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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❞♦ ❈❡♥tr♦ ❞❡ ▲ó❣✐❝❛✱ ❮t❛❧❛ ❉✬❖tt❛✈✐❛♥♦ ❡ ▼❛r❝❡❧♦
❈♦♥✐❣❧✐♦✱ ❡ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❲❛❧t❡r ❈❛r♥✐❡❧❧✐✱ ♣❡❧♦ q✉❡ ♠❡
❡♥s✐♥❛r❛♠✱ ♣♦r s✉st❡♥t❛r❡♠ ✉♠ ♣r♦❣r❛♠❛ ❞❡ ▲ó❣✐❝❛ ❞❡ ❛❧t♦ ♥í✈❡❧✱ ❡ ♣❡❧❛ s✉❛
♣❛❝✐ê♥❝✐❛ ❝♦♠ ♠✐♥❤❛s ✐❞✐♦ss✐♥❝r❛s✐❛s✳

❆❣r❛❞❡ç♦ ❛♦s ❝♦❧❡❣❛s ❡st✉❞❛♥t❡s ❞♦ ❈❡♥tr♦ ❞❡ ▲ó❣✐❝❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❆♥❞❡rs♦♥
❞❡ ❆r❛ú❥♦✱ ❘♦❞r✐❣♦ ❋r❡✐r❡ ❡ ❚❡ó✜❧♦ ❘❡✐s✱ ♣♦r ✐♥ú♠❡r❛s ❝♦♥✈❡rs❛s ❡♥r✐q✉❡❝❡❞♦r❛s
❡ ♣♦r s✉❛ ❛♠✐③❛❞❡✱ q✉❡ ❢❡③ ❞♦ ❈▲❊ ✉♠ ❧❛r ♣❛r❛ ♠✐♠✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s✱ ❱✐❝❡♥t❡ ❡ Pr✐s❝✐❧❧❛✱ ❡ ✐r♠ãs✱ ❆r✐❡❧❧❛✱ ❙t❡❢❛♥✐❛ ❡
▼❛✐♠❜ê✱ ♣♦r s❡♠♣r❡ t❡r❡♠ ❛❝r❡❞✐t❛❞♦ ❡♠ ♠✐♠✱ às ✈❡③❡s ♠❡s♠♦ ❝♦♥tr❛ ❛s ❡✈✲
✐❞ê♥❝✐❛s✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ ❡s♣❡❝✐❛❧♠❡♥t❡ à ♠✐♥❤❛ ♠✉❧❤❡r✱ ▲✉❝✐❛♥❛✱ ❝✉❥♦ ❛♣♦✐♦ ❡ ❝❛r✲
✐♥❤♦ ❞❡r❛♠ ♦ t♦♠ ❞❡ t♦❞❛ ❡st❛ ❢❛s❡ ❞❛ ♠✐♥❤❛ ✈✐❞❛✱ ❡ q✉❡ ♠❡ ❡♥s✐♥♦✉ ♠❛✐s ❞♦
q✉❡ q✉❛❧q✉❡r ✉♥✐✈❡rs✐❞❛❞❡✳
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❛r❛ ♠ét♦❞♦s ❞❡ ❛♥á❧✐s❡ ♠❛t❡♠át✐❝❛✱ ❞❡ ♠ét♦❞♦s ❧ó❣✐❝♦s ♣r♦♣r✐❛♠❡♥t❡ ❞✐t♦s✳ ❙❡✱

♣♦r ✉♠ ❧❛❞♦✱ ❛ ❢❛❧t❛ ❞❡ ❢r♦♥t❡✐r❛s ♠❡t♦❞♦❧ó❣✐❝❛s ♥ít✐❞❛s t❡♠✲❧❤❡ ✈❛❧✐❞♦ ❛③❡❞❛s

❝rít✐❝❛s✱ ♣♦r ♦✉tr♦ ❧❛❞♦ ❢❛③❡♠ ❞❛ ♦❜r❛ ❞❡ ❇♦♦❧❡ ✉♠❛ ✈❡r❞❛❞❡✐r❛ sí♥t❡s❡ ❞♦ ♣❡♥✲

s❛♠❡♥t♦ ❢♦r♠❛❧✱ ❤❡r❞❛❞❛ ❞❡ ❆r✐stót❡❧❡s✱ ▲❡✐❜♥✐③✱ ◆❡✇t♦♥ ❡ ❞♦s ❛♥❛❧✐st❛s ❛ ♣❛rt✐r

❞♦ sé❝✉❧♦ ❳❱■■✱ ❝♦♠♦ ❚❛②❧♦r✱ ▼❛❝▲❛✉r✐♥ ❡ ▲❛❣r❛♥❣❡✳ ❖ q✉❡ ❢♦✐ ❝❤❛♠❛❞♦ ❡♠

❬✶✷❪ ❞❡ ♣♦❧✐♥♦♠✐③❛r é ♣r❡❝✐s❛♠❡♥t❡ ❛ t❡♥t❛t✐✈❛ ❞❡ r❡❛✈❛❧✐❛r ♦s ♠ét♦❞♦s ♦r✐✉♥✲

❞♦s ❞❡ ❇♦♦❧❡ ❡ ▲❡✐❜♥✐③✱ q✉❡ ♣❡r♠✐t❡♠ r❡♣r❡s❡♥t❛r ❛ s❡♠â♥t✐❝❛ ❡ ❛ s✐♥t❛①❡ ❞❡

❞✐✈❡rs♦s s✐st❡♠❛s ❧ó❣✐❝♦s ♣❡❧❛ ♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛✳ ❚✐r❛♥❞♦ ♣❛rt✐❞♦ ❞❡ r❡s✉❧✲

t❛❞♦s ❝♦♠❜✐♥❛tór✐♦s ❡❧❡♠❡♥t❛r❡s✱ é ♣♦ssí✈❡❧ tr❛t❛r t♦❞❛s ❛s ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧❡♥t❡s

✈❡r♦❢✉♥❝✐♦♥❛✐s ❝♦♠ ❜❛s❡ ❡♠ ♠❛♥✐♣✉❧❛çã♦ ♣♦❧✐♥♦♠✐❛❧❀ ♥ã♦ s♦♠❡♥t❡ ❡st❛s✱ ♠❛s

t❛♠❜é♠ ❧ó❣✐❝❛s ♥ã♦✲✈❡r♦❢✉♥❝✐♦♥❛✐s✱ ❡ ❛✐♥❞❛ ❢r❛❣♠❡♥t♦s ❞❛ ❧ó❣✐❝❛ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠✱ q✉❡ ❢♦r♠❛❧✐③❛♠ ❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ s✐❧♦❣✐s♠♦s ❞❡ ❆r✐stót❡❧❡s✳

❊st❡ tr❛❜❛❧❤♦ ♣r❡t❡♥❞❡ ❡s❝❧❛r❡❝❡r t❛✐s q✉❡stõ❡s ❞❡ ❢♦r♠❛ ♠❛✐s ❛❜r❛♥❣❡♥t❡✱

❡ ✐♥✈❡st✐❣❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st❡♥❞❡r ♦ tr❛t❛♠❡♥t♦ ❞❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❛ ♦✉t✲

r❛s ❧ó❣✐❝❛s✳ ❙ã♦ ♦❜t✐❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣♦s✐t✐✈♦s✱ ❝♦♠♦ ♥♦✈❛s ❞❡♠♦♥str❛çõ❡s

❞❡ t❡♦r❡♠❛s ❝♦♥❤❡❝✐❞♦s✱ ♠❛s t❛♠❜é♠ ♥❡❣❛t✐✈♦s✱ q✉❡ ♠♦str❛♠ ❛s ❧✐♠✐t❛çõ❡s ❞♦

♠ét♦❞♦✳ ■♥✈❡st✐❣❛✲s❡ t❛♠❜é♠ ❛ r❡❧❛çã♦ ❞❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡ ❧ó❣✐❝❛s ❝♦♠ ♦✉tr♦s

tr❛t❛♠❡♥t♦s ❝♦♥❤❡❝✐❞♦s✱ ❝♦♠♦ ♣❛r❛❝♦♥s✐st❡♥t✐③❛çã♦✱ t❡♠♣♦r❛❧✐③❛çã♦✱ ❛❧❣❡❜r✐③❛✲

çã♦ ❡t❝✳
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❚❤❡ ✇♦r❦ ♦❢ ●❡♦r❣❡ ❇♦♦❧❡✱ ❝♦r♥❡rst♦♥❡ ♦❢ ❝♦♥t❡♠♣♦r❛r② ❧♦❣✐❝✱ ❞♦❡s ♥♦t ❞r❛✇

❛ ❝❧❡❛r ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✱ ❛♥❞ t❤♦s❡ ♦❢

❧♦❣✐❝ ♣r♦♣❡r✳ ■❢✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤✐s ❧❛❝❦ ♦❢ ✇❡❧❧✲❞❡✜♥❡❞ ❜♦r❞❡rs ❤❛s ❡❛r♥❡❞

✐t ❤❛rs❤ ❝r✐t✐❝✐s♠✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐t ♠❛❦❡s ❇♦♦❧❡✬s ✇♦r❦ ❛ tr✉❡ s②♥t❤❡s✐s ♦❢

❢♦r♠❛❧ t❤♦✉❣❤t✱ ✐♥❤❡r✐t❡❞ ❢r♦♠ ❆r✐st♦t❧❡✱ ▲❡✐❜♥✐③✱ ◆❡✇t♦♥ ❛♥❞ t❤❡ ✶✼t❤✲❝❡♥t✉r②

❛♥❛❧②sts✱ s✉❝❤ ❛s ❚❛②❧♦r✱ ▼❛❝▲❛✉r✐♥ ❛♥❞ ▲❛❣r❛♥❣❡✳ ❲❤❛t ✇❛s ❝❛❧❧❡❞ ♣♦❧②♥♦✲

♠✐③✐♥❣ ✐♥ ❬✶✷❪ ✐s ♣r❡❝✐s❡❧② t❤❡ ❛tt❡♠♣t② t♦ r❡✲❡✈❛❧✉❛t❡ t❤❡ ♠❡t❤♦❞s ♦r✐❣✐♥✐❛t✐♥❣

✐♥ ❇♦♦❧❡ ❛♥❞ ▲❡✐❜♥✐③✱ ✇❤✐❝❤ ❛❧❧♦✇ ♦♥❡ t♦ r❡♣r❡s❡♥t t❤❡ s❡♠❛♥t✐❝s ❛♥❞ s②♥t❛① ♦❢

✈❛r✐♦✐✉s ❧♦❣✐❝❛❧ s②st❡♠s t❤r♦✉❣❤ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥✳ ❯s✐♥❣ ❡❧❡♠❡♥t❛r② ❝♦♠✲

❜✐♥❛t♦r✐❛❧ r❡s✉❧ts✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ tr❡❛t ❛❧❧ ♠✉❧t✐✈❛❧❡♥t tr✉t❤✲❢✉♥❝t✐♦♥❛❧ ❧♦❣✐❝s

❜② ♣♦❧②♥♦♠✐❛❧ ♠❛♥✐♣✉❧❛t✐♦♥❀ ♥♦t ♦♥❧② t❤❡s❡✱ ❜✉t s♦♠❡ ♥♦♥✲tr✉t❤✲❢✉♥❝t✐♦♥❛❧ ❧♦❣✲

✐❝s✱ ❛♥❞ ❛❧s♦ ❢r❛❣♠❡♥ts ♦❢ ✜rst✲♦r❞❡r ❧♦❣✐❝✱ ✇❤✐❝❤ ❢♦r♠❛❧✐③❡ ❆r✐st♦t❧❡✬s ❝❧❛ss✐❝❛❧

t❤❡♦r② ♦❢ s②❧❧♦❣✐s♠s✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✐♥t❡♥❞s t♦ t❤r♦✇ ❧✐❣❤t ✉♣♦♥ s✉❝❤ q✉❡st✐♦♥s ✐♥ ❛ ❜r♦❛❞❡r

✇❛②✱ ❛♥❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❡①t❡♥❞✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ♣♦❧②♥♦♠✐③❛t✐♦♥

t♦ ♦t❤❡r ❧♦❣✐❝s✳ ❙♦♠❡ ♣♦s✐t✐✈❡ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞✱ s✉❝❤ ❛s ♥❡✇ ♣r♦♦❢s ♦❢ ❦♥♦✇♥

t❤❡♦r❡♠s✱ ❜✉t ❛❧s♦ s♦♠❡ ♥❡❣❛t✐✈❡ ♦♥❡s✱ ✇❤✐❝❤ s❤♦✇ t❤❡ ✐♥❤❡r❡♥t ❧✐♠✐t❛t✐♦♥s ♦❢

t❤❡ ♠❡t❤♦❞✳ ❲❡ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣♦❧②♥♦♠✐③❛t✐♦♥ ♦❢

❧♦❣✐❝s ❛♥❞ ♦t❤❡r ❦♥♦✇♥ tr❡❛t♠❡♥ts✱ s✉❝❤ ❛s ♣❛r❛❝♦♥s✐st❡♥t✐③❛t✐♦♥✱ t❡♠♣♦r❛❧✐③❛✲

t✐♦♥✱ ❛❧❣❡❜r✐③❛t✐♦♥ ❡t❝✳
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P♦❧✐♥ô♠✐♦s ❡ ▲ó❣✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
❈❛✈❡❛t ❊♠♣t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
P♦❧✐♥ô♠✐♦s ❡ ▼❛t❡♠át✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶ ▲ó❣✐❝❛s ❡ P♦❧✐♥ô♠✐♦s ✷✸
✶✳✶ ▲ó❣✐❝❛s Pr♦♣♦s✐❝✐♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✶✳✶ ❘❡❧❛çõ❡s ❞❡ ❈♦♥s❡qüê♥❝✐❛ ❙✐♥tát✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✶✳✶✳✷ ❘❡❧❛çõ❡s ❞❡ ❈♦♥s❡qüê♥❝✐❛ ❙❡♠â♥t✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✳✷ P♦❧✐♥ô♠✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✳✷✳✶ ❆s♣❡❝t♦s ❋♦r♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✶✳✷✳✷ ❆s♣❡❝t♦s ❙❡♠â♥t✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷ ❆♣❧✐❝❛çõ❡s ❡ ❱❛r✐❛çõ❡s ✹✸
✷✳✶ P♦❧✐♥♦♠✐③❛çã♦ ❞❡ ▲ó❣✐❝❛s ❙❡♠â♥t✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✷✳✷ P♦❧✐♥♦♠✐③❛çã♦ ❞❡ ❆❧❣✉♠❛s ▲ó❣✐❝❛s ▼♦❞❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✷✳✸ ❯♠ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✷✳✹ ❈❛t❡❣♦r✐✜❝❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸ ▲✐♠✐t❛çõ❡s ✺✷
✸✳✶ ▲❡♠❛ ❞❡ ❈r❛✐❣ ❡ ◆✉❧❧st❡❧❧❡♥s❛t③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✸✳✷ ●r❛♥❞❡s ❈❛r❞✐♥❛✐s ❡ ❚❛❜❡❧❛s ❞❡ ▲❛✈❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

❈♦♥❝❧✉sã♦ ✺✾

❆♣ê♥❞✐❝❡ ✻✵

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✸

✶✷



■♥tr♦❞✉çã♦

❯♠ ❞♦s ❡♣✐só❞✐♦s ♠❛✐s ❢❛s❝✐♥❛♥t❡s ❞❛ ❍✐stór✐❛ ❞❛ ▼❛t❡♠át✐❝❛✱ q✉❡ ❛té ❤♦❥❡
r❡♥❞❡ ❢r✉t♦s ❡ é tó♣✐❝♦ ❞❡ ♣❡sq✉✐s❛✱ ❢♦✐ ❛ ❞❡s❝♦❜❡rt❛ ❞❛ r❡♣r❡s❡♥t❛çã♦ ♣♦❧✐♥♦✲
♠✐❛❧ ✭❛tr❛✈és ❞❡ sér✐❡s ✐♥✜♥✐t❛s✮ ❞❡ ❢✉♥çõ❡s ♥✉♠ér✐❝❛s tr❛♥s❝❡♥❞❡♥t❡s✳ ❆♣❡s❛r
❞❡ ✈❛r✐❛♥t❡s ❡❧❡♠❡♥t❛r❡s ❞❡st❡s ♠ét♦❞♦s t❡r❡♠ s✐❞♦ ❞❡s❡♥✈♦❧✈✐❞♦s ♣r❡✈✐❛♠❡♥t❡
♥❛ ❊✉r♦♣❛✱ ♥❛ ❈❤✐♥❛ ❡ ♥❛ ❮♥❞✐❛✱ é ♣♦ssí✈❡❧ s✐t✉❛r ❡st❡ ❛❝♦♥t❡❝✐♠❡♥t♦ ♥❛ ❤✐s✲
t♦r✐♦❣r❛✜❛ ♦❝✐❞❡♥t❛❧ ❡♠ t♦r♥♦ ❞♦ ♠❛t❡♠át✐❝♦ ✐♥❣❧ês ❇r♦♦❦ ❚❛②❧♦r✱ ❡ s❡✉ ❧✐✈r♦
▼❡t❤♦❞✉s ■♥❝r❡♠❡♥t♦r✉♠ ❉✐r❡❝t❛ ❡t ■♥✈❡rs❛ ❞❡ ✶✼✶✺✱ q✉❡ ❧❡✈♦✉ ❛♦ ❞❡s❡♥✈♦❧✈✐✲
♠❡♥t♦ ❞❛s ❝♦♥❤❡❝✐❞❛s ❡①♣❛♥sõ❡s ❞❡ ❚❛②❧♦r✳

❊♠ ❧✐♥❣✉❛❣❡♠ ❛t✉❛❧✱ ❡ s♦❜ r✐s❝♦ ❞❡ ❝❡rt♦ ❛♥❛❝r♦♥✐s♠♦✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡
❚❛②❧♦r ❞❡s❝♦❜r✐✉ q✉❡ q✉❛❧q✉❡r ❢✉♥çã♦ f ✱ s♦❜ ❝❡rt❛s ❤✐♣ót❡s❡s✱ ♣♦❞❡ s❡r ❡①♣r❡ss❛
♣♦r ✉♠❛ sér✐❡ ♣♦❧✐♥♦♠✐❛❧ ✐♥✜♥✐t❛✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦✲❜❛s❡ a✿

f(x) = α0(a) + α1(a) · (x − a) + α2(a)(x − a)➨ + . . .

♣❛r❛ ❝❡rt♦s ❝♦❡✜❝✐❡♥t❡s αk(a)✳
❖✉ s❡❥❛✱ ❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r ♣❡r♠✐t❡ q✉❡ ❢✉♥çõ❡s tr❛♥s❝❡♥❞❡♥t❛✐s s❡❥❛♠

r❡♣r❡s❡♥t❛❞❛s ♣♦r ❢✉♥çõ❡s ❛❧❣é❜r✐❝❛s✱ ♣♦❧✐♥♦♠✐❛✐s ✖ ❡♠ tr♦❝❛✱ ♣♦ré♠✱ ❞❡ ❛❝❡✐t❛r
❡①♣❛♥sõ❡s ✐♥✜♥✐t❛s✳ ❆✐♥❞❛ ♠❛✐s ♥♦tá✈❡❧ é q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s s❡❥❛♠ ♠ú❧t✐♣❧♦s
❞❛s ❞❡r✐✈❛❞❛s ❞❡ f ❡♠ a✿ ♦✉ s❡❥❛✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❧♦❜❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦❞❡
s❡r ✐♥❢❡r✐❞♦ ❛ ♣❛rt✐r ❞❡ ✐♥❢♦r♠❛çã♦ ♣✉r❛♠❡♥t❡ ❧♦❝❛❧✳

➱ ♣rát✐❝❛ ❝♦♠✉♠ ❛✜r♠❛r q✉❡ ♥❡♠ ❚❛②❧♦r✱ ♥❡♠ ♦s ♠❛t❡♠át✐❝♦s ❞♦s ❝❡♠ ❛♥♦s
s✉❜s❡qü❡♥t❡s✱ ❡st❛✈❛♠ r❡❛❧♠❡♥t❡ ❝✐❡♥t❡s ❞❡ q✉❡ ❡r❛ ♥❡❝❡ssár✐♦ ✧✐♠♣♦r ❤✐♣ót❡s❡s✧
s♦❜r❡ ❛ ❢✉♥çã♦ ❢ ♣❛r❛ ❛ss❡❣✉r❛r ❛ ✈❛❧✐❞❛❞❡ ❞❛ ❢ór♠✉❧❛✳ P♦ré♠✱ ❡st❛ ♣♦s✐çã♦ s♦❢r❡
❞❡ ❝❡rt♦ ❛♥❛❝r♦♥✐s♠♦✿ ❤♦❥❡ é ♥❡❝❡ssár✐♦ ✐♠♣♦r ❤✐♣ót❡s❡s ♣♦rq✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡
❢✉♥çã♦ ❢♦✐ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❛❧❛r❣❛❞♦ ♣❛r❛ ✐♥❝❧✉✐r ❡①❡♠♣❧❛r❡s ♥ã♦✲❞✐❢❡r❡♥❝✐á✈❡✐s✱
♥ã♦✲❝♦♥tí♥✉❛s ❡t❝✳ P♦ré♠✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ ❡ ❝✉r✈❛ ❞♦ sé❝✉❧♦ ❳❱■■■ t♦r✲
♥❛✈❛ ✐♥t✉✐t✐✈❛ ❛ ✈❛❧✐❞❛❞❡ ❞❡st❛ ❛♣r♦①✐♠❛çã♦✱ ❛♦ ♠❡♥♦s ♣❛r❛ x s✉✜❝✐❡♥t❡♠❡♥t❡
♣ró①✐♠♦ ❞❡ a✳

❙✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❞❡s❝♦❜❡rt❛ ❞❡ ❚❛②❧♦r ♥ã♦ ♦❜t❡✈❡
q✉❛❧q✉❡r r❡❝♦♥❤❡❝✐♠❡♥t♦ ❛té ✶✼✺✺✱ q✉❛♥❞♦ ❊✉❧❡r ❛ ✉t✐❧✐③♦✉ ❡♠ s❡✉ ❝á❧❝✉❧♦ ❞✐❢❡r✲
❡♥❝✐❛❧❀ ❡ t❡✈❡ q✉❡ ❡s♣❡r❛r ❛té ✶✼✼✷ ♣❛r❛ q✉❡ ▲❛❣r❛♥❣❡ ♣❡r❝❡❜❡ss❡ s✉❛ r❡❧❡✈â♥❝✐❛
❡ ❛ ♣r♦❝❧❛♠❛ss❡ ✧❛ ♣r✐♥❝í♣❛❧ ❢✉♥❞❛♠❡♥t❛çã♦ ❞♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧✧ ❬✷✵❪✳

❊st❛ ❞❡❝❧❛r❛çã♦ ❞❡✈❡r✐❛ s♦❛r ❡s♣❡❝✐❛❧♠❡♥t❡ ♣♦❞❡r♦s❛ ♥✉♠❛ é♣♦❝❛ ❡♠ q✉❡
♥ã♦ s❡ t✐♥❤❛ ♥♦tí❝✐❛ ❞❡ ❢✉♥çõ❡s ♥ã♦✲❞✐❢❡r❡♥❝✐á✈❡✐s❀ ❛s sér✐❡s ❞❡ ❚❛②❧♦r ♣❛r❡❝❡r✐❛♠
❡♥tã♦ ❛❜❛r❝❛r t♦❞♦s ♦s ♣♦ssí✈❡✐s ❢❡♥ô♠❡♥♦s ♠❛t❡♠át✐❝♦s✱ ❝♦♠♦ ❞❡ ❢❛t♦ ✐♥❞✐❝❛

✶✸
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♦ s✉❜tít✉❧♦ ❞❡ s✉❛ ♦❜r❛ ♣♦st❡r✐♦r✱ ❡♠ q✉❡ r❡✜♥❛ ❡ ❡s❝❧❛r❡❝❡ ♦s r❡s✉❧t❛❞♦s ♥❡st❛
ár❡❛✿ ▲✐♥❡❛r P❡rs♣❡❝t✐✈❡✿ ❖r✱ ❛ ◆❡✇ ▼❡t❤♦❞ ♦❢ ❘❡♣r❡s❡♥t✐♥❣ ❏✉st❧② ❆❧❧ ▼❛♥♥❡r
♦❢ ❖❜❥❡❝ts ❛s ❚❤❡② ❆♣♣❡❛r t♦ t❤❡ ❊②❡ ✐♥ ❆❧❧ ❙✐t✉❛t✐♦♥s✳

❆ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❢✉♥çõ❡s ❡♠ ❢♦r♠❛t♦ ♣♦❧✐♥♦♠✐❛❧✱ ❛♣❡s❛r ❞❡ ❢r❡qü❡♥t❡✲
♠❡♥t❡ ❡①✐❣✐r ❡①♣❛♥sõ❡s ✐♥✜♥✐t❛s✱ ♠♦str♦✉✲s❡ ♠✉✐t♦ ❢ért✐❧ ❡♥q✉❛♥t♦ ❢❡rr❛♠❡♥t❛
❞❡ ❝á❧❝✉❧♦✱ ❤❡✉ríst✐❝❛ ❡ ♠❡s♠♦ ❞❡♠♦♥str❛çã♦✳ ❖ ♣ró♣r✐♦ ❚❛②❧♦r✱ ❡ s❡✉s ♣r❡❞❡✲
❝❡ss♦r❡s ❡ s✉❝❡ss♦r❡s✱ ♣♦r ❡①❡♠♣❧♦ ◆❡✇t♦♥ ❡ ❊✉❧❡r✱ r❡♣❡t✐❞❛s ✈❡③❡s s❡ ✈❛❧❡r❛♠
❞❛ r❡❧❛t✐✈❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❛s ♦♣❡r❛çõ❡s ❡❧❡♠❡♥t❛r❡s s♦❜r❡ t❛✐s sér✐❡s ♣❛r❛ ♣❡r❝❡✲
❜❡r ♣❛❞rõ❡s ♥♦s ❝♦❡✜❝✐❡♥t❡s✱ ❡ ❛ss✐♠ ❞❡s❝♦❜r✐r ❡ ♣r♦✈❛r ♥♦✈♦s t❡♦r❡♠❛s✳ ❊❝♦s
❞❡st❛ tr❛❞✐çã♦ sã♦ ♦✉✈✐❞♦s ❛té ❤♦❥❡ ❡♠ ❈♦♠❜✐♥❛tór✐❛✱ s♦❜ ❛ ❢♦r♠❛ ❞❛s ❝❤❛♠❛❞❛s
❋✉♥çõ❡s ●❡r❛❞♦r❛s✳

◆♦ ❝❡r♥❡ ❞❛ ✐❞é✐❛ ❞❡ ❚❛②❧♦r ❡stá ✉♠ ❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ✜♦s ❝♦♥❞✉t♦r❡s ❞❡
t♦❞❛ ❛ ▼❛t❡♠át✐❝❛✿ ❛ ❡①t❡♥sã♦ ❞❡ ❝♦♥str✉çõ❡s ❡❧❡♠❡♥t❛r❡s ❛ ❝♦♥t❡①t♦s ✐♥✜♥✐✲
t♦s✳ ❊st❛ ✐♥stâ♥❝✐❛ ♣❛rt✐❝✉❧❛r✱ ❛ ❞❡ ❡st❡♥❞❡r ♣♦❧✐♥ô♠✐♦s ❛ sér✐❡s ✭❝♦♥✈❡r❣❡♥t❡s
♦✉ ❢♦r♠❛✐s✮✱ é ✉♠ ♠ét♦❞♦ ♣♦❞❡r♦s♦✱ ❛✐♥❞❛ ❛ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❡s❝❧❛r❡❝✐❞♦✱ q✉❡
❝❤❛♠❛♠♦s ✧♣♦❧✐♥♦♠✐③❛çã♦✧✳ ❆ ✐❞é✐❛ ❞❡ q✉❡ ♦❜❥❡t♦s ❝♦♠♣❧❡①♦s ♣♦❞❡♠ s❡r tr❛t❛✲
❞♦s ♣♦r r❡♣r❡s❡♥t❛çõ❡s ❞❡ t✐♣♦ ♣♦❧✐♥♦♠✐❛❧✱ ♣♦ss✐✈❡❧♠❡♥t❡ ✐♥✜♥✐t♦s✱ ❡♥❝♦♥tr❛ ❤♦❥❡
❡①♣r❡ssã♦ ♣♦r t♦❞❛ ❛ ▼❛t❡♠át✐❝❛✱ ❞❛ ●❡♦♠❡tr✐❛ ❆♥❛❧ít✐❝❛ à ❈♦♠❜✐♥❛tór✐❛✳

❯♠ ❞♦s ♣r❡ss✉♣♦st♦s ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ é q✉❡ ❡st❛ ✐♥t✉✐çã♦ ♥ã♦ ✐♠♣❛❝t♦✉
s♦♠❡♥t❡ ❛ ▼❛t❡♠át✐❝❛✱ ♠❛s t❛♠❜é♠ ✐♥✢✉❡♥❝✐♦✉ ❇♦♦❧❡ ❡ ♦✉tr♦s ❧ó❣✐❝♦s✳ ◆♦
❝❛s♦ ❞❡ ❇♦♦❧❡✱ ♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ♣♦st❡r✐♦r❡s ❛❝❛❜❛r❛♠ r❡❧❡❣❛♥❞♦ t❛❧ ❡♥❢♦q✉❡✱
♣♦r ✈ár✐❛s r❛③õ❡s✳ ❈♦♥t✉❞♦✱ ♦s tr❛❜❛❧❤♦s ❞❡ ❈❛r♥✐❡❧❧✐ ❬✶✶✱ ✶✷❪ ♠♦str❛♠ q✉❡ é
♣♦ssí✈❡❧ r❡s❣❛tá✲❧♦ ❡♠ ✈ár✐♦s s✐st❡♠❛s ❧ó❣✐❝♦s✱ t❛✐s ❝♦♠♦ ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧❡♥t❡s✱
♣❛r❛❝♦♥s✐st❡♥t❡s✱ ❢r❛❣♠❡♥t♦s ❞❛ ❧ó❣✐❝❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❡♥tr❡ ♦✉tr♦s✳ ❉❡st❡
♠♦❞♦✱ ❡s❝❧❛r❡❝❡♠✲s❡ ❛❧❣✉♥s ❛s♣❡❝t♦s ❞♦s ♠ét♦❞♦s ❞❡ ❇♦♦❧❡✱ ❡ ❞á✲s❡ ❝♦♥t✐♥✉✐❞❛❞❡
à tr❛❞✐çã♦ ❞❡ ♣♦❧✐♥♦♠✐③❛r✳
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❖ ❡♠♣r❡❣♦ ❞❡ ♠ét♦❞♦s ♣♦❧✐♥♦♠✐❛✐s ♥♦ ❡st✉❞♦ ❞❡ ❧ó❣✐❝❛s ❡♥❝♦♥tr❛ s✉❛ ♣r✐♠❡✐r❛
❡①♣r❡ssã♦ ❝❧❛r❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ●❡♦r❣❡ ❇♦♦❧❡✳ P♦ré♠✱ ❛❧❣✉♠❛s q✉❡stõ❡s ♣♦♥❞❡r✲
❛❞❛s ♣♦r ❡❧❡ ♣♦❞❡♠ s❡r ❡♥tr❡✈✐st❛s ❥á ♥♦ ♣❡♥s❛♠❡♥t♦ ❞❡ ▲❡✐❜♥✐③✱ q✉❡ ✐♠❛❣✐♥❛
s❡r ♣♦ssí✈❡❧ r❡❞✉③✐r ♦ ♣❡♥s❛♠❡♥t♦ ❛ ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❝á❧❝✉❧♦✱ ❡ s❡ r❡❢❡r❡ à ♠❡❝❛♥✲
✐③❛çã♦ ❞♦ r❛❝✐♦❝í♥✐♦✱ ♥♦s ❝♦♥❤❡❝✐❞♦s tr❛❜❛❧❤♦s r❡✉♥✐❞♦s ❡♠ ❬✷✾❪✳ ❉❡ ❢❛t♦✱ ❝♦♠
❝❡rt❛ ❞♦s❡ ❞❡ ❛♥❛❝r♦♥✐s♠♦✱ ♣♦❞❡✲s❡ ✈❡r ✉♠ ❣❡r♠❡ ❞❡st❛ ✐❞é✐❛ ♥♦s Pr✐♠❡✐r♦s
❆♥❛❧ít✐❝♦s ❞❡ ❆r✐stót❡❧❡s✱ ❝♦♠♦ t❡♥t❛♠♦s ❡s❝❧❛r❡❝❡r ❛ s❡❣✉✐r✳

◆❡st❡✱ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ♦ ♣r✐♠❡✐r♦ tr❛t❛❞♦ s♦❜r❡ ❧ó❣✐❝❛✱ ❆r✐stót❡❧❡s
s❡ ♣r♦♣õ❡ ❛ ❞❛r ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❛❜r❛♥❣❡♥t❡ ❞❡ t♦❞♦s ♦s t✐♣♦s ❞❡ r❛❝✐♦❝í♥✐♦
❝♦rr❡t♦✳ P❛r❛ ❡st❡ ✜♠✱ ❝♦♥stró✐ s✉❛ t❡♦r✐❛ ❞♦s s✐❧♦❣✐s♠♦s✱ ❡♠ q✉❡ ❞❡❧✐♠✐t❛ ❛s
❢♦r♠❛s ❧✐♥❣üíst✐❝❛s q✉❡ ❝♦♥s✐❞❡r❛ r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ♣❡♥s❛♠❡♥t♦ ❧ó❣✐❝♦✱ ❡ ❧✐st❛ ❡①✲
♣❧✐❝✐t❛♠❡♥t❡ t♦❞❛s ❛s ❞❡❞✉çõ❡s ✈á❧✐❞❛s q✉❡ s❡ ♣♦❞❡ ♦❜t❡r ❝♦♠ ❡❧❛s ✭❝❢✳ ❬✸❪✱ Pr✐♦r
❆♥❛❧②t✐❝s ■ ✮✳ ❈♦♠♦ r❡s✉❧t❛❞♦✱ t❡♠✲s❡ ✉♠❛ ❡s♣é❝✐❡ ❞❡ t❛❜❡❧❛ ❞❡ r❛❝✐♦❝í♥✐♦s ✈á❧✐✲
❞♦s✱ q✉❡ q✉❛❧q✉❡r ♣❡ss♦❛✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ♣♦❞❡ ✉s❛r ♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ❞❛❞♦
❛r❣✉♠❡♥t♦ ❡stá ❝♦rr❡t♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ✐❞❡✐❛✐s ❛r✐st♦té❧✐❝♦s✳ ❊st❡ ❛s♣❡❝t♦ ❞❡
✈❡r✐✜❝❛❜✐❧✐❞❛❞❡ ❞❛ ❛r❣✉♠❡♥t❛çã♦✱ ♥♦ s❡♥t✐❞♦ ❡♠ q✉❡ s❡♠♣r❡ s❡ ♣♦❞❡r✐❛ ❞❡t❡r♠✐✲
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♥❛r q✉❛❧ ❞♦s ❧❛❞♦s ❞❡ ✉♠❛ ❞✐s❝✉ssã♦ ❡stá ❝♦rr❡t♦✱ ❡♥❝♦♥tr❛ ❡❝♦s ❛té ✈✐♥t❡ ❡ ❞♦✐s
sé❝✉❧♦s ♠❛✐s t❛r❞❡✱ ❞✉r❛♥t❡ ❛ ❝❤❛♠❛❞❛ ❝r✐s❡ ❞♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ♠❛t❡♠át✐❝❛✱
♥❛s ♣r❡♦❝✉♣❛çõ❡s ❞❡ ❍✐❧❜❡rt✱ ●ö❞❡❧ ❡ ❚✉r✐♥❣✱ ❡♥tr❡ ♦✉tr♦s✳

P♦ré♠✱ ❛s ✐♥✈❡st✐❣❛çõ❡s ❧ó❣✐❝❛s ❞❡ ❆r✐stót❡❧❡s ❡r❛♠ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♠♦t✐✲
✈❛❞❛s ♣♦r ♣r♦❜❧❡♠❛s ❞❡ ❢✉♥❞♦ ♦♥t♦❧ó❣✐❝♦✱ ❡ é ❛♣❡♥❛s ♦ ♦❧❤❛r ❝♦♥t❡♠♣♦râ♥❡♦ q✉❡
♣r❡t❡♥❞❡ ♥❡❧❛s ❡♥①❡r❣❛r ✉♠ ♣r❡♥ú♥❝✐♦ ❞❛s ✐❞é✐❛s ❜♦♦❧❡❛♥❛s✳ ❖ ♣r✐♠❡✐r♦ ✜❧ós♦❢♦
q✉❡ ❞❡ ❢❛t♦ ❢♦r♠✉❧♦✉✱ ❝❧❛r❛♠❡♥t❡✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♠❡❝❛♥✐③❛r ❛❧❣✉♥s t✐♣♦s ❞❡
r❛❝✐♦❝í♥✐♦✱ ❢♦✐ ●♦tt❢r✐❡❞ ❲✐❧❤❡❧♠ ▲❡✐❜♥✐③✱ ❡♠ ✜♥s ❞♦ sé❝✉❧♦ ❳❱■■✳ ❊♥❝♦♥tr❛♠✲s❡
♠❛♥✐❢❡st❛çõ❡s ❞❡st❛ ✐❞é✐❛ ♥❛ ✐♠♣♦rtâ♥❝✐❛ q✉❡ ❛tr✐❜✉í❛ à ✐♥✈❡♥çã♦ ❞❡ ❜♦❛ ♥♦t❛çã♦
♠❛t❡♠át✐❝❛✿ ✉♠ ❡①❡♠♣❧♦ é s✉❛ ♥♦t❛çã♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ✐♥✜♥✐t❡s✐♠❛❧✱ ❡♠ q✉❡ r❡✲
❣r❛s ❢❛♠✐❧✐❛r❡s ❞❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ ❢r❛çõ❡s ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞❛s às ❞❡r✐✈❛❞❛s
dy/dx✱ ♠❡s♠♦ ❡st❛s ú❧t✐♠❛s ♥ã♦ s❡♥❞♦ ❢r❛çõ❡s ♥♦ s❡♥t✐❞♦ ✉s✉❛❧✳ ❊st❛ s✐♠✲
♣❧❡s ❝♦♠♦❞✐❞❛❞❡ ❢❛③ ❡♥♦r♠❡ ❞✐❢❡r❡♥ç❛✱ ❛té ❢✉♥❝✐♦♥❛♥❛❞♦ ❝♦♠♦ ❤❡✉ríst✐❝❛ ♣❛r❛
❛ ❞❡s❝♦❜❡rt❛ ❞❡ t❡♦r❡♠❛s✱ q✉❡ ❞❡♣♦✐s ♣♦❞❡♠ s❡r ❞❡♠♦♥str❛❞♦s ❞❡ ♠♦❞♦ ♠❛✐s
r✐❣♦r♦s♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ ❢♦r♠❛❧✐s♠♦ ❧❡✐❜♥✐③✐❛♥♦✱ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ é s✉❣❡r✐❞❛
♣♦r ✉♠ s✐♠♣❧❡s ✏❝❛♥❝❡❧❛♠❡♥t♦✑✿ dy/dx = (dy/du) · (du/dx)

▼❛s ▲❡✐❜♥✐③ ♥ã♦ s❡ ❝♦♥t❡♥t❛✈❛ ❛♣❡♥❛s ❝♦♠ ❛ ♠❛t❡♠át✐❝❛✱ ❛❝r❡❞✐t❛♥❞♦ s❡r
♣♦ssí✈❡❧ t♦r♥❛r ♠❡❝â♥✐❝♦ q✉❛❧q✉❡r t✐♣♦ ❞❡ r❛❝✐♦❝í♥✐♦✳ ❊st❛ ❧✐♥❤❛ ❞❡ ♣❡♥s❛♠❡♥t♦
❡stá ❧✐❣❛❞❛ ❛♦ s❡✉ ♣r♦❥❡t♦ ❞❛ ❝❤❛r❛❝t❡r✐st✐❝❛ ✉♥✐✈❡rs❛❧✐s✱ ✉♠❛ ❧✐♥❣✉❛❣❡♠ s✐♠✲
❜ó❧✐❝❛ ❡ ♣✐❝t♦❣rá✜❝❛ ❤✐♣♦tét✐❝❛ q✉❡ t♦r♥❛r✐❛ ♣♦ssí✈❡❧ ❡①♣r❡ss❛r q✉❛❧q✉❡r ❝♦♥❝❡✐t♦
♣r❡❝✐s❛♠❡♥t❡✱ ❡ ❝✉❥❛ ❝♦♠♣r❡❡♥sã♦ ✐♥❞❡♣❡♥❞❡r✐❛ ❞♦ ✐❞✐♦♠❛ ♥❛t✐✈♦ ❞♦s ❧❡✐t♦r❡s
✭❝❢✳ ❬✸✵❪✱ ❖♥ t❤❡ ●❡♥❡r❛❧ ❈❤❛r❛❝t❡r✐st✐❝✱ ♣♣✳ ✷✷✶✲✷✷✺✮✳ ❆♦ ❝♦♥trár✐♦ ❞♦ q✉❡
❛❝♦♥t❡❝❡ ♥❛s ❧í♥❣✉❛s ♥❛t✉r❛✐s✱ ▲❡✐❜♥✐③ ♣r❡t❡♥❞❡ q✉❡ ♦s sí♠❜♦❧♦s ❞❡ s✉❛ ❝❤❛r❛❝✲
t❡r✐st✐❝❛ t❡♥❤❛♠ r❡❧❛çã♦ ❞✐r❡t❛ ❝♦♠ ❛q✉✐❧♦ q✉❡ r❡♣r❡s❡♥t❛♠ ✭❝❢✳ ❬✷✾❪✱ ❖♥ t❤❡
❆rt ♦❢ ❈♦♠❜✐♥❛t✐♦♥✱ ♣♣✳ ✶✵✕✶✶✮✱ ❞❡ ♠♦❞♦ q✉❡ ♥ã♦ só ❛ ❧✐♥❣✉❛❣❡♠ s❡❥❛ ✐♥t✉✲
✐t✐✈❛✱ ♠❛s q✉❡ ❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ s❡✉s sí♠❜♦❧♦s ❝♦♥❞✉③❛ ❛ ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡
♦ r❡♣r❡s❡♥t❛❞♦✿ ❛ ❡st❛s ♠❛♥✐♣✉❧❛çõ❡s ❞á ♦ ♥♦♠❡ ❞❡ ❝❛❧❝✉❧✉s r❛t✐♦❝✐♥❛t♦r✳ ❊♠
❬✸✵❪✱ ❈❛rt❛ ❛ ◆✐❝♦❧❛s ❘❡♠♦♥❞✱ ✶✵✴✵✶✴✶✻✼✹✱ ▲❡✐❜♥✐③ ❡s❝r❡✈❡ s♦❜r❡ ✉♠❛ ✏á❧❣❡❜r❛
❣❡r❛❧✑ ❝✉❥♦ ❞♦♠í♥✐♦ s❡r✐❛♠ ❛s ✏✈❡r❞❛❞❡s ❞❛ r❛③ã♦✑✳ ❊♠ ❝❛rt❛ à ♣r✐♥❝❡s❛ ❙♦♣❤✐❛
❞❡ ❍❛♥♦✈❡r ✭r❡♣r♦❞✉③✐❞❛ ❡♠ ❬✶✺❪✱ ♣✳ ✶✶✽✮✱ ▲❡✐❜♥✐③ ✈♦❧t❛ ❛ ❡st❡ ❛ss✉♥t♦✱ ❡ ❛r✲
❣✉♠❡♥t❛ q✉❡ ✉♠ t❛❧ s✐st❡♠❛ ✏♣❡r♠✐t✐r✐❛ ❛ ✐♥t❡❧❡❝t♦s ♠♦❞❡st♦s✱ ❝♦♠ ❞✐❧✐❣ê♥❝✐❛
❡ ❜♦❛ ✈♦♥t❛❞❡✱ s❡ ♥ã♦ ❛❝♦♠♣❛♥❤❛r✱ ♣❡❧♦ ♠❡♥♦s s❡❣✉✐r ♦s ✐♥t❡❧❡❝t♦s ♠❛✐♦r❡s✑
✖ ❛♥t❡❝✐♣❛♥❞♦ ♣❛r❝✐❛❧♠❡♥t❡ ✉♠ ❞♦s ♣r♦❜❧❡♠❛s ✜❧♦só✜❝♦s ♥❛s ❜❛s❡s ❞❛ t❡♦r✐❛
❞❛ ❝♦♠♣✉t❛❜✐❧✐❞❛❞❡✿ ❛ ♥♦çã♦ ❞♦ ❝♦♠♣✉t❛❞♦r ❝♦♠♦ ♣❡ss♦❛ q✉❡ ❢❛③ ❝á❧❝✉❧♦s ❞❡
❛❝♦r❞♦ ❝♦♠ r❡❣r❛s ♣ré✲❡st❛❜❡❧❡❝✐❞❛s✳

❙✐♠✐❧❛r♠❡♥t❡ à ❝❛♣❛❝✐❞❛❞❡ ❞♦ ✏✐♥t❡❧❡❝t♦ ♠❡♥♦r✑ ❞❡ s❡❣✉✐r ♦ ✏✐♥t❡❧❡❝t♦ ♠❛✐♦r✑
♠❡❝❛♥✐❝❛♠❡♥t❡✱ ❞✉❛s ♣❡ss♦❛s q✉❡ ❞✐s❝♦r❞❛ss❡♠ s♦❜r❡ q✉❛❧q✉❡r ❛ss✉♥t♦ ♣♦❞❡✲
r✐❛♠✱ ❣r❛ç❛s ❛♦ ❝❛❧❝✉❧✉s✱ r❡s♦❧✈❡r s✉❛ ❞✐s♣✉t❛ ❞❡ ♠❛♥❡✐r❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ♦❜✲
❥❡t✐✈❛✱ ❛♣❡♥❛s ♣♦r ♠❡✐♦ ❞❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ sí♠❜♦❧♦s✳ ❊st❡ é ♦ s✐❣♥✐✜❝❛❞♦ ❞♦
❛❢♦r✐s♠❛ ❧❡✐❜♥✐③✐❛♥♦✱ r❡✈❡❧❛❞♦ ♥❛ ♠❡s♠❛ ♠✐ss✐✈❛ ❛ ❙♦♣❤✐❛✿ ✏❝❛❧❝✉❧❡♠♦s✑✳

❊♠ ❛✐♥❞❛ ♦✉tr❛s ♣❛ss❛❣❡♥s✱ ▲❡✐❜♥✐③ ❧❡✈❛ às ú❧t✐♠❛s ❝♦♥s❡qüê♥❝✐❛s ❛ ✐❞é✐❛
❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣✉r❛♠❡♥t❡ s✐♠❜ó❧✐❝♦✱ ❡ ❞❛ ♠❡❝❛♥✐③❛çã♦ ❞♦ ♣❡♥s❛♠❡♥t♦✳ ❈♦♥✲
❢♦r♠❡ ❬✸✸❪✱ ❛❞♠✐t✐❛ ❡q✉❛çõ❡s s❡♠ ❝♦♥t❡ú❞♦ ❛r✐t♠ét✐❝♦✱ ❝♦♠♦ x + x = x✱ ❡ ✉s❛✈❛
♦ t❡r♠♦ ✏♣❡♥s❛♠❡♥t♦ ❝❡❣♦✑ ♣❛r❛ s❡ r❡❢❡r✐r ❛♦ r❛❝✐♦❝í♥✐♦ ♣✉r♦ r❡❞✉③✐❞♦ ❛♦ ❝á❧❝✉❧♦
s✐♠❜ó❧✐❝♦✳ ❊♠ s❡✉ ❊❧❡♠❡♥t❛ ❈❛❧❝✉❧✐ ❞❡ ✶✻✼✾✱ ▲❡✐❜♥✐③ ❛tr✐❜✉✐ ♥ú♠❡r♦s ❛ ❝♦♥✲
❝❡✐t♦s✱ ❞❡ ♠♦❞♦ ❛ ♦❜t❡r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♠♣❧❡t❛ ❞❛ s✐❧♦❣íst✐❝❛ ❛r✐st♦té❧✐❝❛✱ ♦



