
◆❡✇t♦♥ ▼❛rq✉❡s P❡r♦♥

✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r
✭◆✮▼❛tr✐③❡s ❋✐♥✐t❛s

❈❛♠♣✐♥❛s

✷✵✶✹



✐✐



❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ❋✐❧♦s♦❢✐❛ ❡ ❈✐ê♥❝✐❛s ❍✉♠❛♥❛s

◆❡✇t♦♥ ▼❛rq✉❡s P❡r♦♥

❇♦❧s✐st❛ ❞❛ ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ à P❡sq✉✐s❛ ❞♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦ ✲ ❋❆P❊❙P ❡ ❞❛

❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✲ ❈❆P❊❙

✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r
✭◆✮▼❛tr✐③❡s ❋✐♥✐t❛s

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ▼❛r❝❡❧♦ ❊✳ ❈♦♥✐❣❧✐♦

❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❉❡♣❛rt❛✲

♠❡♥t♦ ❞❡ ❋✐❧♦s♦✜❛ ❞♦ ■♥st✐t✉t♦ ❞❡ ❋✐❧♦s♦✜❛

❡ ❈✐ê♥❝✐❛s ❍✉♠❛♥❛s ✭■❋❈❍✮ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡

❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s ✭❯♥✐❝❛♠♣✮ ♣❛r❛ ❛ ♦❜✲

t❡♥çã♦ ❞♦ ❚ít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ❋✐❧♦s♦✜❛✳

❊❙❚❊ ❊❳❊▼P▲❆❘ ❈❖❘❘❊❙P❖◆❉❊ ➚ ❱❊❘❙➹❖ ❋■◆❆▲ ❉❆ ❚❊❙❊ ❉❊❋❊◆❉■❉❆

P❊▲❖ ❆▲❯◆❖ ◆❊❲❚❖◆▼✳ P❊❘❖◆✱ ❖❘■❊◆❚❆❉❆ P❊▲❖ P❘❖❋✳ ❉❘✳ ▼❆❘❈❊▲❖

❊✳ ❈❖◆■●▲■❖✳

❈P●✱ ✷✵ ❞❡ ❢❡✈❡r❡✐r♦✱ ✷✵✶✹✳

✐✐✐







✈✐



❆●❘❆❉❊❈■▼❊◆❚❖❙

❊ss❛ ❚❡s❡ é ❢r✉t♦ ❞❡ ✉♠ tr❛❜❛❧❤♦ q✉❡✱ ❡♠❜♦r❛ ❝♦❧❤✐❞♦ ♣♦r ♠✐♠ ❡ s♦❜ ♠✐♥❤❛

t♦t❛❧ ❡ ❡①❝❧✉s✐✈❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞❡✱ ♥ã♦ t❡r✐❛ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ✜♥❛❧ s❡♠ ❛s

♣❛r❝❡r✐❛s q✉❡ t✐✈❡✳ ❉❡✈♦ ❛q✉✐ ❡❧❡♥❝❛r ❛❧❣✉♠❛s ❞❡❧❛s✳

▼❡✉ ♦r✐❡♥t❛❞♦r Pr♦❢✳ ▼❛r❝❡❧♦ ❊✳ ❈♦♥✐❣❧✐♦✱ ❝♦♠ q✉❡♠ t✐✈❡ ♦ ♣r❛③❡r ❞❡ tr❛❜❛✲

❧❤❛r ❞❡s❞❡ ❛ ❣r❛❞✉çã♦✱ ❢♦✐ ♦ ✐❞❡❛❧✐③❛❞♦r ❞❡ss❛ ♣❡sq✉✐s❛ ❡ t❡✈❡ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥♦s

r❡s✉❧t❛❞♦s ♠❛✐s ár❞✉♦s ❝♦♠ ♦s q✉❛✐s ♠❡ ❞❡♣❛r❡✐✳ ❉❡ ♠❡s♠❛ ✐♠♣♦rtâ♥❝✐❛✱ ♠❛s

❞❡ ♦✉tr❛ ♥❛t✉r❡③❛✱ ❢♦✐ ❛ ♦r✐❡♥t❛çã♦ ❞♦ Pr♦❢✳ ▲✉✐s ❋❛r✐ñ❛s ❞❡❧ ❈❡rr♦ ❞❛ ❯♥✐✈❡rs✐té

P❛✉❧ ❙❛❜❛t✐❡r ✭❯P❙✮✱ ❡♠ ❚♦✉❧♦✉s❡✱ ❋r❛♥ç❛✳ ❙❡✉ r✐t♠♦ ✐♥❢❛t✐❣á✈❡❧ ❡ ❝♦♠❡♥tár✐♦s

♣❡rs♣✐❝❛③❡s ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❡ ♠❡ ❝♦♥t❛❣✐❛r❛♠ ❞✉r❛♥t❡ ♠✐♥❤❛ ❡st❛❞✐❛ ❢r❛♥❝❡s❛✳

❚❛♠❜é♠ ❞❡✈♦ ❛❣r❛❞❡❝❡r ❛♦s ♣r♦❢❡ss♦r❡s ❞♦ ❈▲❊ ✭❈❡♥tr♦ ❞❡ ▲ó❣✐❝❛ ❡ ❊♣✐s✲

t❡♠♦❧♦❣✐❛✮ ❞❛ ❯♥✐❝❛♠♣✱ Pr♦❢❛✳ ❮t❛❧❛ ▼✳ ▲✳ ❉✬❖tt❛✈✐❛♥♦ ❡ Pr♦❢✳ ❲❛❧t❡r ❆✳

❈❛r♥✐❡❧❧✐✳ ❆♠❜♦s ❛❝♦♠♣❛♥❤❛r❛♠ ♠✐♥❤❛ ❝❛rr❡✐r❛ ❞❡s❞❡ ❛ ❣r❛❞✉❛çã♦ ❡ t✐✈❡r❛♠

♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱ t❡♥❞♦ ♦ ú❧t✐♠♦ t♦r♥❛❞♦ ✈✐á✈❡❧ ♠❡✉ r✐❝♦

❡ ♣r♦❞✉t✐✈♦ ❡stá❣✐♦ ❡♠ ❚♦✉❧♦✉s❡✳

❖✉tr♦s ♣❡sq✉✐s❛❞♦r❡s ❝♦♥tr✐❜✉ír❛♠ ♦❢❡r❡❝❡♥❞♦ ♠❛t❡r✐❛✐s✱ t✐r❛♥❞♦ ❞ú✈✐❞❛s ❡

❡s❝❧❛r❡❝❡♥❞♦ ♣♦♥t♦s ❛té ❡♥tã♦ ♦❜s❝✉r♦s ♣❛r❛ ♠✐♠✳ ❈❛❜❡ ❛q✉✐ ❝✐t❛r Pr♦❢✳ ❈é③❛r

❆✳ ▼♦rt❛r✐ ✭❯❋❙❈✮✱ Pr♦❢❛✳ ❆♥❞r❡❛ ▼✳ ❆✳ ❞❡ ❈✳ ▲♦♣❛r✐➣ ✭❯❙P✮✱ Pr♦❢✳ ❏❡❛♥

❨✈❡s ❇é③✐❛✉ ✭❯❋❘❏✮✱ Pr♦❢✳ ❆♥❞r❡❛s ❍❡r③✐❣ ✭❯P❙✮✱ Pr♦❢✳ P❤✐❧❧✐♣♣❡ ❇❛❧❜✐❛♥✐

✭❯P❙✮✱ Pr♦❢✳ ❏♦❤♥ ❚✳ ❑❡❛r♥s ✭❯♥✐✈❡rs✐t② ❛t ❇✉✛❛❧♦✱ ❊❯❆✮✱ Pr♦❢✳ ❈❧á✉❞✐♦ P✐③③✐

✭❯♥✐✈❡rs✐tà ❉❡❣❧✐ ❙t✉❞✐ ❞✐ ❙✐❡♥❛✱ ■tá❧✐❛✮ ❡ ❏♦❤♥ ❍❛❧❧❡❝❦ ✭❊❯❆✮✳

P♦r ✜♠✱ ♠❛s ❥❛♠❛✐s ❡♠ ú❧t✐♠♦ ❧✉❣❛r✱ ❣♦st❛r✐❛ ❛q✉✐ ❞❡ ❡①♣r❡ss❛r ❛ ♠✐♥❤❛

♣r♦❢✉♥❞❛ ❛❧❡❣r✐❛ ❛♦ t❡r ❝♦♠♣❛rt✐❧❤❛❞♦ ♠♦♠❡♥t♦s ❞❡ ❛♠✐③❛❞❡ ❡ ❝♦♠♣❛♥❤❡r✐s♠♦

t❛♥t♦ ♥♦ ■❘■❚ ✭■♥st✐t✉t ❞❡ ❘❡❝❤❡r❝❤❡ ❞✬■♥❢♦r♠❛t✐q✉❡ ❞❡ ❚♦✉❧♦✉s❡✮ q✉❛♥t♦ s♦✲

❜r❡t✉❞♦ ♥♦ ❈▲❊✱ ♦♥❞❡ ♣❛ss❡✐ ❛ ♠❛✐♦r ♣❛rt❡ ❞❡ ♠✐♥❤❛ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛✳ P❛r❛

❡♥❝✉rt❛r ❛ ❧✐st❛✱ ❞❡✈♦ ♠❡♥❝✐♦♥❛r ❊❞❣❛r ❆❧♠❡✐r❛ ❡ ▲❡❛♥❞r♦ ❖✳ ❙✉❣✉✐t❛♥✐✱ q✉❡

✈✐✐



t✐✈❡r❛♠ ❛ ✐♥❝rí✈❡❧ ♣❛❝✐ê♥❝✐❛ ❞❡ ❧❡r ❡ss❡ t❡①t♦✱ ❢❛③❡♥❞♦ ❛♥♦t❛çõ❡s✱ ❝rít✐❝❛s ❡ s✉✲

❣❡stõ❡s✳ ❉❡✈♦ ❛♦s ❞♦✐s ♦s ♠❡✉s ♠❛✐s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s✳

❘❡ss❛❧t♦ q✉❡✱ ❛♣❡s❛r ❞❡ s❡r ✉♠❛ ♦❜r❛ r❡❛❧✐③❛❞❛ ♣♦r ♠✉✐t❛s ♠ã♦s✱ é ❛ss✐♥❛❞❛

❛♣❡♥❛s ♣♦r ♠✐♠✳ ❖s ❡rr♦s ❡ ❞❡s❧✐③❡♠ q✉❡ ❢♦r❡♠ ❡♥❝♦♥tr❛❞♦s ♥♦ t❡①t♦ q✉❡ s❡

s❡❣✉❡ s❡ ❞❡✈❡♠ ❛♦s ♠❡✉s ❧❛♣s♦s ❡ ♠✐♥❤❛s ❧✐♠✐t❛çõ❡s✱ ♥❡♥❤✉♠❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞❡

♣♦❞❡ s❡r ✐♠♣✉t❛❞❛ ❛ q✉❛❧q✉❡r ♥♦♠❡ ❧✐st❛❞♦ ❛q✉✐✳

✈✐✐✐



❘❊❙❯▼❖

❊ss❡ é ✉♠ ❡st✉❞♦ s♦❜r❡ ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s ❝♦♠♦ s❡♠â♥t✐❝❛ ♣❛r❛

❧ó❣✐❝❛ ♠♦❞❛❧✳ ❙❡♣❛r❛♠♦s ♥♦ss❛ ❛♥á❧✐s❡ ❡♠ ❞♦✐s ❝❛s♦s✿ ♠❛tr✐③❡s ❞❡t❡r♠✐♥íst✐❝❛s

❡ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❣❡♥❡r❛❧✐③❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠✲

♣❧❡t✉❞❡ ❞❡ ❉✉❣✉♥❞❥✐✱ ❣❛r❛♥t✐♥❞♦ q✉❡ ✉♠❛ ✈❛st❛ ❢❛♠í❧✐❛ ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦

♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ❞❡t❡r♠✐♥íst✐❝❛s ✜♥✐t❛s✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱

❛♠♣❧✐❛♠♦s ❛ s❡♠â♥t✐❝❛ ❞❡ ♠❛tr✐③❡s ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛s ♣❛r❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ♣r♦✲

♣♦st❛ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ❑❡❛r♥s ❡ ■✈❧❡✈✳ ❊ss❛ ❛♠♣❧✐❛çã♦ ❡♥❣❧♦❜❛ s✐st❡♠❛s

♠♦❞❛✐s q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦✱ ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s

♣♦r ♠❛tr✐③❡s ❞❡t❡r♠✐♥íst✐❝❛s ✜♥✐t❛s✳

✐①



①



❆❇❙❚❘❆❈❚

❚❤✐s ✐s ❛ st✉❞② ♦♥ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ✜♥✐t❡ ♠❛tr✐❝❡s ❛s s❡♠❛♥t✐❝s ❢♦r ♠♦❞❛❧ ❧♦❣✐❝s✳

❲❡ s❡♣❛r❛t❡ ♦✉r ❛♥❛❧②s✐s ✐♥t♦ t✇♦ ❝❛s❡s✿ ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝

♠❛tr✐❝❡s✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❣❡♥❡r❛❧✐③❡ ❉✉❣✉♥❞❥✐✬s ■♥❝♦♠♣❧❡t❡♥❡ss ❚❤❡♦r❡♠✱

❡♥s✉r✐♥❣ t❤❛t ❛ ✇✐❞❡ ❢❛♠✐❧② ♦❢ ♠♦❞❛❧ ❧♦❣✐❝ ❝❛♥♥♦t ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞❡t❡r♠✐♥✲

✐st✐❝ ✜♥✐t❡ ♠❛tr✐❝❡s✳ ■♥ t❤❡ s❡❝♦♥❞✱ ✇❡ ❡①t❡♥❞ t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐❝❡s

s❡♠❛♥t✐❝s t♦ ♠♦❞❛❧ ❧♦❣✐❝s ♣r♦♣♦s❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❑❡❛r♥s ❛♥❞ ■✈❧❡✈✳ ❚❤✐s

❡①t❡♥s✐♦♥ ❡♠❜r❛❝❡s ♠♦❞❛❧ s②st❡♠s t❤❛t✱ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❣❡♥❡r❛❧✐③❛t✐♦♥✱ ❝❛♥♥♦t

❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✜♥✐t❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❛tr✐❝❡s✳

①✐



①✐✐



❙❯▼➪❘■❖

■♥tr♦❞✉çã♦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ✶

✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s . . . . . . . . . . . ✺

✶✳✶ ❆ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷ ■♥❝♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✷✳✶ ❖ ❈❛s♦ ■♥t✉✐❝✐♦♥✐st❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷✳✷ ❖ ❈❛s♦ P❛r❛❝♦♥s✐st❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✸ ❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✶✳✸✳✶ ▼❛tr✐③❡s ❜✐✈❛❧❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✶✳✸✳✷ ▼❛tr✐③❡s ❚r✐✈❛❧♦r❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✶✳✸✳✸ ▼❛tr✐③❡s ♥✲✈❛❧♦r❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s . . . . . . . . . . . . . . . ✻✶

✷✳✶ ❖s s✐st❡♠❛s ❞❡ ▲❡✇✐s ❡ ❛s ♠✉❧t✐✲✈❛❧♦r❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✷✳✷ ■♥❝♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✷✳✷✳✶ ❖ ❘❡s✉❧t❛❞♦ ❖r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✷✳✷✳✷ ❙✐st❡♠❛s ♠♦❞❛✐s ♣❛r❛ ❛❧é♠ ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s ✳ ✳ ✳ ✳ ✼✷

✷✳✷✳✸ ●❡♥❡r❛❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✷✳✸ ❈♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✷✳✸✳✶ ❖♣❡r❛❞♦r❡s ♠♦❞❛✐s ♥❛ ❤✐❡r❛rq✉✐❛ ❾3 . . . ❾n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✷✳✸✳✷ ▲ó❣✐❝❛s ▼♦❞❛✐s ❚❡tr❛✈❛❧❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✷✳✸✳✸ ❙✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✶✷✶



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s . . . . . . . . . . . . . . . . . . . . ✶✷✺

✸✳✶ ❙❡♠â♥t✐❝❛s ◆ã♦✲❉❡t❡r♠✐♥íst✐❝❛s ♣❛r❛ ❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ✳ ✳ ✶✷✺

✸✳✶✳✶ ❙❡♠✐✲✈❛❧♦r❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✸✳✶✳✷ ▼❛tr✐③❡s ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✸✳✶✳✸ ❙❡♠â♥t✐❝❛ ❞❡ ❚r❛❞✉çõ❡s P♦ssí✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✸✳✷ ❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ◆♠❛tr✐③❡s ❞❡ ✹ ❡ ✻ ✈❛❧♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✸✳✷✳✶ ❖s s✐st❡♠❛s ❞❡ ■✈❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✸✳✷✳✷ ❖s ◆í✈❡✐s ❞❡ ❱❛❧♦r❛çã♦ ❞❡ ❑❡❛r♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✸✳✷✳✸ ◆♠❛tr✐③❡s ♥♦ ❝♦♥t❡①t♦ ❞❡ô♥t✐❝♦✴❞♦①ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ✶✼✺

❈♦♠❜✐♥❛♥❞♦ ◆♠❛tr✐③❡s ❝♦♠ ♠❛tr✐③❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

❈♦♠❜✐♥❛♥❞♦ ◆♠❛tr✐③❡s ❝♦♠ ◆♠❛tr✐③❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✷

❈♦♠❜✐♥❛♥❞♦ ◆♠❛tr✐③❡s ❝♦♠ ❙❡♠â♥t✐❝❛ ❞❡ ❚r❛❞✉çõ❡s P♦ssí✈❡✐s ✳ ✳ ✳ ✳ ✶✽✺

◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✼

◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛s ♠♦❞❛✐s ❡♠ q✉❡ ♥ã♦ ✈❛❧❡ (D) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✾

◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✶

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s . . . . . . . . . . . . . . . . . . . . . . . . . . . ✶✾✸

①✐✈



■◆❚❘❖❉❯➬➹❖

❖ tít✉❧♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❡♥❣❛♥♦s♦✳ ❉❡ ❢❛t♦✱ ✏✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ✭◆✮▼❛tr✐③❡s

❋✐♥✐t❛s✑ ♣♦❞❡ ♥♦s ❧❡✈❛r ❛ ✐♥❢❡r✐r q✉❡ ❛ ❚❡s❡ ❝♦♥té♠ q✉❛tr♦ r❡s✉❧t❛❞♦s ♦r✐❣✐♥❛✐s✿

✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ ✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ◆♠❛tr✐③❡s ✜✲

♥✐t❛s✱ ❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ❡ ❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ◆♠❛tr✐③❡s

✜♥✐t❛s✳

❖ ❈❛♣ít✉❧♦ ✶✱ ❡♥tr❡t❛♥t♦✱ tr❛t❛ ❞❡ ✭✐♥✮❝♦♠♣❧❡t✉❞❡ ♣r♦♣♦s✐❝✐♦♥❛❧ ♣♦r ♠❛tr✐✲

③❡s ✜♥✐t❛s✱ ♦ q✉❡ ♠♦str❛ q✉❡ ♥♦ss❛ ❛♥á❧✐s❡ ♥ã♦ s❡ r❡s✉♠❡ ❛♦ ❝♦♥t❡①t♦ ♠♦❞❛❧✱

♣♦✐s ❞❡❞✐❝❛♠♦s ❜♦❛ ♣❛rt❡ ❞♦ t❡①t♦ ❛♦ ❡st✉❞♦ ❞❡ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✳ ❖ ♣r❡✲

✜①♦ ✏✭✐♥✮✑ t❛♠❜é♠ ♣♦❞❡ ❧❡✈❛r ❛♦ ❡rr♦✱ ✈✐st♦ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡♠♦♥str❛❞♦s

♥❡ss❡ ❝❛♣ít✉❧♦ sã♦ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡✱ ❡♥q✉❛♥t♦ ❛ ❝♦♠♣❧❡t✉❞❡ ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s é ❛♣❡♥❛s ❛♥✉♥❝✐❛❞❛ s❡♠ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✳

❚❡♠♦s ❛❧❣✉♠❛s r❛③õ❡s ♣❛r❛ ♦r❣❛♥✐③❛r ♦ ❈❛♣ít✉❧♦ ✶ ❞❡ss❛ ♠❛♥❡✐r❛✳ ❚❡♦r❡♠❛s

❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ sã♦ ❡♠ ❣❡r❛❧ ♠❡♥♦s ❢r❡q✉❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ ❞♦ q✉❡ r❡s✉❧t❛❞♦s

❞❡ ❝♦♠♣❧❡t✉❞❡✱ ♣♦r ✐ss♦ ♣r❡❢❡r✐♠♦s ♥♦s ❞❡t❡r ♥❛s ❞❡♠♦♥str❛çõ❡s ❞♦s ♣r✐♠❡✐r♦s✳

❆❝r❡❞✐t❛♠♦s q✉❡ ❞❡ss❡ ♠♦❞♦ ♣r♦✈❛s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ✈ã♦ s❡ t♦r♥❛♥❞♦ ♠❛✐s

❢❛♠✐❧✐❛r❡s✱ ❥á q✉❡ ♦❝✉♣❛rã♦ ❜♦❛ ♣❛rt❡ t❛♠❜é♠ ❞♦ ❈❛♣ít✉❧♦ ✷✳

❆❧é♠ ❞✐ss♦✱ ♠❡s♠♦ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♣r♦♣♦s✐❝✐♦♥❛❧ ♥ã♦ s❡✲

❥❛♠ ♦r✐❣✐♥❛✐s✱ ♥ã♦ ❡♥❝♦♥tr❛♠♦s ♦s ❞❡t❛❧❤❡s ❞❛s ❞❡♠♦♥str❛çõ❡s ♥❛ ❧✐t❡r❛t✉r❛✳

❘❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡✱ ♣♦r s✉❛ ✈❡③✱ sã♦ ♠✉✐t❛s ✈❡③❡s ❛♣r❡s❡♥t❛❞♦s ❝♦♠

♠✉✐t♦ ♠❛✐s ❝✉✐❞❛❞♦✳ P♦r ✜♠✱ ♦ ❝❛tá❧♦❣♦ ❞❡ ❝á❧❝✉❧♦s ♣r♦♣♦s✐❝✐♦♥❛✐s ✐♥❝♦♠♣❧❡t♦s

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ❞♦ ❈❛♣ít✉❧♦ ✶ t❡♠ ❛ ❢✉♥çã♦ ♣r♦♣❡❞ê✉t✐❝❛ ❞❡ s❡♣❛r❛r q✉❛✐s

s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝♦s ✭♦✉ s❡❥❛✱ ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦✲
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s✐❝✐♦♥❛❧ ♥ã♦✲❝❧áss✐❝❛✮ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❈♦♠♦ s❡rá

❛r❣✉♠❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ s❡ ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐♦❝✐♦♥❛❧ ♥ã♦ ❢♦r ❝❛r❛❝t❡r✐③❛❞❛

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ s✉❛ ❡①t❡♥sã♦ ♠♦❞❛❧ t❛♠❜é♠ ♥ã♦ s❡rá✳

❍á✱ ❝♦♥t✉❞♦✱ ♠✉✐t♦s s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ♥ã♦✲❝❧áss✐❝♦s ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s✳ ◆♦s r❡str✐♥❣✐r❡♠♦s ❛ ❡①♣♦r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ss❡s s✐st❡♠❛s✱ ❛q✉❡❧❡s

q✉❡ sã♦ ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞♦ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦ ❞❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛✳

❊ss❛ r❡str✐çã♦ t❛♠❜é♠ ♥ã♦ é ❛r❜✐trár✐❛✱ ♣♦✐s ♥♦ ❈❛♣ít✉❧♦ ✷ ♠♦str❛r❡♠♦s q✉❡

t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ♥ós ♦❜t✐❞♦s t❛♠❜é♠ ✈❛❧❡♠ ♣❛r❛

s✐st❡♠❛s ♠♦❞❛✐s ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❛ ✐♠♣❧✐❝❛çã♦ ✐♥t✉✐❝✐♦♥✐st❛✳

❖ ♦❜❥❡t✐✈♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦ ♥ã♦ é✱ t♦❞❛✈✐❛✱ ❧✐♠✐t❛r✲s❡ ❛ ♠♦str❛r r❡s✉❧t❛❞♦s

té❝♥✐❝♦s ❞❡ ❝♦♠♣❧❡t✉❞❡ ❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❉✐s❝✉ssõ❡s ❝♦♥❝❡✐✲

t✉❛✐s ❡ ❛♣r❡s❡♥t❛çõ❡s ❤✐stór✐❝❛s ✜③❡r❛♠ ♣❛rt❡ t❛♠❜é♠ ❞❡ ♥♦ss❛s ♣r❡♦❝✉♣❛çõ❡s✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ♣♦r ❡①❡♠♣❧♦✱ ❞✐s❝♦rr❡♠♦s s♦❜r❡ ❝♦♠♦ s✉r❣❡♠ ❛s t❛❜❡❧❛s ✈❡✲

r✐t❛t✐✈❛s ♣❛r❛ ❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐♦♥❛❧ ❝❧áss✐❝❛✳ ◆♦ ❈❛♣ít✉❧♦ ✷ ❤á ✉♠❛ ❞✐s❝✉ssã♦ ❞❡

❝♦♠♦ t❛❜❡❧❛s ✜♥✐t❛s✱ q✉❡ ❡r❛♠ ✉♠❛ s❡♠â♥t✐❝❛ ❛❧♠❡❥❛❞❛ ♥♦s ♣r✐♠ór❞✐♦s ❞❛ ❧ó❣✐❝❛

♠♦❞❛❧✱ s❡ ♠♦str❛r❛♠ ✐♥❢r✉tí❢❡r❛s✳ ❆✐♥❞❛ ♥♦ ♠❡s♠♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❝r♦✲

♥♦❧♦❣✐❝❛♠❡♥t❡ ✉♠❛ sér✐❡ ❞❡ s✐st❡♠❛s ♠♦❞❛✐s✱ ❞❛♥❞♦ ❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s

❞❡ s✉❛s ❛①✐♦♠át✐❝❛s ♦r✐❣✐♥❛✐s✳ P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s s❡♠â♥t✐❝❛s

❛❧t❡r♥❛t✐✈❛s às t❛❜❡❧❛s ✜♥✐t❛s✱ ❣❡♥❡r❛❧✐③❛♥❞♦ ❛s ♥♦çõ❡s ❞❡ ✈❛❧♦r❛çã♦ ❡ ❞❡ ♠❛tr✐✲

③❡s ♣♦r ♠❡✐♦ ❞♦s ❝♦♥❝❡✐t♦s ❞❡ s❡♠✐✲✈❛❧♦r❛çõ❡s ❡ ❞❡ ♠❛tr✐③❡s ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛s✱

♦✉ ◆♠❛tr✐③❡s✳

❍á ❛✐♥❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷ ✉♠❛ ❧♦♥❣❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ ❤✐❡r❛q✉✐❛ ❾3 . . . ❾n ❞❡

❾✉❦❛s✐❡✇✐❝③✳ ❆r❣✉♠❡♥t❛♠♦s q✉❡✱ ♣♦r ✉♠ ❧❛❞♦✱ ♣♦❞❡♠♦s ❞❡ ❢❛t♦ ❝♦♥s✐❞❡r❛r ♦s

♦♣❡r❛❞♦r❡s � ❡ ♦ ❞❛ ♠❛♥❡✐r❛ ❝♦♠ q✉❡ ❢♦r❛♠ ❞❡✜♥✐❞♦s ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❾✉✲

❦❛s✐❡✇✐❝③ ❝♦♠♦ ❣❡♥✉✐♥❛♠❡♥t❡ ♠♦❞❛✐s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ♥♦✈❛

♠❛♥❡✐r❛ ❞❡ ❞❡✜♥✐✲❧♦s q✉❡ ♣❛r❡❝❡ ✐r ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❝r✐tér✐♦s ❞❡❢❡♥❞✐❞♦s ♣❡❧♦

♣ró♣r✐♦ ❾✉❦❛s✐❡✇✐❝③✳ ❱✐st♦ ♣♦r ❡ss❡ â♥❣✉❧♦✱ ❡ss❛ ❤✐❡r❛rq✉❛ ❢❛r✐❛ ♣❛rt❡ ❞❛s ❧ó❣✐✲

❝❛s ♠♦❞❛✐s ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ◆♦ ♠❡s♠♦ ❝❛♣ít✉❧♦✱ ♠♦str❛♠♦s

✷
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❛✐♥❞❛ ♣❛r❝♦s ❡①❡♠♣❧♦s ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s t❡tr❛✈❛❧❡♥t❡s ✭♦✉ s❡❥❛✱ ❝❛r❛❝t❡r✐③❛❞❛

♣♦r ♠❛tr✐③❡s ❞❡ ✹ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✮✱ ♦s ú♥✐❝♦s q✉❡ ♣✉❞❡♠♦s ❡♥❝♦♥tr❛r ♥❛ ❧✐✲

t❡r❛t✉r❛ s♦❜r❡ ♦ ❛ss✉♥t♦✳ ❚❡r♠✐♥❛♠♦s ♦ ❝❛♣ít✉❧♦ ❡♥✉♥❝✐❛♥❞♦ r❡s✉❧t❛❞♦s ❞✐❛♠❡✲

tr❛❧♠❡♥t❡ ♦♣♦st♦ ❛♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s✿ ❤á ❛❧❣✉♥s s✐st❡♠❛s ♠♦❞❛✐s

❡♠ q✉❡ t♦❞❛s ❛s ❡①t❡♥sõ❡s ♣ró♣r✐❛s sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❆♦ ❧♦♥❣♦ ❞♦ ❈❛♣ít✉❧♦s ✷ ❡ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ♥♦ss♦ tr❛t❛♠❡♥t♦ à ❧♦❣✐❝❛ ♠♦❞❛❧

♣♦❞❡ ❣❡r❛r ❛❧❣✉♠ ❞❡s❝♦♥❢♦rt♦✳ ❊♠ ♥❡♥❤✉♠ ♠♦♠❡♥t♦ ✉s❛♠♦s ♠♦❞❡❧♦s r❡❧❛❝✐✲

♦♥❛✐s ❡ s❡q✉❡r ❞❡✜♥✐♠♦s t❛✐s ♠♦❞❡❧♦s✳ ◆ã♦ q✉❡r❡♠♦s ❝♦♠ ✐ss♦ ♠✐♥✐♠✐③❛r ❛

✐♠♣♦rtâ♥❝✐❛ ❞❛ s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧ ❞❡ ❑r✐♣❦❡ ♣❛r❛ ❛ ❧ó❣✐❝❛ ♠♦❞❛❧✳ ◆♦ss❛ ✐♥✲

t❡♥çã♦ é ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡s✈✐♥❝✉❧❛r ❛ s❡♠â♥t✐❝❛ ❡ ❛ s✐♥tát✐❝❛ ♠♦❞❛❧✱ ✈❡r✐✜❝❛♥❞♦

❞❡ q✉❡ ♠♦❞♦ ✉♠❛ s❡♠â♥t✐❝❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s s❡r✐❛ ✈✐á✈❡❧ à ❧ó❣✐❝❛ ♠♦❞❛❧✳ ❊♠

s❡❣✉♥❞♦ ❧✉❣❛r✱ t❡♠♦s ♣r❡t❡♥sõ❡s ❞❡ ♦❢❡r❡❝❡r ✉♠❛ s❡♠â♥t✐❝❛ ♠♦❞❛❧ ❛❧t❡r♥❛t✐✈❛

à s❡♠â♥t✐❝❛ ❞❡ ❑r✐♣❦❡✱ ❜❛s❡❛❞❛ ❡♠ ◆♠❛tr✐③❡s ❞❡ ✹ ❡ ✻ ✈❛❧♦r❡s✳

❆♣❡s❛r ❞❛ ❛♠❜✐çã♦✱ ♥ã♦ t❡♠♦s ✐♥t❡♥çõ❡s ♠❡❣❛❧♦♠❛♥í❛❝❛s✳ ❙❛❜❡♠♦s ❞♦ ❛♣❡❧♦

✐♥t✉✐t✐✈♦ q✉❡ tê♠ ♦s ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s ❡ ❝♦♠♦ ❛ s❡♠â♥t✐❝❛ ❞❡ ❑r✐♣❦❡ ♦❢❡r❡❝❡

✉♠❛ ✐♥t❡r♣r❡t❛çã♦ r❡✜♥❛❞❛ ❛♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s✳ ◆♦ss❛ s❡♠â♥t✐❝❛ ♥ã♦ ✈✐s❛

s❡r ❝♦♥❝♦rr❡♥t❡ à ❞❡ ❑r✐♣❦❡ ❡ s✐♠ ❝♦♠♣❧❡♠❡♥t❛r✱ ♥♦ s❡♥t✐❞♦ ❞❡ ❡❧✉❝✐❞❛r ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s s❡♠â♥t✐❝❛s ❞♦s s✐st❡♠❛s ♠♦❞❛✐s q✉❡ ♣♦❞❡♠ ♥ã♦ s❡r ♠✉✐t♦ ❝❧❛r❛s

♥❛ ♦❜♦r❞❛❣❡♠ ❝❧áss✐❝❛✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦s ♠♦❞❡❧♦s ❞❡ ❑r✐♣❦❡ ♥ã♦ ❤á ✉♠❛ s❡♣❛r❛çã♦ ♥ít✐❞❛ ❡♥✲

tr❡ ❛q✉❡❧❡s s✐st❡♠❛s ♠♦❞❛✐s ❡♠ q✉❡ � ❡ ♦ tê♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❛❧ét✐❝❛ ✭♦✉

❡♣✐stê♠✐❝❛✮ ❞❛q✉❡❧❡s ❝✉❥❛ ✐♥t❡r♣r❡t❛çã♦ é ❞❡ô♥t✐❝❛ ✭♦✉ ❞♦①ást✐❝❛✮✳ ❊♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱ ❛ ❢r♦♥t❡✐r❛ ♣❛r❛ q✉❡ � s❡❥❛ ✐♥t❡♣r❡t❛❞♦ ❝♦♠♦ ✏♥❡❝❡ssár✐♦✑ ♦✉ ✏♦❜r✐✲

❣❛tór✐♦✑ ✭❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ q✉❡ ♦ s❡❥❛ ✐♥t❡♣r❡t❛❞♦ ❝♦♠♦ ✏♣♦ssí✈❡❧✑ ♦✉

✏♣❡r♠✐t✐❞♦✑✮ ♥ã♦ é tã♦ ❞❡♠❛r❝❛❞❛✱ ❡①❝❡t♦ ♣♦r ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ r❡❧❛çã♦

❞♦s ♠♦❞❡❧♦s✱ q✉❡ é ❞❡ s❡r ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ s❡r✐❛❧ ❡ ♥♦ s❡❣✉♥❞♦✱ r❡✢❡①✐✈❛✳ ◆❛

♥♦ss❛ s❡♠â♥t✐❝❛ ❡ss❛ ❞✐st✐♥çã♦ é ♠❛r❝❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✿

s❡ ❢♦r ❛❧ét✐❝❛ ❜❛st❛♠ ✹ ✈❛❧♦r❡s✱ ❥á ♥♦ ❝♦♥t❡①t♦ ❞❡ô♥t✐❝♦ ♣r❡❝✐s❛♠♦s ❞❡ ✻ ✈❛❧♦r❡s✳

✸



■♥tr♦❞✉çã♦

❊ss❛ ❞✐s❝✉ssã♦ é ✉♠ ❞♦s t❡♠❛s ❞♦ ❈❛♣ít✉❧♦ ✸✳

❉❡❢❡♥❞❡♠♦s ❛✐♥❞❛ q✉❡ ❛ s❡♠â♥t✐❝❛ ❞❡ ❑r✐♣❦❡ é ❛♣r♦♣r✐❛❞❛ ♣❛r❛ ♦s s✐st❡✲

♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s✱ ♦✉ s❡❥❛✱ ❛q✉❡❧❡s ❡♠ q✉❡ ✈❛❧❡ ❛ r❡❣r❛ ❞❡ ♥❡❝❡ss✐t❛çã♦✳ ◆♦s

❝á❧❝✉❧♦s ♠♦❞❛✐s ❡♠ q✉❡ ❡ss❛ r❡❣r❛ é ❡♥❢r❛q✉❡❝✐❞❛✱ t❛❧ s❡♠â♥t✐❝❛ ❞❡✈❡ s❡r ❛❞❛♣✲

t❛❞❛ ❝♦♠ r❡❝✉rs♦s q✉❡ ❛ ❞✐st❛♥❝✐❛♠ ❞❡ s❡✉ ❛♣❡❧♦ ✐♥t✉✐t✐✈♦ ♦r✐❣✐♥❛❧✳ ❆❝r❡❞✐t❛♠♦s

q✉❡ ♥♦ss❛ s❡♠â♥t✐❝❛ ♣♦❞❡r✐❛ s❡r ❢❛❝✐❧♠❡♥t❡ ❛❞❛♣t❛❞❛ ♣❛r❛ s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲

♥♦r♠❛✐s✱ ❛✐♥❞❛ q✉❡ ♥ã♦ ♦❜t✐✈❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡ ♥❡ss❡ s❡♥t✐❞♦✳ P❡❧♦

s❡✉ ❝❛rá❝t❡r ♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡ ❡s♣❡❝✉❧❛t✐✈♦✱ t❛❧ t❡♠❛ é ✉♠ ❞♦s ♦❜❥❡t♦s ❞❡

❛♥á❧✐s❡ ❞❛s ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s✳

❈❛❜❡ ❛✐♥❞❛ às ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✈❡r✐✜❝❛r ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞❛ s❡♠â♥t✐❝❛ ♠♦✲

❞❛❧ ❞❡ ◆♠❛tr✐③❡s ❡♠ s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛s✳ ◗✉❛♥❞♦ ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐✲

❝✐♦♥❛❧ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ♦✉ ◆♠❛tr✐③❡s ✜♥✐t❛s é ❡st❡♥❞✐❞❛ ♠♦❞❛❧♠❡♥t❡✱

❡♠ ❣❡r❛❧ ❝♦♥stró✐✲s❡ ✉♠❛ s❡♠â♥t✐❝❛ ♠✐st❛✱ ❝♦♠❜✐♥❛♥❞♦ ✭◆✮♠❛tr✐③❡s ❝♦♠ ♠♦❞❡✲

❧♦s r❡❧❛❝✐♦♥❛✐s✳ ❆❝r❡❞✐t❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s❡♠â♥t✐❝❛ ♠❛✐s s✐♠♣❧❡s

♥❡ss❡s ❝❛s♦s✱ ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ◆♠❛tr✐③❡s ✜♥✐t❛s✱ ♠❛s ♠✉❧t✐♣❧✐❝❛♥❞♦ ♦ ♥ú♠❡r♦

❞❡ ✈❛❧♦r❡s ♠♦❞❛✐s✱ q✉❡ sã♦ ✷ ♥❛ ❛❜♦r❞❛❣❡♠ ❛❧ét✐❝❛ ❡ ✸ ♥❛ ❞❡ô♥t✐❝❛✳ ❆ss✐♠✱ ♣♦r

❡①❡♠♣❧♦✱ ❾3 ✲ q✉❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✸ ✈❛❧♦r❡s ✲ t❡r✐❛ ✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛

❞❡ ✻ ✈❛❧♦r❡s ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❛❧ét✐❝❛ ❡ ✾ ✈❛❧♦r❡s ♥❛ ✐♥t❡♣r❡t❛çã♦ ❞❡ô♥t✐❝❛✳ ❚❡♠♦s

r❛③õ❡s ♣❛r❛ ❝r❡r q✉❡ ❡ss❡ tó♣✐❝♦ ♣♦❞❡ ❝♦♥tr✐❜✉✐r ❛♦ ❡st✉❞♦ ❞❡ ♣r❡s❡r✈❛çã♦ ❞❛

❝♦♠♣❧❡t✉❞❡ ❡♠ ❝♦♠❜✐♥❛çã♦ ❞❡ ❧ó❣✐❝❛s✳

P❛r❛ ❡♥❝❡rr❛r ❡ss❛ ■♥tr♦❞✉çã♦✱ ❡s♣❡r❛♠♦s q✉❡ ❛♦ ✜♥❛❧ ❞♦ t❡①t♦ s❡ t❡♥❤❛ ❝❧❛✲

r❡③❛ ❞❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞❛ s❡♠â♥t✐❝❛ ❞❡ ♠❛tr✐③❡s ❡ ◆♠❛tr✐③❡s ✜♥✐t❛s ♣❛r❛ ❛ ❧ó❣✐❝❛

♠♦❞❛❧✳ ❊s♣❡r❛♠♦s ❛✐♥❞❛ q✉❡ ♥♦ss♦ tr❛❜❛❧❤♦ t❡♥❤❛ ❞❛❞♦ ❛❧❣✉♠❛ ❝♦♥tr✐❜✉✐çã♦

♣❛r❛ ❡ss❡ t❡♠❛✳ ❈r❡♠♦s q✉❡ ❡ss❛ ❝♦♥tr✐❜✉çã♦ é ❞❛❞❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❡①t❡♥✲

sã♦ ❞♦s r❡s✉❧t❛❞♦s ♦r✐❣✐♥❛✐s ❡♠ ❞♦✐s s❡♥t✐❞♦s✿ ♣♦r ✉♠ ❧❛❞♦✱ ♦s r❡s✉❧t❛❞♦s ❞❡

✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♦s r❡s✉❧t❛❞♦s ❞❡

❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ◆♠❛tr✐③❡s ✜♥✐t❛s✳

✹



✶✳ ✭■◆✮❈❖▼P▲❊❚❯❉❊ P❘❖P❖❙■❈■❖◆❆▲ P❖❘ ▼❆❚❘■❩❊❙

❋■◆■❚❆❙

❊ss❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ♦s ❧✐♠✐t❡s ❞❛ s❡♠â♥t✐❝❛ ♠✉❧t✐✲

✈❛❧♦r❛❞❛ ♣❛r❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧✳ ❚❛❧ t❡♠❛ ♣r❡ss✉♣õ❡ ❡✈✐❞❡♥t❡♠❡♥t❡ ❞♦✐s

❡s❝❧❛r❡❝✐♠❡♥t♦s ♣ré✈✐♦s✿ ❡♠ q✉❡ ❝♦♥s✐st❡ ❛ s❡♠â♥t✐❝❛ ♠✉❧t✐✲✈❛❧♦r❛❞❛ ❡ q✉❛✐s

❧ó❣✐❝❛s sã♦ ❡♥❣❧♦❜❛❞❛s ♥❛ ❝❧❛ss❡ ♣r♦♣♦s✐❝✐♦♥❛❧✳

❊♥tr❡ ✉♠❛ ❞❡✜♥✐çã♦ ❝❛♥ô♥✐❝❛ ❞❡ s❡♠â♥t✐❝❛ ♠✉❧t✐✲✈❛❧♦r❛❞❛ ❢♦r❛ ❞♦ ❡s♣❛ç♦ ❡

❞♦ t❡♠♣♦ ❡ ✉♠❛ ❝♦♥t❡①t✉❛❧✐③❛çã♦ ❤✐stór✐❝❛✱ ❞❡♠♦s ♣r❡❢❡rê♥❝✐❛ ♣❡❧❛ s❡❣✉♥❞❛ ♦♣✲

çã♦✳ ❊s❝♦❧❤❡♠♦s ♣❛rt✐r ❞❛s t❛❜❡❧❛s✲✈❡r❞❛❞❡s ❜✐✈❛❧❡♥t❡s t❛✐s ❝♦♠♦ ❛♣r❡s❡♥t❛❞❛s

♣♦r ❲✐tt❣❡♥st❡✐♥ ❡♠ s❡✉ ❚r❛❝t❛t✉s ▲♦❣✐❝♦✲P❤✐❧♦s♦♣❤✐❝✉s r✉♠♦ às ♠✉❧t✐✈❛❧ê♥❝✐❛s✳

◗✉❛♥t♦ ❛♦s s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ❜✉s❝❛♠♦s ✉♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♣❛r❝✐❛❧✲

♠❡♥t❡ ❝r♦♥♦❧ó❣✐❝♦✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ♦ ❝á❧❝✉❧♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝♦ ❡♠ ❞✐r❡çã♦

❛♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s t❛♥t♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ✐♥t✉✐✲

❝✐♦♥✐st❛ q✉❛♥t♦ ♣❛r❛ ✉♠❛ ✈❛st❛ ❢❛♠í❧✐❛ ❞❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✳

P♦r ✜♠✱ ♠♦str❛r❡♠♦s ❝❡rt♦s s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ♥ã♦✲❝❧áss✐❝♦s q✉❡ ♣♦❞❡♠

s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❱✐st♦ q✉❡ ✉♠ ❞♦s ♦❜❥❡t✐✈♦s ❝❡♥tr❛✐s

❞❛ ❚❡s❡ é ❡st✉❞❛r ♦ ❢❡♥ô♠❡♥♦ ❞❛ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ ♥ã♦ ♥♦s

❞❡t❡r❡♠♦s ♥❛ ♣r♦✈❛ ❞❡ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ s✐st❡♠❛s ❥á ❝♦♥❤❡❝✐❞♦s✱ ♥♦s ❧✐♠✐t❛♥❞♦

❛ ❛♣r❡s❡♥t❛r s❡✉s ❛①✐♦♠❛s✱ s✉❛s r❡❣r❛s ❞❡ ✐♥❢❡rê♥❝✐❛ ❡ s✉❛s t❛❜❡❧❛s✲✈❡r❞❛❞❡s✳

✶✳✶ ❆ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝❛

➱ ❞✐❢í❝✐❧ ♠❡❞✐r ❛ ✐♠♣♦rtâ♥❝✐❛ q✉❡ t❡✈❡ ❛ ✜❧♦s♦✜❛ ❞❡ ▲✉❞✇✐❣ ❲✐tt❣❡♥st❡✐♥ ♥♦

sé❝✉❧♦ ❳❳✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❇❡rtr❛♥❞ ❘✉ss❡❧❧✱ três ✜❧♦s♦✜❛s ❞♦♠✐♥❛r❛♠ ♦ ♠✉♥❞♦



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❜r✐tâ♥✐❝♦ ❞✉r❛♥t❡ ❞é❝❛❞❛s✿ ♦ ❚r❛❝t❛t✉s ❞❡ ❲✐tt❣❡♥st❡✐♥✱ ♦ ♣♦s✐t✐✈✐s♠♦ ❧ó❣✐❝♦ ❡ ❛s

■♥✈❡st✐❣❛çõ❡s ❋✐❧♦só✜❝❛s✳✶ ▼❡s♠♦ t❡♥❞♦ ♦ s❡✉ ♥♦♠❡ ✈✐♥❝✉❧❛❞♦ ❛ três ❝♦rr❡♥t❡s

✜❧♦só✜❝❛s✱ é ♠✐st❡r s❛❧✐❡♥t❛r ♣❛r❛ ♦ t❡♠❛ ❞❡ss❛ ❚❡s❡ ✉♠ ❛s♣❡❝t♦ ♣❛rt✐❝✉❧❛r ❞❡

s✉❛ ♣r✐♠❡✐r❛ ♦❜r❛✱ ♦ ❚r❛❝t❛t✉s ▲♦❣✐❝♦✲P❤✐❧♦s♦♣❤✐❝✉s✳✷

❲✐tt❣❡♥st❡✐♥ t✐♥❤❛ ❡♠ ♠❡♥t❡ ♦❜t❡r ❛ ✈❡r❞❛❞❡ ♦✉ ❛ ❢❛❧s✐❞❛❞❡ ❞❡ ✉♠❛ ♣r♦♣♦✲

s✐çã♦ ❝♦♠♣❧❡①❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s ♠❛✐s s✐♠♣❧❡s✳

❊♠ s✉❛s ♣❛❧❛✈r❛s✿

✷✳✵✷✵✶ ❚♦❞♦ ❡♥✉♥❝✐❛❞♦ s♦❜r❡ ❝♦♠♣❧❡①♦ ♣♦❞❡✲s❡ ❞❡❝♦♠♣♦r ❡♠ ✉♠ ❡♥✉♥❝✐✲

❛❞♦ s♦❜r❡ ❛s ♣❛rt❡s ❝♦♥st✐t✉✐♥t❡s ❞❡ss❡s ❝♦♠♣❧❡①♦s ❡ ♥❛s ♣r♦♣♦s✐çõ❡s q✉❡

♦s ❞❡s❝r❡✈❡♠ ❝♦♠♣❧❡t❛♠❡♥t❡

❊♠ t❡r♠♦s ♠❛t❡♠át✐❝♦s✱ ❲✐tt❣❡♥st❡✐♥ ♣r♦❝✉r❛✈❛ q✉❡ s✉❛s ♥♦çõ❡s ❞❡ ✈❡r❞❛❞❡

❡ ❢❛❧s✐❞❛❞❡ ❢♦ss❡♠ ✈❡r♦✲❢✉♥❝✐♦♥❛✐s✱ ♦✉ s❡❥❛✱ ✉♠❛ ❢✉♥çã♦ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛

❛♦s ✈❛❧♦r❡s ✈❡r❞❛❞❡✐r♦ ❡ ❢❛❧s♦✳ ❆ ✐❞é✐❛ ✐♥t✉✐t✐✈❛ ❞❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦❞❡ s❡r

r❡♣r❡s❡♥t❛❞❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ t❛❜❡❧❛✱ ❤♦❥❡ ❝❤❛♠❛❞❛ ❞❡ t❛❜❡❧❛✲✈❡r❞❛❞❡✿

✹✳✸✶ P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ✈❡r❞❛❞❡ ♣♦r ♠❡✐♦ ❞❡ ❡sq✉❡✲

♠❛s ❞❛ s❡❣✉✐♥t❡ ❡s♣é❝✐❡ ✭✏❱✑ s✐❣♥✐✜❝❛ ✏✈❡r❞❛❞❡✐r♦✑✱ ✏❋✑ s✐❣♥✐✜❝❛ ✏❢❛❧s♦✑✳

❆s sér✐❡s ❞♦s ✏❱✑ ❡ ✏❋✑ s♦❜ ❛ sér✐❡ ❞❛s ♣r♦♣♦s✐çõ❡s ❡❧❡♠❡♥t❛r❡s s✐❣♥✐✜❝❛♠✱

♥✉♠ s✐♠❜♦❧✐s♠♦ ❢❛❝✐❧♠❡♥t❡ ❝♦♠♣r❡❡♥sí✈❡❧✱ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ✈❡r❞❛❞❡

❞❡ss❛s ♣r♦♣♦s✐çõ❡s✮✿

p q r

V V V

F V V

V F V

V V F

F F V

F V F

V F F

F F F

,

p q

V V

F V

V F

F F

,

p

V

F

❈♦❧♦q✉❡♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ❛ s❡q✉ê♥❝✐❛ ❞❡ ❱✬s ❡ ❋✬s ♣♦ssí✈❡✐s ❞❛❞❛s ❞✉❛s

♣r♦♣♦s✐çõ❡s ❡❧❡♠❡♥t❛r❡s✳ ❚❡r❡♠♦s ♣♦rt❛♥t♦ ✭❱ ❱ ❱ ❱✮(p, q)✱ ✭❱ ❱ ❱ ❋✮(p, q)
✶ ❈♦♥❢❡r✐r ❬❘✉s✼✺❪ ♣✳ ✶✻✵✳
✷ ❚♦❞❛s ❛s ❝✐t❛çõ❡s ❞❛ ♦❜r❛ ❡♠ q✉❡stã♦ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❬❲✐t✵✶❪✳

✻



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✱ t♦t❛❧✐③❛♥❞♦ ❞❡③❡ss❡✐s ♦♣❡r❛çõ❡s ♣♦ssí✈❡✐s ♣❛r❛ ♦❜t❡r ♦ ✈❛❧♦r

❞❡ ✈❡r❞❛❞❡ ❞❛ ♥♦✈❛ ♣r♦♣♦s✐çã♦ ❝♦♠♣❧❡①❛✳✸ ❊ss❛s ♦♣❡r❛çõ❡s ✲ ❜❡♠ ❝♦♠♦ s✉❛

r❡♣r❡s❡♥t❛çã♦ ♥❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧ ❡ s✉❛ ✐♥t❡r♣r❡t❛çã♦ ♥❛ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ ✲

sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❛❢♦r✐s♠♦ ✺✳✶✵✶✳

✺✳✶✵✶ ❆s ❢✉♥çõ❡s ❞❡ ✈❡r❞❛❞❡ ❞❡ ✉♠ ♥ú♠❡r♦ q✉❛❧q✉❡r ❞❡ ♣r♦♣♦s✐çõ❡s ❡❧❡✲

♠❡♥t❛r❡s ♣♦❞❡♠ s❡r ✐♥s❝r✐t❛s ♥✉♠ ❡sq✉❡♠❛ ❞❛ s❡❣✉♥t❡ ❡s♣é❝✐❡✿

✭❱ ❱ ❱ ❱✮(p, q) ❚❛✉t♦❧♦❣✐❛ ✭❙❡ p✱ ❡♥tã♦ p❀ ❡ s❡ q ❡♥tã♦ q✳✮ (p ⊃ p � q ⊃ q)

✭❋ ❱ ❱ ❱✮(p, q) ❡♠ ♣❛❧❛✈r❛s✿ ◆ã♦ ❛♠❜♦s p ❡ q✳ ∼(p � q)

✭❱ ❋ ❱ ❱✮(p, q) ✑ ✑ ✿ ❙❡ q✱ ❡♥tã♦ p✳ (q ⊃ p)

✭❱ ❱ ❋ ❱✮(p, q) ✑ ✑ ✿ ❙❡ p✱ ❡♥tã♦ q✳ (p ⊃ q)

✭❱ ❱ ❱ ❋✮(p, q) ✑ ✑ ✿ p ♦✉ q✳ (p ✈ q)

✭❋ ❋ ❱ ❱✮(p, q) ✑ ✑ ✿ ◆ã♦ q✳ (∼ q)

✭❋ ❱ ❋ ❱✮(p, q) ✑ ✑ ✿ ◆ã♦ p✳ (∼ p)

✭❋ ❱ ❱ ❋✮(p, q) ✑ ✑ ✿ p ♦✉ q ♠❛s ♥ã♦ ❛♠❜♦s✳ (p � ∼ q ✿ ✈ ✿ q � ∼ p)

✭❱ ❋ ❋ ❱✮(p, q) ✑ ✑ ✿ ❙❡ p✱ ❡♥tã♦ q❀ ❡ s❡ q✱ ❡♥tã♦ p✳ (p = q)

✭❱ ❋ ❱ ❋✮(p, q) ✑ ✑ ✿ p

✭❱ ❱ ❋ ❋✮(p, q) ✑ ✑ ✿ q

✭❋ ❋ ❋ ❱✮(p, q) ✑ ✑ ✿ ◆❡♠ p ♥❡♠ q✳ (∼ p � ∼ q ♦✉ p|q✮

✭❋ ❋ ❱ ❋✮(p, q) ✑ ✑ ✿ p ❡ ♥ã♦ q✳ (p � ∼ q)

✭❋ ❱ ❋ ❋✮(p, q) ✑ ✑ ✿ q ❡ ♥ã♦ p✳ (q � ∼ p)

✭❋ ❋ ❋ ❋✮(p, q) ❈♦♥tr❛❞✐çã♦ ✭p ❡ ♥ã♦ p❀ ❡ q ❡ ♥ã♦ q✮✳ (p � ∼ p � q � ∼ q)

❈♦♠ s✉❛s t❛❜❡❧❛s✱ ❲✐tt❣❡♥st❡✐♥ ♣r♦♣ô❡ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ♣❛r❛ ❛s s❡♥t❡♥ç❛s

❞❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧ ❞♦ ❈á❧❝✉❧♦ ❞❡ ❋✉♥çõ❡s Pr♦♣♦s✐❝✐♦♥❛✐s ✭♠❛✐s t❛r❞❡ ❝❤❛♠❛❞♦

❞❡ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ✲ Pr♦♣♦s✐t✐♦♥❛❧ ❈❛❧❝✉❧✉s ✲ ♦✉ s✐♠♣❧❡s♠❡t❡ P❈✮ ❞♦

Pr✐♥❝✐♣✐❛ ▼❛t❡♠❛t✐❝❛ ❞❡ ❘✉ss❡❧❧ ❡ ❲❤✐t❡❤❡❛❞✳ ❊♠ t❡r♠♦s ♠❛✐s ♣r❡❝✐s♦s✱ ❛s

t❛❜❡❧❛s✲✈❡r❞❛❞❡ sã♦ ✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛ ♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧✳
✸ P❛r❛ ❡s❝❧❛r❡❝❡r ♠❡❧❤♦r ❛ ♥♦t❛çã♦✱ t♦♠❡♠♦s ❛ t❛❜❡❧❛✲✈❡r❞❛❞❡ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❡♠ q✉❡ O

é ✉♠❛ ♦♣❡r❛çã♦ ❡♥tr❡ ❡ss❡s ✈❛❧♦r❡s✿

p q O(p, q)

V V X1

F V X2

V F X3

F F X4

❆s ✈❛r✐á✈❡✐s X1, X2, X3, X4 ♣♦❞❡♠ ❛ss✉♠✐r ♦s ✈❛❧♦r❡s V ♦✉ F ✱ t♦t❛❧✐③❛♥❞♦ 2 × 4 = 16
❝♦♠❜✐♥❛çõ❡s✳ ❈❛❞❛ ❝♦♠❜✐♥❛çã♦ é ♥♦t❛❞❛ ♣♦r (X1X2X3X4)(p, q)✳

✼



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❖ ❢♦r♠❛❧✐s♠♦ ✉s❛❞♦ ♣♦r ❲✐tt❣❡♥st❡✐♥ s❡❣✉❡ ♦ ❞❡ ❘✉ss❡❧❧ ❡ ❲❤✐t❡❤❡❛❞✿ ♦s

sí♠❜♦❧♦s ∼✱ ✈✱ � ❡ ⊃ r❡♣r❡s❡♥t❛♠ ❛s ❢✉♥çõ❡s ❞❡ ♥❡❣❛çã♦✱ ❞✐s❥✉♥çã♦✱ ❝♦♥❥✉♥çã♦

❡ ✐♠♣❧✐❝❛çã♦✳✹ ❆ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ s✐♥tát✐❝❛ ❡♥tr❡ ❛s ❞✉❛s ❧✐♥❣✉❛❣❡♥s ❡stá ♥♦

❢❛t♦ ❞❡ ❲✐tt❣❡♥st❡✐♥ ✉s❛r = ♣❛r❛ ❛ ❜✐✲✐♠♣❧✐❝❛çã♦✱ ❡♥q✉❛♥t♦ ❘✉ss❡❧❧ ❡ ❲✐t❡❤❡❛❞

♣r❡❢❡r❡♠ ≡✳ ◆♦ Pr✐♥❝✐♣✐❛ ♦s ♦♣❡r❛❞♦r❡s ∼ ❡ ✈ sã♦ ♣r✐♠✐t✐✈♦s ❡♥q✉❛♥t♦ � ✱ ⊃ ❡

≡ sã♦ ❞❡✜♥✐❞♦s✳ ❖ sí♠❜♦❧♦ � t❛♠❜é♠ s❡r✈❡ ♣❛r❛ ✐♥❞✐❝❛r ❝♦❧❝❤❡t❡s✳ ❆ss✐♠✱ é

♣♦ssí✈❡❧ ❛♣r❡s❡♥t❛r ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s ✭✐♥❞✐❝❛❞❛s ♣♦r = ❡ ❉❢✮

p � q � = � ∼(∼p ✈ ∼q) ❉❢

p ⊃ q � = � ∼p ✈ q ❉❢

p ≡ q � = � (p ⊃ q) � (q ⊃ p) ❉❢

◆ã♦ só ✏ � ✑ ❝♦♠♦ t❛♠❜é♠ ✏ :✑ s❡r✈❡♠ ♣❛r❛ ✐♥❞✐❝❛r ❝♦❧❝❤❡t❡s✱ s❡♥❞♦ ♦ ♣r✐♠❡✐r♦

♣r✐♦r✐tár✐♦ ❡♠ r❡❧❛çã♦ ❛♦ s❡❣✉♥❞♦✳ ❆ ❧✐♥❣✉❛❣❡♠ ❞♦ Pr✐♥❝✐♣✐❛ t❛♠❜é♠ ✐♥❝❧✉✐ ♦

sí♠❜♦❧♦ ❞❡ ❛ss❡rçã♦ ⊢✳

❍á três t✐♣♦s ❞❡ ♣r♦♣♦s✐çõ❡s ♥♦ Pr✐♥❝✐♣✐❛✿ ❛s ♣r♦♣♦s✐çõ❡s ♣r✐♠✐t✐✈❛s✱ ❛s✲

s❡r✐❞❛s ❡ s✐♠♣❧❡s✳ ❆s ♣r✐♠✐t✐✈❛s sã♦ ❛q✉❡❧❛s t♦♠❛❞❛s ❝♦♠♦ ✈❡r❞❛❞❡✐r❛s s❡♠

♣r♦✈á✲❧❛s✱ t❛♠❜é♠ ❞❡♥♦♠✐♥❛❞❛s ✐♥❞❡♠♦♥strá✈❡✐s✳ ❙ã♦ s❡t❡✿

✭✶✮ ◗✉❛❧q✉❡r ❝♦✐s❛ ✐♠♣❧✐❝❛❞❛ ♣♦r ✉♠❛ ♣r❡♠✐ss❛ ✈❡r❞❛❞❡✐r❛ é ✈❡r❞❛❞❡✳

✭✷✮ ⊢: p ✈ p � ⊃ � p

✭✸✮ ⊢: q � ⊃ � p ✈ q

✭✹✮ ⊢: p ✈ q � ⊃ � q ✈ p

✭✺✮ ⊢: p ✈ (q ✈ r) � ⊃ � q ✈ (p ✈ r)

✭✻✮ ⊢: � q ⊃ r � ⊃: p ✈ q � ⊃ � p ✈ r

✭✼✮ ❆①✐♦♠❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✳

✹ ❆s ❢✉♥çõ❡s ❞❡ ♥❡❣❛çã♦ ❡ ❞✐s❥✉♥çã♦ t❛♠❜é♠ sã♦ ❞❡♥♦♠✐♥❛❞❛s ❝♦♥tr❛❞✐çã♦ ❡ s♦♠❛✱ r❡s♣❡❝✲
t✐✈❛♠❡♥t❡✳ ❈♦♥❢❡r✐r ❬❘❲✷✼❪ ♣✳ ✻✳

✽



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❯♠❛ ♣r♦♣♦s✐çã♦ é ❛ss❡r✐❞❛ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ♣r♦✈❛ ♣❛r❛ ❡❧❛✳ ❯♠❛ ♣r♦✈❛

é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦♣♦s✐çõ❡s ❡♠ q✉❡ ❝❛❞❛ ♣r♦♣♦s✐çã♦ é ✉♠❛ ♣r♦♣♦s✐çã♦ ✐♥✲

❞❡♠♦♥strá✈❡❧ ♦✉ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛s ♣r♦♣♦s✐çõ❡s ❛♥t❡r✐♦r❡s✳ ❏á ✉♠❛

♣r♦♣♦s✐çã♦ s✐♠♣❧❡s é ❛q✉❡❧❛ q✉❡ ♥ã♦ é ❛ss❡r✐❞❛ ✭❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t❛♠♣♦✉❝♦

✐♥❞❡♠♦♥strá✈❡❧✮✳

❖❜s❡r✈❡ q✉❡ ♦ ít❡♠ ✭✼✮ r❡❣✉❧❛ ❞❡ q✉❡ ♠❛♥❡✐r❛ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ✈❛r✐á✈❡✐s

♥✉♠❛ ♣r♦♣♦s✐çã♦✳ P♦r ❡①❡♠♣❧♦✱ ❞❡

⊢: p ✈ p � ⊃ � p ♣♦❞❡♠♦s s✉❜st✐t✉✐r ♣♦r

⊢: q ✈ q � ⊃ � q ♦✉ ⊢: (p � q) ✈ (p � q) � ⊃ � (p � q)

♠❛s ♥ã♦ ♣♦r : p ✈ q � ⊃ � p

❈♦♠♦ ❛ s❡❣✉♥❞❛ ❡ ❛ t❡r❝❡✐r❛ ♣r♦♣♦s✐çõ❡s sã♦ ❞❡♠♦♥str❛❞❛s ❛♣❧✐❝❛♥❞♦ ✉♠❛ ❞❛s

s❡t❡ ♣r♦♣♦s✐çõ❡s ✐♥❞❡♠♦♥strá✈❡✐s✱ ❡st❛♠♦s ❞✐❛♥t❡ ❞❡ ❞♦✐s ❡①❡♠♣❧♦s ❞❡ ♣r♦♣♦s✐✲

çõ❡s ❛ss❡r✐❞❛s✳ ❏á ❛ q✉❛rt❛ é t✐♣✐❝❛♠❡♥t❡ ✉♠❛ ♣r♦♣♦s✐çã♦ s✐♠♣❧❡s✳

❘❡t♦♠❡♠♦s ♦ ❚r❛❝t❛t✉s✳ ❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ q✉❡ r❡t♦r♥❛ ✭❱ ❱ ❱ ❱✮ ♣❛r❛

❛s ✈❛r✐á✈❡✐s p ❡ q é ❝❤❛♠❛❞❛ ❞❡ t❛✉t♦❧♦❣✐❛✳ ❍á ❞♦✐s ♣r♦❜❧❡♠❛s ❝r✉❝✐❛✐s ❝♦♠

r❡❧❛çã♦ às t❛❜❡❧❛s✲✈❡r❞❛❞❡s ❡ ❛s ♣r♦♣♦s✐çõ❡s ❞♦ P❈✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s é s❛❜❡r

s❡ t♦❞❛s ❛s ♣r♦♣♦s✐çõ❡s ❛ss❡r✐❞❛s sã♦ t❛✉t♦❧♦❣✐❛s✳ ❊ ♦ s❡❣✉♥❞♦ é ❛ r❡❝í♣r♦❝❛✱ ♦✉

s❡❥❛✱ ❞❡t❡r♠✐♥❛r s❡ t♦❞❛s ❛s t❛✉t♦❧♦❣✐❛s sã♦ ❛s ♣r♦♣♦s✐çõ❡s ❛ss❡r✐❞❛s✳

❖ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ é ❝❤❛♠❛❞♦ ❞❡ ❈♦rr❡t✉❞❡ ❡ ♦ s❡❣✉♥❞♦✱ ❞❡ ❈♦♠♣❧❡t✉❞❡✳

❈♦✉❜❡ ❛ P♦st ❞❡♠♦♥str❛r t❛♠❜é♠ ❡♠ ✶✾✷✶ ❛♠❜♦s ♦s r❡s✉❧t❛❞♦s✳✺

❖ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ♥ã♦ t❡♠ ❛♣❡♥❛s ❛ ❛❧♠❡❥❛❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ s❡r

❈♦rr❡t♦ ❡ ❈♦♠♣❧❡t♦ ❝♦♠ r❡❧❛çã♦ à ✉♠❛ s❡♠â♥t✐❝❛ ❡①tr❡♠❛♠❡♥t❡ ✐♥t✉✐t✐✈❛ ❡

✈❡r♦✲❢✉♥❝✐♦♥❛❧✱ q✉❡ é ♦ ❝❛s♦ ❞❛s t❛❜❡❧❛s✲✈❡r❞❛❞❡s✳ ❊❧❡ é✱ ❛❧é♠ ❞✐ss♦✱ ♠❛①✐♠❛❧

♥✉♠ s❡♥t✐❞♦ ♣r❡❝✐s♦✿ s❡ ❛❞✐❝✐♦♥❛r♠♦s q✉❛❧q✉❡r ♣r♦♣♦s✐çã♦ ♣r✐♠✐t✐✈❛ à ❧✐st❛ ❞❡
✺ ❉❡♠♦♥str❛❞♦ ❡♠ ❬P♦s✷✶❪✳ ❉❡✈✐❞♦ à ❝♦♥❝♦♠✐tâ♥❝✐❛ ❞♦s tr❛❜❛❧❤♦s ❞❡ ❲✐tt❣❡♥st❡✐♥ ✭✶✾✷✶✮✱

P♦st ✭✶✾✷✶✮ ❡ ❾✉❦❛s✐❡✇✐❝③ ✭✶✾✷✵ ✲ ❡♠ ❬❾✉❦✷✵❪✮ s♦❜r❡ t❛❜❡❧❛s✲✈❡r❞❛❞❡s✱ ❛❝r❡❞✐t❛✲s❡ q✉❡ ❛ ✐❞é✐❛
♦r✐❣✐♥❛❧ t❡♥❤❛ s✐❞♦ ❞♦ ♣ró♣r✐♦ ❘✉ss❡❧❧✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬❆♥♥✵✹❪✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❘✉ss❡❧❧ ❡ ❲❤✐t❡❤❡❛❞ q✉❡ ♥ã♦ s❡❥❛ ✉♠❛ ♣r♦♣♦s✐çã♦ ❛ss❡r✐❞❛✱ t❡r❡♠♦s ♦ ❝♦❧❛♣s♦

❞❡ P❈✱ ♥♦ s❡♥t✐❞♦ ❞❡ t♦❞❛s ❛s ♣r♦♣♦s✐çõ❡s s❡ t♦r♥❛r❡♠ ❛ss❡r✐❞❛s✳

■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r P❈ ❝♦♠ ♠❛✐s ❛①✐♦♠❛s s❡♠ ❝♦❧❛♣sá✲

❧♦✳ ▼❛s ✐ss♦ ♥ã♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ t❡r♠✐♥❛ ❝♦♠

P♦st✱ ♠❛s ❛♣❡♥❛s q✉❡ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ s❡ ❜✐❢✉r❝❛rá ❣r♦ss♦ ♠♦❞♦ ❡♠ três

♣♦ss✐❜✐❧✐❞❛❞❡s✿ s❡❥❛ ❛✉♠❡♥t❛♥❞♦ ♦ ♥ú♠❡r♦s ❞❡ ✈❛❧♦r❡s✲✈❡r❞❛❞❡ ♣❛r❛ ❣❛♥❤❛r ❡①✲

♣r❡ss❛❜✐❧✐❞❛❞❡ ❡♠ s✉❛ s❡♠â♥t✐❝❛✱ s❡❥❛ r❡str✐♥❣✐♥❞♦ s❡✉s ❛①✐♦♠❛s ♣❛r❛ ✐♥✈❛❧✐❞❛r

❝❡rt♦s t❡♦r❡♠❛s ✭♦✉ s❡❥❛✱ ♣r♦♣♦s✐çõ❡s ❛ss❡r✐❞❛s✮✱ s❡❥❛ ❡st❡♥❞❡♥❞♦ ❛ ❧✐♥❣✉❛❣❡♠ ❞❡

P❈ ❝♦♠ ♥♦✈♦s ♦♣❡r❛❞♦r❡s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ t❡r❡♠♦s ♦s s✐st❡♠❛s ♠✉❧t✐✈❛❧♦r❛✲

❞♦s✳ ❱❡r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ss❡s s✐st❡♠❛s ♥❛ ❙✉❜s❡çã♦ ✶✳✸✳✷ ❡ ♥❛ ❙✉❜s❡çã♦

✶✳✸✳✸✳ ❖ s✐st❡♠❛ ❡♠❜❧❡♠át✐❝♦ ❞♦ s❡❣✉♥❞♦ ❝❛s♦ s❡rá ❖ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧

■♥t✉✐❝✐♦♥✐st❛ ❞❡ ❍❡②t✐♥❣✱ q✉❡ s❡rá ✈✐st♦ ♥❛ ❙✉❜s❡çã♦ ✶✳✷✳✶✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♦

t❡r❝❡✐r♦ ❝❛s♦ t❡r❡♠♦s ❛ ❤✐❡r❛rq✉✐❛ ❞❡ s✐st❡♠❛s ♠♦❞❛✐s ❞❡ ▲❡✇✐s ❙✶✲❙✺✱ ❝♦♠♦

✈❡r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳

✶✳✷ ■♥❝♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡ss❡ ❝❛♣ít✉❧♦ é ♦ ❡st✉❞♦ ❞♦ ❢❡♥ô♠❡♥♦

❞❛ ✐♥❝♦♠♣❧❡t✉❞❡ ♣r♦♣♦s✐❝✐♦♥❛❧✱ ❞✐✈✐❞✐r❡♠♦s ❡ss❛ s❡çã♦ ❡♠ ❞✉❛s s✉❜s❡❝çõ❡s✳ ◆❛

❙✉❜s❡çã♦ ✶✳✷✳✶ ✈❡r❡♠♦s ♦ ▼❡t❛t❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

♥♦ ❝♦♥t❡①t♦ ✐♥t✉✐❝✐♦♥✐st❛✳ ❊♠ ✈❡③ ❞❡ r❡♣r♦❞✉③✐r ✐♣s✐s ❧✐tt❡r✐s ❛ ❞❡♠♦♥str❛çã♦ ❞❡

●ö❞❡❧✱ ❢❛r❡♠♦s ✉♠❛ ♣❡q✉❡♥❛ ❛❧t❡r❛çã♦ ♣❛r❛ ♣r♦✈❛r ✉♠ r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧✿ ♥ã♦

s♦♠❡♥t❡ ■P❈✱ ♠❛s ♥❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡ ■P❈ ❡ ♦ s❡✉ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦✲

❞✐s❥✉♥t✐✈♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❆ ❙✉❜s❡çã♦ ✶✳✷✳✷ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ❝♦♥✲

❝❡r♥❡♥t❡ ❛ ✉♠❛ ✈❛st❛ ❢❛♠í❧✐❛ ❞❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✳ ❊ss❛s ❧ó❣✐❝❛s s❡rã♦

❝♦♥str✉í❞❛s ❛ ♣❛rt✐r ❞♦ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦ ✐♥t✉✐❝✐♥✐st❛ ❡ s❡rã♦ ❛♥❛❧✐s❛❞❛s

♥♦ ❈❛♣ít✉❧♦ ✷ q✉❛♥❞♦ ❡st❡♥❞✐❞❛s ♠♦❞❛❧♠❡♥t❡✳ ◆❡♥❤✉♠ r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧ s❡rá

❞❡♠♦♥str❛❞♦ ♥❡ss❛ s✉❜s❡çã♦✱ ❡♠❜♦r❛ ❛té ♦♥❞❡ s❛❜❡♠♦s ♥ã♦ ❡①✐st❛ ✉♠❛ ♣r♦✈❛
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❡s♠✐✉ç❛❞❛ ❞❡ss❡s ♠❡t❛t❡♦r❡♠❛s ♥❛ ❧✐t❡r❛t✉r❛✳

■♥❞❡♣❡♥❞❡♥t❡ ❞❛ ♦r✐❣✐♥❛❧✐❞❛❞❡✱ ❛♠❜❛s s✉❜s❡çõ❡s tê♠ ❞♦✐s ♣❛♣é✐s ♥❛ ❚❡s❡

q✉❡ ✈❛❧❡♠ ❛ ♣❡♥❛ ❞❡st❛❝❛r✿ ✉♠ ♣r♦♣❡❞ê✉t✐❝♦ ❡ ♦✉tr♦ t❛①♦♥♦♠át✐❝♦✳ ❖ ❛s♣❡❝t♦

♣r♦♣❡❞ê✉t✐❝♦ ✈✐s❛ ♠♦str❛r ❛ té❝♥✐❝❛ r❡❝♦rr❡♥t❡ ❛♦ s❡ ❞❡♠♦♥str❛r r❡s✉❧t❛❞♦s ❞❡

✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ t❡♠❛ t❛♥t♦ ❞♦ ❈❛♣ít✉❧♦ ✶ q✉❛♥t♦ ❞♦ ❈❛♣ít✉❧♦

✷✳ ❏á ♦ ❝❛rát❡r t❛①♦♥♦♠át✐❝♦ s❡rá r❡❧❡✈❛♥t❡ s♦❜r❡t✉❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ♣❛r❛

❞❡❧✐♠✐t❛r ❛ ❛❜r❛♥❣ê♥❝✐❛ ❞❛ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ♥♦ ❝♦♥t❡①t♦ ♠♦❞❛❧✳

✶✳✷✳✶ ❖ ❈❛s♦ ■♥t✉✐❝✐♦♥✐st❛

❖s tr❛❜❛❧❤♦s ❞❡ ▲❡✇✐s ♥ã♦ ❢♦r❛♠ ♦s ♣r✐♠❡✐r♦s ❛ ♠♦str❛r ♦s ❧✐♠✐t❡s ❞♦ ❈á❧❝✉❧♦

Pr♦♣♦s✐❝✐♦♥❛❧✳ ❏á ❡♠ ✶✾✵✽✱ ❇r♦✉✇❡r ❝r✐t✐❝❛✈❛ ❛ ♣r♦♣♦s✐çã♦ ❛ss❡r✐❞❛ ⊢: p ✈ ∼ p

✲ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ▲❡✐ ❞♦ ❚❡r❝❡✐r♦ ❊①❝❧✉í❞♦ ✲ ✈✐st♦ q✉❡ t❛❧ ❛ss❡rçã♦ s❡r✐❛

♦ ❝❛s♦ ❡♠ ♠❛t❡♠át✐❝❛ ❛♣❡♥❛s ♣❛r❛ ❛✜r♠❛çõ❡s ❞❡ ❝❛rát❡r ✜♥✐t♦✳ ❈♦♥s✐❞❡r❡♠♦s✱

♣♦r ❡①❡♠♣❧♦✱ ❞♦✐s ♥ú♠❡r♦s ♥❛t✉r❛✐s x ❡ y ❡ ❛ ♣r♦♣♦s✐çã♦ ✏❤á y < x ❞❡ ♠♦❞♦ q✉❡

y ❡ y+ 2 s❡❥❛♠ ♣r✐♠♦s✑✳ ❙❛❜❡♠♦s q✉❡ ♥ã♦ ❡①✐st❡ ✉♠ ♠ét♦❞♦ ❣❡r❛❧ ♣❛r❛ ❞❡❝✐❞✐r

s❡ ❛ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛ ♦✉ ❢❛❧s❛ ♣❛r❛ ✉♠ x ❛r❜✐trár✐♦✳ ❈♦♠ ❛ ✐♥t❡♥çã♦

❞❡ s✉♣❧❛♥t❛r ❡ss❡ t✐♣♦ ❞❡ ❞✐✜❝✉❧❞❛❞❡✱ ❇r♦✉✇❡r ♣r♦♣õ❡ q✉❡ ♣r♦♣♦s✐çõ❡s ❛ss❡r✐✲

❞❛s s♦❜r❡ sér✐❡s ✐♥✜♥✐t❛s s❡❥❛♠ ❞❡♠♦♥str❛❞❛s ❛♣❡♥❛s ❞❡ ♠❛♥❡✐r❛ ❝♦♥str✉t✐✈❛✱

✐♥❛✉❣✉r❛♥❞♦ ❛ ♠❛t❡♠át✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛✳✻

■♥s♣✐r❛❞♦ ♥❛ ♠❛t❡♠át✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛ ❞❡ ❇r♦✉✇❡r q✉❡ r❡❝✉s❛✈❛ ❛ ▲❡✐ ❞♦ ❚❡r✲

❝❡✐r♦ ❊①❝❧✉í❞♦ ❞❡♥tr❡ ♦✉tr♦s ♣r✐♥❝í♣✐♦s✱ ❍❡②t✐♥❣ ♦❢❡r❡❝❡✉ ❡♠ ✶✾✸✵ ✉♠❛ ❧✐st❛ ❞❡

❛①✐♦♠❛s q✉❡ ❜✉s❝❛✈❛ ❛♣r❡❡♥❞❡r ❢♦r♠❛❧♠❡♥t❡ ❛ ♣r♦♣♦st❛ ❇r♦✉✇❡r✐❛♥❛✳ ❖ ❝á❧❝✉❧♦

❞❡ ❍❡②t✐♥❣ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ■♥t✉✐❝✐♦♥✐st❛ ✲ ■♥t✉✐t✐♦♥✐st✐❝

Pr♦♣♦s✐t✐♦♥❛❧ ❈❛❧❝✉❧✉s ✲ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ■P❈✳✼

❖ ❈á❧❝✉❧♦ ■P❈ r❡str✐♥❣❡ P❈ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❝❡rt♦s t❡♦r❡♠❛s q✉❡ sã♦

♣r♦✈❛❞♦s ♥♦ s❡❣✉♥❞♦ ❝á❧❝✉❧♦ ♥ã♦ ♣♦❞❡♠ s❡r ♣r♦✈❛❞♦s ♥♦ ♣r✐♠❡✐r♦✳ ❉❛q✉✐ ❡♠
✻ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬▼♦s✶✵❪✳ ❖ ❛rt✐❣♦ ❞❡ ❇r♦✉✇❡r ❡♠ q✉❡stã♦ é ❬❇r♦✵✽❪✳
✼ ❊♠ ❬❍❡②✸✵❪✳

✶✶



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❞✐❛♥t❡✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ❞❡ ❍❡②t✐♥❣ ❡♠ q✉❡ ♦s sí♠❜♦❧♦s ¬,∧,∨,→ ❡ ↔ ❞❡♥♦✲

t❛♠ ❛s ♦♣❡r❛çõ❡s ❞❡ ♥❡❣❛çã♦✱ ❝♦♥❥✉♥çã♦✱ ❞✐s❥✉♥çã♦✱ ✐♠♣❧✐❝❛çã♦ ❡ ❜✐✲✐♠♣❧✐❝❛çã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯s❛r❡♠♦s ❛✐♥❞❛ ♦ s✐♠❜♦❧✐s♠♦ ⊢L α ♣❛r❛ ❞✐③❡r q✉❡ ❛ ❢ór♠✉❧❛ α

é ✉♠ t❡♦r❡♠❛ ♥❛ ❧ó❣✐❝❛ ▲✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❛♠❜✐❣✉✐❞❛❞❡✱ s✐♠♣❧✐✜❝❛r❡♠♦s ❛

♥♦t❛çã♦ ❡ ✉s❛r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ⊢ α✳ ❋❡✐t❛s ❛s ♦❜s❡r✈❛çõ❡s ❛❝✐♠❛✱ ❛♥✉♥❝✐❛♠♦s

♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ❞❡ ■P❈✿

✭✐✮ 0IPC ¬¬p → p

✭✐✐✮ 0IPC p ∨ ¬p

❆❧é♠ ❞✐ss♦✱ s❡ ❛ ❢ór♠✉❧❛ (ii) ❢♦r ❛❞✐❝✐♦♥❛❞❛ ❛ ■P❈ ❝♦♠♦ ❛①✐♦♠❛✱ r❡❝✉♣❡r❛✲s❡

t♦❞♦s ♦s t❡♦r❡♠❛s ❞❡ P❈✳ ❖ ♠❡s♠♦✱ ❡♥tr❡t❛♥t♦✱ ♥ã♦ ♦❝♦rr❡ s❡ (i) ❢♦r ❛❞✐❝✐♦✲

♥❛❞♦✳✽

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ P❈✱ ♦s ♦♣❡r❛❞♦r❡s ∧,∨ ❡ ↔ ♥ã♦ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ❡♠

■P❈ ❡♠ t❡r♠♦s ❞❡ ♥❡❣❛çã♦ ❡ ✐♠♣❧✐❝❛çã♦✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s

❞❡✈❡♠ s❡r tr❛t❛❞♦s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ❛①✐♦♠❛s✳

◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❝♦♥❡❝t✐✈♦ →✱ ♦s ❛①✐♦♠❛s ❛❜❛✐①♦ ♦ ❣♦✈❡r♥❛♠✿✾

✭❆①✶✮ p → (q → p)

✭❆①✷✮ (p → q) → ((p → (q → r)) → (p → r))

❏á ♦ ♦♣❡r❛❞♦r ∧ é r❡❣✐❞♦ ♣❡❧♦s ❛①✐♦♠❛s✿

✭❆①✸✮ p → (q → (p ∧ q))

✭❆①✹✮ (p ∧ q) → p

✽ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬▼♦s✶✵❪
✾ ❯s❛r❡♠♦s ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ❩❡♠❛♥ ❡♠ ❬❩❡♠✼✸❪✳ ◆ã♦ ✉s❛♠♦s ❛ ❛①✐♦♠át✐❝❛ ♦r✐❣✐♥❛❧ ❞❡

❍❡②t✐♥❣ ❞❡ ❬❍❡②✸✵❪ ♣♦r ❞♦✐s ♠♦t✐✈♦s✿ ♣r✐♠❡✐r❛♠❡♥t❡ ♣❛r❛ ❞❡✜♥✐r♠♦s ♦ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦✲
❞✐s❥✉♥t✐✈♦ ❞❡ ■P❈ ❡ ❞❡♠♦♥str❛r♠♦s q✉❡ ♥❡♥❤✉♠❛ ♠❛tr✐③ ✜♥✐t❛ ♣♦❞❡ s❡r ✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛
q✉❛❧q✉❡r ❧ó❣✐❝❛ ❡♥tr❡ t❛❧ ❢r❛❣♠❡♥t♦ ❡ ♦ ❝á❧❝✉❧♦ ✐♥t✉✐❝✐♦♥✐st❛ ❡✱ ❡♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ♣❛r❛ ❝♦♥s✲
tr✉✐r♠♦s ✉♠❛ ✈❛st❛ ❢❛♠í❧✐❛ ❞❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s ❡ ♠✉❧t✐✈❛❧♦r❛❞❛s ❛ ♣❛rt✐r ❞♦ ❢r❛❣♠❡♥t♦
✐♠♣❧✐❝❛t✐✈♦ ✐♥t✉✐❝✐st❛✳

✶✷



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❆①✺✮ (p ∧ q) → q

❆ ❞✐s❥✉♥çã♦ ∨✱ ♣♦r s✉❛ ✈❡③✱ ♦❜❡❞❡❝❡ ♦s ♣♦st✉❧❛❞♦s✿

✭❆①✻✮ p → (p ∨ q)

✭❆①✼✮ q → (p ∨ q)

✭❆①✽✮ (p → r) → ((q → r) → ((p ∨ q) → r))

❋✐♥❛❧♠❡♥t❡ ♣❛r❛ ❛ ♥❡❣❛çã♦ ¬✱ t❡♠♦s✿

✭❆①✾✮ (p → q) → ((p → ¬q) → ¬p)

✭❆①✶✵✮ ¬p → (p → q)

❆❧é♠ ❞♦s ❛①✐♦♠❛s ❛❜❛✐①♦✱ ■P❈ é r❡❣✐❞♦ ♣♦r ❞✉❛s r❡❣r❛s✳ ❯s❛r❡♠♦s ❛ ♥♦t❛çã♦

α[p/β] ♣❛r❛ ❞✐③❡r q✉❡ ♥❛ ❢ór♠✉❧❛ α t♦❞❛ ♦❝♦rrê♥❝✐❛ ❞❛ ✈❛r✐á✈❡❧ ♣r♦♣♦s✐❝✐♦♥❛❧ p

♣♦❞❡ s❡r s✉❜st✐t✉í❞❛ ♣❡❧❛ ❢ór♠✉❧❛ β✳

✭▼P✮ α✱ α → β ✐♠♣❧✐❝❛♠ β

✭❯❙✮ α ⊢ α[p/β]

❆s r❡❣r❛s (US) ❡ (MP ) t❛♠❜é♠ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❙✉❜st✐t✉✐çã♦ ❯♥✐❢♦r♠❡

❡ ▼♦❞✉s P♦♥❡♥s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ ✈❡r✐✜❝❛❞♦ ♣♦r ❩❡♠❛♥✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛①✐♦♠❛s ❡ ❛s r❡❣r❛s ❛❝✐♠❛ ♥♦s

♣❡r♠✐t❡♠ ❞❡✜♥✐r ♥ã♦ ❛♣❡♥❛s ■P❈✱ ♠❛s q✉❛tr♦ ♥♦✈♦s s✐st❡♠❛s✿✶✵

• ICI = {(Ax1), (Ax2), (MP ), (US)}

✶✵ ❖ s✐st❡♠❛ ■❈■ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❬❩❡♠✼✸❪✳ ❆ ♣❛rt✐r ❞❡ ■❈■✱ ♣♦❞❡♠♦s
♦❜t❡r ♠❛✐s ❞♦✐s s✐st❡♠❛s ✐♥t❡r♠❡❞✐ár✐♦s✿ ❛❝r❡s❝❡♥t❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❝♦♥❥✉♥çã♦ ∧ t❡r❡♠♦s ❛
❧✐♥❣✉❛❣❡♠ ❞❡ ■❈❑✱ ❡♥q✉❛♥t♦ ❛❝r❡s❝❡s❝❡♥t❛♥❞♦ ❝♦♥❥✉♥çã♦ ❡ ❞✐s❥✉♥çã♦ ∨ t❡r❡♠♦s ❛ ❧✐♥❣✉❛❣❡♠
❞❡ ■❈❆✱ ♦✉✱ ❈á❧❝✉❧♦ ■♥t✉✐❝✐♦♥✐st❛ P♦s✐t✐✈♦✳ ❖ s✐st❡♠❛ ■❈❆ ❛♣❛r❡❝❡ ❡♠ ❬❩❡♠✼✸❪ s❡ r❡❢❡r✐♥❞♦
❛♦ ❝á❧❝✉❧♦ ✐♥t✉✐❝✐♦♥✐st❛ ❝♦♠ ✐♠♣❧✐❝❛çã♦✱ ❞✐s❥✉♥çã♦ ❡ ❝♦♥❥✉♥çã♦✳ ❊♥q✉❛♥t♦ ♦ q✉❡ ❞❡♥♦♠✐♥❛♠♦s
■❈❆ ❩❡♠❛♥ ❝❤❛♠❛ ❞❡ ❢r❛❣♠❡♥t♦ ❈✲❆ ❞❡ ■❈❆✳ ❱✐st♦ q✉❡ ♦ ♥♦ss♦ ❢♦❝♦ ♥❡ss❛ s✉❜s❡çã♦ s❡rá ♦
❢r❛❣♠❡♥t♦ ✐♥t✉✐❝✐♦✐st❛ ❛♣❡♥❛s ❝♦♠ ❞✐s❥✉♥çã♦ ❡ ✐♠♣❧✐❝❛çã♦✱ ❜✉s❝❛♠♦s ✉♠❛ ♥♦t❛çã♦ ♠❛✐s ❝♦♥✲
✈❡♥✐❡♥t❡ q✉❡ ❛ ❞❡ ❩❡♠❛♥✳ P❛r❛ ♦ ❝á❧❝✉❧♦ ✐♥t✉✐❝✐♦♥✐st❛ ❝♦♠ ✐♠♣❧✐❝❛çã♦✱ ❞✐s❥✉♥çã♦ ❡ ❝♦♥❥✉♥çã♦
❡s❝♦❧❤❡♠♦s ■P❈+ ❡♠ ✈❡③ ❞❡ ■❈❆✱ s❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ♥♦ ❝❛s♦ ❝❧áss✐❝♦✱ ❝♦♠♦ P+ ♦✉ ❈P▲+

♣❛r❛ s❡ r❡❢❡r✐r ❛ ❝á❧❝✉❧♦ ❝❧áss✐❝♦ ♣♦s✐t✐✈♦✳ ❱✐❞❡ ❬❍❛❝✻✻❪ ❡ ❬❈❈▼✵✼❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✶✸



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

• ICK = ICI ∪ {(Ax3), (Ax4), (Ax5)}

• ICA = ICI ∪ {(Ax6), (Ax7), (Ax8)}

• IPC+ = ICK ∪ ICA

• IPC = IPC+ ∪ {(Ax9), (Ax10)}

❍á ✉♠❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦ ❡✈✐❞❡♥t❡ ❡♥tr❡ ♦s s✐st❡♠❛s ❧✐st❛❞♦s ❛❝✐♠❛✱ ♣❛r❛

t❛♥t♦ é ♠✐st❡r ❞❡✜♥✐r ❞❡ ♠♦❞♦ r✐❣♦r♦s♦ q✉❛♥❞♦ ✉♠❛ ❧ó❣✐❝❛ é ✉♠❛ ❡①t❡♥sã♦

❝♦♥s❡r✈❛t✐✈❛ ❞❡ ♦✉tr❛✳✶✶

❉❡✜♥✐çã♦ ✶✳✷✳✶✿ ❯♠❛ ❧ó❣✐❝❛ ▲2 é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ✭❞❡❞✉t✐✈❛♠❡♥t❡✮

❞❡ ✉♠❛ ❧ó❣✐❝❛ ▲1 q✉❛♥❞♦✿

✶✮ ❆ ❧✐♥❣✉❛❣❡♠ ❞❡ ▲2 ❡st❡♥❞❡ ❛ ❞❡ ▲1❀

✷✮ ❚♦❞♦ t❡♦r❡♠❛ ❞❡ ▲1 é ✉♠ t❡♦r❡♠❛ ❞❡ ▲2❀

✸✮ ❚♦❞♦ t❡♦r❡♠❛ ❞❡ ▲2 ❡①♣r❡ss♦ ♥❛ ❧✐♥❣✉❛❣❡♠ ▲1 ❥á é ✉♠ t❡♦r❡♠❛ ❞❡ ▲1✳ �

❉❛❞♦ ♦s s✐st❡♠❛s ▲1 ❡ ▲2 ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ L1 −→ L2 ♦✉ L1 ⊆ L2 ♣❛r❛

❞✐③❡r q✉❡ ▲2 é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ▲1✳ ❉✐③❡♠♦s ❛✐♥❞❛ q✉❡ L2 ❡stá

❡♥tr❡ L1 ❡ L3 q✉❛♥❞♦ L1 ⊆ L2 ⊆ L3✳

➱ ♣♦ssí✈❡❧ ❝♦♥str✉✐r ♦ s❡❣✉✐♥t❡ ❣rá✜❝♦ ❞❡ ✐♥❝❧✉sã♦ ❛ ♣❛rt✐r ❞♦s s✐st❡♠❛s ❧✐s✲

t❛❞♦s ❛❝✐♠❛✿

■❈■

■❈❆

■❈❑

■P❈+ ■P❈

❋✐❣✳ ✶✳✶✿ ❙✐st❡♠❛s ❡♥tr❡ ■❈■ ❡ ■P❈

✶✶ ❆ ❞❡✜♥✐çã♦ ❛❜❛✐①♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❈❈▼✵✼❪✳

✶✹



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❯♠❛ ♣r♦♣r✐❡❞❛❞❡ r❡❧❡✈❛♥t❡ ❞❡ ■❈■ ✭❡ ❞❡ t♦❞♦s ❛s s✉❛s ❡①t❡♥sõ❡s✮ é ♦ ❝❤❛♠❛❞♦

▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦✳ P❛r❛ ❡♥✉♥❝✐á✲❧♦✱ é ❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r ❛ ♥♦çã♦ ❞❡

❝♦♥s❡q✉ê♥❝✐❛ s✐♥tát✐❝❛

❙❡❥❛ Γ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ❞❡ ▲ ❡ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ▲✳ P❛r❛ ❞✐③❡r q✉❡

α é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ s✐♥tát✐❝❛ ❞❡ Γ ❡♠ ▲✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ Γ ⊢L α✳ ■ss♦

s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠❛ ♣r♦✈❛ ❞❡ α ❛♣❧✐❝❛♥❞♦ ❛s r❡❣r❛s ❞❡ ▲ ❛♦s ❛①✐♦♠❛s ❞❡

▲✱ às ❢♦r♠✉❧❛s ❡♠ Γ ♦✉ às ❢ór♠✉❧❛s q✉❡ sã♦ ❝♦♥s❡q✉ê♥❝✐❛ s✐♥tát✐❝❛ ❞❡ Γ✳ ❆❧é♠

❞✐ss♦✱ ❞❛❞❛ ✉♠❛ ❢ór♠✉❧❛ β✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ Γ, β ⊢L α ❝♦♠♦ ❛❜r❡✈✐❛çã♦ ❞❡

Γ ∪ {β} ⊢L α✳

❚❡♦r❡♠❛ ✶✳✷✳✷ ✭▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦ ✭▼❉✮✮✿ ❙❡❥❛♠ α ❡ β ❢ór♠✉❧❛s

❡ Γ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ❞❡ ■❈■✳

Γ, α ⊢ICI β s❡ ❡ s♦♠❡♥t❡ s❡ Γ ⊢ICI α → β

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛♦ ❝❛s♦ ❝❧áss✐❝♦✳✶✷ �

P❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ ▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦

✈❛❧❡ t❛♠❜é♠ ♣❛r❛ ■❈❆✱ ■❈❑✱ ■P❈+ ❡ ■P❈✳ ❱❡r❡♠♦s✱ ❛✐♥❞❛✱ q✉❡ ❡ss❡ ♠❡t❛t❡✲

♦r❡♠❛ ✈❛❧❡rá ♣❛r❛ t♦❞❛s ❛s ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s tr❛t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶✳

❯♠❛ ❞❛s ♣♦ssí✈❡✐s s❡♠â♥t✐❝❛s ❞♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ■♥t✉✐❝✐♦♥✐st❛ é ❛s

❝❤❛♠❛❞❛s á❧❣❡❜r❛s ❞❡ ❍❡②t✐♥❣✳ ❯♠❛ q✉❡stã♦ ♠✉✐t♦ ♥❛t✉r❛❧ é s❛❜❡r s❡ ❤á

t❛❜❡❧❛s✲✈❡r❞❛❞❡s ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ✈❡r❞❛❞❡s ❝♦♠♦ s❡♠â♥t✐❝❛

❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♦ ❈á❧❝✉❧♦ ■♥t✉✐❝✐♦♥✐st❛✳✶✸ ❏á ❡♠ ✶✾✸✷ ✲ ♦✉ s❡❥❛✱ ✉♠ ❛♥♦ ❞❡♣♦✐s

❞❛ ♣✉❜❧✐❝❛çã♦ ❞♦ t❡①t♦ ❞❡ ❍❡②t✐♥❣ ✲ ●ö❞❡❧ ♣r♦✈❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ s✐s✲

t❡♠❛s ❡♥tr❡ ■P❈ ❡ ✉♠❛ ❝❡rt❛ ❧ó❣✐❝❛ ▲ ✲ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡

■P❈ ✲ ❡♠ q✉❡ ♥❡♥❤✉♠ ❞❡ss❡s s✐st❡♠❛s ♣♦❞❡ s❡r ❝♦♠♣❧❡t♦ ❝♦♠ r❡❧❛çã♦ ❛ ✉♠❛

s❡♠â♥t✐❝❛ ❞❡ t❛❜❡❧❛s✲✈❡r❞❛❞❡ ✜♥✐t❛♠❡♥t❡ ✈❛❧♦rá✈❡❧✳✶✹

✶✷ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦ ▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉ç❛♦ ❡♠ ■❈■ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠
❬❩❡♠✼✸❪✳ P❛r❛ ♦ ❝❛s♦ ❝❧áss✐❝♦✱ ✈✐❞❡ ❬▼❡♥✻✹❪ ♣✳ ✸✼✳
✶✸ ❙❡❣✉♥❞♦ ●ö❞❡❧ ❡♠ ❬●☎✸✷❪ ❡ss❛ q✉❡stã♦ ❢♦✐ ❢♦r♠✉❧❛❞❛ ♣♦r ❍❛❤♥✳
✶✹ ❆ ❧ó❣✐❝❛ ▲ ❡♠ q✉❡stã♦ é ▲❈✳ ➱ t❛♠❜é♠ ❡♠ ❬●☎✸✷❪ q✉❡ ●ö❞❡❧ ❞❡♠♦♥str❛ ❛ ✐♥❝♦♠♣❧❡t✉❞❡

✶✺



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

P❛r❛ ♣r♦✈❛r ❡ss❡ r❡s✉❧t❛❞♦✱ ●ö❞❡❧ ❧❛♥ç❛ ♠ã♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦✿

t♦♠❛✲s❡ ✉♠❛ ❢ór♠✉❧❛ ❡ ❞❡♠♦♥str❛✲s❡ q✉❡ q✉❛❧q✉❡r t❛❜❡❧❛ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡

✜♥✐t❛ ❞❡ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝t❡r✐③❛ ■P❈ ✈❛❧✐❞❛ t❛♠❜é♠ ❡ss❛ ❢ór♠✉❧❛✳

❊♠ s❡❣✉✐❞❛✱ ❞❡♠♦♥str❛✲s❡ q✉❡ ❡ss❛ ♠❡s♠❛ ❢ór♠✉❧❛ ♥ã♦ é ✈á❧✐❞❛ ♥✉♠❛ ♠❛tr✐③

❞❡ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ♣❛r❛ ✉♠❛ ❧ó❣✐❝❛ ▲ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ■P❈✳

▲♦❣♦✱ ❛ ❢ór♠✉❧❛ ❡♠ q✉❡stã♦ ♥ã♦ ♣♦❞❡ s❡r ✉♠ t❡♦r❡♠❛ ❞❡ ■P❈✳ ❆ss✐♠✱ q✉❛❧✲

q✉❡r ♠❛tr✐③ ❞❡ ✜♥✐t♦s ✈❛❧♦r❡s ✈❛❧✐❞❛ ✉♠❛ ❢ór♠✉❧❛ q✉❡ ♥ã♦ é t❡♦r❡♠❛ ❞❡ ■P❈ ❡

♣♦rt❛♥t♦ ♥ã♦ ♣♦❞❡ ❢♦r♥❡❝❡r ✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛ ♣❛r❛ ■P❈✳

❯s❛r❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ♣❛r❛ ♣r♦✈❛r q✉❡ ♥❡♥❤✉♠

s✐st❡♠❛ ❡♥tr❡ ■❈❆ ❡ ■P❈ ✭✐♥❝❧✉✐♥❞♦ ♦ ♣ró♣r✐♦ ■❈❆✮ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳✶✺

❉❡✜♥✐çã♦ ✶✳✷✳✸✿ ❯♠❛ ♠❛tr✐③ ❞❡ ✉♠❛ ❧ó❣✐❝❛ ▲ é ✉♠❛ tr✐♣❧❛ M = 〈M,D, V 〉

❡♠ q✉❡✿

✭✐✮ M 6= ∅

✭✐✐✮ D ⊆ M é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s

✭✐✐✐✮ P❛r❛ ❝❛❞❛ ❝♦♥❡❝t✐✈♦ n✲ár✐♦ c ❞❡ ▲ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ v ∈ V t❛❧ q✉❡

v : Mn −→ M �

❉❡✜♥✐çã♦ ✶✳✷✳✹✿ ❯♠❛ ♠❛tr✐③ M ✈❛❧✐❞❛ ✉♠❛ ❢ór♠✉❧❛ α s❡ ❡ s♦♠❡♥t❡ s❡ ✲ ♦✉ ss❡

✲ α r❡❝❡❜❡ s❡♠♣r❡ ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s ♣♦r ♠❡✐♦ ❞❛s ❢✉♥çõ❡s v ❡♠ M ❛♣❧✐❝❛❞❛s

❛♦s ❝♦♥❡❝t✐✈♦s q✉❡ ♦❝♦rr❡♠ ❡♠ α✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✺✿ ❯♠❛ ♠❛tr✐③ M é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ✉♠❛ ❧ó❣✐❝❛ ▲ ss❡ M ✈❛❧✐❞❛

t♦❞♦s ♦s t❡♦r❡♠❛s ❞❡ ▲ ✭♠❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛♣❡♥❛s ❡❧❡s✮✳ �

❞❡ q✉❛❧q✉❡r s✐st❡♠❛ ❡♥tr❡ ■P❈ ❡ ▲❈ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛ ❛①✐♦♠át✐❝❛ ❞❡
▲❈ ♥❛ ❙✉❜s❡çã♦ ✶✳✸✳✸✳
✶✺ ❆s ❞❡✜♥✐çõ❡s ❞❡ ♠❛tr✐③✱ ♠♦❞❡❧♦ ❡ ❢ór♠✉❧❛ ✈á❧✐❞❛ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❬❈P✵✽❪✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❉❡✜♥✐çã♦ ✶✳✷✳✻✿ ❯♠❛ ♠❛tr✐③ M ❝❛r❛❝t❡r✐③❛ ✉♠❛ ❧ó❣✐❝❛ ▲ ss❡ t♦❞♦s ♦s t❡♦r❡✲

♠❛s ❞❡ ▲✱ ❡ s♦♠❡♥t❡ ❡❧❡s✱ r❡❝❡❜❡♠ ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s ♣♦r ♠❡✐♦ ❞❛s ❢✉♥çõ❡s ❡♠

M✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✼✿ ❙❡❥❛♠ i, j ❡ n ♥ú♠❡r♦s ♥❛t✉r❛✐s ❡♠ q✉❡ i < j✳ ❖ ❡sq✉❡♠❛ ❞❡

❢ór♠✉❧❛s ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ❢ór♠✉❧❛✮ ❞❡ ●ö❞❡❧ ❛❞❛♣t❛❞❛ Gn é ♦❜t✐❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿✶✻

Gn ≡def

n+1
∨

i 6=j

(pi → pj)

�

P❛r❛ ❡s❝❧❛r❡❝❡r♠♦s ♠❡❧❤♦r ❛ ♥♦t❛çã♦✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ n = 2✱ t❡rí❛♠♦s✿

G2 ≡def ((p1 → p2) ∨ (p1 → p3)) ∨ (p2 → p3)

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r ♦ ♥♦ss♦ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡✱ é ♥❡❝❡ssár✐♦ ♣r♦✈❛r

q✉❡ p → p é t❡♦r❡♠❛ ❡♠ ■❈■✿✶✼

1. (p → (p → p)) → (p → ((p → p) → p) → (p → p)) (Ax2)

2. p → (p → p) (Ax1)

3. (p → (p → p) → p) → (p → p) (MP ) ❡♠ 1. ❡ 2.

4. p → (p → p) → p (Ax1)

5. p → p (MP ) ❡♠ 3. ❡ 4.

