
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ❋ís✐❝❛ ✑●❧❡❜ ❲❛t❛❣❤✐♥✑

▼❛t❤❡✉s ❱❡r♦♥❡③

❖ ▼➱❚❖❉❖ ❉❖❙ ❊❙❚❆❉❖❙ ❈❖❊❘❊◆❚❊❙
❆❈❖P▲❆❉❖❙ ❈❖▼ ❚❘❆❏❊❚Ó❘■❆❙

❈❖▼P▲❊❳❆❙

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦
❞❡ ❋ís✐❝❛ ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛ ♦❜t❡♥çã♦

❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠ ❈✐ê♥❝✐❛s✳

❖r✐❡♥t❛❞♦r✿ ▼❛r❝✉s ❆✳ ▼✳ ❞❡ ❆❣✉✐❛r

❈❛♠♣✐♥❛s✱ ❞❡③❡♠❜r♦ ❞❡ ✷✵✶✶✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❡♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❛ ♠❡✉s ♣❛✐s✱ ❱❛❧❞✐r ❡ ●❧♦r✐❛✱ ❝✉❥♦s ❡♥s✐♥❛♠❡♥t♦s
❡ ❛♣♦✐♦ ❢♦r❛♠ ❛s s✉❜stâ♥❝✐❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♣❛r❛ q✉❡ ❡✉ ❝✉♠♣r✐ss❡ ❡st❛
❡t❛♣❛ ❞❡ ♠❡✉ tr❛❜❛❧❤♦ ❡ ❞❡ ♠✐♥❤❛ ✈✐❞❛✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ♠❡✉s ❢❛♠✐❧✐❛r❡s✿
▼✐❧t♦♥✱ ▼❛r✐❧❡♥❛✱ ❏❡❛♥✱ Pr✐s❝✐❧❛✱ ▼❛r❣❛r✐❞❛✱ ❋❧♦r✐❛♥♦✱ ■✈❛♥✐✱ ❈❡❧s♦✱ ❙❛♠❛♥✲
t❤❛✱ ❆✉❞✐❡✱ ❖③í❧✐♦ ✭✐♥ ♠❡♠♦r✐❛♠✮ ❡ ❱✐✈❛♥❞✐♥❛✱ ❞♦s q✉❛✐s s❡♠♣r❡ tr❛❣♦ ♥♦
❝♦r❛çã♦ ♦s ❜♦♥s ♠♦♠❡♥t♦s ❡ ❛ s❛✉❞❛❞❡✳

❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s✳ ❖s s✉r✐♥❛♠✐t❛s✿ ❙♦♥♦✱ P✐♣♦❝❛✱ ❩é✱ ❑❩✱ ●❧❛✉❝♦✱
❘❡♥❛♥✱ ❆❞✐❧s♦♥✱ ❋❛❡❧✱ ▼❛r❝ã♦✱ ❉♦✉❣❧❛s ❡ r❡s♣❡❝t✐✈❛s ♥❛♠♦r❛❞❛s✱ ♥♦✐✈❛s ❡
❡s♣♦s❛s❀ ✉♠ ♣♦✉❝♦ ❞✐st❛♥t❡s ♠❛s ❝✉❥♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦ s❡♠♣r❡ ❡st❡✈❡ ♣❡rt♦✳
❆♦s ♣❛r❧❛♠❡♥t❛r❡s ✭❛♥t✐❣♦s ❡ ♥♦✈♦s✮ ❡ ❛❣r❡❣❛❞♦s✿ ❇❛rr♦③♦✱ ❏❛✉❧✱ ❆♥❛✱ ❋❡❞ô✱
❱✐tã♦✱ ❆♠✐❧❝❛r✱ ❚❤❛♠✐r✐s✱ P✐r❛✱ ❘♦❞s✱ ❘❛t♦✱ Pr✐✱ ❙❤❛♦✱ ❍❡♥r✐q✉❡✱ ❚r❡✜❧✐♦✱
●❇✱ ❊r✐❝ã♦✱ ▼♦♥✐q✉❡✱ ❆❞❡❧❡✱ ◆❛t✱ ▲❡♦✱ ●❛ú❝❤♦✱ ❇❛❝❛♥✐✱ ❈❛♠♣❡❧❧♦✱ ❏♦ã♦✱
◆♦✈❡✱ ●❧❡✐❞②✱ ❱❛♥❡ss❛✱ ❙♣✐❦❡ ❡ ♠❛✐s ✉♠❛ ❧❡❣✐ã♦ ❞❡ ♣❡ss♦❛s q✉❡ ♠❡ ❛❥✉❞♦✉
❛ t♦r♥❛r ❛ ✈✐❞❛ ♠❛✐s ❧❡✈❡✳ ➚ ▼❛rs❡✐❧❧❡✱ ♠✐♥❤❛ ❝ú♠♣❧✐❝❡ ♥❡st❛ ❥♦r♥❛❞❛✱ ❝✉❥♦
❝❛r✐♥❤♦ ❡ ♠♦t✐✈❛çã♦ ❢♦r❛♠ ❡ss❡♥❝✐❛✐s✳

❆❣r❛❞❡ç♦ ❛♦ ❉❛✈✐❞✱ ♦ ❆❧❜❡rt♦ ❡ ♦ ❉♦✉❣❧❛s q✉❡ ♠❡ ❛❝♦❧❤❡r❛♠ ♥❡st❛ ❢❛s❡
✜♥❛❧ ❡♠ ♥♦ss❛ ❤✉♠✐❧❞❡ r❡♣ú❜❧✐❝❛✳

❆❣r❛❞❡ç♦ ❛♦ ❛♣♦✐♦ ❞♦ ♣❡ss♦❛❧ ❞♦ ●❙❉✿ ❆❞r✐❛♥♦✱ ▼❛r❝❡❧♦✱ ❚❤✐❛❣♦✱ ❇❡t❤✱
❲❡♥❞❡❧❧❀ ❡ ❛ t♦❞♦s ♦s ❛♠✐❣♦s ❢ís✐❝♦s ❞♦ ■❋●❲✳ ❆♦s ♣r♦❢❡ss♦r❡s q✉❡ ❞✐r❡t❛
♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ t♦r♥❛r❛♠ ♣♦ssí✈❡❧ ❛ r❡❛❧✐③❛çã♦ ❡ ❝♦♥❝❧✉sã♦ ❞❡st❡ ♣r♦❥❡t♦✿
❊s❝♦❜❛r✱ ❙❛❛✱ ❙í❧✈✐♦ ❡ ❆❧❡①❛♥❞r❡ ✭❈❛❜❡❧♦✮✳ ❆❣r❛❞❡ç♦ ❛♦ ▼❛r❝✉s q✉❡ ❛❝❡✐t♦✉
♠❡ ❣✉✐❛r ♥❡st❡ tr❛❜❛❧❤♦ ❡ ❝♦♠ q✉❡♠ t✐✈❡ ❣r❛♥❞❡ ❛♣r❡♥❞✐③❛❞♦ ♥❡ss❡s ♣♦✉❝♦
♠❛✐s ❞❡ ❞♦✐s ❛♥♦s✳

P♦r ✜♠ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ❡ à ❋❆P❊❙P ♣❡❧♦ ❛✉①í❧✐♦ ✜♥❛♥❝❡✐r♦✳
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❘❡s✉♠♦

◆❛s ❞✉❛s ú❧t✐♠❛s ❞é❝❛❞❛s ❞♦ sé❝✳ ❳❳ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡♥tr❛r❛♠ ❡♠ ❝❡♥❛
❝♦♠♦ ✉♠❛ ♣♦❞❡r♦s❛ r❡♣r❡s❡♥t❛çã♦ s♦❜r❡ ❛ q✉❛❧ ♣♦❞❡✲s❡ ❛♣♦✐❛r ❛ ♠❡❝â♥✐❝❛
q✉â♥t✐❝❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ❛ ❡①t❡♥sã♦ ❞♦ ❝á❧❝✉❧♦ ❞❡ ✐♥t❡❣r❛✐s ❞❡ tr❛❥❡tór✐❛ ❛ ✉♠❛
❝❧❛ss❡ ❞❡ ❡st❛❞♦s ♠❛✐s ❛❜r❛♥❣❡♥t❡✱ ❞❛ q✉❛❧ ♦s ❛✉t♦❡st❛❞♦s ❞❡ ♣♦s✐çã♦ ❡ ♠♦✲
♠❡♥t♦ sã♦ ♠❡♠❜r♦s✳ ❈á❧❝✉❧♦s s❡♠✐❝❧áss✐❝♦s r❡✈❡❧❛r❛♠ q✉❡ ❛s ❝♦♥tr✐❜✉✐çõ❡s
♠❛✐s ✐♠♣♦rt❛♥t❡s ❛♦ ♣r♦♣❛❣❛❞♦r q✉â♥t✐❝♦ ♣r♦✈é♠ ❞❡ ❞♦♠í♥✐♦s ❝❡♥tr❛❞♦s ❡♠
tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ❖ ♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s
❛❝♦♣❧❛❞♦s ❡♠♣r❡❣❛ ❡st❛❞♦s ❞✐♥â♠✐❝♦s ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❡sq✉❡♠❛ ❡①❛t♦
♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ ❞✐♥â♠✐❝❛ ❡st❛
q✉❡ ❡♠♣r❡❣❛ tr❛❥❡tór✐❛s r❡❛✐s✳ ❖ r❡❣✐♠❡ s❡♠✐❝❧áss✐❝♦ ❞❡st❡ ♠ét♦❞♦ ❡①❛t♦
❝♦♥❞✉③ ❛ ✉♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ❛♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛s ✐♥t❡❣r❛✐s ❞❡ tr❛❥❡tór✐❛✱
♣♦ré♠ ❡♠♣r❡❣❛♥❞♦ tr❛❥❡tór✐❛s r❡❛✐s✳ ◆❡st❡ tr❛❜❛❧❤♦ ♦ ✐♥t❡r❡ss❡ é ❞❡s❡♥✈♦❧✈❡r
❛ t❡♦r✐❛ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s ❡♠♣r❡❣❛♥❞♦ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s
♥❛t✉r❛✐s à ❛♣r♦①✐♠❛çã♦ s❡♠✐❝❧áss✐❝❛ ❡ ❡st✉❞❛r ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞❡st❡ ♠ét♦❞♦✳
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❆❜str❛❝t

❇② t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ❝❡♥t✉r② t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❝♦❤❡r❡♥t st❛t❡s ✇❡r❡
❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ❛s ❛ ♣♦✇❡r❢✉❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❞♦✐♥❣ q✉❛♥t✉♠ ♠❡❝❤❛♥✲
✐❝s ♦♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡② ✇❡r❡ ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♠♦r❡
❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ♣❛t❤ ✐♥t❡❣r❛❧s ✇❤✐❝❤ ❤❛s t❤❡ ✉s✉❛❧ ❋❡②♥♠❛♥ ♣❛t❤ ✐♥t❡❣r❛❧ ❛s
❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✳ ❚❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ❧✐♠✐t ♦❢ t❤❡s❡ ♣❛t❤ ✐♥t❡❣r❛❧s ✐♥✈♦❧✈❡s ❝♦♥✲
tr✐❜✉t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥s ❡✈❛❧✉❛t❡❞ ♦♥ ❝♦♠♣❧❡① tr❛❥❡❝t♦r✐❡s ♦♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳
❚❤❡ ❝♦✉♣❧❡❞ ❝♦❤❡r❡♥t st❛t❡s ✭❈❈❙✮✱ ❛♥ ❡①❛❝t ♠❡t❤♦❞ ❞❡✈✐s❡❞ ❢♦r s♦❧✈✐♥❣
❙❝❤rö❞✐♥❣❡r✬s ❡q✉❛t✐♦♥ ❡♠♣❧♦②✐♥❣ ❛ s❡t ♦❢ ♣❛t❤ ❣✉✐❞❡❞ st❛t❡s ❞r✐✈❡♥ ❜② r❡❛❧
tr❛❥❡❝t♦r✐❡s✱ ❤❛s ✐ts s❡♠✐❝❧❛ss✐❝❛❧ ❧✐♠✐t ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❛t ♣r♦✈✐❞❡❞ ❜②
t❤❡ ♣❛t❤ ✐♥t❡❣r❛❧ ♠❡t❤♦❞✱ r❡s♣❡❝t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡s ❛♠♦♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s
❡❛❝❤ ♦♥❡ ❡♠♣❧♦②s✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❡①t❡♥❞ t❤❡ r❛♥❣❡ ♦❢ t❤❡ ❈❈❙ ✉s✐♥❣ ❝♦♠✲
♣❧❡① tr❛❥❡❝t♦r② ❣✉✐❞❡❞ st❛t❡s ❛♥❞ ✇❡ st✉❞② t❤❡ ❝♦♠♣❧❡① ❈❈❙ t❤❡♦r② t❤✉s
♦❜t❛✐♥❡❞✳
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❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❊str✉t✉r❛ ❞❛ t❡s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷ ❊❧❡♠❡♥t♦s ❞❡ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ✼

✷✳✶ ❉❡s❝r✐çã♦ ❤❛♠✐❧t♦♥✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❉❡s❞❡ ♦ ✐♥í❝✐♦ ❞❛ t❡♦r✐❛ ♦♥❞✉❧❛tór✐❛ ❞❛ ♠❛tér✐❛ ❡ ♦ ❛❞✈❡♥t♦ ❞❛ ❡q✉❛çã♦

❞✐♥â♠✐❝❛ ♣r♦♣♦st❛ ♣♦r ❙❝❤rö❞✐♥❣❡r ❬✶❪✱ ❣r❛♥❞❡ ❡♠♣❡♥❤♦ t❡♠ s✐❞♦ ♣♦st♦ ❡♠

❛♣r✐♠♦r❛r ❡ r❡✜♥❛r ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r t❛❧ ❡q✉❛çã♦✱ s❡❥❛ ❞❡s❡♥✈♦❧✈❡♥❞♦

❢❡rr❛♠❡♥t❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s q✉❡ t♦r♥❡♠ ♦s ❝á❧❝✉❧♦s ♠❛✐s ✈❡❧♦③❡s ♦✉ ❞❡s❡♥✈♦❧✲

✈❡♥❞♦ ❝♦♥str✉❝t♦s t❡ór✐❝♦s q✉❡ ❢♦r♥❡ç❛♠ ♥♦✈❛s ✈✐sõ❡s s♦❜r❡ ♦ ♠✉♥❞♦ q✉â♥t✐❝♦

❡✱ ❝♦♠♦ ❝♦♥s❡qüê♥❝✐❛✱ ❢♦r♥❡❝❡♥❞♦ ♥♦✈♦s s✉❜str❛t♦s ♠❛t❡♠át✐❝♦s✳

❯♠ ❡❧❡♠❡♥t♦ q✉❛s❡ tã♦ ❛♥t✐❣♦ q✉❛♥t♦ ❛ ♣ró♣r✐❛ t❡♦r✐❛ q✉â♥t✐❝❛ q✉❡ ✈❡♠

❛tr❛✐♥❞♦ ❛ ❛t❡♥çã♦ ❞❡ ❢ís✐❝♦s ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s sã♦ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

❬✷✱ ✸✱ ✹❪✳ ❊st❡s ❡st❛❞♦s ❢♦r❛♠ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦t❛❞♦s ♥♦ ❡st✉❞♦ ❞♦ ♦s❝✐❧❛❞♦r

❤❛r♠ô♥✐❝♦ ♣♦r ❛♣r❡s❡♥t❛r❡♠ ✉♠❛ ❞✐♥â♠✐❝❛ ♠✉✐t♦ ♣❛rt✐❝✉❧❛r ❡ ✐♥t❡r❡ss❛♥t❡✳

❆♣❡s❛r ❞❡ s❡r❡♠ ❡♥t✐❞❛❞❡s q✉â♥t✐❝❛s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡st❡s ❡st❛❞♦s tê♠

✉♠❛ ❢♦rt❡ ❛♥❛❧♦❣✐❛ ❝♦♠ ór❜✐t❛s ❝❧áss✐❝❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦ q✉❡✱ ❛ss♦❝✐❛❞♦

❛♦ ❢❛t♦ ❞❡ ❡❧❡s s❛t✉r❛r❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ♦s ❧❡✈❛ à ♣♦s✐çã♦ ❞❡

❡♥t✐❞❛❞❡ q✉❛s❡ ❝❧áss✐❝❛ ❞❡♥tr♦ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✳ ❆ ❛♥❛❧♦❣✐❛ q✉❡ ♦ ♠♦✈✐✲

♠❡♥t♦ ❞❡st❡s ❡st❛❞♦s ❛♣r❡s❡♥t❛ ♣r♦✈é♠ ❞❡ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ s❡r

✐❣✉❛❧ ❛♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ ♣♦♥t♦ ♠❛t❡r✐❛❧ s✉❥❡✐t♦ ❛ ✉♠❛ ❢♦rç❛ ❤❛r♠ô♥✐❝❛✱ ♦✉

s❡❥❛✱ ✉♠ ♠♦✈✐♠❡♥t♦ ♣❡r✐ó❞✐❝♦ ♥❛ ❢♦r♠❛ ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛

❝❧❛r❛ ❞❡ s❡ tr❛t❛r ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❣❛✉ss✐❛♥❛✱ ❞❡ ✐♥❝❡rt❡③❛ ♠í♥✐♠❛✱ ❡

♥ã♦ ❞❡ ✉♠ ♣♦♥t♦✳ ❊st❛s ❝❛r❛❝t❡ríst✐❝❛s ❞✐♥â♠✐❝❛s ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ♣❡r✲

✶



♠✐t❡♠ q✉❡ ❡❧❡s ♣♦ss❛♠ s❡r ❡st✉❞❛❞♦s s♦❜r❡ ✉♠ ❛r❝❛❜♦✉ç♦ ❝❧áss✐❝♦ q✉❛♥❞♦

s♦❜ ❡✈♦❧✉çã♦ ❡♠ ✉♠ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦✳

❆♣❡s❛r ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s t❡r❡♠ s✐❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♦❜s❡r✈❛❞♦s

♥♦ ❡st✉❞♦ ❞♦ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦✱ ❡st❛❞♦s q✉â♥t✐❝♦s ❝♦❡r❡♥t❡s ♦❝♦rr❡♠ ❡♠

♠✉✐t♦s ♦✉tr♦s s✐st❡♠❛s ❢ís✐❝♦s✱ tã♦ ❞✐✈❡rs♦s ❝♦♠♦ ❛ ❞✐♥â♠✐❝❛ ❞❡ ❝♦r♣♦s ❝♦♠

♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❡ ❛ ❞✐♥â♠✐❝❛ ❞❛ ♦❝✉♣❛çã♦ ❞❡ ♥í✈❡✐s ❜♦sô♥✐❝♦s ❬✺✱ ✻✱ ✼✱ ✽❪✳

❯♠❛ ❞❛s ✐♥t❡r♣r❡t❛çõ❡s ❞❛❞❛s à ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ ❝♦♥s✐st❡ ❡♠ ❝♦♠♣r❡❡♥✲

❞ê✲❧❛ ❛ ♣❛rt✐r ❞❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❛❧❣✉é♠ q✉❡ s❡ ❞✐st❛♥❝✐♦✉ ❞♦ ♠✉♥❞♦ q✉â♥t✐❝♦✱

♦✉ s❡❥❛✱ ❛ ❡s❝❛❧❛ tí♣✐❝❛ ❞♦s ❡✈❡♥t♦s ❡♥✈♦❧✈❡ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ❛çã♦ ♠✉✐t♦

♠❛✐♦r ❞♦ q✉❡ ❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦✱ ~✳ ■st♦ ✐♠♣❧✐❝❛ ❡♠ r❡❛❧✐③❛r♠♦s ✉♠❛

❞❡s❝r✐çã♦ q✉â♥t✐❝❛ ♦♥❞❡ ♦♣❡r❛❞♦r❡s ❝❛♥ô♥✐❝♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♠✉t❛♠ ❡

❛ ❞✐♥â♠✐❝❛ é ♠✉✐t♦ ❜❡♠ ❞❡s❝r✐t❛ ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❊❤r❡♥❢❡st✱ q✉❛s❡ s❡♠

✢✉t✉❛çõ❡s q✉â♥t✐❝❛s✳ ❙♦❜ ❡ss❛ ót✐❝❛ é t♦t❛❧♠❡♥t❡ ♣❧❛✉sí✈❡❧ ✐♥t❡r♣r❡t❛r♠♦s ♦s

❡st❛❞♦s ❝♦❡r❡♥t❡s ❝♦♠♦ ❡st❛❞♦s q✉❡ ✐❣♥♦r❛♠ ✉♠ ❢❛t♦r ❞❡ ✈í♥❝✉❧♦ q✉â♥t✐❝♦

♣r♦♣♦r❝✐♦♥❛❞♦ ♣❡❧❛ ❝♦♥st❛♥t❡ ~ ❡ ✈ê❡♠ ✉♠ ♠✉♥❞♦ ❝❧áss✐❝♦ ❡♠ s❡✉ ♠❡✐♦✳

P♦ré♠✱ ✐♥❢❡❧✐③♠❡♥t❡✱ s♦♠❡♥t❡ s♦❜ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❤❛r♠ô♥✐❝❛ ❡❧❡s tê♠ ❡ss❛

❝❛r❛❝t❡ríst✐❝❛✳

❖ ❢❛t♦ ❞❛ ❝♦♥st❛♥t❡ q✉❡ s✐♥t♦♥✐③❛ ♦s ❢❡♥ô♠❡♥♦s q✉â♥t✐❝♦s s❡r ♣❡❧♦ ♠❡♥♦s

✷✵ ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ ♠❡♥♦r ❞♦ q✉❡ ❛ ❡s❝❛❧❛ ❞❡ ❢❡♥ô♠❡♥♦s ❞♦ ♠✉♥❞♦ ♠❛❝r♦s✲

❝ó♣✐❝♦ ♠♦t✐✈♦✉ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♣❡rt✉r❜❛t✐✈❛ ♣❛r❛ ❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♦♥❞❡

~ ❢❛③ ♦ ♣❛♣❡❧ ❞❡ ✉♠ ♣❡q✉❡♥♦ ♣❛râ♠❡tr♦✱ ❝♦♥s✐st✐♥❞♦ ❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ ❞♦

❧✐♠✐t❡ ❡♠ q✉❡ ~ → 0✳ ❊ss❛ ❝♦♥str✉çã♦ ♣❡r♠✐t❡ q✉❡ ❡♠♣r❡❣✉❡♠♦s ❡❧❡♠❡♥✲

t♦s ❝❧áss✐❝♦s ♥❛ ❞❡s❝r✐çã♦ ❞❡ ❢❡♥ô♠❡♥♦s q✉â♥t✐❝♦s✱ ♦ q✉❡ ♣♦❞❡ ♥♦s ❢♦r♥❡❝❡r

✈❛❧✐♦s❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡st❡s ❞♦✐s ❞♦♠í♥✐♦s✱ ♦✉ s❡❥❛✱ ♥♦s

❞á ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①❛♠✐♥❛r ❝♦♠♦ ❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ❡stá ♣r❡s❡♥t❡ ♥❛

❢ís✐❝❛ q✉â♥t✐❝❛✳ ❊❧❛ ♣❡r♠✐t❡ ✐r ❛❧é♠ ❞❛ ♣r❡s❝r✐çã♦ ❞❡ ❉✐r❛❝✱ q✉❡ ♣r♦♠♦✈❡ ♦

♣❛rê♥t❡s❡s ❞❡ P♦✐ss♦♥ ❛ ✉♠❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ❡♥tr❡ ♦♣❡r❛❞♦r❡s✱ ❡ ♣❛❧✲

♣❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♠♦ ❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s s❡ ✈✐♥❝✉❧❛♠ ♣❛r❛ ❞❛r ♦r✐❣❡♠ à

❞✐♥â♠✐❝❛ q✉â♥t✐❝❛❀ ♠❡s♠♦ q✉❡✱ ♣♦r ❡♥q✉❛♥t♦✱ ❡♠ ✉♠ ❡sq✉❡♠❛ ♣❡rt✉r❜❛t✐✈♦✳

❋♦✐ ❜❛s❡❛❞♦ ♥❡st❛ ♣r❡s❝r✐çã♦ ♣❡rt✉r❜❛t✐✈❛ q✉❡ s✉r❣✐r❛♠ ❛s ♣r✐♠❡✐r❛s ❢ór✲

✷



♠✉❧❛s ❞❡♥♦♠✐♥❛❞❛s s❡♠✐❝❧áss✐❝❛s✱ q✉❡ ❡♠♣r❡❣❛♠ q✉❛♥t✐❞❛❞❡s ❝❧áss✐❝❛s ♣❛r❛

r❡❛❧✐③❛r ♦ ❝á❧❝✉❧♦ ❞❡ ❡♥t✐❞❛❞❡s ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ q✉â♥t✐❝❛s✱ ❝♦♠♦ ♦ ♣r♦♣❛✲

❣❛❞♦r✳ ❯♠❛ ❞❛s ♣r✐♠❡✐r❛s ❛♣r♦①✐♠❛çõ❡s ❞❡ss❛ ❢♦r♠❛ ❝♦♥str✉í❞❛s ❢♦✐ ♦ ♣r♦♣❛✲

❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ❞❡ ✈❛♥ ❱❧❡❝❦ ❬✾❪✿

KV V (xi, xf , T ) =
∑

Γ

(
2πi~

∂xf

∂pi

)− 1
2

e−
1
i~
S(xi,xf ,T), ✭✶✳✵✳✶✮

♦♥❞❡ S é ❛ ❛çã♦ ❝❧áss✐❝❛ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ tr❛❥❡tór✐❛ Γ q✉❡ ❝♦♥❡❝t❡ ♦s ❡①tr❡♠♦s

xi ❡ xf ❡♠ ✉♠ t❡♠♣♦ T ❀ s♦❜r❡ ❛s q✉❛✐s ❛ s♦♠❛ s❡ ❡st❡♥❞❡✳ ❖ ♣r❡❢❛t♦r

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❢❛s❡ ✈✐♥❞❛ ❞❛ ❛çã♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ❝♦♥✢✉ê♥❝✐❛ ❞❡

tr❛❥❡tór✐❛s ❡♠ ✉♠❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✱ ❞❡ ❢♦r♠❛ q✉❡ s♦❜r❡ ❝á✉st✐❝❛s✱ ♦♥❞❡

♦❝♦rr❡ ❛❞❡♥s❛♠❡♥t♦ ❞❡ tr❛❥❡tór✐❛s✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡st❛s ❞✐✈❡r❣❡✳

❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❡①❛t❛ ♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r q✉â♥t✐❝♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❡♠

t❡r♠♦s ❞❡ ✉♠❛ s♦♠❛ s♦❜r❡ t♦❞❛s ♦s ❝❛♠✐♥❤♦s Γ̃ q✉❡ ❝♦♥❡❝t❡♠ ♣♦♥t♦s ❝♦♠

❡①tr❡♠♦s ❡♠ xi ❡ xf q✉❡ tr❛♥s❝♦rr❛♠ ❞✉r❛♥t❡ ✉♠ t❡♠♣♦ T ✱

〈xf |K̂H (T ) |xi〉 =
∑

Γ̃

e−
1
i~
SΓ̃ , ✭✶✳✵✳✷✮

♦♥❞❡ ❡st❡s ❝❛♠✐♥❤♦s sã♦ ❛r❜✐trár✐♦s ✭✉♠❛ ✈❡③ ❞❛❞❛s s✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥✲

t♦r♥♦✮ ❡ ♥ã♦ ❝♦♥st✐t✉❡♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛s tr❛❥❡tór✐❛s ❢ís✐❝❛s ❞❡t❡r♠✐♥❛❞❛s

♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠í♥✐♠❛ ❛çã♦✳ ❆q✉✐

K̂H (T ) = exp
(
Ĥt/i~

)
✭✶✳✵✳✸✮

é ♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ q✉â♥t✐❝♦✳ ❆ ❡st❡ ♣r♦♣❛❣❛❞♦r q✉â♥t✐❝♦

❞❡♥♦♠✐♥❛♠♦s ♣r♦♣❛❣❛❞♦r ❞❡ ❋❡②♥♠❛♥ ❬✶✵✱ ✶✶❪✳ P♦❞❡✲s❡ ❞❡♠♦♥str❛r q✉❡

r❡❛❧✐③❛♥❞♦ ❛ s♦♠❛ s♦❜r❡ ❛s tr❛❥❡tór✐❛s ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛s tr❛❥❡tór✐❛s Γ✱

q✉❡ s❛t✐s❢❛③❡♠ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ❍❛♠✐❧t♦♥✱ ♦❜t❡♠♦s ♦ ♣r♦♣❛❣❛❞♦r ❞❡ ✈❛♥ ❱❧❡❝❦

❬✶✷✱ ✶✸✱ ✶✹✱ ✶✺❪✳

◆❡st❡s ❞♦✐s ❡①❡♠♣❧♦s ❛❝✐♠❛✱ ❛ ♠♦t✐✈❛çã♦ ❝❧áss✐❝❛ ❡stá ❡✈✐❞❡♥t❡✱ t❛♥t♦ ♣❛r❛

✸



♦ ♣r♦♣❛❣❛❞♦r ❡①❛t♦ ❞❡ ❋❡②♥♠❛♥ ✭✶✳✵✳✷✮ ❝♦♠♦ ♣❛r❛ s❡✉ ♣❛r❝❡✐r♦ ❛♣r♦①✐♠❛❞♦

❞❡ ✈❛♥ ❱❧❡❝❦ ✭✶✳✵✳✶✮✱ ✉♠❛ ✈❡③ q✉❡ ❛♠❜♦s ❡♠♣r❡❣❛♠ ❝❛♠✐♥❤♦s ♦✉ tr❛❥❡tór✐❛s

❞❡✜♥✐❞❛s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦ ❡♠ s❡✉s ❝á❧❝✉❧♦s✳ ❯♠ ❢❛t♦ ❞✐❣♥♦

❞❡ ♥♦t❛ é q✉❡ ❛s ❝♦♥tr✐❜✉✐çõ❡s ❛♦ ♣r♦♣❛❣❛❞♦r ❡①❛t♦ ♣r♦✈ê♠ ✐♥❝❧✉s✐✈❡ ❞❡

❝❛♠✐♥❤♦s q✉❡ ♥ã♦ tê♠ s❡♥t✐❞♦ ❢ís✐❝♦ ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦ ❞❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✳

❈♦♥t✉❞♦✱ ♥❡st❡s ❝❛♠✐♥❤♦s✱ ❤á ❣r❛♥❞❡ ♦s❝✐❧❛çã♦ ❞❛ ❢❛s❡ ♣r♦✈✐♥❞❛ ❞❛ ❛çã♦ ❞❡

♠❛♥❡✐r❛ q✉❡✱ ♥❛ ♠é❞✐❛✱ s✉❛s ❝♦♥tr✐❜✉✐çõ❡s sã♦ ♥✉❧❛s ♥♦ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦✳

❚❛♥t♦ ♥♦ ♣r♦♣❛❣❛❞♦r ❞❡ ❋❡②♥♠❛♥ q✉❛♥t♦ ❡♠ s❡✉ ❛♣r♦①✐♠❛♥t❡ s❡♠✐❝❧ás✲

s✐❝♦✱ ❡♠♣r❡❣❛♠♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s q✉â♥t✐❝♦s ✏❛❜r✉♣t♦s✑

♣❛r❛ ♦s ❝á❧❝✉❧♦s✱ ♥♦ s❡♥t✐❞♦ ❞❡ s✉❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ s❡r❡♠ ❡①tr❡♠❛♠❡♥t❡

❧♦❝❛❧✐③❛❞❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ 〈x′|x〉 = δ (x′ − x)✳ ❊st❡s ❡st❛❞♦s

tê♠ ♥❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ✉♠ ❛♥á❧♦❣♦ q✉❡ é ❛ ♣❛rtí❝✉❧❛ ♣♦♥t✉❛❧✱ ❝♦♠ ✉♠❛

ú♥✐❝❛ ❞✐❢❡r❡♥ç❛✿ ❡st❛ ♣❛rtí❝✉❧❛ ♥ã♦ ❡stá ❞❡✜♥✐❞❛ ❝♦♠ r❡❧❛çã♦ ❛ s❡✉ ♠♦♠❡♥t♦✳

❊st❡s ❡st❛❞♦s✱ ♣❡❧❛ ♥❛t✉r❡③❛ ♥ã♦✲s✉❛✈❡ ❞❡ s✉❛s ❢✉♥çõ❡s✱ sã♦ ♠❡♥♦s ♥❛t✉r❛✐s

à ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❞♦ q✉❡ ❛❧❣✉♠ ❡st❛❞♦ ❝✉❥❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ s❡❥❛ ♠❛✐s

❜❡♠ ❝♦♠♣♦rt❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s s✉❝✐♥t❛♠❡♥t❡ ❡①♣❧✐❝❛✲

❞♦s ❛❝✐♠❛✳ ❊st❡s ❡st❛❞♦s t❛♠❜é♠ t♦♠❛♠ ♣❛rt❡ ✐♠♣♦rt❛♥t❡ ♥♦ ❡❧♦ ❡♥tr❡ ♦

s✉❜str❛t♦ ❝❧áss✐❝♦ ❡ ♦ q✉â♥t✐❝♦ ❞❛ ♠❡❝â♥✐❝❛✱ ❡ ♦ ♣❛♣❡❧ ♥❡ss❡ ❡❧♦ é ❢♦rt❡ ♦ s✉✲

✜❝✐❡♥t❡ ❛ ♣♦♥t♦ ❞❡ ❡①✐st✐r ✉♠ ❡sq✉❡♠❛ ❞❡ q✉❛♥t✐③❛çã♦ q✉❡ ♦s ❡♠♣r❡❣❛ ❝♦♠♦

❡♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❬✶✻✱ ✶✼❪✳

❉❡ss❛ ♠❛♥❡✐r❛ ♥❛❞❛ ✐♠♣❡❞❡ q✉❡ ❡st❡s ❡st❛❞♦s s❡❥❛♠ t❛♠❜é♠ ❡♠♣r❡❣❛❞♦s

♣❛r❛ q✉❡ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ s❡❥❛ r❡❛❧✐③❛❞❛ s♦❜r❡ ♦ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡

s♦❜r❡ ♦ q✉❛❧ s❡ r❡❛❧✐③❛ ❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✳ ◆❡ss❡ s❡♥t✐❞♦✱ é ❛❝❡✐tá✈❡❧ ❛ ❝♦♥✲

str✉çã♦ ❞❡ ✉♠ ♣r♦♣❛❣❛❞♦r ♥❛ r❡♣r❡s❡♥t❛çã♦ ♣r♦✈✐❞❛ ♣❡❧♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✿

K (zi, zf , T ) = 〈zf |K̂H (T ) |zi〉, ✭✶✳✵✳✹✮

♦♥❞❡ ♦s ♥ú♠❡r♦s z r♦t✉❧❛♠ ♦s ❡st❛❞♦s✳ ❊♠ ❣❡r❛❧✱ ❡st❡ ♣r♦♣❛❣❛❞♦r ♥ã♦ t❡♠

✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s✱ ♠❛s s❡✉ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦ ❞❛❞♦ ♣❡❧♦ ♣r♦♣❛❣❛❞♦r ❞❡

❇❆❑❑❙✶✱ ❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠❛ ❞❡ ✈❛♥ ❱❧❡❝❦ ♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r ❞❡ ❋❡②♥♠❛♥✱

✶❊♠ ♠❡♥çã♦ ❛♦s ❛✉t♦r❡s ❞♦ tr❛❜❛❧❤♦ ❬✶✽❪✿ ❇❛r❛♥❣❡r✲❆❣✉✐❛r✲❑❡❝❦✲❑♦rs❝❤✲❙❝❤❡❧❧❤❛❛ÿ✳

✹



é ❞❡s❝r✐t♦ ♥❛ ❧✐t❡r❛t✉r❛ ❬✶✽✱ ✶✾❪✳ ◆❡st❛ ❢♦r♠❛ s❡♠✐❝❧áss✐❝❛ ❡♠❡r❣❡ ✉♠ ❝♦♥❥✉♥t♦

❡①ót✐❝♦ ❞❡ tr❛❥❡tór✐❛s q✉❡ ❞❡♠❛♥❞❛♠ ✉♠❛ ❝♦♠♣❧❡①✐✜❝❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡

♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦ q✉❡ ✐♥❞✐r❡t❛♠❡♥t❡ t♦r♥❛ ❛ ❛♣❧✐❝❛çã♦

❞❛ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ✉♠❛ t❛r❡❢❛ ❞❡ ❝❡rt❛ ❢♦r♠❛ ❞❡❧✐❝❛❞❛ ❬✷✵✱ ✷✶✱ ✷✷✱ ✷✸❪✳

❘❡❝❡♥t❡♠❡♥t❡ ❢♦✐ ♣r♦♣♦st♦ ✉♠ ♠ét♦❞♦ ❡①❛t♦ ♣❛r❛ s❡ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡

❙❝❤rö❞✐♥❣❡r ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ❡♠♣r❡❣❛♥❞♦ ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s

❣✉✐❛❞♦s s♦❜r❡ tr❛❥❡tór✐❛s r❡❛✐s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ✐st♦ é✱ ❡st❛❞♦s ❝♦♠ ❞✐♥â♠✐❝❛

♣r❡✈✐❛♠❡♥t❡ ✐♥❝♦r♣♦r❛❞❛✱ ♠ét♦❞♦ q✉❡ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦ ❝♦✉♣❧❡❞ ❝♦❤❡r❡♥t st❛t❡s

✭❈❈❙✮ ❬✷✹✱ ✷✺✱ ✷✻✱ ✷✼✱ ✷✽✱ ✷✾❪✳ ❖ ❛❞❥❡t✐✈♦ r❡❛✐s q✉❛❧✐✜❝❛♥❞♦ ❛s tr❛❥❡tór✐❛s

✐♥❞✐❝❛ q✉❡ ❡❧❛s ♥ã♦ s♦❢r❡♠ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♠♣❧❡①✐✜❝❛çã♦✱ q✉❡ é ♥❡❝❡ssár✐❛

às tr❛❥❡tór✐❛s ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ♥❛ ❡①♣r❡ssã♦ s❡♠✐❝❧áss✐❝❛ ❞❡ ✭✶✳✵✳✹✮✳ ❚❛✐s

❡st❛❞♦s q✉â♥t✐❝♦s ❞♦t❛❞♦s ❞❡ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ♥ã♦ ❞❡✈❡♠ s❡r ❡♥❝❛r❛❞♦s

❝♦♠♦ ✉♠ ❝♦♥str✉çã♦ ❛rt✐✜❝✐❛❧ ♣♦✐s é ❞❡❧❡s q✉❡ ♣r♦✈ê♠ ❛ ❝♦♥❡①ã♦ q✉â♥t✐❝♦✲

❝❧áss✐❝♦ q✉❡ s❡ ❞❡s❡❥❛ ❛♥❛❧✐s❛r✳ ❖ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦ ❞♦s ❈❈❙ é ❡q✉✐✈❛❧❡♥t❡

❛♦ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦ ❞❡ ✭✶✳✵✳✹✮ ❛♣❡♥❛s ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ q✉❡ ❞✐③ r❡s♣❡✐t♦ à

❝♦♠♣❧❡①✐✜❝❛çã♦ ❞❛s tr❛❥❡tór✐❛s✳

❆s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ♣❡r♠✐t❡♠ ❛ ❞❡s❝r✐çã♦ ❞❡ ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s q✉â♥✲

t✐❝♦s ❥á ♥♦ ♥í✈❡❧ ❝❧áss✐❝♦ ❞❡✈✐❞♦ ❛ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐❢❡r❡♥t❡✱ ❡ sã♦ ♥❛t✉✲

r❛✐s ❛♦ ❝á❧❝✉❧♦ s❡♠✐❝❧áss✐❝♦ ❞❡ ❢✉♥çõ❡s ❞❡ ♦♥❞❛✳ ❆♣❡s❛r ❞✐ss♦ s✉❛ ✉t✐❧✐③❛çã♦

❝♦♠♦ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ ❡♠ ✉♠ ♠ét♦❞♦ ❡①❛t♦✱ q✉❡ ❛s ❡♠♣r❡❣✉❡ ♣❛r❛ ❛tr✐❜✉✐r

❞✐♥â♠✐❝❛ ❛♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ ♥✉♥❝❛ ❢♦✐ r❡❛❧✐③❛❞♦✳ ❊st❛ ❧❛❝✉♥❛ ❡stá r❡♣r❡✲

s❡♥t❛❞❛ ❡sq✉❡♠❛t✐❝❛♠❡♥t❡ ❛❜❛✐①♦✳

Pr♦♣❛❣❛❞♦r ❡①❛t♦ ❚❡♦r✐❛ ❞✐♥â♠✐❝❛ ❡①❛t❛ ▲✐♠✐t❡ s❡♠✐❝❧áss✐❝♦

❚r❛❥❡tór✐❛s r❡❛✐s ❈❈❙ ❛♥á❧♦❣♦ ❇❆❑❑❙

❚r❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ❈❈❈❙❄ ❇❆❑❑❙

◆❡st❡ tr❛❜❛❧❤♦✱ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é ❞❡s❡♥✈♦❧✈❡r ✉♠ ♠ét♦❞♦ ❈❈❙ ❝♦♠✲

♣❧❡①♦✱ ♦✉ ❈❈❈❙ ✭❞♦ ✐♥❣❧ês ❝♦♠♣❧❡① ❈❈❙✮ ❡ ❡st✉❞á✲❧♦ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜✲

❧❡♠❛s ❡♠ q✉❡ t❛♥t♦ ❛ ❢♦r♠❛ s❡♠✐❝❧áss✐❝❛ ❞❡ ✭✶✳✵✳✹✮ q✉❛♥t♦ ♦s ❈❈❙ r❡❛✐s

❣❛r❛♥t❡♠ r❡s✉❧t❛❞♦s ❞❡ ❜♦❛ q✉❛❧✐❞❛❞❡ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡ ✉♠ ❡st❛❞♦

q✉â♥t✐❝♦ t❡♠♣♦r❛❧♠❡♥t❡ ❡✈♦❧✉í❞♦✳

✺



✶✳✶ ❊str✉t✉r❛ ❞❛ t❡s❡

◆♦s ❞♦✐s ♣r✐♠❡✐r♦s ❝❛♣ít✉❧♦s q✉❡ s❡ s❡❣✉❡♠ ❛ ❡st❛ ✐♥tr♦❞✉çã♦✱ ❞❡s❝r❡✈❡r❡♠♦s

❞❡t❛❧❤❛❞❛♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s ♥❡❝❡ssár✐♦s à ❝♦♥str✉çã♦ ❞♦s ❈❈❙ ❡ ❞❛ t❡♦r✐❛

s❡♠✐❝❧áss✐❝❛ ❛❞✈✐♥❞❛ ❞❡❧❡✿ ♥♦ ❝❛♣ít✉❧♦ ✷ ❛❜♦r❞❛r❡♠♦s ❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ♥♦

❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❡♠♣r❡❣❛♥❞♦ tr❛❥❡tór✐❛s r❡❛✐s❀ ❡ ♥♦ ❝❛♣ít✉❧♦ ✸ ❞✐s❝♦rr❡r❡♠♦s

s♦❜r❡ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❛♥❛❧✐s❛♥❞♦ ❛ ❢♦r♠❛ ❝♦♠

q✉❡ ❡❧❡s ♣♦❞❡♠ ❛❞q✉✐r✐r ❞✐♥â♠✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ❆♦ ✜♥❛❧ ❞♦ t❡r❝❡✐r♦

❝❛♣ít✉❧♦ ❡①✐❜✐r❡♠♦s ❝♦♠♦ ♦❝♦rr❡ ❛ ❝♦♠♣❧❡①✐✜❝❛çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳

◆♦ ❝❛♣ít✉❧♦ ✹ ❢❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❛s ❡q✉❛çõ❡s ❝❤❛✈❡ ❞♦s ❈❈❙ ❝♦♠

tr❛❥❡tór✐❛ r❡❛✐s ❡ r❡❛❧✐③❛r❡♠♦s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞♦ ♠ét♦❞♦✳ ❚♦♠❛r❡♠♦s

♦ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦ ❞❛s ❡q✉❛çõ❡s ❡①❛t❛s✱ ❡①✐❜✐♥❞♦ ♦ ❝❛rát❡r ❡ss❡♥❝✐❛❧ q✉❡

♦ ♠ét♦❞♦ ♣♦ss✉✐✳ ❊♠ s❡❣✉✐❞❛✱ ♥♦ ❝❛♣ít✉❧♦ ✺ ❜✉s❝❛r❡♠♦s ✉♠❛ ❢♦r♠❛ ❞❡

❣❡♥❡r❛❧✐③❛r ♦s ❈❈❙ ♣❛r❛ ♦ ❝❛s♦ ❞❡ tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✱ ❡ ❛♥❛❧✐s❛r❡♠♦s ❛

t❡♦r✐❛ ❈❈❈❙ ❝♦♠♣❧❡①❛ ♦❜t✐❞❛✳
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❈❛♣ít✉❧♦ ✷

❊❧❡♠❡♥t♦s ❞❡ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛

◆♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞♦s ❈❈❙✱ ❛ss✉♠✐r❡♠♦s ❝♦♠♦ ❡♥t✐❞❛❞❡ ❢✉♥❞❛✲