P♦❧✐♥ô♠✐♦s ❡ ▲ó❣✐❝❛s ✶✻

q✉❡ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ ❝♦♥❝r❡t✐③❛çã♦ ♣❛r❝✐❛❧ ❞❡ s✉❛s ✐❞é✐❛s✳ ❊st❡ ❝á❧❝✉❧♦
é ❡st✉❞❛❞♦✱ ❡ s✉❛ ❝♦♠♣❧❡t✉❞❡ ❞❡♠♦♥str❛❞❛✱ ❡♠ ❬✼❪✳

❈♦♥t✉❞♦✱ ▲❡✐❜♥✐③ ♥✉♥❝❛ ❝♦♥s❡❣✉✐✉ r❡❛❧✐③❛r ❛ ❝♦♥t❡♥t♦ s✉❛ ♣r♦♣♦st❛ ❞❛ ❝❤❛r✲
❛❝t❡r✐st✐❝❛ ✉♥✐✈❡rs❛❧✐s✱ ♥❡♠ ❞♦ s❡✉ ❝❛❧❝✉❧✉s r❛t✐♦❝✐♥❛t♦r✱ ♣❛r❛ ♦s q✉❛✐s t✐♥❤❛
❡①♣❡❝t❛t✐✈❛s ❛❧t❛♠❡♥t❡ ❛♠❜✐❝✐♦s❛s ✭❝❢✳ ❬✸✵❪ ♣✳ ✷✷✺✮✱ ❡ ♥♦ ✜♠ ❞❛ ✈✐❞❛ ✈❡✐♦ ❛
r❡❝♦♥s✐❞❡r❛r s❡✉ ♦t✐♠✐s♠♦ ✭❝❢✳ ❬✶✺❪ ♣✳ ✶✶✽ ❡ ❬✸✵❪ ♣✳ ✻✺✻✮✳

❈♦✉❜❡ ❛ ●❡♦r❣❡ ❇♦♦❧❡ ❝♦♥t✐♥✉❛r ♦ ♣r♦❥❡t♦ ❞❡ ❝♦❞✐✜❝❛r ❛s ✏❧❡✐s ❞♦ ♣❡♥s❛✲
♠❡♥t♦✑✱ ❛♣❡s❛r ❞❡ ❛♣❛r❡♥t❡♠❡♥t❡ ♥ã♦ ❝♦♥❤❡❝❡r ♦ tr❛❜❛❧❤♦ ❞❡ ▲❡✐❜♥✐③✳ ❊♠ ✶✽✹✼✱
♣✉❜❧✐❝♦✉ ♦ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ▲♦❣✐❝ ❬✺❪✱ ❡♠ q✉❡ ❡①♣õ❡ s✉❛s ✐❞é✐❛s s♦❜r❡
✉♠ ❝á❧❝✉❧♦ ♣✉r❛♠❡♥t❡ ❛❧❣é❜r✐❝♦ ❞♦ r❛❝✐♦❝í♥✐♦✳ ▼❛✐s t❛r❞❡✱ ♣♦ré♠✱ ❞❡❝❧❛r♦✉ ♦
❆♥❛❧②s✐s ✉♠ tr❛❜❛❧❤♦ ✐♠❛t✉r♦✱ ❡ ❡♠ ✶✽✺✹ ♣✉❜❧✐❝♦✉ ♦ ✐♥✢✉❡♥t❡ ❆♥ ■♥✈❡st✐❣❛t✐♦♥
♦❢ t❤❡ ▲❛✇s ♦❢ ❚❤♦✉❣❤t ❬✻❪✱ q✉❡ ❛✜r♠♦✉ s❡r ♦ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❡ s✉❛ ♣❡sq✉✐s❛✳
◆❡st❛ ♦❜r❛✱ ❇♦♦❧❡ ❡①♣❧♦r❛ ♣r♦❢✉♥❞❛♠❡♥t❡ ❛s r❡❧❛çõ❡s ❡♥tr❡ á❧❣❡❜r❛ ❡ ❧ó❣✐❝❛❀
♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡♥tr❡ ❛s r❡❣r❛s ❞❡ ♠❛♥✐♣✉❧❛çã♦ ❞❡ sí♠❜♦❧♦s ❛❧❣é❜r✐❝♦s✱ ❡ ❛s
r❡❣r❛s ❞❡ ❝❡rt♦s sí♠❜♦❧♦s q✉❡ ❇♦♦❧❡ ❝♦♥s✐❞❡r❛✈❛ ❛❞❡q✉❛❞♦s ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦
❞♦ ♣❡♥s❛♠❡♥t♦ ❧ó❣✐❝♦✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❇♦♦❧❡ ❛ss♦❝✐❛ sí♠❜♦❧♦s✱ ❝♦♠♦ x✱ y ❡ z✱ ❛ ❝♦♥❝❡✐t♦s ❝♦♠✉♥✲
♠❡♥t❡ ❡①♣r❡ss♦s ♣♦r ❛❞❥❡t✐✈♦s ♦✉ s✉❜st❛♥t✐✈♦s✱ ♣♦r ❡①❡♠♣❧♦ ✏x =❝❛❝❤♦rr♦✑ ❡
✏y =♣❡q✉❡♥♦✑✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡✜♥❡ ♦♣❡r❛çõ❡s q✉❡ ❝♦♥str♦❡♠ ♥♦✈♦s ❝♦♥❝❡✐t♦s
❛ ♣❛rt✐r ❞♦s ❛♥t❡r✐♦r❡s✳ ❯♠❛ ❞❡❧❛s é ❛ ❡s❝♦❧❤❛✱ ♦✉ ❞❡❧✐♠✐t❛çã♦✿ ♣♦r ❡①❡♠♣❧♦✱
❡s❝♦❧❤❡r t✉❞♦ ♦ q✉❡ é ♣❡q✉❡♥♦ ❞❡♥tr❡ ♦s ❝❛❝❤♦rr♦s ❞❡✜♥❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✏❝❛❝❤♦rr♦
♣❡q✉❡♥♦✑✳ ❇♦♦❧❡ s✐♠❜♦❧✐③❛ ❡st❛ ♦♣❡r❛çã♦ ♣♦r xy✳ ❆ ♦✉tr❛ ♦♣❡r❛çã♦ é ❛ ❛❣❧♦♠✲
❡r❛çã♦✱ ♦✉ ❞✐s❥✉♥çã♦✱ s✐♠❜♦❧✐③❛❞❛ ♣♦r x + y✱ q✉❡ ❞❡✜♥❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✏❡st❛r
❡♠ ❛❧❣✉♠❛ ❞❛s ❝❧❛ss❡s x ♦✉ y✑✳ ◆♦ ❡①❡♠♣❧♦✱ x + y r❡♣r❡s❡♥t❛ ✏s❡r ❝❛❝❤♦rr♦
♦✉ s❡r ♣❡q✉❡♥♦✑✳ ❇♦♦❧❡ ❞❡♠♦♥str❛ q✉❡ ❡st❛s ♦♣❡r❛çõ❡s ♣♦ss✉❡♠ ✉♠❛ sér✐❡ ❞❡
♣r♦♣r✐❡❞❛❞❡s ❢❛♠✐❧✐❛r❡s ❞❛ ❛r✐t♠ét✐❝❛✱ ❞❡ ♠♦❞♦ q✉❡ ❡①♣r❡ssõ❡s ❡♥✈♦❧✈❡♥❞♦✲❛s ♣♦✲
❞❡♠ s❡r s♦♠❛❞❛s✱ s✉❜tr❛í❞❛s✱ ♠✉❧t✐♣❧✐❝❛❞❛s ❡ ❛té ❞✐✈✐❞✐❞❛s✱ q✉❛s❡ ✐❞❡♥t✐❝❛♠❡♥t❡
❛♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ❡①♣r❡ssõ❡s ♥✉♠ér✐❝❛s✳ P❛r❛ r❡❢♦rç❛r ❛ ❛♥❛❧♦❣✐❛ ❛❧❣é❜r✐❝❛✱
❇♦♦❧❡ ❛ss♦❝✐❛ ❛♦ sí♠❜♦❧♦ 1 ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s ❝♦✐s❛s✱ ❡ ❛♦ 0 ❛ ❝❧❛ss❡ ✈❛③✐❛✱ ❞❡
♠♦❞♦ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r x✱ 1x = x1 = x✱ 0x = x0 = 0✱ x + 0 = 0 + x = x ❡
x + 1 = 1 + x = 1✳

❖ s✐st❡♠❛ ❡①♣♦st♦ ♥♦ ▲❛✇s ♦❢ ❚❤♦✉❣❤t ♠♦str♦✉✲s❡ ❡①tr❡♠❛♠❡♥t❡ ❢r✉tí❢❡r♦✿
❤♦❥❡✱ ❇♦♦❧❡ é ❝♦♥s✐❞❡r❛❞♦ ♦ ♣❛✐ ❞❛ ❧ó❣✐❝❛ ❛❧❣é❜r✐❝❛ ✭❝❢✳ ❬✶❪✮✱ t❡♥❞♦ s❡✉ tr❛❜❛❧❤♦
r❡❝♦♥❤❡❝✐❞♦ ♣♦r ❧ó❣✐❝♦s ❝♦♠♦ ❆✉❣✉st✉s ❞❡ ▼♦r❣❛♥ ❡ ❇❡rtr❛♥❞ ❘✉ss❡❧❧✳ ❈♦♥✲
t✉❞♦✱ ❛ ❝❧❛r❡③❛ ❡ ♦ r✐❣♦r ❞❡ s❡✉s ♠ét♦❞♦s ❢♦r❛♠ ❝r✐t✐❝❛❞♦s ♣♦r ❉✉♠♠❡tt ❡♠
❬✶✾❪✱ ❡✱ ❞❡ ❢❛t♦✱ ❛❧❣✉♠❛s ❞❡ s✉❛s ♠❛♥✐♣✉❧❛çõ❡s ♣❛r❡❝❡♠ ❥✉st✐✜❝❛r✲s❡ ❛♣❡♥❛s ♣♦r
r❡s♦❧✈❡r❡♠ ♦s ♣r♦❜❧❡♠❛s ♣❛r❛ ♦s q✉❛✐s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s✳ ❆té ❈♦r❝♦r❛♥✱ ❡♠
s❡✉ ❬✶✹❪✱ ♣✳ ✷✽✺✱ ❥✉❧❣❛ q✉❡ ✏❆r✐stót❡❧❡s ♣❛r❡❝❡ s✉♣❡r✐♦r ❛ ❇♦♦❧❡✱ ❡ ♠❛✐s ♣ró①✐♠♦
❞♦ ♣❡♥s❛♠❡♥t♦ ❝♦♥t❡♠♣♦râ♥❡♦✑✳

❖s ♠ét♦❞♦s ✉♠ ♣♦✉❝♦ ❛❞ ❤♦❝ ❞❡ ❇♦♦❧❡ s❡ ❞❡✈❡♠✱ ♣❡❧♦ ♠❡♥♦s ❡♠ ♣❛rt❡✱ ❛
❝❡rt❛s ❧✐♠✐t❛çõ❡s té❝♥✐❝❛s ❞♦ s✐st❡♠❛ ❛❧❣é❜r✐❝♦ ❡♠♣r❡❣❛❞♦✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛
❝♦♥t❡♠♣♦râ♥❡♦✱ ❡st❛s ❧✐♠✐t❛çõ❡s ♣♦❞❡♠ s❡r ❡①♣❧✐❝❛❞❛s ❡♠ t❡r♠♦s ❞❛ ❞❡✜❝✐ê♥❝✐❛
❞❡ ❡str✉t✉r❛ ❞❛ ❧ó❣✐❝❛ ❜♦♦❧❡❛♥❛✿ ❡❧❛ ♥ã♦ ❝♦♠♣♦rt❛ ✐♥✈❡rs♦s ❛❞✐t✐✈♦s ♥❡♠ ♠✉❧t✐✲
♣❧✐❝❛t✐✈♦s✱ ❡ ♥ã♦ ♦❜❡❞❡❝❡ ♥❡♥❤✉♠❛ ❧❡✐ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦ s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ❣❡r❛❧✳
❊♠ s✉♠❛✱ ♣♦rq✉❡ ❛ á❧❣❡❜r❛ ❢♦r♠✉❧❛❞❛ ♣♦r ❇♦♦❧❡ ♥ã♦ ❝♦♥st✐t✉✐ ✉♠ ❝♦r♣♦✳

❯♠ ♣♦ssí✈❡❧ ❝❛♠✐♥❤♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡st❡s ♣r♦❜❧❡♠❛s✱ q✉❡ tr❛③ ❝♦♥s✐❣♦ ❛



P♦❧✐♥ô♠✐♦s ❡ ▲ó❣✐❝❛s ✶✼

♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ♠ét♦❞♦s ♣❛r❛ ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧❡♥t❡s✱ é s✉❣❡r✐❞♦
♣♦r ✉♠ t❡♦r❡♠❛ ❞❡ ❇♦♦❧❡✱ ❛ ❝❤❛♠❛❞❛ ❧❡✐ ✐♥❞✐❝✐❛❧ ❬✻❪✱ q✉❡ ♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞❛
❝♦♠♦ s❡❣✉❡✿ ❡s❝♦❧❤❡r t♦❞♦s ♦s ♦❜❥❡t♦s q✉❡ sã♦ x✱ ❞❡♥tr❡ ❛q✉❡❧❡s q✉❡ sã♦ x✱ ❞❡✜♥❡
❛ ♣ró♣r✐❛ ❝❧❛ss❡ x✳ ■❧✉str❛♥❞♦ ♦ ♣♦❞❡r ❞♦ ❝❛❧❝✉❧✉s r❛t✐♦❝✐♥❛t♦r ✈✐s❧✉♠❜r❛❞♦ ♣♦r
▲❡✐❜♥✐③✱ ❡st❛ ❛✜r♠❛çã♦ é ♠✉✐t♦ ♠❛✐s ❝❧❛r❛ ❡♠ sí♠❜♦❧♦s✿ xx = x➨ = x✳ ❇♦♦❧❡
❝♦♥s✐❞❡r❛✈❛ ❡st❛ ❡q✉❛çã♦ ❛❜s♦❧✉t❛♠❡♥t❡ ❝❡♥tr❛❧✱ ❝❤❡❣❛♥❞♦ ❛ ❞❡❝❧❛r❛r✱ ❛✐♥❞❛ ♥♦
▲❛✇s ♦❢ ❚❤♦✉❣❤t✱ q✉❡ ✏✉♠❛ ❧❡✐ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ▼❡t❛❢ís✐❝❛ é ♠❡r❛ ❝♦♥s❡qüê♥❝✐❛
❞❡ ✉♠❛ ❧❡✐ ❞♦ ♣❡♥s❛♠❡♥t♦✑✳

❙❡ é ❡st✐♣✉❧❛❞♦ q✉❡ ❛s ♦♣❡r❛çõ❡s +, · ❞❡ ✉♠❛ ❧ó❣✐❝❛ ❢♦r♠❛♠ ✉♠ ❝♦r♣♦✱ ❡ q✉❡
✈❛❧❡ x2 = x✱ ❞❡♠♦♥str❛✲s❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s✲✈❡r❞❛❞❡ ❞❡st❛ ❧ó❣✐❝❛ é ♦
❝♦r♣♦ ❞❡ ❞♦✐s ❡❧❡♠❡♥t♦s✿ ❡♠ ❧✐♥❣✉❛❣❡♠ ❛❧❣é❜r✐❝❛ ❝♦♥t❡♠♣♦râ♥❡❛✱ ♦ ❝♦r♣♦ ❞❡
●❛❧♦✐s GF (2)✳ ❆ ♣❛rt✐r ❞❛í✱ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ó❜✈✐❛ ❞❛ ❧❡✐ ✐♥❞✐❝✐❛❧ ♣❛r❛ xn = x
❝♦♥❞✉③ ❛♦s ❝♦r♣♦s GF (pα)✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ♦s ✈❛❧♦r❡s✲
✈❡r❞❛❞❡ ❞❛s ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧❡♥t❡s✱ ❡ ♣r♦♣♦s✐çõ❡s ♣❛ss❛♠ ❛ s❡r r❡♣r❡s❡♥t❛❞❛s ♣♦r
♣♦❧✐♥ô♠✐♦s s♦❜r❡ ❝♦r♣♦s ✜♥✐t♦s✳ ➱ ♣r❡❝✐s❛♠❡♥t❡ ✐st♦ q✉❡ ♦s tr❛❜❛❧❤♦s ❬✶✶✱ ✶✷❪
❞❡ ❈❛r♥✐❡❧❧✐ ✈ê♠ ❞❡s❡♥✈♦❧✈❡♥❞♦ ♥♦s ú❧t✐♠♦s ❛♥♦s✳

Pr❡t❡♥❞❡♥❞♦ ✐♥✈❡st✐❣❛r ❧❡✐s ❝♦♠❜✐♥❛tór✐❛s ❣❡♥❡r❛❧✐③❛❞❛s ♣❛r❛ ❧ó❣✐❝❛s ♥ã♦✲
❝❧áss✐❝❛s✱ ❬✾❪ ❡①❛♠✐♥♦✉ ❡st❛s q✉❡stõ❡s ♣❛r❛ ❧ó❣✐❝❛s ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✳ ▼❛✐s
r❡❝❡♥t❡♠❡♥t❡✱ tr❛❜❛❧❤♦s r❡❧❛❝✐♦♥❛❞♦s ❡①♣❧♦r❛r❛♠ té❝♥✐❝❛s ❛❧❣é❜r✐❝❛s ❡♠ ❝♦♥❡①ã♦
❝♦♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♣r♦✈❛s ❬✶✸❪ ❡ ❛✉t♦♠❛t✐③❛çã♦ ❞❡ ♣r♦✈❛s ❬✸✻❪✳ P♦ré♠✱ ♥ã♦
❤á ♥♦tí❝✐❛ ❞♦ ✉s♦ ❡①t❡♥s♦ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ ❝♦r♣♦s ✜♥✐t♦s✱ ♥❡♠ ❞❛ ❡①t❡♥sã♦
❞♦ ♠ét♦❞♦ ♣❛r❛ t♦❞❛s ❛s ❧ó❣✐❝❛s ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✱ t❛♠♣♦✉❝♦ ✐♥✜♥✐t❛♠❡♥t❡
✈❛❧♦r❛❞❛s ♦✉ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

❖s ❛rt✐❣♦s ❞❡ ❈❛r♥✐❡❧❧✐ ❬✶✶✱ ✶✷❪ t❡♥t❛♠ ❛❜r✐r ❝❛♠✐♥❤♦ ♥❡st❛ ❞✐r❡çã♦✱ ❛♣✲
r❡s❡♥t❛♥❞♦ ✉♠ ♠ét♦❞♦ ❣❡r❛❧ ❞❡ ❝♦♥str✉✐r ✏❝á❧❝✉❧♦s ♣♦❧✐♥♦♠✐❛✐s✑ ♣❛r❛ ❧ó❣✐❝❛s
✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✱ ❡ ❞❡♠♦♥str❛♥❞♦ r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s ❝♦♠♦ ❛ ❝♦r✲
r❡çã♦ ❡ ❝♦♠♣❧❡t✉❞❡ ❞❡st❡s ❝á❧❝✉❧♦s✳ ❆ tít✉❧♦ ❞❡ ✐❧✉str❛çã♦✱ ❞✐✈❡rs❛s ❧ó❣✐❝❛s
❜❡♠ ❝♦♥❤❡❝✐❞❛s sã♦ tr❛t❛❞❛s ❞❡st❛ ❢♦r♠❛✱ ✐♥❝❧✉✐♥❞♦ ❛s ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧❡♥t❡s
❞❡ P♦st✱ ▲✉❦❛s✐❡✇✐❝③ ❡ ❙❡tt❡✳ ❖s ❛rt✐❣♦s ❛✐♥❞❛ ♠♦str❛♠ ❝♦♠♦ tr❛t❛r ❝❡rt❛s
❧ó❣✐❝❛s ♥ã♦✲✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s ♣❡❧❛ ♣♦❧✐♥♦♠✐③❛çã♦✿ ❛tr✐❜✉✐♥❞♦✲❧❤❡s s❡♠â♥✲
t✐❝❛s ♥ã♦✲✈❡r♦❢✉♥❝✐♦♥❛✐s ❜✐✈❛❧♦r❛❞❛s ✭❝❢✳ ❬✽❪✮✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ sã♦ ❡①♣r❡ss❛s
♣♦r ♣♦❧✐♥ô♠✐♦s ❝♦♠ ✏✈❛r✐á✈❡✐s ❡s❝♦♥❞✐❞❛s✑✱ ✐st♦ é✱ ❝♦♠ ✈❛r✐á✈❡✐s ♥♦✈❛s q✉❡ ♥ã♦
❛♣❛r❡❝❡♠ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♥❛s ❢ór♠✉❧❛s✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❧ó❣✲
✐❝❛s ❞❛ ✐♥❝♦♥s✐stê♥❝✐❛ ❢♦r♠❛❧ ✭❡st✉❞❛❞❛s ❡♠ ❬✶✵❪✮✱ ♠❜❈✱ é ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡
♣♦❧✐♥♦♠✐③❛❞❛✱ ❡ ❞✐✈❡rs❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❞❡❞✉③✐❞❛s ❝♦♠ ♦ ♥♦✈♦ ❢❡rr❛✲
♠❡♥t❛❧✳ ❊♠ ❬✶✷❪ é ❡①♣❧♦r❛❞❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ ✉t✐❧✐③❛r ❡①♣❛♥sõ❡s ♣♦❧✐♥♦♠✐❛✐s
✐♥✜♥✐t❛s ♣❛r❛ tr❛t❛r ❛ q✉❛♥t✐✜❝❛çã♦ ❡♠ ❧ó❣✐❝❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ♠❛s ❛♣❡♥❛s
♦ ❢r❛❣♠❡♥t♦ ♠♦♥á❞✐❝♦ é ❝♦♥s✐❞❡r❛❞♦✳

➱ ♥❡ss❡ ❝♦♥t❡①t♦ q✉❡ s❡ ✐♥s❡r❡ ❡st❡ ♣r♦❥❡t♦✳ Pr❡t❡♥❞❡♠♦s ❞❛r ❝♦♥t✐♥✉✐❞❛❞❡
❛♦ tr❛❜❛❧❤♦ ❞❡ ❈❛r♥✐❡❧❧✐✱ ❡st❡♥❞❡♥❞♦ ♥♦ss❛ ❝♦♠♣r❡❡♥sã♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥✲
♦♠✐③❛çã♦ ❛ ♦✉tr❛s ❧ó❣✐❝❛s✱ ❞❡s❝r❡✈❡♥❞♦ ❛✈❛♥ç♦s ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ♣♦❧✐♥♦♠✐③❛r
❧ó❣✐❝❛s ♥ã♦✲❝❧áss✐❝❛s✱ ❡ ✉t✐❧✐③❛♥❞♦ ♠ét♦❞♦s ❛❧❣é❜r✐❝♦s ♣❛r❛ ❧❛♥ç❛r ♥♦✈♦s ♦❧❤❛r❡s
s♦❜r❡ r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ❞❛ ▲ó❣✐❝❛✳



❈❛✈❡❛t ❊♠♣t♦r ✶✽

❈❛✈❡❛t ❊♠♣t♦r

❉❡✈✐❞♦ ❛♦ s❡✉ ♥♦♠❡ ❡ ❝♦♥t❡①t♦✱ s❡r✐❛ r❛③♦á✈❡❧ s✉♣♦r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛✲
çã♦ ♣♦ss✉íss❡ ❝❡rt❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ r❡❧❛çõ❡s ❝♦♠ ♦✉tr♦s ❝♦♥❝❡✐t♦s ❡ ❝♦♥str✉çõ❡s
❞❛ ▲ó❣✐❝❛✳ ❈❛❜❡✱ t❛❧✈❡③✱ ❝✐t❛r ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ r❡❧❛çõ❡s q✉❡ ♦ ♠ét♦❞♦
❞❡ ♣♦❧✐♥♦♠✐③❛çã♦✱ ❛♦ ♠❡♥♦s ❡♠ s✉❛ ❛❝❡♣çã♦ ❛t✉❛❧✱ ♥ã♦ ♣♦ss✉✐✱ ❝♦♠ ♦ ✜♠ ❞❡
❡s❝❧❛r❡❝❡r ♦ ❡s❝♦♣♦ ❞♦ tr❛❜❛❧❤♦ ❡ ✐♥❞✐❝❛r ♣♦ssí✈❡✐s ❞✐r❡çõ❡s ❞❡ ✐♥✈❡st✐❣❛çã♦✳

▲ó❣✐❝❛ ❆❧❣é❜r✐❝❛

❖ t❡r♠♦ ✏♣♦❧✐♥♦♠✐③❛çã♦✑ ♣♦❞❡ ❧❡✈❛♥t❛r q✉❡stõ❡s s♦❜r❡ ❛ r❡❧❛çã♦ ❞♦ ♣r❡s❡♥t❡
tr❛❜❛❧❤♦ ❝♦♠ ❛ ▲ó❣✐❝❛ ❆❧❣é❜r✐❝❛✳ ❊st❛ ❞✐s❝✐♣❧✐♥❛ t❡♠ ♦r✐❣❡♥s ♥♦ tr❛❜❛❧❤♦ ❞❡
❇♦♦❧❡✱ ❉❡▼♦r❣❛♥✱ P❡✐r❝❡ ❡ ❙❝❤rö❞❡r✱ ❡ ❛t✐♥❣✐✉ s✉❛ ❡①♣r❡ssã♦ ♠♦❞❡r♥❛ ❝♦♠ ❾♦➧✱
❙✉s❦♦✱ ❇❧♦❦✱ ❡ ❚❛rs❦✐ ❡ s❡✉s ❡st✉❞❛♥t❡s✱ ♥♦t♦r✐❛♠❡♥t❡ P✐❣♦③③✐✳ ❙❡✉ ♣♦♥t♦ ❞❡
♣❛rt✐❞❛ ❢♦✐ ❛ á❧❣❡❜r❛ ❜♦♦❧❡❛♥❛✱ q✉❡ ❡♠ ❝❡rt♦ s❡♥t✐❞♦ ♣r❡❝✐s♦ ❡①♣r❡ss❛ ❝♦rr❡t❛ ❡
❝♦♠♣❧❡t❛♠❡♥t❡ ♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝♦❀ ♦ ❣r❛♥❞❡ ♠❛r❝♦ ❞❛ ♠♦❞❡r♥✐③❛✲
çã♦ ❢♦✐ ❛ ❞❡s❝♦❜❡rt❛ ❞❛s á❧❣❡❜r❛s ❝✐❧í♥❞r✐❝❛s✱ q✉❡ ❞❡s❡♠♣❡♥❤❛♠ ♣❛♣❡❧ ❛♥á❧♦❣♦
♣❛r❛ ❛ ▲ó❣✐❝❛ ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠✳

●r♦ss♦ ♠♦❞♦✱ ❛ ▲ó❣✐❝❛ ❆❧❣é❜r✐❝❛ ❜✉s❝❛ tr❛❞✉çõ❡s ❞❡ s✐st❡♠❛s ❧ó❣✐❝♦s ♣❛r❛
s✐st❡♠❛s ❛❧❣é❜r✐❝♦s ❡♠ q✉❡ ❡stá ❞❡✜♥✐❞❛ ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠❀ ❡st❛ r❡❧❛çã♦ é
❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ té❝♥✐❝❛ ♣❛r❛ ❛ ❡①♣r❡ssã♦ ❛❧❣é❜r✐❝❛ ❞❛s r❡❧❛çõ❡s ❧ó❣✐❝❛s✳
❯♠❛ ✐♥stâ♥❝✐❛ tí♣✐❝❛ ❞❡st❡ ❢❡♥ô♠❡♥♦ s❡r✐❛ ❛ss♦❝✐❛r s❡♥t❡♥ç❛s α, β ❛ ❡❧❡♠❡♥t♦s
α̂, β̂ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ (P,≤) ❞❡ t❛❧ ♠♦❞♦ q✉❡ α̂ ≤ β̂ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ α é ❝♦♥s❡qüê♥❝✐❛ ❞❡ β ✭♥♦ s❡♥t✐❞♦ ❞♦ s✐st❡♠❛ ❧ó❣✐❝❛ ♦r✐❣✐♥❛❧✮✳

❖ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦ t❛♠❜é♠ ♦♣❡r❛ ❝❡rt❛s tr❛❞✉çõ❡s ❞❡ ♣r♦♣♦s✐çõ❡s
❡♠ ♦❜❥❡t♦s ❛❧❣é❜r✐❝♦s✳ P♦ré♠✱ ❝♦♥❢♦r♠❡ ✈❡r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✶✱ é ❡ss❡♥❝✐❛❧
❛♦ ♠ét♦❞♦ q✉❡ ❡st❡s ♦❜❥❡t♦s s❡❥❛♠ ❡❧❡♠❡♥t♦s ❞❡ ❝❡rt❛s ❡str✉t✉r❛s ❛❧❣é❜r✐❝❛s
✭❝♦r♣♦s ✜♥✐t♦s✮ ❡♠ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ♦r❞❡♥s ♣❛r❝✐❛✐s q✉❡ r❡s♣❡✐t❡♠ ❛s
❞❡♠❛✐s ♦♣❡r❛çõ❡s ❥á ♣r❡s❡♥t❡s✳ P♦r ✐ss♦✱ ❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡ ❧ó❣✐❝❛s ❡stá✱ ❛♦
♠❡♥♦s ♥♦ ❡s❝♦♣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❡♠ ✉♠ â♠❜✐t♦ ❞✐st✐♥t♦ ❞❛ ▲ó❣✐❝❛ ❆❧❣é❜r✐❝❛✳
❙❡r✐❛ ✐♥t❡r❡ss❛♥t❡ s❛❜❡r s❡ ❤á ❛❧❣✉♠❛ ♠❛♥❡✐r❛ ❞❡ s✉♣❡r❛r ❡st❡ ♦❜stá❝✉❧♦ té❝♥✐❝♦✱
❡ ❛♣r♦①✐♠❛r ❛s ❞✉❛s✳

❖♣❡r❛çõ❡s ❙♦❜r❡ ▲ó❣✐❝❛s

❖ t❡r♠♦ ✏♣♦❧✐♥♦♠✐③❛çã♦✑✱ ♣♦r ❡①♣r❡ss❛r ✉♠❛ ♦♣❡r❛çã♦ q✉❡ s❡ ♣♦❞❡ r❡❛❧✐③❛r s♦❜r❡
❧ó❣✐❝❛s✱ ♣♦❞❡ ❧❡✈❛♥t❛r q✉❡stõ❡s s♦❜r❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ❛s ❞✐✈❡rs❛s tr❛♥s❢♦r♠❛çõ❡s
❞❡ s✐st❡♠❛s ❧ó❣✐❝♦s q✉❡ ❝♦♥t❡♠♣❧❛ ❛ ❧✐t❡r❛t✉r❛✱ ❝♦♠♦ ❢✉sã♦ ❞❡ ❧ó❣✐❝❛s✱ ♣r♦❞✉t♦s✱
✜❜r✐♥❣✱ t❡♠♣♦r❛❧✐③❛çã♦✱ ♣❛r❛❝♦♥s✐st❡♥t✐③❛çã♦✱ ❢✉③③✐✜❝❛çã♦ ❡t❝✳

❆ ❝❛r❛❝t❡ríst✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠✉♠ ❛ t♦❞♦s ❡st❡s é ♦ ♠❡s♠♦✿ ❞❛❞❛ ✉♠❛ ❧ó❣✲
✐❝❛✱ ♣r❡t❡♥❞❡✲s❡ ♠✉❞á✲❧❛ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛❀ às ✈❡③❡s ♣♦r ❝♦♠❜✐♥❛çã♦ ❝♦♠ ♦✉tr❛s
❧ó❣✐❝❛s✱ às ✈❡③❡s ♣♦r ❛❞✐çã♦ ❞❡ ♥♦✈♦s r❡❝✉rs♦s ❡①♣r❡ss✐✈♦s✳ ■❣✉❛❧♠❡♥t❡ ❢✉♥❞❛✲
♠❡♥t❛❧ ❛♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦✱ ❛♦ ♠❡♥♦s ❡♠ s✉❛ ♣r✐♠❡✐r❛
❛❝❡♣çã♦✱ ❢♦r♠✉❧❛❞❛ ♣♦r ❈❛r♥✐❡❧❧✐ ❡ ❡❧❛❜♦r❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦✱ é ❛ ♣❡r❝❡♣çã♦ ❞❡
q✉❡ s❡ tr❛t❛ ❞❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ ❡①♣r❡ss❛r ❞❡ ♠♦❞♦ ❞✐❢❡r❡♥t❡ ❛ ♠❡s♠❛ ❧ó❣✐❝❛✳
❆ ➪❧❣❡❜r❛ ❞❡ ❇♦♦❧❡ ❡①♣r❡ss❛ ❡①❛t❛♠❡♥t❡ ♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝♦✱ ❡
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❡st❛ é ❛ s✉❛ ❢♦rç❛❀ ❡❧❛ ♥ã♦ ✈❡♠ ♣❛r❛ ❛❞✐❝✐♦♥❛r ♠♦❞❛❧✐❞❛❞❡s✱ ♦✉ q✉❛❧q✉❡r ♦✉tr♦
r❡❝✉rs♦ ❡①♣r❡ss✐✈♦ ❛❞✐❝✐♦♥❛❧✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❛ ♣♦❧✐♥♦♠✐③❛çã♦ ♣r❡t❡♥❞❡ ❢❛❝✐❧✐t❛r
♦ tr❛❜❛❧❤♦ ❝♦♠ ❡①❡♠♣❧♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❧ó❣✐❝❛s✱ ❡ tr❛③❡r ❢❡rr❛♠❡♥t❛s ❛❧❣é❜r✐❝❛s
❛♦ ❡st✉❞♦ ❣❡r❛❧ ❞❛s ❧ó❣✐❝❛s ✏t❛✐s ❝♦♠♦ sã♦✑✳

◆❛t✉r❛❧♠❡♥t❡✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ✐♥✈❡st✐❣❛r ❝♦♠♦ ♠✉❞❛ ❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡
✉♠❛ ❧ó❣✐❝❛✱ q✉❛♥❞♦ ❡st❛ é ♣❛r❛❝♦♥s✐st❡♥t✐③❛❞❛✱ t❡♠♣♦r❛❧✐③❛❞❛ ❡t❝✳ ❊st❡ ❛♣❡♥❛s
♥ã♦ é ♦ ❡s❝♦♣♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

P♦❧✐♥ô♠✐♦s ❡ ▼❛t❡♠át✐❝❛

❖✉tr❛ ❧✐♥❤❛ ❞❡ ❥✉st✐✜❝❛t✐✈❛ ♣❛r❛ ♦ ✉s♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❛❞✈é♠ ❞♦ q✉❛♥t♦ tê♠ s❡
♠♦str❛❞♦ ❢r✉tí❢❡r♦s ❡♠ ▼❛t❡♠át✐❝❛✳ ❆ s❡❣✉✐r✱ ✐❧✉str❛♠♦s ❡st❡ ❢❡♥ô♠❡♥♦ ❝♦♠
três ❡①❡♠♣❧♦s✱ ❧✐st❛❞♦s ❡♠ ♦r❞❡♠ ❝r♦♥♦❧ó❣✐❝❛✳ ❖ ✜♦ ❝♦♥❞✉t♦r q✉❡ ♣❛ss❛ ♣♦r
t♦❞♦s ♦s três é ♦ ♠❡s♠♦ q✉❡ ❞á ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦ s✉❛ ❢♦rç❛ ❡ ✉t✐❧✐❞❛❞❡✿ ♦
❢❛t♦ ❞❡ q✉❡ ✉♠❛ ❡①♣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧✱ ❡s♣❡❝✐❛❧♠❡♥t❡ s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❞❡q✉❛❞♦✱
❝♦♥té♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✏✜♥✐t❛✑ ❞❡ ✐♥❢♦r♠❛çã♦✳

◆♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦✱ ❡st❛ ❤❡✉ríst✐❝❛ s❡ ♠❛♥✐❢❡st❛ ♥❛ ❢❛❝✐❧✐❞❛❞❡ ❞❡ ❝❛❧❝✉❧❛r
r❛í③❡s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦✳ ◆♦ s❡❣✉♥❞♦✱ ✉s❛✲s❡ q✉❡✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡
❢❡❝❤❛❞♦✱ ❛ ✐♥❢♦r♠❛çã♦ ✏✜♥✐t❛✑ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ✈❡♠ ❞❛❞❛ ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛
❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ r❛í③❡s✳ P♦r ✜♠✱ ♥♦ t❡r❝❡✐r♦ ❡①❡♠♣❧♦✱ ❛ ❡①♣r❡ssã♦
❞❡ ✉♠❛ sér✐❡ ✐♥✜♥✐t❛ ❡♠ t❡r♠♦s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ é ✉♠ r❡✢❡①♦ ❞♦ ❢❛t♦ ❞❡ q✉❡
❛ sér✐❡ é ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ ✏q✉❛♥t✐❞❛❞❡ ✜♥✐t❛✑ ❞❡ ✐♥❢♦r♠❛çã♦ ✖ s❡✉s ❞♦✐s
♣r✐♠❡✐r♦s t❡r♠♦s✳

❚❡♦r❡♠❛ ❞❡ ❚❛②❧♦r

❖ ♣r✐♠❡✐r♦ ❡♠♣r❡❣♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❚❛②❧♦r✱ ❢❡✐t♦ ♣♦r s❡✉ ♣ró♣r✐♦ ❛✉t♦r✱ ❢♦✐ ❝♦♠♦
♠❡❝❛♥✐s♠♦ ❝❛❧❝✉❧❛❝✐♦♥❛❧ ♣❛r❛ ❡♥❝♦♥tr❛r r❛í③❡s ❛♣r♦①✐♠❛❞❛s ❞❡ ❡q✉❛çõ❡s ❬✷✵❪✳

❙❡✉ ♠ét♦❞♦ ❡r❛ ♠❛✐s ♦✉ ♠❡♥♦s ♦ s❡❣✉✐♥t❡✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ✭❡✈✐t❛♠♦s
❡s❝r❡✈❡r f : R → R ♣♦rq✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✏❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s✑ ❛✐♥❞❛
♥ã♦ ❡st❛✈❛ ❢♦r♠❛❞♦✮✱ ❡ a ✉♠❛ r❛✐③ ❛♣r♦①✐♠❛❞❛ ❞❛ ❡q✉❛çã♦ f(x) = 0✳ ❈♦♥s✐❞❡r❡
♦ ✈❛❧♦r ❞❡ f ❡♠ a✱ ❜❡♠ ❝♦♠♦ ❞❡ s✉❛s ❞❡r✐✈❛❞❛s✱ ❞❡♥♦t❛❞♦s f(a), f ′(a), f ′′(a)
❡t❝✳ ❉❡✜♥❛ h ♣♦r x = a + h✱ ❡ ❡s❝r❡✈❛ ❛ sér✐❡

f(x) = f(a + h) = f(a) +
f ′(a)

1!
h +

f ′′(a)

2!
h2 + . . .

❆❣♦r❛ ❞❡s♣r❡③❡ ♦s t❡r♠♦s ❞❡ ❣r❛✉ ♠❛✐♦r q✉❡ 2 ❡♠ h✱ ♦❜t❡♥❞♦ ✉♠❛ ❡q✉❛çã♦
❛♣r♦①✐♠❛❞❛

0 = f(a) +
f ′(a)

1!
h +

f ′′(a)

2!
h2

❘❡s♦❧✈❛ ❛ ❡q✉❛çã♦ q✉❛❞rát✐❝❛ ♣❛r❛ ❡♥❝♦♥tr❛r h✳ ❖❜té♠✲s❡✱ ❛ss✐♠✱ ✉♠ ♥♦✈♦
✈❛❧♦r a′ = a+h ♣❛r❛ ❛ r❛✐③ ❛♣r♦①✐♠❛❞❛✱ ❡ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ♥♦✈❛♠❡♥t❡✳
➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❡st❡ ♠ét♦❞♦✱ ❛♣❡s❛r ❞❡ s✐♠♣❧❡s✱ ❡stá r❡s❣✉❛r❞❛❞♦ ❞❡
♣❛r❛r ❛❜r✉♣t❛♠❡♥t❡ ✭♦❜t❡♥❞♦ h = 0 ❡♠ ❛❧❣✉♠❛ ✐t❡r❛çã♦✮✱ ♣♦✐s ✐st♦ só ♣♦❞❡
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♦❝♦rr❡r s❡ ♦ t❡r♠♦ ❝♦♥st❛♥t❡ ❞❛ ❡①♣r❡ssã♦ q✉❛❞rát✐❝❛ ❛❝✐♠❛✱ f(a)✱ ❢♦r ♥✉❧♦ ✖
✐st♦ é✱ s❡ ❛ r❛✐③ ❛♣r♦①✐♠❛❞❛ a ❢♦r ✉♠❛ r❛✐③ ❞❡ ❢❛t♦✳

➪❧❣❡❜r❛ ▲✐♥❡❛r

❯♠ ❡♠♣r❡❣♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❡❧❡❣❛♥t❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥❛ ✈❡rt❡♥t❡ ✏❝♦♥❝❡✐t✉❛❧✑ é
❛q✉❡❧❡ ✐♥✐❝✐❛❞♦ ♣♦r ❊✉❧❡r ♥❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳

❊✉❧❡r ❡st❛✈❛ ✐♥t❡r❡ss❛❞♦ ❡♠ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s R
n → R

n✱ ♦✉✱ ♥❛ ❧✐♥✲
❣✉❛❣❡♠ ❞❛ é♣♦❝❛✱ ❡♠ ♠❛tr✐③❡s q✉❛❞r❛❞❛s ❝♦♠ ❡♥tr❛❞❛s ❝♦♠♣❧❡①❛s❀ ❡♠ ♣❛rt✐❝✉✲
❧❛r✱ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ❛✉t♦✈❛❧♦r❡s ❞❡ ✉♠❛ ♠❛tr✐③ A✱ ✐st♦ é✱ ✉♠ ♥ú♠❡r♦
λ t❛❧ q✉❡ ❡①✐st❛ ❛❧❣✉♠ x ∈ R

n ✭✉♠ ✏✈❡t♦r✲❝♦❧✉♥❛✑✮ ♥ã♦✲♥✉❧♦ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡
Ax = λx✳ ❊st❡ ♣r♦❜❧❡♠❛ s✉r❣✐✉ ❞✉r❛♥t❡ ✐♥✈❡st✐❣❛çõ❡s s♦❜r❡ ❛ r♦t❛çã♦ ❞❡ ❝♦r♣♦s
rí❣✐❞♦s✱ ❡ t❡♠ ❡♥❝♦♥tr❛❞♦ ❛s ♠❛✐s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❞❡s❞❡ ❡♥tã♦✿ ❞♦ ❛❧❣♦r✐t♠♦
❞❡ ❜✉s❝❛ ❞♦ ●♦♦❣❧❡ às ❡q✉❛çõ❡s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✳

❙❡ ❞❡♥♦t❛♠♦s ♣♦r I ❛ tr❛♥s❢♦r♠❛çã♦ ✐❞❡♥t✐❞❛❞❡ ✭✐✳❡✳ ❛ ♠❛tr✐③ ❝♦♠ t♦❞♦s
♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ ✐❣✉❛✐s ❛ 1✱ ❡ ♦s ❞❡♠❛✐s ✐❣✉❛✐s ❛ 0✮✱ s❡❣✉❡ ❞❛s ♣r♦✲
♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ á❧❣❡❜r❛ ♠❛tr✐❝✐❛❧ q✉❡ ❛ ❡q✉❛çã♦ Ax = λx é ❡q✉✐✈❛❧❡♥t❡ ❛
(A − λI)x = 0✳ ❙❡ ❞❡s❡❥❛♠♦s q✉❡ ❡①✐st❛ ✉♠❛ s♦❧✉çã♦ x 6= 0✱ ❡♥tã♦ ❛ ♠❛tr✐③
A − λI ♥ã♦ ❞❡✈❡ s❡r ✐♥✈❡rsí✈❡❧✱ ❡ ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r s❛❜❡♠♦s q✉❡ ✐st♦ ❡q✉✐✈❛❧❡
❛ det(A − λI) = 0✳ ❉❡st❡ ♠♦❞♦✱ ✉♠❛ ♣❡r❣✉♥t❛ ❛♣❛r❡♥t❡♠❡♥t❡ ❞✐❢í❝✐❧ s♦❜r❡
♦❜❥❡t♦s ❝♦♠♣❧❡①♦s ❢♦✐ r❡❞✉③✐❞❛ ❛ ✉♠❛ q✉❡stã♦ ♣♦❧✐♥♦♠✐❛❧✱ ♣♦✐s✱ ♣❡❧❛ ❝♦♥❤❡❝✐❞❛
❡①♣r❡ssã♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡✱ det(A−λI) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ λ✱ ❝❤❛♠❛❞♦ ♣♦❧✐♥ô✲
♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ A ❡ ❞❡♥♦t❛❞♦ pA(λ)✳

❆tr❛✈és ❞❡st❛ r❡❞✉çã♦✱ ✈ár✐❛s té❝♥✐❝❛s✱ ❝♦♠♦ ❛ ❞❡ ❚❛②❧♦r✱ ♣♦❞❡♠ s❡r ❞❡
❛❥✉❞❛✳ ▼❛✐s ❛✐♥❞❛✱ ♦❜t❡♠♦s r❡s✉❧t❛❞♦s ♣✉r❛♠❡♥t❡ t❡ór✐❝♦s✱ ♥❛❞❛ tr✐✈✐❛✐s✱ ❝♦♠♦✿

❚❡♦r❡♠❛ ✶ ◗✉❛❧q✉❡r ♠❛tr✐③ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s✳

❚❡♦r❡♠❛ ✷ ❙❡ ♣❡r♠✐t✐♠♦s ❛✉t♦✈❛❧♦r❡s ❝♦♠♣❧❡①♦s✱ ❡♥tã♦ t♦❞❛ ♠❛tr✐③ ♣♦ss✉✐ ❛♦
♠❡♥♦s ✉♠ ❛✉t♦✈❛❧♦r ✭♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ➪❧❣❡❜r❛✮✳

▼❛t❡♠át✐❝♦s ❞♦ sé❝✉❧♦ ❳■❳ ❢♦r❛♠ ❛✐♥❞❛ ♠❛✐s ❧♦♥❣❡✱ ❡ ❝♦♥s✐❞❡r❛r❛♠ ♣♦❧✐♥ô✲
♠✐♦s ❡♠ q✉❡ ❛s ✈❛r✐á✈❡✐s sã♦ ♥ã♦ ❛♣❡♥❛s ♥ú♠❡r♦s✱ ♠❛s t❛♠❜é♠ ♠❛tr✐③❡s✳ ❖
♣r♦❞✉t♦ ❡ s♦♠❛ ♠❛tr✐❝✐❛✐s ❧❡✈❛♠ ❛ ✉♠❛ ❞❡✜♥✐çã♦ ♥❛t✉r❛❧ ♣❛r❛ ❡st❡ ❝❛s♦✳

❯♠ ❞♦s t❡♦r❡♠❛s ❝❡♥tr❛✐s ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱ ♦ ❝❤❛♠❛❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲
❍❛♠✐❧t♦♥✱ ❧❛♥ç❛ ♠ã♦ ❞♦ s❡❣✉♥❞♦ ❢❛t♦ ❛❝✐♠❛✱ ♣♦t❡♥❝✐❛❧✐③❛❞♦ ♣♦r ✉♠ ♣r♦❝❡ss♦
❞❡ ✐♥❞✉çã♦ ♥❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦✱ ♣❛r❛ ♠♦str❛r q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ A é r❛✐③
❞❡ s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✱ s❡ ❡st❡♥❞❡♠♦s ❛ ♥♦çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ❝♦♥❢♦r♠❡
❞❡s❝r✐t♦ ❛❝✐♠❛✿ pA(A) = 0✳ ❉❛í ♦❜t❡♠♦s ♠❛✐s ✉♠ r❡s✉❧t❛❞♦ t❡ór✐❝♦✿

❚❡♦r❡♠❛ ✸ ❙❡ ♦ ú♥✐❝♦ ❛✉t♦✈❛❧♦r ❝♦♠♣❧❡①♦ ❞❡ A é 0✱ ❡♥tã♦ A é ♥✐❧♣♦t❡♥t❡❀ ❡♠
♣❛rt✐❝✉❧❛r✱ An = 0✳

❈♦♠❜✐♥❛tór✐❛

■❧✉str❛♠♦s ❜r❡✈❡♠❡♥t❡ ♦ ✉s♦ ❞❡ sér✐❡s ✐♥✜♥✐t❛s ❡♠ ❈♦♠❜✐♥❛tór✐❛✱ ♣❛r❛ q✉❡ ♦
❧❡✐t♦r ❡st❡❥❛ ❛ ♣❛r ❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❡r❛✐s ❡ ♣♦ss❛ ❛❞♠✐r❛r ❛ ✈❛r✐❡❞❛❞❡ ❞❡
❛♣❧✐❝❛çõ❡s ❞♦s ❝♦♥❝❡✐t♦s ❞❡ ♣♦❧✐♥ô♠✐♦ ❡ sér✐❡✳
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❆ ❜❡♠ ❝♦♥❤❡❝✐❞❛ s❡qüê♥❝✐❛ ❞❡ ❋✐❜♦♥❛❝❝✐✱ F0, F1, F2, . . .✱ é ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡
♠♦❞♦✿ F0 = F1 = 1 ❡✱ ♣❛r❛ n ≥ 2✱ Fn = Fn−1 + Fn−2✳ ❖s ♣r✐♠❡✐r♦s t❡r♠♦s
sã♦ 1, 1, 2, 3, 5, 8, . . .✳ ❯♠ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ é ❡♥❝♦♥tr❛r ✉♠❛ ❢ór♠✉❧❛ ❢❡❝❤❛❞❛
♣❛r❛ ♦ n✲és✐♠♦ t❡r♠♦✱ Fn❀ ❡♥t❡♥❞❡♠♦s ✏❢ór♠✉❧❛ ❢❡❝❤❛❞❛✑ ❝♦♠♦ ✉♠❛ ❡①♣r❡ssã♦
❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s s♦♠❛s✱ ♣r♦❞✉t♦s✱ ❡①♣♦♥❡♥❝✐❛çã♦ ❡ ❝♦♥st❛♥t❡s✱ ❝♦♠♦ 2n ♦✉
3 + n2✳

❯♠❛ té❝♥✐❝❛ ✐♥tr♦❞✉③✐❞❛ ♣♦r ▲❛❣r❛♥❣❡ ♥♦ sé❝✉❧♦ ❳❱■■■✱ à ♣r✐♠❡✐r❛ ✈✐st❛
s✉r♣r❡❡♥❞❡♥t❡✱ é ❝♦♥s✐❞❡r❛r ❛ sér✐❡ ✐♥✜♥✐t❛

F (x) =
∑

n≥0

Fnxn

Pr✐♠❡✐r♦✱ ♥♦t❛♠♦s q✉❡ ✉♠❛ ♣r♦✈❛ ✐♥❞✉t✐✈❛ s✐♠♣❧❡s ♠♦str❛ q✉❡ Fn ≤ 2n✱
❞❡ ♠♦❞♦ q✉❡ ❛ sér✐❡ ❛❝✐♠❛ ❝♦♥✈❡r❣❡ ♣❛r❛ 0 ≤ x < 1/2✳ ❆♣❧✐❝❛♥❞♦ ❛ r❡❧❛çã♦
❞❡✜♥✐❞♦r❛ ❞❛ s❡qüê♥❝✐❛ ❞❡ ❋✐❜♦♥❛❝❝✐✱ t❡♠♦s

F (x) =
∑

n≥0

Fnxn = 1 + x +
∑

n≥2

(Fn−1 + Fn−2)x
n

= 1 + x +
∑

n≥2

Fn−1x
n +

∑

n≥2

Fn−2x
n

= 1 + x + x ·
∑

n≥2

Fn−1x
n−1 + x2 ·

∑

n≥2

Fn−2x
n−2

= 1 + x + x ·
∑

n≥1

Fnxn + x2 ·
∑

n≥0

Fnxn

= 1 + x ·
∑

n≥0

Fnxn + x2 ·
∑

n≥0

Fnxn

= 1 + x · F (x) + x2 · F (x)

❞♦♥❞❡ ❞❡❞✉③✐♠♦s q✉❡

F (x) =
1

1 − x − x2

❊st❛ ❝✉r✐♦s❛ ❡①♣r❡ssã♦ ♣♦❞❡ ♣❛r❡❝❡r tã♦ ❡♥✐❣♠át✐❝❛ q✉❛♥t♦ ❛ s❡qüê♥❝✐❛ ♦r✐❣✲
✐♥❛❧✱ ♠❛s ❡st❛♠♦s ♥❛ ♣♦s✐çã♦ ✈❛♥t❛❥♦s❛ ❞❡ t❡r tr♦❝❛❞♦ ✉♠ ♦❜❥❡t♦ ❞✐s❝r❡t♦
♣♦r ♦✉tr♦✱ ❛♥❛❧ít✐❝♦✱ s♦❜r❡ ♦ q✉❛❧ t❛❧✈❡③ ♣♦ss❛♠♦s ❛♣❧✐❝❛r té❝♥✐❝❛s ❞♦ ❈á❧✲
❝✉❧♦✳ P♦ré♠✱ ♥❡st❡ ❝❛s♦ ❡♠ ♣❛rt✐❝✉❧❛r ❛❧❣♦ ❛✐♥❞❛ ♠❛✐s s✐♠♣❧❡s é s✉✜❝✐❡♥t❡✳
P❡❧❛ ❢ór♠✉❧❛ q✉❛❞rát✐❝❛✱ s❛❜❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ 1 − x − x2 ♣♦ss✉✐ ❞✉❛s
r❛í③❡s r❡❛✐s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s α = −1+

√
5

2 ❡ − 1
α == −1−

√
5

2 ✳ ❊s❝r❡✈❡♥❞♦
1 − x − x2 = (x − α)(x + 1

α )✱ t❡♠♦s

F (x) =
1√
5

(

1

α − x
+

1

x + 1
α

)

=
1√
5

(

1

α

1

1 − x
α

+ α
1

1 + αx

)

❆❣♦r❛✱ t❡♥❞♦ ❡♠ ♠❡♥t❡ q✉❡✱ ♣❛r❛ 0 ≤ x < 1/2✱ t❛♥t♦ x
α q✉❛♥t♦ αx sã♦

♠❡♥♦r❡s q✉❡ 1✱ ✉s❛♠♦s ❛ ❢ór♠✉❧❛ ❞❛ sér✐❡ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❡s❝r❡✈❡r
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1

1 − x
α

= 1 +
x

α
+

(x

α

)2

+
(x

α

)3

+ . . .