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ✜♥✐t❛ q✉❡ ❢♦r♥❡❝❡ss❡ ✉♠❛ s❡♠â♥t✐❝❛

❝♦♠♣❧❡t❛ ♣❛r❛ ■❈❆ ✈❛❧✐❞❛r✐❛ ❛ ❢ór♠✉❧❛ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✼✳

✶✻ ❖r✐❣✐♥❛❧♠❡♥t❡ ❡♠ ❬●☎✸✷❪ ❡♠ ✈❡③ ❞❡ (pi → pj) ❤á (pi ↔ pj)✳
✶✼ ❆ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ é ✉♠❛ ❡♥✉♠❡r❛çã♦ ❞❛s ❢ór♠✉❧❛s ❞❛ ♣r♦✈❛✳ ❆ s❡❣✉♥❞❛ é ♦ ❛①✐♦♠❛ ♦✉

t❡♦r❡♠❛ q✉❡ ❢♦✐ ✉s❛❞♦ ❡ ❛ t❡r❝❡✐r❛ é s✉❛ ❥✉st✐✜❝❛t✐✈❛✳ ❊♠ ✶✳✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ✐♥st❛♥❝✐❛çã♦ é
♦❜t✐❞❛ ♣♦r ♠❡✐♦ ❞❡ (US) ❛♣❧✐❝❛❞❛ ❛ (Ax2) ❡✱ ❡♠ t❡r♠♦s ❡str✐t♦s✱ ❞❡✈❡r✐❛ s❡r ❣r❛❢❛❞❛ ❝♦♠♦
(Ax2)[q/p → p, r/p]✳ ❊s❝♦❧❤❡♠♦s ❛ ♥♦t❛çã♦ s✐♠♣❧✐✜❝❛❞❛ ❡ ❥✉st✐✜❝❛♠♦s s✐♠♣❧❡s♠❡♥t❡ ❝♦♠♦
(Ax2)✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

Pr♦♣♦s✐çã♦ ✶✳✷✳✽✿ ◗✉❛❧q✉❡r ♠❛tr✐③ ✜♥✐t❛ ❞❡ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ■❈❆ ✈❛❧✐❞❛ Gn✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ♠❛tr✐③ ❝♦♠ n ✈❛❧♦r❡s q✉❡ ❝❛r❛❝t❡✲

r✐③❛ ■❈❆✳ ❈♦♠♦ ♥❛ ❢ór♠✉❧❛ ❛❝✐♠❛ t❡♠♦s n ✈❛❧♦r❡s ♣❛r❛ n+1 ✈❛r✐á✈❡✐s✱ ❤❛✈❡rá i

❡ j ❞❡ ♠♦❞♦ q✉❡ ♦s ✈❛❧♦r❡s ❛tr✐❜✉í❞♦s ❛ (pi → pj) s❡❥❛♠ ♦s ♠❡s♠♦s ❛ (pi → pi)

♣❛r❛ ❛❧❣✉♠ i✳ ❖r❛✱ ✈✐st♦ q✉❡ ⊢ICI p → p ❡♥tã♦ ❝♦♠♦ ■❈❆ é ✉♠❛ ❡①t❡♥sã♦

❝♦♥s❡r✈❛t✐✈❛ ❞❡ ■❈■✱ t❡♠♦s ⊢ICA p → p✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭❆①✻✮✱ ✭❆①✼✮ ❡ ✭▼P✮

t❡♠♦s q✉❡ t❛♥t♦ (pi → pi) ∨ α q✉❛♥t♦ α ∨ (pi → pi) sã♦ t❡♦r❡♠❛s ❞❡ ■❈❆✱ ❡

♣♦rt❛♥t♦ ❛ ♠❛tr✐③ ✈❛❧✐❞❛r✐❛ t♦❞❛ ❛ ❢ór♠✉❧❛ Gn✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✾✿ ❙❡❥❛ MG ❛ ♠❛tr✐③ ✐♥✜♥✐t❛ ❡♠ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s✲

✈❡r❞❛❞❡ é {1, 2, 3, . . . , ω} ❡♠ q✉❡ é 1 ♦ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳ ❙❡❥❛♠ α ❡ β

❢ór♠✉❧❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✳ ❆ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ v é ❝❛❧❝✉❧❛❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦

♣❛r❛ ❝❛❞❛ ♦♣❡r❛❞♦r✿

v(α ∨ b) = min(v(α), v(β))

v(a ∧ b) = max(v(α), v(β))

v(α → β) =

{

1 s❡ v(α) ≥ v(β)

v(β) ❝❛s♦ ❝♦♥trár✐♦

v(¬α) =

{

ω s❡ v(α) 6= ω

1 ❝❛s♦ ❝♦♥trár✐♦

�

❆ s❡❣✉♥❞❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▼❡t❛t❡♦r❡♠❛ ❞❛ ■♥❝♦♠♣❧❡t✉❞❡ é ✈❡r✐✲

✜❝❛r q✉❡ ❛ ♠❛tr✐③ ✐♥✜♥✐t❛ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✾ é ✉♠ ♠♦❞❡❧♦ ❞❡ ■P❈✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✵✿ MG é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ■P❈

❇❛st❛ ✈❡r✐✜❝❛r q✉❡ MG ✈❛❧✐❞❛ ♦s ❛①✐♦♠❛s ❞❡ ■P❈ ❡ q✉❡ ❛s r❡❣r❛s ❞❡ ■P❈

♣r❡s❡r✈❛♠ ♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ ✶✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❆①✶✮ p → (q → p)

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦ v(q → p) = v(p)✳ ❈♦♠♦ v(p) ≥ v(q → p)✱ ❡♥tã♦

v(Ax1) = 1✳

• s❡ v(p) < v(q)✱ ❡♥tã♦ v(q → p) = 1✳ ❈♦♠♦ v(p) ≥ 1✱ ❡♥tã♦ v(Ax1) =

1✳

✭❆①✷✮ (p → q) → ((p → (q → r)) → (p → r))

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦

✕ s❡ v(q) ≥ v(r)✱ ❡♥tã♦ v(p) ≥ v(r) ❡ v(p → r) = 1✳ ❆ss✐♠✱

v((p → (q → r)) → (p → r)) = 1 ❡ ♣♦rt❛♥t♦ v(Ax2) = 1✳

✕ s❡ v(q) < v(r) ❡♥tã♦ v(q → r) = v(r) ❡ v(p → (q → r)) = v(p →

r)✳ ❚❡♠♦s ❡♥tã♦ q✉❡ v((p → (q → r)) → (p → r)) = v((p →

r) → (p → r)) ❡ ❝♦♠♦ v(p → r) ≥ v(p → r) ❝♦♥❝❧✉✐✲s❡ ♣♦rt❛♥t♦

q✉❡ v((p → (q → r)) → (p → r)) = 1 ❡ v(Ax1) = 1✳

• s❡ v(p) < v(q)✱ ❡♥tã♦

✕ s❡ v(q) ≥ v(r)✱ ❡♥tã♦ v(q → r) = 1 ❡ v(p → (q → r)) = 1✳ ❆ss✐♠✱

v(p → (q → r) → (p → r)) = v(p → r)✳ ❈♦♠♦ v(p → q) = v(q)

❡♥tã♦ v(Ax1) = v(q → (p → r))✳ ❱✐st♦ q✉❡ v(q) ≥ v(p) ❡

v(q) ≥ v(r)✱ ❡♥tã♦ v(q) ≥ v(p → r) ❡ v(Ax1) = 1✳

✕ s❡ v(q) < v(r)✱ ❡♥tã♦ v(q → r) = v(r) ❡ ♦ r❡st♦ s❡ s❡❣✉❡ ❛♥❛❧♦✲

❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❡♠ q✉❡ v(p) ≥ v(q) ❡ v(q) < v(r)✳

✭❆①✸✮ p → (q → (p ∧ q))

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦ v(p ∧ q) = max(v(p), v(q)) = v(p)✳ P♦rt❛♥t♦

v(Ax3) = v(Ax1) = 1✳

• s❡ v(p) < v(q)✱ ❡♥tã♦ v(p ∧ q) = max(v(p), v(q)) = v(q)✳ ❚❡♠♦s

♣♦rt❛♥t♦ q✉❡ v(q → (p ∧ q)) = v(q → q) = 1 ❡ v(Ax3) = 1✳
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✭❆①✹✮ (p ∧ q) → p

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦ v(p ∧ q) = max(v(p), v(q)) = v(p)✳ P♦rt❛♥t♦

v(Ax4) = v(p → p) = 1✳

• s❡ v(p) < v(q)✱ ❡♥tã♦ v(p ∧ q) = max(v(p), v(q)) = v(q)✳ P♦rt❛♥t♦

v(Ax4) = v(q → p) = 1✳

✭❆①✺✮ (p ∧ q) → q

• ❛♥á❧♦❣♦ ❛♦ ✭❆①✹✮✳

✭❆①✻✮ p → (p ∨ q)

• s❡ p ≥ q✱ ❡♥tã♦ v(p∨q) = min(v(p), v(q)) = v(q)✳ P♦rt❛♥t♦ v(Ax6) =

v(p → q) = 1✳

• s❡ p < q✱ ❡♥tã♦ v(p∨q) = min(v(p), v(q)) = v(p)✳ P♦rt❛♥t♦ v(Ax6) =

v(p → p) = 1✳

✭❆①✼✮ q → (p ∨ q)

• ❛♥á❧♦❣♦ ❛♦ ✭❆①✻✮✳

✭❆①✽✮ (p → r) → ((q → r) → ((p ∨ q) → r))

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦ v(p ∨ q) = min(v(p), v(q)) = v(q)✳ ❚❡♠♦s

❞❛í v((p ∨ q) → r) = v(q → r)✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ t❡r❡♠♦s ❡♥tã♦

v((q → r) → ((p ∨ q) → r)) = v((q → r) → (q → r))✳ ❈♦♠♦

v(q → r) ≥ v(q → r)✱ ❞❛í v((q → r) → ((p ∨ q) → r)) = 1 ❡ ♣♦rt❛♥t♦

v(Ax8) = 1

• s❡ v(p) < v(q)✱ ❡♥tã♦ v(p ∨ q) = min(v(p), v(q)) = v(p)✳ ❚❡♠♦s

❞❛í v((p ∨ q) → r) = v(p → r)✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ t❡r❡♠♦s ❡♥tã♦

v((q → r) → ((p ∨ q) → r)) = v((q → r) → (p → r))✳ P♦rt❛♥t♦

v(Ax8) = v(Ax1) = 1✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❆①✾✮ ((p → q) → (p → ¬q)) → ¬p

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦ v(p → q) = 1

✕ s❡ v(p) = ω✱ ❡♥tã♦ v(¬p) = 1✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ t❡♠♦s v(((p →

q) → (p → ¬q))) ≥ 1 ❝♦♥❝❧✉✐✲s❡ q✉❡ v(Ax9) = 1✳

✕ s❡ v(p) 6= ω✱ ❡♥tã♦ v(q) 6= ω ❡ v(¬q) = ω✳ ❉❛í✱ v(p → ¬q) =

ω ❡ v(p → q) 6= ω✳ ❈♦♠♦ v(p → q) < v(p → ¬q)✱ t❡r❡♠♦s

v((p → q) → (p → ¬q)) = v(p → ¬q) = ω✳ ❱✐st♦ q✉❡ ω ≥ v(¬p)✱

❝♦♥❝❧✉✐✲s❡ ♣♦rt❛♥t♦ q✉❡ v(Ax9) = 1✳

• s❡ v(p) < v(q)✱ ❡♥tã♦ v(p) 6= ω ❡ v(¬p) = 1✳ ❚❡♠♦s ♣♦rt❛♥t♦ q✉❡

v((p → q) → (p → ¬q)) ≥ v(¬p) ❡ v(Ax9) = 1

✭❆①✶✵✮ ¬p → (p → q)

• s❡ v(p) ≥ v(q)✱ ❡♥tã♦ v(p → q) = 1✳ ❈♦♠♦ v(¬p) ≥ 1✱ ❡♥tã♦ v(¬p) ≥

v(p → q) ❡ v(Ax10) = 1

• s❡ v(p) < v(q)✱ ❡♥tã♦ v(p → q) = v(q)✳ ❆❧é♠ ❞✐ss♦✱ v(p) 6= ω✱

❧♦❣♦ v(¬p) = ω✳ ❈♦♠♦ ω ≥ v(p → q)✱ ❡♥tã♦ v(¬p) ≥ v(p → q) ❡

v(Ax10) = 1

✭▼P✮ ❙✉♣♦♥❤❛ q✉❡ v(p → q) = 1✱ v(p) = 1 ♠❛s v(q) 6= 1✳ ❉❛í v(p) ≥ v(q)✱ ♦

q✉❡ ✐♠♣❧✐❝❛ q✉❡ v(q) = 1✳ �

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ❣❛r❛♥t❡ q✉❡ ❛ ❢ór♠✉❧❛ ❛❞❛♣t❛❞❛ ❞❡ ●ö❞❡❧ ♥ã♦ é ✈á❧✐❞❛

♥❛ ♠❛tr✐③ ✐♥✜♥✐t❛ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✾✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✶✿ ❊①✐st❡ ✉♠❛ ✈❛❧♦r❛çã♦ ❞❡ MG q✉❡ ♥ã♦ ✈❛❧✐❞❛ Gn✳

❉❡♠♦♥str❛çã♦ ✿ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ✈❛❧♦r❛çã♦ ❞❛ ❢♦r♠❧❛ Gn ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✼✿

v(pi) = i ❡ v(pj) = j✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ n = 3✱ t❡♠♦s v(p1 → p2) = 2✱ v(p1 →

✷✶



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

p3) = 3 ❡ v(p2 → p3) = 3✳ ❉❡ss❡ ♠♦❞♦ v(G3) = min(2, 3, 3) = 2✳ ❙✉♣♦♥❤❛

❛❣♦r❛ q✉❡ V (Gn) = 2 ♣❛r❛ n = k✳ ❆ss✐♠✱ ♣❛r❛ n = k + 1 t❡♠♦s✿

v(Gn) = min(2, v(p1 → pk+1), . . . , v(pk → pk+1)) = min(2, k + 1, . . . , k + 1) = 2

❊ ♣♦rt❛♥t♦ v(Gn) = 2 ♣❛r❛ t♦❞♦ n ♥❛t✉r❛❧✳ �

❋✐♥❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ♣r♦✈❛r ♥♦ss❛ ❡①t❡♥sã♦ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ●ö❞❡❧✳

❚❡♦r❡♠❛ ✶✳✷✳✶✷✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ❡♥tr❡ ■❈❆ ❡ ■P❈ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s q✉❡

❝❛r❛❝t❡r✐③❡ ❛❧❣✉♠❛ ❧ó❣✐❝❛ ▲ ❡♥tr❡ ■❈❆ ❡ ■P❈✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✽✱ ❡ss❛s

♠❛tr✐③❡s ✈❛❧✐❞❛r✐❛♠ ❛ ❢ór♠✉❧❛ Gn ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✼ ❡ ♣♦rt❛♥t♦ Gn s❡r✐❛ ✉♠

t❡♦r❡♠❛ ❞❡ ▲✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♠❛tr✐③ ✐♥✜♥✐t❛ MG ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✾ é ✉♠

♠♦❞❡❧♦ ♣❛r❛ ■P❈ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✵✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦✲

s✐çã♦ ✶✳✷✳✶✶✱ MG ✐♥✈❛❧✐❞❛ Gn✱ ❢♦rç❛♥❞♦ q✉❡ Gn ♥ã♦ s❡❥❛ ✉♠ t❡♦r❡♠❛ ❞❡ ▲✳ P♦r

❛❜s✉r❞♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ♥ã♦ ♣♦❞❡ ❡①✐st✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s q✉❡

❝❛r❛❝t❡r✐③❡ ▲✳ �

❆♦ ❧♦♥❣♦ ❞❛ ❚❡s❡✱ ✈❡r❡♠♦s q✉❡ r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ❝♦♠ r❡s♣❡✐t♦ ❛

♠❛tr✐③❡s ✜♥✐t❛s ❞✐③❡♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❧ó❣✐❝❛s L1 . . .Ln ❞❡ ♠♦❞♦ q✉❡

L1 ⊆ . . . ⊆ Ln✳ ◆❡♠ s❡♠♣r❡ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ❛❜❛r❝❛ t♦❞♦s ♦s s✐st❡♠❛s

❛❧♠❡❥❛❞♦s✳ ◆♦ ❝❛s♦ ❞❡ss❛ s✉❜s❡çã♦✱ ❣♦st❛rí❛♠♦s ❞❡ tr❛t❛r ❞❡ t♦❞♦s ♦s s✐st❡♠❛s

❞❛ ❋✐❣✉r❛ ✶✳✶ ❡ ❞❡t❡r♠✐♥❛r t❛♠❜é♠ s❡ ♦s s✐st❡♠❛s ■❈■ ❡ ■❈❑ sã♦ ❝❛r❛❝t❡r✐③á✈❡✐s

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❉❡✐①❡♠♦s ❡ss❛ q✉❡stã♦ ❡♠ ❛❜❡rt♦ ♣❛r❛ ❧✐❞❛r ❝♦♠ ♦ ♠❡s♠♦

♣r♦❜❧❡♠❛ ❝♦♥❝❡r♥❡♥t❡ às ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✶✳✷✳✷ ❖ ❈❛s♦ P❛r❛❝♦♥s✐st❡♥t❡

❖ ❢❡♥ô♠❡♥♦ ❞❛ ✐♥❝♦♥s✐stê♥❝✐❛ é✱ ❡♠ ❣❡r❛❧✱ ❛❜♦❧✐❞♦ ♣♦r t❡♦r✐❛s ❜❛s❡❛❞❛s ❡♠

❧ó❣✐❝❛ ❝❧áss✐❝❛✳ ■ss♦ ♣♦rq✉❡ ♥❡ss❛s t❡♦r✐❛s✱ s❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ Γ ❞❡

♣r❡♠✐ss❛s ❝♦♥❝❧✉í♠♦s α ❡ ¬α✱ ❡♥tã♦ ❛ t❡♦r✐❛ é tr✐✈✐❛❧✱ ♦✉ s❡❥❛✱ t♦❞❛s ❛s ❢ór♠✉❧❛s

sã♦ t❡♦r❡♠❛s✳ ▲ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s sã♦ ❜❛s✐❝❛♠❡♥t❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❧ó❣✐❝❛s

❡♠ q✉❡ s❡ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r t❡♦r✐❛s q✉❡ ❝❛s♦ ✐♥✜r❛♠♦s α ❡ ¬α✱ ♥ã♦ ♣♦❞❡♠♦s

✐♥❢❡r✐r q✉❡ t♦❞❛s ❛s ❢ór♠✉❧❛s ❞❡ss❛ t❡♦r✐❛ sã♦ t❡♦r❡♠❛s✳ ❊♠ t❡r♠♦s ❢♦r♠❛✐s✱

❞✐③❡♠♦s q✉❡ ✉♠❛ ❧ó❣✐❝❛ ▲ é ♣❛r❛❝♦♥s✐st❡♥t❡ ❡♠ r❡❧❛çã♦ à ¬ q✉❛♥❞♦ ❡①✐st❡♠

❢ór♠✉❧❛s α ❡ β ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s Γ ❡♠ q✉❡✿

Γ ⊢L α ❡ Γ ⊢L ¬α ♠❛s Γ 0L β

❆ ❡①♣r❡ssã♦ ✏❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡✑ ❢♦✐ ❞✐❢✉♥❞✐❞❛ ♣♦r ❞❛ ❈♦st❛✱ ❛✐♥❞❛ q✉❡ ❡①✐s✲

t❛♠ ❡①❡♠♣❧♦s ❞❡ s✐st❡♠❛s ❝♦♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❝✐♠❛ s✉r❣✐❞♦ ❛♥t❡s ❞♦s s❡✉s

tr❛❜❛❧❤♦s ♣✐♦♥❡✐r♦s✳✶✽ ❏❛ ❡♠ ✶✾✻✸✱ ❞❛ ❈♦st❛ ♣r♦♣õ❡ s✉❛ ❤✐❡r❛rq✉✐❛ ❈n ✭♣❛r❛

1 ≤ n ≤ ω✮ ♣r♦♣♦s✐❝✐♦♥❛❧✱ ❈✯n ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡ ❈=
n ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠

✐❣✉❛❧❞❛❞❡✳ ❘❡str✐♥❣✐r❡♠♦s ♥♦ss♦ ❡st✉❞♦ ❛♦s ❝á❧❝✉❧♦s ♣r♦♣♦s✐❝✐♦♥❛✐s✳

❙❡❥❛ ◦p ❛ ❛❜r❡✈✐❛çã♦ ❞❛ ❢ór♠✉❧❛ ¬(p ∧ ¬p) ❡♥q✉❛♥t♦ ◦np s✐❣♥✐✜❝❛ q✉❡ ♦

♦♣❡r❛❞♦r ◦ ❢♦✐ ✐t❡r❛❞♦ n ✈❡③❡s✳ ❋✐♥❛❧♠❡♥t❡✿

◦(n)p = ◦1p ∧ . . . ∧ ◦np

P❛r❛ ❝♦♥str✉✐r ❛ ❤✐❡r❛q✉✐❛ ❈n ✭♣❛r❛ 1 6 n 6 ω✮ ❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦

♥♦✈♦s ❛①✐♦♠❛s✿✶✾

✭❆①✶✶✮ p ∨ (p → q)

✶✽ ▲ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s ❢♦r❛♠ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❏❛➧❦♦✈s❦✐ ❡ ❞❛ ❈♦st❛
❡♠ ❬❏❛➧✹✽❪ ❡ ❬❉❈✻✸❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦s s✐st❡♠❛s ❝✐t❛❞♦s✱ ❝♦♥s✉❧t❛♠♦s
s♦❜r❡t✉❞♦ ❬❉❈✼✹❪✳ ❙♦❜r❡ ❛ ♦r✐❣❡♠ ❞♦s s✐st❡♠❛s ❞❡ ❞❛ ❈♦st❛ ❡ ❏❛➧❦♦✈s❦✐✱ ✉s❛♠♦s ❝♦♠♦ r❡❢❡✲
rê♥❝✐❛ ❬❉✬❖✾✵❪✳
✶✾ ❊ss❛ ♥ã♦ é ❛ ❛①✐♦♠át✐❝❛ ♦r✐❣✐♥❛❧ ❞❡ ❞❛ ❈♦st❛ ❡♠ ❬❉❈✼✹❪✳ ❱✐st♦ q✉❡ ❡ss❡s ❛①✐♦♠❛s s❡rã♦

✉s❛❞♦s ♣❛r❛ ❝♦♥str✉✐r ♦✉tr❛s ❤✐❡r❛rq✉✐❛s ❞❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✱ ♣❛r❛ ❡❢❡✐t♦s ❞❡ s✐♠♣❧✐✜✲
❝❛çã♦ ❡s❝♦❧❤❡♠♦s ❛ ❛①✐♦♠át✐❝❛ ❞❡ ❬❈❈▼✵✼❪✳
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✭❆①✶✷✮ p ∨ ¬p

✭❝❢✮ ¬¬p → p

✭❜❈✮n ◦(n)p → (p → (¬p → q))

✭❝❛✶✮n (◦(n)p ∧ ◦(n)q) → ◦(n)(p ∧ q)

✭❝❛✷✮n (◦(n)p ∧ ◦(n)q) → ◦(n)(p ∨ q)

✭❝❛✸✮n (◦(n)p ∧ ◦(n)q) → ◦(n)(p → q)

❉❡✜♥✐♠♦s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦ ❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❞❛ ❈♦st❛✿

• ❈ω ❂ IPC+ ∪ {(Ax11), (Ax12), (cf)}

• ❈n ❂ ❈ω ∪{(bC)n, (ca1)n, (ca2)n, (ca3)n}

❉❛ ❈♦st❛ ❛♣r❡s❡♥t❛ ♠❛tr✐③❡s q✉❡ ✈❛❧✐❞❛♠ ♦s ❛①✐♦♠❛s ❞❡ ❈n+1 ♠❛s ♥ã♦ ♦s

❛①✐♦♠❛s ❞❡❈n✳ ❆ r✐❣♦r✱ ♥ã♦ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❈n é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛

❞❡ ❈n+1✱ ✈✐st♦ q✉❡ ❛♠❜♦s ♦s s✐st❡♠❛s tê♠ ❛ ♠❡s♠❛ ❧✐♥❣✉❛❣❡♠ ❡✱ ♣❡❧❛ ❉❡✜♥✐çã♦

✶✳✷✳✶✱ s❡ ✉♠❛ ❧ó❣✐❝❛ ▲2 é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ▲1 ❡ ❛♠❜❛s tê♠ ❛ ♠❡s♠❛

❧✐♥❣✉❛❣❡♠✱ ❡♥tã♦ sã♦ ❛ ♠❡s♠❛ ❧ó❣✐❝❛✱ ♦ q✉❡ ♥ã♦ é ♦ ❝❛s♦ ♣❛r❛ ✳ P❛r❛ s✉♣❧❛♥t❛r

❡ss❡ ❧✐♠✐t❡✱ ❛♣r❡s❡♥t❛♠♦s ❛ ♥♦çã♦ ❞❡ ❡①t❡♥sã♦ ♣ró♣r✐❛✿✷✵

❉❡✜♥✐çã♦ ✶✳✷✳✶✸✿ ▲2 é ✉♠❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ ▲1 q✉❛♥❞♦✿

✭✐✮ ▲1 ❡ ▲2 tê♠ ❛ ♠❡s♠❛ ❧✐♥❣✉❛❣❡♠

✭✐✐✮ ▲1 ❡ ▲2 tê♠ ❛s ♠❡s♠❛s r❡❣r❛s

✭✐✐✐✮ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α t❡♠♦s q✉❡ s❡ ⊢L1
α ❡♥tã♦ ⊢L2

α

✭✐✈✮ ❡①✐st❡ ✉♠❛ ❢ór♠✉❧❛ α ❞❡ ♠♦❞♦ q✉❡ 0L1
α ♠❛s ⊢L2

α �

✷✵ ❚❛❧ ♥♦çã♦ ❡♥❝♦♥tr❛✲s❡ ❥á ❡♠ ✶✾✺✶ ♥♦ ❛rt✐❣♦ ❬❙❝r✺✶❪✳ ❈♦♠♦ ✈❡r❡♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✸✳✸✱
❡ss❛ ❞❡✜♥✐çã♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♣r♦✈❛r r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ♣❛r❛
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s✳
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❈♦♥s✐❞❡r❛r❡♠♦s ❝❡rt❛ s✐♠♣❧✐❢❝❛çã♦ ❡♠ ♥♦ss❛ ♥♦t❛çã♦ ❡ ✉s❛r❡♠♦s L1 ⊆ L2 ❡

L1 −→ L2 ♣❛r❛ ❞❡s✐❣♥❛r t❛♥t♦ q✉❡ ▲2 é ✉♠❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ ▲1 ♦✉ ✉♠❛

❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ▲1✳ ❘❡❧❡♠❜r❛r❡♠♦s ❛ ❞✐st✐♥çã♦ q✉❛♥❞♦ ❢♦r ❝♦♥✈❡♥✐✲

♥❡♥t❡✳

➱ s❛❜✐❞♦ q✉❡ ♥♦s s✐st❡♠❛s ❞❡ ❞❛ ❈♦st❛ ✈❛❧❡ ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦✿✷✶

Cω ⊆ . . .Cn ⊆ . . .C1 ♣❛r❛ 1 < n < ω

▼♦str❛r❡♠♦s ✉s❛♥❞♦ ✉♠❛ té❝♥✐❝❛ ✉♠ ♣♦✉❝♦ ❞✐❢❡r❡♥t❡ ❞❛ ❙✉❜s❡çã♦ ✶✳✷✳✶ q✉❡

♥❡♥❤✉♠ s✐st❡♠❛ ❞❡ss❛ ❤✐❡r❛q✉✐❛ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳✷✷

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ✐♥t✉✐❝✐♦♥✐st❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✐♥✲

✜♥✐t❛s q✉❡ é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ♦s s✐st❡♠❛s ❈n ✭q✉❡✱ ♣❡❧❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦

❝✐t❛❞❛ ❛❝✐♠❛✱ ❜❛st❛ ♠♦str❛r q✉❡ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s é ✉♠ ♠♦❞❡❧♦ ♣❛r❛

❈1✮✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡✈✐❞♦ à ❝❛r❛❝t❡ríst✐❝❛ ✐♥trí♥s❡❝❛ ❞❛ ♥❡❣❛çã♦ ♥❡ss❛ ❤✐❡r❛r✲

q✉✐❛✱ s❡rá ❞❡♠♦♥str❛❞♦ q✉❡ ♥❡♥❤✉♠ ❞❡ss❡s s✐st❡♠❛s ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

t❛❜❡❧❛s ✜♥✐t❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✹✿ ❙❡❥❛ MC ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✐♥✜♥✐t❛s ❡♠ q✉❡ ♦ ❝♦♥✲

❥✉♥t♦ ❞❡ ✈❛❧♦r❡s✲✈❡r❞❛❞❡ é {1, 2, 3, . . .} ❡ ❡♠ q✉❡ 1 é ♦ ú♥✐❝♦ ✈❛❧♦r ♥ã♦✲❞❡s✐❣♥❛❞♦✳

❙❡❥❛♠ α ❡ β ❢ór♠✉❧❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✳ ❆ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ v é ❞❡✜♥✐❞❛ ❞♦ s❡✲

❣✉✐♥t❡ ♠♦❞♦ ♣❛r❛ ❝❛❞❛ ♦♣❡r❛❞♦r✿

v(α → β) =

{

1 s❡ v(α) 6= 1 ❡ v(β) = 1

2 ❝❛s♦ ❝♦♥trár✐♦

v(α ∧ β) =

{

2 s❡ v(α) 6= 1 ❡ v(β) 6= 1

1 ❝❛s♦ ❝♦♥trár✐♦

v(α ∨ β) =

{

1 s❡ v(α) = 1 ❡ v(β) = 1

2 ❝❛s♦ ❝♦♥trár✐♦

✷✶ ❆ ❞❡♠♦♥str❛çã♦ ❡♠ q✉❡stã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❉❈✻✸❪✳
✷✷ ❊ss❡ r❡s✉❧t❛❞♦ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♣♦r ❆rr✉❞❛ ❡♠ ❬❆rr✼✺❪✳
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v(¬α) =

{

2 s❡ v(α) = 1

v(α)− 1 ❝❛s♦ ❝♦♥trár✐♦

�

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✺✿ MC é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❈1

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♠♦str❛r q✉❡ ♦s ❛①✐♦♠❛s ❞❡ ❈1 r❡❝❡❜❡♠ ❡♠ MC s❡♠✲

♣r❡ ✉♠ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ n > 1 ♣❛r❛ n ♥❛t✉r❛❧ ❡ q✉❡ ❛s r❡❣r❛s ❞❡ ❈1 ♣r❡s❡r✈❛♠

♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳

✭❆①✶✮ p → (q → p)

• s❡ v(p) = 1✱ ❡♥tã♦ v(Ax1) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(q → p) = 2 ❡ v(Ax1) = 2

✭❆①✷✮ (p → q) → ((p → (q → r)) → (p → r))

• s❡ v(p) = 1✱ ❡♥tã♦ v(p → r) = 2✳ ❆ss✐♠✱ v(((p → (q → r)) → (p →

r))) = 2 ❡ ♣♦rt❛♥t♦ v(Ax2) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦

✕ s❡ v(q) = 1✱ ❡♥tã♦ v(p → q) = 1 ❡ v(Ax2) = 2✳

✕ s❡ v(q) 6= 1✱ ❡♥tã♦

∗ s❡ v(r) = 1✱ ❡♥tã♦ v(q → r) = 1 ❡ v(p → (q → r)) = 1✳ ▲♦❣♦✱

v(((p → (q → r)) → (p → r))) = 2 ❡ ♣♦rt❛♥t♦ v(Ax2) = 2✳

∗ s❡ v(r) 6= 1✱ ❡♥tã♦ v(p → r) = 2✳ ❚❡♠♦s ♣♦rt❛♥t♦ q✉❡

v(((p → (q → r)) → (p → r))) = 2 ❡ v(Ax2) = 2✳

✭❆①✸✮ p → (q → (p ∧ q))

• s❡ v(p) = 1✱ ❡♥tã♦ v(Ax3) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦
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✕ s❡ v(q) = 1✱ ❡♥tã♦ v(q → (p ∧ q)) = 2✳ ▲♦❣♦ v(Ax3) = 2✳

✕ s❡ v(q) 6= 1✱ ❡♥tã♦ v(p ∧ q) = 2✳ ▲♦❣♦ v(q → (p ∧ q)) = 2 ❡

v(Ax3) = 2✳

✭❆①✹✮ (p ∧ q) → p

• s❡ v(p) = 1✱ ❡♥tã♦ v(p ∧ q) = 1 ❡ v(Ax4) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(Ax4) = 2✳

✭❆①✺✮ (p ∧ q) → q

• ❛♥á❧♦❣♦ ❛♦ ✭❆①✹✮✳

✭❆①✻✮ p → (p ∨ q)

• s❡ v(p) = 1✱ ❡♥tã♦ v(Ax6) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(p ∨ q) = 2 ❡ v(Ax6) = 2✳

✭❆①✼✮ q → (p ∨ q)

• ❛♥á❧♦❣♦ ❛♦ ✭❆①✻✮✳

✭❆①✽✮ (p → r) → ((q → r) → ((p ∨ q) → r))

• s❡ v(p) = 1✱ ❡♥tã♦

✕ s❡ v(q) = 1✱ ❡♥tã♦ v(p ∨ q) = 1 ❡ ❞❛í v((p ∨ q) → r) = 2✳ ▲♦❣♦✱

v((q → r) → ((p ∨ q) → r)) = 2 ❡ v(Ax8) = 2✳

• s❡ v(q) 6= 1✱ ❡♥tã♦

✕ s❡ v(r) = 1✱ ❡♥tã♦ v(q → r) = 1✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ v((q →

r) → ((p ∨ q) → r)) = 2 ❡ v(Ax8) = 2✳

✕ s❡ v(r) 6= 1✱ ❡♥tã♦ v((p ∨ q) → r) = 2✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡

v((q → r) → ((p ∨ q) → r)) = 2 ❡ v(Ax8) = 2✳

s❡ v(p) 6= 1✱ ❡♥tã♦
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• s❡ v(q) = 1✱ ❡♥tã♦

✕ s❡ v(r) = 1✱ ❡♥tã♦ v(p → r) = 1 ❡ v(Ax8) = 2✳

✕ s❡ v(r) 6= 1✱ ❡♥tã♦ v(q → r) = 1✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ v((q →

r) → ((p ∨ q) → r)) = 2 ❡ v(Ax8) = 2✳

• s❡ v(q) 6= 1✱ ❡♥tã♦

✕ s❡ v(r) = 1✱ ❡♥tã♦ v(q → r) = 1✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ v((q →

r) → ((p ∨ q) → r)) = 2 ❡ v(Ax8) = 2✳

✕ s❡ v(r) 6= 1✱ ❡♥tã♦ v((p ∨ q) → r) = 2✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡

v((q → r) → ((p ∨ q) → r)) = 2 ❡ v(Ax8) = 2✳

✭❆①✶✶✮ p ∨ (p → q)

• s❡ v(p) = 1✱ ❡♥tã♦ v(p → q) = 2 ❡ v(Ax9) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(Ax11) = 2✳

✭❆①✶✷✮ p ∨ ¬p

• s❡ v(p) = 1✱ ❡♥tã♦ v(¬p) = 2 ❡ v(Ax10) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(Ax12) = 2✳

✭❝❢✮ ¬¬p → p

• s❡ v(p) = 1✱ ❡♥tã♦ v(¬p) = 2 ❡ v(¬¬p) = 1✳ P♦rt❛♥t♦ v(cf) = 2

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(cf) = 2✳

✭❜❈✮1 ¬(p ∧ ¬p) → (p → (¬p → q))

• s❡ v(p) = 1✱ ❡♥tã♦ v(p → (¬p → q)) = 2 ❡ v(bC1) = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦

✕ s❡ v(p) = 2✱ ❡♥tã♦ v(¬p) = 1✳ ❉❛í v(¬p → q) = 2✳ ▲♦❣♦

v(p → (¬p → q)) = 2 ❡ ♣♦rt❛♥t♦ v(bC1) = 2✳

✷✽



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✕ s❡ v(p) 6= 2✱ ❡♥tã♦ v(¬p) 6= 1✳ ❆ss✐♠✱ v(p ∧ ¬p) = 2✳ P♦rt❛♥t♦

v(¬(p ∧ ¬p)) = 1 ❡ v(bC1) = 2✳

✭❝❛✶✮1 (¬(p ∧ ¬p) ∧ ¬(q ∧ ¬q)) → ¬((p ∧ q) ∧ ¬(p ∧ q))

• s❡ v(p) = 1✱ ❡♥tã♦ v(p∧q) = 1 ❡ ❛í v((p∧q)∧¬(p∧q)) = 1✳ P♦rt❛♥t♦

v(¬((p ∧ q) ∧ ¬(p ∧ q))) = 2✳ ❡ v(ca1)1 = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦

✕ s❡ v(q) = 1✱ ❡♥tã♦ v(p ∧ q) = 1 ❡ ❛í v((p ∧ q) ∧ ¬(p ∧ q)) = 1✳

P♦rt❛♥t♦ v(¬((p ∧ q) ∧ ¬(p ∧ q))) = 2✳ ❡ v(ca1)1 = 2✳

✕ s❡ v(q) 6= 1✱ ❡♥tã♦ v(p ∧ q) = 2✳ ❆ss✐♠✱ v(¬(p ∧ q)) = 1✳ ▲♦❣♦✱

v((p ∧ q) ∧ ¬(p ∧ q)) = 1✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ v(¬((p ∧ q) ∧

¬(p ∧ q))) = 2✳ ❡ v(ca1)1 = 2✳

• s❡ v(p) 6= 1✱ ❡♥tã♦ v(p ∨ q) = 2 ❡ ♦ r❡st♦ é ✐❞ê♥t✐❝♦ ❛♦ ❝❛s♦ ❡♠ q✉❡

v(q) 6= 1✳

✭❝❛✷✮1 (¬(p ∧ ¬p) ∧ ¬(q ∧ ¬q)) → ¬((p ∨ q) ∧ ¬(p ∨ q))

• s❡ v(p) = 1✱ ❡♥tã♦

✕ s❡ v(q) = 1✱ ❡♥tã♦ v(p∨ q) = 1✳ ❆ss✐♠✱ v((p∨ q)∧¬(p∨ q)) = 1✳

P♦rt❛♥t♦✱ v(¬((p ∨ q) ∧ ¬(p ∨ q))) = 2 ❡ v((ca2)1) = 2✳

✕ s❡ v(q) 6= 1✱ ❡♥tã♦ v(p∨ q) = 2✳ ❆ss✐♠✱ v((p∨ q)∧¬(p∨ q)) = 1✳

P♦rt❛♥t♦✱ v(¬((p ∨ q) ∧ ¬(p ∨ q))) = 2 ❡ v((ca2)1) = 2✳

✭❝❛✸✮1 (¬(p ∧ ¬p) ∧ ¬(q ∧ ¬q)) → ¬((p → q) ∧ ¬(p → q))

• s❡ v(p) = 1✱ ❡♥tã♦ v(p → q) = 2✳ ❉❛í v(¬(p → q)) = 1✳ ▲♦❣♦✱

v((p → q) ∧ ¬(p → q)) = 1✳ ❆ss✐♠✱ v(¬((p → q) ∧ ¬(p → q))) = 2 ❡

♣♦rt❛♥t♦ v((ca3)1) = 2✳

• s❡ v(p) 6= 1

✷✾
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✕ s❡ v(q) = 1✱ ❡♥tã♦ v(p → q) = 1✳ ▲♦❣♦✱ v((p → q) ∧ ¬(p →

q)) = 1✳ ❆ss✐♠✱ v(¬((p → q) ∧ ¬(p → q))) = 2 ❡ ♣♦rt❛♥t♦

v((ca3)1) = 2✳

✕ s❡ v(q) 6= 1✱ ❡♥tã♦ ♦ ❛r❣✉♠❡♥t♦ é ✐❞ê♥t✐❝♦ ❛♦ ❝❛s♦ ❡♠ q✉❡ v(p) =

1✳

✭▼P✮ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ✭▼P✮✱ s❡ v(p) 6= 1 ❡ v(p → q) 6= 1✱ ❡♥tã♦ t❡♠♦s q✉❡

v(p → q) = 2✱ ♦ q✉❡ ♥♦s ❢♦rç❛ ❝♦♥❝❧✉✐r q✉❡ v(q) 6= 1✳ �

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✻✿ ❊♠ ❈n ✭♣❛r❛ 1 ≤ n ≤ ω✮ ❛ r❡❞✉çã♦ ❞❡ ♥❡❣❛çã♦ é ✐♠♣♦ssí✲

✈❡❧✱ ♦✉ s❡❥❛✱ ♦s ❡sq✉❡♠❛s ❛❜❛✐①♦ ♥ã♦ sã♦ ✈á❧✐❞♦s ❡♠ ❣❡r❛❧ ❞❛❞♦s p ❡ k ♥❛t✉r❛✐s ✭❆

♥♦t❛çã♦ ¬nα s✐❣♥✐✜❝❛ q✉❡ ♦ ♦♣❡r❛❞♦r ¬ ❢♦✐ ✐t❡r❛❞♦ n ✈❡③❡s✱ ❡♥q✉❛♥t♦ ✉s❛r❡♠♦s

α ⊣⊢ β ❝♦♠♦ ❛❜r❡✈✐❛çã♦ ❞❡ α ⊢ β ❡ β ⊢ α✮

✭✐✮ α ⊣⊢ ¬kα

✭✐✐✮ ¬2pα ⊣⊢ ¬2kα(p 6= k)

✭✐✐✐✮ ¬2pα ⊣⊢ ¬2k+1α

✭✐✈✮ ¬2p+1α ⊣⊢ ¬2k+1α(p 6= k)

❉❡♠♦♥str❛çã♦✿ P♦r ✉♠ ❧❛❞♦✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✺ ❣❛r❛♥t❡ q✉❡ MC é ✉♠

♠♦❞❡❧♦ ♣❛r❛ ❝❛❞❛ ❈n✱ ✈✐st♦ q✉❡ ❈n ⊂ ❈n−1 ⊆ . . . ⊆ ❈1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ MC

✐♥✈❛❧✐❞❛ ❛s ❡q✉✐✈❛❧ê♥❝✐❛s (i)− (iv)✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ♣❡❧❛ ✜❣✉r❛ ❛❜❛✐①♦✿

✸✵



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

α ¬α ¬2α ¬3α . . . ¬2pα ¬2p+1α

1 2 1 2 . . . 1 2

2 1 2 1 . . . 2 1

3 2 1 2 . . . 1 2

4 3 2 1 . . . 2 1

✳✳✳
✳✳✳

✳✳✳
✳✳✳ · · ·

✳✳✳
✳✳✳

2p+ 1
✳✳✳

✳✳✳
✳✳✳ . . . 1 2

2p+ 2
✳✳✳

✳✳✳
✳✳✳ . . . 2 1

❋✐❣✳ ✶✳✷✿ ❖♣❡r❛❞♦r ¬ ♥♦s ❈✲s✐st❡♠❛s ♣❛r❛ ♠❛tr✐③❡s ✜♥✐t❛s

❖❜s❡r✈❡ q✉❡ ❛ ❧✐♥❤❛ ❞✐❛❣♦♥❛❧ ♠♦str❛ ✉♠❛ ✈❛❧♦r❛çã♦ ❡♠ MC ♣❛r❛ ✉♠ ❝♦♥✲

❥✉♥t♦ ✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ❡♠ q✉❡ ♥❡♥❤✉♠❛ ❞❛s ✐❣✉❛❧❞❛❞❡s ❞♦s ✐t❡♥s (i) − (iv) é ♦

❝❛s♦✳ �

❚❡♦r❡♠❛ ✶✳✷✳✶✼✿ ◆❡♥❤✉♠ ❞♦s s✐st❡♠❛s ❞❛ ❤✐❡r❛q✉✐❛ ❈1✱ . . .✱ ❈n ✭♣❛r❛ n ♥❛✲

t✉r❛❧✮ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ ❧ó❣✐❝❛ ▲ ❡♥tr❡ ❈n ❡ ❈1 q✉❡ é

❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❆ss✐♠✱ ❤❛✈❡r✐❛ ❛❧❣✉♠ t✐♣♦ ❞❡ r❡❞✉çã♦ ❞❛

♥❡❣❛çã♦ ❡♠ ▲ t❛❧ q✉❛❧ ✐♥❞✐❝❛❞♦ ♥♦s ✐t❡♥s (i) − (iv) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✻✱ ♣♦✐s

✸✶



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

♦ ♦♣❡r❛❞♦r ¬ s❡r✐❛ ✈❡r♦✲❢✉♥❝✐♦♥❛❧✳ ▼❛s ✐ss♦ ❝♦♥tr❛r✐❛ ❥✉st❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦

✶✳✷✳✶✻✱ ♦ q✉❡ ♠♦str❛ q✉❡ ▲ ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ �

❘❡❝❡♥t❡♠❡♥t❡ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❈❛♥✐❡❧❧✐✱ ❈♦♥✐❣❧✐♦ ❡ ▼❛r❝♦s ✉♠❛ ❣❡♥❡r❛✲

❧✐③❛çã♦ ❞♦s s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❞❡ ❞❛ ❈♦st❛ ❝♦♠ ❛ ♥♦çã♦ ❞❡ ▲ó❣✐❝❛s ❞❛

■♥❝♦♥s✐stê♥❝✐❛ ❋♦r♠❛❧ ✲ ▲❋■✬s ✭▲♦❣✐❝s ♦❢ ❋♦r♠❛❧ ■♥❝♦♥s✐st❡♥❝②✮✳✷✸ ❙❡❥❛ ©(α)

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ❡♠ q✉❡ α é ❛ ú♥✐❝❛ ❢ór♠✉❧❛ q✉❡ ♦❝♦rr❡ ❡♠ ❝❛❞❛ ❡❧❡✲

♠❡♥t♦ ❞❡ss❡ ❝♦♥❥✉♥t♦✳ ❙❡❥❛ ❛✐♥❞❛ Γ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ❡ α ❡ β ❢ór♠✉❧❛s✳

❯♠❛ ▲❋■ é ✉♠❛ ❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡ ❝♦♠ r❡❧❛çã♦ ❛ ¬ ❡♠ q✉❡ ✈❛❧❡ ♣❛r❛ ❛❧❣✉♠

α ❡ ♣❛r❛ t♦❞♦ β✿

©(α), α,¬α ⊢ β

❆♣❡s❛r ❞❛s ▲❋■✬s s❡r❡♠ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✱ ❡❧❛s

❡♥❣❧♦❜❛♠ t♦❞❛ ❛ ❤✐❡r❛rq✉✐❛ ♣r♦♣♦s✐❝✐♦♥❛❧ ❞❡ ❞❛ ❈♦st❛ ✭❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

s❡✉s ❞❡s❞♦❜r❛♠❡♥t♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✮✳

❱❡r❡♠♦s ❛ s❡❣✉✐r q✉❡ ♠✉✐t❛s ▲❋■✬s ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s

✜♥✐t❛s✳✷✹ ❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ q✉❡ ✈❡r❡♠♦s ❛ ❡ss❡ r❡s♣❡✐t♦ ❞✐③ q✉❡ ♥❡♥❤✉♠❛

▲❋■ ❡♥tr❡ ♠❜❈ ❡ ❈✐❛❡ ♣♦❞❡ t❡r ✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛ ❝♦♠ t❛❜❡❧❛s ✜♥✐t❛s✳

❆ ❧ó❣✐❝❛ ♠❜❈ é ❛①✐♦♠❛t✐③❛❞❛ t❡♥❞♦ ♦ ♦♣❡r❛❞♦r ◦ ❛❝r❡s❝✐❞♦ à ❧✐♥❣✉❛❣❡♠ ❞❡ P❈

❡ ♦ s❡❣✉✐♥t❡ ❛①✐♦♠❛ ♣❛r❛ r❡❣✉❧❛r ♦ ♥♦✈♦ ♦♣❡r❛❞♦r✿

✭❜❈✮ ◦p → (p → (¬p → q))✷✺

❏á ♣❛r❛ ♦❜t❡r ❈✐❛❡ ❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s✿

✭❝❛✶✮ (◦p ∧ ◦q) → ◦(p ∧ q)

✭❝❛✷✮ (◦p ∧ ◦q) → ◦(p ∨ q)

✭❝❛✸✮ (◦p ∧ ◦q) → ◦(p → q)

✷✸ ■♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❬❈▼✵✷❪ ❡ ❛♣r✐♠♦r❛❞♦ ❡♠ ❬❈❈▼✵✼❪✳
✷✹ ❖s t❡♦r❡♠❛s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ❛ s❡❣✉✐r ❢♦r❛♠ r❡t✐r❛❞♦s ❞❡ ❬❈❈▼✵✼❪✳
✷✺ ❖ ❛①✐♦♠❛ ✭❜❝✮ é✱ ♥❛ ✈❡r❞❛❞❡✱✭❜❈✮1✳ ❯s❛♠♦s ✉♠ ♥♦♠❡ ❞✐❢❡r❡♥t❡ ♣❛r❛ ❡♥❢❛t✐③❛r q✉❛♥❞♦ ◦

é ♦♣❡r❛❞♦r ♣r✐♠✐t✐✈♦ ♦✉ ❞❡✜♥✐❞♦✳ ❆ ♠❡s♠❛ ♦❜s❡r✈❛çã♦ ✈❛❧❡ ♣❛r❛ ✭❝❛✶✮✲✭❝❛✸✮ ❝♦♠♦ ✈❡r❡♠♦s
❧♦❣♦ ❛ s❡❣✉✐r✳
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✭❝✐✮ ¬◦p → (p ∧ ¬p)

✭❝❝✮n ◦¬n◦p (n ≥ 0)

✭❝❡✮ p → ¬¬p

❖s ❞♦✐s s✐st❡♠❛s ♠❡♥❝✐♦❛♥❞♦s sã♦ r❡❣✐❞♦s ♣❡❧❛ ❛①✐♦♠át✐❝❛ ❛❜❛✐①♦✿

• mbC = IPC+ ∪ {(Ax11), (Ax12), (bC)}

• Ciae = mbc ∪ {(ca1)− (ca3), (ci), (ce), (cf)}

❖✉tr♦s s✐st❡♠❛s ♣❛r❛❝♦♥s✐st❡♥t❡s ✐♥t❡r♠❡❞✐ár✐♦s ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ♣♦r

♠❡✐♦ ❞❡ss❡s ❛①✐♦♠❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✽✿

• bC = mbC ∪ {(cf)}

• mbCe = mbC ∪ {(ce)}

• bCe = bC ∪ {(ce)}

• mCi = mbC ∪ {(ci), (cc)n}

• Ci = mbC ∪ {(ci), (cf)}

• mCie = mCi ∪ {(ce)}

• Cie = Ci ∪ {(ce)}

• Cia = Ci ∪ {(ca1), (ca2), (ca3)}

• Ciae = Cia ∪ {(ce)} �

P♦r ♠❡✐♦ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✽✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ♦ s❡❣✉✐♥t❡ ❣rá✜❝♦ ❞❡ ✐♥❝❧✉✲

sã♦ ❛ ♣❛rt✐r ❞♦s s✐st❡♠❛s ♣❛r❛❝♦♥s✐st❡♥t❡s ❧✐st❛❞♦s ❛❝✐♠❛✿
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♠❜❈❡

♠❜❈ ❜❈ ❜❈❡

♠❈✐ ❈✐ ❈✐❡

❈✐❛ ❈✐❛❡♠❈✐❡

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ■P❈✱ ❞❡✜♥✐r❡♠♦s ✉♠❛ ❢ór♠✉❧❛ q✉❡ s❡rá ✈á❧✐❞❛ ♣❛r❛

q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s q✉❡ s❡r✐❛♠ ❝♦♠♣❧❡t❛s ❝♦♠ r❡❧❛çã♦ ❛♠❜❈✳

❊♠ s❡❣✉✐❞❛✱ ♠♦str❛r❡♠♦s q✉❡ ❡ss❛ ♠❡s♠❛ ❢ór♠✉❧❛ é ✐♥✈❛❧✐❞❛ ♥✉♠❛ ♠❛tr✐③ ✐♥✜✲

♥✐t❛ q✉❡ é ♠♦❞❡❧♦ ♣❛r❛ ❈✐❛❡✳ ❱✐st♦ q✉❡ mbC ⊆ Ciae✱ ❡♥tã♦ ❛ ♠❛tr✐③ ✐♥✜♥✐t❛

é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ t♦❞♦s ♦s s✐st❡♠❛s ❡♥tr❡ ♠❜❈ ❡ ❈✐❛❡✳ ❆❧é♠ ❞✐ss♦✱ t♦❞❛s ❛s

❡①t❡♥sõ❡s ❞❡ ♠❜❈ q✉❡ ❢♦ss❡♠ ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ✈❛❧✐❞❛r✐❛♠ ❛

❢ór♠✉❧❛ ❡♠ q✉❡stã♦ ❡✱ ♣♦rt❛♥t♦✱ ♠❛tr✐③❡s ✜♥✐t❛s ♥ã♦ ♣♦❞❡♠ s❡r ✉♠❛ s❡♠â♥t✐❝❛

❝♦♠♣❧❡t❛ ♣❛r❛ q✉❛❧q✉❡r ❧ó❣✐❝❛ ❡♥tr❡ ♠❜❈ ❡ ❈✐❛❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✾✿ ❙❡❥❛♠ i, k ❡ m ♥ú♠❡r♦s ♥❛t✉r❛✐s✳ ❖ ❡sq✉❡♠❛ ❞❡ ❢ór♠✉❧❛

∆m é ♦❜t✐❞♦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

∆m ≡def

(

∧m−1
i≥0 δi

)

→ δm

❊♠ q✉❡ δ0 = p ❡♥q✉❛♥t♦ δ1 ≡def ¬(p ∧ ¬p) ❡ δk+1 = ¬(δk ∧ ¬δk)✳ �

❚♦♠❡♠♦s ❝♦♠♦ ❡①❡♠♣❧♦ ♥❛ ❢ór♠✉❧❛ ❛❝✐♠❛ m = 1 ❡ m = 2✳ ❚❡rí❛♠♦s✿

∆1 ≡ p → ¬(p ∧ ¬p)

∆2 ≡ (p ∧ ¬(p ∧ ¬p)) → ¬((p ∧ ¬p) ∧ ¬(p ∧ ¬p))
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Pr♦♣♦s✐çã♦ ✶✳✷✳✷✵✿ ◗✉❛❧q✉❡r ♠❛tr✐③ ✜♥✐t❛ ❞❡ m + 1 ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡

❝❛r❛❝t❡r✐③❛ ♠❜❈ ✈❛❧✐❞❛ ∆m✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ♠❛tr✐③ ❝♦♠ m + 1 ✈❛❧♦r❡s q✉❡

❝❛r❛❝t❡r✐③❛ ♠❜❈✳ ❈♦♠♦ ♥❛ ❢ór♠✉❧❛ ∆m t❡♠♦s m+ 1 ✈❛❧♦r❡s ♣❛r❛ m ✈❛r✐á✈❡✐s✱

❤❛✈❡rá ❞♦✐s ♥❛t✉r❛✐s k ❡ l ❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r ❛tr✐❜✉í❞♦ ❛ δk s❡rá ♦ ♠❡s♠♦ ❛

δl ♣❛r❛ 0 ≤ k < l ≤ m+ 1✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ δ✱ t❡♠♦s q✉❡ δk+1 t❡rá t❛♠❜é♠ ♦

♠❡s♠♦ ✈❛❧♦r ❞❡ δl+1✳ ❆ss✐♠✱ ❛ ❢ór♠✉❧❛ ∆m t❡rá ♦ ♠❡s♠♦ ✈❛❧♦r ❞❡ ✉♠❛ ❢ór♠✉❧❛

❞♦ t✐♣♦✿

(δ0 ∧ . . . ∧ δk ∧ . . . ∧ δl) → δl

P♦r (Ax4) ❡ ❯❙ s❛❜❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❛❝✐♠❛ é ✉♠ t❡♦r❡♠❛ ❞❡ ♠❜❈ ❡✱ ♣♦r✲

t❛♥t♦✱ s❡rá ✈á❧✐❞❛ ♥✉♠❛ ♠❛tr✐③ ✜♥✐t❛ q✉❡ ❝❛r❛❝t❡r✐③❡ ♠❜❈✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✷✶✿ ❙❡❥❛ M∆
n ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n ♠❛tr✐③❡s ✐♥✜♥✐t❛s ❡♠ q✉❡ ♦

❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s✲✈❡r❞❛❞❡ é {0, 1, 2, 3, . . . , ω, } ❡ ❡♠ q✉❡ é ω ♦ ú♥✐❝♦ ✈❛❧♦r

♥ã♦✲❞❡s✐❣♥❛❞♦✳ ❙❡❥❛♠ α ❡ β ❢ór♠✉❧❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✳ ❆ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ v

é ❝❛❧❝✉❧❛❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦ ♣❛r❛ ❝❛❞❛ ♦♣❡r❛❞♦r✿

v(α ∧ β) =

{

0 s❡ v(α) = n ❡ v(β) = n+ 1

max(v(α), v(β)) ❝❛s♦ ❝♦♥trár✐♦

v(α ∨ β) = min(v(α), v(β))

v(α → β) =























ω s❡ v(α) ∈ N ❡ v(β) = ω

v(β) s❡ v(α) = ω ❡ v(β) ∈ N

0 s❡ v(α) = v(β) = ω

max(v(α), v(β)) ❝❛s♦ ❝♦♥trár✐♦

v(¬α) =











ω s❡ v(α) = 0

0 s❡ v(α) = ω

v(α) + 1 ❝❛s♦ ❝♦♥trár✐♦

v(◦α) =

{

0 s❡ v(α) ∈ {0, ω}

ω ❝❛s♦ ❝♦♥trár✐♦
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�

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✷✿ M∆
n é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❈✐❛❡

❉❡♠♦♥str❛çã♦✿

✭❆①✶✮ p → (q → p)

• s❡ v(p) ∈ N ❡ v(q) ∈ N✱ ❡♥tã♦ v(q → p) = max(v(p), v(q)) ❡ ❡♥✲

tã♦ v(q → p) ∈ N✳ ▲♦❣♦✱ v(Ax1) = max(v(p),max(v(p), v(q))) =

max(v(p), v(q)) ❡ ♣♦rt❛♥t♦ v(Ax1) ∈ N✳

• s❡ v(p) ∈ N ❡ v(q) = ω✱ ❡♥tã♦ v(q → p) ∈ N ❡ v(Ax1) = max(v(p), v(q →

p))✳ P♦rt❛♥t♦ v(Ax1) ∈ N✳

• s❡ v(p) = ω ❡ v(q) ∈ N✱ ❡♥tã♦ v(q → p) = ω ❡ ♣♦rt❛♥t♦ v(Ax1) = 0✳

• s❡ v(p) = ω ❡ v(q) = ω✱ ❡♥tã♦ v(q → p) = 0 ❡ ♣♦rt❛♥t♦ v(Ax1) = 0✳

✭❆①✷✮ (p → q) → ((p → (q → r)) → (p → r))

• s❡ v(p), v(q), v(r) ∈ N✱ ❡♥tã♦ v(p → q) = max(v(p), v(q)) ❡ ❛✐♥❞❛

v(p → q) ∈ N✳ ❉♦ ♠❡s♠♦ ♠♦❞♦ v(q → r) = max(v(q), v(r)) ❡

v(p → (q → r)) = max(v(p),max(v(q), v(r))) = max(v(p), v(q), v(r))

❡ v(p → (q → r)) ∈ N✳ ▼❛s v(p → r) = max(v(p), v(r)) ❡ v(p →

r) ∈ N✳ ❉❛í✱ v(Ax2) = max(max(v(p), v(q)),max(v(p), v(q), v(r))) =

max(v(p), v(q), v(r)) ❡ ♣♦rt❛♥t♦ v(Ax2) ∈ N✳

• s❡ v(p), v(q) ∈ N ❡ v(r) = ω✱ ❡♥tã♦ v(p → q) = max(v(p), v(q)) ❡

v(p → q) ∈ N✳ ❏á v(q → r) = v(p → r) = ω✳ ❉❛í✱ s❡ s❡❣✉❡ q✉❡ v(p →

(q → r)) = ω ❡ v((p → (q → r)) → (p → q)) = 0✳ ❆ss✐♠✱ v(Ax2) =

max(max(v(p), v(q)), 0) = max(v(p), v(q)) ❡ ♣♦rt❛♥t♦ v(Ax2) ∈ N.

• s❡ v(p), v(r) ∈ N ❡ v(q) = ω✱ ❡♥tã♦ v(p → q) = ω✳ ❆❧é♠ ❞✐ss♦✱

v(p → r) = max(v(p), v(r)) ❡ v(p → r) ∈ N✳ ❈♦♠♦ v(q → r) =

✸✻
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v(r) ❡♥tã♦ v(p → (q → r)) = v(p → r) = max(v(p), v(r))✳ ❆ss✐♠

v((p → (q → r)) → (p → r)) = v((p → r) → (p → r)) = v(p → r) =

max(v(p), v(r))✳ P♦rt❛♥t♦ v(Ax2) = max(v(p), v(r)) ❡ v(Ax2) ∈ N✳

• s❡ v(p) ∈ N ❡ v(q) = v(r) = ω✱ ❡♥tã♦ v(p → q) = ω ❡ t❛♠❜é♠

v(p → r) = ω✳ ❆❧é♠ ❞✐ss♦✱ v(q → r) = 0✳ ❉❛í v(p → (q →

r)) = max(v(p), 0) = v(p) ❡ ❡♥tã♦ v(p → (q → r)) ∈ N✳ ❆ss✐♠✱

v((p → (q → r)) → (p → r)) = ω ❡ ♣♦rt❛♥t♦ v(Ax2) = 0

• s❡ v(p) = ω ❡ v(q), v(r) ∈ N✱ ❡♥tã♦ v(p → q) = v(q) ❡ ❛✐♥❞❛ v(p →

r) = v(r) ❡ ♣♦rt❛♥t♦ v(p → q), v(p → r) ∈ N✳ ❆❧é♠ ❞✐ss♦✱ v(q → r) =

max(v(q), v(r)) ❡ ❧♦❣♦ v(q → r) ∈ N✳ ❊♥tã♦ v(p → (q → r)) = v(q →

r) ❡ ❛ss✐♠ v(p → (q → r)) ∈ N✳ ▲♦❣♦✱ v((p → (q → r)) → (p → r)) =

max(v(p → (q → r)), v(r)) ❡ ❞❛í v((p → (q → r)) → (p → r)) ∈ N✳

P♦rt❛♥t♦✱ v(Ax2) = max(v(q), v((p → (q → r)) → (p → r))) ❡

v(Ax2) ∈ N.

• s❡ v(p) = v(r) = ω ❡ v(q) ∈ N✱ ❡♥tã♦ v(p → q) = v(q) ❡ t❛♠❜é♠

v(p → q) ∈ N✳ ❆❧é♠ ❞✐ss♦✱ v(p → r) = 0 ❡ v(q → r) = ω✳ ❆ss✐♠✱

v(p → (q → r)) = 0 ❡ v((p → (q → r)) → (p → r)) = max(0, 0) = 0✳

P♦rt❛♥t♦✱ v(Ax2) = max(v(q), 0) = v(q) ❡ v(Ax2) ∈ N✳

• s❡ v(p) = v(q) = ω ❡ v(r) ∈ N✳ ❡♥tã♦ v(p → q) = 0 ❡ v(p → q) ∈ N✳

❆❧é♠ ❞✐ss♦✱ v(q → r) = v(r) ❡ v(q → r) ∈ N✳ ▲♦❣♦✱ v(p → (q → r)) =

v(p → r) = v(r)✳ ❆ss✐♠✱ v((p → (q → r)) → (p → r)) = v(r → r) =

v(r)✳ P♦rt❛♥t♦✱ v(Ax2) = v((p → q) → r) = max(0, v(r)) = v(r) ❡

v(Ax2) ∈ N✳

• s❡ v(p) = v(q) = v(r) = ω✱ ❡♥tã♦ v(p → q) = v(q → r) = v(p → r) =

0✳ ❆❧é♠ ❞✐ss♦✱ v(p → (q → r)) = 0 ❡ v((p → (q → r)) → (p → r)) =

max(0, 0) = 0✳ P♦rt❛♥t♦✱ v(Ax2) = max(0, 0) = 0✳

✭❆①✸✮ p → (q → (p ∧ q))
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• s❡ v(p) ∈ N ❡ v(q) ∈ N

✕ s❡ ❡♠ M∆
n t❡♠♦s v(p) = n ❡ v(q) = n + 1✱ ❡♥tã♦ v(p ∧ q) = 0

❡ v(q → (p ∧ q)) = max(v(q), 0) = v(q)✳ ❆ss✐♠✱ t❡♠♦s q✉❡

v(Ax3) = max(v(p), v(q)) = max(v(p), v(p) + 1) = v(p) + 1✳

P♦rt❛♥t♦✱ v(Ax3) ∈ N✳

✕ ❝❛s♦ ❝♦♥trár✐♦ v(p∧q) = max(v(p), v(q))✳ ❆ss✐♠✱ v(q → (p∧q)) =

max(v(q),max(v(p), v(q))) = max(v(p), v(q))✳ P♦rt❛♥t♦✱ t❡♠♦s

q✉❡ v(Ax3) = max(v(p),max(v(p), v(q))) = max(v(p), v(q)) ❡

s❛❜❡♠♦s ❡♥tã♦ q✉❡ v(Ax3) ∈ N✳

• s❡ v(p) ∈ N ❡ v(q) = ω✱ ❡♥tã♦ v(p ∧ q) = ω✳ ❆ss✐♠✱ t❡♠♦s q✉❡

v(q → (p ∧ q)) = 0✳ P♦rt❛♥t♦✱ v(Ax3) = max(v(p), 0) = v(p) ❡

v(Ax3) ∈ N✳

• s❡ v(p) = ω ❡ v(q) ∈ N✱ ❡♥tã♦ v(p∧q) = ω✳ ❆ss✐♠ v(q → (p∧q)) = ω✳

P♦rt❛♥t♦✱ v(Ax3) = 0✳

• s❡ v(p) = v(q) = ω✱ ❡♥tã♦ v(p ∧ q) = max(ω, ω) = ω✳ ❆ss✐♠✱ v(q →

(p ∧ q)) = 0✳ P♦rt❛♥t♦ v(Ax3) = 0✳

✭❆①✹✮ (p ∧ q) → p

• s❡ v(p) ∈ N ❡ v(q) ∈ N ❡♥tã♦

✕ s❡ ❡♠ M∆
n t❡♠♦s v(p) = n ❡ v(q) = n + 1✱ ❡♥tã♦ v(p ∧ q) = 0 ❡

v(Ax4) = max(0, v(p)) = v(p)✳ P♦rt❛♥t♦ v(Ax) ∈ N✳

✕ ❝❛s♦ ❝♦♥trár✐♦ v(p ∧ q) = max(v(p), v(q))✳ ❆ss✐♠✱ t❡♠♣♦s q✉❡

v(Ax4) = max(v(p),max(v(p), v(q))) = max(v(p), v(q))✳ P♦r✲

t❛♥t♦✱ v(Ax4) ∈ N✳

• s❡ v(p) ∈ N ❡ v(q) = ω ❡♥tã♦ v(p ∧ q) = max(v(p), ω) = ω✳ ❆ss✐♠✱

v(Ax3) = v(p) ❡ ♣♦rt❛♥t♦ v(Ax3) ∈ N✳

✸✽
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• s❡ v(p) = ω ❡ v(q) ∈ N ❡♥tã♦ v(p ∧ q) = max(ω, v(q)) = ω✳ P♦rt❛♥t♦

v(Ax3) = 0 ❡ v(Ax3) ∈ N✳

• s❡ v(p) = v(q) = ω✱ ❡♥tã♦ v(p ∧ q) = max(ω, ω) = ω✳ P♦rt❛♥t♦

v(Ax3) = 0 ❡ v(Ax3) ∈ N✳

✭❆①✺✮ (p ∧ q) → q

• ❆♥á❧♦❣♦ ❛♦ (Ax4)✱ s✉❜st✐t✉✐♥❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ p ♣♦r q✳

✭❆①✻✮ p → (p ∨ q)

• s❡ v(p) ∈ N ❡ v(q) ∈ N ❡♥tã♦ v(p ∨ q) = min(v(p), v(q))✳ ❆ss✐♠✱

v(Ax6) = max(v(p),min(v(p), v(q))) = v(p)✳ ▲♦❣♦ v(Ax6) ∈ N

• s❡ v(p) ∈ N ❡ v(q) = ω✱ ❡♥tã♦ v(p ∨ q) = min(v(p), ω) = v(p)✳

P♦rt❛♥t♦ v(Ax6) = max(v(p), v(p)) = v(p) ❡ v(Ax6) ∈ N

• s❡ v(p) = ω ❡ v(q) ∈ N ❡♥tã♦ v(p∨q) = min(ω, v(q)) = v(q)✳ P♦rt❛♥t♦

v(Ax6) = v(q) ❡ v(Ax6) ∈ N✳

• s❡ v(p) = v(q) = ω✱ ❡♥tã♦ v(p ∨ q) = min(ω, ω) = ω✳ P♦rt❛♥t♦

v(Ax6) = 0 ❡ v(Ax6) ∈ N✳

✭❆①✼✮ q → (p ∨ q)

• ❆♥á❧♦❣♦ ❛♦ (Ax6)✱ s✉❜st✐t✉✐♥❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ p ♣♦r q✳

✭❆①✽✮ (p → r) → ((q → r) → ((p ∨ q) → r))

• s❡ v(p), v(q), v(r) ∈ N✱ ❡♥tã♦ v(p → r) = max(v(p), v(r)) ❡ t❛♠❜é♠

v(q → r) = max(v(q), v(r))✳ ❆❧é♠ ❞✐ss♦✱ v(p ∨ q) = min(v(p), v(q))

❡ v((p ∨ q) → r) = max(min(v(p), v(q)), v(r))✳ ❆ss✐♠✱ v((q → r) →

((p ∨ q) → r)) = max(v(q → r), v((p ∨ q) → r)) ❡ ❧♦❣♦ v((q → r) →

((p ∨ q) → r)) ∈ N✳ P♦rt❛♥t♦ v(Ax8) ∈ N✳

✸✾
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• s❡ v(p), v(q) ∈ N ❡ v(r) = ω✱ ❡♥tã♦ v(p → r) = ω ❡ ❛í v((p ∨ q) →

r) = max(v(p∨q), ω) = ω✳ ▼❛s t❡♠♦s t❛♠❜é♠ v(q → r) = ω ❡ ❡♥tã♦

v(q → r) → ((p ∨ q) → r)) = 0✳ P♦rt❛♥t♦ v(Ax8) = 0 ✳

• s❡ v(p), v(r) ∈ N ❡ v(q) = ω ❡♥tã♦ v(p → r) = max(v(p), v(r)) ❡

v(q → r) = v(r)✳ ❆❧é♠ ❞✐ss♦✱ v(p ∨ q) = min(v(p), v(q)) = v(p) ❡

❡♥tã♦ v((p ∨ q) → r) = max(v(p), v(r))✳ ▲♦❣♦✱ v((q → r) → ((p ∨

q) → r)) = max(v(r),max(v(p), v(r)) = max(v(p), v(r))✳ P♦rt❛♥t♦

v(Ax8) = max(max(v(p), v(r)),max(v(p), v(r))) ♦✉ s❡❥❛ v(Ax8) =

max(v(p), v(r)) ❡ v(Ax8) ∈ N✳

• s❡ v(p) ∈ N ❡ v(q) = v(r) = ω ❡♥tã♦ v(p → r) = ω ❡ v(q → r) = 0✳

❉❛í✱ t❡♠♦s q✉❡ v(p ∨ q) = min(v(p), ω) = v(p) ❡ ❡♥tã♦ v((p ∨ q) →

r) = ω✳ ▲♦❣♦✱ v((q → r) → ((p ∨ q) → r)) = ω ❡ ❡♥tã♦ v(Ax8) = 0✳

• s❡ v(p) = ω ❡ v(q), v(r) ∈ N ❡♥tã♦ v(p → r) = v(r) ❡ v(q → r) =

max(v(q), v(r))✳ ❆ss✐♠✱ v(p ∨ q) = min(v(p), v(q)) = v(q) ❡ ❡♥tã♦

v((p ∨ q) → r) = max(v(q), v(r)) = v(r)✳ ▲♦❣♦✱ v((q → r) → (p ∨

q) → r)) = v((q → r) → (q → r) = max(v(q), v(r))✳ P♦rt❛♥t♦

v(Ax8) = max(v(r),max(v(q), v(r)) = max(v(q), v(r)) ❡ v(Ax8) ∈ N✳

• s❡ v(p) = v(r) = ω ❡ v(q) ∈ N✱ ❡♥tã♦ v(p → r) = 0 ❡ v(q → r) = ω✳

❆❧é♠ ❞✐ss♦✱ v(p ∨ q) = min(v(p), v(q)) = v(q) ❡ ❡♥tã♦ v((p ∨ q) →

r) = v(q → r) = ω✳ ▲♦❣♦✱ v((q → r) → ((p ∨ q) → r)) = 0 ❡

v(Ax8) = max(0, 0) = 0✳

• s❡ v(p) = v(q) = ω ❡ v(r) ∈ N ❡♥tã♦ v(p → r) = v(r) ❡ v(q → r) =

v(r)✳ ❆❧é♠ ❞✐ss♦✱ v(p ∨ q) = min(ω, ω) = ω ❡ ❡♥tã♦ v((p ∨ q) → r) =

v(r)✳ ▲♦❣♦ v((q → r) → ((p ∨ q) → r)) = max(v(r), v(r)) = v(r)✳

P♦rt❛♥t♦ v(Ax8) = max(v(r), v(r)) = v(r) ❡ v(Ax8) ∈ N✳

• s❡ v(p) = v(q) = v(r) = ω ✱ ❡♥tã♦ v(p → r) = 0 ❡ v(q → r) = 0✳

❆❧é♠ ❞✐ss♦✱ v(p ∨ q) = min(ω, ω) = ω ❡ v((p ∨ q) → r) = 0✳ ▲♦❣♦

✹✵
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v((q → r) → ((p ∨ q) → r)) = max(0, 0) = 0✳ P♦rt❛♥t♦ v(Ax8) =

max(0, 0) = 0✳

✭❆①✶✶✮ p ∨ (p → q)

• s❡ v(p), v(q) ∈ N ❡♥tã♦ v(p → q) = max(v(p), v(q))✳ ❉❛í v(Ax10) =

min(v(p),max(v(p), v(q))) = v(p) ❡ ♣♦rt❛♥t♦ v(Ax10) ∈ N✳

• s❡ v(p) ∈ N ❡ v(q) = ω ❡♥tã♦ v(p → q) = ω✳ ❉❛í v(Ax10) =

min(v(p), ω) = v(p) ❡ ♣♦rt❛♥t♦ v(Ax10) ∈ N✳

• s❡ v(p) = ω ❡ v(q) ∈ N ❡♥tã♦ v(p → q) = v(q)✳ ❉❛í v(Ax10) =

min(v(p), v(p → q)) = v(q). P♦rt❛♥t♦ v(Ax10) ∈ N

• s❡ v(p) = ω ❡ v(q) = ω ❡♥tã♦ v(p → q) = 0 ❡ v(Ax10) = min(ω, 0) =

0✳

✭❆①✶✷✮ p ∨ ¬p

• s❡ v(p) = ω✱ ❡♥tã♦ v(¬p) = 0✳ P♦rt❛♥t♦ v(Ax10) = min(ω, 0) = 0✳

• s❡ v(p) = 0✱ ❡♥tã♦ v(¬p) = ω✳ P♦rt❛♥t♦ v(Ax10) = min(0, ω) = 0✳

• s❡ v(p) 6= 0 ❡ v(p) 6= ω ❡♥tã♦ v(¬p) = v(p) + 1✳ P♦rt❛♥t♦ v(Ax10) =

min(v(p), v(p) + 1) = v(p) ❡ v(Ax10) ∈ N✳

✭❜❈✶✮ ◦p → (p → (¬p → q))

• s❡ v(p), v(q) ∈ N✱ ❡♥tã♦

✕ s❡ v(p) = 0✱ ❡♥tã♦ v(◦p) = 0 ❡ v(¬p) = ω✳ ❆ss✐♠ v(¬p → q) =

v(q)✳ ▲♦❣♦✱ v(p → (¬p → q)) = max(0, v(q)) = v(q)✳ P♦rt❛♥t♦✱

v(bC1) = max(0, v(q)) = v(q) ❡ v(bC1) ∈ N✳

✕ s❡ v(p) 6= 0✱ ❡♥tã♦ v(◦p) = ω ❡ v(¬p) = v(p) + 1✳ ❆ss✐♠✱

v(¬p → q) = max(v(p) + 1, v(q)) ❡ ❡♥tã♦ v(p → (¬p → q)) =

max(v(p),max(v(p) + 1, v(q))) = max(v(p) + 1, v(q))✳ P♦rt❛♥t♦

v(bC1) = max(v(p) + 1, v(q)) ❡ v(bC1) ∈ N✳

✹✶
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• s❡ v(p) ∈ N ❡ v(q) = ω✱ ❡♥tã♦

✕ s❡ v(p) = 0✱ ❡♥tã♦ v(◦p) = 0 ❡ v(¬p) = ω✳ ❆ss✐♠✱ v(¬p →

q) = 0 ❡ v(p → (¬p → q)) = max(0, 0) = 0✳ P♦rt❛♥t♦ v(bC1) =

max(0, 0) = 0 ❡ v(bC1) ∈ N✳

✕ s❡ v(p) 6= 0✱ ❡♥tã♦ v(◦p) = ω ❡ v(¬p) = v(p)+ 1✳ ❆ss✐♠✱ v(¬p →

q) = ω ❡ v(p → (¬p → q)) = ω✳ ▲♦❣♦ v(bC1) = 0✳

• s❡ v(p) = ω ❡ v(q) ∈ N✱ ❡♥tã♦ v(◦p) = 0✱ v(¬p) = 0 ❡ v(¬p → q) =

max(0, v(q)) = v(q)✳ ❆ss✐♠✱ v(p → (¬p → q)) = v(q)✳ P♦rt❛♥t♦

v(bc1) = max(0, v(q)) = v(q) ❡ v(bc1) ∈ N✳

• s❡ v(p) = v(q) = ω✱ ❡♥tã♦ v(◦p) = 0 ❡ v(¬p) = 0✳ ❆ss✐♠✱ v(¬p →

q) = ω ❡ v(p → (¬p → q)) = 0 ✳ P♦rt❛♥t♦ v(bc1) = max(0, 0) = 0✳

✭❝❛✶✮ (◦p ∧ ◦q) → ◦(p ∧ q)

• s❡ v(p), v(q) ∈ {0, ω}✱ ❡♥tã♦ v(◦p) = v(◦q) = 0✳ ❆ss✐♠ t❡♠♦s v(◦p ∧

◦q) = max(0, 0) = 0 ❡♥q✉❛♥t♦ v(p∧ q) = max(v(p), v(q)) ❡ v(p∧ q) ∈

{0, ω}✳ ▲♦❣♦✱ v(◦(p ∧ q)) = 0✳ P♦rt❛♥t♦ v(ca1) = max(0, 0) = 0 ❡

v(ca2) ∈ N✳

• s❡ v(p) /∈ {0, ω} ♦✉ v(q) /∈ {0, ω} ❡♥tã♦ v(◦p) = ω ♦✉ v(◦q) = ω✳

❆ss✐♠✱ v(◦p ∧ ◦q)) = max(v(◦p), v(◦q)) = ω✳

✕ s❡ v(◦(p ∧ q)) ∈ N✱ ❡♥tã♦ v(ca1) ∈ N✳

✕ s❡ v(◦(p ∧ q)) = ω✱ ❡♥tã♦ v(ca1) = 0✳

✭❝❛✷✮ (◦p ∧ ◦q) → ◦(p ∨ q)

• s❡ v(p), v(q) ∈ {0, ω}✱ ❡♥tã♦ v(◦p) = v(◦q) = 0✳ ❆ss✐♠ t❡♠♦s v(◦p ∧

◦q) = max(0, 0) = 0 ❡♥q✉❛♥t♦ v(p∨ q) = min(v(p), v(q)) ❡ v(p∨ q) ∈

{0, ω}✳ ▲♦❣♦✱ v(◦(p ∨ q)) = 0✳ P♦rt❛♥t♦ v(ca1) = max(0, 0) = 0✳

• s❡ v(p) /∈ {0, ω} ♦✉ v(q) /∈ {0, ω} ❡♥tã♦ ♦ ❛r❣✉♠❡♥t♦ é ❛♥á❧♦❣♦ ❛♦

❝❛s♦ (ca1)✱ s✉❜st✐t✉✐♥❞♦ v(◦(p ∧ q)) ♣♦r v(◦(p ∨ q))✳

✹✷
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✭❝❛✸✮ (◦p ∧ ◦q) → ◦(p → q)

• ❛♥á❧❛♦❣♦ ❛♦ ❝❛s♦ (ca2)✱ s✉❜st✐t✉✐♥❞♦ v(◦(p ∨ q)) ♣♦r v(◦(p → q))✳

✭❝✐✮ ¬◦p → (p ∧ ¬p)

• s❡ v(p) ∈ {0, ω}✱ ❡♥tã♦ v(◦p) = 0✱ v(¬◦p) = ω ❡ v(¬p) ∈ {0, ω}✳ ▼❛s

v(p ∧ ¬p) = max(v(p), v(¬p)) = ω ❡ ♣♦rt❛♥t♦ v(ci) = 0✳

• s❡ v(p) /∈ {0, ω}✱ ❡♥tã♦ v(◦p) = ω✱ v(¬◦p) = 0 ❡ v(¬p) = v(p) + 1✳

❆ss✐♠✱ v(p∧¬p) = max(v(p), v(p) + 1) = v(p) + 1✳ P♦rt❛♥t♦ v(ci) =

max(0, v(p) + 1) = v(p) + 1 ❡ v(ci) ∈ N✳

✭❝❢✮ ¬¬p → p

• s❡ v(p) = 0✱ ❡♥tã♦ v(¬p) = ω ❡ v(¬¬p) = 0✳ P♦rt❛♥t♦ v(cf) =

max(0, 0) = 0

• s❡ v(p) = ω✱ ❡♥tã♦ v(¬p) = 0 ❡ v(¬¬p) = ω✳ P♦rt❛♥t♦ v(cf) = 0✳

• s❡ v(p) = n ✭♣❛r❛ 0 < n < ω✮ ❡♥tã♦ v(¬p) = n+1 ❡ v(¬¬p) = n+2✳

❆í v(cf) = max(n+ 2, n) = n+ 2 ❡ ♣♦rt❛♥t♦ v(cf) ∈ N✳

✭❝❡✮ p → ¬¬p

• ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ ❛ (cf)✳

✭▼P✮ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ (MP ) s❡ v(p) = 6= ω ❡ v(p → q) 6= ω✱ ❡♥tã♦ v(p → q) =

max(v(p)), v(q)) ❞❛í ♥❡❝❡ss❛r✐❛♠❡♥t❡ v(q) 6= ω✳ �

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✸✿ ❊①✐st❡ ✉♠❛ ✈❛❧♦r❛çã♦ ❞❡ M∆
2m+1 q✉❡ ♥ã♦ ✈❛❧✐❞❛ ∆m

❉❡♠♦♥str❛çã♦ ✿ ❈♦♥s✐❞❡r❡ ♥❛ ❢ór♠✉❧❛ ∆m ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✾ ❛ ✈❛❧♦r❛çã♦ ❡♠

q✉❡ v(p) = 1 ❡♠ M∆
2m+1✳ Pr♦✈❛r❡♠♦s ♣♦r ✐♥❞✉çã♦ q✉❡ v(∆m) = ω✳

• ❝❛s♦ m = 1
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✕ t❡♠♦s ❡♠ M∆
3 q✉❡ v(¬p) = 2✱ v(p ∧ ¬p) = 2 ❡ v(δ0) = v(¬(p ∧

¬p) = 3✳ ▼❛s v(¬δ0) = 4 ❡ v(δ0 ∧ ¬δ0) = 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

v(δ1) = ¬(δ0 ∧ ¬δ0) = ω ❡ ♣♦rt❛♥t♦ v(∆1) = v(δ0) → v(δ1) = ω.

• ❝❛s♦ m = k

✕ s✉♣♦♥❤❛ q✉❡ v(∆k) = ω✳ ❚❡♠♦s q✉❡ ♣r♦✈❛r q✉❡ v(∆k+1) = ω✳ P❛r❛

✐ss♦✱ ♣r♦✈❛r❡♠♦s q✉❡ v(δi) = 2(i+ 1) + 1 ♣❛r❛ 0 ≤ i ≤ k − 1

∗ ❝❛s♦ i = 0

· v(δ0) = max(1, 1 + 1) + 1 = 2 + 1 = 2.(0 + 1) + 1

∗ ❝❛s♦ i = l✳

· s✉♣♦♥❤❛ q✉❡ v(δl) = 2(l+1)+1✳ ❆ss✐♠✱ v(δl+1) = max(2(l+

1) + 1, 2(l + 1) + 2) + 1 = 2(l + 2) + 1✳

▲♦❣♦✱ v(δi) = 2(i+ 1) + 1✳

❆ss✐♠✱ t❡♠♦s q✉❡✿

v(∆k) = v(δ0 . . .∧. . . δk−1) = max(2.(0+1), . . . , 2((k−1)+1)+1) = 2k+1

❉❡ss❡ ♠♦❞♦✱ v(δk−1 ∧ ¬δk−1) = 0✳ ❆ss✐♠✱ v(δk) = ω ❡ ♣♦rt❛♥t♦ v(∆k) =

v(δk−1 → δk) = ω✳ �

❚❡♦r❡♠❛ ✶✳✷✳✷✹✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ❡♥tr❡ ♠❜❈ ❡ ❈✐❛❡ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✷✱ s✉❜st✐t✉✐♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✽

♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✵✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✵ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✷✱ ❛ Pr♦♣♦s✐çã♦

✶✳✷✳✶✶ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✸ ❡ ❛ ❢ór♠✉❧❛ Gn ♣❡❧❛ ❢ór♠✉❧❛ ∆m✳ �

◆❡♠ t♦❞❛s ❛s ▲❋■✬s ❡stã♦ ❡♥tr❡ ♠❜❈ ❡ ❈✐❛❡✳ ❈♦♥s✐❞❡r❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦

s❡❣✉✐♥t❡ ❛①✐♦♠❛✿

✹✹



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❝❧✮ ¬(p ∧ ¬p) → ◦p

❚❛❧ ❛①✐♦♠❛ ♥ã♦ ✈❛❧❡ ❡♠ ♥❡♥❤✉♠ ❞♦s s✐st❡♠❛s ❛♣r❡s❡♥t❛❞♦s ❛❝✐♠❛✳ ❉❡ ❢❛t♦✱

s❡ t♦♠❛r♠♦s ♥❛ ♠❛tr✐③ M∆
n ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✷✶ ❛ ✈❛❧♦r❛çã♦ v(p) = 1✱ ❡♥tã♦

t❡r❡♠♦s v(¬p) = 2 ❡ v(p ∧ ¬p) = 2✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ v(¬(p ∧ ¬p)) = 3✳ P♦r

♦✉tr♦ ❧❛❞♦✱ v(◦p) = ω ❡ ♣♦rt❛♥t♦ v(cl) = ω✳ ❚❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ (cl) ♥ã♦ é

t❡♦r❡♠❛ ❡♠ ❈✐❛❡ ❡ ❡♠ ♥❡♥❤✉♠ ❞❡ s❡✉s s✉❜s✐st❡♠❛s✳

❱✐st♦ ♥ã♦ s❡r ✉♠ t❡♦r❡♠❛ ❞❡ ♥❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡ ♠❜❈ ❡ ❈✐❛❡✱ ♣♦r ♠❡✐♦

❞❡ (cl) ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ♥♦✈❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❋■✬s✿

• Cl− = IPC+ ∪ {((bC), (cl), }

• Cl = Cl− ∪ {(Ax11), (Ax12), (cf)}

• Cil = Ci ∪ {(cl)}

• Cila = Cil ∪ {(ca1)− (ca3)}

• Cilae = Cila ∪ {(ce)}

P❛r❛ s❡ t❡r ✐❞❡✐❛ ❞❛ r❡❧❛çã♦ ❡♥tr❡ ❡ss❡s s✐st❡♠❛s ❡ ❛s ▲❋■✬s ❛♥t❡r✐♦r❡s✱ ❛♣r❡✲

s❡♥t❛♠♦s ♦ s❡❣✉✐♥t❡ ❣rá✜❝♦ ❞❡ ✐♥❝❧✉sã♦✿

❈❧− ❈❧ ❈✐❧ ❈✐❧❛ ❈✐❧❛❡

♠❜❈ ❈✐ ❈✐❛ ❈✐❛❡

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡✷✻ ♠♦str❛ q✉❡ ♥❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡

❈❧− ❡ ❈✐❧❛❡ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r t❛❜❡❧❛s ✜♥✐t❛s✱ ❢❡❝❤❛♥❞♦ ❞❡ss❡ ♠♦❞♦

❛♠❜♦s ♦s ❣rá✜❝♦s ❞❡ ✐♥❝❧✉sã♦✳ ❖❜t❡r❡♠♦s ❛ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❡✐♦ ❞❛ ♠❡s♠❛

❡str❛té❣✐❛ ✉s❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✿ ❞❡✜♥❡✲s❡ ✉♠ ❡sq✉❡♠❛ ❞❡ ❢ór♠✉❧❛ q✉❡ é t❡♦r❡♠❛
✷✻ ❚❛♠❜é♠ r❡t✐r❛❞♦ ❞❡ ❬❈❈▼✵✼❪✳

✹✺



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❡♠ q✉❛❧q✉❡r ♠❛tr✐③ q✉❡ ❝❛r❛❝t❡r✐③❛ ❈❧−✱ ❡♠ s❡❣✉✐❞❛ ❛♣r❡s❡♥t❛✲s❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ♠❛tr✐③❡s q✉❡ é ✉♠ ♠♦❞❡❧♦ ♣❛r❛❈✐❧❛❡ ❡ ✉♠❛ ✈❛❧♦r❛çã♦ q✉❡ ✐♥✈❛❧✐❞❛ ♦ ❡sq✉❡♠❛

❞❡ ❢ór♠✉❧❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✺✿ ❙❡❥❛♠ i, j ❡ m ♥ú♠❡r♦s ♥❛t✉r❛✐s✳ ❖ ❡sq✉❡♠❛ ❞❡ ❢ór♠✉❧❛

∆′
m é ♦❜t✐❞♦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

∆′
m ≡def

∨

1<i<j<m

δij

❊♠ q✉❡ δij = ¬(pi ∧ ¬pj) ∧ (pi ∧ ¬pj) �

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✻✿ ◗✉❛❧q✉❡r ♠❛tr✐③ ✜♥✐t❛ ❞❡ m ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛✲

r❛❝t❡r✐③❛ ❈❧− ✈❛❧✐❞❛ ∆m+1✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ♠❛tr✐③ ❝♦♠ m ✈❛❧♦r❡s q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ♠❜❈✳ ❈♦♠♦ ♥❛ ❢ór♠✉❧❛ ∆m t❡♠♦s m ✈❛❧♦r❡s ♣❛r❛ m + 1 ✈❛r✐á✈❡✐s✱

❤❛✈❡rá ❞♦✐s ♥❛t✉r❛✐s k ❡ l ❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r ❛tr✐❜✉í❞♦ ❛ pi ❡ pj s❡rá ♦

♠❡s♠♦ q✉❡ ❛ pi ♣❛r❛ 1 < i < j < m✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ♦ ✈❛❧♦r ❞❡ δij s❡rá

♦ ♠❡s♠♦ ❞❡ (¬(pi ∧ ¬pi) ∧ (pi ∧ ¬pi))✳ ❖r❛✱ ♣♦r ✭❝❧✮ ❡ ✭❜❈✶✮ s❛❜❡♠♦s q✉❡

⊢Cl− (¬(pi ∧¬pi)∧ (pi ∧¬pi)) ❡ ♣♦r ✭❆①✻✮ ❡ ✭❛①✼✮ α∨ (¬(pi ∧¬pi)∧ (pi ∧¬pi))

❡ (¬(pi ∧ ¬pi) ∧ (pi ∧ ¬pi)) ∨ α t❛♠❜é♠ sã♦ t❡♦r❡♠❛s ❞❡ ❈❧−✳ P♦rt❛♥t♦ ∆m+1

s❡r✐❛ t❛♠❜é♠ t❡♦r❡♠❛ ❞❡ ❈❧− ❡ ✈á❧✐❞❛ ♥❛ ♠❛tr✐③ ❞❡ m ✈❛❧♦r❡s✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✷✼✿ ❙❡❥❛ M′∆
n ♣❛r❛ n ∈ N ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✐❞ê♥t✐❝♦ à

❉❡✜♥✐çã♦ ✶✳✷✳✷✶ ❝✉❥❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ r❡s✐❞❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❞❡

✈❛❧♦r❛çã♦ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ∧ ❞❡s❝r✐t❛ ❛❜❛✐①♦✿

v(α ∧ β) =

{

0 s❡ v(β) = v(α) + 1

max(v(α), v(β)) ❝❛s♦ ❝♦♥trár✐♦

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✽✿ M′∆
n é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❈✐❧❛❡✳
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✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ ♦s ❛①✐♦♠❛s (Ax1)✱ (Ax2)✱ (Ax6)−

(Ax10), (bc1), (cc)n, (cf), (ce), (ca1) − (ca3), (ci) ❡ ♣❛r❛ ❛ r❡❣r❛ (MP ) ♥ã♦ ❤á

♦♣❡r❛❞♦r ❞❡ ❝♦♥❥✉♥çã♦✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❛ ❞❡♠♦♥str❛çã♦ s❡rá ✐❞ê♥t✐❝❛ à Pr♦✲

♣♦s✐çã♦ ✶✳✷✳✷✷✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ♦s ❛①✐♦♠❛s (ca1) − (ca3) é ❢á❝✐❧ ✈❡r✐✜❝❛r

♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✷ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ✉♠❛ ✈❛❧♦r❛çã♦ t❛❧ q✉❡

v(q) = v(p) + 1✱ ❡ ♣♦rt❛♥t♦ ❛ ❞❡♠♦♥str❛çã♦ t❛♠❜é♠ s❡rá ❛ ♠❡s♠❛ ♣❛r❛ ❡ss❡s

❝❛s♦s✳ ❏á ♣❛r❛ ♦s ❛①✐♦♠❛s (Ax3), (Ax4) ❡ (Ax5)✱ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ é q✉❡ ❛ ❝♦♥✲

❞✐çã♦ ✏s❡ ❡♠ M∆
n t❡♠♦s v(p) = n ❡ v(q) = n+1✑ s❡rá s✉❜st✐t✉í❞❛ s✐♠♣❧❡s♠❡♥t❡

♣♦r ✏s❡ v(q) = v(p) + 1✑ ❡ ♦ r❡st♦ ♣❡r♠❛♥❡❝❡rá ❛♥á❧♦❣♦✳ ❖ ú♥✐❝♦ ❛①✐♦♠❛ q✉❡

♥♦s r❡st❛ ❛♥❛❧✐s❛r é ✭❝❧✮✳

✭❝❧✮ ¬(p ∧ ¬p) → ◦p

✕ s❡ v(p) = 0✱ ❡♥tã♦ v(¬p) = 1✳ ❆ss✐♠✱ v(p ∧ ¬p) = max(0, 1) = 1✳

▲♦❣♦ v(¬(p ∧ ¬p)) = 2✳ P♦rt❛♥t♦ v(cl) = 2✳

✕ s❡ v(p) = ω✱ ❡♥tã♦ v(¬p) = 0✳ ❆ss✐♠✱ v(p ∧ ¬p) = max(ω, 0) = ω✳

▲♦❣♦ v(¬(p ∧ ¬p)) = 0✳ ❱✐st♦ q✉❡ v(◦p) = 0 t❡♠♦s ♣♦rt❛♥t♦ q✉❡

v(cl) = 0✳

✕ s❡ v(p) /∈ {0, ω}✱ ❡♥tã♦ v(p) = k ♣❛r❛ 0 < k < ω✳ ❆ss✐♠✱ v(¬p) = k+1

❡ ❡♥tã♦ v(p ∧ ¬p) = 0✳ ▲♦❣♦✱ v(¬(p ∧ ¬p) = ω✳ ❱✐st♦ q✉❡ v(◦p) = ω

t❡♠♦s ♣♦rt❛♥t♦ q✉❡ v(cl) ∈ N✳

�

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✾✿ ❊①✐st❡ ✉♠❛ ✈❛❧♦r❛çã♦ ❞❡ M′∆
n q✉❡ ♥ã♦ ✈❛❧✐❞❛ ∆′

m ♣❛r❛

n,m ∈ N✳

❉❡♠♦♥str❛çã♦ ✿ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ✈❛❧♦r❛çã♦ ❞❡ M′∆
m ♣❛r❛ ❛❧❣✉♠ n ∈ N ❡♠

q✉❡ v(pi) = v(pj) = 1 ❡♠ ∆′
m✳ ❆ss✐♠✱ v(¬pi) = v(¬pj) = 2 ❡ v(pi ∧ ¬pj) =

v(pj ∧ ¬pi) = 0✳ ▲♦❣♦✱ v(¬(pi ∧ ¬pj)) = ω ❡ ❡♥tã♦ v(δij) = max(ω, 0) = ω✳

P♦rt❛♥t♦ v(∆′
m) = min(ω, . . . , ω) = ω✳ �

✹✼



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❚❡♦r❡♠❛ ✶✳✷✳✸✵✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ❡♥tr❡ ❈❧− ❡ ❈✐❧❛❡ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✷✱ s✉❜st✐t✉✐♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✽

♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✻✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✵ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✽✱ ❛ Pr♦♣♦s✐çã♦

✶✳✷✳✶✶ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✾ ❡ ❛ ❢ór♠✉❧❛ Gn ♣❡❧❛ ❢ór♠✉❧❛ ∆′
m✳ �

✶✳✸ ❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❱❡r❡♠♦s ♥❡ss❛ s❡çã♦ ❛❧❣✉♠❛s ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s q✉❡✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❛s

✈✐st❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❈♦♠♦ ❥á

❞✐ss❡♠♦s✱ ♥ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛ ♣r♦✈❛ ❞♦ ▼❡t❛❡♦r❡♠❛ ❞❡ ❈♦♠♣❧❡t✉❞❡ ♣❛r❛

❡ss❛s ❧ó❣✐❝❛s✱ ✉♠❛ ✈❡③ q✉❡ t❛✐s ♣r♦✈❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❡ ♥ã♦

sã♦ ♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❛ ❚❡s❡✳ ◆♦s ❧✐♠✐t❛r❡♠♦s ❛ ♦❢❡r❡❝❡r s✉❛s t❛❜❡❧❛s✲✈❡r❞❛❞❡s✱

s✉❛ ❛①✐♦♠át✐❝❛ ❡ ❛ r❡❢❡rê♥❝✐❛ ❞❡ ♦♥❞❡ ❡♥❝♦♥tr❛r ❛ ♣r♦✈❛ ❞❛ ❝♦♠♣❧❡t✉❞❡✳

◆❛ ♣r✐♠❡✐r❛ s✉❜s❡çã♦✱ ❞✐s❝✉t✐r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❞♦✐s s✐st❡♠❛s ❧ó❣✐❝♦s q✉❡ r❡s✲

tr✐♥❣❡♠ ❛ ❧✐♥❣✉❛❣❡♠ ❞❡ P❈✿ ♦ ♣r✐♠❡✐r♦ é P❈■ ❡ t❡♠ ❛♣❡♥❛s → ❝♦♠♦ ♦♣❡r❛❞♦r

♣r✐♠✐t✐✈♦ ✭✈❡r❡♠♦s q✉❡ ❛ ❞✐s❥✉♥çã♦ ∨ s❡rá ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❡ ✐♠♣❧✐❝❛çã♦✮✱

❡♥q✉❛♥t♦ P❈+ é ♦ ❝á❧❝✉❧♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝♦ s❡♠ ♥❡❣❛çã♦✳ ❆♠❜♦s ♦s s✐st❡✲

♠❛s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧❛s t❛❜❡❧❛s ❝❧áss✐❝❛s ❞❡ P❈✳

◆❛ s✉❜s❡çã♦ s❡❣✉✐♥t❡✱ ❢♦❝❛r❡♠♦s ♥♦ss❛ ❛t❡♥çã♦ ❡♠ três ❧ó❣✐❝❛s q✉❡ ♣♦❞❡♠

s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ❞❡ três ✈❛❧♦r❡s✿ P1✱ ■1 ❡ ●3✳ ❍á✱ ❛✐♥❞❛✱ ♠✉✐✲

t❛s ♦✉tr❛s ❧ó❣✐❝❛s tr✐✈❛❧♦r❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛✳ ❆s três ❧ó❣✐❝❛s ❛❝✐♠❛ sã♦ ❞✐❣♥❛s

❞❡ ♥♦ss❛ ❛t❡♥çã♦ ♣♦rq✉❡ s✉❛s ❡①t❡♥sõ❡s ♠♦❞❛✐s ❡st❛rã♦ ❞❡♥tr♦ ❞♦ ❡s❝♦♣♦ ❞❛

❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐✱ q✉❡ s❡rá ❞❡♠♦♥str❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✳

P♦r ✜♠✱ ♥❛ t❡r❝❡✐r❛ s✉❜s❡çã♦✱ ♠♦str❛r❡♠♦s ❛ ❤✐❡r❛rq✉✐❛ ❞❡ss❡s três s✐st❡♠❛s

♣❛r❛ ❧ó❣✐❝❛s ♥✲✈❛❧♦r❛❞❛s ✭❝♦♠ n ≥ 3✮✳ ❱❡r❡♠♦s t❛♠❜é♠ ♥♦ ❈❛♣ít✉❧♦ ✷ q✉❡ t❛❧

s❡♠â♥t✐❝❛ ♠✉❧t✐✈❛❧♦r❛❞❛ ❣❛r❛♥t❡ q✉❡ s✉❛s ❡①t❡♥sõ❡s ♠♦❞❛✐s ❡st❡❥❛♠ ❞❡♥tr♦ ❞♦

❡s❝♦♣♦ ❞❡ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦✳

✹✽



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✶✳✸✳✶ ▼❛tr✐③❡s ❜✐✈❛❧❡♥t❡s

❯♠❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❜t❡r ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s s✉❜❝❧áss✐❝❛s é r❡str✐♥❣✐♥❞♦ ❛

❧✐♥❣✉❛❣❡♠ ❞❡ P❈✳ ❈♦♠❡ç❛r❡♠♦s ❝♦♠ ♦ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦ ❞♦ ❈á❧❝✉❧♦ Pr♦✲

♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝♦✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ■♠♣❧✐❝❛t✐✈♦✳✷✼ P❛r❛

t❛♥t♦✱ ❞❡✈❡✲s❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦ ❛①✐♦♠❛✿✷✽

✭❈✸✮ ((p → q) → p) → p

❖ ❈á❧❝✉❧♦ ■♠♣❧✐❝❛t✐✈♦ P❈■ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

• PCI = ICI ∪ {(C3)}

❆ s❡♠â♥t✐❝❛ ❞❡P❈■ ♥❛❞❛ ♠❛✐s é q✉❡ ❛s ♠❛tr✐③❡s ❜✐✈❛❧❡♥t❡s ❝❧áss✐❝❛s r❡str✐t❛s

à ✐♠♣❧✐❝❛çã♦✳ ●r❛✜❝❛♠❡♥t❡✿

→ 0 1

0 1 1

1 0 1

➱ ♣♦ssí✈❡❧ ❛✐♥❞❛ ❞❡✜♥✐r ✉♠❛ ❞✐s❥✉♥çã♦ ❝❧áss✐❝❛ ❡♠ P❈■✿

α ∨ β ≡def (α → β) → β

❙❡♠❛♥t✐❝❛♠❡♥t❡✱ t❡r❡♠♦s ❛ t❛❜❡❧❛ ❡s♣❡r❛❞❛ ♣❛r❛ ✐♥t❡r♣r❡t❛r ❡ss❡ ❝♦♥❡❝t✐✈♦✿

∨ 0 1

0 0 1

1 1 1

✷✼ ❍á ❞✐✈❡rs❛s ❢♦r♠❛❧✐③❛çõ❡s ❞♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ■♠♣❧✐❝❛t✐✈♦✳ ❊♠ ❬❍❡♥✹✾❪ ❛❝r❡s❝❡♥t❛✲s❡
♦ ❛①✐♦♠❛

(p → r) → (((p → q) → r) → r)

❛ ■❈■ ❡ ♦ ❝á❧❝✉❧♦ r❡s✉❧t❛♥t❡ é ❞❡♥♦♠✐♥❛❞♦ P❈⊃✳ ❏á ❡♠ ❬❾✉❦✹✽❪ ❤á ✉♠❛ ❛①✐♦♠át✐❝❛ ❛❧t❡r♥❛t✐✈❛
♣❛r❛ ❡ss❡ ❝á❧❝✉❧♦ ❝♦♠ ✉♠ ú♥✐❝♦ ❛①✐♦♠❛✳ ❙❡❣✉✐r❡♠♦s ❛ ❛①✐♦♠át✐❝❛ ❞❡ ❬❩❡♠✼✸❪✳
✷✽ ❖ ❛①✐♦♠❛ ❛❜❛✐①♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ▲❡✐ ❞❡ P✐❡r❝❡✱ ❢♦✐ ✉s❛❞♦ ♣❛r❛ ♣r♦✈❛r ❛ ❝♦♠♣❧❡t✉❞❡ ❞♦

❝á❧❝✉❧♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝♦ ♣♦r ❾✉❦❛s✐❡✇✐❝③ ❡ ❚❛rs❦✐ ❡♠ ❬❾❚✸✵❪✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦
❞❡ ❛①✐♦♠❛s ❛q✉✐ ✉s❛❞♦✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ♦ ❛①✐♦♠❛ (p → q) → ((q → r) → (p → r)) ♥♦ ❧✉❣❛r ❞❡
(Ax2)✳

✹✾



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ t❡r❡♠♦s ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s ❝♦♥❝❡r♥❡♥t❡s à ❞✐s✲

❥✉♥çã♦ ❡♠ P❈■✳

❚❡♦r❡♠❛ ✶✳✸✳✶✿

✭✐✮ ⊢PCI p → (p ∨ q)

✭✐✐✮ ⊢PCI q → (p ∨ q)

✭✐✐✐✮ ⊢PCI (p → r) → ((q → r) → ((p ∨ q) → r))

❉❡♠♦♥str❛çã♦✿

✭✐✮

1. p ❬❍✐♣✳❪

2. p → q ❬❍✐♣✳❪

3. q ❬✭▼P✮ ❡♠ ✶✳ ❡ ✷✳❪

4. p, p → q ⊢ q ❬✭▼❉✮ ❡♠ ✶✳✲✸✳❪

5. ⊢ p → ((p → q) → q) ❬✭▼❉✮ ❡♠ ✹✳❪

6. ⊢ p → (p ∨ q) ❬❉❡❢∨ ❡♠ ✺✳❪

✭✐✐✮

1. ⊢ q → ((p → q) → q)) (Ax1)[p/q, q/p → q]