♠❡♥t❛❧ ❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

|Ψ, T 〉 = K̂H (T ) |Ψ, 0〉, ✭✷✳✵✳✶✮

q✉❡ r❡s♦❧✈❡ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r

i~
❞
❞t
|Ψ, t〉 = Ĥ|Ψ, t〉. ✭✷✳✵✳✷✮

❖❜✈✐❛♠❡♥t❡✱ ❡st❛ ❡①♣r❡ssã♦ t❡♠ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣❧í❝✐t❛ ♥❛ ❤❛♠✐❧t♦♥✐❛♥❛ q✉â♥✲

t✐❝❛ Ĥ ❞♦ s✐st❡♠❛ ❡♠ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s✳ ❙❡ ❡st❛ ❤❛♠✐❧t♦♥✐❛♥❛ ♣✉❞❡r

t❡r s❡✉s ❛✉t♦❡st❛❞♦s {|ϕi〉} ✭❝♦♥tí♥✉♦s ❡✴♦✉ ❞✐s❝r❡t♦s✮ t♦t❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛✲

❞♦s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♣♦❞❡ s❡r ❡①♣❧✐❝✐t❛♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r ❞❡

|Ψ, T 〉 =
∑

i

Ψ(ϕi, 0) e
´T Eidt

i~ |ϕi〉, ✭✷✳✵✳✸✮

♦♥❞❡ Ψ(ϕi, 0) = 〈ϕi|Ψ, 0〉 é ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✐♥✐❝✐❛❧ ♥❛ r❡♣r❡s❡♥t❛çã♦ ♣r♦✈✐❞❛

♣♦r {|ϕi〉}✳ ◆♦ ❝❛s♦ ❞❡ ✉♠ s✐st❡♠❛ ❛❜❡rt♦✱ ♦ ❡s♣❡❝tr♦ Ei é ❝♦♥tí♥✉♦✱ ♣♦❞❡♥❞♦

❛❞♠✐t✐r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✉♠ s✐st❡♠❛ ❢❡❝❤❛❞♦ ❞❡♥✲

✼



tr♦ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❛tr❛t✐✈♦✱ ♦ ❡s♣❡❝tr♦ é s❡♠♣r❡ ❞✐s❝r❡t♦✳

❆ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ❛✉t♦❡st❛❞♦s ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ q✉â♥t✐❝❛ ♥ã♦ é ✉♠

♣r♦❝❡❞✐♠❡♥t♦ s✐♠♣❧❡s ❞❡ s❡r r❡❛❧✐③❛❞♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❡ ♣♦✉❝♦s ❝❛s♦s

❛♥❛❧ít✐❝♦s sã♦ ❢❛❝tí✈❡✐s✳ P♦❞❡rí❛♠♦s s✐♠♣❧✐✜❝❛r ♦ ♣r♦❜❧❡♠❛ tr✉♥❝❛♥❞♦ ❛ s♦✲

♠❛tór✐❛ ♦✉ ✐♥t❡❣r❛❧ ♣r❡s❡♥t❡ ✭✷✳✵✳✸✮ ❛ ✉♠ ✈❛❧♦r Emax > Ei✱ ❞❡♣❡♥❞❡♥t❡ ❞❛

❡♥❡r❣✐❛ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ ✐♥✐❝✐❛❧✱ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ ♣♦ss✐✈❡❧♠❡♥t❡ r❡♥❞❡✲

r✐❛ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ t❡♠♣♦r❛❧♠❡♥t❡ ❡✈♦❧✉í❞❛✳

❈♦♥t✉❞♦ ♣❛r❛ ❡s♣❛❧❤❛♠❡♥t♦s ❞❡ ❡st❛❞♦s✱ ❝✉❥❛ ❡♥❡r❣✐❛ ❢♦ss❡ ♠✉✐t♦ ❛❝✐♠❛ ❞❛

❡♥❡r❣✐❛ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ❞♦s ♣r✐♠❡✐r♦s ❡st❛❞♦s ❡①❝✐t❛❞♦s✱ ♦ ❝á❧❝✉❧♦

❛✐♥❞❛ s❡r✐❛ ❝✉st♦s♦✱ ❧✐♠✐t❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ♠ét♦❞♦s ❜❛s❡❛❞♦s ♥♦ ❡s♣❡❝tr♦

❞❡ Ĥ✳

P❛r❛ ❝♦♥t♦r♥❛r ❡st❛ ❞✐✜❝✉❧❞❛❞❡✱ ✉s✉❛❧♠❡♥t❡ ❡♠♣r❡❣❛♠♦s ✉♠❛ ♦✉tr❛ ❜❛s❡

❞❡ ❡st❛❞♦s ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ❛ ♣ró♣r✐❛ ❜❛s❡ ❞❡ ❛✉t♦❡st❛❞♦s ❞♦ ♦♣❡r❛❞♦r ❞❡

❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛✳ ❯♠ ❡①❡♠♣❧♦ tr❛❞✐✲

❝✐♦♥❛❧ ❞❡ t❛❧ ❜❛s❡ é ❛♣r❡♥❞✐❞♦ ♥♦s ❝✉rs♦s ❡❧❡♠❡♥t❛r❡s ❞❡ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱

❡♠ q✉❡ s❡ ❡st✉❞❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

[
− ~

2

2m

∂2

∂q2
+ V (q, t)

]
Ψ(q, t) = i~

∂

∂t
Ψ(q, t) ,

♦♥❞❡ é ✉t✐❧✐③❛❞❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❞♦s ❛✉t♦❡st❛❞♦s ❞❡ q̂✱ {|q〉}✳
❖ ♣r♦♣❛❣❛❞♦r ❞❡ ❋❡②♥♠❛♥ ❢❛③ ✉s♦ ❞✐r❡t♦ ❞❡ t❛❧ ❜❛s❡ ❛♦ ❜✉s❝❛r♠♦s ♦s ❡❧❡✲

♠❡♥t♦s ❞❡ ♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✶✳✵✳✸✳ ❆q✉✐ ♥♦✈❛♠❡♥t❡✱

♦ ❝á❧❝✉❧♦ ❡①❛t♦ ❞❡st❡s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ ♥ã♦ é s✐♠♣❧❡s✱ ❛té ♠❡s♠♦ ♣❛r❛

❛❧❣✉♥s ❝❛s♦s ❝✉❥❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡①✐st❡ ✕ ❝♦♠♦ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡ ❛

♣❛rtí❝✉❧❛ ❧✐✈r❡ ✕✱ ❡ ❛ ❛❜♦r❞❛❣❡♠ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣♦❞❡ s❡r ♥❡❝❡ssár✐❛✳

❖ ❡♠♣r❡❣♦ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❝♦♠♦ ❡♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞❡ ✉♠ s✐st❡♠❛ q✉â♥t✐❝♦ s✉❣❡r❡ q✉❡✱ ♥♦ ❧✐♠✐t❡ ❛♣r♦♣r✐❛❞♦✱ ♦ ❡♠♣r❡❣♦

❞❡ q✉❛♥t✐❞❛❞❡s ❝❧áss✐❝❛s ♣r♦✈❡♥✐❡♥t❡s ❞♦ ❢♦r♠❛❧✐s♠♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❞❡✈❛ ♦❢❡r✲

❡❝❡r ✉♠ ❝❛♠✐♥❤♦ ✐♥t❡r❡ss❛♥t❡ ❛ s❡r ♣❡rs❡❣✉✐❞♦✳ ❖ ♣r♦♣❛❣❛❞♦r ❞❡ ❋❡②♥♠❛♥

❡♠♣r❡❣❛ ♦s ❛✉t♦❡st❛❞♦s ❞❡ ♣♦s✐çã♦❀ ♥♦ ❡♥t❛♥t♦✱ ♥❛❞❛ ♥♦s ✐♠♣❡❞✐r✐❛ ❞❡ ♥♦s

✽



❛ss❡♥t❛r s♦❜r❡ ♦s ❛✉t♦❡st❛❞♦s ❞❡ ♠♦♠❡♥t♦✱ ♣r♦❝❡❞✐♠❡♥t♦ ❛♠♣❧❛♠❡♥t❡ ❞✐❢✉♥✲

❞✐❞♦ ♥❛ ❢ís✐❝❛ ❞♦ ❡st❛❞♦ só❧✐❞♦ ❬✸✵❪ ❡ ❡♠ ❢ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ❬✸✶❪✳ ❆♦ ❝♦❧♦❝❛r ♦

♣r♦❜❧❡♠❛ ♥❡st❛ ❢♦r♠❛✱ ❛❜r✐♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ tr❛❜❛❧❤❛r ❛ ♠❡❝â♥✐❝❛ q✉â♥✲

t✐❝❛ ❡♠ ✉♠ ♠❡s♠♦ s✉❜str❛t♦ ♦♥❞❡ ❛♣♦✐❛♠♦s ❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✿ ♦ ❡s♣❛ç♦

❞❡ ❢❛s❡ ❞❛s ✈❛r✐á✈❡✐s ❝❧áss✐❝❛s ❝♦♥❥✉❣❛❞❛s✱ q ✭♣♦s✐çã♦✮ ❡ p ✭♠♦♠❡♥t♦✮✳

❯♠❛ ❢♦r♠❛ ❞❡ r❡♣r❡s❡♥t❛r ✉♠ ❡st❛❞♦ q✉â♥t✐❝♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ é ❞❛❞❛

♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❲✐❣♥❡r ❬✸✷✱ ✸✸✱ ✸✹❪✱ q✉❡ ❝♦rr❡❧❛❝✐♦♥❛ ❛ ❢✉♥çã♦ ❞❡

♦♥❞❛ ❡♠ ✉♠❛ ❞❛s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❝♦♠ ✉♠❛ q✉❛s✐♣r♦❜❛❜✐❧✐❞❛❞❡ P (q, p)

❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❛s ✈❛r✐á✈❡✐s ❝❧áss✐❝❛s✿





Ψ(q, t) = 〈q|Ψ, t〉 →
P (q, p, t) = 1

π~

´∞
−∞ Ψ⋆ (q + s, t)Ψ (q − s, t) e2ips/~❞s,

Φ (p, t) = 〈p|Ψ, t〉 →
P (q, p, t) = 1

π~

´∞
−∞ Φ⋆ (p+ s, t) Φ (p− s, t) e−2ips/~❞s,

✭✷✳✵✳✹✮

❝✉❥❛s ❞✐str✐❜✉✐çõ❡s ♠❛r❣✐♥❛✐s ❣❡r❛♠ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♦r✐❣✐♥❛✐s

♥❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦✳ ❆ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r ♦❢❡r❡❝❡ ✈❛❧✐♦s❛

r❡♣r❡s❡♥t❛çã♦ ❞❛ ❞✐s♣♦s✐çã♦ ❞♦ ♣❛❝♦t❡ q✉â♥t✐❝♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❝❧áss✐❝♦✱ ❡ s✉❛

❞✐♥â♠✐❝❛ é ❣♦✈❡r♥❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ▼♦②❛❧✳ ❖✉tr❛ ❢♦r♠❛ ❞❡ s❡ r❡♣r❡s❡♥t❛r

❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ é ❞❛❞❛ ♣❡❧❛ ♣r♦❥❡çã♦ ❡♠ ❡st❛❞♦s

❝♦❡r❡♥t❡s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✳

◗✉❛♥❞♦ ✉♠ s✐st❡♠❛ q✉â♥t✐❝♦ ❛♣r❡s❡♥t❛ ❛❧❣✉♠ ♣❛râ♠❡tr♦ s✱ ❝❛r❛❝t❡ríst✐❝♦

❞❡ s✉❛ ❞✐♥â♠✐❝❛ ❡ ♣♦ss✉✐♥❞♦ ❞✐♠❡♥sã♦ ❞❡ ❛çã♦✱ ❝♦♠ ✈❛❧♦r ♠✉✐t♦ s✉♣❡r✐♦r ❛ ~✱

❡s♣❡r❛♠♦s q✉❡ ❢❡♥ô♠❡♥♦s q✉â♥t✐❝♦s ❝♦♠❡❝❡♠ ❛ s❡ t♦r♥❛r ❝❛❞❛ ✈❡③ ♠❡♥♦r❡s✱

✉♠❛ ✈❡③ q✉❡

[q̂, p̂] = i~ ≪ is,

♦ q✉❡ t♦r♥❛ ♦s ❡❢❡✐t♦s ♣r♦✈❡♥✐❡♥t❡s ❞♦ ❝♦♠✉t❛❞♦r q✉â♥t✐❝♦ ♣❡q✉❡♥♦s ❝♦♠✲

♣❛r❛❞♦s ❛ ❡❢❡✐t♦s ❝❧áss✐❝♦s✳ ◆❡ss❡ r❡❣✐♠❡✱ ♦ t❡♦r❡♠❛ ❞❡ ❊❤r❡♥❢❡st ❬✸✺✱ ✸✻❪ ♥♦s

❧❡✈❛r✐❛ ❛ ❝♦♥❝❧✉✐r q✉❡ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ s❡ ❛♣r♦①✐♠❛r✐❛ ♠✉✐t♦ ❞❛ ❞✐♥â♠✐❝❛
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❝❧áss✐❝❛ ❡♠ ✉♠ ❝❡♥ár✐♦ ♦♥❞❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❢❛③ ♦ ♣❛♣❡❧ ❞❡ ✉♠❛

❢✉♥çã♦ ❝❧❛ss✐❝❛♠❡♥t❡ ♣r♦♣❛❣❛❞❛✳ ❆ss✐♠✱ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ s ≫ ~ ❛ ❢ís✐❝❛

q✉â♥t✐❝❛ s❡ ❛❝❡r❝❛r✐❛✱ ❝♦♠ ❜♦❛ ❛♣r♦①✐♠❛çã♦✱ ❞❛ ❢ís✐❝❛ ❝❧áss✐❝❛✱ ❞❡ ❢♦r♠❛ q✉❡

q✉❛♥t✐❞❛❞❡s ❝❧áss✐❝❛s t♦r♥❛r✐❛♠✲s❡ ❛❧t❛♠❡♥t❡ ♣❡rt✐♥❡♥t❡s ♥❛ ❞❡s❝r✐çã♦ ❞♦s

❢❡♥ô♠❡♥♦s ❡♥✈♦❧✈✐❞♦s✳ ◆❡st❡ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦✱ ♦ ❝á❧❝✉❧♦ ❞♦ ♣r♦♣❛❣❛❞♦r ❞❡

❋❡②♥♠❛♥ ✭✶✳✵✳✷✮ ❡♥✈♦❧✈❡ ♠❛❥♦r✐t❛r✐❛♠❡♥t❡ ❝♦♥tr✐❜✉✐çõ❡s ♣r♦✈✐♥❞❛s ❞❛ ✈✐③✲

✐♥❤❛♥ç❛ ❞❡ tr❛❥❡tór✐❛s ❝❧áss✐❝❛s q (t) q✉❡ ❝♦♥❡❝t❡♠ ♦s ♣♦♥t♦s ❡①tr❡♠♦s ♥♦s

q✉❛✐s ♦s ❡❧❡♠❡♥t♦s ❞❡ ♠❛tr✐③ sã♦ ❝❛❧❝✉❧❛❞♦s✱ ♦✉ s❡❥❛✱ ❞❛s tr❛❥❡tór✐❛s q✉❡ ♥♦

✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ T ❝♦♥❡❝t❡♠ ♦s ♣♦♥t♦s q (0) = xi ❡ q (T ) = xf ✳ ❚❛✐s ❛r✲

❣✉♠❡♥t♦s sã♦ ♦s q✉❡ ❝♦♥❞✉③❡♠ à ❝♦♥str✉çã♦ ❞♦ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ❞❡

✈❛♥ ❱❧❡❝❦ ✭✶✳✵✳✶✮✳ ❆ ♠♦t✐✈❛çã♦ ♣❛r❛ ♦❧❤❛r♠♦s ❝♦♠ ❛✈✐❞❡③ ♣❛r❛ ❡st❛ t❡♦r✐❛

s❡♠✐❝❧áss✐❝❛ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çã♦ ❞❡ ❛❧❣✉♥s ❞❡ s❡✉s ❡❧❡♠❡♥t♦s ❡♠

✉♠❛ t❡♦r✐❛ ❡①❛t❛ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✿ ♦s ❈❈❙✳ ❖ ❡♠✲

♣r❡❣♦ ❞❡ q✉❛♥t✐❞❛❞❡s ❝❧áss✐❝❛s tr❛♥s❢♦r♠❛ ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❡♠

✉♠❛ ❡q✉❛çã♦ ✐♥t❡❣r♦❞✐❢❡r❡♥❝✐❛❧ ♠❛✐s ❛❞❡q✉❛❞❛ ♣❛r❛ tr❛t❛♠❡♥t♦ ♥✉♠ér✐❝♦✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❞❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ ♥❛ ❢♦r♠✉✲

❧❛çã♦ ❞❡ ❍❛♠✐❧t♦♥ ❝♦♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐❧✉str❛t✐✈♦s✳ ❙❡♠♣r❡ ❛ss✉♠✐r❡♠♦s

♣♦t❡♥❝✐❛✐s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ tr❛♥s✐çã♦ ♣❛r❛ s✐st❡♠❛s

❝♦♥s❡r✈❛t✐✈♦s ♣♦❞❡ s❡r ❢❡✐t❛ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡

∂

∂t
V (q, t) = 0.

✷✳✶ ❉❡s❝r✐çã♦ ❤❛♠✐❧t♦♥✐❛♥❛

◗✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ ✉♠ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❝❧áss✐❝❛✱

❛ ❞✐♥â♠✐❝❛ é ❞❡s❝r✐t❛ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛♥❣r❛♥❣❡

❞
❞t

(
∂L

∂q̇

)
− ∂L

∂q
= 0, ✭✷✳✶✳✶✮

✶✵



❡♠ q✉❡ L ≡ L (q, q̇, t) é ❛ ❧❛❣r❛♥❣✐❛♥❛

L =
m

2
q̇2 − V (q, t) . ✭✷✳✶✳✷✮

❆ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ♦❜t✐❞❛ ❛♣❧✐❝❛♥❞♦ ✭✷✳✶✳✶✮ ❛ ✭✷✳✶✳✷✮ é ❛ ❡q✉❛çã♦ ❞❡

♠♦✈✐♠❡♥t♦ ❤❛❜✐t✉❛❧ ♣❛r❛ s✐st❡♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s s✉❥❡✐t♦s ❛ ✉♠ ♣♦t❡♥❝✐❛❧✿

mq̈ +
∂V (q, t)

∂q
= 0.

❆♣❧✐❝❛♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡ q✉❡ s✉❜st✐t✉❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛

❞❡ q̇ ❡♠ L ❡♠ ❢❛✈♦r ❞❡ ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ p

H (q, p, t) = pq̇ − L (q, q̇, t) , ✭✷✳✶✳✸✮

♦♥❞❡

p =
∂L

∂q̇
✭✷✳✶✳✹✮

é ♦ ♠♦♠❡♥t♦ ❝❛♥ô♥✐❝♦ ❝♦♥❥✉❣❛❞♦ ❛ q✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❞✐♥â♠✐❝❛ ❡♠

t❡r♠♦s ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ H (q, p, t) ✭✷✳✶✳✸✮✳ P❛r❛ ✐ss♦✱ ❜✉s❝❛♠♦s ❛s ❡q✉❛çõ❡s

❞❡ ♠♦✈✐♠❡♥t♦✱ ❛♥á❧♦❣❛s à ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ s❛t✐s❢❡✐t❛s ♣♦r q ❡ p✳

Pr✐♠❡✐r♦✱ ❞❡ ✭✷✳✶✳✹✮ ✈❡♠♦s q✉❡

ṗ =
❞
❞t

(
∂L

∂q̇

)
=

∂L

∂q
= −∂H

∂q
,

❡♠ ✈✐rt✉❞❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ✭✷✳✶✳✶✮✳ ❆ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡

♠♦✈✐♠❡♥t♦✱ q✉❡ r❡❣❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ q✱ é ❢❛❝✐❧♠❡♥t❡ ❡①tr❛í❞❛ ❞❡ ✭✷✳✶✳✸✮✿ q̇ =
∂H
∂p

. P❛r❛ ✜♥❛❧✐③❛r✱ ✈❡♠♦s t❛♠❜é♠ q✉❡ Ḣ = −∂L
∂t
✳ ❆ss✐♠ ❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛

✶✶



❡stá s✐♥t❡t✐③❛❞❛ ♥❛s ❡q✉❛çõ❡s ❞❡ ❍❛♠✐❧t♦♥✿

q̇ =
∂H

∂p
,

ṗ =− ∂H

∂q
,

Ḣ =− ∂L

∂t
,

✭✷✳✶✳✺✮

❝♦♠ H ❞❛❞♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✭✷✳✶✳✸✮ ♣♦r

H =
p2

2m
+ V (q, t) . ✭✷✳✶✳✻✮

▲♦❣✐❝❛♠❡♥t❡ q✉❡ ❞H
❞t

= 0✱ s❡ ∂V
∂t

= 0✱ q✉❡ é ♦ ❝❛s♦ ❞❡ s✐st❡♠❛s ❝♦♥s❡r✈❛t✐✈♦s✳

❆s ❡q✉❛çõ❡s ❞❡ ❍❛♠✐❧t♦♥ ✭✷✳✶✳✺✮ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ❝❛♥ô♥✐❝❛s q ❡ p ♣♦❞❡♠ s❡r

❡s❝r✐t❛s ❡♠ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❝♦♠♣❛❝t❛ ❡ ❡❧❡❣❛♥t❡

ξ̇ = J∇ξH, ✭✷✳✶✳✼✮

♦♥❞❡ ξ = (q, p)T ✱ ∇ξ =
(

∂
∂q
, ∂
∂p

)T
❡ J é ❛ ♠❛tr✐③ s✐♠♣❧ét✐❝❛ ❞❡ ♦r❞❡♠ ✷

J =

(
0 1

−1 0

)
. ✭✷✳✶✳✽✮

❊ss❛s ❡q✉❛çõ❡s ❞✐♥â♠✐❝❛s ♣r❡❝✐s❛♠ s❡r ❝♦♠♣❧❡♠❡♥t❛❞❛s ❡s♣❡❝✐✜❝❛♥❞♦✲s❡

q✉❛✐s ♣♦♥t♦s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♣r♦♣❛❣❛r✳ P❛r❛ ♦

✉s♦ ❞❛s tr❛❥❡tór✐❛s ♥♦ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ❞❡ ✈❛♥ ❱❧❡❝❦✱ ♦ ❝❛♠✐♥❤♦ ♣❡rt✐✲

♥❡♥t❡ é ❛q✉❡❧❡ q✉❡ ❝♦♥❡❝t❛ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ q (0) = xi ❛♦ ♣♦♥t♦ ✜♥❛❧ q (T ) = xf ✳

❈♦♥t✉❞♦✱ q✉❡ ✐♥❢♦r♠❛çã♦ ♦❜t❡♠♦s s♦❜r❡ ♦ ♠♦♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ ❛♦ ❧♦♥❣♦

❞❡st❛ tr❛❥❡tór✐❛✱ ✉♠❛ ✈❡③ q✉❡ s❡ t♦r♥❛ ♥❡❝❡ssár✐♦ ♦ ❝á❧❝✉❧♦ ❞❡ q✉❛♥t✐❞❛❞❡s

❝♦♠♦ ∂qf
∂pi

♥❛q✉❡❧❛ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛❄

❯♠❛ ❢♦r♠❛ ✐♥❞✐r❡t❛ ❞❡ ♦❜t❡r t❛✐s ✐♥❢♦r♠❛çõ❡s é r❡❛❧✐③❛r ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ ❝❛♥ô♥✐❝❛ ♥❛s ✈❛r✐á✈❡✐s q✉❡ ♠❛r❝❛♠ ♦s ❡①tr❡♠♦s ❞❛ tr❛❥❡tór✐❛ ❞❡ ♠♦❞♦

✶✷



❛ ❝♦♥✈❡rt❡r ✉♠❛ ❞❡❧❛s ❡♠ ✐♥❢♦r♠❛çã♦ ♦✉ s♦❜r❡ ♦ ♠♦♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ ❛♦

❧♦♥❣♦ ❞❛ tr❛❥❡tór✐❛ ♦✉ s♦❜r❡ ♦ ♠♦♠❡♥t♦ ✐♥✐❝✐❛❧ ❞♦ ♠♦✈✐♠❡♥t♦✳ ❯♠❛ tr❛♥s✲

❢♦r♠❛çã♦ ❜♦❛ ♣❛r❛ t❛❧ ♣r♦♣ós✐t♦ é ♦❢❡r❡❝✐❞❛ ♣❡❧♦ ❢✉♥❝✐♦♥❛❧ ❛çã♦✱ ❞❡s❝r✐t❛ ♥❛

s✉❜s❡çã♦ q✉❡ s❡ s❡❣✉❡✳

✷✳✷ ❆ ❛çã♦

❉❡✜♥✐♠♦s ❝♦♠♦ ❛çã♦ ❛ s❡❣✉✐♥t❡ q✉❛♥t✐❞❛❞❡✿

S (xi, xf , T ) =

ˆ T

0

dtL (q, q̇, t) , ✭✷✳✷✳✶✮

q✉❡ é ❝❛❧❝✉❧❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ tr❛❥❡tór✐❛ ❝❧áss✐❝❛ q (t)✱ s♦❧✉çã♦ ❞❡ ✭✷✳✶✳✺✮✱

q✉❡ ❝♦♥❡❝t❡ xi ❛ xf ♥♦ t❡♠♣♦ T ✳ P❛r❛ ♠♦str❛r ❝♦♠♦ ♣♦❞❡♠♦s ♦❜t❡r ✐♥❢♦r✲

♠❛çã♦ s♦❜r❡ ♦ ♠♦♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ q✉❡ ❞❡s❝r❡✈❡ ✉♠❛ tr❛❥❡tór✐❛ ❝❧áss✐❝❛✱

r❡❛❧✐③❛r❡♠♦s ✉♠❛ ✈❛r✐❛çã♦ ♥❛ ❛çã♦ ❡ ❛✈❛❧✐❛r❡♠♦s ❝♦♠♦ ❡❧❛ r❡s♣♦♥❞❡ ❛ t❛❧

✈❛r✐❛çã♦✳ ❙❡❣✉✐r❡♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❞♦t❛❞♦ ❡♠ ❬✶✺❪✳

❚♦♠❡♠♦s ✉♠ ❝❛♠✐♥❤♦ q̃ (t) ♣ró①✐♠♦ à tr❛❥❡tór✐❛ q (t)✱ q✉❡ s❡ ✐♥✐❝✐❡ ❡

t❡r♠✐♥❡ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ [δt0, T + δT ]✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❢❛③❡♠♦s s❡♠♣r❡

t0 = 0✿

q̃ (t) = q (t) + δq (t) ,

♦♥❞❡ ❛ ❞✐stâ♥❝✐❛ δq (t) ❡♥tr❡ ❛s tr❛❥❡tór✐❛s é ❝❛❧❝✉❧❛❞❛ ❛ t❡♠♣♦ ✜①♦✳ ❆ ❞✐s✲

tâ♥❝✐❛ ❡♥tr❡ ♦s ❡①tr❡♠♦s ✜♥❛✐s ❞❡ ❛♠❜❛s ❛s tr❛❥❡tór✐❛s é ❞❛❞❛ ♣♦r

δqf ≡ q̃ (T + δT )− q (T )

= q̃ (T ) + ˙̃q (T ) δT − q (T )

= q̃ (T )− q (T ) + q̇ (T ) δT.

❆q✉✐ tr♦❝❛♠♦s ˙̃q ♣♦r q̇✱ ♣♦✐s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s ✈❛r✐❛çõ❡s δT ❡❧❡s sã♦

✶✸



❡q✉✐✈❛❧❡♥t❡s✳ ❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ ♥♦ ❡①tr❡♠♦ ✐♥✐❝✐❛❧ ❞❛s tr❛❥❡tór✐❛s

δqi = q̃ (0)− q (0) + q̇ (0) δt0.

❆ ✈❛r✐❛çã♦ ♣r♦❞✉③✐❞❛ ♥❛ ❛çã♦ ♣❡❧❛ ♠✉❞❛♥ç❛ ❞❡ tr❛❥❡tór✐❛ é ❞❡s❝r✐t❛ ♣♦r

δS =

ˆ T+δT

δt0

dtL
(
q̃, ˙̃q, t

)
−
ˆ T

0

dtL (q, q̇, t)

=

ˆ 0

δt0

dtL̃+

ˆ T

0

dtL̃+

ˆ T+δT

T

dtL̃−
ˆ T

0

dtL,

♦♥❞❡ L̃ = L
(
q̃, ˙̃q, t

)
é ❛ ❧❛❣r❛♥❣✐❛♥❛ ❝❛❧❝✉❧❛❞❛ ♥❛ tr❛❥❡tór✐❛ ♣❡rt✉r❜❛❞❛✳ ◆❛

♣r✐♠❡✐r❛ ❡ t❡r❝❡✐r❛ ✐♥t❡❣r❛✐s✱ ❝♦♠♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦ é ✐♥✜♥✐t❡s✐♠❛❧

♣♦❞❡♠♦s ❛♣r♦①✐♠❛r ❛ ❢✉♥çã♦ ✐♥t❡❣r❛❞❛ ♣❡❧♦ s❡✉ ✈❛❧♦r ❡♠ ✉♠ ❞♦s ❡①tr❡♠♦s ❞♦

✐♥t❡r✈❛❧♦❀ ❛ s❡❣✉♥❞❛ ❡ ❛ q✉❛rt❛ ✐♥t❡❣r❛✐s tê♠ ♦ ♠❡s♠♦ ❧✐♠✐t❡ ❞❡ ✐♥t❡❣r❛çã♦✱

❡ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r q̃ ❡♠ t♦r♥♦ ❞❡ q ♥❡❧❛s✳ ❆ss✐♠✱ r❡s✉❧t❛♠♦s ❝♦♠

δS = L̃ (T ) δT − L̃ (0) δt0 +

ˆ T

0

dt

[
∂L

∂q̇
δq̇ +

∂L

∂q̇
δq

]

= L (T ) δT − L (0) δt0 +

ˆ T

0

dt

[
∂L

∂q̇
− ❞

❞t
∂L

∂q̇

]
δq +

∂L

∂q̇
δq|T0 ,

♦♥❞❡ r❡❛❧✐③❛♠♦s ✉♠❛ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛ tr♦❝❛ ❞❡ L̃ ♣♦r L✳ P❡❧❛

❞❡✜♥✐çã♦ ❞❡ ♠♦♠❡♥t♦ ✭✷✳✶✳✹✮ ❡ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱ t❡♠♦s

δS = L (t) δt|T0 + pδq|T0
= L (t) δt|T0 + p (δqx − q̇δt) |T0
= (L− pq̇) δt|T0 + pδqx|T0
= −EfδT + Eiδt0 + pfδqf − piδqi,

❡♠ q✉❡ δqx|0,T = δqi,f ✱ pi = p (0)✱ pf = p (T )✱ Ei = H (0) ❡ Ef = H (T )✳

❈♦♠♦ ❛s ✈❛r✐❛çõ❡s sã♦ ❛r❜✐trár✐❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ ❡❧❛s sã♦

✶✹



✐♥✜♥✐t❡s✐♠❛✐s ♣♦❞❡♠♦s ♣r♦♠♦✈❡r δ ❛ ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❡①❛t❛✱ ❡ r❡s✉❧t❛♠♦s ❝♦♠

pi =− ∂S

∂qi
,

pf =
∂S

∂qf
,

Ei =
∂S

∂t0
,

Ef =− ∂S

∂T
.

✭✷✳✷✳✷✮

❚❛✐s ❡q✉❛çõ❡s ❛❧❣é❜r✐❝❛s s✉♣r❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ r❡❧❛❝✐♦♥❛r ♦s ♠♦♠❡♥t♦s

❞❡ ✉♠❛ tr❛❥❡tór✐❛ ❛ ❛❧❣✉♠❛ ♦✉tr❛ q✉❛♥t✐❞❛❞❡✱ ♥♦ ❝❛s♦ ❛ ❛çã♦✳ ◆♦ ♣r♦♣❛❣❛❞♦r

s❡♠✐❝❧áss✐❝♦ ❞❡ ✈❛♥ ❱❧❡❝❦ ❛♣❛r❡❝❡ ✉♠ ♣r❡❢❛t♦r q✉❡ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❡♠

t❡r♠♦s ❞❡ss❛s ❞❡r✐✈❛❞❛s ❞❛ ❛çã♦✳ ➱ ❢á❝✐❧ ♥♦t❛r q✉❡

∂qf
∂pi

=

(
∂pi
∂qf

)−1

=

(
− ∂2S

∂qi∂qf

)−1

. ✭✷✳✷✳✸✮

❈♦♥t✉❞♦ ❛✐♥❞❛ ❤á ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ❧✐♠✐t❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡st❛ ❡①♣r❡ssã♦✿

❝♦♠♦ ❝❛❧❝✉❧❛r ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❛çã♦ ❡✴♦✉ ✉♠❛ ❞❡ s✉❛s ❞❡r✐✈❛❞❛s❄ ◆❡❝❡ss✐✲

t❛♠♦s ❛❣♦r❛ ❞❡ ✉♠ ❛rt✐❢í❝✐♦ q✉❡ t♦r♥❡ ♣♦ssí✈❡❧ ❡st❡ ❝á❧❝✉❧♦✳

✷✳✸ ❆ ♠❛tr✐③ t❛♥❣❡♥t❡

❖ ♣r❡❢❛t♦r ✭✷✳✷✳✸✮ ♠♦str❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ é ♣❛rt❡ ❞❡ ✉♠❛ ✐♥stâ♥❝✐❛ ♠❛✐s

❝♦♠♣❧❡t❛ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣❡rt✉r❜❛çõ❡s ♦✉ ✈❛r✐❛çõ❡s ♥❛s tr❛✲

❥❡tór✐❛s ❝❧áss✐❝❛s✿ ❛ ♠❛tr✐③ t❛♥❣❡♥t❡✳ ❉❡✜♥✐♠♦s ❡ss❛ ♠❛tr✐③ ❝♦♠♦

(
δqf

δpf

)
=

(
mqq mqp

mpq mpp

)(
δqi

δpi

)
, ✭✷✳✸✳✶✮

✶✺



❋✐❣✉r❛ ✷✳✸✳✶✿ ▼❛tr✐③ t❛♥❣❡♥t❡✿ ♣r♦♣❛❣❛çã♦ ❞❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ δqi, δpi ❞♦
✐♥st❛♥t❡ t = 0 ❛té ♦ ✐♥st❛♥t❡ t = T ✱ δqf , δpf ✳

♦♥❞❡ δq ❡ δp sã♦ ❛s ♣❡rt✉r❜❛çõ❡s ♥♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ ✭❝♦♠ s✉❜í♥❞✐❝❡ i✮ ❡✈♦❧✉í✲

❞❛s ❛té ♦ t❡♠♣♦ ✜♥❛❧ ✭❝♦♠ s✉❜í♥❞✐❝❡ f✮✱ ✐❧✉str❛❞❛s ♥❛ ❋✐❣✉r❛ ✷✳✸✳✶✱ ❝✉❥♦s

❡❧❡♠❡♥t♦s sã♦ ❞❛❞♦s ♣♦r

m ≡
(

δqf
δqi

|δpi=0
δqf
δpi

|δqi=0

δpf
δqi

|δpi=0
δpf
δpi

|δqi=0

)
=

(
∂qf
∂qi

∂qf
∂pi

∂pf
∂qi

∂pf
∂pi

)
. ✭✷✳✸✳✷✮

❙❡ ❞❡t✐✈❡r♠♦s ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❝❛❧❝✉❧❛r ❛ ❞✐♥â♠✐❝❛ ❞❡st❛ ♠❛tr✐③✱ t❛♠❜é♠

t❡♠♦s ✉♠❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ♦ ♣r❡❢❛t♦r ❛tr❛✈és ❞♦ ❡❧❡♠❡♥t♦mqp = ∂qf/∂pi ❞❛

♠❛tr✐③ t❛♥❣❡♥t❡✱ ❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡ ❛s ❞❡r✐✈❛❞❛s ❞❛ ❛çã♦✳ ❉❡ ♠♦❞♦ ❜❛st❛♥t❡

❣❡r❛❧✱ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ t❛♥❣❡♥t❡ ♣♦❞❡ s❡r r❡❧❛❝✐♦♥❛❞♦ ❛ ❡ss❛s

❞❡r✐✈❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ mpq✿

mpq =

(
∂pf
∂qi

)
=

∂2S

∂qi∂qf
= −m−1

qp .

❘❡t♦♠❛♥❞♦ ❛ ♥♦t❛çã♦ ❛♣❧✐❝❛❞❛ ♥❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✭✷✳✶✳✼✮✱ r❡✲

✶✻



❛❧✐③❛r❡♠♦s ✉♠❛ ✈❛r✐❛çã♦ δξ ♥❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❞❡ ❢♦r♠❛ q✉❡

❛ ✈❛r✐❛çã♦ q✉❡ ❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❝❧áss✐❝❛ s♦❢r❡ ❝♦♠♦ ❝♦♥s❡qüê♥❝✐❛ é ❞❛❞❛ ♣♦r

δH =
(
∇T

ξ H
)
δξ,

q✉❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ ✐♠♣❧✐❝❛ δH = ∂H
∂q
δq+ ∂H

∂p
δp✳ ❘❡❛❧✐③❛♥❞♦ ❛ ♠❡s♠❛ ✈❛r✐❛çã♦

às ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❡❧❡♠❡♥t♦ ❛❝✐♠❛✱ r❡s✉❧t❛♠♦s ❡♠

♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠

δξ̇ = J∇ξ (δH) = J
(
∇ξ∇T

ξ H
)
δξ. ✭✷✳✸✳✸✮

P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♥❛ ✐❣✉❛❧❞❛❞❡ ❛ ♠❛tr✐③ ❤❡ss✐❛♥❛ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛

Hhess ≡ ∇ξ∇T
ξ H =

(
∂2H
∂q∂q

∂2H
∂p∂q

∂2H
∂q∂p

∂2H
∂p∂p

)
,

t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ P❛r❛ ♦❜t❡r♠♦s ❛ ❡q✉❛çã♦ ❞✐♥â✲

♠✐❝❛ q✉❡ ❛ ♠❛tr✐③ t❛♥❣❡♥t❡ m ♦❜❡❞❡❝❡✱ ♣r❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r ❛s ❡q✉❛çõ❡s

q✉❡ ❡♥✈♦❧✈❛♠ ♦s s❡✉s ❡❧❡♠❡♥t♦s✳ ❉❡r✐✈❛♥❞♦ ✭✷✳✸✳✷✮ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❡

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛s ✈❛r✐❛çõ❡s ♥♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ s❡❥❛♠ ✜①❛s✱ ❞❡ ♠♦❞♦ q✉❡

só ❤❛❥❛ ❛s ❞❡r✐✈❛❞❛s ❞❡ δqf ❡ δpf ✱ r❡s✉❧t❛♠♦s ❝♦♠

❞
❞t
m =

(
∂q̇f
∂qi

∂q̇f
∂pi

∂ṗf
∂qi

∂ṗf
∂pi

)
=
(

∂ξ̇
∂qi

∂ξ̇
∂pi

)
, ✭✷✳✸✳✹✮

❡♠ q✉❡ ξ é ♦ ✈❡t♦r ❝♦❧✉♥❛ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✳✼✮✳

❱♦❧t❛♥❞♦ à ❡q✉❛çã♦ ✭✷✳✸✳✸✮✱ ✈❡♠♦s q✉❡ ♣♦❞❡♠♦s r❡❡s❝r❡✈ê✲❧❛ ♥❛ s❡❣✉✐♥t❡

❢♦r♠❛ ❝♦♠ ❝♦❧✉♥❛s ❞✉♣❧✐❝❛❞❛s✿

(
δξ̇
δqi

δξ̇
δpi

)
= JHhess

(
δξ
δqi

δξ
δpi

)
,

♦♥❞❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❢♦✐ r❡❡s❝❛❧❛❞❛ ♣♦r 1/δqi ❡ ❛ s❡❣✉♥❞❛ ♣♦r 1/δpi✳ ❘❡❝♦♥✲

✶✼



❤❡❝❡♠♦s ❛❣♦r❛ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❝♦♠♦ ṁ✱ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✸✳✹✮✱ ❡

♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❝♦♠♦ JHhessm✱ ❞❡✜♥✐❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✸✳✷✮✳ ❋✐♥❛❧✐③❛♥❞♦✱

❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ♠❛tr✐❝✐❛❧ q✉❡ r❡❣❡ ❛ ♠❛tr✐③ t❛♥❣❡♥t❡ é

ṁ = JHhessm,

❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ m (0) = 1✱ ♦♥❞❡ ❛q✉✐ 1 é ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠

✷✱ ❞❡✈✐❞♦ ❛✱ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧✱ pf = pi ❡ qf = qi✳ ❚❛❧ ❡q✉❛çã♦ t❡♠ s♦❧✉çã♦

❢♦r♠❛❧

m = exp

{
ˆ T

JHhessdt

}
. ✭✷✳✸✳✺✮

✷✳✹ ❊①❡♠♣❧♦s

P❛r❛ ✐❧✉str❛r ❝♦♠♦ ❝❛❧❝✉❧❛r ❛ ❞✐♥â♠✐❝❛ ❞❛ ♠❛tr✐③ t❛♥❣❡♥t❡ ❡ ❞❛ ❛çã♦✱ ❝❛❧❝✉✲

❧❛r❡♠♦s t❛✐s q✉❛♥t✐❞❛❞❡s ❡①♣❧✐❝✐t❛♠❡♥t❡ ♣❛r❛ ❞♦✐s s✐st❡♠❛s s✐♠♣❧❡s ❞❡ ❤❛♠✐❧✲

t♦♥✐❛♥❛s q✉❛❞rát✐❝❛s✱ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡ ❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡✳ P♦st❡r✐♦r✲

♠❡♥t❡ ❡♠♣r❡❣❛r❡♠♦s ❛s q✉❛♥t✐❞❛❞❡ ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ♦❜t❡r ♦ ♣r♦♣❛❣❛❞♦r ❞❡

❋❡②♥♠❛♥ ♥♦ r❡❣✐♠❡ s❡♠✐❝❧áss✐❝♦ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ✈❛♥ ❱❧❡❝❦✳

✷✳✹✳✶ ❖s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

P❛rt✐r❡♠♦s ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❤❛r♠ô♥✐❝❛

H (q, p) =
1

2m
p2 +

1

2
mω2q2.

✶✽



❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✭✷✳✶✳✺✮ sã♦ ❞❛❞❛s ♣♦r

q̇ =
p

m
,

ṗ = −mω2q.

❆ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ q (0) = xi ❡ q (T ) = xf

♣♦❞❡♠♦s r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ♣❛r❛ ♦❜t❡r

q (t) =
xf sin (ωt)− xi sin [ω (t− T )]

sin (ωT )

p (t) =
mωxf cos (ωt)−mωxi cos [ω (t− T )]

sin (ωT )
.

❆ ❛çã♦ é ❞❛❞❛ ❛ ♣❛rt✐r ❞❡ ✭✷✳✷✳✶✮✱ ❡ r❡s✉❧t❛

S (xi, xf , T ) =

ˆ T

0

dt [pq̇ −H (q, p)]

=
1

2
mω

(
x2
i + x2

f

)
cos (ωT )− 2xixf

sin (ωT )
;

❞❡ ♦♥❞❡ ♣♦❞❡♠♦s ♦❜t❡r ♣♦r ❞❡r✐✈❛çã♦ ❞✐r❡t❛ ❝♦♠ r❡❧❛çã♦ ❛ xi ❡ xf ♦s ♠♦✲

♠❡♥t♦s ✐♥✐❝✐❛✐s ❡ ✜♥❛✐s✱ ♦s q✉❛✐s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛♦s ♦❜t✐❞♦s ♣❡❧❛ ✐♥t❡❣r❛çã♦

❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ P❛r❛ ♦❜t❡r ❛ ♠❛tr✐③ t❛♥❣❡♥t❡ ♣❛r❛ q✉❛❧q✉❡r ✐♥✲

st❛♥t❡ ❞❡ t❡♠♣♦✱ ✐♥t❡❣r❛r❡♠♦s ❞✐r❡t❛♠❡♥t❡ ❛ ❡q✉❛çã♦ ❢♦r♠❛❧ ✭✷✳✸✳✺✮✳ P❛r❛

✐ss♦ ♣r❡❝✐s❛♠♦s ❞❛ ❤❡ss✐❛♥❛ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛

Hhess =

(
mω2 0

0 1
m

)
.

✶✾



❆ss✐♠✱

m = exp

ˆ T

JHhessdt

= exp

ˆ T
(

0 1

−1 0

)(
mω2 0

0 1
m

)
dt

= exp

(
0 T

m

−mω2T 0

)

=

(
cos (ωT ) 1

mω
sin (ωT )

−mω sin (ωT ) cos (ωT )

)
,

♦♥❞❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ ♠❛tr✐❝✐❛❧ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❞✐❛❣♦♥❛❧✐✲

③❛♥❞♦✲s❡ ❛ ♠❛tr✐③✳

✷✳✹✳✷ P❛rtí❝✉❧❛ ❧✐✈r❡

❘❡♣❡t✐♥❞♦ ♦s ❝á❧❝✉❧♦s ❛♥t❡r✐♦r❡s ♣❛r❛ ❛ ❤❛♠✐❧t♦♥✐❛♥❛

H (q, p) =
1

2m
p2,

♦❜t❡♠♦s ❛ tr❛❥❡tór✐❛

q (t) =
xf t+ xi (T − t)

T
,

p (t) =
m (xf − xi)

T
.

