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✐✈

P❛r❛ ♠❡✉s ♣❛✐s



❆❣r❛❞❡❝✐♠❡♥t♦s

• ❆♦ Pr♦❢✳ ❊❞✉❛r❞♦ ▼✐r❛♥❞❛✱ q✉❡✱ ♣♦r s❛❜❡r s❡♠♣r❡ ❛ ❤♦r❛ ❞❡ ❛♣♦✐❛r✱
❞❡ ♣r♦♣♦r ❞❡s❛✜♦s ❡ ❞❡ ❛tr✐❜✉✐r r❡s♣♦♥s❛❜✐❧✐❞❛❞❡s✱ ❢♦✐ ♣❛r❛ ♠✐♠ ♦ ♦r✐✲
❡♥t❛❞♦r ✐❞❡❛❧✳
• ❆♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❞♦s ❝✉rs♦s ❞❡ Pós✲●r❛❞✉❛çã♦✿ ❆♠✐r ❈❛❧❞❡✐r❛✱
●✉✐❧❧❡r♠♦ ❈❛❜r❡r❛✱ ❆♥t♦♥✐♦ ▼❛♥s❛♥❛r❡s ❡ ▼ár✐♦ ❋♦❣❧✐♦✱ q✉❡ ❢♦r❛♠
❡ss❡♥❝✐❛✐s ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✳
• ❆ t♦❞♦s ♦s ❛♠✐❣♦s q✉❡ ✜③ ♥❛ ❯♥✐❝❛♠♣ ❡ ❡s♣❡r♦ ❝♦♥s❡r✈❛r ♣❡❧❛ ✈✐❞❛
❛❢♦r❛❀ ❡♠ ❡s♣❡❝✐❛❧✱ ❛ ❆♥❞ré✱ ❈❛r❧♦s ❍❡♥r✐q✉❡✱ ❈❤✐❝♦✱ ❉❛♥✐❡❧❛✱ ●✉st❛✈♦
❡ ❲❡♥❞❡❧✳
• ❆♦s ♠❡✉s ✐r♠ã♦s✱ ❇r✉♥♦ ❡ ❘❡♥❛t❛✳
• ❆♦ ▼❛♥❛✉s✱ ♣❡❧❛s ❞✐s❝✉ssõ❡s ♣r♦✈❡✐t♦s❛s s♦❜r❡ ❋ís✐❝❛✳
• ❆♦ ❚❤✐❛❣♦✱ ♣♦r ❞✐s♣♦♥✐❜✐❧✐③❛r ❛ ❝❛s❛ ♣❛r❛ ♠✉✐t♦s ❝❤✉rr❛s❝♦s✱ ✐♥❝❧✉s✐✈❡
♦ ❞❛ ♠✐♥❤❛ ❞❡❢❡s❛✳
• ➚ ❋❛♣❡s♣ ❡ ❛♦ ❋❆❊P✱ ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳

✈



❊♣í❣r❛❢❡

❚♦❞❛ ❛ ♥♦ss❛ ❝✐ê♥❝✐❛✱ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ r❡❛❧✐❞❛❞❡✱ é ♣r✐♠✐t✐✈❛
❡ ✐♥❢❛♥t✐❧ ✕ ❡✱ ♥♦ ❡♥t❛♥t♦✱ é ❛ ❝♦✐s❛ ♠❛✐s ♣r❡❝✐♦s❛ q✉❡ t❡♠♦s✳

❆❧❜❡rt ❊✐♥st❡✐♥

✈✐



❘❡s✉♠♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❝❛❧❝✉❧❛r ♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡ ✜♦s q✉â♥t✐✲
❝♦s ❝♦♠ ♦r❞❡♥❛♠❡♥t♦ ♠❛❣♥ét✐❝♦ ♦✉ ❢♦rt❡ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛✳ ❆ ♠♦t✐✈❛çã♦
é ❝♦♠❜✐♥❛r ♦ tr❛♥s♣♦rt❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ s♣✐♥ ❞♦ ❡❧étr♦♥ ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s
ú♥✐❝❛s ❞♦s s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ❞❡s❝r✐t♦s ♣❡❧❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡
❞♦s ❧íq✉✐❞♦s ❞❡ ▲✉tt✐♥❣❡r✳ ❆♣❧✐❝❛♠♦s ❛s té❝♥✐❝❛s ❞❡ t❡♦r✐❛ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r
❡ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ r❡s✐stê♥❝✐❛ ❛ss♦❝✐❛❞❛ ❛ q✉❛tr♦ ♠❡✲
❝❛♥✐s♠♦s✳ ◆♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛✱ ❝♦♥str✉í♠♦s ✉♠❛ t❡♦r✐❛ ❞❡ ♦♥❞❛s ❞❡ s♣✐♥
♣❛r❛ ✢✉t✉❛çõ❡s ❡♠ t♦r♥♦ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❡stát✐❝❛ ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦
♠❛❣♥ét✐❝♦ ❡ ❛♥❛❧✐s❛♠♦s ♦ ❡❢❡✐t♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ♣♦r ♠á❣♥♦♥s✳ ❆
♣ró♣r✐❛ ❛♥✐s♦tr♦♣✐❛ q✉❡ ✜①❛ ❛ ❧❛r❣✉r❛ ❞❛ ♣❛r❡❞❡ é r❡s♣♦♥sá✈❡❧ ♣♦r s✉♣r✐♠✐r ♦
❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ ◆♦ s❡❣✉♥❞♦✱ ✐♥✈❡st✐❣❛♠♦s
♦ ♣❛♣❡❧ ❞❛s ✐♥t❡r❛çõ❡s ❡❧❡trô♥✐❝❛s ♥♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❡♠ ♣❛r❡❞❡s ❞❡
❞♦♠í♥✐♦✳ ▼♦str❛♠♦s q✉❡ ❡ss❡ s✐st❡♠❛ ♣♦❞❡ s❡r ♠❛♣❡❛❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠
❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ♣♦❧❛r✐③❛❞♦ ❝♦♠ ✉♠ t❡r♠♦ ❞❡ ✐♠♣✉r❡③❛ q✉❡ ✐♥✈❡rt❡ ♦ s♣✐♥
❞♦ ❡❧étr♦♥✳ ❊♠ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❑❛♥❡✲❋✐s❤❡r ♣❛r❛ ✉♠❛ ✐♠♣✉r❡③❛
♥ã♦ ♠❛❣♥ét✐❝❛✱ ♦❜t❡♠♦s ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡ ❡♠ ❢✉♥çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡
✐♥t❡r❛çã♦✳ ◆♦ t❡r❝❡✐r♦ ♣r♦❜❧❡♠❛✱ ✐♥tr♦❞✉③✐♠♦s ✉♠ t❡r♠♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦
♠á❣♥♦♥✲❢ô♥♦♥ ❡ ❛♥❛❧✐s❛♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s ♠❡❞✐✲
❛❞♦ ♣♦r ❢ô♥♦♥s ❞❡ ❛❧t❛ ❡♥❡r❣✐❛✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ q✉❛rt♦ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡r❛✲
♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ✐♠♣✉r❡③❛s ♥ã♦ ♠❛❣♥ét✐❝❛s ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çã♦
s♣✐♥✲ór❜✐t❛✳ P❛r❛ ✉♠ ❡s❝♦❧❤❛ ❡s♣❡❝✐❛❧ ❞♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✱ ❛ r❡s✐stê♥❝✐❛ ♣r♦❞✉✲
③✐❞❛ ♣♦❞❡ s❡r ❝♦♥tr♦❧❛❞❛ ♣♦r ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦✳

✈✐✐



❆❜str❛❝t

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❝❛❧❝✉❧❛t❡ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ♦❢ q✉❛♥t✉♠
✇✐r❡s ✇✐t❤ ♠❛❣♥❡t✐❝ ♦r❞❡r ♦r str♦♥❣ s♣✐♥✲♦r❜✐t ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥
✐s t♦ ❝♦♠❜✐♥❡ ❡❧❡❝tr♦♥ s♣✐♥✲❞❡♣❡♥❞❡♥t tr❛♥s♣♦rt ✇✐t❤ t❤❡ ✉♥✐q✉❡ ♣r♦♣❡rt✐❡s
♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✱ ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✉♥✐✈❡rs❛❧✐t② ❝❧❛ss
♦❢ ▲✉tt✐♥❣❡r ❧✐q✉✐❞s✳ ❲❡ ❛♣♣❧② ❧✐♥❡❛r r❡s♣♦♥s❡ t❤❡♦r② ❛♥❞ r❡♥♦r♠❛❧✐③❛t✐♦♥
❣r♦✉♣ t❡❝❤♥✐q✉❡s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ r❡s✐st❛♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢♦✉r ♠❡❝❤❛♥✐s♠s✳
■♥ t❤❡ ✜rst ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥str✉❝t ❛ s♣✐♥ ✇❛✈❡ t❤❡♦r② ❢♦r ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞
t❤❡ st❛t✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ❞♦♠❛✐♥ ✇❛❧❧ ❛♥❞ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t
♦❢ ✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣ ♦✛ ♠❛❣♥♦♥s✳ ❚❤❡ ✈❡r② ❛♥✐s♦tr♦♣② t❤❛t ✜①❡s t❤❡ ✇❛❧❧
✇✐❞t❤ ✐s s❤♦✇♥ t♦ s✉♣r❡ss t❤❡ ✐♥❡❧❛st✐❝ s❝❛tt❡r✐♥❣ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ■♥ t❤❡
s❡❝♦♥❞ ♦♥❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② ❡❧❡❝tr♦♥✐❝ ✐♥t❡r❛❝t✐♦♥s ♦♥ t❤❡
❡❧❛st✐❝ s❝❛tt❡r✐♥❣ ♦✛ ❞♦♠❛✐♥ ✇❛❧❧s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ s②st❡♠ ❝❛♥ ❜❡ ♠❛♣♣❡❞
♦♥t♦ ❛ ♣♦❧❛r✐③❡❞ ▲✉tt✐♥❣❡r ❧✐q✉✐❞ ✇✐t❤ ❛♥ ✐♠♣✉r✐t② t❡r♠ t❤❛t ✢✐♣s t❤❡ ❡❧❡❝tr♦♥
s♣✐♥✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❑❛♥❡✲❋✐s❤❡r ♣r♦❜❧❡♠ ❢♦r ♥♦♥♠❛❣♥❡t✐❝ ✐♠♣✉r✐t✐❡s✱ ✇❡
♦❜t❛✐♥ ❛ ♣❤❛s❡ ❞✐❛❣r❛♠ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❡
t❤✐r❞ ♣r♦❜❧❡♠✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠❛❣♥♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ t❡r♠ ❛♥❞ ❛♥❛❧②③❡ t❤❡
s❝❛tt❡r✐♥❣ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s ❛♥❞ ♠❛❣♥♦♥s ♠❡❞✐❛t❡❞ ❜② ❤✐❣❤ ❡♥❡r❣② ♣❤♦♥♦♥s✳
❋✐♥❛❧❧②✱ ✐♥ t❤❡ ❢♦✉rt❤ ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❝❛tt❡r✐♥❣ ♦✛ ♥♦♥♠❛❣♥❡t✐❝
✐♠♣✉r✐t✐❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s♣✐♥✲♦r❜✐t ✐♥t❡r❛❝t✐♦♥✳ ❋♦r ❛ s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢
t❤❡ ❋❡r♠✐ ❧❡✈❡❧✱ t❤❡ r❡s✐st❛♥❝❡ ♣r♦❞✉❝❡❞ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛♥ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞✳

✈✐✐✐
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✶ ■♥tr♦❞✉çã♦ ✶

✷ ▼á❣♥♦♥s ❡♠ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ✶✶
✷✳✶ ❙♣✐♥s ❧♦❝❛❧✐③❛❞♦s✿ r❡♣r❡s❡♥t❛çã♦ ❛♥❣✉❧❛r ❞♦s ♦♣❡r❛❞♦r❡s ✳ ✳ ✳ ✳ ✶✷
✷✳✷ ❈♦♥✜❣✉r❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ♣❛r❡❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✸ ◗✉❛♥t✐③❛çã♦ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✷✳✹ ❊s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❡ ✐♥❡❧ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✺ ❈♦♥tr✐❜✉✐çã♦ ✐♥❡❧ást✐❝❛ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸ ❊❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❡ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ✸✾
✸✳✶ ▼♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✸✳✷ ❇♦s♦♥✐③❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❧étr♦♥s ✰ ♣❛r❡❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✸ ❉✐❛❣♦♥❛❧✐③❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❧✐✈r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✸✳✹ ●r✉♣♦ ❞❡ ❘❡♥♦r♠❛❧✐③❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✹✳✶ ❆çã♦ ❧✐✈r❡ ❡❢❡t✐✈❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✸✳✹✳✷ ❊q✉❛çõ❡s ❞❡ ✢✉①♦ ❡ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸✳✺ ❈á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ❞❛ r❡s✐st✐✈✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✸✳✺✳✶ ❋r❡qüê♥❝✐❛ ✜♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✸✳✺✳✷ ❚❡♠♣❡r❛t✉r❛ ✜♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹ ❋ô♥♦♥s ❡ ♠á❣♥♦♥s ✽✸
✹✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❡❧étr♦♥✲❢ô♥♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✹✳✷ ■♥t❡r❛çã♦ ♠á❣♥♦♥✲❢ô♥♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
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✹✳✸ ■♥t❡r❛çã♦ ❡❢❡t✐✈❛ ❡❧étr♦♥✲♠á❣♥♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
✹✳✹ ❈á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ❞❛ r❡s✐st✐✈✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✺ ■♠♣✉r❡③❛ ❡ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ ✶✵✶
✺✳✶ ❊sq✉❡♠❛ ❞❡ ❜❛♥❞❛s ❝♦♠ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
✺✳✷ P♦t❡♥❝✐❛❧ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✸ Pr♦♠♦çã♦ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✻ ❈♦♥❝❧✉sõ❡s ✶✶✾

❆ ❆✉t♦❢✉♥çõ❡s ❞♦s ♠á❣♥♦♥s ♥❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤ ✶✷✶

❇ ❈♦♥s❡r✈❛çã♦ ❞❡ ♠♦♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤ ✶✷✺
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■♥tr♦❞✉çã♦

❙✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♦❢❡r❡❝❡♠ ✉♠ ❝❡♥ár✐♦ ✐♥t❡r❡ss❛♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡
s✐st❡♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❆ r❛③ã♦ ♠❛✐s ✐♠❡❞✐❛t❛ é ❞❡ ♦r❞❡♠ ♣r❛❣✲
♠át✐❝❛✿ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❢❛③ ❝♦♠ q✉❡ ❛❧❣✉♥s ❞❡ss❡s s✐st❡♠❛s
♣❡rt❡♥ç❛♠ à r❛r❛ ❝❛t❡❣♦r✐❛ ❞❡ ♣r♦❜❧❡♠❛s s♦❧ú✈❡✐s✳ P♦r ❡①❡♠♣❧♦✱ t♦❞❛ ✉♠❛
❢❛♠í❧✐❛ ❞❡ ♠♦❞❡❧♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ ✐♥t❡r❛çã♦ ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✱ ✐♥❝❧✉✐♥❞♦
♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ✐s♦tró♣✐❝♦ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❡♠ ✶❉✱ ♣♦❞❡ s❡r
tr❛t❛❞❛ ❡①❛t❛♠❡♥t❡ ♣❡❧♦ ❛♥s❛t③ ❞❡ ❇❡t❤❡ ❬✶❪✳ ❊♠❜♦r❛ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s
r❡s✉❧t❛❞♦s ♥ã♦ s❡❥❛ tr✐✈✐❛❧✱ ♦ ❡st✉❞♦ ❞❡ss❡s ♠♦❞❡❧♦s ❝♦st✉♠❛ ❛♣♦♥t❛r r✉♠♦s
♣❛r❛ ❛♥á❧✐s❡s ❡♠ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❣r❛♥❞❡ ♣❛rt❡ ❞♦ ✐♥t❡r❡ss❡
♣♦r s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s é ♠♦t✐✈❛❞♦ ♣♦r q✉❡stõ❡s ❢✉♥❞❛♠❡♥t❛✐s✳ ❊ss❡s
s✐st❡♠❛s ❡①✐❜❡♠ ❛❧❣✉♥s ❞♦s ❢❡♥ô♠❡♥♦s ♠❛✐s s✉r♣r❡❡♥❞❡♥t❡s ♥❛ ár❡❛ ❞❡ s✐st❡✲
♠❛s ❢♦rt❡♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✱ ❝♦♠♦ ❛s ❡①❝✐t❛çõ❡s ❢r❛❝✐♦♥ár✐❛s ❡♠ ❝❛❞❡✐❛s
❞❡ s♣✐♥ ✶✴✷ ❡ ❛ s❡♣❛r❛çã♦ s♣✐♥✲❝❛r❣❛ ❡♠ s✐st❡♠❛s ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❬✷❪✳
❆ ❜❡♠ ❞❛ ✈❡r❞❛❞❡✱ ❛ ❋ís✐❝❛ ❡♠ ❜❛✐①❛s ❞✐♠❡♥sõ❡s é ♠✉✐t♦ ♠❛✐s ❞♦ q✉❡ ✉♠
♣r♦tót✐♣♦ ❞♦ ♠✉♥❞♦ tr✐❞✐♠❡♥s✐♦♥❛❧✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ é ♦ ❝❛s♦ ❡①tr❡♠♦ q✉❛♥❞♦ s❡ ❝♦♥s✐✲
❞❡r❛ ♦ ♣❛♣❡❧ ❞❛s ✢✉t✉❛çõ❡s q✉â♥t✐❝❛s✳ ❊♠ ❞✐♠❡♥sõ❡s ❜❛✐①❛s✱ ❛s ✢✉t✉❛çõ❡s
q✉â♥t✐❝❛s sã♦ ♠❛✐s ✐♠♣♦rt❛♥t❡s ❡ ♠❡s♠♦ ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡❧❛s ♣♦❞❡
❞❡s❢❛③❡r ♦r❞❡♥s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✳ ■ss♦ é ❡✈✐❞❡♥t❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ ♥❛ t❡♦r✐❛ ❞❡

✶
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tr❛♥s✐çõ❡s ❞❡ ❢❛s❡✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❢❛s❡ ♦r❞❡♥❛❞❛ é
❛♠❡❛ç❛❞❛ ♣❡❧❛ r❡❞✉çã♦ ❞❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ❬✸❪✳ ◆♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣✱ ♣♦r
❡①❡♠♣❧♦✱ ❛ ♠❛❣♥❡t✐③❛çã♦ ❡①♣♦♥tâ♥❡❛ ❛ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛ só ❛❝♦♥t❡❝❡ ❡♠ ❞✐✲
♠❡♥sã♦ d > 1❀ ❞♦ ♠❡s♠♦ ♠♦❞♦✱ ❛ ❝♦♥❞❡♥s❛çã♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ só é ♣♦ssí✈❡❧
❡♠ ❞✐♠❡♥sã♦ d > 2✳ ❚♦❞❛ ❛ ❞r❛st✐❝✐❞❛❞❡ ❞❛s ✢✉t✉❛çõ❡s ❡♠ ✶❉ é r❡✈❡❧❛❞❛
♣❡❧♦ t❡♦r❡♠❛ ❞❡ ▲❛♥❞❛✉ ❬✹❪ q✉❡ ♣r♦í❜❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♦r❞❡♠ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡
✈❡r❞❛❞❡✐r❛ ❛ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛ ❡♠ s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ ✐♥t❡r❛çã♦
❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✳ ❆ r❛③ã♦ ❞✐ss♦ é q✉❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❢❛s❡ ❞❡♣❡♥❞❡
❞❛ ❞✐s♣✉t❛ ❡♥tr❡ ♦r❞❡♠ ❡ ❞❡s♦r❞❡♠✳ P♦r ✉♠ ❧❛❞♦✱ ❛ ❞✐✈✐sã♦ ❞♦ s✐st❡♠❛ ❡♠
❞✐❢❡r❡♥t❡s r❡❣✐õ❡s✱ ❞❡♥tr♦ ❞❛s q✉❛✐s ♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠ ❛ss✉♠❡ ✉♠ ✈❛❧♦r
✜①♦✱ é ❞❡s❢❛✈♦rá✈❡❧ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❡♥❡r❣✐❛ ♣♦r ❝❛✉s❛ ❞❛ ❢♦r♠❛çã♦ ❞❡
♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♠❡s♠❛ ❞✐✈✐sã♦ é ❢❛✈♦rá✈❡❧ ❞♦ ♣♦♥t♦ ❞❡
✈✐st❛ ❞❛ ❡♥tr♦♣✐❛ ♣♦rq✉❡ ❛✉♠❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥✜❣✉r❛çõ❡s ♠✐❝r♦s❝ó♣✐❝❛s
♣♦ssí✈❡✐s✳ ◆♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♦♥❞❡ ♦ ❝✉st♦ ❡♥❡r❣ét✐❝♦ ❞❡ ✉♠❛ ♣❛r❡❞❡ é ❛
❧✐❣❛çã♦ ❡♥tr❡ ♣♦✉❝♦s át♦♠♦s✱ ❛ t❡♥❞ê♥❝✐❛ ❞♦♠✐♥❛♥t❡ ❞❡ ❛✉♠❡♥t♦ ❞❛ ❡♥tr♦♣✐❛
♦❜r✐❣❛ ♦ s✐st❡♠❛ ❛ s❡ ❞✐✈✐❞✐r ❡♠ ✈ár✐❛s r❡❣✐õ❡s ❝♦♠ ♦r❞❡♠ ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✳

❆ ♠❡s♠❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ q✉❡ t♦r♥❛ ♣♦ssí✈❡✐s ❛❧❣✉♠❛s s♦❧✉✲
çõ❡s ❡①❛t❛s ❡①❝❧✉✐ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❡sq✉❡♠❛s ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦s ❡♠ ❞✐♠❡♥sõ❡s
s✉♣❡r✐♦r❡s✳ ❯♠ ❡①❡♠♣❧♦ é ❛ t❡♦r✐❛ ❞❡ ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❞❡ ▲❛♥❞❛✉ ❬✺❪✱ ❡♠
q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❡♠ ✸❉ é ❝♦♥str✉í❞♦ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡
❛ ♣❛rt✐r ❞♦ ❣ás ❞❡ ❡❧étr♦♥s✳ ◆❡ss❛ t❡♦r✐❛✱ ❛s ❡①❝✐t❛çõ❡s ❞❡ ❜❛✐①❛ ❡♥❡r❣✐❛
❝♦rr❡s♣♦♥❞❡♠ ❛ q✉❛s❡ ♣❛rtí❝✉❧❛s ❢❡r♠✐ô♥✐❝❛s ❝♦♠ ❛❧❣✉♥s ♣❛râ♠❡tr♦s ✭❝♦♠♦
❛ ♠❛ss❛✮ r❡♥♦r♠❛❧✐③❛❞♦s ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❡❧étr♦♥ ❞❡s♣✐❞♦✳ ❆ t❡♦r✐❛
❞❡ ▲❛♥❞❛✉ ❞❡s❝r❡✈❡ s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ❛ ♠❛✐♦r✐❛ ❞♦s ♠❡t❛✐s tr✐❞✐♠❡♥s✐♦♥❛✐s✱
♠❛s ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❡❝❡ r❡❜❡❧❛r✲s❡ ❝♦♥tr❛ ❡ss❡ ❡sq✉❡♠❛ t❡ór✐❝♦✳ ❖s
♣r♦❜❧❡♠❛s s❡ ♠❛♥✐❢❡st❛♠✱ ❡♥tr❡ ♦✉tr❛s ❢♦r♠❛s✱ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠ ♣ó❧♦ ❞❡
q✉❛s❡ ♣❛rtí❝✉❧❛ ❞❡✈✐❞♦ à ❛♥✉❧❛çã♦ ❞♦ ♣❡s♦ ❡s♣❡❝tr❛❧ ❬✻❪✳ ❊ss❛ ♥ã♦ é ❛♣❡♥❛s
✉♠❛ ❞✐✜❝✉❧❞❛❞❡ té❝♥✐❝❛✱ ♠❛s ✉♠ s✐♥❛❧ ❞❡ q✉❡ ♦ ❣ás ❞❡ ❡❧étr♦♥s ♥ã♦ é ✉♠
❜♦♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❡ q✉❡ ❛s ❡①❝✐t❛çõ❡s ♥♦ s✐st❡♠❛ ❞❡ ❡❧étr♦♥s ✉♥✐❞✐♠❡♥s✐✲
♦♥❛✐s tê♠ ❝❛rát❡r ❡ss❡♥❝✐❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡✳ ◆❛ ✈❡r❞❛❞❡✱ ❛ r✉♣t✉r❛ ❞❛ t❡♦r✐❛
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❞❡ ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐ ❡♠ ✶❉ ❛ss✐♥❛❧❛ ❛ ❡♠❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡
✉♥✐✈❡rs❛❧✐❞❛❞❡✳

❆ ♥❛t✉r❡③❛ ❞❛s ❡①❝✐t❛çõ❡s ❞❡ ❜❛✐①❛ ❡♥❡r❣✐❛ ❡♠ ✶❉ ❢♦✐ r❡✈❡❧❛❞❛ ♣❡❧❛ té❝✲
♥✐❝❛ ❞❡ ❜♦s♦♥✐③❛çã♦ ❬✻✱ ✼✱ ✽✱ ✾✱ ✶✵❪✳ ❊ss❛ té❝♥✐❝❛ ♣❡r♠✐t❡ ♠❛♣❡❛r ♦s ❣r❛✉s ❞❡
❧✐❜❡r❞❛❞❡ ❞♦s ❡❧étr♦♥s ❡♠ ✉♠ ♠♦❞❡❧♦ ❡❢❡t✐✈♦ ❜♦sô♥✐❝♦✳ ❖ ❛s♣❡❝t♦ ❡s♣❡❝✐❛❧
♣❛r❛ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ é ❛ t♦♣♦❧♦❣✐❛ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❡♠ ✶❉✱ ❞❡✜♥✐❞❛
♣♦r ❛♣❡♥❛s ❞♦✐s ♣♦♥t♦s ❞✐s❥✉♥t♦s ✭✜❣✉r❛ ✶✳✶✮✳ ❊♠ ❜❛✐①❛s ❡♥❡r❣✐❛s✱ é ♣♦ssí✲
✈❡❧ ❧✐♥❡❛r✐③❛r ♦ ❡s♣❡❝tr♦ ❡♠ t♦r♥♦ ❞♦s ♣♦♥t♦s ❞❡ ❋❡r♠✐ ❡ ❞❡✜♥✐r ❡①❝✐t❛çõ❡s
❝♦❡r❡♥t❡s ❝♦♠ ❡♥❡r❣✐❛ ❡ ♠♦♠❡♥t♦ ❜❡♠ ❞❡✜♥✐❞♦s✳ ❊ss❛s sã♦ ❛s ✈❡r❞❛❞❡✐r❛s
❡①❝✐t❛çõ❡s ❞♦ s✐st❡♠❛ ❞❡ ❡❧étr♦♥s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡ ❡stã♦ ❧✐❣❛❞❛s às ✢✉t✉❛✲
çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛r❣❛ ❡ s♣✐♥✳ ◆♦ ❡♥t❛♥t♦✱ ♦ q✉❡ t♦r♥❛ ❛ ❜♦s♦♥✐③❛çã♦
✉♠❛ té❝♥✐❝❛ ♣♦❞❡r♦s❛ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ tr❛t❛r ❡①❛t❛♠❡♥t❡ ✐♥t❡r❛çõ❡s ❡❧❡✲
trô♥✐❝❛s ❞♦ t✐♣♦ ✏♣❛r❛ ❛ ❢r❡♥t❡✑✳ ■ss♦ ♣♦rq✉❡ ♦ ❡❢❡✐t♦ ❞❛ ✐♥t❡r❛çã♦ é ❛♣❡♥❛s
r❡♥♦r♠❛❧✐③❛r ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❛s ✢✉t✉❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛r❣❛ ❡ s♣✐♥✱ q✉❡
♣❡r♠❛♥❡❝❡♠ ♥ã♦ ✐♥t❡r❛❣❡♥t❡s✳ ❖ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ é ❝❤❛♠❛❞♦ ❞❡ ♠♦❞❡❧♦
❞❡ ▲✉tt✐♥❣❡r ❬✶✶❪✳ ❊♠❜♦r❛ s❡❥❛ ❞❡❞✉③✐❞♦ ♣❛r❛ ✐♥t❡r❛çõ❡s ❧♦❝❛✐s ❢r❛❝❛s✱ ❛ ❝♦♥✲
❥❡❝t✉r❛ ❞❡ ❍❛❧❞❛♥❡ ❬✶✷❪ ❡st❛❜❡❧❡❝❡ q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ❞❡✈❡ ❞❡s❝r❡✈❡r
♦ s❡t♦r ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ❞❡ t♦❞♦s ♦s s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s s❡♠ ❣❛♣✱
❞❡✜♥✐♥❞♦ ❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❞♦s ❧íq✉✐❞♦s ❞❡ ▲✉tt✐♥❣❡r✳

❈♦♠ ♦ ❛❞✈❡♥t♦ ❞❛ t❡❝♥♦❧♦❣✐❛ ❞❡ ♠❛♥✉❢❛t✉r❛çã♦ ❞❡ ♠❛t❡r✐❛✐s ❡♠ ❡s❝❛❧❛
♥❛♥♦s❝ó♣✐❝❛✱ ♦s s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❢♦r❛♠ ♣r♦♠♦✈✐❞♦s ❞❡ ♣r♦❜❧❡♠❛s
❞❡ ✐♥t❡r❡ss❡ ❛❝❛❞ê♠✐❝♦ ♣❛r❛ ♦ st❛t✉s ❞❡ s✐st❡♠❛s ✜s✐❝❛♠❡♥t❡ r❡❛❧✐③á✈❡✐s✳ ❆
t❡❝♥♦❧♦❣✐❛ ❛t✉❛❧ é ❝❛♣❛③ ❞❡ ❢❛❜r✐❝❛r ❡str✉t✉r❛s ❡♠ q✉❡ ✉♠❛ ♦✉ ♠❛✐s ❞✐♠❡♥✲
sõ❡s sã♦ ❝♦♥✜♥❛❞❛s ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ tr❛♥s✈❡rs❛✐s
❡♥❝♦♥tr❛♠✲s❡ ❝♦♥❣❡❧❛❞♦s ❡♠ t❡♠♣❡r❛t✉r❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛✐①❛s ❬✶✸❪✳ ❊♠
✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠❛❞♦ ❡♠ ❤❡t❡r♦❡str✉t✉r❛s s❡♠✐❝♦♥❞✉✲
t♦r❛s✱ ♦ ♠♦✈✐♠❡♥t♦ ❞♦s ❡❧étr♦♥s ♣♦❞❡ s❡r r❡str✐t♦ ❛ ✉♠❛ ú♥✐❝❛ ❞✐♠❡♥sã♦
♣♦r ♠❡✐♦ ❞❡ ❝♦♥str✐çõ❡s✱ ❞❛♥❞♦ ♦r✐❣❡♠ ❛♦s ❝❤❛♠❛❞♦s ✜♦s q✉â♥t✐❝♦s✳ ❖✉tr♦s
❡①❡♠♣❧♦s sã♦ ♦s ♥❛♥♦t✉❜♦s ❞❡ ❝❛r❜♦♥♦ ❬✶✹❪ ❡ ♠❛t❡r✐❛✐s ✭♣r✐♥❝✐♣❛❧♠❡♥t❡ ❝♦♠✲
♣♦st♦s ♦r❣â♥✐❝♦s✮ ❡❢❡t✐✈❛♠❡♥t❡ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❞❡✈✐❞♦ à ❢♦rt❡ ❛♥✐s♦tr♦♣✐❛ ❡
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F

-k
F

ε
F ∩

ω(q) = v
F
q

❋✐❣✉r❛ ✶✳✶✿ ❊st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❣ás ❞❡ ❡❧étr♦♥s ❡♠ ✶❉ ❡ ❡①❝✐t❛çã♦
♣❛rtí❝✉❧❛✲❜✉r❛❝♦ ❡♠ t♦r♥♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✳

à ❢r❛❝❛ ❧✐❣❛çã♦ ❡♥tr❡ ❛s ❝❛❞❡✐❛s ✳ ❊✈✐❞ê♥❝✐❛s ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦ t✐♣♦ ❧íq✉✐❞♦
❞❡ ▲✉tt✐♥❣❡r ♥❡ss❡s s✐st❡♠❛s tê♠ s✐❞♦ ❛♣r❡s❡♥t❛❞❛s ❬✶✺✱ ✶✻✱ ✶✼❪✳

❯♠❛ ❢♦♥t❡ ❞❡ ✐♥t❡r❡ss❡ ♣♦r ❡ss❡s s✐st❡♠❛s é ♦ ❡st✉❞♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s
❞❡ tr❛♥s♣♦rt❡✳ ❆ ❝r❡s❝❡♥t❡ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠✐♥✐❛t✉r✐③❛çã♦ ❞♦s ❝♦♠♣♦♥❡♥t❡s
❡❧❡trô♥✐❝♦s t❡♠ ♠♦t✐✈❛❞♦ ❛ ✐♥❝✉rsã♦ ♥♦ ✉♥✐✈❡rs♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❡s❝❛❧❛
♠❡s♦s❝ó♣✐❝❛✳ ❊♠ s✐st❡♠❛s ❝✉❥♦ t❛♠❛♥❤♦ é ♠❡♥♦r ❞♦ q✉❡ ♦ ❧✐✈r❡ ❝❛♠✐♥❤♦
♠é❞✐♦ ❞♦s ❡❧étr♦♥s✱ ♦ ❝❛rát❡r q✉â♥t✐❝♦ ❞♦s ú❧t✐♠♦s ♥ã♦ ♣♦❞❡ s❡r ✐❣♥♦r❛❞♦
❡ ❛s ❧❡✐s ❞❡ tr❛♥s♣♦rt❡ ♠❛❝r♦s❝ó♣✐❝♦ ♥ã♦ sã♦ ♠❛✐s ✈á❧✐❞❛s✳ ❯♠ ❢❡♥ô♠❡♥♦
❝❛r❛❝t❡ríst✐❝♦ ❞♦ tr❛♥s♣♦rt❡ ♠❡s♦s❝ó♣✐❝♦ é ❛ q✉❛♥t✐③❛çã♦ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ ♦❜✲
s❡r✈❛❞❛ ♥❛ tr❛♥s♠✐ssã♦ ❜❛❧íst✐❝❛ ❛tr❛✈és ❞❡ ♥❛♥♦❝♦♥t❛t♦s ❡ ❝♦♥str✐çõ❡s ❡♠
s❡♠✐❝♦♥❞✉t♦r❡s ❬✶✽❪✳ ❖ ❢♦r♠❛❧✐s♠♦ ❞❡ ▲❛♥❞❛✉❡r✲❇ütt✐❦❡r ❞❡♠♦♥str❛ q✉❡ ❛
❝♦♥❞✉tâ♥❝✐❛ ❛ t❡♠♣❡r❛t✉r❛ ③❡r♦ é q✉❛♥t✐③❛❞❛ ♥❛ ❢♦r♠❛ G = nG0✱ ♦♥❞❡ n é
♦ ♥ú♠❡r♦ ❞❡ ❝❛♥❛✐s ❞❡ ♣r♦♣❛❣❛çã♦ ❡ G0 = e2/h ≈ (25, 6 ❦Ω)−1 é ♦ q✉❛♥t✉♠
❞❡ ❝♦♥❞✉tâ♥❝✐❛ ❬✶✾❪✳ P❛r❛ ✉♠ s✐st❡♠❛ ❡str✐t❛♠❡♥t❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ n = 2✱
♦ ♥ú♠❡r♦ ❞❡ ❝❛♥❛✐s ❞❡ s♣✐♥✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r✱ ♦
q✉❛♥t✉♠ ❞❡ ❝♦♥❞✉tâ♥❝✐❛ ❞❡ ✉♠ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡✈❡ s❡r ♠♦❞✐✜❝❛❞♦
♣❛r❛ Ḡ0 = Ke2/h✱ ♦♥❞❡ K é ✉♠ ♣❛râ♠❡tr♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ✐♥t❡r❛çã♦ ❡❧❡trô✲
♥✐❝❛ ✭K = 1 ♥♦ ❝❛s♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✮✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❡❝❡ s❡r ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r
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❡ss❛ ♣r❡✈✐sã♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♣♦rq✉❡ ♠♦str♦✉✲s❡ q✉❡ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❡♠
❜❛✐①❛s ❢r❡qüê♥❝✐❛s é ❞♦♠✐♥❛❞❛ ♣❡❧♦s ❝♦♥t❛t♦s ❡❢❡t✐✈❛♠❡♥t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡s
❬✷✵❪✳

❋♦r❛ ❞♦ r❡❣✐♠❡ ❜❛❧íst✐❝♦✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ✐♠♣✉r❡③❛s ♦✉ ♣♦ssí✈❡✐s ❡①❝✐✲
t❛çõ❡s ❞❛ r❡❞❡ ❞✐♠✐♥✉✐ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s♠✐ssã♦ ❡✱ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱
❛ ❝♦♥❞✉tâ♥❝✐❛ ❞♦ s✐st❡♠❛✳ ❚❛♠❜é♠ ♥❡ss❡ ❝❛s♦ ♦s s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s
s❡ ❞✐st✐♥❣✉❡♠ ❞♦s ❛♥á❧♦❣♦s ❡♠ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s ♣❡❧♦s ❡❢❡✐t♦s ♣❡❝✉❧✐❛r❡s
❞❛s ✐♥t❡r❛çõ❡s ❡❧❡trô♥✐❝❛s ❡♠ ✶❉✳ ❯♠❛ ❞❛s ❛ss✐♥❛t✉r❛s ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦
❞❡ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r é✱ ✐♥❝❧✉s✐✈❡✱ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❝♦♥❞✉tâ♥❝✐❛ ❛tr❛✈és
❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛✳ ❑❛♥❡ ❡ ❋✐s❤❡r ❬✷✶❪ ♠♦str❛r❛♠ q✉❡✱
❛♦ ❝♦♥trár✐♦ ❞♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ❧íq✉✐❞♦s ❞❡ ❋❡r♠✐✱ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❡s❝❛❧❛
❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❝♦♠ ✉♠ ❡①♣♦❡♥t❡ ♥ã♦ ✉♥✐✈❡rs❛❧ q✉❡ ❞❡♣❡♥❞❡ ❞♦s
♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦✳ P❛r❛ ✐♥t❡r❛çã♦ r❡♣✉❧s✐✈❛ ❡♥tr❡ ♦s ❡❧étr♦♥s✱ ♦ ❡s♣❛✲
❧❤❛♠❡♥t♦ ♥❛ ❜❛rr❡✐r❛ ❞✐✈❡r❣❡ q✉❛♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ ❞✐♠✐♥✉✐✳ ❆ t❡♠♣❡r❛t✉r❛
③❡r♦✱ ♠❡s♠♦ ✉♠❛ ❜❛rr❡✐r❛ ❢r❛❝❛ é ❝❛♣❛③ ❞❡ r❡✢❡t✐r ♦s ❡❧étr♦♥s ❝♦♠♣❧❡t❛♠❡♥t❡
❡ ♦ s✐st❡♠❛ é ✉♠ ✐s♦❧❛♥t❡ ✐❞❡❛❧✳ ❊ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❡♠ t❡r✲
♠♦s ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ s✐♥❣✉❧❛r ❞♦s ❡❧étr♦♥s ♥❛s ♦s❝✐❧❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡
❝❛r❣❛ ✐♥❞✉③✐❞❛s ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❛ ✐♠♣✉r❡③❛ ❬✷✷❪✳ P❛r❛ ✐♥t❡r❛çã♦ ❛tr❛t✐✈❛✱
♦ ❢♦rt❛❧❡❝✐♠❡♥t♦ ❞❛s ❝♦rr❡❧❛çõ❡s s✉♣❡r❝♦♥❞✉t♦r❛s ❞á ♦r✐❣❡♠ à tr❛♥s♠✐ssã♦
✐❞❡❛❧ ❡♠ t❡♠♣❡r❛t✉r❛ ③❡r♦✳ ❆ t❡♦r✐❛ t❛♠❜é♠ ♣r❡✈ê ❧❡✐s ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ♦
t✉♥❡❧❛♠❡♥t♦ ❞❡ ❡❧étr♦♥s ♣❛r❛ ✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❡ ♦ ❡①♣♦❡♥t❡ ❞❛ ❝✉r✈❛
❞❡ ❝♦♥❞✉tâ♥❝✐❛ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❡①tr❛✐r ♦ ♣❛râ♠❡tr♦ ❞❡ ✐♥t❡r❛çã♦ ❞❡ ✉♠
❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ✭✜❣✉r❛ ✶✳✷✮✳

P❛r❛❧❡❧❛♠❡♥t❡ ❛♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❡♠ ❜❛✐①❛s ❞✐♠❡♥✲
sõ❡s✱ t❡♠ ❞❡s♣♦♥t❛❞♦ ♦ ✐♥t❡r❡ss❡ ♣♦r tr❛♥s♣♦rt❡ ❡❧❡trô♥✐❝♦ ❡♠ ❡str✉t✉r❛s
♠❛❣♥ét✐❝❛s✳ ❯♠❛ ❞❛s ❣r❛♥❞❡s ♣r♦♠❡ss❛s t❡❝♥♦❧ó❣✐❝❛s ❛t✉❛✐s é ♦ ❞❡s❡♥✈♦❧✈✐✲
♠❡♥t♦ ❞❛ ❝❤❛♠❛❞❛ ❙♣✐♥trô♥✐❝❛✱ ✉♠❛ ❡❧❡trô♥✐❝❛ q✉❡ ❡①♣❧♦r❛ ♥ã♦ só ❛ ❝❛r❣❛
♠❛s t❛♠❜é♠ ♦ s♣✐♥ ❞♦ ❡❧étr♦♥ ❬✷✹❪✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ❛s ❡str✉t✉r❛s ❞❡ ♠✉❧t✐✲
❝❛♠❛❞❛s ♠❛❣♥ét✐❝❛s ♦❢❡r❡❝❡♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛r ❝♦rr❡♥t❡s ♣♦❧❛r✐✲
③❛❞❛s ♠♦❞✐✜❝❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ r❡❧❛t✐✈❛ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ♥❛s ❝❛♠❛❞❛s ❬✷✺❪✳
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❋✐❣✉r❛ ✶✳✷✿ ❈♦♥❞✉tâ♥❝✐❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ♥❛♥♦t✉❜♦s ♠❡tá❧✐✲
❝♦s✱ ♠♦str❛♥❞♦ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✉♠ ❧íq✉✐❞♦
❞❡ ▲✉tt✐♥❣❡r✳ ❆s ❛♠♦str❛s ❞♦s ❣rá✜❝♦s ❛ ❡ ❜ ❞✐st✐♥❣✉❡♠✲s❡ ♣❡❧❛ té❝♥✐❝❛ ❞❡
❢♦r♠❛çã♦ ❞♦s ❝♦♥t❛t♦s✳ ❆s ❝✉r✈❛s tr❛❝❡❥❛❞❛s r❡♣r❡s❡♥t❛♠ ♦s ❞❛❞♦s ❝♦rr✐❣✐❞♦s
❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡❢❡✐t♦ ❞❡ ✏❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡✑✳ ❖ ❛❥✉st❡ ❞❛s ❝✉r✈❛s ❢♦r♥❡❝❡
G ∝ Tα✱ ❝♦♠ α ≈ 0, 33 ❡ 0, 38 ♣❛r❛ ❛s ❞✉❛s ❛♠♦str❛s ❞❛ ❡sq✉❡r❞❛ ✭❛✮ ❡
α ≈ 0, 6 ♣❛r❛ ❛s ❞✉❛s ❛♠♦str❛s ❞❛ ❞✐r❡✐t❛ ✭❜✮✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❛ r❡❢❡rê♥❝✐❛
❬✷✸❪✳

❊ss❛s ❡str✉t✉r❛s ❡①✐❜❡♠ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❣✐❣❛♥t❡ ✭●▼❘✮✱ ✉♠❛ ❞❡♣❡♥✲
❞ê♥❝✐❛ ❛❝❡♥t✉❛❞❛ ❞❛ r❡s✐st✐✈✐❞❛❞❡ ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦✱ ❡ tê♠
❛♣❧✐❝❛çõ❡s ♣♦t❡♥❝✐❛✐s ❡♠ ❣r❛✈❛çã♦ ♠❛❣♥ét✐❝❛ ❡ t❡❝♥♦❧♦❣✐❛ ❞❡ s❡♥s♦r❡s ♠❛❣✲
♥ét✐❝♦s✳ ❯♠ ❡❢❡✐t♦ ❛✐♥❞❛ ♠❛✐♦r✱ ❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❝♦❧♦ss❛❧ ✭❈▼❘✮✱ ❢♦✐
♠❡❞✐❞♦ ❡♠ ♠❛♥❣❛♥✐t❛s ✭❝♦♠♣♦st♦s ❞❛ ❢♦r♠❛ L1−xAx▼♥❖3✱ ♦♥❞❡ L é ✉♠
❧❛♥t❛♥í❞❡♦ ❡ A é ✉♠ ❛❧❝❛❧✐♥♦ t❡rr♦s♦✮ ❬✷✻❪✳ ❆s ♠❛♥❣❛♥✐t❛s sã♦ ❞❡s❝r✐t❛s ♣❡❧♦
♠♦❞❡❧♦ ❞❛ r❡❞❡ ❞❡ ❑♦♥❞♦ ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ tr♦❝❛ ❢❡rr♦♠❛❣♥ét✐❝❛✱ ❡♠ q✉❡
♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✉♣❧❛ tr♦❝❛ ❞á ♦r✐❣❡♠ ❛♦ ❢❡rr♦♠❛❣♥❡t✐s♠♦ ❛❜❛✐①♦ ❞❡ ✉♠❛
t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳ ❊♥tr❡t❛♥t♦✱ s❛❜❡✲s❡ ❛t✉❛❧♠❡♥t❡ q✉❡ ❛ ❞✉♣❧❛ tr♦❝❛ ♥ã♦
❡①♣❧✐❝❛ ❛ ❈▼❘ ♦❜s❡r✈❛❞❛ ❡ é ♣r❡❝✐s♦ ❝♦♥s✐❞❡r❛r t❛♠❜é♠ ♦ ❢♦rt❡ ❛❝♦♣❧❛♠❡♥t♦
❝♦♠ ❢ô♥♦♥s ♥❛ ❢❛s❡ ♣❛r❛♠❛❣♥ét✐❝❛ ❬✷✼❪✳

❖✉tr❛ ❢♦♥t❡ ❞❡ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ é ❛ ♣r❡s❡♥ç❛ ❞❡ ♣❛r❡❞❡s ❞❡ ❞♦♠í✲
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❋✐❣✉r❛ ✶✳✸✿ ❙❛❧t♦s ♥❛ r❡s✐stê♥❝✐❛ ❞❡ ✉♠ ✜♦ ❞❡ ❈♦ ❞❡ ✸✺ ♥♠ ❞❡ ❞✐â♠❡tr♦ ❡♠
❢✉♥çã♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦✳ ∆R é ♠❡❞✐❞❛ ❛ ♣❛rt✐r ❞❛ r❡s✐stê♥❝✐❛
❞♦ ♠♦♥♦❞♦♠í♥✐♦✳ ❊♠ ✭❛✮✱ ♦❝♦rr❡ ❛ ♥✉❝❧❡❛çã♦ s✉❝❡ss✐✈❛ ❞❡ ❞✉❛s ♣❛r❡❞❡s ❞❡
❞♦♠í♥✐♦ q✉❡ sã♦ r❡♠♦✈✐❞❛s ♣❛r❛ H ≈ 2, 6 ❦❖❡✳ ❊♠ ✭❜✮✱ ❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦
♣r❡s❡♥t❡ ❡♠ H = 0 é r❡♠♦✈✐❞❛ q✉❛♥❞♦ H ≈ 1❦❖❡✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❛
r❡❢❡rê♥❝✐❛ ❬✷✽❪✳

♥✐♦ ♠❛❣♥ét✐❝♦✳ ❊①♣❡r✐♠❡♥t♦s ❞❡ tr❛♥s♣♦rt❡ ❡♠ ✜♦s ❬✷✽✱ ✷✾❪ ❡ ♥❛♥♦❝♦♥t❛t♦s
❬✸✵✱ ✸✶✱ ✸✷❪ ♠❛❣♥ét✐❝♦s ♠♦str❛♠ s❛❧t♦s ♥❛ r❡s✐stê♥❝✐❛ ❞♦ s✐st❡♠❛ q✉❛♥❞♦
♦❝♦rr❡ ♥✉❝❧❡❛çã♦ ♦✉ r❡♠♦çã♦ ❞❡ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ✭✜❣✉r❛ ✶✳✸✮✳ ❈❛❜r❡r❛
❡ ❋❛❧✐❝♦✈ ❬✸✸❪ ❢♦r❛♠ ♦s ♣r✐♠❡✐r♦s ❛ ❝❛❧❝✉❧❛r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ✉♠❛ ♣❛r❡❞❡
❞❡ ❞♦♠í♥✐♦ ❞❡ ❇❧♦❝❤ ♣❛r❛ ❛ r❡s✐stê♥❝✐❛ ❞❡ ✉♠ ♠❡t❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦✳ ❊❧❡s
♠♦str❛r❛♠ q✉❡ ❛s ♣❛r❡❞❡s ❡str❡✐t❛s✱ ❝✉❥❛ ❧❛r❣✉r❛ λ é ❝♦♠♣❛rá✈❡❧ ❝♦♠ ♦ ❝♦♠✲
♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❡ ❞❡ ❇r♦❣❧✐❡ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦✱ sã♦ ❝❛♣❛③❡s ❞❡
❡s♣❛❧❤❛r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♦s ❡❧étr♦♥s ♣♦r ❝❛✉s❛ ❞❛ ♠✉❞❛♥ç❛ ❜r✉s❝❛ ♥❛ ❞✐✲
r❡çã♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❧♦❝❛❧✳ ❈♦♠♦ ❛s ♣❛r❡❞❡s sã♦ r❡♠♦✈✐❞❛s ♣❡❧❛ ❛♣❧✐❝❛✲
çã♦ ❞❡ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s✱ ✐ss♦ ❡①♣❧✐❝❛r✐❛ ❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ♥❡❣❛t✐✈❛ ❞❡
❛❧❣✉♥s ♠❛t❡r✐❛✐s✳ ❊♠❜♦r❛ ❛s ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ♥♦ ✏❜✉❧❦✑ s❡❥❛♠ r❡❧❛t✐✈❛✲
♠❡♥t❡ s✉❛✈❡s ✭λ & 10 ♥♠✮✱ ♣❛r❡❞❡s ❞❡ ❞✐♠❡♥sõ❡s ❛tô♠✐❝❛s sã♦ ♣♦ssí✈❡✐s ❡♠
♥❛♥♦❝♦♥t❛t♦s ♦♥❞❡ ❛ ❧❛r❣✉r❛ é ❧✐♠✐t❛❞❛ ♣❡❧❛ ❣❡♦♠❡tr✐❛ ❞❛ ❝♦♥str✐çã♦ ❬✸✹❪✳
❚❛♠❜é♠ ❡♠ ♥❛♥♦❝♦♥t❛t♦s✱ ✈❡r✐✜❝♦✉✲s❡ q✉❡✱ ❡♠❜♦r❛ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❡♠ ♠❡✲
t❛✐s ❢❡rr♦♠❛❣♥ét✐❝♦s s❡❥❛ q✉❛♥t✐③❛❞❛ ❡♠ ♠ú❧t✐♣❧♦s ✭✐♥❝❧✉s✐✈❡ ♦s í♠♣❛r❡s✮ ❞❡
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e2/h✱ ❛ ♥✉❝❧❡❛çã♦ ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ r❡st❛✉r❛ ♦s ♣❧❛tôs ❞❡ ❝♦♥❞✉tâ♥✲
❝✐❛ ❛♣❡♥❛s ❡♠ ♠ú❧t✐♣❧♦s ❞❡ 2e2/h ❬✸✺❪✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦
♥❛ ♣❛r❡❞❡ ♣r♦❞✉③ ✉♠ ❡❢❡✐t♦ ❛♣❛r❡♥t❡ ❞❡ r❡❝✉♣❡r❛çã♦ ❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞♦s
❝❛♥❛✐s ❞❡ s♣✐♥ ❬✸✻❪✳ ◗✉❛♥t♦ ❛♦s ✜♦s ♠❛❣♥ét✐❝♦s✱ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥✲
t❛✐s ♠♦str❛r❛♠✲s❡ ❞✐❢í❝❡✐s ❞❡ ✐♥t❡r♣r❡t❛r ❞❡✈✐❞♦ ❛♦ ❞❡s❛✜♦ ❞❡ ✐s♦❧❛r ♦s ✈ár✐♦s
♠❡❝❛♥✐s♠♦s ❞❡ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛✳ ❙✉r❣✐r❛♠✱ ✐♥❝❧✉s✐✈❡✱ ♠❡❞✐❞❛s ❞❡ ❝♦♥✲
tr✐❜✉✐çõ❡s ♥❡❣❛t✐✈❛s ♣❛r❛ ❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❬✸✼❪ ❡ ❛♣♦♥t♦✉✲s❡ q✉❡ ✉♠❛
♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ♣♦❞❡r✐❛ ❞✐♠✐♥✉✐r ❛ r❡s✐stê♥❝✐❛ ❛♦ ❞❡str✉✐r ♦s ❡❢❡✐t♦s ❞❡
❧♦❝❛❧✐③❛çã♦ ❢r❛❝❛ ❬✸✽❪✳ ❖✉tr❛ ♣r♦♣♦st❛ ❢♦✐ ❛ ❞❡ q✉❡ ❛ ♣❛r❡❞❡ ♣r♦❞✉③✐r✐❛ ✉♠
❛✉♠❡♥t♦ ✐♥❞✐r❡t♦ ❞❛ r❡s✐stê♥❝✐❛ ♣♦rq✉❡ ♠✐st✉r❛ ♦s ❝❛♥❛✐s ❞❡ s♣✐♥✱ r❡❢♦rç❛♥❞♦
❛ss✐♠ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ✐♠♣✉r❡③❛s ❬✸✾❪✳

❯♠❛ q✉❡stã♦ ♣❡rt✐♥❡♥t❡ é s❡ ♦ ❡st✉❞♦ ❞❡ tr❛♥s♣♦rt❡ ❡♠ ♠❡t❛✐s ♠❛❣♥ét✐❝♦s
♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ ❡str✉t✉r❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ✉♠❛ ✈❡③ q✉❡ ❡①✐st❡♠ t❡✲
♦r❡♠❛s q✉❡ ♣r♦í❜❡♠ ♦ ❢❡rr♦♠❛❣♥❡t✐s♠♦ ✭♦r❞❡♠ ♠❛❣♥ét✐❝❛ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✮
❡♠ ♠♦❞❡❧♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❬✹✵✱ ✹✶❪✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❝❛❞❛ ✉♠ ❞❡ss❡s
t❡♦r❡♠❛s ❜❛s❡✐❛✲s❡ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❤✐♣ót❡s❡s ❡s♣❡❝í✜❝❛s ❡ ♥ã♦ s❡ ❛♣❧✐❝❛ ❛
t♦❞♦s ♦s s✐st❡♠❛s ❢ís✐❝♦s✳ ❙❛❜❡✲s❡✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ❛ r❡❞❡ ❞❡ ❑♦♥❞♦ ❛ T = 0