2. ⊢ q → (p ∨ q) ❬❉❡❢∨ ❡♠ ✷✳❪
✭✐✐✐✮

✺✵



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

1. p → r ❬❍✐♣✳❪

2. r → q ❬❍✐♣✳❪

3. p ❬❍✐♣✳❪

4. r ❬✭▼P✮ ❡♠ ✶✳ ❡ ✸✳❪

5. q ❬✭▼P✮ ❡♠ ✷✳ ❡ ✹✳❪

6. ⊢ (p → r) → ((r → q) → (p → q)) ❬✭▼❉✮ ❞❡ ✶✳ ❛ ✺✳❪

7. p → r ❬❍✐♣✳❪

8. q → r ❬❍✐♣✳❪

9. (p → q) → q ❬❍✐♣✳❪

10. (r → q) → (p → q) ❬✭▼P✮ ❡♠ ✻✳ ❡ ✼✳❪

11. ((p → q) → q) → ((r → q) → ((p → q) → q)) ❬✭❆①✶✮❪

12. (r → q) → ((p → q) → q) ❬✭▼P✮ ❡♠ ✾✳ ❡ ✶✶✳❪

13. ((r → q) → (p → q)) →

(((r → q) → ((p → q) → q)) → ((r → q) → q)) ❬✭❆①✷✮❪

14. ((r → q) → ((p → q) → q)) → ((r → q) → q) ❬✭▼P✮ ❡♠ ✶✵✳ ❡ ✶✸✳❪

15. (r → q) → q ❬✭▼P✮ ❡♠ ✶✷✳ ❡ ✶✹✳❪

16. ((r → q) → q) →

(((r → q) → (q → r)) → ((r → q) → r)) ❬✭❆①✷✮❪

17. ((r → q) → (q → r)) → ((r → q) → r) ❬✭▼P✮ ❡♠ ✶✺✳ ❡ ✶✻✳❪

18. (q → r) → ((r → q) → (q → r)) ❬✭❆①✶✮❪

19. (r → q) → (q → r) ❬✭▼P✮ ❡♠ ✽✳ ❡ ✶✽✳❪

20. (r → q) → r ❬✭▼❉✮ ❡♠ ✶✼✳ ❡ ✶✾✳❪

21. ((r → q) → r) → r ❬✭❆①✸✮❪

22. r ❬✭▼P✮ ❡♠ ✷✵✳ ❡ ✷✶✳❪

23. ⊢ (p → r) → ((q → r) → ((p → q) → q) → r) ❬✭▼❉✮ ❞❡ ✼✳ ❛ ✷✷✳❪

24. ⊢ (p → r) → ((q → r) → ((p ∨ q) → r) ❬❉❡❢∨ ❡♠ ✷✸✳❪

�

➱ ❞✐❣♥♦ ❞❡ ♥♦t❛ q✉❡ ❡ss❡s t❡♦r❡♠❛s sã♦✱ ❡①❛t❛♠❡♥t❡✱ ♦s ❛①✐♦♠❛s (Ax6)✱

(Ax7) ❡ (Ax8) ❞❡ ■❈❆✳

❉❡✜♥❛♠♦s ✉♠❛ ❞✐s❥✉♥çã♦ ❛♥á❧♦❣❛ à P❈■✿

p ⊎ q ≡def (p → q) → q

▼❛s s❡r✐❛ ⊎ ❞❡ ❢❛t♦ ✉♠❛ ❞✐s❥✉♥çã♦❄ ❖ ❚❡♦r❡♠❛ ❛❜❛✐①♦ ❡s❝❧❛r❡❝❡ t❛❧ ✐♥❞❛❣❛çã♦✳

❚❡♦r❡♠❛ ✶✳✸✳✷✿ ❊♠ ■❈■✱ ✈❛❧❡✿

✭✐✮ ⊢ α → (α ⊎ β)

✭✐✐✮ ⊢ β → (α ⊎ β)

✭✐✐✐✮ 0 (p → r) → ((q → r) → (p ⊎ q) → r))

✺✶



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦ P❛r❛ ✭✐✮ ❡ ✭✐✐✮✱ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✳

P❛r❛ ♣r♦✈❛r ✭✐✐✐✮✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ v tr✐✈❛❧♦r❛❞❛ ❞❡ ✐♠♣❧✐❝❛çã♦ ❞❛ ❧ó❣✐❝❛

●3 ❡♠ q✉❡ 1, 2 ❡ 3 sã♦ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ❡ 1 é ♦ ú♥✐❝♦ ❞❡s✐❣♥❛❞♦ ❡ ❛ ✐♠♣❧✐❝❛çã♦

s❡ ❝♦♠♣♦rt❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿✷✾

→ 1 2 3

1 1 2 3

2 1 1 3

3 1 1 1

❆ ♠❛tr✐③ ❛❝✐♠❛ é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ■❈■ ♣♦r s❡r ♦ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦ ❞❛

♠❛tr✐③MG ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✽ r❡str✐t❛ ❛ três ✈❛❧♦r❡s✳ ❖ q✉❡ s✐❣♥✐✜❝❛ q✉❡ t❡r❡♠♦s

v(Ax1) = 1 ❡ v(Ax2) = 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ v(p) = v(r) = 2 ❡ v(q) = 3✱ ❡♥tã♦

v(p → q) = 3 ❡ v(p⊎q) = 1✳ ❆❧é♠ ❞✐ss♦ v(q → r) = 1 ❡ ❛✐♥❞❛ v((p⊎q) → r) = 2✳

❉❛í t❡♠♦s q✉❡ v((q → r) → v(p ⊎ q) → r) = 2✳ P♦r ♦✉tr♦ ❧❛❞♦ v(p → r) = 1✱ ♦

q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❢ór♠✉❧❛ ❛❝✐♠❛ r❡❝❡❜❡ ♣♦rt❛♥t♦ ♦ ✈❛❧♦r 2✱ q✉❡ ♥ã♦ é ❞❡s✐❣♥❛❞♦✳�

❖ ❚❡♦r❡♠❛ ✶✳✸✳✷ ♠♦str❛ q✉❡ ❡♠❜♦r❛ ⊎ ♥ã♦ s❡❥❛ ✉♠❛ ❞✐s❥✉♥çã♦ ❝❧áss✐❝❛✱ ♦

♦♣❡r❛❞♦r t❡♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡s❡❥á✈❡❧ ❛ ✉♠❛ ❞✐s❥✉♥çã♦✿ ❞❛❞♦ ✉♠❛ ❢ór♠✉❧❛ α

❝♦♥❝❧✉í♠♦s α⊎ β ❡ β ⊎ α✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ t❡♠♦s

q✉❡ s❡ ❛❝r❡s❝❡♥t❛r♠♦s ❛ ■❈■ ✉♠❛ ✈❡rsã♦ ❞❡ (Ax8) ❡♠ q✉❡ ∨ é s✉❜st✐t✉í❞♦ ♣♦r ⊎✱

t❡r❡♠♦s ■❈❆✱ ♦✉ s❡❥❛✱ ♦ ❢r❛❣♠❡♥t♦ ✐♠♣❧✐❝❛t✐✈♦✲❞✐s❥✉♥t✐✈♦ ❞❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛✳

❱♦❧t❛r❡♠♦s ❛ ❡ss❡ tó♣✐❝♦ ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✸✱ ❛♦ ❣❡♥❡r❛❧✐③❛r♠♦s ♦ t❡♦r❡♠❛ ❞❡

✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♥♦ ❝♦♥t❡①t♦ ✐♥t✉✐❝✐♦♥✐st❛✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝♦♥t❡①t♦ ✐♥t✉✐❝✐♦♥✐st❛✱ ♥♦ ❝❛s♦ ❝❧áss✐❝♦ é ♣♦ssí✈❡❧ ❞❡✜✲

♥✐r ✉♠❛ ❞✐s❥✉♥çã♦ ❡♠ q✉❡ ✈❛❧❡ (Ax6), (Ax7) ❡ (Ax8) ♣♦r ♠❡✐♦ ❞❛ ✐♠♣❧✐❝❛çã♦✳

■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ s❡ ♦❜t❡r ♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ P♦s✐t✐✈♦ P❈+ é s✉✜❝✐✲

❡♥t❡ ❛❝r❡s❝❡♥t❛r à ❧✐♥❣✉❛❣❡♠ ❞❡ P❈■ ❛♣❡♥❛s ♦ ♦♣❡r❛❞♦r ∧✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛

❛①✐♦♠át✐❝♦✱ ❞❡✜♥❡✲s❡✿✸✵

✷✾ ❆ ❧ó❣✐❝❛ ●3 s❡rá ❛♣r❡s❡♥t❛❞❛ ❡♠ ❞❡t❛❧❤❡s ♥❛ ❙✉❜s❡çã♦ ✶✳✸✳✷
✸✵ ❊①✐st❡♠ ♠✉✐t❛s ♠❛♥❡✐r❛s ❞❡ s❡ ❛①✐♦♠❛t✐③❛r ♦ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ P♦s✐t✐✈♦✳ ❉❡ ❛❝♦r❞♦

❝♦♠ ❬❍❛❝✻✻❪ ♣✳✹✽✱ ❛ ♣r✐♠❡✐r❛ ❛①✐♦♠❛t✐③❛çã♦ ❞❡ss❡ s✐st❡♠❛ s❡ ❞❡✈❡ ❛ ❍✐❧❜❡rt ❡ ❇❡r♥❛②s✳ ❖
s✐st❡♠❛ ❞❡ ❍✐❧❜❡rt ❡ ❇❡r♥❛② t❡♠ →,∨,∧ ❡ ↔ ❝♦♠♦ ♦♣❡r❛❞♦r❡s ♣r✐♠✐t✐✈♦s ❡ é ❢♦r♠❛❞♦ ♣❡❧♦s
❛①✐♦♠❛s (Ax1), (Ax4)− (Ax9) ❛❧é♠ ❞♦s ❛①✐♦♠❛s✿

(p → (p → q)) → (p → q) ❡ (p → q) → ((q → r) → (p → r))

❍á três ❛①✐♦♠❛s ♣❛r❛ ↔ q✉❡ sã♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ss❡ ♦♣❡r❛❞♦r ♣♦r ♠❡✐♦
❞❡ → ❡ ∧ ♠❛✐s ♦s ❛①✐♦♠❛s ✭❆①✼✮✲✭❆①✾✮✱ ❝♦♥❢❡r✐r ❬❍❇✵✶❪ ♣✳ ✶✷✺✳ ❖ ❝á❧❝✉❧♦ ❞❡ ❍❛❝❦st❛✛ é
❞❡♥♦♠✐♥❛❞♦ P+ ❡ é ❝♦♥str✉í❞♦ ♣♦r ♠❡✐♦ ❞❛ ♠❡s♠❛ ❧✐♥❣✉❛❣❡♠ ❞♦ s✐st❡♠❛ ❞❡ ❍✐❧❜❡rt ❡ r❡❣✐❞♦
♣❡❧♦s ❛①✐♦♠❛s (Ax1)✱(Ax3)− (Ax9) ♠❛✐s ♦ ❛①✐♦♠❛✿

((p → q) → r) → ((p → q) → (p → r))

✺✷
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• PC+ = PCI ∪ {(Ax3), (Ax4), (Ax5)}

❆ s❡♠â♥t✐❝❛ ❞❡ P❈+ é ❢♦r♠❛❞❛ ♣♦r ♠❡✐♦ ❞❛ t❛❜❡❧❛ ❜✐✈❛❧❡♥t❡ ❞❡ → ❡ ❛ t❛❜❡❧❛

❜✐✈❛❧❡♥t❡ ❞❡ ∧ ❞❡s❝r✐t❛ ❛❜❛✐①♦✿

∧ 0 1

0 0 0

1 0 1

❍á ♠✉✐t❛s ♠❛♥❡✐r❛s ❞❡ s❡ ♦❜t❡r P❈ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛①✐♦♠át✐❝♦✳ ❆ ♣❛rt✐r

❞❡ P❈+ ❜❛st❛ ❛❝r❡s❝❡♥t❛r (Ax12) ❡ ♦ ❛①✐♦♠❛ ❛❜❛✐①♦✿✸✶

✭❡①♣✮ p → (¬p → q)

❙❡♠❛♥t✐❝❛♠❡♥t❡✱ ❛❝r❡s❝❡♥t❛♠♦s ❛ P❈+ ❛ t❛❜❡❧❛ ❞❛ ♥❡❣❛çã♦✿

p ¬p

0 1

1 0

❱❡r❡♠♦s ♥❛ ♣ró①✐♠❛ s✉❜s❡çã♦ ❛❧❣✉♠❛s ❧ó❣✐❝❛s ❝♦♠ três ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✳

❊ss❛s ❧ó❣✐❝❛s tê♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❡st❛r❡♠ ❡♥tr❡ ■P■ ❡ P❈✱ ♦ q✉❡ s❡rá ❝r✉❝✐❛❧

♣❛r❛ ♦ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ❞♦ ❈❛♣ít✉❧♦ ✷✳

✶✳✸✳✷ ▼❛tr✐③❡s ❚r✐✈❛❧♦r❛❞❛s

❈♦♠♦ r❡ss❛❧t❛♠♦s ♥❛ s✉❜s❡çã♦ ✶✳✷✳✷✱ ❛ ♠❛✐♦r✐❛ ❞❛s ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s ♥ã♦

♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❍á✱ ❡♥tr❡t❛♥t♦✱ ❛❧❣✉♠❛s ❡①❝❡çõ❡s✳

❆ ❧ó❣✐❝❛ P1 ♣r♦♣♦st❛s ♣♦r ❙❡tt❡ é ✉♠❛ ❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡ ❡♠ q✉❡ ¬ ❡ → sã♦

s❡✉s ♦♣❡r❛❞♦r❡s ♣r✐♠✐t✐✈♦s ❡ t❡♠ ❝♦♠♦ s❡♠â♥t✐❝❛ ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s✿✸✷

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ (Ax2)✳
❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❜t❡r ♦ ❈❛❧❝✉❧♦ P♦s✐t✐✈♦ é ❡①❝❧✉✐♥❞♦ ❞❡ ♠❜❈ ♦s ❛①✐♦♠❛s (Ax11)

❡ (bC1)✱ ❝♦♠♦ ❡♠ ❬❈❈▼✵✼❪✳ ❖ s✐st❡♠❛ r❡s✉❧t❛♥t❡ é ❞❡♥♦♠✐♥❛❞♦ ❈P▲+✳ P♦❞❡✲s❡ ❛✐♥❞❛
❝♦♥str✉✐r ♦ ♠❡s♠♦ ❝á❧❝✉❧♦ ❛❝r❡s❝❡♥t❛♥❞♦ ♦s ❛①✐♦♠❛s (Ax7)− (Ax9) ❛♦ ❝á❧❝✉❧♦ ✐♠♣❧✐❝❛t✐✈♦ ❞❡
❍❡♥❦✐♥ P❈⊃ ❞❡ ❬❍❡♥✹✾❪ ❡ ♦❜t❡r♠♦s P❈⊃,∧✳ ❈♦♥❢❡r✐r ❬❇❙✵✾❪ ♣✳✸✵✳
✸✶ ❚❛❧ ❛①✐♦♠át✐❝❛ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❢❛t♦ ❞❡ ❛❝r❡s❝❡♥t❛r♠♦s ◦p ❝♦♠♦ ❛①✐♦♠❛ ❡♠ ♠❜❈ ♣❛r❛

♦❜t❡r P❈ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬❈❈▼✵✼❪ ❡ ❞❛ ❛①✐♦♠át✐❝❛ ❞❡♠❜❈ ❛ ♣❛rt✐r ❞♦ ❈á❧❝✉❧♦ P♦s✐t✐✈♦
❞❡ ❬❇❙✵✾❪ ♣✳ ✾✽✳
✸✷ ❆ s❡♠â♥t✐❝❛ ❡ s✐♥tát✐❝❛ ♦r✐❣✐♥❛✐s ❞❡ P1 ❡stã♦ ❡♠ ❬❙❡t✼✸❪✳

✺✸
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p ¬p

T F

T ∗ T

F T

→ T T ∗ F

T T T F

T ∗ T T F

F T T T

❖s ✈❛❧♦r❡s T ❡ T ∗ sã♦ ❞❡s✐❣♥❛❞♦s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ P1 é

✉♠❛ ❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡✳ ❙❡❥❛ v ❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ q✉❡ r❡s♣❡✐t❛ ❛s t❛❜❡❧❛s

❛❝✐♠❛✳ ❆ss✐♠✱ s❡ v(p) = T ∗ ❡ v(q) = F t❡r❡♠♦s✿

p,¬p 2P1 q

P❛r❛ ♣r♦✈❛r q✉❡ P1 ❛❧é♠ ❞❡ ♣❛r❛❝♦♥s✐st❡♥t❡ é ✉♠❛ ▲❋■✱ ❞❡✜♥❡✲s❡ ♦s ♦♣❡r❛❞♦r❡s

❞❡ ❝♦♥❥✉♥çã♦ ❡ ❝♦♥s✐stê♥❝✐❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

α ∧ β ≡def (((α → α) → α) → ¬((β → β) → β)) → ¬(α → ¬β)

◦α ≡def ¬(α ∧ ¬α)

❚❡r❡♠♦s✱ ❛ss✐♠✱ ❛s s❡❣✉✐♥t❡s t❛❜❡❧❛s ♣❛r❛ ❡ss❡s ♦♣❡r❛❞♦r❡s ❞❡✜♥✐❞♦s✿

p ◦p

T T

T ∗ F

F T

∧ T T ∗ F

T T T F

T ∗ T T F

F F F F

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ s❡ v(◦p) ∈ {T, T ∗} ❡ v(p) ∈ {T, T ∗} ❡♥tã♦ ❢♦rç♦s❛✲

♠❡♥t❡ v(p) = T ❡ v(¬p) = F ✳ ❖ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❛ ✐♥❢❡rê♥❝✐❛ ❛❜❛✐①♦ é ✈á❧✐❞❛

♣♦r ✈❛❝✉✐❞❛❞❡✿

◦p, p,¬p �P1 q

■ss♦ s✐❣♥✐✜❝❛ q✉❡ P1 t❛♠❜é♠ é ✉♠❛ ▲❋■✳ ❆ ❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡ P1 ♥ã♦ t❡♠

❛♣❡♥❛s ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ❞❡ três ✈❛❧♦r❡s✱ ❡ss❡

s✐st❡♠❛ é✱ ❛❧é♠ ❞✐ss♦✱ ✉♠❛ ❧ó❣✐❝❛ ♠❛①✐♠❛❧ ♥✉♠ s❡♥t✐❞♦ ❡s♣❡❝í✜❝♦✿ q✉❛❧q✉❡r

❛①✐♦♠❛ ❛❝r❡s❝❡♥t❛❞♦ ❛ ❡ss❛ ❧ó❣✐❝❛ ✭q✉❡ ♥ã♦ s❡❥❛ ✉♠ t❡♦r❡♠❛ ❞❡ P1✮ ❢❛③ ❝♦♠ q✉❡

P1 s❡ ❝♦❧❛♣s❡ ❝♦♠ P❈✳

❆ ❛①✐♦♠át✐❝❛ ♦r✐❣✐♥❛❧ ❞❡ P1 ❧❡✈❛ ❡♠ ❝♦♥t❛ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s✿✸✸

✸✸ ❖r✐❣♥❛❧♠❡♥t❡ ❡♠ ❬❙❡t✼✸❪ ♦s ♥♦♠❡s ❞❡ss❡s ❛①✐♦♠❛s sã♦ ❆①✳✸✱ ❆①✳✹ ❡ ❆①✳✺✳ ❯s❛♠♦s ✉♠❛

✺✹



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

P✶ (¬p → ¬q) → ((¬p → ¬¬q) → q)

P✷ ¬(p → ¬¬p) → p

P✸ (p → q) → ¬¬(p → q)

P♦❞❡♠♦s✱ ❡♥tã♦✱ ❞❡✜♥✐r✿

• P1 = ICI ∪ {(P1), (P2), (P3)}

❍á✱ ❡♥tr❡t❛♥t♦✱ ✉♠❛ ❛①✐♦♠át✐❝❛ ❛❧t❡r♥❛t✐✈❛s ❛ ❡ss❡ s✐st❡♠❛✳ ❈♦♥s✐❞❡r❡ ❛

❧ó❣✐❝❛ ❈✐ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✽✳ ❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❜t❡r P1 é ❛❝r❡s❝❡♥t❛♥❞♦ ❛

❈✐ ♦ s❡❣✉✐♥t❡ ❡sq✉❡♠❛ ❞❡ ❛①✐♦♠❛✿✸✹

✭❝③✮ ◦α s❡ α ♥ã♦ é ✉♠❛ ✈❛r✐á✈❡❧ ♣r♦♣♦s✐❝✐♦♥❛❧

❖✉ s❡❥❛✱ α é ✉♠❛ ❢ór♠✉❧❛ ♥ã♦✲❛tô♠✐❝❛✱ ♦ q✉❡ é ♦ ♠❡s♠♦ q✉❡ ❞✐③❡r q✉❡ α é

✉♠❛ ❢ór♠✉❧❛ ❡♠ q✉❡ ❤á ❛♦ ♠❡♥♦s ✉♠❛ ✈❛r✐á✈❡❧ ♣r♦♣♦s✐❝✐♦♥❛❧ ❡ ✉♠ ♦♣❡r❛❞♦r✳

❖✉tr❛ ❧ó❣✐❝❛ tr✐✈❛❧♦r❛❞❛ ❞✐❣♥❛ ❞❡ ♠❡♥çã♦ é ■1✳ ➱ ❞✐❣♥♦ ❞❡ ♥♦t❛ q✉❡ ■1 é

t❛♠❜é♠ ♠❛①✐♠❛❧ ♥♦ s❡♥t✐❞♦ ❞❡ P1✳ ❆ ❧✐♥❣✉❛❣❡♠ ❞❡ss❛ ❧ó❣✐❝❛ t❛♠❜é♠ t❡♠ ¬ ❡

→ ❝♦♠♦ ♦♣❡r❛❞♦r❡s ♣r✐♠✐t✐✈♦s ❡ s✉❛ s❡♠â♥t✐❝❛ é r❡❣✐❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❛❜❛✐①♦✱

❡♠ q✉❡ ♦ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ é T ✱ ❡♥q✉❛♥t♦ F ∗ ❡ F sã♦ ♥ã♦ ❞❡s✐❣♥❛❞♦s✳

p ¬p

T F

F ∗ F

F T

→ T F ∗ F

T T F F

F ∗ T T T

F T T T

❉❡✜♥❡✲s❡ ♥❡ss❛ ❧ó❣✐❝❛ ∨ ❡ ⋆ ❝♦♠♦✿

α ∨ β ≡def (¬(β → β) → β) → (α → (α → α))

⋆α ≡def α ∨ ¬α

❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ✐♠♣❧✐❝❛ ❛s t❛❜❡❧❛s ❛❜❛✐①♦ ♣❛r❛ ❡ss❡s ♦♣❡r❛❞♦r❡s✿

p ⋆p

T T

F ∗ F

F T

∨ T F ∗ F

T T T T

F ∗ T F F

F T F F

♥♦✈❛ ♥♦♠❡♥❝❧❛t✉r❛ ♣❛r❛ ❡✈✐t❛r ♣♦ssí✈❡✐s ❝♦♥❢✉sõ❡s ❝♦♠ r❡❧❛çã♦ ❛♦s ❛①✐♦♠❛s ❞❛ s✉❜s❡çã♦ ❛♥✲
t❡r✐♦r✳
✸✹ ❈♦♠♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❬❈❈▼✵✼❪✳

✺✺



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❱❡❥❛♠♦s ❛❧❣✉♥s ❛①✐♦♠❛s ❡s♣❡❝í✜❝♦s ❞❡ss❛ ❧ó❣✐❝❛✿

■✶ (¬¬p → ¬q) → ((¬¬p → q) → ¬p)

■✷ ¬¬(p → q) → (p → q)

❖ ❝á❧❝✉❧♦ ■1 é ❝♦♠♣♦st♦ ♣❡❧♦s ❛①✐♦♠❛s✿

• I1 = ICI ∪ {(I1), (I2)}

❖✉tr♦ ❝á❧❝✉❧♦ tr✐✈❛❧♦r❛❞♦ é ❛tr✐❜✉í❞♦ ❛ ●ö❞❡❧✳ ❈♦♥s✐❞❡r❡ ❛s ♠❛tr✐③❡s ❞❡

MG ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✾ r❡str✐t❛ ❛ ❛♣❡♥❛s três ✈❛❧♦r❡s✿ ✶✱ ✷✱ ✸ ❡♠ q✉❡ ✶ é ♦ ú♥✐❝♦

❞❡s✐❣♥❛❞♦✳ ❊ss❛ ❧ó❣✐❝❛ é ❞❡♥♦♠✐♥❛❞❛ ●3 ❡ t❡♠ ❝♦♠♦ s❡♠â♥t✐❝❛ ❛s t❛❜❡❧❛s✿

∨ 1 2 3

1 1 1 1

2 1 2 2

3 1 2 3

∧ 1 2 3

1 1 2 3

2 2 2 3

3 3 3 3

→ 1 2 3

1 1 2 3

2 1 1 3

3 1 1 1

p ¬p

1 3

2 3

3 1

❆ ❛①✐♦♠át✐❝❛ ❞❡ ●3 é ♦❜t✐❞❛ ❛❝r❡s❝❡♥t❛♥❞♦ ❛ ■P❈ ♦ ❛①✐♦♠❛✿✸✺

●3 (¬q → p) → (((p → q) → p) → p)

❱❡r❡♠♦s ♥❛ s✉❜s❡çã♦ s❡❣✉✐♥t❡ ❞❡ q✉❡ ♠♦❞♦ ♦s três s✐st❡♠❛s tr✐✈❛❧♦r❛❞♦s P1✱

■1 ❡ ●3 ♣♦❞❡♠ ❣❡r❛r ✉♠❛ ❤✐❡r❛rq✉✐❛ ❞❡ n✲✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✳

✶✳✸✳✸ ▼❛tr✐③❡s ♥✲✈❛❧♦r❛❞❛s

❉✉❛s ❞é❝❛❞❛s ♠❛✐s t❛r❞❡✱ ❙❡tt❡ ❡ ❈❛r♥✐❡❧❧✐ ❝♦♥str✉ír❛♠ ✉♠❛ ❤✐❡r❛rq✉✐❛ Pn ❝♦♠

n ♥❛t✉r❛❧✳ P❛r❛ ❝❛❞❛ Pn t❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ {T, T ∗, T ∗∗, . . . T (n), F} ❞❡ n +

2✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ❡♠ q✉❡ ♦ ú♥✐❝♦ ♥ã♦✲❞❡s✐❣♥❛❞♦ é F ❡ ❛ ❢✉♥çã♦ ❞❡ ✈❡r❞❛❞❡ v

é ❞❡✜♥✐❞❛ ♣❛r❛ ❝❛❞❛ Pn ❝♦♠♦✿✸✻

✸✺ ❊ss❡ r❡s✉❧t❛❞♦ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♣♦r ❾✉❦❛s✐❡✇✐❝③ ❡♠ ❬❾✉❦✺✷❪✳
✸✻ ❊ss❛ ♥ã♦ é ❡①❛t❛♠❡♥t❡ ❛ s❡♠â♥t✐❝❛ ♣r♦♣♦st❛ ❡♠ ❬❙❈✾✺❪ ♣❛r❛ ❛ ❤✐❡r❛rq✉✐❛ P2 ✳ ✳ ✳Pn✱

♠❛s ❛ ♣r♦♣♦st❛ ❡♠ ❬❋❡r✵✶❪ ♣✳ ✸✻✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ P2 s❡ v(p) = T ∗∗ ❡ v(q) = T ∗✱ ❡♥tã♦
v(p → q) = T ∗ ❡♠ ❬❙❈✾✺❪ ♠❛s v(p → q) = T ❡♠ ❬❋❡r✵✶❪✳ ❊s❝♦❧❤❡♠♦s ❛ s❡❣✉♥❞❛ s❡♠â♥t✐❝❛ ♣♦r
❛♦ ♠❡♥♦s ❞✉❛s r❛③õ❡s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥ã♦ ❤á ✉♠❛ ❛①✐♦♠át✐❝❛ ❝♦♠♣❧❡t❛ ♣❛r❛ ❛ ✈❡rsã♦ ♦r✐❣✐♥❛❧
❞❛ ❤✐❡r❛rq✉✐❛ P2 . . .Pn✳ ❊♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ❛ ✈❡rsã♦ ♣♦st❡r✐♦r ❛❧é♠ ❞❡ t❡r ✉♠❛ ❛①✐♦♠át✐❝❛
❝♦♠♣❧❡t❛ ❝✉♠♣r❡ três ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡r❛❞❛s ♣♦r ❡ss❛ ❤✐❡r❛q✉✐❛✿ ✶✮ ♣❛r❛ ❝❛❞❛ n ♥❛t✉r❛❧
✈❛❧❡ ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦ Pn ⊆ Pn−1 ⊆ . . . ⊆ P1❀ ✷✮ ❝❛❞❛ Pn t❡♠ n + 2 ✈❛❧♦r❡s ❡ é ✉♠❛
❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡ ✭❝♦♥♦ ✈❡r❡♠♦s ❧♦❣♦ ❛❞✐❛♥t❡✮❀ ✸✮ ❡♠ ❝❛❞❛ Pn ♦s ♦♣❡r❛❞♦r❡s →✱ ∧ ❡ ∨
s❡ ❝♦♠♣♦rt❛♠ ❝❧❛ss✐❝❛♠❡♥t❡✳

✺✻



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

v(¬α) =











T s❡ v(α) = F

F s❡ v(α) = T

T (i−1) ❝❛s♦ ❝♦♥trár✐♦✳

v(α → β) =

{

T s❡ v(α) = F ♦✉ v(β) 6= F

F ❝❛s♦ ❝♦♥trár✐♦✳

P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❝❛❞❛ Pi é ✉♠❛ ▲❋■ ✭❡✱ ♣♦rt❛♥t♦✱ t❛♠❜é♠ ✉♠❛ ❧ó❣✐❝❛

♣❛r❛❝♦♥s✐st❡♥t❡✮✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛s ❞❡✜♥✐çõ❡s✿

α ∧ β ≡def ¬(α → ¬(¬β → β))

◦α ≡def ¬(α ∧ ¬α)

P❡❧❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛ ❡ ♣❡❧❛s ❢✉♥çõ❡s ❞❡ ✈❛❧♦r❛çã♦ ♣❛r❛ ¬ ❡ →✱ t❡r❡♠♦s

♣❛r❛ ❡ss❡s ♦♣❡r❛❞♦r❡s ♦ s❡❣✉✐♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠â♥t✐❝♦✿

v(α ∧ β) =

{

T s❡ v(α) 6= F ❡ v(β) 6= F

F ❝❛s♦ ❝♦♥trár✐♦✳

v(◦α) =

{

T s❡ v(α) ∈ {T, F}

F ❝❛s♦ ❝♦♥trár✐♦✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ Pn t❡♠♦s q✉❡ s❡ v(p) = T ∗✱ ❡♥tã♦ v(¬p) = T ✳ ❚❡♠♦s

♣♦rt❛♥t♦ q✉❡✿

p,¬p 2Pn q

▲♦❣♦✱ ❝❛❞❛ Pn é ♣❛r❛❝♦♥s✐st❡♥t❡ ❝♦♠ r❡❧❛çã♦ à ¬✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ v(p) 6= F

❡ v(¬p) 6= F ✱ ❡♥tã♦ v(p) = T (i) ♣❛r❛ 1 ≤ i ≤ n✳ ❆ss✐♠✱ v(◦p) = F ✳ ❚❡♠♦s✱

♣♦rt❛♥t♦✱ ♣♦r ✈❛❝✉✐❞❛❞❡✿

◦p, p,¬p,�Pn q

❖ q✉❡ ♠♦str❛ q✉❡ ❝❛❞❛ Pn é ✉♠❛ ▲❋■✳ P❛r❛ ♦❜t❡r♠♦s ❛ ❛①✐♦♠át✐❝❛ ❞❡ Pn

❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ✉♠ ♥♦✈♦ ❛①✐♦♠❛ ❡ ✉♠ ♥♦✈♦ ❡sq✉❡♠❛ ❞❡ ❛①✐♦♠❛s✿✸✼

✸✼ ❖s ♥♦♠❡s ♦r✐❣✐♥❛✐s ❞❡ (ccz) ❡ (cn)n sã♦ (A12) ❡ (A13)✳ ❊s❝♦❧❤❡♠♦s (ccz) ♣♦r s❡r❡♠
s❡♠❡❧❤❛♥t❡ ❛♦s ❛①✐♦♠❛s (cz) ❡ (cc)n✳ ❈♦♥❢❡r✐r ❬❈❈▼✵✼❪ ❡ ❬❋❡r✵✶❪ ♣✳ ✾✽✳

✺✼



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❝❝③✮ ◦(p ∧ q) ∧ ◦(p ∨ q) ∧ ◦(p → q)

✭❝♥✮n ◦(¬np)

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ♦❜t❡r ❛ ❛①✐♦♠át✐❝❛ ❞❡ss❛ ❤✐❡r❛rq✉✐❛ é✿✸✽

• Pn = mbC ∪ {(ccz), (cn)n}

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛ ❤✐❡r❛rq✉✐❛ ■n ♠❛♥té♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s

❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st❛ ❞❡ Pn ❝♦♠♦ ❥á ❡♥❝♦♥tr❛♠♦s ❡♥tr❡ ■3 ❡ P3✳ ❈❛❞❛ ■n

t❡♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s {T, F ∗, . . . F (n), F} ❡♠ q✉❡ T é ♦ ú♥✐❝♦ ❞❡s✐❣♥❛❞♦✳

❖s ♦♣❡r❛❞♦r❡s ♣r✐♠✐t✐✈♦s ¬ ❡ → sã♦ ✐♥t❡r♣r❡t❛❞♦s s❡♠â♥t✐❝❛♠❡♥t❡ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿

v(¬α) =











T s❡ v(α) = F

F s❡ v(α) = T

F (i−1) ❝❛s♦ ❝♦♥trár✐♦✳

v(α → β) =

{

T s❡ v(α) 6= T ♦✉ v(β) = T

F ❝❛s♦ ❝♦♥trár✐♦✳

▼❛♥t❡♥❞♦ ❛ ❛♥❛❧♦❣✐❛ ❝♦♠ r❡❧❛çã♦ à Pn✱ ♣❛r❛ ❝❛❞❛ ■n ❞❡✜♥❡✲s❡ ∨ ❡ ⋆ ❝♦♠♦

α ∨ β ≡def (α → ¬α) → β

⋆α ≡def α ∨ ¬α

❖ q✉❡ ✐♠♣❧✐❝❛ ♥♦ s❡❣✉✐♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠â♥t✐❝♦✿

v(α ∨ β) =

{

T s❡ v(α) = T ♦✉ v(β) = T

F ❝❛s♦ ❝♦♥trár✐♦✳

v(⋆α) =

{

T s❡ v(α) ∈ {T, F}

F ❝❛s♦ ❝♦♥trár✐♦✳

✸✽ ❊ss❛ ♥ã♦ é✱ t♦❞❛✈✐❛✱ ❛ ❛①✐♦♠át✐❝❛ ♦r✐❣✐♥❛❧ ❞❡ ❬❋❡r✵✶❪ ♣✳ ✾✽✳ ❊♠ ✈❡③ ❞❡ ✭❜❈✮ ✭q✉❡✱ ❡♠
s❡♥t✐❞♦ ❡①tr✐t♦✱ é ✭❜❈✮1✱ ✈✐st♦ q✉❡ ♦ ♦♣❡r❛❞♦r ◦ é ❞❡✜♥✐❞♦ ❡ ♥ã♦ ♣r✐♠✐t✐✈♦✮ ♦ ❛①✐♦♠❛ ✉t✐❧✐③❛❞♦
é ✭❆✶✶✮ ◦q → ((p → q) → ((p → ¬q) → ¬p))✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛♠❜❛s ❛s ❛①✐♦♠át✐❝❛s
sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❙✉♣♦♥❞♦ ✭❜❈✮ t❡♠♦s ✭❆✶✶✮ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ ✈❛❧❡r r❡❞✉❝t✐♦ ❡ ♦
▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦ ❡♠ ♠❜❈✳ ❙✉♣♦♥❞♦ ✭❆✶✶✮ t❡♠♦s ✭❜❈✮ ♣♦r ♠❡✐♦ ❞❡ ✭❆①✶✮✱ ✭▼P✮ ❡
▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦✳

✺✽



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ q✉❡ ❛♣r❡s❡♥t❛♠♦s ♣❛r❛ ■1✱ s❛❜❡♠♦s q✉❡ s❡

v(α) = F ∗✱ ❡♥tã♦ v(¬α) = F ∗ ❡ v(α ∨ ¬α) = F ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ v(⋆α) = T ✱

❡♥tã♦ ♦✉ v(α) = T ♦✉ v(¬α) = T ✱ ♠♦str❛♥❞♦ ❛ss✐♠ q✉❡ ❝❛❞❛ ■n é ✉♠❛ ❧ó❣✐❝❛

♣❛r❛❝♦♠♣❧❡t❛ ❡ ✉♠❛ ▲❋❯✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛①✐♦♠át✐❝♦✱ ♣❛r❛ ❝♦♥str✉✐r♠♦s ❛ ❤✐❡r❛rq✉✐❛ ■n ❧❡✈❛✲s❡ ❡♠

❝♦♥t❛ ♦s ❛①✐♦♠❛s✿

✭■✸✮ ⋆p → ((p → q) → ((p → ¬q) → ¬q))

✭■✹✮ ⋆(p ∧ q) ∧ ⋆(p ∨ q) ∧ ⋆(p → q)

✭■✺✮n ⋆(¬np)

❆ ❛①✐♦♠át✐❝❛ ❞❛ ❤✐❡r❛rq✉✐❛ é ♦❜t✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• In = PC+ ∪ {(I3), (I4), (I5)n}

❆ ú❧t✐♠❛ ❤✐❡r❛rq✉✐❛ q✉❡ ❛♥❛❧✐s❛r❡♠♦s é ❛ ❞♦s s✐st❡♠❛s ❞❡ ●ö❞❡❧✳ ❚♦♠❡♠♦s

❛ ❡①t❡♥sã♦ ❞♦ ❈á❧❝✉❧♦ ■♥t✉✐❝✐♦♥✐st❛ ■P❈ ❛❜❛✐①♦✿

• LC = IPC ∪ {(p → q) ∨ (q → p)}

❉✉♠♠❡t ♣r♦✈♦✉ q✉❡ ▲❈ t❡♠ ❝♦♠♦ s❡♠â♥t✐❝❛ ❡①❛t❛♠❡♥t❡ ❛s ♠❛tr✐③❡s ✐♥✜✲

♥✐t❛s ❞❡ MG ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✾✳✸✾ ❙❡❥❛ ●n ♦ s✐st❡♠❛ ❝✉❥❛ s❡♠â♥t✐❝❛ s❡ ♦❜té♠

♣♦r ♠❡✐♦ ❞❛s ♦♣❡r❛çõ❡s ❞❡ MG ❡ r❡str✐♥❣✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ❛♦ ❝♦♥✲

❥✉♥t♦ {1, 2, . . . , n} ❡♠ q✉❡ 1 é ♦ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳ ❖❜t❡♠♦s ❛ ❤✐❡r❛rq✉✐❛

G3 . . .Gn ❛❝r❡s❝❡♥t❛♥❞♦ ❛ ▲❈ ♦ ❡sq✉❡♠❛ ❞❡ ❛①✐♦♠❛ Fin(n)✿✹✵

❋✐♥✭♥✮ p1 ∨ (p1 → p2) ∨ . . . ∨ (pn−2 → pn−1) ∨ ¬pn−1

P❡❧❛s ♠❡s♠❛s r❛③õ❡s ❛♣♦♥t❛❞❛s ♥❛ ❙✉❜s❡çã♦ ✶✳✸✳✷✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡

❝❛❞❛●n é ♣❛r❛❝♦♠♣❧❡t❛✱ ✈✐st♦ q✉❡ s❡ v(p) = 2✱ ❡♥tã♦ v(¬p) = n ❡ v(p∨¬p) = 2✱

q✉❡ ♥ã♦ é ❞❡s✐❣♥❛❞♦✳ ❙❡❥❛ ⋆ ✉♠ ♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ ❡♠

●3✳ ❙❡♠❛♥t✐❝❛♠❡♥t❡ t❡r❡♠♦s✿

v(⋆α) =

{

1 s❡ v(α) ∈ {1, n}

v(α) ❝❛s♦ ❝♦♥trár✐♦✳

❈❛s♦ v(⋆p) = 1✱ t❡r❡♠♦s v(p) = 1 ♦✉ v(p) = n✱ q✉❡ é ♦ ♠❡s♠♦ q✉❡ v(¬p) = 1✱

♦ q✉❡ ♠♦str❛ q✉❡ ❝❛❞❛ ●n é ✉♠❛ LFU ✳
✸✾ ◆♦ ❛rt✐❣♦ ❬❉✉♠✺✾❪✳
✹✵ ❯♠❛ ♣r♦✈❛ ❞❡ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❡ss❛ ❤✐❡r❛rq✉✐❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬Pr❡✵✸❪ ♣✳ ✸✶✲✸✺✳

✺✾



✶✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ Pr♦♣♦s✐❝✐♦♥❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❱❛❧❡ ❧❡♠❜r❛r q✉❡ t♦❞❛s ❛s ❧ó❣✐❝❛s ✈✐st❛s ♥❡ss❛ ❙❡çã♦ sã♦ ❧ó❣✐❝❛s ❝♦♠♣❧❡t❛s

❝♦♠ r❡❧❛çã♦ às ♠❛tr✐③❡s ✜♥✐t❛s ❡ ❡stã♦ ❡♥tr❡ ■P■ ❡ P❈✳ ❯♠ ❞♦s r❡s✉❧t❛❞♦s ❞♦

♣ró①✐♠♦ ❝❛♣ít✉❧♦ é ♠♦str❛r q✉❡ ❡ss❛s ❧ó❣✐❝❛s q✉❛♥❞♦ sã♦ ❡st❡♥❞✐❞❛s ♠♦❞❛❧♠❡♥t❡

♥ã♦ ♣♦❞❡♠✱ ❡♠ ❣❡r❛❧✱ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

✻✵



✷✳ ✭■◆✮❈❖▼P▲❊❚❯❉❊ ▼❖❉❆▲ P❖❘ ▼❆❚❘■❩❊❙ ❋■◆■❚❆❙

❖✉tr♦ ♣❡r❝✉rs♦ ❤✐stór✐❝♦ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ♣❛r❛ ❞❡❧✐♠✐t❛r ❡♠ ❧✐♥❤❛s ❣r♦ss❡✐r❛s ❛

❛♠♣❧❛ ❝❧❛ss❡ ❞❛q✉✐❧♦ q✉❡ t❡♠ s✐❞♦ ❞❡♥♦♠✐♥❛❞♦ ❧ó❣✐❝❛ ♠♦❞❛❧✳ ❖ ♥♦ss♦ ♣♦♥t♦ ❞❡

♣❛rt✐❞❛ sã♦ ♦s tr❛❜❛❧❤♦s ♣✐♦♥❡✐r♦s ❞❡ ▲❡✇✐s ✐♥✐❝✐❛❞♦s ❡♠ ✶✾✶✹✳ ❉❡✐①❛r❡♠♦s ❞❡

❧❛❞♦ ❛ t❛r❡❢❛ ♠♦♥✉♠❡♥t❛❧ ❞❡ ❝❛t❛❧♦❣❛r ✉♠ sé❝✉❧♦ ❞❡ ✉♠❛ ❞❛s ár❡❛s ♠❛✐s ♣r♦✲

❢í❝✉❛s ❞❛ ❧♦❣✐❝❛ ❢♦r♠❛❧ ♣❛r❛ ♥♦s ❝♦♥❝❡♥tr❛r♠♦s ❡♠ ❞♦✐s ❝❛tá❧♦❣♦s ✐♠♣♦rt❛♥t❡s

✲ ❛✐♥❞❛ q✉❡ ❞❛t❛❞♦s ✲ s♦❜r❡ ♦ ❛ss✉♥t♦✿ ❆♥ ❊ss❛② ✐♥ ❈❧❛ss✐❝❛❧ ▼♦❞❛❧ ▲♦❣✐❝ ❞❡

❙❡❣❡r❜❡r❣ ❡ ❆ ◆❡✇ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❞❛❧ ▲♦❣✐❝ ❞❡ ❍✉❣❤❡s ❡ ❈r❡s✇❡❧❧✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡ ❞❡ ✶✾✻✼ ❡ ✶✾✾✻✳✶ ▼✉✐t♦s s✐st❡♠❛s ♠♦❞❛✐s ❢♦r❛♠ ❝r✐❛❞♦s ❞❡s❞❡ ❡♥tã♦✱

♠❛s ♣❛r❛ ♥ã♦ ♥♦s ♣❡r❞❡r♠♦s ♥❛ ✐♠❡♥s❛ ❡ t♦rt✉♦s❛ tr✐❧❤❛ ✲ ❝♦♠ s✉❛s ✐♥ú♠❡r❛s

r❛♠✐✜❝❛çõ❡s ✲ q✉❡ s❡ ❢♦r♠♦✉ ❛♦ ❧♦♥❣♦ ❞❛ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ❡ ♥♦s ❞✐st❛♥✲

❝✐❛r♠♦s ❞♦ ♦❜❥❡t✐✈♦ ❞❛ ❚❡s❡✱ t♦♠❛r❡♠♦s ♦s ❞♦✐s ❝❛tá❧♦❣♦s ❝♦♠♦ ❢❛ró✐s ♣❛r❛ ♥♦s

❣✉✐❛r♠♦s ♥❡ss❛ ❡♠♣r❡✐t❛❞❛✳ ❈❛❜❡ r❡ss❛❧t❛r q✉❡ ❡st❛♠♦s ♣r❡ss✉♣♦♥❞♦ ✉♠ ❝❡♥ár✐♦

♠✉✐t♦ r❡str✐t♦ ❞♦ q✉❡ ❝♦♥s✐❞❡r❛♠♦s s❡r ❧ó❣✐❝❛ ♠♦❞❛❧✱ ❧✐♠✐t❛♥❞♦ ♥♦ss❛ ❧✐♥❣✉❛❣❡♠

❛ ❞♦✐s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ♠♦♥á❞✐❝♦s✱ ❝♦♠♦ ✈❡r❡♠♦s ❡♠ ❞❡t❛❧❤❡s ❛❞✐❛♥t❡✳

●♦st❛rí❛♠♦s q✉❡ ❛ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ ❡ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ♥ã♦

❢♦ss❡♠ ❝♦♥s✐❞❡r❛❞❛s ❞♦✐s r✐♦s ❞✐st✐♥t♦s ♣❛rt✐♥❞♦ ❞❡ ✉♠ ♠❡s♠♦ ❛✢✉❡♥t❡✱ ♠❛s ✉♠

❜r❡❥♦ ♥✉tr✐❞♦ ♣♦r ❞♦✐s ❝órr❡❣♦s q✉❡ s❡ ❝r✉③❛♠ ❡♠ ❞✐✈❡rs♦s ♣♦♥t♦s✳ ❊s♣❡r❛♠♦s

♠♦str❛r ❞❡ q✉❡ ♠❛♥❡✐r❛ ❛ s❡♠â♥t✐❝❛ ♠✉❧t✐✲✈❛❧♦r❛❞❛ ❡r❛ ❛❧♠❡❥❛❞❛ ♥♦s ♣r✐♥❝í✲

♣✐♦s ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ❡ ❝♦♠♦ ♦ r❡s✉❧t❛❞♦ ❞❡ ❉✉❣✉♥❞❥✐ ♠❛t♦✉ ♦ s♦♥❤♦ ❞❡ ✈❡r♦✲

❢✉♥❝✐♦♥❛❧✐❞❛❞❡ q✉❡ ♥✉tr✐❛ ❛ ✐♠❛❣✐♥❛çã♦ ❞♦s ❧ó❣✐❝♦s ♠♦❞❛✐s✳ ❱❡r❡♠♦s ❛✐♥❞❛ q✉❡ ❛

♠♦rt❡ ❞❡ss❡ s♦♥❤♦ ✐♠♣✉❧s✐♦♥♦✉ s❡♠â♥t✐❝❛s ❛❧t❡r♥❛t✐✈❛s✱ ❝✉❧♠✐♥❛♥❞♦ ♥❛ ❙❡♠â♥✲

t✐❝❛ ❘❡❧❛❝✐♦♥❛❧ ❞❡ ❑r✐♣❦❡✳ ❆❧é♠ ❞✐ss♦✱ ❝✐t❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❛❧❣✉♥s tr❛❜❛❧❤♦s

s♦❜r❡ ❧ó❣✐❝❛ ♠♦❞❛❧ ✐♥t✉✐❝✐♦♥✐st❛ ❡ ♣❛r❛❝♦♥s✐st❡♥t❡✱ ♠♦str❛♥❞♦ q✉❡ ❛ ❞✐st✐♥çã♦

❡♥tr❡ ❡ss❛s ❞✉❛s ❤✐stór✐❛s ❝✉♠♣r❡ ✉♠ ♣❛♣❡❧ ♠❡r❛♠❡♥t❡ ❡①♣♦s✐t✐✈♦ ❡ ❡stá ❧♦♥❣❡

❞❡ s❡r ❞❡✜♥✐t✐✈❛✳

◆♦ss♦ tr❛❜❛❧❤♦ ♥ã♦ é✱ ❝♦♥t✉❞♦✱ ✉♠ tr❛❜❛❧❤♦ ❞❡ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ❢♦r♠❛❧

✭❛✐♥❞❛ q✉❡✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❛ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s tr❛❜❛❧❤♦s ❞❡ ❧ó❣✐❝❛ ♠♦❞❛❧ ❢♦r✲

♠❛❧✱ ❞❡s❡❥❡♠♦s ❡st❛♠♣❛r ❡ss❛ ❤✐stór✐❛ ❝♦♥st❛♥t❡♠❡♥t❡ ❡♠ s❡❣✉♥❞♦ ♣❧❛♥♦✮✳ ❖

✶ ❉♦r❛✈❛♥t❡ ❬❙❡❣✼✶❪ ❡ ❬❈❍✾✻❪✳



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❛❧✈♦ ❞❛ ❚❡s❡ é ♦❢❡r❡❝❡r r❡s✉❧t❛❞♦s ♦r✐❣✐♥❛✐s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à s❡♠â♥t✐❝❛

♠✉❧t✐✲✈❛❧♦r❛❞❛ ♣❛r❛ ❧ó❣✐❝❛ ♠♦❞❛❧✳ ◗✉❛♥t♦ ❛♦ ❛s♣❡❝t♦ ❞❛ ♦r✐❣✐♥❛❧✐❞❛❞❡ ❞❡ss❡s

❞♦✐s ♣r✐♠❡✐r♦s ❝❛♣ít✉❧♦s✱ ♣♦❞❡♠♦s ❝♦♥❞❡♥sá✲❧♦ ♥❛ s❡❣✉✐♥t❡ ❡♥✉♥❝✐❛çã♦✿ ❛♣r♦❢✉♥✲

❞❛r ❡ ❡①♣❛♥❞✐r ♦s r❡s✉❧t❛❞♦s ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s✳

❖s t❡r♠♦s ✏❛♣r♦♥❢✉♥❞❛r✑ ❡ ✏❡①♣❛♥❞✐r✑ s❡rã♦ ✉s❛❞♦s ♥✉♠ s❡♥t✐❞♦ ♣r❡❝✐s♦✳ ❊♥✲

t❡♥❞❡♠♦s ♣♦r ✏❛♣r♦❢✉♥❞❛r✑ ❝♦♥❝❡♥tr❛r✲s❡ ♥♦ ✏❢✉♥❞♦✑ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧✱ ♦✉ s❡❥❛✱

♥♦ s❡✉ s✉❜str❛t♦ ♣r♦♣♦s✐❝✐♦♥❛❧✳ ❊♠ ♣❛❧❛✈r❛s ♠❛✐s ❝❧❛r❛s✱ q✉❡r❡♠♦s ✈❡r✐✜❝❛r ♦s

r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s ♣r♦♣♦s✐❝✐♦♥❛✐s ♥ã♦✲

❝❧áss✐❝❛s✳ ❊ss❡s s✐st❡♠❛s sã♦ ♦❜t✐❞♦s ❡♠ ❣❡r❛❧ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ❞❡

❡①t❡♥sã♦ ♠♦❞❛❧ ❛ ♣❛rt✐r ❞❡ ✉♠ s✐st❡♠❛ ♣r♦♣♦s✐❝✐♦♥❛❧ ♥ã♦✲❝❧áss✐❝♦✱ ❝♦♠♦ ❞❡✜✲

♥✐r❡♠♦s ❡♠ ❧✐♥❤❛s ❣❡r❛✐s ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦✳ ❏á ✏❡①♣❛♥❞✐r✑ t♦♠❛ ♦ s❡♥t✐❞♦

❞❡ ❛❜❛r❝❛r ♦s s✐st❡♠❛s ♠♦❞❛✐s q✉❡ ❡stã♦ ❢♦r❛ ❞♦ r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐

❡ q✉❡ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦ ❛♦ ❧♦♥❣♦ ❞❡ ❞é❝❛❞❛s✳ ➱ ♥❡ss❡ ♣♦♥t♦ q✉❡ ♦s ❞♦✐s r❡✲

❢❡r✐❞♦s ❝❛tá❧♦❣♦s ♠♦❞❛✐s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧✿ ♦ ❞❡ tr❛ç❛r ♦s

❧✐♠✐t❡s ❡①t❡r♥♦s ❞❛ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r

▼❛tr✐③❡s ❋✐♥✐t❛ ❞❡ ❉✉❣✉♥❞❥✐✳

✷✳✶ ❖s s✐st❡♠❛s ❞❡ ▲❡✇✐s ❡ ❛s ♠✉❧t✐✲✈❛❧♦r❛çõ❡s✳

❊♠ ✶✾✶✹✱ ▲❡✇✐s ❞❡❢❡♥❞❡ ♥✉♠ ❛rt✐❣♦ ♣✐♦♥❡✐r♦ q✉❡ ❛ ✐♠♣❧✐❝❛çã♦ ♠❛t❡r✐❛❧ t❛❧ q✉❛❧

❝♦♥❝❡❜✐❞❛ ♥♦ Pr✐♥❝✐♣✐❛ ▼❛t❡♠❛t✐❝❛ ❞❡ ❘✉ss❡❧❧ ❡ ❲❤✐t❡❤❡❛❞ ♣r♦❞✉③✐❛ ✏t❡♦r❡♠❛s

❛❧❛r♠❛♥t❡s✿ ✭✶✮ ✉♠❛ ♣r♦♣♦s✐çã♦ ❢❛❧s❛ ✐♠♣❧✐❝❛ q✉❛❧q✉❡r ♣r♦♣♦s✐çã♦ ✭✷✮ ✉♠❛ ♣r♦✲

♣♦s✐çã♦ ✈❡r❞❛❞❡✐r❛ é ✐♠♣❧✐❝❛❞❛ ♣♦r q✉❛❧q✉❡r ♣r♦♣♦s✐çã♦✳✑✷ ❊♠ t❡r♠♦s ❢♦r♠❛✐s✿

✭✐✮ ¬p → (p → q)

✭✐✐✮ p → (q → p)

❙❡❣✉♥❞♦ ▲❡✇✐s✱ ❡ss❡s t❡♦r❡♠❛s ✏♥ã♦ sã♦ ♠✐st❡r✐♦s♦s✱ ♥❡♠ ❣r❛♥❞❡s ❞❡s❝♦❜❡r✲

t❛s t❛♠♣♦✉❝♦ ❡♥♦r♠❡s ❛❜s✉r❞♦s✳ ❊❧❡s ♠♦str❛♠ ❛♣❡♥❛s✱ ❡♠ ❧✐♥❤❛s ❣❡r❛✐s✱ ♦

s❡♥t✐❞♦ ❞❡ ❵✐♠♣❧✐❝❛✬ q✉❡ t❡♠ s✐❞♦ ✐♥❝♦r♣♦r❛❞♦ ❡♠ á❧❣❡❜r❛✑✳✸ ❊ss❡ ♥ã♦ é✱ ♣♦ré♠✱

♦ s❡♥t✐❞♦ ✉s✉❛❧ ❞❛ ♣❛❧❛✈r❛ ✏✐♠♣❧✐❝❛✑✿ ❞✐③❡♠♦s q✉❡ ✉♠❛ ♣r♦♣♦s✐çã♦ ✐♠♣❧✐❝❛ ♦✉✲

tr❛ q✉❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❢♦✐ ❧♦❣✐❝❛♠❡♥t❡ ❞❡❞✉③✐❞❛ ❞❛ s❡❣✉♥❞❛✳ ➚ ♣r✐♠❡✐r❛ ✈✐st❛✱

▲❡✇✐s ♣r❡t❡♥❞✐❛ s✉❜st✐t✉✐r ❛ ✐♠♣❧✐❝❛çã♦ ♠❛t❡r✐❛❧ ❞❡ ❘✉ss❡❧❧ ♣♦r ❛q✉✐❧♦ q✉❡ ❡❧❡
✷ ✏st❛rt❧✐♥❣ t❤❡♦r❡♠s✿ ✭✶✮ ❛ ❢❛❧s❡ ♣r♦♣♦s✐t✐♦♥ ✐♠♣❧✐❡s ❛♥② ♣r♦♣♦s✐t✐♦♥✱ ❛♥❞ ✭✷✮ ❛ tr✉❡ ♣r♦♣♦✲

s✐t✐♦♥ ✐s ✐♠♣❧✐❡❞ ❜② ❛♥② ♣r♦♣♦s✐t✐♦♥✳✑ ❬▲❡✇✶✹❪✳ ❙♦❜r❡ ❛ ❤✐stór✐❛ ❞♦s s✐st❡♠❛s ❞❡ ▲❡✇✐s✱ ✈✐❞❡
❬❇❛❧✶✵❪✳

✸ ✏■♥ t❤❡♠s❡❧✈❡s✱ t❤❡② ❛r❡ ♥❡✐t❤❡r ♠②st❡r✐♦✉s s❛②✐♥❣s✱ ♥♦r ❣r❡❛t ❞✐s❝♦✈❡r✐❡s✱ ♥♦r ❣r♦ss ❛❜✲
s✉r❞✐t✐❡s✳ ❚❤❡② ❡①❤✐❜✐t ♦♥❧②✱ ✐♥ s❤❛r♣ ♦✉t❧✐♥❡✱ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❵✐♠♣❧✐❡s✬ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥❝♦r✲
♣♦r❛t❡❞ ✐♥t♦ t❤❡ ❛❧❣❡❜r❛✑✳ ■❞❡♠✳■❜✐❞❡♠✳

✻✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❞❡♥♦♠✐♥♦✉ ✐♠♣❧✐❝❛çã♦ ❡str✐t❛✳ ❊♠ s❡❣✉✐❞❛✱ ♦♣t♦✉ ♣♦r ✉♠❛ ❛❜♦r❞❛❣❡♠ q✉❡ ❝♦♥✲

s✐❞❡r❛✈❛ ❛ ✐♠♣❧✐❝❛çã♦ ♠❛t❡r✐❛❧ ❝♦♠♦ ✉♠ ❢r❛❣♠❡♥t♦ ❞❡ s❡✉ ♥♦✈♦ ❝á❧❝✉❧♦✳ ❆♣❡♥❛s

❡♠ ✶✾✸✷ ❢♦✐ ❢♦r♠✉❧❛❞❛ ✉♠❛ ❛①✐♦♠át✐❝❛ ❞❡✜♥✐t✐✈❛✳✹ ❆ ❢ór♠✉❧❛ p J q ♣❛ss❛ ❛ s❡r

❞❡✜♥✐❞❛ ❝♦♠♦ ¬♦(p∧¬q)✱ ❡♠ q✉❡ p ❡ q sã♦ ✈❛r✐á✈❡✐s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ❡st❡♥❞❡♥❞♦

♦ ❝á❧❝✉❧♦ ✐♠♣❧✐❝❛t✐✈♦ ❞♦ Pr✐♥❝✐♣✐❛ ▼❛t❡♠❛t✐❝❛ ❝♦♠ ♦ ♥♦✈♦ ♦♣❡r❛❞♦r ♦✳✺

❙✶✱ ♦ ♣r✐♠❡✐r♦ ❞♦s ❝✐♥❝♦ s✐st❡♠❛s ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s✱ é ♦❜t✐❞♦ ❛❞✐❝✐♦♥❛♥✲

❞♦✲s❡ ♦ ♦♣❡r❛❞♦r J à ❧✐♥❣✉❛❣❡♠ ❞♦ ❝á❧❝✉❧♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝♦ ❡ ♦s s❡❣✉✐♥t❡s

❛①✐♦♠❛s✿✻

✭❇✶✮ (p ∧ q) J (q ∧ p)

✭❇✷✮ (p ∧ q) J q

✭❇✸✮ p J (p ∧ p)

✭❇✹✮ (p ∧ (q ∧ r)) J ((p ∧ q) ∧ r)

✭❇✻✮ ((p J q) ∧ (q J r)) J (p J r)

✭❇✼✮ (p ∧ (p J q)) J q

❖❜s❡r✈❡ q✉❡ ♦s ❛①✐♦♠❛s ❛❝✐♠❛ ❞✐③❡♠ r❡s♣❡✐t♦ ❛♣❡♥❛s ❛ ∧ ❡ J✱ ♣r♦❝✉r❛♥❞♦

♠❛♥t❡r ❛ ♠❛✐♦r ♣❛rt❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ✐♠♣❧✐❝❛çã♦ ♠❛t❡r✐❛❧ q✉❡ ♥ã♦ ❡♥✈♦❧✈❡

♥❡❣❛çã♦✳ P♦r ❡①❡♠♣❧♦✱ s❛❜❡♠♦s ♣♦r ✭❇✻✮ q✉❡ ❡s♣❡r❛♠♦s ✈❛❧❡r ✉♠❛ ❢♦r♠❛ ❞❡

❙✐❧♦❣✐s♠♦ ❍✐♣♦tét✐❝♦✼ ♣❛r❛ ❛ ✐♠♣❧✐❝❛çã♦ ❡str✐t❛ ❡♥q✉❛♥t♦ ✭❇✼✮ ♣❛r❡❝❡ ❣❛r❛♥t✐r

❛❧❣✉♠❛ ❢♦r♠❛ ❞❡ ▼♦❞✉s P♦♥❡♥s✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ ❛ r❡❣r❛ ❞❡ ■♥❢❡rê♥❝✐❛

❊str✐t❛✱ ❝♦♠♦ ♣♦❞❡♠♦s ❝♦♥❢❡r✐r ❛❜❛✐①♦ ♥❛ ❧✐st❛ ❞❛s r❡❣r❛s ❞❡ ❙✶✳

P♦❞❡♠♦s ♣r♦✈❛r q✉❡ J ♠❛♥té♠ ♣r♦♣r✐❡❞❛❞❡s ❝♦♥✈❡♥✐❡♥t❡s ❞❡ ✉♠❛ ✐♠♣❧✐❝❛✲

çã♦✳ Pr♦✈❛r❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ p J p é t❡♦r❡♠❛ ❡♠ ❙✶✿

✹ ❊♠ s❡✉ ❧✐✈r♦ ❆ ❙✉r✈❡② ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝ ❬▲❡✇✶✽❪✳
✺ ◆❛ ✈❡r❞❛❞❡✱ ▲❡✇✐s t♦♠❛ ♦s ♦♣❡r❛❞♦r❡s ∧ ❡ ¬ ❝♦♠♦ ♣r✐♠✐t✐✈♦s ❡ ♥ã♦ ∨ ❡ ¬ ❝♦♠♦ ❝♦♥s✐❞❡✲

r❛❞♦s ♣♦r ❘✉ss❡❧❧ ❡ ❲❤✐t❡❤❡❛❞✳ ❱✐❞❡ ❙❡çã♦ ✶✳✶✳
✻ ❊①❝❧✉í♠♦s ♦ ❛①✐♦♠❛ ✭❇✺✮ p J ¬¬p✱ ❞❛❞♦ q✉❡ ▼❝❦✐♥s❡② ❞❡♠♦♥str♦✉ ❡♠ ❬▼❝❦✸✹❪ q✉❡ ❡❧❡

♣♦❞❡ s❡r ❞❡❞✉③✐❞♦ ❞♦s ❞❡♠❛✐s✳
✼ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬❇♦❜✵✻❪✱ ♦ s✐❧♦❣✐s♠♦ ❤✐♣♦tét✐❝♦ ❡♠ s✉❛ ✈❡rsã♦ ♦r✐❣✐♥❛❧ ❢♦✐ ❡st✉❞❛❞♦ ♣♦r

❚❤❡♦♣r❛st✉s✱ s❡❣✉✐❞♦r ❞❡ ❆r✐stót❡❧❡s✳ ❙✉❛ ✈❡rsã♦ ❡♠ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ é✿

❙❡ ❛❧❣✉♠❛ ❝♦✐s❛ é F ✱ ❡♥ã♦ é G
❙❡ ❛❧❣✉♠❛ ❝♦✐s❛ é G✱ ❡♥tã♦ é H

▲♦❣♦✱ ❙❡ ❛❧❣✉♠❛ ❝♦✐s❛ é F ✱ ❡♥tã♦ é H

❊♠ ♥♦ss❛ ❧✐♥❣✉❛❣❡♠ ♣r♦♣♦s✐❝✐♦♥❛❧✱ t❡rí❛♠♦s p → q, q → r ⊢ p → r✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❙✉❜st✐t✉✐çã♦ ❯♥✐❢♦r♠❡ ❯♠❛ ❢ór♠✉❧❛ ✈á❧✐❞❛ ♣❡r♠❛♥❡❝❡ ✈á❧✐❞❛ s❡
s✉❜st✐t✉✐r♠♦s ✉♥✐❢♦r♠❡♠❡♥t❡ s✉❛s ✈❛r✐á✈❡✐s❀
♣r♦♣♦s✐❝✐♦♥❛✐s ♣♦r ♦✉tr❛s ❢ór♠✉❧❛s❀

❙✉❜st✐t✉✐çã♦ ❞❡ ❊q✉✐✈❛❧❡♥t❡s ❉✉❛s ❢ór♠✉❧❛s ❡str✐t❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s
sã♦ ✐♥t❡r❝❛♠❜✐á✈❡✐s❀

■♥s❡rçã♦ ❞❛ ❈♦♥❥✉♥çã♦ ■♥❢❡r❡✲s❡ α ∧ β ❞❡ α ❡ β❀
■♥❢❡rê♥❝✐❛ ❊str✐t❛ ■♥❢❡r❡✲s❡ β ❞❡ α ❡ α J β✳

1. p J (p ∧ p) ❬✭❇✸✮❪

2. (p ∧ p) J p ❬❙✉❜st✐t✉✐çã♦ ❯♥✐❢♦r♠❡ ❡♠ ✭❇✷✮❪

3. (p J (p ∧ p)) ∧ ((p ∧ p) J p) ❬■♥s❡rçã♦ ❞❛ ❈♦♥❥✉♥çã♦ ❡♠ ✶ ❡ ✷❪

4. ((p J (p ∧ p)) ∧ ((p ∧ p) J p)) J (p J p) ❬❙✉❜st✐t✉✐çã♦ ❯♥✐❢♦r♠❡ ❡♠ ✭❇✻✮❪

5. p J p ❬■♥❢❡rê♥❝✐❛ ❊str✐t❛ ❡♠ ✸ ❡ ✹❪

▲♦❣♦✱ ⊢S1 p J p✳✽

❈♦♥s✐❞❡r❡✱ ❛❣♦r❛✱ ♦s ❞❡♠❛✐s ❛①✐♦♠❛s✿

✭❇✽✮ ♦(p ∧ q) J ♦p

✭❆✽✮ (p J q) J (¬♦q J ¬♦p)

✭❈✶✵✮ ¬♦¬p J ¬♦¬¬♦¬p

✭❈✶✶✮ ♦p J ¬♦¬♦p

P❛r❛ ▲❡✇✐s✱ ✭❇✽✮ ♣r♦❝✉r❛ ✐♥t❡r♣r❡t❛r ♦ ❝♦♠♦ ✏❝♦♥s✐st❡♥t❡✑✱ ❛①✐♦♠❛ q✉❡ ❛♦

❛❞✐❝✐♦♥❛r♠♦s ❛ ❙✶ ♦❜t❡♠♦s ❙✷✳ ✭❆✽✮ é ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦♥tr❛♣♦s✐çã♦ ♣❛r❛ J✳

❙❡ ✐♥t❡r♣r❡t❛r♠♦s ¬♦¬ ❝♦♠♦ ✏❞❡♠♦♥strá✈❡❧✑✱✾ ✭❈✶✵✮ ❡st❛❜❡❧❡❝❡ q✉❡ s❡ ❞❡♠♦♥s✲

tr❛♠♦s p✱ ❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞❡♠♦♥str❛♠♦s q✉❡ ❞❡♠♦♥str❛♠♦s p✳ P♦r ✜♠✱

✭❈✶✶✮ ❞✐③ q✉❡ s❡ p é ❝♦♥s✐st❡♥t❡✱ ❡♥tã♦ ❞❡♠♦♥str❛♠♦s ❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ p✳ ❙✸

é ❙✶ ♠❛✐s ✭❆✽✮✱ ❡♥q✉❛♥t♦ t❡♠♦s ❙✹ ❛❝r❡s❝❡♥t❛♥❞♦✲s❡ ✭❈✶✵✮ ❛ ❙✶ ❡ t❡♠♦s ❙✺

❛❝r❡s❝❡♥t❛♥❞♦✲s❡ ✭❈✶✶✮ ❛ ❙✸✳

▲❡✇✐s ♠♦str❛ q✉❡ S1 ⊆ S2 ⊆ S3 ⊆ S4 ⊆ S5✱ ♣♦r ♠❡✐♦ ❞❛ s❡❣✉✐♥t❡ ❡str❛té✲

❣✐❛✿ ❛♣r❡s❡♥t❛ t❛❜❡❧❛s✲✈❡r❞❛❞❡s q✉❡ s❛t✐s❢❛③❡♠ ♦s ❛①✐♦♠❛s ❞❡ ❙✶ ♠❛s ♥ã♦ ✭❇✽✮❀

✽ ❊ss❡ t❡♦r❡♠❛ ❞❡ ❙✶ s❡rá ✐♠♣♦rt❛♥t❡ ♥♦ ❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ❞❡ ❉✉❣✉♥❞❥✐✱ t❛❧ ❝♦♠♦
s❡rá ♠♦str❛❞♦ ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✶✳

✾ ❇♦♦❧♦s s✉❣❡r❡ q✉❡ ▲❡✇✐s t✐♥❤❛ ❡♠ ♠❡♥t❡ ❛ ♥♦çã♦ ❞❡ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ✐♥t❡r♣r❡t❛r
¬♦¬✳ ❈♦♥❢❡r✐r ❬❇♦♦✾✸❪✳ ▲❡♠♠♦♥ ❞❡❢❡♥❞❡ t♦❞❛✈✐❛ ❡♠ ❬▲❡♠✺✼❪ q✉❡ ♦ s✐st❡♠❛ ♠❛✐s ❢r❛❝♦ ❙✵✳✺
s❡r✐❛ ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ✐♥t❡r♣r❡t❛r q✉❡ ✉♠❛ ❢ór♠✉❧❛ é ❞❡♠♦♥strá✈❡❧ ❡♠ P❈✳ ❏á ❡♠ ❬❈P✶✸❪
❛r❣✉♠❡♥t❛✲s❡ q✉❡ ♣❛r❛ ❢r❛❣♠❡♥t♦s ❞❡ P❈✱ é ❛♣r♦♣r✐❛❞♦ t♦♠❛r ♦ s✐st❡♠❛ ❛✐♥❞❛ ♠❛✐s ❢r❛❝♦
❙✵✳✺0 ♣❛r❛ r❡s♣r❡s❡♥t❛r ❡ss❛s ♥♦çõ❡s✳ ❱❡r❡♠♦s ❛ ❛①✐♦♠át✐❝❛ ❞❡ ❙✵✳✺ ❡ ❞❡ ❙✵✳✺0 ♥❛ ❙✉❜s❡çã♦
✷✳✷✳✷✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❡♠ s❡❣✉✐❞❛✱ t❛❜❡❧❛s q✉❡ s❛t✐s❢❛③❡♠ ♦s ❛①✐♦♠❛s ❞❡ ❙✷ ♠❛s ♥ã♦ ✭❆✽✮✱ ❡ ❛ss✐♠ ♣♦r

❞✐❛♥t❡✳ P❛r❛ ✐ss♦✱ ▲❡✇✐s ✉t✐❧✐③❛ t❛❜❡❧❛s✲✈❡r❞❛❞❡ ❝♦♠ q✉❛tr♦ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ▲❡✇✐s ♥ã♦ ♦❢❡r❡❝❡ ♥❡♥❤✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛ ❡ss❡s

s✐st❡♠❛s✿ ♣♦r ❡①❡♠♣❧♦✱ s✉❛s t❛❜❡❧❛s ♣❛r❛ ❙✶ ✈❛❧✐❞❛♠ t♦❞♦s ♦s t❡♦r❡♠❛s ❞❡ ❙✶✱

♠❛s ♥❛❞❛ ❣❛r❛♥t❡ q✉❡ ❡❧❛s ✈❛❧✐❞❡♠ ❛♣❡♥❛s ❡ss❡s t❡♦r❡♠❛s✳ ➱ r❛③♦á✈❡❧ s✉♣♦r q✉❡

❢♦✐ ❝♦♠ ❛ ✐♥t❡♥çã♦ ♦❢❡r❡❝❡r ✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛ s✐st❡♠❛s ♠♦❞❛✐s q✉❡ ❾✉❦❛s✐❡✇✐❝③

♣r♦♣ôs ❛ s❡❣✉✐♥t❡ t❛❜❡❧❛ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ♦✿✶✵

p ♦p

0 0
1
2 1

1 1

❆q✉✐✱ s❡ ✶ é ✈❡r❞❛❞❡✐r♦ ❡ ✵ é ❢❛❧s♦✱ ♦ t❡r❝❡✐r♦ ✈❛❧♦r 1
2 ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦

✐♥❞❡t❡r♠✐♥❛❞♦✳✶✶ ❯♠❛ ❢ór♠✉❧❛ é ♣♦ss✐✈❡❧♠❡♥t❡ ✈❡r❞❛❞❡✐r❛ q✉❛♥❞♦ é ✈❡r❞❛❞❡✐r❛

♦✉ ❛♣❡♥❛s ✐♥❞❡t❡r♠✐♥❛❞❛✱ ♠❛s ✉♠❛ ❢ór♠✉❧❛ é t❛✉t♦❧♦❣✐❛ ❛♣❡♥❛s s❡ r❡❝❡❜❡ ♦

✈❛❧♦r ✶ ❡♠ q✉❡ ✶ é ♦ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳

◆❛ ✈❡r❞❛❞❡✱ ❾✉❦❛s✐❡✇✐❝③ ❝♦♥str✉✐✉ ✉♠❛ ❤✐❡r❛rq✉✐❛ ❞❡ n s✐st❡♠❛s✱ ♣❛r❛ n > 3✳

❖ ♣r✐♠❡✐r♦ ❞❡ss❡s s✐st❡♠❛s é ❾3 ❡ t❡♠ ❛s t❛❜❡❧❛s✿

p ¬p

0 1
1
2

1
2

1 0

∧ 0 1
2 1

0 0 0 0
1
2 0 1

2
1
2

1 0 1
2 1

∨ 0 1
2 1

0 0 1
2 1

1
2

1
2

1
2 1

1 1 1 1

→ 0 1
2 1

0 1 1 1
1
2

1
2 1 1

1 0 1
2 1

✶✵ ❆ss✐♠ ❞❡❢❡♥❞❡ ❇❛❧❧❛r✐♥ ❡♠ ❬❇❛❧✶✵❪✳ ❆s t❛❜❡❧❛s ❡♠ q✉❡stã♦ ❡stã♦ ❡♠ ❬❾✉❦✸✵❪✳
✶✶ ✏❲❤❛t ✐s t❤✐s t❤✐r❞ ✈❛❧✉❡❄ ■ ❤❛✈❡ ♥♦ s✉✐t❛❜❧❡ ♥❛♠❡ ❢♦r ✐t✳ ❇✉t ❛❢t❡r t❤❡ ♣r❡❝❡❞✐♥❣

❡①♣❧❛♥❛t✐♦♥s ✐t s❤♦✉❧❞ ♥♦t ❜❡ ❞✐✣❝✉❧t t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t ■ ❤❛✈❡ ✐♥ ♠✐♥❞✳ ■ ♠❛✐♥t❛✐♥ t❤❛t
t❤❡r❡ ❛r❡ ♣r♦♣♦s✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥❡✐t❤❡r tr✉❡ ♥♦r ❢❛❧s❡ ❜✉t ✐♥❞❡t❡r♠✐♥❛t❡✳ ✭❖ q✉❡ é ❡ss❡
t❡r❝❡✐r♦ ✈❛❧♦r❄ ❊✉ ♥ã♦ t❡♥❤♦ ✉♠ ♥♦♠❡ ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❡❧❡✳ ▼❛s ❞❡♣♦✐s ❞❛s ❡①♣❧❛♥❛çõ❡s
❛❝✐♠❛ ♥ã♦ s❡r✐❛ ❞✐❢í❝✐❧ ❝♦♠♣r❡❡♥❞❡r ♦ q✉❡ ❡✉ t✐♥❤❛ ❡♠ ♠❡♥t❡✳ ❊✉ ❝♦♥t✐♥✉♦ ❞❡❢❡♥❞❡♥❞♦ q✉❡ ❤á
♣r♦♣♦s✐çõ❡s ❛s q✉❛✐s ♥ã♦ sã♦ ✈❡r❞❛❞❡✐r❛ t❛♠♣♦✉❝♦ ❢❛❧s❛s ♠❛s ✐♥❞❡t❡r♠✐♥❛❞❛s✮ ❊♠ ❬❾✉❦✻✶❪✳

✻✺



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❈♦♠♦ ♦❜s❡r✈❛❞♦ ♣❡❧♦ s❡✉ ❛❧✉♥♦ ❚❛rs❦✐ ❡♠ ✶✾✷✶✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r ♦ ♦♣❡r❛❞♦r

♠♦❞❛❧ ♦p ❝♦♠♦ ¬p → p.✶✷

❆ ❧ó❣✐❝❛ ❾3 ♥ã♦ é✱ ❡♥tr❡t❛♥t♦✱ ✉♠❛ ❡①t❡♥sã♦ ❞♦ s✐st❡♠❛ ♠✐♥✐♠❛❧ q✉❡ tr❛✲

t❛♠♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❛ s❛❜❡r✱ ■❈■✳ ❙❡❥❛ v ❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ q✉❡

r❡s♣❡✐t❛ ❛s t❛❜❡❧❛s ❛❝✐♠❛s✳ ❉❡ ❢❛t♦✱ s❡ v(p) = 1✱ v(q) = 1
2 ❡ v(r) = 0 ❡♥tã♦

v(p → q) = 1
2 ✱ v(p → r) = 0 ❡ v(q → r) = 1

2 ✳ ❉❛í t❡♠♦s v(p → (q → r)) = 1
2

❡ v((p → (q → r) → (p → r)) = 0 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ v(Ax2) = 1
2 ✱ q✉❡ ♥ã♦ é

❞✐st✐♥❣✉✐❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❾3 ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ♦s ❛①✐♦♠❛s

♠♦❞❛✐s ❞❡ ▲❡✇✐s✳ ❆té ❡♥tã♦ ✈✐♠♦s ❛♣❡♥❛s ❛①✐♦♠❛s ❡ t❛❜❡❧❛s ♣❛r❛ ♦ ❡ J✳ ●ö❞❡❧✱

♣♦ré♠✱ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ✐♥tr♦❞✉③✐r ♦ ♦♣❡r❛❞♦r � ❝♦♠♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ¬♦¬✳ ❙✉❛

✐♥t❡♥çã♦ ❡r❛ ♠♦str❛r q✉❡ ■P❈ ♣♦❞❡r✐❛ s❡r ✐♥t❡r♣r❡t❛❞❛ ❡♠ ❙✹✳ P❛r❛ ✐ss♦✱ ♣r♦♣ôs

❛ s❡❣✉✐♥t❡ ✈❡rsã♦✿✶✸

✭❑✮ �(p → q) → (�p → �q)

✭❚✮ �p → p

✭✹✮ �p → ��p

■♥tr♦❞✉çã♦ ❞❛ ◆❡❝❡ss✐t❛çã♦ ❙❡ ✉♠❛ ❢ór♠✉❧❛ α é t❡♦r❡♠❛

❡♥tã♦ ❛ ❢ór♠✉❧❛ �α t❛♠❜é♠ é t❡♦r❡♠❛✳

❊ ♣❛r❛ ♦❜t❡r♠♦s ❙✺✱ ❜❛st❛ ❛❞✐❝✐♦♥❛r♠♦s✿

✭✺✮ ♦p → �♦p

P❛r❛ ❡❢❡✐t♦s ❞❡ s✐♠♣❧✐✜❝❛çã♦✱ ❞❡♥♦♠✐♥❛r❡♠♦s ❛ r❡❣r❛ ■♥tr♦❞✉çã♦ ❞❛ ◆❡❝❡s✲

s✐t❛çã♦ s✐♠♣❧❡s♠❡♥t❡ ❞❡ ✭◆❡❝✮✳ ◆❛ ✈❡rsã♦ ❞❡ ●ö❞❡❧✱ p J q é ❡q✉✐✈❛❧❡♥t❡ ❛

�(p → q)✳ ❱❡r❡♠♦s q✉❡ ❡ss❛ ♥♦t❛çã♦ s❡rá ♠✉✐t♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ♣r♦✈❛r ♦s r❡s✉❧✲

t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡ ❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧✳

P♦❞❡♠♦s ♣r♦✈❛r ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s ✭✐✮ ❡ ✭✐✐✮ ❞❛ ✐♠♣❧✐❝❛✲

çã♦ ❡str✐t❛ ♥ã♦ ✈❛❧❡♠ t❛♥t♦ ♥❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s q✉❛♥t♦ ♥❛ ❞❡ ❾✉❦❛s✐❡✇✐❝③✱

r❡❢♦rç❛♥❞♦ ❛ t❡s❡ ❞❡ q✉❡ ❾✉❦❛s✐❡✇✐❝③ ❛❧♠❡❥❛✈❛ q✉❡ s✉❛ s❡♠â♥t✐❝❛ ❢♦ss❡ ✉s❛❞❛

♣❛r❛ s✐st❡♠❛s ♠♦❞❛✐s✳ ❱♦❧t❡♠♦s à ❾3 ❡ ❞❡✜♥❛♠♦s �p ❝♦♠ ❡q✉✐✈❛❧❡♥t❡ ❛ ¬♦¬p✳

❚❡r❡♠♦s ❡♥tã♦ ❛ s❡❣✉✐♥t❡ t❛❜❡❧❛ ♣❛r❛ �✿
✶✷ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬❾✉❦✺✸❪✳ ❆ ❞❡✜♥✐çã♦ ❞❡ � ❡♠ t❡r♠♦s ❞❡ ♦ ❡stá ❡♠ ❬❾✉❦✸✵❪✳
✶✸ ❆ ❛①✐♦♠át✐❝❛ ❛❜❛✐①♦ ❜❡♠ ❝♦♠♦ ❛ ✐♥t❡♣r❡t❛çã♦ ❞❡ ■P❈ ❡♠ ❙✹ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠

❬●☎✸✸❪✳

✻✻



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

p �p

0 0
1
2 0

1 1

❇❛st❛ ❛❣♦r❛ ❝♦♠♣r♦✈❛r q✉❡ ❛s t❛❜❡❧❛s ❞❡ ❾3 sã♦ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ♦s ❛①✐♦♠❛s

♠♦❞❛✐s ❞❡ ❙✺✱ ♦✉ s❡❥❛✱ q✉❡ t♦❞♦s ♦s s❡✉s ❛①✐♦♠❛s ♠♦❞❛✐s r❡❝❡❜❡♠ ♦ ✈❛❧♦r

❞❡s✐❣♥❛❞♦ ✶✱ ♦ q✉❡ é ✈❡r✐✜❝❛❞♦ ❛❜❛✐①♦✿

� (p → q) → (�p → �q)

1 0 1 0 1 0 1 0

1 0 1 1
2 1 0 1 0

1 0 1 1 1 0 1 1

0 1
2

1
2 0 1 0 1 0

1 1
2 1 1

2 1 0 1 0

1 1
2 1 1 1 0 1 1

0 1 0 0 1 1 0 0

0 1 1
2

1
2 1 1 0 0

1 1 1 1 1 1 1 1

�p → p

0 1 0

0 1 1
2

1 1 1

�p → �� p

0 1 0 0

0 1 0 1
2

1 1 1 1

♦ p → � ♦ p

0 0 1 0 0 0

1 1
2 1 1 1 1

2

1 1 1 1 1 1

❈♦♠♦ ✈✐♠♦s✱ ❾3 é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ♦s ❛①✐♦♠❛s ♠♦❞❛✐s ❞❡ ❙✺✱ ♦✉ s❡❥❛✱ t♦✲

❞♦s ❡ss❡s ❛①✐♦♠❛s t♦♠❛♠ ♦ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ ✶ ❡ ❛ ❘❡❣r❛ ❞❡ ◆❡❝❡ss✐t❛çã♦

♣r❡s❡r✈❛ ♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❾3 ✐♥✈❛❧✐❞❛

❛s ❝♦♥❞✐çõ❡s ✭✐✮ ❡ ✭✐✐✮ ❞❡ ▲❡✇✐s✳ ■♥t❡r♣r❡t❛♥❞♦ à ♠❛♥❡✐r❛ ❞❡ ●ö❞❡❧ p J q ❝♦♠♦

�(p → q)✱ t❡♠♦s✿

❚❡♦r❡♠❛ ✷✳✶✳✶✿

✭✐✮ 2L3
¬p J (p J q)

✭✐✐✮ 2L3
p J (q J p)

✻✼



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥tr❛çã♦✿ ❙❡❥❛ v ❛ ❢✉♥çã♦ ❞❡ ✈❡r❞❛❞❡ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣r♦♣♦s✐çã♦

♠♦❞❛❧ ✉♠ ✈❛❧♦r ❞❡ ✈❡r❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ④✵✱ 1
2 , 1} r❡s♣❡✐t❛♥❞♦ ❛s t❛❜❡❧❛s ❞❡ ❾3✳

❚♦♠❡ v(p) = 1
2 ❡ v(q) = 0✳ P❡❧❛s t❛❜❡❧❛s ❞❡→✱ ¬ ❡�✱ s❛❜❡♠♦s q✉❡ v(p → q) = 1

2

❡ ❡♥tã♦ t❡♠♦s q✉❡ v(�(p → q)) = 0✱ ❡♥q✉❛♥t♦ v(�(¬p → �(p → q))) = 1
2 ✱

q✉❡ ♥ã♦ é ✉♠ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ v(p) = 1
2 ❡ v(q) = 1✱ ❡♥tã♦

v(q → p) = 1
2 ❡ ❛✐♥❞❛ v(p → �(q → p)) = 1

2 ♦ q✉❡ ♥♦s ❢♦rç❛ ❛ ❝♦♥❝❧✉✐r

v(�(p → �(q → p))) = 0✳ �

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈✐st♦ ❙✺ s❡r ✉♠❛ ❡①t❡♥sã♦ ❞❡ P❈✱ ❡♥tã♦ ❛s t❛❜❡❧❛s ❞❡ ❾3

♥ã♦ sã♦ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❙✺✱ ♣♦✐s ✐♥✈❛❧✐❞❛♠ (Ax2)✳ P♦r ♦✉tr♦ ❧❛❞♦ ♥ã♦ s❛❜❡♠♦s

s❡ ❛❧❣✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ❞❡ três ♦✉ ♠❛✐s ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ é ❝❛♣❛③

❞❡ s❡r ✉♠❛ s❡♠â♥t✐❝❛ ❛♣r♦♣r✐❛❞❛ ♣❛r❛ ❙✺ ❡ ♦s ❞❡♠❛✐s s✐st❡♠❛s ❞❡ ▲❡✇✐s✳ ❊ss❛

♣❡r❣✉♥t❛ ❢♦✐ r❡s♣♦♥❞✐❞❛ ♣♦r ❉✉❣✉♥❞❥✐ ❡♠ ✶✾✹✵✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛ ♣ró①✐♠❛ s❡çã♦✳

✷✳✷ ■♥❝♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❊ss❛ s❡çã♦ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ três s✉❜s❡çõ❡s✳ ◆❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ✈❡r❡♠♦s ♦ r❡✲

s✉❧t❛❞♦ ♦r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐ ❝♦♠ r❡❧❛çã♦ à s❡♠â♥t✐❝❛ ♠✉❧t✐✈❛❧♦r❛❞❛ ♣❛r❛ ♦s

s✐st❡♠❛s ❞❡ ▲❡✇✐s✳ ❈♦♠♦ ❥❛ ✜③❡♠♦s ❛♥t❡r✐♦r♠❡♥t♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❛ ♣r♦✈❛ ❞❡ ✐♥✲

❝♦♠♣❧❡t✉❞❡ s❡rá ♠♦str❛❞❛ ❡♠ ❞❡t❛❧❤❡s✱ r❡❝♦♥str✉✐♥❞♦ ❡ ❡s♠✐✉ç❛♥❞♦ ♦ r❡s✉❧t❛❞♦

♦r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐✳

◆❛ s❡❣✉♥❞❛ ♣❛rt❡ s❡❣✉✐r❡♠♦s ♦s ❞♦✐s ❝❛tá❧♦❣♦s ♠♦❞❛✐s ♠❡♥❝✐♦♥❛❞♦s ❛♥t❡r✐✲

♦r♠❡♥t❡ ❛♦ ❝✐t❛r♠♦s ❞✐✈❡rs♦s s✐st❡♠❛s ♠♦❞❛✐s q✉❡ s✉r❣✐r❛♠ ❞❡♣♦✐s ❞❛ ❤✐❡r❛rq✉✐❛

❞❡ ▲❡✇✐s✳ ◆♦ss❛ ✐♥t❡♥çã♦ é✱ ❛❧é♠ ❞❡ ❢♦r♠❛r ✉♠❛ ♣❛♥♦râ♠✐❝❛ ❞♦ ❡s❝♦♣♦ ❞♦ r❡✲

s✉❧t❛❞♦ ❞❡ ❉✉❣✉♥❞❥✐✱ ❡s❜♦ç❛r ✉♠❛ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ❝❧áss✐❝❛✱ r❡str✐t❛ ❛♦s

♦♣❡r❛❞♦r❡s � ❡ ♦✳

P♦r ✜♠✱ à t❡r❝❡✐r❛ ♣❛rt❡ ❝❛❜❡ ♠♦str❛r ❛ ♣❛rt❡ ♦r✐❣✐♥❛❧ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ❛

s❛❜❡r✱ ❝❡rt❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣❛r❛ ♠❛tr✐③❡s

✜♥✐t❛s✳ P❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦ ❛❧❝❛♥❝❡ ❡ ❛ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦✱ s❡rá

♥❡❝❡ssár✐♦ t❡r ❡♠ ♠❡♥t❡ ♦s s✐st❡♠❛s ♠♦❞❛✐s ♣❛r❛ ❛❧é♠ ❞❡ ❙✶✲❙✺ ❡ ❛✐♥❞❛ ♦s

s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✶✳ ❊ss❛ ♣❛rt❡ s❡rá✱ ♣♦rt❛♥t♦✱

♥ã♦ ❛♣❡♥❛s ♦ ❝❡r♥❡ ♦r✐❣✐♥❛❧ ❞♦ ❈❛♣ít✉❧♦ ✷ ♠❛s t❛♠❜é♠ ♦ ✜♦ ❝♦♥❞✉t♦r ❞❡ ❛♠❜♦s

❝❛♣ít✉❧♦s✳

✷✳✷✳✶ ❖ ❘❡s✉❧t❛❞♦ ❖r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐

◆✉♠ ♣❡q✉❡♥♦ ❛rt✐❣♦ ✭❞❡ ❛♣❡♥❛s ❞✉❛s ♣á❣✐♥❛s✮ ❉✉❣✉❞❥✐ ❞❡♠♦♥str❛ q✉❡ ♥❡♥❤✉♠❛

♠❛tr✐③ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ♣♦❞❡ ❝❛r❛❝t❡r✐③❛r q✉❛❧q✉❡r ❧ó❣✐❝❛ ❡♥tr❡

✻✽



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❙✶✲❙✺✳✶✹

❖ ♣r♦❝❡❞✐♠❡♥t♦ é s❡♠❡❧❤❛♥t❡ ❛♦ ❞❡ ●ö❞❡❧ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ✐♥❝♦♠♣❧❡t✉❞❡

❞❡ ■P❈ ♣♦r ♠❡✐♦ ❞❡ ♠❛tr✐③❡s✲✜♥✐t❛s✿✶✺ t♦♠❛✲s❡ ✉♠❛ ❢ór♠✉❧❛ ❡ ❞❡♠♦♥str❛✲s❡

q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ❞❡ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝t❡r✐③❛ ❙✶ ✈❛❧✐❞❛ t❛♠❜é♠

❡ss❛ ❢ór♠✉❧❛✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡♠♦♥str❛✲s❡ q✉❡ t❛❧ ❢ór♠✉❧❛ ♥ã♦ é t❡♦r❡♠❛ ♥✉♠❛

♠❛tr✐③ ❞❡ ✐♥✜♥✐t♦s ✈❛❧♦r❡s q✉❡ é ♠♦❞❡❧♦ ♣❛r❛ ❙✺✳

❆ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛ ❝♦♥s✐st❡ ❡♠ ❞❡♠♦♥str❛r q✉❡ ❡①✐st❡ ✉♠❛ ❢ór♠✉❧❛

Dn ❞❡ n + 1 ✈❛r✐á✈❡✐s ✲ ❞❡♥♦♠✐♥❛❞❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ✲ q✉❡ é ✈á❧✐❞❛ ❡♠

q✉❛❧q✉❡r ♠❛tr✐③ ❞❡ n ✈❛❧♦r❡s q✉❡ ❝❛r❛❝t❡r✐③❛ ❙✶✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✿ ◗✉❛❧q✉❡r ♠❛tr✐③ ✜♥✐t❛ ❞❡ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ❙✶ ✈❛❧✐❞❛ Dn✳

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐✱ ♣❛r❛ 1 ≤ i ≤ n + 1 ❡

1 ≤ j ≤ n+ 1✿

Dn ≡def

∨

i 6=j

(pi ≍ pj)

❊♠ q✉❡ pi ≍ pj ❛❜r❡✈✐❛ (pi J pj) ∧ (pj J pi)✳

❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ♠❛tr✐③ M ❝♦♠ n ✈❛❧♦r❡s q✉❡ ❝❛r❛❝t❡r✐③❛ ❙✶✳ ❈♦♠♦

♥❛ ❢ór♠✉❧❛ ❛❝✐♠❛ t❡♠♦s n ✈❛❧♦r❡s ♣❛r❛ n + 1 ✈❛r✐á✈❡✐s✱ ❤❛✈❡rá i ❡ j ❞❡ ♠♦❞♦

q✉❡ ♦s ✈❛❧♦r❡s ❛tr✐❜✉í❞♦s ❛ (pi J pj) s❡❥❛♠ ♦s ♠❡s♠♦s ❛ (pi J pi)✳ ❖r❛✱ ❝♦♠♦

⊢S1 p J p✱ t❡♠♦s ♣❡❧❛ ■♥s❡rçã♦ ❞❛ ❈♦♥❥✉♥çã♦ q✉❡ (pi ≍ pi) é t❡♦r❡♠❛✳ ▲♦❣♦✱

♣♦r ❚❡♦r❡♠❛ ✶✳✸✳✶ ✭✐✮ ❡ ✭✐✐✮ s❛❜❡♠♦s q✉❡ (pi ≍ pi) ∨ α ❡ α ∨ (pi ≍ pi) sã♦

t❡♦r❡♠❛s✱ ❡ ♣♦rt❛♥t♦ ❛ ♠❛tr✐③ M ✈❛❧✐❞❛ α ∨ (pi ≍ pi) ∨ β✱ ♦✉ s❡❥❛✱ t♦❞❛ ❛

❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐✳ �

❆ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ✐♥✜♥✐t❛ q✉❡ é

♠♦❞❡❧♦ ♣❛r❛ ❙✺ ❡ q✉❡ ♥ã♦ ✈❛❧✐❞❛ ❛ ❢ór♠✉❧❛ ❞♦ ❉✉❣✉♥❞❥✐✳

P❛r❛ ❢❛❝✐❧✐t❛r ♥♦ss❛ ❞❡♠♦♥str❛çã♦✱ ✉s❛r❡♠♦s ✉♠❛ ❛①✐♦♠át✐❝❛ s✐♠♣❧✐✜❝❛❞❛

♣❛r❛ P❈✱ ❡♠ q✉❡ ¬ ❡ → sã♦ ♦s ♦♣❡r❛❞♦r❡s ♣r✐♠✐t✐✈♦s✳ P❛r❛ ✐ss♦✱ ❧❡✈❛r❡♠♦s ❡♥

❝♦♥t❛ ✉♠ ♥♦✈♦ ❛①✐♦♠❛✿✶✻

✭❆①♠✮ (¬q → ¬p) → ((¬q → p) → q)

❖ ❈á❧❝✉❧♦ Pr♦♣♦s✐❝✐♦♥❛❧ ❈❧áss✐❝♦ ♣♦❞❡ s❡r ❛①✐♦♠❛t✐③❛❞♦ ❞❡ ♠♦❞♦ ♠✉✐t♦ ♠❛✐s

s✉❝✐♥t♦ ❝♦♠♦✿
✶✹ ❖ ❛rt✐❣♦ r❡❢❡r✐❞♦ é ❬❉✉❣✹✵❪✱ ♠❛s ♣r❡❢❡r✐♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡ ❬❈P✵✽❪✳
✶✺ ❈♦♠♦ ❥á ✈✐st♦ ♥❛ ❙✉❜s❡çã♦ ✶✳✷✳✶✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣ró♣r✐♦ ❉✉❣✉♥❞❥✐ ❡♠ ❬❉✉❣✹✵❪ ✏❚❤❡

♠❡t❤♦❞ ✉s❡❞ ❤❡r❡ ♦r✐❣✐♥❛t❡❞ ✇✐t❤ ❑✳ ●ö❞❡❧✑ ✭❖ ▼ét♦❞♦ ✉s❛❞♦ ❛q✉✐ ♦r✐❣✐♥♦✉✲s❡ ❝♦♠ ●ö❞❡❧✮✳
✶✻ ❆ ❛①✐♦♠át✐❝❛ ❛❝✐♠❛ ❢♦✐ r❡t✐r❛❞❛ ❞❡ ❬▼❡♥✻✹❪ ♣✳ ✸✺✳ ❖ ♥♦♠❡ (Axm) é ♣♦r ♥♦ss❛ ❝♦♥t❛ ✉♠❛

❤♦♠❡♥❛❣❡♠ ❛ ▼❡♥❞❡❧s♦♥✳

✻✾



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

• PC = ICI ∪ {(Axm)}

Pr♦♣♦s✐çã♦ ✷✳✷✳✷✿ ❊①✐st❡ ✉♠❛ ♠❛tr✐③ ✐♥✜♥✐t❛ M∞ q✉❡ é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❙✺

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ ❛ s❡❣✉✐♥t❡ ♠❛tr✐③ M∞

• M = ℘(N)✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♣❛rt❡s ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s

• D = N

❙❡❥❛ ∪,∩ ❡− ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ ✏✉♥✐ã♦✑✱ ✏❝♦♥❥✉♥çã♦✑ ❡ ✏❝♦♠♣❧❡♠❡♥t❛çã♦✑

❡♥q✉❛♥t♦ s❡ ❝❛❧❝✉❧❛ ▽ ❡ △ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

△X =

{

N s❡ X = N

∅ ❝❛s♦ ❝♦♥trár✐♦

▽X =

{

N s❡ X 6= ∅

∅ ❝❛s♦ ❝♦♥trár✐♦

❙❡❥❛ V : V ar −→ M ✉♠❛ ❢✉♥çã♦ q✉❡ ❛tr✐❜✉✐ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ℘(N) ♣❛r❛

❝❛❞❛ ✈❛r✐á✈❡❧ ♣r♦♣♦s✐❝✐♦♥❛❧ ❞❡ ❙✺ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿✶✼

• V (¬α) = V (α)

• V (α → β) = V (α) ∪ V (β)

• V (�α) = △(V (α))

• V (♦α) = ▽(V (α))

❱❛♠♦s ♣r♦✈❛r q✉❡ t♦❞♦s ♦s ❛①✐♦♠❛s ❡ r❡❣r❛s ❞❡ ❙✺ sã♦ ✈á❧✐❞♦s ♥❛ ♠❛tr✐③

M∞✳

✭❆①✶✮ V (p → (q → p)) = V (p) ∪ (V (q) ∪ V (p)) = (V (p) ∪ V (p)) ∪ V (q) = N

✭❆①✷✮ V ((p → q) → ((p → (q → r) → (p → r))) =

= (V (p) ∪ V (q)) ∪ V (p) ∪ (V (q) ∪ V (r)) ∪ V (p) ∪ V (r) =

= V (p) ∩ V (q) ∪ V (p) ∩ V (q) ∩ V (r) ∪ V (p) ∪ V (r) =

= V (p) ∩ (V (q) ∪ V (q) ∩ V (r)) ∪ V (p) ∪ V (r)

✶✼ ❊♠ t❡r♠♦s ❡str✐t♦s✱ V é ♦ ❝♦♥❥✉♥t♦ ❞❡ q✉❛tr♦ ❢✉♥çõ❡s✿ v¬, v�, v♦ ❡ v→✳ ❯s❛♠♦s ❛ ♥♦t❛çã♦
❛❜❛✐①♦ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ❧❡✐t✉r❛✳

✼✵



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

= V (p) ∩ V (r) ∪ V (p) ∪ V (r) = N

✭❆①♠✮ V ((¬q → ¬p) → ((¬q → p) → q) =

= V (q) ∪ V (p) ∪ V (q) ∪ V (p) ∪ V (q) =

= V (q) ∩ V (p) ∪ V (q) ∩ V (p) ∪ V (q) =

V (q) ∩ (v(p) ∪ V (p)) = V (q) ∪ V (q) = N

✭❑✮ V (�(p → q) → (�p → �q)) = △(V (p) ∪ V (q)) ∪ △V (p) ∪ △V (q)

• s❡ V (p) 6= N✱ ❡♥tã♦ △V (p) = N

• s❡ V (p) = N✱ ❡♥tã♦

✕ s❡ V (q) = N✱ ❡♥tã♦ △V (q) = N

✕ s❡ V (q) 6= N✱ ❡♥tã♦ V (p) ∪ V (q) 6= N ❡ △(V (p) ∪ V (q)) = N

✭❚✮ V (�p → p) = △V (p) ∪ V (p)

• s❡ V (p) = N✱ ❡♥tã♦ △V (p) ∪ V (p) = N

• s❡ V (p) 6= N✱ ❡♥tã♦ △V (p) = N

✭✹✮ v(�p → ��p) = △V (p) ∪ △△V (p)

• s❡ V (p) = N✱ ❡♥tã♦ △V (p) = N ❡ △△V (p) = N

• s❡ v(p) 6= N✱ ❡♥tã♦ △V (p) = ∅ ❡ △V (p) = N

✭✺✮ V (♦p → �♦p) = ▽V (p) ∪ △▽V (p)

• s❡ V (p) = ∅✱ ❡♥tã♦ ▽V (p) = ∅ ❡ ▽V (p) = N

• s❡ V (p) 6= ∅✱ ❡♥tã♦ ▽V (p) = N ❡ △▽V (p) = N

✭▼P✮ s❡ V (p) = N ❡ V (p) ∪ V (q) = N✱ ❡♥tã♦ ∅ ∪ V (q) = N ❡ ❞❛í V (q) = N✳

✭◆❡❝✮ s❡ V (p) = N✱ ❡♥tã♦ △V (p) = N �

❚❡♦r❡♠❛ ✷✳✷✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐✮✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ▲ ❡♥tr❡

❙✶ ❡ ❙✺ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❚♦♠❡ ❛ s❡❣✉✐♥t❡ ✈❛❧♦r❛çã♦ ❱ ❡♠ ❙✺✿ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧

♣r♦♣♦s✐❝✐♦♥❛❧ ♣k ❛ss♦❝✐❛✲s❡ ♦ ❝♦♥❥✉♥t♦ {k} ⊆ N✳ ◆♦t❡ q✉❡ ♣❛r❛ p ❡ q ❞✐st✐♥t♦s✱

✼✶



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

t❡♠♦s V (p) 6= N ❡ V (q) 6= N✳ ❉♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ V (p) ∪ V (q) 6= N ❡ V (q) ∪

V (p) 6= N ❡✱ ♣♦rt❛♥t♦✿

V (p ≍ q) = △(V (p) ∪ V (q)) ∩ △(V (q) ∪ V (p)) = ∅ ∩ ∅ = ∅

P♦rt❛♥t♦✱ ❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ t♦♠❛ ✈❛❧♦r ∅ ♥❛ ♠❛tr✐③ M∞✳ ❙❡ ✉♠❛ ♠❛tr✐③

❞❡ n ✈❛❧♦r❡s ❝❛r❛❝t❡r✐③❛ss❡ ❙✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶ ❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐

s❡r✐❛ t❡♦r❡♠❛ ❡♠ ▲ ❡ ♣♦rt❛♥t♦ t❡♦r❡♠❛ ❡♠ ❙✺✳ ▼❛s ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷ ❣❛r❛♥t❡

q✉❡ M∞ é ✉♠ ♠♦❞❡❧♦ ❞❡ ❙✺✱ ❧♦❣♦ ❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ♥ã♦ ♣♦❞❡ s❡r ✉♠

t❡♦r❡♠❛ ❞❡ ❙✺✱ ♦ q✉❡ ♣r♦✈❛ ♣♦r ❛❜s✉r❞♦ q✉❡ ❙✺ ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s✳ �

