








■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

❚é❝♥✐❝❛s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♥❛ ❣❡r❛çã♦ ❞❡

♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❘♦❞r✐❣♦ ❈❛r✈❛❧❤♦ ❘❡③❡♥❞❡

❏✉❧❤♦ ❞❡ ✷✵✶✷

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

• ❘✐❝❛r❞♦ ❞❛ ❙✐❧✈❛ ❚♦rr❡s ✭❈♦✲♦r✐❡♥t❛❞♦r✮

• ❊❞❧❡♥♦ ❙✐❧✈❛ ❞❡ ▼♦✉r❛
❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈✐ê♥❝✐❛ ❞❛ ❈♦♠♣✉t❛çã♦ ✭❉❈❈✮✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ❆♠❛③♦✲
♥❛s

• ❏❛❝q✉❡s ❲❛✐♥❡r
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s ✭❯♥✐❝❛♠♣✮
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❘❡s✉♠♦

❊st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛ té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ s❡ ❝❛❧❝✉❧❛r s✐♠✐✲
❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳ ◆❡st❡ tr❛❜❛✲
❧❤♦ ❝♦♥str✉í♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♣r♦t♦❝♦❧♦ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛
❛✈❛❧✐❛r ❛ ❡✜❝á❝✐❛ ❞❛s té❝♥✐❝❛s ❞❡s❡♥✈♦❧✈✐❞❛s✳ P❛r❛ ❧✐❞❛r ❝♦♠ ❛ ❛❧t❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦s
❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ♥♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❡st✉❞❛♠♦s té❝♥✐❝❛s ❞❡ ❛♠♦s✲
tr❛❣❡♠ ❞❡ ❣r❛❢♦s ❡ ❛✈❛❧✐❛♠♦s ♦❜❥❡t✐✈❛♠❡♥t❡ ❛ q✉❛❧✐❞❛❞❡ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣♦r ❡st❡s
♠ét♦❞♦s✳ ❆ ♣❛rt✐r ❞❡st❡ ❡st✉❞♦✱ ♣r♦♣♦♠♦s ✉♠ ♥♦✈♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠ ❜❛s❡❛❞♦ ♥❛
té❝♥✐❝❛ ❋♦r❡st ❋✐r❡✳ ❊①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❞❡♠♦♥str❛♠ ❛ s✉♣❡r✐♦r✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦
❞❡ ❛♠♦str❛❣❡♠ ♣r♦♣♦st♦✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ♥♦✈❛ ♠❡t❛✲❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐✲
❞❛❞❡ ♣❛r❛ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s q✉❡ ❝♦♥s✐❞❡r❛ ❛♣❡♥❛s ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❝✐t❛çã♦ ❡♥tr❡ ❛rt✐❣♦s✱
s❡♠ ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦ ❝♦♥t❡ú❞♦ t❡①t✉❛❧ ❡ s❡✉s ♠❡t❛❞❛❞♦s ♣❛r❛ ❞✐③❡r ♦ q✉❛♥t♦ ✉♠ ❛rt✐❣♦
é s✐♠✐❧❛r ❛ ♦✉tr♦✳ ❊st❛ ♠❡t❛✲❢✉♥çã♦ tr❛♥s❢♦r♠❛ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛✐s✱ ❝♦♠♦
♦ ❝♦❡✜❝✐❡♥t❡ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r✱ ❡♠ ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ❝✉❥❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡♣❡♥❞❡
r❡❝✉rs✐✈❛♠❡♥t❡ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ♦✉tr♦s ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s✱ ❡①♣❧♦r❛♥❞♦ ❛ ✐❞❡✐❛ ❞❡ q✉❡
❞♦✐s ❛rt✐❣♦s sã♦ ♠❛✐s s✐♠✐❧❛r❡s ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛ ❛rt✐❣♦s q✉❡ t❛♠❜é♠
sã♦ s✐♠✐❧❛r❡s✳ P❛r❛ ❛✈❛❧✐❛çã♦ ❞❡ ❡✜❝á❝✐❛ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦✱ ❝r✐❛♠♦s ✉♠ ❣❛❜❛r✐t♦ ❞❡ s✐✲
♠✐❧❛r✐❞❛❞❡✱ q✉❡ ❞❡r✐✈❛ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦s ❛rt✐❣♦s ♥♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦
❞❡ ✶✾✾✽ ❞❛ ❆ss♦❝✐❛t✐♦♥ ❢♦r ❈♦♠♣✉t❡r ▼❛❝❤✐♥❡r② ✭❆❈▼ ✮✳ ❊st❡ ❣❛❜❛r✐t♦ ❝r✐❛ ✉♠❛ ♥♦çã♦
❞❡ s✐♠✐❧❛r✐❞❛❞❡ t❛❧ q✉❡ ❞♦✐s ❛rt✐❣♦s sã♦ ♠❛✐s s✐♠✐❧❛r❡s ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ sã♦ ❝❧❛ss✐✜❝❛❞♦s
❡♠ ❝❧❛ss❡s s✐♠✐❧❛r❡s✱ ✐st♦ é✱ q✉❡ ❡stã♦ ❡♠ ❝❧❛ss❡s ❤✐❡r❛rq✉✐❝❛♠❡♥t❡ ♣ró①✐♠❛s✳ ❊①♣❡r✐♠❡♥✲
t♦s sã♦ ❝♦♥❞✉③✐❞♦s ♥♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❞❡ ❛rt✐❣♦s✱ ❡①tr❛í❞♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❛ ❆❈▼✱
❝♦♥t❡♥❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✶✷✷✳✼✼✹ ❛rt✐❣♦s ❡ ✺✷✸✳✻✾✾ ❛r❡st❛s ❞❡ ❝✐t❛çõ❡s✱ ❡ ❝♦♠♣❛r❛♠
❡st❛ ♥♦✈❛ ♠❡t❛ ❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ♦ ❣❛❜❛r✐t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ r❡✈❡❧❛♠ q✉❡ ❡st❛
❣❡r❛ ♠❡❧❤♦r ❡✜❝á❝✐❛ q✉❡ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛✐s ❝♦♥s✐❞❡r❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛✈❛✲
❧✐❛♠♦s ❡st❛ té❝♥✐❝❛ ♥❛ ❛t✐✈✐❞❛❞❡ ♣rát✐❝❛ ❞❡ ❜✉s❝❛ ♣♦r ❡①❡♠♣❧♦ ❡ ❝♦♥✜r♠❛♠♦s q✉❡ ❡st❡
♠❡t❛✲❛❧❣♦r✐t♠♦ ♠❡❧❤♦r❛ ❛ ❡✜❝á❝✐❛ ❞❛s ♠❡❞✐❞❛s ❧♦❝❛✐s ❝♦♥s✐❞❡r❛❞❛s✳
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❆❜str❛❝t

❚❤✐s ✇♦r❦ st✉❞✐❡s t❡❝❤♥✐q✉❡s ♦❢ ▲✐♥❦ ❆♥❛❧②s✐s ✉s❡❞ t♦ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣
t❤❡ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ ❛❝❛❞❡♠✐❝ ♣❛♣❡rs ♦r❣❛♥✐③❡❞ ✐♥ ❛ ❞✐❣✐t❛❧ ❧✐❜r❛r②✳ ❲❡ ❝♦♥str✉❝t❡❞ ❛
❜✐❜❧✐♦❣r❛♣❤✐❝ ❞❛t❛s❡t ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦t♦❝♦❧ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss
♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s✳ ❚♦ ❤❛♥❞❧❡ t❤❡ ❤✐❣❤ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s✐♠✐❧❛r✐t② ❛❧❣♦r✐t❤♠s ❛♣♣❧✐❡❞ t♦
♦✉r ❞❛t❛s❡t✱ ✇❡ st✉❞② ❣r❛♣❤ s❛♠♣❧✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s❛♠♣❧❡s
❣❡♥❡r❛t❡❞ ❜② t❤❡s❡ ♠❡t❤♦❞s✳ ❚❤✐s st✉❞② ❧❡❛❞ t♦ t❤❡ ♣r♦♣♦s❛❧ ♦❢ ❛ ♥❡✇ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠
❜❛s❡❞ ♦♥ ❛♥ ❡①✐st✐♥❣ t❡❝❤♥✐q✉❡ ♥❛♠❡❞ ❋♦r❡st ❋✐r❡✳ ❊①♣❡r✐♠❡♥ts r❡s✉❧ts ❞❡♠♦♥str❛t❡
t❤❡ s✉♣❡r✐♦r✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠✳ ▼♦r❡♦✈❡r✱ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ♠❡t❛✲
s✐♠✐❧❛r✐t② ❢✉♥❝t✐♦♥ ❢♦r s❝❤♦❧❛r❧② ❛rt✐❝❧❡s t❤❛t ❝♦♥s✐❞❡rs ♦♥❧② t❤❡ ❝✐t❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤
❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡✐r t❡①t✉❛❧ ❝♦♥t❡♥t ❛♥❞ ✐ts ♠❡t❛❞❛t❛✱ t♦ ❝♦♠♣✉t❡ ❤♦✇ ♠✉❝❤
❛♥ ❛rt✐❝❧❡ ✐s s✐♠✐❧❛r t♦ ❛♥♦t❤❡r✳ ❚❤✐s ♠❡t❛✲❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠s ❧♦❝❛❧ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡s✱
s✉❝❤ ❛s t❤❡ ❏❛❝❝❛r❞ ❝♦❡✣❝✐❡♥t ❛♥❞ ❆❞❛♠✐❝✴❆❞❛r✱ ✐♥t♦ r❡❝✉rs✐✈❡ ♠❡❛s✉r❡s✱ ✇❤♦s❡ s✐♠✐❧❛r✐t②
s❝♦r❡ r❡❝✉rs✐✈❡❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s✐♠✐❧❛r✐t② ♦❢ ♦t❤❡r r❡❧❛t❡❞ ❛rt✐❝❧❡s✱ ❡①♣❧♦r✐♥❣ t❤❡ ✐❞❡❛ t❤❛t
t✇♦ ❛rt✐❝❧❡s ❛r❡ ♠♦r❡ s✐♠✐❧❛r ✐❢ t❤❡② ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛rt✐❝❧❡s ✇❤✐❝❤ ❛r❡ ❛❧s♦ s✐♠✐❧❛r✳
❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✱ ✇❡ ❝♦♥str✉❝t❡❞ ❛ ❣r♦✉♥❞tr✉t❤ ♦❢
s✐♠✐❧❛r✐t②✱ ✇❤✐❝❤ ❞❡r✐✈❡s ❢r♦♠ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ s②st❡♠ ♦❢ t❤❡ ❆ss♦❝✐❛t✐♦♥ ❢♦r

❈♦♠♣✉t❡r ▼❛❝❤✐♥❡r② ✭❆❈▼ ✮✳ ❚❤✐s ❣r♦✉♥❞tr✉t❤ ❝r❡❛t❡s ❛ ♥♦t✐♦♥ ♦❢ s✐♠✐❧❛r✐t② s✉❝❤ t❤❛t
t✇♦ ❛rt✐❝❧❡s ❛r❡ ♠♦r❡ s✐♠✐❧❛r ✐❢ t❤❡② ❢❛❧❧ ✐♥t♦ s✐♠✐❧❛r ❝❧❛ss❡s ✭t❤♦s❡ t❤❛t ❛r❡ ❤✐❡r❛r❝❤✐❝❛❧❧②
❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✮✳ ❊①♣❡r✐♠❡♥ts ❛r❡ ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ❝✐t❛t✐♦♥ ❣r❛♣❤✱ ❡①tr❛❝t❡❞ ❢r♦♠
t❤❡ ❆❈▼ ❉✐❣✐t❛❧ ▲✐❜r❛r②✱ ❝♦♥t❛✐♥✐♥❣ ❛ s✉❜s❡t ♦❢ ✶✷✷✱✼✼✹ ❛rt✐❝❧❡s ❛♥❞ ✺✷✸✱✻✾✾ ❝✐t❛t✐♦♥
❡❞❣❡s✳ ❖❜t❛✐♥❡❞ r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❛t t❤✐s ♥❡✇ ♠❡t❛✲s✐♠✐❧❛r✐t② ❢✉♥❝t✐♦♥ ♦✉t♣❡r❢♦r♠s
❜❛s❡❧✐♥❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s r❡s✉❧ts ❛r❡ ❝♦♥✜r♠❡❞ ✐♥ ♦t❤❡r ❡①♣❡r✐♠❡♥ts ❝♦♥❝❡r♥✐♥❣ t❤❡
✉s❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❛✲❢✉♥❝t✐♦♥s ✐♥ s✐♠✐❧❛r✐t② s❡❛r❝❤ t❛s❦s✳

✐①





❆❣r❛❞❡❝✐♠❡♥t♦s

❊♠ ✷✵✵✼ ✐♥✐❝✐❡✐ ♦ ♣r♦❝❡ss♦ ❞♦ q✉❡ ❤♦❥❡ s❡r✐❛ ❡st❡ tr❛❜❛❧❤♦ ❞❡ ♠❡str❛❞♦✳ ◆❛q✉❡❧❡ ♠♦♠❡♥t♦✱
r❡❝é♠ ❢♦r♠❛❞♦✱ ❢✉✐ r❡❝❡❜✐❞♦ ♣❡❧❛ ❯♥✐❝❛♠♣ ❝♦♠♦ ❛❧✉♥♦ ❡s♣❡❝✐❛❧ ❡ ❉r✳ ❙✐♦♠❡ ●♦❧❞❡♥st❡✐♥✱
♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♠❡ ❛❥✉❞♦✉ ♦❢❡r❡♥❞♦ ✉♠❛ ♦♣♦rt✉♥✐❞❛❞❡ r❡♠✉♥❡r❛❞❛ ❞❡ tr❛❜❛❧❤♦ ❡♠ ✉♠
❧❛❜♦r❛tór✐♦ ❞❡ ♣❡sq✉✐s❛✳ ❉❡✈♦ ❜❛st❛♥t❡ ❛♦ ❙✐♦♠❡ ♣♦r t❡r ❢❡✐t♦ ✐ss♦✱ ♣♦✐s ❝♦♠ ❡st❡ ❡♠♣r❡❣♦
❝♦♥s❡❣✉✐ r❡❛❧✐③❛r ♠❡✉ ♣❧❛♥♦ ♣❡ss♦❛❧ ❞❡ ♠❡ ❝❛s❛r ❡ ✐♥✐❝✐❛r ✉♠❛ ♣ós✲❣r❛❞✉❛çã♦✳ ❉❡ ✷✵✵✼
❛té ♦ ✜♥❛❧ ❞❡ ✷✵✵✽✱ ❡st✉❞❡✐ ❛ ♠❛✐♦r✐❛ ❞❛s ❞✐s❝✐♣❧✐♥❛s ♦❜r✐❣❛tór✐❛s ♣❛r❛ ♦ ♠❡str❛❞♦ ❡♠
❈✐ê♥❝✐❛ ❞❛ ❈♦♠♣✉t❛çã♦✱ ♥❡st❡ ♣r♦❝❡ss♦ ❝♦♥❤❡❝✐ ♠❡✉ ❢✉t✉r♦ ❝♦✲♦r✐❡♥t❛❞♦r ❉r✳ ❘✐❝❛r❞♦
❚♦rr❡s✳ ❉❡♣♦✐s ❞❛ ♣r✐♠❡✐r❛✱ t✐✈❡ ❞❡ r❡♣❡t✐r ♦✉tr❛ ❞✐s❝✐♣❧✐♥❛ ❝♦♠ ❡st❡ ♣r♦❢❡ss♦r ❡ ❥á ❡st❛✈❛
❝❡rt♦ ❞❡ q✉❡ ❡✉ q✉❡r✐❛ s❡r ♦r✐❡♥t❛❞♦ t❛♠❜é♠ ♣♦r ❡❧❡✳ ❊♠ ✷✵✵✾✱ ♠❡ ♠❛tr✐❝✉❧❡✐ ❝♦♠♦ ❛❧✉♥♦
r❡❣✉❧❛r ❞❡ ♠❡str❛❞♦✱ ❝♦♠ ❙✐♦♠❡ ❡ ❘✐❝❛r❞♦ ❝♦♠♦ ♦r✐❡♥t❛❞♦r❡s✳ ❆✐♥❞❛ ♥ã♦ s❡✐ s❡ ❤❛✈✐❛ s✐❞♦
✉♠❛ ❜♦❛ ❞❡❝✐sã♦ t❡r ❢❡✐t♦ ✐ss♦ ♥❛q✉❡❧❡ ♠♦♠❡♥t♦✱ ❝♦♥t✉❞♦✱ ♥ã♦ ❤❛✈✐❛ ❝♦♠♦ ❡✉ ♣r❡✈❡r ♦
q✉❡ ❡st❛✈❛ ♣♦r ✈✐r✳ ◆❛q✉❡❧❡ ❛♥♦✱ ❛♣ós ♣❡r❞❡r ♠❡✉ ❡♠♣r❡❣♦✱ ❢✉✐ ❝♦♥tr❛t❛❞♦ ♣❡❧❛ ❖❞②s❝✐✱
q✉❡ ❞❡s❡♥✈♦❧✈❡ ✉♠ ♠❡❝❛♥✐s♠♦ ♣❛r❛ ✐♥❞❡①❛r ❡ ❜✉s❝❛r ❛rt✐❣♦s ❝✐❡♥tí✜❝♦s✳ ❆ss✐♠ ❝♦♠♦
♥♦ ❡♠♣r❡❣♦ ❛♥t❡r✐♦r✱ ♥♦ q✉❛❧ ❛♣r❡♥❞✐ ♠✉✐t♦ s♦❜r❡ t❡❝♥♦❧♦❣✐❛s ❞❡ ■❆ ❞❡ ❜✉s❝❛ ✭♦❜r✐❣❛❞♦
❛♦s ❞♦✉t♦r❡s ❡①✲❝♦❧❡❣❛s ❞♦ ❍❛r♣✐❛✮✱ ❡st❡ ♥♦✈♦ ❡♠♣r❡❣♦ ❞❡✜♥✐r✐❛ ♠✐♥❤❛ ár❡❛ ❞❡ ♣❡sq✉✐s❛✿
❘❡❝✉♣❡r❛çã♦ ❞❡ ■♥❢♦r♠❛çã♦✳ ■♥❢❡❧✐③♠❡♥t❡ ♥❛q✉❡❧❡ ❛♥♦ ♣❡r❞✐ ♠✐♥❤❛ ❛♠❛❞❛ ▼ã❡✱ ■③❛✉r❛✳
❚✐✈❡ ♣r♦❜❧❡♠❛s ❞❡ s❛ú❞❡ ❡ ✜♥❛♥❝❡✐r♦✳ ❈♦♠ ❡st❛s ❞✐✜❝✉❧❞❛❞❡s✱ ❡st❡ ♠❡str❛❞♦ ❞❡s❛❝❡❧❡r♦✉✳
◆❛q✉❡❧❡ ♠♦♠❡♥t♦ r❡❝❡❜✐ ♠✉✐t❛ ❛❥✉❞❛ ❞❡ ♠❡✉s ❛♠✐❣♦s✱ ♠✐♥❤❛ ❡s♣♦s❛✱ ❊❧✐❛♥❡✱ ❡ ♠❡✉ ✐r♠ã♦✱
❆❧❡①❛♥❞r❡✳ ❙❡♠ ❡❧❡s ❡✉ ♥ã♦ t❡r✐❛ ♠❡ r❡❡r❣✉✐❞♦ ❡ r❡t♦♠❛❞♦ ❡st❡ ♠❡str❛❞♦✳ ❆❣r❛❞❡ç♦ ❛♦
♠❡✉ ❡♠♣r❡❣❛❞♦r ❞❛q✉❡❧❛ é♣♦❝❛✱ ❘❡✐♥❛❧❞♦✱ ♣❡❧❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡♠♦♥str❛❞❛ ❛♦ ❞❛r ♦ t❡♠♣♦
♥❡❝❡ssár✐♦ ♣❛r❛ ♠❡ r❡♦r❣❛♥✐③❛r✳ ❆❣r❛❞❡ç♦ ♣r♦❢✉♥❞❛♠❡♥t❡ ❛ ♠✐♥❤❛ ❡s♣♦s❛ q✉❡ ❞❡ t❛♥t❛
❣r❛t✐❞ã♦ ❡ ❛♠♦r✱ ♠❛❧ ❝♦♥s✐❣♦ ❡♥❝♦♥tr❛r ❛s ♣❛❧❛✈r❛s✳ ❆❣r❛❞❡ç♦ ❛ ❣r❛♥❞❡ ❧❡❛❧❞❛❞❡ ❞❡ ♠❡✉
✐r♠ã♦ ❡ ❛ t♦❞❛s ✈❡③❡s q✉❡ ♠❡ ❛❥✉❞♦✉✳ ❆❣r❛❞❡ç♦ ❛♦s ♠❡✉ ❛♠✐❣♦s ❡ ♣r♦✜ss✐♦♥❛✐s q✉❡ ♠❡
❡s❝✉t❛r❛♠ ❡ ♠❡ ❛❥✉❞❛r❛♠ ❝♦♠ s✉❛s ♣❛❧❛✈r❛s ❡ ✈✐sõ❡s✳ ◆❡st❡s ú❧t✐♠♦s ♠❡s❡s✱ ♠❡s♠♦ ❛♣ós
✈ár✐♦s ❛✈❛♥ç♦s té❝♥✐❝♦s ❡ ❜♦♥s r❡s✉❧t❛❞♦s ❡♠ ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ♦ ♠❡str❛❞♦✱ ❝♦♥s✐❞❡r❡✐
❞❡s✐st✐r✳ ❚❛❧✈❡③ ♠❡✉ ♦r✐❡♥t❛❞♦r ❘✐❝❛r❞♦ ♥ã♦ s❛✐❜❛✱ ♠❛s ❛ ❢é q✉❡ ❡❧❡ ❞❡♠♦♥str♦✉ ❡♠
♠✐♠ ❡ ❡♠ ♠❡✉ tr❛❜❛❧❤♦ ❢♦✐ ❛ ❡♥❡r❣✐❛ ❡①tr❛ q✉❡ ♣r❡❝✐s❡✐ ♣❛r❛ t❡r♠✐♥❛r ❛ ❡s❝r✐t❛ ❞❡st❛
❞✐ss❡rt❛çã♦✳ ❆❣r❛❞❡ç♦ ❜❛st❛♥t❡ ♣♦r s❡r ❡s❢♦rç❛r ❡♠ ❢❛③❡r ❡st❡ tr❛❜❛❧❤♦ ♠❡❧❤♦r✳ ●♦st❛r✐❛
❞❡ ❛❣r❛❞❡❝❡r ❛ ❡♠♣r❡s❛ ❖❞②s❝✐ ♣♦r ♠❡ ❢♦r♥❡❝❡r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♣❛r❛ ❡①♣❡r✐♠❡♥t♦s✱ ❛
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❯♥✐❝❛♠♣ ❡ ❛♦ ■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ q✉❡ ♠❡ ❛❥✉❞♦✉ ❛♣r❡♥❞❡r ♠❛✐s s♦❜r❡ ❝♦♠♣✉t❛çã♦✳
➚ ❈◆Pq✱ ❋❆P❊❙P ❡ ❈❆P❊❙ ♣♦r ✜♥❛♥❝✐❛r ❛ ✐♥❢r❛✲❡str✉t✉r❛ ❞♦ ❧❛❜♦r❛tór✐♦ ❘❊❈❖❉✳
❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ ❡ ❛ t♦❞♦s ♦✉tr♦s q✉❡ ✜③❡r❛♠ ♣❛rt❡ ❞❡ ♠❡✉ ❞✐❛
❛ ❞✐❛ ❡ q✉❡ t♦r♥❛r❛♠ ♠✐♥❤❛ ✈✐❞❛ ✉♠❛ ❡①♣❡r✐ê♥❝✐❛ ♠❛✐s r✐❝❛✳ ❉❡❞✐❝♦ ❡st❡ ♠❡str❛❞♦ ❡♠
♠❡♠ór✐❛ ❞❛ ♠✐♥❤❛ ▼ã❡✳ ❊❧❛✱ ❝♦♠ s✉❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ q✉❡♠ ♠❛❧ ❡st✉❞♦✉✱ ♠❡ ❡♥s✐♥♦✉ ❛s
♠❡❧❤♦r❡s ❡ ❢✉♥❞❛♠❡♥t❛✐s ❧✐çõ❡s ❞❡ ✈✐❞❛✳ ◆ã♦ ❞❡✐①♦ ❞❡ ♣❡♥s❛r ♥❡❧❛ s❡q✉❡r ✉♠ ❞✐❛✳
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❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐✐

❆❜str❛❝t ✐①

❆❣r❛❞❡❝✐♠❡♥t♦s ①✐

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❈♦♥tr✐❜✉✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷
✶✳✷ ▼♦t✐✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✷✳✶ ❉❡s❛✜♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✶✳✷✳✷ ❆♣❧✐❝❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✸ ❆❜♦r❞❛❣❡♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❊st❡ tr❛❜❛❧❤♦ ❞❡ ♠❡str❛❞♦ tr❛t❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ s❡ ❝❛❧❝✉❧❛r s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s
❝✐❡♥tí✜❝♦s ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡ ✐♥❢♦r♠❛çã♦✳ ❍á ✈ár✐❛s ❢♦r♠❛s ❞❡ s❡ ❛❜♦r❞❛r
♦ ♣r♦❜❧❡♠❛ ❞❡ s❡ ❝❛❧❝✉❧❛r ❛ s✐♠✐❧❛r✐❞❛❞❡✱ ❛ ❞❡♣❡♥❞❡r ❞♦ t✐♣♦ ❞❡ ❞❛❞♦s q✉❡ s❡ t❡♠ ❞✐s✲
♣♦♥í✈❡❧✳ ❯♠❛ ❛❜♦r❞❛❣❡♠ ♣♦ssí✈❡❧ s❡r✐❛ ❝♦♥s✐❞❡r❛r ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡s q✉❡ ❧❡✈❛♠
❡♠ ❝♦♥t❛ ♦ ❝♦♥t❡ú❞♦ ❞♦s ❛rt✐❣♦s ❡✴♦✉ s❡✉s ♠❡t❛❞❛❞♦s✱ ♣♦r ❡①❡♠♣❧♦✱ s❡✉ tít✉❧♦✱ r❡s✉♠♦✳
■st♦ é✱ ❞❛❞♦ ♦ ❝♦♥t❡ú❞♦ t❡①t✉❛❧ ❞❡ ❞♦✐s ❛rt✐❣♦s✱ ♣♦❞❡rí❛♠♦s s❡r ❝❛♣❛③❡s ❞❡ ❞✐③❡r ♦ q✉ã♦
s✐♠✐❧❛r❡s sã♦✳ ❖✉tr❛ ❛❜♦r❞❛❣❡♠ é ❝♦♥s✐❞❡r❛r té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♣❛r❛ ♦ ❝á❧❝✉❧♦
❞❛ s✐♠✐❧❛r✐❞❛❞❡✳ ◆❡st❡ s❡♥t✐❞♦✱ ♣♦❞❡rí❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❛rt✐❣♦s ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐✲
❣✐t❛❧ sã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠ ❣r❛❢♦✱ ❡♠ q✉❡ ❝✐t❛çõ❡s✴r❡❢❡rê♥❝✐❛s r❡✢❡t❡♠ ❛r❡st❛s ❡♥tr❡ ♦s
❛rt✐❣♦s✳ ❖✉tr❛s ❡♥t✐❞❛❞❡s ❝♦♠♦ ❛✉t♦r❡s✱ ❝♦♥❢❡rê♥❝✐❛s ❡ r❡✈✐st❛s t❛♠❜é♠ ♣♦❞❡r✐❛♠ s❡r
r❡♣r❡s❡♥t❛❞❛s ♥❡st❡ ❣r❛❢♦✱ ❢♦r♠❛♥❞♦ ♦✉tr❛s ❛r❡st❛s✳ ◆❡ss❛ ❛❜♦r❞❛❣❡♠ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ ❛
✐❞❡✐❛ s❡r✐❛ ❞❡s❝♦♥s✐❞❡r❛r ♦ ❝♦♥t❡ú❞♦ ❞♦s ❛rt✐❣♦s ❡ t♦♠❛r ❝♦♠♦ r❡❧❡✈❛♥t❡ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛
s✐♠✐❧❛r✐❞❛❞❡ ❛♣❡♥❛s ❛ t♦♣♦❧♦❣✐❛ ❞♦ ❣r❛❢♦✱ ❛s ❛r❡st❛s q✉❡ ❡♥✈♦❧✈❡♠ ❛rt✐❣♦s✳ ❯♠❛ t❡r❝❡✐r❛
❛❜♦r❞❛❣❡♠✱ ❛ ❤í❜r✐❞❛✱ s❡r✐❛ ♠✐st✉r❛r ✐♥❢♦r♠❛çõ❡s ❞❛ t♦♣♦❧♦❣✐❛ ❞♦ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐✲
t❛❧ ❝♦♠ ♦ ❝♦♥t❡ú❞♦ t❡①t✉❛❧ ❞♦s ❛rt✐❣♦s✳ ❖ ❢♦❝♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❧❝✉❧❛r ❛
s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛ t♦♣♦❧♦❣✐❛ ❞♦ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✱
✐st♦ é✱ ❝♦♥s✐❞❡r❛♥❞♦ té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✳

❊st❡ tr❛❜❛❧❤♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛♣r❡s❡♥t❛ ❝♦♠♦ ✉♠ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❡ ❛r✲
t✐❣♦s ❝✐❡♥tí✜❝♦s✱ ♣❛r❛ ✜♠ ❞♦s ♠ét♦❞♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ♣♦❞❡ s❡r ♦r❣❛♥✐③❛❞♦✳ ❊♠ s❡❣✉✐❞❛✱
❛♣r❡s❡♥t❛♠✲s❡ ❛s ♣r✐♥❝✐♣❛✐s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ ❞❛ ❧✐t❡r❛t✉r❛✱ q✉❡
♣♦❞❡♠ s❡r ✉s❛❞❛s ♥❡st❡ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳ ❈♦♠♦ s❡rá ✈✐st♦ ❛❞✐❛♥t❡✱ ❛ ❝♦♠♣❧❡✲
①✐❞❛❞❡ ❞❡ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ é ❛❧t❛ ♣❛r❛ ❣r❛❢♦s r❡❛✐s ✭✐♥❝❧✉s♦ ❛q✉❡❧❡ q✉❡
✉s❛r❡♠♦s ❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦✮✳ ❈♦♥t✉❞♦✱ ❝♦♠♦ ❢❛r❡♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞❡ss❛s ♠❡✲
❞✐❞❛s ♣❛r❛ ❞❡s❝♦❜r✐r q✉❛❧ ❞❡❧❛s ♦❜té♠ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r✱ ❝♦♠♣❛r❛r
❡ ♣r♦♣♦r té❝♥✐❝❛s ❞❡ ❛♠♦str❛❣❡♠ ❞❡ ❣r❛❢♦s ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ r❡❞✉çã♦ ❞❡ ❡s❝❛❧❛✱ ✐st♦
é✱ t♦r♥á✲❧♦s ♠❡♥♦r❡s ✭❝♦♠ ♠❡♥♦s ✈ért✐❝❡s ❡ ❛r❡st❛s✮✱ ♣❛r❛ ❛ss✐♠ ✈✐❛❜✐❧✐③❛r ♦ ❡st✉❞♦ ❝♦♠✲

✶



✷ ❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦

♣❛r❛t✐✈♦ ❞❡ss❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ◆♦ss♦ ❡st✉❞♦ ❝♦♠♣❛r❛t✐✈♦ é ♣rát✐❝♦✱ ♦✉ s❡❥❛✱
✐♥tr♦❞✉③✐r❡♠♦s✿ ✐✮ ✉♠ ♠ét♦❞♦ ❞❡ s❡ ❡①tr❛✐r ✉♠ ❣❛❜❛r✐t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❛ ♣❛rt✐r ❞❡ ❝♦♠♦
♦s ❛rt✐❣♦s sã♦ ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❡ ✐✐✮ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ s❡ ❛✈❛❧✐❛r
❡st❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥tr❛ ❡st❡ ❣❛❜❛r✐t♦✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦♠♣❛r❛r❡♠♦s ♠ét♦✲
❞♦s ❞❛ ❧✐t❡r❛t✉r❛ ❜❡♠ ❝♦♠♦ ❛❧❣✉♠❛s ♣r♦♣♦st❛s✳ ❆❧é♠ ❞✐ss♦✱ ❡①❛♠✐♥❛r❡♠♦s ♦ ✐♠♣❛❝t♦
❞❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ♥❡st❡ ❣r❛❢♦ ♣❛r❛ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❛✈❛❧✐❛❞❛✳ ❆♣❡s❛r
❞❡ ❤❛✈❡r ✈ár✐❛s ❡♥t✐❞❛❞❡s ❡♥✈♦❧✈✐❞❛s ♥❡ss❡ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ✭❛✉t♦r❡s✱ ❛rt✐❣♦s✱
❝♦♥❢❡rê♥❝✐❛s✱ ❡t❝✮✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❡♠ ♥♦ss❛ ❝♦♠♣❛r❛çã♦✱ ❛♣❡♥❛s ♦ s✉❜❣r❛❢♦ ❡①tr❛í❞♦ q✉❡
❡♥✈♦❧✈❡ ❛rt✐❣♦s ❡ s✉❛s ❝✐t❛çõ❡s✴r❡❢❡rê♥❝✐❛s✳

❖ ❡sq✉❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ✐♥tr♦❞✉③✐❞♦ ❛✈❛❧✐❛ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✐♥❞❡♣❡♥❞❡♥✲
t❡♠❡♥t❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦✳ ■st♦ é✱ ❝♦♥s❡❣✉❡✲s❡ ❞✐③❡r q✉ã♦ ♣r♦♠✐ss♦r❛ é ✉♠❛ té❝♥✐❝❛ s❡♠
♠❡s♠♦ ✈✐♥❝✉❧❛r ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ♣rát✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥str✉í♠♦s ✉♠ ❡①♣❡r✐♠❡♥t♦ ❢♦❝❛❞♦
♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ❜✉s❝❛ ♣♦r s✐♠✐❧❛r✐❞❛❞❡✱ s❡❣✉♥❞♦ ❛ q✉❛❧✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❛rt✐❣♦✱ ❡♥❝♦♥tr❛
♦s ♦✉tr♦s ♠❛✐s s✐♠✐❧❛r❡s✳

✶✳✶ ❈♦♥tr✐❜✉✐çõ❡s

❖ ❝♦♥t❡ú❞♦ ❞❡ss❡ tr❛❜❛❧❤♦ ♦❢❡r❡❝❡ ❛s s❡❣✉✐♥t❡s ❝♦♥tr✐❜✉✐çõ❡s✿

✶✳ ❯♠❛ ♣r♦♣♦st❛ ♣❛r❛ ❛♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çõ❡s ❞❡ ❛rt✐❣♦s❀

✷✳ ❯♠ ♠❡t❛ ❛❧❣♦r✐t♠♦ q✉❡ ♠✉❞❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡s ❡①✐s✲
t❡♥t❡s❀

✸✳ ❯♠ ❡sq✉❡♠❛ ♣❛r❛ ❝♦♥str✉✐r ✉♠ ❣❛❜❛r✐t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦
❝♦♠♣❛r❛t✐✈❛ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡❀

✹✳ ❖ ❡st✉❞♦ ❞♦ ✐♠♣❛❝t♦ ❞❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ♥❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡
❛rt✐❣♦s❀

✺✳ ❖ ❡st✉❞♦ ❞♦ ✐♠♣❛❝t♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♥❛ ❛♣❧✐❝❛çã♦ ❞❡
❜✉s❝❛ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳

✶✳✷ ▼♦t✐✈❛çã♦

◆❡st❛ s❡çã♦ sã♦ ❛♣r❡s❡t❛❞♦s ♦s ❞❡s❛✜♦s ❡ ❛♣❧✐❝❛çõ❡s q✉❡ ♠♦t✐✈❛♠ ♦ ❡st✉❞♦ ❞❡ té❝♥✐❝❛s ❞❡
▲✐♥❦ ❆♥❛❧②s✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❡♥t✐❞❛❞❡s ♦r❣❛♥✐③❛❞❛s ❡♠ ✉♠ ❣r❛❢♦✳



✶✳✷✳ ▼♦t✐✈❛çã♦ ✸

✶✳✷✳✶ ❉❡s❛✜♦s

▼✉✐t♦s ❞❛❞♦s✱ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s✿ ➱ ❝r❡s❝❡♥t❡ ❛ ♣❡sq✉✐s❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ▲✐♥❦ ❆♥❛❧②✲

s✐s ❡♠ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ ♣♦r ❞✐✈❡rs♦s ❢❛t♦r❡s✿ ✐✳ r❡❞❡s sã♦ ✉❜íq✉❛s ❡ ❤á ❣r❛♥❞❡
❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ❡str✉t✉r❛❞♦s ❡♠ r❡❞❡s❀ ✐✐✳ ❛♦ ❝♦♥tí♥✉♦ ❛✉♠❡♥t♦
❞♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♣❛r❛ ❧✐❞❛r ❝♦♠ ♠❛✐s ❞❛❞♦s❀ ✐✐✐✳ ❝✉st♦ ❞❡❝r❡s❝❡♥t❡ ♥♦ ❛r♠❛③❡✲
♥❛♠❡♥t♦ ❞❡ ❞❛❞♦s✳ ❊①❡♠♣❧♦s ❞❡ ❞❛❞♦s ❡str✉t✉r❛❞♦s ❡♠ r❡❞❡s ❡♠ q✉❡ ▲✐♥❦ ❆♥❛❧②s✐s ❥á
❢♦✐ ❛♣❧✐❝❛❞♦ ✐♥❝❧✉✐ ❬✺✹❪✿ ❘❡❞❡s s♦❝✐❛✐s ✲ ❝♦♥t❛t♦s ❡ ❛♠✐③❛❞❡s ❡♥tr❡ ✐♥❞✐✈í❞✉♦s❀ ❘❡❞❡s ❞❡
✐♥❢♦r♠❛çã♦ ✭✏✐♥❢♦r♠❛t✐♦♥ ♥❡t✇♦r❦s✑✮ ✲ ❣r❛❢♦s ❞❡ ❝✐t❛çã♦ ❛❝❛❞ê♠✐❝❛ ❞❡ ❛rt✐❣♦s ❡ ♣❛t❡♥t❡s✱
❣r❛❢♦s ❞❡ ❤②♣❡r❧✐♥❦s ❡♥tr❡ ♣á❣✐♥❛s ♥❛ ❲❊❇✱ ♦♥t♦❧♦❣✐❛s✱ ❜❛s❡s ❞❡ ❞❛❞♦s ❧é①✐❝❛s✱ r❡❞❡s ❞❡
♣r❡❢❡rê♥❝✐❛s ✭r❡❧❛❝✐♦♥❛ ✐♥❞✐✈í❞✉♦s ❡ ♦❜❥❡t♦s ❞❡ s✉❛ ♣r❡❢❡rê♥❝✐❛✮❀ ❘❡❞❡s t❡❝♥♦❧ó❣✐❝❛s ✲ r❡❞❡s
❡♥❡r❣ét✐❝❛s✱ ❧✐♥❤❛s ❛ér❡❛s ❡ r♦❞♦✈✐ár✐❛s✱ t❡❧❡❝♦♠✉♥✐❝❛çõ❡s✱ ❝✐r❝✉✐t♦s ❡❧❡trô♥✐❝♦s✱ ■♥t❡r♥❡t❀
❘❡❞❡s ❜✐♦❧ó❣✐❝❛s ✲ ✈✐❛s ♠❡t❛❜ó❧✐❝❛s✱ r❡❞❡ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♣r♦t❡í♥❛s ♥❛ tr❛♥s❝r✐çã♦ ❡
tr❛♥s❧❛çã♦ ❣❡♥ét✐❝❛✱ ❝❛❞❡✐❛ ❛❧✐♠❡♥t❛r✱ r❡❞❡s ♥❡✉r❛✐s✱ ❝✐r❝✉❧❛çã♦ s❛♥❣✉í♥❡❛✳ ❉❡st❡s✱ r❡❞❡s
❞❡ ✐♥❢♦r♠❛çã♦ sã♦ ♦❜❥❡t♦ ❞❡ ♠✉✐t❛s té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ❝♦♠ ❛♣❧✐❝❛çõ❡s ❞✐r❡t❛s ❡♠
❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ ❬✷✽✱ ✻✽❪✳ ◆ã♦ ❞✐❢❡r❡♥t❡✱ ♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡st❡ ♠❡str❛❞♦ é ❛
✐♥✈❡st✐❣❛çã♦ ❞❡ té❝♥✐❝❛s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♥❛ ❣❡r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛✲
r✐❞❛❞❡ ❡♠ ✉♠❛ r❡❞❡ ❞❡ ✐♥❢♦r♠❛çã♦✱ ♥♦ ❝❛s♦✱ ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❡ ❛rt✐❣♦s
❛❝❛❞ê♠✐❝♦s✳ ❙✐♠✐❧❛r✐❞❛❞❡ t❡♠ ✉♠ ♣❛♣❡❧ ❝❡♥tr❛❧ ♥❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ❝❧❛ss✐✜❝❛✲
çã♦✱ ❝❧✉st❡r✐③❛çã♦✱ ❡♥t✐t② r❡s♦❧✉t✐♦♥ ❬✾✱✺✻❪✱ r❡❝♦♠❡♥❞❛çã♦ ❬✷✻✱✷✼✱✻✺❪✱ ❞❡t❡❝çã♦ ❞❡ ♣❛❞rõ❡s
❡t❝✳✱ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ✉♠ ❝❛♠♣♦ ❢ért✐❧ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞♦ ♠✉♥❞♦ r❡❛❧✳

●r❛♥❞❡s ❞❛❞♦s✱ ❞❡s❛✜♦s ❞❡ ❝♦♠♣✉t❛çã♦✿ ▼✉✐t♦s ♠ét♦❞♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ ♥♦ ❝á❧✲
❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ✉♠ ❣r❛❢♦ G(V,E)✱ s♦❢r❡♠ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧❛❜✐❧✐❞❛❞❡✱ ♣♦✐s sã♦
O
(

|V |3
)

❡♠ t❡♠♣♦ ❡ O
(

|V |2
)

❡♠ ❡s♣❛ç♦ ❬✺✱✸✻✱✼✶✱✼✷❪✱ t♦r♥❛♥❞♦✲♦s ❞❡ ❞✐❢í❝✐❧ ❛♣❧✐❝❛çã♦ ♥ã♦
só ❡♠ ❞❛❞♦s ♥❛ ❡s❝❛❧❛ ❞❛ ❲❡❜✱ ♠❛s t❛♠❜é♠ ❡♠ ❞❛❞♦s ❞❡ ❧✐t❡r❛t✉r❛ ❝✐❡♥t✐✜❝❛✱ ❝✉❥♦ ❣r❛❢♦
❡stá ♥❛ ♦r❞❡♠ ❞❡ ♠✐❧❤õ❡s ❞❡ ♥ós✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ✈ért✐❝❡s
❙✐♠❘❛♥❦ ❬✸✻❪ ♣r♦❞✉③ ♠❛tr✐③❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣♦✉❝♦ ❡s♣❛rs❛s✱ ♥♦t❡ q✉❡ sã♦ q✉❛❞rát✐❝❛s
♥♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❡ q✉❡ ❞❡♣❡♥❞❡♥❞♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ❣r❛❢♦✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡st❡
❛❧❣♦r✐t♠♦ é ❞❡s❛✜❛❞♦r❛✳

❆ ❛♣❧✐❝❛çã♦ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ❝r✐❛ ✉♠ ❝❛♠♣♦ ❢ért✐❧ ♣❛r❛ ♣❡sq✉✐s❛s ❡♠ ♦t✐♠✐③❛çã♦ ❞❡
❛❧❣♦r✐t♠♦s✱ ♠ét♦❞♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐str✐❜✉í❞♦✱ ❝♦♠♦ ❛♣❧✐❝❛❞♦s ❡♠
❬✺✱ ✷✸✱ ✷✹✱ ✹✸❪✳ ❆❧é♠ ❞✐ss♦✱ ♠❡s♠♦ s❡♠ ❝♦❧♦❝❛r ♦s ❡s❢♦rç♦s ♥♦s ❛❧❣♦r✐t♠♦s✱ é ❞❡s❡❥á✈❡❧
❡①❛♠✐♥❛r ♥❛ ♣rát✐❝❛ ❛ ❡✜❝á❝✐❛ ❞❡st❡s ❛❧❣♦r✐t♠♦s✱ ♦ q✉❡ ❛❜r❡ ❝❛♠✐♥❤♦ ♥❛ ♣❡sq✉✐s❛ ❞❡
❝♦♠♦ ♠❛♥✐♣✉❧❛r ♦s ❣r❛❢♦s r❡❛✐s ♣❛r❛ r❡❞✉③✐r ❛ ❡s❝❛❧❛ ♦✉ ♠❡s♠♦ ♥❛ ❣❡r❛çã♦ ❞❡ ❣r❛❢♦s
s✐♥tét✐❝♦s q✉❡ r❡♣r❡s❡♥t❛♠ s✐t✉❛çõ❡s r❡❛✐s✳

❘❡❧❛çõ❡s s❡♠â♥t✐❝❛s✿ ❊st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❡♠ ✉♠ ❝❡♥ár✐♦ ❡♠ q✉❡ ❤á ❞✐❢❡r❡♥t❡s t✐♣♦s
❞❡ ♦❜❥❡t♦s ❡♠ ✉♠❛ r❡❞❡ ✭❛✉t♦r❡s✱ ❛rt✐❣♦s✱ ❝♦♥❢❡rê♥❝✐❛s✮✳ ❆ss✐♠✱ ❝♦♠♣❛rá✲❧♦s ♣❡❧♦ s❡✉



✹ ❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦

❝♦♥t❡ú❞♦ ♣♦❞❡ s❡r ✐♥❛♣r♦♣r✐❛❞♦✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ❞❡ ❛rt✐❣♦s ❡
s❡✉s ❛✉t♦r❡s✿ ❝♦♠♦ ✉s❛r ♦ ❝♦♥t❡ú❞♦ ❞❡st❡s ♦❜❥❡t♦s ♥❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡s✱ ❥á q✉❡ sã♦
❞❡ t✐♣♦s ❞✐st✐♥t♦s❄ ❆❧✐ás✱ ♦ q✉❡ s❡r✐❛ ♦ ❝♦♥t❡ú❞♦ ❞❡ ✉♠ ❛✉t♦r❄ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ é ✉s❛r ❛
✐♥❢♦r♠❛çã♦ t♦♣♦❧ó❣✐❝❛ ❞♦ ❣r❛❢♦✳ ◆ã♦ ♦❜st❛♥t❡✱ ❡♠ ❬✺✵❪✱ ♦s ❛✉t♦r❡s ❛✜r♠❛♠ q✉❡ ♦ ♠ét♦❞♦
❝❧áss✐❝♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ♣♦♥❞❡r❛çã♦ t❢✲✐❞❢ ❬✻✵❪ ✭q✉❡ ♣♦♥❞❡r❛ ❛
✐♠♣♦rtâ♥❝✐❛ ❞❡ ✉♠❛ ♣❛❧❛✈r❛ ❞❡♥tr♦ ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ ❡♠ ✉♠❛ ❝♦❧❡çã♦✮ é ❡①tr❡♠❛♠❡♥t❡
r✉✐❞♦s❛ ❡ q✉❡ ♥ã♦ s❡ ❛❞❡q✉❛ à ❲❡❜✳ ❆♣❡s❛r ❞❡ s❡r ✉♠ ♠ét♦❞♦ út✐❧ ♣❛r❛ ✜❧tr❛r r❡s✉❧t❛❞♦s
❝♦♠ ❜❛✐①❛ s✐♠✐❧❛r✐❞❛❞❡ ❧é①✐❝❛✱ ♠❡❞✐❞❛s ❜❛s❡❛❞❛s s♦♠❡♥t❡ ❡♠ ❞❛❞♦s t❡①t✉❛✐s ♣❛r❡❝❡♠
♥ã♦ ❝♦❧❛❜♦r❛r ❜❡♠ ♣❛r❛ r❛♥q✉❡❛r ♦s ❞❡♠❛✐s r❡s✉❧t❛❞♦s✱ s❡♥❞♦ ♥❛ ✈❡r❞❛❞❡ ❢r❛❝❛♠❡♥t❡
❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ s✐♠✐❧❛r✐❞❛❞❡ s❡♠â♥t✐❝❛✳ ◆ã♦ ♣♦r ❛❝❛s♦✱ ♦s s✐st❡♠❛s ❞❡ ❜✉s❝❛s
♣❛r❛ ❲❡❜ ❛té ♦ ✜♥❛❧ ❞❛ ❞é❝❛❞❛ ❞❡ ✾✵ t✐♥❤❛♠ ❡✜❝á❝✐❛ r✉✐♠ s❡ ❝♦♠♣❛r❛❞♦s ❛♦s ♠♦❞❡r♥♦s
q✉❡ ❝♦♠♣❧❡♠❡♥t❛♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❛♥á❧✐s❡s t❡①t✉❛✐s ❝♦♠ ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱
❝♦♠♦ ♦ P❛❣❡❘❛♥❦ ❬✶✶✱ ✺✼❪✳ ❆✐♥❞❛ ❡♠ ❬✺✵❪✱ ♦s ❛✉t♦r❡s sã♦ ❝❛t❡❣ór✐❝♦s ❛♦ ❞✐③❡r q✉❡ ❛
✐♠♣❧✐❝❛çã♦ ❞❡✈❡ s❡r ❛ r❡✈✐s✐t❛çã♦ ❞♦ ♣❛♣❡❧ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣♦r ❝♦♥t❡ú❞♦ ♥❛ ❲❡❜✳ ❖s
❞❛❞♦s ❜✐❜❧✐♦❣rá✜❝♦s ♣♦❞❡♠ s❡r ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠ ❣r❛❢♦ ❞❡ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❡ ❛r❡st❛s
❡♥tr❡ ❡♥t✐❞❛❞❡s ❡①♣r❡ss❛♠ r❡❧❛çõ❡s s❡♠â♥t✐❝❛s ❜❡♠ ❞❡✜♥✐❞❛s✱ ❝♦♠♦✿ ❝✐t❛çã♦ ❡ ❛✉t♦r✐❛✳
❙❡♥❞♦ ❛ss✐♠✱ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ❡st❛r✐❛♠ ♣♦rt❛♥t♦ tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❡st❡
t✐♣♦ ❞❡ ✐♥❢♦r♠❛çã♦ s❡♠â♥t✐❝❛✳

❯♠ ❧❛❜♦r❛tór✐♦ ♣❛r❛ ❲❡❜✿ ❆ss✐♠ ❝♦♠♦ ♦s ❞❛❞♦s ❞❛ ❲❊❇✱ ❛ ✐♥❢♦r♠❛çã♦ ❜✐❜❧✐♦❣rá✜❝❛
♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣♦r ✉♠ ❣r❛❢♦ ❡ ❛♠❜❛s r❡❞❡s ♣♦ss✉❡♠ ❝♦♥❝❡✐t♦s ❛♥á❧♦❣♦s✳ ❆♠❜❛s sã♦
r❡❞❡s ❞❡ ✐♥❢♦r♠❛çã♦ ❡ q✉❡ ♦ ♦❜❥❡t♦ ♣r✐♥❝✐♣❛❧ é ✉♠ ❞♦❝✉♠❡♥t♦ ✭♣á❣✐♥❛ ♦✉ ❛rt✐❣♦✮✳ ❆♠❜❛s
tê♠ ✐♥t❡r❧✐❣❛çõ❡s ❡♥tr❡ ❞♦❝✉♠❡♥t♦s ❡①♣r❡ss❛♥❞♦ ✉♠❛ ❝✐t❛çã♦✱ ✉♠❛ ❢♦♥t❡ ❡ ♣♦ss✉❡♠ ✉♠❛
❛✉t♦r✐❛✳ ❆✐♥❞❛✱ sã♦ ♣✉❜❧✐❝❛❞❛s ❡♠ s✐t❡s ♦✉ ❛♥❛✐s✴r❡✈✐st❛s✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ❤á ❞✐❢❡r❡♥ç❛s
❡♥tr❡ ❛s ❞✉❛s r❡❞❡s✱ ✉♠❛ é ♠❛✐s ❡stát✐❝❛✱ ♥♦ ♠♦♠❡♥t♦ ❞❡ ♣✉❜❧✐❝❛çã♦ ❞❡ ✉♠ ❛rt✐❣♦✱ ❞✐✜✲
❝✐❧♠❡♥t❡ s❡✉s ❞❛❞♦s s❡ ❛❧t❡r❛♠ ♥♦ ❢✉t✉r♦✳ ❖ ♠❡s♠♦ ♥ã♦ s❡ ♣♦❞❡ ❞✐③❡r ❞❡ ♣á❣✐♥❛s ✇❡❜✳
❈♦♥t✉❞♦✱ ♣♦❞❡rí❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ❞❛❞♦s ❞❡ ❜✐❜❧✐♦❣r❛✜❛ ❛❝❛❞ê♠✐❝❛ ❝♦♠♦ ✉♠ ❧❛❜♦r❛tó✲
r✐♦ ♣❛r❛ ❛✈❛❧✐❛r ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♣❛r❛ ❛ ❲❡❜✱ ❞❛❞❛ ❛ r✐q✉❡③❛ ❞❛ ❛♥❛❧♦❣✐❛
❡♥tr❡ ❛♠❜❛s r❡❞❡s ❞❡ ✐♥❢♦r♠❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❡st❛ ❝♦❧❡çã♦ r❡♣r❡s❡♥t❛r✐❛ ♣♦ss✐✈❡❧♠❡♥t❡
✉♠ ❛♠❜✐❡♥t❡ ♠❡♥♦s r✉✐❞♦s♦✱ ❞❛❞♦ ♦ ❝♦♥tr♦❧❡ ❞♦ q✉❡ é ♣✉❜❧✐❝❛❞♦ ❡ ❛ ❡str✉t✉r❛çã♦ ♠❛✐s
♣❛❞r♦♥✐③❛❞❛ ❡♠ t❡r♠♦s ❞❡ ♦r❣❛♥✐③❛çã♦✳

✶✳✷✳✷ ❆♣❧✐❝❛çõ❡s

❘❡s❣❛t❛♥❞♦ ♦ ❝♦♥t❡①t♦ ❞❡ ❛♣❧✐❝❛çã♦ ❡♠ ❘❡❝✉♣❡r❛çã♦ ❞❡ ■♥❢♦r♠❛çã♦✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
❣r❛♥❞❡ s✉❝❡ss♦ ❛❝❛❞ê♠✐❝♦ ❡ ❡❝♦♥ô♠✐❝♦ ❞❡ té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s é ♦ ❞❡ ✏r❛♥q✉❡❛♠❡♥t♦✑
❞❡ ♦❜❥❡t♦s✱ ❝♦♠♦ ♦ P❛❣❡❘❛♥❦ ❡ ❍■❚❙ ❬✸✾❪ q✉❡ ❝♦♥t✐♥✉❛♠ ✐♥✢✉❡♥t❡s ❛♣❡s❛r ❞❡ ♠♦t✐✈❛r❡♠
♣♦r ♠❛✐s ❞❡ ✉♠❛ ❞é❝❛❞❛ ♥♦✈❛s té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✳ ❆❧❣✉♥s ♦✉tr♦s ❡①❡♠♣❧♦s ❞❡



✶✳✷✳ ▼♦t✐✈❛çã♦ ✺

❛♣❧✐❝❛çõ❡s sã♦ ❬✷✽❪✿

• ❈❧❛ss✐✜❝❛çã♦ ❞❡ ♦❜❥❡t♦s ✲ ♥❡st❡ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛ s✉♣❡r✈✐s✐✲
♦♥❛❞♦✱ ♦❜❥❡t♦s ❞❡✈❡♠ s❡r r♦t✉❧❛❞♦s ❞❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❛t❡❣♦r✐❛s✳ ❖ ✐♥t❡r✲
r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ♦❜❥❡t♦s é ❡①♣❧♦r❛❞♦✱ ♥♦ q✉❡ s❡ ❝❤❛♠❛ ❞❡ ✏❝❧❛ss✐✜❝❛çã♦ ❝♦❧❡t✐✈❛✑✱
♦✉ s❡❥❛✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦❜❥❡t♦s ❝♦rr❡❧❛❝✐♦♥❛❞♦s sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ r♦t✉❧❛❞♦s ❬✶✹✱✻✶❪❀

• ❆❣r✉♣❛♠❡♥t♦ ✭❈❧✉st❡r✐♥❣✮ ❞❡ ♦❜❥❡t♦s ✲ ♥❡st❡ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛
♥ã♦ s✉♣❡r✈✐s✐♦♥❛❞♦✱ ♦❜❥❡t♦s sã♦ ❛❣r✉♣❛❞♦s ❡♠ ❣r✉♣♦s ❝✉❥♦s ♦❜❥❡t♦s ❝♦♠♣❛rt✐❧❤❛♠
❝❛r❛❝t❡ríst✐❝❛s✳ ❊♠ ▲✐♥❦ ❆♥❛❧②s✐s é ❝♦♥s✐❞❡r❛❞♦ ♦ q✉❡ s❡ ❝❤❛♠❛ ❞❡ ✏❢✉♥❝t✐♦♥❛❧
❝❧✉st❡r✐♥❣✑ ❬✺✺❪✱ ❡♠ q✉❡ ♦ ♦❜❥❡t✐✈♦ ♥ã♦ é ❡st❛t✐st✐❝❛♠❡♥t❡ ❛❣r✉♣❛r ✐♥❞✐✈í❞✉♦s✱ ♠❛s
❞❡s❝♦❜r✐r ♠❡♠❜r♦s ❞❡ ✉♠❛ ❝♦♠✉♥✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❝♦♠ r❡❧❛t✐✈❛ s✐♠✐❧❛r✐❞❛❞❡ ❢✉♥❝✐♦♥❛❧
♥❛ r❡❞❡ ❬✸✵❪❀

• ❘❡s♦❧✉çã♦ ❞❡ ❡♥t✐❞❛❞❡s ✲ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ❛ ❡♥t✐❞❛❞❡ ♥♦ ♠✉♥❞♦ r❡❛❧
q✉❡ s❡ r❡❢❡r❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡st❛ ❡♥t✐❞❛❞❡✱ ❝♦♠ ❛♣❧✐❝❛çõ❡s ❡♠ ✐♥t❡❣r❛çã♦ ❡
✏❞❡✲❞✉♣❧✐❝❛çã♦✑ ❞❡ r❡❣✐str♦s ❬✹❪❀

• ▲✐♥❦ Pr❡❞✐❝t✐♦♥ ✲ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r❡✈❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❞✉❛s
❡♥t✐❞❛❞❡s✱ ❜❛s❡❛♥❞♦✲s❡ ♥♦s ❛tr✐❜✉t♦s ❡ r❡❧❛çõ❡s ❝♦♠ ♦✉tr❛s ❡♥t✐❞❛❞❡s ❡♠ ✉♠❛ r❡❞❡✳
❖ ♣r♦❜❧❡♠❛ ❞❡ ▲✐♥❦ Pr❡❞✐❝t✐♦♥ ♣♦ss✉✐ ❣r❛♥❞❡ ✐♠♣❛❝t♦ ❝♦♠❡r❝✐❛❧ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛❞♦
❡♠ r❡❞❡s ❞❡ ♣r❡❢❡rê♥❝✐❛s ❬✸✵✱✺✹❪✱ ❥á q✉❡ sã♦ ♦ ♦❜❥❡t✐✈♦ ❞❡ s✐st❡♠❛s ❞❡ r❡❝♦♠❡♥❞❛çã♦
❞❡ ♣r♦♣❛❣❛♥❞❛s✱ ❧✐✈r♦s✱ ✜❧♠❡s ❡ ❛♠✐③❛❞❡s❀

• ❙✉❜❣r❛♣❤ ❞✐s❝♦✈❡r② ✲ ár❡❛ ❞❡ ♠✐♥❡r❛çã♦ ❞❡ ❞❛❞♦s q✉❡ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❞❡t❡❝t❛r
♣❛❞rõ❡s ❞❡ s✉❜❣r❛❢♦s ❡♠ ✉♠❛ r❡❞❡✳ ❈♦♠❜✐♥❛❞❛ ❝♦♠ ♦ ❛ ár❡❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡
❣r❛❢♦s✱ ❝✉❥♦ ♦❜❥❡t✐✈♦ é r♦t✉❧❛r t♦❞♦ ♦ ❣r❛❢♦ ✭❝♦♠♦ ✉♠ ú♥✐❝♦ ♦❜❥❡t♦✮ ❞❡♥tr❡ ✉♠
❝♦♥❥✉♥t♦ ❞❡ ❝❛t❡❣♦r✐❛s✱ ❡st❡s ♣❛❞rõ❡s ❞❡ s✉❜❣r❛❢♦s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❡ ♣r♦❞✉③✐r
✐♥t❡r❡ss❛♥t❡s ❛♣❧✐❝❛çõ❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛♥á❧✐s❡ ❞❡ ♠❛r❦❡t✐♥❣ ✈✐r❛❧✱ ✐♥✈❡st✐❣❛çã♦
❡♠ r❡❞❡s ❞❡ t❡rr♦r✐s♠♦✱ ❡♣✐❞❡♠✐♦❧♦❣✐❛✱ r❡❧❛çõ❡s ❝♦♠❡r❝✐❛✐s ❬✸✵❪✳

❆♥t♦♥❡❧❧✐s✱ ●❛r❝✐❛✲▼♦❧✐♥❛ ❡ ❈❤❛♥❣ ❬✺❪ ❝♦♥s✐❞❡r❛♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❡s❝r✐t❛ ❞❡ ❜✉s❝❛ ♣❛r❛
r❡s✉❧t❛❞♦s ♣❛tr♦❝✐♥❛❞♦s✳ ■st♦ é✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s t❡r♠♦s ❞❛ ❜✉s❝❛ q✉❡ ✉♠ ✉s✉ár✐♦ ❢❛③ ♥❛
❲❡❜✱ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ r❡❡s❝r❡✈❡ ♦s t❡r♠♦s ❞❡ ❢♦r♠❛ ❛ ❝❛s❛r❡♠ ♠❡❧❤♦r ❝♦♠ ✉♠ ❜❛♥❝♦
❞❡ ❞❛❞♦s ❞❡ ♣r♦♣❛❣❛♥❞❛s✱ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ r❡t♦r♥❛r ♣r♦♣❛❣❛♥❞❛s ♠❛✐s r❡❧❡✈❛♥t❡s✳ P❛r❛
r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡r❛♠ ♦ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ❡♥tr❡ t❡r♠♦s ❞❡ ❜✉s❝❛ ❡ ♣r♦♣❛❣❛♥❞❛s✳
❊st❡ ❣r❛❢♦ é ♦❜t✐❞♦ ❞❡ ❧♦❣s r❡❛✐s ❞♦ ❨❛❤♦♦✦ ❞❡ ❝❧✐q✉❡s ❞❡ ✉s✉ár✐♦s ❡♠ ♣r♦♣❛❣❛♥❞❛s ❛♣ós
❡❢❡t✉❛r❡♠ ✉♠❛ ❜✉s❝❛ ✉s❛♥❞♦ t❡r♠♦s ❞✉r❛♥t❡ ❞✉❛s s❡♠❛♥❛s✳ ❈♦♥s✐❞❡r❛♠ ✉♠ s✉❜❝♦♥❥✉♥t♦
❞♦ ❣r❛❢♦✱ q✉❡ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦ss✉í❛ ✶✺ ♠✐❧❤õ❡s ❞❡ ❜✉s❝❛s ❞✐st✐♥t❛s✱ ✶✹ ♠✐❧❤õ❡s ❞❡ ♣r♦✲
♣❛❣❛♥❞❛s ❡ ✷✽ ♠✐❧❤õ❡s ❞❡ ❛r❡st❛s✳ ❊st❡♥❞❡♠ ♦ ♠♦❞❡❧♦ ❞♦ ❙✐♠❘❛♥❦ ❬✺❪ ♣❛r❛ ❝♦♥s✐❞❡r❛r
♣❡s♦s ♥❛s ❛r❡st❛s✱ ✐st♦ é✱ ❛ ❝♦♥t❛❣❡♠ ❞❡ ❝❧✐q✉❡s ❡♥tr❡ t❡r♠♦s ❡ ♣r♦♣❛❣❛♥❞❛✳ ❆✈❛❧✐❛♠ ♦s



✻ ❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦

r❡s✉❧t❛❞♦s ❝♦♠ ✉♠ ❝♦r♣♦ ❡❞✐t♦r✐❛❧ ❞❡ ❡s♣❡❝✐❛❧✐st❛s ♥❛ ár❡❛ ❞♦ ❨❛❤♦♦✦ ❡ ♠❡❞❡♠ ❛ ♣r❡❝✐sã♦
❡ ❛ r❡✈♦❝❛çã♦ ❞❡ s❡✉ ♠ét♦❞♦✳ ❖s r❡s✉❧t❛❞♦s ❛♣♦♥t❛♠ q✉❡ ♦ ♣✐♦r ♣♦♥t♦ ❞❛ ❝✉r✈❛ Pr❡❝✐sã♦
① ❘❡✈♦❝❛çã♦ é q✉❛♥❞♦ ❛ ♣r❡❝✐sã♦ ❡stá ♣ró①✐♠❛ ❞❡ ✵✱✾ ❡ r❡✈♦❝❛çã♦ ❞❡ ✶✱✵✳ ■ss♦ s✐❣♥✐✜❝❛
q✉❡ t♦❞❛s ♣r♦♣❛❣❛♥❞❛s r❡❧❡✈❛♥t❡s ❢♦r❛♠ r❡t♦r♥❛❞♦s ❛♦ ✉s✉ár✐♦ ❡ q✉❡ ❡♠ t♦r♥♦ ❞❡ ✶✵✪
❛♣❡♥❛s ❡r❛♠ ✐rr❡❧❡✈❛♥t❡s✳ ❆✐♥❞❛✱ ❛♣♦♥t❛♠ q✉❡ ❡♠ ✾✽✪ ❞♦s ❝❛s♦s ❛ ❜✉s❝❛ ❡r❛ r❡❡s❝r✐t❛
♣❡❧♦ ♠ét♦❞♦✱ ✐st♦ é✱ q✉❡ ❡❧❛ r❡❛❧♠❡♥t❡ ✐♥✢✉ê♥❝✐❛ ♥♦s r❡s✉❧t❛❞♦s✳