é ✉♠❛ ❡①❝❡çã♦ ♣♦rq✉❡ ❛♣r❡s❡♥t❛ ✉♠❛ ❢❛s❡ ❢❡rr♦♠❛❣♥ét✐❝❛ ❡♠ ✶❉ ❬✹✷❪✳ ❊♠ s❡✲
❣✉♥❞♦ ❧✉❣❛r✱ ❛ r❡❞❡ s✉❜❥❛❝❡♥t❡ ♣♦❞❡ ♥ã♦ s❡r r✐❣♦r♦s❛♠❡♥t❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱
❞❡ ♠♦❞♦ ❛ ✈✐❛❜✐❧✐③❛r ❛ ♦r❞❡♠ ❢❡rr♦♠❛❣♥ét✐❝❛✱ ❡ ❛✐♥❞❛ ❛ss✐♠ ♦ ❝♦♠♣♦rt❛✲
♠❡♥t♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞♦s ❡❧étr♦♥s s❡rá ❛ss❡❣✉r❛❞♦ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s
s❡ ❛s ❞✐♠❡♥sõ❡s tr❛♥s✈❡rs❛✐s ❢♦r❡♠ ❞❛ ♦r❞❡♠ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❡
❋❡r♠✐✳ P♦r ú❧t✐♠♦✱ ♠❡s♠♦ ♣❛r❛ s✐st❡♠❛s ❡str✐t❛♠❡♥t❡ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠
✐♥t❡r❛çã♦ ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡✱ ♠♦str♦✉✲s❡ q✉❡ é ♣♦ssí✈❡❧ ♣r♦❞✉③✐r ♦r❞❡♠ ❞❡ ❧♦♥❣♦
❛❧❝❛♥❝❡ ❝♦♠♦ ✉♠ ❡st❛❞♦ ❢♦r❛ ❞♦ ❡q✉✐❧í❜r✐♦✳ ❊♠ ❝❛❞❡✐❛s ♠♦♥♦❛tô♠✐❝❛s ❞❡ ❋❡
♦✉ ❈♦ ❞❡♣♦s✐t❛❞❛s s♦❜r❡ s✉❜str❛t♦ ♥ã♦ ♠❛❣♥ét✐❝♦ ❬✹✸✱ ✹✹❪✱ ❛ ✐♥t❡r❛çã♦ ❝♦♠
♦ s✉❜str❛t♦ ✐♥❞✉③ ✉♠❛ ❢♦rt❡ ❜❛rr❡✐r❛ ❞❡ ❛♥✐s♦tr♦♣✐❛ q✉❡✱ ❛♣ós ❛ ❛♣❧✐❝❛çã♦ ❞❡
✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ❜❧♦q✉❡✐❛ ♦s s❡❣♠❡♥t♦s ❞❡ s♣✐♥s ♥✉♠❛ ♠❡s♠❛ ❞✐r❡çã♦
♣♦r ✉♠ t❡♠♣♦ ❞❡ r❡❧❛①❛çã♦ ♠❛✐♦r ❞♦ q✉❡ ♦ t❡♠♣♦ ❡①♣❡r✐♠❡♥t❛❧✳ ❉✉r❛♥t❡
❡ss❡ t❡♠♣♦✱ ♦ s✐st❡♠❛ ❡①✐❜❡ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ ❧❡❣ít✐♠♦ ♠❛t❡r✐❛❧
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❢❡rr♦♠❛❣♥ét✐❝♦✳ ◆❡ss❛s ❝❛❞❡✐❛s ♦❜s❡r✈❛r❛♠✲s❡ ❛✐♥❞❛ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ❞❡
❞✐♠❡♥sõ❡s ❛tô♠✐❝❛s ❬✹✺❪ ❡ ❤á ❡✈✐❞ê♥❝✐❛s ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❧íq✉✐❞♦ ❞❡
▲✉tt✐♥❣❡r ❡♠ ❝❛❞❡✐❛s ❛♥á❧♦❣❛s ❝♦♠ át♦♠♦s ♥ã♦ ♠❛❣♥ét✐❝♦s ❬✹✻❪✳

▼❛t❡r✐❛✐s ♠❛❣♥ét✐❝♦s ♥ã♦ sã♦ ♦ ú♥✐❝♦ ♠❡✐♦ ❞❡ ❡①♣❧♦r❛r ♦ s♣✐♥ ❞♦ ❡❧étr♦♥
❡♠ ♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡✳ ❖✉tr♦ ❢❡♥ô♠❡♥♦ ❛ s❡r✈✐ç♦ ❞❛ ❙♣✐♥trô♥✐❝❛ é ♦
❛❝♦♣❧❛♠❡♥t♦ s♣✐♥✲ór❜✐t❛ q✉❡ ❛♣❛r❡❝❡ ❡♠ ❤❡t❡r♦❡str✉t✉r❛s s❡♠✐❝♦♥❞✉t♦r❛s ❡♠
❞❡❝♦rrê♥❝✐❛ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ q✉❡ ❝♦♥✜♥❛ ♦ ❣ás ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛❧✳
◆♦ ❧✐♠✐t❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♦ t❡r♠♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ✭❝❤❛♠❛❞♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦
❘❛s❤❜❛ ❬✹✼❪ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❤❡t❡r♦❡str✉t✉r❛s✮ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝❛♠♣♦ ♠❛❣✲
♥ét✐❝♦ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♠♦♠❡♥t♦ ❞♦ ❡❧étr♦♥ ❡ ❞á ♦r✐❣❡♠ ❛ s✉❜❜❛♥❞❛s ❞❡ s♣✐♥
s❡♣❛r❛❞❛s ❤♦r✐③♦♥t❛❧♠❡♥t❡✳ ❯♠ ❛s♣❡❝t♦ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❛ ♠❛❣♥✐t✉❞❡ ❞♦
❛❝♦♣❧❛♠❡♥t♦ ❘❛s❤❜❛ ♣♦❞❡ s❡r ❝♦♥tr♦❧❛❞❛ ♣❡❧♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ✭✏❣❛t❡✑✮ ❛♣❧✐✲
❝❛❞♦ ❬✹✽❪✳ ❊ss❡ ♠❡❝❛♥✐s♠♦ ❝♦♥st✐t✉✐ ❛ ❜❛s❡ ❞❛ ♣r♦♣♦st❛ ❞❡ ✉♠ tr❛♥s✐st♦r ❞❡
s♣✐♥ ❢❡✐t❛ ♣♦r ❉❛tt❛ ❡ ❉❛s ❬✹✾❪✳ ❊♠❜♦r❛ ❡♠ ❣❡r❛❧ ❛ ♣r❡s❡♥ç❛ ❞❡ ✐♠♣✉r❡③❛s
❝♦♠♣r♦♠❡t❛ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ ✉♠ tr❛♥s✐st♦r ❞❡ s♣✐♥✱ ✉♠❛ ♣r♦♣♦st❛ ❞❡ ✉♠
tr❛♥s✐st♦r ♥ã♦ ❜❛❧íst✐❝♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ❬✺✵❪✳ ❊❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛
❡♠ s✐st❡♠❛s q✉❛s❡✲✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ t❛♠❜é♠ tê♠
s✐❞♦ ❡st✉❞❛❞♦s r❡❝❡♥t❡♠❡♥t❡ ❬✺✶✱ ✺✷❪✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❝♦♠❜✐♥❛r ♦ tr❛♥s♣♦rt❡ ❡♠ ✜♦s ♠❛❣♥ét✐❝♦s ❝♦♠
❛s ♣r♦♣r✐❡❞❛❞❡s ú♥✐❝❛s ❞♦s s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳ ❖s ❡❧❡♠❡♥t♦s ✐♥❝❧✉í❞♦s
♥♦s ♠♦❞❡❧♦s sã♦ ✈ár✐♦s ✭❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦✱ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦✱ ♠á❣♥♦♥s✱
❢ô♥♦♥s✱ ✐♠♣✉r❡③❛s✮ ❡ ❝♦♠❜✐♥❛❞♦s ❞❡ ❞✐❢❡r❡♥t❡s ♠❛♥❡✐r❛s✳ ❊♠ t♦❞♦s ♦s ♣r♦✲
❜❧❡♠❛s tr❛t❛❞♦s✱ ❝♦♥❝❡♥tr❛♠♦✲♥♦s ❡♠ ❝❛❧❝✉❧❛r ❛ r❡s✐stê♥❝✐❛ ✭♦✉ ❝♦rr❡çã♦ à
❝♦♥❞✉tâ♥❝✐❛ ❜❛❧íst✐❝❛✮ ❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ♠❡❝❛♥✐s♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦s ❡❧é✲
tr♦♥s ✉s❛♥❞♦ t❡♦r✐❛ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✳ ❆ ♦r❣❛♥✐③❛çã♦ ❞❛ t❡s❡ é ❛ s❡❣✉✐♥t❡✳ ◆♦
❝❛♣ít✉❧♦ ✷✱ ❛❜♦r❞❛♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ❞❡ ❡❧étr♦♥s ♣❡❧❛s ✢✉t✉❛çõ❡s
♠❛❣♥ét✐❝❛s q✉❛♥t✐③❛❞❛s s♦❜r❡ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡
❞♦♠í♥✐♦ ♠❛❣♥ét✐❝♦✳ ◆♦ ❝❛♣ít✉❧♦ ✸✱ ❡st✉❞❛♠♦s ♦s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦ ❡❧❡✲
trô♥✐❝❛ s♦❜r❡ ♦ tr❛♥s♣♦rt❡ ❛tr❛✈és ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳ ◆♦ ❝❛♣ít✉❧♦
✹✱ ♣r♦♣♦♠♦s ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡
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♠á❣♥♦♥s ♠❡❞✐❛❞♦ ♣♦r ❢ô♥♦♥s ❞❡ ❛❧t❛ ❢r❡qüê♥❝✐❛ q✉❛♥❞♦ ♦s ❡❧étr♦♥s ♥ã♦ ❡stã♦
❛❝♦♣❧❛❞♦s ❞✐r❡t❛♠❡♥t❡ à r❡❞❡ ♠❛❣♥ét✐❝❛✳ ◆♦ ❝❛♣ít✉❧♦ ✺✱ ❛♥❛❧✐s❛♠♦s ♦ ❡s♣❛✲
❧❤❛♠❡♥t♦ ♣♦r ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ ♥✉♠ ✜♦ q✉â♥t✐❝♦ ♥❛ ♣r❡s❡♥ç❛
❞❡ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛✳ ❋✐♥❛❧♠❡♥t❡✱ ♦ ❝❛♣ít✉❧♦ ✻ ❛♣r❡s❡♥t❛ ❛s ❝♦♥❝❧✉sõ❡s
❣❡r❛✐s ❞♦ tr❛❜❛❧❤♦✳ P❛r❛ ♦s ❝á❧❝✉❧♦s✱ ❛❞♦t❛♠♦s ♦ s✐st❡♠❛ ♥❛t✉r❛❧ ~ = kB = 1✱
♠❛s r❡❝✉♣❡r❛♠♦s ❛s ❝♦♥st❛♥t❡s ❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s✳



❈❛♣ít✉❧♦ ✷

▼á❣♥♦♥s ❡♠ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦

❖ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡♠ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦
♠❛❣♥ét✐❝♦ é ❛♣♦♥t❛❞♦ ❝♦♠♦ ♦ ♠❡❝❛♥✐s♠♦ r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ♠❛❣♥❡t♦rr❡s✐stê♥✲
❝✐❛ ❞❡ ✜♦s ❡ ♥❛♥♦❝♦♥t❛t♦s ♠❛❣♥ét✐❝♦s✳ ❊ss❡ ❡❢❡✐t♦ é ❡s♣❡❝✐❛❧♠❡♥t❡ r❡❧❡✈❛♥t❡
q✉❛♥❞♦ ❛ ♠❛❣♥❡t✐③❛çã♦ ❡stát✐❝❛ ❞❛ r❡❞❡ ❣✐r❛ ♥✉♠❛ ❞✐stâ♥❝✐❛ ❝♦♠♣❛rá✈❡❧
❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❡ ❋❡r♠✐ ❬✸✵✱ ✸✸❪✳ ◆♦ ❡♥t❛♥t♦✱ ♦ tr❛t❛♠❡♥t♦
q✉â♥t✐❝♦ ❛♣r♦♣r✐❛❞♦ ❞♦s s♣✐♥s ❧♦❝❛❧✐③❛❞♦s ❡①✐❣❡ q✉❡ s❡ ❝♦♥s✐❞❡r❡♠ t❛♠❜é♠
❛s ✢✉t✉❛çõ❡s s♦❜r❡ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ♣❛r❡❞❡✳ ◆❡st❡ ❝❛♣ít✉❧♦✱
q✉❛♥t✐③❛♠♦s ♦s s♣✐♥s ❧♦❝❛❧✐③❛❞♦s ✉s❛♥❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ s❡♠✐❝❧áss✐❝❛ ❞❡
♦♣❡r❛❞♦r❡s ❛♥❣✉❧❛r❡s q✉❡ r❡♣r♦❞✉③ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦✳ ❊♠ s❡❣✉✐❞❛✱
❝♦♥s✐❞❡r❛♠♦s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❛s ✢✉t✉❛çõ❡s ❡ ❡♥❝♦♥tr❛♠♦s ❛ ❞✐s♣❡rsã♦ ❞♦s
♠á❣♥♦♥s✳ ❋✐♥❛❧♠❡♥t❡✱ ❝❛❧❝✉❧❛♠♦s ♣♦r t❡♦r✐❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❛ ❝♦♥tr✐❜✉✐çã♦
❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ♣♦r ❡ss❡s ♠á❣♥♦♥s ♣❛r❛ ❛ r❡s✐stê♥❝✐❛ ❞♦ s✐st❡♠❛
♥♦s ❧✐♠✐t❡s ❞❡ ♣❛r❡❞❡ ❧♦♥❣❛ ❡ ♣❛r❡❞❡ ❡str❡✐t❛✳

✶✶
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✷✳✶ ❙♣✐♥s ❧♦❝❛❧✐③❛❞♦s✿ r❡♣r❡s❡♥t❛çã♦ ❛♥❣✉❧❛r ❞♦s

♦♣❡r❛❞♦r❡s

❆ ✐♥t❡r❛çã♦ ❡♥tr❡ ❡❧étr♦♥s ❞❡ ♦r❜✐t❛✐s ❧♦❝❛❧✐③❛❞♦s ❞❡ í♦♥s ♠❛❣♥ét✐❝♦s ✭❞❡ s♣✐♥
S✮ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣

HS = −JH

∑

j

Sj · Sj+1, ✭✷✳✶✮

♦♥❞❡ Sj é ♦ ♦♣❡r❛❞♦r ❞❡ s♣✐♥ ♥♦ sít✐♦ j ❞❛ r❡❞❡ ❡ JH é ❛ ✐♥t❡❣r❛❧ ❞❡ tr♦❝❛
q✉❡ ❞❡♣❡♥❞❡ ❞❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ♦r❜✐t❛✐s ❡♠ sít✐♦s ✈✐③✐♥❤♦s✳ ❙❡ JH > 0✱
❛ ✐♥t❡r❛çã♦ ❢❛✈♦r❡❝❡ ♦ ❛❧✐♥❤❛♠❡♥t♦ ♣❛r❛❧❡❧♦ ✭❢❡rr♦♠❛❣♥ét✐❝♦✮ ❞♦s s♣✐♥s✳ ❙❡
JH < 0✱ ❛ ✐♥t❡r❛çã♦ ❢❛✈♦r❡❝❡ ♦ ❛❧✐♥❤❛♠❡♥t♦ ❛♥t✐♣❛r❛❧❡❧♦ ✭❛♥t✐❢❡rr♦♠❛❣♥ét✐❝♦✮✳
❱❛♠♦s tr❛t❛r ♦ ❝❛s♦ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ❢❡rr♦♠❛❣♥ét✐❝♦ ❡♥tr❡
s♣✐♥s ❧♦❝❛❧✐③❛❞♦s✳

❆ s♦❧✉çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ✐s♦tró♣✐❝♦ ❡♠ ✶❉ ♣❡❧♦ ❆♥s❛t③ ❞❡ ❇❡t❤❡
❬✶❪ é ❜❛st❛♥t❡ ❡❧❛❜♦r❛❞❛✳ ❯♠❛ ❛♣r♦①✐♠❛çã♦ s✐♠♣❧❡s q✉❡ ♣❡r♠✐t❡ ❛❝❡ss❛r ♦s
❛s♣❡❝t♦s ❡ss❡♥❝✐❛✐s ❞♦ ♠♦❞❡❧♦ ♠❡s♠♦ ❡♠ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s é ❛ t❡♦r✐❛ ❞❡
♦♥❞❛s ❞❡ s♣✐♥ ❬✺✸✱ ✺✹❪✳ ❊ss❛ t❡♦r✐❛ ❜❛s❡✐❛✲s❡ ❡♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❜♦sô♥✐❝❛
❛♣r♦①✐♠❛❞❛ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥ ♥♦ ❧✐♠✐t❡ ❞❡ S ❣r❛♥❞❡✳ ❖s ❜ós♦♥s
❞❛ t❡♦r✐❛ sã♦ ❛s ✢✉t✉❛çõ❡s ❞❡ s♣✐♥ ❡♠ t♦r♥♦ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ✭❢❡rr♦✲
♠❛❣♥ét✐❝♦✮✱ ❝❤❛♠❛❞❛s ❞❡ ♠á❣♥♦♥s✳ ❊♥tr❡t❛♥t♦✱ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ♣♦❞❡♠
s❡r ❢♦r♠❛❞❛s ♥♦ ❡st❛❞♦ ❢❡rr♦♠❛❣♥ét✐❝♦ ❝❧áss✐❝♦ ♣♦r ♠✐♥✐♠✐③❛çã♦ ❞❛ ❡♥❡r❣✐❛
♠❛❣♥❡t♦stát✐❝❛ ♦✉ ♣♦r ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦✳ ❊st❛♠♦s ✐♥✲
t❡r❡ss❛❞♦s ❡♠ ❝♦♥str✉✐r ✉♠❛ t❡♦r✐❛ ❞❡ ♦♥❞❛s ❞❡ s♣✐♥ s♦❜r❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦
❡stát✐❝❛ ❡♠ q✉❡ ❛ ❞✐r❡çã♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❣✐r❛ ❞❡s❝r❡✈❡♥❞♦ ✉♠❛ ♣❛r❡❞❡ ❞❡
❞♦♠í♥✐♦✳

◆♦ ❧✐♠✐t❡ ❝❧áss✐❝♦✱ ❛ ❞✐r❡çã♦ ❞❡ ♠❛❣♥❡t✐③❛çã♦ ❞♦ s♣✐♥ ♥♦ sít✐♦ j é ❞❡s❝r✐t❛
♣♦r ✉♠ ✈❡t♦r ❞❛ ❢♦r♠❛

Sj = Sc (sin θj cosφj, sin θj sinφj, cos θj) ,
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♦♥❞❡ Sc =
√

S (S + 1) ❡ θj ❡ φj sã♦ â♥❣✉❧♦s ♣♦❧❛r❡s ❡♠ r❡❧❛çã♦ ❛ ✉♠ ❡✐①♦ z
✜①♦✳ P♦r ❛♥❛❧♦❣✐❛✱ ❡s❝r❡✈❡♠♦s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♦♣❡r❛❞♦r ❞❡ s♣✐♥ ♥♦ sít✐♦
j ❝♦♠♦

Sx
j =

Sc

2
(sin θj cosφj + cosφj sin θj) , ✭✷✳✷✮

Sy
j =

Sc

2
(sin θj sinφj + sinφj sin θj) , ✭✷✳✸✮

Sz
j = Sc cos θj, ✭✷✳✹✮

♦♥❞❡ θj ❡ φj ❞❡✈❡♠ ❛❣♦r❛ s❡r ❡♥t❡♥❞✐❞♦s ❝♦♠♦ ♦❜s❡r✈á✈❡✐s q✉❡ ♥ã♦ ❝♦♠✉t❛♠
❡♥tr❡ s✐ ✭❞❛í ❛ s✐♠❡tr✐③❛çã♦ ❞❡ Sx

j ❡ Sy
j ✮✳ P❛r❛ q✉❛♥t✐③❛r θj ❡ φj✱ ❞❡✈❡♠♦s

r❡♣r♦❞✉③✐r ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♦♣❡r❛❞♦r S✱ q✉❛✐s
s❡❥❛♠

[

Sx
j , S

y
l

]

= iδjlS
z
j , ✭✷✳✺✮

[

Sy
j , S

z
l

]

= iδjlS
x
j , ✭✷✳✻✮

[

Sz
j , S

x
l

]

= iδjlS
y
j . ✭✷✳✼✮

❱❛♠♦s ♦♠✐t✐r ♣♦r ♦r❛ ♦ í♥❞✐❝❡ j ❡ ❝❛❧❝✉❧❛r ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ♣❛r❛
♦♣❡r❛❞♦r❡s ♥♦ ♠❡s♠♦ sít✐♦✳ ❚❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱

[Sx, Sz] =
S2

c

2
{sin θ [cosφ, cos θ] + [cosφ, cos θ] sin θ} .

❙❡ [φ, cos θ] ❢♦r ✉♠❛ ❝♦♥st❛♥t❡✱ t❡r❡♠♦s

[Sx, Sz] = −S
2
c

2
{sin θ sinφ [φ, cos θ] + sinφ [φ, cos θ] sin θ} .

◆❡ss❡ ♣♦♥t♦✱ ♥♦t❛♠♦s q✉❡ é ♣♦ssí✈❡❧ r❡♣r♦❞✉③✐r ❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ✭✷✳✼✮
✐♠♣♦♥❞♦ ❛ r❡❧❛çã♦ ❢✉♥❞❛♠❡♥t❛❧

[φ, cos θ] =
i

Sc

. ✭✷✳✽✮
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❆ ❊q✳ ✭✷✳✽✮ ❞✐③ q✉❡ φ ❡ cos θ sã♦ ✈❛r✐á✈❡✐s ❝❛♥♦♥✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞❛s✳ ❊ss❛
r❡❧❛çã♦ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✉s❛❞♦ ♥♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ✐♥t❡❣r❛✐s
❞❡ ❝❛♠✐♥❤♦ ♣❛r❛ s♣✐♥ ❬✺✺❪✳ ❖ ❧✐♠✐t❡ ❝❧áss✐❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ S → ∞✳ ❊ss❛
♠❡s♠❛ r❡❧❛çã♦ r❡♣r♦❞✉③ ❛ ❊q✳ ✭✷✳✻✮✱ ♠❛s ❛ ❊q✳ ✭✷✳✺✮ ♣❛r❡❝❡ ♠❛✐s ❞✐❢í❝✐❧ ❞❡
♦❜t❡r✳ ❊st❛ ú❧t✐♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛

[

S+, S−
]

= 2Sz, ✭✷✳✾✮

♦♥❞❡✱ s❡❣✉♥❞♦ ❛s ❊qs✳ ✭✷✳✷✮ ❡ ✭✷✳✸✮✱

S± = Sx ± iSy =
Sc

2

(

sin θ e±iφ + e±iφ sin θ
) ✭✷✳✶✵✮

sã♦ ♦s ♦♣❡r❛❞♦r❡s q✉❡ ❧❡✈❛♥t❛♠ ❡ ❛❜❛✐①❛♠ ❛ ♣r♦❥❡çã♦ ❞♦ s♣✐♥ ♥❛ ❞✐r❡çã♦ z✳
❉❛ ❊q✳ ✭✷✳✽✮✱ s❡❣✉❡ q✉❡ e−iφ é ♦ ♦♣❡r❛❞♦r q✉❡ tr❛♥s❧❛❞❛ cos θ ❞❡ 1/Sc ❡ ❞❛í

eiφ cos θ e−iφ = cos θ − 1

Sc

, ✭✷✳✶✶✮

eiφ sin θ e−iφ = eiφ
√

1− cos2 θ e−iφ =

√

1−
(

cos θ − 1

Sc

)2

. ✭✷✳✶✷✮

❆ss✐♠✱ ♦❜t❡♠♦s
[

S+, S−
]

= Sc cos θ +
S2

c

2
sin θ

×





√

1−
(

cos θ − 1

Sc

)2

−
√

1−
(

cos θ +
1

Sc

)2


 .✭✷✳✶✸✮

❆ ❊q✳ ✭✷✳✶✸✮ ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞❛ ♥✉♠❛ sér✐❡ ❡♠ 1/Sc✱ ❢♦r♥❡❝❡♥❞♦

[

S+, S−
]

= 2Sc cos θ

{

1 +

(

1

Sc

)2
1

4 sin4 θ
+O

(

1

S4
c

)

}

. ✭✷✳✶✹✮

❈♦♠♦ ❛❝♦♥t❡❝❡ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❍♦❧st❡✐♥✲Pr✐♠❛❦♦✛ ❬✺❪✱ ♦ ❝♦♠✉t❛❞♦r é
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❡①❛t♦ ♥♦ ❧✐♠✐t❡ S → ∞✳ ◆♦t❡ q✉❡ ♥♦ t❡r♠♦ ❞❡ ♦r❞❡♠ 1/S2 ❛ q✉❛♥t✐③❛çã♦
❡s♣❛❝✐❛❧ ✐♠♣❧✐❝❛ 〈sin θ〉 ≥ 1/

√
S ❡ ♣♦r ✐ss♦ ❛ ❝♦rr❡çã♦ é s❡♠♣r❡ ✜♥✐t❛✳ ➱

♣♦ssí✈❡❧ ♦❜t❡r r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❡①❛t❛s ✉s❛♥❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✉♠
♣♦✉❝♦ ♠♦❞✐✜❝❛❞❛✱ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❱✐❧❧❛✐♥ ❬✺✻❪✱ ♠❛s ❛ ❛♣r♦①✐♠❛çã♦ ❛❝✐♠❛ é
s✉✜❝✐❡♥t❡ ♣❛r❛ ♦s ♥♦ss♦s ♣r♦♣ós✐t♦s✳ ❘❡❝✉♣❡r❛♥❞♦ ♦ í♥❞✐❝❡ ❞❡ sít✐♦✱ ❛ r❡❧❛çã♦
❞❡ ❝♦♠✉t❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ é

[φj, cos θl] =
i

Sc

δjl. ✭✷✳✶✺✮

▲✐st❛♠♦s ❛ s❡❣✉✐r ♦✉tr❛s r❡❧❛çõ❡s út❡✐s q✉❡ ♣♦❞❡♠ s❡r ❞❡♠♦♥str❛❞❛s ❢❛✲
❝✐❧♠❡♥t❡✿

[φj, sin θl] = − i

Sc

δjl cot θj, ✭✷✳✶✻✮
[

φj, sin
2 θl

]

= − 2i

Sc

δjl cos θj, ✭✷✳✶✼✮

[φj, θl] = − i

Sc

δjl
1

sin θj

. ✭✷✳✶✽✮

◆♦ ❧✐♠✐t❡ ❝♦♥tí♥✉♦✱ ❡s❝r❡✈❡♠♦s θ = θ (x) ❡ φ = φ (x)✳ ◆❡ss❡ ❝❛s♦✱ ❛s
r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ✜❝❛♠

[φ(x), cos θ(x′)] =
ia

Sc

δ(x− x′), ✭✷✳✶✾✮
[

φ(x), sin2 θ(x′)
]

= −2ia

Sc

δ(x− x′) cos θ(x), ✭✷✳✷✵✮

[φ(x), θ(x′)] = − ia
Sc

δ(x− x′) 1

sin θ(x)
, ✭✷✳✷✶✮

♦♥❞❡ a é ♦ ♣❛râ♠❡tr♦ ❞❡ r❡❞❡ ❞❛ ❝❛❞❡✐❛ ❞❡ s♣✐♥s✳
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✷✳✷ ❈♦♥✜❣✉r❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ♣❛r❡❞❡

P❛r❛ ❝♦♥str✉✐r ❛ t❡♦r✐❛ ❞❡ ♦♥❞❛s ❞❡ s♣✐♥✱ ♣r❡❝✐s❛♠♦s ♣r✐♠❡✐r♦ ❝♦♥❤❡❝❡r ❛s
❝♦♥✜❣✉r❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ ♦✉ s❡❥❛✱ ❛ ♠❛❣♥❡t✐✲
③❛çã♦ ♥ã♦ ❤♦♠♦❣ê♥❡❛ S (x) q✉❡ ♠✐♥✐♠✐③❛ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✳ ❯s❛♥❞♦ ❛
❞❡✜♥✐çã♦ ❞♦s â♥❣✉❧♦s ♣♦❧❛r❡s✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ s♣✐♥s
✈✐③✐♥❤♦s ❝♦♠♦

Sj · Sj+1 = S2
c [sin θj sin θj+1 cos (φj+1 − φj) + cos θj cos θj+1] . ✭✷✳✷✷✮

❙❡ ❛ ♠❛❣♥❡t✐③❛çã♦ ❣✐r❛ ❧❡♥t❛♠❡♥t❡ ❞❡ ✉♠ sít✐♦ ♣❛r❛ ♦✉tr♦✱ ♣♦❞❡♠♦s t♦♠❛r ♦
❧✐♠✐t❡ ❝♦♥tí♥✉♦ (θj, φj)→ (θ (x) , φ (x)) ❡ ❡①♣❛♥❞✐r ❛ ❊q✳ ✭✷✳✷✷✮ ❛té s❡❣✉♥❞❛
♦r❞❡♠ ❡♠ ∂xθ ❡ ∂xφ✳ ❈♦♠ ✐ss♦✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ✭✷✳✶✮ ♣♦❞❡ s❡r
r❡❡s❝r✐t♦ ♥❛ ❢♦r♠❛

HS = −NJHS (S + 1) +
JHS

2
ca

2

∫

dx
[

(∂xθ)
2 + sin2 θ (∂xφ)2] . ✭✷✳✷✸✮

❖ ❤❛♠✐❧t♦♥✐❛♥♦ ❝❧áss✐❝♦ ✭✷✳✷✸✮ ♥ã♦ ♣♦ss✉✐ ❞✐♥â♠✐❝❛✳ P❛r❛ ❞❡s❝r❡✈❡r ❛s
❝♦♥✜❣✉r❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦✱ ♣r❡❝✐s❛♠♦s ♣r♦♠♦✈❡r θ ❡ φ ❛ ♦♣❡r❛❞♦r❡s s❡❣✉♥❞♦
❛ r❡♣r❡s❡♥t❛çã♦ s❡♠✐❝❧áss✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♠♦s ✉♠❛ ✈❡rsã♦ s✐♠❡tr✐③❛❞❛ ❞♦
❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✷✸✮✳ ❉❡ss❡ ♠♦❞♦✱ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ θ é ♦❜t✐❞❛
❝❛❧❝✉❧❛♥❞♦

i
d

dt
cos θ(x) = −i sin θ(x) dθ (x)

dt
= [cos θ(x), HS] . ✭✷✳✷✹✮

❯s❛♥❞♦ ❛ ❊q✳ ✭✷✳✷✸✮ ❡ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ✭✷✳✶✾✮✱ ✭✷✳✷✵✮ ❡ ✭✷✳✷✶✮✱
❡♥❝♦♥tr❛♠♦s

dθ

dt
= −JHSca

2
(

sin θ ∂2
xφ+ 2 cos θ ∂xθ ∂xφ

)

. ✭✷✳✷✺✮



❈❆P❮❚❯▲❖ ✷✳ ▼➪●◆❖◆❙ ❊▼ P❆❘❊❉❊❙ ❉❊ ❉❖▼❮◆■❖ ✶✼

❆ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ φ é ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ❞❡
dφ(x)

dt
= −i [φ(x), HS] = JHSca

2

[

∂2
xθ

sin θ
− cos θ (∂xφ)2

]

. ✭✷✳✷✻✮

❆s s♦❧✉çõ❡s ❡stát✐❝❛s ✭❝♦♠ θ̇ = φ̇ = 0✮ s❛t✐s❢❛③❡♠

sin θ ∂2
xφ+ 2 cos θ ∂xθ ∂xφ = 0, ✭✷✳✷✼✮
∂2

xθ

sin θ
− cos θ (∂xφ)2 = 0. ✭✷✳✷✽✮

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ♣❛r❡❞❡s ❡♠ q✉❡ ❛ ♠❛❣♥❡t✐③❛çã♦
❣✐r❛ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✜①♦✳ ◆❛s ♣❛r❡❞❡s ❞❡ ❇❧♦❝❤✱ ♦ s♣✐♥ ❣✐r❛ ♥♦ ♣❧❛♥♦ ♣❡r✲
♣❡♥❞✐❝✉❧❛r ❛♦ ♣❧❛♥♦ ❞❡ ♠❛❣♥❡t✐③❛çã♦ ✐♥✐❝✐❛❧✱ ❡♥q✉❛♥t♦ ♥❛s ♣❛r❡❞❡s ❞❡ ◆é❡❧ ♦
s♣✐♥ ❣✐r❛ ♥♦ ♣❧❛♥♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❬✺✼❪✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ∂xφ = 0 ❡ ❛ ❊q✳
✭✷✳✷✽✮ s❡ r❡❞✉③ ❛ ∂2

xθ = 0✳ ❙❡✱ ♣♦r ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❛ ♠❛❣♥❡t✐③❛çã♦ é
♦♣♦st❛ ♥❛s ❞✉❛s ❡①tr❡♠✐❞❛❞❡s ❞♦ s✐st❡♠❛ ✭θ (−L/2) = 0✱ θ (L/2) = π✱ ♥❛s
❝❤❛♠❛❞❛s ♣❛r❡❞❡s ❞❡ 180◦✮✱ ❛ s♦❧✉çã♦ é

θ0(x) =
π

2
+
π

L
x. ✭✷✳✷✾✮

◆❡ss❡ ❝❛s♦✱ ❛ ❞✐r❡çã♦ ❞❡ ♠❛❣♥❡t✐③❛çã♦ ❣✐r❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡ t♦❞♦ ♦ s✐st❡♠❛
❝♦♥st✐t✉✐ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳ ❆ ❡♥❡r❣✐❛ ♠❛❣♥ét✐❝❛ ❞♦ s✐st❡♠❛ é

E0 = −NJHS (S + 1) +
π2JHS (S + 1)

2

( a

L

)

. ✭✷✳✸✵✮

❖ r❡s✉❧t❛❞♦ ❞❛ ❊q✳ ✭✷✳✷✾✮ só ❢❛③ s❡♥t✐❞♦ ♣❛r❛ s✐st❡♠❛s ✜♥✐t♦s✳ ➱ ♣♦ssí✲
✈❡❧ ✜①❛r ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦ ✐♥tr♦❞✉③✐♥❞♦ ♥♦
❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✶✮ ♦ t❡r♠♦ ❞❡ ❛♥✐s♦tr♦♣✐❛

HA = −JA

∑

j

(

Sz
j

)2
. ✭✷✳✸✶✮

P❛r❛ JA > 0✱ ♦ t❡r♠♦ HA ❢❛✈♦r❡❝❡ ♦ ❛❧✐♥❤❛♠❡♥t♦ ♥❛ ❞✐r❡çã♦ z✱ q✉❡ é ✉♠
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❋✐❣✉r❛ ✷✳✶✿ P❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡ ❇❧♦❝❤ ♥♦ s✐st❡♠❛ ❝♦♠ ❛♥✐s♦tr♦♣✐❛ ✜♥✐t❛✳

❡✐①♦ ❢á❝✐❧ ♣❛r❛ ❛ ♠❛❣♥❡t✐③❛çã♦ ❬✺✼❪✳ ❊♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❛♥❣✉❧❛r❡s✱ ♦
❍❛♠✐❧t♦♥✐❛♥♦ H = HS +HA é

H = −NJHS
2
c +

JHS
2
ca

2

∫

dx
{

(∂xθ)
2 + sin2 θ (∂xφ)2 − 2δ cos2 θ

}

, ✭✷✳✸✷✮

♦♥❞❡ δ ≡ JA/JHa
2✳ ❆ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡ θ ♥ã♦ ♠✉❞❛ ♣❡❧❛ ✐♥tr♦❞✉çã♦

❞❡ HA✳ ❏á ❛ ❡q✉❛çã♦ ❞❡ φ ✜❝❛
dφ

dt
= JHSca

2

[

∂2
xθ

sin θ
− cos θ (∂xφ)2 − 2δ cos θ

]

. ✭✷✳✸✸✮

❆ s♦❧✉çã♦ ❡stát✐❝❛ ❝♦♠ ∂xφ = 0 s❛t✐s❢❛③

∂2
xθ = δ sin 2θ. ✭✷✳✸✹✮

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ s♦❧✉çã♦ ❞❛ ❊q✳ ✭✷✳✸✹✮ ❝♦♠ θ (−L/2) = 0 ❡ θ (L/2) = π

é
cos θ0(x) = − tanh

x− x0

λ
, ✭✷✳✸✺✮

♦♥❞❡ λ = 1/
√

2δ é ❛ ❧❛r❣✉r❛ ❞❛ ♣❛r❡❞❡ ❝❡♥tr❛❞❛ ❡♠ x0✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱
❡s❝♦❧❤❡✲s❡ x0 = 0✳ ❱❛♠♦s ♥♦s r❡❢❡r✐r ❛ ❡ss❛ ♣❛r❡❞❡ ❝♦♠♦ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡
❇❧♦❝❤ ✭✜❣✉r❛ ✷✳✶✮ ❬✺✽❪✳ ❖❜s❡r✈❡ q✉❡✱ q✉❛♥t♦ ♠❛✐♦r ❛ ❛♥✐s♦tr♦♣✐❛ JA✱ ♠❡♥♦r
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❛ ❧❛r❣✉r❛ ❞❛ ♣❛r❡❞❡✳ ❆ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❡stát✐❝♦ ♥❡ss❡ ❝❛s♦ é

E ′0 = −NJHS (S + 1)−NJAS (S + 1) + 2JHS (S + 1)
a

λ
. ✭✷✳✸✻✮

❖✉tr❛ r❡❧❛çã♦ ✐♠♣♦rt❛♥t❡ é

∂xθ0 (x) =
1

λ
s❡❝❤x

λ
=

1

λ
sin θ0 (x) , ✭✷✳✸✼✮

q✉❡ ♠♦str❛ q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ θ0 (x) é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧✐③❛❞❛ ❞❡ ❧❛r❣✉r❛ λ✳

✷✳✸ ◗✉❛♥t✐③❛çã♦ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐r ♣❡q✉❡♥❛s ✢✉t✉❛çõ❡s ❞♦s s♣✐♥s s♦❜r❡ ❛ ❝♦♥✜❣✉r❛çã♦
❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ♣❛r❡❞❡✳ ❊①♣❛♥❞✐♠♦s

θ = θ0 + ξ, ✭✷✳✸✽✮
φ = φ0 +

η

sin θ0

, ✭✷✳✸✾✮

♦♥❞❡ φ0 = cte✱ θ0 (x) é ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣❡❧❛ ❊q✳ ✭✷✳✷✾✮ ♦✉ ✭✷✳✸✺✮ ❡ ξ ❡ η sã♦
♦♣❡r❛❞♦r❡s✳ ❉❛ ❊q✳ ✭✷✳✷✶✮ ♦❜t❡♠♦s ❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛

[ξ(x), η(x′)] =
ia

Sc

δ(x− x′). ✭✷✳✹✵✮

❚r❛t❛♠♦s ♣r✐♠❡✐r♦ ♦ ❝❛s♦ s❡♠ ❛♥✐s♦tr♦♣✐❛ ✭r♦t❛çã♦ ✉♥✐❢♦r♠❡✮✳ ❖ ❍❛♠✐❧✲
t♦♥✐❛♥♦ ✭✷✳✷✸✮ ✜❝❛

HS = E0 +
JHS

2a

2

∫

dx
{

(∂xξ)
2 + (∂xη)

2 − (∂xθ0)
2 η2
}

. ✭✷✳✹✶✮
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➱ ❝♦♥✈❡♥✐❡♥t❡ ♣❛ss❛r ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r ❞❡✜♥✐♥❞♦

ξ(x) =

√

a

ScL

∑

p

ξp e
ipx, ✭✷✳✹✷✮

η(x) =

√

a

ScL

∑

p

η†p e
ipx, ✭✷✳✹✸✮

♦♥❞❡ ξp ❡ ηp s❛t✐s❢❛③❡♠
[ξk, ηp] = iδkp. ✭✷✳✹✹✮

❆s ✢✉t✉❛çõ❡s ξp ❡ ηp ❛t✉❛♠ ❝♦♠♦ ❝♦♦r❞❡♥❛❞❛ ❡ ♠♦♠❡♥t♦ ❝♦♥❥✉❣❛❞♦s❀ ❛❧é♠
❞✐ss♦✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✹✶✮ é q✉❛❞rát✐❝♦ ♥❡ss❛s ✈❛r✐á✈❡✐s

HS = E0 +
JHSa

2

2

∑

p

(

p2 − α2
)

{

η†pηp +
p2

p2 − α2
ξ†pξp

}

, ✭✷✳✹✺✮

♦♥❞❡ α = ∂xθ0 = π/L✳ P♦r ✐ss♦✱ ❞❡✜♥✐♠♦s ♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ ♣❛r❛
❝❛❞❛ ♠♦❞♦ ♥♦r♠❛❧

ap =

√

wp

2

(

ξp + i
η†p
wp

)

, ✭✷✳✹✻✮

♦♥❞❡ wp ≡ |p| /
√

p2 − α2 ❡ ♦s ♦♣❡r❛❞♦r❡s s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦
❜♦sô♥✐❝❛s

[ak, ap] = [a†k, a
†
p] = 0, ✭✷✳✹✼✮

[ak, a
†
p] = δkp. ✭✷✳✹✽✮

❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

HS = E0 +
∑

p

ω (p)

(

a†pap +
1

2

)

, ✭✷✳✹✾✮
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♦♥❞❡ ω (p) é ❛ ❞✐s♣❡rsã♦ ❞♦s ♠á❣♥♦♥s ❞❛❞❛ ♣♦r

ω (p) = JHSca
2 |p|

√

p2 − α2. ✭✷✳✺✵✮

■♠♣♦♥❞♦ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s ♣❛r❛ ξ (x) ❡ ζ (x)✱ ♦s p✬s ♣❡r♠✐t✐❞♦s
sã♦ pn = 2nπ/L✱ ❝♦♠ n ✐♥t❡✐r♦✳ ❈♦♠♦ |p| ≥ α = π/L ✭❡①❝❡t♦ ♦ ♠♦❞♦
③❡r♦✱ q✉❡ t❡♠ ❡♥❡r❣✐❛ ♥✉❧❛✮✱ ❣❛r❛♥t✐♠♦s q✉❡ ♦s ♠á❣♥♦♥s tê♠ ❡♥❡r❣✐❛ ♥ã♦
♥❡❣❛t✐✈❛✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛s ♦✉tr❛s ♣♦ssí✈❡✐s s♦❧✉çõ❡s ❝♦♠ α =

3π/L, 5π/L, · · ·✱ q✉❡ t❛♠❜é♠ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♠❛s ❧❡✈❛♠
❛ ♠á❣♥♦♥s ❝♦♠ ω (p) ✐♠❛❣✐♥ár✐❛✱ sã♦ ✐♥stá✈❡✐s ♣♦rq✉❡ ❞❡❝❛❡♠ ♣❛r❛ ❛ ❞❡
❡♥❡r❣✐❛ E0 ♠í♥✐♠❛ ❝♦♠ α = π/L✳ ❆❧é♠ ❞✐ss♦✱ s❡ t♦♠❛r♠♦s α = 0 ♥♦ ❝❛s♦ ❞❡
♠❛❣♥❡t✐③❛çã♦ ✉♥✐❢♦r♠❡ ✭s❡♠ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✮ ♦✉ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛♣❡♥❛s
♠♦❞♦s rá♣✐❞♦s s♦❜r❡ ❛ ♣❛r❡❞❡ ✭p≫ α✮✱ r❡❝✉♣❡r❛♠♦s ❛ ❞✐s♣❡rsã♦ q✉❛❞rát✐❝❛
✉s✉❛❧

ω (p) = JHSca
2p2. ✭✷✳✺✶✮

P❛r❛ ♦ ❝❛s♦ ❞❡ ❛♥✐s♦tr♦♣✐❛ ✜♥✐t❛✱ ✉s❛♠♦s ❛ ♠❡s♠❛ ❡①♣❛♥sã♦ ❞❛s ❊qs✳
✭✷✳✸✽✮ ❡ ✭✷✳✸✾✮ ❡ ❡♥❝♦♥tr❛♠♦s

HS +HA = E ′0+
JHS

2
ca

2

∫

dx
{

(∂xξ)
2 + V (x)ξ2 + (∂xη)

2 + V (x)η2
}

, ✭✷✳✺✷✮

♦♥❞❡
V (x) = 2δ cos 2θ0 =

1

λ2

[

tanh2
(x

λ

)

− s❡❝❤2
(x

λ

)]

. ✭✷✳✺✸✮
P❛r❛ ❞✐❛❣♦♥❛❧✐③❛r HS +HA✱ ❞❡✈❡♠♦s ♣r♦❝✉r❛r ♣❡❧❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❛✉t♦✈❛❧♦r
(

−∂2
x + V (x)

)

ϕp(x) = w′pϕp(x). ✭✷✳✺✹✮
❆ ❊q✳ ✭✷✳✺✹✮ t❡♠ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ♠á❣♥♦♥s
s✉❥❡✐t♦s ❛♦ ♣♦t❡♥❝✐❛❧ V (x) ✭✜❣✉r❛ ✷✳✷✮✳ ❆s ❛✉t♦❢✉♥çõ❡s ❞❛ ❊q✳ ✭✷✳✺✹✮ ❞❡✈❡♠
s❡r ♦rt♦❣♦♥❛✐s

∫

dxϕ∗k(x)ϕp(x) = δkp. ✭✷✳✺✺✮
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-6 -4 -2 0 2 4 6

-1

0

1

λ
2
V(x)

x/λ

❋✐❣✉r❛ ✷✳✷✿ P♦t❡♥❝✐❛❧ q✉❡ ❛t✉❛ s♦❜r❡ ♦s ♠á❣♥♦♥s ♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡
❇❧♦❝❤✳

❈♦♥❤❡❝❡♥❞♦ ❛s ❢✉♥çõ❡s ϕp (x)✱ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r

ξ(x) =

√

a

Sc

∑

p

ξpϕp(x), ✭✷✳✺✻✮

η(x) =

√

a

Sc

∑

p

η†pϕp(x) ✭✷✳✺✼✮

❡ r❡❡s❝r❡✈❡r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✺✷✮ ❡♠ t❡r♠♦s ❞♦s ♠♦❞♦s ♥♦r♠❛✐s

HS +HA = E ′0 +
JHSca

2

2

∑

p

w′p
{

ξ†pξp + η†pηp

}

. ✭✷✳✺✽✮

❊♠ s❡❣✉✐❞❛✱ ❞❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦

ap =
1√
2

(

ξp + iη†p
) ✭✷✳✺✾✮

♣❛r❛ ♦❜t❡r
HS +HA = E ′0 +

∑

p

ω (p)

(

a†pap +
1

2

)

, ✭✷✳✻✵✮



❈❆P❮❚❯▲❖ ✷✳ ▼➪●◆❖◆❙ ❊▼ P❆❘❊❉❊❙ ❉❊ ❉❖▼❮◆■❖ ✷✸

♦♥❞❡ ❛ ❞✐s♣❡rsã♦ ❞♦s ♠á❣♥♦♥s é

ω (p) = JHSca
2w′p. ✭✷✳✻✶✮

❆s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✳✺✹✮ sã♦ ❝♦♥❤❡❝✐❞❛s ✭✈❡❥❛ ♦ ❛♣ê♥❞✐❝❡
❆ ♦✉ ❛ ❘❡❢✳ ❬✺✾❪✮✳ ❍á ✉♠ ❡st❛❞♦ ❧✐❣❛❞♦ ❝♦♠ w′p = 0 ❞❛❞♦ ♣♦r

ϕ0 (x) =
1√
2λ

s❡❝❤
(x

λ

)

, ✭✷✳✻✷✮

q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦ ❧✐✈r❡ ❞❛ ♣❛r❡❞❡ ✭❝♦♥s❡qüê♥❝✐❛ ❞❛
✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧✮✳ ❍á t❛♠❜é♠ ❛✉t♦❡st❛❞♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♣❛r❛
w′p > V (±∞) = λ−2✱ ❝✉❥❛s ❛✉t♦❢✉♥çõ❡s sã♦ ❞❛❞❛s ♣♦r

ϕp (x) =
1√
L

1 + i tanh (x/λ) /pλ

1 + i/pλ
eipx, ✭✷✳✻✸✮

♦♥❞❡ ♦s p✬s ♣❡r♠✐t✐❞♦s ♥♦ s✐st❡♠❛ ✜♥✐t♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ L sã♦ ❛s r❛í③❡s ❞❛
❡q✉❛çã♦

pn =
2nπ

L
− 1

L
tan−1

(

2pn/λ

p2
n − 1/λ2

)

. ✭✷✳✻✹✮

❖s ❛✉t♦✈❛❧♦r❡s sã♦ ❞❛ ❢♦r♠❛ w′p = λ−2 + p2✱ ♦ q✉❡ ❢♦r♥❡❝❡ ❛ ❞✐s♣❡rsã♦

ω (p) = Eg + JHSca
2p2, ✭✷✳✻✺✮

♦♥❞❡ Eg é ♦ ❣❛♣ ♥♦ ❡s♣❡❝tr♦ ❞❡ ♠á❣♥♦♥s ❞❡❝♦rr❡♥t❡ ❞❛ ❛♥✐s♦tr♦♣✐❛

Eg = JHSc

(a

λ

)2

= 2JASc. ✭✷✳✻✻✮

❖ ❡s♣❡❝tr♦ ❞❡ ♠á❣♥♦♥s s♦❜r❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡ ❇❧♦❝❤ ❢♦✐ ❞❡s❝r✐t♦
♦r✐❣✐♥❛❧♠❡♥t❡ ♥❛ ❘❡❢✳ ❬✻✵❪✱ ♦♥❞❡ ❢♦✐ ❛♣❧✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ r❡ss♦♥â♥❝✐❛ ♠❛❣✲
♥ét✐❝❛ ♥✉❝❧❡❛r ♥❛ ♣❛r❡❞❡✳

P♦❞❡♠♦s ❡♥✜♠ ❡①♣r❡ss❛r ♦s ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s
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✢✉t✉❛çõ❡s✳ P❛r❛ ✉♠❛ r♦t❛çã♦ ♥♦ ♣❧❛♥♦ yz ✭♣❡r♣❡♥❞✐❝✉❧❛r à ❞✐r❡çã♦ x ❞❛
❝❛❞❡✐❛✮✱ θ0 = θ0 (x) ❡ φ0 = π/2✳ ❖❜t❡♠♦s

S± = ±iSc sin θ0 − Scη ± iSc cos θ0ξ, ✭✷✳✻✼✮
Sz = Sc cos θ0 − Sc sin θ0ξ. ✭✷✳✻✽✮

✷✳✹ ❊s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❡ ✐♥❡❧ást✐❝♦

❆ ✐♥t❡r❛çã♦ ❡♥tr❡ ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡ ✉♠❛ r❡❞❡ ❞❡ s♣✐♥s ❢❡rr♦♠❛❣♥ét✐❝♦s
é ❞❡s❝r✐t❛ ♣❡❧♦ ♠♦❞❡❧♦

H =
∑

kσ

ǫkc
†
kσckσ − JK

∑

iαβ

Si · c†iα~σαβciβ − JH

∑

j

Sj · Sj+1, ✭✷✳✻✾✮

♦♥❞❡ ckσ é ♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞♦s ❡❧étr♦♥s ❞❡ ♠♦♠❡♥t♦ k ❡ s♣✐♥ σ✱
ciα é ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞♦s ❡❧étr♦♥s ♥♦ sít✐♦ i ❝♦♠ s♣✐♥ α✱ JK é ♦
❛❝♦♣❧❛♠❡♥t♦ ❑♦♥❞♦✱ ~σ é ✈❡t♦r ❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s sã♦ ❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐ ❡
JH > 0 é ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ tr♦❝❛ ❡♥tr❡ ♦s s♣✐♥s ❧♦❝❛❧✐③❛❞♦s✳ ❖s ♦♣❡r❛❞♦r❡s
❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦ ❞♦s ❡❧étr♦♥s s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡ ❛♥t✐❝♦♠✉t❛çã♦

{ckσ, cpσ′} = {c†kσ, c
†
pσ′} = 0, ✭✷✳✼✵✮

{ckσ, c
†
pσ′} = δkpδσσ′ ✭✷✳✼✶✮

❡ ❛♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ ciα✳ P❛r❛ ❡❧étr♦♥s ♥❛ r❡❞❡✱ ǫk = −2t cos (ka)✱ ♦♥❞❡ t é
♦ ♣❛râ♠❡tr♦ ❞❡ ✏❤♦♣♣✐♥❣✑✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❡♠ q✉❡stã♦ é às ✈❡③❡s ❝❤❛♠❛❞♦
❞❡ ♠♦❞❡❧♦ ❞❡ ❑♦♥❞♦✲❍❡✐s❡♥❜❡r❣✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❡❧étr♦♥s ❧✐✈r❡s ❡ ❛❞♦t❛r
❛ ❞✐s♣❡rsã♦ q✉❛❞rát✐❝❛ ǫk = k2/2m✱ ♦♥❞❡ m é ❛ ♠❛ss❛ ❞♦ ❡❧étr♦♥✳ ❆❧é♠
❞✐ss♦✱ ❛❞♦t❛r❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ s❡♠✐❝❧áss✐❝❛ ❞❛s ❊qs✳ ✭✷✳✻✼✮ ❡ ✭✷✳✻✽✮ ♣❛r❛
♦s ♦♣❡r❛❞♦r❡s ❞❡ s♣✐♥✳ ◗✉❡r❡♠♦s✱ ❝♦♠ ✐ss♦✱ ♦❜t❡r ✉♠ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦
❡❧étr♦♥✲♠á❣♥♦♥ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s ✢✉t✉❛çõ❡s✳ ❈♦♠♦ ❡ss❡ ♣r♦❝❡ss♦ ❞❡✈❡
❡♥✈♦❧✈❡r ❛ ❡♠✐ssã♦ ♦✉ ❛❜s♦rçã♦ ❞❡ ✉♠ ♠á❣♥♦♥✱ ❡❧❡ ♥ã♦ ❝♦♥s❡r✈❛ ❛ ❡♥❡r❣✐❛ ❞♦
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❡❧étr♦♥ ❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ é ❞✐t♦ ✐♥❡❧ást✐❝♦✳ P❛r❛ ♦ ❝❛s♦ ❞❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤✱
✜❝❛ ✐♠♣❧í❝✐t♦ q✉❡ ❛❞✐❝✐♦♥❛♠♦s ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✻✾✮ ♦ t❡r♠♦ ❞❡ ❛♥✐s♦tr♦♣✐❛
✭✷✳✸✶✮✳

❖ s✐st❡♠❛ ❞❡ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s s❡♠ ✐♥t❡r❛çã♦ ♠út✉❛ é ❞❡s❝r✐t♦ ♣❡❧♦
❍❛♠✐❧t♦♥✐❛♥♦

H0 =
∑

k

ǫkc
†
kσckσ +

∑

p

ω (p) a†pap. ✭✷✳✼✷✮

❆ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s ❞♦✐s s✉❜s✐st❡♠❛s ✈❡♠ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❑♦♥❞♦ ♥❛ ❊q✳
✭✷✳✻✾✮✱ q✉❡ ♥♦ ❧✐♠✐t❡ ❝♦♥tí♥✉♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

HK = −JK

∫

dxS (x) · ψ† (x)~σψ (x) , ✭✷✳✼✸✮

♦♥❞❡ ψσ (x) é ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦ ❞♦s ❡❧étr♦♥s ❡ ψ†~σψ ≡∑αβ ψ
†
α~σαβψβ✳

❙❡❣✉✐♥❞♦ ❛ ❘❡❢✳ ❬✸✵❪✱ ❛♣❧✐❝❛♠♦s ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝❛❧✐❜r❡ q✉❡ ❛❧✐♥❤❛
♦ s♣✐♥ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❝♦♠ ❛ ❞✐r❡çã♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❧♦❝❛❧ S (x)

❞❡✜♥✐❞❛ ♣❡❧♦ â♥❣✉❧♦ ♣♦❧❛r θ (x)✳ ❊ss❛ tr❛♥s❢♦r♠❛çã♦ ❡q✉✐✈❛❧❡ ❛ ✉♠❛ r♦t❛çã♦
❞❡ θ (x) ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ x ❡ é r❡❛❧✐③❛❞❛ ♣❡❧♦ ♦♣❡r❛❞♦r ✉♥✐tár✐♦

U = exp

{

i

∫

dx θ (x) sx (x)

}

= exp

{

i

2

∫

dx θ (x)
[

ψ†↑ψ↓ + ψ†↓ψ↑

]

}

,

✭✷✳✼✹✮
♦♥❞❡ ❞❡♥♦t❛♠♦s ♣♦r s (x) = 1

2
ψ† (x)~σψ (x) ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❞❡ s♣✐♥ ❞♦s

❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦✳ ❆s ❝♦♠♣♦♥❡♥t❡s ❞♦ ♦♣❡r❛❞♦r ❞❡ s♣✐♥ tr❛♥s❢♦r♠❛❞♦
s̃ = U †sU sã♦

s̃x = sx,

s̃y = cos θsy + sin θsz,

s̃z = − sin θsy + cos θsz.