❆ ❛çã♦ ❛♦ ❧♦♥❣♦ ❞❡st❛ tr❛❥❡tór✐❛ é ❞❛❞❛ ♣♦r

S (xi, xf , T ) =
m

2

(xf − xi)
2

T

✷✵



❡ ❛ ♠❛tr✐③ t❛♥❣❡♥t❡ t❡♠ s♦❧✉çã♦

m =

(
1 T

m

0 1

)
.

❚❛❧ ♠❛tr✐③ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣♦r ❡①♣♦♥❡♥❝✐❛çã♦ ❞✐r❡t❛✱ ❝♦♠♦ s✉❣❡r✐❞♦

❛❝✐♠❛ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ♦✉ t♦♠❛♥❞♦✲s❡ ♦ ❧✐♠✐t❡ ω → 0 ♥❛ ♠❛tr✐③

❞♦ ♣ró♣r✐♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦❀ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❛❜r✐r ♠ã♦ ❞♦ ♣♦t❡♥❝✐❛❧

❡ ✜❝❛r♠♦s s♦♠❡♥t❡ ❝♦♠ ❛ ❞✐♥â♠✐❝❛ ❧✐✈r❡✳

✷✳✺ ❈♦♥❡①ã♦ ❝♦♠ ❛ t❡♦r✐❛ s❡♠✐❝❧áss✐❝❛

❖ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ❞❡ ✈❛♥ ❱❧❡❝❦ é ❡①❛t♦ ♣❛r❛ ❤❛♠✐❧t♦♥✐❛♥❛s q✉â♥✲

t✐❝❛s q✉❛❞rát✐❝❛s ❡♠ q ❡ p✱ ♦ q✉❡ é ✈❡r❞❛❞❡ ♣❛r❛ ♦s ❞♦✐s ❡①❡♠♣❧♦s ❢❡✐t♦s

❛♥t❡r✐♦r♠❡♥t❡✱ ❡♠ q✉❡ ❝❛❧❝✉❧❛♠♦s ❛❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s às tr❛✲

❥❡tór✐❛s ❝❧áss✐❝❛s ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡ ❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡✳ P❛r❛ r❡❛❧✐③❛r

❛ ❝♦♥❡①ã♦ ❡①♣❧í❝✐t❛ ❡♥tr❡ ❛s ❞✉❛s t❡♦r✐❛s✱ ❝❛❧❝✉❧❛r❡♠♦s ♦ ♣r♦♣❛❣❛❞♦r s❡♠✐✲

❝❧áss✐❝♦ ♣❛r❛ ❛♠❜❛s ❛s ❤❛♠✐❧t♦♥✐❛♥❛s❀ ❡ ❝♦♠♦ ❞✐t♦✱ ❡❧❡ s❡ ♠♦str❛rá ❡①❛t♦✳

P❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ♦s ❡❧❡♠❡♥t♦s q✉❡ ❡♥tr❛♠ ♥❛ ❢ór♠✉❧❛ ❞❡ ✈❛♥

❱❧❡❝❦ sã♦

mqp =
1

mω
sin (ωT ) ,

S =
1

2
mω

(
x2
i + x2

f

)
cos (ωT )− 2xixf

sin (ωT )
.

❖ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❢♦❝❛✐s k é ❞❛❞♦ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ ❢✉♥çã♦

s❡♥♦ ③❡r❛ ❛ ❡♥tr❛❞❛ mqp ❞❛ ♠❛tr✐③ t❛♥❣❡♥t❡✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ❝❛❞❛ ❝✐❝❧♦

❞♦ ♦s❝✐❧❛❞♦r✱ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ t❡♠ s✉❛ ❢❛s❡ ✐♥✈❡rt✐❞❛✳ ❊st❛ ❢❛s❡ ♣♦❞❡ s❡r

r❡✈❡rt✐❞❛ ♥♦ ♠ó❞✉❧♦ ❞❡ mqp t♦♠❛♥❞♦ ❛ r❛✐③ q✉❛❞r❛❞❛ ❝♦rr❡t❛ ❞♦ ❡❧❡♠❡♥t♦✳

✷✶



❆ss✐♠✱ r❡s✉❧t❛♠♦s ❝♦♠

KV V (xi, xf , T ) =

√
mω

2πi~ sin (ωT )
e

imω
2~ sin(ωT ) [(x2

i+x2
f) cos(ωT )−2xixf ]. ✭✷✳✺✳✶✮

P❛r❛ ❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡✱

mqp =
T

m
,

S =
m

2

(xf − xi)
2

T
,

❞❡ ♠❛♥❡✐r❛ q✉❡

KV V (xi, xf , T ) =

√
m

2πi~T
e

im
2~T (xf−xi)

2

. ✭✷✳✺✳✷✮

❆♠❜♦s ♦s r❡s✉❧t❛❞♦s✱ ✭✷✳✺✳✶✮ ❡ ✭✷✳✺✳✷✮✱ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛♦s ❡①❛t♦s✳

✷✳✻ P❛♥♦r❛♠❛

❆té ❡st❡ ♣♦♥t♦ ❞❡s❝r❡✈❡♠♦s ❜r❡✈❡♠❡♥t❡ ❛❧❣✉♥s ❡❧❡♠❡♥t♦s ❞❛ ♠❡❝â♥✐❝❛ ❝❧ás✲

s✐❝❛ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ s✉❥❡✐t❛ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ V (q, t)✳ ❚❛❧ ❡st✉❞♦ ❛❜r❡ ❝❛♠✲

✐♥❤♦ ♣❛r❛ ❛ ✐♥s❡rçã♦ ❞❡ ♦✉tr♦s ❡❧❡♠❡♥t♦s s♦❜r❡ ❡st❡ ❛r❝❛❜♦✉ç♦✱ ♣♦r ❡①❡♠♣❧♦✱

♦ ❡♠♣r❡❣♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♠♣❧❡①❛s z = q + ip ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ◆♦

❝❛♣ít✉❧♦ s❡❣✉✐♥t❡ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦ ❡♠♣r❡❣♦ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s ♣♦❞❡

❧❡✈❛r ❛ ❤❛♠✐❧t♦♥✐❛♥❛ q✉â♥t✐❝❛ ❛ ✉♠ ❛♥á❧♦❣♦ ❝❧áss✐❝♦ q✉❡ ❤❛❜✐t❛ ✉♠ ❡s♣❛ç♦

❝♦♠♣❧❡①♦ ❤♦♠♦♠ór✜❝♦ ❛♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦✱ ❡ ❝♦♠♦ ❛ ♠❡❝â♥✐❝❛ ❝❧ás✲

s✐❝❛ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ♣♦❞❡ s❡r ❢❡✐t❛ ❛ ♣❛rt✐r ❞❡st❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❝♦♠♣❧❡①❛✳

❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡st❛s ❞✉❛s ❢♦r♠✉❧❛çõ❡s ✭r❡❛❧ ❡ ❝♦♠♣❧❡①❛✮ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞♦

❡❧❡♠❡♥t♦ ♠ó✈❡❧ ❞❛ t❡♦r✐❛ ♥ã♦ s❡r ♠❛✐s ✉♠❛ ♣❛rtí❝✉❧❛ ♣♦♥t✉❛❧ ❝❧áss✐❝❛✱ ♠❛s

s✐♠ ✉♠ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ ❣❛✉ss✐❛♥♦ q✉❡ tr❛♥s❧❛❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ s♦❜ ♦ ✢✉①♦

❤❛♠✐❧t♦♥✐❛♥♦✳

✷✷



❈❛♣ít✉❧♦ ✸

❊st❛❞♦s ❝♦❡r❡♥t❡s ❞♦ ♦s❝✐❧❛❞♦r

❤❛r♠ô♥✐❝♦

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❞❡s❝r❡✈❡♠♦s ❞❡ ❢♦r♠❛ s✉❝✐♥t❛ ♦ ❢♦r♠❛❧✐s♠♦ ❤❛♠✐❧t♦♥✐✲

❛♥♦✱ ❡♠♣r❡❣❛❞♦ ♣❛r❛ tr❛t❛r ❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✳ ❆❧✐ ❡①♣✉s❡♠♦s ❝♦♠♦ é ❛

❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ♣♦♥t✉❛❧ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞❛s ✈❛r✐á✈❡✐s ❝❛♥♦♥✲

✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞❛s ❞❡ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ❡ ❝♦♠❡♥t❛♠♦s ❜r❡✈❡♠❡♥t❡ q✉❡

♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ ♦ s✐st❡♠❛ t❡♠ ✉♠ ♣❛râ♠❡tr♦ ❝❛r❛❝t❡ríst✐❝♦ s ≫ ~✱ ♦s ❢❡♥ô✲

♠❡♥♦s q✉â♥t✐❝♦s ♣♦❞❡♠ s❡r ❜❡♠ ❞❡s❝r✐t♦s ❡♠ t❡r♠♦s ❞❡ q✉❛♥t✐❞❛❞❡s ❝❧áss✐✲

❝❛s✳ ■♥t✉✐t✐✈❛♠❡♥t❡✱ ♥❡ss❡ r❡❣✐♠❡ ❧✐♠ítr♦❢❡ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♣♦❞❡♠♦s

♣♦st✉❧❛r q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ♣♦ss❛ s❡r r❛③♦❛✈❡❧♠❡♥t❡

❜❡♠ ❞❡s❝r✐t❛ ♣❡❧❛ ♣r♦♣❛❣❛çã♦ ❞✐r❡t❛ ❞❛s ❛♠♣❧✐t✉❞❡s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦♥❞❡

❝❛❞❛ ♣♦♥t♦ é ❣✉✐❛❞♦ ♣♦r s✉❛ tr❛❥❡tór✐❛ ❝❧áss✐❝❛ ❝♦♥❞✉③✐❞❛ ♣❡❧♦ ✢✉①♦ ❤❛♠✐❧✲

t♦♥✐❛♥♦✳ ❙❡ ❡♠♣r❡❣❛♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡s ♣❛r❛ |Ψ〉
❡♠ t = 0✱ ♣♦r ❡①❡♠♣❧♦ ❛ ♦❢❡r❡❝✐❞❛ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❲✐❣♥❡r ✭✷✳✵✳✹✮✱

♣♦❞❡rí❛♠♦s ❞❡t❡r♠✐♥á✲❧❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

P (q, p, t) = P (q (t) , p (t) , 0) , ✭✸✳✵✳✶✮

✷✸



♦♥❞❡ q (t) ❡ p (t) sã♦ tr❛❥❡tór✐❛s ❝❧áss✐❝❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ❊ss❛ ❛♣r♦①✐♠❛çã♦

❞❡s❝♦♥s✐❞❡r❛ ❝♦♠♣❧❡t❛♠❡♥t❡ q✉❛❧q✉❡r ✐♥t❡r❛çã♦ ❞❡ ♥❛t✉r❡③❛ q✉â♥t✐❝❛✱ s❡ ❛❜✲

st❡♥❞♦ ❞❡ ❞❡s❝r❡✈❡r ♣♦r ❡①❡♠♣❧♦ ✐♥t❡r❢❡rê♥❝✐❛s ❡ ♣r♦♣❛❣❛çã♦ ❞❡ ✐♥❝❡rt❡③❛s❀

❢❡♥ô♠❡♥♦s ✐♥tr✐♥s❡❝❛♠❡♥t❡ q✉â♥t✐❝♦s✳

P❛r❛ r❡✜♥❛r ❡ss❛ t❡♦r✐❛ s❡♠✐❝❧áss✐❝❛ ♣♦❞❡♠♦s ❛❣r❡❣❛r à ♣r♦♣❛❣❛çã♦ ❞❡

✉♠ ♣♦♥t♦✱ q✉❡ ❝❛rr❡❣❛ ❝♦♥s✐❣♦ ✉♠❛ ❛♠♣❧✐t✉❞❡ ❛ss♦❝✐❛❞❛ à ❢✉♥çã♦ ❞❡ ♦♥❞❛✱

❛ ✐♥t❡r❛çã♦ ❝♦♠ r❡❣✐õ❡s ✈✐③✐♥❤❛s ♣ró①✐♠❛s✳ ❊ss❛ é ❛ ✐❞é✐❛ ♣♦r trás ❞♦ ♣r♦♣❛✲

❣❛❞♦r ❞❡ ✈❛♥ ❱❧❡❝❦✱ q✉❡ ♣♦❞❡ s❡r ❞❡♠♦♥str❛❞❛ ❢❛③❡♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦

q✉❛❞rát✐❝❛ ♥♦ ♥ú❝❧❡♦ ❞♦ ✐♥t❡❣r❛♥❞♦ ❞❛ ✐♥t❡❣r❛❧ ❞❡ tr❛❥❡tór✐❛

K (xi, xf , T ) =

ˆ

❞Γ̃e−
S
Γ̃
i~ , ✭✸✳✵✳✷✮

♦♥❞❡ Γ̃ sã♦ t♦❞♦s ♦s ❝❛♠✐♥❤♦s q✉❡ ❧✐❣❛♠ ♦s ♣♦♥t♦s ❡①tr❡♠♦s ❞❡ ♣r♦♣❛❣❛çã♦ ♥♦

t❡♠♣♦ T ✱ ❞Γ̃ é ✉♠ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❛♣r♦♣r✐❛❞♦ ✕ ♣♦r ❡①❡♠♣❧♦ t♦♠❛♥❞♦

s❡çõ❡s ✐♥✜♥✐t❡s✐♠❛✐s ❞❡ t❡♠♣♦ ❬✶✽❪✕✱ ❡ SΓ̃ é ❛ ❛çã♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦

Γ̃✳

❆♠❜❛s ❛s ❛♣r♦①✐♠❛çõ❡s s❡♠✐❝❧áss✐❝❛s ❛♥t❡r✐♦r❡s sã♦ ❡①❛t❛s ♣❛r❛ ❝❧❛ss❡s

♠✉✐t♦ r❡str✐t❛s ❞❡ s✐st❡♠❛s✳ ❆ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ❞❡ ✈❛♥ ❱❧❡❝❦ é ❡①❛t❛

❛♣❡♥❛s ♣❛r❛ ❤❛♠✐❧t♦♥✐❛♥❛s q✉❛❞rát✐❝❛s ♥❛ ♣♦s✐çã♦ ❡ ♥♦ ♠♦♠❡♥t♦✱ ❝♦♠♦ ❢♦✐

t❡st❛❞♦ ♥♦ ✜♥❛❧ ❞♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ q✉❛♥❞♦ ❝❛❧❝✉❧❛♠♦s ♦ ♣r♦♣❛❣❛❞♦r ❞❡

❋❡②♥♠❛♥ ♣❛r❛ ❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ❡ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✳ ❏á ❛ ❛♣r♦①✐✲

♠❛çã♦ t♦t❛❧♠❡♥t❡ ❝❧áss✐❝❛ ✭✸✳✵✳✶✮ só ❢✉♥❝✐♦♥❛rá ♣❛r❛ ✉♠❛ ♣❡q✉❡♥❛ ❝❧❛ss❡ ❞❡

❡st❛❞♦s q✉â♥t✐❝♦s ❡♠ s✐st❡♠❛s q✉❡ ♣♦ss✐❜✐❧✐t❡♠ ✉♠ ❞✐♥â♠✐❝❛ ♣❡r❢❡✐t❛♠❡♥t❡

❝♦❡r❡♥t❡✱ ♥♦s q✉❛✐s ❢❡♥ô♠❡♥♦s q✉â♥t✐❝♦s t❡♥❤❛♠ ❡①♣r❡ssã♦ ♥✉❧❛✳

❯♠ ❝❛s♦ ❡♠❡r❣❡♥t❡ ❞❡ s✐st❡♠❛ ❝♦❡r❡♥t❡ q✉â♥t✐❝♦ ♦❝♦rr❡ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r

❤❛r♠ô♥✐❝♦✱ ❡♠ q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❣❡r❛❞❛ ♣❡❧❛ ❤❛♠✐❧t♦♥✐❛♥❛

Ĥ = ~ω

(
â†â+

1

2

)
, ✭✸✳✵✳✸✮

❣❛r❛♥t❡ ❞✐♥â♠✐❝❛ tr✐✈✐❛❧ ♣❛r❛ ♦s ❛✉t♦❡st❛❞♦s |z〉 ❞♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ â✱

✷✹



✐♥❞❡①❛❞♦s ♣❡❧♦ s❡✉ ♣ró♣r✐♦ ❛✉t♦✈❛❧♦r z✳ ❉❡✜♥✐♥❞♦ ♦ ❡st❛❞♦ t❡♠♣♦r❛❧♠❡♥t❡

❡✈♦❧✉í❞♦ |z, T 〉 ≡ K̂H (T ) |z〉✱ ❝♦♠ K̂H (T ) ❝❛❧❝✉❧❛❞♦ ❝♦♠ ❛ ❤❛♠✐❧t♦♥✐❛♥❛

❤❛r♠ô♥✐❝❛✱ ✉♠ ❞❡ss❡s ❡st❛❞♦s é ♣r♦♣❛❣❛❞♦ ♥❛ ❢♦r♠❛

|z, T 〉 = e−iωT/2|e−iωT z〉 = e−iωT/2|e−iωT z, 0〉, ✭✸✳✵✳✹✮

❡q✉❛çã♦ q✉❡ s❡rá ❡♠ ❜r❡✈❡ ❞❡♠♦♥str❛❞❛ ✭✸✳✶✳✻✮✳ ❙❡ ❝❛❧❝✉❧❛r♠♦s ❛ ❢✉♥çã♦ ❞❡

♦♥❞❛ ❞❡ t❛❧ ❡st❛❞♦ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ X (q, z, T ) = 〈q|z, T 〉✱
t❡♠♦s✿

X (q, z, T ) = e−iωT/2X
(
q, e−iωT z, 0

)
, ✭✸✳✵✳✺✮

q✉❡✱ ❛ ♠❡♥♦s ❞❛ ❢❛s❡ ❣❧♦❜❛❧ −iωT/2✱ t❡♠ ❛ ❢♦r♠❛ ❞♦ ❛♥s❛t③ ❝❧áss✐❝♦ ✭✸✳✵✳✶✮✱

♦♥❞❡ ❛ q✉❛♥t✐❞❛❞❡ ❞✐♥â♠✐❝❛ é ♦ ♣ró♣r✐♦ ❛✉t♦✈❛❧♦r ❞♦ ❡st❛❞♦✱ ❛♦ ✐♥✈és ❞❡

s✉❛ ❝♦♦r❞❡♥❛❞❛ ❡ s❡✉ ♠♦♠❡♥t♦✳ ❊♠ ✈❡r❞❛❞❡✱ ♣❛r❛ q✉❛❧q✉❡r r❡♣r❡s❡♥t❛çã♦

❡♠♣r❡❣❛❞❛✱ ❛ ❢♦r♠❛ ❝❧áss✐❝❛ ❞❛ ❞✐♥â♠✐❝❛ é ✈❡r✐✜❝❛❞❛✳ ❆ ❡st❡s ❛✉t♦❡st❛❞♦s

|z〉 ❞♦ ♦♣❡r❛❞♦r â ❞❡♥♦♠✐♥❛♠♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳

❊st❡ ❝❛♣ít✉❧♦ s❡ ❞❡st✐♥❛ ❛♦ ❡st✉❞♦ ❞❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s

❡ ✐♠♣♦rt❛♥t❡s ❞❡ss❡s ❡st❛❞♦s✱ q✉❡ sã♦ ❛ ❝❤❛✈❡ ♣❛r❛ ❡♥t❡♥❞❡r s✉❛ ❡s❝♦❧❤❛

❝♦♠♦ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛ r❡❛❧✐③❛r ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳

❖ ❡①❡♠♣❧♦ ❛❝✐♠❛ ✐♥❞✐❝❛ q✉❡ t❛✐s ❡st❛❞♦s tê♠ ✉♠❛ ❡ssê♥❝✐❛ ❝❧áss✐❝❛ ♠❡s♠♦

❡st❛♥❞♦ ❞❡♥tr♦ ❞♦ ♠✉♥❞♦ q✉â♥t✐❝♦✱ ♦ q✉❡ s❡ ❞❡✈❡ à ❢♦r♠❛ ❝♦♠♦ s❡ ❞á s✉❛

❞✐♥â♠✐❝❛✱ ♦❜❡❞❡❝❡♥❞♦ à ❡q✉❛çã♦ ✭✸✳✵✳✹✮✳ ❖✉tr♦s ♠♦t✐✈♦s s❡rã♦ ❡①♣❧✐❝❛❞♦s ❛♦

❧♦♥❣♦ ❞♦ t❡①t♦ q✉❡ s❡❣✉❡✳

✸✳✶ ❉✐♥â♠✐❝❛ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s sã♦ ❝♦♥str✉í❞♦s ❝♦♠♦

❛✉t♦✈❛❧♦r❡s ❞♦ ♦♣❡r❛❞♦r ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞❡ q✉❛♥t❛ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

â|z〉 = z|z〉, ✭✸✳✶✳✶✮

✷✺



❡ ❞❡ ♠♦❞♦ ❣❡r❛❧✱ ❝♦♠♦ â ♥ã♦ é ❤❡r♠✐t✐❛♥♦✱ ♦s ❛✉t♦✈❛❧♦r❡s z sã♦ ♥ú♠❡r♦s

❝♦♠♣❧❡①♦s✳ P❛r❛ t♦❞♦s ♦s ✜♥s✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❛♣❡♥❛s ♥♦ ❝❛s♦ ✉♥✐❞✐✲

♠❡♥s✐♦♥❛❧❀ ❝♦♥t✉❞♦✱ ❡①✐st❡ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡s ❡st❛❞♦s ♣❛r❛ ♠❛✐♦r❡s ❞✐♠❡♥✲

sõ❡s ❬✹❪✳ ❊st❡s ❡st❛❞♦s ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st♦s ❡♠ t❡r♠♦s ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❛

❤❛♠✐❧t♦♥✐❛♥❛ ❤❛r♠ô♥✐❝❛✿

|z〉 =
∑

n

ϕn (z) |n〉,

♦♥❞❡ ϕn (z) = 〈n|z〉 é ♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❡①♣r❡ss❛❞♦ ♥❛ ❜❛s❡ ❞♦s ❛✉t♦❡st❛❞♦s

❞❡ ❡♥❡r❣✐❛✳ P❡❧❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r ✭✸✳✶✳✶✮✱ ❛ ❢ór♠✉❧❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦

❛❝✐♠❛ s❡ ❝♦♥✈❡rt❡ ❡♠

â|z〉 =
∑

n

ϕn (z) â|n〉 =
∑

n

ϕn (z)
√
n|n− 1〉 = z|z〉;

q✉❡ ❢❡❝❤❛❞♦ ❝♦♠ ♦ ❜r❛ ❞❡ ✉♠ ❛✉t♦❡st❛❞♦ ❞❡ ❡♥❡r❣✐❛ |m〉 r❡s✉❧t❛

zϕn (z) =
∑

n

ϕn (z)
√
n〈m|n− 1〉.

P❡❧❛ r❡❧❛çã♦ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ 〈m|n〉 = δmn✱

zϕn−1 (z) = ϕn (z)
√
n, ✭✸✳✶✳✷✮

q✉❡ é ✉♠❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ♣❛r❛ ♦s t❡r♠♦s ϕn (z)✳ ❈♦♠♦ n é ✐♥t❡✐r♦✱

t❡♠♦s q✉❡ ϕm (z) = 0 s❡ m < 0✱ ❝♦♠♦ ❡s♣❡r❛❞♦✳ ❙❡ ❞❡✜♥✐r♠♦s ϕ0 (z) = C✱

✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✳✷✮ ❣❡r❛ ♦ t❡r♠♦ ❣❡r❛❧

ϕn (z) = C
zn√
n!
. ✭✸✳✶✳✸✮

❯♠ ❡st❛❞♦ |n〉 é ❡①♣r❡ss♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦

✷✻



♦s❝✐❧❛❞♦r✱ |0〉✱ ♥❛ ❢♦r♠❛

|n〉 = â†n√
n!
|0〉,

♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ❡①♣r❡ssã♦ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ |z〉✿

|z〉 =
∑

n

C

(
zâ†
)n

n!
|0〉 = Cezâ

† |0〉. ✭✸✳✶✳✹✮

❆❣♦r❛ s❡ t♦r♥❛ ♣♦ssí✈❡❧ ♦ ❝á❧❝✉❧♦ ❞♦ ❢❛t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦✱ ✉♠❛ ✈❡③ q✉❡ s❡❥❛

✐♠♣♦st♦ 〈z|z〉 = 1✱

〈z|z〉 = |C|2 〈0| exp (z⋆â) exp
(
zâ†
)
|0〉

= |C|2 〈0| exp
(
|z|2
)
exp

(
zâ†
)
exp (z⋆â) |0〉

= |C|2 exp
(
|z|2
)

= 1.

◆❛ ♣❛ss❛❣❡♠ ❞❛ ♣r✐♠❡✐r❛ ♣❛r❛ ❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ❢♦✐ ❡♠♣r❡❣❛❞❛ ❛ ❢ór♠✉❧❛ ❞❡

❇❛❦❡r✲❈❛♠♣❜❡❧❧✲❍❛✉s❞♦r✛ ❬✸✼❪ ♣❛r❛ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❞♦s ♦♣❡r❛❞♦r❡s✳ ❚❡♠♦s

❡♥tã♦ q✉❡ ❛ ♠❡♥♦s ❞❡ ✉♠❛ ❢❛s❡✱ C = exp
(
− |z|2 /2

)
✳ ❊s❝♦❧❤❡♥❞♦ C ❝♦♠♦

✉♠ ♥ú♠❡r♦ r❡❛❧✱ ❝♦♠♣❧❡t❛♠♦s ❛ ❡q✉❛çã♦ ✭✸✳✶✳✹✮

|z〉 = e−
|z|2
2 ezâ

† |0〉. ✭✸✳✶✳✺✮

◆❛t✉r❛❧♠❡♥t❡✱ ❡st❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ é ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ ✭✸✳✶✳✶✮✱

❞❡ ♠❛♥❡✐r❛ q✉❡ ❝♦st✉♠❛✲s❡ ❡♠♣r❡❣á✲❧❛ ❝♦♠♦ ✉♠❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡ àq✉❡❧❛✳

❆ ♣❛rt✐r ❞❡ ✭✸✳✶✳✺✮ ♣♦❞❡✲s❡ ♦❜t❡r ♦ ♦✈❡r❧❛♣ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s ❝♦❡r❡♥t❡s✿

〈z|z′〉 = exp

[
−1

2
|z|2 − 1

2
|z′|2 + z′z⋆

]
.

❘❡❛❧✐③❛r ❛ ❝♦♥str✉çã♦ ❞❡st❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ♥❛ ❜❛s❡

❞♦s ❛✉t♦❡st❛❞♦s ❞❡ ❡♥❡r❣✐❛ é ✐♥t❡r❡ss❛♥t❡ ♣♦✐s ❡❧❛ ♥♦s r❡✈❡❧❛ q✉❡ |z〉 é ✉♠❛

✷✼



❝♦♠♣♦s✐çã♦ ♣♦✐ss♦♥✐❛♥❛ ❞♦s ❡st❛❞♦s |n〉 ❝♦♠ ♣❛râ♠❡tr♦ |z|2 /2✱ ❡ ❡st❛ ❞❡❝♦♠✲

♣♦s✐çã♦ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❞❡ ❢♦r♠❛ s✐♠♣❧❡s ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❞❡ss❡s

❡st❛❞♦s s♦❜ ❛çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❥á ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭✸✳✵✳✹✮✳ ■♥✐❝✐❛❧✲

♠❡♥t❡✱ s❛❜❡♠♦s q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ |n〉 é

K̂H (T ) |n〉 = e−iωT/2e−inωT |n〉,

❞❡ ❢♦r♠❛ q✉❡

K̂H (T ) |z〉 = K̂H (T ) e−
|z|2
2

∑

n

zn√
n!
|n〉

= e−
|z|2
2 e−iωT/2

∑

n

zn√
n!
e−inωT |n〉

= e−iωT/2e−
|z|2
2

∑

n

(
e−iωT z

)n
√
n!

|n〉

= e−iωT/2|e−iωT z〉. ✭✸✳✶✳✻✮

◗✉❛s❡ t♦❞❛ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❞❡ |z〉 ❡stá ❝♦♥t✐❞❛ ❡♠ s❡✉ ❛✉t♦✈❛❧♦r s♦❜ ❛

❢♦r♠❛ e−iωT z✱ s❡♥❞♦ q✉❡ ♦ t❡r♠♦ ❡str✐t❛♠❡♥t❡ q✉â♥t✐❝♦ ♣r♦✈é♠ ❞♦ ❢❛t♦r ~ω/2

❞❛ ❤❛♠✐❧t♦♥✐❛♥❛✱ ❝✉❥❛ ♦r✐❣❡♠ r❡s✐❞❡ ♥❛ ♥ã♦✲❝♦♠✉t❛çã♦ ❡♥tr❡ q̂ ❡ p̂❀ ♠❛♥✐❢❡s✲

t❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦✱ ❡ ❝♦rr❡s♣♦♥❞❡ à ♦s❝✐❧❛çã♦ t❡♠✲

♣♦r❛❧ ❞♦ ❡st❛❞♦✳ ◗✉❛♥❞♦ ♦❧❤❛♠♦s ♣❛r❛ ❛ ❢♦r♠❛ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞♦ ❡st❛❞♦

❝♦❡r❡♥t❡ ♥❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ♠♦♠❡♥t♦ ❡ ❝♦♦r❞❡♥❛❞❛s✱ X (p, z, T ) = 〈p|z〉
❡ X (q, z, T ) = 〈q|z〉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥t❡♥❞❡♠♦s ♣r❡❝✐s❛♠❡♥t❡ q✉❡♠ é ❡ss❡

❛✉t♦✈❛❧♦r✱ ❡ ♦ q✉❡ ❡❧❡ r❡♣r❡s❡♥t❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ P❛r❛ ❝❛❧❝✉❧❛r ❛s ❢✉♥çõ❡s

❞❡ ♦♥❞❛✱ ❡♠♣r❡❣❛r❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r ✭✸✳✶✳✶✮ ♣r✐♠❡✐r❛♠❡♥t❡ ♥❛ r❡♣✲

r❡s❡♥t❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡ ❛ r❡s♦❧✈❡r❡♠♦s ♣❛r❛ ❛ ❢✉♥çã♦ X (q, z, T )❀ ✉♠

❝á❧❝✉❧♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣♦ s❡❣✉❡ ♣❛r❛ ♦ ❝❛s♦ X (p, z, T )✱ q✉❡ t❛♠❜é♠

✷✽



♣♦❞❡ s❡r ♦❜t✐❞♦ ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❋♦✉r✐❡r ❡♠ X (q, z, T )✳ ❈♦♠♦

â =
1√
2

(√
mω

~
q̂ + i

√
1

m~ω
p̂

)
,

t❡♠♦s q✉❡

1√
2
〈q|
(
1

b
q̂ + i

1

c
p̂

)
|z〉 = z〈q|z〉

1√
2

(
1

b
q + b

∂

∂q

)
X (q, z) = zX (q, z) ,

♦♥❞❡ ✐♥s❡r✐♠♦s ♦s ❢❛t♦r❡s ❞❡ ❡s❝❛❧❛ ❞❡ ♣♦s✐çã♦ b = (~/mω)1/2 ❡ ♠♦♠❡♥t♦

c = ~/b = (m~ω)−1/2✳ ❊st❡s ♣❛râ♠❡tr♦s ❞❡✜♥❡♠ ❛s ❡s❝❛❧❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦

❡ ♠♦♠❡♥t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ s❡✉ ♣r♦❞✉t♦ é ~✳ ❊❧❡s ♣♦❞❡♠ ❢✉♥❝✐♦♥❛r ❝♦♠♦

s✐♥t♦♥✐③❛❞♦r❡s ❡♥tr❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♠♦♠❡♥t♦✱ q✉❛♥❞♦ c → 0✱ ❡ ❛ r❡♣r❡✲

s❡♥t❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♣❛r❛ b → 0 ❬✸✽❪✳

❆ s♦❧✉çã♦ ❞❡ss❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ é ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛

X (q, z) = Cze
− q2

2b2
+
√
2 qz

b , ✭✸✳✶✳✼✮

♦♥❞❡ Cz é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦✳ ■♥t❡❣r❛♥❞♦ s♦❜r❡ ❛ r❡t❛ r❡❛❧ q ∈
(−∞,∞) ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss♦❝✐❛❞❛ à ❢✉♥çã♦ ❛❝✐♠❛ ❡ ✐❣✉❛❧❛♥❞♦

à ✉♥✐❞❛❞❡✱

ˆ ∞

−∞
|X (q, z)|2 dq = |Cz|2

ˆ ∞

−∞
e−

q2

b2
+2

√
2 q
b
Re[z]dq

= |Cz|2 e2(Re[z])2b
√
π

= 1.

❊s❝♦❧❤❡♠♦s Cz = (πb2)
− 1

4 e−zRe[z]✱ ♦♥❞❡ Re [z] = (z + z⋆) /2✳ ❆ ❢✉♥çã♦ ❞❡

✷✾



♦♥❞❛ r❡s✉❧t❛♥t❡ ♣♦❞❡ s❡r ✜♥❛❧♠❡♥t❡ ❡①♣r❡ss❛ ♥❛ ❢♦r♠❛ ❣❛✉ss✐❛♥❛

X (q, z) =
(
πb2
)− 1

4 e
−
(

q

b
√
2
−z

)2
+ z

2
(z−z⋆)

, ✭✸✳✶✳✽✮

❝✉❥♦ ♣❛r❝❡✐r♦ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♠♦♠❡♥t♦s é

X (p, z) =
(
πc2
)− 1

4 e
−
(

p

c
√
2
+iz

)2
− z

2
(z+z⋆)

. ✭✸✳✶✳✾✮

❈♦♠ ❡st❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❝❛❧❝✉❧❛r❡♠♦s ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❡ ♦ ❞❡s✈✐♦

q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞❛ ♣♦s✐çã♦ q ❡ ❞♦ ♠♦♠❡♥t♦ p ❡♠ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✳

❙❡❣✉❡ ♦ ❝á❧❝✉❧♦ ♣❛r❛ ❛ ♣♦s✐çã♦❀ ♣❛r❛ ♦ ♠♦♠❡♥t♦ ♦ ❝á❧❝✉❧♦ ♥ã♦ s❡rá ❢❡✐t♦ ❡①✲

♣❧✐❝✐t❛♠❡♥t❡✱ ♠❛s ♦ r❡s✉❧t❛❞♦ s❡rá ❡①♣♦st♦ ♣♦r ❝♦♠♣❧❡t❡③❛ ❞♦ t❡①t♦✳ P❛r❛ ♦

✈❛❧♦r ♠é❞✐♦ ❞❛ ♣♦s✐çã♦ ❛✈❛❧✐❛♠♦s ❛ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧ ❣❛✉ss✐❛♥❛✿

〈q̂〉 ≡ 〈z|q̂|z〉 =

ˆ ∞

−∞
X (q, z)⋆ qX (q, z) dq

=
1

b
√
π

ˆ ∞

−∞
qe−

1
b2
(q2+2bRe[z](−

√
2q+bRe[z]))dq

= b
√
2Re [z] . ✭✸✳✶✳✶✵✮

P❛r❛ ♦ ♠♦♠❡♥t♦✱

〈p̂〉 = c
√
2Im [z] . ✭✸✳✶✳✶✶✮

❯♠ r❡s✉❧t❛❞♦ ✐♥t❡r❡ss❛♥t❡ s✉r❣❡ ❡♠ ✭✸✳✶✳✶✵✮ ❡ ✭✸✳✶✳✶✶✮✿ ❛ ♣❛rt❡ r❡❛❧ ❞♦

❛✉t♦✈❛❧♦r é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ❝❡♥tr♦ ❞♦ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ ✭✸✳✶✳✽✮✱ ❡♥q✉❛♥t♦ q✉❡

❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ❝❡♥tr♦ ❞♦ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ ✭✸✳✶✳✾✮✳ ❖✉

s❡❥❛✱ ♦ ❛✉t♦✈❛❧♦r é ❛ q✉❛♥t✐❞❛❞❡ ❝♦♠♣❧❡①❛

z =
1√
2

(qz
b
+ i

pz
c

)
, ✭✸✳✶✳✶✷✮

♦♥❞❡ qz = 〈q̂〉 ❡ pz = 〈p̂〉✱ ❡ r❡♣r❡s❡♥t❛ ♦ ❝❡♥tr♦ ❞♦ ❡st❛❞♦ ❣❛✉ss✐❛♥♦ ❝✉❥❛s

❧❛r❣✉r❛s ♣r♦✈✐♥❞❛s ❞❡ ✭✸✳✶✳✽✮ ❡ ✭✸✳✶✳✾✮ sã♦ b ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ ❞❡ ♣♦s✐çã♦ ❡ c
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-2 2 4 6

q

-0.6

-0.4

-0.2

0.2

0.4

0.6

2 4 6 8

p

-0.6

-0.4

-0.2

0.2

0.4

❋✐❣✉r❛ ✸✳✶✳✶✿ ❋✉♥çã♦ ❞❡ ♦♥❞❛ ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ z = (x0/b+ ip0/c) /
√
2✱

❝♦♠ x0 = 2✱ p0 = 4 ❡ b = c = 1✳ ❆❝✐♠❛✱ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ♣❛rt❡
r❡❛❧ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ X (q, z) ✕ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛✳ ❆❜❛✐①♦✱
❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ♣❛rt❡ r❡❛❧ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ X (p, z) ✕ r❡♣✲
r❡s❡♥t❛çã♦ ❞❡ ♠♦♠❡♥t♦✳ ❖ ❡st❛❞♦ ❡stá ❝❡♥tr❛❞♦ s♦❜r❡ ♦s ✈❛❧♦r❡s x0 ❡ p0✳

❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ ❞❡ ♠♦♠❡♥t♦✳

❈♦❧♦❝❛♥❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♣♦❞❡♠♦s ❡❧❡✈❛r ❛ ❡str✉t✉r❛ s✐♠♣❧ét✐❝❛ ❞♦

♣❧❛♥♦ q, p ❡ ❣❡r❛r ❛ ✈❛r✐á✈❡❧ ❝♦♠♣❧❡①❛ z = (q/b+ ip/c) /
√
2 q✉❡ ✐♥❞❡①❛ ♦s

❝❡♥tr♦s ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ ■st♦ ❢❛③ ❝♦rr❡s♣♦♥❞❡r ❛ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦

❞❡ ❢❛s❡ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✱ ❣❛✉ss✐❛♥♦✱ ❝♦♠ ♣❛râ♠❡tr♦s ❞❡ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡s✳

❯♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✳✶✳

✸✳✷ Pr♦♣r✐❡❞❛❞❡s ❛❧❣é❜r✐❝❛s ❞♦s ❡st❛❞♦s ❝♦❡r✲

❡♥t❡s

❆ ❝♦♥str✉çã♦ ❞❛ r❡❧❛çã♦ ✉♥í✈♦❝❛ ❡♥tr❡ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❤♦♠❡♦♠ór✜❝♦ ❛ R
2

❡ ♦ ❡s♣❛ç♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ ❤♦♠❡♦♠ór✜❝♦ ❛♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ C✱ ❣❡r❛

✉♠❛ ♣♦❞❡r♦s❛ ❢❡rr❛♠❡♥t❛ s♦❜r❡ ❛ q✉❛❧ ♣♦❞❡✲s❡ ❡♠❜❛s❛r ♠ét♦❞♦s ❡①❛t♦s ❡

s❡♠✐❝❧áss✐❝♦s ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛✱ ♣❡r♠✐t✐♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❛

r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ P❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ q✉❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❡st❛❞♦s q✉â♥t✐❝♦s |α〉✱ ❝♦♠ α s❡♥❞♦ t❛♥t♦ ✉♠ í♥❞✐❝❡ ❞✐s❝r❡t♦ q✉❛♥t♦ ✉♠
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❝♦♥tí♥✉♦✱ ❢♦r♥❡ç❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛ ❡s❝r❡✈❡r♠♦s ❢✉♥çõ❡s ❞❡ ♦♥❞❛

Ψ(α) = 〈α|Ψ〉,

é ✐♠♣r❡s❝✐♥❞í✈❡❧ q✉❡ ❡st❡s ❡st❛❞♦s ❢♦r♥❡ç❛♠ ✉♠❛ r❡❛❧✐③❛çã♦ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥✲

t✐❞❛❞❡✱ ✉s✉❛❧♠❡♥t❡ ❞❡♥♦♠✐♥❛❞❛ r❡❧❛çã♦ ❞❡ ❝♦♠♣❧❡t❡③❛✱

1̂ =

ˆ

❞αF (α) |α〉〈α|,

♦♥❞❡ ♥♦ ❝❛s♦ ❞✐s❝r❡t♦ ❛ ✐♥t❡❣r❛çã♦ s❡ tr❛♥s❢♦r♠❛ ❡♠ ✉♠❛ s♦♠❛ s♦❜r❡ ♦s

❡st❛❞♦s✳ ❆ ❢✉♥çã♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ✐♥s❡r✐❞❛✱ F (α)✱ ♣♦❞❡ s❡r✱ ♣♦r ❡①❡♠♣❧♦✱

✉♠❛ ❢✉♥çã♦ ♣❡s♦ ♦✉ ❞❡♥s✐❞❛❞❡ r❡❧❛t✐✈❛ à ❞✐str✐❜✉✐çã♦ ❞♦s ❡st❛❞♦s ♥♦ ❡s♣❛ç♦

❞❡ ♣❛râ♠❡tr♦s ❝♦♥✈❡♥✐❡♥t❡✳

➱ ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r ♣♦r ✐♥t❡❣r❛çã♦ s♦❜r❡ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ q✉❡ ❛ r❡❧❛çã♦

❞❡ ❝♦♠♣❧❡t❡③❛

1̂ =

ˆ

❞Re [z] ❞Im [z]

π
|z〉〈z|

r❡♣r♦❞✉③ ❛q✉❡❧❛ ❡♠♣r❡❣❛❞❛ ♣❛r❛ ♦s ❛✉t♦❡st❛❞♦s ❞❡ ❡♥❡r❣✐❛✳ ❊♠ ✈✐st❛ ❞❛

❞❡✜♥✐çã♦ ❞❛ ✈❛r✐á✈❡❧ z ❡♠ ✭✸✳✶✳✶✷✮✱ ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❛ss✉♠❡ ❛ ❢♦r♠❛

1̂ =

ˆ

❞2z|z〉〈z|, ✭✸✳✷✳✶✮

♦♥❞❡ ❞❡✜♥✐♠♦s ♦ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ ❞2z = ❞qz❞pz/2π~✳

❆ ❜❛s❡ ❝♦♠♣♦st❛ ♣❡❧♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r ♦ ♦♣✲

❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❛❝✐♠❛✱ é s✉♣❡r❝♦♠♣❧❡t❛✳ ❆ ❣r♦ss♦ ♠♦❞♦✱ ✐st♦ s✐❣♥✐✜❝❛ ❞✐③❡r

q✉❡ ♦ ❝♦♥tí♥✉♦ ❞❡ ❡st❛❞♦s ♥♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❝♦♥té♠ ✐♥❢♦r♠❛çã♦ r❡❞✉♥❞❛♥t❡

s♦❜r❡ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s é ✉♠ ❣r❛♥❞❡

❛tr❛t✐✈♦ ♣❛r❛ s❡✉ ❡♠♣r❡❣♦ ❡♠ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s✳ ❖ ✉s♦ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡

✜♥✐t❛ ❞❡ ❡st❛❞♦s✱ q✉❡ ❛♠♦str❡ ✉♠❛ r❡❣✐ã♦ ❛❞❡q✉❛❞❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ é s✉✜✲

❝✐❡♥t❡ ♣❛r❛ q✉❡ ♥ã♦ ❤❛❥❛ ❣r❛♥❞❡ ♣❡r❞❛ ❞❡ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛

❛ s❡r ❡✈♦❧✉í❞♦✱ ❜❛st❛♥❞♦ q✉❡ ❡st❡s ❡st❛❞♦s ❛❧♦❝❛❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡ s❡❥❛♠
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s✉✜❝✐❡♥t❡s ♣❛r❛ ❝♦❜r✐r✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❛ r❡❣✐ã♦ ♦♥❞❡ ♦❝♦rr❡ ❛ ❞✐♥â♠✐❝❛✳

❈♦♠ ❡st❡s ❡st❛❞♦s é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ♥❛ ❢♦r♠❛

Ψ(z⋆, z) = 〈z|Ψ〉, ✭✸✳✷✳✷✮

❡ ❡♠♣r❡❣á✲❧❛s ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❞❡ ♠❛♥❡✐r❛ ❡①❛t❛ ♦✉

❛♣r♦①✐♠❛❞❛✳ ❆ ❢♦r♠❛ ✭✸✳✷✳✷✮ t❛♠❜é♠ é ✉♠❛ ❜♦❛ ❝❛♥❞✐❞❛t❛ ♣❛r❛ r❡♣r❡s❡♥t❛r

♦s ❡st❛❞♦s q✉â♥t✐❝♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ t❛❧ q✉❛❧ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❲✐❣♥❡r

✭✷✳✵✳✹✮✳ ❆ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞♦ ❡st❛❞♦ |Ψ〉 ♥❛s ✈❛r✐á✈❡✐s ❝♦♠✲

♣❧❡①❛s z ❡ z⋆ ❢♦✐ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡s❝r✐t❛✱ ♣♦✐s ♥❛ ❝♦♥str✉çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r✲

