ❞❡ ❡♥❡$❣✐❛ ❡ ❞❡❣❡♥❡$❡,❝7♥❝✐❛, ❛❝♦♠♣❛♥❤❛♥❞♦ ❛

✐♥✢✉7♥❝✐❛, ❞♦, ;❡$♠♦, ❞❛ ❍❛♠✐❧;♦♥✐❛♥❛ ✶✳✶✸ ❜✮ ◆4✈❡✐, ❞❡ ❡♥❡$❣✐❛ ♣❛$❛ ❛ ❍❛♠✐❧;♦♥✐❛♥❛ ✶✳✶✹✳

❖❜,❡$✈❡ -✉❡ ❛♣❡♥❛, ♣❛$❛ ❝❛♠♣♦, ❜❛,;❛♥;❡ ❡❧❡✈❛❞♦, -✉❡ ♦ -✉❛$;❡;♦ ❞♦ ❡,;❛❞♦ ❢✉♥❞❛♠❡♥;❛❧

♣♦❞❡ ❛♣$❡,❡♥;❛$ ❛❧❣✉♠❛ ♠✐,;✉$❛ ❝♦♠ ♦, ❡,;❛❞♦, ❡①❝✐;❛❞♦,✳
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M(T,H) =

∑2J+1=6
n=1 mn(H) exp(−βEn)
∑2J+1=6

n=1 exp(−βEn)
✭✶✳✶✺✮

♦♥❞❡

mn = −
∂En

∂Hn

❡

β =
1

kBT

❆ ▼❛❣♥❡-✐③❛01♦ ❞❛ ❡2✉❛01♦ ✶✳✶✺ 4 ❞❡✈✐❞♦ ❛♦ 6♣✐♥ ❞❡ ✉♠ 9♥✐❝♦ 6;-✐♦✳ ❆ ♠❛❣♥❡-✐③❛01♦

-♦-❛❧ 4 ♦❜-✐❞❛ ♠✉❧-✐♣❧✐❝❛♥❞♦✲6❡ ✶✳✶✺ ♣❡❧♦ ♥9♠❡?♦ -♦-❛❧ ❞❡ 6♣✐♥6✳ ❊6-❡ ♣?♦❝❡❞✐♠❡♥-♦ ♣❡?♠✐-❡✱

♣♦? ❡①❡♠♣❧♦✱ ❞❡-❡?♠✐♥❛? ❛ ❝♦♥❝❡♥-?❛01♦ ❞❡ 6♣✐♥6 ❞❡ ✉♠❛ ❛♠♦6-?❛ ❝♦♠♣❛?❛♥❞♦ ❡66❛ -❡♦?✐❛

❝♦♠ ?❡6✉❧-❛❞♦6 ❡①♣❡?✐♠❡♥-❛✐6 ♣❛?❛ ❝✉?✈❛6 ❞❡ M ① H ♦✉ M ① T ✳ ◆❛6 ✜❣✉?❛6 ❛♣?❡6❡♥-❛♠♦6

♦ ?❡6✉❧-❛❞♦ ❞❡6-❡6 ❝E❧❝✉❧♦6✳ ❈♦♠♣❛?❛01♦ ❞❡6-❡6 ?❡6✉❧-❛❞♦6 -❡G?✐❝♦6 ✭✜❣ ✶✳✼✮ ❝♦♠ ?❡6✉❧-❛❞♦6

❡①♣❡?✐♠❡♥-❛✐6 ✭✜❣ ✶✳✸✮ ✐♥❞✐❝❛ ❛ 6✉❜✐❞❛ ❞❛ 6✉6❝❡♣-✐❜✐❧✐❞❛❞❡✱ ♦❜6❡?✈❛❞❛ ❛ ❜❛✐①❛ -❡♠♣❡?❛-✉?❛✱

♣♦❞❡?✐❛ 6❡? ❡①♣❧✐❝❛❞❛ ♣♦? ✉♠❛ ❢?❛01♦ ❞❡ ❛♣❡♥❛6 ≈ 0.1% ❞♦6 ❈❡ 6❡ ❝♦♠♣♦?-❛♥❞♦ ❝♦♠♦ ♦ ❈❡

3+

♦✉ ❛✐♥❞❛✱ ♠✉✐-♦ ♠❛✐6 ♣?♦✈E✈❡❧✱ 2✉❡ ❛ 6✉6❝❡♣-✐❜✐❧✐❞❛❞❡ ❞♦ ❝♦♠♣♦6-♦ 4 -♦-❛❧♠❡♥-❡ ✐♥❞❡♣❡♥❞❡♥-❡

❞❛ -❡♠♣?❛-✉?❛ ♠❛6 2✉❡ ❛❧❣✉♠❛ ♣❡2✉❡♥❛ ✐♠♣✉?❡③❛ ❞❡ -❡??❛ ?❛?❛✱ ♥♦-❛❞❛♠❡♥-❡ ●❞

3+
✱ ♣♦❞❡

6❡? ?❡6♣♦♥6E✈❡❧ ♣❡❧♦ ❝♦♠♣♦?-❛♠❡♥-❡ ❞❡ ❜❛✐①❛ T ✳

❖✉-?♦ ♣♦♥-♦ ✐♥-❡?❡66❛♥-❡✱ 4 2✉❡ ❛ ♠❛❣♥❡-✐③❛01♦ ❛❢❡-❛❞❛ ♣♦? ❡❢❡✐-♦6 ❞❡ ❝❛♠♣♦ ❝?✐6-❛❧✐♥♦✱

6❛-✉?❛ ❡♠ ❝❛♠♣♦6 ?❡❧❛-✐✈❛♠❡♥-❡ ♠❛✐6 ❜❛✐①♦6 2✉❡ ❛ ♠❛❣♥❡-✐③❛01♦ ♥❛ ❛✉6M♥❝✐❛ ❞❡6-❡6 ❡❢❡✐-♦6✳

❖❜6❡?✈❡ 2✉❡ ♥❛ ✜❣✉?❛ ✶✳✼❛ 2✉❡ ❡♠ ❜❛✐①❛ -❡♠♣❡?❛-✉?❛ ✭❡❢❡✐-♦6 ❞❡ ❝❛♠♣♦ ❝?✐6-❛❧✐♥♦ ?❡❧❡✈❛♥-❡6✮

❛ ♠❛❣♥❡-✐③❛01♦ ❥E ❝♦♠❡0❛ ❛ 6❛-✉?❛? ♣♦? ✈♦❧-❛ ❞❡ H = 5❚✳

❖✉-?❛ ❣?❛♥❞❡③❛ 2✉❡ ♣♦❞❡♠♦6 ❝❛❧❝✉❧❛? ❞✐?❡-❛♠❡♥-❡ ❛ ♣❛?-✐? ❞♦6 ♥;✈❡✐6 ❞❡ ❡♥❡?❣✐❛ ❞❛ ✜❣✉?❛

✶✳✻ 4 ♦ ❝❛❧♦? ❡6♣❡❝;✜❝♦✳ ❆ ❝♦♠♣❛?❛01♦ ❝♦♠ ♦ ❡①♣❡?✐♠❡♥-♦✱ ♥♦ ❡♥-❛♥-♦✱ ♥1♦ 4 ❞✐?❡-❛✱ ♣♦✐6 ♥✉♠

6G❧✐❞♦ -❡?❡♠♦6 ✈E?✐❛6 ❝♦♥-?✐❜✉✐0Q❡6 ♣❛?❛ ♦ ❝❛❧♦? ❡6♣❡❝;✜❝♦ -♦-❛❧ 2✉❡ 4 ❣❡?❛❧♠❡♥-❡ ♦❜-✐❞♦ ❡♠

❡①♣❡?✐♠❡♥-♦6 ❬✸✻❪✳ ◆♦ ❡♥-❛♥-♦✱ ♣?♦❝❡❞❡? ❝♦♠ ♦ ❝E❧❝✉❧♦ 4 ❜❛6-❛♥-❡ ✐♥6-?✉-✐✈♦ ♣❛?❛ -❡?♠♦6 ✉♠❛

?❡❢❡?M♥❝✐❛ ♣❛?❛ ♦6 ❡❢❡✐-♦6 ❞❡ ❝❛♠♣♦ ❝?✐6-❛❧✐♥♦ ♥❡6-❛ ❣?❛♥❞❡③❛ ❡ ❛✐♥❞❛ ❞✐6❝✉-✐? ♦6 ?❡6✉❧-❛❞♦6

❞❛ ✜❣✉?❛ ✶✳✺✳

❖ ❝❛❧♦? ❡6♣❡❝;✜❝♦ 4 ♦❜-✐❞♦ ❞✐?❡-❛♠❡♥-❡ ❞❛ 6❡❣✉✐♥-❡ ❡①♣?❡661♦✿

CV (T ) =
∂

∂T
(

∑2J+1=6
n=1 En exp(−βEn)
∑2J+1=6

n=1 exp(−βEn)
) ✭✶✳✶✻✮

❖ ❝E❧❝✉❧♦ ♣♦❞❡ 6❡? ❢❡✐-♦ ♥❛ ♣?❡6❡♥0❛ ♦✉ ❛✉6M♥❝✐❛ ❞❡ ❡❢❡✐-♦ ❩❡❡♠❛♥✱ ♦ 2✉❡ ✐♥-?♦❞✉③ ✉♠❛

❞❡♣❡♥❞M♥❝✐❛ ❡♠ ❢✉♥01♦ ❞❡ H ♣❛?❛ CV ✳ ❘❡❛❧✐③❛♠♦6 ♦ ❝E❧❝✉❧♦ ?❡♥♦?♠❛❧✐③❛♥❞♦ ♦6 ♥;✈❡✐6 ❞❡

✶✻



3+

h M(2K,H)M(12K,H)
M(24K,H) M(T, 1T )M(T, 3T ) M(T, 5T )



❡♥❡"❣✐❛ ❞❛ ✜❣✉"❛ ✶✳✻ ❞❡ ♠❛♥❡✐"❛ -✉❡ ♦ ❡/0❛❞♦ ❢✉♥❞❛♠❡♥0❛❧ /❡♠♣"❡ 0❡"4 ❡♥❡"❣✐❛ E0 = 0✳ ❆

✜❣✉"❛ ✶✳✽ ♠♦/0"❛ ♦/ "❡/✉❧0❛❞♦/ ❞❡/0❡ ❝4❧❝✉❧♦✱ ♣❛"❛ ❝❛♠♣♦ ♠❛❣♥90✐❝♦ H = 0 ✭✜❣ ✶✳✽❛✮ ❡ ♣❛"❛

❛❧❣✉♥/ ✈❛❧♦"❡/ ❞❡ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦ ✭✜❣ ✶✳✽❜✮✳

❆ ✜❣✉"❛ ✶✳✽❛ ♠♦/0"❛ ❝♦♠ ❝❧❛"❡③❛ ❛ ❛♥♦♠❛❧✐❛ ❙❝❤♦00❦② ❞❡✈✐❞♦ ❛ ♣"❡/❡♥C❛ ❞♦ ❡/0❛❞♦ ❡①✲

❝✐0❛❞♦ ❞❡ ❝❛♠♣♦ ❝"✐/0❛❧✐♥♦✳ ❆ ❛♥♦♠❛❧✐❛ 9 ❜❛/0❛♥0❡ ❧❛"❣❛✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ❛ ❣"❛♥❞❡ /❡♣❛"❛CF♦

❞❡/0❡ ❡/0❛❞♦ ❡①❝✐0❛❞♦ ❞♦ ❡/0❛❞♦ ❢✉♥❞❛♠❡♥0❛❧✳ ❆ ✜❣✉"❛ ✶✳✽❜ ❛♣"❡/❡♥0❛ ♦ ❝❛❧♦" ❡/♣❡❝G✜❝♦ ❞❡

❜❛✐①❛ 0❡♠♣❡"❛0✉"❛ ❝♦♠ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦ ✭H = 1✱ 3✱ 5 ❡ 7 ❚✮✳ ❆ ❛♣❧✐❝❛CF♦ ❞❡/0❡/ ❝❛♠♣♦/

♣"♦♠♦✈❡ ✉♠❛ /❡♣❛"❛CF♦ ❞♦ -✉❛"0❡0♦ ❡ ✉♠❛ ♥♦✈❛ ❛♥♦♠❛❧✐❛ ❙❝❤♦00❦② /❡ ❞❡/❡♥✈♦❧✈❡✳ ◆♦0❡

-✉❡ ♦ ♣✐❝♦ ❞❛ ❛♥♦♠❛❧✐❛ /❡ ❞❡/❧♦❝❛ ♣❛"❛ ♠❛✐/ ❛❧0❛ 0❡♠♣❡"❛0✉"❛ ❝♦♠ ♦ ❛✉♠❡♥0♦ ❞♦ ❝❛♠♣♦✳

■♥0❡"❡//❛♥0❡ ♥♦0❛" -✉❡ ♣❛"❛ ✉♠ ❝❛♠♣♦ ❞❡ 5 ❚✱ 0❛❧ ❝♦♠♦ ❛♣"❡/❡♥0❛❞♦ ♥❛ ✜❣✉"❛ ✶✳✺✱ ♦/ ❡❢❡✐0♦/

❥4 /F♦ ❜❛/0❛♥0❡ ✈✐/G✈❡✐/✳ ❊/0❛ 9 ♠❛✐/ ✉♠❛ ❡✈✐❞N♥❝✐❛ -✉❡✱ ❡❢❡0✐✈❛♠❡♥0❡✱ ❛ ✈❛❧N♥❝✐❛ ❞♦ ❈❡ ❡♠

❈❡❋❡4Q12 9 0❡0"❛✈❛❧❡♥0❡✳ ❆ ♣❛"0❡ ❞❡ ❛❧0❛ 0❡♠♣❡"❛0✉"❛ ❞♦ ❝4❧❝✉❧♦ 9 ❜❛/0❛♥0❡ /✐♠✐❧❛" R ✜❣✶✳✽❛✱

❡ ♠♦/0"❛ ❛♣❡♥❛/ ❛ ❧❛"❣❛ ❛♥❛♦♠❛❧✐❛ ❞❡ ❙❤♦00❦② ♣♦" ❡❢❡✐0♦ ❞♦ ❝❛♠♣♦ ❝"✐/0❛❧✐♥♦✳

✶✳✷✳✺ ❈❛♠♣♦) ❝+✐)-❛❧✐♥♦ ❡ ❊❙❘✳

◆❛ S❧0✐♠❛ /❡CF♦✱ ✈✐♠♦/ ❛ ♣"♦❢✉♥❞❛ ✐♥✢✉N♥❝✐❛ ❞♦/ ❡❢❡✐0♦/ ❞❡ ❝❛♠♣♦ ❝"✐/0❛❧✐♥♦ ♣❛"❛ ❞✉❛/

✐♠♣♦"0❛♥0❡/ ❣"❛♥❞❡③❛/ ❢G/✐❝❛/✳ ◆♦//❛ ❛♥4❧✐/❡ ❢♦✐ ♣♦//G✈❡❧ ♣♦✐/ ❢♦♠♦/ ❝❛♣❛③❡/ ❞❡ ❞❡0❡"♠✐♥❛" ♦

❡/0❛❞♦ ❢✉♥❞❛♠❡♥0❛❧ ❞♦ /✐/0❡♠❛✳ ◆❡/0❛ /❡CF♦ ✈❛♠♦/ ❞✐/❝✉0✐" ❝♦♠♦ -✉❡ ❡①♣❡"✐♠❡♥0♦/ ❞❡ ❊❙❘

❝♦♥0"✐❜✉❡♠ ♣❛"❛ ❛ ❞❡0❡"♠✐♥❛CF♦ ❞♦ ❡/0❛❞♦ ❢✉♥❞❛♠❡♥0❛❧✳

Q❛"❛ ❡♥0❡♥❞❡"♠♦/ ♠❡❧❤♦" ❡/0❡ ♣♦♥0♦✱ ♥♦0❡♠♦/ -✉❡ ✉♠ ❡①♣❡"✐♠❡♥0♦ ❞❡ ❊❙❘ ❝♦♥/✐/0❡

❜❛/✐❝❛♠❡♥0❡ ♥❛ ❛♣❧✐❝❛CF♦ ❞❡ ✉♠ ❝❛♠♣♦ H ❝♦♥/0❛♥0❡ ✭H = H0~r✮✱ ♣❡"♣❡♥❞✐❝✉❧❛" ❛ ✉♠ ❝❛♠♣♦

❞❡ ♠✐❝"♦♦♥❞❛ -✉❡ ♦♣❡"❛ ♥✉♠❛ ❝❡"0❛ ❢"❡-✉N♥❝✐❛ ✜①❛ ν✱ R ✉♠ /✐/0❡♠❛ ❞❡ /♣✐♥ ❡❧❡0"V♥✐❝♦ ❡♠ ✉♠

❡/0❛❞♦ |ψ〉✳ ❙❡ ♦ ❡①♣❡"✐♠❡♥0♦ 9 ❢❡✐0♦ ❛ 0❡♠♣❡"❛0✉"❛/ /✉✜❝✐❡♥0❡♠❡♥0❡ ❜❛✐①❛/✱ |ψ〉 /❡"4 ♦ ❡/0❛❞♦

❢✉♥❞❛♠❡♥0❛❧ ❞❡/0❡ /✐/0❡♠❛ ♦✉ 0❡"4 ❛♣❡♥❛/ ✉♠❛ ♣❡-✉❡♥❛ ❝♦♥0"✐❜✉✐CF♦ ❞❡ ❡/0❛❞♦/ ❡①❝✐0❛❞♦/✳

❆ ❛♣❧✐❝❛CF♦ ❞♦ ❝❛♠♣♦ H ♣♦❞❡ -✉❡❜"❛" ❛ ❞❡❣❡♥❡"❡/❝N♥❝✐❛ ❞❡/0❡ ❡/0❛❞♦ ❡ ♣"♦♠♦✈❡" 0"❛♥✲

/✐CW❡/ ❡♥0"❡ ♦/ ♥G✈❡✐/ ❞❡ ❡♥❡"❣✐❛ "❡/✉❧0❛♥0❡/ ❞❡/0❛ -✉❡❜"❛✳ ❊/0❛ -✉❡❜"❛ /❡♠♣"❡ ♦❝♦""❡ -✉❛♥❞♦

❡/0❛❞♦ |ψ〉 ❡/04 ❛//♦❝✐❛❞♦ ❛ ✉♠ G♦♥ ❑"❛♠❡"✳ Q❛"❛ ❜❛✐①♦ ✈❛❧♦" ❞❡ H0✱ ❛ /❡♣❛"❛CF♦ ❡♥0"❡

❡/0❡/ ♥G✈❡✐/ 9 ❡♥❝♦♥0"❛❞❛ ♣♦" ♣"✐♠❡✐"❛ ♦"❞❡♠ ❡♠ 0❡♦"✐❛ ❞❡ ♣❡"0✉❜❛CF♦ ♣❛"❛ ♦ ❡/0❛❞♦ |ψ〉 ❡

❞❡♣❡♥❞❡"4 ❧✐♥❡❛"♠❡♥0❡ ❞❡ H0✳ ❘❡0♦♠❛♥❞♦ ♥♦//♦ ❡①❡♠♣❧♦ ♣❛"❛ ♦ ❈❡

3+
❡♠ /✐♠❡0"✐❛ ❝S❜✐❝❛✱
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5
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(−0.40828)2 − 3

2
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5
2
(−0.40828)2 − 3

2
(0.912871)2)

)

✭✶✳✶✼✮
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∆E = 2gJµBH(−
5

2
(−0.40828)2 +

3

2
(0.912871)2)

.
= geffµBH ✭✶✳✶✽✮
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5
2
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2
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~ω
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dω ✭✶✳✷✷✮
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 ♦ ❛❧♠❡♥ ❡ ♦' ♠♦❞♦' ❞❡ ❊✐♥' ❡✐♥✳

❆ ❝❛.❛❝ ❡.✐③❛01♦ ❛ .❛✈3' ❞❡  3❝♥✐❝❛' ♠❛❝.♦'❝4♣✐❝❛' ❞♦'  ❛""❧✐♥❣ ♠♦❞❡+ ♣♦❞❡✱ ♥♦ ❡♥ ❛♥ ♦

❡'❝♦♥❞❡. ✉♠❛ ❞✐'❝✉''1♦ ❝❛❞❡♥ ❡ ❛❝❡.❝❛ ❞❡' ❡ ♠♦❞♦'✳ ▼♦❞♦' ❞❡ ❊✐♥' ❡✐♥ ❡' 1♦ ❛''♦❝✐❛❞♦' ❛

♣♦ ❡♥❝✐❛✐' ❤❛.♠:♥✐❝♦' ❝✉❥♦ ♣♦♥ ♦ ❞❡ ❡<✉✐❧=❜.✐♦ 3 ♦ ❝❡♥ .♦ ❞❡ ❝♦♦.❞❡♥❛❞❛' ❞❡' ❡ ♣♦ ❡♥❝✐❛❧✳

❊♠ +❦✉""❡ ✉❞✐"❡+✱ ✐' ♦ '✐❣♥✐✜❝❛ <✉❡ ❡' ❡ 3 ♦ ♣♦♥ ♦ ❡①❛ ♦ ♦♥❞❡ ♦ =♦♥ ❡' ❛.✐❛ ❝❛'♦ ❡' ❡ ♥1♦

 ✐✈❡''❡ ✉♠❛ ❞✐♥B♠✐❝❛✱ '✐ ✉❛01♦ ♥❛ <✉❛❧ ❛ '✐♠❡ .✐❛ ❞❡ ♣♦♥ ♦ ❞♦ '= ✐♦ 3 Th✳ ◆❡' ❡ '✐ ✉❛01♦ ♦

 ❛""❧✐♥❣ 3 ❞❡♥♦♠✐♥❛❞♦ ♦♥✲❝❡♥"❡ ✳ ◆❛ '✐ ✉❛01♦ ♥❛ <✉❛❧ ❛♥❛.♠♦. ✐❝✐❞❛❞❡' ❡' 1♦ ♣.❡'❡♥ ❡'✱ ❡ ♦

♣♦ ❡♥❝✐❛❧ ❛♦ <✉❛❧ ♦ =♦♥ ❡' D '✉❥❡✐ ♦ 3 ♠❡❧❤♦. .❡♣.❡'❡♥ ❛❞♦✱ ♣♦. ❡①❡♠♣❧♦✱ ♣♦. ✉♠ ♣♦ ❡♥❝✐❛❧

<✉D. ✐❝♦✱  ❡♠♦' ❞✉❛' '✐ ✉❛0E❡' ✭❞❡❣❡♥❡.❛❞❛'✮ ❞❡ ❡<✉✐❧=❜.✐♦✱ ❛♠❜❛' ❢♦.❛ ❞♦ ❝❡♥ .♦✳ ❖  ❛""❧✐♥❣✱

♥❡' ❛ '✐ ✉❛01♦✱ 3 ❞❡♥♦♠✐♥❛❞♦✱ ♦✛✲❝❡♥"❡ ✳ ❆ '✐♠❡ .✐❛ ❧♦❝❛❧ ❞♦ =♦♥ ♥❡' ❛ '✐ ✉❛01♦ ♥1♦ 3✱

.✐❣♦.♦'❛♠❡♥ ❡✱ Th ✐♠♣❧✐❝❛♥❞♦ ❛ 3 <✉❡  ❡.♠♦' ❞❡ ♠❡♥♦. '✐♠❡ .✐❛ ❞❡✈❡.✐❛♠ '❡. ✐♥❝❧✉=❞♦' ♥❛

❞✐'❝✉''1♦ ❞❛ '❡01♦ ❛♥ ❡.✐♦.✱ ♣♦. ❡①❡♠♣❧♦✳

❯♠  ❛""❧✐♥❣ ♦✛✲❝❡♥"❡ ✱ ♣♦. ❛♥ ♦✱ ♣♦❞❡ ♠❛♥✐❢❡' ❛.✲'❡ ❞❡ ♠❛♥❡✐.❛ ❝♦♥'♣=❝✉❛ ♥♦ ❡'♣❡❝ .♦ ❞❡

❊❙❘✳ ❉❡ ❝❡. ❛ ❢♦.♠❛✱ ❡' ❛ ♠❛♥✐❢❡' ❛01♦ '❡ ❛♣.❡'❡♥ ❛.✐❛ ❝♦♠♦ ✉♠ ❡❢❡✐ ♦ ❞❡ ❝❛♠♣♦ ❝.✐' ❛❧✐♥♦✱

✭♥❛ ♣.4①✐♠❛ '✉❜✲'❡01♦ ❛♣.❡'❡♥ ❛.❡♠♦' ✉♠ ❡❢❡✐ ♦ ❛✐♥❞❛ ♠❛✐' ❜❛'❛❧ .❡❧❛❝✐♦♥❛❞♦ ❛♦  ❛""❧✐♥❣✮

♣♦❞❡♥❞♦ '❡. ❞❡'❝.✐ ♦ ❝♦♠♦ ✉♠❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ ❞❡ ♣❛.B♠❡ .♦' ❞❛ ❤❛♠✐❧ ♦♥✐❛♥❛ ❞❡ ❝❛♠♣♦

❝.✐' ❛❧✐♥♦ ♦✉✱ ❡♠ ❝❛'♦ ❡① .❡♠♦✱ ♣♦❞❡ .❡<✉❡.❡. ❛ ✐♥❝❧✉'1♦ ❞❡  ❡.♠♦' ❞❡ ♠❡♥♦. '✐♠❡ .✐❛✳ ❊' ❡'

❞♦✐' ❡❢❡✐ ♦' ♣♦❞❡♠ ❧❡✈❛. ❛ ✉♠ ❣.❛♥❞❡ ❞❡'❧♦❝❛♠❡♥ ♦ ❞❛ ❧✐♥❤❛ ❞❡ ❊❙❘ ✭g − shift ❞❡✈✐❞♦ ❛

♠✉❞❛♥0❛ ❞❡ '✐♠❡ .✐❛✮ ❛❧3♠ ❞❡ ❝♦♥'✐❞❡.D✈❡❧ ❛❧❛.❣❛♠❡♥ ♦ ❞❡' ❛ ❧✐♥❤❛✳

❖  ❛""❧✐♥❣ ♦♥✲❝❡♥"❡ ✱  ❛♠❜3♠ ♣♦❞❡ ♠❛♥✐❢❡' ❛.✲'❡ ✈✐❛ ❡❢❡✐ ♦ ❞❡ ❝❛♠♣♦ ❝.✐' ❛❧✐♥♦✳ ◆♦

❡♥ ❛♥ ♦✱ ❞❡ ♠❛♥❡✐.❛ ♣♦✉❝♦ ♠❛✐' '✉ ✐❧✳ ❖  ❛""❧✐♥❣ 3 ✉♠ ♣.♦❝❡''♦ ❝❛.❛❝ ❡.✐③❛❞♦ ♣♦. '✉❛ ❢.❡✲

<✉O♥❝✐❛ ωEinstein ❞❡ ♦'❝✐❧❛01♦✳ ❊①♣❡.✐♠❡♥ ♦' ❬✷✼❪ ❛♣♦♥ ❛♠ <✉❡ ♦  ❛""❧✐♥❣ ❞♦ ❈❡ ♥♦ ❈❡❋❡4V12✱

♣♦. ❡①❡♠♣❧♦✱ 3 ♦♥✲❝❡♥"❡ ❡ '❡ ❞D ♥✉♠❛ ❢.❡<✉O♥❝✐❛ ❝❛.❛❝ ❡.=' ✐❝❛ ωEinstein ≈ 3.12 × 1012 s−1

✭θEinstein = 150 ❑✮✳ ❊' ❛ ❢.❡<✉O♥❝✐❛ 3 ❝❡.❝❛ ❞❡ 1000 ✈❡③❡' ♠❛✐♦. <✉❡ ❛ ❢.❡<✉O♥❝✐❛ ❞❡ ❊❙❘ ❡

❞❡' ❛ ♠❛♥❡✐.❛ ♥♦''♦ ❡①♣❡.✐♠❡♥ ♦ ✏❡♥①❡.❣❛✑ ✉♠ =♦♥ ♦'❝✐❧❛♥❞♦ ❡♠  ❛❧ ❢.❡<✉O♥❝✐❛ ❝♦♠♦ ✉♠ =♦♥

❡' D ✐❝♦ ❝♦♠ '✐♠❡ .✐❛ Th✳ ❈❛'♦✱ ♥♦ ❡♥ ❛♥ ♦✱ ❡' ❡ =♦♥ ❡' ✐✈❡''❡ ♥✉♠❛ ❢.❡<✉O♥❝✐❛ ❝♦♠♣❛.D✈❡❧

❝♦♠ ❛ ❞❡ ❊❙❘✱ ♥♦''♦ ❡①♣❡.✐♠❡♥ ♦ '❡.✐❛ ❝❛♣❛③ ❞❡ ❞❡ ❡❝ ❛. ✐♥♦♠♦❣❡♥❡✐❞❛❞❡' ❞❡' ❛ ❡①❝✉.'1♦

♠❡'♠♦ ♥❛ '✐ ✉❛01♦ ❡♠ <✉❡ ♦ =♦♥ ❡' ❡❥❛ '✉❥❡✐ ♦ ❛ ✉♠ ♣♦ ❡♥❝✐❛❧ ❤❛.♠:♥✐❝♦✳

❖  ❛""❧✐♥❣✱ '❡❥❛ ❡❧❡ ♦♥✲❝❡♥"❡ ♦✉ ♦✛✲❝❡♥"❡ ✱ ♣♦❞❡ ❛✐♥❞❛ ❧❡✈❛. ❛♦ ❢❡♥:♠❡♥♦ ❞❡ ♠♦"✐♦♥❛❧

♥❛  ♦✇✐♥❣✱ <✉❡ ❞❡'❝.❡✈❡♠♦' ❛ '❡❣✉✐.✳ ❉❡' ❛ ♠❛♥❡✐.❛✱ ✈❡♠♦' <✉❡ ❊❙❘ 3 ✉♠❛ ❜♦❛ ❢❡..❛♠❡♥ ❛

♣❛.❛ ♦ ❡' ✉❞♦ ❞♦'  ❛""❧✐♥❣ ♠♦❞❡+ ❝♦❧❛❜♦.❛♥❞♦ ❞❡ ♠❛♥❡✐.❛ .❡❧❡✈❛♥ ❡ ♣❛.❛ ♦ ❡♥ ❡♥❞✐♠❡♥ ♦ ❞❡

'✉❛' ❝❛.❛❝ ❡.=' ✐❝❛'✳ ◆♦ ❝❛♣= ✉❧♦ 3 ❞❡' ❛  ❡'❡ ❛♣.❡'❡♥ ❛♠♦' ♥♦''❛ ❝♦♥ .✐❜✉✐01♦ ♣❛.❛ ♦  ❡♠❛✱

✐♥ .♦❞✉③✐♥❞♦ ♥❛ ❧✐ ❡.❛ ✉.❛ ❛ ✉ ✐❧✐③❛01♦ ❞❛  3❝♥✐❝❛ ❞❡ ❊❙❘ ♣❛.❛ ❡' ❛ ✜♥❛❧✐❞❛❞❡✳ ◆♦' ❝❛♣= ✉❧♦'

4 ❡ 5 ❛♣.❡'❡♥ ❛♠♦' ♦✉ .♦' ❞♦✐' ❡' ✉❞♦' ♥❡' ❛ ♠❡'♠❛ ❞✐.❡01♦✳

✷✷



✶✳✸✳✶ ❘❛""❧✐♥❣ ♠♦❞❡+ ❡ ❊❙❘✿ ♠♦"✐♦♥❛❧ ♥❛,,♦✇✐♥❣

❆!✉✐ $❡❣✉✐♠♦$ ❛ ❛❜♦+❞❛❣❡♠ ❞❡ ❆♥❞❡+$♦♥ ❬✶✷❪ ♣❛+❛ ♦ ♣+♦❜❧❡♠❛ ❞❡ ♠♦"✐♦♥❛❧ ♥❛''♦✇✐♥❣ ♥♦

❡$♣❡❝5+♦ ❞❡ ❊❙❘✳ ❖$ ❡❢❡✐5♦$ ❞♦$ '❛""❧✐♥❣ ♠♦❞❡, ✈✐❛ ❝❛♠♣♦ ❝+✐$5❛❧✐♥♦ ♣♦❞❡♠ $❡+ ❡♥5❡♥❞✐❞♦$

❛♦ ♥=✈❡❧ !✉❛❧✐5❛5✐✈♦ ❝♦♠♦ ♥❛ ❞✐$❝✉$$>♦ ❛❝✐♠❛✳ ❈+❡♠♦$✱ ♥♦ ❡♥5❛♥5♦✱ !✉❡ ♦ ♣+♦❜❧❡♠❛ ❞♦

♠♦"✐♦♥❛❧ ♥❛''♦✇✐♥❣ +❡!✉❡+ ✉♠❛ ❞✐$❝✉$$>♦ ♠❛✐$ +✐❣♦+♦$❛✳ ◆♦$$♦ ♣♦♥5♦ ❞❡ ♣❛+5✐❞❛ B ❡$5❛❜❡❧❡❝❡+

✉♠❛ ❢C+♠✉❧❛ ❣❡+❛❧ ♣❛+❛ ♦ ❝D❧❝✉❧♦ ❞❛ ❢♦+♠❛ ❞❡ ❧✐♥❤❛✳ ❆ ♣❛+5✐+ ❞❡$5❛ ❢C+♠✉❧❛ ❞✐$❝✉5✐♠♦$ ❛$

❛♣+♦①✐♠❛GH❡$ !✉❡ ♥♦$ ♣❡+♠✐5❡♠ ❝❛❧❝✉❧❛+ ❞❡ ♠❛♥❡✐+❛ ❞✐+❡5❛ ♦ ❡❢❡✐5♦ ❞♦ ♠♦✈✐♠❡♥5♦ ❞♦ =♦♥

+❡$$♦♥❛♥5❡ !✉❡ ♣+♦♠♦✈❡ ♦ ❡$5+❡✐5❛♠❡♥5♦ ❞❛$ ❧✐♥❤❛$ ❞❛$ ❡$5+✉5✉+❛$ ✜♥❛ ✭❡♠ ❣❡+❛❧ ❞❡✈✐❞♦ ❛

❡❢❡✐5♦$ ❞❡ ❝❛♠♣♦ ❝+✐$5❛❧✐♥♦✮ ❡ ❤✐♣❡+✜♥❛$ ❞♦ ❡$♣❡❝5+♦✳

I(ω) = Tr

∣

∣

∣

∣

ˆ +∞

−∞

µ(t) exp−iωt dt

∣

∣

∣

∣

✭✶✳✷✹✮

❆✜♠ ❞❡ 5❡+♠♦$ ✉♠❛ ❡①♣+❡$$>♦ ♣❛+❛ ♦ ❞✐♣♦❧♦ ❞❡ +❛❞✐❛G>♦ ❡♠ ❢✉♥G>♦ ❞♦ 5❡♠♣♦✱ ♣+❡❝✐$❛♠♦$

❡$5✉❞❛+ ❛ ❍❛♠✐❧5♦♥✐❛♥❛ ❛♣+♦♣+✐❛❞❛ ♣❛+❛ ♦ $✐$5❡♠❛✳ ◆❛ +❡♣+❡$❡♥5❛G>♦ ❞❡ ❍❡✐$❡♥❜❡+❣✱ ❡$5❛

❍❛♠✐❧5♦♥✐❛♥❛ ❞D ❛ ❡✈♦❧✉G>♦ 5❡♠♣♦+❛❧ ❞♦ ❞✐♣♦❧♦✳ ❊♠ ❣❡+❛❧✱ ❡$5❛ ❍❛♠✐❧5♦♥✐❛♥❛ B ❞✐✈✐❞❛ ❡♠ ✸

♣❛+5❡$ !✉❡ ♥>♦ ♥❡❝❡$$❛+✐❛♠❡♥5❡ ❝♦♠✉5❛♠ ❡♥5+❡ $✐✳ ❚♦♠❡♠♦$

H = H0 +Hp +Hm ✭✶✳✷✺✮

❊♠ ✶✳✷✺ H0 B ❛ ❍❛♠✐❧5♦♥✐❛♥❛ ♥>♦ ♣❡+5✉+❜❛❞❛✳ ❊$5❛ ❍❛♠✐❧5♦♥✐❛♥❛ ❞D ♦+✐❣❡♠ Q$ ❧✐♥❤❛$
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uij′(t) = u0
ij exp

(

i

ˆ t

0

∆ωij(t
′)dt′

)
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∆ωij(t) =
Hp(t)ii −Hp(t)jj

~

◆❛ ❢#$♠✉❧❛ ✶✳✷✻ ✜❝❛ ❝❧❛$♦ /✉❡ 1 ❛♣❡♥❛4 ❛5$❛✈14 ❞❡ 4❡✉ ❡❢❡✐5♦ ♥❛ ❍❛♠✐❧5♦♥✐❛♥❛ Hp /✉❡ ♦

♠♦✈✐♠❡♥5♦ ❞♦4 :5♦♠♦4 ❝❛✉4❛ ❛❧❣✉♠ ❡❢❡✐5♦ 4♦❜$❡ ♦ ♠♦♠❡♥5♦ ✐$$❛❞✐❛❞♦✳ ❆ ❡✈♦❧✉>?♦ 5❡♠♣♦$❛❧

❞❡ Hp 1 ❞❛❞❛ ♣♦$
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Iij(ω) ∼

∣

∣

∣

∣

ˆ +∞

−∞

exp(−i(ω − ω
(0)
ij )t+ i

ˆ t

0

∆ωij(t
′

)dt
′

)

∣

∣

∣

∣
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ω = ω − ω
(0)
ij

η(t) =

ˆ t

0

∆ωij(t
′

)dt
′
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I(ω) =

∣

∣

∣

∣

ˆ +∞

−∞

exp(−iωt+ iη(t))

∣

∣

∣

∣
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ϕ(τ) =
〈

ei(η(t+τ)−η(t))
〉
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I(ω) =

ˆ +∞

−∞

dτeiωτϕ(τ) ✭✶✳✷✾✮
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❡♥❝♦♥-#❛# ❛ ✐♥-❡❣#❛❧ ❞❡ -❛❧ ❢✉♥89♦ ♣❛#❛ ❡♠ &❡❣✉✐❞❛ ♦❜-❡#♠♦& ❛ ❢♦#♠❛ ❞❡ ❧✐♥❤❛ (✉❡ ❞❡❝♦##❡

❞❡&-❛ ❤✐♣J-❡&❡✳

❯♠ ♣#♦❝❡&&♦ ▼❛#❦♦✜❛♥♦ > ❝❛#❛❝-❡#✐③❛❞♦ ♣♦# ✉♠❛ ❢✉♥89♦ ❞❡ ♣#♦❜❛❜✐❧✐❞❛❞❡ (✉❡ ❞❡&❝#❡✈❡

❛ ♣#♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❞❛❞❛ ❢✉♥89♦ ❛&&✉♠✐# ✉♠ ✈❛❧♦# f2 ❞❛❞♦ (✉❡✱ ♥✉♠ -❡♠♣♦ ∆t ❛♥-❡#✐♦#✱

♦ ✈❛❧♦# ❞❛ ❢✉♥89♦ ❡#❛ f2✳ ❆ ♥♦-❛89♦ ♣❛#❛ ❡&-❛ ❢✉♥89♦ > ❛ (✉❡ &❡ &❡❣✉❡✿

Probability = W (f1|f2,∆t) ✭✶✳✸✵✮

◆♦&&❛ -❡♦#✐❛ > ❞❡&❡♥✈♦❧✈✐❞❛ &♦❜#❡ ❛ ♣#❡♠✐&&❛ (✉❡ ✶✳✸✵ ♥9♦ ✈❛#✐❛ ❞❡ ♠❛♥❡✐#❛ ♠✉✐-♦ #6♣✐❞♦

❝♦♠ ♦ -❡♠♣♦✱ ♥♦& ♣❡#♠✐-✐♥❞♦ ❡&❝#❡✈❡# (✉❡ ✶✳✸✵ &❡#6 ♣#♦♣♦#❝✐♦♥❛❧ ❛♦ -❡♠♣♦ ∆t✳ ❊&-❛ ❡①♣❛♥&9♦

✷✺



 ❡"❝$✐&❛ ❞❛ "❡❣✉✐♥&❡ ♠❛♥❡✐$❛✿

W (f1|f2,∆t) = δ(f1, f2) + Π(f1, f2)∆t

❆ ❢✉♥01♦ Π(f1, f2)  ❛ ♣$♦❜❛❜✐❧✐❞❛❞❡ ♣♦$ ✉♥✐❞❛❞❡ ❞❡ &❡♠♣♦ ❞❡ ✉♠❛ &$❛♥"✐01♦ ❞❡ f1 ♣❛$❛ f2✳

❈♦♠ ❡"&❛ ❛♣$♦①✐♠❛01♦✱ ♣♦❞❡♠♦" ❞❡"❡♥✈♦❧✈❡$ ✉♠ ❢♦$♠❛❧✐"♠♦ ♠❛&$✐❝✐❛❧✱ ♥♦ ;✉❛❧ ❡"❝$❡✈❡♠♦"

❛ ❢✉♥01♦ ❞❡ ❝♦$$❡❧❛01♦ ❝♦♠♦ ✉♠ ♣$♦❞✉&♦ ❞❡ ♠❛&$✐③❡" ❡ ✈❡&♦$❡" ♥✉♠ ❡"♣❛0♦ ❞❡ ❢$❡;✉=♥❝✐❛"✿

ϕ(τ) =
∑

∆ω1,∆ω2

W1(∆ω1) {exp(τ(i∆ω +Π))}∆ω1,∆ω2 ✭✶✳✸✶✮

❉❛ ❡①♣$❡""1♦ ✶✳✸✶  ❝❧❛$♦ ;✉❡ ❛ "♦❧✉01♦ ❞♦ ♣$♦❜❧❡♠❛ "❡$C ❞❛❞❛ ❛♦ ❡♥❝♦♥&$❛$♠♦" ♦" ❛✉&♦✲

✈❛❧♦$❡" ❞❛ ♠❛&$✐③

i∆ω +Π

❊"&❛ ♠❛&$✐③ ❝❛$$❡❣❛ ❛ ✐♥❢♦$♠❛01♦ ❞❡✈✐❞❛ ❛ Hp ✭∆ω✮ ❡ F;✉❡❧❛ ❞❡✈✐❞❛ ❛♦ ♣$♦❝❡""♦ ▼❛$❦♦✜✲

❛♥♦ ✭♠♦"✐♦♥❛❧ ♥❛''♦✇✐♥❣✱ ❞❛❞♦ ♣♦$ Hm✮✳ J❡$❝❡❜❛ ;✉❡ "❡ ∆ω ❞❡"❝$❡✈❡ ♣$♦❝❡""♦" ♠✉✐&♦ ♠❛✐"

✈❡❧♦③❡" ;✉❡ Π✱ &❡♠♦" ;✉❡ ♥1♦ ❤❛✈❡$C ❢❡♥L♠❡♥♦ ❞❡ ♥❛''♦✇✐♥❣✱ ❝❛✐♥❞♦ ♥♦ ♠❡"♠♦ ❝❛"♦ ❛♥&❡$✐♦$✱

;✉❛♥❞♦ ✐❞❡♥&✐✜❝❛♠♦" ♥♦""♦ ❝$✐& $✐♦ ♣❛$❛ ❛ ♦❝♦$$=♥❝✐❛ ❞❡ ♥❛''♦✇✐♥❣ ♥♦ ❢♦$♠❛❧✐"♠♦ ❣❡$❛❧✳

J♦❞❡♠♦" ✐❧✉"&$❛$ ❡"&❡ ❢♦$♠❛❧✐"♠♦ ❝♦♠ ✉♠ ❡①❡♠♣❧♦ "✐♠♣❧❡" ❞♦ ;✉❛❧✱ ❛✐♥❞❛ "✐♠✱ ♣♦❞❡♠♦"

&✐$❛$ ❝♦♥❝❧✉"M❡" ♥1♦ &$✐✈✐❛✐"✳ J❡♥"❡♠♦" ♥✉♠❛ ❡"&$✉&✉$❛ ❤✐♣❡$✜♥❛ ❢♦$♠❛❞❛ ♣♦$ ❞♦✐" ❝❡♥&$♦"

✭❝❛"♦ "= 1
2
✮✳ ❱❛♠♦" ❡"❝$❡✈❡$ ♥♦""❛ ♠❛&$✐③ ❞❡ &$❛♥"✐01♦ ❝♦♠♦✿

Π =

(

−ωe ωe

ωe −ωe

)

✭✶✳✸✷✮

❖✉ "❡❥❛✱ ωe  ❛ ❢$❡;✉=♥❝✐❛ ❞❛" ✐♥&❡$❛0M❡" ❞♦ ♣$♦❜❧❡♠❛✱ ;✉❡ ❧❡✈❛♠✱ ❛❧❡❛&♦$✐❛♠❡♥&❡✱ ❛ ✉♠❛

&$❛♥"✐01♦ ❡♥&$❡ ❞♦✐" ❝❡♥&$♦"✱ ❡①♣$❡""♦" ♣❡❧❛ ♠❛&$✐③✿

i∆ω =

(

iω0 0

0 −iω0

)

✭✶✳✸✸✮

❆ ❞✐❛❣♦♥❛❧✐③❛01♦ ❞❛ ♠❛&$✐③ i∆ω +Π ❧❡✈❛ ❛♦" "❡❣✉✐♥&❡" ❛✉&♦✈❛❧♦$❡"✿

λ = −ωe ±
√

ω2
e − ω2

0 ✭✶✳✸✹✮

◆♦ ❝❛"♦ ❣❡$❛❧ ✶✳✸✹  ✉♠ ♥T♠❡$♦ ❝♦♠♣❧❡①♦✳ ❆ ♣❛$&❡ $❡❛❧ ❡①♣$❡""❛ ❛ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛

❛♣$♦①✐♠❛❞❛ ❞♦ "✐"&❡♠❛✱ ❡♥;✉❛♥&♦ ;✉❡ ❛ ♣❛$&❡ ✐♠❛❣✐♥C$✐❛ ❝❛$$❡❣❛ ❛ ✐♥❢♦$♠❛01♦ "♦❜$❡ ♦ ❝❡♥&$♦

❞❛ ❝♦♠♣♦♥❡♥&❡✳ ❆♥❛❧✐"❡♠♦" ✶✳✸✹ ♣❛$❛ ♦ ❝❛"♦ ❡♠ ;✉❡ ωe < ω0 ❡ ❡"❝$❡✈❡♠♦" λ = −ωe ±

i
√

ω2
0 − ω2

e ✳ ◆❡"&❛ ❢♦$♠❛✱ ✈❡♠♦" ;✉❡ ❛" ❞✉❛" ❝♦♠♣♦♥❡♥&❡" "❡ ❛♣$♦①✐♠❛♠✱ "❡♠ ;✉❡ ❛ ❧❛$❣✉$❛

✷✻



❞♦ "✐"$❡♠❛ "❡❥❛ ♠♦❞✐✜❝❛❞❛✳ ◆❡""❡ -❡❣✐♠❡ ♥0♦ ❤2 ♥❛--♦✇✐♥❣✳ 4❛-❛ ωe > ω0 ♥0♦ ❤2 ♣❛-$❡

✐♠❛❣✐♥2-✐❛ ❡ ❛" ❞✉❛" ❧✐♥❤❛" ❡"$0♦ ❝❡♥$-❛❞❛" ♥❛ ❢-❡9✉:♥❝✐❛ ♠;❞✐❛ ✭ω = 0✮✳ ◆❡"$❡ -❡❣✐♠❡✱ ♣❛-❛

ωe ≫ ω0✱ ♣♦❞❡♠♦" ❡"❝-❡✈❡-✿

λ = −ωe ± ωe

√

1−
ω2

0

ω2
e

= −ωe(1∓

√

1−
ω2

0

ω2
e

)

≃ −ωe(1∓ 1±
ω2

0

2ω2
e

) ✭✶✳✸✺✮

❡♠ ✶✳✸✺ ✈❡♠♦" ❞✉❛" ♣♦""✐❜✐❧✐❞❛❞❡"✿

∆ω ≃ 2ωe

♦✉

∆ω ≃
ω2

0

2ωe

≪ ω0

9✉❡ ❞❡✐①❛ ❡①♣❧F❝✐$❛ ❛ ♦❝♦--:♥❝✐❛ ❞♦ ❢❡♥G♠❡♥♦ ❞❡ ♥❛""♦✇✐♥❣✳

✶✳✹ ❆$♣❡❝(♦$ ❣❡+❛✐$ ❞❛ ❢0$✐❝❛ ❞❡ ❊❙❘

◆❡"$❛ "❡H0♦ ✐-❡♠♦" ❞✐"❝✉$✐- ❛ ❢F"✐❝❛ ❞♦ ❢❡♥G♠❡♥♦ ❞❡ ❊❙❘✳ ◆♦""❛ ✐❞;✐❛ ; ❞❡"❡♥✈♦❧✈❡- ❛❧❣✉♥"

❞♦" -❡"✉❧$❛❞♦" ♠❛✐" -❡❧❡✈❛♥$❡" ❞♦ ♣-♦❜❧❡♠❛✳ ❱❛♠♦" ✐♥✐❝✐❛- ❝♦♠ ✉♠❛ ❞✐"❝✉""0♦ ❜2"✐❝❛ ❞♦

♣-♦❜❧❡♠❛ ❣❡-❛❧ ♣❛-❛ ♣♦"$❡-✐♦-♠❡♥$❡ $-❛$❛- ❞❡ 9✉❡"$M❡" ♠❛✐" ❡"♣❡❝F✜❝❛" ❝♦♠♦ ❛ ❢♦-♠❛ ❞❡

❧✐♥❤❛ ❡ ♣-♦❝❡""♦ ❞❡ -❡❧❛①❛H0♦✱ ♣♦♥$♦" -❡❧❡✈❛♥$❡" 9✉❡ "0♦ ❛❜♦-❞❛❞♦ ♥❡"$❛ $❡"❡✳

❆ ❛✜-♠❛H0♦ ♠❛✐" ❡❧❡♠❡♥$❛- "♦❜-❡ ♦ ❢❡♥G♠❡♥♦ ❞❡ ❊❙❘ ; ❛ ❞❡ 9✉❡ "❡ $-❛$❛ ❞❡ ✉♠ ❢❡♥G✲

♠❡♥♦ 9✉P♥$✐❝♦ ❡ 9✉❡ $❡♠ ♦-✐❣❡♠ ❧♦❝❛❧✳ ❊"$❛ ❢-❛"❡✱ ❞❡ ❝❡-$❛ ♠❛♥❡✐-❛✱ ❣✉❛-❞❛ ❛ ❡"":♥❝✐❛ ❞❛

✐♠♣♦-$P♥❝✐❛ ❞❛ $;❝♥✐❝❛ ❞❡ -❡""♦♥P♥❝✐❛ ❞❡ "♣✐♥ ❡❧❡$-G♥✐❝♦✳ 4♦- 9✉P♥$✐❝♦✱ ❡♥$❡♥❞❡♠♦" 9✉❡ ♦

❡"♣❡❝$-♦ ❞❡ -❡""♦♥P♥❝✐❛ ✐-2 -❡✢❡$✐- ✐♥$❡-❛HM❡" ❡♥$-❡ ♦ ❡"$❛❞♦ 9✉P♥$✐❝♦ ❞♦ "✐"$❡♠❛ ❡ ♦" ♣❛-P♠❡$✲

-♦" ♠✐❝-♦"❝R♣✐❝♦" 9✉❡ ♦ ❞❡"❝-❡✈❡♠✳ 4♦- ❧♦❝❛❧✱ ❞❡✈❡♠♦" ❡♥$❡♥❞❡- 9✉❡ ♦ ❡"♣❡❝$-♦ ♥0♦ -❡✢❡$❡✱

❝♦♠♦ ♥✉♠❛ ♠❡❞✐❞❛ ♠❛❝-♦"❝R♣✐❝❛ ✭♠❛❣♥❡$✐③❛H0♦✱ -❡"✐"$✐✈✐❞❛❞❡✳✳✳✮✱ ♠;❞✐❛" ❞❡"$❡" ♣❛-P♠❡$-♦"

♠✐❝-♦"❝R♣✐❝♦" ❡ "✐♠ ❛ ❡①❛$❛ ♥❛$✉-❡③❛ ❡ ❝❛-❛❝$❡-F"$✐❝❛" ❞♦ ❛♠❜✐❡♥$❡ ❧♦❝❛❧ ❞♦ "♣✐♥ -❡""♦♥❛♥$❡✳

❖ ♣-♦❜❧❡♠❛ ♣♦❞❡ "❡- ❝♦♠♣-❡❡♥❞✐❞♦ ❞❡ ♠❛♥❡✐-❛ ❡❧❡♠❡♥$❛- ❛♦ ❝♦♥"✐❞❡-❛-♠♦" ✉♠ "✐"$❡♠❛