❱✐♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ ♦s s✐st❡♠❛s ❙✶✲❙✺ ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s✳ ❱❡r❡♠♦s ❛✐♥❞❛ ♥❛ ❙❡çã♦ ✷✳✸ q✉❡ ❙✺ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ♣❡❝✉❧✐❛r

❞❡ q✉❡ t♦❞❛s ❛s s✉❛s ❡①t❡♥sõ❡s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

✷✳✷✳✷ ❙✐st❡♠❛s ♠♦❞❛✐s ♣❛r❛ ❛❧é♠ ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s

❆ ❧ó❣✐❝❛ ♠♦❞❛❧ ♥ã♦ t❡r♠✐♥❛ ❡♠ ✶✾✹✵ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❞❡ ❉✉❣✉♥❞❥✐✳ ❏á ❡♠

✶✾✹✸✱ ❆❧❜❛♥ ♣r♦♣ôs ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❙✺ ❛❝r❡s❝❡♥t❛♥❞♦ ♦ ❛①✐♦♠❛ ♦♦p ❛ ❙✷✳✶✽

❖ s✐st❡♠❛ r❡s✉❧t❛♥t❡ s❡rá ❞❡♥♦♠✐♥❛❞♦ ❙✻✱ q✉❡ s❡rá ♦ ♣r✐♠❡✐r♦ ❞❡ ✉♠❛ sér✐❡ ❞❡

s✐st❡♠❛s ♠♦❞❛✐s q✉❡ s✉r❣✐rã♦ ❛♦ ❧♦♥❣♦ ❞❡ sé❝✉❧♦ ❳❳ ❡ q✉❡ ♥ã♦ ❡st❛rã♦ ❡♥tr❡ ❙✶

❡ ❙✺ ❡✱ ♣♦rt❛♥t♦✱ ❢♦r❛ ❞♦s ❞♦♠í♥✐♦s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐✳

❋❡②s ♣rô♣♦❡ ❡♠ ✶✾✺✵ ❞✉❛s ✈❡rsõ❡s ❡♥❢r❛q✉❡❝✐❞❛s ❞❡ ❙✶ ❡ ❙✷✳ ❈♦♥s✐❞❡r❡ ♦s

❛①✐♦♠❛s ❞❡✜♥✐❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ ♦r✐❣✐♥❛❧ ❞❡ ▲❡✇✐s✿

✭❋✶✮ (p ∧ q) J p

✭❋✷✮ (p ∧ q) J (q ∧ p)

✭❋✸✮ ((p ∧ q) ∧ r) J (p ∧ (q ∧ r))

✭❋✹✮ (p ∧ p) J p

✭❋✺✮ ((p J q) ∧ (q J r)) J (p J r)

❙❡ ❛❞✐❝✐♦♥❛r♠♦s ❛♦s ❛①✐♦♠❛s ❛❝✐♠❛ ❛s r❡❣r❛s ❞❡ ❙✶✱ t❡♠♦s ❙✶0✳✶✾ ❖ s✐st❡♠❛

❙✷0 é ♦❜t✐❞♦ ❛❝r❡s❝❡♥t❛r♠♦s ♦ ❛①✐♦♠❛✿
✶✽ ❊♠ s❡✉ ❛rt✐❣♦ ❬❆❧❜✹✸❪✳
✶✾ ➱ r❡❧❡✈❛♥t❡ ❧❡♠❜r❛r q✉❡ (F2) é (B1) ❡ (F5) é (B6) ♥❛ ❛①✐♦♠át✐❝❛ ♦r✐❣✐♥❛❧ ❞❡ ▲❡✇✐s✳

Pr❡❢❡r✐♠♦s ❡①♣♦r ♦s ❛①✐♦♠❛s ❝♦♠♦ ❞❡♥♦♠✐♥❛❞♦s ♣♦r ❋❡②s✳

✼✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❑✶✮ ♦(p ∧ q) J ♦p

❋❡②s ❛✐♥❞❛ ♠♦str❛ q✉❡ S10 ⊆ S1 ❡ S20 ⊆ S2✳ ❆❧é♠ ❞✐ss♦✱ S10 ⊆ S20✱

❞❡ ♦♥❞❡ ❝♦♥❝❧✉✐♠♦s q✉❡ ❛♠❜♦s ♦s s✐st❡♠❛s ❞❡ ❋❡②s ❡stã♦ ❢♦r❛ ❞♦ r❡s✉❧t❛❞♦ ❞❡

❉✉❣✉♥❞❥✐✳✷✵

◆♦ ♠❡s♠♦ ❛♥♦✱ ❍❛❧❧❞é♥ ❡st❡♥❞❡ ❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s ❝♦♠ ♦s ❛①✐♦♠❛s✿

✭❈✶✸✮ ♦♦p

✭❈✶✹✮ ¬♦¬♦♦p

❋♦r♠❛♥❞♦✱ ❛ss✐♠✱ ♦s s✐st❡♠❛s✿✷✶

• S7 = S3 ∪ {(C13)}

• S8 = S3 ∪ {(C14)}

❱❛❧❡ ❧❡♠❜r❛r q✉❡ ♦s ❞♦✐s s✐st❡♠❛s sã♦ ❡①t❡♥sõ❡s ❞❡ ❙✺ ❡ ♥♦s ❡♥❝♦♥tr❛♠♦s✱

♠❛✐s ✉♠❛ ✈❡③✱ ❢♦r❛ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❉✉❣✉♥❞❥✐✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ✶✾✺✼✱ ❛♦ ♣r♦♣♦r ✉♠❛ ♥♦✈❛ ❛①✐♦♠át✐❝❛ ♣❛r❛ ❛ ❤✐❡r❛rq✉✐❛

❞❡ ▲❡✇✐s✱ ▲❡♠♠♦♥ ❛♣r❡s❡♥t❛ ✉♠ s✐st❡♠❛s ♠❛✐s ❢r❛❝♦ q✉❡ ❙✶✱ ❛ s❛❜❡r✱ ❙✵✳✺✳✷✷

Pr♦♣ô❡ ❛✐♥❞❛ ♦ s✐st❡♠❛ ❚✱✷✸ ❞❡♠♦♥str❛♥❞♦ q✉❡ ❡stá ❢♦r❛ ❞❛ ❤✐❡r❛rq✉✐❛ ❙✶✲❙✺✳

❙✉❛ ♥♦✈❛ ❛①✐♦♠át✐❝❛ ♣❡r♠✐t❡ ❛✐♥❞❛ ❝♦♥str✉✐r ♦s s✐st❡♠❛s ❊✷ ❡ ❊✸✳✷✹ P❛r❛

❞❡✜♥✐r ❡ss❡s s✐st❡♠❛s✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s✿✷✺

✭❑✮ �(p → q) → (�p → �q)

✷✵ ❬❋❡②✺✵❪ ❛♣✉❞ ❬❙♦❜✻✷❪✳ ◆ã♦ t✐✈❡♠♦s ❛❝❡ss♦ ❛♦ ❛rt✐❣♦ ♦r✐❣✐♥❛❧ ❞❡ ❋❡②s✳
✷✶ ❍❛❧❧❞é♥ ❞❡✜♥✐✉ ❙✼ ❡ ❙✽ ❡♠ s❡✉ ❛rt✐❣♦ ❬❍❛❧✺✵❪✳
✷✷ ❊♠ ❬▲❡♠✺✼❪✳ ▲❡♠♠♦♥ t❛♠❜é♠ ❛♣r❡s❡♥t❛ ♦ s✐st❡♠❛ ❙✵✳✾✳ ❊♠❜♦r❛ ♠♦str❡ q✉❡ S0.5 ⊆

S0.9✱ ▲❡♠♠♦♥✱ ♣♦ré♠✱ ♥ã♦ ❝♦♥s❡❣✉✐✉ ❡♥❝♦♥tr❛r ♠❛tr✐③❡s ♣❛r❛ ♠♦str❛r q✉❡ S0.9 6= S0.5✳ ❊ss❡
r❡s✉❧t❛❞♦ s❡rá ❞❡♠♦♥str❛❞♦ ❛♣❡♥❛s ❡♠ ✶✾✼✺ ♣♦r ●✐r❧❡ ❡♠ ❬●✐r✼✺❪✳ ❱✐st♦ q✉❡ ❙✵✳✾ ♥ã♦ é ❝✐t❛❞♦
♥♦s ❞♦✐s ❝❛tá❧♦❣♦s q✉❡ ♥♦s ❣✉✐❛♠ ♥❡ss❡ tr❛❜❛❧❤♦ ✲ ❬❙❡❣✼✶❪ ❡ ❬❈❍✾✻❪ ✲ ♥ã♦ ♥♦s ❞❡t❡r❡♠♦s ♥❡ss❡
❡ ❡♠ ♦✉tr♦s s✐st❡♠❛s ♠♦❞❛✐s q✉❡ ❛♣❛r❡❝❡r❡♠ ♥♦s ❛rt✐❣♦s ❝✐t❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✱ ❡①❝❡t♦
s❡ ♦ s✐st❡♠❛ ❡♠ q✉❡stã♦ t✐✈❡r ❛❧❣✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞✐❣♥❛ ❞❡ ♥♦t❛ ❝♦♠ r❡❧❛çã♦ à ❝♦♠♣❧❡t✉❞❡
♦✉ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❙✵✳✾✱ ♣♦r
♦r❛ ❜❛st❛ t❡r ❡♠ ♠❡♥t❡ q✉❡ S0.5 ⊆ S0.9 ⊆ S1 ♣❛r❛ ✈❡r✐✜❝❛r♠♦s q✉❡ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦
t❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐ t❛♠❜é♠ ✐♥❝❧✉✐rá ❙✵✳✾✳
✷✸ ❊♠❜♦r❛ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛①✐♦♠át✐❝❛ ❞❡ ❚ ❝♦♠ ♣r♦♣♦st❛ ♣♦r ▲❡♠♠♦♥ ♥♦ ❛rt✐❣♦ ❛❝✐♠❛

r❡❢❡r✐❞♦✱ ♦ s✐st❡♠❛ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ❢♦r♠✉❧❛❞♦ ✈♦♥ ❲r✐❣❤t ❡♠ ❬❱❲✺✶❪ ♣✳ ✽✲✶✽✱ ❞❡♥♦♠✐♥❛❞♦
▼✶✳
✷✹ ❖s s✐st❡♠❛s ❉✶✲❉✺✱ ❊✶✱ ❊✹ ❡ ❊✺ s❡rã♦ ✈✐st♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✸✱ ❛♦ ❣❡♥❡r❛❧✐③❛r♠♦s

♦ r❡s✉❧t❛❞♦ ❞❡ ❉✉❣✉♥❞❥✐✳ P♦r ♦r❛ ♥♦s ❧✐♠✐t❛r❡♠♦s ❛ ❛♣r❡s❡♥t❛r ❊✷ ❡ ❊✸✱ ♣❛r❛ s❡❣✉✐r♠♦s
❡①tr✐t❛♠❡♥t❡ ♦ ❝❛tó❧♦❣♦ ❞❡ ❍✉❣✉❡s ❡ ❈r❡s✇❡❧❧✳ ◆♦ ❈❛♣ít✉❧♦ ✸ ♦❢❡r❡❝❡r❡♠♦s ✉♠❛ s❡♠â♥t✐❝❛
❛❧t❡r♥❛t✐✈❛ ❛ ❉✷ ❡ ❊✷✳
✷✺ ❊ss❡s ♥ã♦ sã♦ ♦s ♥♦♠❡s ♦r✐❣✐♥❛✐s ❞♦s ❛①✐♦♠❛s ❞❡ ▲❡♠♠♦♥✳ ❙❡❣✉✐♠♦s ❛ ♥♦♠❡♥❝❧❛t✉r❛ ❞❡

❬❙❡❣✼✶❪✳

✼✸



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❑✬✮ �(p → q) → �(�p → �q)

✭❉✮ �α → ♦α

✭❚✮ �p → p

✭◆❡❝✮ ⊢ p ✐♠♣❧✐❝❛ ⊢ �p

✭◆✬✮ ⊢PC p ✐♠♣❧✐❝❛ ⊢ �p

✭◆✯✮ ⊢ p → q ✐♠♣❧✐❝❛ ⊢ �p → �q

❖❜s❡r✈❡ q✉❡ ❛ r❡❣r❛ ✭◆✬✮ ♣❡r♠✐t❡ ❛ ✐♥❝❧✉sã♦ ❞♦ ♦♣❡r❛❞♦r � ❛♣❡♥❛s ♣❛r❛ ♦s

t❡♦r❡♠❛s ❞❡ P❈✳✷✻ ❚♦♠❡♠♦s ✉♠ ❡①❡♠♣❧♦✿ ❡♠❜♦r❛ ♣♦ss❛♠♦s ♣r♦✈❛r ♣♦r ♠❡✐♦

❞❡ ✭◆✬✮ ♦ t❡♦r❡♠❛ �(p → p)✱ ♥ã♦ ♣♦❞❡♠♦s ❡♥tr❡t❛♥t♦ ✐♥❢❡r✐r ��(p → p) ❝♦♠♦

t❡♦r❡♠❛✳ ❋❡✐t❛ ❛ ❞❡✈✐❞❛ r❡ss❛❧✈❛✱ ❞❡✜♥✐r❡♠♦s ♦s s❡❣✉✐♥t❡s s✐st❡♠❛s ♠♦❞❛✐s✿

• S0.5 = PC ∪ {(K), (T ), ✭◆✬✮}

• E2 = PC ∪ {(K), (T ), ✭◆✯✮}

• E3 = PC ∪ {(K ′), (T ), ✭◆✯✮}

• T = PC ∪ {(K), (T ), ✭◆❡❝✮}

❉♦✐s ❛♥♦s ♠❛✐s t❛r❞❡✱ ▲❡♠♠♦♥ ❡ ❉✉♠♠❡tt ❝♦♥str♦❡♠ ❞♦✐s s✐st❡♠❛s ✐♥t❡r✲

♠❡❞✐ár✐♦s ❡♥tr❡ ❙✹ ❡ ❙✺ ♣♦r ♠❡✐♦ ❞♦s ❛①✐♦♠❛s✿✷✼

✭●✶✮ ♦�p → �♦p

✭❉✶✮ �(�p → q) ∨�(�q → p)

P♦❞❡♠♦s✱ ❡♥tã♦✱ ❞❡✜♥✐r ♦s s✐st❡♠❛s✿

• S4.2 = S4 ∪ {(G1)}

• S4.3 = S4 ∪ {(D1)}

✷✻ ❆ ❘❡❣r❛ ✭◆✯✮ é ❞❡♥♦♠✐♥❛❞❛ ✭❊❜✮ ♣♦r ▲❡♠♠♦♥ ❡♠ ❬▲❡♠✺✼❪ ❡ ✭❘✯✮ ❡♠ ❬❈❍✾✻❪✳ ▲❡♠♠♦♥
❞❡♥♦♠✐♥❛ ✭❛✑✮ ❛ r❡❣r❛ ❡♥❢r❛q✉❡❝✐❞❛ q✉❡ ❞❡♥♦♠✐♥❛♠♦s ✭◆✬✮ s❡❣✉✐♥❞♦ ❬❈❍✾✻❪✳ Pr♦❝✉r❛♠♦s ♥♦s
❛♣r♦①✐♠❛r ❞❛ ♥♦t❛çã♦ ❞❡ ❬❈❍✾✻❪✱ ♠❛s ♣❛r❛ ✜♥s ❞❡ s✐♠♣❧✐❝❛çã♦ ✉s❛r❡♠♦s ◆ ♣❛r❛ ✐❞❡♥✜❝❛r ❛s
r❡❣r❛s ❞❡ ✐♥❝❧✉sã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡ ♥❡❝❡ss✐t❛çã♦✳
✷✼ ▼❛✐s ✉♠❛ ✈❡③✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦ ❞❡ ❬❈❍✾✻❪✳ ◆ã♦ t✐✈❡♠♦s ❛❝❡ss♦ ❛♦ ❛rt✐❣♦ ❞❡ ▲❡♠♠♦♥ ❡

❉✉♠♠❡t✱ ❬❉▲✺✾❪✳

✼✹



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

➱ ❞✐❣♥♦ ❞❡ ♥♦t❛ q✉❡ S4 ⊆ S4.1 ⊆ S4.2 ⊆ S4.3 ⊆ S5✱ ❡st❛♥❞♦ ♣♦rt❛♥t♦

❞❡♥tr♦ ❞❛ ❛❜r❛♥❣ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐✳✷✽

❊♠ ✶✾✻✷ ❙♦❜♦❝✐➠s❦✐ ♦❢❡r❡❝❡ ❛s ❡①t❡♥sõ❡s ♥❛t✉r❛✐s ❞♦ s✐st❡♠❛s ❞❡ ❋❡②s✳ P❛r❛

t❛♥t♦✱ ❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s✿

✭▲✶✮ (p J q) J (♦p J ♦q)

✭▼✶✮ ♦♦p J ♦p

❋♦r♠❛♠✲s❡✱ ❛ss✐♠✱ ♦s s✐st❡♠❛s✿

• S30 = S10 ∪ {L1}

• S40 = S10 ∪ {M1}

❙♦❜♦❝✐➠s❦✐ ❞❡♠♦♥str❛ q✉❡ S10 ⊆ S20 ⊆ S30 ⊆ S40 ❡ ♦❜s❡r✈❛ q✉❡ ❛❝r❡s✲

❝❡♥t❛♥❞♦ ❛ ❡ss❡s s✐st❡♠❛s p J ♦p ❝♦♠♦ ❛①✐♦♠❛✱ ♦❜t❡♠♦s ♦s q✉❛tr♦ ♣r✐♠❡✐r♦s

s✐st❡♠❛s ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s✳ ❉♦✐s ❛♥♦s ♠❛✐s t❛r❞❡✱✷✾ ❙♦❜♦❝✐➠s❦✐ ♦❢❡r❡❝❡

♠❛✐s ❛❧❣✉♥s s✐st❡♠❛s ♠♦❞❛✐s q✉❡ t❛♠❜é♠ ❡stã♦ ❢♦r❛ ❞♦ ❡s❝♦♣♦ ❞♦ ❚❡♦r❡♠❛ ❞❡

❉✉❣✉♥❞❥✐✱ ❡♠ q✉❡ ❡❧❡ ❞❡♥♦♠✐♥❛ s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲▲❡✇✐s ✭♥♦♥✲▲❡✇✐s ♠♦❞❛❧

s②st❡♠s✮✳ ❖s ❛①✐♦♠❛s ✉s❛❞♦s ♣♦r ❙♦❜♦❝✐➠s❦✐ sã♦✿

✭❏✶✮ �(�(p → �p) → p) → p

✭❍✶✮ p → �(♦p → p)

✭▼✮ �♦p → ♦�p

P♦r ♠❡✐♦ ❞❡❧❡s✱✸✵ ❞❡✜♥❡✲s❡ ♦s s✐st❡♠❛s✿

• K1✭♦✉ ❙✹▼✮✸✶ = S4 ∪ {(M)}

• K1.1 = S4 ∪ {(J1)}

✷✽ ❖s s✐st❡♠❛s ❙✹✳✶ ❡ ❙✹✳✷ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❡♠ ❬❉▲✺✾❪✳ ❉❡ ❛❝♦r❞♦ ❝♦♠
❬❈❍✾✻❪ ♣✳ ✶✹✸ ♦ ❛①✐♦♠❛ ✭●✶✮ é ❡♠ ❤♦♠❡♥❛❣❡♠ ❛ P✳ ❚✳ ●❡❛❝❤✱ q✉❡ ♣rô♣♦s ✭●✶✮ ❝♦♠♦ ✉♠❛
♠❛♥❡✐r❛ ❞❡ r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ♠♦❞❛❧✐❞❛❞❡s ❞❡ ❙✹ s❡♠ s❡ ❝♦❧❛♣s❛r ❝♦♠ ❙✺✳
✷✾ ❖s ❛rt✐❣♦s ❞❡ ✶✾✻✷ ❡ ✶✾✻✹ ❡♠ q✉❡stã♦ sã♦ ❬❙♦❜✻✷❪ ❡ ❬❙♦❜✻✹❛❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
✸✵ (J1) ❡ (H1) sã♦ ♦s ♥♦♠❡s ♦r✐❣✐♥❛✐s ❞❡ ❙♦❜♦❝✐➠s❦✐✳ ❖ ♥♦♠❡ (M) é ❞❡ ▲❡♠♠♦♥ ❡ ❙❝♦tt

❡♠ ❬▲❙✼✼❪ ♣✳ ✼✹✱ ♥♦♠❡ q✉❡ t❛♠❜é♠ s❡rá ✉s❛❞♦ ♣♦r ❍✉❣❤❡s ❡ ❈r❡s✇❡❧❧✳ ❖r✐❣✐♥❛❧♠❡♥t❡ (M) é
(K2)✳
✸✶ ❊ss❡ s✐st❡♠❛ ❛♣❛r❡❝❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ❬▼❝❑✹✺❪ ❝♦♠ ♦ ♥♦♠❡ ❙✹✳✶✳ ➱ ♦❜t✐❞♦ ❛❞✐❝✐♦✲

♥❛♥❞♦ ❛ ❙✹ ♦ ❛①✐♦♠❛

✭❋✮ (¬♦¬♦p ∧ ¬♦¬♦q) → ♦(p ∧ q)

▼❛s ❡♠ ❬▲❙✼✼❪ ♣✳ ✼✺ é ❞❡♠♦♥str❛❞♦ q✉❡ ♦ ❛①✐♦♠❛ (F ) ♣♦❞❡ s❡r s✉❜st✉í❞♦ ♣♦r (M)✳ ❆❧é♠
❞✐ss♦✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ♣♦r ❬❈❍✾✻❪ ♣✳ ✶✹✸✱ t❡♠♦s q✉❡ S4M * S4.2✱ s❡♥❞♦ ♣♦rt❛♥t♦ ♦ ♥♦♠❡
❙✹✳✶ ✐♥❛♣r♦♣r✐❛❞♦✳

✼✺



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

• K1.2 = S4 ∪ {(H1)}

• K2 = S4.2 ∪ {(M)}

• K2.1 = K2 ∪ {(J1)}

• K3 = S4.3 ∪ {(M)}

• K3.1 = S4.3 ∪ {(J1)}

• K4′ ✭♦✉ ❙✹✳✹▼✮✸✷ = S4.4 ∪ {(M)}

❙♦❜♦❝✐➠s❦✐ ♦❢❡r❡❝❡ ♦✉tr♦s s✐st❡♠❛s ❡♥tr❡ ❙✹ ❡ ❙✺✱ ♣r♦♣♦♥❞♦ ✉♠ ♥♦✈♦ ❛①✐✲

♦♠❛✿✸✸

✭❘✶✮ p → (♦�p → �p)

❊ ❞❡✜♥❡ três ♥♦✈♦s s✐st❡♠❛s✿

• S4.2.1 = S4.2 ∪ {(N1)}

• S4.3.1 = S4.3 ∪ {(N1)}

• S4.4 = S4 ∪ {(R1)}

❖ ❛✉t♦r ❛✐♥❞❛ ❝♦❧♦❝❛ ❛ q✉❡stã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❛❧❣✉♠ s✐st❡♠❛ ❡♥tr❡ ❙✹✳✹ ❡

❙✺✳ ❙❝❤✉♠♠ r❡s♣♦♥❞❡ ♣♦s✐t✐✈❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❛①✐♦♠❛✿

✭▼✶✽✮ (♦�q → q) ∨ (�♦q → q)

❊ ❞❡✜♥✐♥❞♦ ♦ s✐st❡♠❛✿

• S4.9 = S4.4 ∪ {(M18)}

❖ s✐st❡♠❛ ❙✹✳✾ t❡♠ ❛✐♥❞❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ♣❡❝✉❧✐❛r ❞❡ ♥ã♦ ❡①✐st✐r ♥❡♥❤✉♠

♦✉tr♦ ❡♥tr❡ ❡❧❡ ❡ ❙✺✳ ❊♠ ♦✉tr♦s ♣❛❧❛✈r❛s✱ ❛❝r❡s❝❡♥t❛♥❞♦ q✉❛❧q✉❡r ❛①✐♦♠❛ ❡♠

❙✹✳✾✱ t❡rí❛♠♦s ♦✉ ✉♠ s✐st❡♠❛ ❢♦r❛ ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s ♦✉ ♦ ♣ró♣r✐♦ ❙✺✳✸✹

✸✷ ❊ss❡ s✐st❡♠❛ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡s✐❣♥❛❞♦ ♣♦r ❑✹ ❡♠ ❬❙♦❜✻✹❜❪ ♠❛s ▲❡♠♠♦♥ ✉s❛rá ♦ ♥♦♠❡
❑✹ ♣❛r❛ s❡ r❡❢❡r✐r ❛♦ s✐st❡♠❛ ♦❜t✐❞♦ ❡①❝❧✉✐♥❞♦ ♦ ❛①✐♦♠❛ ❚ ❡♠ ❙✹✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✳
P❛r❛ ❡✈✐t❛r ❝♦♥❢✉sõ❡s✱ ✉s❛♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❡ ❬❈❍✾✻❪✳
✸✸ ❙♦❜♦❝✐➠s❦✐ ✉s❛ ❛ ♥♦t❛çã♦ ♣r❡✜①❛ ♥♦ ❛rt✐❣♦ ❡♠ q✉❡stã♦ ❬❙♦❜✻✹❜❪✳ ▼❛♥t✐✈❡♠♦s ♦s ♥♦♠❡s

♦r✐❣✐♥❛✐s ❞♦s ❛①✐♦♠❛s ❡ ❞♦s s✐t❡♠❛s✱ ♣r❡❢❡r✐♥❞♦ ❛ ♥♦t❛çã♦ ✐♥✜①❛ ❝♦♠ ✐♠♣❧✐❝❛çã♦ ♠❛t❡r✐❛❧✱
❝♦♠♦ ❛ ♦❢❡r❡❝✐❞❛ ♣♦r ❬❈❍✾✻❪✳
✸✹ ❖ ♥♦♠❡ ♦r✐❣✐♥❛❧ ❞❡ ❙✹✳✾ ❞❛❞♦ ♣♦r ❙❝❤✉♠♠ ❡♠ ❬❙❝❤✻✾❪ é ❙✹✳✼✳ ❩❡♠❛♥ ❞❡♠♦♥str♦✉ ❡♠

❬❩❡♠✼✶❪ q✉❡ ♥ã♦ ❤❛✈✐❛ ♥❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡ ❙✹✳✼ ❡ ❙✺✱ ♣r♦♣♦♥❞♦ q✉❡ ♦ ♥♦♠❡ ❙✹✳✾ s❡r✐❛ ♠❛✐s
❝♦♥✈❡♥✐❡♥t❡✳ ❖ ♥♦♠❡ (M18) ♣❛r❛ ♦ ❛①✐♦♠❛ ❛❝✐♠❛✱ ❛♣❛r❡❝❡ ❡♠ ❬❩❡♠✼✸❪ ♣✳ ✷✻✻✳ ▼❛♥t✐✈❡♠♦s
♦ ♥♦♠❡ ❞♦ s✐st❡♠❛ ❡ ❞♦ ❛①✐♦♠❛ t❛❧ q✉❛❧ ♠❛t✐❞♦s ♣♦r ❬❈❍✾✻❪✳

✼✻



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❉❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ é ♦ ❛①✐♦♠❛ ❢♦r♠✉❧❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ✶✾✻✸ ♣♦r

❙♠✐❧❡②✳✸✺

✭❲✮ �(�p → p) → �p

◆♦r♠❛❧♠❡♥t❡ ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✏é ❞❡♠♦♥strá✈❡❧✑✱ ♦ ♦♣❡r❛❞♦r � é ❡♠ ❣❡r❛❧

❡st✉❞❛❞♦ ♥♦ s✐st❡♠❛ ❑❲✿

• KW = K4 ∪ {(W )}

❉❡s❞❡ ❡♥tã♦✱ ❑❲ s❡ t♦r♥♦✉ ❛ ❜❛s❡ ❞❡ ✉♠ ✐♠♣♦rt❛♥t❡ r❛♠♦ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧✿

❛ ❧ó❣✐❝❛ ❞❛ ♣r♦✈❛❜✐❧✐❞❛❞❡✳✸✻

❯♠ ❛♥♦ ❞❡♣♦✐s✱ ➴q✈✐st ♣r♦♣ô❡ ♠❛✐s ❞♦✐s s✐st❡♠❛s✿

• S3.5 = S3 ∪ {♦p → �♦p}

• S9 = S3.5 ∪ {♦♦p}

➴q✈✐st ♠♦str❛ q✉❡ S3 ⊆ S3.5 ⊆ S4 ❡ S7 ⊆ S9✳✸✼ ❆❧é♠ ❞✐ss♦✱ ❞❡♠♦♥str❛

❛ ♣r♦♣r✐❡❞❛❞❡ ♣❡❝✉❧✐❛r ❞❡ q✉❡ ✉♠❛ ❢ór♠✉❧❛ ❡♠ ❙✸✳✺ é t❡♦r❡♠❛ s❡ ❡ s♦♠❡♥t❡ s❡

❢♦r t❡♦r❡♠❛ ❡♠ ❙✺ ❡ ❡♠ ❙✾✳

◆♦ ♠❡s♠♦ ❛♥♦ ❚❤♦♠❛s ❛♣r❡s❡♥t❛ ✉♠❛ ❤✐❡r❛rq✉✐❛ ✐♥t❡r♠❡❞✐ár✐❛ ❡♥tr❡ ❚ ❡

❙✹ ♣♦r ♠❡✐♦ ❞♦ s❡❣✉✐♥t❡ ❡sq✉❡♠❛ ❞❡ ❛①✐♦♠❛✿✸✽

✭✹n✮ �np → �n+1p

❆ ❤✐❡r❛rq✉❛ é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡ ❚

• S4n = T ∪ {(4n)}

❉❡ ♠♦❞♦ q✉❡ s❡ n < m ❡♥tã♦ S4n ⊆ S4m ❡ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ t❡r❡♠♦s

T ⊆ S4n ⊆ S4m ⊆ S4✳
✸✺ ❆ s❡q✉ê♥❝✐❛ ❝r♦♥♦❧ó❣✐❝❛ ❢♦✐ ❧❡✈❡♠❡♥t❡ ✐♥t❡rr♦♠♣✐❞❛ ❛q✉✐ ♣❛r❛ ♣r✐♦r✐③❛r ❛ ✢✉ê♥❝✐❛ ❞♦ t❡①t♦✳
✸✻ ❖ ❛①✐♦♠❛ ❡♠ q✉❡stã♦ ❢♦✐ ♣r♦♣♦st♦ ❡♠ ✶✾✺✺ ♣♦r ▲ö❜ ❡♠ ❬▲☎✺✺❪✱ ❝♦♠♦ r❡s♣♦st❛ ❛ ✉♠❛

♣❡r❣✉♥t❛ ❢♦r♠✉❛❞❛ ♣♦r ❍❡♥❦✐♥ s♦❜r❡ ♦ ❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ❞❛ ❆r✐t♠ét✐❝❛ ❡♠ ❬❍❡②✺✷❪✳
▲ö❜ ❡♥tr❡t❛♥t♦ ✉s❛ ♦ ♦♣❡r❛❞♦r B̃✱ q✉❡ ❢♦✐ s✉❜t✐t✉í❞♦ ♣♦r ❙♠✐❧❡② ❡♠ ❬❙♠✐✻✸❪ ♣♦r �✳ ❚❛♠❜é♠
❝♦♥❤❡❝✐❞♦ ❝♦♠♦ (GL) ❡♠ ❬❇♦♦✾✸❪✱ ♠❛♥t✐✈❡♠♦s ♦ ♥♦♠❡ ❞♦ ❛①✐♦♠❛ q✉❡ ❛♣❛r❡❝❡ t❛♥t♦ ❡♠ ❬❙❡❣✼✶❪
♣✳ ✽✹ q✉❛♥t♦ ❡♠ ❬❈❍✾✻❪ ♣✳ ✶✸✾✳ ◆ã♦ t✐✈❡♠♦s ❛❝❡ss♦ ❛♦ ❛rt✐❣♦ ❞❡ ❙♠✐❧❡②✱ ♠❛s r❡❢❡rê♥❝✐❛s s♦❜r❡
❛ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ❞❛ ♣r♦✈❛❜✐❧✐❞❛❞❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬❈❍✾✻❪ ♣✳ ✶✹✹ ❡ ❬❱❡r✶✵❪✳
✸✼ ❖ ❛①✐♦♠❛ ❛❞✐❝✐♦♥❛❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ❡♠ ❙✸ ♣♦r ➴q✈✐st ❡♠ ❬➴q✈✻✹❪ é ¬�p → �¬�p✱ ♠❛s

♠❛✐s ✉♠❛ ✈❡③ ♣r❡❢❡r✐♠♦s ❛ ❢♦r♠✉❧❛çã♦ ❡♠ ❬❈❍✾✻❪ ♣✳ ✸✻✹✳ ❖ ♥♦♠❡ ♦r✐❣✐♥❛❧ ❞❡ ❙✾ é ❙✼✳✺✳ ❆
❞❡♥♦♠✐♥❛çã♦ ❙✾ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❍✉❣❤❡s ❡ ❈r❡s✇❡❧❧ ❛♦ ❞❡♠♦♥str❛r q✉❡ S8 ⊆ S7.5✳ ❈♦♥❢❡r✐r
❬❈❍✻✽❪ ♣✳ ✷✼✸ ❡ ❬❍❛❧✶✸❪✳
✸✽ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❚❤♦♠❛s ❡♠ ❬❚❤♦✻✹❪✱ ❡ss❛ ❤✐❡r❛rq✉✐❛ s❡ ❞❡✈❡ ❛ ❙♦❜♦❝✐➠s❦✐✱ ♥✉♠ r❡s✉❧t❛❞♦

♥ã♦✲♣✉❜❧✐❝❛❞♦✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

◆♦ ❛♥♦ ❞❡ ✶✾✻✸ ✉♠❛ ✈❡r❞❛❞❡✐r❛ r❡✈♦❧✉çã♦ ♦❝♦rr❡ ♥❛ ❧ó❣✐❝❛ ♠♦❞❛❧✳ ❑r✐♣❦❡ ❣❡✲

♥❡r❛❧✐③❛ ❛ s❡♠â♥t✐❝❛ ❞❡ ♠✉♥❞♦s ♣♦ssí✈❡✐s ❞❡ ❈❛r♥❛♣ ❞❡ ✶✾✹✻✱ ✐♥❝❧✉✐♥❞♦ ❛ ♥♦çã♦

❞❡ r❡❧❛çã♦ ❡♥tr❡ ♠✉♥❞♦s✱ ♣r♦✈❛♥❞♦ ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❚✱ ❙✹ ❡ ❙✺✳ ❙✉❛ s❡♠â♥✲

t✐❝❛ r❡❧❛❝✐♦♥❛❧ ♥ã♦ é ❛♣❡♥❛s ♣♦❞❡r♦s❛ ❡ ❡①tr❡♠❛♠❡♥t❡ ✐♥t✉✐t✐✈❛✱ ♠❛s ♣♦ss✐❜✐❧✐t❛

❛ ❞❡✜♥✐çã♦ ❞❡ ♥♦✈♦s s✐st❡♠❛s ♠♦❞❛✐s✳✸✾ P♦r ❡①❡♠♣❧♦✱ ✉♠❛ ♠❛♥❡✐r❛ ❛❧t❡r♥❛t✐✈❛

❞❡ ❛①✐♦♠❛t✐③❛r ❙✺ é ❛❞✐❝✐♦♥❛♥❞♦✲s❡ ❛ ❙✹ ♦ ❛①✐♦♠❛✿✹✵

✭❈✶✷✮ p J ¬♦¬♦p

❚❛❧ ❛①✐♦♠❛ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦ ❡♠ ❬▲▲✸✷❪ ❞❡ ❛①✐♦♠❛ ❇r♦✉✇❡rs❝❤❡✱ ❡♠ ❤♦♠❡✲

♥❛❣❡♠ ❛ ❇r♦✉✇❡r✳✹✶ ◆♦ ♠❡s♠♦ ❛rt✐❣♦✱ ❑r✐♣❦❡ ♠♦str❛ ❝♦♠♦ s✉❛ s❡♠â♥t✐❝❛

r❡❧❛❝✐♦♥❛❧ ♣♦ss✐❜✐❧✐t❛ ❛ ❝r✐❛çã♦ ❞❡ ✉♠ ♥♦✈♦ s✐st❡♠❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ♥♦✈❛ ✈❡r✲

sã♦ ❞♦ ❛①✐♦♠❛ ❇r♦✉✇❡rs❝❤❡✱ ✉s❛♥❞♦ ✐♠♣❧✐❝❛çã♦ ♠❛t❡r✐❛❧ ❡♠ ✈❡③ ❞❛ ✐♠♣❧✐❝❛çã♦

❡str✐t❛✳

✭❇✮ p → �♦p

❉❡✜♥❡✲s❡ ❡♥tã♦ ♦ s✐st❡♠❛ ❑❚❇ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❇ ❝♦♠♦✿

• B = T ∪ {(B)}

❑r✐♣❦❡ ✐♥s✐st❡ q✉❡ s✉❛ s❡♠â♥t✐❝❛ ♣❡r♠✐t❡ ❝❛r❛❝t❡r✐③❛r s✐st❡♠❛s ❛✐♥❞❛ ♠❛✐s

❢r❛❝♦s q✉❡ ❚✱ ♣♦❞❡♥❞♦ ♦❜t❡r s✐st❡♠❛s ❞♦ t✐♣♦ ❞❡ô♥t✐❝♦✳ ❊ss❡s s✐st❡♠❛s s❡rã♦

❡st✉❞❛❞♦s ♣♦r ▲❡♠♠♦♥ ❡♠ ✶✾✻✻✳ ❊♠ s❡✉ ❛rt✐❣♦✱ ♣r♦♣õ❡ três ♥♦✈♦s s✐st❡♠❛s✿✹✷

• K = PC ∪ {(K), (Nec)}

• D = K ∪ {(D)}

• E20 = PC ∪ {(K), (N∗)}

▲❡♠♠♦♥ ♠♦str❛♥ ❛ ❝♦♠♣❧❡t✉❞❡ ❛❧❣é❜r✐❝❛ ♣❛r❛ ❡ss❡s s✐st❡♠❛s ❡ s❡✉s r❡s♣❡❝✲

t✐✈♦s ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s✳✹✸ ◆♦ ♠❡s♠♦ ❛♥♦✱ ▲❡♠♠♦♥ ❡ ❙❝♦tt ❝♦♥str✉ír❛♠ ✉♠
✸✾ ❊♠❜♦r❛ ✉s❡♠♦s ♦ t❡r♠♦ ✏r❡✈♦❧✉çã♦✑ ❞♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ❡♠ ❬❇❘❱✵✶❪ ♣✳✹✶✱ ♣r❡❢❡r✐♠♦s ❛

❞❛t❛ ❞❡ ✶✾✻✸ ❡♠ ✈❡③ ❞❡ ✶✾✺✾✳ ❈♦♠♦ ❛ss✐♥❛❧❛❞♦ ❡♠ ❬❇❛❧✶✵❪✱ ♦ ❛rt✐❣♦ ❞❡ ❑r✐♣❦❡ ❞❡ ✶✾✺✾ ❬❑r✐✺✾❪
♠♦str❛ s♦♠❡♥t❡ ✉♠❛ ♥♦✈❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❙✺✱ r❡s✉❧t❛❞♦ q✉❡ ❥á ❤❛✈✐❛ s✐❞♦ ❞❡♠♦♥str❛❞♦ ❡♠
✶✾✹✻ ♣♦r ❈❛r♥❛♣ ❡♠ ❬❈❛r✹✻❪✳ ❑r✐♣❦❡ ❛♣❡♥❛s ✐♥❞✐❝❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ s❡♠â♥t✐❝❛ ♠❛✐s
❣❡♥ér✐❝❛ ♣❛r❛ ❧ó❣✐❝❛ ♠♦❞❛❧ s❡♠ ❝♦♥t✉❞♦ ♦❢❡r❡❝ê✲❧❛✳ ❚❛❧ s❡♠â♥t✐❝❛ s❡rá ❛♣r❡s❡♥t❛❞❛ ❛♣❡♥❛s
❡♠ ✶✾✻✸ ❡♠ ❬❑r✐✻✸❪✳
✹✵ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬❇❛❧✶✵❪✳
✹✶ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬❈❍✾✻❪ ♣✳ ✼✵✱ ♦ ♥♦♠❡ s❡ ❞❡✈❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ❛♦ ❢❛t♦ ❞❡ t❡r♠♦s ♥❛ ❧ó❣✐❝❛

✐♥t✉✐❝✐♦♥✐st❛ p → ¬¬p ❝♦♠♦ t❡♦r❡♠❛ s❡ ✐♥t❡r♣r❡t❛r♠♦s ❛ ♥❡❣❛çã♦ ✐♥t✉✐❝✐♦♥✐st❛ ❝♦♠♦ ¬♦ ❡ J
❝♦♠♦ ✐♠♣❧✐❝❛çã♦ ✐♥t✉✐❝✐♦♥✐st❛✳
✹✷ ❊♠ ❬▲❡♠✻✻❪✳ ❖ ♥♦♠❡ ♦r✐❣✐♥❛❧ ❞❡ ❊✷0 é ❈✷✳ ❙❡❣✉✐♠♦s ❛ ♥♦♠❡♥❝❧❛t✉r❛ ❞❡ ❬❈❍✾✻❪ ♣✳ ✸✻✸✳
✹✸ ❖s ♥♦♠❡s ♦r✐❣✐♥❛✐s ❞❡ss❡s s✐st❡♠❛s sã♦❚✭❈✮ ❡❚✭❉✮✳ ❯s❛♠♦s ❛ ❞❡♥♦♠✐♥❛çã♦ ❞❡ ❙❡❣❡r❜❡r❣

❡♠ ❬❙❡❣✼✶❪✱ ♦♥❞❡ ❚✭❉✮ ♣❛ss❛ ❛ s❡r ❝❤❛♠❛❞♦ s✐♠♣❧❡s♠❡♥t❡ ❞❡ ❉ ✭❞❡ ❞❡♦♥t✐❝✮ ❡♥q✉❛♥t♦ ❚✭❈✮
é ❝❤❛♠❛❞♦ ❞❡ ❑✱ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛ ❑r✐♣❦❡✳

✼✽



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ s✐st❡♠❛s ♠♦❞❛✐s ✐♥t❡r♠❡❞✐ár✐♦s ❡♥tr❡ ❑ ❡ ❙✺✳ Pr♦♣✉s❡r❛♠✱

♣♦r ❡①❡♠♣❧♦✱ ♦ ❛①✐♦♠❛✿

✭❊✮ ♦�p → �p

❊ ❞❡✜♥✐r❛♠ ♦s s❡❣✉✐♥t❡s s✐st❡♠❛s ✐♥t❡r♠❡❞✐ár✐♦s✿

• K4 = K ∪ {(4)}

• KD4 = K4 ∪ {(D)}

• KDB = D ∪ {(B)}

• KB = K ∪ {(B)}

• KE = K ∪ {(E)}

• KBE = KB ∪ {(E)}

❆♣r❡s❡♥t❛♥❞♦ ♦s s❡✉s r❡s♣❡❝t✐✈♦s ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s✳✹✹ ◆♦t❛✲s❡✱ ♣♦rt❛♥t♦✱

❝♦♠♦ ♦s tr❛❜❛❧❤♦s ❞❡ ▲❡♠♠♦♥ ❡♠ ♣❛rt✐❝✉❧❛r ❡ ❞❡ ❧ó❣✐❝❛ ♠♦❞❛❧ ❡♠ ❣❡r❛❧ t♦♠❛✲

r❛♠ ✉♠ r✉♠♦ ❞✐❢❡r❡♥t❡ ❞❡♣♦✐s ❞❛ s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧ ❞❡ ❑r✐♣❦❡✳ ❊♠ ✈❡③ ❞❡

r❡✢❡t✐r s♦❜r❡ ❛①✐♦♠❛s ❡ ❜✉s❝❛r ✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛ ❝❡rt❛ ❛①✐♦♠át✐❝❛✱ ♦ ♠♦✈✐✲

♠❡♥t♦ ♣r❡❞♦♠✐♥❛♥t❡ ❢♦✐ ♦ ❝♦♥trár✐♦✿ ❜✉s❝❛r ❛①✐♦♠❛s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❝❡rt❛s

♣r♦♣r✐❡❞❛❞❡s ❞♦s ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s✳✹✺

❊ss❡ ♠♦✈✐♠❡♥t♦ ❡♥❝♦♥tr♦✉ s❡✉s ❧✐♠✐t❡s ♥♦ ❛①✐♦♠❛✿

✭▼❦✮ �(��p → ���p) → (�p → ��p)

Pr♦♣♦st♦ ❡♠ ✶✾✻✾ ♣♦r ▼❛❦✐♥s♦♥✱ ▼❦ é ✉♠ s✐st❡♠❛ q✉❡ ❡stá ❡♥tr❡ ❚ ❡ ❙✹ ❡

é ❞❡✜♥✐❞♦ ❝♦♠♦✿

• Mk = T ∪ {(Mk)}

✹✹ ❖s s✐st❡♠❛s ❛❝✐♠❛ ❢♦r❛♠ ❝✐t❛❞♦s ♣♦r ❬❙❡❣✼✶❪ ♣✳ ✹✽ ❝♦♠♦ s❡♥❞♦ ❞❡ ❛✉t♦r✐❛ ❞❡ ▲❡♠♠♦♥ ❡
❙❝♦tt✱ ❝✐t❛❞♦ ❝♦♠♦ ✏r❛s❝✉♥❤♦s ♣r❡❧✐♠✐♥❛r❡s ❞♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✑ ✭♣r❡❧✐♠✐♥❛r② ❞r❛❢t ♦❢ ✐♥✐t✐❛❧s
❝❤❛♣t❡rs✮✱ q✉❡ s❡r✐❛ ♣✉❜❧✐❝❛❞♦ ❝♦♠♦ tr❛❜❛❧❤♦ ♣óst✉♠♦ ❞❡ ▲❡♠♠♦♥ ♦♥③❡ ❛♥♦s ♠❛✐s t❛r❞❡ s♦❜
♦ tít✉❧♦ ❞❡ ❚❤❡ ▲❡♠♠♦♥ ◆♦t❡s✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❞❛❧ ▲♦❣✐❝✱ ❡♠ ❝♦✲❛✉t♦r✐❛ ❝♦♠ ❙❝♦tt ❡
❡❞✐t❛❞♦r ♣♦r ❙❡❣❡r❜❡r❣✳ ❱❡r ❬▲❙✼✼❪✳
✹✺ ❊ss❡ é ♦ ❝❛s♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❞♦ ❛①✐♦♠❛ ✭❊✮✱ ❝✉❥♦ ♥♦♠❡ s❡ ❞❡✈❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❡✉❝❧✐❞✐❛♥❛

❞❡ s❡✉s ♠♦❞❡❧♦s✿ s❡ ✉♠ ♠✉♥❞♦ ω1 ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✉♠ ♠✉♥❞♦ ω2 ❡ t❛♠❜é♠ r❡❧❛❝✐♦♥❛❞♦
❝♦♠ ✉♠ ♠✉♥❞♦ ω3✱ ❡♥tã♦ ω2 ❡ ω3 ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❡♥tr❡ s✐✳ ❈♦♥❢❡r✐r ❬❙❡❣✼✶❪ ♣✳ ✹✽ ❡ ❬❈❍✾✻❪
♣✳ ✼✵✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

▼❛s ❡♠ ✶✾✼✹ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ❚❤♦♠❛♥s♦♥ ❡ ❋✐♥❡

❞♦✐s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡s ♣♦r ♠♦❞❡❧♦s ❞❡ ❑r✐♣❦❡✱ ❡s❜❛rr❛♥❞♦ ♥♦s ❧✐♠✐t❡s

❞❛ s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧✳ ❖ s✐st❡♠❛ ❞❡ ❚❤♦♠❛♥s♦♥ ❡stá t❛♠❜é♠ ❡♥tr❡ ❚ ❡ ❙✹✱

❡♥q✉❛♥t♦ ♦ ❞❡ ❋✐♥❡ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❙✹✳✹✻

❉❡✈❡♠♦s ♠❡♥❝✐♦♥❛r ❛✐♥❞❛ ✉♠❛ ❧✐st❛ ❞❡ s✐st❡♠❛s ♣r♦♣♦st♦s ♣♦r ❙❡❣❡r❜❡r❣

q✉❡ ♥ã♦ sã♦ ❡①t❡♥sõ❡s ❞♦ s✐st❡♠❛ ❉✱ ❡ s✐♠ ❞❡ ❑✹✳ P❛r❛ t❛♥t♦✱ ❧❡✈❛✲s❡ ❡♠ ❝♦♥t❛

♦s ❛①✐♦♠❛s✿

✭▲❡♠0✮ �((p ∧�p) → q) ∨�((q ∧�q) → p)

✭●0✮ ♦(p ∧�q) → �(p ∨ ♦q)

✭❩ ✮ �(�p → p) → (♦�p → p)

❊ ❞❡✜♥❡✲s❡ ♦s s✐st❡♠❛s✿✹✼

• K4.2 = K4 ∪ {(Lem0)}

• K4.3 = K4 ∪ {(G0)}

• K4Z = K4 ∪ (Z)

• K4.2Z = K4.2 ∪ {(Z)}

• K4.3Z = K4.3 ∪ {(Z)}

• K4.2W = K4.2 ∪ {(W )}

• K4.3W = K4.3 ∪ {(W )}

❍á s✐st❡♠❛s✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ q✉❡ ♥ã♦ sã♦ ❡①t❡♥sõ❡s ❞❡ ❑✹ ♦✉ t❛♠♣♦✉❝♦

❉✳ ➱ ♦ ❝❛s♦ ❞❛q✉❡❧❡s ♣r♦♣♦st♦s ♣♦r ❍✉❣❤❡s ❡ ❈r❡s✇❡❧❧ ❡♠ ✶✾✼✺ ♣♦r ♠❡✐♦ ❞♦s

❛①✐♦♠❛s✿

✭❇+✮ �p → (♦p → �(�p ∨ ♦p))

✭❙❡❣n✮ (♦♦p1 ∧ . . .♦♦pn) → ♦(♦p1 ∧ . . . ∧ ♦pn) ✭♣❛r❛ n ≥ 1)

✹✻ ❖s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❡t✉❞♦s ❢♦r❛♠ ❞❡♠♦♥str❛❞♦s ❡♠ ❬❋✐♥✼✹❪ ❡ ❬❚❤♦✼✹❪✳ ❏á ♦ ♥♦♠❡
♦r✐❣✐♥❛❧ ❞♦ s✐st❡♠❛ ❞❡ ▼❦✐♥s❡② ❝♦♥❢♦r♠❡ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❬▼❛❦✻✾❪ é ❈✳ ❯s❛♠♦s ♦ ♥♦♠❡ ❞❛❞♦
♣♦r ❍✉❣❤❡s ❡ ❈r❡s✇❡❧❧ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛ ▼❛❦✐♥s♦♥ ♣❛r❛ ✉♠ s✐st❡♠❛ s❡♠❡❧❤❛♥t❡ ❡♠ q✉❡ ✭▼❦✮
é s✉❜st✐t✉í❞♦ ♣❡❧♦ ❛①✐♦♠❛✿

�(��p → �q) → (�p → q)

❊ss❡ s✐st❡♠❛✱ ♣♦r s✉❛ ✈❡③✱ é ❝♦♠♣❧❡t♦ ❝♦♠ r❡s♣❡✐t♦ à s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧✳ ❈♦♥❢❡r✐r ❬❈❍✾✻❪
♣✳✶✺✽✳
✹✼ ❖s s✐st❡♠❛s ❑✹✳✷ ❡ ❑✹✳✸ sã♦ ❞❡✜♥✐❞♦s ❡♠ ❬❙❡❣✼✶❪ ♣✳✺✵ ❡♥q✉❛♥t♦ ♦s ❞❡♠❛✐s ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞♦s ❡♠ ■❞❡♠✱ ■❜✐❞❡♠ ♣✳ ✽✹✲✾✻✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❆s ❛①✐♦♠át✐❝❛s r❡s✉❧t❛♥t❡s sã♦ ❡①t❡♥sõ❡s ❞♦ s✐st❡♠❛ ❇✿✹✽

• B+ = B ∪ {(B+)}

• Bsegn = B ∪ {(Segn)}

❍✉❣❤❡s ❡ ❈r❡s✇❡❧❧ r❡ss❛❧t❛♠ q✉❡ Bsegn ⊆ Bsegn+1✳ ❚♦❞❛s ❛s r❡❧❛çõ❡s

❞❡ ✐♥❝❧✉sã♦ ♠❡♥❝✐♦♥❛❞❛s ❛q✉✐ s❡rã♦ r❡❧❡✈❛♥t❡s ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦ ❛❧❝❛♥❝❡ ❞♦

❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ❞❛ ♣ró①✐♠❛ s✉❜s❡çã♦✳

❊♥❢❛t✐③❛♠♦s ♦s ❧✐♠✐t❡s ❞❛ s❡♠â♥t✐❝❛ ❞❡ ❑r✐♣❦❡ ❛♦ ♠❡♥❝✐♦♥❛r♠♦s ♦s s✐st❡♠❛s

❞❡ ❋✐♥❡ ❡ ❚❤♦♠❛♥s♦♥✳ ❊ss❡✱ ❡♥tr❡t❛♥t♦✱ ♥ã♦ ❢♦✐ ♦ ú♥✐❝♦ ❝❛s♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡

♥❛ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧✳ ❊♠ ✶✾✼✾✱ ✈❛♥ ❇❡♥t❤❡♠ ❝❤❛♠♦✉ ❛t❡♥çã♦ ♣❛r❛ ♦

s✐st❡♠❛ ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞♦ ❛①✐♦♠❛✿✹✾

✭❱❇✮ ♦�p ∨�(�(�q → q) → q)

❆ ✐♥❝♦♠♣❧❡t✉❞❡ s✉r❣❡ q✉❛♥❞♦ é ❞❡♠♦♥str❛❞♦ q✉❡ q✉❛❧q✉❡r s❡♠â♥t✐❝❛ r❡❧❛✲

❝✐♦♥❛❧ ♣❛r❛ ♦ s✐st❡♠❛ ❱❇ ✈❛❧✐❞❛ ❛ ❢ór♠✉❧❛ ❛❜❛✐①♦

✭▼❱✮ ♦�p ∨�p

▼❛s ✭▼❱✮ ♥ã♦ é t❡♦r❡♠❛ ❞❡ ❱❇✳ ❚❡♠♦s✱ ❛ss✐♠✱ ❞✉❛s ❛①✐♦♠át✐❝❛s✿

• MV = K ∪ {(MV )}

• VB = K ∪ {(V B)}

❖ s✐st❡♠❛ ▼❱ é ❝♦♠♣❧❡t♦ ✈✐❛ s❡♠â♥t✐❝❛ ❞❡ ❑r✐♣❦❡ ♠❛s ♥ã♦ ❤á s❡♠â♥t✐❝❛

❦r✐♣❦✐❛♥❛ ❝♦♠♣❧❡t❛ ♣❛r❛ ❱❇✳ ❱❡r❡♠♦s q✉❡ t❛♠❜é♠ ♥ã♦ ❤❛✈❡rá s❡♠â♥t✐❝❛ ♠❛✲

tr✐❝✐❛❧ ♣❛r❛ ❛♠❜♦s s✐st❡♠❛s✳ P❛r❛ ✐ss♦✱ s❡rá ✐♠♣♦rt❛♥t❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ q✉❡

VB ⊆ MV✳

❖✉tr♦ ❡①❡♠♣❧♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ s❡ ❞❡✈❡ ❛♦ ❛①✐♦♠❛ ❛❜❛✐①♦✿
✹✽ ❖ s✐st❡♠❛ ❇+ ❢♦✐ ❞❡s❝r✐t♦ ❡♠ ❬❍✉❣✼✺❪ ❡♥q✉❛♥t♦ ❛ ❤✐❡r❛rq✉✐❛ ❇s❡❣n ❢♦✐ ❝♦♥str✉✐❞❛ ❡♠

❬❍❈✼✺❪✳
✹✾ ❖ ❛rt✐❣♦ ❡♠ q✉❡stã♦ é ❬❇❡♥✼✽❪✳ ❱❛♥ ❇❡♥t❤❡♠ ❞❡♠♦♥str❛ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ✐♥❝♦♠♣❧❡t✉❞❡

❞♦ s✐st❡♠❛ ▲1✱ ♦❜t✐❞♦ ❡st❡♥❞❡♥❞♦ ❑ ♣♦r ♠❡✐♦ ❞♦s ❛①✐♦♠❛s✿

�p → p

�(�p → �q) ∨ �(�q → �p)

(♦p ∧ �(p → �p)) → p

�♦p → ♦�p

❖ ❛✉t♦r ❝❤❛♠❛ ❛t❡♥çã♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ▲1 é ♠❛✐s s✐♠♣❧❡s q✉❡ ♦s s✐st❡♠❛s ✐♥❝♦♠♣❧❡t♦s ❞❡ ❋✐♥❡
❡ ❚❤♦♠❛♥s♦♥✳ ❖✉tr♦ ❡①❡♠♣❧♦ é ▲2✱ q✉❡ t❛♠❜é♠ ❡st❡♥❞❡ ❑✿

�p → p

�(�(p → �p) → ���p) → p

❉❡ ❛❝♦r❞♦ ❝♦♠ ❬❈❍✽✹❪ ♣✳ ✻✼✱ ❛ ❛①✐♦♠át✐❝❛ ❛❜❛✐①♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞♦ ❛rt✐❣♦ ❞❡ ❇❡♥t❤❡♠✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❍✮ �(p ↔ �p) → �p

❖ s✐st❡♠❛ ❑❍ é ♦❜t✐❞♦ ❛❝r❡s❝❡♥t❛♥❞♦ ❛ ❑ ♦ ❛①✐♦♠❛ (H)✳✺✵ ❱✐st♦ q✉❡ ❡♠

❑❍ ♦ ❛①✐♦♠❛ ✭✹✮ ♥ã♦ é t❡♦r❡♠❛✱ t❡♠♦s KH ⊆ KW✳ P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛❧q✉❡r

s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧ ❝♦♠♣❧❡t❛ ♣❛r❛ ❑❍ t❛♠❜é♠ s❡r✐❛ ♣❛r❛ ❑❲✱ ♣r♦✈❛♥❞♦ ❛

✐♥❝♦♠♣❧❡t✉❞❡ ❞♦ ♣r✐♠❡✐r♦✳✺✶

❋✐♥❛❧♠❡♥t❡✱ ♥ã♦ ❞❡✈❡♠♦s ❞❡✐①❛r ❞❡ ❧❛❞♦ ❛❧❣✉♥s s✐st❡♠❛s ♣r♦♣♦st♦s ♣♦r ❍✉❣❤❡s

❡ ❈r❡ss✇❡❧❧ ❡♠ ❆ ◆❡✇ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❞❛❧ ▲♦❣✐❝✱ ❝❛tá❧♦❣♦ q✉❡ t❡♠ ❣✉✐❛❞♦

❛ ❜r❡✈❡ ❤✐stór✐❛ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ✭♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❞♦s ♦♣❡r❛❞♦r❡s � ❡ ♦✮

❡s❜♦ç❛❞❛ ♥❡ss❛ s✉❜s❡çã♦✳ ◆❛ ♦❜r❛ ❡♠ q✉❡stã♦✱ ♣r♦ô❡✲s❡ ♦s s✐st❡♠❛s✿

• E30 = E20 ∪ {(K ′)}

• E60 = E20 ∪ {♦♦p}

• E6 = E60 ∪ {(T )}

• E70 = E30 ∪ {♦♦p}

• E7 = E70 ∪ {(T )}

• E+ = E20 ∪ {♦p}

• S0.50 = PC ∪ {(K), (N ′)}

• Ver = K ∪ {�p}

• Tc = K ∪ {p → �p}

• Triv = D ∪ {�p ↔ p}

❙❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ♦❜r❛✱ ❞❡♥♦♠✐♥❛♠♦s s✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ❛q✉❡❧❡s q✉❡

sã♦ ❡①t❡♥sã♦ ❞❡ ❑✱ ❡♥q✉❛♥t♦ ♦s ❞❡♠❛✐s s❡rã♦ ❞❡♥♦♠✐♥❛❞♦s ♥ã♦✲♥♦r♠❛✐s✳ P♦r

♠❡✐♦ ❞❛ ❧✐st❛ ❞❡ s✐st❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❡ss❛ s✉❜s❡çã♦✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ♦s

s❡❣✉✐♥t❡s ❣rá✜❝♦s ❞❡ ✐♥❝❧✉sã♦✿✺✷

✺✵ Pr✐♠❡✐r❛♠❡♥t❡ ♣r♦♣♦st♦ ♣♦r ❬❇●✽✺❪✱ ♦ s✐st❡♠❛ ❛❝✐♠❛ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦ ❍▲✳ ❙❡❣✉✐♠♦s ♠❛✐s
✉♠❛ ✈❡③ ❛ ♥♦♠❡♥❝❧❛t✉r❛ ❞❡ ❬❈❍✾✻❪✳
✺✶ ❉❡♠♦♥str❛❞♦ ❡♠ ❬❇●✽✺❪✳
✺✷ ❖s ❣rá✜❝♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬❈❍✾✻❪ ♣✳ ✸✻✼ ❡ ✸✻✽✳

✽✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❚r✐✈

❑✹✬

✭❙✹✳✹▼✮

❙✺

❙✹✳✾

❙✹✳✹

❙✹✳✸✳✶

❙✹✳✸

❙✹✳✷✳✶

❙✹✳✷

❙✹✳✶

❙✹

❙✹n

❚▼❦

❉

❑

❑✸✳✶

❑✸

❑✷✳✶

❑✷

❙✹▼

✭❑✶✮

❑✶✳✷

❑✶✳✶

❑▼

❚c

❑❇❊

❇+

❇❙❡❣

❇

❑❉❇ ❑❇

❱❡r

❑✹✳✸❲

❑✹✳✷❲

❑❲

❑❍

▼❱

❱❇❑✹

❑❉✹

❑❊

❑✹✳✸❩

❑✹✳✷❩

❑✹❩

❋✐❣✳ ✷✳✶✿ ❙✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s

✽✸



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❙✾

❙✽

❙✼

❙✻

❙✷

❙✶

❙✵✳✺

❙✵✳✺0

❙✸

❙✸✳✺

❙✶0

❙✷0

❙✸0

❙✼0

❙✻0

❊+

❊✸

❊✼

❊✼0

❊✷

❊✸0

❊✻0

❊✷0

❊✻

❋✐❣✳ ✷✳✷✿ ❙✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s

◆❛ s✉❜s❡çã♦ s❡❣✉✐♥t❡ ♠♦str❛♠♦s ❞♦✐s ♥♦✈♦s ❣rá✜❝♦s ❞❡ ✐♥❝❧✉sã♦ ♣❛r❛ ❞❡✲

❧✐♠✐t❛r q✉❛✐s ❞♦s s✐st❡♠❛s ❛❝✐♠❛ ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s

✜♥✐t❛s✳

✷✳✷✳✸ ●❡♥❡r❛❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐

❚❡♠♦s ✐♥s✐st✐❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❚❡s❡ q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦

❚❡♦r❡♠❛ ❞❡ ■♥❝♦♠♣❧❡t✉❞❡ ❞❡ ❉✉❣✉♥❞❥✐✳ ❊ss❛ ❛✜r♠❛çã♦ é✱ ❡♥tr❡t❛♥t♦✱ ✐♠♣r❡❝✐s❛✳

❖ q✉❡ ♣r♦✈❛r❡♠♦s ❛q✉✐ é q✉❡ ♥❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡ ❙✵✳✺0 ❡ ❙✺✱ ❡♥tr❡ ❊✷0 ❡

❙✺ ♦✉ ❡♥tr❡ ❑ ❡ ❑❲ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ■ss♦ s✐❣♥✐✜❝❛

✽✹



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

q✉❡ t❡r❡♠♦s✱ ♣♦rt❛♥t♦✱ três ❣❡♥❡r❛❧✐③❛çõ❡s✳ P❛r❛ q✉❡ ♦ ❧❡✐t♦r ♣♦ss❛ ✈✐s✉❛❧✐③❛r ❛

r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦ ❡♥tr❡ s✐st❡♠❛s ♥♦r♠❛✐s ❡ ♥ã♦✲♥♦r♠❛✐s✱ ❛♣r❡s❡♥t❛♠♦s ❛ ✜❣✉r❛

❛❜❛✐①♦✿

❑

❙✷0

❚

❙✷

❙✹

❙✸

❙✺

❙✸✳✺

❋✐❣✳ ✷✳✸✿ ❘❡❧❛çã♦ ❡♥tr❡ s✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ❡ ♥ã♦✲♥♦r♠❛✐s

◆♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥ã♦ s❡ ❧✐♠✐t❛ t❛♠❜é♠ ❛♦ q✉❡ t❡♠ s✐❞♦ ❝❤❛♠❛❞♦ ❞❡

▲ó❣✐❝❛ ▼♦❞❛❧ ❈❧áss✐❝❛✳✺✸ ❱❡r❡♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ s❡ ❛♣❧✐❝❛ t❛♠❜é♠ às ❧ó❣✐❝❛s

♠♦❞❛✐s ❝♦♥str✉í❞❛s ❛ ♣❛rt✐r ❞❡ ❧ó❣✐❝❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ♥ã♦✲❝❧áss✐❝❛s✳

❆q✉✐ ❝❛❜❡ ✉♠❛ r❡ss❛❧✈❛✿ ✉s❛♥❞♦ ❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶ ♣❛r❛ ❞❡❧✐♠✐t❛r q✉❛♥❞♦

✉♠❛ ❧ó❣✐❝❛ ▲2 é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ✉♠❛ ❧ó❣✐❝❛ ▲1✱ ♣♦❞❡♠♦s ✐♥❢❡r✐r

✲ ❝♦♠ ❜❛s❡ ♥♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✶ ✲ q✉❡ ❛❧❣✉♥s s✐st❡♠❛s ♠♦❞❛✐s ❞❡ ❜❛s❡

♣r♦♣♦s✐❝✐♦♥❛❧ ♥ã♦✲❝❧áss✐❝❛ ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳✺✹

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ t❡♠♦s ✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ▲2 q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥✲

s❡r✈❛t✐✈❛ ❞❡ ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ ▲1 q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♥ã♦ é ❝❛r❛❝t❡r✐③á✈❡❧

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ▼♦str❛r❡♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ▲2 ♥ã♦ é ❝❛r❛❝t❡r✐③á✈❡❧ ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s✳

❚❡♦r❡♠❛ ✷✳✷✳✹✿ ❙❡❥❛ ▲2 ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ▲1✳ ❙❡ ▲1 ♥ã♦ ♣♦❞❡ s❡r

❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ ▲2 t❛♠❜é♠ ♥ã♦ ♣♦❞❡✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ▲2 s❡❥❛ ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐❞❛ ❞❡ ▲1✳ ❙✉✲

♣♦♥❤❛ ❛✐♥❞❛ q✉❡ ▲1 ♥ã♦ s❡❥❛ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ ♠❛s ❡①✐st❡ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s Mn q✉❡ ❝❛r❛❝t❡r✐③❛ ▲2✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ✐t❡♠ ✶✮

❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✱ t♦♠❡♠♦s ✉♠❛ ❢ór♠✉❧❛ α ❞❡ ▲1 q✉❡ é t❛♠❜é♠ ✉♠❛ ❢ór♠✉❧❛

❞❡ ▲2✳ P❡❧♦ ✐t❡♠ ✸✮ ❞❛ ♠❡s♠❛ ❞❡✜♥✐çã♦ t❡♠♦s q✉❡ s❡ ⊢L2
α✱ ❡♥tã♦ ⊢L1

α✳

P♦r ❤✐♣ót❡s❡ t❡♠♦s Mn �L2
α ss❡ ⊢L2

α ❡ t❡rí❛♠♦s Mn �L1
α ❡ ❡①✐st✐r✐❛ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s q✉❡ ❝❛r❛❝t❡r✐③❛r✐❛ ▲1✱ ❛❜s✉r❞♦✳ �

✺✸ ❖ s❡♥t✐❞♦ q✉❡ ❛❞♦t❛♠♦s ❞❡ ▲ó❣✐❝❛ ▼♦❞❛❧ ❈❧áss✐❝❛ ♥ã♦ é ♦ ❞❡ ❙❡❣❡r❜❡r❣ ❡♠ ❬❙❡❣✼✶❪ ♣✳ ✻✳ ❉❡
❛❝♦r❞♦ ❝♦♠ ♦ ❛✉t♦r✱ ✉♠❛ ▲ó❣✐❝❛ ▼♦❞❛❧ é ❝❧áss✐❝❛ q✉❛♥❞♦ ♣r❡s❡r✈❛ ✭▼P✮ ❡ ❛ r❡❣r❛ ❞❡♥♦♠✐♥❛❞❛
❘❡♣❧❛❝❡♠❡♥t ✭❘❡♣♦s✐çã♦✮✿ ❛ ♣❛rt✐r ❞❡ p ↔ q ✐♥❢❡r❡✲s❡ �p ↔ �q✳ ❆q✉✐✱ ❞✐r❡♠♦s q✉❡ ✉♠❛ ▲ó❣✐❝❛
▼♦❞❛❧ é ❝❧❛ss✐❝❛ q✉❛♥❞♦ é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ P❈✱ ♦✉ s❡❥❛✱ ❡st❡♥❞❡ ❛ ❧✐♥❣✉❛❣❡♠
❞❡ P❈ ❝♦♠ ♦ ♦♣❡r❛❞♦r � ❡ ❛✐♥❞❛ t♦❞❛s ❛s r❡❣r❛s ❡ t❡♦r❡♠❛s ❞❡ P❈ sã♦ ♣r❡s❡r✈❛❞♦s✳ ➱ ♥❡ss❡
s❡♥t✐❞♦✱ ❣r♦ss♦ ♠♦❞♦✱ q✉❡ ♣♦❞❡r❡♠♦s ❢❛❧❛r ❡♠ ❧ó❣✐❝❛ ♠♦❞❛❧ ✐♥t✉✐❝✐♦♥✐st❛ ♦✉ ♣❛r❛❝♦♥s✐st❡♥t❡✱
❝♦♠♦ ✉s❛❞♦r ♣♦r ❬❙✐♠✾✹❪ ❡ ❬❇❙✵✾❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
✺✹ ❊ss❛ ♦❜s❡r✈❛çã♦ s❡ ❞❡✈❡ ❛♦ ♣r♦❢✳ ❲✳ ❆✳ ❈❛r♥✐❡❧❧✐✱ ❡♠ ❝♦♠✉♥✐❝❛çã♦ ♣❡ss♦❛❧✳

✽✺



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❈♦♠♦ ❡①❡♠♣❧♦✱ ✈❛♠♦s ♠♦str❛r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✹✳ ❖

♣r✐♠❡✐r♦ s✐st❡♠❛ ♠♦❞❛❧ ✐♥t✉✐❝✐♦♥✐st❛ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❋✐t❝❤ ❡♠ ✶✾✹✽✳✺✺ ❋✐t❝❤

❧❡✈❛ ❡♠ ❝♦♥t❛ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s ♠♦❞❛✐s✿✺✻

✭❑✶✮ �(p → q) → (♦p → ♦q)

✭❚♦✮ p → ♦p

✭◆♦✮ ¬♦⊥

❆ ✈❡rsã♦ ✐♥t✉✐❝✐♦♥✐st❛ ❞❡ ❑❚ é ❛①✐♦♠❛t✐③❛❞❛ ❛❜❛✐①♦✿

• IT = IPC ∪ {(K), (T ), (K1), (T♦), (N♦), (Nec)}

❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✱ ■❚ é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ■P❈✳✺✼

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✷✱ s❛❜❡♠♦s q✉❡ ■P❈ é ✐♥❝♦♠♣❧❡t♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ▲♦❣♦✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✱ ■❚ t❛♠❜é♠ é ✐♥❝♦♠♣❧❡t♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❖✉tr♦ ❡①❡♠♣❧♦ é ❛ ❧ó❣✐❝❛ ❞❡ô♥t✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡ C1
D✳✺✽ ❆❝r❡s❝❡♥t❡♠♦s ❛

❈1 ♦ ♦♣❡r❛❞♦r ❞❡ô♥t✐❝♦ © ❡♠ q✉❡ ©p é ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✏p é ♦❜r✐❣❛tór✐♦✑✳

❉❡✜♥❛♠♦s ❛✐♥❞❛ ✉♠❛ ♥❡❣❛çã♦ ❝❧áss✐❝❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

∼p ≡def ¬p ∧ ◦p

❖ ♦♣❡r❛❞♦r ❞❡ô♥t✐❝♦ é r❡❣✐❞♦ ♣❡❧♦s ❛①✐♦♠❛s✿✺✾

✭©1✮ ©(p → q) → (©p → ©q)

✭©2✮ ©p → ∼©∼p

✭©3✮ ◦p → ◦©p

✭◆©✮ ⊢ p ✐♠♣❧✐❝❛ ⊢ ©p

❖ s✐st❡♠❛ C1
D é ❞❡✜♥✐❞♦ ❞❛ ♠❛♥❡✐r❛ ❡s♣❡r❛❞❛✿

• C1
D = C1 ∪ {(©1), (©2), (©3), (N

©)}

✺✺ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬❙✐♠✾✹❪✳ ❖ ❛rt✐❣♦ ❞❡ ❋✐t❝❤ ❡♠ q✉❡stã♦ é ❬❋✐t✹✽❪✱ ❡♠ q✉❡ ♦ ❛✉t♦r ♣r♦♣õ❡ ✉♠
s✐st❡♠❛ ♠♦❞❛❧ ✐♥t✉✐❝✐♦♥✐st❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♦ ❡s❝♦♣♦ ❞❛ ❚❡s❡ é ❛ ❧ó❣✐❝❛
♠♦❞❛❧ ♣r♦♣♦s✐❝✐♦♥❛❧✱ r❡str✐♥❣✐♠♦s ♦ s✐st❡♠❛ ❞❡ ❋✐t❝❤ ❛♦ s❡✉ ❢r❛❣♠❡♥t♦ ♠♦❞❛❧ ♣r♦♣♦s✐❝✐♦♥❛❧✳
✺✻ ❙❡❣✉✐♠♦s ❛ ♥♦♠❡♥❝❧❛t✉r❛ ❞♦ ❛①✐♦♠❛ (K1) ❡♥❝♦♥tr❛❞♦ ❡♠ ❬❇❙✵✾❪ ♣✳ ✺✺✱ ❞♦ ❛①✐♦♠❛ (T♦)

❡♠ ❬❈❤❡✽✵❪ ♣✳ ✶✻ ❡ ❞♦ ❛①✐♦♠❛ (N♦) ❡♠ ❬❈❤❡✽✵❪ ♣✳ ✼✶✳
✺✼ ❖ ♥♦♠❡ ♦r✐❣✐♥❛❧ ❞♦ s✐st❡♠❛ ♠♦❞❛❧ ✐♥t✉✐❝✐♦♥✐st❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡ ❋✐t❝❤ é▼✳ ❙❡❣✉✐♠♦s

❛ ♥♦♠❡♥❝❧❛t✉r❛ ❞❡ ❬❙✐♠✾✹❪ ♣✳ ✺✼ ❞❡♥♦♠✐♥❛♥❞♦ ■❚ ♦ ❢r❛♠❡♥t♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ❞❡ ▼✳
✺✽ ■♥tr♦❞✉③✐❞❛ ♣♦r ❞❛ ❈♦st❛ ❡ ❈❛r♥✐❡❧❧✐ ❡♠ ❬❞❈❈✽✻❪✳
✺✾ ❖s ♥♦♠❡s ♦r✐❣✐♥❛✐s ❞♦s ❛①✐♦♠❛s ❢♦r❛♠ ♠❛♥t✐❞♦s✱ ❡①❝❡t✉❛♥❞♦✲s❡ ❛ r❡❣r❛ ❞❡ ✐♥tr♦❞✉çã♦ ❞❡

©✳ ❱✐❞❡ ♥♦t❛ ✷✻✳

✽✻



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❖r❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✼ s❛❜❡♠♦s q✉❡ ❈1 ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛✲

tr✐③❡s ✜♥✐t❛s✳ P❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✱ ❈D
1 é ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ ❈1✳

❋✐♥❛❧♠❡♥t❡✱ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✹ ❣❛r❛♥t❡ q✉❡ ❈D
1 ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s✳

❋✐♥❛❧♠❡♥t❡✱ ❉♠❜❈ é ❛ ❡①t❡♥sã♦ ❞❡ô♥t✐❝❛ ❞❡ ♠❜❈✳ ❉❡✜♥❡✲s❡ ❉♠❜❈ ❞❡

♠♦❞♦ ❛♥á❧♦❣♦ ❛ ❈D
1 ✿✻✵

• DmbC = mbC ∪ {©1,©2, (N
©)}

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✷✹✱ ❛ ❧ó❣✐❝❛ ♠❜❈ ♥ã♦ é ❝❛r❛❝t❡r✐③á✈❡❧ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s

❡ s❡♥❞♦ ❉♠❜❝ s✉❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✹ ❝♦♥❝❧✉í♠♦s q✉❡

❉♠❜❈ ♥ã♦ t❡♠ t❛❜❡❧❛s ✜♥✐t❛s ❝♦♠♦ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛✳

❊✐s✱ ♣♦rt❛♥t♦✱ três ❡①❡♠♣❧♦ ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛s✳ ▼✉✐t♦s ♦✉tr♦s

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳✻✶ ➚ ♣r✐♠❡✐r❛ ✈✐st❛✱ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✹ ♣❛r❡❝❡

❣❛r❛♥t✐r q✉❡ ♥❡♥❤✉♠ ❞❡ss❡s s✐st❡♠❛s sã♦ ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❙❡ ❡ss❡ ❢♦ss❡ r❡❛❧♠❡♥t❡ ♦ ❝❛s♦✱ ✏❛♣r♦❢✉♥❞❛r✑ ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐ s♦❛r✐❛

t♦t❛❧♠❡♥t❡ ✐♥ó❝✉♦✳

❉❡✈❡♠♦s✱ ❡♥tr❡t❛♥t♦✱ t❡r ❝❛✉t❡❧❛✳ ❘❡t♦♠❡♠♦s ♦s ❝á❧❝✉❧♦s P❈■ ❡ P❈+ ❞❛

❙✉❜s❡çã♦ ✶✳✸✳✸✳ P♦❞❡♠♦s ♦❜t❡r s✉❛s ❡①t❡♥sõ❡s ❑ ♠♦♥♦♠♦❞❛✐s ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿✻✷

• K⊃ = PCI ∪ {(K), (Nec)}

• K⊃,∧ = PC+ ∪ {(K), (Nec)}

◆❛ ❙✉❜s❡çã♦ ✶✳✸✳✸✱ ✈✐♠♦s q✉❡ P❈■ ❡ P❈+ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r

♠❛tr✐③❡s ❞❡ ✷ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✳ P❡❧❛ ❋✐❣✉r❛ ✷✳✶ ❡ ♣❡❧❛ ❋✐❣✉r❛ ✷✳✷ ♣♦❞❡♠♦s
✻✵ ❆ ❧ó❣✐❝❛ ❉♠❜❝ ❢♦✐ ♣r♦♣♦st❛ ♣r✐♠❡✐r❛♠❡♥t❡ ❡♠ ❬❈♦♥✵✼❪✱ ❝♦♠ ✉♠❛ ❛①✐♦♠át✐❝❛ ❧❡✈❡♠❡♥t❡

❞✐❢❡r❡♥t❡✳ ❖ ❛①✐♦♠❛ ©3 é s✉❜st✉í❞♦ ♣♦r✿

(O − E)◦ ©⊥α → ⊥α ❡♠ q✉❡ ⊥α ≡def (α ∧ ¬α) ∧ ◦α

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ∼ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛s ❞✉❛s ❛①✐♦♠át✐❝❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳
✻✶ ❙♦❜r❡ ❧ó❣✐❝❛ ♠♦❞❛❧ ♣❛r❛❝♦♥s✐st❡♥t❡✱ ❝❛❜❡ ❝✐t❛r✿ ❬P❞❈❈✽✽❪✱ ❬❈▲✵✸❪ ❡ ❬❈P✵✾❪✳ ❯♠❛ ✈❛st❛

❜✐❜❧✐♦❣r❛✜❛ s♦❜r❡ ❧ó❣✐❝❛ ♠♦❞❛❧ ✐♥t✉✐❝✐♦♥✐st❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❙✐♠✾✹❪ ♣✳ ✹✶✲✺✼✳ ❆ ❡①✐s✲
tê♥❝✐❛ ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛ ♥♦ s❡♥t✐❞♦ ❛q✉✐ ❧✐♠✐t❛❞♦ ❝♦❧♦❝❛ ♣r♦❜❧❡♠❛s ♥❛ ❝❧❛ss✐❝❛çã♦
❞❡ ❙✉s❛♥ ❍❛❛❝❦ ❡♠ ❬❍❛❛✾✽❪ ♣✳ ✷✽✲✷✾✳ ❆ ❛✉t♦r❛ ❝❧❛ss✐✜❝❛ ❛s ❧ó❣✐❝❛s ❢♦r♠❛✐s ❡♠✿ ❝❧áss✐❝❛✱
❛♠♣❧✐❛❞❛s✱ ❛❧t❡r♥❛t✐✈❛s ❡ ✐♥❞✉t✐✈❛s✳ P♦r ✉♠ ❧❛❞♦✱ ❧ó❣✐❝❛s ♠♦❞❛✐s sã♦ ❝❧❛ss✐✜❝❛❞❛s ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ ❛✉t♦r❛ ♥♦ ❣r✉♣♦ ❞❛s ❧ó❣✐❝❛s ❛♠♣❧✐❛❞❛s✱ ♣♦✐s ❡st❡♥❞❡♠ ❛ ❧✐♥❣✉❛❣❡♠ ❞❛ ❧ó❣✐❝❛ ♣r♦♣♦✲
s✐❝✐♦♥❛❧ ❝❧áss✐❝❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛ ❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s sã♦ ❧ó❣✐❝❛s
❛❧t❡r♥❛t✐✈❛s✱ ♣♦✐s ❛♣❡s❛r ❞❡ t❡r❡♠ ❛ ♠❡s♠❛ ❧✐♥❣✉❛❣❡♠✱ r❡str✐♥❣❡♠ ❛①✐♦♠❛s ❡ r❡❣r❛s ❞❛ ❧ó❣✐✲
❝❛s ❝❧áss✐❝❛✳ ▲ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛s ♥ã♦ ♣♦❞❡♠ s❡r ❝❧❛ss✐❝❛❞❛s ♥❡♠ ❝♦♠♦ ❛❧t❡r♥❛t✐✈❛s
❡ t❛♠♣♦✉❝♦ ❝♦♠♦ ❛♠♣❧✐❛❞❛s✳ ◆ã♦ sã♦ t❛♠❜é♠ ❧ó❣✐❝❛s ✐♥❞✉t✐✈❛s✱ ♣♦✐s ❡ss❛s ❡♥❢r❛q✉❡❝❡♠ ❛
♥♦çã♦ ❞❡ ❝♦♥s❡q✉ê♥❝✐❛ ❧ó❣✐❝❛✳ P♦r r❛③õ❡s ❡✈✐❞❡♥t❡s✱ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛s t❛♠♣♦✉❝♦
♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ❝❧áss✐❝❛s✱ ✜❝❛♥❞♦ ♣♦rt❛♥t♦ s❡♠ ❝❧❛ss✐✜❝❛çã♦✳
✻✷ ❖r✐❣✐♥❛❧♠❡♥t❡ ❛ ❛①✐♦♠át✐❝❛ ❞❡ ❑⊃ ❡ ❑⊃,∧ sã♦ ♦❜t✐❞❛s ♣♦r ♠❡✐♦ ❞❡ P❈∧,⊃✳ ❱✐❞❡ ◆♦t❛

✸✵✳

✽✼



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✈❡r✐✜❝❛r q✉❡❑ ♥ã♦ ♣❡rt❡♥❝❡ à ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s✱ ✈✐st♦ q✉❡ K * S3 ❡ S3 * K✳

◆❡ss❡ ❝❛s♦✱ ❢❛③ t♦❞♦ s❡♥t✐❞♦ ❜✉s❝❛r♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐ ♣❛r❛

❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛s✳

❖❜s❡r✈❡✱ ❡♥tr❡t❛♥t♦✱ q✉❡ ♦ ♦♣❡r❛❞♦r ♦ ♥ã♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ t❛♥t♦ ❡♠ K⊃

q✉❛♥t♦ ❡♠K⊃,∧✳ ■ss♦ ♣♦rq✉❡ ❛ ❧✐♥❣✉❛❣❡♠ ❞♦ ♣r✐♠❡✐r♦ é ❣❡r❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s

� ❡ →✱ ❡♥q✉❛♥t♦ ❛ ❞♦ s❡❣✉♥❞♦ é ❣❡r❛❞❛ ♣❡❧♦s ♠❡s♠♦s ❝♦♥❡❝t✐✈♦s ❛❝r❡s❝❡♥t❛♥❞♦✲

s❡ ∧✳ ❈♦♠♦ ♥ã♦ t❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ♥❡❣❛çã♦ ¬✱ ♥ã♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❡♠

t❡r♠♦s ❞❡ � ❡ ¬✳

P❛r❛ q✉❡ ♦ ❡ � s❡ ❝♦♠♣♦rt❡♠ ❞❡ ♠♦❞♦ ✐♥❞❡♣❡♥❞❡♥t❡✱ é ♣r❡❝✐s♦ ❝♦♥s✐❞❡r❛r

❞♦✐s ❛①✐♦♠❛s ♣❛r❛ r❡❣❡r ❛ ✐♥t❡r❛çã♦ ❞❡ss❡s ♦♣❡r❛❞♦r❡s✳ ❙ã♦ ❡❧❡s✿✻✸

✭❑✷✮ ♦(p ∨ q) → (♦p ∨ ♦q)

✭❑✸✮ (♦p → �q) → �(p → q)

❆ ❡①t❡♥sã♦ ❜✐♠♦❞❛❧ ❞❡ K⊃,∧ é ❞❡✜♥✐❞❛ ❛❜❛✐①♦✿

• K⊃,∧,♦ = K⊃,∧ ∪ {(K1), (K2), (K3)}

❈♦♠♦✱ ❡♥tã♦✱ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ❞❡ ♠♦❞♦ ❛

❛❜❛r❝❛r s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝♦s tã♦ ❞✐st✐♥t♦s❄ ◆♦ss❛ ❡str❛té❣✐❛ ❝♦♥s✐st❡

♣r✐♠❡✐r❛♠❡♥t❡ ❡♠ ❡s❝♦❧❤❡r s✐st❡♠❛s ♠♦❞❛✐s ♠✐♥✐♠❛✐s✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✉r❛

✷✳✶ ❣❛r❛♥t❡ q✉❡ ❑ é ✉♠ ❞❡ss❡s s✐st❡♠❛s ♠✐♥✐♠❛✐s✳ ▼❛s ♥ã♦ ♣♦❞❡♠♦s ❞❡s♣r❡③❛r

s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❋✐❣✉r❛ ✷✳✷ ♠♦str❛ q✉❡ ❙✵✳✺0 ❡ ❊✷0

sã♦ ❞♦✐s ❝❛s♦s ♠✐♥✐♠❛✐s ❞❡ss❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s ♠♦❞❛✐s✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♣r♦♣♦s✐❝✐♦♥❛❧✱ ❡s❝♦❧❤❡♠♦s ♦ ❝á❧❝✉❧♦ ✐♠♣❧✐❝❛t✐✈♦ ✐♥t✉✐❝✐♦✲

♥✐st❛ ■❈■ ❝♦♠♦ s✐st❡♠❛ ♠í♥✐♠♦ ♣r♦♣♦s✐❝✐♦♥❛❧✳ ❱✐♠♦s ♥♦ ❈❛♣ít✉❧♦ ✶ q✉❡ ❡ss❡

s✐st❡♠❛ s❡r✈❡ ❞❡ ❜❛s❡ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ❧ó❣✐❝❛s ♣♦s✐t✐✈❛s✱ ❞❛ ❧ó❣✐❝❛ ✐♥t✉✐✲

❝✐♥✐st❛ ✭❡ s❡✉s ❢r❛❣♠❡♥t♦s✮✱ ❞❡ ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✱ ♣❛r❛❝♦♠♣❧❡t❛s ❡ ❞❛

❤✐❡r❛rq✉✐❛ G3, . . . ,Gn ❞❡ ●ö❞❡❧✳ ❱✐♠♦s t❛♠❜é♠ ♥♦ ❈❛♣ít✉❧♦ ✶ q✉❛✐s ❞❡ss❡s

s✐st❡♠❛s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❍á✱ t♦❞❛✈✐❛✱ ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ té❝♥✐❝❛ q✉❛♥t♦ à ❧✐♥❣✉❛❣❡♠ ❞❡ss❛s ❧ó❣✐❝❛s✳

❙❛❜❡♠♦s q✉❡ ♣❛r❛ s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝♦s✱ ❛❝r❡s❝❡♥t❛✲s❡ ❡♠ ❣❡r❛❧ ❛①✐♦♠❛s

❞✐st✐♥t♦s ♣❛r❛ tr❛t❛r � ❡ ♦ ❞❡ ♠♦❞♦ ✐♥❞❡♣❡♥❞❡♥t❡✳

❆ té❝♥✐❝❛ ✉s❛❞❛ ❢♦✐ ♠♦❞✐✜❝❛r ♥ã♦ ♦s ❝❛s♦s ♠í♥✐♠♦s✱ ♠❛s ♦s ♠á①✐♠♦s✳ ❚♦♠❡✲

♠♦s ✉♠❛ ❧ó❣✐❝❛ ♣r♦♣♦s✐❝✐♦♥❛❧ s❡♠ ❛ ♣❛rtí❝✉❧❛ ⊥ q✉❡ ❡st❡♥❞❡ ■P■ ❞❡♥♦♠✐♥❛❞❛
✻✸ ❊ss❡s ❛①✐♦♠❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬❇❙✵✾❪ ♣✳ ✺✺ ❡ ❬❙✐♠✾✹❪ ♣✳ ✺✷✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱

t❛♠❜é♠ é ❛❝r❡s❝❡♥t❛❞♦ ✭◆♦✮✱ ✈✐st♦ q✉❡ ⊥ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❡♠ ■P❈✳ ❊ss❡ ♥ã♦ é ♣♦ré♠ ♦ ❝❛s♦
❡♠ P❈■ ❡ P❈+✳

✽✽



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

▲⊃✳ ❆ ✈❡rsã♦ ❞❡ ❙✺ ♣❛r❛ ❡ss❛ ❧ó❣✐❝❛ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❙✺▲⊃✳ ◆♦ ❝❛s♦ ❞❡ ❡①✐st✐r

✉♠❛ ♣❛rtí❝✉❧❛ ⊥ ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❡ L⊃✱ ♦ ❝❛s♦ ♠á①✐♠♦ s❡rá ❙✺▲⊃,⊥✳ ❆ss✐♠✱ ♣❛r❛

❝❛❞❛ ▲⊃ ❡ ▲⊃,⊥ ❞❡✜♥❡✲s❡✿

• S5L⊃ = L⊃ ∪ {(K), (T ), (K1), (K2), (K3).(4), (5)}

• S5L⊃,⊥ = L⊃,⊥ ∪ {(K), (T ), (K1), (K2), (K3), (N♦), (4), (5)}

❱✐st♦ q✉❡ (K1)✱(K2)✱(K3) ❡ (N♦) sã♦ t❡♦r❡♠❛s ❞❡ ❙✺✱ t❡r❡♠♦s ❡♥tã♦ ❝♦♠♦

❝❛s♦ ❧✐♠✐t❡ q✉❡ S5PC ≡ S5✳

P♦r ✜♠✱ t❡♠♦s s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❡♠ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛

❞✐s❥✉♥çã♦ ❝❧áss✐❝❛✱ ❝♦♠♦ ❡♠ ■❈■ ❡ ■❈❆✳ ◆❡ss❡ ❝❛s♦✱ ✉♠❛ s❛í❞❛ é ❞❡✜♥✐r ♦

♦♣❡r❛❞♦r ⊎ ❝♦♠♦ ❢❡✐t♦ ♥❛ ❙✉❜s❡çã♦ ✶✳✷✳✶ ❡ ❝♦♥s✐❞❡r❛r ♦ ❛①✐♦♠❛✿

✭❑✷✬✮ ♦(p ⊎ q) → (♦p ⊎ ♦q)

❖s ❝á❧❝✉❧♦s ❙✺■❈■ ❡ ❙✺■❈❆ s❡rã♦ ♦❜t✐❞♦s ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ S5L⊃✱

s✉❜st✐t✉✐♥❞♦ (K2) ♣♦r (K2′)✳

❖✉tr❛ s✐t✉❛çã♦ ❧✐♠✐t❡ ❞❡ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ é ❑❲✳ ◆ã♦ ❝♦♥s❡❣✉✐♠♦s ♣❛r❛

♦s s✐st❡♠❛s ❡♥tr❡ ❑ ❡ ❑❲ ✉♠❛ ♣r♦✈❛ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ s❡♠ ♦ ♦♣❡r❛❞♦r ❞❡

❝♦♥❥✉♥çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥ã♦ é ♥❡❝❡ssár✐♦ ✉♠❛ ❞✐s❥✉♥çã♦ ❝❧áss✐❝❛ ❝♦♠ ❛s ♣r♦✲

♣r✐❡❞❛❞❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✱ ❜❛st❛ q✉❡ s❡ ❞❡✜♥❛ ❛ ❞✐s❥✉♥çã♦ ⊎ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s

❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✳

❚❡r❡♠♦s✱ ♣♦rt❛♥t♦✱ ■❈❑ ❡ PC+ ❝♦♠♦ ❝❛s♦s ♣r♦♣♦s✐❝✐♦♥❛✐s ♠✐♥✐♠❛✐s✳ ❙❡❥❛

L+ ✉♠❛ ❧ó❣✐❝❛ q✉❡ ❡st❡♥❞❡ PC+✳ ❙❡❥❛ ❛✐♥❞❛ L⊎ ✉♠❛ ❧ó❣✐❝❛ q✉❡ ❡st❡♥❞❡ ICK

❡ ❡♠ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❞✐s❥✉♥çã♦ ❝❧áss✐❝❛✳

• KWL+ = L+ ∪ {(K), (K1), (K2), (K3), (W ), (4)}

• KWL⊎ = L⊎ ∪ {(K), (T ), (K1), (K2′), (K3), (4), (5)}

❊ s❡ ❡♠ KWL+ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ♣❛rtí❝✉❧❛ ⊥✱ ❜❛st❛ ❛❝r❡s❝❡♥t❛r ♦

❛①✐♦♠❛ (N♦)✳ ➱ ❞✐❣♥♦ ❞❡ ♥♦t❛ q✉❡✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ t❡♠♦s KWPC ≡

KW✳

▼♦❞❛❧♠❡♥t❡✱ ♥♦ss♦s ❝❛s♦s ♠✐♥✐♠❛✐s s❡rã♦ ❑✱ ❊✷0 ❡ ❙✵✳✺0✳ ❚♦♠❛r❡♠♦s ♦s

s✐st❡♠❛s✿

• KICK = ICK ∪ {(K), (K1), (K2), (K3), (Nec)}

• E20ICI = ICI ∪ {(K), (K1), (K2), (K3), (N∗)}

• S0.50ICI = ICI ∪ {(K), (K1), (K2), (K3), (N ′)}

✽✾



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

◗✉❡r❡♠♦s ❝❤❛♠❛r ❛t❡♥çã♦ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ q✉❛♥❞♦ ✭◆✬✮ ✈❛❧❡ ♥✉♠❛ ❧ó❣✐❝❛

♠♦❞❛❧ L2 ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♣r♦♣♦s✐❝✐♦♥❛❧ L1 ❞✐❢❡r❡♥t❡ ❞❡ P❈✱ ❞❡✈❡♠♦s

❝♦♠♣r❡♥❞❡r ❛ r❡❣r❛ ❝♦♠♦✿

✭◆✬✮ ⊢L1
p ✐♠♣❧✐❝❛ ⊢L2

�p

❊ ♥ã♦ ❛♣❧✐❝❛❞❛ às t❛✉t♦❧♦❣✐❛s ❞❡ P❈✳✻✹

❋✐♥❛❧♠❡♥t❡✱ ❢❡✐t❛ ❛s ❞❡✈✐❞❛s r❡ss❛❧✈❛s✱ ♣r♦✈❛r❡♠♦s q✉❡ q✉❛❧q✉❡r ❧ó❣✐❝❛ ♠♦❞❛❧

❡♥tr❡ ❙✵✳✺0 ❛♥❞ ❙✺ ♦✉ ❡♥tr❡ ❊✷0 ❛♥❞ ❙✺ ❝✉❥♦ ❢r❛❣♠❡♥t♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ❡st❡❥❛

❡♥tr❡ ■❈■ ❡ P❈ ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ P❛r❛ ✐ss♦✱

❞❡✈❡♠♦s ❞❡✜♥✐r ❞✉❛s ♥♦✈❛s ❢ór♠✉❧❛s ❞❡ ❉✉❣✉♥❞❥✐✿ D′
n ❡ D∗

n✳

❉❡✜♥✐çã♦ ✷✳✷✳✺✿ P❛r❛ ❝❛❞❛ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✱ ❛ ❢♦r♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ❛❞❛♣✲

t❛❞❛ D′
n é ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

D′
n ≡def

⊎

i 6=j

(pi g pj)

❡♠ q✉❡ 1 ≤ i, j ≤ n+ 1 ❡ pi g pj ❛❜r❡✈✐❛ �(pi → pj) ⊎�(pj → pi)✳ �

❉❡✜♥✐çã♦ ✷✳✷✳✻✿ P❛r❛ ❝❛❞❛ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✱ ❛ ❢♦r♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ❛❞❛♣✲

t❛❞❛ D∗
n é ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

D′
n ≡def

⊎

i 6=j

(pi ։ pj)

❡♠ q✉❡ 1 ≤ i, j ≤ n+ 1 ❡ pi ։ pj ❛❜r❡✈✐❛ �(pi → pi) → �(pj → pi)✳ �

▼♦str❛r❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ s❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s ❝❛r❛❝✲

t❡r✐③❛ ❛❧❣✉♠ s✐st❡♠❛ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ S0.50ICI ♦✉ E20ICI✱ ❡♥tã♦ ✈❛❧✐❞❛

D′
n ♦✉ D∗

n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✼✿ ◗✉❛❧q✉❡r ♠❛tr✐③ M ❝♦♠ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ✉♠❛ ❡①t❡♥sã♦ ❞❡ S0.50ICI ✈❛❧✐❞❛ D′
n✳

❉❡♠♦♥tr❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ M ❝♦♠ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ✉♠❛ ❡①t❡♥sã♦ ❞❡ S0.50ICI✱ ❡ s❡❥❛ v ✉♠❛ ✈❛❧♦r❛çã♦ ❡♠ M✳ ❱✐st♦ q✉❡
✻✹ ❈♦♠♦ ❛r❣✉♠❡♥t❛❞♦ ❡♠ ❬❈P✶✸❪✱ ♥♦ s✐st❡♠❛ ❙✵✳✺0 é ♠❛✐s ❛♣r♦♣r✐❛❞♦ ✐♥t❡r♣r❡t❛r � ❝♦♠♦

✏❞❡♠♦♥strá✈❡❧✑ ✉s❛♥❞♦ ❛ r❡❣r❛ ✭◆✬✮ ❛♣❧✐❝❛❞❛s às t❛✉t♦❧♦❣✐❛s ❞❡ P❈✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡ss❛
✐♥t❡r♣r❡t❛çã♦ ❞❛ r❡❣r❛ é ♠❛✐s ❢♦rt❡ q✉❡ ❛ ❛❝✐♠❛✱ ♦ q✉❡ ❞✐♠✐♥✉✐r✐❛ ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ♥♦ss♦
r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡✳

✾✵



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❡♠ D′
n t❡♠♦s n ✈❛❧♦r❡s ♣❛r❛ n + 1 ✈❛r✐á✈❡✐s✱ ❡①✐st❡ i 6= j ❞❡ ♠♦❞♦ q✉❡ ♦ ✈❛❧♦r

❛tr✐❜✉í❞♦ ♣♦r v ❛ pi ❡ pj ❝♦✐♥❝✐❞❡✳ ❆ss✐♠✱ ♦ ✈❛❧♦r ❛tr✐❜✉í❞♦ ♣♦r v ❛ (pi → pi)

❡ (pi → pj) t❛♠❜é♠ ❝♦✐♥❝✐❞❡✳ ▼❛s s❛❜❡♠♦s q✉❡ ⊢ICI p → p ❡ ♣♦r (N ′) t❡♠♦s

q✉❡ �(pi → pi) é ✉♠ t❡♦r❡♠❛ ❞❡ S0.50ICI ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✷ ✭✐✐✮ ❡ (MP )✱

(pi g pi) é t❛♠❜é♠ ✉♠ t❡♦r❡♠❛ ❞❡ S0.50ICI✳ ❆ss✐♠✱ ♦ ✈❛❧♦r ❛tr✐❜✉í❞♦ ♣♦r v

❛ (pi g pi) ✭❡ t❛♠❜é♠ (pi g pj)✮ é ❞✐st✐♥❣✉✐❞♦✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✷ ✭✐✐✮❡

✭✐✐✐✮✱ ♦ ✈❛❧♦r ❛tr✐❜✉í❞♦ ♣♦r v ❛ (pi g pj)⊎α ❡ α⊎ (pi g pj) sã♦ ❞✐st✐♥❣✉✐❞♦s ♣❛r❛

❝❛❞❛ α✱ ❡ ❡♥tã♦ ♦ ✈❛❧♦r ❛tr✐❜✉í❞♦ ♣♦r v à ❢ór♠✉❧❛ D′
n é ❞✐st✐♥❣✉✐❞♦✳ P♦rt❛♥t♦✱ ❛

♠❛tr✐③ M ✈❛❧✐❞❛ ❛ ❢ór♠✉❧❛ D′
n✳ �

Pr♦♣♦s✐çã♦ ✷✳✷✳✽✿ ◗✉❛❧q✉❡r ♠❛tr✐③ M ❝♦♠ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ✉♠❛ ❡①t❡♥sã♦ ❞❡ E20ICI ✈❛❧✐❞❛ D∗
n✳

❉❡♠♦♥tr❛çã♦✿

❆♥á❧♦❣❛ à ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✼✱ ❝♦♠ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡

⊢ICI (p → p) → (p → p) ❡ ♣♦r (N∗) t❡♠♦s q✉❡ (pi ։ pi) é ✉♠ t❡♦r❡♠❛ ❞❡

E20ICI✳ ❖ r❡st♦ ♣❡r♠❛♥❝❡ ♦ ♠❡s♠♦✳ �

❖ s❡❣✉♥❞♦ ♣❛ss♦ é ♠♦str❛r q✉❡ ❛ ♠❛tr✐① ✐♥✜♥✐t❛ M∞ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷ é

✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❙✺P❈✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✾✿ ❆ ♠❛tr✐① ✐♥✜♥✐t❛ M∞ é ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❙✺P❈✳

❉❡♠♦♥tr❛çã♦✿ P❛r❛ ♦s ❛①✐♦♠❛s ❞❡ ❙✺✱ ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✷✳✷✳✷✳

❖s ú♥✐❝♦s ❝❛s♦s q✉❡ ❞❡✈❡♠♦s ✈❡r✐✜❝❛r sã♦ ♦s ♥♦✈♦s ❛①✐♦♠❛s ❛❝r❡s❝❡♥t❛❞♦s ❛ ❙✺✳

✭❑✶✮ v(�(α → β) → (♦α → ♦β) = △(v(α) ∪ v(β)) ∪ ▽v(α) ∪ ▽v(β)

✕ s❡ ▽v(α) = ∅✱ ❡♥tã♦ ▽v(α) = N ❡ v(❑✶) = N

✕ s❡ ▽v(α) 6= ∅✱ ❡♥tã♦ ▽v(α) = N

∗ s❡ ▽v(β) = N✱ ❡♥tã♦ v(❑✶) = N✳

∗ s❡ ▽v(β) 6= N✱ ❡♥tã♦ v(β) = ∅ ❡ ❞❛í v(α) ∪ v(β) = v(α)✳

❧♦❣♦✱ △(v(α) ∪ v(β)) = △v(α) = ▽v(α) = N ❡ v(❑✶) = N✳

✭❑✷✮ v(♦(α ∨ β) → (♦α ∨ ♦β)) = ▽(v(α) ∪ v(β)) ∪ ▽v(α) ∪ ▽v(β)

✕ s❡ ▽v(α) = N✱ ❡♥tã♦ v(❑✷) = N

✕ s❡ ▽v(α) 6= N✱ ❡♥tã♦

∗ s❡ ▽v(β) = N✱ ❡♥tã♦ v(❑✷) = N✳

✾✶



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

∗ s❡ ▽v(β) 6= N✱ ❡♥tã♦ v(α) = v(β) = ∅✳ ▲♦❣♦✱

▽((v(α) ∪ v(β)) = ∅ ❡ ▽((v(α) ∪ v(β)) = N = v(❑✷)✳

✭❑✸✮ v((♦α → �β) → �(α → β)) = ▽v(α) ∪ △v(β) ∪ △(v(α) ∪ v(β))

✕ s❡ v(α) = ∅✱ ❡♥tã♦ v(α) ∪ v(β) = N ❡ △(v(α) ∪ v(β)) = N

✕ s❡ v(α) 6= ∅✱ ❡♥tã♦

∗ s❡ v(β) 6= N✱ ❡♥tã♦ ▽v(α) ∪ △v(β) = ∅ ❡ ▽v(α) ∪ △v(β) = N

∗ s❡ v(β) = N✱ ❡♥tã♦ v(α) ∪ v(β) = N ❡ △(v(α) ∪ v(β)) = N✳

✭◆♦✮ v(¬♦⊥) = ▽v(⊥)

✕ ✈✐st♦ q✉❡ v(⊥) 6= N✱ ❡♥tã♦ ▽v(⊥) = ∅ ❡ ▽v(⊥) = N✳ �

P♦❞❡♠♦s ✜♥❛❧♠❡♥t❡ ❞❡♠♦♥str❛r ♥♦ss❛s ❞✉❛s ❣❡♥❡r❛❧✐③❛çõ❡s✳

❚❡♦r❡♠❛ ✷✳✷✳✶✵✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ▲ ❡♥tr❡ ❙✵✳✺0 ❡ ❙✺ ❝✉❥♦ ❢r❛❣♠❡♥t♦

♣r♦♣♦s✐❝✐♦♥❛❧ ❡st❡❥❛ ❡♥tr❡ ■❈■ ❡ P❈ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ■❞ê♥t✐❝❛ ❛♦ ❚❡♦r❡♠❛ ✷✳✷✳✸✱ s✉❜st✐t✉✐♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶

❡ Pr♦♣♦s✐çã♦ ✷✳✷✳✷ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✼ ❡ Pr♦♣♦s✐çã♦ ✷✳✷✳✾✳ �

❚❡♦r❡♠❛ ✷✳✷✳✶✶✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ▲ ❡♥tr❡ ❊✷0 ❡ ❙✺ ❝✉❥♦ ❢r❛❣♠❡♥t♦

♣r♦♣♦s✐❝✐♦♥❛❧ ❡st❡❥❛ ❡♥tr❡ ■❈■ ❡ P❈ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❢ór♠✉❧❛ ❛❞❛♣t❛❞❛ ❞❡ ❉✉❣✉♥❞❥✐ D∗
n ❞❛ ❉❡✜♥✐çã♦

✷✳✷✳✻ ❡ s✉♣♦♥❤❛ q✉❡ M é ✉♠❛ ♠❛tr✐③ ❞❡ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝t❡r✐③❛

▲✳ ❖❜s❡r✈❡ q✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✽ M ✈❛❧✐❞❛ D∗
n✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ♠❛tr✐③ M∞ ❞❛ Pr♦♣♦s✐çã♦♥ ✷✳✷✳✾ ❡ ❛ ✈❛❧♦r❛çã♦ v ❞❛

Pr♦♣♦s✐çã♦ ✷✳✷✳✸✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠♦s✿

v(p ≍ q) = △(P ∪ P ) ∪ △(Q ∪ P ) = △N ∪ △(Q) = ∅ ∪ ∅ = ∅.