❡♥t❡s ❡①✐st❡ ✉♠ t❡r♠♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❞❡♣❡♥❞❡♥t❡ ❞❡ |z|2✱ ❧♦❣✐❝❛♠❡♥t❡ ✉♠❛

❢✉♥çã♦ ❞❡ ❛♠❜❛s✳ ❆ ♣♦rçã♦ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡♣❡♥❞❡♥t❡ ❞❡ z ❡stá ✐♠✲

♣❧í❝✐t♦ ❡♠ Ψ(z⋆, z) s♦♠❡♥t❡ ❛tr❛✈és ❞❡st❛ ♥♦r♠❛❧✐③❛çã♦✱ ✉♠❛ ✈❡③ q✉❡✱ ❝♦♠♦

♣♦❞❡♠♦s ♥♦t❛r ❞❡ ✭✸✳✶✳✽✮ ❡ ✭✸✳✶✳✾✮✱ ♦s ❜r❛s 〈z| ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡ ❞❡ z⋆ ♣♦✐s

❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❞♦ ❦❡t sã♦ ❞❛ ❢♦r♠❛ X (q, z)✳

❆♣❡s❛r ❞❡st❛ ♥ã♦✲❛♥❛❧✐t✐❝✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✶✱ ❣❡♥❡r✐❝❛♠❡♥t❡ ❡s✲

❝r❡✈❡r❡♠♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦ ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❝♦♠♦ Ψ(z⋆)✱ ♦♠✐t✐♥❞♦

❛ss✐♠ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ✈✐❛ ❢❛t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦✳ ◆ã♦ ❞❡✈❡♠♦s ♣❡♥s❛r ❡♠

♠♦♠❡♥t♦ ❛❧❣✉♠ q✉❡ s❡ tr❛t❛♠ ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠ór✜❝❛s ♥❛ ✈❛r✐á✈❡❧ z⋆✱ ❛♣❡✲

s❛r ❞❡ ❡①✐st✐r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ s✐♠✐❧❛r à ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s q✉❡ ♦ é✳

❊st❛ r❡♣r❡s❡♥t❛çã♦ ❤♦❧♦♠ór✜❝❛ é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s

♥ã♦✲♥♦r♠❛❧✐③❛❞♦s ✕ C = 1 ❡♠ ✭✸✳✶✳✹✮✕✱ ♦♥❞❡ ❛❜r✐♠♦s ♠ã♦ ❞❛ ♥♦r♠❛ ❡♠

♣r♦❧ ❞❛ ❛♥❛❧✐t✐❝✐❞❛❞❡✳ ❆s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ sã♦ ❞❛ ❢♦r♠❛ Ψ′ (z⋆) = (z|Ψ〉 ❡

❛q✉✐ ❞✐❢❡r❡♥❝✐❛♠♦s ♦s ❡st❛❞♦s ♥♦r♠❛❧✐③❛❞♦s |z〉 ❞♦s ♥ã♦✲♥♦r♠❛❧✐③❛❞♦s |z) ♣❡❧❛
♥♦t❛çã♦✳ ❆ ❡st❛ r❡♣r❡s❡♥t❛çã♦ ❤♦❧♦♠ór✜❝❛ ♥♦ í♥❞✐❝❡ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

❞❡♥♦♠✐♥❛♠♦s r❡♣r❡s❡♥t❛çã♦ ❞❡ ❇❛r❣♠❛♥♥ ❬✸✾❪✳

❘❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡♠♣r❡❣❛♥❞♦ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s é

t❛r❡❢❛ s✐♠♣❧❡s✳ ❚♦♠❛♥❞♦ ✭✷✳✵✳✷✮✱ ❢❡❝❤❛♥❞♦ à ❡sq✉❡r❞❛ ❝♦♠ ✉♠ ❡st❛❞♦ 〈z̃| ❡

✶❊❧❛ ♥ã♦ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ∂Ψ/∂z⋆ = 0✳
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✐♥s❡r✐♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡✱ r❡s✉❧t❛♠♦s ❝♦♠

〈z̃|i~ ∂

∂t
|Ψ, t〉 =

ˆ

❞2z〈z̃|Ĥ|z〉〈z|Ψ, t〉. ✭✸✳✷✳✸✮

❉♦✐s ❢❛t♦s ✐♠♣♦rt❛♥t❡s ❡♥tr❛♠ ❡♠ ❝❡♥❛ ♥❡st❡ ♠♦♠❡♥t♦✳ ❈♦♠♦ ♦ ❡st❛❞♦ ❝♦❡r✲

❡♥t❡ |z̃〉 ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ t❡♠♣♦✱ ♣♦❞❡♠♦s ♣❛ssá✲❧♦ ♣❛r❛ ❞❡♥tr♦ ❞❛ ❞❡r✐✈❛çã♦

t❡♠♣♦r❛❧❀ ❛❧é♠ ❞✐ss♦✱ ❡s❝r❡✈❡♥❞♦ ❛ ❤❛♠✐❧t♦♥✐❛♥❛ ♥❛ ❢♦r♠❛ ♦r❞❡♥❛❞❛

Hord

(
â†, â

)
=
∑

i,j

hij

(
â†
)i
(â)j ✭✸✳✷✳✹✮

❡ ❡♠♣r❡❣❛♥❞♦ ♦ ❢❛t♦ ❞❡ |z̃〉 s❡r ❛✉t♦❡st❛❞♦ ❞❡ â✱ s❡✉ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ t❡♠

❢♦r♠❛ s✐♠♣❧❡s ❞❛❞❛ ♣♦r

〈z̃|Ĥ|z〉 = 〈z̃|z〉Hord (z̃
⋆, z) , ✭✸✳✷✳✺✮

♦❜t✐❞❛ ♣♦r s✉❜st✐t✉✐çã♦ ❞♦s ♦♣❡r❛❞♦r❡s ♣❡❧♦s ❛✉t♦✈❛❧♦r❡s ❡♠ ✭✸✳✷✳✹✮✳ ❆ss✐♠✱

t❡♠♦s

i~
∂

∂t
Ψ(z̃⋆, t) =

ˆ

❞2z〈z̃|z〉Hord (z̃
⋆, z)Ψ (z⋆, t) , ✭✸✳✷✳✻✮

q✉❡ é ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞❡ |Ψ, t〉 ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✳

❘❡s♦❧✈❡r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡st❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❡ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦

❡♠ ❢♦r♠❛ ❢❡❝❤❛❞❛ ♥ã♦ é ♠❛✐s s✐♠♣❧❡s ❞♦ q✉❡ r❡s♦❧✈ê✲❧❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

❝♦♦r❞❡♥❛❞❛ ♦✉ ❞❡ ♠♦♠❡♥t♦✳ ❆ ✈❛♥t❛❣❡♠ ❞❡ss❛ ❢♦r♠❛ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❛

❡♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ r❡♣r❡s❡♥t❛çã♦ s❡r ✉♠ ❛♥á❧♦❣♦ q✉â♥t✐❝♦ ❞♦ ♣♦♥t♦

❝❧áss✐❝♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ✉♠ ❡st❛❞♦ ❣❛✉ss✐❛♥♦ ❞❡ ♠í♥✐♠❛ ✐♥❝❡rt❡③❛✳ ❆q✉✐✱

♥ã♦ ❧✐❞❛♠♦s ❝♦♠ ❡st❛❞♦s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s ♥♦ ❡s♣❛ç♦ ❡ ♠♦♠❡♥t♦

✐♥❞❡✜♥✐❞♦ ✭❝♦♠♦ ✉♠ ❛✉t♦❡st❛❞♦ ❞❡ q̂✮ ♦✉ ✈✐❝❡✲✈❡rs❛ ✭✉♠ ❛✉t♦❡st❛❞♦ ❞❡ p̂✮✱

♠❛s ❝♦♠ ❛❧❣♦ q✉❡ t❡♠ ❛s♣❡❝t♦ ♠❛✐s s✐♠✐❧❛r ❛♦ ❞❡ ❢✉♥çã♦ ❞❡ ♦♥❞❛✱ ✉♠❛ ❡♥✲

t✐❞❛❞❡ ❞❡❧♦❝❛❧✐③❛❞❛✳

❯s✉❛❧♠❡♥t❡✱ s♦❧✉çõ❡s ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✸✳✷✳✻✮ sã♦ ❜✉s❝❛❞❛s ♥✉♠❡r✐❝❛♠❡♥t❡
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❛ ♣❛rt✐r ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✐♥✐❝✐❛❧ Ψ(z⋆, 0)✱ ♣♦r ✐♥t❡❣r❛çã♦ ❞✐r❡t❛✳ P❛r❛

r❡❛❧✐③❛r t❛❧ ♣r♦❝❡❞✐♠❡♥t♦ ♥❡❝❡ss✐t❛♠♦s ❞✐s❝r❡t✐③❛r ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦✉ s❡❥❛✱

❣r❛♥✉❧❛r ❡st❛❞♦s ❝♦❡r❡♥t❡s s♦❜r❡ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❡♠♣r❡❣❛♥❞♦ ❛❧❣✉♠ ♣r♦✲

❝❡❞✐♠❡♥t♦✿ ♣♦♥t♦s r❡❣✉❧❛r♠❡♥t❡ ❡s♣❛ç❛❞♦s ❬✷✸❪✱ ♣♦♥t♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❛❧♦✲

❝❛❞♦s s❡❣✉♥❞♦ ❛❧❣✉♠❛ ❞✐str✐❜✉✐çã♦ ❬✷✾❪✱ ♦✉ ❛❧❣✉♠ ♦✉tr♦ ♠ét♦❞♦❀ ♦ q✉❡ tr❛♥s✲

❢♦r♠❛ ❛ ✐♥t❡❣r❛❧ ❢♦r♠❛❧ ❡♠ ✉♠❛ s♦♠❛ ❞✐s❝r❡t❛ s♦❜r❡ ❡ss❡s ❡st❛❞♦s✳ ◆❛t✉r❛❧✲

♠❡♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥❡❝❡ssár✐♦s ❝r❡s❝❡ ❝♦♠ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦

❛♣r♦♣r✐❛❞♦✱ ♣♦✐s ❞❡✈❡♠ ❤❛✈❡r ♣♦♥t♦s ❞✐str✐❜✉í❞♦s ❡♠ t♦❞❛s ❛s r❡❣✐õ❡s ❡♠ q✉❡

♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ ❢❛③ s❡✉ ♣❛ss❡✐♦ q✉â♥t✐❝♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❡ t❛♠❜é♠ ❝r❡s❝❡

❝♦♠ ❛ ❞✐♠❡♥sã♦ ❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛

✐♥t❡❣r❛r ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❝♦♠ ❛❧t♦ ✈❛❧♦r ❞❡ ♠♦✲

♠❡♥t♦ ❧❛♥ç❛❞❛ ❡♠ ✉♠❛ r❡❞❡ ❝r✐st❛❧✐♥❛✱ é ♥❡❝❡ssár✐❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♠✉✐t♦

♠❛✐♦r ❞❡ ❡st❛❞♦s ❞♦ q✉❡ s✐♠✉❧❛r ❛ ♠❡s♠❛ ♣❛rtí❝✉❧❛ ❡♠ ✉♠ s✐♠♣❧❡s ♣♦ç♦

✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ♣♦t❡♥❝✐❛❧✳ ■ss♦ ♦❝♦rr❡ ❞❡✈✐❞♦ à ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞❡s❝r❡✈❡r

♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡♠ ❝❛❞❛ át♦♠♦ ❞♦ ❝r✐st❛❧✱ ❡♠ ❝♦♥tr❛st❡ ❛ ✉♠ ♠♦✈✐♠❡♥t♦

❛❧t❛♠❡♥t❡ ❝♦♥✜♥❛❞♦ ❡♠ ✉♠❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✳

P❛r❛ ♠♦✈✐♠❡♥t♦s q✉â♥t✐❝♦s ♦♥❞❡ ✈❛❧❤❛ ❛ ❝♦♥❞✐çã♦ ❞❡ s❡♠✐❝❧❛ss✐❝❛❧✐❞❛❞❡

s ≫ ~✱ ❛ ❞✐♥â♠✐❝❛ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ q✉â♥t✐❝♦ ❞❡✈❡ s❡ ❝♦♥❝❡♥tr❛r ❡♠ ✉♠❛

r❡❣✐ã♦ ❝❧áss✐❝❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦✉ s❡❥❛✱ ❞❡✈❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ s❡❣✉✐r ♦

✢✉①♦ ❤❛♠✐❧t♦♥✐❛♥♦ ♥♦ s❡♥t✐❞♦ ❡♠ q✉❡ ❡①♣❧✐❝✐t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❙❡r✐❛ ✐♥✲

t❡r❡ss❛♥t❡ s❡ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡♠♣r❡❣❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡

❙❝❤rö❞✐♥❣❡r ♣✉❞❡ss❡♠ ❛❝♦♠♣❛♥❤❛r ❡ss❡ ♠♦✈✐♠❡♥t♦ ❝❧áss✐❝♦✱ ♣♦✐s ✐ss♦ ❣❛r❛♥✲

t✐r✐❛ q✉❡✱ ❡♠ ❜♦❛ ❛♣r♦①✐♠❛çã♦✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s ❛❧♦❝❛❞♦s ♣ró①✐♠♦s ❛♦

♣❛❝♦t❡ ❞❡ ♦♥❞❛ ✐♥✐❝✐❛❧ ❞❡s❝r❡✈❡r✐❛ ♦ ♠♦✈✐♠❡♥t♦ q✉â♥t✐❝♦✳ ❉♦t❛r ❞❡ ❞✐♥â♠✐❝❛

❡st❡s ♣♦♥t♦s q✉â♥t✐❝♦s ♣❛r❡❝❡ ✉♠❛ ✐❞é✐❛ s✐♠♣❧❡s✱ ♠❛s s♦♠❡♥t❡ r❡❝❡♥t❡♠❡♥t❡

❡st❡ ♠ét♦❞♦ ❢♦✐ ♣r♦♣♦st♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞✐♥â♠✐❝♦ ❞❡ ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❬✹✵✱ ✹✶❪✳

❚❛♠❜é♠ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❝♦♥t✐♥✉❛ ✈❛❧❡♥❞♦ ♣❛r❛ s ❞❛ ♦r✲

❞❡♠ ❞❡ ~✳

▼♦str❛r❡♠♦s ❛❣♦r❛ ❝♦♠♦ ❛♣r♦♣r✐❛r ❞✐♥â♠✐❝❛ ❛♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s q✉❡

❝♦♥st✐t✉❡♠ ❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ✭✸✳✷✳✶✮✳

✸✺



✸✳✸ ❊st❛❞♦s ❝♦❡r❡♥t❡s ❝♦♥❣❡❧❛❞♦s ❞✐♥â♠✐❝♦s

❆ ❢♦r♠❛ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ✭✸✳✷✳✶✮ ♥❛❞❛ ❝♦♥té♠ ❞❡ ✐♥❢♦r♠❛çã♦ s♦❜r❡

❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳ P♦❞❡♠♦s ❡♥❝❛rá✲❧❛ ❝♦♠♦ ✉♠❛ ❡①♣r❡ssã♦ ✐♥st❛♥tâ♥❡❛ ❞❛

✐❞❡♥t✐❞❛❞❡✱ ✈❛❧❡♥❞♦ s❡♠♣r❡ q✉❡✱ ❛ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦✱

❝♦rr❡s♣♦♥❞❡ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✱ ❝♦♠ ❡s❝❛❧❛s ❝♦♥st❛♥t❡s✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

q✉❛❧q✉❡r tr❛♥s❢♦r♠❛çã♦ r❡❛❧✐③❛❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦✉ s❡❥❛✱ ♥❛s ✈❛r✐á✈❡✐s

qz ❡ pz ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ q✉❡ ❧❡✈❡ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❛ ❡❧❡ ♠❡s♠♦ ♣r❡s❡r✲

✈❛♥❞♦ ár❡❛s✱ ♠❛♥t❡rá ❛ ❢♦r♠❛ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ✜①❛✳ ❖r❛✱ q✉❛❧q✉❡r

♠♦✈✐♠❡♥t♦ ❝♦♠♦ ♦s ❞❡s❝r✐t♦s ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ❍❛♠✐❧t♦♥ ✭✷✳✶✳✺✮✱ ♠❛♥té♠ ♦

❡s♣❛ç♦ ❞❡ ❢❛s❡ ✐♥❛❧t❡r❛❞♦✱ ♥ã♦ ♠✉❞❛ s✉❛ ❢♦r♠❛✱ ❛♣❡♥❛s tr❛♥s❧❛❞❛ ♣♦♥t♦s ♣❛r❛

❝♦♦r❞❡♥❛❞❛s ❞✐❢❡r❡♥t❡s✱ ♣r❡s❡r✈❛♥❞♦ ❛ ár❡❛ ❞❡ r❡❣✐õ❡s ❞♦ ❡s♣❛ç♦✳ ❉❡✈❡♠♦s

❡s♣❡r❛r ♣♦rt❛♥t♦ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♠♣❧❡t❡③❛ s❡❥❛ ♣r❡s❡r✈❛❞❛ ♣♦r ❞✐♥â♠✐❝❛s

❤❛♠✐❧t♦♥✐❛♥❛s ♥❛s ✈❛r✐á✈❡✐s qz ❡ pz✳

❈❛❧❝✉❧❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❞❡ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ s♦❜

❛ ❛çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❡ ♠♦str❛♠♦s q✉❡ ♣♦❞❡♠♦s ✐♥t❡r♣r❡tá✲❧❛ ❝♦♠♦

❛ ❞✐♥â♠✐❝❛ ❞♦ ♣ró♣r✐♦ í♥❞✐❝❡ ❞♦ ❡st❛❞♦ ✭✸✳✵✳✹✮✱ ♦✉ s❡❥❛✱ qz ❡ pz s❡ ♠♦✈❡♠✱

s✉❥❡✐t♦s ❛ ✉♠ ♠♦✈✐♠❡♥t♦ q✉❡✱ ♣♦r s❡r ❤❛♠✐❧t♦♥✐❛♥♦✱ ♣r❡s❡r✈❛ ♦ ♦♣❡r❛❞♦r

✐❞❡♥t✐❞❛❞❡✳ ❊s♣❡r❛♠♦s ❛ss✐♠ q✉❡ t♦❞❛ ❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r

❞❛ ❡q✉❛çã♦ ✭✸✳✷✳✸✮ t❛♠❜é♠ ✜q✉❡ ♣r❡s❡r✈❛❞❛ ❝♦♠ ♦ ❞❡❝♦rr❡r ❞❡st❛ ❞✐♥â♠✐❝❛✳

❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♣♦rt❛♥t♦

1̂ (t) =

ˆ

❞2z (t) |z (t)〉〈z (t) |, ✭✸✳✸✳✶✮

❝♦♥t❛♥t♦ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞❡ z s❡❥❛ ❤❛♠✐❧t♦♥✐❛♥❛✳ ❊♠❡r❣❡ ❛q✉✐ ✉♠❛ q✉❡stã♦

q✉❡ ❝♦♥❝❡r♥❡ ❝♦♠♦ ❞❡✜♥✐r ❡ss❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛✳ ❊①✐st❡♠ três ♣♦ss✐❜✐❧✐❞❛❞❡

❛t✉❛❧♠❡♥t❡ ❡st✉❞❛❞❛s ❡ ❡♠♣r❡❣❛❞❛s✿

✶✳ ❆ ❢♦r♠❛ ❞❡ ❲❡②❧✱ q✉❡ ❝♦♥s✐st❡ ❡♠ t♦♠❛r ❞✐r❡t❛♠❡♥t❡ ❛ ❤❛♠✐❧t♦♥✐❛♥❛

❝❧áss✐❝❛ ❛❞❛♣t❛❞❛ às ✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s z ❡ z⋆✱ ❡♠♣r❡❣❛❞❛ ♣❛r❛ ♦
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❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ s❡♠✐❝❧áss✐❝❛ ❞❡ ❍❡r♠❛♥✲❑❧✉❦ ❬✹✷✱ ✹✸✱ ✹✹❪ ❡

t❛♠❜é♠ ♥❛ ♦❜t❡♥çã♦ ❞♦ ♣r♦♣❛❣❛❞♦r ❞❡ ✈❛♥ ❱❧❡❝❦ ✭✶✳✵✳✶✮❀

✷✳ ❖ sí♠❜♦❧♦✲P✱ ♣r♦✈✐♥❞♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ●❧❛✉❜❡r✲❙✉♥❞❛rs❤❛♥ ❬✹✺✱

✹✻❪✱ ❞❡✜♥✐❞♦ ♣♦r

Ĥ =

ˆ

❞2z|z〉HP (z⋆, z) 〈z|,

❡ ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ♣r♦✈é♠ ❞❡HP r❡✈❡rt✐❞♦ ♣❛r❛ ✈❛r✐á✈❡✐s ❛s ❝❧áss✐❝❛s

q ❡ p❀

✸✳ ❖ sí♠❜♦❧♦✲◗✱ q✉❡ ❡♠❡r❣❡ ❞✐r❡t❛♠❡♥t❡ ❞♦s t❡r♠♦s ❞✐❛❣♦♥❛✐s ❞♦ ❡❧❡♠❡♥t♦

❞❡ ♠❛tr✐③ ♥♦r♠❛❧✐③❛❞♦ ✭✸✳✷✳✺✮✱ HQ ≡ Hord (z
⋆, z)✱ q✉❡ é ❡♠♣r❡❣❛❞♦ ♥❛

t❡♦r✐❛ s❡♠✐❝❧áss✐❝❛ ❇❆❑❑❙✳

◆❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s ✭✸✳✷✳✸✮

s✉r❣❡ ♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳

■st♦ s✉❣❡r❡ q✉❡ ❛ ❡s❝♦❧❤❛ ♠❛✐s ♥❛t✉r❛❧ ♣❛r❛ ❛tr✐❜✉✐r ❞✐♥â♠✐❝❛ ❛♦s ❡st❛❞♦s s❡❥❛

♣❡❧❛ t❡r❝❡✐r❛ ♦♣çã♦ ❞❛s ❧✐st❛❞❛s ❛❝✐♠❛✱ ♦ sí♠❜♦❧♦✲◗ ❞♦ ♦♣❡r❛❞♦r✳ ❙❡ ❛ ❢♦r♠❛

❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ ♥❛q✉❡❧❛ ❡q✉❛çã♦ ❢♦ss❡ ✉♠❛ ❞❛s ♦✉tr❛s ❞✉❛s ❛♣r❡s❡♥t❛❞❛s

❛❝✐♠❛✱ ❛ ❡s❝♦❧❤❛ ✐♠❡❞✐❛t❛ s❡r✐❛ ❞✐❢❡r❡♥t❡✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❡q✉❛çõ❡s q✉❡ r❡❣❡♠ t❛❧ ❞✐♥â♠✐❝❛✱ ❞❡✈❡♠♦s t❡r ❡♠

✈✐st❛ ❛q✉❡❧❛s ♦❜❡❞❡❝✐❞❛s ♣❡❧❛s ✈❛r✐á✈❡✐s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡ ❢❛③❡r ❛ ❝♦♥❡①ã♦

❝♦♠ q ❡ p ❛tr❛✈és ❞♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ z ❞❛❞♦ ♣♦r ✭✸✳✶✳✶✷✮✳ ■♥✐❝✐❛❧♠❡♥t❡✱

✈❡❥❛♠♦s q✉❡

∂

∂q
=

1

b
√
2

(
∂

∂z
+

∂

∂z⋆

)
,

∂

∂p
=

i

c
√
2

(
∂

∂z
− ∂

∂z⋆

)
;
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❞❡ ♠❛♥❡✐r❛ q✉❡

ż ≡ 1√
2

(
1

b
q̇ +

i

c
ṗ

)
=

1√
2

(
1

b

∂H

∂p
− i

c

∂H

∂q

)

=
1

i~

∂H

∂z⋆
,

❡♠ q✉❡ ❛ ❤❛♠✐❧t♦♥✐❛♥❛ ♥❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ❞✐❢❡r❡ ❞❛q✉❡❧❛ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛

s♦♠❡♥t❡ ♣❡❧❛s ✈❛r✐á✈❡✐s ❡♠♣r❡❣❛❞❛s ❝♦♠♦ ❛r❣✉♠❡♥t♦✳ ❯♠ ❝á❧❝✉❧♦ s✐♠✐❧❛r

r❡✈❡❧❛ q✉❡ ♣❛r❛ z⋆ ❜❛st❛ t♦♠❛r ♦ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♦✉

s❡❥❛✱ ❛s ❞✉❛s ❡q✉❛çõ❡s ❡♠ ✈❛r✐á✈❡✐s r❡❛✐s s❡ ❝♦♥✈❡rt❡♠ ❡♠ ✉♠❛ ♣❛r❛ ✉♠❛ ✈❛r✲

✐á✈❡❧ ❝♦♠♣❧❡①❛❀ s❡♥❞♦ ❛ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞❛ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ r❡❞✉♥❞❛♥t❡✳

❆ss✐♠✱

ż =
1

i~

∂H

∂z⋆

ż⋆ = − 1

i~

∂H

∂z
✭✸✳✸✳✷✮

sã♦ ❛s ❡q✉❛çõ❡s ❛❞❡q✉❛❞❛s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ ❝❡♥tr♦ ❞♦s ♣❛❝♦t❡s ❣❛✉s✲

s✐❛♥♦s ❝♦♠ ❧❛r❣✉r❛s ❝♦♥st❛♥t❡s✱ ♦♥❞❡ ❛q✉✐ H (z⋆, z) = 〈z|Ĥ|z〉✳ P❛r❛ ✐❧✉str❛r

❡st❛s tr❛❥❡tór✐❛s✱ ♥❛ ❋✐❣✉r❛ ✸✳✸✳✶ ❡①✐❜✐♠♦s ✉♠❛ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ ❡s♣❛❧❤❛❞♦

❡♠ ✉♠ ♣♦t❡♥❝✐❛❧ q✉árt✐❝♦ ❛❝♦♠♣❛♥❤❛❞♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❛❥❡tór✐❛s ❞❡

❡st❛❞♦s ❝♦❡r❡♥t❡s ❧♦❝❛❧✐③❛❞♦ ❡♠ ✉♠❛ r❡❣✐ã♦ ♣ró①✐♠❛✱ ❣✉✐❛❞♦s ♣❡❧❛s ❡q✉❛çõ❡s

✭✸✳✸✳✷✮✳

❉❡♥♦♠✐♥❛♠♦s ❡st❡s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❞✐♥â♠✐❝♦s ♣♦r ❝♦♥❣❡❧❛❞♦s ♣♦✐s s♦✲

♠❡♥t❡ ♦ s❡✉ ❝❡♥tr♦ t❡♠ ♠♦❜✐❧✐❞❛❞❡ ♥♦ ❡s♣❛ç♦✱ ❡♥q✉❛♥t♦ s✉❛ ❢♦r♠❛ ❣❛✉ss✐❛♥❛

♠❛♥té♠ ♦ ♠❡s♠♦ ❛s♣❡❝t♦✳ ❊st❛ ♥♦♠❡♥❝❧❛t✉r❛ ♣r♦✈é♠ ❞❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦

s❡♠✐❝❧áss✐❝❛ ❞❡♥♦♠✐♥❛❞❛ ❋●❆ ✭❢r♦③❡♥ ❣❛✉ss✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✮✱ ❡♠ q✉❡ ❡s✲

t❛❞♦s ❣❛✉ss✐❛♥♦s sã♦ ♣r♦♣❛❣❛❞♦s s♦♠❡♥t❡ ♣❡❧♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ s❡✉ ❝❡♥tr♦

❬✹✼❪✳ ❊♠ ❡ssê♥❝✐❛✱ ❡st❡ ♠ét♦❞♦ ❛❝♦♣❧❛ ❛♠♣❧✐t✉❞❡s ✈✐♥❝✉❧❛❞❛s ❛ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❣❛✉ss✐❛♥❛s ❝♦♥❣❡❧❛❞❛s ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ♦❜t❡r♠♦s

✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❡①❛t❛ ❛♦ ✜♥❛❧ ❞♦ ♣r♦❝❡ss♦✳

✸✽



❋✐❣✉r❛ ✸✳✸✳✶✿ ❆♠♣❧✐t✉❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♣r♦♣❛✲
❣❛❞♦ ❡♠ ✉♠ ♣♦t❡♥❝✐❛❧ q✉árt✐❝♦✱ ✐❧✉str❛❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦✳ ❖s
♣♦♥t♦s r❡♣r❡s❡♥t❛♠ ♦ ✜♥❛❧ ❞❛s tr❛❥❡tór✐❛s ❞❡ ✉♠ ❣r✐❞ ✐♥✐❝✐❛❧♠❡♥t❡ ❛❧♦❝❛❞♦
♣ró①✐♠♦ ❛♦ ❡st❛❞♦ ❝♦❡r❡♥t❡✳ ❆s tr❛❥❡tór✐❛s ❛❝♦♠♣❛♥❤❛♠ ❛ r❡❣✐ã♦ ❞❡ ♠❛✐♦r❡s
❛♠♣❧✐t✉❞❡s✳ ❆ ❡✈♦❧✉çã♦ q✉â♥t✐❝❛ ❢♦✐ ✉♥✐tár✐❛✱ ♣♦ré♠ ❛ ❡s❝❛❧❛ ❞❡ ❛♠♣❧✐t✉❞❡s
é ❛r❜✐trár✐❛✳

✸✾



✸✳✹ ❚r❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s

❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✭✸✳✸✳✷✮ ♦❜t✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ❛♣❛r❡❝❡♠ t❛♠✲

❜é♠ q✉❛♥❞♦ ❝❛❧❝✉❧❛♠♦s ❞✐r❡t❛♠❡♥t❡ ♦ ❧✐♠✐t❡ s❡♠✐❝❧áss✐❝♦ ❞♦ ❡❧❡♠❡♥t♦ ❞❡

♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r✲

❡♥t❡s✿

〈zf |K̂H (T ) |zi〉 ≈
∑

Γ

√
∂z⋆ (0)

∂z⋆ (T )
e−

1
i~
S− 1

i~
Ie−

1
2 |zf |2− 1

2
|zi|2 , ✭✸✳✹✳✶✮

q✉❡ é ❛♥á❧♦❣♦ ❛♦ ♣r♦♣❛❣❛❞♦r ❞❡ ✈❛♥ ❱❧❡❝❦✳ ◆❡st❛ ❡①♣r❡ssã♦

S
(
zi, z

⋆
f , T

)
=

ˆ T [ i~
2
(z⋆ż − ż⋆z)−H (z⋆, z)

]
❞t− i~

2

[
z⋆fz (T ) + z⋆ (0) zi

]

✭✸✳✹✳✷✮

é ❛ ❛çã♦ ❝♦♠♣❧❡①❛ ❛♦ ❧♦♥❣♦ ❞❛s tr❛❥❡tór✐❛s Γ q✉❡ s❛t✐s❢❛③❡♠ ✭✸✳✸✳✷✮ ❝♦♥❞✐✲

❝✐♦♥❛❞❛s ❛♦s ❝♦♥t♦r♥♦s

z (0) = zi,

z⋆ (T ) = z⋆f , ✭✸✳✹✳✸✮

❡

I =
1

2

ˆ T ∂2H

∂z̃⋆∂z̃
❞t

é ✉♠❛ ❝♦rr❡çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ à ❛çã♦ ♣r♦✈✐♥❞❛ ❞❛ ❝❧❛ss✐❝❛❧✐③❛çã♦ ❞❛

❤❛♠✐❧t♦♥✐❛♥❛✳ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❢♦r♠❛❧ ❞❡st❛ ❡q✉❛çã♦ é ❢❡✐t❛ ❡♠ ❬✶✽❪✱ ♦♥❞❡

é r❡❛❧✐③❛❞❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ q✉❛❞rát✐❝❛ ♥❛ ✐♥t❡❣r❛❧ ❞❡ tr❛❥❡tór✐❛ ✭✸✳✵✳✷✮ ♥❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ ❖✉tr❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞♦ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ✭✸✳✹✳✶✮ sã♦ r❡❛❧✐③❛❞❛s ❡♠ ❬✹✽❪✱ ❡♠♣r❡❣❛♥❞♦ ❛r❣✉✲

♠❡♥t♦s ❣❡♦♠étr✐❝♦s à ❢♦r♠✉❧❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ✈❛r✐❛❝✐♦♥❛❧✱ ♦♥❞❡ s❡ ❞❡♠♦♥str❛

q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❛çã♦ t❡♠ ❛ ❢♦r♠❛ ✭✸✳✹✳✷✮✱ ❡ ❡♠ ❬✶✾❪✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❛♥s❛t③

❲❑❇ ♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r✳ ❆ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ✭✸✳✹✳✶✮ é ❛ ❢♦r♠❛ ❞❡ ❇❆❑❑❙

✹✵



♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳

P❛r❛ ❡st❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ s✉r❣❡ ✉♠ ♣r♦❜❧❡♠❛ s✐♠✐❧❛r à ❞❡t❡r♠✐✲

♥❛çã♦ ❞♦s ♠♦♠❡♥t♦s ♥♦ ❝❛s♦ ❞❛s tr❛❥❡tór✐❛s r❡❛✐s✿ q✉❡♠ sã♦✱ ♠❛t❡♠❛t✐❝❛✲

♠❡♥t❡✱ ❛s ✈❛r✐á✈❡✐s ❝♦♥❥✉❣❛❞❛s z⋆ (0) ❡ z (T )❄ P❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛ ♥♦

❝❛s♦ ❞❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s r❡❛✐s ❢♦✐ ✉s❛❞♦ ♦ ❛rt✐✜❝✐♦ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❛çã♦✳

Pr♦❝❡❞❡r❡♠♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ ♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳

❙✉♣♦♥❤❛ q✉❡ s❡❥❛♠ r❡❛❧✐③❛❞❛s ✈❛r✐❛çõ❡s s♦❜r❡ ❛s ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s

♥❛ ❛çã♦✿ δzi✱ δz⋆f ❡ δT ✳ ■st♦ ✐♥❞✉③ ✈❛r✐❛çõ❡s δz⋆i ❡ δzf ♥❛s ♦✉tr❛s ❞✉❛s

✈❛r✐á✈❡✐s✱ ❛❧é♠ ❞❡ ✉♠❛ ✈❛r✐❛çã♦ δz (t) ❡ δz⋆ (t) ♥❛ ♣ró♣r✐❛ tr❛❥❡tór✐❛✳ ❆

✈❛r✐❛çã♦ ❞❛ ❛çã♦ s♦❜ t❛❧ ♠✉❞❛♥ç❛ é ❞❛❞❛ ♣♦r

δS =

ˆ T

❞t
[
i~

2
(δz⋆ż + z⋆δż − δż⋆z − ż⋆δz)− ∂H (z⋆, z)

∂z⋆
δz⋆ − ∂H (z⋆, z)

∂z
δz

]

− i~

2

(
δz⋆fzf + z⋆fδzf + δz⋆i zi + z⋆i δzi

)
+δT

[
i~

2

(
z⋆f żf − ż⋆fzf

)
−H

(
z⋆f , zf

)]
.

✭✸✳✹✳✹✮

❆ ✐♥t❡❣r❛çã♦ t❡♠♣♦r❛❧ ❞♦s ♣r✐♠❡✐r♦s t❡r♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ♣♦❞❡ s❡r

r❡❛❧✐③❛❞❛ ♣♦r ♣❛rt❡s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ˆ T

z⋆δż❞t = z⋆fδz (T )− z⋆i δz (0)−
ˆ T

ż⋆δz❞t,

−
ˆ T

δż⋆z❞t = −δz⋆ (T ) zf + δz⋆ (0) zi +

ˆ T

δz⋆ż❞t. ✭✸✳✹✳✺✮

P❛r❛ ❝♦♥❝❧✉✐r ❡st❡ ❝á❧❝✉❧♦ ♣r❡❝✐s❛♠♦s ❛✈❛❧✐❛r q✉❛❧ é ❛ ✈❛r✐❛çã♦ ♥♦s ❡①tr❡♠♦s

✐♥✐❝✐❛❧ ❡ ✜♥❛❧ ❞❛ tr❛❥❡tór✐❛ ✐♥❞✉③✐❞❛ ♣♦r ✉♠❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧✳ ❆ss✐♠✱ ✉♠

♣♦♥t♦ ✜♥❛❧ zf é ❞❡s❧♦❝❛❞♦ ♣♦r ✉♠❛ q✉❛♥t✐❞❛❞❡

δzf = δz (T ) + żfδT,

δz⋆f = δz⋆ (T ) + ż⋆fδT, ✭✸✳✹✳✻✮

✹✶



♦♥❞❡ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ à ♣r✐♠❡✐r❛ ♣♦r ❝♦♥❥✉❣❛çã♦ ❝♦♠♣❧❡①❛✳

◆♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❛ ✈❛r✐❛çã♦ ♥♦ t❡♠♣♦ é ♥✉❧❛✱ ❞❡ ❢♦r♠❛ q✉❡ zi ♥ã♦ s♦❢r❡ ❛

✐♥✢✉ê♥❝✐❛ ❞❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧✱ r❡s✉❧t❛♥❞♦ ❡♠

δzi = δz (0)

δz⋆i = δz⋆ (0) . ✭✸✳✹✳✼✮

■♥s❡r✐♥❞♦ ✭✸✳✹✳✺✮✱ ✭✸✳✹✳✻✮ ❡ ✭✸✳✹✳✼✮ ❡♠ ✭✸✳✹✳✹✮ r❡s✉❧t❛♠♦s ❝♦♠

δS =

ˆ T [(
i~ż − ∂H (z⋆, z)

∂z⋆

)
δz⋆ −

(
i~ż⋆ +

∂H (z⋆, z)

∂z

)
δz

]
❞t

− i~
(
δz⋆fzf + z⋆i δzi

)
−H

(
z⋆f , zf

)
δT. ✭✸✳✹✳✽✮

❖ ♣r✐♥❝í♣✐♦ ❞❡ ❍❛♠✐❧t♦♥ ❡①✐❣❡ q✉❡ t❛❧ ✈❛r✐❛çã♦ s❡❥❛ ♥✉❧❛✱ ❞❡ ♠❛♥❡✐r❛ q✉❡

♦ ✐♥t❡❣r❛♥❞♦ s❡ ❛♥✉❧❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ❢♦r♥❡❝❡♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

✭✸✳✸✳✷✮✳ ❆ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ r❡❧❛çã♦ às ✈❛r✐❛çõ❡s ♥❛s ✈❛r✐á✈❡✐s ❧✐✈r❡s✱ δz⋆f ✱

δzi ❡ δT ✱ ❢♦r♥❡❝❡ ❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s ♣❛r❛ ♦ ♣❛r ❞❡ ✈❛r✐á✈❡✐s r❡♠❛♥❡s❝❡♥t❡s

❡ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ✜♥❛❧ ❞♦ ♠♦✈✐♠❡♥t♦✿

−i~zf =
∂S

∂z⋆f
,

−i~z⋆i =
∂S

∂zi
,

H
(
z⋆f , zf

)
=− ∂S

∂T
.

✭✸✳✹✳✾✮

❙❡ ♦ ♠♦✈✐♠❡♥t♦ ❢♦r ❝♦♥s❡r✈❛t✐✈♦✱ ✈❛❧❡ ∂S/∂T = −E✱ ♦♥❞❡ E é ❛ ❡♥❡r❣✐❛ ❞♦

♠♦✈✐♠❡♥t♦✳

❊st❛s ❡q✉❛çõ❡s tê♠ ✉♠❛ s✉t✐❧❡③❛ q✉❡ ♣♦❞❡ ♣❛ss❛r ❞❡s♣❡r❝❡❜✐❞❛ ♠❛s q✉❡

r❡♣r❡s❡♥t❛ ✉♠ ♦❜stá❝✉❧♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡♠ ❝á❧❝✉❧♦s q✉❡ ❡♠♣r❡❣✉❡♠ ❡s✲

t❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳ ❯♠❛ ✈❡③ ❡s♣❡❝✐✜❝❛❞♦s ♦s ❡①tr❡♠♦s zi ❡ z⋆f ✱ ♥❛❞❛

❣❛r❛♥t❡ q✉❡ ❛ ❡q✉❛çã♦ q✉❡ ❞❡✜♥❡ z⋆i ❝♦♥❞✉③❛ ❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ s❡❥❛ ❞❡ ❢❛t♦

♦ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❞❡ zi✱ ❡ ❛❧❣♦ ♥♦✈♦ s✉r❣❡ ❛q✉✐✱ ♣♦✐s ❛s s♦❧✉çõ❡s z (t) ❡

✹✷



z⋆ (t) ❞❡✈❡♠ s❡r tr❛t❛❞❛s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ♦✉ s❡❥❛✱ ❡♠ ❣❡r❛❧

(z⋆ (t))⋆ 6= z (t) . ✭✸✳✹✳✶✵✮

❆ ♦r✐❣❡♠ ❞❡st❡ ♣r♦❜❧❡♠❛ r❡s✐❞❡ ❥✉st❛♠❡♥t❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥✲

t♦r♥♦ ✭✸✳✹✳✸✮ q✉❡ ❡s♣❡❝✐✜❝❛ ❛s tr❛❥❡tór✐❛s✳ ❯♠❛ tr❛❥❡tór✐❛ r❡❛❧ ♥♦ ❡s♣❛ç♦ ❞❡

❢❛s❡ ❡①✐❣❡ ❞✉❛s ❝♦♥❞✐çõ❡s ♣❛r❛ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❡s♣❡❝✐✜❝❛❞❛✱ ✜❝❛♥❞♦ ❛s

♦✉tr❛s ❞✉❛s s✉❜❥✉❣❛❞❛s ♣❡❧♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❛çã♦✱ ♦✉ ♣♦r ✉♠ ❢✉♥❝✐♦♥❛❧ ❡q✉✐✈❛✲

❧❡♥t❡ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▲❡❣❡♥❞r❡✷✳ ◆♦ ❝❛s♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ✭✸✳✹✳✸✮✱ t❡♠♦s ♥❛ ✈❡r❞❛❞❡ q✉❛tr♦ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ✉♠❛ ❝♦♠✲

♣❧❡①❛ ✐♥✐❝✐❛❧ ❡ ♦✉tr❛ ❝♦♠♣❧❡①❛ ✜♥❛❧✳ ❈♦♥t♦r♥❛r ❡st❛ s♦❜r❡❞❡t❡r♠✐♥❛çã♦ ❢❛③

❝♦♠ q✉❡ ♣♦♥t♦s q✉❡ s✉♣♦st❛♠❡♥t❡ ❞❡✈❡r✐❛♠ s❡r ❝♦♥❥✉❣❛❞♦s s❡ ❞❡s❞♦❜r❡♠✱

♦ q✉❡ ♥♦s ✐♠♣❡❧❡ ❛ ❝♦♥s✐❞❡r❛r z ❡ z⋆ ❝♦♠♦ tr❛❥❡tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡ ♣♦r

❝♦♥s❡❣✉✐♥t❡✱ ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦❜r❛♥❞♦ ❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞♦ ❡s♣❛ç♦

❞❡ ❢❛s❡✳ ❆❜♦r❞❛r❡♠♦s ❡st❡ ❢❡♥ô♠❡♥♦ ❢✉t✉r❛♠❡♥t❡✳ P❛r❛ ♦ ♠ét♦❞♦ ❞♦s ❡st❛✲

❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s✱ ❝♦♠♦ s❡rá ❞❡♠♦♥str❛❞♦ ❡♠ ❜r❡✈❡✱ ❡st❛r❡♠♦s s❡♠♣r❡

❧✐❞❛♥❞♦ ❝♦♠ tr❛❥❡tór✐❛s ❡♠ q✉❡ z⋆i é✱ ❞❡ ❢❛t♦✱ ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ zi✱ ❡ ♣♦rt❛♥t♦ z⋆f
é ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ zf ✱ ❞❡ ❢♦r♠❛ ❛ ❡❧✐♠✐♥❛r♠♦s ♣♦r ❝♦♥str✉çã♦ ❡st❡ ♣r♦❜❧❡♠❛

❞❛ ❞✐♠❡♥s✐♦♥❛❧✐③❛çã♦ ❞♦❜r❛❞❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ◆❡ss❡ ❝❛s♦ ❛ ú♥✐❝❛ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦ é ❞❛❞❛ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧✿ z (0) = zi✱ s❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❝♦♠♣❧❡①♦

❝♦♥❥✉❣❛❞❛ ❛ ❡❧❛ z⋆ (0) = z⋆i ✳

P❛r❛ ❞❡✜♥✐r ❛ ♠❛tr✐③ t❛♥❣❡♥t❡ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s ♣r♦✲

❝❡❞❡♠♦s ❞❡ ❢♦r♠❛ s✐♠✐❧❛r à r❡❛❧✱ ❝♦♥❡❝t❛♥❞♦ ✈❛r✐❛çõ❡s ♥♦s ❡①tr❡♠♦s ✜♥❛✐s

❞❛s tr❛❥❡tór✐❛s✱ zf ❡ z⋆f ✱ ❛ ✈❛r✐❛çõ❡s ♥♦s ❡①tr❡♠♦s ✐♥✐❝✐❛✐s ❞❛s ♠❡s♠❛s✱ zi ❡ z⋆i ✿

(
δzf

δz⋆f

)
=

(
δzf
δzi

δzf
δz⋆i

δz⋆
f

δzi

δz⋆
f

δz⋆i

)(
δzi

δz⋆i

)
,

✷❊st❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲❡❣❡♥❞r❡ sã♦ s❡♠♣r❡ ♣r♦✈✐♥❞❛s ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦
❝❛♥ô♥✐❝❛ q✉❡ tr❛❞✉③❛ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❡♠ ✉♠ ❞♦s ❡①tr❡♠♦s t❡♠♣♦r❛✐s✱ ♣♦r
❡①❡♠♣❧♦ ❛ ❝♦♦r❞❡♥❛❞❛ ✜♥❛❧✱ ♣❛r❛ ♦✉tr❛ ❝♦♥❞✐çã♦ ♥♦ ♠❡s♠♦ ❡①tr❡♠♦ t❡♠♣♦r❛❧✱ ❝♦♠♦ ♦
♠♦♠❡♥t♦ ✜♥❛❧✳
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❡ ❡♥tã♦

M ≡
(

Mzz Mz⋆z

Mzz⋆ Mz⋆z⋆

)
=

(
∂zf
∂zi

∂zf
∂z⋆i

∂z⋆
f

∂zi

∂z⋆
f

∂z⋆i

)
, ✭✸✳✹✳✶✶✮

♦♥❞❡ ❡♠♣r❡❣❛♠♦s ❛ ❧❡tr❛ M ♠❛✐ús❝✉❧❛ ♣❛r❛ ❞✐❢❡r❡♥❝✐á✲❧❛ ❞❛ ♠❛tr✐③ r❡❛❧ m✱

❝♦♠ ❝❛r❛❝t❡r❡ ♠✐♥ús❝✉❧♦✳ ➱ ✐♠❡❞✐❛t♦ ♥♦t❛r q✉❡ ❡st❛ ♠❛tr✐③ é ❤❡r♠✐t✐❛♥❛✳

❈r✐❛♠♦s ♦ ✈❡t♦r χ = (z, z⋆)T ❝♦♠ ❛s ❝♦♦r❞❡♥❛❞❛s ❝♦♠♣❧❡①❛s✳ ❘❡❛❧✐③❛♥❞♦

✉♠❛ ✈❛r✐❛çã♦ ♥❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ✉♠❛ tr❛❥❡tór✐❛ ❛ t❡♠♣♦ ✜①♦✱ ✉♠❛ ✈❛r✐❛çã♦

r❡s✉❧t❛♥t❡ ♥❛ ❤❛♠✐❧t♦♥✐❛♥❛ s❡♠✐❝❧áss✐❝❛ H ≡ H (z⋆, z) é ❞❛❞❛ ♣♦r

δH =
(
∇T

χH
)
δχ.

