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❆❣r❛❞❡❝✐♠❡♥t♦s ✲ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❱ár✐❛s ♣❡ss♦❛s ❛✉①✐❧✐❛r❛♠✱ ❞❡ ♠❛♥❡✐r❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛✱ à r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛✲

❜❛❧❤♦✳ ❙❡♠♣r❡ ❝♦rr❡♥❞♦ ♦ r✐s❝♦ ❞❡ ❡sq✉❡❝❡r ❛❧❣✉é♠ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✱ ❣♦st❛r✐❛ ❞❡

✉t✐❧✐③❛r ❡st❡ ❡s♣❛ç♦ ♣❛r❛ ❛❣r❛❞❡❝❡r✱ ❡♠ ❡s♣❡❝✐❛❧✿

❆♦s ♠❡✉s ♣❛✐s ❡ ❢❛♠✐❧✐❛r❡s✱ ♣❡❧♦ ❛♠♦r ❡ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛✐s✳

❆♦ ♣r♦❢❡ss♦r ❊❞✐s♦♥ ❩❛❝❛r✐❛s ❞❛ ❙✐❧✈❛✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ♣r❡st❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡

❝❡r❝❛ ❞❡ s❡✐s ❛♥♦s ❡ q✉❛tr♦ ♣r♦❥❡t♦s✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❛ ❧✐❜❡r❞❛❞❡ ❞❡ tr❛❜❛❧❤♦ ♦❢❡r❡❝✐❞❛

❡ ❛ ♦✉s❛❞✐❛ ❞❡ ❜✉s❝❛r ❛ ✐♥♦✈❛çã♦✱ ❛ss✉♠✐♥❞♦ ♦s r✐s❝♦s ✐♥❡r❡♥t❡s ❛♦ ♣r♦❝❡ss♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❏♦sé ▼♦♥t❛♥❤❛ ◆❡t♦✱ ❆❧❡① ❆♥t♦♥❡❧❧✐✱ ❙✐❧✈✐♦ ❱✐t✐❡❧❧♦✱

❘♦❣ér✐♦ ❈✉stó❞✐♦ ❡ ▼❛✉r✐❝❡ ❞❡ ❑♦♥✐♥❣ ♣❡❧❛s ❝❛rt❛s ❞❡ r❡❝♦♠❡♥❞❛çã♦ ❡ ❛❝♦♥✲

s❡❧❤❛♠❡♥t♦s✳

❆♦ ♣r♦❢❡ss♦r P❛✉❧♦ ❍✐r♦s❤✐ ❙❛❦❛♥❛❦❛✱ ♣❡❧♦ ❛♣♦✐♦ ❞❛❞♦ ❛♦ ❛♣r❡♥❞✐③❛❞♦ ❞♦

♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❡ ♦✉tr♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳

❏✉❧✐❡♥ P♦♠♠✐❡r ❛♥❞ ❨✈❡s ❘❡♥❛r❞ ❤❛✈❡ ♥♦t ♦♥❧② ♣r♦✈✐❞❡❞ t❤❡ ❣❡t❢❡♠✰✰

❧✐❜r❛r②✱ ❜✉t ❛❧s♦ ♣r♦♠♣t❧② ❛♥s✇❡r❡❞ ❛❧❧ ♠② q✉❡st✐♦♥s r❡❣❛r❞✐♥❣ ✐t✳ ❚❤✐s s✉♣♣♦rt ✐s

❣r❡❛t❧② ❛♣♣r❡❝✐❛t❡❞✳

❆♦s ✈ár✐♦s ❛♠✐❣♦s q✉❡ ❛❥✉❞❛r❛♠ ❞❡ ❞✐❢❡r❡♥t❡s ❢♦r♠❛s❀ s❡r✐❛ ♠✉✐t♦ ❞✐❢í❝✐❧ ❧✐st❛r

t✉❞♦ ❡ t♦❞♦s ❛♣❡♥❛s ♥❡st❡ ❡s♣❛ç♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❍✉❣♦ ▼❡♥❡❣✉❡❧❡ ❡ ♦ ❇r✉♥♦

❨❛❜✉✲✉t✐ ❝✉rs❛r❛♠ ❝♦♠✐❣♦ t♦❞❛ ❛ ❣r❛❞✉❛çã♦ ❡ t❛♠❜é♠ ❛ ♣ós✲❣r❛❞✉❛çã♦✱ ❝♦♠♣❛r✲

t✐❧❤❛♥❞♦ ♠♦♠❡♥t♦s ❞❡ ❛❧❡❣r✐❛ ❡ t❛♠❜é♠ ❞❡ ❡str❡ss❡✱ s❡♠♣r❡ ♠❛♥t❡♥❞♦ ♦ ❜♦♠ ❤✉♠♦r

❡ ♥♦s ♣❡rí♦❞♦s ❝rít✐❝♦s tr❛♥s❢♦r♠❛♥❞♦ ♦ ♣â♥✐❝♦ ❡♠ ♣✐❛❞❛✳ ❆ ❆♥❞ré✐❛ ❍✐s✐ ❧❡✉ ✉♠❛

✈❡rsã♦ ♣r❡❧✐♠✐♥❛r ❞❛ ❞✐ss❡rt❛çã♦ ❡ ❢❡③ ❞✐✈❡rs❛s ❝♦rr❡çõ❡s ♥❛ ❞✐❣✐t❛çã♦ ❡ ❣r❛♠át✐❝❛✳ ❖

▼❛✐❦❡❧ ❋✐♥❝❦ t✐r♦✉ ✉♠ ♠♦♥✐t♦r ❞❛ ❝❛rt♦❧❛ ❡ ♠❡ ❡♠♣r❡st♦✉ q✉❛♥❞♦ ♦ ♠❡✉ q✉❡✐♠♦✉

♥❛s ✈és♣❡r❛s ❞❡ ✉♠ ♣r❛③♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✳ ❆ t✉r♠❛ ❞❛ ❘❡♣ú❜❧✐❝❛ ❈❛r❛♥❣✉❡❥♦

♣r♦✈❡✉ ✉♠ ót✐♠♦ ❛♠❜✐❡♥t❡✱ ♣❡r♠✐t✐♥❞♦✲♠❡ tr❛❜❛❧❤❛r ❡♠ ❝❛s❛✳ ❖ ❊❞❣❛r❞ ❆♠♦r✐♠

❡ ❛ ❘❡♥❛t❛ ●✉✐♠❛rã❡s ♠❡ ❛♣♦✐❛r❛♠ ❢♦rt❡♠❡♥t❡ ❡♠ ❝❡rt♦s ♠♦♠❡♥t♦s ♠❛✐s ár❞✉♦s

q✉❡ s✉r❣✐r❛♠ ♥❡st❡s ❞♦✐s ❛♥♦s✳ ❊ss❛ ❧✐st❛ ♣♦❞❡r✐❛ ❝♦♥t✐♥✉❛r ♣♦r ♠✉✐t♦s ♣❛rá❣r❛❢♦s✱

♠❛s ✈♦✉ ♣❛r❛r ♣♦r ❛q✉✐✳ ❆ t♦❞♦s q✉❡ ❝♦❧❛❜♦r❛r❛♠✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱

❞❡✐①♦ ♦ ♠❡✉ ▼❯■❚❖ ❖❇❘■●❆❉❖✦

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❋❛♣❡s♣ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✭♣r♦❝❡ss♦ ✵✺✴✺✷✼✻✾✲✵✮✱ ❡

❛♦ ❈❊◆❆P❆❉✲❙P ❡ ♦ ■❋●❲✱ ♣❡❧♦s r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳

✐✈



❘❡s✉♠♦

❆ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ t❡♠ ❝♦♠♦ ♣r♦♣♦st❛ ✐♥✐❝✐❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ s✐s✲

t❡♠❛ ❞❡ s♦❢t✇❛r❡s ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ♠✉❧t✐❡s❝❛❧❛ ❞❡ ♠❛t❡r✐❛✐s✱ ❝♦♠ ❢♦❝♦ ♥❛ ♥❛♥♦❝✐ê♥✲

❝✐❛✳ P❛r❛ ❡st❛ ✜♥❛❧✐❞❛❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❢♦✐ ❝♦♥str✉í❞♦ ♣❛rt✐♥❞♦✲

s❡ ❞♦ ③❡r♦✳ ❆ ♣❛rt✐r ❞❡st❡ s✐st❡♠❛✱ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❢♦r❛♠ ❢❡✐t❛s ❡♠ ♣r♦❜❧❡♠❛s

❡♥✈♦❧✈❡♥❞♦ ♦ ❡st✉❞♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s tér♠✐❝❛s ❡ ❡str✉t✉r❛✐s ❞❡ ♣❡q✉❡♥♦s ❛❣❧♦♠❡✲

r❛❞♦s ♠❡tá❧✐❝♦s✱ ❛ss✐♠ ❝♦♠♦ ❛ ❡✈♦❧✉çã♦ ❞❡ ❢r❛t✉r❛s ❞✐♥â♠✐❝❛s✳ ❯♠❛ ✈❡③ ✈❛❧✐❞❛❞♦

♦ s✐st❡♠❛ ❛tr❛✈és ❞❡st❡s ❝á❧❝✉❧♦s✱ ❛❧❣✉♥s ❝♦♠♣♦♥❡♥t❡s ♥❡❝❡ssár✐♦s ❛♦ ❛❝♦♣❧❛♠❡♥t♦

❞✐♥â♠✐❝♦ ❡♥tr❡ ❛ ❡s❝❛❧❛ ❞❡ ❡str✉t✉r❛ ❛tô♠✐❝❛✱ ♠♦❞❡❧❛❞❛ ❛tr❛✈és ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉✲

❧❛r✱ ❡ ❛ ❡s❝❛❧❛ ❞❡ ♠❡✐♦s ❝♦♥tí♥✉♦s✱ ♠♦❞❡❧❛❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱

❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s✳ ❆ ♣❛rt✐r ❞❡st❡s ❝♦♠♣♦♥❡♥t❡s✱ ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ✐❧✉str❛t✐✈❛s

❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s ❢♦r❛♠ ❡♥tã♦ r❡❛❧✐③❛❞❛s✳

✈



❆❜str❛❝t

❚❤❡ ♣r❡s❡♥t ✇♦r❦✬s ♦❜❥❡t✐✈❡ ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ s♦❢t✇❛r❡ s②st❡♠ ❢♦r t❤❡

♠✉❧t✐s❝❛❧❡ s✐♠✉❧❛t✐♦♥ ♦❢ ♠❛t❡r✐❛❧s ❢♦❝✉s❡❞ ♦♥ ♥❛♥♦s❝✐❡♥❝❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚♦ ❛❝❤✐❡✈❡

t❤✐s ❣♦❛❧✱ ❛ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s s②st❡♠ ✇❛s ❜✉✐❧t ❢r♦♠ s❝r❛t❝❤✳ ❯s✐♥❣ t❤✐s s②st❡♠✱

t❤❡ str✉❝t✉r❛❧ ❛♥❞ t❤❡r♠❛❧ ♣r♦♣❡rt✐❡s ♦❢ s♠❛❧❧ ♠❡t❛❧❧✐❝ ❝❧✉st❡rs ❛♥❞ ❛❧s♦ t❤❡ ♣r♦✲

❜❧❡♠ ♦❢ ❞②♥❛♠✐❝ ❢r❛❝t✉r❡ ✇❡r❡ st✉❞✐❡❞✳ ❖♥❝❡ t❤❡ s②st❡♠ ✇❛s ✈❛❧✐❞❛t❡❞ ✇✐t❤ t❤❡s❡

♣r♦❜❧❡♠s✱ s♦♠❡ ❝♦♠♣♦♥❡♥ts ♥❡❝❡ss❛r② t♦ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❛t♦♠✐❝ s❝❛❧❡✱

♠♦❞❡❧❧❡❞ t❤r♦✉❣❤ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s✱ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✉♠ s❝❛❧❡✱ ♠♦❞❡❧❧❡❞ t❤r♦✉❣❤

t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱ ✇❡r❡ ❞❡✈❡❧♦♣❡❞✳ ❯s✐♥❣ t❤❡s❡ ❝♦♠♣♦♥❡♥ts✱ s✐♠✉❧❛t✐♦♥s

t❤❛t ✐❧❧✉str❛t❡ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ s❝❛❧❡s ✇❡r❡ t❤❡♥ ♣❡r❢♦r♠❡❞✳

✈✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❆ ❝✐ê♥❝✐❛ ❞♦s ♠❛t❡r✐❛✐s ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ❞✐❢❡r❡♥t❡s ❡s❝❛❧❛s ❞❡ t❛♠❛♥❤♦ ✶

✶✳✷ ❆❝♦♣❧❛♥❞♦ ❡s❝❛❧❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❡stát✐❝♦ ❞❡ ❡s❝❛❧❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷✳✷ ❆❝♦♣❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ❡s❝❛❧❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❖❜❥❡t✐✈♦ ❞♦ tr❛❜❛❧❤♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
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❆✳✷✳✷ ◆ú❝❧❡♦s ❞❡ ❈á❧❝✉❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

❆✳✷✳✸ ▼♦t♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

❆✳✷✳✹ ❆✉①✐❧✐❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

❇ ❘❡♠♦✈❡♥❞♦ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ✐♥❞❡s❡❥❛❞♦s ♥❛ ❡s❝❛❧❛ ✜♥❛ ✶✸✽

✐①



❊st❛ ♣á❣✐♥❛ ❢♦✐ ❞❡✐①❛❞❛ ❡♠ ❜r❛♥❝♦ ♣r♦♣♦s✐t❛❧♠❡♥t❡✳
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

✶✳✶ ❆ ❝✐ê♥❝✐❛ ❞♦s ♠❛t❡r✐❛✐s ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ ❞✐❢❡✲

r❡♥t❡s ❡s❝❛❧❛s ❞❡ t❛♠❛♥❤♦

❯♠ ❞♦s ❣❛♥❤❛❞♦r❡s ❞♦ ♣rê♠✐♦ ♥♦❜❡❧ ❞❡ q✉í♠✐❝❛ ❞❡ ✶✾✾✽ ❢♦✐ ❲✳ ❑♦❤♥✱ ♣❡❧♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❬✶❪✳ ❊♠ s✉❛ ◆♦❜❡❧ ▲❡❝t✉r❡ ❬✷❪ ❡st❡

♥♦s ❝♦♥t❛ q✉❡ ❡①✐st❡ ✉♠❛ tr❛❞✐çã♦ ♦r❛❧ ❛ q✉❛❧ ❛✜r♠❛ q✉❡✱ ❧♦❣♦ ❛♣ós ❛ ❝r✐❛çã♦ ❡

✈❛❧✐❞❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ s✐st❡♠❛s ♣❡q✉❡♥♦s✱ t❛✐s ❝♦♠♦ H2 ❡ He✱

P✳ ▼✳ ❉✐r❛❝ ❞❡❝❧❛r♦✉ q✉❡ ❛ q✉í♠✐❝❛ ❤❛✈✐❛ ❝❤❡❣❛❞♦ ❛♦ ✜♠ ✲ s❡✉ ❝♦♥t❡ú❞♦ ❡st❛r✐❛

t♦t❛❧♠❡♥t❡ ❝♦♥t✐❞♦ ♥❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ❡ ❛ ♣❛rt✐r ❞❡❧❛ t♦❞♦s ♦s ❢❡♥ô♠❡♥♦s

q✉í♠✐❝♦s ♣♦❞❡r✐❛♠ s❡r ❡①♣❧✐❝❛❞♦s✳ ▲♦❣♦ ❡♠ s❡❣✉✐❞❛✱ ❡st❡ t❡r✐❛ ❛❞✐❝✐♦♥❛❞♦✿ ✏♣❡♥❛

q✉❡ ♣❛r❛ ❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s ❡st❛ ❡q✉❛çã♦ é ♠✉✐t♦ ❝♦♠♣❧❡①❛ ♣❛r❛ s❡r s♦❧✉❝✐♦♥❛❞❛✑✳

❯♠❛ ❝♦♥tr✐❜✉✐çã♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❢❡✐t❛ ♣❡❧❛ t❡♦r✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❞❡♥s✐❞❛❞❡

❢♦✐ ♦ ❢❛t♦ ❞❡ q✉❡ ❡st❛ ❣❡r♦✉ ✉♠ ❢♦r♠❛❧✐s♠♦ q✉❡ ♣❡r♠✐t❡ ♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ♠❛✐s

❝♦♠♣❧❡①♦s ❞♦ q✉❡ ♠♦❧é❝✉❧❛s s✐♠♣❧❡s✱ t❛✐s ❝♦♠♦ H2 ❡ ❍❡✱ ❞♦ q✉❡ s❡r✐❛ ♣♦ssí✈❡❧ s♦♥❤❛r

❡♠ s❡ ❢❛③❡r ✉t✐❧✐③❛♥❞♦✲s❡ ♦s ♠ét♦❞♦s ❝♦♥s✐❞❡r❛❞♦s ♣❛❞rã♦ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ❝á❧❝✉❧♦

❛té ❡♥tã♦✳ ■♠♣❧❡♠❡♥t❛❞❛ ♥❛ ❢♦r♠❛ ❞❡ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s✱ ❡st❛ t❡♦r✐❛ é ❤♦❥❡ ✉t✐❧✐③❛❞❛

♣❛r❛ ✉♠ ✈❛st♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s✳ ❊♠❜♦r❛ ❡st❡ ❢♦r♠❛❧✐s♠♦ t❡♥❤❛ r❡❞✉③✐❞♦ ♦

❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❝á❧❝✉❧♦s ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ ✭♣♦r ❡①❡♠♣❧♦✱ ❝á❧❝✉❧♦s ❛❜✲

✐♥✐t✐♦✮ ❡♠ ❞✐✈❡rs❛s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛✱ ❡❧❡ ❛✐♥❞❛ ❛ss✐♠ é ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠✉✐t♦

❝✉st♦s♦✳ ◆❛ ❞❛t❛ ❡♠ q✉❡ ❡st❛ ❞✐ss❡rt❛çã♦ ❢♦✐ ❡❧❛❜♦r❛❞❛✱ ❞✐✜❝✐❧♠❡♥t❡ s❡ ❡♥❝♦♥tr❛♠

✶



❋✐❣✉r❛ ✶✳✶✿ ❊①❡♠♣❧♦ ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛✳ ◆❛ ✜❣✉r❛ ♦ ♣♦t❡♥❝✐❛❧
❡❧❡tr♦stát✐❝♦ é ♣r♦❥❡t❛❞♦ ♥♦ ♣❧❛♥♦ ❞❛ ♠♦❧é❝✉❧❛✱ ♣❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦✳ ❖s ❛✉t♦r❡s
❞❡st❡ tr❛❜❛❧❤♦ ❬✸❪ ✉t✐❧✐③❛r❛♠ ❛ t❡♦r✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ♣❛r❛ ♣r♦❥❡t❛r ❞r♦❣❛s
❛♥t✐❝â♥❝❡r✳

❡st✉❞♦s ❝♦♠ ❛ t❡♦r✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ♥♦s q✉❛✐s ♦s s✐st❡♠❛s ❡st✉❞❛❞♦s

♣♦ss✉❡♠ ♠❛✐s ❞♦ q✉❡ ❛❧❣✉♠❛s ❝❡♥t❡♥❛s ❞❡ át♦♠♦s✳ ◆❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ ♣♦ss✉❡♠

❜❡♠ ♠❡♥♦s ❞♦ q✉❡ ✐ss♦✳

◆❡st❡ tr❛❜❛❧❤♦ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❡s❝❛❧❛ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ ❛ ❡s❝❛❧❛

❞❡ t❛♠❛♥❤♦ ♥❛ q✉❛❧ ♦❝♦rr❡♠ ❢❡♥ô♠❡♥♦s ❝✉❥♦ ❡st✉❞♦ ♣♦❞❡ s❡r ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡

♠ét♦❞♦s ❛❜✲✐♥✐t✐♦ ❝♦♠ ✉♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡

♣r♦❝❡ss❛♠❡♥t♦ ❞♦s ❝♦♠♣✉t❛❞♦r❡s ❛t✉❛❧♠❡♥t❡ ❡①✐st❡♥t❡s✳ ❯♠ ❡①❡♠♣❧♦ ❞❡st❡ t✐♣♦ ❞❡

❝á❧❝✉❧♦ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✶✳✶✳ ◆❡st❡ ❡①❡♠♣❧♦ ❬✸❪✱ s❡✉s ❛✉t♦r❡s ✉t✐❧✐③❛r❛♠ ❛ t❡♦r✐❛ ❞♦

❢✉♥❝✐♦♥❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ♣❛r❛ ♣r♦❥❡t❛r ♠♦❧é❝✉❧❛s ❝✉❥❛s ♣r♦♣r✐❡❞❛❞❡s q✉í♠✐❝❛s s❡❥❛♠

✐♥t❡r❡ss❛♥t❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❞r♦❣❛s ❝♦♥tr❛ ♦ ❝â♥❝❡r✳

❊♠ ✶✾✻✼✱ ▲✳ ❱❡r❧❡t ♣✉❜❧✐❝♦✉ ✉♠ ❛rt✐❣♦ ❬✹❪ ♥♦ q✉❛❧ r❡❛❧✐③❛✈❛ ✏❊①♣❡r✐♠❡♥t♦s ❈♦♠✲

♣✉t❛❝✐♦♥❛✐s✑ ❝♦♠ ✢✉✐❞♦s ❝❧áss✐❝♦s ♠♦❞❡❧❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲

❏♦♥❡s ❬✺❪✳ ◆❡st❡ ❛rt✐❣♦✱ ❛❧é♠ ❞❡ ❛♣r❡s❡♥t❛r s❡✉ ❢❛♠♦s♦ ❛❧❣♦r✐t♠♦ ❞❡ ✐♥t❡❣r❛çã♦

❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦s át♦♠♦s✱ ❱❡r❧❡t ✈❡r✐✜❝♦✉ q✉❡✱ ❡♠✲

❜♦r❛ ♠✉✐t♦ s✐♠♣❧❡s✱ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s ♣♦❞✐❛ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞❡ ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞♦ ❛r❣ô♥✐♦ ❧íq✉✐❞♦✳ ❆♦ ❝♦♠❡♥t❛r ❛ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡

s❡✉s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❛r❣ô♥✐♦ ❝♦♠ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ❱❡r❧❡t ❞✐③✿ ✏✳✳✳ ❛♣❛r❡♥t❡✲

♠❡♥t❡ ❛s ✐♥t❡r❛çõ❡s ❞❡ ♠✉✐t♦s ❝♦r♣♦s✱ s❡ r❡❛❧♠❡♥t❡ r❡❧❡✈❛♥t❡s✱ s❡ ❝♦♠♣♦rt❛♠ ❞❡

❢♦r♠❛ ❛ t❡r❡♠ ✉♠❛ ✐♥t❡r❛çã♦ ❡❢❡t✐✈❛ q✉❡ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡st❡ ❡st❛❞♦ ❡♠ ✉♠❛ ❜♦❛

✷



❛♣r♦①✐♠❛çã♦ ✳✳✳✑✶✳

❈á❧❝✉❧♦s t❛✐s ❝♦♠♦ ♦ q✉❡ ❱❡r❧❡t r❡❛❧✐③♦✉ ♥♦s ❛♥♦s ✻✵ sã♦ ❢❡✐t♦s ❛té ❤♦❥❡✳ ❊st❛

♠❡t♦❞♦❧♦❣✐❛ ♣❛rt❡ ❞❛ ♣r❡♠✐ss❛ ❞❡ q✉❡✱ ♣❛r❛ ♣r♦❜❧❡♠❛s ♥♦s q✉❛✐s ✢✉t✉❛çõ❡s ♦r✐✉♥✲

❞❛s ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ s❡❥❛♠ ✐rr❡❧❡✈❛♥t❡s✱ ♦✉ ❛✐♥❞❛✱ s❡ ❝❛♥❝❡❧❡♠

♠✉t✉❛♠❡♥t❡✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s ❝❧áss✐❝♦s q✉❡ r❡♣r♦❞✉③❛♠ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ♠é❞✐♦ ❞♦ s✐st❡♠❛ ❡ ♣❡r♠✐t❛♠ ♦ ❝á❧❝✉❧♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠❡s♠♦

q✉❡ s❡r✐❛♠ ♠✉✐t♦ ❝❛r❛s✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣❛r❛ s❡r❡♠ ❝❛❧❝✉❧❛❞❛s

✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ ♠ét♦❞♦ ❛❜✲✐♥✐t✐♦✳ ❊♠ ❣❡r❛❧✱ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ r❡❢❡r❡♥t❡s ❛♦

❝♦♠♣♦rt❛♠❡♥t♦ ❡str✉t✉r❛❧ ❡ tér♠✐❝♦ ❞❡ ✉♠ ❝r✐st❛❧✱ ✢✉í❞♦ ♦✉ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡✱

♠❛t❡r✐❛❧ ♥❛♥♦❡str✉t✉r❛❞♦ ❝♦♠♣♦st♦ ♣♦r ♠✉✐t♦s át♦♠♦s✳ ❆t✉❛❧♠❡♥t❡✱ s✐♠✉❧❛çõ❡s

❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝✉st♦s❛s r❡❛❧✐③❛❞❛s ❝♦♠ ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s ✈✐s❛♠ ❡st✉❞❛r ❡s✲

tr✉t✉r❛s ❝♦♠ ♠✐❧❤õ❡s ❞❡ át♦♠♦s✳ ❯♠❛ ❞❛s ♠❛✐♦r❡s s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡✲

❝✉❧❛r ❝❧áss✐❝❛ r❡❛❧✐③❛❞❛ r❡❝❡♥t❡♠❡♥t❡✱ ❝♦♠ ✉♠ ❞♦s ♣♦t❡♥❝✐❛✐s ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡

♠❛✐s ❜❛r❛t♦s ♥♦ ❝♦♠♣✉t❛❞♦r ♠❛✐s ♣♦❞❡r♦s♦ ❞♦ ♠✉♥❞♦ ♥❛ é♣♦❝❛ ❞❡ s✉❛ r❡❛❧✐③❛çã♦✱

♣♦ss✉✐ ✶ ❜✐❧❤ã♦ ❞❡ át♦♠♦s ❬✻❪✳ ❚✉❞♦ ✐ss♦ ❡q✉✐✈❛❧❡ ❛♣❡♥❛s ❛ ✉♠ ♣❡q✉❡♥♦ ❝✉❜♦ ❝♦♠

❝❡r❝❛ ❞❡ 0.3 µm ❞❡ ❧❛❞♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❡s❝❛❧❛ ❞❡ ❡str✉t✉r❛

❛tô♠✐❝❛ ❛ ❡s❝❛❧❛ ❞❡ t❛♠❛♥❤♦ ♥❛ q✉❛❧ ♦❝♦rr❡♠ ❢❡♥ô♠❡♥♦s t✐♣✐❝❛♠❡♥t❡ ♠✉✐t♦ ❝❛r♦s✱

❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣❛r❛ s❡r❡♠ ❡st✉❞❛❞♦s ❛tr❛✈és ❞❡ ♠ét♦❞♦s ❛❜✲✐♥✐t✐♦❀

♣♦ré♠ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✈✐á✈❡✐s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s✳ ❙✐♠✉❧❛çõ❡s

❝♦♥t❡♥❞♦ ♠✐❧❤❛r❡s✱ ♦✉ ❛✐♥❞❛✱ ♠✐❧❤õ❡s ❞❡ át♦♠♦s s❡ ❡♥q✉❛❞r❛♠ ♥❡st❛ ❡s❝❛❧❛✳ ◆❛

✜❣✉r❛ ✶✳✷ ✱ t❡♠♦s ❛♠♦str❛s ❬✻✱ ✼❪ ❞❡ ❝á❧❝✉❧♦s ❞❡st❡ t✐♣♦✱ r❡❛❧✐③❛❞♦s ✈✐s❛♥❞♦ ❡st✉❞❛r

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❢r❛t✉r❛s ❡ ❞❡❢♦r♠❛çõ❡s ❡♠ ♠❛t❡r✐❛✐s✳

▼ét♦❞♦s ❡♥❡r❣ét✐❝♦s ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛ ❞❡ ♠❛t❡r✐❛✐s ❡ ❡str✉✲

t✉r❛s ❡①✐st❡♠ ❤á ✈ár✐♦s sé❝✉❧♦s ✭✉♠❛ ❜r❡✈❡ ♣❡rs♣❡❝t✐✈❛ ❤✐stór✐❝❛✱ ✈♦❧t❛❞❛ ♣❛r❛ ❛

♦r✐❣❡♠ ❞♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♣♦❞❡ s❡r ❝♦♥❢❡r✐❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✽❪✮✳ ❊♠

♣❛rt✐❝✉❧❛r✱ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❛s t❡♦r✐❛s ❜❛s❡❛❞❛s ❡♠ ♠ét♦❞♦s ❡♥❡r❣ét✐❝♦s ♥❛s

q✉❛✐s ✉♠ ❝♦♥t✐♥✉✉♠ r❡♣r❡s❡♥t❛t✐✈♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦ é ❞❡s❝r✐t♦ ❛tr❛✈és ❞❡

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❉❛❞❛ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❛❞❡q✉❛❞❛✱ ❡st❛s ❡q✉❛çõ❡s

♣♦❞❡♠ ❡♠ ♣r✐♥❝í♣✐♦ s❡r r❡s♦❧✈✐❞❛s✱ r❡s✉❧t❛♥❞♦ ♥♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ✈❛❧♦r❡s ❞❛ ✈❛✲

✶❋r❛s❡ ♦r✐❣✐♥❛❧✿ ✏■t ❛♣♣❡❛rs t❤❛t t❤❡ ♠❛♥②✲❜♦❞② ❢♦r❝❡s✱ ✐❢ t❤❡② ❛r❡ ❛t ❛❧❧ ✐♠♣♦rt❛♥t✱ ❜❡❤❛✈❡ s♦
❛s t♦ r❡❛❧✐③❡ ❛♥ ❡✛❡❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ✇❤✐❝❤ ✐s st❛t❡ ✐♥❞❡♣❡♥❞❡♥t t♦ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✑✳

✸



❋✐❣✉r❛ ✶✳✷✿ ❊①❡♠♣❧♦s ❞❡ ❝á❧❝✉❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r r❡❛❧✐③❛❞♦s ♣❛r❛ ❡str✉t✉r❛s
❞❡ ❣r❛♥❞❡ ♣♦rt❡✳ ❖ ❡①❡♠♣❧♦ ❞❡ ❢r❛t✉r❛s ❞✐♥â♠✐❝❛s ❬✻❪ ❝♦♥té♠ ✶ ❜✐❧❤ã♦ ❞❡ át♦♠♦s ❡ é
✉♠❛ ❞❛s ♠❛✐♦r❡s s✐♠✉❧❛çõ❡s ❞❡st❡ t✐♣♦ ❥á r❡❛❧✐③❛❞❛✳ ❖ ❡①❡♠♣❧♦ ❞❡ ❞❡❢♦r♠❛çõ❡s ❡♠
s✉♣❡r❢í❝✐❡ ❬✼❪ ❝♦♥té♠ ✻ ♠✐❧❤õ❡s ❞❡ át♦♠♦s✱ ❡ ❛✈❛❧✐❛ ❡❢❡✐t♦s ❞❡ ✉♠ ❛rr❛♥❤ã♦ ✭❧✐t♦❣r❛✜❛✮
❢❡✐t♦ ♣♦r ✉♠❛ ♣♦♥t❛ ❞❡ ♠✐❝r♦s❝ó♣✐♦ ❞❡ ❢♦rç❛ ❛tô♠✐❝❛ ❡♠ ✉♠ ❝r✐st❛❧✳

r✐á✈❡❧ ❞❡ ❡st❛❞♦ ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ♥♦ ❝♦♥t✐♥✉✉♠✳ ◆❛ ♣rát✐❝❛✱ t♦❞❛✈✐❛✱ ❛ s♦❧✉çã♦

♥ã♦ é s✐♠♣❧❡s ♥❛ ♠❛✐♦r✐❛ ❞❛s ❛♣❧✐❝❛çõ❡s r❡❛✐s✳ ■ss♦ ♦❝♦rr❡ ♣♦r q✉❡ ♦ ❡s♣❛ç♦ s♦❜r❡ ♦

q✉❛❧ ❛ ✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦ é ❞❡✜♥✐❞❛ ❡♠ ❣❡r❛❧ é ❞❡ ❞✐❢í❝✐❧ ❞❡s❝r✐çã♦✳ P❛r❛ ❧✐❞❛r ❝♦♠

❡st❡ ♣r♦❜❧❡♠❛ ❢♦r❛♠ ❝r✐❛❞♦s ❞✐✈❡rs♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s❀ ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♥❝❧✉❡♠

♦ ♠ét♦❞♦ ❞❛s ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❬✾❪✱ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❬✶✵❪✱ ♦ ♠ét♦❞♦

❞♦s ❡❧❡♠❡♥t♦s ❞❡ ❝♦♥t♦r♥♦ ❬✶✶❪✱ ❡ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ♠ét♦❞♦s ♠❡s❤❢r❡❡ ❬✶✷❪✳

▼ét♦❞♦s ❞❡ ❝♦♥t✐♥✉✉♠ sã♦ ♠❛❥♦r✐t❛r✐❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s ❡♠ ❛♣❧✐❝❛çõ❡s ♠❛❝r♦s❝ó♣✐✲

❝❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ♠♦❞❡❧❛❣❡♠ ❞❡ ❞❡❢♦r♠❛çõ❡s é ♠✉✐t♦ ❝♦♠✉♠ ♦

❡♠♣r❡❣♦ ❞❡ t❡♦r✐❛s ❜❛s❡❛❞❛s ❡♠ ♣r✐♥❝í♣✐♦s ❡❧ást✐❝♦s ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❞✐♥â♠✐❝❛ ❞♦

s✐st❡♠❛✳ ❊♠❜♦r❛ s✉✜❝✐❡♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❡str✉t✉r❛s ♠❛❝r♦s❝ó♣✐❝❛s✱ q✉❛♥❞♦ s❡

s❛✐ ❞❛ ♠❛❝r♦❡s❝❛❧❛ ❡ s❡ ✈❛✐ ♣❛r❛ ❡s❝❛❧❛s ❞❡ t❛♠❛♥❤♦ ♠❡♥♦r❡s✱ ❡st❛s t❡♦r✐❛s s❡ t♦r♥❛♠

❝❛❞❛ ✈❡③ ♠❡♥♦s ♣r❡❝✐s❛s ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞❛s ❞❡❢♦r♠❛çõ❡s ❞♦ ♠❛t❡r✐❛❧✳ ◆❡st❡ ♣♦♥t♦✱

❛ ❡str✉t✉r❛ ❛tô♠✐❝❛ ❞♦ ♠❛t❡r✐❛❧ ♣r❡❝✐s❛ s❡r ❧❡✈❛❞❛ ❡♠ ❝♦♥t❛ ♣❛r❛ ❞❡s❝r❡✈❡r ❝♦rr❡✲

t❛♠❡♥t❡ ♦ s✐st❡♠❛✳ ◆❡st❡ tr❛❜❛❧❤♦ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❡s❝❛❧❛ ❞❡ ❝♦♥t✐♥✉✉♠ ❛

❡s❝❛❧❛ ❞❡ t❛♠❛♥❤♦ ♥❛ q✉❛❧ ♦❝♦rr❡♠ ❢❡♥ô♠❡♥♦s t✐♣✐❝❛♠❡♥t❡ ♠✉✐t♦ ❝❛r♦s✱ ❞♦ ♣♦♥t♦ ❞❡

✈✐st❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣❛r❛ s❡r❡♠ ❡st✉❞❛❞♦s ❛tr❛✈és ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s ❞❡ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r❀ ♣♦ré♠ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✈✐á✈❡✐s ♣❛r❛ ❡st✉❞♦s ✉t✐❧✐③❛♥❞♦✲s❡ t❡♦r✐❛s ❞❡

❝♦♥t✐♥✉✉♠✳ ➱ ♦ ❝❛s♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❞❡ ❢❡♥ô♠❡♥♦s q✉❡ ♦❝♦rr❡♠ ♥❛ ❡s❝❛❧❛ ❞❡ ♠í❝r♦♥s✱
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♦✉ ❛✐♥❞❛✱ ❡♠ ♠❡❞✐❞❛s ♠❛✐♦r❡s✳ ◆♦t❡ q✉❡ ❛ t❡♦r✐❛ ❝♦♥st✐t✉t✐✈❛ q✉❡ ❞❡s❝r❡✈❡ ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♥t✐♥✉✉♠ ♥ã♦ ♣r❡❝✐s❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s❡r ✉♠❛ t❡♦r✐❛ ❝❧áss✐❝❛✱ ✉♠❛

✈❡③ q✉❡ ♦ ❝♦♥t✐♥✉✉♠ r❡♣r❡s❡♥t❛ s✐♠♣❧❡s♠❡♥t❡ ❛ r❡❣✐ã♦ ♥❛ q✉❛❧ ❞❡s❡❥❛✲s❡ ♠❛♣❡❛r ♦s

✈❛❧♦r❡s ❞❛ ✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❊①✐st❡♠ tr❛❜❛❧❤♦s ❬✶✸❪✱ ♣♦r ❡①❡♠♣❧♦✱ ♦♥❞❡

♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s é ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r

✈✐s❛♥❞♦ ❝❛❧❝✉❧❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❝❛r❣❛ ❡♠ q✉❛♥t✉♠ ❞♦ts ♥❛ ♠✐❝r♦❡s❝❛❧❛✳ ◆❡st❡

❝❛s♦✱ ♦ q✉❡ é r❡❛❧♠❡♥t❡ ♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ s❡❥❛ ✈✐á✈❡❧ ♦ ✉s♦ ❞❡ t❡♦r✐❛s ❞♦ ❝♦♥t✐✲

♥✉✉♠ é q✉❡ ♦ ❢❡♥ô♠❡♥♦ ❛ s❡r ❡st✉❞❛❞♦ ♥ã♦ ♥❡❝❡ss✐t❡ ❞❡ ✉♠❛ ❞❡s❝r✐çã♦ ❞✐s❝r❡t❛✱ t❛❧

❝♦♠♦ ♦❝♦rr❡ ♥❛ ❡s❝❛❧❛ ❛tô♠✐❝❛✱ ♣❛r❛ s❡r ❝♦♠♣r❡❡♥❞✐❞♦✳

❯♠❛ ✈❡③ q✉❡ t✉❞♦ ❛q✉✐❧♦ q✉❡ ♥ã♦ ♣♦❞❡ s❡r s✐♠✉❧❛❞♦ ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

❡stá s❡♥❞♦ ❞❡♥♦♠✐♥❛♥❞♦ ❞❡ ❝♦♥t✐♥✉✉♠✱ é ♥❛t✉r❛❧ q✉❡ ✉♠❛ ❞❡✜♥✐çã♦ tã♦ ❛❜r❛♥❣❡♥t❡

♣♦ss❛ s❡r s✉❜❞✐✈✐❞✐❞❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❞❡ ♠✐❝r♦❡s❝❛❧❛ ❛ r❡❣✐ã♦ ❞❡

❝♦♥tí♥✉✉♠ q✉❡ ❡stá ♣ró①✐♠❛ ❞❛ ❢r♦♥t❡✐r❛ ❧✐♠✐t❡ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r❀ é ♦ ❝❛s♦ ❞❡

♣r♦❜❧❡♠❛s q✉❡ ♦❝♦rr❡♠ ♥❛ ❡s❝❛❧❛ ❞❡ t❛♠❛♥❤♦ ❞♦ ♠í❝r♦♥✳ ❏á ❛ ♠❛❝r♦❡s❝❛❧❛ ❝♦rr❡s✲

♣♦♥❞❡ à r❡❣✐ã♦ ❞❡ ❝♦♥t✐♥✉✉♠ q✉❡ é ♠✉✐t♦ ❞✐st❛♥t❡ ❞❛ ❢r♦♥t❡✐r❛ ❧✐♠✐t❡ ❞❛ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r❀ é ♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ♦❝♦rr❡♠ ♥❛s ❡s❝❛❧❛ ❞♦ ♠❡tr♦ ♦✉ ♠❛✐♦r❡s✳ ❊♠

❛♠❜♦s ♦s ❝❛s♦s✱ ♠ét♦❞♦s ❞❡ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛ t❛✐s ❝♦♠♦ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s

✜♥✐t♦s ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ♥♦ ❝♦♥t✐♥✉✉♠❀ t♦❞❛✈✐❛✱

❛s ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ❛♣❧✐❝❛❞❛s à ♠✐❝r♦❡s❝❛❧❛ s❡rã♦ ❞✐❢❡r❡♥t❡s ❞❛q✉❡❧❛s ❛♣❧✐❝❛❞❛s à

♠❛❝r♦❡s❝❛❧❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ♦ ❢♦❝♦ ❡♠ t❡r♠♦s ❞❡ ❝♦♥t✐♥✉✉♠ s❡rá ❛ ♠✐❝r♦❡s❝❛❧❛✳

❯♠ ❡①❡♠♣❧♦ ✐♥t❡r❡ss❛♥t❡ ❞❡ ❝á❧❝✉❧♦ r❡❛❧✐③❛❞♦ ❝♦♠ t❡♦r✐❛s ❞❡ ❝♦♥t✐♥✉✉♠ ♣❛r❛ ♦

❝❛s♦ ❞❛ ♠❛❝r♦❡s❝❛❧❛ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✶✳✸✳ ◆❡st❡ tr❛❜❛❧❤♦ ❬✶✹❪✱ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛

t✉r❜✉❧ê♥❝✐❛ ♥♦ ❛r ❝❛✉s❛❞❛ ♣♦r ✉♠ ♣❛r❛q✉❡❞❛s é r❡❛❧✐③❛❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞♦s

❡❧❡♠❡♥t♦s ✜♥✐t♦s✳ ❊♠ s❡❣✉✐❞❛✱ ♦ ❡st✉❞♦ é r❡♣❡t✐❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✈ár✐♦s ♣❛r❛q✉❡❞❛s

♣ró①✐♠♦s ✉♥s ❛♦s ♦✉tr♦s✱ ✈✐s❛♥❞♦ ❡st✉❞❛r ❝♦♠♦ ❛ t✉r❜✉❧ê♥❝✐❛ ❝❛✉s❛❞❛ ♣♦r ❝❛❞❛ ✉♠

❛❢❡t❛ ♦s ❞❡♠❛✐s✳

✺



❋✐❣✉r❛ ✶✳✸✿ ❊①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞❡ t❡♦r✐❛s ❞❡ ❝♦♥t✐♥✉✉♠ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❢❡♥ô✲
♠❡♥♦s ♥❛ ♠❛❝r♦❡s❝❛❧❛✳ ◆❡st❡ tr❛❜❛❧❤♦ ❬✶✹❪ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s é ✉t✐❧✐③❛❞♦
♣❛r❛ ❡st✐♠❛r ❛ t✉r❜✉❧ê♥❝✐❛ ♥♦ ❛r ♣ró①✐♠♦ ❛ ✉♠ ♣❛r❛q✉❡❞❛s✳ ❊♠ s❡❣✉✐❞❛✱ ♦ ♠♦❞❡❧♦
é ✉t✐❧✐③❛❞♦ ♣❛r❛ s❡ ❡st✉❞❛r ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ✈ár✐♦s ♣❛r❛q✉❡❞❛s ♣ró①✐♠♦s ✉♥s ❛♦s
♦✉tr♦s✳ ❖ ✉s♦ ❞❡ ♣❛r❛q✉❡❞❛s ♠ú❧t✐♣❧♦s é ❜❛st❛♥t❡ ❝♦♠✉♠ ♥♦ ❝❛s♦ ❞❡ ❝❛r❣❛s ♠✉✐t♦
♣❡s❛❞❛s✳ ❆ ✜❣✉r❛ ✏❆✑ ❝♦rr❡s♣♦♥❞❡ ❛ r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çõ❡s✳ ❆ ✜❣✉r❛ ✏❇✑ é ✉♠❛
❢♦t♦ r❡❛❧ ❞♦ r❡t♦r♥♦ à t❡rr❛ ❞❛ ❝á♣s✉❧❛ ❆♣♦❧❧♦ ✶✺✱ ♦♥❞❡ ✉♠ ❞♦s ♣❛r❛q✉❡❞❛s ❞♦ ❝♦♥✲
❥✉♥t♦ ❢❛❧❤♦✉✳

✶✳✷ ❆❝♦♣❧❛♥❞♦ ❡s❝❛❧❛s

✶✳✷✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❡stát✐❝♦ ❞❡ ❡s❝❛❧❛s

❆ ✐❞é✐❛ ❞❡ s❡ ❛❝♦♣❧❛r ❡s❝❛❧❛s ❞❡ t❛♠❛♥❤♦ ❡ t❡♠♣♦ t❡♠ ✉♠❛ ❤✐stór✐❛ ❧♦♥❣❛✳ ❉♦ ♣♦♥t♦

❞❡ ✈✐st❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✐st♦ s✐❣♥✐✜❝❛ ❞❡s❡♥✈♦❧✈❡r ♠❡t♦❞♦❧♦❣✐❛s ❡♠ ✉♠ ♥í✈❡❧ ❢✉♥❞❛✲

♠❡♥t❛❧ ❡ ❝♦♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✉s❛❞❛ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❝♦♥st❛♥t❡s

♣❛r❛ s❡r❡♠ ✉s❛❞❛s ❡♠ ♣r♦❝❡❞✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ❡♠ ❡s❝❛❧❛s ❞❡

t❛♠❛♥❤♦ ❡ t❡♠♣♦ ♠❛✐♦r❡s✳ ❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ♦ tr❛t❛♠❡♥t♦ ❞❡st❡ ♣r♦❜❧❡♠❛ é ❢❡✐t♦

❞❡ ♠❛♥❡✐r❛ s❡qü❡♥❝✐❛❧❀ ♦✉ s❡❥❛✱ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❡♠ ✉♠❛ ❡s❝❛❧❛ ❞❡ t❛♠❛♥❤♦ ♠❡♥♦r

❣❡r❛♠ r❡s✉❧t❛❞♦s q✉❡ sã♦ ✉s❛❞♦s ❝♦♠♦ ♣❛râ♠❡tr♦s ❡♠ ♠♦❞❡❧♦s ✈✐s❛♥❞♦ ❝á❧❝✉❧♦s ❡♠

❡s❝❛❧❛s ♠❛✐♦r❡s✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✶✳✹✳

◆❡st❛ ♠❡t♦❞♦❧♦❣✐❛✱ ✐♥❢♦r♠❛çã♦ ♦❜t✐❞❛ ❡♠ ❝á❧❝✉❧♦s ❞❡ ♠❛✐♦r ♣r❡❝✐sã♦ é ♣r♦♣❛✲

❣❛❞❛ ❞❡ ❢♦r♠❛ ✐♥❞✐r❡t❛ ♣❛r❛ ❝á❧❝✉❧♦s ❞❡ ♠❡♥♦r ♣r❡❝✐sã♦✳ ■st♦ é ❢❡✐t♦ ♣❛rt✐♥❞♦✲s❡ ❞❛

♣r❡♠✐ss❛ ❞❡ q✉❡✱ ♥❛ ❡s❝❛❧❛ ❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ♠❡♥♦s ♣r❡❝✐s♦✱ ♥ã♦ ♦❝♦r✲

r❡♠ ✈❛r✐❛çõ❡s s✐❣♥✐✜❝❛t✐✈❛s ❡♠ ✈❛r✐á✈❡✐s q✉❡ só s❡r✐❛♠ ❞❡t❡❝t❛❞❛s ♣❡❧♦ ❝á❧❝✉❧♦ ♠❛✐s

♣r❡❝✐s♦✳ ❙❡ ❛ ♣r❡♠✐ss❛ ✈❛❧❡✱ ❡♥tã♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠❛t❡r✐❛❧ ♦❜t✐❞❛s ♣❡❧♦ ❝á❧❝✉❧♦

✻



❋✐❣✉r❛ ✶✳✹✿ ❊①❡♠♣❧♦ ❞❡ s✐t✉❛çã♦ ♦♥❞❡ ❡s❝❛❧❛s sã♦ ❛❝♦♣❧❛❞❛s ❡st❛t✐❝❛♠❡♥t❡✿ ❛ ♣❛rt✐r
❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ ♣❛râ♠❡tr♦s ♣❛r❛ ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s ✉s❛❞♦s
❡♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ sã♦ ❝❛❧❝✉❧❛❞♦s✳ ❊♠ s❡❣✉✐❞❛✱ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐♥â♠✐❝❛
♠♦❧❡❝✉❧❛r é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ❛ ♠✐❝r♦❡s❝❛❧❛ ❡ ♣♦st❡r✐♦r♠❡♥t❡✱
♣❛r❛ t❡♦r✐❛s ❞❡ ♠❡✐♦s ❝♦♥tí♥✉♦s ♠❛❝r♦s❝ó♣✐❝♦s✳

♠❡♥♦s ♣r❡❝✐s♦ sã♦ ✐❣✉❛✐s✱ ❞❡♥tr♦ ❞❡ ❝❡rt❛ t♦❧❡râ♥❝✐❛✱ ❛♦ q✉❡ s❡r✐❛ ❝❛❧❝✉❧❛❞♦ ❝♦♠

♦ ♠ét♦❞♦ ♠❛✐s ♣r❡❝✐s♦✱ ❝♦♠ ❛ ❢♦rt❡ ✈❛♥t❛❣❡♠ ❞❡ ✉♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♠✉✐t♦

♠❡♥♦r✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ♠♦❞❡❧❛❣❡♠ ♣✉r❛♠❡♥t❡ t❡ór✐❝❛✱ ♣❛rt✐♥❞♦ ❞❡ ♠ét♦❞♦s ❞❡ ❡s✲

tr✉t✉r❛ ❡❧❡trô♥✐❝❛ ♣♦❞❡♠♦s r❡❛❧✐③❛r ❝á❧❝✉❧♦s q✉❡ ❣❡r❛♠ ♣❛râ♠❡tr♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s

♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s ✉t✐❧✐③❛❞♦s ❡♠ s✐♠✉❧❛çõ❡s ❛t♦♠íst✐❝❛s✱ ❡ q✉❡ ♣♦r s✉❛ ✈❡③ ♣♦❞❡♠

❣❡r❛r ✐♥❢♦r♠❛çã♦ ✉t✐❧✐③❛❞❛ ♥❛ s✐♠✉❧❛çã♦ ❞❡ ♠❡✐♦s ❝♦♥tí♥✉♦s ♥❛ ♠✐❝r♦❡s❝❛❧❛✳ ❊st❡

♣r♦❝❡ss♦ ♣♦❞❡ ❝♦♥t✐♥✉❛r✱ ♣r♦♣❛❣❛♥❞♦ ✐♥❢♦r♠❛çã♦ ♣❛r❛ ❡s❝❛❧❛s ❞❡ t❛♠❛♥❤♦ ❡ t❡♠♣♦

❝❛❞❛ ✈❡③ ♠❛✐♦r❡s✳ ❯♠ ❡①❡♠♣❧♦ ✐♥t❡r❡ss❛♥t❡ ❞❡ tr❛❜❛❧❤♦ ♦♥❞❡ ✐st♦ é ✐❧✉str❛❞♦ ♦❝♦r✲

r❡✉ ❛✐♥❞❛ ♥❛ ❞é❝❛❞❛ ❞❡ ✽✵✱ ♥❛ q✉❛❧ ❈❧❡♠❡♥t✐ ❬✶✺❪ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ✉t✐❧✐③❛r❛♠

♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♣❛r❛ ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❞❡ ♠♦❧é❝✉❧❛ ❞❡ á❣✉❛✳ ❆ ♣❛rt✐r ❞❡st❡

♠♦❞❡❧♦✱ ❢♦r❛♠ ❝♦♥str✉í❞♦s ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s ♣❛r❛ s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉✲

❧❛r✱ ❝♦♠ ❛s q✉❛✐s ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ❡♠ ♠♦❞❡❧♦s ❞❡ ❡s❝♦❛♠❡♥t♦

❞❡ ✢✉✐❞♦s✳ ❋✐♥❛❧♠❡♥t❡ ❡st❡s ♠♦❞❡❧♦s s❡r✈✐r❛♠ ❞❡ ❜❛s❡ ♣❛r❛ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s✳

❊st❡ t✐♣♦ ❞❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❛ ❜❛s❡ ♣❛r❛ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦s ♦s ♠ét♦❞♦s ❞❡

✼



s✐♠✉❧❛çã♦ ❡♠ ❝✐ê♥❝✐❛ ❞♦s ♠❛t❡r✐❛✐s✳ ❊①❝❡çã♦ s❡ ❢❛③ ♥♦ ❝❛s♦ ❞❡ ♠ét♦❞♦s ♣✉r❛♠❡♥t❡

❡♠♣ír✐❝♦s✱ ♥♦s q✉❛✐s ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ sã♦ ❝❛❧❝✉❧❛❞♦s ❞✐r❡t❛♠❡♥t❡ ❛tr❛✈és ❞❡

❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ❡ ♥ã♦ ❞❡ s✐♠✉❧❛çõ❡s ❢❡✐t❛s ❝♦♠ ✉♠ ♠♦❞❡❧♦ ♠❛✐s r❡✜♥❛❞♦✳ ➱

✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ♥♦ ❛❝♦♣❧❛♠❡♥t♦ ❡stát✐❝♦ ❞❡ ❡s❝❛❧❛s ❝❛❞❛ ✉♠❛ ❞❡❧❛s é s✐♠✉❧❛❞❛

❞❡ ♠❛♥❡✐r❛ ✐♥❞✐✈✐❞✉❛❧ ❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛s ❞❡♠❛✐s✱ ♦✉ s❡❥❛✱ ❛♦ s❡ ♣❛ss❛r ❞❡ ✉♠❛ ❡s❝❛❧❛

♣❛r❛ ❛ ♦✉tr❛✱ ♣r♦♣❛❣❛✲s❡ ✐♥❢♦r♠❛çã♦ r❡❢❡r❡♥t❡ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♠é❞✐♦ ❞♦ s✐st❡♠❛

♥❛ ❡s❝❛❧❛ ♠❛✐s ♣r❡❝✐s❛✱ ♦ q✉❛❧ s❡r✈❡ ❞❡ ❜❛s❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❛ ❡s❝❛❧❛ ♠❡♥♦s ♣r❡❝✐s❛✳

✶✳✷✳✷ ❆❝♦♣❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ❡s❝❛❧❛s

P❛r❛ ♠✉✐t❛s s✐t✉❛çõ❡s ❞❡ ✐♥t❡r❡ss❡✱ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡stát✐❝♦ ❞❡ ❡s❝❛❧❛s é s✉✜❝✐❡♥t❡

♣❛r❛ s❡ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s ❡♠ q✉❡stã♦✳ ❚♦❞❛✈✐❛✱ ❡①✐st❡♠ ❢❡♥ô♠❡♥♦s ♥♦s q✉❛✐s

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛ ❡♠ ✉♠❛ ❡s❝❛❧❛ ♠❛✐♦r ❞❡♣❡♥❞❡ ❞❡ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦

r❡✜♥❛❞♦ ❞♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ ♠❡s♠♦ ❡♠ ✉♠❛ ❡s❝❛❧❛ ♠❡♥♦r✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♥ã♦ é

♣♦ssí✈❡❧ ✉t✐❧✐③❛r r❡s✉❧t❛❞♦s ♠é❞✐♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ♠❡♥♦s ♣r❡❝✐s♦✳ ❊①✐st❡♠✱ ❡ss❡♥❝✐❛❧✲

♠❡♥t❡✱ ❞✉❛s ❛❜♦r❞❛❣❡♥s ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❡st❡s ❝❛s♦s✳ ❆ ♣r✐♠❡✐r❛ é r❡❛❧✐③❛r ✉♠❛

s✐♠✉❧❛çã♦ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ❡s❝❛❧❛ ♠❡♥♦r ❡ ♠❛✐s ♣r❡❝✐s❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛

❡s❝❛❧❛ ♠❛✐♦r✳ ■ss♦ é ♦ q✉❡ ❣❡r❛❧♠❡♥t❡ é r❡❛❧✐③❛❞♦✱ ❛♣❡s❛r ❞♦ ✐♠❡♥s♦ ❝✉st♦ ❝♦♠♣✉t❛✲

❝✐♦♥❛❧ q✉❡✱ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ t♦r♥❛ ♦ ♣r♦❜❧❡♠❛ ♣r♦✐❜✐t✐✈♦✳ ❊①✐st❡♠ ♥❛ ❧✐t❡r❛t✉r❛

❞✐✈❡rs♦s ❡①❡♠♣❧♦s ❬✻✱ ✼❪ ❞❡ s✐♠✉❧❛çõ❡s ❡①tr❡♠❛♠❡♥t❡ ❝❛r❛s✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❝♦♠✲

♣✉t❛❝✐♦♥❛❧✱ ✉s❛❞❛s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❢❡♥ô♠❡♥♦s ❡♠ ❡s❝❛❧❛s ♠❛✐♦r❡s ❝♦♠ ♠❡t♦❞♦❧♦❣✐❛s

tí♣✐❝❛s ❞❡ ❡s❝❛❧❛s ♠❡♥♦r❡s✳ ❆❧❣✉♥s ❞❡st❡s ❡①❡♠♣❧♦s ❛♣❛r❡❝❡♠ ♥❛ ✜❣✉r❛ ✶✳✷✳

❆ s❡❣✉♥❞❛ ♠❛♥❡✐r❛ ❞❡ s❡ ❧✐❞❛r ❝♦♠ ♣r♦❜❧❡♠❛s ♥♦s q✉❛✐s ♠❛✐s ❞❡ ✉♠❛ ❡s❝❛❧❛ ❡stá

♣r❡s❡♥t❡ é ✉t✐❧✐③❛r ✉♠ ♠ét♦❞♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ❡s❝❛❧❛s ✭♠✉❧t✐❡s❝❛❧❛✮✱ ♥♦ q✉❛❧ ❛

✐♥❢♦r♠❛çã♦ r❡❧❛❝✐♦♥❛❞❛ ❛♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ s✐st❡♠❛ ♥❛ ❡s❝❛❧❛ ♠❡♥♦r é ♣r♦♣❛❣❛❞❛

❞✐♥❛♠✐❝❛♠❡♥t❡ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❛ ❡s❝❛❧❛ ♠❛✐♦r❀ ❡♠ ❣❡r❛❧ tr❛t❛✲s❡ ❞❡ ✏♠✐st✉r❛r✑ ♥✉♠❛

♠❡s♠❛ s✐♠✉❧❛çã♦ ♦s ❝á❧❝✉❧♦s ❞❛s ❞✉❛s ❡s❝❛❧❛s ❞❡ ♠♦❞♦ ❝♦❡r❡♥t❡✱ r❡s✉❧t❛♥❞♦ ♥✉♠

❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ r❡❞✉③✐❞♦✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ t✐♣♦ ❞❡ ♠❡t♦❞♦❧♦❣✐❛ ♣❛r❛

❛ ár❡❛ ❞❡ ♥❛♥♦❝✐ê♥❝✐❛ é ✐♠♣♦rt❛♥t❡ ❡ ❞❡s❡❥á✈❡❧✳ P❛r❛ ❡s❝❛❧❛s ♠❛❝r♦s❝ó♣✐❝❛s✱ ♣r♦✲

❝❡❞✐♠❡♥t♦s ❞❡ ♠✉❧t✐❡s❝❛❧❛ ❥á ❡①✐st❡♠✱ s❡♥❞♦ ❛♣❧✐❝❛❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❡♥❣❡♥❤❛r✐❛✳

❯♠ ❝❛s♦ tí♣✐❝♦ é ♦ ❡st✉❞♦ ❞❡ ❞✐♥â♠✐❝❛ ❞❡ ✢✉✐❞♦s ❬✶✻❪ ❡♠ ♠❡✐♦s ♣♦r♦s♦s✱ ✉t✐❧✐③❛❞♦s✱

♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ s❡ ❝❛❧❝✉❧❛r ♦ ❡s❝♦❛♠❡♥t♦ ❞❡ ó❧❡♦ ❡♠ r❡s❡r✈❛tór✐♦s ❞❡ ♣❡tró❧❡♦✳

✽



❋✐❣✉r❛ ✶✳✺✿ ❈♦♠♣❛r❛çã♦ ❞♦s ❝❛♠♣♦s ❞❡ ❡str❡ss❡ ♦❜t✐❞♦s ❛tr❛✈és ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡
❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣✉r❛ ✭❡sq✉❡r❞❛✮ ❡ ✉♠ ❝á❧❝✉❧♦ ♠✉❧t✐❡s❝❛❧❛ ✭❞✐r❡✐t❛✮ r❡❛❧✐③❛❞♦ ❝♦♠
♦ ♠ét♦❞♦ ▼❆❆❉ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡♣♦s✐çã♦ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ Si3N4 ❛♠♦r❢♦ s♦❜r❡
✉♠ s✉❜str❛t♦ ❞❡ s✐❧í❝✐♦✳ ❊st❡ tr❛❜❛❧❤♦ ❬✶✽❪ ♦❜t❡✈❡ ✉♠❛ ❡①❝❡❧❡♥t❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡
r❡s✉❧t❛❞♦ ❡♥tr❡ ♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛ ❡ ❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣✉r❛✳

❊♠❜♦r❛ r❡❝❡♥t❡s✱ ♠ét♦❞♦s ♠✉❧t✐❡s❝❛❧❛ ♣❛r❛ ❛ ♥❛♥♦❝✐ê♥❝✐❛ ❥á ❡stã♦ ♣r♦❞✉③✐♥❞♦

♣r♦♣♦st❛s ✐♥♦✈❛❞♦r❛s ❝♦♠ s✐❣♥✐✜❝❛t✐✈♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛♣❧✐❝❛çã♦✳ ❯♠ ❡①❡♠♣❧♦ é ✉♠ ❛r✲

t✐❣♦ ♣✉❜❧✐❝❛❞♦ ❡♠ ✷✵✵✹ ♥♦ q✉❛❧ s❡✉s ❛✉t♦r❡s ♣r♦♣✉s❡r❛♠ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❝♦♠♣✉t❛✲

❝✐♦♥❛❧ ♠✉❧t✐❡s❝❛❧❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈❛s ❧✐❣❛s ❞❡ ❛ç♦ ✉❧tr❛✲r❡s✐st❡♥t❡s ❬✶✼❪✳

❖✉tr♦ ❡①❡♠♣❧♦✱ ✈♦❧t❛❞♦ ♣❛r❛ ❛ ❡❧❡trô♥✐❝❛ ✜♥❛✱ é ♦ ❡st✉❞♦ ♠✉❧t✐❡s❝❛❧❛ ❞❡ ❡❢❡✐t♦s ❞❡

s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ✜❧♠❡ ✜♥♦ ❞❡ Si3N4 ❞❡♣♦s✐t❛❞♦ s♦❜r❡ ✉♠ s✉❜str❛t♦ ❞❡ s✐❧í❝✐♦ ❬✶✽❪✳

❊st❡ ú❧t✐♠♦ ❝á❧❝✉❧♦ ❛♣❛r❡❝❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✶✳✺✳

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ❞✐✈❡rs❛s ♠❡t♦❞♦❧♦❣✐❛s ❢♦r❛♠ ♣r♦♣♦st❛s ✈✐s❛♥❞♦ ❛❝♦♣❧❛r ❡s✲

❝❛❧❛s ♣r❡s❡♥t❡s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ♥❛♥♦❝✐ê♥❝✐❛✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s ✐♥❝❧✉❡♠ ♦s ♠ét♦✲

❞♦s ▼❛❝r♦s❝♦♣✐❝ ❆t♦♠✐st✐❝ ❆❜✲✐♥✐t✐♦ ❉②♥❛♠✐❝s ✭▼❆❆❉✮ ❬✶✽✕✷✵❪✱ ♦ ♠ét♦❞♦ ❈♦❛rs❡✲

●r❛✐♥❡❞ ▼♦❧❡❝✉❧❛r ❉②♥❛♠✐❝s ✭❈●▼❉✮ ❬✷✶❪✱ ❛ ❆♥á❧✐s❡ ◗✉❛s✐❝♦♥tí♥✉❛ ❬✷✷✕✷✺❪ ❡ ♦

♠ét♦❞♦ ❞❡ P♦♥t❡ ❡♥tr❡ ❊s❝❛❧❛s ❬✷✻✕✸✻❪✱ ❝✉❥❛ ✐♠♣❧❡♠❡♥t❛çã♦ é ✐♥✐❝✐❛❞❛ ♥❡st❡ tr❛✲

❜❛❧❤♦✳ ❆❧é♠ ❞❡st❡s✱ ❡①✐st❡♠ ❛✐♥❞❛ ♠ét♦❞♦s ♠❡♥♦s ❝♦♥❤❡❝✐❞♦s t❛✐s ❝♦♠♦ ♦ ❆t♦♠✐❝✲

s❝❛❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❆❋❊▼✮ ❬✸✼❪✱ P♦♥t❡ ❡♥tr❡ ❉♦♠í♥✐♦s ✭P❉✮ ❬✸✽❪✱ ●r❛❞✐❡♥t

❈♦♥t✐♥✉✉♠ ▼♦❞❡❧ ✭●❈▼✮ ❬✸✾❪✱ t❡♦r✐❛s ❞❡ ❤♦♠♦❣❡♥❡✐③❛çã♦ ❬✹✵❪✱ ❡♥tr❡ ♦✉tr♦s✳ ❯♠❛

❜♦❛ ❢♦r♠❛ ❞❡ s❡ t❡r ✉♠ ♣r✐♠❡✐r♦ ❝♦♥t❛t♦ ❝♦♠ ♦s ♠ét♦❞♦s é ❛tr❛✈és ❞❡ ✉♠ ❞♦s r❡✲

✈✐❡✇s ♣✉❜❧✐❝❛❞♦s s♦❜r❡ ♦ ❛ss✉♥t♦✱ q✉❡ ❛❜♦r❞❛♠ ❛❧❣✉♥s ❞❡st❡s ❡ ♦✉tr♦s ♠ét♦❞♦s q✉❡

♥ã♦ sã♦ ♠❡♥❝✐♦♥❛❞♦s ❛q✉✐ ❬✹✶✕✹✺❪✳

✾



❆❧é♠ ❞✐ss♦✱ é ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ♠✉❧t✐❡s❝❛❧❛ ❛

❞❛❞♦ ♣r♦❜❧❡♠❛ ❞❡♣❡♥❞❡ ❞♦ t✐♣♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s q✉❡ ♦❝♦rr❡ ♥❛ s✐t✉❛çã♦

❡♠ q✉❡stã♦✳ P❛r❛ ♣r♦❜❧❡♠❛s ♦♥❞❡ ❡①✐st❡ ✉♠ ❢♦rt❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s✱

t❛❧ ❝♦♠♦ ♦ ❝á❧❝✉❧♦ ❞❛ t✉r❜✉❧ê♥❝✐❛ ❡♠ ✉♠ ✢✉í❞♦✱ ♦ ✉s♦ ❞❡st❡s ♠ét♦❞♦s é ✐♥✈✐á✈❡❧

✉♠❛ ✈❡③ q✉❡ ♥❡st❡ t✐♣♦ ❞❡ s✐t✉❛çã♦ ✉♠ ❢❡♥ô♠❡♥♦ q✉❡ ♦❝♦rr❡ ❡♠ ✉♠❛ ❡s❝❛❧❛ ❞❡

t❛♠❛♥❤♦ ❣r❛♥❞❡ ♣r❡❝✐s❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s❡r ❞❡s❝r✐t♦ ❛tr❛✈és ❞❡ ✉♠ ♠ét♦❞♦ ♣r❡❝✐s♦✱

❣❡r❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ❡s❝❛❧❛s ♣❡q✉❡♥❛s✳

◆♦s ♣r♦❜❧❡♠❛s ♦♥❞❡ ❡①✐st❡ ✉♠ ❢r❛❝♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s ❡st❡s ♠ét♦❞♦s

♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡✱ ♥❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r

r❡❣✐õ❡s ❞❡♥tr♦ ❞♦ ❞♦♠í♥✐♦ q✉❡ s❡ ❞❡s❡❥❛ ❡st✉❞❛r ♥❛s q✉❛✐s ✉♠ ♠ét♦❞♦ ❞❡ ❡s❝❛❧❛

♠❛✐♦r✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠❡♥♦s ♣r❡❝✐s♦✱ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ❞❡ ♠❛♥❡✐r❛ s❛t✐s❢❛tór✐❛

♣❛r❛ ❞❡s❝r❡✈❡r ♦s ❢❡♥ô♠❡♥♦s q✉❡ ♦❝♦rr❡♠ ❡♠ ♣❛rt❡ ❞♦ ❞♦♠í♥✐♦✳ ❏á ♥❛s r❡❣✐õ❡s

♦♥❞❡ ❡st❡ ♠ét♦❞♦ ♠❡♥♦s ♣r❡❝✐s♦ ♥ã♦ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦✱ ✉t✐❧✐③❛✲s❡ ✉♠ ♠ét♦❞♦ ♠❛✐s

♣r❡❝✐s♦✱ ❞❡ ❢♦r♠❛ ❛ s❡ ❞❡❝♦♠♣♦r ♦ ❝á❧❝✉❧♦ t♦t❛❧ ❡♠ r❡❣✐õ❡s ❞✐st✐♥t❛s✳ P❛r❛ q✉❡ ✐ss♦

s❡❥❛ ♣♦ssí✈❡❧✱ é ♣r❡❝✐s♦ q✉❡ ♦ ❢❡♥ô♠❡♥♦ q✉❡ s❡ ❞❡s❡❥❛ ❡st✉❞❛r ♣♦ss✉❛ ✉♠❛ ♥❛t✉r❡③❛

❧♦❝❛❧❀ ♦✉ s❡❥❛✱ ❡st❡❥❛ ❧♦❝❛❧✐③❛❞♦ ❡♠ ❞❡t❡r♠✐♥❛❞❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦ ❡✱ ❝♦♥❢♦r♠❡ s❡

❛✉♠❡♥t❛ ❛ ❞✐stâ♥❝✐❛ ❞❡st❛ r❡❣✐ã♦✱ ♠❡♥♦r s❡rá ♦ ❡❢❡✐t♦ ❞♦ ❢❡♥ô♠❡♥♦ s♦❜r❡ ♦ r❡st❛♥t❡

❞♦ ❞♦♠í♥✐♦ ❞♦ ❝á❧❝✉❧♦✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ♣r♦❜❧❡♠❛ ✐♠♣♦rt❛♥t❡ q✉❡ ♣♦ss✉✐ ❡st❛ ❝❛r❛❝t❡ríst✐❝❛ é ♦ ❝❛s♦ ❞❡

❢r❛t✉r❛s ❞✐♥â♠✐❝❛s✱ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✶✳✻✳ ◆❡st❡ ♣r♦❜❧❡♠❛✱ ❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛

♣r❡❝✐s❛ s❡r ❝❛❧❝✉❧❛❞❛ ❝♦♠ ❣r❛♥❞❡ ♣r❡❝✐sã♦✱ ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ ♠ét♦❞♦ ❞❡ ❡str✉t✉r❛

❡❧❡trô♥✐❝❛✳ ◆❛s r❡❣✐õ❡s ♣ró①✐♠❛s ❞❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛✱ ♣♦ré♠ ♥ã♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛

❢❛③❡r ♣❛rt❡ ❞❛ ♠❡s♠❛✱ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ é s✉✜❝✐❡♥t❡ ♣❛r❛

❝❛♣t❛r ❛s ❞❡❢♦r♠❛çõ❡s ♥♦ só❧✐❞♦✳ ❏á ♥❛s r❡❣✐õ❡s ♠✉✐t♦ ❞✐st❛♥t❡s ❞❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛✱

♥❛s q✉❛✐s ❛s ✈✐❜r❛çõ❡s ♥♦ ♠❛t❡r✐❛❧ sã♦ ♣❡q✉❡♥❛s✱ ✉♠ ♠ét♦❞♦ ❞❡ ❝♦♥t✐♥✉✉♠ ♣♦❞❡ s❡r

✉t✐❧✐③❛❞♦ ❞❡ ❢♦r♠❛ s❛t✐s❢❛tór✐❛✳ ◆❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❞♦♠í♥✐♦

❡♠ r❡❣✐õ❡s ❞❡ ❝á❧❝✉❧♦ ❝♦♠ ♠ét♦❞♦s ❞✐st✐♥t♦s ♣❡r♠✐t❡ ♦ ❡st✉❞♦ ❞❡ ✉♠ ❢❡♥ô♠❡♥♦ ❝♦♠

❛❧t❛ ♣r❡❝✐sã♦✱ ❝♦♠♣❛rá✈❡❧ ❛♦ q✉❡ ♣♦❞❡r✐❛ s❡r ♦❜t✐❞♦ ❝❛s♦ s❡ r❡❛❧✐③❛ss❡ ♦ ❡st✉❞♦ ❝♦♠

✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✳ ❚♦❞❛✈✐❛✱ ♥❡st❛ ú❧t✐♠❛ ♦♣çã♦

♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ❝á❧❝✉❧♦ ♦ t♦r♥❛r✐❛ ✐♥✈✐á✈❡❧✳

✶✵



❋✐❣✉r❛ ✶✳✻✿ ❈á❧❝✉❧♦ ♠✉❧t✐❡s❝❛❧❛ r❡❛❧✐③❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢r❛t✉r❛s ❞✐♥â♠✐❝❛s ❝♦♠
♦ ♠ét♦❞♦ ▼❆❆❉ ❬✷✵❪✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛ é ❝❛❧❝✉❧❛❞❛ ✉t✐❧✐③❛♥❞♦✲s❡
♦ ♠ét♦❞♦ ❚✐❣❤t✲❇✐♥❞✐♥❣ ✭❚❇✮✳ ◆❛s r❡❣✐õ❡s ♣ró①✐♠❛s à ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛✱ ❛ ❞✐♥â♠✐❝❛
♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ é ✉t✐❧✐③❛❞❛ ✭▼❉✮✳ ❏á ♥❛s r❡❣✐õ❡s ♠✉✐t♦ ❞✐st❛♥t❡s ❞❛ ❢r❛t✉r❛✱ ♦♥❞❡
❛♣❡♥❛s ❧❡✈❡s ✈✐❜r❛çõ❡s ♦❝♦rr❡♠✱ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ✭❋❊✮ é ✉t✐❧✐③❛❞♦
♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❞❡❢♦r♠❛çã♦ ♥♦ ❝♦♥t✐♥✉✉♠✳

✶✳✸ ❖❜❥❡t✐✈♦ ❞♦ tr❛❜❛❧❤♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s ❡✱ ❛

♣❛rt✐r ❞❛í✱ ✐♥✐❝✐❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ s♦❢t✇❛r❡s q✉❡ ✐♠♣❧❡♠❡♥t❡♠ ❡st❡ t✐♣♦ ❞❡

❝á❧❝✉❧♦✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ✈✐sã♦ ❞❡ ❧♦♥❣♦ ♣r❛③♦ é q✉❡ ❡st❡ tr❛❜❛❧❤♦ ✐♥✐❝✐❡ ❛ ❝♦♥str✉çã♦

❞❡ ✉♠❛ ✐♥❢r❛❡str✉t✉r❛ ❞❡ s♦❢t✇❛r❡s ♣❛r❛ ❝á❧❝✉❧♦s ♠✉❧t✐❡s❝❛❧❛ q✉❡ ♣♦ss❛ s❡r ❛♠♣❧✐❛❞❛

❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❝♦♠ ♥♦✈♦s ♠ét♦❞♦s ❞❡ ❡s❝❛❧❛ ú♥✐❝❛ ❡ ♠✉❧t✐❡s❝❛❧❛✱ ❛t✉❛♥❞♦✱

♣♦rt❛♥t♦✱ ❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❡♠ ❝♦♥st❛♥t❡ ❛t✉❛❧✐③❛çã♦ q✉❡ ♣♦ss❛ s❡r ✉t✐❧✐③❛❞❛

♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ✐♥t❡r❡ss❡ ❡♠ ❝✐ê♥❝✐❛ ❞♦s ♠❛t❡r✐❛✐s✳

P❛r❛ ❡st❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ✐♥✐❝✐❛❧✱ ♦♣t❛♠♦s ♣♦r ❝♦♥str✉✐r ✉♠ s✐st❡♠❛ ♣❛r❛ ❝á❧✲

❝✉❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛✱ ❝✉❥❛ t❡♦r✐❛ ❛♣❛r❡❝❡ ❞❡s❝r✐t❛ ♥♦ ❝❛♣ít✉❧♦ ✷✱

♣❛rt✐♥❞♦✲s❡ ❞♦ ③❡r♦✳ P❛r❛ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ❝✉❥❛ t❡♦r✐❛ ❛♣❛r❡❝❡ ❞❡s❝r✐t❛

♥♦ ❝❛♣ít✉❧♦ ✸✱ ♥ós ✉t✐❧✐③❛♠♦s ❝♦♠♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❛ ❜✐❜❧✐♦t❡❝❛ ❣❡t❢❡♠✰✰ ❬✹✻❪✱ ❛

q✉❛❧ ❛❞❛♣t❛♠♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥❡❝❡ss✐❞❛❞❡s ❞❡ ✉♠ ❝á❧❝✉❧♦ ♠✉❧t✐❡s❝❛❧❛✳ ❈♦♠♦

❡①❡♠♣❧♦ ❞❡ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛✱ ♥ós ✐♥✐❝✐❛♠♦s ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ✉♠❛ ♣r♦♣♦st❛

r❡❝❡♥t❡✱ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✱ ❝✉❥❛ t❡♦r✐❛ ❛♣❛r❡❝❡ ❞❡s❝r✐t❛ ♥♦ ❝❛♣ít✉❧♦

✶✶



✹✳ ❆❧é♠ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡st❡s ♠ét♦❞♦s✱ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❡ ♥❛t✉r❡③❛ té❝♥✐❝❛

❢♦r❛♠ t❛♠❜é♠ ❛❜♦r❞❛❞♦s✳ ❯♠❛ ✈❡③ q✉❡ ♥ã♦ ❡①✐st❡♠ s♦❢t✇❛r❡s ❡s♣❡❝í✜❝♦s ♣❛r❛ ❛

✈✐s✉❛❧✐③❛çã♦ ❞❡ ❝á❧❝✉❧♦s ♠✉❧t✐❡s❝❛❧❛ ❡♠ ♥❛♥♦❡str✉t✉r❛s✱ ♥ós ❝♦♥str✉í♠♦s ✉♠ s✐s✲

t❡♠❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ♣❛r❛ ❡st❡ ✜♠ ❜❛s❡❛❞♦ ♥❛ ♣❧❛t❛❢♦r♠❛ ❖♣❡♥❉❳ ❬✹✼❪✳ P❛r❛ s❡