❖ r❡st♦ ❞❛ ♣r♦✈❛ é ✐❞ê♥t✐❝❛ ❛♦ ❚❡♦r❡♠❛ ✷✳✷✳✸✳ �

P❛r❛ ✈✐s✉❛❧✐③❛r♠♦s ♠❡❧❤♦r ♥♦ss❛s ❞✉❛s ♣r✐♠❡✐r❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❚❡♦r❡♠❛

❞❡ ❉✉❣✉♥❞❥✐✱ ❞✐✈✐❞❡r❡♠♦s ♥♦ss❛ ❛♥á❧✐s❡ ❡♠ ❞♦✐s ❣r❛♥❞❡s ❣r✉♣♦s ✭❝♦♠♦ ✜③❡♠♦s

♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✷✮✿ ♦s s✐st❡♠❛s ♥♦r♠❛✐s ❡ ♥ã♦✲♥♦r♠❛✐s✳

❚r❛t❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❞♦s s✐st❡♠❛s ♥ã♦✲♥♦r♠❛✐s✳ ❆❧é♠ ❞♦s s✐st❡♠❛s

❞✐s♣♦st♦s ♥❛ ❋✐❣✉r❛ ✷✳✷✱ ♦✉tr♦s s✐st❡♠❛s ❢♦r❛♠ ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛✱ t❛✐s ❝♦♠♦ ❛s

❤✐❡r❛rq✉✐❛s ❞❡ ▲❡♠♠♦♥ ❉✷✲❉✺✱ ❊✷✲❊✺ ❡ ♦ s✐st❡♠❛ ❙✵✳✾✳✻✺

✻✺ ❈♦♠♦ ❥á ❝✐t❛❞♦ ♥❛ ◆♦t❛ ✷✷✱ ❡ss❡s s✐st❡♠❛s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬▲❡♠✺✼❪✳

✾✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

• D2 = PC ∪ {(K), (D), (N∗)}

• E4 = E2 ∪ (4)

• E5 = E2 ∪ (4)

P❛r❛ ♦s s✐st❡♠❛s ❉✸✱ ❉✹ ❡ ❉✺ é ♥❡❝❡ssár✐♦✱ ❡♥tr❡t❛♥t♦✱ ❝❡rt❛ ❝❛✉t❡❧❛✳ ▲❡♠✲

♠♦♥ ❞❡s❡❥❛ q✉❡ ♥❛ ❤✐❡r❛q✉✐❛ ❞♦s ❉✲s✐st❡♠❛s ✈❛❧❤❛ ❛ ♠❡s♠❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦

❞♦s ❊✲s✐st❡♠❛s✳ ❙❛❜❡♠♦s✱ ❡♥tr❡t❛♥t♦✱ q✉❡ ♦ s✐st❡♠❛ ❊✸ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❊✷

♣♦rq✉❡ ❡♠ ❛♠❜♦s ♦s s✐st❡♠❛s t❡♠♦s ♦ ❛①✐♦♠❛ (T )✳ P♦r ♠❡✐♦ ❞❡ (K ′)✱ (T ) ❡ ❙✐✲

❧♦❣✐s♠♦ ❍✐♣♦tét✐❝♦✱ ♦❜t❡♠♦s ❡♠ ❊✸ ♦ ❛①✐♦♠❛ (K) ❝♦♠♦ t❡♦r❡♠❛✳ P❛r❛ ❣❛r❛♥t✐r

❛ ♠❡s♠❛ ❞❡r✐✈❛çã♦ ❡♠ ❉✸✱ ▲❡♠♠♦♥ ❢♦r♠✉❧❛ ❛ r❡❣r❛ ❛❜❛✐①♦✿✻✻

✭◆D✮ s❡ α é t♦t❛❧♠❡♥t❡ ♠♦❞❛❧✐③❛❞❛✱ ❡♥tã♦ ⊢ �α → α

❖ ❛✉t♦r ❞✐③ q✉❡ ✉♠❛ ❢ór♠✉❧❛ é t♦t❛❧♠❡♥t❡ ♠♦❞❛❧✐③❛❞❛ q✉❛♥❞♦ t♦❞❛s ❛s

✈❛r✐á✈❡✐s ♣r♦♣♦s✐❝✐♦♥❛✐s ❞❡ α ❡stã♦ ❞❡♥tr♦ ❞♦ ❡s❝♦♣♦ ❞❡ ✉♠ ♦♣❡r❛❞♦r ♠♦❞❛❧✳

P♦r ❡①❡♠♣❧♦✱ �p → q ♥ã♦ é ✉♠❛ ❢ór♠✉❧❛ t♦t❛❧♠❡♥t❡ ♠♦❞❛❧✐③❛❞❛✱ ❡♥q✉❛♥t♦

�p → ♦q t❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ♣r♦♣♦s✐❝✐♦♥❛✐s ❞❡♥tr♦ ❞♦ ❡s❝♦♣♦ ❞❡ � ❡ ♦ ❡ é✱

♣♦r ✐ss♦✱ t♦t❛❧♠❡♥t❡ ♠♦❞❛❧✐③❛❞❛✳ ❆ r❡❣r❛ ❛❝✐♠❛ ♥♦s ♣❡r♠✐t❡ ❡♥tã♦ ✐♥❢❡r✐r✿

⊢ �(�p → ♦q) → (�p → ♦q) ♠❛s ♥ã♦ ⊢ �(�p → q) → (�p → q)

▲❡♠♠♦♥ ❝♦♥stró✐✱ ❡♥tã♦✱ ♦s ❞❡♠❛✐s ❉✲s✐st❡♠❛s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

• D3 = PC ∪ {(K ′), (D), (ND)}

• D4 = D2 ∪ {(ND), (4)}

• D5 = D2 ∪ {(ND), (5)}

P♦r ✜♠✱ ♣❛r❛ ♦ s✐st❡♠❛ ❙✵✳✾ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ♠❛✐s ✉♠❛ r❡❣r❛ ♠♦❞❛❧✿✻✼

✭◆∗∗✮ ⊢ p ↔ q ✐♠♣❧✐❝❛ ⊢ �p ≍ �q

❋✐♥❛❧♠❡♥t❡✱ ❞❡✜♥❡✲s❡ ♦ s✐st❡♠❛ ❙✵✳✾ ❛❜❛✐①♦✿

• S0.9 = PC ∪ {(K), (K ′′), (T )}

❊st❛♠♦s ❛♣t♦s ❛ ❝♦♥str✉✐r ♦ s❡❣✉✐♥t❡ ❣rá✜❝♦ ❞❡ ✐♥❝❧✉sã♦ ♣❛r❛ ♠♦str❛r ♦

❡s❝♦♣♦ ❞❡ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s✳ ❖❜s❡r✈❡ q✉❡

❛ ár❡❛ tr❛❝❡❥❛❞❛ ❞✐③ r❡s♣❡✐t♦ ❛♦ s✐st❡♠❛s q✉❡ ❥á ❤❛✈✐❛♠ s✐❞♦ ❝♦♥t❡♠♣❧❛❞♦s ♥♦

r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐✳
✻✻ ❖ ♥♦♠❡ ♦r✐❣✐♥❛❧ ❞❛ r❡❣r❛ é ✭❉✮✱ ♠❛s ♣❛r❛ ♥ã♦ ❝♦♥❢✉♥❞✐r♠♦s ❝♦♠ ♦ ❛①✐♦♠❛ ✭❉✮✱ ❡s❝♦❧❤❡♠♦s

✭◆D✮✳ ❈♦♥❢❡r✐r ❬▲❡♠✺✼❪✳
✻✼ ❖r✐❣✐♥❛❧♠❡♥t❡✱ (N∗∗) é (b′′)✳ ❇✉s❝❛♠♦s ✉♠❛ ♥♦t❛çã♦ ❝♦❡r❡♥t❡ ❝♦♠ ♦ r❡st♦ ❞❛ ❚❡s❡✳

✾✸



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❙✺ ❊✺ ❉✺

❙✹

❙✹0

❊✹ ❉✹

❙✸

❙✸0

❊✸ ❉✸ ❊✸0

❙✷

❙✷0

❊✷ ❉✷ ❊✷0

❙✶

❙✶0

❙✵✳✾

❙✵✳✺

❙✵✳✺0

❋✐❣✳ ✷✳✹✿ ❙✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s ✐♥❝♦♠♣❧❡t♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s

❊♠❜♦r❛ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ❡♥❣❧♦❜❡ ♠✉✐t♦s ♦✉tr♦s s✐st❡♠❛s q✉❡ ♥ã♦ ❢♦r❛♠

♣r❡✈✐st♦s ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❡ ❉✉❣✉♥❞❥✐✱ ♦ r❡s✉❧t❛❞♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦ ❡stá ❧♦♥❣❡ ❞❡

❞❛r ❝♦♥t❛ ❞❡ t♦❞♦s ♦s s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s✳ ❋✐❝❛r❛♠ ❞❡ ❢♦r❛ ❞❡ ♥♦ss❛

❣❡♥❡r❛❧✐③❛çã♦ ♦s s❡❣✉✐♥t❡s s✐st❡♠❛s ❞❛ ❋✐❣✉r❛ ✷✳✷✿ ❙✸✳✺✱ ❊✻✱ ❊✻0✱ ❙✻✱ ❊✼✱ ❊✼0✱

❙✼✱ ❊+✱ ❙✽ ❡ ❙✾✳✻✽

P❛r❛ ❡ss❡s s✐st❡♠❛s ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ♠❛tr✐③ M∞ ❞❡ ✐♥✜♥✐t♦s

✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❢♦ss❡ ♠♦❞❡❧♦ ♣❛r❛ ♦s ❝❛s♦s ❧✐♠✐t❡s ✭❝♦♠♦ ❙✾ ❡ ❊+✮ ❡✱ ❛♦

♠❡s♠♦ t❡♠♣♦✱ ✉♠❛ ✈❛❧♦r❛çã♦ ❞❡ss❛ ♠❛tr✐③ q✉❡ ✐♥✈❛❧✐❞❛ss❡ t♦❞❛s ❛s ✐♥stâ♥❝✐❛s ❞❛

❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ♦✉ ❞❡ ❝❡rt❛ ❛❞❛♣t❛çã♦ ❞❛ ❢ór♠✉❧❛ ♦r✐❣✐♥❛❧✳ ❋✐❝❛✱ ♣♦rt❛♥t♦✱

❡♠ ❛❜❡rt♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r q✉❛✐s ❞❡ss❡s s✐st❡♠❛s sã♦ ❝❛r❛❝t❡r✐③á✈❡✐s
✻✽ ❆❝r❡❞✐t❛♠♦s✱ ♣♦r ♦✉tr ❧❛❞♦✱ q✉❡ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣♦❞❡ ❛❜❛r❝❛r s✐st❡♠❛s ❛✐♥❞❛ ♠❛✐s

❢r❛❝♦s q✉❡ ❊✷0✱ ❜❛st❛♥❞♦ r❡str✐♥❣✐r ❛ r❡❣r❛ (N∗) às t❛✉t♦❧♦❣✐❛s ❞❡ P❈✳ ❙♦❜r❡ ❡ss❡s s✐st❡♠❛s✱
✈✐❞❡ ❬▼♦r✵✼❪✳

✾✹



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❆ s✐t✉❛çã♦ é ♠❛✐s ❢❛✈♦rá✈❡❧ ♣❛r❛ s✐st❡♠❛s ♥♦r♠❛✐s✳ ❱✐st♦ q✉❡ ♦ s✐st❡♠❛ ❑ é

✉♠❛ ❡①t❡♥sã♦ ❞❡ ❙✵✳✺0✱ t❡♠♦s ❝♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵ q✉❡ ♥❡♥❤✉♠

s✐st❡♠❛ ❡♥tr❡ ❑ ❡ ❙✺ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❆✐♥❞❛ q✉❡ ❞❡

❣r❛♥❞❡ ❛❧❝❛♥❝❡✱ ❡ss❡ ❝♦r♦❧ár✐♦ ♥ã♦ ❡♥❣❧♦❜❛ t♦❞♦s ♦s s✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s✳

❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✷ q✉❡ ♦s s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲▲❡✇✐s sã♦ ♥♦r♠❛✐s ♥ã♦

❡stã♦ ♥❛ ❤✐❡r❛rq✉✐❛ ❞❡ ▲❡✇✐s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❋✐❣✉r❛ ✷✳✶ ❣❛r❛♥t❡ q✉❡ ❡ss❡s s✐st❡♠❛s

t❛♠♣♦✉❝♦ ❡stã♦ ❡♥tr❡ ❑ ❡ ❙✺✳

❖✉tr❛ ❢❛♠í❧✐❛ ♥ã♦ ❡♥❣❧♦❜❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵ ❡ ❚❡♦r❡♠❛ ✷✳✷✳✶✶ sã♦ ❛s

❢❛♠í❧✐❛s ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ❑❲✳ ❱✐♠♦s q✉❡ ❡♠ ❑❲ ♥ã♦ t❡♠♦s ♥❡♠ ♦ ❛①✐♦♠❛

(T ) ❡ t❛♠♣♦✉❝♦ (D)✱ ❛♣❡s❛r ❞❡ t❡r♠♦s (4)✳ P❡❧♦ ❣rá✜❝♦ ❋✐❣✉r❛ ✷✳✶ s❛❜❡♠♦s

q✉❡ ♦s s✐st❡♠❛s ❱❇✱▼❱✱ ❑❍✱ ❑❲✱ ❑✹✳✷❲ ❡ ❑✹✳✸❲ t❛♠❜é♠ ❡stã♦ ❢♦r❛ ❞♦

❡s♣❡❝tr♦ ❑✲❙✺✳ ❚r❛t❛r❡♠♦s ❞❡ss❡s s✐st❡♠❛s ♣r✐♠❡✐r❛♠❡♥t❡ ❡ ♥♦s ♦❝✉♣❛r❡♠♦s

❞♦s s✐st❡♠❛s ♥ã♦✲▲❡✇✐s ♥❛ ♣ró①✐♠❛ s✉❜s❡çã♦✳

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦s s✐st❡♠❛s ♥♦r♠❛✐s ♥ã♦✲♥♦r♠❛✐s✱ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❡♠

♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❧ó❣✐❝❛s ♥♦r♠❛✐s ♠♦❞❛✐s ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✐♥í❝✐♦ ❞❡s❡❥❛❞❛✳

❊①❝❧✉í♠♦s ❞❡ ♥♦ss♦ ❝❛s♦ ❧✐♠✐t❡ ♦s s✐st❡♠❛s ❑✹✳✷❲ ❡ ❑✹✳✸❲✱ ❞❡✐①❛♥❞♦ ♠❛✐s

✉♠❛ ✈❡③ ❡♠ ❛❜❡rt♦ s❛❜❡r s❡ ❡ss❡s s✐st❡♠❛s tê♠ ✉♠❛ s❡♠â♥t✐❝❛ ♠❛tr✐❝✐❛❧ ✜♥✐t❛

❝♦♠♣❧❡t❛✳ ❈♦♥❝❡♥tr❛r❡♠♦s ♥♦ss♦s ❡s❢♦rç♦s ♥❛ ❤✐❡r❛rq✉❛ K−KW✳

❊♥❝♦♥tr❛r ✉♠❛ ❢ór♠✉❧❛ ❛❞❛♣t❛❞❛ ❞❡ ❉✉❣✉♥❞❥✐ ♥ã♦ é ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦❜t❡r

♦ r❡s✉❧t❛❞♦ ❞❡ ✐♠❝♦♠♣❧❡t✉❞❡✳ ❱✐st♦ q✉❡ ❑❲ ♥ã♦ é ✉♠ s✉❜s✐st❡♠❛ ❞❡ ❙✺✱

❛ ♠❛tr✐③ M∞ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷ ♥ã♦ s❡rá ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❑❲✳ ●r❛ç❛s às

á❧❣❡❜r❛s ❞❡ ▼❛❣❛r✐ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ♠❛tr✐③ M′
∞ ❞❡ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡

✈❡r❞❛❞❡ q✉❡ é ♠♦❞❡❧♦ ❞❡ ❑❲✳✻✾✳ ▼❛s ❑❲ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❑✱ ❞❡ ♠♦❞♦

q✉❡ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ❞❡ ✜♥✐t♦s ✈❛❧♦r❡s q✉❡ ❝❛r❛❝t❡r✐③❡ ❑❲✱

✈❛❧✐❞❛ t♦❞❛s ❛s ✐♥stâ♥❝✐❛s ❞❛ ❢ór♠✉❧❛ ♦r✐❣✐♥❛❧ ❞❡ ❉✉❣✉♥❞❥✐✳ ❈♦✉❜❡✱ ❡♥tr❡t❛♥t♦✱

❡♥❝♦♥tr❛r ✉♠❛ ✈❛❧♦r❛çã♦ ❡♠ M′
∞ q✉❡ ✐♥✈❛❧✐❞❛ss❡ ❛ ❝❛❞❛ (Dn)✳ ❊ss❡ s❡rá ♦

♣♦♥t♦ ❝❛♣❝✐♦s♦ ❞❡ ♥♦ss♦ ❛r❣✉♠❡♥t♦✳

◗✉❡r❡♠♦s r❡❧❡♠❜r❛r q✉❡ ♥♦ ❛①✐♦♠❛ (W ) ♦❝♦rr❡ ♦ ♦♣❡r❛❞♦r ❞❡ ✐♠♣❧✐❝❛çã♦

❡ ❞❡ ❝♦♥❥✉♥çã♦✱ ❞❡ ♠♦❞♦ q✉❡ ♥♦ss♦ ❝❛s♦ ♠✐♥✐♠❛❧ s❡rá ■❈❑ ❡♠ ✈❡③ ❞❡ ■❈■✳

❚❡♠♦s q✉❡ ♣r♦✈❛r ⊢KICK �(p ∧ q) → (�p ∧ �q) ♣❛r❛ ♣r♦ss❡❣✉✐r♠♦s ❡♠ ♥♦ss❛

❞❡♠♦♥str❛çã♦✳
✻✾ ❖ ❛rt✐❣♦ r❡❢❡r✐❞♦ ❞❡ ▼❛❣❛r✐ é ❬▼❛❣✼✺❪✳

✾✺



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

1. �(p ∧ q) → �p ❬❍✐♣✳❪

2. �(p ∧ q) → �q ❬❍✐♣✳❪

3. �(p ∧ q) ❬❍✐♣✳❪

4. �p ❬✭▼P✮ ❡♠ ✶✳ ❡ ✸✳❪

5. �q ❬✭▼P✮ ❡♠ ✷✳ ❡ ✸✳❪

6. �p → (�q → (�p ∧�q)) ❬✭❆①✸✮❪

7. �q → (�p ∧�q) ❬✭▼P✮ ❡♠ ✹✳ ❡ ✻✳❪

8. �p ∧�q ❬✭▼P✮ ❡♠ ✺✳ ❡ ✼✳❪

9. �(p ∧ q) → �p,�(p ∧ q) → �q

�(p ∧ q) ⊢KICK �p ∧�q ❬✭▼❉✮ ❞❡ ✶✳ ❛ ✽✳❪

10. ⊢KICK (�(p ∧ q) → �p) →

((�(p ∧ q) → �q) → (�(p ∧ q) → (�p ∧�q))) ❬✭▼❉✮ ❡♠ ✾✳❪

11. (p ∧ q) → p ❬✭❆①✹✮❪

12. �((p ∧ q) → p) ❬✭◆❡❝✮ ❡♠ ✶✶✳❪

13. �((p ∧ q) → p) → (�(p ∧ q) → �p) ❬✭❑✮❪

14. �(p ∧ q) → �p ❬✭▼P✮ ❡♠ ✶✷✳ ❡ ✶✸✳❪

15. (p ∧ q) → q ❬❆①✺❪

16. �((p ∧ q) → q) ❬✭◆❡❝✮ ❡♠ ✶✺✳❪

17. �((p ∧ q) → q) → (�(p ∧ q) → �q) ❬✭❑✮❪

18. �(p ∧ q) → �q ❬✭▼P✮ ❡♠ ✶✻✳ ❡ ✶✼✳❪

19. (�(p ∧ q) → �q) → (�(p ∧ q) → (�p ∧�q)) ❬✭▼P✮ ❡♠ ✶✵✳ ❡ ✶✹✳❪

21. �(p ∧ q) → (�p ∧�q) ❬✭▼P✮ ❡♠ ✶✽✳ ❡ ✶✾✳❪
�

❋❡✐t❛s ❛s ❞❡✈✐❞❛s ♦❜s❡r✈❛çõ❡s✱ ❞❡✜♥✐r❡♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ❝♦♠ ♦

♦♣❡r❛❞♦r ⊎ ❡ ♣r♦✈❛r❡♠♦s ✉♠❛ ♣r♦♣♦s✐çã♦ ❛♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✷✳✷✳✶

❉❡✜♥✐çã♦ ✷✳✷✳✶✷✿ P❛r❛ ❝❛❞❛ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✱ ❛ ❢♦r♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ❛❞❛♣✲

t❛❞❛ D′′
n é ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

D′′
n ≡def

⊎

i 6=j

(pi ≍ pj)

❊♠ q✉❡ 1 ≤ i, j ≤ n+ 1 ❡ pi ≍ pj ❛❜r❡✈✐❛ (pi J pj) ∧ (pj J pi)✳ �

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✸✿ ◗✉❛❧q✉❡r ♠❛tr✐③ M ❝♦♠ n ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ q✉❡ ❝❛r❛❝✲

t❡r✐③❛ ✉♠❛ ❡①t❡♥sã♦ ❞❡ KICK ✈❛❧✐❞❛ Dn✳

❉❡♠♦♥tr❛çã♦✿ ❆♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✷✳✷✳✶✱ ❞❡✈❡♥❞♦ r❡ss❛❧✈❛r q✉❡ t❡♠♦s

⊢ICK pi → pi ✈✐s♦ q✉❡ ICI ⊆ ICK ❡ ⊢ICK pi → (pi ∧ pi) ♣♦r (Ax4)✳ ❆ss✐♠✱

✾✻



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

♣♦r (Nec) t❡♠♦s q✉❡ �(pi ↔ pi) é ✉♠ t❡♦r❡♠❛ ❞❡ KICI✳ ❆❧é♠ ❞✐ss♦✱ ⊢KICK

�(p ∧ q) → (�p ∧ �q)✱ ❧♦❣♦ ♣♦r ✭▼P✮ t❡♠♦s ⊢KICK pi ≍ pi✳ ❖ r❡st♦ ❞♦

❛r❣✉♠❡♥t♦ ♣❡r♠❛♥❡❝❡ ✐❞ê♥t✐❝♦✳ �

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ✉♠❛ ♥♦✈❛ ♠❛tr✐③ ✐♥✜♥✐t❛ q✉❡ é ✉♠ ♠♦❞❡❧♦ ♣❛r❛

❑❲P❈✱ q✉❡r❡♠♦s ❝❤❛♠❛r ❛t❡♥çã♦ ♣❛r❛ ✉♠❛ ❞❡✜♥✐çã♦ ❡♠ ❚❡♦r✐❛ ❞♦s ❈♦♥❥✉♥✲

t♦s✳ ❙❛❜❡♠♦s q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦ ♣♦❞❡ s❡r ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦✳ ❍á✱ ❡♥tr❡t❛♥t♦✱

♦✉tr❛ ❞❡♥♦♠✐♥❛çã♦✳ ❆❧é♠ ❞❡ ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦✱ ✉♠ ❝♦♥❥✉♥t♦ ♣♦❞❡ s❡r ❝♦✜♥✐t♦✳

❈♦✜♥✐t♦ é ✉♠ ❝♦♥❥✉♥t♦ ❝✉❥♦ ❝♦♠♣❧❡♠❡♥t♦ é ✜♥✐t♦✳ P♦r ❡①❡♠♣❧♦✱ s❡ N é ♦ ♥♦ss♦

❞♦♠í♥✐♦✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♣❛r❡s é ✐♥✜♥✐t♦✱ ♠❛s ♥ã♦ é ❝♦✜♥✐t♦✱ ✈✐st♦

q✉❡ s❡✉ ❝♦♠♣❧❡♠❡♥t♦ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s í♠♣❛r❡s✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ t❛♠✲

❜é♠ é ✐♥✜♥✐t♦✳ ❏á ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❡①❝❡t✉❛♥❞♦ ♦ ③❡r♦ é ✐♥✜♥✐t♦

❡ ❝♦✜♥✐t♦✱ ♣♦✐s s❡✉ ❝♦♠♣❧❡♠❡♥t♦ é ♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❝✉❥♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ é ♦

③❡r♦✳ ❱❡r❡♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ❝♦♠♦ ❡ss❛ ♥♦çã♦ s❡rá ❛♣❧✐❝❛❞❛ ♣❛r❛ ❞❡✜♥✐r

✉♠❛ ♠❛tr✐③ ✐♥✜♥✐t❛ q✉❡ é ♠♦❞❡❧♦ ♣❛r❛ ❑❲✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✹✿ ❊①✐st❡ ✉♠❛ ♠❛tr✐③ ✐♥✜♥✐t❛ M′
∞ q✉❡ é ✉♠ ♠♦❞❡❧♦ ❞❡

❑❲P❈✳

❉❡✜♥❛ ❛ s❡❣✉✐♥t❡ ♠❛tr✐③ M′
∞

• M = ℘(N)

• D = ℘(N)

• O = {∪,∩,−,⊠}✱ ❡♠ q✉❡ ∪,∩ ❡ − sã♦ ♦♣❡r❛çõ❡s ❇♦♦❧❡❛♥❛s✱ ❡♥q✉❛♥t♦

❞❡✜♥❡✲s❡ ⊠ ❝♦♠♦✿✼✵

⊠X =

{

℘(N) s❡ ❳ é ❝♦✜♥✐t♦

{∅} ❝❛s♦ ❝♦♥trár✐♦

❈♦♥s✐❞❡r❡ ✈❛❧♦r❛çõ❡s ❡♠ M′
∞ ❝♦♠♦ ❢✉♥çõ❡s v q✉❡ ❛ss♦❝✐❛♠ ❝❛❞❛ ❢ór♠✉❧❛ ❞❡

❑❲P❈ ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ℘(N) ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

• v(¬α) = v(α)❀

• v(α → β) = v(α) ∪ v(β)❀

• v(�α) = ⊠(v(α))✳

✼✵ ❆ ❢✉♥çã♦ q✉❡ ❝❛❧❝✉❧❛ ⊠ ❢♦✐ ✐♥s♣✐r❛❞♦ ❡♠ ❬▼❛❣✼✺❪✱ ❝♦♠♦ ❡①❡♠♣❧♦ ❞❡ ♦♣❡r❛❞♦r ♠♦❞❛❧ ♣❛r❛
á❧❣❡❜r❛s ❞✐❛❣♦♥✐③á✈❡✐s✳

✾✼
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❱❡r❡♠♦s q✉❡ t♦❞♦s ♦s ❛①✐♦♠❛s ❡ r❡❣r❛s ♠♦❞❛✐s ❞❡ ❑❲P❈ sã♦ ✈á❧✐❞♦s ❡♠ M′
∞✳

P❛r❛ ♦s ❛①✐♦♠❛s ❡ r❡❣r❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✷✳✷✳✷✳

✭❑✮ v(❑) = ⊠(v(α) ∪ v(β)) ∪ (⊠v(α) ∪⊠v(β))

✕ s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = ℘(N) ❡ ❞❛í v(❑) = ℘(N)✳

✕ s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = {∅}✳

∗ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = {∅}✳ ❚❡♠♦s ❡♥tã♦ q✉❡

⊠v(α) = {∅} ❡ ⊠v(α) ∪⊠v(β) = ℘(N)✳ P♦rt❛♥t♦✱ v(❑) = ℘(N).

∗ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(α) é ✜♥✐t♦✳ ❉❛í✱ v(α) ∪ v(β) ♥ã♦ é

❝♦✜♥✐t♦✱ ⊠(v(α)∪v(β)) = {∅} ❡ ⊠(v(α) ∪ v(β)) = {∅}✳ P♦rt❛♥t♦

v(❑) = {∅} ∪ (⊠v(α) ∪ {∅}) = ℘(N)✳

✭❑✶✮ v(K1) = (⊠v(α) ∪⊠v(β)) ∪ (⊠v(α) ∪⊠v(β))

✕ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = ℘(N) ❡ ⊠v(α) = ∅✳ ❆❧é♠ ❞✐ss♦✱

v(α) é ✜♥✐t♦✳ ▲♦❣♦✱ v(α) ♥ã♦ é ❝♦✜♥✐t♦ ❡ ⊠v(α) = {∅}✳

∗ s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(β) é ✜♥✐t♦ ❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✳ ▲♦❣♦✱

⊠v(β) = {∅} ❡ ⊠v(β) = {∅}✳ ❆ss✐♠✱ ⊠v(α)∪⊠v(β) = {∅} ∪ {∅}

❡ v(K1) = ℘(N)✳

∗ s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = {∅}✳ ❆ss✐♠✱ ⊠v(α) ∪

⊠v(β) = {∅} ❡ ⊠v(α) ∪⊠v(β) = {∅}

· s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = {∅} ❡ ⊠v(β) = {∅}✳

❆ss✐♠✱ ⊠v(α) ∪ ⊠v(β) = {∅} ∪ {∅} = ℘(N) ❡ ♣♦rt❛♥t♦

v(K1) = ℘(N)✳

· s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = ℘(N) ❡ ⊠v(β) = ∅✳ ❉❛í

⊠v(α) ∪⊠v(β) = {∅}✳ ❡ v(K1) = {∅} ∪ {∅} = ℘(N).

✕ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = {∅} ❡ ⊠v(α) = {∅}

∗ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = N ❡ v(K1) = N✳

∗ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = {∅}

· s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(β) é ✜♥✐t♦ ❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✳ ❉❛í

⊠v(β) = {∅} ❡ ❡♥tã♦ ⊠v(β) = {∅} ✳ ▲♦❣♦ ⊠v(α)∪⊠v(β) = N

❡ ♣♦rt❛♥t♦ v(K1) = N✳

· s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = {∅} ❡ ⊠v(β) = {∅}✳

▲♦❣♦ ⊠v(α) ∪⊠v(β) = {∅} ∪ {∅} = ℘(N) ❡ v(K1) = ℘(N)✳

✭❑✷✮ v(K2) = ⊠(v(α) ∪ v(β)) ∪ (⊠v(α) ∪⊠v(β))

✾✽
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✕ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(α) ∪ v(β) é ❝♦✜♥✐t♦✱ v(α) ∪ v(β) é ✜♥✐t♦ ❡

v(α) ∪ v(β) ♥ã♦ é ❝♦✜♥✐t♦✳ ❉❛í ⊠(v(α) ∪ v(β)) = {∅}✳ ❆❧é♠ ❞✐ss♦✱

t❡♠♦s q✉❡ v(α) é ✜♥✐t♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ⊠v(α) = {∅} ❡ ⊠v(α) =

{∅}✳ P♦rt❛♥t♦ v(K2) = {∅} ∪ ({∅} ∪⊠v(β)) = ℘(N)✳

✕ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦

∗ s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(α) ∪ v(β) é ❝♦✜♥✐t♦ ❡ v(α) ∪ v(β) é

✜♥✐t♦✳ ❆ss✐♠✱ v(α) ∪ v(β) ♥ã♦ é ❝♦✜♥✐t♦ ❡ ⊠(v(α) ∪ v(β)) = {∅}✳

▼❛s v(β) é ✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = {∅} ❡ ⊠v(β) = {∅}✳ P♦rt❛♥t♦

v(K2) = {∅} ∪ (⊠v(α) ∪ {∅}) = ℘(N)✳

∗ s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦

· s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(β) é ✜♥✐t♦✳ ❉❛í v(α) ∪ v(β) é

✜♥✐t♦ ❡ v(α) ∪ v(β) é ❝♦✜♥✐t♦✳ ▲♦❣♦ ⊠(v(α) ∪ v(β)) = ℘(N)

❡ v(K2) = ℘(N)✳

· s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(β) = {∅} ❡ ❞❛í t❡♠♦s q✉❡

⊠v(β) = {∅}✳P♦r ✉♠ ❧❛❞♦✱ s❡ v(α) ∪ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦

⊠(v(α) ∪ v(β)) = ℘(N) ❡ ❞❛í v(K2) = ℘(N)✳ P♦r ♦✉tr♦✱

s❡ v(α) ∪ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠(v(α) ∪ v(β) = {∅} ❡

♣♦rt❛♥t♦ v(K2) = {∅} ∪ (⊠v(α) ∪ {∅}) = ℘(N)✳

✭❑✸✮ v(K3) = (⊠v(α) ∪⊠v(β)) ∪⊠(v(α) ∪ v(β))

✕ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(α) ∪ v(β) t❛♠❜é♠ é ❝♦✜♥✐t♦✳ P♦rt❛♥t♦

⊠(v(α) ∪ v(β)) = ℘(N) ❡ v(K3) = ℘(N)✳

✕ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦

∗ s❡ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ v(α)∪v(β) t❛♠❜é♠ é ❝♦✜♥✐t♦✳ P♦rt❛♥t♦

⊠(v(α) ∪ v(β)) = ℘(N) ❡ v(K2) = ℘(N)✳

∗ s❡ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦

· s❡ v(α) ∪ v(β) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠(v(α) ∪ v(β)) = ℘(N) ❡

v(K2) = ℘(N)

· s❡ v(α) ∪ v(β) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠(v(α) ∪ v(β)) = {∅}✳

▼❛s v(α) ❡ v(β) ♥ã♦ sã♦ ❝♦✜♥✐t♦s✱ ❞❛í t❡♠♦s q✉❡ ⊠v(α) =

⊠v(β) = {∅} ❡ ⊠v(α) ∪⊠v(β) = {∅}✳ P♦rt❛♥t♦ v(K2) =

{∅} ∪ {∅} = ℘(N)✳

✭✹✮ v(4) = ⊠v(α) ∪⊠⊠v(α)

✕ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = ℘(N)✳ ▼❛s ℘(N) é ❝♦✜♥✐t♦✱ ❞❛í

t❡♠♦s q✉❡ ⊠⊠v(α) = ℘(N) ❡ v(4) = ℘(N)✳

✾✾
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✕ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❞❛í ⊠v(α) = {∅}✳ ▼❛s {∅} t❛♠❜é♠ é ❝♦✜♥✐t♦✱

❡♥tã♦ ⊠⊠v(α) = ℘(N) ❡ v(4) = ℘(N)✳

✭❲✮ v(W ) = ⊠(⊠(v(α) ∪ v(α) ∪⊠v(α)

✕ s❡ v(α) é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = ℘(N) ❡ v(W ) = ℘(N)✳

✕ s❡ v(α) ♥ã♦ é ❝♦✜♥✐t♦✱ ❡♥tã♦ ⊠v(α) = {∅}✳ ❉❛í ⊠v(α) = {∅} ❡

❡♥tã♦ ⊠v(α) ∪ v(α) ♥ã♦ é ❝♦✜♥✐t♦✳ ❆ss✐♠✱ ⊠(⊠v(α) ∪ v(α)) = {∅} ❡

⊠(⊠v(α) ∪ v(α)) = {∅}✳ P♦rt❛♥t♦ v(W ) = {∅} ∪ {∅} = ℘(N)✳

❋✐♥❛❧♠❡♥t❡✱ s❡ v(α) = ℘(N)✱ ❡♥tã♦ v(α) é ❝♦✜♥✐t♦ ❡ ⊠v(α) = ℘(N)✳ ❉❛í✱ ❝♦♥❝❧✉í✲

s❡ q✉❡ M′
∞ ♣r❡s❡r✈❛ (Nec) ❡ t♦❞♦s ♦s ❛①✐♦♠❛s ❞❡ ❑❲P❈✳

❚❡♦r❡♠❛ ✷✳✷✳✶✺✿ ◆❡♥❤✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ▲ ❡♥tr❡ ❑ ❡ ❑❲ ❝✉❥♦ ❢r❛❣♠❡♥t♦

♣r♦♣♦s✐❝✐♦♥❛❧ ❡st❡❥❛ ❡♥tr❡ ■P❑ ❡ P❈ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ n ≥ 1✱ ❝♦♥s✐❞❡r❡ ❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ D′′
n ❡ ❛ ♠❛tr✐③

M′
∞ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✹✳ ❙❡❥❛ v ✉♠❛ ✈❛❧♦r❛çã♦ ❡♠ M′

∞ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛

✈❛r✐á✈❡❧ ♣r♦♣♦s✐❝✐♦♥❛❧ pi ✭♣❛r❛ 1 ≤ i ≤ n+ 1✮ ♦ ❝♦♥❥✉♥t♦

Xi = ℘({x : x = (n+ 1)× k + (i− 1) ♣❛r❛ ❛❧❣✉♠ k ∈ N}).

❙❡❥❛ 1 ≤ i, j ≤ n+1 ❞❡ ♠♦❞♦ q✉❡ i 6= j✳ ❆ss✐♠✱ Xi∩Xj = ∅ ❡ ❡♥tã♦Xi∪Xj = Xi

❞❡ ♠♦❞♦ q✉❡ Xi ♥ã♦ é ❝♦✜♥✐t♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ Xj ∪Xi = Xj ❡ Xj t❛♠❜é♠ ♥ã♦

é ❝♦✜♥✐t♦✳ ❉❛í✱ ❝♦♥❝❧✉✐✲s❡✿

⊠(Xi ∪Xj) ∩⊠(Xj ∪Xi) = ⊠Xi ∩⊠Xj = {∅} ∩ {∅} = {∅}

❡ ❡♥tã♦ v ❛tr✐❜✉✐ ❛ D′′
n ♦ ✈❛❧♦r ♥ã♦✲❞✐st✐♥❣✉✐❞♦ {∅}✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ❞❡ n✲✈❛❧♦r❡s M′
n q✉❡ ❝❛r❛❝t❡r✐③❛ ✉♠❛

❧ó❣✐❝❛ ▲ ❡♥tr❡ ❑■P❑ ❡ ❑❲P❈✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✽✱ ❛ ❢ór♠✉❧❛ D′′
n

s❡r✐❛ ✉♠ t❡♦r❡♠❛ ❞❡ ▲ ❡ t❛♠❜é♠ ✉♠ t❡♦r❡♠❛ ❞❡ ❑❲✳ ▼❛s ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦✲

s✐çã♦ ✷✳✷✳✶✹✱ D′′
n r❡❝❡❜❡r✐❛ ♦ ✈❛❧♦r ❞✐st✐♥❣✉✐❞♦ ℘(N) ♣♦r ♠❡✐♦ ❞❛ ✈❛❧♦r❛çã♦ v ❡♠

M′
∞✱ ❝♦♥tr❛❞✐çã♦✳ �

❆s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐ ♣♦r ♠❡✐♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵ ❡

❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✶ ❛❜❛r❝❛♠ ✉♠❛ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s s✐st❡♠❛s ♥♦r♠❛✐s ♠♦❞❛✐s ❞❛

❋✐❣✉r❛ ✷✳✶✳ ❆ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦s s✐st❡♠❛s ♥ã♦✲♥♦r♠❛✐s✱ ♠♦str❛r❡♠♦s

✉♠ ♥♦✈♦ ❣rá✜❝♦ ❞❡ ✐♥❝❧✉sã♦ ❞❡ s✐st❡♠❛s ♥♦r♠❛✐s ♠♦❞❛✐s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r

❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✱ ❡♠ q✉❡ ♠❛✐s ✉♠❛ ✈❡③ ❛ ár❡❛ tr❛❝❡❥❛❞❛ ✐♥❞✐❝❛

♦s ❞♦♠í♥✐♦s ♦r✐❣✐♥❛✐s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐✳

✶✵✵



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❙✺

❙✹✳✾

❙✹✳✹

❙✹✳✸✳✶

❙✹✳✸

❙✹✳✷✳✶

❙✹✳✷

❙✹✳✶

❙✹

❙✹n

❚▼❦

❉

❑

❑❇❊

❇+

❇❙❡❣

❇

❑❉❇ ❑❇

❑❲

❑❍

▼❱

❱❇❑✹

❑❉✹

❑❊

❑✹✳✸❩

❑✹✳✷❩

❑✹❩

❋✐❣✳ ✷✳✺✿ ❙✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ✐♥❝♦♠♣❧❡t♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s

▼❛✐s ✉♠❛ ✈❡③ ♥♦ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥ã♦ é ❞❡✜♥✐✈❛✳ ❈♦♠♣❛r❛♥❞♦ ❝♦♠ ❛ ❋✐❣✉r❛

✷✳✶✱ ❞✉❛s ❡①t❡♥sõ❡s ❞❡❑❲ ♥ã♦ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s✱ ❛ s❛❜❡r✱❑✹✳✷❲ ❡❑✹✳✸❲✳

❆❧é♠ ❞✐ss♦✱ ❡stá ❛❜❡rt❛ ❛ q✉❡stã♦ ❞❡ s❛❜❡r s❡ ❤á ❛❧❣✉♠ s✐st❡♠❛ ❡♥tr❡ ❑❲ ❡

✶✵✶



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❱❡r q✉❡ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❚❛♠♣♦✉❝♦ s❛❜❡♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉s❛r s❡♠â♥t✐❝❛ ♠❛tr✐❝✐❛❧ ✜♥✐t❛ ♣❛r❛

s✐st❡♠❛s ❡♥tr❡ ❑❇❊ ❡ ❚c✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❤á ❝❡rt♦s r❡s✉❧t❛❞♦s ❝♦♥❝❡r♥❡♥t❡s

❛♦s s✐st❡♠❛s ❡♥tr❡ ❙✺ ❡ ❚r✐✈ q✉❡ ✈❡r❡r❡♠♦s ♥❛ ♣ró①✐♠❛ s❡çã♦✳ ❘❡s✉❧t❛❞♦s ❞❛

♠❡s♠❛ ♥❛t✉r❡③❛ s♦❜r❡ ♦s s✐st❡♠❛s ♥ã♦✲▲❡✇✐s ✭❛ s❛❜❡r✱ ❑✶✱ ❑✶✳✶ ❑✶✳✷✱ ❑✷✱

❑✷✳✶✱ ❑✸ ❡ ❑✸✳✶✮ s❡rã♦ t❛♠❜é♠ ❛❜♦r❞❛❞♦s ♥❛ s❡çã♦ s❡❣✉✐♥t❡✳

✷✳✸ ❈♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s

❱❡r❡♠♦s ♥❡ss❛ s❡çã♦ r❡s✉❧t❛❞♦s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s ❛♦ ❚❡♦r❡♠❛ ❞❡ ❉✉✲

❣✉♥❞❥✐✱ ❛ s❛❜❡r✱ q✉❛✐s ❧ó❣✐❝❛s ♠♦❞❛✐s sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

◆❛ ♣r✐♠❡✐r❛ s✉❜s❡çã♦✱ ❡st✉❞❛♠♦s ❛ ❤✐❡r❛q✉✐❛ ❾3 . . . ❾n ❞❡ ❾✉❦❛s✐❡✇✐❝③✳ ❱❡✲

r❡♠♦s ❡♠ q✉❡ s❡♥t✐❞♦ ❡ss❛s ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧♦r❛❞❛s ♣♦❞❡♠ s❡r ❝♦♠♣r❡❡♥❞✐❞❛s

❝♦♠♦ ♠♦❞❛✐s ❡ q✉❛✐s sã♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ � ❡ ♦ ♥❡ss❛ ❤✐❡r❛rq✉✐❛✳ ❱❡r❡♠♦s

q✉❡✱ ♥❛ ✈❡r❞❛❞❡✱ ❤á ❞♦✐s ♠♦❞♦s ❞❡ ❞❡✜♥✐r ❡ss❡s ♦♣❡r❛❞♦r❡s ❡ q✉❡ s✉❛s ♣r♦♣r✐❡✲

❞❛❞❡s sã♦ ❞✐st✐♥t❛s ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♠❛♥❡✐r❛ ❝♦♠♦ sã♦ ❞❡✜♥✐❞♦s✳

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❛s ❧ó❣✐❝❛s ❞❡ ❾✉❦❛s✐❡✇✐❝③ ♥ã♦ sã♦ ❡①t❡♥sõ❡s ❝♦♥s❡r✈❛t✐✈❛s

❞❡ P❈ ✭❡ t❛♠♣♦✉❝♦ ❡stã♦ ❡♥tr❡ ■❈■ ❡ P❈✮✱ ✈❡r❡♠♦s ✉♠ ❝❛s♦ ❞❡ ❧ó❣✐❝❛ ♠♦❞❛❧

t❡tr❛✈❛❧❡♥t❡ q✉❡ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞❡ P❈✱ ❡ ♥❡ss❡ s❡♥t✐❞♦✱ ✉♠❛

❧ó❣✐❝❛ ♠♦❞❛❧ ❝❧áss✐❝❛ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s✳ ❊ss❡ é ♦ t❡♠❛ ❞❛ s❡❣✉♥❞❛

s✉❜s❡çã♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❡♥❤✉♠❛ ❞❡ss❛s ❧ó❣✐❝❛s ♠♦❞❛✐s ♠✉t✐✈❛❧♦r❛❞❛s ♣♦❞❡♠ s❡r

❝♦♥s✐❞❡r❛❞❛s ❧ó❣✐❝❛s ♠♦❞❛✐s ♥♦r♠❛✐s✿ ❛s ♣r✐♠❡✐r❛s ♣♦r ♥ã♦ s❡r❡♠ ❝❧áss✐❝❛s✱ ❡ ❛s

s❡❣✉♥❞❛s ♣♦r ♥ã♦ ✈❛❧✐❞❛r❡♠ ❛ r❡❣r❛ ✭◆❡❝✮✳ ❈❛❜❡rá à t❡r❝❡✐r❛ s✉❜s❡çã♦ ♠♦str❛r

❞♦✐s t❡♦r❡♠❛s ❞❡ ❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s ♣❛r❛ ❝❡rt♦s s✐st❡♠❛s ♠♦❞❛✐s

♥♦r♠❛✐s✳

✷✳✸✳✶ ❖♣❡r❛❞♦r❡s ♠♦❞❛✐s ♥❛ ❤✐❡r❛rq✉✐❛ ❾3 . . . ❾n

❘❡t♦♠❡♠♦s ❛ ❙✉❜s❡çã♦ ✷✳✶ ❡ ❛♥❛❧✐s❡♠♦s ❛s ♠❛tr✐③❡s ❞❡ ❾3✳ ❙❡r✐❛ ❾3 ❞❡ ❢❛t♦

✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧❄ ◗✉❛✐s sã♦ ❛s ❡①✐❣ê♥❝✐❛s ♠í♥✐♠❛s ❞❡ ♥❡❝❡ssár✐♦ ❡ ♣♦ssí✈❡❧

♣❛r❛ q✉❡ s❡❥❛♠ ❝♦♥s✐❞❡r❛❞♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ✉♥ár✐♦s ✭❡ ♥ã♦ s✐♠♣❧❡s♠❡♥t❡

✉♠ ♦♣❡r❛❞♦r ❞❡ ♥❡❣❛çã♦ ♦✉ ❞❡ ❝♦♥s✐stê♥❝✐❛❄✮

➱ s❛❜✐❞♦ q✉❡ ♦s ♠❡❞✐❡✈❛✐s ❝♦♥tr✐❜✉ír❛♠ ♠✉✐t♦ ♣❛r❛ ♦ ❛✈❛♥ç♦ ❞❛ ❧ó❣✐❝❛ ♠♦❞❛❧

❡ ♦ ✜❧ós♦❢♦ ❢r❛♥❝ês ❞♦ sé❝✉❧♦ ❳■■ P❡❞r♦ ❆❜❡❧❛r❞♦ ✭P❡tr✉s ❆❜❡❧❛r❞✉s✮ ❢♦✐ ✉♠

❣r❛♥❞❡ ❝♦❧❛❜♦r❛r ♥❡ss❡ ❝❛♠♣♦✳✼✶ ❙❡❣✉♥❞♦ ❆❜❡❧❛r❞♦✱ ✏♦ ✈❡r❞❛❞❡✐r♦ ❛♥t❡❝❡❞❡ ♦
✼✶ ❙♦❜r❡ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ❆❜❡❧❛r❞♦ à ❧ó❣✐❝❛ ♠♦❞❛❧✱ ❝♦♥❢❡r✐r ❬❑❑✻✽❪ ♣✳ ✷✵✹✳

✶✵✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

q✉❡ é ♣♦ssí✈❡❧✱ s❡❣✉❡✲s❡ ♦ ✈❡r❞❛❞❡✐r♦ ❞♦ q✉❡ é ♥❡❝❡ssár✐♦❀ ♦ ❢❛❧s♦ ♣♦ré♠ ❛♣❡♥❛s s❡

s❡❣✉❡ ❞♦ ✐♠♣♦ssí✈❡❧✑✼✷✳ ❆ ♣r✐♥❝í♣✐♦✱ ❾3 s❡r✐❛ ✉♠❛ ❧ó❣✐❝❛ ❛❞❡q✉❛❞❛ ♣❛r❛ ❢♦r♠✉❧❛r

❛s ❝♦♥❞✐çõ❡s ♠♦❞❛✐s ❞❡ ❆❜❡❧❛r❞♦✱ ✈✐st♦ q✉❡✿

• ⊢ p → ♦p

• ⊢ �p → p

• ⊢ ¬♦p → ¬p

❾✉❦❛s✐❡✇✐❝③ ❛✐♥❞❛ ❛r❣✉♠❡♥t❛ q✉❡ s✉❛ ❧ó❣✐❝❛ tr✐✈❛❧♦r❛❞❛ s❛t✐s❢❛③ ❛s q✉❛tr♦

❝♦♥❞✐çõ❡s ❛ s❡❣✉✐r✿

✭✐✮ ♦ ✏q✉❛❞r❛❞♦ ♠♦❞❛❧✑ ❞❡ ♦♣♦s✐çõ❡s❀

✭✐✐✮ ✏✐♥❢❡r❡✲s❡ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ♣❛r❛ ♦ q✉❡ é✑ ❡ ♦ s❡✉ ❞✉❛❧ ✏❞♦ q✉❡ é ✐♥❢❡r❡✲s❡ ♣❛r❛

♦ ♣♦ssí✈❡❧✑❀

✭✐✐✐✮ ✏q✉❛❧q✉❡r ❝♦✐s❛ q✉❛♥❞♦ é✱ é ♥❡❝❡ssár✐♦✑❀

✭✐✈✮ ✏♣❛r❛ ❛❧❣✉♠ p✱ é ♣♦ssí✈❡❧ p ❡ é ♣♦ssí✈❡❧ ♥ã♦ p✑✼✸

❆ ❝♦♥❞✐çã♦ ✭✐✮ ♣♦❞❡ s❡r ❢♦r♠❛❧✐③❛❞❛ ❝♦♠♦ �p ⊣⊢ ¬♦¬p ❡ ♦p ⊣⊢ ¬�¬p✳

❆ ❝♦♥❞✐çã♦ ✭✐✐✮ ✈❛✐ ❞❡ ❡♥❝♦♥tr♦ ❝♦♠ ❛ ❛✜r♠❛çã♦ ❞❡ ❆❜❡❧❛r❞♦ ❡ ❛ ❝♦♥❞✐çã♦

✭✐✈✮ é ❢♦r♠❛❧✐③❛❞❛ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❏á ♦ r❡q✉✐s✐t♦ ✭✐✐✐✮✱ ♠❛✐s ♣♦❧ê♠✐❝♦✱ ❢♦✐

✐♥t❡r♣r❡t❛❞♦ ♣♦r ❾✉❦❛s✐❡✇✐❝③ ❝♦♠♦ ❡q✉✐✈❛❧❡♥t❡ à ❢ór♠✉❧❛ p → (p → �p)✳

❖s ❛①✐♦♠❛s ♣❛r❛ ❾3 ❢♦r❛♠ ❡❧❡❣❛♥t❡♠❡♥t❡ ❛♣r❡s❡♥t❛❞♦s ♣♦r ❲❛❥s❜❡r❣ ❞♦

s❡❣✉✐♥t❡ ♠♦❞♦✿

✭W1✮ p → (q → p)

✭W2✮ ((p → q) → (q → r)) → (p → r)

✭W3✮ (¬p → ¬q) → (p → q)

✭W4✮ ((p → ¬p) → p) → p

P♦r ♠❡✐♦ ❞❡ss❡s ❛①✐♦♠❛s✱ ✈❡r✐✜❝❛✲s❡ q✉❡✿

Gn,P
n, In * ❾3 ❡ ❾3 * Gn,P

n, In

✼✷ ✏✈❡r✉♠ ❛♥t❡❝❡❞✐t q✉✐❞❡♠ ❛❞ ♣♦ss✐❜✐❧❡✱ s❡q✉✐t✉r ✈❡r♦ ❛❞ ♥❡❝❡ss❛r✐✉♠❀ ❢❛❧s✉♠ ❛✉t❡♠ ❛❞
✐♠♣♦ss✐❜✐❧❡ t❛♥t✉♠ s❡q✉✐t✉r✑ ❆❜❡❧❛r❞♦✱ P✳ ❉✐❛❧❡❝t✐❛✱ ♣✳ ✷✵✹✳ ❆♣✉❞ ❬❑❑✻✽❪✳
✼✸ ✏✭✐✮ t❤❡ ❵♠♦❞❛❧ sq✉❛r❡✬ ♦❢ ♦♣♣♦s✐t✐♦♥s❀ ✭✐✐✮ ❵❆❜ ♦♣♦rt❡r❡ ❛❞ ❡ss❡ ✈❛❧❡t ❝♦♥s❡q✉❡♥t✐❛✬✱ ❛♥❞

✐ts ❞✉❛❧ ❵❆❜ ❡ss❡ ❛❞ ♣♦ss❡ ✈❛❧❡t ❝♦♥s❡q✉❡♥t✐❛✬❀ ✭✐✐✐✮ ❵❯♥✉♠q✉♦❞q✉❡✱ q✉❛♥❞♦ ❡st✱ ♦♣♦rt❡t ❡ss❡✬❀
✭✐✈✮ ❵❋♦r s♦♠❡ ♣✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ♣ ❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ♥♦t✲♣✑ ✬✳ ❱✐❞❡ ❬▼✐♥✵✷❪ ❡ ❬❾✉❦✺✸❪✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✶✱ q✉❡ ICI * ❾3✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ♣❛rt✐❝✉❧❛r q✉❡

Gn * ❾3✱ Pn * ❾3 ❡ In * ❾3 ♣❛r❛ n ♥❛t✉r❛❧✱ ✈✐st♦ q✉❡ ♥❛s três ❤✐❡r❛rq✉✐❛s

t❡♠♦s (Ax2) q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♥ã♦ é t❡♦r❡♠❛ ❡♠ ❾3✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❾3 * Gn✳

❉❡ ❢❛t♦✱ s❡ v(p) = 1 ❡ v(q) = n t❡♠♦s ❡♠ ❝❛❞❛ Gn q✉❡ v(¬p) = v(¬q) = n✱

♦ q✉❡ ✐♠♣❧✐❝❛ ♣♦r ✉♠ ❧❛❞♦ v(p → q) = 2 ❡ ♣♦r ♦✉tr♦ v(¬p → ¬q) = 1✳ ▲♦❣♦

v(W3) = 2✱ q✉❡ ♥ã♦ é ❞❡s✐❣♥❛❞♦✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❾3 * Pn, In✳

P❛r❛ t❛♥t♦✱ ❜❛st❛ t♦♠❛r v(p) = T ❡ v(q) = F ✳ ❊♠ ❛♠❜❛s ❤✐❡r❛rq✉✐❛s t❡r❡♠♦s

v(¬p) = F ✱ v(¬q) = T ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ v(¬p → ¬q) = T ♠❛s v(p → q) = F ✳

P♦rt❛♥t♦ v(W3) = F ✱ q✉❡ ♥ã♦ é ❞❡s✐❣♥❛❞♦ ♥❛s ❞✉❛s ❤✐❡r❛rq✉✐❛s✳

❙❡ ♦ ❚❡♦r❡♠❛ ✶✳✷✳✷ ✈❛❧❡ ♥❡ss❛s três ❤✐❡r❛rq✉✐❛s✱ é ❢á❝✐❧ ✈❡r q✉❡ ♦ ♠❡s♠♦ ♥ã♦

✈❛❧❡ ❡♠ ❾3✳ ❚♦♠❡ Γ = ∅, α = p ❡ β = �p✳ ➱ ❡✈✐❞❡♥t❡ q✉❡ p � �p ♠❛s 2 p → �p✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ❾3 ✈❛❧❡ ♦ s❡❣✉✐♥t❡ ▼❡t❛t❡♦r❡♠❛ ▼♦❞❛❧ ❞❛ ❉❡❞✉çã♦✿✼✹

❚❡♦r❡♠❛ ✷✳✸✳✶ ✭▼❡t❛t❡♦r❡♠❛ ▼♦❞❛❧ ❞❛ ❉❡❞✉çã♦ ✭▼▼❉✮✮✿

✭✐✮ Γ, α � β ss❡ Γ � �α → β

✭✐✐✮ P❛r❛ > ∈ {�,♦} :

{

Γ,>α � β ss❡ Γ � >α → β

Γ,¬>α � β ss❡ Γ � ¬>α → β

❉❡♠♦♥str❛çã♦✿

✭✐✮ • s❡ Γ,�α � β✱ ❡♥tã♦

✕ s❡ v(α) = 1 ❡ v(β) = 1✱ ❡♥tã♦ v(�α) = 1 ❡ v(�α → β) = 1

✕ s❡ v(α) 6= 1✱ ❡♥tã♦ v(�α) = 0 ❡ v(�α → β) = 1

▲♦❣♦✱ Γ � �α → β

• s❡ Γ,�α 2 β✱ ❡♥tã♦

✕ v(�α) = 1 ❡ v(β) 6= 1✳ ❆ss✐♠✱ v(�α → β) 6= 1✳

▲♦❣♦✱ Γ 2 �α → β

✭✐✐✮ • s❡ Γ,>α � β✱ ❡♥tã♦

✕ s❡ v(>α) = 1 ❡ v(β) = 1✱ ❡♥tã♦ v(>α → β) = 1

✕ s❡ v(>α) 6= 1✱ ❡♥tã♦ v(>α) = 0 ❡ v(>α → β) = 1

▲♦❣♦✱ Γ � >α → β

• s❡ Γ,>α 2 β✱ ❡♥tã♦

✕ v(>α) = 1 ❡ v(β) 6= 1✳ ❆ss✐♠ v(>α → β) 6= 1

✼✹ ❯♠❛ ♣r♦✈❛ s✐♥tát✐❝❛ ❞♦ t❡♦r❡♠❛ ❛❜❛✐①♦ ♣❛r❛ ❾3 ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬▼✐♥✵✷❪✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

▲♦❣♦✱ Γ 2 >α → β �

❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✶ q✉❡ sã♦ t❡♦r❡♠❛s ❞❡ ❾3 ♦s ❛①✐♦♠❛s (K)✱(T )✱(4) ❡ (5)✳

❆❧é♠ ❞✐ss♦✱ ❛ r❡❣r❛ (Nec) ♣r❡s❡r✈❛ ♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ 1✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r

q✉❡ (D) ❡ (E) t❛♠❜é♠ sã♦ t❡♦r❡♠❛s ❞❡ ❾3✿

�p → ♦p

0 1 0

0 1 1

1 1 1

� ♦p → p

0 0 1 0

0 0 1 1
2

1 1 1 1

❚❛♠❜é♠ ❝❛❜❡ ♥♦t❛r q✉❡ (N ′) ♣r❡s❡r✈❛ ❛ ✈❛❧✐❞❛❞❡ ❡♠ ❾3✱ ✈✐st♦ q✉❡ s❡ v(α →

β) = 1✱ ❡♥tã♦ ♣❛r❛ q✉❡ v(α) 6= v(�α) ❡ v(β) 6= v(�β) t❡rí❛♠♦s v(α) = v(β) = 1
2 ✳

◆❡ss❡ ❝❛s♦ v(�α) = v(�β) = 0 ❡ ❞❛í v(�α → �β) = 1✳

❾✉❦❛s✐❡✇✐❝③ ♥ã♦ ♣r♦♣ôs ✉♠❛ ú♥✐❝❛ ❧ó❣✐❝❛ ♠✉❧t✐✈❛❧♦r❛❞❛✱ ♠❛s ✉♠❛ ❤✐❡r❛rq✉✐❛

❾3 . . . ❾n ❝✉❥❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ ♣❛r❛ ❝❛❞❛ ❧ó❣✐❝❛ r❡s♣❡✐t❛ ❛ ❞❡✜♥✐çã♦ ❛❜❛✐①♦✿✼✺

❉❡✜♥✐çã♦ ✷✳✸✳✷✿ ❙❡❥❛ Mn ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ❝✉❥♦s ✈❛❧♦r❡s✲✈❡r❞❛❞❡ ♣❛r❛

❝❛❞❛ ❾n ♣❛r❛ n ♥❛t✉r❛❧ é ❞❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦✿

M =

{

i

n− 1
: 0 ≤ i ≤ n− 1

}

❊♠ q✉❡ ✶ é s❡♠♣r❡ ♦ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳ ❙❡❥❛♠ α ❡ β ❢ór♠✉❧❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✳

❆ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❛çã♦ v é ❝❛❧❝✉❧❛❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦ ♣❛r❛ ❝❛❞❛ ♦♣❡r❛❞♦r✿

v(¬α) = 1− v(α)

v(α ∧ β) = min{v(α), v(β)}

v(α ∨ β) = max{v(α), v(β)} �

P❡❧❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❝♦♥❢❡r✐r q✉❡✿

ICI * ❾n

❚♦♠❡♠♦s v(p) = 1✱ v(r) = 0 ❡ v(q) = i
n−1 ❡♠ q✉❡ 0 < i

n−1 < 1 ❡ i > n−1
2 ✳

❉❛í v(p → q) = min{1, 1− 1+ i
n−1} = i

n−1 ❡ v(p → r) = min{1, 1− 1+ 0} = 0✳

P♦r ♦✉tr♦ ❧❛❞♦ v(q → r) = min{1, 1− i
n−1 +0} = 1− i

n−1 ✳ ❈♦♥❝❧✉✐✲s❡ ❡♥tã♦ q✉❡

✼✺ ❚❛❧ ❞❡✜♥çã♦ ❢♦✐ r❡t✐r❛❞❛ ❞❡ ❬❈❉▼✾✺❪ ♣✳ ✽ ❡ ♣✳ ✶✸✳
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✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

v(p → (q → r)) = min{1, 1 − 1 + i
n−1} = i

n−1 ✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ v((p →

(q → r)) → (p → r)) = min{1, 1 − i
n−1 + 0} = 1 − i

n−1 ✳ ❱✐st♦ q✉❡ i > n−1
2 ✱

t❡♠♦s q✉❡ i
n−1 > 1

2 ✳ ❆ss✐♠✱ 1 − i
n−1 < 1

2 ❡ 2(1 − i
n−1 ) < 1✳ ❚❡♠♦s ♣♦rt❛♥t♦

q✉❡ v(Ax2) = min{1, 1 − i
n−1 + 1 − i

n−1} = min{1, 2(1 − i
n−1 )} = 2(1 − i

n−1 )✱

q✉❡ ♥ã♦ é ✉♠ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳

❋❡✐t❛ ❛ r❡ss❛❧✈❛ ❛❝✐♠❛✱ r❡t♦♠❡♠♦s ♦s ♦♣❡r❛❞♦r❡s � ❡ ♦ ❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠

❾3✳ ❆s ❢✉♥çõ❡s ❛❜❛✐①♦ ❝❛❧❝✉❧❛♠ ♣❛r❛ ❝❛❞❛ ❾n ♦s ✈❛❧♦r❡s ❞❡ ♦ ❡ �

v(♦α) = min{1, 2v(α)}

v(�α) = 1−min{1, 2(1− v(α))}

❚❡r❡♠♦s✱ ❞❡ss❡ ♠♦❞♦ ❛s s❡❣✉✐♥t❡s t❛❜❡❧❛s ♣❛r❛ ♦ ❡ � ❡♠ ❾4✿

p ♦p

0 0
1
3

2
3

2
3 1

1 1

p �p

0 0
1
3 0
2
3

1
3

1 1

P❛r❡❝❡ s❡r ❧❡❣ít✐♠♦ ♣❡r❣✉♥t❛r s❡ t❡rí❛♠♦s ♣❛r❛ t♦❞❛ ❛ ❤✐❡r❛rq✉✐❛ ❛s ♠❡s✲

♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ � ❡ ♦✳ P❛rt✐❝✉❧❛r♠❡♥t❡ ♣❛r❛ ❾4✱ t❡♠♦s q✉❡ (D)✱ (T ) ❡

(B) r❡❝❡❜❡♠ s❡♠♣r❡ ♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ 1✱ ♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥❢❡r✐r ♣❡❧❛s t❛❜❡❧❛s

❛❜❛✐①♦✿

�p → ♦p

0 1 0

0 1 1
3

1
3 1 1

1 1 1

�p → p

0 1 0

0 1 1
3

1
3 1 2

3

1 1 1

p → � ♦p

0 1 0 0
1
3 1 1

3
2
3

2
3 1 1 1

1 1 1 1

❏á ❛ t❛❜❡❧❛ ❞❡ (K) t❡♠ 16 ❧✐♥❤❛s ❡ t❛♠❜é♠ r❡❝❡❜❡ s❡♠♣r❡ ♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦

1✳

✶✵✻



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

� (p → q) → (�p → �q)

1 0 1 0 1 0 1 0

1 0 1 1
3 1 0 1 0

1 0 1 2
3 1 0 1 1

3

1 0 1 1 1 0 1 1
1
3

1
3

2
3 0 1 0 1 0

1 1
3 1 1

3 1 0 1 0

1 1
3 1 2

3 1 0 1 1
3

1 1
3 1 1 1 0 1 1

0 2
3

1
3 0 1 1

3
2
3 0

1
3

2
3

2
3

1
3 1 1

3
2
3 0

1 2
3 1 2

3 1 1
3 1 1

3

1 2
3 1 1 1 1

3 1 1

0 1 0 0 1 1 0 0

0 1 1
3

1
3 1 1 0 0

1
3 1 2

3
2
3 1 1 1

3
1
3

1 1 1 1 1 1 1 1

P♦r ♦✉tr♦ ❧❛❞♦✱ (4)✱ (E) ❡ (5) ♥ã♦ ♦ sã♦✳ P❛r❛ ✐♥✈❛❧✐❞❛r (4) ❡ (E)✱ ❜❛st❛

t♦♠❛r v(p) = 2
3 ✱ ❡♥q✉❛♥t♦ (5) é ✐♥✈❛❧✐❞❛❞♦ q✉❛♥❞♦ v(p) = 1

3 .

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ ❚❡♦r❡♠❛ ✷✳✸✳✶ ♥ã♦ é ♦ ❝❛s♦ ❡♠ ❾4✳ ❙❡ t♦♠❛r♠♦s

v(p) = 1
3 ❡ v(q) = 2

3 ✱ t❡♠♦s q✉❡ �p � q ♠❛s v(�p → q) = 2
3 ♦ q✉❡ ♥♦s

❢♦rç❛ ❝♦♥❝❧✉✐r q✉❡ 2 �p → q✱ ✐♥✈❛❧✐❞❛♥❞♦ ♦ ít❡♠ ✭✐✮✳ P❛r❛ ♦ ít❡♠ ✭✐✐✮ ❡♠ q✉❡

> = � ❝♦♥s✐❞❡r❡♠♦s v(p) = 2
3 ❡♥q✉❛♥t♦ v(q) = 0✱ ❞❡ss❡ ♠♦❞♦ �p � q ♠❛s

v(�p → q) = 2
3 ✳ P♦r ✜♠✱ ♣❛r❛ > = ♦ ✱ t♦♠❡ v(p) = 2

3 ❡ v(q) = 1
3 ✱ t❡r❡♠♦s

� ♦p → q ♠❛s v(♦p → q) = 2
3 ✳

P❛r❛ ❞❡✜♥✐r♠♦s ♦s ♦♣❡r❛❞♦r❡s ♦ ❡ � ❡♠ ❾4 ❞❡ ♠♦❞♦ ❛ ♠❛♥t❡r ❛s ♣r♦♣r✐❡❞❛✲

❞❡s ♠♦❞❛✐s ❞❡ ❾3 ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ♥♦✈❛ ❞❡✜♥✐çã♦✳✼✻ P❛r❛ ❡✈✐t❛r ♠❛✐♦r❡s

❝♦♥❢✉sõ❡s✱ ❞❡♥♦t❛r❡♠♦s ♦4 ❡ �4 ♦s ♥♦✈♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ❞❡ ❾4✳ ❉❡✜♥✐r❡♠♦s

❛♠❜♦s ♦s ❝♦♥❡❝t✐✈♦s ♣♦r ♠❡✐♦ ❞❡ ¬ ❡ → ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

♦4p ≡def ¬p → (p → p) ❡ �4p ≡def ¬♦4¬p

✼✻ ❊ss❛ ♥ã♦ é ❛ ❞❡✜♥✐çã♦ ❢♦r♥❡❝✐❞❛ ♣♦r ❾✉❦❛s✐❡✇✐❝③ ❡♠ ❬❾✉❦✺✸❪✳ P❛r❛ t♦❞❛ ❛ ❤✐❡r❛rq✉✐❛✱ ♦p
é ❞❡✜♥✐❞♦ ❝♦♠♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ¬p → p ❡♥q✉❛♥t♦ �p é ♦ ♠❡s♠♦ q✉❡ ¬♦¬p✳

✶✵✼



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❆s ❞✉❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛ ✐♠♣❧✐❝❛♠ ♥❛s t❛❜❡❧❛s ❛❜❛✐①♦✿

p ♦4p

0 0
1
3 1
2
3 1

1 1

p �4p

0 0
1
3 0
2
3 0

1 1

◆ã♦ é ❡✈✐❞❡♥t❡ s❛❜❡r s❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ♠❛tr✐③❡s ♣❛r❛ ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ♦n

❡ �n ❡♠ ❝❛❞❛ ❾n ♣♦r ♠❡✐♦ ❞♦s ♦♣❡r❛❞♦r♦❡s ♣r✐♠✐t✐✈♦s ¬ ❡ → ❞❡ ♠♦❞♦ ♥❛t✉r❛❧

❝♦♠ ♦ s❡❣✉✐♥t❡ ❝á❧❝✉❧♦✿

v(�nα) =

{

1 s❡ v(α) = 1

0 ❝❛s♦ ❝♦♥trár✐♦

v(♦nα) =

{

0 s❡ v(α) = 0

1 ❝❛s♦ ❝♦♥trár✐♦

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ P❈✱ ❛s ❧ó❣✐❝❛s ❾3 . . . ❾n ♥ã♦ sã♦ ❢✉♥❝✐♦♥❛❧♠❡♥t❡ ❝♦♠✲

♣❧❡t❛s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❞❛❞♦ ✉♠ ❞♦s ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ M ❞❛

❉❡✜♥✐çã♦ ✷✳✸✳✷✱ ♥❛❞❛ ❣❛r❛♥t❡ q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛s ❢✉♥çõ❡s ❛❝✐♠❛✳✼✼

P♦r ♠❡✐♦ ❞❡ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❛✉①✐❧✐❛r❡s ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❡ss❛s ❞✉❛s

❢✉♥çõ❡s sã♦ ❞❡✜♥í✈❡✐s ❡♠ t❡r♠♦s ❞❡ ¬ ❡ →✳ ❈♦♥s✐❞❡r❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ✉♠

♥♦✈♦ ♦♣❡r❛❞♦r ⊕ ❞❡✜♥✐❞♦ ❛❜❛✐①♦✿✼✽

p⊕ q ≡def ¬p → q

❯s❛♠♦s✱ ❡♠ s❡❣✉✐❞❛✱ ✉♠❛ ♥♦t❛çã♦ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♦❝♦rrê♥❝✐❛s ❞♦ ♦♣❡r❛❞♦r

→✿

❉❡✜♥✐çã♦ ✷✳✸✳✸✿ P❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ k ❡ ❡❧❡♠❡♥t♦s x ❡ y ❞❡ M ✿

✭✐✮ x →0 y ≡def y

✭✐✐✮ x →k+1 y ≡def x → (x →k y) �

✼✼ P❛r❛ ♣r♦✈❛r q✉❡ ❛ ❤✐❡r❛rq✉✐❛ ♥ã♦ é ❢✉♥❝✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t❛✱ ❜❛st❛ t♦♠❛r ❡♠ ❾3 ✉♠
♦♣❡r❛❞♦r ⊺ ❞❡ ♠♦❞♦ q✉❡ v(⊺p) s❡♠♣r❡ r❡t♦r♥❛ ♦ ✈❛❧♦r 1

2
✳ P❛r❛ ✉♠❛ ❛r❣✉♠❡♥t❛çã♦ ♠❛✐s

❞❡t❛❧❤❛❞❛✱ ✈✐❞❡ ❬❘❡s✻✾❪ ♣✳ ✻✹✳
✼✽ ❆s ❞❡✜♥✐çõ❡s ❛❜❛✐①♦ ❡ ❛s ♦❜s❡r✈❛çõ❡s ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❬❈❉▼✾✺❪✳

✶✵✽



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

P♦r ✜♠✱ ❧❛♥ç❛r❡♠♦s ♠ã♦ ❞❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿

◆♦t❛ ✷✳✸✳✹✿ P❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ k ❡ ❡❧❡♠❡♥t♦s x ❡ y ❞❡ M ✿

✶✳ x⊕ y = min(1, x× y)

✷✳ ¬x →k x = (k + 1)⊕ x �

❉❡✜♥❛♠♦s ❡♠ ❝❛❞❛ ❾n ♦s ❝♦♥❡❝t✐✈♦s ♦n ❡ �n✳ ❱❡r❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ♦n

r❡s♣❡✐t❛r ❛ ♦♣❡r❛çã♦ ❛❝✐♠❛✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r

♦np ≡def ¬p →n−2 p

❉❛❞♦ ✉♠ ✈❛❧♦r v(p) ❡♠ M ✱ t❡♠♦s✿

v(¬p →n−2 p) = min(1, ((n− 2) + 1)v(p)) = min(1, (n− 1)v(p))

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♣❛r❛ ♥♦ss♦s ♣r♦♣ós✐t♦s n ≥ 3✳ ❙❡ v(p) = 0✱ ❡♥tã♦

v(♦p) = min(1, (n− 1)0) = 0✳ ❙❡ v(p) = 1✱ ❡✈✐❞❡♥t❡♠❡♥t❡ v(♦p) = min(1, (n−

2)1) = 1✳ P♦r ✜♠✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ 0 < v(p) < 1✱ t❡r❡♠♦s v(♦p) = min(1, (n−

1)v(p)) ✳ ▼❛s ♣❡❧❛ ❉❡✜♥✐çã♦ ✷✳✸✳✷ s❛❜❡♠♦s q✉❡ v(p) = i
n−1 ♣❛r❛ 0 < i < n− 1✳

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

v(♦p) = min(1, (n− 1)v(p)) = min

(

1,
(n− 1)i

n− 1

)

= 1

❖ r❛❝✐♦❝í♥✐♦ ♣❛r❛ �n é ❛♥á❧♦❣♦✳ ❉❛❞♦s n ❡ k ❝♦♠♦ ❛❝✐♠❛ ❞❡✜♥✐❞♦s✱ ❝♦♥s✐❞❡r❡✿

�np ≡def ¬♦n¬p

❉❡✜♥✐♥❞♦✲s❡ �n ♣♦r ♠❡✐♦ ❞❡ ♦n ❡ ¬✱ ♣♦❞❡✲s❡ ✐♥❢❡r✐r ❛ ✐❣✉❛❧❞❛❞❡✿

v(�p) = 1−min(1, (k + 1)(1− v(p))) = 1−min(1, (n− 1)(1− v(p)))

❙❡ v(p) = 1✱ ❡♥tã♦ v(�np) = 1−min(1, (n− 2)0) = 1− 0 = 1✳ ❈❛s♦ ❝♦♥trár✐♦✱

0 ≤ v(p) < 1✳ ▼❛s s❛❜❡♠♦s q✉❡ v(p) = i
n−1 ♣❛r❛ 0 ≤ i < n − 1✳ ❉❛í ✐♥❢❡r❡✲s❡

q✉❡✿

v(�np) = 1−min(1, (n− 1)v(p)) = 1−min

(

1, 1−
(n− 1)i

n− 1

)

= 1− 1 = 0

✶✵✾



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❖ q✉❡ ♠♦str❛ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ ✈❛❧♦r❛çã♦ ♣❛r❛ �n ❡ ♦n ♣♦❞❡♠ s❡r ❞❡✜♥✐❞❛s ❞❛

♠❛♥❡✐r❛ q✉❡ ❡s♣❡rá✈❛♠♦s ♥❛ ❤✐❡r❛rq✉✐❛ ❾3✱ . . .✱ ❾n✳

❊st❛♠♦s ❛❣♦r❛ ❛♣t♦s ❛ ♠♦str❛r q✉❡ ♦s ❛①✐♦♠❛s ❞❡ ❙✺ ❡ ♦ ▼❡t❛t❡♦r❡♠❛

▼♦❞❛❧ ❞❛ ❉❡❞✉çã♦ ✈❛❧❡♠ ❡♠ t♦❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❾✉❦❛s✐❡✇✐❝③ ♣❛r❛ ❡ss❡s ♥♦✈♦s

❝♦♥❡❝t✐✈♦s ♠♦❞❛✐s✳

❚❡♦r❡♠❛ ✷✳✸✳✺✿ ❙❡❥❛ n ≥ 3 ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧✳ P❛r❛ ❝❛❞❛ n ❝♦♥s✐❞❡r❡ ❛s

♠❛tr✐③❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✸✳✷✳ ❙❡❥❛♠ �n ❡ ♦n ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ❞❡✜♥✐❞♦s ❛❜❛✐①♦✿

♦np ≡def ¬p →n−2 p ❡ �np ≡def ¬♦n¬p

❈❛❞❛ ❧ó❣✐❝❛ ❾n ✈❛❧✐❞❛ ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s ❡ ♠❡t❛t❡♦r❡♠❛s✿

✭✐✮ ♦nα � ¬�n¬α ❡ ¬�n¬α � ♦nα

✭✐✐✮ � �n(p → q) → (�np → �nq)

✭✐✐✐✮ � �np → ♦np

✭✐✈✮ � �np → p

✭✈✮ � p → ♦np

✭✈✐✮ ⊢ ¬♦np → ¬p

✭✈✐✐✮ � ♦n�np → p

✭✈✐✐✐✮ � p → �n♦np

✭✐①✮ � ♦np → �n♦np

✭①✮ � p → (p → �np)

✭①✐✮ Γ, α � β ss❡ Γ � �nα → β

✭①✐✐✮ P❛r❛ > ∈ {�n,♦n} :

{

Γ,>α � β ss❡ Γ � >α → β

Γ,¬>α ⊢ β ss❡ Γ � ¬>α → β

❉❡♠♦♥str❛çã♦✿

✭✐✮ • s❡ v(♦nα) = 1✱ ❡♥tã♦ v(α) 6= 0 ❡ v(¬α) 6= 1✳ ❉❛í v(�¬α) = 0 ❡

♣♦rt❛♥t♦ v(¬�¬α) = 1✳

• s❡ v(¬�n¬α) = 1✱ ❡♥tã♦ v(�n¬α) = 0✳ ❉❛í v(¬α) 6= 1 ❡ ❡♥tã♦

v(α) 6= 0✳ ❚❡♠♦s ♣♦rt❛♥t♦ q✉❡ v(♦nα) = 1✳

✶✶✵



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭✐✐✮ • ❙❡ v(p) 6= 1✱ ❡♥tã♦ v(�np) = 0✳ ❉❛í t❡♠♦s q✉❡ v(�np → �nq) =

min(1, 1 − 0 + v(�nq)) = 1✳ P♦❞❡♠♦s ❝♦♥❝❧✉✐r ❡♥tã♦ q✉❡ v(K) =

min(1, 1− v(�n(p → q)) + 1) = 1✳

• ❙❡ v(p) = 1✱ ❡♥tã♦

✕ s❡ v(q) = 1✱ ❡♥tã♦ v(�np) = 1✳ ❉❛í s❡ s❡❣✉❡ v(�np → �nq) =

min(1, 1 − 1 + 1) = 1✳ P❡❧❛s ♠❡s♠❛s r❛③õ❡s ❛❝✐♠❛ t❡♠♦s q✉❡

v(K) = 1✳

✕ s❡ v(q) 6= 1✱ ❡♥tã♦ v(p → q) = min(1, 1 − 1 + v(q) = v(q)✳

❚❡♠♦s ❡♥tã♦ q✉❡ v(p → q) 6= 1 ❡ v(�n(p → q)) = 0✳ P♦rt❛♥t♦

v(K) = min(1, 1− 0 + v(�np → �nq)) = 1.

✭✐✐✐✮ • ❙❡ v(p) = 1✱ ❡♥tã♦ v(♦np) = 1 ❡ v(D) = min(1, 1− v(�np) + 1) = 1.

• ❙❡ v(p) 6= 1✱ ❡♥tã♦ v(�np) = 0 ❡ v(D) = min(1, 1− 0 + v(♦np)) = 1.

✭✐✈✮ • ❙❡ v(p) = 1✱ ❡♥tã♦ v(�np) = 1 ❡ v(T ) = min(1, 1− 1 + 1) = 1.

• ❙❡ v(p) 6= 1✱ ❡♥tã♦ v(�np) = 0 ❡ v(T ) = min(1, 1− 0 + v(p)) = 1.

✭✈✮ • ❙❡ v(p) = 0✱ ❡♥tã♦ v(♦np) = 0 ❡ v(p → ♦np) = min(1, 1− 0+0) = 1.

• ❙❡ v(p) 6= 0✱ v(♦np) = 1 ❡ v(p → ♦np) = min(1, 1− v(p) + 1) = 1.

✭✈✐✮ • ❙❡ v(¬♦np) = 0✱ ❡♥tã♦ v(¬♦np → ¬p) = min(1, 1− 0 + v(¬p)) = 1

• ❙❡ v(¬♦np) 6= 0✱ ❡♥tã♦ v(¬♦np) = 1✳ ❆ss✐♠✱ v(♦np) = 0✱ v(p) = 0 ❡

v(¬p) = 1✳ ❉❛í v(¬♦np → ¬p) = min(1, 1− 1 + 1) = 1.

✭✈✐✐✮ • ❙❡ v(p) = 1✱ ❡♥tã♦ v(�np) = 1 ❡ v(♦n�np) = 1✳ ❉❛í t❡♠♦s q✉❡

v(E) = min(1, 1− 1 + 1) = 1✳

• ❙❡ v(p) 6= 1✱ ❡♥tã♦ v(�np) = 0 ❡ v(♦n�np) = 0✳ ❚❡♠♦s ♣♦rt❛♥t♦ q✉❡

v(E) = min(1, 1− 0 + v(p)) = 1✳

✭✈✐✐✐✮ • ❙❡ v(p) 6= 0✱ ❡♥tã♦ v(♦np) = 1 ❡ v(�n♦np) = 1✳ ❉❛í t❡♠♦s q✉❡

v(B) = min(1, 1− v(p) + 1) = 1✳

• ❙❡ v(p) = 0✱ ❡♥tã♦ v(B) = min(1, 1− 0 + v(�n♦np)) = 1✳

✭✐①✮ • ❙❡ v(p) 6= 0✱ ❡♥tã♦ v(♦np) = 1 ❡ v(�n♦np) = 1✳ ❉❛í t❡♠♦s q✉❡

v(5) = min(1, 1− 1 + 1) = 1✳

• ❙❡ v(p) = 0✱ ❡♥tã♦ v(♦np) = 0 ❡ v(�n♦np) = 0✳ ❚❡♠♦s ❡♥tã♦ q✉❡

v(5) = min(1, 1− 0 + 0) = 1✳

✶✶✶
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✭①✮ • s❡ v(�nα) = 0✱ ❡♥tã♦ v(α → �nα) = min{1, 1− v(α) + 1} = 1 ❡ ❞❛í

v(α → (α → �nα) = min{1, 1− v(α) + 1} = 1✳

• s❡ v(�nα) 6= 0✱ ❡♥tã♦ v(�nα) = 1 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ v(α) = 1✳

❆ss✐♠ v(α → �α) = min{1, 1− 1 + 1} = 1✳ ❈♦♥❝❧✉✐✲s❡ ♣♦rt❛♥t♦ q✉❡

v(α → (α → �α)) = min{1, 1− 1 + 1} = 1✳

✭①✐✮ • s❡ Γ, α � β✱ ❡♥tã♦

✕ s❡ v(α) 6= 1✱ ❡♥tã♦ v(�nα) = 0✳ ❚❡r❡♠♦s ❞❡ss❡ ♠♦❞♦ q✉❡

v(�nα → β) = min(1, 1− 0 + v(β)) = 1✳

✕ s❡ v(α) = 1✱ ❡♥tã♦ v(β) = 1✳ ❚❡♠♦s ❞❛í v(�nα → β) = min(1, 1−

v(�nα) + 1) = 1

▲♦❣♦✱ Γ � �nα → β

• s❡ Γ, α 2 β✱ ❡♥tã♦

✕ v(α) = 1 ❡ v(β) 6= 1✳ ❉❛í ❝♦♥❝❧✉í✲s❡ q✉❡ v(�nα) = 1 ❡ ❞❡ss❡

♠♦❞♦ v(�nα → β) = min(1, 1 − 1 + v(β)) = v(β)✳ P♦rt❛♥t♦

v(�nα → β) 6= 1✳

▲♦❣♦✱ Γ 2 �nα → β

✭①✐✐✮ • s❡ Γ,>α � β✱ ❡♥tã♦

✕ s❡ v(>α) = 1✱ ❡♥tã♦ v(β) = 1✳ ❉❛í ❝♦♥❝❧✉í✲s❡ v(>α → β) =

min(1, 1− 1 + 1) = 1

✕ s❡ v(>α) 6= 1✱ ❡♥tã♦ v(>α) = 0✳ P♦❞❡♠♦s ❝♦♥❝❧✉✐ ❡♥tã♦ q✉❡

v(>α → β) = min(1, 1− 0 + v(β)) = 1✳

▲♦❣♦✱ Γ,� >α → β

• s❡ Γ,>α 2 β✱ ❡♥tã♦

✕ v(>α) = 1 ❡ v(β) 6= 1✳ ❉❛í v(>α → β) = min(1, 1− 1 + v(β)) =

v(β)✳ P♦rt❛♥t♦ v(>α → β) 6= 1

▲♦❣♦✱ Γ,>α 2 β

• s❡ Γ,¬>α � β✱ ❡♥tã♦

✕ s❡ v(¬>α) 6= 1✱ ❡♥tã♦ v(¬>α) = 0✳ ❉❛í v(¬>α → β) =

min(1, 1− 0 + v(β)) = 1✳

✕ s❡ v(¬>α) = 1✱ ❡♥tã♦ v(β) = 1✳ ❚❡♠♦s ❡♥tã♦ v(¬>α → β) =

min(1, 1− 1 + 1) = 1✳

▲♦❣♦✱ Γ,¬>α � β

✶✶✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

• s❡ Γ,¬>α 2 β✱ ❡♥tã♦

✕ v(¬>α) = 1 ❡ v(β) 6= 1✳ ❉❛í s❡ s❡❣✉❡ q✉❡ v(¬>α → β) =

min(1, 1− 1 + v(β)) = v(β)✳ P♦rt❛♥t♦ v(¬>α → β) 6= 1✳

▲♦❣♦✱ Γ 2 ¬>α → β✳ �

❖ ❚❡♦r❡♠❛ ✷✳✸✳✺ ♠♦str❛ ❞❡ q✉❡ ♠♦❞♦ s❡ ❞❡✈❡ ❞❡✜♥✐r �n ❡ ♦n ♣❛r❛ q✉❡ t♦❞❛ ❛

❤✐❡r❛rq✉✐❛ ❾3✱ . . .✱ ❾n ✈❛❧✐❞❡ ♦s t❡♦r❡♠❛s ♠♦❞❛✐s ❞❡ ❙✺ ❡ ♣r❡s❡r✈❡ ♦ ▼❡t❛t❡♦r❡♠❛

▼♦❞❛❧ ❞❛ ❉❡❞✉çã♦ q✉❡✱ ❝♦♠♦ ✈✐♠♦s✱ ♥ã♦ ✈❛❧❡♠ ❡♠ ❾4 ❝❛s♦ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡♠

✈❡③ ❞❡ ♦4✳ ❆❧é♠ ❞✐ss♦✱ ♦s ít❡♥s ✭✐✈✮✱ ✭✈✮ ❡ ✭✈✐✮ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳✺ ❣❛r❛♥t❡♠ q✉❡

♦s r❡q✉✐s✐t♦s ♣r♦♣♦st♦s ♣♦r ❆❜❡❧❛r❞♦ s❡❥❛♠ s❛t✐s❢❡✐t♦s✳

▼❛s s❡r✐❛♠ s❛t✐s❢❡✐t♦s t❛♠❜é♠ ♦s r❡q✉✐s✐t♦s ❞♦ ♣ró♣r✐♦ ❾✉❦❛s✐❡✇✐❝③❄ P❡❧❛

❞❡✜♥✐çã♦ ❞❡ �n ❡ ❛ ❝♦♥❞✐çã♦ ✭✐✮ é q✉❛s❡ ✐♠❡❞✐❛t♦ ✈❛❧❡r ♦ q✉❛❞r❛❞♦ ♠♦❞❛❧ ❞❡

♦♣♦s✐çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ✏✐♥❢❡r❡✲s❡ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ♦ q✉❡ é✑ ❡ ✏❞♦ q✉❡ é ✐♥❢❡r❡✲s❡ ♦

♣♦ssí✈❡❧✑ ❡stã♦ ❣❛r❛♥t✐❞♦s t❛♠❜é♠ ♣♦r ✭✐✈✮ ❡ ✭✈✮✳ P♦r ✜♠✱ ❛ ❛ss❡rçã♦ ✏q✉❛❧q✉❡r

❝♦✐s❛ q✉❛♥❞♦ é✱ é ♥❡❝❡ssár✐♦✑ ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ ❾✉❦❛s✐❡✇✐❝③ é ❛ss❡❣✉r❛❞❛ ♣♦r

✭①✮✳

❚✉❞♦ ✐♥❞✐❝❛ q✉❡ ❾✉❦❛s✐❡✇✐❝③ ♦♣t♦✉ ♣♦r ❡st❡♥❞❡r ❛ ♠❡s♠❛ ❞❡✜♥✐çã♦ ❞♦s ♦♣❡✲

r❛❞♦r❡s ♠♦❞❛✐s q✉❡ ❤á ❡♠ ❾3 ♣❛r❛ t♦❞❛ ❛ s✉❛ ❤✐❡r❛rq✉❛ ❛✜♠ ❞❡ ♠❛♥t❡r ♦s

r❡q✉✐s✐t♦s ♠í♥✐♠♦s ❞❛q✉✐❧♦ q✉❡ ❡❧❡ ❥✉❧❣❛✈❛ q✉❡ ✉♠❛ ❧ó❣✐❛ ♠♦❞❛❧ ❞❡✈❡r✐❛ ❛t❡♥✲

❞❡r✳ ❖ ♣r❡ç♦ ❛ ♣❛❣❛r é q✉❡ ❡ss❛s ❧ó❣✐❝❛s ♥ã♦ ✈❛❧✐❞❛♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❛①✐♦♠❛s

✭✹✮✱ ✭✺✮ ❡ ♦ ▼❡t❛t❡♦r❡♠❛ ▼♦❞❛❧ ❞❛ ❉❡❞✉çã♦✱ q✉❡✱ ❝♦♠♦ ✈✐♠♦s✱ sã♦ ✈á❧✐❞♦s ❡♠

❾3✳

❊ss❡ ♥ã♦ é✱ ❝♦♥t✉❞♦ ♦ ♣♦♥t♦ ♥❡✈rá❧❣✐❝♦ ❞♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ❡♠ ❾3 . . . ❾n✳

P❛r❛ ❞✐r✐♠✐r ❞ú✈✐❞❛s q✉❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ♦✱ r❡str✐♥❥❛♠♦s ❛ ♣r✐♥❝í♣✐♦ ♥♦ss❛

❛♥á❧✐s❡ ❛ ❾3✳ ❱❛❧❡ ♥♦t❛r q✉❡ ♦3 ❡ ♦ ❝♦✐♥❝✐❞✐❡♠✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡♠

❾3✱ t❡♠♦s✿

♦(α ∧ β) � ♦α ∧ ♦β ❡ ♦α ∧ ♦β � ♦(α ∧ β)

❆ ♣r✐♠❡✐r❛ ✐♥❢❡rê♥❝✐❛ ♥ã♦ ♥♦s ❝❛✉s❛ ❝♦♥str❛♥❣✐♠❡♥t♦✳ ❆ s❡❣✉♥❞❛✱ ♣♦r ♦✉tr♦

❧❛❞♦✱ ❢♦rç❛✲♥♦s ❛ ❝♦♥❝❧✉✐r ❡♠ ♣❛rt✐❝✉❧❛r q✉❡ s❡ é ♣♦ssí✈❡❧ p ❡ é ♣♦ssí✈❡❧ ¬p✱ ❡♥tã♦

é ♣♦ssí✈❡❧ p ❡ ¬p✱ ♦ q✉❡ ♣❛r❡❝❡ ❝♦♥tr❛✐♥t✉✐t✐✈♦ ♥❛ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧✳✼✾

✼✾ ❊ss❛ é ❛ ♦❜❥❡çã♦ ❞❡ ❇é③✐❛✉ ❛♦ ❝♦♥s✐❞❡r❛r ❛s ❧ó❣✐❝❛s ❞❡ ❾✉❦❛s✐❡✇✐❝③ ❝♦♠♦ ❧ó❣✐❝❛s ♠♦❞❛✐s✳
◆❛s ♣❛❧❛✈r❛s ❞❡ ❇é③✐❛✉✿

✏❖ ❛❜s✉r❞♦ ❛♣❛r❡❝❡ ❝❧❛r❛♠❡♥t❡ ♣♦r ♠❡✐♦ ❞♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✿ ❙❡ é ♣♦ssí✈❡❧
q✉❡ ❝❤♦✈❡rá ❛♠❛♥❤ã ❡ é ♣♦ssí✈❡❧ q✉❡ ♥ã♦ ❝❤♦✈❡rá ❛♠❛♥❤ã✱ ❡♥tã♦ é ♣♦ssí✈❡❧
q✉❡ ❝❤♦✈❡rá ❡ ♥ã♦ ❝❤♦✈❡rá ❛♠❛♥❤ã✳✑✭✏❚❤❡ ❛❜s✉r❞✐t② ❛♣♣❡❛rs ❝❧❡❛r❧② t❤r♦✉❣❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿ ■❢ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ✐t ✇✐❧❧ r❛✐♥ t♦♠♦rr♦✇ ❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡
t❤❛t ✐t ✇✐❧❧ ♥♦t r❛✐♥ t♦♠♦rr♦✇✱ t❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ✐t ✇✐❧❧ r❛✐♥ ❛♥❞ ♥♦t r❛✐♥
t♦♠♦rr♦✇✳✑✮

✶✶✸



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❍á✱ t♦❞❛✈✐❛✱ ✉♠❛ s❡❣✉♥❞❛ ♠❛♥❡✐r❛ ❞❡ ❞❡✜♥✐r ✉♠❛ ❝♦♥❥✉♥çã♦ ♥❛ ❤✐❡r❛rq✉✐❛

♣♦r ♠❡✐♦ ❞♦ ♦♣❡r❛❞♦r ⊕✿

α⊙ β ≡def ¬(¬α⊕ ¬β)

❆ ✐♥t❡r♣r❡t❛çã♦ s❡♠â♥t✐❝❛ ❞❡ss❡ ♥♦✈♦ ♦♣❡r❛❞♦r é ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦✿

v(α⊙ β) = max{0, v(α) + v(β)− 1}

▼❛s s❡r✐❛ ⊙ ❞❡ ❢❛t♦ ✉♠❛ ❝♦♥❥✉♥çã♦❄ ❊✐s três t❡♦r❡♠❛s ❡♠ ❾n q✉❡ ❥✉st✐✜❝❛♠

t❛❧ ✐♥t❡r♣r❡t❛çã♦ ♣❛r❛ ❡ss❡ ♦♣❡r❛❞♦r✿

❚❡♦r❡♠❛ ✷✳✸✳✻✿ ❙❡❥❛ ▲ ✉♠❛ ❧ó❣✐❝❛ ❡♥tr❡ ❾3 ❡ ❾n

✭✐✮ ⊢L α → (β → (α⊙ β))

✭✐✐✮ ⊢L (α⊙ β) → α

✭✐✐✐✮ ⊢L (α⊙ β) → β

❉❡♠♦♥str❛çã♦✿

✭✐✮ • s❡ v(α) + v(β) > 1✱ ❡♥tã♦ v(α ⊙ β) = max{0, v(α) + v(β) − 1} =

v(α)+v(β)−1✳ ❉❛í ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ v(β → (α⊙β)) = min{1, 1−

v(β) + v(α) + v(β) − 1} = min{1, v(α)} = v(α)✳ P♦r ✜♠✱ t❡♠♦s q✉❡

v(α → (β → α⊙ β)) = min{1, 1− v(α) + v(α)} = min{1, 1} = 1✳

• s❡ v(α) + v(β) < 1✱ ❡♥tã♦ v(α ⊙ β) = 0✳ ❉❛í v(β → (α ⊙ β)) =

min{1, 1− v(β) + 0} = 1− v(β)✳ ❋✐♥❛❧♠❡♥t❡ v(α → (β → (α⊙ β)) =

min{1, 1 − v(α) + 1 − v(β)} = min{1, 2 − v(α) − v(β))}✳ ❱✐st♦ q✉❡

v(α) + v(β) < 1✱ ❡♥tã♦ 2 − v(α) − v(β) ≥ 3✳ ▲♦❣♦ v(α → (β →

(α⊙ β))) = 1✳

✭✐✐✮ • s❡ v(α) + v(β) > 1✱ ❡♥tã♦ v(α⊙ β) = v(α) + v(β)− 1✳ ❉❛í t❡♠♦s q✉❡

v((α⊙ β) → α) = min{1, 1− (v(α) + v(β)− 1) + v(α)} = min{1, 2−

v(β)} = 1✳

• s❡ v(α) + v(β) ≤ 1✱ ❡♥tã♦ v(α ⊙ β) = 0✳ ❉❛í v((α ⊙ β) → α) =

min{1, 1− 0 + v(α)} = 1

✭✐✐✐✮ ❆♥á❧♦❣♦ ❛♦ ❝❛s♦ (ii)✱ s✉❜st✐t✉✐♥❞♦ ❛♣r♦♣r✐❛❞❛♠❡♥t❡ v(α) ♣♦r v(β)✳ �

◆❛ ✈❡r❞❛❞❡✱ ♦❜s❡r✈❛çã♦ ❞❡ ❇é③✐❛✉ ❞✐③ r❡s♣❡✐t♦ ♥ã♦ ❛♣❡♥❛s ❛ ❾4✱ ♠❛s ❛ t♦❞❛ ❤✐❡r❛rq✉✐❛ ❞❡
❾✉❦❛s✐❡✇✐❝③✳ ❈❢✳ ❬❇✁✵✹❪✳

✶✶✹



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

➱ r❡❧❡✈❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦s t❡♦r❡♠❛s (i)✱(ii) ❡ (iii) sã♦ ❝♦rr❡❧❛t♦s ❛♦s ❛①✐♦♠❛s

✭❆①✹✮✱ ✭❆①✺✮ ❡ ✭❆①✻✮ q✉❡✱ ❝♦♠♦ ✈✐♠♦s ❛♦ ❧♦♥❣♦ ❞♦ ❈❛♣ít✉❧♦ ✶✱ sã♦ ♦ s✉✜❝✐❡♥t❡

♣❛r❛ ❝♦♥s✐❞❡r❛r ∧ ✉♠❛ ❝♦♥❥✉♥çã♦ ❝❧áss✐❝❛✳

❘❡st❛ ❛❣♦r❛ s❛❜❡r s❡ ❛♦ s✉❜st✐t✉✐r♠♦s ∧ ♣♦r ⊙ ❡♠ t♦❞♦ ❾n t❡r❡♠♦s ♦s

♠❡s♠♦s ❝♦♥str❛♥❣✐♠❡♥t♦s ❛♦ ✐♥t❡r♣r❡t❛r♠♦s ♦ ❝♦♠♦ ✏é ♣♦ssí✈❡❧✑ ❡ ∧ ❝♦♠♦ ✏❡✑

♥❛ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧✳ ❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ♠♦str❛ ❝♦♠♦ t❛❧ ❝♦♥str❛♥❣✐♠❡♥t♦ s✉r❣❡

❛♣❡♥❛s ❛♦ ✉s❛r♠♦s ∧ ❝♦♠♦ ♦♣❡r❛❞♦r ❞❡ ❝♦♥❥✉♥çã♦✳ ❖ ♣r♦❜❧❡♠❛✱ ♥♦ ❡♥t❛♥t♦✱ é

❞✐r✐♠✐❞♦ s❡ ❛ ❝♦♥❥✉♥çã♦ ❢♦r ⊙✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ ❝♦♠♦ é ❞❡✜♥✐❞♦ ♦ ♦♣❡r❛❞♦r

♠♦❞❛❧ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡✳

❚❡♦r❡♠❛ ✷✳✸✳✼✿ ❙❡❥❛ ▲ ✉♠❛ ❧ó❣✐❝❛ ❡♥tr❡ ❾3 ❡ ❾n

✭✐✮ ♦α ∧ ♦β �L ♦(α ∧ β) ♠❛s

✭✐✐✮ ♦α⊙ ♦β 2L ♦(α⊙ β)

✭✐✐✐✮ ♦nα ∧ ♦nβ �L ♦n(α ∧ β) ♠❛s

✭✐✈✮ ♦nα⊙ ♦nβ 2L ♦n(α⊙ β)

❉❡♠♦♥str❛çã♦✿

P❛r❛ ✭✐✮✱ ✈✐st♦ q✉❡ v(♦α∧♦β) = min{v(♦α), v(♦β)}✱ ❡♥tã♦ ♣❛r❛ q✉❡ v(♦α∧

♦β) = 1✱ t❡♠♦s q✉❡ v(♦α) = v(♦β) = 1✱ ♦ q✉❡ ♣♦r s✉❛ ✈❡③ ✐♠♣❧✐❝❛ q✉❡ v(α) ≥ 1
2

❡ v(β) ≥ 1
2 ✳ ◆❡ss❡ ❝❛s♦✱ v(α ∧ β) ≥ 1

2 ❡ ❡♥tã♦ v(♦(α ∧ β)) = 1✳

P❛r❛ ✭✐✐✮✱ t♦♠❡ ♣❛r❛ ❝❛❞❛ ❾n ❛ ✈❛❧♦r❛çã♦ v(α) = v(β) = i
n−1 ❡♠ q✉❡ i = n

2

s❡ n é ♣❛r ❡ i = n−1
2 s❡ n é í♠♣❛r✳ ❖❜s❡r✈❡ q✉❡ ❛ ❉❡✜♥✐çã♦ ✷✳✸✳✷ ❣❛r❛♥t❡ q✉❡

❡st❛♠♦s ❛tr✐❜✉♥❞♦ ✈❛❧♦r❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦ M ✱ ♣♦✐s t❡r❡♠♦s s❡♠♣r❡ i ♥❛t✉r❛❧ t❛❧

q✉❡ 0 ≤ i ≤ n− 1✳

❈♦♥s✐❞❡r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ❝❛s♦ ❡♠ q✉❡ n é ✐♠♣❛r✳ ❆ss✐♠✱ t❡r❡♠♦s

v(α) = v(β) = i
2i =

1
2 ✳ P♦❞❡♠♦s ❡♥tã♦ ✐♥❢❡r✐r q✉❡ v(♦α) = v(♦β) = min{1, 2. 12} =

1✳ ▲♦❣♦✱ v(♦α⊙♦β) = max{0, 1+ 1− 1} = 1 P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s v(α⊙ β) =

max{0, 1
2 + 1

2 − 1} = 0 ❡ v(♦(α⊙ β)) = min{1, 2.0} = 0✳

◆♦ ❝❛s♦ ❡♠ q✉❡ n é ♣❛r✱ v(♦α) = v(♦β) = min{1, 2 i
2i−1}✳ ❱✐st♦ q✉❡ n ≥ 4✱

❡♥tã♦ i ≥ 2 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ 2i
2i−1 ≥ 1✳ ❉❛í v(♦α) = v(♦β) = 1 ❡ v(♦α⊙♦β) =

max{0, 1 + 1 − 1} = 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ v(α ⊙ β) = max{0, i
2i−1 + i