▲❡✈❛♥❞♦ ❡st❛s ✈❛r✐❛çõ❡s às ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❝♦♠♣❧❡①❛s ✭✸✳✸✳✷✮ t❡♠♦s✿

δχ̇ =
1

i~
J∇χ (δH) =

1

i~
J
(
∇χ∇T

χH
)
δχ,

q✉❡ ♣♦❞❡ s❡r r❡❡s❝❛❧❛❞❛ ❡♠ t❡r♠♦s ❞❡ δzi ❡ δz⋆i ♣❛r❛ ♦❜t❡r

Ṁ =
1

i~
JHhessM, ✭✸✳✹✳✶✷✮

♦♥❞❡ ❛ ❤❡ss✐❛♥❛ é ❝❛❧❝✉❧❛❞❛ ❡♠ t❡r♠♦s ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ χ✳ ❊st❛ ❡q✉❛çã♦

✭✸✳✹✳✶✷✮ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✭✷✳✸✳✹✮ ♣❡❧❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❛♣❡♥❛s ❛❞✐✲

❝✐♦♥❛❞❛ ❞♦ ❢❛t♦r ❞❡ ❉✐r❛❝ i~✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ t❛♠❜é♠ é

✐❣✉❛❧ à ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ M (0) = 1✳ ❯♠❛ ♠✉❞❛♥ç❛ ♥❛ ♦r❞❡♠ ❞❛s ✈❛r✐á✈❡✐s

❡♠ χ ❛❞✐❝✐♦♥❛ ✉♠ s✐♥❛❧ ♥❡❣❛t✐✈♦ ❛♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞❡

M✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❝♦♥❥✉❣❛çã♦ ❝♦♠♣❧❡①❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s✳ P❛r❛

✉♠❛ ❛♥á❧✐s❡ ♠❛✐s ❞❡t❛❧❤❛❞❛ ✈✐❞❡ ❬✶✽❪✳ ❆ ♣❛rt✐r ❞❡ ✭✸✳✹✳✶✶✮ r❡❝♦♥❤❡❝❡♠♦s ♥❛

❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ✭✸✳✹✳✶✮ ♦ ♣r❡❢❛t♦r ∂z⋆(0)
∂z⋆(T )

= 1/Mz⋆z⋆ ❝♦♠ ♦ ❡❧❡♠❡♥t♦ ❞❛

♠❛tr✐③ t❛♥❣❡♥t❡ ❝❛❧❝✉❧❛❞♦ ♥♦ ✐♥st❛♥t❡ t = T ✳
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✸✳✺ ❊①❡♠♣❧♦s

❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♥❛s ✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s ✭✸✳✸✳✷✮ sã♦ ❛♥á❧♦❣❛s

àq✉❡❧❛s ❝♦♠ ✈❛r✐á✈❡✐s r❡❛✐s ✭✷✳✶✳✺✮✱ ❜❡♠ ❝♦♠♦ ❛s ❡q✉❛çõ❡s ♣❛r❛ ❛ ❛çã♦ ❡ ❛

♠❛tr✐③ t❛♥❣❡♥t❡✳ P❛r❛ ✐❧✉strá✲❧❛s✱ ✈❛♠♦s r❡♣❡t✐r ♦s ❡①❡♠♣❧♦s ❥á ♠♦str❛❞♦s

❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡ ❞❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ♥❡st❡ ❢♦r♠❛❧✐s♠♦ ❝♦♠♣❧❡①♦✳

✸✳✺✳✶ ❖s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

❆ ❤❛♠✐❧t♦♥✐❛♥❛ ❤❛r♠ô♥✐❝❛ ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦

❡ ❛♥✐q✉✐❧❛çã♦ é Ĥ = ~ω
(
â†â+ 1/2

)
✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③

❞✐❛❣♦♥❛❧ ❞❛❞♦ ♣♦r H (z⋆, z) = ~ω (z⋆z + 1/2)✳ ❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

sã♦✱ ❡♥tã♦✱ ❞❛❞❛s ♣♦r

ż = −iωz,

ż⋆ = iωz⋆.

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ z (0) = zi ❡ z⋆ (T ) = z⋆f ♣♦❞❡♠♦s

r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ♣❛r❛ ♦❜t❡r

z (t) = zie
−iωt,

z⋆ (t) = z⋆fe
iω(t−T ), ✭✸✳✺✳✶✮

♦ q✉❡ ♥♦s r❡s✉❧t❛ ✉♠ s✐♠♣❧❡s ❝❛s♦ ❡♠ q✉❡ ❛♠❜❛s ❛s ❡q✉❛çõ❡s ❡stã♦ ❞❡✲

s❛❝♦♣❧❛❞❛s✳ ❆ ❛çã♦ é ❞❛❞❛ ❛ ♣❛rt✐r ❞❡ ✭✸✳✹✳✷✮✱ ❡ r❡s✉❧t❛

S
(
zi, z

⋆
f , T

)
=

ˆ T [ i~
2
(z⋆ż − ż⋆z)−H (z⋆, z)

]
❞t− i~

2

[
z⋆fz (T ) + z⋆ (0) zi

]

= −~ωT

2
− i~ziz

⋆
fe

−iωT . ✭✸✳✺✳✷✮

✹✺



❆s ❡q✉❛çõ❡s ❛❝❡ssór✐❛s ✭✸✳✹✳✾✮ ♥♦s ❢♦r♥❡❝❡♠ ❛s ❝♦♥❞✐çõ❡s ❝♦♠♣❧❡♠❡♥t❛r❡s

z (T ) =zie
−iωT ,

z⋆ (0) =z⋆fe
−iωT ,

✭✸✳✺✳✸✮

q✉❡ s❛t✐s❢❛③❡♠ ❛♠❜❛s ✭✸✳✺✳✶✮ ❡ ✭✸✳✺✳✸✮ sã♦ s❛t✐s❢❡✐t❛s✳ ❆ ♠❛tr✐③ t❛♥❣❡♥t❡

s❡rá ♦❜t✐❞❛ ♣♦r ✐♥t❡❣r❛çã♦ ❞✐r❡t❛ ❞❡ ✭✸✳✹✳✶✷✮✳ ❆ ❤❡ss✐❛♥❛ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛

❝♦♠♣❧❡①❛ é ❞❛❞❛ ♣♦r

Hhess = ~ω

(
0 1

1 0

)
,

❞❡ ♠❛♥❡✐r❛ q✉❡

Ṁ =
1

i~

(
0 1

−1 0

)(
0 ~ω

~ω 0

)
M

= −iω

(
1 0

0 −1

)
M,

❝♦♠ s♦❧✉çã♦

M =

(
e−iωt 0

0 eiωt

)
.

❊st❛ s♦❧✉çã♦ ♣♦❞❡r✐❛ t❡r s✐❞♦ ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ✭✸✳✹✳✶✶✮✳

❊st❡s ❡❧❡♠❡♥t♦s ❡str✐t❛♠❡♥t❡ ❝❧áss✐❝♦s ❝❛❧❝✉❧❛❞♦s ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s à

❢ór♠✉❧❛ ✭✸✳✹✳✶✮ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ s❡ ❞❡t❡r♠✐♥❛r ♦ ♣r♦♣❛❣❛❞♦r q✉â♥t✐❝♦ ❡♥tr❡

❞♦✐s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ ❯♠ ❝á❧❝✉❧♦ ✐♥✐❝✐❛❧ s✐♠♣❧❡s ♥♦s ♠♦str❛ q✉❡ I = ~ωT/2,

❞❡ ♠♦❞♦ q✉❡ t❡♠♦s✿

〈zf |K̂H (T ) |zi〉 =
1√

Mz⋆z⋆
e−

1
i~
S− 1

i~
Ie−

1
2 |zf |2− 1

2
|zi|2

= e−iωT/2eziz
⋆
f
e−iωT− 1

2 |zf |2− 1
2
|zi|2

= e−iωT/2〈zf |e−iωT zi〉.

✹✻



❊st❡ r❡s✉❧t❛❞♦ é ❡①❛t♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♣r♦❥❡t❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✵✳✹✮ ❡♠

|zf〉✳

✸✳✺✳✷ P❛rtí❝✉❧❛ ❧✐✈r❡

❆ ❤❛♠✐❧t♦♥✐❛♥❛ q✉â♥t✐❝❛ ❞❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ Ĥ = p̂2/2m ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛

❢✉♥çã♦ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦ é ❞❛❞❛ ♣♦r

Ĥ =
c2

4m

(
1 + 2â†â− â†2 − â2

)
,

♦ q✉❡ ♥♦s r❡s✉❧t❛ ✉♠ ❡❧❡♠❡♥t♦ ❞✐❛❣♦♥❛❧ ❞❡ ♠❛tr✐③

H (z⋆, z) = c2
(
1− (z⋆ − z)2

)
/4m.

❆s ❡q✉❛çõ❡s ❞❡ ❍❛♠✐❧t♦♥ ❝♦♠♣❧❡①❛s sã♦ ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛❞❛s✿

ż = ż⋆ =
ic2

2m~
(z⋆ − z) .

❆ ♣❛rt✐r ❞❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ q✉❡ ❞❡♠♦s ❛♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

❛♥t❡r✐♦r✱ ✐♥t❡❣r❛♠♦s ❡st❛s ❡q✉❛çõ❡s ♣❛r❛ ♦❜t❡r

z (r) = βzi + (1− β)
(
z⋆fr + zi (1− r)

)

z⋆ (r) = βz⋆f + (1− β)
(
z⋆fr + zi (1− r)

)
, ✭✸✳✺✳✹✮

❡ ❛ ❡♥❡r❣✐❛ ❞♦ ♠♦✈✐♠❡♥t♦ é ❛ ❝♦♥st❛♥t❡H (z⋆, z) = c2
(
1− β2

(
zi − z⋆f

)2)
/4m✱

♦♥❞❡ ❞❡✜♥✐♠♦s β = (1− c2T/2im~)
−1 ❡ r = t/T ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ❝♦♠ T

♦ ✐♥st❛♥t❡ ✜♥❛❧ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳ P❛r❛ ❝❛❧❝✉❧❛r ❛ ❛çã♦ ❝♦♠♣❧❡①❛ ❜❛st❛

s✉❜st✐t✉✐r ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧ ♣♦r r ❡♠ ✭✸✳✹✳✷✮ ❡ ♦❜t❡♠♦s

S
(
zi, z

⋆
f , T

)
= − i~

2β
(β − 1)− i~

2

[
z⋆2f + z2i − β

(
z⋆f − zi

)2]
.

✹✼



◗✉❛♥t♦ à ♠❛tr✐③ t❛♥❣❡♥t❡✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧á✲❧❛ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛ s♦❧✉çã♦

♣❛r❛ ❛s tr❛❥❡tór✐❛s✳ P❛r❛ t❛♥t♦ ♣r❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r z⋆i ≡ z⋆ (0) ❡ ❡s❝r❡✈❡r

z⋆f ❡♠ t❡r♠♦s ❞❡❧❡✳ ❖ r❡s✉❧t❛❞♦ é

z⋆f =
1

β
[z⋆i − (1− β) zi] ,

♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ✈❛r✐❛♥t❡ ❞❛s ❡q✉❛çõ❡s ✭✸✳✺✳✹✮ ♣❛r❛ ❛s tr❛❥❡tór✐❛s✿

z (r) = βzi +
(1− β)

β
[z⋆i r + zi (β − r)]

z⋆ (r) = z⋆i − (1− β) zi +
(1− β)

β
[z⋆i r + zi (β − r)] .

❆ss✐♠✱ ♣♦r ❞❡r✐✈❛çã♦ ❞✐r❡t❛ ❡♠ r❡❧❛çã♦ ❛ zi ❡ z⋆i t❡♠♦s

M =

(
1− 1−β

β
r −1−β

β
r

r 1−β
β

1 + 1−β
β
r

)
.

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ♦ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ❡♥tr❡ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

|zi〉 ❡ |zf〉 ❢❛③❡♠♦s ✉s♦ ♥♦✈❛♠❡♥t❡ ❞❛ ❡①♣r❡ssã♦ s❡♠✐❝❧áss✐❝❛ ✭✸✳✹✳✶✮✳ P❛r❛ ❛

♣❛rtí❝✉❧❛ ❧✐✈r❡✱ I = i~ (1− β) /β✱ ❞❡ ♠♦❞♦ q✉❡

〈zf |K̂H (T ) |zi〉 =
1√

Mz⋆z⋆
e−

1
i~
S− 1

i~
Ie−

1
2 |zf |2− 1

2
|zi|2

= β
1
2 e

1
i~

(
i~
2β

(β−1)+ i~
2

[
z⋆2
f

+z2i −β(z⋆f−zi)
2
])

+ 1
i~

i~
2β

(β−1)
e−

1
2 |zf |2− 1

2
|zi|2

= β
1
2 e

1
β
(β−1)e

1
2

[
z⋆
f(z⋆f−zf)+zi(zi−z⋆i )−β(z⋆f−zi)

2
]

.

❘❡✈❡rt❡♥❞♦ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ✉s✉❛✐s✿

〈zf |K̂H (T ) |zi〉 =

=
ec

2T/2im~e−
|zf |2

2
−|zi|2

2

√
1− c2T/2im~

exp

{
ziz

⋆
f − c2T

(
z⋆2f + z2i

)
/4im~

1− c2T/2im~

}
,

✹✽



t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❡①❛t♦✳

✸✳✻ ❖ ✐♥t❡r❡ss❡ ♥♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

P♦❞❡r ❡①♣r❡ss❛r ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❡♠ t❡r♠♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

❡st❛❞♦s q✉â♥t✐❝♦s é ✉♠❛ ❝♦♥❞✐çã♦ ✐♠♣❡r✐♦s❛ ♣❛r❛ ♣♦❞❡r♠♦s ❡♠♣r❡❣❛r ❡st❡

❝♦♥❥✉♥t♦ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞❡ ❙❝❤rö❞✐♥❣❡r✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s

❡st❛❞♦s ❝♦❡r❡♥t❡s ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ t❡♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ ❡ ♦❜t✐✈❡♠♦s ❛

❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ ♦❢❡r❡❝✐❞❛ ♣♦r ❡❧❡s ✭✸✳✷✳✸✮✳ ❆ ✈❛♥t❛❣❡♠ ❡♠

❧✐❞❛r♠♦s ❝♦♠ ❡st❡s ❡st❛❞♦s é q✉❡ ❡❧❡s ❢♦r♥❡❝❡♠ ✉♠ ❡❧♦ ❡♥tr❡ ❛ ❢ís✐❝❛ ❝❧áss✐❝❛

❡ ❛ q✉â♥t✐❝❛✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡♠♣r❡❣á✲❧♦s ❝♦♠♦ ✉♠❛ ♣♦❞❡r♦s❛ ❢❡rr❛♠❡♥t❛

♣❛r❛ r❡❛❧✐③❛r ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ✉s❛♥❞♦ ✉♠ ♣❛♥♦ ❞❡ ❢✉♥❞♦ ❝❧áss✐❝♦✱ ❞❡ ❢á❝✐❧

❝♦♠♣✉t❛❜✐❧✐❞❛❞❡✱ ♦ q✉❡ é ✈❛♥t❛❥♦s♦✳

P❛r❛ ✐♥s❡r✐r ❞❡ ✉♠ ♠♦❞♦ ♥❛t✉r❛❧ ❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ s✉❜❥❛❝❡♥t❡✱ ❞♦t❛✲

♠♦s ❡st❡s ❡st❛❞♦s ❞❡ ❞✐♥â♠✐❝❛✱ ❢❛③❡♥❞♦ ♦ ❝❡♥tr♦ ❞♦s ♣❛❝♦t❡s ❣❛✉ss✐❛♥♦s t❡r❡♠

♠♦✈✐♠❡♥t♦ s❡❣✉♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✸✳✷✮✱ ♣♦ré♠ ♠❛♥t❡♥❞♦ ❛ ❢♦r♠❛ ❢ís✐❝❛ ❞♦

❡st❛❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✐♥❛❧t❡r❛❞❛✳ ❖✉ s❡❥❛✱ ❡st❛❜❡❧❡❝❡♠♦s ✉♠❛ ❞✐♥â♠✐❝❛

❝❧áss✐❝❛ ❛ ✉♠❛ ❡♥t✐❞❛❞❡ q✉â♥t✐❝❛✱ ❣❡r❛♥❞♦ ✉♠❛ ❜❛s❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳

❊st❛ ❞✐♥â♠✐❝❛ ♣♦❞❡✱ ❡ s❡rá✱ ❡♠♣r❡❣❛❞❛ ♣❛r❛ tr❛♥s❢♦r♠❛r ✭✸✳✷✳✸✮ ❡♠ ✉♠❛

❡q✉❛çã♦ ❡q✉✐✈❛❧❡♥t❡ q✉❡ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ té❝✲

♥✐❝♦ ❡♠ r❡❧❛çã♦ à ♣r✐♠❡✐r❛✳

◆♦ ♠ét♦❞♦ ♦r✐❣✐♥❛❧ ❬✶✾✱ ✶✽❪ sã♦ ✉s❛❞❛s ❝♦♠♦ ❜❛s❡ tr❛❥❡tór✐❛s r❡❛✐s ♥♦

❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❛♣❡♥❛s r❡❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❛ ✈❛r✐á✈❡❧ ❝♦♠♣❧❡①❛ z ❡ ❞❛

❤❛♠✐❧t♦♥✐❛♥❛ ❝❧❛ss✐❝❛❧✐③❛❞❛ ✭✸✳✷✳✺✮✳ ❚❛✐s tr❛❥❡tór✐❛s sã♦ ❝♦♥str✉í❞❛s ❛ ♣❛rt✐r

❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s z (0) = zi s♦♠❡♥t❡✳ ❈♦♥t✉❞♦✱ ❡♠ ❝á❧❝✉❧♦s s❡♠✐❝❧ás✲

s✐❝♦s ✉♠ t✐♣♦ s✐♠✐❧❛r ❞❡ tr❛❥❡tór✐❛ ❛♣❛r❡❝❡✱ ❣✉✐❛❞❛ ♣❡❧❛s ♠❡s♠❛s ❡q✉❛çõ❡s

❞❡ ♠♦✈✐♠❡♥t♦ ♠❛s ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✭✸✳✹✳✸✮✳ ❊s✲

t❛s ❝♦♥❞✐çõ❡s✱ ❝♦♠♦ ❢♦✐ ❛♥t❡r✐♦r♠❡♥t❡ ❡①♣❧✐❝❛❞♦✱ ❧❡✈❛♠ ❛ ✉♠❛ ❞✉♣❧✐❝❛çã♦

❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡ ❛♦ ❞❡s✈í♥❝✉❧♦ ❡♥tr❡ ❛s tr❛❥❡tór✐❛s z ❡ z⋆ ♣♦r ❝♦♥❥✉❣❛çã♦

❝♦♠♣❧❡①❛ ✭✸✳✹✳✶✵✮✳

✹✾



❉❡♠♦♥str❛r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ q✉❡ ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ s❡♠✐❝❧áss✐❝❛ ♦❜t✐❞❛

❞♦ ♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s é s✐♠✐❧❛r à ❡q✉❛çã♦ ✭✸✳✹✳✶✮✱ ❛♣❡♥❛s

❝♦♠ ❛ s✉❜st✐t✉✐çã♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡❧❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ q✉❡ ❞❡t❡r✲

♠✐♥❛ ✉♠❛ tr❛❥❡tór✐❛ r❡❛❧✳ ❇✉s❝❛♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ✉♠❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛

❡①❛t❛ q✉❡ ♣r❡❡♥❝❤❛ ❛ ❧❛❝✉♥❛ ❡♥tr❡ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡ ❛ ❡q✉❛çã♦

s❡♠✐❝❧áss✐❝❛✳

✺✵



❈❛♣ít✉❧♦ ✹

❖ ♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s

❛❝♦♣❧❛❞♦s

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♠ét♦❞♦ q✉❡ ♣❡r♠✐t❡ ❝♦❧♦❝❛r ❛

❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❞♦ ♦s❝✐❧❛❞♦r

❤❛r♠ô♥✐❝♦✱ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ❜❛s❡ ❡stát✐❝❛ ❞❡ ❡st❛❞♦s✳ ❯♠❛ ✈❡③ q✉❡ ❡①✐st❡ ✉♠❛

r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s s♦❜ ❛çã♦ ❞♦ ✢✉①♦ ❤❛♠✐❧t♦♥✐✲

❛♥♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡ ♦ ♣ró♣r✐♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ é ♣❡r❢❡✐t❛♠❡♥t❡ ♣♦ssí✈❡❧ ❝♦♥✲

str✉✐r ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❞✐♥â♠✐❝❛✳ ❆ ❤❛♠✐❧t♦♥✐❛♥❛ q✉❡ r❡❣❡ ♦ ♠♦✈✐♠❡♥t♦

❞♦s ❡st❛❞♦s ❛❞✈é♠ ❞♦s ❡❧❡♠❡♥t♦s ❞✐❛❣♦♥❛✐s ❞❛ ♠❛tr✐③ H (z⋆, z) = 〈z|Ĥ|z〉✱
q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✭✸✳✸✳✷✮✳

❉❡s❡♥✈♦❧✈❡r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❛ t❡♦r✐❛ q✉❡ ❡♠♣r❡❣❛ ❡st❡s ❡st❛❞♦s ❞✐♥â♠✐✲

❝♦s ♣❛r❛ r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✳ ❆ ♣r✐♠❡✐r❛ ❡t❛♣❛ ❞❡st❛ ❝♦♥✲

str✉çã♦ ❝♦♥s✐st❡ ♥❛ ♦❜t❡♥çã♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ q✉❡ ❛❝♦♣❧❛ ❛ ❛♠♣❧✐t✉❞❡

❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛

Rz ≡ R (z (t) , t) = 〈z (t) |Ψ, t〉 ✭✹✳✵✳✶✮

♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s |z (t)〉 ❞❛ ❜❛s❡ ❞✐♥â♠✐❝❛✳ P❛r❛ ❡st❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✱

✉s✉❛❧♠❡♥t❡ ❡♠♣r❡❣❛♠♦s s✉❛ r❡♣r❡s❡♥t❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦✱ ♣r♦✈✐❞❛

♣❡❧❛ ❜✐❥❡çã♦ ✭✸✳✶✳✶✷✮✳

✺✶



❈♦♠♦ q✉❛❧q✉❡r ❡st❛❞♦ q✉â♥t✐❝♦ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦ ♥❛ ❢♦r♠❛

|Ψ, t〉 = K̂H (t) |Ψ, 0〉

=

ˆ

❞2z0K̂H (t) |z0〉R (z0, 0) ,

♦♥❞❡ ❡♠♣r❡❣❛♠♦s ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝❛❧❝✉❧❛❞❛ ❡♠ t = 0 ❝♦♠ ❡st❛❞♦s ❝♦❡r❡♥t❡s

r♦t✉❧❛❞♦s ♣❡❧♦ ❝♦♥❥✉♥t♦ {z0}✱ ❡st❛r❡♠♦s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛❞♦s ❡♠ ❝❛❧✲

❝✉❧❛r ♦ ♣r♦♣❛❣❛❞♦r ❞❡ ✉♠ ❞❡st❡s ❡st❛❞♦s ❝♦❡r❡♥t❡s |z0〉 ♥❛ ❜❛s❡ ❞✐♥â♠✐❝❛

|z (t)〉
Kz ≡ Kz (z0, t) = 〈z (t) |K̂H (t) |z0〉.

❚❡♥❞♦ ❡st❡s ♣r♦♣❛❣❛❞♦r❡s✱ ❛ r❡❝♦♥str✉çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞♦ ❡st❛❞♦ |Ψ, t〉
é ❢❡✐t❛ ♥❛ ❜❛s❡ ❞✐♥â♠✐❝❛ ♣♦r

〈z (t) |Ψ, t〉 =
ˆ

❞2z0Kz (z0, t)R (z0, 0) .

❋❛r❡♠♦s s❡♠♣r❡ ❛ ❞✐st✐♥çã♦ ❡♥tr❡ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡ ✉♠ ❡st❛❞♦ q✉â♥t✐❝♦

❣❡♥ér✐❝♦ |Ψ〉✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r R✱ ❡ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❡ ✉♠ ❡st❛❞♦

❝♦❡r❡♥t❡✱ ❞❡♥♦t❛❞❛ ♣♦r K✳

✹✳✶ ❊q✉❛çã♦ ❞✐♥â♠✐❝❛

❆ ✜♠ ❞❡ ♦❜t❡r ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ♣❛r❛ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s✱

✐♥✐❝✐❛r❡♠♦s ❝❛❧❝✉❧❛♥❞♦ ❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧ ❞❛ ♦♥❞❛ ❛✈❛❧✐❛❞❛ s♦❜r❡ ✉♠ ❡st❛❞♦

❞✐♥â♠✐❝♦ |z̃〉✿

❞
❞t
Rz̃ =

[
❞
❞t
〈z̃ (t) |

]
|Ψ, t〉+ 〈z̃ (t) |

[
❞
❞t
|Ψ, t〉

]
. ✭✹✳✶✳✶✮

✺✷



❆ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❞✐♥â♠✐❝♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❢❛❝✐❧✲

♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✭✸✳✶✳✺✮✳ ❆ss✉♠✐♥❞♦ ❝♦♠♦ z ❛ ❢✉♥çã♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱

❞
❞t
|z〉 = ❞

❞t

(
e−

|z|2
2 ezâ

† |0〉
)

=
❞
❞t

(
−1

2
|z|2 + zâ†

)
|z〉.

■♥s❡r✐♥❞♦ ✉♠❛ r❡s♦❧✉çã♦ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✸✳✶✮ ❝♦♠ ❡st❛❞♦s ❞✐♥â♠✐❝♦s ♥❛

❡q✉❛çã♦ ✭✹✳✶✳✶✮ ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧

❞♦ ❡st❛❞♦ q✉â♥t✐❝♦ |Ψ, t〉 r❡s✉❧t❛♠♦s ❝♦♠

Ṙz̃ =

ˆ

❞2z (t)

[
❞
❞t
〈z̃ (t) |

]
|z (t)〉〈z (t) |Ψ, t〉+ 1

i~
〈z̃ (t) |Ĥ|z (t)〉〈z (t) |Ψ, t〉

=

ˆ

❞2z

{
−1

2

❞
❞t

|z̃|2 + z ˙̃z⋆ +
1

i~
H (z̃⋆, z)

}
〈z̃|z〉Rz, ✭✹✳✶✳✷✮

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ♦♠✐t✐♠♦s ❞❡❧✐❜❡r❛❞❛♠❡♥t❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧✱

q✉❡ ❛ ♣❛rt✐r ❞❡st❡ ♣♦♥t♦ s❡rá ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❛ss✉♠✐❞❛ ♣❛r❛ ♦s ❡st❛❞♦s ❝♦❡r✲

❡♥t❡s ❞✐♥â♠✐❝♦s✳ ❆ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ❡q✉❛çã♦ ✭✹✳✶✳✷✮ ❞❡✜♥✐♠♦s ♦ ♣♦t❡♥❝✐❛❧

❞❡ ❛❝♦♣❧❛♠❡♥t♦

δ2 ≡ δ2 (z
⋆, z; z̃) = H (z̃⋆, z)−

[
H (z̃⋆, z̃) +

∂H (z̃⋆, z̃)

∂z̃
(z − z̃)

]
, ✭✹✳✶✳✸✮

q✉❡ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡H (z̃⋆, z) ❡ s✉❛ ❡①♣❛♥sã♦ ❡♠ ♣r✐♠❡✐r❛

♦r❞❡♠ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ z ❡♠ t♦r♥♦ ❞❡ z̃✱ ❣❡r❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞♦ t❡r♠♦ ❞✐❛❣♦♥❛❧

❞❛ ♠❛tr✐③ ❤❛♠✐❧t♦♥✐❛♥❛✳ ❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✳✸✮ ❡♠ ✭✹✳✶✳✷✮ ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦

❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ˙̃z✱

Ṙz̃ =

ˆ

❞2z

{
−1

2

❞
❞t

|z̃|2 + 1

i~

[
δ2 +H (z̃⋆, z̃) + i~z̃ ˙̃z⋆

]}
〈z̃|z〉Rz. ✭✹✳✶✳✹✮

❖ ♣ró①✐♠♦ ♣❛ss♦ ♣❛r❛ ❛ s✐♠♣❧✐✜❝❛çã♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❝♦♥s✐st❡ ❡♠ s✉❜✲

st✐t✉✐r ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ t♦t❛❧ ❞❛ ❛çã♦ ✭✸✳✹✳✷✮✳ ❚❛❧ ❡t❛♣❛

❡①✐❣❡ ✉♠ ❝❡rt♦ ❝✉✐❞❛❞♦✳

✺✸



◗✉❛♥❞♦ ❝♦♥str✉í♠♦s ❛ ❛çã♦ ❝♦♠♣❧❡①❛✱ ❡s♣❡❝✐✜❝❛♠♦s ✉♠❛ ❞✉♣❧❛ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ✉♠❛ tr❛❥❡tór✐❛✱ ♥❛ q✉❛❧ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ zi ❡ ♦ ♣♦♥t♦ ✜♥❛❧ z⋆f
❞❡✈❡♠ s❡r ❝♦♥❡❝t❛❞♦s ❡♠ ✉♠ t❡♠♣♦ T ✳ ❉❡t❡r♠✐♥❛r ❛ tr❛❥❡tór✐❛ q✉❡ ❝♦♥❡❝t❛

❡st❡s ♣♦♥t♦s ♥ã♦ é t❛r❡❢❛ s✐♠♣❧❡s ❬✹✾❪✳ P❛r❛ ❝♦♥str✉✐r ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛

❞♦s ❈❈❙ ❡♠♣r❡❣❛r❡♠♦s ✉♠❛ ❜❛s❡ ❞✐♥â♠✐❝❛ ❣✉✐❛❞❛ ♣❡❧♦ ❛♥á❧♦❣♦ ❝❧áss✐❝♦ ❞❛

❤❛♠✐❧t♦♥✐❛♥❛ q✉â♥t✐❝❛ ✭✸✳✷✳✺✮ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s zi
❡ z⋆i ✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ t♦r♥❛ ♦ ♠ét♦❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❛ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s

✭■❱❘✱ ❞♦ ✐♥❣❧ês ✐♥✐t✐❛❧ ✈❛❧✉❡ r❡♣r❡s❡♥t❛t✐♦♥✮ ❬✺✵✱ ✺✶❪✳ ❊ss❛s tr❛❥❡tór✐❛s sã♦

r❡❛✐s✱ ❝♦♠ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ✐♥✐❝✐❛✐s ❞❛❞♦s ♣♦r

q (0) =
1

b
√
2
Re [zi] , p (0) =

1

b
√
2
Im [zi] .

❖ ♣♦♥t♦ ✜♥❛❧ z⋆f ≡ z⋆i (t) é s✐♠♣❧❡s♠❡♥t❡ ❢✉♥çã♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s ✐♥✐❝✐❛✐s

❡ ❞♦ t❡♠♣♦✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✜❝❛♠ ❛ss✐♠ ❡s❝r✐t❛s ❝♦♠♦

z (0) = zi

z⋆ (t) = z⋆i (t) .

❆q✉✐ ✐♥❞✐❝❛♠♦s ♦ ♣♦♥t♦ ✜♥❛❧ ♣❡❧♦ rót✉❧♦ t❡♠♣♦r❛❧ t✱ ♣♦✐s ❡❧❡ é ❞✐♥â♠✐❝♦✳

❉❡ss❛ ❢♦r♠❛✱ ❞❡r✐✈❛♥❞♦ ✭✸✳✹✳✷✮✿

❞S
❞t

=
i~

2
(z⋆ż − ż⋆z)−H (z⋆, z)− i~

2

❞
❞t

|z|2

=
i~

2
(z⋆ż − ż⋆z)−H (z⋆, z)− i~

2
(z⋆ż + ż⋆z)

= −i~zż⋆ −H (z⋆, z) , ✭✹✳✶✳✺✮

✈á❧✐❞❛ ♣❛r❛ ❛s tr❛❥❡tór✐❛s q✉❡ s❡ ✐♥✐❝✐❛♠ ❡♠ zi ❡ z⋆i ✳ ❚❛❧ ❢♦r♠❛ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛

❞❛ ❛çã♦ é s✐♠✐❧❛r ❛♦ ♦❜t✐❞♦ ❡♠ ❬✶✾❪ ♣♦r ✉♠ ❛♥s❛t③ s❡♠✐❝❧áss✐❝♦ ❞♦ t✐♣♦ ❲❑❇

♣❛r❛ ❛ ❢❛s❡ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✭✹✳✵✳✶✮✱ q✉❡ é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡

❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✳ ❱❛❧❡ ❛✐♥❞❛ r❡ss❛❧t❛r q✉❡ ♥❡st❛s tr❛❥❡tór✐❛s z⋆ (t) é ❞❡ ❢❛t♦

♦ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❞❡ z (t)✳ ❚❡♠♦s✱ ❡♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❛

✺✹



❛çã♦ ✭✹✳✶✳✺✮ ♥❛ ❡q✉❛çã♦ ✭✹✳✶✳✹✮✱

Ṙz̃ =

ˆ

❞2z

{
−1

2

❞
❞t

|z̃|2 + 1

i~

[
δ2 − Ṡz̃

]}
〈z̃|z〉Rz,

♦♥❞❡ Sz̃ é ❛ ❛çã♦ ❛♦ ❧♦♥❣♦ ❞❛ tr❛❥❡tór✐❛ z̃ (t)✱ s♦❜r❡ ❛ q✉❛❧ é ❝❛❧❝✉❧❛❞❛ ❛ ❢✉♥çã♦

❞❡ ♦♥❞❛ ❞❡r✐✈❛❞❛ ♥♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ Rz̃✳ ❖s t❡r♠♦s ❡♠ z̃

♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡❣r❛çã♦✱ ❡ ♣♦❞❡♠ s❡r ❢❛t♦r❛❞♦s✳ ❆ss✐♠

Ṙz̃ =

(
−1

2

❞
❞t

|z̃|2 − 1

i~
Ṡz̃

)
Rz̃ +

ˆ

❞2z

i~
δ2〈z̃|z〉Rz. ✭✹✳✶✳✻✮

❙✉♣♦♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ♥❛ ❢♦r♠❛

Rz = Cze
− 1

i~
σz , ✭✹✳✶✳✼✮

♦♥❞❡ ❞❡✜♥✐♠♦s ❛ ❛çã♦ r❡❞✉③✐❞❛

σ
(
zi, z

⋆
f , t
)

= S
(
zi, z

⋆
f , t
)
+

i~

2
|z (t)|2 + i~

2
|z (0)|2

=

ˆ t [ i~
2
(z⋆ż − ż⋆z)−H (z⋆, z)

]
❞t′ ✭✹✳✶✳✽✮

❝♦♠ Cz ≡ C (z (t) , t) ✉♠❛ ❢✉♥çã♦ ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❣✉✐❛❞♦ s♦❜r❡ z (t) ❝♦♠

z (0) = zi✱ ❛ ✐♥s❡r✐r♠♦s ♥❛ ❡q✉❛çã♦ ✭✹✳✶✳✻✮✱ ❡ r❡❛rr❛♥❥❛♠♦s ♥❛ ❢♦r♠❛

Ċz̃ =

ˆ

❞2z

i~
δ2〈z̃|z〉Cze

1
i~
(σz̃−σz), ✭✹✳✶✳✾✮

q✉❡ é ❛ ❡q✉❛çã♦ ❝❤❛✈❡ ❞♦ ♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s✳

❊♠ ❬✷✾❪ ❛ ❡q✉❛çã♦ ✭✹✳✶✳✾✮ é ♦❜t✐❞❛ ♦♠✐t✐♥❞♦✲s❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❛ ❛çã♦ ♦s

t❡r♠♦s ❞❡ ❝♦♥t♦r♥♦ ❡ ❡♠♣r❡❣❛♥❞♦✲s❡ σ✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♥ã♦ ❧❡✈❛ ❛ ♥❡♥❤✉♠

❡rr♦ ♥❛ ❝♦♥str✉çã♦ ❞♦ ♠ét♦❞♦✱ ❝♦♥t✉❞♦ ❞❡✈❡♠♦s t❡r ❡♠ ✈✐st❛ q✉❡ ❛s r❡❧❛çõ❡s

❛❧❣é❜r✐❝❛s ♦❜t✐❞❛s ♣♦r ❝❛✉s❛ ❞❡st❛ ♦♠✐ssã♦ sã♦ ❞✐❢❡r❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡

❡q✉❛çõ❡s ✭✸✳✹✳✾✮✳

✺✺



❆ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ✭✹✳✶✳✾✮ t❡♠ ✉♠❛ ❢♦r♠❛ ♠✉✐t♦ s✐♠♣❧❡s✱ ❛❝♦♣❧❛♥❞♦ ❛s

❛♠♣❧✐t✉❞❡s Cz ♣♦r ❞♦✐s ❢❛t♦r❡s✱ ✉♠ ♣r♦✈✐♥❞♦ ❞❡ δ2✱ ❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❞❛

❤❛♠✐❧t♦♥✐❛♥❛ q✉â♥t✐❝❛ ❝❧❛ss✐❝❛❧✐③❛❞❛✱ ❡ ♦✉tr♦ q✉❡ ❣❡r❛ ✉♠❛ ♠♦❞✉❧❛çã♦ ❞❡

❢❛s❡✱ ♦r✐✉♥❞❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❛çã♦ ❛♦ ❧♦♥❣♦ ❞♦s ❝❛♠✐♥❤♦s ❝❧áss✐❝♦s ❞♦s

❡st❛❞♦s ❝♦❡r❡♥t❡s✳ ◗✉❛♥t✐❝❛♠❡♥t❡ ❡st❡s sã♦ ♦s ✐♥❣r❡❞✐❡♥t❡s q✉❡ ♣r❡❝✐s❛♠♦s

♣❛r❛ ❛❝♦♣❧❛r ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛✱ ✉♠❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✐♥t❡r❛çã♦ ❡ ✉♠❛ ❢❛s❡

q✉❡ r❡♣r♦❞✉③❛ ❛s ✐♥t❡r❢❡rê♥❝✐❛s✳ ❆q✉✐ ❡ss❛s q✉❛♥t✐❞❛❞❡s s✉r❣✐r❛♠ ❞❡ ♠♦❞♦

♥❛t✉r❛❧ ♣♦r t❡r♠♦s ❝♦❧♦❝❛❞♦ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ s♦❜r❡ ✉♠ ♣❛♥♦ ❞❡ ❢✉♥❞♦

❝❧áss✐❝♦✱ ♦ q✉❛❧ ❡st❛ ❡♠❜✉t✐❞♦ ♥❛ ❡str✉t✉r❛ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❞✐♥â♠✐❝♦s✳

❆ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞♦s ❈❈❙ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à ❡q✉❛çã♦ ❞❡

❙❝❤rö❞✐♥❣❡r ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡stát✐❝♦s ✭✸✳✷✳✸✮✳

❖ ♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s ♦❢❡r❡❝❡ ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ❡♠

❝♦♠♣❛r❛çã♦ ❝♦♠ ♦✉tr❛s ❛❜♦r❞❛❣❡♥s ❡①❛t❛s ♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r q✉â♥t✐❝♦✳ ❆

♣r✐♠❡✐r❛ ❡ ♠❛✐s ❡✈✐❞❡♥t❡ ❝❛r❛❝t❡ríst✐❝❛ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ ❡❝♦♥♦♠✐③❛r

r❡❝✉rs♦s ♥❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s✳ ❈♦♠♦ ❢♦✐ ❛♥t❡r✐♦r♠❡♥t❡

❛❜♦r❞❛❞♦✱ ❛ r❡s♦❧✉çã♦ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ✭✸✳✸✳✶✮ t♦r♥❛ ✈✐á✈❡❧ ❝r✐❛r♠♦s

✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❞✐♥â♠✐❝♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ✢✉①♦ ❡ss❡ q✉❡ ❣✉✐❛ ♦s ❡st❛✲

❞♦s ♣♦r tr❛❥❡tór✐❛s q✉❡ ❡♠ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❛❝♦♠♣❛♥❤❛♠ ♦s ♣❛❝♦t❡s ❞❡ ♦♥❞❛✳

❯♠❛ s❡❣✉♥❞❛ ✈❛♥t❛❣❡♠ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❝❛rát❡r ❞❛s ❢✉♥çõ❡s q✉❡ sã♦ ❛❝♦♣❧❛❞❛s

♥❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛✳ ◗✉❛♥❞♦ r❡❛❧✐③❛♠♦s ❛ ❢❛t♦r❛çã♦ ✭✹✳✶✳✼✮✱ q✉❡ é ✐♥s♣✐✲

r❛❞❛ ♥❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❲❑❇✱ ❡st❛♠♦s ❞❡❧✐❜❡r❛❞❛♠❡♥t❡

✐s♦❧❛♥❞♦ ✉♠❛ ❢❛s❡ σ/i~✱ q✉❡ ❞❡té♠ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛s

♦s❝✐❧❛çõ❡s ❞❛ ♦♥❞❛❀ r❡st❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❛rát❡r ♠❛✐s ❜❡♠✲❝♦♠♣♦rt❛❞♦✱

♦✉ s❡❥❛✱ ✉♠ t❡r♠♦ C ♠❡♥♦s ♦s❝✐❧❛tór✐♦✳ ❖s ♦✉tr♦s t❡r♠♦s sã♦ ♣❛rt❡ ❞❛ ♥♦r✲

♠❛❧✐③❛çã♦ ❡ s❡ ❝❛♥❝❡❧❛♠ ♥♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❛çã♦✳ ❊st❡ ♠ét♦❞♦ q✉❡ ❡♠♣r❡❣❛ ✉♠❛

❢✉♥çã♦ ♠❛✐s ❜❡♠ ❝♦♠♣♦rt❛❞❛ é ❞❡ ♠❛✐♦r ✐♥t❡r❡ss❡ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡ ❝á❧❝✉❧♦s

♥✉♠ér✐❝♦s ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦✉tr♦s ♠ét♦❞♦s

❡①❛t♦s ❬✷✹✱ ✷✺✱ ✷✻✱ ✷✼✱ ✷✽✱ ✷✾❪✳

◆❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✳✾✮✱ ❛ ✐♥t❡❣r❛çã♦ é ❝♦♥✈❡rt✐❞❛ ❡♠ ✉♠❛

s♦♠❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❛❥❡tór✐❛s {zΓ} q✉❡ ❛❞❡q✉❛❞❛♠❡♥t❡ ♣r❡❡♥❝❤❛ ❛

✺✻



r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♦♥❞❛ ❞❡ ❞❛rá ❛ ❞✐♥â♠✐❝❛✿

ˆ

❞2z →
∑

zΓ

,

❡ ♦s ❡st❛❞♦s ❞❡ r❡❢❡rê♥❝✐❛ ♥♦s q✉❛✐s ❝❛❧❝✉❧❛♠♦s ❛ ❢✉♥çã♦ Cz̃ ❢❛③❡♠ ♣❛rt❡ ❞❡st❡

❝♦♥❥✉♥t♦✳ ◆♦s ❈❈❙✱ ❝♦♥t✉❞♦✱ ❛ ❞✐♥â♠✐❝❛ ♥ã♦ é ♦r✐❣✐♥ár✐❛ ❞❡ ❝♦♥❞✐çõ❡s ❞❡

❡①tr❡♠♦s ♥❛ tr❛❥❡tór✐❛✱ ♠❛s s✐♠ ❞❡ ❝♦♥❞✐çõ❡s ♣✉r❛♠❡♥t❡ ✐♥✐❝✐❛✐s✱ ❞❡ ♠❛♥❡✐r❛

q✉❡✱ ♣❛r❛ ❛s tr❛❥❡tór✐❛s q✉❡ ❝♦♥tr✐❜✉❡♠ ♥❛ s♦♠❛✱ zf = zi (t) ❡ z⋆f = z⋆i (t)
✶✳

❯♠❛ ❢♦r♠❛ ❞❡ ❞❡♠♦♥str❛r ❛ ✐♥✈❛r✐â♥❝✐❛ ❞♦ ❡❧❡♠❡♥t♦ ❞❡ ✐♥t❡❣r❛çã♦ ❞2z s♦❜

❡ss❡ ♠♦✈✐♠❡♥t♦ ❞❛s tr❛❥❡tór✐❛s ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s é ❛✈❛❧✐❛r ♦ ❞❡t❡r♠✐♥❛♥t❡

❥❛❝♦❜✐❛♥♦ ❞❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❛s ✈❛r✐á✈❡✐s✱ q✉❡ é ❛ ♣ró♣r✐❛ ♠❛tr✐③ t❛♥✲

❣❡♥t❡ ✭✸✳✹✳✶✶✮✳ ❉❡✈✐❞♦ à ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧M (0) = 1✱ ❜❛st❛ ❝❛❧❝✉❧❛r ❛ ❞❡r✐✈❛❞❛

t❡♠♣♦r❛❧ ❞❡st❡ ❞❡t❡r♠✐♥❛♥t❡✱ ❝✉❥♦ ❝á❧❝✉❧♦ é ✉♠ ♣♦✉❝♦ ❡①t❡♥s♦✱ ♣♦ré♠ ✐♠❡✲

❞✐❛t♦❀ ❡ ❝♦♠♦ é ❡s♣❡r❛❞♦ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✱ r❡s✉❧t❛

❞
❞t

detM = 0.