▲✐❜❡♥✲◆♦✇❡❧❧ ❡ ❑❧❡✐♥❜❡r❣ ❬✹✺❪ ❛♣❧✐❝❛♠ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♣❛r❛
♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r❡✈✐sã♦ ❞❡ ❛r❡st❛s ❡♠ ❣r❛❢♦s✳ ◆♦ ❝❛s♦✱ t❡♥t❛♠ ♣r❡✈❡r s❡ ♥♦ ❢✉t✉r♦ ❞♦✐s
♣❡sq✉✐s❛❞♦r❡s s❡ t♦r♥❛rã♦ ❝♦❛✉t♦r❡s ❞❡ ❛❧❣✉♠ ❛rt✐❣♦ ❛♣❡♥❛s ♦❜s❡r✈❛♥❞♦ ❛ ❡str✉t✉r❛ ❞♦
❣r❛❢♦ ♥♦ ♣❛ss❛❞♦✳ ❯s❛♠ ❞✐❢❡r❡♥t❡s ❝♦❧❡çõ❡s ❞❡ ❛rt✐❣♦s ♦❜t✐❞♦s ❞♦ ❛r❳✐✈ ✶ ❡ ❡①♣❡r✐♠❡♥t❛♠
❞✐✈❡rs❛s ♠❡❞✐❞❛s ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ❝♦❛✉t♦r❡s✳ ❘❡❛❧✐③❛♠ ❡①♣❡r✐♠❡♥t♦s ✉s❛♥❞♦ ♦
❣r❛❢♦ ❞❡ ❝♦❧❛❜♦r❛çã♦✱ ✐st♦ é✱ ♦s ♥ós sã♦ ❛✉t♦r❡s ❡ ❤á ✉♠❛ ❛r❡st❛ ❡♥tr❡ ❞♦✐s ❛✉t♦r❡s s❡✱ ❡
s♦♠❡♥t❡ s❡✱ ❡❧❡s ♣✉❜❧✐❝❛r❛♠ ❥✉♥t♦s✳ ❈♦♥❞✉③❡♠ ❡①♣❡r✐♠❡♥t♦s t❛♠❜é♠ ♥♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✱
❜✐♣❛rt✐❞♦✱ ❝♦♠ ❛r❡st❛s ❡♥tr❡ ❛rt✐❣♦s ❡ ❛✉t♦r❡s✳ ❖s r❡s✉❧t❛❞♦s✱ ❛♣❡s❛r ❞❡ ❛❝✉rá❝✐❛ ❜❛✐①❛✱
♠♦str❛♠ q✉❡ ❛♦ ✉s❛r ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ♣r❡✈❡r ✉♠❛ ❝♦❛✉t♦r✐❛ ♥♦ ❢✉t✉r♦✱ ✐st♦
é✱ ♥❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ q✉❛♥t♦ ♠❛✐s s✐♠✐❧❛r sã♦ ❞♦✐s ❛✉t♦r❡s ♠❛✐s ♣r♦✈á✈❡❧ é ✉♠❛ ❝♦❛✉t♦r✐❛
♦❝♦rr❡r ♥♦ ❢✉t✉r♦✱ ❛s ♣r❡✈✐sõ❡s sã♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡❧❤♦r❡s q✉❡ ✉♠❛ ❡s❝♦❧❤❛ ❛❧❡❛tór✐❛✱
♦✉ s❡❥❛✱ ❝♦♠♣r♦✈❛✲s❡ q✉❡ ❛ ♦❜s❡r✈❛çã♦ ❛♣❡♥❛s ❞❛ ❡str✉t✉r❛ ❞♦ ❣r❛❢♦ t❡♠ ✐♥❢♦r♠❛çõ❡s út❡✐s
♣❛r❛ ❛ ♣r❡✈✐sã♦ ❞❡ ❝♦❛✉t♦r✐❛✳

❲❤✐t❡ ❡ ❙♠②t❤ ❬✼✶❪ ❛♣❧✐❝❛♠ s✉❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ❡♥❝♦♥tr❛r ❛s ♣r✐♥❝✐♣❛✐s
r❡❧❛çõ❡s ♥♦ ❣r❛❢♦ ❞❡ ✐♥t❡r❛çõ❡s ❡♥tr❡ t❡rr♦r✐st❛s ♥♦ ❛t❛q✉❡ ❞❡ ✶✶ ❞❡ s❡t❡♠❜r♦ ❞❡ ✷✵✵✶✳
❖ ❣r❛❢♦ ♣♦ss✉✐ ✻✸ ♥ós✱ s❡♥❞♦ ✶✾ s❡q✉❡str❛❞♦r❡s ❡ ❞❡♠❛✐s ❛ss♦❝✐❛❞♦s ❡ ✸✵✽ ❛r❡st❛s✳ ❊♠
❞❡st❛q✉❡ ❛♦s r❡s✉❧t❛❞♦s✱ ❛ ♠❡❞✐❞❛ ✏▼❛r❦♦✈ ❈❡♥tr❛❧✐t②✑ r❡s♣♦♥❞❡ q✉❡ ▼♦❤❛♠♠❡❞ ❆tt❛
♣♦ss✉✐ ♠❛✐♦r ✐♠♣♦rtâ♥❝✐❛ ♥❛ r❡❞❡ ❡ s❛❜❡✲s❡ q✉❡ ❢♦✐ ♦ ❧í❞❡r ❞♦s s❡q✉❡str❛❞♦r❡s✳ ❆♣❧✐❝❛♠
t❛♠❜é♠ s✉❛s té❝♥✐❝❛s ♣❛r❛ ❡♥❝♦♥tr❛r ♣❡sq✉✐s❛❞♦r❡s q✉❡ ❡stã♦ ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✱
♣❛r❛ t❛♥t♦ ✉s❛♠ ♦ ❣r❛❢♦ ❞❡ ❝♦❛✉t♦r✐❛ ❞♦ ❈✐t❡s❡❡r✱ ❝♦♠ ✸✽✼✳✼✵✸ ❛rt✐❣♦s ❡♥tr❡ ✶✾✾✶ ❡ ✷✵✵✷✳
P❡r❝❡❜❡♠ q✉❡ ✈ár✐❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞✐st✐♥t❛s ❝♦♥❝♦r❞❛♠ ♥❛s r❡❧❛çõ❡s ♠❛✐s ❢♦rt❡s
❡ q✉❡ ❡stã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛s ❡①♣❡❝t❛t✐✈❛s✳

◆❛r❛②❛♥❛♥ ❡ ❙❤♠❛t✐❦♦✈ ❬✺✷❪ ❛♣❧✐❝❛♠ ❛♥á❧✐s❡s ❛♣❡♥❛s s♦❜r❡ ❛ t♦♣♦❧♦❣✐❛ ❞❡ ❣r❛❢♦s ♣❛r❛
❡❢❡t✉❛r ❛ ✏❞❡✲❛♥♦♥✐♠✐③❛çã♦✑ ❞❡ ❛❣❡♥t❡s ❡♠ r❡❞❡s s♦❝✐❛✐s✱ ✐st♦ é✱ ♦ ♦❜❥❡t✐✈♦ é r❡✲✐❞❡♥t✐✜❝❛r
✉s✉ár✐♦s ❛♥ô♥✐♠♦s✳ ❈♦♥s❡❣✉❡♠ ❝♦♠ s✉❝❡ss♦ ✐❞❡♥t✐✜❝❛r ✉s✉ár✐♦s ❞❛ r❡❞❡ s♦❝✐❛❧ ❋❧✐❝❦r q✉❡
t❛♠❜é♠ ❡stã♦ ♥❛ r❡❞❡ ❞♦ ❚✇✐tt❡r✳ ❖ r❡s✉❧t❛❞♦ é ♣r♦♠✐ss♦r✱ ❞❛❞♦ q✉❡ ❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡
❛s r❡❞❡s é ♠❡♥♦r q✉❡ ✶✺✪✱ ♦✉ s❡❥❛✱ s❡r✐❛ ✉♠ ❞❡s❛✜♦ ♦❜t❡r ♣r❡❝✐sã♦ ♥♦s r❡s✉❧t❛❞♦s✳ ❖
♠ét♦❞♦ t♦♠❛ ❝♦♠♦ ❡♥tr❛❞❛ ❞♦✐s ❣r❛❢♦s ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❞❡ r❡❞❡s s♦❝✐❛✐s ❡ ✉♠❛ s❡♠❡♥t❡
❞❡ ♠❛♣❡❛♠❡♥t♦s ♣❛r❝✐❛✐s ❡♥tr❡ ✉s✉ár✐♦s ❡♥tr❡ ❡st❛s r❡❞❡s✳ ❆ ♣❛rt✐r ❞❛í✱ ♦ ❛❧❣♦r✐t♠♦
❡♥❝♦♥tr❛ ♦✉tr♦s ♠❛♣❡❛♠❡♥t♦s ❞❡ ✉s✉ár✐♦s ♥❛s ❞✉❛s r❡❞❡s s♦❝✐❛✐s✳

✶❤tt♣✿✴✴❛r①✐✈✳♦r❣✴ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳



✶✳✸✳ ❆❜♦r❞❛❣❡♥s ✼

❘❛♠❛❣❡✱ ❘❛✛❡rt② ❡ ▼❛♥♥✐♥❣ ❬✺✽❪ ❛♣❧✐❝❛♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s✱ ✏❘❛♥❞♦♠
❲❛❧❦s✑✱ ♥♦ ❣r❛❢♦ ❧é①✐❝♦ ❞❡ t❡r♠♦s ❞♦ ❲♦r❞◆❡t✳ ❈♦♠ ✐ss♦✱ ❝♦♥s❡❣✉❡♠ ❡①tr❛✐r ♠❡❞✐❞❛s ❞❡
r❡❧❛❝✐♦♥❛♠❡♥t♦ s❡♠â♥t✐❝♦ ❡♥tr❡ ♣❛❧❛✈r❛s✳ ◆♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛rá❢r❛s❡s
♦ ♠ét♦❞♦ s✉♣❡r❛ ♠ét♦❞♦s ❜❛s❡❛❞♦s ♥♦ ♠♦❞❡❧♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ r❡❞✉③✐♥❞♦ ❡♠ ✶✽✱✺✪ ♦s
❡rr♦s✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛rá❢r❛s❡s ❝♦♥s✐st❡ ❡♠ ✐❞❡♥t✐✜❝❛r q✉❛♥❞♦ ❞✉❛s
❢r❛s❡s ♣♦ss✉❡♠ s✐❣♥✐✜❝❛❞♦s ❡q✉✐✈❛❧❡♥t❡s✳

◗✉❛♥t♦ ❛ ❞❛❞♦s ♠✉❧t✐♠í❞✐❛✱ ▲✐♥❦ ❆♥❛❧②s✐s ❢♦✐ ❛♣❧✐❝❛❞❛ ♥♦ ❝♦♥t❡①t♦ ❞❡ r❡❝✉♣❡r❛çã♦
❞❡ ✐♠❛❣❡♠ ♣♦r ❝♦♥t❡ú❞♦✱ s✐❣❧❛ ❈❇■❘ ❡♠ ✐♥❣❧ês ♣❛r❛ ❈♦♥t❡♥t✲❇❛s❡❞ ■♠❛❣❡ ❘❡tr✐❡✈❛❧✳
❏✐♥❣ ❡ ❇❛❧✉❥❛ ❬✸✼❪ ❝r✐❛♠ ♦ ❱✐s✉❛❧❘❛♥❦✱ ✉♠❛ té❝♥✐❝❛ q✉❡ ❛♥❛❧✐s❛ ♦ ❣r❛❢♦ ❞❡ ❛✜♥✐❞❛❞❡ ❞❡
❝❛r❛❝t❡ríst✐❝❛s ✈✐s✉❛✐s ❡♥tr❡ ✐♠❛❣❡♥s ♥♦ ❡st✐❧♦ ❞♦ P❛❣❡❘❛♥❦✱ ✐st♦ é✱ ❢❛③ ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s
♥❡st❡ ❣r❛❢♦ ♣❛r❛ ♣r♦❞✉③✐r ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ r❡❧❛t✐✈❛ ❡♥tr❡ ❛s ✐♠❛❣❡♥s✱ ❡st❛ ✐♠♣♦rtâ♥❝✐❛
é ✉s❛❞❛ ❝♦♠♦ ❝r✐tér✐♦ ❞❡ ♦r❞❡♥❛çã♦✳ ❈♦♥❞✉③❡♠ ❡①♣❡r✐♠❡♥t♦s ❡ ♠♦str❛♠ q✉❡ t❛❧ té❝♥✐❝❛
s✉♣❡r❛ ♦ s✐st❡♠❛ ❞♦ ●♦♦❣❧❡ ❞❡ ❜✉s❝❛ ❞❡ ✐♠❛❣❡♥s✳

✶✳✸ ❆❜♦r❞❛❣❡♥s

◆❡st❛ ár❡❛ ❞❡ ❝á❧❝✉❧♦ ❞❡ ♠❡❞✐❞❛s ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ❡♥t✐❞❛❞❡s✱ s❡❥❛ s✐♠✐❧❛r✐❞❛❞❡ ♦✉
✐♠♣♦rtâ♥❝✐❛ r❡❧❛t✐✈❛✱ ♦s ♠ét♦❞♦s s❡ ❞✐✈✐❞❡♠ ❡♠ três ❛❜♦r❞❛❣❡♥s✿ ❛ ♣r✐♠❡✐r❛ ❞✐③ r❡s♣❡✐t♦
❛ ❛❜♦r❞❛❣❡♠ q✉❡ ❛✈❛❧✐❛ ❛♣❡♥❛s ♦ ❝♦♥t❡ú❞♦ ❡♥tr❡ ♦s ♦❜❥❡t♦s✳ ◆❡st❡ s❡♥t✐❞♦✱ ❡①✐st❡♠
♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ ♠♦❞❡❧♦s ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♣♦r ❝♦♥t❡ú❞♦✱ ❝♦♠♦ ♦
♠♦❞❡❧♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❬✻❪✳ ■♥❝❧✉❡♠✲s❡ t❛♠❜é♠ ❛s té❝♥✐❝❛s ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡ ✐♠❛❣❡♥s ♣♦r
❝♦♥t❡ú❞♦ q✉❛♥❞♦ ♦❜s❡r✈❛♠✲s❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s ✈✐s✉❛✐s ❞❛s ✐♠❛❣❡♥s✱ ✈✐❛ s❡✉s ❞❡s❝r✐t♦r❡s✳
❯♠❛ s❡❣✉♥❞❛ ❛❜♦r❞❛❣❡♠ é ❛ ❛♥á❧✐s❡ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ♦❜❥❡t♦s✱ ♦ q✉❡
s❡ ❝❤❛♠❛ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✳ ◆❡st❡ s❡♥t✐❞♦✱ ♦ ❝♦♥t❡ú❞♦ ❞♦s ♦❜❥❡t♦s ♥ã♦ é ♠❛✐s ♦❜s❡r✈❛❞♦✱
♠❛s s✐♠ ❛ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡ ❡♠ q✉❡ ❡stã♦ ✐♥s❡r✐❞♦s✳ ❖ P❛❣❡❘❛♥❦ é ✉♠ ❡①❡♠♣❧♦ ❞❡
❛❜♦r❞❛❣❡♠ ▲✐♥❦ ❆♥❛❧②s✐s✱ ♣♦✐s ❝♦♥s❡❣✉❡ ❛✈❛❧✐❛r ❛ r❡❧❡✈â♥❝✐❛ ❣❧♦❜❛❧ ❞❡ ♣á❣✐♥❛s ❲❡❜ s❡♠
♠❡s♠♦ ♦❜s❡r✈❛r ♦ ❝♦♥t❡ú❞♦ ❞❡st❛s ♣á❣✐♥❛s✳ ❋✐♥❛❧♠❡♥t❡✱ ❛ t❡r❝❡✐r❛ ❛❜♦r❞❛❣❡♠ ❝♦♥s✐st❡ ❡♠
r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ❝♦♠❜✐♥❛❞❛ ❡♥tr❡ ❝♦♥t❡ú❞♦ ❞♦s ♦❜❥❡t♦s ❡ ♦ ❣r❛❢♦ ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦
❡♥tr❡ ❡❧❡s✳ ➱ ✉♠ tr❛t❛♠❡♥t♦ ♣r♦♠✐ss♦r ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ♣♦✐s t❡♥t❛ ❥✉♥t❛r ♦
♠❡❧❤♦r ❞♦s ❞♦✐s ♠✉♥❞♦s✳ ❊①❡♠♣❧♦s ❞❡ ❡st✉❞♦s sã♦ ❬✶✷✱✶✸✱✶✼✱✷✵✱✸✷✱✺✵✱✺✶❪✳ ❊♠ ❞❡st❛q✉❡✱
❏✐♥❣ ❡ ❇❛❧✉❥❛ ❬✸✼❪ ❝r✐❛♠ ♦ ❱✐s✉❛❧❘❛♥❦✱ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡ ✐♠❛❣❡♠ ♣♦r
❝♦♥t❡ú❞♦ q✉❡ ❝♦♠❜✐♥❛ ❛ ❛♥á❧✐s❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✈✐s✉❛✐s ❞❡ ✐♠❛❣❡♥s ✭❝♦♥t❡ú❞♦✮ ❡ ❛♥á❧✐s❡
❞❛ t♦♣♦❧♦❣✐❛ ❞♦ ❣r❛❢♦ ❞❡ ❛✜♥✐❞❛❞❡ ❡♥tr❡ ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s ❛♦ ❧♦♥❣♦ ❞❡ ✈ár✐❛s ✐♠❛❣❡♥s✱
❛ ♣❛rt✐r ❞❡ ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s✱ ❛ss✐♠ ❝♦♠♦ é ❢❡✐t♦ ♥♦ P❛❣❡❘❛♥❦✳



✽ ❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦

✶✳✹ ❉❡s❝r✐çã♦ ❞♦ Pr♦❜❧❡♠❛

❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ❛ ❞❡s❝r✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛❞♦ ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❢♦r♠❛❧✐③❛♥❞♦
♦ ♣r♦❜❧❡♠❛ ❡ ❞❡s❝r❡✈❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s q✉❡ s❡rá ❛❜♦r❞❛❞♦✳

✶✳✹✳✶ ❋♦r♠❛❧✐③❛çã♦

❈♦♥s✐❞❡r❡ ✉♠ ❣r❛❢♦ ❞✐r❡❝✐♦♥❛❞♦ G (V,E)✱ ❡♠ q✉❡ V é ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡st❡ ❣r❛❢♦ ❡
E ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s✳ ❙❡❥❛ Inx∈V ♦ ❝♦♥❥✉♥t♦ ♣r❡❞❡❝❡ss♦r ❞♦ ✈ért✐❝❡ x✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦
❞❡ ✈ért✐❝❡s ❞❡ ♦r✐❣❡♠✱ ♦✉ ❡♥tr❛❞❛✱ ❝✉❥❛s ❛r❡st❛s ✐♥❝✐❞❡♥t❡s t❡r♠✐♥❛♠ ❡♠ x✱ ❛ss✐♠ |Inx|

é ♦ ❣r❛✉ ❞❡ ❡♥tr❛❞❛ ❞❡ x✱ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s q✉❡ ♣r❡❝❡❞❡♠ x✳ ❆♥á❧♦❣♦✱ Outx∈V é ♦
❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s s✉❝❡ss♦r❡s ❞♦ ✈ért✐❝❡ x✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s t❡r♠✐♥❛✐s✱ ♦✉
❞❡ s❛í❞❛✱ ❝✉❥❛s ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ♣❛rt❡♠ ❞❡ x✱ ❛ss✐♠ |Outx| é ♦ ❣r❛✉ ❞❡ s❛í❞❛ ❞❡ x✱ ♦
♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s q✉❡ s✉❝❡❞❡♠ x✳ ❙❡❥❛ Adjx∈V ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ❛ x✱
✐st♦ é✱ Adjx∈V = Inx

⋃

Outx✳
❙❡❥❛ ✉♠❛ r❡❞❡ ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ♦❜❥❡t♦s✴❡♥t✐❞❛❞❡s ♠♦❞❡❧❛❞❛ ❝♦♠♦ ✉♠ ❣r❛❢♦

❞✐r❡❝✐♦♥❛❞♦ G (V,E) ❝✉❥♦s ✈ért✐❝❡s r❡♣r❡s❡♥t❛♠ ♦❜❥❡t♦s ❞♦ ♠✉♥❞♦ r❡❛❧ ❡ ❛r❡st❛s (x, y)✱
♦✉ x → y✱ ❡st❛❜❡❧❡❝❡♠ ✉♠❛ r❡❧❛çã♦✱ ❝♦♠ s❡♠â♥t✐❝❛ ♣ré✲❡st❛❜❡❧❡❝✐❞❛✱ ❡♥tr❡ ✉♠ ♣❛r ❞❡
♦❜❥❡t♦s✳ ❆✐♥❞❛✱ ✉♠ ♥ú♠❡r♦ wx,y ∈ R ❡st❛❜❡❧❡❝❡ ✉♠ ♣❡s♦ ♣❛r❛ ❡st❛ r❡❧❛çã♦ ❡♥tr❡ ♦s
♦❜❥❡t♦s✳ ❉❡♥♦t❛✲s❡ sx,y ∈ R ❝♦♠ x, y ∈ V ✉♠❛ ♠❡❞✐❞❛✱ ❞❡r✐✈❛❞❛ s♦♠❡♥t❡ ❞♦ ❣r❛❢♦ G✱
♣❛r❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ x ❡ y✳ ■st♦ é✱ ✈❛❧♦r❡s sx,y q✉❡ ❡st❡❥❛♠ ❢♦rt❡♠❡♥t❡
❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ✉♠ ❥✉❧❣❛♠❡♥t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣♦r ✉♠ ❣❛❜❛r✐t♦✳

❆♦ s❡ tr❛t❛r ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❡♥t✐❞❛❞❡s é ♦❜s❡r✈❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛ q✉❡ sx,y é ❝♦✲
♠✉♠❡♥t❡ ♦❜t✐❞♦ ❞❡ ❞✐❢❡r❡♥t❡s ♠❛♥❡✐r❛s ❬✼✼❪✱ ✉s✉❛❧♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♠❡❞✐❞❛ ❢♦r♠❛❧
❞❡ ❞✐stâ♥❝✐❛ ❡♠ ✉♠ ❡s♣❛ç♦ ❬✹✹❪✳ ❆q✉✐✱ ❝♦♥t✉❞♦✱ ♥ã♦ t❡r❡♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡st❛ r❡str✐✲
çã♦✱ ❛♣❡♥❛s ❡st❛♠♦s ♣r❡♦❝✉♣❛❞♦s ❡♠ ❡♥❝♦♥tr❛r ❢✉♥çõ❡s ♣❛r❛ sx,y q✉❡ ❡st❡❥❛♠ ❢♦rt❡♠❡♥t❡
❝♦rr❡❧❛❝✐♦♥❛❞❛s ❛ ✉♠ ❣❛❜❛r✐t♦ q✉❡ ❥✉❧❣❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s ♦❜❥❡t♦s x ❡ y ❧❡✈❛♥❞♦✲s❡
❡♠ ❝♦♥t❛ s♦♠❡♥t❡ ❛s ✐♥❢♦r♠❛çõ❡s ❞❡ G (V,E)✳

❆ss✐♠✱ ♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ s❡ r❡s✉♠❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ ♠❛tr✐③ SG
|V (G)|×|V (G)|

❝✉❥♦s ❡❧❡✲
♠❡♥t♦s sx,y ∈ R sã♦ ❛ ♣♦♥t✉❛çã♦✴✐♥t❡♥s✐❞❛❞❡ ♣❛r❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❞♦✐s ♦❜❥❡t♦s
x, y ∈ V (G) ❡ ❞❡♣❡♥❞❡♠ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❞❛ ❡str✉t✉r❛ ❞♦ ❣r❛❢♦ G✳ ❊♠ ♥♦ss♦ ♠♦❞❡❧♦✱
q✉❛♥t♦ ♠❛✐♦r sx,y✱ ♠❛✐♦r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ x ❡ y✳ P❛r❛ ♠❛♥t❡r ✉♠❛ ❡s❝❛❧❛ ú♥✐❝❛ ❡♥tr❡
❞✐❢❡r❡♥t❡s ❢✉♥çõ❡s ❛✈❛❧✐❛❞❛s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ r❡str✐♥❣✐r❡♠♦s 0 ≤ sx,y ≤ 1✳

✶✳✹✳✷ ❈♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✿ ❖ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❡ ❛rt✐❣♦s

❖ ❞♦♠í♥✐♦ ❞❡ ♦❜❥❡t♦s q✉❡ ❛♥❛❧✐s❛r❡♠♦s é ♦ q✉❡ ❡♥✈♦❧✈❡ ❛ ❜✐❜❧✐♦❣r❛✜❛ ❝✐❡♥tí✜❝❛✳ ❊①❡♠♣❧♦s
❞❡ t✐♣♦s ❞❡ ♦❜❥❡t♦s sã♦✿ ❛✉t♦r❡s✱ ❛rt✐❣♦s✱ ✈❡í❝✉❧♦s ❞❡ ♣✉❜❧✐❝❛çã♦✱ ❡✈❡♥t♦s✱ ❡❞✐t♦r❛s✱ ♣❛tr♦✲
❝✐♥❛❞♦r❡s✱ ❡t❝✳ ❊st❡s ♦❜❥❡t♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s✱ ❛tr❛✈és ❞❡ ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛



✶✳✹✳ ❉❡s❝r✐çã♦ ❞♦ Pr♦❜❧❡♠❛ ✾

❋✐❣✉r❛ ✶✳✶✿ ●r❛❢♦ ❝♦❧❛♣s❛❞♦ ♣♦r t✐♣♦s ❞❡ ❡♥t✐❞❛❞❡s ❜✐❜❧✐♦❣rá✜❝❛s ❡ ❣r❛❢♦s ❣❡r❛❞♦s✳

❞✐❣✐t❛❧✱ ♣♦r s❡♠â♥t✐❝❛s ❜❡♠ ❞❡✜♥✐❞❛s✿

• ❆✉t♦r✐❛ ✕ ✉♠ ❛✉t♦r ❡s❝r❡✈❡ ✉♠ ❛rt✐❣♦✱ ❢♦r♠❛♥❞♦ ✉♠❛ ❛r❡st❛✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
❞✐r❡❝✐♦♥❛❞❛✱ ❡♥tr❡ ♦ ❛✉t♦r ❡ ♦ ❛rt✐❣♦❀

• P✉❜❧✐❝❛çã♦ ✕ ✉♠ ❛rt✐❣♦ é ♣✉❜❧✐❝❛❞♦ ❡♠ ✉♠ ✈❡í❝✉❧♦ ❞❡ ♣✉❜❧✐❝❛çã♦ ✭❛♥❛✐s✱ ❧✐✈r♦✱
❡t❝✮✱ ❞❡ ✉♠❛ ❡❞✐t♦r❛✱ ❡ ♣♦❞❡ ❡st❛r ✈✐♥❝✉❧❛❞♦ ❛ ✉♠ ❡✈❡♥t♦ ✭❝♦♥❢❡rê♥❝✐❛s✱ ✇♦r❦s❤♦♣s✱
s✐♠♣ós✐♦s✮ ❡ ❡✈❡♥t✉❛❧♠❡♥t❡ s❡r ♣❛tr♦❝✐♥❛❞♦✳ ■st♦ ✐♥❝❧✉✐ ❞✐❢❡r❡♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡
❛r❡st❛s✿ ✉♠❛ ❡♥tr❡ ♦ ❛rt✐❣♦ ❡ ♦ ✈❡í❝✉❧♦ ❞❡ ♣✉❜❧✐❝❛çã♦ ❡ ❡✈❡♥t♦✱ ♦✉tr❛ ❡♥tr❡ ♦ ❡✈❡♥t♦
❡ ♦ ♣❛tr♦❝✐♥❛❞♦r ❡ ♦✉tr❛ ❡♥tr❡ ♦ ✈❡í❝✉❧♦ ❡ ❛ ❡❞✐t♦r❛❀

• ❈✐t❛çã♦ ✕ ✉♠ ❛rt✐❣♦ ❝✐t❛ ♦✉tr♦ ❡♠ s✉❛s r❡❢❡rê♥❝✐❛s✱ ❢♦r♠❛♥❞♦ ✉♠❛ ❛r❡st❛s ❞✐r❡❝✐♦✲
♥❛❞❛ ❡♥tr❡ ♦s ❛rt✐❣♦s✳

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛s s❡♠â♥t✐❝❛s✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠ ❣r❛❢♦✱ Gdl✱ ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦✲
t❡❝❛ ❞✐❣✐t❛❧✱ q✉❡ r❡❧❛❝✐♦♥❛ ❡st❡s ♦❜❥❡t♦s✳ ❆ ❋✐❣✉r❛ ✶✳✶ ♠♦str❛ ✉♠ ❣r❛❢♦ ❝♦❧❛♣s❛❞♦ ❝♦♠ ❛s
♣♦ssí✈❡✐s r❡❧❛çõ❡s✴❛r❡st❛s ❡♥tr❡ ♦s ♦❜❥❡t♦s ♠❡♥❝✐♦♥❛❞♦s✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❡st✉❞❛r❡♠♦s ❞✐❢❡r❡♥t❡s ❢♦r♠❛s ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ SG
|V (G)|×|V (G)|

✱
♦✉ ✉♠❛ s✉❜♠❛tr✐③✱ q✉❡ ❡♥✈♦❧✈❛ ❛♣❡♥❛s ♣❛r❡s ❞❡ ♦❜❥❡t♦s q✉❡ ❡①✐st❛ ✉♠ ❣❛❜❛r✐t♦ ❛♥♦t❛❞♦
♣❛r❛ ✉♠❛ ❛✈❛❧✐❛çã♦ ❞❛ ❝♦rr❡❧❛çã♦ ❝♦♠ ❛ s✐♠✐❧❛r✐❞❛❞❡✳ ❉❛❞♦ ✉♠ ❣r❛❢♦✱ Gdl✱ ❛✐♥❞❛✱ é
♣♦ssí✈❡❧ ❣❡r❛r ♦✉tr♦s ❣r❛❢♦s q✉❡ s✐♥t❡t✐③❛♠ ❞✐st✐♥t❛s ✐♥❢♦r♠❛çõ❡s✿ ♣♦❞❡♠♦s ❣❡r❛r ✉♠ ❣r❛❢♦
❞❡ ❝♦❛✉t♦r❡s Gco✱ ♦ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ ❝✐t❛çõ❡s Gcit✱ ❡t❝✳ ■st♦ é✱ ❞❡r✐✈❛♥❞♦ ❞✐st✐♥t♦s
❣r❛❢♦s ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❞✐❢❡r❡♥t❡s ♠❡✐♦s ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ S·✱
s✉❜♠❛tr✐③ ❞❡ SGdl ✱ ❡♠ q✉❡ · r❡♣r❡s❡♥t❛ ✉♠ ❣r❛❢♦ ❣❡r❛❞♦✳



✶✵ ❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦

✶✳✺ ❖❜❥❡t✐✈♦s

• ❊st✉❞❛r té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ❡♠ ❛♣❧✐❝❛çõ❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡s ❡♥✲

tr❡ ❡♥t✐❞❛❞❡s✿ ◆❡st❡ ❡st✉❞♦✱ ♣r❡t❡♥❞❡✲s❡ ❡♥t❡♥❞❡r ❝♦♠♦ ❢✉♥❝✐♦♥❛♠ ❡st❛s té❝♥✐❝❛s✱
s❡✉s ❞❡s❛✜♦s ❞❡ ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ❡✜❝á❝✐❛s✳ Pr❡t❡♥❞❡✲s❡ ❡st✉❞❛r
❡st❛s té❝♥✐❝❛s ❡①✐st❡♥t❡s ❛ ✜♠ ❞❡ s❛❜❡r♠♦s s❡✉s ❞❡t❛❧❤❡s ❡ ❣❛♥❤❛r ✐♥t✉✐çõ❡s ♣❛r❛
❝♦♠♣r❡❡♥❞❡r s✉❛s ❞❡✜❝✐ê♥❝✐❛s ❡ ✈❛♥t❛❣❡♥s✳ Pr❡t❡♥❞❡✲s❡ ❝♦♠♣r❡❡♥❞❡r ❛s ❞✐❢❡r❡♥ç❛s
♣r✐♥❝✐♣❛✐s ❡♥tr❡ ♦s ♠ét♦❞♦s ❡ ❡♠ q✉❡ s❡ ❜❛s❡✐❛♠✳

• ❈♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✿ ◗✉❡r❡♠♦s ❝♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s
❡str✉t✉r❛❞♦ ♣❛r❛ ❡①♣❡r✐♠❡♥t❛çã♦ ❞❛s té❝♥✐❝❛s ❡ q✉❡ s❡❥❛ ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛
t❡r ✈❛❧✐❞❛❞❡ ♥♦s r❡s✉❧t❛❞♦s✳ ❆❧é♠ ❞❡ s❡✉ ✈♦❧✉♠❡✱ ❡st❛♠♦s ♣r❡♦❝✉♣❛❞♦s ❝♦♠ s✉❛
q✉❛❧✐❞❛❞❡✳ ■st♦ s❡ ❞❡s❞♦❜r❛ ❡♠ ♦❜t❡r ❞❛❞♦s q✉❡ t❡♥❤❛♠ ✉♠❛ ♦r✐❣❡♠ ❞❡ ❝♦♥✜❛♥ç❛ ❡
q✉❡ s❡❥❛♠ ❜❡♠ ❡str✉t✉r❛❞♦s✴♦r❣❛♥✐③❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ❞❛❞♦s ❛ s❡
♣r♦♣♦r✳

• ❉❡s❡♥✈♦❧✈❡r ✉♠ ♣r♦t♦❝♦❧♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❛s té❝♥✐❝❛s ❡st✉❞❛❞❛s✿ ◗✉❡r❡♠♦s
❝♦♥str✉✐r ❡①♣❡r✐♠❡♥t♦s ♦❜❥❡t✐✈♦s ❡ r❡♣r♦❞✉③í✈❡✐s q✉❡ ♥♦s ♣❡r♠✐t❛♠ ❛✈❛❧✐❛r ♦❜❥❡t✐✈❛✲
♠❡♥t❡ ❛ q✉❛❧✐❞❛❞❡ ❡ ❡❢❡t✐✈✐❞❛❞❡ ❞♦s ♠ét♦❞♦s✱ s❡♥❞♦ ♣♦ssí✈❡❧✱ ✐♥❝❧✉s✐✈❡✱ s❡r r❡✉s❛❞♦s
♣❛r❛ ❢✉t✉r❛s ♣❡sq✉✐s❛s✳

• ❊①❡❝✉t❛r ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❛s té❝♥✐❝❛s✿ Pr❡t❡♥❞❡✲s❡ ❡♥t❡♥❞❡r
❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛s té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ❡♠ s✐t✉❛çõ❡s r❡❛✐s✱
❜❡♠ ❝♦♠♦ ❡①❛♠✐♥❛r s✉❛ ❡✜❝á❝✐❛ ❡♠ ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡♠ ❝❡♥ár✐♦s ♣ró①✐♠♦s
❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ r❡❛❧✳

• ▲✐❞❛r ❝♦♠ ❛ ❡s❝❛❧❛ ❡ ✈♦❧✉♠❡ ❞❡ ❞❛❞♦s✿ ❈♦♠♦ ✉♠ ❞♦s ♦❜❥❡t✐✈♦s é ❧✐❞❛r ❝♦♠
✉♠ ❜♦♠ ✈♦❧✉♠❡ ❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❞❛❞♦s✱ q✉❡r❡♠♦s t❛♠❜é♠ ❝♦♥s❡❣✉✐r ❛♣❧✐❝❛r ❛s
té❝♥✐❝❛s ♥❡st❛ ❡s❝❛❧❛ ❞❡ ❞❛❞♦s✳ P❛r❛ t❛♥t♦✱ ✈❛♠♦s ❡st✉❞❛r ♣♦ss✐❜✐❧✐❞❛❞❡s ❡♠ ❝♦♠♦
❛♣❧✐❝á✲❧❛s✱ ♠❡s♠♦ q✉❡ s✉❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ s❡❥❛ ❣r❛♥❞❡✳

• Pr♦♣♦r ♠❡❧❤♦r✐❛s às té❝♥✐❝❛s ❡①✐st❡♥t❡s✿ ◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ s❡ ❡st✉❞❛♠ ♦s
♠ét♦❞♦s ❡ ❛❧❣♦r✐t♠♦s ❡①✐st❡♥t❡s✱ ♦❜s❡r✈❛♥❞♦ s✉❛s ❞✐❢❡r❡♥ç❛s ❡ ❡①❛♠✐♥❛♥❞♦ ❡♠ ❡①✲
♣❡r✐♠❡♥t♦s ❛ ❡✜❝á❝✐❛✱ ♣r❡t❡♥❞❡✲s❡ ❣❛♥❤❛r ✐♥t✉✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡♥t❡♥❞❡r ♦ q✉❡
♣♦❞❡r✐❛ ❢❛③❡r ❞♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s ♠❡❧❤♦r❡s✳

• ❆♣r❡s❡♥t❛r ♣r♦♣♦st❛s ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s ❞❡ ♣❡sq✉✐s❛✿ ◆❛ ♠❡❞✐❞❛ ❡♠
q✉❡ s❡ ❡①♣❧♦r❛ ❛ ár❡❛✱ ❝❤❡❣❛r❡♠♦s ❛ ♦✉tr♦s tó♣✐❝♦s ❞❡ ♣❡sq✉✐s❛ q✉❡ sã♦ ✐❣✉❛❧♠❡♥t❡
❞❡s❛✜❛❞♦r❡s ❡ ♣r♦♠✐ss♦r❡s✱ t♦❞❛✈✐❛✱ ❢♦r❛ ❞♦ ❡s❝♦♣♦ ❞❡st❡ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✷

▼❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✉s❛♥❞♦ ▲✐♥❦

❆♥❛❧②s✐s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ❛s ♣r✐♥❝✐♣❛✐s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥❝♦♥tr❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛
❜❛s❡❛❞❛s ❡♠ ▲✐♥❦ ❆♥❛❧②s✐s✳

✷✳✶ ❙✐♠❘❛♥❦

❏❡❤ ❡ ❲✐❞♦♠ ❬✸✻❪ ❡①♣❧♦r❛♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦❜❥❡t♦s ♦r❣❛♥✐③❛❞♦s ❡♠
✉♠❛ r❡❞❡✳ P❛r❛ ✐ss♦✱ ❡①♣r❡ss❛♠ q✉❡ ❞♦✐s ♦❜❥❡t♦s sã♦ s✐♠✐❧❛r❡s s❡ ❡❧❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s
❝♦♠ ♦❜❥❡t♦s s✐♠✐❧❛r❡s✱ ♦✉ s❡❥❛✱ ❛s s✐♠✐❧❛r✐❞❛❞❡s s❡ r❡❢♦rç❛♠ ✭❞♦ ✐♥❣❧ês ✏r❡✐♥❢♦r❝❡♠❡♥t✑✮✳
❉❡✜♥❡♠✱ ❛ss✐♠✱ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ r❡❝✉rs✐✈❛✿

Sx,y =

{

1 s❡ x = y

C
|Inx||Iny |

∑

u,v∈Inx×Iny
Su,v s❡ x 6= y

❖ ♠ét♦❞♦ t❡♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❡♠ t❡r♠♦s ❞❡ ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s✿ sx,y = E
[

cl
]

✱ ❡♠ q✉❡ l
é ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ q✉❡ ❞✐③ ❡♠ q✉❛♥t♦s ♣❛ss♦s ❞♦✐s ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s✱ ✉♠ ♣❛rt✐♥❞♦ ❞❡ x
❡ ♦✉tr♦ ❞❡ y✱ s❡ ❡♥❝♦♥tr❛♠ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✳ ❖s ❛✉t♦r❡s ❞❡✜♥❡♠ ✉♠ ♠ét♦❞♦ ✐t❡r❛t✐✈♦ ❞❡
❝á❧❝✉❧♦ q✉❡ ❝♦♥✈❡r❣❡ ❡ ❝✉❥❛ ❝♦♠♣❧❡①✐❞❛❞❡ é O (kn2d2)✱ ❡♠ q✉❡ k é ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✱
n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ♥♦ ❣r❛❢♦ ❡ d é ❛ ❡s♣❡r❛♥ç❛ ❞♦ ❣r❛✉ ❞❡ ❡♥tr❛❞❛ ❞❡ ✉♠ ✈ért✐❝❡✳
◆♦ ♣✐♦r ❝❛s♦✱ ♦ ❛❧❣♦r✐t♠♦ é O (kn4) . ◗✉❛♥t♦ ❛ ❡s♣❛ç♦✱ ♦ ❛❧❣♦r✐t♠♦ é O (n2)✳ ❊♠ s❡✉s
❡①♣❡r✐♠❡♥t♦s✱ sã♦ ♣r❛❣♠át✐❝♦s ❡ ❡❢❡t✉❛♠ ♣♦❞❛s ✭s❡♠ ❣❛r❛♥t✐❛s ❞❡ ❛♣r♦①✐♠❛çã♦✮ ♣❛r❛
❡①❡❝✉t❛r ♦ ♠ét♦❞♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♥❛ ♦r❞❡♠ ❞❡ n = 3× 105 ❞♦❝✉♠❡♥t♦s✳

▲✐③♦r❦✐♥ ❡ ❱❡❧✐❦❤♦✈ ❬✹✾❪ ♠❡❧❤♦r❛♠ ♦ ❛❧❣♦r✐t♠♦✱ ♥♦ ♣✐♦r ❝❛s♦✱ ♣❛r❛ O (kn3) ❡ ❞ã♦
❣❛r❛♥t✐❛s ♣❛r❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐t❡r❛çõ❡s ♥❡❝❡ssár✐❛s✳ ◆♦s ❡①♣❡r✐♠❡♥t♦s✱ ✉s❛♠ ♠❡♠ór✐❛
❡①t❡r♥❛ ❡ ❡①❡❝✉t❛♠ ♦ ♠ét♦❞♦ ❡♠ ✉♠ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ♦s ❛rt✐❣♦s ❞♦ ❲✐❦✐♣é❞✐❛✱ ❝♦♠
n = 2, 2× 106 ❞♦❝✉♠❡♥t♦s✳

✶✶



✶✷ ❈❛♣ít✉❧♦ ✷✳ ▼❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✉s❛♥❞♦ ▲✐♥❦ ❆♥❛❧②s✐s

❋♦❣❛r❛s ❡ ❘á❝③ ❬✷✸❪ ❝r✐❛r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣r♦❜❛❜✐❧íst✐❝♦ ♣❛r❛ ❝á❧❝✉❧♦ ❞♦ ❙✐♠❘❛♥❦

❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❡ ❡①❡❝✉t❛♠ s❡✉ ♠ét♦❞♦ ❡♠ ✉♠ ❣r❛❢♦ r❡❛❧ ❞❡ ♣á❣✐♥❛s
❲❡❜✱ ♦ ❙t❛♥❢♦r❞ ❲❡❜❇❛s❡✱ ❝♦♠ n = 7, 9× 107 ❞♦❝✉♠❡♥t♦s✳

▲✐ ❡t ❛❧✳ ❬✹✸❪ ❢❛③❡♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✿ ❛ ❡q✉❛çã♦ ❞♦ ❙✐♠❘❛♥❦

é r❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞♦ ♣r♦❞✉t♦ ❞❡ ❑r♦♥❡❝❦❡r✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ s❡✉ ❝á❧❝✉❧♦ ♥ã♦ é ✐t❡r❛t✐✈♦✳
❆❧é♠ ❞✐ss♦✱ ❢❛③❡♠ r❡❞✉çã♦ ❞♦ ♣♦st♦ ❞❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛ ❝♦♠ ❙❱❉ ✭❙✐♥❣✉❧❛r ✈❛❧✉❡

❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ◆❡ss❡ ❡sq✉❡♠❛✱ ❞❡r✐✈❛♠ ❛❧❣♦r✐t♠♦s ❛♣r♦①✐♠❛❞♦s ❡ ❝♦♥s❡❣✉❡♠ r❡s♣♦♥❞❡r
❜✉s❝❛s ♣♦r s✐♠✐❧❛r✐❞❛❞❡ ♦♥❧✐♥❡ ❡ r❡❛❧✐③❛r ❛t✉❛❧✐③❛çã♦ ✐♥❝r❡♠❡♥t❛❧✱ ✐st♦ é✱ ❛❞✐❝✐♦♥❛r ♥♦✈♦s
♥ós ♥♦ ❣r❛❢♦ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ r❡❝❛❧❝✉❧❛r ♦ ♠ét♦❞♦ ♣❛r❛ t♦❞♦ ❣r❛❢♦✳ ❆✐♥❞❛✱ ❞❛❞❛
❡st❛ ❛t✉❛❧✐③❛çã♦ ✐♥❝r❡♠❡♥t❛❧✱ sã♦ ♦s ♣r✐♠❡✐r♦s ❛ ❛❜♦r❞❛r ♦ ❙✐♠❘❛♥❦ ❡♠ ❛♥á❧✐s❡ ❞❡ r❡❞❡s
❞✐♥â♠✐❝❛s✱ ✐st♦ é✱ ❝♦♥s❡❣✉❡♠ r❡s♣♦♥❞❡r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦❜❥❡t♦s ❞✉r❛♥t❡ ♦ t❡♠♣♦✳

❙✐♠❘❛♥❦ é ✉♠ ♠ét♦❞♦ ❜❡♠ ✐♥✢✉❡♥t❡ ♥❛ ❝♦♠✉♥✐❞❛❞❡✱ ❤❛❥❛ ✈✐st❛ ♦s ❞✐✈❡rs♦s ♠ét♦❞♦s
❞❡r✐✈❛❞♦s ♦✉ s❡♠❡❧❤❛♥t❡s✿ ❬✹✼✱ ✹✽✱ ✻✾✱ ✼✷✱ ✼✸✱ ✼✺✱ ✼✻❪✳ ❋✐❝❛ ✉♠❛ ❝rít✐❝❛ ❛♦ ❙✐♠❘❛♥❦✱
t❛♠❜é♠ ♦❜s❡r✈❛❞❛ ♣♦r ❬✷✹❪✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❞♦✐s ♥ós ❝♦♠♣❛rt✐❧❤❛♠ t♦❞♦s s❡✉s ✈✐③✐♥❤♦s
❡♠ s✉❛s ❛r❡st❛s ❞❡ ❡♥tr❛❞❛✳ ◆❡st❛ s✐t✉❛çã♦ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ♠ét♦❞♦ é ❝♦♥tr❛ ✐♥t✉✐t✐✈♦✱
♣♦✐s s❡ ❞♦✐s ♦❜❥❡t♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s s✐♠✐❧❛r❡s s❡ ❡❧❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦❜❥❡t♦s
s✐♠✐❧❛r❡s✱ ❡s♣❡r❛✲s❡ q✉❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❡st❡s ❞♦✐s ♥ós t❡♥❞❛ ❛ ✶ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡
❤❛❥❛ ♠❛✐s ✈✐③✐♥❤♦s ❝♦♠✉♥s ❞❡ ❡♥tr❛❞❛✳ ❱❡r✐✜❝❛✲s❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦✱
q✉❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ t❡♥❞❡ ❛ ③❡r♦✳

✷✳✷ ❑❛t③

❑❛t③ ❬✸✽❪ ♣r♦♣õ❡ ✉♠❛ té❝♥✐❝❛ ❜❛s❡❛❞❛ ♥❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛♠✐♥❤♦s ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s✳ ❖
❛✉t♦r ❡①♣❧♦r❛ ❛ ✐❞❡✐❛ ❞❡ q✉❡ ✉♠❛ ✐♥❢♦r♠❛çã♦ ♣❛ss❛ ❞❡ ✉♠ ✐♥❞✐✈í❞✉♦ x ♣❛r❛ ♦✉tr♦ ✐♥❞✐✈í❞✉♦
y ❞❡ ❞✐✈❡rs❛s ❢♦r♠❛s✱ ✐st♦ é✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛♠✐♥❤♦s ❡♥tr❡ ❡❧❡s ❡♠ ✉♠
❣r❛❢♦ ❞❡ ❛♠✐③❛❞❡✳ ❯♠❛ ❛r❡st❛ t❡♠ ✉♠ ✈❛❧♦r ❛ss♦❝✐❛❞♦ ❞❡ ❡❢❡t✐✈✐❞❛❞❡ β(x,y) s✐❣♥✐✜❝❛♥❞♦
q✉ã♦ ❡❢❡t✐✈❛♠❡♥t❡ ❡❧❛ s❡r✈❡ ❝♦♠♦ ✉♠ ❝❛♥❛❧ ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡♥tr❡ ❞♦✐s ✐♥❞✐✈í❞✉♦s✳ ❈♦♠
r❡ss❛❧✈❛s✱ ❑❛t③ ❛ss✉♠❡ q✉❡ ❡ss❛ ❡❢❡t✐✈✐❞❛❞❡ ❞❡ ❝♦♠✉♥✐❝❛çã♦ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ✐✳✐✳❞✱
✐st♦ é✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛✳ ❆ss✐♠✱ βl é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡
✉♠❛ ✐♥❢♦r♠❛çã♦ ❝❤❡❣✉❡ ❛♣ós ♣❛ss❛r ♣♦r l ❛r❡st❛s✱ ♦✉ ❝❛♥❛✐s✳ ❆ss✐♠✱ ♥❡ss❡ ♠♦❞❡❧♦✱ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ✉♠❛ ✐♥❢♦r♠❛çã♦ ♣❛rt❛ ❞❡ x ❡ ❝❤❡❣✉❡ ❛té y é
∑∞

l=1 β
l

∣

∣

∣
π
〈l〉
x,y

∣

∣

∣
✱ ❡♠ q✉❡

π
〈l〉
x,y é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ l ❞❡ x ❛té y✳ ❆✐♥❞❛✱ ❑❛t③ ♠♦str❛

q✉❡✱ ❞❛❞❛ ✉♠❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛ M ❞♦ ❣r❛❢♦✱ ♣♦❞❡✲s❡ ❝❛❧❝✉❧❛r t♦❞❛ ❛ ❞✐str✐❜✉✐çã♦ ❞♦
❡s♣❛ç♦ ❛♠♦str❛❧✱ ❛❧❣❡❜r✐❝❛♠❡♥t❡✱ ♣♦r p =(I − βM)−1− I✳ ▲✐❜❡♥✲◆♦✇❡❧❧ ❡ ❑❧❡✐♥❜❡r❣ ❬✹✺❪
❛♣❧✐❝❛♠ ❞✐r❡t❛♠❡♥t❡ ❡st❛ té❝♥✐❝❛ ♥♦ ❝♦♥t❡①t♦ ❞❡ ▲✐♥❦ Pr❡❞✐❝t✐♦♥✳ ❆✐♥❞❛✱ é ✐♥t❡r❡ss❛♥t❡ ❛
♦❜s❡r✈❛çã♦ ❞❛ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❡st❡ ♠♦❞❡❧♦ ❡ ♦ ❦❡r♥❡❧ ❞❡ ❱♦♥ ◆❡✉♠❛♥♥ ❬✷✼✱✸✸❪✳

❆ss✐♠✱ ❞❡✜♥❡✲s❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠♦



✷✳✸✳ ❆❞❛♠✐❝✴❆❞❛r ✶✸

Sx,y =
∞
∑

l=1

βl
∣

∣π〈l〉
x,y

∣

∣

❯♠❛ ❛❧t❡r♥❛t✐✈❛ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ à S =(I − βM)−1−I✱ q✉❡ é O(n3) ✉s❛♥❞♦ ❡❧✐♠✐♥❛✲
çã♦ ●❛✉ss✲❏♦r❞❛♥✱ é ✉♠ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦✱ ✐♠♣❧❡♠❡♥t❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✿

❙❛❜❡✲s❡ q✉❡
∣

∣

∣
π
〈l〉
x,y

∣

∣

∣
= M l✱ ❡♠ q✉❡M é ❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛✳ ■st♦ é✱ S〈l〉

x,y =
∑∞

l=1 β
lM l✳

❊st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

S〈l〉
x,y = β1M1 + β2M2 + · · ·+ βlM l

= β
(

I + βM + · · ·+ βl−1M l−1
)

M

= β
(

I + S〈l−1〉
x,y

)

M

❊♠ q✉❡ S
〈0〉
x,y = 0✳

◆❡st❛ ✈❡rsã♦ ✐t❡r❛t✐✈❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r l = 1 . . . |πmax|✱ ❡♠ q✉❡ πmax é ♦ ♠❛✐♦r
❝❛♠✐♥❤♦ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s ♥♦ ❣r❛❢♦✳

■st♦ é✱ ♥♦ ♣✐♦r ❝❛s♦✱ ❡st❡ ❛❧❣♦r✐t♠♦ é O(|πmax|n
3)✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

❞❡ ♠❛tr✐③❡s AM é O(n3)✱ ♣❛r❛ ✉♠❛ ♠❛tr✐③ An,n q✉❛❧q✉❡r✳
❈♦♥t✉❞♦✱ M é ✐✮ ✉♠❛ ♠❛tr✐③ ❝✉❥♦s ✈❛❧♦r❡s sã♦ ③❡r♦ ♦✉ ✉♠ ❡ ✐✐✮ ♣♦ss✐✈❡❧♠❡♥t❡ ❡s✲

♣❛rs❛✳ ❊st❛s ❝❛r❛❝t❡ríst✐❝❛s ♣❡r♠✐t❡♠ ❛ ❛❞♦çã♦ ❞❡ ❡str❛té❣✐❛s ❞❡ ♦t✐♠✐③❛çã♦✿ ❆♦ ❝❛❧✲
❝✉❧❛r AM =

∑

k Ai · Mj ∀i, j✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ♦s ✈❛❧♦r❡s ✶ ❞❡ M ✱ ✐st♦ é✱
AM =

∑

k,j∈♦♥❡s(M) Ai ∀i✳ ❊♠ q✉❡ ♦♥❡s (M) sã♦ ❛♣❡♥❛s ♦s í♥❞✐❝❡s ❝✉❥♦s ✈❛❧♦r❡s sã♦ ✶
❡♠ M ✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ❞♦ ❣r❛❢♦ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛ M

r❡♣r❡s❡♥t❛✳ ❆ss✐♠✱ ♥❡st❛s ❝♦♥❞✐çõ❡s✱ AM é ❝❛❧❝✉❧❛❞♦ ❝♦♠ O (nm) s♦♠❛s ✭s❡♠ ♠✉❧t✐♣❧✐✲
❝❛çõ❡s✮✱ ❡♠ q✉❡ m é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❞♦ ❣r❛❢♦✳ P♦rt❛♥t♦✱ ♦ ❛❧❣♦r✐t♠♦ ❑❛t③ ♣♦❞❡ s❡r
❝❛❧❝✉❧❛❞♦ ❡♠ O (|πmax|nm)✳

P♦r ❡①❡♠♣❧♦✱ ❡♠ ♥♦ss❛ ❛♣❧✐❝❛çã♦✱ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ t❡♠ ✶✷✷✳✼✼✹ ✈ért✐❝❡s ❡ ✺✷✸✳✻✻✺
❛r❡st❛s✱ ❜❛st❛♥t❡ ❡s♣❛rs♦ ❡ ♥♦t❛✈❡❧♠❡♥t❡ m≪ n2✳

✷✳✸ ❆❞❛♠✐❝✴❆❞❛r

❆❞❛♠✐❝ ❡ ❆❞❛r ❬✶❪ ❞❡✜♥❡♠ ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ s❡♠❡❧❤❛♥t❡ ❛♦ ❝♦❡✜❝✐❡♥t❡ ❞❡
❏❛❝❝❛r❞✳ ❈♦♥s✐❞❡r❛♠ q✉❡ ❞♦✐s ✐♥❞✐✈í❞✉♦s ❡stã♦ ♠❛✐s ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s ♥❛ ♠❡❞✐❞❛
❡♠ q✉❡ ♣♦ss✉❡♠ ✐t❡♥s ❡♠ ❝♦♠✉♠✿

sx,y =
∑

✐t❡♠❝♦♠✉♠x,y

1

log [❢r❡q✉❡♥❝✐❛ (✐t❡♠❝♦♠✉♠x,y)]



✶✹ ❈❛♣ít✉❧♦ ✷✳ ▼❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✉s❛♥❞♦ ▲✐♥❦ ❆♥❛❧②s✐s

❊♠ q✉❡ ✐t❡♠❝♦♠✉♠x,y r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐t❡♥s q✉❡ ♦s ❞♦✐s ✐♥❞✐✈í❞✉♦s x ❡ y tê♠ ❡♠
❝♦♠✉♠✳ ❆ té❝♥✐❝❛ ❢♦✐ ♣r♦♣♦st❛ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ♣r❡❞✐③❡r r❡❧❛❝✐♦♥❛♠❡♥t♦s ❡♥tr❡ ✐♥❞✐✈í❞✉♦s
✉s❛♥❞♦ ✐♥❢♦r♠❛çõ❡s ❡♥❝♦♥tr❛❞❛s ♥❛ ❲❡❜✳ ❉❡st❛ ❢♦r♠❛✱ ❡①♣❡r✐♠❡♥t❛♠ ❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐✲
❧❛r✐❞❛❞❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡①tr❛í❞♦s ❞❡ ♣á❣✐♥❛s ♣❡ss♦❛✐s ❞❡ ❝✐❡♥t✐st❛s ♥❛ ❲❡❜✳
❆ss✐♠✱ ❝♦♥s✐❞❡r❛♠ q✉❡ ✉♠ ✐t❡♠ ❝♦♠✉♠ é ✉♠❛ ❡♥t✐❞❛❞❡ ♠❡♥❝✐♦♥❛❞❛ ❡♠ ❛♠❜❛s ♣á❣✐♥❛s
❲❡❜ ♣❡ss♦❛✐s ❞♦s ✐♥❞✐✈í❞✉♦s✱ ♣♦r ❡①❡♠♣❧♦✿ ✉♠ ❤②♣❡r❧✐♥❦✱ ✉♠ ❡✲♠❛✐❧✱ ❡t❝✳ ❏á ▲✐❜❡♥✲◆♦✇❡❧❧
❡ ❑❧❡✐♥❜❡r❣ ❬✹✺❪ ❛❞❛♣t❛♠✲♥❛ ❝♦♠♦✿

sx,y =
∑

z∈Adjx
⋂

Adjy

1

log (|Adjz|)

■st♦ é✱ ♦ ✐t❡♠ ❡♠ ❝♦♠✉♠ é ✉♠ ✈ért✐❝❡ q✉❡ ❡st❡❥❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x ❡ y✳ ❆ ❢r❡q✉ê♥❝✐❛ ❞❡
✉♠ ✐t❡♠ é ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❡st❡ ❛♣❛r❡❝❡ ♥❛ ❛❞❥❛❝ê♥❝✐❛ ❞❡ ❛❧❣✉♠ ✈ért✐❝❡✱ ✐st♦ é✱ s❡✉
❣r❛✉✳ ◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ ♥ã♦ é ❜❡♠ ❞❡✜♥✐❞❛ ♣❛r❛ |Adjz| = 1✱ ♣♦r ❡①❡♠♣❧♦ ♥♦s ❝❛s♦s ❞❡
✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C1 ✭❝✐❝❧♦✮ ♦✉ Km,1 ✭❜✐♣❛rt✐❞♦ ❝♦♠♣❧❡t♦✮✳

✷✳✹ ❲❡✐❣❤t❡❞ P❛t❤s

▼✉✐t♦ s✐♠✐❧❛r à ♠❡❞✐❞❛ ❑❛t③✱ ❡♠ ❬✼✶❪ é ❞❡✜♥✐❞❛ ✉♠❛ té❝♥✐❝❛ ❝❤❛♠❛❞❛ ✏❲❡✐❣❤t❡❞ P❛t❤s✑✱
q✉❡ s❡ ❜❛s❡✐❛ ♥❛ ✐♥t✉✐çã♦ ❞❡ q✉❡✿ ✐✳ ❞♦✐s ♥ós ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❝❛♠✐♥❤♦
q✉❡ ♦s ❧✐❣❛♠ ❡ ✐✐✳ q✉❛♥t♦ ♠❛✐♦r é ✉♠ ❝❛♠✐♥❤♦✱ ♠❡♥♦r é ❛ ✐♠♣♦rtâ♥❝✐❛ ❝♦♥❢❡r✐❞❛ ♣♦r ❡st❡
❝❛♠✐♥❤♦ ♥❛ r❡❧❛çã♦✳ ❉✐st♦✱ ❞❡✜♥❡✲s❡✿

sx,y =
∑

π∈P(x,y)

β−|π|

❡♠ q✉❡ P (x, y) é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠✐♥❤♦s ❡♥tr❡ x ❡ y✳ β é ✉♠ ♣❛râ♠❡tr♦ ❞❛ ♠❡❞✐❞❛ ❞❡
s✐♠✐❧❛r✐❞❛❞❡✱ t❛❧ q✉❡ 1 ≤ β < ∞✳ ◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠✲s❡ três ❝r✐tér✐♦s ♣❛r❛ ❝♦♥s✲
tr✉çã♦ ❞♦ ❝♦♥❥✉♥t♦ P (x, y)✳ ◆♦ ♣r✐♠❡✐r♦✱ sã♦ ❝♦♥s✐❞❡r❛❞♦s ♦s ♠❡♥♦r❡s ❝❛♠✐♥❤♦s✳ ❆♣❡s❛r
❞❡ s❡r t❡♥t❛❞♦r ♣❡♥s❛r q✉❡ q✉❛♥t♦ ♠❡♥♦r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ ❡♥tr❡ ❞♦✐s ♦❜❥❡✲
t♦s ♠❛✐s r❡❧❛❝✐♦♥❛❞♦s ❡st❛r✐❛♠✱ ♦❝♦rr❡ ✉♠ ❢❡♥ô♠❡♥♦ q✉❡ ❞❡rr✉❜❛ ❡st❛ ✐♥t✉✐çã♦✿ ♦ ❡❢❡✐t♦
✏❙♠❛❧❧ ❲♦r❧❞ ✑ ❬✺✹❪✳ ■st♦ é✱ ❛ ♠❡♥♦r ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♥ós✱ t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ ❞✐stâ♥✲
❝✐❛ ❣❡♦❞és✐❝❛✱ é ♣❡q✉❡♥❛✱ ♠❡s♠♦ ♣❛r❛ ♥ós ♥ã♦ r❡❧❛❝✐♦♥❛❞♦s✳ ❉✐st♦ s✉r❣❡ ♦❜s❡r✈❛çõ❡s ❝♦♠♦
✏❙❡✐s ♥í✈❡✐s ❞❡ s❡♣❛r❛çã♦✑✱ s❡❣✉♥❞♦ ❛ q✉❛❧✱ ❛ ♠❛✐♦r ❞✐stâ♥❝✐❛ ❣❡♦❞és✐❝❛ ❡♥tr❡ ❞✉❛s ♣❡ss♦❛s
♥♦ ♠✉♥❞♦ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ s❡✐s✳ ❆ss✐♠✱ ♥ã♦ sã♦ ❡s♣❡r❛❞♦s ❜♦♥s r❡s✉❧t❛❞♦s ♣❛r❛ ❡st❛
té❝♥✐❝❛✳ ❆ tít✉❧♦ ❞❡ ❝✉r✐♦s✐❞❛❞❡✱ ❏❡❛♥ P✐❛❣❡t✱ r❡❝♦♥❤❡❝✐❞♦ ♣♦r ❢✉♥❞❛r ❛ ❊♣✐st❡♠♦❧♦❣✐❛ ●❡✲
♥ét✐❝❛✱ ♣♦ss✉✐ ♦ ♥ú♠❡r♦ ❞❡ ❊r❞ös ✸ ❬✹✺❪✱ ✈❛❧♦r ♠❡♥♦r q✉❡ ♠✉✐t♦s ♠❛t❡♠át✐❝♦s ❡ ❝✐❡♥t✐st❛s
❞❛ ❝♦♠♣✉t❛çã♦ q✉❡✱ s✉♣♦st❛♠❡♥t❡✱ ♣♦ss✉❡♠ tr❛❜❛❧❤♦s ♠❛✐s r❡❧❛❝✐♦♥❛❞♦s✳ ❉❡st❛ ❢♦r♠❛✱ ♦s
❛✉t♦r❡s ❝♦♥s✐❞❡r❛♠ t❛♠❜é♠ ♦s ✏❑✲s❤♦rt ♣❛t❤s✑✱ ✐st♦ é✱ t♦❞♦s ❝❛♠✐♥❤♦s ❝♦♠ ❝♦♠♣r✐♠❡♥t♦
♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ k✳ P♦r ✜♠✱ ❛✐♥❞❛ ❝♦♥s✐❞❡r❛♠ ♦s ✏❦✲❙❤♦rt ◆♦❞❡✲❉✐s❥♦✐♥t ♣❛t❤s✑ ❝✉❥♦s



✷✳✺✳ ❈♦♠♠♦♥ ◆❡✐❣❤❜♦rs ✶✺

❝❛♠✐♥❤♦s ♥ã♦ r❡♣❡t❡♠ ❛r❡st❛s ♦✉ ♥ós ✭❝♦♠ ❡①❝❡çã♦ ❞❛ ♦r✐❣❡♠ ❡ ❞❡st✐♥♦✮✳ P♦r ❡①❡♠♣❧♦✱
❝♦♠ k = 3✱ ✉♠ ❝♦♥❥✉♥t♦ ✈á❧✐❞♦ é P = {(1→ 2→ 3) , (1→ 4→ 3) , (1→ 5→ 7→ 3)}✳ ❏á
♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✈ért✐❝❡s P = {(1→ 2→ 3) , (1→ 4→ 3) , (1→ 7→ 4→ 3)}

é ✐♥✈á❧✐❞♦✱ ❥á q✉❡ ♦ ✈ért✐❝❡ ✹ s❡ r❡♣❡t❡ ♥♦s ❞♦✐s ❝❛♠✐♥❤♦s✳

✷✳✺ ❈♦♠♠♦♥ ◆❡✐❣❤❜♦rs

❖ ❈♦♠♠♦♥ ◆❡✐❣❤❜♦rs ❬✹✺❪ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ q✉❡ ♠❡❞❡ q✉❛♥t♦s ✈✐③✐♥❤♦s
❝♦♠✉♥s ❞♦✐s ✈ért✐❝❡s ♣♦ss✉❡♠✳ ❊♠ ❬✺✸❪ ❡ss❛ ♠❡❞✐❞❛ é ❝♦♠♣✉t❛❞❛ ♥♦ ❝♦♥t❡①t♦ ❞❡ r❡❞❡s
❞❡ ❝♦❧❛❜♦r❛çã♦ ❡ é ✈❡r✐✜❝❛❞❛ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡

sx,y =
∣

∣

∣
Adjx

⋂

Adjy

∣

∣

∣

❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ x ❡ y ✐rã♦ ❝♦❧❛❜♦r❛r ♥♦ ❢✉t✉r♦✳