❝♦♥str✉✐r ❡ ♠❛♥✐♣✉❧❛r ♠♦❞❡❧♦s ❞❡ ❝r✐st❛✐s ❝♦♠ ♠✐❧❤❛r❡s ❞❡ át♦♠♦s✱ ✉♠ s✐st❡♠❛ ❞❡

❣❡r❛çã♦ ❞❡ ❡str✉t✉r❛s ❢♦✐ t❛♠❜é♠ ❝♦♥str✉í❞♦✱ ♣❛rt✐♥❞♦✲s❡ ❞♦ ③❡r♦✳ P❛r❛ s❡ ❣❡r❛r

♠❛❧❤❛s ❞❡ ❡❧❡♠❡♥t♦s ❛❞❡q✉❛❞❛s ❛♦ ❝♦♥t❡①t♦ ❞❡ ❡s❝❛❧❛s ♠ú❧t✐♣❧❛s✱ ✉♠❛ s♦❧✉çã♦ ❢♦✐

❞❡s❡♥✈♦❧✈✐❞❛ ❛ ♣❛rt✐r ❞❛ ❜✐❜❧✐♦t❡❝❛ ❣❡t❢❡♠✰✰✳ ❊st❡s ❡ ♦✉tr♦s ❞❡t❛❧❤❡s ❞❡ ✐♠♣❧❡♠❡♥✲

t❛çã♦ ❞❛s s♦❧✉çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❡s❡♥✈♦❧✈✐❞❛s ♥❡st❡ ♣r♦❥❡t♦ sã♦ ❞✐s❝✉t✐❞♦s ❝♦♠

♠❛✐s ❞❡t❛❧❤❡ ♥♦ ❛♣ê♥❞✐❝❡ ❆✳

❋✐♥❛❧♠❡♥t❡✱ ❡①❡♠♣❧♦s ❞❡ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❝♦♠ ❡st❛ ✐♥❢r❛❡str✉t✉r❛ ❛♣❛r❡❝❡♠

♥♦ ❝❛♣ít✉❧♦ ✺✳

✶✷



❈❛♣ít✉❧♦ ✷

▼♦❞❡❧❛❣❡♠ ♥❛ ❡s❝❛❧❛ ❛tô♠✐❝❛

✷✳✶ ■♥tr♦❞✉çã♦ à ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

❆ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ♣♦t❡♥❝✐❛✐s ❡♠♣ír✐❝♦s ❝♦♥s✐st❡ ❡♠ r❡s♦❧✈❡r ♥✉♠❡r✐❝❛✲

♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ♠✉✐t♦s ❝♦r♣♦s ♥✉♠ ❝♦♥t❡①t♦

❞❡ ♠❡❝â♥✐❝❛ ♥❡✇t♦♥✐❛♥❛✳ ◆❡st❡ t✐♣♦ ❞❡ ❝á❧❝✉❧♦ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s ❝♦r♣♦s é ❢❡✐t❛

❛tr❛✈és ❞❡ ♣♦t❡♥❝✐❛✐s q✉❡ ♣♦❞❡♠ s❡r ❣❡r❛❞♦s ❞❡ ♠❛♥❡✐r❛ ♣✉r❛♠❡♥t❡ ❡♠♣ír✐❝❛✱ ♦✉

❛✐♥❞❛✱ s❡♠✐✲❡♠♣ír✐❝❛✳ ❊st❡s ♣♦t❡♥❝✐❛✐s sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ❞❡ ♠♦❞♦ ❛ r❡♣r♦❞✉③✐r✱

❞❡♥tr♦ ❞❡ ✉♠❛ ❝❡rt❛ ♣r❡❝✐sã♦✱ r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❡①♣❡r✐♠❡♥t♦s ❡ ❡♠ ❝á❧❝✉✲

❧♦s ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛✳

◆❡st❡ t✐♣♦ ❞❡ ❝á❧❝✉❧♦ ❞✉❛s ✐♠♣♦rt❛♥t❡s ❛♣r♦①✐♠❛çõ❡s ❞❡ ♠♦❞❡❧♦ sã♦ ❢❡✐t❛s✳ ❆

♣r✐♠❡✐r❛ é ❛ ❞❡ s✉♣♦r q✉❡ ♦s ❡st❛❞♦s ♠✐❝r♦s❝ó♣✐❝♦s ❞♦ s✐st❡♠❛ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞♦s

❛ ♣❛rt✐r ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ♣♦s✐çõ❡s ❡ ♠♦♠❡♥t♦ ♥✉❝❧❡❛r❡s✳ ■st♦ é ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲

s❡ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❇♦r♥✲❖♣♣❡♥❤❡✐♠❡r✱ s✉♣♦♥❞♦✲s❡ q✉❡ ♥❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ ❡♠

q✉❡ s❡ ♣❛ss❛ ❛ ❞✐♥â♠✐❝❛ ❛tô♠✐❝❛ ✭❞❡s❝r✐t❛ ♣❡❧❛s ♣♦s✐çõ❡s ❞♦s ♥ú❝❧❡♦s✮ ❛ ❡str✉t✉r❛

❡❧❡trô♥✐❝❛ s❡♠♣r❡ t❡rá t✐❞♦ t❡♠♣♦ ♣❛r❛ r❡❧❛①❛r ❛té ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✳

❆ s❡❣✉♥❞❛ ❛♣r♦①✐♠❛çã♦ ❝♦♥s✐st❡ ❡♠ s✉♣♦r q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞♦s át♦♠♦s ♣♦❞❡ s❡r

❞❡s❝r✐t❛ ❞❡ ❢♦r♠❛ ❝❧áss✐❝❛✳ ■st♦ é r❛③♦á✈❡❧ ❞❡s❞❡ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s át♦♠♦s s❡❥❛

♠✉✐t♦ ♠❛✐♦r ❞♦ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ tér♠✐❝♦ ❞❡ ❉❡ ❇r♦❣❧✐❡✳ ◆❛ ♣rát✐❝❛✱ s❡ ♦s

át♦♠♦s ❞♦ s✐st❡♠❛ ❡♠ q✉❡stã♦ ♥ã♦ ❢♦r❡♠ ♠✉✐t♦ ❧❡✈❡s ♦✉ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛

❢♦r ♠✉✐t♦ ❜❛✐①❛✱ ♣♦❞❡♠♦s ❛❞♦t❛r ❛ ❛♣r♦①✐♠❛çã♦ ❝❧áss✐❝❛ ❞❡♥tr♦ ❞❡ ✉♠❛ ♠❛r❣❡♠ ❞❡

❡rr♦ ❛❝❡✐tá✈❡❧✳

✶✸



❈á❧❝✉❧♦s ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ ♣♦ss✉❡♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r❡♠ ♠✉✐t♦

♠❡♥♦s ❝✉st♦s♦s✱ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ ❞♦ q✉❡ s❡✉s ❛♥á❧♦❣♦s q✉â♥t✐❝♦s✱ ♦ q✉❡ ♣❡r✲

♠✐t❡ ♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❝✉❥❛ ❞❡s❝r✐çã♦ q✉â♥t✐❝❛ é ✐♥✈✐á✈❡❧ ❞❡✈✐❞♦ ❛♦ ❝✉st♦ ❞♦

❝á❧❝✉❧♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♦ s❡ ✉t✐❧✐③❛r ✉♠ ♣♦t❡♥❝✐❛❧ ❡♠♣ír✐❝♦ ♣❛r❛ ♠♦❞❡❧❛r ❛ ✐♥t❡✲

r❛çã♦ ✐♥t❡r❛tô♠✐❝❛ é ♣r❡❝✐s♦ ♣r❡st❛r ♠✉✐t❛ ❛t❡♥çã♦ à ❢♦r♠❛ ❝♦♠ ❛ q✉❛❧ ♦ ♣♦t❡♥❝✐❛❧

❢♦✐ ♠♦❞❡❧❛❞♦✳ ▼❡s♠♦ ❡♠ s✐st❡♠❛s ❣r❛♥❞❡s✱ é ♣♦ssí✈❡❧ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ♥ã♦ r❡♣r♦✲

❞✉③❛ ❝♦rr❡t❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦ q✉❡ s❡r✐❛ ♦❜t✐❞♦ ♣♦r ✉♠ ❝á❧❝✉❧♦ q✉â♥t✐❝♦ ♥♦ ❝❛s♦ ❞♦

❢❡♥ô♠❡♥♦✱ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦✱ ♥ã♦ t❡r s✐❞♦ ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱

♥❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ❢✉♥çã♦ ♣♦t❡♥❝✐❛❧✳

✷✳✷ ▼♦❞❡❧❛♥❞♦ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s át♦♠♦s

❊①✐st❡♠ ❞✐✈❡rs♦s t✐♣♦s ❞❡ ♣♦t❡♥❝✐❛✐s ❞❡s❡♥✈♦❧✈✐❞♦s ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ❞❡ s✐st❡♠❛s

❛tô♠✐❝♦s✳ ❉❡♥tr♦ ❞♦ ❝♦♥t❡①t♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ ❡♠ q✉❡ ❡st❛♠♦s tr❛✲

❜❛❧❤❛♥❞♦✱ é ❝♦♠✉♠ ❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ♦ s✐st❡♠❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛

❡①♣❛♥sã♦ ❞♦s t❡r♠♦s ❞❡ ✐♥t❡r❛çã♦ ❡♥✈♦❧✈❡♥❞♦ ❛s ◆ ♣❛rtí❝✉❧❛s ❞♦ ♣r♦❜❧❡♠❛✿

V = V (0) +
N
∑

i

V
(1)
i +

N−1
∑

i

N
∑

j>i

V
(2)
ij +

N−2
∑

i

N−1
∑

j>i

N
∑

k>j

V
(3)
ijk . ✭✷✳✶✮

V (0) ❞❡♥♦t❛ ✉♠❛ ❡♥❡r❣✐❛ ❡①t❡r♥❛ ❛❣✐♥❞♦ ❡♠ t♦❞♦ ♦ s✐st❡♠❛ ❡✱ ❣❡r❛❧♠❡♥t❡✱ é ✐❣✉❛❧ ❛

③❡r♦ s❡ ♥ã♦ ❤á ♥❡♥❤✉♠ ❝❛♠♣♦ ❡①t❡r♥♦ s❡♥❞♦ ❛♣❧✐❝❛❞♦✳ V
(1)
i é ❛ ❡♥❡r❣✐❛ ❞♦ át♦♠♦ ✐

✐s♦❧❛❞❛♠❡♥t❡ ❡✱ t❛♠❜é♠✱ é ❝♦♥s✐❞❡r❛❞❛ ③❡r♦ s❡ ♦ át♦♠♦ ❡stá ♥♦ s❡✉ ❡st❛❞♦ ❢✉♥❞❛✲

♠❡♥t❛❧✳ V
(2)
ij é ❛ ✐♥t❡r❛çã♦ ❞❡ ❞♦✐s ❝♦r♣♦s ❡♥tr❡ ♦s át♦♠♦s ✐ ❡ ❥✱ ❡ ♦s t❡r♠♦s ❞❡ ♠❛✐♦r

♦r❞❡♠ r❡♣r❡s❡♥t❛♠ ✐♥t❡r❛çõ❡s ❝✉❥❛s ❡①♣r❡ssõ❡s ❡♥✈♦❧✈❡♠ ♠❛✐s ❞❡ ❞♦✐s ❝♦r♣♦s✱ ❛té ♦

❝❛s♦ ❧✐♠✐t❡✱ q✉❡ ❡♥✈♦❧✈❡ t♦❞♦s ♦s át♦♠♦s ❞♦ s✐st❡♠❛✳

❯♠ ❞♦s ♣♦♥t♦s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ ❜♦❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❡♥✈♦❧✈❡

❞❡s❝♦❜r✐r ❡♠ q✉❛✐s t❡r♠♦s ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❡stá ❛ss♦❝✐❛❞❛ ❛ ♠❛✐♦r ♣❛rt❡ ❞❛

❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡✲s❡ ❡s❝♦❧❤❡r ❡♠ q✉❡ ♠♦♠❡♥t♦ tr✉♥❝❛r ❛ sér✐❡✳

❆ ♠❛✐♦r✐❛ ❞♦s ♣r✐♠❡✐r♦s ♣♦t❡♥❝✐❛✐s ✉s❛❞♦s ❡♠ s✐♠✉❧❛çõ❡s ❛t♦♠íst✐❝❛s ❝♦st✉♠❛✈❛

❞❡s♣r❡③❛r ❛s ✐♥t❡r❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ♠❛✐s ❞❡ ❞♦✐s ❝♦r♣♦s✳ ➱ ♦ ❝❛s♦✱ ♣♦r ❡①❡♠♣❧♦✱

❞❡ ✉♠ ❞♦s ♠❛✐s s✐♠♣❧❡s ❡ ❝♦♥❤❡❝✐❞♦s ♣♦t❡♥❝✐❛✐s✱ ♦ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s ❬✺❪✱ ✉s❛❞♦

✶✹



❣❡r❛❧♠❡♥t❡ ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ❞❡ s✐st❡♠❛s ❝♦♥st✐t✉í❞♦s ♣♦r ❣❛s❡s ♥♦❜r❡s ♣♦r ❝♦♥s❡❣✉✐r

r❡♣r♦❞✉③✐r ❜❡♠ ❛s ✐♥t❡r❛çõ❡s ❞❡ ❱❛♥ ❞❡r ❲❛❛❧s ❞♦s ♠❡s♠♦s✳ ❙✉❛ ❡①♣r❡ssã♦ é ❞❛❞❛

❛❜❛✐①♦✿

V =
N−1
∑

i

N
∑

j>i

4ǫ

[

(

σ

rij

)12

−
(

σ

rij

)6
]

; ✭✷✳✷✮

s❡♥❞♦ q✉❡ ❱ é ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ t♦t❛❧ ❞♦ s✐st❡♠❛ ❞❡ ◆ át♦♠♦s✱ σ ❡ ǫ sã♦ ♣❛râ♠❡tr♦s

❝❛❧❝✉❧❛❞♦s ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❡ rij é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s át♦♠♦s✳

❖✉tr♦ ♣♦t❡♥❝✐❛❧ ❞❡st❡ t✐♣♦ q✉❡ ♣♦❞❡♠♦s ❝✐t❛r é ♦ ❞❡ ▼♦rs❡ ❬✹✽❪✱ ✉s❛❞♦ ♣❛r❛ s✐♠✉❧❛r

♠♦❧é❝✉❧❛s ❞✐❛tô♠✐❝❛s ❧✐❣❛❞❛s ♣♦r ❧✐❣❛çõ❡s ❝♦✈❛❧❡♥t❡s✳

P❛r❛ ♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ♠❡tá❧✐❝♦s ❣❡r❛❧♠❡♥t❡ sã♦ ✉t✐❧✐③❛❞♦s ♣♦t❡♥❝✐❛✐s ❝♦♥✲

t❡♥❞♦ t❡r♠♦s ❞❡ ♠✉✐t♦s ❝♦r♣♦s✳ ❊①✐st❡♠ ❜❛s✐❝❛♠❡♥t❡ ❞✉❛s ♠❛♥❡✐r❛s ❞❡ ✐♥❝❧✉✐r ❡st❡s

❡❢❡✐t♦s ♥♦ ♣♦t❡♥❝✐❛❧✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s é ❡①♣❧✐❝✐t❛♠❡♥t❡ ✐♥❝❧✉✐r ♥❛ ❡q✉❛çã♦ ❞♦ ♣♦t❡♥✲

❝✐❛❧ t❡r♠♦s ❞❡♣❡♥❞❡♥t❡s ❞❡ ♠❛✐s ❞❡ ❞♦✐s ❝♦r♣♦s✱ q✉❡ ❢♦r❛♠ tr✉♥❝❛❞♦s ❡♠ ♣♦t❡♥❝✐❛✐s

❝♦♠♦ ♦ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ss❡ t✐♣♦ ❞❡ ♣♦t❡♥❝✐❛❧ é ♦ ❞❡ ❆①✐❧r♦❞✲

❚❡❧❧❡r ❬✹✾❪✿

V =
N−1
∑

i

N
∑

j>i

4ǫ

[

(

σ

rij

)12

−
(

σ

rij

)6
]

+
N−2
∑

i

N−1
∑

j>i

N
∑

k>j

Z

[

1 + 3 cos θ1 cos θ2 cos θ3

(rijrikrjk)
3

]

;

✭✷✳✸✮

♥♦ q✉❛❧ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ♣♦t❡♥❝✐❛❧ é ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s✱ ❡ ♦ t❡r♠♦ ❞❡

três ❝♦r♣♦s ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣❛r❛ ❛✉♠❡♥t❛r ❛ ♣r❡❝✐sã♦ ❡♠ ❝á❧❝✉❧♦s ❡♥✈♦❧✈❡♥❞♦ ❣❛s❡s

♥♦❜r❡s✳ ❊♠❜♦r❛ ❛ ✐♥❝❧✉sã♦ ❞❡ t❡r♠♦s ❞❡ três ❝♦r♣♦s ♠❡❧❤♦r❡ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛

♣r❡❝✐sã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦t❡♥❝✐❛❧✱ ❡❧❛ t❡♠ ❝♦♠♦ ❝♦♥tr❛♣❛rt✐❞❛ ✉♠ ❣r❛♥❞❡ ❛✉♠❡♥t♦

❞♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♠❡s♠♦✳ ❊ss❡ ❛✉♠❡♥t♦ ♥♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♠✉✐t❛s

✈❡③❡s ✐♥✈✐❛❜✐❧✐③❛ ❡st❡ t✐♣♦ ❞❡ ♦♣çã♦✳ ❚❡♥❞♦ ✐ss♦ ❡♠ ♠❡♥t❡✱ t❡♠♦s ✉♠ s❡❣✉♥❞♦ ❝❛✲

♠✐♥❤♦✱ ❣❡r❛❧♠❡♥t❡ ♦ ♠❛✐s ✉s❛❞♦✿ ❡♠ ✈❡③ ❞❡ s❡ ❛❞✐❝✐♦♥❛r ♥❛ ❡q✉❛çã♦ ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧

t❡r♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s ❞❡ três ❝♦r♣♦s ✭♦✉ s❡❥❛✱ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❞❡♣❡♥✲

❞❡♥t❡s ❞❛ ❡str✉t✉r❛ ❞♦ s✐st❡♠❛ ❝♦♠♦ ✉♠ t♦❞♦✮✱ ❛❞✐❝✐♦♥❛✲s❡ ✉♠ s❡❣✉♥❞♦ t❡r♠♦ ❞❡

❞♦✐s ❝♦r♣♦s✱ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❞❡♥s✐❞❛❞❡ ❛tô♠✐❝❛ ❞❛ r❡❣✐ã♦ ❡♠ t♦r♥♦ ❞♦ át♦♠♦ ❡♠

q✉❡stã♦✳ ❊ss❡ t❡r♠♦ ✈❛r✐❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♥✜❣✉r❛çã♦ ❞♦ s✐st❡♠❛✱ ❛❞✐❝✐♦♥❛♥❞♦

✶✺



❛ss✐♠ ✉♠ ❡❢❡✐t♦ ❞❡ ♠✉✐t♦s ❝♦r♣♦s ♥♦ ♣♦t❡♥❝✐❛❧✳ ❙✉❛ ✈❛♥t❛❣❡♠ é q✉❡ ♦ ❢❛t♦ ❞❡ s❡r

❡①♣r❡ss♦ ♥❛ ❢♦r♠❛ ❞❡ s♦♠❛s ❞❡ ✐♥t❡r❛çõ❡s ❞❡ ❞♦✐s ❝♦r♣♦s r❡❞✉③ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

♦ ♣r♦❜❧❡♠❛ ❞❡ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❆❧❣✉♥s ♠♦❞❡❧♦s ❞❡ ♣♦t❡♥❝✐❛❧ q✉❡ ❢❛③❡♠ ✉s♦

❞❡ss❡ t✐♣♦ ❞❡ ❢♦r♠✉❧❛çã♦ sã♦ ♦ ❊♠❜❡❞❞❡❞ ❆t♦♠ ❬✺✵❪✱ q✉❡ é ❜❛s❡❛❞♦ ♥❛ t❡♦r✐❛ ❞❡

♠❡✐♦ ❡❢❡t✐✈♦ ❬✺✶❪ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ●✉♣t❛ ❬✺✷❪✳ ❖ ♠♦❞❡❧♦ ❞❡ ●✉♣t❛ é ✉♠ ❞♦s ♣♦t❡♥❝✐❛✐s

q✉❡ ✐♠♣❧❡♠❡♥t❛♠♦s ♥❡st❡ ♣r♦❥❡t♦✳

❖ ♣♦t❡♥❝✐❛❧ ❞❡ ●✉♣t❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

V =
n
∑

i=1





n
∑

j=1

Aαβ e
−pαβ

„

rij

dαβ
−1

«

−
(

n
∑

j=1

U2
αβ e

−2qαβ

„

rij

dαβ
−1

«
)

1

2



 . ✭✷✳✹✮

❆s ❝♦♥st❛♥t❡s ✭❯✱ ❆✱ ♣✱ q ❡ ❞✮ sã♦ ❝❛❧❝✉❧❛❞❛s ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ át♦♠♦ ❡♥✈♦❧✈✐❞♦ ❛

♣❛rt✐r ❞❡ ❝á❧❝✉❧♦s ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ ❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❖s í♥❞✐❝❡s α ❡ β

r❡♣r❡s❡♥t❛♠ ♦ t✐♣♦ ❞❡ át♦♠♦ ❡ rij é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s át♦♠♦s ✐ ❡ ❥✳ ❆ ♣r✐♠❡✐r❛

s♦♠❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❛r r❡♣✉❧s✐✈♦ ❞♦ t✐♣♦ ❇♦r♥✲▼❛②❡r q✉❡ ❡✈✐t❛ ♦

❝♦❧❛♣s♦ ❞♦ s✐st❡♠❛✱ ❡ ❛ s❡❣✉♥❞❛ é ♦ t❡r♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ às ✐♥t❡r❛çõ❡s ❞❡ ♠✉✐t♦s

❝♦r♣♦s✳

❊①✐st❡♠ ♣❛r❛♠❡tr✐③❛çõ❡s ❬✺✸✕✺✺❪ ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ●✉♣t❛ ♣❛r❛ ❞✐✈❡rs♦s ♠❡t❛✐s❀

❛ ♠❡❧❤♦r ❛ s❡ ✉t✐❧✐③❛r ❞❡♣❡♥❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳ ◆❡st❡ tr❛❜❛❧❤♦ ❛s r♦t✐♥❛s

❞❡ ❝á❧❝✉❧♦ ❢♦r❛♠ ❡s❝r✐t❛s ❞❡ ♠❛♥❡✐r❛ ❛ s✉♣♦rt❛r❡♠ ♠ú❧t✐♣❧❛s ♣❛r❛♠❡tr✐③❛çõ❡s✱ ♦ q✉❡

♣❡r♠✐t❡ ♦ ✉s♦ ❞❛ ♠❡❧❤♦r ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ q✉❡ s❡ ❞❡s❡❥❡ ❡st✉❞❛r✳

✷✳✸ ❘❡s♦❧✈❡♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

◆❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ♠ét♦❞♦s ♣❛r❛ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

♥♦s ❡♥s❡♠❜❧❡s ♠✐❝r♦❝❛♥ô♥✐❝♦ ❡ ❝❛♥ô♥✐❝♦❀ ♦s ❞❡t❛❧❤❡s ❞❡ ❝❛❞❛ ✉♠ s❡❣✉❡♠ ❛❜❛✐①♦✱

❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠ ❝♦♠❡♥tár✐♦ s♦❜r❡ ♦✉tr❛s ♣♦ss✐❜✐❧✐❞❛❞❡s q✉❡ ♣♦❞❡rã♦ s❡r ✐♠♣❧❡✲

♠❡♥t❛❞❛s ♥♦ ❢✉t✉r♦✳

✷✳✸✳✶ ❊♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦

❖ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s✱ ❡ t❛♠❜é♠ ♦ ♠❛✐s ❝♦♠✉♠ ❡♠ s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱

é ♦ ❝❛s♦ ❞♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ✭◆✱❱✱❊✮✳ ◆❡st❡ ❡♥s❡♠❜❧❡✱ t❡♠♦s ❝♦♥s❡r✈❛❞❛s ❛

✶✻



❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛✱ ♦ ✈♦❧✉♠❡ ❞❛ ❝❛✐①❛ ♥❛ q✉❛❧ s❡ ❢❛③❡♠ ❛s ♠é❞✐❛s ❡st❛tíst✐❝❛s ❡

♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♣r❡s❡♥t❡s✳ ❈♦♠♦ ❛ ❡♥❡r❣✐❛ é ❝♦♥s❡r✈❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦ ❝á❧❝✉❧♦✱

❡s❝r❡✈❡♠♦s ❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❞♦ s✐st❡♠❛ ❝♦♠♦ s❡♥❞♦ s✐♠♣❧❡s♠❡♥t❡ ❛ s♦♠❛ ❞❛s ❡♥❡r❣✐❛s

❝✐♥ét✐❝❛ ❡ ♣♦t❡♥❝✐❛❧ ❞♦ ♠❡s♠♦✿

H =
N
∑

i=1

∑

α

piα
2

2mi

+ V ; ✭✷✳✺✮

s❡♥❞♦ q✉❡ mi é ❛ ♠❛ss❛ ❞❡ ❝❛❞❛ át♦♠♦ ❡ pi s❡✉ ♠♦♠❡♥t♦❀ ♦ í♥❞✐❝❡ α ♣❡r❝♦rr❡ ❛s

❞✐r❡çõ❡s (x, y, z) ❡ ♦ í♥❞✐❝❡ i ♦s át♦♠♦s ❞♦ s✐st❡♠❛✳ ❖ ♣♦t❡♥❝✐❛❧ V é ❡s❝♦❧❤✐❞♦ ❞❡

❛❝♦r❞♦ ❝♦♠ ♦ t✐♣♦ ❞❡ át♦♠♦ q✉❡ s❡ ❞❡s❡❥❛ ❡st✉❞❛r ✭✈❡❥❛ ❛ s❡çã♦ ✷✳✷✮✳ ❊st❛ ❢♦r♠✉❧❛çã♦

♥♦s ❧❡✈❛ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❛ s❡r❡♠ r❡s♦❧✈✐❞❛s✿

mi
d2−→ri

dt2
=
∑

i6=j

−→
f (rij); ✭✷✳✻✮

♥❛s q✉❛✐s −→ri ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈❡t♦r ♣♦s✐çã♦ ❞❡ ❝❛❞❛ át♦♠♦✱ ❡
−→
f (rij)r❡♣r❡s❡♥t❛ ❛ ❢♦rç❛

❡①❡r❝✐❞❛ ♥♦ át♦♠♦ ✐ ♣❡❧♦ át♦♠♦ ❥✳ ❊st❛ ❢♦rç❛ é ❝❛❧❝✉❧❛❞❛ ✈❛r✐❛❝✐♦♥❛❧♠❡♥t❡ ❛ ♣❛rt✐r

❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞♦ s✐st❡♠❛✿

Fi =
∑

j 6=i

(

δVi

δrij

+
δVj

δrij

)

r̂ij; ✭✷✳✼✮

❛❣♦r❛ q✉❡ s❛❜❡♠♦s ❡s❝r❡✈❡r ♦s t❡r♠♦s ❞❛ ❡q✉❛çã♦ ✷✳✻✱ ❢❛❧t❛ ❡♥❝♦♥tr❛r ✉♠❛ ❢♦r♠❛

❞❡ ✐♥t❡❣rá✲❧❛✳ ◆♦ ❝❛s♦ ❞♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❞✐✈❡rs♦s ❛❧❣♦✲

r✐t♠♦s ♥✉♠ér✐❝♦s ❞❡r✐✈❛❞♦s ❞❡ ❢♦r♠✉❧❛çõ❡s ❝♦♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣❛r❛ r❡s♦❧✈❡r ♦

♣r♦❜❧❡♠❛✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s t✐♣✐❝❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s sã♦ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❱❡r❧❡t✱ ❱❡✲

❧♦❝✐t② ❱❡r❧❡t✱ ❇❡❡♠❛♥✱ s✐st❡♠❛s ❞❡ ♣r❡❞✐çã♦✲❝♦rr❡çã♦✱ ❡♥tr❡ ♦✉tr♦s✳ ◆❡st❡ tr❛❜❛❧❤♦

✈❛♠♦s ✉t✐❧✐③❛r ♦ ❛❧❣♦r✐t♠♦ ❱❡❧♦❝✐t② ❱❡r❧❡t ♣❛r❛ ♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✳ P❛r❛

✐♥✐❝✐❛r s✉❛ ❞❡❞✉çã♦✱ ✈❛♠♦s ❡①♣❛♥❞✐r ❡♠ sér✐❡s ❞❡ ❚❛②❧♦r ❛ ♣♦s✐çã♦ ❡ ✈❡❧♦❝✐❞❛❞❡ ❞❡

✉♠ át♦♠♦ q✉❛❧q✉❡r✱ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✿

−→r (t + h) ≃ −→r (t) + h−→v (t) +
h2

2
−→a [−→r (t)] + O(h3); ✭✷✳✽✮

✶✼



−→v (t + h) ≃ −→v (t) + h−→a [−→r (t)] +
h2

2

−→
v′′(t) + O(h3). ✭✷✳✾✮

◆❡st❡ ♣❛ss♦ ♦❜✈✐❛♠❡♥t❡ s✉♣♦♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s✳

❋❛③❡♥❞♦ ✉♠❛ ❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r r❡✈❡rs❛ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ♥♦ t❡♠♣♦ t✰❤✿

−→v (t + h − h) ≃ −→v (t + h) − h−→a [−→r (t + h)] +
(−h) 2

2

−→
v′′(t + h) + O(h3); ✭✷✳✶✵✮

s✐♠♣❧✐✜❝❛♥❞♦ ✷✳✶✵ ❡ r❡s♦❧✈❡♥❞♦ ♣❛r❛ −→v (t + h)✱ t❡♠♦s✿

−→v (t + h) ≃ −→v (t) + h−→a [−→r (t + h)] − h2

2

−→
v′′(t + h) + O(h3). ✭✷✳✶✶✮

❚❡♠♦s ❛❣♦r❛ ❞✉❛s ❡①♣r❡ssõ❡s ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ✭✷✳✾ ❡ ✷✳✶✶✮✳ ❚♦♠❛♥❞♦ ❛ ♠é❞✐❛ ❞❡

❛♠❜❛s✿

−→v (t + h) = −→v (t) +
h

2
(−→a [−→r (t)] + −→a [−→r (t + h)]) +

h2

4

(−→
v′′(t) −

−→
v′′(t + h)

)

+ O(h3).

✭✷✳✶✷✮

❱❛♠♦s ❡❧✐♠✐♥❛r ❞❡ ✷✳✶✷ ♦ t❡r♠♦ ❞❛ ♦r❞❡♠ ❞❡ ❤2✳ P❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ s❛❜❡♠♦s q✉❡✿

−→
v′′(t) =

d−→a [r(t)]

d−→r
d−→r
dt

=
d−→a [−→r (t)]

d−→r
−→v (t); ✭✷✳✶✸✮

❡✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ♠é❞✐♦✿

−→
a ′ [t] −

−→
a ′ [t + h] = h

−→
a ′′[c]; ✭✷✳✶✹✮

s❡♥❞♦ q✉❡ ❝ ❡stá ♥♦ ✐♥t❡r✈❛❧♦ [t, t + h]✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡✿

−→
v′′(t) −

−→
v′′(t + h) = O(h); ✭✷✳✶✺✮

✉♠❛ ✈❡③ q✉❡
−→
a ′′[c] é ❧✐♠✐t❛❞❛✳ ❚❡♠♦s ❡♥tã♦ ❛ ❡①♣r❡ssã♦ ✜♥❛❧ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡✿

−→v (t + h) = −→v (t) +
h

2
(−→a [−→r (t)] + −→a [−→r (t + h)]) + O(h3). ✭✷✳✶✻✮

✶✽



❆ ♣♦s✐çã♦ é ❞❛❞❛ ♣❡❧❛ ❡①♣❛♥sã♦ ❡♠ ❚❛②❧♦r q✉❡ ✜③❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ✭❡q✉❛çã♦ ✷✳✽✮✳

◆❡st❛s ❡q✉❛çõ❡s✱ ❤ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❞❛ s✐♠✉❧❛çã♦ ♥❛ q✉❛❧ ♦ s✐st❡♠❛

é ✐♥t❡❣r❛❞♦ s❡♠ ❝♦rr❡çõ❡s ♥❛s ❢♦rç❛s✳ ❖❜✈✐❛♠❡♥t❡✱ ♣❛r❛ q✉❡ ♦ ❡rr♦ ❞❛ ❛♣r♦①✐♠❛çã♦

♥ã♦ s❡❥❛ s✐❣♥✐✜❝❛t✐✈♦ é ♣r❡❝✐s♦ q✉❡ ❤ s❡❥❛ ♠✉✐t♦ ♣❡q✉❡♥♦✳ ❊♠ s✐♠✉❧❛çõ❡s tí♣✐❝❛s

❞❛ ❡s❝❛❧❛ ❛tô♠✐❝❛✱ ❣❡r❛❧♠❡♥t❡ ❛❞♦t❛✲s❡ h = 10−15 s❡❣✉♥❞♦s ❝♦♠♦ ✉♠ ♣❛ss♦ ♣❛❞rã♦✳

■st♦ ❢❛③ ❝♦♠ q✉❡ ♦ ❡rr♦ ❞♦ ❛❧❣♦r✐t♠♦ s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❞❛ ♦r❞❡♠ ❞❡ h3 = 10−45✱ ♦

q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❞❡s♣r❡③í✈❡❧ ♣❛r❛ ❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞❛s ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s✳

✷✳✸✳✷ ❊♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦

◆♦ ❝❛s♦ ❞♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦ ✭◆✱❱✱❚✮ t❡♠♦s ❝♦♥s❡r✈❛❞♦s ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s

❞❛ s✐♠✉❧❛çã♦✱ ♦ ✈♦❧✉♠❡ ❞❛ ❝❛✐①❛ ♦♥❞❡ s❡ t♦♠❛♠ ♥❛s ♠é❞✐❛s ❡st❛tíst✐❝❛s ❡ ❛ t❡♠✲

♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♠ét♦❞♦s ♣❛r❛ s✐♠✉❧❛r ✉♠ ❡♥s❡♠❜❧❡ ❞❡

♠♦❧é❝✉❧❛s ❡♠ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡ t❡♠ ❧♦♥❣❛ ❞❛t❛✳ ❖s ♣r✐♠❡✐r♦s tr❛❜❛❧❤♦s ♥❡st❡

s❡♥t✐❞♦ ❝♦♥s✐st✐❛♠ ❞❡ s✐♠✉❧❛çõ❡s ❬✺✻❪ ♥❛s q✉❛✐s ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ❡r❛ ♠❛♥✲

t✐❞❛ ❝♦♥st❛♥t❡ ❛tr❛✈és ❞❡ ❛❥✉st❡s ❛❧❡❛tór✐♦s ♥❛s ✈❡❧♦❝✐❞❛❞❡s ❞♦s át♦♠♦s ❞♦ s✐st❡♠❛✱

t❡♥t❛♥❞♦ s✐♠✉❧❛r ❛ss✐♠ ♦ ❡❢❡✐t♦ ❞❡ ✉♠ ❜❛♥❤♦ tér♠✐❝♦✳ ❊st❡ ❜❛♥❤♦ ❞❡t❡r♠✐♥❛✈❛

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛s ♣❛rtí❝✉❧❛s s❡ ♠♦✈❡r❡♠ ❡♠ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦✱ ❞❡ ❢♦r♠❛ q✉❡

❛♦ s❡ ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❛ ❡♥❡r❣✐❛✱

♦❜t❡r✲s❡ ✐❛ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ❣❡r❛❞♦ ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ▼❛①✇❡❧❧✲❇♦❧t③♠❛♥♥✳

❊st❛ ❛❜♦r❞❛❣❡♠ ♣✐♦♥❡✐r❛ ♣❡r♠✐t✐✉ ♦s ♣r✐♠❡✐r♦s ❡st✉❞♦s ❞❡ ❡♥s❡♠❜❧❡s ❞❡ ♠♦❧é❝✉❧❛s

❡♠ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✱ ♣r♦❞✉③✐♥❞♦ r❡s✉❧t❛❞♦s ❛❞❡q✉❛❞♦s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à

♠é❞✐❛s ❡st❛tíst✐❝❛s✳ ❚♦❞❛✈✐❛✱ ✉♠ ♣♦♥t♦ ♠✉✐t♦ ♥❡❣❛t✐✈♦ ❞❡st❡s ♠ét♦❞♦s é ♦ ❢❛t♦ ❞❛

tr❛❥❡tór✐❛ ❞❛s ♠♦❧é❝✉❧❛s s❡r ❛❧❡❛t♦r✐❛♠❡♥t❡ ❛❧t❡r❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦ ❝á❧❝✉❧♦✱ ♦ q✉❡ ❣❡r❛

tr❛❥❡tór✐❛s ✐rr❡❛✐s✳ ▲♦❣♦ ♣r♦♣r✐❡❞❛❞❡s ❞✐♥â♠✐❝❛s ❞❡st❡s s✐st❡♠❛s ♥ã♦ ♣♦❞✐❛♠ s❡r

❝❛❧❝✉❧❛❞❛s ❝♦rr❡t❛♠❡♥t❡✱ ♦ q✉❡ ✐♠♣❡❞✐❛ ♦ ✉s♦ ❞♦ ♠ét♦❞♦ ❡♠ ❡st✉❞♦s ❡str✉t✉r❛✐s ♦✉

❛✐♥❞❛✱ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❣r❛♥❞❡③❛s ✐♥tr✐♥s❡❝❛♠❡♥t❡ ❞✐♥â♠✐❝❛s✱ t❛✐s ❝♦♠♦ ❛ ❞✐❢✉s✐❜✐❧✐❞❛❞❡

❞❡ át♦♠♦s ❡♠ ✉♠ s✉❜str❛t♦✳

❯♠ r❡s✉❧t❛❞♦ ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ❢♦✐ ♦ ❡♥❝♦♥tr❛❞♦ ♣♦r ◆♦sé ❬✺✼✱ ✺✽❪✱ q✉❡

❞❡s❡♥✈♦❧✈❡✉ ✉♠ ♠ét♦❞♦ ❛♣❧✐❝á✈❡❧ ❛ s✐♠✉❧❛çõ❡s ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦ q✉❡ ❡r❛ ❝♦r✲

r❡t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞✐♥â♠✐❝♦✳ ❖ ♠ét♦❞♦ ❞❡ ◆♦sé ❢♦✐ ♣♦st❡r✐♦r♠❡♥t❡ ♠♦❞✐✜❝❛❞♦

♣♦r ❍♦♦✈❡r ❬✺✾❪✱ q✉❡ ❡❧✐♠✐♥♦✉ ❛ ♥❡❝❡ss✐❞❛❞❡✱ ❛♥t❡s ♣r❡s❡♥t❡✱ ❞❡ s❡ ✉t✐❧✐③❛r t❡♠♣♦s

✶✾



♦✉ ♠❛ss❛s ❞❡ t❛♠❛♥❤♦s ✈❛r✐á✈❡✐s ❛♦ ❧♦♥❣♦ ❞❛ s✐♠✉❧❛çã♦✱ t♦r♥❛♥❞♦ ♦ ♠ét♦❞♦ ♠❛✐s

♣rát✐❝♦✳ ❆ ♣❛rt✐r ❞❛í ♦ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛ss♦✉ ❛ s❡r ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦

❞❡ ◆♦sé✲❍♦♦✈❡r✳

❆ ✐❞é✐❛ ❜ás✐❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆♦sé✲❍♦♦✈❡r é ❛❝♦♣❧❛r ♥❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❞♦ s✐st❡♠❛

❛tô♠✐❝♦ t❡r♠♦s ❡q✉✐✈❛❧❡♥t❡s ❛ t❡r♠♦st❛t♦s ✈✐rt✉❛✐s✱ q✉❡ ✐♥t❡r❛❣❡♠ tr♦❝❛♥❞♦ ❡♥❡r❣✐❛

❝♦♠ ♦s át♦♠♦s ❡ ❢✉♥❝✐♦♥❛♥❞♦ ❝♦♠♦ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✱ ♠❛♥t❡♥❞♦ ❛ss✐♠ ❛ t❡♠✲

♣❡r❛t✉r❛ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞❛ s✐♠✉❧❛çã♦✳ ❊st❡ ♠ét♦❞♦ s❡ ♠♦str♦✉ ♠✉✐t♦ ♣♦❞❡r♦s♦✱

❡♠❜♦r❛ ❛✐♥❞❛ ♥ã♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞♦✳ ❯♠❛ ❞❛s ❧✐♠✐t❛çõ❡s ❞❛ ❛❜♦r❞❛❣❡♠

♦r✐❣✐♥❛❧ ❞❡ ◆♦sé✲❍♦♦✈❡r ❡st❛✈❛ ♥♦ ❢❛t♦ ❞❡ q✉❡✱ ♣❛r❛ s✐st❡♠❛s ❝♦♠ ❞❡t❡r♠✐♥❛❞❛s

❝❛r❛❝t❡ríst✐❝❛s ✭♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s✱ ♦✉ s✐st❡♠❛s ❛tô♠✐❝♦s ♠✉✐t♦ ♣❡q✉❡♥♦s✱ t❛✐s

❝♦♠♦ ❛❣❧♦♠❡r❛❞♦s ❛tô♠✐❝♦s ❝♦♠ ♣♦✉❝♦s át♦♠♦s✮✱ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ♥ã♦ ❡r❛

❡r❣ó❞✐❣❛✱ ♦✉ s❡❥❛✱ ♠é❞✐❛s ♥♦ t❡♠♣♦ ♥ã♦ ❡r❛♠ ❡q✉✐✈❛❧❡♥t❡s ❛ ♠é❞✐❛s ♥♦ ❡♥s❡♠❜❧❡✳

■st♦ ❢❛③✐❛ ❝♦♠ q✉❡ ❛ s✐♠✉❧❛çã♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s❡ ❝♦♠♣♦rt❛ss❡ ❞❡ ❛❝♦r❞♦ ❝♦♠

♦ ❡s♣❡r❛❞♦ ♣❛r❛ ♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ ❧❡✈❛♥❞♦ ❛ss✐♠ ❛ r❡s✉❧t❛❞♦s ❡rrô♥❡♦s✳

❊①✐st❡♠ ✈ár✐❛s ♣r♦♣♦st❛s ♣❛r❛ tr❛t❛r ❞❡st❡ ♣r♦❜❧❡♠❛❀ ✈❛♠♦s ❛q✉✐ ♥♦s ❧✐♠✐t❛r ❛

❝♦♠❡♥t❛r ❜r❡✈❡♠❡♥t❡ três ❞❡❧❛s✳ ❆ ♣r✐♠❡✐r❛ ❬✻✵❪ ❝♦♥s✐st❡ ❡♠ ✉♠ ♠ét♦❞♦ ✐♥t❡r❡s✲

s❛♥t❡✱ ❜❛s❡❛❞♦ ❡♠ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ q✉❡ ♥ã♦ s❡ ♣♦♣✉❧❛r✐③♦✉✳ ❆ s❡❣✉♥❞❛ s♦❧✉çã♦ ✈❡♠

❞♦ tr❛❜❛❧❤♦ ❞❡ ▼❛rt②♥❛ ❬✻✶✱ ✻✷❪ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s✱ q✉❡ ♣r♦♣✉s❡r❛♠ ❛ s❡❣✉✐♥t❡

❛❧t❡r❛çã♦ ♥❛ ♠❡t♦❞♦❧♦❣✐❛✿ ❛♦ ✐♥✈és ❞❡ s❡ ❛❝♦♣❧❛r ✉♠ t❡r♠♦st❛t♦ ✈✐rt✉❛❧ ♣❛r❛ ❝❛❞❛

❡s♣é❝✐❡ ❛tô♠✐❝❛ ♦✉ át♦♠♦ ❞♦ s✐st❡♠❛✱ ❛❝♦♣❧❛✲s❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ t❡r♠♦st❛t♦s✱ ♥❛ q✉❛❧

❛♣❡♥❛s ✉♠ ❡stá ❛❝♦♣❧❛❞♦ ❛♦ s✐st❡♠❛ ❢ís✐❝♦ r❡❛❧✱ ❡ ♦s ❞❡♠❛✐s ❡stã♦ ❛❝♦♣❧❛❞♦s ❡♥tr❡

s✐✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ✢✉t✉❛çõ❡s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ♦♥❞❡ ♦ ♠ét♦❞♦ ♦r✐❣✐♥❛❧

❢❛❧❤❛✈❛ ❢♦ss❡♠ ♠❡❧❤♦r ❛❜s♦r✈✐❞❛s ♣❡❧♦s t❡r♠♦st❛t♦s✱ ♠❛♥t❡♥❞♦ ❛ss✐♠ ❛ ❞✐♥â♠✐❝❛ ❞♦

s✐st❡♠❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡s♣❡r❛❞♦ ♣❛r❛ ♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✳ ❊st❡ ♠ét♦❞♦ é ♦ q✉❡

♦♣t❛♠♦s ♣♦r ✉t✐❧✐③❛r ♥❡st❡ tr❛❜❛❧❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ✈❛❧❡ ❛ ♣❡♥❛ ❝♦♠❡♥t❛r t❛♠❜é♠ ♦ ♠❛✐s r❡❝❡♥t❡ ♠ét♦❞♦ ❞❡ ▲✐✉ ❡

❚✉❝❦❡r♠❛♥ ❬✻✸❪✱ q✉❡ ♣r♦♣✉s❡r❛♠ ✉♠ s✐st❡♠❛ ❞❡ t❡r♠♦st❛t♦s ❣❛✉ss✐❛♥♦s ❝✉❥♦s r❡s✉❧✲

t❛❞♦s ✐♥✐❝✐❛✐s s❡ ♠♦str❛r❛♠ ❜❛st❛♥t❡ ♣r♦♠✐ss♦r❡s✱ s❡♥❞♦ ✉♠ ♠ét♦❞♦ ❝♦♠ ♣♦t❡♥❝✐❛❧

♣❛r❛ s✉❜st✐t✉✐r ♦✉ ❝♦♠♣❧❡♠❡♥t❛r ♦ ✉s♦ ❞❡ ❝❛❞❡✐❛s ❞❡ t❡r♠♦st❛t♦s ❞❡ ◆♦sé✲❍♦♦✈❡r✳

❚♦❞❛✈✐❛✱ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ♥♦s ❧✐♠✐t❛r ❛♦ ♠ét♦❞♦ ❞❛s ❝❛❞❡✐❛s ❞❡ t❡r♠♦st❛t♦s

❞❡ ◆♦sé✲❍♦♦✈❡r✱ ♠ét♦❞♦ ❝♦♠ ♦ q✉❛❧ t❡♠♦s ♠❛✐s ❡①♣❡r✐ê♥❝✐❛✳

✷✵



P❛r❛ s✐♠✉❧❛r ♦ s✐st❡♠❛ ❞❡ ♠♦❧é❝✉❧❛s ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛

❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❛❝♦♣❧❛❞❛s ♣r❡❝✐s❛ s❡r r❡s♦❧✈✐❞♦✿

∂ri

∂t
=

pi

mi

;

∂pi

∂t
=

−→
Fi −

pζk

Q1

−→pi ;

∂ζk

∂t
=

pζk

QK

k = 1, ...,M ;

∂pζ1

∂t
=
∑ p2

i

mi

− (3N − 6)kbT − pζ2

Q2

pζ1; ✭✷✳✶✼✮

∂pζk

∂t
=

p2
ζk−1

Qk−1

− kbT − pζk+1

Qk+1

pζk
1 < k < M ;

∂pζM

∂t
=

p2
ζM−1

QM−1

− kbT ;

s❡♥❞♦ q✉❡ ri✭♣♦s✐çã♦✮✱ pi✭♠♦♠❡♥t♦✮✱ mi✭♠❛ss❛✮ ❡ Fi✭❢♦rç❛✮ sã♦ ❣r❛♥❞❡③❛s ❛ss♦❝✐❛❞❛s

❛♦ ✐✲és✐♠♦ át♦♠♦✱ ❡ ζk✭♣♦s✐çã♦✮✱ pζk
✭♠♦♠❡♥t♦✮ ❡ Qk✭♠❛ss❛✮ sã♦ ❣r❛♥❞❡③❛s ❛ss♦❝✐✲

❛❞❛s ❛♦ ❦✲és✐♠♦ t❡r♠♦st❛t♦ ✈✐rt✉❛❧✳ N é ♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ❞❛ s✐♠✉❧❛çã♦✱ T é ❛

t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ ❡ kb ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✳ ❘❡♣❛r❡ q✉❡

♥❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❛s ❡q✉❛çõ❡s sã♦ ❡s❝r✐t❛s✱ ♦s t❡r♠♦st❛t♦s ✜❝❛♠ ❛❝♦♣❧❛❞♦s ♥❛ ❢♦r♠❛

❞❡ ✉♠❛ ❝❛❞❡✐❛✱ ♥❛ q✉❛❧ ❝❛❞❛ ✉♠ ✐♥t❡r❛❣❡ ❛♣❡♥❛s ❝♦♠ ❞♦✐s ♦✉tr♦s✱ ❝♦♠ ❡①❝❡ssã♦

❞♦ ♣r✐♠❡✐r♦✱ ♦ q✉❛❧ ✐♥t❡r❛❣❡ ❝♦♠ ♦ s❡❣✉♥❞♦✱ ❡ ❞♦ ú❧t✐♠♦ ✭▼ ✮✱ q✉❡ ✐♥t❡r❛❣❡ ❛♣❡♥❛s

❝♦♠ ♦ ♣❡♥ú❧t✐♠♦✳ P❛r❛ s✐♠✉❧❛çõ❡s ❝♦♠ ♠❛✐s ❞❡ ✉♠❛ ❡s♣é❝✐❡ ❛tô♠✐❝❛ é ♥❡❝❡ssár✐♦

❝♦♥str✉✐r ✈ár✐❛s ❝❛❞❡✐❛s ❞❡ t❡r♠♦st❛t♦s ❡ ❧✐❣á✲❧❛s ❛♦s át♦♠♦s ❞❡ ❝❛❞❛ ❡s♣é❝✐❡ ❡♠

q✉❡stã♦✳ ❖✉tr♦ ♣♦♥t♦ ❛ s❡ r❡ss❛❧t❛r é ♦ ❢❛t♦r (3N −6)kbT q✉❡ ❛♣❛r❡❝❡ ♥❛s ❡q✉❛çõ❡s✱

❝♦rr❡s♣♦♥❞❡♥❞♦ ❛♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ s✐st❡♠❛✳ ❊♠ ♠✉✐t♦s t✐♣♦s ❞❡ ❝á❧❝✉❧♦

é ❝♦♠✉♠ r❡♠♦✈❡r ❛❧❣✉♥s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ♣❛r❛ s❡ ♦❜t❡r ❞❡t❡r♠✐♥❛❞♦ r❡s✉❧t❛❞♦

✭♣♦r ❡①❡♠♣❧♦✱ ✏❝♦♥❣❡❧❛r✑ át♦♠♦s ♣❛r❛ ❢❛③❡r ✉♠ s✉♣♦rt❡ ❛ ❝❡rt❛ ❡str✉t✉r❛✱ ♦✉ ❛✐♥❞❛✱

✐♥s❡r✐r ♥♦ ❝á❧❝✉❧♦ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ✈✐s❛♥❞♦ ❡✈✐t❛r ❛ ♦❝♦rrê♥❝✐❛ ❞❡

✷✶



❡❢❡✐t♦s ❞❡ s✉♣❡r❢í❝✐❡✮✳ ◆❡st❡s ❝❛s♦s✱ é ♣r❡❝✐s♦ ❛❥✉st❛r ❡st❡ t❡r♠♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛

❛❧t❡r❛çã♦ ❛rt✐✜❝✐❛❧ ✐♠♣♦st❛ ♥♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳

◆♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ✢✉t✉❛✱ ❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ ❛ ❍❛♠✐❧✲

t♦♥✐❛♥❛ ❞♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ✭❡q✉❛çã♦ ✷✳✺✮ ♥ã♦ s❡ ❝♦♥s❡r✈❛✳ ❚❡♠♦s ❝♦♠♦

❣r❛♥❞❡③❛ ❝♦♥s❡r✈❛❞❛ ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦ ❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❡①t❡♥❞✐❞❛ ❞♦ s✐st❡♠❛✿

H =
N
∑

i=1

p2
i

2mi

+ V +
M
∑

k=1

p2
ζk

2Qk

+ (3N − 6)kbTζ1 +
M
∑

k=2

kbTζk; ✭✷✳✶✽✮

♥❛ q✉❛❧ ❡stã♦ ✐♥❝❧✉s♦s ♦s t❡r♠♦s ❞❡ ❡♥❡r❣✐❛ ❞♦s át♦♠♦s ❡ ❞♦s t❡r♠♦st❛t♦s ✈✐rt✉❛✐s✳

◆❛ ♣rát✐❝❛✱ ❡st❛ ❡q✉❛çã♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛ s♦♠❛❞❛ à ❞♦ ❜❛♥❤♦

tér♠✐❝♦ é ✉♠❛ ❝♦♥st❛♥t❡✳

◆♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦✲❝❛♥ô♥✐❝♦ ❛ ✐♥t❡❣r❛çã♦ ❞❛s ❡q✉❛çõ❡s ❡r❛ ❢❡✐t❛ ✉s❛♥❞♦ ♦ ♠ét♦❞♦

❱❡❧♦❝✐t②✲❱❡r❧❡t ✭❡q✉❛çõ❡s ✷✳✽ ❡ ✷✳✶✻✮✳ ❊st❡ ♠ét♦❞♦ ♥ã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ♥♦ ❝❛s♦

❞❛s ❝❛❞❡✐❛s ❞❡ t❡r♠♦st❛t♦s✱ ♣♦✐s ♥❡❧❡ ❛ ✐♥t❡❣r❛çã♦ ✈✐❛ ❱❡❧♦❝✐t②✲❱❡r❧❡t ❡♠ ❣❡r❛❧ ♥ã♦

é ❡①❛t❛ ❬✻✹❪✱ ♣♦❞❡♥❞♦ ✈✐r ❛ r❡q✉❡r❡r ✉♠ ❡sq✉❡♠❛ ❞❡ s♦❧✉çã♦ ♥✉♠ér✐❝♦ ✐♠♣❧í❝✐t♦

♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✳ ❯♠❛ ♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ✉t✐❧✐③❛r ✉♠ ❛❧❣♦r✐t♠♦ ❞♦

t✐♣♦ ♣r❡❞✐çã♦✲❝♦rr❡çã♦ ❬✻✺❪✳ ❚♦❞❛✈✐❛✱ ❡st❛ ♦♣çã♦ tr❛③ ✉♠❛ ❞❡s✈❛♥t❛❣❡♠✿ ♣❡r❞❡✲s❡

❛ r❡✈❡rs✐❜✐❧✐❞❛❞❡ t❡♠♣♦r❛❧✳ ❈❛s♦ s❡ ❞❡s❡❥❡ ♦❜t❡r r❡✈❡rs✐❜✐❧✐❞❛❞❡ t❡♠♣♦r❛❧✱ é ♣r❡❝✐s♦

❛❞♦t❛r ✉♠ ♠ét♦❞♦ ❞❡ s♦❧✉çã♦ ❡①♣❧í❝✐t♦✳ ❊st❛ ♠❡t♦❞♦❧♦❣✐❛ ❬✻✻❪ é ❛ q✉❡ ❛❞♦t❛♠♦s

♥❡st❡ tr❛❜❛❧❤♦✳

P❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❛❝♦♣❧❛❞❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞❡ t = 0 ❛té t ♣♦❞❡ s❡r ❢❡✐t❛ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✿

Γ(t) = exp(iLt)Γ(0);

iL = Γ̇ � ▽Γ;
✭✷✳✶✾✮

♥♦ q✉❛❧ ✐▲ é ♦ ♦♣❡r❛❞♦r ❞❡ ▲✐♦✈✐❧❧❡ ❡ Γ é ♦ ✈❡t♦r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ✈❛r✐á✈❡✐s

✐♥❞❡♣❡♥❞❡♥t❡s ✭❝♦♦r❞❡♥❛❞❛s ❡ ✈❡❧♦❝✐❞❛❞❡s✮✳ ❊♠ ❣❡r❛❧✱ ❛ ❡✈♦❧✉çã♦ ❞♦ ♦♣❡r❛❞♦r ♥❛s

❝♦♦r❞❡♥❛❞❛s ♥ã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡✳ ▲♦❣♦ ✈❛♠♦s ✉t✐❧✐③❛r ✉♠❛ ❛♣r♦✲

①✐♠❛çã♦ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ✈❡r❞❛❞❡✐r♦✱ ♣r❡❝✐s❛ ♦ s✉✜❝✐❡♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦

❞✐s❝r❡t♦ ∆t = t/P ✱ ♦♥❞❡ P é ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ é ❛♣❧✐❝❛❞❛

s✉❝❡ss✐✈❛♠❡♥t❡✿

✷✷



Γ(t) =
P
∏

i=1

(

∏

s

exp(iLs∆t)

)

Γ(0). ✭✷✳✷✵✮

P❛r❛ ✉♠❛ ❢❛t♦r❛çã♦ ❞❡ ♦r❞❡♠ ♥✱ ♦ ❡rr♦ é ❞❛ ♦r❞❡♠ ❞❡ tn/P n−1✳ ❱✐s❛♥❞♦ ✐❧✉str❛r

♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❡♠ ✉♠ ❝❛s♦ ❥á ❝♦♥❤❡❝✐❞♦✱ ✈❛♠♦s ♣r✐♠❡✐r♦ ❛♣❧✐❝á✲❧♦ ❛♦

❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✱ ❝✉❥❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡❞✉③✐♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳

◆❡st❡ ❝❛s♦ ♦ ♦♣❡r❛❞♦r ❞❡ ▲✐♦✉✈✐❧❧❡ s❡ ❡s❝r❡✈❡ ❝♦♠♦✿

iL =
N
∑

i=1

−→vi · ▽ri
+

N
∑

i=1

[−→
fi (

−→r )

mi

]

· ▽vi
; ✭✷✳✷✶✮

s❡♥❞♦ q✉❡ ♦ í♥❞✐❝❡ i ♣❡r❝♦rr❡ t♦❞♦s ♦s át♦♠♦s ❞♦ s✐st❡♠❛✱ ❝✉❥❛s ✈❡❧♦❝✐❞❛❞❡s ❛♣❛r❡❝❡♠

♥♦ ✈❡t♦r −→vi ✱ ❛ss✐♠ ❝♦♠♦ ❛s ❢♦rç❛s ♥♦ ✈❡t♦r
−→
fi (

−→r ) ❡ ❛s ♠❛ss❛s✱ ♥♦s ❡s❝❛❧❛r❡s mi✳ ❆

❡①♣♦♥❡♥❝✐❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ ✭❡q✉❛çã♦ ✷✳✷✵✮ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ✉t✐❧✐③❛♥❞♦

❛ ❢ór♠✉❧❛ ❞❡ ❚r♦tt❡r ❬✻✼✱✻✽❪✿

exp(iL∆t) = exp
(

iL1
∆t
2

)

exp (iL2∆t) exp
(

iL1
∆t
2

)

+ O (∆t3) ;

iL1 =
∑N

i=1

[−→
fi (

−→r )
mi

]

· ▽vi
;

iL2 =
∑N

i=1
−→vi · ▽ri

.

✭✷✳✷✷✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✷✳✷✶ ❡ ✷✳✷✷ ❡♠ ✷✳✷✵✱ ❡ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡✿

exp[a(∂/∂g(x))]x = g−1[g(x) + a]; ✭✷✳✷✸✮

♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ Γ(∆t)✿

Γ(∆t) =





−→r (∆t)

−→v (∆t)



 =





−→r (0) + ∆t−→v (0) + (∆t)2

2m

−→
f [−→r (0)]

−→v (0) + ∆t
2m

{−→
f [−→r (0)] +

−→
f [−→r (∆t)]

}



 . ✭✷✳✷✹✮

❆s ❡q✉❛çõ❡s ✷✳✷✹ ❝♦rr❡s♣♦♥❞❡♠ ❡①❛t❛♠❡♥t❡ às ❡q✉❛çõ❡s ❞♦ ♠ét♦❞♦ ❱❡❧♦❝✐t②✲

❱❡r❧❡t❀ ❞❡❞✉③✐❞❛s ❛❣♦r❛ ✉t✐❧✐③❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦✳ ❆♣❧✐❝❛♥❞♦✲s❡ P ✈❡③❡s ❛

❛♣r♦①✐♠❛çã♦ ✷✳✷✹✱ ♦❜t❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❛♣r♦①✐♠❛❞♦ ♣❛r❛ Γ(t)✳

❱❛♠♦s ❛❣♦r❛ ❛♣❧✐❝❛r ♦ ♠❡s♠♦ ♠ét♦❞♦ ♣❛r❛ ♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✳ ❖ ♦♣❡r❛❞♦r

✷✸



❞❡ ▲✐♦✉✈✐❧❧❡ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡✜♥✐❞❛s ♣❡❧❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❡①t❡♥❞✐❞❛

✭❡q✉❛çã♦ ✷✳✶✽✮ ✜❝❛ ❡s❝r✐t♦ ❝♦♠♦✿

iL =
∑N

i=1
−→vi · ▽ri

+
∑N

i=1

[−→
fi (

−→r )
mi

]

· ▽vi
−
∑N

i=1 vζ1
−→vi · ▽vi

+

+
∑M

i=1 vζi

∂
∂ζi

+
∑M−1

i=1

(

Gi − vζi
vζi+1

)

∂
∂vζi

+ GM
∂

∂vζM

;
✭✷✳✷✺✮

♥♦ q✉❛❧ ✉♠❛ ❝❛❞❡✐❛ ❞❡ t❡r♠♦st❛t♦s ❞❡ ◆♦sé✲❍♦♦✈❡r ❞❡ ❝♦♠♣r✐♠❡♥t♦ ▼ ❢♦✐ ❛❝♦♣❧❛❞❛

❛♦ s✐st❡♠❛ ❞❡ ◆ ♣❛rtí❝✉❧❛s❀ ♥❡st❛ ❡q✉❛çã♦ ♦s t❡r♠♦s vζ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ❛♥á❧♦❣♦ ❞❛

✈❡❧♦❝✐❞❛❞❡ ♣❛r❛ ♦s t❡r♠♦st❛t♦s✱ ❛ss✐♠ ❝♦♠♦ ♦s t❡r♠♦s ζ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ❛♥á❧♦❣♦

❞❛ ♣♦s✐çã♦✳ ❆❧é♠ ❞✐ss♦✿

G1 = 1
Q1

(

∑N
i=1 mi

−→vi
2 − NfkbT

)

;

Gi = 1
Qi

(

Qi−1v
2
ζi−1

− kbT
)

i > 1;
✭✷✳✷✻✮

❆ ♣❛rt✐r ❞❛ ❢ór♠✉❧❛ ❞❡ ❚r♦tt❡r✱ ♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

exp(iL∆t) = exp
(

iLNHC
∆t
2

)

exp
(

iL1
∆t
2

)

×
×exp (iL2∆t) exp

(

iL1
∆t
2

)

exp
(

iLNHC
∆t
2

)

+ O(∆t3);
✭✷✳✷✼✮

s❡♥❞♦ q✉❡ iL1 ❡ iL2 sã♦ ❞❡✜♥✐❞♦s ♣❡❧❛s ❡q✉❛çõ❡s ✷✳✷✷✱ ❡✿

iLNHC = iL − iL1 − iL2. ✭✷✳✷✽✮

❆ ♣❛rt❡ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ r❡❧❛❝✐♦♥❛❞❛ ❛♦s t❡r♠♦st❛t♦s ❞❡ ◆♦sé✲❍♦♦✈❡r

♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛ ❬✻✻❪ ❛tr❛✈és ❞❡ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ♣❛rt❡s ❞✐s❝r❡t❛s q✉❡ ❛✲

t✉❛♠ s❡♣❛r❛❞❛♠❡♥t❡✱ ✉♠❛ ❛ ✉♠❛✱ s♦❜r❡ Γ✳ ❊st❛ ♣❛rt❡ ❞♦ ❝á❧❝✉❧♦ é ❜❛st❛♥t❡ ❡①t❡♥s❛✱

❡ ♥ã♦ s❡rá ❢❡✐t❛ ❛q✉✐❀ s❡✉s ❞❡t❛❧❤❡s ❛♣❛r❡❝❡♠ ♥❛s r❡❢❡rê♥❝✐❛s ❬✻✻✕✻✽❪✳ ❆ s✐♠♣❧✐✜❝❛çã♦

❞♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r ♦ ❛❧❣♦r✐t♠♦ ✶✱ q✉❡ r❡❛❧✐③❛ ❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞♦ s✐st❡♠❛ ❞♦ t❡♠♣♦ t ♣❛r❛ ♦ t❡♠♣♦ t+∆t✳ ❆ ♣❛rt✐r ❞❡st❡ ❛❧❣♦r✐t♠♦✱ ♣♦❞❡✲

♠♦s ✐♥t❡❣r❛r ♥✉♠❡r✐❝❛♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❛s ♣❛rtí❝✉❧❛s ♥♦ ❡♥s❡♠❜❧❡

❝❛♥ô♥✐❝♦✱ ♣r❡s❡r✈❛♥❞♦ ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❡ ❞❡♠❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♠❡s♠♦✳

✷✹



❆❧❣♦r✐t❤♠♦ ✶ ❆❧❣♦r✐t♠♦ ♣❛r❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s ♥♦
❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ r❡❛❧✐③❛❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡✳
✭◆♦ ✐♥í❝✐♦✱ ❝❛❧❝✉❧❡ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞♦s ❛t♦♠♦s ❡ ❛ss♦❝✐❡ à ✈❛r✐❛✈❡❧ ❆❑■◆✮
❙❈❆▲❊ ❂ ✶✳✵
❉❖ k = 1, nc

❉❖ j = 1, nys

∆ts = wj∆t/nc

GM = (QM−1v
2
ζM−1 − kT )/QM

vζM = vζM + ∆ts
4

GM

vζM−1 = vζM−1exp
(

−∆ts
8

vζM

)

GM−1 = (QM−2v
2
ζM−2 − kT )/QM−1

vζM−1 = vζM−1 + ∆ts
4

GM−1

vζM−1 = vζM−1exp
(

−∆ts
8

vζM

)

. . .
vζ1 = vζ1exp

(

−∆ts
8

vζ2

)

G1 = (AKIN − NfkT )/QM−1)
vζ1 = vζ1 + ∆ts

4
G1

vζ1 = vζ1exp
(

−∆ts
8

vζ2

)

❙❈❆▲❊ ❂ ❙❈❆▲❊ ✯ exp
(

−∆ts
2

vxi1

)

❆❑■◆❂❆❑■◆✯ exp (−∆tsvxi1
)

❉❖ i = 1, M
ζi = ζi + ∆ts

2
vζi

❊◆❉❉❖
vζ1 = vζ1exp

(

−∆ts
8

vζ2

)

G1 = (AKIN − NfkT )/QM−1)
vζ1 = vζ1 + ∆ts

4
G1

vζ1 = vζ1exp
(

−∆ts
8

vζ2

)

. . .
vζM−1 = vζM−1exp

(

−∆ts
8

vζM

)

GM−1 = (QM−2v
2
ζM−2 − kT )/QM−1

vζM−1 = vζM−1 + ∆ts
4

GM−1

vζM−1 = vζM−1exp
(

−∆ts
8

vζM

)

GM = (QM−1v
2
ζM−1 − kT )/QM

vζM = vζM + ∆ts
4

GM

❊◆❉❉❖
❊◆❉❉❖
v = v ∗ SCALE ✭❆q✉✐ r❡❡s❝❛❧❛♠♦s ❛s ✈❡❧♦❝✐❞❛❞❡s✮

✷✺



✷✳✸✳✸ ❖✉tr♦s ❡♥s❡♠❜❧❡s

❆ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞❛s s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r sã♦ ❢❡✐t❛s ♥♦s ❡♥s❡♠❜❧❡s ♠✐✲

❝r♦❝❛♥ô♥✐❝♦ ❡ ❝❛♥ô♥✐❝♦✳ ❆❧é♠ ❞❡st❡s✱ ♦✉tr♦s ❡♥s❡♠❜❧❡s q✉❡ t❛♠❜é♠ ❛♣❛r❡❝❡♠ sã♦ ♦s

❡♥s❡♠❜❧❡s ✐s♦❜ár✐❝♦ ✭◆✱ P✱ ❊✮ ❡ ✐s♦tér♠✐❝♦✲✐s♦❜ár✐❝♦ ✭◆✱ P✱ ❚✮✳ ❙✉❛s ✐♠♣❧❡♠❡♥t❛çõ❡s

sã♦ ❢❡✐t❛s ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛♦ s✐st❡♠❛ ❞❡ ❝❛❞❡✐❛s ❞❡ t❡r♠♦st❛t♦s ❞❡ ◆♦sé✲❍♦♦✈❡r❀

t♦❞❛✈✐❛✱ ❛♦ ✐♥✈és ❞❡ s❡ ❛❝♦♣❧❛r t❡r♠♦st❛t♦s✱ ❛❝♦♣❧❛♠✲s❡ ❜❛r♦st❛t♦s q✉❡ ❢❛③❡♠ ♦ ♣❛✲

♣❡❧ ❞❡ ✉♠ ✏r❡s❡r✈❛tór✐♦ ❜❛r♦stát✐❝♦✑✱ ❝♦♠ ♦ q✉❛❧ ♦ s✐st❡♠❛ tr♦❝❛ ✈♦❧✉♠❡✱ ❞❡ ♠❛♥❡✐r❛

❛ ❣❛r❛♥t✐r q✉❡ s♦❜r❡ ❛s ♣❛rtí❝✉❧❛s ❞❡t❡r♠✐♥❛❞❛ ♣r❡ssã♦ s❡❥❛ s❡♠♣r❡ ❡①❡r❝✐❞❛✳ ❊♠

❣❡r❛❧ ❡ss❡s ❡♥s❡♠❜❧❡s ❛❝❛❜❛♠ s❡♥❞♦ ✉t✐❧✐③❛❞♦s ❡♠ ❡st✉❞♦s ❡♥✈♦❧✈❡♥❞♦ ❛❧t❛s ♣r❡ssõ❡s❀

✉♠ ❡①❡♠♣❧♦ s❡r✐❛ ♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❞❡ ♠❛tér✐❛ ❝♦♥❞❡♥s❛❞❛ ❡♠ ❏ú♣✐t❡r✳ ◆❡st❡

♣r♦❥❡t♦ ♥ã♦ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ❡st❡s ❡♥s❡♠❜❧❡s✳

✷✳✹ ❈♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

❯♠❛ ✈❡③ ❞❡✜♥✐❞❛ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✱ r❡st❛ ❞❡✜♥✐r q✉❡ t✐♣♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦ ❝á❧❝✉❧♦✳ ❆s ❞✉❛s s♦❧✉çõ❡s ♠❛✐s ❝♦♠✉♥s ♥❡st❡ s❡♥t✐❞♦

sã♦ ♦ ✉s♦ ❞❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♦✉ ❛✐♥❞❛✱ ♦ ✏❝♦♥❣❡❧❛♠❡♥t♦✑ ❞❡ ♣❧❛♥♦s

❞❡ át♦♠♦s ♥❛ ❢r♦♥t❡✐r❛ ❞❛ s✐♠✉❧❛çã♦✳ ❆❧é♠ ❞❡st❛s ❞✉❛s s♦❧✉çõ❡s✱ ♦✉tr❛ ♠❡♥♦s

❝♦♠✉♠ é ♦ ✉s♦ ❞❡ ✉♠❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❝á❧❝✉❧♦✱ ❛ q✉❛❧ ❛t✉❡

❞✐ss✐♣❛♥❞♦ ❢ó♥♦♥s q✉❡ s❡ ♣r♦♣❛❣✉❡♠ ❛té ❛❧✐✳

✷✳✹✳✶ ❈♦♥❣❡❧❛♥❞♦ át♦♠♦s ♥❛ ❢r♦♥t❡✐r❛

◆❡st❛ ❛❜♦r❞❛❣❡♠ ✉♠ ♦✉ ♠❛✐s ♣❧❛♥♦s ❞❡ át♦♠♦s ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❝á❧❝✉❧♦ sã♦ ✏❝♦♥❣❡❧❛✲

❞♦s✑✱ ♦✉ s❡❥❛✱ s✉❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♥ã♦ sã♦ ✐♥t❡❣r❛❞❛s✱ ✜❝❛♥❞♦ ❡st❡s ♣♦rt❛♥t♦

♣❛r❛❞♦s ❞✉r❛♥t❡ t♦❞❛ ❛ ❞✉r❛çã♦ ❞❛ s✐♠✉❧❛çã♦✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ✉♠❛ r❡❣✐ã♦ ❞❡ r❡✲

✢❡①ã♦ ❛rt✐✜❝✐❛❧ ❞❡ ❢ô♥♦♥s s❡❥❛ ✐♥st❛❧❛❞❛ ❡♠ ✉♠❛ ❧♦❝❛❧✐③❛çã♦ ❡s♣❡❝í✜❝❛ ❞♦ ❞♦♠í♥✐♦

❞❛ s✐♠✉❧❛çã♦ ✭❣❡r❛❧♠❡♥t❡ s✉❛s ❜♦r❞❛s✮✱ ♦ q✉❡ t❡♥❞❡ ❛ ❛❢❡t❛r ❢❡♥ô♠❡♥♦s q✉❡ ♦❝♦rr❛♠

♣ró①✐♠♦s ❞❛❧✐✳ ❯♠ ❡①❡♠♣❧♦ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✷✳✶✳ ◆❡st❡ ❝á❧❝✉❧♦✱ q✉❡ ❢♦✐ ❢❡✐t♦ ❝♦♠

❛ ✐♥❢r❛❡str✉t✉r❛ ❝♦♥str✉í❞❛ ♥❡st❡ ♣r♦❥❡t♦✱ ✉♠❛ ♣❧❛❝❛ ❞❡ át♦♠♦s q✉❡ ❝♦♥té♠ ✉♠ ❞❡✲

❢❡✐t♦ é ❡st✐r❛❞❛ ❛té ♦ ❧✐♠✐t❡ ♥♦ q✉❛❧ s✉r❣❡ ✉♠❛ ❢r❛t✉r❛✳ ❋♦r❛♠ ❛♣❧✐❝❛❞❛s ❝♦♥❞✐çõ❡s

♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ✭✈❡❥❛ s❡çã♦ ✷✳✹✳✷✮ ♥❛s ❞✐r❡çõ❡s ŷ ❡ ẑ✱ ❡♥q✉❛♥t♦ q✉❡ ♥❛ ❞✐r❡çã♦

✷✻



❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ s✐t✉❛çã♦ ♦♥❞❡ s❡ ✉t✐❧✐③❛ ♦ ❝♦♥❣❡❧❛♠❡♥t♦ ❞❡ ♣❧❛♥♦s ❞❡ át♦♠♦s
❝♦♠♦ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✳

✷✼



❋✐❣✉r❛ ✷✳✷✿ ■❧✉str❛çã♦ ❞❡ ✉♠❛ ✈❛❝â♥❝✐❛ ♣❡q✉❡♥❛ ✐♥s❡r✐❞❛ ♥❛ ♣❧❛❝❛✱ q✉❡ s❡r✈❡ ❝♦♠♦
♦r✐❣❡♠ ❞❡ ✉♠❛ ❢r❛t✉r❛ ♥♦ ❝r✐st❛❧✳ ❆ ✜❣✉r❛ ❢♦✐ ❣❡r❛❞❛ ♠♦str❛♥❞♦✲s❡ ❛♣❡♥❛s ♦s át♦♠♦s
❝✉❥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣♦ss✉❛ ✉♠ ❞❡s✈✐♦ ♠❛✐♦r ❞♦ q✉❡ ✶✵✪ ❡♠ r❡❧❛çã♦ à ♠é❞✐❛✱ ❡♠
t = 0✳ ■ss♦ ✐♥❝❧✉✐ ♥❛ ✈✐s✉❛❧✐③❛çã♦ ♦s ✈✐③✐♥❤♦s ❞❛ ✈❛❝â♥❝✐❛ ❡ t❛♠❜é♠ ♦s át♦♠♦s
❞❛s ❡①tr❡♠✐❞❛❞❡s ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ x̂✱ ♦♥❞❡ ♥ã♦ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❝♦♥❞✐çõ❡s
♣❡rí♦❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

x̂ ❞♦✐s ♣❧❛♥♦s ❞❡ át♦♠♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❡①tr❡♠♦s ❞❛ ♣❧❛❝❛ ♥❡st❛ ❞✐r❡çã♦ ❢♦r❛♠

❝♦♥❣❡❧❛❞♦s✳ ❖ ❞❡❢❡✐t♦ ✐♥✐❝✐❛❧✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❡st❛s ❞✐r❡çõ❡s✱ ❛♣❛r❡❝❡ ✐❧✉str❛❞♦ ♥❛

✜❣✉r❛ ✷✳✷✳ ◆❡st❛ ✐❧✉str❛çã♦ ♦ ❢❡♥ô♠❡♥♦ ❡♠ q✉❡stã♦ ✭♣r♦♣❛❣❛çã♦ ❞❛ ❢r❛t✉r❛✮ ♦❝♦rr❡✉

♣ró①✐♠♦ ❞❛ ③♦♥❛ ❞❡ r❡✢❡①ã♦ ❛rt✐✜❝✐❛❧✱ ♦ q✉❡ ❛❢❡t♦✉ ❜❛st❛♥t❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

●❡r❛❧♠❡♥t❡✱ ♦ ✉s♦ ❞❡st❡ t✐♣♦ ❞❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ é ❛❞♦t❛❞♦ ❡♠ s✐t✉❛çõ❡s ♥❛s

q✉❛✐s s❡ ❞❡s❡❥❛ t❡r ✉♠ ✏s✉♣♦rt❡✑ ❛ ❞❛❞❛ ❡str✉t✉r❛ ♥✉♠ ❝á❧❝✉❧♦✳ ❯♠ ❡①❡♠♣❧♦ s❡r✐❛

✉♠❛ s✐♠✉❧❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ♠❛t❡r✐❛❧✳ ◆❡st❡ ❝❛s♦✱ ❛ ❢r♦♥t❡✐r❛ ✈♦❧t❛❞❛ ❛♦

✐♥t❡r✐♦r ❞♦ ♠❛t❡r✐❛❧ ♣♦❞❡r✐❛ t❡r s❡✉s át♦♠♦s ❝♦♥❣❡❧❛❞♦s✱ ❞❡♥tr♦ ❞❡ ✉♠❛ s✉♣♦s✐çã♦

❞❡ q✉❡ ❛❧✐ ❡❧❡s ✜❝❛rã♦ s❡♠♣r❡ ♥♦ ❡q✉✐❧í❜r✐♦✳ ❊ss❡ t✐♣♦ ❞❡ ❛rt✐❢í❝✐♦ é ❝♦♠✉♠ ♥❛

❧✐t❡r❛t✉r❛❀ t♦❞❛✈✐❛ ✐♥❢❡❧✐③♠❡♥t❡ ❣❡r❛ ❛rt❡❢❛t♦s ♥✉♠ér✐❝♦s ❞❡✈✐❞♦ à r❡✢❡①ã♦ ❞❡ ❢ô♥♦♥s