❯s❛♥❞♦ ✭✷✳✻✼✮ ❡ ✭✷✳✻✽✮✱ t❡♠♦s q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✻✾✮
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❝♦♥❞✉③ ❛

H̃ =
∑

kσ

ǫkσc
†
kσckσ +Hw +

∑

p

ω (p) a†pap +Hinel + cte, ✭✷✳✼✺✮

♦♥❞❡ ǫkσ = ǫk−σJKSc é ❛ ♥♦✈❛ ❞✐s♣❡rsã♦ ❞❛s ❜❛♥❞❛s ❞❡ s♣✐♥ ♥ã♦ ❞❡❣❡♥❡r❛❞❛s✳
❖ í♥❞✐❝❡ ❞❡ s♣✐♥ σ = + ♦✉ ↑ ✭σ = − ♦✉ ↓✮ r❡❢❡r❡✲s❡ ❛ ❡❧étr♦♥s ❝♦♠ s♣✐♥
♣❛r❛❧❡❧♦ ✭❛♥t✐♣❛r❛❧❡❧♦✮ à ❞✐r❡çã♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❧♦❝❛❧✳ ❈♦♠ ❛ s❡♣❛r❛çã♦
❞❛s ❜❛♥❞❛s✱ ❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❞❡✜♥❡ ❞♦✐s ✈❡t♦r❡s ❞❡ ♦♥❞❛✿ kF↑ ♣❛r❛ ❛
❜❛♥❞❛ σ = + ❡ kF↓ ♣❛r❛ ❛ ❜❛♥❞❛ σ = −✱ t❛✐s q✉❡

ǫF =
k2

F↑
2m
−∆ =

k2
F↓

2m
+ ∆, ✭✷✳✼✻✮

♦♥❞❡ ∆ ≡ JKS✳ Hw é ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ♥❛ ♣❛r❡❞❡✱ ❞❛❞♦ ♣♦r

Hw =
1

2m

1

L

∑

kq

[

(

k +
q

2

)

Aqc
†
k+qσxck +

1

4L

∑

p

ApA−p+qc
†
k+qck

]

, ✭✷✳✼✼✮

♦♥❞❡
Aq =

∫

dx e−iqx∂xθ0 (x) ✭✷✳✼✽✮

é ♦ ♣❛râ♠❡tr♦ ♣❡q✉❡♥♦ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦✳ P❛r❛ ❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤ ✭❊q✳
✭✷✳✸✼✮✮✱ Aq = π/ cosh (πqλ/2)✳ ❖❜s❡r✈❡ q✉❡ Aq ❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛
❧❛r❣✉r❛ λ ❞❛ ♣❛r❡❞❡✳ ❯♠ ❝á❧❝✉❧♦ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r ✭♣❡rt✉r❜❛çã♦ ❡♠ t♦r♥♦
❞♦ ❧✐♠✐t❡ ❛❞✐❛❜át✐❝♦✮ ❢♦r♥❡❝❡ ❛ r❡s✐stê♥❝✐❛ ❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦
♥✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡ ❇❧♦❝❤ ❬✸✵❪

Rel =
h

e2
π2

4

ζ2

1− ζ2
F (ζ, λ) , ✭✷✳✼✾✮

♦♥❞❡
ζ =

kF↑ − kF↓
kF↑ + kF↓

✭✷✳✽✵✮

é ✉♠❛ ♠❡❞✐❞❛ ❞❛ ❞✐❢❡r❡♥ç❛ ♥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❡♥tr❡ s♣✐♥s ♠❛❥♦r✐tár✐♦s
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k+q

k

− p

k+q

k

p

❋✐❣✉r❛ ✷✳✸✿ ❊s♣❛❧❤❛♠❡♥t♦ ❡❧étr♦♥✲♠á❣♥♦♥✳

❡ ♠✐♥♦r✐tár✐♦s ❡

F (ζ, λ) =
1

2

[

1

cosh2 πkFλ
+

1

cosh2 πζkFλ

]

, ✭✷✳✽✶✮

❝♦♠ kF = (kF↑ + kF↓) /2✳ P♦r ❝❛✉s❛ ❞❛ ❢✉♥çã♦ F (ζ, λ)✱ Rel ❝❛✐ r❛♣✐❞❛♠❡♥t❡
♣❛r❛ kFλ & 1✳

❖ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ✭♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s ✢✉t✉❛çõ❡s✮ é
❞❛❞♦ ♣♦r

Hinel = −iJK

√

2aSc

L

∑

kpq

Mpq

(

c†k+q↓ck↑ap − c†k+q↑ck↓a
†
−p

)

, ✭✷✳✽✷✮

♦♥❞❡ ❞❡✜♥✐♠♦s ♦ ❢❛t♦r

Mpq ≡
1√
L

∫

dx e−iqxϕp (x) . ✭✷✳✽✸✮

❖s ♣r♦❝❡ss♦s ❡❧❡♠❡♥t❛r❡s ❞❡s❝r✐t♦s ♣♦r ✭✷✳✽✷✮ sã♦ ♠♦str❛❞♦s ♥❛ ✜❣✉r❛ ✷✳✸✳ ◆♦
♣r✐♠❡✐r♦ ♣r♦❝❡ss♦✱ ✉♠ ❡❧étr♦♥ q✉❡ ❡♥tr❛ ❝♦♠ ♠♦♠❡♥t♦ k ❡ s♣✐♥ ✏❞♦✇♥✑ ❡♠✐t❡
✉♠ ♠á❣♥♦♥ ❞❡ ♠♦♠❡♥t♦−p ❡ s❛✐ ❝♦♠ ♠♦♠❡♥t♦ k+q ❡ s♣✐♥ ✏✉♣✑✳ ◆♦ s❡❣✉♥❞♦✱
✉♠ ❡❧étr♦♥ ❞❡ ♠♦♠❡♥t♦ k ❡ s♣✐♥ ✏✉♣✑ ❛❜s♦r✈❡ ✉♠ ♠á❣♥♦♥ ❞❡ ♠♦♠❡♥t♦ p ❡ s❛✐
❝♦♠ ♠♦♠❡♥t♦ k+q ❡ s♣✐♥ ✏❞♦✇♥✑✳ ❈♦♠♦ ♦ ♠á❣♥♦♥ ❝❛rr❡❣❛ s♣✐♥ −1 ✭❞✐♠✐♥✉✐
❞❡ ✶ ❛ ♣r♦❥❡çã♦ ❞♦ s♣✐♥ ❧♦❝❛❧✐③❛❞♦✮✱ ♦ s♣✐♥ t♦t❛❧ é ❝♦♥s❡r✈❛❞♦✳ ◆♦t❡ q✉❡ ♦
♠♦♠❡♥t♦ t♦t❛❧ só é ❝♦♥s❡r✈❛❞♦ ❝♦♥s❡r✈❛❞♦ s❡ Mpq ∝ δpq✱ ♠❛s ❡ss❛ ❝♦♥❞✐çã♦
❞❡♣❡♥❞❡ ❞❛s ❛✉t♦❢✉♥çõ❡s ϕp ❞♦s ♠á❣♥♦♥s ❡ ♥ã♦ é ✈❡r❞❛❞❡ ❡♠ ❣❡r❛❧✳ P❛r❛ ♦
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❝❛s♦ ❞❛ ♣❛r❡❞❡ ❝♦♠ r♦t❛çã♦ ✉♥✐❢♦r♠❡✱ ❛s ❛✉t♦❢✉♥çõ❡s sã♦ ♦♥❞❛s ♣❧❛♥❛s ✭✈❡❥❛
❛s ❊qs✳ ✭✷✳✹✷✮ ❡ ✭✷✳✹✸✮✮ ❡ ♣♦r ✐ss♦ Mpq = δpq✳ ❈✉r✐♦s❛♠❡♥t❡✱ ♦ ♠♦♠❡♥t♦
t❛♠❜é♠ é ❝♦♥s❡r✈❛❞♦ ♥♦ ❝❛s♦ ❞❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤✱ ❡♠ q✉❡ ♦s ♠á❣♥♦♥s ❡stã♦
s✉❥❡✐t♦s ❛♦ ♣♦t❡♥❝✐❛❧ ❞❛ ❊q✳ ✭✷✳✺✸✮✳ ◆❡st❡ ❝❛s♦ ♣♦❞❡♠♦s ♣r♦✈❛r ✭✈❡❥❛ ♦
❛♣ê♥❞✐❝❡ ❇✮ q✉❡ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦

Mpq =
δpq

1 + i/pλ
. ✭✷✳✽✹✮

✷✳✺ ❈♦♥tr✐❜✉✐çã♦ ✐♥❡❧ást✐❝❛ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡

❆❧é♠ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ ❡♥❝♦♥tr❛♠♦s ♦✉tr❛
❢♦♥t❡ ❞❡ r❡s✐stê♥❝✐❛ ❡❧étr✐❝❛ ♣❛r❛ ♦ s✐st❡♠❛✱ q✉❡ é ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦
✐♥❡❧ást✐❝♦ ❞❛ ❊q✳ ✭✷✳✽✷✮✳ ❆ ❝♦rr❡çã♦ ❞❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❞❡✈✐❞❛ ❛ ❡st❡ t❡r♠♦
♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ✉s❛♥❞♦ t❡♦r✐❛ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ tr❛❞✐✲
❝✐♦♥❛❧ é ❛♣❧✐❝❛r ❛ ❢ór♠✉❧❛ ❞❡ ❑✉❜♦ ❬✻✶❪

σ (ω) = lim
η→0+

i

ω
〈〈J ; J〉〉ω+iη , ✭✷✳✽✺✮

q✉❡ ❡①♣r❡ss❛ ❛ ❝♦♥❞✉t✐✈✐❞❛❞❡ ❡❧étr✐❝❛ σ (ω) ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦
r❡t❛r❞❛❞❛ ❝♦rr❡♥t❡✲❝♦rr❡♥t❡

〈〈J ; J〉〉ω+iη = − i
L

∫ +∞

−∞
dt ei(ω+iη)t θ (t) 〈[J (t) , J (0)]〉 , ✭✷✳✽✻✮

♦♥❞❡ η → 0+ ❡ J (t) = eiHtJ (0) e−iHt é ♦ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡ t♦t❛❧ ♥❛ ✈❡rsã♦
❞❡ ❍❡✐s❡♥❜❡r❣

J (t) =
e

m

∑

kσ

k c†kσ (t) ckσ (t) . ✭✷✳✽✼✮

❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ ♦ s✐st❡♠❛ ♥ã♦ ♣❡rt✉r❜❛❞♦ é ✉♠ ❝♦♥❞✉t♦r ♣❡r❢❡✐t♦ ✭❝♦♠
❝♦♥❞✉t✐✈✐❞❛❞❡ ✐♥✜♥✐t❛✮✱ ♦ ❝á❧❝✉❧♦ ❞♦s ❞✐❛❣r❛♠❛s ❞❡ ♦r❞❡♠ ♠❛✐s ❜❛✐①❛ ♥❛ ♣❡r✲
t✉r❜❛çã♦ ❝♦st✉♠❛ ❛♣r❡s❡♥t❛r ❞✐✈❡r❣ê♥❝✐❛s ✐♥❞❡s❡❥❛❞❛s✳ P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡
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♣r♦❜❧❡♠❛✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ r❡ss♦♠❛r ♦s ❞✐❛❣r❛♠❛s ✐♥tr♦❞✉③✐♥❞♦ ❛s ❝❤❛♠❛✲
❞❛s ❝♦rr❡çõ❡s ❞❡ ✈ért✐❝❡✳ ❆♦ ✐♥✈és ❞❡ ❛❞♦t❛r ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ♣r❡❢❡r✐♠♦s
❛♣❧✐❝❛r ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ❢✉♥çã♦ ♠❡♠ór✐❛ ♦✉ ❢ór♠✉❧❛ ❞❡ ▼♦r✐✱ q✉❡ é ❛♥á❧♦❣♦
❛ tr❛♥s❢❡r✐r ♦ ❝á❧❝✉❧♦ ❞♦s ♣r♦♣❛❣❛❞♦r❡s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❛✉t♦✲❡♥❡r❣✐❛✳ ❊ss❡
❢♦r♠❛❧✐s♠♦ ❢♦r♥❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ❡♠ t❡r♠♦s ❞❛ ❝♦rr❡❧❛çã♦
❢♦rç❛✲❢♦rç❛

ρ (ω) = −
( m

ne2

)2 1

ω
■♠
[

〈〈

J̇ ; J̇
〉〉

ω+iη
−
〈〈

J̇ ; J̇
〉〉

0

]

, ✭✷✳✽✽✮

♦♥❞❡ n = 2kF/π é ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ♠é❞✐❛ ❡ J̇ = −i [J,H] é ❛ ❞❡r✐✈❛❞❛
t❡♠♣♦r❛❧ ❞♦ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡✳ P❛r❛ ✉♠❛ ❞❡❞✉çã♦ ❝♦♠♣❧❡t❛ ❞❛ ❊q✳ ✭✷✳✽✽✮✱
❝♦♥s✉❧t❡ ❛ ❘❡❢✳ ❬✻✷❪✳ ❯♠ t❡st❡ ✐♠❡❞✐❛t♦ ❞❡ss❛ ❢ór♠✉❧❛ é q✉❡✱ ♥♦ ❝❛s♦ ❞♦
s✐st❡♠❛ ♥ã♦ ♣❡rt✉r❜❛❞♦✱ ❛ ❝♦rr❡♥t❡ t♦t❛❧ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠❡♥t♦
✭[J,H] = 0✮ ❡✱ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❛ r❡s✐st✐✈✐❞❛❞❡ é ♥✉❧❛✳

❱❛♠♦s ❝❛❧❝✉❧❛r ❛ r❡s✐st✐✈✐❞❛❞❡ ❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ❞❡ ♠á❣✲
♥♦♥s ❛ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛✳ ❯♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦
r❡t❛r❞❛❞❛ ♥❛ ❊q✳ ✭✷✳✽✽✮ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ tér♠✐❝❛

〈〈

J̇ ; J̇
〉〉

iωl

= − 1

L

∫ β

0

dt eiωlτ
〈

Tτ J̇ (τ) J̇ (0)
〉

, ✭✷✳✽✾✮

♦♥❞❡ β = T−1 é ♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛✱ ωl = 2lπ/β✱ l = 0,±1,±2, . . .✱ sã♦
❛s ❢r❡qüê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛ ❜♦sô♥✐❝❛s ❡ Tτ ❞❡♥♦t❛ ♦ ♦r❞❡♥❛♠❡♥t♦ t❡♠♣♦r❛❧
❝♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦ τ ✳ ❈♦♥❤❡❝❡♥❞♦✲s❡ ❛ ❝♦rr❡❧❛çã♦ tér♠✐❝❛✱ ❛
❝♦rr❡❧❛çã♦ r❡t❛r❞❛❞❛ é ♦❜t✐❞❛ ♣❡❧❛ ❝♦♥t✐♥✉❛çã♦ ❛♥❛❧ít✐❝❛ iωl → ω + iη✳

❈♦♠♦ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✼✺✮ ❢♦✐ tr❛♥s❢♦r♠❛❞♦ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ❞❡
❣❛✉❣❡ ✭✷✳✼✹✮✱ ❞❡✈❡♠♦s ✉s❛r ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❛ ✈❡rsã♦ tr❛♥s❢♦r♠❛❞❛ ❞♦ ♦♣❡✲
r❛❞♦r ❝♦rr❡♥t❡✱ ❞❛❞❛ ♣♦r

J̃ =
e

m

∑

k

(

k c†kck +
1

2L

∑

q

Aqc
†
k+qσxcq

)

. ✭✷✳✾✵✮
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❊♥tr❡t❛♥t♦✱ ❥á q✉❡ q✉❡r❡♠♦s ❛♣❡♥❛s ❛ r❡s✐st✐✈✐❞❛❞❡ ❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦
✐♥❡❧ást✐❝♦✱ ❞❡s♣r❡③❛♠♦s t❡r♠♦s ❡♠ Aq ❡ ❝❛❧❝✉❧❛♠♦s

J̇ = −i [J,Hinel] = −e∆
m

√

2a

ScL

∑

kpq

qMpq

(

c†k+q↓ck↑ap − c†k+q↑ck↓a
†
−p

)

.

✭✷✳✾✶✮
❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✭✷✳✾✶✮ ♥❛ ❊q✳ ✭✷✳✽✾✮✱ ♦❜t❡♠♦s

〈〈

J̇ ; J̇
〉〉

iωl

=
2a

ScL2

(

e∆

m

)

2
∑

kpq

q2 |Mpq|2
∫ β

0

dτ eiωlτ

×{Gk+q↓ (τ)Gk↑ (−τ)Dp (−τ) +

Gk+q↑ (τ)Gk↓ (−τ)D−p (τ)} , ✭✷✳✾✷✮

♦♥❞❡ Gkσ (τ) = −
〈

Tτckσ (τ) c†kσ (0)
〉

é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ tér♠✐❝❛ ❞♦s ❡❧étr♦♥s
♥ã♦ ✐♥t❡r❛❣❡♥t❡s ✭❘❡❢✳ ❬✺❪✮ ❡ Dp (τ) ≡ −

〈

Tτap (τ) a†p (0)
〉 é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥

❞♦s ♠á❣♥♦♥s✱ q✉❡ ♣♦❞❡ t❛♠❜é♠ s❡r ❡s❝r✐t❛ ❝♦♠♦

Dp (τ) = −θ (τ) [nB (ωp) + 1] e−ωpτ − θ (−τ)nB (ωp) e
−ω(p)τ , ✭✷✳✾✸✮

♦♥❞❡ ωp = ω (p) ❡
nB (ω) =

〈

a†pap

〉

=
1

eβω − 1
✭✷✳✾✹✮

é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ❆s ✐♥t❡❣r❛✐s ❞❛ ❊q✳ ✭✷✳✾✷✮ ❝♦rr❡s♣♦♥❞❡♠
❛♦s ❞✐❛❣r❛♠❛s ❞❡ ❋❡②♥♠❛♥ ❞❛ ✜❣✉r❛ ✷✳✹✳ ❍á ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❡♠✐ssã♦ ❞❡
✉♠ ♠á❣♥♦♥ ✭♠á❣♥♦♥ ❡♠✐t✐❞♦ ❡♠ t = 0 q✉❡ s❡ ♣r♦♣❛❣❛ ♣❛r❛ ♦ ❢✉t✉r♦✮ ❡ ✉♠
❞✐❛❣r❛♠❛ ❞❡ ❛❜s♦rçã♦ ❞❡ ✉♠ ♠á❣♥♦♥ ✭❡♠✐t✐❞♦ ❡♠ t = τ ❡ ♣r♦♣❛❣❛♥❞♦✲s❡
♣❛r❛ ♦ ♣❛ss❛❞♦✮✳

❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡♠ ❢r❡qüê♥❝✐❛ é ❞❡✜♥✐❞❛ ♣♦r

Dp (τ) = T
∑

m

Dpme
−iωmτ , ✭✷✳✾✺✮
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k+q

k p
k+q

k
− p

 (a)  (b)

❋✐❣✉r❛ ✷✳✹✿ ❉✐❛❣r❛♠❛s ♣❛r❛ ❝á❧❝✉❧♦ ❞❛ r❡s♣♦st❛ ❧✐♥❡❛r✳ ✭❛✮ ❊♠✐ssã♦ ❞❡ ♠á❣✲
♥♦♥✳ ✭❜✮ ❆❜s♦rçã♦ ❞❡ ♠á❣♥♦♥✳

♦♥❞❡ ❛s ωm sã♦ ❢r❡qüê♥❝✐❛s ❜♦sô♥✐❝❛s✳ ■♥✈❡rt❡♥❞♦ ❛ ❊q✳ ✭✷✳✾✺✮✱ t❡♠♦s

Dpm =
1

2

∫ +β

−β

dτ eiωmτDp (τ) =
1

iωm − ωp

. ✭✷✳✾✻✮

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♣❛r❛ ♦s ❡❧étr♦♥s✱ t❡♠♦s

Gkjσ =
1

iωj − ǫkσ

, ✭✷✳✾✼✮

♦♥❞❡ ωj = (2j + 1)π/β✱ j = 0,±1,±2, . . .✱ sã♦ ❢r❡qüê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛
❢❡r♠✐ô♥✐❝❛s ❡ ❛s ❡♥❡r❣✐❛s ǫkσ sã♦ ♠❡❞✐❞❛s ❛ ♣❛rt✐r ❞♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦✳

■♥t❡❣r❛♥❞♦ s♦❜r❡ τ ♥❛ ❊q✳ ✭✷✳✾✷✮✱ ♦❜t❡♠♦s
〈〈

J̇ ; J̇
〉〉

iωl

=
2a

ScL2

(

e∆

m

)2
∑

kpq

q2 |Mpq|2 T 2 ×

×
∑

jm

(

Gk+q,j+l−m,↓Gkj↑D∗pm ✭✷✳✾✽✮

+ Gk+q,j+l−m,↑Gkj↓Dpm) . ✭✷✳✾✾✮

P❛r❛ ❝❛❧❝✉❧❛r ❛s s♦♠❛s ❞❡ ▼❛ts✉❜❛r❛✱ ✉s❛♠♦s ✭❘❡❢✳ ❬✺❪✮

T
∑

j

F (iωj) =
∑

zi

❘❡s (zi)

eβzi + 1
, ♣❛r❛ ωj =

(2j + 1)π

β
, ✭✷✳✶✵✵✮
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T
∑

m

F (iωm) = −
∑

zi

❘❡s (zi)

eβzi − 1
, ♣❛r❛ ωm =

2mπ

β
, ✭✷✳✶✵✶✮

♦♥❞❡ zi sã♦ ♦s ♣♦❧♦s ❞❡ F (z)✳ ❖❜t❡♠♦s ❛ss✐♠
〈〈

J̇ ; J̇
〉〉

iωl

=
2πa

ScL2

(

e∆

m

)2
∑

kpq

q2 |Mpq|2 {[nF (ǫk↑)− nF (ǫk+q↓)]

× nB (−ω (p))− nB (ǫk↑ − ǫk+q↓)

ǫk↑ − ǫk+q↓ + ωp + iωl

+ [nF (ǫk↓)− nF (ǫk+q↑)]

× nB (ǫk↓ − ǫk+q↑)− nB (ωp)

ǫk↓ − ǫk+q↑ − ωp + iωl

}

, ✭✷✳✶✵✷✮

♦♥❞❡
nF (ǫ) =

1

eβǫ + 1
✭✷✳✶✵✸✮

é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❋❡r♠✐✲❉✐r❛❝✳ ◆❡ss❡ ♣♦♥t♦✱ ✉s❛♠♦s ❛ ❝♦♥t✐♥✉❛çã♦ ❛♥❛❧ít✐❝❛
♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ r❡t❛r❞❛❞❛ iωl → ω + iη ❡ ♦❜t❡♠♦s ♣❛r❛ C =

■♠
〈〈

J̇ ; J̇
〉〉

ω+iη

C = − 2πa

ScL2

(

e∆

m

)2
∑

kpq

q2 |Mpq|2 {[nF (ǫk↑)− nF (ǫk+q↓)]

× [nB (−ωp)− nB (ǫk↑ − ǫk+q↓)] δ (ǫk↑ − ǫk+q↓ + ωp + ω)

+ [nF (ǫk↓)− nF (ǫk+q↑)] [nB (ǫk↓ − ǫk+q↑)− nB (ωp)]

×δ (ǫk↓ − ǫk+q↑ − ωp + ω)} . ✭✷✳✶✵✹✮

❯s❛♥❞♦ ❛ ❊q✳ ✭✷✳✽✽✮✱ ♦❜t❡♠♦s ♥♦ ❧✐♠✐t❡ ω → 0

ρ (T ) =
2πa

ScL2

(

∆

ne

)2
∑

kpq

q2 |Mpq|2
[

−∂nB

∂ω

∣

∣

∣

∣

ωp

]

× {δ (ǫk↑ − ǫk+q↓ + ω (p)) [nF (ǫk↑)− nF (ǫk+q↓)]

− δ (ǫk↓ − ǫk+q↑ − ω (p)) [nF (ǫk↓)− nF (ǫk+q↑)]} , ✭✷✳✶✵✺✮
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♦♥❞❡
−∂nB

∂ω

∣

∣

∣

∣

ωp

=
βeβωp

[eβωp − 1]2
, ✭✷✳✶✵✻✮

q✉❡ é ∼ βe−βωp ❡ ❝❛✐ r❛♣✐❞❛♠❡♥t❡ ♣❛r❛ ωp > T ✳ ❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡
❝♦♥s❡r✈❛çã♦ ❞❡ ♠♦♠❡♥t♦ Mpq = Mppδpq ❡ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦✱
r❡❡s❝r❡✈❡♠♦s ❛ ❊q✳ ✭✷✳✶✵✺✮ ❝♦♠♦

ρ (T ) =
a

2πSc

(

∆

ne

)2 ∫

dk

∫

dp p2 |Mpp|2
[

−∂nB

∂ω

∣

∣

∣

∣

ωp

]

× {δ (ǫk↑ − ǫk+p↓ + ωp) [nF (ǫk↑)− nF (ǫk+p↓)]

− δ (ǫk↓ − ǫk+p↑ − ωp) [nF (ǫk↓)− nF (ǫk+p↑)]} . ✭✷✳✶✵✼✮

❖s ❢❛t♦r❡s ❞❛ ❢♦r♠❛ nF (ǫi)−nF (ǫf ) ♥❛ ❊q✳ ✭✷✳✶✵✼✮ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦

nF (ǫi) [1− nF (ǫf )]− nF (ǫf ) [1− nF (ǫi)] ,

q✉❡ r❡❝♦♥❤❡❝❡♠♦s ❝♦♠♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ t❛①❛ ❞❡ tr❛♥s✐çã♦ ❞❡ i ♣❛r❛ f ❡ ❛
t❛①❛ ❞❡ tr❛♥s✐çã♦ ♥♦ s❡♥t✐❞♦ ❝♦♥trár✐♦✱ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ♣r♦♣♦r❝✐♦♥❛❧ à ♦❝✉✲
♣❛çã♦ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡ à ❞❡s♦❝✉♣❛çã♦ ❞♦ ❡st❛❞♦ ✜♥❛❧✳ ◆♦t❡ t❛♠❜é♠ q✉❡ ❛s
❢✉♥çõ❡s ❞❡❧t❛ ❞❡ ❉✐r❛❝ ❡①♣r❡ss❛♠ ❛ ❝♦♥s❡r✈❛çã♦ ❞❡ ❡♥❡r❣✐❛ t♦t❛❧ ♥♦ ❡s♣❛❧❤❛✲
♠❡♥t♦✳ P♦❞❡♠♦s ✉sá✲❧❛s ♣❛r❛ ❡❧✐♠✐♥❛r ❛ ✐♥t❡❣r❛çã♦ ♥♦ ♠♦♠❡♥t♦ ❡❧❡trô♥✐❝♦
k✳ ❖❜t❡♠♦s

ρ (T ) =
ma

2πSc

(

∆

ne

)2 ∫

dp |p|
(

−∂nB

∂ω

)∣

∣

∣

∣

ωp

× [nF (ǫk1↑)− nF (ǫk1+p↓)− nF (ǫk2↓) + nF (ǫk2+p↑)] ,✭✷✳✶✵✽✮

♦♥❞❡ ❞❡✜♥✐♠♦s

k1 (p) = −p
2

(

1− 2ma2JHSc

)

− m (2∆− Eg)

p
, ✭✷✳✶✵✾✮

k2 (p) = −p
2

(

1 + 2ma2JHSc

)

+
m (2∆− Eg)

p
. ✭✷✳✶✶✵✮
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❆♣r♦①✐♠❛♥❞♦ ♣❛r❛ ♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ♣❛r❛ ♦s ❡❧étr♦♥s (T ≪ ǫF )✱
s✉❜st✐t✉í♠♦s nF (ǫ) → θ (−ǫ)✳ ▼✉❞❛♥❞♦ ❛ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡❣r❛çã♦ ❞❡ p ♣❛r❛
ω ≡ ωp = Eg + JHSca

2p2 ✭❊q✳ ✭✷✳✻✺✮✮✱ t❡♠♦s

ρ (T ) =
m

2πaJHS2
c

(

∆

ne

)2 ∫ +∞

Eg

dω |M (ω)|2
(

−∂nB

∂ω

)

×
[

θ
(

ω − ω−1
)

θ
(

ω−2 − ω
)

+ θ
(

ω − ω+
2

)

θ
(

ω+
1 − ω

)]

,✭✷✳✶✶✶✮

♦♥❞❡✱ s❡❣✉♥❞♦ ❛ ❊q✳ ✭✷✳✽✹✮✱

M (ω) =

[

1 + i
a

λ

√

JHSc

ω − Eg

]−1

. ✭✷✳✶✶✷✮

❆s q✉❛tr♦ ❢r❡qüê♥❝✐❛s q✉❡ ❧✐♠✐t❛♠ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ✐♥t❡❣r❛çã♦ sã♦ ω±1 =

ω
(

p±1
) ❡ ω±2 = ω

(

p±2
) ❝♦♠

(

p±1
)2

=
2m

(1− 2ma2JHSc)
2

[

2ǫF + Eg + 2ma2JHSc (2∆− Eg)

±kF↑kF↓
m

√

1 +
4m2a2JHSc (2∆− Eg) + 2mEg

k2
F↓

]

, ✭✷✳✶✶✸✮

(

p±2
)2

=
2m

(1 + 2ma2JHSc)
2

[

2ǫF − Eg + 2ma2JHSc (2∆− Eg)

±kF↑kF↓
2m

√

1 +
4m2a2JHSc (2∆− Eg)− 2mEg

k2
F↑

]

. ✭✷✳✶✶✹✮

❖❜✈✐❛♠❡♥t❡✱ ♦ r❡s✉❧t❛❞♦ ♣❡rt✉r❜❛t✐✈♦ só é ✈á❧✐❞♦ ♥♦ ❧✐♠✐t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦
❢r❛❝♦ ❡♥tr❡ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s✱ ♦✉ s❡❥❛✱ ∆ ≪ ǫF , JH ✳ ❱❛♠♦s s✉♣♦r t❛♠❜é♠
q✉❡ Eg ≪ ǫF ✳ ◆❡ss❡ ❧✐♠✐t❡✱

p−1 ≈ p−2 ≈
√

m

2ǫF
|2∆− Eg|+O

(

∆2
)

=
|2∆− Eg|

vF

+O
(

∆2
)

, ✭✷✳✶✶✺✮
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♦♥❞❡ vF = kF/m é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐ ♠é❞✐❛✳ ❉❡✜♥✐♠♦s ❛ ♣❛rt✐r ❞❛í ❛
❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛

ω0 = ω

(

p0 ≡
|2∆− Eg|

vF

)

. ✭✷✳✶✶✻✮

❚❛♠❜é♠ ♥♦ ❧✐♠✐t❡ ∆≪ ǫF , JH ✱ ♦s ♦✉tr♦s ❞♦✐s ♠♦♠❡♥t♦s sã♦

p+
1 ≈ 2

√
2mǫF

1− 2ma2JHSc

+O (∆) ,

p+
2 ≈ 2

√
2mǫF

1 + 2ma2JHSc

+O (∆) .

❙❡ 2ma2JHSc ≪ 1✱ t❡♠♦s q✉❡ p+
1 ≈ p+

2 ≈ 2kF +O (∆)✳ ❊ss❡s sã♦ ♦s ♠á❣♥♦♥s
❡♥✈♦❧✈✐❞♦s ♥♦s ♣r♦❝❡ss♦s ❞❡ ✏❜❛❝❦s❝❛tt❡r✐♥❣✑ ❡♥tr❡ ❜❛♥❞❛s ❞❡ s♣✐♥s ♦♣♦st♦s✳

❆ ✐♥t❡❣r❛❧ ✭✷✳✶✶✶✮ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ♣r♦♥t❛♠❡♥t❡ ♥♦ ❧✐♠✐t❡ ❞❡s❝r✐t♦ ❡
❢♦r♥❡❝❡

ρ (T ) ≈ m

πaJHS2
c

(

∆

ne

)2
{

|M (ω0)|2
[

nB

(

ω−1
)

− nB

(

ω−2
)]

+ |M (ω (2kF ))|2
[

nB

(

ω+
2

)

− nB

(

ω+
1

)]}

. ✭✷✳✶✶✼✮

◆♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✱ ♣♦❞❡♠♦s ❞❡s♣r❡③❛r ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r
♠á❣♥♦♥s ❞❡ ♠♦♠❡♥t♦ ❣r❛♥❞❡ ✭∼ 2kF ✮ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s ❞❡ ♠♦♠❡♥t♦
♣❡q✉❡♥♦ p0 ≪ 2kF ✳ P♦r ✐ss♦✱ ✈❛♠♦s ♦♠✐t✐r ♦s t❡r♠♦s ❡♠ ω+

1 ❡ ω+
2 ✳ ❆❧é♠

❞✐ss♦✱ t❡♠♦s
ω−2 − ω−1 =

(2ma2JHSc)
2
∆4

ǫ3F
+O

(

∆5
)

. ✭✷✳✶✶✽✮

❊♥tã♦✱ ❛ ❊q✳ ✭✷✳✶✶✼✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

ρ (T ) ≈ 2π

e2
1

a

m |M (ω0)|
16k2

FJHS2
c

2 (2ma2JHSc)
2
∆6

ǫ3F

(

−∂nB

∂ω

)∣

∣

∣

∣

ω0

. ✭✷✳✶✶✾✮

P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❞♦✐s ❧✐♠✐t❡s ♥❛ ❊q✳ ✭✷✳✶✶✾✮✳
✭✐✮ ❛♥✐s♦tr♦♣✐❛ ❜❛✐①❛✱ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❧♦♥❣❛
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◆♦ ❧✐♠✐t❡ Eg → 0 ✭λ→∞✮✱ t❡♠♦s p0 ≈ 2∆/vF ✳ ❊ss❡ ♠♦♠❡♥t♦ ❡q✉✐✈❛❧❡
❛♦ ♠♦♠❡♥t♦ tr❛♥s❢❡r✐❞♦ ♣❛r❛ ♦ ❡❧étr♦♥ ♥♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ±kF↑ ♣❛r❛ ±kF↓

♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✱ ♣♦✐s s❡❣✉♥❞♦ ❛ ❊q✳ ✭✷✳✼✻✮

kF↑ − kF↓ ≈
2∆

vF

= p0. ✭✷✳✶✷✵✮

❆❧é♠ ❞✐ss♦✱ ❛ ❡♥❡r❣✐❛ ❞♦ ♠á❣♥♦♥ ✜❝❛

ω0 = JHSca
2

(

2∆

vF

)2

∼
(

∆

ǫF

)2

JH , ✭✷✳✶✷✶✮

q✉❡ é ✉♠❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ♠✉✐t♦ ❜❛✐①❛✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦
❧✐♠✐t❡ ω0 ≪ T ≪ ǫF ✳ ❉❡ss❛ ❢♦r♠❛✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ❛ r❡s✐st✐✈✐❞❛❞❡ ❝r❡s❝❡
❧✐♥❡❛r♠❡♥t❡ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛

ρ (T ) ≈ 2π

e2
1

a

[

1 + (p0λ)−2]−1
(

JK

ǫF

)2
T

32JH

. ✭✷✳✶✷✷✮

❋✐♥❛❧♠❡♥t❡✱ ❛ r❡s✐stê♥❝✐❛ ❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ♣♦❞❡ s❡r ❡s❝r✐t❛
❝♦♠♦ ✭r❡❝✉♣❡r❛♥❞♦ ❛s ❝♦♥st❛♥t❡s ♣❛r❛ ❛ ❞✐♠❡♥sã♦ ❝♦rr❡t❛✮

Rinel ≈
h

e2
L

a

[

1 +

(

p0λ

~

)−2
]−1

ζ2 kBT

8JHS2
c

. ✭✷✳✶✷✸✮

❖❜s❡r✈❡ q✉❡ Rinel é ✉♠❛ ❣r❛♥❞❡③❛ ❡①t❡♥s✐✈❛✱ ♣♦rq✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡s♣❛✲
❧❤❛♠❡♥t♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ s♣✐♥s ❧♦❝❛❧✐③❛❞♦s✳ ❈♦♠♣❛r❛♥❞♦ ❝♦♠
❛ r❡s✐stê♥❝✐❛ ❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ❞❛ ❊q✳ ✭✷✳✼✾✮ ♣❛r❛ ζ ≪ 1 ❡
F (ζ, λ) ≈ 1/2✱ t❡r❡♠♦s Rinel & Rel s❡

kBT &
π2a

L
JHS (S + 1) . ✭✷✳✶✷✹✮

P♦rt❛♥t♦✱ ♥♦ r❡❣✐♠❡ ❞❡ ♣❛r❡❞❡s ❧♦♥❣❛s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦ ♣♦❞❡ t♦r♥❛r✲
s❡ r❡❧❡✈❛♥t❡ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ❛❧t❛s ❡ ✜♦s ❧♦♥❣♦s✳
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✭✐✐✮ ❛♥✐s♦tr♦♣✐❛ ❛❧t❛✱ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❡str❡✐t❛
◆♦ ❝❛s♦ ❞❡ ❣❛♣ Eg . JH ✭λ & a✮✱ p0 6= 2∆/vF ♣♦rq✉❡ ♣❛rt❡ ❞❛ ❡♥❡r❣✐❛

❞♦ ❡❧étr♦♥ ❡s♣❛❧❤❛❞♦ ✈❛✐ ♣❛r❛ ♦ ♠á❣♥♦♥ ❡♠✐t✐❞♦ ❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♥ã♦ ♦❝♦rr❡
❡①❛t❛♠❡♥t❡ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✳ ◆♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s
∆≪ T ≪ Eg✱ ♦❜t❡♠♦s

Rinel ≈
h

e2
L

a

[

1 +

(

p0λ

~

)−2
]−1

(kFa)
4 JH

2kBT
ζ6 exp

(

− Eg

kBT

)

. ✭✷✳✶✷✺✮

P♦rt❛♥t♦✱ ♦ ❣❛♣ ♥♦ ❡s♣❡❝tr♦ ❞❡ ♠á❣♥♦♥s ❛ss♦❝✐❛❞♦ à ❛♥✐s♦tr♦♣✐❛ ✭❛ ♠❡s♠❛
q✉❡ ✜①❛ ❛ ❧❛r❣✉r❛ ❞❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✮ s✉♣r✐♠❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦
❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ ■ss♦ ♠♦str❛ q✉❡✱ ♥♦ ❧✐♠✐t❡ ❞❡ ♣❛r❡❞❡s ❞❡ ❇❧♦❝❤
❡str❡✐t❛s✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧ást✐❝♦ ♣r❡❞♦♠✐♥❛ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ r❡s✐stê♥❝✐❛
❞♦ s✐st❡♠❛ ❡ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♣❛r❡❞❡ ❡stát✐❝❛ é r❛③♦á✈❡❧✳
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❈❛♣ít✉❧♦ ✸

❊❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❡ ♣❛r❡❞❡s ❞❡

❞♦♠í♥✐♦

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✈✐♠♦s q✉❡ ❡①✐st❡ ✉♠❛ r❡s✐stê♥❝✐❛ ✜♥✐t❛ ❛ss♦❝✐❛❞❛ à ♣r❡✲
s❡♥ç❛ ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ♠❛❣♥ét✐❝♦✳ ❆ ♦r✐❣❡♠ ❞❡ss❛ r❡s✐stê♥❝✐❛ é ♦
❡s♣❛❧❤❛♠❡♥t♦ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ q✉❛♥❞♦ ❤á ✉♠❛ ♠✉❞❛♥ç❛ ❜r✉s❝❛ ♥❛
❞✐r❡çã♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❧♦❝❛❧✳ ❊ss❡ ❡❢❡✐t♦ é ♦❜s❡r✈❛❞♦ ❡♠ ♠❡❞✐❞❛s ❞❡ ♠❛❣✲
♥❡t♦rr❡s✐stê♥❝✐❛ ❞❡ ✜♦s ♠❛❣♥ét✐❝♦s✱ ♦♥❞❡ ❛ ♥✉❝❧❡❛çã♦ ❞❡ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦
é ❛❝♦♠♣❛♥❤❛❞❛ ♣♦r s❛❧t♦s ♥❛ r❡s✐stê♥❝✐❛✳ ❊♠❜♦r❛ ♥❡♥❤✉♠ ❞♦s ❡①♣❡r✐♠❡♥t♦s
r❡❛❧✐③❛❞♦s ❛té ♦ ♠♦♠❡♥t♦ t❡♥❤❛ ❛t✐♥❣✐❞♦ ♦ ❧✐♠✐t❡ ❡str✐t❛♠❡♥t❡ ✉♥✐❞✐♠❡♥s✐♦✲
♥❛❧✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ♣r♦❝✉r❛r ♣♦r ❡❢❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s
❞❡ tr❛♥s♣♦rt❡ ú♥✐❝❛s ❞♦s s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

❖ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ♣r❡✈ê q✉❡ ❛ ✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛ t❡♠ ❡❢❡✐t♦s ❝r✉✲
❝✐❛✐s s♦❜r❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡ s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳ ❯♠
❡①❡♠♣❧♦ ❞✐ss♦ é ♦ tr❛♥s♣♦rt❡ ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❛tr❛✈és ❞❡ ✉♠❛
✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ❑❛♥❡✲❋✐s❤❡r ❬✷✶❪✳ ❆
t❡♠♣❡r❛t✉r❛ ③❡r♦✱ ❛ tr❛♥s♠✐ssã♦ ❛tr❛✈és ❞❛ ✐♠♣✉r❡③❛ é ♣❡r❢❡✐t❛ s❡ ❤♦✉✈❡r
✐♥t❡r❛çã♦ ❛tr❛t✐✈❛ ❡♥tr❡ ♦s ❡❧étr♦♥s ❡ ♥✉❧❛ s❡ ❤♦✉✈❡r ✐♥t❡r❛çã♦ r❡♣✉❧s✐✈❛✱ ♣♦r
♠❡♥♦r q✉❡ s❡❥❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✳

❆ss✐♠ ❝♦♠♦ ✉♠❛ ✐♠♣✉r❡③❛✱ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ q✉❡❜r❛ ❛ ✐♥✈❛r✐â♥❝✐❛

✸✾
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tr❛♥s❧❛❝✐♦♥❛❧ ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r✳ P♦r ✐ss♦✱ é ♣❡rt✐♥❡♥t❡ ♣❡r❣✉♥t❛r
❝♦♠♦ ❛ ✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛ ❡♠ ✶❉ ❛❧t❡r❛ ♦ tr❛♥s♣♦rt❡ ❛tr❛✈és ❞❛ ♣❛r❡❞❡✳
◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛♠♦s q✉❡ ❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ é ♦ ❛♥á❧♦❣♦ ♠❛❣♥ét✐❝♦
❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❑❛♥❡✲❋✐s❤❡r✳ Pr✐♠❡✐r♦✱ ❞✐s❝✉t✐♠♦s s✉s❝✐♥t❛♠❡♥t❡ ❛ té❝♥✐❝❛
❞❡ ❜♦s♦♥✐③❛çã♦ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❡s❝r❡✈❡♠♦s ❛ ✈❡rsã♦
❜♦s♦♥✐③❛❞❛ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❛❝♦♣❧❛❞♦s ❛ ✉♠❛ ♣❛r❡❞❡
❞❡ ❞♦♠í♥✐♦ ❡stát✐❝❛✳ ❆ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ❡❢❡t✐✈❛ é ♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ❝♦♠
✈❡❧♦❝✐❞❛❞❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❡①❝✐t❛çõ❡s ❝♦♠ s♣✐♥ ✏✉♣✑ ♦✉ ✏❞♦✇♥✑✳ ❯♠❛ ❛♥á❧✐s❡
❞❡ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ♣❛r❛ ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ❝♦♥❞✉③
❛ ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ♣❛r❛ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❞❡ ❝❛r❣❛ ❡ s♣✐♥ ❡♠ ❢✉♥çã♦ ❞♦s
♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦✳ ❈♦♠♦ ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ é ❞❛❞♦ ♣♦r ✉♠
♦♣❡r❛❞♦r q✉❡ ✐♥✈❡rt❡ ♦ s♣✐♥ ❞♦ ❡❧étr♦♥✱ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❡♥❝♦♥tr❛❞♦ ❞✐❢❡r❡
❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❑❛♥❡✲❋✐s❤❡r ✉s✉❛❧✳ P♦r ✜♠✱ ❝❛❧❝✉❧❛♠♦s ♣♦r t❡♦r✐❛ ❞❡ ♣❡rt✉r✲
❜❛çã♦ ❛ r❡s✐st✐✈✐❞❛❞❡ ❛ ❢r❡qüê♥❝✐❛ ❡ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛s✳ ❊♥❝♦♥tr❛♠♦s ❧❡✐s
❞❡ ♣♦tê♥❝✐❛ ❝✉❥♦s ❡①♣♦❡♥t❡s ❝♦♥✜r♠❛♠ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ♣r❡✈✐st❛ ♣❡❧♦ ❣r✉♣♦ ❞❡
r❡♥♦r♠❛❧✐③❛çã♦✳ ❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❡stã♦ ♣✉❜❧✐❝❛❞♦s
♥❛ ❘❡❢✳ ❬✻✹❪✳

✸✳✶ ▼♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r

❆s ✐♥t❡r❛çõ❡s ❡❧❡trô♥✐❝❛s ❞♦ t✐♣♦ ✏♣❛r❛ ❛ ❢r❡♥t❡✑ ♣♦❞❡♠ s❡r tr❛t❛❞❛s ❞❡ ♠❛✲
♥❡✐r❛ ❡①❛t❛ ✭♥ã♦ ♣❡rt✉r❜❛t✐✈❛✮ ❡♠ ✶❉ ❛tr❛✈és ❞❛ té❝♥✐❝❛ ❞❡ ❜♦s♦♥✐③❛çã♦✳ ❊ss❛
té❝♥✐❝❛ ♠❛♣❡✐❛ ♦ ♣r♦❜❧❡♠❛ ❢❡r♠✐ô♥✐❝♦ ✐♥t❡r❛❣❡♥t❡ ♥✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❜ós♦♥s
❧✐✈r❡s✳ ❉❛r❡♠♦s ❛ s❡❣✉✐r ❛♣❡♥❛s ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛✲
❞♦s✳ ❯♠❛ ❡①♣♦s✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥❛s ❘❡❢s✳ ❬✶✵✱ ✻✸❪✳
❈♦♥s✐❞❡r❡ ♦ ♠♦❞❡❧♦ ✏t✐❣❤t✲❜✐♥❞✐♥❣✑ ♣❛r❛ ❡❧étr♦♥s ♥✉♠❛ r❡❞❡ ❝♦♠ N sít✐♦s

H0 = −t
∑

jσ

c†jσcj+1,σ +H.c.. ✭✸✳✶✮
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❖ ❍❛♠✐❧t♦♥✐❛♥♦ H0 é ❞✐❛❣♦♥❛❧✐③❛❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ♠♦♠❡♥t♦ ❡ ❛ss✉♠❡ ❛ ❢♦r♠❛

H0 = −2t
∑

kσ

cos (ka) c†kσckσ, ✭✸✳✷✮

♦♥❞❡
ckσ =

∑

j

e−ikja

√
N

cjσ. ✭✸✳✸✮

❉❛ ❊q✳ ✭✸✳✷✮✱ ✈❡♠♦s q✉❡ ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s sã♦ ❛✉t♦❡st❛❞♦s ❞❡ ♠♦♠❡♥t♦
❝♦♠ ❡♥❡r❣✐❛ ǫk = −2t cos (ka)✳ ❖ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ é ❣❡r❛❞♦
♣r❡❡♥❝❤❡♥❞♦ ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s ❛té ❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ǫF = −2t cos kFa✱
❝♦♠♦ ✐❧✉str❛ ❛ ✜❣✉r❛ ✶✳✶✳

❖ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ❛ ❜♦s♦♥✐③❛çã♦ é ❛r❣✉♠❡♥t❛r q✉❡✱ ♥♦ ❧✐♠✐t❡ ❞❡
❜❛✐①❛s ❡♥❡r❣✐❛s ✭T ≪ ǫF ✮✱ ♣♦❞❡♠♦s r❡str✐♥❣✐r ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❛♦s ❡st❛❞♦s
♣ró①✐♠♦s ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✱ ♠❛♥t❡♥❞♦ ❛♣❡♥❛s ❛s ❡①❝✐t❛çõ❡s ❞❡ ❝♦♠♣r✐✲
♠❡♥t♦s ❞❡ ♦♥❞❛ ❧♦♥❣♦s ✭≫ k−1

F ✮✳ ◆❡ss❡ ❧✐♠✐t❡✱ ♣♦❞❡♠♦s tr♦❝❛r ♦ ♠♦❞❡❧♦ ♥❛
r❡❞❡ ♣♦r ✉♠❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ q✉❡ ❡♠♣r❡❣❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦ ❢❡r♠✐ô♥✐❝♦

ψσ (x) =
1√
L

∑

k

eikxckσ, ✭✸✳✹✮

♦ q✉❛❧ s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s ❞❡ ❛♥t✐❝♦♠✉t❛çã♦

{ψσ (x) , ψσ′ (y)} = {ψ†σ (x) , ψ†σ′ (y)} = 0, ✭✸✳✺✮
{ψσ (x) , ψ†σ′ (y)} = δσσ′δ (x− y) . ✭✸✳✻✮

P❛r❛ ✐ss♦✱ ❧✐♥❡❛r✐③❛♠♦s ❛ ❞✐s♣❡rsã♦ ǫk ❡♠ t♦r♥♦ ❞❡ k = ±kF ✱ ❞❡✜♥✐♥❞♦ ❞♦✐s
r❛♠♦s✿

ǫk ≈
{

ǫF + vF (k − kF ) s❡ k ≈ kF ✭r❛♠♦ R✮
ǫF − vF (k + kF ) s❡ k ≈ −kF ✭r❛♠♦ L✮ ✭✸✳✼✮

♦♥❞❡
vF ≡

∂ǫk
∂k

∣

∣

∣

∣

kF

✭✸✳✽✮
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é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐✳ ❉❡✜♥✐♠♦s ♦s ♠♦♠❡♥t♦s ♠❡❞✐❞♦s ❛ ♣❛rt✐r ❞❛ s✉♣❡r✲
❢í❝✐❡ ❞❡ ❋❡r♠✐ ❝♦♠♦ p = k−kF ♥♦ r❛♠♦ R ❡ p = − (k + kF ) ♥♦ r❛♠♦ L✳ ❈♦♠
✐ss♦✱ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ♠❡❞✐❞❛ ❛ ♣❛rt✐r ❞♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐
é ❞❡s❝r✐t❛ ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦

H0 =
∑

rpσ

vFp : c†prσcprσ :, ✭✸✳✾✮

♦♥❞❡ :: ❞❡♥♦t❛ ♦ ♦r❞❡♥❛♠❡♥t♦ ♥♦r♠❛❧ ❞♦s ♦♣❡r❛❞♦r❡s ❝♦♠ r❡❧❛çã♦ ❛♦ ❡st❛❞♦
❢✉♥❞❛♠❡♥t❛❧ ✭♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ à ❞✐r❡✐t❛ ❞♦s ❞❡ ❝r✐❛çã♦✮✱ r = ±
♦✉ R,L é ♦ í♥❞✐❝❡ ❞❡ r❛♠♦ ❡ cprσ é ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞❡ ❡❧étr♦♥s ❞❡
♠♦♠❡♥t♦ p ❡ s♣✐♥ σ ♥♦ r❛♠♦ r✳ ❖❜s❡r✈❡ q✉❡ ❛ss✉♠✐♠♦s q✉❡ p s❡ ❡st❡♥❞❡
❞❡ −∞ ❛ +∞ ✭♠❛r ❞❡ ❉✐r❛❝✮✱ ♦ q✉❡ ♥ã♦ ❛❧t❡r❛ ❛ ❋ís✐❝❛ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s✳
❊①♣❛♥❞✐♥❞♦ ❛ ❊q✳ ✭✸✳✹✮ ❡♠ t♦r♥♦ ❞❡ ±kF ✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ψσ(x) = eikF xψ+,σ(x) + e−ikF xψ−,σ(x), ✭✸✳✶✵✮

♦♥❞❡
ψrσ(x) ≡ 1√

L

∑

k

eirkxckrσ. ✭✸✳✶✶✮

❆ ❞✐s♣❡rsã♦ ❧✐♥❡❛r ❞❛ ❊q✳ ✭✸✳✾✮ ❡♠ t❡r♠♦s ❞❡ss❡s ♥♦✈♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝❛♠♣♦
✜❝❛

H0 = −ivF

∑

rσ

∫

dx r : ψ†rσ(x)∂xψrσ(x) : . ✭✸✳✶✷✮

❆ ❜♦s♦♥✐③❛çã♦ ❜❛s❡✐❛✲s❡ ♥✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡♥tr❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦ ❢❡r✲
♠✐ô♥✐❝♦ ❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❜♦sô♥✐❝♦ ❛✉①✐❧✐❛r✱ ❝✉❥♦s ♠♦❞♦s ♥♦r♠❛✐s
sã♦ ❛s ❡①❝✐t❛çõ❡s ♣❛rtí❝✉❧❛✲❜✉r❛❝♦ ❞♦ s✐st❡♠❛✳ ❖ ♦♣❡r❛❞♦r ❜♦sô♥✐❝♦ q✉❡ ❛♥✐✲
q✉✐❧❛ ❛ ❡①❝✐t❛çã♦ ❞❡ ♠♦♠❡♥t♦ q > 0 ♥♦ r❛♠♦ r ❞❛ ❜❛♥❞❛ ❞❡ s♣✐♥ σ é ❞❡✜♥✐❞♦
❝♦♠♦

dqrσ =
∑

k

√

2π

Lq
c†k−q,rσckrσ. ✭✸✳✶✸✮

P♦❞❡✲s❡ ❞❡♠♦♥str❛r✱ ❝♦♠ ♦ ❞❡✈✐❞♦ ❝✉✐❞❛❞♦ ❞❡ t♦♠❛r ♦ ♦r❞❡♥❛♠❡♥t♦ ♥♦r✲
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♠❛❧ ❞♦s ♦♣❡r❛❞♦r❡s✱ q✉❡ ❡ss❡s ♦♣❡r❛❞♦r❡s s❛t✐s❢❛③❡♠ r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦
❜♦sô♥✐❝❛s

[dqrσ, dq′r′σ′ ] = [d†qrσ, d
†
q′r′σ′ ] = 0, ✭✸✳✶✹✮

[dqrσ, d
†
q′r′σ′ ] = δqq′δrr′δσσ′ . ✭✸✳✶✺✮

❖ ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦ ❜♦sô♥✐❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ❞❡✜♥✐❞♦ ❝♦♠♦

φrσ (x) =
∑

q>0

i√
Lq

e−αq/2
[

dqrσe
irqx − d†qrσe

−irqx
]

, ✭✸✳✶✻✮

♦♥❞❡ α−1 ∼ kF é ✉♠ ✏❝✉t♦✛✑ ❞❡ ♠♦♠❡♥t♦ q✉❡ r❡❣✉❧❛r✐③❛ ♦ ✉❧tr❛✈✐♦❧❡t❛✳ ➱
❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r t❛♠❜é♠ ♦s ❝❛♠♣♦s ❞✉❛✐s

φσ =
φ−,σ − φ+,σ√

2
, ✭✸✳✶✼✮

θσ =
φ−,σ + φ+,σ√

2
, ✭✸✳✶✽✮

q✉❡ sã♦ t❛✐s q✉❡
[φσ(x), ∂yθσ′(y)] = iδσσ′δ(x− y). ✭✸✳✶✾✮

❖❜s❡r✈❡ q✉❡ Πσ ≡ ∂xθσ é ♠♦♠❡♥t♦ ❝❛♥♦♥✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛ φσ✳ ❖ ❝❛♠♣♦
φσ ❡stá ❛ss♦❝✐❛❞♦ às ✢✉t✉❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❡❧étr♦♥s ❝♦♠ s♣✐♥ σ ♥❛ ❢♦r♠❛

ρσ (x) ≡ : ψ†σ (x)ψσ (x) : = nσ +
1√
π
∂xφσ (x) , ✭✸✳✷✵✮

♦♥❞❡ nσ é ❛ ❞❡♥s✐❞❛❞❡ ♠é❞✐❛ ❞❡ ❡❧étr♦♥s ❝♦♠ s♣✐♥ σ ✭nσ = kF/π ♥♦ ❣ás ❞❡
❡❧étr♦♥s ♥ã♦ ♣♦❧❛r✐③❛❞♦✮✳

❆ ❢ór♠✉❧❛ ❞❡ ▼❛♥❞❡❧st❛♠ ❬✾❪ ❡①♣r❡ss❛ ♦ ♦♣❡r❛❞♦r❡s ❞❡ ❝❛♠♣♦ ❢❡r♠✐ô♥✐❝♦
❝♦♠♦ ❢✉♥çã♦ ❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s