✷✳✻ ❯♥s❡❡♥ ❇✐❣r❛♠s

❯♥s❡❡♥ ❜✐❣r❛♠s ❡①♣❧♦r❛ ❛ ✐❞❡✐❛ ❞❡ ✐♥❢❡r✐r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♣❛r❡s ♥ã♦ ♦❜s❡r✈❛❞♦s sx,y
❛ ♣❛rt✐r ❞❡ ✈❛❧♦r❡s ❝♦♥❤❡❝✐❞♦s s′x,z q✉❛♥❞♦ x é s✐♠✐❧❛r ❛ z ❡ s′x,• é ✉♠❛ ♦✉tr❛ ♠❡❞✐❞❛ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ q✉❛❧q✉❡r✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ s′x,•✱ ❡♥❝♦♥tr❛✲s❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s k✲és✐♠♦s ♥ós ♠❛✐s

s✐♠✐❧❛r❡s ❛ x✱ ❞❡♥♦♠✐♥❛❞♦ ♣♦r kNN
〈k〉

s′x,·
✳ ❆ss✐♠✱ ❞❡✜♥❡♠✲s❡ ❞✉❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱

✉♠❛ ✈❡rsã♦ ♣♦♥❞❡r❛❞❛ ✭❡ ♦✉tr❛ ♥ã♦✮ ❛ ♣❛rt✐r ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ s′x,z∀z ∈ kNN
〈k〉

s′x,·
❬✹✺❪✿

◆❛ ✈❡rsã♦ ♥ã♦ ♣♦♥❞❡r❛❞❛✱ ❛ s✐♠✐❧❛r✐❞❛❞❡ é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❡♠ ❝♦♠✉♠ ❡♥tr❡ ♦
❝♦♥❥✉♥t♦ ❞❡ ✈✐③✐♥❤♦s ❞❡ y ❡ ♦s k✲és✐♠♦s ♥ós ♠❛✐s s✐♠✐❧❛r❡s ❛ x✿

Sx,y =
∣

∣

∣

{

∀z ∈ Adjy
⋂

kNN
〈k〉

s′x,•

}∣

∣

∣

◆❛ ✈❡rsã♦ ♣♦♥❞❡r❛❞❛✱ ❛ s✐♠✐❧❛r✐❞❛❞❡ é ❛ s♦♠❛ ❞❛ ♠❡❞✐❞❛ s′ ♣❛r❛ ♦s ♣❛r❡s ❞♦s ✈ért✐❝❡s
✈✐③✐♥❤♦s ❞❡ y ❡ ❛q✉❡❧❡s ♠❛✐s s✐♠✐❧❛r❡s ❛ x ✭k✲és✐♠♦s ♥ós ♠❛✐s s✐♠✐❧❛r❡s r❡❧❛t✐✈♦ ❛ ♠❡❞✐❞❛
s′✮✿

Sx,y =
∑

∀z∈Adjy
⋂

kNN
〈k〉

s′x,•

s′x,z

◗✉❛♥❞♦ s′x,z = 1∀z ∈ kNN
〈k〉

s′x,·
✱ ❡♥tã♦ sx,y = sx,y✳



✶✻ ❈❛♣ít✉❧♦ ✷✳ ▼❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✉s❛♥❞♦ ▲✐♥❦ ❆♥❛❧②s✐s

✷✳✼ ❍✐tt✐♥❣ ❚✐♠❡

❍✐tt✐♥❣ t✐♠❡✱ Hx,y✱ ♠❡❞❡ ❛ ❡s♣❡r❛♥ç❛ ❞❡ ♣❛ss♦s r❡q✉❡r✐❞♦s ❡♠ ✉♠ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦✱ ❞♦
✐♥❣❧ês ❘❛♥❞♦♠ ❲❛❧❦✱ ♣❛r❛ s❡ ❝❤❡❣❛r ❛♦ ✈ért✐❝❡ y✱ ♥❛ ♣r✐♠❡✐r❛ ✈❡③✱ ❛ ♣❛rt✐r ❞❡ x✳ P♦❞❡

s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ Hx,y =
∑∞

l=1 l · Pr
(

x→
l
y
)

✱ ❡♠ q✉❡ l é ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ q✉❡ ❞❡♥♦t❛

♦ ♥ú♠❡r♦ ❞❡ ♣❛ss♦s ❡ Pr
(

x→
l
y
)

❞❡♥♦t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ✉♠ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ ❞❡

l ♣❛ss♦s ♣❛rt✐♥❞♦ ❞❡ x ❝❤❡❣✉❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❛ y✳ ❊ss❡ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦
❝♦♠♦ ✉♠❛ ❝❛❞❡✐❛ ❞❡▼❛r❦♦✈✳ ❈♦♠♦Hx,y é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❞✐stâ♥❝✐❛✱ ❡♠ ❬✹✺❪ é ❝♦♥s✐❞❡r❛❞♦
♦ ✈❛❧♦r ♥❡❣❛t✐✈♦ ❞❡ Hx,y✿

sx,y = −
∞
∑

l=1

l · Pr
(

x→
l
y
)

❏á ❲❤✐t❡ ❡ ❙♠②t❤ ❬✼✶❪ ❝❤❛♠❛♠ ❞❡ ✏▼❛r❦♦✈ ❝❡♥tr❛❧✐t②✑ ♦ r❡❝í♣r♦❝♦ ❞❡ Hx,y✿

sx,y =
1

∑∞
l=1 l · Pr

(

x→
l
y
)

❖ ♥♦♠❡ ✏▼❛r❦♦✈ ❝❡♥tr❛❧✐t②✑ é ❞❛❞♦ ♣♦✐s s❡ ❢ôss❡♠♦s ❞❡r✐✈❛r ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❣❧♦❜❛❧ ❞❡ x✱
s♦♠❛♥❞♦ sx,y ♣❛r❛ t♦❞♦s y✱ ♦s ♥ós ❧♦❝❛❧✐③❛❞♦s ♠❛✐s ❛♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ❣r❛❢♦ t❡♥❞❡r✐❛♠
❛ t❡r ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ♠❛✐♦r✳

✷✳✽ Pr❡❢❡r❡♥t✐❛❧ ❆tt❛❝❤♠❡♥t

❊ss❛ ♠❡❞✐❞❛ s❡❣✉❡ ❞❛ ✐❞❡✐❛ ❞♦ ♣❛❞rã♦ ✏❚❤❡ r✐❝❤ ❣❡t r✐❝❤❡r ✑ ❞❡ ❣r❛❢♦s ❛❧❡❛tór✐♦s ❬✺✹❪✳ ■st♦
é✱ ❛ ❝❤❛♥❝❡ ❞❡ ✉♠❛ ♥♦✈❛ ❛r❡st❛ s✉r❣✐r ❛♦ ❛❝❛s♦ s❡r ✐♥❝✐❞❡♥t❡ ❛♦ ✈ért✐❝❡ x é ♣r♦♣♦r❝✐♦♥❛❧
❛♦ s❡✉ ❣r❛✉ ❞❡ ❛❞❥❛❝ê♥❝✐❛✱ |Adjx|✳ ❙✉♣♦♥❞♦ ✐st♦✱ é t❡♥t❛❞♦r ❝♦♥s✐❞❡r❛r q✉❡ ❛ ❝❤❛♥❝❡ ❞❡
❛♦ ❛❝❛s♦ ✉♠❛ ❛r❡st❛ s✉r❣✐r ✐♥❝✐❞❡♥t❡ ❛ x ❡ y é ♣r♦♣♦r❝✐♦♥❛❧ ❛ |Adjx|

∣

∣Adjy
∣

∣✳ ◆❡✇♠❛♥ ❬✺✸❪
❡ ❇❛r❛❜ás✐ ❬✺✸❪ ♦❜s❡r✈❛♠✱ ❛ ♣❛rt✐r ❞❡ ❡①♣❡r✐♠❡♥t♦s✱ ❡st❛ ❝♦rr❡❧❛çã♦✳ ❉✐st♦✱ ▲✐❜❡♥✲◆♦✇❡❧❧
❡ ❑❧❡✐♥❜❡r❣ ❬✹✺❪ ❞❡✜♥❡♠✿

sx,y = |Adjx|
∣

∣Adjy
∣

∣

✷✳✾ ❈♦♠♠✉t❡ ❚✐♠❡

❉❛❞♦ q✉❡ ♦ ❍✐tt✐♥❣ t✐♠❡✱ Hx,y✱ ♥ã♦ é s✐♠étr✐❝♦✱ ❈♦♠♠✉t❡ ❚✐♠❡✱ Cx,y = Hx,y + Hy,x✳
❆ss✐♠✱ sx,y = −Cx,y ❡ sx,y =

1
Cx,y

sã♦ ❞✉❛s ♣♦ssí✈❡✐s ♠❡❞✐❞❛s✳



✷✳✶✵✳ ▲♦✇✲r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✼

✷✳✶✵ ▲♦✇✲r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥

❈♦♠♦ ✉♠ ❣r❛❢♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛✱ ♥ã♦ é s✉r♣r❡s❛
q✉❡ ♠✉✐t♦s ♠ét♦❞♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♣♦ss✉❡♠ ✉♠❛ ❢♦r♠✉❧❛çã♦ ♠❛tr✐❝✐❛❧✱ ❛ ❡①❡♠♣❧♦
❞♦ ❡st✉❞♦ ❬✹✸❪✳ ❯♠❛ té❝♥✐❝❛ ❝♦♠✉♠❡♥t❡ ❛♣❧✐❝❛❞❛ ❡♠ ❛♥á❧✐s❡s ❞❡ ♠❛tr✐③❡s ❣r❛♥❞❡s é ❛
r❡❞✉çã♦ ❞❡ s❡✉ ♣♦st♦ ❝r✐❛♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ♠❛tr✐③ ♦r✐❣✐♥❛❧ ✭q✉❡ ❛✐♥❞❛ ❢❛③ r❡❞✉çã♦
❞❡ r✉í❞♦s✮✳ ▲✐❜❡♥✲◆♦✇❡❧❧ ❡ ❑❧❡✐♥❜❡r❣ ❬✹✺❪ ❛♣❧✐❝❛♠ r❡❞✉çã♦ ❞❡ ♣♦st♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s
♠❡❞✐❞❛s ❈♦♠♠♦♥ ◆❡✐❣❤❜♦rs✱ ❑❛t③✱ ❞❡♥tr❡ ♦✉tr❛s✱ ♣❛r❛ ♣r❡❞✐çã♦ ❞❡ ❝♦❛✉t♦r✐❛ ❡♠ ❛rt✐❣♦s
❝✐❡♥tí✜❝♦s✳

✷✳✶✶ ❘♦♦t❡❞ P❛❣❡❘❛♥❦

▲✐❜❡♥✲◆♦✇❡❧❧ ❡t ❛❧✳ ❬✹✺❪ ♣r♦♣✉s❡r❛♠ ♦ ❘♦♦t❡❞ P❛❣❡❘❛♥❦✱ ✉♠❛ ♠❡❞✐❞❛ q✉❡ ❝❛❧❝✉❧❛ ❛ ♣r♦✲
❜❛❜✐❧✐❞❛❞❡ ❡st❛❝✐♦♥ár✐❛ ❞❡ s❡ ❝❤❡❣❛r ❛ ✉♠ ✈ért✐❝❡ v ❡♠ ✉♠ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ ♣❛rt✐♥❞♦ ❞❡
✉♠ ✈ért✐❝❡ u✳ ◆❡st❡ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ ❤á ❞✉❛s ❛çõ❡s✿ ❈♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ 1 − β✱ ❞❡ ✉♠
✈ért✐❝❡ ✈❛✐ ♣❛r❛ ✉♠ ♦✉tr♦ ✈✐③✐♥❤♦ ✭♦ ✈✐③✐♥❤♦ é ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠
✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s q✉❡ ❞❡r✐✈❛ ❞❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛✮❀ ❈♦♠ ♣r♦❜❛❜✐❧✐✲
❞❛❞❡ β✱ é r❡❛❧✐③❛❞♦ ✉♠ r❡✐♥í❝✐♦ ✭r❡st❛rt✮✱ ✐st♦ é✱ ❞❡ ✉♠ ✈ért✐❝❡ r❡t♦r♥❛ ♣❛r❛ u✱ ❛q✉❡❧❡ q✉❡
♦ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ ✐♥✐❝✐♦✉✳ ❯♠❛ ❢ór♠✉❧❛ ❢❡❝❤❛❞❛ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡
❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♠❡❞✐❞❛ ❘♦♦t❡❞ P❛❣❡❘❛♥❦ é✿

S = (1− β) (I − βT )−1

❊♠ q✉❡✱ T = D−1A✱ Dii =
∑

j Aij ❡ A r❡♣r❡s❡♥t❛ ❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛✳

✷✳✶✷ Pr♦♣❋❧♦✇

❊♠ ❬✹✻❪✱ ▲✐❝❤t❡♥✇❛❧t❡r ❡t ❛❧✳ ♣r♦♣✉s❡r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡♥♦♠✐♥❛❞♦ Pr♦♣❋❧♦✇ q✉❡ s❡ ❜❛✲
s❡✐❛ ❡♠ ✉♠ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ ✭❘❛♥❞♦♠ ❲❛❧❦✮ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s ❞❡ ✉♠ ❣r❛❢♦✳ ❖ Pr♦♣❋❧♦✇

❝♦rr❡s♣♦♥❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ✉♠ ♣❛ss❡✐♦ ❛❧❡❛tór✐♦ ✐♥✐❝✐❡ ♥♦ ✈ért✐❝❡ u ❡ t❡r♠✐♥❡ ♥♦
✈ért✐❝❡ v ❡♠ ❛té l ♣❛ss♦s✱ ✉s❛♥❞♦ ♦s ♣❡s♦s ❞❛s ❛r❡st❛s ❝♦♠♦ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐✲
çã♦✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❛✉t♦r❡s✱ ♦ Pr♦♣❋❧♦✇ é ✉♠❛ ♠❡❞✐❞❛ s✐♠✐❧❛r ❛♦ ❘♦♦t❡❞ P❛❣❡❘❛♥❦✱
❝♦♥t✉❞♦✱ ❝♦♠ ♦ ❡❢❡✐t♦ ❞❡ ♣r♦♣❛❣❛çã♦ ♠❛✐s ❧♦❝❛❧✐③❛❞♦✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ é
❜❛s❡❛❞❛ ❡♠ ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞❡ ✉♠❛ ❜✉s❝❛ ❡♠ ❧❛r❣✉r❛ ❝♦♠ ♣r♦❢✉♥❞✐❞❛❞❡ ❧✐♠✐t❛❞❛ ❡♠
l✳ ▲✐❝❤t❡♥✇❛❧t❡r ❡t ❛❧✳ ❛♣r❡s❡♥t❛♠ ❡st❛ ♠❡❞✐❞❛ ❝♦♠♦ ✉♠ ♠ét♦❞♦ ♥ã♦ s✉♣❡r✈✐s✐♦♥❛❞♦
❞❡ ♣r❡❞✐çã♦ ❞❡ ❛r❡st❛s✱ ✐st♦ é✱ q✉❛♥t♦ ♠❛✐♦r ❛ ♠❡❞✐❞❛ Pr♦♣❋❧♦✇ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s✱ ♠❛✐s
♣r♦✈á✈❡❧ s❡rá ❛ ❝r✐❛çã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛r❡st❛ ❡♥tr❡ ❡st❡s ✈ért✐❝❡s ♥♦ ❢✉t✉r♦✳ ◆❡st❛ ❛t✐✈✐❞❛❞❡✱



✶✽ ❈❛♣ít✉❧♦ ✷✳ ▼❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✉s❛♥❞♦ ▲✐♥❦ ❆♥❛❧②s✐s

❛✈❛❧✐❛♠ ❛ té❝♥✐❝❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❞❡♥♦♠✐♥❛❞♦ ✏♣❤♦♥❡✑✱ q✉❡ é ✉♠ ❣r❛❢♦ ❞✐r❡✲
❝✐♦♥❛❞♦ ❝♦♠ ✼✶✷ ♠✐❧❤õ❡s ❞❡ ❛r❡st❛s✳ ❊st❛s ❛r❡st❛s r❡❧❛❝✐♦♥❛♠ ✐♥❞✐✈í❞✉♦s ♣♦r ❝❤❛♠❛❞❛s
❞❡ t❡❧❡❢♦♥❡s ❝❡❧✉❧❛r❡s✱ ♦✉ s❡❥❛✱ ❤á ✉♠❛ ❛r❡st❛ ❞❡ u ♣❛r❛ v s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u r❡❛❧✐③♦✉
✉♠❛ ❝❤❛♠❛❞❛ ♣❛r❛ v✳ ❍á ♣❡s♦s ♥❛s ❛r❡st❛s ❛ss♦❝✐❛❞♦s ❛ q✉❛♥t❛s ❧✐❣❛çõ❡s ✉♠ ✐♥❞✐✈í❞✉♦
r❡❛❧✐③♦✉ ♣❛r❛ ♦✉tr♦✳ P❛r❛ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❛ t❛r❡❢❛ é ♣r❡✈❡r ♣❛r❛ q✉❡♠ ✉♠❛ ♣❡ss♦❛
✐rá ❝❤❛♠❛r ♥♦ ❢✉t✉r♦✳

✷✳✶✸ ❏❛❝❝❛r❞ ❈♦❡✣❝✐❡♥t

❏❛❝❝❛r❞✬s ❝♦❡✣❝✐❡♥t ❬✻❪ ♠❡❞❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s✳ ❙❡❥❛♠ A ❡ B ❞♦✐s ❝♦♥✲
❥✉♥t♦s✱ ❡♥tã♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❏❛❝❝❛r❞ é ❞❛❞♦ ♣♦r s = |A

⋂
B|

|A
⋃

B|
✳ ◆♦ tr❛❜❛❧❤♦ ❞❡ ▲✐❜❡♥✲◆♦✇❡❧❧ ❡

❑❧❡✐♥❜❡r❣ ❬✹✺❪ ❝♦♥s✐❞❡r❛♠✲s❡ ♦ ❝♦♥❥✉♥t♦s ❞❡ ✈✐③✐♥❤♦s ❞❡ ❞♦✐s ✈ért✐❝❡s ❡✱ ❡♥tã♦✱ ❞❡✜♥❡♠✿

sx,y =

∣

∣Adjx
⋂

Adjy
∣

∣

∣

∣Adjx
⋃

Adjy
∣

∣

❋♦❣❛r❛s ❡ ❘❛❝③ ❬✷✹❪ ❝r✐❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ❛♣r♦①✐♠❛❞♦ q✉❡✱ ♥♦ ♠♦♠❡♥t♦ ❞❛ ❜✉s❝❛✱ ✐st♦ é✱
♦♥❧✐♥❡✱ ❡st✐♠❛♠ ❡st❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ❛♣♦✐♦ ❞❡ ✉♠ í♥❞✐❝❡✳



❈❛♣ít✉❧♦ ✸

▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

✸✳✶ ▼♦❞❡❧♦ ❡ ❡str✉t✉r❛ ❞♦s ❞❛❞♦s

P❛r❛ ❝♦♥❞✉③✐r ♦s ❡①♣❡r✐♠❡♥t♦s✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❣r❛❢♦ ❣❡r❛❞♦ ❞♦ s✉❜❝♦♥❥✉♥t♦ ❞♦s ❛rt✐❣♦s
❝✐❡♥tí✜❝♦s ♥❛ ár❡❛ ❞❡ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ ❡ ❡❧❡trô♥✐❝❛ ♣✉❜❧✐❝❛❞♦s ♣❡❧❛ ❆❈▼ ✭❆ss♦❝✐✲
❛t✐♦♥ ❢♦r ❈♦♠♣✉t❡r ▼❛❝❤✐♥❡r②✮ ❡♠ s✉❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✶ ❬✷✶❪ ❡ ✐♥❞❡①❛❞♦s ♥❛ ❜✐❜❧✐♦t❡❝❛
❞✐❣✐t❛❧ ❞❛ ❖❞②s❝✐✷ ❬✽❪✳ ❆ ❡♠♣r❡s❛ ❖❞②s❝✐ ❞❡s❡♥✈♦❧✈❡ ✉♠ s✐st❡♠❛ ❞❡ ❜✉s❝❛ ❛❝❛❞ê♠✐❝♦ ❡
♣❛r❛ ✐st♦ ✐♥❞❡①❛ ❜❛s❡s ❞❡ ❛rt✐❣♦s ❞❛ ❆❈▼✱ ■❊❊❊✱ ❉❇▲P✱ ❞❡♥tr❡ ♦✉tr♦s✳ ❉❡st❡ s✉❜❝♦♥✲
❥✉♥t♦ ❞❡ ❛rt✐❣♦s✱ ❡①tr❛í♠♦s ❞❛ ❜❛s❡ ❞❛ ❖❞②s❝✐ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡t❛❞❛❞♦s s✉✜❝✐❡♥t❡s ♣❛r❛
❝♦♥str✉çã♦ ❞♦ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳ Pr✐♠❡✐r❛♠❡♥t❡ r❡♦r❣❛♥✐③❛♠♦s
♦s ❞❛❞♦s ❡♠ ❡str✉t✉r❛s ❞❡ ❞❛❞♦s ♠❛✐s s✐♠♣❧❡s ❡ ❝♦♠♣❛❝t❛s✱ ✉s❛♥❞♦ ♦ ●♦♦❣❧❡ Pr♦t♦❝♦❧ ❇✉❢✲
❢❡rs✸✳ ❈♦♠ ❡st❛ t❡❝♥♦❧♦❣✐❛ é ♣♦ssí✈❡❧ s❡r✐❛❧✐③❛r ❞❛❞♦s q✉❡ ♣♦❞❡♠ s❡r ❧✐❞♦s✴♣r♦❝❡ss❛❞♦s
❡♠ ❞✐❢❡r❡♥t❡s ❧✐♥❣✉❛❣❡♥s ❞❡ ♣r♦❣r❛♠❛çã♦✳ ❆ss✐♠✱ s❡r✐❛❧✐③❛♠♦s t♦❞♦s ❞❛❞♦s ❝♦♥s✐❞❡r❛❞♦s
♣❡❧♦ ❡sq✉❡♠❛ ❡♠ ✉♠ ú♥✐❝♦ ❛rq✉✐✈♦ ❞❡ t❛♠❛♥❤♦ ❝♦♠♣❛❝t♦ ❡ ❞❡ rá♣✐❞♦ ❛❝❡ss♦✳ ❆ s❡❣✉✐r✱
❛♣r❡s❡♥t❛♠♦s ♦ ❡sq✉❡♠❛ ❞♦s ❞❛❞♦s ❡①tr❛í❞♦s ❞❛ ❜❛s❡ ❖❞②s❝✐✱ ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ❞❡s❝r✐çã♦
❞❡ ❞❛❞♦s ❞♦ Pr♦t♦❝♦❧ ❇✉✛❡rs✹✱ ✐❧✉str❛❞♦ t❛♠❜é♠ ♣❡❧♦ ❞✐❛❣r❛♠❛ ❞❛ ❋✐❣✉r❛ ✸✳✶✿

✶❤tt♣✿✴✴❞❧✳❛❝♠✳♦r❣✴✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✷❤tt♣✿✴✴✇✇✇✳♦❞②s❝✐✳❝♦♠ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✸❤tt♣s✿✴✴❞❡✈❡❧♦♣❡rs✳❣♦♦❣❧❡✳❝♦♠✴♣r♦t♦❝♦❧✲❜✉✛❡rs✴❞♦❝s✴♦✈❡r✈✐❡✇ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✹❤tt♣s✿✴✴❞❡✈❡❧♦♣❡rs✳❣♦♦❣❧❡✳❝♦♠✴♣r♦t♦❝♦❧✲❜✉✛❡rs✴❞♦❝s✴♣r♦t♦✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳

✶✾



✷✵ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

✶ ♣❛❝❦❛❣❡ ♠❛st❡r ❀

✷ ♠❡ss❛❣❡ ❉❛t❛s❡ t ④

✸ r ❡ ♣ ❡❛ t ❡❞ ❉❛t❛s❡ t❘❡❝♦r❞ r ❡ ❝ ♦ r ❞ ❂ ✶ ❀

✹ ♠❡ss❛❣❡ ❉❛t❛s❡ t❘❡❝♦r❞ ④

✺ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ ❆ r t ✐ ❝ ❧ ❡❉❛ t ❛ ❛ r t ✐ ❝ ❧ ❡ ❂ ✶ ❀ ✴✴♠❡t❛❞❛❞♦s ❞♦ ❛ r t ✐ ❣ ♦

✻ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ ❱❡♥✉❡ ✈❡♥✉❡ ❂ ✷ ❀ ✴✴ ✈ ❡ í ❝ ✉ ❧ ♦ ❞❡ ♣✉❜ ❧ ✐ ❝ ❛ ç ã ♦ ❞♦ ❛ r t ✐ ❣ ♦ ✭ ❝ ♦ ❧ ❡ ç ã ♦ ❞❡ ❛ r t ✐ ❣ ♦ s ✮

✼ r ❡ ♣ ❡❛ t ❡❞ s t r ✐ ♥ ❣ ❝ ❧ ❛ s s ❡ s ❂ ✸ ❀ ✴✴ ❝ ❧ ❛ s s ✐ ❢ ✐ ❝ ❛ ç ã ♦ ❆❈▼ ✶✾✾✽ ❞♦ ❛ r t ✐ ❣ ♦

✽ r ❡ ♣ ❡❛ t ❡❞ ❆ r t ✐ ❝ ❧ ❡❉❛ t ❛ ❝ ✐ t ❛ t ✐ ♦ ♥ ❂ ✹ ❀ ✴✴ ❝♦♥ ❥✉♥ t♦ ❞❡ ❛ r t ✐ ❣ ♦ s ❝ ✐ t ❛ ❞ ♦ s

✾

✶✵ ♠❡ss❛❣❡ ❆ r t ✐ ❝ ❧ ❡❉❛ t ❛ ④

✶✶ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ❞♦ ✐ ❂ ✶ ❀ ✴✴ ❞ ✐ ❣ ✐ t ❛ ❧ ♦ ❜ ❥ ❡ ❝ t ✐ ❞ ❡ ♥ t ✐ ❢ ✐ ❡ r ✱ ❉❖■

✶✷ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ✐ ❞ ❂ ✷ ❀ ✴✴ ✐ ❞ ❡ ♥ t ✐ ❢ ✐ ❝ ❛ ❞ ♦ r ❖❞②s❝ ✐ ❞♦ ❛ r t ✐ ❣ ♦

✶✸ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ t ✐ t ❧ ❡ ❂ ✸ ❀ ✴✴ t í t ✉ ❧ ♦ ❞♦ ❛ r t ✐ ❣ ♦

✶✹ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ✉ r ❧ ❂ ✹ ❀ ✴✴ ✉ r ❧ ❞♦ ❛ r t ✐ ❣ ♦ ♥❛ ❜ ✐ ❜ ❧ ✐ ♦ t ❡ ❝ ❛ ❞ ✐ ❣ ✐ t ❛ ❧ ❆❈▼

✶✺ r ❡ ♣ ❡❛ t ❡❞ ❆✉t❤♦r❉❛t❛ ❛✉t❤♦ r ❂ ✺ ❀ ✴✴ ❛✉ t ♦ r ❡ s ❞♦ ❛ r t ✐ ❣ ♦

✶✻ ⑥

✶✼

✶✽ ♠❡ss❛❣❡ ❆✉t❤♦r❉❛t❛ ④

✶✾ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ♥❛♠❡ ❂ ✶ ❀ ✴✴♥♦♠❡ ❞♦ ❛✉ t♦ r

✷✵ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ✐ ❞ ❂ ✷ ❀ ✴✴ ✐ ❞ ❡ ♥ t ✐ ❢ ✐ ❝ ❛ ❞ ♦ r ❖❞②s❝ ✐ ❞♦ ❛✉ t♦ r

✷✶ ⑥

✷✷

✷✸ ♠❡ss❛❣❡ ❱❡♥✉❡ ④

✷✹ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ ✐ ♥ t ✸ ✷ ②❡❛ r ❂ ✶ ❀✴✴ ❛♥♦ ❞♦ ✈ ❡ í ❝ ✉ ❧ ♦ ❞❡ ♣✉❜ ❧ ✐ ❝ ❛ ç ã ♦

✷✺ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ✐ ❞ ❂ ✷❀✴✴ ✐ ❞ ❡ ♥ t ✐ ❢ ✐ ❝ ❛ ❞ ♦ r ❞♦ ✈ ❡ í ❝ ✉ ❧ ♦ ❞❡ ♣✉❜ ❧ ✐ ❝ ❛ ç ã ♦

✷✻ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ♥❛♠❡ ❂ ✸❀✴✴ ♥♦♠❡ ❞♦ ✈ ❡ í ❝ ✉ ❧ ♦ ❞❡ ♣✉❜ ❧ ✐ ❝ ❛ ç ã ♦

✷✼ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ ❙ ❡ r ✐ ❡ s ❡ r ✐ ❡ ❂ ✹ ❀✴✴ s ❡ r ✐ ❡ ❞❡ ✈ ❡ í ❝ ✉ ❧ ♦ s ❞❡ ♣✉❜ ❧ ✐ ❝ ❛ ç ã ♦

✷✽ ♠❡ss❛❣❡ ❙ ❡ r ✐ ❡ ④

✷✾ ❡♥✉♠ ❙❡r ✐ ❡❚②♣❡ ④

✸✵ ❏❖❯❘◆❆▲ ❂ ✵ ❀

✸✶ ❈❖◆❋❊❘❊◆❈❊ ❂ ✶ ❀

✸✷ ⑥

✸✸ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ✐ ❞ ❂ ✶❀✴✴ ✐ ❞ ❡ ♥ t ✐ ❢ ✐ ❝ ❛ ❞ ♦ r ❖❞②s❝ ✐ ♣❛r❛ ❛ s é r ✐ ❡

✸✹ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ s t r ✐ ♥ ❣ ♥❛♠❡ ❂ ✷❀✴✴ ♥♦♠❡ ❞❛ s é r ✐ ❡

✸✺ ♦ ♣ t ✐ ♦ ♥ ❛ ❧ ❙❡ r ✐ ❡❚②♣❡ t②♣❡ ❂ ✸ ❀ ✴✴ t ✐ ♣ ♦ ❞❛ s é r ✐ ❡ ✿ ❝ ♦ ♥ ❢ ❡ r ê ♥ ❝ ✐ ❛ ♦✉ r ❡ ✈ ✐ s t ❛

✸✻ ⑥

✸✼ ⑥

✸✽ ⑥

✸✾ ⑥

◆♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s é r❡♣r❡s❡♥t❛❞♦ ♣♦r r❡❣✐str♦s ❞♦ t✐♣♦ ❉❛t❛s❡t❘❡❝♦r❞✳ ❈❛❞❛
r❡❣✐str♦ ♣♦ss✉✐ ♠❡t❛❞❛❞♦s ❞❡ ✉♠ ❛rt✐❣♦ ❝✐❡♥tí✜❝♦✱ r❡❧❛çã♦ ❛rt✐❝❧❡✱ ❡ ❞♦s ❛rt✐❣♦s q✉❡ ❡st❡
t❡♠ ❡♠ s✉❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s✱ ❝✐t❛t✐♦♥✳ ❈❛❞❛ ❛rt✐❣♦✱ ❞♦ t✐♣♦ ❆rt✐❝❧❡❉❛t❛✱ ❛❧é♠ ❞❡
s❡✉s ♠❡t❛❞❛❞♦s✱ ♣♦ss✉✐ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦r❡s✱ r❡❧❛çã♦ ❛✉t❤♦rs✱ q✉❡ ❞✐③ q✉❡♠ ❡s❝r❡✈❡✉
♦ ❛rt✐❣♦✳ ❈❛❞❛ r❡❣✐str♦ ❛✐♥❞❛ ✐♥❢♦r♠❛ ❞❛❞♦s s♦❜r❡ ♦♥❞❡ ♦ ❛rt✐❣♦ ❢♦✐ ♣✉❜❧✐❝❛❞♦✱ r❡❧❛çã♦
✈❡♥✉❡✳ ❆q✉✐✱ ❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦ ✈❡í❝✉❧♦ ❞❡ ♣✉❜❧✐❝❛çã♦ é ♦r❣❛♥✐③❛❞❛ ❡♠ ❞♦✐s ♥í✈❡✐s✿
❱❡♥✉❡ ❡ ❙❡r✐❡✳ ❱❡♥✉❡ é ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❝♦❧❡çã♦ ❞❡ ❛rt✐❣♦s ❝✐❡♥tí✜❝♦s✳ P♦r ❡①❡♠♣❧♦✱
♣♦❞❡rí❛♠♦s ❞✐③❡r q✉❡ s❡r✐❛ ♦ ❧✐✈r♦ ❞♦s ❛♥❛✐s ❞❡ ✉♠❛ ❝♦♥❢❡rê♥❝✐❛ ♦✉✱ ❛✐♥❞❛✱ ✉♠ ♥ú♠❡r♦
❞❡ ✉♠ ✈♦❧✉♠❡ ❞❡ ✉♠❛ r❡✈✐st❛✳ ❏á ❙❡r✐❡ r❡♣r❡s❡♥t❛ ✉♠ ❛❣r✉♣❛♠❡♥t♦ ❞❡ ❱❡♥✉❡✳ P♦r
❡①❡♠♣❧♦✱ ✉♠❛ ❝♦♥❢❡rê♥❝✐❛ ♣♦❞❡ ♦❝♦rr❡r ✈ár✐❛s ✈❡③❡s ❡♠ ❞✐❢❡r❡♥t❡s ♣❡rí♦❞♦s ❞❡ t❡♠♣♦✳
❈❛❞❛ ♦❝♦rrê♥❝✐❛ ❞❡st❛ ❝♦♥❢❡rê♥❝✐❛ ♣♦❞❡ ♣r♦❞✉③✐r ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❛rt✐❣♦s ♣✉❜❧✐❝❛❞♦s✱ ❛



✸✳✶✳ ▼♦❞❡❧♦ ❡ ❡str✉t✉r❛ ❞♦s ❞❛❞♦s ✷✶

❋✐❣✉r❛ ✸✳✶✿ ❉✐❛❣r❛♠❛ ❯▼▲ ♣❛r❛ ♦ ❡sq✉❡♠❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛
❞✐❣✐t❛❧ ❛❝❛❞ê♠✐❝❛✳

❱❡♥✉❡✱ ♠❛s ♦ ❛❣r✉♣❛♠❡♥t♦ ❞❡ t♦❞❛ ❡st❛ sér✐❡ ❞❡ ❡✈❡♥t♦s✱ ❝♦♠♦ ✉♠❛ ❡♥t✐❞❛❞❡ ú♥✐❝❛✱ é ❛
❙❡r✐❡✳ ❖✉ ❛✐♥❞❛✱ ✉♠❛ r❡✈✐st❛ ❛❝❛❞ê♠✐❝❛ q✉❡ é ♣✉❜❧✐❝❛❞❛ ♠❡♥s❛❧♠❡♥t❡ t❡♠ ❝❛❞❛ ✐♠♣r❡ssã♦
r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ❱❡♥✉❡✳ ❏á ♦ ❛❣r✉♣❛♠❡♥t♦ ❞❡ t♦❞❛s ✐♠♣r❡ssõ❡s ❞❡st❛ r❡✈✐st❛✱ ❞❡s❞❡
s❡✉ ♣r✐♠❡✐r♦ ♥ú♠❡r♦✱ é r❡♣r❡s❡♥t❛❞❛ ✉♥✐❝❛♠❡♥t❡ ♣♦r ✉♠❛ ❙❡r✐❡✳ ❊①❡♠♣❧✐✜❝❛♥❞♦✱ ❛ r❡✈✐st❛
✏❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✑ é ✉♠❛ ❙❡r✐❡✱ ❥á ✉♠❛ ✐♠♣r❡ssã♦ ❞❡ ❏❛♥❡✐r♦ ❞❡ ✷✵✶✷ é
✉♠❛ ❱❡♥✉❡✳ ❈❛❞❛ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ❆rt✐❝❧❡❉❛t❛ ❛ss✐♠ ❝♦♠♦ s✉❛s
r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s✳ ❊st❡ é ✉♠ ♠♦❞❡❧♦ ❞❡ ❞❛❞♦s s✐♠♣❧✐✜❝❛❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❞❛❞♦s
❞❡ ♣✉❜❧✐❝❛çõ❡s ❝✐❡♥tí✜❝❛s✱ ♦✉tr♦ ♠♦❞❡❧♦ ♠❛✐s ❝♦♠♣❧❡t♦ ❡ ❡①♣r❡ss♦ ❡♠ t❡r♠♦s ❞❡ ♦♥t♦❧♦❣✐❛s
♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✻✼❪✳

❉❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡①tr❛í❞♦s✱ ❝r✐❛♠♦s ✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❡st❡ ❛♥♦♥✐✲
♠✐③❛❞♦✱ ✐st♦ é✱ r❡♠♦✈❡♠♦s ♥♦♠❡s ❡ ❛❧t❡r❛♠♦s ♦s ✐❞❡♥t✐✜❝❛❞♦r❡s ❞❛s ❡♥t✐❞❛❞❡s ♣❛r❛ q✉❡
♥ã♦ ❢♦ss❡ ♣♦ssí✈❡❧ s❛❜❡r q✉❛❧ ❡♥t✐❞❛❞❡ ❞♦ ♠✉♥❞♦ r❡❛❧ ❛s ✐♥❢♦r♠❛çõ❡s s❡ r❡❢❡r✐❛♠✳ ❯s❛r
❞❛❞♦s ❛♥ô♥✐♠♦s ❢♦✐ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ❛ ❖❞②s❝✐ ❢♦r♥❡❝❡ss❡ ♦s ❞❛❞♦s✳

❉❡st❡ ❝♦♥❥✉♥t♦ ❛♥ô♥✐♠♦ ❞❡ ❞❛❞♦s✱ ❝r✐❛♠♦s ♦ ❣r❛❢♦ ❞❡ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❡s❝r✐t♦ ♣❡❧♦



✷✷ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

❋✐❣✉r❛ ✸✳✷✿ ❉✐❛❣r❛♠❛ ❯▼▲ ♣❛r❛ ♦ ❡sq✉❡♠❛ ❞♦ ❣r❛❢♦ ❡①tr❛í❞♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧
❛❝❛❞ê♠✐❝❛✳

s❡❣✉✐♥t❡ ❡sq✉❡♠❛ ❡ ✐❧✉str❛❞♦ ♣❡❧♦ ❞✐❛❣r❛♠❛ ❞❛ ❋✐❣✉r❛ ✸✳✷✳

✶ ♠❡ss❛❣❡ ❆❝❛❞❡♠✐❝●r❛♣❤ ④

✷ r ❡ ♣ ❡❛ t ❡❞ ❊❞❣❡ ❡❞❣❡ ❂ ✶ ❀ ✴✴ ❝♦♥ ❥✉♥ t♦ ❞❡ ❛ r ❡ s t ❛ s ❞ ✐ r ❡ ❝ ✐ ♦ ♥ ❛ ❞ ❛ s

✸ ♠❡ss❛❣❡ ❊❞❣❡ ④

✹ r ❡ q ✉ ✐ r ❡ ❞ ◆♦❞❡ ❢r♦♠ ❂ ✶ ❀ ✴✴ ✈ é r t ✐ ❝ ❡ ❞❡ ♣ ❛ r t ✐ ❞ ❛

✺ r ❡ q ✉ ✐ r ❡ ❞ ◆♦❞❡ t♦ ❂ ✷ ❀ ✴✴ ✈ é r t ✐ ❝ ❡ ❞❡ ❝❤❡❣❛❞❛

✻ ⑥

✼ ♠❡ss❛❣❡ ◆♦❞❡ ④

✽ r ❡ q ✉ ✐ r ❡ ❞ ❚②♣❡ t②♣❡ ❂ ✶ ❀ ✴✴ t ✐ ♣ ♦ ❞♦ ✈ é r t ✐ ❝ ❡

✾ r ❡ q ✉ ✐ r ❡ ❞ ✐ ♥ t ✸ ✷ ✐ ❞ ❂ ✷ ❀ ✴✴ ✐ ❞ ❡ ♥ t ✐ ❢ ✐ ❝ ❛ ❞ ♦ r ❞♦ ✈ é r t ✐ ❝ ❡

✶✵ ⑥

✶✶ ⑥

✶✷ ❡♥✉♠ ❚②♣❡ ④

✶✸ ❆ r t ✐ ❝ ❧ ❡ ❂✵❀

✶✹ ❆✉t❤♦r❂✶❀

✶✺ ❱❡♥✉❡❂✷❀

✶✻ ❙ ❡ r ✐ ❡ ❂✸❀

✶✼ ⑥

❖ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❛❝❛❞ê♠✐❝❛✱ r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ t✐♣♦ ❆❝❛❞❡♠✐❝●r❛♣❤✱ é
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ❞✐r❡❝✐♦♥❛❞❛s✱ r❡❧❛çã♦ ❡❞❣❡s✳ ❈❛❞❛ ❛r❡st❛✱ ❞♦ t✐♣♦ ❊❞❣❡✱ ♣♦ss✉✐
❞♦✐s ✈ért✐❝❡s✿ ♦ ❞❡ ♣❛rt✐❞❛✱ ❢r♦♠✱ ❡ ♦ ❞❡ ❝❤❡❣❛❞❛✱ t♦✳ ❈❛❞❛ ✈ért✐❝❡✱ ❞♦ t✐♣♦ ◆♦❞❡✱ ♣♦❞❡



✸✳✶✳ ▼♦❞❡❧♦ ❡ ❡str✉t✉r❛ ❞♦s ❞❛❞♦s ✷✸

❋✐❣✉r❛ ✸✳✸✿ ●r❛❢♦ ❝♦❧❛♣s❛❞♦ ♣♦r t✐♣♦ ❞❡ ❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❛❝❛❞ê♠✐❝❛✳

❊♥t✐❞❛❞❡ ✭❱ért✐❝❡s✮ ◗✉❛♥t✐❞❛❞❡

❆rt✐❣♦s ✶✷✷✳✼✼✹
❆✉t♦r❡s ✶✷✸✳✽✷✷
❙❡r✐❡s ✼✳✼✺✼
❚♦t❛❧ ✷✺✹✳✸✺✸

❘❡❧❛çõ❡s ✭❆r❡st❛s✮ ◗✉❛♥t✐❞❛❞❡

❈✐t❛çã♦✴❘❡❢❡rê♥❝✐❛s ✺✷✸✳✻✾✾
❆✉t♦r✐❛ ✸✸✵✳✻✺✷

P✉❜❧✐❝❛çã♦ ✶✷✺✳✺✻✵
❚♦t❛❧ ✾✼✾✳✾✶✶

❚❛❜❡❧❛ ✸✳✶✿ ◗✉❛♥t✐❞❛❞❡ ❞❡ ❡♥t✐❞❛❞❡s ❡ r❡❧❛çõ❡s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✳

r❡♣r❡s❡♥t❛r ✉♠ ❛rt✐❣♦✱ ❆rt✐❝❧❡❀ ✉♠ ❛✉t♦r✱ ❆✉t❤♦r✱ ✉♠❛ ♣✉❜❧✐❝❛çã♦✱ ❱❡♥✉❡❀ ♦✉ ✉♠❛ sér✐❡
❞❡ ♣✉❜❧✐❝❛çõ❡s✱ ❙❡r✐❡✳ ❯♠❛ t♦♣♦❧♦❣✐❛ tí♣✐❝❛ ♣❛r❛ ✉♠❛ ✐♥stâ♥❝✐❛ ❞❡st❡ ❣r❛❢♦✱ ❝♦❧❛♣s❛♥❞♦
♣❡❧♦s t✐♣♦s✱ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❋✐❣✉r❛ ✸✳✸✳

❯♠❛ ❛❧t❡r♥❛t✐✈❛ é ❝♦♥s✐❞❡r❛r ♦ ❣r❛❢♦ ❣❡r❛❞♦ q✉❡ ❛ss♦❝✐❛ ❞✐r❡t❛♠❡♥t❡ ❛rt✐❣♦s ❝♦♠ s❡r✐❡s✱
❝♦♥❢♦r♠❡ ❋✐❣✉r❛ ✸✳✹

❖ ❣r❛❢♦ ❡①tr❛í❞♦✱ ❝♦♥❢♦r♠❡ t♦♣♦❧♦❣✐❛ ❞❛ ❋✐❣✉r❛ ✸✳✹ ❡ ❚❛❜❡❧❛ ✸✳✶✱ ❡♥✈♦❧✈❡ ✶✷✷✳✼✼✹ ❛rt✐✲
❣♦s✱ ✶✷✸✳✽✷✷ ❛✉t♦r❡s✱ ✸✸✵✳✻✺✷ ❛r❡st❛s ❞❡ ❛✉t♦r✐❛✱ ✺✷✸✳✻✾✾ ❛r❡st❛s ❞❡ r❡❢❡rê♥❝✐❛s✴❝✐t❛çõ❡s✱
✼✳✼✺✼ sér✐❡s ❞❡ ✈❡í❝✉❧♦s ❞❡ ♣✉❜❧✐❝❛çã♦✱ ✶✷✺✳✺✻✵ ❛r❡st❛s ❞❡ ✏♣✉❜❧✐❝❛❞♦✑✴♣✉❜❧✐❝❛çã♦ ✭♥❛❞❛
✐♠♣❡❞❡ q✉❡ ✉♠ ❛rt✐❣♦ s❡❥❛ ♣✉❜❧✐❝❛❞♦ ❡♠ ♠❛✐s ❞❡ ✉♠❛ ❙❡r✐❡✮✳ ❊♠ ✉♠ t♦t❛❧✱ sã♦ ✷✺✹✳✸✺✸
✈ért✐❝❡s ❡ ✾✼✾✳✾✶✶ ❛r❡st❛s✳

P❛r❛ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✱ q✉❡ tê♠ ♣♦r ♦❜❥❡t✐✈♦ ❝❛❧❝✉❧❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s
s♦♠❡♥t❡✱ ♠❡s♠♦ ♣♦rq✉❡ ♥♦ss♦ ❣❛❜❛r✐t♦ ❛♣❡♥❛s ❞✐③ r❡s♣❡✐t♦ ❛ ❛rt✐❣♦s✱ tr❛❜❛❧❤❛♠♦s ❛♣❡♥❛s
❝♦♠ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ❝♦♥❢♦r♠❡ ❡sq✉❡♠❛ ❡①♣r❡ss♦ ♣❡❧❛ ❋✐❣✉r❛ ✸✳✺✳



✷✹ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

❋✐❣✉r❛ ✸✳✹✿ ●r❛❢♦ ❝♦❧❛♣s❛❞♦ ♣♦r t✐♣♦ ❞❡ ❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❛❝❛❞ê♠✐❝❛
♦♠✐t✐♥❞♦ s❡r✐❡s ❞❡ ♣✉❜❧✐❝❛çã♦✳

❋✐❣✉r❛ ✸✳✺✿ ●r❛❢♦ ❝♦❧❛♣s❛❞♦ ❞❡ ❝✐t❛çã♦ ❛❝❛❞ê♠✐❝❛✳



✸✳✷✳ ❆♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ✷✺

✸✳✷ ❆♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦

❆ r❛③ã♦ ❞❡ ✉s❛r ✉♠❛ ❛♠♦str❛ é q✉❡ s❡ t♦r♥♦✉ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥✈✐á✈❡❧ ♠❛♥t❡r✱ ❡♠
♠❡♠ór✐❛✱ ✉♠❛ ♠❛tr✐③ q✉❡ ♣♦❞❡ ♦❝✉♣❛r O

(

|V |2
)

❞❡ ❡s♣❛ç♦ ❡ ❡①❡❝✉t❛r ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♠✲
♣❧❡①✐❞❛❞❡ O

(

|V |3
)

❡ O
(

|V |4
)

✳ P♦❞❡✲s❡ ❝♦♥tr❛✲❛r❣✉♠❡♥t❛r ❡♠ ✉s❛r ♠❡♠ór✐❛ s❡❝✉♥❞ár✐❛
♣❛r❛ ❛✉①✐❧✐❛r ❛ t❛r❡❢❛ ❡ ♣r♦❝❡ss❛r ✐♥t❡❣r❛❧♠❡♥t❡ ♦s ❣r❛❢♦s✱ ❝♦♥t✉❞♦✱ ❛♣❡s❛r ❞❡ r❡s♦❧✈❡r♠♦s
❛ q✉❡stã♦ q✉❛♥t♦ ❡s♣❛ç♦✱ ❛✐♥❞❛ s♦❢r❡♠♦s ❝♦♠ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳

❉✐❢❡r❡♥t❡s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡s ♣r♦❞✉③❡♠ ♠❛tr✐③❡s ❞❡ ❞✐❢❡r❡♥t❡s ♥í✈❡✐s ❞❡ ❡s♣❛r✲
s✐❞❛❞❡✳ P♦r ❡①❡♠♣❧♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞♦ ❣r❛❢♦✱ ♦ ❝á❧❝✉❧♦ ❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞
❡ ❆❞❛♠✐❝✴❆❞❛r ♣r♦❞✉③❡♠ ♠❛tr✐③❡s ❜❡♠ ❡s♣❛rs❛s✱ ✐st♦ é✱ ❝♦♠ ♠✉✐t♦s ③❡r♦s✳ ▼❛tr✐③❡s
❡s♣❛rs❛s✱ ❞❡♣❡♥❞❡♥❞♦ ❡♠ ❝♦♠♦ s❡ ❡str✉t✉r❛♠✱ ♣♦❞❡♠ ♦❝✉♣❛r ♠✉✐t♦ ♠❡♥♦s ❡s♣❛ç♦ ❡♠
♠❡♠ór✐❛ ❡✱ ❛✐♥❞❛✱ t❡r ♥❛ ♣rát✐❝❛ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❡①❡❝✉t❛❞♦s ♠❛✐s r❛♣✐❞❛♠❡♥t❡✱ ❛♣❡s❛r
❞❛ ❛♥á❧✐s❡ t❡ór✐❝❛✳

■st♦ é✱ s❡r✐❛ ♣♦ssí✈❡❧ ♣❛r❛ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s✱ ✉s❛r ♦ ❣r❛❢♦ ❞❡ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ✐♥✲
t❡❣r❛❧♠❡♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❝♦♠♦ ❙✐♠❘❛♥❦✱ ❡♠ ❛❧❣✉♠❛s s✐t✉❛çõ❡s✱
♣r♦❞✉③❡♠ ♠❛tr✐③❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♠✉✐t♦ ❞❡♥s❛s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ s✉❛ ❛❧t❛ ❝♦♠✲
♣❧❡①✐❞❛❞❡ t❡ór✐❝❛✱ O

(

|V |4
)

♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❝á❧❝✉❧♦ ♣r♦♣♦st♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ❡♠ ❬✸✻❪✱ ♦✉
♠❡s♠♦ O

(

|V |3
)

❝♦♠♦ ♥♦ ♠ét♦❞♦ ♦t✐♠✐③❛❞♦ ❡♠ ❬✹✾❪✱ t♦r♥♦✉✲s❡ ✐♥✈✐á✈❡❧ ❝♦♥s✐❞❡r❛r t♦❞♦ ♦
❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛✳ ❆♣❡♥❛s ♣❛r❛ ✐❧✉str❛r✱ s♦❜ ❛ ót✐❝❛ ❞❡ ❡s♣❛ç♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ♠❛tr✐③
❞❡♥s❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ✉♠ ❣r❛❢♦ ❝♦♠ ≈✶✵✵ ♠✐❧ ✈ért✐❝❡s✱ s❡♠ ♥❡♥❤✉♠❛ ♦t✐♠✐③❛çã♦✱
❝♦♠ ♣r❡❝✐sã♦ s✐♠♣❧❡s✱ ♣❡❧♦ ♠❡♥♦s ✸✼ ❣✐❣❛❜②t❡s ❞❡ ♠❡♠ór✐❛ ♣r✐♥❝✐♣❛❧ s❡r✐❛♠ ♥❡❝❡ssár✐♦s
❛♣r♦①✐♠❛❞❛♠❡♥t❡✳

✸✳✸ ▼ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠

❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ❞❡ ❣r❛❢♦s ❡ s✉❛ ✉t✐❧✐❞❛❞❡ ❞❡ ❛❝♦r❞♦ ❝♦♠
tr❛❜❛❧❤♦s ❛♥t❡r✐♦r❡s ❞❛ ❧✐t❡r❛t✉r❛ r❡❧❛t✐✈❛✳

✸✳✸✳✶ ❆♠♦str❛❣❡♠ ❋♦r❡st❋✐r❡

▲❡s❦♦✈❡❝✱ ❑❧❡✐♥❜❡r❣ ❡ ❋♦❧♦✉st♦s ❬✹✶❪ ❛❜♦r❞❛♠ ❛ q✉❡stã♦ ✏❈♦♠♦ ❣r❛❢♦s r❡❛✐s ❝r❡s❝❡♠ ❝♦♠
♦ t❡♠♣♦❄✑ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❢♦r♠❛ ❝♦♠♦ ❣r❛❢♦s ❝r❡s❝❡♠✴❡✈♦❧✉❡♠ t❡♠♣♦r❛❧♠❡♥t❡✳ ❖✉
s❡❥❛✱ ❜✉s❝❛♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ❣❡r❛çã♦ ❞❡ ❣r❛❢♦s q✉❡ ♠❛♥té♠ s✐♠✐❧❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s
❝♦♥s✐❞❡r❛❞❛s ❛♦ s❡ ❝♦♠♣❛r❛r ❝♦♠ ✉♠ ❣r❛❢♦ r❡❛❧✳ P❛r❛ t❛♥t♦✱ ❛✈❛❧✐❛♠ ❣r❛❢♦s r❡❛✐s ❞❡ ❝✐t❛çã♦
❡ ❛✜❧✐❛çã♦ ❡♠ ♣✉❜❧✐❝❛çõ❡s ❝✐❡♥tí✜❝❛s ❞♦ ❛r❳✐✈ ✺ ❡ ❞❡ ❝✐t❛çõ❡s ❡♠ ♣❛t❡♥t❡s ❛♠❡r✐❝❛♥❛s✳ ❊♠
t❡r♠♦s ❞❡ ♣r♦♣r✐❡❞❛❞❡s✱ ❝♦♥s✐❞❡r❛♠ ❞✉❛s✿ ❛ ❞❡♥s✐❞❛❞❡ ✭♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❡ ❛r❡st❛s✮
❡ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ♠é❞✐❛ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s✳ ■st♦ é✱ ❝♦♠♦ ❡st❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s

✺❤tt♣✿✴✴❛r①✐✈✳♦r❣✴ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳



✷✻ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

✈❛r✐❛♠ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ ❣r❛❢♦ s❡ ❛❧t❡r❛ ♥♦ t❡♠♣♦✳ ◆❡st❡ ❝❡♥ár✐♦✱ ❛r❣✉♠❡♥t❛♠ q✉❡
♦s ♠♦❞❡❧♦s ❞❡ ❣❡r❛çã♦ ❞❡ ❣r❛❢♦s✱ ❛té ❡♥tã♦ ♥❛ ❧✐t❡r❛t✉r❛✱ ♥ã♦ ❡r❛♠ ❝❛♣❛③❡s ❞❡ ❝❛♣t❛r ❛s
♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡st❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛s ❝♦♠ ❛s ❡♥❝♦♥tr❛❞❛s
❡♠ ❣r❛❢♦s r❡❛✐s✳ ❊st❛❜❡❧❡❝❡r ♣r♦♣r✐❡❞❛❞❡s ❡s♣❡r❛❞❛s ♣❛r❛ ❛❧❣✉♥s t✐♣♦s ❞❡ ❣r❛❢♦s✱ ❜❡♠
❝♦♠♦ ❝♦♥❤❡❝❡r ❝♦♠♦ ✉♠ ❣r❛❢♦ ❡✈♦❧✉✐ t❡♠ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s✿

• ●❡r❛çã♦ ❞❡ ❣r❛❢♦s✿ ♣❛r❛ ❡①tr❛♣♦❧❛r ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ♣❛r❛ ❣r❛❢♦s s✐♥✲
tét✐❝♦s ♠❛✐♦r❡s q✉❡ ♦s r❡❛✐s ❞✐s♣♦♥í✈❡✐s ❡♠ ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ❤✐♣♦tét✐❝♦s❀

• ❙✐♠✉❧❛çã♦✿ ❣❡r❛♥❞♦ ❣r❛❢♦s s✐♥tét✐❝♦s q✉❛♥❞♦ s❡ é ✐♠♣♦ssí✈❡❧ ❝♦❧❡t❛r ❣r❛❢♦s r❡❛✐s ♦✉
q✉❛♥❞♦ é ♠✉✐t♦ ❞✐s♣❡♥❞✐♦s♦ ♦❜t❡r ✉♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❣r❛❢♦ ❢♦r♠❛❞♦ ♣❡❧♦s ❧✐♥❦s ❞❛s
♣á❣✐♥❛s ❞❡ t♦❞❛ ■♥t❡r♥❡t❀

• ❊①tr❛♣♦❧❛çã♦✿ q✉❛♥❞♦ s❡ q✉❡r s❛❜❡r ♠❛✐s s♦❜r❡ ❝♦♠♦ s❡r✐❛ ✉♠ ♣r❡s❡♥t❡ ❣r❛❢♦ ♥♦
❢✉t✉r♦❀

• ◆❛ ❞❡t❡❝çã♦ ❞❡ ❛♥♦♠❛❧✐❛s✿ ❛♦ ❛✈❛❧✐❛r s❡ ✉♠ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ♣♦ss✉✐ ❛s ♠❡s♠❛s ♣r♦✲
♣r✐❡❞❛❞❡s ♥♦r♠❛✐s ❡ ❡s♣❡r❛❞❛s✱ ♣♦❞❡♥❞♦ ❛❥✉❞❛r ❛ ❞❡t❡❝t❛r ❢r❛✉❞❡s✱ s♣❛♠ ❡ ❛t❛q✉❡s
❉❉♦❙ ✭❉✐str✐❜✉t❡❞ ❉❡♥✐❛❧✲♦❢✲s❡r✈✐❝❡ ❛tt❛❝❦✮❀

• ❆♠♦str❛❣❡♠✿ ❤á ❝❛s♦s ❡♠ q✉❡ t❡♠♦s ❣r❛❢♦s r❡❛✐s ❞✐s♣♦♥í✈❡✐s✱ ♠❛s✱ ❣r❛♥❞❡s ♦ s✉✜✲
❝✐❡♥t❡ ♣❛r❛ t♦r♥❛r ❛ ❛✈❛❧✐❛çã♦ ❞❡ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ✐♠♣r❛t✐❝á✈❡✐s✳ ❈♦♥t✉❞♦✱ ❝♦♠♦
s❛❜❡r s❡ ❛ ❛♠♦str❛ ❝♦♥té♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧❄

❆❧❣✉♥s ♠♦❞❡❧♦s ♣♦❞❡♠ s❡r ♣r❡❢❡rí✈❡✐s ❡♠ ❛❧❣✉♥s ❝❡♥ár✐♦s ❡s♣❡❝í✜❝♦s✱ ❞❛❞♦ q✉❡ ❞✐❢❡r❡♥t❡s
t✐♣♦s ❞❡ ❣r❛❢♦s r❡❛✐s tê♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐st✐♥t♦ ♥❛ ❢♦r♠❛ ❝♦♠♦ ❡✈♦❧✉❡♠✳ P♦r ❡①❡♠✲
♣❧♦✱ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❡♥tr❡ ♣✉❜❧✐❝❛çõ❡s ❛❝❛❞ê♠✐❝❛s t❡♠ ♣r♦♣r✐❡❞❛❞❡s ❜❡♠ ❝❛r❛❝t❡ríst✐❝❛s✿
❤á ♣♦✉❝♦s ❝✐❝❧♦s ❞✐r❡❝✐♦♥❛❞♦s ❡ ✉♠❛ ❛r❡st❛✱ ❞❡ ❝✐t❛çã♦✱ é ♣❡r♠❛♥❡♥t❡✳ ❈❛r❛❝t❡ríst✐❝❛s ❜❡♠
❞✐st✐♥t❛s ❞♦ ❣r❛❢♦ ❞❡ ❛♠✐③❛❞❡ ❡♠ ✉♠❛ r❡❞❡ s♦❝✐❛❧✳ ❆ss✐♠✱ ♣♦❞❡✲s❡ ❡s♣❡r❛r q✉❡ ❡st❡s ❣r❛❢♦s
❡✈♦❧✉❛♠ ❞❡ ❢♦r♠❛ ❞✐st✐♥t❛ ❝♦♠ ♦ t❡♠♣♦ ❡ q✉❡ ✉♠ ♠♦❞❡❧♦ ♣♦❞❡ s❡r✈✐r ❡♠ ✉♠ ❝❛s♦ ♠❛s
♥ã♦ ❡♠ ♦✉tr♦✳

◆❛q✉❡❧❡ ♠❡s♠♦ tr❛❜❛❧❤♦ ❞❡ ▲❡s❦♦✈❡❝ ❡t ❛❧✳ ❬✹✶❪✱ é s✉❣❡r✐❞♦ ✉♠ ♥♦✈♦ ♠♦❞❡❧♦ ❝❤❛♠❛❞♦
❋♦r❡st❋✐r❡✳ ❆ ❜❛s❡ ❞❡st❡ ♠♦❞❡❧♦ é ❞❡✜♥✐r ❝♦♠♦ ✉♠ ♥♦✈♦ ✈ért✐❝❡ q✉❡ ❝❤❡❣❛ ❝♦♠ ♦ t❡♠♣♦
s❡ ❛♥❡①❛ ❛ ✉♠ ❣r❛❢♦ ❥á ❡①✐st❡♥t❡✳ ❊ss❡♥❝✐❛❧♠❡♥t❡✱ ❞❡ ✉♠ ♥♦✈♦ ✈ért✐❝❡ v q✉❡ ❝❤❡❣❛✱ ❝r✐❛✲s❡
✉♠❛ ♥♦✈❛ ❛r❡st❛ ♣❛r❛ ✉♠ ✈ért✐❝❡ ❥á ❡①✐st❡♥t❡ w✳ ❈♦♠ ✐st♦✱ ❛ ♣❛rt✐r ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ w✱
v ♣❛ss❛ ❛ ❝♦♥❤❡❝❡r ♦✉tr♦s ✈ért✐❝❡s ♣❛r❛ ♦s q✉❛✐s ♦❝❛s✐♦♥❛❧♠❡♥t❡ ❝r✐❛♠✲s❡ ♥♦✈❛s ❛r❡st❛s ❞❡
s❛í❞❛✳ ❊♠ ❬✹✶❪✱ ❡♥❝♦♥tr❛✲s❡ ✉♠❛ ❜♦❛ ✐♥t✉✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❝♦♠ ✉♠ ❡①❡♠♣❧♦✿ ✉♠ ❛✉t♦r ❞❡
✉♠ ❛rt✐❣♦ ✐❞❡♥t✐✜❝❛ r❡❢❡rê♥❝✐❛s ♣❛r❛ ❝♦❧♦❝❛r ♥❛ ❜✐❜❧✐♦❣r❛✜❛✳ Pr✐♠❡✐r♦ ❡♥❝♦♥tr❛ ✉♠ ❛rt✐❣♦
♣❛r❛ ❝✐t❛r ❡ ❞❡♣♦✐s✱ ❛ ♣❛rt✐r ❞❛s s✉❛s r❡❢❡rê♥❝✐❛s✱ ❝♦♥s✐❞❡r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❧❡❛tór✐♦ ❞❡❧❛s
❡ ❝♦♥t✐♥✉❛ ❛ ❞❡s❝♦❜r✐r ♥♦✈♦s ❛rt✐❣♦s ♣❛r❛ ❝✐t❛r r❡❝✉rs✐✈❛♠❡♥t❡✳



✸✳✸✳ ▼ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ✷✼

❈♦♥s✐❞❡r❡ ✉♠ ✈ért✐❝❡ v s❡ ❥✉♥t❛♥❞♦ à r❡❞❡ ♥♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ t > 1✱ ❡ s❡❥❛ Gt ♦ ❣r❛❢♦
♦❜t✐❞♦ ❛té ❡♥tã♦✱ ♥♦t❡ q✉❡ G1 ❝♦♥s✐st❡ ❞❡ ✉♠ ❣r❛❢♦ ❝♦♠ ✉♠ ú♥✐❝♦ ✈ért✐❝❡✳ ❉♦ ✈ért✐❝❡ v

❢♦r♠❛♠✲s❡ ❛r❡st❛s ❞❡ s❛í❞❛ ♣❛r❛ ✈ért✐❝❡s ❡♠ Gt ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s❡❣✉✐♥t❡ ♣r♦❝❡ss♦✿

✶✳ v ❡s❝♦❧❤❡ ✉♠ ✈ért✐❝❡ ✏❡♠❜❛✐①❛❞♦r✑ w ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ✉♥✐❢♦r♠❡♠❡♥t❡✱ ❡ ❢♦r♠❛ ✉♠❛
❛r❡st❛ ♣❛r❛ w✳

✷✳ ❉♦✐s ♥ú♠❡r♦s ❛❧❡❛tór✐♦s x✱ y sã♦ ❣❡r❛❞♦s✱ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞♦s ❝♦♠ ❡s♣❡✲
r❛♥ç❛s (1− p)−1❡ (1− rp)−1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ✈ért✐❝❡ v ❡s❝♦❧❤❡ x ❛r❡st❛s ❞❡ s❛í❞❛
❡ y ❛r❡st❛s ❞❡ ❡♥tr❛❞❛ ❛✐♥❞❛ ♥ã♦ ✈✐s✐t❛❞❛s✱ ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ❙❡❥❛♠ w1, w2, . . . , wx+y

♦s ✈ért✐❝❡s t❡r♠✐♥❛✐s ❞❡st❛s ❛r❡st❛s s❡❧❡❝✐♦♥❛❞❛s✳

✸✳ v ❢♦r♠❛ ❛r❡st❛s ❞❡ s❛í❞❛ ♣❛r❛ w1, w2, . . . , wx✱ ❡ ❡♥tã♦ ❛♣❧✐❝❛ ♦ ♣❛ss♦ ✭✷✮ r❡❝✉rs✐✈❛✲
♠❡♥t❡ ♣❛r❛ ❝❛❞❛ w1, w2, . . . , wx✳ ❱ért✐❝❡s ♥ã♦ sã♦ ✈✐s✐t❛❞♦s ❞✉❛s ✈❡③❡s✱ ♣r❡✈❡♥✐♥❞♦
❝✐❝❧♦s✳