2i−1 − 1} =

max{0, 1
2i−1}✳ ▼❛s ❝♦♠♦ i > 1✱ ❡♥tã♦ 1

2i−1 > 0 ❡ v(α ⊙ β) = 1
2i−1 ✳ P♦r ✜♠✱

v(♦(α⊙β)) = min{1, 2
2i−1}✳ ❱✐st♦ q✉❡ i ≥ 2✱ t❡♠♦s ❡♥tã♦ q✉❡ 3 < 2i ❡ 2 < 2i−1

❡ ❡♥tã♦ 2
2i−1 < 1✳ ❈♦♥❝❧ú✐✲s❡ ❞❛í q✉❡ v(♦(α⊙ β)) < 1✳

P❛r❛ ✭✐✐✐✮✱ ✈✐st♦ q✉❡ v(♦nα ∧ ♦nβ) = min{v(♦nα), v(♦nβ)}✱ ❡♥tã♦ ♣❛r❛ q✉❡

v(♦nα ∧ ♦nβ) = 1✱ t❡♠♦s q✉❡ v(♦nα) = v(♦nβ) = 1✱ ♦ q✉❡ ♣♦r s✉❛ ✈❡③ ✐♠♣❧✐❝❛

✶✶✺



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

q✉❡ v(α) 6= 0 ❡ v(β) 6= 0✳ ❆ss✐♠✱ v(α ∧ β) = min{v(α), v(β)} 6= 0 ❡ ❡♥tã♦

v(♦n(α ∧ β)) = 1✳

P❛r❛ ✭✐✈✮✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ n é ✐♠♣❛r✱ t♦♠❡♠♦s ❛ ♠❡s♠❛ ✈❛❧♦r❛çã♦ ❞❡ ✭✐✐✮✳

❚❡r❡♠♦s ❡♥tã♦ v(♦nα) = v(♦nβ) = 1✳ ❆ss✐♠✱ v(♦nα ⊙ ♦nβ) = max{0, 1 + 1 −

1} = 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ v(α⊙ β) = max{0, 1
2 + 1

2 − 1} = 0 ❡ v(♦n(α⊙ β)) = 0✳

❏á ♥♦ ❝❛s♦ ❡♠ q✉❡ n é ♣❛r✱ t♦♠❡♠♦s v(α) = 1
n−1 ❡ v(β) = n−2

n−1 ✳ ❈♦♥s✐❞❡r❛♥❞♦

i = 1 ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❡ i = n − 2 ♥♦ s❡❣✉♥❞♦✱ t❡♠♦s ❛ ❣❛r❛♥t✐❛ ❞❡ q✉❡ v(α)

❡ v(β) r❡❝❡❜❡♠ ✈❛❧♦r❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦ M ❞❛ ❉❡✜♥✐çã♦ ✷✳✸✳✷✳ ❚❡♠♦s✱ ♣♦r ✉♠❛

❧❛❞♦✱ q✉❡ v(♦nα) = v(♦nβ) = 1 ❡ ❛ss✐♠ v(♦α ⊙ ♦β) = max{0, 1 + 1 − 1} = 1✳

P♦r ♦✉tr♦ ❧❛❞♦✱ v(α⊙ β) = max{0, 1+(n−2)
n−1 − 1} = 0 ❡ v(♦n(α⊙ β)) = 0✳ �

❖ ❚❡♦r❡♠❛ ✷✳✸✳✼ ♠♦str❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❞✐str✐❜✉t✐✈✐❞❛❞❡ ❞♦s ♦♣❡r❛❞♦r❡s

❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡ ❝♦♠ r❡❧❛çã♦ à ❝♦♥❥✉♥çã♦ ♥❛s ❧ó❣✐❝❛s ❞❡ ❾✉❦❛s✐❡✇✐❝③ ♣♦❞❡ s❡r

r❡s♦❧✈✐❞♦ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♥♦ ❝♦♥t❡①t♦ ♠♦❞❛❧ ♦ ♦♣❡r❛❞♦r ⊙ ♥♦ ❧✉❣❛r ❞❡ ∧✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❛ ❞✐str✐❜✉t✐✈✐❞❛❞❡ ❞♦s ♦♣❡r❛❞♦r❡s ♥❡ ♥❡❝❡ss✐❞❛❞❡ ♥♦ q✉❡

❝♦♥❝❡r♥❡ à ♥❡❝❡ss✐❞❛❞❡ é ❧✐♠✐t❛❞❛ s❡ t♦♠❛r♠♦s ⊕ ❡♠ ✈❡③ ❞❡ ∨✳

❍á✱ t♦❞❛✈✐❛✱ ❛❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡s ❝♦❧♦❝❛❞❛s ♣❡❧♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ♥❛

❤✐❡r❛q✉✐❛ ❾3✱ . . .✱ ❾n q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r s✉♣❧❛♥t❛❞❛s s✉❜st✐t✉✐♥❞♦ ♦s ♦♣❡r❛❞♦r❡s✳

P❛r❛ ✐ss♦✱ t❡r❡♠♦s q✉❡ ❝♦♥s✐❞❡r❛r ❝❡rt❛s ❝♦♥❞✐çõ❡s ♠✐♥✐♠❛✐s ❡s♣❡r❛❞❛s ❞❡ ✉♠❛

❧ó❣✐❝❛ ♠♦❞❛❧ ❡ ❝♦♥str✉✐r t❛❜❡❧❛s ✜♥✐t❛s q✉❡ ❣❛r❛♥t❡♠ q✉❡ ❡ss❛s ❝♦♥❞✐çõ❡s s❡❥❛♠

♣r❡s❡r✈❛❞❛s✳ ❊ss❡ s❡rá ♦ t❡♠❛ ❞❛ ♣ró①✐♠❛ s✉❜s❡çã♦✳

✷✳✸✳✷ ▲ó❣✐❝❛s ▼♦❞❛✐s ❚❡tr❛✈❛❧❡♥t❡s

❖s ❝r✐tér✐♦s ❞❡ ❆❜❡❧❛r❞♦ ❡ ❾✉❦❛s✐❡✇✐❝③ ❡stã♦ ❧♦♥❣❡ ❞❡ s❡r ❝♦♥s❡♥s✉❛✐s✳ ❇é③✐❛✉

♦❢❡r❡❝❡ ♥♦✈♦s ❝r✐tér✐♦s ♣❛r❛ ❞❡♠❛r❝❛r q✉❛♥❞♦ ✉♠❛ ❧ó❣✐❝❛ ♠✉❧t✐✲✈❛❧♦r❛❞❛ ♣♦❞❡

s❡r ❡♥❝❛r❛❞❛ ❝♦♠♦ ✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧✳

❉❡✜♥✐çã♦ ✷✳✸✳✽✿ ❯♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ é ✉♠❛ ❧ó❣✐❝❛ ❝♦♠ ♦s ♦♣❡r❛❞♦r❡s � ❡ ♦ ♥❛

q✉❛❧ ✈❛❧❡♠✽✵✿
✭✐✮ �α � α ✭✐✐✮ α 2 �α

✭✐✐✐✮ α � ♦α ✭✐✈✮ ♦α 2 α

➱ ❞✐❣♥♦ ❞❡ ♥♦t❛ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ❞✐③❡♠ r❡s♣❡✐t♦ ❛ ❝❡rt❛ ♥♦çã♦ ❞❡

❝♦♥s❡q✉ê♥❝✐❛ s❡♠â♥t✐❝❛ ♥♦ ❝♦♥t❡①t♦ ❞❡ t❛❜❡❧❛s ✜♥✐t❛s✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱

✭✐✮ ❡ ✭✐✐✮ ❞❡✈❡♠ s❡r ✐♥t❡r♣r❡t❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦✿ s❡ �α t❡♠ ✈❛❧♦r

❞❡s✐❣♥❛❞♦ ♥✉♠❛ ❧✐♥❤❛s ❞❛ t❛❜❡❧❛✱ ❡♥tã♦ α t❛♠❜é♠ t❡♠❀ α ♣♦❞❡ t❡r ✉♠ ✈❛❧♦r
✽✵ ❇é③✐❛✉ ♦❢❡r❡❝❡ ❡♠ ❬❇✁✵✹❪ ❝r✐tér✐♦s s✐♥tát✐❝♦s ❡♠ ✈❡③ ❞❡ s❡♠â♥t✐❝♦s✱ ✉t✐❧✐③❛♥❞♦ ⊢✳ ❱✐st♦

q✉❡ ♥♦ss♦ ❡♥❢♦q✉❡ ❛q✉✐ é s❡♠â♥t✐❝♦ ❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❇é③✐❛✉ ❡♥❢♦❝❛♠
♠❛tr✐③❡s ♠✉❧t✐✲✈❛❧♦r❛❞❛s✱ ♣r❡❢❡r✐♠♦s � ❡♠ ✈❡③ ❞❡ �✳

✶✶✻



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❞❡s✐❣♥❛❞♦ ♥✉♠❛ ❧✐♥❤❛ ❞❛ t❛❜❡❧❛✱ ♠❛s �α ♣♦❞❡ ♥ã♦ t❡r✳ ❊ ❛♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛

♦✳

◆ã♦ é ❞✐❢í❝✐❧ ♣❡r❝❡❜❡r q✉❡ ❛ ❉❡✜♥✐çã♦ ✷✳✸✳✽ ♦❜r✐❣❛✲♥♦s ❛ ❞❡s❝❛rt❛r q✉❛❧q✉❡r

♠❛tr✐③ ❝♦♠ ✸ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ❝♦♠♦ ❝♦♥tr❛♣❛rt✐❞❛ s❡♠â♥t✐❝❛ ❞❡ ✉♠❛ ❧ó❣✐❝❛

♠♦❞❛❧ ❡♠ q✉❡ ♦s ♦♣❡r❛❞♦r❡s � ❡ ♦ ♥ã♦ s❡ ❝♦❧❛♣s❡♠ ❝♦♠ ⊥ ♦✉ ⊤✳ P❛r❛ ✈❛❧❡r ✭✐✮ ❡

✭✐✐✮ ❛♦ ♠❡s♠♦ t❡♠♣♦ ♣r❡❝✐s❛♠♦s ❞❡ ❞♦✐s ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s✿ t♦❞♦ ❞❡s✐❣♥❛❞♦ q✉❡

s❛t✐s❢❛③ �α t❛♠❜é♠ s❛t✐s❢❛③ α♠❛s ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠ ✈❛❧♦r q✉❡ s❛t✐s❢❛③ α ❡ ♥ã♦

s❛t✐s❢❛③ �α✳ ❉❡ ♠♦❞♦ ❡q✉✐✈❛❧❡♥t❡✱ ♣❛r❛ ❛s ❝♦♥❞✐çõ❡s ✭✐✐✐✮ ❡ ✭✐✈✮ ✈❛❧❡r❡♠✱ t❡♠♦s

q✉❡ ❝♦♥s✐❞❡r❛r ❞♦✐s ✈❛❧♦r❡s ♥ã♦✲❞❡s✐❣♥❛❞♦s✿ s❡ ♦α r❡❝❡❜❡ ✈❛❧♦r ♥ã♦✲❞❡s✐❣♥❛❞♦ ✱

α r❡❝❡❜❡ ♥ã♦✲❞❡s✐❣♥❛❞♦✱ ♠❛s ♥ã♦ ❛ r❡❝í♣r♦❝❛✳

❚❛♠❜é♠ é ✐♠❡❞✐❛t♦ ♦ ❢❛t♦ ❞♦ ♦♣❡r❛❞♦r �n ✐♥✈❛❧✐❞❛r ❡♠ ❝❛❞❛ ❾n ❛ ❝❧á✉s✉❧❛

(ii) ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✳ ▼❛s ❛ ❞❡✜♥✐çã♦ ♦r✐❣✐♥❛❧ ❞❡ � t❛♠❜é♠ ✐♥✈❛❧✐❞❛ ❛ ♠❡s♠❛

❝❧❛ús✉❧❛✱ ✈✐st♦ q✉❡ s❡ v(α) = 1✱ ❡♥tã♦ v(�α) = 1−min{1, 2(1−1)} = 1−0 = 1✳

❇✉s❝❛♥❞♦ ♠❛tr✐③❡s q✉❡ s❛t✐s❢❛ç❛♠ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❇é③✐❛✉ ♣r♦♣ô❡ t❛❜❡❧❛s

❞❡ q✉❛tr♦ ✈❛❧♦r❡s✳ ❙❡❥❛♠ 1+ ❡ 1− ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s ❡♥q✉❛♥t♦ 0+ ❡ 0− sã♦ ♥ã♦✲

❞❡s✐❣♥❛❞♦s✳ ❙ã♦ ♣r♦♣♦st❛s ❛s s❡❣✉✐♥t❡s t❛❜❡❧❛s ♣❛r❛ � ❡ ♦✿

α �α ♦α

0− 0− 0−

0+ 0− 1+

1− 0− 1+

1+ 1+ 1+

❆ ✐♥t❡r♣r❡t❛çã♦ ❞❡ss❡s ✈❛❧♦r❡s é✿ 0− é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❢❛❧s♦✱ 0+ é ♣♦ss✐✈❡❧✲

♠❡♥t❡ ❢❛❧s♦✱ 1− é ♣♦ss✐✈❡❧♠❡♥t❡ ✈❡r❞❛❞❡✐r♦✱ 1+ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✈❡r❞❛❞❡✐r♦✳

❉❡♥tr❡ ❛s ♣r♦♣♦st❛s ❞❡ ❇é③✐❛✉✱ ❝♦♥❝❡♥tr❛r❡♠♦s ♥❛q✉❡❧ ❡♠ q✉❡ ∧ ❡ ∼ ♦❜❡❞❡❝❡

❛s ♠❛tr✐③❡s✿✽✶

∧ 0− 0+ 1− 1+

0− 0− 0− 0− 0−

0+ 0− 0+ 0− 0+

1− 0− 0− 1− 1−

1+ 0− 0+ 1− 1+

α ∼α

0− 1+

0+ 1−

1− 0+

1+ 0−

✽✶ ❇é③✐❛✉ ✉s❛ ♦ sí♠❜♦❧♦ ¬✳ Pr❡❢❡r✐♠♦s ∼ ♣❛r❛ ♠❛♥t❡r ❛ ❞✐st✐♥çã♦ ❞❡ ❬❈❋✶✸❪✱ ❝♦♠♦ ✈❡r❡♠♦s
❛❞✐❛♥t❡✳

✶✶✼



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❯♠ ♠♦❞♦ ❞❡ ✐♥t❡r♣r❡t❛r ❛s ♠❛tr✐③❡s ❛❝✐♠❛ é ❝♦♥s✐❞❡r❛♥❞♦ ❝❛❞❛ ✈❛❧♦r ❝♦♠♦

✉♠ ♣❛r ♦r❞❡♥❛❞♦ 〈x, y〉 ❡♠ q✉❡ x ∈ {0, 1} ❡ y ∈ {+,−}✳ ❆s t❛❜❡❧❛s ❞❡ ∧ ❡ ¬

r❡s♣❡✐t❛♠ ♦ s❡❣✉✐♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❝❧áss✐❝♦✿

∧ 0 1

0 0 0

1 0 1

∧ − +

− − −

+ − +

p ∼p

0 1

1 0

p ∼p

− +

+ −

❱❡r❡♠♦s ❝♦♠♦ ❡ss❛ ♥♦t❛çã♦ ♣♦❞❡ s❡r ❡s❝❧❛r❡❝❡❞♦r❛ ♥♦ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ s✐st❡✲

♠❛s ❞❡ô♥t✐❝♦s ❡ ❛♦ ❝♦♠❜✐♥❛r♠♦s ♠❛tr✐③❡s ❡♠ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s✳ P♦r ❤♦r❛✱

❞❡✜♥❛♠♦s → ❡ ∨ ❛♥❛❧♦❣❛♠❛♥t❡ ❛♦ ❝❛s♦ ❝❧áss✐❝♦✳ ❚❛✐s ❞❡✜♥✐çõ❡s ❛❝❛rr❡t❛♠ ❛s

t❛❜❡❧❛s✿

→ 0− 0+ 1− 1+

0− 1+ 1+ 1+ 1+

0+ 1− 1+ 1− 1+

1− 0+ 0+ 1+ 1+

1+ 0− 0+ 1− 1+

∨ 0− 0+ 1− 1+

0− 0− 0+ 1− 1+

0+ 0+ 0+ 1+ 1+

1− 1− 1+ 1− 1+

1+ 1+ 1+ 1+ 1+

▼❛✐s ✉♠❛ ✈❡③✱ s❡ ❝❛❞❛ ✈❛❧♦r ❢♦r ✈✐st♦ ❝♦♠♦ ✉♠ ♣❛r ♦r❞❡♥❛❞♦✱ ❛s t❛❜❡❧❛s ❞❡

{1, 0} ❡ {+,−} s❡ ❝♦♠♣♦rt❛♠ ❞❡ ♠❛♥❡✐r❛ ❝❧áss✐❝❛✳

❇é③✐❛✉ ❞❡♥♦♠✐♥❛ P▼✹◆ ❛ ❧ó❣✐❝❛ ❣♦✈❡r♥❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❛❝✐♠❛✳

❖ ❚❡♦r❡♠❛ ❛❜❛✐①♦ ♠♦str❛ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ss❡s ❝♦♥❡❝t✐✈♦s ♠♦❞❛✐s

✭✉s❛r❡♠♦s α ⊣⊢ β ❝♦♠♦ ❛❜r❡✈✐❛çã♦ ❞❡ α � β ❡ β � α✮✳

❚❡♦r❡♠❛ ✷✳✸✳✾✿ ❊♠ P▼✹◆ ✈❛❧❡♠✿

✭✐✮ ∼∼α ⊣⊢ α

✭✐✐✮ α ∧ β ⊣⊢ ∼(∼α ∨ ∼β)

✭✐✐✐✮ ♦α ⊣⊢ ∼�∼α

✭✐✈✮ ∼♦∼α ⊣⊢ �α

✭✈✮ ∼(α ∧ β) ⊣⊢ ∼α ∨ ∼β

✭✈✐✮ ��α ⊣⊢ �α

✭✈✐✐✮ ♦♦α ⊣⊢ ♦α

✭✈✐✐✐✮ �(α → β) 
 �α → �β

✶✶✽



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ 1 = {1−, 1+} ❡ 0 = {0−, 0+}✳

✭✐✮ v(∼∼α) = 1 ss❡ v(∼α) = 0 ss❡ v(α) = 1

✭✐✐✮ v(α∧β) = 1 ss❡ v(α) = v(β) = 1 ss❡ v(∼α) = (∼β) = 0 ss❡ v(∼α∨∼β) = 0

ss❡ v∼(∼α ∨ ∼β) = 1

✭✐✐✐✮ • s❡ v(♦p) = 1✱ ❡♥tã♦

✕ v(α) = 0+ ✐♠♣❧✐❝❛ v(∼α) = 1−✱ v(�∼α) = 0− ❡ v(∼�∼α) = 1+

✕ s❡ v(α) = 1✱ ❡♥tã♦ v(∼α) = 0✳ ❉❛í v(�∼α) = 0 ❡ v(∼�∼α) = 1

• s❡ v(∼�∼α) = 1✱ ❡♥tã♦ v(�∼α) = 0✳ ❉❛í

✕ s❡ v(∼α) = 0✱ ❡♥tã♦ v(α) = 1 ❡ v(♦α) = 1+

✕ s❡ v(∼α) = 1−✱ ❡♥tã♦ v(α) = 0+ ❡ v(♦α) = 1+

✭✐✈✮ • s❡ v(∼♦∼α) = 1✱ ❡♥tã♦ v(♦∼α) = 0−✳ ❆ss✐♠✱ t❡♠♦s v(∼α) = 0− ❡

v(α) = 1+✳ P♦rt❛♥t♦ v(�α) = 1+✳

• s❡ v(�α) = 1✱ ❡♥tã♦ v(α) = 1+✳ ❉❛í v(∼α) = 0− ❡ v(♦∼α) = 0−✳

P♦rt❛♥t♦ v(∼♦∼α) = 1+✳

✭✈✮ • s❡ v(∼(α ∧ β)) = 1✱ ❡♥tã♦ v(α ∧ β) = 0✳

✕ s❡ v(α) = 0✱ ❡♥tã♦ v(∼ α) = 1 ❡ v(∼α ∨ ∼β) = 1✳

✕ s❡ v(β) = 0✱ ❡♥tã♦ v(∼ β) = 1 ❡ v(∼α ∨ ∼β) = 1✳

• s❡ v(∼α ∨ ∼β) = 1✱ ❡♥tã♦

✕ s❡ v(∼α) = 1✱ ❡♥tã♦ v(α) = 0✱ v(α ∧ β) = 0 ❡ v(∼(α ∧ β) = 1✳

✕ s❡ v(∼β) = 1✱ ❡♥tã♦ v(β) = 0✱ v(α ∧ β) = 0 ❡ v(∼(α ∧ β) = 1✳

✭✈✐✮ • s❡ v(��α) = 1✱ ❡♥tã♦ v(�α) = 1+✳

• s❡ v(�α) = 1✱ ❡♥tã♦ v(�α) = 1+ ❡ v(��α) = 1+✳

✭✈✐✐✮ • s❡ v(♦♦α) = 1✱ ❡♥tã♦ v(♦α) 6= 0− ❡ v(♦α) = 1+✳

• s❡ v(♦α) = 1✱ ❡♥tã♦ v(♦α) = 1+ ❡ v(♦♦α) = 1+✳ �

❇é③✐❛✉ ♥ã♦ ♦❢❡r❡❝❡ ✉♠❛ ❛①✐♦♠át✐❝❛ ♣❛r❛ P▼◆✹✳ ❈♦✉❜❡ ❛ ❈♦♥✐❣❧✐♦ ❡ ❋✐❣❛❧❧♦

♣rô♣♦✲❧❛✳ ❖s ❛✉t♦r❡s ❞❡♥♦♠✐♥❛♠ M4m
∼ ❛s ♠❛tr✐③❡s ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❡ P▼◆✹

❛♦ ❛❝r❡s❝❡♥t❛r ✉♠❛ ♥♦✈❛ ♥❡❣❛çã♦✿

✶✶✾



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

α ¬α

0− 1+

0+ 0+

1− 1−

1+ 0−

❆ ❛①✐♦♠át✐❝❛ ♦❢❡r❡❝✐❞❛ ♣❛r❛ M4m
∼ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ✉♠ ♥♦✈♦ ❛①✐♦♠❛

♣❛r❛ ❛ ✐♠♣❧✐❝❛çã♦✱ ❛❧é♠ ❞❡ ❞♦✐s ❛①✐♦♠❛s q✉❡ r❡❣✉❧❛♠ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♥❡❣❛✲

çõ❡s ¬ ❡ ∼ ❡ ♠❛✐s ✉♠❛ r❡❣r❛ ♣❛r❛ ✐♠♣❧✐❝❛çã♦✿✽✷

✭▼4✶✮ (∼q → ∼ p) → (∼ q → p) → q)

✭▼4✷✮ ¬(∼p → q) → ∼(¬p → ∼¬q)

✭▼4✸✮ ∼(¬p → ∼¬q) → ¬(∼p → q)

✭❈P✮ p → q ⊢ ¬q → ¬p

❖ ❝á❧❝✉❧♦ ❞❡ M4m
∼ ✲ ❞❡♥♦t❛❞♦ ♣❡❧♦s ❛✉t♦r❡s ❞❡ H4m

∼ ✲ ♣♦❞❡ s❡r ❞❡s❝r✐t♦

❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

• H4m
∼ = ICI ∪ {(ce), (cf), (M41), (M42), (M43), (CP )}

❱✐st♦ s❡r ✉♠❛ ❡①t❡♥sã♦ ❞❡ ■❈■✱ ❡♠H4m
∼ ✈❛❧❡rá ♦ ▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦✳

❖s ♦♣❡r❛❞♦r❡s ∨ ❡ ∧ sã♦ ❞❡✜♥✐❞♦s ❞❛ ♠❛♥❡✐r❛ ❝❧áss✐❝❛✱ ❡♥q✉❛♥t♦ ♦s ♦♣❡r❛❞♦r❡s

♠♦❞❛✐s � ❡ ♦ sã♦ ❞❡✜♥✐❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❡ H4m
∼ ❝♦♠♦✿

• �α ≡def ∼α ∧ ¬∼α

• ♦α ≡def ∼α ∨ ¬∼α

➱ ♣♦ssí✈❡❧ ❛✐♥❞❛ ❞❡✜♥✐r ✉♠ ♦♣❡r❛❞♦r ❞❡ ❝♦♥s✐stê♥❝✐❛ ◦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

◦α ≡def �α ∧ ∼�α

✽✷ ❆ ❛①✐♦♠át✐❝❛ ❛❜❛✐①♦ ❜❡♠ ❝♦♠♦ s✉❛ ❝♦♠♣❧❡t✉❞❡ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬❈❋✶✸❪✳ ❖s ♥♦♠❡s
♦r✐❣✐♥❛✐s ❞❡ (M41)✱ (M42) ❡ (M43) sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡s (A3)✱ (A6) ❡ (A7)✳

✶✷✵



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❊ss❡ ❝♦♥❡❝t✐✈♦ s❡rá ✐♥t❡r♣r❡t❛❞♦ ♣❡❧❛ ♠❛tr✐③✿

α ◦α

0− 1+

0+ 0−

1− 0−

1+ 1+

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ H4m
∼ é ✉♠❛ ❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡ ❡♠ r❡❧❛çã♦ ❛

¬✱ ♣♦✐s s❡ v(α) = 1− ❡♥tã♦ v(¬α) = 1−✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ 1 = {1+, 1−}✳ ❙❡

v(◦α) = 1✱ ❡♥tã♦ ♦✉ v(α) = 1 ♦✉ v(¬α) = 1✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ H4m
∼ é ✉♠❛ ▲❋■

❡♠ r❡❧❛çã♦ ❛ ¬✳

▼❡s♠♦ s❡♥❞♦ ✉♠❛ ❧ó❣✐❝❛ ♣❛r❛❝♦♥s✐st❡♥t❡✱ H4m
∼ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛

❡①t❡♥sã♦ ❞❛ ❧ó❣✐❝❛ ❝❧áss✐❝❛✱ ✈✐st♦ q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✳

❆❧é♠ ❞✐ss♦✱ r❡str✐♥❣✐♥❞♦ ❛ {1+} ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s ❞❡ ❞❡s✐❣♥❛❞♦s✱ ❛ ❧ó❣✐❝❛

r❡s✉❧t❛♥t❡ é ✉♠❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ ❙✺✳ ❱❡r❡♠♦s ♥❛ ♣ró①✐♠❛ s❡çã♦ ♦✉tr♦s

s✐st❡♠❛s ♠♦❞❛✐s q✉❡ sã♦ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❡①t❡♥sõ❡s ♣ró♣r✐❛s ❞❡ ❑ ❡ ♣♦❞❡♠ s❡r

❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

✷✳✸✳✸ ❙✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s

❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✸ q✉❡ ❛ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦ é ❝❛r❛❝t❡✲

r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❙❛❜❡♠♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ ♥❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡

❑ ❡ ❙✺ ♣♦❞❡ t❡r s❡♠â♥t✐❝❛ ♠❛tr✐❝✐❛❧ ❝♦♠♣❧❡t❛✳ ❈♦✉❜❡ à ❙❝r♦❣s ♣r♦✈❛r ❡♠ ✶✾✺✶

✉♠ r❡s✉❧t❛❞♦ ❞✉❛❧ ❛♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❣✉♥❞❥✐✿ t♦❞♦ s✐st❡♠❛ ♠♦❞❛❧ ♥♦r♠❛❧ q✉❡

❡st❡♥❞❡ ❙✺ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳

❊stá ❢♦r❛ ❞♦ ♦❜❥❡t✐✈♦ ❞❡ss❛ ❚❡s❡ ❛♣r❡s❡♥t❛r ❡♠ ❞❡t❛❧❤❡s ❛ ♣r♦✈❛ ❞❡ ❙❝r♦❣s✱

✈✐st♦ q✉❡ t❛❧ ❞❡♠♦♥str❛çã♦ ❢❛③ ✉s♦ ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♠ á❧❣❡❜r❛ ♠♦❞❛❧✳

◗✉❡r❡♠♦s ❛♣❡♥❛s r❡❧❡♠❜r❛r ♦ ❧❡✐t♦r ❞❛ ♥♦çã♦ ❞❡ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❝♦♥❢♦r♠❡ ❛

❉❡✜♥✐çã♦ ✶✳✷✳✶✸✱ q✉❡ ❡stá ♣r❡ss✉♣♦st❛ ♥❛ ❡♥✉♥❝✐❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙❝r♦❣s✳

❊st❛♠♦s ❛♣t♦s ❛ ❡♥✉♥❝✐❛r ❝♦♠ r✐❣♦r ♦ r❡s✉❧t❛❞♦ ❞❡ ❙❝r♦❣s✿

❚❡♦r❡♠❛ ✷✳✸✳✶✵✿ ❚♦❞❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ ❙✺ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛✲

tr✐③❡s ✜♥✐t❛s✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ t❡♠♦s ♦ ❝♦r♦❧ár✐♦ ❛❜❛✐①♦✿

✶✷✶



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❈♦r♦❧ár✐♦ ✷✳✸✳✶✶✿ ❙❡❥❛ ▲ ✉♠❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ ❙✺ ❝♦♥str✉í❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿

L = S5 ∪ {Dn} (♣❛r❛ n ∈ N)

❊♠ q✉❡ Dn é ✉♠❛ ✐♥st❛♥❝✐❛çã♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐ ❞❛ ❉❡✜♥✐çã♦ ✷✳✷✳✶✳

❊♥tã♦

• s❡ L′ é ✉♠❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ ❙✺✱ ❡♥tã♦ L ⊆ L′ ❡ L′ ⊆ L

• ▲ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ❞❡ k ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ❡♥ q✉❡

n < 2k ≤ n+ 1✳ �

❖ ❝♦r♦❧ár✐♦ ❛❝✐♠❛ ❣❛r❛♥t❡ q✉❡ t♦❞❛s ❛s ❡①t❡♥sõ❡s ♣ró♣r✐❛s ❞❡ ❙✺ ♣♦❞❡♠

s❡r ❝❛r❛❝t❡r✐③❛❞❛s ❛❝r❡s❝❡♥t❛♥❞♦ ❝❡rt❛ ✐♥stâ♥❝✐❛ ❞❛ ❢ór♠✉❧❛ ❞❡ ❉✉❣✉♥❞❥✐✳ ❊♠

♣❛rt✐❝✉❧❛r✱ s❡❥❛ M4m ❛s ♠❛tr✐③❡s M4m
∼ r❡str✐t❛s ❛ ✉♠ ú♥✐❝♦ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳

❚♦♠❡♠♦s ❛ ❛①✐♦♠át✐❝❛ ❛❜❛✐①♦✿

• H4m = S5 ∪ {D3}

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✶✶ s❛❜❡♠♦s q✉❡ M4m é ✉♠❛ s❡♠â♥t✐❝❛ ❝♦r✲

r❡t❛ ❡ ❝♦♠♣❧❡t❛ ♣❛r❛ H4m✳

▼❛s s❡r✐❛ ❙✺ ♦ ú♥✐❝♦ s✐st❡♠❛ ♠♦❞❛❧ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❡♥✉♥❝✐❛❞❛ ♣❡❧♦ ❚❡✲

♦r❡♠❛ ✷✳✸✳✶✵❄ ❉❡♥♦♠✐♥❡♠♦s ❝rít✐❝♦ ✉♠ s✐st❡♠❛ ♥♦r♠❛❧ ♠♦❞❛❧ ❝✉❥❛s t♦❞❛s ❛s

❡①t❡♥sõ❡s ♣ró♣r✐❛ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❊s❛❦✐❛ ❡ ▼❡s❦✐

♣r♦✈❛r❛♠ ❡♠ ✶✾✼✼ q✉❡ ❤á ❝✐♥❝♦ s✐st❡♠❛s ❝rít✐❝♦s q✉❡ sã♦ ❡①t❡♥sõ❡s ♣ró♣r✐❛s ❞❡

❙✹✳✽✸

❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✷ ❛❧❣✉♥s s✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ❞❡♥♦♠✐♥❛❞♦s ♥ã♦✲

▲❡✇✐s ♣r♦♣♦st♦s ♣♦r ❙♦❜♦❝✐➠s❦✐✳ ❊ss❡s s✐st❡♠❛s sã♦ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❡①t❡♥sõ❡s

❞❡ ❙✹ s❡♠ ❡st❛r❡♠ ❝♦♥t✐❞♦s ❡♠ ❙✺✳ ❱✐♠♦s ♣♦r ❤♦r❛ ♦s s✐t❡♠❛s ❑✶✳✶✱ ❑✶✳✷✱

❑✷✱ ❑✷✳✶✱ ❑✸ ❡ ❑✸✳✶✳ ❱✐st♦ ♥ã♦ ❡st❛r ♥♦s ❞♦✐s ❝❛tá❧♦❣♦s q✉❡ ❣✉✐❛♠ ❡ss❛ ❚❡s❡✱

❞❡✐①❛♠♦s ♣r♦♣♦s✐t❛❞❛♠❡♥t❡ ❞❡ ♠❡♥❝✐♦♥❛r ❑✸✳✷✱ ❝♦♥str✉í❞♦ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛

❛①✐♦♠❛✿✽✹

✽✸ ❊♠ ❬❊▼✼✼❪✳
✽✹ ❊ss❛ ♥ã♦ é ♦ ❛①✐♦♠át✐❝❛ ♦r✐❣♥❛❧ ❞❡ ❙♦❜♦❝✐➠s❦✐ ❡♠ ❬❙♦❜✼✵❪✳ ❖ ❛✉t♦r ❝♦♥s✐❞❡r❛ ♦s ❛①✐♦♠❛s✿

✭❉✶✮ (�p J q) ∨ (�q J p)

✭❋✶✮ (�p J q) ∧ (♦�q → p)

✭❑✶✮ (�♦p ∧ �♦q) J ♦(p ∧ q)

❊ ❞❡✜♥❡ ♦s s✐st❡♠❛s✿

• S4.3 = S4 ∪ {(D1)}

• S4.3.2 = S4.3 ∪ {(F1)}

✶✷✷



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

✭❑✸✮ �(�p → q) ∨�(♦�q → p)

❊s❛❦✐❛ ❡ ▼❡s❦✐ ❛♣r❡s❡♥t❛♠ ❛✐♥❞❛ ✉♠ ♥♦✈♦ ❛①✐♦♠❛ s❡♠ ❞á✲❧♦ ✉♠ ♥♦♠❡✱ ♠❛s q✉❡

❞❡♥♦♠✐♥❛r❡♠♦s (K2)✳

✭❑✷✮ p → �(¬p → �(p → �p)

❊st❛♠♦s ❛♣t♦s ❛ ❛♣r❡s❡♥t❛r ❞♦✐s ♥♦✈♦s s✐st❡♠❛s ♥ã♦✲▲❡✇✐s✿

• K3.2 = S4 ∪ {(K3), (M)}

• K2.2 = S4.2 ∪ {(K2)}

❊✐s ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❡♥✉♥❝✐❛r ♦ r❡s✉❧t❛❞♦ ❞❡ ❊s❛❦✐❛ ❡ ▼❡s❦✐✿

❚❡♦r❡♠❛ ✷✳✸✳✶✷✿ ❚♦❞❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞♦s s✐st❡♠❛s ❑✶✳✷✱ ❑✷✳✷✱ ❑✸✳✶ ♦✉

❑✸✳✷ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ �

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❤á ❝✐♥❝♦ s✐st❡♠❛s ❝rít✐❝♦s q✉❡ sã♦ ❡①t❡♥sõ❡s ♣ró♣r✐❛s ❞❡

❙✹✿ ♦s q✉❛tr♦ ♠❡♥❝✐♦♥❛❞♦s ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♠❛✐s ❙✺✳

P♦❞❡✲s❡ ✈❡r✐✜❝❛r ♣❡❧❛ ❋✐❣✉r❛ ✷✳✶ q✉❡ ❙✹✳✹▼ é ✉♠ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡❑✶✳✷✳

❈♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳✶✷ s❛❜❡♠♦s q✉❡ ❙✹✳✹▼ é ✉♠❛ ❡①t❡♥sã♦ ♣ró♣r✐❛

❞❡ ❑✶✳✷ ❡ q✉❡✱ ♣♦rt❛♥t♦✱ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❉✐❢❡r❡♥✲

t❡♠❡♥t❡ ❞❡ ❙❝r♦❣❣s✱ ♦s ❛✉t♦r❡s ♥ã♦ ❞✐③❡♠ ❞❡ q✉❡ ♠❛♥❡✐r❛ é ♣♦ssí✈❡❧ ♦❜t❡r t❛✐s

♠❛tr✐③❡s✳ ❘❡st❛ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❛❜❡rt♦ ❡♥❝♦♥tr❛r ♠❛tr✐③❡s ✜♥✐t❛s ❝♦♠♦ s❡♠â♥✲

t✐❝❛ ♣❛r❛ ❙✹✳✹▼ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ t❡♠ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛ ✈✐❛ ♠♦❞❡❧♦s ❞❡

❑r✐♣❦❡✳

❙❡ ♣♦r ✉♠ ❧❛❞♦ ❊s❛❦✐❛ ❡ ▼❡s❦✐ ❣❡♥❡r❛❧✐③❛r❛♠ ♦ ❚❡♦r❡♠❛ ❞❡ ❙❝r♦❣s✱ ♣♦r

♦✉tr♦ ❧❛❞♦✱ ❝♦♠ ❛ ♥♦çã♦ ❞❡ s✐st❡♠❛s ❝rít✐❝♦s✱ s✉r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❛ s❡❣✉✐♥t❡

♣❡r❣✉♥t❛✿ q✉❛♥t♦s s✐st❡♠❛s ❝rít✐❝♦s q✉❡ sã♦ ❡①t❡♥sõ❡s ♣ró♣r✐❛s ❞❡ ❑ ❡①✐st❡♠❄

❱✐st♦ q✉❡❑ é ♦ s✐st❡♠❛ ♥♦r♠❛❧ ♠♦❞❛❧ ♠✐♥✐♠❛❧✱ ❛ r❡s♣♦st❛ ❛ ❡ss❛ ♣❡r❣✉♥t❛ s❡r✐❛

❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ r❡s♣♦♥❞❡r ✉♠❛ ♣❡r❣✉♥t❛ ♠❛✐s ❣❡r❛❧✿ ◗✉❛✐s s✐st❡♠❛s ♠♦❞❛✐s

♥♦r♠❛✐s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s❄

❆✐♥❞❛ ♥ã♦ ❡st❛♠♦s ❛♣t♦s ❛ r❡s♣♦♥❞ê✲❧❛s✱ ♠❛s ♥♦ss♦ tr❛❜❛❧❤♦ ❥á ❝♦♥tr✐❜✉✐ ❡♠

r❡s♣♦♥❞ê✲❧❛ ❞❡ ♠❛♥❡✐r❛ ❞✉❛❧ ❛♦ r❡s✉❧t❛❞♦ ❞❡ ❊s❛❦✐❛ ❡ ▼❡s❦✐✳ ◆♦ q✉❡ ❝♦♥❝❡r♥❡

❛♦s s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s✱ ❛s ♠❡s♠❛s ♣❡r❣✉♥t❛s ♣♦❞❡r✐❛♠ s❡r ❝♦❧♦❝❛❞❛s✱

❛ s❛❜❡r✿ q✉❛♥t♦s s✐st❡♠❛s ❝rít✐❝♦s q✉❡ sã♦ ❡①t❡♥sõ❡s ♣ró♣r✐❛s ❞❡ ❙✵✳✺0 ❡①✐st❡♠

• K3.2 = S4.3.2 ∪ {(K1)}

Pr♦❝✉r❛♠♦s ❛♣r❡s❡♥t❛r ♦ s✐st❡♠❛ t❛❧ q✉❛❧ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❬❊▼✼✼❪✱ ✉s❛♥❞♦ ♦ ♥♦♠❡ (K3) ♣❛r❛
❢❛③❡r r❡❢❡rê♥❝✐❛ ❛♦ s✐st❡♠❛ ❑✸✳✷ ❡ ❡✈✐t❛r ❝♦♥❢✉sõ❡s ❝♦♠ ♦ ❛①✐♦♠❛ (K1) ❞❡ ❋❡②s✳

✶✷✸



✷✳ ✭■♥✮❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ▼❛tr✐③❡s ❋✐♥✐t❛s

❡ q✉❛✐s s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s

✜♥✐t❛s✳

❙❡♠ t❡r ❛ ❣❛r❛♥t✐❛ ❞❡ q✉❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❡ss❛s ♣❡r✲

❣✉♥t❛s✱ ❝♦♠♣r♦♠❡t❡♠♦s ❡♠ ❡st✉❞á✲❧❛ ❡♠ tr❛❜❛❧❤♦ ❢✉t✉r♦✳ P♦r ❤♦r❛✱ ❡s♣❡r❛♠♦s

q✉❡ ♥♦ss♦ tr❛❜❛❧❤♦ t❡♥❤❛ s❡ ♥ã♦ ❝♦♥tr✐❜✉í❞♦ ♣❛r r❡s♣♦♥❞ê✲❧❛s✱ ❛♦ ♠❡♥♦s t❡♥❤❛

❛❥✉❞❛❞♦ ❛ ❝♦♠♣r❡❡♥❞ê✲❧❛s ♠❡❧❤♦r ❡ ❛ ❢♦r♠✉❧á✲❧❛s ❝♦♠ ♠❛✐s ♣r❡❝✐sã♦✳

✶✷✹



✸✳ ❈❖▼P▲❊❚❯❉❊ P❖❘ ◆▼❆❚❘■❩❊❙ ❋■◆■❚❆❙

❖s ❞♦✐s ♣r✐♠❡✐r♦s ❝❛♣ít✉❧♦s ❞❛ ❚❡s❡ tê♠ ✉♠ ❝❛rát❡r ❡ss❡♥❝✐❛❧♠❡♥t❡ ♥❡❣❛t✐✈♦✿

r❡str✐♥❣✐♠♦✲♥♦s ❛ ♠♦str❛r ❞❡t❛❧❤❛♠❡♥t❡ r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❛✲

tr✐③❡s ✜♥✐t❛s✱ ♥♦s ❧✐♠✐t❛♥❞♦ ❛ ❝✐t❛r ❝❡rt❛s ❝♦♠♣❧❡t✉❞❡s ♣♦r t❛❜❡❧❛s ✜♥✐t❛s s❡♠

❞❡♠♦♥strá✲❧❛s✳

❏á ♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ é ♣r✐♦r✐t❛r✐❛♠❡♥t❡ ♣♦s✐t✐✈♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ ♣r✐♦r✐③❛r

♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡✳ ◆❛ ❙❡çã♦ ✸✳✶ ❛♣r❡s❡♥t❛♠♦s s❡♠â♥t✐❝❛s ❝♦♠♣❧❡t❛s

♣❛r❛ t♦❞♦s ♦s s✐st❡♠❛ ♣r♦♣♦s✐❝✐♦♥❛✐s ❞♦ ❈❛♣ít✉❧♦ ✶✱ ❞❡✐①❛♥❞♦ ❡♠ s❡❣✉♥❞♦ ♣❧❛♥♦

♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡✳

❆ ❙❡çã♦ ✸✳✷✱ ♣♦r s✉❛ ✈❡③✱ ♣r♦✈❛ ❡♠ ❞❡t❛❧❤❡s ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ✶✻ s✐st❡✲

♠❛s ♠♦❞❛✐s✱ ❝✉❥❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s ❡s♣❡r❛♠♦s q✉❡ s❡❥❛ ❡s❝❧❛r❡❝✐❞❛ ❛♦ ❧♦♥❣♦

❞♦ ❝❛♣ít✉❧♦✳ P♦r ♦r❛✱ s❛❧✐❡♥t❛♠♦s q✉❡ ♥ã♦ ❡♥❝♦♥tr❛♠♦s t❛✐s ❞❡♠♦♥str❛çõ❡s ♥❛

❧✐t❡r❛t✉r❛✱ s❡♥❞♦ ✶✶ ❞❡ss❛s s❡♠â♥t✐❝❛s ❞❡ ♥♦ss❛ ❛✉t♦r✐❛✳ ◆❡ss❡s r❡s✉❧t❛❞♦s✱ ♣♦r✲

t❛♥t♦✱ s❡ ❝♦♥❝❡♥tr❛ ❛ ❝♦♥tr✐❜✉✐çã♦ ♣♦s✐t✐✈❛ ❞❛ ❚❡s❡ ❡ s❡✉ ❛s♣❡❝t♦ ♠❛✐s ♦r✐❣✐♥❛❧✳

✸✳✶ ❙❡♠â♥t✐❝❛s ◆ã♦✲❉❡t❡r♠✐♥íst✐❝❛s ♣❛r❛ ❛ ▲ó❣✐❝❛ Pr♦♣♦s✐❝✐♦♥❛❧

❱✐♠♦s ♥♦ ❈❛♣ít✉❧♦ ✶ q✉❡ ■P❈ ✭❡ ❛❧❣✉♥s ❞❡ s❡✉s ❢r❛❣♠❡♥t♦s✮ ♥ã♦ é ❝❛r❛❝t❡r✐③á✈❡❧

♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❱✐♠♦s t❛♠❜é♠ ♥♦ ♠❡s♠♦ ❝❛♣ít✉❧♦ ♦ r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t❡

q✉❡ ♥❡♥❤✉♠ ❞♦s ❝á❧❝✉❧♦s ❈1✱ . . .✱ ❈n t❡♠ s❡♠â♥t✐❝❛ ♠❛tr✐❝✐❛❧ ❝♦♠♣❧❡t❛✳ ❆

♣r✐♠❡✐r❛ s❡♠â♥t✐❝❛ ♣❛r❛ ❡ss❛ ❤✐❡r❛rq✉✐❛ ❞❡ s✐st❡♠❛s ❢♦✐ ♣r♦♣♦st❛ ❡♠ ✶✾✼✼ ♣♦r

❞❛ ❈♦st❛ ❡ ❆❧✈❡s ❝♦♠ ❛ ♥♦çã♦ ❞❡ s❡♠✐✲✈❛❧♦r❛çã♦✳ ❉❡ ❢❛t♦✱ ✈❡r❡♠♦s q✉❡ ♥ã♦

❛♣❡♥❛s ❡ss❛ ❤✐❡r❛q✉✐❛ ❡ ■P❈✱ ♠❛s t♦❞♦s s✐st❡♠❛s ❧✐st❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✶ t❡rã♦

✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛ ✈✐❛ s❡♠✐✲✈❛❧♦r❛çõ❡s✳ ❊ss❡ é ♦ t❡♠❛ ❞❛ ❙✉❜s❡çã♦ ✸✳✶✳✶✳

❚❛♠❜é♠ ✈✐♠♦s q✉❡ ❛ ♠❛✐♦r✐❛ ❞❛s ▲❋■✬s ♥ã♦ sã♦ ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r t❛❜❡❧❛s

✜♥✐t❛s✳ ❘❡❝❡♥t❡♠❡♥t❡ ❢♦r❛♠ ♣r♦♣♦st❛s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞✉❛s ❛❧t❡r♥❛t✐✈❛s às

s❡♠✐✲✈❛❧♦r❛çõ❡s✿ ❛s ▼❛tr✐③❡s ◆ã♦✲❞❡t❡r♠✐♥íst✐❝❛s ❡ ❛s ❙❡♠â♥t✐❝❛s ❞❡ ❚r❛❞✉çõ❡s

P♦ssí✈❡✐s✱ q✉❡ sã♦ ♦ t❡♠❛ ❞❛ ❙✉❜s❡çã♦ ✸✳✶✳✷ ❡ ❙✉❜s❡çã♦ ✸✳✶✳✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

●♦st❛rí❛♠♦s✱ ♣♦r ✜♠✱ ❞❡ s❛❧✐❡♥t❛r q✉❡ ❡ss❛ s❡çã♦ ♥ã♦ s❡ r❡str✐♥❣❡ ❛ ❢♦r♥❡❝❡r

✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❛♦s ❝á❧❝✉❧♦s ♣r♦♣♦s✐❝✐♦♥❛✐s ❞♦ ❈❛♣ít✉❧♦ ✶✳ ❊❧❛ ✈✐s❛ t❛♠❜é♠



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✐♥tr♦❞✉③✐r ❛ ♥♦çã♦ ❞❡ s❡♠â♥t✐❝❛ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛✱ q✉❡ s❡rá ✉s❛❞❛ ❛♦ ❧♦♥❣♦ ❞❛

❚❡s❡ ❝♦♠♦ ❛❧t❡r♥❛t✐✈❛ ❛♦s ❝á❧❝✉❧♦s ✐♥❝♦♠♣❧❡t♦s ♣♦r t❛❜❡❧❛s ✜♥✐t❛s✳

✸✳✶✳✶ ❙❡♠✐✲✈❛❧♦r❛çõ❡s

❚❡♠♦s ✉s❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❚❡s❡ ❛ ♥♦çã♦ ✐♥t✉✐t✐✈❛ ❞❡ ✈❛❧♦r❛çã♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

✈❛❧♦r❛çõ❡s ❡♠ P❈ sã♦ ❢✉♥çõ❡s q✉❡ ✲ ❞❛❞♦ ✉♠❛ ❛tr✐❜✉✐çã♦ ❞❡ ✈❛❧♦r ❞♦ ❝♦♥❥✉♥t♦

{0, 1} ✭♦✉ ❱ ❡ ❋✮ às ✈❛r✐á✈❡✐s ♣r♦♣♦s✐❝✐♦♥❛✐s ✲ ❛ss♦❝✐❛♠ ✉♠ ú♥✐❝♦ ✈❛❧♦r ♥❡ss❡

♠❡s♠♦ ❝♦♥❥✉♥t♦ ❛ ❝❡rt❛ ❢ór♠✉❧❛ ❡♠ q✉❡ ❡ss❛s ✈❛r✐á✈❡✐s ♦❝♦rr❡♠✳ ❈♦♠♦ ✈✐♠♦s ♥❛

❙❡çã♦ ✶✳✶✱ ❡ss❛ ♣❛r❡❝❡ s❡r ❛ ♥♦çã♦ q✉❡ ❲✐tt❣❡♥st❡✐♥ t✐♥❤❛ ❡♠ ♠❡♥t❡ ❛♦ ♣r♦♣♦r

s✉❛s t❛❜❡❧❛s✳ ❚❛❜❡❧❛s ♠✉❧t✐✈❛❧♦r❛❞❛s ✜♥✐t❛s ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛✲

çõ❡s ❞❡ t❛❜❡❧❛s ❜✐✈❛❧♦r❛❞❛s✱ ❡♠ q✉❡ s❡ ❛ss♦❝✐❛ ✉♠ ❡❧❡♠❡♥t♦ m ❞♦ ❝♦♥❥✉♥t♦ ❞❡

✈❛❧♦r❡s M q✉❡ ❝♦♥tê♠ ♠❛✐s ❞♦ q✉❡ ❞♦✐s ❡❧❡♠❡♥t♦s✳

❍á✱ t♦❞❛✈✐❛✱ ♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❣❡♥❡r❛❧✐③❛r ❛ ♥♦çã♦ ❞❡ ✈❛❧♦r❛çã♦✳ ❉❛❞♦ ✉♠❛

❛tr✐❜✉✐çã♦ ❞❡ ✈❛❧♦r❡s às ✈❛r✐á✈❡✐s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ✈❛❧♦r

♥ã♦✲❞❡t❡r♠✐♥❛❞♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s {0, 1}✳ ❚♦♠❡♠♦s ♦ ❝❛s♦ ❞❛ ♥❡❣❛çã♦✳

❯♠❛ ♠❛♥❡✐r❛ s✐♠♣❧❡s ❞❡ ❡①❡♠♣❧✐✜❝❛r ❡ss❛ s✐t✉❛çã♦ é ❝♦♠ ❛ ❝❧á✉s✉❧❛✿

v(¬α) = 0 ✐♠♣❧✐❝❛ v(α) = 1

❆q✉✐✱ ❛ ❢✉♥çã♦ q✉❡ ❝❛❧❝✉❧❛ v(¬α) é ✉♠❛ ✈❛❧♦r❛çã♦ ❛♣❡♥❛s q✉❛♥❞♦ v(α) = 0✳

❈❛s♦ ❝♦♥trár✐♦✱ ♥❛❞❛ ♣♦❞❡♠♦s ❛✜r♠❛r s♦❜r❡ ♦ ✈❛❧♦r ❞❡ v(¬α)✱ s❡♥❞♦ ❛ss✐♠

✉♠❛ s❡♠✐✲✈❛❧♦r❛çã♦✳ ❋❡✐t❛s ❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛✱ ❞❡✜♥❡✲s❡ ❛ s❡♠â♥t✐❝❛ ❞♦s

❈✲s✐st❡♠❛s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

❉❡✜♥✐çã♦ ✸✳✶✳✶✿ ❙❡❥❛ For ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ❞❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ❈n ♣❛r❛

1 ≤ n < ω✳ ❙❡❥❛ ❛✐♥❞❛ α, β ∈ For✳ ❈❛❞❛ s❡♠✐✲✈❛❧♦r❛çã♦ vn : For −→ {0, 1} ❞❡

❝❛❞❛ ❈n r❡s♣❡✐t❛ ❛s ❝❧á✉s✉❧❛s ❛❜❛✐①♦✿

✭✐✮ vn(¬α) = 0 ✐♠♣❧✐❝❛ vn(α) = 1

✭✐✐✮ vn(¬¬α) = 1 ✐♠♣❧✐❝❛ vn(α) = 1

✭✐✐✐✮ vn(◦
(n)β) = vn(α → β) = vn(α → ¬β) = 1 ✐♠♣❧✐❝❛ vn(α) = 0

✭✐✈✮ vn(α → β) = 1 ss❡ vn(α) = 0 ♦✉ vn(β) = 1

✭✈✮ vn(α ∧ β) = 1 ss❡ vn(α) = vn(β) = 1

✭✈✐✮ vn(α ∨ β) = 1 ss❡ vn(α) = 1 ♦✉ vn(β) = 1

✭✈✐✐✮ vn(◦
(n)(α → β)) = 0 ✐♠♣❧✐❝❛ vn(α) = 0 ♦✉ vn(β) = 0

✶✷✻



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✭✈✐✐✐✮ vn(◦
(n)(α ∧ β)) = 0 ✐♠♣❧✐❝❛ vn(α) = 0 ♦✉ vn(β) = 0

✭✐①✮ vn(◦
(n)(α ∨ β)) = 0 ✐♠♣❧✐❝❛ vn(α) = 0 ♦✉ vn(β) = 0 �

❉❛ ❈♦st❛ ❡ ❆❧✈❡s ♠♦str❛♠ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ C1 ❝♦♠ r❡❧❛çã♦ ❛ v1✱ ❣❛r❛♥t✐♥❞♦

q✉❡ ♣❛r❛ ♦s ❞❡♠❛✐s s✐st❡♠❛s ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛✳✶

❆ s❡♠â♥t✐❝❛ ❞❡ s❡♠✐✲✈❛❧♦r❛çõ❡s ♠♦str♦✉✲s❡ ❝♦♠♣❧❡t❛ ♣❛r❛ ✉♠❛ sér✐❡ ❞❡ s✐s✲

t❡♠❛s q✉❡ ♥ã♦ ♣♦❞❡♠ t❡r ♠❛tr✐③❡s ✜♥✐t❛s ❝♦♠♦ s❡♠â♥t✐❝❛✳ ◆♦ ❝❛s♦ ❞❛s ▲❋■✬s✱

t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿✷

❚❡♦r❡♠❛ ✸✳✶✳✷✿ ❙❡❥❛ For◦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ♥❛ ❧✐♥❣✉❛❣❡♠ ♣r♦♣♦s✐❝✐✲

♦♥❛❧ ❛❝r❡s❝✐❞❛ ❞♦ ♦♣❡r❛❞♦r ♣r✐♠✐t✐✈♦ ◦✳ ❙❡❥❛ v : For◦ −→ {0, 1} ✉♠❛ s❡♠✐✲

✈❛❧♦r❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛s s❡❣✉✐♥t❡s ❝❧á✉s✉❧❛s✿

✭✐✮ v(α ∧ β) = 1 ss❡ v(α) = 1 ❡ v(β) = 1

✭✐✐✮ v(α ∨ β) = 1 ss❡ v(α) = 1 ♦✉ v(β) = 1

✭✐✐✐✮ v(α → β) = 1 ss❡ v(α) = 0 ♦✉ v(β) = 1

✭✐✈✮ v(¬α) = 0 ✐♠♣❧✐❝❛ v(α) = 1

✭✈✮ v(◦α) = 1 ✐♠♣❧✐❝❛ v(α) = 0 ♦✉ v(¬α) = 0

✭✈✐✮ v(¬◦α) = 1 ✐♠♣❧✐❝❛ v(α) = 1 ❡ v(¬α) = 1

✭✈✐✐✮ v(◦¬n◦α) = 1 ✭♣❛r❛ n ≥ 1)

✭✈✐✐✐✮ v(¬¬α) = 1 ✐♠♣❧✐❝❛ v(α) = 1

✭✐①✮ v(α) = 1 ✐♠♣❧✐❝❛ v(¬¬α) = 1

✭①✮ v(◦(α♯β)) = 0 ✐♠♣❧✐❝❛ v(◦α) = 0 ♦✉ v(◦β) = 0 ✭♣❛r❛ ♯ ∈ {∧,∨,→}✮

✭①✐✮ v(¬(α ∧ ¬α) = 1 ✐♠♣❧✐❝❛ v(α) = 0 ♦✉ v(¬α) = 0

❈❛❞❛ ❧ó❣✐❝❛ ▲ é ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛ s❡ ❛ ❢✉♥çã♦ v r❡s♣❡✐t❛ ❛s ❝❧á✉s✉❧❛s ❛❝✐♠❛

❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ❛❜❛✐①♦✿
✶ ❖ r❡s✉❧t❛❞♦ ❞❡ ❞❛ ❈♦st❛ ❡ ❆❧✈❡s s❡ ❡♥❝♦♥tr❛ ❡♠ ❬❞❈❆✼✼❪✳
✷ ❉❡♠♦♥str❛❞♦ ❡♠ ❬❈❈▼✵✼❪✳

✶✷✼



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

▲ó❣✐❝❛ ❈❧á✉s✉❧❛s ▲ó❣✐❝❛ ❈❧á✉s✉❧❛s

♠❜❈ (i)− (v) ❈✐❛ (i)− (viii) ❡ (x)

❜❈ (i)− (v) ❡ (viii) ❈✐❛❡ (i)− (x)

♠❜❈❡ (i)− (v) ❡ (ix) ❈❧− (i)− (iii)✱ (v) ❡ (xi)

❜❈❡ (i)− (v) ❡ (viii)− (ix) ❈❧ (i)− (v) ❡ (xi)

♠❈✐ (i)− (vii) ❈✐❧ (i)− (viii) ❡ (xi)

❈✐ (i)− (viii) ❈✐❧❛ (i)− (viii) ❡ (x)− (xi)

❈✐❡ (i)− (ix) ❈✐❧❛❡ (i)− (xii)

�

❍á✱ ❛✐♥❞❛✱ s❡♠â♥t✐❝❛ ❞❡ s❡♠✐✲✈❛❧♦r❛çõ❡s ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛ ♣❛r❛ ■P■✱ ■P❑✱

■P❆✱ ■P❈+ ❡ ■P❈✳ ➱ ♦ q✉❡ ❣❛r❛♥t❡ ♦ t❡♦r❡♠❛ ❛❜❛✐①♦✿✸

❚❡♦r❡♠❛ ✸✳✶✳✸✿ ❙❡❥❛ ForL ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢ór♠✉❧❛s ❣❡r❛❞♦s ❛❝r❡s❝✐❞♦s ♥❛

❧✐♥❣✉❛❣❡♠ ♣r♦♣♦s✐❝✐♦♥❛❧ ❞❡ ▲ ♣❛r❛ L ∈ {IPI, IPK, IPA, IPC+, IPC.}✳ ❙❡❥❛

v : ForL −→ {0, 1} ✉♠❛ s❡♠✐✲✈❛❧♦r❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛s s❡❣✉✐♥t❡s ❝❧á✉s✉❧❛s✿

✭✐✮ v(α → β) = 0 ✐♠♣❧✐❝❛ v(β) = 0

✭✐✐✮ v(α → β) = 1 ✐♠♣❧✐❝❛ v(α) = 0 ♦✉ v(β) = 1

✭✐✐✐✮ v(α ∧ β) = 1 ss❡ v(α) = 1 ❡ v(β) = 1

✭✐✈✮ v(α ∨ β) = 1 ss❡ v(α) = 1 ♦✉ v(β) = 1

✭✈✮ v(¬α) = v(α) = 1 ✐♠♣❧✐❝❛ v(¬β) = 1

✭✈✐✮ v(¬α) = 1 ✐♠♣❧✐❝❛ v(α) = 0

❈❛❞❛ ❧ó❣✐❝❛ ▲ é ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛ q✉❛♥❞♦ ❛ ❢✉♥çã♦ v r❡s♣❡✐t❛ ❛s ❝❧á✉s✉❧❛s

❛❝✐♠❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ❛❜❛✐①♦✿

▲ó❣✐❝❛ ❈❧á✉s✉❧❛s

■P■ (i)− (ii)

■P❆ (i)− (ii) ❡ (iv)

■P❑ (i)− (iii)

■P❈+ (i)− (iv)

■P❈ (i)− (vi)

✸ ▲♦♣❛r✐➣ ❞❡♠♦♥str❛ ❡♠ ❬▲♦♣✶✵❪ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ■P■✱ ■P❈+ ❡ ■P❈✳ ❆ ❝♦♠♣❧❡t✉❞❡ ❞❡ ■P❆
❡ ■P❑ é ✐♠❡❞✐❛t❛✱ r❡str✐♥❣✐♥❞♦ ❛s ❝❧á✉s✉❧❛s ❞❡ ■P❈ ❛♣r♦♣r✐❛❞❛♠❡♥t❡✳

✶✷✽



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

�

●♦st❛rí♠♦s ❞❡ r❡ss❛❧t❛r✱ ♣♦r ✜♠✱ q✉❡ ❤á ✉♠❛ r❡❧❛çã♦ ✐♥trí♥s❡❝❛ ❡♥tr❡ ❧ó❣✐❝❛s

♠✉❧t✐✈❛❧♦r❛❞❛s ❡ s❡♠✐✲✈❛❧♦r❛çõ❡s✳ ❈♦♥s✐❞❡r❡ ❛ ❧ó❣✐❝❛ ❾3 ❡ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ t✿

✭✐✮ v(α) = 0 ss❡ t(�α) = 0 ❡ t(♦α) = 0

✭✐✐✮ v(α) = 1
2 ss❡ t(�α) = 0 ❡ t(♦α) = 1

✭✐✐✐✮ v(α) = 1 ss❡ t(�α) = 1

❈♦♠♦ ❞❡♠♦♥str❛❞♦ ♣♦r ❙✉s③s❦♦ ❡♠ ✶✾✼✺✱ ❾3 ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ✉♠❛

❧ó❣✐❝❛ ❞❡ ❞♦✐s ✈❛❧♦r❡s✳ ❊✈✐❞❡♥t❡♠❡♥t❡ s❡ t ❢♦r ✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛ ❾3✱ ❡♥tã♦ t

♥ã♦ s❡rá ✈❡r♦✲❢✉♥❝✐♦♥❛❧✱ tr❛t❛♥❞♦✲s❡ ♣♦rt❛♥t♦ ❞❡ ✉♠❛ s❡♠✐✲✈❛❧♦r❛çã♦✳✹

❖ r❡s✉❧t❛❞♦ ❞❡ ❙✉③❦♦ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❧ó❣✐❝❛s

❞❡♥♦♠✐♥❛❞❛s t❛rs❦✐❛♥❛s✱ ❝♦♠♦ ❞❡✜♥✐♠♦s ❛❜❛✐①♦✿

❉❡✜♥✐çã♦ ✸✳✶✳✹✿ ❙❡❥❛ ▲ ✉♠❛ ❧ó❣✐❝❛✱ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ▲✱ Γ ❡ ∆ ❝♦♥❥✉♥t♦s ❞❡

❢ór♠✉❧❛s ❞❡ ▲✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❧ó❣✐❝❛ é t❛rs❦✐❛♥❛ q✉❛♥❞♦✿✺

✶✳ Γ, α,∆ �L α

✷✳ s❡ Γ �L α ❡♥tã♦ Γ,∆ �L α

✸✳ s❡ Γ, α �L β ❡ ∆ �L α ❡♥tã♦ Γ,∆ � β �

❆ t❡s❡ ❞❡ ❙✉s③❦♦ ♣r❡ss✉♣õ❡ q✉❡ ✉♠❛ ❧ó❣✐❝❛ ❛❧é♠ ❞❡ s❡r t❛rs❦✐❛♥❛ ❞❡✈❡ s❡r ❡s✲

tr✉t✉r❛❞❛ ✭♦✉ s❡❥❛✱ ❞❡✈❡ ♣❡r♠✐t✐r s✉❜st✐t✉✐çã♦ ✉♥✐❢♦r♠❡✮✳ ❊ss❛ t❡s❡✱ ❡♥tr❡t❛♥t♦✱

♣♦❞❡ s❡r r❡❢♦r♠✉❧❛❞❛ ♥♦s s❡❣✉✐♥t❡s t❡r♠♦s✿✻

❚❡♦r❡♠❛ ✸✳✶✳✺✿ ❚♦❞❛ ❧ó❣✐❝❛ t❛rs❦✐❛♥❛ ♥✲✈❛❧♦r❛❞❛ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r

♠❡✐♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❜✐✈❛❧♦r❛❞❛✳

❖ t❡♦r❡♠❛ ❛❝✐♠❛ ❣❛r❛♥t❡ q✉❡ ❧ó❣✐❝❛s ♠✉❧t✐✈❛❧♦r❛❞❛s sã♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r

❞❡ s❡♠✐✲✈❛❧♦r❛çõ❡s✳ P❡r❞❡✲s❡ ❡♠ ❣❡r❛❧ ❛ ✈❡r♦✲❢✉♥❝✐♦♥❛❧✐❞❛❞❡ q✉❛♥❞♦ ✉♠ ❝♦♥✲

❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ três é r❡❞✉③✐❞♦ ❛ ❞♦✐s ✈❛❧♦r❡s✳ ❉❡ q✉❛❧q✉❡r

♠❛♥❡✐r❛✱ r❡❞✉③✐r ♦s ✈❛❧♦r❡s ❞❡ ✉♠❛ ❧ó❣✐❝❛ ♠✉❧t✐✈❛❧♦r❛❞❛ ❛ ❛♣❡♥❛s ✏✈❡r❞❛❞❡✐r♦✑

❡ ✏❢❛❧s♦✑ ❢♦rç❛✲♥♦s ❛ r❡✢❡t✐r ❡♠ q✉❡ s❡♥t✐❞♦ ❡ss❛s ❧ó❣✐❝❛s ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦

❣❡♥✉✐♥❛♠❡♥t❡ ♠✉❧t✐✈❛❧♦r❛❞❛s✳
✹ ❱✐❞❡ ❬❙✉③✼✺❪✳
✺ ❯s❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❧ó❣✐❝❛ t❛rs❦✐❛♥❛ ❝♦♠♦ ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❈❈❈▼✵✺❪✱ ♦♥❞❡ ♦s ❛✉t♦✲

r❡s ♦❢❡r❡❝❡♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ tr❛♥s❢♦r♠❛r t❛❜❡❧❛s ♠✉❧t✐✈❛❧♦r❛❞❛s ❡♠ ❝❧á✉s✉❧❛s ❞❡ s❡♠✐✲
✈❛❧♦r❛çõ❡s✳

✻ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛❜❛✐①♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❈❈❈▼✵✺❪✳
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✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✸✳✶✳✷ ▼❛tr✐③❡s ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛s

❙❡ s❡♠✐✲✈❛❧♦r❛çõ❡s sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ✈❛❧♦r❛çõ❡s✱ é ♣♦ss✐✈❡❧ ❣❡♥❡r❛❧✐③❛r ❛

❞❡✜♥✐çã♦ ❞❡ ♠❛tr✐③ ♣♦r ♠❡✐♦ ❞❡ ♥♦çã♦ ❞❡ ♠❛tr✐③ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛✳

❉❡✜♥✐çã♦ ✸✳✶✳✻✿ ❉✐③❡♠♦s q✉❡ N é ✉♠❛ ♠❛tr✐③ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛ ✭♦✉ ◆♠❛✲

tr✐③✮ ❞❡ ✉♠❛ ❧ó❣✐❝❛ ▲ q✉❛♥❞♦ N é ✉♠❛ tr✐♣❧❛ N = 〈M,D, V 〉 ❡♠ q✉❡✿

✭✐✮ M 6= ∅

✭✐✐✮ D ⊆ M é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s

✭✐✐✐✮ P❛r❛ ❝❛❞❛ ❝♦♥❡❝t✐✈♦ n✲ár✐♦ c ❞❡ ▲ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ v ∈ V t❛❧ q✉❡

v : Mn −→ ℘(M)− {∅} �

❊♠ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧✱ ✉♠❛ ♠❛tr✐③ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛ ♥❛❞❛ ♠❛✐s é q✉❡ ✉♠❛

♠❛tr✐③ ❡♠ q✉❡ ❞❛❞♦ ✉♠ ✈❛❧♦r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ♣r♦♣♦s✐❝✐♦♥❛❧ ♣ ♥ã♦ sã♦ ❛ss♦❝✐❛❞♦s

✈❛❧♦r❡s ❞❡t❡r♠✐♥❛❞♦s à ❢♦r♠✉❧❛ ❝♦♠♣❧❡①❛ α ❡♠ q✉❡ p ♦❝♦rr❡✱ ♠❛s ✉♠ ❝♦♥❥✉♥t♦

♣♦ssí✈❡❧ ❞❡ ✈❛❧♦r❡s ❡s❝♦❧❤✐❞♦s ♥ã♦✲❞❡t❡r♠✐♥✐st✐❝❛♠❡♥t❡✳ ❙❡r✐❛♠✱ ♣♦ré♠✱ ❛s s❡♠✐✲

✈❛❧♦r❛çõ❡s ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ◆♠❛tr✐③✱ ❡♠ q✉❡ M = {0, 1}❄

❚♦♠❡♠♦s ✉♠ ❡①❡♠♣❧♦✳ ❆ ❝❧á✉s✉❧❛ (i) ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶ ♣♦❞❡r✐❛✱ ❛ ♣r✐♥❝í♣✐♦✱

s❡r ❛♣r❡❡♥❞✐❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ t❛❜❡❧❛ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛✿

p ¬p

✵ ✶

✵
✶

✶

❊ss❛ ♣❛r❡❝❡ s❡r ❥✉st❛♠❡♥t❡ ❛ ♥♦çã♦ ❞❡ q✉❛s✐✲♠❛tr✐③ ❞❡ ❆❧✈❡③ ❡ ❞❛ ❈♦st❛✳

❊st❡♥❞❛♠♦s ❛ t❛❜❡❧❛ ❛❝✐♠❛ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❝❛❧❝✉❧❛r♠♦s ♦s ✈❛❧♦r❡s ❞❡ ¬¬p✳

p ¬p ¬¬p

✵
✵ ✶

✶

✵ ✶

✶ ✵
✶

✶

❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ◆♠❛tr✐③ ❛❝✐♠❛ ♥❛ ❧✐♥❤❛ ✷ ♣♦❞❡♠♦s t❡r v(¬¬p) = 1 ♠❛s

v(p) = 0✱ ❝♦♥tr❛r✐❛♥❞♦ ❛ ❝❧á✉s✉❧❛ (ii) ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ■ss♦ ♠♦str❛ ❞♦✐s r❡s✉❧✲

t❛❞♦s✿ s❡♠✐✲✈❛❧♦r❛çõ❡s ♥ã♦ sã♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ◆♠❛tr✐③❡s ❡ ◆♠❛tr✐③❡s ❞❡

✶✸✵



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

2 ✈❛❧♦r❡s ♥ã♦ sã♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❈1✳ ❆✈r♦♥✱ ♣♦ré♠✱ ♠♦str❛ ✉♠

r❡s✉❧t❛❞♦ ♠✉✐t♦ ♠❛✐s ❣❡r❛❧✿✼

❚❡♦r❡♠❛ ✸✳✶✳✼✿ ❖ s✐st❡♠❛ ❈1 ❞❡ ❞❛ ❈♦st❛ ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

◆♠❛tr✐③❡s ✜♥✐t❛s✳

❊ss❡ ♥ã♦ é ♦ ❝❛s♦✱ t♦❞❛✈✐❛✱ ♣❛r❛ t♦❞❛s ❛s ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s q✉❡ ♥ã♦

sã♦ ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✶✳✷✳✷ q✉❡✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✷✳✷✹✱ ❛ ❧ó❣✐❝❛ ♠❜❈ ♥ã♦ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s

✜♥✐t❛s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❆✈r♦♥ ❛♣r❡s❡♥t❛ ◆♠❛tr✐③❡s ❞❡ três ✈❛❧♦r❡s ♣❛r❛ ♠❜❈✱ ♠❈✐✱

♠❈✐❡✱ ❈❧−✱ ❈✐❧❛ ❡ ❈✐❧❛❡✱ ♣r♦✈❛♥❞♦ q✉❡ ❡ss❛s ❧ó❣✐❝❛s ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐✲

③❛❞❛s ♣♦r ◆♠❛tr✐③❡s ❞❡ ❞♦✐s ✈❛❧♦r❡s✳ ❖s três ✈❛❧♦r❡s sã♦✿ f, I ❡ t ❡♠ q✉❡ t ❡ I

sã♦ ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s✳ ❖ t❡♦r❡♠❛ ❛❜❛✐①♦ r❡s✉♠❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡

♣❛r❛ ❡ss❡s s✐st❡♠❛s✳✽

❚❡♦r❡♠❛ ✸✳✶✳✽✿ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ◆♠❛tr✐③❡s ❞❡ três ✈❛❧♦r❡s✱ ❡♠ q✉❡ t ❡

I sã♦ ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s✿

N 1
∨ N 2

∨

∨ t I f

t {t, I} {t, I} {t, I}

I {t, I} {t, I} {t, I}

f {t, I} {t, I} {f}

∨ t I f

t {t}, {t, I} {t}

I {t, I} {t, I} {t, I}

f {t} {t, I} {f}

N 1
∧ N 2

∧

∧ t I f

t {t, I} {t, I} {f}

I {t, I} {t, I} {f}

f {f} {f} {f}

∧ t I f

t {t} {t, I} {f}

I {t, I} {t, I} {f}

f {f} {f} {f}

N 1
→ N 2

→

→ t I f

t {t, I} {t, I} {f}

I {t, I} {t, I} {f}

f {t, I} {t, I} {t, I}

→ t I f

t {t} {t, I} {f}

I {t, I} {t, I} {f}

f {t} {t, I} {t}

✼ ❊ss❡ r❡s✉❧t❛❞♦ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❆✈r♦♥ ❡♠ ❬❆✈r✵✺❛❪✳
✽ ❖s r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡ ♠❡♥❝✐♦♥❛❞♦s ❛❜❛✐①♦ ❢♦r❛♠ t♦❞♦s r❡t✐r❛❞♦s ❞❡ ❬❆✈r✵✼❪✳

✶✸✶



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

N 1
¬ N 2

¬ N 3
¬ N 4

¬

p ¬p

t {f}

I {I, t}

f {I, t}

p ¬p

t {f}

I {I, t}

f {t}

p ¬p

t {f}

I {I}

f {I, t}

p ¬p

t {f}

I {I}

f {t}

N 1
◦ N 2

◦

p ◦p

t {t, I, f}

I {f}

f {t, I, f}

p ◦p

t {t}

I {f}

f {t}

❈❛❞❛ ❧ó❣✐❝❛ ▲ é ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛ s❡ ❛ s❡♠â♥t✐❝❛ ❞❡ ▲ r❡s♣❡✐t❛ ❛s ◆♠❛✲

tr✐③❡s ❛❝✐♠❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ❛❜❛✐①♦✿

▲ó❣✐❝❛ ◆♠❛tr✐③❡s

♠❜❈ N 1
∧✱ N

1
∨✱ N

1
→✱ N 1

¬ ❡ N 1
◦

♠❜❈❡ N 1
∧✱ N

1
∨✱ N

1
→✱ N 3

¬ ❡ N 1
◦

❜❈ N 1
∧✱ N

1
∨✱ N

1
→✱ N 2

¬ ❡ N 1
◦

❜❈❡ N 1
∧✱ N

1
∨✱ N

1
→✱ N 4

¬ ❡ N 1
◦

❈✐ N 1
∧✱ N

1
∨✱ N

1
→✱ N 2

¬ ❡ N 2
◦

❈✐❡ N 1
∧✱ N

1
∨✱ N

1
→✱ N 4

¬ ❡ N 2
◦

❈✐❛ N 2
∧✱ N

2
∨✱ N

2
→✱ N 2

¬ ❡ N 2
◦

❈✐❛❡ N 2
∧✱ N

2
∨✱ N

2
→✱ N 4

¬ ❡ N 2
◦

�

❆✈r♦♥ ❛✐♥❞❛ ♦❜té♠ ✉♠❛ ❝❡rt❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✸✵✿

❚❡♦r❡♠❛ ✸✳✶✳✾✿ ◆❡♥❤✉♠ s✐st❡♠❛ ❡♥tr❡ ❈❧ ❡ ❈✐❧❛❡ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

◆♠❛tr✐③❡s ✜♥✐t❛s✳✾

❆❧❣✉♠❛s ❞❛s ▲❋■✬s ❛q✉✐ ❛♣r❡s❡♥t❛❞❛s ♥ã♦ ❢♦r❛♠ ❛♥❛❧✐s❛❞❛s ♣♦r ❆✈r♦♥✳ ❊ss❡

é ❝❛s♦ ❞❡ ♠❈✐✱ ♠❈✐❡ ❡ ❈❧−✳ ◆❛ s❡ s❛❜❡ s❡ ❡ss❛s ❧ó❣✐❝❛s ♣♦❞❡♠ ♦✉ ♥ã♦ s❡r
✾ ❉❡♠♦♥str❛❞♦ ♣♦r ❆✈r♦♥ ❡♠ ❬❆✈r✵✺❜❪ ♣❛r❛ s✐st❡♠❛s q✉❡ ❡st❡♥❞❡♠ P❈+ ❡ ✈❛❧❡♠ (cl)✳

❈♦♠♦ ❛r❣✉♠❡♥t❛❞♦ ❡♠ ❬❆✈r✵✺❛❪✱ ✉♠❛ ♠❛q✉✐♥❛r✐❛ ❡①tr❛ s❡r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦❜t❡r ◆♠❛tr✐③❡s
✜♥✐t❛s ♣❛r❛ s✐st❡♠❛s q✉❡ ❡st❡♥❞❡♠ ■P❈+✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞♦s s✐st❡♠❛s ❡♥tr❡ ❈❧− ❡ ❈✐❧❛❡✳

✶✸✷



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ◆♠❛tr✐③❡s ✜♥✐t❛s ❡✱ ❡♠ ❝❛s♦ ❛✜r♠❛t✐✈♦✱ ❛♣r❡s❡♥t❛r s✉❛s r❡s✲

♣❡❝t✐✈❛s ◆♠❛tr✐③❡s ❝♦♠♣❧❡t❛s✳ ❆ ♠❡s♠❛ ♦❜s❡r✈❛çã♦ ✈❛❧❡ ♣❛r❛ ❛ ❤✐❡r❛rq✉✐❛ ❞❡

❞❛ ❈♦st❛✱ ❡①❝❧✉✐♥❞♦✲s❡ ❈1✳

✸✳✶✳✸ ❙❡♠â♥t✐❝❛ ❞❡ ❚r❛❞✉çõ❡s P♦ssí✈❡✐s

◆❛ ❙✉❜s❡çã♦ ✸✳✶✳✷✱ ✈✐♠♦s q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ◆♠❛tr✐③❡s ❣❡♥❡r❛❧✐③❛ ❛ ❞❡ ♠❛tr✐③❡s✱

♣♦✐s ❞❛❞♦ ✉♠ ❝♦♥❡❝t✐✈♦ n✲ár✐♦✱ ❝❛❞❛ n✲t✉♣❧❛ ❞❡ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ é ❛ss♦❝✐❛❞♦

❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s q✉❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡ s❡r ✉♥✐tár✐♦✳ ❱✐♠♦s t❛♠❜é♠

♥❛ ❙✉❜s❡çã♦ ✸✳✶✳✶ q✉❡ ❛s s❡♠✐✲✈❛❧♦r❛çõ❡s sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ✈❛❧♦r❛çõ❡s✱ ❞❡

♠♦❞♦ q✉❡ t♦❞❛ ❧ó❣✐❝❛ t❛r❦s✐❛♥❛ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s é ❝❛r❛❝t❡r✐③❛❞❛

♣♦r s❡♠✐✲✈❛❧♦r❛çõ❡s✳ ❱❡r❡♠♦s ❛❣♦r❛ ❛s ❙❡♠â♥t✐❝❛s ❞❡ ❚r❛❞✉çõ❡s P♦ssí✈❡✐s ✲

♦✉ s✐♠♣❧❡s♠❡♥t❡ P❚❙ ✭P♦ss✐❜❧❡ ❚r❛♥s❧❛t✐♦♥ ❙❡♠❛♥t✐❝s✮ ✲ ❝♦♠♦ ✉♠❛ t❡r❝❡✐r❛

✐♥t❡r♣r❡t❛çã♦ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛ ♣❛r❛ ♦s ❝á❧❝✉❧♦s ♣r♦♣♦s✐❝✐♦♥❛✐s ♥ã♦✲❝❧áss✐❝♦s✳

■♥tr♦❞✉③✐❞❛s ♣♦r ❈❛r♥✐❡❧❧✐✱ ❛s P❚❙ sã♦ ✉♠❛ ♣r♦♣♦st❛ ❞❡ t♦r♥❛r ♠❛✐s ✐♥t✉✐✲

t✐✈❛ ❛ s❡♠â♥t✐❝❛ ♣♦r ♠❡✐♦ ❞❡ s❡♠✐✲✈❛❧♦r❛çõ❡s ❞❛s ❧ó❣✐❝❛s ♣❛r❛❝♦♥s✐st❡♥t❡s✳✶✵ ❆

✐❞❡✐❛ é t♦♠❛r ❝♦♥❥✉♥t♦s ❞❡ ♠❛tr✐③❡s ✜♥✐t❛s ❝♦♠♦ ✏❝❡♥ár✐♦s✑ ♣♦ssí✈❡✐s ♣❛r❛ ❝❛❞❛

♦♣❡r❛❞♦r✿ ✉♠❛ ❢ór♠✉❧❛ é ✈❛❧✐❞❛ q✉❛♥❞♦ r❡❝❡❜❡ ✉♠ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ ❡♠ ✉♠ ❝❡✲

♥ár✐♦✱ ♠❛s é t❛✉t♦❧♦❣✐❛ q✉❛♥❞♦ r❡❝❡❜❡ s❡♠♣r❡ ✉♠ ✈❛❧♦r ❞❡s✐❣♥❛❞♦ ❡♠ t♦❞♦s ♦s

❝❡♥ár✐♦s✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❛s ◆♠❛tr✐③❡s✱ ♥ã♦ ❤á r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♥❛ ❧✐t❡r❛✲

t✉r❛ ❝♦♠ r❡❧❛çã♦ às P❚❙✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡ss❛ s❡♠â♥t✐❝❛ ♣♦❞❡ s❡r ✈✐st❛ t❛♥t♦

❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❛s s❡♠✐✲✈❛❧♦r❛çõ❡s ❝♦♠♦ ❞❛s ◆♠❛tr✐③❡s✳✶✶ ▲✐♠✐t❛r❡♠♦s

❛q✉✐ ❛ ❛♣r❡s❡♥t❛r P❚❙ ❝♦♠♣❧❡t❛s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ♣❛r❛❝♦♥s✐st❡♥t❡ ❈1 q✉❡✱ ❝♦♠♦

✈✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✸✳✶✳✷✱ é ✐♥❝♦♠♣❧❡t♦ ♣♦r ◆♠❛tr✐③❡s✳✶✷

P❛r❛ ♦s ❝á❧❝✉❧♦s C1 . . .Cn ❝♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s ❞❡ ✸ ✈❛❧♦r❡s✱ ❡♠

q✉❡ T ❡ T− sã♦ ❞✐st✐♥❣✉✐❞♦s✿
✶✵ ❙❡❣✉♥❞♦ ❬❇❙✵✾❪ ♣✳ ✶✸✼✱ P❚❙ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❈❛r♥✐❡❧❧✐ ❡♠ ❬❈❛r✾✵❪ ❝♦♠♦ s❡♠â♥t✐❝❛

♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛✱ ❛ ♠❡s♠❛ ❡①♣r❡ssã♦ é ✉s❛❞❛ ❡♠ ❬❆❩✵✼❪ ♣❛r❛ s❡ r❡❢❡r✐r às ◆♠❛tr✐③❡s✳ ❯t✐✲
❧✐③❛♠♦s ❛q✉✐ ❛ ❡①♣r❡ssã♦ ❞❡ ♠♦❞♦ ♠❛✐s ❛♠♣❧♦✱ ❛❜❛r❝❛♥❞♦ t❛♥t♦ ❛s P❚❙ ❝♦♠♦ ❛s ◆♠❛tr✐③❡s ❡
❛s s❡♠✐✲✈❛❧♦r❛çõ❡s✳
✶✶ ❊♠ ❬❈❈✵✺❪ é ❞❡♠♦♥str❛❞♦ q✉❡ ❛s ◆♠❛tr✐③❡s sã♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ P❚❙✳ ❏á ❡♠ ❬▼❛r✵✺❪

é ❡①♣❧♦r❛❞❛ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s P❚❙ ❡ ❛s s❡♠✐✲✈❛❧♦r❛çõ❡s✳
✶✷ ❆s ♠❛tr✐③❡s ❛❜❛✐①❛♠ s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❬❈❛r✵✵❪✳ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❞❡t❛❧❤❛❞❛ ❞❛ ❝♦♠♣❧❡✲

t✉❞❡ ❞♦s ❝á❧❝✉❧♦s C1 . . .Cn ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬▼❛r✾✾❪✳

✶✸✸



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

∧1 T T− F

T T T F

T− T− T− F

F F F F

∧2 T T− F

T T T− F

T− T T− F

F F F F

∧3 T T− F

T T T− F

T− T− T− F

F F F F

∨1 T T− F

T T T T

T− T− T− T−

F T T F

∨2 T T− F

T T T− T

T− T T− T

F T T− F

∨3 T T− F

T T T− T

T− T− T− T−

F T T− F

→1 T T− F

T T T F

T− T− T− F

F T T T

→2 T T− F

T T T− F

T− T T− F

F T T− T

→3 T T− F

T T T− F

T− T− T− F

F T T− T

¬L

T F

T− F

F T

¬C

T F

T− T−

F T

❙❡❥❛ M ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❛❝✐♠❛✳ ❙❡❥❛ ❛✐♥❞❛ ❚rn ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s

∗ : For −→ M q✉❡ r❡s♣❡✐t❛♠ ❛s s❡❣✉✐♥t❡s ❝❧á✉s✉❧❛s ✭♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛ ♥♦

❧✉❣❛r ❞❡ ∗(α) ✉s❛r❡♠♦s α∗✮✿

✭tr✵✮ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ❛tô♠✐❝❛s

✭❛✮ p∗ = p

✭❜✮ (¬p)∗ = ¬Cp

✭tr✶✮ ♣❛r❛ ❢ór♠✉❧❛s ❞♦ t✐♣♦ α♯β ❡♠ q✉❡ ♯ ∈ {∧,∨,→}

✭❛✮ s❡ α♯β é α ∧ ¬α✱ ❡♥tã♦ (α ∧ ¬α)∗ = α∗ ∧3 (¬α)
∗✱ s❡♥ã♦

✭❜✮ (α♯β)∗ = α∗♯1β
∗ s❡ (¬α)∗ = ¬Cα

∗ ❡ (¬β)∗ = ¬Lβ
∗

✭❝✮ (α♯β)∗ = α∗♯2β
∗ s❡ (¬α)∗ = ¬Lα

∗ ❡ (¬β)∗ = ¬Cβ
∗

✭❞✮ (α♯β)∗ = α∗♯3β
∗ ❝❛s♦ ❝♦♥trár✐♦

✶✸✹



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✭tr✷✮ ♣❛r❛ ❢ór♠✉❧❛s ❞♦ t✐♣♦ ¬(α♯β) ❡♠ q✉❡ ♯ ∈ {∧,∨,→}

✭❛✮ s❡ α♯β é ◦(n−1)γ ∧ ¬◦(n−1)γ ♣❛r❛ ❛❧❣✉♠ γ✱ ❡♥tã♦

(¬(◦(n−1)γ ∧ ¬◦(n−1)γ))∗ = ¬L(◦
(n−1)γ ∧ ¬◦(n−1)γ)∗✱ s❡♥ã♦

✭❜✮ (¬(α♯β))∗ = ¬L(α♯β)
∗ s❡ (¬α)∗ = ¬Lα

∗ ❡ (¬β)∗ = ¬Lβ
∗

✭❝✮ (¬(α♯β))∗ ∈ {¬L(α♯β)
∗,¬C(α♯β)

∗} ❝❛s♦ ❝♦♥trár✐♦

✭tr✸✮ ♣❛r❛ ❢ór♠✉❧❛s ❞♦ t✐♣♦ ¬¬α

✭❛✮ s❡ α é γ∧¬γ ♣❛r❛ ❛❧❣✉♠ γ ❡ s❡ (¬α)∗ = ¬C(γ∧¬γ)
∗✱ ❡♥tã♦ (¬¬α)∗ =

¬C(¬α)
∗✱ s❡♥ã♦

✭❜✮ (¬¬α)∗ = ¬L(¬α)
∗✱ s❡ (¬α)∗ = ¬Lα

✭❝✮ (¬¬α)∗ ∈ {¬L(¬α)
∗,¬C(¬α)

∗} ❝❛s♦ ❝♦♥trár✐♦

❉❡♥♦♠✐♥❛♠♦s P❚n = 〈M,❚rn〉 ✉♠❛ ❡str✉t✉r❛ s❡♠â♥t✐❝❛ ❞❡ tr❛❞✉çã♦ ♣♦s✲

sí✈❡❧ ♣❛r❛ ❈n✳ ❙❡ �M é ❛ r❡❧❛çã♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛ s♦❜r❡ M✱ ❡♥tã♦

Γ �PTn
α ss❡ Γ∗ �M α∗ ♣❛r❛ t♦❞❛ tr❛❞✉çã♦ ∗ ❡♠ ❚rn

❚❡♠♦s✱ ❛ss✐♠✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❝♦♠♣❧❡t✉❞❡✿

Γ ⊢Cn
α ss❡ Γ �PTn

α

❘❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡t✉❞❡ ✈✐❛ P❚❙ t❛♠❜é♠ ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ♣❛r❛ ♠❜❈✱

♠❈✐✱ ❜❈✱ ❈✐✱ ❜❈❡ ❡ ❈✐❡✳✶✸ ❱✐st♦ P❚❙ s❡r❡♠ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ◆♠❛tr✐③❡s✱

t❡♠♦s t❛♠❜é♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❚❡♦r❡♠❛ ✸✳✶✳✽ P❚❙ ❝♦♠♣❧❡t❛s ♣❛r❛♠❜❈❡✱ ❈✐❛ ❡

❈✐❛❡✳ ❘❡st❛ s❛❜❡r s❡ é ♣♦ssí✈❡❧ ♦❜tê✲❧❛s ♣❛r❛ ♦s s✐st❡♠❛s❈❧−✱♠❈✐❡ ❡ s♦❜r❡t✉❞♦

♦s ❝á❧❝✉❧♦s ❡♥tr❡ ❈❧ ❡ ❈✐❧❛❡✱ ♣♦✐s ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✾ s❛❜❡♠♦s q✉❡ ❡ss❡s ❝á❧❝✉❧♦s

♥ã♦ sã♦ ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r ◆♠❛tr✐③❡s ✜♥✐t❛s✳

✸✳✷ ❈♦♠♣❧❡t✉❞❡ ▼♦❞❛❧ ♣♦r ◆♠❛tr✐③❡s ❞❡ ✹ ❡ ✻ ✈❛❧♦r❡s

▼❡s♠♦ ♦❢✉s❝❛❞❛s ♣❡❧♦ s✉❝❡ss♦ ❞❛ s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧ ❞❡ ❑r✐♣❦❡✱ ❛❧❣✉♠❛s ❛❜♦r✲

❞❛❣❡♥s ❤❡t❡r♦❞♦①❛s ✐❧✉♠✐♥❛r❛♠ ✲ ❛✐♥❞❛ q✉❡ t✐♠✐❞❛♠❡♥t❡ ✲ ♥♦ss❛ ❝♦♠♣r❡❡♥✲

sã♦ s♦❜r❡ ♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s ❞❡ ♥❡❝❡ssár✐♦ ❡ ♣♦ssí✈❡❧✳ ❊ss❡ é ♦ ❝❛s♦ ❞❛s

✭◆✮♠❛tr✐③❡s ♠♦❞❛✐s ❞❡ ✹✲✈❛❧♦r❡s ❝♦♠ ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ♣r♦♣♦st❛s ♣♦r ❑❡✲

❛r♥s ♣❛r❛ ♦s s✐st❡♠❛s ❚✱ ❙✹ ❡ ❙✺✳✶✹ ❖ ❛✉t♦r✱ ❡♥tr❡t❛♥t♦✱ s❡ ❧✐♠✐t❛ ❛ ♠♦str❛r
✶✸ ❊ss❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❝♦♥❢❡r✐❞♦s ❡♠ ❬▼❛r✵✹❪✳
✶✹ Pr♦♣♦st❛s ❡♠ ❬❑❡❛✽✶❪✳

✶✸✺



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❛ ❝♦♠♣❧❡t✉❞❡ ❛♣❡♥❛s ♣❛r❛ ❚ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ s✐st❡♠❛ ❞❡ ❉❡❞✉çã♦ ◆❛t✉r❛❧✳

▼♦str❛r❡♠♦s ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ss❡s s✐st❡♠❛s ✭❡ ❞♦ s✐st❡♠❛ ❇✮ ❝♦♥s✐❞❡r❛♥❞♦ s✉❛s

r❡s♣❡❝t✐✈❛s ❛①✐♦♠át✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♥❛ ❙✉❜s❡çã♦ ✸✳✷✳✷✳

❏á ♥❛ ❙✉❜s❡çã♦ ✸✳✷✳✶✱ ♥♦ss♦ ❡s❢♦rç♦ s❡rá ♦ ❝♦♥trár✐♦✿ ❡♥❝♦♥tr❛r ❛ r❡s♣❡❝t✐✈❛s

❛①✐♦♠át✐❝❛s ❞❛s ✭◆✮♠❛tr✐③❡s ❛❝✐♠❛ r❡❢❡r✐❞❛s s❡♠ ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦✱ ♦❜t❡♥❞♦

❛ss✐♠ ♦s s✐st❡♠❛s ❚♠✱ ✹♠✱ ✺♠ ❡ ❇♠✳ ❆❧❣✉♥s ❞❡ss❡s s✐st❡♠❛s ❥á ❤❛✈✐❛♠

s✐❞♦ ❡st✉❞❛❞♦s ♣♦r ■✈❧❡✈✳ ◆ós ♦s ❞❡♥♦♠✐♥❛r❡♠♦s s✐st❡♠❛s ❞❡ ■✈❧❡✈ ❡♠ s✉❛

❤♦♠❡♥❛❣❡♠✳

P♦r ✜♠✱ ♥❛ ❙✉❜s❡çã♦ ✸✳✷✳✸ ❛♣r❡s❡♥t❛r❡♠♦s ♠❛tr✐③❡s ❞❡ ✻ ✈❛❧♦r❡s s✉❜st✐t✉✐♥❞♦

♥♦s s✐st❡♠❛s ❛❝✐♠❛ ♦ ❛①✐♦♠❛ (T ) ♣♦r (D)✳ ❆r❣✉♠❡♥t❛r❡♠♦s ❛✐♥❞❛ ♣♦rq✉❡ ✹

✈❛❧♦r❡s ♥ã♦ s❡r✐❛♠ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡ss❡s s✐st❡♠❛s ❡ ♣♦rq✉❡ ❛❝r❡❞✐t❛♠♦s q✉❡

♥♦ss❛ s❡♠â♥t✐❝❛ ✲ ♠❡s♠♦ ❢❛❞❛❞❛ ❛♦ ♦❢✉s❝❛♠❡♥t♦ ♣❡❧❛ s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧ ✲

❢♦r♥❡❝❡ ✉♠❛ trê♠✉❧❛ ❧✉③ ♣❛r❛ ❡s❝❧❛r❡❝❡r ❛s ♥♦çõ❡s ❞❡ ♥❡❝❡ssár✐♦ ❡ ❞❡ ♣♦ssí✈❡❧

♥♦ ❝♦♥t❡①t♦ ❞❡ô♥t✐❝♦✳

✸✳✷✳✶ ❖s s✐st❡♠❛s ❞❡ ■✈❧❡✈

❆♥t❡s ❞♦s tr❛❜❛❧❤♦s ❞❡ ❆✈r♦♥✱ ■✈❧❡✈ ❥á ❤❛✈✐❛ ❡♠ ✶✾✽✽ ♣r♦♣♦st♦ ◆♠❛tr✐③❡s ❞❡

❞♦✐s ✈❛❧♦r❡s ♣❛r❛ ✐♥t❡r♣r❡t❛r ♦s ♦♣❡r❛❞♦r❡s ♠♦❞❛✐s � ❡ ♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿✶✺

p �p

t
t

❢

❢ ❢

p ♦p

t t

t
❢

❢

❖ ❈á❝✉❧♦ ❙min é ♦❜t✐❞♦ ❛❝r❡s❝❡♥t❛♥❞♦ à ❧✐♥❣✉❛❣❡♠ ❞❡ P❈ ♦s ♦♣❡r❛❞♦r❡s �

❡ ♦✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛①✐♦♠át✐❝♦✱ t❡♠♦s✿

• ❙min = PC ∪ {(T ), (T♦)}

❘❡t♦♠❡♠♦s ❛ ❙✉❜s❡çã♦ ✷✳✸✳✶✳ ❆s ❝♦♥❞✐çõ❡s (i) ❡ (ii) ❞♦ q✉❡ ❾✉❦❛s✐❡✇✐❝③

✐♥t❡r♣r❡t♦✉ ❝♦♠♦ s❡♥❞♦ ♦s r❡q✉✐s✐t♦s ♠í♥✐♠♦s ❞❡ ✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧ sã♦ ❥✉st❛✲

♠❡♥t❡ ♦s ❛①✐♦♠❛s (T ) ❡ (T♦)✳ ◗✉❛♥t♦ às ❝♦♥❞✐çõ❡s ✭✐✐✐✮ ❡ ✭✐✈✮✱ ❛s t❛❜❡❧❛s ❛❜❛✐①♦

♥♦s ❞ã♦ ❛ r❡s♣♦st❛✿

p ¬p ♦p ¬♦p ¬♦p → ¬p

t ❢ t ❢ t

t ❢ t
❢ t

❢ t t

✶✺ ❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ■✈❧❡✈ ❛q✉✐ r❡❢❡r✐❞♦s ❢♦r❛♠ r❡t✐r❛❞♦s ❞❡ ❬■✈❧✽✽❪✳

✶✸✻



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

p �p p → �p p → (p → �p)

t t t
t

❢ ❢ ❢

❢ ❢ t t

❆s t❛❜❡❧❛s ❛❝✐♠❛ ♠♦str❛♠ q✉❡ ❛ ❝♦♥❞✐çã♦ (iii) é s❛t✐s❢❡✐t❛ ❡♠ ❙min✱ ♦ q✉❡

♥ã♦ ❛❝♦♥t❡❝❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦ (iv)✳ ❚♦❞❛✈✐❛✱ ❥✉st❛♠❡♥t❡ ♣♦r s❡r ♠❛✐s ♣♦❧ê♠✐❝❛✱

♥ã♦ ❛❝r❡❞✐t❛♠♦s s❡r ✉♠ ❡♠♣❡❝✐❧❤♦ ♣❛r❛ q✉❡ ❙min s❡❥❛ ❝♦♥s✐❞❡r❛❞❛ ✉♠❛ ❧ó❣✐❝❛

♠♦❞❛❧✳✶✻

➱ ❞✐❣♥♦ ❞❡ ♥♦t❛ q✉❡ ❙min s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (i)− (iv) ❞❛ ❉❡✜♥✐çã♦ ✷✳✸✳✽✱

❝♦♠♦ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ✐♠❡❞✐❛t❛♠❡♥t❡ ♣❡❧❛s ◆♠❛tr✐③❡s ❞❡ � ❡ ♦✳ ❉❡ss❡ ♠♦❞♦✱

♥ã♦ ✈❡♠♦s ♠♦t✐✈♦ ♣❛r❛ q✉❡ ❙min ♥ã♦ s❡❥❛ ❝♦♥s✐❞❡r❛❞❛ ❣❡♥✉✐♥❛♠❡♥t❡ ✉♠❛ ❧ó❣✐❝❛

♠♦❞❛❧✳

■✈❧❡✈ ❝♦♥stró✐ ♥❛ ✈❡r❞❛❞❡ ✉♠❛ ❤✐❡r❛rq✉✐❛ ❞❡ s✐st❡♠❛s ❛ ♣❛rt✐r ❞❡ ❙min✳ ❖ s❡✉

❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s é ❛♠♣❧✐❛❞♦ ♣❛r❛ q✉❛tr♦✿ tn ✭♥❡❝❡ss❛r✐❛♠❡♥t❡ ✈❡r❞❛❞❡✐r♦✮✱

tc ✭❝♦♥t✐♥❣❡♥t❡♠❡♥t❡ ✈❡r❞❛❞❡✐r♦✮✱ f c ✭❝♦♥t✐♥❣❡♥t❡♠❡♥t❡ ❢❛❧s♦✮ ❡ f i ✭✐♠♣♦ssí✈❡❧✮❀

tn ❡ tc sã♦ ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s✳ ❙❡❥❛ t = {tn, tc} ❡ f = {f c, f i}✳ P❛r❛ ❡❢❡✐t♦

❞❡ s✐♠♣❧✐✜❝❛çã♦✱ ❞❛❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s M ❡ ♦ ✈❛❧♦r m ∈ M ✱ ✉s❛r❡♠♦s ❛

♥♦t❛çã♦ m ♥♦ ❧✉❣❛r ❞❡ {m} ♣❛r❛ ✉♠❛ ◆♠❛tr✐③✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛s s❡❣✉✐♥t❡s

t❛❜❡❧❛s✿

N→ M¬

p ¬p

tn f i

tc f c

f c tc

f i tn

→ tn tc f c f i

tn tn tc f c f i

tc tn t f c f c

f c tn t t tc

f i tn tn tn tn

NT

�
NB

�
N 4

�
M5

�

p �p

tn t

tc f

f c f

f i f

p �p

tn t

tc f

f c f i

f i f i

p �p

tn tn

tc f

f c f

f i f

p �p

tn tn

tc f i

f c f i

f i f i

✶✻ ❉❡ ❢❛t♦✱ p → (p → �p) ♥ã♦ é t❡♦r❡♠❛ ♥❛ ♠❛✐♦r✐❛ ❞❛s ❧ó❣✐❝❛s ♠♦❞❛✐s✳ ❱❡r❡♠♦s ♥❛ s❡çã♦ ❛
s❡❣✉✐r q✉❡ ♥❡♥❤✉♠❛ ❡①t❡♥sã♦ ❞❡ ❉ ♦✉ ❉✷ ✭❡①❝❡t✉❛♥❞♦✲s❡ ❚r✐✈✮ ✈❛❧✐❞❛ ❛ ❢ór♠✉❧❛ ❡♠ q✉❡stã♦✳

✶✸✼
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❊ss❛s t❛❜❡❧❛s s❡rã♦ ✉s❛❞❛s ♥❛ ♣ró①✐♠❛ s❡çã♦ ♣❛r❛ ❛♣r❡s❡♥t❛r♠♦s ✉♠❛ s❡♠â♥✲

t✐❝❛ ❛❧t❡r♥❛t✐✈❛ ❛♦s s✐st❡♠❛s ❚✱ ❇✱ ❙✹ ❡ ❙✺✳✶✼ P♦r ♦r❛✱ ❝♦♥s✐❞❡r❡ ♦s ❛①✐♦♠❛s

❛❜❛✐①♦✿

✭▼✶✮ ¬♦p → �(p → q)

✭▼✷✮ �q → �(p → q)

✭▼✸✮ ♦q → ♦(p → q)

✭▼✹✮ ♦¬p → ♦(p → q)

❈♦♥s✐❞❡r❡ ❛✐♥❞❛ ❛ s❡❣✉✐♥t❡ r❡❣r❛✿

✭❉◆✮
α[¬¬β]

α[β]

α[β]

α[¬¬β]

❆ r❡❣r❛ (DN) s✐❣♥✐✜❝❛ q✉❡ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❝❛❞❛ ♦❝♦rrê♥❝✐❛ ❞❡ ¬¬β ♥❛

❢ór♠✉❧❛ α ♣♦r β ❡ ✈✐❝❡✲✈❡rs❛✳ P♦r ♠❡✐♦ ❞❡ss❛ r❡❣r❛✱ ❞♦s ❛①✐♦♠❛s ❛❝✐♠❛✱ ❡

❞❡✜♥✐♥❞♦ ♦ ❡ ∨ à ♠❛♥❡✐r❛ ❝❧áss✐❝❛✱ ❝♦♥str✉✐r❡♠♦s ♦s s❡❣✉✐♥t❡s s✐st❡♠❛s✿✶✽

• Tm = PC ∪ {(K), (K1), (K2), (M1)− (M4), (T ), (DN)}

• 4m = Tm ∪ {(4)}

• Bm = Tm ∪ {(B)}

• 5m = 4m ∪ {(5)}

▼♦str❛r❡♠♦s ❛ ❝♦rr❡t✉❞❡ ❡ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ss❡s s✐st❡♠❛s✳✶✾ ▼♦str❛r❡♠♦s ♦s

r❡s✉❧t❛❞♦s ❞❡ ❝♦rr❡t✉❞❡ ❡ ❝♦♠♣❧❡t✉❞❡ ♣r✐♠❡✐r❛♠❡♥t❡ ♣❛r❛ ❚♠✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