■st♦ ♠♦str❛ q✉❡ ♦ ✢✉①♦ ❤❛♠✐❧t♦♥✐❛♥♦ ♣r❡s❡r✈❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ ár❡❛ ♥♦ ❡s♣❛ç♦

❝♦♠♣❧❡①♦✿

❞2z (t) = ❞2z (0) .

❆ ✐♥✈❛r✐â♥❝✐❛ ❞❛ ♠❡❞✐❞❛ ❞❡ ✐♥t❡❣r❛çã♦ ❝♦rr❡s♣♦♥❞❡ à ❛✉sê♥❝✐❛ ❞❡ ✉♠❛

❢✉♥çã♦ ♣❡s♦ ♥❛ s♦♠❛ s♦❜r❡ ❛s tr❛❥❡tór✐❛s✱ ❡ ❛ss✐♠ é s✉✜❝✐❡♥t❡ q✉❡ ❡s❝♦❧❤❛♠♦s

✉♠❛ ❢♦r♠❛ ❞❡ ❛❧♦❝❛r ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s ❞❛s tr❛❥❡tór✐❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♣❛r❛

❝❛❧❝✉❧❛r♠♦s ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛✳ ❆té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦ t❡♠♦s ❝♦♥❤❡❝✐✲

♠❡♥t♦ ❞❡ ❞✉❛s ❢♦r♠❛s ♣❛r❛ ❡st❛ ❛❧♦❝❛çã♦✿

✶✳ ❛ ♣r✐♠❡✐r❛ ❝♦♥s✐st❡ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡ ✉♠ ❣r✐❞ r❡❣✉❧❛r ♥♦ ❡♥t♦r♥♦ ❞♦

♣❛❝♦t❡ ❞❡ ♦♥❞❛s ❛ s❡r ♣r♦♣❛❣❛❞♦ ❬✷✸❪❀

✶❚❛✐s tr❛❥❡tór✐❛s sã♦ r❡❛✐s✱ ♣♦✐s q✉❛♥❞♦ r❡✈❡rt❡♠♦s ❛ ♥♦t❛çã♦ ♣❛r❛ q ❡ p✱ ❡st❡s ♥ã♦ sã♦
♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✳

✺✼



❋✐❣✉r❛ ✹✳✶✳✶✿ ❋♦r♠❛s ❞❡ ❛❧♦❝❛r ♣♦♥t♦s ✐♥✐❝✐❛✐s ♣❛r❛ tr❛❥❡tór✐❛s✿ à ❡sq✉❡r❞❛✱
❣r✐❞ r❡❣✉❧❛r❀ à ❞✐r❡✐t❛✱ ❛♠♦str❛❣❡♠✳

✷✳ ✉♠❛ s❡❣✉♥❞❛ ❢♦r♠❛ é ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❛♠♦str❛❣❡♠ ❞❡ tr❛❥❡tór✐❛s ❜❛s❡❛❞❛

❡♠ ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ f (z⋆, z)✱ q✉❡ ❛ss♦❝✐❛ ✉♠ ♣❡s♦ wz = 1/f

❛ ❝❛❞❛ tr❛❥❡tór✐❛ ❡s❝♦❧❤✐❞❛ ❬✷✾❪✳

❊st❛s ❢♦r♠❛s ❞❡ ❛❧♦❝❛çã♦ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✹✳✶✳✶✳ ◆❛s ✐♠♣❧❡✲

♠❡♥t❛çõ❡s r❡❛❧✐③❛❞❛s ♥❡st❡ tr❛❜❛❧❤♦ ♦♣t❛♠♦s ♣❡❧❛ ♣r✐♠❡✐r❛ ❡s❝♦❧❤❛✳

✹✳✷ ❯♠ ❝❛s♦ ❛♥❛❧ít✐❝♦

❈♦♠♦ ♣♦♥t♦ ❞❡ ✈❡r✐✜❝❛çã♦ ❞❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛✱ r❡s♦❧✈❡r❡♠♦s ♦ ❡❧❡♠❡♥t♦

❞❡ ♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❡st❛❞♦s

❝♦❡r❡♥t❡s ♣❛r❛ ✉♠ s✐st❡♠❛ q✉❡ ❥á ✐❧✉str♦✉ ♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✿ ♦ ♦s❝✐❧❛❞♦r

❤❛r♠ô♥✐❝♦✳ ❈❛❧❝✉❧❛r❡♠♦s ❡st❡ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧

❝♦❡r❡♥t❡✿

|Ψ, 0〉 = |z0〉.

❖ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ é ❞❡ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡ss❡ ♣♦✐s ♥❛ ❝♦♥str✉çã♦ ❞♦s ❈❈❙

❡♠♣r❡❣❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s ♥❛t✉r❛❧ ❛ ❡❧❡✳

✺✽



◆❛ r❡s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞♦ ❈❈❙ ♥ã♦ é ♥❡❝❡ssár✐❛

❛ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ❡s♣❛ç♦✱ ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡rá✲❧♦s ❝♦♠♦ ❝♦♥str✉í❞♦s s♦❜r❡

♦ ♣ró♣r✐♦ ♠❡✐♦ ❝♦♥tí♥✉♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦✱ ♦♥❞❡ ❛ ❝❛❞❛ ♣♦♥t♦ z

❝♦rr❡s♣♦♥❞❡ ✉♠❛ tr❛❥❡tór✐❛ z (t)✳ ❊st❛s tr❛❥❡tór✐❛s ❥á ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ❡♠

✭✸✳✺✳✶✮ ❡ sã♦ ❞❛❞❛s ♣♦r

z (t) = ze−iωt.

❆ ❛çã♦ r❡❞✉③✐❞❛ ❝❛❧❝✉❧❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡❧❛s é ❡①tr❛í❞❛ ❞❡ ✭✹✳✶✳✽✮ ♣❡❧❛ s✉❜st✐t✉✲

✐çã♦ ❞❛ ❝♦♥❞✐çã♦ ✜♥❛❧ z⋆ (T ) = z⋆ (0) eiωT ✿

σz = −~ωT

2
.

P❛r❛ r❡s♦❧✈❡r ✭✹✳✶✳✾✮ ♥♦s r❡st❛ ❛✈❛❧✐❛r ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦

δ2 = ~ω

(
z̃⋆z +

1

2

)
−
[
~ω

(
z̃⋆z̃ +

1

2

)
+ ~ωz̃⋆ (z − z̃)

]
= 0.

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ t❡♠♦s

Ċz̃ = 0.

❊st❡ é ♦ r❡s✉❧t❛❞♦ ♠❛✐s s✐♠♣❧❡s q✉❡ ♣♦❞❡♠♦s ♦❜t❡r ❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ à t♦t❛❧

❝♦❡rê♥❝✐❛ ❞♦s ❡st❛❞♦s |z〉✱ ❝✉❥❛ ❞✐♥â♠✐❝❛ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❝❧áss✐❝❛✳ ❆s ❛♠✲

♣❧✐t✉❞❡s ✈✐♥❝✉❧❛❞❛s ❛♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s sã♦ ❝♦♥st❛♥t❡s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱

❞❡ ❢♦r♠❛ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ♣r♦✈é♠ s♦♠❡♥t❡ ❞❛s q✉❛♥✲

t✐❞❛❞❡s ❝❧áss✐❝❛s✳ ❉❛ ❞❡✜♥✐çã♦ ✭✹✳✶✳✼✮✱ ♣❛r❛ ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡✱ t❡♠♦s q✉❡

C (z, 0) = K (z, 0) = 〈z|z0〉
= C (z (t) , t) .

✺✾



❈♦♥❝❧✉✐♥❞♦ ♦ ❝á❧❝✉❧♦ ❞♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③

Kz = 〈z|z0〉 exp
(
− iωT

2

)

= e−iωT/2〈z|z0〉. ✭✹✳✷✳✶✮

❘❡❧❡♠❜r❛♥❞♦ ❞❛ ❞❡✜♥✐çã♦ ✭✹✳✵✳✶✮✱ ♥❡st❡ ❝❛s♦ Kz = 〈z (T ) |K̂H (T ) |z0〉✱ ♦
q✉❡ ♥♦s ♠♦str❛ q✉❡ ♦ ♦✈❡r❧❛♣ ❡♥tr❡ ♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ♣r♦♣❛❣❛❞♦ K̂H (T ) |z0〉
❡ ♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❞❛ ❜❛s❡ ❞✐♥â♠✐❝❛ |z (T )〉 é s❡♠♣r❡ ✐❣✉❛❧ ❛♦ ♦✈❡r❧❛♣ ✐♥✐✲

❝✐❛❧ 〈z|z0〉 ❛❝r❡s❝❡♥t❛❞♦ ❞❛ ❢❛s❡ −iωT/2✳ ❖✉ s❡❥❛✱ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐♥â♠✐❝❛✱ ♦

❡st❛❞♦ ❝♦❡r❡♥t❡ ♥ã♦ s♦❢r❡ ♥❡♥❤✉♠ ❢❡♥ô♠❡♥♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ♥♦ ♣♦t❡♥❝✐❛❧

❤❛r♠ô♥✐❝♦ ♥❡♠ ❞❡ ❛✉t♦ ✐♥t❡r❢❡rê♥❝✐❛✳

✹✳✸ ❆♣❧✐❝❛çõ❡s ♥✉♠ér✐❝❛s ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛

❖♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s ❢♦✐ ❛♣❧✐❝❛❞♦ ❛ ❞♦✐s ♣♦ç♦s ♣♦t❡♥✲

❝✐❛✐s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞✐st✐♥t❛s✿ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❝♦♠ ✉♠❛ ♣❡rt✉r❜❛çã♦

❛❞✐❝✐♦♥❛❧ q✉árt✐❝❛ ❡ ❛ ♣❛r❡❞❡ ❞✉♣❧❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❝♦♠ ✉♠❛ r❡❣✐ã♦ ❞❡ ❞✐♥â♠✐❝❛

❧✐✈r❡✳ ❋♦r❛♠ ✜①❛❞♦s ♦s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s✿

b = c = m = 1;

q✉❡ ❞❡t❡r♠✐♥❛♠ t❛♠❜é♠ ~ = 1✳

❖s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❢♦r❛♠ ❛❧♦❝❛❞♦s ❡♠ ✉♠ ❣r✐❞ ❞❡ ❞✐♠❡♥sõ❡s 5b ① 5c ❛♦

❧♦♥❣♦ ❞♦s ❡✐①♦s ❞❡ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦ ❡♠ t♦r♥♦ ❞♦ ❝❡♥tr♦ ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡

z0✱ ❞✐❢❡r❡♥t❡ ❡♠ ❝❛❞❛ ❝❛s♦✳

✹✳✸✳✶ ❖s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ♣❡rt✉r❜❛❞♦

❖ ♣♦t❡♥❝✐❛❧ ❡♠♣r❡❣❛❞♦ ❢♦✐ ♦ ♦s❝✐❧❛❞♦r ❞❡ ♠❛ss❛ ❡ ❢r❡qüê♥❝✐❛ ✉♥✐tár✐❛s

❛❝♦♣❧❛❞♦ ❛ ✉♠❛ ❛♥❛r♠♦♥✐❝✐❞❛❞❡ q✉árt✐❝❛ ♣❡q✉❡♥❛✿

V (q) =
q2

2
+ λ

q4

4
,

✻✵



❝♦♠ λ = 1/30✳ ❋♦✐ ✉t✐❧✐③❛❞♦ ✉♠ ❣r✐❞ r❡❣✉❧❛r ❞❡ 19 ① 19 tr❛❥❡tór✐❛s ❡♠ t♦r♥♦

❞♦ ♣♦♥t♦ z0 ❝❡♥tr❛❞♦ ❡♠ xi = −3 ❡ pi = 0✱ ♦✉ s❡❥❛✱ ✉♠ ♣❛❝♦t❡ ❞❡ ♦♥❞❛

❣❛✉ss✐❛♥♦✱ s❡♠ ♠♦♠❡♥t♦✱ ❧❛♥ç❛❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ à ❡sq✉❡r❞❛ ❞♦ ❡✐①♦

q = 0✳ ❆ ❞✐♥â♠✐❝❛ ❢♦✐ ✐♥t❡❣r❛❞❛ ♣♦r ✉♠ t❡♠♣♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ❞♦✐s ♣❡rí♦❞♦s

❞♦ ♦s❝✐❧❛❞♦r ♥ã♦✲♣❡rt✉r❜❛❞♦✱ T = 4π✳

◆❛ ❋✐❣✉r❛ ✹✳✸✳✶ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛✲

❝♦t❡ ♣r♦♣❛❣❛❞♦ ❡ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ❢✉♥çã♦ ❞❛ ♦♥❞❛ ❞❛❞❛ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

❝♦♦r❞❡♥❛❞❛s ♣♦r

Ψ(x, t) = 〈x|z0〉 =
ˆ

❞2z (t) 〈x|z (t)〉〈z (t) |z0〉.

❖ r❡s✉❧t❛❞♦ ❞♦s ❈❈❙ r❡♣r♦❞✉③ ❝♦♠ ♣r❡❝✐sã♦ ❢❡♥ô♠❡♥♦s q✉â♥t✐❝♦s✱ ❝❛❧❝✉❧❛❞♦s

♣♦r ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ❡st❛❞♦s ❣✉✐❛❞♦s ♣♦r tr❛❥❡tór✐❛s ❝❧áss✐❝❛s✳ ❖ r❡s✉❧t❛❞♦

♣❛❞rã♦ ❢♦✐ r❡♣r♦❞✉③✐❞♦ ♣♦r s♣❧✐t✲t✐♠❡ ♦♣❡r❛t♦r ❝♦♠ té❝♥✐❝❛ ❞❡ tr❛♥s❢♦r♠❛❞❛

rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r ❬✺✷❪✳

✹✳✸✳✷ P❛r❡❞❡ ❞❡ ♣♦t❡♥❝✐❛❧

❊st❡ ♣♦t❡♥❝✐❛❧ ❢♦✐ ❡st✉❞❛❞♦ ❡♠ ❬✶✽❪ ♣❛r❛ ♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ s❡♠✐❝❧áss✐❝♦

✭✸✳✹✳✶✮ ❡ ❝♦♥s✐st❡ ❞❡ ❞✉❛s ♣❛r❡❞❡s ❡①♣♦♥❡♥❝✐❛✐s s✐♠❡tr✐❝❛♠❡♥t❡ ❧♦❝❛❧✐③❛❞❛s ❡♠

r❡❧❛çã♦ ❛♦ ❡✐①♦ q = 0✱ ❝♦♠ r❡❣✐ã♦ ✐♥t❡r♠❡❞✐ár✐❛ ❞❡ ❞✐♥â♠✐❝❛ q✉❛s❡ ❧✐✈r❡✳ ❊st❡

♣♦t❡♥❝✐❛❧ é ❞❛❞♦ ♣♦r

V (q) = 0, 0135 cosh q.

P❛r❛ ❡st❡ ♣♦t❡♥❝✐❛❧✱ ❢♦✐ ❡♠♣r❡❣❛❞♦ ✉♠ ❣r✐❞ ✐♥✐❝✐❛❧ ❝♦♠♣♦st♦ ♣♦r 15 ① 15

tr❛❥❡tór✐❛s ❧♦❝❛❧✐③❛❞❛s ❛♦ r❡❞♦r ❞♦ ♣♦♥t♦ z0 ♣♦st♦ ♥❛ ♦r✐❣❡♠✱ xi = 0 ❝♦♠

♠♦♠❡♥t♦ ✐♥✐❝✐❛❧ pi = 3✳ ❚❛❧ ❡st❛❞♦ ❝♦♥s✐st❡ ❡♠ ✉♠ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ ❧❛♥ç❛❞♦

❝♦♥tr❛ ❛ ♣❛r❡❞❡ à ❞✐r❡✐t❛✳ ❆ ❞✐♥â♠✐❝❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ✉♠ ♣❡rí♦❞♦ ❞❡

t❡♠♣♦ T = 6✱ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛✈❛❧✐❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛ ♣r✐♠❡✐r❛ ❝♦❧✐sã♦ ❡

♦ ✐♥í❝✐♦ ❞❛ ❝♦❧✐sã♦ ❝♦♠ ❛ ♣❛r❡❞❡ à ❡sq✉❡r❞❛ ❞❛ ♦r✐❣❡♠✳

✻✶



❋✐❣✉r❛ ✹✳✸✳✶✿ P♦t❡♥❝✐❛❧ q✉árt✐❝♦✳ ❆❝✐♠❛✿ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳
❆❜❛✐①♦✿ ❝♦♠♣♦♥❡♥t❡ r❡❛❧ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✳ ➱ ♣♦ssí✈❡❧ ✈❡r ❝♦♠ ♥✐t✐❞❡③ q✉❡
♦ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ s❡ ❞❡s❢❡③ ❞❡✈✐❞♦ ❛♦ t❡r♠♦ ♥ã♦ ❤❛r♠ô♥✐❝♦ ❞♦ ♣♦t❡♥❝✐❛❧✳
❆ ♣❡q✉❡♥❛ ❞✐❢❡r❡♥ç❛ ♦❜s❡r✈❛❞❛ ❡♥tr❡ ♦s ❞♦✐s ♠ét♦❞♦s s❡ ❞❡✈❡ ❢✉♥❞❛♠❡♥t❛❧✲
♠❡♥t❡ à ✜♥✐t✉❞❡ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❧♦❝❛❞♦s✳

✻✷



❋✐❣✉r❛ ✹✳✸✳✷✿ Pr♦♣❛❣❛çã♦ ❞❡ ✉♠ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ ❡♥tr❡ ❞✉❛s ♣❛r❡❞❡s ❞❡
♣♦t❡♥❝✐❛❧✳ ❉❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ❡ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❡stá r❡♣r❡s❡♥t❛❞❛
❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❡st❛❞♦✳ ❆ r❡♣r♦❞✉çã♦ ❞❛ ❝♦❧✐sã♦ ❝♦♠ ❛ ♣r✐♠❡✐r❛
♣❛r❡❞❡ ❡♥tr❡ ♦s ✐♥st❛♥t❡s t = 2 ❡ t = 3 ♣ô❞❡ s❡r ♠✉✐t♦ ❜❡♠ ❢❡✐t❛✱ ❞❛ ♠❡s♠❛
❢♦r♠❛ q✉❡ ♦ ✐♥í❝✐♦ ❞❛ ❝♦❧✐sã♦ ❝♦♠ ❛ ♣❛r❡❞❡ à ❡sq✉❡r❞❛ ♥♦ ✐♥st❛♥t❡ t = 6✱
✐♥st❛♥t❡ ❡♠ q✉❡ s❡ ♦❜s❡r✈❛ ❛ ❛✉t♦✲✐♥t❡r❢❡rê♥❝✐❛ ❝♦♠ ❛ ♣♦rçã♦ r❡✢❡t✐❞❛ ❞❛
♦♥❞❛✳ ❊✐①♦s ❤♦r✐③♦♥t❛✐s sã♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐çã♦✳

✻✸



❆ ❡✈♦❧✉çã♦ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ ❡stá r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✸✳✷✳

✹✳✹ ▲✐♠✐t❡ s❡♠✐❝❧áss✐❝♦

❖ ♠ét♦❞♦ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s✱ ❞✐s❝♦rr✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ é

✉♠❛ té❝♥✐❝❛ ❡①❛t❛ ♣❛r❛ s❡ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✳ ❙❡ ♣♦ss✉✐r♠♦s

✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ♥✉♠❡r♦s❛ ❡ ✉♠❛ ♣r❡❝✐sã♦

♥✉♠ér✐❝❛ ❛❞❡q✉❛❞❛✱ ♣♦❞❡♠♦s ♦❜t❡r r❡s✉❧t❛❞♦s tã♦ ❜♦♥s q✉❛♥t♦ ❞❡s❡❥❡♠♦s

♣❛r❛ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ✉♠ ♣❛❝♦t❡ ❞❡ ♦♥❞❛s q✉â♥t✐❝♦✳ ❖ ❝❛rát❡r ❛❧t❛♠❡♥t❡ ♥ã♦

❛♥❛❧ít✐❝♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞✐✜❝✉❧t❛ ❛ ♦❜t❡♥çã♦ ❞❡ r❡s✉❧t❛❞♦s ❡♠ ❢♦r♠❛

❢❡❝❤❛❞❛ ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛✱ ❡①✐st✐♥❞♦ s♦♠❡♥t❡ ❛❧❣✉♥s ♣♦✉❝♦s ❝❛s♦s ❞❡

s♦❧✉çã♦ ❢❛❝tí✈❡❧✳

❖ ♥ú❝❧❡♦ ❞❡ ✐♥t❡❣r❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✳✾✮ é ✉♠❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛ ❞❛❞❛

♣♦r
1

i~
δ2〈z̃|z〉e

1
i~
(σz̃−σz), ✭✹✳✹✳✶✮

♦♥❞❡ ♦s í♥❞✐❝❡s z ❡ z̃ ✐♥❞✐❝❛♠ ❛s tr❛❥❡tór✐❛s q✉❡ ❡stã♦ s❡♥❞♦ ❛❝♦♣❧❛❞❛s✳ ❊st❛

❢✉♥çã♦ t❡♠ ✉♠❛ ❛♠♣❧✐t✉❞❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ ♦✈❡r❧❛♣ 〈z̃|z〉 ❡♥tr❡
♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡♥✈♦❧✈✐❞♦s ❡ ❞♦ t❡r♠♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛

❝❧❛ss✐❝❛❧✐③❛❞❛✱ ❛❧é♠ ❞❡ ✉♠❛ ❢❛s❡ ❝✉❥❛ ♠❛✐♦r ❝♦♥tr✐❜✉✐çã♦ ♣r♦✈é♠ ❞❛ ❞✐❢❡r❡♥ç❛

❞❛ ❛çã♦ r❡❞✉③✐❞❛ ❛♦ ❧♦♥❣♦ ❞❛s tr❛❥❡tór✐❛s ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ σz̃ − σz✳

❖ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ δ2 ❝♦♥❡❝t❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛

Cz✱ ❝♦♥t✉❞♦ ❡st❡ t❡r♠♦ ✈❡♠ ❜❧✐♥❞❛❞♦ ♣❡❧♦ ♦✈❡r❧❛♣ ❡♥tr❡ ♦s ❡st❛❞♦s✱ ❡ q✉❛♥t♦

♠❛✐s ❞✐st❛♥t❡s ❡stã♦ ♦s ❡st❛❞♦s✱ ♠❡♥♦r ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♦✈❡r❧❛♣ ♣♦✐s ❡❧❛ ❞❡❝❛✐

❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ♦ ❛❢❛st❛♠❡♥t♦✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ ❡s♣❡r❛♠♦s q✉❡ ♣❛r❛

❡st❛❞♦s ❞✐st❛♥t❡s ♥❛ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦ ❛❝♦♣❧❛♠❡♥t♦ s❡❥❛ ♣❡q✉❡♥♦ ❞❡ ❢♦r♠❛

q✉❡ ❡❧❡ ❞❡✈❡ s❡ ❝♦♥❝❡♥tr❛r ❡♠ ✉♠ ✈✐③✐♥❤❛♥ç❛ r❡str✐t❛ ❞❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡r✲

ê♥❝✐❛ z̃✳ ❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❡♥✈♦❧✈❡♥❞♦ ❛ ❛çã♦ s❡rá

♠❛✐s ♦s❝✐❧❛tór✐♦ q✉❛♥t♦ ♠❛✐♦r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s tr❛❥❡tór✐❛s✱ ♦ q✉❡ r❡s✉❧t❛

❡♠ ✉♠ ❝❛♥❝❡❧❛♠❡♥t♦ ♠é❞✐♦ ❞❡st❛s ❣r❛♥❞❡s ♦s❝✐❧❛çõ❡s q✉❛♥❞♦ s♦♠❛♠♦s ❛

❝♦♥tr✐❜✉✐çã♦ ❞❡ tr❛❥❡tór✐❛s ❞✐st❛♥t❡s✳ ■ss♦ s✉❣❡r❡ q✉❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ à
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❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞♦s ❈❈❙ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ s❡ r❡str✐♥❣✐r♠♦s ♥♦ss♦ ❢♦❝♦

♣❛r❛ ♦ ❡♥t♦r♥♦ ❞❡st❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ z̃✱ s♦❜r❡ ❛ q✉❛❧ ❛ ❛♠♣❧✐t✉❞❡ Cz̃

é ❝❛❧❝✉❧❛❞❛✳

▼♦str❛r❡♠♦s ❛ s❡❣✉✐r q✉❡ ❛♣r♦①✐♠❛çõ❡s ❞❡ ♦r❞❡♥s ❞✐❢❡r❡♥t❡s ❛♦ ♥ú❝❧❡♦

❞❡ ✐♥t❡❣r❛çã♦ ❝♦♥❞✉③❡♠ ❛ ♠♦❞❡❧♦s ❞❡ ❞✐♥â♠✐❝❛ s❡♠✐❝❧áss✐❝❛ ❜❛st❛♥t❡ ❝♦♥✲

❤❡❝✐❞♦s✿ ✶✮ ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡ ♦r❞❡♠ ③❡r♦ ❡ ✉♠ sã♦ ❡q✉✐✈❛❧❡♥t❡s à t❡♦r✐❛

❞❛s ❣❛✉ss✐❛♥❛s ❝♦♥❣❡❧❛❞❛s ❬✹✼❪✱ ❡♥q✉❛♥t♦ q✉❡ ✷✮ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ s❡❣✉♥❞❛

♦r❞❡♠ é ❡q✉✐✈❛❧❡♥t❡ à t❡♦r✐❛ ❞❛s ❣❛✉ss✐❛♥❛s ❞❡rr❡t✐❞❛s ❬✹✷✱ ✹✸✱ ✶✽❪✱ ❡✱ ❡♠

♣❛rt✐❝✉❧❛r✱ ❞❡♠♦♥str❛r❡♠♦s ❛ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ❇❆❑❑❙ ♣❛r❛ ♦ ❡❧❡♠❡♥t♦

❞❡ ♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♥❡st❛ ❛♣r♦①✐♠❛çã♦✱ ❝❛❧❝✉❧❛❞❛

❝♦♠ tr❛❥❡tór✐❛s r❡❛✐s✳

✹✳✹✳✶ ❚❡♦r✐❛ ❞❛s ❣❛✉ss✐❛♥❛s ❝♦♥❣❡❧❛❞❛s

❘❡❛❧✐③❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦r❞❡♠ ③❡r♦ ♥♦ ♥ú❝❧❡♦ ❞❡ ✐♥t❡❣r❛çã♦ ✭✹✳✹✳✶✮ é

❡q✉✐✈❛❧❡♥t❡ ❛ ♥❡❣❧✐❣❡♥❝✐❛r ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ δ2 ❡♥tr❡ ❛s ❛♠♣❧✐t✉❞❡s✱

✈✐♥❝✉❧❛❞❛s às tr❛❥❡tór✐❛s ❞♦s ❡st❛❞♦s ❞✐♥â♠✐❝♦s✳ ❊st❡ é s❡♠♣r❡ ♦ ❝❛s♦ ♣❛r❛

♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❝✉❥❛ ❞✐♥â♠✐❝❛ ❣❡r❛ ❡st❛❞♦s rí❣✐❞♦s ❣✉✐❛❞♦s ♥♦ ❡s♣❛ç♦

❞❡ ❢❛s❡✱ s❡♠ ❛ ✐♥t❡r✈❡♥✐ê♥❝✐❛ ❞❡ ❢❡♥ô♠❡♥♦s ❡ss❡♥❝✐❛❧♠❡♥t❡ q✉â♥t✐❝♦s✳

❖ r❡s✉❧t❛❞♦ ✐♠❡❞✐❛t♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ é q✉❡ ❛ ❛♠♣❧✐t✉❞❡ C (z (t) , t) é

❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞❛ tr❛❥❡tór✐❛✱ ♦✉ s❡❥❛✱

C (z (t) , t) = C (z (0) , 0)

= R (z (0) , 0) .

❙❡ ❝❛rr❡❣❛♠♦s ❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✱ t❡♠♦s

R (z (t) , t) = 〈z (0) |Ψ, 0〉 exp
(
− 1

i~
σz

)
,

♦ q✉❡ ♥♦s ♠♦str❛ q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❛ss♦❝✐❛❞❛ à tr❛❥❡tór✐❛ z (t) ❞❡♣❡♥❞❡ s♦✲

♠❡♥t❡ ❞❛ ❝♦♥tr✐❜✉✐çã♦ ♥♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ 〈z (0) |Ψ, 0〉✱ ❡✈♦❧✉í❞❛ ♣♦r ✉♠❛ ❢❛s❡
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❞❡♣❡♥❞❡♥t❡ ❞❛ ❛çã♦ r❡❞✉③✐❞❛✳ ❆ s✉❜st✐t✉✐çã♦ ❞✐r❡t❛ ❞❡ |Ψ, 0〉 ♣♦r ✉♠ ❡s✲

t❛❞♦ ❝♦❡r❡♥t❡ |z0〉 ♥♦s ❧❡✈❛ à ❢ór♠✉❧❛ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

✭✹✳✷✳✶✮✳

❚♦♠❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♦r❞❡♠ ③❡r♦ é ❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s ❞❡ r❡❛❧✐③❛r ❛

❞✐♥â♠✐❝❛✱ ❝♦♥t✉❞♦✱ t♦♠❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ✉♠❛ ♦r❞❡♠ s✉♣❡r✐♦r ♥ã♦ r❡s✉❧t❛

❡♠ ♥❛❞❛ ❞✐❢❡r❡♥t❡ ❞♦ ♦❜t✐❞♦ ❛q✉✐✱ ♣♦✐s ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♦ ♣♦t❡♥❝✐❛❧ ❞❡

❛❝♦♣❧❛♠❡♥t♦ ❝♦♥t✐♥✉❛ s❡♥❞♦ ♥✉❧♦✳ ❖ ♣r✐♠❡✐r♦ t❡r♠♦ s✐❣♥✐✜❝❛♥t❡ ♣r♦✈é♠ ❞❛

❛♣r♦①✐♠❛çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

✹✳✹✳✷ ❚❡♦r✐❛ ❞❛s ❣❛✉ss✐❛♥❛s ❞❡rr❡t✐❞❛s

❋❛r❡♠♦s ❛ ❡①♣❛♥sã♦ ♥♦ ❡♥t♦r♥♦ ❞❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ z̃✱ ❡ ♣❛r❛ t❛♥t♦✱

t♦♠❛r❡♠♦s z = z̃ + δz✱ ❡ s❡✉ r❡s♣❡❝t✐✈♦ ❝♦♥❥✉❣❛❞♦ ♣❛r❛ z⋆✳ ■st♦ tr❛♥s❢♦r♠❛

♦ ❡❧❡♠❡♥t♦ ❞❡ ✐♥t❡❣r❛çã♦ ❞❡ ✭✹✳✶✳✾✮ ❡♠ ❞2z = ❞2δz✳ ❖ ♣r✐♠❡✐r♦ t❡r♠♦ s✐❣♥✐✲

✜❝❛t✐✈♦ ♥♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ♣r♦✈é♠ ❞❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛ ❞❛ ❤❛♠✐❧✲

t♦♥✐❛♥❛

δ2 =
1

2

∂2H (z̃⋆, z̃)

∂z̃2
δz2. ✭✹✳✹✳✷✮

P❛r❛ ❡①♣❛♥❞✐r ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠ ❛s ♦✉tr❛s ❢✉♥çõ❡s ❞♦ ♥ú❝❧❡♦ ❞❡ ✐♥t❡❣r❛çã♦

é ♥❡❝❡ssár✐♦ ❝❡rt♦ ❝✉✐❞❛❞♦✳ ❆s ✈❛r✐á✈❡✐s s♦❜r❡ ❛s q✉❛✐s ❞❡✈❡rã♦ s❡r ❢❡✐t❛s ❛s

❡①♣❛♥sõ❡s tê♠ ❞❡ s❡r ❛s ♠❡s♠❛s q✉❡ ❡stã♦ s♦❜ ♦ s✐♥❛❧ ❞❛ ✐♥t❡❣r❛❧✱ ♦✉ s❡❥❛✱

z (t) ❡ z⋆ (t)✳ ❈♦♥t✉❞♦✱ ♦ ❡①♣♦❡♥t❡ q✉❡ r❡st❛ ❛❧é♠ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ é

ρ = −1

2
|z̃|2 − 1

2
|z|2 + z̃⋆z +

1

i~
σz̃ −

1

i~
σz

= − |z|2 + z̃⋆z +
1

i~
Sz̃ +

1

2
|z̃ (0)|2 − 1

i~
Sz −

1

2
|z (0)|2 . ✭✹✳✹✳✸✮

❖s ♣♦♥t♦s ❞❡ ✐♥í❝✐♦ ❞❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s✱ z (0) ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛s tr❛✲

❥❡tór✐❛s z (t)✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♣❛r❛ ❡❧❡s ❢❛③❡♠♦s

z (0) ≈ z̃ (0) . ✭✹✳✹✳✹✮
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❖ ❢✉♥❝✐♦♥❛❧ ❞❡ ❛çã♦ é ✉♠❛ ❢✉♥çã♦ s♦♠❡♥t❡ ❞❛ ✈❛r✐á✈❡❧ z⋆f ≡ z⋆ (t) ❡ zi = z (0)✳

❈♦♠♦ ❛ ✐♥t❡❣r❛çã♦ ❡♥✈♦❧✈❡ ❛♣❡♥❛s ❛ tr❛❥❡tór✐❛ ♥♦ t❡♠♣♦ t✱ ❡①♣❛♥❞✐♠♦s ❛ ❛çã♦

❡♠ r❡❧❛çã♦ ❛♦ ♣♦♥t♦ ✜♥❛❧ s♦♠❡♥t❡✳ ❆ss✐♠✱ ❝♦♠♣✉t❛♥❞♦ ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠

❛ ❛çã♦ ❡♠ t♦r♥♦ ❞❡ z⋆ = z̃⋆ + δz⋆✿

Sz ≈ Sz̃ +
∂Sz̃

∂z̃⋆
δz⋆ +

1

2

∂2Sz̃

∂z̃⋆2
δz⋆2. ✭✹✳✹✳✺✮

■♥s❡r✐♥❞♦ ❛s ❛♣r♦①✐♠❛çõ❡s ✭✹✳✹✳✹✮ ❡ ✭✹✳✹✳✺✮ ♥♦ t❡r♠♦ ❞❛ ❢❛s❡ ✭✹✳✹✳✸✮ r❡s✉❧t❛♠♦s

❝♦♠

ρ = −δz⋆ (z̃ + δz)− 1

i~

(
∂Sz̃

∂z̃⋆
δz⋆ +

1

2

∂2Sz̃

∂z̃⋆2
δz⋆2

)
.

❆ ❞❡r✐✈❛❞❛ ❞❛ ❛çã♦ ♣♦❞❡ s❡r r❡♠♦✈✐❞❛ ❞❡✈✐❞♦ à r❡❧❛çã♦ ❛❝❡ssór✐❛ ✭✸✳✹✳✾✮✿

− 1

i~

∂Sz̃

∂z̃⋆
= z̃;

❞❡ ♠♦❞♦ q✉❡ s✐♠♣❧✐✜❝❛♠♦s ♠❛✐s ❛ ❡q✉❛çã♦ ♣❛r❛ ❛ ❢❛s❡ ❞♦ ♥ú❝❧❡♦ ❞❡ ✐♥t❡✲

❣r❛çã♦✱ ♦❜t❡♥❞♦

ρ = −δz⋆δz − 1

2

1

i~

∂2Sz̃

∂z̃⋆2
δz⋆2. ✭✹✳✹✳✻✮

❆❣r✉♣❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ✭✹✳✹✳✷✮ ❡ ✭✹✳✹✳✻✮ ❡♠ ✭✹✳✹✳✶✮ ❡ ✐♥s❡r✐♥❞♦ ❡st❡ ♥❛

❡q✉❛çã♦ ✭✹✳✶✳✾✮ r❡s✉❧t❛♠♦s ❝♦♠

Ċz̃ =
1

2

1

i~

ˆ

❞2δz

i~
Cz

∂2H (z̃⋆, z̃)

∂z̃2
δz2 exp

(
−δz⋆δz − 1

2

1

i~

∂2Sz̃

∂z̃⋆2
δz⋆2

)
.

P♦r ❡st❛r♠♦s r❡❛❧✐③❛♥❞♦ ✉♠❛ ✐♥t❡❣r❛çã♦ s♦❜r❡ ❝♦♥tr✐❜✉✐çõ❡s ♣ró①✐♠❛s à tr❛✲

❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛✱ t♦♠❛r❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ❛♠♣❧✐t✉❞❡ Cz ❡ ❡♠♣r❡❣❛r❡♠♦s

s♦♠❡♥t❡ s✉❛ ❝♦♥tr✐❜✉✐çã♦ ♣r✐♥❝✐♣❛❧ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z̃ ♥❛ ❢♦r♠❛

Cz ≈ Cz̃

❞❡ ❢♦r♠❛ ❛ ♣♦❞❡r♠♦s ❢❛t♦rá✲❧❛ ❞❛ ✐♥t❡❣r❛❧✳ ❊st❛ ❛♣r♦①✐♠❛çã♦ é ✈á❧✐❞❛✱ ♣♦✐s

❛ ❢✉♥çã♦ C é ❜❛st❛♥t❡ s✉❛✈❡ ❞❡✈✐❞♦ à ❢❛t♦r❛çã♦ ❞❛ ❢❛s❡ ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✱ ❡

✻✼



♣❛r❛ ♣♦♥t♦s ❞✐st❛♥t❡s✱ ❛ ❜❧✐♥❞❛❣❡♠ ❣❛✉ss✐❛♥❛ s❡ t♦r♥❛ ✉♠ ❢❛t♦r ❞♦♠✐♥❛♥t❡✳

P❛r❛ ❤❛♠✐❧t♦♥✐❛♥❛s q✉❛❞rát✐❝❛s ❡♠ q ❡ p✱ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❛✐♥❞❛ ❝♦♥❞✉③ ❛

r❡s✉❧t❛❞♦s ❡①❛t♦s✳ ▲♦❣♦ ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞♦s ❈❈❙ s❡ tr❛♥s❢♦r♠❛ ❡♠

❞
❞t

lnCz̃ =
1

2

1

i~

∂2H (z̃⋆, z̃)

∂z̃2

ˆ

❞2δz
(
δz2
)
exp

(
−δz⋆δz − 1

2

1

i~

∂2Sz̃

∂z̃⋆2
δz⋆2

)
,

q✉❡ é ✉♠❛ ✐♥t❡❣r❛❧ ❣❛✉ss✐❛♥❛ s♦❜r❡ t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝♦♠♣❧❡①♦✱ ❡ ♣♦❞❡

s❡r ❛✈❛❧✐❛❞❛ ♣♦r ✭❆✳✵✳✸✮✳ ❆♣ós ❛ ✐♥t❡❣r❛çã♦ ♦❜t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

♣❛r❛ ❛s ❛♠♣❧✐t✉❞❡s ♥❛ ❢♦r♠❛

❞
❞t

lnCz̃ = −1

2

(
1

i~

)2
∂2H (z̃⋆, z̃)

∂z̃2
∂2Sz̃

∂z̃⋆2
. ✭✹✳✹✳✼✮

■♥t❡❣r❛r ❡st❛ ❡q✉❛çã♦ ❡♥✈♦❧✈❡ ✉♠❛ ♠❛♥✐♣✉❧❛çã♦ ❝♦♠ ❛ ♠❛tr✐③ t❛♥❣❡♥t❡

✭✸✳✹✳✶✶✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❛s r❡❧❛çõ❡s ✭✸✳✹✳✾✮ ❡ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞❛ ♠❛✲

tr✐③ t❛♥❣❡♥t❡ ✭✸✳✹✳✶✷✮ t❡♠♦s

1

i~

∂2H

∂z̃2
∂2Sz̃

∂z̃⋆2
=

1

i~

∂2H

∂z̃2
∂

∂z̃⋆
∂Sz̃

∂z̃⋆

= −∂2H

∂z̃2
∂z̃

∂z̃⋆

= −∂δ ˙̃z⋆

∂z̃⋆
− 1

i~

∂2H

∂z̃⋆∂z̃

= − ❞
❞t

ln δz⋆ − 1

i~

∂2H

∂z̃⋆∂z̃
,

q✉❡ s✉❜st✐t✉í❞♦ ❡♠ ✭✹✳✹✳✼✮ r❡s✉❧t❛

❞
❞t

lnCz̃ = −1

2

❞
❞t

ln δz⋆ − 1

2

1

i~

∂2H

∂z̃⋆∂z̃
.

✻✽



❉❡✈❡♠♦s ✐♥t❡r♣r❡t❛r ♦ t❡r♠♦ δz⋆ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ ❡❧❡ t❡♥❞❡ ❛ ③❡r♦✳ ❆

✐♥t❡❣r❛çã♦ ❞❡st❡ t❡r♠♦ ❧♦❣❛rít♠✐❝♦ é ❢❡✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

lim
δz⋆→0

ˆ t ❞
❞t

ln δz⋆❞t′ = lim
δz⋆→0

ln
δz⋆ (t)

δz⋆ (0)

= ln
∂z⋆ (t)

∂z⋆ (0)

= lnMz⋆z⋆ ;

❡ ♣♦r ✜♠ ♦❜t❡♠♦s

Cz̃ (t) =
Cz̃ (0)√
Mz⋆z⋆

exp

[
−1

2

1

i~

ˆ t ∂2H

∂z̃⋆∂z̃
❞t′
]
.

❊st❛ ❛♠♣❧✐t✉❞❡ r❡❧❛❝✐♦♥❛❞❛ à ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❝❛❧❝✉❧❛❞❛ s♦❜r❡ ❛ tr❛❥❡tór✐❛

z̃ (t) ❞✐❢❡r❡ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❛s ❣❛✉ss✐❛♥❛s ❝♦♥❣❡❧❛❞❛s ♣❡❧♦ ♣r❡❢❛t♦r q✉❡ ❛

♠♦❞✉❧❛✱ ❞❡♣❡♥❞❡♥t❡ ❞❛ ♠❛tr✐③ t❛♥❣❡♥t❡✳ ❈♦♠ ❡st❛ ❢✉♥çã♦ ❞❡ ❛♠♣❧✐t✉❞❡

❛♣r♦①✐♠❛❞❛ s❡♠✐❝❧❛ss✐❝❛♠❡♥t❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ✉♠❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ♣❛r❛

♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s

❝♦❡r❡♥t❡s✱ ✉♠ ✜①♦ ✐♥✐❝✐❛❧ |z0〉 ❡ ♦✉tr♦ ❞✐♥â♠✐❝♦ ✜♥❛❧ |z (t)〉✱ ❝✉❥❛ ❝♦♥❞✐çã♦

✐♥✐❝✐❛❧ ❞❛ tr❛❥❡tór✐❛ s❡❥❛ z (0) = z0✱ ❛ ♣❛rt✐r ❞❡✭✹✳✶✳✼✮✿

〈z (t) |z0, t〉 =
1√

Mz⋆z⋆
exp

[
−1

2

1

i~

ˆ t ∂2H

∂z̃⋆∂z̃
❞t′
]
×

× exp

[
− 1

i~
S (z0, z

⋆ (t) , t)− 1

2
|z (t)|2 − 1

2
|z0|2

]
.