❍á ❞♦✐s ♣❛râ♠❡tr♦s ✉s❛❞♦s ♥❡st❡ ♣r♦❝❡ss♦✿ ♦ ❢♦r✇❛r❞ ❜✉r♥✐♥❣ ♣r♦❜❛❜✐❧✐t② p ❡ ♦ ❜❛❝❦✇❛r❞

❜✉r♥✐♥❣ r❛t✐♦ r✳ ❖ ♣r✐♠❡✐r♦✱ p✱ ❡s♣❡❝✐✜❝❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ✈ért✐❝❡✱ s❡❣✉✐r
✭♦ t❡r♠♦ ✉s❛❞♦ ❡♠ ✐♥❣❧ês é ❜✉r♥✮ ❛r❡st❛s ❞❡ s❛í❞❛✳ ❏á ♦ s❡❣✉♥❞♦ ♣❛râ♠❡tr♦✱ r✱ é ✉♠ ❢❛t♦r
❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ p ♣❛r❛ s❡❣✉✐r ❛r❡st❛s ❞❡ ❡♥tr❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ✈ért✐❝❡✳

✸✳✸✳✷ ❆♠♦str❛❣❡♠ ❘❛♥❦❡❞❋♦r❡st❋✐r❡

◆♦ ❛❧❣♦r✐t♠♦ ❋♦r❡st❋✐r❡ ❞❡ ❛♠♦str❛❣❡♠ é ✉s❛❞❛ ❛ ❛♥❛❧♦❣✐❛ ❞❡ ✉♠ ♣❡sq✉✐s❛❞♦r ♥❛✈❡❣❛♥❞♦
❛tr❛✈és ❞❛s ❝✐t❛çõ❡s ❡ r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s ❞❡ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s ✏❡♠❜❛✐①❛❞♦r❡s✑✳ ◆❛
♠❡❞✐❞❛ ❡♠ q✉❡ ✉♠ ♥♦✈♦ ❛rt✐❣♦ ✭✈ért✐❝❡✮ é ❞❡s❝♦❜❡rt♦ ♥❡st❛ ♥❛✈❡❣❛çã♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛
❝✐t❛çã♦ ♦✉ r❡❢❡rê♥❝✐❛ ✭❛r❡st❛✮✱ ❡st❡ ♣❛r ✭✈ért✐❝❡✱ ❛r❡st❛✮ é ❛❞✐❝✐♦♥❛❞♦ ❛♦ ❣r❛❢♦ ❞❡ ❛♠♦str❛
❡ ❡st❡ ♣r♦❝❡ss♦ ❝♦♥t✐♥✉❛ ❛té q✉❡ ♦ ❣r❛❢♦ ❝♦♥str✉í❞♦ t❡♥❤❛ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ♦✉ ❛r❡st❛s
❞❡s❡❥❛❞♦✱ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ❡♠ ❞❡t❛❧❤❡s ♥❛ ❙❡çã♦ ✸✳✸✳✶✳ ❉❛❞♦ ✉♠ ✈ért✐❝❡ ❞❡ ♣❛rt✐❞❛✱ ❡st❡
♣❡sq✉✐s❛❞♦r ❡s❝♦❧❤❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ x ❛r❡st❛s ❞❡ s❛í❞❛ ❡ y ❛r❡st❛s ❞❡ ❡♥tr❛❞❛✳

❙❡ ✉♠ ♣❡sq✉✐s❛❞♦r ❤✐♣♦tét✐❝♦ ❡st✐✈❡ss❡ ♥❛✈❡❣❛♥❞♦ ❡♠ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ t❛❧✈❡③ ❛
❡s❝♦❧❤❛ ❞❛s r❡❢❡rê♥❝✐❛s ♦✉ ❝✐t❛çõ❡s ❛ ❡①♣❧♦r❛r ♥ã♦ s❡r✐❛ ❛❧❡❛tór✐❛ ❡✱ s✉♣♦st❛♠❡♥t❡✱ ❝♦♠ ♦
✈✐és ❞❡ ❝♦♠♦ ❡st❛s ❛r❡st❛s sã♦ ❛♣r❡s❡♥t❛❞❛s✳ P♦r ❡①❡♠♣❧♦✱ s✐st❡♠❛s r❡❛✐s ❝♦♠♦ ❖❞②s❝✐✻

❡ ▼✐❝r♦s♦❢t ❆❝❛❞❡♠✐❝ ❙❡❛r❝❤✼ ❛♣r❡s❡♥t❛♠✱ ♥❛ ♣á❣✐♥❛ ❞❡ ♠❡t❛❞❛❞♦s ❞❡ ❝❛❞❛ ❛rt✐❣♦✱ ✉♠❛
♣♦rçã♦ r❛♥q✉❡❛❞❛ ❞❡st❛s ❛r❡st❛s✱ ✐st♦ é✱ ✉♠❛ ❧✐st❛ ❞♦s ❛rt✐❣♦s ♠❛✐s r❡❧❡✈❛♥t❡s q✉❡ ❝✐t❛♠
❡ ♦✉tr❛ ❞❛q✉❡❧❡s ❝✐t❛❞♦s✳ ❆ ❤❡✉ríst✐❝❛ ❞❡st❡s s✐st❡♠❛s é q✉❡ ♦ ♣❡sq✉✐s❛❞♦r ♥ã♦ ✈❛✐ ✈❡r✐✲
✜❝❛r t♦❞♦s ❛rt✐❣♦s ❛♣r❡s❡♥t❛❞♦s✱ ♠❛s ♣♦ss✐✈❡❧♠❡♥t❡ ❛q✉❡❧❡s ♠❛✐s ✐♠♣♦rt❛♥t❡s✳ ■st♦ é✱ s❡

✻❤tt♣✿✴✴✇✇✇✳♦❞②s❝✐✳❝♦♠✴ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✼❤tt♣✿✴✴❛❝❛❞❡♠✐❝✳r❡s❡❛r❝❤✳♠✐❝r♦s♦❢t✳❝♦♠✴ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳



✷✽ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

❡st❡ ♣❡sq✉✐s❛❞♦r s❡❣✉✐ss❡ ✉♠❛ ♣♦rçã♦ ❞❡st❡s ❛rt✐❣♦s ❛♣r❡s❡♥t❛❞♦s s✉❛ ❡s❝♦❧❤❛ ♥ã♦ s❡r✐❛
❛❧❡❛tór✐❛✱ ♠❛s s✐♠ ❞❡♣❡♥❞❡♥t❡ ❞♦ r❛♥q✉❡❛♠❡♥t♦ ❞❡ ❛rt✐❣♦s ❞❡st❡s s✐st❡♠❛s✳

❙❡♥❞♦ ❛ss✐♠✱ ❛q✉✐ é ♣r♦♣♦st♦ ✉♠ ♥♦✈♦ ♠♦❞❡❧♦ ❞❡ ♥❛✈❡❣❛çã♦ ❋♦r❡st❋✐r❡ ❞♦ ♣❡sq✉✐s❛❞♦r✿
♦ ♣❡sq✉✐s❛❞♦r ❡♥✈✐❡s❛❞♦ ♣❡❧♦ r❛♥q✉❡❛♠❡♥t♦✳ ❊st❛ é ✉♠❛ ✐❞❡✐❛ ❛♥á❧♦❣❛ ❛ ✉♠ tr❛❜❛❧❤♦
❞❡r✐✈❛❞♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ r❛♥q✉❡❛♠❡♥t♦ ❞❡ ❜✉s❝❛ P❛❣❡❘❛♥❦✳ ❘✐❝❤❛r❞s♦♥ ❡ ❉♦♠✐♥❣♦s ❬✺✾❪
❡st❡♥❞❡r❛♠ ♦ ♠♦❞❡❧♦ ❞❡ P❛❣❡ ❡ ❇r✐♥ ❬✶✶✱✺✼❪ ♣❛r❛ ❝r✐❛r ✉♠ ✈✐és ❡♠ s❡✉ ✏s✉r✜st❛ ✐♥t❡❧✐❣❡♥t❡✑✱
✐st♦ é✱ ❡st❡ ♥ã♦ ❡s❝♦❧❤❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠❛ ♣ró①✐♠❛ ♣á❣✐♥❛ ♣❛r❛ s❡ ✈✐s✐t❛r✱ ♠❛s s✐♠✱
❡s❝♦❧❤❡ ✉♠❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ s❡✉ ✐♥t❡r❡ss❡ ❞❡✜♥✐❞♦ ❛ ♣r✐♦r✐ ♣❡❧♦s s❡✉s t❡r♠♦s ❞❡ ❜✉s❝❛✳
❆ ❛♥❛❧♦❣✐❛ é q✉❡ ♦ ♣❡sq✉✐s❛❞♦r ❡♥✈✐❡s❛❞♦ t❛♠❜é♠ ♥ã♦ ❡s❝♦❧❤❡ r❡❢❡rê♥❝✐❛s ♦✉ ❝✐t❛çõ❡s
❛❧❡❛t♦r✐❛♠❡♥t❡✱ ♠❛s s✐♠✱ ❡s❝♦❧❤❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ r❛♥q✉❡❛♠❡♥t♦ ❞❡✜♥✐❞♦ ❛ ♣r✐♦r✐ ♣♦r
✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳ ❊st❡ ♣❡sq✉✐s❛❞♦r t❡♠ ✉♠❛ ✏✈✐sã♦ ❝✉rt❛✑✱ ♦✉ s❡❥❛✱ ❡❧❡ ♥ã♦ ❝♦♥❤❡❝❡
t♦❞❛s ❛r❡st❛s q✉❡ ♣❛rt❡♠ ❞❡ ✉♠ ❛rt✐❣♦✱ ♠❛s ❛♣❡♥❛s ❛q✉❡❧❛s q✉❡ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛
♦r❞❡♠ ❞❡✜♥✐❞❛ ♣❡❧♦ s✐st❡♠❛ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳

P♦rt❛♥t♦✱ ♦ ❛❧❣♦r✐t♠♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ ♣r♦♣♦st♦ é ❛ ❛❧t❡r❛çã♦ ❛♣❡♥❛s ❞♦ ♣❛ss♦ ✭✷✮
❞♦ ♦r✐❣✐♥❛❧ ❋♦r❡st❋✐r❡✿

✷✳ ❉♦✐s ♥ú♠❡r♦s ❛❧❡❛tór✐♦s x✱ y sã♦ ❣❡r❛❞♦s✱ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞♦s ❝♦♠ ❡s✲
♣❡r❛♥ç❛s (1− p)−1❡ (1− rp)−1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ✈ért✐❝❡ v ❡s❝♦❧❤❡ x ❛r❡st❛s ♠❡❧❤♦r❡s
r❛♥q✉❡❛❞❛s ❞❡ s❛í❞❛ ❡ y ❞❡ ❡♥tr❛❞❛✱ ❛✐♥❞❛ ♥ã♦ ✈✐s✐t❛❞❛s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✈✐sã♦ q✉❡ s❡
t❡♠ ❛ ♣❛rt✐r ❞♦ ✈ért✐❝❡ v✳ ❙❡❥❛♠ w1, w2, . . . , wx+y ♦s ✈ért✐❝❡s t❡r♠✐♥❛✐s ❞❡st❛s ❛r❡st❛s
s❡❧❡❝✐♦♥❛❞❛s✳

❯♠ ♣❛râ♠❡tr♦ ❛❞✐❝✐♦♥❛❧ ❛♦ ♠♦❞❡❧♦ ❋♦r❡st❋✐r❡ é ♦ ❡sq✉❡♠❛ ❞❡ r❛♥q✉❡❛♠❡♥t♦ ❞❡ ✈ér✲
t✐❝❡s✱ ✐st♦ é✱ ❛q✉❡❧❡s q✉❡ sã♦ ❧✐st❛❞♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♣❛r❛ ❡st❡ ♣❡sq✉✐s❛❞♦r ❝♦♠ ✏✈✐sã♦
❝✉rt❛✑✳ ❆❞✐❛♥t❡✱ ❝♦♥❞✉③✐r❡♠♦s ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ❛✈❛❧✐❛r ❛ ❡✜❝á❝✐❛ ❞❡st❡ ❛❧❣♦r✐t♠♦✱ ❘❛♥✲
❦❡❞❋♦r❡st❋✐r❡✱ ✉s❛♥❞♦ ❝♦♠♦ ❡sq✉❡♠❛ ❞❡ r❛♥q✉❡❛♠❡♥t♦ ♦ ❛❧❣♦r✐t♠♦ P❛❣❡❘❛♥❦✱ ❝❛❧❝✉❧❛❞♦
♥♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ✏♣♦♣✉❧❛çã♦✑ ✽✳

❆❝r❡❞✐t❛♠♦s q✉❡ ❡st❡ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ s❡❥❛ ♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ ❞❛❞♦s ❡♠ q✉❡
❡①✐st❛ ✉♠❛ r❡❧❡✈â♥❝✐❛ ❞✐st✐♥t❛ ❡♥tr❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❡ q✉❡ ✐st♦ ❝r✐❛ ✉♠ ✈✐és ♣❛r❛ ♦ q✉❡
s❡❥❛ ♠❛✐s ✏✈✐sí✈❡❧✑✳ ◆❡st❛ ♥♦çã♦✱ ❛r❣✉♠❡♥t❛♠♦s ❛ ❢❛✈♦r ❞❡ss❡ ♠ét♦❞♦ ♥❛ ❛♠♦str❛❣❡♠
❞❡ ❣r❛❢♦s q✉❡ r❡♣r❡s❡♥t❛♠ ❜✐❜❧✐♦t❡❝❛s ❞✐❣✐t❛✐s ❡ ❣r❛❢♦s ❞❛ ❲❡❜✳ ❆q✉✐✱ ❛✈❛❧✐❛r❡♠♦s ❡st❡
♠ét♦❞♦ ♣❛r❛ ✉♠ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❛♣❡♥❛s✱ ❛ss✐♠✱ ✜❝❛ ❝♦♠♦ tr❛❜❛❧❤♦ ❢✉t✉r♦
✈❡r✐✜❝❛r s✉❛ ❡✜❝á❝✐❛ ♣❛r❛ ♦ ❣r❛❢♦ ❞❛ ❲❡❜ ❡✱ ♠❛✐s ❣❡r❛❧✱ ♣❛r❛ r❡❞❡s ❞❡ ✐♥❢♦r♠❛çã♦✳

✽❖❜s❡r✈❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ P❛❣❡❘❛♥❦ ✐♠♣❧❡♠❡♥t❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ✐t❡r❛t✐✈♦ P♦✇❡r ■t❡r❛t✐♦♥ é ❜❛st❛♥t❡

❡✜❝✐❡♥t❡✳ ❏á ♦s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ✈ért✐❝❡s sã♦O
(

|V |3
)

♦✉ O

(

|V |4
)

✱ ❡♠ q✉❡ |V | é ❛ q✉❛♥t✐❞❛❞❡

❞❡ ✈ért✐❝❡s ❡♠ ✉♠ ❣r❛❢♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♥ã♦ é ✐♥❝♦❡r❡♥t❡ ❝❛❧❝✉❧❛r ♦ P❛❣❡❘❛♥❦ ♥♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧
✭♣♦♣✉❧❛çã♦✮ ♣❛r❛ ♦❜t❡r ❛♠♦str❛s✱ ❥á q✉❡ ♦ ❣❛r❣❛❧♦ sã♦ ♦s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ▼❡s♠♦ ❡♠ ❛♠♦str❛s
❜❡♠ ♠❡♥♦r❡s ❡st❡s ❛❧❣♦r✐t♠♦s ❡①✐❣❡♠ ♠✉✐t♦ ♠❛✐s t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ q✉❡ ♦ P❛❣❡❘❛♥❦ ♥♦ ❣r❛❢♦
❝♦♠♣❧❡t♦✳



✸✳✹✳ ❆✈❛❧✐❛çã♦ ❞♦s ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ✷✾

✸✳✸✳✸ ❆♠♦str❛❣❡♠ ♣♦r ✈ért✐❝❡s

❙✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ ✈ért✐❝❡s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡s❝♦❧❤✐❞♦s✿ ◆❡st❡ ♠ét♦❞♦ ❞❡
❛♠♦str❛❣❡♠ s✐♠♣❧❡s ❡ ❞✐r❡t♦✱ ❡s❝♦❧❤❡✲s❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞♦
❣r❛❢♦ ♦r✐❣✐♥❛❧ ❞❡ ❢♦r♠❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉í❞❛✳ ❉❛❞♦ ♦s ✈ért✐❝❡s ❡s❝♦❧❤✐❞♦s✱ é ✐♥❞✉③✐❞♦
♦ s✉❜❣r❛❢♦ ❛♠♦str❛✳ ■st♦ é✱ s❡❥❛ G(V,E) ♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧ ❡ Gs(V s, Es) ♦ ❣r❛❢♦ ❛♠♦str❛ q✉❡
s❡ ♣r❡t❡♥❞❡ ♦❜t❡r✳ ❉❛❞♦ ✉♠ ♣❛râ♠❡tr♦ r ∈ R✱ ♦❜té♠✲s❡ V s ⊆ V t❛❧ q✉❡ |V s| ∼ r |V |✱
Pr (v ∈ V s) = 1

|V |
✱ ❛ ❛r❡st❛ e ∈ Es s❡✱ ❡ s♦♠❡♥t❡ s❡✱ e ∈ E ❡ s❡✉s ✈ért✐❝❡s t❡r♠✐♥❛✐s

u, v ∈ V S✳

❙✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ ✈ért✐❝❡s ♥♦ t❡♠♣♦✿ ❊st❛ é ✉♠❛ ❛♠♦str❛❣❡♠ ♣♦r ✜❧tr♦✿
❞❛❞♦s ♦s ♣❛râ♠❡tr♦s yo ≤ yf q✉❡ r❡♣r❡s❡♥t❛♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❛♥♦s✱ é ❝♦♥str✉í❞♦ ✉♠
s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s v ∈ V S ⊆ V t❛❧ q✉❡ v ❢♦✐ ✏❝r✐❛❞♦✑ ✭♦✉ ❝♦♥❤❡❝✐❞♦✮ ❡♠ ✉♠ ✐♥s✲
t❛♥t❡ ❞❡ t❡♠♣♦ t✱ ❡♠ q✉❡ yo ≤ t ≤ yf ✳ ❉❛❞♦ V s✱ é ❝♦♥str✉í❞♦ ♦ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦
Gs(V s ⊆ V,Es ⊆ E)✳ ❊st❛ ❛♠♦str❛❣❡♠ t❡♠♣♦r❛❧ é ✉♠❛ ❢♦r♠❛ ✐❞❡❛❧ ❞❡ s❡ ♦❜t❡r ✉♠
s✉❜❣r❛❢♦ ❛♠♦str❛❧ s❡ ♥❛q✉❡❧❡ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❡s❝♦❧❤✐❞♦ é ✈❡r❞❛❞❡✐r❛ ❛ ❤✐♣ót❡s❡ ❞❡
q✉❡ ♦ ❣r❛❢♦ ❥á ♣♦ss✉í❛ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ✈❡rsã♦ ❛t✉❛❧✳ ❯♠❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡st❡
♠ét♦❞♦ é ♦ ❝♦♥tr♦❧❡ ❞♦ t❛♠❛♥❤♦ ❞♦ ❣r❛❢♦ ❞❛ ❛♠♦str❛✱ ❥á q✉❡ ✉♠❛ ♣❡q✉❡♥❛ ✈❛r✐❛çã♦ ❞♦
✐♥t❡r✈❛❧♦ ❞❡ ❛♥♦s ♣♦❞❡ ❛❧t❡r❛r ❜❛st❛♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s ❞❛ ❛♠♦str❛✳ ◆❡st❡ ❝❛s♦✱
✉♠❛ ❡str❛té❣✐❛ ♣♦ssí✈❡❧ s❡r✐❛ ❡s❝♦❧❤❡r ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦s ✈ért✐❝❡s ❞❛q✉❡❧❡
✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✱ s✐♠✐❧❛r ❛♦ ♠ét♦❞♦ ❞❛ ❙❡çã♦ ✸✳✸✳✸✳

✸✳✸✳✹ ❆♠♦str❛❣❡♠ ♣♦r ❛r❡st❛s

❙❡❥❛ G(V,E) ♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧ ❡ Gs(V s, Es) ♦ ❣r❛❢♦ ❛♠♦str❛ q✉❡ s❡ ♣r❡t❡♥❞❡ ♦❜t❡r✳ ❉❛❞♦
✉♠ ♣❛râ♠❡tr♦ r ∈ R✱ ♦❜té♠✲s❡ Es ⊆ E✱ t❛❧ q✉❡ |V s| ∼ r |V |✱ Pr (e ∈ Es) = 1

|E|
❡ u, v ∈ V s

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ e (u, v) ∈ Es✳

✸✳✹ ❆✈❛❧✐❛çã♦ ❞♦s ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠

❊♠ ❬✹✵✱ ✹✷❪✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ❞❡ ❣r❛❢♦s ❡ ❢♦r♠❛s ❞❡
❛✈❛❧✐❛çã♦ ♣❛r❛ s❛❜❡r q✉ã♦ r❡♣r❡s❡♥t❛t✐✈❛ é ❛ ❛♠♦str❛ ❡♠ r❡❧❛çã♦ ❛♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳ ❈♦♥s✐✲
❞❡r❛♥❞♦ ❬✹✷❪✱ ❛ ❛♠♦str❛❣❡♠ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ✉♠ s✉❜❣r❛❢♦✱ ❝♦♠ ♠❡♥♦s ✈ért✐❝❡s✱
q✉❡ s❡❥❛ s✐♠✐❧❛r ❛♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳ ❯♠❛ ❛♠♦str❛ é s✐♠✐❧❛r s❡ ♠❛♥té♠ ✈ár✐❛s ❞❛s ♣r♦♣r✐❡❞❛✲
❞❡s ♦r✐❣✐♥❛✐s ❞♦ ❣r❛❢♦✳ ❆ ❛♠♦str❛❣❡♠ é ❛✈❛❧✐❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ❞♦✐s ♦❜❥❡t✐✈♦s✱ ❛ r❡❞✉çã♦ ❞❡
❡s❝❛❧❛ ❡ ♦ r❡tr♦❝❡ss♦ t❡♠♣♦r❛❧✳ ❆ r❡❞✉çã♦ ❞❡ ❡s❝❛❧❛ ❝♦♥s✐st❡ ❡♠ s✐♠♣❧❡s♠❡♥t❡ ❡♥❝♦♥tr❛r
✉♠ s✉❜❣r❛❢♦ ❝♦♠ ♠❡♥♦s ✈ért✐❝❡s s✐♠✐❧❛r❡s ❛♦ ♦r✐❣✐♥❛❧✳ ❏á ♦ r❡tr♦❝❡ss♦ t❡♠♣♦r❛❧ ❝♦♥s✐st❡
❡♠ ❡♥❝♦♥tr❛r ✉♠ s✉❜❣r❛❢♦ s✐♠✐❧❛r ❛♦ ♦r✐❣✐♥❛❧ ❡♠ ✉♠ ❞❛❞♦ t❡♠♣♦✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛♥❞♦



✸✵ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

q✉❡ ✉♠ ❣r❛❢♦ ❡✈♦❧✉✐ ❝♦♠ ♦ t❡♠♣♦✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✱ ♦
r❡tr♦❝❡ss♦ s❡r✐❛ ❞❡r✐✈❛r ✉♠❛ ✈❡rsã♦ ✏❛♥t✐❣❛✑ ❞♦ ❣r❛❢♦ s❡♠ ❛ ✐♥❢♦r♠❛çã♦ ❞❛ ✐❞❛❞❡ ❞❡ ❝❛❞❛
✈ért✐❝❡✳

P❛r❛ ❝❛❞❛ ✉♠ ❞❡st❡s ♦❜❥❡t✐✈♦s é ❞❡✜♥✐❞♦ ✉♠ ❝r✐tér✐♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛♠♦str❛ ❡
♦ ❣r❛❢♦ ❞❛❞♦✳ ◆♦ ❝❛s♦ ❞❛ r❡❞✉çã♦ ❞❡ ❡s❝❛❧❛✱ é ❡①tr❛í❞❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡
❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❣r❛❢♦s✱ ♣♦r ❡①❡♠♣❧♦ ❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❣r❛✉ ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞♦s
✈ért✐❝❡s❀ ❞✐str✐❜✉✐çã♦ ❞♦ t❛♠❛♥❤♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❢♦rt❡♠❡♥t❡ ❝♦♥❡①❛s❀ ❞✐str✐❜✉✐çã♦ ❞❡
♣r♦♣r✐❡❞❛❞❡s ❡s♣❡❝tr❛✐s❀ ❡t❝✳ ❏á ♣❛r❛ ♦ r❡tr♦❝❡ss♦ t❡♠♣♦r❛❧ ♦ ❝r✐tér✐♦ ❝♦♥s✐❞❡r❛❞♦ é ❡①tr❛✐r
❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✭✉♠ ♥ú♠❡r♦ ú♥✐❝♦✮ ❞♦ ❣r❛❢♦ ❛♠♦str❛❞♦✳
❊st❡s ✈❛❧♦r❡s ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❝❛❧❝✉❧❛❞❛s ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦
❡ ❡♥tã♦ ❞❡r✐✈❛✲s❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❱ár✐❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❝♦♥s✐❞❡r❛❞❛s
❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✿ ♦ ♠❛✐♦r ❛✉t♦✈❛❧♦r ❞❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛❀ ♦ t❛♠❛♥❤♦ ✭♥♦r♠❛❧✐③❛❞♦✮
❞❛ ♠❛✐♦r ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛❀ ❡t❝✳

❆ ✐❞❡✐❛ ❡♥tã♦ é ❝♦♠♣❛r❛r ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♠♣ír✐❝❛s ❞♦s ✈❛❧♦r❡s ❞❡
❞✐❢❡r❡♥t❡s ♣r♦♣r✐❡❞❛❞❡s ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ❛♠♦str❛ ❝♦♠ ❛s ♦❜t✐❞❛s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳
P❛r❛ ❝♦♠♣❛r❛r ❡st❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ✉s❛❞♦ ✉♠ ♠ét♦❞♦ ❞❡ ●♦♦❞♥❡ss ♦❢

❋✐t✱ ❛ ❡st❛tíst✐❝❛ D ❞♦ t❡st❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ❬✻✷❪✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ t❡st❡ q✉❡ ❝♦♥s❡❣✉❡
❛✈❛❧✐❛r s❡ ❞✉❛s ❛♠♦str❛s sã♦ ♦❜t✐❞❛s ❞❡ ✉♠❛ ♠❡s♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♦✉ s❡
✉♠❛ ❛♠♦str❛ ❢♦✐ ♦❜t✐❞❛ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ◆❡st❡ ❝❛s♦✱ é ❢❡✐t♦ ♦ t❡st❡
♣❛r❛ ✈❡r✐✜❝❛r s❡ ♦s ✈❛❧♦r❡s ❞❛ ♣r♦♣r✐❡❞❛❞❡ ♦❜t✐❞♦s ❞❛ ❛♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ s❡❣✉❡♠ ✉♠❛
❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s✐♠✐❧❛r à ❞✐str✐❜✉✐çã♦ ❞♦s ✈❛❧♦r❡s ❞❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡
❝❛❧❝✉❧❛❞❛ ♥♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳ ❙❡ s✐♠✱ ✐st♦ é ✉♠ ✐♥❞✐❝❛❞♦r ❞❡ q✉❡ ♦ ❣r❛❢♦ ❛♠♦str❛❞♦ ♠❛♥t❡✈❡
❛ ♠❡s♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❝♦♠♣❛r❛♥❞♦✲s❡ ❛♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✱ ✐st♦ é✱ sã♦ s✐♠✐❧❛r❡s ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❛✈❛❧✐❛❞❛✳ ❆♦ r❡❛❧✐③❛r ♦ ♠❡s♠♦ t❡st❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s ♣r♦♣r✐❡❞❛❞❡s✱
❡st❛r❡♠♦s ❛✈❛❧✐❛♥❞♦ ♦ q✉❛♥t♦ ✉♠❛ ❛♠♦str❛ ❝♦♥s❡r✈♦✉ ❞✐st✐♥t❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❣r❛❢♦
♦r✐❣✐♥❛❧✳

❆ ✜♠ ❞❡ ❝♦♥❝❧✉✐r ❛s ♠❡❧❤♦r❡s ❢♦r♠❛s ❞❡ s❡ ❛♠♦str❛r ✉♠ ❣r❛❢♦✱ ♦s ❛✉t♦r❡s ❞❡ ❬✹✷❪
❛♣r❡s❡♥t❛♠ ❛ ♠❡t♦❞♦❧♦❣✐❛ ♠❡♥❝✐♦♥❛❞❛ ❡ ❛✈❛❧✐❛♠ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❣r❛❢♦s r❡❛✐s✱ ❞❡♥tr❡ ❡❧❡s
♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❛❝❛❞ê♠✐❝❛ ♦❜t✐❞❛ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞♦ ❛r❳✐✈ ✾✳ ■st♦✱ ✐♥❝❧✉s✐✈❡✱
r❡❢♦rç❛ ❛ r❡❧❡✈â♥❝✐❛ ❞❡ s✉❛s ❝♦♥❝❧✉sõ❡s ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ❞❛❞❛ ❛ ❛✈❛❧✐❛çã♦ ❡♠ ✉♠ ❣r❛❢♦
❞❡ ❝✐t❛çã♦✳ ❉✐✈❡rs♦s ❛❧❣♦r✐t♠♦s ❞❡ ❛♠♦str❛❣❡♠ sã♦ ❛✈❛❧✐❛❞♦s✱ ✐♥❝❧✉✐♥❞♦ ♦s ❞❡s❝r✐t♦s ❛q✉✐✳
❈♦♥❝❧✉❡♠ q✉❡ ♦ ♠❡❧❤♦r ❛❧❣♦r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠ é ♦ ❋♦r❡st❋✐r❡ ❡ q✉❡ ❛♠♦str❛s ❝♦♠ ✶✺✪
❞♦s ✈ért✐❝❡s ♠❛♥tê♠ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳

✾❤tt♣✿✴✴❛r①✐✈✳♦r❣✴ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳



✸✳✺✳ ❘❡s✉❧t❛❞♦s ❞♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s ✸✶

✸✳✺ ❘❡s✉❧t❛❞♦s ❞♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❛ ❥✉st✐✜❝❛t✐✈❛ ❞❡ s❡ ❛♠♦str❛r ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✱ ❝♦♥❢♦r♠❡
❛♣r❡s❡♥t❛❞♦ ♥♦ ✐♥í❝✐♦ ❞♦ ❝❛♣ít✉❧♦✱ é ✉♠❛ q✉❡stã♦ ❞❡ ❡✜❝✐ê♥❝✐❛✿ t❛♥t♦ ❞❡ ❡s♣❛ç♦ q✉❛♥t♦
❡♠ t❡♠♣♦✳ P♦rt❛♥t♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❝♦♥s✐❞❡r❛r ✉♠❛ ❜♦❛ ❛♠♦str❛ s♦❜r❡ ❛ ót✐❝❛ ❞❡
r❡❞✉çã♦ ❞❡ ❡s❝❛❧❛✱ ♥ã♦ ❡♠ r❡tr♦❝❡ss♦ t❡♠♣♦r❛❧✳ ❆❧é♠ ❞❛s ❝♦♥❝❧✉sõ❡s ❡ ♣❛râ♠❡tr♦s ❞❡
❛❧❣♦r✐t♠♦s q✉❡ s❡ ❡♠♣r❡st❛♠ ❞❡ ❬✹✶✱✹✷❪✱ r❡♣r♦❞✉③✐♠♦s ♣❛rt❡ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦
❞❡ ❬✹✷❪ ♣❛r❛ ❝♦♥✜r♠❛r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❋♦r❡st❋✐r❡ é ♦ ♠❛✐s ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ♦ ♥♦ss♦
❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✳ ❆✈❛❧✐❛♠♦s ❛ss✐♠ q✉❛tr♦ ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ♣❛r❛ ♦ ❝r✐tér✐♦ ❞❡
q✉❛❧✐❞❛❞❡ ♥❛ r❡❞✉çã♦ ❞❡ ❡s❝❛❧❛ ❞♦ ❣r❛❢♦✳ ❈♦♥s✐❞❡r❛♠♦s ❞❡st❛ ❢♦r♠❛✱ ❛s ❞✐str✐❜✉✐çõ❡s
❞❡ s❡✐s ♣r♦♣r✐❡❞❛❞❡s✿ ✐✳ ❣r❛✉ ❞❡ ❡♥tr❛❞❛ ❡ ✐✐✳ s❛í❞❛ ❞♦s ✈ért✐❝❡s❀ ✐✐✐✳ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡
❝❧✉st❡r ❬✼✵❪❀ ✐✈✳ ❛ ❞✐str✐❜✉✐çã♦ ❣❡r❛❞❛ ♣❡❧♦ P❛❣❡❘❛♥❦ ❬✶✶✱✺✼❪❀ ❡ ♦s ✈❛❧♦r❡s ❞❡ ✈✳ ✏❛✉t❤♦r✐t②✑
❡ ✈✐✳ ✏❤✉❜✑ ❞♦ ❛❧❣♦r✐t♠♦ ❍■❚❙ ❬✸✾❪✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝❧✉st❡r ❞❡ ✉♠ ✈ért✐❝❡ v✱ Cv✱ ♠❡❞❡
♦ q✉❛♥t♦ ❝❛❞❛ ✈ért✐❝❡ ❡♠ ✉♠ ❣r❛❢♦ t❡♥❞❡ s❡ ❛❣r✉♣❛r✱ ✈❡r✐✜❝❛♥❞♦ ♦ q✉ã♦ ♣ró①✐♠♦ ♦s
✈✐③✐♥❤♦s ❞❡ v ❡stã♦ ❞❡ s❡r ✉♠ ❝❧✐q✉❡✱ ✐st♦ é✱ ❝❛❧❝✉❧❛♥❞♦ r❛③ã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡♥tr❡
t♦❞♦s ✈✐③✐♥❤♦s ❞❡ v ♣❡❧♦ ♥ú♠❡r♦ ♠á①✐♠♦ ♣♦ssí✈❡❧ ❞❡ ❛r❡st❛s ❡♥tr❡ t♦❞♦s ✈ért✐❝❡s ❞❡st❛
✈✐③✐♥❤❛♥ç❛✳

❆s ♣r♦♣r✐❡❞❛❞❡s ✐✈✱ ✈ ❡ ✈✐ ♥ã♦ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ❡♠ ❬✹✵✕✹✷❪ ❡✱ ♣♦rt❛♥t♦✱ ❛✈❛❧✐á✲❧❛s
tr❛t❛✲s❡ ❞❡ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ ♣❡sq✉✐s❛✳ ❖ ❡s♣❡❝✐❛❧ ✐♥t❡r❡ss❡ ♣❡❧♦ P❛❣❡❘❛♥❦ ❡ ❍■❚❙

❝♦♠♦ ❝r✐tér✐♦ ❞❡ ❛✈❛❧✐❛çã♦ é q✉❡ sã♦ ❛❧❣♦r✐t♠♦s r❡❝♦♥❤❡❝✐❞❛♠❡♥t❡ ✉s❛❞♦s ❡♠ s✐st❡♠❛s
❞❡ ❜✉s❝❛ ♣❛r❛ r❛♥q✉❡❛♠❡♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ✐♥t❡r❧✐❣❛❞♦s✳ ❆ss✐♠✱ é ✉♠ ❢♦rt❡ s✐♥❛❧ ❞❡
q✉❛❧✐❞❛❞❡ ❞❛s ❛♠♦str❛s s❡ ❡st❛s ♣r❡s❡r✈❛r❡♠ ♦ P❛❣❡❘❛♥❦ ❡ ❍■❚❙✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛
✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❜✉s❝❛ ❡ r❛♥q✉❡❛♠❡♥t♦✳ ❆r❣✉♠❡♥t❛✲s❡ ❛q✉✐ q✉❡ ♣♦❞❡rí❛♠♦s ❡st❡♥❞❡r
♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❣r❛✉ ❞❡ ❡♥tr❛❞❛✴s❛í❞❛ ❞♦s
✈ért✐❝❡s ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝❧✉st❡r✐③❛çã♦ ❞❡r✐✈❛♠✲s❡ ❞❡ ✉♠❛ ❝♦♥t❛❣❡♠ ❧♦❝❛❧ ❞♦ ♥ú♠❡r♦ ❞❡
❛r❡st❛s ✐♥❝✐❞❡♥t❡s ❛ ❡❧❡s✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ✈❛❧♦r❡s ❞❡ P❛❣❡❘❛♥❦ ❡ ❍■❚❙ s♦❢r❡♠ ✐♥✢✉ê♥❝✐❛
❞❛ t♦♣♦❧♦❣✐❛ ❞♦ ❣r❛❢♦ ❝♦♠♦ ✉♠ t♦❞♦✱ ✈✐❞❡ ❛ ♥❛t✉r❡③❛ r❡❝✉rs✐✈❛✳ P♦rt❛♥t♦✱ ❛r❣✉♠❡♥t❛✲
s❡ q✉❡ é ✉♠ r❡s✉❧t❛❞♦ ♣♦ss✐✈❡❧♠❡♥t❡ ♠❛✐s ❢♦rt❡ ♣r❡s❡r✈❛r t❛♠❜é♠ ♦ P❛❣❡❘❛♥❦ ❡ ❍■❚❙

✭✏❛✉t❤♦r✐t②✑ ❡ ✏❤✉❜✑✮ ❞♦ q✉❡ ❛♣❡♥❛s ♣r❡s❡r✈❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡ ❡♥tr❛❞❛✴s❛í❞❛ ❡
♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝❧✉st❡r✐③❛çã♦ ❡♠ ✉♠❛ ❛♠♦str❛ ❞❡ ❣r❛❢♦✳

✸✳✺✳✶ ❊✜❝á❝✐❛ ❞♦ ❜❛s❡❧✐♥❡ ❞❡ ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠

❖s q✉❛tr♦s ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ❛✈❛❧✐❛❞♦s sã♦✿ ❋♦r❡st❋✐r❡ ❬✹✶❪✱ ❛♠♦str❛❣❡♠ ♣♦r ❆r❡s✲
t❛s✱ ♣♦r ❱ért✐❝❡ ❡ ❚❡♠♣♦r❛❧✱ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✸✳✸✳ P❛r❛ ❝❛❞❛ ♠ét♦❞♦ ❢♦r❛♠
♦❜t✐❞❛s ❛♠♦str❛s ❞❡ ✶✺✪✱ ✸✵✪✱ ✻✵✪ ❡ ✽✵✪ ❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳ P❛r❛
♠❛♥t❡r ❛ ♠❡s♠❛ ❡s❝❛❧❛ ♥♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✱ ♦✉tr❛s ❛♠♦str❛s ❢♦r❛♠ ♦❜t✐❞❛s ❞❡♣❡♥❞❡♥❞♦
❞❛ r❛③ã♦ ❛r❡st❛✴✈ért✐❝❡ ♣r♦❞✉③✐❞❛ ♣♦r ❝❛❞❛ ♠ét♦❞♦✳ ◆♦ ❝❛s♦ ❞❛ ❛♠♦str❛❣❡♠ ❚❡♠♣♦r❛❧
✭♣❛r❛ ❛ q✉❛❧ ♥ã♦ s❡ ❛♣❧✐❝❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ♣♦r❝❡♥t❛❣❡♠ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s✮✱ ❢♦✲



✸✷ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

r❛♠ ❝♦♥s✐❞❡r❛❞♦s q✉❛tr♦ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ❞❛ ♣✉❜❧✐❝❛çã♦ ❞♦s ✉♠ ❛rt✐❣♦s ♥❛ ❜✐❜❧✐♦t❡❝❛
❞✐❣✐t❛❧✿ ✷✵✵✵✲✷✵✵✷✱ ✷✵✵✵✲✷✵✵✺✱ ✷✵✵✵✲✷✵✵✼ ❡ ✷✵✵✵✲✷✵✶✵✳

❖s ❣rá✜❝♦s ❞❛ ❋✐❣✉r❛ ✸✳✻ ♠♦str❛♠ ❛ ❡st❛tíst✐❝❛ D ❞♦ t❡st❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈✱ q✉❡
♠❡❞❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛♠♦str❛❧ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ❞❛ ♣♦♣✉❧❛çã♦
♣❛r❛ ❞✐❢❡r❡♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝❧✉st❡r✐③❛çã♦✱ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡ s❛í❞❛ ❡
❡♥tr❛❞❛ ❞♦s ✈ért✐❝❡s✱ P❛❣❡❘❛♥❦ ❡ ❍■❚❙ ✭✏❛✉t❤♦r✐t②✑ ❡ ✏❤✉❜✑✮✳ ❋♦✐ ✐♠♣r❡ss♦ 1 − D ♣♦✐s
✐st♦ ❞á ✉♠❛ ♥♦çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❛♦ ✐♥✈és ❞❡ ❞✐stâ♥❝✐❛✳ ❊st❡s ❣rá✜❝♦s ♠♦str❛♠ ♦ ✈❛❧♦r
❞❡ 1 − D✱ s✐♠✐❧❛r✐❞❛❞❡✱ ❞❡ ❝❛❞❛ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ ♣❛r❛ ❝❛❞❛ ❛♠♦str❛ ❣❡r❛❞❛ ❡♠
❞✐st✐♥t♦s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛ ✭❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✮✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡s ❣rá✜❝♦s✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ ❍■❚❙✲❛✉t❤♦r✐t②✱ ❛ q✉❛❧✐❞❛❞❡ ❛✉♠❡♥t❛
❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✱ ♦ q✉❡ é ❞❡ s❡ ❡s♣❡r❛r ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ ❛♠♦s✲
tr❛❣❡♠✳ ❈♦♠ ❡①❝❡çã♦ ❞♦ P❛❣❡❘❛♥❦✱ ♦ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ ♣♦r ❛r❡st❛s ❛♣r❡s❡♥t❛ ✉♠
❞❡s❡♠♣❡♥❤♦ ♣✐♦r q✉❡ ♦s ❞❡♠❛✐s ♠ét♦❞♦s✱ r❛③ã♦ ♣❡❧❛ q✉❛❧ t❛❧ ♠ét♦❞♦ s❡rá ❞❡s❝❛rt❛❞♦ ♣❛r❛
♦s ❞❡♠❛✐s ❡①♣❡r✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ❛♠♦str❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ q✉❛♥❞♦ ♦
♥ú♠❡r♦ ❞❡ ❛r❡st❛s s❡ ❛♣r♦①✐♠❛ ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✱ ♥♦t❛✲s❡ q✉❡ ♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛♠
✉♠❛ q✉❛❧✐❞❛❞❡ s✐♠✐❧❛r✱ ✐st♦ é✱ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ t♦r♥❛✲s❡ ♣r❛t✐✲
❝❛♠❡♥t❡ ✐♥❞✐❢❡r❡♥t❡✳ ❈♦♥t✉❞♦✱ ♣❛r❛ ❛♠♦str❛s ♠❡♥♦r❡s✱ ❧❡♠❜r❛♥❞♦✲s❡ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡
r❡❞✉çã♦ ❞❡ ❡s❝❛❧❛✱ ♣❡r❝❡❜❡✲s❡ ✉♠❛ ❣r❛♥❞❡ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♠ét♦❞♦s✱ ❥✉st✐✜❝❛♥❞♦✱ ♣♦r✲
t❛♥t♦✱ ❛ ❡❧❡✐çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦✳ ◆♦t❛✲s❡✱ ❛✐♥❞❛✱ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❣r❛✉ ❞❡ ❡♥tr❛❞❛
♥ã♦ é ✉♠❛ ❜♦❛ ♣r♦♣r✐❡❞❛❞❡ ♣❛r❛ ❞✐st✐♥❣✉✐r ❛ q✉❛❧✐❞❛❞❡✱ ♣♦✐s ♦s ♠ét♦❞♦s ♦❜tê♠ r❡s✉❧t❛✲
❞♦s s✐♠✐❧❛r❡s ❡ ❡stá✈❡✐s r❛♣✐❞❛♠❡♥t❡✳ ❏á ♣❛r❛ ❛s ❞❡♠❛✐s ♣r♦♣r✐❡❞❛❞❡s✱ ❝♦♠ ❡①❝❡çã♦ ❞♦
❝♦❡✜❝✐❡♥t❡ ❞❡ ❝❧✉st❡r✐③❛çã♦✱ ♦ ♠ét♦❞♦ ❋♦r❡st❋✐r❡ é ❛q✉❡❧❡ q✉❡ r❡❣✉❧❛r♠❡♥t❡ s❡ ❛♣r❡s❡♥t❛
❡♥tr❡ ♦s ♠❡❧❤♦r❡s ♣❛r❛ t♦❞♦s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛✳ ❖✉tr♦ ♠ét♦❞♦ q✉❡ ❛♣r❡s❡♥t♦✉ ❜♦❛
❡✜❝á❝✐❛ ❢♦✐ ♦ ❚❡♠♣♦r❛❧✱ ❝♦♠ ❡①❝❡çã♦ ♣❛r❛ ❛ ♣r♦♣r✐❡❞❛❞❡ P❛❣❡❘❛♥❦✳ ❊s❝♦❧❤❡♠♦s✱ ♣♦rt❛♥♦✱
♦ ♠ét♦❞♦ ❋♦r❡st❋✐r❡ ❝♦♠♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠ ♣❛r❛ ♦ r❡st❛♥t❡ ❞❡st❡ tr❛❜❛❧❤♦✱ ❥á
q✉❡ ♥ã♦ r❡q✉❡r ♥❡♥❤✉♠❛ ✐♥❢♦r♠❛çã♦ ❞♦ ❣r❛❢♦ s❡♥ã♦ s✉❛ ♣ró♣r✐❛ t♦♣♦❧♦❣✐❛✱ ❛♦ ❝♦♥trár✐♦
❞♦ ❚❡♠♣♦r❛❧ q✉❡ ♣r❡❝✐s❛ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❡ q✉❛♥❞♦ ♦s ✈ért✐❝❡s✴❛r❡st❛s s✉r❣✐r❛♠✳ ❆♣❡s❛r
❞❡ t❡r♠♦s ❡st❡ ❞❛❞♦ ♥♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❞❡ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s✱ ❛ ♥ã♦ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ss❛
✐♥❢♦r♠❛çã♦ ♣❡r♠✐t❡ ✉♠❛ ❛✈❛❧✐❛çã♦ ✐s❡♥t❛ ❞♦ ✈✐és ❞❛ ❥❛♥❡❧❛ ❞❡ t❡♠♣♦ ❡s❝♦❧❤✐❞♦✱ ❛ss✐♠
♣♦ss✐✈❡❧♠❡♥t❡✱ ♦❜t❡♥❞♦ r❡s✉❧t❛❞♦s ♠❛✐s ❣❡r❛✐s✳

✸✳✺✳✷ ❚❛♠❛♥❤♦ ❞❛s ❛♠♦str❛s

❆ s❡❣✉✐r ✐r❡♠♦s ✈❡r✐✜❝❛r ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s q✉❡ ❝❛❞❛ ♠ét♦❞♦ ❞❡ ❛♠♦s✲
tr❛❣❡♠ ♣r♦❞✉③ ✈❛r✐❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✭q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡st❛s✮✳ ❆ ❋✐❣✉r❛ ✸✳✼
♠♦str❛ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❝♦♥tr❛ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ♣❛r❛ ❝❛❞❛ ❛♠♦str❛ ♣r♦❞✉③✐❞❛ ♣❡✲
❧♦s ❛❧❣♦r✐t♠♦s✳ ❚♦♠❛♥❞♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❛ ❝✉r✈❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠ t❡♠♣♦r❛❧✱
♥♦t❛✲s❡ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠ ♣♦r ❛r❡st❛s✱ ✐st♦ é✱ s✉❛s ❛♠♦str❛s ♣r♦✲



✸✳✺✳ ❘❡s✉❧t❛❞♦s ❞♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s ✸✸

❋✐❣✉r❛ ✸✳✻✿ ❚❡st❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ✭✶✲❉✮ ❞❡ ❛❥✉st❡ ❞❡ ❞✐str✐❜✉✐çã♦ ♥❛ ❛✈❛❧✐❛çã♦ ❞❡
q✉❛❧✐❞❛❞❡ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❛♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❞✐❢❡r❡♥t❡s
♣r♦♣r✐❡❞❛❞❡s✳



✸✹ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

❋✐❣✉r❛ ✸✳✼✿ ◆ú♠❡r♦ ❞❡ ✈ért✐❝❡s ✈❡rs✉s ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ♣❛r❛ ❛♠♦str❛s ❞❡ ❝❛❞❛ ❛❧❣♦✲
r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠✳

❞✉③❡♠ ♠✉✐t♦ ♠❛✐s ✈ért✐❝❡s ♣❛r❛ ✉♠❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡st❛s✱ ♦✉ s❡❥❛✱ ❣r❛❢♦s ♠❛✐s
❡s♣❛rs♦s ❞♦ q✉❡ ❞❡✈❡r✐❛♠ s❡r✱ ♦ q✉❡ ♠❛✐s ✉♠❛ ✈❡③ ❛♣♦✐❛ ❛ r❡❥❡✐çã♦ ❞❡st❡ ❛❧❣♦r✐t♠♦✳ ❏á ❛s
❛♠♦str❛❣❡♠ ❋♦r❡st❋✐r❡ ❡ ♣♦r ❱ért✐❝❡ ♣r❡s❡r✈❛♠ r❛③♦❛✈❡❧♠❡♥t❡ ❛ r❛③ã♦ ♥ú♠❡r♦ ❞❡ ❛r❡s✲
t❛s✴✈ért✐❝❡s✳ ❆ ❛♠♦str❛❣❡♠ t❡♠♣♦r❛❧ é t♦♠❛❞❛ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♣♦✐s r❡✢❡t❡ ♣❡r❢❡✐t❛♠❡♥t❡
❝♦♠♦ ❡r❛ ♦ ❣r❛❢♦ ❡♠ ✉♠ ❞❛❞♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳

✸✳✻ ❘❡s✉❧t❛❞♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡

❆ ♠❡s♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❞❡s❝r✐t❛ ❡ ❡①❡❝✉t❛❞❛ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s é ✉s❛❞❛ ♣❛r❛
❝♦♠♣❛r❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ ❝♦♥tr❛ ♦ ♦r✐❣✐♥❛❧ ❋♦r❡st❋✐r❡✱
q✉❡ ♦❜t❡✈❡ ♠❡❧❤♦r ❡✜❝á❝✐❛ ❞♦ ❜❛s❡❧✐♥❡✳ P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r♦✉✲s❡ ❝♦♠♦ ✉♠ r❛♥q✉❡❛♠❡♥t♦
❛ ♣r✐♦r✐ ❞♦s ❛rt✐❣♦s ❛q✉❡❧❡ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ P❛❣❡❘❛♥❦ ❬✶✶✱ ✺✼❪✳ ❉❡st❛ ❢♦r♠❛✱ ✉♠
♣❡sq✉✐s❛❞♦r ❡♥✈✐❡s❛❞♦ ♥❛✈❡❣❛ ❞❡ ✉♠ ❛rt✐❣♦ ♣❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ s✉❛s r❡❢❡rê♥❝✐❛s ❡
❝✐t❛çõ❡s ❝♦♠ ♠❛✐♦r P❛❣❡❘❛♥❦ ♣r❡❢❡r❡♥❝✐❛❧♠❡♥t❡✳ ◗✉❛❧q✉❡r ♦✉tr♦ ❛❧❣♦r✐t♠♦ ❞❡ r❛♥q✉❡❛✲
♠❡♥t♦ ♣♦❞❡r✐❛ s❡r ❝♦♥s✐❞❡r❛❞♦✱ ❛té ♠❡s♠♦ ♦ ❞❡r✐✈❛❞♦ ❞❛ s✐♠♣❧❡s ❝♦♥t❛❣❡♠ ❝✐t❛çõ❡s✳



✸✳✻✳ ❘❡s✉❧t❛❞♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ ✸✺

❋♦r❡st❋✐r❡ ✈❡rs✉s ❘❛♥❦❡❞❋♦r❡st❋✐r❡

❈♦♠♦ ♦ ❋♦r❡st❋✐r❡ ♦❜t❡✈❡ ♠❡❧❤♦r ❡✜❝á❝✐❛ ❞❡♥tr❡ ♦s ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ❛q✉✐ ❡st✉❞❛✲
❞♦s ❡ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♠♦str❛❣❡♠ ♣r♦♣♦st♦ ❞❡r✐✈❛ ❞❡st❡ ♠ét♦❞♦✱ ❥✉st✐✜❝❛✲s❡ ❝♦♠♣❛r❛r
♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ ❝♦♥tr❛ ♦ ❋♦r❡st❋✐r❡✳

❆ ❋✐❣✉r❛ ✸✳✽ ♠♦str❛ ❞✐✈❡rs♦s ❣rá✜❝♦s ❝♦♠ ♦ ✈❛❧♦r ❞❛ ❡st❛tíst✐❝❛ 1 −D✱ ❑♦❧♠♦❣♦r♦✈✲

❙♠✐r♥♦✈✱ q✉❡ ♠❡❞❡ ♦ q✉❛♥t♦ ❞✉❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ sã♦ s✐♠✐❧❛r❡s✳ ❊st❛
❡st❛tíst✐❝❛ é ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r ❞❡ ❞✐str✐❜✉íçõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♦❜t✐❞❛s ❞❡ ❞✐✈❡rs❛s
♣r♦♣r✐❡❞❛❞❡s ❞❛s ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ ❈❛❞❛ ♣♦♥t♦ ❞❡st❡s ❣rá✜❝♦s r❡✢❡t❡ ♦
q✉❛♥t♦ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✉♠❛ ❛♠♦str❛ s❡ ♠❛♥té♠ ❝♦♠♣❛r❛♥❞♦✲s❡ ❛♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳
◗✉❛♥t♦ ♠❛✐♦r ❛ ❡st❛tíst✐❝❛ 1−D✱ ♠❡❧❤♦r✳

❆♥❛❧✐s❛♥❞♦✲s❡ ❛ ❋✐❣✉r❛ ✸✳✽✱ ♦ ❛❧❣♦r✐t♠♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ ♣r♦♣♦st♦ ❛♣r❡s❡♥t❛ ✉♠ ❢♦r✲
♠❛t♦ ❞❡ ❝✉r✈❛ ❜❡♠ s✐♠✐❧❛r ❛♦ ❋♦r❡st❋✐r❡✳ ◆♦t❛✲s❡ q✉❡ ♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ s✉♣❡r❛ ♦
❋♦r❡st❋✐r❡ ♣❛r❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❝❧✉st❡r✐③❛çã♦✱ ❣r❛✉ ❞❡ s❛í❞❛ ❡ ❍■❚❙✲❛✉t❤♦r✐t② ♣❛r❛ t❛♠❛✲
♥❤♦s ♠❡♥♦r❡s ❞❡ ❛♠♦str❛s✳ ❱❛❧❡ ❛ ♣❡♥❛ ♥♦t❛r q✉❡ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r ✉♠❛ ♠❡❧❤♦r ❡✜❝á❝✐❛
♥♦ ❝❛s♦ ❞♦ P❛❣❡❘❛♥❦✱ ❞❛❞♦ ♦ ✈✐és ✐♥tr♦❞✉③✐❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ r❛♥q✉❡❛♠❡♥t♦ ❞♦ ❘❛♥✲

❦❡❞❋♦r❡st❋✐r❡✳ ❈♦♠ ❡①❝❡çã♦ ❞♦ ❍■❚❙✲❛✉t❤♦r✐t②✱ ❛♠❜♦s ♠ét♦❞♦s t❡♥❞❡♠ ❛ t❡r ❛ ♠❡s♠❛
q✉❛❧✐❞❛❞❡ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ s❡ ❛♣r♦①✐♠❛ ❞♦ t❛♠❛♥❤♦ t♦t❛❧ ❞♦
❣r❛❢♦✳



✸✻ ❈❛♣ít✉❧♦ ✸✳ ▼♦❞❡❧❛❣❡♠ ❡ ❛♠♦str❛❣❡♠ ❞❡ ❞❛❞♦s

❋✐❣✉r❛ ✸✳✽✿ ❚❡st❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ✭✶✲❉✮ ❞❡ ❛❥✉st❡ ❞❡ ❞✐str✐❜✉✐çã♦ ♥❛ ❝♦♠♣❛r❛çã♦ ❞❡
q✉❛❧✐❞❛❞❡ ❞♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡ ✈❡rs✉s ❋♦r❡st❋✐r❡ ♣❛r❛ ❛♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳



❈❛♣ít✉❧♦ ✹

▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s

✹✳✶ ▼❡t❛✲❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❊st❛ ❞✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦ ❛♣r❡s❡♥t❛ ❞✉❛s ♥♦✈❛s ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡♥♦♠✐♥❛❞❛s
❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❡ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✳ ❚r❛t❛♠✲s❡ ❞❡ ♠❡t❛ ❛❧❣♦r✐t♠♦s q✉❡ ✏tr❛♥s✲
❢♦r♠❛♠✑ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛✐s✱ ♥♦ ❝❛s♦ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r✱ ❡♠ ♠❡❞✐❞❛s
r❡❝✉rs✐✈❛s✱ ✐st♦ é✱ q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ♣ré✲❝❛❧❝✉❧❛❞❛ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ❞♦✐s ✈ér✲
t✐❝❡s✳ ❖✉ s❡❥❛✱ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s x, y ∈ V (G) ❞❡♣❡♥❞❡ r❡❝✉rs✐✈❛♠❡♥t❡ ❞❛
s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ❞❡ x ❡ y✱ ✐♥s♣✐r❛❞♦ ♥♦ ❛❧❣♦r✐t♠♦ ❙✐♠❘❛♥❦ ❬✸✻❪✳
❖ ❛r❣✉♠❡♥t♦ ♣♦r trás é q✉❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ❞♦✐s ✈ért✐❝❡s u, v ❞❡♣❡♥❞❡ r❡❝✉rs✐✈❛♠❡♥t❡
❞♦ q✉ã♦ s✐♠✐❧❛r sã♦ ♦s ✈ért✐❝❡s ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ u, v✳

◆❛ ❙❡çã♦ ✷✳✶✱ é ❞❡s❝r✐t♦ ♦ ❙✐♠❘❛♥❦✱ ❝♦♠♦ s❡ s❡❣✉❡✿

Sx,y =

{

1 s❡ x = y

C
|Inx||Iny |

∑

x′∈Inx

∑

y′∈Iny
Sx′,y′ s❡ x 6= y

◆❡st❛ ❢♦r♠✉❧❛çã♦✱ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s ❞❡♣❡♥❞❡✱ r❡❝✉rs✐✈❛♠❡♥t❡✱ ❞❛ s✐✲
♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ t♦❞♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s ♥♦ ❝❛rt❡s✐❛♥♦ q✉❛❞r❛❞♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ✈ért✐❝❡s
♣r❡❝❡❞❡♥t❡s ❞❡ x ❡ y✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ Inx ❡ Iny✳ ❊st❛ s✐♠✐❧❛r✐❞❛❞❡ é ✉♠ ❢❛t♦r C ❞❛
s♦♠❛ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ❝❛❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❝❛❧❝✉❧❛❞❛ ❡♥tr❡ ♦s ♣❛r❡s (x′, y′) ∈ Inx × Iny✳
❘❡❡s❝r❡✈❡♥❞♦ ❙✐♠❘❛♥❦ ❝♦♠ ❡st❛ ♥♦t❛çã♦✿

Sx,y =

{

1 s❡ x = y

C
|Inx||Iny |

∑

u,v∈Inx×Iny
Su,v s❡ x 6= y

❉❡st❛ ❞❡✜♥✐çã♦✱ é ❞❡r✐✈❛❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦✿

✸✼



✸✽ ❈❛♣ít✉❧♦ ✹✳ ▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s

s(0)x,y =

{

1 s❡ x = y

0 s❡ x 6= y

s(k)x,y =
C

|Inx| |Iny|

∑

u,v∈Inx×Iny

s(k−1)
u,v

❊♠ ❬✸✻❪✱ é ♠♦str❛❞♦ q✉❡ ❧✐♠
k→∞

s
(k)
x,y = Sx,y✳

❆ ✐❞❡✐❛ ❞♦ ♠❡t❛ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ é ❝♦♥s✐❞❡r❛r ❛ ❢♦r♠❛ ❞❡ ❝á❧❝✉❧♦ ❞♦ ❙✐♠❘❛♥❦✱ ♠❛s
❝♦♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✏♣❛r❛♠❡tr✐③❛r✑ ❝♦♠ ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛❧ q✉❛❧q✉❡r✱
❝♦♠♦ s❡ s❡❣✉❡✿

❆❧❣♦r✐t♠♦ ✶✿ ❘❡❝❝✉rs✐✈❡▼❡t❛❙✐♠✐❧❛r✐t②
❊♥tr❛❞❛✿ ♦ ❣r❛❢♦ G✱ ❞✐❢❡r❡♥ç❛ ♠í♥✐♠❛ ❞❡ ♣❛r❛❞❛ δ✱ ♥ú♠❡r♦ ♠á①✐♠♦ ✐t❡r❛çõ❡s K ❡

♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛❧ LocalSim
❙❛í❞❛ ✿ ❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ S

✶ P ← {(u, v) ∈ ▲♦❝❛❧❙✐♠✳♣❛✐rs (G)}

✷ S
(0)

x,y∈V (G)2
←

{

0 ⇐⇒ x 6= y
1

|V (G)|
⇐⇒ x = y

✸ ❢♦r k ← 1, K ❞♦
✹ Sk

u,v ← Sk−1
u,v + ▲♦❝❛❧❙✐♠✳s✐♠✐❧❛r✐t②

(

Sk−1, u, v
)

∀ (u, v) ∈ P

✺ N ←
∑

u,v∈P

Sk
u,v

✻ Sk
u,v ←

Sk
u,v

N
∀(u, v) ∈ P ✴✴ ◆♦r♠❛❧✐③❛ ❛ ♠❛tr✐③

✼ ✐❢ max
{

∆✉❧♣
(

S(k)
u,v , S

(k−1)
u,v

)

∀ (u, v) ∈ P
}

≤ δ t❤❡♥
✴✴ ❙❡ ❝♦♥✈❡r❣✐✉✱ ♣ár❛

✽ st♦♣

✾ ❡♥❞

✶✵ ❡♥❞

◆♦t❡ q✉❡ ❡st❡ ❛❧❣♦r✐t♠♦ t♦♠❛ ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ❡♥tr❛❞❛ ▲♦❝❛❧❙✐♠✱ q✉❡ s❡ r❡❢❡r❡ ❛
✉♠ ♦✉tr♦ ❛❧❣♦r✐t♠♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛❧✳ ▲♦❝❛❧❙✐♠ ♣r❡❝✐s❛ ❢♦r♥❡❝❡r ❞♦✐s ♠ét♦❞♦s ♣❛r❛
♦ ♠❡t❛ ❛❧❣♦r✐t♠♦✿ ♣❛✐rs (G) ❡ s✐♠✐❧❛r✐t② (S, u, v)✳ ❖ ♣r✐♠❡✐r♦ ♠ét♦❞♦ ✐♥❢♦r♠❛ t♦❞♦s ♣❛✲
r❡s ❞❡ ✈ért✐❝❡s ♣❛r❛ ♦s q✉❛✐s ♦ ✈❛❧♦r ❞❛ s✐♠✐❧❛r✐❞❛❞❡ s❡rá ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ✭▲✐♥❤❛ ✶✮✳
❚r❛t❛✲s❡ ❛♣❡♥❛s ❞❡ ✉♠ ❝♦rt❡✱ ✐st♦ é✱ ✉♠❛ ♦t✐♠✐③❛çã♦ q✉❡ ❡✈✐t❛ q✉❡ ♥ã♦ s❡❥❛ ❝❛❧❝✉❧❛❞❛ ❛
s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ♣❛r❡s ❞❡ ✈ért✐❝❡s q✉❡ ❥á s❡ s❛❜❡ q✉❡ s❡rá ③❡r♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠ét♦❞♦
s✐♠✐❧❛r✐t② (S, u, v)✳ ❖ s❡❣✉♥❞♦ ♠ét♦❞♦ é ❛ ♣ró♣r✐❛ ❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛❧✱ q✉❡ é
tr❛♥s❢♦r♠❛❞❛ ❡♠ ✉♠❛ ❢✉♥çã♦ r❡❝✉rs✐✈❛✱ ✐st♦ é✱ t♦♠❛ ❝♦♠♦ ❡♥tr❛❞❛ ♦s ✈❛❧♦r❡s ♣r❡✈✐❛♠❡♥t❡



✹✳✶✳ ▼❡t❛✲❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✸✾

❝❛❧❝✉❧❛❞♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❛ ♠❛tr✐③ S✱ ❡ ♦ ♣❛r ❞❡ ✈ért✐❝❡ q✉❡ s❡ ❞❡s❡❥❛ s❛❜❡r ♦ ✈❛❧♦r ❞❛
s✐♠✐❧❛r✐❞❛❞❡✱ u, v ✭▲✐♥❤❛ ✹✮✳ ◆❛s s✉❜s❡çõ❡s s❡❣✉✐♥t❡s ❤á ❞❡t❛❧❤❡s ❡♠ ❝♦♠♦ ❡st❡ ♠ét♦❞♦
❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ♣❛r❛ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r✳

◆♦ ❛❧❣♦r✐t♠♦✱ ❤á ❞✉❛s ❝♦♥❞✐çõ❡s ❞❡ ♣❛r❛❞❛✿ ✐✳ ✉♠ ❧✐♠✐t❡ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s
K❀ ✐✐✳ s❡ ❛ ♠á①✐♠❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❛s ❞✉❛s ú❧t✐♠❛s ♠❛tr✐③❡s ❝❛❧❝✉❧❛❞❛s
é ♠❡♥♦r q✉❡ ♦ ♣❛râ♠❡tr♦ δ ✭▲✐♥❤❛ ✼✮✳ ■♠♣❧❡♠❡♥t❛♠♦s ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡t❡❝çã♦ ❞❡
❝♦♥✈❡r❣ê♥❝✐❛ ❡str✐t❛✱ ❜❛s❡❛❞❛ ♥❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✏❯♥✐t② ♦❢ ▲❡❛st P❧❛❝❡✑ ✭✉❧♣✮ ❬✷✾❪✱ ❞❡t❛❧❤❛❞♦
♥❛ ❙❡çã♦ ✺✳✹✳✹✳ ◗✉❛♥❞♦ ✉♠❛ ❞❛s ❞✉❛s ❝♦♥❞✐çõ❡s é ✈❡r❞❛❞❡✐r❛✱ ♦ ❛❧❣♦r✐t♠♦ ♣ár❛ ❡ r❡t♦r♥❛
❛ ú❧t✐♠❛ ♠❛tr✐③ ❝❛❧❝✉❧❛❞❛✳