♥❛ ❢r♦♥t❡✐r❛✳ ◆❡st❡ ❡①❡♠♣❧♦ ❡♠ ❡s♣❡❝í✜❝♦✱ ♦ ✉s♦ ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦

❞✐ss✐♣❛t✐✈❛ ✭✈❡❥❛ s❡çã♦ ✷✳✹✳✸✮ s❡r✐❛ ♠❛✐s ❛❞❡q✉❛❞♦✳

✷✳✹✳✷ ❈♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦

❆ ✐❞é✐❛ ❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ é r❡♣❧✐❝❛r ♦ ❞♦♠í♥✐♦ ❞❛ s✐♠✉❧❛çã♦ ❞❡

♠❛♥❡✐r❛ q✉❡ át♦♠♦s ♣ró①✐♠♦s às ❢r♦♥t❡✐r❛s ❞❛ ♠❡s♠❛ ♣♦ss✉❛♠ ✈✐③✐♥❤♦s ✏✈✐rt✉❛✐s✑

♣❛r❛ ✐♥t❡r❛❣✐r ✭✈❡❥❛ ✜❣✉r❛ ✷✳✸✮✳ ❊st❡s ✈✐③✐♥❤♦s ✈✐rt✉❛✐s ♣♦ss✉❡♠ ✉♠❛ ❞✐♥â♠✐❝❛

✐❞ê♥t✐❝❛ ❛♦s át♦♠♦s ❞❛ ❝❛✐①❛ r❡❛❧❀ ♥❛ ♣rát✐❝❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❝♦♥s✐st❡

✷✽



❋✐❣✉r❡ ✷✳✸✿ ■❧✉str❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛ s✐♠✉❧❛çã♦✳
❊♠ t♦r♥♦ ❞❛ ❝❛✐①❛ r❡❛❧ ❞❡ s✐♠✉❧❛çã♦ ✭❡♠ ❛③✉❧✮ sã♦ ❛❞✐❝✐♦♥❛❞❛s ❝❛✐①❛s ✈✐rt✉❛✐s✱ ❝✉❥♦s
át♦♠♦s sã♦ ❝❧♦♥❡s ❞♦s át♦♠♦s ❞❛ ❝❛✐①❛ ♦r✐❣✐♥❛❧✳ ❉❡st❛ ❢♦r♠❛✱ át♦♠♦s q✉❡ ❡st❡❥❛♠
♣❡rt♦ ❞❛ ❢r♦♥t❡✐r❛ ❞❛ ❝❛✐①❛ ✭át♦♠♦ ❡♠ ❜r❛♥❝♦ ♥❛ ✜❣✉r❛✮ ♣♦ss✉❡♠ ✈✐③✐♥❤♦s ✈✐rt✉❛✐s
♣❛r❛ ✐♥t❡r❛❣✐r✱ ❡✈✐t❛♥❞♦ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❡❢❡✐t♦s ❞❡ s✉♣❡r❢í❝✐❡ ♥♦ ❝á❧❝✉❧♦✳

❡♠ ❢❛③❡r ❝♦♠ q✉❡ át♦♠♦s q✉❡ ✏s❛✐❛♠✑ ♣♦r ✉♠ ❧❛❞♦ ❞❛ ❝❛✐①❛ ❛♣❛r❡ç❛♠ ♥♦ ❧❛❞♦

♦♣♦st♦✳ P❛r❛ ✐♥t❡r❛çõ❡s ♦ ♠❡s♠♦ s❡ ❛♣❧✐❝❛❀ ❝❛❞❛ át♦♠♦ ♣ró①✐♠♦ ❛ ✉♠❛ ♣❛r❡❞❡ ❞❛

❝❛✐①❛ ✐♥t❡r❛❣❡ ❝♦♠ át♦♠♦s ♣ró①✐♠♦s à ♣❛r❡❞❡ ♦♣♦st❛ ❝♦♠♦ s❡ ❝❛❞❛ ♣❛r ❞❡ ❧❛❞♦s

♦♣♦st♦s ❞❛ ❝❛✐①❛ ❢♦ss❡♠ ❧✐❣❛❞♦s ❡♥tr❡ s✐✳

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♠♣♦rt❛♥t❡ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦

♥♦ ❝á❧❝✉❧♦ é ♦ ❢❛t♦ ❞❡ q✉❡ ❡st❛s ✐♥✐❜❡♠ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✢✉t✉❛çõ❡s ❝♦♠ ❣r❛♥❞❡

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ♥♦ s✐st❡♠❛ ❬✻✾❪✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♦ ♠ét♦❞♦ ❛❢❡t❡ r❡s✉❧t❛❞♦s

♦❜t✐❞♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ s✐st❡♠❛s q✉❡ ❡st❡❥❛♠ ❡①♣❡r✐♠❡♥t❛♥❞♦ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s✳

❚♦❞❛✈✐❛✱ ❛♣❡s❛r ❞❡ss❛ ❞❡s✈❛♥t❛❣❡♠✱ ❡st❛ ❛❜♦r❞❛❣❡♠ é ♠✉✐t♦ ♠❛✐s ✈❛♥t❛❥♦s❛ ♣❛r❛ ❛

♠❛✐♦r✐❛ ❞❛s ❛♣❧✐❝❛çõ❡s ❞♦ q✉❡ ♦ ❝♦♥❣❡❧❛♠❡♥t♦ ❞❡ át♦♠♦s ❞♦ ♠❛t❡r✐❛❧✱ ✉♠❛ ✈❡③ q✉❡

♥ã♦ é ❞❡✜♥✐❞❛ ✉♠❛ ❧♦❝❛❧✐③❛çã♦ ✜①❛ ♥♦ ❡s♣❛ç♦ ♥❛ q✉❛❧ ♦❝♦rr❛♠ r❡✢❡①õ❡s ❞❡ ♦♥❞❛s

✈✐❜r❛❝✐♦♥❛✐s✳ ➱ ✐♥t❡r❡ss❛♥t❡ ❝♦♠♣❛r❛r ♦s r❡s✉❧t❛❞♦s ✐❧✉str❛❞♦s ♥❛ ✜❣✉r❛ ✷✳✹ ❝♦♠

♦s ❞❛ ✜❣✉r❛ ✷✳✶✳ ◆❡st❛s ✜❣✉r❛s✱ ❛♠❜❛s ❛s s✐♠✉❧❛çõ❡s ♣♦ss✉❡♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

✐❞ê♥t✐❝❛s✱ ❛ ♠❡♥♦s ❞❛ ❞✐❢❡r❡♥ç❛ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛❞♦t❛❞❛s ♣❛r❛ ♦ ❝á❧❝✉❧♦✳

❖s r❡s✉❧t❛❞♦s ✜♥❛✐s✱ t♦❞❛✈✐❛✱ sã♦ ♠✉✐t♦ ❞✐❢❡r❡♥t❡s✳

✷✳✹✳✸ ❈♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞✐ss✐♣❛t✐✈❛s

◆❡st❛ ❛❜♦r❞❛❣❡♠ ♦ q✉❡ s❡ ❢❛③ é ❝♦♥str✉✐r ✉♠❛ r❡❣✐ã♦ ♣ró①✐♠❛ à ❢r♦♥t❡✐r❛ ❞♦ ❝á❧✲

❝✉❧♦ s♦❜r❡ ❛ q✉❛❧ ❛t✉❡ ✉♠❛ ❢♦rç❛ ❞✐ss✐♣❛t✐✈❛✱ ❛ q✉❛❧ r❡♠♦✈❡ ❡♥❡r❣✐❛ ❞♦s át♦♠♦s

✷✾



❋✐❣✉r❡ ✷✳✹✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❡♠ ✉♠ ❝á❧❝✉❧♦ ♥♦ q✉❛❧ sã♦ ✉t✐❧✐③❛❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s
❞❡ ❝♦♥t♦r♥♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s✳

❛❧✐ ♣r❡s❡♥t❡s✳ ❊ss❛ ❢♦rç❛ ❞✐ss✐♣❛t✐✈❛ ❛t✉❛ ❛❜s♦r✈❡♥❞♦ ❛ ❡♥❡r❣✐❛ ❞❡ ❢ô♥♦♥s q✉❡ s❡

♣r♦♣❛❣❛♠ ♥❡st❛ r❡❣✐ã♦✳ ❉❡ss❡ ♠♦❞♦✱ ❛♦ s❡ r❡✢❡t✐r❡♠ ♥♦ ❧✐♠✐t❡ ❞♦ ❞♦♠í♥✐♦ ❞❡ ❝á❧✲

❝✉❧♦✱ ❡ss❡s ❢ô♥♦♥s r❡t♦r♥❛♠ ❝♦♠ ♠✉✐t♦ ♠❡♥♦s ❡♥❡r❣✐❛✱ ♦ q✉❡ r❡❞✉③ ❛ ❝r✐❛çã♦ ❞❡

❛rt❡❢❛t♦s ❡s♣úr✐♦s ♥❛ s✐♠✉❧❛çã♦✳ ◆♦t❡ q✉❡ ❡ss❛ ❛❜♦r❞❛❣❡♠ ❢❛③ s❡♥t✐❞♦ ♥♦ ❝❛s♦ ❞♦

❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦❀ ♥♦ ❝❛s♦ ❞♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦ ❛ t❡♥❞ê♥❝✐❛ é q✉❡ ✈✐❜r❛çõ❡s

♦r❞❡♥❛❞❛s q✉❡ ♣❡r❝♦rr❡♠ ♦ ♠❛t❡r✐❛❧ s❡❥❛♠ ❞✐ss✐♣❛❞❛s ♣❡❧❛ ❛t✉❛çã♦ ❞♦ r❡s❡r✈❛tór✐♦

tér♠✐❝♦ ❞✉r❛♥t❡ t♦❞♦ ♦ ❝á❧❝✉❧♦✱ ♦ q✉❡ r❡♠♦✈❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡

❝♦♥t♦r♥♦ ❞✐ss✐♣❛t✐✈❛ ♣❛r❛ ✜♥s ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r tr❛❞✐❝✐♦♥❛❧✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ✉♠ ❝á❧❝✉❧♦ ♠✉❧t✐❡s❝❛❧❛ ✈❛r✐❛♥t❡s ❞❡st❡ t✐♣♦ ❞❡ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦ sã♦ ✐♥t❡r❡ss❛♥t❡s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❡♥❡r❣✐❛ ❞✐ss✐♣❛❞❛ ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡

❝♦♥t♦r♥♦ ♣♦❞❡ s❡r tr❛♥s❢❡r✐❞❛ ♣❛r❛ ✉♠❛ s✐♠✉❧❛çã♦ r❡❛❧✐③❛❞❛ ❝♦♠ ♦✉tr♦ ♠ét♦❞♦✱ ❡♠

✉♠❛ ❡s❝❛❧❛ ❞❡ t❛♠❛♥❤♦ ♠❛✐♦r✳ ❊①✐st❡ ✉♠ tr❛❜❛❧❤♦ r❡❝❡♥t❡ ❬✼✵❪ ♥♦ q✉❛❧ ♦ ✉s♦ ❞❡

❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ❞✐ss✐♣❛t✐✈❛s sã♦ ❝♦♠♣❛r❛❞❛s ❝♦♠ ♦ ✉s♦ ❞❡ ❝♦♥❞✐çõ❡s

❞❡ ❝♦♥t♦r♥♦ ✉s✉❛✐s ❞❡♥tr♦ ❞♦ ❝♦♥t❡①t♦ ❞❡ ❝á❧❝✉❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r tr❛❞✐❝✐♦♥❛❧❀

❡st❛ ❧❡✐t✉r❛ ♣♦❞❡ s❡r ✐♥t❡r❡ss❛♥t❡ ♣❛r❛ ✉♠ ❧❡✐t♦r q✉❡ q✉❡r✐❛ s❡ ❛♣r♦❢✉♥❞❛r ♠❛✐s ♥♦

✸✵



❛ss✉♥t♦✳

✷✳✺ Pós✲Pr♦❝❡ss❛♠❡♥t♦

❯♠❛ ✈❡③ r❡❛❧✐③❛❞♦ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ❛s ♣♦s✐çõ❡s✱ ✈❡❧♦❝✐❞❛❞❡s ❡

❢♦rç❛s ❛t✉❛♥t❡s s♦❜r❡ ❝❛❞❛ át♦♠♦ ❞♦ s✐st❡♠❛ sã♦ ❝♦♥❤❡❝✐❞❛s ❛♦ ❧♦♥❣♦ ❞❡ ❝❡rt♦ ♣❡rí♦❞♦

❞❡ t❡♠♣♦✳ ❊st❛ ✐♥❢♦r♠❛çã♦ ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦ ❞❡ ✉♠ ❣r❛♥❞❡ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛♥❞❡③❛s

s❡❝✉♥❞ár✐❛s ❞❡r✐✈❛❞❛s ❞❡ss❡s ❞❛❞♦s✳ ❈♦♠♦ ❛s ❣r❛♥❞❡③❛s s❡❝✉♥❞ár✐❛s ❞❡ ✐♥t❡r❡ss❡

✈❛r✐❛♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❢♦❝♦ ❞❡ ❡st✉❞♦✱ ♥❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r✱

s❡♠ ❞❡♠♦♥str❛r✱ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ❣r❛♥❞❡③❛s

s❡❝✉♥❞ár✐❛s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ❝❛♣ít✉❧♦ ✺✳

❆ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ♠é❞✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s ❡♠ ❝❡rt♦ ✐♥st❛♥t❡ ❞❡

t❡♠♣♦ t é ❞❡✜♥✐❞❛✱ ♥♦ ❧✐♠✐t❡ ❞❡ t❡♠♣❡r❛t✉r❛ t❡♥❞❡♥❞♦ ❛ ③❡r♦✱ ♣♦r✿

EB(t) =
−V (t)

N
; ✭✷✳✷✾✮

s❡♥❞♦ q✉❡ V (t) é ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ t♦t❛❧ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ N át♦♠♦s ❡♠ ❝❡rt♦

✐♥st❛♥t❡✳ ◗✉❛♥t♦ ♠❛✐♦r ❛ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦✱ ♠❛✐s ❡stá✈❡❧ é ❛ ❡str✉t✉r❛ ❛tô♠✐❝❛✳

❆ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ át♦♠♦s ✈♦❧✉♠étr✐❝♦ ♣♦❞❡ s❡r ❡st✐✲

♠❛❞❛ ❞✐r❡t❛♠❡♥t❡ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❡ ❡♥❡r❣✐❛✿

T (t) =
2K(t)

3Nkb

; ✭✷✳✸✵✮

♥♦ q✉❛❧ K(t) ❝♦rr❡s♣♦♥❞❡ à ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ t♦t❛❧ ❞♦ s✐st❡♠❛ ❡ kb é ❛ ❝♦♥st❛♥t❡

❞❡ ❇♦❧t③♠❛♥♥✳ ❙❡ ❡st❡ s✐st❡♠❛ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♠ ❛❣❧♦♠❡r❛❞♦✱ é ♣r❡❝✐s♦ ❛❥✉st❛r ❛

❡q✉❛çã♦ ✷✳✸✵ ❞❡ ♠❛♥❡✐r❛ ❛ s❡ ❝♦♥s✐❞❡r❛r três ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ tr❛♥s❧❛çã♦ ❞❛

❡str✉t✉r❛ ❝♦♠♦ ✉♠ t♦❞♦✱ ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ r♦t❛çã♦ ❞❛ ❡str✉t✉r❛ ❝♦♠♦ ✉♠

t♦❞♦ ❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ✈✐❜r❛❝✐♦♥❛❧ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❧✐❣❛çõ❡s ❞❛ ❡str✉t✉r❛✿

T (t) =
2K(t)

(3N − 6) kb

. ✭✷✳✸✶✮

❚♦♠❛♥❞♦ ✉♠❛ ♠é❞✐❛ s♦❜r❡ ♦ t❡♠♣♦✱ ♦✉ ❛✐♥❞❛✱ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡♥s❡♠❜❧❡s✱

❞❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞♦ s✐st❡♠❛✱ ♣♦❞❡♠♦s ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛ ♠é❞✐❛ ❞♦

✸✶



♠❡s♠♦✿

T ≈ 〈T (t)〉t ; ✭✷✳✸✷✮

♥❛ q✉❛❧ ❛ ❛♣r♦①✐♠❛çã♦ t❡♥❞❡ ❛♦ ✈❛❧♦r ❝♦rr❡t♦ ♥♦ ❧✐♠✐t❡ ♥♦ q✉❛❧ ♦ t❡♠♣♦ s♦❜r❡ ♦ q✉❛❧

s❡ ❝❛❧❝✉❧❛ ❛ ♠é❞✐❛ é ✐♥✜♥✐t♦✳

❖ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ♠❛t❡r✐❛❧ ❝♦rr❡s♣♦♥❞❡ à t❛①❛ ❞❡ ✈❛r✐❛çã♦ ♥❛ ❡♥❡r❣✐❛ t♦t❛❧

❞♦ s✐st❡♠❛ ❡♠ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çõ❡s ♥❛ t❡♠♣❡r❛t✉r❛✱ à ✈♦❧✉♠❡ ❝♦♥st❛♥t❡✳ ▲♦❣♦✱ ♣♦r

❞❡✜♥✐çã♦✿

Cv =

(

∂ 〈E(t)〉t
∂T

)

V

. ✭✷✳✸✸✮

❆ ♠❛♥❡✐r❛ ♠❛✐s ❞✐r❡t❛ ❞❡ s❡ ❝❛❧❝✉❧❛r ♦ Cv é tr❛ç❛♥❞♦ ✉♠ ❣rá✜❝♦ ❞❛ ❡♥❡r❣✐❛ ♠é❞✐❛ ❞♦

s✐st❡♠❛ ✭ 〈E(t)〉t = 〈K(t)〉t+〈V (t)〉t ✮ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✱ ♦♥❞❡ ❝❛❞❛ ♣♦♥t♦ é

♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ s✐♠✉❧❛çã♦ ❞✐❢❡r❡♥t❡✳ ❊st❡ ♠ét♦❞♦ t❡♠ ❞✉❛s ✈❛♥t❛❣❡♥s ♣r✐♥❝✐✲

♣❛✐s✿ ♣❡r♠✐t❡ ❡st✐♠❛r ❢❛❝✐❧♠❡♥t❡ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ♠é❞✐♦ ♣❛r❛ só❧✐❞♦s✱ q✉❡ ♥♦ ❝❛s♦ ❞❡

♠❡t❛✐s é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡ ❞❡♥tr♦ ❞❡ s✐❣♥✐✜❝❛t✐✈❛ ❢❛✐①❛ ❞❡ t❡♠♣❡r❛t✉r❛s✱

❡ s❡r✈❡ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞❡ ❝á❧❝✉❧♦s ❢❡✐t♦s ✉t✐❧✐③❛♥❞♦✲s❡ ♠ét♦❞♦s

❝✉❥♦s r❡s✉❧t❛❞♦s ❞❡♣❡♥❞❡♠ ❢♦rt❡♠❡♥t❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡st❛tíst✐❝❛ t❛✐s ❝♦♠♦ ❡st✐♠❛✲

t✐✈❛s ❜❛s❡❛❞❛s ❡♠ ✢✉t✉❛çõ❡s ♥❛ ♠é❞✐❛ ❞❛ ❡♥❡r❣✐❛✳ P❛r❛ ❢❛✐①❛s ❞❡ t❡♠♣❡r❛t✉r❛ ♥❛s

q✉❛✐s ♦ ♠ét♦❞♦ ❣rá✜❝♦ ♠❡♥❝✐♦♥❛❞♦ ♥ã♦ ❢✉♥❝✐♦♥❡ ✭ ♦✉ s❡❥❛✱ Cv ♥ã♦ é ♠❛✐s ❝♦♥st❛♥t❡

✮✱ ✉♠❛ ❢♦r♠❛ ❞❡ ❡st✐♠❛r ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ é ❛tr❛✈és ❞❡ ✢✉t✉❛çõ❡s ♥❛ ❡♥❡r❣✐❛ t♦t❛❧

❞♦ s✐st❡♠❛✿

Cv ≈ 〈δE(t)2〉t
kbT 2

=
〈E(t)2〉t − 〈E(t)〉2t

kbT 2
. ✭✷✳✸✹✮

❆ ✢✉t✉❛çã♦ q✉❛❞rát✐❝❛ ♠é❞✐❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❧✐❣❛çõ❡s ✐♥t❡r❛tô♠✐❝❛s é ❞❡✜♥✐❞♦

♣♦r✿

δ =
2

n(n − 1)

∑

i>j

(

〈

r2
ij

〉

t
− 〈rij〉2t

)
1

2

〈rij〉t
; ✭✷✳✸✺✮

♥❛ q✉❛❧ δ é ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ t❡♠♣❡r❛t✉r❛ ❝♦♠ ✉♠❛ s✐♠✉❧❛çã♦ ✐♥❞❡♣❡♥✲

❞❡♥t❡✳ ❊st❛ ❣r❛♥❞❡③❛ é út✐❧ ♣❛r❛ ✐♥❞✐❝❛r tr❛♥s✐çõ❡s ❞❡ ❡st❛❞♦ ♥♦ ♠❛t❡r✐❛❧✱ ❡ t❡♠

✸✷



❝♦♠♦ ✈❛♥t❛❣❡♠ ✉♠❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡st❛tíst✐❝❛ ♠✉✐t♦ ♠❛✐s rá♣✐❞❛ ❞♦ q✉❡ ♦ ❝á❧❝✉❧♦

❞✐r❡t♦ ❞❡ Cv ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✷✳✸✹✳

■♥❢♦r♠❛çã♦ ❝♦♠♣❧❡♠❡♥t❛r t❛♠❜é♠ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♥❛❧✐s❛♥❞♦ ❛♦ ❧♦♥❣♦ ❞❛ s✐✲

♠✉❧❛çã♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❞❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡ ❞❛ ❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦

❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞♦s át♦♠♦s✿

〈−→r 2(t)
〉

t
=

1

Nt

t−1
∑

t′=0

N
∑

i=1

[−→r i(t
′ + t) −−→r i(t

′)]
2
; ✭✷✳✸✻✮

C(t) =

∑t−1
t′=0

∑N
i=1

−→vi (t
′ + t) · −→vi (t

′)
∑t−1

t′=0

∑N
i=1

−→vi
2(t′)

. ✭✷✳✸✼✮

◆❡st❛s ❡q✉❛çõ❡s ❛s ♠é❞✐❛s sã♦ ❢❡✐t❛s ♣❛r❛ t♦❞♦s ♦s át♦♠♦s✱ ❡ t❛♠❜é♠ ❛♦ ❧♦♥❣♦ ❞❡

✈ár✐❛s ♦r✐❣❡♥s t′ ♥♦ t❡♠♣♦ ♥✉♠❛ ♠❡s♠❛ s✐♠✉❧❛çã♦✳ ❖ ❞❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ✐♥❞✐❝❛

❛ ♠♦❜✐❧✐❞❛❞❡ ❞♦s át♦♠♦s ♥❛ ❡str✉t✉r❛✱ ❡ ❛ ❛✉t♦❝♦rr❡❧❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ✐♥❞✐❝❛ s❡

♦ ♠♦✈✐♠❡♥t♦ ❞♦s át♦♠♦s t❡♥❞❡ ❛ s❡r ♦r❞❡♥❛❞♦ ✭❝♦♠♦ ❡♠ ✈✐❜r❛çõ❡s ♥✉♠ só❧✐❞♦✮ ♦✉

❞❡s♦r❞❡♥❛❞♦ ✭t❛❧ q✉❛❧ ♥✉♠ ❧íq✉✐❞♦✮✳

✸✸



❈❛♣ít✉❧♦ ✸

▼♦❞❡❧❛❣❡♠ ♥❛ ❡s❝❛❧❛ ❞❡ ❝♦♥t✐♥✉✉♠

✸✳✶ ❈♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❡♠ ❡❧❛st✐❝✐❞❛❞❡

▼❛t❡r✐❛✐s ❡❧ást✐❝♦s sã♦ ❛q✉❡❧❡s q✉❡ ♣♦ss✉❡♠ ♦ s❡❣✉✐♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛♥❞♦ t❡♥✲

s✐♦♥❛❞♦s✿

• ❆♦ s❡ ❛♣❧✐❝❛r ✉♠❛ t❡♥sã♦ s♦❜r❡ ♦ ♠❛t❡r✐❛❧✱ ❡st❡ s❡ ❞❡❢♦r♠❛rá ✐♠❡❞✐❛t❛♠❡♥t❡❀

• ❙❡ ❛ t❡♥sã♦ ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ ♠❛t❡r✐❛❧ ♣❡r♠❛♥❡❝❡r ❝♦♥st❛♥t❡✱ ❛ s✉❛ ❞❡❢♦r♠❛çã♦

t❛♠❜é♠ ♣❡r♠❛♥❡❝❡rá ❝♦♥st❛♥t❡❀

• ❈❛s♦ ❛ t❡♥sã♦ ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ ♠❛t❡r✐❛❧ s❡❥❛ r❡♠♦✈✐❞❛✱ ❡st❡ r❡t♦r♥❛rá ✐♠❡✲

❞✐❛t❛♠❡♥t❡ ♣❛r❛ ♦ s❡✉ ❡st❛❞♦ ♦r✐❣✐♥❛❧ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❛ ❛t✉❛çã♦ ❞❡ ✉♠❛

❢♦rç❛ ❡①t❡r♥❛ ♥❡st❡ ♣r♦❝❡ss♦✳

■ss♦ ✐♠♣❧✐❝❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡❢♦r♠❛çã♦ ❞❡ ✉♠ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦ ♦❝♦rr❡ s❡♠ ❛

❞✐ss✐♣❛çã♦ ❞❡ ❡♥❡r❣✐❛ ♥❛ ❢♦r♠❛ ❞❡ ❝❛❧♦r✳ ❊st❛ ❛♣r♦①✐♠❛çã♦ é ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♥❛

❝♦♥str✉çã♦ ❞❡ ♠♦❞❡❧♦s ❝♦♥st✐t✉t✐✈♦s ❞❡ ♠❛t❡r✐❛✐s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ s✐t✉❛çõ❡s ♥❛s

q✉❛✐s ❛s ❞❡❢♦r♠❛çõ❡s ❡ t❡♥sõ❡s ❡♥✈♦❧✈✐❞❛s sã♦ ♣❡q✉❡♥❛s✳

▼❛t❡r✐❛✐s ✈✐s❝♦❡❧ást✐❝♦s sã♦ ❛q✉❡❧❡s ❝✉❥❛ ❞❡❢♦r♠❛çã♦ ❡♠ ❞❛❞♦ ♠♦♠❡♥t♦ ❞❡♣❡♥❞❡

❞❡ t♦❞♦ ♦ ❤✐stór✐❝♦ ❞❡ t❡♥sõ❡s ❛♣❧✐❝❛❞❛s ♣r❡✈✐❛♠❡♥t❡ s♦❜r❡ ♦ ♠❛t❡r✐❛❧❀ ❡♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱ ♦ ❡str❡ss❡ ❞♦ ♠❛t❡r✐❛❧ é ❢✉♥çã♦ ❞❡ t♦❞♦ ♦ s❡✉ ❤✐stór✐❝♦ ❞❡ ❡st✐r❛♠❡♥t♦✳

◆❡st❡ ♠♦❞❡❧♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐r❛♠❡♥t♦ ❣❡r❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛ ♥❛ ❢♦r♠❛ ❞❡ ❝❛❧♦r✱ ❞❡

♠❛♥❡✐r❛ q✉❡✱ ✉♠❛ ✈❡③ ❡st✐r❛❞♦✱ ♦ ♠❛t❡r✐❛❧ s♦♠❡♥t❡ r❡t♦r♥❛ à s✉❛ ❝♦♥❞✐çã♦ ♦r✐❣✐♥❛❧

❝❛s♦ tr❛❜❛❧❤♦ s❡❥❛ r❡❛❧✐③❛❞♦ s♦❜r❡ ♦ ♠❡s♠♦✳

✸✹



❋✐❣✉r❛ ✸✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❝✉r✈❛ ❞❡ t❡♥sã♦ ❡♠ ❢✉♥çã♦ ❞❛ ❞❡❢♦r♠❛çã♦ ♣❛r❛ ✉♠ ♠❛t❡r✐❛❧
r❡❛❧ q✉❡ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞♦ ♣❡❧❛ ❛♣r♦①✐♠❛çã♦ ❡❧ást✐❝❛✳ P❛r❛ ♣❡q✉❡♥♦s ❡st✐r❛♠❡♥t♦s
✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❧✐♥❡❛r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦✳ ❈♦♥❢♦r♠❡ s❡
❛✉♠❡♥t❛ ♦ ❡st✐r❛♠❡♥t♦✱ ♦ ♠❛t❡r✐❛❧ t❡♥❞❡ ❛ s❡ ❝♦♠♣♦rt❛r ❞❡ ♠❛♥❡✐r❛ ♣❧ást✐❝❛ ❛té ♦
❧✐♠✐t❡ ♥♦ q✉❛❧ s❡ ✐♥✐❝✐❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❢r❛t✉r❛✳

▼❛t❡r✐❛✐s ♣❧ást✐❝♦s sã♦ ❛q✉❡❧❡s ❝✉❥♦s ♣r♦❝❡ss♦s ❞❡ ❞❡❢♦r♠❛çã♦ sã♦ ✐rr❡✈❡rsí✈❡✐s✱

♠❡s♠♦ q✉❛♥❞♦ s❡ ❛♣❧✐❝❛ tr❛❜❛❧❤♦ s♦❜r❡ ♦ ♠❛t❡r✐❛❧✳ ◆❡st❡ ♠♦❞❡❧♦✱ ❛s ❞❡❢♦r♠❛çõ❡s

s♦❢r✐❞❛s ♣❡❧♦ ♠❛t❡r✐❛❧ sã♦ ❣r❛♥❞❡s ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❧❡✈❛r ❛ ✉♠❛ r❡♦r❣❛♥✐③❛çã♦ ❡s✲

tr✉t✉r❛❧ ❞♦ ♠❡s♠♦ q✉❡ só ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❛tr❛✈és ❞❡ ♠♦❞❡❧♦s ❞❡ ❝♦♥t✐♥✉✉♠ ♥ã♦

❧✐♥❡❛r❡s✳

❊♠ ❣❡r❛❧✱ ✉♠ ♠❛t❡r✐❛❧ r❡❛❧ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ❛♣r♦①✐♠❛❞❛ ♣♦r ❡st❡s

♠♦❞❡❧♦s✱ ♦✉ ❝♦♠❜✐♥❛çõ❡s ❞❡st❡s✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ r❡❣✐ã♦ ♥❛ ❝✉r✈❛ ❞❡ t❡♥sã♦ ✴ ❞❡❢♦r✲

♠❛çã♦ ❡♠ q✉❡ s❡ ❞❡s❡❥❛ tr❛❜❛❧❤❛r✳ ❯♠❛ ✐❧✉str❛çã♦ ❞❡st❡ ♣r♦❝❡ss♦ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛

✸✳✶✳

❆ r❡s✐stê♥❝✐❛ ❞❡ ♠❛t❡r✐❛✐s s✉❜♠❡t✐❞♦s à t❡♥sã♦ ❣❡r❛❧♠❡♥t❡ é ❞❡s❝r✐t❛ ❡♠ t❡r♠♦s

❞❛ r❛③ã♦ ❡♥tr❡ ❛ t❡♥sã♦ ❛♣❧✐❝❛❞❛✱ ❞❡♥♦t❛❞❛ ♣♦r F ✱ ❡ ❛ s❡❝çã♦ ❞❡ ár❡❛ ❞♦ ♠❡s♠♦✱

❞❡♥♦t❛❞❛ ♣♦r A0✳ ❊st❛ ❣r❛♥❞❡③❛ é ❞❡♥♦♠✐♥❛❞❛ ❡str❡ss❡ ❞❡ t❡♥sã♦❀ s✉❛s ❝♦♠♣♦♥❡♥t❡s

❛♣❛r❡❝❡♠ ✐❧✉str❛❞❛s ♥❛ ✜❣✉r❛ ✸✳✷✿

σ =
F

A0

. ✭✸✳✶✮

▼✉✐t♦s tr❛❜❛❧❤♦s ❡♠ ♠❡❝â♥✐❝❛ ❞❡ ♠❛t❡r✐❛✐s ❝♦♥s✐st❡♠ ❡♠ ❡❧❛❜♦r❛r ❡st❡ ❝♦♥❝❡✐t♦

♣❛r❛ s✐t✉❛çõ❡s ♠❛✐s ❣❡r❛✐s ❞♦ q✉❡ ❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✸✳✷✳

✸✺





❋✐❣✉r❛ ✸✳✸✿ ❈✉r✈❛s ❞❡ t❡♥sã♦ ✭σ) ❡♠ ❢✉♥çã♦ ❞❛ ❞❡❢♦r♠❛çã♦ ✭ǫ✮ ♣❛r❛ ✉♠ ♠❛t❡r✐❛❧
❡❧ást✐❝♦ ✭❛✮ ❡ ✈✐s❝♦❡❧ást✐❝♦ ✭❜✮✳ ❆ ár❡❛ ❡♠ ✈❡r♠❡❧❤♦ ❡q✉✐✈❛❧❡ ❛

∮

σdǫ✱ ❡ ❝♦rr❡s♣♦♥❞❡
à q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ♣❡r❞✐❞❛ ♥❛ ❢♦r♠❛ ❞❡ ❝❛❧♦r ❛♦ ❧♦♥❣♦ ❞♦ ❝✐❝❧♦✳

F

A0

= E
△L

L0

; ✭✸✳✹✮

♦✉ s❡❥❛✿

σ = Eǫ. ✭✸✳✺✮

❆ ❝♦♥st❛♥t❡ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ E é ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣✳ ❊st❛ ❣r❛♥❞❡③❛ é ❛♠♣❧❛✲

♠❡♥t❡ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ♠❡❝â♥✐❝❛ ❞❡ ♠❛t❡r✐❛✐s ♥❛ ♠❛❝r♦❡s❝❛❧❛✳ ❙✉❛ r❡❧❛çã♦

❝♦♠ ❛ r✐❣✐❞❡③ ❞♦ ♠❛t❡r✐❛❧✱ ♥♦ ❡①❡♠♣❧♦ ❞❛ ❜❛rr❛ ❞❛ ✜❣✉r❛ ✸✳✷ ✜❝❛ s❡♥❞♦✿

k =
AE

L
. ✭✸✳✻✮

◆❛ ✜❣✉r❛ ✸✳✸ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞❛s ❝✉r✈❛s ❞❡ t❡♥sã♦ ❡♠ ❢✉♥çã♦ ❞❛ ❞❡❢♦r♠❛çã♦

♣❛r❛ ♠❛t❡r✐❛✐s ❡❧ást✐❝♦s ❡ ✈✐s❝♦❡❧ást✐❝♦s✳ ◆♦ ❝❛s♦ ❞♦ ♠❛t❡r✐❛❧ ✈✐s❝♦❡❧ást✐❝♦✱ ♣❛r❛ s❡

r❡t♦r♥❛r à ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ♣r❡❝✐s♦ r❡❛❧✐③❛r tr❛❜❛❧❤♦ s♦❜r❡ ♦ s✐st❡♠❛✳

❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❞❡ ❡st✐r❛♠❡♥t♦ ❛r♠❛③❡♥❛❞❛ ♥♦ ♠❛t❡r✐❛❧ é ❞❛❞❛ ♣♦r✿

U =
1

V

∫

FdL =

∫ L

0

F

A0

dL

L0

=

∫ ǫ

0

σdǫ; ✭✸✳✼✮

♦✉ s❡❥❛✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❞❡ ❡st✐r❛♠❡♥t♦ ❛r♠❛③❡♥❛❞❛ ❡♠ ✉♠ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦

❝♦rr❡s♣♦♥❞❡ à ár❡❛ s♦❜ ❛ ❝✉r✈❛ ❞❛ ✜❣✉r❛ ✸✳✸✲❛✳ ◆♦ ❡①❡♠♣❧♦ s✐♠♣❧❡s ❞❛ ❜❛rr❛ ❡st✐r❛❞❛

✉♥✐❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡✱ ♦ ❝á❧❝✉❧♦ ❞❡st❛ ár❡❛ é tr✐✈✐❛❧✳ ❊♠ ❣❡r❛❧✱ t♦❞❛✈✐❛✱ ❡ss❡ ❝á❧❝✉❧♦

♣♦❞❡ s❡r ❝♦♠♣❧✐❝❛❞♦✱ s❡♥❞♦ ♣♦rt❛♥t♦ ❢❡✐t♦ ❛tr❛✈és ❞❡ ♠ét♦❞♦s ❞❡ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✱

✸✼



❋✐❣✉r❛ ✸✳✹✿ ❊❢❡✐t♦ ❞❡ P♦✐ss♦♥✳ ❆♦ s❡ ❡st✐r❛r ✉♠ ♠❛t❡r✐❛❧ ❡♠ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦
✭♥❡st❡ ❝❛s♦✱ ♥❛ ❧♦♥❣✐t✉❞✐♥❛❧✮✱ t❡♠♦s ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ✉♠❛ ❝♦♥✲
tr❛çã♦ ♦rt♦❣♦♥❛❧ à ❞✐r❡çã♦ ❞❡ ❡st✐r❛♠❡♥t♦✳

❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳

◆❛ ✜❣✉r❛ ✸✳✹ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞♦ ❡❢❡✐t♦ ❞❡ P♦✐ss♦♥✳ ❊st❡ ❛♣❛r❡❝❡ ❛♦ s❡ ❡s✲

t✐r❛r ✉♠ ♠❛t❡r✐❛❧ ❡♠ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦✳ ❊st❡ ❡st✐r❛♠❡♥t♦ ✐♠♣❧✐❝❛ ♥♦ s✉r❣✐♠❡♥t♦

❞❡ ✉♠❛ ❢♦rç❛ ❞❡ ❝♦♥tr❛çã♦ ♦rt♦❣♦♥❛❧ à ❞✐r❡çã♦ ❞❡ ❡st✐r❛♠❡♥t♦✱ ❛ q✉❛❧ ❝♦♠♣r✐♠❡ ♦

♠❛t❡r✐❛❧✱ ❞❡❢♦r♠❛♥❞♦✲♦✳ ❆ r❛③ã♦ ❡♥tr❡ ❛s ❞❡❢♦r♠❛çõ❡s ❞♦ ♠❛t❡r✐❛❧ é ❞❡♥♦♠✐♥❛❞❛

r❛③ã♦ ❞❡ P♦✐ss♦♥✱ ❡ é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♥trí♥s❡❝❛ ❞❡ ❝❛❞❛ ♠❛t❡r✐❛❧✿

ν(ǫlongitudinal) =
−ǫlateral

ǫlongitudinal

. ✭✸✳✽✮

◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♠ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦ ❧✐♥❡❛r✱ ❡st❛ r❛③ã♦ é ✉♠❛ ❝♦♥st❛♥t❡✳

✸✳✷ ❉❡s❝r❡✈❡♥❞♦ ♦ ❝♦♥t✐♥✉✉♠

✸✳✷✳✶ ❊q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❝✐♥ét✐❝♦

❖ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ ✉♠ ♣♦♥t♦ ♥♦ ❝♦♥t✐♥✉✉♠ ❛♦ ❧♦♥❣♦ ❞❛s ❞✐r❡çõ❡s x̂✱ ŷ ❡ ẑ é ❞❡♥♦t❛❞♦

♣❡❧♦ ✈❡t♦r u ≡ ui ≡ (u, v, w)✱ ❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s sã♦ ❢✉♥çã♦ ❞❛ ❧♦❝❛❧✐③❛çã♦ ❞♦ ♣♦♥t♦

♥♦ ❝♦r♣♦✳ ❙❡ t♦❞♦s ♦s ♣♦♥t♦s ♥♦ ♠❛t❡r✐❛❧ ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ❞❡s❧♦❝❛♠❡♥t♦ ✭u =

constante✮✱ ❡st❡ s❡ ♠♦✈❡ ❝♦♠♦ ✉♠ ❝♦r♣♦ rí❣✐❞♦✱ s❡♠ s♦❢r❡r ❞❡❢♦r♠❛çõ❡s ✐♥t❡r♥❛s✳

P❛r❛ q✉❡ ♦❝♦rr❛ ❡st✐r❛♠❡♥t♦ ♥♦ ❝♦♥t✐♥✉✉♠✱ ❡st❡ ♣r❡❝✐s❛ t❡r ❞❡s❧♦❝❛♠❡♥t♦s ❞✐st✐♥t♦s

❛♦ ❧♦♥❣♦ ❞❡ ❞✐❢❡r❡♥t❡s ♣♦♥t♦s✳

❈♦♥s✐❞❡r❡ ❛s ❞✉❛s ❧✐♥❤❛s ♦rt♦❣♦♥❛✐s OB ❡ OA ✐❧✉str❛❞❛s ♥❛ ✜❣✉r❛ ✸✳✺✱ ♦r✐❣✐♥❛❧✲

✸✽



❋✐❣✉r❛ ✸✳✺✿ ❉❡s❧♦❝❛♠❡♥t♦s ♥♦ ❝♦♥t✐♥✉✉♠✳

♠❡♥t❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ dx ❡ dy dz ❛♦ ❧♦♥❣♦ ❞♦s ❡✐①♦s xy✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ✈❛♠♦s

❢❛③❡r dx = dy = dz = 1✳ ❆♣ós ❡st✐r❛r♠♦s ♦ ❝♦r♣♦✱ ❛s ❡①tr❡♠✐❞❛❞❡s ❞❡st❛s ❧✐♥❤❛s

✐rã♦ ♣❛r❛ ❛s ♥♦✈❛s ♣♦s✐çõ❡s A1O1B1✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦✳ ❆♣ós ♦ ❡st✐r❛♠❡♥t♦✱ ✈❛♠♦s

❝♦♥t✐♥✉❛r ❞❡s❝r❡✈❡♥❞♦ ❛s ♣♦s✐çõ❡s ❞❡st❡s ♣♦♥t♦s ❡♠ t❡r♠♦s ❞♦ ❡✐①♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s

♦r✐❣✐♥❛❧❀ ❡st❛ ❝♦♥✈❡♥çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ▲❛❣r❛♥❣✐❛♥♦✳ ❖✉tr❛ ♦♣çã♦

s❡r✐❛ ✉t✐❧✐③❛r ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❊✉❧❡r✐❛♥♦✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ✉t✐❧✐③❛r ❛s ♣♦s✐çõ❡s ✜♥❛✐s

❝♦♠♦ r❡❢❡rê♥❝✐❛✳ ❊st❡ ú❧t✐♠♦ ❝❛s♦ é ♠✉✐t♦ ✉s❛❞♦ ❡♠ ♠❡❝â♥✐❝❛ ❞❡ ✢✉✐❞♦s✳

❆♣ós ♦ ❡st✐r❛♠❡♥t♦ ♥❛ ❞✐r❡çã♦ x̂✱ ♥✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ❛ ❞✐stâ♥❝✐❛ dx s❡

t♦r♥❛✿

(dx)′ =

(

1 +
∂u

∂x

)

dx; ✭✸✳✾✮

♦✉ s❡❥❛✱ ❡♠ ✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ♦ ❡st✐r❛♠❡♥t♦ ♥❛ ❞✐r❡çã♦ x̂ s❡r✐❛ s✐♠♣❧❡s♠❡♥t❡
∂u
∂x
✳ ❚♦❞❛✈✐❛✱ é ✐♠♣♦rt❛♥t❡ t❛♠❜é♠ ❝♦♥s✐❞❡r❛r ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ♣♦♥t♦ B1 r❡❧❛t✐✈♦

❛ O1✱ ♦ q✉❛❧ t❛♠❜é♠ ❝♦♥tr✐❜✉✐ ♣❛r❛ ♦ ❡st✐r❛♠❡♥t♦ ❞❛ ❧✐♥❤❛ OB✳ ❉❡st❡ ♠♦❞♦✱ ♦

♥♦✈♦ ❝♦♠♣r✐♠❡♥t♦ O1B1 s❡rá✿

O1B1 =

√

(

1 +
∂u

∂x

)2

+

(

∂v

∂x

)2

+

(

∂w

∂x

)2

. ✭✸✳✶✵✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ❡st✐r❛♠❡♥t♦ ❞❡ ❝♦rt❡ ▲❛❣r❛♥❣✐❛♥♦ ✜❝❛ s❡♥❞♦✿

ǫx =
O1B1 − OB

OB
= O1B1 − 1 =

✸✾



❋✐❣✉r❛ ✸✳✻✿ ❉✐st♦rçã♦ ♥♦ ❝♦♥t✐♥✉✉♠✳

=

√

1 + 2
∂u

∂x
+

(

∂u

∂x

)2

+

(

∂v

∂x

)2

+

(

∂w

∂x

)2

− 1. ✭✸✳✶✶✮

❊①♣❛♥❞✐♥❞♦ ❛ r❛✐③ q✉❛❞r❛❞❛ ❡♠ sér✐❡ ✭
√

1 + x ≈ 1+x/2+x2/8+...✮ ❡ ♥❡❣❧✐❣❡♥❝✐❛♥❞♦

t❡r♠♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♦✉ s✉♣❡r✐♦r❡s✱ t❡♠♦s✿

ǫx ≈
{

1 +
1

2

[

2
∂u

∂x
+

(

∂u

∂x

)2

+

(

∂v

∂x

)2

+

(

∂w

∂x

)2
]}

− 1 =

=
∂u

∂x
+

1

2

[

(

∂u

∂x

)2

+

(

∂v

∂x

)2

+

(

∂w

∂x

)2
]

; ✭✸✳✶✷✮

s✐♠✐❧❛r♠❡♥t❡✿

ǫy =
∂v

∂y
+

1

2

[

(

∂v

∂y

)2

+

(

∂u

∂y

)2

+

(

∂w

∂y

)2
]

; ✭✸✳✶✸✮

ǫz =
∂w

∂z
+

1

2

[

(

∂w

∂z

)2

+

(

∂u

∂z

)2

+

(

∂v

∂z

)2
]

. ✭✸✳✶✹✮

❆ ❞✐st♦rçã♦ ❞♦ ❝♦♥t✐♥✉✉♠ ❝♦rr❡s♣♦♥❞❡ à ✈❛r✐❛çã♦ γ1 ❞❡ â♥❣✉❧♦s ♦r✐❣✐♥❛❧♠❡♥t❡

♦rt♦❣♦♥❛✐s ♥❛ ♠❛❧❤❛ q✉❡ ♦ r❡♣r❡s❡♥t❛✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✻✳ ❉❡ ♠❛♥❡✐r❛

s✐♠✐❧❛r ❛♦ ❝á❧❝✉❧♦ ❢❡✐t♦ ♣❛r❛ ♦ ❡st✐r❛♠❡♥t♦ ❞❡ ❝♦rt❡✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ❛ ❞✐st♦rçã♦ ♥♦

❝♦♥t✐♥✉✉♠✳ ❖ ❝♦♠♣r✐♠❡♥t♦ δ ♥❛ ✜❣✉r❛ ✸✳✻ ❝♦rr❡s♣♦♥❞❡ ❛✿

δ = uB − uA =

(

uA +
∂u

∂y
dy

)

− uA =
∂u

∂y
dy. ✭✸✳✶✺✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ✈❛r✐❛çã♦ ❛♥❣✉❧❛r é ❞❛❞❛ ♣♦r✿

✹✵



❋✐❣✉r❛ ✸✳✼✿ ➶♥❣✉❧♦s ✉t✐❧✐③❛❞♦s ♥♦ ❝á❧❝✉❧♦ ❞❛ ❞✐st♦rçã♦✳

γ1 ≈ tanγ1 =
δ

dy
=

∂u

∂y
. ✭✸✳✶✻✮

❙✐♠✐❧❛r♠❡♥t❡ ✭✈❡❥❛ ✜❣✉r❛ ✸✳✼✮✱ γ2 s❡r✐❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ v ❝♦♠ r❡s♣❡✐t♦ ❛ x✳ ▲♦❣♦✿

γxy = γ1 + γ2 =
∂u

∂y
+

∂v

∂x
. ✭✸✳✶✼✮

❊st❛ s❡r✐❛ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ γxy ♥✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦✳ ❈♦♠ ✉♠ ♣r♦❝❡❞✐✲

♠❡♥t♦ s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ǫx✱ ♣♦❞❡♠♦s ❡st✐♠❛r γxy ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ♣r❡❝✐s❛

❝♦♠♦ s❡♥❞♦✿

γxy =
∂u

∂y
+

∂v

∂x
+

∂u

∂x

∂u

∂y
+

∂v

∂x

∂v

∂y
+

∂w

∂x

∂w

∂y
. ✭✸✳✶✽✮

❈❛s♦ ❛ ❞✐st♦rçã♦ ♥♦ s✐st❡♠❛ s❡❥❛ ♠✉✐t♦ ♣❡q✉❡♥❛✱ ♦ r❡s✉❧t❛❞♦ ❞❛ ❡q✉❛çã♦ ✸✳✶✽

s❡ r❡❞✉③ ❛♦ ❞❛ ❡st✐♠❛t✐✈❛ ❡♠ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ✭❡q✉❛çã♦ ✸✳✶✼✮✳ ❙✐♠✐❧❛r♠❡♥t❡✱

t❡♠♦s ♣❛r❛ γyz ❡ γxz✿

γyz =
∂v

∂z
+

∂w

∂y
+

∂u

∂y

∂u

∂z
+

∂v

∂y

∂v

∂z
+

∂w

∂y

∂w

∂z
; ✭✸✳✶✾✮

γxz =
∂u

∂z
+

∂w

∂x
+

∂u

∂x

∂u

∂z
+

∂v

∂x

∂v

∂z
+

∂w

∂x

∂w

∂z
. ✭✸✳✷✵✮

❆s ❡q✉❛çõ❡s ✸✳✶✷ ❛ ✸✳✶✹ ❡ ✸✳✶✽ ❛ ✸✳✷✵ ❝♦rr❡s♣♦♥❞❡♠ às ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❝✐♥ét✐❝♦

❞♦ ❝♦♥t✐♥✉✉♠✳

✹✶



❋✐❣✉r❛ ✸✳✽✿ ■❧✉str❛çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r ❞❡ ❡str❡ss❡ σ✳

✸✳✷✳✷ ❊q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦

❊♠ ❣❡r❛❧✱ ❛ t❡♥sã♦ ❞♦ ♠❛t❡r✐❛❧ s❡rá ✉♠ t❡♥s♦r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦

♥❛ ✜❣✉r❛ ✸✳✽✿

σ =











σx τxy τxz

τxy σy τyz

τxz τyz σz











. ✭✸✳✷✶✮

P❛r❛ q✉❡ ✉♠❛ ❞❛❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥t✐♥✉✉♠ ❡st❡❥❛ ❡♠ ❡q✉✐❧í❜r✐♦✱ é ♣r❡❝✐s♦ q✉❡ ❛ s♦♠❛

❞❛s ❢♦rç❛s q✉❡ ❛t✉❛♠ s♦❜r❡ ❡❧❛ s❡❥❛ ♥✉❧❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✿

∫

A

σn̂dA = 0. ✭✸✳✷✷✮

❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ●❛✉ss ❞❛ ❞✐✈❡r❣ê♥❝✐❛✿

∫

V

∇σdV = 0. ✭✸✳✷✸✮

❯♠❛ ✈❡③ q✉❡ ♦ ✈♦❧✉♠❡ ❞❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✉❛çã♦ ✸✳✷✸ é ❛r❜✐trár✐♦✱ t❡♠♦s✿

∇σ = 0. ✭✸✳✷✹✮

P❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❝❛rt❡s✐❛♥♦ ❡♠ três ❞✐♠❡♥sõ❡s✿

✹✷



∂σx

∂x
+ ∂τxy

∂y
+ ∂τxz

∂z
= 0;

∂τxy

∂x
+ ∂σy

∂y
+ ∂τyz

∂z
= 0;

∂τxz

∂x
+ ∂τyz

∂y
+ ∂σz

∂z
= 0.

✭✸✳✷✺✮

❊st❛s sã♦ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ♣❛r❛ ✉♠ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦✳ ◆♦ ❝❛s♦

❞❡ ✉♠♠❛t❡r✐❛❧ ✈✐s❝♦❡❧ást✐❝♦✱ σ → σ(ǫ)✱ ❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦

✐rã♦ ❞❡♣❡♥❞❡r ❞♦ ♠♦❞❡❧♦ ❛❞♦t❛❞♦ ♣❛r❛ ❛ ✈✐s❝♦❡❧❛st✐❝✐❞❛❞❡✳

✸✳✷✳✸ ❊q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s ❞♦ ♠❛t❡r✐❛❧

P❛r❛ r❡♣r❡s❡♥t❛r ❛s ❞❡❢♦r♠❛çõ❡s ❞♦ ❝♦♥t✐♥✉✉♠✱ ♣♦❞❡♠♦s ✐♥✈❡rt❡r ❛ ❡q✉❛çã♦ ✸✳✺ ❡

❣❡♥❡r❛❧✐③á✲❧❛ ♣❛r❛ três ❞✐♠❡♥sõ❡s✱ r❡❡s❝r❡✈❡♥❞♦✲❛ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ǫ = Sσ; ✭✸✳✷✻✮

♥❛ q✉❛❧ S é ✉♠ t❡♥s♦r ❞❡ q✉❛rt❛ ♦r❞❡♠✱ ǫ ❡ σ sã♦ t❡♥s♦r❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

❊♠ ♣r✐♥❝í♣✐♦✱ ❡①✐st❡♠ ✽✶ ❝♦♠♣♦♥❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ S ✭ ❝❛❞❛ ✉♠ ❞♦s ♥♦✈❡

❝♦♠♣♦♥❡♥t❡s ❞❡ ǫ é ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ♥♦✈❡ ❝♦♠♣♦♥❡♥t❡s ❞❡

σ✱ ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s sã♦ ❛r♠❛③❡♥❛❞♦s ❡♠ ❙ ✮✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♠ ♠❛t❡r✐❛❧

❡❧ást✐❝♦✱ ❛ ♠❛✐♦r✐❛ ❞❡st❡s ❝♦♠♣♦♥❡♥t❡s ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞♦s ❞❡♠❛✐s ❞❡✈✐❞♦

❛ s✐♠❡tr✐❛s✳ P❛r❛ ✉♠ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦ ❧✐♥❡❛r✱ ❛s ♠❛tr✐③❡s σ ❡ ǫ sã♦ s✐♠étr✐❝❛s

✭✈❡❥❛ ❡q✉❛çã♦ ✸✳✷✶✮❀ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ ♣♦ss✉❡♠ s❡✐s ❝♦♠♣♦♥❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡s✱

❛♦ ✐♥✈és ❞❡ ♥♦✈❡✳ ■st♦ r❡❞✉③ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ S ♣❛r❛ ✸✻✳ ❊s❝r❡✈❡♥❞♦ ♦s

t❡♥s♦r❡s ❞❡ ❞❡❢♦r♠❛çã♦ ❡ t❡♥sã♦ ✉t✐❧✐③❛♥❞♦ ♣s❡✉❞♦✲✈❡t♦r❡s✱ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ♣♦❞❡

s❡r ♦❜s❡r✈❛❞❛✿
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➱ ♣♦ssí✈❡❧ ♠♦str❛r ❬✼✶❪ q✉❡ S✱ ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❞❛ ❡q✉❛çã♦ ✸✳✷✼✱ t❛♠❜é♠ é s✐♠étr✐❝❛

♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♠ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦✳ ■ss♦ r❡❞✉③ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡

S ♣❛r❛ ✷✶✳ ❋✐♥❛❧♠❡♥t❡✱ s❡ ♦ ♠❛t❡r✐❛❧ ❡♠ q✉❡stã♦ ❢♦r ✐s♦tró♣✐❝♦✱ ♦✉ s❡❥❛✱ s✉❛ r✐❣✐❞❡③

é ❛ ♠❡s♠❛ ❡♠ q✉❛❧q✉❡r ❞✐r❡çã♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦s ❝♦♠♣♦♥❡♥t❡s r❡st❛♥t❡s ❛♣❡♥❛s

❡♠ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✿ ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ✭E✮ ❡ ♦ ❢❛t♦r ❞❡ P♦✐ss♦♥ ✭ν✮ ❞♦

♠❛t❡r✐❛❧✳ ❖ r❡s✉❧t❛❞♦ é ❡st❡ ❛q✉✐✿
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❆s ❡q✉❛çõ❡s ✸✳✷✽ sã♦ ❛s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s ❞♦ ♠❛t❡r✐❛❧✳

P❛r❛ ✉♠ ❝♦♥t✐♥✉✉♠ ❡♠ três ❞✐♠❡♥sõ❡s✱ ❡①✐st❡♠ q✉✐♥③❡ ✈❛r✐á✈❡✐s q✉❡ ❞❡✜♥❡♠ ♦

❡st❛❞♦ ❞♦ ♠❛t❡r✐❛❧✿ três ❞❡s❧♦❝❛♠❡♥t♦s✱ s❡✐s ❞❡❢♦r♠❛çõ❡s ❡ s❡✐s t❡♥sõ❡s✳ ❚❡♠♦s s❡✐s

❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❝✐♥ét✐❝♦ ✭❡q✉❛çõ❡s ✸✳✶✷ ❛ ✸✳✶✹ ❡ ✸✳✶✽ ❛ ✸✳✷✵✮✱ q✉❡✱ ❡♠ ♣r✐♠❡✐r❛

♦r❞❡♠✱ ♣♦❞❡♠♦s ❞❡♥♦t❛r ✉t✐❧✐③❛♥❞♦ ♣s❡✉❞♦✈❡t♦r❡s ❝♦♠♦✿

ǫ = Lu; ✭✸✳✷✾✮

❛s q✉❛✐s r❡❧❛❝✐♦♥❛♠ ❛s ❞❡❢♦r♠❛çõ❡s ❛♦s ❣r❛❞✐❡♥t❡s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦❀ três ❡q✉❛çõ❡s

❞❡ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ✭❡q✉❛çõ❡s ✸✳✷✺✮✱ q✉❡ ♣♦❞❡♠♦s ❞❡♥♦t❛r ❝♦♠♦

LT σ = 0; ✭✸✳✸✵✮

❛s q✉❛✐s r❡❣❡♠ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ t❡♥sõ❡s✱ ❡ s❡✐s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s✱ q✉❡ ♣♦❞❡♠♦s

❞❡♥♦t❛r ❝♦♠♦

σ = Dǫ; ✭✸✳✸✶✮

❛s q✉❛✐s r❡❧❛❝✐♦♥❛♠ ❛s t❡♥sõ❡s ❝♦♠ ❛s ❞❡❢♦r♠❛çõ❡s✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠ ✉♠

✹✹



s✐st❡♠❛ ❞❡ q✉✐♥③❡ ❡q✉❛çõ❡s ❡ q✉✐♥③❡ ✈❛r✐á✈❡✐s✱ ❡♠ ♣r✐♥❝í♣✐♦ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♥t✐♥✉✉♠✳

❊st❛s ❡q✉❛çõ❡s t❛♠❜é♠ ♣r❡❝✐s❛♠ s❛t✐s❢❛③❡r às ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞♦ ♣r♦✲

❜❧❡♠❛❀ ♥♦ ❝❛s♦ ❞♦ ❝❤❛♠❛❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✱ ❡st❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ sã♦

❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❝♦♥t✐♥✉✉♠ ♥❛s ❜♦r❞❛s ❞♦ ♠❛t❡r✐❛❧✳ ❊st❡

t✐♣♦ ❞❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ é ♦ q✉❡ ✉t✐❧✐③❛r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ❱❛❧❡ t❛♠❜é♠

♠❡♥❝✐♦♥❛r ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞♦ ❝❤❛♠❛❞♦ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥✱ ❛s q✉❛✐s

sã♦ ❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❛ ✈❛r✐❛çã♦ ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥❛s ❜♦r❞❛s ❡♠ ❢✉♥çã♦ ❞♦

t❡♠♣♦ ✭u̇✮✱ q✉❡ sã♦ ✉♠ ❛♥á❧♦❣♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳ ❊st❡ t✐♣♦ ❞❡ ❝♦♥❞✐çã♦ é ♠✉✐t♦ ✉s❛❞❛

❡♠ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ✢✉í❞♦s✳

✸✳✸ ❆ ❢✉♥çã♦ ❞❡ t❡♥sã♦ ❞❡ ❆✐r②

◆♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s

❛♥❛❧ít✐❝❛s ♣❛r❛ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s ❡♠ ❡❧❛st✐❝✐❞❛❞❡ ❛tr❛✈és ❞❛ ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡

❡str❡ss❡ ❞❡ ❆✐r②✳ ❖ ✐♥í❝✐♦ ❞❡ s✉❛ ❞❡❞✉çã♦ é ❢❡✐t♦ ❡①♣❛♥❞✐♥❞♦✲s❡ ❛s ❡q✉❛çõ❡s ❞❡

❡q✉✐❧í❜r✐♦ ❝✐♥ét✐❝♦ ❞♦ ♠❛t❡r✐❛❧ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✿

ǫx =
∂u

∂x
; ✭✸✳✸✷✮

ǫy =
∂v

∂y
; ✭✸✳✸✸✮

γxy =
∂v

∂x
+

∂u

∂y
. ✭✸✳✸✹✮

◆❡ss❛ ❡①♣❛♥sã♦✱ ❛♣❡♥❛s t❡r♠♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s❀ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ♦s ❞❡s❧♦❝❛♠❡♥t♦s sã♦ ♠✉✐t♦ ♣❡q✉❡♥♦s✳ ❯♠❛ ✈❡③ q✉❡

três ❞❡❢♦r♠❛çõ❡s ✭ǫx✱ǫy❡ γxy✮ ❡stã♦ ❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❡ ❛♣❡♥❛s ❞♦✐s ❞❡s❧♦❝❛♠❡♥✲

t♦s ✭u ❡ v ✮✱ ❡❧❛s ♥ã♦ ♣♦❞❡♠ s❡r ❡s♣❡❝✐✜❝❛❞❛s ❛r❜✐tr❛r✐❛♠❡♥t❡❀ ✉♠❛ r❡❧❛çã♦ ♣r❡❝✐s❛

❡①✐st✐r ❡♥tr❡ ❡❧❛s✳ ❉✐❢❡r❡♥❝✐❛♥❞♦ ǫx ❞✉❛s ✈❡③❡s ♣♦r dx✱ ǫy ❞✉❛s ✈❡③❡s ♣♦r dy ❡ γxy

♣♦r dx ❡ ❡♥tã♦ dy✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ r❡❧❛çã♦✿

✹✺



∂2ǫx

∂y2
+

∂2ǫy

∂x2
=

∂2γxy

∂x∂y
. ✭✸✳✸✺✮

P❛r❛ q✉❡ ❛s ❞❡❢♦r♠❛çõ❡s s❡❥❛♠ ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❡❧❛s ♣r❡❝✐s❛♠ s❡r ❢✉♥çõ❡s ❝♦♥✲

tí♥✉❛s✱ ♦ q✉❡ ✜s✐❝❛♠❡♥t❡ ✐♠♣❧✐❝❛ q✉❡ ♦ ❝♦r♣♦ ♣r❡❝✐s❛ s❡ ❞❡❢♦r♠❛r ❞❡ ♠❛♥❡✐r❛ s✉❛✈❡✱

s❡♠ ❞❡s❡♥✈♦❧✈❡r ❢r❛t✉r❛s✳ ❆ ❡q✉❛çã♦ ✸✳✸✺ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❡q✉❛çã♦ ❞❡ ❝♦♠♣❛t✐✲

❜✐❧✐❞❛❞❡ ♣❛r❛ ❛s ❞❡❢♦r♠❛çõ❡s✳ ❙❡ ❛s ❞❡❢♦r♠❛çõ❡s ❛ ♦❜❡❞❡❝❡♠✱ ❡♥tã♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡

❞♦ ❝♦♥t✐♥✉✉♠ ❡stá ❛ss❡❣✉r❛❞❛✳

❊♠ ♣r♦❜❧❡♠❛s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❛s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ♦ ♣❧❛♥♦ sã♦

❡s❝r✐t❛s ❝♦♠♦✿

ǫx =
1

E
(σx − νσy); ✭✸✳✸✻✮

ǫy =
1

E
(σy − νσx); ✭✸✳✸✼✮

γxy =
1

G
τxy =

2(1 + ν)

E
τxy. ✭✸✳✸✽✮

❊st❛s ❡q✉❛çõ❡s r❡❧❛❝✐♦♥❛♠ ❛s ❞❡❢♦r♠❛çõ❡s ❝♦♠ ❛s t❡♥sõ❡s ❞♦ ♠❛t❡r✐❛❧❀ ✈❛❧❡ ❧❡♠❜r❛r

q✉❡ ♦ ❢❛t♦r ❞❡ P♦✐ss♦♥ ν ❢♦✐ ❞❡✜♥✐❞♦ ♥❛ ❡q✉❛çã♦ ✸✳✽✳ ❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✸✳✸✻✱

✸✳✸✼ ❡ ✸✳✸✽ ♥❛ ❡q✉❛çã♦ ✸✳✸✺ r❡s✉❧t❛ ❡♠✿

∂2

∂y2
(σx − νσy) +

∂2

∂x2
(σy − νσx) = 2(1 + ν)

∂2τxy

∂x∂y
. ✭✸✳✸✾✮

❚❡♥sõ❡s q✉❡ s❛t✐s❢❛ç❛♠ ❡st❛ r❡❧❛çã♦ ❣❛r❛♥t❡♠ ✉♠❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ❞❡❢♦r♠❛çõ❡s✳

❆s t❡♥sõ❡s t❛♠❜é♠ ♣r❡❝✐s❛♠ s❛t✐s❢❛③❡r ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦✱ q✉❡ ❡♠ ❞✉❛s

❞✐♠❡♥sõ❡s sã♦ ❡s❝r✐t❛s ❝♦♠♦✿

∂σx

∂x
+

∂τxy

∂y
= 0; ✭✸✳✹✵✮

∂σy

∂y
+

∂τxy

∂x
= 0. ✭✸✳✹✶✮

❇✉s❝❛♥❞♦ ✉♠❛ ❢♦r♠❛ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ❜✉s❝❛ ♣♦r ❢✉♥çõ❡s ❝✉❥❛s ❞❡r✐✈❛❞❛s ♦❜❡❞❡ç❛♠

✹✻



❡st❛s r❡❣r❛s✱ ●✳ ❇✳ ❆✐r② ✭✶✽✵✶✲✶✽✾✷✮ ❞❡✜♥✐✉ ✉♠❛ ❢✉♥çã♦ ❞❡ t❡♥sã♦ φ ❛ ♣❛rt✐r ❞❛ q✉❛❧

❛s t❡♥sõ❡s ♣♦❞❡r✐❛♠ s❡r ♦❜t✐❞❛s ♣♦r ❞✐❢❡r❡♥❝✐❛çã♦✿

σx =
∂2φ

∂y2
; ✭✸✳✹✷✮

σy =
∂2φ

∂x2
; ✭✸✳✹✸✮

τxy = − ∂2φ

∂x∂y
; ✭✸✳✹✹✮

❙✉❜st✐t✉✐♥❞♦ ❡st❡s r❡s✉❧t❛❞♦s ♥❛ ❡q✉❛çã♦ ✸✳✸✾ ❝❤❡❣❛♠♦s ❛✿

∂4φ

∂x4
+ 2

∂4φ

∂x2∂y2
+

∂4φ

∂y4
≡ ▽4φ = 0. ✭✸✳✹✺✮

◗✉❛❧q✉❡r ❢✉♥çã♦ φ(x, y) q✉❡ s❛t✐s❢❛ç❛ ❛ ❡q✉❛çã♦ ✸✳✹✺ ✐rá t❛♠❜é♠ s❛t✐s❢❛③❡r ❛s

❝♦♥❞✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦✱ ❡q✉✐❧í❜r✐♦ ❝✐♥ét✐❝♦ ❡ ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ❞❛ ❡❧❛st✐❝✐❞❛❞❡

❧✐♥❡❛r✳ ❈♦♥s❡q✉❡♠❡♥t❡✱ ♣❛r❛ s❡ ❝❛❧❝✉❧❛r ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛s ❞❡❢♦r♠❛çõ❡s ❞❡ ✉♠ ❝♦♥✲

t✐♥✉✉♠ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❜❛st❛ ❡♥❝♦♥tr❛r ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛ç❛ à ❢✉♥çã♦ ❞❡

t❡♥sã♦ ❞❡ ❆✐r② ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞♦ ❝♦♥t✐♥✉✉♠ ❞❛❞❛ ❝❡rt❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✳

■♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛ ♠❡♥♦s ❞❡ ♣r♦❜❧❡♠❛s s✐♠♣❧❡s✱ ❡st❛ ❢✉♥çã♦ ❣❡r❛❧♠❡♥t❡ ❛❝❛❜❛

♥ã♦ s❡♥❞♦ ❝♦♥❤❡❝✐❞❛✳ ◆❡st❡ ❝❛s♦✱ ♠ét♦❞♦s ❞❡ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛ sã♦ ❛❞♦t❛❞♦s✳

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♣❛r❛ ♦ q✉❛❧ ❛ ❢✉♥çã♦ ❞❡ ❆✐r② é ❝♦♥❤❡❝✐❞❛ é ♦ ❝á❧❝✉❧♦ ❞❛s

t❡♥sõ❡s ❡♠ t♦r♥♦ ❞❡ ✉♠ ❜✉r❛❝♦ ❝✐r❝✉❧❛r ✭✈❡❥❛ ✜❣✉r❛ ✸✳✾✮✳ P❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱

♣r✐♠❡✐r♦ ✈❛♠♦s r❡❡s❝r❡✈❡r ❛ ❢✉♥çã♦ ❞❡ ❆✐r② ❡♠ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s✿

▽4φ =

(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2

)(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2

)

φ = 0. ✭✸✳✹✻✮

◆❡st❛s ♥♦✈❛s ❝♦♦r❞❡♥❛❞❛s✱ ❛s t❡♥sõ❡s sã♦ ♦❜t✐❞❛s ❞❡ φ ❛tr❛✈és ❞❡✿

σr =
1

r

∂φ

∂r
+

1

r2

∂2φ

∂θ2
; ✭✸✳✹✼✮

✹✼



❋✐❣✉r❛ ✸✳✾✿ ❈♦♥t✐♥✉✉♠ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ❝♦♥t❡♥❞♦ ✉♠ ❜✉r❛❝♦ ❝✐r❝✉❧❛r✳ ❖ ❝♦♥t✐✲
♥✉✉♠ é t❡♥s✐♦♥❛❞♦ ♥❛ ❞✐r❡çã♦ x̂✱ ❝♦♥❢♦r♠❡ ✐♥❞✐❝❛❞♦ ♣❡❧❛s s❡t❛s✳

σθ =
∂2φ

∂r2
; ✭✸✳✹✽✮

τrθ = − ∂

∂r

(

1

r

∂φ

∂θ

)

. ✭✸✳✹✾✮

Pró①✐♠♦ ❛♦ ❜✉r❛❝♦✱ ❛s t❡♥sõ❡s r❛❞✐❛❧ ❡ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ s❡rã♦ ♥✉❧❛s✱ ✉♠❛ ✈❡③ q✉❡

♥ã♦ ❡①✐st❡♠ tr❛çõ❡s ❡①t❡r♥❛s ❛❧✐✳ ❚❡♠♦s ♣♦rt❛♥t♦✱ ❝♦♠♦ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✿

σr = τrθ = 0, r = a. ✭✸✳✺✵✮

P❛r❛ r❡❣✐õ❡s ♠✉✐t♦ ❞✐st❛♥t❡s ❞♦ ❜✉r❛❝♦ é ♣♦ssí✈❡❧ ✉t✐❧✐③❛r ♦ ❝✐❝❧♦ ❞❡ ▼♦❤r ❬✼✸❪ ♣❛r❛ s❡

❡st✐♠❛r ❛s t❡♥sõ❡s ♥♦ ♣❧❛♥♦✱ ❛s q✉❛✐s ❡♥tr❛♠ ♥♦ ❝á❧❝✉❧♦ ❝♦♠♦ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✿

σr = σ
2
(1 + cos2θ);

σθ = σ
2
(1 − cos2θ);

τrθ = σ
2
sen2θ.

r → ∞ ✭✸✳✺✶✮

❯♠❛ ✈❡③ q✉❡ ♣❛r❛ r → ∞ ♦ ❡str❡ss❡ r❛❞✐❛❧ ✈❛r✐❛ ❡♠ ❢✉♥çã♦ ❞❡ cos2θ ❡ ♦ ❡str❡ss❡

❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞❡ sen2θ ✭r❡♠♦✈❡♥❞♦ t❡♠♣♦r❛r✐❛♠❡♥t❡ ♦ ❢❛t♦r σ/2✮✱ ✉♠

❜♦♠ ✏❝❤✉t❡✑ ♣❛r❛ φ s❡r✐❛✿

✹✽



φ = f(r)cos(2θ); ✭✸✳✺✷✮

♦♥❞❡ f(r) é ✉♠❛ ❢✉♥çã♦ ❛ s❡ ❞❡t❡r♠✐♥❛r✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✸✳✺✷ ♥❛ ✸✳✹✻✱ t❡♠♦s

❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

(

d2

dr2
+

1

r

d

dr
− 4

r2

)(

d2f

dr2
+

1

r

df

dr
− 4f

r2

)

= 0; ✭✸✳✺✸✮

❛ q✉❛❧ ♣♦ss✉✐ ❝♦♠♦ s♦❧✉çã♦ ❣❡r❛❧✿

f(r) = Ar2 + Br4 + C
1

r2
+ D. ✭✸✳✺✹✮

❆ ❢✉♥çã♦ ❞❡ t❡♥sã♦ ❞❡✜♥✐❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ✸✳✺✷ ❡ ✸✳✺✹ ♣♦❞❡ s❡r s✉❜st✐t✉í❞❛ ♥❛s

❡q✉❛çõ❡s ✸✳✹✼ ❛ ✸✳✹✾✳ ❆♣❧✐❝❛♥❞♦✲s❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡✜♥✐❞❛s ♥❛s ❡q✉❛çõ❡s

✸✳✺✵ ❡ ✸✳✺✶ r❡s✉❧t❛ ❡♠✿

A = −σ

4
, B = 0, C = −a4σ

4
, D =

a2σ

2
. ✭✸✳✺✺✮

❙✉❜st✐t✉✐♥❞♦ ❡st❡s ✈❛❧♦r❡s ♥❛s ❡①♣r❡ssõ❡s ♣❛r❛ ❛s t❡♥sõ❡s ❡ r❡✐♥s❡r✐♥❞♦ ♦ ❢❛t♦r σ/2

q✉❡ r❡♠♦✈❡♠♦s t❡♠♣♦r❛r✐❛♠❡♥t❡✱ ❛s ❡q✉❛çõ❡s ✜♥❛✐s ♣❛r❛ ❛s t❡♥sõ❡s s❡rã♦✿

σr = σ
2

(

1 − a2

r2

)

+ σ
2

(

1 + 3a4

r4 − 4a2

r2

)

cos2θ;

σθ = σ
2

(

1 + a2

r2

)

− σ
2

(

1 + 3a4

r4

)

cos2θ;

τrθ = −σ
2

(

1 − 3a4

r4 + 2a2

r2

)

sen2θ.