1

1 + αx
= 1 + αx + (αx)

2
+ (αx)

3
+ . . .

❆❣r✉♣❛♥❞♦ ♦s t❡r♠♦s ❞❡ ♠❡s♠♦ ❣r❛✉✱ ♦❜t❡♠♦s

F (x) =
∑

n≥0

1√
5

(

1

αn+1
+ αn+1

)

xn

❈♦♠♣❛r❛♥❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ✐♥✐❝✐❛❧✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛✱ q✉❡ ❞✐✜❝✐❧✲
♠❡♥t❡ s❡r✐❛ ❡✈✐❞❡♥t❡ à ♣r✐♠❡✐r❛ ✈✐st❛✿

Fn =
1√
5

(

1

αn+1
+ αn+1

)

.



❈❛♣ít✉❧♦ ✶

▲ó❣✐❝❛s ❡ P♦❧✐♥ô♠✐♦s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✐♥✐❝✐❛♠♦s ♥♦ss❛ ✐♥✈❡st✐❣❛çã♦ s♦❜r❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣r❡ss❛r
✈ár✐♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❞❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❡♠ t❡r♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ❆s
♣r✐♠❡✐r❛s t❛r❡❢❛s ✐♥❝❧✉❡♠ s❡❧❡❝✐♦♥❛r ✉♠❛ ❝❧❛ss❡ ❞❡ ❧ó❣✐❝❛s ❝♦♠ ❛ q✉❛❧ tr❛❜❛❧❤❛r✱
❡ ❡①♣❧♦r❛r ♦s ✈ár✐♦s ❞♦♠í♥✐♦s s♦❜r❡ ♦s q✉❛✐s s❡ ♣♦❞❡ ❞❡✜♥✐r ♣♦❧✐♥ô♠✐♦s✳

❆ ✜♥❛❧✐❞❛❞❡ é ❣✉✐❛r ♦s ❡s❢♦rç♦s ❞♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ❡♠ q✉❡ ❡❢❡t✐✈❛♠❡♥t❡
♣♦❧✐♥♦♠✐③❛♠♦s ❧ó❣✐❝❛s ❡ t❡♥t❛♠♦s ❞❡t❡r♠✐♥❛r s❡ ❛ ♣♦❧✐♥♦♠✐③❛çã♦ tr❛③ ❜❡♥❡❢í❝✐♦s✿
q✉❡r ❝❛❧❝✉❧❛❝✐♦♥❛✐s✱ ♣❡r♠✐t✐♥❞♦ ❝♦♠♣✉t❛çõ❡s rá♣✐❞❛s ❡♠ ✈ár✐❛s ❧ó❣✐❝❛s❀ q✉❡r
❝♦♥❝❡✐t✉❛✐s✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ❞❡♠♦♥str❛çõ❡s ♠❛✐s s✐♠♣❧❡s✱ ♦✉ ❛♦ ♠❡♥♦s ♥♦✈❛s✱
❞❡ ❢❛t♦s ❥á ❝♦♥❤❡❝✐❞♦s ❞❛ ▲ó❣✐❝❛✳

✶✳✶ ▲ó❣✐❝❛s Pr♦♣♦s✐❝✐♦♥❛✐s

■♥✐❝✐❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠❛ ❡①♣❧♦r❛çã♦ ❞♦s ♣♦ssí✈❡✐s t✐♣♦s ❞❡ ♣♦❧✐♥ô♠✐♦ q✉❡
♣♦❞❡♠ s❡ ❛❞❡q✉❛r ❛ ❡st❛ t❛r❡❢❛✱ ❡st❡♥❞❡♥❞♦ ❛s ✐♥✈❡st✐❣❛çõ❡s ❞❡ ❈❛r♥✐❡❧❧✐ ❬✶✶❪✳
P❛r❛ t❛♥t♦✱ ❞❡❧✐♠✐t❛♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ❞✐t❛s t❛rs❦✐❛♥❛s✱
❝♦♠ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s ❬✶✵❪✳

❉❡✜♥✐çã♦ ✶ ❙❡❥❛ V ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❡ C ✉♠ ❝♦♥❥✉♥t♦ ❞❡ sí♠❜♦❧♦s ❞❡
❢✉♥çã♦✳ P❛r❛ ❝❛❞❛ n ♥❛t✉r❛❧✱ ❞❡♥♦t❛♠♦s ♣♦r Cn ♦ s✉❜❝♦♥❥✉♥t♦ ❞♦s sí♠❜♦❧♦s ❞❡
❛r✐❞❛❞❡ n✳ ❆ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s s♦❜r❡ (V, C) é ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ❧✐✈r❡♠❡♥t❡
♣❡❧♦s sí♠❜♦❧♦s ❞❡ C✱ ✉s❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ V ❝♦♠♦ ✈❛r✐á✈❡✐s✳ ◆♦s r❡❢❡r✐r❡♠♦s
❛♦s ❡❧❡♠❡♥t♦s ❞❡ C ❝♦♠♦ ✏❝♦♥❡❝t✐✈♦s✑✳

❯s❛r❡♠♦s ♦ t❡r♠♦ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s s♦❜r❡ C q✉❛♥❞♦ ♥ã♦ ❢♦r ✐♠♣♦rt❛♥t❡
q✉❛❧ é ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s✱ ♦✉ ❛♣❡♥❛s á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s q✉❛♥❞♦ ♥ã♦ ❢♦r
♥❡❝❡ssár✐♦ ❡s♣❡❝✐✜❝❛r s❡q✉❡r ♦s sí♠❜♦❧♦s ❞❡ ❢✉♥çã♦✳ ❉❡ ❢❛t♦✱ s❡rá ❜❛st❛♥t❡ r❛r♦
❛tr✐❜✉✐r♠♦s ❛❧❣✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❡s♣❡❝í✜❝♦ ❞❡ ✈❛r✐á✈❡✐s✿ ❞❛❞♦s
❞♦✐s ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s V,V ′✱ q✉❛❧q✉❡r ❜✐❥❡çã♦ V → V ′ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛✱
❞❡ ♠♦❞♦ ❝❛♥ô♥✐❝♦✱ ❛ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❛s á❧❣❡❜r❛s ❞❡ ❢ór♠✉❧❛s s♦❜r❡ (V, C)
❡ s♦❜r❡ (V ′, C)✳

✷✸
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❉❡✜♥✐çã♦ ✷ ❯♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ L é ❝♦♠♣♦st❛ ♣♦r ❞♦✐s ♦❜❥❡t♦s✿

❼ ❯♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❡❝t✐✈♦s CL✳ ❉❡♥♦t❛♠♦s
❡st❛ á❧❣❡❜r❛ ♣♦r For(L)✱ ❡ ♦ ❝♦♥❥✉♥t♦ s✉❜❥❛❝❡♥t❡ ❞❡ ✈❛r✐á✈❡✐s ♣♦r VL❀

❼ ❯♠❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ ⊢L⊆ 2For(L) ×For(L)✱ ❞❡♥♦♠✐♥❛❞❛ ✏❞❡ ❝♦♥✲
s❡qüê♥❝✐❛✑✱ ♦✉ ✏❞❡❞✉③✑✳

❆ ❧ó❣✐❝❛ é t❛rs❦✐❛♥❛ s❡ ❛ r❡❧❛çã♦ ⊢L s❛t✐s❢❛③ às s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✱ ♣❛r❛
q✉❛✐sq✉❡r α, β ∈ For(L) ❡ Γ,∆ ⊆ For(L)✿

✶✳ ❙❡ α ∈ Γ✱ ❡♥tã♦ Γ ⊢L α✳ ✭❘❡✢❡①✐✈✐❞❛❞❡✮

✷✳ ❙❡ Γ ⊢L α ❡ Γ ⊆ ∆✱ ❡♥tã♦ ∆ ⊢L α✳ ✭▼♦♥♦t♦♥✐❝✐❞❛❞❡✮

✸✳ ❙❡ Γ, α ⊢L β ❡ ∆ ⊢L α✱ ❡♥tã♦ Γ,∆ ⊢L β✳ ✭❈♦rt❡✮

❊st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛s ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s t❛rs❦✐❛♥❛s✳
◆❡st❛ ❝❧❛ss❡ ❞❡ ❧ó❣✐❝❛s✱ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ ❣♦③❛ ❞❡ ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❢❛✲
❝✐❧✐t❛♠ s❡✉ ♠❛♥❡❥♦✱ ❡ q✉❡ ❝♦♠✉♠❡♥t❡ s❡ ❛ss♦❝✐❛♠ ❛♦ ♣r♦❝❡ss♦ ❞❡ ❞❡❞✉③✐r ❝❡rt❛s
❢ór♠✉❧❛s t❡♥❞♦ ♦✉tr❛s ❝♦♠♦ ❤✐♣ót❡s❡✳ ❆♦ ♠❡s♠♦ t❡♠♣♦✱ ❛ ❝❧❛ss❡ é s✉✜❝✐❡♥t❡✲
♠❡♥t❡ ❣❡r❛❧ ♣❛r❛ ✐♥❝❧✉✐r ❛ ♠❛✐♦r ♣❛rt❡ ❞❛s ❧ó❣✐❝❛s ❣❡r❛❧♠❡♥t❡ ❡st✉❞❛❞❛s✳

Pr✐♠❡✐r♦s ❡①❡♠♣❧♦s ✐♥❝❧✉❡♠ ❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✱ ❝♦♠ ❝♦♥❥✉♥✲
t♦s ❞❡ ❝♦♥❡❝t✐✈♦s ✉♥ár✐♦s {¬} ❡ ❞❡ ❝♦♥❡❝t✐✈♦s ❜✐♥ár✐♦s {∨,∧,→}✱ ❛ss✐♠ ❝♦♠♦
❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ■♥t✉✐❝✐♦♥✐st❛✳ ❉❡ ❢❛t♦✱ ❛s ❧ó❣✐❝❛s t❛rs❦✐❛♥❛s ✐♥❝❧✉❡♠
❞✉❛s ❣r❛♥❞❡s ❢❛♠í❧✐❛s ❞❡ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❞❡ ✐♥t❡r❡ss❡✿ ❛q✉❡❧❛s ❡♠ q✉❡ ❛
r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ é ❞❡✜♥✐❞❛ s✐♥t❛t✐❝❛♠❡♥t❡✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❝á❧❝✉❧♦ ❛①✲
✐♦♠át✐❝♦ ❤✐❧❜❡rt✐❛♥♦✱ ❡ ❛q✉❡❧❛s ❡♠ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ é ❞❡t❡r♠✐♥❛❞❛
s❡♠❛♥t✐❝❛♠❡♥t❡✱ ♣♦r ♠❡✐♦ ❞❡ ✐♥t❡r♣r❡t❛çõ❡s ❞❛s ✈❛r✐á✈❡✐s ❡ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡
❞✐st✐♥❣✉✐❞♦s✳

❚♦r♥❛♠♦s ❡st❛ ❛✜r♠❛çã♦ ♣r❡❝✐s❛ ❡♠ ❞♦✐s ♣❛ss♦s✿ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✺ ❡ ♦
❚❡♦r❡♠❛ ✸✱ ❡ ♠❛✐s t❛r❞❡ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✽ ❡ ♦ ❚❡♦r❡♠❛ ✹✳

✶✳✶✳✶ ❘❡❧❛çõ❡s ❞❡ ❈♦♥s❡qüê♥❝✐❛ ❙✐♥tát✐❝❛s

❆ s❡❣✉✐r✱ t❡♥t❛r❡♠♦s ❞❛r ✉♠❛ ❞❡✜♥✐çã♦ ❛❧❣é❜r✐❝♦✲❝♦♠❜✐♥❛tór✐❛ ❞❛ ❜❡♠ ❝♦♥✲
❤❡❝✐❞❛ ✐❞é✐❛ ❞❡ ✉♠ s✐st❡♠❛ ❛①✐♦♠át✐❝♦ ❤✐❧❜❡rt✐❛♥♦✳ ❆♦ ❢♦r♠✉❧á✲❧❛✱ ♣r✐♦r✐③❛♠♦s
♠❛✐♦r ❣❡♥❡r❛❧✐❞❛❞❡ s♦❜r❡ ♣❡rs♣✐❝✉✐❞❛❞❡✱ ♣♦✐s tr❛t❛✲s❡ ❞❡ ✉♠ ❝♦♥❝❡✐t♦ s✉✜❝✐❡♥✲
t❡♠❡♥t❡ ❢❛♠✐❧✐❛r à ▲ó❣✐❝❛ ♣❛r❛ q✉❡ s❡✉ ❝♦♥t❡①t♦ ❡ ✐♥t❡♥çã♦ s❡❥❛♠ ❝❧❛r♦s✳ ❆❧é♠
❞✐ss♦✱ ❝♦♠ ❡st❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ✈✐s❛♠♦s ❡st❛❜❡❧❡❝❡r ❛ ❛❞❡q✉❛çã♦ ❞❛ ❉❡✜♥✐çã♦
✷✱ ♣❡❧♦ q✉❡ s❡ ❢❛③ ✐♠♣♦rt❛♥t❡ ♦ ♠❛✐♦r ♥í✈❡❧ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✸ ❙❡❥❛ F ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s✳ ❈❤❛♠❛♠♦s ✉♠❛ r❡❧❛çã♦ ⊢0⊆
2F × F ❞❡ r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ♣❛r❛ F s❡ ♦ ❞♦♠í♥✐♦ ❞❡ ⊢0 ❝♦♥s✐st❡ ❛♣❡♥❛s ❞❡
s✉❜❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ F ✳ ■st♦ é✱ ♣❛r❛ ❝❛❞❛ Γ ⊆ F ✱ ❡①✐st❡ α ∈ F t❛❧ q✉❡ Γ ⊢0 α
s♦♠❡♥t❡ s❡ Γ é ✜♥✐t♦✳
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❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛ t❡♠ ❡♠ ✈✐st❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡♠♦♥str❛çã♦ s✐♥tát✐❝❛✱ q✉❡
❢♦r♠✉❧❛♠♦s ❡♠ ❣r❛♥❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❛ s❡❣✉✐r✳ ❱❛❧❡ ♥♦t❛r q✉❡ ❛ ♠❛✐♦r ♣❛rt❡
❞❛s ❧ó❣✐❝❛s tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ❡st✉❞❛❞❛s ❝♦♥t❛ ❝♦♠ ✈ár✐♦s ♠❡❝❛♥✐s♠♦s s✐♥tát✐❝♦s
❞❡♥♦♠✐♥❛❞♦s ✏r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛✑✱ ❡ ♥ã♦ ❛♣❡♥❛s ✉♠✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ❛♣r❡✲
s❡♥t❛çõ❡s ✉s✉❛✐s✱ ❛ ▲ó❣✐❝❛ ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠ ❝♦♥t❛ ❝♦♠ ❛s r❡❣r❛s ❞❡ ▼♦❞✉s
P♦♥❡♥s ❡ ●❡♥❡r❛❧✐③❛çã♦✳

❆ s❡♣❛r❛çã♦ ❞♦s ✈ár✐♦s ♠♦❞♦s ❞❡ ✐♥❢❡rê♥❝✐❛ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡♠ ✉♠ ❝♦♥✲
t❡①t♦ ✜❧♦só✜❝♦✱ ♦✉ q✉❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠❛ ❧ó❣✐❝❛ ❡♠ ♣❛rt✐❝✉❧❛r ❡stã♦
❡♠ q✉❡stã♦✳ P♦ré♠✱ ♣❛r❛ ♦ ♣r❡s❡♥t❡ ✜♠✱ q✉❡ é ❡st❛❜❡❧❡❝❡r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡
t♦❞❛s ❛s ❧ó❣✐❝❛s ❝♦♠ r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛✱ ❡ss❛ ❞✐st✐♥çã♦ ♥ã♦ é ✐♠♣♦rt❛♥t❡✳ ❙❡ sã♦
❞❛❞❛s ✈ár✐❛s r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ⊢0

1, . . . ,⊢0
N⊆ 2F×F ✱ ❞❡✜♥✐♠♦s ⊢0=

⋃

1≤i≤N ⊢0
i

❡ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❡st❛ ú♥✐❝❛ r❡❣r❛ ❞❡ ✐♥❢❡rê♥❝✐❛✳ ❊stá ❝❧❛r♦ q✉❡ Γ ⊢0 α s❡✱
❡ s♦♠❡♥t❡ s❡✱ ♦❝♦rr❡ ❛♦ ♠❡♥♦s ✉♠ ❞♦s Γ ⊢0

i α✳ ■st♦ s❡rá s✉✜❝✐❡♥t❡ ♣❛r❛ ❛s
❛♣❧✐❝❛çõ❡s ❛ s❡❣✉✐r✳ ✭◆♦t❡ q✉❡ ❛ ♠❡s♠❛ ❝♦♥str✉çã♦ ✈❛❧❡ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦
✐♥✜♥✐t♦ ❞❡ r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛✳✮

❉❡✜♥✐çã♦ ✹ ❙❡❥❛ F ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s✱ ❡ ⊢0 r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ♣❛r❛
F ✳ ❙❡ Γ ⊆ F ✱ ✉♠❛ s❡qüê♥❝✐❛ π = α1, . . . , αn é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ s❡✱
❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❝❛❞❛ i ∈ 1, . . . , n✱ ❛♦ ♠❡♥♦s ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é
s❛t✐s❢❡✐t❛✿

✶✳ αi ∈ Γ❀ ♦✉

✷✳ ❊①✐st❡ S ⊆ {α1, . . . , αi−1} t❛❧ q✉❡ S ⊢0 αi✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ αi é ✉♠❛ ✏❤✐♣ót❡s❡✑✱ ❡✱ ♥♦ s❡❣✉♥❞♦✱ q✉❡ αi

✏❞❡❝♦rr❡ ❞❡ S ♣❡❧❛s r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛✑✳ ✭◆♦t❡ q✉❡ ❡st❡s ❝❛s♦s ♥ã♦ sã♦ ♠✉t✉✲
❛♠❡♥t❡ ❡①❝❧✉s✐✈♦s✳✮

❙❡ α1, . . . , αn é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ✱ ❞✐③❡♠♦s q✉❡ é ✉♠❛ ♣r♦✈❛ ❞❡ α ❛
♣❛rt✐r ❞❡ Γ s❡ αn = α✱ ❡ q✉❡ |π| = n é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♣r♦✈❛✳ ❋✐♥❛❧♠❡♥t❡✱
❞❡♥♦t❛♠♦s ♣♦r π(i) ❛ i✲és✐♠❛ ❢ór♠✉❧❛ ❞❡ π✳

❆q✉✐ t❛♠❜é♠ ❞✐✈❡r❣✐♠♦s ✉♠ ♣♦✉❝♦ ❞❛ tr❛❞✐çã♦ ❝♦♠ ❛ t❡r♠✐♥♦❧♦❣✐❛ ✏♣r♦✈❛ ❛
♣❛rt✐r ❞❡ Γ✑✱ s❡♠ ❡s♣❡❝✐✜❝❛r ❞❡ q✉❡ ♣r♦♣♦s✐çã♦✱ ❡①❛t❛♠❡♥t❡✱ é ❛ ♣r♦✈❛✳ ❋❛③❡♠♦s
✐st♦ ♣♦rq✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ✏s❡r ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ✑ é ♠✉✐t♦ ✢❡①í✈❡❧✿ ❝♦♠♦
✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ♣♦❞❡♠♦s ✏✐♥t❡rr♦♠♣❡r✑ ✉♠❛ t❛❧ ♣r♦✈❛ π✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛r
❛♣❡♥❛s ✉♠ tr❡❝❤♦ ✐♥✐❝✐❛❧ π′ = π(1), . . . , π(k)✱ ❡ ❡st❡ ❛✐♥❞❛ é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r
❞❡ Γ✳ P♦ré♠✱ ❢❛t♦ ❛♥á❧♦❣♦ ♥ã♦ s❡ ✈❡r✐✜❝❛ ♣❛r❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s r❡str✐t❛ ✏s❡r
✉♠❛ ♣r♦✈❛ ❞❡ α ❛ ♣❛rt✐r ❞❡ Γ✑✱ ✉♠❛ ✈❡③ q✉❡ ❛ ú❧t✐♠❛ ❢ór♠✉❧❛ ❞♦ tr❡❝❤♦ π′ é✱ ❡♠
❣❡r❛❧✱ ❞✐❢❡r❡♥t❡ ❞❛ ú❧t✐♠❛ ❢ór♠✉❧❛ ❞❛ ♣r♦✈❛ ♦r✐❣✐♥❛❧ π✳ ❊st❛ ✢❡①✐❜✐❧✐❞❛❞❡ s❡rá
✐♠♣♦rt❛♥t❡ ♥♦s ❛r❣✉♠❡♥t♦s ✐♥❞✉t✐✈♦s ❛ s❡❣✉✐r✳

❈♦♠ ❡st❛s ♣r❡❧✐♠✐♥❛r❡s✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡✜♥✐r ❛s ❧ó❣✐❝❛s ❤✐❧❜❡rt✐❛♥❛s✱
❡♠ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ s❡ ❛♣ó✐❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❞❡♠♦♥str❛çõ❡s s✐♥✲
tát✐❝❛s✳ ❖ ú♥✐❝♦ ✐♥❣r❡❞✐❡♥t❡ ❢❛❧t❛♥t❡ ❛té ❛❣♦r❛ é ❛ ♥♦çã♦ ❞❡ ❛①✐♦♠❛✱ q✉❡ é
❢❛❝✐❧♠❡♥t❡ ✐♥❝❧✉í❞♦✳

❉❡✜♥✐çã♦ ✺ ❯♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ L é ❞✐t❛ ❤✐❧❜❡rt✐❛♥❛ s❡ ❤á ✉♠ s✉❜❝♦♥✲
❥✉♥t♦ A ⊆ For(L) ✭♦s ✏❛①✐♦♠❛s✑✮ ❡ r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ⊢0

L ♣❛r❛ For(L)✱ q✉❡✱ ❥✉♥✲
t♦s✱ ❝❛r❛❝t❡r✐③❛♠ ✐♥t❡✐r❛♠❡♥t❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ ⊢L ❞❡ L✱ ❞❛ s❡❣✉✐♥t❡
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❢♦r♠❛✳ P❛r❛ q✉❛✐sq✉❡r Γ ⊆ For(L) ❡ α ∈ For(L)✱ t❡♠✲s❡ Γ ⊢L α s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❤á ✉♠❛ ♣r♦✈❛ ❞❡ α ❛ ♣❛rt✐r ❞❡ Γ ∪ A✳

❆ r❡❧❡✈â♥❝✐❛ ❤✐stór✐❝❛ ❞♦s ❝á❧❝✉❧♦s ❛①✐♦♠át✐❝♦s é ❜❡♠ ❝♦♥❤❡❝✐❞❛ ❬✸✹❪✱ ❡ ❛
♠❛✐♦r ♣❛rt❡ ❞❛s ❧ó❣✐❝❛s ❡st✉❞❛❞❛s ❛t✉❛❧♠❡♥t❡ ♣♦ss✉✐ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❡♠ t❡r✲
♠♦s ❤✐❧❜❡rt✐❛♥♦s ❬✶✵✱ ✷✶❪✳ ▼❡s♠♦ ❛s ❧ó❣✐❝❛s ♥ã♦✲♣r♦♣♦s✐❝✐♦♥❛✐s✱ ✈✐❛ ❞❡ r❡❣r❛✱
❝♦♥t❛♠ ❝♦♠ ✉♠ s✐st❡♠❛ ❛①✐♦♠át✐❝♦ ❢♦rt❡♠❡♥t❡ ❛♥á❧♦❣♦ ❛♦ ❞❛ ❉❡✜♥✐çã♦ ✺✳ P♦r
✐ss♦✱ é ❞❡ ✐♥t❡r❡ss❡ ❡st❛❜❡❧❡❝❡r ♦ ❚❡♦r❡♠❛ ✸✳

❘❡s✉♠✐♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s s✐♠♣❧❡s ❞❡ ♣r♦✈❛s ♣❛r❛ ✉s♦ ❢✉t✉r♦ ❝♦♠ ❞♦✐s
▲❡♠❛s✳ ❖ ♣r✐♠❡✐r♦ é ✉♠❛ ❡①♣r❡ssã♦ r❡❝✉rs✐✈❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ✏s❡r ✉♠❛ ♣r♦✈❛✑✱ ❡
❡♥❢❛t✐③❛ ♦ ❝❛rát❡r ✏❧♦❝❛❧✑ ❞❡st❛s✱ ♠♦str❛♥❞♦ q✉❡ é ♣♦ssí✈❡❧ ❡♥❝✉rt❛r ♦✉ ♣r♦❧♦♥❣❛r
✉♠❛ ♣r♦✈❛ ✭❞❡ ♠♦❞♦ ❛ ♠❛♥t❡r ♦ st❛t✉s ❞❡ ♣r♦✈❛✮ s❡♠ ♠✉✐t❛s ❞✐✜❝✉❧❞❛❞❡s✳

▲❡♠❛ ✶ ❙❡❥❛ F ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s ❝♦♠ r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ⊢0✳ ❊♥✲
tã♦ π = α1, . . . , αn, αn+1 é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ π′ =
α1, . . . , αn é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ✱ ❡ αn+1 é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Γ ♦✉ ❞❡❝♦rr❡
❞❡ ❛❧❣✉♠ S ⊆ {α1, . . . , αn} ♣♦r ⊢0✳

❉❡♠♦♥str❛çã♦✳ ❙❡ π é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, . . . , n+
1}✱ ❛ ❢ór♠✉❧❛ αi s❛t✐s❢❛③ αi ∈ Γ ♦✉ ❤á S ⊆ {α1, . . . , αi−1} t❛❧ q✉❡ S ⊢0 αi✳ ❊♠
♣❛rt✐❝✉❧❛r✱ ✐st♦ ✈❛❧❡ ♣❛r❛ ❝❛❞❛ i ∈ {1, . . . , n}✱ ♠♦str❛♥❞♦ q✉❡ π′ é ✉♠❛ ♣r♦✈❛ ❛
♣❛rt✐r ❞❡ Γ✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ π é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ s❡ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ s❡
✈❡r✐✜❝❛♠ ♣❛r❛ i ∈ {1, . . . , n + 1}✳ ❖ ❢❛t♦ ❞❡ π′ s❡r ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ
❣❛r❛♥t❡ q✉❡ ✈❛❧❡♠ ♣❛r❛ i ∈ {1, . . . , n}✱ ❡ r❡st❛ ❝❤❡❝á✲❧❛s ♣❛r❛ i = n + 1❀ ♠❛s é
✐st♦ q✉❡ ❞✐③ ♦ r❡st♦ ❞❛ ❤✐♣ót❡s❡✳ �

▲❡♠❛ ✷ ❙❡❥❛ F ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s ❝♦♠ r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ⊢0 ❡ π1, . . . , πn

♣r♦✈❛s ❛ ♣❛rt✐r ❞❡ Γ1, . . . ,Γn r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❝♦♥❝❛t❡♥❛çã♦ ❞❡st❛s ♣r♦✈❛s✱
π = π1 ◦ . . . ◦ πn = γ1, . . . , γr✱ ❞❡✜♥✐❞❛ ♣♦r ♣♦r γj = π1(j) ♣❛r❛ 1 ≤ j ≤ |π1| ❡
γ|π1|+...+|πk|+j = πk+1(j) ♣❛r❛ |π1| + . . . + |πk| < j ≤ |π1| + . . . + |πk| + |πk+1|✱
é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ1 ∪ . . . ∪ Γn✳

❉❡♠♦♥str❛çã♦✳ ❊stá ❝❧❛r♦ q✉❡✱ s❡ ❡st❛❜❡❧❡❝❡r♠♦s ♦ r❡s✉❧t❛❞♦ ♣❛r❛ n = 2✱ ♦
❝❛s♦ ❣❡r❛❧ s❡❣✉✐rá ♣♦r ✐♥❞✉çã♦✳ ❙❡❥❛♠ ❡♥tã♦ π1, π2 ♣r♦✈❛s ❛ ♣❛rt✐r ❞❡ Γ1,Γ2

r❡s♣❡❝t✐✈❛♠❡♥t❡❀ ♣r♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ π2✳
◆♦ ❝❛s♦ ❡♠ q✉❡ |π2| = 1✱ π2 ❝♦♥s✐st❡ ❞❡ ✉♠❛ ú♥✐❝❛ ❢ór♠✉❧❛ β✱ q✉❡ ❞❡✈❡

❡♥tã♦ s❡r ❡❧❡♠❡♥t♦ ❞❡ Γ2 ♦✉ ❞❡❝♦rr❡r ❞♦ ❝♦♥❥✉♥t♦ ✈❛③✐♦ ♣♦r ⊢0✳ ❊♠ t♦❞♦ ❝❛s♦✱
π1 ◦ β é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ1 ∪ Γ2✱ ♣❡❧♦ ▲❡♠❛ ✶✳ ❆❣♦r❛✱ s❡ |π2| = k + 1✱
t❡♠♦s |π2| = β1, . . . , βk+1❀ ♣♦♥❤❛ π′

2 = β1, . . . , βk✱ ❞❡ ❝♦♠♣r✐♠❡♥t♦ k✳ ◆♦✈❛✲
♠❡♥t❡ ♣❡❧♦ ▲❡♠❛ ✶✱ π′

2 é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ2✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱
π1 ◦ π′

2 é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ1 ∪ Γ2✳ ❋✐♥❛❧♠❡♥t❡✱ ♦ ❝❛s♦✲❜❛s❡ ❞✐③ q✉❡
(π1 ◦ π′

2) ◦ βk+1 = π1 ◦ (π′
2 ◦ βk+1) = π1 ◦ π2 é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ Γ1 ∪ Γ2✳ �

❉❡st❡s ▲❡♠❛s s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ ♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡st❛ s✉❜s❡çã♦✳

❚❡♦r❡♠❛ ✸ ❚♦❞❛ ❧ó❣✐❝❛ ❤✐❧❜❡rt✐❛♥❛ é t❛♠❜é♠ t❛rs❦✐❛♥❛✳
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❉❡♠♦♥str❛çã♦✳ ❉❛❞❛ ✉♠❛ ❧ó❣✐❝❛ ❤✐❧❜❡rt✐❛♥❛ L✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛s ♣r♦✲
♣r✐❡❞❛❞❡s ✶✕✸ ❞❛ ❉❡✜♥✐çã♦ ✷✳ ❆ ♣r✐♠❡✐r❛ é ✐♠❡❞✐❛t❛✿ s❡ α ∈ Γ✱ ❡♥tã♦ ❛ s❡qüê♥❝✐❛
✉♥✐tár✐❛ α ❡st❛❜❡❧❡❝❡ q✉❡ Γ ⊢L α✳

❆ s❡❣✉♥❞❛ t❛♠❜é♠ é s✐♠♣❧❡s✿ s❡ Γ ⊢L α✱ ❡♥tã♦ ❤á ✉♠❛ ♣r♦✈❛ α1, . . . , αn = α
♦♥❞❡ ❝❛❞❛ αi ♣❡rt❡♥❝❡ ❛ A∪Γ ♦✉ ❞❡❝♦rr❡ ❞❡ ❛❧❣✉♠ S ⊆ α1, . . . , αi−1 ♣❡❧❛s r❡❣r❛s
❞❡ ✐♥❢❡rê♥❝✐❛✳ ❆❣♦r❛✱ s❡ Γ ⊆ ∆✱ ❡♥tã♦ A ∪ Γ ⊆ A ∪ ∆✱ ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ αi

♣❡rt❡♥❝❡ ❛A∪∆ ♦✉ ❞❡❝♦rr❡ ❞❡ ❛❧❣✉♠ S ⊆ α1, . . . , αi−1 ♣❡❧❛s r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛✳
❖✉ s❡❥❛✱ α1, . . . , αn t❛♠❜é♠ é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ A∪∆✳ ❙❡❣✉❡ q✉❡ ∆ ⊢L α✳

◗✉❛♥t♦ à t❡r❝❡✐r❛ ♣r♦♣r✐❡❞❛❞❡✱ s✉♣♦♥❤❛ q✉❡ Γ, α ⊢L β✱ ❝♦♠ ♣r♦✈❛ β1, . . . βm =
β✱ ❡ t❛♠❜é♠ ∆ ⊢L α✱ ❝♦♠ ♣r♦✈❛ α1, . . . , αn = α✳ ■♥❞✉t✐✈❛♠❡♥t❡✱ ❝♦♥str✉✐r❡♠♦s
✉♠❛ ♣r♦✈❛ ❞❡ ❝❛❞❛ βi ❛ ♣❛rt✐r ❞❡ A∪ (Γ∪∆)✱ ♦ q✉❡ ♥♦s ❧❡✈❛rá ❛ ✉♠❛ ♣r♦✈❛ ❞❡
βm = β ❛ ♣❛rt✐r ❞❡st❡ ♠❡s♠♦ ❝♦♥❥✉♥t♦✳

❙❡❥❛ k ≤ m ❡ s✉♣♦♥❤❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ i < k✱ t❡♠♦s ✉♠❛ ♣r♦✈❛ πi ❞❡ βi ❛
♣❛rt✐r ❞❡ A∪ (Γ∪∆)✳ ❱❡❥❛♠♦s ❝♦♠♦ ❝♦♥str✉✐r ✉♠❛ ♣r♦✈❛ ❞❡ βk ❝♦♠ ❛s ♠❡s♠❛s
❤✐♣ót❡s❡s✳ ❙❡ βk = α✱ ❜❛st❛ r❡♣r♦❞✉③✐r ❛ ♣r♦✈❛ α1, . . . , αn ❛ ♣❛rt✐r ❞❡ A ∪ ∆❀
s❡ βk ∈ Γ✱ ❛ s❡qüê♥❝✐❛ ✉♥✐tár✐❛ βk ❝♦♥st✐t✉✐ ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡ A∪ (Γ∪∆)✳
P♦r ✜♠✱ s❡ βk ❞❡❝♦rr❡ ❞❡ ❛❧❣✉♠ S ⊆ {β1, . . . , βk−1} ♣❡❧❛s r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛✱
❝♦♥s✐❞❡r❛♠♦s ❛ ❝♦♥❝❛t❡♥❛çã♦ π = π1 ◦ . . . ◦ πk−1✱ q✉❡ é ✉♠❛ ♣r♦✈❛ ❛ ♣❛rt✐r ❞❡
A ∪ (Γ ∪ ∆) ♣❡❧♦ ▲❡♠❛ ✷✳ ❆❣♦r❛✱ ♦s β1, . . . , βk−1 sã♦ ❛s ú❧t✐♠❛s ❢ór♠✉❧❛s ❞❡
π1, . . . , πk−1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ S é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❛s ❢ór♠✉❧❛s q✉❡
❛♣❛r❡❝❡♠ ❡♠ π✱ ❡✱ ❝♦♠♦ βk s❡❣✉❡ ❞❡ S ♣♦r ⊢0✱ ❛ s❡qüê♥❝✐❛ π ◦ βk é ✉♠❛ ♣r♦✈❛
❛ ♣❛rt✐r ❞❡ A ∪ (Γ ∪ ∆)✳

❆ss✐♠✱ ❡st❛❜❡❧❡❝❡♠♦s q✉❡ Γ,∆ ⊢L β✱ ❝♦♠♦ ❞❡s❡❥á✈❛♠♦s✳ �

❖ ❚❡♦r❡♠❛ ✸ ♠♦str❛ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ❧ó❣✐❝❛ t❛rs❦✐❛♥❛ ✐♥❝❧✉✐ ❛s ❧ó❣✐❝❛s
❤✐❧❜❡rt✐❛♥❛s✱ ❞❡ ❝❛rát❡r s✐♥tát✐❝♦✳ ❆ s❡❣✉✐r✱ ❝♦♥❝❡♥tr❛♠♦✲♥♦s ♥❛ ❝♦♥tr❛♣❛rt✐❞❛
❞❡st❛s✳

✶✳✶✳✷ ❘❡❧❛çõ❡s ❞❡ ❈♦♥s❡qüê♥❝✐❛ ❙❡♠â♥t✐❝❛s

❖✉tr♦ ✐♠♣♦rt❛♥t❡ ♠ét♦❞♦ ❞❡ ❝♦♥str✉çã♦ ❞❡ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s é ❢♦rt❡♠❡♥t❡
r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❢❡rr❛♠❡♥t❛❧ ❞❛ ❚❡♦r✐❛ ❞❡ ▼♦❞❡❧♦s✳ ❊st❡ ♣❛r❛❞✐❣♠❛ ✏s❡♠â♥t✐❝♦✑
❞❡ ❝♦♥str✉çã♦ ❞❡ ❧ó❣✐❝❛s t❛♠❜é♠ s❡ ✈ê ✐♥❝❧✉í❞♦ ♥❛ ❞❡✜♥✐çã♦ ❞❡ ❧ó❣✐❝❛ t❛rs❦✐❛♥❛✳

P❛r❛ ❡s❝❧❛r❡❝❡r ❡st❡ ♣♦♥t♦✱ ❡ ❡♠ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r✱ ❢♦r♠✉❧❛✲
r❡♠♦s ✉♠❛ ❞❡✜♥✐çã♦ q✉❡ ✈✐s❛ ❡♥❣❧♦❜❛r t♦t❛❧♠❡♥t❡ ♦ ♠ét♦❞♦ s❡♠â♥t✐❝♦✱ ♦✉ ❛♦
♠❡♥♦s ♦ q✉❡ s✉❛s ❞✐✈❡rs❛s ❡♥❝❛r♥❛çõ❡s tê♠ ❡♠ ❝♦♠✉♠✳ ❊st❛ ❣r❛♥❞❡ ❣❡♥❡r❛❧✐✲
❞❛❞❡ ♦❜s❝✉r❡❝❡ ❛ ♠♦t✐✈❛çã♦ ❧ó❣✐❝❛ ❞♦ ✈✐és s❡♠â♥t✐❝♦✱ ♠❛s ♦❢❡r❡❝❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡
❞❡ ❞❡♠♦♥str❛r✱ ❞❡ ✉♠❛ só ✈❡③✱ q✉❡ ❧ó❣✐❝❛s ❞❡✜♥✐❞❛s s❡❣✉♥❞♦ ✉♠ ♠❡❝❛♥✐s♠♦
♠✉✐t♦ ❣❡r❛❧ sã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❛rs❦✐❛♥❛s✳

❉❡✜♥✐çã♦ ✻ ❙❡❥❛ F ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s s♦❜r❡ ♦s ❝♦♥❡❝t✐✈♦s C✱ ❡ s❡❥❛ A
✉♠ ❝♦♥❥✉♥t♦✳ ❯♠❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ F s♦❜r❡ A é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❢✉♥çõ❡s
φ = (φn)n∈N✱ ♦♥❞❡ ❝❛❞❛ φn ❧❡✈❛ Cn ❡♠ AAn

✳ ❖✉ s❡❥❛✱ φ ❛tr✐❜✉✐✱ ❛ ❝❛❞❛ sí♠❜♦❧♦
❞❡ ❢✉♥çã♦ n✲ár✐♦✱ ✉♠❛ ♦♣❡r❛çã♦ n✲ár✐❛ s♦❜r❡ A✳

❉❛❞❛ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ φ ❞♦s ❝♦♥❡❝t✐✈♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s ❡♠
t❡r♠♦s ❞❡ ♦♣❡r❛çõ❡s s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦✱ ❤á ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ φ ❛ t♦❞❛ F ✱ q✉❡
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❛ss♦❝✐❛ ❛ ❝❛❞❛ ❢ór♠✉❧❛ ✉♠❛ ❢✉♥çã♦✳ ❊♠ ❣❡r❛❧✱ ❛ ✉♠❛ ❢ór♠✉❧❛ ❡♠ q✉❡ ❛♣❛r❡❝❡♠
n ✈❛r✐á✈❡✐s ❝♦rr❡s♣♦♥❞❡ ✉♠❛ ❢✉♥çã♦ AAn → A✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ♥ã♦
❞✐st✐♥❣✉✐r❡♠♦s ❡♥tr❡ φ ❡ φ✳

❘❡st❛ ❡s♣❡❝✐✜❝❛r ♦ ♣❛♣❡❧ ❞❛s ✈❛r✐á✈❡✐s✳

❉❡✜♥✐çã♦ ✼ ❙❡❥❛ F ✉♠❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉❧❛s s♦❜r❡ ❛s ✈❛r✐á✈❡✐s V ❡ ❝♦♥❡❝t✐✈♦s
C✱ A ✉♠ ❝♦♥❥✉♥t♦✱ ❡ φ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ F s♦❜r❡ A✳ ❯♠❛ ✈❛❧♦r❛çã♦ ❞❛s ✈❛r✲
✐á✈❡✐s ❞❡ F s♦❜r❡ A é q✉❛❧q✉❡r ❢✉♥çã♦ ν : V → A✳ ❯♠❛ ✈❛❧♦r❛çã♦ ❞❛s ❢ór♠✉❧❛s
❞❡ F s♦❜r❡ A✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ φ✱ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ✉♠❛ ✈❛❧♦r❛çã♦ ❞❛s ✈❛r✐á✈❡✐s
ν ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ νφ : For(L) → A✱ ❞♦ s❡❣✉✐♥t❡ t✐♣♦✳ P❛r❛ ❝❛❞❛ n ∈ N✱ cn ∈ Cn

❡ ❢ór♠✉❧❛s α1, . . . , αn✱ t❡♠✲s❡ νφ(cn(α1, . . . , αn)) = φn(cn)(νφ(α1), . . . , νφ(αn))✳