✹✳✶✳✶ ▼ét♦❞♦ r❡❝✉rs✐✈♦ ♣❛r❛ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞

◆❛ ❙❡çã♦ ✷✳✶✸✱ é ❛♣r❡s❡♥t❛❞❛ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞ ❝♦♠♦ s❡ s❡❣✉❡✿

sx,y =

∣

∣Adjx
⋂

Adjy
∣

∣

∣

∣Adjx
⋃

Adjy
∣

∣

■st♦ é✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❏❛❝❝❛r❞ ❞❡ ❞♦✐s ✈ért✐❝❡s x ❡ y é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s
q✉❡ x ❡ y ♣♦ss✉❡♠ ❡♠ ❝♦♠✉♠ ❞✐✈✐❞✐❞♦ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ♥❛ ❛❞❥❛❝ê♥❝✐❛ ❞❡ x ❡ y✳
◆♦t❡ q✉❡ s❡rá ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

∣

∣Adjx
⋂

Adjy
∣

∣ = 0✱ ♦✉ s❡❥❛✱ s❡♠♣r❡ q✉❡ ❞♦✐s ✈ért✐❝❡s
♥ã♦ ♣♦ss✉❡♠ ❛❧❣✉♠ ♦✉tr♦ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ❡♠ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ❆ss✐♠✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦
❞♦ ♠ét♦❞♦ ♣❛✐rs (G) é s✐♠♣❧❡s♠❡♥t❡ ♣r♦❞✉③✐r t♦❞♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s q✉❡ tê♠ ♣❡❧♦ ♠❡♥♦s
✉♠ ♦✉tr♦ ❡♠ ❝♦♠✉♠ ❡♠ s✉❛ ❛❞❥❛❝ê♥❝✐❛✿

❘❡❝❏❛❝❝❛r❞✳♣❛✐rs (G) =
{

(u, v) ∈ V (G)× V (G) |Adju
⋂

Adjv 6= ∅
}

❆❣♦r❛✱ ♦ ❞❡s❛✜♦ é ❝♦♠♦ tr❛♥s❢♦r♠❛r ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞ ♣❛r❛ ❝♦♥s✐❞❡r❛r ♦s ✈❛❧♦r❡s ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s✳ ❆ ✐❞❡✐❛ é ❝❛❧❝✉❧á✲❧❛ ♥♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❞♦s
❝♦♥❥✉♥t♦s ❢♦r♠❛❞♦s ♣❡❧♦s ✈ért✐❝❡s ✈✐③✐♥❤♦s ❞❡ u, v✱ ❝♦♥t✉❞♦✱ ❛♦ ✐♥✈és ❞❡ s♦♠❛r ✉♠ ✭✶✮
s❡♠♣r❡ q✉❡ ❤á ✉♠ ❡❧❡♠❡♥t♦ ♥❡st❛ ✈✐③✐♥❤❛♥ç❛✱ s♦♠❛✲s❡ ♦ ✈❛❧♦r ♣ré✲❝❛❧❝✉❧❛❞♦ ❞❡ Mu,v✳ ❆
♠❡❞✐❞❛ ❏❛❝❝❛r❞ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

Su,v =
|Adju

⋂

Adjv|

|Adju
⋃

Adjv|

=

∑

z∈(Adju
⋂

Adjv)

1

∑

z∈(Adju
⋃

Adjv)

1
✭✹✳✶✮



✹✵ ❈❛♣ít✉❧♦ ✹✳ ▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s

❆ss✐♠✱ r❡❞❡✜♥✐♠♦s ❏❛❝❝❛r❞ ♣❛r❛ ♦ ♠❡t❛ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ ❝♦♠♦✿

❏❛❝❝❛r❞✳s✐♠✐❧❛r✐t② (M,u, v) =

∑

x,y∈(Adju
⋂

Adjv)
2

Mx,y

∑

x,y∈(Adju
⋃

Adjv)
2

Mx,y

✭✹✳✷✮

◆♦t❡ q✉❡ ❡st❛ ❢ór♠✉❧❛ é ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛✱ ♣♦✐s sã♦ ❝♦♥s✐❞❡r❛❞♦s
♦s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s✱ ❆❞❥•✳ P❛r❛ ♦ ❝❛s♦ ❞✐r❡❝✐♦♥❛❞♦✱ ✉s❛♠♦s ✉♠❛ ❢ór♠✉❧❛ ♠✉✐t♦ s✐♠✐❧❛r✱
♠❛s q✉❡ ♣♦♥❞❡r❛ ❡♥tr❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❡ s✉❝❡ss♦r❡s✿

❏❛❝❝❛r❞✳s✐♠✐❧❛r✐t② (M,u, v) = λf (■♥, u, v) + (1− λ) f (❖✉t, u, v)

f (Υ, u, v) =

∑

x,y∈(Υu

⋂
Υv)

2

Mx,y

∑

x,y∈(Υu

⋃
Υv)

2

Mx,y

Υ r❡♣r❡s❡♥t❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✈ért✐❝❡✱ ♦r❛ ♦s ♣r❡❞❡❝❡ss♦r❡s✱ ♦r❛ ♦s s✉❝❡ss♦r❡s✳ ❖
♣❛râ♠❡tr♦ λ ❞❡✜♥❡ ❛ ✐♠♣♦rtâ♥❝✐❛ r❡❧❛t✐✈❛ ❡♥tr❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❡ s✉❝❡ss♦✲
r❡s✳

◆❡st❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞✐r❡❝✐♦♥❛❞❛✱ ♦ ♠ét♦❞♦ q✉❡ ❞❡✜♥❡ ♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s
❝✉❥♦ ✈❛❧♦r s❡rá ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ❞❡✈❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

❘❡❝❏❛❝❝❛r❞✳♣❛✐rs (G) =
{

(u, v) ∈ V (G)× V (G) |Inu

⋂

Inv 6= ∅ ♦✉ Outu
⋂

Outv 6= ∅
}

✹✳✶✳✷ ▼ét♦❞♦ r❡❝✉rs✐✈♦ ♣❛r❛ ♠❡❞✐❞❛ ❆❞❛♠✐❝✴❆❞❛r

◆❛ ❙❡çã♦ ✷✳✸✱ é ❛♣r❡s❡♥t❛❞♦ ❛ ♠❡❞✐❞❛ ❆❞❛♠✐❝✴❆❞❛r ❝♦♠♦ s❡ s❡❣✉❡✿

sx,y =
∑

z∈Adjx
⋂

Adjy

1

log (|Adjz|)

■st♦ é✱ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❆❞❛♠✐❝✴❆❞❛r ❞❡ ❞♦✐s ✈ért✐❝❡s x ❡ y é ❛ s♦♠❛ ❞♦ ✐♥✈❡rs♦ ❞♦
❧♦❣❛r✐t♠♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ✭❣r❛✉✮ ❞❡ ❝❛❞❛ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ♥❛ ❛❞❥❛❝ê♥❝✐❛ ❞❡ x, y✳ ◆♦t❡
q✉❡ s❡rá ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

∣

∣Adjx
⋂

Adjy
∣

∣ = 0✱ ♦✉ s❡❥❛✱ s❡♠♣r❡ q✉❡ ❞♦✐s ✈ért✐❝❡s ♥ã♦
♣♦ss✉❡♠ ❛❧❣✉♠ ♦✉tr♦ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ❡♠ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ❆ss✐♠ ❝♦♠♦ ♦❝♦rr❡ ❝♦♠
❏❛❝❝❛r❞✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❘❡❝❆❞❛♠✐❝❆❞❛r✳♣❛✐rs (G) é s✐♠♣❧❡s♠❡♥t❡ ♣r♦❞✉③✐r
t♦❞♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s q✉❡ tê♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ♦✉tr♦ ❡♠ ❝♦♠✉♠ ❡♠ s✉❛ ❛❞❥❛❝ê♥❝✐❛✿



✹✳✶✳ ▼❡t❛✲❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✹✶

❘❡❝❆❞❛♠✐❝❆❞❛r✳♣❛✐rs (G) =
{

(u, v) ∈ V (G)× V (G) |Adju
⋂

Adjv 6= ∅
}

❆ss✐♠ ❝♦♠♦ tr❛♥s❢♦r♠❛♠♦s ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞✱ ❢❛r❡♠♦s ❝♦♠ ❆❞❛♠✐❝✴❆❞❛r✳ ❆ ✐❞❡✐❛ é
❝❛❧❝✉❧❛r ♥♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s u, v✱ ❝♦♥t✉❞♦✱ ❛♦ ✐♥✈és ❞❡ s♦♠❛r
✉♠ ✭✶✮ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛q✉❡❧❡s ❡♠ ❝♦♠✉♠ ❞❡ u, v✱ s♦♠❛r❡♠♦s ♦ ✈❛❧♦r
♣ré✲❝❛❧❝✉❧❛❞♦ ❡♠ M ❡ r❡❡s❝❛❧❛♠♦s ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r n✱ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ♥♦ ❣r❛❢♦✳
❊st❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❧❡✈❛ ♦ t❡r♠♦ ♥✉♠❛ ❡s❝❛❧❛ s✐♠✐❧❛r ❛ ❞❡ |Adj•| , ✐st♦ é✱ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦
♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞❛ ✈✐③✐♥❤❛♥ç❛✳ ◆♦t❡ q✉❡✱ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦✱ ♦s ✈❛❧♦r❡s ❞❛ ♠❛tr✐③
❞❡ s✐♠✐❧❛r✐❞❛❞❡ M sã♦ ♥♦r♠❛❧✐③❛❞♦s ❡♥tr❡ [0, 1]✱ ♣♦r ✐ss♦ t❛♠❜é♠✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r n✳
❆ss✐♠✱ ♦ t❡t♦ ❞❡st❛ ♠✉❧t✐♣❧✐❝❛çã♦ t❡♠ ❢✉♥çã♦ ❛♥á❧♦❣❛ ❛ ❢r❡q✉ê♥❝✐❛ ❞❛ ✈✐③✐♥❤❛♥ç❛✳

❆ ♠❡❞✐❞❛ ❆❞❛♠✐❝✴❆❞❛r ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

Su,v =
∑

z∈Adjx
⋂

Adjy

1

log (❢r❡q (z))

=
∑

z∈Adjx
⋂

Adjy

1

log (|Adjz|)

=
∑

z∈Adjx
⋂

Adjy

1

log





∑

w∈❆❞❥
z

1





❆ss✐♠✱ r❡❞❡✜♥✐♠♦s ❆❞❛♠✐❝✴❆❞❛r ♣❛r❛ ♦ ♠❡t❛ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ ❝♦♠♦✿

❘❡❝❆❞❛♠✐❝❆❞❛r✳s✐♠✐❧❛r✐t② (M,u, v) =
∑

x,y∈(Adju
⋂

Adjv)
2

1

log (❋r❡q (x, y |M))

❋r❡q (x, y |M) = ⌈nPr (x, y |M)⌉ ✭✹✳✸✮

Pr (x, y |M) =
∑

z,w∈❆❞❥
x
×❆❞❥

y

Mz,w

◆♦t❡ q✉❡ ❡st❛ ❢ór♠✉❧❛ é ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛✱ ♣♦✐s sã♦ ❝♦♥s✐❞❡r❛❞♦s
♦s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s✱ ❆❞❥•✳ P❛r❛ ♦ ❝❛s♦ ❞✐r❡❝✐♦♥❛❞♦✱ ✉s❛♠♦s ✉♠❛ ❢ór♠✉❧❛ ♠✉✐t♦ s✐♠✐❧❛r✱
♠❛s q✉❡ ♣♦♥❞❡r❛ ❡♥tr❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❡ s✉❝❡ss♦r❡s✿



✹✷ ❈❛♣ít✉❧♦ ✹✳ ▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s

❘❡❝❆❞❛♠✐❝❆❞❛r✳s✐♠✐❧❛r✐t② (M,u, v) = λf (■♥, u, v) + (1− λ) f (❖✉t, u, v)

f (Υ, u, v) =
∑

x,y∈(Υu

⋂
Υv)

2

1

log (❋r❡q (x, y |M,Υ))

❋r❡q (x, y |M,Υ) = ⌈nPr (x, y |M,Υ)⌉

Pr (x, y |M,Υ) =
∑

z,w∈Υx×Υy

Mz,w

❊♠ q✉❡ Υ r❡♣r❡s❡♥t❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✈ért✐❝❡✱ ♦r❛ ♦s ♣r❡❞❡❝❡ss♦r❡s✱ ♦r❛ ♦s s✉❝❡s✲
s♦r❡s✳ ❖ ♣❛râ♠❡tr♦ λ ❞❡✜♥❡ ❛ ✐♠♣♦rtâ♥❝✐❛ r❡❧❛t✐✈❛ ❡♥tr❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s
❡ s✉❝❡ss♦r❡s✳

◆❡st❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞✐r❡❝✐♦♥❛❞❛✱ ♦ ♠ét♦❞♦ q✉❡ ❞❡✜♥❡ ♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s
❝✉❥♦s ✈❛❧♦r❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ s❡rá ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ❞❡✈❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

❘❡❝❆❞❛♠✐❝❆❞❛r✳♣❛✐rs (G) =
{

(u, v) ∈ V (G)× V (G) |Inu

⋂

Inv 6= ∅ ♦✉ Outu
⋂

Outv 6= ∅
}

✹✳✶✳✸ ❘❡❞❡✜♥✐♥❞♦ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛✐s

◆❡st❛ s❡çã♦✱ ❢♦r❛♠ r❡❞❡✜♥✐❞❛s ❞✉❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❧♦❝❛✐s✱ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆✲

❞❛r✳ ❈♦♥t✉❞♦✱ ♥❛❞❛ ✐♠♣❡❞❡ ❢❛③❡r ♦ ♠❡s♠♦ ❝♦♠ ♦✉tr❛s ♠❡❞✐❞❛s✱ ❝♦♠♦ Pr❡❢❡r❡♥t✐❛❧ ❆tt❛✲

❝❤♠❡♥t✱ ❈♦♠♠♦♥✲◆❡✐❣❤❜♦rs✱ ❡t❝✳ ❆ ✐❞❡✐❛ q✉❡ ❣✉✐❛ ❡st❛ tr❛♥s❢♦r♠❛çã♦ é ❝♦♥✈❡rt❡r ✉♠❛
❢ór♠✉❧❛ q✉❡ ♥♦r♠❛❧♠❡♥t❡ ❞❡♣❡♥❞❡ ❞❡ ✉♠ ✈ért✐❝❡ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧ ❞❡ ♣❛r❡s ❞❡ ✈ért✐❝❡s✱
♣❛r❛ ✉♠❛ ❢ór♠✉❧❛ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ♣❛r❡s ❞❡ ✈ért✐❝❡s ❞♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❞❛ ✈✐③✐♥❤❛♥ç❛
❧♦❝❛❧ ❞❡ ♣❛r❡s ❞❡ ♦✉tr♦s ✈ért✐❝❡s✳ ❈♦♠ ❡st❡ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦✱ ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦
❞❡ ♣❛r❡s ❞❡ ✈ért✐❝❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ✐♥✈♦❝❛r ❛ ❢✉♥çã♦ r❡❝✉rs✐✈❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ✐st♦ é✱ ♦
✈❛❧♦r ❞❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❛ ✐t❡r❛çã♦ ❛♥t❡r✐♦r✳

P♦r ❡①❡♠♣❧♦✱ ♥❛ ❊q✉❛çã♦ ✹✳✶✱ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞ ❞✐③ q✉❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ u, v ❞❡♣❡♥❞❡
❞♦ ✈ért✐❝❡ z✱ ♣❡rt❡♥❝❡♥t❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♠✉♠ ❞❡ u, v✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✉❛çã♦
✹✳✷✱ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡st❛ ♠❡❞✐❞❛ ❢❛③ ❝♦♠ q✉❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ u, v ❞❡♣❡♥❞❛ ❛❣♦r❛
❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ♦✉tr♦ ♣❛r ❞❡ ✈ért✐❝❡s x, y✱ ❡st❡s ♣❡rt❡♥❝❡♥t❡s ♥♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦
q✉❛❞r❛❞♦ ❞♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ✈ért✐❝❡s ❡♠ ❝♦♠✉♠ ❞❡ u, v✳ ❖ ♠❡s♠♦ ♣r✐♥❝í♣✐♦ é
❛♣❧✐❝❛❞♦ ♣❛r❛ ❛ ♠❡❞✐❞❛ ❆❞❛♠✐❝✴❆❞❛r✳ ◗✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ❛ ✈❡rsã♦ r❡❝✉rs✐✈❛ ❝♦♠ ❛ ♥ã♦
r❡❝✉rs✐✈❛✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❜❛s❡ ❞❡ ✈✐③✐♥❤♦s ❞❡ u, v ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ s✐♠✐❧❛r✐❞❛❞❡✳ P❛r❛
❛ ✈❡rsã♦ r❡❝✉rs✐✈❛✱ é ❢❡✐t♦ ♦ ❝❛rt❡s✐❛♥♦ ❞❡st❡ ❝♦♥❥✉♥t♦ ❝♦♠ ❡❧❡ ♠❡s♠♦✱ ♣❛r❛ ❛ss✐♠ ♣r♦❞✉③✐r
♣❛r❡s ❞❡ ♦✉tr♦s ✈ért✐❝❡s ♣❛r❛ ✐♥✈♦❝❛r r❡❝✉rs✐✈❛♠❡♥t❡ ❛ ❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳



✹✳✶✳ ▼❡t❛✲❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✹✸

✹✳✶✳✹ ❊①❡♠♣❧♦

P❛r❛ ❝❧❛r✐✜❝❛r ♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦✱ ✈❛♠♦s ✐❧✉str❛r ❛ s✉❛ ❛♣❧✐❝❛çã♦ ♣❛r❛ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞✳
❈♦♥s✐❞❡r❡ ♦ ❣r❛❢♦ ❞❛ ✜❣✉r❛ ❛❜❛✐①♦ ❡ t♦♠❡ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s (1, 2) ❡
(0, 3)✳

0

1

2

3

4

5

6

❏❛❝❝❛r❞ ❈♦♥s✐❞❡r❛♥❞♦✲s❡ ♦ ♠ét♦❞♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♦r✐❣✐♥❛❧ ❏❛❝❝❛r❞✱ ♣❛r❛ ❝❛❧❝✉❧❛r ❛
s✐♠✐❧❛r✐❞❛❞❡ ❞❡st❡s ♣❛r❡s ❜❛st❛ ❛♣❡♥❛s ♦❜s❡r✈❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛
❡ ❛q✉❡❧❡s ❡♠ ❝♦♠✉♠✳ ◆❡st❡ ❝❛s♦✱ ♦ ✈ért✐❝❡ 1 t❡♠ ❡♠ s✉❛ ✈✐③✐♥❤❛♥ç❛ {0, 3} ❡ ♦ ✈ért✐❝❡ 2

t❡♠ {0, 4}✳ P♦rt❛♥t♦✱ ♦ ♣❛r (1, 2) ♣♦ss✉✐ ❡♠ ❝♦♠✉♠ ♦ ✈ért✐❝❡ 0 ❡✱ ❛♦ t♦❞♦✱ sã♦ ✈✐③✐♥❤♦s
❞❡ (1, 2) ♦s ✈ért✐❝❡s{0, 3, 4}✱ ❛ss✐♠✿

S1,2 =
|{0}|

|{0, 3, 4}|
=

1

3

S0,3 =
|{1}|

|{1, 2, 5}|
=

1

3

❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❖ ♠ét♦❞♦ r❡❝✉rs✐✈♦ ❏❛❝❝❛r❞ ♥ã♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡
✈ért✐❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣❛r✱ ♠❛s t❛♠❜é♠ ❞♦ q✉ã♦ s✐♠✐❧❛r sã♦ ♦s ♣❛r❡s ❞❡ ✈ért✐❝❡s
♥❡st❛ ✈✐③✐♥❤❛♥ç❛✳ ❙❡❣✉✐♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ❊q✉❛çã♦ ✹✳✷✿

S1,2 =
S0,0

S0,0 + S0,3 + S0,4 + S3,0 + S3,3 + S3,4 + S4,0 + S4,3 + S4,4

S0,4 =
S2,2

S1,1 + S1,2 + S1,6 + S2,1 + S2,2 + S2,6 + S6,1 + S6,2 + S6,6

S0,3 =
S1,1

S1,1 + S1,2 + S1,5 + S2,1 + S2,2 + S2,5 + S5,1 + S5,2 + S5,5

S1,5 =
S3,3

S0,0 + S0,3 + S3,0 + S3,3

◆♦t❡ q✉❡ ♣❛r❛ ♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦ é ❢❡✐t♦ ♦ q✉❛❞r❛❞♦ ❝❛rt❡s✐❛♥♦ ❞♦s ❝♦♥❥✉♥t♦s ♥♦
♥✉♠❡r❛❞♦r ❡ ❞❡♥♦♠✐♥❛❞♦r ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❏❛❝❝❛r❞✳ P❛r❛ ❝❛❞❛ ♣❛r ❞❡st❡ ♣r♦❞✉t♦
❝❛rt❡s✐❛♥♦✱ ❛ ❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ é r❡✲❛♣❧✐❝❛❞❛ r❡❝✉rs✐✈❛♠❡♥t❡✳ ❆✐♥❞❛✱ ♦❜✈❡r✈❡ q✉❡ S1,2

❡ S0,4 ❞❡♣❡♥❞❡♠ ❡♥tr❡ s✐✳



✹✹ ❈❛♣ít✉❧♦ ✹✳ ▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s

P❛t❛♠❛r❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ P❛r❛ ♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ♠❛tr✐③❡s
❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❡❧♦ ♠ét♦❞♦ ❏❛❝❝❛r❞ ❡ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ✿

❏❛❝❝❛r❞ ✿

✵ ✶ ✷ ✸ ✹ ✺ ✻

✵ ✶✱✵✵ ✵✱✸✸ ✵✱✸✸
✶ ✶✱✵✵ ✵✱✸✸ ✵✱✺✵
✷ ✵✱✸✸ ✶✱✵✵ ✵✱✺✵
✸ ✵✱✸✸ ✶✱✵✵
✹ ✵✱✸✸ ✶✱✵✵
✺ ✵✱✺✵ ✶✱✵✵
✻ ✵✱✺✵ ✶✱✵✵

★✷ ★✸
✭✶✱✺✮ ✭✷✱✻✮ ✭✵✱✸✮ ✭✵✱✹✮ ✭✶✱✷✮
✵✱✺✵ ✵✱✺✵ ✵✱✸✸ ✵✱✸✸ ✵✱✸✸

❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ✿

✵ ✶ ✷ ✸ ✹ ✺ ✻

✵ ✶✱✵✵ ✵✱✷✸ ✵✱✷✸
✶ ✶✱✵✵ ✵✱✷✻ ✵✱✹✶
✷ ✵✱✷✻ ✶✱✵✵ ✵✱✹✶
✸ ✵✱✷✸ ✶✱✵✵
✹ ✵✱✷✸ ✶✱✵✵
✺ ✵✱✹✶ ✶✱✵✵
✻ ✵✱✹✶ ✶✱✵✵

★✷ ★✸ ★✹
✭✶✱✺✮ ✭✷✱✻✮ ✭✶✱✷✮ ✭✵✱✸✮ ✭✵✱✹✮
✵✱✹✶ ✵✱✹✶ ✵✱✷✺ ✵✱✷✸ ✵✱✷✸

◆♦t❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❏❛❝❝❛r❞ ❣❡r❛ ❛♣❡♥❛s ✸ ♣❛t❛♠❛r❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ♦s ♣❛r❡s ❝♦♠
s✐♠✐❧❛r✐❞❛❞❡ ✶✱✵❀ ✵✱✺ ❡ ✵✱✸✸✳ ❏á ♦ ❛❧❣♦r✐t♠♦ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❣❡r❛ ✹ ♣❛t❛♠❛r❡s ❞❡ s✐♠✐✲
❧❛r✐❞❛❞❡✱ ❞✐❢❡r❡♥❝✐❛♥❞♦ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ (1, 2) ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞♦s ♣❛r❡s (0, 3) ❡ (0, 4)✳
■♥❞❡♣❡♥❞❡♥t❡ s❡ ✐ss♦ ✈❛✐ ❣❡r❛r ❜♦♥s r❡s✉❧t❛❞♦s ♦✉ ♥ã♦✱ ♦ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ ❢❛③ ✉♠ ✏❛❥✉st❡
✜♥♦✑✱ ❞✐❢❡r❡♥❝✐❛♥❞♦ ♠❡❧❤♦r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s ♣❛r❡s✳ ◆♦ ❈❛♣ít✉❧♦ ✺ ❛✈❛❧✐❛♠♦s s❡ ✐st♦
❣❡r❛ ✉♠ ❜❡♥❡❢í❝✐♦✳

✹✳✷ ❉✐r❡çã♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s

❊♠ ❬✹✺❪✱ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s sã♦ ❝❛❧❝✉❧❛❞❛s ❞❡s❝♦♥s✐❞❡r❛♥❞♦ ❛
❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦✳ P♦r ❡①❡♠♣❧♦✱ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞ é ♣r♦♣♦st❛ ❝♦♠ ❛ ❢ór♠✉❧❛✿

sx,y =

∣

∣Adjx
⋂

Adjy
∣

∣

∣

∣Adjx
⋃

Adjy
∣

∣

❖✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛♠✲s❡ t♦❞♦s ✈✐③✐♥❤♦s ❞❡ ✉♠ ✈ért✐❝❡✱ s❡♠ ❞✐st✐♥❣✉✐r ♣r❡❞❡❝❡ss♦r❡s ❡
s✉❝❡ss♦r❡s✳ ❚❛❧✈❡③ ❡st❛ ❡str❛té❣✐❛ t❡♥❤❛ s✐❞♦ t♦♠❛❞❛ ♣❡❧♦s ❛✉t♦r❡s ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡
tr❛❜❛❧❤❛r❛♠ ❝♦♠ ♦ ❣r❛❢♦ ❞❡ ❝♦❛✉t♦r✐❛ ❞❡ ❛rt✐❣♦s ❝✐❡♥tí✜❝♦s✳ ◆❡st❡ ❣r❛❢♦ ❞❡ ❝♦❛✉t♦r✐❛✱
♣r❡✈✐❛♠❡♥t❡ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ❙❡çã♦ ✶✳✹✳✷✱ ♦s ✈ért✐❝❡s r❡♣r❡s❡♥t❛♠ ❛✉t♦r❡s ❡ ❛r❡st❛s ✐♥❢♦r✲
♠❛♠ q✉❡ ❞♦✐s ❛✉t♦r❡s ❥á ❡s❝r❡✈❡r❛♠ ❛❧❣✉♠ ❛rt✐❣♦ ❥✉♥t♦s✳ ◆❡st❛ s✐t✉❛çã♦✱ ❛ s❡♠â♥t✐❝❛ ❞❛



✹✳✷✳ ❉✐r❡çã♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s ✹✺

❞✐r❡çã♦ ❞❛s ❛r❡st❛s ♥ã♦ é ❝❧❛r❛✱ ♣♦r ✐ss♦✱ ♣♦ss✐✈❡❧♠❡♥t❡ t❡♥❤❛♠ ❞❡s❝♦♥s✐❞❡r❛❞♦ ❛ ❞✐r❡çã♦
❞❛s ❛r❡st❛s ❡ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ sã♦ ❝❛❧❝✉❧❛❞♦s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❆❞❥•✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛q✉✐ ❡st❛♠♦s ❧✐❞❛♥❞♦ ❝♦♠ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ❡♠ q✉❡ ✈ért✐❝❡s sã♦
❛rt✐❣♦s ❡ ❛r❡st❛s r❡♣r❡s❡♥t❛♠ q✉❡ ✉♠ ❛rt✐❣♦ ❝✐t❛ ♦✉tr♦ ❡♠ s✉❛s r❡❢❡rê♥❝✐❛s✳ ❆ ❋✐❣✉r❛ ✹✳✶
♠♦str❛ ✉♠ ❡①❡♠♣❧♦ ❞❡st❡ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ❡♠ q✉❡ ♦s ✈ért✐❝❡s ❡♥✉♠❡r❛❞♦s r❡♣r❡s❡♥t❛♠
❛rt✐❣♦s ❡ ❛s ❛r❡st❛s ❞✐③❡♠ q✉❛❧ é ♦ ❛rt✐❣♦ q✉❡ ❢❛③ ❛ ❝✐t❛çã♦ ✭❝✐t❛♥t❡✮ ❡ ❛q✉❡❧❡ q✉❡ r❡❝❡❜❡
✉♠❛ ❝✐t❛çã♦ ✭❝✐t❛❞♦✮✳

❉❛❞❛ ❛ ♥❛t✉r❡③❛ ❞✐r❡❝✐♦♥❛❞❛ ❞❡st❡ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ❛❝r❡❞✐t❛♠♦s s❡r ✐♠♣♦rt❛♥t❡ t❛♠✲
❜é♠ ✈❡r✐✜❝❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞✐r❡çã♦ ❞❛s
❛r❡st❛s✳ P♦r ✐ss♦✱ r❡❞❡✜♥✐♠♦s t♦❞❛s ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✐♠♣❧❡♠❡♥t❛❞❛s ♥❡st❡ tr❛✲
❜❛❧❤♦ ❡♠ três ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s ✭❝♦♥s✐❞❡r❡ ❛ ❋✐❣✉r❛ ✹✳✶ ❡ ♦ ✈ért✐❝❡
✹ ❝♦♠♦ r❡❢❡rê♥❝✐❛✮✿

• ❱✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s (■♥)✿ ❖s ✈✐③✐♥❤♦s ♣r❡❞❡❝❡ss♦r❡s sã♦ ♦s ✈ért✐❝❡s ④✶✱✷⑥✳

• ❱✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s (❖✉t)✿ ❖s ✈✐③✐♥❤♦s s✉❝❡ss♦r❡s sã♦ ♦s ✈ért✐❝❡s ④✺✱✻⑥✳

• ❚♦❞❛ ✈✐③✐♥❤❛♥ç❛ (❆❞❥)✱ q✉❛♥❞♦ é ❞❡s❝♦♥s✐❞❡r❛❞❛ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✿ ❖s ✈✐③✐♥❤♦s
sã♦ ♦s ✈ért✐❝❡s ④✶✱✷✱✺✱✻⑥✳

❉❛❞❛s ❡st❛s três ♣♦ssí✈❡✐s ❝♦♥✜❣✉r❛çõ❡s ❞❛ ✈✐③✐♥❤❛♥ç❛✱ ❛ ❢♦r♠✉❧❛çã♦ ❞❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞

♣♦❞❡ s❡r ❞❡s❞♦❜r❛❞❛ ♥❛s s❡❣✉✐♥t❡s ✈❡rsõ❡s✿

s✐♥x,y =
|Inx

⋂

Iny|

|Inx

⋃

Iny|

s♦✉tx,y =
|Outx

⋂

Outy|

|Outx
⋃

Outy|

s✉♥❞✐r❡❝t❡❞x,y =

∣

∣Adjx
⋂

Adjy
∣

∣

∣

∣Adjx
⋃

Adjy
∣

∣

➱ ❞✐r❡t♦ ❡ s✐♠♣❧❡s ❢❛③❡r ♦ ♠❡s♠♦ ❞❡s❞♦❜r❛♠❡♥t♦ ♣❛r❛ ❛s ❞❡♠❛✐s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐✲
❞❛❞❡✱ ❡♠ ❡s♣❡❝✐❛❧ ❛q✉❡❧❛s ❛✈❛❧✐❛❞❛s ♥❡st❛ ❞✐ss❡rt❛çã♦✿ ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝✴❆❞❛r✱ ❙✐♠❘❛♥❦✱
❑❛t③ ❡ ♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦ ♣r♦♣♦st♦ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✳ ❙❡rá ♠♦str❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✺
q✉❡ ❡st❛s ❝♦♥✜❣✉r❛çõ❡s ❞✐st✐♥t❛s ❞❡ ✉♠❛ ♠❡s♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❛♣r❡s❡♥t❛♠ ❡✜✲
❝á❝✐❛s ❜❡♠ ❞✐st✐♥t❛s✱ ❝♦♥✜r♠❛♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ s❡ ❛❞♦t❛r ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ♥♦
❝á❧❝✉❧♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳



✹✻ ❈❛♣ít✉❧♦ ✹✳ ▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s

❋✐❣✉r❛ ✹✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❡ ❛ s❡♠â♥t✐❝❛ ❞❛ ❞✐r❡çã♦ ❞❛ ❛r❡st❛✳



❈❛♣ít✉❧♦ ✺

❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

✺✳✶ ❖ ●r♦✉♥❞ ❚❤r✉t❤ ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❯♠ ♣❛ss♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ♠ét♦❞♦ ❝✐❡♥tí✜❝♦ é ❛ ❛✈❛❧✐❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ ❈♦♥t✉❞♦✱ ❛
❛✈❛❧✐❛çã♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣♦❞❡ s❡r ✉♠❛ t❛r❡❢❛ ❞✐❢í❝✐❧✱ ♣♦✐s ♥ã♦
é ✐♥❝♦♠✉♠ ❛ ❢❛❧t❛ ❞❡ ✉♠ ❣❛❜❛r✐t♦✱ ❣r♦✉♥❞ tr✉t❤✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r ❡①✐st✐r ✉♠ ❝✉st♦
❛❧t♦ ✭❡♠ t❡♠♣♦ ❡ s✉❜❥❡t✐✈✐❞❛❞❡✮ ♣❛r❛ ❛♥♦t❛r ❞❛❞♦s✳ ❘❡❛❧✐③❛r ❛✈❛❧✐❛çã♦ ❞❡ ♠❡❞✐❞❛s ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ✉s✉ár✐♦s r❡❛✐s ♣♦❞❡ ♥ã♦ s❡r ✉♠❛ t❛r❡❢❛ ♣rát✐❝❛✳ ❆❧é♠ ❞❡ ❧❛❜♦r✐♦s❛✱
❞❡♣❡♥❞❡♥❞♦ ❞❡ ❝♦♠♦ é ❡①❡❝✉t❛❞♦✱ ♣♦❞❡ s❡ t♦r♥❛r ✉♠ tr❛❜❛❧❤♦ ❞✐❢í❝✐❧ ❞❡ s❡r r❡❛♣r♦✈❡✐t❛❞♦
♣❛r❛ ❝♦♥tí♥✉❛ ♠❡❧❤♦r✐❛ ❡ ✐♥✈❡st✐❣❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s✱ ❥á q✉❡ ❛ ❛✈❛❧✐❛çã♦ ❞❡ ✉s✉ár✐♦s ♣♦❞❡
t❡r s✐❞♦ ♦❜t✐❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❞♦ s✐st❡♠❛✱ ✐st♦ é✱ ❝♦♠
✉♠ ✈✐és✳ ❙✉♣♦♥❤❛ ❛ t❛r❡❢❛ ❞❡ ❜✉s❝❛ ❡ q✉❡ r❡s✉❧t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❛♦s ✉s✉ár✐♦s ❛
✜♠ ❞❡ ❝❧❛ss✐✜❝❛r❡♠ s❡ ❝❛❞❛ r❡s✉❧t❛❞♦ r❡t♦r♥❛❞♦ é r❡❧❡✈❛♥t❡ ♦✉ ♥ã♦✳ ❖ q✉❡ ❢♦✐ r❡t♦r♥❛❞♦
♣❛r❛ ♦ ✉s✉ár✐♦ ❝❧❛ss✐✜❝❛r✱ ❡♠ ♠✉✐t❛s ❝♦♥str✉çõ❡s ❞❡ s✐st❡♠❛s ❞❡ ❜✉s❝❛✱ é ♣❛rt❡ ❞♦ q✉❡ ❞❡
❢❛t♦ s❡r✐❛ r❡❧❡✈❛♥t❡✳ ❆ss✐♠✱ ❡st❡ ✉s✉ár✐♦ ❡st❛r✐❛ ❝❧❛ss✐✜❝❛♥❞♦ ❛♣❡♥❛s ✉♠❛ ♣❛rt❡ ❞♦ q✉❡
❡st❡ s✐st❡♠❛ s❡❧❡❝✐♦♥♦✉✱ ✐♥tr♦❞✉③✐♥❞♦ ✉♠ ✈✐és ❞❛ ❝♦♥✜❣✉r❛çã♦ ❞♦ s✐st❡♠❛✳ ❆ q✉❡stã♦ é✿
s❡r✐❛ ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ❡st❛ ❛♥♦t❛çã♦ ♣❛r❛ ✉♠ ♦✉tr♦ s✐st❡♠❛ ❞❡ ❜✉s❝❛ q✉❡ t❡♠ ♦✉tr❛s
❝♦♥✜❣✉r❛çõ❡s❄ ❚❛❧✈❡③ ❡st❡ ♦✉tr♦ s✐st❡♠❛ r❡✈❡❧❛r✐❛ ♦✉tr♦s r❡s✉❧t❛❞♦s ♠❡❧❤♦r❡s r❛♥q✉❡❛❞♦s
s❡♠ ❛♥♦t❛çã♦ ♣ré✈✐❛✳ ❆✐♥❞❛✱ s❡r✐❛ ♣♦ssí✈❡❧ r❡❛❧✐③❛r ✉♠❛ ♥♦✈❛ ❛♥♦t❛çã♦ ❝♦♠ ♦s ♠❡s♠♦s
✉s✉ár✐♦s ♦✉ ♥♦✈♦s✱ ♠❛s ♠❛♥t❡♥❞♦ ♦s ♠❡s♠♦s ❝r✐tér✐♦s ❞❡ ❛✈❛❧✐❛çã♦ q✉❡ ♣♦ss✐✈❡❧♠❡♥t❡ sã♦
s✉❜❥❡t✐✈♦s❄ ❉❡✈❡✲s❡ ❝♦♥s✐❞❡r❛r ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ✉♠❛ ♥♦✈❛ ❛♥♦t❛çã♦ ❞❡ ✉s✉ár✐♦s ♣♦❞❡
♥ã♦ ❡st❛r r❡♣r♦❞✉③✐♥❞♦ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❡ ♦✉tr♦ ❡①♣❡r✐♠❡♥t♦✱ ❞✐✜❝✉❧t❛♥❞♦✱
❛ss✐♠✱ ❛ ❝♦♥❝❧✉sã♦ s❡ ✉♠ s✐st❡♠❛ é ❡st❛t✐st✐❝❛♠❡♥t❡ s✉♣❡r✐♦r ❛ ♦✉tr♦✳ P♦❞❡✲s❡ ❛r❣✉♠❡♥t❛r
❛ ❢❛✈♦r ❞❛ ❛♥♦t❛çã♦ ❝♦♠♣❧❡t❛ ❞❡ r❡❧❡✈â♥❝✐❛ ❞❡ t♦❞♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ♣ré✲
❞❡t❡r♠✐♥❛❞♦ ❞❡ ❜✉s❝❛s✱ ❝♦♥t✉❞♦✱ q✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡♥♦r♠❡s✱ ♣♦r
❡①❡♠♣❧♦ ❛ ❲❡❜ ♦✉ ❜✐❜❧✐♦t❡❝❛s ❞✐❣✐t❛✐s✱ ❡①✐st❡♠ r❡str✐çõ❡s ❞❡ r❡❝✉rs♦s ❤✉♠❛♥♦s✱ ❝✉st♦ ❡
t❡♠♣♦ ♣❛r❛ ❝♦♠♣❧❡t❛r ❛ t❛r❡❢❛✳

✹✼



✹✽ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❊st❛ é ✉♠❛ s✐t✉❛çã♦ ❡♥❢r❡♥t❛❞❛ ♣♦r ♠✉✐t♦s ♣❡sq✉✐s❛❞♦r❡s ♥❡st❛ t❛r❡❢❛✱ ❡ ♣❛r❛ ❝♦♥t♦r♥❛r
❡st❛s ❞✐✜❝✉❧❞❛❞❡s✱ ❍❛✈❡❧✐✇❛❧❛ ❡t ❛❧✳ ❬✸✷❪ ♣r♦♣✉s❡r❛♠ ✉♠ ♠ét♦❞♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ❜✉s❝❛s ♣♦r
s✐♠✐❧❛r✐❞❛❞❡s ❞❡ ♣á❣✐♥❛s ❲❡❜ s❡♠ ✉♠ ❣r♦✉♥❞ tr✉t❤ ❞✐r❡t♦✳ ◆❛ ✈❡r❞❛❞❡✱ ♥♦ ❧✉❣❛r ❞❡ ✉♠
❣r♦✉♥❞ tr✉t❤✱ ✉t✐❧✐③❛♠ ❞✐r❡tór✐♦s ❲❡❜ ✭♣♦r ❡①❡♠♣❧♦✱ ♦ ❉♠♦③ ✏❖♣❡♥ ❉✐r❡❝t♦r②✑✶✱ ♦ ❛♥t✐❣♦
✏●♦♦❣❧❡ ❉✐r❡❝t♦r②✑✷ ❡ ✏❨❛❤♦♦✦ ❉✐r❡❝t♦r②✑✸✮ ♣❛r❛ ❛✈❛❧✐❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠❛
❜✉s❝❛ ♣♦r s✐♠✐❧❛r✐❞❛❞❡✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ ❞❡❧❡s s❡ ❛♣♦✐❛ ♥❛ ✐❞❡✐❛ ❞❡ q✉❡ ❤á ✉♠❛ ♥♦çã♦ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ✐♠♣❧í❝✐t❛ ♥❛ ❤✐❡r❛rq✉✐❛ ❞❡st❡s ❞✐r❡tór✐♦s ❡✱ ❛ ♣❛rt✐r ❞✐st♦✱ ✐♥❞✉③❡♠ ✉♠ ❣r♦✉♥❞

tr✉t❤ ❝♦♠ ❛ ♦r❞❡♥❛çã♦ ✏❝♦rr❡t❛✑ ❞❛ r❡❧❡✈â♥❝✐❛ ❞♦s ❞♦❝✉♠❡♥t♦s ❞❛❞♦ ✉♠ ♦✉tr♦ ❞❡ ❜✉s❝❛✳
❆ ♦r❞❡♥❛çã♦ ♣r♦❞✉③✐❞❛ ♣❡❧❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ é ❡♥tã♦ ❝♦♠♣❛r❛❞❛✱ ❡st❛t✐st✐❝❛♠❡♥t❡✱
❝♦♠ ❡st❡ ❣r♦✉♥❞ tr✉t❤ ✐♥❞✉③✐❞♦✳ ❊st❛ ♠❡t♦❞♦❧♦❣✐❛✱ q✉❡ ❢❛③ ✉♠❛ ❝❧❛r❛ s❡♣❛r❛çã♦ ❡♥tr❡ ❛
❛✈❛❧✐❛çã♦ ❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❛ ❛✈❛❧✐❛çã♦ ❡♠ ✉♠ s✐st❡♠❛ ✜♥❛❧✱ ❢♦✐ ✉s❛❞❛ t❛♠❜é♠
❡♠ ❬✷✸✕✷✺✱✸✷❪✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❋✐❣✉r❛ ✺✳✶✱ ♦ ❣r♦✉♥❞ tr✉t❤ ✐♥❞✉③✐❞♦ ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❞✐r❡tór✐♦ ❝♦rr❡s✲
♣♦♥❞❡ ❛ ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦s ❞♦❝✉♠❡♥t♦s ❡♠ r❡❧❛çã♦ ❛♦ ❞♦❝✉♠❡♥t♦
❞❡ ❜✉s❝❛ ❝♦♠♦ s❡ s❡❣✉❡✿ ♦s ❞♦❝✉♠❡♥t♦s ♥♦ ♠❡s♠♦ ❞✐r❡tór✐♦✴❝❧❛ss❡ sã♦ ♠❛✐s s✐♠✐❧❛r❡s ❞♦
q✉❡ ❛q✉❡❧❡s ❡♠ ❝❧❛ss❡s ✐r♠ãs✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ sã♦ ♠❛✐s s✐♠✐❧❛r❡s ❞♦ q✉❡ ♦s ♥❛s ❝❧❛ss❡s
♣r✐♠❛s ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ❉✐st♦✱ ❞❡r✐✈❛✲s❡ ❛ s❡❣✉✐♥t❡ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧✿ ❝❧❛ss❡ ❞♦ ❞♦✲
❝✉♠❡♥t♦ ≺ ❝❧❛ss❡ ✐r♠ã ≺ ❝❧❛ss❡ ♣r✐♠❛ · · · ❡t❝✳ ❚r❛t❛✲s❡ ❞❡ ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ♣♦✐s
❛ ♣❛rt✐r ❞❡ss❛ ❞❡✜♥✐çã♦ ♥ã♦ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ✉♠❛ ♦r❞❡♠ ❡♥tr❡ t♦❞♦s ♣❛r❡s ❞❡ ❞♦❝✉✲
♠❡♥t♦s✱ ❤❛❥❛ ✈✐st❛ ❛q✉❡❧❡s q✉❡ ❡stã♦ ❡♠ ✉♠ ♠❡s♠♦ ❞✐r❡tór✐♦✳ ❉❡st❛ ♦r❞❡♥❛çã♦ ❞❡r✐✈❛✲s❡
❛ ♥♦çã♦ ❞❡ ❉✐stâ♥❝✐❛ ❋❛♠✐❧✐❛r ❬✸✷❪✱ ✐st♦ é✱ ❛ ❞✐stâ♥❝✐❛ ❞❡♣❡♥❞❡♥t❡ ❞♦ ❣r❛✉ ❞❡ ♣❛r❡♥t❡s❝♦
❡♥tr❡ ❞♦✐s ♦❜❥❡t♦s ♥❛ ❤✐❡r❛rq✉✐❛ ❡♠ q✉❡ ❡stã♦ ❝♦♥t✐❞♦s✱ ♣♦❞❡♥❞♦ ❡st❛r ♥❛ ♠❡s♠❛ ❝❧❛ss❡
♦✉ s❡r❡♠ ✐r♠ã♦s✱ ♣r✐♠♦s ♦✉ ♥ã♦ r❡❧❛❝✐♦♥❛❞♦s✱ q✉❛♥❞♦ ❡stã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❞✐st❛♥t❡s ❛♦
❧♦♥❣♦ ❞❛ ❤✐❡r❛rq✉✐❛✳ ❖ q✉❡ ❡stá ✐♠♣❧í❝✐t♦ ♥❡st❡ ❣r♦✉♥❞ tr✉t❤ é q✉❡ ❞♦❝✉♠❡♥t♦s ❡♠ ✉♠❛
♠❡s♠❛ ❝❧❛ss❡ sã♦✱ ❡♠ ❣❡r❛❧✱ ♠❛✐s s✐♠✐❧❛r❡s q✉❡ ❛q✉❡❧❡s ❡♠ ♦✉tr❛s ❝❧❛ss❡s ❡ q✉❡ ❡st❛ s✐♠✐✲
❧❛r✐❞❛❞❡ é ❞❡❝r❡s❝❡♥t❡ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ ❣r❛✉ ❞❡ ♣❛r❡♥t❡s❝♦ ❞❡ ❞✉❛s ❝❧❛ss❡s é ♠❡♥♦s
✏❢♦rt❡✑✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❛❞✐❛♥t❡✳

✶❤tt♣✿✴✴✇✇✇✳❞♠♦③✳♦r❣✴✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✷❤tt♣✿✴✴❞✐r❡❝t♦r②✳❣♦♦❣❧❡✳❝♦♠✴✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✵✾✳
✸❤tt♣✿✴✴❞✐r✳②❛❤♦♦✳❝♦♠✴✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳



✺✳✶✳ ❖ ●r♦✉♥❞ ❚❤r✉t❤ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✹✾

raíz

Artes

Filmes Música

Atores e Atrizes Diretores

DOC

BUSCA
1o. 1o.

Prêmios

Computação

Algoritmos

3o. 3o. 3o. 3o. 7o. 7o. 9o. 9o. 9o.

Bandas

Docs. mesma

classe

Docs. classes

 irmãs

Docs. classe

prima

Docs. classe

não relacionada

❋✐❣✉r❛ ✺✳✶✿ ▼❛♣❡❛♠❡♥t♦ ❞❡ ✉♠❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❞✐r❡tór✐♦s ♣❛r❛ ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❞❛❞♦ ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ ❜✉s❝❛✳

✺✳✶✳✶ ❉❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❛ ❞✐stâ♥❝✐❛ ❢❛♠✐❧✐❛r

◆♦ tr❛❜❛❧❤♦ ❞❡ ❍❛✈❡❧✐✇❛❧❛ ❡t ❛❧✳ ❬✸✷❪✱ é ❢♦r♠❛❧✐③❛❞❛ ❡st❛ ♥♦çã♦ ❞❡ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡
✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ ❜✉s❝❛ ❡ ♦✉tr♦ ♥❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❞✐r❡tór✐♦ ❝♦♠♦ s❡ s❡❣✉❡✿

❆ ❞✐stâ♥❝✐❛ ❢❛♠✐❧✐❛r df (s, d) ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ ♦r✐❣❡♠ s ❡ ✉♠ ♦✉tr♦ ❞♦❝✉✲
♠❡♥t♦ d ❡♠ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ é ❛ ❞✐stâ♥❝✐❛ ❞❛ ❝❧❛ss❡ s ❛té ❛
❝❧❛ss❡ ♠❛✐s ❡s♣❡❝í✜❝❛ q✉❡ ❞♦♠✐♥❛ ❛♠❜♦s s ❡ d✳

❊♠ ✉♠❛ ❤✐❡r❛rq✉✐❛ ❞❡ ❝❧❛ss❡ ❡♠ q✉❡ ✉♠ ❞♦❝✉♠❡♥t♦ ♣♦❞❡ ❡st❛r ❝❧❛ss✐✜❝❛❞♦ ❡♠ ♥í✈❡✐s
❞✐st✐♥t♦s ❞❡st❛ ár✈♦r❡✱ ❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ❛♣r❡s❡♥t❛ ♦ ♣r♦❜❧❡♠❛ q✉❡ df (s, d) 6= df (d, s)✳
❙✉♣♦♥❤❛ ♦ ❝❛s♦✱ t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ❛ ❋✐❣✉r❛ ✺✳✶✱ ✉♠ ❞♦❝✉♠❡♥t♦ s ♥❛ ❝❧❛ss❡ ✏❆t♦r❡s ❡
❆tr✐③❡s✑ ❡ ♦✉tr♦ ♥❛ ❝❧❛ss❡ ✏▼ús✐❝❛✑✳ ❆ss✐♠✱ ❛ ❝❧❛ss❡ ♠❛✐s ❡s♣❡❝í✜❝❛ q✉❡ ❞♦♠✐♥❛ ❛♠❜❛s
❝❧❛ss❡s ❞♦s ❞♦❝✉♠❡♥t♦s é ✏❆rt❡s✑✳ ❉❡st❛ ❢♦r♠❛✱ df (s, d) = 2 ✭✏❆t♦r❡s ❡ ❆tr✐③❡s✑ → ✑❋✐❧✲
♠❡s✑ → ✑❆rt❡s✑✮✱ ♠❛s df (d, s) = 1 ✭✏▼ús✐❝❛✑ → ✑❆rt❡s✑✮✳ ◆❛q✉❡❧❡ tr❛❜❛❧❤♦✱ ❝♦❧❛♣s❛♠ ❛
❤✐❡r❛rq✉✐❛ ♣❛r❛ ✉♠ ♥í✈❡❧ ✜①♦ ❡ ✐❣✉❛❧ ♣❛r❛ t♦❞♦s ❞♦❝✉♠❡♥t♦s✱ ❣❛r❛♥t✐♥❞♦ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡✳

❆q✉✐✱ ❡♥tr❡t❛♥t♦✱ ♣r♦♣õ❡✲s❡ ✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❣❡♥ér✐❝❛ ❡ q✉❡ ❣❛r❛♥t❡ ❡st❛ ♣r♦♣r✐❡❞❛❞❡
❝♦♠✉t❛t✐✈❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♥í✈❡❧ ❡♠ q✉❡ ✉♠ ❞♦❝✉♠❡♥t♦ ❡stá✿

❆ ❞✐stâ♥❝✐❛ ❝♦♠✉t❛t✐✈❛ ❢❛♠✐❧✐❛r Df (a, b) ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ a ❡ ✉♠ ♦✉tr♦
❞♦❝✉♠❡♥t♦ b ❡♠ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ é ❛ ❞✐stâ♥❝✐❛ ♠á①✐♠❛ ❞❛
❝❧❛ss❡ ❞❡ a ❡ ❞❛ ❝❧❛ss❡ ❞❡ b ❛té ❛ ❝❧❛ss❡ ♠❛✐s ❡s♣❡❝í✜❝❛ q✉❡ ❞♦♠✐♥❛ ❛♠❜♦s



✺✵ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

a ❡ b✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ é ❛ ❞✐stâ♥❝✐❛ ♠á①✐♠❛ ❡♥tr❡ ❛♠❜❛s ❝❧❛ss❡s ❛té ♦
✏▲♦✇❡st ❝♦♠♠♦♥ ❛♥❝❡st♦r ✑ ✭▲❈❆✮ ❬✷❪ ❞❡ a ❡ b✳

❊st❛ ❢✉♥çã♦ é ❝♦♠✉t❛t✐✈❛✱ Df (a, b) = Df (a, b)✱ ♣♦✐s Df (a, b) = max {df (a, b) , df (b, a)}✱
❡♠ q✉❡ df é ❛ ❢✉♥çã♦ ♦r✐❣✐♥❛❧ ❞❡ ❍❛✈❡❧✐✇❛❧❛ ❡t ❛❧✳ ❬✸✷❪✳ ❊♠ t❡r♠♦s ♣rát✐❝♦s✱ ♣❛r❛ ❞♦✐s
❞♦❝✉♠❡♥t♦s ❡♠ ✉♠❛ ♠❡s♠❛ ❛❧t✉r❛ ❞❛ ár✈♦r❡✱ Df (a, b) = df (a, b) = df (b, a)✳ ❖✉ s❡❥❛✱
❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❍❛✈❡❧✐✇❛❧❛ ❝♦❧❛♣s♦✉ ❛ ár✈♦r❡ ♣❛r❛ q✉❡ t♦❞♦s ❞♦❝✉♠❡♥t♦s ❡st✐✈❡ss❡♠ ♥♦
♠❡s♠♦ ♥í✈❡❧✱ ❡st❛ ♣r♦♣♦st❛ ♥ã♦ ❛❧t❡r❛ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧ ♣❛r❛ ❛q✉❡❧❡ tr❛❜❛❧❤♦✳ ❏á ♣❛r❛
❡st❡ tr❛❜❛❧❤♦ ❢❛③ t♦❞❛ ❞✐❢❡r❡♥ç❛✱ ❝♦♠♦ s❡rá ✈✐st♦ ❛❞✐❛♥t❡✱ ❡♠ ♥♦ss♦ ❣r♦✉♥❞ tr✉t❤✱ ❞♦✐s
❞♦❝✉♠❡♥t♦s ♣♦❞❡♠ ❡st❛r✱ ❡ é ❜❡♠ ❢r❡q✉❡♥t❡✱ ❡♠ ❞✐❢❡r❡♥t❡s ♥í✈❡✐s ❞❛ ár✈♦r❡✳

❆ ❞❡♣❡♥❞❡r ❞❛ ❛❧t✉r❛ ❞❡st❛ ár✈♦r❡ Ha✱ ❤á ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ♣❛r❛ ❛ ❞✐stâ♥✲
❝✐❛✱ ♠❛✐s ❢♦r♠❛❧♠❡♥t❡✱ Ha + 1 ✈❛❧♦r❡s ♣♦ssí✈❡✐s✳ ❊st❡s ✈❛❧♦r❡s sã♦ ♥♦♠❡❛❞♦s✱ s❡❣✉✐♥❞♦
♥♦♠❡♥❝❧❛t✉r❛ ❞❛q✉❡❧❡ tr❛❜❛❧❤♦✿

❉✐stâ♥❝✐❛ ✵✿ ▼❡s♠❛ ✖ ❉♦❝✉♠❡♥t♦s q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ ❝❧❛ss❡❀

❉✐stâ♥❝✐❛ ✶✿ ■r♠ã ✖ ❉♦❝✉♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ ❝❧❛ss❡s ✐r♠ãs❀

❉✐stâ♥❝✐❛ ✷✿ Pr✐♠❛✲✶ ✖ ❉♦❝✉♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ ❝❧❛ss❡s ♣r✐♠❛s ❞❡ ♣r✐♠❡✐r♦ ❣r❛✉❀

❉✐stâ♥❝✐❛ ✸✿ Pr✐♠❛✲✷ ✖ ❉♦❝✉♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ ❝❧❛ss❡s ♣r✐♠❛s ❞❡ s❡❣✉♥❞♦ ❣r❛✉❀

...

