
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s ❇❛s❡❛❞❛ ❡♠ ❆♣r❡♥❞✐③❛❞♦

❯t✐❧✐③❛♥❞♦ ❉❡s❝r✐t♦r❡s ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

❆♥❛ ❈❛r♦❧✐♥❛ ❈♦rr❡✐❛ ❘é③✐♦

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à r❡❞❛çã♦ ✜♥❛❧ ❞❛
❉✐ss❡rt❛çã♦ ❞❡✈✐❞❛♠❡♥t❡ ❝♦rr✐❣✐❞❛ ❡ ❞❡❢❡♥❞✐❞❛
♣♦r ❆♥❛ ❈❛r♦❧✐♥❛ ❈♦rr❡✐❛ ❘é③✐♦ ❡ ❛♣r♦✈❛❞❛
♣❡❧❛ ❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✳

❈❛♠♣✐♥❛s✱ ✷✹ ❞❡ ♦✉t✉❜r♦ ❞❡ ✷✵✶✶✳

Pr♦❢✳ ❉r✳ ❍é❧✐♦ P❡❞r✐♥✐ ✭❖r✐❡♥t❛❞♦r✮

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ❈♦♠✲
♣✉t❛çã♦✱ ✉♥✐❝❛♠♣✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧
♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠ ❈✐ê♥❝✐❛
❞❛ ❈♦♠♣✉t❛çã♦✳







■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s ❇❛s❡❛❞❛ ❡♠ ❆♣r❡♥❞✐③❛❞♦

❯t✐❧✐③❛♥❞♦ ❉❡s❝r✐t♦r❡s ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

❆♥❛ ❈❛r♦❧✐♥❛ ❈♦rr❡✐❛ ❘é③✐♦✶

❏✉❧❤♦ ❞❡ ✷✵✶✶

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

• Pr♦❢✳ ❉r✳ ❍é❧✐♦ P❡❞r✐♥✐ ✭❖r✐❡♥t❛❞♦r✮

• Pr♦❢✳ ❉r✳ ❊❞s♦♥ ❏♦sé ❘♦❞r✐❣✉❡s ❏✉st✐♥♦
P♦♥t✐❢í❝✐❛ ❯♥✐✈❡rs✐❞❛❞❡ ❈❛tó❧✐❝❛ ❞♦ P❛r❛♥á ✭P❯❈✲P❘✮

• Pr♦❢✳ ❉r✳ ◆❡✉❝✐♠❛r ❏❡rô♥✐♠♦ ▲❡✐t❡
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ✭■❈✴❯◆■❈❆▼P✮

✶❙✉♣♦rt❡ ❋✐♥❛♥❝❡✐r♦✿ ❇♦❧s❛ ❞♦ ❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦ ✲ ❈◆Pq
✭♣r♦❝❡ss♦ ✺✼✸✼✶✵✴✷✵✵✽✲✷✮ ✵✼✴✷✵✵✾✕✵✷✴✷✵✶✶✳
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❘❡s✉♠♦

❆t✉❛❧♠❡♥t❡✱ ❤á ✉♠❛ ❝r❡s❝❡♥t❡ ❞❡♠❛♥❞❛ ♣♦r ✐♠❛❣❡♥s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❡♠ ❞✐✈❡rs♦s
❞♦♠í♥✐♦s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❝♦♠♦ s❡♥s♦r✐❛♠❡♥t♦ r❡♠♦t♦✱ ♠❡❞✐❝✐♥❛✱ ❛✉t♦♠❛çã♦ ✐♥❞✉str✐❛❧✱
♠✐❝r♦s❝♦♣✐❛✱ ❡♥tr❡ ♦✉tr♦s✳ ■♠❛❣❡♥s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❢♦r♥❡❝❡♠ ❞❡t❛❧❤❡s q✉❡ sã♦ ✐♠♣♦rt❛♥✲
t❡s ♣❛r❛ ❛s t❛r❡❢❛s ❞❡ ❛♥á❧✐s❡ ❡ ✈✐s✉❛❧✐③❛çã♦ ❞♦s ❞❛❞♦s ♣r❡s❡♥t❡s ♥❛s ✐♠❛❣❡♥s✳ ❊♥tr❡t❛♥t♦✱
❞❡✈✐❞♦ ❛✐♥❞❛ ❛♦ ❝✉st♦ ❡❧❡✈❛❞♦ ❞♦s s❡♥s♦r❡s ❞❡ ❛❧t❛ ♣r❡❝✐sã♦ ❡ às ❧✐♠✐t❛çõ❡s ❡①✐st❡♥t❡s ♣❛r❛
r❡❞✉çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦s ♣✐①❡❧s ❞❛s ✐♠❛❣❡♥s ❡♥❝♦♥tr❛❞❛s ♥♦ ♣ró♣r✐♦ s❡♥s♦r✱ ❛s ✐♠❛❣❡♥s ❞❡
❛❧t❛ r❡s♦❧✉çã♦ tê♠ s✐❞♦ ❛❞q✉✐r✐❞❛s ❛ ♣❛rt✐r ❞❡ ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦✳ ❊st❡ tr❛❜❛❧❤♦
♣r♦♣õ❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r ✉♠❛ ✐♠❛❣❡♠ ♦✉ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ❛ ♣❛r✲
t✐r ❞❛ ❝♦♠♣❡♥s❛çã♦ r❡s✐❞✉❛❧ ❛♣r❡♥❞✐❞❛ ♣❡❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❡①tr❛í❞❛s ♥❛ ✐♠❛❣❡♠ r❡s✐❞✉❛❧
❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❘❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♠♦str❛♠ q✉❡✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s
❝❛s♦s✱ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣r♦✈ê ♠❡♥♦r❡s ❡rr♦s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦✉tr❛s ❛❜♦r❞❛❣❡♥s
❞♦ ❡st❛❞♦ ❞❛ ❛rt❡✳ ▼❡❞✐❞❛s q✉❛♥t✐t❛t✐✈❛s ❡ q✉❛❧✐t❛t✐✈❛s sã♦ ✉t✐❧✐③❛❞❛s ♥❛ ❝♦♠♣❛r❛çã♦ ❞♦s
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛s té❝♥✐❝❛s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❝♦♥s✐❞❡r❛❞❛s ♥♦s ❡①♣❡r✐♠❡♥t♦s✳
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❆❜str❛❝t

❚❤❡r❡ ✐s ❝✉rr❡♥t❧② ❛ ❣r♦✇✐♥❣ ❞❡♠❛♥❞ ❢♦r ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ✐♥ s❡✈❡r❛❧ ❞♦♠❛✐♥s ♦❢
❦♥♦✇❧❡❞❣❡✱ s✉❝❤ ❛s r❡♠♦t❡ s❡♥s✐♥❣✱ ♠❡❞✐❝✐♥❡✱ ✐♥❞✉str✐❛❧ ❛✉t♦♠❛t✐♦♥✱ ♠✐❝r♦s❝♦♣②✱ ❛♠♦♥❣
♦t❤❡rs✳ ❍✐❣❤ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ♣r♦✈✐❞❡ ❞❡t❛✐❧s t❤❛t ❛r❡ ✐♠♣♦rt❛♥t t♦ t❛s❦s ♦❢ ❛♥❛❧②s✐s ❛♥❞
✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❞❛t❛ ♣r❡s❡♥t ✐♥ t❤❡ ✐♠❛❣❡s✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ❝♦st ♦❢ ❤✐❣❤ ♣r❡❝✐s✐♦♥
s❡♥s♦rs ❛♥❞ t❤❡ ❧✐♠✐t❛t✐♦♥s t❤❛t ❡①✐st ❢♦r r❡❞✉❝✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♠❛❣❡ ♣✐①❡❧s ✐♥ t❤❡
s❡♥s♦r ✐ts❡❧❢✱ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ❤❛✈❡ ❜❡❡♥ ❛❝q✉✐r❡❞ ❢r♦♠ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♠❡t❤♦❞s✳
❚❤✐s ✇♦r❦ ♣r♦♣♦s❡s ❛ ♠❡t❤♦❞ ❢♦r s✉♣❡r✲r❡s♦❧✈✐♥❣ ❛♥ ✐♠❛❣❡ ♦r ❛ s❡q✉❡♥❝❡ ♦❢ ✐♠❛❣❡s ❢r♦♠
t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ r❡s✐❞✉❛❧ ❧❡❛r♥❡❞ ❜② t❤❡ ❢❡❛t✉r❡s ❡①tr❛❝t❡❞ ✐♥ t❤❡ r❡s✐❞✉❛❧ ✐♠❛❣❡ ❛♥❞
t❤❡ tr❛✐♥✐♥❣ s❡t✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ s♦♠❡ ♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
◗✉❛♥t✐t❛t✐✈❡ ❛♥❞ q✉❛❧✐t❛t✐✈❡ ♠❡❛s✉r❡s ❛r❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
s✉♣❡r✲r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❊✉ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛ ❉❡✉s ♣♦r t❡r ♠❡ s✉st❡♥t❛❞♦ ❞✉r❛♥t❡ ❡st❡ ♣❡rí♦❞♦✳ ❆♦s
♠❡✉s ♣❛✐s ❏♦sé ❘é③✐♦ ❡ ❆♥❛ ▲ú❝✐❛✱ ♠❡✉s ✐r♠ã♦s ❇r❛✉❧❡r ❡ ❆♥❛ ❋❧á✈✐❛✱ ♠✐♥❤❛ ❝✉♥❤❛❞❛
❈❛♠✐❧❛ ❡ ♠✐♥❤❛ ❛✜❧❤❛❞❛ ❇❡❛tr✐③✱ ❡✉ ❛❣r❛❞❡ç♦ ♣❡❧♦ ❛♠♦r✱ ❝❛r✐♥❤♦✱ ❝♦♠♣r❡❡♥sã♦✱ ♣❛❝✐ê♥❝✐❛
❡ s✉♣♦rt❡ ❡♠♦❝✐♦♥❛❧✱ q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ❛ ❝✉♠♣r✐r ❡st❛ ❣r❛♥❞❡ ❡ ❞✐❢í❝✐❧ t❛r❡❢❛✳ ❚♦❞♦s ✈♦❝ês
sã♦ ♣❡ss♦❛s ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ♠✐♥❤❛ ✈✐❞❛✳ ❆♠♦ ♠✉✐t♦✳

❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♠❡str❡✱ Pr♦❢✳ ❉r✳ ❍é❧✐♦ P❡❞r✐♥✐✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞❡❞✐❝❛❞❛✱
s✉❣❡stõ❡s ❡♠ t♦❞❛s ❛s ❡t❛♣❛s ❞❡st❛ ♣❡sq✉✐s❛✱ ♠♦t✐✈❛çã♦ ❡ ❛♠✐③❛❞❡✳ ❆♦ ❝♦❧❡❣❛ ❲✐❧❧✐❛♠
❘♦❜s♦♥ ❙❝❤✇❛rt③✱ ♣❡❧♦ s✐❣♥✐✜❝❛t✐✈♦ ❛♣♦✐♦ ♥❛s ❞✐s❝✉ssõ❡s ❡ ❣r❛♥❞❡ s✉♣♦rt❡ ♥❛s ♣❡sq✉✐s❛s✳

❆♦ ♠❡✉ ♠❡str❡ ❡ ❛♠✐❣♦✱ Pr♦❢✳ ❆❧❡①❛♥❞r❡ ❘✐❜❡✐r♦✱ ❡✉ ❛❣r❛❞❡ç♦ ♣❡❧♦ ❛♣♦✐♦✱ ❝♦♥✜❛♥ç❛
❡ ✐♥❝❡♥t✐✈♦✱ ❛❧✐❛❞♦s à ❛♠✐③❛❞❡✱ ❝♦♥s✐❞❡r❛çã♦ ❡ ❝❛r✐♥❤♦✱ q✉❡ ❢♦r❛♠ ✐♠♣r❡s❝✐♥❞í✈❡✐s ♣❛r❛ ♦
♣r♦❥❡t♦ ❡ r❡❛❧✐③❛çã♦ ❞❡st❡ s♦♥❤♦✳ ❆ ❡❧❡✱ t♦❞❛ ❛ ♠✐♥❤❛ ❛❞♠✐r❛çã♦ ❡ r❡s♣❡✐t♦ ❡ ❛ q✉❡♠ s❡r❡✐
❡t❡r♥❛♠❡♥t❡ ❣r❛t❛✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❆♥✐♥❤❛✱ ❆♥tô♥✐♦✱ ➪❣❛t❤❛✱ ❚❤✐✱ ▲♦♦s ✭▲▼▲✮✱ ❆♥❛✱ ▼ár❝✐♦✱ ◆❛♥✐ss❛✱
P❛tt②✱ ❚❤✐❛❣♦✱ ▼❛♥✉✱ ❣r✉♣♦ ❙P❆❊❏ ❡ ♦✉tr♦s✱ ❡✉ ❛❣r❛❞❡ç♦ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❝♦♥s✐✲
❞❡r❛çã♦✱ ❛♣♦✐♦ ❡♠♦❝✐♦♥❛❧✱ ♣❡❧♦s ❜♦♥s ♠♦♠❡♥t♦s ♣r♦♣♦r❝✐♦♥❛❞♦s ❡ ♣❡❧❛ ❛❧❡❣r✐❛ ❞❡ ♣♦❞❡r
❝♦♥✈✐✈❡r ❝♦♠ ♣❡ss♦❛s tã♦ ❡s♣❡❝✐❛✐s✳ ❱♦❝ês ❢♦r❛♠ ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ❝♦♥q✉✐st❛ ❞❡st❛ ✈✐tór✐❛✳

❚❛♠❜é♠ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛ t♦❞♦s ♦s ❛♠✐❣♦s ❞❡ ❈❛♠♣✐♥❛s✳ ❆♠✐③❛❞❡s ✈❡r❞❛❞❡✐r❛s
q✉❡ s✉r❣✐r❛♠ ❡♠ ✉♠ ❝✉rt♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦✱ ♠❛s q✉❡ s❡rã♦ ❧❡✈❛❞❛s ♣♦r t♦❞❛ ❛ ✈✐❞❛✳ P❡s✲
s♦❛s q✉❡ ❝♦♠♣❛rt✐❧❤❛✈❛♠ ❞♦ ♠❡s♠♦ s♦♥❤♦✱ ❞❛s ♠❡s♠❛s ❛❧❡❣r✐❛s✱ ❞❡s❡s♣❡r♦s✱ ❞✐✜❝✉❧❞❛❞❡s
❡ ❧✉t❛s✳ ❊♠ ❡s♣❡❝✐❛❧ ❛❣r❛❞❡ç♦ ❛♦ ❘♦❜✐♥❤♦✱ ●✉✐❧❤❡r♠❡ ❡ ■s❛✉r❛✳

➚ ■s❛✉r❛ ❡ ❏ú❧✐❛✱ ❞✉❛s ♣❡ss♦❛s ❡s♣❡❝✐❛✐s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ❡✉ ❛❣r❛❞❡ç♦
♣❡❧♦ s✐♠♣❧❡s ❢❛t♦ ❞❡ ❡①✐st✐r❡♠✳ ❏✉♥t❛s ❝♦♠♣❛rt✐❧❤❛♠♦s ♠✉✐t♦s ❜♦♥s ♠♦♠❡♥t♦s✦ ❖❜r✐❣❛❞❛✱
❛♠♦ ✈♦❝ês✳

➚ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ✐♥st✐t✉✐çã♦ q✉❡ ♣♦ss✐❜✐❧✐t♦✉ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❡ t❛♠❜é♠ ❛♠✐❣♦s ❞❛ P♦♥t✐❢í❝✐❛ ❯♥✐✈❡rs✐❞❛❞❡
❈❛tó❧✐❝❛ ❞❡ ●♦✐ás q✉❡ t❛♠❜é♠ ❢♦r❛♠ ✐♠♣♦rt❛♥t❡s ♥❡st❛ ❝❛♠✐♥❤❛❞❛✳

❆♦ ■♥st✐t✉t♦ ◆❛❝✐♦♥❛❧ ❞❡ ❈✐ê♥❝✐❛ ❡ ❚❡❝♥♦❧♦❣✐❛ ✲ ▼❡❞✐❝✐♥❛ ❆ss✐st✐❞❛ ♣♦r ❈♦♠♣✉✲
t❛çã♦ ❈✐❡♥tí✜❝❛ ✭■◆❈❚✲▼❆❈❈✮✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✭Pr♦❝❡ss♦ ✺✼✸✼✶✵✴✷✵✵✽✲✷ ❊❞✐t❛❧
▼❈❚✴❈◆Pq ◆♦ ✵✶✺✴✷✵✵✽ ✲ ■♥st✐t✉t♦s ◆❛❝✐♦♥❛✐s ❞❡ ❈✐ê♥❝✐❛ ❡ ❚❡❝♥♦❧♦❣✐❛✮✳

✈✐✐



❊✱ ♣♦r ✜♠✱ ♠❛s s❡♠ ♠❡♥♦s ✐♠♣♦rtâ♥❝✐❛✱ ❣♦st❛r✐❛ t❛♠❜é♠ ❞❡ ❛❣r❛❞❡❝❡r ❛♦s ♠❡✉s
❝♦❧❡❣❛s✱ ♠❛✐s ❞♦ q✉❡ ✐ss♦✱ ❛♠✐❣♦s✱ ❞♦ ▲❛❜♦r❛tór✐♦ ❞❡ ■♥❢♦r♠át✐❝❛ ❱✐s✉❛❧ ✭▲■❱✮ ❝♦♠ ♦s
q✉❛✐s ♣✉❞❡ s❡♠♣r❡ ❝♦♥t❛r✳

❆ t♦❞♦s ✈♦❝ês q✉❡✱ ❞❡ ✉♠❛ ❢♦r♠❛ ♦✉ ❞❡ ♦✉tr❛✱ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ q✉❡ ❡st❡ tr❛❜❛❧❤♦ s❡
r❡❛❧✐③❛ss❡✳ ▼✉✐t♦ ♦❜r✐❣❛❞❛✦
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❘❡s✉♠♦ ✈

❆❜str❛❝t ✈✐
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▲✐st❛ ❞❡ ❋✐❣✉r❛s
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✹✳✶✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✷ ❡ ✹ ❡ ♣❛r❛ s❡q✉ê♥❝✐❛s ❝♦♠ ✻
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❞❡ 4×✳ ✭❛✮ ✐♠❛❣❡♠ ♦r✐❣✐♥❛❧❀ ✭❜✮ ■❇P❀ ✭❝✮ P❖❈❙❀ ✭❞✮ ♠ét♦❞♦ ♣r♦♣♦st♦✳ ✳ ✳ ✳ ✹✷
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▲✐st❛ ❞❡ ❆❜r❡✈✐❛t✉r❛s ❡ ❙✐❣❧❛s

●PP ●r❛❞✐❡♥t Pr♦✜❧❡ Pr✐♦r

❍❖● ❍✐st♦❣r❛♠ ♦❢ ❖r✐❡♥t❡❞ ●r❛❞✐❡♥ts ❍✐st♦❣r❛♠❛ ❞❡ ●r❛❞✐❡♥t❡s ❖r✐❡♥t❛✲
❞♦s

❍❘ ❍✐❣❤ ❘❡s♦❧✉t✐♦♥ ❆❧t❛ ❘❡s♦❧✉çã♦
❍❙❈ ❍✐st♦❣r❛♠ ♦❢ ❙❤❡❛r❧❡t ❈♦❡✣❝✐❡♥ts ❍✐st♦❣r❛♠❛ ❞❡ ❈♦❡✜❝✐❡♥t❡s ❞❛ ❚r❛♥s✲

❢♦r♠❛❞❛ ❙❤❡❛r❧❡t
■❇P ■t❡r❛t✐✈❡ ❇❛❝❦✲Pr♦❥❡❝t✐♦♥ ❘❡tr♦♣r♦❥❡çã♦ ■t❡r❛t✐✈❛
▲▲❊ ▲♦❝❛❧❧②✲▲✐♥❡❛r ❊♠❜❡❞❞✐♥❣ ▼❛♣❡❛♠❡♥t♦ ▲♦❝❛❧♠❡♥t❡ ▲✐♥❡❛r
▲❘ ▲♦✇ ❘❡s♦❧✉t✐♦♥ ❇❛✐①❛ ❘❡s♦❧✉çã♦
P❖❈❙ Pr♦❥❡❝t✐♦♥ ❖♥t♦ ❈♦♥✈❡①s ❙❡ts Pr♦❥❡çõ❡s ❡♠ ❈♦♥❥✉♥t♦s ❈♦♥✈❡①♦s
❘▼❙❊ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r ❘❛✐③ ❞♦ ❊rr♦ ▼é❞✐♦ ◗✉❛❞rát✐❝♦
❙■❋❚ ❙❝❛❧❡ ■♥✈❛r✐❛♥t ❋❡❛t✉r❡ ❚r❛♥s❢♦r♠ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s ■♥✲

✈❛r✐❛♥t❡ à ❊s❝❛❧❛
❙❘ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥ ❙✉♣❡r✲❘❡s♦❧✉çã♦
❙❙■▼ ❙tr✉❝t✉r❛❧ ❙■▼✐❧❛r✐t② ❮♥❞✐❝❡ ❞❡ ❙✐♠✐❧❛r✐❞❛❞❡ ❊str✉t✉r❛❧
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ✉♠❛ ✐♥tr♦❞✉çã♦ s♦❜r❡ s✉♣❡r✲r❡s♦❧✉çã♦✱ ♦s ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦✲
♥❛❞♦s ❡ s✉❛s ❛♣❧✐❝❛çõ❡s✳ ➱ ✐♥❝❧✉í❞❛ ✉♠❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞❛s ♠♦t✐✈❛çõ❡s q✉❡ ❧❡✈❛r❛♠ ❛♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✱ s❡❣✉✐❞❛ ❞❡ s❡✉s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t✐✈♦s ❡ ❞❡ s✉❛s ❝♦♥tr✐❜✉✐✲
çõ❡s✳ ❋✐♥❛❧♠❡♥t❡✱ ❛ ♦r❣❛♥✐③❛çã♦ ❞❛ ❞✐ss❡rt❛çã♦ é ❛♣r❡s❡♥t❛❞❛✳

✶✳✶ ❆♣r❡s❡♥t❛çã♦

❆ r❡s♦❧✉çã♦ ❞✐❣✐t❛❧ ❞❡ ✉♠❛ ✐♠❛❣❡♠ ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ à s✉❛ q✉❛❧✐❞❛❞❡✳ ❊ss❛
r❡s♦❧✉çã♦ r❡❢❡r❡✲s❡ ❛♦ ♥í✈❡❧ ❞❡ ❞❡t❛❧❤❡ ❞❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ✈✐s✉❛❧✱ ♦✉ s❡❥❛✱ q✉❛♥t♦ ♠❛✐♦r
❛ r❡s♦❧✉çã♦✱ ♠❛✐♦r é ❛ s✉❛ ♣r❡❝✐sã♦ ❛♦ r❡♣r❡s❡♥tá✲❧❛ ❡♠ r❡❧❛çã♦ à ✐♠❛❣❡♠ r❡❛❧ ❬✼✱ ✺✺❪✳

❆❧❣✉♠❛s ✐♠❛❣❡♥s s♦❢r❡♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞❡❣r❛❞❛çã♦ ❞❡ s✉❛ q✉❛❧✐❞❛❞❡ ✭✐♠❛❣❡♥s ❡♠
❜❛✐①❛ r❡s♦❧✉çã♦✮ ❞❡✈✐❞♦ ❛ ❛❧❣✉♥s ❢❛t♦r❡s✱ t❛✐s ❝♦♠♦ ❛❜❡rr❛çõ❡s ❞❛s ❧❡♥t❡s✱ ❢♦❝❛❧✐③❛çã♦
✐♥❝♦rr❡t❛✱ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ s❡♥s♦r ❞✉r❛♥t❡ ❛ ❛q✉✐s✐çã♦✱ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ♦❜❥❡t♦✱ ❞❡✜❝✐ê♥❝✐❛
♦✉ ❡①❝❡ss♦ ❞❡ ✐❧✉♠✐♥❛çã♦ ❬✶✷❪✳ ❊st❡s ❢❛t♦r❡s ❞✐✜❝✉❧t❛♠ ❛ s❡❣♠❡♥t❛çã♦ ❞❡ r❡❣✐õ❡s ❡ ❛
✈✐s✉❛❧✐③❛çã♦ ♣r❡❝✐s❛ ❞❡ ❞❡t❛❧❤❡s ♣r❡s❡♥t❡s ♥❛s ✐♠❛❣❡♥s✳