❞❡ "♣✐♥ s = 1
2
❡♠ ✉♠ ❝❛♠♣♦ ♠❛❣♥;$✐❝♦ ❝♦♥"$❛♥$❡ H0✱ 9✉❡ ♣♦- "✐♠♣❧✐❝✐❞❛❞❡✱ ✈❛♠♦" ❝♦♥"✐❞❡-❛-

♥❛ ❞✐-❡H0♦ ~z✳ ❆ ❤❛♠✐❧$♦♥✐❛♥❛ ❞❡ $❛❧ "✐"$❡♠❛ ; ❜❡♠ ❝♦♥❤❡❝✐❞❛✱ ; ❞❛❞❛ ♣❡❧❛ ✐♥$❡-❛H0♦ ❩❡❡♠❛♥✳

H = gµBS.H = gµBH0Sz ✭✶✳✸✻✮

❖" ❛✉$♦ ❡"$❛❞♦" ❞❡ ✶✳✸✻ "0♦ ❞❛❞♦" ♣❡❧❛" ❝♦♠♣♦♥❡♥$❡" | + 〉✱ | − 〉❞♦ "♣✐♥ ❛♦ ❧♦♥❣♦ ❞❛

✷✼



❞✐"❡$%♦ z✳ ❊♠ ❣❡"❛❧✱ ♥♦ ❡♥/❛♥/♦✱ ♦ 0✐0/❡♠❛ ♥%♦ ❡0/❛"1 ♣"❡♣❛"❛❞♦ ❡♠ ✉♠ ❛✉/♦ ❡0/❛❞♦ ❞❡ ✶✳✸✻

❡ ♣♦❞❡♠♦0 ❝❛❧❝✉❧❛" ❛ ❞✐♥8♠✐❝❛ ❞❡ ✉♠ 0✐0/❡♠❛ ❞❡ 0♣✐♥

1
2
❡♠ ✉♠ ❝❛♠♣♦ ❝♦♥0/❛♥/❡ ❬✸✼❪✿

< Sx >t=< Sx >t=0 cosω0t− < Sy >t=0 sinω0t

< Sy >t=< Sy >t=0 cosω0t+ < Sx >t=0 sinω0t

< Sz >t=< Sz >t=0

❖♥❞❡ ω0 =
gµBHo

~
✳ ❉❡0/❛ ♠❛♥❡✐"❛✱ ✈❡♠♦0 @✉❡ ♦ ❝❛♠♣♦ ❝♦♥0/❛♥/❡ H0~z ❝❛✉0❛ ✉♠❛ ♣"❡❝❡00%♦

❞♦ 0♣✐♥ ♥♦ ♣❧❛♥♦ xy ❡ @✉❡ ❡0/❛ ♣"❡❝❡00%♦ 0❡ ❞1 ♥❛ ❢"❡@✉B♥❝✐❛ ω0 ❞❛❞❛ ❛❝✐♠❛✳ ❆ ❝♦♠♣♦♥❡♥/❡

z✱ ♥♦ ❡♥/❛♥/♦✱ ♣❡"♠❛♥❡❝❡ ✐♥❛❧/❡"❛❞❛✳ ❊0/❛ ♣"❡❝❡00%♦ D ♦ ❡@✉✐✈❛❧❡♥/❡ @✉8♥/✐❝♦ ❞❛ ♣"❡❝❡00%♦ ❞❡

▲❛"♠♦"✱ ❜❡♠ ❝♦♥❤❡❝✐❞❛ ❡♠ 0✐0/❡♠❛0 ❝❧100✐❝♦0✳ ❆ ❛♣❧✐❝❛$%♦ ❞❡0/❡ ❝❛♠♣♦ ❝♦♥0/❛♥/❡ "❡0✉❧/❛ ❡♠

❞♦✐0 ♥H✈❡✐0 ❞❡ ❡♥❡"❣✐❛✱ ❝✉❥❛ 0❡♣❛"❛$%♦ D ∆E = gµBH0✳ ❚"❛♥0✐$K❡0 ❡♥/"❡ ❡0/❡0 ♥H✈❡✐0 ♣♦❞❡♠

0❡" ✐♥❞✉③✐❞❛0 ♣❡❧❛ ❛♣❧✐❝❛$%♦ ❞❡ ✉♠ ❝❛♠♣♦ ❛❧/❡"♥❛♥/❡✱ ♣❡"♣❡♥❞✐❝✉❧❛" ❛♦ ❝❛♠♣♦ ❝♦♥0/❛♥/❡✳

◆❡0/❛ 0✐/✉❛$%♦✱ ❛❞✐❝✐♦♥❛♠♦0 N ❍❛♠✐❧/♦♥✐❛♥❛ ✶✳✸✻ ✉♠ /❡"♠♦ ❞❡♣❡♥❞❡♥/❡ ❞♦ /❡♠♣♦

Hosc = ω1[Sx cosωt+ Sy sinωt] ✭✶✳✸✼✮

❆ 0♦❧✉$%♦ ❞♦ ♣"♦❜❧❡♠❛ ❝♦♠ ♦ ❝❛♠♣♦ ♦0❝✐❧❛♥/❡ D ❢1❝✐❧ ❞❡ 0❡ ♦❜/❡" ❝♦♠ ❛ 0❡❣✉✐♥/❡ /"❛♥0❢♦"✲

♠❛$%♦ ❝❛♥S♥✐❝❛✱ ♣❛"❛ ♦0 ❝♦❡✜❝✐❡♥/❡0 ❞❛ ❡✈♦❧✉$%♦ /❡♠♣♦"❛❧ ❞♦0 ❡0/❛❞♦0✿

b+(t) = eiωt/2a+(t)

b−(t) = e−iωt/2a−(t)

❈❧❛00✐❝❛♠❡♥/❡✱ ❡0/❛ /"❛♥0❢♦"♠❛$%♦ ❡@✉✐✈❛❧❡ ❛ ❡0/✉❞❛" ♦ ♣"♦❜❧❡♠❛ ❞♦ ♣♦♥/♦ ❞❡ ✈✐0/❛ ❞♦

"❡❢❡"❡♥❝✐❛❧ ♥%♦ ✐♥❡"❝✐❛❧✱ @✉❡ ❣✐"❛ ❝♦♠ ❢"❡@✉B♥❝✐❛ ❞❛❞♦ ♣❡❧♦ ❝❛♠♣♦ ❛❧/❡"♥❛♥/❡✳ ❆ 0♦❧✉$%♦

❞♦ ♣"♦❜❧❡♠❛ ♣❡"♠✐/❡ ♦ ❝1❧❝✉❧♦ ❞❛ ♣"♦❜❛❜✐❧✐❞❛❞❡ ❞❡ /"❛♥0✐$%♦ ❡♥/"❡ ♦0 ❞✐❢❡"❡♥/❡0 ♥H✈❡✐0✳ ❖

"❡0✉❧/❛❞♦ D ❛ ❝♦♥❤❡❝✐❞❛ ❢V"♠✉❧❛ ❞❡ ❘❛❜✐ ♣❛"❛ ❛ "❡00♦♥8♥❝✐❛ ♠❛❣♥D/✐❝❛✿

P+− =
ω2

1

ω2
1 + (∆ω)2

sin2[
√

ω2
1 + (∆ω)2

t

2
] ✭✶✳✸✽✮

∆ω = ω0 − ω

❊0/❛ ♣"♦❜❛❜✐❧✐❞❛❞❡ ❞❡ /"❛♥0✐$%♦ /❡♠ ✈❛❧♦" ❛♣"❡❝✐1✈❡❧ ♥❛ 0✐/✉❛$%♦ ♥❛ @✉❛❧ ∆ω ≪ ω1✳

Y❛"/✐❝✉❧❛"♠❡♥/❡✱ ♥❛ ❝♦♥❞✐$%♦ ❞❡ "❡00♦♥8♥❝✐❛ ω0 = ω✱ ❛ ♣"♦❜❛❜✐❧✐❞❛❞❡ 0❡"1 ♣❡"/♦ ❞❡ 1 ♣❛"❛

✷✽



t = (2n+1)π
ω1
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✐♥#❡2♥♦" +✉❡ ❧❡✈❛♠ ❛ ✉♠❛ ❞✐"♣❡2"1♦ ❞❡ ❢2❡+✉T♥❝✐❛" ♥♦ "I#✐♦ ❞❡ ✉♠ ❞❛❞♦ "♣✐♥✳ ❊♠ "✐"#❡♠❛"

❞✐#♦ ❞✐❧✉I❞♦"✱ ❡"#❡ ❡❢❡✐#♦ ❞❡ ❝❛♠♣♦ ✐♥#❡2♥♦ 2❡"✉❧#❛ ❛♣❡♥❛" ♥❛ ❧❛2❣✉2❛ ❞❡ ❧✐♥❤❛ ❞❛ 2❡""♦♥3♥❝✐❛✳

❏< ❡♠ "✐"#❡♠❛" ❝♦♥❝❡♥#2❛❞♦"✱ ❛ ❞✐♥3♠✐❝❛ ❞♦ "♣✐♥ ♣♦❞❡ "❡2 ❛❧#❛♠❡♥#❡ ✐♥✢✉❡♥❝✐❛❞❛ ♣♦2 ❡"#❡"

❡❢❡✐#♦ ❞❡ ❝❛♠♣♦ ✐♥#❡2♥♦✳

❆" ❞❡✜♥✐0W❡" ❞❡ "✐"#❡♠❛" ❞✐❧✉I❞♦" ❡ ❝♦♥❝❡♥#2❛❞♦" ❡"#< ✐♥#2✐"✐❝❛♠❡♥#❡ ❧✐❣❛❞❛ ❛" #❡♠♣♦" ❝❛2✲

❛❝#❡2I"#✐❝♦" ❞♦" ♣2♦❝❡""♦" ❞❡ 2❡❧❛①❛01♦ "♣✐♥✲2❡❞❡ ❡ "♣✐♥✲"♣✐♥✳ ❉❡ ♠♦❞♦ ❣❡2❛❧✱ "❡ ✉♠ ❞❛❞♦ "♣✐♥

✷✾



 !♦❝❛ ❡♥❡!❣✐❛ ❝♦♠ ❛ !❡❞❡ ♠❛✐+ !❛♣✐❞❛♠❡♥ ❡ ❞♦ -✉❡ ♦  ❡♠♣♦ ♥❡❝❡++/!✐♦ ♣❛!❛ ♦ ❡+ ❛❜❛❧❡❝✐♠❡♥ ♦

❞❛ ✐♥ ❡!❛23♦ +♣✐♥✲+♣✐♥✱ ♦ +✐+ ❡♠❛ ❡+ ❛!/ ♥✉♠ !❡❣✐♠❡ ❞✐❧✉6❞♦✳

❊+ ❡+ ♣♦♥ ♦+ +3♦  !❛ ❛❞♦+ ♥❛ ❧✐ ❡!❛ ✉!❛ ❞❡ ♠❛♥❡✐!❛ ❡① ❡♥+✐✈❛✳ ;❛!❛  ❛❧ !❡❝♦♠❡♥❞❛♠♦+

❛+ !❡❢❡!=♥❝✐❛+ ❬✼✱ ✷✸✱ ✸✽✱ ✸✾❪✳ ◆❛+ ♣!F①✐♠❛+ +✉❜✲+❡2G❡+ ❛♣❡♥❛+ ❢❛!❡♠♦+ ✉♠❛ ❝♦❧❡ H♥❡❛ ❞❡

❛❧❣✉♥+ !❡+✉❧ ❛❞♦+ ✐♠♣♦! ❛♥ ❡+ ❡ ❛♣!♦✈❡✐ ❛!❡♠♦+ ♣❛!❛ ❢❛③❡! ❛❧❣✉♥+ ❝♦♠❡♥ /!✐♦+ +♦❜!❡ ❛ ♥♦++❛

✐♥+ !✉♠❡♥ ❛23♦✳

✶✳✹✳✶ ❋♦%♠❛ ❞❡ ❧✐♥❤❛

❊♠ ✉♠ ❡①♣❡!✐♠❡♥ ♦ ❞❡ !❡++♦♥H♥❝✐❛✱ ✉♠ +♣✐♥ ❡♠ ✉♠ +F❧✐❞♦ ♥3♦ ❡+ / +✉❥❡✐ ♦ ❛♣❡♥❛+ ❛♦ ❝❛♠♣♦

H0~z ❛♣❧✐❝❛❞♦✱ ♠❛+  ❛♠❜K♠ L+ ❝♦♥ !✐❜✉✐2G❡+ ❞❡✈✐❞♦ ❛+ ❝❛♠♣♦ ❣❡!❛❞♦ ♣❡❧♦+ +♣✐♥+ ✈✐③✐♥❤♦+✳

❊+ ❡+ ♣!♦❞✉③❡♠ ♣❡-✉❡♥❛+ ❝♦♥ !✐❜✉✐2G❡+ ❛♦ ❝❛♠♣♦ H0 -✉❡ ❧❡✈❛♠ ♦+ +♣✐♥+ ❛ ♣!❡❝❡++❛!❡♠ ❡♠

❢!❡-✉=♥❝✐❛+ ❧❡✈❡♠❡♥ ❡ ❞✐❢❡!❡♥ ❡+ ❞❛ ❢!❡-✉=♥❝✐❛ ω0 = γH0 ✭γ K ♦ ❢❛ ♦! ❣✐!♦♠❛❣♥K ✐❝♦✮✳ ❉❡+ ❛

♠❛♥❡✐!❛✱ ❛ !❡♠♦23♦ ❞♦ ❝❛♠♣♦ ❛❧ ❡!♥❛♥ ❡ ❧❡✈❛ ♦+ +♣✐♥+ ❛ ♣❡!❞❡!❡♠ !❛♣✐❞❛♠❡♥ ❡ ❝♦❡!=♥❝✐❛

❞❡ ❢❛+❡✳ ❖ -✉3♦ !/♣✐❞♦ ❡+ ❛ ❝♦❡!=♥❝✐❛ K ♣❡!❞✐❞❛ K !❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦  ❡♠♣♦ ❞❡ !❡❧❛①❛23♦

+♣✐♥✲+♣✐♥ T2✳ ❊+ ❡  ❡♠♣♦ ❞❡ !❡❧❛①❛23♦ ❡+ / !❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ❞✐+♣❡!+3♦ ∆ω ❞❛+ ❢!❡-✉=♥❝✐❛+

❡♠  ♦!♥♦ ❞❡ H0✳

T2 ∼
1

γ∆ω

;♦! ♦✉ !♦ ❧❛❞♦✱ ♦  ❡♠♣♦ -✉❡ ❝♦♥ !♦❧❛ ♦ !❡ ♦!♥♦ ❞♦ +♣✐♥ ❛ +❡✉ ❡+ ❛❞♦ ❞❡ ✐♥✐❝✐❛❧ K ❞❛❞♦

♣♦! ✉♠  ❡♠♣♦ T1 -✉❡ ❝❛!❛❝ ❡!✐③❛ ❛ !❡❧❛①❛23♦ +♣✐♥✲!❡❞❡✳ ■+ ♦ K ❛♣❡♥❛+ ♦ !❡✢❡①♦ -✉❡✱ ❞❡

♠❛♥❡✐!❛ ❛ ♥♦✈❛♠❡♥ ❡ ❛❧❝❛♥2❛! ✉♠❛ +✐ ✉❛23♦ ❞❡ ❡-✉✐❧6❜!✐♦✱ ♥3♦ K +✉✜❝✐❡♥ ❡ -✉❡ ♦ +✐+ ❡♠❛

❞❡ +♣✐♥ ❞✐+ !✐❜✉❛ +✉❛ ❡♥❡!❣✐❛ ❛♣❡♥❛+ ✐♥ ❡!♥❛♠❡♥ ❡ ✭!❡❧❛①❛23♦ +♣✐♥✲+♣✐♥✮✱  ❡♥❞♦ -✉❡✱ ❞❡ ❢❛ ♦✱

❡♥❝♦♥ !❛! ✉♠ ♠❡✐♦ ♣❛!❛  !♦❝❛! ❡♥❡!❣✐❛ ❝♦♠ ♦ ❜❛♥❤♦✱ ♦ -✉❡ ♦ +✐+ ❡♠❛ !❡❛❧✐③❛ ❛ !❛✈K+ ❞❛

 !♦❝❛ ❞❡ ❡♥❡!❣✐❛ ❝♦♠ ❛ !❡❞❡ ✭❡+ ❛ ❛✜!♠❛23♦ ♥3♦ K  ♦ ❛❧♠❡♥ ❡ ✈❡!❞❛❞❡✐!❛✱ ✉♠❛ ✈❡③ -✉❡ ♣♦❞❡

♦❝♦!!❡! ♦ ❢❡♥U♠❡♥♦ ❞❡ ❡①❝❤❛♥❣❡ ❜♦))❧❡♥❡❝❦✱ -✉❡ K ✉♠❛ +✐ ✉❛23♦ ❞❡ ❡-✉✐❧✐❜!✐♦✱ ♦♥❞❡ ❛ ❡♥❡!❣✐❛

✜❝❛ ✏❡♥❣❛!!❛❢❛❞❛✑ ♥♦ +✐+ ❡♠❛ ❞❡ +♣✐♥+✮✳

❖✉ +❡❥❛✱ ❡♠ ✉♠ -✉❛❞!♦ +❡♠✐ ❝❧/++✐❝♦✱ T1 K !❡+♣♦♥+/✈❡❧ ♣❡❧❛ ✈❛!✐❛23♦ ❞♦ H♥❣✉❧♦ ❞❡ ♣!❡❝❡++3♦

❞♦ +♣✐♥ ❡♠  ♦!♥♦ ❞❡ +❡✉ ❡✐①♦ ❞❡ ❡-✉✐❧6❜!✐♦✱ ❡♥-✉❛♥ ♦ T2 ❡①♣!❡++❛ ❛+ ❞✐❢❡!❡♥ ❡+ ❢!❡-✉=♥❝✐❛+ ♥❛

-✉❛❧ ❡+ ❛ ♣!❡❝❡++3♦ K !❡❛❧✐③❛❞❛ ♦✉ ♠❡❧❤♦!✱ ❡①♣!❡++❛ ♦ ✏ ❡♠♣♦ ❞❡ ✈✐❞❛✑ ❞❛ ❝♦❡!=♥❝✐❛ ❞❡ ❢❛+❡

❞♦ +✐+ ❡♠❛ ❞❡ +♣✐♥+✳

◆✉♠ -✉❛❞!♦  ♦ ❛❧♠❡♥ ❡ +❡♠✐ ❝❧/++✐❝♦✱  ❡♥❞♦ ❡♠ ✈✐+ ❛ ❛ ❞✐+❝✉++3♦ ❛❝✐♠❛✱ ♣♦❞❡♠♦+ ❡+❝!❡✈❡!

✉♠ ❝♦♥❥✉♥ ♦ ❞❡ ❡-✉❛2G❡+ ❢❡♥♦♠❡♥♦❧F❣✐❝❛+ ✭❡-✉❛2G❡+ ❞❡ ❇❧♦❝❤✮ -✉❡ ❡①♣!❡++❛♠ ♦ ❝♦♠♣♦! ❛✲

♠❡♥ ♦ ❞❡ ✉♠ ✈❡ ♦! ❞❡ ♠❛❣♥❡ ✐③❛23♦ +♦❜ ❛23♦ ❞❡ ✉♠ ❝❛♠♣♦ H = H0 + H1 ♦♥❞❡ H0 K ✉♠

❝❛♠♣♦ ❝♦♥+ ❛♥ ❡ ❡ H1 K ♦ ❝❛♠♣♦ ❛❧ ❡!♥❛♥ ❡✱ ♣❡!♣❡♥❞✐❝✉❧❛! ❛ H0✳
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dMz

dt
= γ(M ×H)z −

Mz −M0

T1

dMy

dt
= γ(M ×H)y −

My

T2

dMy

dt
= γ(M ×H)y −

Mx

T2

❆ !♦❧✉%&♦ ❞❡!)❡ !✐!)❡♠❛ ❞❡ ❡-✉❛%.❡!✱ ♣❛1❛ ❛ ♠❛❣♥❡)✐③❛%&♦ )1❛♥!✈❡1!❛❧✱ ♥❛ ❛✉!6♥❝✐❛ ❞❡

!❛)✉1❛%&♦✱ ❧❡✈❛ ❛ ❞❡)❡1♠✐♥❛%&♦ ❞❛ !✉!❝❡♣)✐❜✐❧✐❞❛❞❡ ❞♦ !✐!)❡♠❛ χ = χ
′

+ iχ
′′

✿

χ
′

=
1

2
χ0ω0T2

(ω0 − ω)T2

1 + (ω − ω0)2T 2
2

χ
′′

(ω) =
1

2
χ0ω0T2

T2

1 + (ω − ω0)2T 2
2

❆ ❛❜!♦1%&♦ ❞❛ ♠✐❝1♦♦♥❞❛ : ❛!!♦❝✐❛❞❛ ; ♣❛1)❡ ac ✭✐♠❛❣✐♥=1✐❛✮ ❞❛ !✉!❝❡♣)✐❜✐❧✐❞❛❞❡ ✭χ′′✭ω✮✮✱

!❡♥❞♦ ❞✐1❡)❛♠❡♥)❡ ♣1♦♣♦1❝✐♦♥❛❧ ❛ ❡!)❛ -✉❛♥)✐❞❛❞❡✱ ♦ -✉❡ ✜❝❛ ❝❧❛1♦ ♦❜!❡1✈❛♥❞♦ ❛ !❡❣✉✐♥)❡

❡①♣1❡!!&♦ ♣❛1❛ ❛ ♣♦)6♥❝✐❛ ❛❜!♦1✈✐❞❛ Z✿

Z = 2ωχ
′′

H2
1

❈♦♠♦ ✈❡1❡♠♦!✱ ♥♦!!❛! ♠❡❞✐❞❛! ✉!❛♠ ):❝♥✐❝❛! ❞❡ ♠♦❞✉❧❛%&♦ ❞♦ !✐♥❛❧ ❞❡ ♠❛♥❡✐1❛ -✉❡ ❛

❞❡1✐✈❛❞❛ ❞❛ ❛❜!♦1%&♦ : ♦❜)✐❞❛ ❡♠ ❧✉❣❛1 ❞❛ ❛❜!♦1%&♦✳ ❖! ❡①♣❡1✐♠❡♥)♦! )❛♠❜:♠ !&♦ ❢❡✐)♦! ❝♦♠

♦ ❝❛♠♣♦ ❞❡ ♠✐❝1♦♦♥❞❛ ❝♦♥!)❛♥)❡✱ ✈❛1✐❛♥❞♦ H0 ❛): !❡ ❡♥❝♦♥)1❛1 ❛ ❝♦♥❞✐%&♦ ❞❡ 1❡!!♦♥E♥❝✐❛✳

❉❡!)❛ ♠❛♥❡✐1❛ ✜❝❛♠♦! ❝♦♠✿

dχ′′

dH
= [

4χ0H0

(∆H 1

2

)2
]

(H−H0

1

2
∆H 1

2

)

[1 + (H−H0

1

2
∆H 1

2

)2]2
✭✶✳✸✾✮

❆ ❢♦1♠❛ ❞❡ ❧✐♥❤❛ ❡①♣1❡!!❛ ♣❡❧❛ ❡-✉❛%&♦ ✶✳✸✾ : ❝♦♥❤❡❝✐❞❛ ✏▲♦1❡♥)③✐❛♥❛✑ ✭▲♦"❡♥%③✐❛♥✮✳ ❖

)❡♠♣♦ ❞❡ 1❡❧❛①❛%&♦ T2 ❡♥)1❛ ❞✐1❡)❛♠❡♥)❡ ♥❡!)❛ ❢N1♠✉❧❛ ❛)1❛✈:! ❞❛ 1❡❧❛%&♦ T2 = 2
γ∆H1/2

✳

◆♦ ❡!)✉❞♦ ❞❡ ❊❙❘✱ ♥❛ ♣1❡!❡♥%❛ ❞❡ ❡❢❡✐)♦! ❞❡ )❦✐♥ ❞❡♣%❤✱ ♦ ❝❛♠♣♦ ♣❡♥❡)1❛♥)❡ ❞❡✈❡ ♦❜❡❞❡❝❡1

❞❡)❡1♠✐♥❛❞❛! ❝♦♥❞✐%.❡! ❞❡ ❝♦♥)♦1♥♦ -✉❡ ♠♦❞✐✜❝❛♠ ❛ ❢♦1♠❛ ❞❡ ❧✐♥❤❛✳ ◆❡!)❛ !✐)✉❛%&♦✱ ❡❢❡✐)♦!

❞❛ ♣❛1)❡ ❞✐!♣❡1!✐✈❛ !&♦ ❝♦♥!✐❞❡1=✈❡✐! ❡ ❛ ❧✐♥❤❛ ❛!!✉♠❡ ❛!!✉♠❡ ❛ ❢♦1♠❛ ❞❡ ✉♠❛ ❉②!♦♥✐❛♥❛

✭❉②)♦♥✐❛♥✮✳ T❛1❛ ✉♠❛ ❧✐♥❤❛ ❉②!♦♥✐❛♥❛✱ ❛ ❢♦1♠❛ ❞❡ ❧✐♥❤❛ ❞❛ ❛❜!♦1%&♦ ✭♥&♦ !✉❛ ❞❡1✐✈❛❞❛✮ :

❞❛❞♦ ♣♦1✿
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A(H) ∝
∆H + α(H −H0)

(H −H0)2 +∆H2
✭✶✳✹✵✮

❖♥❞❡ ❡♠ ✶✳✹✵ ♦ ♣❛./♠❡0.♦ α ❝♦♥0.♦❧❛ ❛ ❝♦♥0.✐❜✉✐67♦ ❞❛ ❞✐8♣❡.87♦ ♣❛.❛ ❛ ❢♦.♠❛ ❧✐♥❤❛✳

❊80❡ ♣❛./♠❡0.♦ ❞< ❛ ❛88✐♠❡0.✐❛ ❝❛.❛❝0❡.=80✐❝❛ ❞❡ ✉♠❛ ❝✉.✈❛ ❉②8♦♥✐❛♥❛ ✭α = 0 ♣❛.❛ ✉♠❛

▲♦.❡♥0③✐❛♥❛✮✳

✶✳✹✳✷ ▼❡❞✐❞❛) ❞❡ ❊❙❘

◆♦88♦8 ❡①♣❡.✐♠❡♥0♦8 ❢♦.❛♠ .❡❛❧✐③❛❞♦8 ❡♠ ✉♠ ❡8♣❡❝0.E♠❡0.♦ ❞❡ ♦♥❞❛ ❝♦♥0=♥✉❛ ❞❛ ♠❛.❝❛

❇.✉❦❡.✲❊❧❡①8②8✱ ❝♦♠ ❡❧❡0.♦=♠7 ❞❡ ❛0J 20 ❦❖❡✳ ❖ ❡8♣❡❝0.E♠❡0.♦ ❡80< ♣.❡♣❛.❛❞♦ ♣❛.❛ 8❡

♦♣❡.❛❞♦ ❡♠ ❛0J K✉❛0.♦ ❢.❡K✉L♥❝✐❛8✱ 8❡♥❞♦ K✉❡ ♣❛.❛ ❡80❛ 0❡8❡ ✉8❛♠♦8 ❛♣❡♥❛8 ❛8 ♦♣6M❡8 ❞❡

❜❛♥❞❛ ❳ ✭9.4●❍③✮ ❡ ❜❛♥❞❛ ◗ ✭34.4●❍③✮✳

❆ ❝❛✈✐❞❛❞❡ ❞❡ .❡88♦♥/♥❝✐❛ ♣❛.❛ ❜❛♥❞❛ ❳ J .❡0❛♥❣✉❧❛. ❚❊102 ❡ ❛ ❞❡ ❜❛♥❞❛ ◗ J ✉♠❛

❝❛✈✐❞❛❞❡ ❝✐.❝✉❧❛. ❚❊011✳ ❊♠ ❛♠❜♦8 ♦8 ❝❛8♦8✱ ♣♦.0❛♥0♦✱ ✉♠❛ ❢.❡K✉L♥❝✐❛ ✜①❛ J ✉0✐❧✐③❛❞❛ ❡ ♦

❝❛♠♣♦ H0 J ✈❛.✐❛❞♦ ♣❛88❛♥❞♦ ♣❡❧❛ ❝♦♥❞✐67♦ ❞❡ .❡88♦♥/♥❝✐❛ ❞❛❞❛ ♣❡❧❛ ❢.❡K✉L♥❝✐❛ ❞❡ ♦♣❡.❛67♦

❞♦ ❡8♣❡❝0.E♠❡0.♦✳ ◆❛ ❝♦♥❞✐67♦ ❞❡ .❡88♦♥/♥❝✐❛✱ ♣♦0L♥❝✐❛ ❞❡ ♠✐❝.♦♦♥❞❛ J ❛❜8♦.✈✐❞❛ ♣❡❧❛

❛♠♦80.❛ ❡ ❛ ♣.✐♠❡✐.❛ ❞❡.✐✈❛❞❛ ❞❛ ❛❜8♦.67♦ J .❡❣✐80.❛❞❛ ❝♦♠♦ ♦ ❡8♣❡❝0.♦ ❞❡ ❊❙❘✳

❊8K✉❡♠❛0✐❝❛♠❡♥0❡ ✭✜❣✉.❛ ✶✳✾✮✱ ✉♠ ❡8♣❡❝0.E♠❡0.♦ J ❝♦♥80✐0✉=❞♦ ❞❡ ✉♠❛ ♣♦♥0❡ ❞❡ ♠✐✲

❝.♦♦♥❞❛✱ ✉♠ ❡❧❡0.♦=♠7 K✉❡ ❣❡.❛ ✉♠ ❝❛♠♣♦ ❝♦♥80❛♥0❡ ♠❛8 ✈❛.✐<✈❡❧ ❡ ✉♠❛ ❝❛✈✐❞❛❞❡ .❡88♦♥❛♥0❡✳

❆ ♣♦♥0❡ ❞❡ ♠✐❝.♦♦♥❞❛ ♣.♦❞✉③ ❛ .❛❞✐❛67♦ ❞❡ ♠✐❝.♦♦♥❞❛ K✉❡ J 0.❛♥8❢❡.✐❞❛ ❛ ❝❛✈✐❞❛❞❡ ♣♦. ✉♠

❣✉✐❛ ❞❡ ♦♥❞❛✳ ◆❛ ❝❛✈✐❞❛❞❡ ❡80< ❛ ❛♠♦80.❛✱ ♣♦8✐❝✐♦♥❛❞❛ ❞❡ ♠❛♥❡✐.❛ ❛ ❡80❛. 8♦❜ ❛67♦ ❞❡ ✉♠

❝❛♠♣♦ H0 ♠❛✐8 ❤♦♠♦❣L♥❡♦ ♣♦88=✈❡❧ ✭♠❡❧❤♦. K✉❡ ≈ 0.05 ●❛✉88✴❝♠

3
✮✳ ❆ ❝❛✈✐❞❛❞❡ .❡88♦♥❛♥0❡

J ✉♠ ❝/♠❛.❛ ♠❡0<❧✐❝❛✱ ❞❡8❡♥❤❛❞❛ ♣❛.❛ .❡88♦♥❛. ♥❛ ❢.❡K✉L♥❝✐❛ ❞❡ ♠✐❝.♦♦♥❞❛✳ ◆❛ ❢.❡K✉L♥❝✐❛

❞❡ .❡88♦♥/♥❝✐❛ ❞❛ ❝❛✈✐❞❛❞❡✱ ✉♠❛ ♦♥❞❛ ❡80❛❝✐♦♥<.✐❛ J ❢♦.♠❛❞❛ ❡ ♥❡♥❤✉♠❛ ♣♦0L♥❝✐❛ J .❡✢❡0✐❞❛

❞❛ ❝❛✈✐❞❛❞❡✳

▼✐❝.♦♦♥❞❛8 ❡♥0.❛♠ ♥❛ ❝❛✈✐❞❛❞❡ ❛0.❛✈J8 ❞❡ ✉♠❛ =.✐8✱ ❝✉❥❛ ❛❜❡.0✉.❛ J ❝♦♥0.♦❧❛❞❛ ♥♦ ❡①♣❡.✲

✐♠❡♥0♦✳ ❖ 0❛♠❛♥❤♦ ❞❛ ❛❜❡.0✉.❛ ❞❛ =.✐8 ❞❡0❡.♠✐♥❛ ❛ K✉❛♥0✐❞❛❞❡ ❞❡ ♠✐❝.♦♦♥❞❛8 ❡♥0.❛♥❞♦ ❡

.❡✢❡0✐♥❞♦ ❞❛ ❝❛✈✐❞❛❞❡ ✭✜❣✉.❛ ✶✳✶✵ ✮✳ ❆ ❛❜❡.0✉.❛ J .❡❣✉❧❛❞❛ ❛0J K✉❡ ❛ ✐♠♣❡❞/♥❝✐❛ ❞♦ ❣✉✐❛ ❞❡

♦♥❞❛ ❡80❡❥❛ ❝❛8❛❞❛ ❝♦♠ ❛ ❞❛ ❝❛✈✐❞❛❞❡✳ ◆❡80❡ ♣♦♥0♦✱ ❛ ❝❛✈✐❞❛❞❡ ❡80< ❝.✐0✐❝❛♠❡♥0❡ ❛❝♦♣❧❛❞❛✳

◗✉❛♥❞♦ ♦❝♦..❡ ♦ ❢❡♥E♠❡♥♦ ❞❡ .❡88♦♥/♥❝✐❛ ❛ ❝❛✈✐❞❛❞❡ ❞❡✐①❛ ❞❡ ❡80❛. ❝.✐0✐❝❛♠❡♥0❡ ❛❝♦♣❧❛❞❛ ❡

.❛❞✐❛67♦ J .❡✢❡0✐❞❛ ❞❡ ✈♦❧0❛ ♣❡❧♦ ♦ ❣✉✐❛ ❞❡ ♦♥❞❛ ❛0J ❛ ♣♦♥0❡ ❞❡ ♠✐❝.♦♦♥❞❛✳

◆❡80❡ ♣♦♥0♦ ❝♦♠❡6❛ ♦ 8✐80❡♠❛ ❞❡ ❞❡0❡❝67♦✳ ◆♦88♦ ❡8♣❡❝0.E♠❡0.♦ ✉8❛ ✉♠ ❡8K✉❡♠❛ ❞❡

❞❡0❡❝67♦ ❞❡ ❢❛8❡✱ 8❡ ✈❛❧❡♥❞♦ ❞❛ ♠♦❞✉❧❛67♦ ❞♦ 8✐♥❛❧✳ ◆❡80❡ ❡8K✉❡♠❛✱ ♦♥❞❡ ♦ ❝❛♠♣♦ ♠❛❣♥J0✐❝♦

H1 ❡80< ♠♦❞✉❧❛❞♦ ❝♦♠♦ ✉♠❛ 8❡♥]✐❞❡✱ ❛ .❛❞✐❛67♦ .❡✢❡0✐❞❛ J ♠♦❞✉❧❛❞❛ ♥❡80❛ ♠❡8♠❛ ❢.❡K✉L♥❝✐❛

♦ K✉❡ 0.❛♥8❢♦.♠❛ ♦ 8✐♥❛❧ ❞❡ ❊❙❘ ♥✉♠❛ 8❡♥]✐❞❡ ❝♦♠ ✉♠❛ ❛♠♣❧✐0✉❞❡ ♣.♦♣♦.❝✐♦♥❛❧ ^ ✐♥❝❧✐♥❛67♦

❞♦ 8✐♥❛❧ ♦.✐❣✐♥❛❧✳ ❖ ❞❡0❡❝0♦. ❡♥07♦ ♣.♦❞✉③ ✉♠ 8✐♥❛❧ ♣.♦♣♦.❝✐♦♥❛❧ ^ ❛♠♣❧✐0✉❞❡ ❞♦ 8✐♥❛❧ ❞❡

✸✷





❋✐❣✉$❛ ✶✳✶✶✿ ❊*+✉❡♠❛ ♣❛$❛ ❛ ❞❡0❡❝23♦ ♣♦$ ♠♦❞✉❧❛23♦ ❞❡ ❢❛*❡ ✭✜❣✉$❛ ❞❡ ❯$❜❛♥♦ ❘❘✱ ❚❡*❡

❞❡ ❉♦✉0♦$❛❞♦✱ ■❋●❲ ✭✷✵✵✹✮✳

❊❙❘✳ ■*0♦ $❡*✉❧0❛ ❡♠ ✉♠ ❡*♣❡❝0$♦ +✉❡ H ❛ ♣$✐♠❡✐$❛ ❞❡$✐✈❛❞❛ ❞♦ *✐♥❛❧ ❞❡ ❛❜*♦$23♦✳ ❯♠ *✐♥❛❧

❞❡ $❡❢❡$J♥❝✐❛ H ❣❡$❛❞❛ ❝♦♠ ❛ ♠❡*♠❛ ❢❛*❡ ❡ ❢$❡+✉J♥❝✐❛ ❞♦ ❝❛♠♣♦ ❞❡ ♠♦❞✉❧❛23♦✳ ❖ ❞❡0❡❝0♦$

❡♥03♦ ❝♦♠♣❛$❛ ♦ *✐♥❛❧ ❞❡ ❊❙❘ ❝♦♠ ♦ *✐♥❛❧ ❞❡ $❡❢❡$J♥❝✐❛ ❡ ❡❧✐♠✐♥❛ 0♦❞♦ *✐♥❛❧ +✉❡ ♥3♦ ♣♦**✉✐

❛ ♠❡*♠❛ ❢❛*❡ ❡ ❢$❡+✉J♥❝✐❛ +✉❡ ♦ *✐♥❛❧ ❞❡ $❡❢❡$J♥❝✐❛✱ ❞❡ ♠❛♥❡✐$❛ ❛ $❡❞✉③✐$ ♦ $✉M❞♦ ❞❛ ❞❡0❡❝23♦

❡ ❛✉♠❡♥0❛$ ❛ *❡♥*✐❜✐❧✐❞❛❞❡✳

✸✹



❈❛♣#$✉❧♦ ✷

❊❢❡✐$♦- ❞❡ ❈❛♠♣♦ ❈0✐-$❛❧✐♥♦ ❡♠

❈❡❋❡4312

✷✳✶ ■♥%&♦❞✉*+♦

◆♦ ❝❛♣%&✉❧♦ ✶ ❞✐,❝✉&✐♠♦, ❡♠ ❞❡&❛❧❤❡, ❛ 0❡❧❛12♦ ❞❛ &3❝♥✐❝❛ ❞❡ ❊❙❘ ❝♦♠ ♦ ❡,&✉❞♦ ❞❡ ❡❢❡✐&♦, ❞❡

❝❛♠♣♦ ❝0✐,&❛❧✐♥♦✳ ❋✐❝♦✉ ❝❧❛0♦ ❞❡,&❛ ❞✐,❝✉,,2♦ ;✉❡ ❛ ✉&✐❧✐③❛12♦ ❞❡ ❊❙❘ ♥❡,&❡ ❝♦♥&❡①&♦ 3 ✉♠

♣0♦❝❡❞✐♠❡♥&♦ ❝❧>,,✐❝♦✱ ❥> ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐&❡0❛&✉0❛✳ ❖ ❡,&✉❞♦ ❞❡,&❡, ❡❢❡✐&♦, ❡♠  ❦✉##❡%✉✲

❞✐#❡ ✱ ♥♦ ❡♥&❛♥&♦✱ ❣✉❛0❞❛ ✉♠❛ ✐♠♣♦0&❛♥&❡ ;✉❡,&2♦ ❛ ,❡0 ❞✐,❝✉&✐❞❛ 0❡❢❡0❡♥&❡ ❛ 0❡❧❡✈E♥❝✐❛ ❞❡ ✉♠

♥♦✈♦ ♣❛0E♠❡&0♦ ❞❡ ,❡①&❛ ♦0❞❡♠ Bt
6 ♣❛0❛ ❛ ❞❡&❡0♠✐♥❛12♦ ❞♦ ❡,&❛❞♦ ❢✉♥❞❛♠❡♥&❛❧ ❞♦ ,✐,&❡♠❛✳

❊,&❡ ♣❛0E♠❡&0♦ 3 ✉&✐❧✐③❛❞♦ ♣♦✐, ❛ ,✐♠❡&0✐❛ ♣♦♥&✉❛❧ ❞♦, ❡,&❛❞♦, ❡❧❡&0F♥✐❝♦, ❞♦, ❡❧3&0♦♥, 4f ❡♠

 ❦✉##❡%✉❞✐#❡ 3 ❚h ♥2♦ ❖h✱ ❝♦♠♦ ❝❧❛,,✐❝❛♠❡♥&❡ ❛❜♦0❞❛❞♦ ♥❛ ❧✐&❡0❛&✉0❛ ❬✸✸✱ ✹✵❪✳

❊♠ ❣❡0❛❧✱ ❛,,✉♠❡✲,❡ ;✉❡ ♦ ❝❛♠♣♦ ❝0✐,&❛❧✐♥♦ ❞♦, ❝✐♥❝♦ ❣0✉♣♦, ♣♦♥&✉❛✐, ❝N❜✐❝♦, ❖✱ ❖h✱ ❚✱

❚h ❡ ❚d ,❡0✐❛ ❞❡,❝0✐&♦ ♣♦0 ✉♠❛ N♥✐❝❛ ❍❛♠✐❧&♦♥✐❛♥❛✱ &❛❧ ;✉❛❧ ❛ ❛♣0❡,❡♥&❛❞❛✱ ♣♦0 ❡①❡♠♣❧♦✱

❡♠ ❍✉&❝❤✐♥❣ ❡# ❛❧ ❬✸✸❪✳ ❯♠❛ ❛♥>❧✐,❡ 0✐❣♦0♦,❛ ❬✸❪ ❞♦, ✐♥✈❛0✐❛♥&❡, ❞❛, ,✐♠❡&0✐❛, &❡&0❛3❞0✐❝❛,

✭❚✱ ❚h ❡ ❚d✮ 0❡✈❡❧❛✱ ♥♦ ❡♥&❛♥&♦✱ ;✉❡ ♦, ❡❢❡✐&♦, ❞❡ ❝❛♠♣♦ ❝0✐,&❛❧✐♥♦ ♥❡,&❛, ,✐♠❡&0✐❛, 3 ♠❡❧❤♦0

❞❡,❝0✐&♦ ♣❡❧❛ ,❡❣✉✐♥&❡ ❍❛♠✐❧&♦♥✐❛♥❛✳

HCF = Bc
4(O

0
4 + 5O4

4) +Bc
6(O

0
6 − 21O4

6) +Bt
6(O

2
6 −O6

6), ✭✷✳✶✮

❊♠ ✷✳✶ ♥♦&❛✲,❡ ❛ ♣0❡,❡♥1❛ ❞❡ ♥♦✈♦ ♣❛0E♠❡&0♦ Bt
6✳ ❆ ♣0❡,❡♥1❛ ❞❡,&❡ ♣❛0E♠❡&0♦ 3 ❝♦♥,❡✲

;✉U♥❝✐❛ ❞✐0❡&❛ ❞❛ ❛♥>❧✐,❡ 0✐❣♦0♦,❛ ❞❛ ,✐♠❡&0✐❛ ❡ ❞❡,❝0❡✈❡ ❛ ❛✉,U♥❝✐❛ ❞❛, ♦♣❡0❛1V❡, ❈ 4 ❡ ❈
′

2

❬✸✹❪ ♥❛, ,✐♠❡&0✐❛, &❡&0❛3❞0✐❝❛,✳ ◆♦ ❡♥&❛♥&♦✱ ♠❡,♠♦ ;✉❡ ❛ ♣0❡,❡♥1❛ ❞❡,&❡ ♣❛0E♠❡&0♦ ♥2♦ ,❡❥❛
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❞♦" ♥$✈❡✐" ❞❡ ❡♥❡(❣✐❛ ♥+♦ ♠✉❞❛(✐❛✱ ♠❛" /✉❡ ♥♦✈❛" (❡❣(❛" ❞❡ "❡❧❡1+♦ ♣❛(❛ ♦" ❡❧❡♠❡♥3♦" ❞❡

♠❛3(✐③❡" ❡"3❛(✐❛♠ ♣(❡"❡♥3❡"✳ ❊♠ ♣❛(3✐❝✉❧❛(✱ ❡❧❡" ❛♥❛❧✐"❛(❛♠ ♦ ❝❛"♦ ❞♦ 8(❖" 4❙❜12 ❡ ❞❛ 3<❝♥✐❝❛

❞❡ ❡"♣❛❧❤❛♠❡♥3♦ ❞❡ ♥>✉3(♦♥"✱ ❞❡3❡(♠✐♥❛♥❞♦ /✉❡ 3(❛♥"✐1?❡" ❛♥3❡" ♣(♦✐❜✐❞❛" ❡♠ "✐♠❡3(✐❛ ❖ h

❡"3❛(✐❛♠ ♣(❡"❡♥3❡" ❡♠ "✐♠❡3(✐❛ ❚h✳ ❉❡✐①❛(❛♠ 3❛♠❜<♠ ❡✈✐❞❡♥3❡ /✉❡✱ ♥❡"3❛ ♥♦✈❛ "✐♠❡3(✐❛✱

♦ ❞✉❜❧❡3♦ ❞♦ ❡"3❛❞♦ ❢✉♥❞❛♠❡♥3❛❧ "❡(✐❛ ❞❡"❝(✐3♦ ♣♦( ✉♠❛ ♠✐"3✉(❛ ❞♦" ❞✉❜❧❡3♦" Γ6 ❡ Γ7 ❞❛

"✐♠❡3(✐❛ ❖h✳

❉♦ ♣♦♥3♦ ❞❡ ✈✐"3❛ ❡①♣❡(✐♠❡♥3❛❧✱ 3❛♠❜<♠ ♥+♦ ❡(❛ ❝❧❛(❛ ❛ ✐♠♣♦(3D♥❝✐❛ ❞❡ Bt
6 ♣❛(❛ ♦

❡♥3❡♥❞✐♠❡♥3♦ ❞❛" ♣(♦♣(✐❡❞❛❞❡" ❢$"✐❝❛" ♥❛ ❢❛♠$❧✐❛ ❞❛"  ❦✉##❡%✉❞✐#❡ ✳ ▼✉✐3♦" (❡"✉❧3❛❞♦" ❢♦(❛♠

❛♥❛❧✐"❛❞♦" F ❧✉③ ❛♣❡♥❛" ❞♦ ❡"/✉❡♠❛ ❝❧G""✐❝♦ ❞❡ ❝❛♠♣♦ ❝(✐"3❛❧✐♥♦✱ ❝♦♠ (❛③♦G✈❡❧ ❛❝♦(❞♦ ❝♦♠ ♦"

❞❛❞♦" ❡①♣❡(✐♠❡♥3❛✐"✳ ◆♦ ❡①❡♠♣❧♦ /✉❡ ❡"3✉❞❛♠♦" ♥♦ ❝❛♣$3✉❧♦ ✐♥3(♦❞✉3I(✐♦✱ ♦♥❞❡ 3♦♠❛♠♦" ♦

❈❡
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✱ ❬❳❡❪4f 1
✮ ♥+♦ ❤G ❛❝♦♣❧❛♠❡♥3♦ ❞♦ ❡"3❛❞♦ ❢✉♥❞❛♠❡♥3❛❧ ❝♦♠ ❡"3❡ ♣❛(D♠❡3(♦ ✭(O2

6 −

O6
6) = 0✮✳ ◆❡"3❡ "❡♥3✐❞♦✱ ♦ ❡❢❡✐3♦ ❞♦ Bt

6 ❡♠ ❝♦♠♣♦"3♦" ❜❛"❡❛❞♦" ❡♠ ❈❡✱ ♥✉♠❛ ❝♦♥✜❣✉(❛1+♦

❡❧❡3(Q♥✐❝❛ /✉❡ "❛33✐"❢❛1❛ ❛ ❧❡✐ ❞❡ ❍✉♥❞✱ "❡(✐❛ 3♦3❛❧♠❡♥3❡ ♠❛"❝❛(❛❞♦ ❡ < ❛✐♥❞❛ (❛③♦G✈❡❧ "✉♣♦(

/✉❡ "❡(✐❛♠ ❞❡"♣(❡③$✈❡✐" ♣❛(❛ ❝♦♠♣♦"3♦" ❜❛"❡❛❞♦" ❡♠ $♦♥" ❞❡ 3❡((❛ (❛(❛ ❝♦♠ ❜❛✐①♦ J ✳

◆+♦ ♦❜"3❛♥3❡✱ ♠❡"♠♦ ❡♠ ♠❛3❡(✐❛✐" ♥+♦ ♠❛❣♥<3✐❝♦"✱ < ❜❡♠ ❞❡3❡(♠✐♥❛❞♦ /✉❡ ❛ ✉3✐❧✐③❛✲

1+♦ ❞❡ ♣❡/✉❡♥❛ /✉❛♥3✐❞❛❞❡ ❞❡ ✐♠♣✉(❡③❛" ♣❛(❛♠❛❣♥<3✐❝❛" ❞✐❧✉$❞❛" ❡♠ ✉♠ ❞❛❞♦ ❝♦♠♣♦"3♦✱

♣♦❞❡ ❛3✉❛( ❝♦♠♦ ✉♠❛ "♦♥❞❛ ♣❛(❛ ❡①♣❡(✐♠❡♥3♦" ❞❡ ❊❙❘ /✉❡ ✈✐"❛♠ ♦ ❡♥3❡♥❞✐♠❡♥3♦ ❞❛" ♣(♦✲

♣(✐❡❞❛❞❡" ❢$"✐❝❛" ❞♦ ❝♦♠♣♦"3♦ ❡ ♥+♦ ❛♣❡♥❛" ❞❛" ✐♠♣✉(❡③❛" ❬✼❪✳ ❖ ❡①♣❡(✐♠❡♥3♦ ❡♠ 3❡♠♣❡(❛3✲

✉(❛" "✉✜❝✐❡♥3❡ ❜❛✐①❛" ✭T ≈ 4.2 ❑✮ ♣♦❞❡(✐❛ 3(❛③❡( ✐♠♣♦(3❛♥3❡ ❝♦♥❤❡❝✐♠❡♥3♦ ❛❝❡(❝❛ ❞♦ ❡"3❛❞♦

❢✉♥❞❛♠❡♥3❛❧ ❞♦" ❡"3❛❞♦" ❡❧❡3(Q♥✐❝♦" ♥❡"3❡ ❝♦♠♣♦"3♦✳ ❚❡♠♦" ❛✐♥❞❛ /✉❡ ❛ ❡✈♦❧✉1+♦ ❞♦ ❡"♣❡❝3(♦

❞❡ ❊❙❘ ❝♦♠ ♦ ❛✉♠❡♥3♦ ❞❛ 3❡♠♣❡(❛3✉(❛ ♣♦❞❡ 3(❛③❡( 3❛♠❜<♠ ✐♥❢♦(♠❛1+♦ ❝♦♠♣❧❡3❛ "♦❜(❡ ♦"

♥$✈❡✐" ❞❡ ❡♥❡(❣✐❛ ❞♦ "✐"3❡♠❛✱ ❡"♣❡❝✐❛❧♠❡♥3❡ "❡ ♦ ❡①♣❡(✐♠❡♥3♦ ✐♥❝❧✉✐( 3❡♠♣❡(❛3✉(❛" /✉❡ "❡❥❛♠

❞❛ ♦(❞❡♠ ❞❡ "❡♣❛(❛1+♦ ❞♦" ♥$✈❡✐" ❞❡ ❡♥❡(❣✐❛✳ ◆❛ ♣(❡"❡♥1❛ ❞❡ ❡①❝✐3❛1?❡" ❜❡♠ ❞❡✜♥✐❞❛" ❞❡

❝❛♠♣♦ ❝(✐"3❛❧✐♥♦✱ ❡"♣❡(❛♠♦" ✉♠ ❝♦♠♣♦(3❛♠❡♥3♦ ❞♦ 3✐♣♦ ❛3✐✈❛❞♦ ♣❛(❛ ❛ ❡✈♦❧✉1+♦ ❞❛ ❧❛(❣✉(❛

❞❡ ❧✐♥❤❛ ❞♦ ❡"♣❡❝3(♦ ❬✹✶✱ ✹✷❪✳

◆♦""❛ ✐♥✈❡"3✐❣❛1+♦ "❡ ❞❡✉ "♦❜(❡ ♦ ❝♦♠♣♦"3♦ ❈❡❋❡4812✳ ❈♦♠♦ ❞✐"❝✉3✐❞♦✱ ❡"3❡ < ✉♠ ♠❛✲