♣❛r❛ ❛ ❝♦rr❡t✉❞❡ s❡rá ❝♦♥✈❡♥✐❡♥t❡ ❝♦♥s✉❧t❛r ❛s t❛❜❡❧❛s ❞♦s ♦♣❡r❛❞♦r❡s ❞❡✜♥✐❞♦s

♦ ❡ ∨✿
✶✼ ❊ss❛s ♥ã♦ sã♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ❛s t❛❜❡❧❛s ❞❡ ■✈❧❡✈✳ ❉❡ ❢❛t♦✱ M¬✱ NT

�
✱ M5

�
❡ M→ ❥á s❡

❡♥❝♦♥tr❛♠ ❡♠ s❡✉ ❛rt✐❣♦✳ ❑❡❛r♥s ♣r♦♣ô❡ ✐♥❞❡♣❡♥t❡♠❡♥t❡ ❡♠ ❬❑❡❛✽✶❪ ❛s ♠❡s♠❛s ✭◆✮♠❛tr✐③❡s✱
❛❝r❡s❝❡♥t❛♥❞♦ ✉♠❛ ◆♠❛tr✐③ ♣❛r❛ ❙✹✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ M4

�
❡ ❛ ◆♠❛tr✐③ ❞❡ ❑❡❛r♥s ♣❛r❛ ❙✹

❡stá ♥❛ ú❧t✐♠❛ ❧✐♥❤❛✳ ◆❛ ♥♦ss❛ ♣r♦♣♦st❛ f i é s✉❜st✐t✉✐❞♦ ♣♦r f ✱ ✈✐st♦ q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s
♦❜t❡r ❛ ❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❡✐♦ ❞❛ ♣r♦♣♦st❛ ❞❡ ❑❡❛r♥s✳ ❏á NB

�
é ❞❡ ♥♦ss❛ ♣ró♣r✐❛ ❛✉t♦r✐❛✳

✶✽ ❊ss❛ ♥ã♦ é ❛ ❢♦r♠❛❧✐③❛çã♦ ♦r✐❣♥✐♥❛❧ ❞❡ ■✈❧❡✈ ♣❛r❛ ♦s s✐st❡♠❛s ❚♠ ❡ ✺♠✱ ❞❡♥♦♠✐♥❛❞♦s Sa+

❡ Sb
+✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖r✐❣♥❛❧♠❡♥t❡ ♦s ♦♣❡r❛❞♦r❡s � ❡ ♦ sã♦ tr❛t❛❞♦s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡✳

❏á ♦s s✐t❡♠❛s ❇♠ ❡ ✹♠ sã♦ ❞❡ ♥♦ss❛ ❛✉t♦r✐❛✳
✶✾ ■✈❧❡✈ ❣❛r❛♥t❡ t❡r ♦❜t✐❞♦ ❡ss❡s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠❛ sér✐❡ ❞❡ s✐st❡♠❛s✱ ✐♥❝❧✉✐♥❞♦ ❚♠ ❡ ✺♠✳

❚♦❞❛✈✐❛ s✉❛ r❡❢❡rê♥❝✐❛ ❡stá ❡♠ r✉ss♦ ❡✱ ❞❛❞❛ ❛ ❜❛rr❡✐r❛ ✐❞✐♦♠át✐❝❛ ❡ ♣❡❧❛ ✐♠♣♦rtâ♥❝✐❛ q✉❡
❡ss❡s r❡s✉❧t❛❞♦s t❡rã♦ ♥❛ ♣ró①✐♠❛ s✉❜s❡çã♦✱ ❞❡❝✐❞✐♠♦s r❡❝♦♥str✉✐r ❛ ♣r♦✈❛✳

✶✸✽
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N∨ NT

♦

∨ tn tc f c f i

tn tn tn tn tn

tc tn t t tc

f c tn t f c f c

f i tn tc f c f i

p ♦p

tn t

tc f

f c f

f i f

❯♠❛ ❢ór♠✉❧❛ α é ✉♠❛ t❛✉t♦❧♦❣✐❛ ❡♠ ❚♠ ✭♥♦t❛çã♦✿ �Tm α✮ q✉❛♥❞♦ ✐♥t❡r✲

♣r❡t❛❞❛ ❡♠ NT

�
✱ M¬ ❡ M→ r❡❝❡❜❡ ✉♠ ❞♦s ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s tn ♦✉ tc✳

❚❡♦r❡♠❛ ✸✳✷✳✶ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❚♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❚♠✳

❊♥tã♦✿

⊢Tm α ✐♠♣❧✐❝❛ �Tm α

❉❡♠♦♥str❛çã♦✿

✭❆①✶✮ p → (q → p)

✕ s❡ v(p) ∈ t✱ ❡♥tã♦ v(q → p) ∈ t ❡ v(Ax1) ∈ t✳

✕ s❡ v(p) /∈ t✱ ❡♥tã♦ v(p) ∈ f ❡ v(Ax1) ∈ t✳

✭❆①✷✮ (p → q) → ((p → (q → r)) → (p → r))

✕ s❡ v(r) ∈ t✱ ❡♥tã♦ v(p → r) ∈ t✳ ❉❛í ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ v((p →

(q → r)) → (p → r)) ∈ t ❡ v(Ax2) ∈ t✳

✕ s❡ v(r) /∈ t✱ ❡♥tã♦✿

∗ s❡ v(p) ∈ t✱ ❡♥tã♦

· s❡ v(q) ∈ t✱ ❡♥tã♦ v(p → (q → r)) /∈ t✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

v((p → (q → r)) → (p → r)) ∈ t ❡ v(Ax2) ∈ t✳

· s❡ v(q) /∈ t✱ ❡♥tã♦ v(q → r) ∈ t ❡ v(p → (q → r)) ∈ t✳

P♦r ♦✉tr♦ ❧❛❞♦ v(p → r) /∈ t✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ t❡r❡♠♦s

v((p → (q → r)) → (p → r)) /∈ t ❡ v(Ax2) ∈ t✳

∗ s❡ v(p) /∈ t✱ ❡♥tã♦ v(p → r) ∈ t ❡ v(Ax2) ∈ t✳

✭❆①♠✮ (¬q → ¬p) → ((¬q → p) → q)

✕ s❡ v(q) ∈ t✱ ❡♥tã♦ v((¬q → p) → q) ∈ t ❡ v(Ax2) ∈ t✳

✕ s❡ v(q) /∈ t✱ ❡♥tã♦ v(¬q) ∈ t

✶✸✾
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∗ s❡ v(p) ∈ t✱ ❡♥tã♦ v(¬p) ∈ f ✳ ❉❛í v(¬q → ¬p) ∈ f ❡ v(Axm) ∈ t

∗ s❡ v(p) /∈ t✱ ❡♥tã♦ v(¬q → p) ∈ f ✳ ❉❛í v((¬q → p) → p) ∈ t ❡

v(Axm) ∈ t

✭❑✮ �(p → q) → (�p → �q)

✕ s❡ v(p) = f i ♦✉ v(q) = tn✱ ❡♥tã♦ v(�p) ∈ f ♦✉ v(�q) ∈ t✳ ❚❡♠♦s

♣♦rt❛♥t♦ q✉❡ v(�p → �q) ∈ t ❡ v(K1) ∈ t

✕ s❡ v(p) 6= f i ❡ v(q) 6= tn✱ ❡♥tã♦ v(p → q) 6= tn ❡ v(�(p → q)) ∈ f ✳

❈♦♥❝❧✉✐✲s❡ ❡♥tã♦ q✉❡ v(K) ∈ t✳

✭❑✶✮ �(p → q) → (♦p → ♦q))

✕ s❡ v(p) = f i ♦✉ v(q) = tn ❡♥tã♦ v(♦p) ∈ f ♦✉ v(♦q) ∈ t✳ ❆ss✐♠

v(♦p → ♦q) ∈ t ❡ v(K1) ∈ t✳

✕ s❡ v(p) 6= f i ❡ v(q) 6= tn ❡♥tã♦ v(p → q) 6= tn ❡ v(�(p → q)) ∈ f ✳

▲♦❣♦ v(K1) ∈ t✳

✭❑✷✮ ♦(p ∨ q) → (♦p ∨ ♦q)

✕ s❡ v(p) = f i ❡ v(q) = f i ❡♥tã♦ v(p ∨ q) = f i ❡ v(♦(p ∨ q)) ∈ f ✳ ▲♦❣♦

v(K2) ∈ t✳

✕ s❡ v(p) 6= f i ♦✉ v(q) 6= f i ❡♥tã♦ v(♦p) ∈ t ♦✉ v(♦q) ∈ t✳ ❉❛í

v(♦p ∨ ♦q) ∈ t ❡ v(K2) ∈ t✳

✭▼✶✮ ¬♦p → �(p → q)

✕ s❡ v(q) = tn✱ ❡♥tã♦ v(p → q) = tn✳ ❉❛í v(�(p → q)) ∈ t ❡ v(M1) ∈ t

✕ s❡ v(q) 6= tn✱ ❡♥tã♦✿

∗ s❡ v(p) = f i✱ ❡♥tã♦ v(p → q) = tn✳ ❉❛í v(�(p → q)) ∈ t ❡

v(M1) ∈ t✳

∗ s❡ v(p) 6= f i✱ ❡♥tã♦ v(¬p) 6= tn✳ ❉❛í t❡♠♦s v(�¬p) ∈ f ❡

v(¬¬�¬p) ∈ f ✳ P❡❧❛ ❉❡✜♥✐çã♦ ❞❡ ♦✱ t❡♠♦s q✉❡ v(¬♦p) ∈ f

❡ ♣♦rt❛♥t♦ v(M1) ∈ t✳

✭▼✷✮ �q → �(p → q)

✕ s❡ v(q) 6= tn✱ ❡♥tã♦ v(�q) ∈ f ❡ v(M1) ∈ t

✕ s❡ v(q) = tn✱ ❡♥tã♦ v(p → q) = tn✱ v(�(p → q)) ∈ t ❡ v(M3) ∈ t

✶✹✵
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✭▼✸✮ ♦q → ♦(p → q)

✕ s❡ v(q) = f i✱ ❡♥tã♦ v(♦q) ∈ f ❡ v(M3) ∈ t

✕ s❡ v(q) 6= f i✱ ❡♥tã♦ v(p → q) 6= f i✱ v(♦(p → q)) ∈ t ❡ v(M3) ∈ t

✭▼✹✮ ♦¬p → ♦(p → q)

✕ s❡ v(p) = tn✱ ❡♥tã♦ v(¬p) = f i✱ v(♦¬p) ∈ f ❡ v(M4) ∈ t

✕ s❡ v(p) 6= tn✱ ❡♥tã♦ v(p → q) 6= f i✱ v(♦(p → q)) ∈ t ❡ v(M4) ∈ t

✭❚✮ �p → p

✕ s❡ v(p) = tn ❡♥tã♦ v(T ) = tn

✕ s❡ v(p) 6= tn ❡♥tã♦ v(�p) ∈ f ❡ v(T ) ∈ t

✭❉◆✮
α[¬¬β]

α[β]

α[β]

α[¬¬β]

✕ ❇❛st❛ ♥♦t❛r q✉❡ ❡♠ M¬ ♣❛r❛ t♦❞♦ ✈❛❧♦r m ∈ M t❡♠♦s v(β) = m ss❡

v(¬¬β) = m

✭▼P✮ α✱ α → β ✐♠♣❧✐❝❛ β

✕ ❇❛st❛ ♥♦t❛r q✉❡ ❡♠ M→ t❡♠♦s q✉❡ s❡ v(α) ∈ t ❡ v(α → β) ∈ t✱

❡♥tã♦ v(β) ∈ t✳ �

▼♦str❛r❡♠♦s ❛❣♦r❛ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❚♠ ❝♦♥str✉✐♥❞♦ ✉♠❛ ✈❛❧♦r❛çã♦ ❝❛♥ô✲

♥✐❝❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❞❡ ❢ór♠✉❧❛s✳ ❉✐③❡♠♦s q✉❡

✉♠ ❝♦♥❥✉♥t♦ ∆ é ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ❚♠ q✉❛♥❞♦ ∆ é ❝♦♥s✐st❡♥t❡ ❡ s❡

❛❝r❡s❝❡♥t❛r♠♦s ❛ ∆ q✉❛❧q✉❡r ❢ór♠✉❧❛ α ❞❡ ❚♠ ❡♥tã♦ ∆ s❡ t♦r♥❛ ✐♥❝♦♥s✐st❡♥t❡✳

❖ ▲❡♠❛ ❞❡ ▲✐♥❞❡♥❜❛✉♠ ❣❛r❛♥t❡ q✉❡✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❚♠✲❝♦♥s✐st❡♥t❡✱ ♣♦✲

❞❡♠♦s ❝♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ q✉❡ ❝♦♥té♠ ❚♠✳ P❛r❛ ❡ss❡

❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿ ¬α ∈ ∆ ss❡ α /∈ ∆ ❡ α → β

ss❡ α /∈ ∆ ♦✉ β ∈ ∆✳✷✵

❉❡✜♥✐çã♦ ✸✳✷✳✷✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ▲ ♣❛r❛ L ∈

{Tm,Bm,4m,5m}✳ ❯♠❛ ✈❛❧♦r❛çã♦ ❝❛♥ô♥✐❝❛ V∆
L

: ForL −→ {tn, tc, f c, f i} é

❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦
✷✵ ❯♠❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ❞❡ ▲✐♥❞❡♥❜❛✉♠ ♣❛r❛ ❛ ❧ó❣✐❝❛ ♠♦❞❛❧ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬❈❍✾✻❪

♣✳ ✶✶✺ ❡ ✶✶✻✳ ❖ ❛r❣✉♠❡♥t♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ q✉❛❧q✉❡r ❧ó❣✐❝❛ ♠♦❞❛❧
q✉❡ s❡❥❛ ✉♠❛ ❡①t❡♥sã♦ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ P❈✳ ❊ss❡ s❡rá ♦ ❝❛s♦ ♣❛r❛ t♦❞❛s ❛s ❧ó❣✐❝❛s ♠♦❞❛✐s ❞♦
❈❛♣ít✉❧♦ ✸✳

✶✹✶



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✭✐✮ V∆
L
(α) = tn ss❡ �α ∈ ∆ ✭❡ α ∈ ∆✮

✭✐✐✮ V∆
L
(α) = tc ss❡ ¬�α ∈ ∆ ❡ α ∈ ∆

✭✐✐✐✮ V∆
L
(α) = f c ss❡ ♦α ∈ ∆ ❡ ¬α ∈ ∆

✭✐✈✮ V∆
L
(α) = f i ss❡ ¬♦α ∈ ∆ ✭❡ ¬α ∈ ∆✮ �

▲❡♠❛ ✸✳✷✳✸✿ V∆
Tm

é ✉♠❛ ❚♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿

• ❈❆❙❖ ✶✿ α é ¬β

✭✐✮ s❡ V∆
Tm

(β) = tn ❡♥tã♦ �β ∈ ∆✳ P♦r ❉❡❢♦ ❡ ♣♦r (DN) t❡♠♦s ¬♦¬β ∈

∆✳ ▲♦❣♦✱ V∆
Tm

(¬β) = f i✳

✭✐✐✮ s❡ V∆
Tm

(β) = tc ❡♥tã♦ ¬�β ∈ ∆ ❡ β ∈ ∆✳ ▲♦❣♦ ♦¬β ∈ ∆✱ ¬¬β ∈ ∆

❡ ♣♦rt❛♥t♦ V∆
Tm

(¬β) = f c✳

✭✐✐✐✮ s❡ V∆
Tm

(β) = f c ❡♥tã♦ ♦β ∈ ∆ ❡ ¬β ∈ ∆✳ ▲♦❣♦✱ ¬�¬β ∈ ∆ ❡ ❡♥tã♦

V∆
Tm

(¬β) = tc✳

✭✐✈✮ s❡ V∆
Tm

(β) = f i ❡♥tã♦ ¬♦β ∈ ∆✳ P♦r ❉❡❢♦ ❡ ♣♦r (DN) t❡♠♦s

�¬β ∈ ∆✳ P♦rt❛♥t♦ V∆
Tm

(¬β) = tn✳

• ❈❆❙❖ ✷✿ α é �β

✭✐✮ s❡ V∆
Tm

(β) = tn ❡♥tã♦ �β ∈ ∆ ❡ ♣♦rt❛♥t♦ V∆
Tm

(�β) ∈ t✳

✭✐✐✮ s❡ V∆
Tm

(β) = tc ❡♥tã♦ ¬�β ∈ ∆ ❡ ♣♦rt❛♥t♦ V∆
Tm

(�β) ∈ f ✳

✭✐✐✐✮ s❡ V∆
Tm

(β) ∈ f ❡♥tã♦ ¬β ∈ ∆ ❡ ❡♥tã♦ ¬�β ∈ ∆✱ ♣♦r ✭❚✮✳ ❉❛í

V∆
Tm

(�β) ∈ f ✳

• ❈❆❙❖ ✸✿ α é β → γ

✭✐✮ s❡ V∆
Tm

(γ) = tn ❡♥tã♦ �γ ∈ ∆✳ ❉❛í✱ �(β → γ) ∈ ∆✱ ♣♦r (M2)✱ ❡

♣♦rt❛♥t♦ V∆
Tm

(β → γ) = tn

✭✐✐✮ s❡ V∆
Tm

(β) = f i ❡♥tã♦ ¬♦β ∈ ∆✳ ❉❛í✱ �(β → γ) ∈ ∆✱ ♣♦r (M1)✱

P♦rt❛♥t♦ V∆
Tm

(β → γ) = tn

✭✐✐✐✮ s❡ V∆
Tm

(γ) = tc ❡♥tã♦ γ,¬�γ ∈ ∆ ❡ ❞❛í (β → γ) ∈ ∆✱ ♣♦r (Ax1)✳

❆❧é♠ ❞✐ss♦✱ s❡ V∆
Tm

(β) = tn ❡♥tã♦ �β ∈ ∆✳ ▼❛s ¬�γ ∈ ∆ ❡

❡♥tã♦ (�β ∧ ¬�γ) ∈ ∆ ❡ ❞❛í ¬(�β → �γ) ∈ ∆✳ ❉❛í s❡ s❡❣✉❡ q✉❡

¬�(β → γ) ∈ ∆✱ ♣♦r (K)✱ ❡ ♣♦rt❛♥t♦ V∆
Tm

(β → γ) = tc✳

✶✹✷



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✭✐✈✮ s❡ V∆
Tm

(β) = tn ❡ V∆
Tm

(γ) ∈ f ❡♥tã♦ �β, β,¬γ ∈ ∆✳ ❉❛í t❡♠♦s

(β ∧ ¬γ) ∈ ∆ ❡ ❡♥tã♦ ¬(β → γ) ∈ ∆✱ ❧♦❣♦ V∆
Tm

(β → γ) ∈ f ✳ ❙❡

V∆
Tm

(γ) = f c ❡♥tã♦ ♦γ ∈ ∆ ❡ ❞❛í ♦(β → γ) ∈ ∆✱ ♣♦r (M3)✳ ■ss♦

s✐❣♥✐✜❝❛ q✉❡ V∆
Tm

(β → γ) = f c✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ V∆
Tm

(γ) = f i

❡♥tã♦ ¬♦γ ∈ ∆ ❡ ❞❛í (�β∧¬♦γ) ∈ ∆✳ ▲♦❣♦ ¬(♦¬β∨♦γ) ∈ ∆ ❡ ❡♥tã♦

¬♦(¬β ∨ γ) ∈ ∆✱ ♣♦r (K2)✳ ❙❡❣✉❡✲s❡ ♣♦rt❛♥t♦ q✉❡ V∆
Tm

(¬β ∨ γ) =

V∆
Tm

(β → γ) = f i✳

✭✈✮ ❙❡ V∆
Tm

(β) = tc ❡ V∆
Tm

(γ) ∈ f ❡♥tã♦ ¬�β, β,¬γ ∈ ∆✳ ▲♦❣♦ ¬(β →

γ) ∈ ∆✱ ❝♦♠♦ ❞❡♠♦♥str❛❞♦ ❛❝✐♠❛✳ ❆❧é♠ ❞✐ss♦✱ ♦¬β ∈ ∆ ❡ ❡♥tã♦

♦(β → γ) ∈ ∆✱ ♣♦r (M4)✳ P♦rt❛♥t♦ V∆
Tm

(β → γ) = f c✳

✭✈✐✮ s❡ V∆
Tm

(β) = f c ❡♥tã♦ ♦β,¬β ∈ ∆✳ P♦rt❛♥t♦ (β → γ) ∈ ∆ ❡ ❡♥tã♦

V∆
Tm

(β → γ) ∈ t✳ ❆❧é♠ ❞✐ss♦✱ s❡ V∆
Tm

(γ) = f i ❡♥tã♦ ¬♦γ ∈ ∆

❡ ❞❛í ¬(♦β → ♦γ) ∈ ∆✳ P♦rt❛♥t♦ ¬�(β → γ) ∈ ∆✱ ♣♦r (K1)✱ ❡

V∆
Tm

(β → γ) = tc✳ �

▲❡♠❛ ✸✳✷✳✹✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ❚♠✳ ❆ss✐♠✱ ❡①✐st❡

✉♠❛ ❚♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ t ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✱ V∆
Tm

é ✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡ V∆
Tm

(α) ∈ t

ss❡ α ∈ ∆✳ P❡❧♦ ▲❡♠❛ ✸✳✷✳✸✱ V∆
Tm

é ✉♠❛ ❚♠✲✈❛❧♦r❛çã♦✳ �

❚❡♦r❡♠❛ ✸✳✷✳✺ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❚♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❚♠✳

❊♥tã♦✿

�Tm α ✐♠♣❧✐❝❛ ⊢Tm α.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ 0Tm α✳ ❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ▲✐♥❞❡♥❜❛✉♠ ❡①✐st❡

✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ∆ ❡♠ ❚♠ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆✳ P❡❧♦

▲❡♠♠❛ ✸✳✷✳✹✱ ❡①✐st❡ ✉♠❛ ❚♠✲✈❛❧♦r❛çã♦ V t❛❧ q✉❡ V(α) 6∈ t✳ P♦rt❛♥t♦ 2Tm α�

❈♦♠ ❛❧❣✉♠❛s ❛❞❛♣t❛çõ❡s✱ ♣♦❞❡♠♦s ♣r♦✈❛r ❡ss❡ ♠❡s♠♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦s

s✐st❡♠❛s ❇♠✱ ✹♠ ❡ ✺♠✳

❈♦♠ r❡❧❛çã♦ ❛ ❇♠✱ ✉♠❛ ❢ór♠✉❧❛ α é t❛✉t♦❧♦❣✐❛ q✉❛♥❞♦ ✐♥t❡r♣r❡t❛❞❛ ❞❡

♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ ❚♠✱ s✉❜st✐t✉✐♥❞♦ NT

�
♣♦r NB

�
✳ ❱❡r✐✜❝❛r❡♠♦s q✉❡ ❡ss❛ s❡✲

♠â♥t✐❝❛ é ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛✳

✶✹✸



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❚❡♦r❡♠❛ ✸✳✷✳✻ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❇♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❇♠✳

❊♥tã♦✿

⊢Bm α ✐♠♣❧✐❝❛ �Bm α

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ ♣❛r❛ (Ax1)✱ (Ax2)✱ (DN)✱ (MP ) ❡ (AxM) ❛

❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ ✈✐st♦ q✉❡ ❡ss❡s ❝❛s♦s ♥ã♦ ❡♥✈♦❧✈❡♠

♦ ♦♣❡r❛❞♦r �✳ ◆ã♦ ❤á ♥❡♥❤✉♠❛ ❛❧t❡r❛çã♦ t❛♠❜é♠ ♥❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦s

❛①✐♦♠❛s (K1), (K2), (M1)− (M4) ❡ (T )✳ P❛r❛ ♦s ❞❡♠❛✐s ❝❛s♦s✿

✭❑✮ �(p → q) → (�p → �q)

✕ s❡ v(p) = f i ♦✉ v(q) = tn✱ ❡♥tã♦ v(�p) = f i ❡ ♦ r❡st♦ ❞❛ ❞❡♠♦♥str❛✲

çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳

✭❇✮ p → �♦p

✕ s❡ v(p) ∈ f ❡♥tã♦ v(B) ∈ t

✕ s❡ v(p) /∈ f ❡♥tã♦ v(♦p) = tn ❡ v(B) ∈ t �

❆ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❇♠ t❛♠❜é♠ s❡rá ❛♥á❧♦❣❛ ❛ ❞❡ ❚♠✳

▲❡♠❛ ✸✳✷✳✼✿ V∆
Bm

é ✉♠❛ ❇♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❈❆❙❖ ✶ ❡ ❈❆❙❖ ✸ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦

▲❡♠♠❛ ✸✳✷✳✸✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❈❆❙❖ ✷✱ ❛ ♠❡s♠❛ ♦❜s❡r✈❛çã♦ ✈❛❧❡ q✉❛♥❞♦

V∆
Bm

(β) = tn ♦✉ V∆
Bm

(β) = tc✳ ❘❡st❛♠ ❞♦✐s ít❡♥s ❛ s❡r❡♠ ❛♥❛❧✐s❛❞♦s✳

• ❈❆❙❖ ✷✿ α é �β

✭✐✮ s❡ V∆
Bm

(β) = f c ❡♥tã♦ ♦β ∈ ∆ ❡ ¬β ∈ ∆✳ ❉❛í ♣♦r (B) t❡♠♦s

�♦¬β ∈ ∆ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♦ ❡ (DN) t❡♠♦s �¬�β ∈ ∆ ❡ ¬♦�β ∈

∆✳ P♦rt❛♥t♦ V∆
Bm

(�β) = f i

✭✐✐✮ s❡ V∆
Bm

(β) = f i ❡♥tã♦ ¬♦β ∈ ∆✳ ❖r❛✱ ♣♦r (B) ♣♦❞❡♠♦s ✐♥❢❡r✐r q✉❡

¬�♦γ → ¬γ ♦ q✉❡ ✐♠♣❧✐❝❛ ♦�¬γ → ¬γ ∈ ∆✳ ❙✉❜st✐t✉✐♥❞♦ γ ♣♦r ¬β

❝♦♥❝❧✉✐♠♦s ♣♦r (DN) q✉❡ ♦�β → β ∈ ∆✳ ▼❛s ❞❡ ✭❚✮ t❡♠♦s β →

♦β ∈ ∆ ♦ q✉❡ ✐♠♣❧✐❝❛ ♦�β → ♦β ∈ ∆✱ ♦✉ s❡❥❛✱ ¬♦β → ¬♦�β ∈ ∆✳

❉❛í ♣♦r (MP ) t❡♠♦s ¬♦�β ∈ ∆ ❡ V∆
Bm

(�β) = f i �

▲❡♠❛ ✸✳✷✳✽✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ❇♠✳ ❆ss✐♠✱ ❡①✐st❡

✉♠❛ ❇♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ t ss❡ α ∈ ∆

✶✹✹



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✹✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✸ ♣♦r

▲❡♠♠❛ ✸✳✷✳✼✳ �

❚❡♦r❡♠❛ ✸✳✷✳✾ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❇♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❇♠✳

❊♥tã♦✿

�Bm α ✐♠♣❧✐❝❛ ⊢Bm α.

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✺✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✹ ♣♦r

▲❡♠♠❛ ✸✳✷✳✽✳ �

❆ s❡♠â♥t✐❝❛ ❞❡ ✹♠ é ♦❜t✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ s✉❜st✉✐♥❞♦ ❡♠ ❚♠ ❛

◆♠❛tr✐③ NT

�
♣♦r N 4

�
. ❊✐s ❛ ♣r♦✈❛ ❞❛ ❝♦rr❡t✉❞❡ ❡ ❝♦♠♣❧❡t✉❞❡ ❞❡ ✹♠✿

❚❡♦r❡♠❛ ✸✳✷✳✶✵ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ✹♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ✹♠✳

❊♥tã♦✿

⊢4m α ✐♠♣❧✐❝❛ �4m α

❉❡♠♦♥str❛çã♦✿ P❛r❛ (Ax1), (Ax2), (Axm), (K), (DN), (T ) ❡ (MP ) ❛ ❞❡♠♦♥s✲

tr❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳ P❛r❛ ♦s ❞❡♠❛✐s ❛①✐♦♠❛s ❝♦♠♣❛rt✐❧❤❛❞♦s

❝♦♠ ❚♠✱ ❛❧❣✉♠❛s ❛❧t❡r❛çõ❡s sã♦ ♥❡❝❡ssár✐❛s✱ s✉❜st✐t✉✐♥❞♦✿

✭❑✶✮ v(♦p) ∈ f ♣♦r v(♦p) = f i

✭❑✷✮ v(♦(p ∨ q) ∈ f ♣♦r v(♦(p ∨ q)) = f i

✭▼✶✮ v(�(p → q)) ∈ t ♣♦r v(�(p → q)) = tn

✭▼✷✮ v(�(p → q) ∈ t ♣♦r v(�(p → q)) = tn

✭▼✸✮ v(♦q) ∈ f ♣♦r v(♦q) = f i

✭▼✹✮ v(♦¬p) ∈ f ♣♦r v(♦¬p) = f i

❋✐♥❛❧♠❡♥t❡ ♣❛r❛ (4) t❡♠♦s

✭✹✮ �p → ��p

✕ s❡ v(�p) = tn ❡♥tã♦ v(��p) = tn ❡ v(4) = tn

✕ s❡ v(�p) 6= tn✱ ❡♥tã♦ v(��p) ∈ f ❡ v(4) ∈ t✳ �

▲❡♠❛ ✸✳✷✳✶✶✿ V∆
4m é ✉♠❛ ✹♠✲✈❛❧♦r❛çã♦✳

✶✹✺



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❈❆❙❖ ✶ ❡ ❈❆❙❖ ✸ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛

❞♦ ▲❡♠♠❛ ✸✳✷✳✸✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❈❆❙❖ ✷✱ ✈❛❧❡ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ q✉❛♥❞♦

V∆
4m(β) 6= tn✳ ❘❡st❛ ✉♠ ú♥✐❝♦ ít❡♠ ❛ s❡r ❛♥❛❧✐s❛❞♦✳

• ❈❆❙❖ ✷✿ α é �β

✭✐✮ s❡ V∆
4m(β) = tn ❡♥tã♦ �β ∈ ∆ ❡ ♣♦r (4) t❡♠♦s ��β ∈ ∆✳ ❉❡ss❡

♠♦❞♦ V∆
4m(�α) = tn✳ �

▲❡♠❛ ✸✳✷✳✶✷✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ✹♠✳ ❆ss✐♠✱ ❡①✐st❡

✉♠❛ ✹♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ t ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✹✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✸ ♣♦r

▲❡♠♠❛ ✸✳✷✳✶✶✳ �

❚❡♦r❡♠❛ ✸✳✷✳✶✸ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ✹♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ✹♠✳

❊♥tã♦✿

�4m α ✐♠♣❧✐❝❛ ⊢4m α.

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✺✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✹ ♣♦r

▲❡♠♠❛ ✸✳✷✳✶✷✳ �

P♦r ✜♠✱ ❛ s❡♠â♥t✐❝❛ ❞❡ ✺♠ é ♦❜t✐❞❛ s✉❜st✐t✉✐♥❞♦ ❡♠ ❚♠ ❛ ◆♠❛tr✐③ NT

�

♣♦r N 5

�
. ❆ ♣r♦✈❛ ❞❡ ❝♦rr❡t✉❞❡ ❡ ❝♦♠♣❧❡t✉❞❡ ❞❡ ✺♠ s❡❣✉❡✲s❡ ❛❜❛✐①♦✿

❚❡♦r❡♠❛ ✸✳✷✳✶✹ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ✺♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ✺♠✳

❊♥tã♦✿

⊢5m α ✐♠♣❧✐❝❛ �5m α

❉❡♠♦♥str❛çã♦✿ P❛r❛ (Ax1), (Ax2), (Axm), (DN) ❡ (MP ) ❛ ❞❡♠♦♥str❛çã♦ é

✐❞ê♥t✐❝❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳ P❛r❛ ♦s ❞❡♠❛✐s ❛①✐♦♠❛s ❝♦♠♣❛rt✐❧❤❛❞♦s ❝♦♠ ❚♠✱

❜❛st❛ s✉❜st✐t✉✐r v(α) ∈ t ♣♦r v(α) = tn ❡ v(α) ∈ f ♣♦r v(α) = f i q✉❛♥❞♦ α é

❞♦ t✐♣♦ �β ♦✉ ♦β✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ (5) t❡♠♦s✿

✭✺✮ ♦p → �♦p

✕ s❡ v(p) = f i ❡♥tã♦ v(♦p) = f i ❡ v(5) = tn

✕ s❡ v(p) 6= f i ❡♥t❛♦ v(♦p) = tn✱ v(�♦p) = tn ❡ v(5) = tn �

✶✹✻



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❆♥t❡s ❞❡ ♣r♦✈❛r ❛ ❝♦♠♣❧❡t✉❞❡✱ é ♠✐st❡r s❛❧✐❡♥t❛r q✉❡ (B) é t❡♦r❡♠❛ ❡♠ ✺♠✱

❝♦♠♦ ♠♦str❛ ❛ ♣r♦✈❛ ❛❜❛✐①♦✿

✶✳ ♦p → �♦p (5)

✷✳ �¬p → ¬p (T )

✸✳ p → ¬�¬p P❈ ❡♠ ✷✳

✹✳ p → ♦p Def♦ ❡♠ ✸✳

✺✳ p → �♦p P❈ ❡♠ ✶✳ ❡ ✹✳

❚❛❧ ❢❛t♦ s✐♠♣❧✐✜❝❛rá ❛ ❞❡♠♦♥str❛çã♦ ❞♦ s❡❣✉✐♥t❡ ▲❡♠❛✿

▲❡♠❛ ✸✳✷✳✶✺✿ V∆
5m é ✉♠❛ ✺♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❈❆❙❖ ✶ ❡ ❈❆❙❖ ✸ ❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛ ❞♦

▲❡♠♠❛ ✸✳✷✳✸✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❈❆❙❖ ✷✱ ✈✐st♦ q✉❡ (4) ❡ (B) sã♦ t❡♦r❡♠❛s ❡♠

✺♠ ❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛♦ ▲❡♠❛ ✸✳✷✳✶✶ q✉❛♥❞♦ V∆
4m(β) = tn❀ ❡ ❛ ❞♦

▲❡♠❛ ✸✳✷✳✼ q✉❛♥❞♦ V∆
Bm

(β) = f c ❡ V∆
Bm

(β) = f i✳ ❘❡st❛ ✉♠ ú♥✐❝♦ ít❡♠ ❛ s❡r

❛♥❛❧✐s❛❞♦✳

• ❈❆❙❖ ✷✿ α é �β

✭✐✮ s❡ V∆
5m(β) = tc ❡♥tã♦ β,♦¬β ∈ ∆ ❡ ❞❛í ¬�β ∈ ∆✳ ❆ss✐♠ t❡♠♦s

�♦¬β ∈ ∆✱ ♣♦r (5)✳ ❉❛í �¬�β ∈ ∆ ❡ ¬♦�β ∈ ∆✱ ♣♦r ❉❡❢♦ ❡

(DN)✳ P♦rt❛♥t♦ V∆
5m(�β) = f i✳ �

▲❡♠❛ ✸✳✷✳✶✻✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ✺♠✳ ❆ss✐♠✱ ❡①✐st❡

✉♠❛ ✺♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ t ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✹✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✸ ♣♦r

▲❡♠♠❛ ✸✳✷✳✶✺✳ �

❚❡♦r❡♠❛ ✸✳✷✳✶✼ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ✺♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❚♠✳

❊♥tã♦✿

�5m α ✐♠♣❧✐❝❛ ⊢5m α.

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✺✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✹ ♣♦r

▲❡♠♠❛ ✸✳✷✳✶✻✳ �

❚❡♦r❡♠❛ ✸✳✷✳✺✱ ❚❡♦r❡♠❛ ✸✳✷✳✾✱ ❚❡♦r❡♠❛ ✸✳✷✳✶✸ ❡ ❚❡♦r❡♠❛ ✸✳✷✳✶✼ ♠♦str❛♠ ❛

❝♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ❞❡ ❚♠✱ ❇♠ ✹♠ ❡ ✺♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ Γ é ✉♠ ❝♦♥❥✉♥t♦

✶✹✼



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❞❡ ❢ór♠✉❧❛s ❞❡ ▲ ❡ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ▲✱ ❡♥tã♦ ❛ ❝♦♠♣❧❡t✉❞❡ ❢♦rt❡ ♣♦❞❡ s❡r

❡♥✉♥❝✐❛❞❛ ❝♦♠♦✿

Γ �L α ✐♠♣❧✐❝❛ Γ ⊢L α.

◆ã♦ ♦❜t✐✈❡♠♦s ❛ ❝♦♠♣❧❡t✉❞❡ ❢♦rt❡ ❞❡ss❛s ❧ó❣✐❝❛s ✳ P♦r ♦r❛✱ ❛ ❝♦♠♣❧❡t✉❞❡ ❢r❛❝❛

s❡rá ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♣r♦✈❛r ❛ ❝♦♠♣❧❡t✉❞❡ ✭❢r❛❝❛✮ ❞♦s s✐st❡♠❛s ♥♦r♠❛✐s ♠♦❞❛✐s

❚✱ ❇✱ ❙✹ ❡ ❙✺✳

✸✳✷✳✷ ❖s ◆í✈❡✐s ❞❡ ❱❛❧♦r❛çã♦ ❞❡ ❑❡❛r♥s

❱✐♠♦s ♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r ♠❛tr✐③❡s ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛ ♣❛r❛ q✉❛tr♦ s✐st❡♠❛s

♠♦❞❛✐s✿ ❚♠✱ ❇♠✱ ✹♠✱ ✺♠✳ ➱ ❞✐❣♥♦ ♠❡♥❝✐♦♥❛r q✉❡ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦s s✐st❡✲

♠❛s ❞❛ ❋✐❣✉r❛ ✷✳✶ ❡ ❞❛ ❋✐❣✉r❛ ✷✳✷✱ ❛s q✉❛tr♦ ❧ó❣✐❝❛s ❛❝✐♠❛ ♥ã♦ tê♠ ♣r♦♣r✐❛♠❡♥t❡

✉♠❛ r❡❣r❛ ♣❛r❛ ✐♥tr♦❞✉③✐r ♦ ♦♣❡r❛❞♦r �✳

❆✐♥❞❛ q✉❡ ♥ã♦ ❤❛❥❛ ♥❡♥❤✉♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♠♦❞❛❧ ♣♦r ◆♠❛tr✐✲

③❡s ✜♥✐t❛s✱ ❆✈r♦♥ ❛r❣✉♠❡♥t❛ q✉❡ r❡❣r❛s ❝♦♠♦ ❛ r❡❣r❛ ❞❡ ♥❡❝❡ss✐t❛çã♦ sã♦ r❡❣r❛s

✐♠♣✉r❛s✱ ♦ q✉❡ ❞✐✜❝✉❧t❛r✐❛ ♦❜t❡r ✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛ ♣♦r ♠❡✐♦ ❞❡ ◆♠❛tr✐✲

③❡s✳✷✶ ❆✈r♦♥ ❛✐♥❞❛ s✉❣❡r❡ q✉❡ ✉♠❛ ♠❛q✉✐♥❛r✐❛ ❡①tr❛ s❡r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦❜t❡r

✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠♣❧❡t❛✳

◆❛ ✈❡r❞❛❞❡✱ ❡ss❛ ♠❛q✉✐♥❛r✐❛ ❡①tr❛ ❥á ❤❛✈✐❛ s✐❞♦ ♣r♦♣♦st❛ ♣♦r ❑❡❛r♥s ❡♠

✶✾✽✶✳ ❉❡s❡❥❛♥❞♦ ✉♠❛ s❡♠â♥t✐❝❛ ❛❧t❡r♥❛t✐✈❛ à ❞❡ ❑r✐♣❦❡ ♣❛r❛ ♦s s✐st❡♠❛s ❚✱ ❙✹

❡ ❙✺✱ ❑❡❛r♥s ✐♥tr♦❞✉③ ❛ ♥♦çã♦ ❞❡ ♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦✳

❚♦♠❡♠♦s ❡♠ ♣❛rt✐❝✉❧❛r ❛ r❡❣r❛ ❞❡ ♥❡❝❡ss✐t❛çã♦ ♥♦ s✐st❡♠❛ ❚✳ ❙❛❜❡♠♦s q✉❡

⊢T �(�p → p)✱ ❛♣❧✐❝❛♥❞♦ (Nec) ❛♦ ❛①✐♦♠❛ (T )✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛❧ t❡♦r❡♠❛

r❡❝❡❜❡ ✉♠ ✈❛❧♦r ♥ã♦✲❞❡s✐❣♥❛❞♦ q✉❛♥❞♦ ✐♥t❡r♣r❡t❛❞♦ ❡♠ ❚♠✳ ◆❛ ♥♦t❛çã♦ ❞❡

❑❡❛r♥s✱ ♦s ✈❛❧♦r❡s tn✱ tc✱ f c ❡ f i sã♦ ❚✱t✱❢ ❡ ❋❀ ❥á ♦s ❝♦♥❥✉♥t♦s t = {tn, tc} ❡

f = {f c, f i} sã♦ ❣r❛❢❛❞♦s ❝♦♠♦ ✏❚✱t✑❡ ✏❢✱❋✑✳ ❱❡❥❛♠♦s q✉❛❧ é ❛ ✈❛❧♦r❛çã♦ ❞❡ t❛❧

t❡♦r❡♠❛ ❞❡ ❚ ♥❛s ◆♠❛tr✐③❡s ❞❡ ❚♠✿
✷✶ ❈♦♠♦ ❛♥❛❧✐s❛❞♦ ❡♠ ❬❆✈r✵✼❪✳

✶✹✽



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

p �p �p → p �(�p → p)

❚
❚ ❚

t
❚

❚
t ❚

t

❚
❚

t
❢

❢

t
t

❋

❚
❋ ❚

t

❚
❚

t
❢

❢

❢
t

❋

❚
❋ ❚

t

❢
❢ t

❋
❋

❚
❋ ❚

t

❱❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡ �(�p → p) ♣♦❞❡ ❛ss✉♠✐r ♦s ✈❛❧♦r❡s ♥ã♦ ❞❡s✐❣♥❛❞♦s

❢ ♦✉ ❋ q✉❛♥❞♦ v(α) 6=❚✱ ✐♥✈❛❧✐♥❞❛♥❞♦ ❛ r❡❣r❛ (Nec)✱ ♣♦✐s �p → p r❡❝❡❜❡

s❡♠♣r❡ ✉♠ ✈❛❧♦r ❞❡s✐❣♥❛❞♦✳ ❖s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çõ❡s ♣r♦❝✉r❛♠ ✈❛❧✐❞❛r (Nec)

r❡❝♦♥str✉✐♥❞♦ ❛ t❛❜❡❧❛ ❛❝✐♠❛✳ ❆ ✐❞❡✐❛ é q✉❡✱ ❛♦ ♥♦s ❞❡♣❛r❛r♠♦s ❝♦♠ ✉♠❛ ❝♦❧✉♥❛

❡♠ q✉❡ ❤á ❛♣❡♥❛s ✈❛❧♦r❡s ❞❡s✐❣♥❛❞♦s✱ s✉❜st✉✐r❡♠♦s t ♣♦r ❚ ❡ s✉❜✐r❡♠♦s ✉♠ ♥í✈❡❧

❞❡ ✈❛❧♦r❛çã♦✳ P♦r ♦r❛✱ ✉s❛r❡♠♦s ❱❛❧k(α) ❝♦♠ k ♥❛t✉r❛❧ ♣❛r❛ ♥♦s r❡❢❡r✐r♠♦s ❛

✉♠❛ ❝❡rt❛ ❝♦❧✉♥❛ ❞❛ t❛❜❡❧❛ ❛❝✐♠❛✳ ❙❡ ❡♠ ❱❛❧k(α) ❛♣❡♥❛s ♦s ✈❛❧♦r❡s ❚ ❡ t

♦❝♦rr❡♠✱ ❡♥tã♦ ❡♠ ❱❛❧k+1(α) s✉❜t✉✐r❡♠♦s t ♣♦r ❚✱ ❡ ❛♣❡♥❛s ♦❝♦rr❡rá ♦ ✈❛❧♦r ❚✳

❙❡❥❛ ❛❣♦r❛ ❱❛❧0(α)✱ ❱❛❧1(α) ✳ ✳ ✳❱❛❧k(α) ❛♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ 0, 1, . . . , k ❝♦♠

r❡❧❛çã♦ ❛ α✳ ❆ss✐♠✱ ♣♦❞❡♠♦s r❡❝♦♥str✉✐r ❛ t❛❜❡❧❛ ❛❝✐♠❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

✶✹✾



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❱❛❧0 ❱❛❧0 ❱❛❧0 ❱❛❧1 ❱❛❧1 ❱❛❧2

p �p �p → p �p → p �(�p → p) �(�p → p)

❚ ❚
❚ ❚ ❚

t ❚
❚

❚ ❚
t ❚ ❚

t ❚

❚ ❚

❚ ❚ t ❚
❢

❚ ❚

t t ❚ t ❚

❚ ❚
❋ ❚ ❚

t ❚

❚ ❚

❚ ❚ t ❚
❢

❚ ❚

❢ t ❚ t ❚

❚ ❚
❋ ❚ ❚

t ❚

❚ ❚
❢ t ❚

t ❚
❋

❚ ❚
❋ ❚ ❚

t ❚

❱❡♠♦s q✉❡ ❛ ♥♦çã♦ ❞❡ ✈❛❧♦r❛çã♦ ♣❛r❡❝❡ ♣r❡s❡r✈❛r ❛ ✈❛❧✐❞❛❞❡ ❡♠ ❚✳ ❚♦❞❛✈✐❛✱

♣❛r❛ ❣❛r❛♥t✐r♠♦s ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ss❛ s❡♠â♥t✐❝❛ é ♣r❡❝✐s♦ ❢♦r♠❛❧✐③❛r ❛ ♥♦çã♦ ❞❡

♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦ ❞❡ ♠❛♥❡✐r❛ ♣r❡❝✐s❛✳ ❉❡✜♥✐r❡♠♦s ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ♣♦r

♠❡✐♦ ❞❛ s❡♠â♥t✐❝❛ ❞❡ ❚♠ ❡ ♣♦r ✐ss♦ ✉s❛r❡♠♦s ♦s ✈❛❧♦r❡s ❞❡ ■✈❧❡✈ tn✱ tc✱ f c ❡ f i

♥♦ ❧✉❣❛r ❞♦s ✈❛❧♦r❡s ❞❡ ❑❡❛r♥s ❚✱ t✱ ❢ ❡ ❋✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✽✿ ❙❡❥❛ ❱❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❛s Tm✲✈❛❧♦r❛çõ❡s✳

✭❛✮ ❙❡❥❛ (❱❛❧k)k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧ ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿ ❱❛❧0 = ❱❛❧✱ ❡✱ ♣❛r❛ k ≥ 0✱

❱❛❧k+1 = {v ∈ ❱❛❧k : ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✱ ❱❛❧k(α) ⊆ t ✐♠♣❧✐❝❛ v(α) = tn}

❡♠ q✉❡ ❱❛❧k(α) = {v(α) : v ∈ ❱❛❧k}✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧k sã♦ ❝❤❛♠❛❞♦s

✶✺✵



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ❚✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❚✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧T =
⋂

k≥0 ❱❛❧k✳ �

❯♠❛ ❢ór♠✉❧❛ α é t❛✉t♦❧♦❣✐❛ ❡♠ ❚ q✉❛♥❞♦ r❡❝❡❜❡ ♦ ✈❛❧♦r tn ♣❛r❛ t♦❞❛s ❛s

✈❛❧♦r❛çõ❡s ❡♠ ❚✳ ❊♠ t❡r♠♦s ❢♦r♠❛✐s✿

❉❡✜♥✐çã♦ ✸✳✷✳✶✾✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❚✳ ❆ss✐♠✿

�T α ss❡ v(α) = tn ♣❛r❛ t♦❞♦ v ∈ ❱❛❧T✳ �

■♥t✉✐t✐✈❛♠❡♥t❡✱ ✉♠❛ t❛✉t♦❧♦❣✐❛ ❡♠ ❚ ❞❡✈❡ s❡r ✉♠❛ ❢ór♠✉❧❛ q✉❡ ♥✉♠ ❝❡rt♦

♥í✈❡❧ k ❞❡ ✈❛❧♦r❛çã♦ t❡rá ❡♠ t♦❞❛s ❛s ❧✐♥❤❛s ♦ ✈❛❧♦r tn✳ ➱ ♦ q✉❡ ❣❛r❛♥t❡ ❛

♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✿

Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❚✳ ❆ss✐♠✿

�T α ss❡ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧k(α) = {tn}✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ �T α✳ P❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✾ t❡♠♦s ❡♥tã♦ q✉❡

❱❛❧T(α) = {tn}✳ ❆ss✐♠✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ✭❜✮✱ ❡①✐st❡ k ≥ 0 t❛❧ q✉❡ ❱❛❧k(α) =

{tn}✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❱❛❧k(α) = {tn} ♣❛r❛ ❛❧❣✉♠ k ❡♥tã♦ s❛❜❡♠♦s ♣❡❧❛ ❉❡✜♥✐çã♦

✸✳✷✳✶✽ ✭❛✮ q✉❡ ❡①✐st❡ k′ t❛❧ q✉❡ ❱❛❧k′(α) = {tn} ♣❛r❛ t♦❞♦ k′ ≥ k✳ ❆ss✐♠

v(α) = tn ♣❛r❛ t♦❞♦ v ∈ ❱❛❧T✳ ❖✉ s❡❥❛✱ �T α✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✾✳ �

▼♦str❛r❡♠♦s ❛❣♦r❛ ❛ ❝♦rr❡t✉❞❡ ❡ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❚ ❝♦♠ r❡❧❛çã♦ à s❡♠â♥t✐❝❛

❞❡ ◆♠❛tr✐③❡s ❞❡ ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦✳ P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❞❡♠♦♥str❛çã♦✱ ✉t✐❧✐③❛r❡♠♦s

❛ s❡❣✉✐♥t❡ ❛①✐♦♠át✐❝❛✿

• T = Tm ∪ {(Nec)}

❆ ❛①✐♦♠át✐❝❛ ❛❝✐♠❛ é ❞❡ ❢❛t♦ ❡q✉✐✈❛❧❡♥t❡ ❝♦♠ ❛ ♣r♦♣♦st❛ ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✷✳

P❛r❛ ♦s ❛①✐♦♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ t❛❧ ❢❛t♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❝♦♠♣❧❡t✉❞❡ ❞❛ ❛①✐✲

♦♠át✐❝❛ ❞❡ ▼❡♥❞❡❧s♦❤♥✳✷✷ ◆❛ ❙✉❜s❡çã♦ ✷✳✷✳✸ ✜③❡♠♦s r❡❢❡rê♥❝✐❛ ❛♦ ❢❛t♦ ❞❡

(K1) ❡ (K2) s❡r❡♠ t❡♦r❡♠❛s ❡♠ ❑✳ ❘❡st❛✲♥♦s ♣r♦✈❛r q✉❡ ♦s ❛①✐♦♠❛s ♠♦❞❛✐s

(M1)− (M4) ❞❡ ❚♠ sã♦ t❡♦r❡♠❛s ❡♠ ❚✳ ❊✐s ❛ ♣r♦✈❛ ❛❜❛✐①♦✿

✷✷ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❧❡t✉❞❡ ♣❛r❛ ❛ ❛①✐♦♠át✐❝❛ ❞❡ ▼❡♥❞❡❧s♦❤♥ ❡♥❝♦♥tr❛✲s❡
❡♠ ❬▼❡♥✻✹❪ ♣✳ ✸✽✲✹✷✳

✶✺✶



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✭▼✶✮ ¬♦p → �(p → q)

1. ¬p → (p → q) ❬P❈✲t❡♦r❡♠❛❪

2. �(¬p → �(p → q)) ❬(Nec) ❡♠ ✶✳❪

3. �(¬p → (p → q)) → (�¬p → �(p → q)) ❬✭❑✮❪

4. �¬p → �(p → q) ❬✭▼P✮ ❡♠ ✷✳ ❡ ✸✳❪

5. ¬♦p → �(p → q) ❬❉❡❢♦ ❡♠ ✹✳❪

✭▼✷✮ �q → �(p → q)

1. q → (p → q) ❬✭❆①✶✮❪

2. �(q → (p → q)) ❬(Nec) ❡♠ ✶✳❪

3. �(q → (p → q)) → (�q → �(p → q)) ❬✭❑✮❪

4. �q → �(p → q) ❬✭▼P✮ ❡♠ ✷✳ ❡ ✸✳❪

✭▼✸✮ ♦q → ♦(p → q)

1. q → (p → q) ❬✭❆①✶✮❪

2. ¬(p → q) → ¬q ❬P❈ ❡♠ ✶✳❪

3. �(¬(p → q) → ¬q) ❬(Nec) ❡♠ ✷✳❪

4. �(¬(p → q) → ¬q) → (�¬(p → q) → �q) ❬✭❑✮❪

5. �¬(p → q) → �¬q ❬✭▼P✮ ❡♠ ✸✳ ❡ ✹✳❪

6. ¬�¬q → ¬�¬(p → q) ❬P❈ ❡♠ ✺✳❪

7. ♦q → ♦(p → q) ❬❉❡❢♦ ❡♠ ✻✳❪

✭▼✹✮ ♦¬p → ♦(p → q)

1. ¬p → (p → q) ❬P❈✲t❡♦r❡♠❛❪

2. ¬(p → q) → ¬¬p ❬P❈ ❡♠ ✶✳❪

3. �(¬(p → q) → ¬¬p) ❬(Nec) ❡♠ ✷✳❪

4. �(¬(p → q) → ¬¬p) → (�¬(p → q) → �¬¬p) ❬✭❑✮❪

5. �¬(p → q) → �¬¬p ❬▼P ❡♠ ✸✳ ❡ ✹✳❪

6. ¬�¬¬p → ¬�¬(p → q) ❬P❈ ❡♠ ✺✳❪

7. ♦¬p → ♦(p → q) ❬❉❡❢♦ ❡♠ ✻✳❪

P♦r ✜♠✱ (DN) é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ ✈❛❧❡r ▼❡t❛t❡♦r❡♠❛ ❞❛ ❙✉❜st✐t✉✐✲

çã♦ ❞❡ ❊q✉✐✈❛❧❡♥t❡s✱ ▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦ ❘❡str✐t♦ ❡♠ ❑✱ ⊢PC β ↔ ¬¬β

✶✺✷



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❡ ⊢K �β ↔ �¬¬β✳✷✸

❊st❛♠♦s ❛♣t♦s ❛❣♦r❛ ❛ ❞❡♠♦♥str❛r ❛ ❝♦rr❡t✉❞❡ ❡ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❚ ❝♦♠

r❡❧❛çã♦ às ◆♠❛tr✐③❡s ❞❡ ❚♠ ❛❝r❡s❝✐❞❛s ❞♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦✳

❚❡♦r❡♠❛ ✸✳✷✳✷✶ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ❞❡ ❚✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❚✳ ❆ss✐♠✿

⊢T α ✐♠♣❧✐❝❛ �T α

❉❡♠♦s♥tr❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ⊢T α✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ ❡ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽

t❡♠♦s q✉❡ ❱❛❧0(α) ⊆ t s❡ α é ✉♠ ❛①✐♦♠❛ ❞❡ ❚✳ ❉❛í s❡ s❡❣✉❡ q✉❡ ❱❛❧1(α) = {tn}✳

❖ ú♥✐❝♦ ❝❛s♦ q✉❡ r❡st❛ s❡r ✈❡r✐✜❝❛❞♦ é ❛ ❘❡❣r❛ ❞❡ ◆❡❝❡ss✐t❛çã♦ ✭Nec)✳

❙✉♣♦♥❤❛ q✉❡ ♦ r❡s✉❧t❛❞♦ ✈❛❧❤❛ ♣❛r❛ ✉♠❛ ❢ór♠✉❧❛ α ❞♦ t✐♣♦ �β q✉❡ ❢♦✐ ♦❜t✐❞❛

♣♦r ♠❡✐♦ ❞❡ β ✉s❛♥❞♦ (Nec)✳ P♦r ❤✐♣ót❡s❡✱ �T β ❡ ❡♥tã♦ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦

q✉❡ ❱❛❧k(β) = {tn}✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✳ ❆ss✐♠✱ ❱❛❧k(α) ⊆ t✱ ♣♦r NT

�
✱ ❡

❡♥tã♦ ❱❛❧k+1(α) = {tn}✳ ■ss♦ ♠♦str❛ q✉❡ �T α✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✳ �

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❚✱ t❛♠❜é♠ ❢❛r❡♠♦s r❡❢❡rê♥❝✐❛ ❛

❝❡rt♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t✐✈❡♠♦s ❛♦ ♣r♦✈❛r ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❚♠

❉❡✜♥✐çã♦ ✸✳✷✳✷✷✿ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❚✲✈❛❧♦r❛çõ❡s ❝❛♥ô♥✐❝❛s é ♦ ❝♦♥❥✉♥t♦

❱❛❧
T

can = {V∆
Tm : ∆ é ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❡♠ ❚},

❡♠ q✉❡ V∆
Tm

é ❞❛❞♦ ❞❡ ❛❝♦r❞♦ ♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✳

▲❡♠❛ ✸✳✷✳✷✸✿ ❱❛❧
T

can ⊆ ❱❛❧0✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❛❞❛♣t❛♥❞♦ ❛ ♣r♦✈❛

❞♦ ▲❡♠♠❛ ✸✳✷✳✸✱ ✈✐st♦ q✉❡ (DN) ❡ ♦s ❛①✐♦♠❛s ❞❡ ❚♠ ✈❛❧❡♠ ❡♠ ❚✳ �

▲❡♠❛ ✸✳✷✳✷✹✿ ❙❡ ❱❛❧
T

can ⊆ ❱❛❧k ❡♥tã♦ ❱❛❧
T

can ⊆ ❱❛❧k+1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ V∆ ∈ ❱❛❧
T

can✳ ▼♦str❛r❡♠♦s q✉❡ V∆ ∈ ❱❛❧k+1✳ ❙❡❥❛ ❛✐♥❞❛

α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ♠♦❞♦ q✉❡ ❱❛❧k(α) ⊆ t✳ ❈♦♠♦ ❱❛❧
T

can ⊆ ❱❛❧k✱ t❡♠♦s q✉❡

V∆ ∈ ❱❛❧k ❡ ❡♥tã♦ V∆(α) ∈ t ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽✳

✷✸ ❖ ▼❡t❛t❡♦r❡♠❛ ❞❛ ❙✉❜st✐✉✐çã♦ ❞❡ ❊q✉✐✈❛❧❡♥t❡s ❞✐③ q✉❡ s❡ ⊢L α✱ s❡ γ ♦❝♦rr❡ ❡♠ α✱ s❡
β ❞✐❢❡r❡ ❞❡ α ❛♣❡♥❛s t❡♥❞♦ ❛ ❢ór♠✉❧❛ δ ♦❝♦rr❡♥❞♦ ♥♦ ❧✉❣❛r ❞❡ γ ❡ s❡ ⊢L γ ↔ δ✱ ❡♥tã♦
⊢L β✱ ✉♠❛ ♣r♦✈❛ ❞❡ss❡ ♠❡t❛t❡♦r❡♠❛ ♣❛r❛ ❑ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬❈❍✾✻❪ ♣✳ ✸✷✳ ◆♦ ❝❛s♦ ❡♠ q✉❡
α ♥ã♦ é t❡♦r❡♠❛✱ ❜❛st❛r ❛♣❧✐❝❛r♠♦s ▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦ ❘❡str✐t♦✳ ❈❛❜❡ ♥♦t❛r q✉❡ ♦
▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦ ❘❡str✐t♦ ❞✐❢❡r❡ ❞♦ ▼❡t❛t❡♦r❡♠❛ ❞❛ ❉❡❞✉çã♦ ❛♦ ❛♣❧✐❝❛r♠♦s ❛ r❡❣r❛
(Nec)✱ ♣♦✐s {p} 0T �p ✭✈✐❞❡ ❬❈❍✾✻❪ ♣✳ ✷✶✶✮✳

✶✺✸



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❙✉♣♦♥❤❛ q✉❡ {¬α} s❡❥❛ ❝♦♥s✐st❡♥t❡ ❡♠❚✳ ❆ss✐♠✱ ¬α ∈ ∆ ❡ ❡♥tã♦ V∆(α) ∈ f ✱

❛❜s✉r❞♦✳ P♦rt❛♥t♦ {¬α} ♥ã♦ é ❝♦♥s✐st❡♥t❡ ❡♠ ❚✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r P❈ t❡♠♦s

⊢T ¬α → β ♣❛r❛ t♦❞♦ β✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ⊢T ¬α → α✳ ❱✐st♦ q✉❡ ♣♦r P❈ t❡♠♦s

⊢T (¬α → α) → α✱ ❡♥tã♦ ♣♦r (MP ) ❝♦♥❝❧✉í♠♦s ⊢T α✳ ❆ss✐♠ ⊢T �α✱ ♣♦r

(Nec)✱ ❡ ❡♥tã♦ �α ∈ ∆✳ ❉❛í s❡ s❡❣✉❡ q✉❡ V∆(α) = tn✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✳

P♦rt❛♥t♦✱ V∆ ∈ ❱❛❧k+1✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽✳ �

❈♦r♦❧ár✐♦ ✸✳✷✳✷✺✿ ❱❛❧
T

can ⊆ ❱❛❧T✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✷✸✱ ▲❡♠♠❛ ✸✳✷✳✷✹ ❡ ❞❛

❉❡✜♥✐çã♦ ✸✳✷✳✶✽✳ �

❚❡♦r❡♠❛ ✸✳✷✳✷✻ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ❞❡ ❚✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❚✳ ❆s✲

s✐♠✿

�T α ✐♠♣❧✐❝❛ ⊢T α

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ 0T α✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✐♥❞❡♥❜❛✉♠

❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ∆ ❡♠ ❚ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆ ❡ ❡♥tã♦ ¬α ∈ ∆✳ ❙❡

�T α ❡♥tã♦ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧k(α) = {tn}✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✳

❈♦♠♦ ❱❛❧
T

can ⊆ ❱❛❧T ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✷✺✱ t❡♠♦s ❞❛í ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽

(iii) q✉❡ ❱❛❧
T

can ⊆ ❱❛❧k✳ ❆ss✐♠✱ ❞❛❞♦ V∆ ∈ ❱❛❧
T

can s❛❜❡♠♦s q✉❡ V∆ é ✉♠❛

❚✲✈❛❧♦r❛çã♦ ❞❡ ♠♦❞♦ q✉❡ V∆(α) = tn ✭♣♦✐s V∆ ∈ ❱❛❧k✮ ❡ α ∈ ∆✳ ▼❛s ¬α ∈ ∆

❡ ❡♥tã♦ ∆ s❡r✐❛ ✐♥❝♦♥s✐st❡♥t❡✱ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ 2T α✳ �

❱✐♠♦s q✉❡ ❛s ♠❛tr✐③❡s ❞❡❚♠ ❡♥r✐q✉❡❝✐❞❛s ❝♦♠ ❛ ♥♦çã♦ ❞❡ ♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦

é ✉♠❛ s❡♠â♥t✐❝❛ ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛ ♣❛r❛ ❚✳ ❱❡r❡♠♦s q✉❡ ♦ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠

r❡❧❛çã♦ ❛ ✹♠ ❡ ❙✹✳ Pr♦♣♦♠♦s ❛ s❡❣✉✐♥t❡ ❛①✐♦♠át✐❝❛ ♣❛r❛ ❙✹ ❛ ♣❛rt✐r ❞❡ ✹♠✿

• S4 = 4m ∪ {(Nec)}

P❡❧❛s ❝♦♥s✐❞❡r❛çõ❡s q✉❡ ✜③❡♠♦s ❝♦♠ r❡❧❛çã♦ à T✱ é ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ❛

❛①✐♦♠át✐❝❛ ❛❝✐♠❛ é ❡q✉✐✈❛❧❡♥t❡ à ❛♣r❡s❡♥t❛❞❛ ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✷✳ ❖s ♥í✈❡✐s ❞❡

✈❛❧♦r❛çã♦ t❛♠❜é♠ s❡rã♦ ❞❡✜♥✐❞♦s ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✼✿ ❙❡❥❛ ❱❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❛s 4m✲✈❛❧♦r❛çõ❡s✳

✭❛✮ ❙❡❥❛ (❱❛❧k)k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧ ❞❡✜♥✐♥❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿ ❱❛❧0 = ❱❛❧✱ ❡✱ ♣❛r❛ k ≥ 0✱

❱❛❧k+1 = {v ∈ ❱❛❧k : ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✱ ❱❛❧k(α) ⊆ t ✐♠♣❧✐❝❛ v(α) = tn}

✶✺✹



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❡♠ q✉❡ ❱❛❧k(α) = {v(α) : v ∈ ❱❛❧k}✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧k sã♦ ❝❤❛♠❛❞♦s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ❙✹✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❙✹✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧S4 =
⋂

k≥0 ❱❛❧k✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✷✽✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✹✳ ❆ss✐♠✿

�S4 α ss❡ v(α) = tn ♣❛r❛ t♦❞♦ v ∈ ❱❛❧S4✳ �

Pr♦♣♦s✐çã♦ ✸✳✷✳✷✾✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✹✳ ❆ss✐♠✿

�S4 α ss❡ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧k(α) = {tn}✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✳ �

❚❡♦r❡♠❛ ✸✳✷✳✸✵ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ❞❡ ❙✹✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✹✳ ❆s✲

s✐♠✿

⊢S4 α ✐♠♣❧✐❝❛ �S4 α

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✶✱ s✉❜st✐t✉✐♥❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱

Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✵✱ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✾ ❡

❉❡✜♥✐çã♦ ✸✳✷✳✷✼✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✸✶✿ ❖ ❝♦♥❥✉♥t♦ ❙✹✲✈❛❧♦r❛çõ❡s ❝❛♥ô♥✐❝❛s é ♦ ❝♦♥❥✉♥t♦

❱❛❧
S4

can = {V∆
4m : ∆ é ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❞❡ ❙✹},

❡♠ q✉❡ V∆
4m é ❞❛❞♦ ❞❡ ❛❝♦r❞♦ ♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✳ �

▲❡♠❛ ✸✳✷✳✸✷✿ ❱❛❧
S4

can ⊆ ❱❛❧0✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✸✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✸ ♣♦r

▲❡♠♠❛ ✸✳✷✳✶✶✳ �

▲❡♠❛ ✸✳✷✳✸✸✿ ❙❡ ❱❛❧
S4

can ⊆ ❱❛❧k ❡♥tã♦ ❱❛❧
S4

can ⊆ ❱❛❧k+1✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✹✱ s✉❜st✐t✉✐♥❞♦ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ♣❡❧❛

❉❡✜♥✐çã♦ ✸✳✷✳✷✼✳ �

❈♦r♦❧ár✐♦ ✸✳✷✳✸✹✿ ❱❛❧
S4

can ⊆ ❱❛❧S4✳

✶✺✺



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✸✷✱ ▲❡♠♠❛ ✸✳✷✳✸✸ ❡ ❞❛

❉❡✜♥✐çã♦ ✸✳✷✳✷✼✳ �

❚❡♦r❡♠❛ ✸✳✷✳✸✺ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ❞❡ ❙✹✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✹✳

❆ss✐♠✿

�S4 α ✐♠♣❧✐❝❛ ⊢S4 α

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣♦ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✻✱ s✉❜st✐t✉✐♥❞♦ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵

♣♦r Pr♦♣♦s✐çã♦ ✸✳✷✳✷✽✱ ❈♦r♦❧ár✐♦ ✸✳✷✳✷✺ ♣♦r ❈♦r♦❧ár✐♦ ✸✳✷✳✸✹ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽

♣♦r ❉❡✜♥✐çã♦ ✸✳✷✳✷✼✳ �

❆s ◆♠❛tr✐③❡s ❞❡ ❇♠ ❛❝r❡s❝✐❞❛s ❞♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ t❛♠❜é♠ sã♦ ✉♠❛

s❡♠â♥t✐❝❛ ❝♦rr❡t❛ ❡ ❝♦♠♣❧❡t❛ ♣❛r❛ ❇✳ ◆♦ss❛ ❛①✐♦♠át✐❝❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❇ é

t❛♠❜é♠ ❛♥á❧♦❣❛ ❛ ❞❡ ❚ ❡ ❙✹✿

• B = Bm ∪ {(Nec)}

❆ ♣r♦✈❛ ❞❡ ❝♦rr❡t✉❞❡ ❡ ❝♦♠♣❧❡t✉❞❡ é s❡♠❡❧❤❛♥t❡ ❛ ❞♦s ❞♦✐s ❝❛s♦s ❛❝✐♠❛✳

❚❛♠❜é♠ s❡rá ❛♥á❧♦❣❛ ❛ ❞❡✜♥✐çã♦ ❞♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ❡♠ ❇✳

❉❡✜♥✐çã♦ ✸✳✷✳✸✻✿ ❙❡❥❛ ❱❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❛s Bm✲✈❛❧♦r❛çõ❡s✳

✭❛✮ ❙❡❥❛ (❱❛❧k)k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧ ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿ ❱❛❧0 = ❱❛❧✱ ❡✱ ♣❛r❛ k ≥ 0✱

❱❛❧k+1 = {v ∈ ❱❛❧k : ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✱ ❱❛❧k(α) ⊆ t ✐♠♣❧✐❝❛ v(α) = tn}

❡♠ q✉❡ ❱❛❧k(α) = {v(α) : v ∈ ❱❛❧k}✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧k sã♦ ❝❤❛♠❛❞♦s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ❇✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❇✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧B =
⋂

k≥0 ❱❛❧k✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✸✼✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❇✳ ❆ss✐♠✿

�B α ss❡ v(α) = tn ♣❛r❛ t♦❞♦ v ∈ ❱❛❧B✳ �

Pr♦♣♦s✐çã♦ ✸✳✷✳✸✽✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❇✳ ❆ss✐♠✿

�B α ss❡ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧k(α) = {tn}✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✳ �

✶✺✻



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❚❡♦r❡♠❛ ✸✳✷✳✸✾ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ❞❡ ❇✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❇✳ ❆ss✐♠✿

⊢B α ✐♠♣❧✐❝❛ �B α

❉❡♠♦s♥tr❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✶✱ s✉❜st✐t✉✐♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ ❡

❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✻ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✸✻✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✹✵✿ ❖ ❝♦♥❥✉♥t♦ ❇✲✈❛❧♦r❛çõ❡s ❝❛♥ô♥✐❝❛s é ♦ ❝♦♥❥✉♥t♦

❱❛❧
B

can = {V∆
Bm : ∆ é ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❞❡ ❇},

❡♠ q✉❡ V∆
Bm

é ❞❛❞♦ ❞❡ ❛❝♦r❞♦ ♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✳ �

▲❡♠❛ ✸✳✷✳✹✶✿ ❱❛❧
B

can ⊆ ❱❛❧0✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✸✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✸ ♣♦r

▲❡♠♠❛ ✸✳✷✳✼✳ �

▲❡♠❛ ✸✳✷✳✹✷✿ ❙❡ ❱❛❧
B

can ⊆ ❱❛❧k ❡♥tã♦ ❱❛❧
B

can ⊆ ❱❛❧k+1✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✹✱ s✉❜st✐t✉✐♥❞♦ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ♣❡❧❛

❉❡✜♥✐çã♦ ✸✳✷✳✸✻✳ �

❈♦r♦❧ár✐♦ ✸✳✷✳✹✸✿ ❱❛❧
B

can ⊆ ❱❛❧B✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✹✶✱ ▲❡♠♠❛ ✸✳✷✳✹✷ ❡ ❞❛

❉❡✜♥✐çã♦ ✸✳✷✳✸✻✳ �

❚❡♦r❡♠❛ ✸✳✷✳✹✹ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ❞❡ ❇✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❇✳ ❆s✲

s✐♠✿

�B α ✐♠♣❧✐❝❛ ⊢B α

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣♦ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✻✱ s✉❜st✐t✉✐♥❞♦ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵

♣♦r Pr♦♣♦s✐çã♦ ✸✳✷✳✸✽✱ ❈♦r♦❧ár✐♦ ✸✳✷✳✷✺ ♣♦r ❈♦r♦❧ár✐♦ ✸✳✷✳✹✸ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽

♣♦r ❉❡✜♥✐çã♦ ✸✳✷✳✸✻✳ �

P♦r ✜♠✱ ♣❡❧❛s ♠❡s♠❛s r❛③õ❡s ❛♣♦♥t❛❞❛s ♥❛ ❙✉❜s❡çã♦ ✸✳✷✳✶✱ ♦ s✐st❡♠❛ ❙✺

♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ✉♥✐ã♦ ❞❡ ❙✹ ❡ ❇ ♦✉✱ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡✿

• S5 = 5m ∪ {(Nec)}

✶✺✼



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❊✐s ❛ ♣r♦✈❛ ❞❛ ❝♦♠♣❧❡t✉❞❡ ❡ ❝♦rr❡t✉❞❡ ❞❡ ❙✺ ❝♦♠ r❡❧❛çã♦ às ◆♠❛tr✐③❡s ❝♦♠

♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦✿

❉❡✜♥✐çã♦ ✸✳✷✳✹✺✿ ❙❡❥❛ ❱❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❛s 5m✲✈❛❧♦r❛çõ❡s✳

✭❛✮ ❙❡❥❛ (❱❛❧k)k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧ ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿ ❱❛❧0 = ❱❛❧✱ ❡✱ ♣❛r❛ k ≥ 0✱

❱❛❧k+1 = {v ∈ ❱❛❧k : ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✱ ❱❛❧k(α) ⊆ t ✐♠♣❧✐❝❛ v(α) = tn}

❡♠ q✉❡ ❱❛❧k(α) = {v(α) : v ∈ ❱❛❧k}✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧k sã♦ ❝❤❛♠❛❞♦s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ❙✺✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❙✺✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧S5 =
⋂

k≥0 ❱❛❧k✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✹✻✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✺✳ ❆ss✐♠✿

�S5 α ss❡ v(α) = tn ♣❛r❛ t♦❞♦ v ∈ ❱❛❧S5✳ �

Pr♦♣♦s✐çã♦ ✸✳✷✳✹✼✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✺✳ ❆ss✐♠✿

�S5 α ss❡ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧k(α) = {tn}✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵✳ �

❚❡♦r❡♠❛ ✸✳✷✳✹✽ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ❞❡ ❙✺✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✺✳ ❆s✲

s✐♠✿

⊢S5 α ✐♠♣❧✐❝❛ �S5 α

❉❡♠♦s♥tr❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✶✱ s✉❜st✐t✉✐♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ ❡

❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✹ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✹✺✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✹✾✿ ❖ ❝♦♥❥✉♥t♦ ❙✺✲✈❛❧♦r❛çõ❡s ❝❛♥ô♥✐❝❛s é ♦ ❝♦♥❥✉♥t♦

❱❛❧
S5

can = {V∆
5m : ∆ é ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❞❡ ❙✺},

❡♠ q✉❡ V∆
5m é ❞❛❞♦ ❞❡ ❛❝♦r❞♦ ♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✳ �

▲❡♠❛ ✸✳✷✳✺✵✿ ❱❛❧
S5

can ⊆ ❱❛❧0✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✸✱ s✉❜st✐t✉✐♥❞♦ ▲❡♠♠❛ ✸✳✷✳✸ ♣♦r

▲❡♠♠❛ ✸✳✷✳✶✺✳ �

✶✺✽



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

▲❡♠❛ ✸✳✷✳✺✶✿ ❙❡ ❱❛❧
S5

can ⊆ ❱❛❧k ❡♥tã♦ ❱❛❧
S5

can ⊆ ❱❛❧k+1✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✹✱ s✉❜st✐t✉✐♥❞♦ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽ ♣❡❧❛

❉❡✜♥✐çã♦ ✸✳✷✳✹✺✳ �

❈♦r♦❧ár✐♦ ✸✳✷✳✺✷✿ ❱❛❧
S5

can ⊆ ❱❛❧S5✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠♠❛ ✸✳✷✳✺✵✱ ▲❡♠♠❛ ✸✳✷✳✺✶ ❡ ❞❛

❉❡✜♥✐çã♦ ✸✳✷✳✹✺✳ �

❚❡♦r❡♠❛ ✸✳✷✳✺✸ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ❞❡ ❙✺✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✺✳

❆ss✐♠✿

�S5 α ✐♠♣❧✐❝❛ ⊢S5 α

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣♦ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✻✱ s✉❜st✐t✉✐♥❞♦ Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵

♣♦r Pr♦♣♦s✐çã♦ ✸✳✷✳✹✼✱ ❈♦r♦❧ár✐♦ ✸✳✷✳✷✺ ♣♦r ❈♦r♦❧ár✐♦ ✸✳✷✳✺✷ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✶✽

♣♦r ❉❡✜♥✐çã♦ ✸✳✷✳✹✺✳ �

❱✐♠♦s q✉❡ ♦s s✐st❡♠❛s ❚♠✱ ❇♠✱ ✹♠ ❡ ✺♠ sã♦ ❝♦♠♣❧❡t♦s ❝♦♠ r❡s♣❡✐t♦ às

♠❛tr✐③❡s ♥ã♦✲❞❡t❡r♠✐♥íst✐❝❛s ❞❡ ✹ ✈❛❧♦r❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ ✐♥í❝✐♦ ❞❡ss❛ s✉❜s❡çã♦✳

❆♦ ❛❝r❡s❝❡♥t❛r♠♦s ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦✱ ♦❜t❡♠♦s ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❚✱ ❇ ❙✹

❡ ❙✺✳ ❚❛♠❜é♠ s❛❜❡♠♦s q✉❡ ❡①✐st❡ ♦ s❡❣✉✐♥t❡ ❣rá✜❝♦ ❞❡ ✐♥❝❧✉sã♦ ♣❛r❛ ❡ss❡s ✽

s✐st❡♠❛s✿

S5 B

S4 T

5m Bm

4m Tm

❋✐❣✳ ✸✳✶✿ ❙✐st❡♠❛s ♠♦❞❛✐s ❝♦♠♣❧❡t♦s ♣♦r ◆♠❛tr✐③❡s ❞❡ ✹ ✈❛❧♦r❡s

◆❛ ♣ró①✐♠❛ ❙✉❜s❡çã♦ ❞❡❢❡♥❞❡r❡♠♦s q✉❡ s❡ ♦ ♦♣❡r❛❞♦r � ❢♦r ✐♥t❡r♣r❡t❛❞♦

❞❡ ♠❛♥❡✐r❛ ❞❡ô♥t✐❝❛✱ ✹ ✈❛❧♦r❡s ♥ã♦ sã♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ✉♠❛ ❧ó❣✐❝❛ ♠♦❞❛❧

t❡♥❤❛ ◆♠❛tr✐③❡s ❝♦♠♣❧❡t❛s✳ ◆❛ s✉❜s❡çã♦ s❡❣✉✐♥t❡ ❝♦♥str✉✐r❡♠♦s ✉♠❛ ✜❣✉r❛

❛♥á❧♦❣❛ à ❋✐❣✉r❛ ✸✳✶ ♣❛r❛ ❛s ✈❡rsõ❡s ❞❡ô♥t✐❝❛s ❞❡ss❡s s✐st❡♠❛s✳

✶✺✾



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✸✳✷✳✸ ◆♠❛tr✐③❡s ♥♦ ❝♦♥t❡①t♦ ❞❡ô♥t✐❝♦✴❞♦①ást✐❝♦

◆❛ ❙✉❜s❡çã♦ ✷✳✸✳✷✱ ✈✐♠♦s q✉❡ q✉❛♥❞♦ � é ✐♥t❡♣r❡t❛❞♦ ❝♦♠♦ ✏é ♥❡❝❡ssár✐♦✑ ❡ ♦

❝♦♠♦ ✏é ♣♦ssí✈❡❧✑✱ s❛❜❡♠♦s q✉❡ ✹ ✈❛❧♦r❡s sã♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛t❡♥❞❡r ❝❡rt♦s

r❡q✉✐s✐t♦s ♠í♥✐♠♦s ❞❡ ✉♠❛ ❧ó❣✐❝❛ q✉❡ ❧✐❞❡ ❝♦♠ ❡ss❡s ♦♣❡r❛❞♦r❡s✳ ❊ss❛ ♥ã♦ é✱

t♦❞❛✈✐❛✱ ❛ ú♥✐❝❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ss❡s ❝♦♥❡❝t✐✈♦s ♠♦❞❛✐s✳

▲ó❣✐❝❛s ❞❡ô♥t✐❝❛s ❝♦♥tr❛♣ô❡♠ à ✐♥t❡r♣r❡t❛çã♦ ❛❝✐♠❛✱ ❞❡♥♦♠✐♥❛❞❛ ❛❧ét✐❝❛✳ ❙❡

� ❢♦r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✏é ♦❜r✐❣❛tór✐♦✑ ❡ ♦ ❝♦♠♦ ✏é ♣❡r♠✐t✐❞♦✑✱ ❞❡✈❡♠♦s ❡s♣❡r❛r

q✉❡ �α 2 α ❡ α 2 ♦α✱ ❝♦♥tr❛r✐❛♥❞♦ ❛ ❉❡✜♥✐çã♦ ✷✳✸✳✽✳ ❖✉ ❛✐♥❞❛✱ s✐♥t❛t✐❝❛♠❡♥t❡✱

♥ã♦ é ❡s♣❡r❛❞♦ q✉❡ ♦s ❡sq✉❡♠❛s ❞❡ ❆❜❡❧❛r❞♦ �α → α ❡ α → ♦α s❡❥❛♠ t❡♦r❡♠❛s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠ ♣r✐♥❝í♣✐♦ ♠❛✐s ❢r❛❝♦ s❡r✐❛ ❝♦♥✈❡♥✐❡♥t❡✿ �α � ♦α ♦✉

s✐♥t❛t✐❝❛♠❡♥t❡ q✉❡ �p → ♦p s❡❥❛ t❡♦r❡♠❛✳ ▼❛s q✉❛♥t♦s ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡

s❡r✐❛♠ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❛r ❝♦♥t❛ ❞❡ss❛s ♥♦çõ❡s❄

◆❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r✱ tr❛t❛♠♦s ❞❡ q✉❛tr♦ ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡ ♣❛r❛ ❡①♣r✐♠✐r

❛s ♥♦çõ❡s ❛❧ét✐❝❛s ❞❡ ♥❡❝❡ssár✐♦ ❡ ♣♦sssí✈❡❧✱ ❛ s❛❜❡r✿ ✏♥❡❝❡ss❛r✐❛♠❡♥t❡ ✈❡r❞❛✲

❞❡✐r♦✑✱ ✏♣♦ss✐✈❡❧♠❡♥t❡ ✈❡r❞❛❞❡✐r♦✑✱ ✏♣♦ss✐✈❡❧♠❡♥t❡ ❢❛❧s♦✑ ❡ ✏✐♠♣♦ssí✈❡❧✑✳ P❛r❛ ♦

❝♦♥t❡①t♦ ❞❡ô♥t✐❝♦✱ é ♣r❡❝✐s♦ ❝♦♥t❡♠♣❧❛r ♥ã♦ só ♦s ❝❛s♦s ❡♠ q✉❡ ✉♠❛ ♣r♦♣♦s✐çã♦

s❡❥❛ ♦❜r✐❣❛tór✐❛✱ ♣❡r♠✐t✐❞❛ ❡ ♣r♦✐❜✐❞❛✳ ❉❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ ❛

♣r♦♣♦s✐çã♦ é ♦❜r✐❣❛tór✐❛ ♠❛s ♥ã♦ é ♦ ❝❛s♦✱ ❡ ♦ s❡✉ ❞✉❛❧✱ q✉❡ ❛ ♣r♦♣♦s✐çã♦ é

♣r♦✐❜✐❞❛ ♠❛s é ♦ ❝❛s♦✳

P❛r❛ ❞✐❢❡r❡♥❝✐❛r ❡ss❡s ❝❡♥ár✐♦s✱ ✉s❛r❡♠♦s ♦ t❡r♠♦ ✏❝✉♠♣r✐❞♦✑ ♣❛r❛ s❡ r❡❢❡r✐r

à s✐t✉❛çã♦ ❡♠ q✉❡ ✉♠❛ ♣r♦♣♦s✐çã♦ é ♦❜r✐❣❛tór✐❛ ❡ ❢♦✐ ♦ ❝❛s♦ ♦✉ q✉❡ é ♣r♦✐❜✐❞❛ ❡

♥ã♦ é ♦ ❝❛s♦✳ ❏á ✏✐♥❢r✐♥❣✐❞♦✑ r❡s❡r✈❛♠♦s ♣❛r❛ ✉♠❛ ♣r♦♣♦s✐çã♦ q✉❡ é ♦❜r✐❣❛tór✐❛

♠❛s ♥ã♦ é ♦ ❝❛s♦ ♦✉ q✉❡ é ♣r♦✐❜✐❞❛ ♠❛s é ♦ ❝❛s♦✳ P♦r ✜♠✱ ♦♣❝✐♦♥❛❧ s❡rá ✉♠❛

♣r♦♣♦s✐çã♦ q✉❡ ♥ã♦ é ♦❜r✐❣❛tór✐❛ ♥❡♠ ♣r♦✐❜✐❞❛✳ ❚❡r❡♠♦s ❡♥tã♦ s❡✐s ✈❛❧♦r❡s✿ T+

✭p é ❝✉♠♣r✐❞♦✮✱ C+ ✭p é ♦♣❝✐♦♥❛❧✮✱ F+ ✭p é ✐♥❢r✐♥❣✐❞♦✮✱ T− ✭¬p é ✐♥❢r✐♥❣✐❞♦✮✱

C− ✭¬p é ♦♣❝✐♦♥❛❧✮ ❡ F− ✭¬p é ❝✉♠♣r✐❞♦✮✳

❊ss❡s ✻ ✈❛❧♦r❡s t❛♠❜é♠ ♣♦❞❡♠ ❝❛r❛❝t❡r✐③❛r ✉♠❛ ❧ó❣✐❝❛ ❞♦①ást✐❝❛✱ ❡ ♥ã♦

❛♣❡♥❛s ❞❡ô♥t✐❝❛✳ ◆♦ ❝♦♥t❡①t♦ ❞♦①ást✐❝♦✱ ♣♦❞❡♠♦s t❡r ♦s ❝❡♥ár✐♦s✿ ♦ ❛❣❡♥t❡

❛❝r❡❞✐t❛ q✉❡ p✱ p é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ q✉❡ ♦ ❛❣❡♥t❡ ❛❝r❡❞✐t❛ ❡ p é ✐♥❝♦♠♣❛tí✈❡❧ ❝♦♠

♦ q✉❡ ♦ ❛❣❡♥t❡ ❛❝r❡❞✐t❛✳ ◆♦t❡ q✉❡ t❡♠♦s ❛s ♠❡s♠❛s r❡❧❛çõ❡s ❡♥tr❡ ❡ss❡s ❝❡♥ár✐♦s

q✉❡ ❝♦♠ ♦❜r✐❣❛tór✐♦✴♣❡r♠✐t✐❞♦✴♣r♦✐❜✐❞♦✳ ❊ ♥♦ ❝❛s♦ ❞❡ ✹ ✈❛❧♦r❡s✱ t❡rí❛♠♦s ✉♠❛

❧ó❣✐❝❛ ❡♣✐stê♠✐❝❛ ✉s✉❛❧✿ ♥ã♦ ♣♦❞❡ s❡r ♦ ❝❛s♦ q✉❡ p é ♥❡❝❡ssár✐❛✱ ♠❛s ❢❛❧s❛✱ ❝♦♠♦

♥ã♦ ♣♦❞❡ s❡r ♦ ❝❛s♦ q✉❡ p é s❛❜✐❞❛✱ ♠❛s ❢❛❧s❛✳

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛❜r❡✈✐❛çã♦✿

T = {T+, T−} C = {C+, C−} F = {F+, F−}
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✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

+ = {T+, C+, F+} − = {T−, C−, F−}

❆q✉✐✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ô♥t✐❝♦ ♦s ❝♦♥❥✉♥t♦s T ✱ C ❡ F sã♦ ✐♥t❡r♣r❡t❛❞♦s ❝♦♠♦

✏♦❜r✐❣❛tór✐♦✑✱ ✏♦♣❝✐♦♥❛❧✑ ❡ ✏♣r♦✐❜✐❞♦✑✱ ❡♥q✉❛♥t♦ + ❡ − sã♦ ❡♥t❡♥❞✐❞♦s ❝♦♠♦ ✏é ♦

❝❛s♦✑ ❡ ✏♥ã♦ é ♦ ❝❛s♦✑✳ ❆❧é♠ ❞✐ss♦✱ + é ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s✳

Pr♦♣♦♠♦s ❛ s❡♠â♥t✐❝❛ ❛❜❛✐①♦ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s →,¬ ❡ �✿

→ T C F

T T C F

C T T ∪ C C

F T T T

α �α

T +

C −

F −

α ¬α

T F

C C

F T

→ + −

+ + −

− + +

α ¬α

+ −

− +

◗✉❛❧q✉❡r ✈❛❧♦r❛çã♦ ❞❛s ♠❛tr✐③❡s ❛❝✐♠❛ é ❞❡♥♦♠✐♥❛❞❛ ✉♠❛ Dm✲✈❛❧♦r❛çã♦✳

❖❜s❡r✈❡ q✉❡ ❤á ❞✉❛s ◆♠❛tr✐③❡s ♣❛r❛ → ❡ ¬✳ ➱ r❡q✉✐r✐❞♦ q✉❡ ❛s ❝♦♥❞✐çõ❡s

✐♠♣♦st❛s ♣♦r ❛♠❜❛s ❛s ♠❛tr✐③❡s s❡❥❛♠ r❡s♣❡✐t❛❞❛s✳ ■ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ t❡r ❛s

s❡❣✉✐♥t❡s t❛❜❡❧❛s ✭❞❡t❡r♠✐♥íst✐❝❛s✮ ♣❛r❛ ¬ ❡ ◆♠❛tr✐③ ♣❛r❛ →✿

M6
¬ N 6

→

α ¬α

T+ F−

T− F+

C+ C−

C− C+

F+ T−

F− T+

→ T+ T− C+ C− F+ F−

T+ T+ T− C+ C− F+ F−

T− T+ T+ C+ C+ F+ F+

C+ T+ T− {T+, C+} {T−, C−} C+ C−

C− T+ T+ {T+, C+} {T+, C+} C+ C+

F+ T+ T− T+ T− T+ T−

F− T+ T+ T+ T+ T+ T+

❉❡✜♥✐♥❞♦✲s❡ ♦ ❞❛ ♠❛♥❡✐r❛ ✉s✉❛❧✱ t❡r❡♠♦s ❛s s❡❣✉✐♥t❡s ◆♠❛tr✐③❡s✿
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ND

�
ND

♦

α �α

T+ {T+, C+, F+}

T− {T+, C+, F+}

C+ {T−, C−, F−}

C− {T−, C−, F−}

F+ {T−, C−, F−}

F− {T−, C−, F−}

α ♦α

T+ {T+, C+, F+}

T− {T+, C+, F+}

C+ {T+, C+, F+}

C− {T+, C+, F+}

F+ {T−, C−, F−}

F− {T−, C−, F−}

❖❜s❡r✈❡ q✉❡ ❛s ◆♠❛tr✐③❡s ♣❛r❛ ♦ ❡ ∨ ♣♦❞❡♠ s❡r ❛♣r❡s❡♥t❛❞❛s ❞❡ ✉♠❛ ❢♦r♠❛

♠❛✐s ❝♦♠♣❛❝t❛✿

α ♦α

T +

C +

F −

∨ T C F

T T T T

C T T ∪ C C

F T C F

∨ + −

+ + +

− + −

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ♦s ✈❛❧♦r❡s T− ❡ F+ r❡♣r❡s❡♥t❛♠ ❛s s✐t✉❛çõ❡s �α∧

¬α ❡ ¬♦α ∧ α✳ ❊ss❡s ❝❡♥ár✐♦s ♥ã♦ ❡①✐st❡♠ q✉❛♥❞♦ (T ) ❡ (T♦) sã♦ ♦ ❝❛s♦✳ ◆♦t❡

❛✐♥❞❛ q✉❡ s❡ ❡❧✐♠✐♥❛r♠♦s ❡ss❡s ✈❛❧♦r❡s t❡r❡♠♦s ❡①❛t❛♠❡♥t❡ ❛s ❚♠✲◆♠❛tr✐③❡s

❞❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r ✭✐♥t❡r♣r❡t❛♥❞♦ T+✱ C+✱C− ❡ F− ❝♦♠♦ tn✱ tc✱ f c ❡ f i✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ P♦r ❡ss❛s r❛③õ❡s ❞❡❢❡♥❞❡♠♦s q✉❡ ❛s ✭◆✮♠❛tr✐③❡s ❞❡ ❉♠ s❡

❝♦♠♣♦rt❛♠ ❝♦♠♦ s❡ ❢♦ss❡♠ ❛ ✈❡rsã♦ ❞❡ô♥t✐❝❛ ❞❡ ❚♠✳

◆ã♦ ♥♦s ❧✐♠✐t❛r❡♠♦s à ✈❡rsã♦ ❞❡ô♥t✐❝❛ ❞❡❉♠✳ Pr♦♣♦♠♦s ❛✐♥❞❛ ❛s ✭◆✮♠❛tr✐③❡s

❛❜❛✐①♦ ❝♦♠♦ ❝♦♥tr❛♣♦s✐t✐✈❛ ❞❡ô♥t✐❝❛ ♣❛r❛ NB

�
✱ N 4

�
❡ M5

�
✿

NDB

�
ND4

�
ND5

�

α �α

T+ +

T− F+

C+ −

C− F−

F+ −

F− F−

α �α

T+ T+

T− T+

C+ −

C− −

F+ −

F− −

α �α

T+ T+

T− T+

C+ F−

C− F−

F+ F−

F− F−

❆ ♠❡s♠❛ ♦❜s❡r✈❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛ ❉♠ ✈❛❧❡ ♣❛r❛ ❛s t❛❜❡❧❛s ❛❝✐♠❛✱ ❛ s❛❜❡r✱

✶✻✷



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❡❧✐♠✐♥❛♥❞♦ ♦s ✈❛❧♦r❡s T− ❡ F+✱ t❡♠♦s ❡①❛t❛♠❛♥t❡ ❛s ♠❛tr✐③❡s ♣❛r❛ NB

�
✱ N 4

�
❡

M5

�
✳

❯♠❛ ❉❇♠✲✈❛❧♦r❛çã♦ s✉❜st✐t✉✐ ♥✉♠❛ ❉♠✲✈❛❧♦r❛çã♦ ND

�
♣♦r NDB

�
✳ ❉❡✜♥✐✲

♠♦s ❛♥❛❧♦❣❛♠❛♥t❡ ✉♠❛ ❉✹♠✲✈❛❧♦r❛çã♦ ❡ ❉✹✺♠✲✈❛❧♦r❛çã♦✳

▼❛♥t❡♥❞♦ s❡♠♣r❡ ❛ ♠❡s♠❛ ❛♥❛❧♦❣✐❛ ❞❛ ❙✉❜s❡çã♦ ✸✳✷✳✶ ❡ ❙✉❜s❡çã♦ ✸✳✷✳✷✱

❛❝r❡s❝❡♥t❛r❡♠♦s ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ♣❛r❛ ♦❜t❡r ❛ ❝♦♠♣❧❡t✉❞❡ ❞♦s s✐st❡♠❛s

❑❉❇ ❡ ❑❉✹ ❞❡✜♥✐❞♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✷✳✷✳

❖✉tr♦ s✐st❡♠❛ ❞❡ô♥t✐❝♦ ✐♠♣♦rt❛♥t❡ é ♦ ❞❡♥♦♠✐♥❛❞♦ ❑❉✹✺✱ ❝✉❥❛ ❛①✐♦♠át✐❝❛

é ❛ q✉❡ s❡ s❡❣✉❡✿✷✹

• KD45 = KD4 ∪ {(5)}

❱❡r❡♠♦s ❛ s❡❣✉✐r q✉❡❑❉✹✺ é ❝♦♠♣❧❡t♦ ❛❝r❡s❝❡♥t❛♥❞♦ ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦

às ✭◆✮♠❛tr✐③❡s ❞❡ ❉✹✺♠✳ P♦r ♦r❛✱ ❞❡✜♥✐♠♦s s✐♥t❛t✐❝❛♠❡♥t❡ ♦s s✐st❡♠❛s✿

• Dm = PC ∪ {(K), (K1), (K2), (M1)− (M4), (D), (DN)}

• D4m = Dm ∪ {(4)}

• DBm = Dm ∪ {(B)}

• D45m = D4m ∪ {(5)}

▼♦str❛r❡♠♦s✱ ❛ s❡❣✉✐r✱ ❛ ❝♦rr❡t✉❞❡ ❡ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❡ss❡s r❡s♣❡❝t✐✈♦s s✐s✲

t❡♠❛s✳

❚❡♦r❡♠❛ ✸✳✷✳✺✹ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❉♠✳

❊♥tã♦✿

⊢Dm α ✐♠♣❧✐❝❛ �Dm α

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦s ❛①✐♦♠❛s (Ax1), (Ax2) ❡ (Axm) ❡ ♣❛r❛ ❛s r❡❣r❛s

(DN) ❡ (MP ) ❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ s✉❜st✐t✉✐♥❞♦ t ♣♦r

+✳ P❛r❛ ♦s ❞❡♠❛✐s ❝❛s♦s✱ t❡♠♦s✿

✭❑✮ �(p → q) → (�p → �q)

✕ s❡ v(�(p → q)) ∈ − ❡♥tã♦ v(K) ∈ +✳

✷✹ ❊ss❡ s✐st❡♠❛ ❛♣❛r❡❝❡ ❡♠ ❬❙❡❣✼✶❪ ♣✳ ✺✵ ♦❜t✐❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ❛❝r❡s❝❡♥t❛♥❞♦ ♦ ❛①✐♦♠❛ (E)
❛ ❑❉✹✳ Pr❡❢❡r✐♠♦s ❛ ❛①✐♦♠át✐❝❛ ❛ ♣❛rt✐r ❞❡ (5) ♣❛r❛ ♠❛♥t❡r♠♦s ❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❙✺✳ ◆ã♦
é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡♠ q✉❛❧q✉❡r ❧ó❣✐❝❛ ♠♦❞❛❧ ❝❧áss✐❝❛ ❡♠ q✉❡ ✈❛❧❡ (DN) ❡ ♦ é ❞❡✜♥✐❞♦
✉s✉❛❧♠❡♥t❡✱ t❡♠♦s q✉❡ ♦s ❛①✐♦♠❛s (5) ❡ (E) sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✶✻✸
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✕ s❡ v(�(p → q)) ∈ + ✱ ❡♥tã♦ v(p → q) ∈ T ✳ ❉❛í t❡♠♦s v(p) ∈ F ♦✉

v(q) ∈ T ✳ ■♥❢❡r✐♠♦s ❡♥tã♦ q✉❡ v(�p) ∈ − ♦✉ v(�q) ∈ +✳ P♦rt❛♥t♦

v(�p → �q) ∈ + ❡ v(K) ∈ +✳

✭❑✶✮ �(p → q) → (♦p → ♦q)

✕ s❡ v(�(p → q)) ∈ −✱ ❡♥tã♦ v(K1) ∈ +

✕ s❡ v(�(p → q)) ∈ +✱ ❡♥tã♦ v(p → q) ∈ T ✳ ❉❛í t❡♠♦s v(p) ∈ F ♦✉

v(q) ∈ T ✳ ❆ss✐♠✳ v(♦p) ∈ − ♦✉ v(♦q) ∈ +✳ ❚❡♠♦s ♣♦rt❛♥t♦ q✉❡

v(♦p → ♦q) ∈ + ❡ v(K1) ∈ +✳

✭❑✷✮ ♦(p ∨ q) → (♦p ∨ ♦q)

✕ s❡ v(♦(p ∨ q)) ∈ − ❡♥tã♦ v(K2) ∈ +✳

✕ s❡ v(♦(p ∨ q)) ∈ + ❡♥tã♦ v(p ∨ q) /∈ F ❡ ❞❛í v(p) /∈ F ♦✉ v(q) /∈ F ✳

❙✉♣♦♥❤❛ q✉❡ v(♦p∨♦q) ∈ −✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ v(♦p) ∈ − ❡ v(♦q) ∈

−✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ v(p) ∈ F ❡ v(q) ∈ F ✱ ❛❜s✉r❞♦✳ P♦rt❛♥t♦

v(♦p ∨ ♦q) ∈ + ❡ v(K2) ∈ +✳

✭▼✶✮ ¬♦p → �(p → q)

✕ s❡ v(¬♦q) ∈ −✱ ❡♥tã♦ v(M1) ∈ +

✕ s❡ v(¬♦p) ∈ + ❡♥tã♦ v(♦p) ∈ − ❡ v(p) ∈ F ✳ ❉❛í v(p → q) ∈ T ❡

v(�(p → q)) ∈ +✳ P♦rt❛♥t♦ v(M1) ∈ +✳

✭▼✷✮ �q → �(p → q)

✕ s❡ v(�q) ∈ −✱ ❡♥tã♦ v(M2) ∈ +

✕ s❡ v(�q) ∈ +✱ ❡♥tã♦ v(q) ∈ T ✳ ❉❛í t❡♠♦s q✉❡ v(p → q) ∈ T ❡

v(�(p → q)) ∈ +✳ P♦rt❛♥t♦ v(M2) ∈ +

✭▼✸✮ ♦q → ♦(p → q)

✕ s❡ v(♦q) ∈ −✱ ❡♥tã♦ v(M3) ∈ +

✕ s❡ v(♦q) ∈ +✱ ❡♥tã♦ v(q) /∈ F ✳ ❉❛í t❡♠♦s q✉❡ v(p → q) /∈ F ❡

v(♦(p → q)) ∈ +✳ P♦rt❛♥t♦ v(M3) ∈ +

✭▼✹✮ ♦¬p → ♦(p → q)

✕ s❡ v(♦¬p) ∈ −✱ ❡♥tã♦ v(M4) ∈ +

✶✻✹
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✕ s❡ v(♦¬p) ∈ +✱ ❡♥tã♦ v(¬p) /∈ F ❡ v(p) /∈ T ✳ ❉❛í t❡♠♦s q✉❡ v(p →

q) /∈ F ❡ v(♦(p → q)) ∈ +

✭❉✮ �p → ♦p

✕ s❡ v(�p) ∈ − ❡♥tã♦ v(D) ∈ +

✕ s❡ v(�p) ∈ + ❡♥tã♦ v(p) ∈ T ❡ v(♦p) ∈ +✳ P♦rt❛♥t♦ v(D) ∈ + �

▼♦str❛r❡♠♦s ❛❣♦r❛ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❉♠ ❝♦♥str✉✐♥❞♦ ❛♥❛❧♦❣❛♠❡♥t❡ ❛ ❚♠

✉♠❛ ✈❛❧♦r❛çã♦ ❝❛♥ô♥✐❝❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❞❡ ❢ór✲

♠✉❧❛s✳

❉❡✜♥✐çã♦ ✸✳✷✳✺✺✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❞❡ ✉♠❛ ❧ó❣✐❝❛ ▲

♣❛r❛ L ∈ {Dm,DBm,D4m,D45m}✳ ❯♠❛ ✈❛❧♦r❛çã♦ ❝❛♥ô♥✐❝❛ é ✉♠❛ ❢✉♥çã♦

V∆
L
: ForL −→ {T+, C+, F+, T−, C−, F−} ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

✶✳ V∆
L
(α) ∈ + ss❡ α ∈ ∆

✷✳ V∆
L
(α) ∈ − ss❡ ¬α ∈ ∆

✸✳ V∆
L
(α) ∈ T ss❡ �α ∈ ∆

✹✳ V∆
L
(α) ∈ C ss❡ ♦α ∈ ∆ ❡ ♦¬α ∈ ∆

✺✳ V∆
L
(α) ∈ F ss❡ �¬α ∈ ∆

�

▲❡♠❛ ✸✳✷✳✺✻✿ V∆
Dm

é ✉♠❛ ❉♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿

• ❈❆❙❖ ✶✿ α é ¬β

✭✐✮ s❡ V∆
Dm

(β) ∈ T ❡♥tã♦ �β ∈ ∆✳ P♦r (DN) t❡♠♦s �¬¬β ∈ ∆ ❡ ❡♥tã♦

V∆
Dm

(¬β) ∈ F ✳

✭✐✐✮ s❡ V∆
Dm

(β) ∈ C ❡♥tã♦ ♦β,♦¬β ∈ ∆✳ P♦r (DN)✱ ♦¬¬β ∈ ∆ ❡

♣♦rt❛♥t♦ V∆
Dm

(¬β) ∈ C✳

✭✐✐✐✮ s❡ V∆
Dm

(β) ∈ F ❡♥tã♦ �¬β ∈ ∆ ❡ ❞❛í V∆
Dm

(¬β) ∈ T ✳

✭✐✈✮ s❡ V∆
Dm

(β) ∈ + ❡♥tã♦ β ∈ ∆✳ P♦r (DN) t❡♠♦s ¬¬β ∈ ∆ ❡ ❞❛í

V∆
Dm

(¬β) ∈ −✳

✶✻✺
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✭✈✮ s❡ V∆
Dm

(β) ∈ − ❡♥tã♦ ¬β ∈ ∆✱ ❡ ♣♦rt❛♥t♦ V∆
Dm

(¬β) ∈ +✳

• ❈❆❙✵ ✷✿ α é �β

✭✐✮ s❡ V∆
Dm

(β) ∈ T ❡♥tã♦ �β ∈ ∆ ❡ V∆(�β) ∈ +✳

✭✐✐✮ s❡ V∆
Dm

(β) ∈ C ❡♥tã♦ ♦¬β ∈ ∆✳ ❉❛í ♣♦r ❉❡❢♦ ❡ (DN) t❡♠♦s

¬�β ∈ ∆ ❡ V∆
Dm

(�β) ∈ −✳

✭✐✐✐✮ s❡ V∆
Dm

(β) ∈ F ❡♥tã♦ V∆(β) 6∈ T ❡ �β 6∈ ∆✳ ❉❛í ¬�β ∈ ∆ ❡

V∆
Dm

(�β) ∈ −✳

• ❈❆❙❖ ✸✿ α é β → γ

✭✐✮ s❡ V∆
Dm

(γ) ∈ T ❡♥tã♦ �γ ∈ ∆✳ P♦r ✭▼✷✮✱ t❡♠♦s ❞❡ss❡ ♠♦❞♦ q✉❡

�γ → �(β → γ) ∈ ∆ ❡ ♣♦r ✭▼P✮ �(β → γ) ∈ ∆✳ P♦rt❛♥t♦

V∆
Dm

(β → γ) ∈ T ✳

✭✐✐✮ s❡ V∆
Dm

(β) ∈ F ❡♥tã♦ ¬♦β ∈ ∆✳ P♦r ✭▼✶✮ ❡ ✭▼P✮✱ �(β → γ) ∈ ∆✳

❉❛í V∆
Dm

(β → γ) ∈ T ✳

✭✐✐✐✮ ❙❡ V∆
Dm

(β) ∈ T ❡ V∆
Dm

(γ) ∈ C ❡♥tã♦ �β ∈ ∆ ❡ ♦γ,♦¬γ ∈ ∆✳

❈♦♠♦ ♦γ ∈ ∆ ❡♥tã♦ ♦(β → γ) ∈ ∆✱ ♣♦r ✭▼✸✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱

❝♦♠♦ ¬♦γ ∈ ∆ ♣♦r (D) t❡♠♦s ¬�γ ∈ ∆✳ ❉❛í �β ∧ ¬�γ ∈ ∆ ❡

❡♥tã♦ ¬(�β → �γ) ∈ ∆✳ ▲♦❣♦ ¬�(β → γ) ∈ ∆✱ ♣♦r ✭❑✮✳ P♦rt❛♥t♦

♦¬(β → γ) ∈ ∆ ❡ ❡♥tã♦ V∆
Dm

(β → γ) ∈ C✳

✭✐✈✮ s❡ V∆
Dm

(β) ∈ T ❡ V∆
Dm

(γ) ∈ F ❡♥tã♦ �β,�¬γ ∈ ∆ ❡ ❞❛í t❡♠♦s q✉❡

�β ∧ �¬γ ∈ ∆✳ ❖r❛✱ ¬(♦¬β ∨ ♦¬¬γ) → ¬♦(¬β ∨ ¬¬γ) ∈ ∆ ♣♦r

✭❑✷✮ ❡ ❡♥tã♦ (�β ∧ �¬γ) → �(β ∧ ¬γ) ▲♦❣♦✱ �(β ∧ ¬γ) ∈ ∆ ♣♦r

✭▼P✮ ❡ ♣♦rt❛♥t♦ �¬(β → γ) ∈ ∆✱ ♦✉ s❡❥❛✱ V∆
Dm

(β → γ) ∈ F ✳

✭✈✮ s❡ V∆
Dm

(β) ∈ C ❡ V∆
Dm

(γ) ∈ C ❡♥tã♦ ♦β,♦¬β,♦γ,♦¬γ ∈ ∆✳ ❙❡

�(β → γ) ∈ ∆ t❡♠♦s V∆
Dm

(β → γ) ∈ T ✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♦¬(β →

γ) ∈ ∆✳ ❆❧é♠ ❞✐ss♦✱ ♦γ ∈ ∆ ❡ ❡♥tã♦ ♦(β → γ) ∈ ∆✱ ♣♦r (M3)✳ ■ss♦

♠♦str❛ q✉❡ ♦(β → γ),♦¬(β → γ) ∈ ∆ ❡ ❡♥tã♦ V∆
Dm

(β → γ) ∈ C✳

✭✈✐✮ s❡ V∆
Dm

(β) ∈ C ❡ V∆
Dm

(γ) ∈ F ❡♥tã♦ ♦β,♦¬β ∈ ∆ ❡ �¬γ ∈ ∆✳

❈♦♠♦ t❡♠♦s ♦¬β ∈ ∆ ❡♥tã♦ ♦(β → γ) ∈ ∆✱ ♣♦r (M4)✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❝♦♠♦ ♦β ∈ ∆ ❡ ¬♦γ ∈ ∆ ❡♥tã♦ ♦β∧¬♦γ ∈ ∆ ❡ ¬(♦β → ♦γ) ∈

∆✳ ❉❛í ¬�(β → γ) ∈ ∆✱ ♣♦r ✭❑✶✮✳ ❚❡♠♦s ❡♥tã♦ ♦¬(β → γ) ∈ ∆✳

■ss♦ ♠♦str❛ q✉❡ V∆
Dm

(β → γ) ∈ C✳

✭✈✐✐✮ s❡ V∆
Dm

(γ) ∈ + ❡♥tã♦ γ ∈ ∆ ❡ (β → γ) ∈ ∆✳ ❚❡♠♦s ♣♦rt❛♥t♦

V∆
Dm

(β → γ) ∈ +✳

✶✻✻
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✭✈✐✐✐✮ s❡ V∆
Dm

(β) ∈ − ❡♥tã♦ ¬β ∈ ∆ ❡ (β → γ) ∈ ∆✳ ❚❡♠♦s ❡♥tã♦ q✉❡

V∆
Dm

(β → γ) ∈ +✳

✭✐①✮ s❡ V∆
Dm

(β) ∈ + ❡ V∆
Dm

(γ) ∈ − ❡♥tã♦ β ∈ ∆ ❡ ¬γ ∈ ∆✳ ❆ss✐♠✱

β ∧ ¬γ ∈ ∆ ❡ ❞❛í ¬(β → γ) ∈ ∆✳ P♦rt❛♥t♦ V∆
Dm

(β → γ) ∈ −✳

▲❡♠❛ ✸✳✷✳✺✼✿ ❙❡❥❛∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠❉♠✳ ❆ss✐♠✱ ❡①✐st❡

✉♠❛ ❉♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ + ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✺✺✱ V∆
Dm

é ✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡ V∆
Dm

(α) ∈ +

ss❡ α ∈ ∆✳ P❡❧♦ ▲❡♠♠❛ ✸✳✷✳✺✻✱ V∆
Dm

é ✉♠❛ ❉♠✲✈❛❧♦r❛çã♦✳ �

❚❡♦r❡♠❛ ✸✳✷✳✺✽ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❉♠✳

❊♥tã♦✿

�Dm α ✐♠♣❧✐❝❛ ⊢Dm α.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ 0Dm α✳ ❆ss✐♠ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥✲

s✐st❡♥t❡ ∆ ❡♠ ❉♠ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆✳ P❡❧♦ ▲❡♠♠❛ ✸✳✷✳✺✼✱ ❡①✐st❡ ✉♠❛ ❉♠✲

✈❛❧♦r❛çã♦ V t❛❧ q✉❡ V(α) 6∈ +✳ P♦rt❛♥t♦ 2Dm α �

▼♦str❛r❡♠♦s ❛ s❡❣✉✐r ❛ ❝♦rr❡t✉❞❡ ❡ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❉❇♠✳

❚❡♦r❡♠❛ ✸✳✷✳✺✾ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉❇♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❉❇♠✳

❊♥tã♦✿

⊢DBm α ✐♠♣❧✐❝❛ �DBm α

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦s ❛①✐♦♠❛s ❡ ♣❛r❛ ❛s r❡❣r❛s ❞❡ ❉♠ ❛ ❞❡♠♦♥str❛çã♦ é

❛♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✺✹✳ P❛r❛ ♦ ❛①✐♦♠❛ ❇✱ t❡♠♦s✿

✭❇✮ p → �♦p

• s❡ v(p) ∈ +✱ ❡♥tã♦ v(¬p) ∈ −✳ ❉❛í v(�¬p) = F ❡ v(♦p) = T ✳

P♦rt❛♥t♦ v(�♦p) ∈ + ❡ v(B) ∈ +✳ �

▲❡♠❛ ✸✳✷✳✻✵✿ V∆
DBm

é ✉♠❛ ❉❇♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❈❆❙❖ ✶ ❡ ❈❆❙❖ ✸ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦

▲❡♠♠❛ ✸✳✷✳✺✻✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❈❆❙❖ ✷✱ ❛ ♠❡s♠❛ ♦❜s❡r✈❛çã♦ ✈❛❧❡ q✉❛♥❞♦

V∆(β) ∈ +✳ ❘❡st❛♠ três ít❡♥s ❛ s❡r❡♠ ❛♥❛❧✐s❛❞♦s✳

✶✻✼



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

• ❈❆❙❖ ✷✿ α é �β

✕ s❡ V∆
DBm

(β) = T−✱ ❡♥tã♦�β,¬β ∈ ∆✳ P♦r (B) t❡♠♦s q✉❡�♦¬β ∈ ∆

❡ ❞❛í �¬�β ∈ ∆✳ P♦rt❛♥t♦ V∆
DBm

(�β) = F+✳

✕ s❡ V∆
DBm

(β) = C− ❡♥tã♦ ¬β,♦β,♦¬β ∈ ∆✳ P♦r ✉♠ ❧❛❞♦ t❡♠♦s

¬�β ∈ ∆✳ P♦r ♦✉tr♦✱ �♦¬β ∈ ∆✱ ♣♦r (B)✳ ❉❛í �¬�β ∈ ∆ ❡

♣♦rt❛♥t♦ V∆
DBm

(�β) = F+✳

✕ s❡ V∆
DBm

(β) = F−✱ ❡♥tã♦ �¬β,¬β ∈ ∆✳ ❚❡♠♦s ❡♥tã♦ ♦¬β ∈ ∆✱ ♣♦r

(D) ❡ ❞❛í ¬�β ∈ ∆✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r (B) ❝♦♥❝❧✉í♠♦s q✉❡ �♦¬β ∈ ∆

❡ �¬�β ∈ ∆✳ P♦rt❛♥t♦ V∆
DBm

(�β) = F−✳ �

▲❡♠❛ ✸✳✷✳✻✶✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ❉❇♠✳ ❆ss✐♠✱

❡①✐st❡ ✉♠❛ ❉❇♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ + ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✺✼✱ s✉❜st✐t✉✐♥❞♦ ♦ ▲❡♠❛ ✸✳✷✳✺✻ ♣❡❧♦

▲❡♠❛ ✸✳✷✳✻✵✳ �

❚❡♦r❡♠❛ ✸✳✷✳✻✷ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉❇♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡

❉❇♠✳ ❊♥tã♦✿

�DBm α ✐♠♣❧✐❝❛ ⊢DBm α.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ 0DBm α✳ ❆ss✐♠ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧

❝♦♥s✐st❡♥t❡ ∆ ❡♠ ❉❇♠ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆✳ P❡❧♦ ▲❡♠♠❛ ✸✳✷✳✻✶✱ ❡①✐st❡ ✉♠❛

❉❇♠✲✈❛❧♦r❛çã♦ V t❛❧ q✉❡ V(α) 6∈ +✳ P♦rt❛♥t♦ 2DBm α �

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❞✐③❡♠ r❡s♣❡✐t♦ à ❝♦rr❡t✉❞❡ ❡

à ❝♦♠♣❧❡t✉❞❡ ❞❡ ❉✹♠✳

❚❡♦r❡♠❛ ✸✳✷✳✻✸ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉✹♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡❉✹♠✳

❊♥tã♦✿

⊢D4m α ✐♠♣❧✐❝❛ �D4m α

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦s ❛①✐♦♠❛s ✭❑✷✮✱✭▼✸✮✱✭▼✹✮ ♣❛r❛ ❛s r❡❣r❛s ❞❡ ❉♠

❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✺✹✳ ◆♦s ❞❡♠❛✐s ❝❛s♦s ❛❧❣✉♠❛s

❛❧t❡r❛çõ❡s sã♦ ♥❡❝❡ssár✐❛s✱ s✉❜st✐t✉✐♥❞♦✿

✭❑✮ v(�q) ∈ + ♣♦r v(�q) = T+ ❡ v(�p → �q) ∈ + ♣♦r v(�p → �q) = T+✳

✶✻✽



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✭❑✶✮ v(♦p) ∈ − ♣♦r v(♦p) = F−✳

✭▼✶✮ v(�(p → q)) ∈ + ♣♦r v(�(p → q)) = T+✳

✭▼✷✮ v(�(p → q)) ∈ + ♣♦r v(�(p → q)) = T+✳

P❛r❛ ♦ ❛①✐♦♠❛ (4)✱ t❡♠♦s✿

✭✹✮ �p → ��p

• s❡ v(p) ∈ +✱ ❡♥tã♦ v(�p) = T+ ❡ v(��p) = T+✳ ▲♦❣♦ v(4) ∈ +✳ �

▲❡♠❛ ✸✳✷✳✻✹✿ V∆
4m é ✉♠❛ ❉✹♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❈❆❙❖ ✶ ❡ ❈❆❙❖ ✸ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦

▲❡♠♠❛ ✸✳✷✳✺✻✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❈❆❙❖ ✷✱ ❛ ♠❡s♠❛ ♦❜s❡r✈❛çã♦ ✈❛❧❡ q✉❛♥❞♦

V∆
4m(β) ∈ C ♦✉ V∆

4m∆(β) ∈ F ✳ ❘❡st❛ ❛♥❛❧✐s❛r q✉❛♥❞♦ V∆
4m(β) ∈ T ✳

• ❈❆❙❖ ✷✿ α é �β

✕ s❡ V∆
4m(β) ∈ T ✱ ❡♥tã♦ �β ∈ ∆✳ P♦r (4) t❡♠♦s q✉❡ ��β ∈ ∆ ❡ ❞❛í

V∆
4m(�β) ∈ T ✳ �

▲❡♠❛ ✸✳✷✳✻✺✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ❉✹♠✳ ❆ss✐♠✱

❡①✐st❡ ✉♠❛ ❉✹♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ + ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✺✼✱ s✉❜st✐t✉✐♥❞♦ ♦ ▲❡♠❛ ✸✳✷✳✺✻ ♣❡❧♦

▲❡♠❛ ✸✳✷✳✻✹✳ �

❚❡♦r❡♠❛ ✸✳✷✳✻✻ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉✹♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡

❉✹♠✳ ❊♥tã♦✿

�D4m α ✐♠♣❧✐❝❛ ⊢D4m α.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ 0D4m α✳ ❆ss✐♠ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧

❝♦♥s✐st❡♥t❡ ∆ ❡♠ ❉✹♠ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆✳ P❡❧♦ ▲❡♠♠❛ ✸✳✷✳✻✺✱ ❡①✐st❡ ✉♠❛

❉✹♠✲✈❛❧♦r❛çã♦ V t❛❧ q✉❡ V(α) 6∈ +✳ P♦rt❛♥t♦ 2D4m α �

Pr♦✈❛♠♦s✱ ♣♦r ✜♠✱ ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❉✹✺♠✳

❚❡♦r❡♠❛ ✸✳✷✳✻✼ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉✹✺♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡

❉✹✺♠✳ ❊♥tã♦✿

⊢D45m α ✐♠♣❧✐❝❛ �D45m α

✶✻✾



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦s ❛①✐♦♠❛s ❡ ♣❛r❛ ❛s r❡❣r❛s ❞❡ ❉♠ ❛ ❞❡♠♦♥str❛çã♦

é ❛♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✺✹✱ ❜❛st❛♥❞♦ s✉❜st✐t✉✐r v(α) ∈ + ♣♦r v(α) = T+

❡ v(α) ∈ − ♣♦r v(α) = F− s❡ α é ❞♦ t✐♣♦ �β ♦✉ ♦β P❛r❛ ♦ ❛①✐♦♠❛ (4)✱ ❛

❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❞❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✻✸✳ P❛r❛ ✭✺✮✿

✭✺✮ ♦p → �♦p

• s❡ v(♦p) ∈ +✱ ❡♥tã♦ v(�¬p) ∈ − ❡ v(¬p) /∈ T ✳ ▲♦❣♦ v(p) ∈ T ✱ ♦ q✉❡

✐♠♣❧✐❝❛ q✉❡ v(♦p) = T+ ❡ v(�♦p) = T+✳ P♦rt❛♥t♦ v(5) ∈ +✳ �

▲❡♠❛ ✸✳✷✳✻✽✿ V∆
D45m

é ✉♠❛ ❉✹✺♠✲✈❛❧♦r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❈❆❙❖ ✶ ❡ ❈❆❙❖ ✸ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦

▲❡♠♠❛ ✸✳✷✳✺✻✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❈❆❙❖ ✷✱ ❛ ❞❡♠♦♥str❛çã♦ é ✐❞ê♥t✐❝❛ ❛ ❞♦

▲❡♠♠❛ ✸✳✷✳✻✹ q✉❛♥❞♦ V∆(β) ∈ T ✳ ❘❡st❛♠ q✉❛tr♦ ít❡♥s ❛ s❡r❡♠ ❛♥❛❧✐s❛❞♦s✳

• ❈❆❙❖ ✷✿ α é �β

✕ s❡ V∆
D45m

(β) ∈ C✱ ❡♥tã♦ ♦β,♦¬β ∈ ∆✳ ❉❡ ♦¬β ∈ ∆ t❡♠♦s ¬�β ∈ ∆

❡ �♦¬β ∈ ∆✱ ♣♦r (5)✳ ❉❛í �¬�β ∈ ∆ ❡ ♣♦rt❛♥t♦ V∆
D45m

(�β) = F−✳

✕ s❡ V∆(β) ∈ F ✱ ❡♥tã♦ ¬♦β ∈ ∆ ❡ ♣♦r (D) ¬�β ∈ ∆✳ ❉❡ ¬♦β ∈ ∆

t❡♠♦s �¬β ∈ ∆ ❡ ♥♦✈❛♠❡♥t❡ ♣♦r (D) t❡♠♦s ♦¬β ∈ ∆✳ P♦r ✜♠✱

�♦¬β ∈ ∆✱ ♣♦r (5)✳ ▲♦❣♦ �¬�β ∈ ∆ ❡ V∆
D45m

(�β) = F−✳

▲❡♠❛ ✸✳✷✳✻✾✿ ❙❡❥❛ ∆ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ❉✹✺♠✳ ❆ss✐♠✱

❡①✐st❡ ✉♠❛ ❉✹✺♠✲✈❛❧♦r❛çã♦ V ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α✿

V(α) ∈ + ss❡ α ∈ ∆

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✺✼✱ s✉❜st✐t✉✐♥❞♦ ♦ ▲❡♠❛ ✸✳✷✳✺✻ ♣❡❧♦

▲❡♠❛ ✸✳✷✳✻✽✳ �

❚❡♦r❡♠❛ ✸✳✷✳✼✵ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ♣❛r❛ ❉✹✺♠✮✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡

❉✹✺♠✳ ❊♥tã♦✿

�D45m α ✐♠♣❧✐❝❛ ⊢D45m α.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ 0D45m α✳ ❆ss✐♠ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧

❝♦♥s✐st❡♥t❡ ∆ ❡♠ ❉✹✺♠ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆✳ P❡❧♦ ▲❡♠♠❛ ✸✳✷✳✻✾✱ ❡①✐st❡ ✉♠❛

❉✹✺♠✲✈❛❧♦r❛çã♦ V t❛❧ q✉❡ V(α) 6∈ +✳ P♦rt❛♥t♦ 2D45m α �

✶✼✵



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❱✐♠♦s ❛❝✐♠❛ ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❉♠✱ ❉❇♠✱ ❉✹♠ ❡ ❉✹✺♠ ❝♦♠ r❡❧❛çã♦

às r❡s♣❡❝t✐✈❛s ✭◆✮♠❛tr✐③❡s ❞❡ ✻✲✈❛❧♦r❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ í♥✐❝✐♦ ❞❡ss❛ s✉❜s❡çã♦✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥❡r❡♠♦s ♦s s✐st❡♠❛s ♥ã♦ ♥♦r♠❛✐s ♣♦r ♠❡✐♦ ❞❡ss❛s ❧ó❣✐❝❛s

❞❡ô♥t✐❝❛s ♠✐♥✐♠❛✐s✳

• D = Dm ∪ {(Nec)}

• KDB = DBm ∪ {(Nec)}

• KD4 = D4m ∪ {(Nec)}

• KD45 = D45m ∪ {(Nec)}

◆♦t❡ q✉❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ ❡ss❛s ❛①✐♦♠át✐❝❛s ❝♦rr❡s♣♦♥❞❡♠ à ♦r✐❣✐♥❛❧

é ❛♥á❧♦❣❛ ❛ q✉❡ ✜③❡♠♦s ♥❛ ❙✉❜s❡çã♦ ✸✳✷✳✷ ❛♦ ♥♦s r❡❢❡r✐r♠♦s ❞❡ ❝♦♠♦ ❝♦♥str✉✐r

❚ ❛ ♣❛rt✐r ❞❡ ❚♠✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ s❡♠â♥t✐❝♦✱ ♥♦ss❛ s♦❧✉çã♦ s❡rá s❡♠❡❧❤❛♥t❡ ❛ ❞❡ ❑❡❛r♥s✳

❆❝r❡s❝❡♥t❛r❡♠♦s ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡ s❡ v(α) r❡❝❡❜❡

s❡♠♣r❡ ✉♠ ✈❛❧♦r ❞✐st✐♥❣✉✐❞♦✱ ♦✉ s❡❥❛✱ ❱❛❧k(α) ⊆ +✱ t❡r❡♠♦s ❱❛❧k+1(α) = T+✳ ❆

❞❡✜♥✐çã♦ ❞❡ t❛✉t♦❧♦❣✐❛ t❛♠❜é♠ s❡rá ❛❞❛♣t❛❞❛✱ ✉♠❛ ❢ór♠✉❧❛ α s❡rá t❛✉t♦❧♦❣✐❛

q✉❛♥❞♦ ❡①✐st✐r ✉♠ ♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦ k ❡♠ q✉❡ ❱❛❧k(α) = T+✳

▼♦str❛r❡♠♦s ❛❜❛✐①♦ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺ ❛ ♣❛rt✐r ❞❛s

✭◆✮▼❛tr✐③❡s ❞❡ ❉♠✱ ❉❇♠✱ ❉✹♠ ❡ ❉✹✺♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✸✳✷✳✼✶✿ ❙❡❥❛ Lm ∈ {Dm,DBm,D4m,D45m}✳ ❙❡❥❛ t❛♠❜é♠ L ∈

{D,KDB,KD4,KD45}✳ P♦r ✜♠✱ s❡❥❛ ❱❛❧
L ♦ ❝♦♥❥✉♥t♦ ❞❛s Lm✲✈❛❧♦r❛çõ❡s

✭❛✮ ❙❡❥❛ (❱❛❧Lk )k∈N ♣❛r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧
L ❞❡✜♥✐❞❛ ❞♦

s❡❣✉✐♥t❡ ♠♦❞♦✿ ❱❛❧
L
0 = ❱❛❧

L✱ ❡✱ ♣❛r❛ k ≥ 0✱

❱❛❧
L
k+1 = {v ∈ ❱❛❧

L
k : ♣❛r❛ ❝❛❞❛ ❢ór♠✉❧❛ α✱ ❱❛❧Lk (α) ⊆ + ✐♠♣❧✐❝❛ v(α) = T+}

❡♠ q✉❡ ❱❛❧
L
k (α) = {v(α) : v ∈ ❱❛❧

L
k }✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧

L
k sã♦ ❝❤❛♠❛❞♦s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ▲✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ▲✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧L =
⋂

k≥0 ❱❛❧
L
k ✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✼✷✿ ❙❡❥❛ L ∈ {D,KDB,KD4,KD45} ❡ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ▲✳

❆ss✐♠✿

�L α ss❡ v(α) = T+ ♣❛r❛ t♦❞♦ v ∈ ❱❛❧L✳ �

✶✼✶



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

Pr♦♣♦s✐çã♦ ✸✳✷✳✼✸✿ ❙❡❥❛ L ∈ {D,KDB,KD4,KD45} ❡ α ✉♠❛ ❢ór♠✉❧❛ ❞❡

▲✳ ❆ss✐♠✿

�L α ss❡ ❡①✐st❡ k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧
L
k (α) = {T+}✳

❉❡♠♦s♥tr❛çã♦✿ ❆♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✸✳✷✳✷✵ �

❚❡♦r❡♠❛ ✸✳✷✳✼✹ ✭❈♦rr❡t✉❞❡ ❢r❛❝❛ ❞❡ ▲✮✿ ❙❡❥❛ L ∈ {D,KDB,KD4,KD45}

❡ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ▲✳ ❆ss✐♠✿

⊢L α ✐♠♣❧✐❝❛ �L α

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦s ❛①✐♦♠❛s ❡ r❡❣r❛s ❞❡ ▲♠ ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛ ❛♦s ❚❡♦r❡♠❛

✸✳✷✳✺✹✱ ❚❡♦r❡♠❛ ✸✳✷✳✺✾✱ ❚❡♦r❡♠❛ ✸✳✷✳✻✸ ❡ ❚❡♦r❡♠❛ ✸✳✷✳✻✼✳ P❛r❛ ❛ r❡❣r❛ (Nec)✱

♦ ❛r❣✉♠❡♥t♦ é s❡♠❡❧❤❛♥t❡ ❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✶✳ ❖ ú♥✐❝♦ ❞❡t❛❧❤❡ ❞✐❣♥♦ ❞❡ ♥♦t❛

é q✉❡✱ s❡ ❱❛❧
L
k (β) = {T+} ❡♥tã♦ ❱❛❧

L
k (�β) ⊆ + ❡ ❞❛í ❱❛❧Lk+1(�β) = {T+}✳ �

❉❡✜♥✐çã♦ ✸✳✷✳✼✺✿ ❖ ❝♦♥❥✉♥t♦ ❞❛s ▲✲✈❛❧♦r❛çõ❡s ❝❛♥ô♥✐❝❛s é ♦ ❝♦♥❥✉♥t♦

❱❛❧
L

can = {V∆
L : ∆ é ✉♠ ❝♦♥❥✉♥t♦ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡ ❡♠ ▲},

❡♠ q✉❡ ❝❛❞❛ V∆
L

é ❞❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✷✳✺✺✳ �

▲❡♠❛ ✸✳✷✳✼✻✿ ❱❛❧
L

can ⊆ ❱❛❧
L
0 ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❉❡✜♥✐çã♦ ✸✳✷✳✼✺ ❡ ❉❡✜♥✐çã♦ ✸✳✷✳✺✺✱

❛❞❛♣t❛♥❞♦ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✸✳✷✳✺✻✱ ▲❡♠❛ ✸✳✷✳✻✵✱ ▲❡♠❛ ✸✳✷✳✻✹ ❡ ▲❡♠❛ ✸✳✷✳✻✽

❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡ ❝❛❞❛ ❛①✐♦♠❛ ❞❡ ▲♠ ✈❛❧❡ ❡♠ ▲✳ �

▲❡♠❛ ✸✳✷✳✼✼✿ ❙❡ ❱❛❧
L

can ⊆ ❱❛❧
L
k ❡♥tã♦ ❱❛❧

L

can ⊆ ❱❛❧
L
k+1✳

❉❡♠♦♥str❛çã♦✿ ❆♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✹✳ ❆ ú♥✐❝❛ ♠♦❞✐✜❝❛çã♦ é ❛ q✉❡ s❡

s❡❣✉❡✿ ❞❛❞♦ V∆
L

∈ ❱❛❧
L
k (α)✱ s❡ α é ✉♠❛ ❢ór♠✉❧❛ ❞❡ ♠♦❞♦ q✉❡ ❱❛❧

L
k (α) ⊆ +

❡♥tã♦ V∆(α) ∈ +✳ ❈♦♠♦ �α ∈ ∆ ✭♣r♦✈❛ ❛♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✸✳✷✳✷✹✮ ❡♥tã♦

V∆(α) ∈ T ✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✷✳✺✺✳ ❉❛í✱ V∆(α) = T+ ❡ ❡♥tã♦ V∆ ∈ ❱❛❧
L
k+1✱ ♣❡❧❛

❉❡✜♥✐çã♦ ✸✳✷✳✼✶✳ �

❈♦r♦❧ár✐♦ ✸✳✷✳✼✽✿ ❱❛❧
L

can ⊆ ❱❛❧L✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠❛ ✸✳✷✳✼✻ ❡ ▲❡♠❛ ✸✳✷✳✼✼✳ �

✶✼✷



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

❚❡♦r❡♠❛ ✸✳✷✳✼✾ ✭❈♦♠♣❧❡t✉❞❡ ❢r❛❝❛ ❞❡ ▲✮✿ ❙❡❥❛ L ∈ {D,KDB,KD4,KD45}

❡ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ▲✳ ❆ss✐♠✿

�L α ✐♠♣❧✐❝❛ ⊢L α

Pr♦♦❢✿ ❙✉♣♦♥❤❛ q✉❡ 0L α✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ∆ ♠❛①✐♠❛❧ ❝♦♥s✐st❡♥t❡

❡♠ ▲ ❞❡ ♠♦❞♦ q✉❡ α 6∈ ∆✱ ❛ss✐♠ ¬α ∈ ∆✳ ❙✉♣♦♥❤❛ q✉❡ �L α✳ ❆ss✐♠✱ ❡①✐st❡

k ≥ 0 ❞❡ ♠♦❞♦ q✉❡ ❱❛❧
L
k (α) = {T+}✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✼✸✳ ❱✐st♦ q✉❡ ❱❛❧

L

can ⊆

❱❛❧
L
k ✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✽✱ s❡❣✉❡✲s❡ q✉❡ V∆(α) = T+✳ ▼❛s ¬α ∈ ∆ ❡ ❡♥tã♦

V∆(α) ∈ −✱ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ 2L α✳ �

❆♥t❡s ❞❡ ❡♥❝❡rr❛r ♦ ❝❛♣ít✉❧♦✱ ❣♦st❛rí❛♠♦s ❞❡ ❢❛③❡r ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s

✜♥❛✐s✳ ❱✐♠♦s ♥❛ ❙✉❜s❡çã♦ ✸✳✷✳✶ ♦s s✐st❡♠❛s ❚♠✱ ❇♠✱ ✹♠ ❡ ✺♠✳ ◆❛ ❙✉❜s❡çã♦

✸✳✷✳✷✱ ❛❝r❡s❝❡♥t❛♠♦s ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çõ❡s ❡ ♦❜t✐✈❡♠♦s ✉♠❛ s❡♠â♥t✐❝❛ ❝♦♠✲

♣❧❡t❛ ♣❛r❛ ❚✱ ❇✱ ❙✹ ❡ ❙✺✳ ❆ ❋✐❣✉r❛ ✸✳✶ ♠♦str❛ ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦ q✉❡ ❡①✐st❡

❡♥tr❡ ❡ss❡s s✐st❡♠❛s ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r ◆♠❛tr✐③❡s ❞❡ ✹✲✈❛❧♦r❡s✳

◆❡ss❛ s✉❜s❡çã♦✱ s✉❜st✐t✉í♠♦s ♥♦s s✐st❡♠❛s ❛❝✐♠❛ ♦ ❛①✐♦♠❛ (T ) ♣♦r (D)✱ ♦❜✲

t❡♥❞♦ ❉❚♠✱ ❉❇♠✱ ❉✹♠ ❡ ❉✺♠✳ ❙❡♠❛♥t✐❝❛♠❡♥t✱❡ ❛❝r❡s❝❡♥t❛♠♦s ♦s ✈❛❧♦r❡s

T− ❡ F+✱ ♣❛r❛ ❧✐❞❛r ❝♦♠ ❛s s✐t✉❛çõ❡s ❡♠ q✉❡ �p é ♦ ❝❛s♦ ♠❛s ¬p é ♦ ❝❛s♦✱ ❡

r❡❝✐♣r♦❝❛♠❡♥t❡✱ q✉❛♥❞♦ �¬p é ♦ ❝❛s♦ ♠❛s p é ♦ ❝❛s♦✳ ❆❝r❡s❝❡♥t❛♥❞♦ ♦s ♥í✈❡✐s

❞❡ ✈❛❧♦r❛çõ❡s t❡♠♦s ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺✳ ❆ ❋✐❣✉r❛

❛❜❛✐①♦ ♠♦str❛ ❛ r❡❧❛çã♦ ❞❡ ✐♥❝❧✉sã♦ ❞❡ss❡s s✐st❡♠❛s✱ ❛♥á❧♦❣❛ à ❋✐❣✉r❛ ✸✳✶✳

KD45 KDB

KD4 D

D45m DBm

D4m Dm

❋✐❣✳ ✸✳✷✿ ❙✐st❡♠❛s ♠♦❞❛✐s ❝♦♠♣❧❡t♦s ♣♦r ◆♠❛tr✐③❡s ❞❡ ✻ ✈❛❧♦r❡s

❈♦♠♦ ❛✜r♠❛❞♦ ♥❛ s✉❜s❡çã♦ ✸✳✷✳✷✱ ❑❡❛r♥s ♠♦str♦✉ ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ✉♠

s✐st❡♠❛ ❞❡ ❉❡❞✉çã♦ ◆❛t✉r❛❧ ♣❛r❛ ❚✱ ❛♣r❡s❡♥t❛♥❞♦ ✭◆✮♠❛tr✐③❡s ❞❡ ✹ ✈❛❧♦r❡s ♣❛r❛

❙✹ ❡ ❙✺✳ ▼♦str❛♠♦s ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ss❛s ❧ó❣✐❝❛s ♣❛r❛ s❡✉s r❡s♣❡❝t✐✈♦s s✐st❡♠❛s

❛①✐♦♠át✐❝♦s✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦♣✉s❡♠♦s ✭◆✮♠❛tr✐③❡s ❝♦♠♣❧❡t❛s ❞❡ ✹ ✈❛❧♦r❡s ♣❛r❛

❇ ❡ ❞❡ ✻ ✈❛❧♦r❡s ♣❛r❛ ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺✳

◗✉❡r❡♠♦s ❛✐♥❞❛ r❡ss❛❧t❛r q✉❡ ❡♠ q✉❛❧q✉❡r s✐st❡♠❛ q✉❡ ❡st❡♥❞❡ P❈ ❡♠ q✉❡

✶✼✸



✸✳ ❈♦♠♣❧❡t✉❞❡ ♣♦r ◆♠❛tr✐③❡s ❋✐♥✐t❛s

✈❛❧❡ (T )✱ t❛♠❜é♠ ✈❛❧❡ (D)✳ ❉❡ ❢❛t♦✱ ♣♦r (T ) t❡♠♦s �¬p → ¬p ❡ ❞❛í p → ♦p

❡ ♣♦r ❙✐❧♦❣✐s♠♦ ❍✐♣♦tét✐❝♦ t❡♠♦s �p → ♦p✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❛ r❡❧❛çã♦ ❞❡

✐♥❝❧✉sã♦ ❞♦s s✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ✈✐st♦s ♥❡ss❡ ❝❛♣ít✉❧♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♥♦

❣rá✜❝♦ ❛❜❛✐①♦✿

S5 B

S4 T

KD45 KDB

KD4 D

❋✐❣✳ ✸✳✸✿ ❙✐st❡♠❛s ♠♦❞❛✐s ♥♦r♠❛✐s ❝♦♠♣❧❡t♦s ♣♦r ◆♠❛tr✐③❡s

❆ s❡♠â♥t✐❝❛ ❡①♣♦st❛ ♥❡ss❡ ❝❛♣ít✉❧♦ ♣♦ss✉✐ ❝❡rt❛s ❧✐♠✐t❛çõ❡s✳ ❆❝r❡❞✐t❛♠♦s

q✉❡ ❢❛③ s❡♥t✐❞♦ ♣❡♥s❛r q✉❡ s✐st❡♠❛s ❡♠ q✉❡ ✈❛❧❡ (D) sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ✻

✈❛❧♦r❡s q✉❡ ♣❛ss❛♠ ❛ s❡r r❡❞✉③✐❞♦s ❛ ✹ q✉❛♥❞♦ ✈❛❧❡ (T )✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛s

✭◆✮♠❛tr✐③❡s ♣❛r❛ ♦s ❛①✐♦♠❛s (B)✱ (4) ❡ (5) ♥ã♦ sã♦ ♦❜t✐❞❛s ❞❡ ♠❛♥❡✐r❛ tã♦

✐♥t✉✐t✐✈❛ ❝♦♠♦ ♥♦s ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s✳✷✺

➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛✐♥❞❛ ♥ã♦ t❡♠♦s ❝❧❛r❡③❛ s♦❜r❡ ❛ r❡❧❛çã♦ ❡♥tr❡

❛s ◆♠❛tr✐③❡s ❡ ♦s ♠♦❞❡❧♦s ❞❡ ❑r✐♣❦❡✳ ❚❛♠♣♦✉❝♦ s❛❜❡♠♦s s❡ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠

r❡s✉❧t❛❞♦ ❣❡♥ér✐❝♦ ❞❡ ❝♦♠♣❧❡t✉❞❡✱ ❝♦♠♦ ♦ ♦❜t✐❞♦ ♣♦r ▲❡♠♠♦♥ ❝♦♠ r❡❧❛çã♦ ❛♦s

♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s✳✷✻ ❆❝r❡❞✐t❛♠♦s✱ ❡♥tr❡t❛♥t♦✱ q✉❡ s❡rá ♣♦ssí✈❡❧ ♦❜t❡r ❛❧❣✉♠

r❡s✉❧t❛❞♦ ❣❡♥ér✐❝♦ ❞❡ ❝♦♠♣❧❡t✉❞❡ ♣♦r ♠❡✐♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❞❡ ❧ó❣✐❝❛s✳ ❆❧❣✉♠❛s

✐♥t✉✐çõ❡s s❡rã♦ ❢♦r♥❡❝✐❞❛s ❡♠ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s✳

❖✉tr❛ q✉❡stã♦ ❛❜❡rt❛ é s❛❜❡r s❡ é ♣♦ssí✈❡❧ ♦❜t❡r ❛❧❣✉♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥✲

❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❛ s❡♠â♥t✐❝❛ ❞❡ ◆♠❛tr✐③❡s ✜♥✐t❛s ❝♦♠ ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ❡

s❡ ❡ss❡s r❡s✉❧t❛❞♦s ❝♦✐♥❝✐❞✐r✐❛♠ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥❝♦♠♣❧❡t✉❞❡ ♣♦r s❡♠â♥✲

t✐❝❛ r❡❧❛❝✐♦♥❛❧✳ ❚❛♠❜é♠ ♥ã♦ ♦❜t✐✈❡♠♦s ❝♦♠♣❧❡t✉❞❡s ♣❛r❛ s✐st❡♠❛s ♥ã♦✲♥♦r♠❛✐s

♦✉ s✐st❡♠❛s ♠♦❞❛✐s ❝✉❥♦ ❢r❛❣♠❡♥t♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ♥ã♦ é ❝❧áss✐❝♦✳ ❚❡♠♦s✱ ❡♥tr❡✲

t❛♥t♦✱ ✉♠❛ ✐❞❡✐❛ ❞❡ ❝♦♠♦ ❛t❛❝❛r ❡ss❡s ♣r♦❜❧❡♠❛s✳ ◆♦ss❛ ❡str❛té❣✐❛ t❛♠❜é♠ s❡rá

❡s♠✐✉❛ç❛❞❛ ♥❛s ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s✳

✷✺ ◆♦s ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s ❞❡ ❑r✐♣❦❡✱ ♣❛r❛ ♦❜t❡r ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ss❡s s✐st❡♠❛s ❜❛st❛ ❣❛r❛♥t✐r
q✉❡ ❛ r❡❧❛çã♦ s❡❥❛ s✐♠étr✐❝❛✱ tr❛♥s✐t✐✈❛ ♦✉ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❱✐❞❡ ❬❑r✐✻✸❪
✷✻ ❊♠ ❬▲❙✼✼❪✱ ▲❡♠♠♦♥ ♠♦str❛ ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ ❑ ♦❜t✐❞❛s ♣❡❧❛s

✐♥st❛♥❝✐❛çõ❡s ❞♦ ❡sq✉❡♠❛ ♦k�lα → �m♦nα ♣❛r❛ k, l,m, n ♥❛t✉r❛✐s✳

✶✼✹



❈❖◆❙■❉❊❘❆➬Õ❊❙ ❋■◆❆■❙

❊ss❛ ú❧t✐♠❛ ♣❛rt❡ ❞❛ ❚❡s❡ é ❞❡ ❝❛rát❡r ❡ss❡♥❝✐❛❧♠❡♥t❡ ❡s♣❡❝✉❧❛t✐✈♦✳ ❋♦r♥❡❝❡♠♦s

✐♥t✉✐çõ❡s✱ ❝❛♠✐♥❤♦s ❡ s✉❣❡stõ❡s ❞❡ ❝♦♠♦ ♣♦❞❡rí❛♠♦s ❛♣❧✐❝❛r ❛ s❡♠â♥t✐❝❛ ❞❡

◆♠❛tr✐③❡s ♣❛r❛ ♦✉tr♦s s✐st❡♠❛s ❞✐st✐♥t♦s ❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳

◆❡ss❛ ♣❛rt❡ ❞❛ ❚❡s❡✱ ❞❡✐①❛♠♦s ♣r♦♣♦s✐t❛❧♠❡♥t❡ ❞❡ ❧❛❞♦ ❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧♦✲

❣rá✜❝❛s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ t❛✐s r❡❢❡rê♥❝✐❛s ❥á ❢♦r❛♠ ❝✐t❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛ ❚❡s❡❀ ❛❧é♠

❞✐ss♦ ♣r❡❢❡r✐♠♦s ♦❝✉❧tá✲❧❛s ♣❛r❛ s❡r♠♦s ❝♦❡r❡♥t❡ ❝♦♠ ❛ ❢❛❧t❛ ❞❡ r✐❣♦r té❝♥✐❝♦ ❞♦

q✉❡ s❡ s❡❣✉❡✳ ❚❛♠❜é♠ ♣r❡ss✉♣♦♠♦s ❞❡✜♥✐çõ❡s ❡ t❡♦r❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❡s❡✱

s♦❜r❡t✉❞♦ ♥♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ♠✉✐t❛s ✈❡③❡s s❡♠ ❡♥✉♥❝✐á✲❧♦s ❡①♣❧✐❝✐t❛♠❡♥t❡✳

❆s ❝♦♥s✐❞❡r❛çõ❡s q✉❡ s❡ s❡❣✉❡♠ s❡ ❞✐✈✐❞❡♠ ❡♠ ❜❛s✐❝❛♠❡♥t❡ ❞♦✐s ❝❛♠✐♥❤♦s✿

❜✉s❝❛r ◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲❝❧áss✐❝❛s ❡ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦ ♥♦r✲

♠❛✐s✳ ❚❛♠❜é♠ ♦❢❡r❡❝❡♠♦s ♣✐st❛s ❞❡ ❝♦♠♦ ♦❜t❡rí❛♠♦s t❛❧ s❡♠â♥t✐❝❛ ♣❛r❛ ♦

❝á❧❝✉❧♦ ♣r♦♣♦s✐❝✐♦♥❛❧ ✐♥t✉✐❝✐♦♥✐st❛✳ ❚♦❞❛s ❡❧❛s tê♠✱ ♣♦ré♠✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡

♥ã♦ s❡r❡♠ ♣r❡t❡♥s✐♦s❛s✳

❈♦♠❜✐♥❛♥❞♦ ◆♠❛tr✐③❡s ❝♦♠ ♠❛tr✐③❡s

❙✐st❡♠❛s ♠♦❞❛✐s ❞❡ô♥t✐❝♦s ✲ ❝♦♠♦ ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺ ✲ ❡ ♦s ❛❧ét✐❝♦s ✲ ❚✱

❇✱ ❙✹ ❡ ❙✺ ✲ ♥ã♦ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♠❛tr✐③❡s ✜♥✐t❛s✳ ❇✉s❝❛♥❞♦ ✉♠❛

♥♦✈❛ s❡♠â♥t✐❝❛ ❞✐st✐♥t❛ ❞♦s ♠♦❞❡❧♦s ❞❡ ❑r✐♣❦❡ ❛ ❡ss❡s s✐st❡♠❛s✱ ❛♣r❡s❡♥t❛♠♦s

♦ ❝♦♥❝❡✐t♦ ❞❡ ◆♠❛tr✐③❡s✳

▼♦str❛♠♦s t❛♠❜é♠ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ss❡s s✐st❡♠❛s ❛❧ét✐❝♦s ❝♦♠ r❡❧❛çã♦ às

◆♠❛tr✐③❡s ❞❡ ✹ ✈❛❧♦r❡s ❡ ❞❡ss❡s s✐st❡♠❛s ❞❡ô♥t✐❝♦s ❝♦♠ r❡❧❛çã♦ ❛ ✻ ✈❛❧♦r❡s✳

❚✐✈❡♠♦s q✉❡ ❛❝r❡s❝❡♥t❛r ✉♠❛ ♠❛q✉✐♥❛r✐❛ ❡①tr❛✱ ❝♦♠ ❛ ♥♦çã♦ ❞❡ ♥í✈❡✐s ❞❡ ✈❛✲

❧♦r❛çã♦ ♣❛r❛ ♦❜t❡r ❛ ❝♦♠♣❧❡t✉❞❡✳ P♦r ♦r❛✱ ✐❣♥♦r❡♠♦s ❡ss❛ ♠❛q✉✐♥❛r✐❛ ❡ ♥♦s

❝♦♥❝❡♥tr❡♠♦s ♥❛s ◆♠❛tr✐③❡s ❞❡ô♥t✐❝❛s✳

❘❡❝♦r❞❡♠♦s q✉❡ ♥♦ss❛ s❡♠â♥t✐❝❛ ♣❛r❛❉ t❡♠ ♦s ✈❛❧♦r❡s ❞❡ ✈❡r❞❛❞❡✿ T+, C+, F+, T−, C−

❡ F− q✉❡ ♣♦❞❡♠ s❡r r❡❛rr❛♥❥❛❞♦s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

T = {T+, T−} C = {C+, C−} F = {F+, F−}



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

⊕ = {T+, C+, F+} ⊖ = {T−, C−, F−}

❘❡❝♦r❞❡♠♦s ❛✐♥❞❛ q✉❡ ⊕ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s✳ ❆ s❡♠â♥t✐❝❛

♣❛r❛ ❉ é r❡❣✐❞❛ ♣♦r ♠❡✐♦ ❞❛s ◆♠❛tr✐③❡s ❛❜❛✐①♦✿

→ T C F

T T C F

C T T ∪ C C

F T T T

p �p

T ⊕

C ⊖

F ⊖

p ¬p

T F

C C

F T

→ ⊕ ⊖

⊕ ⊕ ⊖

⊖ ⊕ ⊕

p ¬p

⊕ ⊖

⊖ ⊕

▲❡♠❜r❡♠♦s q✉❡ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ¬ ❡ → é r❡q✉✐r✐❞♦ q✉❡ ❛s ❝♦♥❞✐çõ❡s

✐♠♣♦st❛s ♣♦r ❛♠❜❛s ❛s ♠❛tr✐③❡s s❡❥❛♠ r❡s♣❡✐t❛❞❛s✳ ■ss♦ ✐♠♣❧✐❝❛ ♥❛s s❡❣✉✐♥t❡s

t❛❜❡❧❛s ❞❡ ✻ ✈❛❧♦r❡s ♣❛r❛ ❡ss❡s ♦♣❡r❛❞♦r❡s ✭♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ✉♥✐tár✐♦ ❞❡ ✈❛❧♦r❡s

{x} ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ x✮✿

p ¬p

T+ F−

T− F+

C+ C−

C− C+

F+ T−

F− T+

→ T+ T− C+ C− F+ F−

T+ T+ T− C+ C− F+ F−

T− T+ T+ C+ C+ F+ F+

C+ T+ T− {T+, C+} {T−, C−} C+ C−

C− T+ T+ {T+, C+} {T+, C+} C+ C+

F+ T+ T− T+ T− T+ T−

F− T+ T+ T+ T+ T+ T+

●♦st❛rí❛♠♦s ❞❡ ❝❤❛♠❛r ❛t❡♥çã♦ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❡♠ ❉ ♦s ✻ ✈❛❧♦r❡s ♣♦❞❡♠

s❡r ✈✐st♦s ❝♦♠♦ ❞✉♣❧❛s✿

T+ = 〈T, 1〉 T− = 〈T, 0〉

C+ = 〈C, 1〉 C− = 〈C, 0〉

F+ = 〈F, 1〉 F− = 〈F, 0〉

❙❡❥❛ 〈x, y〉 ✉♠ ♣❛r ❞❡ ✈❛❧♦r❡s q✉❛❧q✉❡r ♣❛r❛ x ∈ {T,C, F} ❡ y ∈ {0, 1}✳

❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ T✱ ♣♦r ❡①❡♠♣❧♦✱ s❡r✐❛ r❡♣r❡s❡♥t❛❞♦ ♣♦r 〈T, y〉 ❡♥q✉❛♥t♦ ♦

❝♦♥❥✉♥t♦ ⊖ s❡r✐❛ ♣♦r 〈x, 0〉✳

❖❜s❡r✈❡ q✉❡ ❞❛❞♦ ✉♠ ♣❛r 〈x, y〉✱ ❝❛❞❛ y ∈ {0, 1} s❡ ❝♦♠♣♦rt❛ ♥❛s ❞✉❛s ú❧t✐✲

✶✼✻



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

♠❛s ♠❛tr✐③❡s ❛❝✐♠❛ ❡①❛t❛♠❡♥t❡ ❞♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ♥❛s t❛❜❡❧❛s ♣❛r❛ ❛ ❧ó❣✐❝❛

♣r♦♣♦s✐❝✐♦♥❛❧ ❝❧áss✐❝❛✳ ❉❡ ❢❛t♦✱ ♣❛r❛ t♦❞♦ x ∈ {T,C, F} t♦❞♦ x′ ∈ {T,C, F} ❡

t♦❞♦ x′′ ∈ {T,C, F}✿

→ 〈x′, 1〉 〈x′, 0〉

〈x, 1〉 〈x′′, 1〉 〈x′′, 0〉

〈x, 0〉 〈x′′, 1〉 〈x′′, 1〉

p ¬p

〈x, 1〉 〈x′, 0〉

〈x, 0〉 〈x′, 1〉

❏á ♦ ♦♣❡r❛❞♦r � ✈✐st♦ s♦❜r❡ ♦s ♣❛r❡s ❞❡ ✈❡r❞❛❞❡ 〈x, y〉 t❡♠ ♦ s❡❣✉✐♥t❡ ❝♦♠✲

♣♦rt❛♠❡♥t♦ s❡♠â♥t✐❝♦ ❡♠ ❉✱ ♣❛r❛ t♦❞♦ x ∈ {T,C, F} ❡ t♦❞♦ y ∈ {0, 1}✿

p �p

〈T, y〉 〈x, 1〉

〈C, y〉 〈x, 0〉

〈F, y〉 〈x, 0〉

◆❛ s✉❜s❡çã♦ ✸✳✷✳✸✱ ✈✐♠♦s ❛✐♥❞❛ q✉❡ ✲ ❛✜♠ ❞❡ ♦❜t❡r ◆♠❛tr✐③❡s ❝♦♠♣❧❡t❛s

♣❛r❛ ♦s s✐st❡♠❛s ❑❉❇✱ ❑❉✹ ❡ ❑❉✺ ✲ t❡♠♦s q✉❡ ❛❧t❡r❛r ❛♣❡♥❛s ❛ ◆♠❛tr✐③

❝♦♠ r❡❧❛çã♦ ❛♦ ♦♣❡r❛❞♦r ♠♦❞❛❧ � ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

KDB KD4 KD45

α �α

T+ ⊕

T− F+

C+ ⊖

C− F−

F+ ⊖

F− F−

α �α

T+ T+

T− T+

C+ ⊖

C− ⊖

F+ ⊖

F− ⊖

α �α

T+ T+

T− T+

C+ F−

C− F−

F+ F−

F− F−

❊♠ t❡r♠♦s ❞❡ ♣❛r❡s ❞❡ ✈❛❧♦r❡s ✈❡r❞❛❞❡s 〈x, y〉✱ ❡ss❛s ◆♠❛tr✐③❡s ♣♦❞❡♠ s❡r r❡✲

❡s❝r✐t❛s ♣❛r❛ t♦❞♦ x ∈ {T,C, F} ❡ t♦❞♦ y ∈ {0, 1}✿

✶✼✼



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

KDB KD4 KD45

α �α

〈T, 1〉 〈x, 1〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈x, 0〉

〈C, 0〉 〈F, 0〉

〈F, 1〉 〈x, 0〉

〈F, 0〉 〈F, 0〉

α �α

〈T, y〉 〈T, 1〉

〈C, y〉 〈x, 0〉

〈F, y〉 〈x, 0〉

α �α

〈T, y〉 〈T, 1〉

〈C, y〉 〈F, 0〉

〈F, y〉 〈F, 0〉

❉❡✈❡♠♦s t❛♠❜é♠ r❡❧❡♠❜r❛r q✉❡ s❡ ❡❧✐♠✐♥❛r♠♦s ♦s ♣❛r❡s 〈T, 0〉 ❡ 〈F, 1〉 ❞❛s

◆♠❛tr✐③❡s ❞❡ ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺ ♦❜t❡♠♦s ❛ s❡♠â♥t✐❝❛ ❞❡ ❚✱ ❇✱ ❙✹ ❡ ❙✺✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❱✐♠♦s ❛♦ ❧♦♥❣♦ ❞❛ ❚❡s❡ ❛❧❣✉♥s s✐st❡♠❛s ♣r♦♣♦s✐❝✐♦♥❛✐s ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r

♠❛tr✐③❡s ✜♥✐t❛s✳ ❚❛❧✈❡③ ♦ ♠❛✐s ❝é❧❡❜r❡ ❞❡♥tr❡ ❡❧❡s s❡❥❛ ❾3✳ ❊ss❛ ❧ó❣✐❝❛ t❡♠

♦s três ✈❛❧♦r❡s 1, 1
2 ❡ 0✱ ❡♠ q✉❡ 1 é ♦ ❞✐st✐♥❣✉✐❞♦✳ ❙✉❛ s❡♠â♥t✐❝❛ ♦❜❡❞❡❝❡ ❛s

♠❛tr✐③❡s✿

p ¬p

0 1
1
2

1
2

1 0

→ 0 1
2 1

0 1 1 1
1
2

1
2 1 1

1 0 1
2 1

❆❝r❡❞✐t❛♠♦s q✉❡ ❛ ❛❜♦r❞❛❣❡♠ ♣♦r ♠❡✐♦ ❞❡ ♣❛r❡s ❞❡ ✈❛❧♦r❡s ♣♦❞❡r✐❛ ❢♦r♥❡❝❡r

✉♠❛ s❡♠â♥t✐❝❛ ♣❛r❛ ❧ó❣✐❝❛s ❞❡ô♥t✐❝❛s ❡ ❛❧ét✐❝❛s ❝✉❥♦ ❢r❛❣♠❡♥t♦ ♥ã♦ é ❝❧áss✐❝♦✳

❈♦♠❜✐♥❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❝á❧❝✉❧♦s ❞❡ô♥t✐❝♦s ❡ ❾3✱ t❡rí❛♠♦s ✾ ✈❛❧♦r❡s✿

〈T, 1〉 〈T, 1
2 〉 〈T, 0〉

〈C, 1〉 〈C, 1
2 〉 〈C, 0〉

〈F, 1〉 〈F, 1
2 〉 〈F, 0〉

❖s ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s s❡r✐❛♠ 〈T, 1〉✱ 〈C, 1〉 ❡ 〈F, 1〉✳

❆ ✐❞❡✐❛ s✉❜❥❛❝❡♥t❡ ❛♦s ♣❛r❡s ❞❡ ✈❛❧♦r❡s 〈x, y〉 ♥❡ss❡ ❝❛s♦ é q✉❡ x ∈ {T,C, F}

r❡s♣❡✐t❛ ❛s ✭◆✮♠❛tr✐③❡s ♠♦❞❛✐s ❞❡ô♥t✐❝❛s✱ ❡♥q✉❛♥t♦ y ∈ {1, 1
2 , 0} r❡s♣❡✐t❛ ♠❛✲

tr✐③❡s ♣r♦♣♦s✐❝✐♦♥❛✐s ❞❡ ❾3✳ ◆♦t❡ q✉❡ 〈T, y〉 ❞❡t❡r♠✐♥❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s

❞❡ ✈❛❧♦r❡s {〈T, 1〉, 〈T, 1
2 〉, 〈T, 0〉}✱ ♣♦r ♦✉tr♦ ❧❛❞♦ 〈x, 1〉 ❞❡t❡r♠✐♥❛ ♦ ❝♦♥❥✉♥t♦

{〈T, 1〉, 〈C, 1〉, 〈F, 1〉}✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ¬ ❡ → t❡rí❛♠♦s ❛s

✶✼✽



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

t❛❜❡❧❛s ❛❜❛✐①♦ ❝♦♠♦ s❡♠â♥t✐❝❛ ♣❛r❛ ❝❡rt❛ ❝♦♠❜✐♥❛çã♦ ❡♥tr❡ ♦s s✐st❡♠❛s ❞❡ô♥✲

t✐❝♦s ❡ ❾3 ✭♣❛r❛ x, x′ ❡ x′′ ∈ {T,C, F}❀ ♣❛r❛ y, y′ ❡ y′′ ∈ {1, 1
2 , 0}✮✿

p ¬p

〈x, 0〉 〈x′, 1〉

〈x, 1
2 〉 〈x′, 1

2 〉

〈x, 1〉 〈x′, 0〉

→ 〈x′, 0〉 〈x′, 1
2 〉 〈x′, 1〉

〈x, 0〉 〈x′′, 1〉 〈x′′, 1〉 〈x′′, 1〉

〈x, 1
2 〉 〈x′′, 1

2 〉 〈x′′, 1〉 〈x′′, 1〉

〈x, 0〉 〈x′′, 0〉 〈x′′, 1
2 〉 〈x′′, 1〉

N¬ N→

p ¬p

〈T, y〉 〈F, y′〉

〈C, y〉 〈C, y′〉

〈F, y〉 〈T, y′〉

→ 〈T, y′〉 〈C, y′〉 〈F, y′〉

〈T, y〉 〈T, y′′〉 〈C, y′′〉 〈F, y′′〉

〈C, y〉 〈T, y′′〉 〈T, y′′〉 ∪ 〈C, y′′〉 〈C, y′′〉

〈F, y〉 〈T, y′′〉 〈T, y′′〉 〈T, y′′〉

❉❡♥♦♠✐♥❡♠♦s N¬ ❡ N→ ❛s ♠❛tr✐③❡s ♠♦❞❛✐s ♣❛r❛ ¬ ❡ →✳

❈♦♠ r❡❧❛çã♦ ❛♦ ♦♣❡r❛❞♦r ♠♦❞❛❧ � t❡rí❛♠♦s ✻ ♣❛r❡s ♥ã♦✲❞✐st✐♥❣✉✐❞♦s✳ ❈♦♠✲

❜✐♥❛♥❞♦ ❾3 ❝♦♠ ♦s ❝á❧❝✉❧♦s ❞❡ô♥t✐❝♦s ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺ t❡rí❛♠♦s ❛s

s❡❣✉✐♥t❡s ◆♠❛tr✐③❡s ♣❛r❛ x ∈ {T,C, F} ❡ y ∈ {1, 1
2 , 0}✿

D KD4

p �p

〈T, y〉 〈x, 1〉

〈C, y〉 〈x, 1
2 〉 ∪ 〈x, 0〉

〈F, y〉 〈x, 1
2 〉 ∪ 〈x, 0〉

α �α

〈T, y〉 〈T, 1〉

〈C, y〉 〈x, 1
2 〉 ∪ 〈x, 0〉

〈F, y〉 〈x, 1
2 〉 ∪ 〈x, 0〉

KDB KD45

α �α

〈T, 1〉 〈x, 1〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈x, 1
2 〉 ∪ 〈x, 0〉

〈C, 0〉 {〈F, 1
2 〉, 〈F, 0〉}

〈F, 1〉 〈x, 1
2 〉 ∪ 〈x, 0〉

〈F, 0〉 {〈F, 1
2 〉, 〈F, 0〉}

α �α

〈T, y〉 〈T, 1〉

〈C, y〉 {〈F, 1
2 〉, 〈F, 0〉}

〈F, y〉 {〈F, 1
2 〉, 〈F, 0〉}

P❛r❛ ✜♥s ❡❧✉❝✐❞❛t✐✈♦s✱ ❡①♣❧✐❝✐t❛r❡♠♦s ♥♦ss❛ ♥♦t❛çã♦ ❝♦♠♣❛❝t❛ q✉❡ t❡♠♦s ❡♠

✶✼✾



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

♠❡♥t❡ ❛♦ ❝♦♠❜✐♥❛r♠♦s ❾3 ❝♦♠ ♦s q✉❛tr♦ s✐st❡♠❛s ❞❡ô♥t✐❝♦s ❧✐st❛❞♦s ❛❝✐♠❛✳

P❛r❛ ♦s ♦♣❡r❛❞♦r❡s ♣r♦♣♦s✐❝✐♦♥❛✐s✱ t❡rí❛♠♦s✿

p ¬p

〈T, 1〉 〈F, 0〉

〈T, 1
2 〉 〈F, 1

2 〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈C, 0〉

〈C, 1
2 〉 〈C, 1

2 〉

〈C, 0〉 〈C, 1〉

〈F, 1〉 〈T, 0〉

〈F, 1
2 〉 〈T, 1

2 〉

〈F, 0〉 〈T, 1〉

→ 〈T, 1〉 〈T, 1
2 〉 〈T, 0〉 〈C, 1〉 〈C, 1

2 〉

〈T, 1〉 〈T, 1〉 〈T, 1
2 〉 〈T, 0〉 〈C, 1〉 〈C, 1

2 〉

〈T, 1
2 〉 〈T, 1

2 〉 〈T, 1〉 〈T, 1〉 〈C, 1
2 〉 〈C, 1〉

〈T, 0〉 〈T, 1〉 〈T, 1〉 〈T, 1〉 〈C, 1〉 〈C, 1〉

〈C, 1〉 〈T, 1〉 〈T, 1
2 〉 〈T, 0〉 {〈T, 1〉, 〈C, 1〉} {〈T, 1

2 〉, 〈C,
1
2 〉}

〈C, 1
2 〉 〈T, 1

2 〉 〈T, 1〉 〈T, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉} {〈T, 1〉, 〈C, 1〉}

→ 〈C, 0〉 〈F, 1〉 〈F, 1
2 〉 〈F, 0〉

〈C, 0〉 {〈T, 1〉, 〈C, 1〉} 〈C, 1〉 〈C, 1〉 〈C, 1〉

〈F, 1〉 〈T, 0〉 〈T, 1〉 〈T, 1
2 〉 〈C, 0〉

〈F, 1
2 〉 〈T, 1〉 〈T, 1

2 〉 〈T, 1〉 〈T, 1〉

〈F, 0〉 〈T, 1〉 〈T, 1〉 〈T, 1〉 〈C, 1〉

❏á ♦ ♦♣❡r❛❞♦r ♠♦❞❛❧ � r❡s♣❡✐t❛r✐❛ ❛s s❡❣✉✐♥t❡s ✭◆✮♠❛tr✐③❡s ❡♠ ❝❛❞❛ ✉♠ ❞♦s

q✉❛tr♦ s✐st❡♠❛s ❞❡ô♥t✐❝♦s✿

✶✽✵



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

D

α �α

〈T, 1〉 {〈T, 1〉, 〈C, 1〉, 〈F, 1〉}

〈T, 1
2 〉 {〈T, 1〉, 〈C, 1〉, 〈F, 1〉}

〈T, 0〉 {〈T, 1〉, 〈C, 1〉, 〈F, 1〉}

〈C, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈C, 1
2 〉 {〈T, 1

2 〉, 〈C,
1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈C, 0〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 1
2 〉 {〈T, 1

2 〉, 〈C,
1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 0〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

KDB

α �α

〈T, 1〉 {〈T, 1〉, 〈C, 1〉, 〈F, 1〉}

〈T, 1
2 〉 〈F, 1〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈C, 1
2 〉 {〈F, 1

2 〉, 〈F, 0〉}

〈C, 0〉 {〈F, 1
2 〉, 〈F, 0〉}

〈F, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 1
2 〉 {〈F, 1

2 〉, 〈F, 0〉}

〈F, 0〉 {〈F, 1
2 〉, 〈F, 0〉}

✶✽✶



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

KD4

α �α

〈T, 1〉 〈T, 1〉

〈T, 1
2 〉 〈T, 1〉

〈T, 0〉 〈T, 1〉

〈C, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈C, 1
2 〉 {〈T, 1

2 〉, 〈C,
1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈C, 0〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 1〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 1
2 〉 {〈T, 1

2 〉, 〈C,
1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

〈F, 0〉 {〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉, 〈T, 0〉, 〈C, 0〉, 〈F, 0〉}

KD45

α �α

〈T, 1〉 〈T, 1〉

〈T, 1
2 〉 〈T, 1〉

〈T, 0〉 〈T, 1〉

〈C, 1〉 {〈F, 1
2 〉, 〈F, 0〉}

〈C, 1
2 〉 {〈F, 1

2 〉, 〈F, 0〉}

〈C, 0〉 {〈F, 1
2 〉, 〈F, 0〉}

〈F, 1〉 {〈F, 1
2 〉, 〈F, 0〉}

〈F, 1
2 〉 {〈F, 1

2 〉, 〈F, 0〉}

〈F, 0〉 {〈F, 1
2 〉, 〈F, 0〉}

P❛r❛ ✈❛❧✐❞❛r ♦ ❛①✐♦♠❛ ❚✱ s❡r✐❛ ♣r❡❝✐s♦ ❡❧✐♠✐♥❛r ♦s ✈❛❧♦r❡s 〈T, 0〉✱ 〈T, 1
2 〉 ❡

〈F, 1〉✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❛❞♦ M ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s ❞❡ ❾3 ❡ D ⊆ M

♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐st✐♥❣✉✐❞♦s✱ t❡rí❛♠♦s q✉❡ ❡❧✐♠✐♥❛r ♦s ✈❛❧♦r❡s 〈F, d〉 ❡ 〈T, i〉 ❡♠

q✉❡ d ∈ D ❡ i ∈ M −D ✭♦✉ s❡❥❛✱ i ♥ã♦ é ❞✐st✐♥❣✉✐❞♦✮✳ ■ss♦ ♥♦s ♣❡r♠✐t✐r✐❛ ♦❜t❡r

◆♠❛tr✐③❡s ♣❛r❛ ❛s ❝♦♠❜✐♥❛çõ❡s ❞♦s s✐st❡♠❛s ❛❧ét✐❝♦s ❚✱ ❇✱ ❙✹ ❡ ❙✺ ❝♦♠ ❾3 ❛

♣❛rt✐r ❞❛s t❛❜❡❧❛s ❛❝✐♠❛✳

❈♦♠❜✐♥❛♥❞♦ ◆♠❛tr✐③❡s ❝♦♠ ◆♠❛tr✐③❡s

❆❝r❡❞✐t❛♠♦s q✉❡ ♦ ♠❡s♠♦ ♠ét♦❞♦ ♣♦❞❡r✐❛ s❡r ✉s❛❞♦ ♣❛r❛ ♦❜t❡r ✉♠❛ s❡♠â♥✲

t✐❝❛ ❝♦♠♣❧❡t❛ ♣❛r❛ ❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ❞✉❛s ❧ó❣✐❝❛s ❝❛r❛❝t❡r✐③á✈❡✐s ♣♦r ◆♠❛tr✐③❡s✳

❚♦♠❡♠♦s ♦ ❝❛s♦ ❞❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ♠❜❈ ❝♦♠ ♦s q✉❛tr♦ s✐st❡♠❛s ❞❡ô♥t✐❝♦s ❉✱

❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺✳ ❖ ❝á❧❝✉❧♦ ♠❜❈ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡

✶✽✷



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

✈❛❧♦r❡s M = {1, 1
2 , 0} ❡♠ q✉❡ D = {1, 1

2} é ♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐st✐♥❣✉✐❞♦s ✭✉s❛r❡✲

♠♦s ✶✱ 1
2 ❡ ✵ ♥♦ ❧✉❣❛r ❞❡ t✱I ❡ f ♣❛r❛ ❡❢❡✐t♦s ❞❡ s✐♠♣❧✐✜❝❛çã♦✮✳ ❊ss❡ ❝á❧❝✉❧♦ é

r❡❣✐❞♦ ♣❡❧❛s ◆♠❛tr✐③❡s ❛❜❛✐①♦✿

∨ 1 1
2 0

1 {1, 1
2} {1, 1

2} {1, 1
2}

1
2 {1, 1

2} {1, 1
2} {1, 1

2}

0 {1, 1
2} {1, 1

2} 0

∧ 1 1
2 0

1 {1, 1
2} {1, 1

2} 0
1
2 {1, 1

2} {1, 1
2} 0

0 0 0 0

→ 1 1
2 0

1 {1, 1
2} {1, 1

2} 0
1
2 {1, 1

2} {1, 1
2} 0

0 {1, 1
2} {1, 1

2} {1, 1
2}

p ¬p

1 0
1
2 { 1

2 , 1}

0 { 1
2 , 1}

p ◦p

1 {1, 1
2 , 0}

1
2 0

0 {1, 1
2 , 0}

❚❡rí❛♠♦s ♥❡ss❡ ❝❛s♦ ♦s ♠❡s♠♦s ✾ ♣❛r❡s ❞❡ ✈❛❧♦r❡s q✉❡ t✐✈❡♠♦s ♥♦ ❝❛s♦ ❛♥✲

t❡r✐♦r✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣❛r❡s ❞✐st✐♥❣✉✐❞♦s s❡r✐❛✿

{〈T, 1〉, 〈C, 1〉, 〈F, 1〉, 〈T, 1
2 〉, 〈C,

1
2 〉, 〈F,

1
2 〉}

◆♦ss❛ ✐♥t✉✐çã♦ é ❣❛r❛♥t✐r q✉❡ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛ ♠♦❞❛❧ x ❞❡ ❝❛❞❛ ♣❛r ❞❡ ✈❛❧♦✲

r❡s 〈x, y〉 r❡s♣❡✐t❛r✐❛ ❛s ◆♠❛tr✐③❡s ❞❡ô♥t✐❝❛s ❛❝✐♠❛✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❞❡✜♥✐♥❞♦

∧ ❡ ∨ à ♠❛♥❡✐r❛ ❝❧áss✐❝❛ ❡ ❛♣❧✐❝❛♥❞♦ t❛❧ ❞❡✜♥✐çã♦ às ◆♠❛tr✐③❡s ♠♦❞❛✐s N¬ ❡

N→✱ t❡rí❛♠♦s ❛s ◆♠❛tr✐③❡s ♠♦❞❛✐s ❛❜❛✐①♦ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ∨ ❡ ∧ ✭❡♠ q✉❡

y, y′ ❡ y′′ ∈ {1, 1
2 , 0}✮✿

N∨

∨ 〈T, y′〉 〈C, y′〉 〈F, y′〉

〈T, y〉 〈T, y′′〉 〈T, y′′〉 〈T, y′′〉

〈C, y〉 〈T, y′′〉 〈T, y′′〉 ∪ 〈C, y′′〉 〈C, y′′〉

〈F, y〉 〈T, y′′〉 〈C, y′′〉 〈F, y′′〉

N∧

∧ 〈T, y′〉 〈C, y′〉 〈F, y′〉

〈T, y〉 〈T, y′′〉 〈C, y′′〉 〈F, y′′〉

〈C, y〉 〈C, y′′〉 〈C, y′′〉 ∪ 〈F, y′′〉 〈F, y′′〉

〈F, y〉 〈F, y′′〉 〈F, y′′〉 〈F, y′′〉

✶✽✸



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆ ❝♦♦r❞❡♥❛❞❛ ♣r♦♣♦s✐❝✐♦♥❛❧ y ❞❡ ❝❛❞❛ ♣❛r ❞❡ ✈❛❧♦r❡s 〈x, y〉 r❡s♣❡✐t❛r✐❛ ❛s

◆♠❛tr✐③❡s ❞❡ ♠❜❈ ❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ x, x′ ❡ x′′ ∈ {T,C, F} t❡rí❛♠♦s✿

∨ 〈x′, 1〉 〈x′, 1
2 〉 〈x′, 0〉

〈x, 1〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉

〈x, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉

〈x, 0〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 0〉

∧ 〈x′, 1〉 〈x′, 1
2 〉 〈x′, 0〉

〈x, 1〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 0〉

〈x, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′, 0〉

〈x, 0〉 〈x′′, 0〉 〈x′′, 0〉 〈x′′, 0〉

→ 〈x′, 1〉 〈x′, 1
2 〉 〈x′, 0〉

〈x, 1〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 0〉

〈x, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 0〉

〈x, 0〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉 〈x′′, 1〉 ∪ 〈x′′, 1

2 〉 〈x′′, 1〉 ∪ 〈x′′, 1
2 〉

p ¬p

〈x, 1〉 〈x′, 0〉

〈x, 1
2 〉 〈x′, 1〉 ∪ 〈x′, 1

2 〉

〈x, 0〉 〈x′, 1〉 ∪ 〈x′, 1
2 〉

p ◦p

〈x, 1〉 〈x′, 1〉 ∪ 〈x′, 1
2 〉 ∪ 〈x′, 0〉

〈x, 1
2 〉 〈x′, 0〉

〈x, 0〉 〈x′, 1〉 ∪ 〈x′, 1
2 〉 ∪ 〈x′, 0〉

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r ♠♦❞❛❧ � r❡s♣❡✐t❡ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠

❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺ t❡rí❛♠♦s q✉❡ ♠✉❞❛r ❛♣❡♥❛s ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s

❞✐st✐♥❣✉✐❞♦s✱ ✐ss♦ ✐♠♣❧✐❝❛r✐❛ ♥❛s s❡❣✉✐♥t❡s ◆♠❛tr✐③❡s ♣❛r❛ x ∈ {T,C, F} ❡ y ∈

{1, 1
2 , 0}✿

D KD4

p �p

〈T, y〉 〈x, 1〉 ∪ 〈x, 1
2 〉

〈C, y〉 〈x, 0〉

〈F, y〉 〈x, 0〉

α �α

〈T, y〉 {〈T, 1〉, 〈T, 1
2}〉

〈C, y〉 〈x, 0〉

〈F, y〉 〈x, 0〉

✶✽✹



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

KDB KD45

α �α

〈T, 1〉 〈x, 1〉 ∪ 〈x, 1
2 〉

〈T, 0〉 {〈F, 1〉, 〈F, 1
2}〉

〈C, 1〉 〈x, 0〉

〈C, 0〉 〈F, 0〉

〈F, 1〉 〈x, 0〉

〈F, 0〉 〈F, 0〉

α �α

〈T, y〉 {〈T, 1〉, 〈T, 1
2 〉}

〈C, y〉 〈F, 0〉

〈F, y〉 〈F, 0〉

❆♥❛❧♦❣❛♠❡♥t❡ à s❡çã♦ ❛♥t❡r✐♦r✱ ❞❛❞♦ M ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s ❞❡ ♠❜❈ ❡

D ⊆ M ♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐st✐♥❣✉✐❞♦s✱ t❡rí❛♠♦s q✉❡ ❡❧✐♠✐♥❛r ♥♦ ❝♦♥t❡①t♦ ❛❧ét✐❝♦ ♦s

✈❛❧♦r❡s 〈F, d〉 ❡ 〈T, i〉 ❡♠ q✉❡ d ∈ D ❡ i ∈ M −D ✭♦✉ s❡❥❛✱ i ♥ã♦ é ❞✐st✐♥❣✉✐❞♦✮✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ ♣❛rt✐r ❞❛s t❛❜❡❧❛s ❛❝✐♠❛✱ ❡❧✐♠✐♥❛♥❞♦ ♦s ✈❛❧♦r❡s 〈T, 0〉✱

〈F, 1〉 ❡ 〈F, 1
2 〉✱ t❡rí❛♠♦s ◆♠❛tr✐③❡s ♣❛r❛ ❚✱ ❇✱ ❙✹ ❡ ❙✺ ❝♦♠❜✐♥❛❞♦s ❝♦♠ ♠❜❈✳

❈♦♠❜✐♥❛♥❞♦ ◆♠❛tr✐③❡s ❝♦♠ ❙❡♠â♥t✐❝❛ ❞❡ ❚r❛❞✉çõ❡s P♦ssí✈❡✐s

P♦r ✜♠✱ t❡♠♦s r❛③õ❡s ♣❛r❛ ❝r❡r q✉❡ ❛ ♠❡s♠❛ ✐♥t✉✐çã♦ ♣♦❞❡r✐❛ ✈❛❧❡r ❛♦ ❝♦♠❜✐♥❛r✲

♠♦s ❧ó❣✐❝❛s ♣r♦♣♦s✐♦❝✐♦♥❛✐s ❝♦♠ ♠♦❞❛✐s ✈✐❛ ❙❡♠â♥t✐❝❛ ❞❡ ❚r❛❞✉çõ❡s P♦ssí✈❡✐s

✭P❚❙✮✳ ❘❡❝❛♣✐t✉❧❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ♠❛tr✐③❡s ❞❡ C1, . . . ,Cn ✈✐❛ P❚❙ ❛♣❡♥❛s

♣❛r❛ ¬✳ ✭✉s❛r❡♠♦s ✶✱ 1
2 ❡ ✵ ♥♦ ❧✉❣❛r ❞❡ T ✱T− ❡ F ♣❛r❛ ❡❢❡✐t♦s ❞❡ s✐♠♣❧✐✜❝❛çã♦✮✿

¬L

1 0
1
2 0

0 1

¬C

1 0
1
2

1
2

0 1

➱ ❞✐❣♥♦ ♠❡♥❝✐♦♥❛r q✉❡ ◆♠❛tr✐③❡s ❞❡ô♥t✐❝❛s t❛♠❜é♠ ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦

❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ❞❡t❡r♠✐♥íst✐❝❛s✳ P❛r❛ ♦ ♦♣❡r❛❞♦r � ❡♠ ❉✱ t❡rí❛♠♦s✿

✶✽✺



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

�1

〈T, 1〉 〈T, 1〉

〈T, 0〉 〈T, 1〉

〈C, 1〉 〈T, 0〉

〈C, 0〉 〈T, 0〉

〈F, 1〉 〈T, 0〉

〈F, 0〉 〈T, 0〉

�2

〈T, 1〉 〈C, 1〉

〈T, 0〉 〈C, 1〉

〈C, 1〉 〈C, 0〉

〈C, 0〉 〈C, 0〉

〈F, 1〉 〈C, 0〉

〈F, 0〉 〈C, 0〉

�3

〈T, 1〉 〈F, 1〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈F, 0〉

〈C, 0〉 〈F, 0〉

〈F, 1〉 〈F, 0〉

〈F, 0〉 〈F, 0〉

❊ss❛ ♣❡rs♣❡❝t✐✈❛ t♦r♥❛ ✐♥t✉✐t✐✈❛ ❝♦♠♦ ❝♦♥str✉✐r P❚❙ ♣❛r❛ ❧ó❣✐❝❛s ♠♦❞❛✐s s❡♠

s❡♠â♥t✐❝❛ ❞❡ ❑r✐♣❦❡✳ ❈❛❜❡ r❡❝♦r❞❛r q✉❡ ♥❛s P❚❙ ♣❛r❛ C1, . . . ,Cn ♦ ❝♦♥❥✉♥t♦

❞♦s ✈❛❧♦r❡s ❞✐st✐♥❣✉✐❞♦s é {1, 1
2}✳ ■ss♦ ♥♦s ❢♦rç❛r✐❛ ❝♦♥str✉✐r ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦

❞❡ ♣❛r❡s ❞❡ ✈❛❧♦r❡s ❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞✐st✐♥❣✉✐❞♦ ❞❡ ♣❛r❡s q✉❡ ❢♦r❛♠ ♣r♦♣♦st♦s

♣❛r❛ ❛s ✈❡rsõ❡s ❞❡ô♥t✐❝❛s ❞❡ ♠❜❈✳

❱✐st♦ ♦ ❝❛rát❡r ❡ss❡♥❝✐❛❧♠❡♥t❡ ❡s♣❡❝✉❧❛t✐✈♦ ❞❡ss❛s ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s✱ ♥♦s

❧✐♠✐t❛r❡♠♦s ❛ s✉❣❡r✐r ❛s ♠❛tr✐③❡s ❞❡ ¬ ❡ � ♣❛r❛ D ❝♦♠❜✐♥❛❞♦ ❝♦♠ C1, . . . ,Cn✿

¬L

〈T, 1〉 〈F, 0〉

〈T, 1
2 〉 〈F, 0〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈T, 0〉

〈C, 1
2 〉 〈T, 0〉

〈C, 0〉 〈T, 1〉

〈F, 1〉 〈T, 0〉

〈F, 1
2 〉 〈T, 0〉

〈F, 0〉 〈T, 1〉

¬C

〈T, 1〉 〈F, 0〉

〈T, 1
2 〉 〈F, 1

2 〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈T, 0〉

〈C, 1
2 〉 〈T, 1

2 〉

〈C, 0〉 〈T, 1〉

〈F, 1〉 〈T, 0〉

〈F, 1
2 〉 〈T, 1

2 〉

〈F, 0〉 〈T, 1〉

✶✽✻



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

�1

〈T, 1〉 〈T, 1〉

〈T, 1
2 〉 〈T, 1〉

〈T, 0〉 〈T, 1〉

〈C, 1〉 〈T, 0〉

〈C, 1
2 〉 〈T, 0〉

〈C, 0〉 〈T, 0〉

〈F, 1〉 〈T, 0〉

〈F, 1
2 〉 〈T, 0〉

〈F, 0〉 〈T, 0〉

�2

〈T, 1〉 〈C, 1〉

〈T, 1
2 〉 〈C, 1〉

〈T, 0〉 〈C, 1〉

〈C, 1〉 〈C, 0〉

〈C, 1
2 〉 〈C, 0〉

〈C, 0〉 〈C, 0〉

〈F, 1〉 〈C, 0〉

〈F, 1
2 〉 〈C, 0〉

〈F, 0〉 〈C, 0〉

�3

〈T, 1〉 〈F, 1〉

〈T, 1
2 〉 〈F, 1〉

〈T, 0〉 〈F, 1〉

〈C, 1〉 〈F, 0〉

〈C, 1
2 〉 〈F, 0〉

〈C, 0〉 〈F, 0〉

〈F, 1〉 〈F, 0〉

〈F, 1
2 〉 〈F, 0〉

〈F, 0〉 〈F, 0〉

�4

〈T, 1〉 〈T, 1
2 〉

〈T, 1
2 〉 〈T, 1

2 〉

〈T, 0〉 〈T, 1
2 〉

〈C, 1〉 〈T, 0〉

〈C, 1
2 〉 〈T, 0〉

〈C, 0〉 〈T, 0〉

〈F, 1〉 〈T, 0〉

〈F, 1
2 〉 〈T, 0〉

〈F, 0〉 〈T, 0〉

�5

〈T, 1〉 〈C, 1
2 〉

〈T, 1
2 〉 〈C, 1

2 〉

〈T, 0〉 〈C, 1
2 〉

〈C, 1〉 〈C, 0〉

〈C, 1
2 〉 〈C, 0〉

〈C, 0〉 〈C, 0〉

〈F, 1〉 〈C, 0〉

〈F, 1
2 〉 〈C, 0〉

〈F, 0〉 〈C, 0〉

�6

〈T, 1〉 〈F, 1
2 〉

〈T, 1
2 〉 〈F, 1

2 〉

〈T, 0〉 〈F, 1
2 〉

〈C, 1〉 〈F, 0〉

〈C, 1
2 〉 〈F, 0〉

〈C, 0〉 〈F, 0〉

〈F, 1〉 〈F, 0〉

〈F, 1
2 〉 〈F, 0〉

〈F, 0〉 〈F, 0〉

◆ã♦ t❡♠♦s ❣❛r❛♥t✐❛ ❞❡ q✉❡ ❛s ❝♦♠❜✐♥❛çõ❡s ❛q✉✐ s✉❣❡r✐❞❛s s❡❥❛♠ ✈✐á✈❡✐s

❛①✐♦♠❛t✐❝❛♠❡♥t❡ ❡ t❛♠♣♦✉❝♦ s❛❜❡♠♦s q✉❛✐s ❝❧á✉s✉❧❛s ✈✐❛ P❚❙ ❛s ❣✉✐❛r✐❛♠✳

Pr♦♣♦♠♦s ❛♣❡♥❛s ✉♠❛ ✈✐sã♦ ✐♥t✉✐t✐✈❛ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♠♦ ❝♦♠❜✐♥❛r ♠❛tr✐③❡s

♠♦❞❛✐s ❡ ♣r♦♣♦s✐❝✐♦♥❛✐s✱ ❡s♣❡r❛♥❞♦ ❛❧❣✉♠ t✐♣♦ ❞❡ ❝♦♥tr✐❜✉✐çã♦ ♥♦ ❡st✉❞♦ ❞❡

❝♦♠❜✐♥❛çã♦ ❞❡ ❧ó❣✐❝❛s✳

◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s

❆✐♥❞❛ q✉❡ ♦s ♠♦❞❡❧♦s ❞❡ ❑r✐♣❦❡ s❡❥❛♠✱ ❛ ♣r✐♥❝í♣✐♦✱ ✉♠❛ s❡♠â♥t✐❝❛ ❡①tr❡♠❛✲

♠❡♥t❡ ✐♥t✉✐t✐✈❛ ❡ q✉❡ ❞á ❝♦♥t❛ ❞❡ ✉♠❛ ✈❛st❛ ❢❛♠í❧✐❛ ❞❡ ❧ó❣✐❝❛s ♠♦❞❛✐s✱ ❡ss❡ ♥ã♦ é

❢♦rç♦s❛♠❡♥t❡ ♦ ❝❛s♦ ♣❛r❛ ♦s s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s✳ P♦r ♥ã♦ ✈❛❧❡r (Nec)

♥❡ss❡s s✐st❡♠❛s✱ s❡✉s r❡s♣❡❝t✐✈♦s ♠♦❞❡❧♦s ❞❡ ❑r✐♣❦❡ s❡ t♦r♥❛♠ ♠❛✐s ❝♦♠♣❧❡①♦s✱

✶✽✼



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❛❢❛st❛♥❞♦ ❞❛ ❛❜♦r❞❛❣❡♠ ✐♥t✉✐t✐✈❛ ❞♦s s✐st❡♠❛s ♥♦r♠❛✐s✳

◆♦ ❝❛s♦ ❞❛ s❡♠â♥t✐❝❛ ❞❡ ◆♠❛tr✐③❡s✱ s✉❜st✐t✉✐♥❞♦ ❛ r❡❣r❛ (Nec) ♣❡❧❛s r❡❣r❛s

❞❡ ▲❡♠♠♦♥ (N∗) ♦✉ (N ′) t❡rí❛♠♦s ✉♠❛ ❧✐❣❡✐r❛ ❛❧t❡r❛çã♦ ♥❛ ❞❡✜♥✐çã♦ ❞♦s ♥í✈❡✐s

❞❡ ✈❛❧♦r❛çã♦✳ ❘❡t♦♠❡♠♦s ❡ss❛s ❞✉❛s r❡❣r❛s✿

✭◆✬✮ ⊢PC p ✐♠♣❧✐❝❛ ⊢ �p

✭◆✯✮ ⊢ p → q ✐♠♣❧✐❝❛ ⊢ �p → �q

❖s s✐st❡♠❛s ❙✵✳✺ ❡ ❊✷✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡r✐❛♠ s❡r r❡❡s❝r✐t♦s ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿

• S0.5 = Tm ∪ {✭◆✬✮}

• E2 = Tm ∪ {✭◆✯✮}

❘❡❝❛♣✐t✉❧❡♠♦s ❛ s❡♠â♥t✐❝❛ ❞❡❚♠✳ ❉❛❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s {tn, tc, f c, f i}✱

s❡❥❛ t = {tn, tc} ♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐st✐♥❣✉✐❞♦s ❡ f = {f c, f i} ♦ ❞♦s ♥ã♦✲❞✐st✐♥❣✉✐❞♦s✳

p ¬p

tn f i

tc f c

f c tc

f i tn

→ tn tc f c f i

tn tn tc f c f i

tc tn t f c f c

f c tn t t tc

f i tn tn tn tn

p �p

tn t

tc f

f c f

f i f

❘❡❧❡♠❜r❡♠♦s ❛✐♥❞❛ q✉❡ ❡♥r✐q✉❡❝❡♠♦s ❛ s❡♠â♥t✐❝❛ ❛❝✐♠❛ ♣❛r❛ ❚♠ ❝♦♠ ❛

♥♦çã♦ ❞❡ ♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦✳ ❚♦♠❡♠♦s ✉♠❛ ❝♦❧✉♥❛ ❱❛❧ ❞❡ ✉♠❛ ◆♠❛tr✐③ ♣❛r❛

✉♠❛ ❢ór♠✉❧❛ α✳ ❙❡ ♥✉♠ ♥í✈❡❧ k t❡♠♦s ❱❛❧k(α) ⊆ t✱ ❡♥tã♦ t❡rí❛♠♦s ♥♦ ♥í✈❡❧ k+1

q✉❡ ❱❛❧k+1(α) = tn✱ ♣r❡s❡r✈❛♥❞♦ ❛ss✐♠ ❛ r❡❣r❛ (Nec) ❡ ♦❜t❡♥❞♦ ❛ ❝♦♠♣❧❡t✉❞❡

❞❡ ❚✳

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ T = Tm ∪ {(Nec)}✱ ♣❛r❡❝❡ q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦

✐♥trí♥s❡❝❛ ❡♥tr❡ ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ❡ ❛ r❡❣r❛ (Nec)✳ P❛r❡❝❡ r❛③♦á✈❡❧ ❛✐♥❞❛

s✉♣♦r q✉❡ ♣❛r❛ ✈❡rsõ❡s ♠❛✐s ❢r❛❝❛s ❞❡ (Nec) t❡rí❛♠♦s q✉❡ ❡♥❢r❛q✉❡❝❡r ❛ ♥♦çã♦

❞❡ ♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦✳

◆♦ ❝❛s♦ ❞❡ ❙✵✳✺✱ ❛ s♦❧✉çã♦ s❡r✐❛ s✐♠♣❧❡s✳ ❙❛❜❡♠♦s q✉❡ (N ′) ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦

❛♣❡♥❛s ❛♦s t❡♦r❡♠❛s ❞❡ P❈✳ ❊♠ t❡r♠♦s ✐♥t✉✐t✐✈♦s ❞✐rí❛♠♦s q✉❡ s❡ ♥✉♠ ♥í✈❡❧ k

t❡♠♦s ❱❛❧k(α) ⊆ t ❡ α é ✉♠❛ P❈ t❛✉t♦❧♦❣✐❛✱ ❡♥tã♦ ❱❛❧k+1(α) = tn✳ ❊♠ t❡r♠♦s

❢♦r♠❛✐s✱ t❡rí❛♠♦s✿

❉❡✜♥✐çã♦ ✸✳✷✳✽✵✿ ❙❡❥❛ ❱❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❛s Tm✲✈❛❧♦r❛çõ❡s✳

✶✽✽



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

✭❛✮ ❙❡❥❛ (❱❛❧k)k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧ ❞❡✜♥✐♥❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿ ❱❛❧0 = ❱❛❧ ❊✱ ♣❛r❛k ≥ 0✱

❱❛❧k+1 = {v ∈ ❱❛❧k : �PC α ✐♠♣❧✐❝❛ v(α) = tn}

❡♠ q✉❡ ❱❛❧k(α) = {v(α) : v ∈ ❱❛❧k}✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧k sã♦ ❝❤❛♠❛❞♦s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ❙✵✳✺✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❙✵✳✺✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧S0.5 =
⋂

k≥0 ❱❛❧k✳ �

❆ ❞❡✜♥✐çã♦ ❞❡ t❛✉t♦❧♦❣✐❛ ❡♠ ❙✵✳✺ s❡r✐❛ ❛♥á❧♦❣❛ ❛ ❚✿

❉❡✜♥✐çã♦ ✸✳✷✳✽✶✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❙✵✳✺✳ ❆ss✐♠✿

�S0.5 α ss❡ v(α) ∈ t ♣❛r❛ t♦❞♦ v ∈ ❱❛❧S0.5✳ �

◆♦ ❝❛s♦ ❞❡ ❊✷✱ ♠✉❞❛rí❛♠♦s ❞❡ ♥í✈❡❧ ❞❡ ✈❛❧♦r❛çã♦ ❛♦ ♥♦s ❞❡♣❛r❛r♠♦s ❝♦♠

✉♠❛ ❝♦❧✉♥❛ ❱❛❧k ♣❛r❛ k ♥❛t✉r❛❧ ❡♠ q✉❡ ❱❛❧k(α) ⊆ tn ❡ α é ❞♦ t✐♣♦ β → γ✱ ❡♠

q✉❡ α, β ❡ γ sã♦ ❢ór♠✉❧❛s ❞❡ ❊✷✳ ❆ ❞❡✜♥✐çã♦ ❛❜❛✐①♦ t❡♥t❛ ❢♦r♠❛❧✐③❛r ❡ss❛ ✐❞é✐❛✿

❉❡✜♥✐çã♦ ✸✳✷✳✽✷✿ ❙❡❥❛ ❱❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❛s Tm✲✈❛❧♦r❛çõ❡s✳

✭❛✮ ❙❡❥❛ (❱❛❧k)k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❱❛❧ ❞❡✜♥✐♥❞❛ ❞♦ s❡❣✉✐♥t❡

♠♦❞♦✿ ❱❛❧0 = ❱❛❧✱ ❡✱ ♣❛r❛ k ≥ 0✿

❱❛❧k+1 = {v ∈ ❱❛❧k : ❱❛❧k(α) ⊆ t ✐♠♣❧✐❝❛ v(α) = tn ♣❛r❛ t♦❞❛ ❢ór♠✉❧❛ α

❞♦ t✐♣♦ β → γ}

❡♠ q✉❡ ❱❛❧k(α) = {v(α) : v ∈ ❱❛❧k}✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ❱❛❧k sã♦ ❝❤❛♠❛❞♦s

k✲♥í✈❡❧ ✈❛❧♦r❛çõ❡s ♦✉ ✈❛❧♦r❛çõ❡s ❞❡ ♥í✈❡❧ k ♣❛r❛ ❊✷✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❊✷✲✈❛❧♦r❛çõ❡s é ❞❛❞♦ ♣♦r ❱❛❧E2 =
⋂

k≥0 ❱❛❧k✳ �

❆ ❞❡✜♥✐çã♦ ❞❡ t❛✉t♦❧♦❣✐❛ ♣❛r❛ ❊✷ t❛♠❜é♠ s❡r✐❛ ❛♥á❧♦❣❛✿

❉❡✜♥✐çã♦ ✸✳✷✳✽✸✿ ❙❡❥❛ α ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❊✷✳ ❆ss✐♠✿

�E2 α ss❡ v(α) = tn ♣❛r❛ t♦❞♦ v ∈ ❱❛❧E2✳ �

❊♠❜♦r❛ ❡ss❛s ❛❧t❡r❛çõ❡s ♥♦s ♣❛r❡ç❛♠ ❜❛st❛♥t❡ ✐♥t✉✐t✐✈❛s ❡ ♥❛t✉r❛✐s✱ ♥ã♦

❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ❛ ❛❧♠❡❥❛❞❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❡ss❡s s✐st❡♠❛s✳ ❚❛❧✈❡③ ✉♠❛

♦✉tr❛ té❝♥✐❝❛ s❡❥❛ ♥❡❝❡ssár✐❛ ❛✜♠ ❞❡ ♦❜tê✲❧❛✱ ♦✉ t❛❧✈❡③ t❡♥❤❛♠♦s t♦♠❛❞♦ ✉♠❛

tr✐❧❤❛ q✉❡ ♥ã♦ ❧❡✈❛ ❛ ❧✉❣❛r ❛❧❣✉♠✳ ❉❡ q✉❛❧q✉❡r ♠❛♥❡✐r❛✱ ♥♦s ❝♦♠♣r♦♠❡t❡♠♦s ❡

❜✉s❝❛r ❛ ❝♦♠♣❧❡t✉❞❡ ✈✐❛ ◆♠❛tr✐③❡s ♣❛r❛ s✐st❡♠❛s ♠♦❞❛✐s ♥ã♦✲♥♦r♠❛✐s ♣♦r ❡ss❡

♦✉ ♦✉tr♦s ❝❛♠✐♥❤♦s✳

✶✽✾



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛s ♠♦❞❛✐s ❡♠ q✉❡ ♥ã♦ ✈❛❧❡ (D)

❖s q✉❛tr♦ ✈❛❧♦r❡s ♣❛r❛ ♦s s✐st❡♠❛s ❚✱ ❇✱ ❙✹ ❡ ❙✺ ❝♦rr❡s♣♦♥❞❡♠ s✐♥t❛t✐❝❛♠❡♥t❡

❛ q✉❛tr♦ ❝❡♥ár✐♦s✿

tn �α ∧ α

tc ♦¬α ∧ α

f c ♦α ∧ ¬α

f i �¬α ∧ ¬α

❱✐♠♦s q✉❡ ♣❛r❛ ✐♥✈❛❧✐❞❛r ♦ ❛①✐♦♠❛ (T )✱ ❛ s❛❜❡r✱ �p → p t❡♠♦s q✉❡ ❝♦♥✲

s✐❞❡r❛r ❛♦ ♠❡♥♦s ♠❛✐s ❞♦✐s ❝❡♥ár✐♦s✱ ❡♠ q✉❡ t❡♠♦s �α ∧ ¬α ❡ ♦ s❡✉ ❞✉❛❧✱ ❛

s❛❜❡r✱ �¬α∧α✳ ❙✉❜st✐t✉✐♥❞♦ (T ) ♣♦r (D)✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠♦s s❡✐s ✈❛❧♦r❡s ❝✉❥❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ s✐♥tát✐❝❛ s❡❣✉❡✲s❡ ❛❜❛✐①♦✿

T+ �α ∧ α

C+ ♦α ∧ ♦¬α ∧ α

F+ �¬α ∧ α

T− �α ∧ ¬α

C− ♦α ∧ ♦¬α ∧ ¬α

F− �¬α ∧ ¬α

❱✐♠♦s ❛✐♥❞❛ q✉❡ ♦s s❡✐s ✈❛❧♦r❡s sã♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❉✱ ❑❉❇✱

❑❉✹ ❡ ❑❉✹✺✳ ❊ss❡s s✐st❡♠❛s✱ ♥❛ ✈❡r❞❛❞❡✱ sã♦ ♦❜t✐❞♦s ❛♦ s✉❜st✐t✉✐r (T ) ♣♦r

(D) ❡♠ ❚✱ ❇✱ ❙✹ ❡ ❙✺✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ✐♥✈❛❧✐❞❛r ✭❉✮ t❡rí❛♠♦s q✉❡ ❝♦♥s✐❞❡r❛r ♠❛✐s ❞♦✐s ❝❡♥á✲

r✐♦s✿ �α∧�¬α∧α ❡ ♦ s❡✉ ❞✉❛❧✱ �α∧�¬α∧¬α✳ ❙❡r✐❛ ♥❡❝❡ssár✐♦✱ ❛ ♣r✐♥❝í♣✐♦✱

✽ ✈❛❧♦r❡s✿

T+ �α ∧ ♦α ∧ α

C+ ♦α ∧ ♦¬α ∧ α

F+ �¬α ∧ ♦¬α ∧ α

M+ �α ∧�¬α ∧ α

T− �α ∧ ♦α ∧ ¬α

C− ♦α ∧ ♦¬α ∧ ¬α

F− �¬α ∧ ♦¬α ∧ ¬α

M− �α ∧�¬α ∧ ¬α

❚❡♠♦s ❢♦rt❡s ✐♥t✉✐çõ❡s ♣❛r❛ ❛❝r❡❞✐t❛r q✉❡ ♦s ♦✐t♦ ✈❛❧♦r❡s ❛❝✐♠❛ s❡r✐❛♠ ♦

✶✾✵



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

s✉✜❝✐❡♥t❡ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❑✱ ❑❇✱ ❑✹ ❡ ❑✹✺✳ ❆❧♠❡❥❛♠♦s ❛✐♥❞❛ q✉❡ ❛♦ ❡❧✐♠✐✲

♥❛r♠♦s ♦s ✈❛❧♦r❡s M+ ❡ M− ♥❛s ◆♠❛tr✐③❡s ♣❛r❛ ❡ss❡s q✉❛tr♦ s✐st❡♠❛s✱ ♦❜t❡✲

rí❛♠♦s ❛s ◆♠❛tr✐③❡s ❞❡ ✻ ✈❛❧♦r❡s ♣❛r❛ ❉✱ ❑❉❇✱ ❑❉✹ ❡ ❑❉✹✺✳ ◆ã♦ s❛❜❡♠♦s

s❡ ♦❜t❡r❡♠♦s ❡ss❡ r❡s✉❧t❛❞♦✱ ♠❛s ❣❛r❛♥t✐♠♦s q✉❡ t❡♥t❛r❡♠♦s ♦❜tê✲❧♦✳ ❚❛♠❜é♠

♥ã♦ t❡♠♦s ❛✐♥❞❛ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ✐♥t✉✐t✐✈❛ ♣❛r❛ ♦s ✈❛❧♦r❡s M+ ❡ M−✳ P♦r

♦r❛✱ s❛❜❡♠♦s q✉❡ s❡ ♥♦ss❛ ✐♥t✉✐çã♦ ❡st✐✈❡r ❝♦rr❡t❛ ❡ ♦❜t✐✈❡r♠♦s ❛ ❞❡s❡❥❛❞❛ ❝♦♠✲

♣❧❡t✉❞❡✱ ♥♦s ❝♦♠♣r♦♠❡t❡♠♦s ❡♠ ♦❢❡r❡❝❡r ✉♠❛ ✐♥t❡♣r❡t❛çã♦ ✐♥t✉✐t✐✈❛ ♣❛r❛ ❡ss❡s

✈❛❧♦r❡s✳

◆♠❛tr✐③❡s ♣❛r❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛

❆ s❡♠â♥t✐❝❛ r❡❧❛❝✐♦♥❛❧ ❞❡ ❑r✐♣❦❡ ♥ã♦ s❡ r❡str✐♥❣❡ às ❧ó❣✐❝❛s ♠♦❞❛✐s✳ ❊♠

✶✾✻✸✱ ❑r✐♣❦❡ ❛♣r❡s❡♥t❛ ♠♦❞❡❧♦s r❡❧❛❝✐♦♥❛✐s ❝♦♠♣❧❡t♦s ♣❛r❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛✱

✐♥s♣✐r❛♥❞♦✲s❡ ♥❛ tr❛❞✉çã♦ ❞❡ ●ö❞❡❧ ❡♥tr❡ ■P❈ ❡ ❙✹✳ ❉❛❞♦ α ✉♠❛ ❢ór♠✉❧❛ ❞❡

■P❈✱ ●ö❞❡❧ ❛♣r❡s❡♥t❛ ❛ s❡❣✉✐♥t❡ tr❛❞✉çã♦ t às ❢♦r♠✉❧❛s ❡♠ ❙✹✿

t(¬α) ¬�α

t(α → β) �α → �β

t(α ∨ β) �α ∨�β

t(α ∧ β) α ∧ β

❙❡ α é ✉♠❛ ❢♦r♠✉❧❛ ❞❡ ■P❈✱ ❛ tr❛❞✉çã♦ ❛❝✐♠❛ ❣❛r❛♥t❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

⊢IPC α ✐♠♣❧✐❝❛ ⊢S4 t(α)

❙❡❣✉✐♥❞♦ ❡ss❛ tr❛❞✉çã♦ ❡ ❛ s❡♠â♥t✐❝❛ ♣♦r ◆♠❛tr✐③❡s ♣❛r❛ ❙✹✱ t❡rí❛♠♦s ❛s

s❡❣✉✐♥t❡s ◆♠❛tr✐③❡s ♣❛r❛ ■P❈ ❝♦♠ r❡❧❛çã♦ ❛♦s ♦♣❡r❛❞♦r❡s ¬ ❡ ∧✿

∧ tn tc f c f i

tn tn tc f c f i

tc tc tc f ti

f c f c f f f i

f i f i f i f i f i

p ¬p

tn f

tc t

f c t

f i t

◆♦ ❝❛s♦ ❞❡ → ❡ ∨✱ ♦s ♥í✈❡✐s ❞❡ ✈❛❧♦r❛çã♦ ❞❡✈❡r✐❛♠ s❡r ❝♦♥s✐❞❡r❛❞♦s✳ ❖s

✈❛❧♦r❡s tn, tc, f c ❡ f i ❞❡✈❡r✐❛♠ t❛♠❜é♠ s❡r ✐♥t❡r♣r❡t❛❞♦s ❞❡ ♠♦❞♦ ❝♦♥✈❡♥✐❡♥t❡ ❛♦

✐♥t✉✐❝✐♦♥✐s♠♦✳ ❍á✱ ❡♥tr❡t❛♥t♦✱ ❢♦rt❡s ✐♥❞í❝✐♦s ❞❡ q✉❡ ❛ tr❛❞✉çã♦ ❛❝✐♠❛ ❝♦♥❞✉③✐r✐❛

❛ ✉♠❛ ♥♦✈❛ s❡♠â♥t✐❝❛ ♣❛r❛ ❛ ❧ó❣✐❝❛ ✐♥t✉✐❝✐♦♥✐st❛ ❜❛s❡❛❞❛ ❡♠ ◆♠❛tr✐③❡s✳ ▼❛✐s

✶✾✶
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✉♠❛ ✈❡③✱ ♥ã♦ ♥♦s ❝♦♠♣r♦♠❡t❡♠♦s ❡♠ ♣r♦✈❛r ❛ ❝♦♠♣❧❡t✉❞❡ ♣❛r❛ ❡ss❛s ◆♠❛tr✐③❡s✱

♠❛s ❡♠ ❡st✉❞❛r ♦ t❡♠❛ ❡♠ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳

✶✾✷



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

❬❆❧❜✹✸❪ ▼✳ ❏✳ ❆❧❜❛♥✳ ■♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣r✐♠✐t✐✈❡ s②♠❜♦❧s ♦❢ ▲❡✇✐s✬s ❝❛❧✲

❝✉❧✐ ♦❢ ♣r♦♣♦s✐t✐♦♥s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝✱ ✽✭✶✮✿✷✺✕✷✻✱
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