✭✸✳✺✻✮

❖ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ✸✳✺✻ ❞❡s❝r❡✈❡ ❛s t❡♥sõ❡s ♥♦ ❝♦♥t✐♥✉✉♠ ❡♠ ❝♦♦r❞❡♥❛❞❛s

❡s❢ér✐❝❛s✳ ❊♠❜♦r❛ ❛s t❡♥sõ❡s ❡st❡❥❛♠ ❞❡s❝r✐t❛s ❝♦rr❡t❛♠❡♥t❡ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❡s✲

❢ér✐❝❛s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢♦rç❛ ❡①t❡r♥❛ ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ ❝♦♥t✐♥✉✉♠ ❡stá ❡s❝r✐t❛ ❡♠

t❡r♠♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ é ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ✈✐s✉❛❧✐③❛r ♦s ❝❛♠♣♦s ❞❡ t❡♥✲

sã♦ ❡♠ t❡r♠♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✳ ❯♠❛ ✈❡③ q✉❡ ❛❣♦r❛ s❛❜❡♠♦s ❛ s♦❧✉çã♦

❞❛ ❡q✉❛çã♦ ❞❡ ❆✐r②✱ ❜❛st❛ ✉t✐❧✐③❛r ❛s ❡q✉❛çõ❡s ✸✳✹✷✲✸✳✹✹ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ s♦❧✉çã♦

✭❡q✉❛çõ❡s ✸✳✺✷✱ ✸✳✺✹ ❡ ✸✳✺✺✮ ♣❛r❛ s❡ ♦❜t❡r ♦s ❝❛♠♣♦s ❞❡ t❡♥sã♦ σx✱ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛

✸✳✶✵✱ σy✱ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✶✶✱ ❡ τrθ✱ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✶✷✳ ◆♦t❡ q✉❡ ♥❡st❡s

❣rá✜❝♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s a = 1✭r❛✐♦ ❞♦ ❝ír❝✉❧♦✮ ❡ σ = 3 ✭t❡♥sã♦ ❛♣❧✐❝❛❞❛ ♥❛ ❞✐r❡çã♦

✹✾



❋✐❣✉r❛ ✸✳✶✵✿ ❈❛♠♣♦ ❞❡ t❡♥sã♦ σx✳ ◆♦ ❣rá✜❝♦ ❞❡ ❝♦♥t♦r♥♦s ✭❞✐r❡✐t❛✮✱ t♦♥s ❡s❝✉r♦s
✐♥❞✐❝❛♠ t❡♥sõ❡s ♠❡♥♦r❡s✱ ❡♥q✉❛♥t♦ q✉❡ t♦♥s ❝❧❛r♦s ✐♥❞✐❝❛♠ t❡♥sõ❡s ♠❛✐♦r❡s✳ ◆♦
❣rá✜❝♦ ❞❡ s✉♣❡r❢í❝✐❡ ✭❡sq✉❡r❞❛✮ ♦ ♠❡s♠♦ ❝❛♠♣♦ é ✐❧✉str❛❞♦✳

❋✐❣✉r❛ ✸✳✶✶✿ ❈❛♠♣♦ ❞❡ t❡♥sã♦ σy✳ ◆♦ ❣rá✜❝♦ ❞❡ ❝♦♥t♦r♥♦s ✭❞✐r❡✐t❛✮✱ t♦♥s ❡s❝✉r♦s
✐♥❞✐❝❛♠ t❡♥sõ❡s ♠❡♥♦r❡s✱ ❡♥q✉❛♥t♦ q✉❡ t♦♥s ❝❧❛r♦s ✐♥❞✐❝❛♠ t❡♥sõ❡s ♠❛✐♦r❡s✳ ◆♦
❣rá✜❝♦ ❞❡ s✉♣❡r❢í❝✐❡ ✭❡sq✉❡r❞❛✮ ♦ ♠❡s♠♦ ❝❛♠♣♦ é ✐❧✉str❛❞♦✳

✺✵



❋✐❣✉r❛ ✸✳✶✷✿ ❈❛♠♣♦ ❞❡ t❡♥sã♦ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ τxy✳ ◆♦ ❣rá✜❝♦ ❞❡ ❝♦♥t♦r♥♦s ✭❞✐r❡✐t❛✮✱
t♦♥s ❡s❝✉r♦s ✐♥❞✐❝❛♠ t❡♥sõ❡s ♠❡♥♦r❡s✱ ❡♥q✉❛♥t♦ q✉❡ t♦♥s ❝❧❛r♦s ✐♥❞✐❝❛♠ t❡♥sõ❡s
♠❛✐♦r❡s✳ ◆♦ ❣rá✜❝♦ ❞❡ s✉♣❡r❢í❝✐❡ ✭❡sq✉❡r❞❛✮ ♦ ♠❡s♠♦ ❝❛♠♣♦ é ✐❧✉str❛❞♦✳

❋✐❣✉r❛ ✸✳✶✸✿ ❘❡s✉❧t❛❞♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❛s ❞❡❢♦r♠❛çõ❡s ❡♠ t♦r♥♦ ❞❡ ✉♠ ❜✉r❛❝♦ ❝✐r✲
❝✉❧❛r ❡♠ ✉♠❛ ♣❧❛❝❛ ✜♥❛ s♦❜r❡ t❡♥sã♦✳ ❆ ♣❧❛❝❛ é t❡♥s✐♦♥❛❞❛ ♥❛ ❞✐r❡çã♦ x̂✱ ❝♦♥❢♦r♠❡
✐♥❞✐❝❛❞♦✳

x̂✮✳ ❯♠❛ ❝♦♠♣❛r❛çã♦ q✉❛❧✐t❛t✐✈❛ ❞❡st❡ ❝á❧❝✉❧♦ t❡ór✐❝♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❝♦♠ ♦ r❡s✉❧✲

t❛❞♦ ❡①♣❡r✐♠❡♥t❛❧ ♦❜t✐❞♦ ♣♦r ❏✐♥❞❛❧ ❬✼✷❪✱ ♦ q✉❛❧ ❛♣❛r❡❝❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✶✸ ❡

❢♦✐ ♦❜t✐❞♦ ❛tr❛✈és ❞❡ ❛♥á❧✐s❡ ❢♦t♦❡❧ást✐❝❛✳ ❆♦ ❝♦♠♣❛r❛r ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s

❝♦♠ ♦s ❝á❧❝✉❧♦s✱ ♥♦t❡ q✉❡ ♥♦ r❡s✉❧t❛❞♦ ❡①♣❡r✐♠❡♥t❛❧ ♦ q✉❡ s❡ ♦❜s❡r✈❛ é ❛ ❞❡❢♦r✲

♠❛çã♦ t♦t❛❧ ❞❛ ❝❤❛♣❛ ❡♠ t♦r♥♦ ❞♦ ❜✉r❛❝♦ ❞❡✈✐❞♦ à t❡♥sã♦✱ ❡♥q✉❛♥t♦ q✉❡ ♦s ❝á❧❝✉❧♦s

✐❧✉str❛♠ ❛s t❡♥sõ❡s ❛♣❧✐❝❛❞❛s ❡♠ ❝❛❞❛ ❞✐r❡çã♦ s❡♣❛r❛❞❛♠❡♥t❡✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ r❡s✉❧✲

t❛❞♦ ❡①♣❡r✐♠❡♥t❛❧ s❡r✐❛ ❛ ❝♦♥s❡q✉ê♥❝✐❛ ♥♦ ♠❛t❡r✐❛❧ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ s♦♠❛ ✈❡t♦r✐❛❧

❞❛s t❡♥sõ❡s ❝❛❧❝✉❧❛❞❛s ♣❡❧❛ t❡♦r✐❛ ♣❛r❛ ❝❛❞❛ ❞✐r❡çã♦✳ ❉❡♥tr♦ ❞❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦

❡❧ást✐❝❛✱ ❛s t❡♥sõ❡s sã♦ ♣r♦♣♦r❝✐♦♥❛✐s às ❞❡❢♦r♠❛çõ❡s❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛s ✜❣✉r❛s

✺✶



♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞❛s ❞✐r❡t❛♠❡♥t❡✱ ❞❡ ♠❛♥❡✐r❛ q✉❛❧✐t❛t✐✈❛✳

❆ ♠❡♥♦s ❞❡ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ t❛✐s ❝♦♠♦ ❡st❡ ❡①❡♠♣❧♦✱ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦

♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ♥❛ ♣rát✐❝❛ ♣r❡❝✐s❛♠ s❡r r❡s♦❧✈✐❞❛s ❛tr❛✈és ❞❡ ♠ét♦❞♦s ❞❡ ❛♥á❧✐s❡

♥✉♠ér✐❝❛✳ ❱ár✐❛s ♦♣çõ❡s ❡①✐st❡♠ ♥❡st❡ s❡♥t✐❞♦❀ ✉♠❛ ❞❡❧❛s é ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s

✜♥✐t♦s✱ ❞❡s❝r✐t♦ ❛ s❡❣✉✐r✳

✸✳✹ ❆♥á❧✐s❡ ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s

❆ ❛♥á❧✐s❡ ❞❡ ❡str✉t✉r❛s ❡ ♠❛t❡r✐❛✐s ❛tr❛✈és ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡

♣r♦♣♦st❛ ❡♠ ✶✾✹✸ ♣♦r ❈♦✉r❛♥t ❬✼✹❪✱ q✉❡ ✉t✐❧✐③♦✉ ♦ ♠ét♦❞♦ ❞❡ ❘✐t③ ❬✼✺❪ ♣❛r❛ ❛♥á❧✐s❡

♥✉♠ér✐❝❛ ❡ ♠✐♥✐♠✐③❛çã♦ ❞❡ ❝á❧❝✉❧♦ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛

s✐st❡♠❛s ✈✐❜r❛♥t❡s✳ P♦✉❝♦ ❞❡♣♦✐s✱ ✉♠ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✾✺✻ ♣♦r ▼✳ ❏✳ ❚✉r♥❡r

❡ ❝♦❧❛❜♦r❛❞♦r❡s ❬✼✻❪ ❡st❛❜❡❧❡❝❡✉ ✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❛♠♣❧❛ ❞❡ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✳ ❖

❛rt✐❣♦ s❡ ❝❡♥tr❛✈❛ ♥❛ ✧r✐❣✐❞❡③ ❡ ❞❡✢❡①ã♦ ❞❡ ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s✧✳

❖ ❝♦♥❝❡✐t♦ ❜ás✐❝♦ ❞♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♥ã♦ é ♥♦✈♦✳ ❙✉❛ ✐❞é✐❛ ❡ss❡♥❝✐❛❧

tê♠ s✐❞♦ ✉t✐❧✐③❛❞❛ ❤á ♠✉✐t♦s sé❝✉❧♦s ♣❛r❛ ❡st✐♠❛r ár❡❛s ♦✉ ✈♦❧✉♠❡s ❛tr❛✈és ❞❛ s♦♠❛

♦✉ ❝♦♥t❛❣❡♠ ❞❡ ✜❣✉r❛s ❣❡♦♠étr✐❝❛s ❝♦♥❤❡❝✐❞❛s✳ ❆t✉❛❧♠❡♥t❡✱ ♦ ✉s♦ ❞♦ ♠ét♦❞♦ é

✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧✿ s✉❛ ♣r✐♥❝✐♣❛❧ ❛♣❧✐❝❛çã♦ s❡ ❞á ♥❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡

❝♦♥t♦r♥♦ ❡ ✴ ♦✉ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ♥✉♠ ❝❡rt♦ ❞♦♠í♥✐♦ s✉♣♦♥❞♦ q✉❡ ♦ ❞♦♠í♥✐♦ ♣♦❞❡ s❡r

❞✐✈✐❞✐❞♦ ❡♠ r❡❣✐õ❡s ♠❡♥♦r❡s ✭❡❧❡♠❡♥t♦s✮ ❝✉❥❛ ❢✉♥çã♦ ❞❡s❝♦♥❤❡❝✐❞❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦✳

❯♥✐♥❞♦✲s❡ ♦s r❡s✉❧t❛❞♦s ❞❡st❛ ❢✉♥çã♦ ❛♦ ❧♦♥❣♦ ❞❛ ❢r♦♥t❡✐r❛ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❝♦♠ ♦s

❞❡♠❛✐s✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❛♦ ❧♦♥❣♦

❞❡ t♦❞♦ ♦ ❞♦♠í♥✐♦ ❞❡s❡❥❛❞♦✳

◆♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡❧❛st✐❝✐❞❛❞❡✱ ❞❡s❡❥❛✲s❡ r❡s♦❧✈❡r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✐st❡♠❛s

❞♦ t✐♣♦✿

Kijuj = fi; ✭✸✳✺✼✮

♥♦s q✉❛✐s uj sã♦ ♦s ❞❡s❧♦❝❛♠❡♥t♦s q✉❡ ♦❝♦rr❡♠ ♥♦ ♥♦❞♦ ❥ ❞❡✈✐❞♦ às t❡♥sõ❡s fi ❛♣❧✐✲

❝❛❞❛s ♥♦ ♥♦❞♦ ✐✳ ❖ ❢♦r♠❛t♦ ❞❛ ♠❛tr✐③ ❞❡ r✐❣✐❞❡③ Kij ❞❡♣❡♥❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❡♠

q✉❡stã♦❀ ❛q✉✐ ✈❛♠♦s ♠♦str❛r ❛♣❡♥❛s ❛ ❢♦r♠✉❧❛çã♦ r❡❧❛t✐✈❛ ❛ ♣r♦❜❧❡♠❛s ❞❡ ❡❧❛st✐❝✐✲

✺✷



❞❛❞❡ ❧✐♥❡❛r✳ ❱❛r✐❛♥❞♦✲s❡ ♦s í♥❞✐❝❡s ✐ ❡ ❥ ❛♦ ❧♦♥❣♦ ❞♦s ♥♦❞♦s ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s✱

❣❡r❛✲s❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s r❡❧❛çõ❡s ❞❡ t❡♥sã♦ ✴ ❞❡❢♦r♠❛çã♦

♣❛r❛ t♦❞♦ ♦ ❝♦♥t✐♥✉✉♠✳

❊♠ ❣❡r❛❧✱ ❛ r❡❧❛çã♦ ❡♥tr❡ t❡♥sõ❡s ❡ ❞❡s❧♦❝❛♠❡♥t♦s ♥ã♦ é ❞✐r❡t❛♠❡♥t❡ ❝♦♥❤❡❝✐❞❛

♣❛r❛ ♣r♦❜❧❡♠❛s ❡♠ ❞✉❛s ♦✉ três ❞✐♠❡♥sõ❡s✳ P❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❝♦♥tr✉✐r ✉♠❛

♠❛tr✐③ ❞❡ r✐❣✐❞❡③ ♥❡st❡s ❝❛s♦s✱ é ♣r❡❝✐s♦ ✉t✐❧✐③❛r ❛❧❣✉♠ t✐♣♦ ❞❡ ❛♣r♦①✐♠❛çã♦❀ ❡①✐st❡♠

❞✐✈❡rs❛s ♠❛♥❡✐r❛s ❞❡ s❡ ♦❜t❡r ❡st❛ ❛♣r♦①✐♠❛çã♦✳ ❯♠❛ ❞❡❧❛s é ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s

✜♥✐t♦s✳

❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡s❝r❡✈❡r ❛s ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ❡♠ t❡r♠♦s ❛♣❡✲

♥❛s ❞❛s t❡♥sõ❡s ❡ ❞❡s❧♦❝❛♠❡♥t♦s ❝♦♥s✐st❡ ❡♠ ✉t✐❧✐③❛r ❛s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s ❞♦

♠❛t❡r✐❛❧ ✭❡q✉❛çõ❡s ✸✳✷✽✮ ♣❛r❛ s✉❜st✐t✉✐r ❛s t❡♥sõ❡s ♣❡❧❛s ❞❡❢♦r♠❛çõ❡s ♥❛s ❡q✉❛çõ❡s

❞❡ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ✭ ❡q✉❛çõ❡s ✸✳✷✺✮ ❡ ❡♥tã♦✱ ✉t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦

❝✐♥ét✐❝♦ ✭❡q✉❛çõ❡s ✸✳✶✷ ❛ ✸✳✶✹ ❡ ✸✳✶✽ ❛ ✸✳✷✵✮✱ s✉❜st✐t✉✐r ❛s ❞❡❢♦r♠❛çõ❡s ♣❡❧♦s ❞❡s❧♦✲

❝❛♠❡♥t♦s✳ ❯t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❝♦♠♣❛❝t❛ ✭ ❡q✉❛çõ❡s ✸✳✷✾ ❛ ✸✳✸✶✮✱ t❡♠♦s ♣♦rt❛♥t♦✿

LTσ =LTDǫ = LTDLu = 0. ✭✸✳✺✽✮

❆ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❡st❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❡♠ ❣❡r❛❧ ♥ã♦ é ❝♦♥❤❡❝✐❞❛✳ ❙❡❥❛ ❛

❢✉♥çã♦ ũ(x, y) ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❝♦♥t✐♥✉✉♠✿

ũ(x, y, z) ≈ u(x, y, z). ✭✸✳✺✾✮

❊st❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❡♠ ❣❡r❛❧ é ❞❡ ❞✐❢í❝✐❧ ❞❡s❝r✐çã♦✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❞♦♠í♥✐♦ ♥♦

q✉❛❧ s❡ ❢❛③ ♦ ❝á❧❝✉❧♦ ♣♦❞❡ t❡r ✉♠❛ ❣❡♦♠❡tr✐❛ ❝♦♠♣❧❡①❛✳ ◆♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s

✜♥✐t♦s ❛ ❡str❛té❣✐❛ ❛❞♦t❛❞❛ ♣❛r❛ ❧✐❞❛r ❝♦♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❞♦♠í♥✐♦ ❞♦ ❝á❧❝✉❧♦

❝♦♥s✐st❡ ❡♠ ❞✐s❝r❡t✐③❛r ❡st❡ ❞♦♠í♥✐♦ ❡♠ ✉♠❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ❝✉❥❛ ❣❡♦♠❡tr✐❛

é ❝♦♥❤❡❝✐❞❛✳ ❆ ♣❛rt✐r ❞❛í✱ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❡❧❡♠❡♥t♦ ❛ ❡❧❡♠❡♥t♦✳

❆❣r✉♣❛♥❞♦✲s❡ ❡st❛s s♦❧✉çõ❡s✱ ♦❜té♠✲s❡ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❡♠ t♦❞♦ ♦ ❝♦♥t✐✲

♥✉✉♠✳ ❆ ✜❣✉r❛ ✸✳✶✹ ✐❧✉str❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❣❡♦♠❡tr✐❛ ❝♦♠♣❧❡①❛ ❞✐s❝r❡t✐③❛❞❛ ♥✉♠❛

♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s s✐♠♣❧❡s✳ ❊st❡ ❡①❡♠♣❧♦ ✐❧✉str❛ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡ r❡❛❧✐③❛r ♠✉✐t♦s

❝á❧❝✉❧♦s ♣❛r❛ ✉♠❛ ❣❡♦♠❡tr✐❛ tr✐✈✐❛❧ ❛♦ ✐♥✈és ❞❡ ✉♠ ú♥✐❝♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠❛ ❣❡♦♠❡tr✐❛

❝♦♠♣❧❡①❛✳ P❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❡❧❡♠❡♥t♦s ❞♦ ❞♦♠í♥✐♦ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ é

✺✸





♥❛s q✉❛✐s Bj(x, y, z) = LNj(x, y, z) ❝♦♥té♠ ❛s ❞❡r✐✈❛❞❛s ❞❛s ❢✉♥çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

❯♠ ❛r❣✉♠❡♥t♦ ✈❛r✐❛❝✐♦♥❛❧ ♣♦❞❡ ❛❣♦r❛ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡❧❛❝✐♦♥❛r ♦s ❞❡s❧♦❝❛✲

♠❡♥t♦s ❞♦ ♥♦❞♦ ❥✱ ❞❡♥♦t❛❞♦s ♣♦r uj✱ ❝♦♠ ❛s ❢♦rç❛s ❡①t❡r♥❛s ❛♣❧✐❝❛❞❛s ❡♠ ✉♠ ♥♦❞♦ i✳

❙❡ ✉♠ ♣❡q✉❡♥♦ ❞❡s❧♦❝❛♠❡♥t♦ δui ♦❝♦rr❡r ♥♦ ♥♦❞♦ i✱ ✉♠❛ ✈❛r✐❛çã♦ ♥❛ ❡♥❡r❣✐❛ ♣♦t❡♥✲

❝✐❛❧ ❡❧ást✐❝❛ δU ✐rá ♦❝♦rr❡r ❞❡♥tr♦ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♥❡❝t❛❞♦s ❛ ❡st❡ ♥♦❞♦✳ ■♥t❡❣r❛♥❞♦

❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❡❧ást✐❝❛ ✭❡q✉❛çã♦ ✸✳✼✮ ♥♦ ✈♦❧✉♠❡ ❞♦ ❡❧❡♠❡♥t♦✱ ❡ s✉♣♦♥❞♦ q✉❡

♣❛r❛ ✉♠❛ ✈❛r✐❛çã♦ ♠✉✐t♦ ♣❡q✉❡♥❛ ❡♠ ǫ ♣♦ss❛♠♦s ❝♦♥s✐❞❡r❛r σ ❝♦♥st❛♥t❡✱ ❛ s❡❣✉✐♥t❡

❡st✐♠❛t✐✈❛ ♣❛r❛ δU é ❡♥❝♦♥tr❛❞❛✿

δU =

∫

V

δǫT σdV ; ✭✸✳✻✹✮

s❡♥❞♦ q✉❡ ❱ é ♦ ✈♦❧✉♠❡ ❞♦ ❡❧❡♠❡♥t♦✳ ❯t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s ✸✳✻✷ ❡ ✸✳✻✸✱ ❡ ❧❡♠❜r❛♥❞♦

❞❛ ✐❞❡♥t✐❞❛❞❡ ♠❛tr✐❝✐❛❧ (AB)T = BTAT t❡♠♦s✿

δU = δuT
i

(
∫

V

BT
i DBjdV

)

uj. ✭✸✳✻✺✮

❖❜s❡r✈❡ q✉❡ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥♦❞❛✐s δuT
i ❡ uj ♥ã♦ sã♦ ❢✉♥çõ❡s ❞❡ ①✱ ②✱ ❡ ③✱ ❡ ♣♦rt❛♥t♦

♣♦❞❡♠ s❡r r❡♠♦✈✐❞♦s ❞❡ ❞❡♥tr♦ ❞❛ ✐♥t❡❣r❛❧✳ ❖ ❛✉♠❡♥t♦ ♥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛

❞♦ ❡❧❡♠❡♥t♦ ❡q✉✐✈❛❧❡ ❛♦ tr❛❜❛❧❤♦ r❡❛❧✐③❛❞♦ ♣❡❧❛s t❡♥sõ❡s ♥♦s ♥♦❞♦s✿

δW = δuT
i fi. ✭✸✳✻✻✮

■❣✉❛❧❛♥❞♦ ❛s ❡q✉❛çõ❡s ✸✳✻✺ ❡ ✸✳✻✻ ❡ ❝❛♥❝❡❧❛♥❞♦ ♦ ❢❛t♦r ❝♦♠✉♠ δuT
i ✱ t❡♠♦s✿

[
∫

V

BT
i DBjdV

]

uj = fi. ✭✸✳✻✼✮

❆ ❡q✉❛çã♦ ✸✳✻✼ ♣♦ss✉✐ ♦ ♠❡s♠♦ ❢♦r♠❛t♦ ❞❛ ❡q✉❛çã♦ ✸✳✺✼❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ♣❛rt✐r

❞❛ ❛♣r♦①✐♠❛çã♦ ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❢♦✐ ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r q✉❛❧ ❛ ♠❛tr✐③ ❞❡ r✐❣✐❞❡③

♣❛r❛ ✉♠ ❝♦♥t✐♥✉✉♠✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✿

Kij ≈
[
∫

V

BT
i DBjdV

]

. ✭✸✳✻✽✮

P❛r❛ ❛✈❛❧✐❛r ❛ ✐♥t❡❣r❛❧ ♥♦ ❝♦♠♣✉t❛❞♦r✱ ✉♠ ♠ét♦❞♦ ❞❡ q✉❛❞r❛t✉r❛ ♥✉♠ér✐❝❛ ♣r❡✲

❝✐s❛ s❡r ❛❞♦t❛❞♦✳ ❯♠❛ s♦❧✉çã♦ ♠✉✐t♦ ✉t✐❧✐③❛❞❛ é ✉♠❛ ✐♥t❡❣r❛çã♦ ❞♦ t✐♣♦ ●❛✉ss✲

✺✺



▲❡❣❡♥❞r❡✱ q✉❡ ❝♦♥s✐st❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❡♠ ❛✈❛❧✐❛r ♦ ✐♥t❡❣r❛♥❞♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♣♦♥t♦s ❞❡ ✐♥t❡❣r❛çã♦ ❡s♣❡❝✐❛❧♠❡♥t❡ s❡❧❡❝✐♦♥❛❞♦s ❞❡♥tr♦ ❞♦ ❡❧❡♠❡♥t♦✱ ❡ ❛ ♣❛rt✐r ❞❛í✱

❢♦r♠❛r ✉♠❛ s♦♠❛ ♣♦♥❞❡r❛❞❛ ❞♦ ✐♥t❡❣r❛♥❞♦ ♥❡st❡s ♣♦♥t♦s✳ ❊q✉❛❝✐♦♥❛♥❞♦✿

∫

V

f(x, y, z)dV ≈
∑

l

f(xl, yl, zl)wl; ✭✸✳✻✾✮

s❡♥❞♦ q✉❡ wl ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❡s♦ ♥❛ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❞❛ ❢✉♥çã♦ ❛✈❛❧✐❛❞❛ ♥♦

♣♦♥t♦ ❞❡ q✉❛❞r❛t✉r❛ (xl, yl, zl)✳

❯♠❛ ✈❡③ ❝♦♥❤❡❝✐❞❛ ❛ ♠❛tr✐③ ❞❡ r✐❣✐❞❡③ ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠✱ ❜❛st❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛

❞❛ ❡q✉❛çã♦ ✸✳✺✼ ♣❛r❛ s❡ ♦❜t❡r ❛s t❡♥sõ❡s ❡ ❞❡s❧♦❝❛♠❡♥t♦s ❞♦s ♥♦❞♦s ❞❛ ♠❛❧❤❛ ❡♠

❝❡rt♦ ✐♥st❛♥t❡❀ ❧❡♠❜r❛♥❞♦ é ❝❧❛r♦ ❞❡ s❡ ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛❞❡q✉❛❞❛s

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭q✉❛✐s ♦s ❞❡s❧♦❝❛♠❡♥t♦s✱ ♦✉ ❛s t❡♥sõ❡s✱ ♥♦s ♥♦❞♦s q✉❡ ❡st❡❥❛♠

♥♦s ❡①tr❡♠♦s ❞❛ ♠❛❧❤❛✮✳ ❆ ✐♥t❡❣r❛çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ❛ ♠❛❧❤❛

❞❡ ❡❧❡♠❡♥t♦s ♣♦❞❡ s❡r ❢❡✐t❛ ❞❡ ❞✐✈❡rs❛s ❢♦r♠❛s❀ ✉♠❛ ❞❡❧❛s é ✉t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦

❱❡❧♦❝✐t② ❱❡r❧❡t ❞❡❞✉③✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✳

✺✻



❈❛♣ít✉❧♦ ✹

▼♦❞❡❧❛❣❡♠ ♠✉❧t✐❡s❝❛❧❛

✹✳✶ ❖ ♠ét♦❞♦ ❞❡ P♦♥t❡ ❡♥tr❡ ❊s❝❛❧❛s

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ❞✐✈❡rs❛s ♠❡t♦❞♦❧♦❣✐❛s ❢♦r❛♠ ♣r♦♣♦st❛s ✈✐s❛♥❞♦ ❛❝♦♣❧❛r ❡s❝❛❧❛s

♣r❡s❡♥t❡s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ♥❛♥♦❝✐ê♥❝✐❛✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s ✐♥❝❧✉❡♠ ♦s ♠ét♦❞♦s

▼❛❝r♦s❝♦♣✐❝ ❆t♦♠✐st✐❝ ❆❜✲✐♥✐t✐♦ ❉②♥❛♠✐❝s ✭▼❆❆❉✮ ❬✶✽✕✷✵❪✱ ♦ ♠ét♦❞♦ ❈♦❛rs❡✲

●r❛✐♥❡❞ ▼♦❧❡❝✉❧❛r ❉②♥❛♠✐❝s ✭❈●▼❉✮ ❬✷✶❪✱ ❛ ❆♥á❧✐s❡ ◗✉❛s✐❝♦♥tí♥✉❛ ❬✷✷✕✷✺❪ ❡ ♦

♠ét♦❞♦ ❞❡ P♦♥t❡ ❡♥tr❡ ❊s❝❛❧❛s ❬✷✻✕✸✻❪✱ ❝✉❥❛ ✐♠♣❧❡♠❡♥t❛çã♦ é ✐♥✐❝✐❛❞❛ ♥❡st❡ tr❛✲

❜❛❧❤♦✳ ❆❧é♠ ❞❡st❡s✱ ❡①✐st❡♠ ❛✐♥❞❛ ♠ét♦❞♦s ♠❡♥♦s ❝♦♥❤❡❝✐❞♦s t❛✐s ❝♦♠♦ ♦ ❆t♦♠✐❝✲

s❝❛❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❆❋❊▼✮ ❬✸✼❪✱ P♦♥t❡ ❡♥tr❡ ❉♦♠í♥✐♦s ✭P❉✮ ❬✸✽❪✱ ●r❛❞✐❡♥t

❈♦♥t✐♥✉✉♠ ▼♦❞❡❧ ✭●❈▼✮ ❬✸✾❪✱ t❡♦r✐❛s ❞❡ ❤♦♠♦❣❡♥❡✐③❛çã♦ ❬✹✵❪✱ ❡♥tr❡ ♦✉tr♦s✳ ❯♠❛

❜♦❛ ❢♦r♠❛ ❞❡ s❡ t❡r ✉♠ ♣r✐♠❡✐r♦ ❝♦♥t❛t♦ ❝♦♠ ♦s ♠ét♦❞♦s é ❛tr❛✈és ❞❡ ✉♠ ❞♦s r❡✲

✈✐❡✇s ♣✉❜❧✐❝❛❞♦s s♦❜r❡ ♦ ❛ss✉♥t♦✱ q✉❡ ❛❜♦r❞❛♠ ❛❧❣✉♥s ❞❡st❡s ❡ ♦✉tr♦s ♠ét♦❞♦s q✉❡

♥ã♦ sã♦ ♠❡♥❝✐♦♥❛❞♦s ❛q✉✐ ❬✹✶✕✹✺❪✳ ❈❛❞❛ ✉♠ ❞❡st❡s ♥♦✈♦s ♠ét♦❞♦s ♣❛r❛ ♠♦❞❡❧❛❣❡♠

♠✉❧t✐❡s❝❛❧❛ ♣♦ss✉✐ ✈❛♥t❛❣❡♥s ❡ ❞❡s✈❛♥t❛❣❡♥s t❛✐s q✉❡✱ ♥♦ ♠♦♠❡♥t♦✱ ♥ã♦ ❡①✐st❡ ❛✐♥❞❛

✉♠ ❝♦♥s❡♥s♦ ❝♦♠ r❡❧❛çã♦ à q✉❛❧ ❞❡❧❡s é ♠❡❧❤♦r ♦✉ ♠❛✐s ❛❞❡q✉❛❞♦ ❞❡ ✉♠❛ ♠❛♥❡✐r❛

❣❡r❛❧❀ ❞❡ ❢❛t♦ ❝♦♠♦ ❡st❡s ♠ét♦❞♦s sã♦ ♥♦✈♦s✱ ❜♦❛ ♣❛rt❡ ❞❡❧❡s ❛✐♥❞❛ s❡ ❡♥❝♦♥tr❛ ❡♠ ✉♠

❡stá❣✐♦ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❢♦r♠❛❧✱ ♦✉ s❡❥❛✱ ❛ t❡♦r✐❛ ❛✐♥❞❛ ❡stá s❡♥❞♦ ❝♦♥str✉í❞❛✳ ❖

♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s ♠❡s♠♦s❀ ♠✉✐t♦s ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠

✐♠♣❧❡♠❡♥t❛❞♦s ♥❛ ❢♦r♠❛ ❞❡ s♦❢t✇❛r❡s ❡ ❢❡rr❛♠❡♥t❛s q✉❡ ♦s ♠♦❞❡❧❡♠✱ ♣❡r♠✐t✐♥❞♦

❛ss✐♠ s✉❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ♥♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❢ís✐❝♦s ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s✳

❊♠ ♠❡✐♦ ❛ t❛♥t❛s ♦♣çõ❡s✱ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s é ✉♠❛ té❝♥✐❝❛ q✉❡ s❡

✺✼



❞❡st❛❝❛ ❝♦♠♦ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ✉♠ ❝á❧❝✉❧♦

❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ✉♠ ❝á❧❝✉❧♦ ❢❡✐t♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳

❆s♣❡❝t♦s ♣♦s✐t✐✈♦s ❞❡st❡ ♠ét♦❞♦ ❡♠ r❡❧❛çã♦ ❛ ♦✉tr❛s ♣r♦♣♦st❛s ♠✉❧t✐❡s❝❛❧❛ ✐♥❝❧✉❡♠✿

• ❆ ❛✉sê♥❝✐❛ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ r❡✜♥❛r ✉♠❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❛té ❛

❡s❝❛❧❛ ❛tô♠✐❝❛✳ ◆♦s ♠ét♦❞♦s ▼❆❆❉ ❡ ❈●▼❉✱ ♣♦r ❡①❡♠♣❧♦✱ é ♣r❡❝✐s♦ ❝♦♥s✲

tr✉✐r ✉♠❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s q✉❡ s❛✐❛ ❞❛ ❡s❝❛❧❛ ❞❡ ❝♦♥t✐♥✉✉♠ ❡ s❡

r❡✜♥❡ ❛té ♦ ♣♦♥t♦ ♥♦ q✉❛❧✱ ♥❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ ❛s ❡s❝❛❧❛s✱ ❝❛❞❛ ♥♦❞♦ ❞❛ ♠❛❧❤❛

❞❡ ❡❧❡♠❡♥t♦s ❝♦rr❡s♣♦♥❞❛ ❛ ✉♠ át♦♠♦ ❞❛ s✐♠✉❧❛çã♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❆

❝♦♥str✉çã♦ ❞❡ss❛ ♠❛❧❤❛ é ❝♦♠♣❧❡①❛ ♠❡s♠♦ ♥♦s ❝❛s♦s ♠❛✐s s✐♠♣❧❡s✱ ❞❡ ❝r✐st❛✐s

♣❡r❢❡✐t♦s✳ P❛r❛ ♠❛t❡r✐❛✐s ❝♦♠ ❞❡❢❡✐t♦s✱ ♦✉ ❛♠♦r❢♦s✱ é ❡①tr❡♠❛♠❡♥t❡ ❞✐❢í❝✐❧✳

❊st❡ ♣r♦❜❧❡♠❛ r❡q✉❡r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s ❡✱ ♣r✐♥❝✐♣❛❧✲

♠❡♥t❡✱ s♦❢t✇❛r❡s ♥❛ ár❡❛ ❞❡ ❝♦♥str✉çã♦ ❞❡ ♠❛❧❤❛s✳

• ❆ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❝♦♠ ♣r♦❜❧❡♠❛s ❞✐♥â♠✐❝♦s ❡✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ❞❡ t❡♠♣❡r❛t✉r❛

❝♦♥st❛♥t❡✳

• ❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ ❛❝♦♣❧❛r ❡s❝❛❧❛s ❞❡ t❡♠♣♦ ❞✐❢❡r❡♥t❡s✱ ♣♦ré♠ ♣ró①✐♠❛s✱

♥✉♠ ♠❡s♠♦ ❝á❧❝✉❧♦✳ ❯♠❛ ✈❡③ q✉❡ ❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♥ã♦ ♣r❡❝✐s❛

s❡r r❡✜♥❛❞❛ ❛té ❛ ❡s❝❛❧❛ ❛tô♠✐❝❛✱ ❡❧❛ ♣♦❞❡ t❡r s✉❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ r❡❛❧✐③❛❞❛

❡♠ ✉♠❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ ✉♠ ♣♦✉❝♦ ♠❛✐♦r ❞♦ q✉❡ ❛ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❙❡

❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❢♦r ❢❡✐t❛✱ ❞✐❣❛♠♦s✱ ❡♠ ♣❛ss♦s ❞❡

✉♠ ❢❡♠t♦s❡❣✉♥❞♦✱ ❛ ❡✈♦❧✉çã♦ ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♣♦❞❡ s❡r ✐♠♣❧❡✲

♠❡♥t❛❞❛ ❡♠ ♣❛ss♦s ❞❡ ❞❡③ ❢❡♠t♦s❡❣✉♥❞♦s✱ ♦ q✉❡ ❣❡r❛ ✉♠❛ ❡❝♦♥♦♠✐❛ ♥♦ ❝✉st♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ❝á❧❝✉❧♦✳

• ❆ ❝♦♥str✉çã♦ ❞❡ ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞♦

♣♦t❡♥❝✐❛❧ ❡♠♣ír✐❝♦ ♦✉ ❞♦ ❝á❧❝✉❧♦ q✉â♥t✐❝♦ ❛❞♦t❛❞♦ ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳

❊♠ ♦✉tr♦s ♠ét♦❞♦s ♠✉❧t✐❡s❝❛❧❛✱ ♦ ❝♦♥t✐♥✉✉♠ é ♠♦❞❡❧❛❞♦ ✉t✐❧✐③❛♥❞♦ ❛ t❡♦r✐❛

❡❧ást✐❝❛ tr❛❞✐❝✐♦♥❛❧✱ ✐❧✉str❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✸ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ❝✉❥❛ ✈❛❧✐❞❛❞❡ ❡♠

❡s❝❛❧❛s ❞❡ t❛♠❛♥❤♦ ♠✉✐t♦ ♣❡q✉❡♥❛s s❡ t♦r♥❛ q✉❡st✐♦♥á✈❡❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛❧❣✉♥s ❛s♣❡❝t♦s ♥❡❣❛t✐✈♦s ❞♦ ♠ét♦❞♦ t❛♠❜é♠ ♣r❡❝✐s❛♠ s❡r ❝♦♥s✐✲

❞❡r❛❞♦s✿

✺✽



• ❉❛❞❛ ❝❡rt❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ❛tô♠✐❝❛✱ r❛✐♦ ❞❡ ❝♦rt❡ ✭♥ú♠❡r♦

❞❡ ✈✐③✐♥❤♦s ❝♦♥s✐❞❡r❛❞♦s ♥♦ ❝á❧❝✉❧♦✮ ❡ t✐♣♦ ❞❡ r❡❞❡ ❝r✐st❛❧✐♥❛ ❝♦♥s✐❞❡r❛❞❛✱ ✉♠

❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❝♦♥st❛♥t❡s✱ t✐♣✐❝❛♠❡♥t❡ ❞❛ ♦r❞❡♠ ❞❡ ❝❡♥t❡♥❛s✱ ♣r❡❝✐s❛ s❡r

❡st✐♠❛❞♦ ❡ t❛❜❡❧❛❞♦✳ ❯♠❛ ✈❡③ q✉❡ ❡st❛s ❝♦♥st❛♥t❡s ♠✉❞❛♠ ❡♠ q✉❛♥t✐❞❛❞❡ ❡

✈❛❧♦r ❡♠ ❢✉♥çã♦ ❞♦ r❛✐♦ ❞❡ ❝♦rt❡ ❡ t✐♣♦ ❞❡ ❝r✐st❛❧ ❛❞♦t❛❞♦ ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉✲

❧❛r✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ s♦❢t✇❛r❡s q✉❡ s✐♠✉❧❡♠ ♠❛t❡r✐❛✐s ❞✐✈❡rs♦s s❡ t♦r♥❛ ✉♠

♣r♦❝❡ss♦ ♠❛✐s ❝♦♠♣❧❡①♦ ❡ ❞❡♠♦r❛❞♦ ❞♦ q✉❡ ❡♠ ♦✉tr♦s ♠ét♦❞♦s ♠✉❧t✐❡s❝❛❧❛✳

• ❊♠❜♦r❛ ♥ã♦ ❡①✐st❛ ♥❡♥❤✉♠❛ ❧✐♠✐t❛çã♦ ♥♦ ♠ét♦❞♦ q✉❡ ✐♠♣❡ç❛ s✉❛ ❛❞❛♣t❛çã♦

♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❝á❧❝✉❧♦s ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ ❛té ♦ ♠♦♠❡♥t♦ ❛✐♥❞❛ ♥ã♦

❡①✐st❡ ✉♠❛ ❢♦r♠❛ ❝♦♥s♦❧✐❞❛❞❛ ❞❡ ❢❛③ê✲❧♦✳ ❆❧❣✉♠❛s ♣r♦♣♦st❛s ♥❡ss❡ s❡♥t✐❞♦

❢♦r❛♠ ❢❡✐t❛s r❡❝❡♥t❡♠❡♥t❡ ❬✸✻❪✳

◆❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❛❞♦ ✐♥í❝✐♦ à ❝♦♥str✉çã♦ ❞❡ s♦❢t✇❛r❡s q✉❡ ✐♠♣❧❡♠❡♥t❡♠ ♦ ♠ét♦❞♦

❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✳ ❆s♣❡❝t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st❡ ♣r♦❝❡ss♦ sã♦ ❞❡t❛❧❤❛❞♦s ♥♦

❛♣ê♥❞✐❝❡ ❆✳

✹✳✷ ❙❡♣❛r❛♥❞♦ ❡s❝❛❧❛s

❆ ✐❞é✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s é ♦ ❞❡s❛❝♦♣❧❛♠❡♥t♦ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦✲

❝❛♠❡♥t♦ t♦t❛❧ u ❞♦ ❝♦♥t✐♥✉✉♠ ❡♠ ❞✉❛s ❡s❝❛❧❛s ❞✐st✐♥t❛s✿

u = u + u′; ✭✹✳✶✮

s❡♥❞♦ q✉❡ u ❝♦rr❡s♣♦♥❞❡ à ❡s❝❛❧❛ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ❣r♦ss❛ ❡ u′ à ❡s❝❛❧❛ q✉❡ ❞❡♥♦✲

♠✐♥❛r❡♠♦s ✜♥❛✳ ❆ ❡s❝❛❧❛ ❣r♦ss❛ ❝♦rr❡s♣♦♥❞❡ à ♣❛rt❡ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ q✉❡

♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ❛tr❛✈és ❞❡ ❝❡rt❛ ❜❛s❡ ❡♠ ✉♠ ❡s♣❛ç♦ ❢✉♥❝✐♦♥❛❧ ♣ré✲❞❡✜♥✐❞♦❀ ♥♦

❝❛s♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s ❡st❛ ❜❛s❡ é ❞❛❞❛ ♣❡❧❛s ❢✉♥çõ❡s ❞❡ ❢♦r♠❛ ❞♦

♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ✉t✐❧✐③❛❞♦✳ ❏á ❛ ❡s❝❛❧❛ ✜♥❛ t❡♠ ♦ ♣❛♣❡❧ ❞❡ r❡♣r❡s❡♥t❛r

❡①❝❧✉s✐✈❛♠❡♥t❡ t✉❞♦ ❛q✉✐❧♦ q✉❡ ♥ã♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❛tr❛✈és ❞❛s ❢✉♥çõ❡s ❞❡

❢♦r♠❛ ✉t✐❧✐③❛❞❛s ♥❛ ❡s❝❛❧❛ ❣r♦ss❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ❞❡✜♥✐çã♦ ❛ ♣r♦❥❡çã♦ ❞❛

❡s❝❛❧❛ ✜♥❛ ♥❛s ❢✉♥çõ❡s ❞❡ ❢♦r♠❛ ❞❛ ❡s❝❛❧❛ ❣r♦ss❛ ❞❡✈❡rá s❡r ♥✉❧❛✳ ❉❡st❛ ❢♦r♠❛✱ ❛♦

❞❡s❛❝♦♣❧❛r♠♦s ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱ ♦ ❢❛r❡♠♦s ❞❡ ✉♠❛ ❢♦r♠❛ t❛❧ q✉❡ ❛s ❞✉❛s

✺✾



❡s❝❛❧❛s ❝r✐❛❞❛s s❡❥❛♠ ♦rt♦❣♦♥❛✐s✳ ◆♦t❡ q✉❡ ❡♠ t♦❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♦ ❝❛♠♣♦ ❞❡

❞❡s❧♦❝❛♠❡♥t♦ é ❞❡s❝r✐t♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ ▲❛❣r❛♥❣✐❛♥♦✱ ❡ ♥ã♦ ❊✉❧❡r✐❛♥♦✳

❈♦♠❡ç❛r❡♠♦s ❞❡✜♥✐♥❞♦ ❛ ❡s❝❛❧❛ ❣r♦ss❛✳ ❉❛❞❛ ✉♠❛ ❡str✉t✉r❛ ❛tô♠✐❝❛ q✉❛❧q✉❡r✱

❛ ❡s❝❛❧❛ ❣r♦ss❛ é ❝♦♥str✉í❞❛ s✐♠♣❧❡s♠❡♥t❡ ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❢♦r♠❛

❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❛✈❛❧✐❛❞❛s ♥❛s ♣♦s✐çõ❡s ❞❡ ❝❛❞❛ át♦♠♦ ❞❛ ❡str✉t✉r❛❀ ✐ss♦ ✐♠♣❧✐❝❛

q✉❡ ❡st❛ ❡s❝❛❧❛ ❝♦♥té♠ ❛ ♣❛rt❡ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ q✉❡ ♣♦❞❡ s❡r ❝♦rr❡t❛♠❡♥t❡

r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✿

u(xα) =
∑

I

NI(Xα)dI ; ✭✹✳✷✮

s❡♥❞♦ q✉❡ Nα
I = NI(Xα) é ❛ ❢✉♥çã♦ ❞❡ ❢♦r♠❛ ❞♦ ♥♦❞♦ I ❝❛❧❝✉❧❛❞❛ ♥❛s ♣♦s✐çõ❡s

❛tô♠✐❝❛s ✐♥✐❝✐❛✐s Xα ❞❡ ❝❛❞❛ át♦♠♦ α✱ ❡ dI é ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❡❧❡♠❡♥t♦ ✜♥✐t♦

❛ss♦❝✐❛❞♦ ❛♦ ♥♦❞♦ I✳

❆ ❡s❝❛❧❛ ✜♥❛ r❡♣r❡s❡♥t❛ ❛ ♣❛r❝❡❧❛ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ q✉❡ ♥ã♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛

♣❡❧❛s ❢✉♥çõ❡s ❞❡ ❢♦r♠❛ ❞❛ ❡s❝❛❧❛ ❣r♦ss❛✱ ❡ ♣♦r ❞❡✜♥✐çã♦ s✉❛ ♣r♦❥❡çã♦ ♥❛ ❡s❝❛❧❛ ❣r♦ss❛

♣r❡❝✐s❛ s❡r ♥✉❧❛✳ ❱❛♠♦s ✉t✐❧✐③❛r ❡st❡ ❢❛t♦ ♣❛r❛ ❝♦♥str✉✐r ♦ s❡❣✉✐♥t❡ ♦♣❡r❛❞♦r ❞❡ ❡rr♦

♣❛r❛ ❛ ❡s❝❛❧❛ ✜♥❛✿

J =
∑

α

mα

(

u(xα) −
∑

I

NI(Xα)wI

)2

; ✭✹✳✸✮

♥♦ q✉❛❧ mα é ❛ ♠❛ss❛ ❛tô♠✐❝❛ ❞♦ át♦♠♦ α ❡ wI sã♦ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ♥♦❞❛✐s

t❡♠♣♦rár✐♦s✳ ◆❛ ❡q✉❛çã♦ ✹✳✸ ♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s❡s ❝♦♥s✐st❡ ♥❛ s✉❜tr❛çã♦ ❞❡

✉♠❛ ✈❡rsã♦ ❞❛ ❡s❝❛❧❛ ❣r♦ss❛ ❝✉❥♦s ♥♦❞♦s ♣♦ss✉❡♠ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ t❡♠♣♦rár✐♦s

❞♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ t♦t❛❧ u(x)✳ P❡❧❛ ❡q✉❛çã♦ ✹✳✶ ♥♦t❛✲s❡ q✉❡ u(x)− u(x) =

u′(x)✱ ♦✉ s❡❥❛✱ ♦ ♦♣❡r❛❞♦r J ❛t✉❛ ❝♦♠♦ ✉♠❛ ♠étr✐❝❛ ❞❡ ❡rr♦ ♣♦♥❞❡r❛❞❛ ♣❡❧❛ ♠❛ss❛

❛tô♠✐❝❛ ♣❛r❛ ❛ ❡s❝❛❧❛ ✜♥❛✳ ▼✐♥✐♠✐③❛♥❞♦ J ❡♠ ❢✉♥çã♦ ❞❡ w✱ ♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r ✉♠

✈❛❧♦r ❞❡ w t❛❧ q✉❡ ♦ ❡rr♦ s❡❥❛ ♥✉❧♦❀ ❡st❡ ✈❛❧♦r ❞❡ w s❡rá✿

w = M−1NTMAu; ✭✹✳✹✮

s❡♥❞♦ q✉❡ MA é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♥t❡♥❞♦ ❛s ♠❛ss❛s ❛tô♠✐❝❛s✱ ❡ ❛ ♠❛tr✐③ ❞❡

♠❛ss❛ M ❞❛ ❡s❝❛❧❛ ❣r♦ss❛ é ❞❛❞❛ ♣♦r✿

✻✵



M = NTMAN. ✭✹✳✺✮

❯t✐❧✐③❛♥❞♦✲s❡ ❛s ❡q✉❛çõ❡s ✹✳✶✱ ✹✳✷ ❡ ✹✳✹✿

u′ = u − u = u − Nw = u − NM−1NTMAu. ✭✹✳✻✮

❆ ❡q✉❛çã♦ ✹✳✻ ❞❡s❝r❡✈❡ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ❡s❝❛❧❛ ✜♥❛ ❡♠ ❢✉♥çã♦ ❞♦ ❝❛♠♣♦

❞❡ ❞❡s❧♦❝❛♠❡♥t♦ t♦t❛❧ ❞♦ ♠❛t❡r✐❛❧✳ ◆♦t❡ q✉❡ ❛ ❡s❝❛❧❛ ✜♥❛ ♥ã♦ é ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r✦ ❆♦ ❛❝♦♣❧❛r♠♦s ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡✲

♠❡♥t♦s ✜♥✐t♦s✱ ✈❛♠♦s s✉♣♦r q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉✲

❧❛r✱ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s q✱ é ❛ s♦❧✉çã♦ ✏❡①❛t❛✑ ❞♦ ♣r♦❜❧❡♠❛✱ ❛ q✉❛❧ t♦♠❛r❡♠♦s ❝♦♠♦

r❡❢❡rê♥❝✐❛✳ ❚r♦❝❛♥❞♦ u ♣♦r q ♥❛ ❡q✉❛çã♦ ✹✳✻✱ t❡♠♦s✿

u′ = q − Pq; ✭✹✳✼✮

s❡♥❞♦ q✉❡ q é ✉♠ ✈❡t♦r ❝♦♥t❡♥❞♦ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ♦❜t✐❞♦s ♥♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r✱ ❡ ❛ ♠❛tr✐③ ❞❡ ♣r♦❥❡çã♦ P é ❞❡✜♥✐❞❛ ❝♦♠♦✿

P = NM−1NTMA. ✭✹✳✽✮

❉❡st❛ ❢♦r♠❛✱ ❛ ❡q✉❛çã♦ ♣❛r❛ ♦ ❞❡s❧♦❝❛♠❡♥t♦ t♦t❛❧ ❞♦ s✐st❡♠❛ ✭✹✳✶✮ ♣❛ss❛ ❛ s❡r ❞❛❞❛

♣♦r✿

u = Nd + q − Pq. ✭✹✳✾✮

❆ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❡s❝❛❧❛s ♦rt♦❣♦♥❛✐s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❝♦♥str✉✐r ♣❛r❛ ❛❝♦♣❧❛r

❡❧❡♠❡♥t♦s ✜♥✐t♦s ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r é ✉♠❛ ✈❛r✐❛♥t❡ ❞♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛ ❞❡

❍✉❣❤❡s ❬✼✼❪✳ ◆❡st❡ ♠ét♦❞♦✱ ♦ q✉❡ s❡ ❢❛③ é ❛❝♦♣❧❛r ❞♦✐s ❝á❧❝✉❧♦s ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱

✉♠ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ♠❛❧❤❛ ✜♥❛ ❡ ♦✉tr♦ ✉♠❛ ♠❛❧❤❛ ❣r♦ss❛✱ s✉♣♦♥❞♦✲s❡ q✉❡ ♦ ❝á❧❝✉❧♦

❝♦♠ ❛ ♠❛❧❤❛ ✜♥❛ é ♠❛✐s ♣r❡❝✐s♦ ❡ ♣♦rt❛♥t♦✱ ❛ s♦❧✉çã♦ ✏❡①❛t❛✑✱ ♦✉ ❞❡ r❡❢❡rê♥❝✐❛✳ ❆q✉✐

♦ q✉❡ ♠✉❞♦✉ ❢♦✐ q✉❡ ❛ ♠❛❧❤❛ ✜♥❛ ❢♦✐ tr♦❝❛❞❛ ♣❡❧♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ✈✐❛ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r✱ ❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❡rr♦ J ❢♦✐ ❡s❝♦❧❤✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ t❛❧ q✉❡ ❛♦ r❡s♦❧✈❡r

❛ ▲❛❣r❛♥❣✐❛♥❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✈❡❥❛ ♣ró①✐♠❛ s❡çã♦✮✱ t❡r❡♠♦s r❡s✉❧t❛❞♦s s❡♠ t❡r♠♦s

✻✶



❝r✉③❛❞♦s ❞♦ t✐♣♦ d · q✳

✹✳✸ ❆ ▲❛❣r❛♥❣✐❛♥❛ ♠✉❧t✐❡s❝❛❧❛

❖ ♣ró①✐♠♦ ♣❛ss♦ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ é ❡s❝r❡✈❡r ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦

❞❡s❧♦❝❛♠❡♥t♦ u✳ ❈♦♠❡ç❛♠♦s ❡s❝r❡✈❡♥❞♦ ❛ ▲❛❣r❛♥❣✐❛♥❛ ❞♦ s✐st❡♠❛✿

L(u, u̇) = K(u̇) − V (u); ✭✹✳✶✵✮

♥❛ q✉❛❧ K(u̇) é ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❡ V (u) ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞♦ s✐st❡♠❛✳ ■❣♥♦r❛♥❞♦

❢♦rç❛s ❡①t❡r♥❛s✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s✉♣♦s✐çã♦ ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ u ❡ q✱ ♣♦❞❡♠♦s ❝♦♥✲

s✐❞❡r❛r ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞♦ s✐st❡♠❛ ❝♦♠♦ s❡♥❞♦ s✐♠♣❧❡s♠❡♥t❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧

❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s át♦♠♦s✱ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s U ✳ ❆ss✐♠ t❡♠♦s✿

L(u, u̇) =
1

2
u̇TMAu̇ − U(u). ✭✹✳✶✶✮

❉✐❢❡r❡♥❝✐❛♥❞♦ ❛ ❡q✉❛çã♦ ✹✳✾ ❝♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ t❡♠♦s✿

u̇ = Nḋ + q̇ − Pq̇. ✭✹✳✶✷✮

❙✉❜st✐t✉✐r ❛ ❡q✉❛çã♦ ✹✳✶✷ ♥❛ ▲❛❣r❛♥❣✐❛♥❛ ✹✳✶✶ ❧❡✈❛ ❛✿

L(d, ḋ,q, q̇) =
1

2
ḋTMḋ +

1

2
q̇TMq̇ − U(d,q); ✭✹✳✶✸✮

s❡♥❞♦ M = (I − P)TMA✳ ❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣♦❞❡♠ ❛❣♦r❛ s❡r ♦❜t✐❞❛s ❛

♣❛rt✐r ❞❛ ▲❛❣r❛♥❣✐❛♥❛ ♠✉❧t✐❡s❝❛❧❛ r❡s♦❧✈❡♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ▲❛❣r❛♥❣❡✿

d

dt

(

∂L

∂ḋ

)

− ∂L

∂d
= 0; ✭✹✳✶✹✮

d

dt

(

∂L

∂q̇

)

− ∂L

∂q
= 0. ✭✹✳✶✺✮

❙✉❜st✐t✉✐♥❞♦ ❛ ▲❛❣r❛♥❣✐❛♥❛ ✹✳✶✸ ♥❛s ❡q✉❛çõ❡s ✹✳✶✹ ❡ ✹✳✶✺ ♥♦s ❧❡✈❛ ❛✿

✻✷



Md̈ = −∂U(d,q)

∂d
; ✭✹✳✶✻✮

Mq̈ = −∂U(d,q)

∂q
. ✭✹✳✶✼✮

❆s ❡q✉❛çõ❡s ✹✳✶✻ ❡ ✹✳✶✼ sã♦ ❛❝♦♣❧❛❞❛s ❛tr❛✈és ❞❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ U ✳

❆ ❢♦rç❛ ❡♥tr❡ ♦s át♦♠♦s é ❞❛❞❛ ♣❡❧❛ ✈❛r✐❛çã♦ ♥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✿

f = −∂U(u)

∂u
. ✭✹✳✶✽✮

❊①♣❛♥❞✐♥❞♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛s ❡q✉❛çõ❡s ✹✳✶✻ ❡ ✹✳✶✼ ❛tr❛✈és ❞❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❡

✉t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s ✹✳✶✽ ❡ ✹✳✾ t❡♠♦s✿

Md̈ =
∂U

∂u

∂u

∂d
= NT f ; ✭✹✳✶✾✮

Mq̈ = −∂U

∂u

∂u

∂q
= (I − P)T

f . ✭✹✳✷✵✮

❯t✐❧✐③❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ M = (I − P)TMA✱ ❛ ❡q✉❛çã♦ ✹✳✷✵ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

(I − P)TMAq̈ = (I − P)T f . ✭✹✳✷✶✮

❊♠ ❣❡r❛❧ ❛ ♠❛tr✐③ (I − P)T é s✐♥❣✉❧❛r✳ ❆♦ s❡ ♠✉❧t✐♣❧✐❝❛r ✉♠ ❝❛♠♣♦ ♣♦r (I − P)T ✱

♦❜té♠✲s❡ ❛ ❡s❝❛❧❛ ✜♥❛ ❛ss♦❝✐❛❞❛ ❛ ❡st❡ ❝❛♠♣♦✱ ❡ ♠✉✐t❛s ❡s❝❛❧❛s ✜♥❛s ❞✐❢❡r❡♥t❡s ♣♦❞❡♠

s❡r ❛ss♦❝✐❛❞❛s ❛ ✉♠ ♠❡s♠♦ ❝❛♠♣♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ s✐st❡♠❛ ❞❛ ❡q✉❛çã♦ ✹✳✷✶

❛❞♠✐t❡ ❞✐✈❡rs❛s s♦❧✉çõ❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠❛ ❞❡st❛s s♦❧✉çõ❡s é ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡✱

♣♦✐s ❧❡✈❛ às ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r tr❛❞✐❝✐♦♥❛❧✿

MAq̈ = f(q); ✭✹✳✷✷✮

Md̈ = N
T
f(u). ✭✹✳✷✸✮

❆s ❡q✉❛çõ❡s ✹✳✷✷ ❡ ✹✳✷✸ ❞❡s❝r❡✈❡♠ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ s✉♣♦♥❞♦ q✉❡ ❡①✐st❛

✻✸



✉♠❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r s❡♥❞♦ r❡❛❧✐③❛❞♦s

❡♠ t♦❞♦ ♦ ❡s♣❛ç♦✳ ❆ ❡q✉❛çã♦ ✹✳✷✷ é s✐♠♣❧❡s♠❡♥t❡ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✉t✐❧✐③❛❞❛

❡♠ ❝á❧❝✉❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ ❛❧❣♦r✐t♠♦s ❥á ❝♦♥s♦❧✐❞❛❞♦s ♣❛r❛

❡st❡ t✐♣♦ ❞❡ ❝á❧❝✉❧♦ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♥♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛

❛ ❡q✉❛çã♦ ✹✳✷✷✱ ❝♦♠ r❡❧❛çã♦ à ❝á❧❝✉❧♦s ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳ ❊st❡ ❢❛t♦

é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✱ ♣♦✐s ♣❡r♠✐t❡ ♦ ✉s♦ ❡✱ s❡ ❢♦r ♦ ❝❛s♦✱ ❛❞❛♣t❛çã♦✱ ❞❡ t❡❝♥♦❧♦❣✐❛s

❥á ❝♦♥s♦❧✐❞❛❞❛s ❡♠ ❛♠❜❛s ❛s ár❡❛s ♣❛r❛ ❝á❧❝✉❧♦s ♠✉❧t✐❡s❝❛❧❛✳

❆ ✐♥❢♦r♠❛çã♦ ♣r♦❞✉③✐❞❛ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r é tr❛♥s♠✐t✐❞❛ ♣❛r❛ ♦

❝á❧❝✉❧♦ ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❛tr❛✈és ❞♦ t❡r♠♦ NT f(u)✱ ❞❛ ❡q✉❛çã♦ ✹✳✷✸✱ ✉♠❛ ✈❡③

q✉❡ ❛ ✈❛r✐á✈❡❧ u é ❡s❝r✐t❛ ♥❛ ❡q✉❛çã♦ ✹✳✾ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ r❡s✉❧t❛❞♦s ❞♦ ❝á❧❝✉❧♦

❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳

◆❡st❡ ❡stá❣✐♦ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ♦ ❝á❧❝✉❧♦ ❝♦♠ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r ❡ ♦ ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❝♦♠♣r❡❡♥❞❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦ ❞❡ ❡st✉❞♦✳ ◆❡st❡

♠♦♠❡♥t♦ ♦ q✉❡ ❛ t❡♦r✐❛ ♥♦s ♣❡r♠✐t❡ ❢❛③❡r é ♣r♦♣❛❣❛r ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❡❧❡♠❡♥✲

t♦s ✜♥✐t♦s ✐♥❢♦r♠❛çã♦ r❡❧❛t✐✈❛ ❛♦ q✉❡ ♦❝♦rr❡ ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ♣♦ré♠ s❡♠

♥♦s ❧✐✈r❛r ❞❛ ♦❜r✐❣❛çã♦ ❞❡ r❡❛❧✐③❛r ❛ s✐♠✉❧❛çã♦ ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡♠ t♦❞♦

♦ ❡s♣❛ç♦✳ ❊♠❜♦r❛ ✐st♦ ♣♦ss❛ s❡r ✐♥t❡r❡ss❛♥t❡ ❡♠ ❡✈❡♥t✉❛✐s ❡st✉❞♦s ❡♥✈♦❧✈❡♥❞♦ ✉♠

❛❝♦♣❧❛♠❡♥t♦ ❡stát✐❝♦ ❡♥tr❡ ❡s❝❛❧❛s✱ ♥♦ ❝❛s♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ♦ ♠ét♦❞♦✱

❝♦♠♦ ❡stá ❢♦r♠✉❧❛❞♦✱ r❡q✉❡r ❛ r❡❛❧✐③❛çã♦ ❞❡ ✉♠❛ s✐♠✉❧❛çã♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

tr❛❞✐❝✐♦♥❛❧ ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ♦ q✉❡ é ♠✉✐t♦ ❝✉st♦s♦ ❡♠ t❡r♠♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦

❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❊st❡ r❡q✉❡r✐♠❡♥t♦ ♣r❡❝✐s❛ s❡r r❡♠♦✈✐❞♦ ♣❛r❛ q✉❡ ♦ ♠ét♦❞♦ ♠✉❧t✐✲

❡s❝❛❧❛ t❡♥❤❛ ✉t✐❧✐❞❛❞❡ ❡♠ ❡st✉❞♦s ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ❡s❝❛❧❛s✳ ❊st❡ é ♦

tó♣✐❝♦ ❞❛ ♣ró①✐♠❛ s❡çã♦✳

✹✳✹ ❘❡♠♦✈❡♥❞♦ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ✐♥❞❡s❡❥❛❞♦s

P❛r❛ q✉❡ ♦ ✉s♦ ❞♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛ s❡❥❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✈❛♥t❛❥♦s♦ é ♣r❡❝✐s♦

q✉❡ ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r s❡❥❛ r❡str✐t♦ ❛ ✉♠❛ ♣♦rçã♦ ❧✐♠✐t❛❞❛ ❞♦ ❞♦♠í♥✐♦

❞❡ ❡st✉❞♦✳ ❊st❛ r❡❣✐ã♦✱ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s r❡❣✐ã♦ ✶ ❡ q✉❡ ❝♦♥té♠ na1 át♦♠♦s✱ é

❛q✉❡❧❛ ♦♥❞❡ ♦❝♦rr❡♠ ❢❡♥ô♠❡♥♦s ❝✉❥♦ ❡♥t❡♥❞✐♠❡♥t♦ r❡q✉❡r ✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛

❡❧❡trô♥✐❝❛ ❡ ✴ ♦✉ ❛tô♠✐❝❛✱ ❡ q✉❡ ♣♦rt❛♥t♦ ♥ã♦ ♣♦❞❡r✐❛♠ s❡r ❞❡s❝r✐t♦s ❛❞❡q✉❛❞❛♠❡♥t❡
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❋✐❣✉r❛ ✹✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❡str✉t✉r❛ ❝r✐st❛❧✐♥❛ ❡st✉❞❛❞❛ ❝♦♠ ♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛✳
❊♠ ✭❆✮ ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r é ❢❡✐t♦ ❡♠ t♦❞♦ ♦ ❡s♣❛ç♦✳ ❊♠❜♦r❛ ❛
✐♥❢♦r♠❛çã♦ ❞❡st❡ ❝á❧❝✉❧♦ s❡❥❛ ♣r♦♣❛❣❛❞❛ ♣❛r❛ ❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ♦ ❝✉st♦
❝♦♠♣✉t❛❝✐♦♥❛❧ é ❡①tr❡♠❛♠❡♥t❡ ❡❧❡✈❛❞♦✳ ❊♠ ✭❇✮ ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r é
❢❡✐t♦ ❛♣❡♥❛s ❡♠ ✉♠❛ r❡❣✐ã♦ ❞❛ ✜❣✉r❛✱ r❡❞✉③✐♥❞♦ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♣r♦❝❡ss♦✳

♣❡❧❛ t❡♦r✐❛ ❞❡ ♠❡✐♦s ❝♦♥tí♥✉♦s✳ ❆ r❡❣✐ã♦ ✶ ♣r❡❝✐s❛ s❡r ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ♥❛

s✉❛ ❢r♦♥t❡✐r❛ ❛ r❡❞❡ ❝r✐st❛❧✐♥❛ ❞♦ ♠❛t❡r✐❛❧ ♥ã♦ s♦❢r❛ ♣❡rt✉r❜❛çõ❡s ❡str✉t✉r❛✐s s❡✈❡r❛s

❞❡✈✐❞♦ ❛ ❞❡❢♦r♠❛çõ❡s q✉❡ ✈❡♥❤❛♠ ❛ ♦❝♦rr❡r ♥♦ s❡✉ ✐♥t❡r✐♦r✱ ❧♦♥❣❡ ❞❛ ❢r♦♥t❡✐r❛✳

❖ r❡st❛♥t❡ ❞❛ ❡str✉t✉r❛ s❡rá ❞❡♥♦♠✐♥❛❞♦ ❞❡ r❡❣✐ã♦ ✷✱ ❛ q✉❛❧ ❝♦♥té♠ na2 át♦♠♦s✳

◆❛ r❡❣✐ã♦ ✷ ♦❝♦rr❡♠ ❢❡♥ô♠❡♥♦s q✉❡ ♣♦❞❡♠ s❡r ❞❡s❝r✐t♦s ❝♦rr❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛

t❡♦r✐❛ ❞❡ ♠❡✐♦s ❝♦♥tí♥✉♦s✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♥❡st❛ r❡❣✐ã♦ ❛ ❞❡s❝r✐çã♦ ♦❜t✐❞❛ ❛

♣❛rt✐r ❞❛ ❡s❝❛❧❛ ❣r♦ss❛✱ ❝✉❥♦ ❝❛♠♣♦ ❞❡ ❞❡s❝♦❧❛♠❡♥t♦ é ❞❛❞♦ ♣♦r ū2✱ é s✉✜❝✐❡♥t❡✳

■st♦ ♥♦s ♣❡r♠✐t❡ ❛♣r♦①✐♠❛r ♦s ✈❛❧♦r❡s ❞❛ ❡s❝❛❧❛ ✜♥❛ ♥❛ r❡❣✐ã♦ ✷ ✭u′
2✮ ✉t✐❧✐③❛♥❞♦

✉♠❛ ❧✐♥❡❛r✐③❛çã♦ ❞❛ ❢♦rç❛ ✐♥t❡r❛tô♠✐❝❛ ♥❡st❛ r❡❣✐ã♦✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❡❢❡t✉❛r

♥❛ r❡❣✐ã♦ ✷ ❛♣❡♥❛s ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ s❡♠ ✉t✐❧✐③❛r

❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡①♣❧✐❝✐t❛♠❡♥t❡✳ ❊st❡ ♣r♦❝❡ss♦ ❞❡ s❡♣❛r❛çã♦ ❞♦ ♠❛t❡r✐❛❧ ❛ s❡r

s✐♠✉❧❛❞♦ ❡♠ r❡❣✐õ❡s ❞✐st✐♥t❛s ❡stá ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✳

✹✳✹✳✶ ▲✐♥❡❛r✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❛ ❡s❝❛❧❛ ✜♥❛

P❛r❛ ❧✐♥❡❛r✐③❛r ❛s ❢♦rç❛s ✐♥t❡r❛tô♠✐❝❛s ♥❛ r❡❣✐ã♦ ✷ ✈❛♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✹✳✷✷

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

MAq̈ = f(u). ✭✹✳✷✹✮

◆❡st❡ ♣❛ss♦ ✜③❡♠♦s ✉s♦ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

✻✺



é ♥♦ss❛ r❡❢ê♥❝✐❛ ♣❛r❛ ♦ r❡s✉❧t❛❞♦ ❡①❛t♦ ❞♦ ❝á❧❝✉❧♦❀ ♦✉ s❡❥❛✱ u = q✳ ❆ ♣❛rt✐r ❞❛

❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ✭❡q✉❛çã♦ ✹✳✶✮✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ❛ ❢♦rç❛

♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✹✳✷✹ ❡♠ ❞♦✐s t❡r♠♦s✱ ✉♠ ♣❛r❛ ❛ ❡s❝❛❧❛ ✜♥❛ ❡ ♦✉tr♦ ♣❛r❛

❛ ❡s❝❛❧❛ ❣r♦ss❛✳ ❖ t❡r♠♦ ❞❛ ❡s❝❛❧❛ ✜♥❛ s❡rá ❧✐♥❡❛r✐③❛❞♦✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ❞❛ ❡s❝❛❧❛

❣r♦ss❛ ♥ã♦ s❡rá ♠♦❞✐✜❝❛❞♦✳ ■ss♦ ♥♦s ❧❡✈❛ ❛✿

MAq̈ = MAü + MAü′ = f(ū) + Ku′. ✭✹✳✷✺✮

❆ ♠❛tr✐③ ❞❡ r✐❣✐❞❡③ K é ❞❛❞❛ ♣♦r✿

K =

(

∂f

∂u

)

u′=0

. ✭✹✳✷✻✮

❖ ♣ró①✐♠♦ ♣❛ss♦ é ✐♥s❡r✐r ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡ ♥♦ ❝á❧❝✉❧♦✿ s✉♣♦♥❤❛ q✉❡ ❛ ❡q✉❛çã♦

❞❡ ♠♦✈✐♠❡♥t♦ ❞❛ ❡s❝❛❧❛ ✜♥❛ ♣♦ss❛ s❡r ❡s❝r✐t❛ s❡♠ s❡ ❝♦♥s✐❞❡r❛r ❝♦♥✲

tr✐❜✉✐çõ❡s ❞❛ ❡s❝❛❧❛ ❣r♦ss❛✳ ■st♦ é ✈✐á✈❡❧ ✉♠❛ ✈❡③ q✉❡ ❛s ❡s❝❛❧❛s sã♦ ♦rt♦❣♦♥❛✐s

♣♦r ❝♦♥str✉çã♦✱ ❡ ❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ ♥❛ q✉❛❧ ♦❝♦rr❡♠ ❢❡♥ô♠❡♥♦s ♥❛ ❡s❝❛❧❛ ❣r♦ss❛ é

❡♠ ❣❡r❛❧ ♠✉✐t♦ ♠❛✐♦r ❞♦ q✉❡ ♥❛ ❡s❝❛❧❛ ✜♥❛✳ ■ss♦ ♥♦s ❧❡✈❛ à s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦

❞❛ ❡q✉❛çã♦ ✹✳✷✹✿

MAü = f(ū); ✭✹✳✷✼✮

MAü′ = Ku′. ✭✹✳✷✽✮

❆ ❡q✉❛çã♦ ✹✳✷✽ r❡❛❧✐③❛ ✉♠❛ ❧✐♥❡❛r✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞❛ ❡s❝❛❧❛ ✜♥❛ ♥❛

r❡❣✐ã♦ ✷✳

✹✳✹✳✷ ❊❧✐♠✐♥❛çã♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ✐♥❞❡s❡❥❛❞♦s ♥❛ ❡s❝❛❧❛

✜♥❛

◆❡st❛ s❡çã♦ ✈❛♠♦s r❡♠♦✈❡r ❞❛ r❡❣✐ã♦ ✷ ♦ ❝á❧❝✉❧♦ ❛t♦♠íst✐❝♦ ✐♥❞❡s❡❥❛❞♦✳ ❈♦♠♦ ♦s

❝á❧❝✉❧♦s sã♦ ✉♠ ♣♦✉❝♦ ❡①t❡♥s♦s✱ ✈❛♠♦s ❛q✉✐ ♥♦s ❧✐♠✐t❛r ❛ ❡①♣❧✐❝❛r ♦ q✉❡ s❡rá ❢❡✐t♦ ❡

❞✐s❝✉t✐r ♦ r❡s✉❧t❛❞♦ ✜♥❛❧❀ ♦s ❝á❧❝✉❧♦s ❞❡t❛❧❤❛❞♦s ❛♣❛r❡❝❡♠ ♥♦ ❛♣ê♥❞✐❝❡ ❇✳

❈♦♥s✐❞❡r❡ q✉❡ q✉❛❧q✉❡r sít✐♦ ❞❡ ♦❝✉♣❛çã♦ ❞♦ ❝r✐st❛❧ s❡❥❛ ❞❡♥♦t❛❞♦ ♣♦r tr✐♣❧❡t♦s
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❞❡ ✐♥t❡✐r♦s ❞♦ t✐♣♦ (l,m, n)✱ ♦♥❞❡ ♦s í♥❞✐❝❡s ✐♥❞✐❝❛♠ ♠ú❧t✐♣❧♦s✱ ❝❛❞❛ ✉♠ ❛♦ ❧♦♥❣♦

❞❡ ❞❡t❡r♠✐♥❛❞♦ ✈❡t♦r✱ ❞♦s três ✈❡t♦r❡s ♣r✐♠✐t✐✈♦s ❞❛ ❡str✉t✉r❛ ❝r✐st❛❧✐♥❛✳ ❙✉♣♦♥❤❛

q✉❡ ❞❡s❡❥❛♠♦s r❡♠♦✈❡r t♦❞♦s ♦s át♦♠♦s ❝✉❥♦s sít✐♦s ❡st❡❥❛♠ ❧♦❝❛❧✐③❛❞♦s ❡♠ ♣❧❛♥♦s

t❛✐s q✉❡ l > 0✳ ❚❛❧ r❡♠♦çã♦ ❧❡✈❛r✐❛ ♦ ❝r✐st❛❧ ❛ r❡❧❛①❛r ❞❡ ♠❛♥❡✐r❛ t❛❧ q✉❡ ♦s át♦♠♦s

❞❛ s✉♣❡r❢í❝✐❡ q✉❡ ✜❝♦✉ ❡①♣♦st❛ ✭l = 0✮ ♥ã♦ ♠❛✐s s❡ ❝♦♠♣♦rt❡♠ ❝♦♠♦ ♦s át♦♠♦s

q✉❡ ✜❝❛r❛♠ ♥♦ ✐♥t❡r✐♦r ❞♦ ♠❛t❡r✐❛❧❀ ♥❡st❛ s✐t✉❛çã♦ ❛ r❡❣✐ã♦ ♦♥❞❡ ❡st❛♠♦s ❛❝♦♣❧❛♥❞♦

❡s❝❛❧❛s ♣❛ss❛r✐❛ ❛ ♠❛♥✐❢❡st❛r ❢❡♥ô♠❡♥♦s ❞❡ ❢ís✐❝❛ ❞❡ s✉♣❡r❢í❝✐❡s✱ t♦r♥❛♥❞♦ ❛ss✐♠ ❛

♠♦❞❡❧❛❣❡♠ ✐rr❡❛❧✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ é ♣r❡❝✐s♦ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ♥❛

r❡❣✐ã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ❡s❝❛❧❛s q✉❡ ❣❡r❡ ✉♠❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r t❛❧ q✉❡ ❡st❛

r❡❣✐ã♦ s❡ ❝♦♠♣♦rt❡ ❝♦♠♦ ✉♠ ♠❛t❡r✐❛❧ ✈♦❧✉♠étr✐❝♦✱ ♠❡s♠♦ ❝♦♠ ❛ ❛✉sê♥❝✐❛ ❞❡ át♦♠♦s

❞❛ r❡❣✐ã♦ ✷✱ ♦♥❞❡ l > 0✳

❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡ ♦ q✉❡ s❡ ❢❛③ ❡♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ✈✐s❛♥❞♦ r❡❞✉③✐r ❣r❛✉s ❞❡

❧✐❜❡r❞❛❞❡ é ❛❞♦t❛r ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛ s✐♠✉❧❛çã♦✱ ♦✉ ❛✐♥❞❛✱ s✐♠✲

♣❧❡s♠❡♥t❡ ✜①❛r ♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❞♦ ❝á❧❝✉❧♦✱ ❡✈✐t❛♥❞♦ ❛ss✐♠ q✉❡ s❛✐❛♠ ❞❛

♣♦s✐çã♦ ❞❡s❡❥❛❞❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ s❡❣✉♥❞♦ ❝❛s♦ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ❝♦♥s✐❞❡r❛r ❛

❛❜♦r❞❛❣❡♠✱ é ❢✉♥❞❛♠❡♥t❛❧ q✉❡ ❛ r❡❣✐ã♦ ❞♦ ❝á❧❝✉❧♦ ♦♥❞❡ ❡❧❛ é ❛❞♦t❛❞❛ s❡❥❛ ❞✐st❛♥t❡

♦ s✉✜❝✐❡♥t❡ ❞❡ q✉❛❧q✉❡r ❢❡♥ô♠❡♥♦ ❞❡ ✐♥t❡r❡ss❡ t❛❧ q✉❡ s❡✉s ❡❢❡✐t♦s s♦❜r❡ ♦ ❢❡♥ô♠❡♥♦

❡♠ q✉❡stã♦ s❡❥❛♠ ❞❡s♣r❡③í✈❡✐s✳ ◆♦ ❝❛s♦ ❞❡ ♠ét♦❞♦s ♠✉❧t✐❡s❝❛❧❛✱ é ❞❡ s❡ ❡s♣❡r❛r q✉❡

♦❝♦rr❛ ❛ tr❛♥s♠✐ssã♦ ❞❡ ❢❡♥ô♠❡♥♦s ❡str✉t✉r❛✐s q✉❡ ♣♦ss❛♠ s❡r r❡♣r❡s❡♥t❛❞♦s ❛♣❡♥❛s

♣❡❧♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♣❛r❛ ❛ r❡❣✐ã♦ ✷✳ ▲♦❣♦ ♥❛ r❡❣✐ã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦

♥ã♦ s❡ ♣♦❞❡ ✉t✐❧✐③❛r ✉♠❛ ❛❜♦r❞❛❣❡♠ tr❛❞✐❝✐♦♥❛❧ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡

✐♥❞❡s❡❥❛❞♦s✳ ◆♦ ❝❛s♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✱ ♦ q✉❡ s❡ ❢❛③ é ❞❡s❡♥✈♦❧✈❡r

✉♠❛ ❞✐♥â♠✐❝❛ ❞❡ ▲❛♥❣❡✈✐♥ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦s át♦♠♦s ❞♦s ♣❧❛♥♦s✶ l = 0 ❡ l = 1✱ ❞❡

♠❛♥❡✐r❛ q✉❡ ❡st❡s ♠❛♥t❡♥❤❛♠ ✉♠❛ ❞✐♥â♠✐❝❛ s✐♠✐❧❛r à ❞♦ ♠❛t❡r✐❛❧ ✈♦❧✉♠étr✐❝♦✱ ♠✐✲

♥✐♠✐③❛♥❞♦ ❡❢❡✐t♦s ✐♥❞❡s❡❥❛❞♦s ♥❛ r❡❣✐ã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s✳ ❆s ❡q✉❛çõ❡s

❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ át♦♠♦s ❛❝♦♣❧❛❞♦s à ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s

❛♣❛r❡❝❡♠ ♥♦ q✉❛❞r♦ ❛❜❛✐①♦❀ ❡st❛s sã♦ ❛s ❡q✉❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✿

✶❆q✉✐ s✉♣♦♠♦s ✐♥t❡r❛çõ❡s ❛♣❡♥❛s ❡♥tr❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✳ P❛r❛ ✐♥t❡r❛çõ❡s ❞❡ ♠❛✐♦r ❛❧❝❛♥❝❡✱
é ♣r❡❝✐s♦ ❛✉♠❡♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ♣❧❛♥♦s ❞❡ át♦♠♦s ❢❛♥t❛s♠❛s r❡❣✐❞♦s ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥✱
❞❡ ♠❛♥❡✐r❛ t❛❧ q✉❡ t♦❞♦s ♦s át♦♠♦s ♠❛✐s ✐♥t❡r♥♦s✱ ♦♥❞❡ s❡ ❢❛③ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♥✈❡♥❝✐♦♥❛❧✱
t❡♥❤❛♠ ✈✐③✐♥❤♦s s✉✜❝✐❡♥t❡s ♣❛r❛ ✐♥t❡r❛❣✐r ❛❞❡q✉❛❞❛♠❡♥t❡✳ ❆❧❣✉♠❛s ♣r♦♣♦st❛s ♥❡st❡ s❡♥t✐❞♦ s✉r✲
❣✐r❛♠ ❛ ♣❛rt✐r ❞❡ ✷✵✵✹ ❬✸✷✕✸✺❪✳
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MAq̈(t) = f(t) + R
f
0,m,n(t) + f

imp
0,m,n(t); ✭✹✳✷✾✮

Md̈ = N
T
f(u); ✭✹✳✸✵✮

s❡♥❞♦✿

f
imp
0,m,n(t) =

mc
∑

m′=m−mc

nc
∑

n′=n−nc

∫ t

0

θm−m′,n−n′(t − τ) (⊠) dτ ;

⊠ = q0,m′,n′(τ) − ū0,m′,n′(τ) − Rd
0,m′,n′(τ). ✭✹✳✸✶✮

❆ ❡q✉❛çã♦ ✹✳✷✾ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛ ❞♦s át♦♠♦s ♥❛ s✐♠✉❧❛çã♦✳ ❈❛❞❛ át♦♠♦ ♣♦❞❡

❡st❛r s✉❥❡✐t♦ ❛ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❡♥tr❡ três t✐♣♦s ❞❡ ❢♦rç❛✳ ❆ ♣r✐♠❡✐r❛✱ ❞❡♥♦t❛❞❛ f(t)

é ❛ ❢♦rç❛ ❞❡ ✐♥t❡r❛çã♦ ✐♥t❡r❛tô♠✐❝❛ ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❡♠♣ír✐❝♦ ♦✉

❛✐♥❞❛✱ ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛❀ ♦✉ s❡❥❛✱ é ♦ t❡r♠♦ ❞❡ ❢♦rç❛ tr❛❞✐❝✐♦♥❛❧✲

♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ❝á❧❝✉❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❖ ♣ró①✐♠♦ t❡r♠♦✱ ❞❡♥♦t❛❞♦

♣♦r R
f
0,m,n(t)✱ é ✉♠❛ ❢♦rç❛ ❡st♦❝ást✐❝❛ q✉❡ ❛t✉❛ ❛♣❡♥❛s ♥♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❞❛

❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ✭♥♦ ❝❛s♦ ❞❡st❛ ❢♦r♠✉❧❛çã♦✱ ❢❡✐t❛ ♣❛r❛ ✐♥t❡r❛çõ❡s ❡♥tr❡ ♣r✐♠❡✐r♦s

✈✐③✐♥❤♦s✱ ❡st❡s s❡rã♦ ♦s át♦♠♦s ❞♦ ♣❧❛♥♦ l = 0✮✳ ❊st❛ ❢♦rç❛ ❢❛③ ♦ ♣❛♣❡❧ ❞♦s ❡❢❡✐t♦s tér✲

♠✐❝♦s ♦r✐❣✐♥❛❞♦s ♥❛ r❡❣✐ã♦ ❞❡ ❝♦♥t✐♥✉✉♠ ♦♥❞❡ s❡ ❡❧✐♠✐♥❛r❛♠ ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡

❛tô♠✐❝♦s❀ ❛ ♣❛rt✐r ❞❡❧❛ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❞✐♥â♠✐❝❛ ❞❡ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡

♣❛r❛ ♦ s✐st❡♠❛✳ ❈❛s♦ s❡ ♦♣t❡ ♣♦r ♥❡❣❧✐❣❡♥❝✐❛r ❡st❛ ❢♦rç❛✷✱ s✉♣õ❡✲s❡ ❡♥tã♦ q✉❡ ♦ ❝♦♥✲

t✐♥✉✉♠ ♥❛ r❡❣✐ã♦ ✷ ❡stá ❛ ✵ ❑✳ ❖ ú❧t✐♠♦ t❡r♠♦✱ ❞❡♥♦t❛❞♦ f
imp
0,m,n(t)✱ é ✉♠❛ ❢♦rç❛ ❞❡

✐♠♣❡❞â♥❝✐❛✳ ❊st❛ ❢♦rç❛ ❛t✉❛ ❛♣❡♥❛s ♥♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

✭l = 0✮✱ ❡ t❡♠ ♦ ♣❛♣❡❧ ❞❡ ❞✐ss✐♣❛r ❡♥❡r❣✐❛ ❞❛ ❡s❝❛❧❛ ✜♥❛ ♥♦ ❝♦♥t✐♥✉✉♠ ❞❛ r❡❣✐ã♦ ✷✳

❈♦♠♦ ♥❛ r❡❣✐ã♦ ✷ ❛♣❡♥❛s ❝á❧❝✉❧♦s ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s sã♦ r❡❛❧✐③❛❞♦s✱ ❛q✉✐❧♦ q✉❡

♥ã♦ ♣✉❞❡r s❡r r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ q✉❡ ♣♦r ❝♦♥str✉çã♦ ❡q✉✐✈❛❧❡ à

❡s❝❛❧❛ ✜♥❛✱ é ❞✐ss✐♣❛❞♦ ♣❡❧❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❢✉♥❞❛♠❡♥t❛❧✱

✷❖ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❡st♦❝ást✐❝❛ ♥ã♦ é tr✐✈✐❛❧✱ ❡ ❛✐♥❞❛ ♥ã♦ ❡①✐st❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ❝♦♥s♦❧✐❞❛❞❛ ♣❛r❛
r❡❛❧✐③á✲❧♦✳ ❯♠ tr❛❜❛❧❤♦ q✉❡ r❡❛❧✐③❛ ❛❧❣✉♠❛s ♣r♦♣♦st❛s ✐♥✐❝✐❛✐s ♥❡st❡ s❡♥t✐❞♦ é ♦ ❞❛ r❡❢❡rê♥❝✐❛ ❬✸✻❪✳

✻✽



♣♦✐s ❡✈✐t❛ ❛ r❡✢❡①ã♦ ♣❛r❛ ❛ r❡❣✐ã♦ ✶ ❞❡ ❢❡♥ô♠❡♥♦s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛❞♦s

♥❛ r❡❣✐ã♦ ✷✳

❆ ❡q✉❛çã♦ ✹✳✸✵ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛ ❞♦s ♥♦❞♦s ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s

❞❛ s✐♠✉❧❛çã♦✳ ◆❛ r❡❣✐ã♦ ✶✱ ♦♥❞❡ ❡①✐st❡ ♦ ❝á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ❛

❢♦rç❛ s♦❜r❡ q✉❛❧q✉❡r ♥♦❞♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ q ❡ u❀ ♦✉

s❡❥❛✱ ✐♥t❡r♣♦❧❛♥❞♦✲s❡ ❛s ❢♦rç❛s ✐♥t❡r❛tô♠✐❝❛s✱ q✉❡ sã♦ ❝♦♥❤❡❝✐❞❛s✱ ♣❡❧❛s ❢✉♥çõ❡s ❞❡

❢♦r♠❛ ❞♦s ❡❧❡♠❡♥t♦s✱ ♦❜té♠✲s❡ ❛s ❢♦rç❛s s♦❜r❡ ❛ ♠❛❧❤❛✳ ◆❛ r❡❣✐ã♦ ✷✱ ♦♥❞❡ ♥ã♦ ❡①✐st❡

♦ ❝á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ é ♣r❡❝✐s♦ ❝♦♥str✉✐r ✉♠❛ ❧❡✐ ❝♦♥st✐t✉t✐✈❛

q✉❡ ❧✐❣✉❡ ♦ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝♦ ✉t✐❧✐③❛❞♦ ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ✉♠❛ t❡♦r✐❛

❞❡ ♠❡✐♦ ❝♦♥tí♥✉♦✱ ❞❡ ♠❛♥❡✐r❛ ❛ ❝♦♥str✉✐r ✉♠❛ ❧❡✐ ❝♦♥st✐t✉t✐✈❛ ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ❞❛

r❡❣✐ã♦ ✷ q✉❡ s❡❥❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ r❡❣✐ã♦ ✶✳ ❊st❛ q✉❡stã♦ é ♦ tó♣✐❝♦ ❞❛ s❡çã♦ ✹✳✻✳

✹✳✺ ■♥t❡r♣♦❧❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡✲

❝✉❧❛r ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠

◆❛ r❡❣✐ã♦ ♦♥❞❡ ❝♦❡①✐st❡♠ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡ ✉♠❛ s✐♠✉❧❛çã♦ ❝♦♠

♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ♥ã♦ s❡ ❞❡s❡❥❛ ✉t✐❧✐③❛r ✉♠❛ ❧❡✐ ❝♦♥st✐t✉t✐✈❛ ♣❛r❛ ♦

❝♦♥t✐♥✉✉♠ ♣❛r❛ s❡ ❝❛❧❝✉❧❛r ♦s ❝❛♠♣♦s ❞❡ t❡♥sã♦✳ ❆♦ ✐♥✈és ❞✐ss♦✱ ❝♦♠♦ t♦❞❛ ❛ ✐♥❢♦r✲

♠❛çã♦ ❥á ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ✉♠❛ ♣r❡❝✐sã♦ ♠✉✐t♦

♠❛✐♦r ❞♦ q✉❡ ♣♦❞❡r✐❛ s❡r ♦❜t✐❞♦ ♥✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱

♥❡st❡ ❡s♣❛ç♦ ❢❛③ ♠✉✐t♦ ♠❛✐s s❡♥t✐❞♦ ✐♥t❡r♣♦❧❛r ♦s ❝❛♠♣♦s ❞❡ t❡♥sã♦ ❞❛ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r ❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ♦s ♥♦❞♦s ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s✳ ❆ ♣❛rt✐r ❞❡st❛ ✐♥t❡r✲

♣♦❧❛çã♦✱ ❛ ❞❡❢♦r♠❛çã♦ ♥❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ✉t✐❧✐③❛♥❞♦✲s❡

♦ ❝❛♠♣♦ ❞❡ t❡♥sã♦ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❊q✉❛❝✐♦♥❛♥❞♦✲s❡✱ t❡♠♦s✿

fIx =
∑N

α=1 NI(Xα)fαx(u);

fIy =
∑N

α=1 NI(Xα)fαy(u);

fIz =
∑N

α=1 NI(Xα)fαz(u).