3❡(✐❛❧ ♥+♦ ♠❛❣♥<3✐❝♦✱ ❝♦♠ ♣♦✉❝❛ /✉❛♥3✐❞❛❞❡ ❞❡ ♣♦(3❛❞♦(❡" ♥❛ "✉♣❡(❢$❝✐❡" ❞❡ ❋❡(♠✐✳ 8❛(❛ ♦

❡①♣❡(✐♠❡♥3♦ ❞❡ ❊❙❘✱ ✉"❛♠♦" ♣❡/✉❡♥❛" /✉❛♥3✐❞❛❞❡" ✭❞❛ ♦(❞❡♠ ❞❡ 2000♣♣♠✮ ❞❡ ❉②✱ ❊( ❡ ❨❜✱

/✉❡ "+♦ ✐♥❝♦(♣♦(❛❞♦" ❛♦ ❝♦♠♣♦"3♦ ♥♦ ❡"3❛❞♦ 3+✱ 3♦❞♦" ❝♦♠ ❛❧3♦ ✈❛❧♦( ❞❡ J ✱ ♣❡(♠✐3✐♥❞♦ ♦

❛❝♦♣❧❛♠❡♥3♦ ❝♦♠ ♦ ♥♦✈♦ ♣❛(D♠❡3(♦ Bt
6✳

✷✳✷ ❊①♣❡&✐♠❡♥*♦

8❛(❛ ♦ ❡①♣❡(✐♠❡♥3♦✱ ❝(❡"❝❡♠♦" ♠♦♥♦❝(✐"3❛✐" ❞❡ ❈❡1−x❘x❋❡4812 ✭❘ ❂ ❉②✱ ❊(✱ ❨❜ ❝♦♠ x ≈

0.001✮ ❡♠ ✢✉①♦ ✭❡①❝❡""♦✮ ❞❡ ❙♥✱ ❝♦♠♦ ♠❡✐♦ ♣❛(❛ ❛ (❡❛1+♦✳ ❖ ♠❛3❡(✐❛❧ ❢♦✐ ♣(❡♣❛(❛❞♦ ❡♠

/✉❛♥3✐❞❛❞❡ ❡"3❡/✉✐♦♠<3(✐❝❛ ✭❝♦♠ ❝♦♥"✐❞❡(G✈❡❧ ❡①❝❡""♦ ❞♦" ❡❧❡♠❡♥3♦" ❞♦♣❛♥3❡"✮ ❡ "✉❜♠❡3✐❞♦"
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❛ !"❛!❛♠❡♥!♦ !'"♠✐❝♦ ♣♦" ❛♣"♦①✐♠❛❞❛♠❡♥!❡ 20 ❞✐❛- ❬✷✵❪✳ ❆ ♣✉"❡③❛ ❞❛ ❢❛-❡ ❞❛- ❛♠♦-!"❛-

❢♦✐ ❝❤❡❝❛❞❛ ♣♦" ❞✐❢"❛89♦ ❞❡ "❛✐♦✲❳✳ ❊-!❛- ❛♠♦-!"❛- ❢♦"❛♠ ♦❜!✐❞❛- ❡♠ ❝♦❧❛❜♦"❛89♦✳ ❆- ❢❛❝❡-

❝"✐-!❛❧♦❣"@✜❝❛- ♥❛!✉"❛✐- ❞❡ ❝"❡-❝✐♠❡♥!♦ ♣❡"♠✐!❡♠ ❛ ✐♥❞❡♥!✐✜❝❛89♦ ❞✐"❡!❛ ❞❛- ♣"✐♥❝✐♣❛✐- ❞✐✲

"❡8B❡- ❝"✐-!❛❧♦❣"@✜❝❛-✳

❆- ❝♦♥❝❡♥!"❛8B❡- ❞❛- ❛♠♦-!"❛- ❢♦"❛♠ ❞❡!❡"♠✐♥❛❞❛- ♣❡❧❛ ❞❡♣❡♥❞C♥❝✐❛ ❞❛ ♠❛❣♥❡!✐③❛89♦

❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥'!✐❝♦ H ❡ !❡♠♣❡"❛!✉"❛ T ✳ ❆♠❜❛- ❛- ♠❡❞✐❞❛- ❢♦"❛♠ "❡❛❧✐③❛❞❛- ❡♠ ✉♠

♠❛❣♥❡!D♠❡!"♦ ❝♦♠❡"❝✐❛❧✱ F✉❡ -❡ ✈❛❧❡ ❞❡ ✉♠ ❙◗❯■❉ ♣❛"❛ "❡❛❧✐③❛" ❛ ❞❡!❡❝89♦✱ ❞❡ ♠❛"❝❛

◗✉❛♥!✉♠ ❉❡-✐❣♥✳ ❘❡❛❧✐③❛♠♦- ♠❡❞✐❞❛- ❞❡ ❊❙❘ ❡♠ ❜❛♥❞❛ ❳ ✭9.48 ●❤③✮ ❡ ◗ ✭34.4 ●❍③✮

✉-❛♥❞♦ ✉♠ ❛♣❛"❡❧❤♦ ❝♦♠❡"❝✐❛❧ ❊❧❡①-②- ✺✵✵✱ ❞❛ ♠❛"❝❛ ❇"✉❦❡"✳ ❈❛❞❛ ✉♠❛ ❞❛- ❜❛♥❞❛- ❡①✐❣❡

❛ ✉!✐❧✐③❛89♦ ❞❡ "❡--♦♥❛❞♦"❡- ❡ ❝❛✈✐❞❛❞❡- ❡-♣❡❝W✜❝♦- ♣❛"❛ ♦ ❡①♣❡"✐♠❡♥!♦✳ X❛"❛ ♦ ❝♦♥!"♦❧❡ ❞❛

!❡♠♣❡"❛!✉"❛✱ ✉-❛♠♦- ✉♠ ❝♦♥!"♦❧❛❞♦" ❞✐❣✐!❛❧ ❛❝♦♣❧❛❞♦ ❛ ✉♠ -✐-!❡♠❛ ❞❡ ✢✉①♦ ❞❡ ❍❡✱ ❡-!❡

♦♣❡"❛❞♦ ♠❛♥✉❛❧♠❡♥!❡✳ ❖ -✐-!❡♠❛ ♣❡"♠✐!❡ ♠❡❞✐❞❛- ♥♦ ✐♥!❡"✈❛❧♦ 4.2 . T . 300 ❑✱ ♠❛-

♦- ❡-♣❡❝!"♦- ❞❛ "❡--♦♥\♥❝✐❛ ❢♦"❛♠ ♦❜-❡"✈❛❞♦- ♥❛ ❢❛✐①❛ ❞❡ !❡♠♣❡"❛!✉"❛- ❛!' T . 50 ❑✳ ❖-

❡①♣❡"✐♠❡♥!♦- ❢♦"❛♠ "❡❛❧✐③❛❞♦- ❡♠ ❛♠♦-!"❛- ❞❡ ❞✐❢❡"❡♥!❡- ❝♦♥❝❡♥!"❛8B❡- ❞❡ ❝❛❞❛ ✉♠ ❞♦-

❞♦♣❛♥!❡-✳

✷✳✸ ❘❡%✉❧(❛❞♦%

▼♦-!"❛♠♦- ♦- ♣"✐♥❝✐♣❛✐- "❡-✉❧!❛❞♦- ❞❡-!❡- ❡①♣❡"✐♠❡♥!♦- ♥❛- ✜❣✉"❛- ✷✳✶✱ ✷✳✷✱ ✷✳✸ ❡ ✷✳✹✳ ❆

✜❣✉"❛ ✷✳✶ ❛♣"❡-❡♥!❛ ♦- ❡-♣❡❝!"♦- ♦❜!✐❞♦- ❛ ❜❛✐①❛ !❡♠♣❡"❛!✉"❛ ❡✈✐❞❡♥❝✐❛♥❞♦ ✉♠❛ ❢♦"♠❛ ❞❡

❧✐♥❤❛ ❉②-♦♥✐❛♥❛✱ ✐♥❞✐❝❛!✐✈♦ ❞❡ ❡❢❡✐!♦- ❞❡  ❦✐♥ ❞❡♣'❤ ❞❡✈✐❞♦ ❛ ♣❡♥❡!"❛89♦ ❞❛ ♠✐❝"♦♦♥❞❛ ❡♠

✉♠❛ -✉♣❡"❢W❝✐❡ ♠❡!@❧✐❝❛✱ F✉❡ ❛--♦❝✐❛♠♦- a ❝♦♥❞✉!✐✈✐❞❛❞❡ !❡"♠✐❝❛♠❡♥!❡ ❛!✐✈❛❞❛✱ !❛❧ ❝♦♠♦

❞❡!❡"♠✐♥❛❞♦ ♣❛"❛ ❡-!❡ ❝♦♠♣♦-!♦ ❬✷✵❪✳

❆ ✜❣✉"❛ ✷✳✷ ♠♦-!"❛ ♦ ❡✈♦❧✉89♦ ❞❛ ❧❛"❣✉"❛ ❞❡ ❧✐♥❤❛ ✭∆H✮ ❝♦♠ ❛ ✈❛"✐❛89♦ ❞❛ !❡♠♣❡"❛!✉"❛✳

◗✉❛❧✐!❛!✐✈❛♠❡♥!❡✱ ❡-!❛ -❡❣✉❡ ✉♠ ❝♦♠♣♦"!❛♠❡♥!♦ !❛❧ F✉❛❧ ❡-♣❡"❛❞♦ ♣❛"❛ ✉♠❛ "❡❧❛①❛89♦ ♣♦"

❡-!❛❞♦- ❡①❝✐!❛❞♦-✳ ❆ ✜❣✉"❛ ♠♦-!"❛ ❛✐♥❞❛ F✉❡ ♦ "❡-✉❧!❛❞♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❢"❡F✉C♥❝✐❛ ✉-❛❞❛ ♥♦

❡①♣❡"✐♠❡♥!♦ ❡ ❝♦♥❝❡♥!"❛89♦ ❞❛- ❛♠♦-!"❛-✳ ❖ ♣"✐♠❡✐"♦ ♣♦♥!♦ ' ❡✈✐❞C♥❝✐❛ ♣❛"❛ ❛ ❛✉-C♥❝✐❛ ❞❡

❛❧❛"❣❛♠❡♥!♦ ✐♥♦♠♦❣C♥❡♦ ❡♥F✉❛♥!♦ F✉❡ ♦ -❡❣✉♥❞♦ ❛--❡❣✉"❛ F✉❡ ♥9♦ ❤@ ❡❢❡✐!♦ ♥❛ ❝♦""❡❧❛89♦

❞❡ -♣✐♥- F✉❡ ♣♦--❛♠ ❛!✉❛" ♥❛ ❧❛"❣✉"❛ ❞❡ ❧✐♥❤❛✳ ❖- "❡-✉❧!❛❞♦- ❡♠❜❛-❛♠ ❛ ✉!✐❧✐③❛89♦ ❞❡ ✉♠

♠♦❞❡❧♦ ❞❡ "❡❧❛①❛89♦ -♣✐♥ "❡❞❡ ♠❡❞✐❛❞♦ ♣♦" ❢b♥♦♥-✱ ❡♥✈♦❧✈❡♥❞♦ ❡-!❛❞♦- ❡①❝✐!❛❞♦- ❞❡ ❝❛♠♣♦

❝"✐-!❛❧✐♥♦ ❬✹✶✱ ✹✷❪✳

❖ ❡①♣❡"✐♠❡♥!♦ ❝♦♠ ❛ ❛♠♦-!"❛ ❘ = ❨❜ ♠♦-!"❛ ✉♠❛ ❧❛"❣✉"❛ ❞❡ ❧✐♥❤❛ ♣"❛!✐❝❛♠❡♥!❡ ✐♥❞❡✲

♣❡♥❞❡♥!❡ ❞❛ !❡♠♣❡"❛!✉"❛ ❝♦♠ ✉♠❛ ❧❛"❣✉"❛ "❡-✐❞✉❛❧ ∆HT=0 = 8(2) ❖❡ ✭❡-!❡- "❡-✉❧!❛❞♦- -9♦

❛♣"❡-❡♥!❛❞♦- ❡♠ ❞❡!❛❧❤❡ ♥♦ ❝❛♣W!✉❧♦ 3✮✳ ❖- ✈❛❧♦"❡- ❞❡ g ❡ ❞❡❣❡♥❡"❡-❝C♥❝✐❛- ❞♦- "❡-♣❡❝!✐✈♦-

❡-!❛❞♦- ❢✉♥❞❛♠❡♥!❛✐- ❡-!9♦ ❛♥♦!❛❞♦- ♥♦ !❛❜❡❧❛ ✷✳✶✳

◆❛ ✜❣✉"❛ ✷✳✸✱ ♠♦-!"❛♠♦- ♦ ❝♦♠♣♦"!❛♠❡♥!♦ ❞❛ ✐♥!❡♥-✐❞❛❞❡ ♥♦"♠❛❧✐③❛❞❛✱ χESR(T )/χESR(4.2K)✱

✸✼



❋✐❣✉$❛ ✷✳✶✿ ❊+♣❡❝/$♦+ ❞❡ ❜❛♥❞❛ ❳ ♦❜/✐❞♦+ ❛ T = 4.2 ❑✳

❋✐❣✉$❛ ✷✳✷✿ ❊✈♦❧✉89♦ ❞❛ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛ ∆H ❝♦♠ ❛ ✈❛$✐❛89♦ ❞❛ /❡♠♣❡$❛/✉$❛✱ ❞♦+ ❡+♣❡❝/$♦+

♦❜/✐❞♦+ ♣❛$❛ ❞✐❢❡$❡♥/❡+ ❝♦♥❝❡♥/$❛8>❡+ ❡ ❡♠ ❞✐❢❡$❡♥/❡+ ❢$❡?✉@♥❝✐❛+✳ ❆ ❧✐♥❤❛ +B❧✐❞❛ $❡♣$❡+❡♥/❛

♦ ❛❥✉+/❡ ♦❜/✐❞♦ ♣❛$❛ ♦ ❝♦♠♣♦$/❛♠❡♥/♦ ❞❡ ∆H ❡♠ ✉♠ ♠♦❞❡❧♦ ♣❛$❛ $❡❧❛①❛89♦ ✈✐❛ ❡+/❛❞♦+

❡①❝✐/❛❞♦+ ✭✈❡$ /❡①/♦✮✳ ❖+ +❡❣✉✐♥/❡+ ♣❛$H♠❡/$♦+ ❢♦$❛♠ ♦❜/✐❞♦+ a ❂ ✹✳✵✭✹✮ ❖❡✱ ∆1 ❂ ✹✵✭✽✮ ❑✱

∆2 ❂ ✶✸✺✭✸✵✮ ❑✱ c1 ❂ ✵✳✵✵✶✺✭✷✮ ❖❡✴❑

3
✱ c2 ❂ ✵✳✵✵✷✵✭✷✮ ❖❡✴❑

3
✱ ❡ ♣❛$❛ ❊$✿ a ❂ ✸✳✸✭✸✮ ❖❡✱

∆1 ❂ ✽✺ ✭✶✺✮ ❑✱ ∆2 ❂ ✸✵✵✭✶✵✵✮ ❑✱ c1 ❂ ✵✳✵✵✵✸✭✶✮ ❖❡✴❑

3
✱ c2 ❂ ✵✳✵✵✵✷✭✶✮ ❖❡✴❑

3
✳

✸✽



❋✐❣✉$❛ ✷✳✸✿ ■♥,❡♥.✐❞❛❞❡. ♥♦$♠❛❧✐③❛❞❛. ✭χESR✮ ❛ T = 4.2 ❑ ♣❛$❛ ♦. ❡①♣❡$✐♠❡♥,♦. ❝♦♠

❛♠♦.,$❛. ❞❡ ❊$ ❡ ❉② ❡♠ ❜❛♥❞❛ ❳✳ ❆ ❧✐♥❤❛ .A❧✐❞❛ ❝♦♠♣❛$❛ ♦. $❡.✉❧,❛❞♦. ❝♦♠ ♦ ♦ ❡.♣❡$✲

❛❞♦ ♣❛$❛ ✉♠❛ ❧❡✐ ❞❡ ❈✉$✐❡ ✭∝ 1/T ✮ ✳

❡ ✉♠❛ ❝♦♠♣❛$❛DE♦ ❝♦♠ ❛ ❧❡✐ ❞❡ ❈✉$✐❡✳ ❖ $❡.✉❧,❛❞♦ .✉❣❡$❡ G✉❡ ❛ $❡..♦♥H♥❝✐❛ ❛❞✈J♠ ❞❡ ✉♠

❡.,❛❞♦ ❧♦❝❛❧✐③❛❞♦ ❛..♦❝✐❛❞♦ ❛♦ ♠✉❧,✐♣❧❡,♦ J .❡♣❛$❛❞♦ ♣❡❧♦. ❡❢❡✐,♦. ❞❡ ❝❛♠♣♦ ❝$✐.,❛❧✐♥♦✳ ❆.

❛♥L❧✐.❡. ❢♦$❛♠ ❢❡✐,❛. ♣❛$❛ ❛. $❡..♦♥H♥❝✐❛. ❞♦. ✐.A,♦♣♦. ❞❡ ❘

3+
♣❛$❛ ♦. G✉❛✐. I = 0 ♠❛. ♦.

❡.♣❡❝,$♦. ❞❡✈✐❞♦ ❛♦. ❞❡♠❛✐. ✐.A,♦♣♦. ✭❡.,$✉,✉$❛ ❤✐♣❡$✜♥❛✮ ,❛♠❜J♠ ❢♦$❛♠ ♦❜.❡$✈❛❞♦.✳ ❊.,❡

J ♦✉,$♦ ✐♥❞✐❝❛,✐✈♦ ❞♦ ❛❝✐♠❛ ❡①♣♦.,♦ ❡♠ $❡❧❛DE♦ ❛♦ ❝♦♠♣♦$,❛♠❡♥,♦ ❞❡ .✐.,❡♠❛. ❧♦❝❛❧✐③❛❞♦.✳

❆ ✜❣✉$❛ ✷✳✹ ,$❛③ ♦. $❡.✉❧,❛❞♦. ♣❛$❛ ♦ ❡.,✉❞♦ ❞❡ ♠❛❣♥❡,✐③❛DE♦ ❡♠ ❢✉♥DE♦ ❞♦ ❝❛♠♣♦ ❡

,❛♠❜J♠ ❡✈✐❞❡♥❝✐❛ ❝♦♠♣♦$,❛♠❡♥,♦ ❞❡ .♣✐♥. ♣❛$❛♠❛❣♥J,✐❝♦. ❧♦❝❛❧✐③❛❞♦.✳ ❆. ❧✐♥❤❛. ,$❛❝❡❥❛❞❛.

.E♦ ♦❜,✐❞❛. ✉,✐❧✐③❛♥❞♦✲.❡ ♦ ❡.,✉❞♦ G✉❡ ❞✐.❝✉,✐♠♦. ♥❛ ✐♥,$♦❞✉DE♦ ♣❛$❛ ♦. ❡❢❡✐,♦. ❞♦ ❝❛♠♣♦

❝$✐.,❛❧✐♥♦ .♦❜ ❛ ♠❛❣♥❡,✐③❛DE♦✳ ◆❛ ,❛❜❡❧❛ ✷✳✶ ❧✐.,❛♠♦. ♦. ♣❛$H♠❡,$♦. ✉,✐❧✐③❛❞♦. G✉❡ ❢♦$❛♠

❞❡,❡$♠✐♥❛❞♦. ♥❡.,❡ ❡①♣❡$✐♠❡♥,♦✳ ◆♦ $❡.,❛♥,❡ ❞♦ ❝❛♣S,✉❧♦ ❞✐.❝✉,✐♠♦. ❡.,❡. $❡.✉❧,❛❞♦. ❡ ❝♦♠♦

♦❜,❡$ ❡.,❡. ♣❛$H♠❡,$♦.✳

✷✳✹ ❉✐%❝✉%%(♦

❆ ❛♥L❧✐.❡ ❞♦. ♥♦..♦. $❡.✉❧,❛❞♦. .❡ ✐♥✐❝✐❛ ❛♦ ✐♥❝❧✉✐$♠♦. ♥❛ ❍❛♠✐❧,♦♥✐❛ ❞❛ ❡G ✷✳✶ ❛ ✐♥,❡$❛DE♦

❩❡❡♠❛♥ gJµBH.J ✳ ❊♠ .❡❣✉✐❞❛✱ $❡✲❡.❝$❡✈❡♠♦. ❛ ❡G✉❛DE♦ .❡♣❛$❛♥❞♦ ♦. ,❡$♠♦. ❞❡ G✉❛$,❛ ❡

.❡①,❛ ♦$❞❡♠ ✭❝W❜✐❝♦ ❡ ,❡,$❛J❞$✐❝♦✮✱ ♦❜,❡♥❞♦✿

HCF = Bc
4O

c
4 +Bc

6O
c
6 +Bt

6O
t
6 + gJµBH.J ✭✷✳✷✮

Oc
4 = (O0

4 + 5O4
4)

✸✾



❋✐❣✉$❛ ✷✳✹✿ ▼❡❞✐❞❛- ❞❡ ♠❛❣♥❡0✐③❛23♦ ❞♦- 5♦♥- ❉②

3+
✱ ❊$

3+
❡ ❨❜

3+
❡♠ ❈❡1−x❘x❋❡4>12 ✭❘

❂ ❉②✱ ❊$✱ ❨❜✮ ❝♦♠♦ ❢✉♥23♦ ❞♦ ❝❛♠♣♦✳ ❖- ♣♦♥0♦- -3♦ ♦❜0✐❞♦- ❛♣F- $✐❣♦$♦-❛ ❛♥G❧✐-❡ ♣❛$❛

-✉❜0$❛23♦ ❞❛ ❝♦♥0$✐❜✉✐23♦ -✉♣♦$0❡ ❞❡ ♠❡❞✐23♦ ❡ 0❛♠❜I♠ ❞♦ ❝♦♠♣♦-0♦ ❈❡❋❡ 4>12✱ ♠❡❞✐❞♦ -❡♣✲

❛$❛❞❛♠❡♥0❡✳ ❆- ❧✐♥❤❛- 0$❛❝❡❥❛❞❛- -3♦ ❝✉$✈❛- 0❡F$✐❝❛- ♦❜0✐❞❛- ♣❡❧❛ ❛♥G❧✐-❡ ❞❡ ❝❛♠♣♦ ❝$✐-0❛❧✐♥♦

✭✈❡$ ❞✐-❝✉--3♦✮ ✳

❚❛❜❡❧❛ ✷✳✶✿ ❊❙❘ ❡ ♣❛$R♠❡0$♦- ❞❡ ❝❛♠♣♦ ❝$✐-0❛❧✐♥♦ ♣❛$❛ ❈❡1−x❘x❋❡4>12 ✭❘ ❂ ◆❞✱ ❉②✱ ❊$✱

❨❜✮✳ ❆ ❞❡❣❡♥❡$❡-❝T♥❝✐❛ ❞♦ ❡-0❛❞♦ ❢✉♥❞❛♠❡♥0❛❧ I ❞❡♥♦0❛❞❛ ♣♦$ ✏❣-❞✑ ❡ ✏❆♥✐-✑ ❞❡♥♦0❛ ✉♠

❡-0❛❞♦ ❢✉♥❞❛♠❡♥0❛❧ ❛♥✐-♦0$F♣✐❝♦✳ ❖ -5♠❜♦❧♦ ✭

∗
✮ ❞❡♥♦0❛ ✉♠ $❡-✉❧0❛❞♦- ♦❜0✐❞♦ ♣❡❧♦- ❞❛❞♦-

♣❛$❛ ♦ ❉②

3+

❘

3+
❣-❞ gexp. gcalc. ① ② W ❬❑❪ Bc

4❬♠❑❪ Bc
6❬♠❑❪ Bt

6❬♠❑❪

Nd3+
✹ ❆♥✐-✳ ❆♥✐-✳ ✲✵✳✺✻✻ ✵✳✵✵ < ✵ > ✵ < ✵ ✵✳✵✵

Dy3+
✷ ✼✳✹✸✽✭✼✮ ✼✳✹✸✭✸✮ ✵✳✸✷ ✵✳✹✵ ✵✳✾✷✭✶✻✮ ✷✳✾✭✻✮ ✵✳✵✷✼✭✻✮ ✵✳✷✽✭✻✮

Er3+
✷ ✻✳✹✵✽✭✸✮ ✻✳✹✵✭✻✮ ✲✵✳✶✻ ✵✳✹✺ ✶✳✻✭✸✮ ✲✷✳✸✭✺✮ ✵✳✵✺✸✭✶✵✮ ✵✳✺✹✭✶✵✮

Y b3+ ✷ ✷✳✺✼✺✭✷✮ ✷✳✻✭✶✮ ✵✳✺✹ ✵✳✵✽ ✼✭✷✮

∗
✺✽✭✶✼✮ ✷✳✸✭✼✮ ✷✹✭✼✮

✹✵



Oc
6 = (O0

6 − 21O4
6)

Ot
6 = (O2

6 −O6
6)

❖! Bc
4✱ B

c
6 ❡ B

t
6 !$♦ ❡♥'$♦ (❡✲❡!❝(✐'♦! ❡♠ '❡(♠♦! ❞❡ ♣❛(0♠❡'(♦! ①✱ ②✱ ❡ ❲ ❞❛ !❡❣✉✐♥'❡

♠❛♥❡✐(❛✿ Bc
4 = (1 − |②|)①W✴❋0

4✱ B
c
6 = (1 − |②|)(1 − |①|)W✴❋0

6 ❛♥❞ B
t
6 =②W✴❋2

6✱ ♦♥❞❡ ♦!

❝♦❡✜❝✐❡♥'❡! ❋

n
m ❡!'$♦ '❛❜❡❧❛❞♦! ♥❛ ❘❡❢ ❬✸✸❪✳ ◆❡!'❛ ♥♦✈❛ ♣❛(❛♠❡'(✐③❛E$♦✱ ❛ ❡F ✷✳✷ H ❡!❝(✐'❛

❝♦♠♦✿

HCFZ = W

{

(1− |y|)

[

x
Oc

4

F 0
4

+ (1− |x|)
Oc

6

F 0
6

]

+ y
Ot

6

F 2
6

}

+ gJµBH · J ✭✷✳✸✮

◆❡!'❛ ♣❛(❛♠❡'(✐③❛E$♦✱ ❛ (❡❧❛E$♦ ❡♥'(❡ ♦! ❞✐❢❡(❡♥'❡! ♣❛(0♠❡'(♦! ❞❡ ❝❛♠♣♦ ❝(✐!'❛❧✐♥♦ ❡!'K

❡①♣(❡!!❛ ♥♦ ✐♥'❡(✈❛❧♦ ✭−1 ≤①≤ −1✮ ❡ ✭−1 ≤②≤ −1✮ ❡ ❛ ❝♦♥!'❛♥'❡ W H ❛ ✉♥✐❞❛❞❡ ♥❛ F✉❛❧

❛! ❡♥❡(❣✐❛! ❞❡ ✷✳✸ !$♦ ❞❡'❡(♠✐♥❛❞❛!✳ ❖! ❛✉'♦ ❡!'❛❞♦! ❡ ❛✉'♦ ✈❛❧♦(❡! ❞❡ ✷✳✸ !$♦ ❝❛❧❝✉❧❛❞♦!

❞✐(❡'❛♠❡♥'❡ ♣♦( !✉❛ ❞✐❛❣♦♥❛❧✐③❛E$♦ ❡ ♦ ❢❛③❡♠♦! ♣❛(❛ ❝❛♠♣♦! ❜❛✐①♦!✳ ❉❡!'❡ ❝K❧❝✉❧♦✱ (❡!✉❧'❛♠

❡!'❛❞♦! ❡ ❛✉'♦✲✈❛❧♦(❡! F✉❡ !$♦ ❢✉♥E$♦ ❞♦! ♣❛(0♠❡'(♦! ① ❡ ②✳ ❈♦♠ (❡❢❡(N♥❝✐❛ ❛ ♥♦!!❛ ❞✐!❝✉!!$♦

❛♥'❡(✐♦(✱ ♥❛ ✐♥'(♦❞✉E$♦ ❞❡!'❛ '❡!❡✱ ❝❛❧❝✉❧❛♠♦! ♦! ✈❛❧♦(❡! geff = |2gJ〈Γi|Sz|Γi〉|✳ ❋✐❝❛ ❝❧❛(♦

F✉❡✱ ✉♠❛ ✈❡③ F✉❡ ♦! ❡!'❛❞♦! |Γi〉 !$♦ ❢✉♥E$♦ ❞❡ ① ❡ ❞❡ ②✱ ♦! ✈❛❧♦(❡! ❞❡ geff ♦❜'✐❞♦! ❞❡!'❛

❢♦(♠❛✱ '❛♠❜H♠ ♦ !❡($♦✳

O❡(❝❡❜❛ F✉❡ ❡♠ ✷✳✸ ♣❛(❛ ②= 0 ❛ ❍❛♠✐❧'♦♥✐❛ !❡ (❡❞✉③ QF✉❡❧❛ ❞♦ !✐!'❡♠❛ ❝R❜✐❝♦✳ ❊!'❡ H

✉♠ ♠H'♦❞♦ !✐♠♣❧❡! ♣❛(❛ ❝❤❡❝❛( ♦! (❡!✉❧'❛❞♦! ❞❡ ♥♦!!❛ ❛♥K❧✐!❡✳ ❋✐❝❛ ❝❧❛(♦✱ ♣♦('❛♥'♦✱ F✉❡ ②

❞❡!❝(❡✈❡✱ ❡♠ ♥♦!!❛ ♣❛(❛♠❡'(✐③❛E$♦✱ ♦ ❣(❛✉ ❞❡ ♠✐!'✉(❛ ❞♦! ❡!'❛❞♦! Γ6 ❡ Γ7 ❞❛ !✐♠❡'(✐❛ ❝R❜✐❝❛

♣(♦✈♦❝❛❞♦ ♣❡❧♦ ♣❛(0♠❡'(♦ Bt
6✳ ❊!'❛ ❛♥K❧✐!❡ ✐♥'(♦❞✉③ ❛✐♥❞❛ F✉❡✱ ❡♠ !✐♠❡'(✐❛ ❚h✱ ♦ ✈❛❧♦( ❞❡

geff ♥$♦ H R♥✐❝♦✱ !❡♥❞♦ ❞❡'❡(♠✐♥❛❞♦ ♣❡❧♦! ✈❛❧♦(❡! ❞❡ ① ❡ ②✳ ❊♠ !✐!'❡♠❛! (❡❛✐!✱ ✐!'♦ !✐❣♥✐✜❝❛

F✉❡✱ ❛ ❞❡♣❡♥❞❡( ❞♦! ❡❧❡♠❡♥'♦! F✉❡ ❝♦♥!'✐'✉❡♠ ❛ ❣❛✐♦❧❛✱ '❡(❡♠♦! ❞✐❢❡(❡♥'❡! ✈❛❧♦(❡! ❞❡ geff

❛!!♦❝✐❛❞♦ ❛♦ V♦♥ ❞❡ '❡((❛ (❛(❛ ♥♦ ✐♥'❡(✐♦( ❞❛ ♠❡!♠❛✳

❆♣(❡!❡♥'❛♠♦! ♦! (❡!✉❧'❛❞♦! ❞❡!'❛ ❛♥K❧✐!❡ ♥❛! ✜❣✉(❛! ✷✳✺ ❡ ✷✳✻✳ ❖ ✈❛❧♦(❡! ❡!♣❡(❛❞♦! ♣❛(❛

♦! ❞✉❜❧❡'♦! Γ6 ❡ Γ7✱ ❞♦ ❊(
3+
❡♠ !✐♠❡'(✐❛ ❝R❜✐❝❛ !$♦✱ (❡!♣❡❝'✐✈❛♠❡♥'❡✱ 6.00 ❡ 6.80✳ ❊!'❡!✱

♣♦('❛♥'♦✱ ❞✐❢❡(❡♠ ❝♦♥!✐❞❡(❛✈❡❧♠❡♥'❡ ❞♦ ✈❛❧♦( ♦❜'✐❞♦ 6.408(3)✳ ❖ ❡!'❛❞♦ ❢✉♥❞❛♠❡♥'❛❧ ❞♦ ❊(3+

❡♠ ❈❡❋❡4O12 ❝♦((❡!♣♦♥❞❡ ❛ ✉♠ ❡!'❛❞♦ ♦♥❞❡ ② 6= 0✳ ■!'♦ !✐❣♥✐✜❝❛ F✉❡ ♦ ♣❛(0♠❡'(♦ Bt
6 '❡♠

❣(❛♥❞❡ ✐♥✢✉N♥❝✐❛ ♥♦ ❡♥'❡♥❞✐♠❡♥'♦ ❞❛ ♥❛'✉(❡③❛ ❞❡!'❡ ❡!'❛❞♦ ❢✉♥❞❛♠❡♥'❛❧✳

O❛(❛ ♦ ❉②

3+
❡ ❨❜

3+
♦ ✈❛❧♦( ❞❡ geff ♣❛(❛ ♦ ❡!'❛❞♦ Γ6 !$♦ 6.666 ❡ 2.666 (❡!♣❡❝'✐✈❛♠❡♥'❡

❡ ♣❛(❛ ♦ Γ7 !$♦ 7.555 ❡ 3.428✳ ❊!'❡! ✈❛❧♦(❡! '❛♠❜H♠ !$♦ (❛③♦❛✈❡❧♠❡♥'❡ ❞✐❢❡(❡♥'❡! ❞❛F✉❡❧❡!

♦❜'✐❞♦! ♥♦ ❡①♣❡(✐♠❡♥'♦✳ ❊♠ ♣❛('✐❝✉❧❛(✱ ❛ ❞✐❢❡(❡♥E❛ H ❛✐♥❞❛ ♠❛✐♦( ❛♦ !❡ ❝♦♥!✐❞❡(❛( F✉❡ ❞❛❞♦

♦! ✈❛❧♦(❡! ♦❜'✐❞♦! ❞❡ ❝❛♠♣♦ ❝(✐!'❛❧✐♥♦ ✭!❡♠ ❝♦♥!✐❞❡(❛( Bt
6✮✱ ♦ ❡!'❛❞♦ ❢✉♥❞❛♠❡♥'❛❧ ❡!♣❡(❛❞♦ H

♦ Γ7✳ ❆ '❛❜❡❧❛ ✷✳✷ ♠♦!'(❛ g − shift ✭∆g✮ F✉❡ !$♦ ❝❛✉!❛❞♦! ♣♦( ❡!'❡ ♥♦✈♦ ♣❛(0♠❡'(♦✳ O♦❞❡✲

✹✶



❋✐❣✉$❛ ✷✳✺✿ ❱❛❧♦$❡. ❞❡ ① ❡ ② ❝♦$$❡.♣♦♥❞❡♥5❡. ❛♦ ✈❛❧♦$ ♦❜5✐❞♦ ❞❡ geff ♣❛$❛ ♦. 8♦♥. ❞❡ ❉②
3+

✭J = 15/2✱ gJ = 4/3 ❡ W > 0✮ ❡ ❊$3+ ✭J = 15/2✱ gJ = 6/5 ❡ W > 0✮✱ ❡①♣$❡..♦. ♣❡❧❛. ❧✐♥❤❛.
.?❧✐❞❛ ✈❡$♠❡❧❤❛ ❡ 5$❛❝❡❥❛❞❛ ❛③✉❧✱ $❡.♣❡❝5✐✈❛♠❡♥5❡✳

❋✐❣✉$❛ ✷✳✻✿ ❱❛❧♦$❡. ❞❡ ① ❡ ② ❝♦$$❡.♣♦♥❞❡♥5❡. ❛♦ ✈❛❧♦$ ♦❜5✐❞♦ ❞❡ geff ♣❛$❛ ♦. 8♦♥. ❞❡ ❨❜
3+

✭J = 7/2✱ gJ = 8/7 ❡ W > 0✮ ❡①♣$❡..♦. ♣❡❧❛ ❧✐♥❤❛ 5$❛❝❡❥❛❞❛ ♣$❡5❛✳

✹✷



❚❛❜❡❧❛ ✷✳✷✿ ▼✉❞❛♥,❛ ❞❡ geff ❝♦♠ 0❡❢❡02♥❝✐❛ ❛♦ ❡45❛❞♦ Γ7 ❞❛ 4✐♠❡50✐❛ ❝6❜✐❝❛✳

❘

3+ geff ✭② = 0✮ gexp ∆g

❉②

3+ 68/9 7.438(7) −0.117(5)
❊0

3+ 34/5 6.408(3) −0.392(3)
❨❜

3+ 24/7 2.575(2) −0.853(7)

❋✐❣✉0❛ ✷✳✼✿ ❱❛❧♦0❡4 ❞❡ ① ❡ ② ❝♦00❡4♣♦♥❞❡♥5❡4 ❛♦ ✈❛❧♦0 ♦❜5✐❞♦ ❞❡ geff ♣❛0❛ ♦4 E♦♥4 ❞❡ ❊0
3+

✭J = 15/2✱ gJ = 6/7 ❡ W > 0✮ ❡①♣0❡44♦4 ♣❡❧❛ ❧✐♥❤❛ 50❛❝❡❥❛❞❛ ❛③✉❧ ♥♦ ❝♦♠♣♦45♦ ❊00.15❈♦❙❜3✳

❆ ✜❣✉0❛ ✐❧✉450❛ ❛ ❣❡♥❡0❛❧✐❞❛❞❡ ❞♦ ♠N5♦❞♦ ❡ ❛✐♥❞❛ ❞❡♠♦♥450❛ ♥♦44❛ ❛✜0♠❛,O♦ P✉❡ ♦4 ✈❛❧♦0❡4

❞❡ geff ❡♠ 4✐♠❡50✐❛ ❚h ❞❡♣❡♥❞❡♠ ❞♦ ♣❛0Q♠❡50♦4 ❞❡ ❝❛♠♣♦ ❝0✐45❛❧✐♥♦

♠♦4 ❛✜0♠❛0 P✉❡ ♦4 ✈❛❧♦0❡4 ❧✐45❛❞♦4 ♣❛0❛ ∆g 4O♦ ❣0❛♥❞❡4 P✉❛♥❞♦ ❝♦♠♣❛0❛♠♦4 ❝♦♠ ❛P✉❡❧❡4

❡♥❝♦♥50❛❞♦4 ❡♠ ♦✉50♦4 ❢❡♥R♠❡♥♦4✱ ❝♦♠♦ ♦ ∆g ❞❡✈✐❞♦ ❛♦ ❡❢❡✐5♦ ❞❡ ♣♦❧❛0✐③❛,O♦ ❞♦4 ❡❧N50♦♥4 ❞❡

❝♦♥❞✉,O♦ ❬✷✸❪✱ P✉❡ ♦❝♦00❡ ♣♦0 ✈✐❛ ❞❛ ✐♥5❡0❛,O♦ ❞❡ 50♦❝❛ ❡♥50❡ ♦4 4♣✐♥4 ❞♦4 ❡❧N50♦♥ ❧♦❝❛❧✐③❛❞♦4 ❡

❞♦4 ❡❧❡50V♥4 ❞❡ ❝♦♥❞✉,O♦✳ ❉❡45❛ ♠❛♥❡✐0❛✱ ♥♦44♦4 0❡4✉❧5❛❞♦4 ❝❤❛♠❛♠ ❛5❡♥,O♦ ♣❛0❛ ♦ ❝✉✐❞❛❞♦

♥❡❝❡44W0✐♦ ❛♦ ❛♥❛❧✐4❛0 ❡①♣❡0✐♠❡♥5♦4 ❞❡ ❊❙❘ ❡♠ 4✐45❡♠❛4 ♠❡5W❧✐❝♦4 ❝♦♠ 4✐♠❡50✐❛ Th✳

◆❛ ✜❣✉0❛ ✷✳✼ 50❛③❡♠♦4 ♦ 0❡4✉❧5❛❞♦ ♣❛0❛ ♦ ❡45✉❞♦ ❞❛ 0❡44♦♥Q♥❝✐❛ ❞♦ ❊0

3+
♥❛  ❦✉##❡%✉❞✐#❡

4❡♠✐ ♣0❡❡♥❝❤✐❞❛ ❊00.15❈♦❙❜3✳ Y❡0❝❡❜❛✱ P✉❡ ♦ ✈❛❧♦0 geff = 6.21(5) ❞✐❢❡0❡ 5❛♥5♦ ❞♦4 ✈❛❧♦0❡4

❡4♣❡0❛❞♦4 ♣❛0❛ 4✐♠❡50✐❛ ❝6❜✐❝❛✱ P✉❛♥5♦ ❞♦4 ✈❛❧♦0❡4 ♦❜5✐❞♦4 ♥❡45❡ ❡①♣❡0✐♠❡♥5♦✳ ❖ 0❡4✉❧5❛❞♦ ❞❛

✜❣✉0❛ ✷✳✼✱ ♣♦05❛♥5♦✱ 50❛③ ❡✈✐❞2♥❝✐❛ P✉❡ ♦ Bt
6 5❡♠ ✐♠♣♦05❛♥5❡ ♣❛♣❡❧ ♥❛ ❢❛♠E❧✐❛ ❞❛4  ❦✉##❡%✉❞✐#❡ 

❡ P✉❡ ♦ ♥♦44♦ ♠N5♦❞♦ ❞❡ ❛♥W❧✐4❡ 5❡♠ ❛♣❧✐❝❛,O♦ ❜❛45❛♥5❡ ❣❡0❛❧✳

◆❛4 ❡P✉❛,[❡4 ✷✳✷ ❡ ✷✳✸ ♦4 ♣❛0Q♠❡50♦4 ❇

m
n ❡①♣0❡44❛♠ ✈❛❧♦0❡4 ❡❢❡5✐✈♦4 ❞❡ ❝❛♠♣♦ ❝0✐45❛❧✐♥♦

P✉❡ ❞❡♣❡♥❞❡♠ ❞♦ ♠♦♠❡♥5♦ ❛♥❣✉❧❛0 J ❞♦ E♦♥ ❘ ❡♠ P✉❡45O♦✳ ❊❧❡4 4❡ 0❡❧❛❝✐♦♥❛♠ ❝♦♠ ♦4 0❡❛✐4

♣❛0Q♠❡50♦4 ❞❡ ❝❛♠♣♦ ❝0✐45❛❧✐♥♦ ❆

m
n ✱ ❞❡✜♥✐❞♦4 ♥♦ ❡4♣❛,♦ 0❡❛❧✱ ♣❡❧❛ ❡①♣0❡44O♦ ❇

m
n = 〈r

n〉 θn❆
m
n ✱

♦♥❞❡ 〈rn〉 N ❛ ♠N❞✐❛ ❞♦ 0❛✐♦ ✐R♥✐❝♦ ❡❧❡✈❛❞♦ ❛ n✲N4✐♠❛ ♣♦52♥❝✐❛ ❡ θn N ✉♠ ❢❛5♦0 ❣❡♦♠N50✐❝♦✱

P✉❡ ❛♣❛0❡❝❡ ❞❡✈✐❞♦ ❛ ❛❞✐,O♦ ❞♦ ♠♦♠❡♥5♦ ❛♥❣✉❧❛0✳ ❙❡ ♦4 E♦♥4 ❘

3+
❞❡ ❞✐❢❡0❡♥5❡ J ♥O♦ ❝❛✉4❛♠✱

❝♦♠♣❛0❛5✐✈❛♠❡♥5❡✱ ❣0❛♥❞❡4 ❞✐45♦0,[❡4 ❞❛ 0❡❞❡✱ ♦4 ✈❛❧♦0❡4 0❡❛✐4 ❞❡ ❝❛♠♣♦ ❝0✐45❛❧✐♥♦ ❞❡✈❡♠ 4❡0

❛♣0♦①✐♠❛❞❛♠❡♥5❡ ♦4 ♠❡4♠♦4 ♣❛0❛ ♦4 ❝❛4♦4 ❡45✉❞❛❞♦4✳ ❊45❛ N ✉♠❛ ❛♣0♦①✐♠❛,O♦ ✐♠♣♦05❛♥5❡✱

❝♦♠ ❛ P✉❛❧ ❛❝0❡❞✐5❛♠♦4 ♣♦❞❡0 ❝♦♥5❛0 ❞❛❞❛ ❛4 ♣❡P✉❡♥❛4 ❝♦♥❝❡♥50❛,[❡4 ❞❡ ❞♦♣❛♥5❡4 P✉❡ ✉4❛♠♦4

✹✸



♥❡"#❡ #$❛❜❛❧❤♦✳

◆❡"#❡ "❡♥#✐❞♦✱ ♣♦❞❡♠♦" $❡❧❛❝✐♦♥❛$ ♦" ❞✐❢❡$❡♥#❡" ❇

m
n ♣❡❧❛" "❡❣✉✐♥#❡ ❡6✉❛78♦✿

Bm
n (R1)

〈rn(R1)〉θn(R1)
=

Bm
n (R2)

〈rn(R2)〉θn(R2)
✭✷✳✹✮

❡ ❞❡✜♥✐♥❞♦ ♥♦✈♦" ♣❛$@♠❡#$♦" ❝♦♠♦ "❡ "❡❣✉❡✿

β =
〈r4(R2)〉

〈r6(R2)〉

〈r6(R1)〉

〈r4(R1)〉

δ =
〈r6(R1)〉

〈r6(R2)〉

ξ =
θ4(R2)

θ4(R1)

θ6(R1)

θ6(R2)

F 0
6 (R1)

F 0
6 (R2)

F 0
4 (R2)

F 0
4 (R1)

γ =
F 0

6 (R1)

F 0
6 (R2)

F 2
6 (R2)

F 2
6 (R1)

η =
F 2

6 (R1)

F 2
6 (R2)

θ6(R1)

θ6(R2)

A♦❞❡♠♦" ♣$♦♥#❛♠❡♥#❡ ❡"#❛❜❡❧❡❝❡$ $❡❧❛7B❡" ❡♥#$❡ ♦" ♣❛$@♠❡#$♦" ①✱ ②✱ ❡ W ✭①1✱ ②1✱ W1 ❡

①2✱ ②2✱ W2✮ ❞❡ ❞✐❢❡$❡♥#❡" E♦♥" ❘✳

x2 =
ξβ

1− (1− |ξβ|)|x1|
x1

y2 =

[

1 +
(1− |x1|)(1− y1)

γy1(1− |
ξβx1

1−(1−|ξβ|)|x1|
|)

]−1

✭✷✳✺✮

W2 = ηδW1

[

y1 +
(1− |x1|)(1− y1)

γ(1− | ξβx1

1−(1−|ξβ|)|x1|
|)

]−1

✭✷✳✻✮

◆♦#❡♠♦" 6✉❡ η✱ ξ ❡ γ "8♦ ❢❛#♦$❡" ❣❡♦♠I#$✐❝♦ ❝✉❥♦" ✈❛❧♦$❡" "8♦ #❛❜❡❧❛❞♦" ✭♠❛✐" ✉♠❛ ✈❡③ ♥♦"

$❡❢❡$✐♠♦" ❛ ❍✉#❝❤✐♥❣" ❬✸✸❪✮✳ ◆♦ ❡♥#❛♥#♦✱ ♦" ♣❛$@♠❡#$♦" β ❡ δ ❞❡♣❡♥❞❡♠ ❞♦" ✈❛❧♦$❡" ♥✉♠I$✐✲

❝♦" ❞❡ 〈rn(R)〉✳ ❆6✉✐✱ ❢❛③❡♠♦" ✉♠❛ "❡❣✉♥❞❛ ✐♠♣♦$#❛♥#❡ ❛♣$♦①✐♠❛78♦ ❡♠ ♥♦""❛ ❞✐"❝✉""8♦ ❡

✉"❛♠♦" ♦" ✈❛❧♦$❡" #❛❜❡❧❛❞♦" ♣❛$❛ ♦ E♦♥ ❧✐✈$❡✱ ❝♦♥❢♦$♠❡ ♦❜#✐❞♦ ❡♠ ❲❛#"♦♥ ❡! ❛❧ ❬✹✸❪✳ ➱ ❢❛#♦

6✉❡ ❡"#❡" ✈❛❧♦$❡" ❞✐❢❡$❡♠ ❞♦" ✈❛❧♦$❡" ❡"♣❡$❛❞♦" ♣❛$❛ ❡"#❡" E♦♥" ❡♠ ✉♠ ❞❛❞♦ ❝♦♠♣♦"#♦✱ ♠❛"✱

❡♠ ❣❡$❛❧✱ ❡"#✐♠❛✲"❡ 6✉❡ ❡"#❛ ✈❛$✐❛78♦ ♥8♦ I ♠❛✐♦$ 6✉❡ 5%✳

A❛$❛ ❞❡#❡$♠✐♥❛$♠♦" ♦" ✈❛❧♦$❡" ❞❡ ❇

m
n ✉"❛♠♦" ❛" ❡6✉❛7B❡" ✷✳✹✱ ✷✳✺ ❡ ✷✳✻ ❡ ❛♥❛❧✐"❛♠♦"

♦ ❧✉❣❛$ ❣❡♦♠I#$✐❝♦ ❞❡#❡$♠✐♥❛❞♦ ♣❡❧♦" ✈❛❧♦$❡" ❞❡ ① ❡ ② ♥❛" ✜❣✉$❛" ✷✳✺ ❡ ✷✳✻✳ ❊"#❡" ✈❛❧♦$❡"

✹✹



❋✐❣✉$❛ ✷✳✽✿ ❈♦♥❥✉♥.♦ ❞❡ ✈❛❧♦$❡3 ❞❡ ① ❡ ②✱ ❝♦$$❡3♣♦♥❞❡♥.❡3 ❛♦3 ✈❛❧♦$❡3 ♦❜.✐❞♦3 ❞❡ geff ♣❛$❛

❡3.❛❞♦ ❢✉♥❞❛♠❡♥.❛❧ ❞♦3 <♦♥3 ❘

3+
✳ ❖3 ✈❛❧♦$❡3 ❡3.?♦ $❡♣$❡3❡♥.❛❞♦3 ♥♦ ❡3♣❛@♦ ✭①✱②✮ ❝♦$$❡3♣♦♥✲

❞❡♥.❡ ❛♦ ❊$

3+
✭J = 15/2✱ gJ = 6/7 ❡W > 0✮✳ ❖ ❝<$❝✉❧♦ ❛❜❡$.♦ ❞❡♥♦.❛ ♦ ♣♦♥.♦ ❞❡ ✐♥.❡$3❡❝@?♦

❞♦3 ❞✐❢❡$❡♥.❡3 ❝♦♥❥✉♥.♦3 ❞❡ ✈❛❧♦$❡3✳

3?♦ ❝♦❧♦❝❛❞♦3 ❡♠ ✉♠ ❣$E✜❝♦ ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❡3♣❛@♦ $❡♥♦$♠❛❧✐③❛❞♦ ❞❡ ♣❛$H♠❡.$♦3 ① ❡ ②✳

❊3.❡ ♣$♦❝❡❞✐♠❡♥.♦✱ ❞❡.❡$♠✐♥❛ ✉♠ ♣♦♥.♦ ✭①

i
✱ ②

i
✮ ❞❡ ✐♥.❡$3❡❝@?♦ ♣❛$❛ ♦3 ❞✐3.✐♥.♦3 ❝♦♥❥✉♥.♦3

✭①✱②✮ ❛33♦❝✐❛❞♦3 ❛♦3 ❞✐❢❡$❡♥.❡3 <♦♥3✳ ❖3 ♣♦♥.♦3 3?♦ ♥♦✈❛♠❡♥.❡ $❡✲.$❛♥3❢♦$♠❛❞♦3 ❡ ♦3 ✈❛❧♦$❡3

$❡3✉❧.❛♥.❡3 3?♦ ✉.✐❧✐③❛❞♦3 ♥❛3 ❡I✉❛@J❡3 ✷✳✹✱ ✷✳✺ ❡ ✷✳✻✳

❆ ✜❣✉$❛ ✷✳✽ ✐❧✉3.$❛ ❡3.❡ ♣$♦❝❡❞✐♠❡♥.♦ .♦♠❛♥❞♦ ❝♦♠♦ ❜❛3❡ ♦ ❡3♣❛@♦ ❞❡ ✈❛❧♦$❡3 ✭①✱②✮ ❞♦