❊st❛ s✐t✉❛çã♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛ àq✉❡❧❛ ❡♥❝♦♥tr❛❞❛ ♥❛ ❚❡♦r✐❛ ❞❡ ▼♦❞✲
❡❧♦s✱ ♦♥❞❡ r❡❝✉rs♦s s❡♠❡❧❤❛♥t❡s sã♦ ❡♠♣r❡❣❛❞♦s ♣❛r❛ ❞❡✜♥✐r ✐♥t❡r♣r❡t❛çõ❡s ❞❡
t❡♦r✐❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ◆❛ ❧✐♥❣✉❛❣❡♠ ❞❡st❛ ár❡❛✱ t❛♥t♦ ❛ á❧❣❡❜r❛ ❞❡ ❢ór♠✉✲
❧❛s F q✉❛♥t♦ ♦ ❝♦♥❥✉♥t♦ A sã♦ C✲❡str✉t✉r❛s✱ ❡ ❛ ❡①✐❣ê♥❝✐❛ ❛q✉✐ é q✉❡ νφ s❡❥❛ ✉♠
♠♦r✜s♠♦ ❞❡ C✲❡str✉t✉r❛s✳

❆s ♦❜s❡r✈❛çõ❡s ❧♦❣♦ ❛♣ós ❛ ❉❡✜♥✐çã♦ ✶ ♠♦str❛♠ q✉❡ ❡st❛ ❝♦♥str✉çã♦ ♥ã♦
r❡s✉❧t❛ ❛♠❜í❣✉❛✱ ❡ q✉❡ ❤á ✉♠❛ ú♥✐❝❛ νφ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❡st✐♣✉❧❛❞❛s✳
❈♦♥❢♦r♠❡ s❡ ✈ê ♥❛ ➪❧❣❡❜r❛ ❯♥✐✈❡rs❛❧✱ é ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ❡str✉t✉r❛s ❧✐✈r❡♠❡♥t❡
❣❡r❛❞❛s q✉❡ s❡♠♣r❡ ❡①✐st❛ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡st❡♥❞❡♥❞♦ ✉♠❛
❢✉♥çã♦ ❞❛❞❛ ♥♦s ❣❡r❛❞♦r❡s ❬✷✷✱ ✷❪✳

P♦ré♠✱ ♦ ❡♥❢♦q✉❡ ❞❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ s♦❜r❡ ❛s ✈❛r✐á✈❡✐s ❞❡ V é ❡♥q✉❛♥t♦
✈❛❧♦r❡s✲✈❡r❞❛❞❡✱ ❡ ✉♠❛ ♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛✱ ❜❛st❛♥t❡ ❞✐❢✉♥❞✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❬✽✱
✷✶❪✱ ❞❡ ❧❡✈❛r ✐st♦ ❡♠ ❝♦♥t❛✱ é s❡♣❛r❛r ❛❧❣✉♥s ✈❛❧♦r❡s✲✈❡r❞❛❞❡ ❝♦♠♦ ✏❞✐st✐♥❣✉✐❞♦s✑✳
❖ ❡♠♣r❡❣♦ ❞❡st❛ ♥♦çã♦ é ❞❡✜♥✐r r❡❧❛çõ❡s ❞❡ ❝♦♥s❡qüê♥❝✐❛ ❞♦ s❡❣✉✐♥t❡ t✐♣♦✳

❉❡✜♥✐çã♦ ✽ ❯♠❛ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ ♣❛r❛ ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ L é
❞❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ A✱ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ φ ❞❡ For(L) s♦❜r❡ A✱ ❡ ✉♠ s✉❜❝♦♥✲
❥✉♥t♦ D ⊆ A ✭✈❛❧♦r❡s ✏❞✐st✐♥❣✉✐❞♦s✑✮ q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛
⊢L ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ P❛r❛ q✉❛✐sq✉❡r Γ ⊆ For(L) ❡ α ∈ For(L)✱ ✈❛❧❡ ❛ r❡❧❛çã♦
Γ ⊢L α s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞❛ ✈❛❧♦r❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ν : VL → A✱ t❡♠✲
s❡ q✉❡ νφ(Γ) ⊆ D ✐♠♣❧✐❝❛ νφ(α) ∈ D✳ ❙❡ L ❛❞♠✐t❡ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧✱
❞✐③❡♠♦s q✉❡ é ✉♠❛ ❧ó❣✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧✳

❊♠ ♠✉✐t♦s ❝❛s♦s ❞❡ ✐♥t❡r❡ss❡✱ ❛s ❧ó❣✐❝❛s ✈❡r♦❢✉♥❝✐♦♥❛✐s ♣♦ss✉❡♠ s❡♠â♥t✐❝❛s
♣❛rt✐❝✉❧❛r♠❡♥t❡ s✐♠♣❧❡s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❧ó❣✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ é m✲✈❛❧♦r❛❞❛
s❡ ♣♦ss✉✐ ✉♠❛ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ m ❡❧❡♠❡♥t♦s✱ ❡
✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛ s❡ é m✲✈❛❧♦r❛❞❛✱ ♣❛r❛ ❛❧❣✉♠ m ∈ N✳ ❊st❛ t❡r♠✐♥♦❧♦❣✐❛

é ❥✉st✐✜❝❛❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ♣❛rt✐❝✉❧❛r A ✏♥ã♦ ✐♠♣♦rt❛✑✿ s❡ A
f→

B é q✉❛❧q✉❡r ❜✐❥❡çã♦✱ ✉♠❛ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ φA ❞❡ L s♦❜r❡ A ✐♥❞✉③
♥❛t✉r❛❧♠❡♥t❡ ♦✉tr❛✱ φB ✱ s♦❜r❡ B✱ ❝♦♠♦ s❡❣✉❡✿ s❡ c é ✉♠ ❝♦♥❡❝t✐✈♦ n✲ár✐♦✱ ❞❡✜♥❡✲
s❡ φB(c)(b1, . . . , bn) = f ◦ φA(f−1(b1), . . . , f

−1(bn))✱ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s✲
✈❡r❞❛❞❡ ❞✐st✐♥❣✉✐❞♦s é f(D)✳

▲ó❣✐❝❛s ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s s❡rã♦ ♦❜❥❡t♦ ❞❡ ♠❛✐♦r ❛t❡♥çã♦ q✉❛♥❞♦ ✈✐❡r♠♦s
❛ ❞✐s❝✉t✐r ❛ ♣♦❧✐♥♦♠✐③❛çã♦✳
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❉❡ ♣♦ss❡ ❞❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r
♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡st❛ s✉❜s❡çã♦✳

❚❡♦r❡♠❛ ✹ ❚♦❞❛ ❧ó❣✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ é t❛rs❦✐❛♥❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ ❝♦♠ ✐♥t❡r♣r❡t❛çã♦ φ s♦❜r❡ ✉♠
❝♦♥❥✉♥t♦ A✱ ❝♦♠ ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s D ⊆ A✳ ❊st❛❜❡❧❡❝❡r❡♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s
✶✕✸ ❞❛ ❉❡✜♥✐çã♦ ✷✳ P❛r❛ t❛♥t♦✱ s❡❥❛♠ Γ,∆ ⊆ For(L) ❡ α, β ∈ For(L)✱ ❡ ❛✐♥❞❛
ν : V → A ✉♠❛ ✈❛❧♦r❛çã♦ ❛r❜✐trár✐❛ ❞❛s ✈❛r✐á✈❡✐s✳

❆ ♣r✐♠❡✐r❛ ♣r♦♣r✐❡❞❛❞❡ é s✐♠♣❧❡s✿ s❡ α ∈ Γ✱ ❡♥tã♦ νφ(α) ∈ νφ(Γ)✳ P♦rt❛♥t♦✱
s❡ νφ(Γ) ⊆ D✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡ νφ(α) ∈ D✱ ❞❡ ♠♦❞♦ q✉❡ Γ ⊢L α✳

P❛r❛ ❛ s❡❣✉♥❞❛✱ ♥♦t❡ q✉❡✱ s❡ Γ ⊆ ∆✱ ❡♥tã♦ νφ(Γ) ⊆ νφ(∆)✳ ❉❡st❡ ♠♦❞♦✱ s❡
νφ(∆) ⊆ D✱ ❡♥tã♦ νφ(Γ) ⊆ D✱ ❡ ❞❛í s❡❣✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ q✉❡ νφ(α) ∈ D✳ ❆ss✐♠✱
∆ ⊢L α✳

P♦r ✜♠✱ s✉♣♦♥❤❛ q✉❡ Γ, α ⊢L β✱ ❡ q✉❡ ∆ ⊢L α✳ ❙❡ νφ(Γ ∪ ∆) ⊆ D✱ ❡♥tã♦
νφ(∆) ⊆ D✳ P♦r ❤✐♣ót❡s❡✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ νφ(α) ∈ D✳ ❆❣♦r❛✱ ♥♦✈❛♠❡♥t❡ ♣♦r
❤✐♣ót❡s❡✱ r❡s✉❧t❛ q✉❡ νφ(β) ∈ D✳ ❉❡st❡ ♠♦❞♦✱ Γ,∆ ⊢L β✳ �

✶✳✷ P♦❧✐♥ô♠✐♦s

❚❡♥❞♦ ❝✐r❝✉♥s❝r✐t♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❡♠♣r❡❣❛❞♦ ♥❡st❛ ❉✐s✲
s❡rt❛çã♦✱ ❡ ❛r❣✉♠❡♥t❛❞♦ ❡♠ ❢❛✈♦r ❞❛ ❞❡✜♥✐çã♦ ✉s❛❞❛✱ ♣❛ss❛♠♦s ❛ ✐♥✈❡st✐❣❛r ❛
♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣r❡ss❛r ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❡♠ t❡r♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❯♠❛ ♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛ é ✐♥s♣✐r❛❞❛ ♥♦ ❡♥❢♦q✉❡ s❡♠â♥t✐❝♦ ❞❛ s✉❜s❡çã♦ ✶✳✷✿
❞❛❞❛ ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ L✱ ❜✉s❝❛♠♦s ♥ã♦ ❛♣❡♥❛s ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ φ ❞❡
s❡✉s ❝♦♥❡❝t✐✈♦s s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ A✱ ♠❛s t❛♠❜é♠ q✉❡ ❛s ✐♠❛❣❡♥s ❞❛s ❢✉♥çõ❡s
φn s❡❥❛♠ ♣♦❧✐♥ô♠✐♦s ❛ n ✈❛r✐á✈❡✐s✳ ❊stá ❝❧❛r♦ q✉❡✱ ♣❛r❛ ❡st❛ ❡①✐❣ê♥❝✐❛ ❢❛③❡r
s❡♥t✐❞♦✱ ♦ ❝♦♥❥✉♥t♦ A ❞❡✈❡ ✈✐r ♠✉♥✐❞♦ ❞❡ ❛❧❣✉♠❛ ❡str✉t✉r❛ q✉❡ ♣❡r♠✐t❛ ❢❛❧❛r
❞❡ ♣♦❧✐♥ô♠✐♦s❀ ♥♦ ♠í♥✐♠♦✱ ❞✉❛s ♦♣❡r❛çõ❡s ❜✐♥ár✐❛s +, · : A×A → A q✉❡ ❢❛ç❛♠
❛ ♣❛rt❡ ❞❛ s♦♠❛ ❡ ❞♦ ♣r♦❞✉t♦ ♥❛ ❛❝❡♣çã♦ ♠❛✐s ❝♦♠✉♠ ❞❡ ♣♦❧✐♥ô♠✐♦✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ♦s ❞♦✐s ✜♥s ❞❡st❡ tr❛❜❛❧❤♦ ✖ ❛ s✐♠♣❧✐✜❝❛çã♦ ❞❡ ❝❡rt❛s ❝♦♠✲
♣✉t❛çõ❡s ❡♠ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ❡ ♦ ❡♠♣r❡❣♦ ❞❡ té❝♥✐❝❛s ❡ t❡♦r❡♠❛s ❞❛ ➪❧❣❡✲
❜r❛ s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❛ ▲ó❣✐❝❛ ✖ ✐r❡♠♦s ❢♦❝❛r ♥♦ss❛ ❛t❡♥çã♦ s♦❜r❡ ♣♦ss✐❜✐❧✐❞❛❞❡s
❝❛❞❛ ✈❡③ ♠❛✐s r❡str✐t❛s ♣❛r❛ ♦ ❞♦♠í♥✐♦ A ❡ ❛s ♦♣❡r❛çõ❡s ❜✐♥ár✐❛s ❞❡✜♥✐❞❛s s♦❜r❡
❡st❡✳

❆s ♣r✐♠❡✐r❛s r❡str✐çõ❡s q✉❡ ❢❛r❡♠♦s s❡rã♦ s♦❜r❡ ❛s ♦♣❡r❛çõ❡s✱ ❡ s❡rã♦ ❜r❛♥❞❛s✿
❞❡✐①❛r❡♠♦s ❞❡ ❧❛❞♦ ❞❡ ♥♦ss❛s ❝♦♥s✐❞❡r❛çõ❡s ❛s ♦♣❡r❛çõ❡s ♥ã♦✲❛ss♦❝✐❛t✐✈❛s ❡ ♥ã♦✲
❝♦♠✉t❛t✐✈❛s✳ ❉❡ ❢❛t♦✱ ❛ ❡①♣r❡ssã♦ ❝♦♠✉♠ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❛❧❣♦ ❞♦ t✐♣♦ X3+X2+
X✱ t❛❝✐t❛♠❡♥t❡ ❛ss✉♠❡ ❛ss♦❝✐❛t✐✈✐❞❛❞❡✿ ❞♦ ❝♦♥trár✐♦✱ s❡r✐❛ ❛♠❜í❣✉♦ s❡ ♦ t❡r♠♦
X3 s❡ r❡❢❡r❡ ❛ X · (X ·X) ♦✉ ❛ (X ·X) ·X✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ♥ã♦ ✜❝❛ ❝❧❛r♦ ❡♠ q✉❡
♦r❞❡♠ ❞❡✈❡rí❛♠♦s r❡❛❧✐③❛r ❛s s♦♠❛s✳

▼❛✐s s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✱ ❛ ➪❧❣❡❜r❛ ❞❛s ♦♣❡r❛çõ❡s ♥ã♦✲❛ss♦❝✐❛t✐✈❛s ❡♥❝♦♥tr❛✲
s❡ ♠✉✐t♦ ♠❡♥♦s ❞❡s❡♥✈♦❧✈✐❞❛ q✉❡ s✉❛ ❝♦♥tr❛♣❛rt❡ ❛ss♦❝✐❛t✐✈❛✱ ❢❛t♦ ❞❡✈✐❞♦✱ s❡♠
❞ú✈✐❞❛✱ à ♠❛✐♦r ❛❜✉♥❞â♥❝✐❛ ❞❡ ♠♦❞❡❧♦s ❞❡ ♦♣❡r❛çõ❡s ♥ã♦✲❛ss♦❝✐❛t✐✈❛s✱ q✉❡ ❛❝❛r✲
r❡t❛ ❛ ♣♦❜r❡③❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t❡♦r❡♠❛s s❛t✐s❢❡✐t♦s ♣♦r t♦❞❛s t❛✐s ♦♣❡r❛çõ❡s✳ ❙❡
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✈✐s❛♠♦s ❡♥❝♦♥tr❛r✱ ♥♦ ♣❛❧á❝✐♦ ❞❛ ➪❧❣❡❜r❛✱ ✉♠ ❝ô♠♦❞♦ s❛t✐s❢❛tór✐♦ ♣❛r❛ ♣r♦❜❧❡✲
♠❛s ❞❛ ▲ó❣✐❝❛✱ é ❛❝♦♥s❡❧❤á✈❡❧ ❝♦♠❡ç❛r ❛ ❜✉s❝❛ ♣❡❧♦s s❛❧õ❡s ♣r✐♥❝✐♣❛✐s✱ ❝♦♥str✉í✲
❞♦s ♣r✐♠❡✐r♦ ❡ ❧❛❜♦r✐♦s❛♠❡♥t❡ ❞❡❝♦r❛❞♦s✳

P♦r ❡st❡ ♠♦t✐✈♦✱ ❡❧❡❣❡♠♦s t❛♠❜é♠ ❝♦♥s✐❞❡r❛r ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦♣❡r❛çõ❡s ❝♦✲
♠✉t❛t✐✈❛s✳ ❉❡ ❢❛t♦✱ ❛ ➪❧❣❡❜r❛ ❈♦♠✉t❛t✐✈❛ ✈❡♠ s❡♥❞♦ ✈✐❣♦r♦s❛♠❡♥t❡ ❞❡s❡♥✲
✈♦❧✈✐❞❛ ❤á ♠❛✐s ❞❡ ❝❡♠ ❛♥♦s✱ ❡♠ r❡s♣♦st❛ às ♥❡❝❡ss✐❞❛❞❡s ❞❛ ❚❡♦r✐❛ ❆❧❣é❜r✐❝❛
❞❡ ◆ú♠❡r♦s ❡ ❞❛ ●❡♦♠❡tr✐❛ ❆❧❣é❜r✐❝❛ ❬✷✷✱ ✸✷❪✳ ❆❞❡♠❛✐s✱ ❝❡rt❛s té❝♥✐❝❛s q✉❡ ❡♠✲
♣r❡❣❛r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ s❡❣✉✐♥t❡ ❣✉❛r❞❛♠ r❡❧❛çã♦ ❝♦♠ ❝♦♥❝❡✐t♦s ❞❛ ●❡♦♠❡tr✐❛
❆❧❣é❜r✐❝❛✱ ♦ q✉❡ r❡❢♦rç❛ ♥♦ss❛ ❡s❝♦❧❤❛✳

❈♦♠ ✐st♦ ❡♠ ♠❡♥t❡✱ ❝❤❡❣❛♠♦s✱ ♣♦✐s✱ ❛ ✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦s
❞♦♠í♥✐♦s s♦❜r❡ ♦s q✉❛✐s ❝♦♥s✐❞❡r❛r❡♠♦s ♦s ♣♦❧✐♥ô♠✐♦s✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ t✐♣♦ ❛❧✲
❣é❜r✐❝♦ ❛♠♣❧❛♠❡♥t❡ ❡st✉❞❛❞♦ ❡ ❝♦♠ ❜♦♥s t❡♦r❡♠❛s ❞❡ ❡str✉t✉r❛✿ ♦ ❛♥❡❧ ❝♦♠✉✲
t❛t✐✈♦✳ ❘❡❢❡r✐♠♦s ♦ ❧❡✐t♦r ❛♦ ❆♣ê♥❞✐❝❡ ♣❛r❛ ❛s ❞❡✜♥✐çõ❡s ❡ ♣❡q✉❡♥♦s r❡s✉❧t❛❞♦s
❛❧❣é❜r✐❝♦s q✉❡ ♥ã♦ ✐♥❝❧✉í♠♦s ♥♦ ❝♦r♣♦ ❞♦ t❡①t♦✳

❉❡✜♥✐çã♦ ✾ ❙❡❥❛ A ✉♠ ❝♦♥❥✉♥t♦ ❡ +, · : A×A → A ♦♣❡r❛çõ❡s ❜✐♥ár✐❛s✳ ❉✐③❡✲
♠♦s q✉❡ (A,+, ·) é ✉♠ ❛♥❡❧ s❡✿ ♦ ♣❛r (A,+) é ✉♠ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦❀ · é ❛s✲
s♦❝✐❛t✐✈❛❀ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ ✏✐❞❡♥t✐❞❛❞❡✑✱ 1 ∈ A✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ A✱
x · 1 = 1 · x = x❀ ❡ ✈❛❧❡♠ ❛s ❧❡✐s ❞✐str✐❜✉t✐✈❛s✱ ✐st♦ é✱ ♣❛r❛ q✉❛✐sq✉❡r x, y, z ∈ A
t❡♠✲s❡ x · (y + z) = (x · y) + (x · z) ❡ (y + z) · x = (y · x) + (z · x)✳ ❉✐③❡♠♦s q✉❡
(A,+, ·) é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ s❡ · é ❝♦♠✉t❛t✐✈❛✳

❙❡ (A,+, ·) ❡ (A′,+′, ·′) sã♦ ❛♥é✐s✱ ✉♠❛ ❛♣❧✐❝❛çã♦ f : A → A′ é ✉♠ ♠♦r✜s♠♦
❞❡ ❛♥é✐s s❡ é ✉♠ ♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ f(1A) = 1A′ ✱ ❡ ❛❞❡♠❛✐s ✈❛❧❡ f(x · y) =
f(x) ·′ f(y) ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ A✳

✭◆♦ r❡st♦ ❞❛ ❉✐ss❡rt❛çã♦✱ s❡❣✉✐r❡♠♦s ❛s ♣rát✐❝❛s ✉s✉❛✐s ❞❡ t❡r ❛ ♦♣❡r❛çã♦ ·
❝♦♠ ♣r❡❝❡❞ê♥❝✐❛ s♦❜r❡ +✱ ♦♠✐t✐♥❞♦ ♣❛rê♥t❡s❡s ❞❡ ❛❝♦r❞♦✱ ❡ ❞❡ ♥♦s r❡❢❡r✐r♠♦s
❛♦ ♣ró♣r✐♦ ❝♦♥❥✉♥t♦ A ❝♦♠♦ ❛♥❡❧ ♦✉ ❣r✉♣♦ q✉❛♥❞♦ ❛s ♦♣❡r❛çõ❡s +, · ❡st✐✈❡r❡♠
❝❧❛r❛s ❞♦ ❝♦♥t❡①t♦ ♦✉ ♥ã♦ ❢♦r❡♠ ✐♠♣♦rt❛♥t❡s✳ ❚❛♠❜é♠ s❡rá ❝♦♠✉♠ s✉♣r✐♠✐r♠♦s
♦ ♦♣❡r❛❞♦r ·✱ ❡♠ ❢❛✈♦r ❞❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ sí♠❜♦❧♦s✱ ✐st♦ é✱ ❡s❝r❡✈❡r xy ❡♠ ❧✉❣❛r
❞❡ x · y✳✮

❆ ✐♥❝❧✉sã♦ ❞♦s ❡❧❡♠❡♥t♦s ♥❡✉tr♦ ❡ ✐❞❡♥t✐❞❛❞❡✱ ❡ ❞❡ ♦♣♦st♦s✱ é ❢❡✐t❛ ❡♠ r❡✲
s♣❡✐t♦ à tr❛❞✐çã♦ ❛❧❣é❜r✐❝❛✱ ❡ ♣♦r ♣r♦♣r✐❡❞❛❞❡s té❝♥✐❝❛s q✉❡ ❡❧❡s tr❛③❡♠✳ ❉❡
t♦❞♦ ♠♦❞♦✱ ❤á ❝♦♥❞✐çõ❡s ❜❡♠ ❝♦♥❤❡❝✐❞❛s✱ ❡ r❡❧❛t✐✈❛♠❡♥t❡ ❜r❛♥❞❛s✱ s♦❜ ❛s q✉❛✐s
é ♣♦ssí✈❡❧ ❛❝r❡s❝❡♥t❛r✱ ❞❡ ♠❛♥❡✐r❛ ❝❛♥ô♥✐❝❛✱ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❡ ♦♣♦st♦s ❛
✉♠❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛ q✉❡ ❝❛r❡ç❛ ❞❡❧❡s ❬✷✷❪✳ P♦r ✜♠✱ ❛ ❧❡✐ ❞✐str✐❜✉t✐✈❛ é
❛ ♠❛♥❡✐r❛ ✉s✉❛❧ ❞❡ ❢❛③❡r ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ❞✉❛s ♦♣❡r❛çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡
A✳ ➱ ❛ ♣r❛①❡ ♠❛t❡♠át✐❝❛ q✉❡✱ q✉❛♥❞♦ ❞✉❛s ♦♣❡r❛çõ❡s ♦✉ ❡str✉t✉r❛s sã♦ ✐♠✲
♣♦st❛s s♦❜r❡ ✉♠ ♠❡s♠♦ ❞♦♠í♥✐♦✱ ❡♥tr❡ ❡❧❛s ❞❡✈❡ s✉❜s✐st✐r ❛❧❣✉♠❛ ❢♦r♠❛ ❞❡
r❡❧❛çã♦✳ ❙❡ ♥❛ ❧ó❣✐❝❛ ♥ã♦✲♣♦❧✐♥♦♠✐③❛❞❛ ❥á s❡ ❣♦③❛ ❞❡st❡ ❜❡♥❡❢í❝✐♦ ✖ ♣♦r ❡①❡♠✲
♣❧♦✱ p ∧ (q ∨ r) ≡ (p ∧ q) ∨ (p ∧ r) ♥❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛ ✖ ♥ã♦ s❡r✐❛
✈❛♥t❛❣❡♠ ❛❧❣✉♠❛ ❛❜❛♥❞♦♥á✲❧❛ ♥❛ ♣❛ss❛❣❡♠ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s✳

❍á ✉♠❛ ✐♥t❡r❛çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡♥tr❡ ✉♠ ❛♥❡❧ (A,+, ·) ❡ s❡✉ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✲
✜s♠♦s ❝♦♠♦ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦ (A,+)✱ ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ ▲❡♠❛✳

▲❡♠❛ ✺ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❡ End(A) ♦ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞♦ ❣r✉♣♦ s✉❜❥❛✲

❝❡♥t❡✳ ❍á ✉♠ ♠♦r✜s♠♦ ✐♥❥❡t✐✈♦ ❞❡ ❛♥é✐s A
j→֒ End(A) ❞❡✜♥✐❞♦ ♣♦r j(a) = a·✱
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♠✉❧t✐♣❧✐❝❛çã♦ à ❡sq✉❡r❞❛ ♣♦r a✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ j(a) ❛❣❡ s♦❜r❡ A ♣♦r
x 7→ a · x✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❛s ❧❡✐s ❞✐str✐❜✉t✐✈❛s ♣❛r❛ ❛♥é✐s q✉❡✱ ♣❛r❛ ❝❛❞❛ a ∈ A✱
♦ ♠❛♣❛ A → A ❞❛❞♦ ♣♦r x 7→ a · x é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞♦ ❣r✉♣♦ (A,+)✱
❞❡ ♠♦❞♦ q✉❡ j(a) ∈ End(A)✳ ❆❞❡♠❛✐s✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, x ∈ A t❡♠✲s❡
j(a + b)(x) = (a + b) · x = a · x + b · x = j(a)(x) + j(b)(x) = (j(a) + j(b))(x)✱
❜❡♠ ❝♦♠♦ j(a · b)(x) = (a · b) · x = a · (b · x) = a · (j(b)(x)) = j(a)(j(b)(x)) =
j(a) ◦ j(b)(x)✳ ❋✐♥❛❧♠❡♥t❡✱ j(1)(x) = 1 · x = x✱ ❞♦♥❞❡ j(1) = idA✱ ❡ ♣♦rt❛♥t♦
j é ♠♦r✜s♠♦ ❞❡ ❛♥é✐s✳ ❆ ✐♥❥❡t✐✈✐❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ q✉❡✱ s❡ a 6= b✱ ❡♥tã♦
j(a)(1) = a · 1 = a 6= b = b · 1 = j(b)(1)✱ ♦✉ s❡❥❛✱ ♦s ❡♥❞♦♠♦r✜s♠♦s j(a) ❡ j(b)
❞✐❢❡r❡♠ ❡♠ ❛♦ ♠❡♥♦s ✉♠ ♣♦♥t♦✳ �

▼❛✐s t❛r❞❡✱ ✉s❛r❡♠♦s ❛ ✐❞é✐❛ ❞❡ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ♣❛r❛ r❡❧❛❝✐♦♥❛r ♣♦✲
❧✐♥ô♠✐♦s ❡ ♦s ❛♥é✐s s♦❜r❡ ♦s q✉❛✐s sã♦ ❞❡✜♥✐❞♦s✳

✶✳✷✳✶ ❆s♣❡❝t♦s ❋♦r♠❛✐s

❙❡♠ ♠❛✐s ❞❡❧♦♥❣❛s✱ ❞❛♠♦s ❛❣♦r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦ q✉❡ ❡♠♣r❡❣❛♠♦s ❡♠
t♦❞❛ ❛ ❉✐ss❡rt❛çã♦✱ ♠❡s♠♦ ❛♣ós s✉❜s❡qü❡♥t❡s r❡str✐çõ❡s s♦❜r❡ ♦s ❞♦♠í♥✐♦s ❡
♦♣❡r❛çõ❡s ❝♦♥s✐❞❡r❛❞♦s✳

❉❡✜♥✐çã♦ ✶✵ ❙❡❥❛ (A,+, ·) ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ❡ A<ω ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s
❛s s❡qüê♥❝✐❛s ✭✐♥❞❡①❛❞❛s ♣♦r N✮ ❞❡ A t❛✐s q✉❡ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
s❡✉s ❡❧❡♠❡♥t♦s é ❞✐❢❡r❡♥t❡ ❞❡ 0✳ ❆ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ A é ❛ t❡r♥❛
(A<ω,+<ω, ·<ω)✱ ♦♥❞❡ +<ω, ·<ω : A<ω × A<ω → A<ω sã♦ ♦♣❡r❛çõ❡s ❜✐♥ár✐❛s
❞❡✜♥✐❞❛s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿ ♣❛r❛ q✉❛✐sq✉❡r (an)n∈N, (bn)n∈N ∈ A<ω✱

❼ (an)n∈N +<ω (bn)n∈N = (an + bn)n∈N❀

❼ (an) ·<ω (bn)n∈N = (
∑

i+j=n ai · bj)n∈N✳

❖ ❣r❛✉ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ é ✉♠ ❛ ♠❡♥♦s q✉❡ ❛ ♣♦s✐çã♦ ❞♦ ♠❛✐♦r t❡r♠♦ ♥ã♦✲♥✉❧♦
♥❛ s❡qüê♥❝✐❛ q✉❡ ♦ ❞❡✜♥❡✳ ✭P♦r ❡①❡♠♣❧♦✱ ♦ ❣r❛✉ ❞❡ (0, 1, 0, 0, . . .) é ✉♠✳✮ P♦r
❝♦♥✈❡♥çã♦✱ ♦ ❣r❛✉ ❞❛ s❡qüê♥❝✐❛ ♥✉❧❛ é −∞✳

➱ s✐♠♣❧❡s ❝❤❡❝❛r q✉❡✱ s❡ n0 ∈ N é t❛❧ q✉❡ n > n0 ✐♠♣❧✐❝❛ an = bn = 0✱ ❡♥tã♦
n > n0 ✐♠♣❧✐❝❛ q✉❡ an + bn = 0✱ ❡ t❛♠❜é♠ q✉❡

∑

i+j=2n aibj = 0✳ P♦rt❛♥t♦✱
A<ω é ♠❡s♠♦ ❢❡❝❤❛❞♦ s♦❜ ❡st❛s ❞✉❛s ♦♣❡r❛çõ❡s✳

P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❞❡♥♦t❛r❡♠♦s ❛s ♦♣❡r❛çõ❡s +<ω, ·<ω ♣❡❧♦s ♠❡s♠♦s
sí♠❜♦❧♦s ❡♠♣r❡❣❛❞♦s ♣❛r❛ ❛s ♦♣❡r❛çõ❡s s♦❜r❡ A✳ ❚❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♦s ❡❧✲
❡♠❡♥t♦s ❞❡ A<ω ❞❛ ♠❛♥❡✐r❛ ♠❛✐s ✉s✉❛❧ (a0, a1, . . . , an, 0, 0, . . .) = a0 + a1X +
. . . + anXn✱ ❡ ♦ ❝♦♥❥✉♥t♦ A<ω ♣♦r A[X]✳ ❊st❛ r❡♣r❡s❡♥t❛çã♦ ♣♦❞❡ s❡r r❡❝♦♥❝✐❧✲
✐❛❞❛ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ❞❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦❧♦❝❛♥❞♦ X = (0, 1, 0, 0, . . .)❀
✈ê✲s❡ ❢❛❝✐❧♠❡♥t❡✱ ♣♦r ✐♥❞✉çã♦✱ q✉❡ Xn é ❛ s❡qüê♥❝✐❛ ❝♦♠ 1 ♥❛ ♣♦s✐çã♦ n+1✱ ❡ 0
♥❛s ❞❡♠❛✐s✳ ❖ ❧❡✐t♦r ♥ã♦ t❡rá ❞✐✜❝✉❧❞❛❞❡ ❡♠ ✈❡r✐✜❝❛r q✉❡ ❛ s♦♠❛ ❡ ♣r♦❞✉t♦ ❡♠
A<ω ♥ã♦ sã♦ ♦✉tr♦s s❡♥ã♦ ❛ s♦♠❛ ❡ ♣r♦❞✉t♦ ✉s✉❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❛♣r❡♥❞✐❞♦s
♥❛ ❥✉✈❡♥t✉❞❡✳
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❆ s❡❣✉✐r✱ ✐♥✈❡st✐❣❛♠♦s q✉❡ t✐♣♦ ❞❡ ❡str✉t✉r❛ é A[X]✱ ❡ ❡①❛t❛♠❡♥t❡ ❝♦♠♦
s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ A✳ P❛r❛ ❡①♣r❡ss❛r ♠❛✐s ❝♦♠♣❧❡t❛♠❡♥t❡ ❡st❛ r❡❧❛çã♦✱ q✉❡ s❡
t♦r♥❛rá ✐♠♣♦rt❛♥t❡ ♠❛✐s t❛r❞❡✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦✉tr♦s t✐♣♦s ❞❡ ❡str✉t✉r❛ ❛❧✲
❣é❜r✐❝❛✱ ❡①♣❧✐❝❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡✳

Pr♦♣♦s✐çã♦ ✻ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ A[X] ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡
A✳ ❊♥tã♦ A[X] é ✉♠❛ A✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ q✉❡ ❝♦♥té♠ ✉♠❛ ❝ó♣✐❛ ❞❡ A✱ ✐st♦

é✱ ❤á ✉♠ ♠♦r✜s♠♦ ✐♥❥❡t✐✈♦ ❞❡ A✲á❧❣❡❜r❛s A
ι→֒ A[X]✳

❉❡♠♦♥str❛çã♦✳ ❆ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❡ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❡ + s♦❜r❡ A[X] sã♦ ❝❧❛r❛s
❞❛ ❉❡✜♥✐çã♦ ✶✵✳ ❖ ♣❛♣❡❧ ❞❡ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ é ✐♥t❡r♣r❡t❛❞♦ ♣❡❧❛ s❡qüê♥✲
❝✐❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ 0 = (0)n∈N✱ ❡ ♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ é ❛ s❡qüê♥❝✐❛
(1, 0, 0, . . .)✱ ❝♦♠ ❛♣❡♥❛s ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦✱ ♥❛ ♣r✐♠❡✐r❛ ♣♦s✐çã♦✱ ✐❣✉❛❧ ❛
1✳ P❛r❛ p =

∑n
j=0 ajX

j ✱ ♦ ❡❧❡♠❡♥t♦ p =
∑n

j=0 ajX
j é ♦ ♦♣♦st♦ ❞❡ p✳ ❆

❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❡ · t❛♠❜é♠ s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ ❞❛ s✐♠❡tr✐❛ ❡♠ i, j ❞❛ ❝♦♥❞✐çã♦
i + j = n✳

❙❡❥❛♠ ❛❣♦r❛ p = (pn)n∈N, q = (qn)n∈N, r = (rn)n∈N ∈ A[X]❀ ♦ n✲és✐♠♦
❡❧❡♠❡♥t♦ ❞❛ s❡qüê♥❝✐❛ (p · q) · r é✿

∑

i+j=n

(p · q)irj =
∑

i+j=n

[
∑

k+l=i

pkql]rj =
∑

k+l+j=n

pkqlrj

❙✐♠✐❧❛r♠❡♥t❡✱ ♦ n✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ s❡qüê♥❝✐❛ p · (q · r) é✿

∑

i+j=n

pi(q · r)j =
∑

i+j=n

pi[
∑

k+l=j

qkrl] =
∑

i+k+l=n

piqkrl

▲♦❣♦ (p · q) · r = p · (q · r)✳ ❋✐♥❛❧♠❡♥t❡✱ ♦ n✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❡ p · (q + r) é✿

∑

i+j=n

pi(q + r)j =
∑

i+j=n

(piqj + pirj) =
∑

i+j=n

piqj +
∑

i+j=n

pirj

❊st❡ é ❥✉st❛♠❡♥t❡ ♦ n✲és✐♠♦ t❡r♠♦ ❞❛ s❡qüê♥❝✐❛ p · q + p · r✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛
✈❡r✐✜❝❛çã♦ ❞❡ q✉❡ A[X] é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳

❖ ♠♦r✜s♠♦ ✐♥❥❡t✐✈♦ A
ι→֒ A[X] é ❞❛❞♦ ♣❡❧❛ ✐♥❝❧✉sã♦ ❞❡ A ❝♦♠♦ ✏♣♦❧✐♥ô♠✐♦s

❝♦♥st❛♥t❡s✑✱ ✐st♦ é✱ a 7→ (a, 0, 0, . . .) = a + 0X + 0X2 + . . .✳ ❆ ❝❤❡❝❛❣❡♠ ❞❡ q✉❡
❡st❡ ♠❛♣❛ é ✉♠ ♠♦r✜s♠♦ ❞❡ ❛♥é✐s é r♦t✐♥❡✐r❛✳

❆ ❡str✉t✉r❛ ❞❡ A[X] ❝♦♠♦ A✲♠ó❞✉❧♦ é ❞❛❞❛ ♣♦r ❡st❛ ✐♥❝❧✉sã♦✱ ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛✿ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A ❡♠ End(A[X]) é ❛ ♦♣❡r❛çã♦ ❞❡
♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ι(a)✳ ❊①♣❧✐❝✐t❛♠❡♥t❡✱ ❛ ❛çã♦ ❞❡ a ∈ A s♦❜r❡ ✉♠ ♣♦❧✐♥ô✲
♠✐♦ p =

∑n
j=0 pjX

j ∈ A[X] é ♠✉❧t✐♣❧✐❝❛r t♦❞♦s ♦s s❡✉s ❝♦❡✜❝✐❡♥t❡s ♣♦r a✿
a · p = ι(a) · p =

∑n
j=0(apj)X

j ✳

P❛r❛ ✈❡r q✉❡ A
ι→֒ A[X] é ✉♠ ♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✱ ❜❛st❛ ❛❝♦♠♣❛♥✲

❤❛r ❛ ❛çã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A s♦❜r❡ q✉❛❧q✉❡r b ∈ A✿ t❡♠♦s ι(a · b) =
(a · b, 0, 0, . . .) = (a, 0, 0, . . .) · (b, 0, 0, . . .) = ι(a) · ι(b) = a · ι(b)✳ �
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❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ♣r❡t❡♥s❛ ❛♣❧✐❝❛çã♦ ❞❡st❡s ♣♦❧✐♥ô♠✐♦s ♥❛ ❡①♣r❡ssã♦ ❞❡ ❢ór✲
♠✉❧❛s ❧ó❣✐❝❛s✱ ♦ ❧❡✐t♦r ♣♦❞❡ ❧❡❣✐t✐♠❛♠❡♥t❡ s❡ ♣❡r❣✉♥t❛r s❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡
✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ s❡rã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❡①♣r❡ss❛r ❢ór♠✉❧❛s ❝♦♠♣❧❡①❛s ❝♦♠♦
p ∨ (q → r)✳ ❆ r❡s♣♦st❛ ❡stá ❝♦♥t✐❞❛ ♥♦ ♣ró①✐♠❛ ❉❡✜♥✐çã♦✱ q✉❡ ❡①♣❧✐❝❛ ♣❛r✲
❝✐❛❧♠❡♥t❡ ❛ ♦♣çã♦ ♣❡❧❛ ♠❛✐♦r ❣❡♥❡r❛❧✐❞❛❞❡ ♣r♦♣♦r❝✐♦♥❛❞❛ ♣♦r ❛♥é✐s ✭❛♦ ✐♥✈és ❞❡
❝♦r♣♦s✱ ♠❛✐s ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦s✮✳

❉❡✜♥✐çã♦ ✶✶ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳ ❉❡✜♥✐♠♦s
❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❛ n ✈❛r✐á✈❡✐s s♦❜r❡ A✱ ❞❡♥♦t❛❞❛ A[X1, . . . , Xn]✱ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿ A[X1] = A[X]✱ ❡ A[X1, . . . , Xn+1] = A[X1, . . . , Xn][X]✳

❆ ❞❡✜♥✐çã♦ é ❛❞❡q✉❛❞❛ ♣♦rq✉❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ❝❛❞❛ A[X1, . . . , Xn] é ✉♠ ❛♥❡❧
❝♦♠✉t❛t✐✈♦✱ ❡ ♣♦rt❛♥t♦ ❡stá ❞❡✜♥✐❞❛ ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ A[X1, . . . , Xn]✳
➱ ✐♠♣♦rt❛♥t❡ t❡r ❡♠ ♠❡♥t❡ q✉❡ ♦ X ❡♠ A[X] é ❛♣❡♥❛s ✉♠❛ ♥♦t❛çã♦✱ s✐❣♥✐✜✲
❝❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✵✳ ❙❡✱ ❝♦♥❢♦r♠❡ ♦s ❝♦♠❡♥tár✐♦s s✉❝❡✲
❞❡♥❞♦ ❛q✉❡❧❛ ❉❡✜♥✐çã♦✱ ❞❡s❡❥❛♠♦s ✐♥t❡r♣r❡t❛r X ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A[X]✱
é ♥❡❝❡ssár✐♦ t❡r ❝✉✐❞❛❞♦ ♥❛ ❉❡✜♥✐çã♦ ✶✶✿ ♦❜✈✐❛♠❡♥t❡✱ ♥ã♦ ✐♥t❡r♣r❡t❛r❡♠♦s ♦
X ❡♠ ❝❛❞❛ A[X1, . . . , Xn][X] ❝♦♠♦ ♦ ♠❡s♠♦ ❡❧❡♠❡♥t♦✦ ◗✉❛♥❞♦ ❧✐❞❛r♠♦s ❝♦♠
❡st❡ t✐♣♦ ❞❡ s✐t✉❛çã♦✱ ❡♠♣r❡❣❛r❡♠♦s ♦s sí♠❜♦❧♦s X1, . . . , Xn ♣❛r❛ ❞❡♥♦t❛r ♦s
❡❧❡♠❡♥t♦s ❞♦s ❞✐❢❡r❡♥t❡s ♥í✈❡✐s✱ ❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❣❡♥ér✐❝♦ ❛❞q✉✐r❡ ❛ ❢♦r♠❛

p(X1, . . . , Xn) =
∑

α∈Nn

pαXα1

1 · · ·Xαn
n

♦♥❞❡ ❝❛❞❛ pα ∈ A ❡ pα 6= 0 ❛♣❡♥❛s ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ α ∈ N
n✳

❉❛ ❞✐s❝✉ssã♦ ❛♥t❡r✐♦r s♦❜r❡ ❛ ✐♠❡rsã♦ A →֒ A[X] ❡stá ❝❧❛r♦ q✉❡ ✈❛❧❡♠ ❛s
✐♥❝❧✉sõ❡s

A →֒ A[X1] →֒ A[X1, X2] →֒ . . . →֒ A[X1, . . . , Xn]

❡ q✉❡ ❝❛❞❛ A[X1, . . . , Xi] ❛❣❡ s♦❜r❡ t♦❞♦s ♦s A[X1, . . . , Xj ] s✉❜s❡qü❡♥t❡s ❞❡
♠♦❞♦ ♥❛t✉r❛❧✱ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝❛❞❛
A[X1, . . . , Xn] é ✉♠❛ A✲á❧❣❡❜r❛ ❝♦♥t❡♥❞♦ A ❞❡ ♠♦❞♦ ❝❛♥ô♥✐❝♦✳ ❈❛❜❡ ♦❜s❡r✈❛r✱
❛❧❣♦ ♣❡❞❛♥t❡♠❡♥t❡✱ q✉❡ ♥✉♠❛ ❡①♣r❡ssã♦ ❞♦ t✐♣♦ X1X

2
2 + X3 ❞❡✈❡✲s❡ ❡♥t❡♥❞❡r

♦s sí♠❜♦❧♦s X1, X2 ❝♦♠♦ ✐♠❡rsõ❡s ❡♠ A[X1, X2, X3]✱ ♣❡❧❛ ❝❛❞❡✐❛ ❞❡ ✐♠❡rsõ❡s
❛❝✐♠❛✱ ❞♦s ❡❧❡♠❡♥t♦s X1 ∈ A[X1]✱ X2 ∈ A[X1, X2]✳

◆♦ r❡st♦ ❞❛ ❉✐ss❡rt❛çã♦✱ ✉s❛r❡♠♦s ♦ t❡r♠♦ ✏á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ A✑
♣❛r❛ ♥♦s r❡❢❡r✐r♠♦s ❛ q✉❛❧q✉❡r ❞❛s A✲á❧❣❡❜r❛s A[X1, . . . , Xn]✱ n ∈ N\{0}✳

✶✳✷✳✷ ❆s♣❡❝t♦s ❙❡♠â♥t✐❝♦s

❆té ❛❣♦r❛ t❡♠♦s ❧✐❞❛❞♦ ❝♦♠ ♦s ❛s♣❡❝t♦s ✏s✐♥tát✐❝♦s✑ ❞♦s ♣♦❧✐♥ô♠✐♦s✱ ✈❡♥❞♦✲♦s
❛♣❡♥❛s ❝♦♠♦ ❡①♣r❡ssõ❡s ❢♦r♠❛✐s✳ ➱ t❡♠♣♦ ❞❡ ♠♦strá✲❧♦s s♦❜ ❛ ót✐❝❛ ❡♠ q✉❡ sã♦
♣r✐♠❡✐r♦ ❡♥❝♦♥tr❛❞♦s ♥❛ ❡s❝♦❧❛✱ ✐st♦ é✱ ❝♦♠♦ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳

❈♦♠❡ç❛♠♦s ❝♦♠ ♦ ♣r♦tót✐♣♦ ❞❡ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ ❡♠ q✉❡ s❡ ❞❛rã♦ ❛s ❝♦♥s✐❞✲
❡r❛çõ❡s s❡♠â♥t✐❝❛s✳
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▲❡♠❛ ✼ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ✭✜♥✐t♦ ♦✉ ♥ã♦✮ ❡ A ✉♠ ❛♥❡❧✳ ❖ ❝♦♥❥✉♥t♦
AX ✱ ❞❛s ❢✉♥çõ❡s X → A✱ é ❞♦t❛❞♦ ❞❛ ❡str✉t✉r❛ ❞❡ ❛♥❡❧ ♣❡❧❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛
❡ ♣r♦❞✉t♦ ♣♦♥t✉❛✐s✱ ❝♦♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♦ ♠❛♣❛ x 7→ 0 ❡ ✐❞❡♥t✐❞❛❞❡ ♦ ♠❛♣❛
x 7→ 1✳ ❙❡ A é ❝♦♠✉t❛t✐✈♦✱ ❛ss✐♠ ♦ é AX ✳

❍á ✉♠❛ ✐♠❡rsã♦ ❝❛♥ô♥✐❝❛ A →֒ AX q✉❡ ❧❡✈❛ a ∈ A ♥♦ ♠❛♣❛ ❝♦♥st❛♥t❡
x 7→ a✱ q✉❡ ❞á ❛ AX ❛ ❡str✉t✉r❛ ❞❡ A✲♠ó❞✉❧♦✳ ❙❡ A é ❝♦♠✉t❛t✐✈♦✱ AX ❛❞q✉✐r❡
❛ ❡str✉t✉r❛ ❞❡ A✲á❧❣❡❜r❛✳

P❛r❛ ❝❛❞❛ X ′ ⊆ X ❤á ❛ ♦♣❡r❛çã♦ ❞❡ r❡str✐çã♦ AX ։ AX′

❞❛❞❛ ♣♦r f 7→
f ↾X′ ✳ ❙❡ X ′ = {x} é ✉♥✐tár✐♦✱ ❝♦♥❢✉♥❞✐♠♦s ❛ r❡str✐çã♦ AX ։ A{x} ≃ A ❝♦♠
♦ ♠❛♣❛ ❛✈❛❧✐❛çã♦ ❡♠ x✱ ❞❡♥♦t❛❞♦ εx:AX ։ A ❡ ❞❡✜♥✐❞♦ ♣♦r f 7→ f(x)✳ ❚♦❞❛s
❡st❛s ♦♣❡r❛çõ❡s sã♦ ♠♦r✜s♠♦s ❞❡ ❛♥é✐s ❡ A✲♠ó❞✉❧♦s✳ ❙❡ A é ❝♦♠✉t❛t✐✈♦✱ sã♦
♠♦r✜s♠♦ ❞❡ A✲á❧❣❡❜r❛s✳