ψrσ(x) =
1√
2πα

Frσ exp

[

ir
2π

L
Nrσx− i

√
π (θσ(x)− rφσ(x))

]

, ✭✸✳✷✶✮
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♦♥❞❡ Frσ é ♦ ❢❛t♦r ❞❡ ❑❧❡✐♥ q✉❡ r❡t✐r❛ ✉♠ ❡❧étr♦♥ ❞♦ ♠❛r ❞❡ ❋❡r♠✐ ❬✶✵❪ ❡
Nrσ é ♦ ♦♣❡r❛❞♦r ♥ú♠❡r♦ ❞❡ ❡❧étr♦♥s ♥♦ r❛♠♦ r ❝♦♠ s♣✐♥ σ✳ ❊♠ t❡r♠♦s ❞♦s
♦♣❡r❛❞♦r❡s ❜♦sô♥✐❝♦s✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ✭✸✳✾✮ ♣♦❞❡ s❡r ❡s❝r✐t♦
❝♦♠♦

H0 =
∑

σ

vF

2

∫

dx
[

: (∂xθσ(x))2 : + : (∂xφσ(x))2 :
]

=
∑

q>0,r,σ

vF |q| d†qrσdqrσ + cte, ✭✸✳✷✷✮

♦♥❞❡ :: ❞❡♥♦t❛ ♦ ♦r❞❡♥❛♠❡♥t♦ ♥♦r♠❛❧ ❡♠ r❡❧❛çã♦ ❛♦ ✈á❝✉♦ ❜♦sô♥✐❝♦✳ ■ss♦
♠♦str❛ q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ❞♦ s✐st❡♠❛ ❞❡ ❡❧étr♦♥s é ❡q✉✐✈❛✲
❧❡♥t❡ ❛♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❜ós♦♥s ❧✐✈r❡s ❝♦♠ ❞✐s♣❡rsã♦ ❧✐♥❡❛r ω (q) = vF |q|✳
❈♦❧❡♠❛♥ ❬✾❪ s✐♥t❡t✐③♦✉ ❛ ❡str❛♥❤❡③❛ ❞❡ss❡ r❡s✉❧t❛❞♦ ❛✜r♠❛♥❞♦ q✉❡

✏❚❤❛t t❤❡s❡ t❤❡♦r✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ ❛♥② s❡♥s❡ s❡❡♠s t♦♦
♣r❡♣♦st❡r♦✉s t♦ ❜❡❧✐❡✈❡✳ ■s t❤❡r❡ ♥♦ ✇❛② ♦❢ t❡❧❧✐♥❣ ❢❡r♠✐♦♥s ❢r♦♠
❜♦s♦♥s❄ ❚❤❡ ❛♥s✇❡r ✐s ♥♦✱ t❤❡r❡ ✐s ♥♦t ✕ ✐❢ ♦♥❡ ❝❛♥ ♠❡❛s✉r❡ ♦♥❧②
❛ r❡str✐❝t❡❞ s❡t ♦❢ ❧♦❝❛❧ ✜❡❧❞s✱ ❛♥❞ ✐❢ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ♠❛ss❧❡ss✱
❛♥❞ ✐❢ t❤❡ ✇♦r❧❞ ✐s t✇♦✲❞✐♠❡♥s✐♦♥❛❧✳✑

❉❡ ❢❛t♦✱ ♥♦ ♠✉♥❞♦ ✏❜✐❞✐♠❡♥s✐♦♥❛❧✑ ✭✉♠❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧ ❡ ✉♠❛ t❡♠♣♦r❛❧✮✱
t♦❞❛s ❛s ❝♦rr❡❧❛çõ❡s ❞❡ ♦♣❡r❛❞♦r❡s ❢❡r♠✐ô♥✐❝♦s✱ q✉❡ ❞❡t❡r♠✐♥❛♠ ❛s r❡s♣♦st❛s
♠❡♥s✉rá✈❡✐s ❞♦ s✐st❡♠❛✱ ♣♦❞❡♠ s❡r r❡♣r♦❞✉③✐❞❛s ❝❛❧❝✉❧❛♥❞♦ ❝♦rr❡❧❛çõ❡s ❞❡
❡①♣♦♥❡♥❝✐❛✐s ❜♦sô♥✐❝❛s✱ s❡❣✉♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✷✶✮✳ ■ss♦ só ❛❝♦♥t❡❝❡ ♣♦rq✉❡
❛s ❡①❝✐t❛çõ❡s ♣❛rtí❝✉❧❛✲❜✉r❛❝♦✱ q✉❡ sã♦ ❜ós♦♥s q✉❡ s❡ ♣r♦♣❛❣❛♠ ❝♦❡r❡♥t❡✲
♠❡♥t❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vF ✱ ❡s❣♦t❛♠ ♦ ❡s♣❡❝tr♦ ❞♦ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❆ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s ❡❧étr♦♥s ♣♦❞❡ s❡r ✐♥❝❧✉í❞❛ ♣♦r ♠❡✐♦ ❞♦
♦♣❡r❛❞♦r ❞❡ ❞♦✐s ❝♦r♣♦s

V =
1

2

∑

σσ′

∫

dxdy ψ†σ (x)ψ†σ′ (y)V (x− y)ψσ′ (y)ψσ (x) , ✭✸✳✷✸✮
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♦♥❞❡ V (x− y) é ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦✳ ❯♠❛ s✐♠♣❧✐✜❝❛çã♦ é ❛❞♦t❛r ❛
✐♥t❡r❛çã♦ ❧♦❝❛❧✐③❛❞❛ V (x− y) = g δ (x− y)✱ ♦❜t❡♥❞♦

Hint =
∑

σ

∫

dx
{g‖

2
ρ2

σ +
g⊥
2
ρσρ−σ

}

, ✭✸✳✷✹✮

♦♥❞❡ ❞✐st✐♥❣✉✐♠♦s ❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡❧étr♦♥s ❝♦♠ ♠❡s♠♦
s♣✐♥ ✭‖✮ ❡ s♣✐♥s ♦♣♦st♦s ✭⊥✮✳ ❉❡ t♦❞♦s ♦s t❡r♠♦s ❣❡r❛❞♦s ♣❡❧❛ ❡①♣❛♥sã♦
❞❛ ❊q✳ ✭✸✳✷✸✮ ♥♦s r❛♠♦s R ❡ L s❡❣✉♥❞♦ ❛ ❊q✳ ✭✸✳✶✵✮✱ t♦♠❛♠♦s ❛♣❡♥❛s ❛s
✐♥t❡r❛çõ❡s ❞♦ t✐♣♦ ✏♣❛r❛ ❛ ❢r❡♥t❡✑ ✭❝♦♠ ♣❡q✉❡♥❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠♦♠❡♥t♦✮

Hint = H2 +H4, ✭✸✳✷✺✮

H2 =
∑

σ

∫

dx
{

g2‖ ρ+,σ ρ−,σ + g2⊥ ρ+,σ ρ−,−σ

}

, ✭✸✳✷✻✮

H4 =
∑

rσ

∫

dx
{g4‖

2
(ρrσ)2 +

g4⊥
2
ρrσ ρr,−σ

}

, ✭✸✳✷✼✮

♦♥❞❡ ρrσ (x) =: ψ†rσ (x)ψrσ (x) : ❡ ♦s g✬s ♠❡❞❡♠ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛s ✐♥t❡r❛çõ❡s✳
➱ ❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r ♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s ❞❡ ❝❛r❣❛ ❡ s♣✐♥

φc,s =
φ↑ ± φ↓√

2
, ✭✸✳✷✽✮

θc,s =
θ↑ ± θ↓√

2
, ✭✸✳✷✾✮

q✉❡ t❛♠❜é♠ s❛t✐s❢❛③❡♠ r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❜♦sô♥✐❝❛s

[φν(x), ∂yθν′(y)] = iδνν′δ(x− y), ✭✸✳✸✵✮

♦♥❞❡ ν = c, s✳ ❖s ❝❛♠♣♦s φc ❡ φs ❡stã♦ ❛ss♦❝✐❛❞♦s às ✢✉t✉❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡
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❞❡ ❝❛r❣❛ ❡ s♣✐♥ ♥❛ ❢♦r♠❛

ρc = ρ↑ + ρ↓ = nc +

√

2

π
∂xφc, ✭✸✳✸✶✮

ρs = ρ↑ − ρ↓ = ns +

√

2

π
∂xφs, ✭✸✳✸✷✮

♦♥❞❡ nc,s = n↑ ± n↓✳ ❉❡✜♥✐♥❞♦ ❛✐♥❞❛ ❛s ❝♦♥st❛♥t❡s

gic = gi‖ + gi⊥, ✭✸✳✸✸✮
gis = gi‖ − gi⊥, ✭✸✳✸✹✮

♣❛r❛ i = 2, 4✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✐♥t❡r❛❣❡♥t❡ H = H0+H2+H4

é ❞✐❛❣♦♥❛❧ ♥♦s ♦♣❡r❛❞♦r❡s ❜♦sô♥✐❝♦s ❞❡ ❝❛r❣❛ ❡ s♣✐♥

H =
∑

ν=c,s

vν

2

∫

dx

[

Kν : (∂xθν(x))
2 : +

1

Kν

: (∂xφν(x))
2 :

]

. ✭✸✳✸✺✮

❖s ❜ós♦♥s ❞❡ ❝❛r❣❛ ❡ s♣✐♥ q✉❡ ❞✐❛❣♦♥❛❧✐③❛♠ H ♣r♦♣❛❣❛♠✲s❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s

vν =

√

[

vF +
g4ν

π

]

2 −
[g2ν

π

]

2, ✭✸✳✸✻✮

❆❧é♠ ❞❛s ✈❡❧♦❝✐❞❛❞❡s✱ ♦ ♠♦❞❡❧♦ ❞❛ ❊q✳ ✭✸✳✸✺✮ ✕ q✉❡ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ♠♦❞❡❧♦
❞❡ ▲✉tt✐♥❣❡r ✕ ❞❡♣❡♥❞❡ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦

Kν =

√

2πvF + g4ν − g2ν

2πvF + g4ν + g2ν

. ✭✸✳✸✼✮

P♦rt❛♥t♦✱ ♥❛ ❧✐♥❣✉❛❣❡♠ ❜♦sô♥✐❝❛ ❛ ✐♥❝❧✉sã♦ ❞❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❡❧étr♦♥ ❛♣❡✲
♥❛s r❡♥♦r♠❛❧✐③❛ ❛s ❡♥❡r❣✐❛s ❞♦s ❜ós♦♥s ❞❡ ❝❛r❣❛ ❡ s♣✐♥✱ q✉❡ sã♦ ❛s ❡①❝✐t❛çõ❡s
♥❛t✉r❛✐s ❞♦ s✐st❡♠❛✳ ❖❜s❡r✈❡ q✉❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✸✺✮ é s❡♣❛rá✈❡❧ ♥♦s
❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ❝❛r❣❛ ❡ s♣✐♥✱ q✉❡ ♣♦r ✐ss♦ tê♠ ❞✐♥â♠✐❝❛ ✐♥❞❡♣❡♥❞❡♥t❡✳
❊ss❡ ❢❡♥ô♠❡♥♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ s❡♣❛r❛çã♦ s♣✐♥✲❝❛r❣❛✳ ❖s ✈❛❧♦r❡s ❞♦s ♣❛✲
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râ♠❡tr♦s Kc ❡ Ks ❞❡♣❡♥❞❡♠ ❞♦ t✐♣♦ ❞❡ ✐♥t❡r❛çã♦✳ ❖ ♣♦♥t♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡
✭gi‖ = gi⊥ = 0✮ ❝♦rr❡s♣♦♥❞❡ ❛ Kc = Ks = 1✳ ❙❡ ♦ s✐st❡♠❛ ♣♦ss✉✐ s✐♠❡tr✐❛
❙❯✭✷✮ ✭s✐♠❡tr✐❛ ❞❡ r♦t❛çã♦ ❞♦ s♣✐♥✮✱ ❛s ❝♦♥st❛♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ✐♥❞❡♣❡♥✲
❞❡♠ ❞♦ s♣✐♥ ✭gi‖ = gi⊥ ⇒ gis = 0✮✳ ◆❡ss❡ ❝❛s♦✱ Ks = 1 s❡♠♣r❡ ❡ ♦ s❡t♦r ❞❡
s♣✐♥ é ♥ã♦ ✐♥t❡r❛❣❡♥t❡✳ ❙❡ ❛ ✐♥t❡r❛çã♦ é r❡♣✉❧s✐✈❛ ✭giσ > 0✮✱ t❡♠♦s ❞❛ ❊q✳
✭✸✳✸✼✮ q✉❡ Kc < 1✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ ❛ ✐♥t❡r❛çã♦ é ❛tr❛t✐✈❛ ✭giσ < 0✮✱ t❡♠♦s
Kc > 1✳

✸✳✷ ❇♦s♦♥✐③❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡❧étr♦♥s ✰

♣❛r❡❞❡

❖ ♣r♦❜❧❡♠❛ ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❛❝♦♣❧❛❞♦s ❛ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦
♠❛❣♥ét✐❝♦ é ❞❡s❝r✐t♦ ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦

H =
∑

kσ

ǫkc
†
kσckσ − JK

∑

i

Si · c†i~σci +Hint, ✭✸✳✸✽✮

♦♥❞❡ ✉s❛♠♦s ǫk = k2/2m ♣❛r❛ ❞✐s♣❡rsã♦ q✉❛❞rát✐❝❛✳ ◆♦ ❧✐♠✐t❡ ❝♦♥tí♥✉♦✱
❞❡s❝r❡✈❡♠♦s ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❡stát✐❝❛ ❡♠ q✉❡ ❛ ♠❛❣♥❡t✐③❛çã♦ ❣✐r❛ ♥♦
♣❧❛♥♦ yz ♣♦r S (x) = S cos θ (x) ẑ−S sin θ (x) ŷ✳ P❛r❛ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦
❞❡ ❇❧♦❝❤ ❝❡♥tr❛❞❛ ❡♠ x = 0✱ ❛❞♦t❛♠♦s cos θ (x) = − tanh (x/λ) ❡ sin θ (x) =

s❡❝❤ (x/λ)✳ Hint é ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛ ❞❛❞♦✱ ❛ ♣r✐♥❝í♣✐♦✱ ♣❡❧❛ ❊q✳
✭✸✳✷✹✮✳ ❊♥tr❡t❛♥t♦✱ ❡♠ ✉♠ s✐st❡♠❛ ♠❛❣♥❡t✐③❛❞♦ ❛ ♣♦❧❛r✐③❛çã♦ ❞♦ s♣✐♥ ❡①✐❣❡
q✉❡ s❡ ❝♦♥s✐❞❡r❡♠ ❝♦♥st❛♥t❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❛s ✐♥t❡r❛çõ❡s ❡♥tr❡ ❡❧étr♦♥s ❝♦♠
♠❡s♠♦ s♣✐♥ ✏✉♣✑ ♦✉ ✏❞♦✇♥✑✳ P♦r ✐ss♦✱ g‖ ❞❡✈❡ s❡r s✉❜st✐t✉í❞♦ ♣❡❧❛s ❝♦♥st❛♥t❡s
g↑ ❡ g↓ ♣❛r❛ ❛s ❞✉❛s ❞✐r❡çõ❡s ❞❡✜♥✐❞❛s ♣❡❧♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❬✻✺❪✳ ◆✉♠
s✐st❡♠❛ q✉❡ ❝♦♥té♠ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦r❞❡♠ ③❡r♦ é
❛ss✉♠✐r q✉❡ ❛s ❝♦♥st❛♥t❡s ❞❡ ✐♥t❡r❛çã♦ sã♦ ❞✐❢❡r❡♥t❡s ♣❛r❛ ❛s ❞❡♥s✐❞❛❞❡s ❞❡
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s♣✐♥ ♥❛ ❞✐r❡çã♦ ✜①❛❞❛ ♣❡❧❛ ♠❛❣♥❡t✐③❛çã♦ ❧♦❝❛❧

Hint =

∫

dx
{g↑

2
ρ2
∧ +

g↓
2
ρ2
∨ + g⊥ρ∧ρ∨

}

, ✭✸✳✸✾✮

♦♥❞❡
ρ∧,∨ (x) = ψ† (x)

1± ~σ · ê (x)

2
ψ (x) ✭✸✳✹✵✮

❡ ê (x) = cos θ (x) ẑ + sin θ (x) ŷ é ♦ ✈❡t♦r ✉♥✐tár✐♦ ♥❛ ❞✐r❡çã♦ ❞❡ S (x)✳ ❊ss❛
❞❡✜♥✐çã♦ ❞❡✈❡ s❡r ❡①❛t❛ ♥♦ ❧✐♠✐t❡ ❞❡ ♣❛r❡❞❡s ♠✉✐t♦ ❧♦♥❣❛s✳

❈♦♠♦ ✜③❡♠♦s ♥❛ s❡çã♦ ✷✳✹✱ ❡❢❡t✉❛♠♦s ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❣❛✉❣❡ q✉❡
❛❧✐♥❤❛ ♦s s♣✐♥s ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞♦s s♣✐♥s
❧♦❝❛❧✐③❛❞♦s✳ ❚r❛♥s❢♦r♠❛♥❞♦ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✸✽✮ ♣❡❧♦ ♦♣❡r❛❞♦r ✉♥✐tár✐♦ ❞❛
❊q✳ ✭✷✳✼✹✮✱ ♦❜t❡♠♦s

H̃ =
∑

kσ

ǫkσc
†
kσckσ + H̃int +Hw, ✭✸✳✹✶✮

♦♥❞❡ ǫkσ = ǫk − σ∆ ✭σ = ± ♦✉ ↑, ↓✮ ❡①♣r❡ss❛ ❛ q✉❡❜r❛ ❞❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛
❞❡ s♣✐♥ ♣❛r❛ ❡❧étr♦♥s ♣♦❧❛r✐③❛❞♦s ❡♠ ±ê✱ Hw é ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛
♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❛ ❊q✳ ✭✷✳✼✼✮ ❡ H̃int é ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ tr❛♥s❢♦r♠❛❞♦

H̃int =

∫

dx
{g↑

2
ρ2
↑ +

g↓
2
ρ2
↓ + g⊥ρ↑ρ↓

}

. ✭✸✳✹✷✮

❖❜s❡r✈❡ q✉❡ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ s♣✐♥ s❡ tr❛♥s❢♦r♠❛♠ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ❞❡
❣❛✉❣❡ ♥❛ ❢♦r♠❛

ρ∧,∨ → ρ̃∧,∨ = U †ρ∧,∨U = ρ↑,↓. ✭✸✳✹✸✮
❆ ❡str❛té❣✐❛ é ❜♦s♦♥✐③❛r ❛ ♣❛rt❡ ❧✐✈r❡ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✹✶✮ ❡ tr❛t❛r Hw

❝♦♠♦ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r✳ P❛r❛ ✐ss♦✱ ♣r♦❝❡❞❡♠♦s ❝♦♠♦
❞❡s❝r✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❆ ❞✐❢❡r❡♥ç❛ é q✉❡✱ ♣♦r ❝❛✉s❛ ❞❛ ♣♦❧❛r✐③❛çã♦ ❞♦
s♣✐♥ ❞♦s ❡❧étr♦♥s✱ t❡♠♦s kF↑ 6= kF↓ ❡ é ♣r❡❝✐s♦ ❧✐♥❡❛r✐③❛r ❛ ❞✐s♣❡rsã♦ ♥❛ ❊q✳
✭✸✳✹✶✮ ❝♦♠ ❞✉❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❋❡r♠✐ vF↑ ❡ vF↓ ✭✜❣✉r❛ ✸✳✶✮



❈❆P❮❚❯▲❖ ✸✳ ❊▲➱❚❘❖◆❙ ■◆❚❊❘❆●❊◆❚❊❙ ❊ P❆❘❊❉❊❙ ❉❊ ❉❖▼❮◆■❖ ✹✾

0

0
2∆

k
F

k
F

ε
F

❋✐❣✉r❛ ✸✳✶✿ ▲✐♥❡❛r✐③❛çã♦ ❞❛ ❞✐s♣❡rsã♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❋❡r♠✐ ❞✐❢❡r❡♥t❡s
♣❛r❛ s♣✐♥ ✉♣ ✭❡sq✉❡r❞❛✮ ❡ ❞♦✇♥ ✭❞✐r❡✐t❛✮✳

ǫkσ = vFσ (k ∓ kFσ) . ✭✸✳✹✹✮

❇♦s♦♥✐③❛♥❞♦ ❛ ♣❛rt❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❞❡ H̃✱ ♦❜t❡♠♦s

H̃0 =
∑

kσ

ǫkσc
†
kσckσ =

∑

σ

vFσ

2

∫

dx
{

: (∂xθσ)2 : + : (∂xφσ)2 :
}

. ✭✸✳✹✺✮

❉❡✜♥✐♠♦s ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐ ♠é❞✐❛ ❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ζ ❝♦♠♦

vF =
vF↑ + vF↓

2
, ✭✸✳✹✻✮

ζ =
vF↑ − vF↓
vF↑ + vF↓

. ✭✸✳✹✼✮

❖❜s❡r✈❡ q✉❡ ❡ss❛ ❞❡✜♥✐çã♦ ❞❡ ζ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞❛ ❊q✳ ✭✷✳✽✵✮ ♥♦ ❝❛s♦ ❞❡
❞✐s♣❡rsã♦ q✉❛❞rát✐❝❛✳ ❚❡♠♦s ❡♥tã♦ q✉❡

vFσ = vF (1 + σζ) . ✭✸✳✹✽✮
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❊s❝r❡✈❡♥❞♦ ❡♠ t❡r♠♦s ❞♦s ❝❛♠♣♦s ❞❡ ❝❛r❣❛ ❡ s♣✐♥✱ ♦❜t❡♠♦s

H̃0 =
∑

ν=c,s

vF

2

∫

dx
{

: (∂xθν)
2 : + : (∂xφν)

2 :
}

+ ζvF

∫

dx {∂xθc∂xθs + ∂xφc∂xφs} . ✭✸✳✹✾✮

P♦❞❡♠♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ s❡♣❛r❛r ❛ ♣❛rt❡ ✐♥t❡r❛❣❡♥t❡ Hint ♥♦s r❛♠♦s R ❡ L
❝♦♥s✐❞❡r❛♥❞♦ ❛❝♦♣❧❛♠❡♥t♦s ❞✐❢❡r❡♥t❡s gi↑ ❡ gi↓ ❝♦♠♦ ♥❛ ❊q✳ ✭✸✳✹✷✮

H2 =

∫

dx {g2↑ρ+↑ρ−↑ + g2↓ρ+↓ρ−↓ + g2⊥ (ρ+↑ρ−↓ + ρ−↑ρ+↓)} ,✭✸✳✺✵✮

H4 =
1

2

∑

r

∫

dx
{

g4↑ (ρr↑)
2 + g4↓ (ρr↓)

2 + g4⊥ ρr↑ρr↓
}

. ✭✸✳✺✶✮

❇♦s♦♥✐③❛♥❞♦ ♦s t❡r♠♦s ❞❛s ❊qs✳ ✭✸✳✺✵✮ ❡ ✭✸✳✺✶✮ ❡ ❛❣r✉♣❛♥❞♦ ❝♦♠ ❛ ♣❛rt❡ ♥ã♦
✐♥t❡r❛❣❡♥t❡ H0, ♦❜t❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ♣❛r❛ ❡❧étr♦♥s ♣♦❧❛r✐③❛❞♦s

HLL =
∑

ν=c,s

vν

2

∫

dx

{

Kν (∂xθν)
2 +

1

Kν

(∂xφν)
2

}

+

∫

dx {ζv1∂xθc∂xθs + ζv2∂xφc∂xφs} , ✭✸✳✺✷✮

♦♥❞❡ ❛s ✈❡❧♦❝✐❞❛❞❡s vc,s ❡ ♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦ Kc,s sã♦ ❞❛❞♦s ♣❡❧❛s
❊qs✳ ✭✸✳✸✻✮ ❡ ✭✸✳✸✼✮ t♦♠❛♥❞♦ gi‖ = (gi↑ + gi↓) /2 ❡ ❛s ✈❡❧♦❝✐❞❛❞❡s v1 ❡ v2 sã♦
❞❡✜♥✐❞❛s ♣♦r

v1 = vF +
g4↑ − g4↓ + g2↑ − g2↓

2πζ
, ✭✸✳✺✸✮

v2 = vF +
g4↑ − g4↓ − g2↑ + g2↓

2πζ
. ✭✸✳✺✹✮

P❛r❛ ♣♦❧❛r✐③❛çõ❡s ♥ã♦ ♠✉✐t♦ ❛❧t❛s✱ ♣♦❞❡♠♦s t♦♠❛r gi↑ − gi↓ ∝ ζ ✭❘❡❢✳ ❬✻✺❪✮✱
❞❡ ♠♦❞♦ q✉❡ v1 ❡ v2 sã♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ζ✳

❖ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✺✷✮ ♠♦str❛ q✉❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞♦s s♣✐♥s ❧♦❝❛❧✐③❛✲
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❞♦s ✐♥tr♦❞✉③ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ❛s ❡①❝✐t❛çõ❡s ❞❡ ❝❛r❣❛ ❡ s♣✐♥✱ q✉❡ ♥ã♦ sã♦
♠❛✐s ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞♦ s✐st❡♠❛✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ t❡r♠♦ ❞❡ ♦r❞❡♠
ζ q✉❡❜r❛ ❛ s✐♠❡tr✐❛ ❞❡ s❡♣❛r❛çã♦ s♣✐♥✲❝❛r❣❛ ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r✳ ❊♥tr❡✲
t❛♥t♦✱ HLL ❛✐♥❞❛ é q✉❛❞rát✐❝♦ ♥♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s ❡ ♣♦❞❡ s❡r ❞✐❛❣♦♥❛❧✐③❛❞♦
♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝❛♥ô♥✐❝❛✱ ❝♦♠♦ ❢❛r❡♠♦s ♥❛ s❡çã♦ ✸✳✸✳

P❛r❛ ❜♦s♦♥✐③❛r Hw✱ r❡❡s❝r❡✈❡♠♦s ❛ ❊q✳ ✭✷✳✼✼✮ ❡♠ t❡r♠♦s ❞♦ ♦♣❡r❛❞♦r ❞❡
❝❛♠♣♦ ❢❡r♠✐ô♥✐❝♦

Hw = − i

4m

∫

dx ∂xθ0 ψ
†σx∂xψ +H.c.+O

(

A2
q

)

, ✭✸✳✺✺✮

♦♥❞❡ ♣r❡t❡♥❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛
♣❛r❡❞❡✳ P❛r❛ s❡♣❛r❛r ♦s ♦♣❡r❛❞♦r❡s ♥♦s r❛♠♦s R ❡ L ✉s❛♠♦s

ψσ(x) = eikFσxψ+,σ(x) + e−ikFσxψ−,σ(x). ✭✸✳✺✻✮

▼❛♥t❡♠♦s s♦♠❡♥t❡ ♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ q✉❡ ♥ã♦ ❡♥✈♦❧✈❡♠ ❞❡r✐✈❛❞❛s
❞♦s ❝❛♠♣♦s ✭♦s q✉❛✐s sã♦ ♣r♦♣♦r❝✐♦♥❛✐s às ✢✉t✉❛çõ❡s ❡ ♣♦r ✐ss♦ ✐rr❡❧❡✈❛♥t❡s
♣❛r❛ ❛ ♥♦ss❛ ❛♥á❧✐s❡✮✳ ❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s Hw = H

(f)
w +H

(b)
w ❝♦♠

H(f)
w =

∑

rσ

rkF−σ

4m

∫

dx ∂xθ0 e
−irσ2ζkF xψ†r,σψr,−σ +H.c., ✭✸✳✺✼✮

H(b)
w = −

∑

rσ

rkF−σ

4m

∫

dx ∂xθ0 e
−ir2kF xψ†r,σψ−r,−σ +H.c.. ✭✸✳✺✽✮

❆ ❢✉♥çã♦ ∂xθ0 (x) ❧♦❝❛❧✐③❛ ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝❡♥tr♦
❞❛ ♣❛r❡❞❡ ✭x = 0✮ ❡ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❡♠ ♠♦❞♦s ♥♦r♠❛✐s ✐♥✈❡rt❡♥❞♦ ❛
❊q✳ ✭✷✳✼✽✮

∂xθ0 (x) =
1

L

∑

q

Aqe
iqx. ✭✸✳✺✾✮

❖s t❡r♠♦s ♠❛✐s r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♦r✐❣✐♥❛♠✲s❡ ❞♦s ♠♦❞♦s Aq

❞❛ ♣❛r❡❞❡ q✉❡ ❝❛♥❝❡❧❛♠ ❛ ♦s❝✐❧❛çã♦ ♥♦s ✐♥t❡❣r❛♥❞♦s ❞❛s ❊qs✳ ✭✸✳✺✼✮ ❡ ✭✸✳✺✽✮✳
P♦r ✐ss♦✱ ✈❛♠♦s ♠❛♥t❡r s♦♠❡♥t❡ ♦s ♠♦❞♦s A2ζkF

♥❛ ❊q✳ ✭✸✳✺✼✮ ❡ A2kF
♥❛ ❊q✳
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✭✸✳✺✽✮✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❞❡s♣r❡③❛r ❛ ✈❛r✐❛çã♦ ❞♦s ❝❛♠♣♦s
♥❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♣❛r❡❞❡ ❡ é ❡①❛t♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ ♣❛r❡❞❡ ❧♦✲
❝❛❧✐③❛❞❛ ∂xθ0 (x) = πδ (x)✳ ❆ss✐♠✱ ♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ s❡ s✐♠♣❧✐✜❝❛♠
♣❛r❛

H(f)
w =

∑

rσ

rkF−σA2ζkF

4m

[

ψ†rσ (0)ψr,−σ (0) +H.c.
]

, ✭✸✳✻✵✮

H(b)
w = −

∑

rσ

rkF−σA2kF

4m

[

ψ†rσ (0)ψ−r,−σ (0) +H.c.
]

, ✭✸✳✻✶✮

♦♥❞❡ s✉♣✉s❡♠♦s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ q✉❡ Aq = A−q = A∗q✱ ♦ q✉❡ é ✈❡r❞❛❞❡
♣❛r❛ ∂xθ0 s✐♠étr✐❝❛✱ ❝♦♠♦ ♥❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤✳ ❯s❛♥❞♦ ❡♥tã♦ ❛ ❢ór♠✉❧❛ ❞❡
▼❛♥❞❡❧st❛♠ ✭❊q✳ ✭✸✳✷✶✮✱ ♦♠✐t✐♥❞♦ ♦s ❢❛t♦r❡s ❞❡ ❑❧❡✐♥✮✱ ♦❜t❡♠♦s ❛s ❢♦r♠❛s
❜♦s♦♥✐③❛❞❛s ❞♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦

H(f)
w =

kFA2ζkF

mπα
sin
[√

2πθs (0)
]

sin
[√

2πφs (0)
]

, ✭✸✳✻✷✮

H(b)
w =

ζkFA2kF

mπα
sin
[√

2πθs (0)
]

sin
[√

2πφc (0)
]

. ✭✸✳✻✸✮

❖❜s❡r✈❡ q✉❡ ♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ H(f)
w ❡ H(b)

w ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡
❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s ♥❛ ♦r✐❣❡♠✳ ❆ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞✐♠✐♥✉✐ ❝♦♠
♦ ❛✉♠❡♥t♦ ❞❛ ❧❛r❣✉r❛ ❞❛ ♣❛r❡❞❡ ♣♦r ❝❛✉s❛ ❞♦ ❢❛t♦r Aq✳ ❖ t❡r♠♦ H(f)

w ❝♦r✲
r❡s♣♦♥❞❡ ❛♦s ♣r♦❝❡ss♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♣❛r❛ ❛ ❢r❡♥t❡✱ ❝♦♠ ♣❡q✉❡♥❛ tr❛♥s❢❡✲
rê♥❝✐❛ ❞❡ ♠♦♠❡♥t♦ |q| ∼ 2ζkF ❡ ❝♦♠ ✐♥✈❡rsã♦ ❞♦ s♣✐♥ ❞♦ ❡❧étr♦♥✳ ❖ s❡❣✉♥❞♦
t❡r♠♦ r❡❢❡r❡✲s❡ ❛ ♣r♦❝❡ss♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♣❛r❛ trás ✭✏❜❛❝❦s❝❛tt❡r✐♥❣✑✮ ❝♦♠
tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠♦♠❡♥t♦ |q| ∼ 2kF ❡ t❛♠❜é♠ ❝♦♠ ✐♥✈❡rsã♦ ❞♦ s♣✐♥✳ ❉❡✈❡✲s❡
❡s♣❡r❛r q✉❡ ❡st❡ ú❧t✐♠♦ ❝♦♥tr✐❜✉❛ ♠❛✐s ♣❛r❛ ❛ r❡s✐stê♥❝✐❛ ❞❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í✲
♥✐♦✱ ♣♦✐s ❢❛③ ❝♦♠ q✉❡ ❡❧étr♦♥s q✉❡ s❡ ♣r♦♣❛❣❛♠ ♥✉♠ s❡♥t✐❞♦ s❡❥❛♠ r❡✢❡t✐❞♦s
♥♦ s❡♥t✐❞♦ ❝♦♥trár✐♦ q✉❛♥❞♦ ❝♦❧✐❞❡♠ ❝♦♠ ❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳
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✸✳✸ ❉✐❛❣♦♥❛❧✐③❛çã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❧✐✈r❡

❆♥t❡s ❞❡ ❛♥❛❧✐s❛r ♦ ❡❢❡✐t♦ ❞♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱
✈❛♠♦s ❡♥❝♦♥tr❛r ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ♣♦❧❛r✐③❛❞♦ ❞❡s✲
❝r✐t♦ ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✺✷✮✳ ❊ss❡ ❍❛♠✐❧t♦♥✐❛♥♦ é q✉❛❞rát✐❝♦ ♥♦s ❝❛♠♣♦s
❜♦sô♥✐❝♦s ❡ ♣♦❞❡ s❡r ❞✐❛❣♦♥❛❧✐③❛❞♦ ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝❛♥ô♥✐❝❛ ♣❛r❛
♥♦✈♦s ❝❛♠♣♦s φ′c,s ❡ θ′c,s✳ ❉❡✜♥✐♥❞♦ ♦s ✈❡t♦r❡s ❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s

θ =

(

θc

θs

)

, φ =

(

φc

φs

)

.

♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✺✷✮ ❝♦♠♦

HLL =
1

2

∫

dx {∂xθA∂xθ + ∂xφB∂xφ} , ✭✸✳✻✹✮
♦♥❞❡ ❞❡✜♥✐♠♦s ❛s ♠❛tr✐③❡s

A =

(

vcKc ζv1

ζv1 vsKs

)

, ✭✸✳✻✺✮

B =

(

vc/Kc ζv2

ζv2 vs/Ks

)

. ✭✸✳✻✻✮

◆♦ss♦ ♦❜❥❡t✐✈♦ é ❞✐❛❣♦♥❛❧✐③❛r ❛s ♠❛tr✐③❡s A ❡ B s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❖s ❛✉✲
t♦✈❛❧♦r❡s ♦❜t✐❞♦s ❞❡✈❡♠ ❝♦rr❡s♣♦♥❞❡r às ✈❡❧♦❝✐❞❛❞❡s ❞❛s ❡①❝✐t❛çõ❡s ♥❛t✉r❛✐s
❞♦ s✐st❡♠❛✳ ❖ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r só é ❡stá✈❡❧ s❡ ❡ss❛s ✈❡❧♦❝✐❞❛❞❡s ❢♦r❡♠
♣♦s✐t✐✈❛s✳ ■ss♦ ❝♦♥❞✉③ à ❝♦♥❞✐çã♦

ζ2v2
1

vcvs

< KcKs <
vcvs

ζ2v2
2

. ✭✸✳✻✼✮

❊ss❛ ❝♦♥❞✐çã♦ ❧✐♠✐t❛ ❛ r❡❣✐ã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s (Kc, Ks) ❡♠ q✉❡ ♥♦ss❛
❛♥á❧✐s❡ é ❛♣❧✐❝á✈❡❧✳ ❋♦r❛ ❞❡ss❛ r❡❣✐ã♦✱ ❛ ♣♦❧❛r✐③❛çã♦ ❞♦ ❣ás ❞❡ ❡❧étr♦♥s é ❢♦rt❡
♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ✉♠❛ ❞❛s ✈❡❧♦❝✐❞❛❞❡s s❡ ❛♥✉❧❡ ❡ s❡ ❢♦r♠❡ ✉♠ ❣❛♣ ♥❛
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❡①❝✐t❛çã♦ ❞♦ t✐♣♦ s♣✐♥✳
❆s tr❛♥s❢♦r♠❛çõ❡s ❡❢❡t✉❛❞❛s ♣❛r❛ ❞✐❛❣♦♥❛❧✐③❛r ❛ ❊q✳ ✭✸✳✻✹✮ ❞❡✈❡♠ ♣r❡✲

s❡r✈❛r ✉♠❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛ ❝♦♠♦ ❛ ❞❛ ❊q✳ ✭✸✳✸✵✮ ❡♥tr❡ ♦s
❝❛♠♣♦s θ ❡ φ✳ ❆s tr❛♥s❢♦r♠❛çõ❡s ♠❛✐s s✐♠♣❧❡s q✉❡ s❛t✐s❢❛③❡♠ ❡ss❛ ❝♦♥❞✐çã♦
sã♦ ❝♦♠❜✐♥❛çõ❡s ❞❡ r♦t❛çõ❡s q✉❡ ♥ã♦ ♠✐st✉r❛♠ θ ❝♦♠ φ ✭❣r✉♣♦ ❙❖✭✷✮✮ ❡
r❡❡s❝❛❧❛♠❡♥t♦s ✭❝❛♥ô♥✐❝♦s✮ ❞♦s ❝❛♠♣♦s✳ ❈♦♠❡ç❛♠♦s ❡①❡❝✉t❛♥❞♦ ❛ r♦t❛çã♦
❞❛s ♠❛tr✐③❡s A ❡ B ♣♦r ✉♠ â♥❣✉❧♦ ϕ ♣♦r ♠❡✐♦ ❞❛ ♠❛tr✐③

R =

(

cosϕ sinϕ

− sinϕ cosϕ

)

. ✭✸✳✻✽✮

❆ r♦t❛çã♦ R ❞❡✈❡ s❡r t❛❧ q✉❡✱ s❡❣✉✐❞❛ ❞♦ r❡❡s❝❛❧❛♠❡♥t♦

Λ =

( √
κ 0

0
√
µ

)

, ✭✸✳✻✾✮

t❡♥❤❛♠♦s
Λ−1RtARΛ−1 = ΛRtBRΛ. ✭✸✳✼✵✮

■ss♦ ❝♦♥❞✉③ às r❡❧❛çõ❡s

κ =

√

vcKc cos2 ϕ− ζv1 sin 2ϕ+ vsKs sin2 ϕ
vc

Kc
cos2 ϕ− ζv2 sin 2ϕ+ vs

Ks
sin2 ϕ

, ✭✸✳✼✶✮

µ =

√

vsKs cos2 ϕ+ ζv1 sin 2ϕ+ vcKc sin2 ϕ
vs

Ks
cos2 ϕ+ ζv2 sin 2ϕ+ vc

Kc
sin2 ϕ

, ✭✸✳✼✷✮

κµ =
2ζv1 cos 2ϕ+ (vcKc − vsKs) sin 2ϕ

2ζv2 cos 2ϕ+
(

vc

Kc
− vs

Ks

)

sin 2ϕ
. ✭✸✳✼✸✮

❆ ❝♦♥❞✐çã♦ ✭✸✳✻✼✮ ❣❛r❛♥t❡ q✉❡ κ ❡ µ sã♦ ❛♠❜♦s r❡❛✐s✳ ❈♦♠♦ κµ é ♣❡r✐ó❞✐❝♦ ❞❡
♣❡rí♦❞♦ π/2✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ϕ ♥♦ ✐♥t❡r✈❛❧♦ [−π/4, π/4] ✐♠♣♦♥❞♦ q✉❡
❛s três ❡q✉❛çõ❡s sã♦ s❛t✐s❢❡✐t❛s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❊♥❝♦♥tr❛♥❞♦ ϕ✱ ♦❜t❡♠♦s κ
❡ µ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛s ❊qs✳ ✭✸✳✼✶✮ ❡ ✭✸✳✼✷✮✳
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P♦❞❡♠♦s ✜♥❛❧♠❡♥t❡ ❞✐❛❣♦♥❛❧✐③❛r A ❡ B ♣♦r ✉♠❛ s❡❣✉♥❞❛ r♦t❛çã♦ S✱
♦❜t❡♥❞♦

Ã = StΛ−1RtARΛ−1S = StΛRtBRΛS. ✭✸✳✼✹✮
❖ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✸✳✻✹✮ ❛ss✉♠❡ ❛ ❢♦r♠❛

H =
1

2

∫

dx
{

∂xθ
′Ã∂xθ

′ + ∂xφ
′Ã∂xφ

′
}

=
∑

ν=c,s

v′ν
2

∫

dx
{

(∂xθ
′
ν)

2
+ (∂xφ

′
ν)

2
}

, ✭✸✳✼✺✮

♦♥❞❡ ❛s ✈❡❧♦❝✐❞❛❞❡s v′ν sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ Ã ❡ ♦s ✈❡❧❤♦s ✈❡t♦r❡s ❞❡ ❝❛♠♣♦s
❜♦sô♥✐❝♦s sã♦ ❡①♣r❡ss♦s ❡♠ t❡r♠♦s ❞♦s ♥♦✈♦s ❝♦♠♦

θ = T θθ′, ✭✸✳✼✻✮
φ = T φφ′, ✭✸✳✼✼✮

♦♥❞❡ T θ = RΛ−1S ❡ T φ = RΛS = [
(

T θ
)−1

]t✳
➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❤á ✉♠❛ ❝✉r✈❛ ❡s♣❡❝✐❛❧ ♥♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s

(Kc, Ks)✱ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦KcKs = v1/v2✳ ❙♦❜r❡ ❡ss❛ ❝✉r✈❛ ♦ ❍❛♠✐❧t♦♥✐✲
❛♥♦ ✭✸✳✺✷✮ ♣♦ss✉✐ ❛ s✐♠❡tr✐❛ ❡①tr❛ √v1θc →

√
v2φs✱ √v2φc → −

√
v1θs ❡ ♣♦❞❡

s❡r ❞✐❛❣♦♥❛❧✐③❛❞♦ ❡❢❡t✉❛♥❞♦ ❛♣❡♥❛s ✉♠ r❡❡s❝❛❧❛♠❡♥t♦ ❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s✳
❇❛st❛ ✈❡r✐✜❝❛r q✉❡ ❛s ❊qs✳ ✭✸✳✼✶✮✱ ✭✸✳✼✷✮ ❡ ✭✸✳✼✸✮ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ϕ = 0✱
κ = Kc ❡ µ = Ks = v1/v2Kc✳ ◆❡st❡ ❝❛s♦✱ ❛s tr❛♥s❢♦r♠❛çõ❡s T φ ❡ T θ sã♦
❞❛❞❛s s✐♠♣❧❡s♠❡♥t❡ ♣♦r

T φ =

( √
Kc 0

0
√
Ks

)

=
(

T θ
)−1 ✭✸✳✼✽✮

❡ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❛s ❡①❝✐t❛çõ❡s ♥❛t✉r❛✐s sã♦

v′c,s =
vc + vs

2
±
√

(

vc − vs

2

)2

+ ζ2v1v2. ✭✸✳✼✾✮
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❖❜s❡r✈❡ q✉❡ ❡ss❛ ❝✉r✈❛ ✐♥❝❧✉✐ ♦ ♣♦♥t♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ Kc = Ks = 1 ❡ v1 =

v2 = vF ✳

✸✳✹ ●r✉♣♦ ❞❡ ❘❡♥♦r♠❛❧✐③❛çã♦

◗✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡ ❝❛r❣❛ ❡ s♣✐♥ ❞♦ ♠♦❞❡❧♦
❞❡ ▲✉tt✐♥❣❡r ✭✸✳✺✷✮ ♣❡rt✉r❜❛❞♦ ♣❡❧♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ❞❡
❞♦♠í♥✐♦ H

(f)
w ❡ H(b)

w ✭❊qs✳ ✭✸✳✻✷✮ ❡ ✭✸✳✻✸✮✮✳ ■♥❢❡❧✐③♠❡♥t❡✱ ♦ ❢❛t♦ ❞❡ q✉❡
❡ss❡s t❡r♠♦s ♥ã♦ sã♦ q✉❛❞rát✐❝♦s ♥♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s t♦r♥❛ ❞✐❢í❝✐❧ ❡♥❝♦♥tr❛r
✉♠❛ s♦❧✉çã♦ ❡①❛t❛ ❝♦♠♦ ❛ q✉❡ ❡♠❡r❣✐✉ ♥❛ ✐♥❝❧✉sã♦ ❞♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦
❡❧❡trô♥✐❝❛ Hint✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠❜♦r❛ s♦❧✉çõ❡s ❡①❛t❛s s❡❥❛♠ s❡♠♣r❡ ❛tr❛❡♥t❡s✱ ♦ q✉❡
♠❛✐s ✐♥t❡r❡ss❛ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ✉♠❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ❡♠ ▼❛tér✐❛ ❈♦♥✲
❞❡♥s❛❞❛ é ❞❡s❝r❡✈❡r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ s✐st❡♠❛ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ ❊♠
♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s ❞❡ ✐♥t❡r❡ss❡ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞♦ s❡✲
t♦r ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ❞❛ t❡♦r✐❛✳ ◗✉❛♥❞♦ r❡str✐♥❣✐♠♦s ♦ ♠♦❞❡❧♦ ❛ ❡ss❡ s❡t♦r✱
♣♦❞❡ ❛❝♦♥t❡❝❡r q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❡❧étr♦♥s ♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❡♥✲
❝❡rr❛❞♦ ❡♠ H

(b)
w ❡ H(f)

w s❡ t♦r♥❡ ❜❛st❛♥t❡ ❡①♣r❡ss✐✈♦✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ é
♣♦ssí✈❡❧ q✉❡ ❡ss❛s ♣❡rt✉r❜❛çõ❡s ❞❡♣❡♥❞❛♠ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❞❡ ❡①❝✐t❛çõ❡s ❞❡
❛❧t❛s ❡♥❡r❣✐❛s ❡ s❡✉s ❡❢❡✐t♦s ♥ã♦ s❡ ❢❛ç❛♠ s❡♥t✐r ❡♠ ❜❛✐①❛s ❡♥❡r❣✐❛s✳

❖ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ✭❘●✮ ❜✉s❝❛ ❞❡s❝r❡✈❡r ❝♦♠♦ s❡ ❛❧t❡r❛♠ ♦s ♣❛✲
râ♠❡tr♦s ❞❡ ✉♠ ♠♦❞❡❧♦ ❢ís✐❝♦ q✉❛♥❞♦ s❡ ❡❢❡t✉❛♠ tr❛♥s❢♦r♠❛çõ❡s q✉❡ r❡♠♦✲
✈❡♠ ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s ❬✻✻✱ ✻✼❪✳ ❆ tr❛❥❡tór✐❛ ❞♦ ♠♦❞❡❧♦
♥♦ ❡s♣❛ç♦ ❞❡ ♣❛râ♠❡tr♦s s♦❜ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ss❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡✜♥❡
♦ ❝❤❛♠❛❞♦ ✢✉①♦ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❡ ❝♦♥✈❡r❣❡ ♥♦ s❡♥t✐❞♦ ❞❡ ✉♠
♠♦❞❡❧♦ ❡❢❡t✐✈♦ q✉❡ ❝♦♥té♠ ❛♣❡♥❛s ❛s ✢✉t✉❛çõ❡s ❞❡ ❧♦♥❣♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡
♦♥❞❛✳ P❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❡s♣❡❝í✜❝♦s ❞♦s ♣❛râ♠❡tr♦s✱ ❛s tr❛♥s❢♦r♠❛çõ❡s ❞♦
❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❞❡✐①❛♠ ♦ ♠♦❞❡❧♦ ✐♥✈❛r✐❛♥t❡❀ ♥❡ss❡ ❝❛s♦✱ ♦ ♠♦❞❡❧♦
é ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ ✜①♦✳

◆♦ ♣r♦❜❧❡♠❛ ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❛❝♦♣❧❛❞♦ ❛ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱
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♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❡ss❡ sã♦ ❛s ❛♠♣❧✐t✉❞❡s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦s t❡r♠♦s
H

(f)
w ❡ H(b)

w ✳ ❙❡ ✉♠❛ ❞❡ss❛s ❛♠♣❧✐t✉❞❡s ❝r❡s❝❡ s♦❜ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛✲
❧✐③❛çã♦✱ ♦ t❡r♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ t♦r♥❛✲s❡ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❡ ❛❢❛st❛ ♦ ♠♦❞❡❧♦
❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❝♦♠ ❝♦♥❞✉tâ♥❝✐❛ ✐❞❡❛❧✳ ◆❡ss❡
❝❛s♦✱ ♦ ♦♣❡r❛❞♦r é ❞✐t♦ r❡❧❡✈❛♥t❡✳ ❙❡ ❛ ❛♠♣❧✐t✉❞❡ ✈❛✐ ❛ ③❡r♦✱ ♦ ♦♣❡r❛❞♦r é
❞✐t♦ ✐rr❡❧❡✈❛♥t❡ ❡ ♣♦❞❡ s❡r ✐❣♥♦r❛❞♦ ♥❛ t❡♦r✐❛ ❡❢❡t✐✈❛ ♣❛r❛ ❜❛✐①❛s ❡♥❡r❣✐❛s✳ ❍á
❛✐♥❞❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r ♥ã♦ ♠✉❞❡ s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ r❡✲
♥♦r♠❛❧✐③❛çã♦❀ ❡ss❡ é ♦ ❝❛s♦ ❞♦s ♦♣❡r❛❞♦r❡s ♠❛r❣✐♥❛✐s✳ ❊ss❡ ❝❛s♦ ❡①✐❣❡ q✉❡ s❡
❧❡✈❡ ❛ ❛♥á❧✐s❡ ❛té ♦r❞❡♥s ♠❛✐s ❛❧t❛s ❡ ❛♣r❡s❡♥t❛ ❝♦♠♣♦rt❛♠❡♥t♦ ✐♥t❡r♠❡❞✐ár✐♦
❡♥tr❡ ♦s ♠♦❞❡❧♦s ❝♦♠ ♣❡rt✉r❜❛çã♦ r❡❧❡✈❛♥t❡ ❡ ✐rr❡❧❡✈❛♥t❡✳

❱❛♠♦s ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❍❛✲
♠✐❧t♦♥✐❛♥♦ H = HLL + H

(f)
w + H

(b)
w ✳ ❈♦♠♦ ♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ sã♦

❧♦❝❛❧✐③❛❞♦s ♥❛ ♣♦s✐çã♦ ❞❛ ♣❛r❡❞❡✱ ❝♦♠❡ç❛♠♦s ❡s❝r❡✈❡♥❞♦ ✉♠❛ ❛çã♦ ❡❢❡t✐✈❛
q✉❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s ❡♠ x = 0✳ ❊♠ s❡❣✉✐❞❛✱ ✐♥t❡❣r❛✲
♠♦s ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ ❛❧t❛ ❡♥❡r❣✐❛ ♣❛r❛ ♦❜t❡r ❛s ❡q✉❛çõ❡s ❞❡ ✢✉①♦ ❞♦
❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦✳ ❱❛♠♦s ❡♥❝♦♥tr❛r q✉❡ ❛ r❡❧❡✈â♥❝✐❛ ❞♦s ♦♣❡r❛❞♦r❡s
é ❞❡t❡r♠✐♥❛❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦ Kc ❡ Ks✱ ❝♦♠
✉♠❛ ❝♦rr❡çã♦ ❞❡ ♦r❞❡♠ ζ2 ❞❡✈✐❞♦ à ♠✐st✉r❛ ❞♦s ♠♦❞♦s ❞❡ ❝❛r❣❛ ❡ s♣✐♥✳

✸✳✹✳✶ ❆çã♦ ❧✐✈r❡ ❡❢❡t✐✈❛
❆s ♠❡s♠❛s tr❛♥s❢♦r♠❛çõ❡s T θ ❡ T φ q✉❡ ❞✐❛❣♦♥❛❧✐③❛♠ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❧✐✈r❡
HLL ♠✐st✉r❛♠ ♦s ❝❛♠♣♦s θ ❡ φ ♥♦s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✳ ❖ t❡r♠♦ H(b)

w

❞❛ ❊q✳ ✭✸✳✻✸✮✱ ♣♦r ❡①❡♠♣❧♦✱ ✜❝❛

H(b)
w = γ sin

[√
2π(T θ

21θ
′
c + T θ

22θ
′
s)
]

sin
[√

2π(T φ
11φ
′
c + T φ

12φ
′
s)
]

, ✭✸✳✽✵✮

♦♥❞❡ γ = ζkFA2kF
/mπα✳ P♦r ✐ss♦✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❛çã♦ ❡❢❡t✐✈❛ ♣❛r❛ ♦

♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ✭✸✳✼✺✮ ❡♠ ❢✉♥çã♦ ❞♦s ❞♦✐s ❝❛♠♣♦s ❝♦♥❥✉❣❛❞♦s θ ❡ φ ♣❛r❛
❝❛❞❛ s❡t♦r ν = c, s✳

❱❛♠♦s ✉s❛r ♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ✐♥t❡❣r❛✐s ❞❡ ❝❛♠✐♥❤♦ ❬✷❪ ♣❛r❛ ✐♥t❡❣r❛r ♦s



❈❆P❮❚❯▲❖ ✸✳ ❊▲➱❚❘❖◆❙ ■◆❚❊❘❆●❊◆❚❊❙ ❊ P❆❘❊❉❊❙ ❉❊ ❉❖▼❮◆■❖ ✺✽

❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ x 6= 0 ❡ ♦❜t❡r ❛ ❛çã♦ ❡❢❡t✐✈❛ ❞❡s❡❥❛❞❛✳ ❖ ♣r♦♣❛❣❛❞♦r
♣❛r❛ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r φ ✭❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❞♦✐s ❝❛♠♣♦s é ✐♠❡❞✐❛t❛✮ é
❞❛❞♦ ♣♦r

Z0 =

∫

Dφ
∫

DΠ exp

{

i

∫

dxdt
[

φ̇Π−H (φ,Π)
]

}

, ✭✸✳✽✶✮

♦♥❞❡ Π = ∂xθ é ♦ ♠♦♠❡♥t♦ ❝♦♥❥✉❣❛❞♦ ❛ φ✱ H é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦
❡ ❛ ✐♥t❡❣r❛çã♦ é t♦♠❛❞❛ s♦❜r❡ t♦❞❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ♣♦ssí✈❡✐s ❞♦s ❝❛♠♣♦s✳
❊♠ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦ τ = it✱ 0 < τ < β✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❢✉♥çã♦ ❞❡
♣❛rt✐çã♦

Z0 =

∫

Dφ
∫

Dθ exp

{
∫

dxdτ [i∂τφ ∂xθ −H (φ, θ)]

}

. ✭✸✳✽✷✮

❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❧✐✈r❡ ✭✸✳✼✺✮ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❝❛♠♣♦s ❞✉❛✐s t❡♠ ❛ ❢♦r♠❛

H (φ, θ) =
v

2

[

(∂xθ)
2 + (∂xφ)2] . ✭✸✳✽✸✮

P❛r❛ ✐♥t❡❣r❛r φ (x, τ) ❡ θ (x, τ) ♣❛r❛ x 6= 0✱ ✐♥tr♦❞✉③✐♠♦s ♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s
λ(1) (τ) ❡ λ(2) (τ) ❞❡ t❛❧ ♠♦❞♦ q✉❡

Z0 =

∫

Dφ0

∫

Dλ(1)

∫

Dθ0

∫

Dλ(2)

∫

Dφ
∫

Dθ exp (S) , ✭✸✳✽✹✮

♦♥❞❡

S =

∫

dxdτ
[

i∂τφ ∂xθ −H (φ, θ)− iλ(1) (φ− φ0)− iλ(2) (θ − θ0)
]

, ✭✸✳✽✺✮

❝♦♠ φ0 (τ) = φ (x = 0, τ) ❡ θ0 (τ) = θ (x = 0, τ)✳ ❊♠ s❡❣✉✐❞❛✱ t♦♠❛♠♦s ❛s
tr❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡r ❞♦s ❝❛♠♣♦s