✭✹✳✸✷✮

❖s t❡r♠♦s fIx✱ fIy ❡ fIz ❝♦rr❡s♣♦♥❞❡♠ às ❢♦rç❛s s♦❜r❡ ♦ ♥♦❞♦ I ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s

✜♥✐t♦s ♥❛s ❞✐r❡çõ❡s x̂✱ ŷ ❡ ẑ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ✈❡t♦r ❧✐♥❤❛ NI(Xα)

❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❡s♦ q✉❡ ❝❡rt♦ ❝❛♠♣♦ ❞❡✜♥✐❞♦ ♥❛ ♣♦s✐çã♦ ❞♦ ♥♦❞♦ I t❡r✐❛ ❝❛s♦ s❡

✻✾



❞❡s❡❥❛ss❡ ✐♥t❡r♣♦❧❛r ❡st❡ ❝❛♠♣♦ ♣❛r❛ ❛ ♣♦s✐çã♦ Xα✳ ❈♦♠♦ ❛s ❢✉♥çõ❡s ❞❡ ❢♦r♠❛ ❞♦s

❡❧❡♠❡♥t♦s ✜♥✐t♦s sã♦ ❞❡✜♥✐❞❛s ❛♣❡♥❛s ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦✱ ❞❛❞❛ ❝❡rt❛ ♣♦s✐çã♦

❞❡ ✉♠ át♦♠♦✱ ❛♣❡♥❛s ♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ NI ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ át♦♠♦s ❝♦♥t✐❞♦s

❞❡♥tr♦ ❞❡ ❡❧❡♠❡♥t♦s ✈✐♥❝✉❧❛❞♦s ❛♦ ♥♦❞♦ I s❡rã♦ ♥ã♦✲♥✉❧♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ❡♠❜♦r❛ NI

s❡❥❛ ♠✉✐t♦ ❣r❛♥❞❡✱ ❡❧❡ ♣♦❞❡ s❡r ❛r♠❛③❡♥❛❞♦ ❝♦♠♦ ✉♠ ✈❡t♦r ❡s♣❛rs♦✳ ❋✐♥❛❧♠❡♥t❡✱

♦s ✈❡t♦r❡s fαx(u)✱ fαy(u) ❡ fαz(u) ❝♦rr❡s♣♦♥❞❡♠ à ❢♦rç❛✱ ❝❛❧❝✉❧❛❞❛ ♣❡❧♦ ❝á❧❝✉❧♦ ❞❡

❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ♥❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❝❛❞❛ át♦♠♦ α✳ ❆s ❡q✉❛çõ❡s ✹✳✸✷ ❡q✉✐✈❛❧❡♠

❛♦ t❡r♠♦ NT f(u) ❞❛ ❡q✉❛çã♦ ✹✳✸✵✳

✹✳✻ ❈á❧❝✉❧♦ ❞❛s ❢♦rç❛s ♦♥❞❡ ♥ã♦ s❡ ❢❛③ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r

◆❛ s❡çã♦ ✹✳✹ ♦ ♠❛t❡r✐❛❧ ❛ s❡r ❡st✉❞❛❞♦ ❢♦✐ ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s r❡❣✐õ❡s✳ ❊♠ ✉♠❛ ❞❡❧❛s✱

q✉❡ ❞❡♥♦♠✐♥❛♠♦s r❡❣✐ã♦ ✶✱ é r❡❛❧✐③❛❞♦ ❝♦♥❝♦rr❡♥t❡♠❡♥t❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r ❡ ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳ ◆❡st❛ r❡❣✐ã♦✱ ♦ ❞❡s❧♦✲

❝❛♠❡♥t♦ ❞♦s át♦♠♦s✱ ❞❡♥♦♠✐♥❛❞♦ q✱ é ✐❣✉❛❧❛❞♦ ❛♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱ ❞❡♥♦✲

♠✐♥❛❞♦ u✱ ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❛ ❞✐♥â♠✐❝❛ ❞♦s

♥♦❞♦s ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✹✳✸✵✳ ❏á ♥❛ r❡❣✐ã♦ ✷ ❛♣❡♥❛s

✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s é r❡❛❧✐③❛❞♦✳ P❛r❛ ❡❧✐♠✐♥❛r ♦ ❝á❧✲

❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❞❛ r❡❣✐ã♦ ✷✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ s❡çã♦ ✹✳✹ ✉♠❛ ❞✐♥â♠✐❝❛

❞❡ ▲❛♥❣❡✈✐♥ ♣❛r❛ ♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ✶ ❡ ✷✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦

❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❞❛ r❡❣✐ã♦ ✶ ♣♦ss❛ ♦❝♦rr❡r ❛❞❡q✉❛❞❛♠❡♥t❡✱ s❡♠ ✉♠

r❡❧❛①❛♠❡♥t♦ ❛rt✐✜❝✐❛❧ ❞♦ ❝r✐st❛❧✳ ❘❡st❛ ❛❣♦r❛ ❞❡✜♥✐r ❝♦♠♦ s❡rá ❛ ❞✐♥â♠✐❝❛ ❞❛ ♠❛❧❤❛

❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♥❛ r❡❣✐ã♦ ♦♥❞❡ ♥ã♦ ❡①✐st❡ ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳

❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❝á❧❝✉❧♦s ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s sã♦ r❡❛❧✐③❛❞♦s ✉t✐❧✐③❛♥❞♦ ❧❡✐s

❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ♠❡✐♦s ❝♦♥tí♥✉♦s✳ ◆♦ ❝❛s♦ ❞❡ só❧✐❞♦s✱ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❝♦♥❤❡❝✐❞♦s

sã♦ ❛s t❡♦r✐❛s ❞❡ ❡❧❛st✐❝✐❞❛❞❡✱ ♣❧❛st✐❝✐❞❛❞❡ ❡ ✈✐s❝♦❡❧❛st✐❝✐❞❛❞❡✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❡st❛s

t❡♦r✐❛s✱ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ❛♣r♦①✐♠❛çõ❡s ♣♦❞❡♠ s❡r ❛❞♦t❛❞❛s❀ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❝❛s♦

❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ♠❛t❡r✐❛❧ ❡❧ást✐❝♦✱ é ♣♦ss✐✈❡❧ ❝♦♥str✉✐r ❡q✉❛çõ❡s ♥ã♦✲❧✐♥❡❛r❡s ♣❛r❛

❡st✉❞❛r ❞❡❢♦r♠❛çõ❡s s❡✈❡r❛s✱ ♦✉ ❡♥tã♦✱ ♥♦ ❝❛s♦ ❞❡ ❞❡❢♦r♠❛çõ❡s ♠✉✐t♦ s✐♠♣❧❡s✱ ♠♦✲

❞❡❧♦s ❧✐♥❡❛r❡s sã♦ ✉t✐❧✐③❛❞♦s✳ ■♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❡ t✐♣♦ ❞❡ ♠♦❞❡❧♦

✼✵



❛❞♦t❛❞♦ ♣❛r❛ ❛ s✐♠✉❧❛çã♦✱ é ♥❡❝❡ssár✐❛ ❛ ♦❜t❡♥çã♦ ❞❡ ♣❛râ♠❡tr♦s q✉❡ ❛❥✉st❡♠ ♦

♠♦❞❡❧♦ ❞❡ ❢♦r♠❛ ❛ ❞❡s❝r❡✈❡r ❝♦rr❡t❛♠❡♥t❡ ♦ ♠❛t❡r✐❛❧ ❡♠ q✉❡stã♦✳ ❊♠ ❛♣❧✐❝❛çõ❡s

♦♥❞❡ s❡ r❡❛❧✐③❛ ❛♣❡♥❛s ♦ ❝á❧❝✉❧♦ ❝♦♠ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ♦ ♠❛✐s ❝♦♠✉♠ é ❛ ♦❜t❡♥çã♦

❞❡st❡s ♣❛râ♠❡tr♦s ❞❡ ♠❛♥❡✐r❛ ❡①♣❡r✐♠❡♥t❛❧✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❝♦♠ ❛ ♣♦ss✐❜✐❧✐✲

❞❛❞❡ ❞❡ s❡ r❡❛❧✐③❛r ❝á❧❝✉❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡♠ ❣r❛♥❞❡ ❡s❝❛❧❛✱ ❛❧❣✉♥s ❞❡st❡s

♣❛râ♠❡tr♦s ❥á ❡stã♦ s❡♥❞♦ ❡st✐♠❛❞♦s ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ❬✼✽❪✳ ◆❡st❡ ♣♦♥t♦ s✉r❣❡ ♦

s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿ ♥❛ r❡❣✐ã♦ ✶ ❛ ❞✐♥â♠✐❝❛ ❞♦s ♥♦❞♦s s❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ❞❛ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r❀ ❝❛s♦ s❡ ♦♣t❡ ♣♦r ✉t✐❧✐③❛r ♥♦ ❝á❧❝✉❧♦ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❞❛ r❡❣✐ã♦ ✷✱ ♦♥❞❡

♥ã♦ ❡①✐st❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ✉♠ ♠♦❞❡❧♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✉t✐❧✐③❛❞♦ ♥♦ ❝á❧❝✉❧♦ ❞❛

r❡❣✐ã♦ ✶✱ ❝r✐❛✲s❡ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❢♦rç❛s ❞❛ ♠❛❧❤❛ ♥♦s ♣♦♥t♦s ❞❡

tr❛♥s✐çã♦ ❡♥tr❡ ❛s r❡❣✐õ❡s ✶ ❡ ✷✳ ❊ss❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✐♠♣❡❞❡ ♦ ❜♦♠ ❛❝♦♣❧❛♠❡♥t♦

❡♥tr❡ ❛s ❡s❝❛❧❛s✱ ❣❡r❛♥❞♦ ❡❢❡✐t♦s t❛✐s ❝♦♠♦ ❛ r❡✢❡①ã♦ ❞❡ ❢ó♥♦♥s ♥❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡

❛s r❡❣✐õ❡s ✶ ❡ ✷✳ ❊st❡ ❡❢❡✐t♦ s❡r✐❛ ♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ♦❝♦rr❡r✐❛ ❝❛s♦ s❡ r❡❛❧✐③❛ss❡ ✉♠❛

s✐♠✉❧❛çã♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣✉r❛ ♣❛r❛ ✉♠ ❝r✐st❛❧✱ ✉t✐❧✐③❛♥❞♦✲s❡ ❡♠ ♠❡t❛❞❡ ❞❡❧❡

✉♠ t✐♣♦ ❞❡ ♣♦t❡♥❝✐❛❧✱ ❡ ♥❛ ♦✉tr❛✱ ♦✉tr♦ t✐♣♦✱ s❡♠ q✉❡ ♥❡♥❤✉♠❛ ❝♦rr❡çã♦ ❡s♣❡❝✐❛❧

❢♦ss❡ ✉t✐❧✐③❛❞❛ ♥❛ ❢r♦♥t❡✐r❛✳ ❯♠❛ ❢♦r♠❛ ❞❡ s❡ ❧✐❞❛r ❝♦♠ ❡st❡ ♣r♦❜❧❡♠❛ é ❝♦♥str✉✐r

✉♠❛ ❧❡✐ ❝♦♥st✐t✉t✐✈❛ ♣❛r❛ ❛ r❡❣✐ã♦ ✷ ❛ ♣❛rt✐r ❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ✉t✐❧✐③❛❞♦ ♥♦

❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❈❛✉❝❤②✲

❇♦r♥✱ ♦ ♠ét♦❞♦ ❞❡ ❛❣❧♦♠❡r❛❞♦s ❞❡ át♦♠♦s ✈✐rt✉❛✐s✱ ♦✉ ❛✐♥❞❛✱ ♦ ♠♦❞❡❧♦ ❞❡ ❧✐❣❛çõ❡s

✐♥t❡r♥❛s ✈✐rt✉❛✐s✳ ❖s ❞♦✐s ♣r✐♠❡✐r♦s ♠♦❞❡❧♦s sã♦ ❞❡t❛❧❤❛❞♦s ❛ s❡❣✉✐r✳

✹✳✻✳✶ ❘❡❣r❛ ❞❡ ❈❛✉❝❤②✲❇♦r♥

❆ r❡❣r❛ ❞❡ ❈❛✉❝❤②✲❇♦r♥ é ✉♠ ♠ét♦❞♦ ❞❡ ❤♦♠♦❣❡♥❡✐③❛çã♦✱ ♥♦ q✉❛❧ ♠❡❞✐❞❛s ❞❡

r✐❣✐❞❡③ ❡ t❡♥sã♦ ♥♦ ❝♦♥t✐♥✉✉♠ sã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝♦✳

P♦r s❡r ✉♠ ♠ét♦❞♦ ❞❡ ❤♦♠♦❣❡♥❡✐③❛çã♦✱ ♣❛r❛ q✉❡ ♦ ✉s♦ ❞❡st❛ r❡❣r❛ s❡❥❛ ✈á❧✐❞♦ é

✐♠♣♦rt❛♥t❡ q✉❡ ❛ r❡❞❡ ❝r✐st❛❧✐♥❛ ♣❛r❛ ❛ q✉❛❧ ❛ r❡❣r❛ s❡ ❛♣❧✐❝❛ t❡♥❤❛ ✉♠❛ ❞❡❢♦r♠❛çã♦

❤♦♠♦❣ê♥❡❛❀ ♦✉ s❡❥❛✱ ❛ r❡❣r❛ só ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ❡♠ r❡❣✐õ❡s ♥❛s q✉❛✐s ♥ã♦ ♦❝♦rr❡♠

❞❡❢♦r♠❛çõ❡s ❡str✉t✉r❛✐s s❡✈❡r❛s ♥❛ r❡❞❡ ❝r✐st❛❧✐♥❛✳ ❙✉❛ ❛♣❧✐❝❛çã♦ s❡ ❞á ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✿ ♣r✐♠❡✐r♦ ✈❛♠♦s ❞❡❝♦♠♣♦r ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝❛ ❞♦ s✐st❡♠❛✱

❞❡♥♦t❛❞❛ ♣♦r U(u)✱ ❡♠ t❡r♠♦s ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡♠ ❝❛❞❛ át♦♠♦ α✱

❞❡♥♦t❛❞❛ ♣♦r Wα✿

✼✶



U(u) =
∑

α

Wα(u)△Vα; ✭✹✳✸✸✮

♦♥❞❡ ♦ t❡r♠♦ △Vα ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✈♦❧✉♠❡ s♦❜r❡ ♦ q✉❛❧ ❛ ❞❡♥s✐❞❛❞❡

❢♦✐ ❝❛❧❝✉❧❛❞❛✳ ❈♦♠♣❛r❛♥❞♦ ♦s ❧❛❞♦s ❞✐r❡✐t♦s ❞❛s ❡q✉❛çõ❡s ✹✳✶✻ ❡ ✹✳✶✾✱ ♣♦❞❡♠♦s ♦❜t❡r

❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

(NT f)I = −∂U(u)

∂dI

. ✭✹✳✸✹✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✹✳✸✸ ♥❛ ✹✳✸✹✿

(NT f)I = −
∑

α

∂Wα(u)

∂dI

△Vα. ✭✹✳✸✺✮

❆❣♦r❛ ✈❛♠♦s ❛♣❧✐❝❛r ✉♠❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♥❛ ❡q✉❛çã♦ ✹✳✸✺✱ ♦❜t❡♥❞♦✿

(NT f)I = −
∑

α

∂Wα

∂FT
α

∂FT
α

∂dI

△Vα. ✭✹✳✸✻✮

❖ t❡r♠♦ Fα ❝♦rr❡s♣♦♥❞❡ ❛♦ ❣r❛❞✐❡♥t❡ ❞❡ ❞❡❢♦r♠❛çã♦ ♥♦ ❝♦♥tí♥✉✉♠ ❛✈❛❧✐❛❞♦ ♥❛

♣♦s✐çã♦ ❞♦ át♦♠♦ α✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦ ❝❛♠♣♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ t♦t❛❧ é ❡s❝r✐t♦

❡♠ t❡r♠♦s ❞❡ ✉♠❛ ✐♥t❡r♣♦❧❛çã♦ ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥♦s ♥♦❞♦s✱ ♦ ❣r❛❞✐❡♥t❡ ❞❡ ❞❡✲

❢♦r♠❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞❡r✐✈❛♥❞♦✲s❡ ❛s ❢✉♥çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ q✉❡ ❣❡r❛❧♠❡♥t❡

sã♦ ♣♦❧✐♥ô♠✐♦s s✐♠♣❧❡s✳ ❊ss❛ ❞❡r✐✈❛❞❛ ❞❛s ❢✉♥çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❝♦♥t✐♥✉❛ s❡♥❞♦

❢✉♥çã♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦s ♥♦❞♦s✳ ❊s❝r❡✈❡♥❞♦ ♦ t❡r♠♦ ∂FT
α

∂dI
❞✐r❡t❛♠❡♥t❡ ❡♠ ❢✉♥çã♦

❞❛s ❢✉♥çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ♦❜té♠✲s❡✿

(NT f)I = −
∑

α

(

∂NI

∂X

)

X=Xα

∂Wα

∂FT
α

△Vα. ✭✹✳✸✼✮

❆❣♦r❛ ✈❛♠♦s ❢❛③❡r ✉s♦ ❞♦ s❡❣✉✐♥t❡ ❢❛t♦✿ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❝♦♠ r❡✲

s♣❡✐t♦ ❛♦ ❣r❛❞✐❡♥t❡ ❞❡ ❞❡❢♦r♠❛çã♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣r✐♠❡✐r♦ ❡str❡ss❡ ❞❡ P✐♦❧❛✲❑✐r❝❤♦✛✱

❞❡♥♦t❛❞♦ ♣♦r P✳ ❊st❛ ❣r❛♥❞❡③❛ é ✉t✐❧✐③❛❞❛ ♥❛s ❡q✉❛çõ❡s ❝♦♥st✐t✉t✐✈❛s ❞❛ t❡♦r✐❛ ❞❡

❡❧❛st✐❝✐❞❛❞❡ ♥ã♦ ❧✐♥❡❛r✱ ♦ q✉❡ ♥♦s ❞á ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♦ ♣♦t❡♥❝✐❛❧ ❛tô♠✐❝♦ ❡ ❛

t❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡✳ ❆♣r♦①✐♠❛♥❞♦ ❛ s♦♠❛ ❞❛ ❡q✉❛çã♦ ✹✳✸✼ ♣♦r ✉♠❛ s♦♠❛ ❞✐s❝r❡t❛

✭✐ss♦ é ♣♦ssí✈❡❧ ✉♠❛ ✈❡③ q✉❡ s✉♣♦♠♦s q✉❡ ❛ ❞❡❢♦r♠❛çã♦ é ❤♦♠♦❣ê♥❡❛✮✱ ♣♦❞❡♠♦s

✼✷



❡s❝r❡✈❡r ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❞❡ q✉❛❞r❛t✉r❛✿

(NT f)I = −
∑

q

∂NI

∂X
(Xq)P(Xq)wq; ✭✹✳✸✽✮

s❡♥❞♦ q✉❡ ♦ t❡r♠♦ wq é ♦ ♣❡s♦ ♥❛ ✐♥t❡❣r❛çã♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣♦♥t♦ Xq✳

❆ r❡❣r❛ ❞❡ ❈❛✉❝❤②✲❇♦r♥ é ✉♠ ❞♦s ♠ét♦❞♦s ♠❛✐s ♣♦♣✉❧❛r❡s ♣❛r❛ s❡ ❝♦♥str✉✐r

✉♠❛ ❡q✉❛çã♦ ❝♦♥st✐t✉t✐✈❛ ❛tr❛✈és ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝♦✳ ❊❧❛ é ❢♦rt❡♠❡♥t❡

✉t✐❧✐③❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛ ❞❡ ❛♥á❧✐s❡ q✉❛s✐❝♦♥tí♥✉❛ ❬✷✷✕✷✺❪✳

✹✳✻✳✷ ▼ét♦❞♦ ❞❡ ❛❣❧♦♠❡r❛❞♦s ❞❡ át♦♠♦s ✈✐rt✉❛✐s

❊st❡ ♠ét♦❞♦ ❢♦✐ ♣r♦♣♦st♦ ❡♠ ✷✵✵✹ ❬✼✾✱ ✽✵❪✱ ❡ é ✉♠ ♣♦✉❝♦ ♠❛✐s ✢❡①í✈❡❧ q✉❡ r❡❣r❛

❞❡ ❈❛✉❝❤②✲❇♦r♥✳ ◆❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞♦s ♣♦t❡♥❝✐❛✐s ✉t✐❧✐③❛❞♦s ❡♠ ❝á❧❝✉❧♦s ❝♦♠

❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ Φ(u) é ❢✉♥çã♦ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ♠❛t❡r✐❛❧✱

❞❡♥♦t❛❞♦ ♣♦r u✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦t❡♥❝✐❛✐s ✐♥t❡r❛tô♠✐❝♦s ✉t✐❧✐③❛❞♦s ❡♠ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r ❣❡r❛❧♠❡♥t❡ ♣♦ss✉❡♠ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞❛❞❛ ❡♠ ❢✉♥çã♦ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡

♣❛r❡s ❞❡ át♦♠♦s α ❡ β✱ ❞❡♥♦t❛❞❛ ♣♦r rαβ = rα − rβ✳ ❆ ♣r✐♠❡✐r❛ ❝♦✐s❛ ❛ s❡ ❢❛③❡r ♥♦

♠ét♦❞♦ ❞❡ ❛❣❧♦♠❡r❛❞♦s ❞❡ át♦♠♦s ✈✐rt✉❛✐s é ❡s❝r❡✈❡r rαβ ❡♠ ❢✉♥çã♦ ❞❡ u✿

rαβ = Xαβ + uαβ; ✭✹✳✸✾✮

s❡♥❞♦ q✉❡ Xαβ ❞❡♥♦t❛ ❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❞♦s át♦♠♦s✳ ❯t✐❧✐③❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡

❡❧❡♠❡♥t♦s ✜♥✐t♦s ♣❛r❛ ♦ ❞❡s❧♦❝❛♠❡♥t♦ t♦t❛❧✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✹✳✸✾

❝♦♠♦✿

rαβ = Xαβ +
∑

I

(NI(Xα) − NI(Xβ))dI . ✭✹✳✹✵✮

❚♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✹✳✹✵✿

∂rαβ

∂dI

= (NI(Xα) − NI(Xβ)). ✭✹✳✹✶✮

❆❣♦r❛ ✈❛♠♦s s✉♣♦r q✉❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞♦ s✐st❡♠❛ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ♥❛

❢♦r♠❛ ❞❛ s♦♠❛ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❝❛❞❛ ❧✐❣❛çã♦ ❡♥tr❡ ♣❛r❡s ❞❡ át♦♠♦s✿

✼✸



U(u) =
∑

α

Φα. ✭✹✳✹✷✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✹✳✸✹ ❝♦♠ ❛ ❡q✉❛çã♦ ✹✳✹✷✱ ❡ ❢❛③❡♥❞♦ ♦ ✉s♦ ❞❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛

♥❛ ❞❡r✐✈❛çã♦✿

(NT f)I = −
∑

α

∑

α 6=β

∂Φα(rαβ)

∂rαβ

∂rαβ

∂dI

△Vα. ✭✹✳✹✸✮

❆ s♦♠❛ ❝♦♠ α 6= β ✈✐s❛ ❡✈✐t❛r q✉❡ ❛s ❧✐❣❛çõ❡s s❡❥❛♠ ❝♦♥t❛❞❛s ❞✉❛s ✈❡③❡s ♥♦ ❝á❧❝✉❧♦

❞❛s ❢♦rç❛s✳ ❙✉❜st✐t✉✐r ❛ ❡q✉❛çã♦ ✹✳✹✶ ♥❛ ✹✳✹✸ ♥♦s ❧❡✈❛ à ❡①♣r❡ssã♦ ✜♥❛❧ ♣r❛ ❛ ❢♦rç❛

♥❛ ❡s❝❛❧❛ ❣r♦ss❛✿

(NT f)I = −
∑

α

∑

α 6=β

∂Φα(rαβ)

∂rαβ

(NI(Xα) − NI(Xβ))△Vα. ✭✹✳✹✹✮

P❛r❛ t♦r♥❛r ♣rát✐❝♦ ♦ ❝á❧❝✉❧♦ ❞❛ ❡q✉❛çã♦ ✹✳✹✹✱ ✈❛♠♦s r❡❡s❝r❡✈ê✲❧❛ ❞❡ ♠❛♥❡✐r❛ q✉❡

❛ s♦♠❛ s❡❥❛ ❛✈❛❧✐❛❞❛ ❛♣❡♥❛s ❡♠ ❝❡rt♦s ♣♦♥t♦s ❞✐s❝r❡t♦s ❞❛ ❡s❝❛❧❛ ❣r♦ss❛ ✭♣♦♥t♦s ❞❡

q✉❛❞r❛t✉r❛✮✳ ❉❡♥♦t❛♥❞♦ ♣♦r α ♦ ❝♦♥❥✉♥t♦ r❡❞✉③✐❞♦ ❞❡ ♣♦s✐çõ❡s ❛tô♠✐❝❛s ✉t✐❧✐③❛❞♦

♥❛ q✉❛❞r❛t✉r❛✱ ❛ ❡q✉❛çã♦ ✹✳✹✹ s❡ t♦r♥❛✿

(NT f)I ≈ −
∑

ᾱ

∑

ᾱ 6=β̄

wᾱ

∂Φᾱ(rᾱβ̄)

∂rᾱβ̄

(NI(Xᾱ) − NI(Xβ̄)); ✭✹✳✹✺✮

♥❛ q✉❛❧ wᾱ é ♦ ♣❡s♦ ❞❡ ✐♥t❡❣r❛çã♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣♦♥t♦ ❞❡ q✉❛❞r❛t✉r❛ Xα✳

❊♠❜♦r❛ ❡st❡ ♠ét♦❞♦ ♥ã♦ s❡❥❛ tã♦ ♣♦♣✉❧❛r q✉❛♥t♦ ❛ r❡❣r❛ ❞❡ ❈❛✉❝❤②✲❇♦r♥✱ ✉♠❛

✈❛♥t❛❣❡♠ q✉❡ ❡st❡ ♣♦ss✉✐ é ♦ ❢❛t♦ ❞❡ ♥ã♦ s❡r ✉♠❛ t❡♦r✐❛ ❞❡ ❤♦♠♦❣❡♥❡✐③❛çã♦❀ ♦✉ s❡❥❛✱

❝♦♠ ❡❧❡ ♣♦❞❡♠♦s ❡st✉❞❛r ❡str✉t✉r❛s ❝✉❥♦ ❣r❛❞✐❡♥t❡ ❞❡ ❞❡❢♦r♠❛çã♦ ♥♦ ❝♦♥t✐♥✉✉♠

♥ã♦ s❡❥❛ ✉♥✐❢♦r♠❡ ✭❡str✉t✉r❛s ♥ã♦✲♣❧❛♥❛r❡s✮✳ ❖ ❡①❡♠♣❧♦ ❝❧áss✐❝♦ sã♦ ♥❛♥♦t✉❜♦s ❞❡

❝❛r❜♦♥♦✳ P❛r❛ ♠❛t❡r✐❛✐s ♥❛♥♦❡str✉t✉r❛❞♦s✱ ❡st❡ ♠ét♦❞♦ é ♠❛✐s ❛tr❛t✐✈♦ ❞♦ q✉❡ ❛

r❡❣r❛ ❞❡ ❈❛✉❝❤②✲❇♦r♥✳

✹✳✼ ❈á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛

❖ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ ✭❡q✉❛çã♦ ✹✳✸✶✮ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✳

❆ ♣r✐♠❡✐r❛ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝á❧❝✉❧♦ ❞♦ ♥ú❝❧❡♦ ❞❡ ❤✐stór✐❛ t❡♠♣♦r❛❧ θ✳ ❊st❡ ♥ú❝❧❡♦

✼✹



❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ sér✐❡ t❡♠♣♦r❛❧ ❞❡ ♠❛tr✐③❡s ❝✉❥♦ ♣❛♣❡❧ é ♦ ❞❡ r❡❧❛❝✐♦♥❛r ♦s ❞❡s❧♦✲

❝❛♠❡♥t♦s ❞♦s át♦♠♦s ❡ ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ♥❛ ❢r♦♥t❡✐r❛ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

❝♦♠ ❛ r❡s♣♦st❛ ❛♣r♦①✐♠❛❞❛ ❡ ❧✐♥❡❛r✐③❛❞❛ ❞♦s át♦♠♦s q✉❡ ❢♦r❛♠ r❡♠♦✈✐❞♦s ❞♦ ❝á❧✲

❝✉❧♦ ♥❛q✉❡❧❛ r❡❣✐ã♦✳ ❆ ♣❛rt✐r ❞❡st❡ ♥ú❝❧❡♦✱ ✉♠❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ q✉❡ ❡q✉✐✈❛❧❡✱

❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ à ❢♦rç❛ q✉❡ s❡r✐❛ r❡❛❧✐③❛❞❛ ♣❡❧♦s át♦♠♦s q✉❡ ❢♦r❛♠ r❡♠♦✈✐❞♦s ❞♦

❝á❧❝✉❧♦ s♦❜r❡ ♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛✳

❖ ❝á❧❝✉❧♦ ❞❡ θ é ❢❡✐t♦ ❛♥t❡s ❞♦ ❝á❧❝✉❧♦ ♠✉❧t✐❡s❝❛❧❛ ♣r♦♣r✐❛♠❡♥t❡ ❞✐t♦✳ ❖s ✈❛✲

❧♦r❡s ❞❡ θ ❞❡♣❡♥❞❡♠ ❞♦ ♣♦t❡♥❝✐❛❧ ✉t✐❧✐③❛❞♦ ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ❞♦ t✐♣♦ ❞❡ r❡❞❡

❝r✐st❛❧✐♥❛ ❡ t❛♠❜é♠ ❞♦ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s ❞❡ ❝❛❞❛ át♦♠♦ ❝♦♥s✐❞❡r❛❞♦s ♥♦ ❝á❧❝✉❧♦ ❞❛

❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✳ ❯♠❛ ✈❡③ ❛✈❛❧✐❛❞♦ ♦ ♥ú❝❧❡♦ ❞❡ ❤✐stór✐❛ t❡♠♣♦r❛❧✱ ❡st❡ é t❛❜❡❧❛❞♦

❡ ✉t✐❧✐③❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡ ♥♦s ❝á❧❝✉❧♦s ♠✉❧t✐❡s❝❛❧❛✳ ◆❛ ❜✐❜❧✐♦❣r❛✜❛ ❡stã♦ ✐♥❝❧✉s❛s

❛❧❣✉♠❛s r❡❢❡rê♥❝✐❛s ♦♥❞❡ ❡st❡ ❝á❧❝✉❧♦ ❢♦✐ r❡❛❧✐③❛❞♦ ❬✷✽✱✸✷✱✸✺❪✳

❆ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ ❝♦rr❡s♣♦♥❞❡ à ❛✈❛❧✐❛çã♦ ❞❛

✐♥t❡❣r❛❧ ❞❛ ❡q✉❛çã♦ ✹✳✸✶✳ ❊st❛ ❛✈❛❧✐❛çã♦ é ❢❡✐t❛ ♥✉♠❡r✐❝❛♠❡♥t❡✱ ❛tr❛✈és ❞❡ s♦♠❛s

❞❡ ❘✐❡♠❛♥♥ ♦✉ ♦✉tr♦ ♠ét♦❞♦ s✐♠✐❧❛r✳

◆♦t❡ q✉❡ ♥❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ s✉♣õ❡✲s❡ q✉❡ ♦ t❡r♠♦ Rd
0,m′,n′(τ) ♥❛ ❡q✉❛çã♦ ✹✳✸✶

é ♥✉❧♦❀ ♦✉ s❡❥❛✱ ♦ ❝á❧❝✉❧♦ é ❢❡✐t♦ ❛ ✵ ❑❡❧✈✐♥✳ P❛r❛ ❝á❧❝✉❧♦s ❡♠ ♦✉tr❛s t❡♠♣❡r❛t✉r❛s

❡st❡ t❡r♠♦ ♣r❡❝✐s❛ s❡r ❡st✐♠❛❞♦ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✳ ❚♦❞❛✈✐❛✱ ❛té ❛ ❞❛t❛ ❡♠ q✉❡

❡st❛ ❞✐ss❡rt❛çã♦ ❢♦✐ ❡s❝r✐t❛✱ ♥❡♥❤✉♠ tr❛❜❛❧❤♦ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ♥♦ q✉❛❧ ❡st❛ ❡st✐♠❛t✐✈❛

t✐✈❡ss❡ s✐❞♦ r❡❛❧✐③❛❞❛ ❝♦♠ s✉❝❡ss♦✳ ❊ss❡ é ✉♠ tó♣✐❝♦ ❛✐♥❞❛ ❡♠ ❛❜❡rt♦ ♥❡st❡ ♠ét♦❞♦❀

♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❞❡ s❡ ❝❛❧❝✉❧❛r ❝♦rr❡t❛♠❡♥t❡ ♦ t❡r♠♦ Rd
0,m′,n′(τ)

s❡r✐❛ ✉♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❡①t❡♥sã♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡

❡s❝❛❧❛s✳

✹✳✽ ❈♦♠❡♥tár✐♦s

❊♠ r❡s✉♠♦✱ ♣❛r❛ s❡ ✐♠♣❧❡♠❡♥t❛r ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ P♦♥t❡ ❡♥tr❡ ❊s❝❛❧❛s✱

três ❝♦♠♣♦♥❡♥t❡s sã♦ ♥❡❝❡ssár✐♦s✿

✶✳ ❆ ✐♥t❡r♣♦❧❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛ ♦ ❝♦♥t✐✲

♥✉✉♠✱ ♥❛ r❡❣✐ã♦ ♦♥❞❡ ❛♠❜♦s ❝♦❡①✐st❡♠❀

✼✺



✷✳ ❆ ❝♦♥str✉çã♦ ❞❡ ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ❛ ♣❛rt✐r ❞♦ ♣♦t❡♥❝✐❛❧

✉t✐❧✐③❛❞♦ ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ♣❛r❛ ❛t✉❛r ♥❛s r❡❣✐õ❡s ♦♥❞❡ ♥ã♦ ❡①✐st❡ ♦

❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r❀

✸✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ q✉❡ ❛t✉❛ ♥❛ ❢r♦♥t❡✐r❛ ❧✐♠✐t❡ ❞❛

❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ✐♠♣❡❞✐♥❞♦ q✉❡ ❡❢❡✐t♦s ❞❡ s✉♣❡r❢í❝✐❡ ❛❧✐ ❛♣❛r❡ç❛♠✱ ❡ ♣❡r✲

♠✐t✐♥❞♦ ❛ ♣❛ss❛❣❡♠ ❞❡ ✈✐❜r❛çõ❡s ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ❡

✈✐❝❡✲✈❡rs❛✳

❈❛❞❛ ✉♠ ❞❡st❡s ✐t❡♥s ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦ ❞❡ ❢♦r♠❛s ❞✐❢❡r❡♥t❡s✳ ❆ ✐♥t❡r♣♦❧❛çã♦

❞♦s r❡s✉❧t❛❞♦s ❞♦s át♦♠♦s ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ♣♦❞❡ s❡r ❢❡✐t❛ ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠❛ ❛♣r♦✲

①✐♠❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❡st❡ ❝❛♣ít✉❧♦✱ ♦✉ ❛✐♥❞❛✱ ❛❧❣✉♠

♦✉tr♦ t✐♣♦ ❞❡ ❛♣r♦①✐♠❛çã♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ✉♠ ♠ét♦❞♦ ♠❡s❤❢r❡❡ ❬✶✷❪✳ P❛r❛

s❡ ❝♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ❛ ♣❛rt✐r ❞❡ ✉♠

♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝♦✱ ♠ét♦❞♦s t❛✐s ❝♦♠♦ ❛❣❧♦♠❡r❛❞♦s ❞❡ át♦♠♦s ✈✐rt✉❛✐s ❬✼✾✱ ✽✵❪✱

❛ r❡❣r❛ ❞❡ ❈❛✉❝❤②✲❇♦r♥✱ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❧✐❣❛çõ❡s ✐♥t❡r♥❛s ✈✐rt✉❛✐s ❬✽✶✱✽✷❪ ♣♦❞❡♠ s❡r

✉t✐❧✐③❛❞♦s✳ ❆ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞❛ ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ ♥ú❝❧❡♦

❞❡ ❤✐stór✐❛ t❡♠♣♦r❛❧ ♦✉ t❡r♠♦ ❡q✉✐✈❛❧❡♥t❡✱ ♦ q✉❛❧ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❞❡ ❞✐✈❡rs❛s

♠❛♥❡✐r❛s ❬✽✸✕✽✺❪✳

✼✻



❈❛♣ít✉❧♦ ✺

❙✐♠✉❧❛çõ❡s

✺✳✶ ❖❜❥❡t✐✈♦s

❊st❡ ❝❛♣ít✉❧♦ ✈✐s❛ ✐❧✉str❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❡st✉❞♦s q✉❡ ♣♦❞❡♠ s❡r ❢❡✐t♦s ❝♦♠ ♦

s♦❢t✇❛r❡ ❡ ❢❡rr❛♠❡♥t❛s ❞❡s❡♥✈♦❧✈✐❞♦s ♥❡st❡ ♣r♦❥❡t♦✳ ❖ ♦❜❥❡t✐✈♦ ♣r✐♠ár✐♦ ♥❡st❡ tr❛✲

❜❛❧❤♦ ❢♦✐ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ s♦❢t✇❛r❡❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛s ❛♣❧✐❝❛çõ❡s ✐❧✉str❛❞❛s

❝♦rr❡s♣♦♥❞❡♠ ❛ ❝á❧❝✉❧♦s rá♣✐❞♦s ❞❡ s❡ r❡❛❧✐③❛r✱ ❢❡✐t♦s ❝♦♥❢♦r♠❡ s❡ ❞❡✉ ❛ ❡✈♦❧✉çã♦ ❞♦

s✐st❡♠❛✳ ❆ ❥✉st✐✜❝❛t✐✈❛ ♣❛r❛ s❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ s✐st❡♠❛ ♥♦✈♦✱ ❛♦ ✐♥✈és ❞❡ s❡ ✉t✐❧✐③❛r

✉♠❛ ❞❛s ❞✐✈❡rs❛s ♦♣çõ❡s ❡①✐st❡♥t❡s✱ é ♦ ✐♥t❡r❡ss❡ ❞❡ s❡ ✐♠♣❧❡♠❡♥t❛r ♥♦✈❛s ♠❡t♦❧♦✲

❣✐❛s✱ ❡♠ ♣❛rt✐❝✉❧❛r ♠ét♦❞♦s ♠✉❧t✐❡s❝❛❧❛✱ ♣❛r❛ ♦s q✉❛✐s ❛✐♥❞❛ ♥ã♦ ❡①✐st❡♠ s♦❢t✇❛r❡s

❞✐s♣♦♥í✈❡✐s ♣❛r❛ ♦ ♣ú❜❧✐❝♦ ❡♠ ❣❡r❛❧✳ ❉❡t❛❧❤❡s ♣rát✐❝♦s r❡❧❛❝✐♦♥❛❞♦s à ❝♦♥str✉çã♦

❞❡st❡ s✐st❡♠❛ ❛♣❛r❡❝❡♠ ♥♦ ❛♣ê♥❞✐❝❡ ❆✳

❯♠ ❛s♣❡❝t♦ ✐♠♣♦rt❛♥t❡ ❞❡st❡s ❝á❧❝✉❧♦s é q✉❡✱ ❛❧é♠ ❞❡ ✐❧✉str❛r ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦

❞♦s r❡❝✉rs♦s ✐♠♣❧❡♠❡♥t❛❞♦s✱ ❡❧❡s t❛♠❜é♠ s❡r✈✐r❛♠ ❛♦ ❧♦♥❣♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ♣❛r❛ ✐♥❞✐❝❛r ❞❡❢❡✐t♦s q✉❡ ♥❛t✉r❛❧♠❡♥t❡ t❡♥❞❡♠ ❛ s✉r❣✐r ♥♦ ♣r♦❝❡ss♦ ❞❡

❝r✐❛çã♦ ❞❡ s♦❢t✇❛r❡✳ ❈♦rr✐❣✐❞♦s ♦s ❞❡❢❡✐t♦s✱ ❛s s✐♠✉❧❛çõ❡s ♥♦✈❛♠❡♥t❡ ❡r❛♠ r❡✐♥✐❝✐✲

❛❞❛s✱ ❛té ♦ ♣♦♥t♦ ❡♠ q✉❡ ♦s ❝♦♠♣♦♥❡♥t❡s ❞♦ s✐st❡♠❛ ❢✉♥❝✐♦♥❛ss❡♠ ❝♦♥❢♦r♠❡ ❡s♣❡✲

r❛❞♦✳ ❊ss❡ ❝✐❝❧♦ ❞❡ t❡st❡s é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❛♠❛❞✉r❡❝✐♠❡♥t♦ ❞❡ q✉❛❧q✉❡r s✐st❡♠❛

❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❡ s✉❛ ✉t✐❧✐③❛çã♦ ♥❡st❡ tr❛❜❛❧❤♦ s❡ ♠♦str♦✉ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✳ ❊♠✲

❜♦r❛ ♦s ♣r♦❜❧❡♠❛s ❡s❝♦❧❤✐❞♦s s❡❥❛♠ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❜❛r❛t♦s ❞❡ s❡ tr❛t❛r✱ ❞❡♥tr♦

❞♦ ♣♦ssí✈❡❧ ❢♦✐ r❡❛❧✐③❛❞♦ ✉♠ ❡s❢♦rç♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❡①♣❧♦r❛r ✉♠ ♣♦✉❝♦ ❛ ❢ís✐❝❛ ❞♦s

♠❡s♠♦s✱ ❡♠ ❡s♣❡❝✐❛❧ ♥♦ ❝❛s♦ ❞❡ ♣❡q✉❡♥♦s ❛❣❧♦♠❡r❛❞♦s ❛tô♠✐❝♦s✳

✼✼



❋✐❣✉r❛ ✺✳✶✿ ❙✐♠✉❧❛çã♦ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ Au14✳ ❉❛
❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ❢♦t♦s ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ t = 0✱ t = 4500 ❡ t = 9000
❢❡♠t♦s❡❣✉♥❞♦s✳

✺✳✷ ❈á❧❝✉❧♦s ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r

❊st❛ s❡çã♦ ✐❧✉str❛ ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ◆❡st❡s ❝á❧❝✉❧♦s sã♦

✉t✐❧✐③❛❞♦s ❞✐✈❡rs♦s r❡❝✉rs♦s ❞♦ s✐st❡♠❛✱ ❛❧❣✉♥s ❞♦s q✉❛✐s ✐♥❝❧✉❡♠✿ ❣❡r❛çã♦ ❞❡ ❡str✉✲

t✉r❛s✱ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦✱ s✐♠✉❧❛çõ❡s ❡♠ ❞✐❢❡r❡♥t❡s ❡♥s❡♠❜❧❡s ❡st❛tíst✐❝♦s✱ ✉s♦ ❞❡

❞✐✈❡rs❛s ♣❛r❛♠❡tr✐③❛çõ❡s ❡♠ ✉♠ ♠❡s♠♦ ♣♦t❡♥❝✐❛❧ ❡ ♣ós✲♣r♦❝❡ss❛♠❡♥t♦✳

✺✳✷✳✶ ❊st✉❞♦ ❞❡ ❡str✉t✉r❛s ♣❡q✉❡♥❛s✿ ❛❣❧♦♠❡r❛❞♦s ❞❡ ♦✉r♦ ❡

❝♦❜r❡

✺✳✷✳✶✳✶ ❯♠ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦✿ Au14

❈♦♠♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ s✐st❡♠❛✱ ❝♦♥s✐❞❡r❡ ♦ ❛❣❧♦♠❡r❛❞♦ ❞❡

Au14 ♠♦❞❡❧❛❞♦ ♣❡❧♦ ♣♦t❡♥❝✐❛❧ ❞❡ ●✉♣t❛ ✭❡q✉❛çã♦ ✷✳✹✮ ❝♦♠ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡

▼❡❤❧ ❡ ❝♦❧❛❜♦r❛❞♦r❡s ❬✺✹❪ ❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✶ ✳ ❊st❡ ❛❣❧♦♠❡r❛❞♦ ❢♦✐ ❝♦♥str✉í❞♦

❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝é❧✉❧❛ ❞♦ t✐♣♦ ❢❝❝ ❞❡ át♦♠♦s ❞❡ ♦✉r♦ ❝♦♠ ♣❛râ♠❡tr♦ ❞❡ r❡❞❡ a = 4.07

✭✈❛❧♦r ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛ ♦ ♠❡t❛❧ ✈♦❧✉♠étr✐❝♦✮✱ ❡ ❡♠ s❡❣✉✐❞❛✱ ❢♦✐ s✐♠✉❧❛❞♦ ❛♦ ❧♦♥❣♦

❞❡ ✾✵✵✵ ❢❡♠t♦s❡❣✉♥❞♦s✱ ❝♦♠ ♣❛ss♦s ❞❡ ✶ ❢❡♠t♦s❡❣✉♥❞♦✳ ❊♠❜♦r❛ ❡ss❛ ❡str✉t✉r❛ s❡❥❛

❡stá✈❡❧ ❡♠ ✉♠❛ s✐t✉❛çã♦ ❞❡ ♠❡t❛❧ ✈♦❧✉♠étr✐❝♦✱ ♣❛r❛ ❛♣❡♥❛s ✉♠❛ ú♥✐❝❛ ❝é❧✉❧❛ ✐s♦❧❛❞❛

❡st❛ ❡str✉t✉r❛ ♦❜✈✐❛♠❡♥t❡ ♥ã♦ é ❡stá✈❡❧✳ ■ss♦ ❧❡✈❛ ♦s át♦♠♦s ❞❡ ♦✉r♦ ❛ ♦s❝✐❧❛r❡♠✱

s❛✐♥❞♦ ❞❛ ❡str✉t✉r❛ ❢❝❝✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❱❡❧♦❝✐t②✲

❱❡r❧❡t ✭❡q✉❛çõ❡s ✷✳✽ ❡ ✷✳✶✻✮✱ ❝✉❥♦ ❡rr♦ ❣❡r❛ ✢✉t✉❛çõ❡s ♣r❛t✐❝❛♠❡♥t❡ ❞❡s♣r❡③í✈❡✐s

♥❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛✱ ❝♦♥❢♦r♠❡ ❡✈✐❞❡♥❝✐❛❞♦ ♣❡❧♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✺✳✷✳ ❖

✈❛❧♦r ♠é❞✐♦ ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛ ♥❡st❛ s✐♠✉❧❛çã♦ é ❞❡ E =

−40.769940± 0.000002 eV ✱ s❡♥❞♦ ♦ ❡rr♦ ♣❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛ ♦r❞❡♠ ❞❡ 0.0000055%

❞♦ ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛ ♠é❞✐❛✳

✼✽



❋✐❣✉r❛ ✺✳✷✿ ❖s❝✐❧❛çã♦✱ ♣♦r ❡rr♦ ♥✉♠ér✐❝♦✱ ♥❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ Au14

❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❋✐❣✉r❛ ✺✳✸✿ ❙✐♠✉❧❛çã♦ à ❡♥❡r❣✐❛ ❝♦♥st❛♥t❡ ❞❡ Au14✳ ◆♦ ❣rá✜❝♦ ❞❛ ❡sq✉❡r❞❛ t❡♠♦s ❛s
❡♥❡r❣✐❛s ❝✐♥ét✐❝❛ ✭❛③✉❧✮✱ ♣♦t❡♥❝✐❛❧ ✭♣r❡t♦✮ ❡ t♦t❛❧ ✭✈❡r♠❡❧❤♦✮✳ ◆♦ ❣rá✜❝♦ ❞❛ ❞✐r❡✐t❛✱
t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❏á ❛s ❡♥❡r❣✐❛s ❝✐♥ét✐❝❛✱ ♣♦t❡♥❝✐❛❧ ❡ ❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞♦ ❛❣❧♦♠❡r❛❞♦

✢✉t✉❛♠✱ ❝♦♥❢♦r♠❡ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r ♥❡st❡ ❡♥s❡♠❜❧❡✳ ❊st❛s ❣r❛♥❞❡③❛s ❛♣❛r❡❝❡♠

✐❧✉str❛❞❛s ♥❛ ✜❣✉r❛ ✺✳✸ ✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❛

❡q✉❛çã♦ ✷✳✸✶ ❢♦✐ ✉t✐❧✐③❛❞❛✳

✺✳✷✳✶✳✷ ❘❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦

❯♠ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛❞♦ ❤á ❞é❝❛❞❛s ♥❛ ♠❡t❛❧✉r❣✐❛ ♣❛r❛ ❛ ♠❡❧❤♦r✐❛ ❞❡ ❧✐❣❛s ♠❡tá❧✐❝❛s

❝♦♥s✐st❡ ❡♠ ❞❡rr❡t❡r ❛ ❧✐❣❛✱ ❝♦❧♦❝á✲❧❛ ♥♦ ♠♦❧❞❡ ❞❡s❡❥❛❞♦ ❡ ❡♥tã♦ ❡s❢r✐á✲❧❛ ♠✉✐t♦ ❧❡♥t❛✲

♠❡♥t❡✳ ■ss♦ ❢❛❝✐❧✐t❛ ✉♠ ♠❡❧❤♦r r❡❛rr❛♥❥♦ ❞♦s át♦♠♦s ♥♦ ♠❡t❛❧✱ ❢♦r♠❛♥❞♦ ❡str✉t✉r❛s

✼✾



❋✐❣✉r❛ ✺✳✹✿ ❘❡s✉❧t❛❞♦s ❞❛ s✐♠✉❧❛çã♦ ❞♦ Au14 ❢❡✐t❛ ❝♦♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡❝♦③✐♠❡♥t♦
s✐♠✉❧❛❞♦ ❞❡s❝♦♥tí♥✉♦✳ ❆♦ ❛❧t♦ t❡♠♦s✱ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱ ❢♦t♦s ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠
t = 0✱ t = 4500 ❡ t = 9000 ❢❡♠t♦s❡❣✉♥❞♦s✳ ❖ ❣rá✜❝♦ ❞❡ ❝✐♠❛ r❡♣r❡s❡♥t❛ ❛ ❡♥❡r❣✐❛
❞❡ ❧✐❣❛çã♦ ♠é❞✐❛ ❞♦ s✐st❡♠❛ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❡ ♦ ❞❡ ❜❛✐①♦✱ ❛ ❡♥❡r❣✐❛ t♦t❛❧✳

♠❛✐s ❡stá✈❡✐s ❡ ❝♦♠ ♠❡♥♦s ❞❡❢❡✐t♦s✳ ❊①✐st❡ ✉♠ ♠ét♦❞♦ ❞❡ ♦t✐♠✐③❛çã♦ ❜❛s❡❛❞♦ ♥❡st❡

♠❡s♠♦ ♣r✐♥❝í♣✐♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦ ❬✽✻❪✱ q✉❡ ♣♦❞❡ s❡r ✉s❛❞♦

♣❛r❛ s❡ ❡st✉❞❛r q✉❛✐s sã♦ ❛s ❡str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ❞❡ s✐st❡♠❛s ❛tô♠✐❝♦s ❡♠ ❣❡r❛❧✳

❆ ✐❞é✐❛ ❞♦ ♠ét♦❞♦ ❝♦♥s✐st❡ ❜❛s✐❝❛♠❡♥t❡ ❡♠ r❡❞✉③✐r ❞❡ ♠♦❞♦ ❣r❛❞✉❛❧ ❛ ❡♥❡r❣✐❛ ♦✉

t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛✱ ❛té q✉❡ ❡st❡ ❛t✐♥❥❛ ✉♠❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♥✉♠ ♠í♥✐♠♦

❞❡ ♣♦t❡♥❝✐❛❧✳ ❊①❡❝✉t❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✈ár✐❛s ✈❡③❡s ♣❛r❛ ✉♠ ♠❡s♠♦ s✐st❡♠❛ ❛ ♣❛rt✐r

❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞✐❢❡r❡♥t❡s ✐♠♣❧✐❝❛ ❡♠ ♣❡r❝♦rr❡r ❞✐❢❡r❡♥t❡s tr❡❝❤♦s ❞♦ ❡s♣❛ç♦ ❞❡

❝♦♥✜❣✉r❛çõ❡s ♣♦ssí✈❡✐s ❞❡ ♠❛♥❡✐r❛ ❛ ♠❛♣❡❛r q✉❛✐s ❝♦♥✜❣✉r❛çõ❡s ✭✐sô♠❡r♦s ♥♦ ❝❛s♦

❞❡ ❛❣❧♦♠❡r❛❞♦s✮ sã♦ ♠❛✐s ❡stá✈❡✐s✳ ❊st❡ ♠ét♦❞♦ ❢❛③ ♣❛rt❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛❧✲

❣♦r✐t♠♦s ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♠❡t❛✲❤❡✉ríst✐❝❛s✱ ❝✉❥❛ ❛♣❧✐❝❛çã♦ ♣r✐♥❝✐♣❛❧ s❡ ❞á ♥❛ ❜✉s❝❛

♣♦r s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❞❡ s✐st❡♠❛s ❝♦♠ ✈ár✐❛s ✈❛r✐á✈❡✐s q✉❡ ♥ã♦

♣♦❞❡r✐❛♠ s❡r r❡s♦❧✈✐❞♦s ❛tr❛✈és ❞❡ ❤❡✉ríst✐❝❛s tr❛❞✐❝✐♦♥❛✐s✳ ❊①✐st❡♠ ♠✉✐t❛s ♦✉tr❛s

♠❛♥❡✐r❛s ❞❡ s❡ ❞❡s❝♦❜r✐r q✉❛✐s ❛s ❡str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ♣❛r❛ ♦s ❛❣❧♦♠❡r❛❞♦s✱ t❛✐s

❝♦♠♦ ❛ ❜✉s❝❛ t❛❜✉ ❡ ❛❧❣♦r✐t♠♦s ❣❡♥ét✐❝♦s✱ ♣♦r ❡①❡♠♣❧♦✳ ❚♦❞❛✈✐❛✱ ❡st❛s ♠❡❞♦❧♦❣✐❛s

sã♦ ❞✐❢❡r❡♥t❡s ♦ s✉✜❝✐❡♥t❡ ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r tr❛❞✐❝✐♦♥❛❧ ♣❛r❛ q✉❡

s❛✐❛♠ ❞♦ ❡s❝♦♣♦ ❞❡st❡ ♣r♦❥❡t♦✳ ❏á ♦ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦

❞❡ ♠❛♥❡✐r❛ ♠✉✐t♦ s✐♠♣❧❡s❀ ❜❛st❛ r❡❛❧✐③❛r ❛❥✉st❡s ♥❛s ✈❡❧♦❝✐❞❛❞❡s ❞♦s át♦♠♦s ❞✉r❛♥t❡

s✐♠✉❧❛çõ❡s ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✱ ♦✉ ❛✐♥❞❛✱ ❛❥✉st❛r ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ❜❛♥❤♦

tér♠✐❝♦ ♥♦ ❝❛s♦ ❞♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✳ ❱♦❧t❛♥❞♦ ❛♦ ❡①❡♠♣❧♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ Au14✱
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❋✐❣✉r❛ ✺✳✺✿ ❘❡s✉❧t❛❞♦s ❞❛ s✐♠✉❧❛çã♦ ♣❛r❛ ♦ Au14 ❢❡✐t❛ ❝♦♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡❝♦③✐✲
♠❡♥t♦ s✐♠✉❧❛❞♦ ❝♦♥tí♥✉♦✳ ❆♦ ❛❧t♦ t❡♠♦s✱ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱ ❢♦t♦s ❞♦ ❛❣❧♦♠❡r❛❞♦
❡♠ t = 0✱ t = 4500 ❡ t = 9000 ❢❡♠t♦s❡❣✉♥❞♦s✳ ❖ ❣rá✜❝♦ ❞❡ ❝✐♠❛ r❡♣r❡s❡♥t❛ ❛ ❡♥❡r❣✐❛
❞❡ ❧✐❣❛çã♦ ♠é❞✐❛ ❞♦ s✐st❡♠❛ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❡ ♦ ❞❡ ❜❛✐①♦✱ ❛ ❡♥❡r❣✐❛ t♦t❛❧✳

t❡♠♦s ♥❛s ✜❣✉r❛s ✺✳✹ ❡ ✺✳✺ ♦s ❣rá✜❝♦s ❞❡ ❞✉❛s s✐♠✉❧❛çõ❡s ❞✐❢❡r❡♥t❡s✱ ❞❡st❛ ✈❡③ ❝♦♠

❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦✳ ◆❡st❛s ❞✉❛s s✐♠✉❧❛çõ❡s ♦

s✐st❡♠❛ ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ♠♦♥t❛❞♦ ❝♦♠♦ ✉♠❛ ❝é❧✉❧❛ ❞❡ ✉♠❛ r❡❞❡ ❢❝❝ ❞❡ ❧❛❞♦ ✐❣✉❛❧

❛ ✹✳✷✶ ➴✱ ❡ ❡♥tã♦ ❝❛❞❛ át♦♠♦ t❡✈❡ s✉❛ ♣♦s✐çã♦ ♠♦❞✐✜❝❛❞❛ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❡ ✉♠

✈❛❧♦r ✈❛r✐❛♥❞♦ ❞❡ ✵ ❛ ✶ ➴ ❡♠ ❝❛❞❛ ❡✐①♦ ❞❡ ❞✐r❡çã♦✳ ■ss♦ ✈✐s❛ r❡♠♦✈❡r ❛ s✐♠❡tr✐❛ ❞♦

s✐st❡♠❛✱ ♦ q✉❡ ❢❛❝✐❧✐t❛ ♦ ♣r♦❝❡ss♦ ❞❡ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦✳ ◆♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✺✳✹

♦ r❡❝♦③✐♠❡♥t♦ é ❢❡✐t♦ ❞❡ ♠♦❞♦ ❞❡s❝♦♥tí♥✉♦✱ ❝♦♠ ❛s ✈❡❧♦❝✐❞❛❞❡s s❡♥❞♦ r❡✲❡s❝❛❧❛❞❛s

♣♦r ✉♠ ❣r❛♥❞❡ ❢❛t♦r✱ ❡♠ ✉♠ ú♥✐❝♦ t❡♠♣♦✳ ◆♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✺✳✺ ♦ r❡✲❡s❝❛❧❛♠❡♥t♦

é ❝♦♥tí♥✉♦✱ ❝♦♠ ♦ ❛❣❧♦♠❡r❛❞♦ ♣❡r❞❡♥❞♦ ✵✳✶✪ ❞❡ s✉❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❛ ❝❛❞❛ ❢❡♠t♦s❡✲

❣✉♥❞♦✳ ❊♠ ❛♠❜❛s ❛s s✐♠✉❧❛çõ❡s ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❢♦r❛♠ ✐❣✉❛✐s✳ ◆❛ t❛❜❡❧❛ ✺✳✶

t❡♠♦s ❝❛❞❛ ✉♠ ❞♦s ♣r♦t♦❝♦❧♦s ❞❡ r❡❝♦③✐♠❡♥t♦ ✉s❛❞♦s✱ s❡♥❞♦ ♦ ♣r♦t♦❝♦❧♦ ✶ ✉s❛❞♦ ♥❛

s✐♠✉❧❛çã♦ ❞❛ ✜❣✉r❛ ✺✳✺✱ ❡ ♦ ♣r♦t♦❝♦❧♦ ✷ ♥❛ s✐♠✉❧❛çã♦ ❞❛ ✜❣✉r❛ ✺✳✹✳ ❖ ❢✉♥❝✐♦♥❛♠❡♥t♦

❞♦s ♣r♦t♦❝♦❧♦s é ♦ s❡❣✉✐♥t❡✿ ❉❛❞❛ ❝❡rt❛ ❡str✉t✉r❛ ✐♥✐❝✐❛❧✱ ❝♦♥str✉í❞❛ ♣♦s✐❝✐♦♥❛♥❞♦✲

s❡ ♦s át♦♠♦s ❡♠ ❧♦❝❛❧✐③❛çõ❡s ❛❧❡❛tór✐❛s✱ ♣♦ré♠ ♣ró①✐♠❛s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦

s✐st❡♠❛ é ❝❛❧❝✉❧❛❞❛✳ ❆ ❝❛❞❛ ✐♥st❛♥t❡ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❛❞❛

át♦♠♦ ❡♠ ❝❛❞❛ ❞✐r❡çã♦ é ♠✉❧t✐♣❧✐❝❛❞❛ ♣❡❧♦ ❢❛t♦r ❞❡ r❡✲❡s❝❛❧❛♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡✱

❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ♠❡s♠♦ ♣❡r❝❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ♠❛♥t✐❞♦ ❛té ♦

tér♠✐♥♦ ❞❛ s✐♠✉❧❛çã♦✱ ♥♦ q✉❛❧ ♦ ❛❣❧♦♠❡r❛❞♦ s❡ ❡♥❝♦♥tr❛ ♣❛r❛❞♦ ✭✵ ❑✮ ❡♠ ✉♠❛ ❝♦♥✲

✽✶



❚❛❜❡❧❛ ✺✳✶✿ Pr♦t♦❝♦❧♦s ✉t✐❧✐③❛❞♦s ❞✉r❛♥t❡ ♦ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦✳

✜❣✉r❛çã♦ ♠❡t❛✲❡stá✈❡❧✳ ❘❡♣❡t✐♥❞♦✲s❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❡ ♠✉✐t❛s s✐♠✉❧❛çõ❡s

❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞✐❢❡r❡♥t❡s✱ ❡st❛ ✈❛rr❡❞✉r❛ ♣r♦❝✉r❛ ❡♥❝♦♥tr❛r q✉❛❧ ❛ ❡str✉t✉r❛

♠❛✐s ❡stá✈❡❧ ♣❛r❛ ♦ ❛❣❧♦♠❡r❛❞♦ ❛♣ós ❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✳ ◆❛ ✜❣✉r❛

✺✳✻ t❡♠♦s ♦s ✈❛❧♦r❡s ♣❛r❛ ❛s ❡♥❡r❣✐❛s ❞❡ ❧✐❣❛çã♦ ♠é❞✐❛s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ ❛❣❧♦♠❡✲

r❛❞♦s ❞❡ Au14 ❛♦ ❧♦♥❣♦ ❞❡ ✷✵✵ s✐♠✉❧❛çõ❡s ❞✐st✐♥t❛s✳ P❛r❛ ♠❡t❛❞❡ ❞❛s s✐♠✉❧❛çõ❡s

✉s❛♠♦s ♦ ♣r♦t♦❝♦❧♦ ✶✱ ❡ ♣❛r❛ ❛ ♦✉tr❛ ♠❡t❛❞❡✱ ♦ ✷✳ ❆ ❡str✉t✉r❛ ♠❛✐s ❡stá✈❡❧ ❡♥❝♦♥✲

tr❛❞❛ t❛♠❜é♠ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✺✳✻✱ ❡♠ â♥❣✉❧♦s ❞✐❢❡r❡♥t❡s✱ ❡ s✉❛ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦

❡stá ❛ss✐♥❛❧❛❞❛ ♥♦ ❣rá✜❝♦✳ ❆ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ♠é❞✐❛ ❞❡st❛ ❡str✉t✉r❛ é ❞❡ ✸✳✸✶✺✼✽✺

❡❱✱ t❡♥❞♦ s✐❞♦ ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ▼❡❤❧ ❡ ❝♦❧❛❜♦r❛❞♦r❡s ❬✺✹❪✳

❈♦♠♣❛r❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❝♦♠ ♦ ❞❡ ✉♠❛ ❞❛s r❡❢❡rê♥❝✐❛s ❬✽✼❪✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❛

❡str✉t✉r❛ ❡♥❝♦♥tr❛❞❛ é ❛ ♠❡s♠❛✱ ♣♦ré♠ ♦ ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ é ❧❡✈❡♠❡♥t❡

❞✐❢❡r❡♥t❡ ✭✸✳✷✽✷✼✸✹ ❡❱✮✳ ❊ss❛ ❞✐❢❡r❡♥ç❛ ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞♦ tr❛❜❛❧❤♦ ❞❛ r❡❢❡✲

rê♥❝✐❛ ✉t✐❧✐③❛r ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞✐❢❡r❡♥t❡ ❡ ♠❛✐s ❛♥t✐❣❛ ❞♦ q✉❡ ❛ ♥♦ss❛✱ ❢❡✐t❛ ♣♦r

❈❧❡r✐ ❡ ❘♦s❛t♦ ❬✺✸❪✳ ➱ ✐♥t❡r❡ss❛♥t❡ ❝♦♠♣❛r❛r ❛ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ❞❛s ❡str✉t✉r❛s

♠❛✐s ❡stá✈❡✐s ❞❡ ❞✐❢❡r❡♥t❡s ❛❣❧♦♠❡r❛❞♦s❀ ✐ss♦ ❞á ✉♠❛ ✐❞é✐❛ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛

✉♠ ❡♠ r❡❧❛çã♦ ❛♦s ♦✉tr♦s✱ ❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❞❡ q✉❛✐s ❡♠ ♣r✐♥❝í♣✐♦ ♣♦❞❡r✐❛♠ s❡r

♠❛✐s ❝♦♠✉♥s ❡♠ ✉♠❛ ❛♠♦str❛✳

✽✷



❋✐❣✉r❛ ✺✳✻✿ ❊♠ ❝✐♠❛✱ três ❢♦t♦s ❡♠ â♥❣✉❧♦s ❞✐❢❡r❡♥t❡s ❞❛ ❡str✉t✉r❛ ♠❛✐s ❡stá✈❡❧ ❡♥✲
❝♦♥tr❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡ ✷✵✵ s✐♠✉❧❛çõ❡s✳ ◆♦ ❣rá✜❝♦ t❡♠♦s ❛s ❡♥❡r❣✐❛s ✜♥❛✐s ❡♥❝♦♥tr❛❞❛s
❡♠ ❝❛❞❛ s✐♠✉❧❛çã♦✳ ❖ ❡st❛❞♦ ♠❛✐s ❡stá✈❡❧ ♦❝♦rr❡✉ três ✈❡③❡s ✭♣♦♥t♦s ♠❛r❝❛❞♦s ❡♠
✈❡r♠❡❧❤♦ ♥♦ ❣rá✜❝♦✮✱ ❡ ❝♦rr❡s♣♦♥❞❡ à ❡str✉t✉r❛ ♠♦str❛❞❛ ♥❛s ❢♦t♦s✳

✺✳✷✳✶✳✸ ❊str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ♣❛r❛ ♦ ♦✉r♦ ❡ ♦ ❝♦❜r❡

◆❛s ✜❣✉r❛s ✺✳✼ ❡ ✺✳✽ t❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çõ❡s ♣❛r❛ ❛❣❧♦♠❡r❛❞♦s ❞❡ ♦✉r♦

❡ ❝♦❜r❡ ♣✉r♦s ❝✉❥♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ✈❛r✐♦✉ ❡♥tr❡ ✷ ❡ ✷✼✳ ❈❛❞❛ ❛❣❧♦♠❡r❛❞♦ ❢♦✐ s✐✲

♠✉❧❛❞♦ ✷✵✵ ✈❡③❡s✱ ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❧❡✈❡♠❡♥t❡ ❞✐❢❡r❡♥t❡s ❡♠ ❝❛❞❛ ✉♠❛✳ ❖s ❞♦✐s

♣r♦t♦❝♦❧♦s ❞❛ t❛❜❡❧❛ ✶ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♥❛s s✐♠✉❧❛çõ❡s✱ s❡♥❞♦ ✶✵✵ s✐♠✉❧❛çõ❡s ❝♦♠

❝❛❞❛ ✉♠ ♣❛r❛ ❝❛❞❛ ❛❣❧♦♠❡r❛❞♦✳ ❈❛s♦ ❛ s✐♠✉❧❛çã♦ ❞❛ ♠❡❧❤♦r ❡str✉t✉r❛ t❡r♠✐♥❛ss❡

❝♦♠ ♦ s✐st❡♠❛ ♣♦ss✉✐♥❞♦ ❛✐♥❞❛ ✉♠ ♣♦✉❝♦ ❞❡ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ❡❧❡ ♥♦✈❛♠❡♥t❡ s♦❢r✐❛

✉♠ ♣r♦❝❡ss♦ ❞❡ r❡❝♦③✐♠❡♥t♦✱ ❝♦♠ ♣❛râ♠❡tr♦ ❞❡ r❡✲❡s❝❛❧❛♠❡♥t♦ ✐❣✉❛❧ ❛ ✵✳✷ ♣❛rt✐♥❞♦

❞♦ ✜♥❛❧ ❞❛ s✐♠✉❧❛çã♦✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❛ ❡str✉t✉r❛ ✜♥❛❧ ❡st❡❥❛ ❞❡ ❢❛t♦ ❛ ③❡r♦ ❑❡❧✈✐♥✳