❉✐stâ♥❝✐❛ Ha✿ Pr✐♠❛✲(Ha − 2) ✖❉♦❝✉♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ ❝❧❛ss❡s ♣r✐♠❛s ❞❡ ❣r❛✉ (Ha − 2)

❀

❉✐stâ♥❝✐❛ Ha + 1✿ ◆ã♦✲❘❡❧❛❝✐♦♥❛❞❛ ✖ ❉♦❝✉♠❡♥t♦s ♥ã♦ r❡❧❛❝✐♦♥❛❞♦s✳ ❊stã♦ ❤✐❡r❛rq✉✐❝❛✲
♠❡♥t❡ ❜❡♠ ❞✐st❛♥t❡s✱ ✐st♦ é✱ ♦ ▲❈❆ ❞❡st❡s ❞♦✐s ❞♦❝✉♠❡♥t♦s é r❛✐③ ❞❛ ár✈♦r❡ ❡
♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡❧❡s ❡stá ♥♦ ú❧t✐♠♦ ♥í✈❡❧ ❞❛ ár✈♦r❡✳

◆♦ ❝❛s♦ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❍❛✈❡❧✐✇❛❧❛✱ Ha = 3✱ ❡♥tã♦ ❤á ❛♣❡♥❛s ✉♠ ♥í✈❡❧ ❞❡ ♣r✐♠♦s ❡ q✉❛tr♦
✈❛❧♦r❡s ♣♦ssí✈❡✐s✳ ❏á ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ❝♦♠♦ s❡rá ✈✐st♦ ❛❞✐❛♥t❡✱ Ha = 4✱ ❛ss✐♠ ❤á ♣r✐♠♦s
❞❡ ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ❣r❛✉ ❡ ❝✐♥❝♦ ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❞❡ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦❝✉♠❡♥t♦s✳

✺✳✶✳✷ ❉❡✜♥✐çã♦ ❞❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❢❛♠✐❧✐❛r

Pr❡t❡♥❞❡✲s❡ ✉s❛r ❛ ❞✐stâ♥❝✐❛ ❢❛♠✐❧✐❛r Df ♣❛r❛ ❝r✐❛r ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡ s✐♠✐❧❛r✐✲
❞❛❞❡ ❞❡ ❛rt✐❣♦s ❞❛❞♦ ✉♠ ❞❡ r❡❢❡rê♥❝✐❛✳ ❖ ♣r✐♥❝í♣✐♦ ❣❡r❛❧✱ ❥á ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ é q✉❡
♥❛ ♠é❞✐❛✱ ❛ r❡❛❧ s✐♠✐❧❛r✐❞❛❞❡ ❞♦s ❞♦❝✉♠❡♥t♦s ❡♠ r❡❧❛çã♦ ❛ ✉♠ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡❝r❡s❝❡
♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐stâ♥❝✐❛ ❢❛♠✐❧✐❛r✳



✺✳✷✳ ❙✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❡♠ ❝♦♠♣✉t❛çã♦ ❆❈▼ ✶✾✾✽ ✺✶

❆ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❢❛♠✐❧✐❛r✱ ≺Df
✱ ❞❡ t♦❞♦s ❞♦❝✉♠❡♥t♦s ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ❞♦✲

❝✉♠❡♥t♦ ❞❡ r❡❢❡rê♥❝✐❛ s é ❞❡✜♥✐❞❛ ❝♦♠♦≺Df (s)= {(a, b) | Df (s, a) < Df (s, b)}✳

❖❜s❡r✈❡ q✉❡ ❡st❛ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ é ❜❡♠ ❢r❛❝❛✱ ❤❛❥❛ ✈✐st❛ q✉❡ Df ♣r♦❞✉③ ❛♣❡♥❛s
Ha + 1 ✈❛❧♦r❡s✳ ■st♦ ♣r♦❞✉③ ♣♦✉❝❛s ❞✐st✐♥çõ❡s ♥❛ ♦r❞❡♠✱ s❡♥❞♦ q✉❡ é ♠❛✐s ♥♦tá✈❡❧ ❛
s❡♣❛r❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛✐s s✐♠✐❧❛r❡s ❞♦s ❞❡♠❛✐s✳ ◆ã♦ ❤á ❞✐st✐♥çã♦ ❝♦♠
♦s ❞♦❝✉♠❡♥t♦s ♥ã♦ r❡❧❛❝✐♦♥❛❞♦s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ❛ ♠❛✐♦r✐❛✳

✺✳✷ ❙✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❡♠ ❝♦♠♣✉t❛çã♦❆❈▼ ✶✾✾✽

◆♦ss❛ ♣❡sq✉✐s❛ ❡♥✈♦❧✈❡ ❡♥t✐❞❛❞❡s ❛❝❛❞ê♠✐❝❛s✱ ✐st♦ é✱ ❛✉t♦r❡s✱ ❛rt✐❣♦s✱ ❝♦♥❢❡rê♥❝✐❛s✱ r❡✲
✈✐st❛s✱ ❡t❝✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s
♣❛r❡s ❞❡ ❛rt✐❣♦s✱ ✉t✐❧✐③❛♠♦s ♦s ❞❛❞♦s ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❛ ❆❈▼ ❬✷✶❪ ❡ ❛ ❝❛t❡❣♦r✐③❛çã♦
❞❡ ❝❛❞❛ ❛rt✐❣♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❡♠ ❝♦♠♣✉t❛çã♦ ❞❛ ❆❈▼ ✭❆❈▼
❈♦♠♣✉t✐♥❣ ❈❧❛ss✐✜❝❛t✐♦♥ ❙②st❡♠ ✖ ❈❈❙ ✮✹ ❬✶✻❪✳ ❊st❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦ ❛rt✐❣♦ é r❡❛❧✐③❛❞❛
♣❡❧♦ ♣ró♣r✐♦ ❛✉t♦r ♥♦ ♠♦♠❡♥t♦ ❞❡ ♣✉❜❧✐❝❛çã♦ ❞❡ s❡✉ ❛rt✐❣♦✺✳ ❊st❡ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦
❢♦✐ ❞❡✜♥✐❞♦ ❡♠ ✶✾✽✷ ❡ ❢♦✐ r❡✈✐s❛❞♦ ♣♦r ✉♠ ❝♦♠✐tê ❡♠ ✶✾✽✸✱ ✶✾✽✼ ❡ ✶✾✾✶✱ s❡♥❞♦ q✉❡ ❛ ✈❡rsã♦
❛t✉❛❧ é ✉♠❛ r❡✈✐sã♦ ❞❡ ✶✾✾✽ ❡ ✈á❧✐❞❛ ❛té ✷✵✶✷✳ ❖ ❈❈❙ é ✉♠❛ ár✈♦r❡ ❡ ❝❛❞❛ ❝❛t❡❣♦r✐❛✱ ❛té
♦ t❡r❝❡✐r♦ ♥í✈❡❧✱ é ❝♦❞✐✜❝❛❞❛✳ ❖ ❝ó❞✐❣♦ é ❝♦♠♣♦st♦ ♣♦r ❧❡tr❛s ✭♣❛r❛ ♦ ♥í✈❡❧ ♠❛✐s ❛❧t♦✮ ❡
s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s ✭q✉❡ r❡✢❡t❡♠ ✉♠ ❝❛♠✐♥❤♦ ❛té ✉♠❛ ❝❛t❡❣♦r✐❛ ♥❛ ár✈♦r❡✮✳ ❖ q✉❛rt♦
♥í✈❡❧ ❞❛ ár✈♦r❡✱ ♥ã♦ ❝♦❞✐✜❝❛❞♦✱ tr❛t❛ ❞♦ ❛ss✉♥t♦ ❡s♣❡❝í✜❝♦ ❞❡ ✉♠❛ ♣✉❜❧✐❝❛çã♦✳ ❊st❛s
❝❛t❡❣♦r✐❛s sã♦ ♣❡r♠❛♥❡♥t❡s✱ ❝♦♥t✉❞♦✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ s✐st❡♠❛ é r❡✈✐s❛❞♦✱ ❛❧❣✉♠❛s
sã♦ ❛♣♦s❡♥t❛❞❛s ❡ ♦✉tr❛s ❡①♣❛♥❞✐❞❛s✱ ♠❛s ❛ ❝❛t❡❣♦r✐③❛çã♦ ❢❡✐t❛ ❡♠ ✉♠ ❛rt✐❣♦ ♣❡r♠❛♥❡❝❡
❝♦♥st❛♥t❡✳ ❆ ❋✐❣✉r❛ ✺✳✷ ♠♦str❛ t♦❞♦ ♦ ♥í✈❡❧ ♠❛✐s ❛❧t♦ ❞❡st❛ ❝❧❛ss✐✜❝❛çã♦✱ ❝♦❞✐✜❝❛❞❛ ♣♦r
❧❡tr❛s✳

❆ ❋✐❣✉r❛ ✺✳✸ ♠♦str❛ ❛ ❡①♣❛♥sã♦ ❞♦ s❡❣✉♥❞♦ ♥í✈❡❧ ♣❛r❛ ❞✉❛s ❝❛t❡❣♦r✐❛s ✭❍✳■♥❢♦r♠❛t✐♦♥

❙②st❡♠s ❡ ■✳❈♦♠♣✉t✐♥❣ ▼❡t❤♦❞♦❧♦❣✐❡s✮✳ ❏á ❛s ❋✐❣✉r❛s ✺✳✹✱✺✳✺ ♠♦str❛♠ ❛ ❡①♣❛♥sã♦ ❞♦ s❡❣✉♥❞♦
❛té ♦ q✉❛rt♦ ♥í✈❡❧ ❞❡ ❞✉❛s s✉❜❝❛t❡❣♦r✐❛s ✭❍✳✸✳■♥❢♦r♠❛t✐♦♥ ❙t♦r❛❣❡ ❛♥❞ ❘❡tr✐❡✈❛❧ ❡ ■✳✺✳P❛tt❡r♥

❘❡❝♦❣♥✐t✐♦♥✮✳

✹❤tt♣✿✴✴✇✇✇✳❛❝♠✳♦r❣✴❛❜♦✉t✴❝❧❛ss✴✶✾✾✽✴ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✺❤tt♣✿✴✴✇✇✇✳❛❝♠✳♦r❣✴❛❜♦✉t✴❝❧❛ss✴❤♦✇✲t♦✲✉s❡ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳









✺✳✷✳ ❙✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❡♠ ❝♦♠♣✉t❛çã♦ ❆❈▼ ✶✾✾✽ ✺✺

❆❝r❡❞✐t❛♠♦s q✉❡ ❡ss❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡s❡♠♣❡♥❤❛ ❢✉♥çã♦ ❛♥á❧♦❣❛ ❛♦ ❞✐r❡tór✐♦ ❲❡❜ ♣❛r❛
❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s✳ ■st♦ é✱ ♦ q✉❡ ❍❛✈❡❧✐✇❛❧❛ ❡①❡❝✉t♦✉ ❝♦♠ ♣á❣✐♥❛s ♥❛ ❲❊❇ ✉s❛♥❞♦ ♦
❞✐r❡tór✐♦ ❉▼❖❩✱ ♥ós ❡①❡❝✉t❛♠♦s ❝♦♠ ❛rt✐❣♦s ❝✐❡♥tí✜❝♦s ✉s❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦
❆❈▼ ✶✾✾✽✳ ❖✉ s❡❥❛✱ ❝♦♠ ❞❛❞♦s ❞❡ ❝❛t❡❣♦r✐③❛çã♦ ❞❡ ❝❛❞❛ ❛rt✐❣♦ ❝✐❡♥tí✜❝♦ ♥❛ ❤✐❡r❛rq✉✐❛ ❞❛
❆❈▼ ❝♦♥str✉í♠♦s ✉♠ ❣r♦✉♥❞ tr✉t❤ ✐♥❞✉③✐❞♦ ♣❛r❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s✳ ❍á ❝❡rt❛✲
♠❡♥t❡ ❝❛s♦s ❡♠ q✉❡ ✉♠❛ ❤✐❡r❛rq✉✐❛ ♥ã♦ r❡✢❡t❡ ♣r❡❝✐s❛♠❡♥t❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ❞♦❝✉♠❡♥✲
t♦s✱ ❛ss✐♠ ❝♦♠♦ ❍❛✈❡❧✐✇❛❧❛ ♣❡r❝❡❜❡✉ ✉t✐❧✐③❛♥❞♦ ♦ ❉▼❖❩✳ P♦r ❡①❡♠♣❧♦✱ ❛q✉❡❧❡s ❞♦❝✉♠❡♥✲
t♦s ❡♠ ❍✳■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s✴❍✳✸✳■♥❢♦r♠❛t✐♦♥ ❙t♦r❛❣❡ ❛♥❞ ❘❡tr✐❡✈❛❧✴❍✳✸✳✸✳■♥❢♦r♠❛t✐♦♥ ❙❡❛r❝❤ ❛♥❞

❘❡tr✐❡✈❛❧✴❈❧✉st❡r✐♥❣ sã♦ ♣r♦✈❛✈❡❧♠❡♥t❡ ♠❛✐s s✐♠✐❧❛r❡s àq✉❡❧❡s ❡♠ ■✳❈♦♠♣✉t✐♥❣ ▼❡t❤♦❞♦❧♦❣✐✲

❡s✴■✳✺✳P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✴■✳✺✳✸✳❈❧✉st❡r✐♥❣ ❞♦ q✉❡ ♦s ❡♠ ❍✳■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s✴❍✳✸✳■♥❢♦r♠❛t✐♦♥

❙t♦r❛❣❡ ❛♥❞ ❘❡tr✐❡✈❛❧✴❍✳✸✳✸✳■♥❢♦r♠❛t✐♦♥ ❙❡❛r❝❤ ❛♥❞ ❘❡tr✐❡✈❛❧✴❍✳✸✳✸✳◗✉❡r② ❋♦r♠✉❧❛t✐♦♥✳ ❆ ❋✐✲
❣✉r❛ ✺✳✻✱ t♦❞❛✈✐❛✱ ❡①❡♠♣❧✐✜❝❛ ❛❝❡rt❛❞❛♠❡♥t❡ ❡st❛ ♥♦çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❢❛♠✐❧✐❛r ♣❛r❛
❞♦✐s ❛rt✐❣♦s ♠✉✐t♦ r❡❧❛❝✐♦♥❛❞♦s ✭♦❜s❡r✈❡ q✉❡ ❝♦♠♣❛rt✐❧❤❛♠ ❞❛s ❝❛t❡❣♦r✐❛s ❍✳✸✳✸ ❡ ●✳✷✳✷✮✳

P♦r ✜♠✱ ✐♠❛❣✐♥❛♠♦s q✉❡ ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ é ✐❞❡❛❧ ❝♦♠♦ ✉♠ ❣❛❜❛r✐t♦ ❞❡ s✐♠✐✲
❧❛r✐❞❛❞❡ s❡ ❝♦♠♣❛r❛r♠♦s ❛ ✉♠❛ ♦r❞❡♥❛çã♦ t♦t❛❧ ♦✉ ♠❡s♠♦ ❛ ✉♠❛ ♠❛tr✐③ ❣❛❜❛r✐t♦ ❝♦♠
✈❛❧♦r❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❊♠ ❛♠❜♦s ❝❛s♦s✱ ❡st❡s ❣❛❜❛r✐t♦s ❞❡✈❡♠ r❡s♦❧✈❡r ❝❛s♦s ❞✐❢í❝❡✐s
❞❡ ♦r❞❡♠ ❡ ❡s❝❛❧❛ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ t♦❞♦s ♣❛r❡s✱ ✐♥❝❧✉s♦ ♣❛r❛ ❛q✉❡❧❡s ♣❛r❡s q✉❡ ❛
s✐♠✐❧❛r✐❞❛❞❡ ❡st❛r✐❛♠ ❡♠♣❛t❛❞❛s✳ ❊♠ ✉♠❛ ❛♥♦t❛çã♦ ❞❡ ❣❛❜❛r✐t♦✱ ❛♦ ❝♦♠♣❛r❛r ❞♦✐s ♣❛r❡s
❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ a ❡ b✱ ✉♠ ♣♦❞❡r✐❛ ❞✐③❡r q✉❡ ♥ã♦ s❡ s❛❜❡ ♦ q✉❛♥t♦ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ a

é ♠❛✐♦r q✉❡ b✱ ♦✉ ❛té ♠❡s♠♦ ❞✐③❡r s❡ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ a é ♠❛✐♦r ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❝❛✲
r❛❝t❡r✐③❛r ✉♠❛ ❞✐❢❡r❡♥ç❛ s✐❣♥✐✜❝❛♥t❡✳ ❯♠ ✏❥✉✐③✑ ❤✐♣♦tét✐❝♦ ❞✐r✐❛ S (a) > S (b)✱ ❥á ♦✉tr♦
q✉❡ S (a) ≈ S (b)✳ ◆ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❤á ❞✐s❝♦r❞â♥❝✐❛✱ ❛♣❡♥❛s ♦ s❡❣✉♥❞♦ ❝♦♥s✐❞❡r♦✉
q✉❡ ❛ ❞✐❢❡r❡♥ç❛ é ❞❡ ♣❡q✉❡♥❛ ❡s❝❛❧❛✳ ◆♦ ❝❛s♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❣❛❜❛r✐t♦✱ ♦ ♣r♦❜❧❡♠❛ é ♠❛✐s
❝rít✐❝♦✿ ❉❡✈❡✲s❡ q✉❛♥t✐✜❝❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡r ❞❡ r❡s♣♦♥❞❡r ♦ q✉❛♥t♦
S (a) > S (b)✱ ❡♠ t❡r♠♦s ❛❜s♦❧✉t♦✱ S (a)−S (b)✱ ♦✉ r❡❧❛t✐✈♦ S(a)

S(b)
✳ ❘❡s✉♠✐♥❞♦✱ ❛ss✐♠ ❝♦♠♦

❛❧❡rt❛❞♦ ❡♠ ❬✸✷❪✱ t❛♠❜é♠ t❡♠♦s ❛ ♦♣✐♥✐ã♦ ❞❡ q✉❡ ✉♠ ❣❛❜❛r✐t♦ ❝♦♠♣❧❡t♦ ❡ ❝♦rr❡t♦ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ é s✉s♣❡✐t♦✳

❏á ♦ ♥♦ss♦ ❣❛❜❛r✐t♦ é ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ ♣♦ss✉✐ ❛♣❡♥❛s Ha + 1

♥í✈❡✐s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❡♠ q✉❡ Ha é ❛ ❛❧t✉r❛ ❞❛ ár✈♦r❡ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ❛rt✐❣♦s✳ ◆♦
❝❛s♦ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛ ❆❈▼✱ Ha = 4✱ ♣♦rt❛♥t♦ ❤á ❛♣❡♥❛s ✺ ♥í✈❡✐s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡
♣❛r❡s ❞❡ ❛rt✐❣♦✳ ❊st❡ ♥ú♠❡r♦ r❡❞✉③✐❞♦ ❞❡ ✐♥t❡♥s✐❞❛❞❡ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ r❡✢❡t❡✱ ❛♦ ♥♦ss♦
✈❡r✱ ❜❡♠ ❛ ♥♦çã♦ ❞❡ ❝♦♠♦ ✉♠ ❣❛❜❛r✐t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡✈❡r✐❛ s❡r ❛♥♦t❛❞♦✿ ❞✐st✐♥❣✉✐♥❞♦
♥í✈❡✐s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ q✉❡ ❝❡rt❛♠❡♥t❡ sã♦ ❜❡♠ ❞✐st✐♥t♦s ❡ ♠❛♥t❡♥❞♦ ❡♠ ✉♠ ♠❡s♠♦ ♥í✈❡❧
❞✐❢❡r❡♥ç❛s ♠❛✐s ✜♥❛s✳ ❖✉ s❡❥❛✱ ❝♦♠ ♣♦✉❝❛s ❞✐st✐♥çõ❡s✱ ❝♦♥t✉❞♦✱ q✉❛♥❞♦ ❡①✐st❡✱ é ♣r❡❝✐s❛
❡ s✐❣♥✐✜❝❛♥t❡✳





✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✺✼

≺a q✉❛♥t♦ ❡♠ ≺b✱ ✐st♦ é✱ ✭x ≺a y ❡ x ≺b y ✮ ♦✉ ✭y ≺a x ❡ y ≺b x ✮✳ ❙❡❥❛ D ♦ ♥ú♠❡r♦ ❞❡
♣❛r❡s ❞✐s❝♦r❞❛♥t❡s ✖ (x, y) r❛♥q✉❡❛❞♦s ❡♠ ♦r❞❡♠ ❞✐st✐♥t❛ ❡♠ ≺a ❡ ≺b✱ ✐st♦ é✱ ✭x ≺a y ❡
y ≺b x ✮ ♦✉ ✭y ≺a x ❡ x ≺b y ✮✳ ❊♥tã♦

Γ (≺a,≺b) =
C −D

C +D

❖s ✈❛❧♦r❡s ❞❡ Γ ✈ã♦ ❞❡ ✶ ✭❛ss♦❝✐❛çã♦ ♣❡r❢❡✐t❛✮ ❛ ✲✶ ✭❛ss♦❝✐❛çã♦ ♣❡r❢❡✐t❛♠❡♥t❡ ✐♥✈❡rs❛✮✱
s❡♥❞♦ q✉❡ ♦ ✈❛❧♦r ✵ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❤á ❛ss♦❝✐❛çã♦ ❡♥tr❡ ❛s ♦r❞❡♥❛çõ❡s✳

❈♦♥s✐❞❡r❛✲s❡ q✉❡✱ ❞❛❞♦ ✉♠ ❛rt✐❣♦ ❞❡ r❡❢❡rê♥❝✐❛ s✱ s❡ ❞✉❛s ♦r❞❡♥❛çõ❡s ≺a(s) ❡ ≺b(s)

❞✐❢❡r❡♠ ♥♦ ✈❛❧♦r ❞❡ Γ ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ♦r❞❡♥❛çã♦ ❣❛❜❛r✐t♦ ≺Df (s)✱ ❡♥tã♦ ❛ ♦r❞❡♥❛çã♦
❝♦♠ ♠❛✐♦r ✈❛❧♦r ❞❡ Γ ♣r♦❞✉③✐✉ ✉♠❛ ♠❡❧❤♦r ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦s ❞♦❝✉♠❡♥t♦s ❝♦♠
r❡s♣❡✐t♦ ❛ s✳ ❘❡♣❡t✐♥❞♦ ❡st❡ t❡st❡ ♣❛r❛ ✈ár✐♦s ❛rt✐❣♦s ❞❡ r❡❢❡rê♥❝✐❛ ❡st❛r❡♠♦s ❝♦♠♣❛r❛♥❞♦✱
♣♦rt❛♥t♦✱ ❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ❣❡r❛❧✳

❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❛ ❆❈▼✱ ✉♠ ❛rt✐❣♦ ❞❡ r❡❢❡rê♥❝✐❛
r ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ S é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❞✉❛s ♦r❞❡♥❛çõ❡s ❞♦s ❛rt✐❣♦s✱ ✉♠❛
❞❡r✐✈❛❞❛ ❞♦ ❣❛❜❛r✐t♦ ❞❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❢❛♠✐❧✐❛r ≺Df (r) ❡ ♦✉tr❛ ❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛✲
r✐❞❛❞❡ ≺S(r)✳ ❖ ✈❛❧♦r ❞❡ Γ

(

≺Df (r),≺S(r)

)

r❡✢❡t❡ ❛ ♥♦ss❛ ♠❡❞✐❞❛ ❞❡ ❡✜❝á❝✐❛ ❞❛ ♠❡❞✐❞❛
❞❡ s✐♠✐❧❛r✐❞❛❞❡ S ♣❛r❛ ♦ ❛rt✐❣♦ r✳ P❛r❛ t❡r ✉♠❛ ❛✈❛❧✐❛çã♦ ❞❛ ❡✜❝á❝✐❛ ❞❡ S ❣❧♦❜❛❧♠❡♥t❡✱
❝♦♥s✐❞❡r❛♠♦s ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛♠♦str❛❧ A ❞❡ ❛rt✐❣♦s ❡ ❛❣r❡❣❛♠♦s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛r❡s
❝♦♥❝♦r❞❛♥t❡s Caggreg ❡ ❞✐s❝♦r❞❛♥t❡s Daggreg✱ q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ≺Df (r) ❡ ≺S(r) ∀r ∈ A✳
❊♥tã♦ ❝❛❧❝✉❧❛♠♦s✿

Γagreg =
Caggreg −Daggreg

Caggreg +Daggreg

❊st❛ ❢ór♠✉❧❛ r❡✢❡t❡✱ ♣♦rt❛♥t♦✱ ♥♦ss❛ ♠❡❞✐❞❛ ❞❡ ❡✜❝á❝✐❛ ❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ S✳

✺✳✹ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜✲

❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s

❖ ♦❜❥❡t✐✈♦ ❞♦ ❡①♣❡r✐♠❡♥t♦ ❛q✉✐ ❝♦♥s✐❞❡r❛❞♦ ❝♦♥s✐st❡ ❡♠ ❛✈❛❧✐❛r ❛ ❡✜❝á❝✐❛✱ ♠❡❞✐❞❛ ♣♦r
Γagreg✱ ❞❡ ✈ár✐❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ▲✐♥❦ ❆♥❛❧②s✐s✳ ❆ss✐♠✱ s❡❧❡❝✐♦♥❛♠♦s ✉♠
s✉❜❝♦♥❥✉♥t♦ ❛❧❡❛tór✐♦ ❞❡ t❡st❡ T ❝♦♠ ✷✵✪ ❞♦s ❛rt✐❣♦s ❞❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ P❛r❛
❝❛❞❛ ❛rt✐❣♦ t ❞❡ T ✱ s❡❧❡❝✐♦♥❛♠♦s ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❧❡❛tór✐♦ ❞❡ ❝♦♠♣❛r❛çã♦X ❝♦♠ ✸✵✪ ❞♦s
❛rt✐❣♦s ❞❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦✳ ➱ ❡♥tã♦ ❝❛❧❝✉❧❛❞❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❝❛❞❛ ♣❛r ❞❡ ❛rt✐❣♦s✱
s (t, x ∈ X)✳ ❊st❛ s✐♠✐❧❛r✐❞❛❞❡ é ❡♥tã♦ ❝♦♥✈❡rt✐❞❛ ♣❛r❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✭t♦♠❛♥❞♦ s❡✉ ✈❛❧♦r
♥❡❣❛t✐✈♦✮✳ ❊st❡ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s ❝❛❧❝✉❧❛❞❛s ❞❡✜♥❡♠ ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡ X

❝♦♠ r❡❧❛çã♦ ❛♦ ❛rt✐❣♦ t ♣❛r❛ ❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ S✱ ≺S(t)✳ ❉♦ ❣r♦✉♥❞ tr✉t❤✱ é ♦❜t✐❞❛ ❛
❞✐stâ♥❝✐❛ ❢❛♠✐❧✐❛r ❞❡st❡s ♣❛r❡s✱ Df (t, x ∈ X) ✭✈❡❥❛ ❙❡çã♦ ✺✳✶✳✶✮✱ ♦ q✉❡ ❞❡✜♥❡ ❛ ♦r❞❡♥❛çã♦
♣❛r❝✐❛❧ ❞❡ X ❝♦♠ r❡❧❛çã♦ ❛♦ ❛rt✐❣♦ t ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❣r♦✉♥❞ tr✉t❤✱ ≺❣r♦✉♥❞ tr✉t❤(t)

✳



✺✽ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

◆ú♠❡r♦ ❞❡ ❆rt✐❣♦s ◆ú♠❡r♦ ❞❡ ❈✐t❛çõ❡s

✶ ✶✽✹✶✼ ✹✶✺✻✽
✷ ✸✻✽✸✸ ✽✽✷✽✻
✸ ✻✶✸✽✼ ✶✺✽✺✵✻
✹ ✽✺✾✹✷ ✷✺✸✸✺✺

❚❛❜❡❧❛ ✺✳✶✿ ❚❛♠❛♥❤♦ ❞❡ ❝❛❞❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳

❊♥tã♦✱ ❝❛❧❝✉❧❛✲s❡ Γ
(

≺S(t),≺❣r♦✉♥❞ tr✉t❤(t)

)

✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❙❡çã♦ ✺✳✸✳ ❖ ✈❛❧♦r ❞❡

Γagreg é ♦❜t✐❞♦ ♣❛r❛ t♦❞♦s ❛rt✐❣♦s t ∈ T ✱ q✉❡ é ♥♦ss❛ ♠❡❞✐❞❛ ❞❡ ❡✜❝á❝✐❛✳
❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♣❛r❛ ♦ ❡①♣❡r✐♠❡♥t♦ é ♦ ♠❡s♠♦ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✸✱ ♦ ❣r❛❢♦ ❞❡

❝✐t❛çã♦✱ q✉❡ ♣♦ss✉✐ ✶✷✷✳✼✼✹ ❛rt✐❣♦s ❡ ✺✷✸✳✻✾✾ ❛r❡st❛s ❞❡ ❝✐t❛çã♦✳ ❉❡st❡ ❣r❛❢♦ sã♦ ❢❡✐t❛s
q✉❛tr♦ ❛♠♦str❛s✱ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❋♦r❡st❋✐r❡ ✭✈❡❥❛ ❙❡çã♦ ✸✳✷✮✳ ❆ ❚❛❜❡❧❛ ✺✳✶ r❡✈❡❧❛ ♦ t❛✲
♠❛♥❤♦ ❞❡ ❝❛❞❛ ❛♠♦str❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝❛❧❝✉❧❛❞❛✱ ❡st❛ ❛✈❛❧✐❛çã♦
❝♦♠♣❛r❛ ✻✪ ❞♦s ♣❛r❡s ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦s ❞❡st❛ ♠❛tr✐③ ❝♦♠ r❡❧❛çã♦ ❛♦ ❣r♦✉♥❞ tr✉t❤✳
❊st❛ ♠❛tr✐③ t❡♠ ❞✐♠❡♥sã♦ |V (G)| × |V (G)|✳ ❆ss✐♠✱ s❡ ❝❛❧❝✉❧áss❡♠♦s ♣❛r❛ ♦ ❣r❛❢♦ ❝♦♠✲
♣❧❡t♦✱ ❡st❛rí❛♠♦s ❛✈❛❧✐❛♥❞♦ Γagreg ♣❛r❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✾✵✹ ♠✐❧❤õ❡s ❞❡ ♣♦♥t♦s✳ P♦r ❡ss❛
❡♥♦r♠❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s✱ ❛r❣✉♠❡♥t❛♠♦s ❡♠ ❢❛✈♦r ❞❛ s✐❣♥✐✜❝â♥❝✐❛ ❡st❛tíst✐❝❛✳

◆❛ ❙❡çã♦ ✸✳✷✱ ❛✈❛❧✐❛♠♦s ❛❧❣✉♥s ♠ét♦❞♦s ❞❡ ❛♠♦str❛❣❡♠ ❞❡ ❣r❛❢♦s ❡①✐st❡♥t❡s ❡ ♣r♦♣♦✲
♠♦s ✉♠ ♥♦✈♦✳ ❊st❛ ♣r♦♣♦st❛✱ ❘❛♥❦❡❞❋♦r❡st❋✐r❡✱ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♠❡❧❤♦r❛ ❡♠ r❡❧❛çã♦ ❛♦
❜❛s❡❧✐♥❡ ♣❛r❛ ❛♠♦str❛s ♠❡♥♦r❡s✱ ✐st♦ é✱ ❝♦♥s❡❣✉✐✉ ♣r♦❞✉③✐r ❛♠♦str❛s ♠❡♥♦r❡s q✉❡ ♠❛♥tê♠
♠❡❧❤♦r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳ ❈♦♥t✉❞♦✱ s❡❣✉✐r❡♠♦s ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠
❛♠♦str❛s ❣❡r❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❋♦r❡st❋✐r❡✳ ❆ r❛③ã♦ ❞✐st♦ é q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❋♦r❡st❋✐r❡

❥á é r❡❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ q✉❡r❡♠♦s ❞❛r ♠❛r❣❡♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡
♦s r❡s✉❧t❛❞♦s ❞❡ ❡✜❝á❝✐❛ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ♠❡❞✐❞❛s ♣r♦♣♦st❛s✱
❢♦r❛♠ ♦❜t✐❞♦s ❣r❛ç❛s ❛♦ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ ♣r♦♣♦st♦ ❡ q✉❡ ♣♦❞❡r✐❛ s❡r ❞✐❢❡r❡♥t❡ s❡
❛♠♦str❛❞♦ ♣♦r ♠ét♦❞♦s ❥á ❛❝❡✐t♦s ♣❡❧❛ ❧✐t❡r❛t✉r❛✳

✺✳✹✳✶ ❊✜❝á❝✐❛ ❞♦ ❜❛s❡❧✐♥❡

❆❣♦r❛ ❛✈❛❧✐❛r❡♠♦s ♦ ❜❛s❡❧✐♥❡ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♣❛r❛ ❝❛❧❝✉❧❛r ❛ s✐♠✐❧❛r✐✲
❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❡ ❣r♦✉♥❞ tr✉t❤ ❛♣r❡s❡♥t❛❞♦s
♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✳ P❛r❛ ✐st♦✱ ✉s❛r❡♠♦s ❝♦♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱
❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳

❙❡❧❡❝✐♦♥❛♠♦s ❛❧❣✉♠❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ❛ s❛❜❡r✿ ❏❛❝❝❛r❞✱ ❑❛t③✱
❙✐♠❘❛♥❦ ✻ ❡ ❆❞❛♠✐❝✴❆❞❛r✳ ❊st❛s ♠❡❞✐❞❛s ❢♦r❛♠ ❡s❝♦❧❤✐❞❛s ♣♦✐s r❡♣r❡s❡♥t❛♠ ✉♠❛ ❜♦❛

✻◆ã♦ ❢♦✐ ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛s ♠❡❞✐❞❛s ❙✐♠❘❛♥❦ ❡ ❑❛t③ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦ ♣❛r❛ ❛ ♠❛✐♦r ❛♠♦str❛
❞♦ ❣r❛❢♦✳ P❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ss❛s ♠❡❞✐❞❛s✱ ♣r❡❝✐s❛✈❛✲s❡ ❛❧é♠ ❞♦s ✹✽●❇ ❞❡ ♠❡♠ór✐❛ ♣r✐♥❝✐♣❛❧
❞✐s♣♦♥í✈❡❧✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✺✾

♠✐s❝❡❧â♥❡❛ ❞❛s ❡str❛té❣✐❛s ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r sã♦
♠❡❞✐❞❛s q✉❡ ❝♦♥s✐❞❡r❛♠ ❛♣❡♥❛s ❞❛❞♦s ♠❛✐s ❧♦❝❛✐s✱ ✐st♦ é✱ ❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧ ❞♦s ✈ért✐❝❡s✳
❆❧é♠ ❞✐ss♦✱ ❆❞❛♠✐❝✴❆❞❛r ♣♦♥❞❡r❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ✈ért✐❝❡s ♥❡st❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧✱ t❛❧
q✉❡ ✉♠ ✈ért✐❝❡ ✏r❛r♦✑ ❡♠ ❝♦♠✉♠ ❞❡✈❡ ❝♦♥tr✐❜✉✐r ♠❛✐s ♣❛r❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ q✉❡ ♦✉tr♦ ♠❛✐s
❢r❡q✉❡♥t❡✳ ❆❧é♠ ❞✐st♦✱ ❛♣r❡s❡♥t♦✉ ♠❡❧❤♦r ❡✜❝á❝✐❛ ♥❛ t❛r❡❢❛ ❞❡ ♣r❡❞✐çã♦ ♥ã♦ s✉♣❡r✈✐s✐♦✲
♥❛❞❛ ❞❡ ❝♦❛✉t♦r✐❛ ❡♠ ❬✹✺❪✳ ❏á ♦ ❑❛t③ é ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ✉s❛ ❞❛❞♦s ❞❡ ❝❛♠✐♥❤♦s ❡♥tr❡
✈ért✐❝❡s ❡ t❛♠❜é♠ é ♠✉✐t♦ s✐♠✐❧❛r ❛ ♠ét♦❞♦s ❞❡ ❑❡r♥❡❧ ❡♠ ●r❛❢♦s ❬✷✼✱ ✸✸❪✳ ❙✐♠❘❛♥❦ é
✉♠ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ ❡ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❘❛♥❞♦♠ ❲❛❧❦ ❬✸✻❪✳

❆ ❋✐❣✉r❛ ✺✳✼ ♠♦str❛ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡✳ ❖ ❡✐①♦✲① é
♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ♣❛r❛ ❝❛❞❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❝♦♥s✐❞❡r❛❞❛✳ ❆ ✜❣✉r❛ ♠♦str❛ ♦
✈❛❧♦r ❞❛ ❛ss♦❝✐❛çã♦ ✭❑r✉s❦❛❧✲●♦♦❞♠❛♥ Γ✮ ❝♦♠ ♦ ❣❛❜❛r✐t♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡
♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❛✉♠❡♥t❛✳ ◗✉❛♥t♦ ♠❛✐♦r Γ✱ ♠❛✐♦r é ❛ ❛ss♦❝✐❛çã♦
❡st❡ ❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ ♦ ❣❛❜❛r✐t♦ ❞❡ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ P❡r❝❡❜❡✲s❡ ✉♠❛
❝❧❛r❛ ❞✐st✐♥çã♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞♦s r❡s✉❧t❛❞♦s ❡♥tr❡ ❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ ❛s ❞❡✲
♠❛✐s✳ ❊♠ s❡❣✉✐❞❛✱ ❤á ✉♠ ❣r✉♣♦ ✐♥t❡r♠❡❞✐ár✐♦ q✉❡ ❝♦♠♣r❡❡♥❞❡ ❛ ♠❡❞✐❞❛ ❙✐♠❘❛♥❦ ✭❣r❛❢♦
♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✮ ❡ ❑❛t③✳ ➱ ♥♦tá✈❡❧ t❛♠❜é♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❛❧✐❞❛❞❡ ❡♥tr❡ ♦ ❙✐♠❘❛♥❦

❞✐r❡❝✐♦♥❛❞♦ ❡ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ s❡♥❞♦ ❡st❡ ú❧t✐♠♦ ♠❡❧❤♦r✳ P♦r ✜♠✱ ♦s ♣✐♦r❡s r❡s✉❧t❛❞♦s
é ❞♦ ❙✐♠❘❛♥❦ ❞✐r❡❝✐♦♥❛❞♦✳ ■st♦ é✱ ❞♦ ❜❛s❡❧✐♥❡ ❝♦♥s✐❞❡r❛❞♦✱ ❞❡st❛❝❛✲s❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦
❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝❆❞❛r✱ ❛♠❜♦s ❝❛❧❝✉❧❛❞♦s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✈ért✐❝❡s ♣r❡❞❡❝❡ss♦r❡s✳

❉❡♥tr❡ ❡st❛s ♠❡❞✐❞❛s ❝♦♥s✐❞❡r❛❞❛s✱ ♥♦ ❛s♣❡❝t♦ ❞❡ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✱ ♣❛r❡❝❡ s❡r ✉♠❛
❡①❝❡çã♦ ♦ ❝❛s♦ ❞♦ ❙✐♠❘❛♥❦ ✿ ❝❛❧❝✉❧❛❞♦ s♦❜ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛ é ♠❡❧❤♦r q✉❡
❞✐r❡❝✐♦♥❛❞❛✳ P❛r❛ ❛s ❞❡♠❛✐s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ♦❝♦rr❡ ❡①❛t❛♠❡♥t❡ ♦ ✐♥✈❡rs♦✱ ✐st♦ é✱
♠❡❞✐❞❛s q✉❡ ❝♦♥s✐❞❡r❛♠ ❞✐r❡çã♦ ❞❛ ❛r❡st❛ t❡♥❞❡♠ ❛ t❡r r❡s✉❧t❛❞♦s ♠❡❧❤♦r❡s q✉❡ ❛q✉❡❧❛s
q✉❡ ✐❣♥♦r❛♠ ❛ ❞✐r❡çã♦ ❞❛ ❛r❡st❛✳

◆♦ tr❛❜❛❧❤♦ ❬✹✺❪✱ é ❞❡s❝♦♥s✐❞❡r❛❞♦ ♦ ❡❢❡✐t♦ ❞❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s
✈ért✐❝❡s ♥❛ ❛♣❧✐❝❛çã♦ ♣r♦♣♦st❛ ❞❡ ♣r❡❞✐çã♦ ❞❡ ❝♦❛✉t♦r✐❛✳ ❆q✉✐✱ ❡①♣❧♦r❛♠♦s ❡st❛ ♣r♦♣r✐✲
❡❞❛❞❡ ❡ ✈❡r✐✜❝❛♠♦s q✉❡ ♠❡s♠♦ ♥♦ ❜❛s❡❧✐♥❡ ❤á ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s ❞❡ r❡s✉❧t❛❞♦ ❡♠ ✉♠❛
♠❡s♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ s❡ ❝❛❧❝✉❧❛❞❛s ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✈✐③✐♥❤❛♥ç❛✳

❊st❛ ❛♥á❧✐s❡ s♦❜r❡ ❝♦♠♦ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❛❢❡t❛ ♦s r❡s✉❧t❛❞♦s
❝♦♥t✐♥✉❛ t❛♠❜é♠ ♣❛r❛ ♦s ♠ét♦❞♦s ♣r♦♣♦st♦s ❡ ❛♣❧✐❝❛çõ❡s ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❙❡rá ❡✈✐✲
❞❡♥❝✐❛❞♦ q✉❡ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ é r❡❧❡✈❛♥t❡ ❡ q✉❡ ❡st❛ ♣❡r❝❡♣çã♦ é ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳



✻✵ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✼✿ ❆✈❛❧✐❛çã♦ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✻✶

✺✳✹✳✷ ❊✜❝á❝✐❛ ❞❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❊st❛ s❡çã♦ ❝♦♠♣❛r❛ ❛ ♥♦ss❛ ♣r♦♣♦st❛ ❞❡ ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥tr❛ s✉❛s
✈❡rsõ❡s ♦r✐❣✐♥❛✐s✱ ✐st♦ é✱ ❛ ♠❡❞✐❞❛ ❆❞❛♠✐❝❆❞❛r ✈❡rs✉s ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r ❡ ❏❛❝❝❛r❞

✈❡rs✉s ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞✳ ❈❛❞❛ ✉♠❛ ❞❡st❛s ♠❡❞✐❞❛s t❡♠ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝♦♠♦ ❝♦♥✲
s✐❞❡r❛r ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ P♦rt❛♥t♦✱ ❝♦♠♣❛r❛♠♦s s❡♠♣r❡ ❝❛❞❛ ♣❛r
❞❡ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ❛ ♠❡s♠❛ ❝♦♥✜❣✉r❛çã♦✳

✺✳✹✳✷✳✶ ▼❡❧❤♦r ♣❛râ♠❡tr♦

❆s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ❝♦♠ ❛r❡st❛s ❞✐r❡❝✐♦♥❛❞❛s✱ ♣♦ss✉❡♠ ✉♠ ♣❛râ♠❡tr♦ λ q✉❡ ❞❡✜♥❡ ♦
♣❡s♦ r❡❧❛t✐✈♦ ❡♥tr❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ❡♥tr❛❞❛ ❡ ❞❡ s❛í❞❛ ❞❡ ♣❛r❡s ❞❡ ✈ért✐❝❡s✱
❝♦♥❢♦r♠❡ ❞❡✜♥✐çõ❡s ❞❛ ❙❡çã♦ ✹✳✶✳ ❆ ✜♠ ❞❡ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❛s ♠❡❞✐❞❛s ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ λ✱ ❝❛❧❝✉❧❛♠♦s ❛ ❛ss♦❝✐❛çã♦ Γ ❞❡st❛s ♠❡❞✐❞❛s ❝♦♠
♦ ❣❛❜❛r✐t♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ λ✳ ❆ ❋✐❣✉r❛ ✺✳✽ ♠♦str❛ ❝♦♠♦ Γ ✈❛r✐❛ ❞❡ ❛❝♦r❞♦
❝♦♠ λ ♣❛r❛ ❛s ♠❡❞✐❞❛s ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❡ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✳ ❖ ❣rá✜❝♦ ✭❆✮ ♠♦str❛
λ ∈ [0, 1]✱ ❥á ♦ ❣rá✜❝♦ ✭❇✮ ♠♦str❛ λ ∈ (0, 1)✳ ❆ ✐❞❡✐❛ ❞♦ ❣rá✜❝♦ ✭❇✮ é ♠♦str❛r ❡♠ ❞❡t❛❧❤❡s
♦ q✉❡ ♦❝♦rr❡ ❢♦r❛ ❞❛s ❜♦r❞❛s✱ q✉❛♥❞♦ λ = {0, 1}✳ ◆♦ ❣rá✜❝♦ ✭❆✮✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❤á três
♣❛t❛♠❛r❡s ❞❡ Γ✿ ◗✉❛♥❞♦ λ = 0✱ ✐st♦ é✱ ❛ ❝♦♥✜❣✉r❛çã♦ q✉❡ ❝♦♥s✐❞❡r❛ ❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛
❞♦s s✉❝❡ss♦r❡s ❞♦s ✈ért✐❝❡s✱ t❡♠♦s ✉♠ ❞❡s❡♠♣❡♥❤♦ ✐♥t❡r♠❡❞✐ár✐♦✳ P❛r❛ q✉❛❧q✉❡r ✈❛❧♦r
♣♦✉❝♦ ♠❛✐♦r ❞❡ λ✱ ✐st♦ é✱ q✉❛♥❞♦ é ❝♦♥s✐❞❡r❛❞♦ t❛♠❜é♠ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s
❞♦s ✈ért✐❝❡s✱ ❤á ✉♠ ❞❡❝❛✐♠❡♥t♦ ❞❡ Γ✳ ◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ λ ❛✉♠❡♥t❛✱ ✐st♦ é✱ q✉❛♥❞♦ ❛
✐♠♣♦rtâ♥❝✐❛ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❞♦s ✈ért✐❝❡s ❛✉♠❡♥t❛✱ ♥ã♦ ❤á ❛❧t❡r❛çã♦ ❞❡ Γ✳
◗✉❛♥❞♦ λ = 1✱ ❤á ✉♠ ❛✉♠❡♥t♦ ❞rást✐❝♦ ❞❡ Γ✳ ❉✐st♦ ❝♦♥❝❧✉✐✲s❡ q✉❡✱ ♣❛r❛ ❛♠❜❛s ♠❡❞✐❞❛s
♣r♦♣♦st❛s ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❡ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✱ ❞✐r❡❝✐♦♥❛❞❛s✱ ❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦
é ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❞♦s ✈ért✐❝❡s✳



✻✷ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✽✿ ◗✉❛❧✐❞❛❞❡ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ♣❡❧♦ ♣❛râ♠❡tr♦ ❞♦ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✻✸

✺✳✹✳✷✳✷ ❉✐r❡çã♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s

❆s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ t❛♠❜é♠ sã♦ ❛✈❛❧✐❛❞❛s ❡♠ s✉❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✈✐✲
③✐♥❤❛♥ç❛ ❞✐r❡❝✐♦♥❛❞❛ ♦✉ ♥ã♦✳ ◆♦ ❝❛s♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ ♥ã♦ ❤á ♣❛râ♠❡tr♦ λ✳ ❆ ❋✐❣✉r❛ ✺✳✾
❝♦♠♣❛r❛ ♦s ♠ét♦❞♦s r❡❝✉rs✐✈♦s ❝♦♠ ❡ s❡♠ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✳ P❛r❛ ♦ ❝❛s♦ ❞✐r❡❝✐♦♥❛❞♦✱
❝♦♥s✐❞❡r❛✲s❡ ♦s ♣❛râ♠❡tr♦ λ = 1 ✭✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s✮ ❡ λ = 0 ✭✈✐③✐♥❤❛♥ç❛ ❞♦s
s✉❝❡ss♦r❡s✮✳ ◆❡st❛ ✜❣✉r❛✱ ♥♦t❛✲s❡ q✉❡ ♣❛r❛ ❛♠❜❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡s✲
t❛s é ✐♠♣♦rt❛♥t❡ ❡ q✉❡ q✉❛♥❞♦ ❝❛❧❝✉❧❛❞❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s
♦❜tê♠ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✳ ❋❡♥ô♠❡♥♦ s✐♠✐❧❛r ♦❝♦rr❡✉ ❝♦♠ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡
❞♦ ❜❛s❡❧✐♥❡ s❡❧❡❝✐♦♥❛❞❛s✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✺✳✹✳✶✳



✻✹ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✾✿ ❈♦♠♣❛r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ r❡❝✉rs✐✈❛s ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❝♦♥str✉çã♦
❞❡ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✻✺

✺✳✹✳✸ ❈♦♠♣❛r❛çã♦ ❞♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦ ❝♦♥tr❛ ❛s ♠❡❞✐❞❛s ❧♦❝❛✐s

❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝❆❞❛r

❊st❛ s❡çã♦ ❝♦♠♣❛r❛ ❛s ❞✉❛s ♠❡❧❤♦r❡s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡✱ ❏❛❝❝❛r❞ ❡ ❆❞❛✲
♠✐❝❆❞❛r✱ ❝♦♥tr❛ ❛s ♠❡❞✐❞❛s ♣r♦♣♦st❛s ❞❡st❛ ❞✐ss❡rt❛çã♦✱ q✉❡ ✏tr❛♥s❢♦r♠❛✑ ❡st❛s ♠❡❞✐❞❛s
❧♦❝❛✐s ❡①✐st❡♥t❡s ❡♠ ✉♠ ❡sq✉❡♠❛ r❡❝✉rs✐✈♦✳ ❊st❛ ❝♦♠♣❛r❛çã♦ ❛✈❛❧✐❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s
♠❡❞✐❞❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s✳

✺✳✹✳✸✳✶ ❱✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛

◆♦ ❝❛s♦ ❞❡ ♥ã♦ ❝♦♥s✐❞❡r❛r ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✱ t♦♠❛✲s❡ ❝♦♠♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✈ért✐❝❡
t♦❞♦s ❛q✉❡❧❡s q✉❡ sã♦ s✉❝❡ss♦r❡s ♦✉ ♣r❡❞❡❝❡ss♦r❡s✳ ❆ ❋✐❣✉r❛ ✺✳✶✵ ♠♦str❛ ❛ ❛ss♦❝✐❛çã♦
❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ s✉❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s ❝♦♠ ♦ ❣❛❜❛r✐t♦✱ ✉s❛♥❞♦✲
s❡ ❛ ♠❡❞✐❞❛ ●♦♦❞♠❛♥✲❑r✉s❦❛❧ Γ✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡
❝✐t❛çã♦✳ ◗✉❛♥t♦ ♠❛✐♦r Γ✱ ♠❡❧❤♦r ❛ ❛ss♦❝✐❛çã♦ ❝♦♠ ♦ ❣❛❜❛r✐t♦✳ ◆❡st❛ ✜❣✉r❛✱ ♣❡r❝❡❜❡✲
s❡ q✉❡ ❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s s✉♣❡r❛♠ s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞♦ ❜❛s❡❧✐♥❡ ♣❛r❛ ❛♠♦str❛s ❞❡
❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✻✵ ♠✐❧ ❛r❡st❛s✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❛♠♦str❛ ❞❡ ✺✵✪ ❞♦ ♥ú♠❡r♦
❞❡ ✈ért✐❝❡s ❡♠ r❡❧❛çã♦ ❛♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧ ❞❡ ❝✐t❛çõ❡s✳ ❊st❛ ❞✐❢❡r❡♥ç❛ s❡ t♦r♥❛ ♠❡♥♦r ♣❛r❛
✉♠❛ ❛♠♦str❛ ❞❡ ✼✵✪ ❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✱ ❝♦♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✷✺✵ ♠✐❧ ❛r❡st❛s ❞❡
❝✐t❛çã♦✳ ❈♦♥t✉❞♦✱ ♥♦t❛✲s❡ q✉❡ ❛ ♠❡❞✐❞❛ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r ♦❜té♠ ♦ ♠❡❧❤♦r r❡s✉❧t❛❞♦
♣❛r❛ ❡st❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛✳

✺✳✹✳✸✳✷ ❱✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s

❊st❛ s❡çã♦ ❛✈❛❧✐❛ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❝♦♥s✐❞❛r❛♥❞♦✲s❡ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞❡
❝✐t❛çã♦✳ ❚♦♠❛✲s❡ ❝♦♠♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✈ért✐❝❡ ❛♣❡♥❛s ❛q✉❡❧❡s q✉❡ sã♦ s❡✉s s✉❝❡ss♦✲
r❡s✳ ❆ ❋✐❣✉r❛ ✺✳✶✶ ♠♦str❛ ❛ ❛ss♦❝✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ s✉❛s ✈❡rsõ❡s
r❡❝✉rs✐✈❛s ❝♦♠ ♦ ❣❛❜❛r✐t♦✱ ✉s❛♥❞♦✲s❡ ❛ ♠❡❞✐❞❛ ●♦♦❞♠❛♥✲❑r✉s❦❛❧ Γ✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛✲
♠❛♥❤♦s ❞❡ ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ ◗✉❛♥t♦ ♠❛✐♦r Γ✱ ♠❡❧❤♦r ❛ ❛ss♦❝✐❛çã♦ ❝♦♠ ♦
❣❛❜❛r✐t♦✳ ◆❡st❛ ✜❣✉r❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s s✉♣❡r❛♠ s✉❛s ❝♦rr❡s♣♦♥❞❡♥✲
t❡s ❞♦ ❜❛s❡❧✐♥❡ ♣❛r❛ q✉❛s❡ t♦❞❛s ❛♠♦str❛s ❝♦♥s✐❞❡r❛❞❛s✳ ◆♦ ❝❛s♦ ❞❛ ❛♠♦str❛ ❞❡ ✺✵✪ ❞♦
♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ✭∼✶✻✵ ♠✐❧ ❛r❡st❛s ❞❡ ❝✐t❛çã♦✮✱ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞ s❡ ❛♣r♦①✐♠❛ ❜❛st❛♥t❡
❞❛ s✉❛ ♣r♦♣♦st❛ r❡❝✉rs✐✈❛✳ ❆ss✐♠ ❝♦♠♦ ♦❝♦rr❡✉ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ ❛ ♠❡❞✐❞❛
❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r ♦❜té♠ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✳

✺✳✹✳✸✳✸ ❱✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s

❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ❡①♣❡r✐♠❡♥t♦s q✉❡ ❝♦♥s✐❞❡r❛♠ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞❡ ❝✐t❛çã♦✳ ❚♦♠❛✲
s❡ ❝♦♠♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✈ért✐❝❡ ❛♣❡♥❛s ❛q✉❡❧❡s q✉❡ sã♦ s❡✉s ♣r❡❞❡❝❡ss♦r❡s✳ ❆ ❋✐✲
❣✉r❛ ✺✳✶✷ ♠♦str❛ ❛ ❛ss♦❝✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ s✉❛s ✈❡rsõ❡s r❡❝✉rs✐✲



✻✻ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✵✿ ❈♦♠♣❛r❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ r❡❝✉rs✐✈❛s ✈s✳ ❧♦❝❛✐s ♣❛r❛ ❛ ✈✐③✐✲
♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✻✼

❋✐❣✉r❛ ✺✳✶✶✿ ❈♦♠♣❛r❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ r❡❝✉rs✐✈❛s ✈s✳ ❧♦❝❛✐s ♣❛r❛ ❛ ✈✐③✐✲
♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s✳



✻✽ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✷✿ ❈♦♠♣❛r❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ r❡❝✉rs✐✈❛s ✈s✳ ❧♦❝❛✐s ♣❛r❛ ❛ ✈✐③✐✲
♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s✳

✈❛s ❝♦♠ ♦ ❣❛❜❛r✐t♦✱ ✉s❛♥❞♦✲s❡ ❛ ♠❡❞✐❞❛ ●♦♦❞♠❛♥✲❑r✉s❦❛❧ Γ✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s
❞❡ ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ ◗✉❛♥t♦ ♠❛✐♦r Γ✱ ♠❡❧❤♦r ❛ ❛ss♦❝✐❛çã♦ ❝♦♠ ♦ ❣❛❜❛r✐t♦✳
◆❡st❛ ✜❣✉r❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s s✉♣❡r❛♠ ❜❛st❛♥t❡ s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s
❞♦ ❜❛s❡❧✐♥❡ ♣❛r❛ t♦❞❛s ❛♠♦str❛s ❝♦♥s✐❞❡r❛❞❛s✳ ▼❛✐s ❛✐♥❞❛✱ ❡st❛ é ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐✲
③✐♥❤❛♥ç❛ q✉❡ ♦ ❜❛s❡❧✐♥❡ ❛♣r❡s❡♥t❛ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❡ ♣♦rt❛♥t♦✱ ♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦
❛♣r❡s❡♥t❛❞♦ ❛q✉✐ s✉♣❡r❛ t♦❞♦ ♦ ❜❛s❡❧✐♥❡✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✳

P❛r❛ ❛s três ❝♦♥✜❣✉r❛çõ❡s ♣♦ssí✈❡✐s ❞❡ ✈✐③✐♥❤❛♥ç❛✱ ❞❛❞♦ ✉♠ ❣r❛❢♦ ❞✐r❡❝✐♦♥❛❞♦ ♦✉ ♥ã♦✱
❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣r♦♣♦st❛s s✉♣❡r❛♠ ♦ ❜❛s❡❧✐♥❡✳ ◆♦ ❝❛s♦ ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♥ã♦
❞✐r❡❝✐♦♥❛❞❛✱ ❛ ❞✐❢❡r❡♥ç❛ ❞♦s r❡s✉❧t❛❞♦s é ♠❡♥♦r✱ ♠❛s ❛✉♠❡♥t❛ ♥♦ ❝❛s♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s
s✉❝❡ss♦r❡s✳ P❛r❛ ♦ ❝❛s♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s✱ ❛ ❞✐❢❡r❡♥ç❛ ❢♦✐ ♠❛✐♦r✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✻✾

❆♠♦str❛ ❆❞❛♠✐❝❆❞❛r ❏❛❝❝❛r❞ ❑❛t③ ❙✐♠❘❛♥❦

★❆r❡st❛s ★❱ért✐❝❡s
♣r❡❞❡❝❡ss♦r❡s ♣r❡❞❡❝❡ss♦r❡s ♣r❡❞✳ (β = 0, 15) ♥ã♦ ❞✐r❡❝✳ (C = 0, 80)

❇❛s❡❧✐♥❡ ❘❡❝✉rs✐✈❛ ❇❛s❡❧✐♥❡ ❘❡❝✉rs✐✈❛ ❇❛s❡❧✐♥❡ ❇❛s❡❧✐♥❡

✹✶✺✻✽ ✶✽✹✶✼ ✵✱✼✺✻ ✵✱✼✼✶ ✵✱✼✺✻ ✵✱✼✼✶ ✵✱✸✸✻ ✵✱✸✼✻

✽✽✷✽✻ ✸✻✽✸✸ ✵✱✼✼✺ ✵✱✼✽✻ ✵✱✼✼✺ ✵✱✼✽✻ ✵✱✸✺✵ ✵✱✸✽✻

✶✺✽✺✵✻ ✻✶✸✽✼ ✵✱✼✾✺ ✵✱✽✵✺ ✵✱✼✽✻ ✵✱✽✵✺ ✵✱✸✻✻ ✵✱✸✾✺

✷✺✸✸✺✺ ✽✺✾✹✷ ✵✱✼✽✼ ✵✱✽✵✵ ✵✱✼✽✼ ✵✱✼✾✾ ✵✱✸✺✾ ◆ã♦ ❝❛❧❝✉❧❛❞♦✳✯

✯ P❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣r❡❝✐s❛✈❛✲s❡ ❛❧é♠ ❞♦s ✹✽●❇ ❞❡ ♠❡♠ór✐❛ ♣r✐♥❝✐♣❛❧ ❞✐s♣♦♥í✈❡❧✳

❚❛❜❡❧❛ ✺✳✷✿ ❆ss♦❝✐❛çã♦✱ ●♦♦❞♠❛♥✲❑r✉s❦❛❧ ✭Γ✮✱ ❞♦ ❣❛❜❛r✐t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ❛ ♠❡❧❤♦r
❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❛✈❛❧✐❛❞❛ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛♠♦str❛s ❞♦ ❣r❛❢♦
❞❡ ❝✐t❛çã♦✳

✺✳✹✳✸✳✹ ❈♦♥❢r♦♥t❛♥❞♦ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ s✉❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛✲

çã♦

❆ ❋✐❣✉r❛ ✺✳✶✸ ❡ ❚❛❜❡❧❛ ✺✳✷ ♠♦str❛♠ ♦ r❡s✉❧t❛❞♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ s✉❛s ♠❡✲
❧❤♦r❡s ❝♦♥✜❣✉r❛çõ❡s✱ ✐st♦ é✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ ❙✐♠❘❛♥❦✱ t♦❞❛s ❝♦♥✜❣✉r❛❞❛s ♣❛r❛ ❝♦♥s✐❞❡r❛r
❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❡✱ ♥♦ ❝❛s♦ ❞♦ ❙✐♠❘❛♥❦✱ ❝♦♥s✐❞❡r❛✲s❡ ♦ ❣r❛❢♦ ♥ã♦
❞✐r❡❝✐♦♥❛❞♦✳ ❋✐❝❛ ❝❧❛r♦ q✉❡ ❛ ✈❡rsã♦ r❡❝✉rs✐✈❛ ❞♦s ❛❧❣♦r✐t♠♦s ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝❆❞❛r s✉♣❡✲
r❛♠ t♦❞♦s ❛❧❣♦r✐t♠♦s ❡ q✉❡ ❤á ✉♠❛ ❣r❛♥❞❡ ❞✐❢❡r❡♥ç❛ ❡♠ r❡❧❛çã♦ ❛♦s ❛❧❣♦r✐t♠♦s ❙✐♠❘❛♥❦ ❡
❑❛t③✳ ◆♦ss❛ ✐♥t✉✐çã♦ ♣❛r❛ ❡①♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s é q✉❡ ♦s ❛❧❣♦r✐t♠♦s ❙✐♠❘❛♥❦ ❡ ❑❛t③ tê♠
♣✐♦r❡s r❡s✉❧t❛❞♦s ♣♦rq✉❡ ✐♥tr♦❞✉③❡♠ ✏r✉í❞♦s✑ ❛♦ ♣r♦♣❛❣❛r ❞❡♠❛✐s ❛ s✐♠✐❧❛r✐❞❛❞❡✳ ■st♦ é✱ ♦
✈❛❧♦r ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ✉♠ ♣❛r ❞❡ ✈ért✐❝❡s ♣r♦♣❛❣❛✲s❡ ❜❛st❛♥t❡✱ ✐♥✢✉❡♥❝✐❛♥❞♦ ♦ ❝á❧❝✉❧♦
❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ♦✉tr♦s ♣❛r❡s q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡stã♦ ✏❢♦rt❡♠❡♥t❡✑ r❡❧❛❝✐♦♥❛❞♦s✱
❝❛r❛❝t❡ríst✐❝❛ ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❣❧♦❜❛✐s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛s ♠❡❞✐❞❛s ❆❞❛♠✐❝❆❞❛r

❡ ❏❛❝❝❛r❞ ❝♦♥s✐❞❡r❛♠ ❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ✐♠❡❞✐❛t❛ ❞❡ ✉♠ ♣❛r ❞❡ ✈ért✐❝❡s✱ ✐st♦ é✱ ❛♣❡♥❛s
s❡✉s ♣r❡❞❡❝❡ss♦r❡s ❡ s✉❝❡ss♦r❡s✱ t♦r♥❛♥❞♦✲❛s ♠❡❞✐❞❛s ❧♦❝❛✐s✳ ❆❝r❡❞✐t❛♠♦s q✉❡✱ ♣❛r❛ ♥♦ss♦
❡①♣❡r✐♠❡♥t♦✱ ❡st❛s ♠❡❞✐❞❛s ❧♦❝❛✐s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♥ã♦ s♦❢r❡♠ ♦s r✉í❞♦s ✐♥tr♦❞✉③✐❞♦s ♣♦r
♣❛r❡s ❞❡ ✈ért✐❝❡s ♥ã♦ r❡❧❛❝✐♦♥❛❞♦s✳ ◆❡st❛ ❤✐♣ót❡s❡✱ s❡ ❥✉st✐✜❝❛ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❛❧✐❞❛❞❡
❞❡ ♠❡❞✐❞❛s ❧♦❝❛✐s ✈❡rs✉s ❣❧♦❜❛✐s✳ ❆s ✈❡rsõ❡s r❡❝✉rs✐✈❛s ♠❡❧❤♦r❛♠ ❛s ♠❡❞✐❞❛s ❧♦❝❛✐s ♣♦✐s✱
s♦❜ ♥♦ss♦ ♣♦♥t♦ ❞❡ ✈✐st❛✱ ♣r♦♣❛❣❛♠ ❧♦❝❛❧♠❡♥t❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♣❛r❡s ❞❡
✈ért✐❝❡s r❡❧❛❝✐♦♥❛❞♦s✳ ■st♦ é✱ ♦ q✉❡ ❛s ♠❡❞✐❞❛s ❣❧♦❜❛✐s ❢❛③❡♠ ♥♦ ❣r❛❢♦ ❝♦♠♦ ✉♠ t♦❞♦✱ ♣r♦✲
♣❛❣❛♥❞♦ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ✉♠ ♣❛r ♣❛r❛ ♠✉✐t♦s ♦✉tr♦s ♣❛r❡s ❞❡ t♦❞♦ ❣r❛❢♦✱ ♦s ❛❧❣♦r✐t♠♦s
r❡❝✉rs✐✈♦s ♣r♦♣❛❣❛♠ ❛♣❡♥❛s ❧♦❝❛❧♠❡♥t❡✱ ❝♦♥tr♦❧❛♥❞♦ ❛ss✐♠ ♦ ❡❢❡✐t♦ ✏r✉í❞♦✑✳ ❉❡st❛ ❢♦r♠❛✱
♠♦str♦✉✲s❡ ♣r♦❞✉t✐✈♦ ♣r♦♣❛❣❛r ♦ ✈❛❧♦r ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝❛❧❝✉❧❛❞♦ ❡♥tr❡ ♦s ♣❛r❡s✱ ❝♦♥t✉❞♦✱
❞❡✈❡✲s❡ t❡r ❝✉✐❞❛❞♦ q✉❛♥t♦ ❛♦ ❛❧❝❛♥❝❡ ❞✐st♦✳ ❋✐❝❛ ❛q✉✐ ❛ ♣r♦♣♦st❛ ♣❛r❛✱ ❡♠ tr❛❜❛❧❤♦s
❢✉t✉r♦s✱ s❡ ❝♦♥tr♦❧❛r ❡st❡ ❡❢❡✐t♦ ♣❛r❛ ♠❡❞✐❞❛s ❣❧♦❜❛✐s ❝♦♠♦ ❙✐♠❘❛♥❦ ❡ ❑❛t③✱ ♣♦r ❡①❡♠♣❧♦✱
r❡❞✉③✐♥❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡✉s ♣❛râ♠❡tr♦s β ❡ C✳



✼✵ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✸✿ ❈♦♠♣❛r❛çã♦ ❞❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❛✈❛❧✐✲
❛❞❛✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✼✶

❆♠♦str❛s ❆❞❛♠✐❝❆❞❛r
❆r❡st❛s ❱ért✐❝❡s Γ ▲♦❝❛❧ × ●❛❜❛r✐t♦ Γ ❘❡❝✉rs✐✈❛ × ●❛❜❛r✐t♦ Γ ❘❡❝✉rs✐✈❛ × ▲♦❝❛❧ n 6=

✹✶✳✺✻✽ ✶✽✳✹✶✼ ✵✱✼✺✻ ✵✱✼✼✶ ✵✱✾✾✾✺ ✷✵✳✸✺✼✳✼✽✹ ❙✐♠

✽✽✳✷✽✻ ✸✻✳✽✸✸ ✵✱✼✼✺ ✵✱✼✽✻ ✵✱✾✾✾✼ ✽✶✳✹✵✺✳✸✺✵ ❙✐♠

✶✺✽✳✺✵✻ ✻✶✳✸✽✼ ✵✱✼✾✺ ✵✱✽✵✺ ✵✱✾✾✾✼ ✷✷✻✳✶✷✸✳✾✷✻ ❙✐♠

✷✺✸✳✸✺✺ ✽✺✳✾✹✷ ✵✱✼✽✼ ✵✱✽✵✵ ✵✱✾✾✾✽ ✹✹✸✳✶✽✸✳✾✽✼ ❙✐♠

❚❛❜❡❧❛ ✺✳✸✿ ❙✐❣♥✐✜❝â♥❝✐❛ ❡st❛tíst✐❝❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❛ ❡✜❝á❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❧♦❝❛❧ × r❡❝✉rs✐✈♦
♣❛r❛ ❛ ♠❡❞✐❞❛ ❆❞❛♠✐❝✴❆❞❛r ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ t❡st❡ ❩ ❞❡ ❙t❡✐❣❡r✳

❆♠♦str❛s ❏❛❝❝❛r❞
❆r❡st❛s ❱ért✐❝❡s Γ ▲♦❝❛❧ × ●❛❜❛r✐t♦ Γ ❘❡❝✉rs✐✈❛ × ●❛❜❛r✐t♦ Γ ❘❡❝✉rs✐✈❛ × ▲♦❝❛❧ n 6=

✹✶✳✺✻✽ ✶✽✳✹✶✼ ✵✱✼✺✻ ✵✱✼✼✶ ✵✱✾✾✾✽ ✷✵✳✸✺✼✳✼✽✹ ❙✐♠

✽✽✳✷✽✻ ✸✻✳✽✸✸ ✵✱✼✼✺ ✵✱✼✽✻ ✵✱✾✾✾✽ ✽✶✳✹✵✺✳✸✺✵ ❙✐♠

✶✺✽✳✺✵✻ ✻✶✳✸✽✼ ✵✱✼✽✻ ✵✱✽✵✺ ✵✱✾✾✾✾ ✷✷✻✳✶✷✸✳✾✷✻ ❙✐♠

✷✺✸✳✸✺✺ ✽✺✳✾✹✷ ✵✱✼✽✼ ✵✱✼✾✾ ✵✱✾✾✾✾ ✹✹✸✳✶✽✸✳✾✽✼ ❙✐♠

❚❛❜❡❧❛ ✺✳✹✿ ❙✐❣♥✐✜❝â♥❝✐❛ ❡st❛tíst✐❝❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❛ ❡✜❝á❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❧♦❝❛❧ × r❡❝✉rs✐✈♦
♣❛r❛ ❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ t❡st❡ ❩ ❞❡ ❙t❡✐❣❡r✳

❙✐❣♥✐✜❝â♥❝✐❛ ❖❜s❡r✈❛✲s❡ q✉❡ ❡♠ ❛❧❣✉♥s ❝❛s♦s ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❡✜❝á❝✐❛ ❡♥tr❡ ❞♦✐s ♠ét♦❞♦s
é ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❡q✉❡♥❛✱ ♣♦rt❛♥t♦✱ r❡st❛ ❛ ❤✐♣ót❡s❡ s❡ ❡st❡s ✈❛❧♦r❡s sã♦ ♦✉ ♥ã♦ s✐❣♥✐✜✲
❝❛♥t❡♠❡♥t❡ ❞✐st✐♥t♦s✱ s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡st❛tíst✐❝♦✳ ❆ ♠❡❞✐❞❛ ❞❡ ❡✜❝á❝✐❛ q✉❡ ✉s❛♠♦s✱
Γ✱ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛ ♦r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ♦❜t✐❞❛ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❝❛❧✲
❝✉❧❛❞❛ ❡ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞♦ ❣❛❜❛r✐t♦✳ P❛r❛ t❡st❛r s❡ ❞♦✐s ✈❛❧♦r❡s ✭❞❡ ❝♦rr❡❧❛çã♦✮ sã♦
s✐❣♥✐✜❝❛♥t❡♠❡♥t❡ ❞✐st✐♥t♦s✱ ✉s❛♠♦s ♦ t❡st❡ ❩ ❞❡ ❙t❡✐❣❡r ❬✻✸❪✱ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ♦s r❡s✉❧t❛❞♦s
❞♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ ♣r♦♣♦st♦ sã♦ s✐❣♥✐✜❝❛♥t❡♠❡♥t❡ ❞✐st✐♥t♦s✱ ♣♦rt❛♥t♦ s✉♣❡r✐♦✲
r❡s✱ ❛♦s ❝♦♠♣❛r❛❞♦s ❝♦♠ s✉❛ ✈❡rsã♦ ❧♦❝❛❧✳ ❆ ❚❛❜❡❧❛ ✺✳✸ ❡ ✺✳✹ ❛♣r❡s❡♥t❛♠ ♦ r❡s✉❧t❛❞♦ ❞❛
❛♥á❧✐s❡ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ♣❛r❛ ❛s ✈❛r✐❛çõ❡s r❡❝✉rs✐✈❛ ❡ ❧♦❝❛❧ ❞♦s ❛❧❣♦r✐t♠♦s ❆❞❛♠✐❝✴❆❞❛r ❡
❏❛❝❝❛r❞✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝❛❧❝✉❧❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ✭❝✉❥♦s
r❡s✉❧t❛❞♦s ❢♦r❛♠ ♦s ♠❡❧❤♦r❡s✮✳ ❆❧é♠ ❞❛ ♠❡❞✐❞❛ Γ ❞❡ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❡ ♦
❣❛❜❛r✐t♦✱ ❛♣r❡s❡♥t❛♠✲s❡ ❛s ❝♦rr❡❧❛çõ❡s Γ ❡♥tr❡ ❛s ❞✉❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✭❧♦❝❛❧ ×
r❡❝✉rs✐✈❛✮ ❡ ❛ q✉❛♥t✐❞❛❞❡ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ✭n✮ ❞❡ t♦❞❛s ♦r❞❡♥❛çõ❡s ♣r♦❞✉③✐❞❛s ♣❛r❛ ❡st❛
❛✈❛❧✐❛çã♦✳ P❛r❛ t♦❞❛s ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❞❛ ❡✜❝á❝✐❛ ❡♥tr❡ ♦ ❛❧❣♦✲
r✐t♠♦ r❡❝✉rs✐✈♦ ♣r♦♣♦st♦ ❡ ♦ ❧♦❝❛❧ é ❡st❛t✐st✐❝❛♠❡♥t❡ s✐❣♥✐✜❝❛♥t❡✱ ♣♦rt❛♥t♦✱ ❝♦♥✜r♠❛♥❞♦
❛ s✉♣❡r✐♦r✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦✳



✼✷ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

✺✳✹✳✹ ❆♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❖ ❛❧❣♦r✐t♠♦ ❞❛s ♠❡❞✐❞❛s ♣r♦♣♦st❛s é ✐t❡r❛t✐✈♦✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ ✐t❡r❛çã♦ é ❝❛❧❝✉❧❛❞❛ ✉♠❛
♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s ✈ért✐❝❡s✳ ❆ ✜♠ ❞❡ ✈❡r✐✜❝❛r s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❛♥♦t❛♠♦s ❛s
❞✐❢❡r❡♥ç❛s ❡♥tr❡ ❛s ♠❛tr✐③❡s ♣r♦❞✉③✐❞❛s ❞✉r❛♥t❡ ❛s ✐t❡r❛çõ❡s✳ ❊st❛ ❞✐❢❡r❡♥ç❛ é ❝❛❧❝✉❧❛❞❛
❡♠ t❡r♠♦s ❞❡ ✏❯♥✐t② ♦❢ ▲❡❛st P❧❛❝❡✑ ✭✉❧♣✮ ❬✷✾❪✳ ❆ ❞✐❢❡r❡♥ç❛ ❞❡ ❞♦✐s ♥ú♠❡r♦s ❡♠ t❡r♠♦s
❞❡ ✉❧♣ r❡♣r❡s❡♥t❛ q✉❛♥t♦s ♥ú♠❡r♦s✱ ❡♠ ♣♦♥t♦✲✢✉t✉❛♥t❡✱ ✉♠ ♣r♦❣r❛♠❛ ♣♦❞❡ r❡♣r❡s❡♥t❛r
♥♦ ✐♥t❡r✈❛❧♦ ❞❡st❡s ❞♦✐s ♥ú♠❡r♦s✳ ■st♦ é✱ a+ 1ulp é ♦ ♠❡♥♦r ♥ú♠❡r♦ ♠❛✐♦r q✉❡ a q✉❡ ✉♠
♣r♦❣r❛♠❛ ❝♦♥s❡❣✉✐r✐❛ r❡♣r❡s❡♥t❛r✳ ❆ ❡s❝♦❧❤❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♠ ✉❧♣ ❡♠ r❡❧❛çã♦ à ❞✐❢❡r❡♥ç❛
r❡❧❛t✐✈❛ ε✱ é q✉❡ s❡ ♦❜té♠ ✉♠ r❡s✉❧t❛❞♦ ♠❛✐s r✐❣♦r♦s♦ ❡✱ s❡❣✉♥❞♦✱ é q✉❡ ❝♦♥s❡❣✉✐♠♦s
❝♦♠♣❛r❛r ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♠❛tr✐③❡s ♣r♦❞✉③✐❞❛s ♣♦r ❞✐❢❡r❡♥t❡s ❛❧❣♦r✐t♠♦s ❡♠ ✉♠❛ ♠❡s♠❛
❡s❝❛❧❛✳