φ (x, τ) =
1

β

∑

n

∫

dq

2π
eiqxe−iωnτφqn, ✭✸✳✽✻✮
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θ (x, τ) =
1

β

∑

n

∫

dq

2π
eiqxe−iωnτθqn, ✭✸✳✽✼✮

λ(1) (τ) =
1

β

∑

n

e−iωnτλ(1)
n , ✭✸✳✽✽✮

λ(2) (τ) =
1

β

∑

n

e−iωnτλ(2)
n , ✭✸✳✽✾✮

♦♥❞❡ ωn sã♦ ❛s ❢r❡qüê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛ ❜♦sô♥✐❝❛s✱ ❡ r❡❡s❝r❡✈❡♠♦s ❛ ❊q✳
✭✸✳✽✺✮ ♥♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r

S = − 1

β

∑

n

∫

dq

2π

{

vq2

2
[φqnφ−q,−n + θqnθ−q,−n]

+
iqωn

2
[φqnθ−q,−n + θqnφ−q,−n]

+ iλ(1)
n φ−q,−n + iλ(2)

n θ−q,−n

}

+
1

β

∑

n

{

iλ(1)
n φ0,−n + iλ(2)

n θ0,−n

}

. ✭✸✳✾✵✮

P❛r❛ ❞✐❛❣♦♥❛❧✐③❛r ❛ ♣❛rt❡ q✉❛❞rát✐❝❛ ♥♦s ❝❛♠♣♦s ❞✉❛✐s✱ é ❝♦♥✈❡♥✐❡♥t❡ ❢❛③❡r
❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ♣❛r❛ ♦s ❝❛♠♣♦s ξ ❡ η ❞❡✜♥✐❞♦s ♣♦r

φ =
ξ + η√

2
, ✭✸✳✾✶✮

θ =
ξ − η√

2
. ✭✸✳✾✷✮

❖❜t❡♠♦s

S = − 1

β

∑

n

∫

dq

2π

{q

2
(vq + iωn) ξqnξ−q,−n

+
q

2
(vq − iωn) ηqnη−q,−n

+ i

(

λ
(1)
n + λ

(2)
n√

2

)

ξ−q,−n + i

(

λ
(1)
n − λ(2)

n√
2

)

η−q,−n

}



❈❆P❮❚❯▲❖ ✸✳ ❊▲➱❚❘❖◆❙ ■◆❚❊❘❆●❊◆❚❊❙ ❊ P❆❘❊❉❊❙ ❉❊ ❉❖▼❮◆■❖ ✻✵

+
1

β

∑

n

{

iλ(1)
n φ0,−n + iλ(1)

n θ0,−n

}

. ✭✸✳✾✸✮

P♦❞❡♠♦s ❡❧✐♠✐♥❛r ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ξ ❡ η ❝♦♠ ♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s ♥❛ ❊q✳
✭✸✳✾✸✮ tr❛♥s❧❛❞❛♥❞♦ ♣❛r❛ ♦s ♥♦✈♦s ❝❛♠♣♦s ξ̃ ❡ η̃ ❞❡✜♥✐❞♦s ♣♦r

ξ̃qn = ξqn + i
λ

(1)
n + λ

(2)
n√

2

1

vq2 + iωnq
, ✭✸✳✾✹✮

η̃qn = ηqn + i
λ

(1)
n − λ(2)

n√
2

1

vq2 − iωnq
, ✭✸✳✾✺✮

S = − 1

β

∑

n

∫

dq

2π

{q

2
(vq + iωn) ξ̃qnξ̃−q,−n

+
q

2
(vq − iωn) η̃qnη̃−q,−n

+
(λ

(1)
n + λ

(2)
n )(λ

(1)
−n + λ

(2)
−n)

4q (vq + iωn)

+
(λ

(1)
n − λ(2)

n )(λ
(1)
−n − λ(2)

−n)

4q (vq − iωn)

}

+
1

β

∑

n

{

iλ(1)
n φ0,−n + iλ(2)

n θ0,−n

}

. ✭✸✳✾✻✮

■♥t❡❣r❛♠♦s ❡♥tã♦ ♦s ❝❛♠♣♦s ξ̃ ❡ η̃ ❡ ♦❜t❡♠♦s

Z0 =

∫

Dφ0

∫

Dλ(1)

∫

Dθ0

∫

Dλ(2) exp {S ′} , ✭✸✳✾✼✮

S ′ = − 1

β

∑

n

∫

dq

2π

{

(λ
(1)
n + λ

(2)
n )(λ

(1)
−n + λ

(2)
−n)

4q (vq + iωn)

+
(λ

(1)
n − λ(2)

n )(λ
(1)
−n − λ(2)

−n)

4q (vq − iωn)

}
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+
1

β

∑

n

{

iλ(1)
n φ0,−n + iλ(2)

n θ0,−n

}

. ✭✸✳✾✽✮

■♥t❡❣r❛♠♦s ♦ ♠♦♠❡♥t♦ q ♥❛ ❊q✳ ✭✸✳✾✽✮ ❝❛❧❝✉❧❛♥❞♦ ♦ r❡sí❞✉♦ ♥♦s ♣♦❧♦s q = 0

❡ q = ±iωn/v❀ ♦❜t❡♠♦s

S ′ = − 1

β

∑

n

{

1

4 |ωn|
[

λ(1)
n λ

(1)
−n + λ(2)

n λ
(2)
−n

]

+ − iλ(1)
1 φ0,−n − iλ(2)

n θ0,−n

}

. ✭✸✳✾✾✮

▼✉❞❛♠♦s ❛❣♦r❛ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s λ̃(1) ❡ λ̃(2)

λ̃(1)
n = λ(1)

n − 2i |ωn|φ0n, ✭✸✳✶✵✵✮
λ̃(2)

n = λ(2)
n − 2i |ωn| θ0n, ✭✸✳✶✵✶✮

S ′ = − 1

β

∑

n

{

1

4 |ωn|
[

λ̃(1)
n λ̃

(1)
−n + λ̃(2)

n λ̃
(2)
−n

]

+ |ωn| [φ0nφ0,−n + θ0nθ0,−n]
}

. ✭✸✳✶✵✷✮

❋✐♥❛❧♠❡♥t❡✱ ✐♥t❡❣r❛♥❞♦ t❛♠❜é♠ ♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s λ̃(1) ❡ λ̃(2)✱ ❡♥❝♦♥tr❛♠♦s

Z0 =

∫

Dφ0

∫

Dθ0 exp
{

−Seff
0 [φ0, θ0]

}

, ✭✸✳✶✵✸✮

♦♥❞❡ ❛ ❛çã♦ ❡❢❡t✐✈❛ ❡♠ ❢✉♥çã♦ ❞♦s ❝❛♠♣♦s ♥❛ ♦r✐❣❡♠ é

Seff
0 [φ0, θ0] =

1

β

∑

n

|ωn| (φ0nφ0,−n + θ0nθ0,−n) . ✭✸✳✶✵✹✮

❆ ❛çã♦ ✭✸✳✶✵✹✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ Seff
0 [φ0, θ0] = Seff

0 [φ0] + Seff
0 [θ0]❀ é

s✐♠♣❧❡s♠❡♥t❡ ❛ s♦♠❛ ❞❛s ❛çõ❡s ❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❡ φ0 ♦✉ ❞❡ θ0 ❝♦♠♦ ✉s❛❞❛s
♥❛ ❘❡❢✳ ❬✷✶❪✳
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✸✳✹✳✷ ❊q✉❛çõ❡s ❞❡ ✢✉①♦ ❡ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s
❖ ♣r♦♣❛❣❛❞♦r ❛ss♦❝✐❛❞♦ ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❧✐✈r❡ ✭✸✳✼✺✮✱ ♠❛✐s ❛s ♣❡rt✉r❜❛çõ❡s
❞❡✈✐❞♦ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ é

Z =

∫

∏

ν=c,s

Dφ′0νDθ′0ν exp {−S0 − S1} , ✭✸✳✶✵✺✮

♦♥❞❡ ❛ ❛çã♦ ❧✐✈r❡ S0 é ❞✐❛❣♦♥❛❧ ♥♦s ❝❛♠♣♦s ❝♦♥❥✉❣❛❞♦s φ′0ν ❡ θ′0ν ❡✱ ❛♥❛❧♦❣❛✲
♠❡♥t❡ à ❊q✳ ✭✸✳✶✵✹✮✱ ❛ss✉♠❡ ❛ ❢♦r♠❛

S0 [φ, θ] =
1

β

∑

νn

|ωn| [φ′0ν (ωn)φ′0ν (−ωn) + θ′0ν (ωn) θ′0ν (−ωn)] . ✭✸✳✶✵✻✮

❱❛♠♦s ❛♥❛❧✐s❛r ♣r✐♠❡✐r♦ ♦ t❡r♠♦ ❞❡ ✏❜❛❝❦s❝❛tt❡r✐♥❣✑ ❞❛ ❊q✳ ✭✸✳✽✵✮ ♣♦rq✉❡✱
❝♦♠♦ ✈❛♠♦s ❞❡s❝♦❜r✐r✱ ❡st❡ é ♦ t❡r♠♦ ♠❛✐s r❡❧❡✈❛♥t❡✳ ❆ ❛çã♦ S1 ❛ss♦❝✐❛❞❛ é

S1 = γ

∫

dτ sin
[√

2πθ0s)
]

sin
[√

2πφ0c

]

, ✭✸✳✶✵✼✮

♦♥❞❡ θ0s ❡ φ0c sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s ♠♦❞♦s ♥♦r♠❛✐s θ′0ν ❝♦♠♦ ❡s❝r❡✲
✈❡♠♦s ♥❛ ❊q✳ ✭✸✳✽✵✮✳

❙✉♣♦♥❤❛♠♦s ✉♠❛ ♣❡rt✉r❜❛çã♦ ❢r❛❝❛ ✭γ ≪ ǫF ✮ ♣❛r❛ ♦❜t❡r ♦ ✢✉①♦ ❞❡ γ
q✉❛♥❞♦ s❡ r❡♠♦✈❡♠ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ s✐st❡♠❛✳ P❛r❛ ❞❡✐①❛r ❝❧❛r♦ ♦ q✉❡
s✐❣♥✐✜❝❛ ❜❛✐①❛ ❡♥❡r❣✐❛✱ ♣r❡❝✐s❛♠♦s ❞❡✜♥✐r ✉♠ ✏❝✉t♦✛✑ Λ t❛❧ q✉❡ ♦ ♠♦❞❡❧♦
✐♥❝❧✉✐ s♦♠❡♥t❡ ❢r❡qüê♥❝✐❛s ω ♠❡♥♦r❡s ❞♦ q✉❡ Λ✳ ❆ss✐♠✱ ♦ s❡t♦r ❞❡ ❜❛✐①❛s
❡♥❡r❣✐❛s ❞❡ ✐♥t❡r❡ss❡ é ❛q✉❡❧❡ r❡str✐t♦ às ❡①❝✐t❛çõ❡s ❝♦♠ ❡♥❡r❣✐❛ |ω| ≪ Λ✳ ◆♦
❝❛s♦ ❞❡ ❡①❝✐t❛çõ❡s ♣❛rtí❝✉❧❛✲❜✉r❛❝♦ ❡♠ t♦r♥♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✱ ✉♠❛
❡s❝♦❧❤❛ ♥❛t✉r❛❧ ♣❛r❛ Λ é Λ ∼ ǫF ✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ ❣r✉♣♦
❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❞❡✈❡ r❡♠♦✈❡r ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❝♦♠ Λ′ < |ω| < Λ✱
♦♥❞❡ Λ′ = Λ − dΛ ❢❛③ ♦ ♣❛♣❡❧ ❞❡ ✉♠ ♥♦✈♦ ✏❝✉t♦✛✑ ♠❡♥♦r ❞♦ q✉❡ ✏❝✉t♦✛✑
♦r✐❣✐♥❛❧ Λ ✭✜❣✉r❛ ✸✳✷✮✳

❆ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ♠♦❞♦s ❞❡ ❋♦✉r✐❡r ❞❡ φ′ν (τ) ♣❡r♠✐t❡ s❡♣❛r❛r ❛s ♣❛rt❡s
✏❧❡♥t❛s✑ ✭❢r❡qüê♥❝✐❛ ❜❛✐①❛ |ω| < Λ′✮ ❡ ✏rá♣✐❞❛s✑ ✭❢r❡qüê♥❝✐❛ ❛❧t❛ Λ′ < |ω| <
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�✁�
�✁�
✂✁✂
✂✁✂

✄✁✄
✄✁✄
☎✁☎
☎✁☎

Λ́ Λ Λ́ ω Λ0

❋✐❣✉r❛ ✸✳✷✿ ❊sq✉❡♠❛ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦✳ ❖s ♠♦❞♦s ❞❡ ❢r❡qüê♥❝✐❛
ω✱ Λ′ < |ω| < Λ✱ sã♦ ✐♥t❡❣r❛❞♦s ♣❛r❛ ❞❡✜♥✐r ✉♠ ♥♦✈♦ ✏❝✉t♦✛✑ Λ′ = Λ− dΛ✳

Λ✮✳ ◆♦ ❧✐♠✐t❡ ❝♦♥tí♥✉♦ ❞❡ ❢r❡qüê♥❝✐❛s ✭β →∞✮✱

φ0ν (τ) =

∫

|ω|<Λ′

dω

2π
φ′0ν (ω) eiωτ +

∫

∆

dω

2π
φ0ν (ω) eiωτ

= φ′<0ν (τ) + φ′>0ν (τ) , ✭✸✳✶✵✽✮

♦♥❞❡ ∆ ❞❡♥♦t❛ ❛ ✐♥t❡❣r❛çã♦ ♥♦ ✐♥t❡r✈❛❧♦ Λ′ < |ω| < Λ✳ ❆ s❡♣❛r❛çã♦ ❡♠
♠♦❞♦s ❧❡♥t♦s ❡ rá♣✐❞♦s t❛♠❜é♠ é ♣♦ssí✈❡❧ ♥❛ ❛çã♦ ❧✐✈r❡ ✭✸✳✶✵✻✮

S0 [φ, θ] = S0 [φ] + S0 [θ] = S<
0 [φ] + S<

0 [θ] + S>
0 [φ] + S>

0 [θ] . ✭✸✳✶✵✾✮

❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ♣♦❞❡♠♦s ✐♥t❡❣r❛r ♦s ♠♦❞♦s rá♣✐❞♦s ♥❛ ❊q✳ ✭✸✳✶✵✺✮ ❢❛✲
③❡♥❞♦

Z =

∫

∏

ν

Dφ′<0νDθ′<0ν e
−S<

0
[φ]−S<

0
[θ]
〈

e−S1[φ,θ]
〉

>
, ✭✸✳✶✶✵✮

♦♥❞❡
〈

e−S1[φ,θ]
〉

>
=

∫

∏

ν

Dφ′>0νDθ′>0ν e
−S>

0
[φ]−S>

0
[θ]e−S1[φ,θ]. ✭✸✳✶✶✶✮

❊♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡ γ✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r
〈

e−S1[φ,θ]
〉

>
≈ 1− 〈S1 [φ, θ]〉> . ✭✸✳✶✶✷✮

❈❛❧❝✉❧❛♠♦s ❡♥tã♦ ❛ ♠é❞✐❛ ❞❡ S1 s♦❜r❡ ♦s ♠♦❞♦s rá♣✐❞♦s✳ Pr✐♠❡✐r♦ s❡♣❛r❛♠♦s
❛ ❞❡♣❡♥❞ê♥❝✐❛ ♥❛ ♣❛rt❡ rá♣✐❞❛

〈S1 [φ, θ]〉> = γ

∫

dτ
〈

sin
[√

2πθ0s

]

sin
[√

2πφ0c

]〉

>
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= −γ
4

∫

dτ
∑

n,n′=±
nn′eni

√
2πθ<

0sen′i
√

2πφ<
0c × C, ✭✸✳✶✶✸✮

♦♥❞❡

C =
〈

eni
√

2πθ>
0sen′i

√
2πφ>

0c

〉

>

=

∫

Dθ′>0cDθ′>0se
−S>

0
[θ]+ni

√
2π(T θ

21
θ′>
0c +T θ

22
θ′>
0s )

×
∫

Dφ′>0cDφ′>0se
−S>

0
[θ]+n′i

√
2π(T φ

11
φ′>

0c +T φ
12

φ′>
0s). ✭✸✳✶✶✹✮

❆s ✐♥t❡❣r❛✐s ❞❡ ❝❛♠✐♥❤♦ ♥❛ ❊q✳ ✭✸✳✶✶✹✮ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ♣❡❧♦ ♠ét♦❞♦
❞❡ ✐♥t❡❣r❛✐s ❣❛✉ss✐❛♥❛s✳ P❛r❛ θ′>0c ✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠♦s

S>
0 [θ′c]− ni

√
2πT θ

21θ
′>
0c =

∫

∆

dω

2π

{

|ω| θ′>0c (−ω) θ′>0c (ω) +

−ni
√

2πT θ
21e
−iωτθ′>0c (ω)

}

. ✭✸✳✶✶✺✮

❋❛③❡♥❞♦ ❛ tr❛♥s❧❛çã♦

θ̃′>0c (ω) = θ′>0+ (ω)− ni

|ω|

√

π

2
T θ

21e
iωτ , ✭✸✳✶✶✻✮

♦❜t❡♠♦s

S>
0 [θ′c]− ni

√
2πT θ

21θ
′>
0c =

∫

∆

dω

2π

{

|ω| θ̃′>0c (ω) θ̃′>0c (−ω) +
π(T θ

21)
2

2 |ω|

}

= S>
0 [θ̃′c] +

1

2

(

T θ
21

)2 dΛ

Λ
. ✭✸✳✶✶✼✮

■♥t❡❣r❛♥❞♦ ♦ ❝❛♠♣♦ θ̃′>0c ❡ ❢❛③❡♥❞♦ ♦ ♠❡s♠♦ ♣❛r❛ ♦s ❞❡♠❛✐s ❝❛♠♣♦s✱ ♦❜t❡♠♦s

C = exp

{

−1

2

[

(T θ
21)

2 + (T θ
22)

2 + (T φ
11)

2 + (T φ
12)

2
] dΛ

Λ

}

. ✭✸✳✶✶✽✮
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P♦❞❡♠♦s ❛ss✐♠ r❡❡s❝r❡✈❡r ✭✸✳✶✶✸✮ ❝♦♠♦

〈S1 [Φ,Θ]〉> = γ

∫

dτ sin
[√

2πθ<
s

]

sin
[√

2πφ<
c

]

e−Ddℓ, ✭✸✳✶✶✾✮

♦♥❞❡ dℓ = dΛ/Λ = d ln Λ é ✉♠ ♣❛râ♠❡tr♦ ❛❞✐♠❡♥s✐♦♥❛❧ ❡

D =
1

2

[

(T θ
21)

2 + (T θ
22)

2 + (T φ
11)

2 + (T φ
12)

2
]

✭✸✳✶✷✵✮

é ❛ ❝❤❛♠❛❞❛ ❞✐♠❡♥sã♦ ❞♦ ♦♣❡r❛❞♦r✳
❆ ❛çã♦ S1 ❞❛ ❊q✳ ✭✸✳✶✶✾✮ ❝♦♥té♠ ❛❣♦r❛ ❛♣❡♥❛s ❢r❡qüê♥❝✐❛s ω ❝♦♠ |ω| <

Λ′✳ P❛r❛ ♦❜t❡r ✉♠ ♠♦❞❡❧♦ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❞❛ ❊q✳ ✭✸✳✶✵✺✮✱ ♠❛s ❝♦♠ ❛♠♣❧✐t✉❞❡
γ r❡♥♦r♠❛❧✐③❛❞❛✱ ♣r❡❝✐s❛♠♦s r❡❝✉♣❡r❛r ♦ ✏❝✉t♦✛✑ ♦r✐❣✐♥❛❧ ❢❛③❡♥❞♦ Λ′ → Λ✳
■ss♦ ❡q✉✐✈❛❧❡ ❛ r❡❡s❝❛❧❛r ♦ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦ ♣❛r❛ τ ′ = τ (1− dℓ)✱ ♦ q✉❡
❢♦r♥❡❝❡

Z =

∫

∏

ν

Dφ′<0νDθ′<0ν e
−S<

0
[φ]−S<

0
[θ]e−Seff

1
[φ,θ], ✭✸✳✶✷✶✮

❝♦♠ ❛ ❛çã♦ ❡❢❡t✐✈❛

〈S1 [φ, θ]〉> = γ′
∫

dτ ′ sin
[√

2πθ<
0s

]

sin
[√

2πφ<
0c

]

, ✭✸✳✶✷✷✮

♦♥❞❡
γ′ =

e−Ddℓ

1− dℓ γ. ✭✸✳✶✷✸✮
▲♦❣♦✱ ❛ ❡q✉❛çã♦ q✉❡ ❞❡s❝r❡✈❡ ♦ ✢✉①♦ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❞❡ γ é

dγ

dℓ
= (1−D) γ. ✭✸✳✶✷✹✮

◗✉❡r❡♠♦s ❡①♣r❡ss❛r ❛ ❞✐♠❡♥sã♦ D ❡♠ ❢✉♥çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦
❞❡ ▲✉tt✐♥❣❡r ✭✸✳✺✷✮✳ ◆♦t❛♠♦s ♣r✐♠❡✐r♦ q✉❡ ❛ ❡①♣r❡ssã♦ ✭✸✳✶✷✵✮ ♣♦❞❡ s❡r
❡s❝r✐t❛ ♥❛ ❢♦r♠❛

D =
1

2

[

T φ(T φ)t
]

11
+

1

2

[

T θ(T θ)t
]

22
. ✭✸✳✶✷✺✮
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❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ T θ ❡ T φ s❡❣✉♥❞♦ ❛s ❊qs✳ ✭✸✳✼✻✮ ❡ ✭✸✳✼✼✮✱ ✈❡♠♦s q✉❡ D
♥ã♦ ❞❡♣❡♥❞❡ ❞❛ s❡❣✉♥❞❛ r♦t❛çã♦ S ❡ s❡ r❡❞✉③ ❛

D =
1

2

[

κ cos 2ϕ+
1

κ
sin 2ϕ+

1

µ
cos 2ϕ+ µ sin 2ϕ

]

. ✭✸✳✶✷✻✮

❆ ❞✐♠❡♥sã♦ D ❞❡♣❡♥❞❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ζ ❛tr❛✈és
❞♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦ ϕ✳ ❈♦♥s✐❞❡r❡ ♣r✐♠❡✐r♦ ♦ ❧✐♠✐t❡ ζ → 0✳ ◆❡ss❡ ❧✐♠✐t❡✱ ❛s
❡①❝✐t❛çõ❡s ❞❡ ❝❛r❣❛ ❡ s♣✐♥ sã♦ ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦✳ ◆ã♦ ❤á
♥❡❝❡ss✐❞❛❞❡ ❞❛ r♦t❛çã♦ R ✭♣♦✐s t❡♠♦s ϕ = 0✮ ❡ ❛s tr❛♥s❢♦r♠❛çõ❡s T θ ❡ T φ

sã♦ ❞❛❞❛s ♣♦r
T φ =

( √
Kc 0

0
√
Ks

)

= (T θ)−1. ✭✸✳✶✷✼✮

◆❡ss❡ ❝❛s♦✱ ♦❜t❡♠♦s
D =

1

2

(

Kc +
1

Ks

)

. ✭✸✳✶✷✽✮

P❛r❛ ζ 6= 0✱ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r D r❡s♦❧✈❡♥❞♦ ❛s ❊qs✳ ✭✸✳✼✶✮✱ ✭✸✳✼✷✮ ❡ ✭✸✳✼✸✮✳
P❛r❛ ζ ♣❡q✉❡♥♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ ❡①♣❛♥❞✐r ❛ ❊q✳ ✭✸✳✶✷✻✮ ❡♠ t♦r♥♦ ❞❡
ϕ = 0✳ ❊♥❝♦♥tr❛♠♦s

ϕ (ζ) =
(KcKsv2 − v1) ζ

(Kc −Ks) (vc + vs)
. ✭✸✳✶✷✾✮

❊ss❛ ❡①♣r❡ssã♦ só é ✈á❧✐❞❛ ♣❛r❛ Kc 6= Ks✳ P❛r❛ Kc = Ks ❡ ζ → 0✱ ❤á ✉♠❛
❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦ ϕ✿ ❛s ❊qs✳ ✭✸✳✼✶✮✱ ✭✸✳✼✷✮ ❡ ✭✸✳✼✸✮ sã♦
s❛t✐s❢❡✐t❛s ♣❛r❛ ϕ = ±π/4✳ ❆ ❝♦rr❡çã♦ ❞❡ ♦r❞❡♠ ♠❛✐s ❜❛✐①❛ ❡♠ ζ é

ϕ = ±π
4

+
(K2

sv2 + v1) (vc − vs) ζ

8Ksvcvs

. ✭✸✳✶✸✵✮

❆ ❝♦rr❡çã♦ ❡♠ D ♣❛r❛ ζ ♣❡q✉❡♥♦ é ❞❡ ♦r❞❡♠ ζ2✱ ♥❛ ❢♦r♠❛

D =
1

2

(

Kc +
1

Ks

)

+
1

2

(

∂2D

∂ζ2

)∣

∣

∣

∣

ζ=0

ζ2 +O
(

ζ4
)

. ✭✸✳✶✸✶✮
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❈❛❧❝✉❧❛♥❞♦ (∂2D/∂ζ2)0 ♣❡❧❛ ❊q✳ ✭✸✳✶✷✻✮✱ ♦❜t❡♠♦s

D =
Kc +K−1

s

2
+

(KcKsv2 − v1)

4KcK2
svcvs (vc + vs)

2

×
[

KcKs (KcKsv2 + v1) v
2
s + 2

(

K2
cK

2
sv2 − v1

)

vcvs

−(KcKsv2 + v1)v
2
c

]

ζ2. ✭✸✳✶✸✷✮

❆ ❊q✳ ✭✸✳✶✸✷✮ ❛♣❧✐❝❛✲s❡ ❛ ϕ ❞❛❞♦ t❛♥t♦ ♣❡❧❛ ❊q✳ ✭✸✳✶✷✾✮ q✉❛♥t♦ ♣❡❧❛ ❊q✳
✭✸✳✶✸✵✮✳ ■ss♦ ♣♦rq✉❡✱ ❛♣❡s❛r ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ϕ ❡♠ Kc = Ks✱ ❛ ❞✐♠❡♥✲
sã♦ D✱ q✉❡ é ❛ ❣r❛♥❞❡③❛ ❝♦♠ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦✱ é ❜❡♠ ❝♦♠♣♦rt❛❞❛✳ ❖❜s❡r✈❡
q✉❡ ❛ ❝♦rr❡çã♦ ❞❡ ♦r❞❡♠ ζ2 ❛♥✉❧❛✲s❡ ♣❛r❛ KcKs = v1/v2✳ ❉❡ ❢❛t♦✱ ♦ ❝❛♥❝❡❧❛✲
♠❡♥t♦ ❛❝♦♥t❡❝❡ ❡♠ t♦❞❛s ❛s ♦r❞❡♥s ❞❡ ζ ♣♦rq✉❡ ❡ss❛ é ❛ ❝♦♥❞✐çã♦ q✉❡ ❞❡✜♥❡
❛ ❝✉r✈❛ ❡s♣❡❝✐❛❧ ❡♠ q✉❡ HLL é ❞✐❛❣♦♥❛❧✐③❛❞♦ ♣❡❧♦ r❡❡s❝❛❧❛♠❡♥t♦ s✐♠♣❧❡s ❞❛
❊q✳ ✭✸✳✼✽✮✳ ▲♦❣♦✱ s♦❜r❡ ❛ ❝✉r✈❛ KcKs = v1/v2 ❛ ❞✐♠❡♥sã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡
❡s♣❛❧❤❛♠❡♥t♦ ✐♥❞❡♣❡♥❞❡ ❞❡ ζ ❡ é ❞❛❞❛ ♣♦r D = (Kc +K−1

s ) /2✳
❆ ❊q✳ ✭✸✳✶✸✷✮ ♥♦ ❧✐♠✐t❡ ζ → 0 ❞✐❢❡r❡ ❞❛ ❞✐♠❡♥sã♦ ❡♥❝♦♥tr❛❞❛ ♥♦ ❝❛s♦

❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ ❬✷✶❪✱ ♣❛r❛ ❛ q✉❛❧ Dimp = (Kc +Ks) /2✳
❊ss❛ ❞✐❢❡r❡♥ç❛ ❞❡✈❡ s❡r ❛tr✐❜✉í❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞♦ s♣✐♥✱
❡✈✐❞❡♥❝✐❛❞♦ ♥❛ ❊q✳ ✭✸✳✺✺✮✳ ❊♠ ❝♦♥tr❛st❡✱ ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛
❛❝♦♣❧❛✲s❡ ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛r❣❛ ❞♦s ❡❧étr♦♥s ❛tr❛✈és ❞❛ ♣❡rt✉r❜❛çã♦

Himp =
∑

σ

∫

dx V (x)ψ†σ (x)ψσ (x) . ✭✸✳✶✸✸✮

❊♠ t❡r♠♦s ❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s✱

Himp =
2V2kF

πα
cos[
√

2πφs (0)] cos[
√

2πφc (0)], ✭✸✳✶✸✹✮

♦♥❞❡ V2kF
é ♦ ♠♦❞♦ 2kF ❞♦ ♣♦t❡♥❝✐❛❧ ❧♦❝❛❧✐③❛❞♦ V (x)✳ ❈♦♠♣❛r❛♥❞♦ ❝♦♠

♦ t❡r♠♦ H(b)
w ❞❛ ❊q✳ ✭✸✳✻✸✮✱ ✈❡♠♦s q✉❡ ❡st❡ ❞✐❢❡r❡ ❞❡ Himp ♣♦rq✉❡ ❞❡♣❡♥❞❡

❞♦ ❝❛♠♣♦ ❞✉❛❧ θs ❡ ♥ã♦ ❞❡ φs✳ P♦r ✐ss♦✱ ❛ ❞✐♠❡♥sã♦ D é ♦❜t✐❞❛ ❞❡ Dimp

tr♦❝❛♥❞♦ Ks → 1/Ks✳
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❱♦❧t❛♠♦s à ❊q✳ ✭✸✳✶✷✹✮ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❞♦ s✐st❡♠❛
❡♠ ❢✉♥çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦✳ ❊ss❛ ❡q✉❛çã♦ ❞✐③ ❝♦♠♦ r❡♥♦r♠❛❧✐③❛r
❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ γ q✉❛♥❞♦ s❡ r❡♠♦✈❡♠ ♦s ♠♦❞♦s rá♣✐❞♦s ❞♦
♣r♦❜❧❡♠❛✳ ❙❡ D > 1 ✭♦✉ Kc +K−1

s > 2 ♥♦ ❧✐♠✐t❡ ζ → 0✮✱ γ ✢✉✐ ♣❛r❛ ③❡r♦ à
♠❡❞✐❞❛ q✉❡ s❡ r❡❞✉③ ♦ ✏❝✉t♦✛✑ Λ✳ ◆❡ss❡ ❝❛s♦✱ ♦ ♦♣❡r❛❞♦r ✭✸✳✽✵✮ é ✐rr❡❧❡✈❛♥t❡✳
❖ ♣♦♥t♦ ✜①♦ é ♦ ♠♦❞❡❧♦ ❞❡ ▲✉tt✐♥❣❡r ❞❛ ❊q✳ ✭✸✳✼✺✮ ❝♦♠ γ = 0 ❡ tr❛♥s♠✐ssã♦
t♦t❛❧ ❞❡ ❝❛r❣❛ ❡ s♣✐♥ ❛tr❛✈és ❞❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ é
❢❛✈♦r❡❝✐❞♦ ♣❛r❛ ✐♥t❡r❛çõ❡s ❛tr❛t✐✈❛s✱ ♣♦✐s✱ q✉❛♥t♦ ♠❛✐s ❛tr❛t✐✈❛ ❛ ✐♥t❡r❛çã♦✱
♠❛✐♦r ♦ ♣❛râ♠❡tr♦ Kc✳ ❙❡ D < 1 ✭♦✉ Kc + K−1

s < 2 ♥♦ ❧✐♠✐t❡ ζ → 0✮✱
s✐t✉❛çã♦ ❢❛✈♦r❡❝✐❞❛ ♥♦ ❝❛s♦ ❞❡ ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s ✭♠❡♥♦r Kc✮✱ γ ❝r❡s❝❡
s♦❜ ♦ ✢✉①♦ ❞♦ ❘●✳ ◆❡ss❡ ❝❛s♦✱ ♦ ♦♣❡r❛❞♦r ✭✸✳✽✵✮ é r❡❧❡✈❛♥t❡ ❡ ♦ ✢✉①♦ ❞♦
❘● ❧❡✈❛ ♦ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❧✐♠✐t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢♦rt❡ ✭γ = ∞✮✳ ❖ ♣♦♥t♦
✜①♦ ❡♠ q✉❡stã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❞♦✐s ❧íq✉✐❞♦s ❞❡ ▲✉tt✐♥❣❡r s❡♠✐✲✐♥✜♥✐t♦s ❝♦♠
s♣✐♥s ♣♦❧❛r✐③❛❞♦s ❡♠ ❞✐r❡çõ❡s ♦♣♦st❛s✿ s♣✐♥ ✏✉♣✑ ♣❛r❛ x < 0 ❡ s♣✐♥ ✏❞♦✇♥✑
♣❛r❛ x > 0✳ ❆ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ♣♦❞❡ s❡r tr❛t❛❞❛ ♥❡ss❡ ❧✐♠✐t❡ ❝♦♠♦ ✉♠
t❡r♠♦ ❞❡ ✏❤♦♣♣✐♥❣✑ ♣❡rt✉r❜❛t✐✈♦ q✉❡ ✐♥✈❡rt❡ ♦ s♣✐♥ ❞♦ ❡❧étr♦♥ ♥♦ ♣r♦❝❡ss♦
❞❡ t✉♥❡❧❛♠❡♥t♦

Heff
w = −tψ†1

(

0−
)

σxψ2

(

0+
)

+H.c., ✭✸✳✶✸✺✮

♦♥❞❡ ψ1 ✭ψ2✮ é ♦ ♦♣❡r❛❞♦r ❞❡ ❝❛♠♣♦ ❞♦s ❡❧étr♦♥s s✐t✉❛❞♦s ♥♦ ❧❛❞♦ ❡sq✉❡r❞♦
✭❞✐r❡✐t♦✮ ❞❛ ♣❛r❡❞❡✳ ❊ss❡ t❡r♠♦ ❛♣❛r❡❝❡ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ♠❛❣✲
♥ét✐❝❛ ♥✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❬✻✽❪✳ ❆ ❞✐♠❡♥sã♦ ❞♦ ♦♣❡r❛❞♦r ✭✸✳✶✸✺✮ é
♦❜t✐❞❛ ❢❛③❡♥❞♦ Kc → 1/Kc ❡ Ks → 1/Ks ♥♦ r❡s✉❧t❛❞♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦
❢r❛❝♦✳ ❆ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ✏❤♦♣♣✐♥❣✑ ❞❡s♣r❡③❛♥❞♦ ❛
♣♦❧❛r✐③❛çã♦ ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ✭❧✐♠✐t❡ ζ → 0✮ é

dt

dℓ
=

[

1− 1

2

(

1

Kc

+Ks

)]

t. ✭✸✳✶✸✻✮

❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ♦ t❡r♠♦ ❞❡ ✏❤♦♣♣✐♥❣✑ ✭✸✳✶✸✺✮ t❡♥❞❡ ❛ s❡r ✐rr❡❧❡✈❛♥t❡ ♣❛r❛
✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s ✭Kc < 1✮✳ ▲♦❣♦✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ❝r❡s❝❡ ♣❛r❛
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0 1 D

γ

❋✐❣✉r❛ ✸✳✸✿ ❋❧✉①♦ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦✳ ❆ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦
γ ❝r❡s❝❡ s❡ D < 1 ❡ ✈❛✐ ❛ ③❡r♦ s❡ D > 1✳

✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s t❛♠❜é♠ ♥♦ ❧✐♠✐t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢♦rt❡ ❡ ♦ ♣♦♥t♦ ✜①♦
❝♦♠ γ = ∞ é ✉♠ ✐s♦❧❛♥t❡ ♣❡r❢❡✐t♦ ❞❡ ❝❛r❣❛ ❡ s♣✐♥ ✭✜❣✉r❛ ✸✳✸✮✳ ❙❡♣❛r❛♥❞♦
❛s ❢❛s❡s ❞❡ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❡ ✐s♦❧❛♥t❡ ♣❡r❢❡✐t♦✱ ❡①✐st❡ ✉♠ ❝✉r✈❛ ♠❛r❣✐♥❛❧
❞❡✜♥✐❞❛ ♣❡❧❛ ❝♦♥❞✐çã♦ D = 1✳ ❊ss❛ ❝✉r✈❛ ✐♥❝❧✉✐ ♦ ♣♦♥t♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡
(1, 1)✱ ❡♠ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ♣r♦❞✉③ ✉♠❛ r❡s✐stê♥❝✐❛
✜♥✐t❛✱ ❝♦♠♦ ✈✐♠♦s ♥❛ ❊q✳ ✭✷✳✼✾✮✳ ❆ ❧✐♥❤❛ ❝♦♥tí♥✉❛ ♥❛ ✜❣✉r❛ ✸✳✹ r❡♣r❡s❡♥t❛ ❛
❝✉r✈❛ ♠❛r❣✐♥❛❧ ♥♦ ❧✐♠✐t❡ ζ → 0 ✭❞❛❞❛ ♣♦r Kc +K−1

s = 2✮✳ ❆ ❧✐♥❤❛ tr❛❝❡❥❛❞❛
é ❛ ❝✉r✈❛ ♠❛r❣✐♥❛❧ ❝❛❧❝✉❧❛❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ✭✈✐❛ ❊q✳ ✭✸✳✶✷✻✮✮ ♣❛r❛ ζ = 0, 4

❡ vc = vs = v1 = v2 = vF ✳ ❱❡♠♦s q✉❡ ❛ ❝♦rr❡çã♦ ♣❛r❛ ζ ✜♥✐t♦ é ♣❡q✉❡♥❛
♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡✱ ♠❛s ❝r❡s❝❡ r❛♣✐❞❛♠❡♥t❡ ♣❡rt♦ ❞❛s
❝✉r✈❛s q✉❡ ❧✐♠✐t❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛s ❡①❝✐t❛çõ❡s✱ ❞❡✜♥✐❞❛s ♣❡❧❛ ❊q✳ ✭✸✳✻✼✮
✭❝✉r✈❛ ♣♦♥t✐❧❤❛❞❛ ♥❛ ✜❣✉r❛ ✸✳✹✮✳ ◆❛ ❢r♦♥t❡✐r❛ ✐♥❢❡r✐♦r ✭KcKs = ζ2v2

1/vcvs✮✱
KcKs ∼ ζ2 ≪ 1❀ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ζ2 ♥❛ ❊q✳ ✭✸✳✶✸✷✮ ✜❝❛∼ (KcKs)

−1 ❡ é s❡♠♣r❡
♣♦s✐t✐✈♦✳ ◆❛ ❢r♦♥t❡✐r❛ s✉♣❡r✐♦r ✭KcKs = vcvs/ζ

2v2
2✮✱ KcKs ∼ 1/ζ2 ≫ 1❀ ♦

❝♦❡✜❝✐❡♥t❡ ❞❡ ζ2 ✜❝❛ ∼ (KcKs)
2 ❡ t❛♠❜é♠ é s❡♠♣r❡ ♣♦s✐t✐✈♦✳ ❆ss✐♠✱ ♦ ❡❢❡✐t♦

❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é ✏❡s♣r❡♠❡r✑ ❛ ❝✉r✈❛ ♠❛r❣✐♥❛❧ ❡♥tr❡ ❛s ❢r♦♥t❡✐r❛s ❞❡
❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r✳

P♦r ✜♠✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ H(f)
w ❞❛ ❊q✳ ✭✸✳✻✷✮✳

❆ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ♣r♦❝❡❞✐♠❡♥t♦
❛♣❧✐❝❛❞♦ ♣❛r❛ H(b)

w ✳ ❉❡✜♥✐♥❞♦ δ = kFA2ζkF
/mπα ❝♦♠♦ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛✲
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LL

n-inter.

0

❋✐❣✉r❛ ✸✳✹✿ ❉✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❛❝♦♣❧❛❞♦ ❛ ✉♠❛
♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ ♠♦str❛♥❞♦ ❛s ❝✉r✈❛s ♠❛r❣✐♥❛✐s ✭D = 1✮ ♣❛r❛ ζ = 0
✭❧✐♥❤❛ ❝♦♥tí♥✉❛✮ ❡ ζ = 0, 4 ❝♦♠ t♦❞❛s ❛s ✈❡❧♦❝✐❞❛❞❡s ✐❣✉❛✐s ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮✳
➚ ❡sq✉❡r❞❛ ❡ ❛❝✐♠❛ ❞❛ ❝✉r✈❛ ♠❛r❣✐♥❛❧✱ ♦ s✐st❡♠❛ é ✉♠ ✐s♦❧❛♥t❡ ♣❡r❢❡✐t♦ ❞❡
❝❛r❣❛ ❡ s♣✐♥✳ ❆ ❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛ é ❛ ❢r♦♥t❡✐r❛ ✐♥❢❡r✐♦r ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞♦
❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ♣❛r❛ ζ = 0, 4✳

❧❤❛♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ✉♠❛ s✐♠♣❧❡s ✐♥s♣❡çã♦ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦ t❡r♠♦ ❞❛
❊q✳ ✭✸✳✻✷✮ ❝♦♠ ♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s ❧❡✈❛ à ❡q✉❛çã♦ ❞❡ ✢✉①♦ ♥♦ ❧✐♠✐t❡ ζ → 0

dδ

dl
=

[

1− 1

2

(

Ks +
1

Ks

)]

δ. ✭✸✳✶✸✼✮

❖❜s❡r✈❡ q✉❡ H(f)
w é ♠❛r❣✐♥❛❧ ♣❛r❛ Ks = 1✳ ❊st❡ ❝❛s♦ ✐♥❝❧✉✐ ♦ ♣♦♥t♦ ♥ã♦

✐♥t❡r❛❣❡♥t❡✱ ❡♠ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ❡ss❡ t❡r♠♦ é ✜♥✐t♦✳ ◆♦ ❡♥t❛♥t♦✱
❝♦♠♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ζ 6= 0 q✉❡❜r❛ ❛ s✐♠❡tr✐❛ ❙❯✭✷✮✱ ♦ ❝❛s♦ ✐♥t❡r❛❣❡♥t❡
♠❛✐s ❣❡r❛❧ é Ks 6= 1✱ ❡♠ q✉❡ ♦ ♦♣❡r❛❞♦r H(f)

w é ✐rr❡❧❡✈❛♥t❡✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❛
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❍✉❜❜❛r❞ ❝♦♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ❞❡✈❡♠♦s
t♦♠❛rKs ≈ 1+[2 ln (ζ−1)]

−1 ✭❘❡❢✳ ❬✻✺❪✮✳ ◆♦t❡✱ ❛❧✐ás✱ q✉❡ ❡ss❛ ❝♦rr❡çã♦ ❞❡✈✐❞❛
à ❞❡♣❡♥❞ê♥❝✐❛ ✐♠♣❧í❝✐t❛ ❞❡ Ks ❝♦♠ ζ ❞♦♠✐♥❛ s♦❜r❡ ❛ ❝♦rr❡çã♦ q✉❛❞rát✐❝❛
❞❛ ❊q✳ ✭✸✳✶✸✷✮✳ ❊♠❜♦r❛ ❛ ❞✐♠❡♥sã♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❊q✳ ✭✸✳✶✸✼✮ t❛♠❜é♠
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t❡♥❤❛ ✉♠❛ ❝♦rr❡çã♦ ❞❡ ♦r❞❡♠ ζ2✱ ❛ ❝♦rr❡çã♦ é ♣❡q✉❡♥❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦
♣♦♥t♦ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❡ ♥ã♦ ❞❡✈❡ ♠♦❞✐✜❝❛r ❛ ✐rr❡❧❡✈â♥❝✐❛ ❞❡ H(f)

w ✳ P♦rt❛♥t♦✱
♦ t❡r♠♦ ❞❡ ✏❜❛❝❦s❝❛tt❡r✐♥❣✑ H(b)

w ♣❡r♠❛♥❡❝❡ ❝♦♠♦ ♦ ú♥✐❝♦ t❡r♠♦ r❡❧❡✈❛♥t❡
♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ❞❛ ✜❣✉r❛ ✸✳✹✳

✸✳✺ ❈á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ❞❛ r❡s✐st✐✈✐❞❛❞❡

❆ ❛♥á❧✐s❡ ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ♣❡r♠✐t✐✉ ❞❡t❡r♠✐♥❛r ♦ ❞✐❛❣r❛♠❛ ❞❡
❢❛s❡s ❞❛ ❝♦♥❞✉tâ♥❝✐❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ ❞❡ ❡❧étr♦♥s ✐♥t❡✲
r❛❣❡♥t❡s ❛❝♦♣❧❛❞♦s ❛ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳ ❆ T = 0✱ ❤á ✉♠❛ ❢❛s❡ ❞❡
✐s♦❧❛♥t❡ ♣❡r❢❡✐t♦ ❝♦♠ ❝♦♥❞✉tâ♥❝✐❛ ♥✉❧❛ ❡ ✉♠❛ ❢❛s❡ ❝♦♠ ❝♦♥❞✉tâ♥❝✐❛ ♣❡r❢❡✐t❛
G = 2Kce

2/h ✭✐❣✉❛❧ à ❝♦♥❞✉tâ♥❝✐❛ ❞❡ ❝❛r❣❛ ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r✮✳ ❊♥✲
tr❡t❛♥t♦✱ ♣❛r❛ ❝♦♥✜r♠❛r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❧íq✉✐❞♦ ❞❡
▲✉tt✐♥❣❡r✱ é ✐♠♣♦rt❛♥t❡ ♦❜t❡r ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ r❡s✐stê♥❝✐❛ ❡❧étr✐❝❛ ❝♦♠ ❛
❢r❡qüê♥❝✐❛ ❞❛ ♣❡rt✉r❜❛çã♦ ♦✉ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é
❝❛❧❝✉❧❛r ❛ r❡s✐st✐✈✐❞❛❞❡ ♣❛r❛ ❢r❡qüê♥❝✐❛ ❡ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛s✱ ✉s❛♥❞♦ ❛ ❢ór✲
♠✉❧❛ ❞❡ ▼♦r✐ ❞❛ ❊q✳ ✭✷✳✽✽✮✳ ❊♥❝♦♥tr❛♠♦s q✉❡ ❛ r❡s✐st✐✈✐❞❛❞❡ ✈❛r✐❛ ❝♦♠♦
✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❝♦♠ ❡①♣♦❡♥t❡ ν = 2 (D − 1)✱ ♦♥❞❡ D é ❛ ❞✐♠❡♥sã♦
❝❛❧❝✉❧❛❞❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳

✸✳✺✳✶ ❋r❡qüê♥❝✐❛ ✜♥✐t❛
◗✉❡r❡♠♦s ♦❜t❡r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦
♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❛ss♦❝✐❛❞❛ ❛♦ t❡r♠♦ H(b)

w ❞❛ ❊q✳ ✭✸✳✽✵✮✱ q✉❡ é ♦ t❡r♠♦
♠❛✐s r❡❧❡✈❛♥t❡✱ ❡♠ ❢✉♥çã♦ ❞❛ ❢r❡qüê♥❝✐❛✳

❖ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡ ♣❛r❛ ♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❞❛ ❊q✳ ✭✸✳✺✷✮ ♣♦❞❡ s❡r
♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❝❛r❣❛✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛r❣❛
é

ρc (x) = e [ρ↑ (x) + ρ↓ (x)] = nce+ e

√

2

π
∂xφc. ✭✸✳✶✸✽✮
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❆ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦

ρ̇c (x) = −i [ρc (x) , HLL]

♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡
❞❡ ❝❛r❣❛

∂ρc

∂t
+
∂jc
∂x

= 0, ✭✸✳✶✸✾✮
♦♥❞❡ jc (x) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝♦rr❡♥t❡ ❞❡ ❝❛r❣❛ ✶

jc (x) = −e
√

2

π
[vcKc∂xθc (x) + ζvF∂xθs (x)] . ✭✸✳✶✹✵✮

P♦r ❝❛✉s❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡♥tr❡ ❛s ❡①❝✐t❛çõ❡s ❞❡ s♣✐♥ ✏✉♣✑ ❡ ✏❞♦✇♥✑✱
❛ ❝♦rr❡♥t❡ ❞❡ ❝❛r❣❛ ❞❡♣❡♥❞❡ ♥ã♦ só ❞♦ ❝❛♠♣♦ ❞✉❛❧ ❞❡ ❝❛r❣❛ θc✱ ❝♦♠♦ ❛❝♦♥t❡❝❡
♥♦r♠❛❧♠❡♥t❡✱ ♠❛s t❛♠❜é♠ ❞♦ ❝❛♠♣♦ ❞❡ s♣✐♥ θs✳ ❈❛❧❝✉❧❛♠♦s ❡♥tã♦ j̇c (x) =

−i [jc (x) , H] ♣❛r❛H = HLL+H
(b)
w ❡ ✐♥t❡❣r❛♠♦s s♦❜r❡ x ♣❛r❛ ♦❜t❡r ♦ ♦♣❡r❛❞♦r

J̇c =
∫

dx j̇c (x)✳ ❖♠✐t✐♥❞♦ ♦s t❡r♠♦s ✐♥t❡❣rá✈❡✐s ✭q✉❡ sã♦ ❝♦♥st❛♥t❡s✮✱ t❡♠♦s

J̇c = −2evcKc
ζkFA2kF

mπα
sin
[√

2πθs (0)
]

cos
[√

2πφc (0)
]

. ✭✸✳✶✹✶✮

P❛r❛ ❝❛❧❝✉❧❛r ❛ r❡s✐st✐✈✐❞❛❞❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ▼♦r✐✱ ♣r❡❝✐s❛♠♦s ❞♦ ✈❛❧♦r
❡s♣❡r❛❞♦

〈

J̇c (t) J̇c (0)
〉

= 4e2v2
cK

2
c

(

ζkFA2kF

mπα

)2

×
〈

sin
[√

2πθs (0, t)
]

cos
[√

2πφc (0, t)
]

× sin
[√

2πθs (0, 0)
]

cos
[√

2πφc (0, 0)
]〉

. ✭✸✳✶✹✷✮

❈♦♠♦ θs ❡ φc ❞❡✈❡♠ s❡r ❡s❝r✐t♦s ❡♠ t❡r♠♦s ❞❡ θ′c,s ❡ φ′c,s✱ ❝❛❧❝✉❧❛♠♦s ♣r✐✲
✶◆♦t❡ q✉❡ ❡st❛ r❡♣r❡s❡♥t❛çã♦ ❜♦s♦♥✐③❛❞❛ ❢♦✐ ❝♦♥str✉í❞❛ s♦❜r❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❥á tr❛♥s✲

❢♦r♠❛❞♦ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❣❛✉❣❡ ✭✷✳✼✹✮✳ P♦r ✐ss♦✱ ♥ã♦ é ♣r❡❝✐s♦ tr❛♥s❢♦r♠❛r ❞❡ ♥♦✈♦
♦ ♦♣❡r❛❞♦r ❝♦rr❡♥t❡ ❝♦♠♦ ✜③❡♠♦s ♥❛ ❊q✳ ✭✷✳✾✵✮✳
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♠❡✐r♦ ❛s ❝♦rr❡❧❛çõ❡s ❞❡ ❡①♣♦♥❡♥❝✐❛✐s ❜♦sô♥✐❝❛s
〈

ei
√

2πaθ′ν(x,t)e±i
√

2πaθ′ν(0,0)
〉

❡
〈

ei
√

2πbφ′
ν(x,t)e±i

√
2πbφ′

ν(0,0)
〉

❝♦♠ a = T θ
ij ❡ b = T φ

ij✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❝❛♠♣♦
❞✉❛❧ θ′ν ❡♠ ♠♦❞♦s ♥♦r♠❛✐s✱ ❛♥❛❧♦❣❛♠❡♥t❡ às ❊qs✳ ✭✸✳✶✻✮ ❡ ✭✸✳✶✽✮✱ é

θ′ν (x, t) = i
∑

r,q>0

e−αq/2

√
2qL

[

dqrνe
i(rqx−ων(q)t) − d†qrνe

−i(rqx−ων(q)t)
]

, ✭✸✳✶✹✸✮

♦♥❞❡ dqrν sã♦ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞❛s ❡①❝✐t❛çõ❡s ♠✐st❛s ❝❛r❣❛✲s♣✐♥
❝♦♠ ❢r❡qüê♥❝✐❛ ων (q) = v′νq✳ ❆s ❝♦rr❡❧❛çõ❡s ❞❡ ❡①♣♦♥❡♥❝✐❛✐s ❜♦sô♥✐❝❛s ♥♦
❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ sã♦ ❝❛❧❝✉❧❛❞❛s ❢❛❝✐❧♠❡♥t❡ t♦♠❛♥❞♦ ♦ ♦r❞❡♥❛♠❡♥t♦ ♥♦r✲
♠❛❧ ❞♦s ♦♣❡r❛❞♦r❡s ❬✶✵❪✳ P♦❞❡♠♦s s❡♣❛r❛r ❛ ♣❛rt❡ ❞❡ ❝r✐❛çã♦ ❞❛ ♣❛rt❡ ❞❡
❛♥✐q✉✐❧❛çã♦

θ′ν = θ′+ν + θ′ −ν , ✭✸✳✶✹✹✮
♦♥❞❡

θ′+ν (x, t) = −i
∑

r,q>0

e−αq/2

√
2qL

d†qrνe
−i(rqx−ωνqt), ✭✸✳✶✹✺✮

θ′ −ν (x, t) = i
∑

r,q>0

e−αq/2

√
2qL

dqrνe
i(rqx−ωνqt). ✭✸✳✶✹✻✮

❖ ❝♦♠✉t❛❞♦r ❞❡ss❛s ♣❛rt❡s é ❝♦♥st❛♥t❡
[

θ′+ν (x, t) , θ′ −ν (0, 0)
]

=
1

2π
ln

[

2π

L

√

x2 + (α− iv′νt) 2

]

. ✭✸✳✶✹✼✮

❯s❛♥❞♦ ❡♥tã♦ ❛ r❡❧❛çã♦ ❝♦♥❤❡❝✐❞❛

eA+B = eAeBe[A,B]/2 ✭✸✳✶✹✽✮
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s❡ [[A,B] , A] = [[A,B] , B] = 0✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ei
√

2πaθ′ν(x,t)e±i
√

2πaθ′ν(0,0) =
(2πα/L)a2

[

2π
L

√

(α+ iv′νt)
2 + x2

]∓a2

× : ei
√

2πaθ′ν(x,t)e±i
√

2πaθ′ν(0,0) :, ✭✸✳✶✹✾✮

♦♥❞❡ : : ❞❡♥♦t❛ ♦ ♦r❞❡♥❛♠❡♥t♦ ♥♦r♠❛❧ ❜♦sô♥✐❝♦✳ ❚♦♠❛♥❞♦ ❛ ♠é❞✐❛ ♥♦ ❡st❛❞♦
❢✉♥❞❛♠❡♥t❛❧✱ ♦❜t❡♠♦s

〈

ei
√

2πaθ′ν(x,t)e±i
√

2πaθ′ν(0,0)
〉

=
(2πα/L)a2

[

2π
L

√

(α+ iv′νt)
2 + x2

]∓a2
. ✭✸✳✶✺✵✮

◆♦t❛♠♦s ♣♦ré♠ q✉❡✱ ♣❛r❛ ♦ s✐♥❛❧ − ♥❛ ❊q✳ ✭✸✳✶✺✵✮✱
〈

ei
√

2πaθ′ν(x,t)ei
√

2πaθ′ν(0,0)
〉

∼ L−2a2 → 0

♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦✳ P♦r ✐ss♦✱ ❛ ú♥✐❝❛ ❝♦rr❡❧❛çã♦ q✉❡ ✈❛♠♦s ♠❛♥t❡r é