❊$

3+
✳ ■♥.❡$❡33❛♥.❡ ♥♦.❛$ I✉❡ ♦3 $❡3✉❧.❛❞♦3 ♣❛$❛ ❘=◆❞ ♥?♦ 3❛.✐3❢❛③❡♠ ❡3.❛ $❡❧❛@?♦✳ ➱ ♣$♦✈E✈❡❧

I✉❡ ◆❞ ✐♥❞✉③❛ ❣$❛♥❞❡3 ❞✐3.♦$@J❡3 ❡♠ 3❡✉ ❛♠❜✐❡♥.❡ ❧♦❝❛❧✱ ❡ ♥♦33❛3 ❤✐♣S.❡3❡3 ❛♥.❡$✐♦$❡3 ♥?♦

3❡$✐❛♠ ✈E❧✐❞❛3✳ ❉♦ ♣♦♥.♦ ❞❡ ✈✐3.❛ ❢✉♥❞❛♠❡♥.❛❧✱ ♦ I✉❡ ❛ ✜❣✉$❛ ✷✳✽ ✐❧✉3.$❛ U I✉❡ ♦3 ❡❧❡♠❡♥.♦3

❞❡ ♠❛.$✐③ ❞♦ ❝❛♠♣♦ ❝$✐3.❛❧✐♥♦ 3?♦ ✐❣✉❛✐3 ♣❛$❛ .♦❞♦3 ♦3 <♦♥3 ❞❡ ❞✐❢❡$❡♥.❡3 ♦$✐❣❡♥3 ❛ ♠❡♥♦3 ❞❡

❛❧❣✉♥3 ❢❛.♦$❡3 ❣❡♦♠U.$✐❝♦3✱ I✉❡ ❝♦♥.$♦❧❛♠ ♦ ❛❝♦♣❧❛♠❡♥.♦ ❞❡3.❡ <♦♥3 ❝♦♠ ♦ ❝❛♠♣♦ ❝$✐3.❛❧✐♥♦✳

❊3.❡ ❢❛.♦$❡3 ❣❡♦♠U.$✐❝♦3 ❞❡♣❡♥❞❡♠ ✉♥✐❝❛♠❡♥.❡ ❞♦3 ✈❛❧♦$❡3 ❞❡ J ❞❡ ❝❛❞❛ <♦♥✳ ◆❡3.❡ 3❡♥.✐❞♦✱

❛✜$♠❛♠♦3 I✉❡ ❛ ✜❣✉$❛ ✷✳✽ ❡①♣$❡33❛ ♦ .❡♦$❡♠❛ ❲✐❣♥❡$✲❊❝❦❛$. ❬✸✼❪✳

❯♠ ♦✉.$♦ ❝❛♠✐♥❤♦ ♣❛$❛ ❛ ❞❡.❡$♠✐♥❛@?♦ ❞❛ ❡3❝❛❧❛ ❞❡ ❡♥❡$❣✐❛ ❞♦ 3✐3.❡♠❛ ❡ ♣♦$ ❝♦♥3❡I✉]♥❝✐❛

❞♦3 ❇

m
n ♣♦❞❡ 3❡$ ♦❜.✐❞♦ ♣❡❧❛ ❛♥E❧✐3❡ ❞♦3 ❞❛❞♦3 ❞❡ ✜❣✉$❛ ✷✳✷✳ _❛$❛ .❛❧✱ ❛❥✉3.❛♠♦3 ♥♦33♦3 ❞❛❞♦3

❡①♣❡$✐♠❡♥.❛✐3 ❛ ✉♠ ♠♦❞❡❧♦ ❞❡ $❡❧❛①❛@?♦ ♣♦$ ❡3.❛❞♦3 ❡①❝✐.❛❞♦3 ❞❡ ❝❛♠♣♦ ❝$✐3.❛❧✐♥♦✱ ♦♥❞❡ ❛

$❡❧❛①❛@?♦ ❞♦3 ♠♦♠❡♥.♦3 ❧♦❝❛❧✐③❛❞♦3 3❡ ❞E ♣♦$ ✉♠ ❛❝♦♣❧❛♠❡♥.♦ ❝♦♠ ❢S♥♦♥3 ❡♥.$❡ ♦3 ❞✐❢❡$❡♥.❡3

♥<✈❡✐3 ❞❡ ❡♥❡$❣✐❛✳ ❈♦♥3✐❞❡$❛♥❞♦ ♦3 ❞♦✐3 ♣$✐♠❡✐$♦3 ❡3.❛❞♦3 ❡①❝✐.❛❞♦3 ❡3❝$❡✈❡♠♦3

∆H = a+ c1
∆3

1

[e∆1/kT − 1]
+ c2

∆3
2

[e∆2/kT − 1]
✭✷✳✼✮

❖♥❞❡ ❡♠ ✷✳✼ ❛3 ❝♦♥3.❛♥.❡3 ∆1 ❡ ∆2 ❡①♣$❡33❛♠✱ $❡3♣❡❝.✐✈❛♠❡♥.❡✱ ❛ 3❡♣❛$❛@?♦ ❞♦3 ♣$✐♠❡✐$♦

✹✺



3+

W = −5

∆1 ∆2

W m
n

m
n

Ac
4
∼= −33(10)K/a4

0,

Ac
6
∼= 4(1)K/a6

0,

At
6
∼= 44(15)K/a6

0,

a0

3+

WY b



✷✳✺ ❈♦♥❝❧✉)*♦

◆♦""♦ #$❛❜❛❧❤♦ ❛♣$❡"❡♥#♦✉ ✉♠❛ "✐"#❡♠/#✐❝❛ ♣❛$❛ ❛ ❞❡#❡$♠✐♥❛23♦ ❞♦" ♣❛$4♠❡#$♦" ❞❡ ❝❛♠♣♦

❝$✐"#❛❧✐♥♦ ♣❛$❛ "✐"#❡♠❛" ❝♦♠ "✐♠❡#$✐❛ Th ❞✐$❡#❛♠❡♥#❡ ❞❡ ✉♠ ❡①♣❡$✐♠❡♥#♦ ❞❡ ❊❙❘✳ ◆♦""❛

#:❝♥✐❝❛ ♥❡❝❡""✐#❛ ❞❡ ♣♦✉❝❛ ;✉❛♥#✐❞❛❞❡ ❞❡ ❛♠♦"#$❛ ❡ "✉❛ ❞✐✜❝✉❧❞❛❞❡ ❡"#/ ❝❡♥#$❛❞❛ ♥♦ ♣$♦❝❡""♦

❞❡ ❢❛❜$✐❝❛23♦ ❞❡ ❛♠♦"#$❛" ❝♦♠ ♣❡;✉❡♥❛" ;✉❛♥#✐❞❛❞❡ ❞❡ ❞♦♣❛♥#❡"✱ ♦ ;✉❡ ♥♦""❛ ❡①♣❡$✐?♥❝✐❛

♠♦"#$♦✉ ;✉❡✱ ❞❡ ❢❛#♦✱ ♥3♦ "❡ #$❛#❛ ❞❡ ❛❧❣♦ $❡❛❧♠❡♥#❡ "✐♠♣❧❡"✳

❖ ❝♦♠♣♦"#♦ ❈❡❋❡4D12 : ❡♥#❡♥❞✐❞♦ ❝♦♠♦ ✉♠ "✐"#❡♠❛ ❑♦♥❞♦ ✐"♦❧❛♥#❡✳ ❖ ❣❛♣ ❞❡✈✐❞♦ ❛

❤✐❜$✐❞✐③❛23♦ ❞♦" ❡"#❛❞♦" ❞♦ ❈❡

3+
: "✐♥❣✉❧❛$♠❡♥#❡ ❣$❛♥❞❡✱ ❡"#✐♠❛❞♦ ❡♠ 1500❑✳ ❉❡"#❛ ♠❛♥❡✐$❛✱

❝♦♥"✐❞❡$❛♠♦" ;✉❡ ❛ $❡❧❛①❛23♦ ♣♦$ ❡❧:#$♦♥" ❞❡ ❝♦♥❞✉23♦ ❡ ❛✐♥❞❛ ✉♠ g−shift✱ ❞❡✈✐❞♦ ❛♦ ❡❢❡✐#♦

❞❛ ✐♥#❡$❛23♦ ❞❡ #$♦❝❛ ❡♥#$❡ ♦" "♣✐♥" ❧♦❝❛❧✐③❛❞♦" ❡ ♦" "♣✐♥" ❞❡"#❡" ❡❧:#$♦♥"✱ ❡"#/ "✉♣$✐♠✐❞❛✳

❆ ❛✉"?♥❝✐❛ ❞❛ $❡❧❛①❛23♦ ♣♦$ ❡❧:#$♦♥" ❞❡ ❝♦♥❞✉23♦ ❢♦✐ ❞❡#❡$♠✐♥❛❞❛ ❡♠ ♥♦""♦ ❡①♣❡$✐♠❡♥#♦✱

❝♦♥❢♦$♠❡ ❡①♣❧✐❝✐#♦ ♥❛ ✜❣✉$❛ ✷✳✷✳

❆""✐♠✱ ❝♦♥"✐❞❡$❛♠♦" ;✉❡ #♦❞♦ ♦ ❞❡"✈✐♦ ❞❡ geff ❝♦♠ $❡❢❡$?♥❝✐❛ ❛♦ ❡"♣❡$❛❞♦ ❡♠ ✉♠ "✐"✲

#❡♠❛ ❝L❜✐❝♦✱ : ❞❡✈✐❞♦ ❛♦ ❡❢❡✐#♦ ❞♦ ♥♦✈♦ ♣❛$4♠❡#$♦ ❇

m
n ✱ ;✉❡ "✉$❣❡ ❝♦♠♦ ✉♠❛ ♥❡❝❡""✐❞❛❞❡

❡♠ ❞❡"❝$❡✈❡$ ❝♦$$❡#❛♠❡♥#❡ ❛ "✐♠❡#$✐❛ Th✱ ♣$❡"❡♥#❡ ♥❡"#❡" "✐"#❡♠❛"✳ D❛$4♠❡#$♦" ❞❡ ❝❛♠♣♦

❝$✐"#❛❧✐♥♦✱ ❞❡#❡$♠✐♥❛❞♦" ❛ ♣❛$#✐$ ❞❡"#❛ ❤✐♣N#❡"❡✱ ❢♦$❛♠ ✉#✐❧✐③❛❞♦" ❡♠ ✉♠❛ ❝♦♠♣❛$❛23♦ ❝♦♠

❡①♣❡$✐♠❡♥#♦" ❞❡ ♠❛❣♥❡#✐③❛23♦ ❡ ♦ ❛❝♦$❞♦ : ❜❛"#❛♥#❡ "❛#✐"❢❛#N$✐♦✳

◆♦""♦ ❡①♣❡$✐♠❡♥#♦ ✐♥❞✐❝❛ ;✉❡ ❣$❛♥❞❡ ❝✉✐❞❛❞♦ ❞❡✈❡ "❡$ #♦♠❛❞♦ ❛♦ ❡"#✉❞❛$ ❡❢❡✐#♦" ❞❡

❝❛♠♣♦ ❝$✐"#❛❧✐♥♦ ❡♠ "✐♠❡#$✐❛ Th ❡✱ ❡♠ ♣❛$#✐❝✉❧❛$✱ ;✉❡ ❣$❛♥❞❡ ❝✉✐❞❛❞♦ ❞❡✈❡ "❡$ #♦♠❛❞♦ ❛♦

❛♥❛❧✐"❛$ ♦ g− shift ;✉❡ ♣♦❞❡ ♦❝♦$$❡$ ❡♠ #❦✉&&❡(✉❞✐&❡# ♠❡#/❧✐❝❛"✱ ✉♠❛ ✈❡③ ;✉❡ ♦" ❡❢❡✐#♦" ❛;✉✐

♦❜"❡$✈❛❞♦"✱ ❞❡✈✐❞♦ ❛ "✐♠❡#$✐❛✱ ♣♦❞❡♠ ❝❛♠✉✢❛$ #♦#❛❧♠❡♥#❡ ♦" ❡❢❡✐#♦" ❞❛ ✐♥#❡$❛2❛♦ ❞❡ #$♦❝❛

❡♥#$❡ "♣✐♥" ❞♦" ❡❧:#$♦♥" ❧♦❝❛❧✐③❛❞♦" ❡ ♦" "♣✐♥" ❞♦" ❡❧:#$♦♥" ❞❡ ❝♦♥❞✉23♦✳

✷✳✻ ❆-.✐❣♦) -❡❧❛❝✐♦♥❛❞♦)

✶✳ ❉✐$❡❝# ❞❡#❡$♠✐♥❛#✐♦♥ ♦❢ #❤❡ ❝$②"#❛❧ ✜❡❧❞ ♣❛$❛♠❡#❡$" ♦❢ ❉②✱ ❊$ ❛♥❞ ❨❜ ✐♠♣✉$✐#✐❡" ✐♥ #❤❡

"❦✉##❡$✉❞✐#❡ ❝♦♠♣♦✉♥❞ ❈❡❋❡4D12 ❜② ❊❧❡❝#$♦♥ ❙♣✐♥ ❘❡"♦♥❛♥❝❡✳ D❤②"✐❝❛❧ ❘❡✈✐❡✇ ❇ ✼✽✱

✶✼✹✹✷✽ ✭✷✵✵✽✮✳

✷✳ ❊❙❘ ❞❡#❡$♠✐♥❛#✐♦♥ ♦❢ #❤❡ ❝$②"#❛❧ ✜❡❧❞ ♣❛$❛♠❡#❡$" ♦❢ ◆❞✱ ❉②✱ ❊$✱ ❛♥❞ ❨❜ ❞♦♣❡❞ "❦✉#✲

#❡$✉❞✐#❡ ❈❡❋❡4D12✳ D❤②"✐❝❛ ❇ ✹✵✹✱ ♣ ✸✷✽✶✲✸✷✽✹ ✭✷✵✵✾✮✳

✸✳ ❚❤❡ ❣✲✈❛❧✉❡ ♦❢ ❊$

3+
❞♦♣❡❞ ✉♥✜❧❧❡❞ "❦✉##❡$✉❞✐#❡ ❈♦❙❜3 ✭❚h✮ $❡✈❡❛❧" #❤❡ ❡①✐"#❡♥❝❡ ♦❢ ❛♥

❛❞❞✐#✐♦♥❛❧ "✐①#❤ ♦$❞❡$ #❡$♠ ✐♥ #❤❡ ❝$②"#❛❧ ✜❡❧❞ ❍❛♠✐❧#♦♥✐❛♥✳ D❤②"✐❝❛ ❇ ✹✵✹✱ ♣ ✸✵✸✺✲✸✵✸✼

✭✷✵✵✾✮✳

✹✼



❈❛♣#$✉❧♦ ✸

❘❛""❧✐♥❣ ♠♦❞❡+ ❡♠ ❈❡1−x❨❜x❋❡4.12

✸✳✶ ■♥%&♦❞✉*+♦

❆ ❝♦♠♣%❡❡♥()♦ ❞♦( ❡❢❡✐-♦( ❞❡ ❝❛♠♣♦ ❝%✐(-❛❧✐♥♦ ❡♠  ❦✉##❡%✉❞✐#❡ ✱ ✉♠❛ ❝♦♥&'✐❜✉✐*+♦ ❞❡.&❛ &❡.❡

/✉❡ ❛♣'❡.❡♥&❛♠♦. ♥♦ ❝❛♣1&✉❧♦ ❛♥&❡'✐♦'✱ ♥♦. ♣❡'♠✐&✐✉ ❝♦♥❥❡❝&✉'❛' .♦❜'❡ ❛ ♣♦..✐❜✐❧✐❞❛❞❡ ❞❡

♠❛♣❡❛' ✐♥♦♠♦❣❡♥❡✐❞❛❞❡. ❞❡ ❝❛♠♣♦ ❝'✐.&❛❧✐♥♦ ❞❡❝♦''❡♥&❡. ❞♦. ❝❤❛♠❛❞♦. %❛##❧✐♥❣ ♠♦❞❡ ✳

❈♦♠♦ ❞✐.❝✉&✐❞♦ ❡♠ ♥♦..♦ ❝❛♣1&✉❧♦ ✐♥&'♦❞✉&8'✐♦✱ ❡.&❡. %❛##❧✐♥❣ ♠♦❞❡ ❡.&+♦ ❛..♦❝✐❛❞♦. ❛

❞✐♥9♠✐❝❛ ❞♦. 1♦♥. ❞❡ &❡''❛ '❛'❛ ♥♦ ✐♥&❡'✐♦' ❞❛. ❣❛✐♦❧❛. ♣'❡.❡♥&❡. ♥❛ ❡.&'✉&✉'❛ ❞❛.  ❦✉##❡%✉❞✐#❡ ✳

➱ ♦❜❥❡&♦ ❞❡ ❣'❛♥❞❡ ❞✐.❝✉..+♦ ♥❛ ❧✐&❡'❛&✉'❛ ❛&< /✉❡ ♣♦♥&♦ ❡.&❡. 1♦♥. ❞❡.❡♠♣❡♥❤❛♠ ❡①❝✉'.>❡.

❧✐✈'❡. ❡✴♦✉ ❢'❛❝❛♠❡♥&❡ ❝♦''❡❧❛❝✐♦♥❛❞❛.✱ .❡♥❞♦ ❡.&❛. ❢'✉&♦ ❛♣❡♥❛. ❞❡ .✉❛ ❢'❛❝❛ ❧✐❣❛*+♦ /✉1♠✐❝❛

❝♦♠ ♦. ❡❧❡♠❡♥&♦. /✉❡ ❝♦♥.&✐&✉❡♠ ❛ ❣❛✐♦❧❛✳ ❖ ❝♦♠♣♦'&❛♠❡♥&♦ ❞❡.&❡. 1♦♥. ♣♦❞❡ &❡' ❣'❛♥❞❡

✐♠♣♦'&9♥❝✐❛ &❛♥&♦ ❞♦ ♣♦♥&♦ ❞❡ ✈✐.&❛ ❞♦. ❢✉♥❞❛♠❡♥&♦. ❞♦. ❞✐✈❡'.♦. ♣♦&❡♥❝✐❛✐. ❧♦❝❛✐. ❛♦ /✉❛❧

❡❧❡ ❡.&C .✉❥❡✐&♦ ❡ &❛♠❜<♠ ❡♠ .❡✉ ♣❛♣❡❧ ❛♦ ♣'♦♠♦✈❡' ✉♠ ❝❡♥C'✐♦ ❢❛✈♦'C✈❡❧ D ✉&✐❧✐③❛*+♦ ❞❛.

 ❦✉##❡%✉❞✐#❡ ♣❛'❛ ❛♣❧✐❝❛*>❡. ❡♠ ❞✐.♣♦.✐&✐✈♦. &❡'♠♦❡❧<&'✐❝♦.✳

◆♦ ♣'✐♠❡✐'♦ ❝❛.♦✱ ❝♦♥❥❡❝&✉'❛✲.❡ /✉❡ ❛ ❞✐♥9♠✐❝❛ ❞❡.&❡. 1♦♥. ♣♦❞❡ ❛&✉❛' ❝♦♠♦ ✉♠ ♣♦..1✈❡❧

♠❡❝❛♥✐.♠♦ ♣❛'❛ ♦ .✉'❣✐♠❡♥&♦ ❞❡ ❢❡♥H♠❡♥♦. &✐♣✐❝❛♠❡♥&❡ '❡❧❛❝✐♦♥❛❞❛ ❛ ❢1.✐❝❛ ❞❡ .✐.&❡♠❛.

❡❧❡&'H♥✐❝♦. ❢♦'&❡♠❡♥&❡ ❝♦''❡❧❛❝✐♦♥❛❞♦.✱ /✉❡ .+♦ ❛♣'❡.❡♥&❛❞♦. ♣♦' ❡.&❛ ❢❛♠1❧✐❛ ❞❡ ❝♦♠♣♦.&♦.✳

◆❡.&❡ .❡♥&✐❞♦✱ ✉♠❛ ✐♥✈❡.&✐❣❛*+♦ ❞♦ ♣♦&❡♥❝✐❛❧ ❧♦❝❛❧ ❞❡.&❡. 1♦♥. ♣♦❞❡ '❡✈❡❧❛' ❞✐❢❡'❡♥&❡. '♦&❛.

♣❛'❛ ♦ ❡♥&❡♥❞✐♠❡♥&♦ ❞❡.&❡. ❢❡♥H♠❡♥♦. ❬✹❪✳

L❛'❛ ❛ ❛♣❧✐❝❛*+♦ ♥❛ ❝♦♥.&'✉*+♦ ❞❡ ❞✐.♣♦.✐&✐✈♦. &❡'♠♦❡❧<&'✐❝♦.✱ ❡♥&❡♥❞❡✲.❡ /✉❡ ❡.&❛ ❞✐♥9♠✐❝❛

♣♦❞❡ ✐♥❞✉③✐' ❢8♥♦♥. ❡.&'❛♥❤♦. ❛♦ ❡.♣❡❝&'♦ ❞❡ ❢8♥♦♥. ❛..♦❝✐❛❞♦. D. ❣❛✐♦❧❛.✱ ❡.&❡. ❞❡✜♥✐❞♦.

❝♦♠♦ ♦. ❢8♥♦♥. ❞❡ ❉❡❜②❡ ❞♦ .✐.&❡♠❛✳ ❖. ♥♦✈♦. ❢8♥♦♥. ♣♦❞❡♠ ♣'♦♠♦✈❡' ♦ ❡.♣❛❧❤❛♠❡♥&♦

❞❡.&❡. ❢8♥♦♥. ❞❡ ❉❡❜②❡✱ ❜❛✐①❛♥❞♦ ❛ ❝♦♥❞✉&✐✈✐❞❛❞❡ &<'♠✐❝❛✳ ◆♦ ❝♦♥&❡①&♦ ❞❡ ✉♠ %❛##❧✐♥❣

❞❡.❝♦''❡❧❛❝✐♦♥❛❞♦✱ ❡.&❡ ♠❡❝❛♥✐.♠♦ ♥+♦ ❛&✉❛ ❡♠ ♣'♦♣'✐❡❞❛❞❡. ❡❧❡&'H♥✐❝❛. ❡✱ ♣♦'&❛♥&♦✱ ♣'♦✲

♠♦✈❡ ♦ ❛✉♠❡♥&♦ ❞❛ ✜❣✉'❛ ❞❡ ♠<'✐&♦ ZT ❝♦♥❢♦'♠❡ ✜❝❛ ❝❧❛'♦ ♣❡❧❛ ♥♦..❛ ❞✐.❝✉..+♦ ♥♦ ❝❛♣1&✉❧♦

✐♥&'♦❞✉&8'✐♦ ❬✷❪✳

✹✽



❊♠ ❣❡$❛❧✱ ❡()❛ ❞✐♥-♠✐❝❛ / ❞❡(❝$✐)❛ ❝♦♠♦ ✉♠ ❢3♥♦♥ ❞❡ ❊✐♥()❡✐♥✱ ❝❡♥4$✐♦ ♥♦ 5✉❛❧ ♦ 6♦♥

❡()4 (✉❥❡✐)♦ ❛ ✉♠ ♣♦)❡♥❝✐❛❧ ❤❛$♠:♥✐❝♦✳ ❙✉❛ ❞✐♥-♠✐❝❛ / )♦)❛❧♠❡♥)❡ ❝❛$❛❝)❡$✐③❛❞❛ ♣♦$ (✉❛

❢$❡5✉>♥❝✐❛ ✭@♥✐❝❛✮ ❞❡ ✈✐❜$❛DE♦ ωE✱ ❝♦♠✉♠❡♥)❡ ❡①♣$❡((❛ ❡♠ ✉♥✐❞❛❞❡ ❞❡ )❡♠♣❡$❛)✉$❛ θE✳

❊()❡ ❝❡♥4$✐♦ / ❝♦♠♣❛)6✈❡❧ ❝♦♠ ♠✉✐)♦( $❡(✉❧)❛❞♦( ❡①♣❡$✐♠❡♥)❛✐( 5✉❛♥❞♦ (❡ $❡❛❧✐③❛♠ ❡()✉❞♦(

❞❡ ♣$❡❡♥❝❤✐♠❡♥)♦ ❡ (E♦ ♠❡❞✐❞♦( ✈4$✐❛( ❣$❛♥❞❡③❛(✱ ❝♦♠♦ ❝❛❧♦$ ❡(♣❡❝6✜❝♦ ❡ ❝♦♥❞✉)✐✈✐❞❛❞❡

)/$♠✐❝❛ ❬✷❪✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦✱ ♥♦ ❡♥)❛♥)♦✱ 5✉❡ ✉♠ ❍❛♠✐❧)♦♥✐❛♥♦ 5✉❡ ❝♦♥)❡♥❤❛ ❛♣❡♥❛( )❡$♠♦(

5✉❛❞$4)✐❝♦( ♣❛$❛ ❛ ❡♥❡$❣✐❛ ❞♦( ❢3♥♦♥( ♥E♦ ♣♦❞❡ ❞❡(❝$❡✈❡$ ✉♠ ♣$♦❝❡((♦ ❞❡ ❡(♣❛❧❤❛♠❡♥)♦ ❢3♥♦♥

❢3♥♦♥✱ ♦ 5✉❡ ❝❡$)❛♠❡♥)❡ ❥4 / ✉♠❛ ❣$❛♥❞❡ ❞✐✜❝✉❧❞❛❞❡ ♣❛$❛ ❡()❡ ❝❡♥4$✐♦✳

◆♦ ❝❛♣6)✉❧♦ ❛♥)❡$✐♦$✱ ❛♣$❡(❡♥)❛♠♦( ♥♦((♦ ❡①♣❡$✐♠❡♥)♦ ♦♥❞❡ (♦♥❞❛♠♦( ❛ ❡✈♦❧✉DE♦ ❞♦ ❡(✲

♣❡❝)$♦ ❞❡ ❊❙❘ ❞❡ ✈4$✐❛( ✐♠♣✉$❡③❛( ❞❡ 6♦♥( ❞❡ )❡$$❛ $❛$❛ ❡♠ ❈❡❋❡4R12✳ ❋♦♠♦( ❝❛♣❛③❡( ❞❡

❡♥)❡♥❞❡$ ♦ ♣❛♣❡❧ ❞❡ ✉♠ ♥♦✈♦ ♣❛$-♠❡)$♦ ❞❡ ❝❛♠♣♦ ❝$✐()❛❧✐♥♦ ❇

m
n ♥❛ ❞❡)❡$♠✐♥❛DE♦ ❞♦ ❡()❛❞♦

❢✉♥❞❛♠❡♥)❛❧ ❞❡()❡( 6♦♥( ❡ ♥♦ ❡♥)❡♥❞✐♠❡♥)♦ ❞♦( ❡❢❡✐)♦( ❞❡ ❝❛♠♣♦ ❝$✐()❛❧✐♥♦✳ ◆❡()❡ ❝❛♣6)✉❧♦✱

♥♦( ❝♦♥❝❡♥)$❛♠♦( ♥❛ ❡✈♦❧✉DE♦ ❞♦ ❡(♣❡❝)$♦ ❞♦ 6♦♥ ❞❡ ❨❜

3+
✳ ▼♦()$❛♠♦( 5✉❡ ❝♦♠ ❛✉♠❡♥)♦

❞❛ )❡♠♣❡$❛)✉$❛✱ (✉$❣❡ ✉♠❛ (❡❣✉♥❞❛ $❡((♦♥-♥❝✐❛ 5✉❡ (❡ (❡♣❛$❛ ❞❛ ❧✐♥❤❛ 5✉❡ ♦❜(❡$✈❛♠♦( ♣❛$❛

T = 4.2 ❑✳ ❊()❛ ♥♦✈❛ $❡((♦♥-♥❝✐❛ )❡♠ ✉♠ ❝♦♠♣♦$)❛♠❡♥)♦ @♥✐❝♦ 5✉❡ ❛((♦❝✐❛♠♦( W ❞✐♥-♠✐❝❛

❞♦ 6♦♥ ❞❡ ❨❜

3+
♥♦ ✐♥)❡$✐♦$ ❞❛ ❣❛✐♦❧❛✳

✸✳✷ ❊①♣❡'✐♠❡♥+♦

R❛$❛ ♦ ❡①♣❡$✐♠❡♥)♦✱ ❢♦$❛♠ ✉)✐❧✐③❛❞♦( ✉♠❛ (/$✐❡ ❞❡ ♠♦♥♦❝$✐()❛✐( ❞❡ ❈❡1−x❨❜x❋❡4R12 ✭x ≤

0.003✮ ❝$❡(❝✐❞♦( ✉(❛♥❞♦ ✉♠ ❡①❝❡((♦ ✭✢✉①♦✮ ❞❡ ❙♥ ❬✷✵❪✳ ❖( ❡❧❡♠❡♥)♦( ❢♦$❛♠ (❡♣❛$❛❞♦( ❡♠

5✉❛♥)✐❞❛❞❡ ❡()❡5✉✐♦♠/)$✐❝❛ ♠❛( ✉♠ ❡①❝❡((♦ ❞♦ ❡❧❡♠❡♥)♦ ❞♦♣❛♥)❡ ❢♦✐ ✉)✐❧✐③❛❞♦✳ ❆( ❝♦♥✲

❝❡♥)$❛D\❡( ✜♥❛✐( ❞❡ ❨❜ ❢♦$❛♠ ❝❤❡❝❛❞❛( ♣❡❧❛ ❞❡♣❡♥❞>♥❝✐❛ ❞❛ ♠❛❣♥❡)✐③❛DE♦ ❝♦♠ ♦ ❝❛♠♣♦

H ❡ )❡♠♣❡$❛)✉$❛ T ✳ ❊()❛( ♠❡❞✐❞❛( ❢♦$❛♠ )♦♠❛❞❛( ❡♠ ✉♠ ♠❛❣♥❡):♠❡)$♦ ❝♦♠❡$❝✐❛❧ ❞❛

♠❛$❝❛ ◗✉❛♥)✉♠ ❉❡(✐❣♥✱ 5✉❡ (❡ ✉)✐❧✐③❛ ❞❡ ✉♠ ❙5✉✐❞ ♣❛$❛ ❛ ❞❡)❡❝DE♦ ❞❛ ♠❛❣♥❡)✐③❛DE♦✳ ❊()❛(

❛♠♦()$❛( ❢♦$❛♠ ♦❜)✐❞❛( ❡♠ ❝♦❧❛❜♦$❛DE♦✳ ❆( ❢❛❝❡( ❝$✐()❛❧♦❣$4✜❝❛( ♥❛)✉$❛✐( ❞❡ ❝$❡(❝✐♠❡♥)♦

♣❡$♠✐)❡♠ ❛ ✐❞❡♥)✐✜❝❛DE♦ ❞✐$❡)❛ ❞❛( ♣$✐♥❝✐♣❛✐( ❞✐$❡D\❡( ❝$✐()❛❧♦❣$4✜❝❛(✳ ❆❧/♠ ❞❛( ❛♠♦()$❛(

♦❜)✐❞❛( ❡♠ ❝♦❧❛❜♦$❛DE♦✱ ✜③❡♠♦( ✉♠❛ ❢♦$♥❛❞❛ ♣❛$❛ ♦ ❡()✉❞♦ ❞❛ $❡((♦♥-♥❝✐❛ ❞♦ ❡(♣❡❝)$♦ ❞❡

♣3✳

❆( ♠❡❞✐❞❛( ❞❡ ❊❙❘ ❢♦$❛♠ ❢❡✐)❛( ❡♠ ✉♠ ❡(♣❡❝)$:♠❡)$♦ ❇$✉❦❡$ ❊❧❡①(②( ♥❛( ❢$❡5✉>♥❝✐❛( ❞❛

❜❛♥❞❛ ❳ ✭≈ 9.4 ●❍③✮ ❡ ◗ ✭≈ 34.4 ●❍③✮✳ ◆❡()❡( ❡①♣❡$✐♠❡♥)♦(✱ $❡((♦♥❛❞♦$❡( ❡ ❝❛✈✐❞❛❞❡( ❛♣$♦✲

♣$✐❛❞❛( ❛ ❝❛❞❛ ✉♠❛ ❞❛( ❢$❡5✉>♥❝✐❛( ❢♦$❛♠ ✉)✐❧✐③❛❞♦(✳ ❖ ❡①♣❡$✐♠❡♥)♦ ❢♦✐ ❢❡✐)♦ (♦❜ ❛♠♦()$❛(

♠♦♥♦❝$✐()❛❧✐♥❛( ♠❛( )❛♠❜/♠ (♦❜ ❛♠♦()$❛( ❡♠ ♣3✳ ❖ ♣3 ❢♦✐ ♦❜)✐❞♦ ❛♣3( ♣❡♥❡✐$❛$ ♣❡❞❛D♦(

❡(♠❛❣❛❞♦( ❞❛( ❛♠♦()$❛( ♠♦♥♦❝$✐()❛❧✐♥❛(✳ ❖ ❡①♣❡$✐♠❡♥)♦ (❡ ❞❡✉ ♥♦ ✐♥)❡$✈❛❧♦ ❞❡ )❡♠♣❡$❛)✉$❛

4.2 . T . 50 ❑ ❡♠ ❛♠❜❛( ❛( ❜❛♥❞❛(✳ R❛$❛ ❜❛♥❞❛ ❳✱ ✉)✐❧✐③❛♠♦( ✉♠ ❝$✐♦()❛)♦ ❡ (✐()❡♠❛( ❞❡

❜♦♠❜❛( ❡(♣❡❝6✜❝♦( ♣❛$❛ ❛❝❡((❛$ )❡♠♣❡$❛)✉$❛( ♠❛✐( ❜❛✐①❛(✱ ❞❛ ♦$❞❡♠ ❞❡ T ≈ 2 ❑✳ ❆ )❡♠♣❡$✲

✹✾



❛!✉#❛ ❢♦✐ ❝♦♥!#♦❧❛❞❛ ♣♦# ✉♠ -✐-!❡♠❛ ❞❡ ✢✉①♦ ❞❡ ❣2- ❍❡ ✭❝♦♥!#♦❧❛❞♦ ♠❛♥✉❛❧♠❡♥!❡✮ ❧✐❣❛❞♦ ❛ ✉♠

❝♦♥!#♦❧❛❞♦# ❞✐❣✐!❛❧ ❞❡ !❡♠♣❡#❛!✉#❛✳ ❖ ❡-♣❡❝!#♦ ❞♦ ✐-8!♦♣♦

170
❨❜

3+
✭I = 0✮ ❝♦♥-✐-!❡ ❞❛ -✉♣❡#✲

♣♦-✐<=♦ ❞❡ ✉♠❛ ❧✐♥❤❛ ✜♥❛ ❡ ❞❡ ✉♠❛ ❧✐♥❤❛ ❧❛#❣❛✱ ❧❡✈❡♠❡♥!❡ ❞❡-❧♦❝❛❞❛ ❡♠ #❡❧❛<=♦ ❛ ♣#✐♠❡✐#❛✳

◆❛- ❛♠♦-!#❛- ♠♦♥♦❝#✐-!❛❧✐♥❛- ❡-!❛- ❧✐♥❤❛- ❛♣#❡-❡♥!❛✈❛♠ ✉♠❛ ❢♦#♠❛ ♠❡!2❧✐❝❛ ✭❉②-♦♥✐❛♥❛✮ ❡

♣❛#❛ ❛- ❛♠♦-!#❛- ❡♠ ♣8 ♥=♦ ❢♦✐ ♦❜-❡#✈❛❞♦ ❡❢❡✐!♦ ❞❡  ❦✐♥ ❞❡♣'❤✱ ❝♦♠♦ E ❡-♣❡#❛❞♦✱ ❡ ❛ ❢♦#♠❛

♦❜-❡#✈❛❞❛ E -✐♠E!#✐❝❛ ✭▲♦#❡♥!③✐❛♥❛✮✳

✸✳✸ ❘❡$✉❧'❛❞♦$

❆- ✜❣✉#❛- ✸✳✶✭❛✮✲✭❜✮ ❛♣#❡-❡♥!❛♠ ✉♠❛ -❡❧❡<=♦ ❞❡ ❛❧❣✉♥- ❡-♣❡❝!#♦- ❞❡ ❊❙❘ ❞♦ ✐-8!♦♣♦

170
❨❜

3+

✭I = 0✮ ♦❜!✐❞♦- ♣❛#❛ ❜❛♥❞❛ ❳ ❡ ❜❛♥❞❛ ◗✱ ❡♠ ✉♠ ❡①♣❡#✐♠❡♥!♦ ❡♠ ✉♠ P♥✐❝♦ ♠♦♥♦❝#✐-!❛❧ ❞❡

❈❡1−x❨❜x❋❡4S12 ✭x ≈ 0.0023✮✳ ❈♦♠ ♦ ❝#❡-❝✐♠❡♥!♦ ❞❡ T ✱ ❛ ❧✐♥❤❛ P♥✐❝❛ ♦❜-❡#✈❛❞❛ ❛ ❜❛✐①❛

!❡♠♣❡#❛!✉#❛ ❡✈♦❧✉✐ ♣❛#❛ ♦ ❛♣❛#❡❝✐♠❡♥!♦ ❞❡ ✉♠❛ -❡❣✉♥❞❛ ❧✐♥❤❛ ❡ ♦ ❡-♣❡❝!#♦ ♣❛--❛ ❛ ❝♦♥-✐-!✐#

❞❡ ✉♠❛ ❧✐♥❤❛ ✜♥❛ ❡ ❞❡ ✉♠❛ ❧✐♥❤❛ ❧❛#❣❛✳ ❆ ❜❛✐①❛ !❡♠♣❡#❛!✉#❛✱ ♦- ✈❛❧♦#❡- ❞❡ g ♣❛#❛ ❛- ❧✐♥❤❛-

✜♥❛ ❡ ❧❛#❣❛ -=♦ ❡--❡♥❝✐❛❧♠❡♥!❡ ♦ ♠❡-♠♦✿ g = 2.57 U✉❡✱ ❝♦♠♦ ♥♦!❛❞♦ ♥♦ ❝❛♣V!✉❧♦ ❛♥!❡#✐♦#✱ E

❞✐❢❡#❡♥!❡ ❞♦- ✈❛❧♦#❡- ❡-♣❡#❛❞♦- ♣❛#❛ ♦- ❞✉❜❧❡!♦- Γ6 ❡ Γ7 ❞❛ -✐♠❡!#✐❛ ❝P❜✐❝❛ ❖h✳

❊♠ ❜❛♥❞❛ ❳✱ ♦ ❡-♣❡❝!#♦ ♣❛#❛ ❛ ❧✐♥❤❛ ✜♥❛ ❛♣#❡-❡♥!❛ !♦❞❛ ❛ ❡-!#✉!✉#❛ ❤✐♣❡#✜♥❛ ❞♦- ✐-8!♦♣♦-

170
❨❜

3+
✱

171
❨❜

3+
✭I = 1

2
✮✱

173
❨❜

3+
✭I = 5

2
✮✱ ♦ U✉❡ ❝♦♥✜#♠❛ U✉❡ ♦ ❡-♣❡❝!#♦ ♦❜-❡#✈❛❞♦ E ❞❡✈✐❞♦

❛♦- V♦♥- ❞❡ ❨❜

3+
✳ S❡❧❛ -❡♣❛#❛<=♦ ❞❛ ❡-!#✉!✉#❛ ❤✐♣❡#✜♥❛✱ ❛ ❝♦♥-!❛♥!❡ A ❞❛ ✐♥!❡#❛<=♦ ❤✐♣❡#✜♥❛

♣♦❞❡ -❡# ♦❜!✐❞❛ ♣❛#❛ ❝❛❞❛ ✉♠ ❞♦- ❝❛-♦-✿

171A = 440(10)❖❡ ❡

173A = 120(3) ❖❡✳ ❊-!❡-

✈❛❧♦#❡- ❛♣#❡-❡♥!❛♠ ✉♠❛ ❞✐♠✐♥✉✐<=♦ ❞❡ 20% ❡♠ #❡❧❛<=♦ ❛♦ ❡-♣❡❝!#♦ ♦❜!✐❞♦ ♣❛#❛ ♦ ❡-!❛❞♦

❢✉♥❞❛♠❡♥!❛❧ ❞♦ ❨❜

3+
❡♠ -✐-!❡♠❛- ❝P❜✐❝♦- ❬✼❪✳ ❆ ❡-!#✉!✉#❛ ❤✐♣❡#✜♥❛ ❛--♦❝✐❛❞❛ ❛ ❧✐♥❤❛ ❧❛#❣❛

♥=♦ ❢♦✐ ♦❜-❡#✈❛❞❛✳

❆- ✜❣✉#❛- ✸✳✷✭❛✮✲✭❜✮ ♠♦-!#❛♠✱ #❡-♣❡❝!✐✈❛♠❡♥!❡✱ ❛ ❡✈♦❧✉<=♦ ❞♦- ✈❛❧♦#❡- ❞❡ g ❡ ❞❛ ❧❛#❣✉#❛

❞❡ ❧✐♥❤❛ ∆H✱ ❞❛- ❧✐♥❤❛- ✜♥❛ ❡ ❧❛#❣❛✱ ❞✐-❝✉!✐❞❛- ❛❝✐♠❛✳ ❆❧E♠ ❞❛ ❛♥2❧✐-❡ ❞♦ ❡-♣❡❝!#♦ ❞♦

♠♦♥♦❝#✐-!❛❧✱ !❛♠❜E♠ ❛♣#❡-❡♥!❛♠♦- ♥❡-!❛ ✜❣✉#❛ ♦- #❡-✉❧!❛❞♦- ❞❡✈✐❞♦ ❛♦ ❡-♣❡❝!#♦ ❞❛ ❛♠♦-!#❛

❡♠ ♣8✳ ❈❤❛♠❛♠♦- ❛!❡♥<=♦ ♣❛#❛ ♦- -❡❣✉✐♥!❡- ❛-♣❡❝!♦- ❞❡ ✐♥!❡#❡--❡✿ ✐✮ ♣❛#❛ ♦ -V!✐♦ ❝♦##❡-♣♦♥✲

❞❡♥!❡ [ ❧✐♥❤❛ ✜♥❛✱ ♦ ✈❛❧♦# ❞❡ g ✐♥❞❡♣❡♥❞❡ ❞❛ !❡♠♣❡#❛!✉#❛ ❡ ∆H ✐♥❞❡♣❡♥❞❡ ❞❛ ❢#❡U✉\♥❝✐❛❀ ✐✐✮

♣❛#❛ ♦ -V!✐♦ ❛--♦❝✐❛❞❛ [ ❧✐♥❤❛ ❧❛#❣❛✱ ♦ ✈❛❧♦# ❞❡ g ❝❧❛#❛♠❡♥!❡ ❞❡♣❡♥❞❡ ❞❛ !❡♠♣❡#❛!✉#❛ ❡ ∆H

!❛♠❜E♠ ❞❡♣❡♥❞❡ ❝❧❛#❛♠❡♥!❡ ❞❛ ❢#❡U✉\♥❝✐❛✳ ✐✐✐✮ ∆H ♣❛#❛ ❛ ❧✐♥❤❛ ❧❛#❣❛ ❞❛ ❛♠♦-!#❛ ❡♠ ♣8

E ❧✐❣❡✐#❛♠❡♥!❡ ♠❛✐♦# ❞♦ U✉❡ ♦ ❡♥❝♦♥!#❛❞♦ ♥♦ ♠♦♥♦❝#✐-!❛❧✱ ❡♥U✉❛♥!♦ ❛ ❧✐♥❤❛ ✜♥❛ ❛♣#❡-❡♥!❛✱

♣#❛!✐❝❛♠❡♥!❡✱ ♦- ♠❡-♠♦ ✈❛❧♦#❡-✳ ◆♦ ♠❛✐-✱ ♦- #❡-✉❧!❛❞♦- ♣❛#❛ ❛ ❛♠♦-!#❛ ❡♠ ♣8 ❝♦♥❝♦#❞❛♠

❝♦♠ ♦- #❡-✉❧!❛❞♦- ♣❛#❛ ♦ ♠♦♥♦❝#✐-!❛❧❀ ✐✈✮ ❞❡♥!#♦ ❞♦- ❧✐♠✐!❡- ❞♦ ❡①♣❡#✐♠❡♥!♦✱ ♦ ❡-♣❡❝!#♦ ❞❡

❊❙❘ E ✐-♦!#8♣✐❝♦❀ ✈✮ ♦ U✉❛❞#♦ ❞❛ ✜❣✉#❛ ✸✳✷✭❛✮ ♠♦-!#❛ U✉❡ ❛ ♠✉❞❛♥<❛ #❡❧❛!✐✈❛ ❞❛ ❧❛#❣✉#❛

❧✐♥❤❛ ❞❛ ❧✐♥❤❛ ❧❛#❣❛✱ δ∆H/∆H✱ ❡-❝❛❧❛ ❝♦♠ ❛ ♠✉❞❛♥<❛ #❡❧❛!✐✈❛ ❞♦- ✈❛❧♦#❡- ❞❡ g✱ δg/g❀ ✈✐✮

❡①♣❡#✐♠❡♥!♦- ❞❡ -❛!✉#❛<=♦ ♠♦-!#❛♠ U✉❡ ❛♠❜❛- ❛- ❧✐♥❤❛- -❛!✉#❛♠ ❛ ❜❛✐①❛ !❡♠♣❡#❛!✉#❛✱ ♠❛-

✺✵



❋✐❣✉$❛ ✸✳✶✿ ❊+♣❡❝/$♦+ ❞❡ ❊❙❘ ♣❛$❛ ♦ ❝♦♠♣♦+/♦ ❈❡1−x❨❜x❋❡4812 ✭x ≈ 0.0023✮ ❛✮ ▼❡❞✐❞❛+
❡♠ ❜❛♥❞❛ ❳ ✭9.4 ●❍③✮ ❡ ❜✮ ▼❡❞✐❞❛+ ❡♠ ❜❛♥❞❛ ◗ ✭34.4 ●❍③✮✳ ❆♠❜♦+ ❡+♣❡❝/$♦+ ♠♦+/$❛♠
❝❧❛$❛♠❡♥/❡ ❛ ❡①✐+/E♥❝✐❛ ❞❡ ❞✉❛+ ❧✐♥❤❛+ ❞❡ $❡++♦♥G♥❝✐❛ ❛++♦❝✐❛❞❛ ❛♦

170
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3+
✳ ❊♠ ❞❡/❛❧❤❡✱

♠♦+/$❛♠♦+ ❛ ❡+/$✉/✉$❛ ❤✐♣❡$✜♥❛ ❞♦ ❡+♣❡❝/$♦✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ✉♠❛ ❞✐♠✐♥✉✐KL♦ ❞❡ 20✪ ❞❡+/❛

❣$❛♥❞❡③❛✱ ❞❡✈✐❞♦ ❛♦ ❡❢❡✐/♦ ❞❛ ❞✐♥G♠✐❝❛ ❞♦ ❨❜

3+
♥♦ ✐♥/❡$✐♦$ ❞❛ ❣❛✐♦❧❛✳

✺✶



❋✐❣✉$❛ ✸✳✷✿ ❆♥,❧✐.❡ ❞❛ ❡✈♦❧✉34♦ ❝♦♠ ❛ ✈❛$✐❛34♦ ❞❛ 7❡♠♣❡$❛7✉$❛ ❛✮ ❞♦. ✈❛❧♦$❡. ❞❡ g ❡ ❜✮ ❡
❞❛ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛ ♣❛$❛ ❛. ❧✐♥❤❛. ✜♥❛ ❡ ❧❛$❣❛ ❞♦ ❡.♣❡❝7$♦ ❞♦
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+3
✱ ❝♦♠♦ ♠♦.7$❛♠♦. ❡♠

✸✳✶✭❛✮✲✭❜✮✳ B❛$❛ ♠❡❞✐❞❛. ❡♠ ❜❛♥❞❛ ❳ ✱ ♦. D✉❛❞$♦. ❞❡.7❛❝❛♠ ❛✮ ❛ ❝♦$$❡❧❛34♦ ❡♥7$❡ δ(∆H)/H
❡ δg/g ❡ ❜✮ ❛ ❞❡♣❡♥❞E♥❝✐❛ ❞❛ ✐♥7❡♥.✐❞❛❞❡ ❞❡ ❊❙❘ ❝♦♠ ❛ ✈❛$✐❛34♦ ❞❛ ♣♦7E♥❝✐❛ ❞❡ ♠✐❝$♦♦♥❞❛✳

❝♦♠ ✉♠ ❝♦❡✜❝✐❡♥7❡ ❞❡ .❛7✉$❛34♦ ❧❡✈❡♠❡♥7❡ ❞✐❢❡$❡♥7❡. ✭✈❡$ ♦ D✉❛❞$♦ ❞❛ ✜❣✉$❛ ✸✳✷✭❜✮✮✳

❚♦❞♦. ❡.7❡. ❞❛❞♦. ❢♦$❛♠ ❝♦♥✜$♠❛❞♦. ♣❛$❛ ❡①♣❡$✐♠❡♥7♦. ❡♠ ❞✐❢❡$❡♥7❡. ❛♠♦.7$❛.✱ ✐♥❝❧✉✐♥❞♦

❞✐❢❡$❡♥7❡. ❝♦♥❝❡♥7$❛3L❡. ❞❡ ❨❜ ✭♥♦ ❡♥7❛♥7♦✱ .❡♠♣$❡ ❝♦♠ ❜❛✐①❛. ❝♦♥❝❡♥7$❛3L❡. x . 0.0023✮✳

◆❛ ✜❣✉$❛ ✸✳✸✭❛✮✲✭❜✮✲✭❝✮ ❛♣$❡.❡♥7❛♠♦. ❛❧❣✉♥. ❞❡.7❡. $❡.✉❧7❛❞♦.✳ ❖. ♣♦♥7♦. ❛❝✐♠❛ ❞✐.❝✉7✐❞♦.

♥♦. ♣❡$♠✐7❡ ❝♦♥❝❧✉✐$ D✉❡ ✐✮ ❛. ❧✐♥❤❛. ✜♥❛ ❡ ❧❛$❣❛ .4♦✱ $❡.♣❡❝7✐✈❛♠❡♥7❡✱ $❡..♦♥O♥❝✐❛. ❤♦✲

♠♦❣E♥❡❛. ❡ ✐♥♦♠♦❣E♥❡❛.❀ ✐✐✮ ❛ ♦$✐❣❡♠ ❞❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ Q ✉♠❛ ❞✐.7$✐❜✉✐34♦ ❞❡ ✈❛❧♦$❡. ❞❡

g✱ D✉❡ Q ❞❛ ♦$❞❡♠ ❞❛ ♠✉❞❛♥3❛ D✉❡ ♦❝♦$$❡ ♥♦. ✈❛❧♦$❡. ❞❡ g❀ ✐✐✐✮ ♦ ❢❛7♦ ❞❡ ∆H .❡$ ♣$❛7✐❝❛✲

♠❡♥7❡ ✐♥❞❡♣❡♥❞❡♥7❡ ❞❛ 7❡♠♣❡$❛7✉$❛ ♣❛$❛ ❛ ❧✐♥❤❛ ✜♥❛✱ ✐♥❞✐❝❛ D✉❡ ♥4♦ ❤, $❡❧❛①❛34♦ ❞❡✈✐❞♦ ❛♦

❛❝♦♣❧❛♠❡♥7♦ ❞♦. .♣✐♥. ❧♦❝❛❧✐③❛❞♦. ❝♦♠ ❡❧Q7$♦♥. ❞❡ ❝♦♥❞✉34♦❀ ✐✈✮ ❛ .❛7✉$❛34♦ ❞♦ ❡.♣❡❝7$♦ ❛

❜❛✐①❛ 7❡♠♣❡$❛7✉$❛ ✐♥❞✐❝❛ D✉❡ ❛ $❡❧❛①❛34♦ .♣✐♥✲$❡❞❡ Q ❧❡♥7❛ ❡ ✈✮ ❛ ❜❛✐①❛ 7❡♠♣❡$❛7✉$❛✱ ♦. S♦♥.