❊♠ ❞✐✈❡rs♦s ❞♦♠í♥✐♦s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ t❛✐s ❝♦♠♦ ♠❡❞✐❝✐♥❛✱ ❜✐♦❧♦❣✐❛✱ ❣❡♦❧♦❣✐❛✱ ❛✉t♦✲
♠❛çã♦ ✐♥❞✉str✐❛❧✱ ✈✐❣✐❧â♥❝✐❛✱ s❡♥s♦r✐❛♠❡♥t♦ r❡♠♦t♦✱ ❤á ✉♠❛ ❣r❛♥❞❡ ❞❡♠❛♥❞❛ ❞❡ ✐♠❛❣❡♥s
❝♦♠ ❛❧t❛ r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧ ❬✽✱ ✶✷✱ ✸✺✱ ✹✵✱ ✹✾✱ ✺✻❪✳

❊♠ ✈✐rt✉❞❡ ❞❡ ❢❛t♦r❡s ❛ss♦❝✐❛❞♦s ❛♦ ❝✉st♦ ❡ às ❧✐♠✐t❛çõ❡s ❞♦s ❞✐s♣♦s✐t✐✈♦s ❞❡ ❛q✉✐s✐çã♦✱
✉♠❛ ❛❧t❡r♥❛t✐✈❛ é ❛✉♠❡♥t❛r ❛ r❡s♦❧✉çã♦ ❡ ♠❡❧❤♦r❛r ❛ q✉❛❧✐❞❛❞❡ ♣s✐❝♦✈✐s✉❛❧ ❞❛s ✐♠❛❣❡♥s
♣♦r ♠❡✐♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ té❝♥✐❝❛s ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ s✉♣❡r✲r❡s♦❧✉çã♦ ✭❙❘✮✳

❚é❝♥✐❝❛s ❞❡ ❙❘ tê♠ r❡❝❡❜✐❞♦ ❝r❡s❝❡♥t❡ ✐♥t❡r❡ss❡ ♥♦s ú❧t✐♠♦s ❛♥♦s ❬✸✱ ✾✱ ✷✸✱ ✷✻✱ ✹✽❪✱
❝✉❥♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é ❛✉♠❡♥t❛r ❛ r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧ ❞❛s ✐♠❛❣❡♥s✱ r❡♠♦✈❡♥❞♦ ❞✐st♦rçõ❡s
❝❛✉s❛❞❛s ♥❛ ❛q✉✐s✐çã♦✱ r❡❛❧ç❛♥❞♦ ❞❡t❛❧❤❡s✱ ❝♦♠♦ ❜♦r❞❛s✱ ♦✉ r❡❝✉♣❡r❛♥❞♦ ✐♥❢♦r♠❛çõ❡s
✐♠♣♦rt❛♥t❡s ❛ ♣❛rt✐r ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ✐♠❛❣❡♥s ❝❛♣t✉r❛❞❛s ❬✺✺❪✳

❆s té❝♥✐❝❛s ❞❡ ❙❘ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞❛s ❡♠ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛

✶



✶✳✷✳ ▼♦t✐✈❛çõ❡s ✷

❋✐❣✉r❛ ✶✳✶✿ ❊①❡♠♣❧♦s ❞❡ ✐♠❛❣❡♠ ✭❛✮ ❡♠ ❜❛✐①❛ r❡s♦❧✉çã♦ ❡ ✭❜✮ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦✳ ■♠❛❣❡♥s
❡①tr❛í❞❛s ❞❡ ❬✹✼❪✳

❞❡ ✐♠❛❣❡♥s ♦✉ ❛✐♥❞❛ ❡♠ ✈í❞❡♦s ❬✹✷❪✳ ▼ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❡♠ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠
✈✐s❛♠ ❛✉♠❡♥t❛r ❛ r❡s♦❧✉çã♦ ❞❛ ✐♠❛❣❡♠ ❛ ♣❛rt✐r ❞♦ r❡❛❧❝❡ ❞❡ s✉❛s ✐♥❢♦r♠❛çõ❡s ♠❛✐s r❡✲
❧❡✈❛♥t❡s✱ s❡♠ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ❜♦rr❛♠❡♥t♦✳ ❆ ❋✐❣✉r❛ ✶✳✶ ✐❧✉str❛ ❞✉❛s ✐♠❛❣❡♥s ❡♠ ❜❛✐①❛
❡ ❛❧t❛ r❡s♦❧✉çã♦✳ ▼ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❡♠ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ♣r♦❝✉r❛♠ ❝r✐❛r ✉♠❛
✐♠❛❣❡♠ ❝♦♠ ♠❛✐s ❛❧t❛ r❡s♦❧✉çã♦ ✭❍❘✱ ❞♦ ✐♥❣❧ês✱ ❍✐❣❤ ❘❡s♦❧✉t✐♦♥✮ ❛ ♣❛rt✐r ❞❛ ❢✉sã♦ ❞❡
✐♥❢♦r♠❛çõ❡s ♣r❡s❡♥t❡s ❡♠ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ✭▲❘✱ ❞♦ ✐♥❣❧ês✱ ▲♦✇ ❘❡✲

s♦❧✉t✐♦♥✮✳ ▼ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❡♠ ✈í❞❡♦s ✈✐s❛♠ ❝r✐❛r ✉♠ ✈í❞❡♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦
❛ ♣❛rt✐r ❞♦s q✉❛❞r♦s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✳

✶✳✷ ▼♦t✐✈❛çõ❡s

❊♠ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s✱ ✉♠❛ ✐♠❛❣❡♠ ♦✉ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ❛♣r❡s❡♥t❛ ❜❛✐①❛
q✉❛❧✐❞❛❞❡ ❞❡✈✐❞♦✱ ❡♠ ❣❡r❛❧✱ às ✈ár✐❛s ❧✐♠✐t❛çõ❡s ❢ís✐❝❛s ❞♦s s❡♥s♦r❡s✱ t❛✐s ❝♦♠♦ r❡s♦❧✉çã♦
❡s♣❛❝✐❛❧ ❧✐♠✐t❛❞❛✱ ❞✐st♦rçõ❡s ó♣t✐❝❛s✱ ♣r❡s❡♥ç❛ ❞❡ r✉í❞♦ ❡ ❛❧❝❛♥❝❡ ❞✐♥â♠✐❝♦ ❧✐♠✐t❛❞♦✳ ❆❧é♠
❞✐ss♦✱ ♣♦❞❡♠ ❡①✐st✐r ♠❛♥❝❤❛s ✭r❡❣✐õ❡s ❞❡ ❜♦rr❛♠❡♥t♦✮ ❞❡ ♠♦✈✐♠❡♥t♦ q✉❡ ✐♥tr♦❞✉③❡♠
❞❡❣r❛❞❛çã♦ s✐❣♥✐✜❝❛t✐✈❛ ♥❛ ✐♠❛❣❡♠ ❬✷❪✳

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❡ss❛s ❞❡❣r❛❞❛çõ❡s ❝♦♠♣r♦♠❡t❡♠ s❡r✐❛♠❡♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❛♥á❧✐s❡ ❞❡



✶✳✸✳ ❖❜❥❡t✐✈♦s ❡ ❈♦♥tr✐❜✉✐çõ❡s ✸

✐♠❛❣❡♥s✳ ❊♠ s✐st❡♠❛s ❞❡ ✈✐❣✐❧â♥❝✐❛✱ ♣♦r ❡①❡♠♣❧♦✱ ✐♠❛❣❡♥s ❝❛♣t✉r❛❞❛s ❛ ♣❛rt✐r ❞❡ ❝â♠❡r❛s
❞❡ ❜❛✐①♦ ❝✉st♦ ♣♦❞❡♠ ❞✐✜❝✉❧t❛r ♦ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ✐♥❞✐✈í❞✉♦s ♦✉ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♣❧❛❝❛
❞❡ ✈❡í❝✉❧♦ ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝❡♥❛ ❬✷✷❪✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛ ♣❡ss♦❛ ♦✉ ♦❜❥❡t♦ ♥♦r♠❛❧♠❡♥t❡
♦❝✉♣❛ ✉♠❛ r❡❣✐ã♦ ♣❡q✉❡♥❛ ♥♦ ❝❛♠♣♦ ❞❡ ✈✐sã♦ ❞❛ ❝â♠❡r❛✱ t❛❧ q✉❡ ❛ ♣♦rçã♦ ❞❡ ♣✐①❡❧s ❞❡
✐♥t❡r❡ss❡ ♥❛ ✐♠❛❣❡♠ é ❣❡r❛❧♠❡♥t❡ ❜❡♠ ♣❡q✉❡♥❛✳

❖✉tr❛ ❛♣❧✐❝❛çã♦ ✐♠♣♦rt❛♥t❡ é ❛ ár❡❛ ♠é❞✐❝❛✳ ❖ ✉s♦ ❞❡ ✐♠❛❣❡♥s ❡♠ ❛❧t❛ r❡s♦❧✉çã♦ ♣♦❞❡
❛✉①✐❧✐❛r ♦ ❞✐❛❣♥óst✐❝♦ ❞❡ ❞♦❡♥ç❛s ❡♠ ❡stá❣✐♦ ✐♥✐❝✐❛❧✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ✐❞❡♥t✐✜❝❛çã♦ ♣r❡❝✐s❛
❞❡ ✉♠ t✉♠♦r ❡♠ ✐♠❛❣❡♥s ♠é❞✐❝❛s ❬✸✶✱ ✺✹✱ ✺✺❪✳

❊♠ s❡♥s♦r✐❛♠❡♥t♦ r❡♠♦t♦✱ ✐♠❛❣❡♥s ♠✉❧t✐❡s♣❡❝tr❛✐s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧ sã♦ ❝r✉✲
❝✐❛✐s ♣❛r❛ ❢♦r♥❡❝❡r ✐♥❢♦r♠❛çõ❡s ❞❡t❛❧❤❛❞❛s r❡❧❛t✐✈❛s ❛♦ ✉s♦ ❡ ♠❛♣❡❛♠❡♥t♦ ❞❛ t❡rr❛✱ t❛①❛s
❞❡ ❡r♦sã♦✱ ❞❡s♠❛t❛♠❡♥t♦ ❡ ❝♦❜❡rt✉r❛ ❞♦ s♦❧♦✱ ♠♦♥✐t♦r❛çã♦ ❞❡ ár❡❛s ❞❡ ♣❧❛♥t✐♦✱ ❡♥tr❡
♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❬✶✷❪✳

❖✉tr♦s ❡①❡♠♣❧♦s ❞❡ ❞❡♠❛♥❞❛ ❞❡ ❞❛❞♦s ❡♠ ❛❧t❛ r❡s♦❧✉çã♦ ✐♥❝❧✉❡♠ ❛ r❡❝✉♣❡r❛çã♦ ❞❡
✐♠❛❣❡♥s ❡ ✈í❞❡♦s ❛♥t✐❣♦s✱ ❛ r❡♠♦çã♦ ❞❡ ❞✐st♦rçõ❡s ❡ r✉í❞♦s ❣❡r❛❞♦s ❞✉r❛♥t❡ ❛ ❝♦♠♣r❡ssã♦
❞❡ ✐♠❛❣❡♥s ❡ ✈í❞❡♦s✱ ❛ ❣❡r❛çã♦ ❞❡ ❢♦t♦❣r❛✜❛s ♣❛♥♦râ♠✐❝❛s ❛ ♣❛rt✐r ❞❡ ✐♠❛❣❡♥s ❝♦♠ ♠❡♥♦r
r❡s♦❧✉çã♦✳

❉❡ss❛ ❢♦r♠❛✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ té❝♥✐❝❛s ♣❛r❛ ❛✉♠❡♥t❛r ❛ ♥✐t✐❞❡③ ❞♦s ❞❡t❛❧❤❡s ❞❛s
✐♠❛❣❡♥s t♦r♥❛✲s❡ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♠❡❧❤♦r❛r ❛s ❡t❛♣❛s s✉❜s❡q✉❡♥t❡s ❞❡ ❛♥á❧✐s❡ ❡ ✐♥t❡r♣r❡✲
t❛çã♦ ❞♦s ❞❛❞♦s ♣r❡s❡♥t❡s ♥❛s ✐♠❛❣❡♥s✳

✶✳✸ ❖❜❥❡t✐✈♦s ❡ ❈♦♥tr✐❜✉✐çõ❡s

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠ ♠ét♦❞♦ ❜❛s❡❛❞♦ ❡♠ ❛♣r❡♥❞✐③❛❞♦ ♣❛r❛ ❣❡r❛çã♦ ❞❡ ✐♠❛❣❡♥s
❡♠ ❛❧t❛ r❡s♦❧✉çã♦ ❛ ♣❛rt✐r ❞❡ ✈❡rsõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ ❜❛✐①❛ r❡s♦❧✉çã♦✳ ❉♦✐s ♠ét♦❞♦s
sã♦ ♣r♦♣♦st♦s✱ ✉♠ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ✉♠❛ ❛❞❛♣t❛çã♦ ❞❡st❡ ♠é✲
t♦❞♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛
r❡s♦❧✉çã♦✱ ❝♦♠❜✐♥❛♥❞♦ ❛♣r❡♥❞✐③❛❞♦ ❡ r❡❝♦♥str✉çã♦ ❞❡ ✐♠❛❣❡♥s✳

❚é❝♥✐❝❛s ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ ❝♦rr❡❧❛t❛s ❛♦ t❡♠❛ s♦❜ ✐♥✈❡st✐❣❛çã♦ sã♦ ❡st✉❞❛❞❛s ❡
❝♦♠♣❛r❛❞❛s ❝♦♠ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦✳ ❊①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡♠ ❝♦♥❥✉♥t♦s ❞❡ ✐♠❛❣❡♥s
sã♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❡✜❝á❝✐❛ ❞♦ ♠ét♦❞♦ ❜❛s❡❛❞❛ ❡♠ ♠❡❞✐❞❛s q✉❛♥t✐t❛t✐✈❛s ❡
q✉❛❧✐t❛t✐✈❛s✳

✶✳✹ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚❡①t♦

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❝♦♠♦ s❡❣✉❡✳ ❖ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛ ✉♠ r❡s✉♠♦
❞❡ ❛❧❣✉♠❛s ❞❛s ♣r✐♥❝✐♣❛✐s té❝♥✐❝❛s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛ ❛♣❧✐❝❛❞❛s
❛ ✐♠❛❣❡♥s ❡ ✈í❞❡♦s✳ ❖ ❈❛♣ít✉❧♦ ✸ ❞❡s❝r❡✈❡ ♦s ♠ét♦❞♦s ♣r♦♣♦st♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ❖



✶✳✹✳ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚❡①t♦ ✹

❈❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛ ❡ ❞✐s❝✉t❡ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❛♣❧✐❝❛çã♦
❞♦ ♠ét♦❞♦ ❡♠ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ❡♠ s❡q✉ê♥❝✐❛s ❞❡ ✐♠❛❣❡♥s✱ ❜❡♠ ❝♦♠♦ ✉♠❛ ❝♦♠♣❛r❛çã♦
❝♦♠ ♦✉tr♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦✳ ❆s ❝♦♥❝❧✉sõ❡s ♦❜t✐❞❛s ❝♦♠ ❡st❛ ✐♥✈❡st✐❣❛çã♦ ❡
♣r♦♣♦st❛s ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s sã♦ ❞❡s❝r✐t❛s ♥♦ ❈❛♣ít✉❧♦ ✺✳



❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s ❡ ❚r❛❜❛❧❤♦s ❘❡❧❛❝✐♦♥❛❞♦s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ❝♦♥❝❡✐t♦s ❡ tr❛❜❛❧❤♦s r❡❧❛❝✐♦♥❛❞♦s à s✉♣❡r✲r❡s♦❧✉çã♦ r❡❧❡✈❛♥t❡s
♣❛r❛ ♦s ♠ét♦❞♦s ♣r♦♣♦st♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❛❧❣✉♥s ❢✉♥❞❛♠❡♥t♦s r❡❧❛t✐✈♦s ❛♦s
♣r♦❝❡ss♦s ❞❡ ❛q✉✐s✐çã♦ ❡ ♠❡❧❤♦r❛♠❡♥t♦ ❞❡ ✐♠❛❣❡♥s sã♦ ❞❡s❝r✐t♦s✳ ❊♠ s❡❣✉✐❞❛✱ ♦ ♣r♦❝❡ss♦
❞❡ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s é ❞❡s❝r✐t♦✱ ❜❡♠ ❝♦♠♦ ❞♦✐s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳
❊♥tã♦✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ ❞❡t❡❝çã♦ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡ ❡ ✉♠ ♠ét♦❞♦ ❞❡
❛♣r❡♥❞✐③❛❞♦✱ ❛♠❜♦s ✉t✐❧✐③❛❞♦s ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡s❝r✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❋✐♥❛❧♠❡♥t❡✱
tr❛❜❛❧❤♦s r❡❧❡✈❛♥t❡s ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ ♣❛r❛ ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦
❡♠ ✐♠❛❣❡♥s ❡ ✈í❞❡♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❡ ❞✐s❝✉t✐❞♦s✳

✷✳✶ ❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s

❯♠❛ ✐♠❛❣❡♠ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ✐♥t❡♥s✐❞❛❞❡ ❧✉♠✐♥♦s❛✱ I(x, y)✱
t❛❧ q✉❡ ♦ ✈❛❧♦r ❡♠ s✉❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s (x, y) ♣r♦✈ê ❛ ✐♥t❡♥s✐❞❛❞❡ ♦✉ ♦ ❜r✐❧❤♦ ❞❛
✐♠❛❣❡♠ ♥♦ ♣♦♥t♦ ✭♣✐①❡❧✮✳ ❯♠❛ ✐♠❛❣❡♠ ❞✐❣✐t❛❧ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦
❝❤❛♠❛❞♦ ❞✐❣✐t❛❧✐③❛çã♦ q✉❡ ❝♦♥s✐st❡ ❡♠ ❞♦✐s ♣❛ss♦s✱ ❛ ❛♠♦str❛❣❡♠ ❡ ❛ q✉❛♥t✐③❛çã♦ ❬✸✻❪✳

❆ ❛♠♦str❛❣❡♠ é r❡s♣♦♥sá✈❡❧ ♣♦r ❞✐s❝r❡t✐③❛r ♦ ❞♦♠í♥✐♦ ❞❛ ✐♠❛❣❡♠ ♥❛s ❞✐r❡çõ❡s x ❡ y✱
❢♦r♠❛♥❞♦ ✉♠❛ ♠❛tr✐③ ❞❡ M ×N ❛♠♦str❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ q✉❛♥t✐③❛çã♦ é r❡s♣♦♥sá✈❡❧
♣♦r ❞❡✜♥✐r ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ L ❞❡ ♥í✈❡✐s ❞❡ ❝✐♥③❛ ♦✉ ❝♦r❡s ♣♦ssí✈❡✐s ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❞❛
✐♠❛❣❡♠✳ ❆ ❛❞❡q✉❛❞❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s ❡ ❞❡ ♥í✈❡✐s ♣❛r❛ ❣❡r❛r ✉♠❛
✐♠❛❣❡♠ ❞❡ ❜♦❛ q✉❛❧✐❞❛❞❡ ❞❡♣❡♥❞❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ ♣r❡s❡♥t❡
♥❛ ✐♠❛❣❡♠ ❡ ❞♦ ❣r❛✉ ❞❡ ❞❡t❛❧❤❡ ♣❡r❝❡♣tí✈❡❧ ❛♦ s✐st❡♠❛ ✈✐s✉❛❧ ❤✉♠❛♥♦✳ ❆ q✉❛❧✐❞❛❞❡
❞❡ ✉♠❛ ✐♠❛❣❡♠ ❞✐❣✐t❛❧ ♥♦r♠❛❧♠❡♥t❡ ❡stá ❛ss♦❝✐❛❞❛ ❛ ❞♦✐s t✐♣♦s ❞❡ r❡s♦❧✉çã♦✱ ❡s♣❛❝✐❛❧ ❡
r❛❞✐♦♠étr✐❝❛✳

❆ r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞♦s ♠❡♥♦r❡s ❞❡t❛❧❤❡s ✈✐sí✈❡✐s
♥❛ ✐♠❛❣❡♠✳ ◗✉❛♥t♦ ♠❡♥♦r ❢♦r ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❛ ✐♠❛❣❡♠✱
✐st♦ é✱ q✉❛♥t♦ ♠❛✐♦r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣♦♥t♦s ♥❛ ✐♠❛❣❡♠✱ ♠❛✐♦r s❡rá ❛ r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧

✺



✷✳✷✳ ❊①tr❛çã♦ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s ✻

❞❛ ✐♠❛❣❡♠✳ ■st♦ ♥ã♦ s✐❣♥✐✜❝❛ q✉❡ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣✐①❡❧
♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣♦ss✉✐ ♠❛✐♦r r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧ ❞♦ q✉❡ ♦✉tr❛ ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣✐①❡❧✳

❆ r❡s♦❧✉çã♦ r❛❞✐♦♠étr✐❝❛ ❝♦♥s✐st❡ ♥❛ q✉❛♥t✐✜❝❛çã♦ ❞❡ r❛❞✐❛çã♦ ❡❧❡tr♦♠❛❣♥ét✐❝❛ ❡♠♣r❡✲
❣❛❞❛ ♣❛r❛ ❛♠♦str❛r ❛ ❧✉♠✐♥♦s✐❞❛❞❡ r❡✢❡t✐❞❛ ♣❡❧❛ ❝❡♥❛✳ ❖ ♥ú♠❡r♦ ❞❡ ♥í✈❡✐s ❞❡ q✉❛♥t✐③❛çã♦
❞❛ ✐♠❛❣❡♠ ♥♦r♠❛❧♠❡♥t❡ é ✉♠❛ ♣♦tê♥❝✐❛ ❞❡ ✷✱ ♦✉ s❡❥❛✱ L = 2b✱ ❡♠ q✉❡ b ❝♦rr❡s♣♦♥❞❡ ❛♦
♥ú♠❡r♦ ❞❡ ❜✐ts ♥❡❝❡ssár✐♦s ✭♣r♦❢✉♥❞✐❞❛❞❡✮ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦s ♥í✈❡✐s ❞❡ q✉❛♥t✐③❛çã♦✳

❊♠ ❝♦♥❥✉♥t♦ ❝♦♠ ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❣✐t❛❧✐③❛çã♦✱ ❛❧❣✉♥s ❢❛t♦r❡s q✉❡ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ❛
❞❡❣r❛❞❛çã♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞❡ ✉♠❛ ✐♠❛❣❡♠ ❞✐❣✐t❛❧ ❬✸❪ ✐♥❝❧✉❡♠ ❛ ❛❜❡rr❛çã♦ ❞❡ ❧❡♥t❡s ❞♦s
s❡♥s♦r❡s✱ ♦ ❢♦❝♦ ✐♥❝♦rr❡t♦✱ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ s❡♥s♦r ♦✉ ❞♦ ♦❜❥❡t♦ ❞✉r❛♥t❡ ❛ ❛q✉✐s✐çã♦ ❞❛
✐♠❛❣❡♠ ❡ ♦ ❡①❝❡ss♦ ♦✉ ✐♥s✉✜❝✐ê♥❝✐❛ ❞❡ ✐❧✉♠✐♥❛çã♦ ♥❛ ❝❡♥❛✳

✷✳✷ ❊①tr❛çã♦ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

❈❛r❛❝t❡ríst✐❝❛s sã♦ ♣r♦♣r✐❡❞❛❞❡s r❡❧❡✈❛♥t❡s q✉❡ ♣♦❞❡♠ s❡r ♠❡♥s✉r❛❞❛s ❡♠ ✐♠❛❣❡♥s
♦✉ ♦❜❥❡t♦s ♣r❡s❡♥t❡s ♥❛s ✐♠❛❣❡♥s✱ t❛✐s ❝♦♠♦ ❝♦r✱ ❢♦r♠❛ ❡ t❡①t✉r❛✳ ❚❛✐s ❝❛r❛❝t❡ríst✐❝❛s
♥♦r♠❛❧♠❡♥t❡ sã♦ ❡①tr❛í❞❛s ♣♦r ♠❡✐♦ ❞❡ ❞❡s❝r✐t♦r❡s ✭❞❡ ❝❛r❛❝t❡ríst✐❝❛s✮ ❡ ♦r❣❛♥✐③❛❞❛s ❝♦♠♦
❡❧❡♠❡♥t♦s ❞❡ ✉♠ ✈❡t♦r✱ ❞❡♥♦♠✐♥❛❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s
♣♦ssí✈❡✐s ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❢♦r♠❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳

❯♠❛ ❢✉♥çã♦ ❞❡ ❞✐stâ♥❝✐❛ é ❛ss♦❝✐❛❞❛ ❛♦s ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ✐♥❞✐❝❛r ♦ ❣r❛✉
❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞♦s ♦❜❥❡t♦s ❞❛s ✐♠❛❣❡♥s ❝♦♠ ❜❛s❡ ❡♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❆ss✐♠✱ ♦❜❥❡t♦s
❞❛ ✐♠❛❣❡♠ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s s✐♠✐❧❛r❡s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞❛s ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡s ❛
✉♠❛ ❝❧❛ss❡ ❡s♣❡❝í✜❝❛✳ ❉❡s❝r✐t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡✈❡♠ ✐❞❡❛❧♠❡♥t❡ s❡r ✐♥✈❛r✐❛♥t❡s ❛
tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s✱ t❛❧ q✉❡ ♦❜❥❡t♦s ❡♠ ✐♠❛❣❡♥s ♣♦ss❛♠ s❡r r❡❝♦♥❤❡❝✐❞♦s ✐♥❞❡♣❡♥❞❡♠❡♥t❡
❞❡ ❡s❝❛❧❛✱ tr❛♥s❧❛çã♦ ♦✉ r♦t❛çã♦✳

❈❛r❛❝t❡ríst✐❝❛s ♣♦❞❡♠ s❡r ❡①tr❛í❞❛s ❞❡ ♠❛♥❡✐r❛ ❣❧♦❜❛❧ ♦✉ ❧♦❝❛❧ ♣❛r❛ ❢♦r♠❛r ❞❡s❝r✐t♦r❡s
❞❡ ✐♠❛❣❡♥s✳ ❯♠ ❞❡s❝r✐t♦r ❣❧♦❜❛❧ ❝♦♥s✐❞❡r❛ ❛ ✐♥❢♦r♠❛çã♦ ❡①tr❛í❞❛ ❞❡ t♦❞❛ ❛ ✐♠❛❣❡♠✱ ♦ q✉❡
♥♦r♠❛❧♠❡♥t❡ ❝♦♥st✐t✉✐ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♠♣❛❝t❛ ❞❛ ✐♠❛❣❡♠✳ ❖s ♠ét♦❞♦s ❞❡ ❡①tr❛çã♦
❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❣❧♦❜❛✐s sã♦ t✐♣✐❝❛♠❡♥t❡ rá♣✐❞♦s✱ ❡♥tr❡t❛♥t♦✱ ♥❡♠ s❡♠♣r❡ ❛❞❡q✉❛❞♦s ♣❛r❛
❞✐s❝r✐♠✐♥❛r ❞❡t❛❧❤❡s ♦✉ r♦❜✉st♦s ❛ ✈❛r✐❛çõ❡s ♥❛s ✐♠❛❣❡♥s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝❛r❛❝t❡ríst✐❝❛s
❧♦❝❛✐s sã♦ ❡①tr❛í❞❛s ❞❡ ♣♦rçõ❡s ❡s♣❡❝í✜❝❛s ❞❛ ✐♠❛❣❡♠✱ t❛✐s ❝♦♠♦ r❡❣✐õ❡s✱ ❢r♦♥t❡✐r❛s ❡♥tr❡
♦❜❥❡t♦s ♦✉ ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡✳

❱ár✐♦s ❞❡s❝r✐t♦r❡s ❧♦❝❛✐s ❡ ❣❧♦❜❛✐s tê♠ s✐❞♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✶✱ ✶✻✱ ✶✾✱ ✸✻✱ ✹✹❪✳
❊st❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛ ❞♦✐s ❞❡s❝r✐t♦r❡s ♥♦ ♣r♦❝❡ss♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ✐♠❛❣❡♥s✱ ♦s q✉❛✐s
sã♦ ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r✳

❍❖● ❖ ❤✐st♦❣r❛♠❛ ❞❡ ❣r❛❞✐❡♥t❡s ♦r✐❡♥t❛❞♦s ✭❍❖●✱ ❞♦ ✐♥❣❧ês✱ ❍✐st♦❣r❛♠ ♦❢ ❖r✐❡♥t❡❞

●r❛❞✐❡♥ts✮ ❬✶✵❪ é ✉♠ ❞❡s❝r✐t♦r q✉❡ ♠❡❞❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ♦r✐❡♥t❛çã♦ ❞❡ ❣r❛❞✐❡♥t❡s ♦✉ ❞❛s
❞✐r❡çõ❡s ❞❛s ❜♦r❞❛s ❡♠ ♣♦rçõ❡s ❞❛ ✐♠❛❣❡♠✳
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◆♦ tr❛❜❛❧❤♦ q✉❡ ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡s❝r❡✈❡ ♦ ❤✐st♦❣r❛♠❛ ❬✶✵❪✱ ♦ ♠ét♦❞♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♥❛
❞❡t❡❝çã♦ ❞❡ ♣❡❞❡str❡s ❡♠ ✐♠❛❣❡♥s ❡stát✐❝❛s✱ ❡♥tr❡t❛♥t♦✱ s❡✉ ✉s♦ s❡ ❞✐❢✉♥❞✐✉ ❡♠ ❞✐✈❡rs❛s
❛♣❧✐❝❛çõ❡s ❞❡ ✈✐sã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ✐♠❛❣❡♥s✳

❋✐❣✉r❛ ✷✳✶✿ ❉✐❛❣r❛♠❛ ❍❖●✳

❆ ❡①tr❛çã♦ ❞♦ ❍❖● ❞á✲s❡ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱ ❝♦♥❢♦r♠❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❞✐❛❣r❛♠❛ ✷✳✶✳
❆ ✐♠❛❣❡♠ é ❞✐✈✐❞✐❞❛ ❡♠ ♣❡q✉❡♥❛s r❡❣✐õ❡s ❡✱ ♣❛r❛ ❝❛❞❛ r❡❣✐ã♦✱ ❝♦♥stró✐✲s❡ ✉♠ ❤✐st♦❣r❛♠❛
❞❡ ♦r✐❡♥t❛çõ❡s ❞♦s ❣r❛❞✐❡♥t❡s ♣❛r❛ ❝❛❞❛ ♣✐①❡❧ ♥♦ ✐♥t❡r✐♦r ❞❛ r❡❣✐ã♦✳ ❖ ❞❡s❝r✐t♦r é r❡♣r❡s❡♥✲
t❛❞♦ ♣❡❧❛ ❝♦♠❜✐♥❛çã♦ ❞❡ss❡s ❤✐st♦❣r❛♠❛s ❬✶✵✱ ✸✷❪✳ ❯♠❛ ♠❡❞✐❞❛ ❞❡ ✐♥t❡♥s✐❞❛❞❡ ❡♠ ✉♠❛
r❡❣✐ã♦ ♠❛✐♦r ❞❛ ✐♠❛❣❡♠ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ♥♦r♠❛❧✐③❛r t♦❞♦s ♦s ✈❛❧♦r❡s ❞♦ ❤✐st♦❣r❛♠❛✱
♦ q✉❡ ♣♦❞❡ r❡s✉❧t❛r ❡♠ ♠❡❧❤♦r ✐♥✈❛r✐â♥❝✐❛ q✉❛♥t♦ ❛ ♠✉❞❛♥ç❛s ❡♠ ✐❧✉♠✐♥❛çã♦✳

❍❙❈ ❖ ❤✐st♦❣r❛♠❛ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❛ tr❛♥s❢♦r♠❛❞❛ s❤❡❛r❧❡t ✭❍❙❈✱ ❞♦ ✐♥❣❧ês✱ ❍✐st♦✲

❣r❛♠ ♦❢ ❙❤❡❛r❧❡t ❈♦❡✣❝✐❡♥ts ✮ ❬✹✸❪ é ✉♠ ❞❡s❝r✐t♦r q✉❡ ❝❛♣t✉r❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❜♦r❞❛s ❡♠
♠ú❧t✐♣❧❛s ❡s❝❛❧❛s ❡ ♦r✐❡♥t❛çõ❡s ♣♦r ♠❡✐♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ s❤❡❛r❧❡t ❬✷✶✱ ✺✶❪✳

❆s tr❛♥s❢♦r♠❛❞❛s s❤❡❛r❧❡ts ❛♣r❡s❡♥t❛♠ ❝❡rt❛s ✈❛♥t❛❣❡♥s ❝♦♠ r❡❧❛çã♦ às tr❛♥s❢♦r♠❛✲
❞❛s ✇❛✈❡❧❡ts✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ❧✐♠✐t❛❞❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❞✐r❡❝✐♦♥❛❧ ❞❛s
❜♦r❞❛s ♣r❡s❡♥t❡s ♥❛s ✐♠❛❣❡♥s✳ ❊♠ ❝❛❞❛ ♥í✈❡❧ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ s❤❡❛r❧❡t✱
♦ ❞❡s❝r✐t♦r ❡st✐♠❛ ✉♠ ❤✐st♦❣r❛♠❛ ❢♦r♠❛❞♦ ♣❡❧❛s ✐♥t❡♥s✐❞❛❞❡s ❞❛s ❜♦r❞❛s ❡♠ ❞✐❢❡r❡♥t❡s
♦r✐❡♥t❛çõ❡s✳ ❚♦❞♦s ♦s ❤✐st♦❣r❛♠❛s sã♦ ❡♥tã♦ ❝♦♥❝❛t❡♥❛❞♦s ❡ ♥♦r♠❛❧✐③❛❞♦s ♣❛r❛ ❝♦♠♣♦r ♦
✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❝♦♥❢♦r♠❡ ❞✐❛❣r❛♠❛ ✷✳✷✳

✷✳✸ ❉❡t❡❝çã♦ ❞❡ P♦♥t♦s ❞❡ ■♥t❡r❡ss❡

❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✐♥✈❛r✐❛♥t❡ à ❡s❝❛❧❛ ✭❙■❋❚✱ ❞♦ ✐♥❣❧ês✱ ❙❝❛❧❡ ■♥✈❛r✐❛♥t

❋❡❛t✉r❡ ❚r❛♥s❢♦r♠✮✱ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ▲♦✇❡ ❬✷✺✱ ✷✹❪✱ é ✉♠ ♠ét♦❞♦ ♣❛r❛ ❡①tr❛çã♦ ❞❡ ♣♦♥t♦s
❞❡ ✐♥t❡r❡ss❡ ❡♠ ✐♠❛❣❡♥s✳ ❖ ❛❧❣♦r✐t♠♦ é ❡①❡❝✉t❛❞♦ ❛tr❛✈és ❞❡ q✉❛tr♦ ❡t❛♣❛s ♣r✐♥❝✐♣❛✐s✳
❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ❝♦♥s✐st❡ ♥❛ ❞❡t❡❝çã♦ ❞❡ ♣♦♥t♦s ❡①tr❡♠♦s✱ ♦ s❡❣✉♥❞♦ ♥❛ ❧♦❝❛❧✐③❛çã♦ ❞❡
♣♦♥t♦s✲❝❤❛✈❡✱ ♦ t❡r❝❡✐r♦ ♥❛ ❛tr✐❜✉✐çã♦ ❞❛ ♦r✐❡♥t❛çã♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡✱ ♣♦r ú❧t✐♠♦✱ ❛ ❞❡s❝r✐çã♦
❞♦s ♣♦♥t♦s✲❝❤❛✈❡✳
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❋✐❣✉r❛ ✷✳✷✿ ❉✐❛❣r❛♠❛ ❍❙❈✳ ❆❞❛♣t❛❞♦ ❞❡ ❬✹✸❪✳

◆❛ ❞❡t❡❝çã♦ ❞❡ ♣♦♥t♦s ❡①tr❡♠♦s✱ ♦ ❛❧❣♦r✐t♠♦ ♣r♦❝✉r❛ ❝❛r❛❝t❡ríst✐❝❛s ❡stá✈❡✐s ❡♠ ❞✐❢❡✲
r❡♥t❡s ❡s❝❛❧❛s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❡s♣❛ç♦✲❡s❝❛❧❛ ●❛✉ss✐❛♥❛✳ ❖ ♦❜❥❡t✐✈♦ é ♣r♦❝✉r❛r
♣♦♥t♦s q✉❡ s❡❥❛♠ ✐♥✈❛r✐❛♥t❡s ❛ ♠✉❞❛♥ç❛s ❞❡ ❡s❝❛❧❛✳ ❚♦❞♦s ♦s ♣♦♥t♦s ❞❡t❡❝t❛❞♦s ❝♦♠♦
❡①tr❡♠♦s✱ ♥❡st❛ ♣r✐♠❡✐r❛ ❡t❛♣❛✱ sã♦ ❝❛♥❞✐❞❛t♦s ❛ ♣♦♥t♦s✲❝❤❛✈❡✳

◆❛ s❡❣✉♥❞❛ ❡t❛♣❛✱ ❞❡s❡❥❛✲s❡ ❝❛❧❝✉❧❛r ❛ ❧♦❝❛❧✐③❛çã♦ ❡①❛t❛ ❞♦s ♣♦♥t♦s✲❝❤❛✈❡✳ ❊st❛ ❡t❛♣❛
❝♦♥s✐st❡ ❡♠ ❛❥✉st❛r ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ✸❉ ❞♦ ♣♦♥t♦ ❞❡ ❛♠♦str❛❣❡♠ ❧♦❝❛❧ ❞❡ ♠♦❞♦ ❛
❞❡t❡r♠✐♥❛r ✉♠❛ ❧♦❝❛❧✐③❛çã♦ ✐♥t❡r♣♦❧❛❞❛ ❞♦ ♠á①✐♠♦✳

◆❛ t❡r❝❡✐r❛ ❡t❛♣❛✱ ❛ ❝❛❞❛ ♣♦♥t♦✲❝❤❛✈❡ é ❛tr✐❜✉í❞♦ ✉♠❛ ♦r✐❡♥t❛çã♦ ❜❛s❡❛♥❞♦✲s❡ ❡♠
♣r♦♣r✐❡❞❛❞❡s ❧♦❝❛✐s ❞❛ ✐♠❛❣❡♠✳ ◆❡st❛ ❡t❛♣❛✱ ✉♠ ❤✐st♦❣r❛♠❛ ❞❡ ♦r✐❡♥t❛çõ❡s é ❢♦r♠❛❞♦
❛ ♣❛rt✐r ❞♦ ❣r❛❞✐❡♥t❡ ❞❡ ♦r✐❡♥t❛çõ❡s ❞❡ ♣♦♥t♦s ❛♠♦str❛✐s ❡♠ ✉♠❛ r❡❣✐ã♦ ❡♠ t♦r♥♦ ❞♦
♣♦♥t♦ ❝❤❛✈❡ ❧♦❝❛❧✐③❛❞♦✳ ❊st❡ ❤✐st♦❣r❛♠❛ ❝♦❜r❡ ✉♠❛ r❡❣✐ã♦ ❞❡ ✸✻✵ ❣r❛✉s ❞❡ ♦r✐❡♥t❛çõ❡s ❡✱
♣❛r❛ ❝❛❞❛ ❛♠♦str❛ ❛❞✐❝✐♦♥❛❞❛ ❛♦ ❤✐st♦❣r❛♠❛✱ ❛ ♠❡s♠❛ é ♠❡♥s✉r❛❞❛ ♣❡❧♦ s❡✉ ❣r❛❞✐❡♥t❡
❞❡ ♠❛❣♥✐t✉❞❡ ❡ ♣♦r ✉♠❛ ❥❛♥❡❧❛ ●❛✉ss✐❛♥❛✳

❆ ú❧t✐♠❛ ❡t❛♣❛ ❝♦♥s✐st❡ ♥❛ ❛tr✐❜✉✐çã♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦✲❝❤❛✈❡✱ ❞❡ ✉♠ ❞❡s❝r✐t♦r ✐♥✈❛✲
r✐❛♥t❡ à ✐❧✉♠✐♥❛çã♦ ❡ ❛♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ✸❉✳ P❛r❛ ❝❛❞❛ ✐♠❛❣❡♠✱ ❞✐✈❡rs♦s ❞❡s❝r✐t♦r❡s sã♦
❣❡r❛❞♦s✱ ❝❛❞❛ ✉♠ r❡❢❡r❡♥t❡ ❛ ✉♠ ♣♦♥t♦ ❝❤❛✈❡✳ ◆❡st❛ ❢❛s❡✱ ♦ r❡s✉❧t❛❞♦ r❡❢❡r❡✲s❡ ❛ ✉♠
❝♦♥❥✉♥t♦ ❞❡ ❞❡s❝r✐t♦r❡s r♦❜✉st♦s q✉❡ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡❛❧✐③❛r ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛
❡♥tr❡ ❞✉❛s ✐♠❛❣❡♥s✱ ✐♥❝❧✉s✐✈❡ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ r✉í❞♦ ❡ ♦❝❧✉sã♦✳



✷✳✹✳ ▼❛♣❡❛♠❡♥t♦ ▲♦❝❛❧♠❡♥t❡ ▲✐♥❡❛r ✾

✷✳✹ ▼❛♣❡❛♠❡♥t♦ ▲♦❝❛❧♠❡♥t❡ ▲✐♥❡❛r

❖ ♠ét♦❞♦ ❞❡ ♠❛♣❡❛♠❡♥t♦ ❧♦❝❛❧♠❡♥t❡ ❧✐♥❡❛r ✭▲▲❊✱ ❞♦ ✐♥❣❧ês✱ ▲♦❝❛❧❧②✲▲✐♥❡❛r ❊♠❜❡❞✲

❞✐♥❣✮✱ ♣r♦♣♦st♦ ♣♦r ❘♦✇❡✐s ❡ ❙❛✉❧ ❬✸✽❪✱ ❝♦♥s✐st❡ ♥❛ ♣r♦❥❡çã♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❞❛❞♦s
❞❡t❡❝t❛♥❞♦✲s❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❧♦❝❛✐s ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ✭♠❛♥✐❢♦❧❞✮✳ ❆ ✈❛r✐✲
❡❞❛❞❡ ♣♦ss✉✐ ❛♣r♦①✐♠❛❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❧♦❝❛❧ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s✱ ❛ss✉♠✐♥❞♦ q✉❡ ♦s ❞❛❞♦s
❡stã♦ s♦❜r❡ ❡❧❛ ♦✉ ♠✉✐t♦ ♣ró①✐♠♦s ❞❡❧❛✱ ❛ ♠❡s♠❛ é tr❛t❛❞❛ ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ❞❡ ✈ár✐♦s
r❡t❛❧❤♦s ❬✷✾❪✳

❈♦♥s✐❞❡r❛✲s❡ q✉❡ ❝❛❞❛ ♣♦♥t♦ Xi ∈ Rm ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ❡
q✉❡ Yi ∈ Rn s❡❥❛ s✉❛ r❡♣r❡s❡♥t❛çã♦ ♥❛ ❜❛✐①❛ ❞✐♠❡♥sã♦✳ ❆ ✐❞❡✐❛ ❝♦♥s✐st❡ ❡♠ ❡①♣r❡ss❛r ❝❛❞❛
Xi ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ s❡✉s ✈✐③✐♥❤♦s ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❝♦♥str✉✐r ♦s Yi ❡①♣r❡ss♦s
♣❡❧❛ ♠❡s♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s s❡✉s ❝♦rr❡s♣♦♥❞❡♥t❡s ✈✐③✐♥❤♦s✳

❖ ♠ét♦❞♦ ▲▲❊ ♣♦ss✉✐ três ❢❛s❡s✱ ❝♦♠♦ ✐❧✉str❛ ❛ ❋✐❣✉r❛ ✷✳✸✳ ◆❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ ❝❛❧❝✉❧❛✲
s❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ Xi ❛ ❞✐stâ♥❝✐❛ ♣❛r❛ ♦s ♦✉tr♦s ♣♦♥t♦s Xj✳ ❊♠ s❡❣✉✐❞❛✱ ❡♥❝♦♥tr❛✲s❡ ♦s k
♠❡❧❤♦r❡s ❝♦❡✜❝✐❡♥t❡s ♣♦ssí✈❡✐s q✉❡ ❛♣r♦①✐♠❛♠ ❝❛❞❛ ♣♦♥t♦ Xi ♣♦r ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r
♣♦♥❞❡r❛❞❛ ❞♦s ♣♦♥t♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥❛ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ss❡s ❝♦❡✜❝✐❡♥t❡s
❝♦♥st✐t✉✐ ♦s ♣❡s♦s ❞❡ r❡❝♦♥str✉çã♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ Xi✱ ♥❛ s❡❣✉♥❞❛ ❢❛s❡ ❞♦ ❛❧❣♦r✐t♠♦✳

❋✐❣✉r❛ ✷✳✸✿ P❛ss♦s ❞♦ ❛❧❣♦r✐t♠♦ ▲▲❊✳ ❆❞❛♣t❛❞♦ ❞❡ ❬✸✽❪✳

◆❛ ú❧t✐♠❛ ❢❛s❡✱ ✜①❛♥❞♦✲s❡ ♦s ♣❡s♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦s ♣♦♥t♦s ❡♠ ❛❧t❛ ❞✐♠❡♥sã♦✱ ♦



✷✳✺✳ ❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s ✶✵

♠ét♦❞♦ ❜✉s❝❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s Yi ❞❡ ❜❛✐①❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ q✉❡ ♣♦ss❛ s❡r ❧✐♥❡❛r✲
♠❡♥t❡ ❛♣r♦①✐♠❛❞♦✱ ♦✉ s❡❥❛✱ r❡❝♦♥str✉í❞♦ ♣❡❧❛ ❝♦♠❜✐♥❛çã♦ ❞♦s ♣♦♥t♦s ✈✐③✐♥❤♦s ♣♦♥❞❡r❛❞♦s
♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❥á ✜①❛❞♦s ♥❛ ♣r✐♠❡✐r❛ ❢❛s❡✳

✷✳✺ ❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s

❱ár✐♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ tê♠ s✐❞♦ ♣r♦♣♦st♦s ♥❛ ❧✐t❡r❛t✉r❛ ♣❛r❛ ♠❡❧❤♦r❛r ❛
r❡s♦❧✉çã♦ ❡s♣❛❝✐❛❧ ❞❛s ✐♠❛❣❡♥s✱ ❞❡ ♠♦❞♦ ❛ r❡❛❧ç❛r ❞❡t❛❧❤❡s✱ s❡♠ ❛ ❛❞✐çã♦ ❞❡ ❛rt❡❢❛t♦s
♥❛ ✐♠❛❣❡♠ r❡s✉❧t❛♥t❡✳ ❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ss❡s ♠ét♦❞♦s é ❡st✐♠❛r ✉♠❛ ✐♠❛❣❡♠ ❞❡
❛❧t❛ r❡s♦❧✉çã♦ ✭❍❘✱ ❞♦ ✐♥❣❧ês ❍✐❣❤✲❘❡s♦❧✉t✐♦♥✮ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♦✉ ♠❛✐s ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛
r❡s♦❧✉çã♦ ✭▲❘✱ ❞♦ ✐♥❣❧ês ▲♦✇✲❘❡s♦❧✉t✐♦♥✮✳

❆s ♣r✐♥❝✐♣❛✐s ❛❜♦r❞❛❣❡♥s ❡①✐st❡♥t❡s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞❛s ❡♠ três ❝❛t❡❣♦r✐❛s✿ ♠ét♦✲
❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❛❧❝❡ ❞❡ ❞❡t❛❧❤❡s✱ ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❝♦♥str✉çã♦ ❡ ♠ét♦❞♦s ❜❛s❡✲
❛❞♦s ❡♠ ❛♣r❡♥❞✐③❛❞♦✳ ❊ss❛s ❛❜♦r❞❛❣❡♥s sã♦ ❞❡s❝r✐t❛s ❛ s❡❣✉✐r✳