〈

ei
√

2πaθ′ν(x,t)e−i
√

2πaθ′ν(0,0)
〉

=

[

α
√

(α+ iv′νt)
2 + x2

]a2

. ✭✸✳✶✺✶✮

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❝❛♠♣♦s ♥♦ ♠❡s♠♦ ♣♦♥t♦ x = 0 t❡♠♦s
〈

ei
√

2πaθ′ν(t)e−i
√

2πaθ′ν(0)
〉

=

(

α

α+ iv′νt

)a2

. ✭✸✳✶✺✷✮

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ ❡♥❝♦♥tr❛♠♦s ♣❛r❛ ♦s ❝❛♠♣♦s φ′ν
〈

ei
√

2πbφ′
ν(t)e−i

√
2πbφ′

ν(0)
〉

=

(

α

α+ iv′νt

)b2

. ✭✸✳✶✺✸✮

❆❧é♠ ❞✐ss♦✱ ❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ θ′ν ❡ φ′ν ♥♦ ♠❡s♠♦ ♣♦♥t♦ sã♦ ♥✉❧❛s✳ ❆♣❧✐❝❛♥❞♦
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❛s ❊qs✳ ✭✸✳✶✺✷✮ ❡ ✭✸✳✶✺✸✮ ♥❛ ❊q✳ ✭✸✳✶✹✷✮✱ ♦❜t❡♠♦s
〈

J̇c (t) J̇c (0)
〉

= e2v2
cK

2
c

(

ζkFA2kF

mπα

)2 [
α

α+ iv′ct

](T φ
11

)2+(T θ
21

)2

×
[

α

α+ iv′st

](T φ
12

)2+(T θ
22

)2

. ✭✸✳✶✺✹✮

❈♦♠♦ é ♣❡r♠✐t✐❞♦ t♦♠❛r α → 0 ♥♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛s ❝♦rr❡❧❛çõ❡s ✭α > 0

❛♣❡♥❛s ✐♥❞✐❝❛ ❛ ♣♦s✐çã♦ ❞♦ ♣ó❧♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ r❡❛❧ ♥❛ ✐♥t❡❣r❛çã♦ ❡♠ t✮✱
r❡❡s❝❛❧❛♠♦s α→ v′c,sα s❡♣❛r❛❞❛♠❡♥t❡ ❡♠ ❝❛❞❛ t❡r♠♦ ❡ ❡s❝r❡✈❡♠♦s

〈

J̇c (t) J̇c (0)
〉

=

(

evcKcζA2kF

π

)2
(α

v

)2(D−1)

(α+ it)−2D , ✭✸✳✶✺✺✮

♦♥❞❡
v2(D−1) =

(v′c)
(T φ

11
)2+(T θ

21
)2 (v′s)

(T φ
12

)2+(T θ
22

)2

v2
F

. ✭✸✳✶✺✻✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✭✸✳✶✺✺✮ ♥❛ ❊q✳ ✭✹✳✹✽✮✱ ♦❜t❡♠♦s
〈〈

J̇ ; J̇
〉〉

ω+iη
= − i

L

(

evcKcζA2kF

π

)2
(α

v

)2(D−1)

× I,

♦♥❞❡ I é ❛ ✐♥t❡❣r❛❧

I =

∫ +∞

0

dt ei(ω+iη)t

{

1

(α+ it)2D
− 1

(α− it)2D

}

. ✭✸✳✶✺✼✮

❉❡✜♥✐♠♦s ♦ ❡①♣♦❡♥t❡
ν = 2 (D − 1) ✭✸✳✶✺✽✮

❡ ✐♥t❡❣r❛♠♦s ❛ ❊q✳ ✭✸✳✶✺✼✮ ♣♦r ♣❛rt❡s ♣❛r❛ ♦❜t❡r

I =
ω

1 + ν

∫ +∞

0

dt ei(ω+iη)t
{

(α+ it)−1−ν + (α− it)−1−ν} . ✭✸✳✶✺✾✮



❈❆P❮❚❯▲❖ ✸✳ ❊▲➱❚❘❖◆❙ ■◆❚❊❘❆●❊◆❚❊❙ ❊ P❆❘❊❉❊❙ ❉❊ ❉❖▼❮◆■❖ ✼✻

❙❡❣✉♥❞♦ ❛ ❘❡❢✳ ❬✻✾❪✱ ❛ ✐♥t❡❣r❛❧ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥♦ ❧✐♠✐t❡ α→ 0 ❝♦♠♦

I =
ω

1 + ν
Γ (1− ν) 1− e−iπν

iν
. ✭✸✳✶✻✵✮

❈♦♠ ✐ss♦✱ ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ r❡t❛r❞❛❞❛ ✜❝❛
〈〈

J̇ ; J̇
〉〉

ω+iη
= − i

L
ω

(

evcKcζA2kF

π

)2
(α

v

)ν

× Γ (1− ν)
1 + ν

e−iπν/2 sin (πν/2)

ν/2
. ✭✸✳✶✻✶✮

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❢ór♠✉❧❛ ❞❡ ▼♦r✐ ✭❊q✳ ✭✷✳✽✽✮✮✱ ❡♥❝♦♥tr❛♠♦s

ρ =
2π

e2
1

L

(

mvcKcζA2kF

πn

)2
Γ (1− ν)

1 + ν
cos
(πν

2

) sin (πν/2)

πν

(ωα

v

)ν

. ✭✸✳✶✻✷✮

◆♦ ❧✐♠✐t❡ ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ν → 0✱ r❡❝✉♣❡r❛♠♦s ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ r❡s✐stê♥❝✐❛
❞❛ ❘❡❢✳ ❬✸✵❪ ♣❛r❛ ζ ≪ 1 ✭✈❡❥❛ ❛ ❊q✳ ✭✷✳✼✾✮✮

Rel = Lρ (ν = 0) =
h

e2
π2

4

ζ2

2 cosh 2 (πkFλ)
. ✭✸✳✶✻✸✮

❖ ♦✉tr♦ t❡r♠♦ ❞❛ ❊q✳ ✭✷✳✼✾✮ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r H(f)
w ❞❛ ❊q✳

✭✸✳✻✷✮✱ q✉❡ é ♠❛r❣✐♥❛❧ s❡ Ks = 1✱ ♠❛s ✐rr❡❧❡✈❛♥t❡ s❡ Ks 6= 1✳
❆ ❊q✳ ✭✸✳✶✻✷✮ ❝♦♥❝♦r❞❛ ❝♦♠ ❛ ❛♥á❧✐s❡ ❞❡ ❘● ❞❛ s❡çã♦ ✸✳✹✳ P❛r❛ ν > 0

✭D > 1✮✱ ❛ r❡s✐stê♥❝✐❛ R = ρL ✈❛✐ ❛ ③❡r♦ q✉❛♥❞♦ ω → 0✳ ■ss♦ s✐❣♥✐✜❝❛
q✉❡✱ ♣❛r❛ ω = 0✱ ♦ s✐st❡♠❛ é ✉♠ ❝♦♥❞✉t♦r ♣❡r❢❡✐t♦✿ ♦s ❡❧étr♦♥s ♥ã♦ sã♦
❡s♣❛❧❤❛❞♦s ♥❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ ♠❡s♠♦ ❡♠ ♣❛r❡❞❡s ❜❡♠ ❡str❡✐t❛s✳ P❛r❛ ν <
0 ✭D < 1✮✱ ❛ r❡s✐stê♥❝✐❛ ❞✐✈❡r❣❡ q✉❛♥❞♦ ω → 0 ❡ ♦ s✐st❡♠❛ ❝♦♠♣♦rt❛✲s❡ ❝♦♠♦
✉♠ ✐s♦❧❛♥t❡✳ ◆❛ ✈❡r❞❛❞❡✱ ❡s♣❡r❛♠♦s q✉❡ ❡ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ s❡❥❛ ✈á❧✐❞♦
❛té ❢r❡qüê♥❝✐❛s ❞❛ ♦r❞❡♠ ❞❡ ω∗ = vF/L✱ ♣♦rq✉❡ ❛❜❛✐①♦ ❞❡ss❛ ❢r❡qüê♥❝✐❛ ❛
❝♦♥❞✉tâ♥❝✐❛ ♣❛ss❛ ❛ s❡r ❞♦♠✐♥❛❞❛ ♣❡❧♦s ❝♦♥t❛t♦s ♥ã♦ ✐♥t❡r❛❣❡♥t❡s ❬✷✵❪✳ ◆♦
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❧✐♠✐t❡ ζ → 0✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r s✐♠♣❧❡s♠❡♥t❡

ρ ∝ ωKc+K−1
s −2. ✭✸✳✶✻✹✮

❆ss✐♠✱ ♣❛r❛ Ks ≈ 1✱ D < 1 é ✈❡r✐✜❝❛❞♦ ♣❛r❛ Kc < 1✳ ❈♦♠♦ ❞✐s❝✉t✐♠♦s
❛♥t❡s✱ ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s t❡♥❞❡♠ ❛ ♣r♦♠♦✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ✐s♦❧❛♥t❡ ❞❡
♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦
♠❛❣♥ét✐❝❛✳

❊ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❡♠ t❡r♠♦s ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ s✐♥❣✉❧❛r
❞♦s ❡❧étr♦♥s✱ ❡♠ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ❝á❧❝✉❧♦ ❞❛ ❘❡❢✳ ❬✷✷❪ ♣❛r❛ ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦
♠❛❣♥ét✐❝❛✳ ❯♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ é ✉♠❛ ✐♥♦♠♦❣❡♥❡✐❞❛❞❡ ✭✉♠ ❣r❛❞✐❡♥t❡ ❞❡
♠❛❣♥❡t✐③❛çã♦ ❧♦❝❛❧✐③❛❞♦✮ q✉❡ s❡ ❛❝♦♣❧❛ ❝♦♠ ♦ s♣✐♥ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦✳
❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❡❧❛ ✐♥❞✉③ ♦s❝✐❧❛çõ❡s ❞❡ ❋r✐❡❞❡❧ ❝♦♠ ❢r❡qüê♥❝✐❛ 2kF ♥❛
❞❡♥s✐❞❛❞❡ ❞❡ s♣✐♥ ❬✼✵❪✱ q✉❡ tê♠ ❛❧❝❛♥❝❡ ❜❛st❛♥t❡ ❧♦♥❣♦ ❡♠ ✶❉ ✭❞❡❝❛❡♠ ❝♦♠♦
x−1✮✳ ❈♦♠♦ ♦s ❡❧étr♦♥s ✐♥t❡r❛❣❡♠ ❡♥tr❡ s✐✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❢❡t✐✈♦ é ❞❛❞♦
♣❡❧♦ ❡s♣❛❧❤❛♠❡♥t♦ ♥❛ ♣❛r❡❞❡ ✏✈❡st✐❞❛✑ ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧ ❍❛rtr❡❡✲❋♦❝❦ ❞❛s
♦s❝✐❧❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ s♣✐♥ ✭✜❣✉r❛ ✸✳✺✮✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡
❛❝♦♥t❡❝❡ ♥♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛✱ ❛ ❝♦rr❡çã♦ ♥♦
❝♦❡✜❝✐❡♥t❡ ❞❡ r❡✢❡①ã♦ ❞✐✈❡r❣❡ ♣❛r❛ ❡❧étr♦♥s q✉❡ ✐♥❝✐❞❡♠ ❝♦♠ ♠♦♠❡♥t♦ kF ✳
❈♦♠♦ r❡s✉❧t❛❞♦✱ ♦s ❡❧étr♦♥s sã♦ t♦t❛❧♠❡♥t❡ r❡✢❡t✐❞♦s ♣❡❧❛ ♣❛r❡❞❡ ❡ ♦ s✐st❡♠❛
é ✉♠ ✐s♦❧❛♥t❡ ♣❡r❢❡✐t♦✳

✸✳✺✳✷ ❚❡♠♣❡r❛t✉r❛ ✜♥✐t❛
❆ ❊q✳ ✭✸✳✶✻✷✮ ❞✐③ q✉❡ ❛ r❡s✐st✐✈✐❞❛❞❡ ρ ❞❡♣❡♥❞❡ ❞❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞❛
♣❡rt✉r❜❛çã♦ ✭♥♦ ❝❛s♦✱ ❛ ❢r❡qüê♥❝✐❛ ω✮ ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❞❡ ❡①♣♦✲
❡♥t❡ ν = 2 (D − 1)✳ ❙❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢r❡qüê♥❝✐❛ ✜♥✐t❛ ❢♦r tr♦❝❛❞♦ ♣❡❧♦
❞❡ ❢r❡qüê♥❝✐❛ ③❡r♦ ❛ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛✱ ❛s ❡①❝✐t❛çõ❡s ❞♦ s✐st❡♠❛ s❡rã♦ ❡①✲
♣❧♦r❛❞❛s ❞❡♥tr♦ ❞❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ✜①❛❞❛ ♣❡❧❛ t❡♠♣❡r❛t✉r❛ T ✳ P♦r ✐ss♦✱
❞❡✈❡✲s❡ ❡s♣❡r❛r ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ s❡♠❡❧❤❛♥t❡ ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡ ❡♠ ❢✉♥çã♦
❞❛ t❡♠♣❡r❛t✉r❛✳
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0

δρ
s

e

❋✐❣✉r❛ ✸✳✺✿ ❊s♣❛❧❤❛♠❡♥t♦ s✐♥❣✉❧❛r ❞♦s ❡❧étr♦♥s ♣❡❧❛s ♦♥❞❛s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡
s♣✐♥ ✐♥❞✉③✐❞❛s ♣♦r ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳

P❛r❛ ❝❛❧❝✉❧❛r ❛ r❡s✐st✐✈✐❞❛❞❡ ρ (T )✱ ♣r❡❝✐s❛♠♦s ❞❛s ❝♦rr❡❧❛çõ❡s ❞❛s ❡①♣♦✲
♥❡♥❝✐❛✐s ❜♦sô♥✐❝❛s ✭✸✳✶✺✷✮ ❡ ✭✸✳✶✺✸✮ ❛ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛✳ ❯s❛♠♦s ❛ ❢♦r♠✉✲
❧❛çã♦ ❞❡ ✐♥t❡❣r❛❧ ❞❡ ❝❛♠✐♥❤♦ ❡♠ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦ τ = it ♣❛r❛ ❡s❝r❡✈❡r

〈

ei
√

2πbφ′
ν(τ)e−i

√
2πbφ′

ν(0)
〉

=

∫

Dφ′ν e−S0[φ′
ν ]ei
√

2πb[φ′
ν(τ)−φ′

ν(0)], ✭✸✳✶✻✺✮

♦♥❞❡✱ s❡❣✉♥❞♦ ❛ ❊q✳ ✭✸✳✶✵✻✮✱

S0 [φ′ν ] =
1

β

∑

n

|ωn|φ′ν (ωn)φ′ν (−ωn) . ✭✸✳✶✻✻✮

➱ ❝♦♥✈❡♥✐❡♥t❡ r❡❡s❝r❡✈❡r ❛ ❛çã♦ ❡♠ t❡r♠♦s ❞♦ ❝❛♠♣♦ Φν ❞❛❞♦ ♣❡❧❛ tr❛♥s❧❛çã♦

Φν (ωn) = φ′ν (ωn)− i
√

π

2

b

|ωn|
(

e−iωnτ − 1
)

. ✭✸✳✶✻✼✮
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❖ ❛r❣✉♠❡♥t♦ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ ♥❛ ❊q✳ ✭✸✳✶✻✺✮ ✜❝❛

S0 [φ′ν ]− i
√

2πb [φ′ν (τ)− φ′ν (0)] = S0 [Φν ] +
1

β

∑

n

πb2

|ωn|
(1− cosωnτ) .

✭✸✳✶✻✽✮
P♦❞❡♠♦s ❡♥tã♦ ✐♥t❡❣r❛r ♦ ❝❛♠♣♦ Φν ♥❛ ❊q✳ ✭✸✳✶✻✺✮ ♣❛r❛ ♦❜t❡r

〈

ei
√

2πbφ′
ν(τ)e−i

√
2πbφ′

ν(0)
〉

= exp

{

− 1

β

∑

n

πb2

|ωn|
(1− cosωnτ)

}

. ✭✸✳✶✻✾✮

Pr❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ❛ s♦♠❛

−πb
2

β

∑

n

1− cosωnτ

|ωn|
= −b2❘❡

{ ∞
∑

n=1

e−εn

n

[

1− e−i2πτn/β
]

}

, ✭✸✳✶✼✵✮

♦♥❞❡ ε→ 0+ é ✉♠ ♣❛râ♠❡tr♦ ❞❡ r❡❣✉❧❛r✐③❛çã♦ ❛❞✐♠❡♥s✐♦♥❛❧✳ P❛r❛ ❝♦♥❡❝t❛r
❝♦♠ ❛ ❝♦rr❡❧❛çã♦ ❛ T = 0 ♥❛ ❊q✳ ✭✸✳✶✺✸✮✱ ❞❡✈❡♠♦s ✜①❛r

ε =
2πα

βv′ν
. ✭✸✳✶✼✶✮

❈♦♠ ✐ss♦✱ t❡♠♦s

−πb
2

β

∑

n

1− cosωnτ

|ωn|
= b2 ln

{∣

∣

∣

∣

∣

sinh πα
βv′

ν

sinh π
βv′

ν
(α+ iv′ντ)

∣

∣

∣

∣

∣

}

. ✭✸✳✶✼✷✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✭✸✳✶✼✷✮ ♥❛ ❊q✳ ✭✸✳✶✻✾✮ ❡ t♦♠❛♥❞♦ πα/βv′ν ≪ 1✱ ❡♥❝♦♥✲
tr❛♠♦s

〈

ei
√

2πbφ′
ν(τ)e−i

√
2πbφ′

ν(0)
〉

=

(

πα

βv′ν

)b2 ∣
∣

∣

∣

sinh
π

βv′ν
(α+ iv′ντ)

∣

∣

∣

∣

−b2

. ✭✸✳✶✼✸✮

P♦❞❡♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ tér♠✐❝❛ ❞❛ ❊q✳ ✭✷✳✽✾✮✳
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❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✭✸✳✶✼✸✮ ♥❛ ❊q✳ ✭✷✳✽✾✮ ❡ r❡❡s❝❛❧❛♥❞♦ α→ v′c,sα✱ ♦❜t❡♠♦s
〈〈

J̇ ; J̇
〉〉

iωl

= − 1

L

(

evcKcζA2kF

π

)2(
π

β

)2D
(α

v

)2(D−1)

×
∫ β

0

dτ eiωlτ

∣

∣

∣

∣

sinh
π

β
(α+ iτ)

∣

∣

∣

∣

−2D

. ✭✸✳✶✼✹✮

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s
〈〈

J̇ ; J̇
〉〉

iωl

=
1

L

(

evcKcζA2kF

π

)2(
π

β

)2D
(α

v

)2(D−1)

iβωl

×
∫ β

0

dτ eiωlτF (τ/β) , ✭✸✳✶✼✺✮

♦♥❞❡ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦

F (x) =

∫ x

0

dx′ |sinh (ε+ iπx′)|−2D
, ✭✸✳✶✼✻✮

❝♦♠ ε→ 0+✳ ❖❜s❡r✈❡ q✉❡ ♦ t❡r♠♦ eiωlτF (τ/β)|β0 q✉❡ ❛♣❛r❡❝❡ ♥❛ ✐♥t❡❣r❛çã♦
♣♦r ♣❛rt❡s ❝❛♥❝❡❧❛ ❡①❛t❛♠❡♥t❡ ♦ t❡r♠♦ ❞❡ ♦r❞❡♠ ③❡r♦ ❡♠ ω

〈〈

J̇ ; J̇
〉〉

0
♥❛

❊q✳ ✭✷✳✽✽✮ ❡ ♣♦r ✐ss♦ ❢♦✐ ♦♠✐t✐❞♦✳ ❊♠ s❡❣✉✐❞❛✱ ❢❛③❡♠♦s ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧
u = τ/β ❡ s✉❜st✐t✉í♠♦s ♥❛ ❊q✳ ✭✷✳✽✽✮✳ ❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ω → 0✱ ♦❜t❡♠♦s
✜♥❛❧♠❡♥t❡

ρ =
2π

e2
1

L

(

mvcKcζA2kF

πn

)2(
πα

βv

)2(D−1)
π

2

∫ 1

0

duF (u) . ✭✸✳✶✼✼✮

▲♦❣♦✱ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ρ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ é ❞❛❞❛ ♣♦r

ρ (T ) ∝ T 2(D−1) = T ν , ✭✸✳✶✼✽✮

q✉❡ é ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❝♦♠ ♦ ♠❡s♠♦ ❡①♣♦❡♥t❡ ❞❛ ❊q✳ ✭✸✳✶✻✷✮✳ P♦rt❛♥t♦✱
♥✉♠ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❛ ✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛ ❧❡✈❛ ❛ ✉♠❛ ♠❛❣♥❡t♦rr❡✲
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T 
0

1

2

3

ρ
( 

T
 )

D = 1

T
*

D < 1

D > 1

❋✐❣✉r❛ ✸✳✻✿ ▼❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❞❡ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛✲
t✉r❛✳ P❛r❛ T → 0✱ ❛ r❡s✐stê♥❝✐❛ ✈❛✐ ❛ ③❡r♦ s❡ D > 1 ✭❢❛✈♦r❡❝✐❞♦ ♣♦r ✐♥t❡r❛çõ❡s
❛tr❛t✐✈❛s✮ ❡ ❞✐✈❡r❣❡ s❡ D < 1 ✭❢❛✈♦r❡❝✐❞♦ ♣♦r ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s✮✳

s✐stê♥❝✐❛ ❞❡ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡♣❡♥❞❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛✳ P❛r❛ D > 1✱ ❛
r❡s✐stê♥❝✐❛ é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛ ❡ ❛♥✉❧❛✲s❡ ♣❛r❛ T → 0✳ ❆
t❡♠♣❡r❛t✉r❛ ③❡r♦ ♦ s✐st❡♠❛ é ✉♠ ❝♦♥❞✉t♦r ♣❡r❢❡✐t♦✳ P❛r❛ D < 1✱ ❛ r❡s✐stê♥✲
❝✐❛ é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛ ❡ ❞✐✈❡r❣❡ ♣❛r❛ T → 0 ✭✜❣✉r❛
✸✳✻✮✳ ◆♦ ❧✐♠✐t❡ ζ → 0✱ t❡♠♦s

ρ (T ) ∝ TKc+K−1
s −2.

◆♦✈❛♠❡♥t❡✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ✐s♦❧❛♥t❡ é ❢❛✈♦r❡❝✐❞♦ ♣❛r❛ ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✲
✈❛s✳ ◆❡ss❡ ❝❛s♦✱ ❡s♣❡r❛✲s❡ q✉❡ ❛ r❡s✐stê♥❝✐❛ ❝r❡sç❛ ❝♦♠ ❛ r❡❞✉çã♦ ❞❛ t❡♠♣❡✲
r❛t✉r❛ ❛té ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❝♦rt❡ T ∗ = ~vF/kBL✳ ❊ss❡ r❡s✉❧t❛❞♦ é r❡❧❡✈❛♥t❡
t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ❜✉s❝❛ ♣♦r ♠❛t❡r✐❛✐s q✉❡ ❡①✐❜❛♠ ✉♠❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛
❡❧❡✈❛❞❛✳ ❊♠ ♣r✐♥❝í♣✐♦✱ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s ♣♦ss✐❜✐❧✐t❛ ✐♥s❡r✐r
♦✉ r❡♠♦✈❡r ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞♦ s✐st❡♠❛ ❡✱ ❛ss✐♠✱ ❛❧t❡r♥❛r ❡♥tr❡ ✉♠
✐s♦❧❛♥t❡ ♣❡r❢❡✐t♦ ❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r ❝♦♠ ❝♦♥❞✉tâ♥❝✐❛ ✐❞❡❛❧✳
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❈❛♣ít✉❧♦ ✹

❋ô♥♦♥s ❡ ♠á❣♥♦♥s

❯♠❛ ❞❛s ❢♦♥t❡s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❡ r❡s✐stê♥❝✐❛ ❡❧étr✐❝❛ ♥✉♠ ♠❡t❛❧ é ♦ ❡s♣❛✲
❧❤❛♠❡♥t♦ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ♣♦r ✈✐❜r❛çõ❡s ❞❛ r❡❞❡✳ ❊♠ três ❞✐♠❡♥sõ❡s✱
❛ ❢ór♠✉❧❛ ❞❡ ❇❧♦❝❤ ❬✼✶❪ ♣r❡✈ê ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ T 5 ♣❛r❛ ❛ r❡s✐st✐✈✐❞❛❞❡
❞❡✈✐❞❛ ❛ ❢ô♥♦♥s ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ ❊♠ ♠❡t❛✐s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ♦♥❞❡
❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ é ❝♦♥st✐t✉í❞❛ s✐♠♣❧❡s♠❡♥t❡ ♣♦r ❞♦✐s ♣♦♥t♦s ❞✐s❥✉♥t♦s✱
♦s ú♥✐❝♦s ❢ô♥♦♥s ❝❛♣❛③❡s ❞❡ ❛❧t❡r❛r ❛ ❝♦rr❡♥t❡ ❡❧❡trô♥✐❝❛ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛✲
t✉r❛s sã♦ ♦s ❞❡ ♠♦♠❡♥t♦ q ≈ 2kF ✳ ❊ss❡ ♣r♦❝❡ss♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦
❞❡♣❡♥❞❡ ❞❛ ♦❝✉♣❛çã♦ ❞❡ ❢ô♥♦♥s ❞❡ ♠♦♠❡♥t♦ ❣r❛♥❞❡✳ P♦r ✐ss♦✱ ❛ r❡s✐st✐✈✐❞❛❞❡
r❡s✉❧t❛♥t❡ s❡❣✉❡ ✉♠❛ ❧❡✐ ❞❡ ❆rr❤❡♥✐✉s ρ ∼ e−TA/T ✱ ♦♥❞❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡
❛t✐✈❛çã♦ é TA = ω (2kF )✱ ❛ ❡♥❡r❣✐❛ ❞♦ ❢ô♥♦♥ ❞❡ ♠♦♠❡♥t♦ 2kF ✳ P❛r❛ ❢ô♥♦♥s
❛❝úst✐❝♦s✱ ❝♦♠ ❞✐s♣❡rsã♦ ❧✐♥❡❛r ωac (k) = vk✱ ❛ ❡♥❡r❣✐❛ ❞❡ ❛t✐✈❛çã♦ ♣♦❞❡ s❡r
♠❡♥♦r ❞♦ q✉❡ ✶✵ ❑ ♣❛r❛ ❞❡♥s✐❞❛❞❡s ❡❧❡trô♥✐❝❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛✐①❛s ❬✼✷❪✳
P❛r❛ ❢ô♥♦♥s ó♣t✐❝♦s✱ ♥♦ ❡♥t❛♥t♦✱ ❛ ❡♥❡r❣✐❛ tí♣✐❝❛ ωop (k) = Ω = cte ❝♦st✉♠❛
s✉♣r✐♠✐r ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ P♦r ❡①❡♠♣❧♦✱ ✉♠❛ ❡st✐✲
♠❛t✐✈❛ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠ ❢ô♥♦♥ ót✐❝♦ ♥✉♠ ♥❛♥♦t✉❜♦ ❞❡ ❝❛r❜♦♥♦ ♠❡tá❧✐❝♦
é ~Ω ≈ 0.2 ❡❱∼ 2400❑ ❬✼✸❪✳

❯♠ ❛❝♦♣❧❛♠❡♥t♦ ❢♦rt❡ ❝♦♠ ❢ô♥♦♥s t❡♠ s✐❞♦ ❛♣♦♥t❛❞♦ ❝♦♠♦ ♣❡ç❛ ❢✉♥❞❛✲
♠❡♥t❛❧ ♣❛r❛ ❡♥t❡♥❞❡r ❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❝♦❧♦ss❛❧ ♦❜s❡r✈❛❞❛ ❡♠ ♠❛♥❣❛✲
♥✐t❛s✳ ❉❡s❞❡ q✉❡ s❡ ✈❡r✐✜❝♦✉ q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ❞✉♣❧❛ tr♦❝❛ ♥ã♦ ♣♦❞✐❛✱ ♣♦r

✽✸
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s✐ só✱ ❡①♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❬✷✼❪✱ ♦ ❡❢❡✐t♦ é ❡♥t❡♥❞✐❞♦ ❝♦♠♦
✉♠❛ tr❛♥s✐çã♦ ❡♥tr❡ ✉♠❛ ❢❛s❡ ♠❡tá❧✐❝❛ ❢❡rr♦♠❛❣♥ét✐❝❛ ❡ ✉♠❛ ❢❛s❡ ✐s♦❧❛♥t❡
❞❡s♦r❞❡♥❛❞❛ ❝♦♠ ❢♦rt❡ ❛❝♦♣❧❛♠❡♥t♦ ❏❛❤♥✲❚❡❧❧❡r✳ ❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥✲
s✐çã♦ ♠❛❣♥ét✐❝❛ ❛ss♦❝✐❛❞❛ à ❛t✐✈❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❢ô♥♦♥ s✉❣❡r❡ ✉♠❛
✐♠♣♦rt❛♥t❡ ❝♦♥❥✉♥çã♦ ❡♥tr❡ ♠♦❞♦s ♠❛❣♥ét✐❝♦s ❡ ❢ô♥♦♥s ♥❡ss❡s ❝♦♠♣♦st♦s✳

■♥s♣✐r❛❞♦s ♣♦r ❡ss❡ ❢❛t♦✱ ❛♥❛❧✐s❛♠♦s ✉♠ ♠♦❞❡❧♦ ❡♠ q✉❡ ♦s ❢ô♥♦♥s ❛s✲
s✉♠❡♠ ♦ ♣❛♣❡❧ ❞❡ ♠❡❞✐❛❞♦r❡s ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡
♠á❣♥♦♥s ♥✉♠ ✜♦ ♠❛❣♥ét✐❝♦✳ ◆♦ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦✱ t♦♠❛♠♦s JK = 0✱ ❞❡s✲
♣r❡③❛♥❞♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❑♦♥❞♦ ❡♥tr❡ ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡ s♣✐♥s ❧♦❝❛❧✐③❛✲
❞♦s✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ✐♥tr♦❞✉③✐♠♦s ✉♠ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠á❣♥♦♥s
❡ ❢ô♥♦♥s ó♣t✐❝♦s ❛tr❛✈és ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❝♦♥st❛♥t❡ ❞❡ tr♦❝❛ ♥❛ s❡♣❛r❛✲
çã♦ ✐♥t❡r❛tô♠✐❝❛✳ ■♥t❡❣r❛♠♦s ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦s ❢ô♥♦♥s ♣❛r❛ ♦❜t❡r
✉♠ ♠♦❞❡❧♦ ❡❢❡t✐✈♦ ❡♠ ❜❛✐①❛s ❡♥❡r❣✐❛s ❝♦♥t❡♥❞♦ ✉♠ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦
❡❧étr♦♥✲♠á❣♥♦♥✳ P♦r ✜♠✱ ❝❛❧❝✉❧❛♠♦s ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡ ♦ ❡❢❡✐t♦ ❞❡ss❡ t❡r♠♦
s♦❜r❡ ❛ r❡s✐st✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛✳ ❊♥❝♦♥tr❛♠♦s q✉❡ ♦ ♣r♦❝❡ss♦ é ❛t✐✈❛❞♦ ♥✉♠❛
❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ❞❡✜♥✐❞❛ ♣❡❧♦ ♠á❣♥♦♥ ❞❡ ♠♦♠❡♥t♦ kF ✳

✹✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❡❧étr♦♥✲❢ô♥♦♥

◗✉❡r❡♠♦s ✐♥❝❧✉✐r ♥♦ ♠♦❞❡❧♦ ❛ ✈✐❜r❛çã♦ ❞♦s í♦♥s ❞❛ r❡❞❡ ❡♠ t♦r♥♦ ❞❡ s✉❛s
♣♦s✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ q✉❡ ❝❛❞❛ í♦♥ ♠♦✈❡✲s❡ ❝♦♠♦ ✉♠ ♦s✲
❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡✈✐❞♦ ❛♦ ♣♦t❡♥❝✐❛❧ ❝r✐❛❞♦ ♣♦r s❡✉s ✈✐③✐♥❤♦s✳
❊ss❡ s✐st❡♠❛ é ❞❡s❝r✐t♦ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❊✐♥st❡✐♥

Hph =
∑

j

(

P 2
j

2M
+

1

2
MΩ2Q2

j

)

, ✭✹✳✶✮

♦♥❞❡ Ω é ❛ ❢r❡qüê♥❝✐❛ ❞❛ ♦s❝✐❧❛çã♦✱ M é ❛ ♠❛sss❛ ❞♦ í♦♥ ❡ Qj ❡ Pj sã♦✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ❝♦♦r❞❡♥❛❞❛ ❡ ♦ ♠♦♠❡♥t♦ ❞♦ í♦♥ ♥♦ sít✐♦ j✱ ❝♦♠

[Qi, Pj] = iδij. ✭✹✳✷✮
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❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦

bj =

√

MΩ

2

(

Qj + i
Pj

MΩ

)

, ✭✹✳✸✮

q✉❡ ❞❡stró✐ ✉♠ ❢ô♥♦♥ ó♣t✐❝♦ ✭♥ã♦ ❞✐s♣❡rs✐✈♦✮ ❞❡ ❢r❡qüê♥❝✐❛ Ω ♥♦ sít✐♦ j✳
P♦❞❡♠♦s ❞❡✜♥✐r t❛♠❜é♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ♠♦♠❡♥t♦
bq ♣♦r

bj =
1√
N

∑

q

eiqjabq. ✭✹✳✹✮

❚❛♥t♦ bj ❝♦♠♦ bq s❛t✐s❢❛③❡♠ r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❜♦sô♥✐❝❛s ❝♦♠♦ ❛s ❞❛s
❊qs✳ ✭✷✳✹✼✮ ❡ ✭✷✳✹✽✮✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✹✳✶✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

Hph = Ω
∑

q

(

b†qbq +
1

2

)

, ✭✹✳✺✮

♦✉ ❛✐♥❞❛
Hph =

∑

q

[

PqP−q

2M
+
MΩ2

2
QqQ−q

]

, ✭✹✳✻✮

♦♥❞❡ ❞❡✜♥✐♠♦s

Qq =
1√
N

∑

i

e−iqxiQi =
bq + b†−q√

2MΩ
, ✭✹✳✼✮

P−q =
1√
N

∑

i

e−iqxiPi = i

√

MΩ

2

(

b−q − b†q
)

. ✭✹✳✽✮

❖s í♦♥s ❞❡ ✉♠❛ r❡❞❡ ❝r✐st❛❧✐♥❛ ❝r✐❛♠ ✉♠ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ q✉❡ ❛❣❡
s♦❜r❡ ♦s ❡❧étr♦♥s ✐t✐♥❡r❛♥t❡s✳ P♦r ✐ss♦✱ ❛s ✈✐❜r❛çõ❡s ❞❛ r❡❞❡ ❛❢❡t❛♠ ❛ ❞✐♥â✲
♠✐❝❛ ❡❧❡trô♥✐❝❛ ❛tr❛✈és ❞❛ ❝❤❛♠❛❞❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❢ô♥♦♥ ❬✺❪✳ ❈♦♥s✐❞❡r❡ ♦
♣♦t❡♥❝✐❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❛t✉❛ s♦❜r❡ ✉♠ ❡❧étr♦♥ ♥♦ sít✐♦ i

V (xi) =
∑

j

V (xi −Xj) , ✭✹✳✾✮
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♦♥❞❡ Xj = ja + Qj é ❛ ♣♦s✐çã♦ ❞♦ í♦♥✳ P❛r❛ ♣❡q✉❡♥❛s ✈✐❜r❛çõ❡s✱ ♣♦❞❡♠♦s
tr❛t❛r ❛ ❊q✳ ✭✹✳✾✮ ❝♦♠♦ ✉♠❛ ❡①♣❛♥sã♦ ❡♠ Qj✳ ❖ t❡r♠♦ ❞❡ ♦r❞❡♠ ③❡r♦ ❞á
♦r✐❣❡♠ à t❡♦r✐❛ ❞❡ ❜❛♥❞❛s ❡❧❡trô♥✐❝❛s ❬✺✹❪✳ ❖ t❡r♠♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s
♦s❝✐❧❛çõ❡s é ❞❛ ❢♦r♠❛

V (1) (xi) =
∑

j

Qj∇V (xi − ja) , ✭✹✳✶✵✮

♦✉ ❡♠ s❡❣✉♥❞❛ q✉❛♥t✐③❛çã♦

V =
∑

iσ

∑

j

Qjc
†
iσciσ 〈i |∇V (x− ja)| i〉 . ✭✹✳✶✶✮

❯♠❛ s✐♠♣❧✐✜❝❛çã♦ ❡①tr❛ é t♦♠❛r ❛ ✐♥t❡r❛çã♦ ❛♣❡♥❛s ❡♥tr❡ ♦ ❡❧étr♦♥ ❡ ♦ í♦♥
♥♦ ♠❡s♠♦ sít✐♦✱ ❛❞♦t❛♥❞♦

〈i |∇V (x− ja)| i〉 = gδij, ✭✹✳✶✷✮

♦♥❞❡ g é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦✳ ■ss♦ ❞á ♦r✐❣❡♠ ❛♦ ❛❝♦♣❧❛♠❡♥t♦
❍♦❧st❡✐♥ ❬✼✹❪ ❞❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ í♦♥ ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛

He−ph = g
∑

jσ

c†jσcjσQj. ✭✹✳✶✸✮

❊♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦✱ t❡♠♦s

He−ph =
g̃√
N

∑

kqσ

c†k+q,σckσ

(

bq + b†−q

)

, ✭✹✳✶✹✮

♦♥❞❡ g̃ = g/
√

2MΩ✳ ❖ ❍❛♠✐❧t♦♥✐❛♥♦ ♥❛ ❢♦r♠❛ ✭✹✳✶✹✮ ♠♦str❛ q✉❡ ♦s ♣r♦❝❡ss♦s
❧✐♥❡❛r❡s ❞❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❢ô♥♦♥ sã♦ ❛❜s♦rçã♦ ❞❡ ✉♠ ❢ô♥♦♥ ❞❡ ♠♦♠❡♥t♦ q
❡ ❡♠✐ssã♦ ❞❡ ✉♠ ❢ô♥♦♥ ❞❡ ♠♦♠❡♥t♦ −q✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦ ❡❧étr♦♥ q✉❡
❡♥tr❛ ❝♦♠ ♠♦♠❡♥t♦ k é ❡s♣❛❧❤❛❞♦ ❝♦♠ ♠♦♠❡♥t♦ k+q✳ ◆❛ tr♦❝❛ ❞❡ ♠♦♠❡♥t♦
❡♥tr❡ ❡❧étr♦♥ ❡ r❡❞❡✱ ♦ ♠♦♠❡♥t♦ t♦t❛❧ é ❝♦♥s❡r✈❛❞♦✳
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✹✳✷ ■♥t❡r❛çã♦ ♠á❣♥♦♥✲❢ô♥♦♥

❆ ♠❛❣♥✐t✉❞❡ ❞❛ ✐♥t❡r❛çã♦ ❞❡ tr♦❝❛ ❡♥tr❡ s♣✐♥s ❧♦❝❛❧✐③❛❞♦s ❞❡♣❡♥❞❡ ❞❛ s♦❜r❡✲
♣♦s✐çã♦ ❞❡ ♦r❜✐t❛✐s s✐t✉❛❞♦s ❡♠ sít✐♦s ✈✐③✐♥❤♦s ❡ ♣♦r ✐ss♦ é ✉♠❛ ❢✉♥çã♦ ❞❛
s❡♣❛r❛çã♦ ❡♥tr❡ ♦s í♦♥s✳ ❊ss❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞á ♦r✐❣❡♠ ❛♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦
♠á❣♥♦♥✲❢ô♥♦♥ ❬✼✺❪✳ ❈♦♥s✐❞❡r❡ ♦ ♠♦❞❡❧♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❢❡rr♦♠❛❣♥ét✐❝♦

HS = −
∑

j

JjSj · Sj+1, ✭✹✳✶✺✮

♦♥❞❡ Jj = J (|Xj+1 −Xj|) > 0✳ P❛r❛ ♣❡q✉❡♥♦s ❞❡s❧♦❝❛♠❡♥t♦s Qj = Xj − ja
❛ ♣❛rt✐r ❞♦ ❡q✉✐❧í❜r✐♦✱ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r

Jj ≈ JH + Υ (Qj+1 −Qj) , ✭✹✳✶✻✮

♦♥❞❡ Υ = [dJ/du]Qj=0✳ ❖ t❡r♠♦ ❞❡ ♦r❞❡♠ ③❡r♦ ♥♦s ❞❡s❧♦❝❛♠❡♥t♦s ❞á ♦r✐✲
❣❡♠ ❛♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❍❡✐s❡♥❜❡r❣ ❞❛ ❊q✳ ✭✷✳✶✮✳ ❖ t❡r♠♦ Υ ❛❝♦♣❧❛ ♦s
❞❡s❧♦❝❛♠❡♥t♦s ❞♦s í♦♥s ❛♦s s♣✐♥s ❧♦❝❛❧✐③❛❞♦s

Hmag−ph = −Υ
∑

j

(Qj+1 −Qj)Sj · Sj+1. ✭✹✳✶✼✮

◆♦ ❧✐♠✐t❡ ❝♦♥tí♥✉♦ ✭❝♦♠♣r✐♠❡♥t♦s ❞❡ ♦♥❞❛ ❧♦♥❣♦s✮✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r

Qj+1 −Qj ≈ a
∂Q

∂x
, ✭✹✳✶✽✮

Sj · Sj+1 ≈ S
2

c

{

1− a
2

2

[

(∂xθ)
2

+ sin
2

θ (∂xφ)
2
]

}

, ✭✹✳✶✾✮

♦♥❞❡ θ ❡ φ sã♦ ♦s â♥❣✉❧♦s ♣♦❧❛r❡s ✉s❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✷ ♣❛r❛ ❞❡s❝r❡✈❡r ❛
❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦s s♣✐♥s✳ ◗✉❛♥t✐③❛♥❞♦ ♦s ♠♦❞♦s ♠❛❣♥ét✐❝♦s ❝♦♠♦
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❛♥t❡r✐♦r♠❡♥t❡ ❡ ♦♠✐t✐♥❞♦ ♦s t❡r♠♦s ❝♦♥t❛♥t❡s✱ ❡s❝r❡✈❡♠♦s

Hmag−ph =
ΥS2

ca
2

2

∫

dx
∂Q

∂x

[

(∂xξ)
2 + V (x) ξ2 + (∂xζ)

2 + V (x) ζ2
]

, ✭✹✳✷✵✮

♦♥❞❡ ξ ❡ ζ sã♦ ❛s ✢✉t✉❛çõ❡s ♠❛❣♥ét✐❝❛s ❞❡✜♥✐❞❛s ♥❛s ❊qs✳ ✭✷✳✸✽✮ ❡ ✭✷✳✸✾✮ ❡
V (x) = 0 ♣❛r❛ ♠❛❣♥❡t✐③❛çã♦ ✉♥✐❢♦r♠❡ ♦✉ V (x) = 2δ cos 2θ0 (x) ✭❊q✳ ✭✷✳✺✸✮✮
♣❛r❛ ❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ ❞❡ ❇❧♦❝❤✳

P❛r❛ r❡❡s❝r❡✈❡r Hmag−ph ♥♦ ❡s♣❛ç♦ ❞❡ ♠♦♠❡♥t♦s✱ ✉s❛♠♦s ❛ ❡①♣❛♥sã♦

Q (x) =
1√

2MΩ

∑

q

eiqx

√
N

(

bq + b†−q

)

. ✭✹✳✷✶✮

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❛s ✢✉t✉❛çõ❡s ♠❛❣♥ét✐❝❛s ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st❛s ❞❡ ❛❝♦r❞♦
❝♦♠ ❛s ❊qs✳ ✭✷✳✺✻✮ ❡ ✭✷✳✺✼✮

ξ (x) =

√

a

2Sc

∑

p

ϕp (x)
(

ap + a
†

−p

)

, ✭✹✳✷✷✮

ζ (x) = −i
√

a

2Sc

∑

p

ϕp (x)
(

ap − a
†

−p

)

, ✭✹✳✷✸✮

♦♥❞❡ ❧❡♠❜r❛♠♦s q✉❡ ϕp (x) sã♦ ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ♦rt♦♥♦r♠❛✐s ❞♦s ♠á❣♥♦♥s
✭♦♥❞❛s ♣❧❛♥❛s ♥♦ ❝❛s♦ ❞❡ ♠❛❣♥❡t✐③❛çã♦ ✉♥✐❢♦r♠❡✮✳ ❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s

Hmag−ph = i
ΥSca

3

√
2MΩN

∑

pq

pq (p+ q) a†p+qap

(

bq + b†−q

)

. ✭✹✳✷✹✮

❖ t❡r♠♦ Hmag−ph ❞❡s❝r❡✈❡ ♦s ♣r♦❝❡ss♦s ❞❡ ❛❜s♦rçã♦ ❡ ❡♠✐ssã♦ ❞❡ ✉♠ ❢ô♥♦♥
♣♦r ✉♠ ♠á❣♥♦♥✳ ❖❜s❡r✈❡ q✉❡✱ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ♠á❣♥♦♥s é ❝♦♥s❡r✈❛❞♦✱ ♦
❡s♣❛❧❤❛♠❡♥t♦ ♠á❣♥♦♥✲❢ô♥♦♥ ❝♦♥s❡r✈❛ t❛♥t♦ s♣✐♥ q✉❛♥t♦ ♠♦♠❡♥t♦✳
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✹✳✸ ■♥t❡r❛çã♦ ❡❢❡t✐✈❛ ❡❧étr♦♥✲♠á❣♥♦♥

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ♠♦❞❡❧♦

H = Hel +Hmag +Hph +Hel−ph +Hmag−ph. ✭✹✳✷✺✮

❖s três ♣r✐♠❡✐r♦s ❞❡s❝r❡✈❡♠ ❛ ❞✐♥â♠✐❝❛ ❧✐✈r❡ ❞❡ ❡❧étr♦♥s✱ ♠á❣♥♦♥s ❡ ❢ô♥♦♥s✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ sã♦ ❞❛❞♦s ♣♦r

Hel =
∑

kσ

ǫk c
†
kσckσ, ✭✹✳✷✻✮

Hmag =
∑

p

ωp a
†
pap, ✭✹✳✷✼✮

Hph =
∑

q

Ω b†qbq. ✭✹✳✷✽✮

❖s ❞♦✐s ú❧t✐♠♦s t❡r♠♦s ❞❛ ❊q✳ ✭✹✳✷✺✮ r❡❢❡r❡♠✲s❡ às ✐♥t❡r❛çõ❡s ❞♦s ❢ô♥♦♥s
❝♦♠ ♦s ❡❧étr♦♥s ❡ ❝♦♠ ♦s ♠á❣♥♦♥s✱ q✉❡ ❡s❝r❡✈❡♠♦s ❝♦♠♦

He−ph =
g√
N

∑

kqσ

c†k+q,σckσQq, ✭✹✳✷✾✮

Hmag−ph = i
ΥSca

3

√
N

∑

pq

pq (p+ q) a†p+qapQq. ✭✹✳✸✵✮

◆♦ ❧✐♠✐t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦ ❡ ❢r❡q✉ê♥❝✐❛ Ω ❛❧t❛✱ ♣♦❞❡♠♦s ❡❧✐♠✐♥❛r
♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦s ❢ô♥♦♥s ❡ ✜❝❛r ❝♦♠ ✉♠❛ t❡♦r✐❛ ❡❢❡t✐✈❛ q✉❡ ✐♥❝❧✉✐
✐♥t❡r❛çã♦ ❡❧étr♦♥✲♠á❣♥♦♥ ♠❡❞✐❛❞❛ ♣❡❧♦s ❢ô♥♦♥s✳ ■ss♦ é ❢❡✐t♦ ♥❛t✉r❛❧♠❡♥t❡
❛tr❛✈és ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ✐♥t❡❣r❛✐s ❞❡ ❝❛♠✐♥❤♦ ❞❡ ❋❡②♥♠❛♥✳ ❈♦♥s✐❞❡r❛♠♦s
❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦

Z =

∫

DcDc∗DaDa∗DQe−S0[c,c∗]−S0[a,a∗]−S0[Q]−Sint , ✭✹✳✸✶✮

♦♥❞❡ S0 [c, c∗] ❡ S0 [a, a∗] sã♦ ❛s ❛çõ❡s ❧✐✈r❡s ♣❛r❛ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s✱ r❡s♣❡❝✲
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t✐✈❛♠❡♥t❡✱ ❝♦♠ ❛ ✐♥t❡❣r❛çã♦ t♦♠❛❞❛ s♦❜r❡ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ✭❢❡r♠✐ô♥✐❝♦s
♦✉ ❜♦sô♥✐❝♦s✱ ❝♦♥❢♦r♠❡ ♦ ❝❛s♦✮ ❡ S0 [Q] é ❛ ❛çã♦ ❧✐✈r❡ ♣❛r❛ ❢ô♥♦♥s✱ ❞❛❞❛ ❡♠
t❡♠♣♦ ✐♠❛❣✐♥ár✐♦ ♣♦r

S0 [Q] =
∑

q

∫ β

0

dτ

[

M

2
∂τQq (τ) ∂τQ−q (τ) +

MΩ2

2
Qq (τ)Q−q (τ)

]

. ✭✹✳✸✷✮

❆ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s s✉❜s✐st❡♠❛s é ❞❡s❝r✐t❛ ♣❡❧❛ ♣❛rt❡ ✐♥t❡r❛❣❡♥t❡

Sint =
∑

q

∫ β

0

dτ A−q (τ)Qq (τ) , ✭✹✳✸✸✮

♦♥❞❡ ❞❡✜♥✐♠♦s

A−q (τ) = g
∑

kσ

c∗k+q,σ (τ) ckσ (τ) +
iΥSca

3

√
N

∑

p

qp (p+ q) a∗p+q (τ) ap (τ) .