❉❡♠♦♥str❛çã♦✳ ◗✉❡ AX é ✉♠ ❛♥❡❧ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ♣♦♥t✉❛✐s s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡
❞♦ ❢❛t♦ ❞❡ q✉❡ A é ✉♠ ❛♥❡❧✱ ❡ ❛ ✐♠❡rsã♦ a 7→ {x 7→ a} é ✉♠ ♠♦r✜s♠♦ ❞❡ ❛♥é✐s✳
❈♦♠♦ ✈✐st♦ ♥♦ ▲❡♠❛ ✺✱ ♦ ❢❛t♦ ❞❡ AX s❡r ✉♠ ❛♥❡❧ r❡s✉❧t❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠
♠♦r✜s♠♦ ♥❛t✉r❛❧ AX →֒ End(AX) ❞❛❞♦ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ à ❡sq✉❡r❞❛✳ ❈♦♠✲
♣♦♥❞♦ ❛ sér✐❡ ❞❡ ♠♦r✜s♠♦s A →֒ AX →֒ End(AX) ♦❜t❡♠♦s ❛ ❛çã♦ ❞❡ A s♦❜r❡
AX q✉❡ ❢❛③ ❞❡st❡ ✉♠ A✲♠ó❞✉❧♦✳ ❈♦♥❢♦r♠❡ ♦ ❝♦♠❡♥tár✐♦ ❛♣ós ❛ ❉❡✜♥✐çã♦ ✹ ❞♦
❆♣ê♥❞✐❝❡✱ q✉❛♥❞♦ A é ❝♦♠✉t❛t✐✈♦ ❡st❛ ♠❡s♠❛ ❛çã♦ ❢❛③ ❞❡ AX ✉♠❛ A✲á❧❣❡❜r❛✳ �

❱❛❧❡ ♥♦t❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ AX é ♥ã♦✲✈❛③✐♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ❛①✐♦♠❛ ❞❛ ❡s✲
❝♦❧❤❛✱ ♣♦✐s ❛s ❢✉♥çõ❡s ❝♦♥st❛♥t❡s x 7→ a sã♦ ♠❡♠❜r♦s ❡①♣❧í❝✐t♦s ❞❡ AX ✳

❉❡✜♥✐çã♦ ✶✷ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ A[X] ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡
A✳ ❉❡✜♥✐♠♦s ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ A[X]✱ ✉♠ ♠❛♣❛ φ : A[X] → AA q✉❡
❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ✉♠❛ ❢✉♥çã♦ A → A✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿



φ(

n
∑

j=0

pjX
j)



 (a) =

n
∑

j=0

pja
j

♦♥❞❡ s❡❣✉✐♠♦s ❛ ❝♦♥✈❡♥çã♦ a0 = 1✳

❆s ❢✉♥çõ❡s ❡♠ AA q✉❡ ❡stã♦ ♥❛ ✐♠❛❣❡♠ ❞❡ A[X] s♦❜ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛
sã♦ ❝❤❛♠❛❞❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❆ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ φ:A[X] → AA é
✉♠ ♠♦r✜s♠♦ ❞❡ A✲á❧❣❡❜r❛s✱ ❡ ♣♦rt❛♥t♦ ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❢♦r♠❛♠ ✉♠❛

s✉❜✲A✲á❧❣❡❜r❛ ❞❡ AA✳ P❛r❛ ❝❛❞❛ a ∈ A✱ ❛ ❝♦♠♣♦s✐çã♦ A[X]
φ→ AA εa→ A✱ ✈✐st❛

❝♦♠♦ ❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥♦ ♣♦♥t♦ X = a✱ é t❛♠❜é♠ ✉♠ ♠♦r✜s♠♦ ❞❡ ❞❡
A✲á❧❣❡❜r❛s✳

❆ ❡①t❡♥sã♦ ❞❡st❛ ✐❞é✐❛ ❛♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✈ár✐❛s ✈❛r✐á✈❡✐s é s✐♠♣❧❡s✱ ❡ ❢♦r♥❡❝❡
✉♠❛ ♥♦çã♦ ❞❡ ✏❛✈❛❧✐❛çã♦ ♣❛r❝✐❛❧✑✱ q✉❡ r❡❞✉③ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❞❡ ✉♠ ♣♦❧✐✲
♥ô♠✐♦ ❡ é ❜❛st❛♥t❡ út✐❧ ♣❛r❛ ❛r❣✉♠❡♥t♦s ✐♥❞✉t✐✈♦s✳

❉❡✜♥✐çã♦ ✶✸ ❙❡ A é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ A[X1, . . . , Xn] ✉♠❛ á❧❣❡❜r❛ ❞❡ ♣♦✲
❧✐♥ô♠✐♦s✱ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ é ♦ ♠❛♣❛ φ : A[X1, . . . , Xn] → AAn

❞❡✜♥✐❞♦
♣♦r
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[

φ(
∑

α∈Nn

pαXα1

1 · · ·Xαn
n )

]

(a1, . . . , an) =
∑

α∈Nn

pαaα1

1 · · · aαn
n

❙❡ n ≥ 2✱ ♣♦♥❤❛ B = A[X1, . . . , Xn−1]✳ P❛r❛ ❝❛❞❛ an ∈ A✱ t❡♠♦s ❛ ❛✈❛❧✐❛çã♦
♣❛r❝✐❛❧

εXn 7→an
: A[X1, . . . , Xn] → A[X1, . . . , Xn−1]

❞❡✜♥✐❞❛ ♣❡❧❛ ❝♦♠♣♦s✐çã♦

A[X1, . . . , Xn]
φ→ BA[X1,...,Xn−1] ։ BA

εan

։ A[X1, . . . , Xn−1]

❡♠ q✉❡ ❛ s❡t❛ ❞♦ ♠❡✐♦ é ♦ ♠♦r✜s♠♦ ❞❡ r❡str✐çã♦ ❞♦ ▲❡♠❛ ✼✳

◆♦ ❈❛♣ít✉❧♦ s❡❣✉✐♥t❡ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡①♣r❡ss❛r ✈ár✐❛s ❢✉♥çõ❡s
❝♦♠♦ ♣♦❧✐♥ô♠✐♦s✱ ❡ ♣♦rt❛♥t♦ é ♥❛t✉r❛❧ ♣❡r❣✉♥t❛r q✉❛♥❞♦ ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s
❝♦♠♣õ❡♠ t♦❞❛ ❛ á❧❣❡❜r❛ ❞❡ ❢✉♥çõ❡s✳

❉❡✜♥✐çã♦ ✶✹ ❯♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ A é ❞✐t♦ ♣♦❧✐♥♦♠✐❛❧ s❡ t♦❞❛ ❢✉♥çã♦ A → A
é ♣♦❧✐♥♦♠✐❛❧✳

●♦st❛rí❛♠♦s ❞❡ ❝❧❛ss✐✜❝❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ♦s ❛♥é✐s ♣♦❧✐♥♦♠✐❛✐s✱ ❝♦♠ ♦ ♦❜❥❡✲
t✐✈♦ ❞❡ s❛❜❡r q✉❛✐s sã♦ ♣r♦♠✐ss♦r❡s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ à ❡①♣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡
❢ór♠✉❧❛s ❧ó❣✐❝❛s✳ ❯♠ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ♥❡st❛ ❞✐r❡çã♦ é ♦ s❡❣✉✐♥t❡✳

❚❡♦r❡♠❛ ✽ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ✐♥✜♥✐t♦✳ ❊♥tã♦ ❤á ❢✉♥çõ❡s A → A q✉❡
♥ã♦ sã♦ ♣♦❧✐♥♦♠✐❛✐s✳ ■st♦ é✱ ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❢♦r♠❛♠ ✉♠❛ s✉❜✲A✲á❧❣❡❜r❛
♣ró♣r✐❛ ❞❡ AA✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ An[X] ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ❡①✲
❛t❛♠❡♥t❡ n❀ ❝❛❞❛ ✉♠ ❞❡st❡s é ❡s♣❡❝✐✜❝❛❞♦ ♣♦r n + 1 ❝♦❡✜❝✐❡♥t❡s✱ s❡♥❞♦ q✉❡
♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r é ♥ã♦✲♥✉❧♦✳ P♦rt❛♥t♦✱ ♦ ❝❛r❞✐♥❛❧ ❞❡ An[X] é ♦ ♠❡s♠♦ ❞❡
A\{0} ×

∏n−1
i=0 A✳ ❙❡ A é ✐♥✜♥✐t♦✱ ❡st❡ ❝❛r❞✐♥❛❧ é s✐♠♣❧❡s♠❡♥t❡ |An| = |A|✳

❆❣♦r❛✱ ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s A[X] é ❡①❛t❛♠❡♥t❡
⋃

n∈N
An[X]✱ ❧♦❣♦ s❡✉ ❝❛r✲

❞✐♥❛❧ é |ℵ0 × A| = |A|✳ ❈♦♠♦ ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s sã♦ ❛ ✐♠❛❣❡♠ ❞❡ A[X]
s♦❜ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛✱ ❤á ♥♦ ♠á①✐♠♦ |A| ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳ ✭❉❡ ❢❛t♦✱
❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ♦s ♣♦❧✐♥ô♠✐♦s ❝♦♥st❛♥t❡s✱ ❤á ❡①❛t❛♠❡♥t❡ |A|✳✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❤á |AA| ≥ 2|A| > |A| ❢✉♥çõ❡s A → A✳ P♦rt❛♥t♦✱ ♥❡♠ t♦❞❛
❢✉♥çã♦ é ♣♦❧✐♥♦♠✐❛❧✳ �

❖ ❚❡♦r❡♠❛ ✽ ♠♦str❛ q✉❡✱ s❡ q✉✐s❡r♠♦s t❡r ❝❡rt❡③❛ q✉❡ t♦❞❛s ❛s ❢✉♥çõ❡s
A → A sã♦ ♣♦❧✐♥ô♠✐♦s✱ ❞❡✈❡♠♦s r❡str✐♥❣✐r ♥♦ss❛ ❛t❡♥çã♦ ❛♦ ❝❛s♦ ❡♠ q✉❡ A é
✜♥✐t♦✳ P♦ré♠✱ ❡st❛ ❝♦♥❞✐çã♦ ♥ã♦ é s✉✜❝✐❡♥t❡✿ ❤á ❛♥é✐s ✜♥✐t♦s ❡♠ q✉❡ ♥❡♠ t♦❞❛
❢✉♥çã♦ é ♣♦❧✐♥♦♠✐❛❧✳ ❱❡♠♦s ✉♠ ❝❛s♦ ✐❧✉str❛t✐✈♦ ❛❜❛✐①♦✳
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❊①❡♠♣❧♦ ✶ ❙❡❥❛ Z4 ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ♠ó❞✉❧♦ 4✳ ❊①✐st❡♠ ❢✉♥çõ❡s Z4 → Z4

q✉❡ ♥ã♦ sã♦ ♣♦❧✐♥♦♠✐❛✐s✳

❉❡♠♦♥str❛çã♦✳ ❖ ❛r❣✉♠❡♥t♦ é ♥ã♦✲❝♦♥str✉t✐✈♦✱ ♣♦✐s ❤á 44 = 256 ❢✉♥çõ❡s
Z4 → Z4✱ ♥ú♠❡r♦ ♣♦✉❝♦ ❛❞❡q✉❛❞♦ à ❝❤❡❝❛❣❡♠ ❡①❛✉st✐✈❛ ♥♦ ❡s♣❛ç♦ ❞❡ ✉♠❛
❉✐ss❡rt❛çã♦✳ P♦ré♠✱ ❛ ✜♥✐t✉❞❡ ❞❡ t♦❞♦s ♦s ♦❜❥❡t♦s ❡♥✈♦❧✈✐❞♦s ❣❛r❛♥t❡ q✉❡ é
♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❡①❡♠♣❧♦s ❝♦♥❝r❡t♦s s❡♠ ♠✉✐t❛ ❞✐✜❝✉❧❞❛❞❡✱ t❛❧✈❡③ ❧❛♥ç❛♥❞♦
♠ã♦ ❞❡ ✉♠ ❝♦♠♣✉t❛❞♦r✳

Pr✐♠❡✐r♦✱ ✉♠❛ s✐♠♣❧❡s ❝❤❡❝❛❣❡♠ ✈❡r✐✜❝❛ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ x ∈ Z4 s❛t✐s❢❛③
x4 = x2✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ Z4[X] s♦❜ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ é ❣❡r✲
❛❞❛ ✭❡♥q✉❛♥t♦ Z4✲♠ó❞✉❧♦✮ ♣❡❧❛s ✐♠❛❣❡♥s ❞♦s ❡❧❡♠❡♥t♦s 1, X,X2, X3 ∈ Z4[X]✿
❡♠ q✉❛❧q✉❡r ❡①♣r❡ssã♦ ❡♠ q✉❡ ❛♣❛r❡ç❛♠ ♣♦tê♥❝✐❛s ♠❛✐♦r❡s q✉❡ 3✱ ♣♦❞❡♠♦s
s✉❜st✐t✉✐✲❧❛s ♣♦r ♣♦tê♥❝✐❛s ♠❡♥♦r❡s ✭✉s❛♥❞♦ ❛ r❡❣r❛ x4 = x2) ❛té q✉❡ s♦❜r❡♠
❛♣❡♥❛s ♣♦tê♥❝✐❛s ❡♥tr❡ 0 ❡ 3✳

❍á ❡①❛t❛♠❡♥t❡ 44 ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ 3 s♦❜r❡ Z4✳ ❙❡❥❛ Z
≤3
4 [X]

♦ ❝♦♥❥✉♥t♦ ❞❡st❡s❀ tr❛t❛✲s❡ ❞❡ ✉♠ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ r❡s♣❡✐t♦ à s♦♠❛✳ ❘❡✲
str✐♥❣✐♥❞♦ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❛ ❡st❡✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛ s♦♠❛✱ t❡♠♦s
✉♠ ♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❝♦♠✉t❛t✐✈♦s φ≤3: Z≤3

4 [X] → Z
Z4

4 ✳ ❈♦♠♦ ♦ ❞♦♠í♥✐♦ ❡
❝♦♥tr❛❞♦♠í♥✐♦ tê♠ ❛ ♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡✱ φ≤3 s❡rá s♦❜r❡❥❡t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
❢♦r ✐♥❥❡t✐✈❛✳ P♦ré♠✱ ❤á ✈ár✐♦s ♣♦❧✐♥ô♠✐♦s ❡♠ Z

≤3
4 [X] ❝✉❥❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛

é ❛ ❢✉♥çã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳ ❯♠ ❡①❡♠♣❧♦ é 2X(X +1)❀ ✉♠❛ ❝❤❡❝❛❣❡♠ rá♣✐❞❛
♠♦str❛ q✉❡ 2x2 + 2x = 0 ♣❛r❛ q✉❛❧q✉❡r x ∈ Z4✳

P♦rt❛♥t♦✱ φ≤3 ♥ã♦ é ✐♥❥❡t✐✈❛✱ ❡ ❤á ❢✉♥çõ❡s ♥ã♦✲♣♦❧✐♥♦♠✐❛✐s Z4 → Z4✳ �

❖ ❊①❡♠♣❧♦ ✶ ♠♦str❛ q✉❡ é ♥❡❝❡ssár✐♦ ✐♠♣♦r ♠❛✐s ❝♦♥❞✐çõ❡s s♦❜r❡ ✉♠ ❛♥❡❧
A ♣❛r❛ q✉❡ t♦❞❛ ❢✉♥çã♦ A → A s❡❥❛ ♣♦❧✐♥♦♠✐❛❧✳ ▼❛✐s ❛✐♥❞❛✿ q✉❡✱ s❡ q✉✐s❡r♠♦s
❡st❛❜❡❧❡❝❡r q✉❡ t♦❞❛ ❢✉♥çã♦ é ♣♦❧✐♥♦♠✐❛❧✱ ❞❡✈❡♠♦s ❡✈✐t❛r q✉❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉
❜❛✐①♦ s❡❥❛♠ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦s✳ ❖ ❡①❡♠♣❧♦ ❡s♣❡❝í✜❝♦ ❝♦♥str✉í❞♦✱ 2X(X + 1)✱
❢✉♥❝✐♦♥❛ ♣♦rq✉❡ ❤á ❡❧❡♠❡♥t♦s a, b ∈ Z4 t❛✐s q✉❡ a, b 6= 0 ♠❛s ab = 0 ✭❛ s❛❜❡r✱
a = b = 2✮✳

❖ ❊①❡♠♣❧♦ ✶✱ ❛❧✐❛❞♦ ❛♦ ▲❡♠❛ ✶ ❞♦ ❆♣ê♥❞✐❝❡✱ s✉❣❡r❡ q✉❡ t❡♥t❡♠♦s ❡st❛❜❡❧❡❝❡r
❞♦✐s r❡s✉❧t❛❞♦s✱ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❝♦♥s✐❞❡r❛r r❡s♦❧✈✐❞❛ ❛ q✉❡stã♦ ❞❛ ❡①♣r❡ssã♦
♣♦❧✐♥♦♠✐❛❧ ❞❡ ❢✉♥çõ❡s ❛r❜✐trár✐❛s✳ Pr✐♠❡✐r♦✱ q✉❡ s❡ ✉♠ ❛♥❡❧ ✜♥✐t♦ A ♥ã♦ é
❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✱ ♥❡♠ t♦❞❛ ❢✉♥çã♦ A → A é ♣♦❧✐♥♦♠✐❛❧❀ s❡❣✉♥❞♦✱ q✉❡
s❡ K é ✉♠ ❝♦r♣♦✱ ❡♥tã♦ t♦❞❛ ❢✉♥çã♦ K → K é ♣♦❧✐♥♦♠✐❛❧✳ ❆t❛❝❛♠♦s ❡st❡s
♣r♦❜❧❡♠❛s ❛ s❡❣✉✐r❀ ❝♦♠❡ç❛♠♦s ❝♦♠ ✉♠❛ ❡s♣é❝✐❡ ❞❡ ✏❝♦♠♣❛❝✐❞❛❞❡✑ ❞♦ A✲♠ó❞✉❧♦
❞❡ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✱ q✉❛♥❞♦ A é ✜♥✐t♦✳

Pr♦♣♦s✐çã♦ ✾ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ✜♥✐t♦✳ ❖ s✉❜✲A✲♠ó❞✉❧♦ ❞❡ ❢✉♥çõ❡s
♣♦❧✐♥♦♠✐❛✐s ❡♠ AA ❝♦♥s✐st❡ ❡①❛t❛♠❡♥t❡ ❞❛s ✐♥t❡r♣r❡t❛çõ❡s ❝❛♥ô♥✐❝❛s ❞♦s ♣♦❧✐✲
♥ô♠✐♦s ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ |A| − 1✳

❉❡♠♦♥str❛çã♦✳ ◆❛ ❧✐♥❤❛ ❞♦ ❊①❡♠♣❧♦ ✶✱ ❡♥❝♦♥tr❛♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ pA ∈ A[X]✱
❞❡ ❣r❛✉ |A| ❡ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r 1✱ ❝✉❥❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ é ✐❞❡♥t✐❝❛♠❡♥t❡
♥✉❧❛✿

pA(X) =
∏

a∈A

(X − a)
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❊stá ❝❧❛r♦ q✉❡✱ ♣❛r❛ ❝❛❞❛ b ∈ A✱ ❛ ❡①♣r❡ssã♦ ❞❡ φ(pA)(b) ❝♦♥té♠ ✉♠ ❢❛t♦r
b − b✱ ❡ ♣♦rt❛♥t♦ é ♥✉❧❛✳

❖ ♣♦❧✐♥ô♠✐♦ p0✱ s❡♥❞♦ ❞❛ ❢♦r♠❛ X |A| +
∑|A|−1

j=0 pjX
j ❡ ✐♥t❡r♣r❡t❛❞♦ ♣❡❧❛

❢✉♥çã♦ ♥✉❧❛✱ ❢♦r♥❡❝❡ ✉♠❛ r❡❣r❛ ❞❡ s✉❜st✐t✉✐çã♦ a|A| = −
∑|A|−1

j=0 pja
j ✱ ✈á❧✐❞❛

♣❛r❛ t♦❞♦ a ∈ A✳ P♦rt❛♥t♦✱ t♦❞❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❡♠ A é ✐❣✉❛❧ à ✐♥t❡r♣r❡t❛çã♦
❝❛♥ô♥✐❝❛ ❞❡ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ |A| − 1✳ �

❚❡♦r❡♠❛ ✶✵ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ✜♥✐t♦ q✉❡ ♥ã♦ é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡✲
❣r✐❞❛❞❡✳ ❊♥tã♦ ❤á ❢✉♥çõ❡s A → A q✉❡ ♥ã♦ sã♦ ♣♦❧✐♥♦♠✐❛✐s✳

❈♦♠♦ ❡st❡ ❚❡♦r❡♠❛ é ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞❛ ❉✐ss❡rt❛çã♦✱ ❡ ♠❛t❡♠❛t✐✲
❝❛♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡✱ ❞❛♠♦s ❞✉❛s ❞❡♠♦♥str❛çõ❡s✳ ❆ ♣r✐♠❡✐r❛ é ♠❛✐s r❡✈❡❧❛❞♦r❛✱
♣♦ré♠ ♠❛✐s tr❛❜❛❧❤♦s❛✳

Pr✐♠❡✐r❛ ❞❡♠♦♥str❛çã♦✳ ❙❡❥❛ A|A|−1[X] ♦ s✉❜✲A✲♠ó❞✉❧♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉
♥♦ ♠á①✐♠♦ |A| − 1❀ ✈✐♠♦s ♥❛ Pr♦♣♦s✐çã♦ ✶✵ q✉❡ ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s sã♦ ❛
✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ A|A|−1[X]✳ ❈♦♥s✐❞❡r❡♠♦s ❛ r❡str✐çã♦ ❞❛ ✐♥t❡r♣r❡t❛çã♦
❝❛♥ô♥✐❝❛✱

φ|A|−1:A|A|−1[X] → AA

❚r❛t❛✲s❡ ❞❡ ✉♠ ♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳ ❚❛♥t♦ ♦ ❞♦♠í♥✐♦ q✉❛♥t♦ ♦ ❝♦♥✲
tr❛❞♦♠í♥✐♦ tê♠ ❡①❛t❛♠❡♥t❡ |A||A| ❡❧❡♠❡♥t♦s❀ ♣♦rt❛♥t♦✱ φ|A|−1 é s♦❜r❡❥❡t✐✈❛ s♦✲
♠❡♥t❡ s❡ ❢♦r ✐♥❥❡t✐✈❛✳ ◆♦ss♦ ♣r♦❜❧❡♠❛ ✜❝❛ r❡❞✉③✐❞♦✱ ❡♥tã♦✱ ❛ ❡♥❝♦♥tr❛r ✉♠
♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ q ∈ A|A|−1[X] ❝✉❥❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ s❡❥❛ ❛ ❢✉♥çã♦
♥✉❧❛✳

P❛r❛ ❝❛❞❛ a ∈ A✱ ♣♦♥❤❛ N(a) = {b ∈ A : ab = 0}✱ ❡ s❡❥❛ a0 ∈ A t❛❧
q✉❡ N(a0) 6= {0}✳ ❚❛❧ a0 ❡①✐st❡ ♣♦rq✉❡ A ♥ã♦ é ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡❀ t❡♠♦s
|N(a0)| ≥ 2✳ ❉❡✜♥✐♠♦s

q(X) = a0X ·
∏

a/∈N(a0)

(X − a)

❊stá ❝❧❛r♦ q✉❡✱ s❡ b ∈ N(a0)✱ ❡♥tã♦ q(b) = (a0b) · u = 0 · u = 0❀ ❡ q✉❡✱ s❡
b /∈ N(a0)✱ ❡♥tã♦ q(b) ❝♦♥té♠ ✉♠ ❢❛t♦r b− b✱ ❡ é ♣♦rt❛♥t♦ ♥✉❧♦✳ ❆ss✐♠✱ ❛ ✐♥t❡r✲
♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ q é ❛ ❢✉♥çã♦ ♥✉❧❛✳ ❖ ❣r❛✉ ❞❡ q é 1+ |A|−|N(a0)| ≤ |A|−1✱
❝♦♠♦ ❞❡s❡❥á✈❛♠♦s✳ ▲♦❣♦ φ|A|−1 ♥ã♦ é ✐♥❥❡t✐✈❛✱ ❡ A ♥ã♦ é ♣♦❧✐♥♦♠✐❛❧✳ �

❙❡❣✉♥❞❛ ❞❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ t♦❞❛ ❢✉♥çã♦ A → A s❡❥❛ ♣♦❧✐♥♦♠✐❛❧✱ t♦♠❡
a ∈ A\{0} ❡ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f :A → A ❞❛❞❛ ♣♦r f(a) = 1✱ f(x) = 0 ♣❛r❛
x 6= a✳ ❙❡❥❛ p =

∑n
j=0 pjX

j ✉♠ ♣♦❧✐♥ô♠✐♦ ❝✉❥❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ é f ✳ ❉❛

❤✐♣ót❡s❡ p(0) = 0 t❡♠♦s q✉❡ p0 = 0❀ ♣♦rt❛♥t♦ p = X ·
(

∑n
j=1 pjX

j−1
)

✳ ❆❣♦r❛✱

p(a) = 1 ♥♦s ❞á a ·
(

∑n
j=1 pja

j−1
)

= 1❀ ♦✉ s❡❥❛✱ a ♣♦ss✉✐ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳

P♦rt❛♥t♦ A é ✉♠ ❝♦r♣♦✳ �
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◆♦t❛✳ ❯s❛♥❞♦ ❛ té❝♥✐❝❛ ❞❛ s❡❣✉♥❞❛ ❞❡♠♦♥str❛çã♦✱ ❝♦♥s❡❣✉✐♠♦s ❢❛❝✐❧♠❡♥t❡ ❝♦♥✲
str✉✐r ❢✉♥çõ❡s ♥ã♦✲♣♦❧✐♥♦♠✐❛✐s ❡①♣❧í❝✐t❛s✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ Z4✱ ❛ ❢✉♥çã♦ ❞❛❞❛
♣♦r {0, 1, 3} 7→ {0}✱ 2 7→ 1 ♥ã♦ é ♣♦❧✐♥♦♠✐❛❧✳

❚❡♥❞♦ r❡s♦❧✈✐❞♦ ♠❡t❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ❛♥é✐s ♣♦❧✐♥♦♠✐❛✐s✱
✈♦❧t❛♠♦✲♥♦s ❛❣♦r❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ r❡❝í♣r♦❝♦✱ t❛♠❜é♠ ❝♦♠ ❞✉❛s ❞❡♠♦♥str❛çõ❡s✳

▲❡♠❛ ✶✶ ❙❡❥❛ D ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ ❛r❜✐trár✐♦ ❡ p ∈ D[X] ♥ã♦✲♥✉❧♦
❞❡ ❣r❛✉ d✳ ❊♥tã♦ φ(p) ❛ss✉♠❡ ♦ ✈❛❧♦r 0 ❡♠ ♥♦ ♠á①✐♠♦ d ♣♦♥t♦s ❞❡ D✳

❉❡♠♦♥str❛çã♦✳ P♦r ✐♥❞✉çã♦ ♥♦ ❣r❛✉ d❀ ♣❛r❛ d = 0✱ p é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♥st❛♥t❡
♥ã♦✲♥✉❧♦✱ ❡ ❛ ❝♦♥❝❧✉sã♦ é ó❜✈✐❛✳ ❚♦♠❡ ❡♥tã♦ p ❞❡ ❣r❛✉ d+1✳ ❙❡ φ(p) ♥ã♦ ❛ss✉♠❡
♦ ✈❛❧♦r 0✱ ♦ ▲❡♠❛ ✈❛❧❡✳ ❙❡ ❡①✐st❡ a ∈ D t❛❧ q✉❡ φ(p)(a) = 0✱ ♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦
❛❧❣♦r✐t♠♦ ❞❡ ❞✐✈✐sã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛ ➪❧❣❡❜r❛ ❊❧❡♠❡♥t❛r ♠♦str❛ q✉❡ ❤á ✉♠
♣♦❧✐♥ô♠✐♦ q ∈ D[X] ❞❡ ❣r❛✉ d t❛❧ q✉❡ p(X) = (X − a) · q(X)✳

❆❣♦r❛✱ s❡ b ∈ D\{a} é t❛❧ q✉❡ p(b) = 0✱ ❡♥tã♦ (b − a) · q(b) = 0❀ ❝♦♠♦
b − a 6= 0 ❡ D é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✱ s❡❣✉❡ q✉❡ q(b) = 0✳ P♦r ❤✐♣ót❡s❡
❞❡ ✐♥❞✉çã♦✱ ❤á ♥♦ ♠á①✐♠♦ d ❡❧❡♠❡♥t♦s ❞❡ D ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡✱ ❡ ♣♦rt❛♥t♦
p t❡♠ ♥♦ ♠á①✐♠♦ d + 1 r❛í③❡s ♥♦ t♦t❛❧✳ �

❚❡♦r❡♠❛ ✶✷ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✜♥✐t♦✳ ❊♥tã♦ t♦❞❛ ❢✉♥çã♦ K → K é ♣♦❧✐♥♦♠✐❛❧✳

Pr✐♠❡✐r❛ ❞❡♠♦♥str❛çã♦✳ ❈♦♥t✐♥✉❛♠♦s ♥❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦✱ ❝♦♥s✐❞❡r❛♥❞♦
❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ r❡str✐t❛

φ|K|−1 : K|K|−1[X] → KK

q✉❡ é ✉♠ ♠♦r✜s♠♦ ❞❡ K✲♠ó❞✉❧♦s✱ ❛♠❜♦s ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡ |K||K|✳ P♦ré♠✱
❛❣♦r❛ ❡st❛❜❡❧❡❝❡♠♦s ✐♥❥❡t✐✈✐❞❛❞❡ ❞❡ φ|K|−1✱ ♠♦str❛♥❞♦ q✉❡ ♥❡♥❤✉♠ ♣♦❧✐♥ô♠✐♦
♥ã♦✲♥✉❧♦ é ✐♥t❡r♣r❡t❛❞♦ ♣❡❧❛ ❢✉♥çã♦ ♥✉❧❛✳

❉❡ ❢❛t♦✱ s❛❜❡♠♦s ♣❡❧♦ ▲❡♠❛ ✶✶ q✉❡ ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥ô♠✐❛❧✱ ✐♥t❡r♣r❡t❛çã♦
❝❛♥ô♥✐❝❛ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ ❞❡ ❣r❛✉ d s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ♣♦❞❡ ❛ss✉♠✐r
♦ ✈❛❧♦r 0 ♥♦ ♠á①✐♠♦ d ✈❡③❡s✳ P♦rt❛♥t♦✱ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ ❝❛❞❛ ❡❧❡✲
♠❡♥t♦ ❞❡ K|K|−1[X] t❡♠ ♥♦ ♠á①✐♠♦ |K| − 1 ③❡r♦s✱ ❡ ❝❛❞❛ ✉♠❛ ❞❡st❛s ❢✉♥çõ❡s
❞❡✈❡ ❛ss✉♠✐r ❛♦ ♠❡♥♦s ✉♠ ✈❛❧♦r ♥ã♦✲♥✉❧♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥❡♥❤✉♠❛ ❞❡❧❛s é
✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ ❡①❝❡t♦ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ 0 ∈ K|K|−1[X]✳ �

❙❡❣✉♥❞❛ ❞❡♠♦♥str❛çã♦✳ ➱ ♣♦ssí✈❡❧ ❞❛r ✉♠ ♣♦❧✐♥ô♠✐♦ ❡①♣❧í❝✐t♦ ❝✉❥❛ ✐♥t❡r♣r❡✲
t❛çã♦ ❝❛♥ô♥✐❝❛ s❡❥❛ ✉♠❛ ❢✉♥çã♦ f : K → K ❞❛❞❛✱ ❝♦♠ ❛ ❝❤❛♠❛❞❛ ✏❢ór♠✉❧❛ ❞❡
✐♥t❡r♣♦❧❛çã♦ ❞❡ ▲❛❣r❛♥❣❡✑✳ ➱ ❛ s❡❣✉✐♥t❡✿

pf (X) =
∑

a∈K

f(a) ·





∏

b 6=a

X − b

a − b





P❛r❛ ✈❡r q✉❡ φ(pf ) = f ✱ ♣♦♥❤❛ δa(X) =
∏

b 6=a
X−b
a−b ❀ ❡stá ❝❧❛r♦ q✉❡ φ(δa)(a) = 1✱

❛♦ ♣❛ss♦ q✉❡ φ(δa)(b) = 0 s❡ b 6= a✳ ❆ ❢ór♠✉❧❛ ♣❛r❛ pf ❛❝✐♠❛ ♥❛❞❛ ♠❛✐s é q✉❡
❛ s♦♠❛

∑

a∈K f(a)δa✱ ❡ ❡✈✐❞❡♥t❡♠❡♥t❡ φ(pf )(a) = f(a) ♣❛r❛ ❝❛❞❛ a ∈ K✳ �
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❆ ❢ór♠✉❧❛ ❞❡ ▲❛❣r❛♥❣❡ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ♠❛✐s ❣❡r❛❧♠❡♥t❡ s♦❜r❡ ✉♠ ❝♦r♣♦
K ❛r❜✐trár✐♦✱ ♦♥❞❡ ♣❡r♠✐t❡ ❝♦♥str✉✐r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ d q✉❡ ❛ss✉♠❡ ✈❛❧✲
♦r❡s ♣ré✲❞❡t❡r♠✐♥❛❞♦s ❡♠ d ♣♦♥t♦s ❞✐st✐♥t♦s ❞❡ K✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r ✉♠❛
s✐♠♣❧✐✜❝❛çã♦ q✉❡ ❛ ❢ór♠✉❧❛ ❛❞♠✐t❡ s♦❜r❡ ✉♠ ❝♦r♣♦ ✜♥✐t♦✳

▲❡♠❛ ✶✸ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✜♥✐t♦✳ ❖ ♣r♦❞✉t♦ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ♥ã♦✲♥✉❧♦s
❞❡ K é −1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P =
∏

a∈K\{0} a❀ ♥♦ss❛ ❡str❛té❣✐❛ é ❡①♣❧♦r❛r ❛ ❡①✐stê♥❝✐❛
❞❡ ✉♠ ✐♥✈❡rs♦ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦✱ ❧❡✈❛♥❞♦ ❛♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❛ ♠❛✐♦r ♣❛rt❡ ❞♦s
t❡r♠♦s ❞♦ ♣r♦❞✉t♦✳ ❉❡ ❢❛t♦✱ s❡ a ❡ a−1 ❛♣❛r❡❝❡♠ ♥♦ ♣r♦❞✉t♦✱ ♣♦r ❝♦♠✉t❛t✐✈✐✲
❞❛❞❡ ❡ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ♣♦❞❡♠♦s r❡♠♦✈ê✲❧♦s✳

❖ ú♥✐❝♦ ❡♠♣❡❝✐❧❤♦ ❛♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❝♦♠♣❧❡t♦ é ❛ ❡①✐stê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s
a q✉❡ sã♦ s❡✉s ♣ró♣r✐♦s ✐♥✈❡rs♦s✱ ❞❡ ♠♦❞♦ q✉❡ ❛♣❡♥❛s a = a−1 ❛♣❛r❡❝❡ ♥♦
♣r♦❞✉t♦✳ ❋❡❧✐③♠❡♥t❡✱ ❡st❡s sã♦ ♣♦✉❝♦s✿ sã♦ ❛s s♦❧✉çõ❡s ❞❡ X2 = 1✱ q✉❡✱ ❞❛ ➪❧✲
❣❡❜r❛ ❊❧❡♠❡♥t❛r✱ s❛❜❡♠♦s s❡r❡♠ ❛♣❡♥❛s −1 ❡ 1 ✭q✉❡ ♣♦ss✐✈❡❧♠❡♥t❡ sã♦ ✐❣✉❛✐s✮✳
❚❡♠♦s ❡♥tã♦

∏

a∈K\{−1,0,1} a = 1 ♣♦r ❝❛♥❝❡❧❛♠❡♥t♦❀ ❡✱ q✉❡r 1 = −1 ♦✉ ♥ã♦✱
∏

a∈{−1,1} a = −1✳ ❉❡st❡ ♠♦❞♦✱ P = −1✳ �

❉❡ ♣♦ss❡ ❞❡st❡ ▲❡♠❛✱ ✈❡♠♦s q✉❡ ♦ ♣r♦❞✉t♦
∏

b 6=a(b − a)✱ ♦❝♦rr❡♥❞♦ ♥♦ ❞❡✲
♥♦♠✐♥❛❞♦r ❞❡ ❝❛❞❛ t❡r♠♦ ❞♦ s♦♠❛tór✐♦ ♥♦ ❚❡♦r❡♠❛ ✶✷✱ é ❥✉st❛♠❡♥t❡ ♦ ♣r♦❞✉t♦
❞♦s ❡❧❡♠❡♥t♦s ♥ã♦✲♥✉❧♦s✱ ✐st♦ é✱ −1✳ ❚❡♠♦s ❡♥tã♦ ❛ ❡①♣r❡ssã♦ s✐♠♣❧✐✜❝❛❞❛

pf (X) =
∑

a∈K

−f(a) ·





∏

b 6=a

(X − b)





❆ s❡❣✉✐r✱ ✐♥✈❡st✐❣❛♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣r❡ss❛r ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❢✉♥çõ❡s
Kn → K✱ ✈✐st♦ q✉❡ ♣r❡t❡♥❞❡♠♦s ♣♦❧✐♥♦♠✐③❛r ❢ór♠✉❧❛s ❧ó❣✐❝❛s ❛ ✈ár✐❛s ✈❛r✲
✐á✈❡✐s✳ ❉❛r❡♠♦s ❞✉❛s ❞❡♠♦♥str❛çõ❡s✱ ❝❛❞❛ ✉♠❛ ❛♦ ❧♦♥❣♦ ❞❛s ♠❡s♠❛s ❧✐♥❤❛s ❞❡
✉♠❛ ❞❛q✉❡❧❛s ❞♦ ❚❡♦r❡♠❛ ✶✷✳ P❛r❛ ❛ ♣r✐♠❡✐r❛✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ r❡s✉❧t❛❞♦
♣r❡❧✐♠✐♥❛r s♦❜r❡ ♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ❜❛✐①♦✳

▲❡♠❛ ✶✹ ❙❡❥❛ D ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ ❛r❜✐trár✐♦ ❡ p ∈ D[X1, . . . , Xn] ❞❡
❣r❛✉ ♥♦ ♠á①✐♠♦ |D| − 1 ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧✳ ✭●r❛✉ ❛r❜✐trár✐♦ s❡ D ❢♦r ✐♥✜♥✐t♦✳✮
❙❡ φ(p) é ❛ ❢✉♥çã♦ ♥✉❧❛✱ ❡♥tã♦ p é ♦ ♣♦❧✐♥ô♠✐♦ ♥✉❧♦✳

❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ n✳ P❛r❛ n = 1✱ ♦ r❡s✉❧t❛❞♦ é
❜❛s✐❝❛♠❡♥t❡ ♦ ▲❡♠❛ ✶✶✱ s❡ ♦❜s❡r✈❛r♠♦s q✉❡ D t❡♠ ♠❛✐s ❡❧❡♠❡♥t♦s q✉❡ ♦ ❣r❛✉
❞❡ p✳ ❆❣♦r❛ ❡s❝r❡✈❛ p = q|K|−1X

|K|−1
n+1 + . . . + q1Xn+1 + q0✱ ❝♦♠ ❝❛❞❛ qi ∈

D[X1, . . . , Xn]✱ ❡ ✜①❡ ✈❛❧♦r❡s ❛r❜✐trár✐♦s X1 = a1, . . . , Xn = an❀ ♦❜t❡♠♦s ❛ss✐♠
✉♠ ♣♦❧✐♥ô♠✐♦ pa1,...,an

(Xn+1) ∈ D[Xn+1]✳
P♦r ❤✐♣ót❡s❡✱ ❡st❡ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ |D| − 1 ❛ss✉♠❡ ♦ ✈❛❧♦r ③❡r♦ ♥♦s |D|

♣♦♥t♦s ❞❡ D✱ ❡ ♣♦rt❛♥t♦ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✱ ✐st♦ é✱ t❡♠ ❝♦❡✜❝✐❡♥t❡s ♥✉❧♦s✳ ■st♦
✈❛❧❡ ♣❛r❛ ❝❛❞❛ ❡s❝♦❧❤❛ ❞❡ a1, . . . , an❀ ♣♦rt❛♥t♦✱ ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ ❝❛❞❛
✉♠ ❞♦s qi é ❛ ❢✉♥çã♦ ♥✉❧❛✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t♦❞♦s ♦s qi sã♦ ♣♦❧✐♥ô♠✐♦s
♥✉❧♦s✱ ❡ ❛ss✐♠ p t❛♠❜é♠ é ♦ ♣♦❧✐♥ô♠✐♦ ♥✉❧♦✳ �
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❚❡♦r❡♠❛ ✶✺ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❡ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳ ❊♥tã♦ t♦❞❛ ❢✉♥çã♦
Kn → K é ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ K[X1, . . . , Xn]✳

Pr✐♠❡✐r❛ ❞❡♠♦♥str❛çã♦✳ ❙❡❥❛ K|K|−1[X1, . . . , Xn] ♦ s✉❜✲K✲♠ó❞✉❧♦ ❞❡ ♣♦❧✐♥ô✲
♠✐♦s ❞❡ K[X1, . . . , Xn] ❝✉❥♦ ❣r❛✉ ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ é ♥♦ ♠á①✐♠♦ |K| − 1✳ ❆
r❡str✐çã♦ ❞❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛

φ|K|−1 : K|K|−1[X1, . . . , Xn] → KKn

é ✉♠ ♠♦r✜s♠♦ ❞❡ K✲♠ó❞✉❧♦s✳ ❍á |K|n ❞✐❢❡r❡♥t❡s ♠♦♥ô♠✐♦s Xα1

1 · · ·Xαn
n

❝♦♠ ❡①♣♦❡♥t❡s αi ∈ {0, . . . , |K| − 1}✱ ❡ ♣♦rt❛♥t♦ ❤á |K||K|n ❞✐❢❡r❡♥t❡s ♣♦❧✐✲
♥ô♠✐♦s ❡♠ K|K|−1[X1, . . . , Xn]✳ ❈♦♠♦ ❡st❡ é ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s Kn → K✱
❜❛st❛ ♠♦str❛r q✉❡ φ|K|−1 é ✐♥❥❡t✐✈❛✱ ✐st♦ é✱ q✉❡ ♥❡♥❤✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ ❞❡
K|K|−1[X1, . . . , Xn] é ✐♥t❡r♣r❡t❛❞♦ ♣❡❧❛ ❢✉♥çã♦ ♥✉❧❛✳ ❊st❡ é ♦ ▲❡♠❛ ✶✹✳ �

❙❡❣✉♥❞❛ ❞❡♠♦♥str❛çã♦✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ f : Kn → K✱ ❝♦♥str✉✲
✐♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ✉♠ ♣♦❧✐♥ô♠✐♦ pf ∈ K|K|−1[X1, . . . , Xn] ❝✉❥❛ ✐♥t❡r♣r❡t❛çã♦
❝❛♥ô♥✐❝❛ é f ✳ ❈♦♠♦ ❛♥t❡s✱ ❝♦♠❡ç❛♠♦s ♣♦r ❝♦♥str✉✐r ♣♦❧✐♥ô♠✐♦s q✉❡ s❡ ❛♥✉❧❛♠
❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Kn ❡①❝❡t♦ ✉♠✿ ❞❛❞♦ a = (a1, . . . , an) ∈ Kn✱ ❞❡✜♥❛

δa(X1, . . . , Xn) = (−1)n ·
n

∏

i=1

∏

b 6=ai

(Xi − b)

❊stá ❝❧❛r♦ q✉❡✱ s❡ a′ = (a′
1, . . . , a

′
n) 6= a✱ ❤á ✉♠ í♥❞✐❝❡ i t❛❧ q✉❡ ai 6= a′

i✱ ❡
♣♦rt❛♥t♦

∏

b 6=ai
(a′

i − b) = 0✱ ♣♦r ❝♦♥t❡r ✉♠ ❢❛t♦r a′
i − a′

i✳ ❉❡st❡ ♠♦❞♦✱ ✉♠ ❞♦s
❢❛t♦r❡s ❞♦ ♣r♦❞✉tór✐♦ ❡①t❡r♥♦ é ♥✉❧♦✱ ❡ δa(a′) = 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❞❛
i✱

∏

b 6=ai
(ai − b) = −1 ♣❡❧♦ ▲❡♠❛ ✶✸✱ ❞❡ ♠♦❞♦ q✉❡ δa(a) = (−1)n · (−1)n = 1.