✷✳✺✳✶ ▼ét♦❞♦s ❇❛s❡❛❞♦s ❡♠ ❘❡❛❧❝❡ ❞❡ ❉❡t❛❧❤❡s

◆♦s ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❛❧❝❡ ❞❡ ❞❡t❛❧❤❡s✱ ❛ ❡st✐♠❛çã♦ ❞♦s ✈❛❧♦r❡s ❞♦s ♣✐①❡❧ ♥❛
✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ é r❡❛❧✐③❛❞❛ ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ♦✉ ❝♦r ❞♦s ♣✐①❡❧ ❥á
❡①✐st❡♥t❡s ♥❛ ✐♠❛❣❡♠ ❞❡ ❡♥tr❛❞❛✳ P♦st❡r✐♦r♠❡♥t❡✱ ❛♣❧✐❝❛✲s❡ ✉♠ ♣r♦❝❡ss♦ ♣❛r❛ r❡❞✉③✐r ♦s
❛rt❡❢❛t♦s ✐♥s❡r✐❞♦s ♥❛s ✐♠❛❣❡♥s ✐♥t❡r♣♦❧❛❞❛s✳

❍á ✈ár✐♦s ♠ét♦❞♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ ❬✶✽✱ ✷✼✱ ✸✻❪✱ ♦s ♠❛✐s ❝♦♠✉✲
♠❡♥t❡ ✉t✐❧✐③❛❞♦s sã♦ ❛ ✐♥t❡r♣♦❧❛çã♦ ♣♦r ✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦✱ ❛ ❜✐❧✐♥❡❛r ❡ ❛ ❜✐❝ú❜✐❝❛✳

◆♦ ✐♥t❡r♣♦❧❛❞♦r ♣♦r ✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦✱ ♦ ✈❛❧♦r ♦r✐❣✐♥❛❧ ❞♦ ♣✐①❡❧ f(x, y) é ❛tr✐❜✉í❞♦
❛♦ ♣✐①❡❧ f ′(x′, y′) ♠❛✐s ♣ró①✐♠♦ ♥❛ ✐♠❛❣❡♠ r❡❛♠♦str❛❞❛✳ ❖ ♠ét♦❞♦ é s✐♠♣❧❡s ❡ ❛♣r❡s❡♥t❛
❜❛✐①♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❖ ✈❛❧♦r r❡❛♠♦str❛❞♦ é s❡❣✉r❛♠❡♥t❡ ✉♠ ❞♦s ✈❛❧♦r❡s ♦r✐❣✐♥❛✐s
❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡♣❡♥❞❡ ❞❛ ♣r❡s❡r✈❛çã♦ ❞❡ ❝♦♥tr❛st❡✳ ❙✉❛s ♣r✐♥❝✐♣❛✐s ❞❡s✈❛♥t❛❣❡♥s ❝♦♥✲
s✐st❡♠ ♥❛ ❣❡r❛çã♦ ❞❡ ❞✐st♦rçõ❡s ❡♠ ❞❡t❛❧❤❡s ✜♥♦s ♦✉ ❝r✐❛çã♦ ❞❡ ❜♦r❞❛s s❡rr✐❧❤❛❞❛s ♥❛
✐♠❛❣❡♠✳

❖ ✐♥t❡r♣♦❧❛❞♦r ❜✐❧✐♥❡❛r ❝❛❧❝✉❧❛ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ✈❛❧♦r ❞❡ ❝❛❞❛ ♣✐①❡❧ f ′(x′, y′) ♣♦r ♠❡✐♦
❞❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛ ❞❡ ❞✐stâ♥❝✐❛ ❞♦s q✉❛tr♦ ♣✐①❡❧s ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s✳ ❆ ✐♠❛❣❡♠
r❡s✉❧t❛♥t❡ ❛♣r❡s❡♥t❛ ✉♠❛ s✉❛✈✐③❛çã♦ ♥❛s ❜♦r❞❛s ❡ ❞✐st♦rçã♦ ❞❡ ❢❛s❡✱ ❝❛✉s❛♥❞♦ ♦ ❡❢❡✐t♦ ❞❡
❜♦rr❛♠❡♥t♦ ❞❛ ✐♠❛❣❡♠✳

❆ ✐♥t❡r♣♦❧❛çã♦ ❜✐❝ú❜✐❝❛ ♣r♦❝✉r❛ ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ s✉❛✈❡ ❞♦ ♥í✈❡❧ ❞❡ ❝✐♥③❛ ♦✉
❝♦r ❡♠ ❝❛❞❛ ♣✐①❡❧ f ′(x′, y′) ❛ ♣❛rt✐r ❞❡ ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ♣♦♥t♦s ✈✐③✐♥❤♦s ❞❛ ✐♠❛❣❡♠
♦r✐❣✐♥❛❧✱ ♦s q✉❛✐s ❢♦r♠❛♠ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❜❛✐①♦ ❣r❛✉✳ ◆❛ ✐♠❛❣❡♠ r❡s✉❧t❛♥t❡✱ ♦s ❞❡t❛❧❤❡s
✜♥♦s sã♦ ♣r❡s❡r✈❛❞♦s✱ ❜♦r❞❛s sã♦ s✉❛✈✐③❛❞❛s ❡ ❛s ❞✐st♦rçõ❡s sã♦ ♠✐♥✐♠✐③❛❞❛s✳
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❯♠❛ ❛♥á❧✐s❡ ❝♦♠♣❛r❛t✐✈❛ ❞❡ ♠ét♦❞♦s ❞❡ r❡❛♠♦str❛❣❡♠ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❡♠ ✈í✲
❞❡♦s ❢♦✐ r❡❛❧✐③❛❞❛ ❡♠ tr❛❜❛❧❤♦ ❛♥t❡r✐♦r ❞❡st❛ ❛✉t♦r❛ ❬✹✵❪✱ ❡♠ q✉❡ q✉❛❞r♦s ❞♦ ✈í❞❡♦ sã♦
s✉♣❡r✲r❡s♦❧✈✐❞♦s ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♠ét♦❞♦ P❖❈❙ ✭❞❡s❝r✐t♦ ♣♦st❡r✐♦r♠❡♥t❡✮✳ ❆ ❣r❛❞❡ ❞❡ ❛❧t❛
r❡s♦❧✉çã♦ é ❣❡r❛❞❛ ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ♣♦r ✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦✱ ❜✐❧✐♥❡❛r✱ ❜✐❝ú❜✐❝❛ ❡ s✐♥❝✳
❆ ✐♥t❡r♣♦❧❛çã♦ s✐♥❝ é ✉♠ ♠ét♦❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r s✐♥❛✐s ❝♦♠ ✉♠ ❞❡❝❛✐♠❡♥t♦ ♠♦♥♦tô♥✐❝♦
❞♦ ❡s♣❡❝tr♦ ❞❡ s✉❛s ❛♠♦str❛s ❬✺✵❪✱ ❡♠ q✉❡ ✉♠ s✐♥❛❧ ❝♦♥tí♥✉♦ f(x) é r❡st❛✉r❛❞♦ ❛ ♣❛rt✐r ❞❡
s✉❛s ❛♠♦str❛s fn q✉❡ sã♦ t♦♠❛❞❛s ❝♦♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ ∆x ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦

❝♦♠ ❛ ❢✉♥çã♦ s✐♥❝(x) =
sen(πx)

πx
✳

❖ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ●r❛❞✐❡♥t Pr♦✜❧❡ Pr✐♦r ✭●PP✮ é ✉♠❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛✲
♠étr✐❝❛ q✉❡ ❞❡s❝r❡✈❡ ❛ ❢♦r♠❛ ❡ ❛ ♥✐t✐❞❡③ ❞♦s ♣❡r✜s ❞❡ ❣r❛❞✐❡♥t❡ ♥❛ ✐♠❛❣❡♠ ♥❛t✉r❛❧✳ ❯♠❛
❞❛s ♦❜s❡r✈❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ❡♠ ❬✹✻✱ ✹✼❪ é q✉❡ ❛ ❢♦r♠❛ ❡st❛tíst✐❝❛ ❞❡ss❡s ♣❡r✜s é ❡stá✈❡❧ ❡
✐♥✈❛r✐❛♥t❡ ♥❛ r❡s♦❧✉çã♦ ❞❛ ✐♠❛❣❡♠✳ ❆ ♣❛rt✐r ❞❡ss❛ ✐♥❢♦r♠❛çã♦✱ ♣♦❞❡✲s❡ ❛♣r❡♥❞❡r ❛ r❡❧❛çã♦
❡st❛tíst✐❝❛ ❞❡ ♥✐t✐❞❡③ ❞♦ ♣❡r✜❧ ❞❡ ❣r❛❞✐❡♥t❡ ❡♥tr❡ ❛ ✐♠❛❣❡♠ ❍❘ ❡ ❛ ✐♠❛❣❡♠ ▲❘✳

❯t✐❧✐③❛♥❞♦✲s❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡ ♦ ♣❡r✜❧ ❞❡ ❣r❛❞✐❡♥t❡ ❛♣r❡♥❞✐❞♦✱ é ♣♦ssí✈❡❧ ❢♦r♥❡❝❡r
✉♠❛ r❡str✐çã♦ s♦❜r❡ ♦ ❣r❛❞✐❡♥t❡ ❞❡ ❝❛♠♣♦ ❞❛ ✐♠❛❣❡♠ ❍❘✳ ❈♦♠❜✐♥❛♥❞♦ ❝♦♠ ❛ r❡str✐çã♦ ❞❡
r❡❝♦♥str✉çã♦ ♣♦❞❡✲s❡ ❡♥tã♦ r❡❝✉♣❡r❛r ✉♠❛ ✐♠❛❣❡♠ ❞❡ ❍❘ ❞❡ ❛❧t❛ q✉❛❧✐❞❛❞❡✳ ❆s ✈❛♥t❛❣❡♥s
❞♦ ●PP ❝✐t❛❞❛s ❡♠ ❬✹✻✱ ✹✼❪ ✐♥❝❧✉❡♠✿ ✭❛✮ ♦ ♣❡r✜❧ ❞❡ ❣r❛❞✐❡♥t❡ ♥ã♦ é ✉♠❛ r❡str✐çã♦ ❞❡
s✉❛✈✐❞❛❞❡✱ ❛ss✐♠✱ t❛♥t♦ ❡♠ ♣❡q✉❡♥❛ ❡s❝❛❧❛ q✉❛♥t♦ ❡♠ ❣r❛♥❞❡ ❡s❝❛❧❛✱ ❛s ❜♦r❞❛s ♣♦❞❡♠ s❡r
❜❡♠ r❡❝✉♣❡r❛❞❛s ♥❛ ✐♠❛❣❡♠ ❍❘❀ ✭❜✮ ♦s ❛rt❡❢❛t♦s ❝♦♠✉♥s ❡♠ s✉♣❡r✲r❡s♦❧✉çã♦✱ t❛✐s ❝♦♠♦
s❡rr✐❧❤❛♠❡♥t♦ ❞❡ ❜♦r❞❛s✱ ♣♦❞❡♠ s❡r ❡✈✐t❛❞♦s ❝♦♠ ♦ tr❛❜❛❧❤♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ ❣r❛❞✐❡♥t❡✳

❆ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ♥❛ té❝♥✐❝❛ ●PP ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

❍❘t+1 = ❍❘t − τ
∂❊✭❍❘✮
∂❍❘

✭✷✳✶✮

❡♠ q✉❡
∂❊✭❍❘✮
∂❍❘

= ((❍❘ ∗ G) ↓ − ▲❘) ↑ ∗ G − β(∇2❍❘ − ∇2❍❘T )✱ ∇2❍❘T (x) =

r(d(x, x0))∇
2▲❘u✱ G r❡♣r❡s❡♥t❛ ♦ ✜❧tr♦ ❡s♣❛❝✐❛❧ ●❛✉ss✐❛♥♦✱ ∗ é ♦ ♦♣❡r❛❞♦r ❞❡ ❝♦♥✈♦❧✉çã♦✱

↓ é ♦ ♦♣❡r❛❞♦r ❞♦✇♥✲s❛♠♣❧✐♥❣ ∇2❍❘T r❡♣r❡s❡♥t❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ ❝❛♠♣♦ tr❛♥s❢♦r♠❛❞♦ ❞❛
✐♠❛❣❡♠ ❍❘✱ ∇2▲❘u r❡♣r❡s❡♥t❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ ❝❛♠♣♦ ❞❛ ✐♠❛❣❡♠ ▲❘ ❡ ↑ é ♦ ♦♣❡r❛❞♦r ✉♣✲
s❛♠♣❧✐♥❣✳ ❖ t❡r♠♦ ∇2❍❘T tr❛♥s❢♦r♠❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ ❝❛♠♣♦ ♦❜s❡r✈❛❞♦ ♣❛r❛ ♦ ❣r❛❞✐❡♥t❡
❞❡ ❝❛♠♣♦ ❛❧✈♦ ♣♦r ♠❡✐♦ ❞♦ ♠❛♣❡❛♠❡♥t♦ ❞❛ ❢♦r♠❛ ❡ ❞❛ ♥✐t✐❞❡③ ❞♦ ♣❡r✜❧ ❞❡ ❣r❛❞✐❡♥t❡
♦❜s❡r✈❛❞♦✳

✷✳✺✳✷ ▼ét♦❞♦s ❇❛s❡❛❞♦s ❡♠ ❘❡❝♦♥str✉çã♦

▼ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❝♦♥str✉çã♦ ❝♦♥s✐st❡♠ ♥❛ sí♥t❡s❡ ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛
r❡s♦❧✉çã♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ❬✹✱ ✸✾❪✳ ◆❡st❡s ♠ét♦❞♦s✱
❛ss✉♠❡✲s❡ q✉❡ ❛s ✐♠❛❣❡♥s ❝❛♣t✉r❛❞❛s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ✭▲❘✮ tê♠ ❣r❛♥❞❡ s✐♠✐❧❛r✐❞❛❞❡
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❡♥tr❡ s✐✳ ❙ã♦ ♣♦✉❝❛s ❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ❛s ❞✐❢❡r❡♥❝✐❛♠✱ ♦ q✉❡ ♣❡r♠✐t❡ ❛ ❣❡r❛çã♦ ❞❡ ♥♦✈❛s
✐♥❢♦r♠❛çõ❡s ♣❛r❛ ❛ r❡❝✉♣❡r❛çã♦ ❞♦s ❞❡t❛❧❤❡s ❞❛ ✐♠❛❣❡♠ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦ ✭❍❘✮ ❬✸✺✱ ✺✻❪✳

◆♦ ❡♥t❛♥t♦✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ❝♦♠ ♠♦✈✐♠❡♥t♦ ♣♦❞❡ tr❛③❡r
❛❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡s✳ ■st♦ ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦s ❡rr♦s q✉❡ ♣♦❞❡♠ s❡r ❣❡r❛❞♦s ♥❛ ❡st✐♠❛t✐✈❛
❞❡ ♠♦✈✐♠❡♥t♦ ♦✉ ❛♦s ♦❜❥❡t♦s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❡ ❞❡s❛♣❛r❡❝❡♠ ❡♠ ♦✉tr❛s✳
◆❡st❡s ❝❛s♦s✱ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ❛♣r♦✈❡✐t❛r ❛ ✐♥❢♦r♠❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❡ s✉❜♣✐①❡❧✱ é
♥❡❝❡ssár✐♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ s✉♣❡r✲r❡s♦❧✉çã♦ s❡❥❛ r♦❜✉st♦ ❛♦s ❡rr♦s ❣❡r❛❞♦s
♥❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❬✺✻❪✳

❖s ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❝♦♥str✉çã♦ r❡❝✉♣❡r❛♠ ❞❡t❛❧❤❡s ❞❛s s❡q✉ê♥❝✐❛s ❡ ❛❞✐❝✐♦♥❛✲♦s
♥❛ ✐♠❛❣❡♠ ❡st✐♠❛❞❛ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳ ●❡r❛❧♠❡♥t❡ ♣♦ss✉❡♠ três ❢❛s❡s ❞✐st✐♥t❛s✿ ✐✮ r❡❣✐str♦
❞❛s ✐♠❛❣❡♥s❀ ✐✐✮ ❣❡r❛çã♦ ❞❛ ❣r❛❞❡ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✱ ♦♥❞❡ s❡✉s ✈❛❧♦r❡s sã♦ ✐♥t❡r♣♦❧❛❞♦s ❛
♣❛rt✐r ❞❛s ✐♠❛❣❡♥s r❡❣✐str❛❞❛s❀ ✐✐✐✮ r❡♠♦çã♦ ❞♦s r✉í❞♦s ❬✸✹❪✳

■r❛♥✐ ❡ P❡❧❡❣ ❬✷✵❪ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠❛ té❝♥✐❝❛✱ ❞❡♥♦♠✐♥❛❞❛ r❡tr♦♣r♦❥❡çã♦ ✐t❡r❛t✐✈❛ ✭■❇P✱
❞♦ ✐♥❣❧ês✱ ■t❡r❛t✐✈❡ ❇❛❝❦✲Pr♦❥❡❝t✐♦♥ ✮✱ s✐♠✐❧❛r ❛♦ ♠ét♦❞♦ ❞❡ ❜❛❝❦✲♣r♦❥❡❝t✐♦♥ ❞❡s❡♥✈♦❧✈✐❞♦
♣❛r❛ r❡❝♦♥str✉çã♦ ❞❡ ✐♠❛❣❡♥s t♦♠♦❣rá✜❝❛s✳ ❈❛❞❛ ♣✐①❡❧ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ é ♠♦❞❡❧❛❞♦
❝♦♠♦ ❛ ♣r♦❥❡çã♦ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ r❡❣✐ã♦ ♥❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ q✉❡ s❡rá ❡st✐✲
♠❛❞❛✳ ❖ ♠ét♦❞♦ ❛♣r❡s❡♥t♦✉ r❡s✉❧t❛❞♦s s❛t✐s❢❛tór✐♦s ❝♦♥s✐❞❡r❛♥❞♦✱ ♣❛r❛ ❛♥á❧✐s❡✱ ❛♣❡♥❛s
♠♦✈✐♠❡♥t♦s ❞❡ tr❛♥s❧❛çõ❡s ❡ r♦t❛çõ❡s✳

❖ ♣r♦❝❡ss♦ ✐♥✐❝✐❛✲s❡ ❝♦♠ ✉♠❛ ♣r✐♠❡✐r❛ ❡st✐♠❛t✐✈❛ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✱ ❛ ♣❛rt✐r ❞♦ ♠♦✲
❞❡❧♦ ❞❡ ❢♦r♠❛çã♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❊q✉❛çã♦ ✷✳✷✱ ♣❛r❛ s✐♠✉❧❛r ❛s ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✳
■t❡r❛t✐✈❛♠❡♥t❡✱ ❛❞✐❝✐♦♥❛✲s❡ ✐♥❢♦r♠❛çõ❡s ❛ ❡st❛ ✐♠❛❣❡♠ ❡st✐♠❛❞❛✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♥♦✈❛
✐♠❛❣❡♠ ❣r❛❞✐❡♥t❡✱ ❝♦♠ ❜❛s❡ ♥♦ ❡rr♦ ❡♥tr❡ ❛s ✐♠❛❣❡♥s s✐♠✉❧❛❞❛s ❡ ❛s ✐♠❛❣❡♥s ♦❜s❡r✈❛✲
❞❛s ❬✷✽❪✳ ❊ss❛ ✐♠❛❣❡♠ ❣r❛❞✐❡♥t❡ ❝♦rr❡s♣♦♥❞❡ à s♦♠❛ ❞❡ t♦❞♦s ♦s ❡rr♦s ❡♥tr❡ ❛ ✐♠❛❣❡♠
❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ❡ ❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❡st✐♠❛❞❛ ♣❡❧♦ ♣r♦❝❡ss♦ ❞❡ tr❛♥s❢♦r♠❛çã♦
❞❛❞♦ ♣❡❧❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠♦✈✐♠❡♥t♦ ❡♥tr❡ ❛s ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✳

▲❘k(m,n) = σk(h(❍❘(x, y)) + ηk(x, y)), ✭✷✳✷✮

❡♠ q✉❡ ▲❘k é ♦ k✲és✐♠♦ q✉❛❞r♦ ♦❜s❡r✈❛❞♦❀ ❍❘ é ❛ ❝❡♥❛ ♦r✐❣✐♥❛❧✱ h é ♦ ♦♣❡r❛❞♦r ❞❡
❜♦rr❛♠❡♥t♦✱ ηk é ♦ r✉í❞♦ ❛❞✐❝✐♦♥❛❞♦✱ σk é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❧✐♥❡❛r q✉❡ ❞✐❣✐t❛❧✐③❛ ❡ ❞❡❝✐♠❛ ❛
✐♠❛❣❡♠ ❡♠ ♣✐①❡❧s ❡ q✉❛♥t✐✜❝❛ ♦s ✈❛❧♦r❡s ❞♦s ♣✐①❡❧s r❡s✉❧t❛♥t❡s ❞❛s ✐♥t❡♥s✐❞❛❞❡s ❡♠ ♥í✈❡✐s
❞❡ ❝✐♥③❛ ❡ (x, y) é ♦ ❝❡♥tr♦ ❞❛ ár❡❛ r❡❝❡♣t✐✈❛ ❡♠ ❍❘ ❞♦ ❞❡t❡❝t♦r ❝✉❥❛ s❛í❞❛ é ▲❘k(m,n)✳

❖ ♠ét♦❞♦ ✉t✐❧✐③❛ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ♠✐♥✐♠✐③❛çã♦ ❞♦ ❡rr♦ ❡♥tr❡ ♦s ❞❛❞♦s
♦r✐❣✐♥❛✐s ❡ ❛ s❛í❞❛ ❞♦ ♠♦❞❡❧♦ ❬✺✺❪✱ ❝♦♥❢♦r♠❡ ❡q✉❛çã♦

❍❘n+1

k = ❍❘n
k +

L
∑

j=1

❍BP
k,j (▲❘j − ❈j,k❍❘n

k) ✭✷✳✸✮

❡♠ q✉❡ ❍❘n+1

k é ✉♠❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ♥♦ ✐♥st❛♥t❡ k✱ ❍BP
k,j é ♦ ♦♣❡r❛❞♦r ❞❡

❜❛❝❦✲♣r♦❥❡❝t✐♦♥✱ n é ❛ ✐t❡r❛çã♦ ❝♦rr❡♥t❡✱ L é ♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦



✷✳✺✳ ❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s ✶✸

✭r❡♣r❡s❡♥t❛❞❛s ♣♦r ▲❘✮ ❡ ❈j,k é ❛ ♠❛tr✐③ ❞❡ tr❛♥s❢♦r♠❛çã♦ ❝♦♥❥✉♥t❛ ❞❡ ♠♦✈✐♠❡♥t♦ ❡
❛q✉✐s✐çã♦✳

❖ ♠ét♦❞♦ ■❇P é ♠✉✐t♦ s✐♠✐❧❛r ❛♦s ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ♣❛r❛ s♦❧✉çã♦ ❞❡ ♠í♥✐♠♦s q✉❛✲
❞r❛❞♦s✱ ❝♦♠♦ ♦ ❏❛❝♦❜✐ ❬✹✶❪✳ ❯♠❛ ❞❡ s✉❛s ✈❛♥t❛❣❡♥s é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❛ q✉❛❧
❡stá ❛ss♦❝✐❛❞❛ ❛♦ ♦♣❡r❛❞♦r ❜❛❝❦✲♣r♦❥❡❝t✐♦♥ ❬✺✺❪✳ ◗✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ é ❛♣❧✐❝❛❞♦ ❡♠ ✉♠❛
ú♥✐❝❛ ✐♠❛❣❡♠✱ ♦ ❛❧❣♦r✐t♠♦ r❡❞✉③ ♦ ❜♦rr❛♠❡♥t♦ ❞❛ ✐♠❛❣❡♠✳ P❛r❛ s❡q✉ê♥❝✐❛s ❞❡ ✐♠❛❣❡♥s✱
é ♥❡❝❡ssár✐♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡①❛t♦ ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ♥❛s ❝❡♥❛s✳

Pr♦❥❡çõ❡s ❡♠ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✱ ✭P❖❈❙✱ ❞♦ ✐♥❣❧ês✱ Pr♦❥❡❝t✐♦♥ ❖♥t♦ ❈♦♥✈❡①s ❙❡ts ✮✱
t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ♣r♦❥❡çõ❡s ❝♦♥✈❡①❛s✱ ✉t✐❧✐③❛ ❛ ✐♠❛❣❡♠ ❞❡ ❜❛✐①❛ r❡s♦✲
❧✉çã♦ ♣❛r❛ ♣r♦❞✉③✐r✱ ❛tr❛✈és ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s s✉❜♣✐①❡❧ ♥❛s ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s✱ ✉♠❛ ♦✉tr❛
✐♠❛❣❡♠✳ ❖ ❞❡s❧♦❝❛♠❡♥t♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♠✐♥✐♠✐③❛r ♦s ❡❢❡✐t♦s ❞❡ ❛❧✐❛s✐♥❣ ❡ ♣♦ss✐❜✐❧✐t❛r
❛ r❡❝✉♣❡r❛çã♦ ❞❡ ♥♦✈❛s ✐♥❢♦r♠❛çõ❡s ♣❛r❛ ❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳

❖ ♠ét♦❞♦ P❖❈❙ t❡♥t❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❛ ♣❛rt✐r ❞❡ ✐♥❢♦r♠❛çõ❡s ❛ ♣r✐♦r✐ ❞❡s❝r✐t❛s
s♦❜ ❛ ❢♦r♠❛ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ r❡str✐çõ❡s ❝♦♥✈❡①♦s ❬✹✺❪✳ ❆ ❜✉s❝❛ ❞❡ss❛ s♦❧✉çã♦ ❝♦♥s✐st❡ ❡♠
❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r q✉❡ ♣❡rt❡♥❝❡ à ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s✳ ❊st❡ é ✉♠ ♠ét♦❞♦
✐t❡r❛t✐✈♦✱ q✉❡ ♣r♦❞✉③✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✱ s♦❧✉çõ❡s ✐♥t❡r♠❡❞✐ár✐❛s✳ ❆ ✐t❡r❛✲
çã♦ t❡r♠✐♥❛ q✉❛♥❞♦ ♦❝♦rr❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦✉ ♦ ♣r♦❝❡ss♦ é ✐♥t❡rr♦♠♣✐❞♦ ♣♦r ✉♠ ❝r✐tér✐♦
♣r❡✈✐❛♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞♦ ❬✸✸❪✳

❆ ✐♠❛❣❡♠ ▲❘ é tr❛t❛❞❛ ❝♦♠♦ ✉♠ ✈❡t♦r ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ ❛s r❡str✐çõ❡s
❝♦♥❤❡❝✐❞❛s sã♦ ❞❡s❝r✐t❛s ♥❛ ❢♦r♠❛ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s s♦❜r❡ ❡ss❡ ❡s♣❛ç♦✳ ❆ss✉♠❡✲s❡✱
❞❡ss❛ ❢♦r♠❛✱ q✉❡ ❤á ✉♠ t♦t❛❧ ❞❡ m ❝♦♥❥✉♥t♦s C1, C2, ..., Cm ❛✈❛❧✐❛❞♦s✳ ❆ ✐♥t❡rs❡❝çã♦ ❞❡ss❡s
❝♦♥❥✉♥t♦s ✭❊q✉❛çã♦ ✷✳✹✮ ❝♦♥t❡rá t♦❞❛s ❛s ♣♦ssí✈❡✐s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛✱ ♣♦✐s ❝❛❞❛ ✉♠❛
❞❡❧❛s s❛t✐s❢❛③ ❛ ✉♠❛ ❞❛s ✐♥❢♦r♠❛çõ❡s ❞❡s❝♦♥❤❡❝✐❞❛s✳

C0 =
m
⋂

i=1

Ci ✭✷✳✹✮

❆❞♠✐t✐♥❞♦ ♦ ♣♦♥t♦ x0 ❝♦♠♦ ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧✱ ♦ ❛❧❣♦r✐t♠♦ P❖❈❙ é r❡♣r❡s❡♥t❛❞♦
♣❡❧❛ ❡q✉❛çã♦

xk+1 = PCm
...PC2

PC1
xk, ♣❛r❛ k = 0, 1, 2, ... ✭✷✳✺✮

❆❧❣✉♠❛s ♠❡❧❤♦r✐❛s ♥♦s ♠ét♦❞♦s ❞❡ r❡❝♦♥str✉çã♦ ♣♦r s✉♣❡r✲r❡s♦❧✉çã♦ ❜❛s❡❛❞♦ ♥♦ ♠é✲
t♦❞♦ P❖❈❙ ❢♦r❛♠ ♣r♦♣♦st❛s ♣♦r P❛tt✐ ❡ ❆❧t✉♥❜❛s❛❦ ❬✸✺❪✳ Pr✐♠❡✐r♦✱ ❛ ❞✐s❝r❡t✐③❛çã♦ ❞♦
♠♦❞❡❧♦ ❞❡ ❢♦r♠❛çã♦ ❞❡ ✐♠❛❣❡♥s ❝♦♥tí♥✉❛s é ♠❡❧❤♦r❛❞❛ ♣❛r❛ ♣❡r♠✐t✐r ♦ ✉s♦ ❞❡ ♠ét♦❞♦s
❞❡ ✐♥t❡r♣♦❧❛çã♦ ❞❡ ❛❧t❛ ♦r❞❡♠✳ ❙❡❣✉♥❞♦✱ ♦s ❝♦♥❥✉♥t♦s ❞❡ r❡str✐çã♦ sã♦ ♠♦❞✐✜❝❛❞♦s ♣❛r❛
r❡❞✉③✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❜♦r❞❛s ♣r❡s❡♥t❡s ♥❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❡st✐♠❛❞❛✳

❖ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ✉t✐❧✐③❛❞♦ ❡♠ ❬✹✽✱ ✹✾❪ é ❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ❞❛s ♣r♦❥❡çõ❡s
❡♠ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✭P❖❈❙✮✱ ♠♦❞✐✜❝❛❞♦ ♣❛r❛ ✉t✐❧✐③❛r ✉♠ ✐♥t❡r♣♦❧❛❞♦r s✐♥❝✱ ❛♦ ✐♥✈és
❞♦s ✐♥t❡r♣♦❧❛❞♦r❡s tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦✱ ❜✐❧✐♥❡❛r✱ ❝♦♥✲
✈♦❧✉çã♦ ❝ú❜✐❝❛ ❡ ❞❡s❧♦❝❛♠❡♥t♦s s✉❜♣✐①❡❧✳ ❆ ✐♥t❡r♣♦❧❛çã♦ s✐♥❝ é ✉t✐❧✐③❛❞❛ ♣❛r❛ ♣r♦❞✉③✐r ❛
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❣r❛❞❡ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ♥♦ ❛❧❣♦r✐t♠♦ P❖❈❙✳ ❊st❡ ♠ét♦❞♦ ✉t✐❧✐③❛ ❛ ✐♠❛❣❡♠ ❞❡ ❜❛✐①❛ r❡✲
s♦❧✉çã♦ ♣❛r❛ ♣r♦❞✉③✐r✱ ❛tr❛✈és ❞❡ ❞❡s❧♦❝❛♠❡♥t♦s s✉❜♣✐①❡❧ ♥❛s ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s✱ ✉♠❛ ♦✉tr❛
✐♠❛❣❡♠✳ ❖ ❞❡s❧♦❝❛♠❡♥t♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♠✐♥✐♠✐③❛r ♦s ❡❢❡✐t♦s ❞❡ ❛❧✐❛s✐♥❣ ❡ ♣♦ss✐❜✐❧✐t❛r
❛ r❡❝✉♣❡r❛çã♦ ❞❡ ♥♦✈❛s ✐♥❢♦r♠❛çõ❡s ♣❛r❛ ❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳ ❖ ♠ét♦❞♦ ♣r♦♣♦st♦
❛♣r❡s❡♥t❛ ❜♦❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❛s ✐♠❛❣❡♥s ♣r❡s❡r✈❛♥❞♦ ❛ ✐♥❢♦r♠❛çã♦ ♥❛ ♠❛✐♦r ♣❛rt❡ ❞♦s
❝❛s♦s✳

❘❡❝♦♥str✉çã♦ ♣♦r s✉♣❡r✲r❡s♦❧✉çã♦ ♣r♦❞✉③ ✉♠❛ ✐♠❛❣❡♠ ♦✉ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♠❛❣❡♥s ❞❡
❛❧t❛ r❡s♦❧✉çã♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✳ ◆❛s ú❧t✐♠❛s ❞✉❛s
❞é❝❛❞❛s✱ ✈ár✐♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ tê♠ s✐❞♦ ♣r♦♣♦st♦s✱ ❛❧❣✉♥s ❞❡❧❡s ❛♣r❡s❡♥t❛❞♦s
❡♠ ❬✹✱ ✶✹❪✳ ❊st❡s ♠ét♦❞♦s sã♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ♠✉✐t♦ s❡♥sí✈❡✐s ❛♦ s❡✉ ♠♦❞❡❧♦ ♣r❡s✉♠✐❞♦
❞❡ ❞❛❞♦s ❡ r✉í❞♦s✱ ♦ q✉❡ ❧✐♠✐t❛ s✉❛ ✉t✐❧✐❞❛❞❡✳ ❊♠ ❬✶✺❪ ❢♦✐ ♣r♦♣♦st❛ ✉♠❛ ❛❜♦r❞❛❣❡♠
❛❧t❡r♥❛t✐✈❛ ✉s❛♥❞♦ ♥♦r♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ❡ r❡❣✉❧❛r✐③❛çã♦ r♦❜✉st❛ ❛♥t❡s ❞❡ ❧✐❞❛r ❝♦♠
❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ❞❡ ❞❛❞♦s ❡ r✉í❞♦s✳

❉❡✈✐❞♦ à ❜❛✐①❛ q✉❛❧✐❞❛❞❡ ❡ ❛ ❞❡❣r❛❞❛çã♦ s✐❣♥✐✜❝❛t✐✈❛ ❞❛s ✐♠❛❣❡♥s✱ ✉♠ ❞❡s❛✜♦ ✐♥t❡✲
r❡ss❛♥t❡ é ❢✉♥❞✐r ♠✉✐t❛s ✐♠❛❣❡♥s ❡♠ ✉♠❛ ❞❡ ❛❧t❛ q✉❛❧✐❞❛❞❡✳ ❊st❡ ❢♦✐ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦
❡♠ ❬✷❪✳ Pr✐♠❡✐r♦✱ ✉♠ ♦❜❥❡t♦ ❞❡ ✐♥t❡r❡ss❡ é r❛str❡❛❞♦ ❛tr❛✈és ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s✳ ❉❡✲
♣♦✐s✱ ❛ ❞❡❣r❛❞❛çã♦ ❞❛s ✐♠❛❣❡♥s é ♠♦❞❡❧❛❞❛ ❡♠ t❡r♠♦ ❞❡ ♣✐①❡❧s ❛♠♦str❛❞♦s✱ ♠❛♥❝❤❛s ✭♦✉
r❡❣✐õ❡s ❞❡ ❜♦rr❛♠❡♥t♦✮ ❞❡ ❞❡s❢♦❝♦ ❡ ❞❡ ♠♦✈✐♠❡♥t♦✳ ❆ ♠❛❣♥✐t✉❞❡ ❡ ❛ ❞✐r❡çã♦ ❞❛s r❡❣✐õ❡s
❞❡ ♠♦✈✐♠❡♥t♦ sã♦ ❡st✐♠❛❞❛s ❛tr❛✈és ❞♦ ♠♦♥✐t♦r❛♠❡♥t♦ ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s✳ ❋✐♥❛❧♠❡♥t❡✱
❛ ✐♠❛❣❡♠ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦ s❡♠ ♠❛♥❝❤❛ é r❡❝♦♥str✉í❞❛✳

❙❝❤✉❧t③ ❡t ❛❧✳ ❬✹✷❪ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❝♦♠♦ ✉s❛r ❛s ✐♥❢♦r♠❛çõ❡s t❡♠♣♦✲
r❛✐s ❡ ❡s♣❛❝✐❛✐s ❡♠ ✉♠❛ ♣❡q✉❡♥❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ♣❛r❛ ❝r✐❛r ✉♠ q✉❛❞r♦ ú♥✐❝♦ ❞❡
✈í❞❡♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳ ❙✉❛ ❛❜♦r❞❛❣❡♠ ♣r♦♣õ❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ♦❜s❡r✈❛çã♦ ❝♦♠ ❜❛s❡ ♥❛
s✉❜❛♠♦str❛❣❡♠ ❞❡ ♠♦✈✐♠❡♥t♦ ❝♦♠♣❡♥s❛❞♦✳

✷✳✺✳✸ ▼ét♦❞♦s ❇❛s❡❛❞♦s ❡♠ ❆♣r❡♥❞✐③❛❞♦

◆♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❜❛s❡❛❞♦s ❡♠ ❛♣r❡♥❞✐③❛❞♦ ♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠ ❡st✐✲
♠❛r ✐♥❢♦r♠❛çõ❡s✱ q✉❡ ♥ã♦ ❡stã♦ ♣r❡s❡♥t❡s ♥❛ ✐♠❛❣❡♠ ♦r✐❣✐♥❛❧ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✱ ❛ ♣❛rt✐r
❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛♠♦str❛s ❞❡ tr❡✐♥❛♠❡♥t♦✳

❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ❨✉ ❡t ❛❧✳ ❬✺✷❪ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ✐♠❛❣❡♥s ❞❡ ❢❛❝❡s ✉t✐❧✐③❛
♦ ♠ét♦❞♦ ❞❡ ♣r♦❥❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✭P❖❈❙✮ ❡ ❝♦♠♣❡♥s❛çã♦ ❞❡ r❡sí❞✉♦✳ Pr✐♠❡✐✲
r❛♠❡♥t❡✱ ❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ✐♥✐❝✐❛❧ é ❡st✐♠❛❞❛ ♣❡❧♦ ♠ét♦❞♦ P❖❈❙ ❡ ❡♠ s❡❣✉✐❞❛
❛ ❝♦♠♣❡♥s❛çã♦ ❞♦ r❡sí❞✉♦ é ❡❢❡t✉❛❞❛✳ ❆s ✐♥❢♦r♠❛çõ❡s ❞❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛ ♥❛ ✐♠❛❣❡♠ sã♦
r❡❝♦♥str✉í❞❛s ❛ ♣❛rt✐r ❞♦ ❛♣r❡♥❞✐③❛❞♦ ❡♥tr❡ ♦s ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ❜❛s❡s ❞❡ tr❡✐♥❛♠❡♥t♦
❞❡ r❡sí❞✉♦s ❞❡ ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ ❡ ❛❧t❛ r❡s♦❧✉çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❆ ✐♠❛❣❡♠ ❞❡ s✉♣❡r✲
r❡s♦❧✉çã♦ é ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞❛ s♦♠❛ ❡♥tr❡ ❛ ✐♠❛❣❡♠ ✐♥✐❝✐❛❧♠❡♥t❡ ❡st✐♠❛❞❛ ❡ ❛ ✐♠❛❣❡♠
r❡❝♦♥str✉í❞❛ ♣❡❧♦s ♣❡s♦s ❞♦s r❡sí❞✉♦s ❛♣r❡♥❞✐❞♦s✳ ❖ ♠ét♦❞♦ ✉t✐❧✐③❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♣r❡♥✲
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❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛ ❝❤❛♠❛❞♦ ▲♦❝❛❧❧②✲▲✐♥❡❛r ❊♠❜❡❞❞✐♥❣ ✭▲▲❊✮ ❬✻❪✳
Pr✐♠❡✐r❛♠❡♥t❡✱ ♦ ♠ét♦❞♦ r❡❝♦♥stró✐ ❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ✐♥✐❝✐❛❧ ❡st✐♠❛❞❛ ♣❡❧♦

♠ét♦❞♦ P❖❈❙ ✭❙❡çã♦ ✷✳✺✳✷✮✱ s✐♠✐❧❛r à ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ♦r✐❣✐♥❛❧✳ ❊♠ s❡❣✉✐❞❛✱ ❡❧❡
❡st✐♠❛ ❛ ❝♦♠♣❡♥s❛çã♦ ❞❡ r❡sí❞✉♦s ❡ ❛s ✐♥❢♦r♠❛çõ❡s ❞❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛ sã♦ r❡❝♦♥str✉í❞❛s
♣❡❧♦ ❛♣r❡♥❞✐③❛❞♦ ❡♥tr❡ ❛s ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ✐♠❛❣❡♥s r❡s✐❞✉❛✐s ❞❡ ❛❧t❛ ❡
❜❛✐①❛ r❡s♦❧✉çã♦✳ ❙✉♣♦♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ N ✈❡t♦r❡s✱ ❝♦♠ ❞✐♠❡♥sã♦ D ❬✺✷❪✱ ❡♥tã♦

x = [x1, x2, ..., xi, ..., xN ] ✭✷✳✻✮

P❛r❛ ✉♠ ♥♦✈♦ ✈❡t♦r x0✱ ❛ ❞✐stâ♥❝✐❛ ❊✉❝❧✐❞✐❛♥❛ di ❡♥tr❡ t♦❞♦s ♦s ♦✉tr♦s ✈❡t♦r❡s ❞❡ x é
❝❛❧❝✉❧❛❞❛ ❝♦♠♦

di =
√

(x0 − xi)T (x0 − xi) ✭✷✳✼✮

❖s K ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ❞❡ x0 sã♦ ❞❡✜♥✐❞♦s ♣❡❧❛ ❞✐stâ♥❝✐❛ ❊✉❝❧✐❞✐❛♥❛ ❡✱ ❝♦♠
✐ss♦✱ ♦s ♠❡❧❤♦r❡s ♣❡s♦s w ♣❛r❛ r❡❝♦♥str✉✐r x0 ❛ ♣❛rt✐r ❞♦s K ✈✐③✐♥❤♦s sã♦ ❞❡t❡r♠✐♥❛❞♦s
✭w = [w1, w2, ..., wi, ..., wN ]✮✱ ❡♠ q✉❡ wi r❡♣r❡s❡♥t❛ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡ xi ♣❛r❛ r❡❝♦♥str✉çã♦
❞❡ x0✳ ❙❡ xi ♥ã♦ ❡stá ❡♥tr❡ ♦s K ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ❞❡ x0✱ ❡♥tã♦ wi = 0✱ s❡♥ã♦
0 < wi < 1 ❡

∑

i wi = 1✳
❖ ♣❡s♦ wi ót✐♠♦ é ❡st✐♠❛♥❞♦ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s

wi =

∑

j Pi,j
∑

i

∑

j Pi,j

✭✷✳✽✮

❡♠ q✉❡ P = G−1 ❡ G é ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞❡✜♥✐❞❛ ❝♦♠♦

Gi,j = (x0 − xi)
T (x0 − xi) ✭✷✳✾✮

❉❛❞♦ q✉❡ G é ✉♠❛ ♠❛tr✐③ s✐♥❣✉❧❛r✱ ♦✉ s❡❥❛✱ ♥ã♦ ♣♦ss✉✐ ✐♥✈❡rs❛✱ ❛ s♦❧✉çã♦ ót✐♠❛ ♣♦❞❡
♥ã♦ s❡r ❡♥❝♦♥tr❛❞❛ ♣❡❧❛ ❊q✉❛çã♦ ✷✳✾✳ ❯♠❛ s♦❧✉çã♦ r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s é ❝❛rr❡❣❛r ❛
❞✐❛❣♦♥❛❧ ❞❡ G ✉t✐❧✐③❛♥❞♦ ✉♠ α ♣❡q✉❡♥♦

G = G+ α× I ✭✷✳✶✵✮

❡♠ q✉❡ I é ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛✳
❖ ♠ét♦❞♦ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ♣r♦♣♦st♦ ❡♠ ❬✺✷❪ ❝♦♥s✐❞❡r❛ ✉♠❛ ✐♠❛❣❡♠ ✐♥✐❝✐❛❧ ❞❡ ❜❛✐①❛

r❡s♦❧✉çã♦ g ♦❜t✐❞❛ ♣❡❧❛ ❞❡❣r❛❞❛çã♦ ❞❡ f ✭g = Hf✮ ❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧ ❞❡ s✉♣❡r✲
r❡s♦❧✉çã♦ f̂ ♦❜t✐❞♦ ♣❡❧♦ ♠ét♦❞♦ P❖❈❙✳ ❈♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❞❡❣r❛❞❛çã♦ ❝♦♥❤❡❝✐❞♦ H✱ ♦
r❡sí❞✉♦ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦

ĝ = Hf̂r = g − ĝ ✭✷✳✶✶✮



✷✳✺✳ ❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ■♠❛❣❡♥s ✶✻

❯t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ▲▲❊ ♣❛r❛ ❛♣r❡♥❞❡r ♦s ♣❡s♦s ❞❛ r❡❝♦♥str✉çã♦ ❛ ♣❛rt✐r ❞♦ r❡sí❞✉♦
❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ r ❡ ❞❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s r❡s✐❞✉❛✐s✱ r❡❝♦♥stró✐✲s❡ ♦ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉✲
çã♦ ŝ ❛ ♣❛rt✐r ❞♦s ♣❡s♦s ❡♥❝♦♥tr❛❞♦s ❡ ❛ ❜❛s❡ ❞❡ ❞❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦✳
❆ ♣❛rt✐r ❞♦ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❛ ✐♠❛❣❡♠ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ˆfn+1 é ♦❜t✐❞❛ ♣♦r

ˆfn+1 = f̂n + αŝ ∈ (0, 1] ✭✷✳✶✷✮

❉❡st♦❜❜❡❧❡✐r❡ ❬✶✸❪ ♣r♦♣õ❡ ✉♠ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞✐✈✐❞✐❞♦ ❡♠ ❞♦✐s ♣❛ss♦s✿
♣r❡♣❛r❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ❛ ❝♦♥str✉çã♦ ❞❛ ❜❛♥❞❛ ❞❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛ q✉❡
❢❛❧t❛ ♥❛ ✐♠❛❣❡♠ ❞❡ ❡♥tr❛❞❛✳ ❉❡st♦❜❜❡❧❡✐r❡ ❛♣❧✐❝♦✉ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ú♥✐❝♦ ♣❛ss♦ ♣r♦♣♦st♦
❡♠ ❬✶✼❪✳ ❆ té❝♥✐❝❛ ❣❡r♦✉ ❜♦♥s r❡s✉❧t❛❞♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ s❡ r❡❢❡r❡ à t❡①t✉r❛✳ ◆♦
❡♥t❛♥t♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ❛rt❡❢❛t♦s ❢♦r❛♠ ♣r♦❞✉③✐❞♦s ❡ ❛♠♣❧✐❛❞♦s q✉❛♥❞♦ s❡ ❛✉♠❡♥t❛ ❛
✐♠❛❣❡♠ ♣♦r ✉♠ ❢❛t♦r ✹✳

❘✉❜❡rt ❡t ❛❧✳ ❬✸✾❪ ❛♣r❡s❡♥t❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❜❛s❡❛❞♦ ❡♠ ❛♠♦str❛s
❞❡ tr❡✐♥❛♠❡♥t♦ ♣❛r❛ ❡st✐♠❛r ❞❡t❛❧❤❡s ❡♠ ❛❧t❛s ❢r❡q✉ê♥❝✐❛s ♥❛s ✐♠❛❣❡♥s r❡❛♠♦str❛❞❛s✳
❖ ❛❧❣♦r✐t♠♦ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ❋r❡❡♠❛♥ ❡t ❛❧✳ ❬✶✼❪ ♣❛r❛ ♦♣❡r❛r
❛♣❡♥❛s ♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❧✉♠✐♥â♥❝✐❛ ❨ ❞♦ ❡s♣❛ç♦ ❞❡ ❝♦r❡s ❨❯❱✱ ❛ ✜♠ ❞❡ ❡st✐♠❛r ❛s
❛❧t❛s ❢r❡q✉ê♥❝✐❛s ♣❡r❞✐❞❛s ♥♦ ♣r♦❝❡ss♦ ❞❡ r❡❛♠♦str❛❣❡♠ ❞❛s ✐♠❛❣❡♥s✳

◆♦ ❛❧❣♦r✐t♠♦ ❬✸✾❪✱ ❛s ✐♥❢♦r♠❛çõ❡s ❞❡ ❞❡t❛❧❤❡s ❞❛s ✐♠❛❣❡♥s sã♦ ❛♣r❡♥❞✐❞❛s ❛ ♣❛rt✐r
❞❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♦s ❜❧♦❝♦s ❞❡ ❜❛✐①❛ ❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛✳ ❆ ❡st✐♠❛t✐✈❛ ❞❡ ❛❧t❛
❢r❡q✉ê♥❝✐❛ é ❢❡✐t❛ ❝♦♠ ❜❛s❡ ♥❛ ✐♠❛❣❡♠ ✐♥✐❝✐❛❧ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✳ ❖s r❡s✉❧t❛❞♦s sã♦
❝♦♠♣❛r❛❞♦s ❝♦♠ ❛ ❛❜♦r❞❛❣❡♠ q✉❡ ✉t✐❧✐③❛ ♦ ❡s♣❛ç♦ ❞❡ ❝♦r❡s ❘●❇✳ ❈♦♠ ❛ r❡❞✉çã♦ ❞❡
❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♠♦str❛s ❞❡ tr❡✐♥❛♠❡♥t♦ ❞✐♠✐♥✉✐✉✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛ ❛♣❧✐❝❛çã♦✳

❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ❡♠ ❬✻❪ t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦
❞❡ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✳ ❉❛❞❛ ✉♠❛ ✐♠❛❣❡♠ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ❝♦♠♦ ❡♥tr❛❞❛✱ ♦ ♠ét♦❞♦
❛ r❡❝✉♣❡r❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦ ✉s❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠♦❞❡❧♦s ❞❡
tr❡✐♥❛♠❡♥t♦✳ ❊st❛ ❢♦r♠✉❧❛çã♦ s❡ ❛ss❡♠❡❧❤❛ ❛ ♦✉tr♦s ♠ét♦❞♦s ❜❛s❡❛❞♦ ❡♠ ❛♣r❡♥❞✐③❛❞♦✱ ♥♦
❡♥t❛♥t♦✱ ♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛❞♦ ❢♦✐ ✐♥s♣✐r❛❞♦ ♥♦ ▲▲❊✳ ❖s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ♠♦str❛♠
❜♦♥s r❡s✉❧t❛❞♦s✳

❙✐❧✈❛ ❬✾❪ ❛♣r❡s❡♥t❛ ✉♠❛ té❝♥✐❝❛ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♥ã♦ ❇❛②❡s✐❛♥❛✱ ✐♥s♣✐r❛❞❛ ❡♠ ❋r❡❡✲
♠❛♥ ❡t ❛❧✳ ❬✶✼❪✱ q✉❡ ✉t✐❧✐③❛ q✉❛❞r♦s ❝❤❛✈❡ ❡♠ s❡q✉ê♥❝✐❛s ❞❡ ✈í❞❡♦ ❞❡ r❡s♦❧✉çã♦ ♠✐st❛✳ ◆❛
r❡s♦❧✉çã♦ ♠✐st❛✱ ❛❧❣✉♥s q✉❛❞r♦s✱ ♦s ❝❤❛♠❛❞♦s q✉❛❞r♦s✲❝❤❛✈❡✱ ♣♦ss✉❡♠ r❡s♦❧✉çã♦ ♥♦r♠❛❧ ❡
♦s ♦✉tr♦s ♣♦ss✉❡♠ r❡s♦❧✉çã♦ r❡❞✉③✐❞❛ ❡ ♣r❡❝✐s❛♠ s❡r s✉♣❡r✲r❡s♦❧✈✐❞♦s✳ ◆❛ té❝♥✐❝❛ ❞❡s❝r✐t❛✱
❛ ✐♥❢♦r♠❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♥♦s q✉❛❞r♦s✲❝❤❛✈❡ é ♣r♦❝❡ss❛❞❛ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r ♦s q✉❛❞r♦s
♥ã♦✲❝❤❛✈❡ q✉❡ ❢♦r❛♠ ♣r❡✈✐❛♠❡♥t❡ s✉❜❛♠♦str❛❞♦s✱ ❞❡s❝♦♥s✐❞❡r❛♥❞♦ tr❡✐♥❛♠❡♥t♦s✱ ❞✐str✐✲
❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ❡♥✈✐♦ ❞❡ ✐♥❢♦r♠❛çõ❡s ❛❞✐❝✐♦♥❛✐s ❞♦ ❝♦❞✐✜❝❛❞♦r ❛♦ ❞❡❝♦❞✐✜❝❛❞♦r
♣♦r s❡ tr❛t❛r ❞❡ ✉♠❛ té❝♥✐❝❛ ♥ã♦✲❇❛②❡s✐❛♥❛✳



❈❛♣ít✉❧♦ ✸

▼ét♦❞♦s Pr♦♣♦st♦s

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ♦s ♠ét♦❞♦s ❛ s❡r❡♠ ❡♠♣r❡❣❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ♣❛r❛ s✉♣❡r✲
r❡s♦❧✉çã♦ ✭❙❘✮ ❞❡ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✳ ❈♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥♦
❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❤á três ❛❜♦r❞❛❣❡♥s ♣r✐♥❝✐♣❛✐s ♣❛r❛ ♠❡❧❤♦r❛r ❛ r❡s♦❧✉çã♦ ❛♣❛r❡♥t❡ ❞❡
✉♠❛ ✐♠❛❣❡♠✿ ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❛❧❝❡ ❞❡ ❞❡t❛❧❤❡s✱ ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ r❡❝♦♥str✉çã♦
❡ ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ ❛♣r❡♥❞✐③❛❞♦✳ ❖s ♠ét♦❞♦s ♣r♦♣♦st♦s ♥❡st❡ tr❛❜❛❧❤♦ ❜❛s❡✐❛♠✲s❡
❡♠ ❛♣r❡♥❞✐③❛❞♦✱ ❡♠ q✉❡ s❡ ❜✉s❝❛ ❡st✐♠❛r ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❞❡t❛❧❤❡s q✉❡ ♥ã♦ ❡stá ♣r❡s❡♥t❡
♥❛s ✐♠❛❣❡♥s ♦r✐❣✐♥❛✐s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ♣♦r ♠❡✐♦ ❞❡ ❛♠♦str❛s ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❆ té❝♥✐❝❛
❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣♦r ❛♣r❡♥❞✐③❛❞♦ ❢♦✐ ✐♥s♣✐r❛❞❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❨✉ ❡t ❛❧✳ ❬✺✷❪✱ q✉❡ ✉t✐❧✐③❛
❝♦♠♣❡♥s❛çã♦ r❡s✐❞✉❛❧✳

❋♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s ❞♦✐s ♠ét♦❞♦s✳ ❯♠ ♠ét♦❞♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r
✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ♠❡s♠♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡
✐♠❛❣❡♥s q✉❡ s❡rã♦ ❝♦♠❜✐♥❛❞❛s ❡♠ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳ P❛r❛ ♠❡❧❤♦r
❡①♣❧✐❝❛r✱ ❡st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s s❡çõ❡s✳ ❆ ❙❡çã♦ ✸✳✶ ❛♣r❡s❡♥t❛ ♦ ❛❧❣♦r✐t♠♦
♣r♦♣♦st♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ✐♠❛❣❡♥s✳ ❆ ❙❡çã♦ ✸✳✷ ❛♣r❡s❡♥t❛ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦
♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s✳

✸✳✶ ❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ Ú♥✐❝❛ ■♠❛❣❡♠

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ é ❜❛s❡❛❞♦ ❡♠ ❛♣r❡♥❞✐③❛❞♦✳ P❛r❛
✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ ❝♦♥s✐❞❡r❛✲s❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❝♦♥t❡♥❞♦ ♣❛r❡s ❞❡ ✐♠❛❣❡♥s
❞❡ ❛❧t❛ ❡ ❜❛✐①❛ r❡s♦❧✉çã♦✳

P❛r❛ s✉♣❡r✲r❡s♦❧✈❡r ✉♠❛ ✐♠❛❣❡♠✱ ✉t✐❧✐③❛✲s❡ ❛ ❝♦♠♣❡♥s❛çã♦ r❡s✐❞✉❛❧ ✐t❡r❛t✐✈❛ ❬✺✷❪ ❛♠✲
♣❧✐❛❞❛ ♣♦r ✉♠ ❞❛❞♦ ❢❛t♦r ❞❡ ❡s❝❛❧❛✳ ❖ r❡sí❞✉♦ ❞❛ ✐♠❛❣❡♠ s✉♣❡r✲r❡s♦❧✈✐❞❛ é ♦❜t✐❞♦ ❝♦♠
❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ♦ ♠ét♦❞♦ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ▲▲❊✱ ❞❡s❝r✐t♦ ♥❛
❙❡çã♦ ✷✳✹✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ♣♦ss✉✐ ✐♠❛❣❡♥s ❡♠ ❛❧t❛ r❡s♦❧✉çã♦ ✭❍❘✮✱ ❛ ♣❛rt✐r
❞❛s q✉❛✐s sã♦ ❡st✐♠❛❞❛s ✐♠❛❣❡♥s r❡s✐❞✉❛✐s ❡♠ ❜❛✐①❛ ❡ ❛❧t❛ r❡s♦❧✉çõ❡s✳

✶✼
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❞♦ r❡sí❞✉♦ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ✭r❡s▲❘✮ é ❝❛❧❝✉❧❛❞❛✳ ❈❛s♦ ♦ ❘▼❙❊ s❡❥❛ ♠❡♥♦r ❞♦ q✉❡ ♦
❧✐♠✐❛r ❡st❛❜❡❧❡❝✐❞♦✱ ♦❜té♠✲s❡ ❛ ✐♠❛❣❡♠ s✉♣❡r✲r❡s♦❧✈✐❞❛ ❡ ♦ ♣r♦❝❡ss♦ é ✐♥t❡rr♦♠♣✐❞♦✳ ❈❛s♦
❝♦♥trár✐♦✱ ❛ ✐♠❛❣❡♠ s✉♣❡r✲r❡s♦❧✈✐❞❛✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❡st✐♠❛❞❛✱ s❡rá ♠♦❞✐✜❝❛❞❛✳

P❛r❛ ♠♦❞✐✜❝❛r ❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✱ ❛s ✐♥❢♦r♠❛çõ❡s sã♦ ❛❞✐❝✐♦♥❛❞❛s ♣❡❧❛ ❝♦♠✲
♣❡♥s❛çã♦ r❡s✐❞✉❛❧✱ ♦✉ s❡❥❛✱ é ❛❞✐❝✐♦♥❛❞♦ à ✐♠❛❣❡♠ ❙❘ ✉♠ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✱
❝♦♥❢♦r♠❡ ❊q✉❛çã♦ ✸✳✶ ❛ s❡❣✉✐r✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦✱ ❡st❡ r❡sí❞✉♦ é r❡❝♦♥str✉í❞♦ ❛ ♣❛rt✐r
❞❛ s♦♠❛ ♣♦♥❞❡r❛❞❛ ❞❡ ✈ár✐❛s ❛♠♦str❛s r❡s✐❞✉❛✐s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ♣r❡s❡♥t❡s ♥♦ ❝♦♥❥✉♥t♦
❞❡ tr❡✐♥❛♠❡♥t♦✳

❙❘n+1 = ❙❘n + α r❡s❍❘ ✭✸✳✶✮

P❛r❛ ❡♥❝♦♥tr❛r ❛s ❛♠♦str❛s r❡s✐❞✉❛✐s ✉t✐❧✐③❛❞❛s ♥❛ r❡❝♦♥str✉çã♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❡①tr❛✐✲s❡
❞♦ r❡sí❞✉♦ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ✭r❡s▲❘✮ ♦ s❡✉ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✭❞❡s❝r✐t♦r❡s ♥♦ ❆❧✲
❣♦r✐t♠♦ ✶✮✳ ❆ ♣❛rt✐r ❞❡ss❡ ✈❡t♦r✱ ♦s ♣❡s♦s ❞❡ k ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s sã♦ ❡st✐♠❛❞♦s✱ ♦✉
s❡❥❛✱ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛ ♦s k ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s r❡sí❞✉♦s ❞❡
❜❛✐①❛ r❡s♦❧✉çã♦ ♣r❡s❡♥t❡s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ♠❛✐s ♣ró①✐♠♦s ❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡✲
ríst✐❝❛s ❞♦ r❡sí❞✉♦ r❡s▲❘✳ ❈♦♥❤❡❝❡♥❞♦ ♦s k ✈❡t♦r❡s ❡ s❡✉s ♣❡s♦s✱ ❡♠ q✉❡ ❝❛❞❛ ✈❡t♦r ❡stá
❛ss♦❝✐❛❞♦ ❛♦ s❡✉ r❡s♣❡❝t✐✈♦ r❡sí❞✉♦ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦✱ ❡♥❝♦♥tr❛♠✲s❡ ♦s r❡sí❞✉♦s ❞❡ ❛❧t❛
r❡s♦❧✉çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❆❧❣♦r✐t♠♦ ✶ ▼ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣❛r❛ ú♥✐❝❛ ✐♠❛❣❡♠✳
❊♥tr❛❞❛✿ teste✿ ✐♠❛❣❡♠ ❞❡ t❡st❡✱ zoom✿ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦✱ treinamento✿ ❝♦♥❥✉♥t♦ ❞❡

tr❡✐♥❛♠❡♥t♦✱ maxIter✿ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s✱ limiar✿ ❘▼❙❊ s❛t✐s❢❛tór✐♦✱ α✿
✈❛r✐á✈❡❧ ♣❛r❛ s✉❛✈✐③❛çã♦ ❞♦ r❡sí❞✉♦✱ k✿ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s✳

❙❛í❞❛✿ ✐♠❛❣❡♠ ❙❘ s✉♣❡r✲r❡s♦❧✈✐❞❛✳

✶✿ ❙❘ ❂ ❛♠♦str❛❣❡♠✭t❡st❡✱ ③♦♦♠✮
✷✿ ♣❛r❛ t♦❞♦ ✐t❡r ❂ ✶ t♦ ♠❛①■t❡r ❢❛ç❛
✸✿ ▲❘ ❂ s✉❛✈✐③❛çã♦✭❙❘✮
✹✿ ▲❘ ❂ ❛♠♦str❛❣❡♠✭▲❘✱ ✶✴③♦♦♠✮
✺✿ r❡s▲❘ ❂ t❡st❡ ✲ ▲❘
✻✿ s❡ ❘▼❙❊✭r❡s▲❘✮ < ❧✐♠✐❛r ❡♥tã♦
✼✿ r❡t♦r♥❡ ❙❘
✽✿ ✜♠ s❡
✾✿ ❞❡s❝r✐t♦r❡s ❂ ❡①tr❛✐❉❡s❝r✐t♦r❡s✭r❡s▲❘✮

✶✵✿ ✭✈✐③✱ w✮ ❂ ▲▲❊✭❞❡s❝r✐t♦r❡s✱ tr❡✐♥❛♠❡♥t♦✱ ❦✮
✶✶✿ r❡s❍❘ ❂ w1viz1 + w2viz2 + . . .+ wkvizk
✶✷✿ ❙❘ ❂ ❙❘ ✰ α r❡s❍❘
✶✸✿ ✜♠ ♣❛r❛
✶✹✿ r❡t♦r♥❡ ❙❘

❉❡♣♦✐s ❞❡ ❡st✐♠❛❞♦s ♦s ♣❡s♦s ❡ s❡✉s r❡s♣❡❝t✐✈♦s k ✈✐③✐♥❤♦s ✭r❡sí❞✉♦s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✮✱
❛ ✐♠❛❣❡♠ ❞❡ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ é r❡❝♦♥str✉í❞❛ ♣♦r ✉♠❛ s♦♠❛ ♣♦♥❞❡r❛❞❛✱ ❣❡r❛♥❞♦
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❛ ✐♠❛❣❡♠ r❡s❍❘✳ ❈♦♥❢♦r♠❡ ❊q✉❛çã♦ ✸✳✶✱ ❡st❡ r❡sí❞✉♦ é s✉❛✈✐③❛❞♦ ♣♦r ✉♠❛ ✈❛r✐á✈❡❧ α✱
α ∈ (0, 1]✱ ❡ ❡♠ s❡❣✉✐❞❛ ❛❞✐❝✐♦♥❛❞♦ à ✐♠❛❣❡♠ ❙❘✳

❖ ♣r♦❝❡ss♦ é r❡♣❡t✐❞♦ ❛té q✉❡ ❛ ✐♠❛❣❡♠ ❛t✐♥❥❛ ♦ í♥❞✐❝❡ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❞❡s❡❥❛❞♦ ♦✉ ❛té
q✉❡ ✉♠ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s s❡❥❛ ❛❧❝❛♥ç❛❞♦✳ ❖s ♣r✐♥❝✐♣❛✐s ♣❛ss♦s ❝♦rr❡s♣♦♥❞❡♥t❡s
❛♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦
❆❧❣♦r✐t♠♦ ✶✳

✸✳✷ ❙✉♣❡r✲❘❡s♦❧✉çã♦ ❞❡ ▼ú❧t✐♣❧❛s ■♠❛❣❡♥s

❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❢♦✐ ❛❞❛♣t❛❞♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ✐♠❛❣❡♥s✳ ◆❡st❡ ❝❛s♦✱ ❛s ✐♠❛❣❡♥s ❞❛ s❡q✉ê♥❝✐❛ sã♦ ❝♦♠❜✐♥❛❞❛s ❡♠ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✳
❆ ♣r♦♣♦st❛ ❛q✉✐ ❛♣r❡s❡♥t❛❞❛ ❝♦♥s✐st❡ ♥❛ ❝♦♠❜✐♥❛çã♦ ❞❛ té❝♥✐❝❛ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❜❛✲
s❡❛❞❛ ❡♠ r❡❝♦♥str✉çã♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ té❝♥✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r q✉❡ s❡
❜❛s❡✐❛ ❡♠ ❛♣r❡♥❞✐③❛❞♦✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣❛r❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ ♥♦ q✉❛❧ s❡ ❝♦♥s✐❞❡r❛
✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❝♦♠ ❛♠♦str❛s s✐♠✐❧❛r❡s às ✐♠❛❣❡♥s ❞❡ t❡st❡✱ ♥♦ ♠ét♦❞♦
♣r♦♣♦st♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣❛r❛ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ é ❣❡r❛❞♦
❛ ♣❛rt✐r ❞❛ ♣ró♣r✐❛ s❡q✉ê♥❝✐❛✳ ■ss♦ ♣♦rq✉❡ ❤á ✉♠❛ ❝❡rt❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ s❡ ❡♥❝♦♥tr❛r
s❡q✉ê♥❝✐❛s ❝♦♠ ❛s ♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ t❡st❡✳ ◆♦ ❡♥t❛♥t♦✱ ✐♠❛❣❡♥s ❞❛
♣ró♣r✐❛ s❡q✉ê♥❝✐❛ ❞❡ t❡st❡ ♣♦ss✉❡♠ ✉♠ ❝❡rt♦ ❣r❛✉ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ s✐✳

❖ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ t❛♠❜é♠ ♥❡❝❡ss✐t❛ s❡r ♣ré✲♣r♦❝❡ss❛❞♦ ❛♥t❡s ❞❛ ❡①❡❝✉çã♦ ❞♦
♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✹✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ♦s ♣❛ss♦s
♣❛r❛ ♦ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ sã♦ ♦s ♠❡s♠♦s ❛♣r❡s❡♥t❛❞♦s ♣❛r❛
♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣❛r❛ ú♥✐❝❛ ✐♠❛❣❡♠✳ ❆ ❞✐❢❡r❡♥ç❛ ❝♦♥s✐st❡ ❛♣❡♥❛s ❡♠ q✉❡ ❛s
✐♠❛❣❡♥s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛ ❜❛s❡ ❞❡ ❞❛❞♦s sã♦ ❛ ♣ró♣r✐❛ s❡q✉ê♥❝✐❛✳

❆s ✐♠❛❣❡♥s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ sã♦ ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦ ❛s ✐♠❛❣❡♥s ❍❘✱ q✉❡
s❡rã♦ ❡♥tã♦ s✉❛✈✐③❛❞❛s ❡ s✉❜❛♠♦str❛❞❛s ♣❛r❛ ❣❡r❛r ❛s ✐♠❛❣❡♥s ▲❘✳ ❆s ✐♠❛❣❡♥s ▲❘ sã♦
s✉♣❡r✲r❡s♦❧✈✐❞❛s✱ ❣❡r❛♥❞♦ ❛s ✐♠❛❣❡♥s ❙❘ q✉❡✱ ❡♠ s❡❣✉✐❞❛✱ sã♦ s✉❛✈✐③❛❞❛s ❡ s✉❜❛♠♦str❛❞❛s
♣❛r❛ ❣❡r❛r ❛s ✐♠❛❣❡♥s ▲❘′✳ ❖s r❡sí❞✉♦s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ❝♦♥s✐st❡♠ ♥❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡
❛s ✐♠❛❣❡♥s ▲❘ ❡ ▲❘′✱ ❡♥q✉❛♥t♦ ♦s r❡sí❞✉♦s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s ❝♦♥s✐st❡♠
❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ✐♠❛❣❡♥s ❍❘ ❡ ❙❘✳ ❆ss✐♠ ❝♦♠♦ ♦ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ ♥❛
❋✐❣✉r❛ ✸✳✶✱ ♣❛r❛ ❝❛❞❛ r❡sí❞✉♦ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ é ❡①tr❛í❞♦ ♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳

❆♣ós r❡❛❧✐③❛❞♦ ♦ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✱ ♣♦❞❡✲s❡ ❡①❡❝✉t❛r ♦
♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣r♦♣♦st♦ ♣❛r❛ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱ ❛♣r❡s❡♥t❛❞♦ ♥♦ ✢✉①♦❣r❛♠❛
❞❛ ❋✐❣✉r❛ ✸✳✺✳

❖ ♣r♦❝❡ss♦ ✐♥✐❝✐❛✲s❡ ❝♦♠ ❛ s❡q✉ê♥❝✐❛ ♦r✐❣✐♥❛❧✱ ❞❡♥♦♠✐♥❛❞❛ s❡q✉ê♥❝✐❛ ❍❘✳ ❈♦♠♦ ♦
♦❜❥❡t✐✈♦ é ❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❛ s❡q✉ê♥❝✐❛ ❡♠ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ ❛ s❡q✉ê♥❝✐❛ ♦r✐❣✐♥❛❧
é ❞❡❣r❛❞❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ s✉❛✈✐③❛çã♦ ❡✱ ❡♠ s❡❣✉✐❞❛✱ s✉❜❛♠♦str❛❞❛✱ ❣❡r❛♥❞♦ ✉♠❛
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❆❧❣♦r✐t♠♦ ✷ ▼ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣❛r❛ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✳
❊♥tr❛❞❛✿ ✐♠❣ ✿ ❧✐st❛ ♦r✐❣✐♥❛❧ ❞❛s ✐♠❛❣❡♥s ❞❛ s❡q✉ê♥❝✐❛✱ n✿ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ♥❛ s❡q✉ê♥✲

❝✐❛✱ zoom✿ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦✳
❙❛í❞❛✿ ❧✐st❙❘✿ ✐♠❛❣❡♥s s✉♣❡r✲r❡s♦❧✈✐❞❛s✳

✶✿ ♣❛r❛ t♦❞♦ ✐ ❂ ✷ t♦ n ❢❛ç❛
✷✿ ❧✐st■♠❣i−1 ❂ ❢✉sã♦✭❛♠♦str❛❣❡♠✭✐♠❣1✱ ③♦♦♠✮✱ ❛♠♦str❛❣❡♠✭✐♠❣i✱③♦♦♠✮✮
✸✿ ✜♠ ♣❛r❛
✹✿ n← n− 1
✺✿ ❡♥q✉❛♥t♦ n > 1 ❢❛ç❛
✻✿ ♣❛r❛ t♦❞♦ i ❂ ✶ t♦ ♥✉♠❡❧✭❧✐st■♠❣✮ ❢❛ç❛
✼✿ t❡st❡ ❂ s✉❛✈✐③❛çã♦✭❧✐st■♠❣i✮
✽✿ t❡st❡ ❂ ❛♠♦str❛❣❡♠✭t❡st❡✱ ✶✴③♦♦♠✮
✾✿ ❧✐st❙❘i ❂ ú♥✐❝❛■♠❛❣❡♠✭t❡st❡✮

✶✵✿ ✜♠ ♣❛r❛
✶✶✿ ♣❛r❛ t♦❞♦ i ❂ ✷ t♦ n ❢❛ç❛
✶✷✿ ❧✐st❆✉①i−1 ❂ ❢✉sã♦✭❧✐st❙❘1✱ ❧✐st❙❘i✮
✶✸✿ ✜♠ ♣❛r❛
✶✹✿ ❧✐st■♠❣ ❂ ❧✐st❆✉①
✶✺✿ n← n− 1
✶✻✿ ✜♠ ❡♥q✉❛♥t♦
✶✼✿ r❡t♦r♥❡ ❧✐st❙❘
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❋✐❣✉r❛ ✸✳✺✿ ❋❧✉①♦❣r❛♠❛ ❜ás✐❝♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣❛r❛ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✳

✉♠❛ ✐t❡r❛çã♦ ✐♥t❡r♥❛✳ ❆ s❡❣✉♥❞❛ ✐t❡r❛çã♦ é r❡❛❧✐③❛❞❛ ❛té r❡st❛r ❛♣❡♥❛s ✉♠❛ ✐♠❛❣❡♠ ♥❛
s❡q✉ê♥❝✐❛✱ r❡s✉❧t❛❞♦ ❞❡ t♦❞❛s ❛s ❢✉sõ❡s✳