❞❡ ❨❜

3+
.❡ ❝♦♠♣♦$7❛♠ ❝♦♠♦ ✉♠ .✐.7❡♠❛ ❛❞✐❛❜,7✐❝♦ ❞❡ .♣✐♥.✱ ♦ D✉❡ ♣❡$♠✐7❡ ❛ ❢♦$♠❛34♦ ❞❡

✺✷



❋✐❣✉$❛ ✸✳✸✿ ▼❡❞✐❞❛, ❞❡ ❜❛♥❞❛ ❳ ♣❛$❛ ❛♠♦,3$❛, ❝♦♠ ❞✐❢❡$❡♥3❡, ❝♦♥❝❡♥3$❛67❡, ❞❡ ❨❜

3+
✳ ❊♠

❛✮ ♠♦,3$❛♠♦, ♦, ✈❛❧♦$❡, ❞❡ g❀ ❡♠ ❜✮ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛ ❞❛, ❧✐♥❤❛, ✜♥❛ ❡ ❧❛$❣❛ ❞♦ ❡,♣❡❝3$♦ ❞❡
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3+
❡ ❡♠ ❝✮ ❛ ❝♦$$❡❧❛6@♦ ❡♥3$❡ δ(∆H)/H ❡ δg/g ♥❛ ❧✐♥❤❛ ❧❛$❣❛✳

♦,❝✐❧❛❞♦$❡, ❞❡ ❊✐♥,3❡✐♥✳

❆ ✜❣✉$❛ ✸✳✹✭❛✮ ♠♦,3$❛ ❞❡♣❡♥❞D♥❝✐❛ ❝♦♠ ❛ 3❡♠♣❡$❛3✉$❛ ❞♦ ❡,♣❡❝3$♦ ♥@♦ ,❛3✉$❛❞♦ ❞❛

✐♥3❡♥,✐❞❛❞❡ ❞❡ ❊❙❘✱ ♣❛$❛ ❛, ❧✐♥❤❛, ❧❛$❣❛ ❡ ✜♥❛✳ ❆ ✐♥3❡♥,✐❞❛❞❡ ❞❛, ❧✐♥❤❛, ❞❡ ❊❙❘ ❞❡✈✐❞♦

❛♦ ✐,H3♦♣♦
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3+
✭I = 1

2
✮✱ ♥♦$♠❛❧✐③❛❞❛ ♣❡❧❛ ❛❜✉♥❞J♥❝✐❛ ♥❛3✉$❛❧✱ 3❛♠❜K♠ K ♠♦,3$❛❞❛ ♥❛

✜❣✉$❛✳ ❖ M✉❛❞$♦ ♥❛ ✜❣✉$❛ ♠♦,3$❛ ♦, ♠❡,♠♦, ❞❛❞♦,✱ ♥✉♠❛ ❡,❝❛❧❛ ❧♦❣❛$N3♠✐❝❛✳ ❊,3❡, ❞❛❞♦,

♠♦,3$❛♠ M✉❡ ❛, ✐♥3❡♥,✐❞❛❞❡, ❞❛ ❧✐♥❤❛, ❧❛$❣❛ ❡ ✜♥❛ ❝♦$$❡,♣♦♥❞❡ ❛ 95% ❡ 5% ❞♦, N♦♥, ❞❡ ❨❜ ♥♦

❝♦♠♣♦,3♦✳ ❆ ✜❣✉$❛ ✸✳✹✭❜✮ ♠♦,3$❛ ❛ ❞❡♣❡♥❞D♥❝✐❛ ❝♦♠ ❛ 3❡♠♣❡$❛3✉$❛ ❞❛ ✐♥3❡♥,✐❞❛❞❡ $❡❧❛3✐✈❛

❞❛ ❧✐♥❤❛ ✜♥❛✳ ❖, $❡,✉❧3❛❞♦, ,✉❣❡$❡♠ M✉❡✱ ❝♦♠♦ ❛✉♠❡♥3♦ ❞❛ 3❡♠♣❡$❛3✉$❛✱ ♦, ❨❜ ❞♦ ,N3✐♦

♠❡♥♦, ♦❝✉♣❛❞♦ ♠✐❣$❛♠ ♣❛$❛ ♦ ,N3✐♦ ❞❡ ♠❛✐♦$ ♦❝✉♣❛6@♦✳ ❖ M✉❛❞$♦ ❞❡,3❛ ✜❣✉$❛ ♠♦,3$❛ ❛

✐♥3❡♥,✐❞❛❞❡ ❞❛, ❧✐♥❤❛ ❧❛$❣❛✱ ✜♥❛ ❡ ❤✐♣❡$✜♥❛✳ ❖ $❡,✉❧3❛❞♦ ♠♦,3$❛ M✉❡ ❛, ✐♥3❡♥,✐❞❛❞❡, ❞❡✈✐❞♦

❛♦ ,N3✐♦ ❞❛ ❧✐♥❤❛ ✜♥❛ ❝❛❡♠ ♠❛✐, $O♣✐❞♦ M✉❡ ♦ ❡,♣❡$❛❞♦ ♣❡❧❛ ❧❡✐ ❞❡ ❈✉$✐❡✱ ❞❛♥❞♦ ❢♦$6❛ ❛♦
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{

(1− |y|)
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x
Oc

4

F 0
4
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Oc

6
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6

]

+ y
Ot

6

F 2
6

}

+ gJµBH · J ✭✸✳✶✮
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g 3+ J = 7/2 gJ = 8/7 W > 0

g = 2.57
g

g

g = 2.57 3+ 3+

g ∆H ≈ 8

3+

1−x x 4 12

3+ 95%
3+ 5%
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3+
✐♥ 4❤❡ !❦✉44❡/✉❞✐4❡ ❝♦♠♣♦✉♥❞! ♦❢

❈❡1−x❨❜x❋❡4R12✳ ❏✳ R❤②! ❈♦♥❢❡/❡♥❝❡ ❙❡/✐❡! ✷✵✵✱ ✵✶✷✵✹✺ ✭✷✵✶✵✮✳

✺✼



❈❛♣#$✉❧♦ ✹

❊✈✐❞-♥❝✐❛ ♣❛0❛ ❛ ❝♦00❡❧❛23♦ ❡ ❞✐4♣❡043♦

❞♦4  ❛""❧✐♥❣ ♠♦❞❡+ ❡♠ ❈❡❋❡4712

✹✳✶ ■♥%&♦❞✉*+♦

❈♦♠ ❡$%❡ ❡$%✉❞♦✱ ✐♥✐❝✐❛❧♠❡♥%❡ ✈✐$❛♠♦$ ❡①♣❧♦1❛1 ♦$ ♣1♦✈2✈❡✐$ ❡❢❡✐%♦$ ❞♦ ❝❛♠♣♦ ❝1✐$%❛❧✐♥♦

❞❛ $✐♠❡%1✐❛ Th ♥♦ ❡$♣❡❝%1♦ ❞❡ 1❡$$♦♥4♥❝✐❛ ❞❡ $✐$%❡♠❛$ S✱ ♦♥❞❡ L = 0✳ ◆❡$%❡ ❝♦♥%❡①%♦✱

7 ✐♠♣♦1%❛♥%❡ ♥♦%❛1 8✉❡ ♦ ❝❛♠♣♦ ❝1✐$%❛❧✐♥♦ 7 ✉♠ ❡❢❡✐%♦ ❞❡ $❡❣✉♥❞❛ ♦1❞❡♠✱ 8✉❡ $❡ ❞2 ♣♦1

✐♥%❡1❛:;♦ ❝♦♠ ❡$%❛❞♦$ ❡①❝✐%❛❞♦$ ❞♦ <♦♥ S ♣❛1❛ ♦ 8✉❛❧ L 6= 0 ❬✼❪✳ ❖$ 1❡$✉❧%❛❞♦$ ❞♦ ❡①♣❡1✐♠❡♥%♦

❛♣♦♥%❛1❛♠✱ ♥♦ ❡♥%❛♥%♦✱ ♣❛1❛ ✉♠❛ ❞✐$❝✉$$;♦ ♠❛✐$ ❣❡1❛❧✱ 8✉❡ ❛♣1❡$❡♥%❛♠♦$ ♥❡$%❡ ❝❛♣<%✉❧♦✳

◆♦$$♦$ 1❡$✉❧%❛❞♦$ ❛♥%❡1✐♦1❡$ ❛♣♦♥%❛♠ 8✉❡ ❛ ❞✐♥4♠✐❝❛ ❞♦ <♦♥ ♥♦ ✐♥%❡1✐♦1 ❞❛$ ❣❛✐♦❧❛$ ❞❛$

 ❦✉##❡%✉❞✐#❡ ♣♦❞❡ ❧❡✈❛1 ❛ ❞♦✐$ ✐♠♣♦1%❛♥%❡$ ❡❢❡✐%♦$✱ $❡♥❞♦ ❡$%❡$ ♦ ❛♣❛1❡❝✐♠❡♥%♦ ❞❡ ✐♥♦♠♦✲

❣❡♥❡✐❞❛❞❡$ ❞❡ ❝❛♠♣♦ ❝1✐$%❛❧✐♥♦ ❡ ♦ ❡$%1❡✐%❛♠❡♥%♦ ❞❛ ❡$%1✉%✉1❛ ❤✐♣❡1✜♥❛✳ ❆♠❜♦$ ❡❢❡✐%♦$ ❡$%;♦

♣1❡$❡♥%❡$ ♥♦$ 1❡$✉❧%❛❞♦$ ❞✐$❝✉%✐❞♦$ ♥♦ ❝❛♣<%✉❧♦ ❛♥%❡1✐♦1✳

❱✐♠♦$ ❛%7 ❛8✉✐ 8✉❡ ❛ ❞✐♥4♠✐❝❛ ❞❡$%❡$ <♦♥$ 7 ✉$✉❛❧♠❡♥%❡ ❝♦♠♣1❡❡♥❞✐❞❛ ❞❡♥%1♦ ❞♦ ❝♦♥%❡①%♦

❞❡ ❞✉❛$ ✐♠♣♦1%❛♥%❡$ ❛♣1♦①✐♠❛:G❡$✳ ❯♠❛ ❞❡$%❛$ ❝♦♥$✐❞❡1❛ 8✉❡ ♦ %❛##❧✐♥❣ ♣♦❞❡ $❡1 ❞❡$❝1✐%♦

❛%1❛✈7$ ❞❛ ❞✐♥4♠✐❝❛ ❞❡ ✉♠ ♦$❝✐❧❛❞♦1 ❞❡ ❊✐♥$%❡✐♥✱ 8✉❡ 7 %♦%❛❧♠❡♥%❡ ❝❛1❛❝%❡1✐③❛❞♦ ♣♦1 ✉♠❛

K♥✐❝❛ ❢1❡8✉L♥❝✐❛ θE❀ ❡$%❡$ $❡1✐❛♠ ❢N♥♦♥$ ❧♦❝❛❧✐③❛❞♦$ ✭♥;♦ ❞✐$♣❡1$✐✈♦$✮✳ ❆ ♦✉%1❛ ❛♣1♦①✐♠❛:;♦

❝♦♥$✐❞❡1❛ 8✉❡ ❡$%❛ ❞✐♥4♠✐❝❛ 7 ♥;♦ ❝♦11❡❧❛❝✐♦♥❛❞❛✱ ♦✉ 7 ❢1❛❝❛♠❡♥%❡ ❝♦11❡❧❛❝✐♦♥❛❞❛✱ ❝♦♠ ❞❡♠❛✐$

♣1♦♣1✐❡❞❛❞❡$ ❞♦ $✐$%❡♠❛✳ ❊$%❡$ ❢N♥♦♥$ ❛%✉❛♠✱ ♣♦1 ❡①❡♠♣❧♦✱ ❝♦♠♦ ❝❡♥%1♦$ ❡$♣❛❧❤❛❞♦1❡$ ❞♦$

❢N♥♦♥$ ❞❡ ❉❡❜②❡✱ ❡♥%1❡%❛♥%♦✱ ❛♦ ♠❡♥♦$ ♥✉♠❛ ♣1✐♠❡✐1❛ ❛♣1♦①✐♠❛:;♦✱ ♥;♦ %❡1✐❛♠ ❡❢❡✐%♦$ $♦❜

♣1♦♣1✐❡❞❛❞❡$ ❡❧❡%1N♥✐❝❛$✳

❈♦♠♦ ❥2 ❞✐$❝✉%✐❞♦ ♥❡$%❛ %❡$❡✱ ❛ ❧✐%❡1❛%✉1❛ ❬✹❪ %1❛③ ❡①❡♠♣❧♦$ ❝♦♥❝1❡%♦$ ♦♥❞❡ ♦ ❝❛❧♦1 ❡$✲

♣❡❝<✜❝♦ ❞❡  ❦✉##❡%✉❞✐#❡ $;♦ ❡♥%❡♥❞✐❞♦$ ❝♦♠ ❛ ❛❞✐:;♦ ❞❡ ✉♠ %❡1♠♦ ❞❡ ❊✐♥$%❡✐♥ ❛♦$ ❞❡♠❛✐$

%❡1♠♦$ 8✉❡ ❝♦♥%1✐❜✉❡♠ ♣❛1❛ ❛ ❡♥❡1❣✐❛ ❞♦ $✐$%❡♠❛✳ ❊$%❡ ❝❡♥21✐♦ 7✱ ♥♦ ❡♥%❛♥%♦✱ ❛❧✈♦ ❞❡ ❝1<%✐❝❛

❞❡ ❡①♣❡1✐♠❡♥%♦$ ♠❛✐$ 1❡❝❡♥%❡$ ❡ $❡♥$<✈❡✐$ ❬✻❪✳ ◆❡$%❡$ ❡①♣❡1✐♠❡♥%♦$✱ $✐♥❛✐$ ♣❛1❛ ❞✐$♣❡1$;♦

✺✽



❞❡"#❡" ♠♦❞♦" ❢♦'❛♠ ❡♥❝♦♥#'❛❞♦"✳

❖ ❛'❣✉♠❡♥#♦ ♣❛'❛ ❛ ❢'❛❝❛ ❝♦''❡❧❛12♦ ❞❡"#❡" ♠♦❞♦" "✉"#❡♥#❛✲"❡ ♥❛ ✐❞5✐❛ 6✉❡ ♦" 7♦♥" ❘ ❡"#2♦✱

❞♦ ♣♦♥#♦ ❞❡ ✈✐"#❛ 6✉7♠✐❝♦✱ ❢'❛❝❛♠❡♥#❡ ❧✐❣❛❞♦" ; ❡"#'✉#✉'❛ ❞❛ ❣❛✐♦❧❛✳ ◆❡"#❡ "❡♥#✐❞♦✱ ♦" 7♦♥" ❘

❡①♣❡'✐♠❡♥#❛♠ ✉♠ ♣♦#❡♥❝✐❛❧ ❤❛'♠?♥✐❝♦✱ ❞❛❞♦ ♣❡❧♦ ❛''❛♥❥♦ ❞❡ ❝❛'❣❛" ❞❛ ❣❛✐♦❧❛✱ 6✉❡ ❞A ♦'✐❣❡♠

; "✉❛" ❡①❝✉'"B❡"✳ ◆♦ ❡♥#❛♥#♦✱ ❛ ❡✈✐❞C♥❝✐❛ ♣❛'❛ ❞✐"♣❡'"2♦ ❞❡"#❡" ♠♦❞♦" 5 #❛♠❜5♠ ❡✈✐❞C♥❝✐❛

6✉❡ ❛ ❞✐♥E♠✐❝❛ ❞♦" 7♦♥" ❘ ♥2♦ 5 ✐♥❞❡♣❡♥❞❡♥#❡ ❞❛ ❞✐♥E♠✐❝❛ ❞❛ ❣❛✐♦❧❛ ✭♦✉ ❞❛ '❡❞❡✱ ♥✉♠

"❡♥#✐❞♦ ♠❛✐" ❛♠♣❧♦✮✳ ◆♦ ♠❛✐"✱  ❦✉##❡%✉❞✐#❡ ✱ ❝♦♠♦ ❛" 6✉❡ ❡"#✉❞❛♠♦" ♥❡"#❡ #❡"❡✱ ❛♣'❡"❡♥#❛♠

❢❡♥?♠❡♥♦" ❝❧❛'❛♠❡♥#❡ ❧✐❣❛❞♦" ❛ ❢♦'#❡ ❤✐❜'✐❞✐③❛12♦ ❞♦" ♦'❜✐#❛✐" ❞♦" 7♦♥" ❘ ❝♦♠ ♦" ♦'❜✐#❛✐"

❞♦" ❡❧❡♠❡♥#♦" 6✉❡ ❝♦♥"#✐#✉❡♠ ❛ ❣❛✐♦❧❛✱ ♥♦#❛❞❛♠❡♥#❡ ❝♦♠ ♦" ♠❡#❛✐" ❞❡ #'❛♥"✐12♦✳ ❊"#❡ ♣♦♥#♦

❛❜'❡ ❝❛♠✐♥❤♦ ♣❛'❛ ✉♠❛ ❝♦''❡❧❛12♦ ❡♥#'❡ ❛ ❞✐♥E♠✐❝❛ ❞♦" 7♦♥" ❘ ❡ ♦✉#'❛" ♣'♦♣'✐❡❞❛❞❡" ❞❡"#❡"

"✐"#❡♠❛"✳

❖ ❝♦♠♣♦"#♦ ❈❡❋❡4L12 5 ✉♠ ✐"♦❧❛♥#❡ ❞❡ ❑♦♥❞♦ ❝♦♠ ❣❛♣ ❞❡ 0.15 ❡❱✳ ❙✉❛ #❡♠♣❡'❛#✉'❛ ❞❡

❉❡❜②❡ ✭θD✮ 5 700 ❑✳ ❘❡"✉❧#❛❞♦" ❞❡ ♠❡❞✐❞❛" ❞❡ '❡"✐"#✐✈✐❞❛❞❡ ❉❈ ♥❡"#❡" ♠❛#❡'✐❛✐" '❡✈❡❧❛♠ 6✉❡

❛ ♣'♦♣'✐❡❞❛❞❡ ❞❡♣❡♥❞❡ ❢♦'#❡♠❡♥#❡ ❞❛ ❛♠♦"#'❛✳ ◆♦ ❡♥#❛♥#♦✱ 5 ❢❛#♦ 6✉❡ ❡♠ #♦❞❛" ❛" ♠❡❞✐❞❛"✱

❡♠ #♦❞♦ ✐♥#❡'✈❛❧♦ ❞❡ #❡♠♣❡'❛#✉'❛✱ ♣'❡❞♦♠✐♥❛ ✉♠❛ '❡"✐"#✐✈✐❞❛❞❡ ❞♦ #✐♣♦ ❛#✐✈❛❞♦✳ ➱ #❛♠❜5♠

✉♠ ❢❛#♦ ❝♦♠✉♠✱ 6✉❡ ♥♦ ✐♥#❡'✈❛❧♦ 100 . T . 200 ❑✱ ♦ "✐"#❡♠❛ ❡①♣❡'✐♠❡♥#❛ ✉♠ ❡♥♦'♠❡

❛✉♠❡♥#♦ ❞❛ ❞❡♥"✐❞❛❞❡ ❞❡ ♣♦'#❛❞♦'❡" #❡'♠✐❝❛♠❡♥#❡ ❛#✐✈❛❞♦"✳ ❊"#❡ ❛✉♠❡♥#♦ 5 ❛❧5♠ ❞❛6✉❡❧❡

6✉❡ "❡'✐❛ ❡"♣❡'❛❞♦ ♣❡❧❛ "✐♠♣❧❡" ♣'♦♠♦12♦ ❞❡ ♣♦'#❛❞♦'❡" ❛#'❛✈5" ❞♦ ❣❛♣ ❞❡ 0.15 ❡❱✳ ❊"#❡ ❢❛#♦

❛❜'❡ ❛ ♣♦""✐❜✐❧✐❞❛❞❡ 6✉❡ ♦✉#'♦ ♠❡❝❛♥✐"♠♦ ♣♦""❛ ❡"#❛' ❛ ❛#✉❛' ♥❛ ♣'♦♠♦12♦ ❞❡"#❡" ❡❧5#'♦♥"✳

◆♦ ♠❛✐"✱ ❖❣✐#❛ ❡# ❛❧ ❬✷✽❪ ❡♠ ❡①♣❡'✐♠❡♥#♦" ❞❡ ❡"♣❛❧❤❛♠❡♥#♦ ❞❡ ❘❛♠❛♥✱ ❡♠ ✈A'✐❛"  ❦✉#✲

#❡%✉❞✐#❡ ❘❚4❳12 ✭❚ =❋❡✱ ❘✉✱ ❖"❀ ❳ =L✱ ❙❜✮✱ ❡♥❝♦♥#'❛'❛♠ ♠♦❞♦" '❡""♦♥❛♥#❡" ❞❡ ❢Z♥♦♥"

❞❡ ✷

a
♦'❞❡♠ ❛""♦❝✐❛❞♦" ❝♦♠ ❛" ✈✐❜'❛1B❡" 6✉❡ ♠✉❞❛♠ ♦ ❝♦♠♣'✐♠❡♥#♦ ❞❛ ❧✐❣❛1B❡" ❘✲❳✳ ◆♦

❡♥#❛♥#♦✱ ❡"♣❡❝✐✜❝❛♠❡♥#❡ ♥♦ "✐"#❡♠❛ ❈❡❋❡4L12✱ 6✉❡ 5 ✉♠ "❡♠✐❝♦♥❞✉#♦'✱ ❡"#❡" ♠♦❞♦" ♥2♦ "2♦

'❡""♦♥❛♥#❡"✳ ❊"#❡" '❡"✉❧#❛❞♦" ❧❡✈❛'❛♠ ♦" ❛✉#♦'❡" ❛ ❝♦♥❝❧✉✐' 6✉❡ ❞❡✈❡ ❡①✐"#✐' ✉♠ ❛❝♦♣❧❛♠❡♥#♦

❢♦'#❡ ❡♥#'❡ ♦" ♠♦❞♦" ❘✲❳ ❡ ♦" ❡❧5#'♦♥" ❞❡ ❝♦♥❞✉12♦✳

◆❡"#❡ ❝❛♣7#✉❧♦✱ ❛♣'❡"❡♥#❛♠♦" ♥♦""❛" ❝♦♥❝❧✉"B❡" ♥♦ ❝♦♥#❡①#♦ ❞❡"#❡ ❝❡♥A'✐♦ ♣❛'❛ ♦ ❝♦♠✲

♣♦'#❛♠❡♥#♦ ❞♦ ❡"♣❡❝#'♦ ❞♦ ●❞

3+
♥❡"#❡ ❝♦♠♣♦"#♦✳ L❛'❛ ❝♦♠♣❛'❛12♦✱ ❡"#✉❞❛♠♦" #❛♠❜5♠

♦ ❡"♣❡❝#'♦ ❞❡ ●❞

3+
♥♦ ❝♦♠♣♦"#♦ ❈❛1−x●❞x❇6 ✭x ≈ 0.001✮✱ 6✉❡ 5 ✉♠ ❝♦♠♣♦"#♦ ❝^❜✐❝♦✱

"❡♠✐❝♦♥❞✉#♦' ❝♦♠ ❣❛♣ ❞❡ 0.8 ❡❱ ❡ θD ⋍ 783 ❑✳

✹✳✷ ❊①♣❡'✐♠❡♥+♦

◆❡"#❡ ❡①♣❡'✐♠❡♥#♦ ❢♦'❛♠ ✉#✐❧✐③❛❞♦" ♠♦♥♦❝'✐"#❛✐" ❞❡ ❈❡1−x●❞x❋❡4L12 ✭x ∼ 0.001✮ ❝'❡"❝✐❞♦"

❡♠ ✢✉①♦ ❞❡ ❙♥ ❝♦♥❢♦'♠❡ ❞❡"❝'✐#♦ ❡♠ ❬✷✵❪✳ ❆ ❡"#'✉#✉'❛ ❡ ♣✉'❡③❛ ❞❡ ❢❛"❡ ❢♦'❛♠ ❝❤❡❝❛❞❛" ♣♦'

♠❡❞✐❞❛" ❞❡ '❛✐♦✲❳✳ ◆♦ ❡①♣❡'✐♠❡♥#♦ ❞❡ ❊❙❘ ✉"❛♠♦" ♠♦♥♦❝'✐"#❛✐" ❝♦♠ ❢❛"❡" ❝'✐"#❛❧♦❣'A✜❝❛"

❜❡♠ ❞❡✜♥✐❞❛" ❝♦♠ #❛♠❛♥❤♦ ❞❡ ∼ 2× 2× 2 ♠♠

3
✳ ▼♦♥♦❝'✐"#❛✐" ❞❡ ❈❛1−x●❞x❇6 ✭x ∼ 0.001✮

✺✾



❢♦"❛♠ ❝"❡'❝✐❞♦' ❝♦♠♦ ❞❡'❝"✐*♦ ❡♠ ❬✹✹❪✳ ❆ ❡'*"✉*✉"❛ ❝"✐'*❛❧♦❣"3✜❝❛ ❢♦✐ ❝❤❡❝❛❞❛ ♣♦" ♠❡❞✐❞❛'

❞❡ "❛✐♦✲❳ ❡ ❛ ♦"✐❡♥*❛:;♦ ❞❛ ❛♠♦'*"❛ ❢♦✐ ❞❡*❡"♠✐♥❛❞❛ ♣❡❧❛ ♠<*♦❞♦ ❞❡ ▲❛✉❡✳ ❖' ❡①♣❡"✐♠❡♥*♦'

❞❡ ❊❙❘ ❢♦"❛♠ ❢❡✐*♦' ❡♠ ❛♠♦'*"❛' ❞❡ ∼ 2× 1× 0.5 ♠♠

3
✳ ❆♠❜❛' ❛♠♦'*"❛' ❢♦"❛♠ ♦❜*✐❞❛' ❡♠

❝♦❧❛❜♦"❛:;♦✳

❆' ❝♦♥❝❡♥*"❛:D❡' ❞❛' ❛♠♦'*"❛' ❢♦"❛♠ ❞❡*❡"♠✐♥❛❞❛' ♣❡❧❛ ❞❡♣❡♥❞E♥❝✐❛ ❞❛ ♠❛❣♥❡*✐③❛:;♦

❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥<*✐❝♦ H ❡ *❡♠♣❡"❛*✉"❛ T ✳ ❆♠❜❛' ❛' ♠❡❞✐❞❛' ❢♦"❛♠ "❡❛❧✐③❛❞❛' ❡♠ ✉♠

♠❛❣♥❡*G♠❡*"♦ ❝♦♠❡"❝✐❛❧✱ I✉❡ '❡ ✈❛❧❡ ❞❡ ✉♠ ❙◗❯■❉ ♣❛"❛ "❡❛❧✐③❛" ❛ ❞❡*❡❝:;♦✱ ❞❡ ♠❛"❝❛

◗✉❛♥*✉♠ ❉❡'✐❣♥✳ ❘❡❛❧✐③❛♠♦' ♠❡❞✐❞❛' ❞❡ ❊❙❘ ❡♠ ❜❛♥❞❛ ❳ ✭9.48 ●❍③✮ ✉'❛♥❞♦ ✉♠ ❛♣❛"❡❧❤♦

❝♦♠❡"❝✐❛❧ ❊❧❡①'②'✲✺✵✵✱ ❞❛ ♠❛"❝❛ ❇"✉❦❡"✳

X❛"❛ ♦ ❝♦♥*"♦❧❡ ❞❛ *❡♠♣❡"❛*✉"❛✱ ✉'❛♠♦' ✉♠ ❝♦♥*"♦❧❛❞♦" ❞✐❣✐*❛❧ ❛❝♦♣❧❛❞♦ ❛ ✉♠ '✐'*❡♠❛

❞❡ ✢✉①♦ ❞❡ ❍❡✱ ❡'*❡ ♦♣❡"❛❞♦ ♠❛♥✉❛❧♠❡♥*❡✳ ❖ ❡①♣❡"✐♠❡♥*♦ ❢♦✐ "❡❛❧✐③❛❞♦ ❡♠ *♦❞♦ ✐♥*❡"✈❛❧♦ ❞❡

*❡♠♣❡"❛*✉"❛ 4.2 . T . 300 ❑✱ ♣❛"❛ ❞✐❢❡"❡♥*❡' ♦"✐❡♥*❛:D❡' ❞♦ ❝❛♠♣♦ ♠❛❣♥<*✐❝♦ ❛♣❧✐❝❛❞♦ ❡♠

❛♠❜❛' ❛' ❛♠♦'*"❛'✳ ❆ ♦"✐❡♥*❛:;♦ ❞❛' ❛♠♦'*"❛' ❢♦✐ ❝❤❡❝❛❞❛ *❛♠❜<♠ ♣♦" ❡①♣❡"✐♠❡♥*♦' ❛ T

❝♦♥'*❛♥*❡✱ ✈❛"✐❛♥❞♦ ❛ ❞✐"❡:;♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥<*✐❝♦ ❛♣❧✐❝❛❞♦ ❛*"❛✈<' ❞♦ ✉'♦ ❞❡ ✉♠ ❣♦♥✐G♠❡*"♦✳

❆ ♦"✐❡♥*❛:;♦ ❢♦✐ ❢❡✐*❛ ❞❡ ♠❛♥❡✐"❛ I✉❡ ♣❛"❛ θ = 0✱ ♦ ❝❛♠♣♦ ♠❛❣♥<*✐❝♦ ❡'*3 ❛♦ ❧♦♥❣♦ ❞❛ ❞✐"❡:;♦

❬✵✵✶❪ ❞♦ ❝"✐'*❛❧✳

✹✳✸ ❘❡%✉❧(❛❞♦%

❆' ✜❣✉"❛' ✹✳✶✭❛✮✲✭❜✮✱ ✹✳✷✭❛✮✲✭❜✮ ❡ ✹✳✸✭❛✮✲✭❜✮ ❛♣"❡'❡♥*❛♠ ❛ ❡✈♦❧✉:;♦✱ ❝♦♠ ❛ ✈❛"✐❛:;♦ ❞❛ *❡♠✲

♣❡"❛*✉"❛ ✭4.2 . T . 300 ❑✮✱ ❞♦ ❡'♣❡❝*"♦ ♥♦"♠❛❧✐③❛❞♦ ❞❡ ❊❙❘ ❞♦ ●❞

3+
♥♦' ♠♦♥♦❝"✐'*❛✐'

❈❡1−x●❞x❋❡4X12 ❡ ❈❛1−x●❞x❇6 ✭x . 0.001✮✱ ♣❛"❛ ❝❛♠♣♦ ♠❛❣♥<*✐❝♦ ❍ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛'

❞✐"❡:D❡' ❬✵✵✶❪✱ θ = 300
❡ ❬✶✶✵❪✱ "❡'♣❡❝*✐✈❛♠❡♥*❡✳ ❯♠❛ ♦❜'❡"✈❛:;♦ ❞✐"❡*❛ ❞❛ ✜❣✉"❛ ♠♦'*"❛ I✉❡✱

❝♦♠ ♦ ❛✉♠❡♥*♦ ❞❛ *❡♠♣❡"❛*✉"❛✱ ❛ ❡'*"✉*✉"❛ ✜♥❛ ❞♦ ●❞

3+
❡✈♦❧✉✐ ❞❡ ♠❛♥❡✐"❛ ❜❡♠ ❞✐'*✐♥*❛ ♥♦'

❞♦✐' ❝♦♠♣♦'*♦'✳ ❊♠ ❈❡1−x●❞x❋❡4X12✱ ♦❜'❡"✈❛♠♦' ❛ ❝♦❛❧❡'❝E♥❝✐❛ ❞❛ ❡'*"✉*✉"❛ ✜♥❛ ❡♠ ✉♠❛

`♥✐❝❛ ❧✐♥❤❛ ❡ ❛✐♥❞❛ ✉♠ ❛❧❛"❣❛♠❡♥*♦ ❞❡'*❛ ❧✐♥❤❛ ❝♦♠ ♦ ❛✉♠❡♥*♦ ❞❡ T ✱ ❡♠ ❝♦♥*"❛'*❡ ❝♦♠ ♦'

❡'♣❡❝*"♦' ♦❜*✐❞♦' ♣❛"❛ ❈❛1−x●❞x❇6✱ I✉❡ ♣"❛*✐❝❛♠❡♥*❡ ♥;♦ ❡✈♦❧✉✐ ❛ *❡♠♣❡"❛*✉"❛✳

❖✉*"♦ ♣♦♥*♦ ❞✐'*✐♥*♦✱ ♠❛✐' '✉*✐❧ I✉❡ ♦ ❧❡✈❛♥*❛❞♦ ❛❝✐♠❛✱ < I✉❡ ♠❡'♠♦ ❛♥*❡' ❞❛ ❝♦❛❧❡'❝E♥❝✐❛

*♦*❛❧ ❞♦ ❡'♣❡❝*"♦ ❞❡ ❈❡1−x●❞x❋❡4X12✱ ♣♦❞❡ '❡" ♦❜'❡"✈❛❞❛ ♣❛"❛ *❡♠♣❡"❛*✉"❛' ✐♥*❡"♠❡❞✐3"✐❛'

✭T & 100 ❑✮ ❛ ❝♦❛❧❡'❝E♥❝✐❛ ❞❡ ❛❧❣✉♠❛' ❞❛' ❝♦♠♣♦♥❡♥*❡' ❞❡'*❡ ❡'♣❡❝*"♦✳ ❆ ❧✐♥❤❛ ❝❡♥*"❛❧ ❞❡'*❡

❡'♣❡❝*"♦✱ ❛''♦❝✐❛❞❛ ❛ *"❛♥'✐:;♦ ❡♥*"❡ ♦' ❡'*❛❞♦'

1
2
←→ −1

2
✱ ♥;♦ ❡✈♦❧✉✐ ❝♦♠ ❛ *❡♠♣❡"❛*✉"❛

♣❛"❛ *♦❞♦ ✐♥*❡"✈❛❧♦ ❞❡ *❡♠♣❡"❛*✉"❛' ❛*< ♠✉✐*♦ ♣❡"*♦ ❞❡ T ≈ 150 ❑✳ ❚❡♠♦' ❛✐♥❞❛✱ I✉❡ '❡

♦❜'❡"✈❛ ❝❧❛"❛♠❡♥*❡ I✉❡ ❛ ❢♦"♠❛ ❞❡ ❧✐♥❤❛ ❞❡'*❡ ❡'♣❡❝*"♦ ❡✈♦❧✉✐ ❞❡ ▲♦"❡♥*③✐❛♥❛ ✭✐'♦❧❛♥*❡✮ ❛

❜❛✐①❛ *❡♠♣❡"❛*✉"❛✱ ♣❛"❛ ❉②'♦♥✐❛♥❛ ✭♠❡*3❧✐❝❛✮ ❛ ❛❧*❛ *❡♠♣❡"❛*✉"❛✳

➱ ✐♠♣♦"*❛♥*❡ ❡'❝❧❛"❡❝❡" I✉❡ ❡♠ ✉♠ ♠❛*❡"✐❛❧ ❝♦♠ ❛❧❣✉♠❛ ❝♦♥❞✉*✐✈✐❞❛❞❡✱ ❛ ♣"❡'❡♥:❛ ❞❡

❛❧❣✉♥'✱ ♠❡'♠♦ I✉❡ ♣♦✉❝♦'✱ ❡❧<*"♦♥' ❞❡ ❝♦♥❞✉:;♦ ✐♥*"♦❞✉③ ♦ ❡❢❡✐*♦ ❞❡  ❦✐♥ ❞❡♣'❤✱ ❛❢❡*❛♥❞♦ ❛

✻✵



❋✐❣✉$❛ ✹✳✶✿ ❊+♣❡❝/$♦ ❞❡ ❜❛♥❞❛ ❳ ♣❛$❛ ♦ ❝❛♠♣♦ ♠❛❣♥6/✐❝♦ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐$❡89♦ ❬✶✵✵❪

♠❡❞✐❞♦ ♣❛$❛ ❛✮ ❈❡1−x●❞x❋❡4@12 ❡ ❜✮ ❈❛1−x●❞x❇6✳ ❆ ❜❛✐①❛ /❡♠♣❡$❛/✉$❛✱ ♦ ❡+♣❡❝/$♦ ❡✈♦❧✉✐

❝♦♠ ♦ ❛✉♠❡♥/♦ ❞❡ T ❞❡ ♠❛♥❡✐$❛ +✐♠✐❧❛$ ❛/6 T ≈ 100 ❑✳ @❛$❛ T & 150 ❑ ♦+ ❞♦✐+ ❡+♣❡❝/$♦+

+9♦ /♦/❛❧♠❡♥/❡ ❞✐❢❡$❡♥/❡+✳

✻✶



❋✐❣✉$❛ ✹✳✷✿ ❊+♣❡❝/$♦ ❞❡ ❜❛♥❞❛ ❳ ♣❛$❛ ♦ ❝❛♠♣♦ ♠❛❣♥6/✐❝♦ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐$❡89♦

θ ∼ 30o
♠❡❞✐❞♦ ♣❛$❛ ❛✮ ❈❡1−x●❞x❋❡4=12 ❡ ❜✮ ❈❛1−x●❞x❇6✳ ◆❡+/❛ +✐/✉❛89♦✱ ❡❢❡✐/♦+ ❞❡ ❝❛♠♣♦

❝$✐+/❛❧✐♥♦ ❝♦❧❛♣+❛♠ ♦ ❡+♣❡❝/$♦ ❡♠ ✉♠❛ B♥✐❝❛ ❧✐♥❤❛ ❡♠ /♦❞♦ ✐♥/❡$✈❛❧♦ ❞❡ T ✳ ❆ ❞✐❢❡$❡♥8❛ ❞❡

❝♦♠♣♦$/❛♠❡♥/♦ ❡♥/$❡ ♦+ ❡+♣❡❝/$♦+ ❛ ❛❧/❛ /❡♠♣❡$❛/✉$❛ 6 ❝❧❛$❛♠❡♥/❡ ♣❡$❝❡❜✐❞❛✳

✻✷



❢♦"♠❛ ❞❡ ❧✐♥❤❛✳ ◆❡-.❛ -✐.✉❛01♦✱ ❛ ❢♦"♠❛ ❞❡ ❧✐♥❤❛ 3 ❝♦♥."♦❧❛❞❛ ♣♦" ✉♠ ♣❛"6♠❡."♦ ♥♦ ❛❥✉-.❡

.❡8"✐❝♦ ❞♦ ❡-♣❡❝."♦ ❞♦ ❡①♣❡"✐♠❡♥.♦✳ ❊-.❡ ♣❛"6♠❡."♦ 3 ❛ "❛③1♦ D/A ❡♥."❡ ♦- ❝♦❡✜❝✐❡♥.❡- ❞❡

❞✐-♣❡"-1♦ ❡ ❛❜-♦"01♦✳ ❊♠ ✉♠ ✐-♦❧❛♥.❡✱ D = 0 ❡ ❛ ❢♦"♠❛ ❞❡ ❧✐♥❤❛ 3 .♦.❛❧♠❡♥.❡ -✐♠3."✐❝❛✳

❊♠ ❈❡❋❡4@12✱ ❛ ❝♦♥❞✉.✐✈✐❞❛❞❡ ✈❛"✐❛ ❡♥♦"♠❡♠❡♥.❡ ❝♦♠ ❛ ❛♠♦-."❛✱ ♦ B✉❡ .❛♠❜3♠ -❡ "❡✢❡.❡

❡♠ ✉♠❛ ✈❛"✐❛01♦ ❞♦ ♣❛"6♠❡."♦ D/A✳ ◆❡-.❡ -❡♥.✐❞♦✱ ♦ B✉❡ ♦❝♦""❡ ♥♦ ♥♦--♦ ❡①♣❡"✐♠❡♥.♦ 3 B✉❡

D/A ♣❛"❛ ♦ ●❞

3+
✈❛"✐❛ ❞❡ ✉♠ ✈❛❧♦" ❡♠ .♦"♥♦ ❞❡ 0.15 ❛ ❜❛✐①❛ T ♣❛"❛ ♣❡".♦ ❞❡ 0.45 ❛ ❛❧.❛ T ✳

❆ ❧✐♥❤❛ 3 ✈✐-✐✈❡❧♠❡♥.❡ ♠❛✐- ❛--✐♠3."✐❝❛✳ ❆- ❧✐♥❤❛- ♣❛"❛ ♦ ❉②

3+
❡ ❊"

3+
✭❝❛♣I.✉❧♦ 2✮ -1♦ ♠❛✐-

♠❡.K❧✐❝❛- ❡ ♥1♦ ✈❛"✐❛♠ ♥♦ ✐♥.❡"✈❛❧♦ ❞❡ T ✐♥✈❡-.✐❣❛❞♦✳ ❆- ❧✐♥❤❛- ❞♦ ❨❜

3+
✭❝❛♣I.✉❧♦- 2 ❡ 3✮

-1♦ ♠❛✐- ✐-♦❧❛♥.❡- ❡ .❛♠❜3♠ ✈❛"✐❛♠ ♣♦✉❝♦ ♥♦ ✐♥.❡"✈❛❧♦✳ ❆❝"❡❞✐.❛♠♦- B✉❡ ❡-.❛- ❞✐❢❡"❡♥0❛-✱

❡♥."❡ ❛- .❡""❛- "❛"❛-✱ ♥1♦ ❡①♣"❡--❛♠ ♣"♦♣"✐❡❞❛❞❡- ✐♥."I♥-✐❝❛- ❡ -1♦ ❞❡✈✐❞♦ ❛ ✐♠♣✉"❡③❛- ❞♦

❝♦♠♣♦-.♦ ❞❡ "❡❢❡"N♥❝✐❛✱ ❡♠❜♦"❛ ❛✜"♠❡♠♦- B✉❡ ❛ ✈❛"✐❛01♦ ❞❛ ❛♠♦-.❛ ❞♦♣❛❞❛ ❝♦♠ ●❞

3+
3

-✐❣♥✐✜❝❛.✐✈❛✳

❆ ♦"✐❡♥.❛01♦ ❞❛- ❛♠♦-."❛- ❢♦✐ ✈❡"✐✜❝❛❞❛ ♣❡❧♦ ❡-.✉❞♦ ❞❛ ❞❡♣❡♥❞N♥❝✐❛ ❛♥❣✉❧❛" ❞♦ ❡-♣❡❝."♦ ❛

✉♠❛ .❡♠♣❡"❛.✉"❛ ✜①❛✳ @❛"❛ ❈❛1−x●❞x❇6✱ ♦- "❡-✉❧.❛❞♦- -1♦ ♦- ♠❡-♠♦- B✉❡ ❢♦"❛♠ "❡♣♦".❛❞♦-

❛♥.❡"✐♦"♠❡♥.❡ ❬✹✾❪ ❡ ♣❛"❛ ❈❡1−x●❞x❋❡4@12 ♥8- ❛♣"❡-❡♥.❛♠♦- ♦ "❡-✉❧.❛❞♦ ♥❛ ✜❣✉"❛ ✹✳✹✳

❆✜♠ ❞❡ .❡"♠♦- ✉♠❛ ✈✐-1♦ ♠❡❧❤♦" ❞♦- ♣♦♥.♦- ♥❛""❛❞♦- ❛❝✐♠❛✱ ❛♣"❡-❡♥.❛♠♦- ♥❛- ✜❣✉"❛-

✹✳✺✭❛✮✲✭❝✮✱ ♣❛"❛ ❛♠❜♦- ♦- ❝♦♠♣♦-.♦-✱ ❛ ✈❛"✐❛01♦ ❝♦♠ ❛ .❡♠♣❡"❛.✉"❛ ✭4.2 . T . 300 ❑✮ ❞❛

❧❛"❣✉"❛ ❞❡ ❧✐♥❤❛ ✭∆H✮ ♣❛"❛ ✈K"✐❛- ."❛♥-✐0W❡- ❞♦ ❡-♣❡❝."♦ ❞♦ ●❞

3+
♦❜.✐❞♦- ♣❛"❛ ❞✐❢❡"❡♥.❡-

♦"✐❡♥.❛0W❡- ❞♦ ❝❛♠♣♦ ♠❛❣♥3.✐❝♦ ❛♣❧✐❝❛❞♦✳ @❛"❛ T . 150 ❑✱ ❛ ✜❣✉"❛ ✹✳✺✭❛✮ ❛♣"❡-❡♥.❛ ∆H

♣❛"❛ ."❛♥-✐01♦

1
2
←→ −1

2
✱ ❝♦♠ ❝❛♠♣♦ ♠❛❣♥3.✐❝♦ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛- 3 ♣"✐♥❝✐♣❛✐- ❞✐"❡0W❡-

❝"✐-.❛❧♦❣"K✜❝❛- ✭❬✵✵✶❪✱ ❬✶✶✶❪ ❡ ❬✶✶✵❪✮ ❡ ♣❛"❛ θ ∼ 300
✭❡-♣❡❝."♦ ❝♦❧❛♣-❛❞♦✮✳ @❛"❛ T & 160

❑✱ ❡ ♣❛"❛ ♦ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦ ♥❡-.❡- ♠❡-♠❛- ❞✐"❡0W❡-✱ ❛ ✹✳✺✭❛✮ ♠♦-."❛ ∆H ♣❛"❛ ♦ ❡-♣❡❝."♦

❝♦❛❧❡-❝✐❞♦✳ ❊-.❡- ❞❛❞♦- "❡✈❡❧❛♠✱ -❡♠ ❛♠❜✐❣✉✐❞❛❞❡✱ B✉❡ ❡①✐-.❡♠ ✸ "❡❣✐W❡- ❞❡♥."♦ ❞❛- B✉❛✐-

♦ ❡-♣❡❝."♦ ❞❡♣❡♥❞❡ ❞❡ ♠❛♥❡✐"❛ ❞✐-.✐♥.❛ ❞❛ .❡♠♣❡"❛.✉"❛✿ "❡❣✐1♦ ■✱ ♣❛"❛ T . 150 ❑✱ ♥❛ B✉❛❧

∆H ✐♥❞❡♣❡♥❞❡ ❞❛ .❡♠♣❡"❛.✉"❛ ❡ 3 ❜❛-.❛♥.❡ ✜♥❛ ✭≈ 4 ❖❡✮❀ "❡❣✐1♦ ■■✱ ♦♥❞❡ 160 . T . 200 ❑✱

♥❛ B✉❛❧ ❛ ❡-."✉.✉"❛ ✜♥❛ ❝♦❛❧❡-❝❡ ♥✉♠❛ _♥✐❝❛ ❧✐♥❤❛ ❧❛"❣❛ ❡ ❛♥✐-♦."8♣✐❝❛❀ ❡ "❡❣✐1♦ ■■■✱ T & 200

❑✱ ♦♥❞❡ ∆H -❡ .♦"♥❛ ✐-♦."8♣✐❝❛ ❡ ❛♣"❡-❡♥.❛ ✉♠ ❛❧❛"❣❛♠❡♥.♦ .3"♠✐❝♦ ❞❛ ♦"❞❡♠ ❞❡ 1.1 ❖❡✴❑✱

-✐♠✐❧❛" ❛ ✉♠❛ "❡❧❛①❛01♦ ❞♦ .✐♣♦ ❑♦""✐♥❣❛✳

❆- ✜❣✉"❛- ✹✳✺✭❜✮✲✭❝✮ ♠♦-."❛♠✱ ♣❛"❛ H ❛♦ ❧♦♥❣♦ ❞❡ ❬✵✵✶❪ ❡ θ ≈ 300
✱ ❛ ❞❡♣❡♥❞N♥❝✐❛ ❝♦♠

T ❞❡ ∆H ♣❛"❛ ✈K"✐❛- ."❛♥-✐0W❡- ❞♦ ❡-♣❡❝."♦ ❛--♦❝✐❛❞♦ ❛♦- ❝♦♠♣♦-.♦- ❈❡1−x●❞x❋❡4@12 ❡

❈❛1−x●❞x❇6✳ ❖❜-❡"✈❛✲-❡ B✉❡ ✉♠ ❛❧❛"❣❛♠❡♥.♦ ❧❡♥.♦ -❡ ✐♥✐❝✐❛ ❡♠ ∆H ❡♠ T ≈ 60 ❑ ❡♠

❈❡1−x●❞x❋❡4@12 ❡ T ≈ 120 ❑ ♣❛"❛ ❈❛1−x●❞x❇6✳ ❯♠❛ ❝♦♥."✐❜✉✐01♦ ❞❡ ❢8♥♦♥- ♣❛"❛ ❛ "❡✲

❧❛①❛01♦ ♣♦❞❡"✐❛ ❝❛✉-❛" ❡-.❡ ❢❡♥b♠❡♥♦✱ ♠❛- ❞❛❞♦ ❛ ♣"♦①✐♠✐❞❛❞❡ ❞❛- .❡♠♣❡"❛.✉"❛- ❞❡ ❉❡❜②❡

❞♦- ♠❛.❡"✐❛✐- 3 ❞✐❢I❝✐❧ ✐♠❛❣✐♥❛" ♣♦"B✉❡ ❡-.❛- .❡♠♣❡"❛.✉"❛- ❞❡ ❛.✐✈❛01♦ -1♦ .1♦ ❞✐-.✐♥.❛-✳ ❖

B✉❛❞"♦ ❞❛ ✜❣✉"❛ ♠♦-."❛ ♠❡❞✐❞❛- ❞❡ "❡-✐-.✐✈✐❞❛❞❡ ❬✷✵✱ ✷✹❪ ♣❛"❛ ♦- ❝♦♠♣♦-.♦-✳ ❖- "❡-✉❧.❛❞♦-

♣❛"❛ ❈❡1−x●❞x❋❡4@12 ♠♦-."❛♠ B✉❡ ❤K ❛❧❣✉♠❛ ❞✐❢❡"❡♥❝✐❛01♦ ❞❡ ❝♦♠♣♦".❛♠❡♥.♦ ❞❛ "❡-✐-.✐✈✐✲

✻✸



❋✐❣✉$❛ ✹✳✸✿ ❊+♣❡❝/$♦ ❞❡ ❜❛♥❞❛ ❳ ♣❛$❛ ♦ ❝❛♠♣♦ ♠❛❣♥6/✐❝♦ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐$❡89♦

❬✶✵✶❪ ♠❡❞✐❞♦ ♣❛$❛ ❛✮ ❈❡1−x●❞x❋❡4A12 ❡ ❜✮ ❈❛1−x●❞x❇6✳ ❆D✉✐ ✈❡♠♦+ D✉❡ ❛ /❡♠♣❡$❛/✉$❛ ♥❛

D✉❛❧ ♦ ❡+♣❡❝/$♦ ❞❡ ●❞

3+
♥❛  ❦✉##❡%✉❞✐#❡ ❝♦❧❛♣+❛ ❡♠ ✉♠❛ F♥✐❝❛ ❧✐♥❤❛ 6 ❛♣$♦①✐♠❛❞❛♠❡♥/❡

✐♥❞❡♣❡♥❞❡♥/❡ ❞❛ /❡♠♣❡$❛/✉$❛✳✳

✻✹



❋✐❣✉$❛ ✹✳✹✿ ❊*+✉❞♦ ❞❛ ❞❡♣❡♥❞1♥❝✐❛ ❛♥❣✉❧❛$ ❞♦ ❡*♣❡❝+$♦ ❞❡ ❈❡1−x●❞x❋❡4612 ❛ T = 4.2 ❑✳
❆ ❧✐♥❤❛ *:❧✐❞❛ ❡♠ ✈❡$♠❡❧❤♦ = ✉♠❛ *✐♠✉❧❛>?♦ +❡:$✐❝❛ ❞♦ ❡*♣❡❝+$♦ ✉*❛♥❞♦ ♦ ✈❛❧♦$ b4 = 7 ❖❡
✳ ❖* ❞❛❞♦* ❞❡*+❛ ✜❣✉$❛ ♠♦*+$❛♠ ❝♦♠♦ ✈❛$✐❛♠ ❛* ♣♦*✐>B❡* ❞♦* ❝❛♠♣♦* ❞❛* $❡**♦♥C♥❝✐❛*

|SZ〉 ⇐⇒ |SZ + 1〉 ❡♥+$❡ ♦* ❡*+❛❞♦* ♣✉$♦* ❞❡ *♣✐♥ ✭S = 7
2
✮✳ ❆ ❧✐♥❤❛ ❝❡♥+$❛❧ ♠♦*+$❛ F✉❡ ❛

+$❛♥*✐>?♦ | − 1
2
〉 ⇐⇒ |1

2
〉 = ✐*♦+$:♣✐❝❛✳

❞❛❞❡ ♥❛ ❢❛✐①❛ ❞❡ +❡♠♣❡$❛+✉$❛* ❡♥+$❡ 100 . T . 200 ❑✳ ❊♠ ♣❛$+✐❝✉❧❛$✱ ▼❡✐*♥❡$ ❡+ ❛❧ ❬✷✵❪✱

$❡♣♦$+❛ ✉♠❛ ♠✉❞❛♥>❛ ❣✐❣❛♥+❡*❝❛ ♥❛ F✉❛♥+✐❞❛❞❡ ❞❡ ♣♦$+❛❞♦$❡* ❞♦ ♠❛+❡$✐❛❧✱ ❡♠ +♦$♥♦ ❞❡ 4

♦$❞❡♥* ❞❡ ❣$❛❞❡③❛✳

◆❛ ✜❣✉$❛ ✹✳✻✱ ❛♣$❡*❡♥+❛♠♦* ❛ ❞❡♣❡♥❞1♥❝✐❛ ❛♥❣✉❧❛$ ❞❡ ∆H ♣❛$❛ +❡♠♣❡$❛+✉$❛* ❞❡♥+$♦

❞❛* $❡❣✐B❡* ■■ ❡ ■■■✳ ❙❡❣✉✐♥❞♦ ❛ ❛♥T❧✐*❡ ❞❡ ❯$❜❛♥✱ ❡! ❛❧ ❬✺✵❪✱ ♣❛$❛ ♦ ❢❡♥X♠❡♥♦ ❞❡ ❡①❝❤❛♥❣❡

♥❛))♦✇✐♥❣ ❞❛ ❡*+$✉+✉$❛ ✜♥❛ ❞❡ ❊❙❘ ❞♦ ●❞

3+
❡♠ ♠❡+❛✐* ❞❡ *✐♠❡+$✐❛ ❝Z❜✐❝❛✱ ❡♥❝♦♥+$❛♠♦* F✉❡

♦ ❝♦♠♣♦$+❛♠❡♥+♦ ❞❛ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛ = ❡①♣❧✐❝❛❞♦ ♣❡❧❛ *❡❣✉✐♥+❡ ❡①♣$❡**?♦✱ ❞❛❞❛ ♥♦ $❡❣✐♠❡