✭✹✳✸✹✮
◆♦t❛♠♦s q✉❡ Sint é ❧✐♥❡❛r ❡♠ Qq✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ♣♦❞❡ s❡r ❛❜s♦r✈✐❞❛ ♥❛
❛çã♦ q✉❛❞rát✐❝❛ S0 [Q] ♣♦r ✉♠❛ tr❛♥s❧❛çã♦ ❝♦♥✈❡♥✐❡♥t❡ ❞♦ ❝❛♠♣♦ Qq✳ P❛r❛
✐ss♦✱ ✉s❛♠♦s ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦s ❝❛♠♣♦s

Qq (τ) = T
∑

n

Qqne
−iωnτ , ✭✹✳✸✺✮

Aq (τ) = T
∑

n

Aqne
−iωnτ , ✭✹✳✸✻✮

♦♥❞❡ ωn = 2nπ/β sã♦ ❢r❡q✉ê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛ ❜♦sô♥✐❝❛s ❡

Aqn = g
∑

kσ

T
∑

j

c∗k+q,jck,j+n +
ΥSca

3

√
N

∑

p

T
∑

m

qp (p+ q) a∗p+q,map,m+n,

✭✹✳✸✼✮
❝♦♠ ωj = (2j + 1)π/β ❡ ωm = 2mπ/β ❢r❡q✉ê♥❝✐❛s ❢❡r♠✐ô♥✐❝❛s ❡ ❜♦sô♥✐❝❛s✱
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r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ss❡ ♠♦❞♦✱ ♦❜t❡♠♦s

S0 [Q] + Sint =
∑

q

T
∑

n

{

M

2

(

ω2
n + Ω2

)

[

Qqn +
Aqn

M (ω2
n + Ω2)

]

×

×
[

Q−q,−n +
A−q,−n

M (ω2
n + Ω2)

]

− AqnA−q,−n

2M (ω2
n + Ω2)

}

. ✭✹✳✸✽✮

P♦❞❡♠♦s ❡♥tã♦ tr❛♥s❧❛❞❛r ❛ ✐♥t❡❣r❛çã♦ ❡♠ Qq✱ ❞❡✜♥✐♥❞♦

Q̃qn = Qqn +
Aqn

M (ω2
n + Ω2)

, ✭✹✳✸✾✮

❡ ✐♥t❡❣r❛r ♦s ❢ô♥♦♥s ♣❛r❛ ♦❜t❡r ❛ ❛çã♦ ❡❢❡t✐✈❛

δS = −
∑

q

T
∑

n

A (q, ωn)A (−q,−ωn)

2M (ω2
n + Ω2)

. ✭✹✳✹✵✮

❆ ❛çã♦ δS é ✉♠❛ ♣❡rt✉r❜❛çã♦ à ❛çã♦ ❧✐✈r❡ ❞❡ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s✳ P♦❞❡✲
♠♦s ❞✐st✐♥❣✉✐r três t❡r♠♦s ♥❛ ❡①♣❛♥sã♦ ❞❛ ❊q✳ ✭✹✳✹✵✮✳ ❖ t❡r♠♦ ❞❡ ♦r❞❡♠ g2

r❡♣r❡s❡♥t❛ ❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❡❧étr♦♥ ♠❡❞✐❛❞❛ ♣♦r ❢ô♥♦♥s✱ q✉❡ s❡ t♦r♥❛ ❛tr❛✲
t✐✈❛ ♥♦ ❧✐♠✐t❡ ω → 0 ❡ é r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ✐♥st❛❜✐❧✐❞❛❞❡ s✉♣❡r❝♦♥❞✉t♦r❛ ❡♠
❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s✳ ❊♠ ✶❉✱ ♦♥❞❡ ♥ã♦ ❡①✐st❡ ♦r❞❡♠ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ✈❡r✲
❞❛❞❡✐r❛ ♣❛r❛ ✐♥t❡r❛çõ❡s ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡ ❡ s✐♠❡tr✐❛ ❝♦♥tí♥✉❛ ✭♥♦ ❝❛s♦✱ ❯✭✶✮✮✱
✈❛♠♦s ❛ss✉♠✐r q✉❡ ❡ss❛ ✐♥t❡r❛çã♦ é ✐rr❡❧❡✈❛♥t❡ ❡ ❛♣❡♥❛s r❡♥♦r♠❛❧✐③❛ ❛❧❣✉✲
♠❛s q✉❛♥t✐❞❛❞❡s✳ ❉❡ ❢❛t♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ❢ô♥♦♥s
❞❡ ♠♦♠❡♥t♦ ♣❡q✉❡♥♦ ♣♦❞❡ s❡r ❞✐❛❣♦♥❛❧✐③❛❞♦ ❡①❛t❛♠❡♥t❡ ♥❛ r❡♣r❡s❡♥t❛çã♦
❜♦sô♥✐❝❛❀ ✈❡r✐✜❝❛✲s❡ ♥❡ss❡ ❝❛s♦ q✉❡ ❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲❢ô♥♦♥ ❛♣❡♥❛s ♠♦❞✐✜❝❛
❛ ❞✐s♣❡rsã♦ ♣❛r❛ ❡①❝✐t❛çõ❡s ♠✐st❛s ❝❛r❣❛✲❢ô♥♦♥ ❝♦♠ ❡♥❡r❣✐❛ ❞❛ ♦r❞❡♠ ❞❡ Ω

❬✼✻❪✳ ❖ ❡❢❡✐t♦ ❞❡ ❢ô♥♦♥s ❞❡ ♠♦♠❡♥t♦ 2kF ✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❢♦✐ tr❛t❛❞♦ ♣♦r ❱♦✐t
❡ ❙❝❤✉❧③ ♥❛ ❘❡❢✳ ❬✼✼❪✱ ♦♥❞❡ s❡ ♠♦str♦✉ q✉❡ ♥♦ ❧✐♠✐t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦ ♦
ú♥✐❝♦ ❡❢❡✐t♦ é ❛ r❡♥♦r♠❛❧✐③❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r✳ ❏á ♦
t❡r♠♦ ❞❡ ♦r❞❡♠ Υ2 r❡♣r❡s❡♥t❛ ✉♠❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠á❣♥♦♥s✳ ❈♦♠♦ ❛q✉✐ ♦
✐♥t❡r❡ss❡ ♠❛✐♦r é ♥♦ tr❛♥s♣♦rt❡ ❡❧❡trô♥✐❝♦✱ ✈❛♠♦s ❞❡s♣r❡③❛r ❡ss❡ t❡r♠♦ ❝♦♠♦
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❝♦rr❡çõ❡s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ♥♦ ♣r♦♣❛❣❛❞♦r ❞♦ ♠á❣♥♦♥✳ ◗✉❡r❡♠♦s ♥♦s ❝♦♥✲
❝❡♥tr❛r ♥♦ t❡r♠♦ ❞❡ ♦r❞❡♠ Υg✱ q✉❡ é ❥✉st❛♠❡♥t❡ ❛ ✐♥t❡r❛çã♦ ❡❧étr♦♥✲♠á❣♥♦♥
♠❡❞✐❛❞❛ ♣♦r ❢ô♥♦♥s ❡ é ❞❛❞♦ ♣♦r

δSel−mag = −iΥScga
3

2MN

∑

kpqσ

T 3
∑

jmn

pq (p+ q)

ω2
n + Ω2

× c∗k−q,j,σck,j−n,σa
∗
p+q,map,m+n. ✭✹✳✹✶✮

❉❡s♣r❡③❛♥❞♦ ♦ ❡❢❡✐t♦ ❞❡ ✐♥t❡r❛çã♦ r❡t❛r❞❛❞❛✱ ❛♣r♦①✐♠❛♠♦s ♣❛r❛ ♦ ❧✐♠✐t❡ ❡s✲
tát✐❝♦ ωn ≈ 0 ✭ωn ≪ Ω✮ ❡ r❡❡s❝r❡✈❡♠♦s

δSel−mag = − iΥScga
3

2MΩ2N

∫ β

0

dτ
∑

kpqσ

pq (p+ q)

× c∗k−q,σ (τ) ck,σ (τ) a∗p+q (τ) ap (τ) . ✭✹✳✹✷✮

❱♦❧t❛♥❞♦ ♣❛r❛ ♦ ❢♦r♠❛❧✐s♠♦ ❍❛♠✐❧t♦♥✐❛♥♦✱ ❡ss❛ ❛çã♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♦♣❡r❛❞♦r

V = −i λ
L

∑

kpqσ

pq (p+ q) a4c†k−q,σck,σa
†
p+qap, ✭✹✳✹✸✮

♦♥❞❡
λ =

ΥScg

2MΩ2
. ✭✹✳✹✹✮

❖ ♣r♦❝❡ss♦ ❡❧❡♠❡♥t❛r ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡s❝r✐t♦ ♣♦r V é ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛
✹✳✶✳

✹✳✹ ❈á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦ ❞❛ r❡s✐st✐✈✐❞❛❞❡

❱❛♠♦s tr❛t❛r ♦ t❡r♠♦ V ♥❛ ❊q✳ ✭✹✳✹✸✮ ❝♦♠♦ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❡ ❝❛❧❝✉❧❛r
♦ ❡❢❡✐t♦ s♦❜r❡ ❛ r❡s✐st✐✈✐❞❛❞❡ ❞♦ s✐st❡♠❛ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ▼♦r✐ ❞❛ ❊q✳
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k

q

k−q p+q

p

❋✐❣✉r❛ ✹✳✶✿ ❊s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ❡❧étr♦♥ ✭❧✐♥❤❛ ❝♦♥tí♥✉❛✮ ❡ ♠á❣♥♦♥ ✭❧✐♥❤❛
tr❛❝❡❥❛❞❛✮ ♠❡❞✐❛❞♦ ♣♦r ❢ô♥♦♥ ó♣t✐❝♦ ✭❧✐♥❤❛ ♦♥❞✉❧❛❞❛✮✳

✭✷✳✽✽✮✳ ❯s❛♥❞♦ ❛ ❊q✳ ✭✹✳✹✸✮✱ ♦❜t❡♠♦s

J̇ = −i [J, V ] =
λe

mL

∑

kpqσ

W (p, q) c†k−q,σckσa
†
p+qap, ✭✹✳✹✺✮

♦♥❞❡ W (p, q) = pq2 (p+ q) a4 é ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✳ ❱❛♠♦s ❝❛❧❝✉✲
❧❛r ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ ❛ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛ ❞❛ ❊q✳ ✭✷✳✽✾✮✳ ❚❡♠♦s

〈

Tτ J̇ (τ) J̇ (0)
〉

=

(

λe

mL

)2
∑

kpqσ

|W (p, q)|2

×
〈

Tτc
†
k−q,σ (τ) ckσ (τ) c†kσ (0) ck−q,σ (0)

〉

×
〈

Tτa
†
p+q (τ) ap (τ) a†p (0) ap+q (0)

〉

. ✭✹✳✹✻✮

❖s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st♦s ❝♦♠♦ ♣r♦❞✉t♦s ❞❡ ❢✉♥çõ❡s ❞❡
●r❡❡♥ ♥❛ ❢♦r♠❛

〈

Tτ J̇ (τ) J̇ (0)
〉

= 2

(

λe

mL

)2
∑

kpq

|W (p, q)|2 ×

×Gk (τ)Gk−q (−τ)Dp (τ)Dp+q (−τ) , ✭✹✳✹✼✮

♦♥❞❡ Gk (τ) =
〈

Tτc
†
kσ (τ) ckσ (0)

〉

❡ Dp (τ) =
〈

Tτc
†
kσ (τ) ckσ (0)

〉

sã♦ ❛s ❢✉♥✲
çõ❡s ❞❡ ●r❡❡♥ tér♠✐❝❛s ❞❡ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ r❡s♣♦st❛
❧✐♥❡❛r✱ ✐ss♦ ❡q✉✐✈❛❧❡ ❛ ❝❛❧❝✉❧❛r ♦ ❞✐❛❣r❛♠❛ ❞❛ ✜❣✉r❛ ✹✳✷✳ P❛ss❛♥❞♦ ♣❛r❛ ♦ ❡s✲
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p
+
q p

k−
q k

❋✐❣✉r❛ ✹✳✷✿ ❉✐❛❣r❛♠❛ ♣❛r❛ ❝á❧❝✉❧♦ ❞❡ r❡s♣♦st❛ ❧✐♥❡❛r✳

♣❛ç♦ ❞❡ ❢r❡qüê♥❝✐❛s ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ ♦ t❡♠♣♦ ✐♠❛❣✐♥ár✐♦✱ ♦❜t❡♠♦s
〈〈

J̇ ; J̇
〉〉

iωl

= − 2

L3

(

λe

m

)2
∑

kpq

|W (p, q)|2 ×

× T 3
∑

jmn

GkjGk−q,j−n−lDpmDp+q,m+n, ✭✹✳✹✽✮

❝♦♠

Gkj =
1

iωj − ǫk
, ✭✹✳✹✾✮

Dpm =
1

iωn − ωp

. ✭✹✳✺✵✮

❊♠ s❡❣✉✐❞❛✱ ❡❢❡t✉❛♠♦s ❛s s♦♠❛s s♦❜r❡ ❛s ❢r❡qüê♥❝✐❛s ❞❡ ▼❛ts✉❜❛r❛ ✉s❛♥❞♦
❛s r❡❧❛çõ❡s ✭✷✳✶✵✵✮ ❡ ✭✷✳✶✵✶✮✳ ❖❜t❡♠♦s

〈〈

J̇ ; J̇
〉〉

iωl

= − 2

L3

(

λe

m

)2
∑

kpq

|W (p, q)|2
ǫk − ǫk−q − ωp+q + ωp + iωl

× [nF (ǫk)− nF (ǫk−q)] [nB (ωp)− nB (ωp+q)]

× [nB (ωp+q − ωp)− nB (ǫk − ǫk−q)] . ✭✹✳✺✶✮
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P❛r❛ ♦❜t❡r ❛ ❝♦rr❡❧❛çã♦ r❡t❛r❞❛❞❛✱ ❢❛③❡♠♦s iωl → ω + iη✱ ❝♦♠ η → 0+✳ ❆
♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ✜❝❛

■♠
〈〈

J̇ ; J̇
〉〉

ω+iη
=

2π

L3

(

λe

m

)2
∑

kpq

|W (p, q)|2

× [nF (ǫk)− nF (ǫk−q)] [nB (ωp)− nB (ωp+q)]

× [nB (ωp+q − ωp)− nB (ǫk − ǫk−q)]

× δ (ǫk − ǫk−q − ωp+q + ωp + ω) . ✭✹✳✺✷✮

◆♦ ❧✐♠✐t❡ ω → 0✱ t❡♠♦s ❞❛ ❊q✳ ✭✷✳✽✽✮

ρ =
2π

L3

(

λ

ne

)2
∑

kpq

|W (p, q)|2 [nF (ǫk)− nF (ǫk−q)]

× [nB (ωp)− nB (ωp+q)]

[

∂nB

∂ω

]

ωp+q−ωp

× δ (ǫk − ǫk−q − ωp+q + ωp) . ✭✹✳✺✸✮

❊♠ ❜❛✐①❛s ❡♥❡r❣✐❛s ✭T ≪ TF ✮✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ♦❝✉♣❛çõ❡s nF (ǫk) −
nF (ǫk−q) r❡str✐♥❣❡ ♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s àq✉❡❧❡s s✐t✉❛❞♦s s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡
❞❡ ❋❡r♠✐

nF (ǫk)− nF (ǫk−q) ≈ (ǫk−q − ǫk) δ (ǫk − ǫF )

=
m

kF

(ǫk−q − ǫk) [δ (k − kF ) + δ (k + kF )] ✭✹✳✺✹✮

❡ ❝♦♠ ✐ss♦

ρ =
2πm

kFL3

(

λe

m

)2
∑

kpq

|W (p, q)|2 [δ (k − kF ) + δ (k + kF )]

×
[

−∂nB

∂ω

]

ωp

(ωp − ωp+q)
2

[

−∂nB

∂ω

]

ωp−ωp+q

× δ (ǫk − ǫk−q − ωp+q + ωp) . ✭✹✳✺✺✮
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❆ ú❧t✐♠❛ ❢✉♥çã♦ ❞❡❧t❛ ❞❡ ❉✐r❛❝ ♥❛ ❊q✳ ✭✹✳✺✺✮ ❡①♣r❡ss❛ ❛ ❝♦♥s❡r✈❛çã♦ ❞❡
❡♥❡r❣✐❛ ♥♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡ ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ♦ ♠♦♠❡♥t♦ p̄ (k, q)

ǫk − ǫk−q = ωp+q − ωp ⇒ p̄ =
µ

m

[

k − q

2

(

1 +
m

µ

)]

, ✭✹✳✺✻✮

♦♥❞❡ ✉s❛♠♦s q✉❡ ǫk = k2/2m ❡ ωp = p2/2µ✱ ❝♦♠ µ−1 ≡ 2JHSca
2✳ P♦❞❡♠♦s

❡♥tã♦ ❞❡✜♥✐r

W (k, q) = q2
[ µ

m

(

k − q

2

)

− q

2

] [ µ

m

(

k − q

2

)

+
q

2

]

a4, ✭✹✳✺✼✮

t❛❧ q✉❡ W (k, q) = W (−k,−q)✳ ❯s❛♥❞♦ ❛✐♥❞❛ q✉❡

δ (ǫk − ǫk−q − ωp+q + ωp) =
µ

|q|δ (p− p̄) , ✭✹✳✺✽✮

t❡♠♦s

ρ =
mµ

4π2kF

(

λ

ne

)2 ∫

dkdq
|W (k, q)|
|q|

2 [

−∂nB

∂ω

]

ωp̄

× (ωp̄ − ωp̄+q)
2

[

−∂nB

∂ω

]

ωp̄−ωp̄+q

[δ (k − kF ) + δ (k + kF )] . ✭✹✳✺✾✮

■♥t❡❣r❛♥❞♦ s♦❜r❡ k✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

ρ =
mµ

2π2kF

(

λ

ne

)2 ∫ +∞

0

dq
|W (q)|

q

2

×
[

−∂nB

∂ω

]

ωp̄

(ωp̄ − ωp̄+q)
2

[

−∂nB

∂ω

]

ωp̄−ωp̄+q

, ✭✹✳✻✵✮

♦♥❞❡ ❛❣♦r❛ W (q) = W (kF , q) ❡ p̄ = µ
m

[

kF − q
2

(

1 + m
µ

)]

✳
❊♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✱ ❛ ❢✉♥çã♦ (−∂nB/∂ω) ❞❡❝❛✐ r❛♣✐❞❛♠❡♥t❡ ❝♦♠ ω✳

P♦r ✐ss♦✱ ♦ ✐♥t❡❣r❛♥❞♦ ❞❛ ❊q✳ ✭✹✳✻✵✮ só é ✜♥✐t♦ q✉❛♥❞♦

ωp̄ − ωp̄+q ≈ 0⇒ q (q − 2kF ) ≈ 0. ✭✹✳✻✶✮
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◆♦t❛♠♦s ♣♦ré♠ q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ é ♥✉❧❛ ♣❛r❛ q = 0✳ ▲♦❣♦✱
♣❛r❛ T ≪ ω (kF ) ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r ♦ ✐♥t❡❣r❛♥❞♦ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ q = 2kF

❡ p̄ = −kF ✳ ❉❡✜♥✐♠♦s ❛ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡❣r❛çã♦

z ≡ ωp̄ − ωp̄+q ≈
kF

m
(q − 2kF ) ✭✹✳✻✷✮

❡ ❛ ❊q✳ ✭✹✳✻✵✮ s❡ r❡❞✉③ ❛

ρ ≈ m2µ

2π2k2
F

(

λ

ne

)2 |W (2kF )|
2kF

2 [

−∂nB

∂ω

]

ω(kF )

∫ +∞

−∞
dz z2

[

−∂nB

∂z

]

. ✭✹✳✻✸✮

❆ ✐♥t❡❣r❛❧ ❡♠ z ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❢❛❝✐❧♠❡♥t❡
∫ +∞

−∞
dz z2

[

−∂nB

∂z

]

= 4β−2

∫ +∞

0

dx
x

ex − 1
=

2π2

3
β−2. ✭✹✳✻✹✮

❙✉❜st✐t✉✐♥❞♦ λ ❞❛❞♦ ♣❡❧❛ ❊q✳ ✭✹✳✹✹✮✱ |W (2kF )| = 4 (kFa)
4 ❡ n = 2kF/π✱

♦❜t❡♠♦s

ρ =
π

e2
1

a

(

ΥScga
2

Ω2

)2
πmµ (kFa)

12M2

5 T

ǫF
exp

[

−ω (kF )

T

]

. ✭✹✳✻✺✮

❋✐♥❛❧♠❡♥t❡✱ ❛ r❡s✐stê♥❝✐❛ δR = Lρ é ❞❛❞❛ ♣♦r

δR =
π

e2
L

a

(

ΥScga
2

Ω2

)2
πmµ (kFa)

12M2

5 T

ǫF
exp

[

−ω (kF )

T

]

. ✭✹✳✻✻✮

P♦❞❡♠♦s ❛✐♥❞❛ ❡①♣r❡ss❛r ❡ss❡ r❡s✉❧t❛❞♦ ❝♦♠♦ ❝♦rr❡çã♦ à ❝♦♥❞✉tâ♥❝✐❛ ❞♦ ✜♦✳
◆♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❤á ❛♣❡♥❛s ❞♦✐s ❝❛♥❛✐s ❞❡ ♣r♦♣❛❣❛çã♦ ♣❛r❛ ♦ ❡❧étr♦♥
✭❞♦✐s ❝❛♥❛✐s ❞❡ s♣✐♥✮ ❡ ❛ ❝♦♥❞✉tâ♥❝✐❛ é

G0 =
2e2

h
⇒ R0 =

h

2e2
, ✭✹✳✻✼✮

♦✉ R0 = π/e2 ♥♦ s✐st❡♠❛ ♥❛t✉r❛❧ ❡♠ q✉❡ ~ = 1✳ ❙♦♠❛♥❞♦ ❛ ❝♦rr❡çã♦ δR
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k

F

k
F

k
F

2k
F

k
F

2 k
F

−

J  > Jj H

J  > Jj H

−

❋✐❣✉r❛ ✹✳✸✿ ❊s♣❛❧❤❛♠❡♥t♦ ✐♥❞✐r❡t♦ ❡♥tr❡ ✉♠ ❡❧étr♦♥ ❞❡ ♠♦♠❡♥t♦ kF ❡ ✉♠
♠á❣♥♦♥ ❞❡ ♠♦♠❡♥t♦ −kF ✳ ❖ ♠á❣♥♦♥ é r❡♣❡❧✐❞♦ ♣❡❧❛ r❡❣✐ã♦ ❝♦♠ ♠❛✐♦r
❞❡♥s✐❞❛❞❡ ❞❡ í♦♥s ❡ ♠❛✐♦r JH ✳

❞❡✈✐❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧étr♦♥✲♠á❣♥♦♥ ♠❡❞✐❛❞♦ ♣♦r ❢ô♥♦♥s✱ ♦❜t❡♠♦s ❛ ❝♦r✲
r❡çã♦ ❡q✉✐✈❛❧❡♥t❡ ♥❛ ❝♦♥❞✉tâ♥❝✐❛ ♥❛ ❢♦r♠❛ G = G0 + δG ❝♦♠

δG = −2e2

h

L

a

(

ΥScga
2

~2Ω2

)2
πmµ (kFa)

6M2

5kBT

ǫF
exp

[

−~ω (kF )

kBT

]

. ✭✹✳✻✽✮

❍á ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s ❛ ❢❛③❡r s♦❜r❡ ♦ r❡s✉❧t❛❞♦ ❞❛ ❊q✳ ✭✹✳✻✽✮✳ Pr✐♠❡✐r♦✱
♥♦t❛♠♦s q✉❡ ❛ ❝♦rr❡çã♦ δG é ❡①t❡♥s✐✈❛ ❡ ♣♦rt❛♥t♦ ❝r❡s❝❡ ❝♦♠ ♦ t❛♠❛♥❤♦
❞♦ ✜♦ ♠❛❣♥ét✐❝♦✳ ❙❡❣✉♥❞♦✱ ❝♦♠♦ ❡st❡ é ✉♠ ❝á❧❝✉❧♦ ♣❡rt✉r❜❛t✐✈♦✱ ♦ r❡s✉❧✲
t❛❞♦ é ✈á❧✐❞♦ ♥♦ ❧✐♠✐t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢r❛❝♦ (|Υ|Sca) (ga) ≪ ~Ω✱ ♦ q✉❡ é
❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ ❢ô♥♦♥s ó♣t✐❝♦s ❞❡ ❢r❡q✉ê♥❝✐❛ ❛❧t❛✳ P♦r ú❧t✐♠♦✱
❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ δG ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ é tí♣✐❝❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❝♦♠ ❣❛♣
❞❡ ❡♥❡r❣✐❛ ✐❣✉❛❧ ❛ ~ω (kF ) = JHSc (kFa)

2✳ ❊ss❛ é ❛ ❡♥❡r❣✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛
❝r✐❛r ✉♠ ♠á❣♥♦♥ ❞❡ ♠♦♠❡♥t♦ p = −kF ✱ q✉❡ ❝♦❧✐❞❡ ✉♠ ❡❧étr♦♥ ❞❡ ♠♦♠❡♥t♦
k = kF s✐t✉❛❞♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐✳ ❖ ❡❧étr♦♥ é ❡♥tã♦ ❡s♣❛❧❤❛❞♦ ♣❛r❛ trás✱
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❝♦♠ ✉♠❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠♦♠❡♥t♦ q = 2kF ✳ ❯♠❛ ✐♥t❡r♣r❡t❛çã♦ ❢ís✐❝❛ ❞❡ss❛
✐♥t❡r❛çã♦ é ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✸✳ ❆♦ ✐♥t❡r❛❣✐r ❝♦♠ ❛ r❡❞❡✱ ♦ ❡❧étr♦♥ ❡♠✐t❡
♦ ❢ô♥♦♥ ❞❡ ♠♦♠❡♥t♦ 2kF ✱ q✉❡ ♣r♦✈♦❝❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞♦s í♦♥s✳ ◆❛ r❡❣✐ã♦
❞❡ ♠❛✐♦r ❞❡♥s✐❞❛❞❡ ❞❡ í♦♥s✱ ❛ s♦❜r❡♣♦s✐çã♦ ❞♦s ♦r❜✐t❛✐s ❛tô♠✐❝♦s é ♠❛✐♦r ❡
♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ tr♦❝❛ JH ❛✉♠❡♥t❛ ✭♣❛r❛ Υ < 0✮✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❛
❡♥❡r❣✐❛ ❞♦s ♠á❣♥♦♥s é ♠❛✐♦r ♥❡ss❛ r❡❣✐ã♦ ❡ ♦ ❣r❛❞✐❡♥t❡ ❞❡ JH ❛t✉❛ ❝♦♠♦ ✉♠
♣♦t❡♥❝✐❛❧ q✉❡ r❡♣❡❧❡ ♦s ♠á❣♥♦♥s ✐♥❝✐❞❡♥t❡s✳

❊♠ ❣❡r❛❧✱ JH ≪ ~Ω ❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡❧étr♦♥✲♠á❣♥♦♥ é ❛t✐✈❛❞♦ ❡♠ t❡♠✲
♣❡r❛t✉r❛s ❜❡♠ ♠❛✐s ❜❛✐①❛s ❞♦ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❧✐♥❡❛r ♥♦s ❢ô♥♦♥s✳ ◆♦
❝❛s♦ ❞❡ ❤❛✈❡r ✉♠ ❣❛♣ ♥♦ ❡s♣❡❝tr♦ ❞❡ ♠á❣♥♦♥s✱ ♦ r❡s✉❧t❛❞♦ ❞❛ ❊q✳ ✭✹✳✻✽✮
❛✐♥❞❛ é ✈á❧✐❞♦ s❡ ✉s❛r♠♦s ~ω (kF ) = ∆ + JHSc (kFa)

2✳ ◆♦t❛♠♦s✱ ♣♦ré♠✱
q✉❡ ❡ss❡ ♣r♦❝❡ss♦ é ♠❛s❝❛r❛❞♦ s❡ ❡①✐st❡ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ tr♦❝❛ ❡♥tr❡ ❡❧é✲
tr♦♥s ❡ s♣✐♥s ❧♦❝❛❧✐③❛❞♦s ✭✐♥t❡r❛çã♦ ❑♦♥❞♦ JK 6= 0✮✱ ♣♦rq✉❡ ❡st❡ ✐♠♣❧✐❝❛
❡♠ ✉♠ ❡s♣❛❧❤❛♠❡♥t♦ ❧✐♥❡❛r ♥♦s ♠á❣♥♦♥s q✉❡ é ❛t✐✈❛❞♦ ♥❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛
ω0 = ω (2JKS/vF )✱ q✉❡ é t✐♣✐❝❛♠❡♥t❡ ♠❛✐s ❜❛✐①❛✳
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❈❛♣ít✉❧♦ ✺

■♠♣✉r❡③❛ ❡ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛

❖ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ s✉r❣❡ ❞❛ ❡①♣❛♥sã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✐r❛❝
❡♠ t♦r♥♦ ❞♦ ❧✐♠✐t❡ ♥ã♦ r❡❧❛t✐✈íst✐❝♦✳ ❆♣❡s❛r ❞❡ s✉❛ ♦r✐❣❡♠ r❡❧❛t✐✈íst✐❝❛✱ ❡ss❡
t❡r♠♦ é r❡❧❡✈❛♥t❡ ♣❛r❛ ✈ár✐♦s ❝á❧❝✉❧♦s ❞❡ ❜❛♥❞❛s ❡♠ ❊st❛❞♦ ❙ó❧✐❞♦✳ ❘❡❝❡♥t❡✲
♠❡♥t❡✱ ❛ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ t❡♠ s✉s❝✐t❛❞♦ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ❞❡✈✐❞♦ ❛♦ ❢♦rt❡
❛❝♦♣❧❛♠❡♥t♦ ♦❜s❡r✈❛❞♦ ❡♠ ❤❡t❡r♦❡str✉t✉r❛s ✕ ♥♦♠❡ ❣❡♥ér✐❝♦ ❞❛❞♦ às ❡str✉✲
t✉r❛s ❢♦r♠❛❞❛s ♣❡❧❛ ❥✉st❛♣♦s✐çã♦ ❞❡ s❡♠✐❝♦♥❞✉t♦r❡s ❝♦♠ ❣❛♣s ❡ ♣♦t❡♥❝✐❛✐s
q✉í♠✐❝♦s ❞✐st✐♥t♦s✳ ❖ t✐♣♦ ♠❛✐s s✐♠♣❧❡s ❞❡ ❤❡t❡r♦❡str✉t✉r❛ é ❛ ❤❡t❡r♦❥✉♥çã♦✱
q✉❡ ❝♦♥s✐st❡ ♥❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ❞✉❛s ❝❛♠❛❞❛s ❞❡ s❡♠✐❝♦♥❞✉t♦r❡s✳ P❛r❛ q✉❡
❛s ❝❛♠❛❞❛s ❡♥tr❡♠ ❡♠ ❡q✉✐❧í❜r✐♦✱ ♦❝♦rr❡ ✉♠❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❡❧étr♦♥s ❞❛
r❡❣✐ã♦ ❝♦♠ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ♠❛✐s ❛❧t❛ ♣❛r❛ ❛q✉❡❧❛ ❝♦♠ ❡♥❡r❣✐❛ ♠❛✐s ❜❛✐①❛✳
❖ ❛❝ú♠✉❧♦ ❞❡ ❝❛r❣❛s ♦♣♦st❛s ♥♦s ❞♦✐s ❧❛❞♦s ❞❛ ❥✉♥çã♦ ❝r✐❛ ✉♠ ❝❛♠♣♦ ❡❧étr✐❝♦
✐♥trí♥s❡❝♦ q✉❡ ❝✉r✈❛ ❛s ❜❛♥❞❛s ❡ ❝♦♥✜♥❛ ❡❧étr♦♥s ❞❛ ❜❛♥❞❛ ❞❡ ❝♦♥❞✉çã♦ à
✐♥t❡r❢❛❝❡✱ ❢♦r♠❛♥❞♦ ✉♠ ❣ás ❞❡ ❡❧étr♦♥s ❜✐❞✐♠❡♥s✐♦♥❛❧ ❬✶✾❪✳ ❖ ♠❡s♠♦ ❝❛♠♣♦
❡❧étr✐❝♦ ♦r✐❣✐♥❛❞♦ ❞❛ ❛ss✐♠❡tr✐❛ ❞❛ ❥✉♥çã♦ é r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ❢♦rt❡ ❛❝♦♣❧❛✲
♠❡♥t♦ s♣✐♥✲ór❜✐t❛✱ q✉❡ ♥❡ss❡ ❝♦♥t❡①t♦ é ❝❤❛♠❛❞♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❘❛s❤❜❛
❬✹✼❪✳

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥✈❡st✐❣❛♠♦s ❛❧❣✉♥s ❡❢❡✐t♦s ❞❛ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ ♥❛s
♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❡❧❡trô♥✐❝♦ ♥✉♠ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆ ❝❛r❛❝✲
t❡ríst✐❝❛ ♠❛✐s ♠❛r❝❛♥t❡ ❞❛ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ é ❛ s❡♣❛r❛çã♦ ✏❤♦r✐③♦♥t❛❧✑

✶✵✶
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❞❛s ❜❛♥❞❛s ❞❡ s♣✐♥ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❝❛♠♣♦s ♠❛❣♥ét✐❝♦s✳ ❆ ❞✐r❡çã♦ ❞❡ ♣♦❧❛✲
r✐③❛çã♦ ❞♦ s♣✐♥ ♥❡ss❛s ❜❛♥❞❛s é ♣❡r♣❡♥❞✐❝✉❧❛r à ❞✐r❡çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦
❡❧étr♦♥✳ ❆s ❜❛♥❞❛s sã♦ ❞❡❣❡♥❡r❛❞❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ k = 0✱ ♠❛s ❛ ❛♣❧✐❝❛çã♦
❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦ ❧❡✈❛♥t❛ ❡ss❛ ❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❡ ❛❜r❡ ✉♠ ❣❛♣
❞❡ ❡♥❡r❣✐❛ ♥❡ss❛ r❡❣✐ã♦✳ ➱ ♥❡ss❡ ❝❡♥ár✐♦ q✉❡ ❛♥❛❧✐s❛♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦s
❡❧étr♦♥s ♣♦r ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛✳ ❊♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♥✉❧♦✱ ♥ã♦
❤á s✉r♣r❡s❛s✿ ❛ ✐♠♣✉r❡③❛ ❡s♣❛❧❤❛ ❡❧étr♦♥s ❛♣❡♥❛s ❡♥tr❡ ❡st❛❞♦s ❞❛ ♠❡s♠❛
❜❛♥❞❛ ✭♠❡s♠♦ s♣✐♥✮ ❝♦♠ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠♦♠❡♥t♦ 2kF ✳ P❛r❛ B 6= 0✱ ❛s
❜❛♥❞❛s ❞❡✐①❛♠ ❞❡ t❡r ❞✐r❡çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞❡ s♣✐♥ ❜❡♠ ❞❡✜♥✐❞❛ ❡ s✉r❣❡
❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥✳ ▼♦str❛♠♦s q✉❡✱ s❡
♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ é ❛❥✉st❛❞♦ ❞❡ ❢♦r♠❛ ❛ ❝♦✐♥❝✐❞✐r ❝♦♠ ❛ r❡❣✐ã♦ ❞♦ ❣❛♣ ❡♠
k = 0✱ ❡ss❡ ú❧t✐♠♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦❞❡ ❞♦♠✐♥❛r ❡ ❢❛③❡r ❝♦♠
q✉❡ ❛ r❡s✐stê♥❝✐❛ ❞♦ s✐st❡♠❛ s❡❥❛ ❝♦♥tr♦❧❛❞❛ ♣❡❧♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳

✺✳✶ ❊sq✉❡♠❛ ❞❡ ❜❛♥❞❛s ❝♦♠ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛

❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ✉♠ ❡❧étr♦♥ q✉❡ s❡ ♠♦✈❡ ♥♦ ♣❧❛♥♦ xy s✉❥❡✐t♦ à ✐♥t❡r❛çã♦
s♣✐♥✲ór❜✐t❛ é

H0 =
1

2m

(

p2
x + p2

y

)

+
e

2m2c2
(~σ × p) · E + V (x) , ✭✺✳✶✮

♦♥❞❡ m é ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞♦ ❡❧étr♦♥✱ c é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✱ E é ♦ ❝❛♠♣♦
❡❧étr✐❝♦ ❡①t❡r♥♦ ♦✉ ✐♥trí♥s❡❝♦ ❡ ♦ ♣♦t❡♥❝✐❛❧ V (x) r❡♣r❡s❡♥t❛ ✉♠❛ ❜❛rr❡✐r❛ q✉❡
❝♦♥✜♥❛ ♦ ♠♦✈✐♠❡♥t♦ ❞♦ ❡❧étr♦♥ à ❞✐r❡çã♦ y✱ ❛ ✜♠ ❞❡ ❛t✐♥❣✐r ♦ r❡❣✐♠❡ ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ✭✜♦ q✉â♥t✐❝♦✮✳ ❊♠ ❤❡t❡r♦❡str✉t✉r❛s✱ ♦ ❝❛♠♣♦ ❡❧étr✐❝♦ r❡s✉❧t❛♥t❡
❞❛ ❛ss✐♠❡tr✐❛ ❡♥tr❡ ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❞❛s ❝❛♠❛❞❛s é ♥♦r♠❛❧ à s✉♣❡r❢í❝✐❡
❞❛ ✐♥t❡r❢❛❝❡✳ ❙✉❜st✐t✉✐♥❞♦ E = Eẑ✱ ♦❜t❡♠♦s

H0 =
1

2m

(

p2
x + p2

y

)

+ α (σxpy − σypx) + V (x) , ✭✺✳✷✮
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♦♥❞❡ α = eE/2m2c2 é ♦ ♣❛râ♠❡tr♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❘❛s❤❜❛✳ ❈♦st✉♠❛✲s❡
❞❡s❝r❡✈❡r V (x) ❝♦♠♦ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

V (x) =
1

2
mω2

0x
2. ✭✺✳✸✮

P❛r❛ ✜♦s q✉â♥t✐❝♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ❡str❡✐t♦s✱ ♣♦❞❡♠♦s ❞❡s♣r❡③❛r ♦ t❡r♠♦ ❞❡
❛❝♦♣❧❛♠❡♥t♦ ❞♦ s♣✐♥ ❝♦♠ ♦ ♠♦♠❡♥t♦ tr❛♥s✈❡rs❛❧ Hmix = −ασypx✳ ◆❡ss❡
❝❛s♦✱ ♦s ❛✉t♦❡st❛❞♦s ❞❡ H ♣♦ss✉❡♠ s♣✐♥ ♣♦❧❛r✐③❛❞♦ ♥❛ ❞✐r❡çã♦ x ❡ ❡♥❡r❣✐❛
ǫnσ (ky) = (n+ 1/2)ω0 + k2

y/2m + σαky✱ ❝♦♠ σ = ±✳ P❛r❛ ✜♦s ❞❡ ❧❛r❣✉r❛
✜♥✐t❛✱ ♦ t❡r♠♦ Hmix ♣♦❞❡ s❡r tr❛t❛❞♦ ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡✳ ❙❡✉ ❡❢❡✐t♦ é ❛❝♦♣❧❛r
s✉❜❜❛♥❞❛s ❞❡ n ❞✐❢❡r❡♥t❡s ❡ ❞❡s✈✐❛r ❧✐❣❡✐r❛♠❡♥t❡ ❛ ❞✐r❡çã♦ ❞❡ q✉❛♥t✐③❛çã♦ ❞♦
s♣✐♥ ❞♦ ❡✐①♦ x ❬✼✽❪✳ ❖ ❡❢❡✐t♦ ❞❡ ♠✐st✉r❛ ❞❛s s✉❜❜❛♥❞❛s s❡rá ♣❡q✉❡♥♦ s❡ ❛
s❡♣❛r❛çã♦ ❡♥tr❡ ❡❧❛s ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❊st✐♠❛✲s❡ q✉❡ ✐ss♦ ❛❝♦♥t❡❝❡
♣❛r❛ ❧❛r❣✉r❛ ❞❡ ❝♦♥✜♥❛♠❡♥t♦ w ≪ 1/mα ∼ ✶✺✵ ♥♠ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦
■♥❆s α = 2, 2 × 10−11 ❡❱♠ ❡ m = 0, 023m0✱ ♦♥❞❡ m0 é ❛ ♠❛ss❛ ❞♦ ❡❧étr♦♥
❧✐✈r❡ ❬✹✽❪✳ P❛r❛ ❞❡♥s✐❞❛❞❡s ❜❛✐①❛s ✭ǫF ≪ ω0✮✱ ❛♣❡♥❛s ❛ s✉❜❜❛♥❞❛ ♠❛✐s ❜❛✐①❛
é ♦❝✉♣❛❞❛ ❡ ♣♦❞❡♠♦s ❞❡s♣r❡③❛r ❛s s✉❜❜❛♥❞❛s s✉♣❡r✐♦r❡s✳ ❉❡✜♥✐♥❞♦ py ≡ p✱
♣♦❞❡♠♦s ❡s❝r❡✈❡r

H ≈ p2

2m
+ ασxp, ✭✺✳✹✮

❛ ♠❡♥♦s ❞❛ ❝♦♥st❛♥t❡ ω0/2✳ ❆s ❛✉t♦❢✉♥çõ❡s ❞❡ H sã♦ ❞❛ ❢♦r♠❛ ψσ (y) =

L−1/2eiky χσ✱ ❝♦♠ ♦s s♣✐♥♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❡st❛❞♦s ❞❡ s♣✐♥ ♥❛ ❞✐r❡çã♦
±x

χ→ =
1√
2

(

1

1

)

; χ← =
1√
2

(

1

−1

)

, ✭✺✳✺✮

♦♥❞❡ → r❡♣r❡s❡♥t❛ s♣✐♥ ♣♦❧❛r✐③❛❞♦ ❡♠ +x ✭σ = +✮ ❡ ← r❡♣r❡s❡♥t❛ s♣✐♥
♣♦❧❛r✐③❛❞♦ ❡♠ −x ✭σ = −✮✳

➱ ✐♥t❡r❡ss❛♥t❡ ❛♥❛❧✐s❛r ♦ ❡❢❡✐t♦ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ B ❛♣❧✐❝❛❞♦ ♥❛
❞✐r❡çã♦ z✳ ❈♦♥s✐❞❡r❛♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦

H0 =
p2

2m
+ ασxp−Bσz =

(p+mασx)
2

2m
−Bσz −

mα2

2
, ✭✺✳✻✮
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♦♥❞❡ ❛❜s♦r✈❡♠♦s ❡♠ B ♦ ❢❛t♦r (g/2)µB = ge/4mc ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠♦✲
♠❡♥t♦ ♠❛❣♥ét✐❝♦ ❞♦ ❡❧étr♦♥ ✭g é ♦ ❢❛t♦r ❞❡ ▲❛♥❞é ❞❡♣❡♥❞❡♥t❡ ❞♦ ♠❛t❡r✐❛❧✮✳
P❛r❛ B 6= 0✱ ♦s s♣✐♥♦r❡s ❞♦s ❛✉t♦❡st❛❞♦s ♣❛ss❛♠ ❛ ❞❡♣❡♥❞❡r ❞♦ ♠♦♠❡♥t♦

χ+ (k) =

(

cos θ(k)
2

− sin θ(k)
2

)

, χ− (p) =

(

sin θ(k)
2

cos θ(k)
2

)

, ✭✺✳✼✮

♦♥❞❡ ♦ â♥❣✉❧♦ θ (k) é ❞❛❞♦ ♣♦r

θ (k) = tan−1 αk

B
. ✭✺✳✽✮

❖❜s❡r✈❡ q✉❡ θ (−k) = −θ (k)✳ ❆s ❡♥❡r❣✐❛s ❞♦s ❛✉t♦❡st❛❞♦s sã♦

ǫ± (k) =
k2

2m
±
√

(αk)2 +B2. ✭✺✳✾✮

❆ ✜❣✉r❛ ✺✳✶ ♠♦str❛ ❛ ❞✐s♣❡rsã♦ ❞❛s ❜❛♥❞❛s ❞❡ s♣✐♥ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❛❝♦✲
♣❧❛♠❡♥t♦ ❘❛s❤❜❛ ❢♦rt❡ ❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♣❡r♣❡♥❞✐❝✉❧❛r✳ P❛r❛ B = 0✱ ♦
❡❢❡✐t♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❘❛s❤❜❛ é s❡♣❛r❛r ❛s ❞✉❛s ❜❛♥❞❛s ❞❡ s♣✐♥✱ ❞❡s❧♦❝❛♥❞♦
♦ ❢✉♥❞♦ ❞❛ ❜❛♥❞❛ ❞❡ k = 0 ♣❛r❛ k = ±mα✱ ❝♦♠♦ ❡✈✐❞❡♥❝✐❛ ♦ ❍❛♠✐❧t♦♥✐❛♥♦
✭✺✳✻✮✳ ❆s ❞✉❛s ❜❛♥❞❛s ♣♦ss✉❡♠ ❞✐r❡çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞♦ s♣✐♥ ❜❡♠ ❞❡✜♥✐❞❛✿
−x ♣❛r❛ ❛ ❜❛♥❞❛ ❞❛ ❞✐r❡✐t❛ ❡ +x ♣❛r❛ ❛ ❜❛♥❞❛ ❞❛ ❡sq✉❡r❞❛✳ ❆ss✐♠✱ ♣❛r❛ ❡s✲
t❛❞♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ♣r❡❡♥❝❤✐❞♦s ❛té ♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐✱ ❤á ♠❛✐s ❡❧étr♦♥s ❝♦♠
s♣✐♥ +x ✭−x✮ s❡ ♠♦✈❡♥❞♦ ♣❛r❛ ❛ ❡sq✉❡r❞❛ ✭❞✐r❡✐t❛✮ ❞♦ q✉❡ ♣❛r❛ ❛ ❞✐r❡✐t❛
✭❡sq✉❡r❞❛✮✳ ■ss♦ ❝r✐❛ ✉♠❛ ❝♦rr❡♥t❡ ❞❡ s♣✐♥ ♣❡rs✐st❡♥t❡ 〈Js〉 = 〈J→ − J←〉 6= 0

♠❡s♠♦ ♣❛r❛ ❝❛♠♣♦ B = 0✳ ❆ ❞✐❢❡r❡♥ç❛ ♥❛ ♣r❡❝❡ssã♦ ❞❡ s♣✐♥ ❡♥tr❡ ❡❧étr♦♥s
♣♦❧❛r✐③❛❞♦s ❡♠ +x ❡ −x ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ é t❛♠❜é♠ ❛ ❜❛s❡ ❞♦ tr❛♥✲
s✐st♦r ❞❡ s♣✐♥ ♣r♦♣♦st♦ ♣♦r ❉❛tt❛ ❡ ❉❛s ❬✹✾❪✳ ◆♦ ❡♥t❛♥t♦✱ ❛♦ ❝♦♥trár✐♦ ❞❛
♣♦❧❛r✐③❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r ✉♠ ❝❛♠♣♦ ❡①t❡r♥♦ ✭❡❢❡✐t♦ ❩❡❡♠❛♥✮✱ ♦ ❡st❛❞♦ ❢✉♥❞❛✲
♠❡♥t❛❧ ❞♦ s✐st❡♠❛ t❡♠ ♠❛❣♥❡t✐③❛çã♦ ♥✉❧❛ ♣♦rq✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ s♣✐♥✲ór❜✐t❛
♣r❡s❡r✈❛ ❛ s✐♠❡tr✐❛ ❞❡ ✐♥✈❡rsã♦ t❡♠♣♦r❛❧✱ ❞❡ ♠♦❞♦ q✉❡ ǫσ (k) = ǫ−σ (−k)✳

◗✉❛♥❞♦ ♦ ❝❛♠♣♦ ❡①t❡r♥♦ B é ❧✐❣❛❞♦✱ ♦ t❡r♠♦ ❡♠ σz ♠✐st✉r❛ ♦s ❛✉t♦✲
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ε
+
(k)

ε
-
(k)

+mα-mα
ε = 0

ε
F

-mα
2
/2

k
F
+mα-k

F
-mα

❋✐❣✉r❛ ✺✳✶✿ ❇❛♥❞❛s ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ❘❛s❤❜❛ ❢♦rt❡ ❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①✲
t❡r♥♦ B = 0 ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮ ♦✉ B 6= 0 ✭❧✐♥❤❛ ❝♦♥tí♥✉❛✮✳

❡st❛❞♦s ❞❡ s♣✐♥ χ→ ❡ χ← ♥❛ r❡❣✐ã♦ ❡♠ q✉❡ ❡❧❡s sã♦ ❞❡❣❡♥❡r❛❞♦s✳ P♦r ✐ss♦✱
❛s ❜❛♥❞❛s s❡ r❡♣❡❧❡♠ ❡ ❛♣❛r❡❝❡ ✉♠ ❣❛♣ ❡♠ t♦r♥♦ ❞❡ k = 0✳ ❆s ❞✉❛s ♥♦✈❛s
❜❛♥❞❛s sã♦ r♦t✉❧❛❞❛s ♣❡❧♦ ♥ú♠❡r♦ q✉â♥t✐❝♦ λ = ± ❡ ❛s ❞✐s♣❡rsõ❡s sã♦ ❞❛❞❛s
♣❡❧❛ ❊q✳ ✭✺✳✾✮✳ ❆ ❞✐r❡çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞❡✐①❛ ❞❡ s❡r ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❞❡♣❡♥❞❡
❞♦ ♠♦♠❡♥t♦ k s❡❣✉♥❞♦ ❛ ❊q✳ ✭✺✳✼✮✳ ❆ ❜❛♥❞❛ ✐♥❢❡r✐♦r λ = − é ❛♣r♦①✐♠❛❞❛✲
♠❡♥t❡ ♣♦❧❛r✐③❛❞❛ ♥❛ ❞✐r❡çã♦ −x ♣❛r❛ k > 0 ❡ k ≫ B/α ❡ ♥❛ ❞✐r❡çã♦ +x ♣❛r❛
k < 0 ❡ |k| ≫ B/α✳ ❖ ♦♣♦st♦ ✈❛❧❡ ♣❛r❛ ❛ ❜❛♥❞❛ s✉♣❡r✐♦r λ = +✳ ◆❛ r❡❣✐ã♦
|k| ≪ B/α✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦ s✉♣❡r❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ s♣✐♥✲ór❜✐t❛ ❡
♦s s♣✐♥s sã♦ ♣♦❧❛r✐③❛❞♦s ♥❛ ❞✐r❡çã♦ ±z✳

✺✳✷ P♦t❡♥❝✐❛❧ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛

◗✉❡r❡♠♦s ✐♥✈❡st✐❣❛r ❝♦♠♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ s♣✐♥✲ór❜✐t❛ ♠♦❞✐✜❝❛ ♦ ❡s♣❛❧❤❛✲
♠❡♥t♦ ❞♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ♣♦r ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛✳ ❉✐s❝✉t✐✲
r❡♠♦s t❛♠❜é♠ ♦ ❡❢❡✐t♦ ❞❡ ✐♥t❡r❛çõ❡s ❡❧❡trô♥✐❝❛s ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✳ P❛r❛ ✐ss♦✱
r❡❡s❝r❡✈❡♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✺✳✻✮ ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ s❡❣✉♥❞❛ q✉❛♥t✐③❛çã♦

H0 =
∑

k,λ=±
ǫλ (k) c†kλckλ, ✭✺✳✶✵✮
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♦♥❞❡ ❛s ❞✐s♣❡rsõ❡s ǫλ (k) sã♦ ❞❛❞❛s ♣❡❧❛ ❊q✳ ✭✺✳✾✮ ❡ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐✲
❧❛çã♦ ckλ sã♦ ❡s❝r✐t♦s ❡♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ck↑,↓ ✭r❡❧❛t✐✈♦s à ❞✐r❡çã♦ z✮
❝♦♠♦

ck+ = cos
θ (k)

2
ck↑ − sin

θ (k)

2
ck↓, ✭✺✳✶✶✮

ck− = sin
θ (k)

2
ck↑ + cos

θ (k)

2
ck↓. ✭✺✳✶✷✮

❖ ♣♦t❡♥❝✐❛❧ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ❧♦❝❛❧✐③❛❞❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠ ♣♦t❡♥❝✐❛❧
V (x)✱ q✉❡ ❡♠ t❡r♠♦s ❞♦s ❛✉t♦❡st❛❞♦s |kλ〉 ❞❡ H0 ✜❝❛

V =
∑

kpλµ

〈kλ |V | pµ〉 c†kλcpµ. ✭✺✳✶✸✮

❖ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❊q✳ ✭✺✳✶✸✮ é

〈kλ |V | pµ〉 =
∑

σ

∫

dx 〈kλ|xσ〉V (x) 〈xσ|pµ〉

=

∫

dx V (x)
ei(p−k)x

L
〈kλ|pµ〉

=
Vk−p

N
χ†λ (k)χµ (p) , ✭✺✳✶✹✮

♦♥❞❡ ✉s❛♠♦s q✉❡
V (x) =

1

N

∑

k

Vk e
ikx. ✭✺✳✶✺✮

P❛r❛ B = 0✱ χ†λ (k)χµ (p) = δλµ ❡ ❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ ♥ã♦ ♣♦❞❡
❡s♣❛❧❤❛r ❡❧étr♦♥s ❡♥tr❡ ❡st❛❞♦s ❞❡ s♣✐♥s ❞✐❢❡r❡♥t❡s✳ ❊♥tr❡t❛♥t♦✱ ✉♠ ❝❛♠♣♦
B 6= 0 ✐♥tr♦❞✉③ ✉♠❛ ♠✐st✉r❛ ❡♥tr❡ ❡ss❡s ❡st❛❞♦s ❡ ♥❡ss❡ ❝❛s♦ t❡♠♦s ✭✉s❛♥❞♦
❛ ❊q✳ ✭✺✳✼✮✮

χ†λ (k)χµ (p) = δλµ cos

[

θ (k)− θ (p)

2

]

− λδλ,−µ sin

[

θ (k)− θ (p)

2

]

. ✭✺✳✶✻✮
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❙✉❜st✐t✉✐♥❞♦ ♥❛ ❊q✳ ✭✺✳✶✸✮✱ ♦❜t❡♠♦s

V =
∑

kpλ

Vk−p

N
cos

[

θ (k)− θ (p)

2

]

c†kλcpλ

−
∑

kpλ

λ
Vk−p

N
sin

[

θ (k)− θ (p)

2

]

c†kλcp,−λ. ✭✺✳✶✼✮

❍á ❞♦✐s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❛ss♦❝✐❛❞♦s à ✐♠♣✉r❡③❛✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s
❡s♣❛❧❤❛ s♦♠❡♥t❡ ❡♥tr❡ ❡st❛❞♦s ❞❛ ♠❡s♠❛ ❜❛♥❞❛ ❡ ♦ s❡❣✉♥❞♦✱ ❛♣❡♥❛s ❡♥tr❡
❡st❛❞♦s ❞❡ ❜❛♥❞❛s ❞✐❢❡r❡♥t❡s✳ ❆ ❡①✐stê♥❝✐❛ ❞♦s ❞♦✐s t❡r♠♦s ❡stá ✐♥t✐♠❛♠❡♥t❡
❧✐❣❛❞❛ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦s s♣✐♥♦r❡s χλ ❞❡♣❡♥❞❡♠ ❞♦ ♠♦♠❡♥t♦ ❡✱ ❡♠ ❣❡r❛❧✱
θ (k) 6= θ (p) s❡ k 6= p✳ ❊ss❛ é ✉♠❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ s♣✐♥✲
ór❜✐t❛✳

❚♦♠❛♠♦s ❛ s❡❣✉✐r ♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s ❡ ❝♦♥s✐❞❡r❛♠♦s ❛♣❡♥❛s
♦s ❡st❛❞♦s ❡❧❡trô♥✐❝♦s ❡♠ t♦r♥♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ✭ǫkλ ≈ ǫF ♥❛ ✜❣✉r❛
✺✳✶✮✳ P❛r❛ ✈❛❧♦r❡s r❡❛❧✐st❛s ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦✱ B ≪ αkF ✱ ♦♥❞❡
kF = π

2
n é ♦ ♠♦♠❡♥t♦ ❞❡ ❋❡r♠✐ q✉❛♥❞♦ α = 0✳ P♦r ✐ss♦✱ ✈❛♠♦s ❡①♣❛♥❞✐r V

❛té ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ B✳ ❉❛ ❊q✳ ✭✺✳✽✮✱ t❡♠♦s

θ (k) ≈ s❣♥ (k)
π

2
− B

αk
✭✺✳✶✽✮

❡ ❡♥tã♦

cos

[

θk − θp

2

]

≈ 1 + s❣♥ (kp)

2
+

s❣♥ (k)− s❣♥ (p)

2

B

2α

(

1

k
− 1

p

)

,✭✺✳✶✾✮

sin

[

θk − θp

2

]

≈ s❣♥ (k)− s❣♥ (p)

2
− 1 + s❣♥ (kp)

2

B

2α

(

1

k
− 1

p

)

.✭✺✳✷✵✮

❖s t❡r♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡♠ ♦r❞❡♠ ③❡r♦ ❞❡ B sã♦

V ≈
∑

kpλ

Vk−p

N

1 + s❣♥ (kp)

2
c†kλcpλ
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−
∑

kpλ

λ
Vk−p

N

s❣♥ (k)− s❣♥ (p)

2
c†kλcp,−λ. ✭✺✳✷✶✮

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ ❊q✳ ✭✺✳✷✶✮ r❡❝✉♣❡r❛ ♦ ❧✐♠✐t❡ B = 0 ❡♠ q✉❡ só ❤á
❡s♣❛❧❤❛♠❡♥t♦ s❡♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥✳ ❖ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ ❊q✳ ✭✺✳✷✶✮ ❞✐③
q✉❡ só é ♣♦ssí✈❡❧ ❡s♣❛❧❤❛r ❡♥tr❡ ❡st❛❞♦s ❞❛ ♠❡s♠❛ ❜❛♥❞❛ s❡ k ❡ p t✐✈❡r❡♠ ♦
♠❡s♠♦ s✐♥❛❧✳ P♦r s✉❛ ✈❡③✱ ♦ s❡❣✉♥❞♦ t❡r♠♦ só ♣❡r♠✐t❡ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡
❜❛♥❞❛s ❞✐❢❡r❡♥t❡s ♣❛r❛ ♠♦♠❡♥t♦s ❝♦♠ s✐♥❛✐s ♦♣♦st♦s✳ ❈♦♥s✐❞❡r❡ ♣♦r ❡①❡♠♣❧♦
❛ ❡♥❡r❣✐❛ ❞❡ ❋❡r♠✐ ǫF > 0 ❝♦♠♦ ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✺✳✶✳ ◆❡ss❡ ❝❛s♦ ♦s
♠♦♠❡♥t♦s ❡♠ ♣♦♥t♦s ♦♣♦st♦s ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ♣❛r❛ ✉♠❛ ♠❡s♠❛ ❜❛♥❞❛
s❡♠♣r❡ tê♠ s✐♥❛❧ ♦♣♦st♦✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡s❝r✐t♦ ♣❡❧♦
♣r✐♠❡✐r♦ t❡r♠♦ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r✳ ❖ ú♥✐❝♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦ssí✈❡❧ é ❞❡ k =

± (kF +mα) ♣❛r❛ k = ∓ (kF −mα)✱ ❝♦♠ ∆k = 2kF ❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ s❡♠
✐♥✈❡rsã♦ ❞♦ s♣✐♥ ✭❡♠❜♦r❛ s❡❥❛ ❡♥tr❡ ❜❛♥❞❛s ❞❡ λ ❞✐❢❡r❡♥t❡s✮✳ ❙❡ ❞✐♠✐♥✉í♠♦s
ǫF ❛té q✉❡ ǫF < 0✱ ❛♣❡♥❛s ❛ ❜❛♥❞❛ ♠❛✐s ❜❛✐①❛ ✭λ = −✮ ✜❝❛ ♦❝✉♣❛❞❛ ❡ s✉r❣❡♠
q✉❛tr♦ ♣♦♥t♦s ❞❡ ❋❡r♠✐ ♥❛ ♠❡s♠❛ ❜❛♥❞❛✱ ❞♦✐s ❝♦♠ k > 0 ❡ ❞♦✐s ❝♦♠ k < 0✳
◆❡ss❡ ❝❛s♦ é ♣♦ssí✈❡❧ ❡s♣❛❧❤❛r s♦♠❡♥t❡ ♣❡❧♦ ♣r♦❝❡ss♦ ❞♦ ♣r✐♠❡✐r♦ t❡r♠♦✱ ♠❛s
♠❡s♠♦ ❛ss✐♠ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♦❝♦rr❡ s❡♠ ✐♥✈❡rsã♦ ❞♦ s♣✐♥✳

❖s t❡r♠♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ B sã♦

V f
1 =

B

2α

∑

kpλ

Vk−p

N

s❣♥ (k)− s❣♥ (p)

2

(

1

k
− 1

p

)

c†kλcpλ, ✭✺✳✷✷✮

V f
2 = − B

2α

∑

kpλ

λVk−p

N

1 + s❣♥ (kp)

2

(

1

k
− 1

p

)

c†kλcp,−λ. ✭✺✳✷✸✮

❖ t❡r♠♦ V f
1 ❡s♣❛❧❤❛ ❡♥tr❡ ❡st❛❞♦s ❞❛ ♠❡s♠❛ ❜❛♥❞❛ ❡ ❝♦♠ ♠♦♠❡♥t♦s ❞❡ s✐♥❛✐s

♦♣♦st♦s✳ ❆♥❛❧✐s❛♥❞♦ ❛ ✜❣✉r❛ ✺✳✶✱ ✈❡r✐✜❝❛♠♦s q✉❡ ❡ss❡ é ✉♠ ❧❡❣ít✐♠♦ t❡r♠♦ ❞❡
✐♥✈❡rsã♦ ❞❡ s♣✐♥✱ ♣♦✐s ❡s♣❛❧❤❛ ❡❧étr♦♥s ❞❡ k = kF ±mα ♣❛r❛ k = −kF ∓mα ❡
✈✐❝❡✲✈❡rs❛✳ ❆ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠♦♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ∆k = 2 (kF ±mα)✳
❏á ♦ t❡r♠♦ V f

2 ❡s♣❛❧❤❛ ❡♥tr❡ ❡st❛❞♦s ❞❡ ❜❛♥❞❛s ❞✐❢❡r❡♥t❡s ❝♦♠ ♠♦♠❡♥t♦s ❞❡
♠❡s♠♦ s✐♥❛❧✱ ♦ q✉❡ t❛♠❜é♠ é ✉♠ ♣r♦❝❡ss♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥✳ ❆ ✜❣✉r❛
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-k
F
+mα

O(B
1
)

O(B
0
)

ε = 0

ε
F

k
F
+mα-k

F
-mα k

F
-mα

O(B
1
)

❋✐❣✉r❛ ✺✳✷✿ ❊s♣❛❧❤❛♠❡♥t♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ❞❡✈✐❞♦ ❛ ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦
♠❛❣♥ét✐❝❛ ❛ ♣❛rt✐r ❞❡ k = kF +mα✳ ❖ ♣r♦❝❡ss♦ ✉s✉❛❧ ✭∆k = 2kF ✮ é ❞❡ ♦r❞❡♠
③❡r♦ ♥♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ B✳ ❖s ♣r♦❝❡ss♦s ❝♦♠ ✏s♣✐♥ ✢✐♣✑ ✭∆k = 2kF + 2mα
❡ ∆k = 2mα✮ sã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ B✳

✺✳✷ ♠♦str❛ ♦s ❡s♣❛❧❤❛♠❡♥t♦s ♣♦ssí✈❡✐s ❛ ♣❛rt✐r ❞❡ k = kF +mα ❝❧❛ss✐✜❝❛❞♦s
s❡❣✉♥❞♦ ❛ ♦r❞❡♠ ❞❡ B✳

P♦❞❡♠♦s ❧✐♥❡❛r✐③❛r ❛ ❞✐s♣❡rsã♦ ❡♠ t♦r♥♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ♥❛ ✜❣✉r❛
✺✳✶ ❡ ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❜♦sô♥✐❝♦ ❡❢❡t✐✈♦ q✉❡ ✐♥❝❧✉✐ ✐♥t❡r❛çõ❡s ❡❧❡trô♥✐❝❛s✳
❉❡✈✐❞♦ à s✐♠❡tr✐❛ ❞❛s ❜❛♥❞❛s✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐ vF é ❛ ♠❡s♠❛ ♣❛r❛
t♦❞♦s ♦s ♣♦♥t♦s✳ ➚s ✢✉t✉❛çõ❡s ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❡❧étr♦♥s ❞❡ ♥ú♠❡r♦ q✉â♥t✐❝♦
λ = ± ❛ss♦❝✐❛♠♦s ✉♠ ❝❛♠♣♦ ❜♦sô♥✐❝♦ φλ (x) t❛❧ q✉❡ ρλ (x) = n

2
+ 1√

π
∂xφλ (x)✳

❊✈✐t❛♥❞♦ í♥❞✐❝❡s ❞❡ s♣✐♥✱ ❞❡✜♥✐♠♦s ❛s ❝♦♠❜✐♥❛çõ❡s s✐♠étr✐❝❛ ❡ ❛♥t✐✲s✐♠étr✐❝❛
❞♦s ❝❛♠♣♦s

φS,A =
φ+ ± φ−√

2
. ✭✺✳✷✹✮

❊♠ t❡r♠♦s ❞❡ φS,A ❡ ❞♦s ❝❛♠♣♦s ❝♦♥❥✉❣❛❞♦s θS,A✱ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ ❊q✳
✭✺✳✷✶✮ ❡ ♦ t❡r♠♦ V f

1 ❞❛ ❊q✳ ✭✺✳✷✷✮ sã♦ ❞❛ ❢♦r♠❛

V ∼ V2kF
sin
[√

2πθA (0)
]

sin
[√

2πφS (0)
]

, ✭✺✳✷✺✮

V f
1 ∼ B V2(kF±mα)

α (kF ±mα)
cos
[√

2πφA (0)
]

cos
[√

2πφS (0)
]

. ✭✺✳✷✻✮
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◆♦t❡ q✉❡ ♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✉s✉❛❧ V ❞❡♣❡♥❞❡ ❞❡ θA ❡ ♥ã♦ ❞❡ φA✳
➚ ♣r✐♠❡✐r❛ ✈✐st❛✱ ❡ss❡ ❢❛t♦ ♣❛r❡❝❡ ❡st❛r ❡♠ ❞❡s❛❝♦r❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡
❑❛♥❡✲❋✐s❤❡r s♦❜r❡ ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ ♥✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r
❬✷✶❪✳ ◆❛ ✈❡r❞❛❞❡✱ ✐ss♦ ❛❝♦♥t❡❝❡ ♣♦rq✉❡ ❛s ❜❛♥❞❛s ♥ã♦ t❡♠ s♣✐♥ ❜❡♠ ❞❡✜♥✐❞♦✳
❙❡ ❛♣r♦①✐♠❛r♠♦s ♣❛r❛ ♦ ❧✐♠✐t❡ B → 0✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r θA ❝♦♠ ♦ ❝❛♠♣♦
φs ❛ss♦❝✐❛❞♦ à ❞❡♥s✐❞❛❞❡ ❞❡ s♣✐♥ ♣♦❧❛r✐③❛❞♦ ♥♦ ❡✐①♦ x✳ ❇❛st❛ ♥♦t❛r q✉❡ ♦s
♦♣❡r❛❞♦r❡s ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞♦s ❜ós♦♥s sã♦ t❛✐s q✉❡

dq,r=+,λ=+ ≈ dq+← , dq,r=−,λ=+ ≈ dq−→ , ✭✺✳✷✼✮

dq,r=+,λ=− ≈ dq+→ , dq,r=−,λ=− ≈ dq−← . ✭✺✳✷✽✮
❉❡ss❡ ♠♦❞♦✱ θA ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦ ❝♦♠♦

θA (x) = i
∑

r,λ,q>0

λ

2
√
Lq

e−αq/2dqrλe
irqx +H.c.