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t♦✉✱ ❞❡ ❢♦r♠❛ ❞❡t❛❧❤❛❞❛✱ ♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛
✐♠❛❣❡♠ ❡ ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ♠❡s♠♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ❡♠ ✉♠❛
ú♥✐❝❛ ✐♠❛❣❡♠✳ ◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❛♣❧✐❝❛çã♦ ❞♦s ♠ét♦✲
❞♦s ♣r♦♣♦st♦s sã♦ ❛♥❛❧✐s❛❞♦s ❡ ❝♦♠♣❛r❛❞♦s ❝♦♠ ❛❧❣✉♥s ♠ét♦❞♦s ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳
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✭❛✮ ♠ét♦❞♦

✭❜✮ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

❋✐❣✉r❛ ✸✳✻✿ ▼ét♦❞♦ ♣r♦♣♦st♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s✳



❈❛♣ít✉❧♦ ✹

❘❡s✉❧t❛❞♦s ❊①♣❡r✐♠❡♥t❛✐s

❊st❡ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡ ❛❧❣✉♥s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛
❛♣❧✐❝❛çã♦ ❞♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♣r♦♣♦st♦s ❡ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❖
❛♠❜✐❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✱ ❛s ❜❛s❡s ❞❡ ❞❛❞♦s ❡♠♣r❡❣❛❞❛s✱ ❛s
♠étr✐❝❛s ♣❛r❛ ❛✈❛❧✐❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❡ ✉♠❛ ❞✐s❝✉ssã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ♦s ♠ét♦❞♦s
❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ sã♦ ❞❡s❝r✐t♦s ♥❡st❡ ❝❛♣ít✉❧♦✳ P❛r❛ ❛♥❛❧✐s❛r ❛ ❡✜❝á❝✐❛ ❞♦s ♠ét♦❞♦s
♣r♦♣♦st♦s✱ ♦s r❡s✉❧t❛❞♦s sã♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ❛❧❣✉♠❛s ❛❜♦r❞❛❣❡♥s ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳

✹✳✶ ❈♦♥✜❣✉r❛çã♦ ❞♦ ❆♠❜✐❡♥t❡

❖s ♠ét♦❞♦s ♣r♦♣♦st♦s ♥♦ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ❞❡ ✉♠❛
s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ♣♦ss✉❡♠ ♣❛râ♠❡tr♦s q✉❡ ✐♥✢✉❡♥❝✐❛♠ ♦s r❡s✉❧t❛❞♦s✱ ♦s q✉❛✐s ✐♥❝❧✉❡♠
♦ ♠ét♦❞♦ ❞❡ ❛♠♦str❛❣❡♠✱ ♦ ❛♣r❡♥❞✐③❛❞♦ ❡ ❛ ❡①tr❛çã♦ ❞♦s ❞❡s❝r✐t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱
♦ t❛♠❛♥❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✱ ❛ ✈❛r✐á✈❡❧ ❞❡ s✉❛✈✐③❛çã♦ α ❡ ❛ ❢♦r♠❛ ❞❡ ❢✉sã♦
♣❛r❛ ❙❘ ❡♠ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s✳ ❆❧❣✉♥s ❞❡ss❡s ♣❛râ♠❡tr♦s sã♦ ♣r❡✈✐❛♠❡♥t❡ ❞❡✜♥✐❞♦s✱
t♦♠❛♥❞♦✲s❡ ❝♦♠♦ ❜❛s❡ ❡st✉❞♦s ❡ ❝♦♠♣❛r❛çõ❡s ❞✐s♣♦♥í✈❡✐s ♥❛ ❧✐t❡r❛t✉r❛✱ s❡♥❞♦ ❛♣r❡s❡♥t❛✲
❞♦s ♠❛✐s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥❛s ❙❡çõ❡s ✹✳✹ ❡ ✹✳✺✳

❚♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s r❡❧❛t❛❞♦s ❢♦r❛♠ ❡①❡❝✉t❛❞♦s ❡♠ ❝♦♠♣✉t❛❞♦r ❝♦♠ ♣r♦❝❡ss❛❞♦r
■♥t❡❧ ❘© ❈♦r❡❚▼ ✷ ❉✉♦ ✷✳✷ ●❍③✱ ✻ ●❇②t❡s ❞❡ ❘❆▼✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❢♦✐ ❢❡✐t❛ ❡♠ ▼❛t❧❛❜
✽✱ ♥♦ ❡♥t❛♥t♦✱ ♦ ♣r♦❣r❛♠❛ t❛♠❜é♠ ❢❛③ ✉s♦ ❞❡ ❢✉♥çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡
♣r♦❣r❛♠❛çã♦ ❈✳ ❖ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ✉t✐❧✐③❛❞♦ ❢♦✐ ♦ ❲✐♥❞♦✇s ✼ ❯❧t✐♠❛t❡ ❞❡ ✸✷ ❜✐ts✳

✹✳✷ ❆♠♦str❛s ❞❡ ❉❛❞♦s

P❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦✱ ❛❧❣✉♠❛s ❜❛s❡s ❞❡ ❞❛❞♦s ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♥♦s
❡①♣❡r✐♠❡♥t♦s✳ P❛r❛ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠✱ t❡st❡s sã♦

✷✼



✹✳✷✳ ❆♠♦str❛s ❞❡ ❉❛❞♦s ✷✽

r❡♣♦rt❛❞♦s ❡♠ ❞✉❛s ❜❛s❡s ❞✐❢❡r❡♥t❡s✳ ◆♦ ♣r✐♠❡✐r♦ t❡st❡✱ ✉t✐❧✐③♦✉✲s❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ✷✹✽
✐♠❛❣❡♥s✱ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦✱ r❡t✐r❛❞❛s ❞❛ ❜❛s❡ ❞❡ ❞❛❞♦s ❋❊❘❊❚ ❬✸✼❪✳ ❉❡st❛s ✐♠❛❣❡♥s✱ ❛❧❡✲
❛t♦r✐❛♠❡♥t❡✱ ✷✷✽ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦ tr❡✐♥❛♠❡♥t♦ ❡ ✷✵ ✐♠❛❣❡♥s ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ❝♦♠♦
❣r♦✉♥❞ tr✉t❤ ❡✱ ❛♣ós s❡r❡♠ s✉❛✈✐③❛❞❛s ❡ s✉❜❛♠♦str❛❞❛s✱ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ❝♦♠♦ ✐♠❛❣❡♥s
❞❡ t❡st❡ ❡♠ ❜❛✐①❛ r❡s♦❧✉çã♦✳ ❊st❛s ❛♠♦str❛s sã♦ ✐♠❛❣❡♥s ❞❡ ❢❛❝❡s ❞❡ ❞✐❢❡r❡♥t❡s ♣❡ss♦❛s
❛❧✐♥❤❛❞❛s ♣❡❧♦s ♦❧❤♦s ✭t♦❞❛s ♣♦ss✉❡♠ ♠❡s♠❛ s✐♠✐❧❛r✐❞❛❞❡ ❡str✉t✉r❛❧✮✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s
❞❡ ✐♠❛❣❡♥s ❞❡ss❛ ❜❛s❡ sã♦ ✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✶✳ ❆s ✐♠❛❣❡♥s ♣♦ss✉❡♠ t❛♠❛♥❤♦ ❞❡
84× 84 ♣✐①❡❧s ❡ sã♦ ♠♦♥♦❝r♦♠át✐❝❛s✱ ♦✉ s❡❥❛✱ ❡stã♦ ♥❛ ❡s❝❛❧❛ ❞❡ ❝✐♥③❛✱ ❡♠ q✉❡ ♦s ✈❛❧♦r❡s
❞♦s ♣✐①❡s s❡ ❡♥❝♦♥tr❛♠ ❡♥tr❡ ✵ ❛ ✷✺✺✳

❋✐❣✉r❛ ✹✳✶✿ ❆❧❣✉♠❛s ❛♠♦str❛s ❞❛ ❜❛s❡ ❋❊❘❊❚ ✉t✐❧✐③❛❞❛s ♣❛r❛ t❡st❡ ❬✸✼❪✳

◆♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦ ❝♦♠ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ ✽✵ ✐♠❛❣❡♥s ❞❡ ♠❛♠♦❣r❛✜❛✱ ❡♠ ❛❧t❛
r❡s♦❧✉çã♦✱ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s✱ s❡♥❞♦ r❡t✐r❛❞❛s ❞❛ ❜❛s❡ ❞❡ ❞❛❞♦s ❞✐s♣♦♥í✈❡❧ ❡♠ ❬✶✶❪✳ ❉❡st❛s
✐♠❛❣❡♥s✱ ✼✺ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ❝♦♠♦ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ❛s ♦✉tr❛s ✺ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s
❝♦♠♦ ❣r♦✉♥❞ tr✉t❤✳ ❆s ❝✐♥❝♦ ✐♠❛❣❡♥s ❞❡ t❡st❡ ❡♠ ❜❛✐①❛ r❡s♦❧✉çã♦ ❢♦r❛♠ ❣❡r❛❞❛s ❛ ♣❛rt✐r
❞❡ ♣r♦❝❡ss♦s ❞❡ s✉❛✈✐③❛çã♦ ❡ s✉❜❛♠♦str❛❣❡♠✳

❈♦♠♦ ❛s ✐♠❛❣❡♥s ❞❡ ♠❛♠♦❣r❛✜❛ ♦r✐❣✐♥❛✐s ♣♦ss✉❡♠ ❞✐♠❡♥sõ❡s ✈❛r✐❛❞❛s✱ t♦❞❛s ❢♦r❛♠
r❡❝♦rt❛❞❛s ♣❛r❛ ♦ t❛♠❛♥❤♦ ✶✺✵×✶✺✵ ♣✐①❡❧s✳ ❊①❡♠♣❧♦s ❞❡ ❛♠♦str❛s sã♦ ✐❧✉str❛❞♦s ♥❛
❋✐❣✉r❛ ✹✳✷✳

❋✐❣✉r❛ ✹✳✷✿ ❆❧❣✉♠❛s ✐♠❛❣❡♥s ❞❡ ♠❛♠♦❣r❛✜❛ ❬✶✶❪✳

◆❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱ ✉t✐❧✐③♦✉✲s❡ ✉♠ ✈í❞❡♦ ❞❡ tá①✐ ❝♦♠ ✉♠❛ s❡q✉ê♥✲
❝✐❛ ❞❡ ✹✶ q✉❛❞r♦s✱ ❞✐s♣♦♥í✈❡❧ ♣❛r❛ ❛❝❡ss♦ ♣ú❜❧✐❝♦ ❡♠ ❬✸✵❪✳ ❈❛❞❛ q✉❛❞r♦ ♣♦ss✉✐ ❞✐♠❡♥sã♦
♦r✐❣✐♥❛❧ ❞❡ ✷✺✻×✶✾✶ ♣✐①❡❧s ❡♠ ♥í✈❡❧ ❞❡ ❝✐♥③❛✳ ◆♦s ❡①♣❡r✐♠❡♥t♦s✱ ♦s q✉❛❞r♦s sã♦ r❡❝♦rt❛✲
❞♦s ♣❛r❛ ❞✐♠❡♥sã♦ ✶✷✽×✶✷✽ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛❧❣✉♥s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♥❛ ❛✈❛❧✐❛çã♦
❢✉♥❝✐♦♥❛♠ ❛♣❡♥❛s ❝♦♠ ✐♠❛❣❡♥s ❞❡ ❞✐♠❡♥sã♦ q✉❛❞r❛❞❛✳ ❆❧❣✉♥s q✉❛❞r♦s sã♦ ✐❧✉str❛❞♦s



✹✳✸✳ ▼étr✐❝❛s ❞❡ ❆✈❛❧✐❛çã♦ ✷✾

♥❛ ❋✐❣✉r❛ ✹✳✸✳ ❖s q✉❛❞r♦s ♦r✐❣✐♥❛✐s sã♦ ❛✐♥❞❛ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ❣r♦✉♥❞ tr✉t❤✳ P❛r❛ ♦s
❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ t♦❞♦s ♦s q✉❛❞r♦s ❞❛ s❡q✉ê♥❝✐❛ ❢♦r♥❡❝✐❞❛ sã♦ s✉❜❛♠♦str❛❞♦s ❡
s✉❛✈✐③❛❞♦s✳

❋✐❣✉r❛ ✹✳✸✿ ❊①❡♠♣❧♦s ❞❡ q✉❛❞r♦s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ✈í❞❡♦ ❞❡ tá①✐ ✉t✐❧✐③❛❞❛ ❬✸✵❪✳

◆♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦ r❡❛❧✐③❛❞♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ♣❛r❛
❢♦r♠❛r ✉♠❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✱ ✉t✐❧✐③♦✉✲s❡ ✉♠ ✈í❞❡♦ ❞❡ ♣❡❞❡str❡ ❝♦♠ ✻✶✵ q✉❛❞r♦s✱
❞✐s♣♦♥í✈❡❧ ❡♠ ❬✺❪✳ ❈❛❞❛ q✉❛❞r♦ ❡stá ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦r ❘●❇ ❡ ♣♦ss✉✐ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛
✸✽✹×✷✽✽ ♣✐①❡❧s✳ ◆♦s ❡①♣❡r✐♠❡♥t♦s✱ ♦s q✉❛❞r♦s sã♦ ❝♦♥✈❡rt✐❞♦s ♣❛r❛ ♥í✈❡❧ ❞❡ ❝✐♥③❛ ❡ sã♦
r❡❝♦rt❛❞♦s ♣❛r❛ ❛ ❞✐♠❡♥sã♦ ✶✷✽×✶✷✽ ♣✐①❡❧s✳ ❖ ❡s♣❛ç♦ ❞❡ ❝♦r❡s ❢♦✐ ❛❧t❡r❛❞♦ ❛ ✜♠ ❞❡ q✉❡
♦s r❡s✉❧t❛❞♦s ♣✉❞❡ss❡♠ s❡r ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❞✐s♣♦♥í✈❡✐s ♥❛ ❧✐t❡r❛t✉r❛✳ ❆❧❣✉♥s
❡①❡♠♣❧♦s ❞❡ q✉❛❞r♦s ❞❡ss❡ ✈í❞❡♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✹✳

❋✐❣✉r❛ ✹✳✹✿ ❊①❡♠♣❧♦s ❞❡ q✉❛❞r♦s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ✈í❞❡♦ ❞❡ ♣❡ss♦❛ ✉t✐❧✐③❛❞❛ ❬✺❪✳

✹✳✸ ▼étr✐❝❛s ❞❡ ❆✈❛❧✐❛çã♦

❖ ♣r♦❝❡ss♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞❛ ✐♠❛❣❡♠ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ✭❙❘✮ ♦❜t✐❞❛ ❡♠ r❡❧❛çã♦ à ✐♠❛✲
❣❡♠ ❞❡ r❡❢❡rê♥❝✐❛ ✭▲❘✮ ♥ã♦ é ✉♠❛ t❛r❡❢❛ s✐♠♣❧❡s✱ ✉♠❛ ✈❡③ q✉❡ ❡ss❛s ✐♠❛❣❡♥s ♣♦ss✉❡♠
r❡s♦❧✉çõ❡s ❞✐❢❡r❡♥t❡s✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❢♦r❛♠ ❛✈❛❧✐❛❞♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ♠étr✐❝❛
q✉❛♥t✐t❛t✐✈❛ ❡ ✉♠❛ ♠étr✐❝❛ q✉❛❧✐t❛t✐✈❛✱ ❛ r❛✐③ ❞♦ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❡ ♦ í♥❞✐❝❡ ❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❡str✉t✉r❛❧✱ r❡s♣❡t✐✈❛♠❡♥t❡✱ ❞❡s❝r✐t♦s ❛ s❡❣✉✐r✳

❊♠ ✉♠ tr❛❜❛❧❤♦ ❛♥t❡r✐♦r ❬✹✵❪✱ ✉♠❛ ❛♥á❧✐s❡ ❝♦♠♣❛r❛t✐✈❛ ❡♥tr❡ ❞✐❢❡r❡♥t❡s té❝♥✐❝❛s ❞❡
✐♥t❡r♣♦❧❛çã♦ ❡ s❡✉ ✐♠♣❛❝t♦ ♥❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s é r❡❛❧✐③❛❞❛ ❛ ♣❛rt✐r
❞❡ ❞✐✈❡rs❛s ♠étr✐❝❛s q✉❛♥t✐t❛t✐✈❛s ❡ q✉❛❧✐t❛t✐✈❛s✳
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❘❛✐③ ❞♦ ❊rr♦ ▼é❞✐♦ ◗✉❛❞rát✐❝♦ ❆ r❛✐③ ❞♦ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ✭❘▼❙❊✱ ❞♦ ✐♥❣❧ês✱
❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r ✮ ❝♦rr❡s♣♦♥❞❡ à r❛✐③ ❞♦ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ❧❡✈❛♥❞♦✲s❡ ❡♠
❝♦♥t❛ ❝❛❞❛ ♣♦♥t♦ ❞❛s ✐♠❛❣❡♥s ❍❘ ✭✐♠❛❣❡♠ ❞❡ ❣r♦✉♥❞ tr✉t❤✮ ❡ ❙❘ ✭✐♠❛❣❡♠ r❡s✉❧t❛♥t❡ ❞♦
♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦✮✳ ❊ss❛ ♠❡❞✐❞❛ ✐♥❞✐❝❛ ♦ ❣r❛✉ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛s ✐♠❛❣❡♥s
❍❘ ❡ ❙❘✱ t❡♥❞♦ ✈❛❧♦r ✐❣✉❛❧ ❛ ③❡r♦ q✉❛♥❞♦ ❛s ❞✉❛s ✐♠❛❣❡♥s sã♦ ✐❞ê♥t✐❝❛s✳ ❆ ♠❡❞✐❞❛ é
❞❛❞❛ ♣♦r

❘▼❙❊ =

√

√

√

√

1

MN

M−1
∑

x=0

N−1
∑

y=0

[HR(x, y)− SR(x, y)]2 ✭✹✳✶✮

❡♠ q✉❡ M ❡ N sã♦ ❛s ❞✐♠❡♥sõ❡s ❞❛s ✐♠❛❣❡♥s✳

❮♥❞✐❝❡ ❞❡ ❙✐♠✐❧❛r✐❞❛❞❡ ❊str✉t✉r❛❧ ❖ í♥❞✐❝❡ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡str✉t✉r❛❧ ✭❙❙■▼✱ ❞♦
✐♥❣❧ês✱ ❙tr✉❝t✉r❛❧ ❙■▼✐❧❛r✐t② ✮ ❢♦✐ ♣r♦♣♦st♦ ❡♠ ❬✺✸❪✳ ❊st❡ í♥❞✐❝❡ t❛♠❜é♠ é ✉t✐❧✐③❛❞♦ ♣❛r❛
♠❡♥s✉r❛r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❞✉❛s ✐♠❛❣❡♥s✳ ❆ q✉❛❧✐❞❛❞❡ é ♠❡❞✐❞❛ ❝♦♠♣❛r❛♥❞♦✲s❡ ❛s
❝♦rr❡❧❛çõ❡s ❧♦❝❛✐s ❡♠ ❧✉♠✐♥â♥❝✐❛✱ ❝♦♥tr❛st❡ ❡ ❡str✉t✉r❛ ❡♥tr❡ ❛ ✐♠❛❣❡♠ ❞❡ r❡❢❡rê♥❝✐❛ ❡ ❛
✐♠❛❣❡♠ ❛ s❡r ❛✈❛❧✐❛❞❛ ❬✹✵❪✳ ❖ ❙❙■▼ é ❞❛❞♦ ♣♦r

❙❙■▼(x, y) =
(2µxµy + C1)(2σxy + C2)

(µ2
x + µ2

y + C1)(σ2
xσ

2
y + C2)

✭✹✳✷✮

❡♠ q✉❡ ❛s ❝♦♥st❛♥t❡s C1 ❡ C2 sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❡st❛❜✐❧✐③❛r ❛ ❡q✉❛çã♦ q✉❛♥❞♦ (µ2
x + µ2

y)

❡ (σ2
xσ

2
y) sã♦ ♣ró①✐♠♦s ❞❡ ③❡r♦✳ ❈♦♠♦ s✉❣❡r✐❞♦ ♣♦r ❬✺✸❪✱ ✉t✐❧✐③♦✉✲s❡ C1 = 0.01 ❡ C2 = 0.03✳
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◆♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡♠ ú♥✐❝❛ ✐♠❛❣❡♠✱ ❝✉❥♦s ♣❛ss♦s ❡①❡❝✉t❛❞♦s sã♦ ❞❡s❝r✐t♦s
♥♦ ❆❧❣♦r✐t♠♦ ✶✱ ❛❧❣✉♥s ♣❛râ♠❡tr♦s ❡ ❢✉♥çõ❡s ❞❡✈❡♠ s❡r ♣r❡✈✐❛♠❡♥t❡ ❞❡✜♥✐❞♦s✱ ❝♦♥❢♦r♠❡
❥á ♠❡♥❝✐♦♥❛❞♦✳ ◆♦ ♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦ r❡❛❧✐③❛❞♦✱ ✉t✐❧✐③❛✲s❡ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❞❡ ❢❛❝❡s
❡①❡♠♣❧✐✜❝❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✶✳

P❛r❛ ❛ r❡❛♠♦str❛❣❡♠ ❞❡ ❝❛❞❛ ✐♠❛❣❡♠✱ ❞♦✐s ♠ét♦❞♦s ❞✐st✐♥t♦s ❢♦r❛♠ ❡♠♣r❡❣❛❞♦s✳
❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛✉♠❡♥t❛r ❛ r❡s♦❧✉çã♦ ❞❛ ✐♠❛❣❡♠ ✭❧✐♥❤❛ ✶✱ ❞♦ ❆❧❣♦r✐t♠♦ ✶✮✱ ✉t✐❧✐③♦✉✲s❡
✐♥✐❝✐❛❧♠❡♥t❡ ♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ●PP ✭❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✷✳✺✳✶✮✱ ❝✉❥♦s ♣❛râ♠❡tr♦s
♥❡❝❡ssár✐♦s sã♦ ❛ ✐♠❛❣❡♠ ❛ s❡r r❡❛♠♦str❛❞❛ ✭teste✮ ❡ ♦ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✭zoom✮✳ ❖
r❡s✉❧t❛❞♦ ❞❡st❛ r❡❛♠♦str❛❣❡♠ é ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧ ❞❛ ✐♠❛❣❡♠ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦
r❡s✉❧t❛♥t❡ ❞♦ ♠ét♦❞♦✱ ❝♦♥❢♦r♠❡ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✺✳ ❖ ♦✉tr♦ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦ ♣❛r❛
r❡❛♠♦str❛❣❡♠ é ❛ ✐♥t❡r♣♦❧❛çã♦ ❜✐❧✐♥❡❛r ✭❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✷✳✺✳✶✮✱ ❝✉❥♦ ♦❜❥❡t✐✈♦✱ ♥❡st❡ ❝❛s♦✱
❝♦♥s✐st❡ ❡♠ r❡❞✉③✐r ❛ r❡s♦❧✉çã♦ ❞❛ ✐♠❛❣❡♠ ✭❧✐♥❤❛ ✹ ❞♦ ❆❧❣♦r✐t♠♦ ✶✮✳

❆ ♣❛rt✐r ❞❡st❡ ♣♦♥t♦✱ ✐♥✐❝✐❛✲s❡ ✉♠ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✳ ❆ ❧✐♥❤❛ ✸ ❞♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥✲
t❛❞♦ r❡❢❡r❡✲s❡ ❛ ✉♠❛ ❢✉♥çã♦ ❞❡ s✉❛✈✐③❛çã♦✱ ❝✉❥♦ ♦❜❥❡t✐✈♦ é r❡❞✉③✐r ♦s ❞❡t❛❧❤❡s ❞❛ ✐♠❛❣❡♠✳
❯♠ ✜❧tr♦ ♣❛ss❛✲❜❛✐①❛ ●❛✉s✐❛♥♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s✳
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✺✿ Pr♦❝❡ss♦ ❞❡ r❡❛♠♦str❛❣❡♠✳ ✭❛✮ ✐♠❛❣❡♠ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦❀ ✭❜✮ ✐♠❛❣❡♠ ❞❡
❛❧t❛ r❡s♦❧✉çã♦ ❝♦♠ ♦ ♠ét♦❞♦ ●PP✳