❋✐♥❛❧♠❡♥t❡✱ ❞❛❞❛ f ✱ ❡s❝r❡✈❡♠♦s

pf (X) =
∑

a∈Kn

f(a) · δa(X)

q✉❡ ♠❛♥✐❢❡st❛♠❡♥t❡ s❛t✐s❢❛③ φ(pf )(a) = f(a) ♣❛r❛ ❝❛❞❛ a ∈ Kn✳ �

❈♦♠ ✐st♦✱ ❡♥❝❡rr❛♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❛♥é✐s ❝♦♠✉t❛t✐✈♦s ❞❡ ❛❝♦r❞♦ ❝♦♠
❛ ♣♦❧✐♥♦♠✐❛❧✐❞❛❞❡ ❞❡ s✉❛s ❢✉♥çõ❡s✳ ❆♣❡♥❛s ❡♠ ❝♦r♣♦s ✜♥✐t♦s K t❡♠✲s❡ t♦❞❛s
❛s ❢✉♥çõ❡s K → K ♣♦❧✐♥♦♠✐❛✐s✱ ❡ ♥❡st❡s t❡♠✲s❡ ♦ ❜ô♥✉s ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s
Kn → K s❡r❡♠ ♣♦❧✐♥♦♠✐❛✐s✳

❯♠ ú❧t✐♠♦ r❡✜♥❛♠❡♥t♦ s♦❜r❡ ❛♥é✐s ♥ã♦✲♣♦❧✐♥♦♠✐❛✐s ♣♦❞❡ s❡r r❡❧❡✈❛♥t❡✳ ❆r✲
❣✉♠❡♥t❛♠♦s q✉❡✱ s❡ A é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ✜♥✐t♦ q✉❡ ♥ã♦ é ❞♦♠í♥✐♦ ❞❡ ✐♥t❡✲
❣r✐❞❛❞❡✱ ❡♥tã♦ ❤á ❢✉♥çõ❡s A → A q✉❡ ♥ã♦ sã♦ ♣♦❧✐♥♦♠✐❛✐s✱ ❡ ✉s❛♠♦s ✐st♦ ❝♦♠♦
❥✉st✐✜❝❛t✐✈❛ ♣❛r❛✱ ♥♦ ♣ró①✐♠♦ ❈❛♣ít✉❧♦✱ ♣♦❧✐♥♦♠✐③❛r ❧ó❣✐❝❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡ s♦✲
❜r❡ ❝♦r♣♦s✳

❈♦♥t✉❞♦✱ ♣♦❞❡✲s❡ ❧❡✈❛♥t❛r ❛ q✉❡stã♦ ❞❡ q✉❡ ❛s ❧ó❣✐❝❛s ✉s✉❛✐s ♥ã♦ ♣♦ss✉❡♠
❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❝♦♥❡❝t✐✈♦s✱ ❡ q✉❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ♥ã♦ s❡r✐❛ ♥❡❝❡ssár✐♦ ❡①♣r❡ss❛r
t♦❞❛s ❛s ❢✉♥çõ❡s ❡♠ t❡r♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳ P♦r ✐ss♦✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ♦❜t❡r
✉♠❛ ♠❡❞✐❞❛ ❞❡ q✉❛❧ ♣r♦♣♦rçã♦ ❞❛s ❢✉♥çõ❡s A → A✱ ♦✉ ♠❛✐s ❣❡r❛❧♠❡♥t❡ An →
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A✱ ♣♦❞❡♠ s❡r ❡①♣r❡ss❛s ♣♦r ♣♦❧✐♥ô♠✐♦s✳ ❖ r❡st♦ ❞❡st❡ ❈❛♣ít✉❧♦ tr❛t❛ ❞❡st❡
t❡♠❛✳ P♦r ♥ã♦ s❡r ❡st❡ ✉♠ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧✱ ❡ ❞❡ ✐♥t❡r❡ss❡ ♠❛✐s ♠❛t❡♠át✐❝♦ ❞♦
q✉❡ ❧ó❣✐❝♦✱ ❛❞♦t❛♠♦s ✉♠ t♦♠ ✉♠ ♣♦✉❝♦ ♠❛✐s ❛✈❛♥ç❛❞♦ ❡ ❛ss✉♠✐♠♦s ❛❧❣✉♠❛
❜❛❣❛❣❡♠ ❛❧❣é❜r✐❝❛ ❞❛ ♣❛rt❡ ❞♦ ❧❡✐t♦r✳

Pr♦♣♦s✐çã♦ ✶✻ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ✜♥✐t♦ q✉❡ ♥ã♦ é ❞♦♠í♥✐♦ ❞❡ ✐♥t❡✲
❣r✐❞❛❞❡✳ ❆ ❢r❛çã♦ ❞❡ ❢✉♥çõ❡s A → A q✉❡ é ♣♦❧✐♥♦♠✐❛❧ é ♥♦ ♠á①✐♠♦ 2−|A|/2✳ ❙❡
k é ♦ ♠❡♥♦r ❢❛t♦r ♣r✐♠♦ ❞❡ |A|✱ ❡st❛ ❢r❛çã♦ é ♥♦ ♠á①✐♠♦ 2−

k−1

k
|A|✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ a0 ∈ A ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ✐♥✈❡rtí✈❡❧✱ q✉❡ ❡①✐st❡ ♣❡❧♦ ▲❡♠❛
✶ ❞♦ ❆♣ê♥❞✐❝❡✳ ❖ ♠❛♣❛ a0· : A → A ❞❛❞♦ ♣♦r x 7→ a0x é ✉♠ ♠♦r✜s♠♦ ❞❡
❣r✉♣♦s ❝♦♠✉t❛t✐✈♦s ✭❡♠ r❡❧❛çã♦ à s♦♠❛✮✱ ❡ ♥ã♦ é s♦❜r❡❥❡t✐✈♦ ♣♦rq✉❡ a0x 6= 1
♣❛r❛ t♦❞♦ x ∈ A✳ ▲♦❣♦✱ ♦ ♥ú❝❧❡♦ Nuc(a0·) é ✉♠ s✉❜❣r✉♣♦ ♥ã♦✲tr✐✈✐❛❧✱ ❡ ❝♦♥té♠
♣❡❧♦ ♠❡♥♦s k ❡❧❡♠❡♥t♦s✱ ♦♥❞❡ k é ♦ ♠❡♥♦r ❢❛t♦r ♣r✐♠♦ ❞❡ |A|✳

❆♣❡s❛r ❞❡ a0· s❡r ♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❡ ❡♠ ❣❡r❛❧ ♥ã♦ ❞❡ ❛♥é✐s✱ ✈❡r✐✜❝❛✲s❡
❢❛❝✐❧♠❡♥t❡ q✉❡ Nuc(a0·) é ✉♠ ✐❞❡❛❧ ❞❡ A❀ ♣♦❞❡♠♦s ❡♥tã♦ ❢♦r♠❛r ♦ ❛♥❡❧ q✉♦❝✐❡♥t❡
A/Nuc(a0·)✱ q✉❡ t❡♠ ♥♦ ♠á①✐♠♦ |A|/k ❡❧❡♠❡♥t♦s✳ ❙❡❥❛♠ b1, . . . , bm ∈ A ✉♠
s✐st❡♠❛ ❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞✐st✐♥t♦s ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♠ó❞✉❧♦ Nuc(a0·)
✭❞❡ ♠♦❞♦ q✉❡ m ≤ |A|/k✮✱ ❡ ❞❡✜♥❛

pa0
(X) = a0

m
∏

j=1

(X − bj)

❱❡❥❛♠♦s q✉❡ φ(pa0
) é ❛ ❢✉♥çã♦ ♥✉❧❛✳ P♦r ❝♦♥str✉çã♦✱ ♣❛r❛ ❝❛❞❛ a ∈ A ❤á

✉♠ bj t❛❧ q✉❡ a− bj ∈ Nuc(a0·)❀ ❞❡st❡ ♠♦❞♦✱
∏m

j=1(a− bj) ❡stá ❡♠ Nuc(a0·)✱ ❡
♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r a0 ♦❜té♠✲s❡ 0✳ ❖✉ s❡❥❛✱ φ(pa0

)(a) = 0 ♣❛r❛ q✉❛❧q✉❡r a ∈ A✳
❉❡st❡ ♠♦❞♦✱ ♦❜t❡♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ p✱ ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ |A|/k✱ ❝✉❥❛ ✐♥✲

t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ é ♥✉❧❛✳ ◆❛ ♥♦t❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✵✱ ❝♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦
♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s

φ|A|−1 : A|A|−1[X] → AA

▼♦str❛r❡♠♦s q✉❡ Nuc(φ|A|−1) t❡♠ ♣❡❧♦ ♠❡♥♦s 2
k−1

k
|A| ❡❧❡♠❡♥t♦s✱ ❡✱ ❞♦ Pr✐♠❡✐r♦

❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦ ♣❛r❛ ❣r✉♣♦s ❝♦♠✉t❛t✐✈♦s✱ r❡s✉❧t❛rá q✉❡ ❛ ✐♠❛❣❡♠
φ|A|−1(A|A|−1[X]) ✭✐st♦ é✱ ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✮ t❡rá ♥♦ ♠á①✐♠♦ 2−

k−1

k
|A|

✈❡③❡s ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ A|A|−1[X]✳ ❯♠❛ ✈❡③ q✉❡ ❡st❡ ú❧t✐♠♦ ❝♦♥❥✉♥t♦ t❡♠ ❛
♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ AA✱ t❡r❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❊stá ❝❧❛r♦ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r q ∈ A|A|−1[X]✱ ❡♥tã♦ p · q ∈ Nuc(φ|A|−1)✳ ❙❡
q t✐✈❡r ❣r❛✉ ♥♦ ♠á①✐♠♦ k−1

k |A| − 1✱ ❡♥tã♦ p · q ∈ A|A|−1[X]✳ ◆♦ss❛ ❡str❛té❣✐❛
é ❝♦♥str✉✐r ✉♠❛ ❢❛♠í❧✐❛ Q = {q1, . . . , qN} ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦
k−1

k |A| − 1✱ ❞❡ ♠♦❞♦ q✉❡ t♦❞♦s ♦s ♣r♦❞✉t♦s p · qi s❡❥❛♠ ❞✐st✐♥t♦s✳ ❉❡st❡ ♠♦❞♦✱
❡st❛❜❡❧❡❝❡r❡♠♦s q✉❡ Nuc(φ|A|−1) t❡♠ ♣❡❧♦ ♠❡♥♦s N ❡❧❡♠❡♥t♦s✳ ❈♦♥s❡❣✉✐r❡♠♦s

❧❡✈❛r ❛ ❝❛❜♦ ❡st❛ t❛r❡❢❛ ❝♦♠ N = 2
k−1

k
|A|✳

❙❡❥❛ Q ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ A|A|−1[X] ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦
k−1

k |A| − 1✱ ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s sã♦ t♦❞♦s 0 ♦✉ 1❀ ❡stá ❝❧❛r♦ q✉❡ |Q| == 2
k−1

k
|A|✳

❙❡ q, q′ ∈ Q sã♦ ❞✐st✐♥t♦s✱ ❝❛❞❛ ❝♦❡✜❝✐❡♥t❡ ❞❡ q − q′ é ✉♠ ❞❡♥tr❡ {−1, 0, 1}✱ ❡
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♥ã♦ sã♦ t♦❞♦s 0 ♣♦rq✉❡ q 6= q′✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ❞❡ q − q′ é −1
♦✉ 1✱ ❡ ♣♦rt❛♥t♦ p · (q− q′) 6= 0✳ ❉❡st❡ ♠♦❞♦✱ s❡ q 6= q′✱ t❡♠♦s p · q 6= p · q′❀ ❝♦♠♦
✈✐♠♦s✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ Nuc(φ|A|−1) t❡♠ ♣❡❧♦ ♠❡♥♦s 2

k−1

k
|A| ❡❧❡♠❡♥t♦s✱ ❡ q✉❡

❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s sã♦ ♥♦ ♠á①✐♠♦ 2−
k−1

k
|A| ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s A → A✳ �

◆♦t❛✳ ❆ Pr♦♣♦s✐çã♦ ❛❝✐♠❛ ♠♦str❛ q✉❡✱ ❝♦♥❢♦r♠❡ ❝♦♥s✐❞❡r❛♠♦s ❛♥é✐s ❝♦♠ ♠❛✐s
❡❧❡♠❡♥t♦s✱ ❡ ❡st❡s ♥ã♦ sã♦ ❝♦r♣♦s✱ ❛ ♣r♦♣♦rçã♦ ❞❡ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡❝r❡s❝❡
♠✉✐t♦ rá♣✐❞♦✳ P♦r ❡①❡♠♣❧♦✱ ♠❡♥♦s ❞❡ ✉♠ ♠✐❧és✐♠♦ ❞❛s ❢✉♥çõ❡s Z15 → Z15 sã♦
♣♦❧✐♥♦♠✐❛✐s✦



❈❛♣ít✉❧♦ ✷

❆♣❧✐❝❛çõ❡s ❡ ❱❛r✐❛çõ❡s

❉❡ ♣♦ss❡ ❞❡ t❡♦r❡♠❛s ❞❡ ❡str✉t✉r❛ ♠✉✐t♦ ❣❡r❛✐s s♦❜r❡ ♣♦❧✐♥ô♠✐♦s✱ ♣❛ss❛♠♦s ❛
❛❧❣✉♥s ❡①❡♠♣❧♦s ♣❛rt✐❝✉❧❛r❡s✳ ❆ ❛♣❧✐❝❛çã♦ ♠❛✐s ✐♠❡❞✐❛t❛ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦✲
♠✐③❛çã♦ é s♦❜r❡ ❧ó❣✐❝❛s s❡♠â♥t✐❝❛s ✭❉❡✜♥✐çã♦ ✶✳✽✮ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✳

✷✳✶ P♦❧✐♥♦♠✐③❛çã♦ ❞❡ ▲ó❣✐❝❛s ❙❡♠â♥t✐❝❛s

❆ ✐❞é✐❛ ❜ás✐❝❛ é ❡♥❝❛r❛r ♦s ✈❛❧♦r❡s✲✈❡r❞❛❞❡ ❝♦♠♦ ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❛♥❡❧ ✭❝♦♠
♦♣❡r❛çõ❡s ❛✐♥❞❛ ❛ ❞❡✜♥✐r✮✱ ❡ ❡s❝r❡✈❡r ❢ór♠✉❧❛s ❧ó❣✐❝❛s✱ ❝♦♠♦ (a∧b)∨c✱ ♥❛ ❢♦r♠❛
❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♥❛s ✈❛r✐á✈❡✐s a, b, c✱ ❝♦♠♦ ab + c + abc✳ ❖ ❞❡s✐❞❡r❛t✉♠ é q✉❡✱
❛♦ ✐♥t❡r♣r❡t❛r♠♦s ♦s ✈❛❧♦r❡s✲✈❡r❞❛❞❡ ❞❡ a, b, c ❝♦♠♦ ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❛♥❡❧✱ ❝❛❧✲
❝✉❧❛r♠♦s ♦ ✈❛❧♦r ❞♦ ♣♦❧✐♥ô♠✐♦ ♥♦ ♣♦♥t♦ (a, b, c)✱ ❡ r❡✐♥t❡r♣r❡t❛r♠♦s ♦ ❡❧❡♠❡♥t♦
r❡s✉❧t❛♥t❡ ❝♦♠♦ ✉♠ ✈❛❧♦r✲✈❡r❞❛❞❡✱ ❡st❡ s❡rá ❡①❛t❛♠❡♥t❡ ❛q✉❡❧❡ ❢♦r♥❡❝✐❞♦ ♣❡❧❛
❢ór♠✉❧❛ ❧ó❣✐❝❛ ♦r✐❣✐♥❛❧✳

❚❛❧✈❡③ ♦ ❡①❡♠♣❧♦ ♠❛✐s s✐♠♣❧❡s s❡❥❛ ♦ ❞❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝❛✱ ❝♦♠
❛♣❡♥❛s ❞♦✐s ✈❛❧♦r❡s✲✈❡r❞❛❞❡✿ ✏✈❡r❞❛❞❡✐r♦✑ ❡ ✏❢❛❧s♦✑✳ ❆q✉✐✱ t❡♠♦s ✉♠ ❝♦♥❡❝t✐✈♦
✉♥ár✐♦ ❞❡ ♥❡❣❛çã♦✱ ¬, ❡ ❝♦♥❡❝t✐✈♦s ❜✐♥ár✐♦s ❞❡ ❞✐s❥✉♥çã♦ ∨✱ ❝♦♥❥✉♥çã♦ ∧✱ ✐♠✲
♣❧✐❝❛çã♦ → ❡ ❡q✉✐✈❛❧ê♥❝✐❛ ↔✳ ➱ ❜❡♠ s❛❜✐❞♦ q✉❡ ♦ ♣❛r {¬,→} é s✉✜❝✐❡♥t❡
♣❛r❛ ❡①♣r❡ss❛r ♦s ❞❡♠❛✐s✱ ♦✉ ♠❡s♠♦ ❛♣❡♥❛s ♦ ❝♦♥❡❝t✐✈♦ ❞❡ ❙❤❡✛❡r✱ ❞❡✜♥✐❞♦ ♣♦r
a|b = ¬(a ∧ b)✳ P♦ré♠✱ é ✐❧✉str❛t✐✈♦ ❡①♣r❡ss❛r t♦❞♦s ❡st❡s ♣♦r ♣♦❧✐♥ô♠✐♦s✱ ♣❛r❛
♦❜t❡r ✉♠❛ ✐❞é✐❛ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♥✈♦❧✈✐❞♦s✳

■♥✐❝✐❛♠♦s ♥♦ss❛ ✐♥✈❡st✐❣❛çã♦ ♣❡❧♦ ❝❛♠✐♥❤♦ ♠❛✐s s✐♠♣❧❡s✿ ❤❛✈❡♥❞♦ ❛♣❡♥❛s
❞♦✐s ✈❛❧♦r❡s✲✈❡r❞❛❞❡✱ ♣r♦❝✉r❛♠♦s ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ❛♣❡♥❛s ❞♦✐s ❡❧❡♠❡♥✲
t♦s✳ ❆ ➪❧❣❡❜r❛ ❊❧❡♠❡♥t❛r ♥♦s r❡✈❡❧❛ q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ❛♥❡❧ ❞❡st❛ ❝❛r❞✐♥❛❧✲
✐❞❛❞❡✱ ❡ ❡st❡ r❡s✉❧t❛ ❝♦♠✉t❛t✐✈♦ ✭❞❡ ❢❛t♦✱ ✉♠ ❝♦r♣♦✮✿ Z2 = {0, 1}✱ ♦s ✐♥t❡✐r♦s
♠ó❞✉❧♦ 2✳ ❆s ♦♣❡r❛çõ❡s sã♦ ✐♥❞✉③✐❞❛s ♣❡❧❛ s♦♠❛ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ✐♥✲
t❡✐r♦s✿ 0 + x = x✱ 1 + 1 = 0✱ 1 · x = x ❡ 0 · 0 = 0✳

❊s❝♦❧❤❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ✐♥t❡r♣r❡t❛r 0 ❝♦♠♦ ✏❢❛❧s♦✑ ❡ 1 ❝♦♠♦ ✏✈❡r❞❛❞❡✐r♦✑✱
❡✱ ♣❛r❛ ❡①♣r❡ss❛r ❛ ♥❡❣❛çã♦✱ ♣r♦❝✉r❛♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ p¬ ∈ Z2[X] t❛❧ q✉❡
p¬(0) = 1 ❡ p¬(1) = 0✳ ❙❡♥❞♦ Z2 ❝♦r♣♦✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✸ ❛✜r♠❛ q✉❡ ❡①✐st❡ t❛❧
♣♦❧✐♥ô♠✐♦✳

✹✸
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❆ t❛r❡❢❛ ♣rát✐❝❛ ❞❡ ❡♥❝♦♥tr❛r ✉♠ ❡①❡♠♣❧♦ é ❜❛st❛♥t❡ s✐♠♣❧✐✜❝❛❞❛ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✷✳✶✵✱ q✉❡ r❡str✐♥❣❡ ♥♦ss❛ ❜✉s❝❛ ❛♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ |Z2| − 1✱
♦✉ s❡❥❛✱ ❞❛ ❢♦r♠❛ aX + b ❝♦♠ a, b ∈ Z2✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ♦s r❡q✉❡r✐♠❡♥t♦s ❞♦
♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ é s✐♠♣❧❡s ❞❡❞✉③✐r q✉❡ a = b = 1 é ❛ ú♥✐❝❛ s♦❧✉çã♦✿

p¬(X) = 1 + X

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ p¬ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ q✉❛❧ ❡❧❡♠❡♥t♦ ❞❡ Z2

r❡♣r❡s❡♥t❛ q✉❛❧ ✈❛❧♦r✲✈❡r❞❛❞❡ ❧ó❣✐❝♦❀ ✐st♦ ♥ã♦ ♦❝♦rr❡ ♣❛r❛ ♦s ❝♦♥❡❝t✐✈♦s ∨,∧,→✳
Pr♦❝✉r❛♠♦s ❛❣♦r❛ ✉♠ ♣♦❧✐♥ô♠✐♦ p∧(X, Y ) q✉❡ ❞❡s❡♠♣❡♥❤❡ ♣❛r❛ ❛ ❝♦♥❥✉♥çã♦

♦ ♠❡s♠♦ ♣❛♣❡❧ q✉❡ p¬ ♣❛r❛ ❛ ♥❡❣❛çã♦❀ ❞❡✈❡♠♦s t❡r p∧(x, y) = 1 s♦♠❡♥t❡ s❡
x = y = 1✱ ❡ 0 ♥♦s ♦✉tr♦s ❝❛s♦s✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✻ ✐♥❞✐❝❛
q✉❡ ❤á ✉♠ t❛❧ p∧ ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ 1 ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧✱ ✐st♦ é✱ ❞❛ ❢♦r♠❛
aXY + bX + cY + d✳ ❊st❡ ♣❡q✉❡♥♦ s✐st❡♠❛ ❞❡ 4 ❡q✉❛çõ❡s ❡ 4 ✈❛r✐á✈❡✐s ♣♦❞❡ s❡r
r❡s♦❧✈✐❞♦ s❡♠ ♠❛✐♦r❡s ♣r♦❜❧❡♠❛s✱ r❡s✉❧t❛♥❞♦ ❡♠

p∧(X, Y ) = XY

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❡♥❝♦♥tr❛♠♦s

p∨(X, Y ) = X + Y + XY

p→(X, Y ) = 1 + X + XY

p↔(X, Y ) = 1 + X + Y

❈♦♥❢♦r♠❡ ❛♣♦♥t❛❞♦ ❡♠ ❬❄❪✱ ❡st❡ ❛rt✐❢í❝✐♦ s✐♠♣❧❡s ❢❛❝✐❧✐t❛ ❜❛st❛♥t❡ ❛❧❣✉♠❛s
❞❡♠♦♥str❛çõ❡s ♥♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝♦✱ ❞❡s❞❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✲
✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s ♥ã♦ s❡❥❛ ♠✉✐t♦ ❣r❛♥❞❡✳ P♦r ❡①❡♠♣❧♦✱ s❡ q✉✐s❡r♠♦s ✈❡r✐✜❝❛r
q✉❡ ❛ ❢ór♠✉❧❛ a → (b → a) é ✉♠❛ t❛✉t♦❧♦❣✐❛✱ ❡s❝r❡✈❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❝♦rr❡✲
s♣♦♥❞❡♥t❡✿

p→(a, p→(b, a)) = 1 + a + a · (1 + b + ba)

= 1 + a + a + ab + a2b

= 1 + ab + ab

= 1.

❈♦♠♦ ♦ r❡s✉❧t❛❞♦ é 1 ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s ❞❡ a, b✱ ❡ ❞❡t❡r♠✐♥❛♠♦s p→
❝♦♠ ❛ ❝♦♥✈❡♥çã♦ ❞❡ q✉❡ 1 r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r✲✈❡r❞❛❞❡ ✏✈❡r❞❛❞❡✐r♦✑✱ ❝♦♥❝❧✉í♠♦s
q✉❡ a → (b → a) é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s ❞❡ a, b✱ ♦✉ s❡❥❛✱ é ✉♠❛
t❛✉t♦❧♦❣✐❛✳

❱❛❧❡ ♥♦t❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ✉s♦ ❞❡ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❛❧❣é❜r✐❝❛s q✉❡
❞❡✜♥❡♠ Z2✿ ❛ s❛❜❡r✱ a + a = 0 ❡ a2 = a ♣❛r❛ q✉❛❧q✉❡r a ∈ Z2✳ ❉❡ ❢❛t♦✱ ❡st❡
é ✉♠ ❝♦♠♣♦♥❡♥t❡ ✐♠♣♦rt❛♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦ ❡♥q✉❛♥t♦ r❡❝✉rs♦
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❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❡ é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r q✉❡ ❡❧❡ ❢♦r♥❡❝❡ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ❞❡❝✐sã♦
♣❛r❛ ❧ó❣✐❝❛s s❡♠â♥t✐❝❛s✱ ❡♠ ❝✐r❝✉♥stâ♥❝✐❛s r❛③♦❛✈❡❧♠❡♥t❡ ❣❡r❛✐s✳ ❊①♣r❡ss❛♠♦s
❡st❡ ❢❛t♦ ♥✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♣r♦♣♦s✐çõ❡s✱ ♣❛r❛ ♠❛✐♦r ❝❧❛r❡③❛✳

❈♦♠❡❝❡♠♦s ♣♦r ✉♠❛ ❞❡✜♥✐çã♦ r❛③♦❛✈❡❧♠❡♥t❡ ❣❡r❛❧ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦✱ q✉❡
s❡rá ❝♦♠✉♠ ❛ t♦❞❛s ❛s ♣r♦♣♦s✐çõ❡s s✉❜s❡qü❡♥t❡s✳

❉❡✜♥✐çã♦ ✶ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ s❡♠â♥t✐❝❛ ❝♦♠ ❝♦♥❡❝t✐✈♦s (Cn)n∈N✳ ❯♠❛ ♣♦❧✐✲
♥♦♠✐③❛çã♦ ❞❡ L é ✉♠❛ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ A t❛❧
q✉❡ t♦❞♦s ♦s ❝♦♥❡❝t✐✈♦s ❞❡ L sã♦ ❞❛❞♦s ♣♦r ♣♦❧✐♥ô♠✐♦s s♦❜r❡ A✳

▼❛✐s ❢♦r♠❛❧♠❡♥t❡✱ é ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ P = (Pn)n∈N ♦♥❞❡ ❝❛❞❛ Pn(Cn) ❡stá
❝♦♥t✐❞♦ ♥❛ s✉❜✲A✲á❧❣❡❜r❛ ❞❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳

❚❡♦r❡♠❛ ✶ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ s❡♠â♥t✐❝❛ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛✳ ❊♥tã♦ L ♣♦ss✉✐
✉♠❛ ♣♦❧✐♥♦♠✐③❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ L ♣♦ss✉✐ ✉♠❛ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦
S ❞❡ k ❡❧❡♠❡♥t♦s✱ ♣❡❧❛ ❞✐s❝✉ssã♦ q✉❡ s❡❣✉❡ ❛ ❉❡✜♥✐çã♦ ✶✳✽ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦
✷ ❞♦ ❆♣ê♥❞✐❝❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ S ❡stá ♣r♦♣r✐❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ ✉♠ ❝♦r♣♦
✜♥✐t♦ K✳ P❛r❛ ❝❛❞❛ ❝♦♥❡❝t✐✈♦ n✲ár✐♦ c ❞❡ L✱ ❛ ✐♥t❡r♣r❡t❛çã♦ φn(c) é ✉♠❛ ❢✉♥çã♦
S → S✱ q✉❡ ♣r❡❝✐s❛♠♦s ❝♦♠♣❧❡t❛r ❛ ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ φn(c) : K → K ❞❡
♠♦❞♦ ❛ r❡s♣❡✐t❛r r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ ⊢L✳ ❚♦♠❛♠♦s u0 ∈ K\S ❛r❜✐trár✐♦
❡ ❞❡✜♥✐♠♦s φn(c)(a1, . . . , an) = u0 s❡ ❛❧❣✉♠ ai /∈ S✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✷✱ t♦❞❛
❢✉♥çã♦ Kn → K é ♣♦❧✐♥♦♠✐❛❧✳

❘❡st❛ ❝❤❡❝❛r s❡ ❛ ♥♦✈❛ ✐♥t❡r♣r❡t❛çã♦ φ = (φn)n∈N ❝❛r❛❝t❡r✐③❛ ❛ r❡❧❛çã♦ ❞❡
❝♦♥s❡qüê♥❝✐❛ ❞❡ L✳ ▼♦str❛r❡♠♦s q✉❡ ❛ ❡①t❡♥sã♦ φ é ✏❝♦♥s❡r✈❛t✐✈❛✑✳ Pr✐♠❡✐r♦✱
♣♦r ✉♠❛ s✐♠♣❧❡s ✐♥❞✉çã♦ ♥❛ ❝♦♠♣❧❡①✐❞❛❞❡✱ ♥♦t❛♠♦s q✉❡✱ s❡ α é q✉❛❧q✉❡r ❢ór♠✉❧❛
❡ ❛ ✐♥t❡r♣r❡t❛çã♦ φ(α) é ✉♠❛ ❢✉♥çã♦ n✲ár✐❛✱ t❡♠♦s q✉❡ a /∈ Sn ✐♠♣❧✐❝❛ α(a) /∈ S✳

❆❣♦r❛ s❡❥❛♠ Γ ⊆ For(L) ❡ α ∈ For(L)❀ ❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛ ♠♦str❛♠ q✉❡✱
♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r❛çã♦ ν✱ só ♣♦❞❡ ♦❝♦rr❡r νφ(Γ) ⊆ D s❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s q✉❡
♦❝♦rr❡♠ ❡♠ ❢ór♠✉❧❛s ❞❡ Γ ♦❜tê♠✱ ♣♦r ν✱ ✈❛❧♦r❡s ❡♠ S✳ ❉❡st❡ ♠♦❞♦✱ ❛ ✐♠♣❧✐❝❛çã♦
νφ(Γ) ⊆ D =⇒ νφ(α) ∈ D é ❡q✉✐✈❛❧❡♥t❡ ❛ νφ(Γ) ⊆ D =⇒ νφ(α) ∈ D❀ ❡ ❡st❛
ú❧t✐♠❛✱ ♣♦r ❤✐♣ót❡s❡✱ é ❡q✉✐✈❛❧❡♥t❡ ❛ Γ ⊢L α✳ �

Pr♦♣♦s✐çã♦ ✷ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ s❡♠â♥t✐❝❛ qn✲✈❛❧♦r❛❞❛✱ ♦♥❞❡ q é ✉♠ ♥ú♠❡r♦
♣r✐♠♦✱ ❡ s✉♣♦♥❤❛ q✉❡✱ ❡♠ ❛❧❣✉♠❛ ✐♥t❡r♣r❡t❛çã♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ qn ❡❧❡✲
♠❡♥t♦s✱ ❤á ❛♣❡♥❛s ✉♠ ✈❛❧♦r✲✈❡r❞❛❞❡ ❞✐st✐♥❣✉✐❞♦✳ ❙❡❥❛ P ✉♠❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡
L s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ qn ❡❧❡♠❡♥t♦s✱ ❡♠ q✉❡ D = {0}✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r
α ∈ For(L)✱ t❡♠✲s❡ ⊢L α s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P(α) = 0✳

P♦❞❡♠♦s ♦❧❤❛r ❛ Pr♦♣♦s✐çã♦ ❛❝✐♠❛ ❝♦♠♦ ✉♠❛ ♣r✐♠❡✐r❛ ❡①♣r❡ssã♦ ❞♦ ❝❛❧❝✉❧❡✲
♠✉s ❞❡ ▲❡✐❜♥✐③❀ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ✭❜❛st❛♥t❡ r❡str✐t❛s✮✱ ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✉♠❛
❢ór♠✉❧❛ ✜❝❛ r❡❞✉③✐❞❛ à ❝❤❡❝❛❣❡♠ ❞❡ q✉❡ ✉♠ ❝❡rt♦ ♣♦❧✐♥ô♠✐♦ é ✐❞❡♥t✐❝❛♠❡♥t❡
♥✉❧♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✾ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✷✱ ✜❝❛
❝❧❛r♦ q✉❡ ♦s ❡①♣❡❞✐❡♥t❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡❧❡♠❡♥t❛r❡s ❞❡ s✉❜st✐t✉✐r ♦❝♦rrê♥❝✐❛s
❞❡ Xq ♣♦r X✱ ❡ ❡❧✐♠✐♥❛r s♦♠❛s ❞♦ t✐♣♦ a+ . . .+a✱ ❝♦♠ q t❡r♠♦s✱ sã♦ s✉✜❝✐❡♥t❡s
♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ P(α) = 0✳
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❈♦♥❢♦r♠❡ ❛♣♦♥t❛❞♦ ♣♦r ❈❛r♥✐❡❧❧✐ ❬❄❪✱ s❡ L ❣♦③❛ ❞❡ ✉♠ ♠❡t❛t❡♦r❡♠❛ ❞❛ ❞❡✲
❞✉çã♦✱ ❛ Pr♦♣♦s✐çã♦ ❛❝✐♠❛ s❡ ❡st❡♥❞❡ ♣❛r❛ ♦ ❝❛s♦ α ⊢L β✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ♦❢❡r❡❝❡♠♦s ✉♠❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❛ ❧ó❣✐❝❛ tr✐✈❛❧❡♥t❡ ❞❡ ▲✉❦❛✲
s✐❡✇✐❝③✱ ❝♦♠ ❝♦♥❡❝t✐✈♦ ❜✐♥ár✐♦ → ❡ ❝♦♥❡❝t✐✈♦ ✉♥ár✐♦ ¬✳ ❯♠❛ s❡♠â♥t✐❝❛ ✈❡r♦❢✉♥✲
❝✐♦♥❛❧ ♣❛r❛ ❡st❛ ❧ó❣✐❝❛✱ ❝♦♠ ✈❛❧♦r❡s✲✈❡r❞❛❞❡ {0, 1, 2} ❡ ú♥✐❝♦ ✈❛❧♦r ❞✐st✐♥❣✉✐❞♦
0✱ é ❞❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s

→ 0 1 2
0 0 0 2
1 0 0 2
2 0 0 0

¬
0 2
1 0
2 0

P♦❧✐♥♦♠✐③❛♥❞♦ ❡st❛ ❧ó❣✐❝❛ s♦❜r❡ ♦ ❝♦r♣♦ Z3 ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶✷✱
♦❜t❡♠♦s ♦s ♣♦❧✐♥ô♠♦s p→(X, Y ) = 2X(Y + 1)(XY + Y + 1) ❡ p¬(X) = 2X + 2✳
P♦❞❡♠♦s ❡♥tã♦ ❝❤❡❝❛r q✉❡ x → x é ✉♠ t❡♦r❡♠❛ ❞❡st❛ ❧ó❣✐❝❛✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

p→(X, X) = 2X(X + 1)(X2 + X + 1)

= 2X4 + 4X3 + 4X2 + 2X

= 2X2 + 4X + 4X2 + 2X

= 6X2 + 6X

= 0.

❖♥❞❡ ✉s❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s X3 = X ♥❛ s❡❣✉♥❞❛ ♣❛ss❛❣❡♠✱ ❡ 3X = 0 ♥❛
q✉❛rt❛✳

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❧ó❣✐❝❛s ❝✉❥❛s s❡♠â♥t✐❝❛s ✈❡r♦✲
❢✉♥❝✐♦♥❛✐s ♥ã♦ tê♠ ❛♣❡♥❛s ✉♠ ✈❛❧♦r ❞✐st✐♥❣✉✐❞♦✱ ❝♦♠♦ s❡❣✉❡✳

Pr♦♣♦s✐çã♦ ✸ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ s❡♠â♥t✐❝❛ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛ ❡ P ✉♠❛ ♣♦❧✐✲
♥♦♠✐③❛çã♦ s♦❜r❡ ✉♠ ❝♦r♣♦ ✜♥✐t♦ K✱ ❝♦♠ ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s D✳ ❊♥tã♦✱ ♣❛r❛
q✉❛❧q✉❡r α ∈ For(L)✱ t❡♠✲s❡ ⊢L α s❡✱ ❡ s♦♠❡♥t❡ s❡✱

∏

d∈D(P(α) − d) = 0✳

❆ Pr♦♣♦s✐çã♦ ❛❝✐♠❛✱ ❛❧✐❛❞❛ ❛♦ ❚❡♦r❡♠❛ ✶✱ ♠♦str❛ q✉❡ ❧ó❣✐❝❛s ✈❡r♦❢✉♥❝✐♦♥❛✐s
✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s ❛❞♠✐t❡♠ ✉♠❛ ✈❡rsã♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ♣♦❞❡r♦s❛ ❞♦ ❝❛❧✲
❝✉❧❡♠✉s✳

✷✳✷ P♦❧✐♥♦♠✐③❛çã♦ ❞❡ ❆❧❣✉♠❛s ▲ó❣✐❝❛s ▼♦❞❛✐s

❆♣❡s❛r ❞❡ ♠✉✐t♦ ❜❡♠✲s✉❝❡❞✐❞❛ ♥♦ ❝❛s♦ ❞❡ ❧ó❣✐❝❛s ✈❡r♦❢✉♥❝✐♦♥❛✐s ✜♥✐t❛♠❡♥t❡
✈❛❧♦r❛❞❛s✱ ❛ ♣♦❧✐♥♦♠✐③❛çã♦✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐❞❛ ❛❝✐♠❛✱ ♥ã♦ t❡♠ ♠✉✐t♦ ❛ ❞✐③❡r
s♦❜r❡ ❧ó❣✐❝❛s ♥ã♦✲✈❡r♦❢✉♥❝✐♦♥❛✐s✱ ♥❡♠ s♦❜r❡ ❧ó❣✐❝❛s ♥ã♦ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✳
❖ ♣r♦❜❧❡♠❛ ❞❡ ❡st❡♥❞❡r ❡st❡s ♠ét♦❞♦s ♣❛r❛ ♦✉tr♦s ❝♦♥t❡①t♦s✱ ♣r♦♣♦st♦ ♣♦r
❈❛r♥✐❡❧❧✐✱ ❡stá ❡♠ ❛❜❡rt♦ ❤á ✈ár✐♦s ❛♥♦s✳

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡st❡ ♣r♦❜❧❡♠❛ ❥á é ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡✿ ♦ ❞❡ ♣♦❧✐♥♦♠✐✲
③❛r✱ ❡♠ ❛❧❣✉♠ s❡♥t✐❞♦✱ ❛❧❣✉♠❛ ❞❛s ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ♠♦❞❛✐s ❜❡♠ ❝♦♥❤❡❝✐✲
❞❛s✱ ❝♦♠♦ ❑✱ ❙✹ ♦✉ ❙✺✳ ❙❛❜❡✲s❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣♦r ✉♠ ❛r❣✉♠❡♥t♦ ❞❡ ❉✉❣✉♥❞❥✐✱
q✉❡ ❙✺ ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳
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▼❡s♠♦ ❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡st❡✈❡ ❛❜❡rt♦ ♣♦r ❛❧❣✉♥s ❛♥♦s ❛té q✉❡ ❆❣✉❞❡❧♦ ❡
❈❛r♥✐❡❧❧✐ ♦ r❡s♦❧✈❡r❛♠ ❡♠ ❬❄❪✳ ❆ s❡❣✉✐r✱ ❞❡t❛❧❤❛♠♦s ♦s ❛s♣❡❝t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s
❞❡st❛ s♦❧✉çã♦✳

❆s ❝❤❛♠❛❞❛s ❧ó❣✐❝❛s ♠♦❞❛✐s ♥♦r♠❛✐s sã♦ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s q✉❡ ✐♥❝❧✉❡♠
❝♦♥❡❝t✐✈♦s ❞❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✱ ❛♦s q✉❡ s❡ ❛❝r❡s❝❡♥t❛ ♦s ❝♦♥❡❝t✐✈♦s
♠♦❞❛✐s ✉♥ár✐♦s ♦,�✱ ❞❡♥♦♠✐♥❛❞♦s ✏♣♦ss✐❜✐❧✐❞❛❞❡✑ ❡ ✏♥❡❝❡ss✐❞❛❞❡✑✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ◆❛ t❡r♠✐♥♦❧♦❣✐❛ ❞♦ ❈❛♣ít✉❧♦ ✶✱ sã♦ ❧ó❣✐❝❛s ❤✐❧❜❡rt✐❛♥❛s✱ ❝✉❥♦s ❛①✐♦♠❛s
✐♥❝❧✉❡♠ t♦❞❛s ❛s t❛✉t♦❧♦❣✐❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❡ t♦❞❛s ❛s ✐♥stâ♥❝✐❛s ❞❛ r❡❣r❛ ❞❡
❑r✐♣❦❡

�(α → β) → (�α → �β)

❆s r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ sã♦ ♠♦❞✉s ♣♦♥❡♥s ❡ ❛ r❡❣r❛ ❞❡ ♥❡❝❡ss✐t❛çã♦✱ ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ q✉❛❧ ⊢ α ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r ⊢ �α✳ ❆ ❧ó❣✐❝❛ ♥♦r♠❛❧ ♠❛✐s r❡str✐t❛✱ ❑✱ é
❞❡✜♥✐❞❛ ❛♣❡♥❛s ♣♦r ❡st❛s ❡①✐❣ê♥❝✐❛s✳ ❆ ❧ó❣✐❝❛ ❙✹ é ♦❜t✐❞❛ ❞❡ ❑ ❛❞✐❝✐♦♥❛♥❞♦✲s❡
♦s ❛①✐♦♠❛s

�α → α

�α → ��α

❆ ❧ó❣✐❝❛ ❙✺ ✐♥❝❧✉✐ t♦❞♦s ♦s ❛①✐♦♠❛s ❞❡ ❙✹ ❡ ❛✐♥❞❛ α → �♦α✳
❆ ❞✐s❝✉ssã♦ ✜❧♦só✜❝❛ ❡♠ t♦r♥♦ ❞❛s ❧ó❣✐❝❛s ❑✱ ❙✹ ❡ ❙✺ é ❛❝❛❧♦r❛❞❛ ❡ s♦✜st✐✲

❝❛❞❛✱ ❡♥✈♦❧✈❡♥❞♦ ❝♦♥❝❡♣çõ❡s ❡♣✐st❡♠♦❧ó❣✐❝❛s ❡ ♠❡t❛❢ís✐❝❛s ❞❛s ✐❞é✐❛s ❞❡ ♣♦ss✐✲
❜✐❧✐❞❛❞❡ ❡ ♥❡❝❡ss✐❞❛❞❡✳ ◆ã♦ é ♥♦ss♦ ♦❜❥❡t✐✈♦ ❡♥tr❛r ♥❡ss❛ ❞✐s❝✉ssã♦✱ ♠❛s ❛♣❡♥❛s
✐❧✉str❛r ♦ ♣♦❞❡r ❞❛ té❝♥✐❝❛ ❞❡ ❆❣✉❞❡❧♦ ❡ ❈❛r♥✐❡❧❧✐✱ q✉❡✱ ❞❡❝❡rt♦✱ ❛✐♥❞❛ ❛❞♠✐t✐rá
♠✉✐t❛s ❡①♣❧♦r❛çõ❡s ❡ ❡①t❡♥sõ❡s✳

❯♠ ❢❛t♦r ✐♠♣♦rt❛♥t❡ s♦❜r❡ ❛s ❧ó❣✐❝❛s ❑✱ ❙✹ ❡ ❙✺✱ q✉❡ ❢❛❝✐❧✐t❛ s❡✉ tr❛t❛♠❡♥t♦
♣♦r ♠❡✐♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ é ❡st❛r❡♠ ❜❛s❡❛❞❛s ♥❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✳
P♦r ✐ss♦✱ ❛ ✐❞é✐❛ é ♣♦❧✐♥♦♠✐③á✲❧❛s s♦❜r❡ ♦ ❝♦r♣♦ Z2✱ ❡ ❧❛♥ç❛r ♠ã♦ ❞❡ ✉♠ ❛r✲
t✐❢í❝✐♦ r❡♠✐♥✐s❝❡♥t❡ ❞❛ ●❡♦♠❡tr✐❛ ❆❧❣é❜r✐❝❛ ♣❛r❛ tr❛t❛r ♦s ❝♦♥❡❝t✐✈♦s ♠♦❞❛✐s✳
❊①♣❧✐❝✐t❛r❡♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❙✺✱ q✉❡ é ✐❧✉str❛t✐✈♦ ❞♦s ❞❡♠❛✐s✳

❈♦♠♦ ♥❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✱ ❞❡✐①❛♠♦s 1 ∈ Z2 s❡r ♦ ú♥✐❝♦ ✈❛❧♦r
❞✐st✐♥❣✉✐❞♦✱ ❡ ❞❡✜♥✐♠♦s ♣♦❧✐♥ô♠✐♦s ♣❛r❛ ♦s ❝♦♥❡❝t✐✈♦s ❝♦♠♦ ♥♦ ✐♥í❝✐♦ ❞❡st❡
❈❛♣ít✉❧♦✱ ❛ s❛❜❡r✿

p¬(X) = 1 + X

p→(X, Y ) = 1 + X + XY

❉❛s Pr♦♣♦s✐çõ❡s ✷ ❡ ✸✱ s❛❜❡♠♦s q✉❡ ❡st❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❝❛r❛❝t❡r✐③❛ ❝♦♠✲
♣❧❡t❛♠❡♥t❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ ❞❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✳ ❆♦s
♦♣❡r❛❞♦r❡s ♠♦❞❛✐s✱ ❝♦♥t✉❞♦✱ ♥ã♦ ❛ss♦❝✐❛♠♦s ♣♦❧✐♥ô♠✐♦s✱ ✐st♦ é✱ ♥ã♦ ❤á p�, p♦
❞❡s❡♠♣❡♥❤❛♥❞♦ ♣❛♣❡❧ s❡♠❡❧❤❛♥t❡ ❛♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❛❝✐♠❛✳ ❆ s♦❧✉çã♦ é ❛ss♦✲
❝✐❛r ❛ ❝❛❞❛ ❢ór♠✉❧❛ �α ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧✱ ❞❡♥♦t❛❞❛ X�α✱ ❡ r❡str✐♥❣✐r ❛ ❛t❡♥çã♦
❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛ s♦❜r❡ Z2✳
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▼❛✐s ❢♦r♠❛❧♠❡♥t❡✱ ❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡ ✉♠❛ ❞❡st❛s ❧ó❣✐❝❛s ♠♦❞❛✐s✱ L✱ é ✉♠❛
tr❛♥s❢♦r♠❛çã♦ PM q✉❡ ❧❡✈❛ ❡❧❡♠❡♥t♦s ❞❡ For(L) ❡♠ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ Z2✱ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✳ ❋✐①❛♠♦s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❞❡ ✈❛r✐á✈❡✐s X = {Xv : v ∈ VL} ❡
X

′
= {X�α : α ∈ For(L)} ∪ {x¬�α : α ∈ For(L)}✱ ❡ ❞❡✜♥✐♠♦s✿

PM (v) = xv, para v ∈ VL

PM (¬α) = PM (α) + 1

PM (α → β) = PM (α) · (PM (β) + 1) + 1

PM (�α) = X�α

❯♠❛ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛ ♥❛❞❛ ♠❛✐s é q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❞❡ ✉♠
s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣❛r❡s ❞❡
♥ú♠❡r♦s r❡❛✐s (x, y) q✉❡ sã♦ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✉♠❛ ú♥✐❝❛ ❡q✉❛çã♦ y−x2 = 0
é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛ s♦❜r❡ R❀ tr❛t❛✲s❡ ❞❛ ♣❛rá❜♦❧❛✱ ❢❛♠✐❧✐❛r ❛♦s ❛❧✉♥♦s ❞♦
❊♥s✐♥♦ ▼é❞✐♦✳ ❚❛♠❜é♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s (x, y) q✉❡ sã♦ s♦❧✉çã♦ s✐♠✉❧tâ♥❡❛
❞♦ ♣❛r ❞❡ ❡q✉❛çõ❡s y−x2 = 0, x2 + y2 − 1 = 0 é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛❀ ♥❡st❡
❝❛s♦✱ ❡❧❛ ❝♦♥s✐st❡ ❞❡ ❛♣❡♥❛s ❞♦✐s ♣♦♥t♦s✳

❆ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛ q✉❡ ❡♠♣r❡❣❛r❡♠♦s é ❞❡✜♥✐❞❛ ❞❡ ♠♦❞♦ ❛ ❡①♣r❡ss❛r ♦s
❛①✐♦♠❛s ❞❛ ❧ó❣✐❝❛✳ ❚r❛t❛✲s❡ ❞♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ Z

X∪X
′

2 ❞❡✜♥✐❞♦ ♣❡❧❛s s❡❣✉✐♥t❡s
❡q✉❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s✿

X�(α→β)(X�α(X�β + 1)) = 0

X�α(PM (α) + 1) = 0

PM (α)(X�♦α + 1) = 0

X�α(X��α + 1) = 0

X¬�α = X�α + 1

Para cada α tal que PM (α) = 1, tem − se X�α = 1

❈♦♥✈é♠ ♥♦t❛r q✉❡✱ ❡♠ s✉❛ ❝♦♠♣❧❡t❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❛ ❝♦♥str✉çã♦ ❛❝✐♠❛ ♥ã♦
❢♦r♥❡❝❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛ ♥♦ s❡♥t✐❞♦ ✉s✉❛❧ ❞♦ t❡r♠♦✱ ✈✐st♦ q✉❡ ♦ ♥ú♠❡r♦
✐♥✜♥✐t♦ ❞❡ ✈❛r✐á✈❡✐s ❣❛r❛♥t❡ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡✱ ❜❡♠ ❝♦♠♦ ❛ ✏✈❛r✐❡❞❛❞❡✑✱
♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ◆ã♦ ♦❜st❛♥t❡✱ ❡♠ ❛♣❧✐❝❛çõ❡s ❡ ❝á❧❝✉❧♦s ❝♦♥❝r❡t♦s✱
❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❢ór♠✉❧❛s ❡stá ❡♠ ❥♦❣♦ ❞❡ ❝❛❞❛ ✈❡③✱ ❞❡ ♠♦❞♦ q✉❡
♣♦❞❡♠♦s r❡str✐♥❣✐r ❛ ❛t❡♥çã♦ ❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛r✐á✈❡✐s✳

❊♠ t❡r♠♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❛ r❡str✐çã♦ ❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛ s✐❣♥✐✜❝❛
q✉❡ ❤á ♠❛✐s r❡❣r❛s ❞❡ ♠❛♥✐♣✉❧❛çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞✐s♣♦♥í✈❡✐s✱ ♣❛r❛ ❛❧é♠ ❞❛q✉❡✲
❧❛s ❢♦r♥❡❝✐❞❛s s✐♠♣❧❡s♠❡♥t❡ ♣❡❧❛ ❡str✉t✉r❛ ❞❡ ❝♦r♣♦✱ ✈✐③✳ Xqn

= X ❡ q · X = 0✳
❙✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱ ❡st❛ ❧✐♥❣✉❛❣❡♠ ❣❡♦♠étr✐❝❛ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❡①♣r❡ss✐✈✐✲
❞❛❞❡ ❞❡ ❙✺✳

❆❣✉❞❡❧♦ ❡ ❈❛r♥✐❡❧❧✐ ❡st❛❜❡❧❡❝❡♠ ❝♦rr❡çã♦ ❡ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❡st❛ s❡♠â♥t✐❝❛
♣♦❧✐♥♦♠✐❛❧ ♣♦r ✉♠ ❛r❣✉♠❡♥t♦ ❜❛st❛♥t❡ té❝♥✐❝♦✱ ♣♦ré♠ ✐♥s♣✐r❛❞♦ ❡♠ ❞❡♠♦♥✲
str❛çõ❡s ❝❧áss✐❝❛s ❞❡ ❝♦♠♣❧❡t✉❞❡✱ ❝♦♠♦ ❛ ❞❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✳
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❉❛♠♦s ❛ s❡❣✉✐r ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉s♦ ❞❡st❡ ❝á❧❝✉❧♦ ♣♦❧✐♥♦♠✐❛❧ q✉❡ ❡st❛❜❡❧❡❝❡
q✉❡ (♦p → p) ∨ (♦p → �♦p) é ✉♠ t❡♦r❡♠❛ ❡♠ ❙✺✳ P♦r q✉❡stõ❡s ❞❡ ❡s♣❛ç♦❡s✱
❛❜r❡✈✐❛♠♦s ❛ ♣♦❧✐♥♦♠✐③❛çã♦ PM (α) ❞❡ ✉♠❛ ❢ór♠✉❧❛ α ♣♦r α∗✳ ❚❡♠♦s✿

((♦p → p) ∨ (♦p → �♦p))∗ =

(♦p → p)∗(♦p → �♦p)∗ + (♦p → p)∗ + (♦p → �♦p)∗ =

(♦p → �♦p)∗((♦p → p)∗ + 1) + (♦p → p)∗ =

((♦p)∗((�♦p)∗ + 1) + 1)((♦p)∗((p)∗ + 1)) + (♦p)∗((p)∗ + 1) + 1.