❊st❛ ❡①♣r❡ssã♦ é ❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ ❛ ✭✸✳✹✳✶✮ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ zi = z0 ❡

z⋆f = z⋆ (t)✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ ❛q✉❡❧❛ ❢ór♠✉❧❛ é ❝❛❧❝✉❧❛❞❛ ❛♦ ❧♦♥❣♦ ❞❛ tr❛❥❡tór✐❛

❝❡♥tr❛❧ ❞♦ ❡st❛❞♦ ❝♦❡r❡♥t❡ ✐♥✐❝✐❛❧✳

✻✾



✼✵



❈❛♣ít✉❧♦ ✺

❖s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❝♦♠♣❧❡①♦s

❛❝♦♣❧❛❞♦s

◆❛ ❞✐s❝✉ssã♦ q✉❡ s❡❣✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✹✳✶✵✮✱ ♠♦t✐✈❛♠♦s ♦ ❡♠♣r❡❣♦ ❞❡ ✉♠❛

❝❧❛ss❡ ❞❡ tr❛❥❡tór✐❛s q✉❡ sã♦ r❡❛✐s ❡ ❞❡✜♥✐❞❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦ ❛

♣❛rt✐r ❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ❊st❛s tr❛❥❡tór✐❛s sã♦ ✉♠ ♣❡q✉❡♥♦ s✉❜❝♦♥❥✉♥t♦

❞❡ ✉♠❛ ❝❧❛ss❡ ♠✉✐t♦ ♠❛✐s ❛♠♣❧❛ ❞❡ tr❛❥❡tór✐❛s q✉❡ é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞✉♣❧❛s✱ ♥❛ ❢♦r♠❛

z (0) = zi, z⋆ (0) = z⋆j , ✭✺✳✵✳✶✮

❞❡ ♠❛♥❡✐r❛ ❛ t♦r♥❛r ♦ ♠ét♦❞♦ ❈❈❈❙ t❛♠❜é♠ ✉♠❛ ■❱❘✳ ❊♠ ❡s♣❡❝✐❛❧✱ s❡♠♣r❡

❡①✐st✐rá ✉♠ z⋆j = z⋆0f q✉❡ ❝♦♥❞✉③✐rá à ❝♦♥❞✐çã♦ ✜♥❛❧ z⋆ (t) = z⋆f ❞❡ ✭✸✳✹✳✸✮✳

❈❧❛r❛♠❡♥t❡ q✉❡ ❛s tr❛❥❡tór✐❛s r❡❛✐s tê♠ z⋆j = z⋆i ✳ ➱ ♣♦ssí✈❡❧ ❛tr✐❜✉✐r ❞✐♥â♠✐❝❛

à ❜❛s❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s ❡♠♣r❡❣❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❍❛♠✐❧t♦♥ ❝♦♠♣❧❡①❛s

❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❛❝✐♠❛✱ ❡ ❡st❡ é ♦ ♥♦ss♦ ♣ró①✐♠♦ ♣❛ss♦✳

✼✶



❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ❞❛s ✈❛r✐á✈❡✐s q✉❡ r♦t✉❧❛♠

❛s tr❛❥❡tór✐❛s✱ ❢❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱




z (t) → u (t) = 1√

2

(
q(t)
b

+ ip(t)
c

)
,

z⋆ (t) → v (t) = 1√
2

(
q(t)
b

− ip(t)
c

)
,

✭✺✳✵✳✷✮

❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❞❡✐①❛r ❡①♣❧í❝✐t❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛♠❜❛s ❡ ♥ã♦ ❣❡r❛r ✉♠❛

♥♦t❛çã♦ ❛❜✉s✐✈❛ ❡♠ q✉❡ ♦ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❞❡ z ♥ã♦ é z⋆✱ ❞❡ ♠❛♥❡✐r❛ q✉❡

✭✸✳✹✳✶✵✮ é r❡❡s❝r✐t❛ ❝♦♠♦

(v (t))⋆ 6= u (t) . ✭✺✳✵✳✸✮

❉❡✈✐❞♦ à ❞❡✜♥✐çã♦ ✭✺✳✵✳✷✮✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛♠❜❛s ❛s q✉❛♥t✐❞❛❞❡s ❛❝✐♠❛

✐♠♣❧✐❝❛ q✉❡ q (t) ❡ p (t) ❞❛❞♦s ♣♦r

q (t) =
b√
2
(u (t) + v (t)) , p (t) =

c

i
√
2
(u (t)− v (t))

sã♦ ✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s✳ ❚❛❧ ❢❛t♦ é ❡str❛♥❤♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❞✐♥â♠✐❝❛

q✉â♥t✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ q̂ ❡ p̂ sã♦ ♦❜s❡r✈á✈❡✐s✱ ♦✉ s❡❥❛✱ s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦

q✉❛♥t✐❞❛❞❡s r❡❛✐s✳ ❆ss✐♠✱ ❞❡✈❡✲s❡ ♣r♦❝✉r❛r ♣♦r ✉♠❛ ♠❛♥❡✐r❛ ❞❡ s❡ ❛❧♦❝❛r

♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ tr❛❥❡tór✐❛s w (t) , w⋆ (t) q✉❡ s❡❥❛♠ r❡❛✐s✳ ❆s ❢♦r♠❛s ❞❡

❢❛③ê✲❧♦ sã♦ ❡s❝♦❧❤❡r ♣❛r❛ w (t) ✉♠❛ ❞❛s q✉❛tr♦ q✉❛♥t✐❞❛❞❡s✿ u (t) ♦✉ v (t)

♦✉ s❡✉s ❝♦♠♣❧❡①♦s ❝♦♥❥✉❣❛❞♦s✳ ■st♦ ❞❡t❡r♠✐♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ w⋆ (t)✳ ❊ss❛

❡s❝♦❧❤❛ ♥ã♦ t♦r♥❛ ❛s ✈❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s ♦r✐❣✐♥❛✐s q ❡ p r❡❛✐s✱ ♠❛s ♣❡r♠✐t❡

q✉❡ ❝r✐❡♠♦s ✉♠ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♦♥❞❡ ❡①✐st❡ ✉♠ ♣❛r ❞❡ ✈❛r✐á✈❡✐s r❡❛✐s Q ❡ P

❞❛❞♦s ♣♦r

Q (t) = b
√
2Re [w (t)] , P (t) = c

√
2Im [w (t)] ,

s♦❜r❡ ♦ q✉❛❧ s❡ ❞á ❛ ❞✐♥â♠✐❝❛ ❞❛ tr❛❥❡tór✐❛ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ P❛r❛

s✐♠♣❧✐✜❝❛r✱ ❞❡♥♦♠✐♥❛♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ s✐♠♣❧❡s ❞❛s tr❛❥❡tór✐❛s w ♣♦r V1

❡ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞✉♣❧✐❝❛❞♦ ❞❡ u, v ♣♦r V2✳

✼✷



Pr❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r q✉❛❧ ❡s❝♦❧❤❛ ❢❛r❡♠♦s ♣❛r❛ ❛s tr❛❥❡tór✐❛s ❛ s❡r❡♠

❡♠♣r❡❣❛❞❛s ❡♠ V1 ❡✱ ♣❛r❛ r❡❛❧✐③á✲❧❛✱ ♦❧❤❛r❡♠♦s ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♦s❝✐❧❛❞♦r

❤❛r♠ô♥✐❝♦ ❡♠ t❡r♠♦s ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✭✺✳✵✳✶✮✿

u (t) = zie
−iωt

v (t) = z⋆j e
iωt.

❖ ❡st❛❞♦ |zi〉 ❞❡t❡r♠✐♥❛ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛s tr❛❥❡tór✐❛s u (0) = zi✳ ❙❡

❡s❝♦❧❤❡♠♦s w (t) = u (t) ♦✉ w (t) = u⋆ (t)✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ tr❛❥❡tór✐❛s q✉❡

❣✉✐❛ ♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❝♦♥té♠ ❛♣❡♥❛s ✉♠❛ tr❛❥❡tór✐❛✱ q✉❡ ❞❡♣❡♥❞❡ ❞♦

❡st❛❞♦ ❛ s❡r q✉❛♥t✐❝❛♠❡♥t❡ ♣r♦♣❛❣❛❞♦✱ w (t) = zie
−iωt✳ ◆ã♦ ❞❡s❡❥❛♠♦s ✉♠

❝♦♥❥✉♥t♦ q✉❡ ❝♦♥té♠ ❛♣❡♥❛s ✉♠ ❡❧❡♠❡♥t♦✶✱ ♣♦rt❛♥t♦ ❛♥❛❧✐s❛r❡♠♦s ❛s ❡s❝♦❧❤❛s

w (t) = v (t) ❡ w (t) = v⋆ (t)✳

❖ ❢✉♥❝✐♦♥❛❧ ❞❡ ❛çã♦ ❛♣r❡s❡♥t❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣❧í❝✐t❛ ❡♠ zi ❡ ❡♠ z⋆f ✳ ❊♠

t❡r♠♦s ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦ ❤á ❞✉❛s ♠❛♥❡✐r❛s ❞❡ z⋆f ❛♣❛r❡✲

❝❡r ❝♦♠♦ ❛✉t♦✈❛❧♦r✿ ❛tr❛✈és ❞❡ ✉♠ ❦❡t |z⋆f〉 ♦✉ ❞❡ ✉♠ ❜r❛ 〈zf |✳ ❈♦♠♦ zi s✉r❣❡

✈✐❛ ✉♠ ❦❡t✱ s✉♣♦♠♦s q✉❡ ✉♠ ❜r❛ é r❡❧❛❝✐♦♥❛❞♦ ❛ z⋆f ✱ ❡ ❡st❡ ❡❧❡♠❡♥t♦ ❞❡✈❡ s❡r

〈zf |✳ ■st♦ s✉❣❡r❡ q✉❡ ❛ tr❛❥❡tór✐❛ ❞❡✈❡ ❛♣❛r❡❝❡r ♥❛ ❢♦r♠❛ 〈v⋆ (t) |✳ ❊st❡ s❡♥❞♦

♦ ❝❛s♦✱ ❢❛③❡♠♦s ❛s tr❛❥❡tór✐❛s ❡♠ V1 ❝♦♠♦ w (t) = v⋆ (t)✳

P♦❞❡ s❡r ❞❡♠♦♥str❛❞♦ q✉❡ ♦ ✢✉①♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❣❡r❛❞♦ ❡♠ V2 ♣r❡s❡r✈❛

✈♦❧✉♠❡s✱ ✈❛❧❡♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✿ ❞2u (t) ❞2v (t) = ❞2u (0) ❞2v (0)✳

■st♦ ♥ã♦ é ✈❡r❞❛❞❡ ♣❛r❛ ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞❛s tr❛❥❡tór✐❛s v⋆ (t) ❡♠ V1✳

❉❡ ♠♦❞♦ q✉❡ ♥❡❝❡ss✐t❛♠♦s ❞❡ ✉♠ ❞❡t❡r♠✐♥❛♥t❡ ❥❛❝♦❜✐❛♥♦ q✉❡ ❝♦♥❡❝t❡ ♦s

❡❧❡♠❡♥t♦s ❞❡ ár❡❛ ✐♥✐❝✐❛✐s ❡ ✜♥❛✐s✱

❞2w (t) =

∣∣∣∣
∂ (w⋆ (t) , w (t))

∂ (w⋆ (0) , w (0))

∣∣∣∣ ❞
2w (0) .

✶❙❡ ✜③❡r♠♦s ❛ ❡s❝♦❧❤❛ ❞❡ w ❝♦♠♦ u ♦✉ u⋆✱ ❡st❛ ❜❛s❡ ❞❡❣❡♥❡r❛❞❛ ❞❡ ✉♠ ❡st❛❞♦ ❛✐♥❞❛
r❡s♦❧✈❡ ❡①❛t❛♠❡♥t❡ ❛♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ♣♦ré♠ s♦♠❡♥t❡ ❛ ❡❧❡✳

✼✸



❊st❡ ❥❛❝♦❜✐❛♥♦ ♣♦❞❡ s❡r ❛✈❛❧✐❛❞♦ t❡♥❞♦ ❡♠ ♠❡♥t❡ q✉❡ ∂v (t) /∂v⋆ (0) = 0✷✱ ♦

q✉❡ ♥♦s ❧❡✈❛ ❛

❞2v (t) = |Mvv|2 ❞2v (0) ;

♦♥❞❡ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ✭✺✳✵✳✷✮✱ Mvv ≡ Mz⋆z⋆ ✳

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ❛ t❡♦r✐❛ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛✲

❞♦s ❡♠♣r❡❣❛♥❞♦ ❡st❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳ ❖ ❛❧✈♦ ❞❛ ✐♥✈❡st✐❣❛çã♦ s❡rá ❛

♦❜t❡♥çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ q✉❡ ❛❝♦♣❧❡ ❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❝❛❧❝✉❧❛❞❛s

s♦❜r❡ ✈ár✐♦s ❡st❛❞♦s ❞✐♥â♠✐❝♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r ❜✉s❝❛r❡♠♦s s♦❧✉çõ❡s ♣❛r❛ ❡❧✲

❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ ✉♠

❡stát✐❝♦ |zi〉 ❡ ♦✉tr♦ ❞✐♥â♠✐❝♦ |v⋆ (t)〉 ♥❛ ❢♦r♠❛

R (v⋆ (t) , t) = 〈v⋆ (t) |zi, t〉 = 〈v⋆ (t) |K̂H (t) |zi〉,

♦ q✉❡ ♥♦s ♣❡r♠✐t✐rá ✉♠❛ ❛♥❛❧♦❣✐❛ ❞✐r❡t❛ ❝♦♠ ❛ ❡①♣r❡ssã♦ s❡♠✐❝❧áss✐❝❛ ❇❆❑❑❙

✭✸✳✹✳✶✮✱ q✉❡ é q✉❡♠ ♠♦t✐✈❛ ♦ ✉s♦ ❞❡st❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳

❆ ♦❜t❡♥çã♦ ❞❡st❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛✱ ❝✉❥♦ ♠ét♦❞♦ ❞❡♥♦♠✐♥❛r❡♠♦s ❈❈❈❙

✭❝♦♠♣❧❡①✐✜❡❞ ❝♦✉♣❧❡❞ ❝♦❤❡r❡♥t st❛t❡s✮✱ ♥♦s ♣❡r♠✐t✐rá ♣r❡❡♥❝❤❡r ✉♠❛ ❧❛❝✉♥❛

❞❛❞❛ ♣❡❧❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠ ♠ét♦❞♦ ❡①❛t♦ q✉❡ ❧❡✈❡ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ❛

✉♠❛ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ❡♠ ✉♠ r❡❣✐♠❡ ❞❡ ❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧✳

✺✳✶ ❉✐❢❡r❡♥ç❛s ❡♥tr❡ tr❛❥❡tór✐❛s r❡❛✐s ❡ ❝♦♠✲

♣❧❡①❛s

❆♦ ♦❧❤❛r♠♦s ♣❛r❛ ❛s ✐♥t❡❣r❛✐s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❛s tr❛❥❡tór✐❛s v⋆ (t) ♥♦

❡s♣❛ç♦ ❞❡ ❢❛s❡ V1✱ ♦r✐❣✐♥ár✐❛s ❞❡ ✉♠❛ s❡çã♦ ❞❡ V2 ❢❡✐t❛ ❛ ♣❛rt✐r ❞♦ s✉❜❡s♣❛ç♦

❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u (0) = zi✱ t❡♠♦s q✉❡ ❡❧❛s ♥ã♦ ♦❜❡❞❡❝❡♠ ✉♠

✢✉①♦ ❤❛♠✐❧t♦♥✐❛♥♦ t❛❧ q✉❛❧ ♦ ✢✉①♦ t♦t❛❧ ❡♠ V2✳ ❯♠❛ ❝♦♥s❡qüê♥❝✐❛ ✐♠❡❞✐❛t❛

❞✐st♦ é ❛ ✈✐♦❧❛çã♦ ❞❛ ❝♦♥s❡r✈❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ tr❛❥❡tór✐❛✱

✷❖ ✢✉①♦ é ❤♦❧♦♠ór✜❝♦ ❡♠ V2✳

✼✹



❡♥❡r❣✐❛ ❡st❛ q✉❡✱ ❡♠ V1 ❝♦♠ ✈❛r✐á✈❡✐s Q,P ✱ ❛ss✉♠❡ ♦s ✈❛❧♦r❡s

H (Q,P ) = H (v (t) , v⋆ (t)) = 〈v⋆ (t) |Ĥ|v⋆ (t)〉

❯♠ r❡s✉❧t❛❞♦ ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ❞❡st❛ ♥ã♦✲❝♦♥s❡r✈❛çã♦ ❞❛ ❡♥❡r❣✐❛ é ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❛❧t❛♠❡♥t❡ ♥ã♦✲tr✐✈✐❛❧ q✉❡ ❡st❛s tr❛❥❡tór✐❛s ❛❞q✉✐r❡♠✳ ❚♦♠❡♠♦s

❝♦♠♦ ❡①❡♠♣❧♦ ✉♠ ♣♦t❡♥❝✐❛❧ ❛tr❛t✐✈♦ ❞❛ ❢♦r♠❛

V (q) = −20e−q2

♣❛r❛ ❛✈❛❧✐❛r♠♦s ❛ ❞✐❢❡r❡♥ç❛ q✉❛❧✐t❛t✐✈❛ ♥❛ ❞✐♥â♠✐❝❛ ❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

tr❛❥❡tór✐❛s r❡❛✐s ❡ ♦✉tr♦ ❝♦♠♣❧❡①♦✱ ❛♠❜♦s ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s s✐♠✐❧❛r❡s✳

P❛r❛ ❛s tr❛❥❡tór✐❛s r❡❛✐s ❛ss✉♠✐r❡♠♦s

z (0) = z0 + η, z⋆ (0) = z⋆0 + η⋆,

❡ ♣❛r❛ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s

u (0) = z0, v (0) = z⋆0 + η⋆,

♦♥❞❡ z0 é ✉♠ ❡st❛❞♦ ❝♦❡r❡♥t❡ ❝❡♥tr❛❧✐③❛❞♦ ❡♠ ✉♠ ♣♦♥t♦ à ❡sq✉❡r❞❛ ❞❛ ♦r✐❣❡♠

x = 0 ❝♦♠ ♠♦♠❡♥t♦ ❡ ❡♥❡r❣✐❛ ♣♦s✐t✐✈♦s ❡ η ✐♥❞❡①❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥❛

✈✐③✐♥❤❛♥ç❛ ❞❡ z0 q✉❡ ♣♦ss✉❡♠ ♣❛rt❡ r❡❛❧ ❞❛ ❡♥❡r❣✐❛ ✐♥✐❝✐❛❧ ♣♦s✐t✐✈❛✱ ❞❡ ♠♦❞♦

q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❞❛s tr❛❥❡tór✐❛s r❡❛✐s ♥ã♦ ❤❛❥❛ ♠♦✈✐♠❡♥t♦ ❧✐❣❛❞♦✳

◆❛ ❋✐❣✉r❛ ✺✳✶✳✶ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s tr❛❥❡tór✐❛s r❡❛✐s✱

q✉❡ s✐♠♣❧❡s♠❡♥t❡ ❛tr❛✈❡ss❛♠ ♦ ♣♦t❡♥❝✐❛❧ ❣❛✉ss✐❛♥♦ ✐♥✈❡rt✐❞♦ ❝♦♠ ♠♦✈✐♠❡♥t♦

❛ss✐♥tót✐❝♦ ❧✐✈r❡✳ ❊st❛ ❞✐♥â♠✐❝❛ s✐♠♣❧❡s ♥ã♦ é ♦ q✉❡ ♦❝♦rr❡ ♣❛r❛ ❛s tr❛❥❡tór✐❛s

❝♦♠♣❧❡①❛s✱ ❝♦♠♦ ♣♦❞❡✲s❡ ❛✈❡r✐❣✉❛r ♥❛ ❋✐❣✉r❛ ✺✳✶✳✷ ✳ ❍á ❢❡♥ô♠❡♥♦s ♠❛r❝❛❞❛✲

♠❡♥t❡ ✑q✉â♥t✐❝♦s✑ ♦❝♦rr❡♥❞♦ ♣❛r❛ ❡st❛s✿

• ❤á tr❛❥❡tór✐❛s q✉❡ sã♦ r❡✢❡t✐❞❛s✱ t❛❧ q✉❛❧ ♣❛r❛ ✉♠ ♣♦t❡♥❝✐❛❧ r❡♣✉❧s✐✈♦❀

✼✺



❋✐❣✉r❛ ✺✳✶✳✶✿ ❚r❛❥❡tór✐❛s r❡❛✐s✳ ❖s ❡st❛❞♦s ✐♥❝✐❞❡♥t❡s ♣❡❧❛ ❡sq✉❡r❞❛ ❛♣❡♥❛s
❣❛♥❤❛♠ ♠♦♠❡♥t♦ q✉❛♥❞♦ ❡♥tr❛♠ ♥❛ r❡❣✐ã♦ ❛tr❛t✐✈❛ ❞♦ ♣♦ç♦ ❣❛✉ss✐❛♥♦✱ ❡ ❡♠
s❡❣✉✐❞❛ s❡❣✉❡♠ ♠♦✈✐♠❡♥t♦ à ❞✐r❡✐t❛✳

• ♦✉tr❛s ✐♥t❡r❛❣❡♠ ♠❛✐s ❞❡ ✉♠❛ ✈❡③ ❝♦♠ ♦ ♣♦ç♦✱ ❝♦♠♦ s❡ s♦❢r❡ss❡♠ ❝♦❧✲

✐sõ❡s ✐♥t❡r♥❛s ❛❧✐✳

■st♦ ♥♦s ♠♦str❛ q✉❡ ❛s tr❛❥❡tór✐❛s sã♦ ❡s♣❛❧❤❛❞❛s ♥♦ s❡♥t✐❞♦ ❞❛ ♠❡❝â♥✐❝❛

q✉â♥t✐❝❛✱ ❡ ✐st♦ é ✐♠♣♦rt❛♥t❡✱ ♣♦✐s ❡❧❛s r❡✢❡t❡♠ ♥♦ ♥í✈❡❧ ❝❧áss✐❝♦ ❛❧❣♦ q✉❡

♥ã♦ é ♥❛t✉r❛❧ ❛ ❡❧❡✳ ❆ r✐q✉❡③❛ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s

❡ ♦ ❢❛t♦ ❞❡❧❛s ❣❡♥❡r❛❧✐③❛r❡♠ ✉♠ ❝♦♥❝❡✐t♦ ❝❧áss✐❝♦ ♣❡r♠✐t✐♥❞♦ ♦ ❛❝❡ss♦ ❛ ❢❡♥ô✲

♠❡♥♦s q✉â♥t✐❝♦s t❛♠❜é♠ ♥♦s ♠♦✈❡ ❛ t❡♥t❛r ❡♠♣r❡❣á✲❧❛s ♥❛ ❝♦♥str✉çã♦ ❞❡

✉♠ ♠ét♦❞♦ s✐♠✐❧❛r ❛♦s ❈❈❙✳

◆ã♦ ❜❛st❛ss❡ ❛ r✐q✉❡③❛ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❡ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s

❡①✐❜❡♠✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❥á ♥♦ ♥í✈❡❧ ❝❧áss✐❝♦ ✉♠ ❢❡♥ô♠❡♥♦ q✉❡ ♥♦s ❢❛③

❧❡♠❜r❛r ❞❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ ♦♥❞❛s q✉â♥t✐❝❛✳ ◆♦ ♣r♦♣❛❣❛❞♦r s❡♠✐❝❧áss✐❝♦ ❞❡

❇❆❑❑❙ ❛ ❡①♣r❡ssã♦ ❝♦♠♣❧❡t❛ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ s♦♠❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

tr❛❥❡tór✐❛s q✉❡ s❛t✐s❢❛③ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♦✉ s❡❥❛✱ ❡♠ ✉♠ ú♥✐❝♦

✼✻



❋✐❣✉r❛ ✺✳✶✳✷✿ ❚r❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✿ ❊st❛❞♦s ❝♦❡r❡♥t❡s ✐♥❝✐❞❡♥t❡s ♥♦ ♣♦ç♦
❣❛✉ss✐❛♥♦ tê♠ ❞✐♥â♠✐❝❛ ♥ã♦ tr✐✈✐❛❧ ❞❡✈✐❞♦ à ❡♥❡r❣✐❛ ❝♦♠♣❧❡①❛ ❡ ♥ã♦ ❝♦♥✲
st❛♥t❡✳ ❍á ❡st❛❞♦s ❝♦♥❣❡❧❛❞♦s q✉❡ sã♦ r❡✢❡t✐❞♦s ✭❝❛♥t♦ ❡sq✉❡r❞♦ ✐♥❢❡r✐♦r✮
❡ ♦✉tr♦s q✉❡ sã♦ ❡s♣❛❧❤❛❞♦s ✭❝❛♥t♦ ❞✐r❡✐t♦✮✳ ❋♦r❛♠ r❡♣r❡s❡♥t❛❞❛s ❛♣❡♥❛s
❛❧❣✉♠❛s tr❛❥❡tór✐❛s ♣❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦✳

✼✼



♣♦♥t♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❤á ❞✐✈❡rs❛s ❝♦♥tr✐❜✉✐çõ❡s ✈✐♥❞❛s ❞❡ tr❛❥❡tór✐❛s ❝♦♠

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞✐st✐♥t❛s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ♠❛♣❛ ❞✐♥â♠✐❝♦ q✉❡ tr❛♥s❢♦r♠❛ ♦

♣❧❛♥♦ ♥ã♦ é ✉♥í✈♦❝♦✳

❯♠❛ ❢♦r♠❛ ❞❡ ♦❜s❡r✈❛r ❡st❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ tr❛❥❡tór✐❛s ❝♦♥tr✐❜✉✐♥t❡s é

tr❛ç❛r ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ r❡❧❛t✐✈❛s às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ♣r♦❝✉r❛r ❛s ♠ú❧t✐♣❧❛s

✐♥t❡rs❡❝çõ❡s q✉❡ t❡♥❤❛♠ ♦ ♠❡s♠♦ ✈❛❧♦r ❞❡ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦✳ P❛r❛ t❛♥t♦✱

t♦♠❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s ✭tr❛❥❡tór✐❛s✮ ❛❧♦❝❛❞♦s s♦❜r❡ ✉♠ ❣r✐❞ ❡ ♦

❡✈♦❧✉í♠♦s t❡♠♣♦r❛❧♠❡♥t❡✳ ❆♦ ✜♠ ❞♦ ♣r♦❝❡ss♦ r❡t♦r♥❛♠♦s ❝❛❞❛ ♣♦♥t♦ ♣❛r❛

s✉❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ♠♦✈❡♥❞♦ ♦ ❣r✐❞ ❥✉♥t♦ ❝♦♠ ♦s ♣♦♥t♦s ♥❡st❡ ♣r♦❝❡ss♦✳

❊st❛ t❛r❡❢❛ ♣❡r♠✐t❡ q✉❡ ❧♦❝❛❧✐③❡♠♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✐♥✐❝✐❛❧ ❞❡ V1 q✉❛✐s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ t❡r♠✐♥❛♠ s✉❛ ❞✐♥â♠✐❝❛ s♦❜r❡ ✉♠ ♠❡s♠♦ ♣♦♥t♦✳ ❯♠

❡①❡♠♣❧♦ ❡stá ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✶✳✸✳

✺✳✷ ❘❡❢♦r♠✉❧❛çã♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛

❊♠♣r❡❣❛♥❞♦ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ❡①tr❛í❞❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞✉♣❧♦ ♥♦

❡s♣❛ç♦ s✐♠♣❧❡s ♣❛r❛ ❣✉✐❛r ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r

♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ✭✸✳✸✳✶✮ ❝♦♠♦

1̂ (t) =

ˆ

❞2v (t) |v⋆ (t)〉〈v⋆ (t) | =
ˆ

❞2v (0) |Mvv|2 |v⋆ (t)〉〈v⋆ (t) |, ✭✺✳✷✳✶✮

q✉❡ ♥♦ ❝❛s♦ ❞✐s❝r❡t✐③❛❞♦ é ❡①♣r❡ss♦ ❝♦♠♦ ❛ s♦♠❛

ˆ

❞2v (0) →
∑

z⋆j

F
(
z⋆j
)
,

♦♥❞❡ F
(
z⋆j
)
é ✉♠ ♣❡s♦ r❡❧❛t✐✈♦ à ❞❡♥s✐❞❛❞❡ ❞❡ tr❛❥❡tór✐❛s ❛❧♦❝❛❞❛s ♥♦ ✐♥st❛♥t❡

t = 0✳ ❖ ❞❡t❡r♠✐♥❛♥t❡ ❥❛❝♦❜✐❛♥♦ t❡♠ ♦ ♣❛♣❡❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣❡s♦✱ q✉❡ s❡

❝♦♠♣õ❡ ❝♦♠ F ✱ r❡❧❛t✐✈❛ à r❛r❡❢❛çã♦ ♦✉ ❛❞❡♥s❛♠❡♥t♦ ❞❡ tr❛❥❡tór✐❛s ❡♠ ✉♠❛

r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ❣r✐❞ r❡❣✉❧❛r ❝♦♠ ár❡❛ ~ = bc ❛❧♦❝❛❞❛

✼✽



❋✐❣✉r❛ ✺✳✶✳✸✿ ❈✉r✈❛s ❞❡ ♥í✈❡❧ ❞❛s tr❛❥❡tór✐❛s ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r q✉árt✐❝♦ ❞❛
s❡çã♦ ✹✳✸✳✶ ❡♠♣r❡❣❛♥❞♦ tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳ ❆s ❧✐♥❤❛s ♠❛✐s ❣r♦ss❛s r❡♣✲
r❡s❡♥t❛♠ ♦ ♥í✈❡❧ q = −3 ❡ ❛s ❝✉r✈❛s ♠❡♥♦s ❣r♦ss❛s✱ ♦ ♥í✈❡❧ p = 0✳ ❆s
✐♥t❡rs❡❝çõ❡s ✐♥❞✐❝❛♠ ❛s tr❛❥❡tór✐❛s q✉❡ r❡t♦r♥❛♠ ❛♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❝❡♥tr❛❧ ❞♦
❣r✐❞✳ ❍á ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ❡st❡ ♣♦♥t♦✱ ❛s q✉❛✐s
♣❛rt✐❝✐♣❛♠ ♥♦ ❝á❧❝✉❧♦ ❞❛ ❢✉♥çã♦ ❞❡ ❛✉t♦✲❝♦rr❡❧❛çã♦ ♣❛r❛ ♦ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦
❝♦♠ ❝❡♥tr♦ ✐♥✐❝✐❛❧ ❡♠ z = −3/

√
2✳

✼✾



♣♦r ♣♦♥t♦✱ F = 1 ∀z⋆j ✳ ❈❛s♦ ❝♦♥trár✐♦ ❞❡✈❡✲s❡ r❡❡s❝❛❧❛r ❛ ár❡❛✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ s✐♠✐❧❛r ❛ ✭✹✳✶✳✾✮ ♣r♦❝❡❞❡✲s❡ r❡❛❧✐③❛♥❞♦

❛s ♠❡s♠❛s ❡t❛♣❛s ❛♥t❡r✐♦r❡s✱ ❡ ❛ ❝❛❧❝✉❧❛r❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✸

♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❝♦❡r❡♥t❡✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✳ ■♥✐❝✐❛r❡♠♦s t♦♠❛♥❞♦

❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ❞❡ Kv ≡ K (v⋆ (t) , t) = 〈v⋆ (t) |zi, t〉 ❡♠ ✉♠ ❡st❛❞♦

❝♦❡r❡♥t❡ v = ṽ ❡ ✐r❡♠♦s ✐♥s❡r✐r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ✭✺✳✷✳✶✮ ❞❡ ♠♦❞♦ ❝♦♥✈❡♥✐❡♥t❡✿

K̇ṽ =

ˆ

❞2v (t)

[
❞
❞t
〈ṽ⋆ (t) |

]
|v⋆ (t)〉〈v⋆ (t) |zi, t〉+

+
1

i~
〈ṽ⋆ (t) |Ĥ|v⋆ (t)〉〈v⋆ (t) |zi, t〉 ✭✺✳✷✳✷✮

=

ˆ

❞2v

{
−1

2

❞
❞t

|ṽ|2 + v⋆ ˙̃v +
1

i~
H (ṽ, v⋆)

}
〈ṽ⋆|v⋆〉Kv. ✭✺✳✷✳✸✮

◆❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ♦♠✐t✐♠♦s ❛ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧✳ ❆ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r

❡st❛ ❡q✉❛çã♦✱ ♥♦✈❛♠❡♥t❡ ❞❡✜♥✐♠♦s ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❛❞♦ ♣♦r

δ2 ≡ δ2 (v, v
⋆; ṽ⋆) = H (ṽ, v⋆)−

[
H (ṽ, ṽ⋆) +

∂H (ṽ, ṽ⋆)

∂ṽ⋆
(v⋆ − ṽ⋆)

]
,

q✉❡ é ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ H (ṽ, v⋆) ❡ s✉❛ ❡①♣❛♥sã♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ t♦r♥♦

❞❡ v⋆ = ṽ⋆✳ ❙✉❜st✐t✉✐♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♠ ✭✺✳✷✳✸✮ t❡♠♦s

K̇ṽ =

ˆ

❞2v

{
−1

2

❞
❞t

|ṽ|2 + 1

i~

[
δ2 − ˙̃S

]}
〈ṽ⋆|v⋆〉Kv,

♦♥❞❡ S̃ é ❛ ❛çã♦ ❛♦ ❧♦♥❣♦ ❞❛ tr❛❥❡tór✐❛ ũ, ṽ✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❛ ❛çã♦ é ❞❡✜♥✐❞❛

❛❣♦r❛ ♣❛r❛ ✉♠ ♣❛r ❞❡ tr❛❥❡tór✐❛s ♥♦ ❡s♣❛ç♦ V2 ❞❛❞♦ ♣♦r ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥✲

t♦r♥♦ ✭✺✳✵✳✶✮✳ ❊st❛s ❝♦♥❞✐çõ❡s ♥♦s ♠♦t✐✈❛♠ ❛ ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ♣❛r❛ ❛ ❢❛✲

t♦r❛çã♦✱ ♣♦✐s ❛❣♦r❛ u (0) = zi é ✉♠ ♣♦♥t♦ ✜①♦✿

Kv = Cve
− 1

2
|zi|2− 1

2
|v(t)|2e−

1
i~
S, ✭✺✳✷✳✹✮

✸❙❡♠♣r❡ é ♣♦ssí✈❡❧ r❡❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ t❡♥❞♦ ❛ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ t❡r♠♦s
❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s

✽✵



❡♠ q✉❡ S é ❛ ❛çã♦ ♣❛r❛ ❛ tr❛❥❡tór✐❛ u, v✳ ❘❡s✉❧t❛♠♦s ❝♦♠ ✉♠❛ ❡q✉❛çã♦ q✉❡

❛❝♦♣❧❛ ❛s ❛♠♣❧✐t✉❞❡s Cv ❞❛❞❛ ♣♦r

Ċṽ =

ˆ

❞2v

i~
δ2〈ṽ⋆|v⋆〉Cve

1
2 [|ṽ|

2−|v|2]e
1
i~(S̃−S). ✭✺✳✷✳✺✮

❊st❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ✭✺✳✷✳✺✮ é ❡q✉✐✈❛❧❡♥t❡ à ✭✹✳✶✳✾✮ ❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

❡❧❛s ❡stá ♥❛s tr❛❥❡tór✐❛s q✉❡ sã♦ ✉t✐❧✐③❛❞❛s ❡♠ s❡✉ ❝á❧❝✉❧♦s✳ ❆ ♠❡s♠❛ ❛♥á❧✐s❡

r❡❛❧✐③❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ s❡ ❛♣❧✐❝❛ ❛q✉✐✱ ✐♥❝❧✉s✐✈❡ ♥♦ q✉❡ s❡ r❡❢❡r❡ ❛♦s ❛s♣❡❝t♦s

q✉❡ ♥♦s ♠♦t✐✈❛♠ ❛ r❡❛❧✐③❛r ❛♣r♦①✐♠❛çõ❡s ❞❡ ❝✉♥❤♦ ❧♦❝❛❧✱ ❛♣r♦①✐♠❛♥❞♦ ❛s

❛♠♣❧✐t✉❞❡s Cv ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ Cṽ✳

❆ ✐♥t❡❣r❛❧ ♣r❡s❡♥t❡ ❡♠ ✭✺✳✷✳✺✮ ♣r♦✈é♠ ❞❡ ✭✺✳✷✳✶✮✱ ❡ ♣❛r❛ s❡✉ ❡♠♣r❡❣♦ ❡♠

❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ✉♠❛ ❢♦r♠❛ ❞✐s❝r❡t✐③❛❞❛ ❛❞❡q✉❛❞❛ é

Ċṽ =
∑

z⋆j

|Mvv|2
i~

δ2〈ṽ⋆|v⋆〉Cve
1
2 [|ṽ|

2−|v|2]e
1
i~(S̃−S).

✺✳✷✳✶ ❈❛s♦ ❛♥❛❧ít✐❝♦✿ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

❆♣❡s❛r ❞❛ ❢♦r♠❛ ❞✐❢❡r❡♥t❡ ❡♥tr❡ ❛s ❡q✉❛çõ❡s ✭✹✳✶✳✾✮ ❡ ✭✺✳✷✳✺✮✱ ❡❧❛s sã♦

❡q✉✐✈❛❧❡♥t❡s ❡ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❞❛❞❛

❡♠ ✭✹✳✷✳✶✮ ✜❝❛ ❛q✉✐ t❛♠❜é♠ ❡✈✐❞❡♥t❡✱ ♣♦✐s

δ2 (v, v
⋆; ṽ⋆) = ~ω

(
ṽv⋆ +

1

2

)
−
[
~ω

(
ṽṽ⋆ +

1

2

)
+ ~ωṽ (v⋆ − ṽ⋆)

]
= 0.

■st♦ ♥♦s ❧❡✈❛ ❛ Ċṽ = 0✳ ❆s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦

sã♦ ❞❛❞❛s ♣♦r

u (t) = zie
−iωt

v (t) = z⋆j e
iωt,
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❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡

R (v⋆ (t) , t) = C (v⋆ (t) , t) e−
1
2
|zi|2− 1

2
|zj |2e−

1
i~
S

= e−
1
2
|zi|2− 1

2
|zj |2e−

1
i~
S

= e−iωT/2〈z⋆j |zi〉,

q✉❡ é ♦ r❡s✉❧t❛❞♦ ❡①❛t♦ ❥á ❡①✐❜✐❞♦ ❡♠ ✭✹✳✷✳✶✮✳

✺✳✸ ▲✐♠✐t❡ s❡♠✐❝❧áss✐❝♦

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♦❜t✐✈❡♠♦s ✉♠ ❛♥á❧♦❣♦ ❞❛ ❡①♣r❡ssã♦ s❡♠✐❝❧áss✐❝❛

❇❆❑❑❙ ❡♠♣r❡❣❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❛❥❡tór✐❛s r❡❛✐s ♣❛r❛ ❢❛③❡r ✉♠❛ ❛♣r♦①✲

✐♠❛çã♦ ❧♦❝❛❧ à ✐♥t❡❣r❛❧✱ s♦❜r❡ t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♣r❡s❡♥t❡ ♥❛ ❡q✉❛çã♦

❞✐♥â♠✐❝❛ ❞♦s ❈❈❙✳ ❈♦♥t✉❞♦ ❛s tr❛❥❡tór✐❛s r❡❛✐s ♥ã♦ sã♦ ♦ ❡❧❡♠❡♥t♦ ❝❡♥✲

tr❛❧ ♣♦r trás ❞❛ t❡♦r✐❛ q✉❡ ❝✉❧♠✐♥❛ ♥❛ ❛♣r♦①✐♠❛çã♦ s❡♠✐❝❧áss✐❝❛ ✭✸✳✹✳✶✮✱ ❛s

tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ♦ sã♦✳ ❆ss✐♠✱ ❛ ✉t✐❧✐③❛çã♦ ❞❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s

♥♦ ♠ét♦❞♦ ❞♦s ❈❈❙ ❞❡✈❡ r❡❝✉♣❡r❛r ❛q✉❡❧❛ ❡①♣r❡ssã♦ s❡♠✐❝❧áss✐❝❛ ♥❛ ❛♣r♦①✲

✐♠❛çã♦ ❧♦❝❛❧ ❡♠ t♦r♥♦ ❞❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛✳ P❛r❛ ✈❡r✐✜❝❛r s❡ ❡st❛

♣r♦♣♦s✐çã♦ é s❛t✐s❢❡✐t❛✱ r❡❛❧✐③❛r❡♠♦s ❛ s❡❣✉✐r ♦s ♠❡s♠♦s ♣r♦❝❡❞✐♠❡♥t♦s ❛❞♦✲

t❛❞♦s ❛♦ ❧♦♥❣♦ ❞❛ s❡çã♦ ✹✳✹✱ r❡♣❡t✐♥❞♦ ♦ ❝á❧❝✉❧♦✱ ❛❣♦r❛ ❝♦♠ ❛s tr❛❥❡tór✐❛s

❝♦♠♣❧❡①❛s✳

■♥✐❝✐❛♠♦s t♦♠❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ♥♦ ✐♥t❡❣r❛♥❞♦ ❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ ṽ⋆✱ ❛♣r♦①✐♠❛♥❞♦ v⋆ = ṽ⋆ + δv⋆✳ P❛r❛

❝❛❧❝✉❧❛r ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❝♦♥✈é♠ t♦♠❛r s✉❛ ❡①♣❛♥sã♦ ♥❛ ❢♦r♠❛

δ2 =
1

2

∂2H (ṽ, ũ)

∂ũ2
(v⋆ − ũ)2 =

1

2

∂2H (ṽ, ũ)

∂ũ2
(ṽ⋆ − ũ+ δv⋆)2 . ✭✺✳✸✳✶✮

❊st❛ ❞❡r✐✈❛❞❛ ♥ã♦ ♣♦❞❡r✐❛ s❡r t♦♠❛❞❛ ❡♠ r❡❧❛çã♦ ❛ ṽ⋆ ♣♦✐s ❡st❛ ♥ã♦ é ❛

tr❛❥❡tór✐❛ q✉❡ ❡stá ♣r❡s❡♥t❡ ♥❛s ❡q✉❛çõ❡s ❞❡ ❍❛♠✐❧t♦♥ ✭✸✳✸✳✷✮ ❡ ♥❛s ❝♦♥❞✐çõ❡s

❞❡ ❝♦♥t♦r♥♦ ✭✸✳✹✳✸✮ ❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♠♣r❡❣❛r q✉❛♥t✐❞❛❞❡s q✉❡

s❡❥❛♠ ♥❛t✉r❛✐s à tr❛❥❡tór✐❛ q✉❡ ❡stá ♣r❡s❡♥t❡ ♥❛ ❛çã♦ ❝♦♠♣❧❡①❛✳

✽✷



❖ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ s❡ tr❛♥s❢♦r♠❛ ❝♦♠♦ ❞2v = ❞2δv ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❡

ṽ⋆✳ ❖ ❡①♣♦❡♥t❡ t♦t❛❧ ❞♦ ♥ú❝❧❡♦ ❞❡ ✐♥t❡❣r❛çã♦ é ❞❛❞♦ ♣♦r

ρ = −1

2
|ṽ|2 − 1

2
|v|2 + v⋆ṽ +

1

2
|ṽ|2 − 1

2
|v|2 + 1

i~

(
S̃ − S

)

= v⋆ (ṽ − v) +
1

i~

(
S̃ − S

)
. ✭✺✳✸✳✷✮

❊①♣❛♥❞✐♥❞♦✲♦ ❡♠ t♦r♥♦ ❞❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ r❡s✉❧t❛♠♦s ❡♠

ρ = −δv (ṽ⋆ + δv⋆)− 1

i~

(
∂S̃

∂ṽ
δv +

1

2

∂2Sz̃

∂ṽ2
δv2

)
.

❉❛ r❡❧❛çã♦ ✭✸✳✹✳✾✮ ❝❛❧❝✉❧❛❞❛ r❡❛❧✐③❛♥❞♦✲s❡ ❛ s✉❜st✐t✉✐çã♦ z → u ❡ z⋆ → v

✭✺✳✵✳✷✮✱

− 1

i~

∂S̃

∂ṽ
= ũ,

❞❡ ♠♦❞♦ q✉❡ s✐♠♣❧✐✜❝❛♠♦s ❛✐♥❞❛ ♠❛✐s ❛ ❡q✉❛çã♦ ♣❛r❛ ❛ ❢❛s❡ ✭✺✳✸✳✷✮ ❞♦ ♥ú❝❧❡♦

❞❡ ✐♥t❡❣r❛çã♦ ♣❛r❛ ♦❜t❡r

ρ = (ũ− ṽ⋆) δv − δv⋆δv − 1

2

1

i~

∂2Sz̃

∂ṽ2
δv2. ✭✺✳✸✳✸✮

❆❣r✉♣❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ✭✺✳✸✳✶✮ ❡ ✭✺✳✸✳✸✮ ❡ ✐♥s❡r✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✺✳✷✳✺✮

r❡s✉❧t❛♠♦s ❝♦♠ ❛ ❡q✉❛çã♦ s❡♠✐❝❧áss✐❝❛ ❞♦s ❈❈❙✿

❞
❞t

lnCṽ =
1

2

1

i~

∂2H (ṽ, ũ)

∂ũ2

ˆ

❞2δv (ṽ⋆ − ũ+ δv⋆)2 ×

× exp

(
(ũ− ṽ⋆) δv − δv⋆δv − 1

2

1

i~

∂2Sz̃

∂ṽ2
δv2
)
, ✭✺✳✸✳✹✮

♦♥❞❡ ✜③❡♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧ Cv ≈ Cṽ ♣♦r ❡st❛r♠♦s ✐♥t❡r✲

❡ss❛❞♦s s♦♠❡♥t❡ ❡♠ ❝♦♥tr✐❜✉✐çõ❡s ✈✐♥❞❛s ❞❡ tr❛❥❡tór✐❛s ♣ró①✐♠❛s à ❞❡ r❡❢❡r✲

ê♥❝✐❛✳ ❊st❛ ✐♥t❡❣r❛❧ s♦❜r❡ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ V1 ♥❛ ✈❛r✐á✈❡❧ δv ♣♦❞❡ s❡r ❢❡✐t❛

✽✸



❡♠♣r❡❣❛♥❞♦✲s❡ ❛ ❢ór♠✉❧❛ ❞❡ ✐♥t❡❣r❛çã♦ ✭❆✳✵✳✸✮✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛♦ r❡s✉❧t❛❞♦

❞
❞t

lnCṽ = −1

2

(
1

i~

)2
∂2H (ṽ, ũ)

∂ũ2

∂2Sz̃

∂ṽ2
.