❊♠ t♦❞❛s ❛s s✐♠✉❧❛çõ❡s ✉t✐❧✐③❛♠♦s ❛ ♠❡s♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❬✺✹❪✳ P❛r❛ ✈❡r✐✜❝❛r ♥♦s✲

s♦s r❡s✉❧t❛❞♦s t♦♠❛♠♦s ❝♦♠♦ ❜❛s❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞♦ tr❛❜❛❧❤♦

❞❡ ❉❛r❜② ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✽✼❪ q✉❡ ❡st✉❞❛r❛♠ ♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛ ✉t✐❧✐③❛♥❞♦

❛❧❣♦r✐t♠♦s ❣❡♥ét✐❝♦s ❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞✐❢❡r❡♥t❡ ❬✺✸❪✳ ❈♦♠♦ ❛s ♣❛r❛♠❡tr✐③❛çõ❡s

sã♦ ❞✐❢❡r❡♥t❡s✱ é ❡s♣❡r❛❞❛ ✉♠❛ ❞✐❢❡r❡♥ç❛ ♥❛s ❡str✉t✉r❛s ❡♥❝♦♥tr❛❞❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

✽✸



❋✐❣✉r❛ ✺✳✼✿ ❊str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ ❛❣❧♦♠❡r❛❞♦s ❞❡ ♦✉r♦ ❝♦♥t❡♥❞♦
❞❡ ✷ ❛ ✷✼ át♦♠♦s✳

✽✹



❋✐❣✉r❛ ✺✳✽✿ ❊str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ ❛❣❧♦♠❡r❛❞♦s ❞❡ ❝♦❜r❡ ❝♦♥✲
t❡♥❞♦ ❞❡ ✷ ❛ ✷✼ át♦♠♦s✳

✽✺



♥♦ q✉❡ s❡ r❡❢❡r❡ à ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s át♦♠♦s ❡ ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ♣❛r❛ ♦s ♠í♥✐♠♦s

❞❡ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✳ ■ss♦ ♦❝♦rr❡ ♣♦r q✉❡ ❛♦ s❡ ❝♦♥str✉✐r ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ✉s❛✲s❡

❝♦♠♦ r❡❢❡rê♥❝✐❛ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♣❛r❛ ♠❡t❛✐s ✈♦❧✉♠étr✐❝♦s✱ ♦✉ s❡❥❛✱ ❛♠♦str❛s

❣r❛♥❞❡s✱ ❣❡r❛❧♠❡♥t❡ ♠❛❝r♦s❝ó♣✐❝❛s✳ ❚❡♥t❛✲s❡ ❡♥tã♦ ❛❥✉st❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ♣♦✲

t❡♥❝✐❛❧ ♣❛r❛ q✉❡ ❡st❡ r❡♣r♦❞✉③❛ ❞❛ ♠❡❧❤♦r ♠❛♥❡✐r❛ ♣♦ssí✈❡❧ ❡st❡s ❞❛❞♦s ❡①♣❡r✐♠❡♥✲

t❛✐s✳ ❊♠❜♦r❛ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s s❡❥❛♠ ❡♠ ❣❡r❛❧ ♠✉✐t♦ ❜♦♥s✱ s❡♠♣r❡ ❡①✐st❡ ✉♠❛

♣❡q✉❡♥❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❡ ♦ ❡①♣❡r✐♠❡♥t❛❧✳ ❊ss❡ ❡rr♦✱ q✉❡ é ♣❡✲

q✉❡♥♦ ♣❛r❛ s✐♠✉❧❛çõ❡s ❝♦♠ ♠✐❧❤❛r❡s ❞❡ át♦♠♦s q✉❡ sã♦ ✉s❛❞❛s ♣❛r❛ ✈❡r✐✜❝❛çã♦ ❞❛

♣❛r❛♠❡tr✐③❛çã♦✱ ♠✉✐t❛s ✈❡③❡s s❡ t♦r♥❛ ✉♠ ♣r♦❜❧❡♠❛ ♣❛r❛ ❡st✉❞♦s ❝♦♠ s✐st❡♠❛s ♣❡✲

q✉❡♥♦s✱ ❞❡ ❞❡③❡♥❛s ♦✉ ♣♦✉❝❛s ❝❡♥t❡♥❛s ❞❡ át♦♠♦s✱ ❝♦♠♦ é ♦ ♥♦ss♦ ❝❛s♦✳ ❆ ♦♣çã♦

❞❡ s❡ ✉t✐❧✐③❛r ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞✐❢❡r❡♥t❡ ❞❛ ✉s❛❞❛ ♣❡❧♦ ❣r✉♣♦ ❞❡ ❉❛r❜② s❡ ❞❡✈❡

♣❡❧♦ ❢❛t♦ ❞❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ▼❡❤❧ t❡r s✐❞♦ ❝❛❧❝✉❧❛❞❛ ♠❛❥♦r✐t❛r✐❛♠❡♥t❡ ✉s❛♥❞♦✲s❡

❝á❧❝✉❧♦s ❞❡ ♣r✐♠❡✐r♦s ♣r✐♥❝í♣✐♦s✳ ■ss♦✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ♣♦❞❡r✐❛ ❣❡r❛r r❡s✉❧t❛❞♦s ♠❛✐s

♣r❡❝✐s♦s ♥❡st❡ t✐♣♦ ❞❡ ❛♣❧✐❝❛çã♦✳ P❛r❛ ❝♦♠♣❛r❛r ♥♦ss♦ r❡s✉❧t❛❞♦ ❝♦♠ ❛ r❡❢❡rê♥❝✐❛✱

❛❞♦t❛♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦✿ ✉♠❛ ✈❡③ ❡♥❝♦♥tr❛❞♦ ♦ s✉♣♦st♦ ♠í♥✐♠♦ ❣❧♦❜❛❧

❝♦♠ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ▼❡❤❧ ✭♥♦ss♦ ♣❛❞rã♦✮✱ ❡①❡❝✉t❛♠♦s ♥♦✈❛♠❡♥t❡ ✉♠ r❡❝♦✲

③✐♠❡♥t♦ s✐♠✉❧❛❞♦ ♣❛r❛ ❡ss❡ ♠í♥✐♠♦✱ ✉s❛♥❞♦✱ t♦❞❛✈✐❛✱ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ❈❧❡r✐ ❡

❘♦s❛t♦✳ ❆♦ s❡ ♠✉❞❛r ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❛s ❞✐stâ♥❝✐❛s ❞❡ ❡q✉✐❧í❜r✐♦ ❡♥tr❡ ♦s át♦♠♦s

♠✉❞❛♠ ✉♠ ♣♦✉❝♦✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❛❣❧♦♠❡r❛❞♦ ♣♦❞❡ ♠✉❞❛r ❞❡ t❛♠❛♥❤♦✳ ❚♦❞❛✈✐❛✱

✐ss♦ ❡♠ ❣❡r❛❧ ♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛ ❡str✉t✉r❛ ❡♥❝♦♥tr❛❞❛ ❝❤❡❣✉❡ ❛ s❡ t♦r♥❛r

♦✉tr❛✳ ❆ss✐♠ ❝❤❡❣❛✲s❡ ❛♦ ✈❛❧♦r ❞❡ ♠í♥✐♠♦ ❞❛q✉❡❧❛ ❡str✉t✉r❛ ♣❛r❛ ❛ ♣❛r❛♠❡tr✐③❛çã♦

❞❡ ❈❧❡r✐ ❡ ❘♦s❛t♦✱ ✉s❛❞❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❉❛r❜②✳ P♦❞❡♠♦s ❡♥tã♦ ❝♦♠♣❛r❛r ❞✐r❡t❛✲

♠❡♥t❡ ♥♦ss♦s r❡s✉❧t❛❞♦s ❝♦♠ ♦s ❞❡❧❡s✱ ✈❡r✐✜❝❛♥❞♦ s❡ ❝♦♥❢❡r❡♠✳ ❆♦ s❡ r❡❛❧✐③❛r ❡ss❛

❝♦♥❢❡rê♥❝✐❛✱ ♥♦ss♦s r❡s✉❧t❛❞♦s ❝♦✐♥❝✐❞✐r❛♠ ♣❛r❛ ❛ ♠❛✐♦r✐❛ ❞♦s ❛❣❧♦♠❡r❛❞♦s ❡st✉❞❛✲

❞♦s✳ ❆s ❡①❝❡çõ❡s ❢♦r❛♠ ♦s s❡❣✉✐♥t❡s ❛❣❧♦♠❡r❛❞♦s✿ Au17 Au20✱ Au25✱ Au26 ❡ Au27✳

❖s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞❡ ❝❛❞❛ ❛❣❧♦♠❡r❛❞♦ ❡st✉❞❛❞♦✱ ✉t✐❧✐③❛♥❞♦✲s❡

❝♦♠♦ r❡❢❡rê♥❝✐❛ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ▼❡❤❧✱ ❡♥❝♦♥tr❛♠✲s❡ ♥❛ t❛❜❡❧❛ ✺✳✷✳ ◆❛ t❛❜❡❧❛✱

♦s ✈❛❧♦r❡s ❡♠ ♣r❡t♦ sã♦ ♦s ❞♦s ❛❣❧♦♠❡r❛❞♦s ♦♥❞❡ ♦s ♠í♥✐♠♦s ❣❧♦❜❛✐s ❝♦✐♥❝✐❞✐r❛♠✱

❡ ♦s ❡♠ ❛③✉❧✱ ♦♥❞❡ ♥ã♦ ❝♦✐♥❝✐❞✐r❛♠✳ P❛r❛ ♦s ❝❛s♦s q✉❡ ♥ã♦ ❝♦✐♥❝✐❞✐r❛♠✱ ♦s ✈❛❧♦r❡s

❞❛s ❡♥❡r❣✐❛s sã♦ ♠❛✐♦r❡s ❞♦ q✉❡ ♦s ❞♦ tr❛❜❛❧❤♦ ❞❡ ❉❛r❜② q✉❛♥❞♦ s❡ t♦♠❛ ❝♦♠♦

r❡❢❡rê♥❝✐❛ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ❈❧❡r✐ ❡ ❘♦s❛t♦✳ ■ss♦ ✐♥❞✐❝❛ q✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♥ã♦
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❚❛❜❡❧❛ ✺✳✷✿ ▼í♥✐♠♦s ❞❡ ♣♦t❡♥❝✐❛❧ ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❝❛❞❛ ❛❣❧♦♠❡r❛❞♦✳ ❖s ✈❛❧♦r❡s
♠❛r❝❛❞♦s ❡♠ ❛③✉❧ ❝♦rr❡s♣♦♥❞❡♠ ❛ ♠í♥✐♠♦s ❡str✉t✉r❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡s ❞♦s ❞❛ ❧✐t❡✲
r❛t✉r❛ ❬✽✼❪✳ ❖s ✈❛❧♦r❡s ♠❛r❝❛❞♦s ❡♠ ♣r❡t♦ ❛♣❛r❡♥❛♠ ❝♦♥s✐stê♥❝✐❛ ❝♦♠ ❛s r❡❢❡rê♥❝✐❛s✳
◆❛ t❛❜❡❧❛✱ ❛s ❡♥❡r❣✐❛s ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ❝♦♠ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ r❡❢❡rê♥❝✐❛ ❬✺✹❪✳

❝♦♥s❡❣✉✐✉ ❡♥❝♦♥tr❛r ♦ ♠í♥✐♠♦ ❣❧♦❜❛❧ ♣❛r❛ ♦ ❛❣❧♦♠❡r❛❞♦✳ ■ss♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞♦ ♣r♦✲

❝❡❞✐♠❡♥t♦ ❞❡ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦ ♥ã♦ s❡r tã♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ❛ ❜✉s❝❛ ❞❡ ♠í♥✐♠♦s

♥❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ q✉❛♥t♦ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❜❛s❡❛❞♦ ❡♠ ❛❧❣♦r✐t♠♦s ❣❡♥ét✐✲

❝♦s❀ ❛❧é♠ ❞✐ss♦✱ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ♥♦ ❛❣❧♦♠❡r❛❞♦✱ ❛✉♠❡♥t❛

♦ ♥ú♠❡r♦ ❞❡ ✐sô♠❡r♦s ❛♠♦r❢♦s ❝♦♠ ❡♥❡r❣✐❛ ♠✉✐t♦ ♣ró①✐♠❛ ❞♦ ♠í♥✐♠♦ ❣❧♦❜❛❧✳ ■ss♦

t♦r♥❛ ♠✉✐t♦ ❞✐❢í❝✐❧ ❡♥❝♦♥tr❛r ♦ ♠í♥✐♠♦ ♣❛r❛ ❛❣❧♦♠❡r❛❞♦s ♠❛✐♦r❡s✳ ➱ ✐♠♣♦rt❛♥t❡

r❡ss❛❧t❛r q✉❡✱ r❡❝♦r❞❛♥❞♦ q✉❡ ♣❛r❛♠❡tr✐③❛çõ❡s ❡♠♣ír✐❝❛s sã♦ ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞❡

s✐st❡♠❛s ❣r❛♥❞❡s✱ s❡✉ ✉s♦ ♣❛r❛ s✐st❡♠❛s ♣❡q✉❡♥♦s ❞❡✈❡ s❡r ♠✉✐t♦ ❝r✐t❡r✐♦s♦ ❡✱ s❡ ♣♦s✲

sí✈❡❧✱ ❡✈✐t❛❞♦ ❝❛s♦ s❡❥❛ ♣♦ssí✈❡❧ r❡❛❧✐③❛r ✉♠ ❡st✉❞♦ ❝♦♠ ✉♠ ♠♦❞❡❧♦ ♠❡❧❤♦r✱ ❝♦♠♦

♣♦r ❡①❡♠♣❧♦ ♦s ❜❛s❡❛❞♦s ❡♠ t❡♦r✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❞❡♥s✐❞❛❞❡✳ ❊ss❛ ♠✉❞❛♥ç❛ ❥á ❡stá

♦❝♦rr❡♥❞♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ♣❛rt✐r ❞❡ ✷✵✵✵ ❬✽✽✕✾✵❪✳

◆❛ ✜❣✉r❛ ✺✳✾ t❡♠♦s ❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ♥❛s ❡str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s

❡♥❝♦♥tr❛❞❛s ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ❞♦ ❛❣❧♦♠❡r❛❞♦✳ ■ss♦ ❛❥✉❞❛ ❛ ✐♥❞✐❝❛r ❛

✈❛r✐❛çã♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ♣r❡s❡♥t❡s✱

♠♦str❛♥❞♦ ❛ss✐♠ q✉❛❧ t✐♣♦ ❞❡✈❡ s❡ ❢♦r♠❛r ♠❛✐s ❡♠ ✉♠ ❡①♣❡r✐♠❡♥t♦✳ ❖s r❡s✉❧t❛❞♦s

✐♥❞✐❝❛♠ q✉❡ q✉❛♥t♦ ♠❡♥♦r ♦ ❛❣❧♦♠❡r❛❞♦✱ ♠❛✐s ✐♥stá✈❡❧ ❡❧❡ ✜❝❛✱ s❛❧✈♦ ✉♠❛ ❡①❝❡çã♦✿
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❋✐❣✉r❛ ✺✳✾✿ ❊♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ♠é❞✐❛ ❞❛s ❡str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ❡♥❝♦♥tr❛❞❛s ❡♠
❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ❞♦ ❛❣❧♦♠❡r❛❞♦✳

♦ ❛❣❧♦♠❡r❛❞♦ Cu13 é ❧❡✈❡♠❡♥t❡ ♠❛✐s ❡stá✈❡❧ q✉❡ ♦ Cu14✳ ❆ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ss❛

✐♥st❛❜✐❧✐❞❛❞❡ ❞✐♠✐♥✉✐ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ♥♦

❛❣❧♦♠❡r❛❞♦✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❡♥❡r❣✐❛ ❞❡ ❧✐❣❛çã♦ ♠é❞✐❛ ❞♦ Cu27

✭♠❛✐s ❡stá✈❡❧✮ ❡ ♦ Cu15 é ❞❡ ❝❡r❝❛ ❞❡ ✵✳✶✺ ❡❱✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❞♦ Cu3 ❡ ❞♦ Cu15 é ❞❡

❝❡r❝❛ ❞❡ ✶✳✵✺ ❡❱✳ ❯♠ ❛s♣❡❝t♦ ✐♥t❡r❡ss❛♥t❡ ❞❡ss❡ ❣rá✜❝♦ é q✉❡ ❛ ❡①❝❡ssã♦ q✉❡ ♦❝♦rr❡

♥♦ ❝❛s♦ ❞♦ Cu14 s✉❣❡r❡ q✉❡ s❡✉ ♣r♦❝❡ss♦ ❞❡ ❞❡rr❡t✐♠❡♥t♦ t❛❧✈❡③ ♣♦ss✉❛ ❛❧❣✉♠❛

❝❛r❛❝t❡ríst✐❝❛ ❡s♣❡❝✐❛❧✱ ❝♦♥❢♦r♠❡ s❡rá ♠♦str❛❞♦ ♠❛✐s ❛ ❢r❡♥t❡✳

✺✳✷✳✶✳✹ ❉❡rr❡t✐♠❡♥t♦ ❞❡ ♣❡q✉❡♥♦s ❛❣❧♦♠❡r❛❞♦s

❯♠❛ ✈❡③ ❞❡t❡r♠✐♥❛❞❛s ❛s ❡str✉t✉r❛s ♠❛✐s ❡stá✈❡✐s ♣❛r❛ ♦s ❛❣❧♦♠❡r❛❞♦s✱ ❛s ✈❛r✐❛çõ❡s

❡str✉t✉r❛✐s ❞❡st❡s ♣♦❞❡♠ s❡r ❡st✉❞❛❞❛s ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ❊st❛ ♣❛rt❡ ❞♦

❡st✉❞♦ ♣♦ss✉✐ ✉♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♠❛✐s ❡❧❡✈❛❞♦❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ❢♦❝♦ ❢♦✐

❧✐♠✐t❛❞♦ ❛ ❞♦✐s ❝❛s♦s✿ ♦ Au13 ❡ ♦ Cu14✳ ❊st❡s ❛❣❧♦♠❡r❛❞♦s ❥á ❢♦r❛♠ ❡st✉❞❛❞♦s ♥❛

❧✐t❡r❛t✉r❛ ❬✾✶❪ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ❈❧❡r✐ ❡ ❘♦s❛t♦✱ ❡ ❝❛❞❛ ✉♠ ♣♦ss✉✐

✉♠ t✐♣♦ ❞❡ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦ ❞✐st✐♥t♦✳ ❉❡st❛ ❢♦r♠❛✱ s❡r✈❡♠ ❝♦♠♦ ♠♦❞❡❧♦s ♣❛r❛

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ tr❛♥s✐çõ❡s ❡str✉t✉r❛✐s q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ♦✉tr♦s

❛❣❧♦♠❡r❛❞♦s✳

◆❡st❛ ♣r✐♠❡✐r❛ ♣❛rt❡ r❡s✉❧t❛❞♦s tí♣✐❝♦s ❞❡ ❛❧❣✉♠❛s ❞❛s ❣r❛♥❞❡③❛s ✐♥❞✐❝❛❞❛s ♥❛

s❡çã♦ ✷✳✺ sã♦ ♠♦str❛❞♦s✳ ❖ ❝á❧❝✉❧♦ ❞❡st❛s ❣r❛♥❞❡③❛s t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❛✈❛❧✐❛r ❛

q✉❛❧✐❞❛❞❡ ❞❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❡ s❡r✈✐r ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ❛✉①✐❧✐❛r ♣❛r❛ ❛ ✐❞❡♥t✐✲

✜❝❛çã♦ ❞❡ tr❛♥s✐çõ❡s ❞❡ ❡st❛❞♦✳ ❖ ❛❣❧♦♠❡r❛❞♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❡st❡ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦
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❋✐❣✉r❛ ✺✳✶✵✿ ❊str✉t✉r❛ ♠❛✐s ❡stá✈❡❧ ♣❛r❛ ♦ ❛❣❧♦♠❡r❛❞♦ Au13 ❛ ③❡r♦ ❑❡❧✈✐♥✳

é ♦ Au13✳ ❆s s✐♠✉❧❛çõ❡s sã♦ ❢❡✐t❛s ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ ❝♦♠ ✉♠ t❡♠♣♦ t♦t❛❧ ❞❡

s✐♠✉❧❛çã♦ ❞❡ ✸✵✳✵✵✵ ❢❡♠t♦s❡❣✉♥❞♦s ❞✐s❝r❡t✐③❛❞♦s ❡♠ ✐♥t❡r✈❛❧♦s ❞❡ ✶ ❢❡♠t♦s❡❣✉♥❞♦✳

❚♦❞❛ s✐♠✉❧❛çã♦ é ✐♥✐❝✐❛❞❛ ❝♦♠ ♦ s✐st❡♠❛ ❡♠ s✉❛ ❝♦♥✜❣✉r❛çã♦ ♠❛✐s ❡stá✈❡❧ ❛ ③❡r♦

❑❡❧✈✐♥ ✭✜❣✉r❛ ✺✳✶✵✮✱ ♣r❡✈✐❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✳ ❈♦♠♦ ❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠

♣♦t❡♥❝✐❛✐s ❡♠♣ír✐❝♦s é ✉♠❛ t❡♦r✐❛ ❝❧áss✐❝❛✱ ❡❢❡✐t♦s q✉â♥t✐❝♦s tí♣✐❝♦s ❞❡ ❜❛✐①❛s t❡♠✲

♣❡r❛t✉r❛s ♥ã♦ ❡①✐st❡♠ ♥♦ ♠♦❞❡❧♦✱ ❧♦❣♦ ♦ q✉❡ t❡♠♦s é s✐♠♣❧❡s♠❡♥t❡ ♦ ❛❣❧♦♠❡r❛❞♦

❝♦♠ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ♥✉❧❛✳ ❆ ♣❛rt✐r ❞♦ ♠♦♠❡♥t♦ q✉❡ ♦ ❛❣❧♦♠❡r❛❞♦ ❝♦♠❡ç❛ ❛ ✐♥✲

t❡r❛❣✐r ❝♦♠ ❛s ❝❛❞❡✐❛s ❞❡ t❡r♠♦st❛t♦s ❞❡ ◆♦sé✲❍♦♦✈❡r s✉❛ t❡♠♣❡r❛t✉r❛ s♦❜❡✱ ❡ ♦s

át♦♠♦s ♣❛ss❛♠ ❡♥tã♦ ❛ ❣❛♥❤❛r ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❛té ✉♠❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ s❡ ❝♦♠♣♦r✲

t❛♠ ❝♦♠♦ s❡ ❡st✐✈❡ss❡♠ à t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✳ ❉✉r❛♥t❡ ❡st❡ ♣❡rí♦❞♦ ❞❡ tr❛♥s✐çã♦

❡♥tr❡ ♦ ③❡r♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡s❡❥❛❞❛ ♦ s✐st❡♠❛ ❡stá ❢♦r❛ ❞♦ ❡q✉✐✲

❧í❜r✐♦✱ ❧♦❣♦ ❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s ❞♦ ♠❡s♠♦ ♥ã♦ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❝♦♠

❛s ❡q✉❛çõ❡s ♣r♦♣♦st❛s✳ P❛r❛ ❣❛r❛♥t✐r q✉❡ ♦ ❝á❧❝✉❧♦ ❡st❡❥❛ ❝♦rr❡t♦✱ sã♦ ❞❡s❝❛rt❛❞♦s

♦s ♣r✐♠❡✐r♦s ✺✵✵ ❢❡♠t♦s❡❣✉♥❞♦s ❞❛ s✐♠✉❧❛çã♦ s❡♠♣r❡ q✉❡ s❡ ❢♦r ❝❛❧❝✉❧❛r ❛❧❣✉♠❛

❣r❛♥❞❡③❛✱ t❛❧ q✉❛❧ t❡♠♣❡r❛t✉r❛ ♠é❞✐❛ ♦✉ ❝❛❧♦r ❡s♣❡❝í✜❝♦✳ ❊♠ ❣❡r❛❧✱ ♦ t❡♠♣♦ ❞❡

t❡r♠❛❧✐③❛çã♦ ❞♦s ❛❣❧♦♠❡r❛❞♦s ♥❡st❡s ❝á❧❝✉❧♦s ✈❛r✐♦✉ ♥❛ ♣rát✐❝❛ ❞❡ ✸ ❛ ✺✵ ❢❡♠t♦s❡✲

❣✉♥❞♦s❀ ❧♦❣♦ ♦ ❞❡s❝❛rt❡ ❞♦s ♣r✐♠❡✐r♦s ✺✵✵ ❢❡♠t♦s❡❣✉♥❞♦s ♣r♦❞✉③ ✉♠❛ ót✐♠❛ ♠❛r❣❡♠

❞❡ s❡❣✉r❛♥ç❛ ❝♦♥tr❛ ❡rr♦s✳ P❛r❛ ✈❡r✐✜❝❛r ♦ ❜♦♠ ❛♥❞❛♠❡♥t♦ ❞❛ s✐♠✉❧❛çã♦✱ é ✐♥t❡r❡s✲

s❛♥t❡ ❝♦♥❢❡r✐r ♦ ✈❛❧♦r ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❡st❡♥❞✐❞❛ ❞♦ s✐st❡♠❛ ❡ ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛

✐♥st❛♥tâ♥❡❛ ❞♦ ♠❡s♠♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ◆❛s ✜❣✉r❛s ✺✳✶✶ ❡ ✺✳✶✷ t❡♠♦s ❣rá✜❝♦s

❞❡st❛s ❣r❛♥❞❡③❛s ♣❛r❛ três s✐♠✉❧❛çõ❡s ❞♦ ❛❣❧♦♠❡r❛❞♦ Au13✱ ♥❛s t❡♠♣❡r❛t✉r❛s ❞❡ 50✱

400 ❡ 900 ❑❡❧✈✐♥✳ ◆♦t❛✲s❡ ❝❧❛r❛♠❡♥t❡ q✉❡ ❛ ❝♦♥s❡r✈❛çã♦ ♣✐♦r❛ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛
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❋✐❣✉r❛ ✺✳✶✶✿ ❈♦♥s❡r✈❛çã♦ ❞❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❡st❡♥❞✐❞❛ ❞♦ s✐st❡♠❛ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦
❞❛ s✐♠✉❧❛çã♦✳ ❉❡t❛❧❤❡ ❡♠ ❛③✉❧✿ ♦s❝✐❧❛çã♦ ❞❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❛ ✹✵✵ ❑ ❞✉r❛♥t❡ ❛ ❢❛s❡
❞❡ t❡r♠❛❧✐③❛çã♦✳

❋✐❣✉r❛ ✺✳✶✷✿ ❚❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ s✐♠✉❧❛çã♦✳ ❊♠
♣r❡t♦ t❡♠♦s T = 50K✱ ❡♠ ✈❡r♠❡❧❤♦ T = 400K✱ ❡ ❡♠ ✈❡r❞❡✱ T = 900K✳
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❛ t❡♠♣❡r❛t✉r❛ ❞❛ s✐♠✉❧❛çã♦✳ ■ss♦ é ❝❛✉s❛❞♦ ♣♦r ♣❡❝✉❧✐❛r✐❞❛❞❡s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡

✐♥t❡❣r❛çã♦ ❞♦ s✐st❡♠❛✱ ❡ ♣♦❞❡ s❡r ❛♠❡♥✐③❛❞♦ ❛✉♠❡♥t❛♥❞♦✲s❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s

❞♦ ♠❡s♠♦✳ ❈♦♠ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s q✉❡ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦✱ ♣❛r❛ ♦ ♣✐♦r ❝❛s♦

✭T = 900K✮ ❡ ❞❡s❝♦♥s✐❞❡r❛♥❞♦ ♦s ♣r✐♠❡✐r♦s ✺✵✵ ❢❡♠t♦s❡❣✉♥❞♦s✱ ♦ ✈❛❧♦r ♠é❞✐♦ ❡

❡rr♦ ♣❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❡ ❍ sã♦ −43.3217 ± 0.0003 ❡❱✳ ◆♦ ✈❛❧♦r ♠❛✐s ❞✐st❛♥t❡ ❞❛

♠é❞✐❛ t❡♠♦s ✉♠ ❞❡s✈✐♦ ♣❡r❝❡♥t✉❛❧ ❞❡ ✵✳✹✼✪ ❡♠ r❡❧❛çã♦ à ♠é❞✐❛✳ ❉❛❞♦ q✉❡ ♦ t❡♠♣♦

❢♦✐ ♣r♦♣❛❣❛❞♦ ✸✵✳✵✵✵ ✈❡③❡s✱ ✐ss♦ ✐♥❞✐❝❛ ❡①❝❡❧❡♥t❡ ❝♦♥s❡r✈❛çã♦ ❞❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❞♦

s✐st❡♠❛✱ ♦ q✉❡ ❞á ❝♦♥✜❛❜✐❧✐❞❛❞❡ ❛♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉t✐❧✐③❛❞♦✳ ◆♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛

✺✳✶✷ t❡♠♦s ❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞♦ s✐st❡♠❛✳ ❆❧❣✉♥s ❢❛t♦r❡s ✐♠♣♦rt❛♥t❡s ❞❡✲

✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s ❛♦ s❡ ❛♥❛❧✐s❛r ❡st❡ ❣rá✜❝♦✿ Pr✐♠❡✐r♦✱ ❛ ♣r❡❝✐sã♦ ❞❛ ❡q✉❛çã♦

♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ❞♦

❛❣❧♦♠❡r❛❞♦ ✭❞❛❞♦ q✉❡ t❡♠♣❡r❛t✉r❛ é ✉♠❛ ❣r❛♥❞❡③❛ ♠❛❝r♦s❝ó♣✐❝❛✱ ♣❛r❛ ❛❣❧♦♠❡r❛✲

❞♦s ♣❡q✉❡♥♦s ❡st❛♠♦s ♥♦ ❧✐♠✐t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ t❡♠♣❡r❛t✉r❛✮✳ ▲♦❣♦ é ❞❡ s❡ ❡s♣❡r❛r

♠✉✐t❛s ✢✉t✉❛çõ❡s✱ ♦ q✉❡ é ❢á❝✐❧ ❞❡ ♣❡r❝❡❜❡r ♥♦ ❣rá✜❝♦✳ ❆❧é♠ ❞✐st♦✱ ❛s ✢✉t✉❛çõ❡s

t❛♠❜é♠ ❛✉♠❡♥t❛♠ ♣♦r ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ❡rr♦s ♥✉♠ér✐❝♦s ❞❛ s✐♠✉❧❛çã♦✱ ♦s q✉❛✐s sã♦

♠❛✐♦r❡s ❡♠ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✱ ❝♦♥❢♦r♠❡ ❥á ✈✐st♦ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❍✳ ❋❛③❡♥❞♦✲s❡ ❛

♠é❞✐❛ ❞♦s ✈❛❧♦r❡s ❞❡ t❡♠♣❡r❛t✉r❛ ✐♥st❛♥tâ♥❡❛ ❞♦ s✐st❡♠❛ ♥❛s três s✐♠✉❧❛çõ❡s ❞❛

✜❣✉r❛ ✺✳✶✷✱ ❡st✐♠❛✲s❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ ❝❛❞❛ s✐♠✉❧❛çã♦✳ ❖s r❡s✉❧✲

t❛❞♦s sã♦ 49.88 ± 0.07✱ 399.6 ± 0.6 ❡ 899 ± 1 ❑❡❧✈✐♥✱ ♦♥❞❡ ♦ ❡rr♦ ✐♥❞✐❝❛❞♦ é ♦ ❡rr♦

♣❛❞rã♦ ❞❛ ♠é❞✐❛✱ ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ ❢❛✐①❛ ❞❡ ✈❛❧♦r❡s ♥❛ q✉❛❧ ♦s ♣♦♥t♦s ❝❛❧❝✉❧❛✲

❞♦s tê♠ ✻✽✪ ❞❡ ❝❤❛♥❝❡ ❞❡ ❡st❛r✳ ❆s ♠é❞✐❛s ❞❛s ❡st✐♠❛t✐✈❛s ❡stã♦ ♠✉✐t♦ ♣ró①✐♠❛s

❞♦s ✈❛❧♦r❡s ❝♦rr❡t♦s ❞❛ t❡♠♣❡r❛t✉r❛✱ ♦ q✉❡ é ✐♥❞✐❝❛t✐✈♦ ❞❡ q✉❡ t✉❞♦ ❡stá ❝♦rr❡♥❞♦

❜❡♠✳ ❊♠ t♦❞❛s ❛s s✐♠✉❧❛çõ❡s q✉❡ ✜③❡♠♦s ❛ t❡♠♣❡r❛t✉r❛ ♠é❞✐❛ ❞♦ s✐st❡♠❛ ❢♦✐ ❝❛❧✲

❝✉❧❛❞❛ ✭❧❡♠❜r❛♥❞♦✲s❡ ❞❡ ❞❡s❝❛rt❛r ♦s ♣r✐♠❡✐r♦s ✺✵✵ ❢❡♠t♦s❡❣✉♥❞♦s✮✱ s❡r✈✐♥❞♦ ❛ss✐♠

❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ✈❡r✐✜❝❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ P♦❞❡♠♦s ❛❣♦r❛ ✈❡r✐✜❝❛r ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❞♦ ❞❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡ ❞❛ ❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s

♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❡st❛s três s✐♠✉❧❛çõ❡s✳ ❖s r❡s✉❧t❛❞♦s ❛♣❛r❡❝❡♠ ♥❛s ✜❣✉r❛s ✺✳✶✸ ❡

✺✳✶✹✳ ❖ ❞❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞á ✐❞é✐❛ ❞❛ ♠♦❜✐❧✐❞❛❞❡ ❞♦s át♦♠♦s ❞♦ s✐st❡♠❛✳

P❛r❛ ✉♠ ❛❣❧♦♠❡r❛❞♦ ❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ♦ ❞❡s✈✐♦ t❡♥❞❡ ❛ s❡r ♥✉❧♦ ❞❡✈✐❞♦ ❛♦

❝❛rát❡r ♦s❝✐❧❛tór✐♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❛tô♠✐❝♦✳ ❏á ♣❛r❛ ♦ ❡st❛❞♦ ❧íq✉✐❞♦ t❡♥❞❡ ❛ ❝r❡s❝❡r

❝♦♠ ♦ t❡♠♣♦❀ ❡st❡ ❝r❡s❝✐♠❡♥t♦ ❡stá ❧✐❣❛❞♦ ❛♦ ❢❡♥ô♠❡♥♦ ❞❡ ❞✐❢✉sã♦ ❞♦s át♦♠♦s ♥♦

✾✶



❋✐❣✉r❛ ✺✳✶✸✿ ❉❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦ Au13 ♣❛r❛ s✐♠✉❧❛çõ❡s ❡♠ ❞✐❢❡r❡♥t❡s t❡♠✲
♣❡r❛t✉r❛s✳

❋✐❣✉r❛ ✺✳✶✹✿ ❆✉t♦❝♦rr❡❧❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣❛r❛ ♦ Au13✳ ❊♠ ♣r❡t♦ T = 50K✱ ❡♠
✈❡r♠❡❧❤♦ T = 400K ❡ ❡♠ ✈❡r❞❡ T = 900K✳ ❆ ❧✐♥❤❛ ❛③✉❧ ✐♥❞✐❝❛ ♦ ③❡r♦ ❞❛ ❢✉♥çã♦✳

✾✷



❋✐❣✉r❛ ✺✳✶✺✿ ❈♦♥✜❣✉r❛çõ❡s ❞♦ ❛❣❧♦♠❡r❛❞♦ Au13 ❡♠ ❞✐❢❡r❡♥t❡s t❡♠♣♦s✱ ♣❛r❛ s✐♠✉✲
❧❛çõ❡s ♥❛s t❡♠♣❡r❛t✉r❛s ❞❡ 50K✱ 400K ❡ 900K✳

❛❣❧♦♠❡r❛❞♦✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❡♠ ❝❡rt❛ ❢❛✐①❛ ❞❡ t❡♠♣❡r❛t✉r❛s ♦❜té♠✲s❡ ✉♠

❝❛rát❡r ✐♥t❡r♠❡❞✐ár✐♦✱ ❝❛r❛❝t❡ríst✐❝♦ ❞❛ tr❛♥s✐çã♦ só❧✐❞♦✲❧íq✉✐❞♦✳ ❯♠ ❡①❡♠♣❧♦ ❞❡st❡

❝❛s♦ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✺✳✶✸✱ t❡♠♣❡r❛t✉r❛ ❞❡ ✹✵✵ ❑✳

❆ ❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ✐♥❞✐❝❛ s❡ ♦ ♠♦✈✐♠❡♥t♦ ❞♦s át♦♠♦s ❞♦

s✐st❡♠❛ ❡stá ♦r❞❡♥❛❞♦ ✭só❧✐❞♦✮ ♦✉ ♥ã♦ ✭❧íq✉✐❞♦✮✳ ◗✉❛♥t♦ ♠❛✐♦r ❛ t❡♠♣❡r❛t✉r❛✱ ♠❡♥♦s

❝♦rr❡❧❛❝✐♦♥❛❞♦s t❡♥❞❡♠ ❛ ❡st❛r ♦s át♦♠♦s✳ ❊st❛ t❡♥❞ê♥❝✐❛ é ♣❡r❝❡♣tí✈❡❧ ✈❡r✐✜❝❛♥❞♦✲

s❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❝♦rr❡❧❛çã♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ P❛r❛ ✉♠ ❛❣❧♦♠❡r❛❞♦ ❧íq✉✐❞♦ ❛

❢✉♥çã♦ t❡♥❞❡ ❛ ③❡r♦ ♥✉♠ t❡♠♣♦ ♠✉✐t♦ ❧♦♥❣♦❀ ❥á ♣❛r❛ ✉♠ ❛❣❧♦♠❡r❛❞♦ só❧✐❞♦✱ t❡♥❞❡

❛ ✉♠ ❡st❛❞♦ ♥♦ q✉❛❧ s✉❛ ❛♠♣❧✐t✉❞❡ ✜❝❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡✱ ✐♥❞✐❝❛♥❞♦

❛ss✐♠ q✉❡ ♦s át♦♠♦s ❞♦ ❛❣❧♦♠❡r❛❞♦ ❛♣❡♥❛s ♦s❝✐❧❛♠ ❡♠ t♦r♥♦ ❞❡ s✉❛s ♣♦s✐çõ❡s ❞❡

❡q✉✐❧í❜r✐♦✱ s❡♠ q✉❡ ❤❛❥❛ ♠✉❞❛♥ç❛ ❡str✉t✉r❛❧✳ ◆❛ ✜❣✉r❛ ✺✳✶✹ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛

❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❆✉✶✸ ♣❛r❛ ❛s t❡♠♣❡r❛t✉r❛s ❞❡ ✺✵ ❑ ✭♣r❡t♦✮✱

✹✵✵ ❑ ✭✈❡r♠❡❧❤♦✮ ❡ ✾✵✵ ❑ ✭✈❡r❞❡✮✳ ❆ ❧✐♥❤❛ ❛③✉❧ ✐♥❞✐❝❛ ♦ ③❡r♦ ❞❛ ❢✉♥çã♦✳ ◆♦t❛✲s❡

q✉❡ ♦ ❛❣❧♦♠❡r❛❞♦ é ❝❧❛r❛♠❡♥t❡ só❧✐❞♦ ❛ ✺✵ ❑✱ ❡ ♣♦ss✉✐ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧íq✉✐❞♦

♥❛s t❡♠♣❡r❛t✉r❛s ❞❡ ✹✵✵❑ ❡ ✾✵✵ ❑✳ P❛r❛ ✐❧✉str❛r ❡st❡s r❡s✉❧t❛❞♦s✱ t❡♠♦s ♥❛ ✜❣✉r❛

✺✳✶✺ ❢♦t♦s ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ♠♦♠❡♥t♦s ❞❛s s✐♠✉❧❛çõ❡s t♦♠❛❞❛s ❝♦♠♦

r❡❢❡rê♥❝✐❛✳

✾✸



❋✐❣✉r❛ ✺✳✶✻✿ ❊♥❡r❣✐❛ t♦t❛❧ ♠é❞✐❛ ❞♦ ❛❣❧♦♠❡r❛❞♦ Au13 ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳
❆♠♣❧✐❛❞♦ ❡♠ ❛③✉❧ t❡♠♦s ♦ tr❡❝❤♦ ❝♦♠ ♦ ✐♥í❝✐♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦ só❧✐❞♦✲❧íq✉✐❞♦✳
❖ ♣♦♥t♦ ✐♥❞✐❝❛❞♦ ❡♠ ✈❡r❞❡ ❝♦rr❡s♣♦♥❞❡ ❛ T = 279K✳

✺✳✷✳✶✳✺ ❉❡rr❡t✐♠❡♥t♦ ❡♠ ✉♠❛ ❡t❛♣❛✿ Au13

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❣r❛♥❞❡③❛s ♣❛r❛ ♦ Au13 ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡

s✐♠✉❧❛çõ❡s sã♦ ♠♦str❛❞❛s✳ P❛r❛ ♦s ♣ró①✐♠♦s ❣rá✜❝♦s✱ ❝❛❞❛ ♣♦♥t♦ ❡q✉✐✈❛❧❡ ❛ ✉♠ ✈❛❧♦r

❡st✐♠❛❞♦ ❛ ♣❛rt✐r ❞❡ ♠é❞✐❛s ❢❡✐t❛s ❡♠ ✉♠❛ s✐♠✉❧❛çã♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❝♦♠ ❞✉r❛çã♦ ❞❡

✷✺✵✳✵✵✵ ❢❡♠t♦s❡❣✉♥❞♦s ❡ t❡♠♣♦ ❞✐s❝r❡t✐③❛❞♦ ❡♠ ✉♥✐❞❛❞❡s ❞❡ ✶ ❢❡♠t♦s❡❣✉♥❞♦✳ P❛r❛

❝❛❞❛ t❡♠♣❡r❛t✉r❛ é ❢❡✐t❛ ✉♠❛ s✐♠✉❧❛çã♦ ❞✐st✐♥t❛✱ ♣❛r❛ ✉♠ t♦t❛❧ ❞❡ ✶✵✼✵ s✐♠✉❧❛çõ❡s

❝♦♠ ✈❛r✐❛çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❞❡ ✶ ❡♠ ✶ ❑❡❧✈✐♥✳ ❊ss❡ ♣r♦❝❡ss♦ ♣♦❞❡ ♣❛r❡❝❡r ♠✉✐t♦

tr❛❜❛❧❤♦s♦✱ ♣♦ré♠ ♣♦❞❡ ❢❛❝✐❧♠❡♥t❡ s❡r ❛✉t♦♠❛t✐③❛❞♦ ❛tr❛✈és ❞❡ s❝r✐♣ts✳

◆❛ ✜❣✉r❛ ✺✳✶✻ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛ ❡♥❡r❣✐❛ ♠é❞✐❛ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠✲

♣❡r❛t✉r❛✳ ❖ ✐♥í❝✐♦ ❞❛ tr❛♥s✐çã♦ só❧✐❞♦✲❧íq✉✐❞♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡

✷✼✾ ❑❡❧✈✐♥✱ ♥❛ q✉❛❧ ♦❝♦rr❡ ✉♠❛ ♣r✐♠❡✐r❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥♦ ❣rá✜❝♦ ❞❛ ❡♥❡r❣✐❛✳ ◆❛

♠❡s♠❛ t❡♠♣❡r❛t✉r❛ t❡♠♦s ❛ ♣r✐♠❡✐r❛ ❞❡ ✉♠❛ sér✐❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥♦ ✈❛❧♦r ❞♦

❝❛❧♦r ❡s♣❡❝í✜❝♦ ❡st✐♠❛❞♦ ❛ ♣❛rt✐r ❞❡ ✢✉t✉❛çõ❡s✱ ❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛

✺✳✶✼✳ ■♥❢❡❧✐③♠❡♥t❡✱ ✉♠❛ ❜♦❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡st❛tíst✐❝❛ ♣❛r❛ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❡st✐✲

♠❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✷✳✸✹ é ❞✐❢í❝✐❧ ❞❡ s❡ ♦❜t❡r✱ ♦ q✉❡ ❞✐✜❝✉❧t❛ ✉♠ ♣♦✉❝♦ ❛ ❛♥á❧✐s❡ ❞♦s

r❡s✉❧t❛❞♦s✳ ❙✐♠✉❧❛çõ❡s ♠❛✐s ❧♦♥❣❛s r❡♠❡❞✐❛♠ ❡st❡ ♣r♦❜❧❡♠❛✱ ♣♦ré♠ t❡r✐❛♠ ❝♦♠♦

❝♦♥tr❛♣❛rt✐❞❛ ✉♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡❧❡✈❛❞♦ ❞❡♠❛✐s ♣❛r❛ ♥♦ss♦ ❝r♦♥♦❣r❛♠❛✳ ❆♦

❝♦♥trár✐♦ ❞❡ ♠✉✐t♦s ♠❛t❡r✐❛✐s ♠❛❝r♦s❝ó♣✐❝♦s✱ ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡rr❡t✐♠❡♥t♦ ❞❡ ❛❣❧♦♠❡✲

r❛❞♦s ♣❡q✉❡♥♦s ♦❝♦rr❡ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❢❛✐①❛ ❞❡ t❡♠♣❡r❛t✉r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡✱

✾✹



❋✐❣✉r❛ ✺✳✶✼✿ ❈❛❧♦r ❡s♣❡❝í✜❝♦ ❡st✐♠❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✷✳✸✹✳ ❖ ♣♦♥t♦ ✐♥❞✐❝❛❞♦
❡♠ ✈❡r❞❡ ✐♥❞✐❝❛ T = 279K✳

❋✐❣✉r❛ ✺✳✶✽✿ ❋❧✉t✉❛çã♦ q✉❛❞rát✐❝❛ ♠é❞✐❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❧✐❣❛çõ❡s ✐♥t❡r❛tô♠✐❝❛s
✭δ✮ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ◆♦ ❞❡t❛❧❤❡ ❡♠ ✈❡r❞❡✱ T = 279K❀ ♥♦ ❞❡t❛❧❤❡ ❡♠
❛③✉❧✱ T = 663K✳

❡ ❝♦♠ ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ♣❡❝✉❧✐❛r❡s✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ❛❣❧♦♠❡r❛❞♦✳ P♦r ❡ss❡ ♠♦✲

t✐✈♦✱ ♥ã♦ ❡①✐st❡ ❛✐♥❞❛ ✉♠ ❝♦♥s❡♥s♦ ❣❡r❛❧ q✉❛♥t♦ à ❞❡✜♥✐çã♦ ♣r❡❝✐s❛ ❞❡ t❡♠♣❡r❛t✉r❛

❞❡ ❢✉sã♦ ♣❛r❛ ❛❣❧♦♠❡r❛❞♦s✳ ❆❞♦t❛r❡♠♦s ❛q✉✐ ❛ ❞❡✜♥✐çã♦ ♠❛✐s ✉t✐❧✐③❛❞❛✱ q✉❡ ❝♦rr❡s✲

♣♦♥❞❡ ❛ ❞❡✜♥✐r ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❢✉sã♦ ❝♦♠♦ s❡♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ ♥❛ q✉❛❧ ♦ s✐st❡♠❛

s❡ ❡♥❝♦♥tr❛ ♥❛ ♠❡t❛❞❡ ❞❛ tr❛♥s✐çã♦ só❧✐❞♦✲❧íq✉✐❞♦ ❞♦ ♣❛ss♦ ❞❛ tr❛♥s✐çã♦ ❝♦♠ t❡♠✲

♣❡r❛t✉r❛ ♠❛✐s ❡❧❡✈❛❞❛✳ ◆♦ ❝❛s♦ ❞♦ Au13 ❛ tr❛♥s✐çã♦ ♦❝♦rr❡ ❡♠ ❛♣❡♥❛s ✉♠ ♣❛ss♦✱

✐♥✐❝✐❛❞♦ ❝❧❛r❛♠❡♥t❡ ❛ ✷✼✾ ❑✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦♥❞❡ ❛ tr❛♥s✐çã♦ t❡r♠✐♥❛ ✈❛♠♦s ❢❛③❡r

✉s♦ ❞♦ ❝á❧❝✉❧♦ ❞❡ δ✱ ❞❛❞♦ q✉❡ ❛s ❣r❛♥❞❡③❛s ❞❛s ✜❣✉r❛s ✺✳✶✻ ❡ ✺✳✶✼ ♥ã♦ ♣♦ss✉❡♠

❝♦♥✈❡r❣ê♥❝✐❛ ❡st❛tíst✐❝❛ ❜♦❛ ♦ ❜❛st❛♥t❡ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ✜♥❛❧ ❞❛ tr❛♥s✐çã♦✳

✾✺



❋✐❣✉r❛ ✺✳✶✾✿ ❊♥❡r❣✐❛ t♦t❛❧ ♠é❞✐❛ ❞♦ Cu14 ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ◆❛ ❛♠♣❧✐❛çã♦
t❡♠♦s ✐♥❞✐❝❛❞♦ ❡♠ ✈❡r❞❡ T = 223K✳

◆❛ ✜❣✉r❛ ✺✳✶✽ t❡♠♦s ♦ ❣rá✜❝♦ ❞❡ δ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ❯t✐❧✐③❛♥❞♦✲s❡ ❞♦

❝r✐tér✐♦ ❞❡ q✉❡ ♦ ✜♥❛❧ ❞❛ tr❛♥s✐çã♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ú❧t✐♠♦ ♣♦♥t♦ ♥♦ q✉❛❧ δ ♣♦ss✉✐

✉♠❛ ✢✉t✉❛çã♦ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♠❛✐♦r ❞♦ q✉❡ ❛ ♠é❞✐❛ ❞♦s ♣♦♥t♦s ✈✐③✐♥❤♦s✱ é ♣♦s✲

sí✈❡❧ ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛ ✜♥❛❧ ❞❛ tr❛♥s✐çã♦ ❡♠ T = 663K✳ ▲♦❣♦ ❛ t❡♠♣❡r❛t✉r❛

♥❛ q✉❛❧ ♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦ ❞♦ Au13 s❡ ❡♥❝♦♥tr❛ ❛ ♠❡✐♦ ❝❛♠✐♥❤♦ ❡♥tr❡ ♦ í♥✐❝✐♦ ❡ ♦

✜♠ ❡q✉✐✈❛❧❡ ❛ 471K✳ ❊st❡ ✈❛❧♦r ✜❝❛ ♠✉✐t♦ ❛❜❛✐①♦ ❞♦ ✈❛❧♦r ♣❛r❛ ♦ ♦✉r♦ ✈♦❧✉♠étr✐❝♦

✭1337.3K✮ ❬✾✷❪✳ ❊st❛ é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♠❛✐♦r✐❛ ❞♦s ❛❣❧♦♠❡r❛❞♦s ♠❡tá❧✐❝♦s

✭❡♠❜♦r❛ ❡①✐st❛♠ ❡①❝❡çõ❡s ❬✾✸❪✮✳ ❉❡ ❢❛t♦✱ tr❛❜❛❧❤♦s ❡①♣❡r✐♠❡♥t❛✐s r❡❝❡♥t❡s ❬✾✹❪ ❡♥✲

✈♦❧✈❡♥❞♦ ❛❣❧♦♠❡r❛❞♦s ❞❡ ♦✉r♦ ♠❛✐♦r❡s ♠♦str❛♠ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❢✉sã♦ ❞♦

❛❣❧♦♠❡r❛❞♦ ❞✐♠✐♥✉✐ ❞r❛st✐❝❛♠❡♥t❡ ❝♦♥❢♦r♠❡ ❞✐♠✐♥✉✐ ♦ t❛♠❛♥❤♦ ❞♦ ♠❡s♠♦✱ ♣r✐♥❝✐✲

♣❛❧♠❡♥t❡ ♣❛r❛ ❞✐â♠❡tr♦s ✐♥❢❡r✐♦r❡s ❛ ✺ ♥♠ ✭♥❡st❡ t❛♠❛♥❤♦ ♦ ❛❣❧♦♠❡r❛❞♦ ❣❡r❛❧♠❡♥t❡

❥á ♣♦ss✉✐ ❝❡r❝❛ ❞❡ ✶✵✵✵ át♦♠♦s✮✳ ❊st❡ é ✉♠ ❞♦s ❢❡♥ô♠❡♥♦s tí♣✐❝♦s ♣r❡s❡♥t❡s ❡♠

♥❛♥♦❡str✉t✉r❛s✱ ❡ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❡st❛s ♣♦ss✉❛♠ ❝❛r❛❝t❡ríst✐❝❛s tã♦ ❞✐st✐♥t❛s ❞♦

❡q✉✐✈❛❧❡♥t❡ ✈♦❧✉♠étr✐❝♦✳

✺✳✷✳✶✳✻ ❉❡rr❡t✐♠❡♥t♦ ❡♠ ❞✉❛s ❡t❛♣❛s✿ Cu14

❆❣♦r❛ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ♦ Cu14 sã♦ ✐❧✉str❛❞♦s✳ P❛r❛ ❡st❡ ❛❣❧♦♠❡r❛❞♦ ❢♦r❛♠

t❛♠❜é♠ ❢❡✐t❛s ✶✶✼✵ s✐♠✉❧❛çõ❡s ❝♦♠ ❛s ♠❡s♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ❡st✉❞♦ ❞♦ Au13✳

◆❛ ✜❣✉r❛ ✺✳✶✾ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ♠é❞✐❛ ❞♦ s✐st❡♠❛✳ ❆♦ ❝♦♥trár✐♦

❞♦ Au13✱ ♥ã♦ é s✐♠♣❧❡s ♦❜s❡r✈❛r ❞♦ ✐♥í❝✐♦ ❞❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦✳ ❯♠❛ ❜✉s❝❛ ❝✉✐❞❛✲

✾✻



❋✐❣✉r❛ ✺✳✷✵✿ ❊①❡♠♣❧♦s ❞❡ ❝♦♥✜❣✉r❛çõ❡s ❛ss✉♠✐❞❛s ♣❡❧♦ Cu14 ❡♠ s✐♠✉❧❛çõ❡s ❛ ❞✐❢❡✲
r❡♥t❡s t❡♠♣❡r❛t✉r❛s✳

❞♦s❛ ♥♦s ❧❡✈❛ ❛té ✉♠ ♣♦♥t♦ ♦♥❞❡ ❡①✐st❡ ✉♠❛ ♣❡q✉❡♥❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❛ ❢✉♥çã♦✱ ❡♠

T = 223K❀ t♦❞❛✈✐❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❡♠ t♦r♥♦ ❞❡st❡ ♣♦♥t♦ ♥ã♦ é ♥❛❞❛

s✐♠✐❧❛r ❛♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ Au13✳ ❖ q✉❡ ♠✉❞❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦ ❞♦ Cu14 é ♦ ❢❛t♦

❞❡st❡ ♦❝♦rr❡r ❡♠ ❞✉❛s ❡t❛♣❛s ❜❛st❛♥t❡ ❞✐st✐♥t❛s✳ ■♥✐❝✐❛❧♠❡♥t❡ ♦ ❛❣❧♦♠❡r❛❞♦ s♦❢r❡ ✉♠

♣ré✲❞❡rr❡t✐♠❡♥t♦✱ ♥♦ q✉❛❧ ♦ át♦♠♦ q✉❡ ♥❛ ❝♦♥❞✐çã♦ ❞❡ ♠❛✐♦r ❡st❛❜✐❧✐❞❛❞❡ ✜❝❛ ✏❢♦r❛✑

❞♦ ❛❣❧♦♠❡r❛❞♦ ✭✜❣✉r❛ ✺✳✷✵✲■✮ s❡ ✐♥s❡r❡ ♥❛ s✉♣❡r❢í❝✐❡✱ ❢♦r♠❛♥❞♦ ✉♠❛ ♥♦✈❛ ❡str✉t✉r❛

✭✜❣✉r❛ ✺✳✷✵✲■■✮✳ ❊st❛ ♥♦✈❛ ❡str✉t✉r❛ é ♣♦✉❝♦ ❡stá✈❡❧✱ ❡ s✉❛ ❞✐♥â♠✐❝❛ ❝♦♥s✐st❡ ❡♠ ✉♠❛

♠✐st✉r❛ ❞❡ ♦s❝✐❧❛çõ❡s ❞♦s át♦♠♦s ❡♠ t♦r♥♦ ❞❡ s✉❛s ♣♦s✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ✭só❧✐❞♦✮

❡ ❞✐❢✉sã♦ ❞♦s ♠❡s♠♦s ✭❧íq✉✐❞♦✮✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ❡str✉t✉r❛ ❡✈❡♥t✉❛❧♠❡♥t❡ s❡

❞❡s♠♦♥t❡ ❡ s❡ r❡❝♦♥str✉❛ ❛♦ ❧♦♥❣♦ ❞❛ s✐♠✉❧❛çã♦✳ ❈♦♥❢♦r♠❡ ❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛✱

t❡♠♦s ❡♥tã♦ ✉♠❛ s❡❣✉♥❞❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦✱ q✉❡ ❧❡✈❛ ♦ s✐st❡♠❛ ♣❛r❛ ♦ ❡st❛❞♦

❧íq✉✐❞♦✱ s❡♠ ❛ ♠❛♥✉t❡♥çã♦ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡✜♥✐❞❛ ✭✜❣✉r❛ ✺✳✷✵✲■■■✮✳ ❊st❡ t✐♣♦ ❞❡

❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ s❡ r❡str✐♥❣❡ ❛♣❡♥❛s ❛♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ Cu14❀ ♥❛ ❧✐t❡r❛t✉r❛ ❡①✐s✲

t❡♠ ❝❛s♦s ♣❛r❡❝✐❞♦s ♣❛r❛ ❛❣❧♦♠❡r❛❞♦s ❞❡ ♦✉tr♦s ♠❡t❛✐s ❬✾✺✱ ✾✻❪✳ P❛r❛ ❛❣❧♦♠❡r❛❞♦s

♠❛✐♦r❡s ♦ ♠❡s♠♦ ❡❢❡✐t♦ q✉❡ ❛q✉✐ ❝❛✉s❛ ❛ ❝r✐❛çã♦ ❞❛ ❡str✉t✉r❛ ✐♥stá✈❡❧ ❣❡r❛ ♠✉✐t♦s

❞♦s ❢❡♥ô♠❡♥♦s ❞❡ ❞❡str✉✐çã♦ ❡ r❡❝♦♥str✉çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ✈❡r✐✜❝❛❞♦s ❡♠ ♦✉tr♦s tr❛✲

❜❛❧❤♦s ❬✾✼❪✳ ◆❛ ✜❣✉r❛ ✺✳✷✶ t❡♠♦s ♦ ❣rá✜❝♦ ❞❡ δ ❛♦ ❧♦♥❣♦ ❞❛s s✐♠✉❧❛çõ❡s✳ ❯t✐❧✐③❛♥❞♦

♦ ♠❡s♠♦ ❝r✐tér✐♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ❡st✐♠❛r ❛s t❡♠♣❡r❛t✉r❛s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧

❞❡ ❝❛❞❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦✱ s❡♥❞♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❞❡rr❡t✐♠❡♥t♦ s❡rá ❞❛❞❛ ❛

♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❞❛ s❡❣✉♥❞❛ tr❛♥s✐çã♦ ❞♦ s✐st❡♠❛✳ ❖ ✐♥í❝✐♦ ❞❛ ♣r✐♠❡✐r❛ tr❛♥s✐çã♦

s❡ ❞á ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ 223K ✭✈❡❥❛ ✐♥❞✐❝❛çã♦ ♥❛ ✜❣✉r❛ ✺✳✶✾✮✱ ❡ ♦ tér♠✐♥♦ ♦❝♦rr❡

❛ 732K✳ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ t❡♠♣❡r❛t✉r❛ ❞❡ 478K ❝♦♠♦ s❡♥❞♦ ❛ t❡♠♣❡r❛t✉r❛

❞❛ ♠❡t❛❞❡ ❞❛ ♣r✐♠❡✐r❛ tr❛♥s✐çã♦✳ ❆ s❡❣✉♥❞❛ tr❛♥s✐çã♦ s❡ ✐♥✐❝✐❛ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡

759K ❡ t❡r♠✐♥❛ ❡♠ 1211K✳ ❈♦♠ ✐ss♦ ❛ ❡st✐♠❛t✐✈❛ ❞❛ ♠❡t❛❞❡ ❞❛ s❡❣✉♥❞❛ tr❛♥s✐çã♦
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❋✐❣✉r❛ ✺✳✷✶✿ ❋❧✉t✉❛çã♦ q✉❛❞rát✐❝❛ ♠é❞✐❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❧✐❣❛çõ❡s ✐♥t❡r❛tô♠✐❝❛s
✭δ✮ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ❊♠ ✈❡r❞❡ ❡stã♦ ✐♥❞✐❝❛❞♦s ♦s ✐♥í❝✐♦s ❞❡ ❝❛❞❛ tr❛♥s✐çã♦
❞❡ ❡st❛❞♦✱ ❡ ❡♠ ❛③✉❧✱ ♦s ✜♥❛✐s✳

✜❝❛ s❡♥❞♦ ❞❡ 985K✳ ❊st❡s ✈❛❧♦r❡s ❡stã♦ ✐♥❞✐❝❛❞♦s ♥❛ ✜❣✉r❛ ✺✳✷✶✳ ❆ t❡♠♣❡r❛t✉r❛

❞❡ ❢✉sã♦ ❞♦ ❝♦❜r❡ ✈♦❧✉♠étr✐❝♦ é ❞❡ 1357.77K✱ ❧♦❣♦ ❛ ❞✐♠✐♥✉✐çã♦ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡

❢✉sã♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ ❝♦❜r❡ ♥ã♦ ❢♦✐ tã♦ s✐❣♥✐✜❝❛t✐✈❛ q✉❛♥t♦ ♥❛ ❞❡ ♦✉r♦✳ ❊♠❜♦r❛

s❡ ♣♦ss❛ ♣❡♥s❛r q✉❡ ✐ss♦ é ❝❛✉s❛❞♦ ♣❡❧♦ ❢❛t♦ ❞♦ Cu14 t❡r ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❡st❛❞♦

❡♠ ❞✉❛s ❡t❛♣❛s✱ ❡st❡ ♥ã♦ é ♦ ❝❛s♦✳ ❊st✉❞♦s ❬✾✶❪ ❢❡✐t♦s ♣❛r❛ ♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ Cu13

✐♥❞✐❝❛♠ q✉❡ ❡st❡ ♣♦ss✉✐ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❢✉sã♦ ♣ró①✐♠❛ ❞❛ ❞♦ Cu14✱ t♦❞❛✈✐❛

❝♦♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ tr❛♥s✐çã♦ ❞❡ ❛♣❡♥❛s ✉♠❛ ❡t❛♣❛✱ s✐♠✉❧❛r ❛♦ ♦❜s❡r✈❛❞♦ ♥♦ Au13✳

◆❛ ✜❣✉r❛ ✺✳✷✷ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡st✐♠❛❞♦ ❛ ♣❛r✲

t✐r ❞❛s ✢✉t✉❛çõ❡s q✉❛❞rát✐❝❛s ❞❛ ❡♥❡r❣✐❛✳ ❆ss✐♠ ❝♦♠♦ ♦❝♦rr❡✉ ❝♦♠ ♦ Au13✱ ❡st❡ ♥ã♦

❝♦♥✈❡r❣✐✉ ❜❡♠ ♣❛r❛ ♦ Cu14✳ ❈♦♥❢♦r♠❡ ❥á ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❡st❛ ❝♦♥✈❡r❣ê♥✲

❝✐❛ ♣♦❞❡ s❡r ♠❡❧❤♦r❛❞❛ ❛tr❛✈és ❞❛ r❡❛❧✐③❛çã♦ ❞❡ s✐♠✉❧❛çõ❡s ♠❛✐s ❧♦♥❣❛s✳ ❊♠❜♦r❛

❡st❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ♥ã♦ ❡st❡❥❛ ♣r❡❝✐s❛ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ✐♥❞✐❝❛r ❛s

t❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦✱ ♣❛r❛ ✜♥s ✐❧✉str❛t✐✈♦s ♣♦❞❡♠♦s ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❞❡

t❡♠♣❡r❛t✉r❛ ❝❛❧❝✉❧❛❞♦s ♣❡❧♦ δ ❡ ❛ss✐♠ s❡♣❛r❛r ♥♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✺✳✷✷ ❛s ❞✐❢❡r❡♥t❡s

s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ s✐st❡♠❛ ♣♦❞❡ s❡ ❡♥❝♦♥tr❛r✳ ■st♦ ❞á ✉♠❛ ✐❞é✐❛ ❞♦ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ♣❛r❛ ❝❛❞❛ s✐t✉❛çã♦✳ ❯♠❛ ❝❛r❛❝t❡ríst✐❝❛

r❡❧❡✈❛♥t❡ ❞♦ ❡st❛❞♦ ❞❡ tr❛♥s✐çã♦ é q✉❡ ♥❡❧❡ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ ♠é✲

❞✐❛ ❝r❡s❝❡ ♥✉♠❛ t❛①❛ ♠✉✐t♦ ♣ró①✐♠❛ ❞❛ ❞♦ ❡st❛❞♦ só❧✐❞♦✳ ■ss♦ ✐♥❞✐❝❛ q✉❡✱ ❡♠❜♦r❛

♠❛✐s s✉s❝❡tí✈❡❧ ❛ ✢✉t✉❛çõ❡s tér♠✐❝❛s✱ ♥❡st❡ ❡st❛❞♦ ♦ ❛❣❧♦♠❡r❛❞♦ t❡♥❞❡ ❛ ♣r❡s❡r✈❛r
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❋✐❣✉r❛ ✺✳✷✷✿ ❈❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ Cu14✳ ■♥❞✐❝❛❞❛ ❡♠ ✈❡r❞❡ t❡♠♦s ❛ tr❛♥s✐çã♦ ❞♦
❡st❛❞♦ só❧✐❞♦ ♣❛r❛ ♦ ❡st❛❞♦ ❞❡ ♣ré✲❞❡rr❡t✐♠❡♥t♦✱ ❡ ❡♠ ❛③✉❧✱ ❛ tr❛♥s✐çã♦ ❞♦ ❡st❛❞♦ ❞❡
♣ré✲❞❡rr❡t✐♠❡♥t♦ ♣❛r❛ ♦ ❧íq✉✐❞♦✳

❝❛r❛❝t❡ríst✐❝❛s ❞✐♥â♠✐❝❛s tí♣✐❝❛s ❞❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s✳ P❛r❛ ❝♦♥❢❡r✐r ♠❡❧❤♦r ♦

q✉❡ ♦❝♦rr❡ ♥♦ ❡st❛❞♦ ❞❡ tr❛♥s✐çã♦✱ t❡♠♦s ♥❛s ✜❣✉r❛s ✺✳✷✸ ❡ ✺✳✷✹ ♦ ❞❡s✈✐♦ q✉❛❞rát✐❝♦

♠é❞✐♦ ❡ ❛ ❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣❛r❛ ♦ ❛❣❧♦♠❡r❛❞♦ ❞❡ Cu14 ♥❛s

t❡♠♣❡r❛t✉r❛s ❞❡ 50K ✭só❧✐❞♦✮✱ 740K ✭♣ré✲❞❡rr❡t✐♠❡♥t♦✮ ❡ 1350K ✭❧íq✉✐❞♦✮✳ ❆ ❢✉♥çã♦

❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❛ ♦ ❛❣❧♦♠❡r❛❞♦ ❡♠ ❡st❛❞♦ ❞❡ ♣ré✲❞❡rr❡t✐♠❡♥t♦ é ❡①tr❡♠❛♠❡♥t❡

♣ró①✐♠❛ ❞❛ ❞♦ ❡st❛❞♦ ❧íq✉✐❞♦✱ ♦✉ s❡❥❛✱ ✐♥❞✐❝❛ q✉❡ ♦ ♠♦✈✐♠❡♥t♦ ❞♦s át♦♠♦s ♥ã♦ é

♦r❞❡♥❛❞♦✳ ❏á ♦ ❞❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ s❡ ❡♥❝♦♥tr❛ ♥✉♠ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦ ❡♥tr❡ ♦

só❧✐❞♦ ❡ ♦ ❧íq✉✐❞♦✱ ♦✉ s❡❥❛✱ ❡♠❜♦r❛ ♦s át♦♠♦s ♥ã♦ ❡st❡❥❛♠ s✐♠♣❧❡s♠❡♥t❡ ✈✐❜r❛♥❞♦ ❡♠

t♦r♥♦ ❞❡ ♣♦s✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦✱ ❡st❡s t❛♠❜é♠ ♥ã♦ ❡stã♦ s❡ ❞✐❢✉♥❞✐♥❞♦ ❧✐✈r❡♠❡♥t❡✳

❚❡♠♦s ❡♥tã♦ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♥tr❡ ♦ só❧✐❞♦ ❡ ♦ ❧íq✉✐❞♦✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ❡st❛❞♦

❞❡ ♣ré✲❞❡rr❡t✐♠❡♥t♦✳

✺✳✷✳✷ ❊st✉❞♦ ❞❡ ❡str✉t✉r❛s ❣r❛♥❞❡s✿ ❢r❛t✉r❛s

◆❡st❛ s❡çã♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣❛r❛ s✐♠✉❧❛çõ❡s ❝♦♠ ❡str✉t✉r❛s ❝♦♥t❡♥❞♦ ♠✐❧❤❛r❡s ❞❡

át♦♠♦s sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ◆❡st❡s ❝á❧❝✉❧♦s ❛❧❣✉♥s r❡❝✉rs♦s ❞♦ s✐st❡♠❛ ♥ã♦ ✉t✐❧✐③❛❞♦s

♥♦s ❝á❧❝✉❧♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r sã♦ ✐❧✉str❛❞♦s❀ ❡♠ ❡s♣❡❝í✜❝♦✱ ❛ ✐❞é✐❛ ❛q✉✐ é ✈❡r✐✜❝❛r ♦

❡❢❡✐t♦ ❞❡ ❞✐❢❡r❡♥t❡s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ s♦❜r❡ ✉♠ ♠❡s♠♦ ♣r♦❜❧❡♠❛✳ ❯♠ ❞❡t❛❧❤❡

✐♠♣♦rt❛♥t❡ ❛q✉✐ é ♦ ✉s♦ ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❞♦♠í♥✐♦ ♥♦ ❛❧❣♦r✐t♠♦

♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s ❢♦rç❛s ❡♥tr❡ ♦s át♦♠♦s✳ ❙❡♠ ❡ss❡ ♠❡❝❛♥✐s♠♦ ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ❡st❛

✾✾



❋✐❣✉r❛ ✺✳✷✸✿ ❉❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s át♦♠♦s ❞♦ Cu14 ♥❛s t❡♠♣❡r❛t✉r❛s ❞❡
50K✱ 740K ❡ 1350K ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳

❋✐❣✉r❛ ✺✳✷✹✿ ❆✉t♦❝♦rr❡❧❛çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣❛r❛ T = 50K ✭♣r❡t♦✮✱ 740K ✭✈❡r✲
♠❡❧❤♦✮ ❡ 1340K ✭✈❡r❞❡✮✳

✶✵✵



❋✐❣✉r❛ ✺✳✷✺✿ ▼♦❞❡❧♦ ❞❡ ♣❧❛❝❛ ❝r✐st❛❧✐♥❛ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ❞♦ ✐♥í❝✐♦ ❞♦
♣r♦❝❡ss♦ ❞❡ ❢r❛t✉r❛✳ ❙✉❛s ♠❡❞✐❞❛s sã♦✿ ✷✾✳✾✶ ♥♠✱ ✶✹✳✼✼ ♥♠ ❡ ✸✳✷✹ ♥♠ ❛♦ ❧♦♥❣♦ ❞❛s
❞✐r❡çõ❡s x̂✱ ŷ ❡ ẑ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

q✉❛♥t✐❞❛❞❡ ❞❡ át♦♠♦s s❡r✐❛ ✐♠♣r❛t✐❝á✈❡❧✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❞♦♠í♥✐♦ ✐♠♣❧❡♠❡♥✲

t❛❞❛ ♥♦ s✐st❡♠❛ é ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦ r✉♠♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ✈❡rsã♦ ♣❛r❛

❝♦♠♣✉t❛çã♦ ♣❛r❛❧❡❧❛✳

❖ ♣r♦❜❧❡♠❛✲♠♦❞❡❧♦ ♥❡st❛ s❡çã♦ é ❛ ❡✈♦❧✉çã♦ ❞❡ ✉♠❛ ❢r❛t✉r❛ ❞✐♥â♠✐❝❛ ❡♠ ✉♠

❝r✐st❛❧ s✉❥❡✐t♦ ❛ ❞✐❢❡r❡♥t❡s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ ❞❡ ❞❡❢❡✐t♦ ✐♥✐❝✐❛❧✳ ❖ ♠♦❞❡❧♦

❞❡ t❡st❡s é ✉♠ ❝r✐st❛❧ ❢❝❝ ♠♦❞❡❧❛❞♦ ❛tr❛✈és ❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s ❝♦♠

♣❛râ♠❡tr♦s ❛❥✉st❛❞♦s ❛♦ ❝♦❜r❡ ❬✾✽❪✱ ♦ q✉❛❧ é r❡❝♦rt❛❞♦ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ♣❧❛❝❛ ✜♥❛✳

❙✉❛s ♠❡❞✐❞❛s ❛♣❛r❡❝❡♠ ✐❧✉str❛❞❛s ♥❛ ✜❣✉r❛ ✺✳✷✺ ✳ ◆❡st❡s ❝á❧❝✉❧♦s s❡rã♦ ✉t✐❧✐③❛❞❛s

❛♣❡♥❛s ✐♥t❡r❛çõ❡s ❞❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡st❡ ❝r✐st❛❧ ❢♦✐ ❝♦♥s✲

tr✉í❞♦ ❝♦♠ ✉♠❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s ❡♠ ❝❛❞❛ ❝é❧✉❧❛ ✐❣✉❛❧ ❛ 6
√

2 σ✱

♦ q✉❡ ❡q✉✐✈❛❧❡ à ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ❝r✐st❛❧✳ ❊st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ♦❜t✐❞♦

❛♥❛❧✐t✐❝❛♠❡♥t❡ ♠✐♥✐♠✐③❛♥❞♦✲s❡ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ✉♠ át♦♠♦ r❡♣r❡s❡♥t❛t✐✈♦ ❡♠ ❢✉♥çã♦

❞❛s ❞✐stâ♥❝✐❛s ❞♦s s❡✉s ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✳

❆ ♣❛rt✐r ❞❡st❛ ❡str✉t✉r❛ ❜❛s❡✱ ❛❧❣✉♠❛s ✈❛r✐❛♥t❡s ❝♦♥t❡♥❞♦ ❞❡❢❡✐t♦s ❢♦r❛♠ ❝♦♥s✲

tr✉í❞❛s ❡ ❡st✐r❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ x̂ ✭❛ q✉❡ ♠❡❞❡ ✷✾✳✺✶ ♥♠✮✳ ❆ t❛①❛ ❞❡ ❡st✐r❛✲

♠❡♥t♦ ❛❞♦t❛❞❛ ❡q✉✐✈❛❧❡ ❛ ✉♠ ❛✉♠❡♥t♦ ❞❡ ✵✳✵✵✷✺ ♥♠ ♥♦ t❛♠❛♥❤♦ t♦t❛❧ ❞❛ ❡str✉t✉r❛✱

❛♣❧✐❝❛❞♦ ❛ ❝❛❞❛ ✷✺ ❢❡♠t♦s❡❣✉♥❞♦s✳ ❊st❡ ❡st✐r❛♠❡♥t♦ é s❡♠♣r❡ ❞✐str✐❜✉í❞♦ ❞❡ ♠❛♥❡✐r❛

✉♥✐❢♦r♠❡ ❡♠ t♦❞♦ ♦ ❝r✐st❛❧✱ ♥ã♦ s❡♥❞♦ ❛♣❧✐❝❛❞♦ ♣♦rt❛♥t♦ ❛♣❡♥❛s ❡♠ s✉❛s ❜♦r❞❛s✳

❯♠ ❛s♣❡❝t♦ q✉❡ ❞❡✈❡ s❡r ♦❜s❡r✈❛❞♦ é q✉❡ ❡♠ t♦❞❛s ❛s s✐♠✉❧❛çõ❡s ♦ ❞❡❢❡✐t♦ ♥♦

❝r✐st❛❧ q✉❡ ✐♥❞✉③ ♦ s✉r❣✐♠❡♥t♦ ❞❛ ❢r❛t✉r❛ ❢♦✐ ✐♥s❡r✐❞♦ ❡♠ ✉♠ ❞♦s ❧❛❞♦s ❞❛ ♣❧❛❝❛✱ ❡

♥ã♦ ♥♦ s❡✉ ♠❡✐♦✳ ■ss♦ ❣❡r❛ ✉♠❛ ❛ss✐♠❡tr✐❛ ♥♦ ♣r♦❜❧❡♠❛ ❝♦♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ♥❛ ❞✐r❡çã♦ x̂✿ ✉♠❛ ♦♥❞❛ ✈✐❜r❛❝✐♦♥❛❧ q✉❡ s❡ ♣r♦♣❛❣✉❡ ❛♦ ❧♦♥❣♦ ❞❛ ❡str✉t✉r❛

✶✵✶



❋✐❣✉r❛ ✺✳✷✻✿ ■❧✉str❛çã♦ ❞❡ ✉♠❛ ✈❛❝â♥❝✐❛ ❣r❛♥❞❡ ✐♥s❡r✐❞❛ ♥❛ ♣❧❛❝❛✱ q✉❡ s❡r✈❡ ❝♦♠♦
♦r✐❣❡♠ ❞❡ ✉♠❛ ❢r❛t✉r❛ ♥♦ ❝r✐st❛❧✳ ❆ ✜❣✉r❛ ❢♦✐ ❣❡r❛❞❛ ♠♦str❛♥❞♦✲s❡ ❛♣❡♥❛s ♦s át♦♠♦s
❝✉❥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣♦ss✉❛ ✉♠ ❞❡s✈✐♦ ♠❛✐♦r ❞♦ q✉❡ ✶✵✪ ❡♠ r❡❧❛çã♦ à ♠é❞✐❛✱ ❡♠
t = 0✱ t♦♠❛♥❞♦✲s❡ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♣❛r❡❞❡s ♣r❡s❛s✳ ■ss♦ ✐♥❝❧✉✐ ♥❛
✈✐s✉❛❧✐③❛çã♦ ♦s ✈✐③✐♥❤♦s ❞❛ ✈❛❝â♥❝✐❛ ❡ t❛♠❜é♠ ♦s át♦♠♦s ❞❛s ❡①tr❡♠✐❞❛❞❡s ❛♦ ❧♦♥❣♦
❞❛ ❞✐r❡çã♦ x̂✱ ♦♥❞❡ ♥ã♦ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❝♦♥❞✐çõ❡s ♣❡rí♦❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