❉❛í ♦❜t❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

((X�¬p + 1)(X�♦p + 1) + 1)((X�¬p + 1)(Xp + 1)) + (X�¬p + 1)(Xp + 1) + 1

▲❛♥ç❛♥❞♦ ♠ã♦ ❞❛s r❡❣r❛s ❛❧❣é❜r✐❝❛s ❞❡ Z2 ❡ ❞♦s ♣♦❧✐♥ô♠✐♦s q✉❡ ❞❡✜♥❡♠ ❛
✈❛r✐❡❞❛❞❡ ❛❧❣é❜r✐❝❛✱ ❧♦❣r❛♠♦s r❡❞✉③✐r ♦ ♣♦❧✐♥ô♠✐♦ ❛❝✐♠❛ ❛

((X�¬p + 1)(X�¬p) + 1)((X�¬p + 1)(Xp + 1)) + (X�¬p + 1)(Xp + 1) + 1,

❡♠ s❡❣✉✐❞❛ ❛

(X�¬p + 1)(Xp + 1)(X�¬p + 1)(Xp + 1) + (X�¬p + 1)(Xp + 1) + 1

❡ ♣♦r ✜♠ ❛♦ ♣♦❧✐♥ô♠✐♦ ❝♦♥st❛♥t❡ 1✱ ♠♦str❛♥❞♦ q✉❡ s❡ tr❛t❛✱ ❞❡ ❢❛t♦✱ ❞❡ ✉♠❛
t❛✉t♦❧♦❣✐❛✳

✷✳✸ ❯♠ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡

❆ s❡❣✉✐r ❡①♣♦♠♦s ♦✉tr❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ♣♦❧✐♥♦♠✐③❛çã♦✳ ❚r❛t❛✲s❡ ❞❡ ✉♠
t❡♦r❡♠❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡✱ ❞❡ ❝✉♥❤♦ s❡♠â♥t✐❝♦✱ ✈á❧✐❞♦ ♣❛r❛ ❧ó❣✐❝❛s ✈❡r♦❢✉♥❝✐♦♥❛✐s
✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s ❜❛st❛♥t❡ ❣❡r❛✐s✳

❚❡♦r❡♠❛ ✹ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ m✲✈❛❧♦r❛❞❛✱ ❝♦♠ s❡♠â♥t✐❝❛ ✈❡r♦✲
❢✉♥❝✐♦♥❛❧ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ A ❞❡ m ❡❧❡♠❡♥t♦s ❡ ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s D ⊆ A✳
❙❡❥❛ Γ ⊆ For(L) ❡ α ∈ For(L)✳ ❙❡ Γ ⊢L α✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦
Γfin ❞❡ Γ t❛❧ q✉❡ Γfin ⊢L α✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P ✉♠❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡ L s♦❜r❡ ✉♠ ❝♦r♣♦ ✜♥✐t♦ K ⊇ A✳
P❛r❛ ❝❛❞❛ α ∈ For(L) ❡ Γ ⊆ For(L)✱ ❞❡✜♥❛

αD =
∏

d∈D

(P(α) − d)

ΓD = {γD : γ ∈ Γ}
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❙✉♣♦♥❤❛ q✉❡ Γ ⊢L α✱ ♦♥❞❡ α ❞❡♣❡♥❞❡ ❞❛s ✈❛r✐á✈❡✐s X1, . . . , Xn✱ ❡ s❡❥❛♠ ΓD, αD

❝♦♠♦ ❛❝✐♠❛✳ ❙❡❥❛ φ : K[X] → KK ❛ ✐♥t❡r♣r❡t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦♠♦
❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳
P♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ φ(ΓD) = {0} ✐♠♣❧✐❝❛ φ(αD) = 0✳ ❙❡ ❤á Γfin

D ⊆ ΓD ✜♥✐t♦
t❛❧ q✉❡ φ(Γfin

D ) = {0} ✐♠♣❧✐❝❛ φ(αD) = 0✱ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ∆ ❞❡ Γ t❛❧ q✉❡
∆D = Γfin

D s❛t✐s❢❛③ ∆ ⊢L α❀ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❤á ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❝♦♠ ❡st❛
♣r♦♣r✐❡❞❛❞❡✳ ❆ ✐❞é✐❛ é ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ t❛❧ Γfin

D ✳
❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ♥ã♦ ❡①✐st❡ Γfin

D ✱ ❡ ❞❡✜♥❛ F = {F ⊆ ΓD :
F é ✜♥✐t♦ }✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ K ♠✉♥✐❞♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛✱ ❡
KVL ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦❀ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❚②❝❤♦♥♦✛ ❬❄❪✱ KP é ❝♦♠♣❛❝t♦✳

❆❣♦r❛✱ ♣♦r ❤✐♣ót❡s❡✱ ♣❛r❛ ❝❛❞❛ F ∈ F ❤á aF ∈ KVL t❛❧ q✉❡ F (aF ) = 0 ♠❛s
αD(aF ) 6= 0✳ ❊♥❝❛r❛♥❞♦ aF ❝♦♠♦ ❡❧❡♠❡♥t♦ ❞❡ KVL ✱ t❡♠♦s ✉♠❛ r❡❞❡ (aF )F∈F
♥❡st❡ ❡s♣❛ç♦✱ q✉❡ ♣♦r ❝♦♠♣❛❝✐❞❛❞❡ ♣♦ss✉✐ ✉♠❛ s✉❜r❡❞❡ ❝♦♥✈❡r❣❡♥t❡❀ s❡❥❛ a ✉♠
s❡✉ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✳ ❱❡r❡♠♦s q✉❡ ✈❛❧❡♠ ΓD(a) = 0 ❡ α(a) 6= 0✳

❙❡❥❛ β ∈ For(L) ✉♠❛ ❢ór♠✉❧❛ ♥❛s ✈❛r✐á✈❡✐s Y1, . . . , Ym ❡ Zβ = {b ∈ Km :
β(b) = 0}❀ Zβ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ❡ ♣♦rt❛♥t♦ Z∗

β =
⋃

b∈Zβ
b×KVL\{Y1,...,Ym} é

❛❜❡rt♦ ❡♠ KVL ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ Nβ = {b ∈ V m : β(b) 6= 0}✱ é ✜♥✐t♦✱
❧♦❣♦ N∗

β =
⋃

b∈Nβ
b×KVL\{Y1,...,Ym} é ❛❜❡rt♦✳ ❯♠❛ ✈❡③ q✉❡ KVL = Z∗

β ∪N∗
β ✱ ❛

✉♥✐ã♦ s❡♥❞♦ ❞✐s❥✉♥t❛✱ t❡♠♦s q✉❡ Z∗
β ❡ N∗

β sã♦ t❛♠❜é♠ ❢❡❝❤❛❞♦s ❡♠ KVL ✳
P❛r❛ ❝❛❞❛ γD ∈ ΓD ❡ F ⊇ {γD}✱ t❡♠♦s aF ∈ Z∗

γD
❀ ❝♦♠♦ ❛ s✉❜r❡❞❡ ❞♦s

s✉❜❝♦♥❥✉♥t♦s ✜♥✐t♦s q✉❡ ❝♦♥tê♠ {γD} é ❝♦✜♥❛❧✱ t❡♠♦s q✉❡ γD(a) = 0✱ ❝♦♠♦
❞❡s❡❥❛❞♦✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ F ⊇ {α} t❡♠♦s aF ∈ N∗

α❀ ♣♦r ❝♦✜♥❛❧✐❞❛❞❡✱
t❡♠♦s α(a) 6= 0✳

■st♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦❀ ♦❜t✐✈❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ a ∈ KVL t❛❧ q✉❡ Γ(a) = 0
♠❛s α(a) 6= 0✳ P♦rt❛♥t♦✱ ❞❡✈❡ ❤❛✈❡r Γfin

D ⊆ ΓD ✜♥✐t♦ t❛❧ q✉❡ Γfin
D ⊢L α✳ �

✷✳✹ ❈❛t❡❣♦r✐✜❝❛çã♦

◆❡st❡ ❈❛♣ít✉❧♦✱ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ❞❡✜♥✐çã♦ ♣r❡❝✐s❛ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦✱ ❡✱ ♥ã♦
♦❜st❛♥t❡✱ ❛ ❡①t❡♥sã♦ ❞❡ ❈❛r♥✐❡❧❧✐ ❡ ❆❣✉❞❡❧♦✱ q✉❡ ♥ã♦ s❡ r❡s✉♠❡ à ❞❡✜♥✐çã♦
❢♦r♠❛❧✳ P♦r ✐ss♦✱ t♦r♥❛✲s❡ ❞❡s❡❥á✈❡❧ ❞❛r ✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❛❜str❛t❛ ❞❡ ♣♦❧✐♥♦✲
♠✐③❛çã♦✳

❯♠❛ ✈❡③ q✉❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❜ás✐❝❛ é ❛ tr❛❞✉çã♦ ❞❡ ❝❡rt♦s ♦❜❥❡t♦s ❢♦r✲
♠❛✐s ❡♠ ♦✉tr♦s✱ ♦ â♠❜✐t♦ ♠❛✐s ♥❛t✉r❛❧ ♣❛r❛ ❛ ❢♦r♠✉❧❛çã♦ ❛❜str❛t❛ é ❛ ❚❡♦r✐❛
❞❡ ❈❛t❡❣♦r✐❛s❀ ❛❞♦t❛♠♦s ❛ ♠❛✐♦r ♣❛rt❡ ❞❛s ❡s❝♦❧❤❛s s✉❜❥❛❝❡♥t❡s ❛♦ tr❛❜❛❧❤♦ ❞❡
❘❡✐s ❬❄❪✱ ♣♦ré♠ ❛t❡♠♦✲♥♦s ❛ ❝♦♥❡❝t✐✈♦s tr❛❞✐❝✐♦♥❛✐s✱ ❡ ♥ã♦ tr❛t❛♠♦s ❞♦s ❝♦♥❡❝✲
t✐✈♦s ✢❡①í✈❡✐s ♣♦r ❡❧❡ ✐♥✈❡st✐❣❛❞♦s✳ ❙❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❡st✉❞❛r ❛ ✐♥t❡r❛çã♦ ❞❛
♣♦❧✐♥♦♠✐③❛çã♦ ❝♦♠ ❝♦♥❡❝t✐✈♦s ✢❡①í✈❡✐s✱ ♦❜t❡♥❞♦ ❛❧❣✉♠❛ ❡s♣é❝✐❡ ❞❡ ✏♣♦❧✐♥ô♠✐♦
✢❡①í✈❡❧✑❀ ♣♦ré♠✱ ✐st♦ ✈❛✐ ❛❧é♠ ❞♦ ❡s❝♦♣♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

❘❡♣r♦❞✉③✐♠♦s ❛q✉✐✱ ❧✐❣❡✐r❛♠❡♥t❡ ❛❞❛♣t❛❞❛s✱ ❞✉❛s ❞❛s ❞❡✜♥✐çõ❡s q✉❡ ♥♦s
✐♥t❡r❡ss❛rã♦✿ ❛ ♥♦çã♦ ❞❡ tr❛❞✉çã♦ ❡♥tr❡ ❛ss✐♥❛t✉r❛s✱ ❡ ❛ ❝❛t❡❣♦r✐❛ Log1✳ ◆ã♦
❝✐t❛r❡♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦s ❧❡♠❛s té❝♥✐❝♦s q✉❡ ❥✉st✐✜❝❛♠ ❛s ❞✐✈❡rs❛s ❝♦♥str✉çõ❡s✱
♠❛s r❡❢❡r✐♠♦s ♦ ❧❡✐t♦r à ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❞❡ ❘❡✐s ❬❄❪✳

❉❡✜♥✐çã♦ ✷ ❙❡❥❛ C = (Cn) ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❡❝t✐✈♦s ❞❡ ❞✐✈❡rs❛s ❛r✐❞❛❞❡s✱ ❡
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L,L′ ❞✉❛s ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❝♦♠ ❝♦♥❡❝t✐✈♦s C✳ ❯♠❛ tr❛❞✉çã♦ ❞❡ L ❡♠ L′

é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s τn : Cn → For(L′) q✉❡ ❧❡✈❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ Cn ❡♠
✉♠❛ ❢ór♠✉❧❛ ❞❡ L′ ❝♦♠ n ✈❛r✐á✈❡✐s✳

P♦r ❝♦♥s✐❞❡r❛çõ❡s ❣❡r❛✐s s♦❜r❡ ♦❜❥❡t♦s ❧✐✈r❡s ❡♠ ❝❛t❡❣♦r✐❛s ❛❧❣é❜r✐❝❛s✱ s❛❜❡✲
♠♦s q✉❡ q✉❛❧q✉❡r tr❛❞✉çã♦ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ τ : For(L) →
For(L′)✳

❉❡✜♥✐çã♦ ✸ ❙❡❥❛ C ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❡❝t✐✈♦s✳ ❆ ❝❛t❡❣♦r✐❛ ❞❡ ❧ó❣✐❝❛s ♣r♦♣♦s✐✲
❝✐♦♥❛✐s Log1

C t❡♠ ❝♦♠♦ ♦❜❥❡t♦s ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s s♦❜r❡ ♦s ❝♦♥❡❝t✐✈♦s ❞❡ C✱
❡ ❝♦♠♦ ♠♦r✜s♠♦s tr❛❞✉çõ❡s τ : L → L′ q✉❡ ♣r❡s❡r✈❛♠ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥✲
❝✐❛✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿

Γ ⊢L α =⇒ τ(Γ) ⊢L′ τ(α)

❘❡✐s ♠♦str❛ q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s é ❛ss♦❝✐❛t✐✈❛❀ ♦ ♠♦r✜s♠♦ ✐❞❡♥✲
t✐❞❛❞❡ ❞❡ ✉♠❛ ❧ó❣✐❝❛ L ∈ Obj(Log1

C) é ❛ tr❛❞✉çã♦ tr✐✈✐❛❧ For(L) → For(L)
❞❛❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✳

❙❡❣✉✐♥❞♦ s✉❣❡stã♦ ❞❡ ❈♦st❛✲▲❡✐t❡ ✭❝♦♠✉♥✐❝❛çã♦ ♣❡ss♦❛❧✮✱ t♦♠❛♠♦s Log1

C

❝♦♠♦ ❝❛t❡❣♦r✐❛✲❜❛s❡ ♣❛r❛ s✐st❡♠❛s ❧ó❣✐❝♦s✱ ❡ ❜✉s❝❛♠♦s ✐❞❡♥t✐✜❝❛r ✉♠❛ ❜♦❛ ♥♦çã♦

❞❡ ♣♦❧✐♥♦♠✐③❛çã♦ ❝♦♠♦ ✉♠ ❢✉♥t♦r Log1

C F→ C❀ ♦ ♣r♦❜❧❡♠❛ é ✐❞❡♥t✐✜❝❛r ✉♠❛
❝❛t❡❣♦r✐❛ ❛❞❡q✉❛❞❛ C✳

◆♦ ❝♦♥t❡①t♦ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✱ ❛ ❡s❝♦❧❤❛ ♥❛t✉r❛❧ s❡r✐❛ ❛ ❝❛t❡❣♦r✐❛ A ❞❡ t♦❞❛s
❛s á❧❣❡❜r❛s ♣♦❧✐♥♦♠✐❛✐s A[X1, . . . , Xn]✱ ❡♠ q✉❡ A é ✉♠ ❛♥❡❧ ❡ n ∈ N✱ ❝♦♠ ♠♦r✲
✜s♠♦s ❞✐t❛❞♦s ♣❡❧❛ ♣♦❧✐♥♦♠✐③❛çã♦❀ ♥ã♦ ♣❛r❡❝❡ ❤❛✈❡r ✉♠❛ ❞❡✜♥✐çã♦ ✐♥trí♥s❡❝❛
❡ ♥❛t✉r❛❧ ❞❡ ♠♦r✜s♠♦s ❡♠ A ❞❡ ♠♦❞♦ ❛ ♣❡r♠✐t✐r ❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠ ❢✉♥t♦r

Log1

C F→ A✳
❖ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠✉❧❛r ❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❝❛t❡❣♦r✐❛❧♠❡♥t❡✱ ❞❡ ♠♦❞♦ ♠❛✐s

s❛t✐s❢❛tór✐♦✱ é ❡①tr❡♠❛♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡✱ ❡ ❝♦♥t✐♥✉❛ ❛❜❡rt♦✳



❈❛♣ít✉❧♦ ✸

▲✐♠✐t❛çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✐♥✈❡st✐❣❛r❡♠♦s ❛❧❣✉♠❛s ❧✐♠✐t❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦✳
❈♦♠♦ ❜❡♠ s❡ s❛❜❡✱ é q✉❛s❡ s❡♠♣r❡ ✐♠♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r✱ ❛❧é♠ ❞❡ q✉❛❧q✉❡r
❞ú✈✐❞❛✱ q✉❡ ✉♠ ♦❜❥❡t✐✈♦ ♥ã♦ ♣♦❞❡ s❡r ❛t✐♥❣✐❞♦ ♣♦r ✉♠ ❝❡rt♦ ♠ét♦❞♦✳ ❙❡♠♣r❡
r❡st❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛❧❣✉é♠✱ ♠❛✐s ❝♦♠♣❡t❡♥t❡ q✉❡ ♦ ❛✉t♦r✱ ❡♥❝♦♥tr❛rá
✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❞r✐❜❧❛r ♦s ♦❜stá❝✉❧♦s✳

◆ã♦ ♦❜st❛♥t❡✱ é ♣rát✐❝❛ ❝♦rr✐q✉❡✐r❛ ❡♠ ▼❛t❡♠át✐❝❛✱ ❡♠ ♣❛rt✐❝✉❧❛r ▲ó❣✐❝❛
▼❛t❡♠át✐❝❛✱ ❛♣r❡s❡♥t❛r ❛r❣✉♠❡♥t♦s s♦❜r❡ ❛ ✐♠♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❛t✐♥❣✐r ✉♠ ♦❜✲
❥❡t✐✈♦ ♣♦r ✉♠ ❝❡rt♦ ♠ét♦❞♦✱ ♠♦str❛♥❞♦ q✉❡ ♦ ❡♠♣r❡❣♦ ♠❛✐s ♥❛t✉r❛❧ ❞♦ ♠ét♦❞♦
♥❡❝❡ss❛r✐❛♠❡♥t❡ ❢❛❧❤❛✳ ❊st❡ é ♦ t♦♠ ❛❞♦t❛❞♦ ♥♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✳

✸✳✶ ▲❡♠❛ ❞❡ ❈r❛✐❣ ❡ ◆✉❧❧st❡❧❧❡♥s❛t③

❈♦♠❡ç❛♠♦s ♣♦r ❡♥✉♥❝✐❛r ❞♦✐s r❡s✉❧t❛❞♦s ❢❛♠♦s♦s✱ ✉♠ ❞❛ ➪❧❣❡❜r❛ ❡ ♦✉tr♦ ❞❛
▲ó❣✐❝❛✱ s❡♠ ♥♦s ♣r❡♦❝✉♣❛r♠♦s ❝♦♠ s✉❛ ❞❡♠♦♥str❛çã♦✳ ❖ ♣r✐♠❡✐r♦ é ♦ ❢❛♠♦s♦
◆✉❧❧st❡❧❧❡♥s❛t③ ❞❡ ❍✐❧❜❡rt✳

❚❡♦r❡♠❛ ✶ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ K[X1, . . . , Xn] ✉♠❛
á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ K✳ ❙❡❥❛♠ g, f1, . . . , fm ∈ K[X1, . . . , Xn] ❝✉❥❛s ✐♥✲
t❡r♣r❡t❛çõ❡s ❝❛♥ô♥✐❝❛s φ(g), φ(f1), . . . , φ(fm) s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡
✏❞❡♣❡♥❞ê♥❝✐❛✑✿ ♣❛r❛ q✉❛❧q✉❡r a ∈ Kn✱ s❡ φ(f1)(a) = . . . = φ(fm)(a) = 0✱
t❛♠❜é♠ φ(g)(a) = 0✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♥❛t✉r❛❧ N ❡ ♣♦❧✐♥ô♠✐♦s p1, . . . , pm ∈
K[X1, . . . , Xn] t❛✐s q✉❡ gN = p1f1 + . . . + pmfm ∈ K[X1, . . . , Xn]✳

◆♦ss❛ ❞❡♥♦♠✐♥❛çã♦ ❞♦ s❡❣✉♥❞♦ t❡♦r❡♠❛ é ✉♠ ♣♦✉❝♦ ♠❡♥♦s ♣r❡❝✐s❛✳ ◆♦s
r❡❢❡r✐r❡♠♦s ❛ ❡❧❡ ❝♦♠♦ ▲❡♠❛ ❞❡ ❈r❛✐❣✱ ❛♣❡s❛r ❞❡st❡ t❡r♠♦ s❡r r❡s❡r✈❛❞♦✱ ❡♠
▲ó❣✐❝❛✱ ❛ ✉♠❛ ✈❛st❛ ❝♦❧❡çã♦ ❞❡ r❡s✉❧t❛❞♦s✱ ✈á❧✐❞♦s ❡♠ ❞✐✈❡rs❛s ❧ó❣✐❝❛s ❞✐❢❡r❡♥t❡s✳
❉❡ ❢❛t♦✱ ❛ ▲ó❣✐❝❛ ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠ ❣♦③❛ ❞❡ ✉♠ ❝❡rt♦ ▲❡♠❛ ❞❡ ❈r❛✐❣ ❜❛st❛♥t❡
♣♦❞❡r♦s♦✳

❚❡♦r❡♠❛ ✷ ❙❡❥❛ L ✉♠❛ ❧ó❣✐❝❛ ✈❡r♦❢✉♥❝✐♦♥❛❧ ❢✉♥❝✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t❛✳ ❙❡❥❛♠
α, β ∈ For(L) t❛✐s q✉❡ α ⊢L β✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢ór♠✉❧❛ θ✱ ❝✉❥❛s ✈❛r✐á✈❡✐s

✺✷
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♦❝♦rr❡♠ t❛♥t♦ ❡♠ α q✉❛♥t♦ ❡♠ β✱ t❛❧ q✉❡ α ⊢L θ ❡ θ ⊢L γ✳ ❯♠❛ t❛❧ ❢ór♠✉❧❛ é
❝❤❛♠❛❞❛ ✏✐♥t❡r♣♦❧❛♥t❡✑✳

❯♠ ❞♦s ♦❜❥❡t✐✈♦s ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ é ✐♥✈❡st✐❣❛r s❡ ❛ ♣♦❧✐♥♦♠✐③❛çã♦ ❛❜r❡
❧✐❣❛çõ❡s ❡♥tr❡ ❛ ▲ó❣✐❝❛ ❡ ❛ ➪❧❣❡❜r❛✳ ❊♠ ❝♦♠✉♥✐❝❛çã♦ ♣❡ss♦❛❧✱ ❈❛r♥✐❡❧❧✐ ♦❜s❡r✈♦✉
q✉❡✱ à ♣r✐♠❡✐r❛ ✈✐st❛✱ ♦ ◆✉❧❧st❡❧❧❡♥s❛t③ ❞❡ ❍✐❧❜❡rt ♣❛r❡❝❡ ♣r♦♠✐ss♦r✱ ❡♥q✉❛♥t♦
❢❡rr❛♠❡♥t❛ ❛❧❣é❜r✐❝❛✱ ♣❛r❛ ❞❡♠♦♥str❛r ✈❡rsõ❡s ❜❛st❛♥t❡ ❣❡r❛✐s ❞♦ ▲❡♠❛ ❞❡ ❈r❛✐❣✳
❙❡ t♦♠❛♠♦s ❛♣❡♥❛s ❞♦✐s ♣♦❧✐♥ô♠✐♦s f1, g t❛✐s q✉❡ φ(f1)(a) = 0 ✐♠♣❧✐❝❛ g(a) = 0✱
❛ ❝♦♥❝❧✉sã♦ ❞♦ ◆✉❧❧st❡❧❧❡♥s❛t③ ♦s r❡❧❛❝✐♦♥❛ ❞❡ ♠♦❞♦ ❡str❡✐t♦✿ ♣❛r❛ ❝❡rt♦s N ∈ N✱
p1 ∈ K[X1, . . . , Xn] t❡♠✲s❡ gN = p1f1✳ ◆ã♦ é ✐♠♣❧❛✉sí✈❡❧ q✉❡ s❡❥❛ ♣♦ssí✈❡❧
❡①tr❛✐r ❞❡st❛ ❡q✉❛çã♦ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛s ✈❛r✐á✈❡✐s q✉❡ f1 ❡ g tê♠ ❡♠ ❝♦♠✉♠✳
❊st❛ ❛✈❡♥✐❞❛ ❞❡ ❛t❛q✉❡ s❡r✐❛ ❧❡✈❛❞❛ ❛ ❝❛❜♦ ❝♦♠ ♦ ❢❡rr❛♠❡♥t❛❧ ❞❛s Pr♦♣♦s✐çõ❡s
✷✳✷ ❡ ✷✳✸✳

❉❛❞❛s ❢ór♠✉❧❛s α, β ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❡st❡ ▲❡♠❛✱ ❛ ✐❞é✐❛ s❡r✐❛ ♣♦❧✐♥♦♠✐③á✲
❧❛s✱ ♦❜t❡♥❞♦ P(α),P(β)✳ ❙♦♠♦s ❞❡❧✐❜❡r❛❞❛♠❡♥t❡ ✈❛❣♦s s♦❜r❡ ❛ ♥❛t✉r❡③❛ ❡①❛t❛
❞❡st❛ ♣♦❧✐♥♦♠✐③❛çã♦✱ ❡①❝❡t♦ q✉❡ é s♦❜r❡ ❛❧❣✉♠ ❝♦r♣♦ K✱ ❡ tr❛♥s❢♦r♠❛ ❛s ❢ór✲
♠✉❧❛s ❡♠ ❛❧❣✉♠ t✐♣♦ ❞❡ ♣♦❧✐♥ô♠✐♦✳ ❈♦♠♦ ✈✐s❛♠♦s ❛r❣✉♠❡♥t❛r q✉❡ ✉♠❛ ❣❡r❛❧
❧✐♥❤❛ ❞❡ ❛t❛q✉❡ ♥ã♦ r❡♥❞❡ ❢r✉t♦s✱ ♥ã♦ ❝♦♥✈é♠ ♣r❡♥❞❡r✲♥♦s ❛ ❞❡t❛❧❤❡s✳

▲❛♥ç❛♥❞♦ ♠ã♦ ❞❡ ❛❧❣✉♠ ❛rt✐❢í❝✐♦ ❝♦♠♦ ♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✱ r❡❞✉③✐rí❛♠♦s ❛
r❡❧❛çã♦ α ⊢L β ❛ ✉♠❛ r❡❧❛çã♦ ❛❧❣é❜r✐❝❛ ❞❛ ❢♦r♠❛ P(α) = 0 =⇒ P(β) = 0✳ ❙❡
♣✉❞éss❡♠♦s s✉♣♦r q✉❡ ♦ ❝♦r♣♦✲❜❛s❡ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ r❡s✉❧t❛r✐❛ ❞♦
◆✉❧❧st❡❧❧❡♥s❛t③ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♥❛t✉r❛❧ N ❡ ✉♠ ♣♦❧✐♥ô♠✐♦ p t❛❧ q✉❡

P(β)N = p · P(α)

❙❡❥❛♠ ❛❣♦r❛ X = (X1, . . . , Xl) ❛s ✈❛r✐á✈❡✐s q✉❡ ♦❝♦rr❡♠ ❛♣❡♥❛s ❡♠ α✱ Y =
(Y1, . . . , Ym) ❛q✉❡❧❛s ❝♦♠✉♥s ❛ α, β✱ ❡ Z = (Z1, . . . , Zn) ❛s q✉❡ só ♦❝♦rr❡♠ ❡♠
β✳ ❉♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ só ♦❝♦rr❡♠ ❛s ✈❛r✐á✈❡✐s Y ,Z✳ ❙❡♥❞♦
K ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ s❡rá ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐♥✜♥✐t♦✱ ❡ ♦ ▲❡♠❛ ✶✳✶✹ ♠♦str❛
❡♥tã♦ q✉❡ ♦s ❞♦✐s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❞❡✈❡♠ ❝♦✐♥❝✐❞✐r ❝♦♠♦ ♣♦❧✐♥ô♠✐♦s
❢♦r♠❛✐s✱ ❝♦❡✜❝✐❡♥t❡ ❛ ❝♦❡✜❝✐❡♥t❡✳ ❙❡❣✉❡ ❞❛í q✉❡ ❛s ✈❛r✐á✈❡✐s X ♥ã♦ ♣♦❞❡♠
♦❝♦rr❡r ❞♦ ❧❛❞♦ ❞✐r❡✐t♦❀ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♥ã♦ ♣♦❞❡♠ ♦❝♦rr❡r ❡♠ α✳

❉❡st❡ ♠♦❞♦✱ s❡ ♦ ❛r❣✉♠❡♥t♦ ♥❛t✉r❛❧ ♣❛r❛ ♦ ▲❡♠❛ ❞❡ ❈r❛✐❣ ✈✐❛ ◆✉❧❧st❡❧❧❡♥✲
s❛t③ t✐✈❡r ❛❧❣✉♠❛ ❝❤❛♥❝❡ ❞❡ ❢✉♥❝✐♦♥❛r✱ ❞❡✈❡rá ❞❡♠♦♥str❛r ♠❛✐s ❛té ❞♦ q✉❡ ♦
♣❡❞✐❞♦✿ s❡ ❞✉❛s ❢ór♠✉❧❛s α(X, Y ), β(Y ,Z) sã♦ t❛✐s q✉❡ α ⊢L β✱ ❡♥tã♦ ♦ ♣ró♣r✐♦
P(α) ❞❡✈❡rá s❡r ♦ ✐♥t❡r♣♦❧❛♥t❡ ♥♦ â♠❜✐t♦ ♣♦❧✐♥♦♠✐❛❧✳ ❆♦ ♣♦❧✐♥♦♠✐③❛r♠♦s α✱
s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ X ❞❡✈❡ ♥❛t✉r❛❧♠❡♥t❡ ❝❛♥❝❡❧❛r✲s❡ ❛tr❛✈és ❛♣❡♥❛s ❞❛s ♠❛✲
♥✐♣✉❧❛çõ❡s ❛❧❣é❜r✐❝❛s ❡❧❡♠❡♥t❛r❡s ❡♥✈♦❧✈✐❞❛s ♥♦ ❝❛❧❝✉❧❡♠✉s✳

P♦ré♠✱ ✐st♦ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r ❡♠ ❣❡r❛❧✱ ♣♦✐s ❤á ❡①❡♠♣❧♦s ❞❡ ❢ór♠✉❧❛s α
❝✉❥♦ ✈❛❧♦r✲✈❡r❞❛❞❡ ❞❡♣❡♥❞❡ ❞❛s ✈❛r✐á✈❡✐s X ❞❡ ♠❛♥❡✐r❛ ♥ã♦✲tr✐✈✐❛❧✱ ❡ ♣♦rt❛♥t♦
❝✉❥❛ ♣♦❧✐♥♦♠✐③❛çã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡♥✈♦❧✈❡ ❡st❛s ✈❛r✐á✈❡✐s✳

❖ ❡①❡♠♣❧♦ ♠❛✐s s✐♠♣❧❡s s❡ ❞á ♥❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛✱ ♣♦❧✐♥♦✲
♠✐③❛❞❛ s♦❜r❡ Z2✱ ❞❡st❛ ✈❡③ ❝♦♠ ✈❛❧♦r ❞✐st✐♥❣✉✐❞♦ 0✳ ❚♦♠❡♠♦s ❢ór♠✉❧❛s α =
p ∧ q ∧ r ❡ β = q ∧ r✱ ❡♠ q✉❡ X = p✱ Y = (q, r) ❡ ♥ã♦ ❤á ✈❛r✐á✈❡✐s Z✳ ❆s
♣♦❧✐♥♦♠✐③❛çõ❡s ❞❡st❛s ❢ór♠✉❧❛s sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿
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pα(Xp, Xq, Xr) = (Xp + 1)(Xq + 1)(Xr + 1) + 1

pβ(Xq, Xr) = (Xq + 1)(Xr + 1) + 1

❆❣♦r❛✱ ❡stá ❝❧❛r♦ q✉❡ α ⊢LPC β✱ ❡ ♦ ♣ró♣r✐♦ β é ✉♠ ✐♥t❡r♣♦❧❛♥t❡✳ P♦ré♠✱ ♦
q✉❡ s❡ ❞❡✈❡ ♥♦t❛r ❛q✉✐ é q✉❡

pα(Xp, Xq, Xr) = XpXqXr + XpXq + XpXr + XqXr + Xp + Xq + Xr

q✉❡ ♥ã♦ ❛❞♠✐t❡ ♠❛✐♦r❡s s✐♠♣❧✐✜❝❛çõ❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥❡♥❤✉♠❛ ♠❛♥✐♣✉❧❛çã♦
❛❧❣é❜r✐❝❛ ✈á❧✐❞❛ s♦❜r❡ Z2[Xp, Xq, Xr] ♣♦❞❡ ❡❧✐♠✐♥❛r ♦s t❡r♠♦s ❡♠ Xp✳ ■st♦
❝♦❧♦❝❛ sér✐❛s ❞ú✈✐❞❛s ♥❛ ❡str❛té❣✐❛ ❞❡ ❞❡♠♦♥str❛r ♦ ▲❡♠❛ ❞❡ ❈r❛✐❣ ❛tr❛✈és ❞♦
◆✉❧❧st❡❧❧❡♥s❛t③✳

◆❛ ✈❡r❞❛❞❡✱ ❤á ✉♠❛ ❡①♣❧✐❝❛çã♦ s✐♠♣❧❡s ♣❛r❛ ❡st❡ ❢❡♥ô♠❡♥♦✳ ❯♠❛ ❝♦♥❞✐çã♦
♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ✈❛❧✐❞❛❞❡ ❞♦ ◆✉❧❧st❡❧❧❡♥s❛t③ é q✉❡ ♦ ❝♦r♣♦✲❜❛s❡ s❡❥❛ ❛❧❣❡❜r✐✲
❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐♥✜♥✐t♦✳ P♦ré♠✱ ❡♠ ❧ó❣✐❝❛s ✈❡r♦❢✉♥❝✐♦♥❛✐s
✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s tr❛❜❛❧❤❛♠♦s ❛♣❡♥❛s s♦❜r❡ ❝♦r♣♦s ✜♥✐t♦s ❡ ❛ss✐♠ ♣❡r❞❡♠♦s
✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦s ♣♦❧✐♥ô♠✐♦s✳

❯♠❛ ♦♣çã♦ é ❝♦♥s✐❞❡r❛r ♦s ❢❡❝❤♦s ❛❧❣é❜r✐❝♦s ❞♦s ❝♦r♣♦s ✜♥✐t♦s s♦❜r❡ ♦s q✉❛✐s
tr❛❜❛❧❤❛♠♦s❀ ♣♦ré♠✱ ❡♠ ❣❡r❛❧ ❡st❛ ♣❛ss❛❣❡♠ ♥ã♦ ♣r❡s❡r✈❛ ❛ r❡❧❛çã♦ q✉❡ ♥♦s
✐♥t❡r❡ss❛✱ ❛ s❛❜❡r✱ P(α) = 0 =⇒ P(β) = 0✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❛s ❢ór♠✉❧❛s α, β
❞❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛ ❛❝✐♠❛✱ ❡ tr❛❜❛❧❤❛♥❞♦ ❡♠ Z2✱ t❡♠♦s q✉❡

pα(Xp, Xq, Xr) = 0 =⇒ Xp = Xq = Xr = 0 =⇒ pβ(Xq, Xr) = 0;

♣♦ré♠✱ ❛♦ ♣❛ss❛r ♣❛r❛ ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ Z2✱ ❛ ♣r✐♠❡✐r❛ ✐♠♣❧✐❝❛çã♦ ❞❡✐①❛ ❞❡
✈❛❧❡r✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ Xp = Xq = Xr ✐❣✉❛✐s ❛ ✉♠❛ r❛✐③ ω ❞❡ Y 2 + Y + 1 = 0✱
♦❜t❡♠♦s pα(ω, ω, ω) = 0 s❡♠ q✉❡ pβ(ω, ω) = 0✳

❊♠ ❝♦♥❝❧✉sã♦✱ ❛ ❡①✐❣ê♥❝✐❛ ❞♦ ◆✉❧❧st❡❧❧❡♥s❛t③ ♣♦r ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ♣❡r♠✐t❡
q✉❡ ♦ ▲❡♠❛ ✶✳✶✹ ✈❛❧❤❛ ❡♠ s✉❛ ✈❡rsã♦ ♠❛✐s ❢♦rt❡✱ ❡ ❢❛③ ❝♦♠ q✉❡ ♦s ú♥✐❝♦s ✐♥t❡r✲
♣♦❧❛♥t❡s q✉❡ s❡ ♣♦❞❡ ❡♥❝♦♥tr❛r ♣❡❧♦ ◆✉❧❧st❡❧❧❡♥s❛t③ s❡❥❛♠ ✐♥t❡r♣♦❧❛♥t❡s tr✐✈✐❛✐s✳
✭■st♦ é✱ ✉♠ ❞❡♥tr❡ α, β✳✮

✸✳✷ ●r❛♥❞❡s ❈❛r❞✐♥❛✐s ❡ ❚❛❜❡❧❛s ❞❡ ▲❛✈❡r

❉♦ ✜♥❛❧ ❞♦s ❛♥♦s ✽✵ ❛♦ ✐♥í❝✐♦ ❞♦s ✾✵✱ ▲❛✈❡r ❬✷✼❪ ❡st✉❞♦✉ ❝❡rt❛s á❧❣❡❜r❛s ✜♥✐t❛s✱
❡♠ q✉❡ s❡ ❞❡✜♥❡ ✉♠❛ ú♥✐❝❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ⋆ ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s ♣♦✉❝♦ ✉s✉❛✐s✳
❊st❛s á❧❣❡❜r❛s s✉r❣✐r❛♠✱ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ♥❛s ✐♥✈❡st✐❣❛çõ❡s ❝♦♥❞✉③✐❞❛s ♣♦r
▲❛✈❡r ❡ ❉♦✉❣❤❡rt② ❬✷✺✱ ✶✼❪ ❡♠ ❚❡♦r✐❛ ❞❡ ❈♦♥❥✉♥t♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r s♦❜r❡ ❝❡rt♦s
t✐♣♦s ❞❡ ❣r❛♥❞❡s ❝❛r❞✐♥❛✐s✿ ♦s ❝❤❛♠❛❞♦s r❛♥❦✲✐♥t♦✲r❛♥❦✳

❈♦♥❢♦r♠❡ s❡ ✈ê ❛ ❚❡♦r✐❛ ❞❡ ▼♦❞❡❧♦s✱ s❡ A é ✉♠❛ ❡str✉t✉r❛ s♦❜r❡ ❛ ❧✐♥❣✉❛❣❡♠
L✱ ❡ A é ♦ ❝♦♥❥✉♥t♦ s✉❜❥❛❝❡♥t❡✱ ✉♠❛ ❢✉♥çã♦ j : A → A é ❝❤❛♠❛❞❛ ✐♠❡rsã♦
❡❧❡♠❡♥t❛r s❡✿

✶✳ j(A) é ♦ ❞♦♠í♥✐♦ ❞❡ ✉♠❛ s✉❜❡str✉t✉r❛ ❞❡ A✱ ❞❡♥♦t❛❞❛ ♣♦r j(A) ❀
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✷✳ P❛r❛ ❝❛❞❛ t✉♣❧❛ ✜♥✐t❛ a ∈ j(A)n✱ ❡ ❝❛❞❛ ❢ór♠✉❧❛ ϕ(x1, . . . , xn) ❡♠ L✱
t❡♠✲s❡ j(A) |= ϕ(a) s❡ ❡ s♦♠❡♥t❡ s❡ A |= ϕ(a) ✳

❙✐♠❜♦❧✐❝❛♠❡♥t❡✱ ❞❡♥♦t❛✲s❡ ❡st❡ ❢❛t♦ ♣♦r j : A ≺ A ✳ ◆❛ ❚❡♦r✐❛ ❞❡ ❈♦♥❥✉♥t♦s✱
❣❡r❛❧♠❡♥t❡ sã♦ ❡st✉❞❛❞❛s ❡str✉t✉r❛s s❡♠ sí♠❜♦❧♦s ❞❡ ❢✉♥çã♦ ♥❡♠ ❝♦♥st❛♥t❡✱ ❡
❝♦♠ ♦ ú♥✐❝♦ sí♠❜♦❧♦ ❞❡ r❡❧❛çã♦ ∈✳ P♦r ✐ss♦✱ ❝♦st✉♠❛✲s❡ ❛❜r❡✈✐❛r ❛ ♥♦t❛çã♦ ♣❛r❛
j : A ≺ A✱ ❥á q✉❡ ♦s ❞❡♠❛✐s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❡str✉t✉r❛ ❡stã♦ s✉❜❡♥t❡♥❞✐❞♦s ❬✷✹❪✳

❆s ✐♠❡rsõ❡s ❡❧❡♠❡♥t❛r❡s ❞✐❢❡r❡♥t❡s ❞❛ ✐❞❡♥t✐❞❛❞❡ sã♦ ❝❤❛♠❛❞❛s ♥ã♦✲tr✐✈✐❛✐s✳
❈♦♠♦ é ❞❡ ♣r❛①❡✱ s❡❥❛ Vα ♦ ♥í✈❡❧ α ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ✈♦♥ ◆❡✉✲

♠❛♥♥ ❬✷✸❪✳ ❖s ❛①✐♦♠❛s ❞❡ r❛♥❦✲✐♥t♦✲r❛♥❦s ♣♦st✉❧❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝❛r❞✐♥❛✐s δ
t❛✐s q✉❡ ❡①✐st❡♠ ✐♠❡rsõ❡s ❡❧❡♠❡♥t❛r❡s ♥ã♦✲tr✐✈✐❛✐s j : Vδ ≺ Vδ ✳ ❊st❛s ✐♠❡rsõ❡s
♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ♥❛t✉r❛❧ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✐♥✜♥✐t♦ ❝♦♠♦ ♦❜❥❡t♦
❛✉t♦✲s✐♠✐❧❛r✳ ❆ss✐♠ ❝♦♠♦ ♦ ♠❡♥♦r ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦✱ ℵ0✱ é ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧❛
❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ✐♥❥❡çã♦ ♥ã♦✲s♦❜r❡❥❡t✐✈❛ ℵ0 → ℵ0 ✖ ✐st♦ é✱ ℵ0 é ❡q✉✐♣♦t❡♥t❡
❛ ✉♠❛ s✉❛ ♣❛rt❡ ♣ró♣r✐❛ ✖ ♦s ♠❛✐s ♣♦❞❡r♦s♦s ❛①✐♦♠❛s ❞❡ ❣r❛♥❞❡s ❝❛r❞✐♥❛✐s
♣♦st✉❧❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝❛r❞✐♥❛✐s q✉❡ sã♦ ❡❧❡♠❡♥t❛r♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❛ ✉♠❛
s✉❛ ♣❛rt❡ ♣ró♣r✐❛✳

❆ ✐♠♣♦s✐çã♦ ❞❡ ✈ár✐❛s ❝♦♥❞✐çõ❡s s♦❜r❡ t❛✐s ✐♠❡rsõ❡s ❞á ♦r✐❣❡♠ ❛ ❛①✐♦♠❛s
❛✐♥❞❛ ♠❛✐s ❢♦rt❡s✳ ❖s três ♠❛✐s ❢r❡qü❡♥t❡♠❡♥t❡ ❡st✉❞❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ❡♠
♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡ ❞❡ ❢♦rç❛✱ sã♦✿

■✶✳ ❊①✐st❡ δ t❛❧ q✉❡ ❤á ✉♠❛ ✐♠❡rsã♦ ❡❧❡♠❡♥t❛r ♥ã♦✲tr✐✈✐❛❧ j : Vδ+1 ≺ Vδ+1 ✳

■✷✳ ❊①✐st❡ ✉♠❛ ✐♠❡rsã♦ ❡❧❡♠❡♥t❛r ♥ã♦✲tr✐✈✐❛❧ j : V ≺ M t❛❧ q✉❡ Vδ ⊆ M ♣❛r❛
❛❧❣✉♠ δ > crit(j) s❛t✐s❢❛③❡♥❞♦ j(δ) = δ ✳

■✸✳ ❊①✐st❡ δ t❛❧ q✉❡ ❤á ✉♠❛ ✐♠❡rsã♦ ❡❧❡♠❡♥t❛r ♥ã♦✲tr✐✈✐❛❧ j : Vδ ≺ Vδ ✳

❖ s✐❣♥✐✜❝❛❞♦ té❝♥✐❝♦ ♣r❡❝✐s♦ ❞❡ ■✷ ♥ã♦ ♥♦s ♣r❡♦❝✉♣❛rá ❛q✉✐✳
❖ ♣♦❞❡r ❞❡❞✉t✐✈♦ ❞❡st❡s ❛①✐♦♠❛s ❢♦✐ ✐♥t❡♥s❛♠❡♥t❡ ✐♥✈❡st✐❣❛❞♦ ❞✉r❛♥t❡ ❛

❞é❝❛❞❛ ❞❡ ✼✵✱ ❡ ✉♠ ❡st✉❞♦ ❜❛st❛♥t❡ ❝♦♠♣❧❡t♦ ❞❡st❡ t❡♠❛ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✷✹❪✱
♣❛rt✐❝✉❧❛r♠❡♥t❡ ♥❛s s❡çõ❡s ✺ ❡ ✷✹✳ ❖ tr❛❜❛❧❤♦ s✉❜s❡qü❡♥t❡ ❞❡ ▲❛✈❡r ❡ ❉♦✉❣❤❡rt②
♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❡①t❡♥sã♦ ♥❛t✉r❛❧ ❞❡st❛ ❧✐♥❤❛ ❞❡ ♣❡sq✉✐s❛✿ s❡ ❡①✐st❡♠ r❛♥❦✲
✐♥t♦✲r❛♥❦s✱ q✉❛❧ é ❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛ q✉❡ ❛❝♦♠♣❛♥❤❛ ❛s ✐♠❡rsõ❡s ❡❧❡♠❡♥t❛r❡s
❛ss♦❝✐❛❞❛s ❛ ❡❧❡s❄ ➱ ♥❡st❡ ❝♦♥t❡①t♦ q✉❡ s✉r❣❡ ❛ ♦♣❡r❛çã♦ ⋆ ❞❡ ▲❛✈❡r✱ ❡♠ ♣❛r✲
t✐❝✉❧❛r ♥♦ ❡st✉❞♦ ❞❡ ■✸✱ ❡♠ q✉❡ s❡ ❛ss✉♠❡ q✉❡ δ é ♦r❞✐♥❛❧ ❧✐♠✐t❡✳