❉❡✜♥❡✲s❡ ❛ ❞✐❢❡r❡♥ç❛✱ ❡♠ ✉❧♣✱ ❡♥tr❡ ❞✉❛s ♠❛tr✐③❡s M (k)
n,n ❡ M

(k+1)
n,n ❝♦♠♦✿

∆ulp
(

M (k)
n,n,M

(k+1)
n,n

)

= max

{

∣

∣

∣M
(k)
i,j −M

(k+1)
i,j

∣

∣

∣

ulp
∀i, j ∈ (n× n)

}

❊♠ q✉❡ |a− b|ulp é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♥ú♠❡r♦s✱ ♣♦♥t♦✲✢✉t✉❛♥t❡✱ q✉❡ ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛✲
❞♦s ♣♦r ✉♠ ♣r♦❣r❛♠❛ ♥♦ ✐♥t❡r✈❛❧♦ (a, b]✳ ❊♠ r❡s✉♠♦✱ é ♦ ♠❛✐♦r ∆ulp ♦❜t✐❞♦ ❝♦♠♣❛r❛♥❞♦
t♦❞♦s ♣❛r❡s ❞❡ ✈❛❧♦r❡s✱ ♣❛r❛ ❝❛❞❛ ♣♦s✐çã♦✱ ❞❛ ♠❛tr✐③ ❛t✉❛❧ ❡ ❛ ❞❛ ✐t❡r❛çã♦ ❛♥t❡r✐♦r✳

❆ ❋✐❣✉r❛ ✺✳✶✹ ♠♦str❛ ❝♦♠♦ ❝♦♥✈❡r❣✐r❛♠ ❛s ♠❛tr✐③❡s ❞❡ s✐♠✐❧❛r✐❞❛❞❡s ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦
✐t❡r❛t✐✈♦ ♣r♦♣♦st♦✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ λ✱ t❛♥t♦ ♣❛r❛ ❛ ✈❡rsã♦ ❘❡❝✉r✲

s✐✈❡❏❛❝❝❛r❞✱ q✉❛♥t♦ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✳ ◆♦ ❡✐①♦ ① ❡stá ♦ ♥ú♠❡r♦ ❞❛ ✐t❡r❛çã♦✱ ❥á ♥♦
❡✐①♦ ②✱ ❡♠ ❡s❝❛❧❛ ❧♦❣❛rít♠✐❝❛✱ ❡stá ♦ ∆ulp✳ ❆ss✐♠✱ ✉♠ ♣♦♥t♦ (x, y) r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r

❞❡ ∆ulp
(

M
(x)
n,n,M

(x−1)
n,n

)

♣❛r❛ ♥❛ ✐t❡r❛çã♦ x✳ ❆ ✜❣✉r❛ ♠♦str❛✱ ❝♦♠ ❛♣❡♥❛s ✉♠❛ ❡①❝❡çã♦✱

q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ♠❛tr✐③❡s ❞✐♠✐♥✉✐ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ✐t❡r❛♠♦s ♥♦ ❛❧❣♦r✐t♠♦ ❡ q✉❡
❡st❛ ❞✐❢❡r❡♥ç❛ s❡ t♦r♥❛ ♠✉✐t♦ ♣❡q✉❡♥❛ ❡♠ ❛té ✶✹ ✐t❡r❛çõ❡s✳ ❆ ❡①❝❡çã♦ ❡stá ♥❛ ♠❡❞✐❞❛
❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✱ q✉❡ ❛ ♣❛rt✐r ❞❛ t❡r❝❡✐r❛ ✐t❡r❛çã♦✱ ♥ã♦ ❣❡r❛ ♠❛tr✐③❡s q✉❡ ❞✐♠✐♥✉❡♠
❛ ❞✐❢❡r❡♥ç❛ ❝♦♠ r❡❧❛çã♦ ❛ ❛♥t❡r✐♦r✳

✺✳✹✳✹✳✶ ▼ét♦❞♦ r❡❝✉rs✐✈♦ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ❆❞❛♠✐❝✴❆❞❛r

◆❡st❡ tr❛❜❛❧❤♦ ♣r♦♣♦♠♦s ✉♠❛ ✈❡rsã♦ r❡❝✉rs✐✈❛ ❞♦ ❆❞❛♠✐❝❆❞❛r q✉❡ ❝♦♥✈❡r❣❡✱ ❝❤❛♠❛❞❛
❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✲s✉r♣r✐s❛❧✳

❆ ❋✐❣✉r❛ ✺✳✶✹ ♠♦str❛ q✉❡ ❛ ♣r♦♣♦st❛ ❞❛ ♠❡❞✐❞❛ r❡❝✉rs✐✈❛ ♣❛r❛ ❆❞❛♠✐❝✴❆❞❛r✱ ✈✐❞❡
❊q✉❛çã♦ ✹✳✸✱ ♥ã♦ ❝♦♥✈❡r❣✐✉✳ ❆ss✐♠ ♣r♦♣♦♠♦s ✉♠❛ ❛❧t❡r❛çã♦ ♥❛ ❢ór♠✉❧❛ r❡❝✉rs✐✈❛✱ q✉❡
✉s❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✏s✉r♣r❡s❛✑✱ ❞❡ s✉r♣r✐s❛❧ ❡♠ ✐♥❣❧ês✱ ♦✉ ❙❡❧❢ ■♥❢♦r♠❛t✐♦♥✱ ❞❛ ❚❡♦r✐❛ ❞❛
■♥❢♦r♠❛çã♦ ❬✶✽❪✳



✺✳✹✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞❡ ❛rt✐❣♦s ✼✸

❋✐❣✉r❛ ✺✳✶✹✿ ❈♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦ ♣r♦♣♦st♦✳



✼✹ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

★ ❆r❡st❛s ❞❛ ❆♠♦str❛
●♦♦❞♠❛♥✲❑r✉s❦❛❧ Γ

❘❡❝✉rs✐✈❡✲❆❞❛♠✐❝❆❞❛r✲s✉r♣r✐s❛❧ ❘❡❝✉rs✐✈❡✲❆❞❛♠✐❝❆❞❛r✲♦r✐❣✐♥❛❧

✹✶✺✻✽ ✵✱✼✷✸✾ ✵✱✼✷✸✾
✽✽✷✽✻ ✵✱✼✸✾✾ ✵✱✼✹✵✵
✶✺✽✺✵✻ ✵✱✼✺✹✵ ✵✱✼✺✹✶
✷✺✸✸✺✺ ✵✱✼✺✶✼ ✵✱✼✺✶✼

❚❛❜❡❧❛ ✺✳✺✿ ❊✜❝á❝✐❛ ❞❛ ♠❡❞✐❞❛ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r ❝♦♥✈❡r❣❡♥t❡✳

❘❡❝❆❞❛♠✐❝❆❞❛r✳s✐♠✐❧❛r✐t② (M,u, v)surprisal = −
∑

x,y∈(Adju
⋂

Adjv)
2

1

log (Pr (x, y |M))

Pr (x, y |M) =
∑

z,w∈❆❞❥
x
×❆❞❥

y

Mz,w

❆ ❋✐❣✉r❛ ✺✳✶✹ ♠♦str❛ ❛✐♥❞❛ q✉❡ ❡st❛ ❛❧t❡r❛çã♦ ♣r♦❞✉③✐✉ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ♠❛✐s r❛✲
♣✐❞❛♠❡♥t❡ ❝♦♥✈❡r❣✐✉✱ ❝♦♠ ♥♦✈❡ ✐t❡r❛çõ❡s✳ ❊♠ t❡r♠♦s ❞❡ q✉❛❧✐❞❛❞❡ ❞❡ r❡s✉❧t❛❞♦s✱ ❛
❚❛❜❡❧❛ ✺✳✺ ♠♦str❛ q✉❡ ❛ ✈❡rsã♦ ♦r✐❣✐♥❛❧ ✭❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✲♦r✐❣✐♥❛❧✮ ❡ ❛ ❛❧t❡r❛❞❛
✭❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✲s✉r♣r✐s❛❧✮ ♣♦ss✉❡♠ r❡s✉❧t❛❞♦s ♣r❛t✐❝❛♠❡♥t❡ ✐❞ê♥t✐❝♦s✱ ♣♦rt❛♥t♦✱ ❛
❛❧t❡r❛çã♦ tr♦✉①❡ ♦ ❜❡♥❡❢í❝✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✭♣❛r❛ ♦s ❞❛❞♦s ❛✈❛❧✐❛❞♦s✮ s❡♠ ❝♦♠♣r♦♠❡t❡r
❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦✳

✺✳✺ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡◗✉❡r② ❜② ❊①❛♠✲

♣❧❡

❆ t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ❝♦♥s✐st❡ ❡♠ ❞❛❞♦ ✉♠❛ s✉❜♠✐ssã♦ ❞❡ ✉♠ ♦✉ ♠❛✐s ❞♦❝✉♠❡♥✲
t♦s✱ ✉♠ s✐st❡♠❛ ❞❡ ❜✉s❝❛ r❡❝✉♣❡r❛ ♦✉tr♦s ❞♦❝✉♠❡♥t♦s ♠❛✐s s✐♠✐❧❛r❡s àq✉❡❧❡s s✉❜♠❡t✐❞♦s
♣❡❧♦ ✉s✉ár✐♦✳ ❊♠ ♥♦ss♦ ❝♦♥t❡①t♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❛rt✐❣♦ ❛❝❛❞ê♠✐❝♦ ❞❡ ❜✉s❝❛✱ ♥♦ss❛ ❛♣❧✐❝❛✲
çã♦ r❡❝✉♣❡r❛ ♦✉tr♦s ♠❛✐s s✐♠✐❧❛r❡s✳ ◆❡st❛ ❛t✐✈✐❞❛❞❡ ♥ã♦ sã♦ ❝♦♥s✐❞❡r❛❞❛s ♣❛❧❛✈r❛s✲❝❤❛✈❡s
♦✉ ❝♦♥t❡ú❞♦ t❡①t✉❛❧✱ ❛♣❡♥❛s ❛ ✐♥❢♦r♠❛çã♦ ❞❡ r❡❢❡rê♥❝✐❛s✴❝✐t❛çõ❡s ❞♦s ❛rt✐❣♦s✳ ❆ ✐❞❡✐❛
é q✉❡ ♦ ❣r❛❢♦ ❢♦r♠❛❞♦ ♣❡❧❛s ❝✐t❛çõ❡s✴r❡❢❡rê♥❝✐❛s ♦❢❡r❡❝❡ ✐♥❢♦r♠❛çã♦ s❡♠â♥t✐❝❛ s✉✜❝✐❡♥t❡
♣❛r❛ ❝♦♥❝❧✉✐r s❡ ❞♦✐s ❛rt✐❣♦s sã♦ s✐♠✐❧❛r❡s ♦✉ ♥ã♦ ❡ ❡♠ q✉❡ ♥í✈❡❧✱ ♣❛r❛ ❛ss✐♠✱ s❡r r❡❛❧✐③❛❞♦
✉♠ r❛♥q✉❡❛♠❡♥t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❆ss✐♠ ❝♦♠♦ ✉♠ s✐st❡♠❛ ❞❡ ❜✉s❝❛✱ ♥❡♠ t♦❞♦s r❡s✉❧✲
t❛❞♦s r❡❧❡✈❛♥t❡s sã♦ ❛♣r❡s❡♥t❛❞♦s ❛♦ ✉s✉ár✐♦✱ ♠❛s s✐♠ ✉♠❛ ♣❡q✉❡♥❛ ♣♦rçã♦ ❞❛q✉✐❧♦ q✉❡
é ♠❛✐s r❡❧❡✈❛♥t❡✳ ❆ ❤❡✉ríst✐❝❛ ❞✐st♦ é q✉❡ ✉♠ ✉s✉ár✐♦ ♥ã♦ ✈❛✐ ♦❜s❡r✈❛r t♦❞♦s r❡s✉❧t❛❞♦s
♣❛r❛ ❡♥❝♦♥tr❛r ♦ q✉❡ s❡ ❞❡s❡❥❛✱ ♣♦✐s ✐st♦ ❝♦♥s♦♠❡ ♠✉✐t♦ t❡♠♣♦✳ P♦rt❛♥t♦✱ é ✐♠♣♦rt❛♥t❡
❛♣r❡s❡♥t❛r ✉♠❛ ❧✐st❛ r❡s✉♠✐❞❛ ❞❛q✉✐❧♦ q✉❡ é ♣♦ss✐✈❡❧♠❡♥t❡ r❡❧❡✈❛♥t❡✳ ❆ ✐❞❡✐❛ ❞❡ s❡ ✉s❛r



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✼✺

◆ú♠❡r♦ ❞❡ ❆rt✐❣♦s ◆ú♠❡r♦ ❞❡ ❈✐t❛çõ❡s

✶ ✶✽✹✶✼ ✹✶✺✻✽
✷ ✸✻✽✸✸ ✽✽✷✽✻
✸ ✻✶✸✽✼ ✶✺✽✺✵✻
✹ ✽✺✾✹✷ ✷✺✸✸✺✺

❚❛❜❡❧❛ ✺✳✻✿ ❚❛♠❛♥❤♦ ❞❡ ❝❛❞❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳

✉♠ ❞♦❝✉♠❡♥t♦ ❝♦♠♦ ❜✉s❝❛ é q✉❡ ✉♠ ✉s✉ár✐♦ ♣♦ss❛ q✉❡r❡r ✈❡r ♠❛✐s ❞♦❝✉♠❡♥t♦s s✐♠✐✲
❧❛r❡s àq✉❡❧❡ q✉❡ s❡ ❡stá ♦❜s❡r✈❛♥❞♦✱ ♦✉ ❡♥tã♦✱ q✉❛♥❞♦ é ❞✐❢í❝✐❧ ❞❡ ❡①♣r❡ss❛r ✉♠❛ ❜✉s❝❛
❛ ♣❛rt✐r ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ♦✉ ❝r✐tér✐♦s✳ ❖ ♣r✐♠❡✐r♦ ❝❛s♦ ♣♦❞❡ s❡r ✈✐st♦ ✐♥❝❧✉s✐✈❡ ❝♦♠♦
✉♠❛ r❡❝♦♠❡♥❞❛çã♦ ✭❥á q✉❡ ♦ ✉s✉ár✐♦ ❡①♣r❡ss♦✉ ✐♥t❡r❡ss❡ ♣♦r ✉♠ ❞♦❝✉♠❡♥t♦✱ q✉❡ t❛❧ ♦❢❡✲
r❡❝❡r ♦✉tr♦s s✐♠✐❧❛r❡s✮✳ ❏á ♦ s❡❣✉♥❞♦ ❝❛s♦ é ❧❛t❡♥t❡ ♣❛r❛ ❜✉s❝❛s ❡♠ ❞❛❞♦s ♠✉❧t✐♠í❞✐❛✱
❝♦♠♦ ❜✉s❝❛ ❞❡ ✐♠❛❣❡♥s ❡ ♠ús✐❝❛s ♣♦r ❝♦♥t❡ú❞♦✳ ❆ss✐♠✱ ❝♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜②
❊①❛♠♣❧❡ ♣❛r❛ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s✱ s♦♠♦s ❝❛♣❛③❡s ❞❡ ♦❢❡r❡❝❡r ♦✉tr♦s ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s✱
♣♦ss✐✈❡❧♠❡♥t❡ ❞❡ s❡✉ ✐♥t❡r❡ss❡✱ ❛♦ q✉❡ ♦ ✉s✉ár✐♦ ❡stá ♦❜s❡r✈❛♥❞♦✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡
✉♠❛ ❜✉s❝❛ ❡①♣❧í❝✐t❛✳

✺✳✺✳✶ ❊①♣❡r✐♠❡♥t♦

❆ss✐♠✱ ❝♦♥str✉í♠♦s ✉♠ ❡①♣❡r✐♠❡♥t♦ ♣❛r❛ ✈❛❧✐❞❛r s❡ ✉s❛r ❛♣❡♥❛s ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✴r❡❢❡✲
rê♥❝✐❛s ❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ❛rt✐❣♦s ♥❡st❡ ❣r❛❢♦ é ❡✜❝❛③ ♥❛ ❛t✐✈✐❞❛❞❡ ❞❡ ❜✉s❝❛ ❞❡
❛rt✐❣♦s ♠❛✐s s✐♠✐❧❛r❡s✳ ◆♦ss♦ ❡①♣❡r✐♠❡♥t♦ ❢✉♥❝✐♦♥❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙ã♦ s❡❧❡❝✐♦♥❛❞♦s
❛❧❡❛t♦r✐❛♠❡♥t❡ ✶✺✪ ❞♦s ❛rt✐❣♦s ♣r❡s❡♥t❡s ❡♠ ✉♠❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ❢♦r♠❛♥❞♦
♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✉s❝❛✳ P❛r❛ ❝❛❞❛ ❛rt✐❣♦ ❞❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❜✉s❝❛ é r❡t♦r♥❛❞❛✱ ❞❡ ❛❝♦r❞♦
❝♦♠ ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ ✉♠❛ ❧✐st❛ ♦r❞❡♥❛❞❛ ❞♦s n = 20 ❛rt✐❣♦s
♠❛✐s s✐♠✐❧❛r❡s✳ ❊♥tã♦✱ ❝❛❞❛ ❛rt✐❣♦ r❡t♦r♥❛❞♦ é ❛✈❛❧✐❛❞♦ ❝♦♠♦ r❡❧❡✈❛♥t❡ ♦✉ ♥ã♦ r❡❧❡✈❛♥t❡✱
♦✉ s❡❥❛✱ é ❝♦♥s✐❞❡r❛❞♦ r❡❧❡✈❛♥t❡ s❡ ❛q✉❡❧❡ r❡t♦r♥❛❞♦ ❡stá✱ ❡♠ r❡❧❛çã♦ ❛♦ ❛rt✐❣♦ ❞❡ ❜✉s❝❛✱
♥❛ ♠❡s♠❛ ❝❧❛ss❡ ♦✉ ❡♠ ✉♠❛ ❝❧❛ss❡ ✐r♠ã ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❡♠
❝♦♠♣✉t❛çã♦ ❞❛ ❆❈▼ ✭❆❈▼ ❈♦♠♣✉t✐♥❣ ❈❧❛ss✐✜❝❛t✐♦♥ ❙②st❡♠ ✖ ❈❈❙ ✮ ❬✶✻❪ ✭❉❡t❛❧❤❡s
s♦❜r❡ ❡st❛ ❝❧❛ss✐✜❝❛çã♦ ❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♠❡s♠❛ ❝❧❛ss❡ ♦✉ ❝❧❛ss❡ ✐r♠ã é ❡♥❝♦♥tr❛❞♦ ♥❛ ❙❡✲
çã♦ ✺✳✶✮✳ P♦r ✜♠✱ ♣❛r❛ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❜✉s❝❛✱ é ❡♥tã♦ ❛✈❛❧✐❛❞♦ ♦▼❡❛♥ ❆✈❡r❛❣❡ Pr❡❝✐s✐♦♥

✭▼❆P✮ ❡ ♦ ◆♦r♠❛❧✐③❡❞ ❉✐s❝♦✉♥t❡❞ ❈✉♠✉❧❛t✐✈❡ ●❛✐♥ ✭♥❉❈●✮ ❬✸✺❪✱ q✉❡ r❡✈❡❧❛♠ ❛ ❡✜❝á❝✐❛
❞♦ s✐st❡♠❛ ♣❛r❛ ❞✐✈❡rs❛s ❜✉s❝❛s✳

❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♣❛r❛ ♦ ❡①♣❡r✐♠❡♥t♦ é ♦ ♠❡s♠♦ ❞❡s❝r✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ♦ ❣r❛❢♦
❞❡ ❝✐t❛çã♦✱ q✉❡ ♣♦ss✉✐ ✶✷✷✳✼✼✹ ❛rt✐❣♦s ❡ ✺✷✸✳✻✾✾ ❛r❡st❛s ❞❡ ❝✐t❛çã♦✳ ❉❡st❡ ❣r❛❢♦✱ sã♦
❢❡✐t❛s q✉❛tr♦ ❛♠♦str❛s✱ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❋♦r❡st❋✐r❡ ✭✈❡❥❛ ❙❡çã♦ ✸✳✷✮✳ ❆ ❚❛❜❡❧❛ ✺✳✻ r❡✈❡❧❛ ♦
t❛♠❛♥❤♦ ❞❡ ❝❛❞❛ ❛♠♦str❛✳ ❊♥tã♦✱ é ❝❛❧❝✉❧❛❞♦ ♦ ▼❆P ❡ ♦ ♥❉❈● ♣❛r❛ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ t♦❞❛s ❛♠♦str❛s✳



✼✻ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

✺✳✺✳✶✳✶ ▼❆P

▼❆P é ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

▼❆P =

∑Q

q=1❆✈❡P (q)

Q

❆✈❡P(q) =

∑n

k=1 Pr❡❝✐sã♦ (k, q)
n

Pr❡❝✐sã♦ (k, q) =

∑k

j=1 rq (j)

k

❊♠ q✉❡ rq (j) = {0, 1}✱ ✶ s❡ ♦ ❛rt✐❣♦ r❡t♦r♥❛❞♦ ♥❛ ♣♦s✐çã♦ j é r❡❧❡✈❛♥t❡ ♣❛r❛ ❛ ❜✉s❝❛ q✱ ✵
❝❛s♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ ✐rr❡❧❡✈❛♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ ✉♠❛ ú♥✐❝❛ ❜✉s❝❛ q✱ ♣♦❞❡♠♦s
❞❡✜♥✐r Pr❡❝✐sã♦ ❝♦♠♦✿

Pr❡❝✐sã♦ =
♥ú♠❡r♦ ❞❡ ❛rt✐❣♦s r❡❧❡✈❛♥t❡s r❡t♦r♥❛❞♦s

♥ú♠❡r♦ ❞❡ ❛rt✐❣♦s r❡t♦r♥❛❞♦s

❙❡♥❞♦ ❛ss✐♠✱ ❆✈❡P (q) é✱ ♣❛r❛ ✉♠❛ ú♥✐❝❛ ❜✉s❝❛ q✱ ❛ ♠é❞✐❛✴❡①♣❡❝t❛t✐✈❛ ❞❛ Pr❡❝✐sã♦
❝♦♥s✐❞❡r❛♥❞♦ ❝❛❞❛ ✉♠ ❞♦s n ❛rt✐❣♦s r❡t♦r♥❛❞♦s✱ ♥❡st❡ ❝❛s♦✱ n ≤ 20✳ P♦rt❛♥t♦✱ ♦ ▼❆P
❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❜✉s❝❛ é ❛ ♠é❞✐❛ ❞❡ ❆✈❡P ♣❛r❛ t♦❞❛s Q ❜✉s❝❛s r❡❛❧✐③❛❞❛s ♥♦ s✐st❡♠❛✱
♥♦ ❝❛s♦ Q = 0, 15 |V (G❛♠♦str❛)|✳ ◗✉❛♥t♦ ♠❛✐♦r ♦ ▼❆P✱ 0 ≤ ▼❆P ≤ 1✱ ♠❛✐s ❡✜❝❛③ é ♦
s✐st❡♠❛ ❞❡ ❜✉s❝❛✳

✺✳✺✳✶✳✷ ♥❉❈●

♥❉❈● é ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

♥❉❈● =

∑Q

q=1 ♥❉❈● (q)

Q

♥❉❈●(q) =
❉❈●(q)

❉❈● ■❞❡❛❧(q)

❉❈●(q) =

min(20,n)
∑

i=1

2r❡❧i − 1

log2 (1 + i)

❊♠ q✉❡ ❉❈● ■❞❡❛❧(q) é ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡ ❉❈● q✉❡ s❡ ♣♦❞❡ ❝❛❧❝✉❧❛r ❝♦♠ ♦s r❡s✉❧t❛❞♦s
r❡t♦r♥❛❞♦s ❞❛ ❜✉s❝❛ ❡ r❡❧i é ♦ ❣r❛✉ ❞❡ r❡❧❡✈â♥❝✐❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❜✉s❝❛ ♥❛ ♣♦s✐çã♦
i✳ ❙ã♦ ❝✐♥❝♦ ❣r❛✉s ❞❡ r❡❧❡✈â♥❝✐❛✱ ❞❡✜♥✐❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣❛r❡♥t❡s❝♦✱ ♥❛ ❝❧❛ss✐✜❝❛çã♦
❤✐❡r❛rq✉✐❝❛ ❞❛ ❆❈▼✱ ❡♥tr❡ ♦ ❛rt✐❣♦ ❞❡ ❜✉s❝❛ ❡ ♦ ❛rt✐❣♦ r❡t♦r♥❛❞♦ ♥❛ ♣♦s✐çã♦ i✱ ❙❡çã♦ ✺✳✶✳✶✿



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✼✼

P❛r❡♥t❡s❝♦ r❡❧i

▼❡s♠❛ ❈❧❛ss❡ ✹
■r♠ã♦s ✸
Pr✐♠♦s✲✶ ✷
Pr✐♠♦s✲✷ ✶

◆ã♦ ❘❡❧❛❝✐♦♥❛❞♦s ✵

P❛r❛ ♥♦ss♦ ❡①♣❡r✐♠❡♥t♦✱ ❝♦♥s✐❞❡r❛♠♦s ♥❉❈● (q) = 0 s❡ n = 0✱ ✐st♦ é✱ q✉❛♥❞♦ ♥ã♦
❤á ✉♠ r❡s✉❧t❛❞♦ ♣❛r❛ ✉♠❛ ❜✉s❝❛✳ ❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ ❝♦♥s✐❞❡r❛r ♥❉❈● (q) = 1✱
❝♦♥t✉❞♦✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ❛♣❡s❛r ❞♦ s✐st❡♠❛ ♥ã♦ r❡t♦r♥❛r ♥❡♥❤✉♠ r❡s✉❧t❛❞♦ ♣❛r❛ ✉♠❛
❜✉s❝❛ ♣r♦✈❛✈❡❧♠❡♥t❡ ❡①✐st❛ ✉♠ ❛rt✐❣♦ r❡❧❡✈❛♥t❡✱ ✐st♦ é✱ ♦ s✐st❡♠❛ ♥ã♦ ❢♦✐ ❝❛♣❛③ ❞❡ ❡♥❝♦♥trá✲
❧♦✳

❆ ♠❡❞✐❞❛ ❞❡ ❡✜❝á❝✐❛ ❡♥tã♦ é ❛ ♠é❞✐❛ ❞♦ ♥❉❈● ♣❛r❛ t♦❞❛s Q ❜✉s❝❛s r❡❛❧✐③❛❞❛s ♥♦
s✐st❡♠❛✱ ♥♦ ❝❛s♦ Q = 0, 15 |V (G❛♠♦str❛)|✳ ◗✉❛♥t♦ ♠❛✐♦r ♦ ♥❉❈●✱ 0 ≤ ♥❉❈● ≤ 1✱ ♠❛✐s
❡✜❝❛③ é ♦ s✐st❡♠❛ ❞❡ ❜✉s❝❛✳

✺✳✺✳✷ ❊✜❝á❝✐❛ ❞♦ ❇❛s❡❧✐♥❡

❆❞♦t❛♠♦s ♦ ♠❡s♠♦ ❜❛s❡❧✐♥❡ ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❈❛♣ít✉❧♦ ✺✱ ❙❡çã♦ ✺✳✹✳✶✳ ■st♦ é✿
❏❛❝❝❛r❞✱ ❆❞❛♠✐❝✴❆❞❛r✱ ❑❛t③ ❡ ❙✐♠❘❛♥❦ ✼✳ ❆ ❋✐❣✉r❛ ✺✳✶✺ ♠♦str❛ ❛ ❡✜❝á❝✐❛✱ ❡♠ t❡r♠♦s ❞❡
▼❆P✱ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡✱ ♣❛r❛ ❝❛❞❛ ❛♠♦str❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦
♥❛ t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳ ❉❡st❛ ✜❣✉r❛✱ ♥♦t❛✲s❡ q✉❡ ❛ ♠❡❧❤♦r ❡✜❝á❝✐❛ é ♦❜t✐❞❛
♣❡❧❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛✳
❆✐♥❞❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ♦s ♠ét♦❞♦s ❝♦♥✜❣✉r❛❞♦s ♣❛r❛ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛ ♦❜t✐✈❡r❛♠
♠❛✐♦r▼❆P✱ s❡❣✉✐❞♦ ♣♦r ❛q✉❡❧❡s ❝♦♥✜❣✉r❛❞♦s ♣❛r❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s ❡✱ ♣♦r ✜♠✱ ♦s
♣✐♦r❡s r❡s✉❧t❛❞♦s✱ ❝♦♥✜❣✉r❛❞♦s ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s✳ ❆ ❋✐❣✉r❛ ✺✳✶✻ ♠♦str❛
❛ ❡✜❝á❝✐❛✱ ❡♠ t❡r♠♦s ❞❡ ♥❉❈●✱ ♣❛r❛ ❛s ♠❡s♠❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❖s r❡s✉❧t❛❞♦s
sã♦ ❜❡♠ ♣❛r❡❝✐❞♦s s❡ ❝♦♠♣❛r❛❞♦s ❝♦♠ ❛ ❛✈❛❧✐❛çã♦ ❞♦ ▼❆P✱ ❝♦♥t✉❞♦✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ♦
❙✐♠❘❛♥❦✱ ♣❡❧♦ ♥❉❈●✱ s✉♣❡r❛ ♦ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r✳

❆♣❡s❛r ❞❡st❡ r❡s✉❧t❛❞♦ ❝♦♥❝♦r❞❛r ❝♦♠ ♦ ❈❛♣ít✉❧♦ ✺✱ ♣❛r❛ ❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞ ❡ ❆❞❛✲
♠✐❝✴❆❞❛r✱ ♥♦t❛✲s❡ ✉♠❛ ❝♦♠♣❧❡t❛ ❞✐s❝♦r❞â♥❝✐❛ ❡♠ t❡r♠♦s ❞❛ r❡❧❛çã♦ ❡♥tr❡ ❡✜❝á❝✐❛ ❡ ❛
❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ◆❛q✉❡❧❡ ❝❛♣ít✉❧♦✱ ❝♦♥st❛t♦✉
❡①❛t❛♠❡♥t❡ ♦ ❝♦♥trár✐♦✱ q✉❡ ♦ ♠❡❧❤♦r r❡s✉❧t❛❞♦ s❡ ♦❜té♠ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦✲
r❡s✱ s❡❣✉✐❞♦ ♣❡❧♦s r❡s✉❧t❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s ❡✱ ♣♦r ✜♠✱ ♣❛r❛ ♦
❝❛s♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✳ ❈♦♥t✉❞♦✱ ❞❡✈❡✲s❡ ❛❧❡rt❛r q✉❡ ❛ ♥❛t✉r❡③❛ ❞❡st❛s ❛✈❛❧✐❛çõ❡s sã♦ ❜❡♠
❞✐st✐♥t❛s✳ ❆ ❞♦ ❈❛♣ít✉❧♦ ✺ ❝♦♥❢r♦♥t❛ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ♦ ❣❛❜❛r✐t♦ ♣❛r❛ ✉♠

✼◆ã♦ ❢♦✐ ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛s ♠❡❞✐❞❛s ❙✐♠❘❛♥❦ ❡ ❑❛t③ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦ ♣❛r❛ ❛ ♠❛✐♦r
❛♠♦str❛ ❞♦ ❣r❛❢♦✳ P❛r❛♠ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣r❡❝✐s❛✈❛✲s❡ ❛❧é♠ ❞♦s ✹✽●❇ ❞❡ ♠❡♠ór✐❛ ♣r✐♥❝✐♣❛❧ ❞✐s♣♦♥í✈❡❧✳



✼✽ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❝♦♥❥✉♥t♦ ❛❧❡❛tór✐♦ ❞❡ ♣♦s✐çõ❡s ❞❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❊st❛s ♣♦s✐çõ❡s ♣♦❞❡♠ r❡❢❡r❡♥✲
❝✐❛r ♣❛r❡s ❞❡ ❛rt✐❣♦s t❛♥t♦ s✐♠✐❧❛r❡s q✉❛♥t♦ ♣♦✉❝♦ s✐♠✐❧❛r❡s✱ s❡♥❞♦ q✉❡ ❛q✉❡❧❛ ❛✈❛❧✐❛çã♦
s❡ ❝♦♥❝❡♥tr❛ ❡♠ q✉ã♦ ❜♦❛ é ❛ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛♦ ❣❛❜❛r✐t♦✳ ❆❣♦r❛✱
t♦❞❛✈✐❛✱ ❡st❛♠♦s ❝♦♥❝❡♥tr❛♥❞♦ ❡♠ ♦❜t❡r✱ ♣❛r❛ ❝❛❞❛ ❜✉s❝❛✱ ✉♠❛ ❧✐st❛ ❞♦s ✷✵ ❛rt✐❣♦s ♠❛✐s
s✐♠✐❧❛r❡s✱ ✐st♦ é✱ ❡st❛♠♦s ❧✐❞❛♥❞♦ ❝♦♠ ♣❛r❡s ❞❡ ❛rt✐❣♦s ❜❛st❛♥t❡ s✐♠✐❧❛r❡s ❛♣❡♥❛s ❡ ❛✈❛✲
❧✐❛♠♦s s❡ ❝❛❞❛ ❛rt✐❣♦ r❡t♦r♥❛❞♦ é r❡❧❡✈❛♥t❡ ♦✉ ♥ã♦ ♣❛r❛ ❛ ❜✉s❝❛✳ P♦rt❛♥t♦✱ ♥❡♥❤✉♠ ❞♦s
r❡s✉❧t❛❞♦s ✐♥✈❛❧✐❞❛ ♦ ♦✉tr♦✱ ♥❛ ✈❡r❞❛❞❡ sã♦ ❝♦♠♣❧❡♠❡♥t❛r❡s✿ ❡♥q✉❛♥t♦ ♦ ♣r✐♠❡✐r♦ é ✉♠❛
❛✈❛❧✐❛çã♦ ♠❛✐s ❛♠♣❧❛✱ q✉❡ ✈❡r✐✜❝❛ ♦ q✉ã♦ ❜♦❛ é ✉♠❛ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ t❛♥t♦
♣❛r❛ ❡❧❡♠❡♥t♦s s✐♠✐❧❛r❡s q✉❛♥t♦ ♦s ❞✐ss✐♠✐❧❛r❡s✱ ❥á ♦ s❡❣✉♥❞♦ ♠ét♦❞♦ ❞❡ ❛✈❛❧✐❛çã♦ é ✉♠❛
✈❡r✐✜❝❛çã♦ ♠❛✐s ✜♥❛ ♥❛ r❡❣✐ã♦ ❞♦s ❛rt✐❣♦s ❝♦♥s✐❞❡r❛❞♦s ♠❛✐s s✐♠✐❧❛r❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠❛
♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✼✾

❋✐❣✉r❛ ✺✳✶✺✿ ❉❡s❡♠♣❡♥❤♦ ✭▼❆P✮ ❞♦ ❜❛s❡❧✐♥❡ ♥❛ t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳



✽✵ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✻✿ ❉❡s❡♠♣❡♥❤♦ ✭♥❉❈●✮ ❞♦ ❜❛s❡❧✐♥❡ ♥❛ t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✽✶

✺✳✺✳✸ ▼❡❞✐❞❛s r❡❝✉rs✐✈❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❊st❛ s❡çã♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣❛r❛
❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ ♣❛râ♠❡tr♦s ❡ ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞♦ ✈ért✐❝❡s ♥♦ ❣r❛❢♦ ❞✐r❡✲
❝✐♦♥❛❞♦✳

✺✳✺✳✸✳✶ ▼❡❧❤♦r ♣❛râ♠❡tr♦

❆s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ♣♦ss✉❡♠
✉♠ ♣❛râ♠❡tr♦ λ q✉❡ ❞❡✜♥❡ ♦ ♣❡s♦ r❡❧❛t✐✈♦ ❡♥tr❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣r❡❞❡❝❡s✲
s♦r❡s ❡ ❞❡ s✉❝❡ss♦r❡s ❞❡ ✉♠ ✈ért✐❝❡✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐çõ❡s ❞❛ ❙❡çã♦ ✹✳✶✳ ❆ ✜♠ ❞❡ ❡st✉❞❛r ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ λ✱ ♥❛ ❛♣❧✐❝❛çã♦
❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✱ ❝❛❧❝✉❧❛♠♦s ❛ ❡✜❝á❝✐❛ ▼❆P ✭▼❡❛♥ ❆✈❡r❛❣❡ Pr❡❝✐s✐♦♥✮ ❞❡st❛s ♠❡❞✐✲
❞❛s ✈❛r✐❛♥❞♦ λ✳ ❆ ❋✐❣✉r❛ ✺✳✶✼ ♠♦str❛ ❝♦♠♦ ♦ ✈❛❧♦r ❞♦ ▼❆P ✈❛r✐❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ λ ♣❛r❛
❛s ♠❡❞✐❞❛s ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❡ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✳ ❖ ❣rá✜❝♦ ✭❆✮ ♠♦str❛ λ ∈ [0, 1]✱
❡♥q✉❛♥t♦ ♦ ❣rá✜❝♦ ✭❇✮ ♠♦str❛ λ ∈ (0, 1)✳ ❆ ✐❞❡✐❛ ❞♦ ❣rá✜❝♦ ✭❇✮ é ♠♦str❛r ❡♠ ❞❡t❛❧❤❡s ♦
q✉❡ ♦❝♦rr❡ ❢♦r❛ ❞❛s ❜♦r❞❛s✱ q✉❛♥❞♦ λ 6= {0, 1} ✭❧❡♠❜r❛♥❞♦ q✉❡ λ = 0✱ é ❝♦♥s✐❞❡r❛❞❛ ❛♣❡✲
♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s ❡ λ = 1 ❛♣❡♥❛s ♦s s✉❝❡ss♦r❡s✮✳ ◆♦ ❣rá✜❝♦ ✭❆✮✱ ♣❡r❝❡❜❡✲s❡
q✉❡ ♥❛s ❜♦r❞❛s✱ ❢♦✐ ♦❜t✐❞♦ ❛ ♣✐♦r ❡✜❝á❝✐❛✱ ✐st♦ é✱ ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❡
s✉❝❡ss♦r❡s✳ P❛r❛ ❛ ♠❡❞✐❞❛ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✱ ♦ ♣❛râ♠❡tr♦ ♣ró①✐♠♦ ❞❛ ❜♦r❞❛ t❛♠❜é♠
t❡♠ ♣✐♦r ❡✜❝á❝✐❛✳ ❏á ♣❛r❛ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞✱ q✉❛♥❞♦ λ → 1 é ♦❜t✐❞❛ ❛ ♠❛✐♦r ❡✜❝á❝✐❛✳ ❖
❣rá✜❝♦ ✭❇✮ ♠♦str❛ ♠❡❧❤♦r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡stá✈❡❧ ❞❛ ❡✜❝á❝✐❛ ❞❡ ❛♠❜❛s ❛s ♠❡❞✐❞❛s ❞❡
s✐♠✐❧❛r✐❞❛❞❡ q✉❛♥❞♦ λ ∈ (0, 1; 0, 9)✱ ♠❛s ❛♣♦♥t❛ t❛♠❜é♠ ✉♠ ✈❛❧♦r ♠á①✐♠♦ ❞♦ ▼❆P ♣❛r❛
❛ ♠❡❞✐❞❛ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r q✉❛♥❞♦ λ = 0, 5✳ P♦rt❛♥t♦✱ ♦s ♠❡❧❤♦r❡s ♣❛râ♠❡tr♦s✱ ♥♦
❝❛s♦ ❞✐r❡❝✐♦♥❛❞♦✱ sã♦✿ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ✿ λ→ 1 ✭♠❛s ♥ã♦ λ = 1✮❀ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r ✿
λ = 0, 5✳

❚♦❞❛✈✐❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❙❡çã♦ ✺✳✺✳✸✳✷✱ ♣❛r❛ ❡st❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s ♦ ♠❡❧❤♦r ▼❆P✱
♣❛r❛ ❛ t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✱ é ♦❜t✐❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞♦ ❣r❛❢♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ s❡♥❞♦
♣♦rt❛♥t♦ ❞❡ ♣♦✉❝❛ ✉t✐❧✐❞❛❞❡ ❡st❡ ♣❛râ♠❡tr♦ λ✳ ◆♦t❡ q✉❡ ♥❛ ❛✈❛❧✐❛çã♦ ❞♦ ❈❛♣ít✉❧♦ ✺✱
q✉❡ ❝♦♠♣❛r❛✈❛ ❛ ♦r❞❡♥❛çã♦ ❣❡r❛❞❛ ♣♦r ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ ♦ ❣r♦✉♥❞ tr✉t❤✱ ♦
♣❛râ♠❡tr♦ λ ❢♦✐ r❡❧❡✈❛♥t❡✳



✽✷ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✼✿ ◗✉❛❧✐❞❛❞❡ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ♣❡❧♦ ♣❛râ♠❡tr♦ ❞♦ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞✳



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✽✸

✺✳✺✳✸✳✷ ❉✐r❡çã♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s

❆ss✐♠ ❝♦♠♦ ♦❝♦rr❡✉ ♥❛ ❛✈❛❧✐❛çã♦ ❞❡ ❡✜❝á❝✐❛ ❞❛ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❙❡çã♦ ✺✳✹✳✷✳✷✱
❝♦♥s✐❞❡r❛♠♦s ❛✈❛❧✐❛r ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ✐♥✢✉❡♥❝✐❛ ❛ ❡✜❝á❝✐❛ ♥❛
❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✉s❛♥❞♦ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣r♦♣♦st❛s✳ ❆ss✐♠✱
❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s sã♦ ❛✈❛❧✐❛❞❛s ❡♠ s✉❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞✐r❡❝✐♦♥❛❞❛ ♦✉
♥ã♦✳ ◆♦ ❝❛s♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ ♥ã♦ ❤á ♣❛râ♠❡tr♦ λ✳ ❆ ❋✐❣✉r❛ ✺✳✶✽ ♠♦str❛ ❛ ❡✜❝á❝✐❛✱
♠❡❞✐❞❛ ♣❡❧♦ ▼❆P ✭▼❡❛♥ ❆✈❡r❛❣❡ Pr❡❝✐s✐♦♥✮✱ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❜✉s❝❛ ✉s❛♥❞♦ ♦s ♠ét♦❞♦s
r❡❝✉rs✐✈♦s ❝♦♠♦ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥s✐❞❡r❛♥❞♦ ❞✐❢❡r❡♥t❡s ❝♦♥✜❣✉r❛çõ❡s ❞❛ ❞✐r❡çã♦
❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ P❛r❛ ♦ ❝❛s♦ ❞✐r❡❝✐♦♥❛❞♦✱ ❝♦♥s✐❞❡r❛✲s❡ ♦ ♣❛râ♠❡tr♦ λ = 1

✭✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s✮ ❡ λ = 0 ✭✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s✮✳ ◆❡st❛ ✜❣✉r❛✱ ♥♦t❛✲
s❡ q✉❡ ♣❛r❛ ❛♠❜❛s ❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ✐♥✢✉❡♥❝✐❛ ♦s r❡s✉❧t❛❞♦s✱
❝♦♥t✉❞♦✱ ♥❡❣❛t✐✈❛♠❡♥t❡✳ ■st♦ é✱ ❛s ♠❡❞✐❞❛s ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞ ❡ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r

♦❜tê♠ ❞❡s❡♠♣❡♥❤♦ ❜❡♠ s✉♣❡r✐♦r s❡ ❢♦r ❞❡s❝♦♥s✐❞❡r❛❞❛ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✱ ♣❛r❛ ❡st❛
❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳ ❋❡♥ô♠❡♥♦ s✐♠✐❧❛r ♦❜s❡r✈♦✉✲s❡ ♥❛ ❛✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s
❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡✱ ❙❡çã♦ ✺✳✺✳✷✳

❊st❡ r❡s✉❧t❛❞♦ é ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ ❡♠ t❡r♠♦s ♣rát✐❝♦s✱ ❥á q✉❡ ❡♠ ✉♠❛ ❜✐❜❧✐♦t❡❝❛
❞✐❣✐t❛❧ ❞❡ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s✱ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❛r❡st❛s ♣r❡❞❡❝❡ss♦r❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱
✐st♦ é✱ ♦s ❛rt✐❣♦s ❝✐t❛♥t❡s✱ ♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❛♥❞♦ ✉♠ ❛rt✐❣♦ é r❡❝é♠
♣✉❜❧✐❝❛❞♦✳ ❖✉ s❡❥❛✱ s❡ ✉♠ s✐st❡♠❛ ❞❡ ❜✉s❝❛ ❞❡♣❡♥❞❡ss❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡st❛s ❛r❡st❛s✱ ♦s
❛rt✐❣♦s r❡❝❡♥t❡♠❡♥t❡ ♣✉❜❧✐❝❛❞♦s ❞✐✜❝✐❧♠❡♥t❡ ❡st❛r✐❛♠ ❜❡♠ r❛♥q✉❡❛❞♦s ❡♠ ✉♠❛ ❜✉s❝❛ ❞❛
❛♣❧✐❝❛çã♦ ◗✉❡r② ❜② ❊①❛♠♣❧❡✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡r✐❛ ✉♠ ❧✐♠✐t❛❞♦r ❞❡ ❝♦♠♦ ❡st❛ ❜✉s❝❛
♣♦❞❡r✐❛ s❡r ✉s❛❞❛ ❡♠ ✉♠ s✐st❡♠❛ r❡❛❧✳ P♦rt❛♥t♦✱ ❝♦♠ ❡st❡ r❡s✉❧t❛❞♦✱ ♣♦❞❡✲s❡ ❡s♣❡r❛r ❡♠
✉♠ r❛♥q✉❡❛♠❡♥t♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ t❛♠❜é♠ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s r❡❝❡♥t❡♠❡♥t❡ ♣✉❜❧✐❝❛❞♦s✱
❛❧é♠ ❞❛q✉❡❧❡s ♣✉❜❧✐❝❛❞♦s ❤á ♠❛✐s t❡♠♣♦✳



✽✹ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✽✿ ❊✜❝á❝✐❛ ✭▼❆P✮ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✏❘❡❝✉rs✐✈❡✑ ❞❡♣❡♥❞❡♥❞♦ ❞❛
❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s✱ ♥❛ ❛♣❧✐❝❛çã♦ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✽✺

✺✳✺✳✹ ❈♦♠♣❛r❛çã♦ ❞♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦ ❝♦♥tr❛ ❛s ♠❡❞✐❞❛s ❧♦❝❛✐s

❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝❆❞❛r

❖ ♦❜❥❡t✐✈♦ ❛q✉✐ é ❝♦♠♣❛r❛r ❛s ❞✉❛s ♠❡❧❤♦r❡s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡✱ ❏❛❝❝❛r❞
❡ ❆❞❛♠✐❝❆❞❛r✱ ❝♦♥tr❛ ❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s ♣r♦♣♦st❛s ♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳
❊st❛ ❝♦♠♣❛r❛çã♦ ❛✈❛❧✐❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s
❝♦♥✜❣✉r❛çõ❡s ❞❡ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s✳

✺✳✺✳✹✳✶ ❱✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❞✐r❡❝✐♦♥❛❞♦✱ sã♦ ❝♦♠♣❛r❛❞❛s ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡
r❡❝✉rs✐✈❛s ❝♦♥tr❛ s✉❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛✱ ❝❛❧❝✉❧❛❞❛s ❛♣❡♥❛s ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡s✲
s♦r❡s ❞❡ ✉♠ ✈ért✐❝❡✳ ❆ ❋✐❣✉r❛ ✺✳✶✾ ♠♦str❛ ❛ ❡✜❝á❝✐❛✱ ♠❡❞✐❞❛ ♣❡❧♦ ▼❆P ✭▼❡❛♥ ❆✈❡r❛❣❡

Pr❡❝✐s✐♦♥✮✱ ❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ s✉❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦
❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳ ◆❡st❛ ✜❣✉r❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s s✉♣❡r❛♠ ❜❛st❛♥t❡
s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞♦ ❜❛s❡❧✐♥❡ ♣❛r❛ t♦❞❛s ❛♠♦str❛s ❝♦♥s✐❞❡r❛❞❛s✳

✺✳✺✳✹✳✷ ❱✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❞✐r❡❝✐♦♥❛❞♦✱ sã♦ ❝♦♠♣❛r❛❞❛s ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡
r❡❝✉rs✐✈❛s ❝♦♥tr❛ s✉❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛✱ ❝❛❧❝✉❧❛❞❛s ❛♣❡♥❛s ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡✲
❝❡ss♦r❡s ❞❡ ✉♠ ✈ért✐❝❡✳ ❆ ❋✐❣✉r❛ ✺✳✷✵ ♠♦str❛ ❛ ❡✜❝á❝✐❛✱ ♠❡❞✐❞❛ ♣❡❧♦▼❆P ✭▼❡❛♥ ❆✈❡r❛❣❡

Pr❡❝✐s✐♦♥✮✱ ❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ s✉❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦
❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳ ◆❡st❛ ✜❣✉r❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s s✉♣❡r❛♠ ❜❛st❛♥t❡
s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞♦ ❜❛s❡❧✐♥❡ ♣❛r❛ t♦❞❛s ❛♠♦str❛s ❝♦♥s✐❞❡r❛❞❛s✳

✺✳✺✳✹✳✸ ❱✐③✐♥❤❛♥ç❛ ♥ã♦ ❞✐r❡❝✐♦♥❛❞❛

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ sã♦ ❝♦♠♣❛r❛❞❛s ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛✲
r✐❞❛❞❡ r❡❝✉rs✐✈❛s ❝♦♥tr❛ s✉❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛✱ ❝❛❧❝✉❧❛❞❛s ♣❛r❛ t♦❞❛ ❛❞❥❛❝ê♥❝✐❛ ❞❡ ✉♠
✈ért✐❝❡✳ ❆ ❋✐❣✉r❛ ✺✳✷✶ ♠♦str❛ ❛ ❡✜❝á❝✐❛✱ ♠❡❞✐❞❛ ♣❡❧♦ ▼❆P ✭▼❡❛♥ ❆✈❡r❛❣❡ Pr❡❝✐s✐♦♥✮✱
❞❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞✱ ❆❞❛♠✐❝❆❞❛r ❡ s✉❛s ✈❡rsõ❡s r❡❝✉rs✐✈❛s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r②

❜② ❊①❛♠♣❧❡✳ ◆❡st❛ ✜❣✉r❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛ ♠❡❞✐❞❛ r❡❝✉rs✐✈❛ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r s✉✲
♣❡r❛ ❜❛st❛♥t❡ ❛s ❞❡♠❛✐s✳ ▼❛✐s ❛✐♥❞❛✱ ❡st❛ é ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ q✉❡ ♦ ❜❛s❡❧✐♥❡

❛♣r❡s❡♥t❛ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❡ ♣♦rt❛♥t♦✱ ♦ ♠ét♦❞♦ r❡❝✉rs✐✈♦ ❜❛s❡❛❞♦ ♥❛ ♠❡❞✐❞❛ ❆❞❛✲
♠✐❝❆❞❛r s✉♣❡r❛ t♦❞❛s ♦✉tr❛s ❛✈❛❧✐❛❞❛s✱ ♣❛r❛ t♦❞❛s ♣♦ssí✈❡✐s ❝♦♥✜❣✉r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛✱
s❡❥❛ ❞✐r❡❝✐♦♥❛❞❛ ♦✉ ♥ã♦✳ ❆ ❋✐❣✉r❛ ✺✳✷✷ ❛♣r❡s❡♥t❛ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✱ ♠♦str❛♥❞♦ ❛s ❞❡♠❛✐s
♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦ ❜❛s❡❧✐♥❡ ❡♠ s✉❛s ♠❡❧❤♦r❡s ❝♦♥✜❣✉r❛çõ❡s✳



✽✻ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❋✐❣✉r❛ ✺✳✶✾✿ ❊✜❝á❝✐❛ ✭▼❆P✮ ❞❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s✱
❝♦♠♣❛r❛❞❛s ❝♦♠ ❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛ ❞♦ ❜❛s❡❧✐♥❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳

❋✐❣✉r❛ ✺✳✷✵✿ ❊✜❝á❝✐❛ ✭▼❆P✮ ❞❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s✱
❝♦♠♣❛r❛❞❛s ❝♦♠ ❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛ ❞♦ ❜❛s❡❧✐♥❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✽✼

❋✐❣✉r❛ ✺✳✷✶✿ ❊✜❝á❝✐❛ ✭▼❆P✮ ❞❛s ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ♣❛r❛ ❣r❛❢♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ ❝♦♠♣❛✲
r❛❞❛s ❝♦♠ ❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛ ❞♦ ❜❛s❡❧✐♥❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳

✺✳✺✳✹✳✹ ❈♦♥❢r♦♥t❛♥❞♦ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ s✉❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛✲

çã♦

❆s ❋✐❣✉r❛s ✺✳✷✷ ❡ ✺✳✷✸ ❡ ❛s ❚❛❜❡❧❛s ✺✳✼ ❡ ✺✳✽ ♠♦str❛♠ ❛s ❡✜❝á❝✐❛s✱ ♠❡❞✐❞❛s r❡s♣❡❝t✐✈❛✲
♠❡♥t❡ ♣❡❧♦ ▼❆P ❡ ♥❉❈●✱ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♠ s✉❛s ♠❡❧❤♦r❡s ❝♦♥✜❣✉r❛çõ❡s✱
✐st♦ é✱ t♦❞❛s ❝♦♥✜❣✉r❛❞❛s ♣❛r❛ ❝♦♥s✐❞❡r❛r ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ♥ã♦ ❞✐r❡❝✐♦♥❛❞♦✱ ♦✉ s❡❥❛✱ t♦❞❛
❛❞❥❛❝ê♥❝✐❛ ❞❡ ✉♠ ✈ért✐❝❡ é ❝♦♥s✐❞❡r❛❞❛ ♥♦ ❝á❧❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✲
✈❛❞♦✱ ❛ ✈❡rsã♦ r❡❝✉rs✐✈❛ ❞♦ ❛❧❣♦r✐t♠♦ ❆❞❛♠✐❝❭❆❞❛r s✉♣❡r❛ t♦❞♦s ❛❧❣♦r✐t♠♦s✱ ❝♦♥t✉❞♦✱ ♦
♠❡s♠♦ ♥ã♦ ❛❝♦♥t❡❝❡ ❝♦♠ ❛ ✈❡rsã♦ r❡❝✉rs✐✈❛ ❞❛ ♠❡❞✐❞❛ ❏❛❝❝❛r❞✳

■♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛✈❛❧✐❛r ❡st❛t✐st✐❝❛♠❡♥t❡ s❡ ❛ ❡✜❝á❝✐❛ ❞♦
♠ét♦❞♦ r❡❝✉rs✐✈♦ é ❞✐❢❡r❡♥t❡ ❞❛ s✉❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛ ✭❜❛s❡❧✐♥❡✮ ♥❡st❛ ❛✈❛❧✐❛çã♦ ❞❡
◗✉❡r② ❜② ❊①❛♠♣❧❡✱ ❛ ❋✐❣✉r❛ ✺✳✷✹ ♠♦str❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ ✾✺✪ ♣❛r❛ ♦s ✈❛❧♦r❡s
❞♦ ▼❆P ❡ ♥❉❈● ♣❛r❛ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❆❞❛♠✐❝✴❆❞❛r ❡ ❏❛❝❝❛r❞✳ ◆♦t❛✲s❡
q✉❡ ♥♦ ❝❛s♦ ❞♦ ❆❞❛♠✐❝✴❆❞❛r ❛ ✈❡rsã♦ r❡❝✉rs✐✈❛ é s✐❣♥✐✜❝❛♠❡♥t❡ s✉♣❡r✐♦r ❛ ✈❡rsã♦ ♥ã♦
r❡❝✉rs✐✈❛✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❞✐❢❡r❡♥ç❛ ♥✉♠ér✐❝❛ ❞❛ ❡✜❝á❝✐❛ ❞♦ ❏❛❝❝❛r❞ r❡❝✉rs✐✈♦ ♥ã♦ é
s✐❣♥✐✜❝❛t✐✈❛ s❡ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ ✈❡rsã♦ ♥ã♦ r❡❝✉rs✐✈❛✳



✽✽ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❆♠♦str❛ ❆❞❛♠✐❝❆❞❛r ❏❛❝❝❛r❞ ❑❛t③ ❙✐♠❘❛♥❦

★❆r❡st❛s ★❱ért✐❝❡s
♥ã♦ ❞✐r✳ ♥ã♦ ❞✐r✳ ♥ã♦ ❞✐r✳ (β = 0, 15) ♥ã♦ ❞✐r❡❝✳ (C = 0, 80)

❇❛s❡❧✐♥❡ ❘❡❝✉rs✐✈♦ ❇❛s❡❧✐♥❡ ❘❡❝✉rs✐✈♦ ❇❛s❡❧✐♥❡ ❇❛s❡❧✐♥❡

✹✶✺✻✽ ✶✽✹✶✼ ✵✱✺✶✼✵ ✵✱✺✸✶✹ ✵✱✺✷✵✹ ✵✱✺✶✽✷ ✵✱✺✷✶✹ ✵✱✺✸✾✽

✽✽✷✽✻ ✸✻✽✸✸ ✵✱✺✹✹✹ ✵✱✺✺✽✽ ✵✱✺✺✷✷ ✵✱✺✹✾✻ ✵✱✺✶✶✽ ✵✱✺✹✺✾

✶✺✽✺✵✻ ✻✶✸✽✼ ✵✱✺✺✺✼ ✵✱✺✼✹✹ ✵✱✺✺✾✷ ✵✱✺✺✾✸ ✵✱✺✶✶✽ ✵✱✺✹✼✶

✷✺✸✸✺✺ ✽✺✾✹✷ ✵✱✺✻✵✵ ✵✱✺✼✺✵ ✵✱✺✺✾✹ ✵✱✺✺✻✶
✯ ✯

✯ P❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣r❡❝✐s❛✈❛✲s❡ ❛❧é♠ ❞♦s ✹✽●❇ ❞❡ ♠❡♠ór✐❛ ♣r✐♥❝✐♣❛❧ ❞✐s♣♦♥í✈❡❧✳

❚❛❜❡❧❛ ✺✳✼✿ ❊✜❝á❝✐❛✱ ▼❡❛♥ ❆✈❡r❛❣❡ Pr❡❝✐s✐♦♥✱ ❞❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ♥❛ t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳

❋✐❣✉r❛ ✺✳✷✷✿ ❊✜❝á❝✐❛ ✭▼❆P✮ ❞❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♥❛
t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳



✺✳✺✳ ❆✈❛❧✐❛çã♦ s❡❣✉♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ✽✾

❆♠♦str❛ ❆❞❛♠✐❝❆❞❛r ❏❛❝❝❛r❞ ❑❛t③ ❙✐♠❘❛♥❦

★❆r❡st❛s ★❱ért✐❝❡s
♥ã♦ ❞✐r✳ ♥ã♦ ❞✐r✳ ♥ã♦ ❞✐r✳ (β = 0, 15) ♥ã♦ ❞✐r❡❝✳ (C = 0, 80)

❇❛s❡❧✐♥❡ ❘❡❝✉rs✐✈♦ ❇❛s❡❧✐♥❡ ❘❡❝✉rs✐✈♦ ❇❛s❡❧✐♥❡ ❇♥❉❈●❛s❡❧✐♥❡

✹✶✺✻✽ ✶✽✹✶✼ ✵✱✻✾✵✼ ✵✱✼✵✹✹ ✵✱✻✾✹✷ ✵✱✻✾✷✻ ✵✱✼✹✷✽ ✵✱✼✺✷✹

✽✽✷✽✻ ✸✻✽✸✸ ✵✱✼✶✼✻ ✵✱✼✸✶✸ ✵✱✼✷✺✸ ✵✱✼✷✹✶ ✵✱✼✷✹✺ ✵✱✼✹✺✷

✶✺✽✺✵✻ ✻✶✸✽✼ ✵✱✼✸✹✹ ✵✱✼✺✹✸ ✵✱✼✸✼✾ ✵✱✼✹✸✵ ✵✱✼✷✼✽ ✵✱✼✹✻✼

✷✺✸✸✺✺ ✽✺✾✹✷ ✵✱✼✹✹✼ ✵✱✼✺✻✷ ✵✱✼✹✺✷ ✵✱✼✹✸✺
✯ ✯

✯ P❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣r❡❝✐s❛✈❛✲s❡ ❛❧é♠ ❞♦s ✹✽●❇ ❞❡ ♠❡♠ór✐❛ ♣r✐♥❝✐♣❛❧ ❞✐s♣♦♥í✈❡❧✳

❚❛❜❡❧❛ ✺✳✽✿ ❊✜❝á❝✐❛✱ ♥❉❈●✱ ❞❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♥❛
t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s ❛♠♦str❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳

❋✐❣✉r❛ ✺✳✷✸✿ ❊✜❝á❝✐❛ ✭♥❉❈●✮ ❞❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦ ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♥❛
t❛r❡❢❛ ❞❡ ◗✉❡r② ❜② ❊①❛♠♣❧❡✳



✾✵ ❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❞❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡

❞

Recursivo vs. Local
Query By Example
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Nœmero de Arestas
(a)

AdamicAdar-undirected

Recursive-AdamicAdar-undirected
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Nœmero de Arestas
(b)

Jaccard-undirected

Recursive-Jaccard-undirected
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Nœmero de Arestas
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Nœmero de Arestas
(d)

Jaccard-undirected

Recursive-Jaccard-undirected

❋✐❣✉r❛ ✺✳✷✹✿ ■♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞❛ ❡✜❝á❝✐❛ ❞❛ ✈❡rsã♦ ❧♦❝❛❧ ❡ r❡❝✉rs✐✈❛ ❞♦ ❆❞❛♠✐❝✴❆❞❛r
❡ ❏❛❝❝❛r❞✳



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s

✻✳✶ ❈♦♥tr✐❜✉✐çõ❡s ❡ ❞✐s❝✉ssã♦ ❞♦s r❡s✉❧t❛❞♦s

◆❡st❡ tr❛❜❛❧❤♦✱ ❢♦✐ r❡❛❧✐③❛❞♦ ✉♠ ❡st✉❞♦ ❝♦♠♣❛r❛t✐✈♦ ❞❡ ❞✐✈❡rs❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡s
❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛♠♦s ❛ ❢♦r♠✉❧❛çã♦ ❞❡ ❞✐❢❡r❡♥t❡s ♠❡❞✐❞❛s ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❡✱ ♥♦ ❈❛♣ít✉❧♦ ✺✱ r❡❛❧✐③❛♠♦s ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ❞❡s❝♦❜r✐r ❛ ❡✜❝á❝✐❛ ❞❡ ❝❛❞❛
♠❡❞✐❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ ❜✐❜❧✐♦❣r❛✜❛ ❛❝❛❞ê♠✐❝❛✳ ◆♦ ❈❛♣ít✉❧♦ ✸✱ ♠♦❞❡❧❛♠♦s ♦
❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❝♦♠♦ ✉♠ ❣r❛❢♦✱ ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞♦s ♠❡t❛❞❛❞♦s ♦❜t✐❞♦s ❞❛ ❜✐❜❧✐♦t❡❝❛
❞✐❣✐t❛❧ ❞❛ ❆ss♦❝✐❛t✐♦♥ ❢♦r ❈♦♠♣✉t❡r ▼❛❝❤✐♥❡r② ✭❆❈▼ ✮ ❬✷✶❪ ❢♦r♥❡❝✐❞♦s ❞❛ ❡♠♣r❡s❛ ❖❞②s❝✐
❬✽❪✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝❛❧❝✉❧❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s ❛❝❛❞ê♠✐❝♦s ❛ ♣❛rt✐r ❞♦ ❣r❛❢♦
❞❡ ❝✐t❛çã♦✱ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♣r♦t♦❝♦❧♦ ❡①♣❡r✐♠❡♥t❛❧ ❡♠ ❞✉❛s ♣❛rt❡s✿ ❛ ♣r✐♠❡✐r❛ ❛✈❛❧✐❛✈❛
q✉ã♦ ❜❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝❛❧❝✉❧❛❞❛✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s é ♦ ✈❛❧♦r ❞❛ s✐♠✐❧❛r✐❞❛❞❡
❡♥tr❡ ❞♦✐s ❛rt✐❣♦s✱ s❡❣✉❡ ✉♠❛ ♦r❞❡♥❛çã♦ ♣❛r❝✐❛❧ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ✉♠ ❣❛❜❛r✐t♦ ❝❛❧❝✉❧❛❞♦✳
❊st❡ ❣❛❜❛r✐t♦ q✉❡ ❞❡r✐✈❛ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❤✐❡rárq✉✐❝❛ ❞♦s ❛rt✐❣♦s ♥♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦
❞❡ ✶✾✾✽ ❞❛ ❆❈▼ ✶✷ ❬✶✻❪✱ q✉❡ é r❡❛❧✐③❛❞❛ ♣❡❧♦s ♣ró♣r✐♦s ❛✉t♦r❡s ❞♦s ❛rt✐❣♦s ♥♦ ♠♦♠❡♥t♦
❞❛ ♣✉❜❧✐❝❛çã♦✳ ❊st❡ ❣❛❜❛r✐t♦ ❝r✐❛ ✉♠❛ ♥♦çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ t❛❧ q✉❡ ❞♦✐s ❛rt✐❣♦s sã♦
♠❛✐s s✐♠✐❧❛r❡s ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ sã♦ ❝❧❛ss✐✜❝❛❞♦s ❡♠ ❝❧❛ss❡s s✐♠✐❧❛r❡s✱ ✐st♦ é✱ q✉❡ ❡stã♦
❡♠ ❝❧❛ss❡s ❤✐❡r❛rq✉✐❝❛♠❡♥t❡ ♣ró①✐♠❛s✳ ❏á ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❢♦✐ ❞❡❞✐❝❛❞❛ à ❛✈❛❧✐❛çã♦ ❞♦s
❛❧❣♦r✐t♠♦s ❡♠ ✉♠❛ t❛r❡❢❛ ❞❡ ❜✉s❝❛✱ ◗✉❡r② ❜② ❊①❛♠♣❧❡✱ ❛✈❛❧✐❛♥❞♦ s❡ ✉♠ r❛♥q✉❡❛♠❡♥t♦ ❞♦s
r❡s✉❧t❛❞♦s ♣❡❧❛ s✐♠✐❧❛r✐❞❛❞❡ r❡t♦r♥❛✈❛♠ ❛rt✐❣♦s r❡❧❡✈❛♥t❡s ♦✉ ♥ã♦ ❞❛❞♦ ✉♠ ♦✉tr♦ ❛rt✐❣♦
❞❡ ❜✉s❝❛✳