♥❛ ❞✐r❡çã♦ −x̂ ✐rá ❛t✐♥❣✐r ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞♦ ♣r♦❜❧❡♠❛ ♠✉✐t♦ ❛♥t❡s ❞❡

✉♠❛ ♦♥❞❛ q✉❡ s❡ ♣r♦♣❛❣✉❡ ♥❛ ❞✐r❡çã♦ +x̂✳ ❖ ❡❢❡✐t♦ q✉❡ ❡ss❛ ❛ss✐♠❡tr✐❛ ❣❡r❛ ♥♦s

r❡s✉❧t❛❞♦s é ✐♥t❡r❡ss❛♥t❡✱ ❡ s❡rá ✐❧✉str❛❞♦ ♠❛✐s ❛ ❢r❡♥t❡✳

◆❡st❡s ❝á❧❝✉❧♦s sã♦ ✉t✐❧✐③❛❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s ŷ ❡

ẑ✳ ❏á ♥❛ ❞✐r❡çã♦ x̂✱ ❛ q✉❛❧ s❡ ❢❛③ ♦ ❡st✐r❛♠❡♥t♦✱ ❢♦r❛♠ ❢❡✐t♦s ❝á❧❝✉❧♦s ♥♦s q✉❛✐s sã♦

✉t✐❧✐③❛❞❛s ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛♦ ❧♦♥❣♦ ❞❡st❛ ❞✐r❡çã♦✱ ❡ t❛♠❜é♠ ❝á❧❝✉❧♦s ♥♦s

q✉❛✐s ✐ss♦ ♥ã♦ é ❢❡✐t♦✱ ✜❝❛♥❞♦ ♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❞❡ ❡st✐r❛♠❡♥t♦ ❛rt✐✜❝✐❛❧♠❡♥t❡

❝♦♥❣❡❧❛❞♦s✳

✺✳✷✳✷✳✶ ❋r❛t✉r❛s ❜❛s❡❛❞❛s ❡♠ ✉♠❛ ✈❛❝â♥❝✐❛ ❣r❛♥❞❡

❊st❡s ❡①❡♠♣❧♦s s❡ ❜❛s❡✐❛♠ ♥❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ❣r❛♥❞❡ ✈❛❝â♥❝✐❛ ♥❛ ♣❧❛❝❛✳ ❖ ❞❡❢❡✐t♦

❡♠ q✉❡stã♦ ♣♦ss✉✐ ✷✳✽✷ ♥♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❛s ❞✐r❡çõ❡s x̂ ❡ ŷ✱ ❡ ✵✳✽✷ ♥♠

❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ẑ✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✷✻ ✳ ❆ ♣❛rt✐r ❞❡st❛ ❡str✉t✉r❛✱

s✐♠✉❧❛çõ❡s sã♦ ❢❡✐t❛s ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♠ ❡st✐r❛♠❡♥t♦ ❞❛ ♣❧❛❝❛ ❛♣❧✐❝❛❞♦

❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ x̂✳

✶✵✷



❋✐❣✉r❛ ✺✳✷✼✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠❛ ✈❛❝â♥❝✐❛ ❣r❛♥❞❡ ❡ ❝♦♥❞✐çõ❡s
♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s x̂✱ ŷ ❡ ẑ✳

❆♣❧✐❝❛♥❞♦✲s❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❞♦ ❝r✐st❛❧✱

✐♥❝❧✉s✐✈❡ ♥❛ ❞❡ ❡st✐r❛♠❡♥t♦✱ ♦❜té♠✲s❡ ♦ r❡s✉❧t❛❞♦ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✷✼✳ ❈♦♥❢♦r♠❡

♦ ❝á❧❝✉❧♦ ❛✈❛♥ç❛✱ ❛ ♣❧❛❝❛ é ❣r❛❞❛t✐✈❛♠❡♥t❡ ❡st✐r❛❞❛ ❛té ♦ ♣♦♥t♦ ❡♠ q✉❛tr♦ ❢r❡♥t❡s

❞❡ ❢r❛t✉r❛ s✉r❣❡♠ ❞♦ ❞❡❢❡✐t♦ ♦r✐❣✐♥❛❧✳ ❆ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ✐ss♦ é s✐♠♣❧❡s✿ ❡st❛♠♦s

✉t✐❧✐③❛♥❞♦ ✐♥t❡r❛çõ❡s ❞❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✱ ❡ ♦ ❞❡❢❡✐t♦ é ✉♠ ❝✉❜ó✐❞❡ ♠✉✐t♦ ✜♥♦ ❡♠

✉♠❛ ❞✐r❡çã♦❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣♦❞❡♠♦s ♣❡♥s❛r ♥❡❧❡ ❝♦♠♦ s❡♥❞♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

✉♠ q✉❛❞r❛❞♦ ✷❉✳ ❖s át♦♠♦s ✈✐③✐♥❤♦s ❛♦s ✈ért✐❝❡s ❞❡st❡ q✉❛❞r❛❞♦ ♣♦ss✉❡♠ ♠❡♥♦s

✈✐③✐♥❤♦s ♣❛r❛ ✐♥t❡r❛❣✐r ❞♦ q✉❡ q✉❛✐sq✉❡r ♦✉tr♦s át♦♠♦s ❞❛ ❡str✉t✉r❛✱ ❧♦❣♦ ❡st❡s sã♦

♦s ♣♦♥t♦s ♠❛✐s ❢rá❣❡✐s ❞♦ ♠❛t❡r✐❛❧✱ ❡ ❛❧✐ ❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛ s❡ ✐♥✐❝✐❛✳

❈♦♥❢♦r♠❡ ❛ ❢r❛t✉r❛ s❡ ❡①♣❛♥❞❡✱ ✉♠❛ ❝♦♥s✐❞❡rá✈❡❧ q✉❛♥t✐❞❛❞❡ ❞❡ ♦♥❞❛s ✈✐❜r❛✲

❝✐♦♥❛✐s s❡ ♣r♦♣❛❣❛♠ ♣❡❧❛ ❡str✉t✉r❛✱ s❡♥❞♦ tr❛♥s♠✐t✐❞❛s ❛tr❛✈és ❞❡ s✉❛s ❜♦r❞❛s ♣❡❧❛s

❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳ ❆s q✉❛tr♦ ❢r❡♥t❡s ❞❡ ❢r❛t✉r❛ s❡ ❡①♣❛♥❞❡♠ ♥❛ ❢♦r♠❛

❞❡ ✉♠ ✏❳✑ ❛té t♦❝❛r❡♠ ♦s ❧✐♠✐t❡s ❞❛ ♣❧❛❝❛✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❡♠ t = 27000 ❢❡♠t♦s❡✲

❣✉♥❞♦s✳ ❯♠ ♣♦✉❝♦ ❛♥t❡s ❞✐ss♦ ❛❝♦♥t❡❝❡r✱ ✉♠❛ ♥♦✈❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛ s❡❝✉♥❞ár✐❛ é

❝r✐❛❞❛ ❛ ♣❛rt✐r ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❢r❡♥t❡s ♣r✐♠ár✐❛s✳ ❊st❛s ❢r❡♥t❡s s❡❝✉♥❞ár✐❛s ♣♦❞❡♠

s❡r ♦❜s❡r✈❛❞❛s ♥❛ ✜❣✉r❛ ✺✳✷✼✱ ❡♠ t = 28000 ❢❡♠t♦s❡❣✉♥❞♦s✳

✶✵✸



❋✐❣✉r❛ ✺✳✷✽✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠❛ ✈❛❝â♥❝✐❛ ❣r❛♥❞❡ ❡ ❝♦♥❞✐çõ❡s
♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s ŷ ❡ ẑ✳ ◆❛ ❞✐r❡çã♦ x̂ ♦s át♦♠♦s ❞♦ ♣r✐♠❡✐r♦ ❡
ú❧t✐♠♦ ♣❧❛♥♦ ❞❛ ❡str✉t✉r❛ ❢♦r❛♠ ❝♦♥❣❡❧❛❞♦s✱ s❡r✈✐♥❞♦ ❝♦♠♦ s✉♣♦rt❡ ❛♦s ❞❡♠❛✐s✳

❆❣♦r❛ ✉♠❛ ✈❛r✐❛♥t❡ ❞♦ ❝á❧❝✉❧♦ s❡rá ❢❡✐t❛✿ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ❞❡ ❡st✐r❛♠❡♥t♦ ❞♦

♠❛t❡r✐❛❧ ✭❞✐r❡çã♦ x̂✮ ♥ã♦ s❡rã♦ ♠❛✐s ❛♣❧✐❝❛❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳ ❆♦

✐♥✈és ❞✐ss♦✱ ♦s át♦♠♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ♣r✐♠❡✐r♦ ❡ ❛♦ ú❧t✐♠♦ ♣❧❛♥♦ ❛♦ ❧♦♥❣♦ ❞❡st❛

❞✐r❡çã♦ s❡rã♦ ❝♦♥❣❡❧❛❞♦s✱ ❛t✉❛♥❞♦ ❝♦♠♦ s✉♣♦rt❡ ♣❛r❛ ♦s ❞❡♠❛✐s✳ ❊st❛ ♠✉❞❛♥ç❛ ❧❡✈❛

❛ r❡s✉❧t❛❞♦s ❜❡♠ ❞✐❢❡r❡♥t❡s ♥❛ s✐♠✉❧❛çã♦✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✷✽✳ ❆♦

s❡ ❛❜❛♥❞♦♥❛r ♦ ✉s♦ ❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❡st❛ ❞✐r❡çã♦ ✉♠❛ r❡❣✐ã♦

✜①❛ ♥♦ ♠❛t❡r✐❛❧ ❢♦✐ ❝r✐❛❞❛ ♦♥❞❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦❝♦rr❡rã♦ ❢❡♥ô♠❡♥♦s ❞❡ r❡✢❡①ã♦

❞❡ ✈✐❜r❛çõ❡s ✭♥♦ ❝❛s♦ ❛s ❞✉❛s ❢r♦♥t❡✐r❛s ♦♥❞❡ ♦s át♦♠♦s ❢♦r❛♠ ❝♦♥❣❡❧❛❞♦s✮✳ ❙❡ ♦

♣r♦❜❧❡♠❛ tr❛t❛❞♦ ❢♦ss❡ ♣❡r❢❡✐t❛♠❡♥t❡ s✐♠étr✐❝♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ s❡ ❛ ✈❛❝â♥❝✐❛

❢♦ss❡ ❧♦❝❛❧✐③❛❞❛ ❡①❛t❛♠❡♥t❡ ♥♦ ♠❡✐♦ ❞❛ ♣❧❛❝❛✱ ❛ r❡❣✐ã♦ ♦♥❞❡ ♦❝♦rr❡r✐❛ ❛ r❡✢❡①ã♦ ❞❡

✈✐❜r❛çõ❡s s❡r✐❛ ❝♦✐♥❝✐❞❡♥t❡ ❝♦♠ ❛ r❡❣✐ã♦ ♥❛ q✉❛❧ ♦❝♦rr❡r✐❛ ❛ tr❛♥s♠✐ssã♦ ❞❡ ♦♥❞❛s

❝❛s♦ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ❢♦ss❡♠ ✉t✐❧✐③❛❞❛s✳ ◆❡st❡ ❡①❡♠♣❧♦ ❡s♣❡❝í✜❝♦

♦s r❡s✉❧t❛❞♦s ❞♦s ❝á❧❝✉❧♦s s❡r✐❛♠ ♦s ♠❡s♠♦s✳ ❚♦❞❛✈✐❛✱ s❡ ♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❢♦r ♣❡r✲

❢❡✐t❛♠❡♥t❡ s✐♠étr✐❝♦✱ t❛❧ ❝♦♠♦ é ♦ ❝❛s♦✱ ❡♥tã♦ ❛ ❝r✐❛çã♦ ❞❡ ✉♠❛ r❡❣✐ã♦ ❛rt✐✜❝✐❛❧ ❞❡

r❡✢❡①ã♦ ✐♥✢✉❡♥❝✐❛ ♥♦s r❡s✉❧t❛❞♦s ❞♦ ❝á❧❝✉❧♦✱ ❣❡r❛♥❞♦ ❛rt❡❢❛t♦s ♣✉r❛♠❡♥t❡ ♥✉♠ér✐✲

✶✵✹



❝♦s✳ ■ss♦ ♦❝♦rr❡ ♣♦r q✉❡ ❞❛❞♦ ❝❡rt♦ ♣❛r ❞❡ ♦♥❞❛s ❣❡r❛❞❛s ♥❛ ❢r❛t✉r❛ ✭❝♦♠♦ ♦ ❞❡❢❡✐t♦

é s✐♠étr✐❝♦ ♥❡st❡ ♣r♦❜❧❡♠❛✱ s❡ ✉♠❛ ♦♥❞❛ é ❣❡r❛❞❛ ♥❛ ❞✐r❡çã♦ +x̂✱ ❡♥tã♦ ♦✉tr❛ ✐❣✉❛❧

é t❛♠❜é♠ ❣❡r❛❞❛✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ♥❛ ❞✐r❡çã♦ −x̂✮✱ ❛ ♦♥❞❛ q✉❡ ✈❛✐ ♥❛ ❞✐r❡çã♦ −x̂

é r❡✢❡t✐❞❛ ❛♥t❡s✱ ♣♦✐s ❛ ③♦♥❛ ❞❡ r❡✢❡①ã♦ ❡stá ♠❛✐s ♣ró①✐♠❛ ❞❡❧❛✳ ■ss♦ ❣❡r❛ ✉♠❛

♣❡rt✉r❜❛çã♦ ♥ã♦ ❤♦♠♦❣ê♥❡❛ ♥♦ ♠❛t❡r✐❛❧✱ q✉❡ ♥ã♦ é ❝♦♠♣❡♥s❛❞❛ ♣❡❧❛ ♣❡rt✉r❜❛çã♦

❞❛ ♦✉tr❛ ♦♥❞❛ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦✐ r❡✢❡t✐❞❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❛♦ ✐♥✈és ❞❡ r❡t♦r♥❛r❡♠

❛♦ ♣♦♥t♦ ❞❡ ♦r✐❣❡♠ ❥✉♥t❛s✱ ❡ ♣♦rt❛♥t♦ ❝♦♠♣❡♥s❛♥❞♦ s❡✉s ❞❡s❧♦❝❛♠❡♥t♦s✱ ❛s ♦♥❞❛s

r❡t♦r♥❛♠ ❛♦ ♣♦♥t♦ ❞❡ ♦r✐❣❡♠ ❡♠ s❡♣❛r❛❞♦✱ ♦ q✉❡ ✐♥✢✉❡♥❝✐❛ ♥❛ ✈✐❜r❛çã♦ ❞♦s át♦♠♦s

♣ró①✐♠♦s ❛♦ ❞❡❢❡✐t♦ ❞❡ ♠❛♥❡✐r❛ t❛❧ q✉❡ ♥♦ ♠♦♠❡♥t♦ ❝rít✐❝♦ ❞♦ s✉r❣✐♠❡♥t♦ ❞❛ ❢r❛t✉r❛

❛s ❢r❡♥t❡s ❞❡ ❢r❛t✉r❛ t♦♠❛♠ ❞✐r❡çõ❡s ❞✐❢❡r❡♥t❡s✳

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ t❛♥t♦ ♦ ✉s♦ ❞❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦

q✉❛♥t♦ ♦ ❝♦♥❣❡❧❛♠❡♥t♦ ❞❡ ♣❧❛♥♦s ❞❡ át♦♠♦s sã♦ s✐t✉❛çõ❡s ❛rt✐✜❝✐❛✐s✳ ❖ ♥❛t✉r❛❧ s❡✲

r✐❛ ♦ ♠❛t❡r✐❛❧ s❡r ♠✉✐t♦ ❣r❛♥❞❡✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ✈✐❜r❛çõ❡s ❣❡r❛❞❛s ♣♦r ❢r❛t✉r❛s ♦✉

q✉❡❜r❛s ❞❡ ❧✐❣❛çõ❡s ❛tô♠✐❝❛s ❢♦ss❡♠ ♣r♦♣❛❣❛❞❛s ❛♦ ✐♥✜♥✐t♦✱ s❡ ❞✐ss✐♣❛♥❞♦ ❣r❛❞❛t✐✲

✈❛♠❡♥t❡✳

❖✉tr♦ ❛s♣❡❝t♦ ✐♠♣♦rt❛♥t❡ ♥❡st❛ q✉❡stã♦ é ❛ ❛t✉❛çã♦ ❞♦s át♦♠♦s ❝♦♥❣❡❧❛❞♦s s♦❜r❡

s❡✉s ✈✐③✐♥❤♦s✳ ❯♠❛ ✈❡③ ❝♦♥❣❡❧❛❞♦s✱ ❡st❡s át♦♠♦s ❛t✉❛♠ ❢♦rç❛♥❞♦ s❡✉s ✈✐③✐♥❤♦s✱ ❡

♣♦r t❛❜❡❧❛✱ ♦s ✈✐③✐♥❤♦s ❞♦s ✈✐③✐♥❤♦s✱ ❛ ✜❝❛r❡♠ ♦r❣❛♥✐③❛❞♦s ♥❛ ❢♦r♠❛ ❞❛ ❡str✉t✉r❛

❝r✐st❛❧✐♥❛✱ s❡♠ ♠✉✐t♦ ❡s♣❛ç♦ ♣❛r❛ ✢✉t✉❛çõ❡s✳ ❙❡ ✉♠❛ ♦♥❞❛ ❝✉❥❛ ❢r❡♥t❡ ♥ã♦ é ♣❧❛♥❛ ❡

♣❛r❛❧❡❧❛ ❛♦s át♦♠♦s ❝♦♥❣❡❧❛❞♦s ❛t✐♥❣❡ ♦ ♠❛t❡r✐❛❧✱ ❡st❛ t❡♥t❛ ❡❢❡t✉❛r ♦s❝✐❧❛çõ❡s ♥♦s

át♦♠♦s ❝♦♥❢♦r♠❡ ♦s ❛t✐♥❣❡✱ ♦✉ s❡❥❛✱ ❞❡ ✉♠❛ ❢♦r♠❛ q✉❡ ✈❛✐ ❝♦♥tr❛ ❛ ✐❞é✐❛ ❞❡ s❡ t❡r

✉♠ ♣❧❛♥♦ ✐♥t❡✐r♦ ❞❡ át♦♠♦s ✜①♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❞❡❢♦r♠❛çã♦ q✉❡ ♦❝♦rr❡ ♥♦s át♦♠♦s

♣ró①✐♠♦s ❛ ③♦♥❛ ❞❡ r❡✢❡①ã♦ é ❞✐❢❡r❡♥t❡ ❞❛ q✉❡ ♦❝♦rr❡r✐❛ s❡ ❛ ♦♥❞❛ s✐♠♣❧❡s♠❡♥t❡

❡st✐✈❡ss❡ ♣❛ss❛♥❞♦ ♣♦r ✉♠❛ ár❡❛ ♦♥❞❡ ♥ã♦ ❡①✐st❡ ❡st❛ ③♦♥❛ ❞❡ r❡✢❡①ã♦ ✭❝♦♠♦ é ♦

❝❛s♦ ♥❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✮✳ ❊ss❡ ❡❢❡✐t♦ é ♦❜s❡r✈❛❞♦ ♥♦s ❝á❧❝✉❧♦s

❞❡ss❛ s❡çã♦ ❛tr❛✈és ❞❛ ❞❡❢♦r♠❛çã♦ ❞❛s ❢r❡♥t❡s ❞❡ ❢r❛t✉r❛ q✉❡ ❡stã♦ ♠❛✐s ♣ró①✐♠❛s

❞❛ ③♦♥❛ ❞❡ r❡✢❡①ã♦✳

✺✳✷✳✷✳✷ ❋r❛t✉r❛s ❜❛s❡❛❞❛s ❡♠ ✉♠❛ ✈❛❝â♥❝✐❛ ♣❡q✉❡♥❛

❊st❡s ❡①❡♠♣❧♦s s❡ ❜❛s❡✐❛♠ ♥❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ♣❡q✉❡♥❛ ✈❛❝â♥❝✐❛ ♥❛ ♣❧❛❝❛✳ ❖

❞❡❢❡✐t♦ ❡♠ q✉❡stã♦ ♣♦ss✉✐ ✶✳✸✷ ♥♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❛s ❞✐r❡çõ❡s x̂ ❡ ŷ✱

✶✵✺



❋✐❣✉r❛ ✺✳✷✾✿ ■❧✉str❛çã♦ ❞❡ ✉♠❛ ✈❛❝â♥❝✐❛ ♣❡q✉❡♥❛ ✐♥s❡r✐❞❛ ♥❛ ♣❧❛❝❛✱ q✉❡ s❡r✈❡ ❝♦♠♦
♦r✐❣❡♠ ❞❡ ✉♠❛ ❢r❛t✉r❛ ♥♦ ❝r✐st❛❧✳ ❆ ✜❣✉r❛ ❢♦✐ ❣❡r❛❞❛ ♠♦str❛♥❞♦✲s❡ ❛♣❡♥❛s ♦s át♦♠♦s
❝✉❥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣♦ss✉❛ ✉♠ ❞❡s✈✐♦ ♠❛✐♦r ❞♦ q✉❡ ✶✵✪ ❡♠ r❡❧❛çã♦ à ♠é❞✐❛✱ ❡♠
t = 0✱ t♦♠❛♥❞♦✲s❡ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♣❛r❡❞❡s ♣r❡s❛s✳ ■ss♦ ✐♥❝❧✉✐ ♥❛
✈✐s✉❛❧✐③❛çã♦ ♦s ✈✐③✐♥❤♦s ❞❛ ✈❛❝â♥❝✐❛ ❡ t❛♠❜é♠ ♦s át♦♠♦s ❞❛s ❡①tr❡♠✐❞❛❞❡s ❛♦ ❧♦♥❣♦
❞❛ ❞✐r❡çã♦ x̂✱ ♦♥❞❡ ♥ã♦ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❝♦♥❞✐çõ❡s ♣❡rí♦❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

❡ ✵✳✸✷ ♥♠ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ẑ✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✷✾ ✳ ❆ ♣❛rt✐r

❞❡st❛ ❡str✉t✉r❛✱ s✐♠✉❧❛çõ❡s sã♦ ❢❡✐t❛s ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♠ ❡st✐r❛♠❡♥t♦

❞❛ ♣❧❛❝❛ ❛♣❧✐❝❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ x̂✳ ❊st❛ ❡str✉t✉r❛ é ✉♠❛ ✈❛r✐❛♥t❡ ❞❛ ❡str✉t✉r❛

❞❛ s❡çã♦ ✺✳✷✳✷✳✶✱ ♣♦ré♠ ❝♦♠ ✉♠ ❞❡❢❡✐t♦ ❜❡♠ ♠❡♥♦r✳ ❆ ✐❞é✐❛ ❛q✉✐ é ✈❡r✐✜❝❛r s❡ ♦

t❛♠❛♥❤♦ ❞❛ ✈❛❝â♥❝✐❛ ❡❢❡t✉❛ ❛❧❣✉♠❛ ✐♥✢✉ê♥❝✐❛ s✐❣♥✐✜❝❛t✐✈❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❢r❛t✉r❛✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ❞❡❢❡✐t♦ ❣r❛♥❞❡✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❢♦r❛♠ ❛♣❧✐✲

❝❛❞❛s ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❞♦ ❝r✐st❛❧✱ ✐♥❝❧✉s✐✈❡ ♥❛

❞❡ ❡st✐r❛♠❡♥t♦✳ ◆❛ ✜❣✉r❛ ✺✳✸✵ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❡st❡ ❝❛s♦ sã♦ ✐❧✉str❛✲

❞♦s✳ ❉❡ ✉♠❛ ❢♦r♠❛ ❣❡r❛❧✱ ♦s r❡s✉❧t❛❞♦s sã♦ ♣❛r❡❝✐❞♦s ❝♦♠ ♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✈❛❝â♥❝✐❛

❣r❛♥❞❡✳ ❆❧❣✉♠❛s ❞✐❢❡r❡♥ç❛s ❡♠ ❡s♣❡❝✐❛❧ s❡ ❢❛③❡♠ ♥♦t❛r✿ ❝♦♠♦ ❛ ✈❛❝â♥❝✐❛ é ♠❡♥♦r✱

s✉❛ ✐♥✢✉ê♥❝✐❛ ♥ã♦ é tã♦ ❢♦rt❡✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ❤❛❥❛ ✉♠❛ ❞❡♠♦r❛ ♠❛✐♦r ♣❛r❛ ❛

♦❝♦rrê♥❝✐❛ ❞❛ ❢r❛t✉r❛✱ ♦ q✉❡ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❝♦♠♣❛r❛♥❞♦✲s❡ ♦s t❡♠♣♦s ❞❛ ✜❣✉r❛

✺✳✸✵ ❝♦♠ ♦ ❞❛ ✜❣✉r❛ ✺✳✷✼✳ ❖✉tr♦ ❛s♣❡❝t♦ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ♥❡st❡ ❡①❡♠♣❧♦ ❛s ❢r❡♥t❡s

❞❡ ❢r❛t✉r❛ ❡stã♦ ♠✉✐t♦ ♠❛✐s ✐♥❝❧✐♥❛❞❛s ❞♦ q✉❡ ♥♦ ❡①❡♠♣❧♦ ❝♦♠ ❛ ✈❛❝â♥❝✐❛ ♠é❞✐❛✳

◆❡st❡ ❡①❡♠♣❧♦✱ ❡♠ t = 37000 ❢❡♠t♦s❡❣✉♥❞♦s✱ ❞✉❛s ❞❛s ❢r❡♥t❡s ❞❡ ❢r❛t✉r❛ ❛t✐♥❣❡♠

✶✵✻



❋✐❣✉r❛ ✺✳✸✵✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠❛ ✈❛❝â♥❝✐❛ ♣❡q✉❡♥❛ ❡
❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s x̂✱ ŷ ❡ ẑ✳

❛ ❜♦r❞❛ ❡sq✉❡r❞❛ ❞❛ ♣❧❛❝❛✳ ◆♦ ❡①❡♠♣❧♦ ❞❛ ✜❣✉r❛ ✺✳✷✼ ✐ss♦ ♥ã♦ ❛❝♦♥t❡❝❡❀ t♦❞❛s ❛s

❢r❡♥t❡s ❞❡ ❢r❛t✉r❛ t❡r♠✐♥❛♠ ♦ ❝á❧❝✉❧♦ t♦❝❛♥❞♦ ❛s ❡①tr❡♠✐❞❛❞❡s s✉♣❡r✐♦r ♦✉ ✐♥❢❡r✐♦r

❞❛ ♣❧❛❝❛✳ ❖ ♠❡❝❛♥✐s♠♦ ❡①❛t♦ q✉❡ ❧❡✈❛ ❛ ❡st❛s ❞✐❢❡r❡♥ç❛s✱ ❡♠ ❢✉♥çã♦ ❞♦ t❛♠❛♥❤♦ ❞❛

✈❛❝â♥❝✐❛✱ ♥ã♦ é ❛✐♥❞❛ ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♥❤❡❝✐❞♦✳ P♦ré♠ ✉♠ ❢❛t♦r ✐♠♣♦rt❛♥t❡ ♥❡st❡

r❡s✉❧t❛❞♦ é ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ ♦♥❞❛s ❡s♣úr✐❛s ♥♦ ❝á❧❝✉❧♦✱ ❛s q✉❛✐s s❡ ♣r♦♣❛❣❛♠ ♣❡❧♦

♠❛t❡r✐❛❧ ❛♦ ❧♦♥❣♦ ❞❛ s✐♠✉❧❛çã♦✳

P❛ss❛✲s❡ ❛❣♦r❛ ♣❛r❛ ✉♠❛ s✐♠✉❧❛çã♦ ❞❛ ♣❧❛❝❛ ❝♦♠ ✉♠❛ ✈❛❝â♥❝✐❛ ♣❡q✉❡♥❛ ❡ ♣❛r❡✲

❞❡s ♣r❡s❛s ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ x̂✳ ❖s r❡s✉❧t❛❞♦s ❛♣❛r❡❝❡♠ ♥❛ ✜❣✉r❛ ✺✳✸✶✳ ❆ss✐♠

❝♦♠♦ ♦❝♦rr❡✉ ❝♦♠ ❛ ✈❛❝â♥❝✐❛ ❣r❛♥❞❡✱ ❛ r❡♠♦çã♦ ❞♦ ✉s♦ ❞❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡

❝♦♥t♦r♥♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ x̂ ❧❡✈♦✉ ❛ r❡s✉❧t❛❞♦s ❜❡♠ ❞✐❢❡r❡♥t❡s ❞♦ ♦❜t✐❞♦ q✉❛♥❞♦

❛s ❝♦♥❞✐çõ❡s sã♦ ❛♣❧✐❝❛❞❛s✳ ❯♠❛ q✉❡stã♦ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ♥❡st❡ ❝❛s♦✱ ♦ t❡♠♣♦

♥❡❝❡ssár✐♦ à ♦❝♦rrê♥❝✐❛ ❞❛ ❢r❛t✉r❛ ❢♦✐ ♠✉✐t♦ ♠❛✐♦r ❞♦ q✉❡ ♦ ❡q✉✐✈❛❧❡♥t❡ ♥♦ ❝á❧❝✉❧♦

❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳ ❈♦♠♦ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❝á❧❝✉❧♦s é ❛ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦ ❛❞♦t❛❞❛ ♥❛ ❞✐r❡çã♦ x̂✱ é ♥❛t✉r❛❧ q✉❡ ❛ ❝❛✉s❛ ❞♦ ❢❡♥ô♠❡♥♦ ❡st❡❥❛ ✈✐♥❝✉✲

❧❛❞❛ ❛ ❡❢❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❡st❛s ❝♦♥❞✐çõ❡s✳ ❚♦❞❛✈✐❛✱ ♦ ♠❡❝❛♥✐s♠♦ ❡①❛t♦ ❞❡st❡

♣r♦❝❡ss♦ ♥ã♦ é ❝♦♥❤❡❝✐❞♦✳

✶✵✼



❋✐❣✉r❛ ✺✳✸✶✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠❛ ✈❛❝â♥❝✐❛ ♣❡q✉❡♥❛ ❡
❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s ŷ ❡ ẑ✳ ◆❛ ❞✐r❡çã♦ x̂ ♦s át♦♠♦s ❞♦
♣r✐♠❡✐r♦ ❡ ú❧t✐♠♦ ♣❧❛♥♦ ❞❛ ❡str✉t✉r❛ ❢♦r❛♠ ❝♦♥❣❡❧❛❞♦s✱ s❡r✈✐♥❞♦ ❝♦♠♦ s✉♣♦rt❡ ❛♦s
❞❡♠❛✐s✳

✶✵✽



❋✐❣✉r❛ ✺✳✸✷✿ ■❧✉str❛çã♦ ❞❡ ✉♠ ❢✉r♦ ✐♥s❡r✐❞♦ ♥❛ ♣❧❛❝❛✱ q✉❡ s❡r✈❡ ❝♦♠♦ ♦r✐❣❡♠ ❞❡
✉♠❛ ❢r❛t✉r❛ ♥♦ ❝r✐st❛❧✳ ❆ ✜❣✉r❛ ❢♦✐ ❣❡r❛❞❛ ♠♦str❛♥❞♦✲s❡ ❛♣❡♥❛s ♦s át♦♠♦s ❝✉❥❛
❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣♦ss✉❛ ✉♠ ❞❡s✈✐♦ ♠❛✐♦r ❞♦ q✉❡ ✶✵✪ ❡♠ r❡❧❛çã♦ à ♠é❞✐❛✱ ❡♠
t = 0✱ t♦♠❛♥❞♦✲s❡ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ♣❛r❡❞❡s ♣r❡s❛s✳ ■ss♦ ✐♥❝❧✉✐ ♥❛
✈✐s✉❛❧✐③❛çã♦ ♦s ✈✐③✐♥❤♦s ❞❛ ✈❛❝â♥❝✐❛ ❡ t❛♠❜é♠ ♦s át♦♠♦s ❞❛s ❡①tr❡♠✐❞❛❞❡s ❛♦ ❧♦♥❣♦
❞❛ ❞✐r❡çã♦ x̂✱ ♦♥❞❡ ♥ã♦ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❝♦♥❞✐çõ❡s ♣❡rí♦❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦✳

✺✳✷✳✷✳✸ ❋r❛t✉r❛s ❜❛s❡❛❞❛s ❡♠ ✉♠ ❢✉r♦ ♥❛ ♣❧❛❝❛

❊st❡s ❡①❡♠♣❧♦s s❡ ❜❛s❡✐❛♠ ♥❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠ ❢✉r♦ ♥❛ ♣❧❛❝❛✱ ♦ q✉❛❧ ❛ ❛tr❛✈❡ss❛

❝♦♠♣❧❡t❛♠❡♥t❡ ♥❛ ❞✐r❡çã♦ ẑ✳ ❆♦ ❧♦♥❣♦ ❞❛s ❞✐r❡çõ❡s x̂ ❡ ŷ ♦ ❞❡❢❡✐t♦ ♣♦ss✉✐ ✶✳✸✷

♥♠ ❞❡ ❧❛❞♦✳ ❖s ❞❡♠❛✐s ♣❛râ♠❡tr♦s ❞♦ ❝á❧❝✉❧♦ sã♦ ♦s ♠❡s♠♦s ✉t✐❧✐③❛❞♦s ♥❛s s❡çõ❡s

❛♥t❡r✐♦r❡s✳ ❯♠❛ ✐❧✉str❛çã♦ ❞❡st❡ ❢✉r♦ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✺✳✸✷✳

◆❛ ✜❣✉r❛ ✺✳✸✸ t❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ✉♠ ❝á❧❝✉❧♦ ❝♦♠ ✉♠ ❢✉r♦ ♥❛ ♣❧❛❝❛

❡ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ❛♣❧✐❝❛❞❛s ❡♠ t♦❞♦ ♦ ♠❛t❡r✐❛❧✳ ◆❡st❡ ❝á❧❝✉❧♦✱

❛ ❡✈♦❧✉çã♦ ❞♦ ❞❡❢❡✐t♦ é ♠✉✐t♦ ♠❛✐s ❝❧❛r❛ ❡ ✉♥✐❢♦r♠❡ ❞♦ q✉❡ ♦ ❡q✉✐✈❛❧❡♥t❡ ♦❜t✐❞♦

t♦♠❛♥❞♦✲s❡ ✉♠❛ ✈❛❝â♥❝✐❛ ❞❡♥tr♦ ❞♦ ❝r✐st❛❧✳ ■ss♦ ♣♦r q✉❡✱ ♥♦ ❝❛s♦ ❞❛ ✈❛❝â♥❝✐❛✱

❤❛✈✐❛ ✉♠❛ ❝❡rt❛ ❧✐❜❡r❞❛❞❡ ♣❛r❛ ❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛ ♦s❝✐❧❛r ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ ẑ✳ ◆❡st❡

❝❛s♦✱ ❝♦♠♦ ♦ ❞❡❢❡✐t♦ é ✉♠ ❢✉r♦ q✉❡ ❛tr❛✈❡ss❛ ♦ ♠❛t❡r✐❛❧✱ ❛s ❢r❡♥t❡s ❞❡ ❢r❛t✉r❛ ❥á s❡

✐♥✐❝✐❛♠ ❝♦♠ ❛ ❧❛r❣✉r❛ ❞❛ ♣❧❛❝❛ ♥❛ ❞✐r❡çã♦ ẑ✳ ■ss♦ ❧❡✈❛ ❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ s❡ ♣❛r❡❝❡

♠❛✐s ❝♦♠ ✉♠ ❝á❧❝✉❧♦ ✷✲❉✳

◆❛ ✜❣✉r❛ ✺✳✸✹ t❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ❞♦ ❢✉r♦ ❝♦♠ ❛s ♣❛r❡✲

❞❡s ♣r❡s❛s✳ ❆ss✐♠ ❝♦♠♦ ♥♦s ♦✉tr♦s ❡①❡♠♣❧♦s✱ ♦ ❢❛t♦ ❞❛ ❢r❡♥t❡ ❞❡ ❢r❛t✉r❛ ❝❛♠✐♥❤❛r

✶✵✾



❋✐❣✉r❛ ✺✳✸✸✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠ ❢✉r♦ ♥❛ ♣❧❛❝❛ ❡ ❝♦♥❞✐çõ❡s
♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s x̂✱ ŷ ❡ ẑ✳

❋✐❣✉r❛ ✺✳✸✹✿ ❋r❛t✉r❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❝♦♠ ✉♠ ❢✉r♦ ♥❛ ♣❧❛❝❛ ❡ ❝♦♥❞✐çõ❡s
♣❡r✐ó❞✐❝❛s ❞❡ ❝♦♥t♦r♥♦ ♥❛s ❞✐r❡çõ❡s ŷ ❡ ẑ✳ ◆❛ ❞✐r❡çã♦ x̂ ♦s át♦♠♦s ❞♦ ♣r✐♠❡✐r♦ ❡
ú❧t✐♠♦ ♣❧❛♥♦ ❞❛ ❡str✉t✉r❛ ❢♦r❛♠ ❝♦♥❣❡❧❛❞♦s✱ s❡r✈✐♥❞♦ ❝♦♠♦ s✉♣♦rt❡ ❛♦s ❞❡♠❛✐s✳

✶✶✵



♣ró①✐♠❛ ❞❛ ③♦♥❛ ❞❡ r❡✢❡①ã♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❛t✉❛ ❛❧t❡r❛♥❞♦ s✉❛ ❞✐♥â♠✐❝❛✳

✺✳✷✳✷✳✹ ❈♦♠❡♥tár✐♦s

❆s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❝♦♠ ♥❡st❛ s❡çã♦ ✈✐s❛♠ ✐❧✉str❛r ❛❧❣✉♥s ❛s♣❡❝t♦s ❞♦s ♣r♦✲

❣r❛♠❛s ❞❡s❡♥✈♦❧✈✐❞♦s q✉❡ ♥ã♦ ♣✉❞❡r❛♠ s❡r ❞❡♠♦♥str❛❞♦s ♥♦ ❡st✉❞♦ ❝♦♠ ❛❣❧♦♠❡r❛✲

❞♦s✿ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ r❡❛❧✐③❛r s✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ❞✐❢❡r❡♥t❡s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❢❛③ê✲❧♦ ♣❛r❛ ❡str✉t✉r❛s ❝♦♠ ♠✐❧❤❛r❡s ❞❡

át♦♠♦s✳ P❧❛❝❛s t❛✐s ❝♦♠♦ ❛s ♠♦str❛❞❛s ♥❡st❡ ❝á❧❝✉❧♦ sã♦ ♣r♦❞✉③✐❞❛s ♠✉✐t♦ ❢❛❝✐❧✲

♠❡♥t❡ ❛tr❛✈és ❞♦ ❣❡r❛❞♦r ❞❡ ❡str✉t✉r❛s ❞♦ s♦❢✇❛r❡✳ ❆ ✐♥s❡rçã♦ ❞❡ ❞❡❢❡✐t♦s t❛✐s ❝♦♠♦

♦s ♠♦str❛❞♦s t❛♠❜é♠ é ❢❡✐t❛ ❞❡ ❢♦r♠❛ ❛✉t♦♠át✐❝❛✱ ❛ss✐♠ ❝♦♠♦ ❛ ♣r♦❣r❛♠❛çã♦ ❞❛s

❞✐❢❡r❡♥t❡s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳ ❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ r❡❛❧✐③❛r ❡st✐r❛♠❡♥t♦s ♥♦

♠❛t❡r✐❛❧✱ ♦✉ ❛✐♥❞❛✱ ❝♦♠♣r❡ssõ❡s✱ t❛♠❜é♠ é ✉♠ r❡❝✉rs♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❡

♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ s✉♣❡r❢í❝✐❡s✱ ♠❛t❡r✐❛✐s ✈♦❧✉♠étr✐❝♦s ❡ ♥❛♥♦✜♦s✱ ♣♦r ❡①❡♠♣❧♦✳

✺✳✸ ❈á❧❝✉❧♦s ❝♦♠ ❝♦♠♣♦♥❡♥t❡s ❞♦ s✐st❡♠❛ ♠✉❧t✐✲

❡s❝❛❧❛

❈♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✹✳✽✱ três ❝♦♠♣♦♥❡♥t❡s sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦

❞❡ ✉♠ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✿ ❛ ✐♥t❡r♣♦❧❛çã♦ ❞♦s

r❡s✉❧t❛❞♦s ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ♥❛ r❡❣✐ã♦ ♦♥❞❡ ❛♠❜♦s ❝♦❡①✐st❡♠❀

❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❧❡✐ ❝♦♥st✐t✉t✐✈❛ ❛ ♣❛rt✐r ❞♦ ♣♦t❡♥❝✐❛❧ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛

❛ r❡❣✐ã♦ ♦♥❞❡ ♥ã♦ s❡ ❢❛③ ❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ❡ ♦ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛

q✉❡ ❛t✉❛ s♦❜r❡ ♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ◆❡st❡ tr❛❜❛❧❤♦✱

♦s ❞♦✐s ♣r✐♠❡✐r♦s ❝♦♠♣♦♥❡♥t❡s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s✳ ◆❛s ♣ró①✐♠❛s s❡çõ❡s t❡♠♦s

s✐♠✉❧❛çõ❡s ✐❧✉str❛♥❞♦ s❡✉ ❢✉♥❝✐♦♥❛♠❡♥t♦✳

✺✳✸✳✶ ■♥t❡r♣♦❧❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛

♦ ❝♦♥t✐♥✉✉♠

◆❡st❡ ❡①❡♠♣❧♦✱ ✉♠❛ ❢r❛t✉r❛ s✐♠✐❧❛r à r❡❛❧✐③❛❞❛ ♥❛ s❡çã♦ ✺✳✷✳✷✳✸ é r❡❛❧✐③❛❞❛ ♣❛r❛

✉♠❛ ♣❧❛❝❛ q✉❛❞r❛❞❛✳ ❊st❛ ♣❧❛❝❛ ♣♦ss✉✐ 9.8 ♥♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦

✶✶✶



❋✐❣✉r❛ ✺✳✸✺✿ Pr♦♣❛❣❛çã♦ ❞❡ ✉♠❛ ❞❡❢♦r♠❛çã♦ ❛❧t❛♠❡♥t❡ ♥ã♦✲❧✐♥❡❛r✱ ❣❡r❛❞❛ ❞❡✈✐❞♦ ❛
✉♠❛ ❢r❛t✉r❛ ❝❛❧❝✉❧❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❛tr❛✈és ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠✱
❞✐s❝r❡t✐③❛❞♦ ❡♠ ✉♠❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳

x̂✱ 9.8 ♥♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ŷ✱ ❡ 3.4 ♥♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♦

❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ẑ✳ ◆♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✱ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡

❝♦♥t♦r♥♦ sã♦ ❛❞♦t❛❞❛s ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s✳ ❯♠ ❢✉r♦ ❝✐r❝✉❧❛r é ❢❡✐t♦ ♥❛ ♣❧❛❝❛✱

❛tr❛✈❡ss❛♥❞♦✲❛ ❝♦♠♣❧❡t❛♠❡♥t❡✳ ❆ ♣❛rt✐r ❞❛í✱ ❛ ♣❧❛❝❛ é ❡st✐r❛❞❛ ♥❛ ❞✐r❡çã♦ x̂✱ ❝♦♠

t❛①❛ ❞❡ ❡st✐r❛♠❡♥t♦ ❡ ❞❡♠❛✐s ♣❛râ♠❡tr♦s ❞❡ ❝á❧❝✉❧♦ ✐❣✉❛✐s ❛♦s ❛❞♦t❛❞♦s ♥❛ s❡çã♦

✺✳✷✳✷✳✸✳

❖ ❝♦♥t✐♥✉✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❛ ♣❧❛❝❛ ❞❡ át♦♠♦s ❢♦✐ ❞❡❝♦♠♣♦st♦ ❡♠ ✉♠❛

♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s t❡tr❛❤❡❞r✐❝♦s ❡ s♦❜r❡♣♦st♦ à ♣❧❛❝❛✳ ❆ ♣❛rt✐r ❞❛í✱ ❛ s✐♠✉❧❛çã♦ ❞❡

❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❢♦✐ ❡①❡❝✉t❛❞❛✱ ❡ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢❛③❡r ❛

♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ❛❝♦♠♣❛♥❤❛r✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ❞♦s át♦♠♦s

♥❛ s✐♠✉❧❛çã♦✳ ❉❡st❡ ♠♦❞♦✱ t❡♠♦s ✉♠❛ ❝♦♠✉♥✐❝❛çã♦ ❞✐r❡t❛ ❡♥tr❡ ❡s❝❛❧❛s ❡♠ ❛♣❡♥❛s

✉♠❛ ❞✐r❡çã♦✿ ❛ ✐♥❢♦r♠❛çã♦ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r é ♣r♦♣❛❣❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❛♦ ❝♦♥✲

t✐♥✉✉♠✱ ♣♦ré♠ ♦ ♦♣♦st♦ ♥ã♦ ♦❝♦rr❡❀ ♣❛r❛ q✉❡ ♦♣♦st♦ ♦❝♦rr❛✱ ♦s três ❝♦♠♣♦♥❡♥t❡s

❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s ♣r❡❝✐s❛♠ s❡r ✉t✐❧✐③❛❞♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

◆❛ ✜❣✉r❛ ✺✳✸✺ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❢r❛t✉r❛ ❞❛ ♣❧❛❝❛ ❡ ❝♦♥s❡✲

q✉❡♥t❡ ❡❢❡✐t♦ ❞❡ss❛ ❞✐♥â♠✐❝❛ s♦❜r❡ ❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳ ◆♦t❡ q✉❡ ❛ ♠❛❧❤❛

✶✶✷



❋✐❣✉r❛ ✺✳✸✻✿ ❯t✐❧✐③❛♥❞♦ ✉♠ ✜❧tr♦ q✉❡ s❡❧❡❝✐♦♥❛ ❛♣❡♥❛s ♦s át♦♠♦s ❝✉❥❛ ❡♥❡r❣✐❛ ♣♦✲
t❡♥❝✐❛❧ ♣♦ss✉❛ ✉♠ ❞❡s✈✐♦ ❡♠ r❡❧❛çã♦ à ♠❡❞✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s 10%✱ ❞❡t❛❧❤❡s ♠❛✐s s✉t✐s
❞♦ ❝á❧❝✉❧♦ ♣♦❞❡♠ s❡r ✈❡r✐✜❝❛❞♦s✳

❛t✐♥❣❡ ❞❡❢♦r♠❛çõ❡s ❛❧t❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r❡s✱ q✉❡ ❞✐✜❝✐❧♠❡♥t❡ s❡r✐❛♠ ♦❜t✐❞❛s ❞❡♥tr♦

❞❡ ❛♣r♦①✐♠❛çõ❡s ❞❡ ❝♦♥t✐♥✉✉♠ ♠❛✐s s✐♠♣❧❡s✱ t❛✐s ❝♦♠♦ ❛ ❛♣r♦①✐♠❛çã♦ ❡❧ást✐❝❛✳ ❆

♣r♦♣❛❣❛çã♦ ❞❡ ❞❡❢♦r♠❛çõ❡s ❝♦♠♦ ❡st❛ ♣❛r❛ ❛ ❡s❝❛❧❛ ❞❡ ❝♦♥t✐♥✉✉♠ é ✉♠ ❞❡s❡♥✈♦❧✈✐✲

♠❡♥t♦ ✐♠♣♦rt❛♥t❡✳

◆❛ ✜❣✉r❛ ✺✳✸✻ ❛ ♠❡s♠❛ s✐♠✉❧❛çã♦ é ✐❧✉str❛❞❛✱ ♣♦ré♠ ❝♦♠ ✉♠ ✜❧tr♦ ❞❡ ♣♦t❡♥❝✐❛❧

♥♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ◆❡st❡ ✜❧tr♦✱ ❛♣❡♥❛s át♦♠♦s ❝✉❥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧

♣♦ss✉❛ ✉♠ ❞❡s✈✐♦ ❞❡ ✶✵✪✱ ♣❛r❛ ❝✐♠❛ ♦✉ ♣❛r❛ ❜❛✐①♦✱ ❡♠ r❡❧❛çã♦ à ♠é❞✐❛ ❞❛ ♣❧❛❝❛

sã♦ ♠♦str❛❞♦s✳ ❊st❡s át♦♠♦s sã♦ ❛q✉❡❧❡s q✉❡✱ ❡♠ ❡ssê♥❝✐❛✱ ❡stã♦ ✈✐③✐♥❤♦s ❛ ✉♠

❞❡❢❡✐t♦ ♥❛ ♣❧❛❝❛✳ ◆❡st❡ ❝á❧❝✉❧♦ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♦ ✉s♦ ❞❡st❡ t✐♣♦ ❞❡ ❛rt✐❢í❝✐♦ ♥ã♦ ❢♦✐ tã♦

✐♠♣♦rt❛♥t❡✱ ♣♦✐s é ❢❛❝✐❧ ✈✐s✉❛❧✐③❛r ❞✐r❡t❛♠❡♥t❡ ♥❛ ✜❣✉r❛ ✺✳✸✺ ♦ q✉❡ s❡ ♣❛ss❛✳ ❚♦❞❛✈✐❛✱

❡♠ ❣❡r❛❧ ♣❛r❛ ❝á❧❝✉❧♦s ❞❡ ❡str✉t✉r❛s ❡♠ três ❞✐♠❡♥sõ❡s ❛ ✈✐s✉❛❧✐③❛çã♦ ❞❛ ♣r♦♣❛❣❛çã♦

❞❡ ✉♠ ❞❡❢❡✐t♦ ❛♦ ❧♦♥❣♦ ❞♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❡str✉t✉r❛ é ♠✉✐t♦ ❞✐❢í❝✐❧✳ ◆❡st❡s ❝❛s♦s✱ ♦

✉s♦ ❞❡ ❝♦rt❡s ♥❛ ✐♠❛❣❡♠ ❡ ❛rt✐❢í❝✐♦s ❝♦♠♦ ❡st❡ ❢❛❝✐❧✐t❛♠ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛ ❛♥á❧✐s❡

❞♦s r❡s✉❧t❛❞♦s✳

✶✶✸



❋✐❣✉r❛ ✺✳✸✼✿ ❆❣❧♦♠❡r❛❞♦ ✈✐rt✉❛❧ ❞❡ át♦♠♦s✳ ◆♦ ❝❡♥tr♦ t❡♠♦s ✉♠ át♦♠♦ r❡♣r❡s❡♥✲
t❛t✐✈♦ ❞♦ ❝r✐st❛❧✱ ❝❡r❝❛❞♦ ♣❡❧♦s s❡✉s ❞♦③❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✳

✺✳✸✳✷ ❉✐♥â♠✐❝❛ ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ❛tr❛✈és ❞❡ ❛❣❧♦♠✲

❡r❛❞♦s ✈✐rt✉❛✐s ❞❡ át♦♠♦s

◆❡st❡ ❡①❡♠♣❧♦ ♦ ♠ét♦❞♦ ❞❡ ❛❣❧♦♠❡r❛❞♦s ✈✐rt✉❛✐s ❞❡ át♦♠♦s é ✉t✐❧✐③❛❞♦ ♣❛r❛ s❡

❝♦♥str✉✐r ❛s ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠✱ q✉❡ ♣♦r s✉❛ ✈❡③ é ♠♦❞❡❧❛❞♦ ❛tr❛✈és

❞♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳ ❯t✐❧✐③❛♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s ❝♦♠ ♦s

♠❡s♠♦s ♣❛râ♠❡tr♦s ❞♦s ❝á❧❝✉❧♦s ❞❛ s❡çã♦ ✺✳✷✳✷✱ ♦ ❛❣❧♦♠❡r❛❞♦ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛

✺✳✸✼ é ❝♦♥str✉í❞♦✳ ➪t♦♠♦s ♥❛ s✉♣❡r❢í❝✐❡ ❞♦ ❛❣❧♦♠❡r❛❞♦ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ♣r✐♠❡✐r♦s

✈✐③✐♥❤♦s ❞❡ ✉♠ át♦♠♦ q✉❛❧q✉❡r ❡♠ ✉♠ ❝r✐st❛❧ ❝♦♠ r❡❞❡ ❝ú❜✐❝❛ ❞❡ ❢❛❝❡ ❝❡♥tr❛❞❛✳ ❖

♦❜❥❡t✐✈♦ ❞♦ ♠ét♦❞♦ é ✉t✐❧✐③❛r ♦ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❛tô♠✐❝♦ ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣❛r❛

s❡ ❝❛❧❝✉❧❛r q✉❛✐s ❛s ❢♦rç❛s q✉❡ ❛t✉❛♠ s♦❜r❡ ♦ át♦♠♦ ❝❡♥tr❛❧ ❞♦ ❛❣❧♦♠❡r❛❞♦✱ ❝❛s♦

❝❡rt❛ ❞❡❢♦r♠❛çã♦ ❡q✉✐✈❛❧❡♥t❡ à q✉❡ s♦❢r❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s

s❡❥❛ ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ ❛❣❧♦♠❡r❛❞♦✱ t♦♠❛♥❞♦✲s❡ ♦ ❝✉✐❞❛❞♦ ❞❡ ❛❥✉st❛r ❛s ❡s❝❛❧❛s ❞❡

❝❛❞❛ ♣r♦❜❧❡♠❛✱ ❝♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ❡♠ ❞❡t❛❧❤❡s ♥❛ s❡çã♦ ✹✳✻✳✷✳ ❊ss❛ ❢♦rç❛ é ❡♥tã♦

✐♥t❡r♣♦❧❛❞❛ ♣❛r❛ ❛ ♦s ♥♦❞♦s ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳

◆❛ ✜❣✉r❛ ✺✳✸✽ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤✲

❧❡t ❞✐♥â♠✐❝♦ ♣❛r❛ ✉♠ ❝✉❜♦ 10 ♥❛♥ô♠❡tr♦s ❞❡ ❧❛❞♦ s✉❜❞✐✈✐❞✐❞♦ ❡♠ ✉♠❛ ♠❛❧❤❛ ❞❡

t❡tr❛❤❡❞♦s✳ ❊♠ t = 0 ❢❡♠t♦s❡❣✉♥❞♦s✱ ❛ ❡str✉t✉r❛ ❡stá ❡♠ ❡q✉✐❧í❜r✐♦ ✐♥t❡r♥♦✱ ❡ ❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡♠ ❡♠ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ♥✉❧♦ ✭u = 0✮

♥❛s ❢r♦♥t❡✐r❛s ❞♦ ❝♦♥t✐♥✉✉♠✳ ❙❡ ♠❛♥t✐❞♦ ♥❡ss❛ s✐t✉❛çã♦✱ ♦ ❝✉❜♦ ♥ã♦ s♦❢r❡ ♥❡♥❤✉♠❛

t❡♥sã♦ ✐♥t❡r♥❛ ♦✉ ❡①t❡r♥❛✱ ❡ ♥ã♦ s❡ ❞❡❢♦r♠❛✳

❊♠ t = 99 ❢❡♠t♦s❡❣✉♥❞♦s ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞♦ ♣r♦❜❧❡♠❛ é ♠✉❞❛❞❛✿ ✉♠

✶✶✹



❋✐❣✉r❛ ✺✳✸✽✿ ❈á❧❝✉❧♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s ✉t✐❧✐③❛♥❞♦ ❛❣❧♦♠❡r❛❞♦s
✈✐rt✉❛✐s ❞❡ át♦♠♦s✳ ❆ ♣❛rt✐r ❞❡ ✉♠❛ ❡str✉t✉r❛ ❡♠ ❡q✉✐❧í❜r✐♦ ✭t = 0✮✱ ✉♠❛ ❞❡❢♦r✲
♠❛çã♦ é ❛♣❧✐❝❛❞❛ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❝❛✉s❛♥❞♦ ✉♠❛ r❡s♣♦st❛
✈✐❜r❛❝✐♦♥❛❧ ♥❛ ♠❛❧❤❛✳

❞❡s❧♦❝❛♠❡♥t♦ ❡q✉✐✈❛❧❡♥t❡ ❛ 0.2 nm é ❛♣❧✐❝❛❞♦ s♦❜r❡ ♦s ♥♦❞♦s ❞❡ ❞✉❛s ❛r❡st❛s ❞♦

❝✉❜♦✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✸✽✳ ❊ss❡s ♥♦❞♦s sã♦ ❡♥tã♦ ♠❛♥t✐❞♦s tr❛✈❛❞♦s✱

❛ss✐♠ ❝♦♠♦ ♦s ❞❡♠❛✐s ♥♦❞♦s ❞❛ ❢r♦♥t❡✐r❛✳

❊♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❛ ❞❡❢♦r♠❛çã♦ ❛s t❡♥sõ❡s ✐♥t❡r♥❛s ♥❛ ♠❛❧❤❛ ♥ã♦ ✜❝❛♠ ♠❛✐s

❡♠ ❡q✉✐❧í❜r✐♦✱ ♦ q✉❡ ✐♥✐❝✐❛ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡s♣♦st❛ à ❞❡❢♦r♠❛çã♦ ❡①t❡r♥❛✱ ❧❡✈❛♥❞♦

❛ ❞❡❢♦r♠❛çõ❡s ✐♥t❡r♥❛s✳ ❊st❛♥❞♦ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✱ ✐ss♦ ✐♠♣❧✐❝❛ ♥❛ ❝♦♥✲

✈❡rsã♦ ❞❡ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡♠ ❝✐♥ét✐❝❛✿ ♦s ♥♦❞♦s ✐♥t❡r♥♦s ❞❛ ❡str✉t✉r❛ ❝♦♠❡ç❛♠

❛ ✈✐❜r❛r✳ ❙❡ ♥❛❞❛ ♠❛✐s ❢♦r ❛❧t❡r❛❞♦✱ ❡st❡s ✈ã♦ ✜❝❛r ✈✐❜r❛♥❞♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡✳ ➱

✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ ♥❡st❡ ❝á❧❝✉❧♦✱ ❛ ❛❝❡❧❡r❛çã♦ ♠é❞✐❛ ❞♦s ♥♦❞♦s ✐♥t❡r♥♦s é ❞❛

♦r❞❡♠ ❞❡ 10−6 nm/fs2✳ ❊st❛ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛ é ❛ ♠❡s♠❛ q✉❡ ♦❝♦rr❡ ❡♠ ❝á❧❝✉❧♦s

❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r tr❛❞✐❝✐♦♥❛❧ ♠♦❞❡❧❛❞♦s ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s✱

t❛✐s ❝♦♠♦ ♦s ❢❡✐t♦s ♥❛ s❡çã♦ ✺✳✷✳✷✳

◆❛ ✜❣✉r❛ ✺✳✸✾ t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞♦ ♠❡s♠♦ ❝á❧❝✉❧♦✱ ♣♦ré♠ r❡❛❧✐③❛❞♦ ❞❡♥tr♦ ❞❡

✉♠ ♣r♦❝❡ss♦ ❞❡ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦✳ ◆❡st❡ ❝á❧❝✉❧♦ ❛ ❝❛❞❛ ♣❛ss♦ ❞❛ s✐♠✉❧❛çã♦ ✶✳✺✪

❞❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞❛ ♠❛❧❤❛ ❢♦✐ r❡♠♦✈✐❞❛✳ ❖ ♣r♦❝❡ss♦ ❝♦♥t✐♥✉♦✉ ❛té ♦ ♣♦♥t♦ ❡♠

✶✶✺



❋✐❣✉r❛ ✺✳✸✾✿ ❉❡❢♦r♠❛çã♦ ❞❛ ♠❛❧❤❛ ❛♣ós ❛ r❡❛❧✐③❛çã♦ ❞❡ ✉♠ r❡❝♦③✐♠❡♥t♦ s✐♠✉❧❛❞♦✳
❊♠ t = 30.000 ❢❡♠t♦s❡❣✉♥❞♦s✱ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ é ❡♥❝♦♥tr❛❞❛✳

q✉❡ ❛ ♠❛❧❤❛ ❛t✐♥❣✐✉ ✉♠ ♠í♥✐♠♦ ❞❡ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦✳ ◆♦t❡ q✉❡

❛ ♥♦✈❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♦ ❝♦♥t✐♥✉✉♠ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❝♦♥✜❣✉r❛çã♦

❝♦♠ ❞❡❢♦r♠❛çõ❡s ✐♥t❡r♥❛s✱ q✉❡ ❝♦♠♣❡♥s❛♠ ❛ ❞❡❢♦r♠❛çã♦ ♥❛ ❢r♦♥t❡✐r❛ ✐♠♣♦st❛ ♣❡❧❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳ ◆♦ ❝❛s♦ ❞❡ ✉♠ ❝á❧❝✉❧♦ ♠✉❧t✐❡s❝❛❧❛✱ ❛♦ ✐♥✈és ❞❡ s❡ ✐♠♣♦r

✉♠❛ ❞❡❢♦r♠❛çã♦ ♥❛ ❢r♦♥t❡✐r❛ t❛❧ ❝♦♠♦ ❢❡✐t♦ ❛q✉✐✱ ❛s ❞❡❢♦r♠❛çõ❡s s❡rã♦ ♦r✐❣✐♥❛❞❛s

❞❛ r❡❣✐ã♦ ♦♥❞❡ s❡ ❢❛③ ❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳

✺✳✹ ❈♦♠❡♥tár✐♦s

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ✐❧✉str❛r ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çõ❡s ❡ ❡st✉❞♦s q✉❡

♣♦❞❡♠ s❡r r❡❛❧✐③❛❞♦s ❛ ♣❛rt✐r ❞❛ ✐♥❢r❛❡str✉t✉r❛ ❞❡ s♦❢✇❛r❡s ❝♦♥str✉í❞❛ ♥❡st❡ ♣r♦❥❡t♦✳

❈á❧❝✉❧♦s ❝♦♠ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝❧áss✐❝❛ ♣♦❞❡♠ s❡r r❡❛❧✐③❛❞♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡

❞✐✈❡rs❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥♦s ❡①❡♠♣❧♦s ❞❡st❡ ❝❛♣ít✉❧♦✳

P❛r❛ ✉♠ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✱ três ❝♦♠♣♦♥❡♥t❡s

sã♦ ♥❡❝❡ssár✐♦s✱ ❝♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✹✳✽✳ ❉❡st❡s✱ ❞♦✐s ❝♦♠♣♦♥❡♥t❡s ❢♦r❛♠

✐♠♣❧❡♠❡♥t❛❞♦s ♥❡st❡ ♣r♦❥❡t♦✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❝♦♠♣♦♥❡♥t❡ q✉❡ ❢❛❧t♦✉ ✭❝á❧❝✉❧♦

❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛✮ ❝❤❡❣♦✉ ❛ s❡r ✐♥✐❝✐❛❞❛✱ ♣♦ré♠ ✐♥❢❡❧✐③♠❡♥t❡ ♥ã♦ ♣♦❞❡ s❡r

❡♥❝❡rr❛❞❛ ❞❡♥tr♦ ❞♦ t❡♠♣♦ ❞✐s♣♦♥í✈❡❧✳ ❚♦❞❛✈✐❛✱ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ❡♠ ✉♠ ♣r♦❥❡t♦

❢✉t✉r♦✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❛❞✐çã♦ ❞❡ ♥♦✈♦s r❡❝✉rs♦s ❛♦ s✐st❡♠❛✳

✶✶✻



❈❛♣ít✉❧♦ ✻

P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ✐♥✐❝✐❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ s✐st❡♠❛ s♦❢t✇❛r❡s ♣❛r❛

❛ s✐♠✉❧❛çã♦ ♠✉❧t✐❡s❝❛❧❛ ❞❡ ♠❛t❡r✐❛✐s✱ ❝♦♠ ❢♦❝♦ ♥❛ ♥❛♥♦❝✐ê♥❝✐❛✳ ❆ ♣❛rt✐r ❞♦ q✉❡ ❢♦✐

♣r♦❞✉③✐❞♦ ❛té ❡♥tã♦✱ s✐♠✉❧❛çõ❡s q✉❡ ✐❧✉str❛♠ ❛s♣❡❝t♦s ❞♦s r❡❝✉rs♦s ✐♠♣❧❡♠❡♥t❛❞♦s

❢♦r❛♠ r❡❛❧✐③❛❞❛s ❡ ✐❧✉str❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✺✳

P❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞❛s ❡♠ ❞♦✐s ❣r✉♣♦s✿

♥♦✈❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❡ ❛♣❧✐❝❛çõ❡s✳

◆♦✈❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ✐♥❝❧✉❡♠ ♦ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ ♥♦ s✐st❡♠❛ ♠✉❧✲

t✐❡s❝❛❧❛✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ✉♠ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❝♦♠ ❡st❛ ♠❡t♦❞♦❧♦❣✐❛ ♣♦ss❛ s❡r ❢❡✐t♦✳

❆❧é♠ ❞✐ss♦✱ ♦s ❞❡♠❛✐s ❝♦♠♣♦♥❡♥t❡s t❛♠❜é♠ ♣♦❞❡♠ s❡r ❛♣r✐♠♦r❛❞♦s ❡♠ ❞✐✈❡rs♦s

❛s♣❡❝t♦s❀ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❡①❛✉st✐✈♦ ❣❡r❛r✐❛ ✉♠❛ ❧✐st❛ ♠✉✐t♦ ❣r❛♥❞❡ ♣❛r❛ s❡r ✐♥✲

❝❧✉s❛ ♥❡st❛ s❡çã♦✳ ❚♦❞❛✈✐❛✱ ❡♠ ❡s♣❡❝✐❛❧✱ ✉♠ ❛✈❛♥ç♦ ✐♠♣♦rt❛♥t❡ q✉❡ ✈❛❧❡ ❛ ♣❡♥❛

r❡ss❛❧t❛r é ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ✈❡rsã♦ ♣❛r❛❧❡❧❛ ❞♦s s♦❢t✇❛r❡s✱ q✉❡ ♣❡r♠✐t❛

s❡✉ ✉s♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠❛✐s ✐♥t❡♥s✐✈♦s✱ ♥♦s q✉❛✐s ✉♠ ♠ét♦❞♦

❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡s❝❛❧❛s s❡ ♠♦str❛r✐❛ ♠❛✐s ✈❛♥t❛❥♦s♦✳ ❖✉tr♦ ❛✈❛♥ç♦ ♠✉✐t♦ ✐♠✲

♣♦rt❛♥t❡ s❡r✐❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❛ ❡s❝❛❧❛ ❞❡ ❡str✉t✉r❛ ❡❧❡trô♥✐❝❛ ♥♦

s✐st❡♠❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠ ♣r✐♠❡✐r♦ ❡s❢♦rç♦ ♥❡ss❡ s❡♥t✐❞♦ ♣♦❞❡r✐❛ s❡r ❢❡✐t♦ ❛tr❛✈és

❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ✉♠ ❝á❧❝✉❧♦ ❚✐❣❤t✲❇✐♥❞✐♥❣ ♥❛s ❜✐❜❧✐♦t❡❝❛s ❜❛s❡✳

❯t✐❧✐③❛♥❞♦✲s❡ ♦ q✉❡ ❥á ❡stá ♣r♦♥t♦✱ ❛♣❧✐❝❛çõ❡s ♣♦❞❡r✐❛♠ s❡r ❢❡✐t❛s ❡s♣❡❝✐❛❧♠❡♥t❡

♥♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❝♦♠ ♣♦t❡♥❝✐❛✐s ❡♠♣ír✐❝♦s✳ P❛r❛ ❡st❡

t✐♣♦ ❞❡ ❛♣❧✐❝❛çã♦ ♦s s♦❢t✇❛r❡s ❡stã♦ ❡stá✈❡✐s✱ t❡♥❞♦ s✐❞♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ t❡st❛❞♦s✳

❆❧é♠ ❞❡ ✈❛r✐❛♥t❡s ❞❛q✉✐❧♦ q✉❡ ❥á ❢♦✐ ♠♦str❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✺✱ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦

✶✶✼



♥❛♥♦✜♦s✱ s✉♣❡r❢í❝✐❡s ❡ ♥❛♥♦❡str✉t✉r❛s ❝♦♠♣♦st❛s✱ t❛✐s ❝♦♠♦ ❛❣❧♦♠❡r❛❞♦s ♦✉ ✜♦s

❞❡♣♦s✐t❛❞♦s ❡♠ s✉♣❡r❢í❝✐❡s ♣♦❞❡♠ s❡r ❡st✉❞❛❞♦s✳

❖s ❝♦♠♣♦♥❡♥t❡s ❞♦ s✐st❡♠❛ ♠✉❧t✐❡s❝❛❧❛ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r ú❧t✐♠♦✱ ❡ ❝♦♥s❡✲

q✉❡♥t❡♠❡♥t❡ ❛✐♥❞❛ ❡stã♦ ✐♥stá✈❡✐s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❤♦✉✈❡ t❡♠♣♦ ♣❛r❛ q✉❡ ❡st❡s

❢♦ss❡♠ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s✱ ♣♦❞❡♥❞♦ ♣♦rt❛♥t♦ ♣♦ss✉✐r ❡rr♦s q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠

❞❡s❝♦❜❡rt♦s✳ ❚♦❞❛✈✐❛✱ ❡♠ ❛♣❧✐❝❛çõ❡s ✐♥✐❝✐❛✐s ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❢♦r❛♠ ❜♦♥s✱

♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ❡st❡s ❝♦♠♣♦♥❡♥t❡s ♥ã♦ ❞❡✈❡♠ ❡st❛r ♠✉✐t♦ ❧♦♥❣❡ ❞❡ s❡ t♦r♥❛r❡♠

❡stá✈❡✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ♠ét♦❞♦ ❞❡ ❛❣❧♦♠❡r❛❞♦s ❞❡ át♦♠♦s ✈✐rt✉❛✐s ♣♦❞❡ s❡r ✉t✐✲

❧✐③❛❞♦ ♣❛r❛ s❡ r❡❛❧✐③❛r s✐♠✉❧❛çõ❡s ♥❛ ♠✐❝r♦❡s❝❛❧❛ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱

s❡♠ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❏á ❛ ✐♥t❡r♣♦❧❛çã♦ ❞♦s r❡s✉❧t❛✲

❞♦s ❞❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ♠ét♦❞♦ ♠✉❧t✐❡s❝❛❧❛

❞❡ ❍✉❣❤❡s ❬✼✼❪ ♣❛r❛ s❡ tr❛♥s❢❡r✐r ♣❛r❛ ❡s❝❛❧❛s ♠❛✐♦r❡s ✐♥❢♦r♠❛çã♦ ♦❜t✐❞❛ ❡♠ ✉♠

❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❆❧é♠ ❞❡st❛s ❛♣❧✐❝❛çõ❡s ✐s♦❧❛❞❛s✱ ❛♦ s❡ ❝♦♥str✉✐r ❛

✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛ ❡st❡s ❝♦♠♣♦♥❡♥t❡s ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ❡♠

❝♦♥❥✉♥t♦ ♣❛r❛ s❡ r❡❛❧✐③❛r ✉♠ ❝á❧❝✉❧♦ ❝♦♠♣❧❡t♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t❡ ❡♥tr❡ ❡s❝❛❧❛s✳
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❙❡❛❣❡r❀ ❙✐♠✉❧❛t✐♥❣ ♠❛t❡r✐❛❧s ❢❛✐❧✉r❡ ❜② ✉s✐♥❣ ✉♣ t♦ ♦♥❡ ❜✐❧❧✐♦♥ ❛t♦♠s ❛♥❞ t❤❡

✇♦r❧❞✬s ❢❛st❡st ❝♦♠♣✉t❡r✿ ✇♦r❦✲❤❛r❞❡♥✐♥❣✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠②

♦❢ ❙❝✐❡♥❝❡s ♦❢ t❤❡ ❯❙❆ ✾✾✭✾✮✱ ✺✼✽✸✲✺✼✽✼✱ ✷✵✵✷✳

❬✼❪ ❙✳ ❏✉♥✱ ❨✳ ▲❡❡✱ ❙✳ ❨✳ ❑✐♠✱ ❙✳ ■♠❀ ▲❛r❣❡✲s❝❛❧❡ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s s✐♠✉❧❛t✐♦♥s ♦❢

❆❧✭✶✶✶✮ ♥❛♥♦s❝r❛t❝❤✐♥❣✳ ◆❛♥♦t❡❝❤♥♦❧♦❣② ✶✺✱ ✶✶✻✾✲✶✶✼✹✱ ✷✵✵✹✳

❬✽❪ ❆✳ ❊✳ ❆ss❛♥❀ ▼ét♦❞♦s ❊♥❡r❣ét✐❝♦s ❡ ❆♥á❧✐s❡ ❊str✉t✉r❛❧✳ ❊❞✐t♦r❛ ❞❛ ❯♥✐❝❛♠♣✱

✶✾✾✻✳
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✶✾✻✽✳
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❬✶✵❪ ❍✳ ❑❛r❞❡st✉♥❝❡r❀ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❍❛♥❞❜♦♦❦✳ ▼❝●r❛✇✲❍✐❧❧✱ ✶✾✽✼✳

❬✶✶❪ P✳ ❑✳ ❑②t❤❡❀ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞s✳ ❈❘❈✱ ✶✾✾✺✳

❬✶✷❪ ●✳ ❘✳ ▲✐✉❀ ▼❡s❤❢r❡❡ ♠❡t❤♦❞s✿ ♠♦✈✐♥❣ ❜❡②♦✉♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❈❘❈✱
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❬✶✸❪ ❍✳ ❚✳ ❏♦❤♥s♦♥✱ ▲✳ ❇✳ ❋r❡✉♥❞✱ ❈✳ ❉✳ ❆❦②ü③✱ ❆✳ ❩❛s❧❛✈s❦②❀ ❋✐♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s

♦❢ str❛✐♥ ❡✛❡❝ts ♦♥ ❡❧❡❝tr♦♥✐❝ ❛♥❞ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ✐♥ q✉❛♥t✉♠ ❞♦ts ❛♥❞ ✇✐r❡s✳

❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s ✽✹✱ ✸✼✶✹✱ ✶✾✾✽✳

❬✶✹❪ ❑✳ ❙t❡✐♥✱ ❚✳ ❚❡③❞✉②❛r✱ ❘✳ ❇❡♥♥❡②❀ ❈♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ❢♦r ♠♦❞❡❧✐♥❣
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❬✶✺❪ ❊✳ ❈❧❡♠❡♥t✐✱ ●❧♦❜❛❧ s❝✐❡♥t✐✜❝ ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣ s✐♠✉❧❛t✐♦♥s ♦♥ s❝❛❧❛r✱ ✈❡❝t♦r

❛♥❞ ♣❛r❛❧❧❡❧ ▲❈❆P✲t②♣❡ s✉♣❡r❝♦♠♣✉t❡rs✳ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧
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❬✽✼❪ ❙✳ ❉❛r❜②✱ ❚✳ ▼♦rt✐♠❡r✲❏♦♥❡s✱ ❘✳ ❏♦❤♥st♦♥✱ ❈✳ ❘♦❜❡rts❀ ❚❤❡♦r❡t✐❝❛❧ st✉❞② ♦❢

❈✉✲❆✉ ♥❛♥♦❛❧❧♦② ❝❧✉st❡rs ✉s✐♥❣ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠✳ ❏♦✉r♥❛❧ ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s

✶✶✻✱ ✶✺✸✻✱ ✷✵✵✷✳

❬✽✽❪ ❍✳ ❍ä❦❦✐♥❡♥✱ ❯✳ ▲❛♥❞♠❛♥❀ ●♦❧❞ ❝❧✉st❡rs ✭Aun✱ 2 ≤ N ≤ 10✮ ❛♥❞ t❤❡✐r ❛♥✐♦♥s✳

P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✻✷✱ ✷✷✽✼✱ ✷✵✵✵✳

❬✽✾❪ ❖✳ ❍ä❜❡r❧❡♥✱ ❙✳ ❈❤✉♥❣✱ ▼✳ ❙t❡♥❡r✱ ◆✳ ❘ös❝❤❀ ❋r♦♠ ❝❧✉st❡rs t♦ ❜✉❧❦✿ ❛ r❡❧❛t✐✈✐st✐❝

❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ ❛ s❡r✐❡s ♦❢ ❣♦❧❞ ❝❧✉st❡rs Aun✱ n = 6, ..., 147✳

❏♦✉r♥❛❧ ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s ✶✵✻✱ ✺✶✾✵✱ ✶✾✾✼✳

❬✾✵❪ ❇✳ ❑✐r❛♥✱ P✳ ❏❡♥❛✱ ❳✳ ▲✐✱ ❆✳ ●r✉❜✐s✐❝✱ ❙✳❚✳ ❙t♦❦❡s✱ ●✳ ❋✳ ●❛♥t❡❢ör✱ ❑✳❍✳ ❇♦✇❡♥✱

❘✳ ❇✉r❣❡rt✱ ❍✳ ❙❝❤♥ö❝❦❡❧❀ ▼❛❣✐❝ r✉❧❡ ❢♦r AlnHm ♠❛❣✐❝ ❝❧✉st❡rs✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇

▲❡tt❡rs ✾✽✱ ✷✺✻✽✵✷✱ ✷✵✵✼✳

❬✾✶❪ ▼✳ ▲ó♣❡③✱ P✳ ▼❛r❝♦s✱ ❏✳ ❆❧♦♥s♦❀ ❙tr✉❝t✉r❛❧ ❛♥❞ ❞②♥❛♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❈✉✲❆✉

❜✐♠❡t❛❧❧✐❝ ❝❧✉st❡rs✳ ❏♦✉r♥❛❧ ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s ✶✵✹✱ ✶✵✺✻✱ ✶✾✾✻✳

❬✾✷❪ ❤tt♣✿✴✴✇✇✇✳✇❡❜❡❧❡♠❡♥ts✳❝♦♠✴

❬✾✸❪ ❆✳❆✳ ❙❤✈❛rts❜✉r❣✱ ▼✳ ❋✳ ❏❛rr♦❧❞❀ ❙♦❧✐❞ ❈❧✉st❡rs ❛❜♦✈❡ t❤❡ ❜✉❧❦ ♠❡❧t✐♥❣ ♣♦✐♥t✳

P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✽✺✱ ✷✺✸✵✲✷✺✸✷✱ ✷✵✵✵✳

❬✾✹❪ ❑✳ ❉✐❝❦✱ ❚✳ ❉❤❛♥❛s❡❦❛r❛♥✱ ❩✳ ❩❤❛♥❣✱ ❉✳ ▼❡✐s❡❧❀ ❙✐③❡✲❞❡♣❡♥❞❡♥t ♠❡❧t✐♥❣ ♦❢

s✐❧✐❝❛✲❡♥❝❛♣s✉❧❛t❡❞ ❣♦❧❞ ♥❛♥♦♣❛rt✐❝❧❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❈❤❡♠✐❝❛❧ ❙♦❝✐❡t②