❞❡ ❛❝♦♣❧❛♠❡♥+♦ ✐♥+❡$♠❡❞✐T$✐♦✿ ∆H ❂ ❆✭T ✮ ✰ ❇✭T ✮p2(θ) ♦♥❞❡ p2(θ) ❂ 1 − 5[sin2(θ) +

(3/4)sin4(θ)]✳ ❆ ✜❣✉$❛ ✹✳✺✭❛✮ ♠♦*+$❛ F✉❡ ❤T ✉♠ ❡*+$❡✐+❛♠❡♥+♦ ❞❡ ∆H ♣❛$❛ T → 200 ❑ ❡

F✉❡ ❛ ❛♥✐*♦+$♦♣✐❛ ❞❛ ❧✐♥❤❛ ❞✐♠✐♥✉✐ ✭❇✭T → 200 ❑✮→ 0✮✳ 6❛$❛ T & 200 ❑✱ ∆H +♦$♥❛✲*❡

✐*♦+$:♣✐❝❛ ❡ ❛✉♠❡♥+❛ ❧✐♥❡❛$♠❡♥+❡ ❝♦♠ ✉♠❛ +❛①❛ ❞❡ 1.1 ❖❡✴❑✳ ❊*+❡* ♣♦♥+♦* ❡✈✐❞❡♥❝✐❛♠ F✉❡

✉♠❛ $❡❧❛①❛>?♦ ❞♦ +✐♣♦ ❑♦$$✐♥❣❛ ♣❛$❡❝❡ ❡*+❛$ ❛❝♦♥+❡❝❡♥❞♦✱ ✐✳❡✳✱ ♦* `♦♥* ❞❡ ●❞

3+
$❡❧❛①❛♠ ♣❛$❛

❛ $❡❞❡ ❛+$❛✈=* ❞❡ ✉♠❛ ✐♥+❡$❛>?♦ ❞❡ +$♦❝❛✱ JfsS.s✱ ❡♥+$❡ ♦ ♠♦♠❡♥+♦ ❧♦❝❛❧✐③❛❞♦ ❞♦ ●❞
3+

❡ ♦*

❡❧=+$♦♥* ❞❡ ❝♦♥❞✉>?♦ ❛+✐✈❛❞♦* ♣❡❧❛ +❡♠♣❡$❛+✉$❛✳

❱♦❧+❛♥❞♦ ❛ ❛+❡♥>?♦ ♣❛$❛ ❛ ♣❛$+❡ ❞❡ ❜❛✐①❛ T ✱ ✈❡♠♦* F✉❡ ♣❛$❛ T . 10 ❑✱ ❛ ✜❣✉$❛ ✹✳✼ ♠♦*+$❛

❛ +$❛♥*✐>?♦ ✭

1
2
→ −1

2
✮ *❛+✉$❛ ❞❡✈✐❞♦ ❛♦ ❧♦♥❣♦ +❡♠♣♦ T1 ❞❡ $❡❧❛①❛>?♦ *♣✐♥✲$❡❞❡✳ ❆ ♣❛$+✐$ ❞♦*

❢❛+♦$❡* ❞❡ *❛+✉$❛>?♦✱ ♣♦❞❡♠♦* ❡*+✐♠❛$ T1 ≈ 10 ♠* ❡ T1 ≈ 4 ♠* ♣❛$❛ ♦ ❈❡1−x●❞x❋❡4612 ❡

❈❛1−x●❞x❇6✱ $❡*♣❡❝+✐✈❛♠❡♥+❡✳ ◆♦ ♠❛✐*✱ ❛ ♣❛$+✐$ ❞❛ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛✱ ♦ +❡♠♣♦ ❞❡ $❡❧❛①❛>?♦

*♣✐♥✲*♣✐♥ ♣♦❞❡ *❡$ ❡*+✐♠❛❞♦ ❡♠ T2 ≈ 0.1µ* ♥♦* ❞♦✐* ❝♦♠♣♦*+♦*✳ ◆♦+❡ F✉❡ ❛ $❡❧❛①❛>?♦ +✐♣♦

❑♦$$✐♥❣❛ ♥?♦ ❡①✐*+❡ ♥❡*+❡ ✐♥+❡$✈❛❧♦ ❞❡ T ✭$❡❣✐?♦ ■✮✱ ♦♥❞❡ ♦* ❝♦♠♣♦*+♦* ❝♦♠♣♦$+❛♠✲*❡ ❝♦♠♦

✻✺



❋✐❣✉$❛ ✹✳✺✿ ❊+,✉❞♦ ❝♦♠ ❛ ✈❛$✐❛23♦ ❞❡ T ❞❛ ❧❛$❣✉$❛ ❞❡ ❧✐♥❤❛ ❞❡ ❊❙❘ ❞❡ ❞✐❢❡$❡♥,❡+ ,$❛♥+✐2;❡+

❡ ❞✐$❡2;❡+ ❞♦ ❝❛♠♣♦ ♠❛❣♥=,✐❝♦ ❛♣❧✐❝❛❞♦✳ ❛✮ ▼♦+,$❛ ✈❛$✐❛23♦ ❝♦♠ T ♣❛$❛ ❛ ❧✐♥❤❛ ❝❡♥,$❛❧ ❡ ♦

❡+♣❡❝,$♦ ❝♦❧❛♣+❛❞♦ ✭θ ≈ 300
✮ ❞♦ ❈❡1−x●❞x❋❡4C12✳ ❆❝✐♠❛ ❞❡ 160 ❑✱ ❛♣$❡+❡♥,❛♠♦+ ∆H ♣❛$❛

❛ G♥✐❝❛ ❧✐♥❤❛ H✉❡ ♣❛++❛ ❛ +❡$ ♦❜+❡$✈❛❞❛✳ ❆ ✜❣✉$❛ ♣;❡ ❡♠ ❡✈✐❞❡♥❝✐❛ ❛ ❡①✐+,L♥❝✐❛ ❞❡ ✸ $❡❣✐;❡+

♥❛ H✉❛✐+ ♦ ❡+♣❡❝,$♦ ❝♦♠♣♦$,❛✲+❡ ❞❡ ♠❛♥❡✐$❛ ❞✐+,✐♥,❛✳ ❜✮ ❡ ❝✮ ❛♣$❡+❡♥,❛♠ ❛ ❡✈♦❧✉23♦ ❞❡ ∆H
❞❛+ ,$❛♥+✐2;❡+ ❡①,❡$♥❛+✱ ❞❛ ❧✐♥❤❛ ❝❡♥,$❛❧✱ ❡ ❞♦ ❡+♣❡❝,$♦ ❝♦❧❛♣+❛❞♦ ♣❛$❛ ❛♠❜♦+ ♦+ ❝♦♠♣♦+,♦+✳

✻✻



❋✐❣✉$❛ ✹✳✻✿ ❉❡♣❡♥❞/♥❝✐❛ ❛♥❣✉❧❛$ ❞❡ ∆H ❞♦ ❡3♣❡❝4$♦ ❞❡ ❈❡1−x●❞x❋❡4712 ♥❛3 $❡❣✐8❡3 ■■ ❡

■■■✳ ❆ ❧✐♥❤❛ 3<❧✐❞❛ = ✉♠ ♠♦❞❡❧♦ 4❡<$✐❝♦ ❞❡❞✉③✐❞♦ ♣❛$❛ ❛ ❛♥✐3♦4$♦♣✐❛ ❞♦ ❡3♣❡❝4$♦ ♥♦ $❡❣✐♠❡

❞❡ ❛❝♦♣❧❛♠❡♥4♦ ✐♥4❡$♠❡❞✐@$✐♦ ❞✉$❛♥4❡ ♦ ❢❡♥B♠❡♥♦ ❞❡ ❡①❝❤❛♥❣❡ ♥❛''♦✇✐♥❣✳ ◆❛ $❡❣✐D♦ ■■■ ♦

❡3♣❡❝4$♦ ♣❛$❡❝❡ 3❡$ ✐3♦4$<♣✐❝♦✳

✐3♦❧❛♥4❡3✳ ❆ ♣❛$4✐$ ❞❡ ∆H ❡♠ T ≈ 280 ❑✱ ❝♦♠♦ ♥❛ ✜❣✉$❛ ✹✳✺✭❛✮✱ ♣♦❞❡♠♦3 ❡34✐♠❛$ ♦ ✈❛❧♦$ ❞❡

T1 ≈ 0.002 µ3 ♣❛$❛ ❈❡1−x●❞x❋❡4712✱ ✈❛❧♦$ ♠✉✐4♦ ♠❡♥♦$ L✉❡ ♦ ❛❝❤❛❞♦ ❛ ❜❛✐①❛ 4❡♠♣❡$❛4✉$❛

♣❛$❛ T2✳ 7♦$4❛♥4♦✱ ❛ ❛❧4❛ 4❡♠♣❡$❛4✉$❛✱ T1 ∼ T2✱ ♦ L✉❡ = ♠❛✐3 ✉♠❛ ✐♥❞✐❝❛OD♦ L✉❡ ♦ ❝♦♠♣♦34♦

3❡ ❝♦♠♣♦$4❛ ❝♦♠♦ ✉♠❛ ♠❡4❛❧ ♥❡34❛ $❡❣✐D♦✳ ❆ ♠✉❞❛♥O❛ ❞❛ ❢♦$♠❛ ❞❡ ❧✐♥❤❛ 4❛♠❜=♠ = ✉♠❛

❡✈✐❞/♥❝✐❛ ❞✐$❡4❛ ♣❛$❛ ♠✉❞❛♥O❛ ❞❡ ❝♦♠♣♦$4❛♠❡♥4♦ ❞♦ 3✐34❡♠❛✱ ❡✱ ❛33✐♠ ❝♦♠♦ ♦ ❛❝✐♠❛ ❡①♣♦34♦

❡♠ $❡❧❛OD♦ ❛♦3 4❡♠♣♦3 ❞❡ $❡❧❛①❛OD♦ T1 ❡ T2✱ 4❛♠❜=♠ ✐♥❞❡♣❡♥❞❡ ❞❡ ♠♦❞❡❧♦ ❡3♣❡❝P✜❝♦ ♣❛$❛ ♦

❝♦♠♣♦$4❛♠❡♥4♦ ♠❡4@❧✐❝♦ ♦✉ ✐3♦❧❛♥4❡✳

✹✳✹ ❉✐$❝✉$$'♦

❊♠ ❣❡$❛❧✱ ♥♦33♦3 $❡3✉❧4❛❞♦3 ♠♦34$❛♠ L✉❡✱ ♥❛ $❡❣✐D♦ ❞❡ ❜❛✐①❛ 4❡♠♣❡$❛4✉$❛ T . 160 ❑✱ ♦

❡3♣❡❝4$♦ ❞❡✈✐❞♦ ❛♦ ❈❡1−x●❞x❋❡4712 ❡✈♦❧✉✐ ❝♦♠♦ = ❡3♣❡$❛❞♦ ❡♠ ✉♠ ❝♦♠♣♦34♦ ✐3♦❧❛♥4❡ ❡✱ L✉❡

♥❛ $❡❣✐D♦ ❞❡ ❛❧4❛ 4❡♠♣❡$❛4✉$❛ T & 160 ❑✱ ❡✈♦❧✉✐ ❝♦♠♦ = ❡3♣❡$❛❞♦ ❡♠ ✉♠ ♠❡4❛❧✳ ❊33❛3

✐❞=✐❛3 3D♦ ❝♦$$♦❜♦$❛❞❛3 ♣❡❧❛ ♠✉❞❛♥O❛ ❞❛ ❢♦$♠❛ ❞❡ ❧✐♥❤❛ ❡ $❡❣✐♠❡ ❞❡ $❡❧❛①❛OD♦ ✭✜❣✉$❛3 ✹✳✶✱

✹✳✷✱ ✹✳✸✱ ✹✳✺ ❡ ✹✳✼✮ ♦❜3❡$✈❛❞♦3 ❝♦♠ ♦ ❛✉♠❡♥4♦ ❞❛ 4❡♠♣❡$❛4✉$❛✱ ❡ 4❛♠❜=♠ ♣❡❧❛ ❞❡♣❡♥❞/♥❝✐❛

❛♥❣✉❧❛$ ❞♦ ❡3♣❡❝4$♦ ♥❛ $❡❣✐D♦ ■ ✭■■✮✱ L✉❡ ❡34D♦ ❡♠ ❛❝♦$❞♦ ❝♦♠ ♦ ❝♦♠♣♦$4❛♠❡♥4♦ ❡3♣❡$❛❞♦

♣❛$❛ ♦ ❡3♣❡❝4$♦ ❞❡ ●❞

3+
❞❡ ✉♠ ✐3♦❧❛♥4❡ ✭♠❡4❛❧ ♥♦ $❡❣✐♠❡ ❞❡ ❛❝♦♣❧❛♠❡♥4♦ ✐♥4❡$♠❡❞✐@$✐♦✮ ❞❡

3✐♠❡4$✐❛ ❝V❜✐❝❛ ✭✜❣✉$❛3 ✹✳✹ ❡ ✹✳✻✮✳ ❈❤❛♠❛♠♦3 ❛✐♥❞❛ ❛4❡♥OD♦ ♣❛$❛ ♦ ❢❛4♦ L✉❡ ❛❧❣✉♠❛3 ❞❛3

❝♦♠♣♦♥❡♥4❡3 ❞♦ ❡3♣❡❝4$♦ ❞❡✈✐❞♦ ❛♦ ❈❡1−x●❞x❋❡4712 ❝♦❛❧❡3❝❡♠ ❡ 3♦❢$❡♠ ❛❧❛$❣❛♠❡♥4♦ ♣❛$❛

4❡♠♣❡$❛4✉$❛3 T . 150 ❑ ✭✜❣✉$❛3 ✹✳✶✱ ✹✳✷✱ ✹✳✸ ❡ ✹✳✺✮ ✳

✻✼



❋✐❣✉$❛ ✹✳✼✿ ❊①♣❡$✐♠❡♥0♦ ❞❡ 3❛0✉$❛45♦ ❞♦ ❡3♣❡❝0$♦ ❞❡ ❛♠❜♦3 ♦3 ❝♦♠♣♦30♦3✳ ❆ ✜❣✉$❛ ♠♦30$❛

:✉❡ ♦3 ❡3♣❡❝0$♦3 3❛0✉$❛♠ ❝♦♠ ♦ ❛✉♠❡♥0♦ ❞❛ ♣♦0;♥❝✐❛ ✐♥❝✐❞❡♥0❡ ❞❡✈✐❞♦ ❛♦ ❧♦♥❣♦ 0❡♠♣♦ T1 ❞❡

$❡❧❛①❛45♦ 3♣✐♥✲$❡❞❡✳

❆♦ ❝♦♠♣❛$❛$ ❡30❡3 ❡3♣❡❝0$♦3 ❝♦♠ ❛:✉❡❧❡3 ♦❜0✐❞♦ ♥♦ ❡①♣❡$✐♠❡♥0♦ ❞♦ ❈❛1−x●❞x❇6✱ ✉♠

❝♦♠♣♦30♦ 3✐♠✐❧❛$ ♠❛3 :✉❡ ♥5♦ ❛♣$❡3❡♥0❛ ♦ ❝♦♠♣♦$0❛♠❡♥0♦ ❞❡  ❛""❧✐♥❣✱ ❛❝$❡❞✐0❛♠♦3 :✉❡ ❞❡♠♦3

❢♦$0❡ ❡✈✐❞;♥❝✐❛ :✉❡ 3✉❣❡$❡ ♦3  ❛""❧✐♥❣ ♠♦❞❡, ❡♠ ❈❡1−x●❞x❋❡4D12✱ ❛0$❛✈E3 ❞❡ ✉♠❛ ✐♥0$✐❝❛❞❛

✐♥0❡$❛45♦ ❝♦♠ ♦3 ❡❧E0$♦♥3 ❞❡ ❝♦♥❞✉45♦ ✭c − e✮✱ ❞❡3❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❝❡♥0$❛❧ ♥❛ ❡✈♦❧✉45♦

❞♦ ❡3♣❡❝0$♦ ❞❡ ❊❙❘ ♥❡30❡3 ❝♦♠♣♦30♦3✳

❆ 3✉❜30✐0✉✐45♦ ❞♦3 K♦♥3 ❞❡ ❈❡

3+,4+
✱ ❡♠ ✉♠ ❡30❛❞♦ ♠♦❞❡$❛❞♦ ❞❡ ✈❛❧;♥❝✐❛ ♠✐30❛✱ ♣♦$ ✉♠❛

♣❡:✉❡♥❛ :✉❛♥0✐❞❛❞❡ ❞❡ K♦♥3 ❞❡ ●❞

3+
✱ 3✉♣♦30❛♠❡♥0❡ ♥5♦ 0$❛$✐❛ ❣$❛♥❞❡3 ♠♦❞✐✜❝❛4L❡3 ❛♦ ♣♦✲

0❡♥❝✐❛❧ ❧♦❝❛❧ ❛♦ :✉❛❧ ❡30M 3✉❜♠❡0✐❞♦ ♦3 K♦♥3 ❘ ♥♦ ✐♥0❡$✐♦$ ❞❛3 ❣❛✐♦❧❛3✳ D♦$0❛♥0♦✱ ❡3♣❡$❛✲3❡ :✉❡

♦  ❛""❧✐♥❣ ❞♦ ●❞

3+
3❡❥❛ 3✐♠✐❧❛$ ❛♦  ❛""❧✐♥❣ ❞♦ ❈❡

3+,4+
✱ ❝✉❥♦ ❝♦♠♣♦$0❛♠❡♥0♦ ❥M ❞✐3❝✉0✐♠♦3 ♥❡30❛

0❡3❡✳ ➱ ❝❡$0♦ :✉❡ ♣❡:✉❡♥❛3 ❞✐❢❡$❡♥4❛3 35♦ ❡3♣❡$❛❞❛3 ❞❡✈✐❞♦ ❛ ❞✐❢❡$❡♥4❛ ❞❡ ♠❛33❛ ❡ 0❛♠❛♥❤♦

❞❡30❡3 K♦♥3 ❬✷✼❪✳ ◆❡30❡ 3❡♥0✐❞♦✱ ❡3♣❡$❛✲3❡ :✉❡✱ ❞❡♥0$♦ ❞♦ ❝❡♥M$✐♦ ❞♦3 ♦3❝✐❧❛❞♦$❡3 ❞❡ ❊✐♥30❡✐♥✱

♦ ●❞

3+
❞❡3❡♥✈♦❧✈❛ ✉♠❛ ❞✐♥T♠✐❝❛ ♥✉♠❛ ❢$❡:✉;♥❝✐❛ ♣$U①✐♠❛ ❛ θE = 150 ❑✱ ❞❡0❡$♠✐♥❛❞❛ ♣❛$❛

♦3 K♦♥3 ❞❡ ❈❡

3+,4+
✳ ❊30❛ ❢$❡:✉;♥❝✐❛ E ♠✉✐0♦ ♠❛✐♦$ :✉❡ ❛ ❢$❡:✉;♥❝✐❛ ❞♦ ♥♦33♦ ❡①♣❡$✐♠❡♥0♦

❡ ❡3♣❡$❛♠♦3 :✉❡ ❛3 ✐♥♦♠♦❣❡♥❡✐❞❛❞❡3 ❞❡ ❝❛♠♣♦ ❝$✐30❛❧✐♥♦ ❞❡❝♦$$❡♥0❡3 ❞❡30❛ ❞✐♥T♠✐❝❛ 3❡❥❛♠

♦❜3❡$✈❛❞❛3 ❛♣❡♥❛3 ❛0$❛✈E3 ❞❡ ❛❧❣✉♠ ❢❡♥W♠❡♥♦ :✉❡ ❡♥✈♦❧✈❛♠ ♠E❞✐❛3 ❞❡30❛3 ❡①❝✉$3L❡3✳

◆5♦ ♦❜30❛♥0❡✱ ❛ ❝♦❛❧❡3❝;♥❝✐❛ ❞❡ ❛❧❣✉♠❛3 ❝♦♠♣♦♥❡♥0❡3 ❞❛ ❡30$✉0✉$❛ ✜♥❛ ❞♦ ●❞

3+
♦❜3❡$✈❛❞❛

♥♦ ❡3♣❡❝0$♦ ♣❛$❛ T & 100 ❑✱ ❡ 0❛♠❜E♠ ♦ ❛❧❛$❣❛♠❡♥0♦ ❞❡ ❛❧❣✉♠❛3 ❞❡30❛3 ❝♦♠♣♦♥❡♥0❡3

♦❜3❡$✈❛❞♦ ♣❛$❛ T & 60 ❑✱ ♣♦❞❡ 3❡$ ❡①♣❧✐❝❛❞❛ ♣♦$ ✉♠❛ ❞✐30$✐❜✉✐45♦ ❞❡ ♣❛$T♠❡0$♦3 b4 ♥❛

❍❛♠✐❧0♦♥✐❛♥❛ ❞❡ ❝❛♠♣♦ ❝$✐30❛❧✐♥♦✳ ❚$❛0❛✲3❡ ❞❡ ✉♠❛ ❞✐30$✐❜✉✐45♦ ●❛✉33✐❛♥❛✱ ❝❡♥0$❛❞❛ ♥♦

✈❛❧♦$ 7(1) ❖❡ :✉❡ ❞❡0❡$♠✐♥❛♠♦3 ❡①♣❡$✐♠❡♥0❛❧♠❡♥0❡✳ ❈♦♥❥❡❝0✉$❛♠♦3 :✉❡ ❡30❛ ❞✐30$✐❜✉✐45♦

❡①♣$❡33❛✱ ❛♦ ♠❡♥♦3 ❛♦ ♥K✈❡❧ ❢❡♥♦♠❡♥♦❧U❣✐❝♦✱ ❛ ❞✐30$✐❜✉✐45♦ ❞❡ ♣❛$T♠❡0$♦3 ❞❡ ❝❛♠♣♦ ❝$✐30❛❧✐♥♦

✻✽



❋✐❣✉$❛ ✹✳✽✿ ❈♦♠♣❛$❛./♦ ❞♦ ❡①♣❡$✐♠❡♥4♦ ❞❡ ❊❙❘ ❡♠ ❈❡1−x●❞x❋❡4912 ❝♦♠ ;✐♠✉❧❛./♦ 4❡=$✐❝❛

❞❛; ❧✐♥❤❛; ❞❡ ❡;♣❡❝4$♦ ♣❛$❛ ♦ ❝❛♠♣♦ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐$❡./♦ ❬✵✵✶❪✳ ❖; ❞❛❞♦; ❛ ❜❛✐①❛

T ;/♦ ♠✉✐4♦ ❜❡♠ $❡♣$♦❞✉③✐❞♦; ♣♦$ ♥♦;;♦ ♠♦❞❡❧♦ ❡ ✉♠❛ ❝♦♠♣❛$❛./♦ ❞♦; ❡;♣❡❝4$♦ ❞❡ ❛❧4❛ T
❝♦♠ ❛; ;✐♠✉❧❛.F❡; ♠♦;4$❛ G✉❡ ♦ ❝♦♠♣♦$4❛♠❡♥4♦ ♣❛$❛ T ♥❛ $❡❣✐/♦ ■■ ♣♦❞❡ ;❡$ ❡♥4❡♥❞✐❞♦✱ ❛♦

♠❡♥♦; G✉❛❧✐4❛4✐✈❛♠❡♥4❡✱ ❡♠ 4❡$♠♦; ❞❡ ✉♠❛ ❞✐;4$✐❜✉✐./♦ ❞❡ ♣❛$K♠❡4$♦; b4✳

G✉❡ ;❡ ❡;♣❡$❛ G✉❡ ;❡❥❛♠ 4❡;4❡♠✉♥❤❛❞❛; ♣❡❧♦; ●❞

3+
❡♠ ✉♠❛ ❞✐♥K♠✐❝❛ ❞❡ ❜❛✐①❛ ❢$❡G✉N♥❝✐❛✳

❆;;✐♠✱ ❝♦♥❝❧✉P♠♦; G✉❡ ❡;4❡ ❡;♣❡❝4$♦ ❡①♣$❡;;❛  ❛""❧✐♥❣ ♠♦❞❡+ ❞❡ ❜❛✐①❛ ❢$❡G✉N♥❝✐❛ ❛;;♦❝✐❛❞♦;

❛; ❡①❝✉$;F❡; ❞♦ ●❞

3+
✳ ◆❛ ✜❣✉$❛ ✹✳✽ ❛♣$❡;❡♥4❛♠♦; ✉♠❛ ❝♦♠♣❛$❛./♦ ❡♥4$❡ ♦; ❡;♣❡❝4$♦; ❡ ❡;4❛;

;✐♠✉❧❛.F❡; 4❡=$✐❝❛;✳

◆♦ ❡♥4❛♥4♦✱ ✉♠❛ ❞✐;4$✐❜✉✐./♦ ❞❡ ♣❛$K♠❡4$♦; b4 ♥/♦ ❧❡✈❛ ♦ ❡;♣❡❝4$♦ ❛ 4♦$♥❛$✲;❡ ✉♠❛ T♥✐❝❛

❧✐♥❤❛ ❝♦♠♦ ♦❜;❡$✈❛❞♦ ♣❛$❛ T & 160 ❑✳ ❊♠ ♣❛$4✐❝✉❧❛$✱ ❡;4❛ ❞✐;4$✐❜✉✐./♦ ♥/♦ ❛❧4❡$❛ ❛ ❞✐♥K♠✐❝❛

❞❛ ❧✐♥❤❛ ❞❡✈✐❞♦ ❛ 4$❛♥;✐./♦ ✭

1
2
←→ −1

2
✮✳ ❉❡ ❢❛4♦✱ ❛❝✐♠❛ ❞❡;4❛ 4❡♠♣❡$❛4✉$❛ ♦ ❡;♣❡❝4$♦ ❡✈♦❧✉✐

❝♦♠♦ ♥✉♠ ♠❡4❛❧✱ ❝♦♠ 4♦❞❛; ❛; ❝❛$❛❝4❡$P;4✐❝❛; ❞❡ ✉♠ ❢❡♥Y♠❡♥♦ ❞❡ ❡①❝❤❛♥❣❡ ♥❛  ♦✇✐♥❣✳ ❖

❝❡♥Z$✐♦ ♠❛✐; ♥❛4✉$❛❧ [ ♣$♦♣♦$ G✉❡ ♦; ❡❧[4$♦♥; ❧♦❝❛❧✐③❛❞♦; ♣❛;;❛♠ ❛ ✐♥4❡$❛❣✐$ ❝♦♠ ♦; c − e

G✉❡ ❢♦$❛♠ ♣$♦♠♦✈✐❞♦; ♣❡❧♦ ❛✉♠❡♥4♦ ❞❛ 4❡♠♣❡$❛4✉$❛ ❛4$❛✈[; ❞♦ ❣❛♣ ❞❡ ∆G = 0.15 ❡❱✳ ▼❛;

[ ♥♦4Z✈❡❧ G✉❡ ♦ ❢❡♥Y♠❡♥♦ ♦❝♦$$❡ ♥✉♠❛ ❡;❝❛❧❛ ❞❡ T ✭T ≈ 150 ❑✮✱ ❜❛;4❛♥4❡ ✐♥❢❡$✐♦$ ❛ ❡;❝❛❧❛

❞❡ ❡♥❡$❣✐❛ ❞♦ ❣❛♣ ∆G ≈ 1500 ❑✳

❈Z❧❝✉❧♦; ❞❛ ❡;4$✉4✉$❛ ❡❧❡4$Y♥✐❝❛ ❞❡;4❡ ♠❛4❡$✐❛❧ ❬✹✺❪✱ ✐♥❞✐❝❛♠ G✉❡ ♥♦ ♥P✈❡❧ ❞❡ ❋❡$♠✐ ♦;

❡❧[4$♦♥; ✹f ❞♦; Z4♦♠♦; ❞❡ ❈❡ ❤✐❜$✐❞✐③❛♠ ❢♦$4❡♠❡♥4❡ ❝♦♠ ♦$❜✐4❛✐; ✸d ❞♦ ❋❡ ❡ p ❞♦ 9✳ ❊;4❛

❤✐❜$✐❞✐③❛./♦ ❞Z ♦$✐❣❡♠ ❛♦ ❣❛♣ ♣$❡;❡♥4❡ ♥♦ ♠❛4❡$✐❛❧✳ ❆ ❝♦♥4$✐❜✉✐./♦ ❞❡ ❡❧[4$♦♥; ✹f ❞♦ ❈❡ ❛♦

♥P✈❡❧ ❞❡ ❋❡$♠✐ $❡;✉❧4❛ ❡♠ ✉♠❛ ❞❡♥;✐❞❛❞❡ ❞❡ ❡;4❛❞♦; $❡❧❛4✐✈❛♠❡♥4❡ ❣$❛♥❞❡ ♣❛$❛ ❡;4❡ ♠❛4❡$✐❛❧✳

◆♦ ❡♥4❛♥4♦✱ ❡;♣❡$❛✲;❡ G✉❡ ♦ ♥P✈❡❧ ❞❡ ♦❝✉♣❛./♦ ❞❡;4❡; ❡;4❛❞♦;✱ ❞❛❞♦ ♣❡❧❛ ❢✉♥./♦ ❞❡ ❋❡$♠✐✲

❉✐$❛❝✱ ;❡❥❛ ❡①4$❡♠❛♠❡♥4❡ ❜❛✐①❛ ♣❛$❛ T ≈ 150 ≈ ∆G

10
❑✳

❯♠❛ ✈❡③ G✉❡ ✉♠❛ ❜❛✐①❛ ♦❝✉♣❛./♦ ❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉./♦ [ ❡;♣❡$❛❞❛ ♥❡;4❡ ♠❛4❡$✐❛❧✱

✜❝❛♠♦; ❝♦♠ ❛ ♦♣./♦ G✉❡ ♦ ❢❡♥Y♠❡♥♦ ❞❡ ❡①❝❤❛♥❣❡ ♥❛  ♦✇✐♥❣✱ ❡ ♣♦;4❡$✐♦$ $❡❧❛①❛./♦ 4✐♣♦

✻✾



❑♦""✐♥❣❛✱ ❛✐♥❞❛ ♣♦❞❡"✐❛ +❡ ❞❡+❡♥✈♦❧✈❡" ♥❛ ♣"❡+❡♥.❛ ❞❡ ✉♠❛ ❝♦♥+2❛♥2❡ ❞❡ ❛❝♦♣❧❛♠❡♥2♦ Jfs

3✉❡ ❢♦++❡ ❣"❛♥❞❡ ♦ +✉✜❝✐❡♥2❡✱ ❛ ♣♦♥2♦ ❞❡ ❝♦♠♣❡♥+❛" ❛ ❜❛✐①❛ ♦❝✉♣❛.8♦ ❞♦ ♥9✈❡❧ ❞❡ ❋❡"♠✐✳ ❯♠❛

❡+2✐♠❛2✐✈❛ ❞❡+2❡ Jfs ♣♦❞❡ +❡" ❢❡✐2❛ ✉+❛♥❞♦ ♦ "❡+✉❧2❛❞♦ ♣❛"❛ ❛ 2❛①❛ ❞❡ ❑♦""✐♥❣❛ b = 1.1(1)

❖❡✴❑ ❡♥❝♦♥2"❛❞❛ ♥♦ ❡①♣❡"✐♠❡♥2♦ ✭✈❡" ✜❣✉"❛ ✹✳✺✮ ✳

C❛"❛ ❢❛③❡" 2❛❧ ❡+2✐♠❛2✐✈❛✱ ❧❡♠❜"❛♠♦+ 3✉❡ ❡♠ ♠❡2❛✐+ ❬✷✸❪ b = 2 × 10−4(Jfsη(EF ))
2
✱ ♦♥❞❡

η(EF ) I ❛ ❞❡♥+✐❞❛❞❡ ❞❡ ❡+2❛❞♦+ ♥♦ ♥9✈❡❧ ❞❡ ❋❡"♠✐ ❞♦ ♠❛2❡"✐❛❧ ✭❡♠ ♠❡2❛✐+✱ ❡+2❡ ✈❛❧♦" I 2"✐✈✐❛❧

✉♠❛ ✈❡③ 3✉❡ ♦ ♥9✈❡❧ ❞❡ ❋❡"♠✐ ❡+2J 2♦2❛❧♠❡♥2❡ ♦❝✉♣❛❞♦✱ ♦✉ +❡❥❛ TF ≫ Texperimento ✮ ❀ η(EF )

♣♦❞❡ +❡" ❡+2✐♠❛❞♦ ✉+❛♥❞♦ ♦ ❝J❧❝✉❧♦ ❞❛ ❡+2"✉2✉"❛ ❡❧❡2"M♥✐❝❛ ❬✹✺❪ ❡ ♠✉❧2✐♣❧✐❝❛♥❞♦ ❡+2❡ ✈❛❧♦"

♣❡❧❛ ❢✉♥.8♦ ❞❡ ❋❡"♠✐✲❉✐"❛❝❀ ✉♠ ✈❛❧♦" ❞❡ Jfs = 10 ❡❱ I ♦❜2✐❞♦✳ ❊+2❡ ✈❛❧♦" I✱ ♦❜✈✐❛♠❡♥2❡✱ ♥8♦

❝♦♥❞✐③❡♥2❡ ❝♦♠ ✉♠ ♠❛2❡"✐❛❧ ❞♦ ♠✉♥❞♦ "❡❛❧✳

❙♦♠❛♥❞♦ 2♦❞❛+ ❡+2❛+ ❡✈✐❞S♥❝✐❛+✱ ❝"❡♠♦+ 3✉❡ ✉♠❛ ✐♥2"✐❝❛❞❛ ✐♥2❡"❛.8♦ ❞♦+ ❡❧I2"♦♥+ 2❡"✲

♠✐❝❛♠❡♥2❡ ❛2✐✈❛❞♦+ ❡ ♦+  ❛""❧✐♥❣ ♠♦❞❡+ ❞♦+ 9♦♥+ ❞❡ ❈❡

3+,4+
♣"♦♠♦✈❡ ❛ "❡❧❛①❛.8♦ ❞♦ 9♦♥ ❞❡

●❞

3+
✳ ◆❡+2❡ +❡♥2✐❞♦✱ ♦+  ❛""❧✐♥❣ ♠♦❞❡+ ❡+28♦ ❝♦""❡❧❛❝✐♦♥❛❞♦+ ❝♦♠ ❛ ❡+2"✉2✉"❛ ❡❧❡2"M♥✐❝❛ ❞♦

❈❡❋❡4C12✳ ❆++♦❝✐❛♠♦+ ❡+2❡ ❢❡♥M♠❡♥♦ X ❞✐♥Y♠✐❝❛ ❞♦+ ❈❡
3+,4+

✉♠❛ ✈❡③ 3✉❡ ❛❧❣✉♠❛ ❤✐❜"✐❞✐③❛✲

.8♦ I ♥❡❝❡++J"✐❛ ♣❛"❛ ❧✐❣❛" ♦+  ❛""❧✐♥❣ ♠♦❞❡+ X ❡+2"✉2✉"❛ ❡❧❡2"M♥✐❝❛ ❞♦ ❝♦♠♣♦+2♦✳ ◆♦2❡ ❛✐♥❞❛✱

3✉❡ 2♦❞♦ ❢❡♥M♠❡♥♦ ♦❝♦""❡ ♥✉♠❛ 2❡♠♣❡"❛2✉"❛ ♣"[①✐♠❛ ❛ θE ≈ 150 ❑✱ 2❛❧ 3✉❛❧ ❢♦✐ ♦❜2✐❞❛ ♣❛"❛

❡+2❡ ♠❛2❡"✐❛❧ ❡♠ ❡①♣❡"✐♠❡♥2♦+ ❞❡ ❊❳❆❋❙ ❬✷✼❪ ❡ 3✉❡ ♥❛❞❛ ♣❛"❡❝✐❞♦ ♦❝♦""❡ ♥♦ ❡+♣❡❝2"♦ ❞❡

❈❛1−x●❞x❇6✳

✹✳✺ ❈♦♥❝❧✉)*♦

❉❡ ❛❝♦"❞♦ ❝♦♠ ❡①♣❡"✐♠❡♥2♦+ ❞❡ ❘❛♠❛♥ ❡♠ ✈J"✐❛+ +❦✉""❡ ✉❞✐"❡+✱ ❡①✐+2❡ ❛ ♣❡"+♣❡❝2✐✈❛ 3✉❡

♦+  ❛""❧✐♥❣ ♠♦❞❡+ ♣♦❞❡♠ ✐♥2❡"❛❣✐" ❝♦♠ ♦+ c − e ❡♠ ❛❧❣✉♠❛+ +❦✉""❡ ✉❞✐"❡+✳ ◆❡+2❡ 2"❛❜❛❧❤♦✱

❛♣"❡+❡♥2❛♠♦+ ❢♦"2❡ ❡✈✐❞S♥❝✐❛ 3✉❡ ❡♠ ❈❡1−x●❞x❋❡4C12 ♦  ❛""❧✐♥❣ ❞♦+ 9♦♥+ ❞❡ ❈❡

3+,4+
❛❜"❡ ✉♠

❝❛♠✐♥❤♦ ♣❛"❛ ❛ "❡❧❛①❛.8♦ ❞♦ ●❞

3+
❛♦ ✐♥2❡"❛❣✐" ❝♦♠ ❡❧I2"♦♥+ 2❡"♠✐❝❛♠❡♥2❡ ❛2✐✈❛❞♦+✳ ❊+2❛

✐♥2❡"❛.8♦ ❡❢❡2✐✈❛♠❡♥2❡ ❛✉♠❡♥2❛ ❛ ❞❡♥+✐❞❛❞❡ ❞❡ ♣♦"2❛❞♦"❡+ ❛♦ "❡❞♦" ❞♦ ●❞

3+
❧❡✈❛♥❞♦ ❛ ✉♠❛

❡+♣I❝✐❡ ❞❡ 2"❛♥+✐.8♦ ✐+♦❧❛♥2❡ ♠❡2❛❧ ❢"❛❝❛✱ ♦✉ ❧♦❝❛❧✱ ♥♦ +❡♥2✐❞♦ 3✉❡✱ ♥♦ 3✉❡ ❝♦♥❝❡"♥❡ ♥♦++♦+

"❡+✉❧2❛❞♦+ ❞❡ ❊❙❘✱ ♦ +✐+2❡♠❛ +❡ ❝♦♠♣♦"2❛ ❝♦♠♦ ✉♠ ✐+♦❧❛♥2❡ ♣❛"❛ T . 150 ≈ θE ❑ ❡ ❝♦♠♦

✉♠ ♠❡2❛❧ ❛❝✐♠❛ ❞❡+2❛ 2❡♠♣❡"❛2✉"❛✳

❆❝"❡❞✐2❛♠♦+ 3✉❡ ❛ ♣"❡+❡♥2❡ ❡✈✐❞S♥❝✐❛ ♣❛"❛ ❛ ❝♦""❡❧❛.8♦ ❞♦+ ♠♦❞♦+ ❞❡ ✈✐❜"❛.8♦ ❞♦+ 9♦♥+

♥♦ ✐♥2❡"✐♦" ❞❛+ ❣❛✐♦❧❛+ ❞❛+ +❦✉""❡ ✉❞✐"❡+ ❝♦♠ +✉❛+ ♣"♦♣"✐❡❞❛❞❡+ ❡❧❡2"M♥✐❝❛+ ❛❜"❡ ✐♠♣♦"2❛♥2❡

♣❡"+♣❡❝2✐✈❛ ♣❛"❛ ♦ ❡+2✉❞♦ ❞❛ ✐♥2❡"❛.8♦ ❡❧I2"♦♥✲❢[♥♦♥ ❧♦❝❛❧✐③❛❞♦ ♥❡+2❡+ ❝♦♠♣♦+2♦+✳

✼✵



✹✳✻ ❆$%✐❣♦) $❡❧❛❝✐♦♥❛❞♦)

✶✳ ●❞

3+
$❛&&❧✐♥❣ &$✐❣❣❡$❡❞ ❜② ❛ ✏✇❡❛❦✑ ▼✲■ &$❛♥5✐&✐♦♥ ❛& ✶✹✵✲✶✻✵ ❑ ✐♥ &❤❡ ❈❡1−x●❞x❋❡4>12

✭x ≈ 0.001✮ 5❦✉&&❡$✉❞✐&❡ ❝♦♠♣♦✉♥❞5✿ ❛♥ ❊❙❘ 5&✉❞②✳ >❤②5 ❙&❛&✉5 ❙♦❧✐❞ ❇ ✷✹✼✱ ✻✹✼✲✻✹✾

✭✷✵✶✵✮✳

✷✳ ❊①♣❡$✐♠❡♥&❛❧ ❡✈✐❞❡♥❝❡ ❢♦$ ❞✐5♣❡$5✐✈❡ ❛♥❞ ❝♦$$❡❧❛&❡❞ $❛&&❧✐♥❣ ♠♦❞❡5 ✐♥ ❈❡❋❡ 4>12 5❦✉&✲

&❡$✉❞✐&❡ ❝♦♠♣♦✉♥❞5✳ ■♥ ♣#❡♣❛#❛&✐♦♥ ❢♦$ >❤②5 ❘❡✈ ❇✳

✼✶



❈❛♣#$✉❧♦ ✺

❈♦♠♣♦*$❛♠❡♥$♦ $✐♣♦  ♣✐♥ ❣❧❛  ❡♠

 ❦✉))❡+✉❞✐)❡ 

✺✳✶ ■♥%&♦❞✉*+♦

❊!"❡ ❝❛♣'"✉❧♦ ❛♣+❡!❡♥"❛ ♥♦!!♦ "+❛❜❛❧❤♦ ❝♦♠ ♦! ❝♦♠♣♦!"♦! "✐♣♦  ❦✉##❡%✉❞✐#❡ ❊✉❚4❙❜12 ✭❚ =

❋❡✱ ❘✉✱ ❖!✮✱ ✐♥❝❧✉✐♥❞♦ ✉♠ ❡!"✉❞♦ ❝♦♠♣❛+❛"✐✈♦ ❝♦♠ ♦ ❝♦♠♣♦!"♦ "✐♣♦ ❝❧❛#❤%❛#❡ β✲❊✉8●❛16●❡30✳

❊♠ ❛♠❜♦! !✐!"❡♠❛!✱ ♦ '♦♥ ❞❡ ❊✉

2+
+❡!✐❞❡ ♥♦ ✐♥"❡+✐♦+ ❞❡ ✉♠❛ ❣❛✐♦❧❛ ❞❡♥"+♦ ❞❛ ?✉❛❧ +❡❛❧✐③❛

❡①❝✉+!B❡!✱ "❛♠❜C♠ ❡♥"❡♥❞✐❞❛! ❝♦♠♦ %❛##❧✐♥❣ ♠♦❞❡ ✳ ◆♦!!♦ ♦❜❥❡"✐✈♦ C ❛♣+❡!❡♥"❛+ ✉♠ ♥♦✈♦

❝♦♥❥✉♥"♦ ❞❡ ♠❡❞✐❞❛!✱ ❡♠ ✉♠❛ ❝❧❛!!❡ ❞✐!"✐♥"❛ ❞❡ !✐!"❡♠❛!✱ ♦♥❞❡ ♦ ❢❡♥G♠❡♥♦ ❞❡ %❛##❧✐♥❣ !❡

+❡❧❛❝✐♦♥❛ ❝♦♠ ❞❡♠❛✐! ♣+♦♣+✐❡❞❛❞❡! ❞❡ !✐!"❡♠❛✳

❖ ♣+❡!❡♥"❡ ❡!"✉❞♦ !❡ ❞✐!"✐♥❣✉❡ ❞❛?✉❡❧❡! ❛♣+❡!❡♥"❛❞♦! ♥♦ ❝❛♣'"✉❧♦ ❛♥"❡+✐♦+ ✉♠❛ ✈❡③ ?✉❡

♦! !✐!"❡♠❛! ❛?✉✐ ❡!"✉❞❛❞♦! !H♦ ♠❡"I❧✐❝♦!✳ ❖ ❛♣❛+❡❝✐♠❡♥"♦ ❞❡ ❢G♥♦♥! ❧♦❝❛❧✐③❛❞♦! ❡♠ ♠❡"❛✐!

❛❜+❡ ✉♠❛ ♥♦✈❛ ♣❡+!♣❡❝"✐✈❛ ♣❛+❛ ♦ ❡!"✉❞♦ ❞❛ ✐♥"❡+❛JH♦ ❞❡ ❡❧C"+♦♥! ❡ ❢G♥♦♥! ❡♠ !K❧✐❞♦!✳ ❙❡❥❛

❞♦ ♣♦♥"♦ ❞❡ ✈✐!"❛ ❡①♣❡+✐♠❡♥"❛❧✱ ♦✉ "❡K+✐❝♦✱ !H♦ ♣♦✉❝❛! ❛! ❝♦♥"+✐❜✉✐JB❡! ♥❛ ?✉❛❧ ♦ "❡♠❛ C

❛❜♦+❞❛❞♦✳ ❙❦✉##❡%✉❞✐#❡ !H♦ ❝♦♠♣♦!"♦! ?✉❡ ❛❜+✐❣❛♠ ❣+❛♥❞❡ ❞✐✈❡+!✐❞❛❞❡ ❞❡ ♣+♦♣+✐❡❞❛❞❡!