❙❡ ❛ ❡①♣❛♥sã♦ ❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❢♦ss❡ t♦♠❛❞❛ s♦♠❡♥t❡ ❡♠ r❡✲

❧❛çã♦ à tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ ❡ ♥ã♦ ❡♠ r❡❧❛çã♦ à tr❛❥❡tór✐❛ ũ ❞❡ V2 ♣r♦❥❡t❛❞❛

❡♠ V1✱ ♦ r❡s✉❧t❛❞♦ s❡r✐❛ ❞✐❢❡r❡♥t❡ ❞♦ ♦❜t✐❞♦ ❛❝✐♠❛✱ ♦ q✉❛❧ t❡♠ t♦t❛❧ ❛♥❛❧♦❣✐❛

❝♦♠ ❛q✉❡❧❡ ♦❜t✐❞♦ ❡♠♣r❡❣❛♥❞♦ tr❛❥❡tór✐❛s r❡❛✐s ✭✹✳✹✳✼✮✳ ❆ ✐♥t❡❣r❛çã♦ t❡♠♣♦✲

r❛❧ é r❡❛❧✐③❛❞❛ ✐❣✉❛❧ àq✉❡❧❡ ❝❛s♦ ❡ ♥ã♦ ❛ r❡♣r♦❞✉③✐r❡♠♦s ✐♥t❡❣r❛♠❡♥t❡✳ ❙❡✉

r❡s✉❧t❛❞♦ é

Cṽ (t) =
Cṽ (0)√
Mvv

exp

[
−1

2

1

i~

ˆ t ∂2H

∂ũ∂ṽ
❞t′
]
.

❊st❛ ❛♠♣❧✐t✉❞❡ r❡❧❛❝✐♦♥❛❞❛ à ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❝❛❧❝✉❧❛❞❛ s♦❜r❡ ❛ tr❛❥❡tór✐❛

ṽ⋆ (t) ♣❡r♠✐t❡ ❡s❝r❡✈❡r♠♦s ✉♠❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ♣❛r❛ ♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③ ♦

♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s ❝♦❡r❡♥t❡s✱ ✉♠ ✜①♦ ✐♥✐❝✐❛❧

|zi〉 ❡ ♦✉tr♦ ❞✐♥â♠✐❝♦ ✜♥❛❧ |v⋆ (t)〉✱ ❝✉❥❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛ tr❛❥❡tór✐❛ s❡❥❛

u (0) = zi ❡ v (0) = z⋆j ✱ ❛ ♣❛rt✐r ❞❡ ✭✺✳✷✳✹✮✿

〈v⋆ (t) |zi, t〉 =
1√
Mvv

exp

[
−1

2

1

i~

ˆ t ∂2H

∂ũ∂ṽ
❞t′
]
×

× exp

[
− 1

i~
S (zi, v (t) , t)−

1

2
|v (t)|2 − 1

2
|zi|2

]
.

❊st❛ ❡①♣r❡ssã♦ é ❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ à ❝♦♥tr✐❜✉✐çã♦ ❞❡ ✉♠❛ tr❛❥❡tór✐❛ ❞♦

❝♦♥❥✉♥t♦ Γ ❢ór♠✉❧❛ s❡♠✐❝❧áss✐❝❛ ❞❡ ❇❆❑❑❙ ✭✸✳✹✳✶✮✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡

zi = z0 ❡ z⋆f = v (t)✳ ❆q✉❡❧❛ ❡①♣r❡ssã♦ é r❡❝✉♣❡r❛❞❛ ❝♦♠♣❧❡t❛♠❡♥t❡ q✉❛♥❞♦

s♦♠❛♠♦s ❡♠ ✉♠ ♣♦♥t♦ zf ✜①♦ t♦❞❛s ❛s tr❛❥❡tór✐❛s v⋆ (t) q✉❡ ❛❧✐ s❡ ❝♦♥❝❡♥✲

tr❛♠✳

❈♦♠ ❛ r❡♦❜t❡♥çã♦ ♣r❡❝✐s❛ ❞❛ ❡q✉❛çã♦ ✭✸✳✹✳✶✮✱ ♦ ♠ét♦❞♦ ❞♦s ❈❈❈❙ ❝✉♠♣r❡

✉♠ ❞♦s ♣r♦♣ós✐t♦s ♣❛r❛ ♦ q✉❛❧ ❢♦✐ ❡❧❛❜♦r❛❞♦✱ ♣r❡❡♥❝❤❡r ♦ ❡s♣❛ç♦ ❡♥tr❡ ❛

❞✐♥â♠✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝♦♠ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s ❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦
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s❡♠✐❝❧áss✐❝❛✳ P❛r❛ ♦ ❝❛s♦ ❞♦ ♠ét♦❞♦ ❝♦♠ tr❛❥❡tór✐❛s r❡❛✐s✱ t❛♥t♦ ❛ ❡q✉❛çã♦

s❡♠✐❝❧áss✐❝❛ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡❧❡ q✉❛♥t♦ s✉❛ ❢♦r♠❛ ❡①❛t❛ ❣❛r❛♥t❡♠ r❡s✉❧t❛✲

❞♦s ❞❡ q✉❛❧✐❞❛❞❡ ♣❛r❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❡st❛❞♦s q✉â♥t✐❝♦s ❬✷✾❪✳ ❉❡st❛

♠❛♥❡✐r❛✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢♦r♠❛ s❡♠✐❝❧áss✐❝❛ ❞♦s ❈❈❈❙ é ✉♠ ❜♦♠ ❛♣r♦①✐✲

♠❛♥t❡ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♣♦❞❡♠♦s ❡s♣❡r❛r ❞❡ s✉❛

❢♦r♠❛ ❡①❛t❛ q✉❡ ❡❧❛ s❡❥❛✱ ♣❡❧♦ ♠❡♥♦s✱ tã♦ ❜❡♠✲s✉❝❡❞✐❞❛ q✉❛♥t♦✳ P♦ré♠✱

❝✉r✐♦s❛♠❡♥t❡✱ ✐st♦ ♥ã♦ é ♦❜s❡r✈❛❞♦✳

✺✳✹ ❚❡st❡ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛

❖ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ ❞❛ t❡♦r✐❛ ❞♦s ❡st❛❞♦s ❝♦❡r❡♥t❡s ❛❝♦♣❧❛❞♦s✱ q✉❡ ✈✐❛✲

❜✐❧✐③❛ ♦ ❡♠♣r❡❣♦ ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❞✐♥â♠✐❝♦s✱ é ♣♦❞❡r♠♦s ❡①♣r❡ss❛r

♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❡♠ t❡r♠♦s ❞♦s ❡st❛❞♦s ❞❛ ❜❛s❡✳ ❉❡ ♥❛❞❛ ✈❛❧❡r✐❛ ❡♠✲

♣r❡❣❛r♠♦s ✉♠❛ ❢♦r♠❛ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ q✉❡ s❡❥❛ ❢❛❧s❛ ❝♦♠ ♦ ♣r♦♣ós✐t♦

❞❡ ♦❜t❡r ✉♠❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛✳ ❆♥❛❧✐s❛r❡♠♦s s❡ ❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✮ é ✈á❧✐❞❛

❝❛❧❝✉❧❛♥❞♦ ❛ ✐♥t❡❣r❛❧

|✐❞ (t)|2 ≡ 〈z′|z′〉 =
ˆ

❞2v (0) |Mvv|2 |〈v⋆ (t) |z′〉|2 , ✭✺✳✹✳✶✮

q✉❡ ♦❢❡r❡❝❡ ✉♠ ❡st✐♠❛❞♦r ❞♦ ♠ó❞✉❧♦ ❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❡ q✉❡ s✉♣♦st❛♠❡♥t❡ ❞❡✈❡

s❡♠♣r❡ ✈❛❧❡r ✉♠✳

❆ ♣r✐♥❝í♣✐♦ s❛❜❡♠♦s q✉❡ ❛ ❛✈❛❧✐❛çã♦ ♥✉♠ér✐❝❛ ❞❡ ✭✺✳✹✳✶✮ ♣♦❞❡ ♥ã♦ s❡r ❛

✉♥✐❞❛❞❡✱ ❜❛st❛ ♣❛r❛ t❛♥t♦ t♦♠❛r♠♦s ♦ ❡st❛❞♦ z′ s✉✜❝✐❡♥t❡♠❡♥t❡ ❞✐st❛♥t❡ ❞❛

r❡❣✐ã♦ ❞❡ V1 ♦♥❞❡ ♦❝♦rr❡ ❛ ❞✐♥â♠✐❝❛✳ ❖ ♦✈❡r❧❛♣ ❡♥tr❡ ♦s ❡st❛❞♦s s❡rá s❡♠♣r❡

í♥✜♠♦ ❡ ♣♦rt❛♥t♦ ♦ r❡s✉❧t❛❞♦ s❡ ❛♣r♦①✐♠❛rá ❞❡ ③❡r♦✳ ■st♦ ♠♦str❛ q✉❡ ♦ ♠♦❞♦

❝♦♠♦ ❡s❝♦❧❤❡♠♦s v (0) é ✐♠♣♦rt❛♥t❡✳

❚♦♠❛r❡♠♦s ❝❛s♦s ❡♠ q✉❡ ♦s ♣♦♥t♦s z′ sã♦ ✜①❛❞♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞❡

♠❛♥❡✐r❛ q✉❡ ♥❡♠ s❡♠♣r❡ ❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❞✐♥â♠✐❝♦s ❡stá t♦t❛❧♠❡♥t❡ ❛❧♦❝❛❞❛

❛♦ r❡❞♦r ❞❡❧❡s✱ ♦✉ s❡❥❛✱ ❡❧❡s ❡st❛rã♦ ❡♠ ♣♦s✐çõ❡s ❡str❛té❣✐❝❛s ❡♠ q✉❡ ❛ ❜❛s❡✱

❞✉r❛♥t❡ ✉♠ ❝❡rt♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ s❡rá ✐♥s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡s❝r❡✈ê✲❧♦s✳ P❛r❛

✐ss♦ t♦♠❛r❡♠♦s v (0) ❡♠ t♦r♥♦ ❞❡ ✉♠ ✈❛❧♦r ❝❡♥tr❛❧ z0✳ ❯♠ ❞✐❛❣r❛♠❛ s♦❜r❡
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❋✐❣✉r❛ ✺✳✹✳✶✿ ❊sq✉❡r❞❛✱ ♠♦❞❡❧♦ ✶✱ ❡♠ ❢♦r♠❛ ❞❡ q✉❛❞r❛❞♦✳ ❉✐r❡✐t❛✱ ♠♦❞❡❧♦
✷✱ ❡♠ ❢♦r♠❛ ❞❡ ❝r✉③✳ ❖ ♣♦♥t♦ z0 é ♦ ❝❡♥tr♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❛❥❡tór✐❛s ❡ ♦s
♦✉tr♦s q✉❛tr♦ ♣♦♥t♦s✱ z′✱ sã♦ ✜①♦s✳ ❆✈❛❧✐❛♠♦s ❛ ♣❛ss❛❣❡♠ ❞❛ ❜❛s❡ ♣♦r ❡❧❡s
✭z0 ❝♦✐♥❝✐❞❡ ❝♦♠ ✉♠ ❞❡st❡s q✉❛tr♦ ♥♦ ♠♦❞❡❧♦ ✷✮✳

❞✉❛s ❢♦r♠❛s ❞❡ s❡ r❡❛❧✐③❛r ❛ ❡s❝♦❧❤❛ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✹✳✶✳ P❛r❛

q✉❡ ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ s❡❥❛ r❛③♦❛✈❡❧♠❡♥t❡ ❜❡♠ ❞❡s❝r✐t❛✱ ❡s♣❡r❛♠♦s q✉❡ ❛

✐♥t❡❣r❛❧ ✭✺✳✹✳✶✮ q✉❡ r❡♣r❡s❡♥t❛ ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ s❡♠♣r❡ ✈❛❧❤❛ ✉♠ ❡♠

♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s ♣♦♥t♦s ❡s❝♦❧❤✐❞♦s✳

❆ ✜♠ ❞❡ ✐♥t❡❣r❛r ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡✱ ✉♠ ❝✉✐❞❛❞♦ ❛✐♥❞❛ ❞❡✈❡ s❡r

t♦♠❛❞♦✳ ❉❡✈✐❞♦ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♣♦✉❝♦ tr✐✈✐❛❧ ❞❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✱

❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✶✳✷✱ ♠✉✐t❛s ✈❡③❡s ❛s tr❛❥❡tór✐❛s ❛♣r❡s❡♥t❛♠ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❛❧t❛♠❡♥t❡ ♥ã♦ ❢ís✐❝♦ ❡ s❡ t♦r♥❛ ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r ✉♠ ♠♦♥✐t♦r❛✲

♠❡♥t♦ s♦❜r❡ ❡❧❛s ❞❡✈✐❞♦ ❛ ❞♦✐s ❢❡♥ô♠❡♥♦s✿

✶✳ ❖ ♠ó❞✉❧♦ ❞♦ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ t❛♥❣❡♥t❡ q✉❡ ❡♥tr❛ s♦❜ ✐♥t❡❣r❛çã♦

♣♦❞❡ ❞✐✈❡r❣✐r ♥✉♠❡r✐❝❛♠❡♥t❡✱ ❞❡ ❢♦r♠❛ q✉❡ ✐♠♣♦♠♦s ✉♠ ✈❛❧♦r ❞❡ ❝♦rt❡

µ ❛ ❡❧❡✳ ❊st❡ ✈❛❧♦r é ❛r❜✐trár✐♦ ❡ r❡❛❧✐③❛❞♦ ❞❡ ♠♦❞♦ t❡♥t❛t✐✈♦✱ ❝♦♥t✉❞♦

❤á tr❛❜❛❧❤♦s q✉❡ s✉❣❡r❡♠ ✉♠❛ ❢❛✐①❛ ❞❡ ✈❛❧♦r❡s ❛♣r♦♣r✐❛❞❛ ❬✷✸❪✳

✷✳ ❆ ❢❛t♦r❛çã♦ r❡❛❧✐③❛❞❛ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✭✺✳✷✳✹✮ ❡①✐❣❡ ✉♠❛ ❝♦♥❞✐çã♦

♣❛r❛ s❡r ❜❡♠ ❞❡t❡r♠✐♥❛❞❛❀ s❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❛çã♦ ❝❛❧❝✉❧❛❞❛

❛♦ ❧♦♥❣♦ ❞❛ tr❛❥❡tór✐❛ ♥❛ q✉❛❧ s❡ ❝❛❧❝✉❧❛ ❛ ❛♠♣❧✐t✉❞❡ t✐✈❡r ✉♠ ✈❛❧♦r

♥❡❣❛t✐✈♦ d✱ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❡s❝❛❧❛ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ed✳ ■st♦ ♥♦s

❢❛③ ❝♦♥s✐❞❡r❛r ✉♠ ✈❛❧♦r ❞❡ ❝♦rt❡ ♣❛r❛ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❛çã♦✳

✽✻



❊st❡s ✈❛❧♦r❡s ❞❡ ❝♦rt❡ sã♦✱ ❛ss✐♠✱ ♣✉r❛♠❡♥t❡ ❤❡✉ríst✐❝♦s✳

❊st✉❞❛♠♦s ❛ ❡✈♦❧✉çã♦ ❞❡ ✭✺✳✹✳✶✮ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡ ♣❛r❛ ♦

♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❝♦♠ ♦ t❡r♠♦ q✉árt✐❝♦✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❡♠♣r❡❣❛♠♦s

✈❛❧♦r❡s ❞❡ ❝♦rt❡

|Mvv| < µ = 2.5,

Im [S] > d = −~.

◆❛ ❋✐❣✉r❛ ✺✳✹✳✷ ❡①✐❜✐♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡st✐♠❛❞♦r ❞❛ ✐❞❡♥t✐❞❛❞❡✱

❝❛❧❝✉❧❛❞❛ ❝♦♠ ♦s ♠♦❞❡❧♦s ❞❡ ❡st❛❞♦s ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✹✳✶✳ ❖ ♠♦❞❡❧♦ ✶

❢♦✐ ❡♠♣r❡❣❛❞♦ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ❝♦♠ z0 ❞❛❞♦ ♣♦r q0 = −2, p0 = 0

❡ ♦s ❡st❛❞♦s |z′〉 ❞✐s♣♦st♦s ♥♦s ✈ért✐❝❡s ❞♦ q✉❛❞r❛❞♦ ❞❡ ❧❛❞♦ q✉❛tr♦ ❝❡♥tr❛❞♦

♥❛ ♦r✐❣❡♠✳ P❛r❛ ♦ ❝❛s♦ q✉árt✐❝♦✱ ❡♠♣r❡❣❛♠♦s ♦ ♠♦❞❡❧♦ ✷ ❝♦♠ ♦ ♠❡s♠♦ z0✱

❝♦♠ ♦s ❡st❛❞♦s ❞✐s♣♦st♦s ❛♦ ❧♦♥❣♦ ❞♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ❞❡

❞✉❛s ✉♥✐❞❛❞❡s ❞❛ ♦r✐❣❡♠✳

◗✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ é ❡①tr❡♠❛♠❡♥t❡ ✈✐á✈❡❧ ❛ r❡✲

❛❧✐③❛çã♦ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❞❡✈✐❞♦ à ❢♦r♠❛ q✉❡ tê♠ ❛s s♦❧✉çõ❡s ❞❛s

❡q✉❛çõ❡s ❞✐♥â♠✐❝❛s✳ ❊st❡ ♥ã♦ é ♦ ❝❛s♦ ❞♦ ♦s❝✐❧❛❞♦r q✉árt✐❝♦✱ ✈✐st♦ q✉❡ ❛

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❡st❡✱ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❝✉rt♦✱ ❝♦♠❡ç❛ ❛ s♦❢r❡r ❞❡✲

s❝♦♥✜❣✉r❛çõ❡s✳

❖ ❛s♣❡❝t♦ s❡rr✐❧❤❛❞♦ ❞♦ ✈❛❧♦r ❞❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ❤❛r♠ô♥✐❝♦

♣r♦✈é♠ ❞♦s ❝♦rt❡s r❡❛❧✐③❛❞♦s ♥❛s tr❛❥❡tór✐❛s✱ ♦♥❞❡ ❡❧❡♠❡♥t♦s sã♦ r❡t✐r❛❞♦s ❞❛

❜❛s❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s✳ ❈❛s♦ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♥ã♦ ❢♦ss❡ r❡❛❧✐③❛❞♦✱ ♣❛r❛

t < 2 ❛ ✐❞❡♥t✐❞❛❞❡ ❥á t❡r✐❛ ✈❛❧♦r ♠❛✐♦r ❞♦ q✉❡ ✉♠✱ ❡ ❡st❡ ✈❛❧♦r ❞✐✈❡r❣✐r✐❛

r❛♣✐❞❛♠❡♥t❡✳

❆♥❛❧✐s❛r ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ é ♦ ❝á❧❝✉❧♦ ♠❛✐s s✐♠♣❧❡s q✉❡ ♣♦❞❡♠♦s r❡✲

❛❧✐③❛r✳ ❆q✉✐✱ ♥❡♥❤✉♠ ❢❡♥ô♠❡♥♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ q✉â♥t✐❝❛ ❡♥tr❡ ❛s ❛♠♣❧✐t✉❞❡

❛✈❛❧✐❛❞❛s ♥♦s ❡st❛❞♦s ❞✐♥â♠✐❝♦s ❡stá s❡♥❞♦ ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛✱ ♠❛s s♦♠❡♥t❡ ❛

❞✐♥â♠✐❝❛ ❞❛s tr❛❥❡tór✐❛s✳ ◗✉❛♥❞♦ ✐♥t❡❣r❛♠♦s ❛ ❡q✉❛çã♦ ✭✺✳✷✳✺✮ q✉❡ ❞á ❛ ✈❛r✐✲

❛çã♦ ❞❛s ❛♠♣❧✐t✉❞❡s ❞❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛✱ ❛ t❡♥❞ê♥❝✐❛ é q✉❡ ❛ ❞❡s❝♦♥✜❣✉r❛çã♦
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❋✐❣✉r❛ ✺✳✹✳✷✿ ❊✈♦❧✉çã♦ ❞♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡✳ ❆❝✐♠❛✱ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r
❤❛r♠ô♥✐❝♦✱ ❞❡ ♠♦❞♦ r❡❝♦rr❡♥t❡ ❛ ✐❞❡♥t✐❞❛❞❡ ✈♦❧t❛ ❛ ✈❛❧❡r ✉♠ q✉❛♥❞♦ ❛ ❜❛s❡
❛❧❝❛♥ç❛ ♦s ❡st❛❞♦s ❡♠ s✉❛ ❞✐♥â♠✐❝❛✳ ❆❜❛✐①♦✱ ♣❛r❛ ♦ ♦s❝✐❧❛❞♦r q✉árt✐❝♦✱ ❛
❜❛s❡ ❝♦♠❡ç❛ ❛ ❞❡♠♦♥str❛r t❛❧ ❝♦♠♣♦rt❛♠❡♥t♦✱ ♣♦ré♠ ❡❧❡ s❡ ❞❡s❝❛r❛❝t❡r✐③❛
❝♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✳
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❞❛ ✐❞❡♥t✐❞❛❞❡ s❡ ♣r♦♣❛❣✉❡ ❞❡ ❢♦r♠❛ ❞r❛♠át✐❝❛ ♥♦ ❝á❧❝✉❧♦ ❞✐♥â♠✐❝♦✱ ❞✐ss❡♠✲

✐♥❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ♣r❡s❡♥t❡ ❡♠ ❛❧❣✉♠❛s tr❛❥❡tór✐❛s ♣❛r❛ t♦❞♦ ♦ s✐st❡♠❛✱

❞❡✈✐❞♦ ❛♦ ❛❝♦♣❧❛♠❡♥t♦✱ ♦ q✉❡ t♦r♥❛ ♦s r❡s✉❧t❛❞♦s ♣r♦✈✐♥❞♦s ❞❛ ❛♣❧✐❝❛çã♦ ❞❡

✭✺✳✷✳✺✮ ♥ã♦ ✈❡rí❞✐❝♦s ✐♥❝❧✉s✐✈❡ ♣❛r❛ t❡♠♣♦s ❝✉rt♦s✳ ◆❛ ❋✐❣✉r❛ ✺✳✹✳✸ ❡①✐❜✐♠♦s

❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ♣❛r❛ ♦ ♠❡s♠♦ s✐st❡♠❛ q✉árt✐❝♦ ❡st✉❞❛❞♦ ♥❛ s❡çã♦ ✹✳✸✳✶✱

❝❛❧❝✉❧❛❞♦ ❛❣♦r❛ ❡♠♣r❡❣❛♥❞♦ tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳

❊st❛ ✐♥✈❛❧✐❞❛❞❡ ❞❛ t❡♦r✐❛ ❡①❛t❛ ❈❈❈❙ ♣❛r❛ t❡♠♣♦s ❧♦♥❣♦s✱ ❛♦ ♠❡♥♦s

♥♦ ❝❛s♦ ❡st✉❞❛❞♦✱ é ❛❧❣♦ s✉r♣r❡❡♥❞❡♥t❡✱ ♣♦✐s s❡✉ ❛♥á❧♦❣♦ s❡♠✐❝❧áss✐❝♦ ♥ã♦

❛♣r❡s❡♥t❛ ❛s ❞✐✜❝✉❧❞❛❞❡s q✉❡ ❡❧❛ t❡♠✱ ❛♣❡s❛r ❞❡ s❡ tr❛t❛r ❞❡ ✉♠ ♠ét♦❞♦

❛♣r♦①✐♠❛❞♦✳ ❖ q✉❡ t♦r♥❛ ♦s r❡s✉❧t❛❞♦s s❡♠✐❝❧áss✐❝♦s ✈✐á✈❡✐s é ❥✉st❛♠❡♥t❡ ❛

❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧✳ P♦r ❡❧❛ ❡♥✈♦❧✈❡r ❛ s♦♠❛ s♦❜r❡ ❛s tr❛❥❡tór✐❛s✱ ❛ r❡♠♦çã♦

❞❡ ✉♠❛ ❞❡❧❛s q✉❡ s❡❥❛ ♣r♦❜❧❡♠át✐❝❛ ❞❡✈❡ ♠❡❧❤♦r❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ r❡s✉❧t❛❞♦

✜♥❛❧✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦ ♠ét♦❞♦ ❞✐♥â♠✐❝♦✱ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡ ❛ ✐♥❞❡t❡r♠✐♥❛çã♦

♣ré✈✐❛ ❞❡ ✉♠❛ tr❛❥❡tór✐❛ ❛♥♦r♠❛❧ ❢❛③ ❝♦♠ q✉❡ ♦ ❝♦♥tr♦❧❡ q✉❡ t❡♠♦s ♥♦ ❝❛s♦

s❡♠✐❝❧áss✐❝♦ s❡❥❛ ♣❡r❞✐❞♦✳
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❋✐❣✉r❛ ✺✳✹✳✸✿ ❊✈♦❧✉çã♦ q✉â♥t✐❝❛ ❞♦ ♣❛❝♦t❡ ❣❛✉ss✐❛♥♦ s♦❜ ♦ ♣♦t❡♥❝✐❛❧ q✉árt✐❝♦
❝❛❧❝✉❧❛❞❛ ♣♦r s♣❧✐t✲t✐♠❡ ♦♣❡r❛t♦r ❡ ❝♦♠ ❈❈❈❙✳ ❆ ♣❛rt✐r ❞❡ ✉♠ ♣❡rí♦❞♦ ❞♦
♠♦✈✐♠❡♥t♦ ♥ã♦✲♣❡rt✉r❜❛❞♦✱ ♣❡r❞❡✲s❡ ❛ r❡s♦❧✉çã♦ ❛♣✉r❛❞❛ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛s✳

✾✵



❈❛♣ít✉❧♦ ✻

❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

❖ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ ♠ét♦❞♦

❡①❛t♦ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ ❡♠✲

♣r❡❣❛♥❞♦ ♣❛r❛ ✐ss♦ ✉♠❛ ❜❛s❡ ❞❡ ❡st❛❞♦s ❝♦❡r❡♥t❡s ❞✐♥â♠✐❝♦s ❣✉✐❛❞♦s s♦❜r❡

tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳ ◆❛ t❡♦r✐❛ s❡♠✐❝❧áss✐❝❛ ❡st❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s tê♠

✉♠ ♣❛♣❡❧ ❝❡♥tr❛❧ ❡ ❡①♣❛♥❞❡♠ ♦s ❤♦r✐③♦♥t❡s ❞❛ ❞✐♥â♠✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱

t❡♥❞♦ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❡ s❡ ❛ss❡♠❡❧❤❛ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ♣❛❝♦t❡s ❞❡

♦♥❞❛ q✉â♥t✐❝♦s✳ ❖ ♠ét♦❞♦ ❡①❛t♦ ❞♦s ❈❈❙ é ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞❡ ❡st❛✲

❞♦s ❝♦❡r❡♥t❡s ❣✉✐❛❞♦s s♦❜r❡ ❛s✱ ♠❛✐s ❜❡♠ ❝♦♠♣♦rt❛❞❛s✱ tr❛❥❡tór✐❛s r❡❛✐s ❡

❡❧❡ ❢♦✐ t♦♠❛❞♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ q✉❡

❡♠♣r❡❣❛ss❡ ❛s tr❛❥❡tór✐❛s ❝♦♠♣❧❡①❛s✳

■♥✐❝✐❛❧♠❡♥t❡ ❞❡♠♦♥str❛♠♦s ❞❡ ❢♦r♠❛ ❝✉✐❞❛❞♦s❛ ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞♦s

❈❈❙✱ r❡str✐♥❣✐♥❞♦ ♦ t✐♣♦ ❞❡ tr❛❥❡tór✐❛ ♣❡r♠✐t✐❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝❧áss✐❝♦ ❛♦

❝♦♥❥✉♥t♦ ❞❛s r❡❛✐s✳ ❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ♣❛r❛ ❛s tr❛❥❡tór✐❛s

❝♦♠♣❧❡①❛s ❢♦✐ ❞❡♠♦♥str❛❞❛ ❛♣❡♥❛s ❛❜♦❧✐♥❞♦ ❡st❛ r❡str✐çã♦✳

❖ s✉❝❡ss♦ ♦❜t✐❞♦ ♣❡❧❛ ❛♣r♦①✐♠❛çã♦ s❡♠✐❝❧áss✐❝❛ ❞♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛tr✐③

❇❆❑❑❙ ♣❛r❛ ♦ ♣r♦♣❛❣❛❞♦r q✉â♥t✐❝♦ ♥♦s ❢❡③ s✉♣♦r q✉❡ ♦ ❡♠♣r❡❣♦ ❞❡ ✉♠

❡sq✉❡♠❛ ❡①❛t♦ q✉❡ ♦ ❛♥t❡❝❡❞❡ss❡✱ ❡ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ♣✉❞❡ss❡ s❡r ♦❜t✐❞♦✱ s❡r✐❛

tã♦ ❜❡♠ ♦✉ ♠❡❧❤♦r s✉❝❡❞✐❞♦ q✉❡ ♦ ❛♣r♦①✐♠❛♥t❡ s❡♠✐❝❧áss✐❝♦✳ ❈♦♥t✉❞♦ ♥ã♦ ❢♦✐

❝♦♠ ❡st❡ ♣❛♥♦r❛♠❛ q✉❡ ♥♦s ❞❡❢r♦♥t❛♠♦s✳ ◗✉❛♥❞♦ ❡st✉❞❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞♦
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♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❝♦♥str✉í❞♦ ❝♦♠ ♦s ❡st❛❞♦s ❣✉✐❛❞♦s s♦❜r❡ ❛s tr❛❥❡tór✐❛s

❝♦♠♣❧❡①❛s ♦❜s❡r✈❛♠♦s ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♥ô♠❛❧♦ ❞❡st❡✱ ❞❡❝♦rr❡♥t❡ ❡♠

❣r❛♥❞❡ ♣❛rt❡ ❞❡ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ✐♥trí♥s❡❝♦s ❛ ❡st❛s tr❛❥❡tór✐❛s✳

◆♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♦♥❞❡ s❡ ❞á ❛ ❞✐♥â♠✐❝❛✱ ♦ ✢✉①♦ ❣❡r❛❞♦ ♣❡❧❛s ❝✉r✈❛s

✐♥t❡❣r❛✐s ❞❛s tr❛❥❡tór✐❛s ✈✐♦❧❛ ♦ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✱ ♦ q✉❡ ♥♦s ♦❜r✐❣❛ ❛

❡♠♣r❡❣❛r ✉♠❛ ❝♦rr❡çã♦ ♣r♦✈✐♥❞❛ ❞❛ ♠❛tr✐③ t❛♥❣❡♥t❡ ♣❛r❛ ♦ ❡❧❡♠❡♥t♦ ❞❡

ár❡❛✳ ❈♦♥t✉❞♦✱ ❛ ❞✐♥â♠✐❝❛ ❞❡st❛ ♠❛tr✐③ ❛♣r❡s❡♥t❛ ❞✐✈❡r❣ê♥❝✐❛s ✐♥❝❧✉s✐✈❡

♣❛r❛ t❡♠♣♦s ❝✉rt♦s ❞❡ ❡✈♦❧✉çã♦✱ ♦ q✉❡ t♦r♥❛ ♦ ❝á❧❝✉❧♦ ♣r♦❜❧❡♠át✐❝♦✳ ❖✉tr♦

❢❛t♦r q✉❡ ❝♦♠♣r♦♠❡t❡ ♦ s✉❝❡ss♦ ❞♦ ♠ét♦❞♦ ❡①❛t♦ é ❛ ❛çã♦ s❡r ✉♠❛ ❢✉♥çã♦

❝♦♠♣❧❡①❛ q✉❡ r❡ss✉r❣❡ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❢❛s❡✱ ♦ q✉❡ ❣❡r❛ t❡r♠♦s q✉❡ sã♦

❡①♣♦♥❡♥❝✐❛✐s ❞❡ ❢✉♥çõ❡s ♣♦s✐t✐✈❛s ❡ q✉❡ ❝♦♥❞✉③❡♠ t❛♠❜é♠ ❛ ❞✐✈❡r❣ê♥❝✐❛s✳

❯♠❛ ❢♦r♠❛ ❞❡ ❧✐❞❛r ❝♦♠ ❡st❡s ♣r♦❜❧❡♠❛s é tr❛t❛r ❡st❛s tr❛❥❡tór✐❛s ♣r♦❜✲

❧❡♠át✐❝❛s✱ ❝♦♠ s✐❣♥✐✜❝❛❞♦ q✉❛s❡ ♥ã♦✲❢ís✐❝♦✱ ❝♦♠♦ ❝♦r♣♦s ❡str❛♥❤♦s ♥♦ ❝á❧❝✉❧♦✱

❡ ❛s ♦♠✐t✐r q✉❛♥❞♦ s❡✉s ♣❛râ♠❡tr♦s ❛t✐♥❣❡♠ ❝❡rt❛ ❢❛✐①❛ ❞❡ ✈❛❧♦r❡s✳ ❈♦♥t✉❞♦

❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣r❡✈✐❛♠❡♥t❡ ❞❡t❡r♠✐♥❛r q✉❛✐s sã♦ t❛✐s tr❛❥❡tór✐❛s ♣♦❞❡

♥♦s ❧❡✈❛r ❛ r❡❛❧✐③❛r ♦ ❝♦rt❡ t❛r❞❡ ❞❡♠❛✐s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❛ ❡st❛

❛❧t✉r❛ ❥á ❡stá ❞✐ss❡♠✐♥❛❞♦ ❝♦♠♦ ✉♠❛ ❞♦❡♥ç❛ ♥❛s ♦✉tr❛s tr❛❥❡tór✐❛s✳ ❊ ♠❛✐s✱

♦ ❝♦rt❡ ♣♦❞❡ s❡r ❛❝✐❞❡♥t❛❧♠❡♥t❡ ❢❡✐t♦ ❡♠ tr❛❥❡tór✐❛s s❛❞✐❛s q✉❡ r❡t♦r♥❛♠

♣❛r❛ ❞❡♥tr♦ ❞❛ ❢❛✐①❛ ❞❡ ♣❛râ♠❡tr♦s ❛❞❡q✉❛❞❛ ❡♠ ✉♠ t❡♠♣♦ ♣♦st❡r✐♦r✱ ♦ q✉❡

♣r❡❥✉❞✐❝❛ ❞❡ s♦❜r❡♠❛♥❡✐r❛ ♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ❡①❛t♦✳

❋♦r♠❛❧♠❡♥t❡ ♦ ♠ét♦❞♦s ❞♦s ❈❈❈❙ é ✈❡r❞❛❞❡✐r♦ ❡ ♥♦s ❝♦♥❞✉③ ❛ ✉♠❛

❡q✉❛çã♦ ❞✐♥â♠✐❝❛ q✉❡✱ q✉❛♥❞♦ ❛♣❧✐❝❛❞❛ ❛ ❛❧❣✉♥s ❝❛s♦s ❛♥❛❧ít✐❝♦s ❡ ♥✉♠ér✐✲

❝♦s s✐♠♣❧❡s✱ t❛❧ ❝♦♠♦ ♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❡ ❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡✱ r❡♣r♦❞✉③

♦s r❡s✉❧t❛❞♦s ❡①❛t♦s✳ ◆❡st❛ ❢♦r♠✉❧❛çã♦ q✉❡ ♣r♦♣♦♠♦s✱ ❛ ❧✐♠✐t❛çã♦ ❞❡ s✉❛

❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡stá ♥❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞❡t❡r♠✐♥❛r q✉❡♠ sã♦ ❛s tr❛❥❡tór✐❛s

❢ís✐❝❛s ❡ q✉❡♠ sã♦ ❛s tr❛❥❡tór✐❛s ♣❛t♦❧ó❣✐❝❛s ❛ ♣❛rt✐r ❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳
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❆♣ê♥❞✐❝❡ ❆

■♥t❡❣r❛✐s ❣❛✉ss✐❛♥❛s

■♥t❡❣r❛✐s ❣❛✉ss✐❛♥❛s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♠♣❧❡①❛ sã♦ ❡s❝r✐t❛s ♥❛ ❢♦r♠❛

GI =

ˆ

❞2z exp
{
a1z

2 + a2z
⋆2 + a3z

⋆z + b1z + b2z
⋆
}
, ✭❆✳✵✳✶✮

♦♥❞❡ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❞2z ❝♦♠♦ ✉♠❛ ✐♥t❡❣r❛çã♦ s♦❜r❡ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✲

✐♥ár✐❛ ❞❡ z✱ ❞❡♥♦♠✐♥❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r Q ❡ P ✿

ˆ

❞2z =
1

π

ˆ ∞

−∞
❞Q
ˆ ∞

−∞
❞P.

P❛r❛ ❛✈❛❧✐❛r ❛ ✐♥t❡❣r❛❧ ✭❆✳✵✳✶✮✱ ❡s❝r❡✈❡♠♦s z ❡ z⋆ ❡♠ t❡r♠♦s ❞❡ Q ❡ P ✱ ❡

✐♥t❡❣r❛♠♦s ❛♠❜❛s ♥♦ ✐♥t❡r✈❛❧♦ [−∞,∞]✿

GI =
1

π

ˆ ∞

−∞
❞Q
ˆ ∞

−∞
❞P×

× ea1(Q+iP )2+a2(Q−iP )2+a3(Q2+P 2)+b1(Q+iP )+b2(Q−iP ).

❊①♣❛♥❞✐♥❞♦ ♦ ❡①♣♦❡♥t❡ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✿

GI =

ˆ ∞

−∞

ˆ ∞

−∞

❞Q❞P
π

eA1Q2+A2P 2+A3QP+B1Q+B2P ,
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♦♥❞❡✱ ❛❣♦r❛✱ A1 = a1 + a2 + a3✱ A2 = −a1 − a2 + a3✱ A3 = 2ia1 − 2ia2✱

B1 = b1 + b2 ❡ B2 = ib1 − ib2✳ ❚♦♠❛♠♦s ♦ ❡①♣♦❡♥t❡ ❡ ❝♦♠♣❧❡t❛♠♦s ♦s

q✉❛❞r❛❞♦s ♣r✐♠❡✐r♦ ❡♠ Q ❡ ❞❡♣♦✐s ❡♠ P ✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ Q0 ❛❜❛✐①♦ ♣♦❞❡ s❡r

❢✉♥çã♦ ❞❡ P ✱ ♠❛s s❡♠ P0 s❡r ❢✉♥çã♦ ❞❡ Q ❡♠ ❝♦♥tr❛♣❛rt✐❞❛✿

A1 (Q−Q0)
2 + S (P − P0)

2 + T =

= A1Q
2 − 2A1QQ0 + A1Q

2
0 + SP 2 − 2SPP0 + SP 2

0 + T =

= A1Q
2 + A2P

2 + A3QP +B1Q+B2P.

■st♦ ✐♠♣❧✐❝❛ q✉❡

Q0 = −B1 + A3P

2A1

❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡

A1Q
2 +Q (B1 + A3P ) +

1

4A1

(B1 + A3P )2 + SP 2 − 2SPP0 + SP 2
0 + T =

= A1Q
2 +

(
A2

3

4A1

+ S

)
P 2 + A3QP +B1Q+

+

(
B1A3

2A1

− 2SP0

)
P + SP 2

0 +
B2

1

4A1

+ T =

= A1Q
2 + A2P

2 + A3QP +B1Q+B2P.

❊①tr❛í♠♦s ❛❣♦r❛

S = A2 −
A2

3

4A1
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❡ ❛ss✐♠

A1Q
2 + A2P

2 + A3QP +B1Q+

[
B1A3

2A1

− 2

(
A2 −

A2
3

4A1

)
P0

]
P+

+

(
A2 −

A2
3

4A1

)
P 2
0 +

B2
1

4A1

+ T =

= A1Q
2 + A2P

2 + A3QP +B1Q+B2P.

❋✐♥❛❧✐③❛♠♦s ❝❛❧❝✉❧❛♥❞♦

P0 =
2A1B2 − B1A3

A2
3 − 4A1A2

, T =
A1B

2
2 + A2B

2
1 − A3B1B2

(A2
3 − 4A1A2)

.

❖ ♣ró①✐♠♦ ♣❛ss♦ é r❡❛❧✐③❛r ❛ ✐♥t❡❣r❛❧ s♦❜r❡ ❛ ✈❛r✐á✈❡❧ Q ♥❛ r❡t❛ r❡❛❧✳

GIQ =

ˆ ∞

−∞
❞QeA1(Q+Q0)

2

=

√
− π

A1

,

❝♦♥✈❡r❣✐♥❞♦ s♦♠❡♥t❡ s❡ Re [A1] < 0✳ ■♥t❡❣r❛♠♦s ❛❣♦r❛ ❡♠ P ✱ ❢❛③❡♥❞♦ ξ =

4A1A2 − A2
3✱

GI =
1

π
eT
ˆ ∞

−∞

ˆ ∞

−∞
❞Q❞PeA1(Q−Q0)

2+S(P−P0)
2

=
1

π
GIQe

T

ˆ ∞

−∞
❞Pe

1
4A1

ξ(P−P0)
2

=
1

π
eT
√

− π

A1

√
−4πA1

ξ

= eT
√

4

ξ
,
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❡ ❛ ✐♥t❡❣r❛❧ ❡♠ P ❝♦♥✈❡r❣❡ s♦♠❡♥t❡ s❡ Re

[
ξ
A1

]
< 0✳ ❘❡❡s❝r❡✈❡♥❞♦ ❡♠ t❡r♠♦s

❞❛s ❝♦♥st❛♥t❡s ai ❡ bi ♦r✐❣✐♥❛✐s✿

T =
b21a2 + b22a1 − b1b2a3

a23 − 4a1a2
ξ

4
= a23 − 4a1a2.

❆ss✐♠✱ ❛s ✐♥t❡❣r❛✐s ❞❛❞❛s ♣♦r ✭❆✳✵✳✶✮ ♣♦❞❡♠ s❡r ❛✈❛❧✐❛❞❛s ❛ ♣❛rt✐r ❞❛ ❢ór♠✉❧❛

❬✶✽❪

GI =
(
a23 − 4a1a2

)− 1
2 exp

{
b21a2 + b22a1 − b1b2a3

a23 − 4a1a2

}
, ✭❆✳✵✳✷✮

q✉❡ ❝♦♥✈❡r❣❡ ❞❡s❞❡ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❞♦ ❡①♣♦❡♥t❡ ❞♦

✐♥t❡❣r❛♥❞♦ t❡♥❤❛ ❛✉t♦✈❛❧♦r❡s

µ± = −a3 ± 2
√
a1a2

❝♦♠ ♣❛rt❡ r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈❛✳

■♥t❡❣r❛✐s ❞♦ t✐♣♦

ˆ

z2❞2z exp
{
a1z

2 + a2z
⋆2 + a3z

⋆z + b1z + b2z
⋆
}

♣♦❞❡♠ s❡r ❛✈❛❧✐❛❞❛s ♣♦r ❞❡r✐✈❛çã♦ ❞❡ ✭❆✳✵✳✷✮✿

ˆ

z2❞2z exp
{
a1z

2 + a2z
⋆2 + a3z

⋆z + b1z + b2z
⋆
}
=

=
❞

❞a1

ˆ

❞2z exp
{
a1z

2 + a2z
⋆2 + a3z

⋆z + b1z + b2z
⋆
}
=

=
❞

❞a1

[(
a23 − 4a1a2

)− 1
2 exp

{
b21a2 + b22a1 − b1b2a3

a23 − 4a1a2

}]
. ✭❆✳✵✳✸✮

■♥t❡❣r❛✐s ❝✉❥♦ ✐♥t❡❣r❛♥❞♦ s❡❥❛♠ ❢✉♥çõ❡s q✉❛❞rát✐❝❛s ❞❡ v ❡ v⋆ ♣♦❞❡♠ s❡r

❛✈❛❧✐❛❞❛s ❡♠♣r❡❣❛♥❞♦ r❡❧❛çõ❡s s✐♠✐❧❛r❡s à ❛♥t❡r✐♦r✱ ❞❡r✐✈❛♥❞♦✲s❡ ❝♦♠ r❡❧❛çã♦

❛ s❡✉s ❝♦❡✜❝✐❡♥t❡s✳
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