✶✷✹✱ ✷✸✶✷✲✷✸✶✼✱ ✷✵✵✷✳

❬✾✺❪ ❏✳ ●❛r❝í❛✲❘♦❞❡❥❛✱ ❈✳ ❘❡②✱ ▲✳❏✳ ●❛❧❧❡❣♦✱ ❏✳ ❆✳ ❆❧♦♥s♦❀ ▼♦❧❡❝✉❧❛r✲❞②♥❛♠✐❝s st✉❞②

♦❢ t❤❡ str✉❝t✉r❡s✱ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s ❛♥❞ ♠❡❧t✐♥❣ ♦❢ ❝❧✉st❡rs ♦❢ ❢❝❝ tr❛♥s✐t✐♦♥ ❛♥❞

♥♦❜❧❡ ♠❡t❛❧s ✉s✐♥❣ t❤❡ ❱♦t❡r ❛♥❞ ❈❤❡♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♠❜❡❞❞❡❞✲❛t♦♠ ♠♦❞❡❧✳

P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✹✾✱ ✽✹✾✺✲✽✹✾✽✱ ✶✾✾✹✳

✶✷✼



❬✾✻❪ ❈✳ ❘❡②✱ ▲✳ ❏✳ ●❛❧❧❡❣♦✱ ❏✳ ●❛r❝í❛✲❘♦❞❡❥❛✱ ❏✳ ❆✳ ❆❧♦♥s♦✱ ▼✳ P✳ ■ñ✐❣✉❡③❀ ▼♦❧❡❝✉❧❛r✲

❞②♥❛♠✐❝s st✉❞② ♦❢ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ❛♥❞ ♠❡❧t✐♥❣ ♦❢ tr❛♥s✐t✐♦♥✲♠❡t❛❧ ❝❧✉st❡rs✳

P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✹✽✱ ✽✷✺✸✲✽✷✻✷✱ ✶✾✾✸✳

❬✾✼❪ ❍✳ ❇✳ ▲✐✉✱ ❏✳ ❆✳ ❆s❝❡♥❝✐♦✱ ▼✳ P❡r❡③✲❆❧✈❛r❡③✱ ▼✳ ❏✳ ❨❛❝❛♠❛♥❀ ▼❡❧t✐♥❣ ❜❡❤❛✈✐♦✉r

♦❢ ♥❛♥♦♠❡t❡r s✐③❡❞ ❣♦❧❞ ✐s♦♠❡rs✳ ❙✉r❢❛❝❡ ❙❝✐❡♥❝❡ ✹✾✶✱ ✽✽✲✾✽✱ ✷✵✵✶✳

❬✾✽❪ ❳✳ ▼❛✱ ❲✳ ❨❛♥❣❀ ▼♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s s✐♠✉❧❛t✐♦♥♦♥ ❜✉rst ❛♥❞ ❛rr❡st ♦❢ st❛❝❦✐♥❣

❢❛✉❧ts ✐♥ ♥❛♥♦❝r②st❛❧❧✐♥❡ ❈✉ ✉♥❞❡r ♥❛♥♦✐♥❞❡♥t❛t✐♦♥✳ ◆❛♥♦t❡❝❤♥♦❧♦❣② ✶✹✱ ✶✷✵✽✲

✶✷✶✺✱ ✷✵✵✸✳

❬✾✾❪ ❏♠♦❧✿ ❛♥ ♦♣❡♥✲s♦✉r❝❡ ❏❛✈❛ ✈✐❡✇❡r ❢♦r ❝❤❡♠✐❝❛❧ str✉❝t✉r❡s ✐♥ ✸❉✳

❤tt♣✿✴✴✇✇✇✳❥♠♦❧✳♦r❣✴

❬✶✵✵❪ P❡rs✐st❡♥❝❡ ♦❢ ❱✐s✐♦♥ ❘❛②tr❛❝❡r✳ ❤tt♣✿✴✴✇✇✇✳♣♦✈r❛②✳♦r❣✴

✶✷✽



❆♣ê♥❞✐❝❡ ❆

❆s♣❡❝t♦s ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡

s♦❢✇❛r❡s ♣❛r❛ ❝á❧❝✉❧♦s ♠✉❧t✐❡s❝❛❧❛

❆✳✶ ❉✐s❝✉ssã♦ ❞❛ ♣r♦♣♦st❛ ♦r✐❣✐♥❛❧

◆♦ ♣r♦❥❡t♦ ♦r✐❣✐♥❛❧ ❞❡st❡ tr❛❜❛❧❤♦✱ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦st❛ ❢♦✐ ❢❡✐t❛✿

✏❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ♣r♦❥❡t♦ é ✐♥✐❝✐❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ✐♥❢r❛❡str✉t✉r❛ ♣❛r❛

s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♠ ♠ú❧t✐♣❧❛s ❡s❝❛❧❛s ✈✐s❛♥❞♦ ❛♣❧✐❝❛çõ❡s ❡♠ ❝✐ê♥❝✐❛ ❞❡

♠❛t❡r✐❛✐s✑✳

❆ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ✐♥❢r❛❡str✉t✉r❛ é ❞✐❢❡r❡♥t❡ ❞❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ♣r♦❣r❛♠❛

q✉❡ ❢❛ç❛ s✐♠✉❧❛çõ❡s ❡s♣❡❝í✜❝❛s✳ ❆ ✐❞é✐❛ ❞❛ ✐♥❢r❛❡str✉t✉r❛ ❝♦♥s✐st❡ ❡♠ ❝♦♥str✉✐r

✉♠ s✐st❡♠❛ ❞❡ ❜✐❜❧✐♦t❡❝❛s q✉❡ ♣♦ss❛ s❡r ❡①♣❛♥❞✐❞♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❝♦♠ r❡❧❛t✐✈❛

❢❛❝✐❧✐❞❛❞❡✱ s❡♠ q✉❡ ❛ ♣❡ss♦❛ q✉❡ r❡❛❧✐③❛ ❛ ❡①♣❛♥sã♦ ♣r❡❝✐s❡ ❝♦♥❤❡❝❡r ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦

❞♦ s✐st❡♠❛ t♦❞♦✳ ■ss♦ é ❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❝❛s♦ ❞❡ s♦❢t✇❛r❡s ♣❛r❛ ❝á❧❝✉❧♦s ❝✐❡♥tí✜❝♦s

❢❡✐t♦s ♥❛ ❛❝❛❞❡♠✐❛✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡s t❡♥❞❡♠ ❛ ❝r❡s❝❡r ❡♠ t❛♠❛♥❤♦✱ ❝♦♠♣❧❡①✐❞❛❞❡ ❡

❢✉♥❝✐♦♥❛❧✐❞❛❞❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❡♠ q✉❡ sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r ✉♠❛ ❡q✉✐♣❡ ❝♦♠♣♦st❛

❣❡r❛❧♠❡♥t❡ ♣♦r ❛❧✉♥♦s q✉❡ ♠✉❞❛♠ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ■♥❢❡❧✐③♠❡♥t❡✱ ♠✉✐t❛s ✈❡③❡s

♦ q✉❡ ❛❝♦♥t❡❝❡ ♥❛ ♣rát✐❝❛ é ❛ ❝♦♥str✉çã♦ ❞❡ s♦❢✇❛r❡s q✉❡ r❡❛❧✐③❛♠ ❛♣❡♥❛s ♦ ❝á❧❝✉❧♦

❡s♣❡❝í✜❝♦ ♥❡❝❡ssár✐♦ ❛ ❝❡rt❛ t❡s❡ ♦✉ ❞✐ss❡rt❛çã♦✳ ❈❛s♦ ❛❧❣✉é♠ q✉❡✐r❛ ♣♦st❡r✐♦r♠❡♥t❡

❝♦♥t✐♥✉❛r t❛❧ tr❛❜❛❧❤♦✱ ♠✉✐t❛s ✈❡③❡s ❛❝❛❜❛ t❡♥❞♦ q✉❡ r❡❢❛③❡r ♦ ❝ó❞✐❣♦ t♦❞♦ ♣❛r❛

❢❛③❡r ✉♠ ❝á❧❝✉❧♦ q✉❡ s❡❥❛ ❛♣❡♥❛s ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✳

❆ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ✐♥❢r❛❡str✉t✉r❛ ♣❡r♠✐t❡ ❛ ❣r❛❞✉❛❧ ❝r✐❛çã♦ ❡ r❡❛♣r♦✈❡✐t❛♠❡♥t♦

✶✷✾



❞❡ ❝♦♠♣♦♥❡♥t❡s ♥♦✈♦s ❞❡ ✉♠❛ ♠❛♥❡✐r❛ q✉❡ ❜✉s❝❛ ♠✐♥✐♠✐③❛r ❛❧t❡r❛çõ❡s ❡♠ ♣❛rt❡s

❥á ♣r♦♥t❛s ❞♦ ❝ó❞✐❣♦✳ ■ss♦ r❡❞✉③ ❛ ✐♥❝✐❞ê♥❝✐❛ ❞❡ ❡rr♦s✱ ❢❛❝✐❧✐t❛ ♦ ❛♣r❡♥❞✐③❛❞♦ ❞❡

♥♦✈♦s ♣r♦❣r❛♠❛❞♦r❡s ❡ ♣❡r♠✐t❡ q✉❡ ♥♦✈❛s ❢✉♥❝✐♦♥❛❧✐❞❛❞❡s s❡❥❛♠ ❛❞✐❝✐♦♥❛❞❛s ❛♦

❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❛✉①✐❧✐❛♥❞♦ ♣♦rt❛♥t♦ ♥♦ ❛♠❛❞✉r❡❝✐♠❡♥t♦ ❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ s♦❢t✇❛r❡

❞❡ s✐♠✉❧❛çã♦ ❝♦♠ ♦ ♣❛ss❛r ❞♦s ❛♥♦s ❡ ❞❛s ♣❡ss♦❛s✳

❆✳✷ ❊str✉t✉r❛ ❞♦ s♦❢t✇❛r❡

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ✐❧✉str❛r✱ ❞❡ ♠❛♥❡✐r❛ ♣✐❝tór✐❝❛✱ ❛ ❡str✉t✉r❛ ♦r❣❛♥✐③❛❝✐♦♥❛❧

❞♦ s✐st❡♠❛ ❝♦♥str✉í❞♦✳ ❆q✉✐ ♥ã♦ é ✐♥❝❧✉s❛ ✉♠❛ ❧✐st❛ ❡①❛✉st✐✈❛ ❞♦ q✉❡ ❡①✐st❡❀ ♥❛

❞❛t❛ ❡♠ q✉❡ ❡st❡ ❞♦❝✉♠❡♥t♦ ❢♦✐ ❡s❝r✐t♦✱ ❤❛✈✐❛♠ ✹✹ ❝❧❛ss❡s ♥♦ s✐st❡♠❛✱ t♦t❛❧✐③❛♥❞♦

✶✶✳✷✶✻ ❧✐♥❤❛s ❢ís✐❝❛s ❞❡ ❝ó❞✐❣♦✶✳ ❊ss❛ ❝♦♥t❛❣❡♠ ♥ã♦ ✐♥❝❧✉✐ ❛ ❜✐❜❧✐♦t❡❝❛ ❣❡t❢❡♠✰✰

❬✹✻❪✱ ❝ó❞✐❣♦s ❞❡ t❡r❝❡✐r♦s ✐♥❝❧✉í❞♦s ♥♦ s✐st❡♠❛ ♥❡♠ ♦s s❝r✐♣ts ❛✉①✐❧✐❛r❡s✳ ❆ ✐❞é✐❛ ❛q✉✐

é ✐❧✉str❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ é ❢❡✐t❛✱ ❛ss✐♠ ❝♦♠♦ ❛❧❣✉♠❛s

❡s❝♦❧❤❛s ❞❡ ❞❡s✐❣♥ ❛❞♦t❛❞❛s ♣♦❞❡♠ ✐♥✢✉❡♥❝✐❛r tr❛❜❛❧❤♦s ❢✉t✉r♦s q✉❡ ✈❡♥❤❛♠ ❛ s❡r

❝♦♥str✉í❞♦s ✉t✐❧✐③❛♥❞♦ ❡st❛ ✐♥❢r❛❡str✉t✉r❛✳

❖ s✐st❡♠❛ ❝♦♥str✉í❞♦ ♣♦❞❡ s❡r s✉❜❞✐✈✐❞✐❞♦ ♥❛s s❡❣✉✐♥t❡s ♣❛rt❡s✿

• ❇✐❜❧✐♦t❡❝❛ ❞❡ ❝❧❛ss❡s ❜❛s❡✿ ❊♥❣❧♦❜❛ ❛❧❣♦r✐t♠♦s ❡ s✐st❡♠❛s ❞❡ ❛r♠❛③❡♥❛❣❡♠

❞❡ ❞❛❞♦s q✉❡ ♣♦❞❡♠ s❡r r❡❛♣r♦✈❡✐t❛❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛✳ ❊s❝r✐t♦ ❡♠ ❈✰✰✱ ❝♦♠

♦t✐♠✐③❛çõ❡s ❡♠ ❈✳

• ◆ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦✿ ❙ã♦ ♣r♦❣r❛♠❛s q✉❡ ✉t✐❧✐③❛♠ ❛ ❜✐❜❧✐♦t❡❝❛ ❜❛s❡ ♣❛r❛

r❡❛❧✐③❛r ❝á❧❝✉❧♦s ❡s♣❡❝í✜❝♦s❀ ♣♦r ❡①❡♠♣❧♦✱ ❝❡rt♦ t✐♣♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ❞✐♥â♠✐❝❛

♠♦❧❡❝✉❧❛r✳ ❊s❝r✐t♦s ❡♠ ❈✰✰✳

• ▼♦t♦r❡s✿ ❈♦♥s✐st❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛

✐♥t❡r❢❛❝❡ ❛♦ ✉s✉ár✐♦✳ ❙❡✉ ♣❛♣❡❧ é ♦ ❞❡ ✐♥t❡r❛❣✐r ❝♦♠ ♦ ✉s✉ár✐♦✱ r❡❛❧✐③❛r t❡st❡s

❞❡ s❛♥✐❞❛❞❡ ♥❛s ♦r❞❡♥s ♣♦r ❡st❡ ❡♥✈✐❛❞❛s ❡ tr❛♥s♠✐t✐r ❛♦s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦

❛q✉✐❧♦ q✉❡ ❞❡✈❡ s❡r ❢❡✐t♦✳

✶❆ ❝♦♥t❛❣❡♠ ❢ís✐❝❛ ❞❡ ❧✐♥❤❛s ❞❡ ❝ó❞✐❣♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❢❛❝✐❧♠❡♥t❡ ❡♠ ❛♠❜✐❡♥t❡ ✉♥✐① ❛tr❛✈és ❞♦
❝♦♠❛♥❞♦ ✇❝✳ ❆ s✐♥t❛①❡ ♣❛r❛ ❝♦♥t❛r ❛s ❧✐♥❤❛s ❝♦♥t✐❞❛s ♥♦s ❛rq✉✐✈♦s ❞❡ ❝ó❞✐❣♦ ❝♦♥t✐❞♦s ♥♦ ❞✐r❡tór✐♦
❛t✉❛❧ ❡ ❡♠ s❡✉s s✉❜❞✐r❡tór✐♦s é✿
✏✜♥❞ ✳ ✲r❡❣❡① ✬✳✯❭✳❭✭❝❭⑤❤❭⑤❝①①❭⑤❝♣♣❭✮✬ ✲♣r✐♥t✵ ⑤ ①❛r❣s ✲✵ ❝❛t ⑤ ✇❝ ✲❧✑✳
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• ❆✉①✐❧✐❛r❡s✿ ❊♥❣❧♦❜❛ ✉♠❛ ♠✐s❝❡❧â♥❡❛ ❞❡ s❤❡❧❧ s❝r✐♣ts ❡ ♦✉tr♦s ♣r♦❣r❛♠❛s q✉❡

✈✐s❛♠ ❛✉t♦♠❛t✐③❛r ❝♦♥❥✉♥t♦s ❞❡ s✐♠✉❧❛çõ❡s ❡ ❝♦♥tr♦❧❛r ♣r♦❣r❛♠❛s ❞❡ ✈✐s✉❛✲

❧✐③❛çã♦ ❡①t❡r♥♦s✳

❆ ♣❛rt✐r ❞❡st❛ ❡str✉t✉r❛✱ ✉♠ ♣r♦❣r❛♠❛ ❞❡ ❝á❧❝✉❧♦ ❡s♣❡❝í✜❝♦ ✭♥ú❝❧❡♦✮ ♣♦❞❡ s❡r ❝♦♥s✲

tr✉í❞♦ ♣♦r ✉♠ ♣r♦❣r❛♠❛❞♦r ✉t✐❧✐③❛♥❞♦ ❛ ❜✐❜❧✐♦t❡❝❛ ❜❛s❡ s❡♠ q✉❡ ♦ ♣r♦❣r❛♠❛❞♦r

❝♦♥❤❡ç❛ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ✐♥t❡r♥♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❜❛s❡✳ ❚✉❞♦ q✉❡ ❡❧❡ ♣r❡❝✐s❛ s❛❜❡r é ❛

✐♥t❡r❢❛❝❡ ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❞❛ ❜❛s❡✳ ❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ ♥♦✈❛s ❢✉♥❝✐♦♥❛❧✐❞❛❞❡s ♣♦❞❡♠

s❡r ❛❞✐❝✐♦♥❛❞❛s à ❜✐❜❧✐♦t❡❝❛ ❜❛s❡ s❡♠ q✉❡ ♦s ♣r♦❣r❛♠❛s ❞❡ ❝á❧❝✉❧♦ ❥á ❡①✐st❡♥t❡s

♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡♥❤❛♠ q✉❡ s❡r ♠♦❞✐✜❝❛❞♦s✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ❛s ❝♦♠✉♥✐❝❛çõ❡s

❡♥tr❡ ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦ ❡ ♠♦t♦r❡s✳ ❙❡♠ ❡ss❛ s❡♣❛r❛çã♦✱ ❝❛❞❛ ♥♦✈❛ ❛❧t❡r❛çã♦ ♥♦

❝ó❞✐❣♦ ✐r✐❛ r❡q✉❡r❡r ❛❞❛♣t❛çõ❡s ❡♠ t✉❞♦ q✉❡ ❥á ❢♦✐ ❢❡✐t♦✱ ❧❡✈❛♥❞♦ ❛ s✐t✉❛çõ❡s ❝❛❞❛

✈❡③ ♣✐♦r❡s ❝♦♥❢♦r♠❡ ♦ ♣r♦❣r❛♠❛ ❝r❡sç❛ ❞❡ t❛♠❛♥❤♦✳

❆ s❡❣✉✐r✱ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s é ❞❡t❛❧❤❛❞♦✳

❆✳✷✳✶ ❇✐❜❧✐♦t❡❝❛s ❜❛s❡

❈♦♥s✐st❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❝✉❥♦ ♣❛♣❡❧ é ♣r♦✈❡r ❛❧❣♦r✐t♠♦s ❞❡ ❝á❧❝✉❧♦ ❡

❛r♠❛③❡♥❛♠❡♥t♦ ❞❡ ❞❛❞♦s✳ ❚❡♠♦s ❛q✉✐ ❞♦✐s ❣r❛♥❞❡s ❣r✉♣♦s✿ ❝♦♥t❛✐♥❡rs ❡ ❛❧❣♦r✐t♠♦s✿

❆✳✷✳✶✳✶ ❈♦♥t❛✐♥❡rs

❈♦♥s✐st❡♠ ❡♠ ❝❧❛ss❡s ❝✉❥❛ ❢✉♥çã♦ é✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ❛r♠❛③❡♥❛r ❞❛❞♦s✳ ❊①✐st❡♠ ❝♦♥✲

t❛✐♥❡rs r❡♣r❡s❡♥t❛t✐✈♦s ❞❛ ✐♥❢♦r♠❛çã♦ r❡❧❛t✐✈❛ ❛ ✉♠ át♦♠♦✱ à r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦ ♦♥❞❡

s❡ ❢❛③ ❛ s✐♠✉❧❛çã♦✱ ❛♦s ♥♦❞♦s ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

❊♠ ❣❡r❛❧ ♦s ❝♦♥t❛✐♥❡rs sã♦ ✐♥✐❝✐❛❧✐③❛❞♦s ♣❡❧♦s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦ ✉♠❛ ú♥✐❝❛ ✈❡③✳ ❆

♣❛rt✐r ❞❛í✱ r❡❢❡rê♥❝✐❛s ❛ ❡❧❡s sã♦ ♣❛ss❛❞❛s ❛♦s ❞✐❢❡r❡♥t❡s ❛❧❣♦r✐t♠♦s ❞❡ ❝á❧❝✉❧♦ ❞♦ ♣r♦✲

❣r❛♠❛ ❝♦♥❢♦r♠❡ ❛ ♥❡❝❡ss✐❞❛❞❡✳ ❖♥❞❡ ♣♦ssí✈❡❧✱ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ♠❡❝❛♥✐s♠♦s

❞❡ s♦❜r❡❝❛r❣❛ ❞❡ ♦♣❡r❛❞♦r❡s ✈✐s❛♥❞♦ ❢❛❝✐❧✐t❛r ♦♣❡r❛çõ❡s ❡♥tr❡ ❝♦♥t❛✐♥❡rs✳ ❯♠ ❡①❡♠✲

♣❧♦ ❛♣❛r❡❝❡ ♥❛ ❝❧❛ss❡ ❞❡♥♦♠✐♥❛❞❛ ❆t♦♠✱ ❝✉❥❛ ❢✉♥çã♦ é ❛r♠❛③❡♥❛r ♦s ❞❛❞♦s ❞❡ ✉♠

át♦♠♦ ♥❛ s✐♠✉❧❛çã♦✳ ◆♦ ❛❧❣♦r✐t♠♦ ✷ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞♦ q✉❡ s❡r✐❛ ♦ ♣r♦❝❡ss♦

❞❡ ❝r✐❛r ✉♠❛ ❝ó♣✐❛ ❞❡ ✉♠ át♦♠♦ ❡①✐st❡♥t❡ ♥❛ s✐♠✉❧❛çã♦ s❡♠ ♦ ✉s♦ ❞♦s ♦♣❡r❛❞♦r❡s

s♦❜r❡❝❛rr❡❣❛❞♦s✳ ◆❡st❛ s✐t✉❛çã♦✱ ♦ ❞❡s❡♥✈♦❧✈❡❞♦r ♣r❡❝✐s❛r✐❛ ❝♦♣✐❛r ✉♠ ❛ ✉♠ ❝❛❞❛
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❆❧❣♦r✐t❤♠♦ ✷ ❊①❡♠♣❧♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❝ó♣✐❛ ❡①♣❧í❝✐t❛ ❞♦ ❝♦♥t❡ú❞♦ ❞❡ ✉♠ ❝♦♥t❛✐♥❡r
r❡♣r❡s❡♥t❛t✐✈♦ ❞❡ ✉♠ át♦♠♦ ♣❛r❛ ♦✉tr♦✳
❆t♦♠ ❛t♦♠♦✶✱ ❛t♦♠♦✷❀ ✴✴❈r✐❛♥❞♦ ✷ ❝♦♥t❛✐♥❡rs✳
❛t♦♠♦✶✳s❡t①✭ ❛t♦♠♦✷✳① ✮❀ ✴✴ ❈♦♦r❞❡♥❛❞❛ ① ❞♦ ❛t♦♠♦✶ ✜❝❛ ✐❣✉❛❧ ❛ ❞♦ át♦♠♦ ✷✳
❛t♦♠♦✶✳s❡t②✭ ❛t♦♠♦✷✳② ✮❀ ✴✴ ■❞❡♠ ♣❛r❛ ❝♦♦r❞❡♥❛❞❛ ②
❛t♦♠♦✶✳s❡t③✭ ❛t♦♠♦✷✳③ ✮❀ ✴✴ ■❞❡♠ ♣❛r❛ ❝♦♦r❞❡♥❛❞❛ ③
❛t♦♠♦✶✳s❡t✈①✭ ❛t♦♠♦✷✳① ✮❀ ✴✴ ■❞❡♠ ♣❛r❛ ✈❡❧♦❝✐❞❛❞❡ ♥❛ ❞✐r❡çã♦ ①✳
✳
✳
✳
✴✴ ❙❡❣✉❡♠ ♠❛✐s ✸✹ ❧✐♥❤❛s ❞❡ ❝ó❞✐❣♦ tr❛♥s❢❡r✐♥❞♦ ❞❛❞♦s✱
✴✴ ❞❡ ♠❛♥❡✐r❛ ❛ t♦r♥❛r ♦ át♦♠♦ ✶ ✉♠ ❝❧♦♥❡ ❞♦ át♦♠♦ ✷✳

❆❧❣♦r✐t❤♠♦ ✸ ■❧✉str❛çã♦ ❞❛ ♠❡s♠❛ ♦♣❡r❛çã♦ r❡❛❧✐③❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ✷✱ ♣♦ré♠
✉t✐❧✐③❛♥❞♦✲s❡ ♦♣❡r❛❞♦r❡s ❞❛ ❝❧❛ss❡✳
❆t♦♠ ❛t♦♠♦✶✱ ❛t♦♠♦✷❀ ✴✴❈r✐❛♥❞♦ ✷ ❝♦♥t❛✐♥❡rs✳
❛t♦♠♦✶ ❂ ❛t♦♠♦✷❀

❝❛♠♣♦ ❞♦ ❝♦♥t❛✐♥❡r ❞❡ ♦r✐❣❡♠ ♣❛r❛ ♦ ❝♦♥t❛✐♥❡r ❞❡ ❞❡st✐♥♦✳ ❙❡ r❡♣❡t✐❞❛ ♠✉✐t❛s ✈❡③❡s

♥✉♠ ♠❡s♠♦ ♥ú❝❧❡♦ ❞❡ ❝á❧❝✉❧♦✱ ❡ss❛ ♦♣❡r❛çã♦ ✜❝❛r✐❛ ♠❛✐s s✉s❝❡tí✈❡❧ ❛ ❡rr♦s ❞❡✈✐❞♦

à r❡♣❡t✐çã♦✱ ❛❧é♠ ❞❡ ❛✉♠❡♥t❛r ❞❡s♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦ t❛♠❛♥❤♦ ❞♦ ❝ó❞✐❣♦✳ ◆♦ ❛❧❣♦✲

r✐t♠♦ ✸ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ✷✱ ♣♦ré♠ ❢❡✐t♦

✉s❛♥❞♦✲s❡ ❛ ❢✉♥çã♦ r❡❞❡✜♥✐❞❛✳ ❈♦♠♣❛r❛♥❞♦✲s❡ ♦s ❛❧❣♦r✐t♠♦s✱ é ❢❛❝✐❧ ♣❡r❝❡❜❡r ❝♦♠♦

❡ss❛ ❡str✉t✉r❛ ❢❛❝✐❧✐t❛ ♦ tr❛❜❛❧❤♦ ❞❡ q✉❡♠ ❢♦r ♣♦st❡r✐♦r♠❡♥t❡ ❞❡s❡♥✈♦❧✈❡r ✉s❛♥❞♦

❡st❛ ❜✐❜❧✐♦t❡❝❛✳ ◆♦t❡ q✉❡ ✐ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ s❡ ❡s❝r❡✈❡r ✉♠❛ s✉❜r♦t✐♥❛ q✉❡ r❡❝❡❜❛

r❡❢❡rê♥❝✐❛s ❛♦s ❞♦✐s át♦♠♦s✱ ❡ ❝♦♣✐❡ ♦s ❞❛❞♦s ❞❡ ✉♠ ♣❛r❛ ♦✉tr♦✳ ❖ ❞❡t❛❧❤❡ é q✉❡

❛♦ ✐♥✈és ❞❡ s❡ ❞❡♥♦♠✐♥❛r ❡ss❛ r♦t✐♥❛ ♣♦r ✉♠ ♥♦♠❡ q✉❛❧q✉❡r✱ ❡❧❛ ❢♦✐ ❛ss♦❝✐❛❞❛ ❛♦

♦♣❡r❛❞♦r ❞❡ ✐❣✉❛❧❞❛❞❡ ✏❂✑ ♥❛ ❧✐♥❣✉❛❣❡♠✱ ♦ q✉❡ é ♠❛✐s ✐♥t✉✐t✐✈♦ ❞❛❞♦ ♦ s❡✉ ♣r♦♣ós✐t♦✳

❆✳✷✳✶✳✷ ❆❧❣♦r✐t♠♦s

❈❛❞❛ ❣r✉♣♦ ❞❡ ❛❧❣♦r✐t♠♦s ❛✜♥s ♣♦ss✉✐ ✉♠❛ ✐♥t❡r❢❛❝❡ ❞❡ ♠ét♦❞♦s ✈✐rt✉❛✐s ❝♦♠✉♠✱

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ❝❧❛ss❡ ❛❜str❛t❛✱ ❛ q✉❛❧ é ❤❡r❞❛❞❛ ♣❡❧❛s ❝❧❛ss❡s ❛❝✐♠❛ ♥❛ ❤✐❡r❛rq✉✐❛

❞❡ ❤❡r❛♥ç❛✳ ❆ ✐❞é✐❛ é ❝♦♥str✉✐r ✉♠ s✐st❡♠❛ ❞❡ ❛❧❣♦r✐t♠♦s ♣♦❧✐♠ór✜❝♦s✱ ❞❡ ❢♦r♠❛

t❛❧ q✉❡ ♦✉tr❛s ♣❛rt❡s ❞♦ ♣r♦❣r❛♠❛ q✉❡ ✉t✐❧✐③❡♠ ❝❡rt♦ ❣r✉♣♦ ❞❡ ❛❧❣♦r✐t♠♦s ♣♦ss❛♠

❢❛③ê✲❧♦ ✉s❛♥❞♦ s❡♠♣r❡ ❛ ✐♥t❡r❢❛❝❡ ❝♦♠✉♠✳ ❊st❛ ♣❛❞r♦♥✐③❛çã♦ ♥♦ ❛❝❡ss♦ ♣❡r♠✐t❡ q✉❡

♥♦✈♦s ❛❧❣♦r✐t♠♦s s❡❥❛♠ ❛❞✐❝✐♦♥❛❞♦s ❞❡♥tr♦ ❞❡ ✉♠ ♠❡s♠♦ ❣r✉♣♦ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡

❞❡ ❛❧t❡r❛r ♦✉tr❛s ♣❛rt❡s ❞❛ ❜✐❜❧✐♦t❡❝❛✳ ❆❧é♠ ❞✐ss♦✱ ❝❛s♦ ❡①✐st❛♠ tr❡❝❤♦s ❞❡ ❝ó❞✐❣♦

✶✸✷



❋✐❣✉r❛ ❆✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❝❧❛ss❡s ✐❧✉str❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ ♦r❣❛♥✐③❛çã♦ ❞❡ ❣r✉♣♦s ❞❡
❛❧❣♦r✐t♠♦s ❛✜♥s✳ ❆ ♣❛rt✐r ❞❡ ✉♠❛ ❝❧❛ss❡ ❛❜str❛t❛ ❝♦♠✉♠ ❛ ❝❡rt♦ ❣r✉♣♦✱ sã♦ ❝r✐❛❞❛s
❝❧❛ss❡s ❛✜♥s q✉❡ ❤❡r❞❛♠ ❛ ✐♥t❡r❢❛❝❡ ✈✐rt✉❛❧ ❞❛ ❝❧❛ss❡ ❛❜str❛t❛ ❡ ❛ r❡❡s❝r❡✈❡♠ ❝❛s♦ ❛
❝❛s♦✳

❝♦♠✉♥s ❛ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝❡rt♦ ❣r✉♣♦ ❡st❡s tr❡❝❤♦s ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ♥❛

❝❧❛ss❡ ❛❜str❛t❛✱ ❡✈✐t❛♥❞♦ ❛ss✐♠ ❛ r❡♣❡t✐çã♦ ❞❡ ❝ó❞✐❣♦✳ ❚♦♠❡♠♦s ❝♦♠♦ ❡①❡♠♣❧♦

❞♦✐s ❣r✉♣♦s ❞❡ ❛❧❣♦r✐t♠♦s tí♣✐❝♦s ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✿ ❡♥s❡♠❜❧❡s

❡st❛tíst✐❝♦s ❡ ♣♦t❡♥❝✐❛✐s ✐♥t❡r❛tô♠✐❝♦s✳ ◆❛ ✜❣✉r❛ ❆✳✶✱ t❡♠♦s ✉♠❛ ✐❧✉str❛çã♦ ❞♦s

❞✐❛❣r❛♠❛s ❞❡ ❝❧❛ss❡s ❡♠ ❯▼▲ ❞❡st❡s ❞♦✐s ❣r✉♣♦s✳ ◆❡st❡ ❡①❡♠♣❧♦✱ t❡♠♦s ❛s ❝❧❛ss❡s

❛❜str❛t❛s ❊♥s❡♠❜❧❡ ❡ P♦t❡♥t✐❛❧✱ ❛s q✉❛✐s sã♦ ❤❡r❞❛❞❛s ♣❡❧❛s ❝❧❛ss❡s ❊♥s❡♠❜❧❡❴◆❱❊✱

❊♥s❡♠❜❧❡❴◆❱❚✱ P♦t❡♥t✐❛❧❴▲❏ ❡ P♦t❡♥t✐❛❧❴●✉♣t❛✳ ❙✉♣♦♥❤❛ q✉❡ ❝❡rt♦ ❛❧❣♦r✐t♠♦ ❞♦

❣r✉♣♦ ❊♥s❡♠❜❧❡ ♥❡❝❡ss✐t❡ ❞❡ ✐♥❢♦r♠❛çã♦ ♦r✐❣✐♥❛❞❛ ❞❡ ❝❧❛ss❡s ❞♦ t✐♣♦ P♦t❡♥t✐❛❧ ✭♣♦r

❡①❡♠♣❧♦✱ ♦ ❝á❧❝✉❧♦ ❞❛s ❛❝❡❧❡r❛çõ❡s ❞♦s át♦♠♦s ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ✐♥t❡❣r❛çã♦ t❡♠♣♦r❛❧✮✳

❆♦ ❡s❝r❡✈❡r ♦ ❝ó❞✐❣♦ ❞❡ ❝❡rt♦ ❡♥s❡♠❜❧❡✱ ❢❛③✲s❡ ✉♠❛ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❛ ❝❧❛ss❡ ❛❜str❛t❛

P♦t❡♥t✐❛❧✳ ❏á ♥❛ ❡①❡❝✉çã♦ ❞♦ ♣r♦❣r❛♠❛✱ ♦ q✉❡ é ♣❛ss❛❞♦ ❛♦ ❡♥s❡♠❜❧❡ é ✉♠❛ r❡❢❡rê♥❝✐❛

à ♦❜❥❡t♦s ❞❡r✐✈❛❞♦s ❞❡ P♦t❡♥t✐❛❧✿ P♦t❡♥t✐❛❧❴▲❏ ♦✉ P♦t❡♥t✐❛❧❴●✉♣t❛✳ ❉❡ss❛ ❢♦r♠❛✱

❛♦ s❡ ❡①❡❝✉t❛r ♦ ♣r♦❣r❛♠❛✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ♣♦t❡♥❝✐❛❧ tr❛♥s♠✐t✐❞♦ ✭s❡❥❛ ♥❡st❡

❡①❡♠♣❧♦ ♦ P♦t❡♥t✐❛❧❴●✉♣t❛ ♦✉ ♦ P♦t❡♥t✐❛❧❴▲❏ ✮✱ ♦ ❝ó❞✐❣♦ ✐rá ❢✉♥❝✐♦♥❛r✳

❊st❡ ♠❡❝❛♥✐s♠♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣♦❧✐♠♦r✜s♠♦ ♥❛ ♣r♦❣r❛♠❛çã♦ ♦r✐❡♥t❛❞❛ ❛

♦❜❥❡t♦s✳ ❙✉❛ ✈❛♥t❛❣❡♠ é q✉❡ ♣❡r♠✐t❡ q✉❡ ♦ ♣r♦❣r❛♠❛ ❡s❝❛❧❡ ❡♠ t❛♠❛♥❤♦ ❝♦♠

❣r❛♥❞❡ r❡❛♣r♦✈❡✐t❛♠❡♥t♦ ❞❡ ❝ó❞✐❣♦✳ ❆✐♥❞❛ ♥♦ ❡①❡♠♣❧♦ ❡♥tr❡ ❡♥s❡♠❜❧❡s ❡ ♣♦t❡♥❝✐❛✐s✱

s✉♣♦♥❤❛ q✉❡ ♥♦ ❢✉t✉r♦ ❡①✐st❛♠ ♥❛ ✐♥❢r❛❡str✉t✉r❛✱ ❞✐❣❛♠♦s✱ ♥♦✈❡ ♣♦t❡♥❝✐❛✐s ❞❡✜♥✐❞♦s

❡ três ❡♥s❡♠❜❧❡s✳ ❆♦ s❡ ❛❞✐❝✐♦♥❛r ✉♠ q✉❛rt♦ ❡♥s❡♠❜❧❡✱ ❡st❡ ✐rá ❢✉♥❝✐♦♥❛r ❝♦♠

♦s ♥♦✈❡ ♣♦t❡♥❝✐❛✐s ❥á ❞❡✜♥✐❞♦s✱ s❡♠ q✉❡ s❡ ❢❛ç❛ ♥❡♥❤✉♠❛ ❛❧t❡r❛çã♦ ♥♦ ❝ó❞✐❣♦ ❞♦s

♣♦t❡♥❝✐❛✐s ♦✉ ❞♦s ♦✉tr♦s três ❡♥s❡♠❜❧❡s✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ✉♠ ♥♦✈♦ ♣♦t❡♥❝✐❛❧❀

❝❛s♦ s❡ ❛❞✐❝✐♦♥❡ ✉♠ ❞é❝✐♠♦ ♣♦t❡♥❝✐❛❧✱ ❡❧❡ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❥á ❢✉♥❝✐♦♥❛r✐❛ ❝♦♠ ♦s

❡♥s❡♠❜❧❡s ❡①✐st❡♥t❡s s❡♠ ♥❡♥❤✉♠❛ ❛❧t❡r❛çã♦ ♥♦ ❝ó❞✐❣♦ ❞♦s ❡♥s❡♠❜❧❡s ♦✉ ❞♦s ♦✉tr♦s

♣♦t❡♥❝✐❛✐s✳
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❊st❛ ♦r❣❛♥✐③❛çã♦ ❞❡ ❝ó❞✐❣♦ é ❞❡ ❢❛t♦ ✉t✐❧✐③❛❞❛ ♥❛ ✐♥❢r❛❡str✉t✉r❛ ♥❛ r❡❧❛çã♦ ❡♥tr❡

❡♥s❡♠❜❧❡s ❡st❛tíst✐❝♦s ❡ ♣♦t❡♥❝✐❛✐s ✐♥t❡r❛tô♠✐❝♦s ♥❛ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r✳ ❆❧é♠ ❞❡st❡

❡①❡♠♣❧♦✱ ❡①✐st❡♠ ♦✉tr♦s ❛❧❣♦r✐t♠♦s ♥♦s q✉❛✐s ✐st♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦✳ ❊st❡ ♠♦❞❡❧♦

❢❛❝✐❧✐t❛ ♠✉✐t♦ ♦ ❛♣r❡♥❞✐③❛❞♦ ❞❡ ♥♦✈♦s ♣r♦❣r❛♠❛❞♦r❡s q✉❡ ✈❡♥❤❛♠ ❛ tr❛❜❛❧❤❛r ♥♦ s✐s✲

t❡♠❛✳ P♦r ❡①❡♠♣❧♦✱ t❡♠♦s ❡♠ ♥♦ss♦ ❣r✉♣♦ ✉♠ ❛❧✉♥♦ q✉❡ ✐♥✐❝✐♦✉ ❛❣♦r❛ s❡✉ ♠❡str❛❞♦

❡ ❝✉❥♦ ♣r♦❥❡t♦ ❝♦♥s✐st❡ ❡♠ ❡st✉❞❛r s❡♠✐❝♦♥❞✉t♦r❡s ❝♦♠ ❛ ✐♥❢r❛❡str✉t✉r❛ ❞❡st❡ ♣r♦✲

❥❡t♦✳ ❆♦ ✐♠♣❧❡♠❡♥t❛r ♦ ♥♦✈♦ ♣♦t❡♥❝✐❛❧ q✉❡ ❡❧❡ ✐rá ✉s❛r✱ t✉❞♦ q✉❡ ❡❧❡ ♣r❡❝✐s❛ ❢❛③❡r é

❡s❝r❡✈❡r ✉♠❛ ❝❧❛ss❡ ♥♦✈❛✱ ❞❡r✐✈❛❞❛ ❞❛ ❝❧❛ss❡ P♦t❡♥t✐❛❧ q✉❡ ❢❛ç❛ ♦ ❝á❧❝✉❧♦ ♣❛r❛ ♦ ♥♦✈♦

♣♦t❡♥❝✐❛❧✳ ❆ ♣❛rt✐r ❞❛í✱ ❡st❡ ❥á ❢✉♥❝✐♦♥❛rá ♥♦s ❡♥s❡♠❜❧❡s ♠✐❝r♦❝❛♥ô♥✐❝♦ ❡ ❝❛♥ô♥✐❝♦

q✉❡ ❢♦r❛♠ ❡s❝r✐t♦s ♥❡st❡ ♣r♦❥❡t♦✱ s❡♠ q✉❡ ♥❡♥❤✉♠❛ ❛❧t❡r❛çã♦ s❡❥❛ ❢❡✐t❛ ♥♦s ❝ó❞✐❣♦s

❞♦s ❡♥s❡♠❜❧❡s✳ ❉❡ ❢❛t♦✱ ♦ ❛❧✉♥♦ ♥♦✈♦ ♥✉♥❝❛ ♣r❡❝✐s❛rá s❡q✉❡r ❧❡r ❡ss❡s ❝ó❞✐❣♦s s❡

❛ss✐♠ ❞❡s❡❥❛r✳ ❊ss❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡✈❡ ❢❛❝✐❧✐t❛r ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ s✐st❡♠❛ ♥♦ ❢✉t✉r♦✱

❝♦♥❢♦r♠❡ ❡❧❡ ❡s❝❛❧❛r ❡♠ t❛♠❛♥❤♦✳

❆✳✷✳✷ ◆ú❝❧❡♦s ❞❡ ❈á❧❝✉❧♦

❈♦♥s✐st❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s q✉❡ ✉t✐❧✐③❛ ❛ ❜✐❜❧✐♦t❡❝❛ ❞❡ ❝❧❛ss❡s ❜❛s❡ ♣❛r❛

r❡❛❧✐③❛r s✐♠✉❧❛çõ❡s✳ ❖s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦ sã♦ ♠❛✐s ✈♦❧t❛❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❡s♣❡❝í✲

✜❝♦s✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣♦ss✉❡♠ ❝ó❞✐❣♦s ♠❛✐s ❞✐❢í❝❡✐s ❞❡ s❡ r❡❛♣r♦✈❡✐t❛r ❡♠ ♥♦✈❛s

❛♣❧✐❝❛çõ❡s✳ ❯♠ s♦❢t✇❛r❡ ❞❡ s✐♠✉❧❛çã♦ ❝♦♥str✉í❞♦ ✉s❛♥❞♦ ❛ ✐♥❢r❛❡str✉t✉r❛ ♣♦❞❡ ❝♦♥✲

t❡r ✉♠ ♦✉ ♠❛✐s ♥ú❝❧❡♦s✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♥❡❝❡ss✐❞❛❞❡✳ ❉❡ ❝❡rt❛ ❢♦r♠❛✱ ✉♠ ♥ú❝❧❡♦ ❞❡

❝á❧❝✉❧♦ ♣♦❞❡ s❡r ♣❡♥s❛❞♦ ❝♦♠♦ s❡♥❞♦ ✉♠ ✏♣r♦❣r❛♠❛ ❞❡♥tr♦ ❞♦ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧✑✳

❯s❛♥❞♦ ❛ ❜✐❜❧✐♦t❡❝❛ ❜❛s❡✱ ❢♦r❛♠ ❝♦♥str✉í❞♦s ♥ú❝❧❡♦s ♣❛r❛ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s❀ ❡♥tr❡

❡❧❛s t❡♠♦s✿

• ❈♦♥str✉çã♦ ❞❡ ❝r✐st❛✐s❀

• ❈♦♥str✉çã♦ ❞❡ ♠❛❧❤❛s ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s❀

• ❙✐♠✉❧❛çã♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r❀

• ❙✐♠✉❧❛çã♦ ♠✉❧t✐❡s❝❛❧❛❀

• Pós✲Pr♦❝❡ss❛♠❡♥t♦ ❞❡ ❞❛❞♦s ❞❛s s✐♠✉❧❛çõ❡s✳

✶✸✹



❆✳✷✳✸ ▼♦t♦r❡s

❈♦♥s✐st❡♠ ❡♠ ❝❧❛ss❡s ❝♦♥str✉í❞❛s ✉t✐❧✐③❛♥❞♦✲s❡ ♦s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦ ♦✉ ❛✐♥❞❛✱ ♦✉tr♦s

♠♦t♦r❡s✳ ❆ ✈✐sã♦ ❞❡ ❛♣❧✐❝❛çã♦ ♣❛r❛ ♦s ♠♦t♦r❡s é q✉❡ ❡st❡s s❡❥❛♠ ✉t✐❧✐③❛❞♦s ♥❛ ✐♥t❡✲

r❛çã♦ ❝♦♠ ♦ ✉s✉ár✐♦✱ ✜❧tr❛♥❞♦ ❛ ✐♥❢♦r♠❛çã♦ ♣❛ss❛❞❛ ♣❡❧♦ ♠❡s♠♦ ❡ r❡❛❧✐③❛♥❞♦ s♦❜r❡

❡ss❛ ✐♥❢♦r♠❛çã♦ t❡st❡s ❞❡ s❛♥✐❞❛❞❡ ❡ ♦✉tr❛s ❝♦rr❡çõ❡s q✉❡ ✈❡♥❤❛♠ ❛ s❡r ♥❡❝❡ssár✐❛s

❛♥t❡s q✉❡ ♦s ❞❛❞♦s s❡❥❛♠ ♣❛ss❛❞♦s ❛♦s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦✳ ■ss♦ s❡♣❛r❛ ❛ ✐♥t❡r❛çã♦

❝♦♠ ♦ ✉s✉ár✐♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❝á❧❝✉❧♦✱ t♦r♥❛♥❞♦ ♠❛✐s ♦❜❥❡t✐✈❛ ❛ ❢✉♥çã♦ ❞❡ ❝❛❞❛

❝♦♠♣♦♥❡♥t❡❀ ❞❡st❛ ❢♦r♠❛✱ ♦s ♥ú❝❧❡♦s ♣♦❞❡♠ s❡r ❝♦♥str✉í❞♦s s✉♣♦♥❞♦✲s❡ q✉❡ ❛ ✐♥✲

❢♦r♠❛çã♦ ❛ ❡st❡s ❡♥✈✐❛❞❛ ❡st❛rá s❡♠♣r❡ ♥♦ ❢♦r♠❛t♦ ❝♦rr❡t♦✳ ■ss♦ ❡✈✐t❛ ♦ ✉s♦ ❞♦

s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡ ❡①❝❡ssõ❡s ♣r❡s❡♥t❡ ♥❛ ❜✐❜❧✐♦t❡❝❛ ❜❛s❡ ❡ ♥♦s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦

❡♠ s✐t✉❛çõ❡s ♥❛s q✉❛✐s ✐st♦ ♣♦❞❡r✐❛ s❡r ❡✈✐t❛❞♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❝❛s♦ ♦ ✉s✉ár✐♦

s✐♠♣❧❡s♠❡♥t❡ ♣❡ç❛ ♣❛r❛ ♦ s✐st❡♠❛ r❡❛❧✐③❛r ✉♠ ❝á❧❝✉❧♦ ❛❜s✉r❞♦✳ ■ss♦ s❡ tr❛❞✉③ ♣❛r❛

♦ ✉s✉ár✐♦ ✜♥❛❧ ❡♠ ✉♠ s✐st❡♠❛ ♠❛✐s ❛♠✐❣á✈❡❧ ❡ ❡stá✈❡❧✱ q✉❡ ♥ã♦ ❢❛❧❤❡ tã♦ ❢❛❝✐❧♠❡♥t❡

q✉❛♥❞♦ ♦ ✉s✉ár✐♦ ❝♦♠❡t❡ ✉♠ ❡rr♦✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞♦ ♣r♦❣r❛♠❛❞♦r✱ s❡♣❛r❛ ♦

❝ó❞✐❣♦ ❡♠ ❝❛♠❛❞❛s ❝♦♠ ♣r♦♣ós✐t♦s ❞✐st✐♥t♦s✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ❛❧t❡r❛çõ❡s ❡♠ ✉♠❛

❞❡❧❛s ♥ã♦ ❛❢❡t❡♠ ❛s ❞❡♠❛✐s✳ ◆❛ ✜❣✉r❛ ❆✳✷ t❡♠♦s ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❝❛s♦ ❞❡ ✉s♦ q✉❡

✐❧✉str❛ ❛ ❝♦♠✉♥✐❝❛çã♦ ❡♥tr❡ ♦s ❞✐✈❡rs♦s ❝♦♠♣♦♥❡♥t❡s ❞♦ s✐st❡♠❛✳

❯♠❛ ✈❡③ q✉❡ ♦ ♦❜❥❡t✐✈♦ ♣r✐♠ár✐♦ ❞♦s ♠♦t♦r❡s é ✐♥t❡r❛❣✐r ❝♦♠ ♦ ✉s✉ár✐♦ ❡ r❡♣❛ss❛r

♦s ❞❛❞♦s ♣♦r ❡st❡ ✐♥s❡r✐❞♦s ❛♦s ♥ú❝❧❡♦s ❞❡ ❝á❧❝✉❧♦✱ s❡r✐❛ ♥❛t✉r❛❧ q✉❡ ❡st❛ ♣❛rt❡ ❞♦

s✐st❡♠❛ ❢♦ss❡ ❝♦♥str✉í❞❛ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ❣rá✜❝❛✳ ■♥❢❡❧✐③♠❡♥t❡✱ ♣♦r q✉❡stã♦

❞❡ t❡♠♣♦✱ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ♦s ♠♦t♦r❡s ❞❡ ❝á❧❝✉❧♦ ♥❡st❡ ❢♦r♠❛t♦❀ ❛♦ ✐♥✈és

❞✐ss♦ ❡❧❡s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❡♠ ♠♦❞♦ t❡①t♦✱ ❛tr❛✈és ❞❡ ♠❡♥✉s ✐♥t❡r❛t✐✈♦s ♥♦

❝♦♥s♦❧❡ ♦✉ ❛✐♥❞❛✱ ✐♥❢♦r♠❛çõ❡s ❡♥✈✐❛❞❛s ❞✐r❡t❛♠❡♥t❡ ♣❡❧♦ ♣r♦♠♣t ❞❡ ❝♦♠❛♥❞♦✱ à

❡s❝♦❧❤❛ ❞♦ ✉s✉ár✐♦✳ ◆♦ ❢✉t✉r♦ ✐ss♦ ❡st❡ r❡❝✉rs♦ ♣♦❞❡ ✈✐r ❛ s❡r ✐♠♣❧❡♠❡♥t❛❞♦✳

❆✳✷✳✹ ❆✉①✐❧✐❛r❡s

❈♦♥s✐st❡♠ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s❝r✐♣ts ❝♦♥str✉í❞♦s ♣❛r❛ ❛✉t♦♠❛t✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡

r❡❛❧✐③❛çã♦ ❞❡ ❜❛t❡r✐❛s ❞❡ s✐♠✉❧❛çã♦✱ ♣ós✲♣r♦❝❡ss❛♠❡♥t♦ ❡ ✈✐s✉❛❧✐③❛çã♦✳ ◆♦ ❝❛s♦ ❞❛

✈✐s✉❛❧✐③❛çã♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥ã♦ ❡①✐st❡♠ s♦❢t✇❛r❡s ❡s♣❡❝í✜❝♦s ♣❛r❛ ❛ ✈✐s✉❛❧✐③❛çã♦ ❞❡

❝á❧❝✉❧♦s ♠✉❧t✐❡s❝❛❧❛ ❞♦ t✐♣♦ ❢❡✐t♦ ♥❡st❡ ♣r♦❥❡t♦✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ♣❛r❛ ✈✐s✉❛❧✐③❛r

✶✸✺







❆♣ê♥❞✐❝❡ ❇

❘❡♠♦✈❡♥❞♦ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡

✐♥❞❡s❡❥❛❞♦s ♥❛ ❡s❝❛❧❛ ✜♥❛

❊st❛ s❡çã♦ ❞❡s❝r❡✈❡ ❞❡ ❢♦r♠❛ ♠❛✐s ❞❡t❛❧❤❛❞❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❡ ✉♠❛

❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ❛ r❡♠♦çã♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ✐♥❞❡s❡❥❛❞♦s

♥❛ r❡❣✐ã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ❡ ❞❡ ❡❧❡♠❡♥t♦s

✜♥✐t♦s✳ ❈♦♥s✐❞❡r❡ q✉❡ q✉❛❧q✉❡r sít✐♦ ❞❡ ♦❝✉♣❛çã♦ ❞❡ ✉♠ ❝r✐st❛❧ s❡❥❛ ❞❡♥♦t❛❞♦ ♣♦r

tr✐♣❧❡t♦s ❞❡ ✐♥t❡✐r♦s ❞♦ t✐♣♦ (l,m, n)✱ ♦♥❞❡ ♦s í♥❞✐❝❡s ✐♥❞✐❝❛♠ ♠ú❧t✐♣❧♦s✱ ❝❛❞❛ ✉♠

❛♦ ❧♦♥❣♦ ❞❡ ❞❡t❡r♠✐♥❛❞♦ ✈❡t♦r✱ ❞♦s três ✈❡t♦r❡s ♣r✐♠✐t✐✈♦s ❞❛ ❡str✉t✉r❛ ❝r✐st❛❧✐♥❛✳

❙✉♣♦♥❤❛ q✉❡ ❞❡s❡❥❛♠♦s r❡♠♦✈❡r t♦❞♦s ♦s át♦♠♦s ❝✉❥♦s sít✐♦s sã♦ ❞❛❞♦s ♣♦r l > 0✳

❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✹✳✷✽ ♥❛ ❢♦r♠❛ ❞❡ s♦♠❛s ❛♦ ❧♦♥❣♦ ❞♦s ♣♦ssí✈❡✐s sít✐♦s ❞❡

♦❝✉♣❛çã♦ ❞♦ ❝r✐st❛❧✱ t❡♠♦s✿

ü′
l,m,n(t) =

l+1
∑

l′=l−1

l+µ
∑

m′=m−µ

l+ν
∑

n′=n−ν

M−1
A Kl−l′,m−m′,n−n′u′

l′,m′,n′(t) + M−1
A f ext

l,m,n(t);

✭❇✳✵✳✶✮

s❡♥❞♦ q✉❡ f ext
l,m,n(t) é ❛ ❢♦rç❛ ❡①t❡r♥❛ q✉❡ ❛t✉❛ s♦❜r❡ ❛ ❝é❧✉❧❛ ✉♥✐tár✐❛ (l,m, n)✳ ❆s

♠❛tr✐③❡s ❞❡ r✐❣✐❞❡③ K r❡❧❛❝✐♦♥❛♠ ♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥❛ ❝é❧✉❧❛ (−l′,−m′,−n′) ❝♦♠

❛s ❢♦rç❛s ♥❛ ❝é❧✉❧❛ (l,m, n)✳ ❆s ❝♦♥st❛♥t❡s µ ❡ ν r❡♣r❡s❡♥t❛♠ ♦ ❛❧❝❛♥❝❡ ❞❛s ❢♦rç❛s

♥❛s ❞✐r❡çõ❡s m ❡ n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈❛s♦ ❞❡t❡r♠✐♥❛❞♦ sít✐♦ ❡st❡❥❛ ❞❡s♦❝✉♣❛❞♦✱ s✉❛

♠❛tr✐③ ❞❡ r✐❣✐❞❡③ s❡rá ♥✉❧❛✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ ❡st❡ sít✐♦ ♥ã♦ ❝♦♥tr✐❜✉✐ ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞❛s ❢♦rç❛s ✐♥t❡r♥❛s ❞♦ s✐st❡♠❛✳ ❆♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ l ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ❝❛❞❛

✶✸✽



❝é❧✉❧❛ ✉♥✐tár✐❛ ✐♥t❡r❛❣❡ ❛♣❡♥❛s ❝♦♠ s❡✉ ♣r✐♠❡✐r♦ ✈✐③✐♥❤♦✳ ❏á ♣❛r❛ ❛s ❞✐r❡çõ❡s m ❡

n ❡st❛ r❡str✐çã♦ ♥ã♦ s❡ ❛♣❧✐❝❛✳ ➱ ♣♦ssí✈❡❧ r❡♠♦✈❡r ❛ r❡str✐çã♦ ❞❡ ✐♥t❡r❛çõ❡s ❛♣❡♥❛s

❡♥tr❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s ♥❛ ❞✐r❡çã♦ l ❞❡ ♠❛♥❡✐r❛ ❛ ♠❡❧❤♦r❛r ♦ ❝á❧❝✉❧♦ ♣❛r❛ ♣♦t❡♥❝✐❛✐s

q✉❡ ♣♦ss✉❛♠ t❡r♠♦s ❞❡ ♠✉✐t♦s ❝♦r♣♦s ❬✸✷✱ ✸✺❪❀ t♦❞❛✈✐❛ ✐st♦ r❡q✉❡r ♦ ❝á❧❝✉❧♦ ❞❡ ✉♠

♥ú♠❡r♦ ❝♦♥s✐❞❡rá✈❡❧ ❞❡ ♠❛tr✐③❡s ❞❡ r✐❣✐❞❡③✳ ❖✉tr♦ ♣♦♥t♦ ❛ s❡ r❡ss❛❧t❛r é q✉❡ ❡st❛

r❡str✐çã♦ é r❡❛❧♠❡♥t❡ ♥❡❝❡ssár✐❛ ❛♣❡♥❛s ♥❛ ❢r♦♥t❡✐r❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ✶ ❡ ✷✳ ❊♠

♣♦♥t♦s ♠❛✐s ✐♥t❡r♥♦s ❞❛ r❡❣✐ã♦ ✶✱ ♦ ❝á❧❝✉❧♦ ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r ♣♦❞❡ s❡r ❢❡✐t♦

✉t✐❧✐③❛♥❞♦✲s❡ ✐♥t❡r❛çõ❡s ❞❡ ♠❛✐♦r ❛❧❝❛♥❝❡✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❞❛❞♦ r❛✐♦ ❞❡ ❝♦rt❡ ❞❛

s✐♠✉❧❛çã♦ ❝❛❞❛ át♦♠♦ ♣♦ss✉✐ t♦❞♦s ♦s ✈✐③✐♥❤♦s q✉❡ t❡r✐❛ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❝r✐st❛❧✳

❖ ♣r♦❝❡ss♦ ❞❡ r❡♠♦çã♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ q✉❡ ❡st❛♠♦s ❢❛③❡♥❞♦ ♥❡st❛ s❡çã♦ t❡♠

♣♦r ✜♥❛❧✐❞❛❞❡ ❝r✐❛r ♣❧❛♥♦s ❞❡ át♦♠♦s s✉❥❡✐t♦s ❛ ✏❢♦rç❛s ✈✐rt✉❛✐s✑✱ q✉❡ ✐♥t❡r❛❣❡♠ ❞❡

✉♠❛ ♠❛♥❡✐r❛ ❛rt✐✜❝✐❛❧ ❞❡♥tr♦ ❞❡ ✉♠❛ ❞✐♥â♠✐❝❛ ❞❡ ▲❛♥❣❡✈✐♥✱ ✐♠♣❡❞✐♥❞♦ q✉❡ ♦ ❝r✐st❛❧

r❡❧❛①❡ ❞❡✈✐❞♦ à ❛✉sê♥❝✐❛ ❞❡ ❢♦rç❛s ♥♦s ♣❧❛♥♦s ❞❡ át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❡♥tr❡ ❛s r❡❣✐õ❡s

✶ ❡ ✷✳ P❛r❛ ❢❛③❡r ✐ss♦✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ♦s ❞❡s❧♦❝❛♠❡♥t♦s ❞♦s át♦♠♦s ❞❛s ❝é❧✉❧❛s ♦♥❞❡

l > 0 ❡♠ t❡r♠♦s ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ❞♦s ❞❡♠❛✐s át♦♠♦s ❞❛ ❡str✉t✉r❛✱ ❡ s✉❜st✐t✉✐r ❡st❡

r❡s✉❧t❛❞♦ ♥❛ ❡q✉❛çã♦ ❇✳✵✳✶✳ ■ss♦ ♥♦s ❧✐✈r❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ r❡s♦❧✈❡r ❡①♣❧✐❝✐t❛♠❡♥t❡

♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❡♠ l > 0 ❛♦ ♠❡s♠♦ t❡♠♣♦ q✉❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ♦ ❡❢❡✐t♦ ❞❡ss❡s

❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ é ✐♥❝❧✉í❞♦ ♥❛ ❞✐♥â♠✐❝❛ ❞♦ r❡st❛♥t❡ ❞♦ s✐st❡♠❛✳

❖ ♣ró①✐♠♦ ♣❛ss♦ ♥♦ ❝á❧❝✉❧♦ ❝♦♥s✐st❡ ❡♠ s✉♣♦r q✉❡✱ ♣❛r❛ ♦s át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛

❡♥tr❡ ❡♥tr❡ ❛s r❡❣✐õ❡s (l = 0) ❛ ❞✐♥â♠✐❝❛ s❡rá ❞❛❞❛ ♣♦r ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ q✉❡ ❛t✉❛

s♦♠❡♥t❡ ♥❡st❡s át♦♠♦s✳ ❖s ❞❡♠❛✐s át♦♠♦s s❡♥t✐rã♦ ❛ ❢♦rç❛ ❡①t❡r♥❛ ✐♥❞✐r❡t❛♠❡♥t❡❀

♦✉ s❡❥❛✿

f ext
l,m,n(t) = δl,0f

ext
0,m,n(t). ✭❇✳✵✳✷✮

❆❣♦r❛ ✈❛♠♦s ❛♣❧✐❝❛r s♦❜r❡ ❛ ❡q✉❛çã♦ ❇✳✵✳✶ ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❡ ✉♠❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞✐s❝r❡t❛✳ ■ss♦ r❡s✉❧t❛ ❡♠✿

s2Û′(p, q, r, s)−sû′(p, q, r, 0)−ˆ̇u
′
(p, q, r, 0) = Â(p, q, r)Û′(p, q, r, s)+M−1

A F̂ext
0 (q, r, s);

✭❇✳✵✳✸✮

s❡♥❞♦ q✉❡ p✱ q ❡ r ❝♦rr❡s♣♦♥❞❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s í♥❞✐❝❡s ❡s♣❛❝✐❛✐s l✱ m ❡ n✳

✶✸✾



❆ ♥♦t❛çã♦ ❝♦♠ ❝❤❛♣é✉ ✐♥❞✐❝❛ ✈❛r✐á✈❡✐s tr❛♥s❢♦r♠❛❞❛s ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r

❞✐s❝r❡t❛✱ ❡♥q✉❛♥t♦ q✉❡ ✈❛r✐á✈❡✐s tr❛♥s❢♦r♠❛❞❛s ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ sã♦

✐♥❞✐❝❛❞❛s ♣❡❧❛ ✈❛r✐á✈❡❧ ❞❛ tr❛♥s❢♦r♠❛❞❛ s✳ ❖ t❡r♠♦ Â(p, q, r) é ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r ❞❡ M−1
A Kl,m,n✳

❘❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❇✳✵✳✸ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥♦ ❡s♣❛ç♦ ❞❛s

tr❛♥s❢♦r♠❛❞❛s ❡♠ t❡r♠♦s ❞❛ ❢♦rç❛ ❡①t❡r♥❛✿

Û′(p, q, r, s) = Ĝ(p, q, r, s)
(

M−1
A F̂ext

0 (q, r, s) + sû′(p, q, r, 0) + ˆ̇u
′
(p, q, r, 0)

)

;

✭❇✳✵✳✹✮

♥♦s q✉❛✐s Ĝ(p, q, r, s) =
(

s2I − Â(p, q, r)
)−1

✳ ❆❣♦r❛ t♦♠❛♠♦s ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r ✐♥✈❡rs❛ ❞❛ ❡q✉❛çã♦ ❇✳✵✳✹ ♥❛ ❞✐r❡çã♦ x̂✱ ♦❜t❡♥❞♦ ❛ss✐♠ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛

♣♦s✐çã♦ ❛tô♠✐❝❛ l ♥❛ ❞✐r❡çã♦ x̂✿

Ũ′
l(q, r, s) = M−1

A G̃l(q, r, s)F̂
ext
0 (q, r, s) + R̃d

l (q, r, s); ✭❇✳✵✳✺✮

s❡♥❞♦ q✉❡✿

R̃d
l (q, r, s) = s

L/2
∑

l′=−L/2+1

G̃l−l′(q, r, s)U
l
l′(q, r, 0) +

L/2
∑

l′=−L/2+1

G̃l−l′(q, r, s)U̇
l
l′(q, r, 0).

✭❇✳✵✳✻✮

❆ ♥♦t❛çã♦ ❝♦♠ t✐❧ (∼) ✐♥❞✐❝❛ ✐♠❛❣❡♥s ❞❡ ❋♦✉r✐❡r ♠✐st✉r❛❞❛s✱ q✉❡ ❞❡♣❡♥❞❡♠ ❞♦s

✈❛❧♦r❡s ♦r✐❣✐♥❛✐s ❡ ❞♦s tr❛♥s❢♦r♠❛❞♦s✳ ❆ ❡q✉❛çã♦ ❇✳✵✳✻ ❝♦rr❡s♣♦♥❞❡ à ♣❛rt❡ ❛❧❡❛tór✐❛

❞♦ ❞❡s❧♦❝❛♠❡♥t♦✱ ❛ q✉❛❧ é ❞❛❞❛ ♣❡❧❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ r❡✲

♠♦✈✐❞♦s✱ ♦s q✉❛✐s ♣♦r s✉❛ ✈❡③ ❞❡♣❡♥❞❡♠ ❞❛ t❡♠♣❡r❛t✉r❛ ❞♦ ❝r✐st❛❧✳

❊s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❇✳✵✳✺ ♣❛r❛ l = 0 ❡ l = 1✱ ♦❜t❡♠♦s ♦s ❞❡s❧♦❝❛♠❡♥t♦s Ũ′
1 ❡

Ũ′
0✳ ❊s❝r❡✈❡♥❞♦ Ũ′

1 ❡♠ t❡r♠♦s ❞❡ Ũ′
0 ♣♦❞❡♠♦s ❡❧✐♠✐♥❛r ❛ ❢♦rç❛ F̂ext

0 ✱ ♦❜t❡♥❞♦ ❛ss✐♠✿

Ũ′
1(q, r, s) = Q̃(q, r, s)

(

Ũ′
0(q, r, s) − R̃d

0(q, r, s)
)

+ R̃d
1(q, r, s); ✭❇✳✵✳✼✮

s❡♥❞♦ q✉❡✿

✶✹✵



Q̃(q, r, s) = G̃1(q, r, s)G̃
−1
0 (q, r, s). ✭❇✳✵✳✽✮

■♥✈❡rt❡♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡♠ ❇✳✵✳✼ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥✲

✈♦❧✉çã♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞✐s❝r❡t❛✶✱ ♦❜t❡♠♦s✿

U′
1,m,n(s) =

M/2
∑

m′=−M/2+1

N/2
∑

n′=−N/2+1

Qm−m′,n−n′(s)
(

U′
0,m′,n′(s) − Rd

0,m′,n′(s)
)

+Rd
1,m,n(s);

✭❇✳✵✳✾✮

s❡♥❞♦ q✉❡✿

Rd
l,m,n(s) = s

L/2
∑

l′=−L/2+1

M/2
∑

m′=−M/2+1

N/2
∑

n′=−N/2+1

G̃l−l′,m−m′,n−n′(s)U′
1′,m′,n′(0)+

+

L/2
∑

l′=−L/2+1

M/2
∑

m′=−M/2+1

N/2
∑

n′=−N/2+1

G̃l−l′,m−m′,n−n′(s)U̇′
1′,m′,n′(0). ✭❇✳✵✳✶✵✮

❆s ❝♦♥st❛♥t❡s L✱ M ❡ N sã♦ ♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s ✉♥✐tár✐❛s ♥❛s ❞✐r❡çõ❡s x✱ y ❡ z✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❢♦rç❛s ❧✐♥❡❛r✐③❛❞❛s ❛t✉❛♥t❡s ♥♦ ♣❧❛♥♦ l = 0 ❞❡✈✐❞♦ ❛♦ ♣❧❛♥♦

l = 1 ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❝♦♠♦✿

F1→0
m,n (s) =

m+µ
∑

m′=m−µ

n+ν
∑

n′=n−ν

K−1,m−m′,n−n′U′
1,m′,n′(s). ✭❇✳✵✳✶✶✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ❇✳✵✳✾ ♥❛ ❇✳✵✳✶✶ ❡ t♦♠❛♥❞♦ ❛ tr❛♥s❢♦r♠❛♥❞❛ ❞❡ ▲❛♣❧❛❝❡

✐♥✈❡rs❛✱ t❡♠♦s ❛ ❢♦rç❛ q✉❡ ❛ ❝❛♠❛❞❛ ❞❡ át♦♠♦s ❡♠ l = 1 ❡❢❡t✉❛ ♥❛ ❝❛♠❛❞❛ ❝♦♠

l = 0✿

✶❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞✐s❝r❡t❛ é✿ x̂(p) = Fn→p {xn} =
∑

n
xne−ipn, p ∈ [−π, π]

❙✉❛ ✐♥✈❡rs❛ é ❞❛❞❛ ♣♦r✿ xn = F−1

p→n {x̂(p)} = 1

2π

∫ π

−π
x̂(p)eipndp

❖ t❡♦r❡♠❛ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞✐③ q✉❡✿ Fn→p {
∑

n′ xn−n′yn′} = x̂(p)ŷ(p)

✶✹✶



f1→0
m,n (t) =

M/2
∑

m′=−M/2+1

N/2
∑

n′=−N/2+1

∫ t

0

θm−m′,n−n′(t−τ)
(

u′
0,m′,n′(τ) − Rd

0,m′,n′(τ)
)

dτ+R
f
0,m,n(t).

✭❇✳✵✳✶✷✮

❖ ♥ú❝❧❡♦ ❞❡ ❤✐stór✐❛ t❡♠♣♦r❛❧ θm,n(t) é ❞❡✜♥✐❞♦ ❝♦♠♦✿

θm,n(t) = L−1 (Θm,n(s)) ; ✭❇✳✵✳✶✸✮

Θm−m′,n−n′(s) =

m+µ
∑

m′=m−µ

n+ν
∑

n′=n−ν

K−1,m−m′,n−n′Qm′,n′(s). ✭❇✳✵✳✶✹✮

❊ ♦ t❡r♠♦ ❞❡ ❢♦rç❛ ❛❧❡❛tór✐❛ R
f
0,m,n(t) é ❞❡✜♥✐❞♦ ❝♦♠♦✿

R
f
0,m,n(t) =

L/2
∑

l′=−L/2+1

M/2
∑

m′=−M/2+1

N/2
∑

n′=−N/2+1

K−1,m−m′,n−n′ġl−l′,m−m′,n−n′(t)u′
l′,m′,n′(0)+

+

L/2
∑

l′=−L/2+1

M/2
∑

m′=−M/2+1

N/2
∑

n′=−N/2+1

K−1,m−m′,n−n′gl−l′,m−m′,n−n′(t)u̇′
l′,m′,n′(0); ✭❇✳✵✳✶✺✮

s❡♥❞♦ q✉❡✿

gl,m,n(t) = L−1
(

G̃l,m,n(s)
)

; ✭❇✳✵✳✶✻✮

ġl,m,n(t) = L−1
(

s G̃l,m,n(s)
)

. ✭❇✳✵✳✶✼✮

P❛r❛ s❡ ❝❛❧❝✉❧❛r ❛ ❢♦rç❛ ♥❛ ❡q✉❛çã♦ ❇✳✵✳✶✷ é ♣r❡❝✐s♦ r❡❛❧✐③❛r ✉♠❛ s♦♠❛ s♦❜r❡

t♦❞♦s ♦s át♦♠♦s ♥❛ ❢r♦♥t❡✐r❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ✶ ❡ ✷✳ ◆✉♠❛ s✐♠✉❧❛çã♦ tí♣✐❝❛ ♥❛ q✉❛❧

♦ ✉s♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ❡s❝❛❧❛s s❡ ❢❛③ ♥❡❝❡ssár✐♦✱ ❡st❛ r❡❣✐ã♦ ❞❡ ❢r♦♥t❡✐r❛ t❡♥❞❡ ❛

❝♦♥t❡r ❝❡♥t❡♥❛s ♦✉ ❛té ♠✐❧❤❛r❡s ❞❡ át♦♠♦s✳ P❛r❛ ♠❡❧❤♦r❛r ❛ ❡✜❝✐ê♥❝✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧

❞♦ ❝á❧❝✉❧♦✱ é ♣r❡❝✐s♦ tr✉♥❝❛r ❛ s♦♠❛ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦✳ P♦r ✐ss♦ ✈❛♠♦s r❡❡s❝r❡✈❡r

❛ ❡q✉❛çã♦ ❇✳✵✳✶✷ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶✹✷



f1→0
m,n (t) =

mc
∑

m′=m−mc

nc
∑

n′=n−nc

∫ t

0

θm−m′,n−n′(t−τ)
(

u′
0,m′,n′(τ) − Rd

0,m′,n′(τ)
)

dτ+R
f
0,m,n(t).

✭❇✳✵✳✶✽✮

◆❡st❛ ❢♦r♠✉❧❛çã♦ ♦s s♦♠❛tór✐♦s ❡stã♦ tr✉♥❝❛❞♦s❀ ♦s í♥❞✐❝❡s nc ❡ mc ✐♥❞✐❝❛♠ ♦ ♥ú♠❡r♦

♠á①✐♠♦ ❞❡ ✈✐③✐♥❤♦s ✉t✐❧✐③❛❞♦s ♥♦ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❞❡ ✐♠♣❡❞â♥❝✐❛✱ q✉❡ é ♦ t❡r♠♦

❝♦♥t❡♥❞♦ ❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✉❛çã♦ ❇✳✵✳✶✽✳

❆❣♦r❛ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞❛ ❡s❝❛❧❛ ✜♥❛ ♥❛ ❢r♦♥t❡✐r❛ ♦♥❞❡

l = 0✳ P❛r❛ ✐ss♦ ✉t✐❧✐③❛♠♦s ❛s ❡q✉❛çõ❡s ❇✳✵✳✶ ❡ ❇✳✵✳✶✽✱ ❧❡♠❜r❛♥❞♦ q✉❡ A0,m,n =

M−1
A K0,m,n✿

ü′
0,m,n = A0,m,nu

′
0,m,n + M−1

A R
f

0,m,n(t)+

+M−1
A

mc
∑

m′=m−mc

nc
∑

n′=n−nc

∫ t

0

θm−m′,n−n′(t − τ)
(

u′
0,m′,n′(τ) − Rd

0,m′,n′(τ)
)

dτ. ✭❇✳✵✳✶✾✮

❖ ♥ú❝❧❡♦ ❞❡ ❤✐stór✐❛ t❡♠♣♦r❛❧ ♥❛ ❡q✉❛çã♦ ❇✳✵✳✶✾ ❝♦♥té♠✱ ✐♠♣❧✐❝✐t❛♠❡♥t❡✱ ♦ ❡❢❡✐t♦ ❞❛s

❝é❧✉❧❛s ✉♥✐tár✐❛s ❝♦♠ l > 0 q✉❡ ❢♦r❛♠ ❡❧✐♠✐♥❛❞❛s✳ ❆❞✐❝✐♦♥❛♥❞♦ ❛ ❡q✉❛çã♦ ❇✳✵✳✶✾

❝♦♠ ❛ ✹✳✷✼✱ ✉t✐❧✐③❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ❡st❛♠♦s s✉♣♦♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ u ❡ q ❡

♥♦t❛♥❞♦✲s❡ q✉❡✿

M−1
A0f0,m,n(ū) + A0,m,nu

′
0,m,n = M−1

A0f0,m,n; ✭❇✳✵✳✷✵✮

s❡♥❞♦ q✉❡ MA0 é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♥t❡♥❞♦ ❛s ♠❛ss❛s ❞♦s át♦♠♦s ❞♦ ♣❧❛♥♦

l = 0✱ ♣♦❞❡♠♦s ♦❜t❡r✱ ✜♥❛❧♠❡♥t❡✱ ✉♠❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ♦s

át♦♠♦s ❞❛ ❢r♦♥t❡✐r❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ✶ ❡ ✷ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ♥❡♥❤✉♠ ❣r❛✉ ❞❡

❧✐❜❡r❞❛❞❡ ❞♦s át♦♠♦s ❡❧✐♠✐♥❛❞♦s (l > 0)✿

MA0q̈0,m,n(t) = f0,m,n(t) + R
f
0,m,n(t)+

✶✹✸



+
mc
∑

m′=m−mc

nc
∑

n′=n−nc

∫ t

0

θm−m′,n−n′(t − τ)
(

u′
0,m′,n′(τ) − Rd

0,m′,n′(τ)
)

dτ. ✭❇✳✵✳✷✶✮

P♦r ú❧t✐♠♦✱ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ u ❡ q ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦

✹✳✶ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❡s❝r❡✈❡r✿

u′
0,m′,n′(τ) = q0,m′,n′(τ) − ū0,m′,n′(τ). ✭❇✳✵✳✷✷✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ❇✳✵✳✷✷ ♥❛ ❇✳✵✳✷✶✱ ❡ r❡♣❡t✐♥❞♦ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ❛ ❡q✉❛çã♦ ✹✳✷✸✱

♦❜t❡♠♦s ♥♦ q✉❛❞r♦ ❛❜❛✐①♦ ❛ ❢♦r♠✉❧❛çã♦ ✜♥❛❧ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦

❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s ❡ ❞❛ ♠❛❧❤❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✿

MAq̈(t) = f(t) + R
f
0,m,n(t) + f

imp
0,m,n(t); ✭❇✳✵✳✷✸✮

Md̈ = N
T
f(u); ✭❇✳✵✳✷✹✮

s❡♥❞♦✿

f
imp
0,m,n(t) =

mc
∑

m′=m−mc

nc
∑

n′=n−nc

∫ t

0

θm−m′,n−n′(t − τ) (⊠) dτ ;

⊠ = q0,m′,n′(τ) − ū0,m′,n′(τ) − Rd
0,m′,n′(τ). ✭❇✳✵✳✷✺✮

✶✹✹