❡❧❡"+G♥✐❝❛! ❡✱ ❞❡!"❛ ♠❛♥❡✐+❛✱ !H♦ !✐!"❡♠❛! ♦♥❞❡ ❡!"❡ ❛❝♦♣❧❛♠❡♥"♦ ♣♦❞❡ !❡+ ❡!"✉❞❛❞♦ ❡♠

❞✐❢❡+❡♥"❡! ❝♦♥"❡①"♦!✳

◆♦ ❝❛♣'"✉❧♦ ❛♥"❡+✐♦+✱ ❛♣+❡!❡♥"❛♠♦! ✉♠ ♣+♦❜❧❡♠❛ ❝✉❥❛ ❝♦♠♣+❡❡♥!H♦ ❡!"I +❡❧❛❝✐♦♥❛❞❛ ❛♦

❡♥"❡♥❞✐♠❡♥"♦ ❞♦ ♣+♦❜❧❡♠❛ ❞❡ ❑♦♥❞♦ ♥❛ !✐"✉❛JH♦ ❡♠ ?✉❡ ♦ '♦♥ ❑♦♥❞♦ +❡❛❧✐③❛ ❡!"❛! ❡①❝✉+!B❡!✳

❯♠ ❝❛♠✐♥❤♦ +❛③♦I✈❡❧ ♣♦❞❡ !❡+ ❡①♣❧♦+❛❞♦ ❝♦♠ ❛ ✐♥❝❧✉!H♦ ❞❡ ✉♠ "❡+♠♦ ❞❡ ❢G♥♦♥! ❥✉♥"♦ ❝♦♠

♦ "❡+♠♦ ❞❡ ❤✐❜+✐❞✐③❛JH♦ ♥♦ ❍❛♠✐❧"♦♥✐❛♥♦ ❞❡ ❆♥❞❡+!♦♥ ❬✺✸❪✳

◆✉♥❝❛ C ❞❡♠❛✐! ❧❡♠❜+❛+ ?✉❡ ♦ ♣+❡!❡♥"❡ ❡♥"❡♥❞✐♠❡♥"♦ ♣❛+❛ ❛ ❞✐♥T♠✐❝❛ ❞♦! '♦♥! ♥♦ ✐♥"❡+✐♦+

❞❛! ❣❛✐♦❧❛! ❞❡ !✐!"❡♠❛! ❝♦♠♦  ❦✉##❡%✉❞✐#❡ ❡ ❝❧❛#❤%❛#❡ !❡ ❞I ❡♠ "❡+♠♦! ❞❡ ♠♦❞♦! ♥H♦ ❞✐!✲

♣❡+!✐✈♦! ❡ ✐!♦❧❛❞♦!✳ ❆ ❜✉!❝❛ ♣♦+ ❝♦++❡❧❛JH♦ ❡ ❞✐!♣❡+!H♦ ❞❡!"❡! ♠♦❞♦! C✱ ♣♦+"❛♥"♦✱ ❞❡ ❣+❛♥❞❡

✐♥"❡+❡!!❡✳

✼✷



❊♠ "✐"$❡♠❛" ❣❛✐♦❧❛✱ ❞❡ ♠♦❞♦ ❣❡,❛❧ ✱ ♦"  ❛""❧✐♥❣ ♠♦❞❡+ ♣,♦♠♦✈❡♠ ✉♠❛ ❞❡"♦,❞❡♠ ❞♦ ❡"✲

♣❡❝$,♦ ❞♦" ❢3♥♦♥" ❞❡ ❉❡❜②❡✱ ❜❛✐①❛♥❞♦ ❛ ❝♦♥❞✉$✐✈✐❞❛❞❡ $9,♠✐❝❛ ❞♦ "✐"$❡♠❛✳ ❊"$❡ 9 ♦ ❝❤❛♠❛❞♦

♣❤♦♥♦♥ ❣❧❛++✱ ❥= ♠❡♥❝✐♦♥❛❞♦ ♥❡"$❛ $❡"❡✳ ❆ ❝♦,,❡❧❛?@♦ ❞♦"  ❛""❧✐♥❣ ♠♦❞❡+ ♥❡"$❡" ♠❛$❡,✐❛✐"✱

♣♦❞❡ ❧❡✈❛, ❛♦ ❛♣❛,❡❝✐♠❡♥$♦ ❞❡ ♦✉$,♦" ❡"$❛❞♦" ❞❡"♦,❞❡♥❛❞♦"✱ ,❡❧❛❝✐♦♥❛❞♦"✱ ♣♦, ❡①❡♠♣❧♦✱ ❛♦"

❡"$❛❞♦" ❡❧❡$,A♥✐❝♦" ♦✉ ❞❡ "♣✐♥ ❞♦ "✐"$❡♠❛✳

❖" ❝♦♠♣♦"$♦" ❊✉❚4❙❜12 ✭❚ ❂ ❋❡✱ ❘✉✱ ❖"✮ "@♦ "✐"$❡♠❛" ♠❡$=❧✐❝♦" J✉❡ ♦,❞❡♥❛♠ ❢❡,,♦✲

♠❛❣♥❡$✐❝❛♠❡♥$❡ ♥❛" $❡♠♣❡,❛$✉,❛" TC = 90 ❑✱ TC = 2❑ ❡ TC = 9 ❑✱ ,❡"♣❡❝$✐✈❛♠❡♥$❡✳

L❛,❛ ❚=❋❡✱ ♦ "✐"$❡♠❛ ♥❛ ✈❡,❞❛❞❡ ♦,❞❡♥❛ ❢❡,,✐♠❛❣♥❡$✐❝❛♠❡♥$❡✱ ❝♦♠♦ ❝♦♥"❡J✉M♥❝✐❛ ❞❡ ✉♠

❛❝♦♣❧❛♠❡♥$♦ ❛♥$✐❢❡,,♦♠❛❣♥9$✐❝♦ ❡♥$,❡ ♦" ♠♦♠❡♥$♦" ❞♦ ❋❡ ❡ ❊✉ ❬✹✻❪✳ ❖ ❝♦♠♣♦,$❛♠❡♥$♦ ❞❡

 ❛""❧✐♥❣ ❞❡"$❡" "✐"$❡♠❛" ❢♦✐ ✐♥✈❡"$✐❣❛❞♦ ♣♦, ♠❡✐♦ ❞❡ ❡"$✉❞♦" ❞❡ ,❡✜♥❛♠❡♥$♦ ❞❡ ,❛✐♦✲❳ ❬✷✷❪ ❡

$❛♠❜9♠ ♣♦, ♠❡❞✐❞❛" ❡"$,✉$✉,❛✐" ❞❡ ,❛✐♦✲❳ ❡"$❡♥❞✐❞♦"✱ ❊❳❆❋❙ ❬✷✼❪✳ ❖" ,❡"✉❧$❛❞♦" ❞❡ ❛♠❜♦"

♦" ♠9$♦❞♦" ❝♦♥❝♦,❞❛♠ ,❛③♦❛✈❡❧♠❡♥$❡✳ ❆❙ $❡♠♣❡,❛$✉,❛❙ ❞❡ ❊✐♥"$❡✐♥ θE ❡♥❝♦♥$,❛❞❛❙ ♥❡"$❡"

❡①♣❡,✐♠❡♥$♦" ♣❛,❛ ❚ =❋❡✱ ❘✉ ❡ ❖" ❢♦,❛♠ θE = 84 ❑✱ 78❑ ❡ 74 ❑✱ ,❡"♣❡❝$✐✈❛♠❡♥$❡ ♥♦"

❡①♣❡,✐♠❡♥$♦" ❞❡ ,❡✜♥❛♠❡♥$♦ ❞❡ ,❛✐♦✲❳✳ ◆♦" ❡①♣❡,✐♠❡♥$♦" ❞❡ ❊❳❆❋❙✱ ❡♥❝♦♥$,♦✉✲"❡ ✈❛❧♦,❡"

❧❡✈❡♠❡♥$❡ ♠❛✐♦,❡"✳ ❖" ❞♦✐" ♠9$♦❞♦" ♥@♦ ❡♥❝♦♥$,❛,❛♠ "✐♥❛❧ ♣❛,❛ ✉♠ ❞❡"❧♦❝❛♠❡♥$♦ ❡"$=$✐❝♦

❞♦" X♦♥" ❞❡ ❊✉

2+
♥❡"$❡" ♠❛$❡,✐❛✐" ✭♦✛ ❝❡♥"❡  ❛""❧✐♥❣✮✳ ❆ ✈❛❧M♥❝✐❛ ❞♦ ❊✉ ♥❡"$❡" ❝♦♠♣♦"$♦"

❢♦✐ ❡"$✉❞❛❞♦ ♣♦, ❡"♣❡❝$,♦"❝♦♣✐❛ ❞❡ ❛❜"♦,?@♦ ❞❡ ,❛✐♦ ❳✱ ❡ ❛♣♦♥$❛ ♣❛,❛ ✉♠❛ ✈❛❧M♥❝✐❛ ν = 2+✱

❡♠❜♦,❛ ✉♠ ❡"$❛❞♦ ❧❡✈❡♠❡♥$❡ ❤✐❜,✐❞✐③❛❞♦ ♥@♦ ♣♦❞❡ "❡, $♦$❛❧♠❡♥$❡ ❡①❝❧✉X❞♦ ✭ν . 2.1✮ ❬✷✷❪✳

❖ ❝❧❛"❤ ❛"❡ β✲❊✉8●❛16●❡30 9 ✉♠ ❝♦♠♣♦"$♦ ♠❡$=❧✐❝♦ ❢❡,,♦♠❛❣♥9$✐❝♦ ❝♦♠ TC = 35 ❑✳ ❊♠

❝❧❛"❤ ❛"❡+ ❡"$@♦ ♣,❡"❡♥$❡"✱ ❡♠ ❣❡,❛❧✱ ❞♦✐" $✐♣♦" ❞❡ ❣❛✐♦❧❛"✱ J✉❡ ❡✈❡♥$✉❛❧♠❡♥$❡ ♣♦❞❡♠ ❡"$❛,

❛""♦❝✐❛❞❛" ❛ ✉♠❛ ❞✐♥Z♠✐❝❛ ❞✐"$✐♥$❛ ❞♦"  ❛""❧✐♥❣ ♠♦❞❡+✳ ❊♠ ♣❛,$✐❝✉❧❛,✱ ♥❡"$❡ ❝♦♠♣♦"$♦"✱ ❛

♠❛✐♦, ♣❛,$❡ ❞♦" X♦♥" ❞❡ ❊✉

2+
❡"$@♦ "✉❥❡✐$♦" ❛ ✉♠ ♣♦$❡♥❝✐❛❧ ❝♦♠ 4 ♠X♥✐♠♦" ❢♦,❛ ❞♦ ❝❡♥$,♦

❞❛ ❣❛✐♦❧❛✳ ❆ ❞✐♥Z♠✐❝❛ ❞♦" ❊✉

2+
✐♥❝❧✉✐ ♥@♦ ❛♣❡♥❛" ✉♠❛ ❞✐♥Z♠✐❝❛ $9,♠✐❝❛ ✭♦✛ ❝❡♥"❡  ❛""❧✐♥❣

♠♦❞❡✮ ♠❛" $❛♠❜9♠ $✉♥❡❧❛♠❡♥$♦ J✉Z♥$✐❝♦ ❡♥$,❡ ❡"$❡" ♠X♥✐♠♦" ❬✹✼✱ ✹✽❪✳

◆❡"$❡ ❝❛♣X$✉❧♦✱ ♠♦"$,❛,❡♠♦" ✉♠❛ ❡✈♦❧✉?@♦ ♥@♦ $,✐✈✐❛❧ ❞♦ ❡"♣❡❝$,♦ ❞❡ ❜❛♥❞❛✲❳ ❞♦" ❝♦♠✲

♣♦"$♦" ❊✉❚4❙❜12 ✭❚ =❘✉✱ ❖"✮✳ ◆♦""❛ ❞✐"❝✉""@♦ ♠♦"$,❛,= J✉❡ ❡"$❛ ❞✐♥Z♠✐❝❛ ❡"$= ❧✐❣❛❞❛ ❛ ✉♠❛

❝♦,,❡❧❛?@♦ ❞♦" ,❛$$❧✐♥❣ ♠♦❞❡" ❝♦♠ ❛ ❞✐♥Z♠✐❝❛ ❞♦" "♣✐♥" ❞♦" X♦♥" ❞❡ ❊✉

2+
✳ ❊"$❛ ❝♦,,❡❧❛?@♦

❞= ♦,✐❣❡♠ ❛ ✉♠❛ ❞✐♥Z♠✐❝❛ ✐♥♦♠♦❣M♥❡❛ ❞❡"$❡" "♣✐♥"✱ J✉❡ "❡ ♠❛♥✐❢❡"$❛ ♥♦ ❝♦♠♣♦,$❛♠❡♥$♦

❞❛ ❧❛,❣✉,❛ ❞❡ ❧✐♥❤❛ ∆H✳ ❚❛♠❜9♠ ✈❛♠♦" ❞✐"❝✉$✐, ,❡"✉❧$❛❞♦" ❞❡ ♠❡❞✐❞❛" ❞❡ ❜❛♥❞❛ ◗ ♥❡"$❡"

"✐"$❡♠❛" ❡ ❝♦♠♦ ❡"$❡" ,❡"✉❧$❛♠ ❞@♦ "✉♣♦,$❡ ❛♦ J✉❛❞,♦ ❞❡"❝,✐$♦ ❛❝✐♠❛✳

✺✳✷ ❊①♣❡'✐♠❡♥+♦

◆❡"$❡ ❡①♣❡,✐♠❡♥$♦✱ ❝,❡"❝❡♠♦" ♠♦♥♦❝,✐"$❛✐" ❞❡ ❊✉❚4❙❜12 ❞❡ ♠❛♥❡✐,❛ "✐♠✐❧❛, ❛♦ ❞❡"❝,✐$♦ ♣♦,

❇❛✉❡, ❡" ❛❧ ❬✷✷❪✳ ❋✐③❡♠♦" ✉♠❛ ♠✉❞❛♥?❛ ♥♦ $,❛$❛♠❡♥$♦ $9,♠✐❝♦✱ ✉"❛♥❞♦ ✉♠❛ ✏,❛♠♣❛ ❞❡

❞❡"❝✐❞❛✑ ♠❛✐" ❧❡♥$❛✱ ❛✜♠ ❞❡ ♦❜$❡, ♠♦♥♦❝,✐"$❛✐" ❞❡ ♠❛✐♦, J✉❛❧✐❞❛❞❡✳ ❆ ❡"$,✉$✉,❛ ,❡"✉❧$❛♥$❡
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❢♦✐ ❝❤❡❝❛❞❛ ♣♦) ♠❡❞✐❞❛+ ❞❡ ❞✐❢)❛,-♦ ❞❡ )❛✐♦✲❳✳

1❛)❛ ♦+ ❡①♣❡)✐♠❡♥4♦+ ❞❡ ❊❙❘✱ ❡+♠❛❣❛♠♦+ ❡ ♣❡♥❡✐)❛♠♦+ ♣❡:✉❡♥♦+ ♣❡❞❛,♦+ ❞♦+ ♠♦♥♦❝)✐+4❛✐+

)❡+✉❧4❛♥4❡+ ❞❛ +=♥4❡+❡ ♣❛)❛ ♦❜4❡) ✉♠ ♣? ❜❛+4❛♥4❡ ❤♦♠♦❣@♥❡♦✳ ❖ ❡①♣❡)✐♠❡♥4♦ ❞❡ ❊❙❘ ❢♦✐ ❢❡✐4♦

❡♠ ❜❛♥❞❛ ❳ ❡ ❜❛♥❞❛ ◗✱ ✉4✐❧✐③❛♥❞♦ ♣❛)❛ 4❛❧ ❛+ ❝❛✈✐❞❛❞❡+ ❡ )❡++♦♥❛❞♦)❡+ ❛♣)♦♣)✐❛❞♦+ ♣❛)❛ ❝❛❞❛

❢)❡:✉@♥❝✐❛✳ ❆ 4❡♠♣❡)❛4✉)❛ ❢♦✐ ❝♦♥4)♦❧❛❞❛ ♣♦) ✉♠ +✐+4❡♠❛ ❞❡ ✢✉①♦ ❞❡ ❍❡✱ ♦♣❡)❛❞♦ ♠❛♥✉❛❧✲

♠❡♥4❡✱ ❝♦♠ ♦ ❛✉①=❧✐♦ ❞❡ ✉♠ ❝♦♥4)♦❧❛❞♦) ❞✐❣✐4❛❧✳ ❖ ❡①♣❡)✐♠❡♥4♦ ❢♦✐ ❢❡✐4♦ ♥♦ ✐♥4❡)✈❛❧♦ ❞❡

4❡♠♣❡)❛4✉)❛ ❞❡ 4.2 . T . 300 ❑✳ 1❛)❛ ❝♦♠♣❛)❛,-♦✱ ✜③❡♠♦+ ❡①♣❡)✐♠❡♥4♦+ ❞❡ ❜❛♥❞❛ ❳ ❡♠

✉♠ ♠♦♥♦❝)✐+4❛❧ ❞❡ β✲❊✉8●❛16●❡30✳

✺✳✸ ❘❡%✉❧(❛❞♦% ❡ ❞✐%❝✉%%.♦

❆+ ✜❣✉)❛+ ✺✳✶✭❛✮✲✭❜✮ ❡ ✺✳✷✭❛✮✲✭❜✮ ❛♣)❡+❡♥4❛♠ ♦+ )❡+✉❧4❛❞♦+ ❡①♣❡)✐♠❡♥4❛✐+ )❡❧❡✈❛♥4❡+ ♣❛)❛ ♦+

❝♦♠♣♦+4♦+ ❞♦ 4✐♣♦  ❦✉##❡%✉❞✐#❡ ❡ ♥❛ ✜❣✉)❛ ✺✳✹✭❛✮✲✭❜✮ ❛♣)❡+❡♥4❛♠♦+ ✉♠ )❡+✉♠♦ ❞♦+ )❡+✉❧4❛❞♦+

❞❡✈✐❞♦ ❛♦+ ❡①♣❡)✐♠❡♥4♦+ ❝♦♠ ♦ ❝❧❛#❤%❛#❡✳ ◆❛+ ✜❣✉)❛+ ✺✳✶✭❛✮✲✭❜✮ ♠♦+4)❛♠♦+ ✉♠❛ ✈✐+-♦ ❣❡)❛❧

❞♦ ❡+♣❡❝4)♦ ❞❡ ❊❙❘ ❡♠ ❜❛♥❞❛ ❳ ♦❜4✐❞♦ ♣❛)❛ ❊✉❚4❙❜12 ✭❚ =❘✉✱ ❖+✮✳ ❱@✲+❡ ❝❧❛)❛♠❡♥4❡ :✉❡

♦ ❛4✐✈❛♠❡♥4♦ 4T)♠✐❝♦ ✐♥❞✉③ ✉♠ ❛❧❛)❣❛♠❡♥4♦ )U♣✐❞♦ ❞♦ ❡+♣❡❝4)♦ ❛4T T ≈ 75 ❑✱ :✉❛♥❞♦ +❡

✐♥✐❝✐❛ ✉♠ ♣)♦❝❡++♦ ❞❡ ♥❛%%♦✇✐♥❣ ❛4T :✉❡ +❡ ❛4✐♥❣❡ T ≈ 150 ❑✳ ❆❝✐♠❛ ❞❡+4❛ 4❡♠♣❡)❛4✉)❛✱ ♦

❡+♣❡❝4)♦ ❛❧❛)❣❛ ❝♦♠♦ ♥✉♠❛ )❡❧❛①❛,-♦ 4✐♣♦ ❑♦))✐♥❣❛✳

❊+4❡+ ❡+♣❡❝4)♦+ +-♦ ♠✉✐4♦ ❧❛)❣♦+ ❡ ♥-♦ ♣❡)♠✐4❡♠ ✉♠❛ ❛♥U❧✐+❡ ♣)❡❝✐+❛ ❞♦+ ❞❡+❧♦❝❛♠❡♥4♦

❞♦+ ✈❛❧♦)❡+ ❞❡ g ✭∆g✮✳ ❖+ ✈❛❧♦)❡+ ❞❡ g ♠❡❞✐❞♦+ +-♦ 1.95(4) ❡ g = 1.98(8) ♣❛)❛ ❚=❘✉ ❡ ❖+✱

)❡+♣❡❝4✐✈❛♠❡♥4❡✱ ♣❛)❛ T & 150 ❑✳ ❊+4❡+ ✈❛❧♦)❡+ +-♦ ❝♦♠♣❛4=✈❡✐+ ❝♦♠ ✉♠❛ )❡++♦♥V♥❝✐❛ +♣✐♥

❝♦♠ ♦)✐❣❡♠ ♥✉♠ =♦♥ ❞❡ ❊✉

2+
✳ ❖❜+❡)✈❛✲+❡ :✉❡ ❛ ❜❛✐①❛ T ❡+4❡+ ✈❛❧♦)❡+ ❝)❡+❝❡♠✱ +❡♥❞♦ ✉♠

✐♥❞✐❝❛4✐✈♦ :✉❡ ❛ 4)❛♥+✐,-♦ ❢❡))♦♠❛❣♥T4✐❝❛ +❡ ❛♣)♦①✐♠❛ ✭♣)❡+❡♥,❛ ❞❡ ❝❛♠♣♦ ✐♥4❡)♥♦✮ ❬✷✷❪✳

❈♦♠♦ ❛♣♦♥4❛❞♦ ♥❛ ✜❣✉)❛✱ ❡①✐+4❡♠ ✸ )❡❣✐[❡+ ❞❡♥4)♦ ❞❛+ :✉❛✐+ ♦ ❡+♣❡❝4)♦ ❝♦♠♣♦)4❛✲+❡ ❞❡

♠❛♥❡✐)❛ ❞✐✈❡)+❛✳ ❖ ❝♦♠♣♦)4❛♠❡♥4♦ ♥❛ )❡❣✐-♦ ■■■ ✭T & 150 ❑✮ T ❡♥❝♦♥4)❛❞♦ ❡♠ :✉❛❧:✉❡)

♠❡4❛❧✱ ♠❛+ ♦ ❝♦♠♣♦)4❛♠❡♥4♦ ♥❛+ )❡❣✐[❡+ ■ ❡ ■■ T ]♥✐❝♦✳ ❆ ❜❛✐①❛ T ✱ ∆H ❡+❝❛❧❛✱ ❝♦♠♦ ♠♦+4)❛❞♦

❡♠ ❞❡4❛❧❤❡ ♣❛)❛ T = 4.2 ❑✱ ❝♦♠ ❛ 4❡♠♣❡)❛4✉)❛ ❞❛ 4)❛♥+✐,-♦ ❢❡))♦♠❛❣♥T4✐❝❛ ✭∆HRu/∆HOs ≈

TRu
C /TOs

C ✮✱ )❡✢❡4✐♥❞♦ ♦+ ❡❢❡✐4♦+ ❞❛+ ✐♥4❡)❛,[❡+ ♠❛❣♥T4✐❝❛ ❞♦ ❝♦♠♣♦+4♦✳ ◆❡+4❡ +❡♥4✐❞♦✱ ∆H

❡♠ ❜❛✐①❛ T ♣❛)❛ ❚=❋❡ +❡)✐❛ ❞❛ ♦)❞❡♠ ❞❡ 8 ❦❖❡✱ ♦ :✉❡ ✐♠♣♦++✐❜✐❧✐4❛ +✉❛ ♦❜+❡)✈❛,-♦✳ ◆❡+4❡

❝♦♠♣♦+4♦✱ ♦❜+❡)✈❛♠♦+ ❛♣❡♥❛+ ♦+ ♠♦❞♦+ ❢❡))♦♠❛❣♥T4✐❝♦+ ✭♣❛)❛ T . TC = 90 ❑✮✳

❆+ ✜❣✉)❛+ ✺✳✷✭❛✮✲✭❜✮ ❞-♦ ✉♠❛ ✈✐+-♦ ♠❛✐+ ❝❧❛)❛ ❞❛+ )❡❣✐[❡+ :✉❡ ❞✐+❝✉4✐♠♦+ ❛❝✐♠❛✱ ❛♣)❡✲

+❡♥4❛♥❞♦ ♦ ❝♦♠♣♦)4❛♠❡♥4♦ ❞❡ ∆H ♣❛)❛ ♦+ ❞♦✐+ ❝♦♠♣♦+4♦+✳ ❖ ❝♦♠♣♦)4❛♠❡♥4♦ 4❡♠ ❜❛+4❛♥4❡

+✐♠✐❧❛)✐❞❛❞❡ ❝♦♠ ✉♠ ♣✐❝♦ ❞❡ ❝♦❡)@♥❝✐❛✱ ✉+✉❛❧♠❡♥4❡ ❡♥❝♦♥4)❛❞♦ ❡♠ ❡①♣❡)✐♠❡♥4♦ ❞❡ ◆▼❘ ♥❛+

♣)♦①✐♠✐❞❛❞❡+ ❞❡ ✉♠❛ 4❡♠♣❡)❛4✉)❛ ❞❡ 4)❛♥+✐,[❡+ ❞❡ ❢❛+❡✳ ❆ ♣❛)4✐) ❞❛ )❡❣✐-♦✱ ♣❛)❛ ❛♠❜♦+ ♦+

❝♦♠♣♦+4♦+✱ 4❡♠ :✉❡ ❝♦♠ ♦ ❛✉♠❡♥4♦ ❞❛ 4❡♠♣❡)❛4✉)❛ ∆H ❛❧❛)❣❛ ❝❡)❝❛ ❞❡ 800 ❖❡ ✭)❡❣✐-♦ ■✮✳

❙❡❣✉✐❞♦ ❞❡+4❡ ❛❧❛)❣❛♠❡♥4♦✱ ✈❡♠♦+ :✉❡ ❛ ♣❛)4✐) ❞❡ 75❑✱ ∆H ❡+4)❡✐4❛ ❝❡)❝❛ ❞❡ 300 ❖❡ ✭)❡❣✐-♦
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❋✐❣✉$❛ ✺✳✶✿ ❊+♣❡❝/$♦ ❞❛ ❜❛♥❞❛ ❳ ♣❛$❛ ♦ ❊✉❚4❙❜12 ✭❚ =❘✉✱ ❖+✮✳ ❆+ ✜❣✉$❛+ ✺✳✶✭❛✮✲✭❜✮ ❞?♦
✉♠❛ ✈✐+?♦ ❣❡$❛❧ ❞❛ ❡✈♦❧✉C?♦ ❞♦ ❡+♣❡❝/$♦ ♥♦ ✐♥/❡$✈❛❧♦ ❞❡ /❡♠♣❡$❛/✉$❛ 4.2 . T . 300 ❑ ❡

♠♦+/$❛♠ ❡♠ ❞❡/❛❧❤❡ ❛ ❧✐♥❤❛ ❞♦ ❡+♣❡❝/$♦ ♣❛$❛ T = 4.2 ❑✳ ❈♦♠♦ ♦ ❛✉♠❡♥/♦ ❞❛ /❡♠♣❡$❛/✉$❛✱
♦ ❡+♣❡❝/$♦ ❛❧❛$❣❛ ✭$❡❣✐?♦ ■✮ ❡ ❡♥/?♦ +♦❢$❡ ✉♠ ♣$♦❝❡++♦ ❞❡ ❡+/$❡✐/❛♠❡♥/♦ ✭$❡❣✐?♦ ■■✮ ❡ ❛/✐♥❣❡

✉♠❛ /❡♠♣❡$❛/✉$❛ ✭$❡❣✐?♦ ■■■✮ ♥❛ I✉❛❧ ✉♠ ♣$♦❝❡++♦ ❞❡ $❡❧❛①❛C?♦ /✐♣♦ ❑♦$$✐♥❣❛ ❞❡+❝$❡✈❡ ♦

❝♦♠♣♦$/❛♠❡♥/♦ ❞❡ ∆H ❝♦♠ ♦ ❛✉♠❡♥/♦ ❞❛ /❡♠♣❡$❛/✉$❛✳

✼✺



❋✐❣✉$❛ ✺✳✷✿ ▲❛$❣✉$❛ ❞❡ ❧✐♥❤❛ ❞❡ ❜❛♥❞❛ ❳ ♣❛$❛ ❊✉❚4❙❜12 ✭❚ = ❘✉✱ ❖:✮✳ ❆: ♠❡:♠❛: $❡❣✐>❡: ■✱

■■ ❡ ■■■ ❞✐:❝✉A✐❞❛: ♥❛: ✜❣✉$❛: ✺✳✶✭❛✮✲✭❜✮ ❡:AE♦ ✐♥❞✐❝❛❞❛: ♥❛ ✜❣✉$❛ ❛❝✐♠❛✳ ❖: ❞❛❞♦: ♠♦:A$❛♠

❞❡ ♠❛♥❡✐$❛ ❝❧❛$❛ ❛ ❡①✐:AH♥❝✐❛ ❞❡:A❛: $❡❣✐>❡: ❞✐:A✐♥A❛:✳ ◆♦: J✉❛❞$♦: ❞❛: ✜❣✉$❛: ✺✳✷✭❛✮✲✭❜✮✱

♥K: ❝♦♠♣❛$❛♠♦: ❛ ✐♥✈❡$:❛ ❞❛ ✐♥A❡♥:✐❞❛❞❡ ❞❡ ❊❙❘ ✭χ−1
ESR✮ ♥❛ $❡❣✐E♦ ■■■ ❝♦♠ ❛ ❧❡✐ ❞❡ ❈✉$✐❡✳

❖ $❡:✉❧A❛❞♦ ♠♦:A$❛ J✉❡ ♥❡::❛ $❡❣✐E♦ ♥♦::❛ $❡::♦♥N♥❝✐❛ :❡ ❝♦♠♣♦$A❛ ❝♦♠♦ J✉❡ ♦$✐❣✐♥O$✐❛ ❞❡

✉♠ :♣✐♥ ❧♦❝❛❧✐③❛❞♦✳

■■✮✳ ❊♠ T ≈ 150❑✱ ∆H ❛❧❛$❣❛ ❝♦♠♦ ♥✉♠❛ $❡❧❛RE♦ A✐♣♦ ❑♦$$✐♥❣❛✱ ❝♦♠ b = 5.5(1)❖❡✴❑ ♣❛$❛

❚=❘✉ ❡ b = 5.5(3) ❖❡✴❑✱ ❚=❖:✳

❖: J✉❛❞$♦: ❞❛ ✜❣✉$❛ A$❛③❡♠ ❛ ✐♥✈❡$:❛ ❞❛ ✐♥A❡♥:✐❞❛❞❡ ♥♦$♠❛❧✐③❛❞❛ ❞❡ ❊❙❘ ✭χ−1
ESR✮ ♥❛

$❡❣✐E♦ ■■■✳ ❯♠❛ ❝♦♠♣❛$❛RE♦ ❝♦♠ ❛ ❧❡✐ ❞❡ ❈✉$✐❡ ♠♦:A$❛ J✉❡ ♥❡:A❛ $❡❣✐E♦ ♦ ❡:♣❡❝A$♦ :❡ ❝♦♠♣♦$A❛

❝♦♠♦ ✉♠❛ $❡::♦♥N♥❝✐❛ ♦$✐❣✐♥❛❞❛ ❞❡ ✉♠ ❡:A❛❞♦ ❡❧❡A$U♥✐❝♦ ❧♦❝❛❧✐③❛❞♦✳ ➱ ❛♣❡♥❛: ♥❡:A❛ $❡❣✐E♦

J✉❡ ♦ ❡:♣❡❝A$♦ :❡ ❝♦♠♣♦$A❛ ❞❡:A❛ ♠❛♥❡✐$❛✳ ■:A♦ ❡✈✐❞❡♥❝✐❛ J✉❡ ♣❛$❛ T . 150 ❑ ❛ $❡::♦♥N♥❝✐❛ :❡

♦$✐❣✐♥❛ ♥E♦ ✐♥A❡✐$❛♠❡♥A❡ ❞❡ ❡:A❛❞♦: ❧♦❝❛❧✐③❛❞♦: ❡ ♣♦❞❡ ✐♥❞✐❝❛$ ❛❧❣✉♠ ❝♦♠♣♦$A❛♠❡♥A♦ ❝♦❧❡A✐✈♦

♦❝♦$$❡♥❞♦ ♥❡:A❛ $❡❣✐E♦✳

◆❡:A❡: ❝♦♠♣♦:A♦✱ ❛: A❡♠♣❡$❛A✉$❛: θE ❛::♦❝✐❛❞❛ ❛♦:  ❛""❧✐♥❣ ♠♦❞❡+ :E♦ ♣$K①✐♠❛: ❞❡ 75

❑✳ ❊:A❛ A❡♠♣❡$❛A✉$❛ W A❛♠❜W♠ ♣$K①✐♠❛ ❞❛: A❡♠♣❡$❛A✉$❛: ♦♥❞❡ ∆H ❛A✐♥❣❡ ♦ ✈❛❧♦$ ♠O①✲

✼✻



✐♠♦✳ ❙✉❣❡(✐♠♦)✱ ♣♦(,❛♥,♦✱ /✉❡ ❛ ❛,✐✈❛12♦ ,3(♠✐❝❛ ❞❛ ❞✐♥6♠✐❝❛ ❞♦) ❊✉

2+
3 (❡)♣♦♥)8✈❡❧ ♣❡❧♦

❝♦♠♣♦(,❛♠❡♥,♦ ❞❡ ∆H ♥❛) (❡❣✐:❡) ■ ❡ ■■✳

❆ ❛,✐✈❛12♦ ,3(♠✐❝❛ ,❡♠ ♦(✐❣❡♠ ♥❛ ❞✐)♣❡()2♦ ❞❡ ✉♠ ♦)❝✐❧❛❞♦( ❞❡ ❊✐♥),❡✐♥ ✭❤❛(♠?♥✐❝♦✮

E = (n + 1
2
)~ωE ✭ωE = kBθE

~
✮ /✉❡✱ ❥✉♥,♦ ❝♦♠ ❛ ❞✐),(✐❜✉✐12♦ ❡),❛,C),✐❝❛ ❛♣(♦♣(✐❛❞❛✱ ❞8 ♦

♥D♠❡(♦ ❞❡ ♦)❝✐❧❛❞♦(❡) ❛,✐✈♦) ❛ ✉♠❛ ❞❛❞❛ ,❡♠♣❡(❛,✉(❛✳ ▲♦❣♦✱ ♥❛ (❡❣✐2♦ ■✱ ❡①✐),❡♠ C♦♥)

❡),8,✐❝♦) ❡ ❛❧❣✉♥) ♥2♦ ❡),8,✐❝♦)❀ ♥❛ (❡❣✐2♦ ■■✱ ❜♦❛ ♣❛(,❡ ❞♦) C♦♥) ❥8 ❞❡)❡♥✈♦❧✈❡ )✉❛ ❞✐♥6♠✐❝❛

❡ ♥❛ (❡❣✐2♦ ■■■ /✉❛)❡ ♥2♦ ❤8 C♦♥) ❡),8,✐❝♦)✳ ❊))❛ ♦(✐❣❡♠ ✐♥❝♦❡(❡♥,❡ ❞❛ (❡))♦♥6♥❝✐❛ ❞❛ ♦(✐❣❡♠

❛ ✉♠ ❞✐♥6♠✐❝❛ ✐♥♦♠♦❣H♥❡❛ ❞♦) )♣✐♥) ❞♦) ❊✉

2+
/✉❡ )❡ (❡✢❡,❡ ♥❛ ❧❛(❣✉(❛ ❞❡ ❧✐♥❤❛ ∆H✳

❯♠ ❝❡♥8(✐♦ ♣❧❛✉)C✈❡❧ ♣❛(❛ ❛ ♦(✐❣❡♠ ❞❛ ❝♦((❡❧❛12♦ ❞♦)  ❛""❧✐♥❣ ♠♦❞❡+ ❡ ∆H ♣♦❞❡ )❡(

❢♦(♠✉❧❛❞♦ ,♦♠❛♥❞♦ ❝♦♠♦ ❜❛)❡ ❛ ✐♥,❡(❛12♦ ❞❡ ❘✉❞❡(♠❛♥✲❑✐,,❡❧✲❑❛)✉②❛✲❨♦)✐❞❛ ✭❘❑❑❨✮✱

/✉❡ ❞❡)❝(❡✈❡ ♦ ❛❝♦♣❧❛♠❡♥,♦ ❞❡ ,(♦❝❛ ❡♥,(❡ ♦) )♣✐♥) ❞❡ ♠♦♠❡♥,♦) ❧♦❝❛❧✐③❛❞♦) ❡♠ ♠❡,❛✐)✳ ❊♠

+❦✉""❡ ✉❞✐"❡+✱ ♦) )♣✐♥) ❧♦❝❛❧✐③❛❞♦) ♦)❝✐❧❛♠ ♥❛ ❢(❡/✉H♥❝✐❛ ❞❡ ❊✐♥),❡✐♥ ❛))♦❝✐❛❞❛ ❛♦)  ❛""❧✐♥❣

♠♦❞❡+✳ ❊),❛ ♦)❝✐❧❛12♦ ♣♦❞❡ ❞❛( ♦(✐❣❡♠ ❛ ✉♠❛ ❛♥✐)♦,(♦♣✐❛ ❛❧❡❛,R(✐❛ ♥♦ ✈❛❧♦( ❞♦ ❛❝♦♣❧❛♠❡♥,♦

❞❡ ,(♦❝❛ J ❞❛ ✐♥,❡(❛12♦ ❘❑❑❨✳ ❖ (❡)✉❧,❛❞♦ 3 ✉♠❛ ❞✐♥6♠✐❝❛ ✐♥♦♠♦❣H♥❡❛ ❞♦) )♣✐♥) ❞♦ ❊✉

2+
✳

❊),❡ ❢❡♥?♠❡♥♦✱ ❥✉♥,♦ ❝♦♠ ❛ ❛,✐✈❛12♦ ,3(♠✐❝❛ ❞♦  ❛""❧✐♥❣ ❧❡✈❛ ♦ )✐),❡♠❛ ❛ )❡ ❝♦♠♣♦(,❛(

❞❡ ♠❛♥❡✐(❛ )✐♠✐❧❛( ❛ ✈✐❞ ♦ ❞❡ +♣✐♥✱ /✉❛♥❞♦ )♦♥❞❛❞♦ ♣♦( ✉♠ ❡①♣❡(✐♠❡♥,♦ ❞❡ ❊❙❘ ❬✺✶❪✱ ❝♦♠

✉♠❛ ,❡♠♣❡(❛,✉(❛ ❞❡ ,(❛♥)✐12♦ ♣❛(❛ ♦ ❡),❛❞♦ ❞❡ ✈✐❞(♦ TG ≈ θE✳ X❛(❛ ✉♠❛ ,❡♠♣❡(❛,✉(❛

❜❡♠ ❛❜❛✐①♦ ❞❡ θE✱ ♦  ❛""❧✐♥❣ ♥2♦ ❡),8 ❛,✐✈❛❞♦ ❡ ∆H ❛ ❜❛✐①❛ T (❡✢❡,❡ ❛♣❡♥❛) ♦) ❡❢❡✐,♦) ❞❛)

✐♥,❡(❛1:❡) ♠❛❣♥3,✐❝❛)✱ ❝♦♠♦ ♥♦,❛♠♦) ❛❝✐♠❛✳ ❊♥,(❡,❛♥,♦✱ ❛))✐♠ /✉❡ ❛ ,❡♠♣❡(❛,✉(❛ ❛✉♠❡♥,❛✱

♦ ❡),❛❞♦ ,✐♣♦ ✈✐❞ ♦ ❞❡ +♣✐♥ )❡ ♠❛♥✐❢❡),❛ ♥♦ ❝♦♠♣♦(,❛♠❡♥,♦ ❞❡ ∆H✳ ◆❡),❡ ❝❡♥8(✐♦✱ ♦) ♣✐❝♦)

❞❡ ∆H ♠♦),(❛❞♦) ♥❛) ✜❣✉(❛) ✺✳✷✭❛✮✲✭❜✮ )2♦✱ ❞❡ ❢❛,♦✱ ♣✐❝♦) ❞❡ ❝♦❡(H♥❝✐❛✱ ♠❛) ♦❜)❡(✈❛♠♦)

/✉❡ ♥2♦ ♣♦❞❡♠♦) ❛✜(♠❛( /✉❡ ♦)  ❛""❧✐♥❣ ♠♦❞❡+ ❛,✉❛♠ ❝♦♠♦ ✉♠ ♥♦✈♦ ♠❡❝❛♥✐)♠♦ ♣❛(❛ ♦

❡),❛❜❡❧❡❝✐♠❡♥,♦ ❞❡ ✉♠ ❡),❛❞♦ ❞❡ ✈✐❞ ♦ ❞❡ +♣✐♥ ✈❡(❞❛❞❡✐(♦✳ ❊),❛♠♦) ❛/✉✐ ✉,✐❧✐③❛♥❞♦ ✉♠❛

❛♥❛❧♦❣✐❛ ♣❛(❛ ❡①♣❧✐❝❛( ♥♦))♦) (❡)✉❧,❛❞♦)✳

❊♠ ❝♦♥,(❛),❡ ❝♦♠ ♦ ❡)♣❡❝,(♦ ❞❛ ❜❛♥❞❛ ❳✱ ♦ ❡)♣❡❝,(♦ ❞❡ ❜❛♥❞❛ ◗ ✭✜❣ ✺✳✸✭❛✮✲✭❜✮✮ ♥2♦

❛♣(❡)❡♥,❛ ❡),❛ ✐♥✢✉H♥❝✐❛ ♥♦,8✈❡❧ ❞❛ ❞✐♥6♠✐❝❛ ❞♦) C♦♥) ❞❡ ❊✉

2+
✳ X❛(❛ T & 45 ❑✱ ♦ ❡)♣❡❝,(♦

,❡♠ ∆H ≈ 250 ❖❡ ❡ ❡✈♦❧✉✐ ❝♦♠ ❝♦♠♦ ♥✉♠❛ (❡❧❛①❛12♦ ,✐♣♦ ❑♦((✐♥❣❛ ❝♦♠ b = 6.8(2) ❖❡✴❑

❡ b = 10.6(3) ❖❡✴❑ ♣❛(❛ ❚ =❘✉ ❡ ❚ =❖)✱ (❡)♣❡❝,✐✈❛♠❡♥,❡✳ ◆❡))❛ (❡❣✐2♦ ❞❡ ,❡♠♣❡(❛,✉(❛)✱

♦) ✈❛❧♦(❡) ❞❡ g ♠❡❞✐❞♦) )2♦ g = 1.961(3)✱ ♣❛(❛ ❚=❘✉ ❡ g = 1.92(1)✱ ♣❛(❛ ❚=❖)✳ ❆♠❜♦)

✈❛❧♦(❡) ❛♣(❡)❡♥,❛♠ ✉♠ ∆g ❣✐❣❛♥,❡)❝♦✱ /✉❛♥❞♦ ❝♦♠♣❛(❛❞♦) ❝♦♠ g = 1.993(2) ♦❜,✐❞♦ ♣❛(❛

❡①♣❡(✐♠❡♥,♦) ❡♠ ✐)♦❧❛♥,❡)✳ ❖ ✈❛❧♦( ♥❡❣❛,✐✈♦ ❞❡ ∆g ❛♣♦♥,❛ ♣❛(❛ ✉♠❛ ❧✐❣❛12♦ ,✐♣♦ ❝♦✈❛❧❡♥,❡

❡♥,(❡ ♦) ♦(❜✐,❛✐) ❛,?♠✐❝♦) ✹f ❞♦ ❊✉

2+
❡ ♦(❜✐,❛✐) d ❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉12♦ ❬✷✸❪✳

X❛(❛ ♠❡,❛✐)✱ ♥❛ )✐♠♣❧❡) )✐,✉❛12♦ ❞❡ ✉♠❛ D♥✐❝❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉12♦ ❡ Jfs ✐♥❞❡♣❡♥❞❡♥,❡

❞❡ q✱ ,❡♠♦) /✉❡✿ ∆g = Jfsη(EF ) ❡ b = 2 × 104(Jfsη(EF ))
2

❬✷✸❪✳ ◆❡),❡ ❝❡♥8(✐♦✱ ♦) ∆g

♦❜,✐❞♦) ❡①♣❡(✐♠❡♥,❛❧♠❡♥,❡ ✐♠♣❧✐❝❛♠ ❡♠ b ≈ 24 ❖❡✴❑ ❡ b ≈ 124 ❖❡✴❑ ♣❛(❛ ❚=❘✉ ❡ ❚=❖)✱

(❡)♣❡❝,✐✈❛♠❡♥,❡✳ ❊),❡ 3 ✉♠ ✐♠♣♦(,❛♥,❡ ❝♦♥,(❛),❡ ❡♠ (❡❧❛12♦ ❛♦) (❡)✉❧,❛❞♦) ❡①♣❡(✐♠❡♥,❛✐)

✼✼



❋✐❣✉$❛ ✺✳✸✿ ❘❡,✉♠♦ ❞♦, $❡,✉❧1❛❞♦, ♣❛$❛ ♦ ❡①♣❡$✐♠❡♥1♦ ❞❡ ❜❛♥❞ ◗ ♣❛$❛ ❊✉❚4❙❜12✳ ❈♦♠♦

❞❡,❝$✐1♦ ♥♦ 1❡①1♦✱ ♥=♦ ❤? ✉♠❛ ❛,,✐♥❛1✉$❛ ❝❧❛$❛ ❞❛ ✐♥✢✉A♥❝✐❛ ❞♦,  ❛""❧✐♥❣ ♠♦❞❡+ ♥❡,1❡ ❡①♣❡$✲

✐♠❡♥1♦✳ ❊♠ ✺✳✸✭❛✮ ♠♦,1$❛♠♦, ∆H ♣❛$❛ ❚ = ❘✉ ❡ ♥♦ E✉❛❞$♦ ❛♣$❡,❡♥1❛♠♦, ♦, ✈❛❧♦$❡, ❞❡ ❣✳

❊♠ ✺✳✸✭❜✮✱ ♠♦,1$❛♠♦, ∆H ♣❛$❛ ❚ = ❖, ❡✱ 1❛♠❜H♠ ♥♦ E✉❛❞$♦✱ ❛♣$❡,❡♥1❛♠♦, ♦, ✈❛❧♦$❡, ❞❡ ❣✳

❊♠ ❛♠❜❛, ❛, ✜❣✉$❛,✱ ♦, ✈❛❧♦$❡, ♠♦,1$❛♠ ❝♦♠ ❝❧❛$❡③❛ ♦ ❛♣❛$❡❝✐♠❡♥1♦ ❞❡ ✉♠ ❝❛♠♣♦ ✐♥1❡$♥♦

❢❡$$♦♠❛❣♥H1✐❝♦ ♣❛$❛ T . 45 ❑✳

✼✽



✉♠❛ ✈❡③ &✉❡ ✐♥❞✐❝❛♠ ❞❡♣❡♥❞,♥❝✐❛ ❡♠ q ❞♦ ❛❝♦♣❧❛♠❡♥/♦ ❞❡ /0♦❝❛ J ✳ ❊3/❡ ❛❝❤❛❞♦ ❞5 3✉♣♦0/❡

❛♦ ❝❡♥50✐♦ ❞❡ ✉♠❛ ✐♥/❡0❛67♦ ❘❑❑❨ ✐♥♦♠♦❣,♥❡❛ ❡♥/0❡ ♦3 3♣✐♥3 ❞❡ ❊✉

2+
✱ ❝♦♥❢♦0♠❡ ♣0♦♣♦♠♦3✳

❆❝0❡❞✐/❛♠♦3 3❡0 ✐♠♣♦0/❛♥/❡ ❡3❝❧❛0❡❝❡0 ❛ ❢❛❧/❛ ❞❡ ❛33✐♥❛/✉0❛3 ❝❧❛0❛3 ❞❛ ✐♥✢✉,♥❝✐❛ ❞♦3

 ❛""❧✐♥❣ ♠♦❞❡+ ♥♦ ❡3♣❡❝/0♦ ❞❡ ❜❛♥❞❛ ◗✳ ❆❝0❡❞✐/❛♠♦3 &✉❡ ✐3/♦ ♦❝♦00❡ ❞❡✈✐❞♦ ❛♦3 ❝❛♠♣♦3

♠❛❣♥B/✐❝♦3 0❡❧❛/✐✈❛♠❡♥/❡ ❛❧/♦3 ✉3❛❞♦3 ♥❡3/❡ /✐♣♦ ❞❡ ❡①♣❡0✐♠❡♥/♦ ✭H ≈ 1 ❚✮✳ ❊3/❡3 ❛/✉❛0✐❛♠

❡♠ ❞♦✐3 3❡♥/✐❞♦3✿ ✐✮ ♣0♦✈♦❝❛♥❞♦ ✉♠ ♦0❞❡♥❛♠❡♥/♦ ❞♦3 3♣✐♥3✱ ♦ &✉❡ ❡✈✐/❛ ♦ ❛♣❛0❡❝✐♠❡♥/♦

❞♦ ❡3/❛❞♦ /✐♣♦ ✈✐❞ ♦ ❞❡ +♣✐♥ ❀ ✐✐✮ ❝♦♥❣❡❧❛♥❞♦ ❛ ❝♦♥/0✐❜✉✐67♦ ❞❛3 ❛♥✐3♦/0♦♣✐❛3 ❛❧❡❛/I0✐❛3 ❞♦

❛❝♦♣❧❛♠❡♥/♦ ❞❡ /0♦❝❛ J ✱ 3✉♣0✐♠✐♥❞♦ ♦ ❛❧❛0❣❛♠❡♥/♦ ❞❡ ∆H ❛33♦❝✐❛❞♦ ❛ ❛♣0♦①✐♠❛67♦ ❞♦

3✐3/❡♠❛ ❞❛ /❡♠♣❡0❛/✉0❛ ❞❡ /0❛♥3✐67♦ ♣❛0❛ ♦ ❡3/❛❞♦ ✈J/0❡♦✱ ❝♦♠♦ B ♦❜3❡0✈❛❞♦ ❡♠ ✈✐❞ ♦+ ❞❡

+♣✐♥ ✈❡0❞❛❞❡✐0♦3 ❬✺✶❪✳ ❖ ♣0✐♠❡✐0♦ ♣♦♥/♦ B 3✉3/❡♥/❛❞♦ ♣❡❧❛ ♦❜3❡0✈❛67♦ ❞♦ ❛❧❛0❣❛♠❡♥/♦ ❞❡

∆H ❡ ∆g ♣♦3✐/✐✈♦ ❡♠ ❜❛♥❞❛ ◗ &✉❡ ❡①♣0❡33❛♠ ❛ ❛♣0♦①✐♠❛67♦ ❞♦ ❡3/❛❞♦ ❢❡00♦♠❛❣♥B/✐❝♦✱ ♠❛3

♥✉♠❛ /❡♠♣❡0❛/✉0❛ T ≈ 45 ❑✱ ❜❡♠ ❛❝✐♠❛ ❞❡ T ≈ 4.2 ❑✱ ❝♦♠♦ ♦❜3❡0✈❛♠♦3 ❡♠ ❜❛♥❞❛ ❳ ✭✈❡0

✜❣ ✺✳✸✭❛✮✲✭❜✮✮✳

❆3 ✜❣✉0❛3 ✺✳✹✭❛✮✲✭❜✮ ♠♦3/0❛♠ &✉❡ ♥❡♥❤✉♠ ❢❡♥U♠❡♥♦ 3✐♠✐❧❛0 ♦❝♦00❡ ♥♦ ❝❧❛"❤ ❛"❡✳ ❆ ✜❣✉0❛

✺✳✹✭❛✮ ♠♦3/0❛ &✉❡ ♦ ❡3♣❡❝/0♦ B ❛♥✐3♦/0I♣✐❝♦✱ ❢❛/♦ ❞❡✈✐❞♦ ❛ /0❛♥3✐67♦ ♠❛❣♥B/✐❝❛ ❞♦ ♠❛/❡0✐❛❧

✭TC = 35 ❑ ❬✹✼❪✮✳ ❆❝✐♠❛ ❞❡3/❛ 0❡❣✐7♦ ❞❡ ❜❛✐①❛ T ✭T & 70 ❑✮✱ ♦ ❡3♣❡❝/0♦ B ✐3♦/0I♣✐❝♦

❝♦♠ g = 1.999(3)✱ ❡ ∆H ❛❧❛0❣❛ ❝♦♠♦ ❡3♣❡0❛❞♦ ❡♠ ✉♠❛ 0❡❧❛①❛67♦ ❞♦ /✐♣♦ ❑♦00✐♥❣❛✳ ❋✐❣✉0❛

✺✳✹✭❜✮ ♣X❡ ❡♠ ❡✈✐❞,♥❝✐❛ &✉❡ ❛3 ❧✐♥❤❛3 ❞♦ ❡3♣❡❝/0♦ 37♦ 0❡❧❛/✐✈❛♠❡♥/❡ ✜♥❛3 &✉❛♥❞♦ ❝♦♠♣❛0❛❞❛3

❝♦♠ ∆H ♦❜/✐❞♦ ♣❛0❛ ♦3 +❦✉""❡ ✉❞✐"❡+✳ ❆♦ ❛♣0♦①✐♠❛0✲3❡ ❞❡ /❡♠♣❡0❛/✉0❛ ❞❡ /0❛♥3✐67♦✱ ❡

❛❜❛✐①♦ ❞❡3/❛ /❡♠♣❡0❛/✉0❛✱ ∆H ❛❧❛0❣❛ ❝♦♥/✐♥✉❛♠❡♥/❡✳ ❖3 ✈❛❧♦0❡3 ❞❡ g✱ ♠♦3/0❛❞♦3 ♥♦ &✉❛❞0♦✱

/❛♠❜B♠ 0❡✢❡/❡♠ ❝❧❛0❛♠❡♥/❡ ❛ ❛♥✐3♦/0♦♣✐❛ ❞❡ ❜❛✐①❛ /❡♠♣❡0❛/✉0❛ ❡ ❛ /0❛♥3✐67♦ ♠❛❣♥B/✐❝❛✳

◆❡♥❤✉♠❛ ❝♦♥❡①7♦ ❝♦♠ ♦3  ❛""❧✐♥❣ ♠♦❞❡+ ❞♦3 J♦♥3 ❞❡ ❊✉

2+
B ♦❜3❡0✈❛❞❛ ♥♦ ❡①♣❡0✐♠❡♥/♦✳

❉❛❞❛ ❛3 ❡3♣❡❝✐✜❝✐❞❛❞❡3 ❞♦ ❝♦♠♣♦0/❛♠❡♥/♦ ❞✐♥[♠✐❝♦ ❞♦3 J♦♥3 ♥❛3 ❣❛✐♦❧❛3 ❞❡3/❡ ❝❧❛"❤ ❛"❡✱

❝✉❥♦ ❝❡♥/0♦ ❞❡ ❡&✉✐❧J❜0✐♦ ❞♦ ♣♦/❡♥❝✐❛❧ B ❞❡3❧♦❝❛❞♦ ❞❡ ❝❡♥/0♦ ❞❛ ❣❛✐♦❧❛ ✭♦✛ ❝❡♥"❡  ❛""❧✐♥❣✮✱

3❡0✐❛ ❡3♣❡0❛❞♦ &✉❡ ❛33✐♥❛/✉0❛3 ❞❡✈✐❞♦ ❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ ❡ ❜❛✐①❛ 3✐♠❡/0✐❛ ❞❡ ❝❛♠♣♦ ❝0✐3/❛❧✐♥♦

3❡0✐❛♠ ♠❛✐3 ❝❧❛0❛♠❡♥/❡ ♦❜3❡0✈5✈❡✐3 ♥❡3/❡ ❝♦♠♣♦3/♦✳ ■33♦ ♥♦3 ❢❛③ ❡①❝❧✉✐0 ❡❢❡✐/♦3 ❞❡ ❝❛♠♣♦

❝0✐3/❛❧✐♥♦ ❝♦♠ ✉♠❛ ❡①♣❧✐❝❛67♦ ❞♦3 ❢❡♥U♠❡♥♦3 ♠♦3/0❛❞♦3 ♥❛3 ✜❣✉0❛3 ✺✳✶✭❛✮✲✭❜✮ ❡ ✺✳✷✭❛✮✲✭❜✮✳

❊♠❜♦0❛ ✉♠❛ 0❡❧❛①❛67♦ ♠❡/5❧✐❝❛ 3❡❥❛ ♦❜3❡0✈❛❞❛✱ ♥♦/❛✲3❡ &✉❡ ♦ ♣0♦❝❡33♦ B ❧❡♥/♦ ❝♦♠ b = 0.86

❖❡✴❑✱ ♦ &✉❡ ❡3/5 ❡♠ ❛❝♦0❞♦ ❝♦♠ ♦ ❢❛/♦ &✉❡ β✲❊✉8●❛16●❡30 B ✉♠ ♠❡/❛❧ ❞❡ ❜❛✐①❛ ❞❡♥3✐❞❛❞❡

❞❡ ♣♦0/❛❞♦0❡3 ❬✹✼❪✳ ■♥/❡0❡33❡♥/❡ ♥♦/❛0 &✉❡ ❡3/❛ /❛①❛ B /♦/❛❧♠❡♥/❡ ❝♦♠♣❛/J✈❡❧ ❝♦♠ ♦ ✈❛❧♦0

∆g = 0.006(5) ♦❜/✐❞♦ ❡①♣❡0✐♠❡♥/❛❧♠❡♥/❡✱ ♦ &✉❡ ❛♣♦♥/❛ ♣❛0❛ Jfs ✐♥❞❡♣❡♥❞❡♥/❡ ❞❡ q ❡ ❛✉3,♥❝✐❛

❞❡ ❡❢❡✐/♦3 ♠✉❧/✐✲❜❛♥❞❛✳

❆ ❛✉3,♥❝✐❛ ❞❛ ❝♦♥/0✐❜✉✐67♦ ❞❡ ❡3/❛❞♦3 ♦0❜✐/❛✐3 ❞❡ ♠❛✐♦0 ♦0❞❡♠ ♣❛0❛ ❛ 3✉♣❡0❢J❝✐❡ ❞❡ ❋❡0♠✐

❞♦ ❝❧❛"❤ ❛"❡ ♣♦❞❡ ❡①♣❧✐❝❛0 ♣♦0&✉❡ ♥7♦ ❤5 ❛33✐♥❛/✉0❛ ❝❧❛0❛ ❞♦3  ❛""❧✐♥❣ ♠♦❞❡+ ♥♦3 0❡3✉❧/❛❞♦3

♠♦3/0❛❞♦3 ❡♠ ✺✳✹✭❛✮✲✭❜✮✳ ❆ ❝♦♥/0✐❜✉✐67♦ ♣❛0❛ ♦ ♦0❜✐/❛❧ d ❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉67♦ ❞♦ +❦✉""❡ ✉✲

❞✐"❡✱ ♣♦❞❡ ♦0✐❣✐♥❛0 ❞♦ ♦0❜✐/❛✐3 ❛/U♠✐❝♦3 d ❞♦ ❞♦ ❘✉ ✭♦✉ ❖3✮✱ ✐♥❞✐❝❛♥❞♦ &✉❡ ❛3 ❣❛✐♦❧❛3 ❞♦3