≈ −i
∑

r,σ,q>0

rσ
e−αq/2

2
√
Lq

dqrσe
irqx +H.c. = φs (x) . ✭✺✳✷✾✮

❆❧é♠ ❞✐ss♦✱ r❡❝♦♥❤❡❝❡♠♦s q✉❡ φS (x) = φc (x) ✭❝❛♠♣♦ ❛ss♦❝✐❛❞♦ à ❞❡♥s✐❞❛❞❡
❞❡ ❝❛r❣❛✮✳ P♦rt❛♥t♦✱ ♥♦ ❧✐♠✐t❡ B → 0✱ r❡❝✉♣❡r❛♠♦s ♦ t❡r♠♦ ❞❡ ❑❛♥❡✲❋✐s❤❡r
✉s✉❛❧✳ ❙❡ ✐♥❝❧✉✐r♠♦s ✐♥t❡r❛çõ❡s ❡♥tr❡ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ s♣✐♥ ♣♦❧❛r✐③❛❞❛s ♥♦
❡✐①♦ x✱ ❛ ❞✐♠❡♥sã♦ ❞♦ ♦♣❡r❛❞♦r V ♥❛ ❊q✳ ✭✺✳✷✺✮ s❡rá D = (Kc + Ks)/2✳
❏á ♦ t❡r♠♦ V f é ❛♥á❧♦❣♦ ❛♦ t❡r♠♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✏s♣✐♥✲✢✐♣✑ ❡♠
✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦ q✉❡ ❡♥❝♦♥tr❛♠♦s ♥♦ ❝❛♣ít✉❧♦ ✸✳ ❙✉❛ ❞✐♠❡♥sã♦ é
D = (Kc +K−1

s ) /2 ✭♦❜t✐❞❛ tr♦❝❛♥❞♦ φA → θs✮✳ ❊ss❡s t❡r♠♦s ❣❡r❛♠ r❡✲
s✐st✐✈✐❞❛❞❡s q✉❡ ❞❡♣❡♥❞❡♠ ❝♦♠♦ ❧❡✐s ❞❡ ♣♦tê♥❝✐❛ ❞❛ t❡♠♣❡r❛t✉r❛✱ ♠❛s ♦s
❡①♣♦❡♥t❡s ν = 2D − 2 sã♦ ❞✐❢❡r❡♥t❡s ♥♦s ❞♦✐s ❝❛s♦s s❡ Ks 6= 1✳ P❡❧❛ r❡❣r❛
❞❡ ▼❛t❤✐❡ss❡♥✱ ❛ r❡s✐st✐✈✐❞❛❞❡ t♦t❛❧ é s♦♠❛ ❞❛s ❞✉❛s r❡s✐st✐✈✐❞❛❞❡s✳ ❊♠ ❣❡✲
r❛❧✱ ❞❡✈❡✲s❡ ❡s♣❡r❛r q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ♥♦s ❡①♣♦❡♥t❡s s❡❥❛ ♣❡q✉❡♥❛ ✭Ks ≈ 1✮
❡ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✉s✉❛❧ ❞❡ ✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ ❞♦♠✐♥❡ s♦❜r❡
♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✏s♣✐♥ ✢✐♣✑✱ ❥á q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡st❡ é ♠❡♥♦r ♣♦r ✉♠
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❢❛t♦r ❞❡ ♦r❞❡♠ B/αkF ≪ 1✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ❞✐s❝✉t✐r❡♠♦s ✉♠ ❝❛s♦ ❡♠ q✉❡
é ♣♦ssí✈❡❧ s✉♣r✐♠✐r ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✉s✉❛❧ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✱ ❢❛③❡♥❞♦
❝♦♠ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥ s❡ t♦r♥❡ ♦ ♠❛✐s r❡❧❡✈❛♥t❡✳

✺✳✸ Pr♦♠♦çã♦ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦

❞❡ s♣✐♥

❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ✐♥t❡r❡ss❛♥t❡ q✉❡ ❛✐♥❞❛ ♥ã♦ ❛♥❛❧✐s❛♠♦s ❞✐③ r❡s♣❡✐t♦ ❛♦
q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛ ✐♠♣✉r❡③❛ q✉❛♥❞♦ ♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐
❝❛✐ ❡①❛t❛♠❡♥t❡ s♦❜r❡ ♦ ❣❛♣ ❛❜❡rt♦ ♣❡❧♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ B ✭ǫ = 0 ♥❛ ✜❣✉r❛
✺✳✷✮✳ ❖❜✈✐❛♠❡♥t❡✱ ❡ss❡ é ✉♠ ❝❛s♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ❛❥✉st❡ ✜♥♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦
❘❛s❤❜❛ ❡ ❞❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛✳ ❆ r❡❧❛çã♦ ❛ s❡r s❛t✐s❢❡✐t❛ é

mα2

2
=
k2

F

2m
⇒ α = vF . ✭✺✳✸✵✮

❆ ✈✐❛❜✐❧✐❞❛❞❡ ❞❡ss❡ ❝❛s♦ ❡♠ t❡r♠♦s ❞♦s ♣❛râ♠❡tr♦s ❡①♣❡r✐♠❡♥t❛✐s s❡rá ❞✐s✲
❝✉t✐❞❛ ♥♦ ✜♥❛❧ ❞❛ s❡çã♦✳ P♦r ♦r❛✱ ♥♦t❛♠♦s q✉❡ ❛ ♣r❡s❡♥ç❛ ❞♦ ❣❛♣ ∆ = 2B

❡♠ k = 0 s✉♣r✐♠❡ ♦ ♠❡❝❛♥✐s♠♦ ❞♦♠✐♥❛♥t❡ ❞❡s❝r✐t♦ ♣♦r V ♥❛ ❊q✳ ✭✺✳✷✶✮
♣♦rq✉❡ ♥ã♦ ❤á ❡st❛❞♦s ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❋❡r♠✐ ♣❛r❛ ♦♥❞❡ ❡s♣❛❧❤❛r ❡❧étr♦♥s ❛
♣❛rt✐r ❞❡ k = ± (kF +mα) ≡ ±2kF ✳ ❊♠ ❞❡❝♦rrê♥❝✐❛ ❞✐ss♦✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦
❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥ ❞❡s❝r✐t♦ ♣❡❧❛ ❊q✳ ✭✺✳✷✷✮ ❞❡✈❡ ❞♦♠✐♥❛r ❡♠ t❡♠♣❡r❛t✉r❛s
♠✉✐t♦ ♠❡♥♦r❡s ❞♦ q✉❡ B✳

❱❛♠♦s ❝❛❧❝✉❧❛r ♣❡rt✉r❜❛t✐✈❛♠❡♥t❡ ❛ r❡s✐stê♥❝✐❛ ❞❡✈✐❞♦ ❛ ❝❛❞❛ ✉♠ ❞♦s t❡r✲
♠♦s ❡ ❝♦♠♣❛r❛r ❛s ❞❡♣❡♥❞ê♥❝✐❛s ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❡ ❝♦♠ ♦ ❝❛♠♣♦ ♠❛❣♥é✲
t✐❝♦ ❛♣❧✐❝❛❞♦✳ ❈♦♥s✐❞❡r❡ ♣r✐♠❡✐r♦ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❡st❛❞♦s ❝♦♠ k ≈ ±2kF

♣❛r❛ k ≈ 0✳ ❖❜s❡r✈❡ q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ss❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡✈❡ s❡r ❞❡ ♦r❞❡♠
③❡r♦ ❡♠ B ✭♣♦rq✉❡ s♦❜r❡✈✐✈❡ ♥♦ ❧✐♠✐t❡ B → 0✮✱ ♠❛s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❛r❛
B 6= 0 ♦❝♦rr❡ ❡♥tr❡ ❡st❛❞♦s ❝♦♠ s♣✐♥ ♣♦❧❛r✐③❛❞♦ ❡♠ ±x ✭❡♠ k ≈ ±2kF ✮ ♣❛r❛
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❡st❛❞♦s ♣♦❧❛r✐③❛❞♦s ❡♠ ±z ✭❡♠ k ≈ 0✮✳ P❛r❛ p ≈ 0✱ t❡♠♦s ❞❛ ❊q✳ ✭✺✳✽✮

θ (p) ≈ αp

B
. ✭✺✳✸✶✮

P♦r ✐ss♦✱ r❡t♦r♥❛♠♦s à ❊q✳ ✭✺✳✶✼✮ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ r❡s✐stê♥❝✐❛ ❞❡✈✐❞♦ ❛ ❡ss❡
♣r♦❝❡ss♦✳ ❚❡♠♦s q✉❡

J̇ =
ea

mL

∑

kpλ

Vk−p (k − p) cos

[

θ (k)− θ (p)

2

]

c†kλcpλ

− ea

mL

∑

kpλ

λVk−p (k − p) sin

[

θ (k)− θ (p)

2

]

c†kλcp,−λ. ✭✺✳✸✷✮

❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ▼♦r✐ ✭✷✳✽✽✮✱ ♦❜t❡♠♦s ❛ ❡①♣r❡ssã♦ ❞❛ r❡s✐st✐✈✐❞❛❞❡ ♣❛r❛
❢r❡qüê♥❝✐❛ ω → 0

ρ =
πa2

(ne)2

1

L3

∑

kpλ

|Vk−p|2 (k − p)2

[

−∂nF

∂ǫ

]

ǫkλ

×
{

cos2

[

θ (k)− θ (p)

2

]

δ (ǫkλ − ǫpλ)

+ sin2

[

θ (k)− θ (p)

2

]

δ (ǫkλ − ǫp,−λ)

}

. ✭✺✳✸✸✮

P♦❞❡♠♦s t♦♠❛r k ≈ ±2kF ✭λ = −✮ ❡ p ≈ 0✱ ✐♥❝❧✉✐♥❞♦ ♦ ❢❛t♦r ❞❡ ✷ ♣❡❧♦ t❡r♠♦
❡♠ q✉❡ tr♦❝❛♠♦s k → p✳ ◆❡ss❡ ❝❛s♦✱ s❡❣✉❡ ❞❛ ❊q✳ ✭✺✳✶✽✮ q✉❡ θ (k) ≫ θ (p)

❡ cos2 (θk/2) ≈ sin2 (θk/2) ≈ 1/2✳ ❖❜t❡♠♦s

ρ ≈ a2

4π (ne)2

1

L

∫

dk

∫

dp |Vk|2 k2

[

−∂nF

∂ǫ

]

ǫk−

× [δ (ǫk− − ǫp−) + δ (ǫk− − ǫp+)] . ✭✺✳✸✹✮

❯s❛♠♦s ❛ ❢✉♥çã♦ ❞❡❧t❛ ❞❡ ❉✐r❛❝ ♣❛r❛ ❡❧✐♠✐♥❛r ❛ ✐♥t❡❣r❛çã♦ ❡♠ k✳ ❈♦♠♦
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k ≫ B/α✱ ❛♣r♦①✐♠❛♠♦s ❛ ❞✐s♣❡rsã♦ ✭✺✳✾✮

ǫk− ≈
k2

2m
− α |k| . ✭✺✳✸✺✮

❆❧é♠ ❞✐ss♦✱ ❡♠ ❜❛✐①❛s ❡♥❡r❣✐❛s ✭T ≪ B✮ ♣♦❞❡♠♦s ❛❞♦t❛r ❛ ❛♣r♦①✐♠❛çã♦
q✉❛❞rát✐❝❛

ǫp± ≈ ±
(

B +
p2

2m∗

)

, ✭✺✳✸✻✮

♦♥❞❡ m∗ é ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❛ ❜❛♥❞❛✱ ❞❡✜♥✐❞❛ ♣♦r
1

m∗
=

1

m
+
α2

B
, ✭✺✳✸✼✮

❞❡ ♠♦❞♦ q✉❡ m∗ ≈ B/α2 ≪ m ♣❛r❛ B ≪ mα2✳ ❆ ❝♦♥s❡r✈❛çã♦ ❞❡ ❡♥❡r❣✐❛
❢♦r♥❡❝❡ ❡♥tã♦

ǫk− = ǫp± ⇒ k ≈ ±2mα = ±2kF , ✭✺✳✸✽✮
δ (ǫk− − ǫp±) =

m

kF

[δ (k − 2kF ) + δ (k + 2kF )] . ✭✺✳✸✾✮
■♥t❡❣r❛♥❞♦ s♦❜r❡ k✱ ✜❝❛♠♦s ❝♦♠

ρ ≈ 4ma2kF

πL (ne)2 |V2kF
|2
∫

dp

[

−∂nF

∂ǫ

]

ǫp+

. ✭✺✳✹✵✮

❯s❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s −∂nF/∂ǫ ≈ βe−β|ǫ|✱ t❡♠♦s

ρ ≈ 4ma2kF

πL (ne)2 |V2kF
|2 βe−βB

∫ +∞

0

dp e−βp2/2m∗

,

=
4ma2kF

πL (ne)2 |V2kF
|2
√

πβm∗

2
e−βB. ✭✺✳✹✶✮

P♦rt❛♥t♦✱ ❛ r❡s✐stê♥❝✐❛ ❞❡✈✐❞♦ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❛r❛ p ≈ 0 ✜❝❛

R1 =
h

e2
|V2kF

|2
( ma

π~2n

)2
√

πgµBB

kBT
exp

(

−gµBB

2kBT

)

. ✭✺✳✹✷✮
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❆ r❡s✐stê♥❝✐❛ ❞❡✈✐❞♦ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥ ❞❛ ❊q✳ ✭✺✳✷✷✮
t❛♠❜é♠ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ▼♦r✐✳ ❖ ❝á❧❝✉❧♦ é ✐♠❡❞✐❛t♦
❡ ❢♦r♥❡❝❡

R2 =
h

e2
∣

∣V2k∗
F

∣

∣

2
( ma

π~2n

)2
(

gµBB

4αkF

)2

. ✭✺✳✹✸✮

❆s ❊qs✳ ✭✺✳✹✷✮ ❡ ✭✺✳✹✸✮ ❝♦♥✜r♠❛♠ ♦ q✉❡ ❤❛✈í❛♠♦s ❛♥t❡❝✐♣❛❞♦ s♦❜r❡ ♦s ❞♦✐s
♠❡❝❛♥✐s♠♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✳ P♦r ❝❛✉s❛ ❞♦ ❣❛♣ ❡♠ k = 0✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦
✉s✉❛❧ ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ❛ r❡❞✉çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♦✉ ❝♦♠ ♦ ❛✉✲
♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ❊♠ ❝♦♠♣❡♥s❛çã♦✱ à ♠❡❞✐❞❛ q✉❡ s❡ ❛✉♠❡♥t❛
♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥ ❝r❡s❝❡ ❝♦♠ B2✳
❊♠ t❡♠♣❡r❛t✉r❛s ♠✉✐t♦ ❜❛✐①❛s ❞❡✈❡♠♦s s❡r ❝❛♣❛③❡s ❞❡ ♦❜s❡r✈❛r ♦ ✏❝r♦ss♦✲
✈❡r✑ ❡♥tr❡ ❞♦✐s r❡❣✐♠❡s ❛✉♠❡♥t❛♥❞♦ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✭✜❣✉r❛ ✺✳✸✮✳ ◗✉❛♥❞♦
B = 0✱ ♦ ❡s♣❛❧❤❛♠❡♥t♦ é ❞♦♠✐♥❛❞♦ ♣♦r V2kF

✳ ◗✉❛♥❞♦ ❛♣❧✐❝❛♠♦s ✉♠ ❝❛♠♣♦
B 6= 0✱ ♦ ❣❛♣ ❝♦♠❡ç❛ ❛ s✉♣r✐♠✐r ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ V2kF

❡ ❛ r❡s✐stê♥❝✐❛
❝❛✐ ✭♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ♥❡❣❛t✐✈❛✮✳ P❛r❛ B ≫ T ✱ ❛ ❝♦♥tr✐❜✉✐çã♦ R1 ❞❡❝❛✐
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❛té s❡r s✉♣❡r❛❞❛ ♣♦r R2 ✭❡s♣❛❧❤❛♠❡♥t♦ ❞❡ V2k∗

F
✮✳ ◆❡ss❡

♣♦♥t♦✱ ❛ r❡s✐stê♥❝✐❛ ❝♦♠❡ç❛ ❛ ❝r❡s❝❡r ♥♦✈❛♠❡♥t❡ ✭♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ♣♦s✐✲
t✐✈❛✮✳ P♦rt❛♥t♦✱ ❞❡✈❡ ❡①✐st✐r ✉♠ ♠í♥✐♠♦ ❞❡ r❡s✐stê♥❝✐❛ t♦t❛❧ RT = R1 + R2

♣❛r❛ ♦ ❝❛♠♣♦ B0 ✭T ≪ B0 ≪ αkF ✮ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦

dRT

dB
= 0⇒ x

2
+

(

√

πA

2x
−
√

2πA3x

)

e−Ax = 0, ✭✺✳✹✹✮

♦♥❞❡ ❞❡✜♥✐♠♦s x = gµBB/2αkF ≪ 1 ❡ A = αkF/kBT ≫ 1 ❡ ❛♣r♦①✐♠❛♠♦s
V2kF

≈ V2k∗
F
✳ P❛r❛ T = 1 ❑✱ kF = 2 × 10−6 ❝♠ ❡ m = 0, 036m0 ✭✈❛❧♦r❡s

❡①tr❛í❞♦s ❞❛ ❘❡❢✳ ❬✹✽❪✮✱ t❡♠♦s A ≈ 980✳ ❆ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❛ ❊q✳ ✭✺✳✹✹✮
❢♦r♥❡❝❡ x0 ≈ 0, 014 ❡ ❞❛í gµBB0 ≈ 1, 2 ♠❡❱✳ P❛r❛ g = 13 ✭❘❡❢✳ ❬✼✾❪✮✱
❡♥❝♦♥tr❛♠♦s B0 ≈ 3, 2 ❚✳ ❆ r❡s✐stê♥❝✐❛ ♠í♥✐♠❛ Rmin

T é ❞❛❞❛ ♣♦r

Rmin
T

R0
T

≈ 3× 10−5, ✭✺✳✹✺✮
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0
B

0

R
es

is
tê

n
ci

a

R
1
~ exp(-B/T)

R
2
~ B

2

❋✐❣✉r❛ ✺✳✸✿ ❘❡s✐stê♥❝✐❛ ❛ss♦❝✐❛❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r ✐♠♣✉r❡③❛ ❡♠ ❢✉♥çã♦
❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❛♣❧✐❝❛❞♦ q✉❛♥❞♦ ǫF = mα2/2 ❛❝✐♠❛ ❞♦ ❢✉♥❞♦ ❞❛ ❜❛♥❞❛
✭♦✉ ǫF = 0 ♥❛ ✜❣✉r❛ ✺✳✶✮✳ R1 é ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ✉s✉❛❧ ❡ R2 é
❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥✳

♦♥❞❡
R0

T =
2h

e2
|V2kF

|2
( ma

π~2n

)2 ✭✺✳✹✻✮
é ❛ r❡s✐stê♥❝✐❛ ❛ss♦❝✐❛❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛ ✐♠♣✉r❡③❛ ❛ ❝❛♠♣♦ B = 0✳
■ss♦ ♠♦str❛ q✉❡ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ♣♦❞❡ s✉♣r✐♠✐r q✉❛s❡ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛
r❡s✐stê♥❝✐❛ ❛ss♦❝✐❛❞❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛✳ ❈♦♥s✐✲
❞❡r❛♥❞♦ ❛ ❝♦♥❞✉tâ♥❝✐❛ ✜♥✐t❛ ❞♦ ✜♦ q✉â♥t✐❝♦✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ♠❛❣♥❡t♦r✲
r❡s✐stê♥❝✐❛

∆R

R
=

(h/e2 +Rmin
T )− (h/2e2 +R0

T )

h/e2 +Rmin
T

≈ 1

2
− 1

2

(

ma |V2kF
|

~2kF

)2

. ✭✺✳✹✼✮

❖❜s❡r✈❡ q✉❡ ♣❛r❛ |V2kF
| → 0 ❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ é✱ ♥❛ ✈❡r❞❛❞❡✱ ♣♦s✐t✐✈❛

♣♦rq✉❡ ❛ ❛❜❡rt✉r❛ ❞♦ ❣❛♣ q✉❛♥❞♦ B 6= 0 r❡❞✉③ ♦ ♥ú♠❡r♦ ❞❡ ❝❛♥❛✐s ❞❡ ♣r♦✲
♣❛❣❛çã♦ ❞♦s ❡❧étr♦♥s ❡✱ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❛✉♠❡♥t❛ ❛ r❡s✐stê♥❝✐❛ ❞❡ ❝♦♥t❛t♦
❞❡ (2e2/h)

−1 ♣❛r❛ (e2/h)
−1✳ ❆ s✐t✉❛çã♦ é r❡✈❡rt✐❞❛ s❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛

✐♠♣✉r❡③❛ é ♠✉✐t♦ ❣r❛♥❞❡ ✭R0
T ≫ h/e2✮✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❝♦♥❞✉tâ♥❝✐❛ ❛ B = 0 é

♣r❛t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡ ♦ ❡❢❡✐t♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é ♣r❛t✐❝❛♠❡♥t❡ ✏r❡♠♦✈❡r✑
❛ ✐♠♣✉r❡③❛ ❡ r❡st❛✉r❛r ♦ ♣❧❛tô ❞❡ ❝♦♥❞✉tâ♥❝✐❛ ❡♠ e2/h✳
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❆ r❡s✐stê♥❝✐❛ R2 ♥❛ ❊q✳ ✭✺✳✹✸✮ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛✱ ♠❛s
♣❛ss❛ ❛ ❞❡♣❡♥❞❡r ❞❡ T ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ s❡ ✐♥❝❧✉✐r♠♦s ❡❢❡✐t♦s ❞❡
✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛✳ P❛r❛ T ≪ B✱ ♣♦❞❡♠♦s ✐❣♥♦r❛r ❛ ♣r❡s❡♥ç❛ ❞❛ ❜❛♥❞❛
λ = + ❡ ❧✐♥❡❛r✐③❛r ❛ ❜❛♥❞❛ λ = − ❡♠ t♦r♥♦ ❞❡ k = ±k∗F ✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ é
❡q✉✐✈❛❧❡♥t❡ à ❜♦s♦♥✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❢ér♠✐♦♥s s❡♠ s♣✐♥✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡
q✉❡✱ ♥♦ ♥♦ss♦ ❝❛s♦✱ ♦s ❡❧étr♦♥s ❝♦♠ k ≈ +k∗F ✭r❛♠♦ R✮ tê♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡
s♣✐♥ ♣♦❧❛r✐③❛❞♦ ❡♠ −x ✭←✮ ❡ ♦s ❡❧étr♦♥s ❝♦♠ k ≈ −k∗F ✭r❛♠♦ L✮ tê♠ s♣✐♥
♣♦❧❛r✐③❛❞♦ ❡♠ +x ✭→✮✳ ❉❡✜♥✐♠♦s ♦s ❝❛♠♣♦s φR← ❡ φL→ ♥♦s r❛♠♦s ❞✐r❡✐t♦
❡ ❡sq✉❡r❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❛ ♣❛rt✐r ❞❡❧❡s ♦s ❝❛♠♣♦s ❞✉❛✐s

φ =
φL→ − φR←√

2
, θ =

φL→ + φR←√
2

, ✭✺✳✹✽✮

t❛✐s q✉❡ [φ (x) , ∂x′θ (x′)] = iδ (x− x′)✳ ❊♠ t❡r♠♦s ❞♦s ❝❛♠♣♦s ❜♦sô♥✐❝♦s✱ ♦
♣♦t❡♥❝✐❛❧ V f

1 ❞❛ ✐♠♣✉r❡③❛ ✜❝❛

V f
1 ∼ cos

[√
4πφ (0)

]

.

❆ss✐♠✱ ❛ r❡s✐stê♥❝✐❛ R2 é ❛❧t❡r❛❞❛ ♣♦r ✉♠ ❢❛t♦r ∼ (T/TF )2K−2✱ ♦♥❞❡ K é ♦
♣❛râ♠❡tr♦ ❞❡ ✐♥t❡r❛çã♦ ❞♦ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r

K =

√

2πvF + g4 − g2

2πvF + g4 + g2

. ✭✺✳✹✾✮

P❛r❛ ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s✱ K < 1 ❡ R2 ❝r❡s❝❡ q✉❛♥❞♦ T → 0✳ P♦r ✐ss♦✱
❛ ❛♠♣❧✐t✉❞❡ |V2kF

| q✉❡ ❛♣❛r❡❝❡ ♥❛ ❊q✳ ✭✺✳✹✼✮ ❞❡✈❡ s❡r r❡♥♦r♠❛❧✐③❛❞❛ ♥♦
❝❛s♦ ✐♥t❡r❛❣❡♥t❡ ♣❛r❛ ✉♠❛ ❛♠♣❧✐t✉❞❡ ❡❢❡t✐✈❛ ∼ |V2kF

| (T/TF )K−1✳ ❈♦♠♦
r❡s✉❧t❛❞♦✱ ❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❧íq✉✐❞❛ ♣♦❞❡ s❡r ♥❡❣❛t✐✈❛ ❡ ❜❛st❛♥t❡ ❣r❛♥❞❡✳

❋✐♥❛❧♠❡♥t❡✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦❜s❡r✈❛r ♦ ❡❢❡✐t♦ ❞❡
❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ✐♥✈❡rsã♦ ❞❡ s♣✐♥ ❞❡♥tr♦ ❞♦s ♣❛râ♠❡tr♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❆
❣r❛♥❞❡ ❞✐✜❝✉❧❞❛❞❡ é ♦ ❛❥✉st❡ ❞♦ ♥í✈❡❧ ❞❡ ❋❡r♠✐ ❞❡ ♠❛♥❡✐r❛ q✉❡ s❡ t❡♥❤❛
α = vF ✳ ❯♠ ✈❛❧♦r tí♣✐❝♦ ❞❡ α é α = 0, 22 ❡❱➴⇒ α/~ ≈ 3, 3×104 ♠✴s✳ P❛r❛
♦s ❝♦♠♣♦st♦s s❡♠✐❝♦♥❞✉t♦r❡s ✉s❛❞♦s ❛t✉❛❧♠❡♥t❡✱ α/vF < 0, 2 ❬✺✷❪✱ q✉❡ ❡stá
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❛❜❛✐①♦ ❞♦ q✉❡ ♣r❡❝✐s❛♠♦s✳ ▼❡s♠♦ ❛ss✐♠✱ t❛❧✈❡③ s❡❥❛ ♣♦ssí✈❡❧ ❛t✐♥❣✐r α = vF

❛♠♣❧✐✜❝❛♥❞♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❘❛s❤❜❛ ✭❝♦♠ ♣♦t❡♥❝✐❛✐s ♠❛✐s ❛ss✐♠étr✐❝♦s✱ ♣♦r
❡①❡♠♣❧♦✮ ♦✉ ❞✐♠✐♥✉✐♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❡❧❡trô♥✐❝❛ ✭♠❡♥♦r vF ✮✳ ◆❡ss❡ ♠❡s♠♦
s❡♥t✐❞♦✱ ♦ r❡s✉❧t❛❞♦ ❞❛ ❘❡❢✳ ❬✺✷❪ ♠♦str❛ q✉❡ α ❞❡✈❡ ❛✉♠❡♥t❛r ❝♦♠ ❛ ❞✐♠✐✲
♥✉✐çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡✈✐❞♦ ❛ ❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦ ❡❧❡trô♥✐❝❛✳ ❖ ❛❥✉st❡ ✜♥♦
❞❡ α = vF ✭♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♠ ❡rr♦ ♠❡♥♦r ❞♦ q✉❡ ♦ ❣❛♣ (g/2)µBB✮ ♣♦❞❡
s❡r ❝♦♥s❡❣✉✐❞♦ ❝♦♥tr♦❧❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❡ ♦ ♣❛râ♠❡tr♦ α ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡
♣♦r ♠❡✐♦ ❞♦s ❝❛♠♣♦s ❡❧étr✐❝♦s ❛♣❧✐❝❛❞♦s s♦❜r❡ ♦ ✜♦ q✉â♥t✐❝♦ ❬✹✽❪✳
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❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ♣r♦♣r✐❡❞❛❞❡s ❞❡ tr❛♥s♣♦rt❡ ❞❡ ❡❧étr♦♥s ✉♥✐❞✐♠❡♥✲
s✐♦♥❛✐s ❛❝♦♣❧❛❞♦s ❛ ✉♠❛ r❡❞❡ ❞❡ s♣✐♥s ❧♦❝❛❧✐③❛❞♦s ♦✉ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥t❡r❛çã♦
s♣✐♥✲ór❜✐t❛✳

◆♦ ♣r♦❜❧❡♠❛ ❞❡ ♠á❣♥♦♥s s♦❜r❡ ✉♠❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✱ ♠♦str❛♠♦s ❝♦♠♦
q✉❛♥t✐③❛r ❛s ✢✉t✉❛çõ❡s ♠❛❣♥ét✐❝❛s s♦❜r❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♥ã♦
❤♦♠♦❣ê♥❡❛ ✉s❛♥❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❛♥❣✉❧❛r s❡♠✐❝❧áss✐❝❛ ♣❛r❛ ♦s s♣✐♥s ❧♦✲
❝❛❧✐③❛❞♦s✳ ▼♦str❛♠♦s q✉❡ ♥♦ ❝❛s♦ ❞❛ ♣❛r❡❞❡ ❞❡ ❇❧♦❝❤✱ ❝✉❥❛ ❧❛r❣✉r❛ é ✜①❛❞❛
♣❡❧❛ ❛♥✐s♦tr♦♣✐❛✱ ❛♣❛r❡❝❡ ✉♠ ❣❛♣ ♥♦ ❡s♣❡❝tr♦ ❞❡ ♠á❣♥♦♥s q✉❡ é t❛♥t♦ ♠❛✐♦r
q✉❛♥t♦ ♠❛✐s ❡str❡✐t❛ ❛ ♣❛r❡❞❡✳ ❊ss❡ ❣❛♣ s✉♣r✐♠❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ✐♥❡❧ást✐❝♦
♥♦ ❧✐♠✐t❡ ❞❡ ♣❛r❡❞❡s ❡str❡✐t❛s ❡ ❞á s✉st❡♥t❛çã♦ à ❛♣r♦①✐♠❛çã♦ ❞❡ ♠❛❣♥❡t✐✲
③❛çã♦ ❡stát✐❝❛ ♥♦ ❝á❧❝✉❧♦ ❞♦ tr❛♥s♣♦rt❡ ❡❧❡trô♥✐❝♦ ❛tr❛✈és ❞❡ ✉♠❛ ♣❛r❡❞❡ ❞❡
❞♦♠í♥✐♦✳

❖ ❡st✉❞♦ ❞♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s ❡♠ ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦
♠❛❣♥ét✐❝♦ r❡✈❡❧♦✉ q✉❡ ❛s ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s ♣♦❞❡♠ ❛♠♣❧✐✜❝❛r ❛ ♠❛❣♥❡t♦r✲
r❡s✐stê♥❝✐❛ ❞❛ ♣❛r❡❞❡ ❞❡ ❞♦♠í♥✐♦✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ✐s♦❧❛♥t❡ é ♣r❡✈✐st♦ t❛♥t♦
♣❡❧❛ ❛♥á❧✐s❡ ❞❡ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ q✉❛♥t♦ ♣❡❧♦s ❝á❧❝✉❧♦s ❞❡ r❡s♣♦st❛ ❧✐✲
♥❡❛r ❛ ❢r❡qüê♥❝✐❛ ❡ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛s✳ ❊ss❡ r❡s✉❧t❛❞♦ ❛♣♦♥t❛ ♦s s✐st❡♠❛s
✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠♦ ❝❛♥❞✐❞❛t♦s ❛ ❡①✐❜✐r❡♠ ✉♠❛ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ❡①✲
♣r❡ss✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦❧♦❝❛ ❛s ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ♠❛❣♥ét✐❝♦ ♥❛ ♠❡s♠❛

✶✶✾
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❝❛t❡❣♦r✐❛ ❞❛s ✐♠♣✉r❡③❛s ✭♠❛❣♥ét✐❝❛s ♦✉ ♥ã♦✮ ❝♦♠♦ ❢♦♥t❡s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦
s✐♥❣✉❧❛r ❞❡ ✉♠ ❧íq✉✐❞♦ ❞❡ ▲✉tt✐♥❣❡r✳

❖ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ❡❧étr♦♥s ❡ ♠á❣♥♦♥s ♠❡❞✐❛❞♦ ♣♦r ❢ô♥♦♥s ✈✐rt✉❛✐s q✉❡
♣r♦♣✉s❡♠♦s é ❛t✐✈❛❞♦ ❡♠ t❡♠♣❡r❛t✉r❛s ♠❡♥♦r❡s ❞♦ q✉❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ♣♦r
❢ô♥♦♥s✳ ❆ ♦❜s❡r✈❛çã♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❡ss❡ ♠❡❝❛♥✐s♠♦ ❞❡♣❡♥❞❡ ❞❡ s❡ ❡♥❝♦♥✲
tr❛r ✉♠ ♠❛t❡r✐❛❧ ❝♦♠ ❢♦rt❡ ❛❝♦♣❧❛♠❡♥t♦ ❡❧étr♦♥✲❢ô♥♦♥ ✭♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♠
✉♠❛ ❢❛s❡ s✉♣❡r❝♦♥❞✉t♦r❛ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✮ ❡ ❢♦rt❡ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦
❛❝♦♣❧❛♠❡♥t♦ ❞❡ tr♦❝❛ ❝♦♠ ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ♦s í♦♥s✱ ♠❛s s❡♠ ❛❝♦♣❧❛♠❡♥t♦
❞✐r❡t♦ ❡♥tr❡ ♦s ❡❧étr♦♥s ❞❡ ❝♦♥❞✉çã♦ ❡ ❛ r❡❞❡ ♠❛❣♥ét✐❝❛✳

◆✉♠ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ✐♥t❡r❛çã♦ s♣✐♥✲ór❜✐t❛ ❡ ❝❛♠♣♦ ♠❛❣♥é✲
t✐❝♦ ♣❡r♣❡♥❞✐❝✉❧❛r✱ ❛ ❞✐r❡çã♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞❛s ❜❛♥❞❛s ❞❡ s♣✐♥ é ❞❡♣❡♥❞❡♥t❡
❞♦ ♠♦♠❡♥t♦✳ ❆♥❛❧✐s❛♠♦s ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦s ❡❧étr♦♥s ♣♦r
✉♠❛ ✐♠♣✉r❡③❛ ♥ã♦ ♠❛❣♥ét✐❝❛ q✉❡ ❞❡♣❡♥❞❡ ❞♦ ❛❥✉st❡ ✜♥♦ ❡♥tr❡ ♦ ❛❝♦♣❧❛♠❡♥t♦
❘❛s❤❜❛ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❋❡r♠✐✳ ❱✐♠♦s q✉❡ ♥❡ss❡ ❝❛s♦ é ♣♦ssí✈❡❧ s✉♣r✐♠✐r
♦ ❡s♣❛❧❤❛♠❡♥t♦ ✉s✉❛❧ ❡ ❝♦♥tr♦❧❛r ❛ r❡s✐stê♥❝✐❛ ❞♦ ✜♦ q✉â♥t✐❝♦ ❛♣❧✐❝❛♥❞♦ ✉♠
❝❛♠♣♦ ♠❛❣♥ét✐❝♦✳ ❆ ♠❛❣♥❡t♦rr❡s✐stê♥❝✐❛ ♣r❡✈✐st❛ ♣♦❞❡ s❡r ❜❛st❛♥t❡ ❣r❛♥❞❡
♥♦ ❝❛s♦ ❞❡ ❡❧étr♦♥s ✐♥t❡r❛❣❡♥t❡s✱ ♣♦✐s ❛s ✐♥t❡r❛çõ❡s r❡♣✉❧s✐✈❛s r❡❢♦rç❛♠ ♦
❡s♣❛❧❤❛♠❡♥t♦ ♣❡❧❛ ✐♠♣✉r❡③❛ ❡♠ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳



❆♣ê♥❞✐❝❡ ❆

❆✉t♦❢✉♥çõ❡s ❞♦s ♠á❣♥♦♥s ♥❛

♣❛r❡❞❡ ❞❡ ❇❧♦❝❤

◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ❛s ❛✉t♦❢✉♥çõ❡s ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
(

−∂2
x + V (x)

)

ϕ(x) = wϕ(x), ✭❆✳✶✮

♦♥❞❡

V (x) =
1

λ2

[

tanh2
(x

λ

)

− s❡❝❤2
(x

λ

)]

=
2

λ2
tanh2

(x

λ

)

− 1

λ2
.

❙❡❣✉✐♠♦s ❛ r❡❢❡rê♥❝✐❛ ❬✺✾❪✳ ❚♦♠❛♥❞♦ z = x/λ✱ ♦❜t❡♠♦s
(

−∂2
z + v tanh2 z

)

ϕ(z) = ǫϕ(z),

♦♥❞❡ v = 2 ❡ ǫ = 1 + λ2w✳ ❋❛③❡♠♦s

ϕ (z) = e−azs❡❝❤bzF (z) , ✭❆✳✷✮

❝♦♠ a ❡ b t❛✐s q✉❡

a2 + b2 = −ǫ+ v,

✶✷✶
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2ab = 0,

❡ ✜❝❛♠♦s ❝♦♠

F ′′ − 2 [a+ b tanh z]F ′ + [v − b (b+ 1)] s❡❝❤2zF = 0.

P❛ss❛♥❞♦ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ u = (1 + tanh z) /2✱ ♦❜t❡♠♦s

u (1− u) d
2F

du2
+ [a+ b+ 1− 2 (b+ 1)u]

dF

du
+ [v − b (b+ 1)]F = 0, ✭❆✳✸✮

q✉❡ é ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❢✉♥çã♦ ❤✐♣❡r❣❡♦♠étr✐❝❛

F = F

(

b+
1

2
−
√

v +
1

4
, b+

1

2
+

√

v +
1

4
|a+ b+ 1|u

)

,

F (a, b |c| z) = 1 +
ab

c
z +

a (a+ 1) b (b+ 1)

2!c (c+ 1)
z2 + · · · .

❱❛♠♦s ❡♥❝♦♥tr❛r ♦s ♣♦ssí✈❡✐s ❡st❛❞♦s ❧✐❣❛❞♦s (ǫ < v)✳ ❚♦♠❛♠♦s

a = 0,

b =
√
v − ǫ.

❆ ❛✉t♦❢✉♥çã♦ ϕ (z) s❡rá ❞❡ q✉❛❞r❛❞♦ ✐♥t❡❣rá✈❡❧ s❡ ❛ sér✐❡ ❞❡ F ❢♦r ✜♥✐t❛✱ ♦
q✉❡ ❛❝♦♥t❡❝❡ s❡

bn +
1

2
−
√

v +
1

4
= −n,

♦♥❞❡ n = 0, 1, 2, . . .✱ ♠❛s t❛❧ q✉❡ bn > 0✳ ❈♦♠ v = 2✱

bn = 1− n

❡ só ❤á ✉♠ ❡st❛❞♦ ❧✐❣❛❞♦✿ n = 0✱ b = 1✱ F (0, 3 |2|u) = 1✳ ❆ ❛✉t♦❢✉♥çã♦
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♥♦r♠❛❧✐③❛❞❛ é ❡♥tã♦
ϕ0 (x) =

1√
2λ

s❡❝❤x
λ
. ✭❆✳✹✮

❱❡❥❛♠♦s ❛❣♦r❛ ♦s ❛✉t♦❡st❛❞♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ (ǫ > v)✳ ◆❡ss❡ ❝❛s♦✱ ❡s✲
❝♦❧❤❡♠♦s

a =
√
v − ǫ ≡ −iκ, ✭❆✳✺✮

b = 0. ✭❆✳✻✮

❊♥tã♦
ϕ (z) = eiκzF

(

1

2
−
√

v +
1

4
,
1

2
+

√

v +
1

4
|1− iκ|u

)

.

❈♦♠ v = 2✱

ϕ (z) = eiκzF (−1, 2 |1− iκ|u) = eiκz

{

1− 2

1− iκu
}

=
κ+ i tanh z

κ+ i
eiκz.

❉❡✜♥✐♥❞♦ k = κ✴λ✱ ♦❜t❡♠♦s

ϕk (x) = N 1 + i tanh (x/λ) /kλ

1 + i/kλ

eikx

√
L
. ✭❆✳✼✮

❖ ❢❛t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦ N ❞❡✈❡ s❡r t❛❧ q✉❡

δkp = N 2

∫

dxϕ∗k (x)ϕp (x)

= N 2







1 + 1
(kλ)2

(

1− i
kλ

)

(

1 + i
pλ

)

1

L

∫

dx ei(p−k)x +O

(

λ

L

)







.

❊♥tã♦✱ ♥♦ ❧✐♠✐t❡ L→∞✱ (1/L)
∫

dx ei(p−k)x = δ (k − p)

N = 1,
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ϕk (x) =
1 + i tanh (x/λ) /kλ

1 + i/kλ

eikx

√
L
. ✭❆✳✽✮

❖s ❛✉t♦✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦✱ s❡❣✉♥❞♦ ❛ ❊q✳ ✭❆✳✺✮

w =
ǫ− 1

λ2
=
v + κ2 − 1

λ2
=

1

λ2
+ k2. ✭❆✳✾✮

❖s k✬s ♣❡r♠✐t✐❞♦s sã♦ ❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦

ϕk (−L/2) = ϕk (L/2) ,

1− i/kλ
1 + i/kλ

= eikL,

kn =
2nπ

L
− 1

L
tan−1

(

2knλ

k2
nλ

2 − 1

)

. ✭❆✳✶✵✮



❆♣ê♥❞✐❝❡ ❇

❈♦♥s❡r✈❛çã♦ ❞❡ ♠♦♠❡♥t♦ ♥❛

♣❛r❡❞❡ ❞❡ ❇❧♦❝❤

◆♦ ❝❛s♦ ❞❛ ❝❛❞❡✐❛ ❞❡ s♣✐♥s ❝♦♠ ❛♥✐s♦tr♦♣✐❛ ✜♥✐t❛✱ ❡s♣❡r❛✲s❡ q✉❡ ♦ ♠♦♠❡♥t♦
❞♦s ♠á❣♥♦♥s ♥ã♦ s❡❥❛ ❝♦♥s❡r✈❛❞♦ ♣♦rq✉❡ ♦ ♣♦t❡♥❝✐❛❧ V (x) q✉❡❜r❛ ❛ ✐♥✈❛r✐â♥✲
❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❡ ❛s ❛✉t♦❢✉♥çõ❡s ♥ã♦ sã♦ ♦♥❞❛s ♣❧❛♥❛s✳ ❊♥tr❡t❛♥t♦✱ ✈❛♠♦s
♠♦str❛r q✉❡✱ ♥♦ ❧✐♠✐t❡ L → ∞✱ Mpq ∝ δpq✳ ❯s❛♥❞♦ ❛s ❛✉t♦❢✉♥çõ❡s ✭✷✳✻✸✮✱
t❡♠♦s

Mpq =
1

1 + i/pλ

{

δpq +
1

L

i

pλ

∫

dx ei(p−q)x tanh (x/λ)

}

. ✭❇✳✶✮

❈❛❧❝✉❧❛♠♦s ❛ ✐♥t❡❣r❛❧ I ≡ ∫ +R

−R
dx eikx tanh (x/λ) ✉s❛♥❞♦ ♦ ❝♦♥t♦r♥♦ ❞❛ ✜❣✉r❛

❇✳✶✳ ❆ ✐♥t❡❣r❛❧ s♦❜r❡ C3 é
∫

C3

dz eikz tanh
z

λ
=

∫ −R

+R

dx e−πkλeikx e
iπ+x/λ − e−iπ−x/λ

eiπ+x/λ + e−iπ−x/λ
= −e−πkλI.

❙♦❜r❡ C2 ❡ C4✱
∫

C2

dz eikz tanh
z

λ
→ i

eikR

k

(

1− e−πkλ
)

,

✶✷✺
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i πλ/2

−R +R
 
0

i πλ

Im z

Re zC

C

C

C

 3

 4

 1

 2

❋✐❣✉r❛ ❇✳✶✿ ❈♦♥t♦r♥♦ ❞❡ ✐♥t❡❣r❛çã♦✳
∫

C4

dz eikz tanh
z

λ
→ i

e−ikR

k

(

1− e−πkλ
)

.

❖ ♣ó❧♦ ❡♠ z = iπλ/2 t❡♠ r❡sí❞✉♦

❘❡s (iπλ/2) = λe−πkλ/2.

❊♥tã♦
∮

dz eikz tanh
z

λ
=
(

1− e−πkλ
)

I + 2i
cos kR

k

(

1− e−πkλ
)

= 2πiλe−πkλ/2,

I = iπλ❝s❝❤πkλ
2
− 2i

cos kR

k
.

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭❇✳✶✮✱ ♦❜t❡♠♦s

Mpq =
1

1 + i/pλ

{

δpq +
1

pL

[

cos (p− q)L/2
(p− q)λ/2 − π❝s❝❤π (p− q)λ

2

]}

. ✭❇✳✷✮

❆ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ p→ q

Mqq =
1

1 + i/qλ
.

◆♦t❡ q✉❡ ✭❇✳✷✮ s❡ r❡❞✉③ ❛ δpq ♥♦ ❧✐♠✐t❡ pλ ≫ 1✱ ❡♠ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
♦♥❞❛ ❞♦ ♠á❣♥♦♥ é ♠✉✐t♦ ♠❡♥♦r ❞♦ q✉❡ ❛ ❡s❝❛❧❛ ❞❡ ✈❛r✐❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧✱ ❡
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(p-q)λ

0

0.1

0.2

0.3

0.4

0.5

|M
p
q
|2

(p
 =

 λ
-1

)

L/λ = 20

L/λ = 100

❋✐❣✉r❛ ❇✳✷✿ ❋❛t♦r ❞❡ ♥ã♦ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠♦♠❡♥t♦ |Mpq| 2 (p 6= q) ♣❛r❛ p =
1/λ ❡ ❞♦✐s ✈❛❧♦r❡s ❞❡ L/λ✳ ❆ ❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛ ✐♥❞✐❝❛ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛
❢✉♥çã♦ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦✳

✈❛✐ ❛ ③❡r♦ ♥♦ ❧✐♠✐t q → 0✳
▲❡♠❜r❛♠♦s q✉❡ p > 1/λ ❡ ❞❛í 1/2 < |Mqq| 2 < 1✳ P❛r❛ p 6= q✱ ❛ ❡①♣r❡ssã♦

|Mpq| 2 =
1

1 + (pλ) 2

[

cos (p− q)L/2
(p− q)L/2 − πλ

L
❝s❝❤π (p− q)λ

2

]2

✭❇✳✸✮

❛♣r❡s❡♥t❛ ✉♠ ♠á①✐♠♦ ❣❧♦❜❛❧ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ |p− q| ∼ 1/L✮✳ ❱❛♠♦s ❝❛❧❝✉✲
❧❛r ❛ ♣♦s✐çã♦ ❞❡ss❡ ♣✐❝♦✳ ◆♦ ❧✐♠✐t❡ λ ≪ L ❛ ❝♦♥❞✐çã♦ ❞❡ ♠á①✐♠♦ ❝♦♥❞✉③ à
❡q✉❛çã♦

u sinu+ cosu = 1,

♦♥❞❡ u ≡ (p− q)L/2✳ ❆ s♦❧✉çã♦ ♥✉♠ér✐❝❛ q✉❡ ♣r♦❝✉r❛♠♦s é u ≈ 2, 33✳
P♦rt❛♥t♦✱ ♦ ♣✐❝♦ ♦❝♦rr❡ ♣❛r❛ |p− q| ≈ 4, 66/L✳ ❖ ✈❛❧♦r ❞❡ |Mpq|2 ♥❡ss❡ ♣♦♥t♦
é ∣∣Mmax

pq

∣

∣

2 ≈ 0, 525 [1 + (pλ) 2]
−1 ≤ 0, 262✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✜❣✉r❛ ❇✳✷ ♠♦str❛

q✉❡ |Mpq| 2 é ❛♣r❡❝✐á✈❡❧ ❛♣❡♥❛s ♣❛r❛ |p− q| . 10/L✳ ◆♦ ❧✐♠✐t❡ λ/L → 0✱
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♣♦❞❡✲s❡ ❛♣r♦①✐♠❛r ❛ ❊q✳ ✭❇✳✸✮ ♥❡ss❛ r❡❣✐ã♦ ❡ ♦❜t❡r

|Mpq| 2 ≈ 1

1 + (pλ) 2

[

1− cos (p− q)L/2
(p− q)L/2

]2

=
16π

1 + (pλ) 2

sin 2 (p− q)L
L

[

1

πL

sin 2 (p− q)L
(p− q) 2

]

→ 16π

1 + (pλ) 2

sin 2 (p− q)L
L

δ (p− q) ,

q✉❡ s❡ ❛♥✉❧❛✳ P♦rt❛♥t♦✱ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦ L → ∞✱ ❛ ❝♦♥s❡r✈❛çã♦ ❞❡
♠♦♠❡♥t♦ é r❡❝✉♣❡r❛❞❛

|Mpq| 2 =
δpq

1 + 1/ (pλ)2 . ✭❇✳✹✮

❊ss❡ ❢❛t♦ é✱ ♣♦ré♠✱ ✉♠❛ ♣❡❝✉❧✐❛r✐❞❛❞❡ ❞♦ ♣♦t❡♥❝✐❛❧ ✭✷✳✺✸✮✱ q✉❡ t❡♠ ❝♦❡✜❝✐❡♥t❡
❞❡ tr❛♥s♠✐ssã♦ ✐❣✉❛❧ ❛ ✶✱ ❝♦♠♦ s❡ ♣♦❞❡ ✈❡r✐✜❝❛r ♣❡❧❛s ❛✉t♦❢✉♥çõ❡s ❞❛ ❊q✳
✭✷✳✻✸✮✳ ❯♠ ♠á❣♥♦♥ ✐♥❝✐❞❡♥t❡ ❡♠ x→ −∞ ❝♦♠ ❢✉♥çã♦ ❞❡ ♦♥❞❛

ϕp (x) ≈ 1− i/pλ
1 + i/pλ

eipx

√
L

é ❡s♣❛❧❤❛❞♦ ♣❛r❛ ❛ ❢r❡♥t❡ ✭x→ +∞✮ ❝♦♠ ❢✉♥çã♦ ❞❡ ♦♥❞❛

ϕp (x) ≈ eipx

√
L
,

❞✐❢❡r✐♥❞♦ ❛♣❡♥❛s ♣♦r ✉♠❛ ❢❛s❡ ❞❛ ♦♥❞❛ ✐♥❝✐❞❡♥t❡✳ P❛r❛ p→ 0✱ ❛ ❞✐❢❡r❡♥ç❛ ❞❡
❢❛s❡ é ❡①❛t❛♠❡♥t❡ π✳ ❆s ❞✉❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ sã♦ ❛✉t♦❡st❛❞♦s ❞❡ ♠♦♠❡♥t♦✱
❞❛í ❛ ❝♦♥s❡r✈❛çã♦ r❡✈❡❧❛❞❛ ♥❛ ❊q✳ ✭❇✳✹✮✳
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