❆ ♦♣❡r❛çã♦ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ❉❛❞♦ ✉♠ ♦r❞✐♥❛❧ ❧✐♠✐t❡ λ ❡ ✐♠❡rsõ❡s
❡❧❡♠❡♥t❛r❡s ♥ã♦✲tr✐✈✐❛✐s j, k : Vλ ≺ Vλ ✱ ❞❡✜♥❡✲s❡ j ⋆ k : Vλ ≺ Vλ ♣♦r✿

j ⋆ k =
⋃

α<λ

j(k ∩ Vα)

❖✉ s❡❥❛✱ j ⋆ k é ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❧✐♠✐t❡ ❞❛s ✐♠❛❣❡♥s ❞❡ s❡❣♠❡♥t♦s ✐♥✐❝✐❛✐s ❞❛
✐♠❡rsã♦ k❀ ❛ ✐❞é✐❛ é q✉❡ ❣♦st❛rí❛♠♦s ❞❡ ❡♥❝❛r❛r k ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ♦r❞✐♥ár✐❛
✭♣♦rt❛♥t♦ ✉♠ ❝♦♥❥✉♥t♦✮ ❡ ❝♦♥s✐❞❡r❛r ❛ ✐♠❛❣❡♠ ❞❡ k ♣❡❧❛ ✐♠❡rsã♦ ❡❧❡♠❡♥t❛r j✳

❆ ♦♣❡r❛çã♦ ⋆ é ❡♠ ❣❡r❛❧ ♥ã♦✲❛ss♦❝✐❛t✐✈❛✱ ♥ã♦✲❝♦♠✉t❛t✐✈❛✱ ♠❛s ♦ ❢❛t♦ ❞❡
❡st❛r ❞❡✜♥✐❞❛ ❡♥tr❡ ✐♠❡rsõ❡s ❡❧❡♠❡♥t❛r❡s t♦r♥❛ s✐♠♣❧❡s ❞❡♠♦♥str❛r q✉❡ s❛t✐s❢❛③
❛ ♣r♦♣r✐❡❞❛❞❡ ❞✐str✐❜✉t✐✈❛ à ❡sq✉❡r❞❛✿ j⋆(k⋆l) = (j⋆k)⋆(j⋆l)✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡
t❛♠❜é♠ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛✉t♦❞✐str✐❜✉t✐✈✐❞❛❞❡✳
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P❛r❛ ❞❡♠♦♥str❛r ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s té❝♥✐❝❛s ❞❛s ✐♠❡rsõ❡s✱ ▲❛✈❡r ❢♦✐ ❧❡✈✲
❛❞♦ ❛ ❞❡✜♥✐r ❡ ❛♥❛❧✐s❛r á❧❣❡❜r❛s ✜♥✐t❛s ❛✉t♦❞✐str✐❜✉t✐✈❛s ✭❝❢✳ ❬✷✼❪✮✳ ❊st❛s á❧✲
❣❡❜r❛s✱ ❛♣r❡s❡♥t❛❞❛s ❡❢❡t✐✈❛♠❡♥t❡ ♥❛s t❛❜❡❧❛s ❞❡ ▲❛✈❡r✱ ♣♦ss✉❡♠ ♣r♦♣r✐❡❞❛❞❡s
✐♥❡s♣❡r❛❞❛♠❡♥t❡ ❞✐❢í❝❡✐s ❞❡ ❞❡♠♦♥str❛r✱ ❡ sã♦ ♦❜❥❡t♦ ❞❡ ❞✐✈❡rs❛s ❝♦♥❥❡❝t✉r❛s q✉❡
♣❛r❡❝❡♠ s❡ r❡s♦❧✈❡r ❛♣❡♥❛s ❛tr❛✈és ❞❡ ❤✐♣ót❡s❡s ♠✉✐t♦ ❢♦rt❡s s♦❜r❡ ♦ ✐♥✜♥✐t♦✿ ❛
s❛❜❡r✱ ♦s ❛①✐♦♠❛s ■✶✕■✸✱ ❛❝✐♠❛✳ ❆ s❡❣✉✐r✱ ❞❡s❝r❡✈❡♠♦s ❜r❡✈❡♠❡♥t❡ ❡st❛s t❛❜❡❧❛s✱
r❡❢♦r♠✉❧❛♥❞♦ ♦s ❝♦♥❝❡✐t♦s ❡♥✈♦❧✈✐❞♦s ❡♠ t❡r♠♦s ❛❧❣é❜r✐❝♦s ♠❛✐s ❛♣r♦♣r✐❛❞♦s ❛♦
❡s♣ír✐t♦ ❞♦ ♣r❡s❡♥t❡ ♣r♦❥❡t♦✳

P❛r❛ ❝❛❞❛ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✱ ❞❡✜♥❡✲s❡ ❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ⋆n s♦❜r❡ Zn ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

∀a ∈ Zn : a ⋆n 1 = a + 1,

∀a, b, c ∈ Zn : a ⋆n (b ⋆n c) = (a ⋆n b) ⋆n (a ⋆n c)

❆ ♦♣❡r❛çã♦ ❛ss✐♠ ❞❡✜♥✐❞❛✱ t❡♥❞♦ ♣♦r ❞♦♠í♥✐♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ♣♦❞❡ s❡r
r❡♣r❡s❡♥t❛❞❛ ♥✉♠❛ t❛❜❡❧❛ n × n✿ ❡st❛s sã♦ ❛s t❛❜❡❧❛s ❞❡ ▲❛✈❡r✳ ❈✉r✐♦s❛♠❡♥t❡✱
❛s s❡♥t❡♥ç❛s ❛❝✐♠❛ ♣♦ss✉❡♠ ♠♦❞❡❧♦s s❡ ❡ s♦♠❡♥t❡ s❡ n é ♣♦tê♥❝✐❛ ❞❡ 2✳ ■st♦
é✱ ❡①✐st❡♠ t❛✐s ♦♣❡r❛çõ❡s s❡ ❡ só s❡ n = 2m✳ ❆❜❛✐①♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s
❡①❡♠♣❧♦s✳

⋆2 ✵ ✶
✵ ✶ ✶
✶ ✵ ✶

⋆4 ✵ ✶ ✷ ✸
✵ ✶ ✸ ✶ ✸
✶ ✷ ✸ ✷ ✸
✷ ✸ ✸ ✸ ✸
✸ ✵ ✶ ✷ ✸

❋✐❣✉r❛ ✸✳✶✿ ❚❛❜❡❧❛s ❞❡ ▲❛✈❡r ♣❛r❛ ♦s ❝❛s♦s n = 2 ❡ n = 4

❖ ❛s♣❡❝t♦ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❞❛s t❛❜❡❧❛s ❞❡ ▲❛✈❡r✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ t❛♥t♦
♠❛t❡♠át✐❝♦ q✉❛♥t♦ ✜❧♦só✜❝♦✱ é ♦ ❢❛t♦ ❞❡ s❡r❡♠ ♦❜❥❡t♦s ❡♠✐♥❡♥t❡♠❡♥t❡ ✜♥✐tár✐♦s✱
❝♦♠♣✉tá✈❡✐s✱ ❡ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❣✉❛r❞❛r❡♠ r❡❧❛çã♦ ❝♦♠ ❛s ♥♦çõ❡s ♠❛✐s ❡①✲
tr❡♠❛s ❞❡ ✐♥✜♥✐t♦✳ ❉❡ ❢❛t♦✱ ❞❡♥tr❡ ♦s ❛①✐♦♠❛s ❞❡ ❣r❛♥❞❡s ❝❛r❞✐♥❛✐s ❛♠♣❧❛♠❡♥t❡
❡st✉❞❛❞♦s✱ ■✶✕■✸ sã♦ ♦s ♠❛✐s ❢♦rt❡s ❝✉❥❛ ✐♥❝♦♥s✐stê♥❝✐❛ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ❝♦♥❥✉♥t♦s
❩❋❈ ❛✐♥❞❛ ♥ã♦ s❡ ❞❡♠♦♥str♦✉ ✭❝❢✳ ❬✷✹❪✱ s❡çã♦ ✷✹✮✳

❊♠ ❝♦♠✉♥✐❝❛çã♦ ♣❡ss♦❛❧✱ ❈❛r♥✐❡❧❧✐ s✉❣❡r✐✉ q✉❡ ❛s ❤❡✉ríst✐❝❛s s✉❜❥❛❝❡♥t❡s ❛♦
♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦ ♣♦❞❡r✐❛♠ s❡r út❡✐s ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s
❣❡r❛✐s ❞❡st❛s t❛❜❡❧❛s✳ ❈♦♠ ❡❢❡✐t♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ s✉❜❥❛❝❡♥t❡ é
❢♦rç♦s❛♠❡♥t❡ ❛ ♣♦tê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✱ ♦✉ s❡❥❛✱ é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡
❛❧❣✉♠ ❝♦r♣♦ ✜♥✐t♦✳ ■st♦ t♦r♥❛ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❝♦♥✈❡♥✐❡♥t❡ ❛ ❡①♣r❡ssã♦ ♣♦❧✐♥♦✲
♠✐❛❧ ❞❛ ♦♣❡r❛çã♦ ❛✉t♦✲❞✐str✐❜✉t✐✈❛✿ ✐❞❡♥t✐✜❝❛♠♦s ♦ ❝♦♥❥✉♥t♦ Z2m ❝♦♠ ♦ ❝♦r♣♦
✜♥✐t♦ ❞❡ 2m ❡❧❡♠❡♥t♦s✱ ♦❜t✐❞♦ ♣♦r ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ ❞♦ ❝♦r♣♦ Z2✳ ◆♦ ❝❛s♦
❡♠ q✉❡ m = 1✱ ❡st❡ é ♦ ♣ró♣r✐♦ ❝♦r♣♦ Z2✱ ❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ m = 2 é ♦ ❝♦r♣♦
Z2[X]/(X2 + X + 1)✱ ❞♦s ♣♦❧✐♥ô♠✐♦s s♦❜r❡ Z2 ♠ó❞✉❧♦ ♦ ♣♦❧✐♥ô♠✐♦ ✐rr❡❞✉tí✈❡❧
X2 + X + 1✳ ❊s❝r❡✈❡♠♦s ❛s t❛❜❡❧❛s ❞❡ ▲❛✈❡r ♥❡st❛ ♥♦t❛çã♦✱ ❛❜❛✐①♦✿
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⋆2 0 1
0 1 1
1 0 1

⋆4 0 1 X 1 + X
0 1 1 + X 1 1 + X
1 X 1 + X X 1 + X
X 1 + X 1 + X 1 + X 1 + X

1 + X 0 1 X 1 + X

❋✐❣✉r❛ ✸✳✷✿ ❚❛❜❡❧❛s ❞❡ ▲❛✈❡r s♦❜r❡ ♦s ❝♦r♣♦s F2 ❡ F4

❖❜t❡♠♦s ❡①♣r❡ssõ❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❡st❛s ♦♣❡r❛çõ❡s ❝♦♠♦ s❡❣✉❡✿

⋆2(P,Q) = P · Q + P + 1

⋆4(P,Q) = (1 + X) + P (P + 1)(P + X)Q(Q + 1)(Q + 1 + X)

+X(P + 1)(P + X)(P + 1 + X)(Q + 1)(Q + X)(Q + 1 + X)

+(1 + X)P (P + 1)(P + X)(Q + 1)(Q + X)(Q + 1 + X)

+X(P + 1)(P + X)(P + 1 + X)Q(Q + 1)(Q + 1 + X)

+P (P + X)(P + 1 + X)(Q + 1)(Q + X)(Q + 1 + X)

+P (P + X)(P + 1 + X)Q(Q + 1)(Q + 1 + X)

+XP (P + 1)(P + X)Q(Q + X)(Q + 1 + X)

❆♠❜♦s ♦s ♣♦❧✐♥ô♠✐♦s ❛❝✐♠❛ ❢♦r❛♠ ♦❜t✐❞♦s ♣❡❧♦ ♠❡❝❛♥✐s♠♦ ❞❛ s❡❣✉♥❞❛ ❞❡♠♦♥✲
str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✺✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ♠❛✐s ♣r♦❡♠✐♥❡♥t❡ ❞♦s ♣♦❧✐♥ô♠✐♦s
♦❜t✐❞♦s ♣♦r ❡st❡ ♠ét♦❞♦ é s✉❛ ❝♦♠♣❧❡①✐❞❛❞❡✿ sã♦ ♦ s♦♠❛tór✐♦ ❞❡ 2m t❡r♠♦s✱
❝❛❞❛ ✉♠ ❞♦s q✉❛✐s é ♦ ♣r♦❞✉t♦ ❞❡ m × (2m − 1) ❢❛t♦r❡s✳ ◗✉❛♥❞♦ s❡ tr❛t❛ ❞❡
♣♦❧✐♥ô♠✐♦s s✐♠♣❧❡s ✭❡✳❣✳ ❧✐♥❡❛r❡s✮✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞❡st❡s t❡r♠♦s s❡ ❝❛♥❝❡❧❛ ♠✉t✉✲
❛♠❡♥t❡❀ ♣♦ré♠✱ ♥ã♦ ❤á ❝♦♠♦ ❞❡t❡r♠✐♥❛r s❡ ❡st❡ é ♦ ❝❛s♦✱ ❡①❝❡t♦ ♣❡❧♦ ❡①♣❡❞✐❡♥t❡
❞❡ ♠✉❧t✐♣❧✐❝❛r t♦❞♦s ♦s t❡r♠♦s ❡ ♦❜t❡r ❛ ❡①♣r❡ssã♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ❡♠ s♦♠❛ ❞❡
♠♦♥ô♠✐♦s✳ P♦r ❡①❡♠♣❧♦✱ ✉♠❛ rá♣✐❞❛ ❝❤❡❝❛❣❡♠ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♠♦str❛ q✉❡
♦ ♠♦♥ô♠✐♦ P 3Q3 ❛♣❛r❡❝❡ ♥❛ ❡①♣r❡ss❛♦ ❞❡ ⋆4(P,Q) ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ♥✉❧♦✳ ❖✉
s❡❥❛✱ ♦ ♣♦❧✐♥ô♠✐♦ q✉❡ ❡①♣r❡ss❛ ⋆4(P,Q) ♥ã♦ t❡♠ ♦ ❣r❛✉ ♠❛✐s ❛❧t♦ ♣♦ssí✈❡❧ q✉❡
s❡ ♣♦❞❡r✐❛ ❡s♣❡r❛r ❞❛ Pr♦♣♦s✐çã♦ ✶✳✾✱ ♦ q✉❡ ♣❛r❡❝❡ ❛♣♦♥t❛r ♣❛r❛ ❛❧❣✉♠ t✐♣♦ ❞❡
s✐♠♣❧✐❝✐❞❛❞❡ ♥♦s ♣♦❧✐♥ô♠✐♦s q✉❡ ❡①♣r❡ss❛♠ ❛s ❞✐✈❡rs❛s ♦♣❡r❛çõ❡s ⋆2m ✳

❯♠ ♣r♦❜❧❡♠❛ ❢❛♠♦s♦ s♦❜r❡ ❛s t❛❜❡❧❛s ❞❡ ▲❛✈❡r✱ ❝♦♥tr❛ ♦ q✉❛❧ s❡ ♣♦❞❡r✐❛
t❡st❛r ❛ ❡✜❝á❝✐❛ ❞❛ ♣♦❧✐♥♦♠✐③❛çã♦✱ é ♦ s❡❣✉✐♥t❡✳ P❛r❛ ❝❛❞❛ m ∈ N✱ s❡❥❛ Lm

♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛ t❛❜❡❧❛ ❞❡
▲❛✈❡r s♦❜r❡ Z2m ✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐❞❛ ❛❝✐♠❛ ✖ ✐st♦ é✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❛ ✐♠❛❣❡♠
❞❛ ❢✉♥çã♦ x 7→ 0 ⋆2m x✳ ➱ ✈❡r❞❛❞❡ q✉❡ Lm → ∞ q✉❛♥❞♦ m → ∞❄ ❊st❡ r❡s✉❧✲
t❛❞♦ ❢♦✐ ❞❡♠♦♥str❛❞♦ ❝♦♠ té❝♥✐❝❛s ❝♦♥❥✉♥t✐st❛s ❜❛st❛♥t❡ s♦✜st✐❝❛❞❛s❀ ♣♦❞❡r✐❛ ♦
♠ét♦❞♦ ♣♦❧✐♥♦♠✐❛❧ ❢♦r♥❡❝❡r ✉♠❛ ❞❡♠♦♥str❛çã♦ ♠❛✐s ❡❧❡♠❡♥t❛r❄

❯♠❛ ♣♦ssí✈❡❧ ❡str❛té❣✐❛ s❡r✐❛ ❛ss✉♠✐r ♦ ❝♦♥trár✐♦✱ ❞❡ ♠♦❞♦ q✉❡ Lm ♣❡r✲
♠❛♥❡❝❡ss❡ ❧✐♠✐t❛❞♦ ❡♥q✉❛♥t♦ m → ∞❀ ❞❛í s❡❣✉✐r✐❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❛ ✉♠❛ ✈❛r✲
✐á✈❡❧ ⋆2m(0, Q) t❡r✐❛ ♠✉✐t♦s ✈❛❧♦r❡s r❡♣❡t✐❞♦s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ Lm ≤ M
♣❛r❛ t♦❞♦ m✱ ❡♥tã♦ ❤á ❛❧❣✉♠ ✈❛❧♦r Q0 t❛❧ q✉❡ ⋆2m(0, Q) = Q0 ♣❛r❛ ♣❡❧♦
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♠❡♥♦s 2m/M ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ Q✳ ■st♦ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ ♦ ♣♦❧✐♥ô♠✐♦
⋆2m(0, Q)−Q0 ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s 2m/M r❛í③❡s✱ ♦ q✉❡ s✐❣♥✐✜❝❛✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✶✱
q✉❡ t❡♠ ❣r❛✉ ♥♦ ♠í♥✐♠♦ 2m/M ✳ ✭➱ s✐♠♣❧❡s ❡st❛❜❡❧❡❝❡r q✉❡ ⋆2m(0, Q) ♥ã♦ é
❝♦♥st❛♥t❡✳✮

❊♠ ❧✐♥❤❛s ❣❡r❛✐s✱ ❡♥tã♦✱ ✈❡♠♦s q✉❡ ❛ ❧✐♠✐t❛çã♦ ❞❡ Lm ✐♠♣❧✐❝❛ ❡♠ ❣r❛✉ ❛❧t♦
♣❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s q✉❡ ❡①♣r❡ss❛♠ ⋆2m ❀ ❡ ✈✐♠♦s t❛♠❜é♠✱ ❡♠ ✉♠ ❝❛s♦ ❡s♣❡❝í✜❝♦✱
q✉❡ ⋆2m ♥ã♦ t❡♠ ♦ ❣r❛✉ ♠❛✐s ❛❧t♦ ♣♦ssí✈❡❧✳

❯♠ ♦❜stá❝✉❧♦ ❤❡✉ríst✐❝♦✱ ♣♦ré♠ t❡❝♥✐❝❛♠❡♥t❡ ❢♦r♠✐❞á✈❡❧✱ ❛ ❡st❛ ❛❜♦r❞❛❣❡♠✱
é ♦ s❡❣✉✐♥t❡✳ ●r♦ss♦ ♠♦❞♦✱ ❞❡♠♦♥str❛çõ❡s ❡ ♠❛♥✐♣✉❧❛çõ❡s q✉❡ ❧✐❞❛♠ ❡①❝❧✉s✐✲
✈❛♠❡♥t❡ ❝♦♠ ♣♦❧✐♥ô♠✐♦s s♦❢r❡♠ ❞❡ ❧✐♠✐t❛çõ❡s ♥♦s r❡s✉❧t❛❞♦s q✉❡ ♣♦❞❡♠ ❡s✲
t❛❜❡❧❡❝❡r✿ ❡♠ ❝♦♥str✉çõ❡s ❞✐r❡t❛s✱ ❡♠ ❣❡r❛❧ ❞❡♠♦♥str❛✲s❡ r❡❧❛çõ❡s ❛❧❣é❜r✐❝❛s
♦✉ r❛❝✐♦♥❛✐s ❡♥tr❡ ❛❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s ✭♣♦r ❡①❡♠♣❧♦✱ Lm ≥ √

m✮❀ ❡♠ ❝♦♥✲
str✉çõ❡s r❡❝✉rs✐✈❛s✱ às ✈❡③❡s é ♣♦ssí✈❡❧ ♦❜t❡r r❡❧❛çõ❡s ❡①♣♦♥❡♥❝✐❛✐s ✭♣♦r ❡①❡♠♣❧♦✱
Lm ≥ log m✮✳ ◆♦ ❡♥t❛♥t♦✱ s❛❜❡✲s❡ q✉❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ Lm ❝r❡s❝❡ ❝♦♠ m tã♦
♦✉ ♠❛✐s ❧❡♥t❛♠❡♥t❡ q✉❡ ❛ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ ❞❡ ❆❝❦❡r♠❛♥♥✳ ❖ ❢❛t♦ ❞❡st❛ ❞❡✲
♣❡♥❞ê♥❝✐❛ ❡①tr❛♣♦❧❛r ♦ â♠❜✐t♦ ❞❛s ❢✉♥çõ❡s ♣r✐♠✐t✐✈❛s r❡❝✉rs✐✈❛s ❞❡✐①❛ ❝❧❛r♦ q✉❡
té❝♥✐❝❛s ❜❛st❛♥t❡ s✉t✐s s❡rã♦ ♥❡❝❡ssár✐❛s ♣❛r❛ ♣❡r♠✐t✐r q✉❡ ♦ ♠ét♦❞♦ ♣♦❧✐♥♦♠✐❛❧
s❡ ♠♦str❡ ❢r✉tí❢❡r♦ ♥❡st❛ q✉❡stã♦✳



❈♦♥❝❧✉sã♦

❖ ♠ét♦❞♦ ❞❡ ♣♦❧✐♥♦♠✐③❛çã♦ ❞❡ ❧ó❣✐❝❛s✱ ✐♥✐❝✐❛❞♦ ♣♦r ❈❛r♥✐❡❧❧✐ ❡ ❞❡s❡♥✈♦❧✈✐❞♦
♣♦r ❈❛r♥✐❡❧❧✐ ❡ ❆❣✉❞❡❧♦✱ ❛✐♥❞❛ ❣✉❛r❞❛ ♣❡r❣✉♥t❛s✳ ❉❡s❡♥✈♦❧✈❡♠♦s s✐st❡♠❛t✐❝❛✲
♠❡♥t❡ s❡✉s ❞❡t❛❧❤❡s ♥♦s ❝❛s♦s ♠❛✐s s✐♠♣❧❡s✱ ❡♥✈♦❧✈❡♥❞♦ ❧ó❣✐❝❛s ❝❛r❛❝t❡r✐③❛❞❛s
♣♦r s❡♠â♥t✐❝❛s ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✱ ❡ ❞❡s❝r❡✈❡♠♦s ❛ ❛❞❛♣t❛çã♦ ❞❡ ❈❛r♥✐❡❧❧✐ ❡
❆❣✉❞❡❧♦ ♣❛r❛ ❡♥❣❧♦❜❛r ❝❡rt❛s ❧ó❣✐❝❛s ♥ã♦ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✱ ♠❛✐s ♥♦t❛✈❡❧✲
♠❡♥t❡ ❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ❙✺✳

◗✉❡stõ❡s ❛✐♥❞❛ ❡♠ ❛❜❡rt♦ ✐♥❝❧✉❡♠ ❛ ❡①t❡♥sã♦ ❞♦ ♠ét♦❞♦ ♣❛r❛ ♦✉tr❛s ❧ó❣✐❝❛s
♣r♦♣♦s✐❝✐♦♥❛✐s ♥ã♦ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦r❛❞❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ ✐♥t✉✐❝✐♦♥✐st❛❀ ❢♦r♠✉✲
❧❛çã♦ ❝❛t❡❣♦r✐❛❧ s❛t✐s❢❛tór✐❛ ❞❛ ♣♦❧✐♥♦♠✐③❛çã♦❀ ❡ ❡①t❡♥sã♦ ✐♥✜♥✐tár✐❛ ❞♦ ♠ét♦❞♦
♣❛r❛ ❝♦♥t❡♠♣❧❛r ❛ ▲ó❣✐❝❛ ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠✳

◆❡st❡ ú❧t✐♠♦ tó♣✐❝♦✱ é ♣♦ssí✈❡❧ q✉❡ ❛ ✐❞é✐❛ ❞❡ ❢✉♥çã♦ ❣❡r❛❞♦r❛✱ ❢❛♠✐❧✐❛r à
❈♦♠❜✐♥❛tór✐❛ ♠♦❞❡r♥❛✱ s❡❥❛ ♣❡ç❛ ❢✉♥❞❛♠❡♥t❛❧✳ ❯♠ ♦❜stá❝✉❧♦ té❝♥✐❝♦ s✐❣♥✐✜❝❛✲
t✐✈♦ é q✉❡ ❛s ♦♣❡r❛çõ❡s ❡ q✉❡stõ❡s ✉s✉❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛s ❡♠ ❈♦♠❜✐♥❛tór✐❛✱
❝♦♠♦ ♣❛rt✐çõ❡s ❞❡ ❝♦♥❥✉♥t♦s ❡ ♥ú♠❡r♦ ❞❡ ❡str✉t✉r❛s ❞❡ ✉♠❛ ❝❡rt❛ ❝❛r❞✐♥❛❧✐❞❛❞❡✱
♦❜❡❞❡❝❡♠ ❧❡✐s ❢♦r♠❛✐s s❡♠❡❧❤❛♥t❡s àq✉❡❧❛s q✉❡ r❡❣❡♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ sér✐❡s
❢♦r♠❛✐s ✐♥✜♥✐t❛s✳ ❊st❡ é ♦ ♠♦t✐✈♦ ♣♦r trás ❞❛ ❡✜❝á❝✐❛ ❞❛s ❢✉♥çõ❡s ❣❡r❛❞♦r❛s
❡♠ ❈♦♠❜✐♥❛tór✐❛✳ ❈♦♥t✉❞♦✱ ❛✐♥❞❛ ♥ã♦ s❡ ❝♦♥❤❡❝❡ ❛♥❛❧♦❣✐❛ s❡♠❡❧❤❛♥t❡ ♣❛r❛ ❛s
♦♣❡r❛çõ❡s ❡ q✉❡stõ❡s ❝♦♥s✐❞❡r❛❞❛s ♣❡❧❛ ▲ó❣✐❝❛ ▼❛t❡♠át✐❝❛✳

✺✾



❆♣ê♥❞✐❝❡

❆ s❡❣✉✐r✱ r❡✈✐s❛♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s ❞❛ ➪❧❣❡❜r❛✱ ♣❛r❛
❝♦♥✈❡♥✐ê♥❝✐❛ ❞♦ ❧❡✐t♦r✳

❉❡✜♥✐çã♦ ✶✺ ❙❡❥❛ G ✉♠ ❝♦♥❥✉♥t♦ ❡ + : G × G → G ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛✳
❉✐③❡♠♦s q✉❡ (G, +) é ✉♠ ❣r✉♣♦ s❡✿ + é ❛ss♦❝✐❛t✐✈❛❀ ❤á ✉♠ ❡❧❡♠❡♥t♦ ✏♥❡✉tr♦✑
0 ∈ G t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ G✱ ✈❛❧❡ x+0 = 0+x = x❀ ❡ ♣❛r❛ ❝❛❞❛ x ∈ G ❡①✐st❡
✉♠ ✏♦♣♦st♦✑ x ∈ A t❛❧ q✉❡ x + x = x + x = 0✳ ❖ ❣r✉♣♦ é ❞✐t♦ ❝♦♠✉t❛t✐✈♦ s❡ +
é ❝♦♠✉t❛t✐✈❛✳

❙❡ (G, +) ❡ (G′,+′) sã♦ ❣r✉♣♦s✱ ✉♠❛ ❛♣❧✐❝❛çã♦ f : G → G′ é ✉♠ ♠♦r✜s♠♦
❞❡ ❣r✉♣♦s s❡ ✈❛❧❡ f(x + y) = f(x) +′ f(y) ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ G✳

❱❛❧❡ ♥♦t❛r q✉❡ ♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ❛✉t♦♠❛t✐❝❛♠❡♥t❡ r❡s♣❡✐t❛♠ ♦s ❡❧❡✲
♠❡♥t♦s ♥❡✉tr♦s✱ ❛❧é♠ ❞❛s ♦♣❡r❛çõ❡s✳ ❉❡ ❢❛t♦✱ s❡ f : G → G′ é ♠♦r✜s♠♦
❞❡ ❣r✉♣♦s✱ 0 ∈ G ❡ 0′ ∈ G′ sã♦ ♦s r❡s♣❡❝t✐✈♦s ❡❧❡♠❡♥t♦s ♥❡✉tr♦s✱ t❡♠✲s❡
f(0) = f(0 + 0) = f(0) + f(0)✱ ❞♦♥❞❡ f(0) + f(0) = f(0) + f(0) + f(0) ❡
♣♦rt❛♥t♦ f(0) = 0′✳

❯♠❛ ❞❛s ❝✐r❝✉♥stâ♥❝✐❛s ♠❛✐s ♥❛t✉r❛✐s q✉❡ ♥♦s ❧❡✈❛♠ ❛ ❝♦♥s✐❞❡r❛r ❛♥é✐s é
♠♦t✐✈❛❞❛ ♣♦r ❣r✉♣♦s✳

❉❡✜♥✐çã♦ ✶✻ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦✳ ❖ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞❡ G✱
❞❡♥♦t❛❞♦ End(G)✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s f : G → G✱
♠✉♥✐❞♦ ❞❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛ ♣♦♥t✉❛❧ ❡ ❝♦♠♣♦s✐çã♦ ❢✉♥❝✐♦♥❛❧✿ ♣❛r❛ ❝❛❞❛ x ∈ G
❡ f, g : M → M ✱ ❞❡✜♥✐♠♦s (f + g)(x) = f(x) + g(x) ❡ (f · g)(x) = f ◦ g(x) =
f(g(x))✳

➱ ❝❧❛r♦ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ♦ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦s é ❞❡ ❢❛t♦ ✉♠ ❛♥❡❧ ❝♦♠
r❡s♣❡✐t♦ às ♦♣❡r❛çõ❡s ❡s❝♦❧❤✐❞❛s❀ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❛ s♦♠❛ ♣♦♥t✉❛❧ é ♦ ❡♥✲
❞♦♠♦r✜s♠♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦ x 7→ 0✱ ❡ ♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ ❞❛ ❝♦♠♣♦s✐çã♦
❢✉♥❝✐♦♥❛❧ é ♦ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡ x 7→ x✳ ❆♣❡s❛r ❞❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❣r✉♣♦
s✉❜❥❛❝❡♥t❡✱ ♦ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦s é ♠❛✐s ❢r❡qü❡♥t❡♠❡♥t❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦✳

❆ s❡❣✉✐r✱ ❞❡✜♥✐♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ♠ó❞✉❧♦ ❡ á❧❣❡❜r❛✳ ●r♦ss♦ ♠♦❞♦✱ ✉♠
♠ó❞✉❧♦ é ✉♠ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦ s♦❜r❡ ♦ q✉❛❧ ❛❣❡ ✉♠ ❛♥❡❧❀ ✉♠❛ á❧❣❡❜r❛ é ❛
♠❡s♠❛ ❝♦✐s❛✱ tr♦❝❛♥❞♦ ✏❣r✉♣♦ ❝♦♠✉t❛t✐✈♦✑ ♣♦r ✏❛♥❡❧✑✳

❉❡✜♥✐çã♦ ✶✼ ❙❡❥❛ (A,+A, ·A) ✉♠ ❛♥❡❧✳ ❯♠ A✲♠ó❞✉❧♦ é ✉♠ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦
(M, +M ) ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ❞❡ ✏♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r❡s✑ · : A×M →
M s❛t✐s❢❛③❡♥❞♦ às s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✱ m, n ∈ M ✿

✻✵



❆♣ê♥❞✐❝❡ ✻✶

❼ a · (m +M n) = (a · m) +M (a · n)❀

❼ (a +A b) · m = (a · m) +M (b · m)❀

❼ (a ·A b) · m = a · (b · m)❀

❼ 1 · m = m✳

❙❡ M,M ′ sã♦ A✲♠ó❞✉❧♦s✱ ✉♠❛ ❢✉♥çã♦ f : M → M ′ é ✉♠ ♠♦r✜s♠♦ ❞❡ A✲
♠ó❞✉❧♦s s❡ é ✉♠ ♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❝♦♠✉t❛t✐✈♦s ❡✱ ♣❛r❛ ❝❛❞❛ (a, m) ∈ A×M ✱
t❡♠✲s❡ f(a · m) = a · f(m)✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠ A✲♠ó❞✉❧♦ é ❞❛❞♦ ♣♦r ✉♠ ❣r✉♣♦ ❝♦♠✉t❛t✐✈♦ M ❡
✉♠ ♠♦r✜s♠♦ ❞❡ ❛♥é✐s A → End(M)✱ q✉❡ ❛ ❝❛❞❛ a ∈ A ❛ss♦❝✐❛ ❛ ♦♣❡r❛çã♦ a·✱
♦✉ ✏♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r a✑✳

❈♦♠♦ é ✉s✉❛❧✱ ♦♠✐t✐r❡♠♦s ♦s s✉❜s❝r✐t♦s ♥♦s sí♠❜♦❧♦s +A,+M ❡ s❡♠❡❧❤❛♥t❡s✱
❝♦♥✜❛♥❞♦ ♥♦ ❝♦♥t❡①t♦ ♣❛r❛ ❞❡✐①❛r ❝❧❛r♦ s♦❜r❡ q✉❛❧ ❞♦♠í♥✐♦ s❡ r❡❛❧✐③❛♠ ❛s ♦♣✲
❡r❛çõ❡s✳

❉❡✜♥✐çã♦ ✶✽ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❯♠❛ A✲á❧❣❡❜r❛ é ✉♠ ❛♥❡❧ (M,+M , ·M ) ❡♠ q✉❡
(M, +M ) é ✉♠ A✲♠ó❞✉❧♦ ❡ ·M : M ×M → M é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦
♣♦r ❡s❝❛❧❛r❡s ❞❡st❡ ♠ó❞✉❧♦✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ♣❛r❛ q✉❛✐sq✉❡r m, n ∈ M ❡
a, b ∈ A✱ t❡♠✲s❡ (a · m) · (b · n) = (a · b) · (m · n)✳ ❆ A✲á❧❣❡❜r❛ é ❝♦♠✉t❛t✐✈❛ s❡
·M é ❝♦♠✉t❛t✐✈❛✳

❯♠ ♠♦r✜s♠♦ ❞❡ A✲á❧❣❡❜r❛s é ✉♠ ♠♦r✜s♠♦ ❞❡ ❛♥é✐s q✉❡ é t❛♠❜é♠ ♠♦r✜s♠♦
❞♦s A✲♠ó❞✉❧♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❖❜s❡r✈❛♠♦s q✉❡ q✉❛❧q✉❡r ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ A é ✉♠❛ A✲á❧❣❡❜r❛ ✭❡ ♣♦rt❛♥t♦
✉♠ A✲♠ó❞✉❧♦✮ ❞❡ ♠♦❞♦ ❝❛♥ô♥✐❝♦✿ t♦♠❛✲s❡ ♣♦r s♦♠❛ ❡ ♣r♦❞✉t♦ ❞❛ á❧❣❡❜r❛ ❛s
♦♣❡r❛çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❡ A✱ ❡ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡s❝❛❧❛r ♦ ♣r♦❞✉t♦ ❞❡ A❀
✐st♦ é✱ ♦ ♠❛♣❛ A → End(A) ♥❡❝❡ssár✐♦ à ❞❡✜♥✐çã♦ ❞❡ ♠ó❞✉❧♦ é ❛q✉❡❧❡ ❢♦r♥❡❝✐❞♦
♣❡❧♦ ▲❡♠❛ ✺✳

P❛ss❛♠♦s ❛❣♦r❛ ❛ ❡str✉t✉r❛s ♠❛✐s ❡s♣❡❝í✜❝❛s✿ ♦s ❞♦♠í♥✐♦s ❞❡ ✐♥t❡❣r✐❞❛❞❡ ❡
❝♦r♣♦s✳

❉❡✜♥✐çã♦ ✶✾ ❯♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ A é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ s❡✱ ♣❛r❛
q✉❛✐sq✉❡r a, b ∈ A\{0}✱ t❡♠✲s❡ a · b 6= 0✳ ➱ ✉♠ ❝♦r♣♦ s❡✱ ♣❛r❛ q✉❛❧q✉❡r a ∈
A\{0}✱ ❡①✐st❡ a−1 t❛❧ q✉❡ a · a−1 = 1✳

▲❡♠❛ ✶✼ ✴
❚♦❞♦ ❝♦r♣♦ é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✳ ❚♦❞♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ ✜♥✐t♦

é ✉♠ ❝♦r♣♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ K ✉♠ ❝♦r♣♦✱ a ∈ K\{0} ❡ b ∈ K t❛✐s q✉❡ ab = 0✳ ❊♥tã♦
a−1(ab) = a−1 · 0 = 0❀ ♠❛s a−1(ab) = (a−1a)b = 1 · b = b✳ ▲♦❣♦ b = 0 ❡ K é ✉♠
❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✳

❙❡❥❛ ❛❣♦r❛ D ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ ✜♥✐t♦ ❡ d ∈ D\{0}✳ ❈♦♠♦ ❥á ✈✐♠♦s✱
♦ ♠❛♣❛ x 7→ d · x é ✉♠ ♠♦r✜s♠♦ D → D ❞❡ ❣r✉♣♦s ❝♦♠✉t❛t✐✈♦s✳ ❆ ❤✐♣ót❡s❡
dx = 0 ⇒ x = 0 ❞✐③ ❥✉st❛♠❡♥t❡ q✉❡ ❡st❡ ♠♦r✜s♠♦ é ✐♥❥❡t✐✈♦❀ s❡♥❞♦ D ✜♥✐t♦✱
s❡rá t❛♠❜é♠ s♦❜r❡❥❡t✐✈♦✳ ▲♦❣♦✱ ❤á d′ ∈ D t❛❧ q✉❡ dd′ = 1✳ �



❆♣ê♥❞✐❝❡ ✻✷

Pr♦♣♦s✐çã♦ ✶✽ ❙❡ q é ✉♠ ♥ú♠❡r♦ ♣r✐♠♦ ❡ n é q✉❛❧q✉❡r ♥❛t✉r❛❧✱ ❡①✐st❡ ✉♠
❝♦r♣♦ ✜♥✐t♦ ❝♦♠ qn ❡❧❡♠❡♥t♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡♠ ❝♦r♣♦s ✜♥✐t♦s ❛r❜✐tr❛r✐✲
❛♠❡♥t❡ ❣r❛♥❞❡s✳ ❆❞❡♠❛✐s✱ ❞♦✐s ❝♦r♣♦s ✜♥✐t♦s ❞❡ ♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ sã♦ ✐s♦✲
♠♦r❢♦s✳

❆ Pr♦♣♦s✐çã♦ ❛❝✐♠❛ é ❜❡♠ ❝♦♥❤❡❝✐❞❛ ❞❛ ❚❡♦r✐❛ ❞❡ ❈♦r♣♦s✱ ❡ s✉❛ ❞❡♠♦♥✲
str❛çã♦ ♥ã♦ ♥♦s ♣r❡♦❝✉♣❛rá✱ ♣♦✐s só ❢❛③❡♠♦s ✉s♦ ✭♥♦ ❈❛♣ít✉❧♦ ✷✮ ❞♦ ❢❛t♦ ❞❡
❤❛✈❡r❡♠ ❝♦r♣♦s ✜♥✐t♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❣r❛♥❞❡s✳ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♠❛✐s s✐♠✲
♣❧❡s ❞❡st❡ ❢❛t♦ é q✉❡✱ ♣❛r❛ ❝❛❞❛ ♣r✐♠♦ q✱ ♦s ✐♥t❡✐r♦s ♠ó❞✉❧♦ q✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s
✉s✉❛✐s ❞❡ s♦♠❛ ❡ ♣r♦❞✉t♦ ♠ó❞✉❧♦ q✱ ❢♦r♠❛♠ ✉♠ ❝♦r♣♦ ❝♦♠ q ❡❧❡♠❡♥t♦s✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❚✳ ❆❤♠❡❞✱ ❆❧❣❡❜r❛✐❝ ▲♦❣✐❝✱ ❲❤❡r❡ ❉♦❡s ■t ❙t❛♥❞ ❚♦❞❛②❄ ❇✉❧❧❡t✐♥ ♦❢ ❙②♠✲
❜♦❧✐❝ ▲♦❣✐❝ ✶✶✭✹✮✿✹✻✺✕✺✶✻✱ ✷✵✵✺✳

❬✷❪ ●✳ ❇✐r❦❤♦✛✱ ❙✳ ▼❛❝▲❛♥❡✱ ❆❧❣❡❜r❛✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✶✾✾✾✳

❬✸❪ ❆r✐stót❡❧❡s✱ ❲✳ ❘♦ss ✭❡❞✳✮✱ ❆r✐st♦t❧❡✬s Pr✐♦r ❛♥❞ P♦st❡r✐♦r ❆♥❛❧②t✐❝s✳
❈❧❛r❡♥❞♦♥ Pr❡ss✱ ❖①❢♦r❞✱ ✶✾✺✶✳

❬✹❪ ●✳ ❇♦♦❧❡✱ ❈❛❧❝✉❧✉s ♦❢ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s✳ ❈❤❡❧s❡❛ P✉❜❧✐s❤✐♥❣✱ ◆♦✈❛ ❨♦r❦✱
✶✾✼✵✳

❬✺❪ ●✳ ❇♦♦❧❡✱ ❚❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ▲♦❣✐❝✳ ❇❛s✐❧ ❇❧❛❝❦✇❡❧❧✱ ❖①❢♦r❞✱
✶✾✾✽✳

❬✻❪ ●✳ ❇♦♦❧❡✱ ❆♥ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ▲❛✇s ♦❢ ❚❤♦✉❣❤t✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱
◆♦✈❛ ❨♦r❦✱ ✶✾✺✽✳

❬✼❪ ❳✳ ❈❛✐❝❡❞♦✱ ❆✳ ▼❛rtí♥✱ ❈♦♠♣❧❡t✉❞ ❞❡ ❞♦s ❈á❧❝✉❧♦s ▲ó❣✐❝♦s ❞❡ ▲❡✐❜♥✐③✳
❚❤❡♦r✐❛ ✶✻✭✸✮✿✺✸✾✕✺✺✽✱ ✷✵✵✶✳

❬✽❪ ❈✳ ❈❛❧❡✐r♦✱ ❲✳ ❈❛r♥✐❡❧❧✐✱ ▼✳ ❈♦♥✐❣❧✐♦✱ ❏✳ ▼❛r❝♦s✱ ❚✇♦✬s ❈♦♠♣❛♥②✿ ✏❚❤❡
❍✉♠❜✉❣ ♦❢ ▼❛♥② ▲♦❣✐❝❛❧ ❱❛❧✉❡s✑✳ ❊♠ ▲♦❣✐❝❛ ❯♥✐✈❡rs❛❧✐s✱ ♣♣✳ ✶✻✾✕✶✽✾✱
❇✐r❦❤ä✉s❡r ❱❡r❧❛❣✱ ❇❛s❡❧✱ ✷✵✵✺✳

❬✾❪ ❲✳ ❈❛r♥✐❡❧❧✐✱ ❆ ❙②st❡♠❛t✐③❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ♠❛♥②✲✈❛❧✉❡❞ ❧♦❣✐❝s t❤r♦✉❣❤ t❤❡
♠❡t❤♦❞ ♦❢ t❛❜❧❡❛✉①✳ ❏♦✉r♥❛❧ ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝ ✺✷✭✷✮✿✹✼✸✕✹✾✸✱ ✶✾✽✼✳

❬✶✵❪ ❲✳ ❈❛r♥✐❡❧❧✐✱ ▼✳ ❈♦♥✐❣❧✐♦✱ ❏✳ ▼❛r❝♦s✱ ▲♦❣✐❝s ♦❢ ❋♦r♠❛❧ ■♥❝♦♥s✐st❡♥❝②✳ ❊♠
❍❛♥❞❜♦♦❦ ♦❢ P❤✐❧♦s♦♣❤✐❝❛❧ ▲♦❣✐❝✱ ✈♦❧✳ ✶✹✱ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱
❉♦r❞r❡❝❤t✱ ✷✵✵✻✳

❬✶✶❪ ❲✳ ❈❛r♥✐❡❧❧✐✱ P♦❧②♥♦♠✐❛❧ ❘✐♥❣ ❈❛❧❝✉❧✉s ❢♦r ▲♦❣✐❝❛❧ ■♥❢❡r❡♥❝❡✳ ❈▲❊ ❡✲Pr✐♥ts
✺✭✸✮✿✶✕✶✼✱ ❈❛♠♣✐♥❛s✱ ✷✵✵✺✳

❬✶✷❪ ❲✳ ❈❛r♥✐❡❧❧✐✱ P♦❧②♥♦♠✐③✐♥❣✿ ▲♦❣✐❝ ■♥❢❡r❡♥❝❡ ✐♥ P♦❧②♥♦♠✐❛❧ ❋♦r♠❛t ❛♥❞ t❤❡
▲❡❣❛❝② ♦❢ ❇♦♦❧❡✳ ❈▲❊ ❡✲Pr✐♥ts ✻✭✸✮✿✶✕✶✻✱ ❈❛♠♣✐♥❛s✱ ✷✵✵✻✳

❬✶✸❪ ▼✳ ❈❧❡❣❣✱ ❏✳ ❊❞♠♦♥❞s✱ ❘✳ ■♠♣❛❣❧✐❛③③♦✱ ❯s✐♥❣ t❤❡ ●rö❜♥❡r ❇❛s✐s ❆❧❣♦r✐t❤♠
t♦ ❋✐♥❞ Pr♦♦❢s ♦❢ ❯♥s❛t✐s✜❛❜✐❧✐t②✳ Pr♦❝✳ ♦❢ t❤❡ ✷✽t❤ ❆♥♥✉❛❧ ❆❈▼ ❙②♠♣♦✲
s✐✉♠ ♦♥ t❤❡ ❚❤❡♦r② ♦❢ ❈♦♠♣✉t✐♥❣✱ ♣♣✳ ✶✼✹✕✶✽✸✱ ✶✾✾✻✳

✻✸
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❬✶✹❪ ❏✳ ❈♦r❝♦r❛♥✱ ❆r✐st♦t❧❡✬s Pr✐♦r ❆♥❛❧②t✐❝s ❛♥❞ ❇♦♦❧❡✬s ▲❛✇s ♦❢ ❚❤♦✉❣❤t✳ ❍✐s✲
t♦r② ❛♥❞ P❤✐❧♦s♦♣❤② ♦❢ ▲♦❣✐❝ ✷✹✿✷✻✶✕✷✽✽✱ ✷✵✵✸✳

❬✶✺❪ ▲✳ ❈♦✉t✉r❛t✱ ▲❛ ▲♦❣✐q✉❡ ❞❡ ▲❡✐❜♥✐③ ❞✬❆♣rès ❞❡s ❉♦❝✉♠❡♥ts ■♥é❞✐ts✳ ●❡♦r❣
❖❧♠s✱ ❍✐❧❞❡s❤❡✐♠✱ ✶✾✻✶✳

❬✶✻❪ ▼✳ ❉❛✈✐s✱ ❚❤❡ ❯♥✐✈❡rs❛❧ ❈♦♠♣✉t❡r✿ ❚❤❡ ❘♦❛❞ ❢r♦♠ ▲❡✐❜♥✐③ t♦ ❚✉r✐♥❣✳ ❲✳
❲✳ ◆♦rt♦♥ ✫ ❈♦♠♣❛♥②✱ ◆♦✈❛ ❨♦r❦✱ ✷✵✵✵✳
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