✼✾



 ❦✉##❡%✉❞✐#❡  !♦ ♠❛✐ &'❣✐❞❛ ✭♠❛✐ ❝♦&&❡❧❛❝✐♦♥❛❞❛ ✮ 0✉❡ ❛ ❣❛✐♦❧❛ ❞♦ ❝❧❛#❤%❛#❡✳ ❊♠ 4♦❞♦

❝❛ ♦✱ ❛ ❛♥6❧✐ ❡ ❞♦ ∆g ♥♦ ♠♦ 4&❛ 0✉❡ ❤6 ♠❛✐♦& ❛❝♦♣❧❛♠❡♥4♦ ❡♥4&❡ ♦ ❡ 4❛❞♦ ✐4✐♥❡&❛♥4❡ ❡

❧♦❝❛❧✐③❛❞♦ ♥❛  ❦✉##❡%✉❞✐#❡ ✱ 0✉❡ ♣♦❞❡ 4❡& ✉♠ ♣❛♣❡❧ ❝❡♥4&❛❧ ❡♠ ❝♦&&❡❧❛❝✐♦♥❛& ♦ %❛##❧✐♥❣ ❝♦♠

❛ ✐♥4❡&❛:!♦ ❊✉✲❊✉✳

✺✳✹ ❈♦♥❝❧✉)*♦

❋♦&♥❡❝❡♠♦ ❡✈✐❞>♥❝✐❛✱ ❛ ♣❛&4✐& ❞❡ ♠❡❞✐❞❛ ❞❡ ❊❙❘ ❡♠ ❜❛♥❞❛ ❳✱ ♣❛&❛ ✉♠❛ ❞✐♥C♠✐❝❛ ✐♥✲

♦♠♦❣>♥❡❛ ❞♦  ♣✐♥ ❞♦ ❊✉

2+
♥♦ ❝♦♠♣♦ 4♦ ❊✉❚4❙❜12 ✭❚ =❘✉✱ ❖ ✮✱ 0✉❡ ❡♠❡&❣❡ ❛ ♣❛&4✐&

❞❛ ❛4✐✈❛:!♦ 4F&♠✐❝❛ ❞♦ %❛##❧✐♥❣ ♠♦❞❡ ✳ ❊♠  ❡❣✉✐❞❛✱ ❞✐ ❝✉4✐♠♦ &❡ ✉❧4❛❞♦ ❞♦ ❡①♣❡&✐♠❡♥4♦ 

❞❡ ❜❛♥❞❛ ◗ ✭✜❣ ✺✳✸✭❛✮✲✭❜✮✮✱ ♦♥❞❡ ❡♥❝♦♥4&❛♠♦ ❡✈✐❞>♥❝✐❛ ♣❛&❛ ✉♠❛ ❞❡♣❡♥❞>♥❝✐❛ ❡♠ q ❞♦

❛❝♦♣❧❛♠❡♥4♦ ❞❡ 4&♦❝❛ Jfs(q) ❡ ♣❛&❛ ✉♠❛ ❧✐❣❛:!♦ 4✐♣♦ ❝♦✈❛❧❡♥4❡ ❞♦ ♦&❜✐4❛✐ ✹f ❧♦❝❛❧✐③❛❞♦ 

❡ ♦&❜✐4❛✐ d ❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉:!♦✳ ❊  ❡ ❛❝❤❛❞♦ ❢♦&❛♠ &❡❧❛❝✐♦♥❛❞♦ ✱ &❡ ♣❡❝4✐✈❛♠❡♥4❡✱ ❛

❞✐♥C♠✐❝❛ ✐♥♦♠♦❣>♥❡❛ ❞♦  ♣✐♥ ❞♦ '♦♥ ❞❡ ❊✉

2+
❡ ♣❛&❛ ❡①♣❧✐❝❛& ♣♦&0✉❡ ♥❡♥❤✉♠ ❢❡♥N♠❡♥♦

 ✐♠✐❧❛& ❢♦✐ ❡♥❝♦♥4&❛❞♦ ♥♦ ❡①♣❡&✐♠❡♥4♦ ❝♦♠ β✲❊✉8●❛16●❡30✳

❊♠ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ❝❡♥6&✐♦ ❞❡ ✈✐❞&♦ ❞❡ ❢P♥♦♥ ❞✐ ❝✉4✐❞♦ ♣❛&❛  ✐ 4❡♠❛ ❣❛✐♦❧❛✱ &❡❧❛✲

❝✐♦♥❛♠♦ ♥♦  ♦ &❡ ✉❧4❛❞♦ ❛ ✉♠❛ ❞✐♥C♠✐❝❛ 4✐♣♦ ✈✐❞%♦ ❞❡  ♣✐♥ ❝♦♠♦ ✉♠ ❝❡♥6&✐♦ ♣❧❛✉ '✈❡❧ ♣❛&❛

❞✐ ❝✉4✐& ♥♦  ♦ ❡①♣❡&✐♠❡♥4♦ ✳ ❖✉4&♦ ❡ 4✉❞♦ ❡①♣❡&✐♠❡♥4❛✐ ✱ ❡ ♠❡ ♠♦ 4❡P&✐❝♦ ✱  ❡ ♠♦ 4&❛♠

♥❡❝❡  6&✐♦ ♣❛&❛ ❡♥4❡♥❞❡& ❡ 4❡ ❡ 4❛❞♦ 4✐♣♦ ✈✐❞%♦ ❞❡  ♣✐♥ ❡ 4❛♠❜F♠ ♣❛&❛ ❡①♣❧♦&❛& ❛ ♣❡& ♣❡❝4✐✈❛

❞❡ ♦✉4&♦ ❢❡♥N♠❡♥♦ 0✉❡ ❡♠❡&❣❡♠ ❞❛ ✐♥4❡&❛:!♦ ❡♥4&❡ ❡❧F4&♦♥ ❞❡ ❝♦♥❞✉:!♦ ❡ ♠♦❞♦ ❞❡ ❢P♥♦♥ 

❧♦❝❛❧✐③❛❞♦ ✳

✺✳✺ ❆,-✐❣♦) ,❡❧❛❝✐♦♥❛❞♦)

✶✳ ❙♣✐♥✲❣❧❛  ❧✐❦❡  4❛4❡ ✐♥  ❦✉44❡&✉❞✐4❡ ❝♦♠♣♦✉♥❞ ✳ ❙✉❜♠✐44❡❞ 4♦ S❘❇✲❘❛♣✐❞ ❈♦♠♠✉♥✐✲

❝❛4✐♦♥ ✭✷✵✶✵✮✳

✽✵



❋✐❣✉$❛ ✺✳✹✿ ▼❡❞✐❞❛- ❞❡ ❊❙❘ ❡♠ ❜❛♥❞❛✲❳ ♣❛$❛ β✲❊✉8●❛16●❡30✳ ❆ ✜❣✉$❛ ✺✳✹✭❛✮ ♠♦-=$❛

✉♠❛ ✈✐-?♦ ❣❡$❛❧ ❞♦ ❡-♣❡❝=$♦ ♥♦ ✐♥=❡$✈❛❧♦ ❞❡ =❡♠♣❡$❛=✉$❛ ✐♥✈❡-=✐❣❛❞♦✳ ❊♠ ❛❧=❛ =❡♠♣❡$✲

❛=✉$❛✱ ♦ ❡-♣❡❝=$♦ C ✐-♦=$D♣✐❝♦ ❡ ❛ ✐♥=❡♥-✐❞❛❞❡ ❞❡ ❊❙❘ ✭♥?♦ ♠♦-=$❛❞♦✮ -❡❣✉❡ ❛ ❧❡✐ ❞❡ ❈✉$✐❡✳

❆♣$♦①✐♠❛♥❞♦✲-❡ ❞❛ =$❛♥-✐G?♦ ♠❛❣♥C=✐❝❛✱ ✉♠❛ ❢♦$=❡ ❛♥✐-♦=$♦♣✐❛ ❡♠❡$❣❡ ♥♦ ❡-♣❡❝=$♦✱ ❝♦♠♦

❞❡♠♦♥-=$❛❞♦ ♥♦- ❞♦✐- I✉❛❞$♦- ❞❛ ✜❣✉$❛✳ ❆ ✜❣✉$❛ ✺✳✹✭❜✮✱ ♠♦-=$❛ I✉❡ ❛❝✐♠❛ ❞❡ T = 50 ❑✱
✉♠❛ $❡❧❛①❛G?♦ ❞♦ =✐♣♦ ❑♦$$✐♥❣❛ ❞♦♠✐♥❛ ♦ ❝♦♠♣♦$=❛♠❡♥=♦ ❞❡ ∆H✱ ❡♥I✉❛♥=♦ I✉❡ ❛ ❜❛✐①❛
T ✱ ∆H ❛❧❛$❣❛ ❞❡✈✐❞♦ ❛ ✢✉=✉❛GL❡- ♠❛❣♥C=✐❝❛-✳ ❖ I✉❛❞$♦ ♠♦-=$❛ ❛ ❛♥✐-♦=$♦♣✐❛ ❞❡ ❜❛✐①❛ T ✱

=❛♠❜C♠ ❞❡✈✐❞♦ ❛♦ ❛♣❛$❡❝✐♠❡♥=♦ ❞♦ ♠❛❣♥❡=✐-♠♦✱ $❡✢❡=✐❞❛ ♥♦- ✈❛❧♦$❡- ❞❡ g✳

✽✶



❈❛♣#$✉❧♦ ✻

❈♦♥❝❧✉+,❡+

◆♦ ❝❛♣%&✉❧♦ ✷✱ ♠♦,&-❛♠♦, ❡♠ ❞❡&❛❧❤❡ ❝♦♠♦ ♦ ❡,1✉❡♠❛ ❝❧2,,✐❝♦ ❞♦ &-❛❜❛❧❤♦ ❞❡ ▲❡❛✱ ▲❡❛,❦

✫ ❲♦❧❢ ❬✹✵❪ ❞❡✈❡ ,❡- ♠♦❞✐✜❝❛❞♦ ♣❛-❛ ♦ ❡,&✉❞♦ ❞❡ ,✐,&❡♠❛, ❝♦♠ ,✐♠❡&-✐❛ Th✳ ➱ ✐♠♣♦-&❛♥&❡

♥♦&❛- 1✉❡ ❡,&❛ ♠♦❞✐✜❝❛CD♦ ♥D♦ E ❞❡ ❢♦-♠❛ ❛❧❣✉♠❛ ❢❡❝❤❛❞❛ ♣❛-❛ ✐♥&❡-♣-❡&❛CD♦ ❞❡ &-❛❜❛❧❤♦,

1✉❡ ✉,❡♠ ❛ &E❝♥✐❝❛ ❞❡ ❊❙❘✳ ❆ ♣-✐♦-✐✱ 1✉❛❧1✉❡- ❡,&✉❞♦ ❞❡ ❡❢❡✐&♦, ❞❡ ❝❛♠♣♦ ❝-✐,&❛❧✐♥♦ ❡♠

 ❦✉##❡%✉❞✐#❡ ❞❡✈❡✱ ❛♦ ♠❡♥♦,✱ ❝♦♥,✐❞❡-❛- ❛ ♣♦,,✐❜✐❧✐❞❛❞❡ 1✉❡ ✉♠ ♥♦✈♦ ♣❛-K♠❡&-♦ ❞❡ ❝❛♠♣♦

❝-✐,&❛❧✐♥♦ Bt
6 E ♥❡❝❡,,2-✐♦ ♣❛-❛ ❛ ❝♦--❡&❛ ❞❡&❡-♠✐♥❛CD♦ ❞♦ ❡,&❛❞♦ ❢✉♥❞❛♠❡♥&❛❧ ❞❡ ❡,&❛❞♦,

4f ♥❡,&❡ ♠❛&❡-✐❛❧✳ ❖ ❝♦♥❤❡❝✐♠❡♥&♦ ❞❡,&❡ ❡,&❛❞♦ ❢✉♥❞❛♠❡♥&❛❧ &❡♠ ❣-❛♥❞❡ ✐♠♣♦-&K♥❝✐❛ ♥♦

❡♥&❡♥❞✐♠❡♥&♦ ❞❡ ♣-♦♣-✐❡❞❛❞❡, ♠❛❣♥E&✐❝❛, ❡ ❡❧❡&-M♥✐❝❛, ❞❡,&❡, ❝♦♠♣♦,&♦, ❬✶✾❪✳

➱ ✐♠♣♦-&❛♥&❡ ♥♦&❛- 1✉❡ ❛ ❛♣❧✐❝❛CD♦ ❞❛ &E❝♥✐❝❛ ❞❡ ❊❙❘ ♥♦ ❝♦♥&❡①&♦ ❞♦ ❡,&✉❞♦ ❞❡ ❡,&❛❞♦, ❞❡

❝❛♠♣♦ ❝-✐,&❛❧✐♥♦ E ✉♠ ♣-♦❝❡❞✐♠❡♥&♦ ❥2 ♠✉✐&♦ ❜❡♠ ❝♦♠♣-❡❡♥❞✐❞♦ ❬✼❪✳ S❡-❝❡❜❡✲,❡✱ ♥♦ ❡♥&❛♥&♦✱

1✉❡ ♣❡-♠❛♥❡❝❡ ,❡♥❞♦ &❡♠❛ ❞❡ ❣-❛♥❞❡ ❛&✉❛❧✐❞❛❞❡✱ ♥♦&❛❞❛♠❡♥&❡ ✐♠♣✉❧,✐♦♥❛❞❛ ♣❡❧❛ ❜✉,❝❛ ❞♦

❡♥&❡♥❞✐♠❡♥&♦ ❞❡ ♥♦✈♦, ♠❛&❡-✐❛✐,✳ ◆❡,&❡ ❝❛,♦✱ E ❝❡-&♦ 1✉❡ ❛, ♣-✐♠❡✐-❛,  ❦✉##❡%✉❞✐#❡ ❬✶✼❪

❢♦-❛♠ ,✐♥&❡&✐③❛❞❛, ❥2 ❤2 ❛❧❣✉♠ &❡♠♣♦✱ ♠❛, ♦, V❧&✐♠♦, ✶✵ ❛♥♦, &❡,&❡♠✉♥❤❛-❛♠ ✉♠ ❣-❛♥❞❡

❛❝-E,❝✐♠♦ ♥♦ ♥V♠❡-♦ ❞❡ ❞✐❢❡-❡♥&❡, ❝♦♠♣♦,&♦, ❞❡,&❛ ❢❛♠%❧✐❛✳

❊♠ ✉♠ ❡,&✉❞♦ ,✐♠✐❧❛-✱ ❡♠ ❡①♣❡-✐♠❡♥&♦, ❝♦♠ ♦ ❝♦♠♣♦,&♦ ❈♦❙❜3✱ ❝♦♠ ✉♠ ♣❡1✉❡♥♦

♣-❡❡♥❝❤✐♠❡♥&♦ ❞❡ ❊- ❬✶✶❪✱ &❛♠❜E♠ ❢♦✐ ♣♦,,%✈❡❧ ✈❡-✐✜❝❛- ❛ ✐♠♣♦-&K♥❝✐❛ ❞♦ ♣❛-K♠❡&-♦ Bt
6

♥❛ ♣♦,✐CD♦ ❞❛ -❡,,♦♥K♥❝✐❛✳ ❯♠❛ ,❡1✉Y♥❝✐❛ ♥❛&✉-❛❧ ❞❡,&❡ &-❛❜❛❧❤♦ ,❡-✐❛ ♦❜&❡- ❛♠♦,&-❛, ❝♦♠

♣❡1✉❡♥❛, 1✉❛♥&✐❞❛❞❡, ❞❡ ❉②✱ ❨❜ ❡ ●❞ ❡ ❝♦♠♣❛-❛- ♦, -❡,✉❧&❛❞♦, ❝♦♠ ♥♦,,♦ &-❛❜❛❧❤♦ ❛♥&❡✲

-✐♦- ❝♦♠ ♦ ❈❡❋❡4S12✳ ❉❡ ❢❛&♦✱ ,✉❝❡,,✐✈❛, ,%♥&❡,❡, ❢♦-❛♠ &❡♥&❛❞❛, ♠❛, ♥D♦ &✐✈❡♠♦, ,✉❝❡,,♦

❡♠ ✐♥❝♦-♣♦-❛- ♦, %♦♥, ❞❡ &❡--❛ -❛-❛ ♥❛ ❡,&-✉&✉-❛ ❞♦ ❈♦❙❜3✳ ❉❡ &♦❞❛ ❢♦-♠❛✱ ❛ ♦❜,❡-✈❛CD♦

❞✐-❡&❛ ❞♦, ❡❢❡✐&♦, ❞♦ ♣❛-K♠❡&-♦ Bt
6 ❡♠ ✉♠❛ ❝❧❛,,❡ ❞✐❢❡-❡♥&❡ ❞❡  ❦✉##❡%✉❞✐#❡ ✱ E ❢♦-&❡ ✐♥❞✐❝❛CD♦

1✉❡ ❛ ❝♦--❡&❛ ❞❡,❝-✐CD♦ ❞♦ ❝❛♠♣♦ ❝-✐,&❛❧✐♥♦ ❡♠ &♦❞❛ ❢❛♠%❧✐❛ -❡1✉❡- ❛ ✉&✐❧✐③❛CD♦ ❞❡,&❡ ♥♦✈♦

♣❛-K♠❡&-♦✳ ◆❛ ✜❣✉-❛ ✻✳✶✳ ♠♦,&-❛♠♦, ♦, ❡,♣❡❝&-♦, ❡♠ ❜❛✐①❛ &❡♠♣❡-❛&✉-❛ ✭❚ = 4.2 ❑✮ ♣❛-❛ ♦

❊-

3+
♥♦, ❝♦♠♣♦,&♦, ❈❡❋❡4S12 ❡ ❈♦❙❜3✱ ❞❡ ♠❛♥❡✐-❛ ❛ ❡✈✐❞❡♥❝✐❛- ❛ ❣-❛♥❞❡ ❞✐❢❡-❡♥C❛ ♥❛ ♣♦,✐CD♦

❞❛ -❡,,♦♥K♥❝✐❛ ❞❡,&❡, ❡,♣❡❝&-♦,✳ ➱ ♥♦&2✈❡❧ 1✉❡ ❛ ✐♥✢✉Y♥❝✐❛ ❞♦ ♣❛-K♠❡&-♦ ❞❡ Bt
6 ,❡ ♠❛♥✐❢❡,&❛

✽✷



❋✐❣✉$❛ ✻✳✶✿ ❘❡,,♦♥/♥❝✐❛ ❞♦ ❊$

3+
❡♠ ,✐♠❡4$✐❛ ❚h ❛ 4❡♠♣❡$❛4✉$❛ T = 4.2 ❑✳ ◆❛ ✜❣✉$❛✱

♣❡$❝❡❜❡✲,❡ ❝❧❛$❛♠❡♥4❡ ♦ ✐♥✢✉?♥❝✐❛ ❞♦ ♣❛$/♠❡4$♦ Bt
6 ❞❡ ❝❛♠♣♦ ❝$✐,4❛❧✐♥♦✳

❞❡ ♠❛♥❡✐$❛ ❝❧❛$❛ ♥♦ ❡,♣❡❝4$♦ ❞❡ ❊❙❘✱ ♦ A✉❡ ♥B♦ C ♥❡❝❡,,❛$✐❛♠❡♥4❡ ✈❡$❞❛❞❡✐$♦ ♣❛$❛ ♦ ❡,4✉❞♦

❞❡ ✉♠❛ ❣$❛♥❞❡③❛ ♠❛❝$♦,❝F♣✐❝❛ ❝♦♠♦ ❛ ♠❛❣♥❡4✐③❛GB♦✳

❆✐♥❞❛ ❝♦♠ $❡❢❡$?♥❝✐❛ ❛ ,❡A✉?♥❝✐❛, ♠❛✐, ❞✐$❡4❛, ❞❡ ♥♦,,♦ 4$❛❜❛❧❤♦ ❝♦♠ ❈❡❋❡ 4L12✱ ,❡$✐❛

❞❡ ❣$❛♥❞❡ ✐♥4❡$❡,,❡ ❡,4✉❞❛$ ❡,4❡ ❝♦♠♣♦,4♦ ❝♦♠ ♣❡A✉❡♥❛, ❞♦♣❛❣❡♥, ❞❡ ▲❛ ✭❡♥4$❡ 1% ❡ 10%✮

A✉❡ 4$❛♥,❢♦$♠❛ ♦ ,❡♠✐❝♦♥❞✉4♦$ ❈❡❋❡4L12 ❡♠ ✉♠ ♠❡4❛❧✳ ❊,4❡ ,❡$✐❛ ♦ ♣$✐♠❡✐$♦ ♣❛,,♦ ♣❛$❛ ✉♠

❡♥4❡♥❞✐♠❡♥4♦ ♠❛✐, ♣$♦❢✉♥❞♦ ❞♦ ❝❛♠♣♦ ❝$✐,4❛❧✐♥♦ ❡♠  ❦✉##❡%✉❞✐#❡ ♠❡4P❧✐❝❛,✳

◆♦,,♦ 4$❛❜❛❧❤♦ ♣♦❞❡$✐❛ ,❡$ ❡①♣❛♥❞✐❞♦ ♣❛$❛ ♦ ❡,4✉❞♦ ❞❡ ,✐,4❡♠❛, ❱❧❛♥ ❱❧❡❝❦ A✉❡ ♣♦,,✉❡♠

♠♦♠❡♥4♦ ❛♥❣✉❧❛$ J ✐♥4❡✐$♦✳ ❉❡ ❢❛4♦✱ ❛❧❣✉♥, ❞♦, ,✐,4❡♠❛, ❞❡ ♠❛✐♦$ ✐♥4❡$❡,,❡ ❞❛ ❢❛♠U❧✐❛ ❞❛,

 ❦✉##❡%✉❞✐#❡ ,B♦ ❜❛,❡❛❞♦, ❡♠ L$ ✭✉♠ U♦♥ ❱❧❛♥ ❱❧❡❝❦✮✱ ❝♦♠♦ ♦ L$❖,4❙❜12✳ ❊,4❡ ❝♦♠♣♦,4♦

♣♦,,✉✐ ♣$♦♣$✐❡❞❛❞❡, ❢U,✐❝❛, 4♦4❛❧♠❡♥4❡ ♥B♦ 4$✐✈✐❛✐, ❬✶✾❪✱ ♦♥❞❡ ♦ ❝❛♠♣♦ ❝$✐,4❛❧✐♥♦ ♣♦❞❡ ❡,4❛$

$❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❢❛,❡, ♠❛❣♥C4✐❝❛, ❡①F4✐❝❛, ❡ ♠❡,♠♦ ,✉♣❡$❝♦♥❞✉4✐✈✐❞❛❞❡ ❬✺✷❪✳ ◆❡,4❛ ,✐4✉❛GB♦✱

❛ ,❡♣❛$❛GB♦ ❞❡ ❝❛♠♣♦ ❝$✐,4❛❧✐♥♦ ❡♠ ,✐♠❡4$✐❛ Th ✐♥❞✉③ ♦ ❛♣❛$❡❝✐♠❡♥4♦ ❞❡ ✉♠ ❡,4❛❞♦ ,✐♥❣❧❡4♦

❡ ✉♠ 4$✐♣❧❡4♦✳

❯♠ ❝❛♠♣♦ ♠❛❣♥C4✐❝♦ ♥B♦ ♣♦❞❡ A✉❡❜$❛$ ❛ ❞❡❣❡♥❡$❡,❝?♥❝✐❛ ❞❡ ✉♠ ,✐♥❣❧❡4♦ ❡ ♥❡♥❤✉♠❛

$❡,,♦♥/♥❝✐❛ ♣♦❞❡$✐❛ ✈✐$ ❞❡ 4❛❧ ❡,4❛❞♦✳ ❉✉❛, $❡,,♦♥/♥❝✐❛, ♣♦❞❡$✐❛♠ ,❡$ ♦❜,❡$✈❛❞❛, ♥♦ ❡,✲

4❛❞♦ 4$✐♣❧❡4♦ ♣❛$❛ ❝❛♠♣♦, ♠♦❞❡$❛❞♦,✳ ❈❛♠♣♦, ❛❧4♦, ♣♦❞❡$✐❛♠ ✐♥❞✉③✐$ ❛✐♥❞❛ ✉♠❛ 4❡$❝❡✐$❛

$❡,,♦♥/♥❝✐❛✱ ❝♦♠ ∆m = 2✳ ◆♦ ❡♥4❛♥4♦✱ ❡♠ ❛❧❣✉♠❛ ❝♦♥✜❣✉$❛GB♦ ♣❛$4✐❝✉❧❛$✱ ♦, ❡,4❛❞♦, ,✐♥✲

❣❧❡4♦ ❡ 4$✐♣❧❡4♦ ♣♦❞❡♠ ❡,4❛$ ,❡♣❛$❛❞♦, ♣♦$ ✉♠❛ ♣❡A✉❡♥❛ ❡,❝❛❧❛ ❞❡ ❡♥❡$❣✐❛✳ ◆❡,4❡ ❝❛,♦✱ ♣♦❞❡$✐❛

,❡$ ♣♦,,U✈❡❧ ♦❜,❡$✈❛$ ❛ 4$❛♥,✐GB♦ ❡♥4$❡ ❛, ❞✉❛, ❝♦♥✜❣✉$❛G]❡,✳ ❉❡ ❢❛4♦✱ ✜③❡♠♦, ✉♠❛ 4❡♥4❛4✐✈❛

♥❡,4❡ ,❡♥4✐❞♦ ❡,4✉❞❛♥❞♦ ♦ L$❖,4❙❜12✱ ♠❛, ♠❡,♠♦ ❞❡♣♦✐, ❞❡ ♠✉✐4♦, ❡,❢♦$G♦, ❡①♣❡$✐♠❡♥4❛✐,✱

❛ ♥❛4✉$❡③❛ ❞❛, $❡,,♦♥/♥❝✐❛, A✉❡ ♦❜,❡$✈❛♠♦, ♥♦ ❝♦♠♣♦,4♦ ♣❡$♠❛♥❡❝❡ ❡❧✉,✐✈❛✳

❖ ✉,♦ ❞❡ ❊❙❘ ♣❛$❛ ♦ ❡,4✉❞♦ ❞♦ ❝❛♠♣♦ ❝$✐,4❛❧✐♥♦ ♣❡$♠❛♥❡❝❡ ✉♠❛ P$❡❛ ❞❡ ❣$❛♥❞❡ ✐♠♣♦$4/♥✲

✽✸



❝✐❛✱ ❞❛❞♦ &✉❡ ♠✉✐*❛+ ❞❡+*❛+ ♣-♦♣-✐❡❞❛❞❡+ +.♦ ❧♦❝❛✐+ ❡ ❡+❝❛♣❛♠ ❛♦+ -❡+✉❧*❛❞♦+ ♦❜*✐❞♦+ ❝♦♠ ♦

✉+♦ ❞❡ *1❝♥✐❝❛+ ♠❛❝-♦+❝3♣✐❝❛+✳ ❊+♣❡❝✐✜❝❛♠❡♥*❡✱ ❡♠❜♦-❛ ❥8 +❡❥❛ *❡♠❛ -❡❧❛❝✐♦♥❛❞♦ ❛♦+  ❛""❧✐♥❣

♠♦❞❡+✱ ❝❛❜❡ ❞✐+❝✉*✐- &✉❡ ♦+ ❡❢❡✐*♦+ ❞❡ ❝❛♠♣♦ ❝-✐+*❛❧✐♥♦ &✉❡ ♦❜+❡-✈❛♠♦+ ❞❡✈✐❞♦ ❛ -❡++♦♥;♥❝✐❛

❞♦ ❨❜

3+
♣❛-❡❝❡♠ +✉❣❡-✐- ❝❡♥8-✐♦+ ♠❛✐+ ✐♥*❡-❡++❛♥*❡+ ❞♦ &✉❡ ❛&✉❡❧❡ &✉❡ ❢♦✐ -❡♣♦-*❛❞♦ ♥♦+

*-❛❜❛❧❤♦+ -❡❧❛❝✐♦♥❛❞♦+ ❛♦ ❝❛♣?*✉❧♦ 3✳

❉❡ ❢❛*♦✱ ♥♦+ ❡+❝❛♣♦✉ &✉❡ ♦+ ♠♦❞♦+ ❞❡ ❊✐♥+*❡✐♥ ❞♦ ❈❡❋❡4C12 ✭θE ≈ 150 ❑✮ -❡&✉❡-❡♠ ✉♠❛

❡♥❡-❣✐❛ ❞❡ ❛*✐✈❛G.♦ ♠❛✐♦- ❞♦ &✉❡ ❛ ❡+❝❛❧❛ ❞❡ *❡♠♣❡-❛*✉-❛ ❞♦ ❡①♣❡-✐♠❡♥*♦✳ ❉❡+*❛ ♠❛♥❡✐-❛✱

*❡♠♦+ ❞✉❛+ ♣♦++✐❜✐❧✐❞❛❞❡+✿ ❛✮ ♦+ ❨❜

3+
+.♦ +♦♥❞❛+ ♣❛-❛ ♦ ♣♦*❡♥❝✐❛❧ ❞♦ +?*✐♦ ❞♦ ❈❡✱ ❞❡ ♠❛♥❡✐-❛

&✉❡ ❞❡+❝-✐G.♦ ❞♦ ♣♦*❡♥❝✐❛❧ ❞♦ ❈❡ ❞❡✈❡ +❡- -❡✈✐+*❛ ✭*❛❧ ❝♦♠♦ ♥♦ ❡①♣❡-✐♠❡♥*♦ ❞♦ ❝❛♣?*✉❧♦ 4✮ ♦✉

❜✮ ❛ ✐♥❝❧✉+.♦ ❞♦ ❨❜ ♠♦❞✐✜❝❛ +♦❜-❡♠❛♥❡✐-❛ ♦ ♣♦*❡♥❝✐❛❧ ❧♦❝❛❧ &✉❡ ❡+*❡ *❡♠ ❝❛-❛❝*❡-?+*✐❝❛+ &✉❡

❞✐❢❡-❡♠ *♦*❛❧♠❡♥*❡ ❞❛+ ❝❛-❛❝*❡-?+*✐❝❛ ❞♦ ♣♦*❡♥❝✐❛❧ ❞♦ ❈❡✳ ◆❡+*❛ +✐*✉❛G.♦✱ ♥♦++♦ ❡①♣❡-✐♠❡♥*♦

1 *❛♠❜1♠ ♦ ♣-✐♠❡✐-♦ ❛ ✉+❛- ✉♠❛ +♦♥❞❛ ♠✐❝-♦+❝3♣✐❝❛ &✉❡ ❞❡♠♦♥+*-❛ ♣♦-&✉❡ ❛ *1❝♥✐❝❛ ❞❡

✏♣-❡❡♥❝❤✐♠❡♥*♦ ♠L❧*✐♣❧♦✑ ♣❛-❡❝❡ ❧❡✈❛- ❛ ♠❛✐♦-❡+ ♥?✈❡✐+ ❞❡ ❞❡+♦-❞❡♠ ❞♦ ♠❛*❡-✐❛❧ ❡ ♠❡❧❤♦-❛-

+✉❛+ ❝❛-❛❝*❡-?+*✐❝❛+ ❝♦♠♦ ♠❛*❡-✐❛❧ *❡-♠♦❡❧1*-✐❝♦✳

❉❡✈✐❞♦ ❛ ❣-❛♥❞❡ ❞✐❢❡-❡♥G❛ ❡❧❡*-N♥✐❝❛ ❡ ❣❡♦♠1*-✐❝❛ ✭*❛♠❛♥❤♦✮ ❞♦+ ?♦♥+ ❞♦+ ❡❧❡♠❡♥*♦+

❈❡ ❡ ❨❜✱ ♦ ❝❡♥8-✐♦ ✏❜✑ ♣❛-❡❝❡ +❡-✱ ❞❡ ❢❛*♦✱ ♦ ♠❛✐+ ♣-♦✈8✈❡❧✳ ❖ ❨❜ ❡♠ +✉❜+*✐*✉✐G.♦ ❛♦ ❈❡

❡①♣❡-✐♠❡♥*❛ ✉♠ ♣♦*❡♥❝✐❛❧ -❛❞✐❝❛❧♠❡♥*❡ ❞✐❢❡-❡♥*❡ &✉❡ ❧❡✈❛ ♦ ❨❜ ❛ ✉♠❛ ❞✐♥;♠✐❝❛ ❞✐❢❡-❡♥*❡

❞❛&✉❡❧❛ ❛++♦❝✐❛❞❛ ❛♦ ❈❡ ❡ ❛+ ❝❛-❛❝*❡-?+*✐❝❛+ ❞❡  ❛""❧✐♥❣ ♥.♦ +.♦ ❛+ ♠❡+♠❛+ ♣❛-❛ ♦+ ❞♦✐+

❡❧❡♠❡♥*♦+✳

❈❡-*❛♠❡♥*❡ *❡♠♦+ &✉❡ ❝❤❛♠❛- ❛*❡♥G.♦ &✉❡ ♦ ❝♦♠♣♦-*❛♠❡♥*♦ +✐♥❣✉❧❛- ❞♦ ❡+♣❡❝*-♦ ❞♦

?♦♥ ❞❡ ❨❜

3+
✱ ♥.♦ ❡+*8✱ ❞❡ ♠❛♥❡✐-❛ ❛❧❣✉♠❛✱ ♣-❡+❡♥*❡ ♥♦+ ❡+♣❡❝*-♦+ ❞♦+ ?♦♥+ ❞❡ ❉②

3+
❡ ❊-

3+
✳

◆❡+*❡ ♣♦♥*♦✱ ❝♦♥❥❡❝*✉-❛♠♦+ &✉❡ +❡ *-❛*❛ ❞❡ ❢♦-*❡ ❡✈✐❞Q♥❝✐❛ &✉❡ ❛ ❤✐❜-✐❞✐③❛G.♦ ❞♦+ ❡+*❛❞♦+

✹f ✱ *❛♥*♦ ❞♦ ❈❡ &✉❛♥*♦ ❞♦ ❨❜✱ *❡♠ ✐♠♣♦-*❛♥*❡ ♣❛♣❡❧ ♥♦ ❛❝♦♣❧❛♠❡♥*♦ ❞♦  ❛""❧✐♥❣ ♠♦❞❡

❝♦♠ ❞❡♠❛✐+ ♣-♦♣-✐❡❞❛❞❡+✳ ◆❡+*❡ +❡♥*✐❞♦✱ ❛❝-❡❞✐*❛♠♦+ &✉❡ ❛ ❤✐❜-✐❞✐③❛G.♦ ❞♦ ❨❜ ♠♦❞✐✜❝❛

+✐❣♥✐✜❝❛*✐✈❛♠❡♥*❡ ♦ ♣♦*❡♥❝✐❛❧ ❧♦❝❛❧ ❛♦ &✉❛❧ ❡+*8 +✉❥❡✐*♦ ♦ ❡❧❡♠❡♥*♦ ❘✳ ❊+*❛ ❤✐❜-✐❞✐③❛G.♦

✐♠♣❧✐❝❛ *❛♥*♦ ♥✉♠❛ ♠♦❞✐✜❝❛G.♦ ❞❛+ ❢-❡&✉Q♥❝✐❛+ ❞❡  ❛""❧✐♥❣ ❝♦♠♦ 1 *❛♠❜1♠ -❡+♣♦♥+8✈❡❧ ♣❡❧♦

❛♣❛-❡❝✐♠❡♥*♦ ❞❡ ❝❡♥*-♦+ ♦✛✲❝❡♥"❡ ✳ ◆❡+*❡ ❝❡♥8-✐♦✱ ♥♦ ❝❛+♦ ❞♦+ ❞❡♠❛✐+ ?♦♥+ ❡ ♠❡+♠♦ ♥♦ ❝❛+♦

❞♦ ●❞

3+
✱ &✉❛❧&✉❡- ❡❢❡✐*♦ ❞♦+  ❛""❧✐♥❣ ♠♦❞❡+ +3 +❡-✐❛ ♦❜+❡-✈❛❞♦ ❡♠ *❡♠♣❡-❛*✉-❛+ ❞❛ ♦-❞❡♠

❞❡ θE ≈ 150 ❑✱ ❝♦♠♦ ❞❡*❡-♠✐♥❛❞♦ ♣❛-❛ ♦ ❈❡ ❡♠ ❈❡❋❡4C12✱ ❝♦♠♦ ❞❡ ❢❛*♦ +❡ ✈❡-✐✜❝❛ ♥♦

❡①♣❡-✐♠❡♥*♦ ❛♣-❡+❡♥*❛❞♦ ♥♦ ❝❛♣?*✉❧♦ 4✳

❖ ❡+*✉❞♦ ❞♦+  ❛""❧✐♥❣ ♠♦❞❡+ ✐♥✐❝✐♦✉✲+❡ ❡♠ ♥♦++❛ *❡+❡ ❛ ♣❛-*✐- ❞❛ ♣♦++✐❜✐❧✐❞❛❞❡ ❞❡ ♠❛♣❡❛- ❛+

✐♥♦♠♦❣❡♥❡✐❞❛❞❡+ ❞❡ ❝❛♠♣♦ ❝-✐+*❛❧✐♥♦ ❝❛✉+❛❞♦+ ♣♦- ❡+*❡+ ♠♦❞♦+✱ ❝♦♠♦ ♠♦+*-❛♠♦+ ♥♦ ❝❛♣?*✉❧♦

3 ✭✜❣✉-❛ ✸✳✺✮✳ ❊+*❡ ♠❛♣❛ ❡①✐❣❡ ❛ ❝♦♠♣-❡❡♥+.♦ ❞♦+ ❡❢❡✐*♦+ ❞❡ ❝❛♠♣♦ ❝-✐+*❛❧✐♥♦✱ &✉❡ ♦❜*✐✈❡♠♦+

❡♠ ♥♦++♦ ❡+*✉❞♦ ❞♦ ❝❛♣?*✉❧♦ 2✳ ❉♦ ♣♦♥*♦ ❞❡ ✈✐+*❛ ❞❡ ❊❙❘ +♦♠♦+✱ ❛*1 ♦♥❞❡ +❛❜❡♠♦+✱ ♦+

♣-✐♠❡✐-♦+ ❛ ❢❛③❡✲❧♦ ✳ ❊+*❡ ❢❡♥N♠❡♥♦ *❡♠ +✐❞♦ ❡+*✉❞❛❞♦✱ ♥♦*❛❞❛♠❡♥*❡ ♥♦+ L❧*✐♠♦+ ✶✵ ❛♥♦+✱

+❡♠♣-❡ ♥♦ ❝♦♥*❡①*♦ ❞♦ ❛♣❡-❢❡✐G♦❛♠❡♥*♦ ❞❛+ ♣-♦♣-✐❡❞❛❞❡+ *❡-♠♦❡❧1*-✐❝❛+ ❞❡+*❡+ ❝♦♠♣♦+*♦+✳
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❉❡ ❢❛$♦✱ ♣❛(❛ ❡)$❡ ♣(♦♣*)✐$♦✱ )✉❛ ❞❡)❝(✐/0♦ ❡♠ $❡(♠♦) ❞❡ ❢*♥♦♥) ❧♦❝❛❧✐③❛❞♦) ❡ ♥0♦ ❞✐)♣❡()✐✈♦)✱

6✉❡ ♣(♦♣♦(❝✐♦♥❛♠ ✉♠ ❡)♣❛❧❤❛♠❡♥$♦ ✐♥❝♦❡(❡♥$❡ ❞♦) ❢*♥♦♥) ❞❡ ❉❡❜②❡✱ ♣❛(❡❝❡ )❡( )✉✜❝✐❡♥$❡

♣❛(❛ ❣✉✐❛( ♦ ✐♥$(✐❝❛❞♦ ❝❛♠✐♥❤♦ ❞❛ ❝♦♠✉♥✐❞❛❞❡ ❞❡ ❢<)✐❝♦)✱ ❡ ❡♥❣❡♥❤❡✐(♦)✱ ✐♥$❡(❡))❛❞♦) ♥♦

❛♣❡(❢❡✐/♦❛♠❡♥$♦ ❞❡ ♣(♦♣(✐❡❞❛❞❡) $❡(♠♦❡❧=$(✐❝❛) ❞❡)$❡) ♠❛$❡(✐❛✐)✳

◆♦ ❡♥$❛♥$♦✱ ♥♦ ❝♦♥$❡①$♦ ❞❛6✉❡❧❡) 6✉❡✱ ❝♦♠♦ ♦ ❛✉$♦(✱ ❝♦♥)✐❞❡(❛♠ ❡)$❛ ❢❛♠<❧✐❛ ❞❡ ❝♦♠✲

♣♦)$♦) ❝♦♠♦ ✉♠❛ ❣(❛♥❞❡ ❢♦♥$❡ ❞❡ ❡)$❛❞♦) ❢✉♥❞❛♠❡♥$❛✐) ❡①*$✐❝♦) ❡ ✐♥$(✐❣❛♥$❡) ♣(♦♣(✐❡❞❛❞❡)

❡♠❡(❣❡♥$❡)✱ ✉♠❛ ❡①♣❛♥)0♦ ❞❡)$❡ ❝❡♥B(✐♦ ♣❛(❡❝❡ ❞❡)❡❥B✈❡❧✳ ❉❡ ❢❛$♦✱ ❛❝(❡❞✐$❛♠♦) 6✉❡ ♥♦))❛)

❝♦♥$(✐❜✉✐/D❡) ❛♣♦♥$❛♠ ♣❛(❛ ❛ ♣❡()♣❡❝$✐✈❛ ❞♦ ❛♣❛(❡❝✐♠❡♥$♦ ❞❡ ✉♠ ♥♦✈♦ ❡$%❛❞♦ ❛❝♦♣❧❛❞♦ ❞❛

✐♥%❡,❛-.♦ ❡❧/%,♦♥✲❢2♥♦♥ ❡♠ )✐)$❡♠❛) ❢♦($❡♠❡♥$❡ ❝♦((❡❧❛❝✐♦♥❛❞♦)✳ ◆❡)$❛ $❡)❡✱ )✉)$❡♥$❛♠♦)

❡))❛ ♦♣✐♥✐0♦ ❝♦♠ ♦ ♥♦))♦ ❡①$❡♥)♦ $(❛❜❛❧❤♦ )♦❜ ♦ ❝♦♠♣♦)$♦ ❈❡1−x●❞x❋❡4H12✱ ❞♦ ❝❛♣<$✉❧♦ 4✱ ❡

♦ $(❛❜❛❧❤♦ ❝♦♠ ❊✉❚4❙❜12 ✭❚ =❋❡✱ ❘✉✱ ❖)✮✱ ❞♦ ❝❛♣<$✉❧♦ 5✳

❖ ♣(❡❝❡❞❡♥$❡ 6✉❡ )❡ ❛❜(❡ ❝♦♠ ❡)$❡$ ❡)$✉❞♦) = ❜❛)$❛♥$❡ ✐♥$❡(❡))❛♥$❡✳ ❉❡ ❢❛$♦✱ $❛✐) ❝♦♥)✐❞✲

❡(❛/D❡) ❥B )0♦ ❞❡)❡♥✈♦❧✈✐❞❛) ♥♦ ❝♦♥$❡①$♦ ❞❡ ♦✉$(♦) )✐)$❡♠❛) ❞♦ $✐♣♦ ❣❛✐♦❧❛ ❬✺✸❪✱ ❡ ♠❡)♠♦ ❡♠

$❦✉%%❡,✉❞✐%❡$ ❬✺✹❪✳ ◆❡)$❡ )❡♥$✐❞♦✱ ❛❝(❡❞✐$❛♠♦) 6✉❡ ✉♠ ♣(♦❣(❛♠❛ ❞❡ ❡)$✉❞♦) 6✉❡ ✐♥✈❡)$✐❣✉❡

❛ ✐♥$(✐❝❛❞❛ (❡❧❛/0♦ ❞♦ ,❛%%❧✐♥❣ ❞❡ $❡((❛) (❛(❛) ❡♠ ❣❛✐♦❧❛)✱ ❝✉❥♦) ❡)$❛❞♦) ❡❧❡$(U♥✐❝♦) ❡)$❡❥❛♠

❤✐❜(✐❞✐③❛❞♦)✱ ❡ ❛) ♣(♦♣(✐❡❞❛❞❡) ❡❧❡$(U♥✐❝❛) ❞❡)$❡) ♠❛$❡(✐❛✐) = ❞❡ ❣(❛♥❞❡ ✐♥$❡(❡))❡✳

❆ ♣(❡)❡♥$❡ $❡)❡ )✉❣❡(❡ 6✉❡ ❛ ❛♣❧✐❝❛/0♦ ❞❛ $=❝♥✐❝❛ ❞❡ ❊❙❘ ❡♠ )✐)$❡♠❛) ❞♦ $✐♣♦ ❣❛✐♦❧❛

♣♦❞❡ )❡( ✉♠❛ ✐♠♣♦($❛♥$❡ ❢❡((❛♠❡♥$❛ ♥❡)$❛ ❞✐(❡/0♦✳ ❆✐♥❞❛ ❝♦♠♦ ♣❛($❡ ❞❡ ♥♦))♦) ❡)$✉❞♦)✱

❞❡♠♦) ✐♥<❝✐♦ ❛ ❛❧❣✉♠❛) ✐♥✈❡)$✐❣❛/D❡) $❡*(✐❝❛)✱ ♠❛) ♥0♦ $❡♠♦) ♦ 6✉❡ ❞✐③❡( )♦❜(❡ ♦ ❛))✉♥$♦ ♥♦

♠♦♠❡♥$♦✳

❊♠ (❡)✉♠♦✱ ❝♦♥❝❧✉<♠♦) 6✉❡ ♦ ❡)$✉❞♦ ❞♦) ❡❢❡✐$♦) ❞❡ ❝❛♠♣♦ ❝(✐)$❛❧✐♥♦ ❡♠ $❦✉%%❡,✉❞✐%❡$

(❡6✉❡( ❛ ✉$✐❧✐③❛/0♦ ❞❡ ✉♠ ♥♦✈♦ ♣❛(W♠❡$(♦ Bt
6✱ ❝✉❥❛ ♦(✐❣❡♠ ❡)$B ♥♦ ❢❛$♦ 6✉❡ ❛ )✐♠❡$(✐❛ ❧♦❝❛❧

❞♦) ❡)$❛❞♦) 4f ❡♠ $❦✉%%❡,✉❞✐%❡$ = Th ❬✾❪ ❡ ♥0♦ Oh ❝♦♠♦ ♥♦ ❝❧B))✐❝♦ $(❛❜❛❧❤♦ ❞❡ ▲❡❛✱ ▲❡❛)❦

✫ ❲♦❧❢ ❬✹✵❪✳ ❆❝(❡❞✐$❛♠♦) $❡( )♦♠❛❞♦ 6✉❛♥$✐❞❛❞❡ )✉✜❝✐❡♥$❡ ❞❡ ❡✈✐❞^♥❝✐❛ ❡①♣❡(✐♠❡♥$❛❧ ♣❛(❛

✐♥$(♦❞✉③✐( ❛ $=❝♥✐❝❛ ❞❡ ❊❙❘ ❝♦♠♦ ✉♠❛ ✐♠♣♦($❛♥$❡ ❢❡((❛♠❡♥$❛ ♣❛(❛ ♦ ❡)$✉❞♦ ❞❡ ,❛%%❧✐♥❣ ♠♦❞❡$

❬✶✸❪✳ H♦( ✜♠✱ ♥♦))♦) ❡)$✉❞♦) ❬✶✺✱ ✶✻❪ ❛♣♦♥$❛♠ 6✉❡ ✉♠❛ ❞❡)❝(✐/0♦ ❝♦♠♣❧❡$❛ ❞♦ ,❛%%❧✐♥❣ ❞♦)

<♦♥) ❞❡ $❡((❛) (❛(❛) (❡6✉❡( ✉♠❛ ❡①♣❛♥)0♦ ❞♦ ❝❡♥B(✐♦ ❝♦♠✉♠❡♥$❡ ❛))♦❝✐❛❞♦ ❛ ❡)$❛ ❞✐♥W♠✐❝❛ ✳
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❘❡❢❡#$♥❝✐❛) ❇✐❜❧✐♦❣#/✜❝❛)

❬✶❪ ▼✳ ❇✳ ▼❛♣❧❡ ❡! ❛❧✱ +❤②.✐❝❛ ❇ ✹✵✹✱ ✷✾✷✹✲✷✾✷✾ ✭✷✵✵✾✮✳

❬✷❪ ●✳ ❏✳ ❙♥②❞❡= ❛♥❞ ❊✳ ❙✳ ❚♦❜❡=❡=✱ ◆❛C✉=❡ ▼❛C✳ ✼✱ ✶✵✺ ✭✷✵✵✽✮✳

❬✸❪ ❑✳ ❚❛❦❡❣❛❤❛=❛✱ ❍✳ ❍❛=✐♠❛ ❛♥❞ ❆✳ ❨❛♥❛.❡✱ ❏✳ +❤②.✳ ❙♦❝✳ ❏❛♣❛♥✱ ✼✵✱ ✶✶✾✵ ✭✷✵✵✶✮✳

❬✹❪ ❑❡♣♣❡♥. ❱✱ ▼❛♥❞=✉. ❉✱ ❙❛❧❡. ❇❈✱ ❈❤❛❦♦✉♠❛❦♦. ❇❈✱ ❉❛✐ +✱ ❈♦❧❞❡❛ ❘✱ ▼❛♣❧❡ ▼❇✱

●❛❥❡✇.❦✐ ❉❆✱ ❋=❡❡♠❛♥ ❊❏✱ ❇❡♥♥✐♥❣C♦♥ ❙✱ ◆❛C✉=❡ ✸✾✺✱ ✽✼✻✲✽✼✽ ✭✶✾✾✽✮✳

❬✺❪ ❈✳ ❍✳ ▲❡❡✱ ■✳ ❍❛.❡✱ ❍✳ ❙✉❣❛✇❛=❛✱ ❍✳ ❨♦.❤✐③❛✇❛ ❛♥❞ ❍✳ ❙❛C♦✱ ❏✳ +❤②.✳ ❙♦❝✳ ❏♣♥✳ ✼✺ ✶✷✸✻✵✷

✭✷✵✵✻✮✳

❬✻❪ ❑♦③❛✱ ▼▼ ❏♦❤♥.♦♥✱ ▼❘ ❱✐❡♥♥♦✐.✱ ❘ ▼✉C❦❛✱ ❍ ●✐=❛=❞✱ ▲ ❘❛✈♦C✱ ❉ ❆❋ ❑♦③❛✱ ▼✐❝❤❛❡❧

▼❛=❡❦ ❏♦❤♥.♦♥✱ ▼❛=❦ ❘♦❜❡=C ❱✐❡♥♥♦✐.✱ ❘♦♠❛✐♥ ▼✉C❦❛✱ ❍❛♥♥✉ ●✐=❛=❞✱ ▲✉❝ ❘❛✈♦C✱

❉✐❞✐❡= ❚■✱ ◆❛C✉=❡ ▼❛C❡=✐❛❧. ✼✱ ✽✵✺✲✽✶✵ ✭✷✵✵✽✮✳

❬✼❪ ❆✳ ❆❜=❛❣❛♠ ❛♥❞ ❇✳ ❇❧❡❛♥❡②✱ ❊%❘ ♦❢ ❚*❛♥,✐!✐♦♥ ■♦♥, ✭❈❧❛=❡♥❞♦♥ +=❡..✱ ❖①❢♦=❞✱ ✶✾✼✵✮✳

❬✽❪ ◆✳ +❤✉❛♥❣ ❖♥❞ ❛♥❞ ❘❛✈✐♥ ◆✳ ❇❤❛CC✱ ▼♦*❡ ✐, ❞✐✛❡*❡♥!✿ ✜❢!② ②❡❛*, ♦❢ ❝♦♥❞❡♥,❡❞ ♠❛!!❡*

♣❤②,✐❝, ✭+=✐♥❝❡C♦♥ ❯♥✐✈❡=.✐C② +=❡..✱ +=✐♥❝❡C♦♥✱ ✷✵✵✶✮✳

❬✾❪ ❉✳ ❏✳ ●❛=❝✐❛✱ ❋✳ ❆✳ ●❛=❝✐❛✱ ❏✳ ●✳ ❙✳ ❉✉`✉❡✱ +✳ ●✳ +❛❣❧✐✉.♦✱ ❈✳ ❘❡CC♦=✐✱ +✳ ❙❝❤❧♦CC♠❛♥♥✱

▼✳ ❙✳ ❚♦=✐❦❛.❝❤✈✐❧✐ ❛♥❞ ❙✳ ❇✳ ❖.❡=♦✛✱ +❤②.✳ ❘❡✈✳ ❇ ✼✽✱ ✶✼✹✹✷✽ ✭✷✵✵✽✮✳
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