❉❛❞❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❞❡ ❡s♣❛ç♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ s✐✲
♠✐❧❛r✐❞❛❞❡ s❡❧❡❝✐♦♥❛❞♦s✱ t♦r♥♦✉✲s❡ ✐♥✈✐á✈❡❧ ❛ ❡①❡❝✉çã♦ ❡♠ t♦❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ ❉❡st❛
❢♦r♠❛✱ ❛❜♦r❞❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧❛ r❡❞✉③✐♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦ ❣r❛❢♦✱ ❝♦♠ té❝♥✐❝❛s ❞❡

✶❤tt♣✿✴✴✇✇✇✳❛❝♠✳♦r❣✴❛❜♦✉t✴❝❧❛ss✴❤♦✇✲t♦✲✉s❡ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✷❤tt♣✿✴✴✇✇✇✳❛❝♠✳♦r❣✴❛❜♦✉t✴❝❧❛ss✴✶✾✾✽ ✕ ❆❝❡ss❛❞♦ ❡♠ ✶✾✾✽

✾✶



✾✷ ❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sõ❡s

❛♠♦str❛❣❡♠✳ ❆ss✐♠✱ ♥❛ ❙❡çã♦ ✸✳✷✱ ❡st✉❞❛♠♦s ❞✐❢❡r❡♥t❡s ❢♦r♠❛s ❞❡ s❡ ❝r✐❛r ❛♠♦str❛s ❞❡
✉♠ ❣r❛❢♦ q✉❡ ♠❛♥tê♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳

❆♦ ❡st✉❞❛r ❛s té❝♥✐❝❛s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ ❡♥t❡♥❞❡♠♦s q✉❡ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ s✐♠✐❧❛r✐✲
❞❛❞❡ ❡♥tr❡ ♦❜❥❡t♦s ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❡ ✉♠ ❣r❛❢♦ ❡♠ q✉❡ s❡ ♦r❣❛♥✐③❛♠✱ ❤á ❛❧❣♦r✐t♠♦s
q✉❡ s❡ ❜❛s❡✐❛♠ ❡♠ ❞✐❢❡r❡♥t❡s ❡str❛té❣✐❛s✿ ✐✮ ♥❛ ❛♥á❧✐s❡ ❞♦s ❝❛♠✐♥❤♦s ❢♦r♠❛❞♦s ❡♥tr❡ ♦❜✲
❥❡t♦s ✭❑❛t③ ❡ ❲❡✐❣❤t❡❞ P❛t❤s✮❀ ✐✐✮ ♥❛ ❛♥á❧✐s❡ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧ ✭❈♦♠♠♦♥ ◆❡✐❣❤❜♦rs✱
❆❞❛♠✐❝✴❆❞❛r✱ ❏❛❝❝❛r❞ ❡ Pr❡❢❡r❡♥t✐❛❧ ❆tt❛❝❤♠❡♥t✮❀ ✐✐✐✮ ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s ✭❙✐♠❘❛♥❦✱ ❍✐t✲
t✐♥❣ ❚✐♠❡✱ ❈♦♠♠✉t❡ ❚✐♠❡✱ ❘♦♦t❡❞ P❛❣❡❘❛♥❦ ❡ Pr♦♣❋❧♦✇✮❀ ✐✈✮ ♦✉tr♦s ♠ét♦❞♦s✱ ❝♦♠♦
❡①❡♠♣❧♦ ❛q✉❡❧❡s q✉❡ s❡ ❜❛s❡✐❛♠ ♥❛ ❢❛t♦r❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛ ✭▲♦✇✲r❛♥❦ ❛♣♣r♦①✐✲
♠❛t✐♦♥✮✳ ❙❡❧❡❝✐♦♥❛♠♦s ❛❧❣✉♠❛s ❞❡st❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ❞✐❢❡r❡♥t❡s ❡str❛té❣✐❛s
❡ ♦❜s❡r✈❛♠♦s ❛ ♣❛rt✐r ❞❡ ❡①♣❡r✐♠❡♥t♦s q✉❡ ❛q✉❡❧❛s q✉❡ ❛♥❛❧✐s❛♠ ❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧✱ ❛❧é♠
❞❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♦❜tê♠ r❡s✉❧t❛❞♦s ❡①❝❡❧❡♥t❡s ❡♠ t❡r♠♦s ❞❡ ❡✜❝á❝✐❛ ❡
❡✜❝✐ê♥❝✐❛✳ ◆❡st❡ s❡♥t✐❞♦✱ ❞❡st❛❝❛♠✲s❡ ❛s ♠❡❞✐❞❛s ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r q✉❡ ❡♠ ❛♠❜♦s
❡①♣❡r✐♠❡♥t♦s ✭❛✈❛❧✐❛çã♦ ❞❛ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡ ♦ ❞❡ ❜✉s❝❛✮ ❝♦♥s❡❣✉✐r❛♠ ♦❜t❡r ❛
♠❡❧❤♦r ❡✜❝á❝✐❛ ❞❡♥tr❡ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ s❡❧❡❝✐♦♥❛❞❛s✳

❉❛❞❛ ❛ ♥❛t✉r❡③❛ ❞✐r❡❝✐♦♥❛❞❛ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♣♦❞❡rí❛♠♦s r❡❡s✲
❝r❡✈❡r ❡st❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ❝♦♥s✐❞❡r❛r ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s✳ ❈♦♠ ✐st♦✱
♣❡r❝❡❜❡♠♦s q✉❡ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ✐♥✢✉❡♥❝✐❛ ❜❛st❛♥t❡ ♥♦s r❡s✉❧t❛❞♦s ❞❡ ❡✜❝á❝✐❛✳ P♦r
❡①❡♠♣❧♦✱ ♥❛ ❛✈❛❧✐❛çã♦ ❞❛ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❛ ❡✜❝á❝✐❛ ❛✉♠❡♥t♦✉ ❝♦♥s✐❞❡r❛✈❡❧✲
♠❡♥t❡ s❡ ✉sáss❡♠♦s ❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s ♣r❡❞❡❝❡ss♦r❡s ❞♦s ✈ért✐❝❡s✳ ❏á ♥❛ ❛✈❛❧✐❛çã♦
❞❡ ❜✉s❝❛ ♣♦r ❛rt✐❣♦s s✐♠✐❧❛r❡s✱ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥✜❣✉r❛❞❛s ♣❛r❛ ❝♦♥s✐❞❡r❛r
❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦s s✉❝❡ss♦r❡s ❝♦♥s❡❣✉✐r❛♠ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✳

◆♦ss♦ ♣r♦t♦❝♦❧♦ ❡①♣❡r✐♠❡♥t❛❧ ✭❈❛♣ít✉❧♦ ✺✮✱ ✐♥s♣✐r❛❞♦ ♥❛s ✐❞❡✐❛s ❞❡ ❍❛✈❡❧✐❛✇❛❧❛ ❡t
❛❧✳ ❬✸✷❪✱ ♣❡r♠✐t❡ ❛ ❛✈❛❧✐❛çã♦ ❞❛ ❡✜❝á❝✐❛ ❞♦s ♠ét♦❞♦s ♦❜❥❡t✐✈❛♠❡♥t❡ ❡ ❞❡ ❢♦r♠❛ r❡♣r♦❞✉③í✈❡❧✱
✐st♦ é✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡s ❞❡ ❛t✐✈✐❞❛❞❡s ♠❛♥✉❛✐s ♣❛r❛ ❥✉❧❣❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s
✭♥♦ ♥♦ss♦ ♣♦♥t♦ ❞❡ ✈✐st❛ é ❧❛❜♦r✐♦s❛ ❡ s✉❜❥❡t✐✈❛✮✳ ❉❡ ❢❛t♦✱ ♣r♦❞✉③✐♠♦s ✉♠ ❣❛❜❛r✐t♦
✉t✐❧✐③❛♥❞♦ ❞❛❞♦s q✉❡ ❞❡r✐✈❛♠ ❞❡ ✉♠❛ ❛♥♦t❛çã♦ ❤✉♠❛♥❛ ✭❛ ❝❧❛ss✐✜❝❛çã♦ ❡♠ ❝❛t❡❣♦r✐❛s
❤✐❡rárq✉✐❝❛s ❬✶✻❪✮✱ ♠❛s q✉❡ é ✉♠❛ ❛t✐✈✐❞❛❞❡ ♦❜r✐❣❛tór✐❛ ♣❛r❛ ❛ ♣✉❜❧✐❝❛çã♦ ❡ ♦r❣❛♥✐③❛çã♦
❞❡ ✉♠ ❛rt✐❣♦ ♥❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❞❛ ❆❈▼ ❬✶✻✱ ✷✶❪✳ ■st♦ é✱ ❝♦♠ ♦ t❡♠♣♦✱ ♥♦ss♦ ❣❛❜❛r✐t♦
❝♦♥t✐♥✉❛rá s❡♥❞♦ ❡♥r✐q✉❡❝✐❞♦ s❡♠ ♥♦ss❛ ✐♥t❡r✈❡♥çã♦ ♠❛♥✉❛❧✱ ❢♦r♥❡❝❡♥❞♦ ✉♠ ❛♠❜✐❡♥t❡ ❞❡
❡①♣❡r✐♠❡♥t❛çã♦✱ q✉❡ ♣♦r ❝♦♥str✉çã♦✱ ✐rá ❡✈♦❧✉✐r✳

❆♦ ❧✐❞❛r ❝♦♠ ♦ ✈♦❧✉♠❡ ❞❡ ❞❛❞♦s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ✈ár✐❛s té❝♥✐❝❛s ♥ã♦ ❡s❝❛❧❛✈❛♠✱ ♣♦✐s
t✐♥❤❛♠ ❝♦♠♣❧❡①✐❞❛❞❡ O

(

|V |2
)

❞❡ ❡s♣❛ç♦ ❡ ♣❡❧♦ ♠❡♥♦s O
(

|V |3
)

❞❡ t❡♠♣♦✱ ❡♠ q✉❡ V é
♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ✭❧❡♠❜r❛♥❞♦ q✉❡ |V | = 122.774✮✳ ❍á ✈ár✐❛s ❡s✲
tr❛té❣✐❛s ♣❛r❛ r❡s♦❧✈❡r ❡st❡ ❞❡s❛✜♦✿ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐str✐❜✉í❞♦ ✭❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✺❪ ✉s❛♥❞♦
♦ ▼❛♣❘❡❞✉❝❡ ❬✶✾❪✮✱ ♦t✐♠✐③❛çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ✭r❡❛❧✐③❛❞♦ ❡♠ ❬✹✾❪✮✱ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐✲
♠❛çã♦ ❡ ♣r♦❜❛❜✐❧íst✐❝♦s ✭❝♦♠♦ ❡♠ ❬✷✸✕✷✺✱ ✹✸❪✮✳ ❈♦♥t✉❞♦✱ t♦♠❛♠♦s ✉♠❛ ✈✐❛ ♥ã♦ t♦♠❛❞❛
❛♥t❡s ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ♣❡❧♦ ♠❡♥♦s ❛♦ q✉❡ s❛❜❡♠♦s✳ ❉❡❝✐❞✐♠♦s r❡❡s❝❛❧❛r ♦ ❝♦♥❥✉♥t♦ ❞❡



✻✳✶✳ ❈♦♥tr✐❜✉✐çõ❡s ❡ ❞✐s❝✉ssã♦ ❞♦s r❡s✉❧t❛❞♦s ✾✸

❞❛❞♦s ❡ ♠❛♥t❡r ♦s ❛❧❣♦r✐t♠♦s ❝♦♠♦ ❢♦r❛♠ ♣r♦♣♦st♦s✳ ❆ss✐♠✱ ♥♦ ❈❛♣ít✉❧♦ ✸✳✷ ❛✈❛❧✐❛♠♦s
✈ár✐❛s té❝♥✐❝❛s ❞❡ ❛♠♦str❛r ♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ✈❡r✐✜❝❛♥❞♦ s❡ ❛s ❛♠♦str❛s ❝♦♥s❡r✈❛✈❛♠
♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛❢♦ ♦r✐❣✐♥❛❧✳ P❡r❝❡❜❡♠♦s q✉❡ ♦ ♠ét♦❞♦ ❋♦r❡st❋✐r❡ ❬✹✶❪ ❢♦✐ ♦ q✉❡ ♠❛✐s
s❡ ❞❡st❛❝♦✉ ❡♠ t❡r♠♦s ❞❡ ❡✜❝á❝✐❛ ❝♦♠♣❛r❛❞♦ ❛ ♦✉tr♦s ♠ét♦❞♦s ❞❛ ❧✐t❡r❛t✉r❛✳ ❆✐♥❞❛✱
❞❡r✐✈❛♠♦s ✉♠ ♥♦✈♦ ❛❧❣♦r✐t♠♦ ❞♦ ❋♦r❡st❋✐r❡✱ ❞❡♥♦♠✐♥❛❞♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡✱ q✉❡ ❝r✐❛ ✉♠
✈✐és ♥❛ ❛♠♦str❛❣❡♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠ r❛♥q✉❡❛♠❡♥t♦ ❞❡ ❛rt✐❣♦s✳ ❊st❡ ♥♦✈♦ ❛❧❣♦r✐t♠♦
♣r♦♣♦st♦ ♦❜t❡✈❡ ♠❡❧❤♦r ❡✜❝á❝✐❛ q✉❡ ♦ ❋♦r❡st❋✐r❡ ❡✱ ❞❛❞♦ ♦ t✐♣♦ ❞❡ ✈✐és q✉❡ ❝r✐❛✱ ❛❝r❡❞✐✲
t❛♠♦s q✉❡ s❡❥❛ ✐❞❡❛❧ ♥❛ ❛♠♦str❛❣❡♠ ❞❡ ❣r❛❢♦s ❞❡ ❜✐❜❧✐♦t❡❝❛s ❞✐❣✐t❛✐s ❡ ❞♦ ❣r❛❢♦ ❞❛ ❲❡❜✱
❛q✉❡❧❡ ❢♦r♠❛❞♦ ♣♦r ❤✐♣❡r❧✐♥❦s ❡♥tr❡ ♣á❣✐♥❛s✳

❆❧é♠ ❞❡st❛ ❝♦♥tr✐❜✉✐çã♦✱ ♣r♦♣♦♠♦s ✉♠❛ ♠❡❧❤♦r✐❛ ♣❛r❛ ❛s té❝♥✐❝❛s ❡①✐st❡♥t❡s ❞♦ ❝á❧✲
❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳ ❆ss✐♠✱ ♥♦ ❙❡çã♦ ✹✱ ♣r♦♣♦♠♦s ✉♠❛ ♥♦✈❛ ♠❡t❛✲❢✉♥çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡
q✉❡ tr❛♥s❢♦r♠❛ ♠❡❞✐❞❛s ❧♦❝❛✐s✱ ❝♦♠♦ ❏❛❝❝❛r❞ ❡ ❆❞❛♠✐❝✴❆❞❛r✱ ❡♠ ♠❡❞✐❞❛s r❡❝✉rs✐✈❛s✱ ❝✉❥❛
s✐♠✐❧❛r✐❞❛❞❡ ❞❡♣❡♥❞❡ r❡❝✉rs✐✈❛♠❡♥t❡ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ♦✉tr♦s ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s✱ ❡①✲
♣❧♦r❛♥❞♦ ❛ ✐❞❡✐❛ ❞❡ q✉❡ ❞♦✐s ❛rt✐❣♦s sã♦ ♠❛✐s s✐♠✐❧❛r❡s ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s
❛ ❛rt✐❣♦s q✉❡ t❛♠❜é♠ sã♦ s✐♠✐❧❛r❡s✳ ❊st❛ ✐❞❡✐❛ ❢♦✐ ✐♥s♣✐r❛❞❛ ♥❛s ❥✉st✐✜❝❛t✐✈❛s ❞♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞♦ ❙✐♠❘❛♥❦ ❬✸✻❪✳ ◆♦ss♦ ♥♦✈♦ ❛❧❣♦r✐t♠♦ ❢♦✐ ❛♣❧✐❝❛❞♦ ♣❛r❛ ❞✉❛s ♠❡❞✐❞❛s ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❡①✐st❡s✱ ♦ ❆❞❛♠✐❝✴❆❞❛r ❡ ❏❛❝❝❛r❞✱ ❛ss✐♠ ♣r♦❞✉③✐♠♦s ♦✉tr❛s ❞✉❛s ♠❡❞✐❞❛s
❞❡ s✐♠✐❧❛r✐❞❛❞❡✿ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r ❡ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞✳ ◆♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♥❞✉③✐❞♦s
♥♦ ❈❛♣ít✉❧♦ ✺✱ ❛ ♣r✐♠❡✐r❛ ❝♦♥s❡❣✉✐✉ ❛ ♠❡❧❤♦r ❡✜❝á❝✐❛ q✉❡ t♦❞♦s ♠ét♦❞♦s ❛✈❛❧✐❛❞♦s ♥♦s
❞♦✐s ❡①♣❡r✐♠❡♥t♦s q✉❡ ❡①❡❝✉t❛♠♦s✳ ❏á ❛ s❡❣✉♥❞❛✱ ❘❡❝✉rs✐✈❡❏❛❝❝❛r❞✱ ❝♦♥s❡❣✉✐✉ ❡✜❝á❝✐❛
s✉♣❡r✐♦r ❛ s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♥ã♦ r❡❝✉rs✐✈❛✱ ❏❛❝❝❛r❞✱ ♣❛r❛ ♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ♦r❞❡♥❛çã♦
❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❝♦♥t✉❞♦✱ ♥♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❜✉s❝❛✱ ♥ã♦ s✉♣❡r♦✉ ♦ ❏❛❝❝❛r❞✱ ♦❜t❡♥❞♦ r❡s✉❧✲
t❛❞♦ s✐♠✐❧❛r✳ ❊st❡ r❡s✉❧t❛❞♦ ❝♦♥t✐♥✉♦✉ ❝♦♥s✐st❡♥t❡ ❛♦ ❛✈❛❧✐❛r ❡st❛s ♠❡❞✐❞❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s
❝♦♥✜❣✉r❛çõ❡s ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞♦s ✈ért✐❝❡s✱ ✐st♦ é✱ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛ ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s
❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✳ P♦rt❛♥t♦✱ ❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♠❛✐s ❡✜❝❛③ ❛✈❛❧✐❛❞❛ ❢♦✐ ❛ ♥♦ss❛
♣r♦♣♦st❛ ❘❡❝✉rs✐✈❡❆❞❛♠✐❝❆❞❛r✳ ❊st❡ ♠ét♦❞♦ r❡❝✉rs✐✈♦ é ✐♠♣❧❡♠❡♥t❛❞♦ ♣♦r ✉♠ ❛❧❣♦r✐t♠♦
✐t❡r❛t✐✈♦ ❡ q✉❡ s❡ ♠♦str♦✉ ❝♦♥✈❡r❣✐r ♣❛r❛ ♦ ♥♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✳

❆✐♥❞❛✱ ❞❛❞❛ ❛ ❛t❡♥çã♦ q✉❡ ❛ ❧✐t❡r❛t✉r❛ ♥❛ ár❡❛ ❞á ❛♦ ♠ét♦❞♦ ❙✐♠❘❛♥❦✱ ✜❝❛♠♦s s✉r✲
♣r❡s♦s ❝♦♠ ❛ ❜❛✐①❛ ❡✜❝á❝✐❛ ❞❡st❡ ♠ét♦❞♦ ❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✳ ❊st❡ ❝♦♥s❡❣✉✐✉ ❡✜❝á❝✐❛
❝♦♠♣❛rá✈❡❧ ❛♦s ♠ét♦❞♦s r❡❝✉rs✐✈♦s ❛♣❡♥❛s ♥♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❜✉s❝❛✱ ◗✉❡r② ❜② ❊①❛♠♣❧❡✱
q✉❛♥❞♦ ❝♦♥✜❣✉r❛❞❛ ♣❛r❛ ❞❡s❝♦♥s✐❞❡r❛r ❛ ❞✐r❡çã♦ ❞❛s ❛r❡st❛s ❞❡ ❝✐t❛çã♦✳ ❚♦❞❛✈✐❛✱ ♥♦ ♦✉✲
tr♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ♦r❞❡♥❛çã♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ♦ ❙✐♠❘❛♥❦ ♦❜t❡✈❡ ❛ ♣✐♦r ❡✜❝á❝✐❛ ❞❡♥tr❡
♦s ♠ét♦❞♦s ❛✈❛❧✐❛❞♦s✳

❱ár✐❛s ✐❞❡✐❛s ❡ ❤✐♣ót❡s❡s ❢♦r❛♠ ❧❡✈❛♥t❛❞❛s ❞✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✱
❝♦♥t✉❞♦✱ ❡st❛✈❛♠ à ♠❛r❣❡♠ ❞♦ ❡s❝♦♣♦ ❞❡st❡ ♠❡str❛❞♦✳ ❊♥tr❡t❛♥t♦✱ ♥❛ ❙❡çã♦ ✻✳✷ ❛ s❡❣✉✐r✱
❧❡✈❛♥t❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ✐❞❡✐❛s ❡ ❤✐♣ót❡s❡s ♣❛r❛ q✉❡ ♣♦ss❛♠ s❡r ❡①♣❧♦r❛❞❛s ❡♠ tr❛❜❛❧❤♦s
❢✉t✉r♦s✳ ❊♠ ❞❡st❛q✉❡✱ ❛❧❣✉♠❛s ✐❞❡✐❛s ♣♦❞❡♠ ❝♦♥tr✐❜✉✐r ❛✐♥❞❛ ♠❛✐s ♥❛ ❡✜❝á❝✐❛ ♥♦ ❝á❧❝✉❧♦
❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✿ ✐✮ ❝♦♥s✐❞❡r❛r ♣❡s♦s ♥❛ ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱



✾✹ ❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sõ❡s

♣♦♥❞❡r❛♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ✉♠❛ ❛r❡st❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛ ✐❞❛❞❡❀ ✐✐✮ ❛ ❝♦♠❜✐♥❛çã♦ ❞❡
✈ár✐❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡①✐st❡♥t❡s ♣❛r❛ ❝♦♠♣♦r ♦✉tr❛ t❛❧✈❡③ ♠❡❧❤♦r✳

P♦r ✜♠✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ❛❧❝❛♥ç❛♠♦s t♦❞♦s ♦❜❥❡t✐✈♦s ❧❡✈❛♥t❛❞♦s ♥❛ ❙❡çã♦ ✶✳✺✱ ♣r✐♥✲
❝✐♣❛❧♠❡♥t❡ ♣♦rq✉❡ ✉s❛♠♦s ❞❛❞♦s ❜❡♠ ❡str✉t✉r❛❞♦s ❡ ❞❡ q✉❛❧✐❞❛❞❡✱ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠
♣r♦t♦❝♦❧♦ ❞❡ ❡①♣❡r✐♠❡♥t❛çã♦ ♦❜❥❡t✐✈♦✱ r❡❡s❝❛❧❛♠♦s ♦s ❣r❛❢♦s ❞❡ ❝✐t❛çã♦ ❝♦♠ té❝♥✐❝❛s ❞❡
❛♠♦str❛❣❡♠ ❡ ♣r♦♣♦♠♦s ♥♦✈♦s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ q✉❡ ♠❡❧❤♦r❛♠ ❛ ❡✜❝á❝✐❛ ❞♦s
♠ét♦❞♦s ❡①✐st❡♥t❡s s❡❧❡❝✐♦♥❛❞♦s✳

✻✳✷ ❚r❛❜❛❧❤♦s ❢✉t✉r♦s

▼✉✐t♦s ❛ss✉♥t♦s r❡❧❛❝✐♦♥❛❞♦s ❡ ✐❣✉❛❧♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡s✴♣r♦♠✐ss♦r❡s✱ t♦❞❛✈✐❛✱ ❛❧é♠ ❞♦
q✉❡ s❡ ♣r♦♣ôs ❝♦♠ ❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ❡st✉❞❛❞♦s✳ ❉❡st❛❝❛♠♦s ❛q✉✐ ♦ q✉❡ ❥✉❧❣❛♠♦s
✐♠♣♦rt❛♥t❡ ♣❛r❛ s❡r❡♠ tr❛t❛❞♦s ❡♠ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳

✻✳✷✳✶ ❆♣❧✐❝❛çõ❡s

❉✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s q✉❡ ♣♦❞❡r✐❛♠ ✉s❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❡♥t✐❞❛❞❡s ♦r❣❛♥✐③❛❞❛s ❡♠ ✉♠
❣r❛❢♦ ❡ s❡ ❜❡♥❡✜❝✐❛r ❞❛s té❝♥✐❝❛s ♣❡sq✉✐s❛❞❛s ♥❡st❛ ❞✐ss❡rt❛çã♦✿

• ❆❣r✉♣❛♠❡♥t♦ ❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❛rt✐❣♦s✿ ◆❡st❛ ❛t✐✈✐❞❛❞❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛✲
❞♦s ❡①♣❧♦r❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❡ ♦ ❣❛❜❛r✐t♦ ♣r♦❞✉③✐❞♦ ❝♦♥tê♠ ✐♥❢♦r♠❛çõ❡s s✉✜❝✐❡♥t❡s
♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❛✈❛❧✐❛çã♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛❣r✉♣❛♠❡♥t♦
✭❝❧✉st❡r✐♥❣✮✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ ❛❧❣♦r✐t♠♦ ♣♦❞❡r✐❛ ❡①♣❧♦r❛r ❛s ❛r❡st❛s ❞❡ ❛✉t♦r✐❛
❡ ❞❡ ♣✉❜❧✐❝❛çã♦ ❞❡ ✉♠ ❛rt✐❣♦✱ ✈❡r ❈❛♣ít✉❧♦ ✸✱ ♣❛r❛ ❝♦♥str✉✐r ✉♠ ✈❡t♦r ❞❡ ❝❛r❛❝✲
t❡ríst✐❝❛ ❡ ❡♥tã♦ ❛♣❧✐❝❛r té❝♥✐❝❛s ❡①✐st❡♥t❡s ❞❡ ❛❣r✉♣❛♠❡♥t♦✱ ❝♦♠♦ ❑✲♠❡❛♥s ❬✸✹❪✳
◆ã♦ é ✐♥❝♦♠✉♠ q✉❡ ✉♠ ♠❡s♠♦ ❛✉t♦r ♣✉❜❧✐q✉❡ ❛rt✐❣♦s ❞❡ ❛ss✉♥t♦s r❡❧❛❝✐♦♥❛❞♦s✳
❆✐♥❞❛✱ ♣❡r❝❡❜❡✲s❡ q✉❡ ❝♦♥❢❡rê♥❝✐❛s ❡♠ ❣❡r❛❧ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❛ t❡♠❛s ❞❡ ♣❡sq✉✐s❛
❡s♣❡❝í✜❝♦s✱ ✐st♦ é✱ ❛rt✐❣♦s ♣✉❜❧✐❝❛❞♦s ❡♠ ✉♠❛ ♠❡s♠❛ ❝♦♥❢❡rê♥❝✐❛ ♣♦❞❡♠ tr❛t❛r ❞❡
❛ss✉♥t♦s r❡❧❛❝✐♦♥❛❞♦s✳ P♦rt❛♥t♦✱ ❡①♣❧♦r❛r ❡st❛s ❛r❡st❛s ♣♦❞❡ s❡r ♣r♦♠✐ss♦r ♣❛r❛
❛❧❣♦r✐t♠♦s ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❞❡ ❛rt✐❣♦s✱ q✉❛♥❞♦ q✉❡r s❡ ❛❣r✉♣❛r ❛rt✐❣♦s ❞❡ t❡♠❛s r❡✲
❧❛❝✐♦♥❛❞♦s✳ ◆♦t❡ ♦ ♣♦t❡♥❝✐❛❧ ❞❡st❡ ❛❣r✉♣❛♠❡♥t♦✱ q✉❡ ♣♦ss✐✈❡❧♠❡♥t❡ ✐rá ❡①♣❧♦r❛r ✉♠
r❡❧❛❝✐♦♥❛♠❡♥t♦ s❡♠â♥t✐❝♦ ❡♥tr❡ ♦s ❛rt✐❣♦s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ q✉❡ ❛
s✐♠✐❧❛r✐❞❛❞❡ ❛♣❡♥❛s ❧é①✐❝❛ ❞❡ ❛❧❣♦r✐t♠♦s q✉❡ s❡ ❜❛s❡✐❛♠ ❞♦ ❝♦♥t❡ú❞♦ t❡①t✉❛❧ ❞❡st❡s
❛rt✐❣♦s✳ ◆♦ ❝❛s♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❛rt✐❣♦s✱ ❛❧é♠ ❞❡st❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ t❛♠❜é♠
♣♦❞❡♠ s❡r ✉s❛❞❛s✱ ❡①✐st❡ ✉♠ ❣❛❜❛r✐t♦ ♣❛r❛ ❛✈❛❧✐❛çã♦ ❡①♣❡r✐♠❡♥t❛❧✱ ✐st♦ é✱ ♦ s✐st❡♠❛
❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❛ ❆❈▼ ❞❡ ✶✾✾✽ ❬✶✻❪✳

• ❆❣r✉♣❛♠❡♥t♦ ❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❛✉t♦r❡s✿ ❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ❞❛ ❛♣❧✐❝❛çã♦ ♣❛r❛
❛rt✐❣♦s✱ ♣♦❞❡♠✲s❡ ❝❧✉st❡r✐③❛r ♦✉ ❝❧❛ss✐✜❝❛r ❛✉t♦r❡s✳ ❖❜s❡r✈❛r ❛r❡st❛s ❞❡ ❛✉t♦r✐❛✱



✻✳✷✳ ❚r❛❜❛❧❤♦s ❢✉t✉r♦s ✾✺

t❛♥t♦ ♥♦ ❝❛♠✐♥❤♦ ❡♥tr❡ ❛✉t♦r❡s q✉❡ ❞❡t❡r♠✐♥❛ ✉♠❛ ❝♦❛✉t♦r✐❛✱ q✉❛♥t♦ ❝♦rr❡❢❡rê♥❝✐❛ ❡
❝♦✲❝✐t❛çã♦✳ ❈♦❛✉t♦r✐❛ é ✉♠ ❝❛♠✐♥❤♦ ♥♦ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ❡♥tr❡ ❞♦✐s ❛✉t♦r❡s
q✉❛♥❞♦ ❡st❡s ♣✉❜❧✐❝❛r❛♠ ✉♠ ❛rt✐❣♦ ❡♠ ❝♦♠✉♠✱ ✐st♦ é ❞❡r✐✈❛❞♦ ❞❛ ❛r❡st❛ ❞❡ ❛✉t♦r✐❛✳
❈♦rr❡❢❡rê♥❝✐❛ é q✉❛♥❞♦ ❞♦✐s ❛✉t♦r❡s ❢♦r❛♠ r❡❢❡r❡♥❝✐❛❞♦s ❡♠ ✉♠ ♠❡s♠♦ ❛rt✐❣♦✱ ✐st♦ é✱
❞❡r✐✈❛✲s❡ ❡st❛ ✐♥❢♦r♠❛çã♦ ❞❛s ❛r❡st❛s ❞❡ ❝✐t❛çã♦✳ ❈♦✲❝✐t❛çã♦ é ♦ ❝❛s♦ ❛♥á❧♦❣♦✱ q✉❛♥❞♦
❞♦✐s ❛✉t♦r❡s ❝✐t❛♠ ✉♠ ♠❡s♠♦ ❛rt✐❣♦✳ ❊st❛s r❡❧❛çõ❡s✱ ❝♦❛✉t♦r✐❛✱ ❝♦rr❡❢❡rê♥❝✐❛ ❡ ❝♦✲
❝✐t❛çã♦✱ ♠♦str❛♠ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛✉t♦r❡s ✉s❛♥❞♦ ❝♦♠♦ ✏♣✐✈♦t✑ ✉♠ ❛rt✐❣♦✳ P♦❞❡♠✲s❡
❝r✐❛r ♦✉tr❛s ♣♦ssí✈❡✐s r❡❧❛çõ❡s tr♦❝❛♥❞♦ ♦ ♦❜❥❡t♦ ✏♣✐✈♦t✑✱ ❝♦♠♦ ✉s❛r ✉♠❛ ❝♦♥❢❡rê♥❝✐❛✱
✐st♦ é✱ ❡①♣❧♦r❛♥❞♦ ♦ q✉ã♦ r❡❧❛❝✐♦♥❛❞♦s ❡stã♦ ❞♦✐s ❛✉t♦r❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣❛❞rã♦
❞❡ ♦♥❞❡ ♣✉❜❧✐❝❛♠ s❡✉s ❛rt✐❣♦s✳ ▼❛✐s ✉♠❛ ✈❡③✱ ❡st❛s r❡❧❛çõ❡s ❡①tr❛í❞❛s ❞♦ ❣r❛❢♦ ❞❛
❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ♣❛r❛ ❝♦♠♣✉t❛r ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s
❡ s❡r❡♠ ✉s❛❞♦s ❡♠ ❛t✐✈✐❞❛❞❡s ❞❡ ❛❣r✉♣❛♠❡♥t♦ ❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❛✉t♦r❡s✳ ❊st❛s
r❡❧❛çõ❡s ❝✐t❛❞❛s ♣♦❞❡♠✱ ✐♥❝❧✉s✐✈❡✱ ♣r♦❞✉③✐r ♠❛tr✐③❡s q✉❡ ❝r✉③❛♠ ❆t♦r❡s ① ❆rt✐❣♦s ❡
❆✉t♦r❡s ① ❈♦♥❢❡rê♥❝✐❛s ❡ té❝♥✐❝❛s ❞❡ ❢❛t♦r❛çã♦ ❞❡ ♠❛tr✐③❡s✱ ❝♦♠♦ ▲❛t❡♥t ❙❡♠❛♥t✐❝

❆♥❛❧②s✐s ✭▲❙❆✮ ❬✷✷❪✱ ♣♦❞❡r✐❛♠ s❡r ❛❜♦r❞❛❞❛s✳ ❯♠ ♣♦ssí✈❡❧ ❣❛❜❛r✐t♦ ♣❛r❛ ❛ t❡r❡❢❛
❞❡ ❝❧❛ss✐✜❝❛çã♦ s❡r✐❛ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❛✜❧✐❛çã♦ ❞♦s ❛✉t♦r❡s q✉❡✱ ✐♥❢❡❧✐③♠❡♥t❡✱ ♥ã♦
❡stá ❝♦♥t✐❞❛ ❡♠ ♥♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✳

• Pr❡❞✐çã♦ ❞❡ ❝♦❛✉t♦r✐❛ ❡ ❝✐t❛çã♦✿ ◆♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♣♦ss✉❡♠ ✐♥❢♦r♠❛çõ❡s
❞❛ ❝✐t❛çã♦ ❞❡ ❛rt✐❣♦s ❡ ❛ ✐♥❢♦r♠❛çã♦ ❞❛ ❞❛t❛ ❞❡ ♣✉❜❧✐❝❛çã♦ ❞♦s ❛rt✐❣♦s✳ P♦r ✐ss♦✱
❝♦♥té♠ ✐♥❢♦r♠❛çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛✈❛❧✐❛r té❝♥✐❝❛s q✉❡ t❡♥t❛♠ ♣r❡❞✐③❡r s❡ ❞♦✐s ❛✉t♦✲
r❡s ✐rã♦ tr❛❜❛❧❤❛r ❥✉♥t♦s ♥♦ ❢✉t✉r♦✱ ✐st♦ é✱ s❡ s❡rã♦ ❝♦❛✉t♦r❡s✱ ♦✉ ❡♥tã♦✱ t❡♥t❛r ♣r❡✈❡r
q✉❛♥t❛s ❝✐t❛çõ❡s ✉♠ ❛rt✐❣♦ r❡❝❡❜❡r✐❛ ♥♦ ❢✉t✉r♦✳ ❖ ♣r✐♠❡✐r♦ ❝❛s♦ ❢♦✐ ❡①♣❧♦r❛❞♦ ♣♦r
▲✐❜❡♥✲◆♦✇❡❧❧ ❡t ❛❧✳ ❬✹✺❪✳ ❖ s❡❣✉♥❞♦✱ ❞❡ ♣r❡✈❡r ♦ ♥ú♠❡r♦ ❢✉t✉r♦ ❞❡ ❝✐t❛çõ❡s ❞❡ ✉♠
❛rt✐❣♦✱ ♣♦❞❡r✐❛ s❡r ❡①♣❧♦r❛❞♦ ❝♦♠♦ ✉♠❛ sér✐❡ t❡♠♣♦r❛❧✱ ✐st♦ é✱ ♦❜s❡r✈❛♥❞♦ q✉❛♥t❛s
❝✐t❛çõ❡s ✉♠ ❛rt✐❣♦ r❡❝❡❜❡ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ P❛r❛ ❡①♣❧♦r❛r ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡
▲✐♥❦ ❆♥❛❧②s✐s ♥❡st❡ ❝❛s♦✱ ♥ã♦ é ✐♥❝♦♠✉♠ ♣❡r❝❡❜❡r q✉❡ ❝✐t❛çõ❡s ♦❝♦rr❡♠ ❡♥tr❡ ❛rt✐✲
❣♦s r❡❧❛❝✐♦♥❛❞♦s✱ ❡♥tr❡ ❣r✉♣♦s ❞❡ ❛✉t♦r❡s r❡❧❛❝✐♦♥❛❞♦s ♦✉ ❡♥tr❡ ❛rt✐❣♦s ♣✉❜❧✐❝❛❞♦s
❡♠ ❝♦♥❢❡rê♥❝✐❛s r❡❧❛❝✐♦♥❛❞❛s✱ ♣♦rt❛♥t♦✱ ♣♦❞❡r✐❛♠♦s r❡✉s❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❝❛❧❝✉❧❛❞❛
❡♥tr❡ ❡st❛s ❡♥t✐❞❛❞❡s ♣❛r❛ ❛✉♠❡♥t❛r ❛ ♣r❡❝✐sã♦ ❞❛s ♣r❡❞✐çõ❡s✳ ❘❡❝♦♠❡♥❞❛✲s❡ ❛♦
❧❡✐t♦r ✐♥t❡r❡ss❛❞♦✱ ♦s ❛rt✐❣♦s ❬✻✻✱ ✼✹❪ r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st❡ t❡♠❛✳

• ❘❡❝♦♠❡♥❞❛çã♦ ❞❡ ❛rt✐❣♦s✿ ❯♠❛ ♣♦ssí✈❡❧ ❛♣❧✐❝❛çã♦ ❞♦ ❝á❧❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡
❡♥tr❡ ❛rt✐❣♦s é ❛ r❡❝♦♠❡♥❞❛çã♦ ❞❡ ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s✳ ❙❡ ✉♠ ✉s✉ár✐♦ ❡stá ♦❜✲
s❡r✈❛♥❞♦ ✉♠ ❛rt✐❣♦ ❡♠ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✱ t❛❧✈❡③ q✉❡✐r❛ ✈❡r ♠❛✐s ❛rt✐❣♦s r❡❧❛✲
❝✐♦♥❛❞♦s✳ ❊st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠✱ ❡①♣❧♦r❛❞♦ ❡♠ ♥♦ss♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ◗✉❡r② ❜②

❊①❛♠♣❧❡✱ ♥ã♦ ❡①♣❧♦r❛ ♦s ✐♥t❡r❡ss❡s q✉❡ ✉♠ ✉s✉ár✐♦ ♣♦❞❡ t❡r ❛ ♣r✐♦r✐✱ ♥ã♦ ❞✐❢❡r❡♥❝✐✲
❛♥❞♦ ❞♦✐s ❛✉t♦r❡s q✉❡ ❡stã♦ ♦❜s❡r✈❛♥❞♦ ♦ ♠❡s♠♦ ❛rt✐❣♦✳ ◆♦s tr❛❜❛❧❤♦s ❞❡ ❙✉❣✐②❛♠❛
❡t ❛❧✳ ❬✻✹✱✻✺❪✱ ❛♣r❡s❡♥t❛♠✲s❡ té❝♥✐❝❛s q✉❡ ❡①♣❧♦r❛♠ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ♣❡r✜❧ ❞❡ ✉♠



✾✻ ❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sõ❡s

✉s✉ár✐♦ ❡✱ ❛✐♥❞❛✱ ❞✐s♣♦♥✐❜✐❧✐③❛♠ ❛❜❡rt❛♠❡♥t❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❛♥♦t❛❞♦s ♣❛r❛
♦✉tr♦s ♣❡sq✉✐s❛❞♦r❡s✸✳ ❆✐♥❞❛✱ r❡❝♦♠❡♥❞❛✲s❡ ❛♦ ❧❡✐t♦r ❛ ❧❡✐t✉r❛ ❞❡ ❬✷✻❪ q✉❡ ❢❛③ ❛♣❧✐✲
❝❛çã♦ ❞❡ té❝♥✐❝❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ ❝♦♥t✉❞♦✱ ✉s❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡
❞❛❞♦s q✉❡ r❡❧❛❝✐♦♥❛ ♣❡ss♦❛s ❡ ✜❧♠❡s✱ ♦r❣❛♥✐③❛❞♦s ❡♠ ✉♠ ❣r❛❢♦ ❜✐♣❛rt✐❞♦✳ ❙✉♣õ❡✲s❡
q✉❡ ♦ ♠❡s♠♦ ♣♦❞❡r✐❛ s❡r ❛♣❧✐❝❛❞♦ ♣❛r❛ ♦ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧ q✉❡
r❡❧❛❝✐♦♥❛ ❛rt✐❣♦s ❡ ❛✉t♦r❡s✱ t❛♠❜é♠ ❜✐♣❛rt✐❞♦✳

✻✳✷✳✷ ❆♠♦str❛❣❡♠ ♥❛ ❲❡❜

◆❛ ♥♦ss❛ ♣r♦♣♦st❛ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠ ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱ ♦ ❘❛♥❦❡❞❋♦r❡st❋✐r❡✱
♠❡♥❝✐♦♥❛♠♦s q✉❡ s❡r✐❛ ❛♣r♦♣r✐❛❞♦ s✉❛ ❛♣❧✐❝❛çã♦ ♥♦ ❣r❛❢♦ ❞❛ ❲❡❜✱ ❛q✉❡❧❡ ❢♦r♠❛❞♦ ♣♦r
❛r❡st❛s ❞❡ ❤②♣❡r❧✐♥❦s ❡♥tr❡ ♣á❣✐♥❛s✳ ❆ss✐♠✱ ✜❝❛ ✉♠❛ ♣r♦♣♦st❛ ♣❛r❛ tr❛❜❛❧❤♦ ❢✉t✉r♦ ❛✈❛✲
❧✐❛r ❡st❛ ❤✐♣ót❡s❡ ❡✱ s✉❣❡r❡✲s❡ ❡①♣❧♦r❛r ♦s ♣r♦❥❡t♦s ❙♥❛♣ ✭❙t❛♥❢♦r❞ ◆❡t✇♦r❦ ❆♥❛❧②s✐s✮✹ ❡
❲❡❜❇❛s❡ ✭❚❤❡ ❙t❛♥❢♦r❞ ❲❡❜❇❛s❡ Pr♦❥❡❝t✮ ❬✶✺❪✱ ❛♠❜♦s ♣r♦✈ê♠ ❛❝❡ss♦ ❛ ✉♠ ❣r❛❢♦ ❲❡❜✺✻✳

✻✳✷✳✸ ❊s❝❛❧❛❜✐❧✐❞❛❞❡

❯♠ sér✐♦ ♣r♦❜❧❡♠❛ ❡♥❢r❡♥t❛❞♦ ♥♦s ♠ét♦❞♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s é ❡s❝❛❧❛r ❜❡♠ ❡♠ ✈♦❧✉♠❡s
❣r❛♥❞❡s ❞❡ ❞❛❞♦s✳ ▼✉✐t♦s ❞♦s ♠ét♦❞♦s✱ ♥♦ ❝á❧❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♦✉ ♦✉tr❛s ♠❡❞✐❞❛s
❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♠ ✉♠ ❣r❛❢♦ G(V,E)✱ s♦❢r❡♠ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧❛❜✐❧✐❞❛❞❡✱ ♣♦✐s
sã♦ O

(

|V |3
)

❡♠ t❡♠♣♦ ❡ O
(

|V |2
)

❞❡ ❡s♣❛ç♦ ❬✺✱ ✸✻✱ ✼✶✱ ✼✷❪✳ P❛r❛ ❧✐❞❛r ❝♦♠ ❛ q✉❡stã♦✱
♦❜s❡r✈❛✲s❡ ♥❛ ❧✐t❡r❛t✉r❛ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❡ ❛♣r♦①✐♠❛❞♦s✱ ❝♦♠♦
❡♠ ❬✷✸✱✷✹✱✹✸❪✳ ❖✉tr♦s ❢❛③❡♠ r❡❞✉çã♦ ❞❡ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞♦s ❞❛❞♦s✱ ✐st♦ é✱ ❛ r❡❞✉çã♦ ❞♦
♣♦st♦ ❞❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛✱ ❝♦♠♦ ❬✹✸✱✹✺❪✳ ❍á ♠❡♥çã♦ ❞❡ q✉❡ ♦s ❛❧❣♦r✐t♠♦ sã♦ ♣❛r❛❧❡✲
❧✐③❛❞♦s ♥♦ ❡sq✉❡♠❛ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐str✐❜✉í❞♦ ▼❛♣❘❡❞✉❝❡ ❬✶✾❪✱ ❝♦♥❢♦r♠❡ ♠❡♥❝✐♦♥❛❞♦
❡♠ ❬✺❪ ✭♠❛s ♥ã♦ ♠♦str❛❞♦ ♦ ❛❧❣♦r✐t♠♦✮✳ ◆❡st❡ ❝❛s♦✱ ❢❛❧t❛ ♥❛ ❧✐t❡r❛t✉r❛ ♦ ❞❡s❡♥❤♦ ❞❡ ❛❧❣♦✲
r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ♥❡ss❡ ❢r❛♠❡✇♦r❦ ❞❡ ▼❛♣❘❡❞✉❝❡✱ s❡♥❞♦ ✉♠❛ ❧❛❝✉♥❛ ✐♥t❡r❡ss❛♥t❡
❛ s❡ ♣r❡❡♥❝❤❡r✳ ◗✉❛♥t♦ à ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❡s♣❛ç♦✱ ❤á ❞♦✐s ♣r♦❜❧❡♠❛s✿ ♦ ❞❛ r❡♣r❡s❡♥t❛çã♦
❞♦ ❣r❛❢♦ ❞❡ r❡❧❛çõ❡s ❡♥tr❡ ♦s ♦❜❥❡t♦s✱ ♥♦r♠❛❧♠❡♥t❡ ❡s♣❛rs♦✱ ❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ ♠❛tr✐③
❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s ♦❜❥❡t♦s✳ ◗✉❛♥t♦ à r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛❢♦s✱ ❢♦r❛♠ ♦❜s❡r✈❛❞♦s
❡st✉❞♦s r❡❧❡✈❛♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳ ▼✉✐t♦s ❝♦♥✜r♠❛♠ q✉❡ ❣r❛❢♦s ❞♦ ♠✉♥❞♦ r❡❛❧✱ q✉❡ r❡✲
♣r❡s❡♥t❛♠ ✐♥t❡r❛çõ❡s s♦❝✐❛✐s✱ ♥ã♦ só sã♦ ❡①tr❡♠❛♠❡♥t❡ ❡s♣❛rs♦s ❝♦♠♦ ❛♣r❡s❡♥t❛♠ ✉♠❛
❞✐str✐❜✉✐çã♦ ✏♣♦✇❡r✲❧❛✇ ✑ ♥♦s ❣r❛✉s ❞❡ s❛í❞❛ ❞♦s ♥ós ❬✺✹❪✳ ❇❛r❛❜ás✐ ❬✼❪ ❝r✐❛ ✉♠ ♠♦❞❡❧♦
t❡ór✐❝♦ ❜❛s❡❛❞♦ ♥❛ ✐♥t✉✐çã♦ ❞❡ ✏♣r❡❢❡r❡♥t✐❛❧ ❛tt❛❝❤♠❡♥t✑ ♣❛r❛ ❡①♣❧✐❝❛r ❡ss❛ ❞✐str✐❜✉✐çã♦✳

✸❤tt♣✿✴✴✇✇✇✳❝♦♠♣✳♥✉s✳❡❞✉✳s❣✴∼s✉❣✐②❛♠❛✴❙❝❤P❛♣❡r❘❡❝❉❛t❛✳❤t♠❧ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✹❤tt♣✿✴✴s♥❛♣✳st❛♥❢♦r❞✳❡❞✉✴✐♥❞❡①✳❤t♠❧ ✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳
✺❤tt♣✿✴✴❞❜♣✉❜s✳st❛♥❢♦r❞✳❡❞✉✿✽✵✾✶✴∼t❡st❜❡❞✴❞♦❝✷✴❲❡❜❇❛s❡✴✇❡❜❜❛s❡✲♣❛❣❡s✳❤t♠❧✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦

❞❡ ✷✵✶✷✳
✻❤tt♣✿✴✴s♥❛♣✳st❛♥❢♦r❞✳❡❞✉✴❞❛t❛✴✇❡❜✲●♦♦❣❧❡✳❤t♠❧✕ ❆❝❡ss❛❞♦ ❡♠ ❏✉❧❤♦ ❞❡ ✷✵✶✷✳



✻✳✷✳ ❚r❛❜❛❧❤♦s ❢✉t✉r♦s ✾✼

❆❧❣✉♠❛s té❝♥✐❝❛s ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛❢♦s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s ❞❡ ❢♦r♠❛ ❛ ❝❛♣t✉r❛r t❛✐s
♣r♦♣r✐❡❞❛❞❡s✱ ❝♦♠♦ ♥♦ ♣r♦❥❡t♦ ❲❡❜●r❛♣❤ ❬✶✵❪✳ ❊st❛ ♣❡sq✉✐s❛✱ ♥❛ ❧✐♥❤❛ ❞❡ t❡♦r✐❛ ❞❛ ✐♥❢♦r✲
♠❛çã♦✱ ❝r✐❛ ✉♠ ❝ó❞✐❣♦ ✐♥st❛♥tâ♥❡♦ ♣❛r❛ ❝♦♠♣❛❝t❛çã♦ ❞❡ ❣r❛❢♦s q✉❡ t✐r❛ ♣r♦✈❡✐t♦ ❞❡ ✉♠❛
❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ ♦❜s❡r✈❛❞❛ ❞♦s ✏❣❛♣s✑ ❡♥tr❡ ♥ós ❡♠ ✉♠❛ ❧✐st❛ ❞❡ ❛❞❥❛❝ê♥❝✐❛✳ ❆♣❧✐❝❛♠
♦ ❡sq✉❡♠❛ ❡♠ ❣r❛❢♦s r❡❛✐s ❞❛ ❲❊❇ ❡✱ ❡♠ s❡✉s ❜❡♥❝❤♠❛r❦s✱ ❣❛st❛♠ ❞❡ ✷ ❛ ✹ ❜✐ts ❛♣❡♥❛s
♣❛r❛ r❡♣r❡s❡♥t❛r ❝❛❞❛ ❛r❡st❛✳ ■st♦ é ✉♠ ❣r❛♥❞❡ ❢❡✐t♦✱ ❛✐♥❞❛ ♠❛✐s ♣♦rq✉❡ ♦ ❛❝❡ss♦ é t❛♥t♦
s❡q✉❡♥❝✐❛❧ q✉❛♥t♦ r❛♥❞ô♠✐❝♦✳ ❖ ❲❡❜●r❛♣❤ ♦❢❡r❡❝❡ ❛❜❡rt❛♠❡♥t❡ ❛ ❜✐❜❧✐♦t❡❝❛ ❝♦♠ ❝ó❞✐❣♦
❢♦♥t❡ ❛❜❡rt♦✱ ✐♥❝❧✉s✐✈❡✱ ❝♦♠ ✈ár✐♦s ❛❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss❛♠❡♥t♦✱ ❝♦♠♦
♣♦r ❡①❡♠♣❧♦ ♦ P❛❣❡❘❛♥❦ q✉❡ é ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♣❛r❛ ❡st❡ ♠❡str❛❞♦✳

◆♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❛❜♦r❞❛♠♦s ❡st❛ q✉❡stã♦ r❡❛❧✐③❛♥❞♦ ❛♠♦str❛❣❡♠ ♥♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦✱
❝♦♥t✉❞♦✱ tr❛❜❛❧❤♦s ❢✉t✉r♦s ♣♦❞❡r✐❛♠ ❢♦❝❛r ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞✐str✐❜✉í❞♦s
❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✱ r❡♣r❡s❡♥t❛çõ❡s ❝♦♠♣❛❝t❛s ❡ ❡✜❝✐❡♥t❡s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ❡ ❛ ♦t✐♠✐③❛çã♦
❞❡ ❛❧❣♦r✐t♠♦s ❡①✐st❡♥t❡s✱ ❜❡♠ ❝♦♠♦ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❡ ♣r♦❜❛❜✐❧íst✐❝♦s✳

✻✳✷✳✹ ❙✐♠✐❧❛r✐❞❛❞❡

❆q✉✐ s✉❣❡r✐♠♦s tr❛❜❛❧❤♦s ❢✉t✉r♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ♠❡❧❤♦r✐❛ ❞❛ ❡✜❝á❝✐❛ ❞❛s ♠❡❞✐❞❛s ❞❡
s✐♠✐❧❛r✐❞❛❞❡s✳

✻✳✷✳✹✳✶ ❈♦♠♣♦s✐çã♦

❊st✉❞❛r ♦ q✉❛♥t♦ ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡stá ❝♦rr❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦✉tr❛✱ ❝♦♠♦ ❢❡✐t♦
❡♠ ❬✹✺❪✳ ❉✐st♦ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r s❡ ❡str❛té❣✐❛s r❡❧❛❝✐♦♥❛❞❛s ❞❡ ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡
♣r♦❞✉③❡♠ ♦✉ ♥ã♦ ❛❧❣♦r✐t♠♦s ❝✉❥♦s r❡s✉❧t❛❞♦s ❡stã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ P♦r ❡①❡♠♣❧♦✱ ❡s✲
t❛r✐❛♠ ❝♦rr❡❧❛❝✐♦♥❛❞♦s t♦❞♦s ❛❧❣♦r✐t♠♦s q✉❡ ❝♦♥s✐❞❡r❛♠ ❛♣❡♥❛s ❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧ ❞♦s
✈ért✐❝❡s❄ ❊st❛r✐❛♠ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❛q✉❡❧❡s ❜❛s❡❛❞♦s ❡♠ ❝❛♠✐♥❤♦s ❞♦ ❣r❛❢♦❄ ❊ ♦s ❜❛✲
s❡❛❞♦s ❡♠ ❘❛♥❞♦♠ ❲❛❧❦❄ ❖ q✉❡ s❡ ♣♦❞❡ ❞✐③❡r ❞❛ ❝♦rr❡❧❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s q✉❡ tê♠
❡str❛t❡❣✐❛s ❞✐st✐♥t❛s❄

❊st❛s ✐♥❢♦r♠❛çõ❡s ♣♦❞❡♠ ♣❡r♠✐t✐r ❛ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ♠ét♦❞♦s ❝♦♠❜✐♥❛❞♦s✱ ✐st♦ é✱
♣❡r♠✐t✐r ❝♦♠❜✐♥❛r ❞✉❛s ♦✉ ♠❛✐s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ♣❛r❛ ♣r♦❞✉③✐r ✉♠❛ ♦✉tr❛ ♠❛✐s
❡✜❝❛③✳ ❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ ✉s❛r ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛ ♣❛r❛ ❡♥❝♦♥tr❛r
❢✉♥çõ❡s q✉❡ ❝♦♠❜✐♥❛♠ ❛s ♠❡❞✐❞❛s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡①✐st❡♥t❡s✳

✻✳✷✳✹✳✷ ❖✉tr♦s ❞❛❞♦s ♥♦ ❣r❛❢♦

❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ♠❡❧❤♦r❛r ❛ ❡✜❝á❝✐❛ ❞♦s ♠ét♦❞♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ s❡r✐❛ ❡①♣❧♦r❛r
♦✉tr❛s ✐♥❢♦r♠❛çõ❡s ❝♦♥t✐❞❛s ♥♦ ❣r❛❢♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳

P♦r ❡①❡♠♣❧♦✱ ✉s❛r ♣❡s♦s ♥❛s ❛r❡st❛s ❞♦ ❣r❛❢♦✿ ❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ ❝♦♥s✐❞❡r❛r t❛♥t♦
❛ ❞✐❢❡r❡♥ç❛ t❡♠♣♦r❛❧ ❡♥tr❡ ✈ért✐❝❡s ❞❛❞♦ ✉♠❛ ❛r❡st❛✱ q✉❛♥t♦ ❛ ✐❞❛❞❡ ❞❛ ❛r❡st❛✳ ■st♦ é✱



✾✽ ❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sõ❡s

q✉❛♥❞♦ ✉♠ ❛✉t♦r ♣✉❜❧✐❝❛ ✉♠ ❛rt✐❣♦ ♦✉ ✉♠ ❛rt✐❣♦ é ❝✐t❛❞♦✱ s❛❜❡♠♦s q✉❛♥❞♦ ✐st♦ ♦❝♦rr❡✉✱
♣❡❧♦ ❛♥♦ ❞❡ ♣✉❜❧✐❝❛çã♦ ❞❡ ✉♠ ❛rt✐❣♦✳ ❖✉ s❡❥❛✱ s❛❜❡♠♦s ❛ ✐❞❛❞❡ ❞❡ ✉♠❛ ❛r❡st❛✳ ❆✐♥❞❛✱ ♥♦
❝❛s♦ ❞❛ ❝✐t❛çã♦✱ ♣♦❞❡♠♦s ❡①tr❛✐r ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❛♥♦s ❞❡ ♣✉❜❧✐❝❛çã♦ ❡♥tr❡ ♦s ❞♦✐s ❛rt✐❣♦s
♥❡st❛ ❛r❡st❛✳ ❆♠❜❛s ✐♥❢♦r♠❛çõ❡s ♣♦❞❡r✐❛♠ s❡r ✉s❛❞❛s ♣❛r❛ ❝r✐❛r ♣❡s♦s ♥❛s ❛r❡st❛s ♣❛r❛
✐♥❢♦r♠❛r ♦ q✉ã♦ r❡❧❡✈❛♥t❡ ❡❧❛ é ❛t✉❛❧♠❡♥t❡✳ P♦❞❡rí❛♠♦s ❧❡✈❛♥t❛r ❛ ❤✐♣ót❡s❡ q✉❡ ❛r❡st❛s
❛♥t✐❣❛s ♥ã♦ sã♦ tã♦ ✐♠♣♦rt❛♥t❡s q✉❛♥t♦ ❛s ♠❛✐s ❥♦✈❡♥s ❛♦ s❡ ❝❛❧❝✉❧❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡
♦s ✈ért✐❝❡s✳ ❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❝♦♥s✐st❡ ❡♠ ❝♦♥s✐❞❡r❛r q✉❡ ❛r❡st❛s ❞❡ ❛rt✐❣♦s ❥♦✈❡♥s ♣❛r❛
❛rt✐❣♦s ♠❛✐s ❛♥t✐❣♦s r❡✈❡❧❛♠ ✐♠♣♦rt❛♥t❡s ❛r❡st❛s✱ ♣♦✐s✱ s✉♣õ❡✲s❡ q✉❡ r❡✈❡❧❛r✐❛♠ ❛ ❜❛s❡
❞❡ ✉♠ ❡st✉❞♦✳ P❛r❛ ❛♠❜❛s ❤✐♣ót❡s❡s✱ ♣♦❞❡rí❛♠♦s ❞❡✜♥✐r ❢✉♥çõ❡s ❞❡ ♣❡s♦s ♣❛r❛ ❛r❡st❛
q✉❡ ❝♦♥s✐❞❡r❛♠ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s t❡♠♣♦r❛✐s ❡ ♦❜s❡r✈❛r s❡ ✐st♦ ✐♥✢✉❡♥❝✐❛r✐❛ ❛ ❡✜❝á❝✐❛ ❞♦s
♠ét♦❞♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳

❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ ❥✉❧❣❛r q✉❡ ❝❡rt❛s ❛r❡st❛ sã♦ ♠❛✐s ✐♠♣♦rt❛♥t❡s q✉❡ ♦✉tr❛s
❛ ❞❡♣❡♥❞❡r ❞❛ s❡♠â♥t✐❝❛ q✉❡ tê♠✳ P♦r ❡①❡♠♣❧♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✸✳✸✱ s❡r✐❛♠
❛r❡st❛s ❞❡ ❝✐t❛çã♦ ♠❛✐s ✐♠♣♦rt❛♥t❡s q✉❡ ❛r❡st❛s ❞❡ ❛✉t♦r✐❛ ♦✉ ❞❡ ♣✉❜❧✐❝❛çã♦❄ ❙❡♥❞♦
❛ss✐♠✱ ♣♦❞❡♠✲s❡ ❡①♣❧♦r❛r ♣❡s♦s ❡♥tr❡ ❛r❡st❛s q✉❡ ❞❡♣❡♥❞❡♠ ❞♦ t✐♣♦ ❞❛ r❡❧❛çã♦ ❡ ❛✈❛❧✐❛r
♦s ❛❧❣♦r✐t♠♦s ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥s✐❞❡r❛♥❞♦ t♦❞♦ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳ ◆♦t❡ q✉❡
♥❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ❛♣❡♥❛s ❛r❡st❛s ❞❡ ❝✐t❛çã♦✳

◆❡st❡ s❡♥t✐❞♦ ❞❡ ❝♦♥s✐❞❡r❛r t♦❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✱ ♠❡s♠♦ q✉❡
❞❡ s❡♠â♥t✐❝❛ ❞✐st✐♥t❛✱ ✉♠ r❡❝❡♥t❡ ❡st✉❞♦ ❞❡ ❙✉♥ ❡t ❛❧✳ ❬✻✻❪ ❡①♣❧♦r❛♠ ❛ ✐❞❡✐❛ ❞❡ ▼❡t❛✲
❈❛♠✐♥❤♦s✱ ✐st♦ é✱ ❛❧❣✉♥s ❝❛♠✐♥❤♦s ❞♦ ❣r❛❢♦ ❝♦❧❛♣s❛❞♦✱ ❋✐❣✉r❛ ✸✳✸✱ ♣♦❞❡♠ ♣r♦❞✉③✐r r❡❧❛çõ❡s
✐♠♣♦rt❛♥t❡s ♣❛r❛ s❡ ❝♦♥s✐❞❡r❛r ❡♠ ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s✳ P♦r ❡①❡♠♣❧♦✱ ♦ ▼❡t❛✲
❈❛♠✐♥❤♦ ❆✉t♦r✕❆rt✐❣♦✕❆✉t♦r ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❞❡ ❝♦❛✉t♦r✐❛ ❡♥tr❡ ❞♦✐s ❛✉t♦r❡s✱ ❥á
♦ ▼❡t❛✲❈❛♠✐♥❤♦ ❆✉t♦r✕❆rt✐❣♦✕❱❡♥✉❡✕❆rt✐❣♦✕❆✉t♦r r❡✈❡❧❛♠ ❛s ❝♦♥❢❡rê♥❝✐❛s✴♣❡r✐ó❞✐❝♦s
q✉❡ ❞♦✐s ❛✉t♦r❡s ♣✉❜❧✐❝❛r❛♠ ❡♠ ❝♦♠✉♠✳ ❊st❡s ❛✉t♦r❡s ♣r♦♣õ❡♠ té❝♥✐❝❛s ♣❛r❛ ❝♦♥✈❡rt❡r
❡st❡s ▼❡t❛✲❈❛♠✐♥❤♦s ❡♥tr❡ ❡♥t✐❞❛❞❡s ❡♠ ❝❛r❛❝t❡ríst✐❝❛s ❡ ❛♣❧✐❝❛♠ ♥❛ t❛r❡❢❛ ❞❡ ♣r❡❞✐③❡r
❧✐♥❦s ♦✉ ✐♥t❡r❛çõ❡s ❡♥tr❡ ❡st❛s ♥♦ ❢✉t✉r♦✳ ❆❝r❡❞✐t❛♠♦s q✉❡ ❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ ♣♦❞❡
❝♦♥tr✐❜✉✐r ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛rt✐❣♦s✱ ♣♦✐s ❡①♣❧♦r❛ ❞❡ ❢♦r♠❛ ❣❡♥ér✐❝❛✱
✈ár✐❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ r❡❧❛çõ❡s ❡①✐st❡♥t❡s ♥♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❜✐❜❧✐♦t❡❝❛ ❞✐❣✐t❛❧✳

✻✳✷✳✺ ❈♦♠♣❧❡①✐❞❛❞❡

❋✐❝❛ ❝♦♠♦ ♣r♦♣♦st❛ ❞❡ tr❛❜❛❧❤♦ ❢✉t✉r♦ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ❡ ❡s♣❛ç♦
♣❛r❛ ❛❧❣♦r✐t♠♦s ❞❡ ▲✐♥❦ ❆♥❛❧②s✐s ❛♣❧✐❝❛❞♦s ♣❛r❛ ❣r❛❢♦s r❡❛✐s✱ ❡♠ ❡s♣❡❝✐❛❧✱ ♦ ❞❡ ❝✐t❛çã♦✳
❆♣❡s❛r ❞❡ s❡ s❛❜❡r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ t❡ór✐❝❛ ❞❡ ✈ár✐♦s ❛❧❣♦r✐t♠♦s✱ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s
♣❛rt✐❝✉❧❛r❡s ❞♦ ❣r❛❢♦ ❞❡ ❝✐t❛çã♦ ♣♦❞❡ ♣❡r♠✐t✐r ❡♥❝♦♥tr❛r ❢✉♥çõ❡s ❛ss✐♥tót✐❝❛s ♠❛✐s ❥✉s✲
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