❉❡♣♦✐s ❞❡ s✉❛✈✐③❛❞❛ ❡ s✉❜❛♠♦str❛❞❛ ❛ ✐♠❛❣❡♠✱ ❣❡r❛✲s❡ ♦ r❡sí❞✉♦ ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦
✭resLR✮ ❛ ♣❛rt✐r ❞❛ s✉❜tr❛çã♦ ❡♥tr❡ ❛ ✐♠❛❣❡♠ ❞❡ t❡st❡ ❡ ❛ ✐♠❛❣❡♠ r❡s✉❧t❛♥t❡ ▲❘✳ ❖
♣r♦❝❡ss♦ é ✐♥t❡rr♦♠♣✐❞♦ ❝❛s♦ ♦ ✈❛❧♦r ❞❡ ❘▼❙❊ ❞♦ r❡sí❞✉♦ s❡❥❛ ♠❡♥♦r ❞♦ q✉❡ ♦ ❧✐♠✐❛r
♣r❡✈✐❛♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞♦✳ ❊st❡ ❧✐♠✐❛r ❜❛s❡✐❛✲s❡ ♥❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛s ✐♠❛❣❡♥s✱ ♥♦s
❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ ✉t✐❧✐③♦✉✲s❡ ✉♠ ❧✐♠✐❛r ✐❣✉❛❧ ❛ ✵✳✶✳ ❊st❡ ✈❛❧♦r ❢♦✐ ❛tr✐❜✉í❞♦ ❡♠♣✐r✐✲
❝❛♠❡♥t❡✱ s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦ ❛♣❡♥❛s ❝♦♠♦ ✉♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✳ ❉❛❞♦ q✉❡✱ q✉❛♥t♦ ♠❛✐♦r
❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❞✉❛s ✐♠❛❣❡♥s✱ ♠❡♥♦r é ♦ ❘▼❙❊✱ ♦ ✈❛❧♦r ❡s❝♦❧❤✐❞♦ ❢♦✐ ❜❛✐①♦✳

❈❛s♦ ❛ ❝♦♥❞✐çã♦ ♥ã♦ s❡❥❛ ❛t❡♥❞✐❞❛✱ ✐♥✐❝✐❛✲s❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❡①tr❛çã♦ ❞♦s ❞❡s❝r✐t♦r❡s ❞❡
❝❛r❛❝t❡ríst✐❝❛s ✭❢✉♥çã♦ ❞❛ ❧✐♥❤❛ ✾✮✳ ❊ss❡s ❞❡s❝r✐t♦r❡s s❡rã♦ ✉t✐❧✐③❛❞♦s ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦s
♣❡s♦s ❞❛ r❡❝♦♥str✉çã♦ ❞♦ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳ P❛r❛ ✜♥s ❞❡ ❛♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦✱
❢♦r❛♠ t❡st❛❞♦s ♦s ♠ét♦❞♦s ❍❖● ❡ ❍❙❈ ♣❛r❛ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❞❡s❝r✐t♦s ❝♦♠
♠❛✐s ❞❡t❛❧❤❡s ♥❛ ❙❡çã♦ ✷✳✷✳

❖ ❣rá✜❝♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✻ ❞❡♠♦♥str❛ q✉❡ ❛♠❜♦s ♦s ♠ét♦❞♦s ♣♦ss✉❡♠ ❞❡s❡♠✲
♣❡♥❤♦ ❡q✉✐✈❛❧❡♥t❡✳ ◆❛ ♠é❞✐❛✱ ♦ ❞❡s❝r✐t♦r ❍❙❈ ♣♦ss✉✐ ❘▼❙❊ ✐❣✉❛❧ ❛ ✾✳✽✷✼✺ ❡ ❍❖● ♣♦ss✉✐
❘▼❙❊ ✐❣✉❛❧ ❛ ✾✳✾✹✵✻✳ ❈♦♥❢♦r♠❡ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♥♦ ❣rá✜❝♦✱ ♦ ❍❙❈ ❛♣r❡s❡♥t❛ ❡rr♦ ♠❡♥♦r
❞♦ q✉❡ ♦ ♠ét♦❞♦ ❍❖● ❡♠ ❛❧❣✉♠❛s ❛♠♦str❛s✳ ❆ ♣❛rt✐r ❞❡st❛ ❛♥á❧✐s❡✱ ♦♣t♦✉✲s❡ ♣♦r ✉t✐❧✐③❛r
♦ ❞❡s❝r✐t♦r ❍❙❈ ♥♦s ❞❡♠❛✐s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳

❆♣ós ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ♦ ♣ró①✐♠♦ ♣❛ss♦ ✭❧✐♥❤❛ ✶✵✮ ❝♦♥s✐st❡ ❡♠ ❛♣r❡♥❞❡r
♦s ♣❡s♦s ❞♦s ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ❛ r❡❝♦♥str✉çã♦✳ ❖ ♠ét♦❞♦ ❞❡ ❛♣r❡♥❞✐③❛❞♦
✉t✐❧✐③❛❞♦ ❢♦✐ ♦ ▲▲❊✱ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✷✳✹✳ ◆❡st❡ ♠ét♦❞♦✱ ❛ ♣❛rt✐r ❞♦ ❝♦♥❥✉♥t♦ ❞❡
tr❡✐♥❛♠❡♥t♦✱ ❧♦❝❛❧✐③❛✲s❡ ♦s k✲✈✐③✐♥❤♦s ♠❛✐s ♣ró①✐♠♦s ❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡s❡❥❛❞♦
✭caract✮✳ ❯♠ ♣❡s♦ é ❛tr✐❜✉í❞♦ ❛ ❡ss❡s k✲✈✐③✐♥❤♦s✱ ❝✉❥❛ s♦♠❛ é ♣♦♥❞❡r❛❞❛ ❡ ♣♦ss✉✐ ✈❛❧♦r
t♦t❛❧ ✐❣✉❛❧ ❛ ✶✳

❖ ✈❛❧♦r ❞❡ k ❢♦✐ ❡♠♣✐r✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ❛ ♣❛rt✐r ❞❡ ❛❧❣✉♥s t❡st❡s✳ ❈♦♥❢♦r♠❡
♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✼✱ ♦ ♥ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s q✉❡ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✱ s❡❣✉♥❞♦
♦s ♣❛râ♠❡tr♦s ❞❡✜♥✐❞♦s ♥♦s t❡st❡s ❞❛ ❋✐❣✉r❛ ✹✳✽✱ ❢♦✐ ✐❣✉❛❧ ✺✳ ❈❛❞❛ k✲és✐♠♦ ✈✐③✐♥❤♦ ❞♦
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HOG

❋✐❣✉r❛ ✹✳✻✿ ❉❡s❝r✐t♦r❡s ❍❖● ❡ ❍❙❈✳

✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✐♥t❡r❡ss❡ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✳ ❆
❢✉♥çã♦ ❞❛ ❧✐♥❤❛ ✶✵ r❡t♦r♥❛ ♦s ✈✐③✐♥❤♦s ❧♦❝❛❧✐③❛❞♦s ✭viz✮ ❡ s❡✉s r❡s♣❡❝t✐✈♦s ♣❡s♦s✳ ❆ ♣❛rt✐r
❞❡ss❛s ✈❛r✐á✈❡✐s✱ r❡❝♦♥stró✐✲s❡ ♦ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ✭resHR✮✱ ❝♦♥❢♦r♠❡ ❧✐♥❤❛ ✶✶ ❞♦
❆❧❣♦r✐t♠♦ ✶✳

❆♣ós ❞❡t❡r♠✐♥❛❞♦ ♦ r❡sí❞✉♦ ❞❡ ❛❧t❛ r❡s♦❧✉çã♦✱ ♦ ♣ró①✐♠♦ ♣❛ss♦ é ❛❝r❡s❝❡♥t❛r ❡st❡
r❡sí❞✉♦ à ✐♠❛❣❡♠ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❡st✐♠❛❞❛✳ P❛r❛ t❛♥t♦✱ ❡st❡ r❡sí❞✉♦ ❞❡✈❡
s❡r s✉❛✈✐③❛❞♦ ♣♦r ✉♠❛ ✈❛r✐á✈❡❧ α✱ ❝✉❥♦ ✈❛❧♦r é ❡♠♣ír✐❝♦✱ ❛ss✐♠ ❝♦♠♦✱ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡
✐t❡r❛çõ❡s ✭maxIter✮ ❛ s❡r❡♠ r❡❛❧✐③❛❞❛s✳ P❛r❛ ❞❡t❡r♠✐♥❛r ❡st❡s ✈❛❧♦r❡s✱ ❢♦r❛♠ r❡❛❧✐③❛❞♦s
❛❧❣✉♥s t❡st❡s✱ ❝♦♥❢♦r♠❡ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✹✳✽

◆♦ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✹✳✽✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ♠ét♦❞♦ ♣♦ss✉✐ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦
♣❛r❛ ✈❛❧♦r❡s ♠❛✐s ❜❛✐①♦s ❞❡ α✳ ❆s ❝✉r✈❛s ❞♦ ❣rá✜❝♦ ♣❛r❛ α ✐❣✉❛❧ ❛ ✵✳✵✵✶ ❡ ✵✳✵✶ ♣r❛t✐✲
❝❛♠❡♥t❡ s❡ s♦❜r❡♣õ❡♠✳ P❛r❛ α ✐❣✉❛❧ ❛ ✵✳✵✵✶ ❡ ♣❛r❛ ❛s ✐t❡r❛çõ❡s ❢♦r♥❡❝✐❞❛s✱ ❛ ♠é❞✐❛ ❞♦
❡rr♦ é ✐❣✉❛❧ ❛ ✶✵✳✵✷ ❡✱ ♣❛r❛ α ✐❣✉❛❧ ❛ ✵✳✵✶✱ s✉❛ ♠é❞✐❛ é ✐❣✉❛❧ ❛ ✾✳✽✾✳ ❊♠❜♦r❛ ♦s ✈❛❧♦r❡s
s❡❥❛♠ ♠✉✐t♦ ♣ró①✐♠♦s✱ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♦ ✈❛❧♦r ❞❡ α ✐❣✉❛❧ ❛ ✵✳✵✶ ❡ ♦
♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ✭♠❛①■t❡r ✮ ✐❣✉❛❧ ❛ ✺✵✱ ♣♦♥t♦ q✉❡ ❛♣r❡s❡♥t♦✉ ♠❡♥♦r ❘▼❙❊
♣❛r❛ ♦ ✈❛❧♦r ❞❡ α ❢♦r♥❡❝✐❞♦✳

❱ár✐♦s ♠ét♦❞♦s ❞❛ ❧✐t❡r❛t✉r❛ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣❛r❛ ❛✈❛❧✐❛r
s✉❛ ❡✜❝á❝✐❛✳ ❉❡♥tr❡ ❡ss❡s ♠ét♦❞♦s✱ q✉❛tr♦ sã♦ ❞♦ t✐♣♦ r❡❛❧❝❡ ❞❡ ❞❡t❛❧❤❡s ✭✈✐③✐♥❤♦ ♠❛✐s
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❋✐❣✉r❛ ✹✳✼✿ ◆ú♠❡r♦ ❞❡ ✈✐③✐♥❤♦s✳

♣ró①✐♠♦✱ ❜✐❧✐♥❡❛r✱ ❜✐❝ú❜✐❝❛ ❡ ●PP✮✱ ✉♠ é ❞♦ t✐♣♦ r❡❝♦♥str✉çã♦ ✭P❖❈❙✮ ❡ ♦ ♦✉tr♦ ❜❛s❡❛❞♦
❡♠ ❛♣r❡♥❞✐③❛❞♦ ✭P❖❈❙ ✰ ❘❡sí❞✉♦ ✰ ▲▲❊✮✱ s❡♥❞♦ t♦❞♦s ❞❡s❝r✐t♦s ♥❛ ❙❡çã♦ ✷✳✺✳ ❖ ♠ét♦❞♦
♣r♦♣♦st♦ ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♠❜✐♥❛ ❛ ❛❜♦r❞❛❣❡♠ ●PP ❝♦♠ ❛♣r❡♥❞✐③❛❞♦ ▲▲❊ ✉t✐❧✐③❛♥❞♦
❞❡s❝r✐t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❍❙❈✳

❆ ❛✈❛❧✐❛çã♦ ❢♦✐ r❡❛❧✐③❛❞❛ ♣♦r ♠❡✐♦ ❞❛s ♠❡❞✐❞❛s ❡st❛tíst✐❝❛s ❘▼❙❊ ❡ ❙❙■▼✱ ❛♣r❡s❡♥✲
t❛❞❛s ♥❛ ❙❡çã♦ ✹✳✸✳ ❆s ✐♠❛❣❡♥s r❡s✉❧t❛♥t❡s ❢♦r❛♠ ❝♦♠♣❛r❛❞❛s ❝♦♠ ❛s ✐♠❛❣❡♥s ♦r✐❣✐♥❛✐s
✭❣r♦✉♥❞ tr✉t❤✮✳ ❆ ♠é❞✐❛ ❞♦s r❡s✉❧t❛❞♦s ♣♦❞❡ s❡r ♦❜s❡r✈❛❞❛ ♥❛ ❚❛❜❡❧❛ ✹✳✶✳

❈♦♥❢♦r♠❡ ❞❡st❛❝❛❞♦ ❡♠ ♥❡❣r✐t♦ ♥❛ ❚❛❜❡❧❛ ✹✳✶✱ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦ss✉✐✱ ♥❛ ♠é❞✐❛✱
♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s t❛♥t♦ ❡♠ r❡❧❛çã♦ ❛♦ ❘▼❙❊ q✉❛♥t♦ ♣❛r❛ ♦ ❙❙■▼✳ P❛r❛ ✉♠❛ ❛♥á❧✐s❡
♠❛✐s ❞❡t❛❧❤❛❞❛✱ ❛ ❚❛❜❡❧❛ ✹✳✷ ❛♣r❡s❡♥t❛ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛❧❣✉♠❛s ❛♠♦str❛s ✐s♦❧❛❞❛s✳
❊ss❛s ❛♠♦str❛s ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞❛s ♥❛ ❋✐❣✉r❛ ✹✳✾✳ ❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ❛♣r❡s❡♥t♦✉✱ ♥❛s
❛♠♦str❛s ✶✱ ✷ ❡ ✸✱ ❡rr♦s s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♠❡♥♦r❡s ❞♦ q✉❡ ♦s ♦✉tr♦s ♠ét♦❞♦s ❝♦♠♣❛r❛❞♦s✳
◆♦ ❡♥t❛♥t♦✱ ♥❛ ❛♠♦str❛ ✹✱ ♦ ❡rr♦ ❢♦✐ ♠❛✐♦r ❞♦ q✉❡ ♦ ♣ró♣r✐♦ ♠ét♦❞♦ ●PP ❛♣❧✐❝❛❞♦
✐s♦❧❛❞❛♠❡♥t❡✳ ■ss♦ ♣r♦✈❛✈❡❧♠❡♥t❡ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡✱ ❝♦♠♦ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ é
✉♠ ♠ét♦❞♦ ✐t❡r❛t✐✈♦✱ ♥♦ q✉❛❧ ❛s ✐♥❢♦r♠❛çõ❡s sã♦ ❛❞✐❝✐♦♥❛❞❛s ♦✉ r❡♠♦✈✐❞❛s ❡♠ ❝❛❞❛
✐t❡r❛çã♦ ❛ ♣❛rt✐r ❞❛ ❜❛s❡ ❞❡ tr❡✐♥❛♠❡♥t♦✱ ♣❛r❛ ❡st❛ ❛♠♦str❛ ❛ ❜❛s❡ ❞❡ tr❡✐♥❛♠❡♥t♦ ♣♦❞❡
t❡r ♣r♦♣✐❝✐❛❞♦ ❛ ❛❞✐çã♦ ❞❡ r✉í❞♦s q✉❡ ♥ã♦ ❡①✐st✐❛♠ ❛♣❡♥❛s ❝♦♠ ♦ ♠ét♦❞♦ ●PP✳

❖s ♣❛râ♠❡tr♦s ✐❞❡♥t✐✜❝❛❞♦s ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠✱ ❛ ♣❛rt✐r ❞♦s t❡st❡s
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Número de iterações

 

 

alfa = 0.001

alfa = 0.01

alfa = 0.1

alfa = 0.5

alfa = 0.8

alfa = 1

❋✐❣✉r❛ ✹✳✽✿ ◆ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s × ✈❛❧♦r ❞❛ ✈❛r✐á✈❡❧ α✳

✷✵ ❆♠♦str❛s
▼ét♦❞♦ ✷× ✹×

❘▼❙❊ ❙❙■▼ ❘▼❙❊ ❙❙■▼
❱✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦ ❬✸✻❪ ✶✶✳✹✾✹✷ ✵✳✾✹✵✾ ✶✼✳✶✾✽✶ ✵✳✽✺✽✷
❇✐❧✐♥❡❛r ❬✸✻❪ ✶✶✳✸✽✽✶ ✵✳✾✸✾✺ ✶✻✳✻✽✸✷ ✵✳✽✺✼✾
❇✐❝ú❜✐❝❛ ❬✸✻❪ ✶✵✳✷✹✾✷ ✵✳✾✺✷✷ ✶✺✳✺✺✽✼ ✵✳✽✽✵✾
■❇P ❬✷✵❪ ✶✶✳✻✵✸✼ ✵✳✾✹✷✵ ✷✵✳✵✹✵✼ ✵✳✽✷✸✻
●PP ❬✹✻❪ ✶✵✳✵✸✽✸ ✵✳✾✺✺✵ ✶✺✳✸✹✻✹ ✵✳✽✽✻✸
P❖❈❙ ❬✹✺❪ ✶✵✳✽✺✾✼ ✵✳✾✺✵✾ ✶✻✳✻✽✶✽ ✵✳✽✺✼✾
P❖❈❙ ✰ ❘❡sí❞✉♦ ✰ ▲▲❊ ❬✺✷❪ ✶✵✳✽✹✸✽ ✵✳✾✺✵✽ ✶✻✳✻✽✽✹ ✵✳✽✺✼✸
▼ét♦❞♦ ♣r♦♣♦st♦ ✾✳✽✷✼✻ ✵✳✾✺✻✾ ✶✺✳✷✶✷✺ ✵✳✽✽✽✼

❚❛❜❡❧❛ ✹✳✶✿ ▼é❞✐❛ ❞♦ r❡s✉❧t❛❞♦s ❞❛ ❛✈❛❧✐❛çã♦ ❡♥tr❡ ✷✵ ❛♠♦str❛s ♦❜t✐❞❛s ❝♦♠ ♦s ♠ét♦❞♦s
❞❡ s✉♣❡r✲r❡s♦❧✉çã♦✳

r❡❛❧✐③❛❞♦s ❝♦♠ ❛s ✐♠❛❣❡♥s ❞❡ ❢❛❝❡s✱ ❢♦r❛♠ ♦s ♠❡s♠♦s ✉t✐❧✐③❛❞♦s ♥♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦✱
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❝♦♠♦ r❡❧❛t❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❛♥t❡r✐♦r❡s ✉t✐❧✐③❛♥❞♦ ✐♠❛❣❡♥s ❞❡ ❢❛❝❡s✱ ❛♣r❡s❡♥t❛♠✱ ♥❛
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t❡st❛❞♦s✳

❆ ♣❛rt✐r ❞❛ ❚❛❜❡❧❛ ✹✳✹✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦✱ ❝♦♠♣❛✲
r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞♦ ❘▼❙❊ ❞❛s ✺ ❛♠♦str❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦s t❡st❡s ♥♦s ❡①♣❡r✐♠❡♥t♦s
r❡❛❧✐③❛❞♦s✳ ◗✉❛♥❞♦ ❛♥❛❧✐s❛❞♦ ✐s♦❧❛❞❛♠❡♥t❡✱ ♥♦t❛✲s❡ ✉♠ ❣❛♥❤♦ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠é✲
t♦❞♦ ♣r♦♣♦st♦ ♥❛s ❛♠♦str❛s ✷✱ ✸ ❡ ✹✳ ◆❛ ❛♠♦str❛ ✶✱ ❡♠❜♦r❛ ♦ ❘▼❙❊ ♣♦ss✉❛ ♣♦✉❝❛
✈❛r✐❛çã♦ ❡♥tr❡ ♦s ♠ét♦❞♦s✱ ♦ ♠❡❧❤♦r r❡s✉❧t❛❞♦ ❡♥❝♦♥tr❛✲s❡ ♥♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦
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♠❡❧❤♦r r❡s✉❧t❛❞♦ ❡♥❝♦♥tr❛✲s❡ ♥♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ●PP✳

❆ ❋✐❣✉r❛ ✹✳✶✵ ✐❧✉str❛ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛♣ós r❡❛❧✐③❛❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s ✉t✐❧✐③❛♥❞♦
❛s ❛♠♦str❛s ❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✹✳✹✳

❆ ❛♥á❧✐s❡ q✉❛♥t✐t❛t✐✈❛ ❞❡♠♦♥str❛ q✉❡✱ ❡♠ ❣❡r❛❧✱ ♦s ♠ét♦❞♦s ❝♦♠ r❡sí❞✉♦s ✉t✐❧✐③❛♥❞♦
❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧ ❝♦♠ ♠ét♦❞♦ ●PP ❛♣r❡s❡♥t❛♠ ♠❡❧❤♦r ❡✜❝á❝✐❛✱ ❞❡st❛❝❛♥❞♦✲s❡ ♦ ♠é✲
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❡ ❞❛ ❜♦❝❛✳ ■ss♦ ✐♥❞✐❝❛ q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❞❡s❝r✐t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♣r♦✈ê ♠❡❧❤♦r❡s
❝❛♥❞✐❞❛t♦s ❡ ♦ ▲▲❊ é ❝❛♣❛③ ❞❡ ❡st✐♠❛r ✉♠❛ r❡❝♦♥str✉çã♦ ♠❛✐s ❛❝✉r❛❞❛✳

✹✳✺ ❊①♣❡r✐♠❡♥t♦s ♣❛r❛ ▼ú❧t✐♣❧❛s ■♠❛❣❡♥s

❆ss✐♠ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♥♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❝♦♠ ♠ú❧t✐♣❧❛s
✐♠❛❣❡♥s t❛♠❜é♠ é ♥❡❝❡ssár✐❛ ❛ ❡st✐♠❛çã♦ ❞❡ ❛❧❣✉♥s ♣❛râ♠❡tr♦s ❡ ❢✉♥çõ❡s ❞♦ ❆❧❣♦r✐t♠♦ ✷✳
❊♠❜♦r❛ ❛ ♠❛✐♦r✐❛ ❞❡❧❡s t❡♥❤❛ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ❞♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡
ú♥✐❝❛ ✐♠❛❣❡♠✱ ❛❧❣✉♥s ♣r❡❝✐s❛♠ s❡r r❡❛❥✉st❛❞♦s ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡✜❝á❝✐❛ ❞♦ ♠ét♦❞♦✳

❈♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✸✳✷✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♥s✐st❡ ♥❛ ❢✉sã♦ ❞❛s
✐♠❛❣❡♥s ❞❛ s❡q✉ê♥❝✐❛✳ ❊ss❛s ✐♠❛❣❡♥s✱ ❛♥t❡s ❞❡ s❡r❡♠ ❢✉♥❞✐❞❛s✱ sã♦ r❡❛♠♦str❛❞❛s t❛♠❜é♠
❝♦♠ ♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ●PP✳ ❆ r❡❛♠♦str❛❣❡♠ é r❡❛❧✐③❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛
r❡s♦❧✉çã♦ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✱ q✉❡ ❢♦✐ ❣❡r❛❞♦ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥❛
❙❡çã♦ ✸✳✷✳

◆♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦✱ ❛s ✐♠❛❣❡♥s sã♦ ❝♦♥❝❛t❡♥❛❞❛s ❞✉❛s ❛ ❞✉❛s✱ s❡♥❞♦ ✉♠❛ ❞❡❧❛s
❛ ✐♠❛❣❡♠ ❞❡ r❡❢❡rê♥❝✐❛✳ ❈♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✻✭❜✮✱ ❛ ✐♠❛❣❡♠ ❞❡ r❡❢❡rê♥❝✐❛
❝♦rr❡s♣♦♥❞❡ à ♣r✐♠❡✐r❛ ✐♠❛❣❡♠ ❞❛ s❡q✉ê♥❝✐❛✳ P❛r❛ r❡❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦ ✭❧✐♥❤❛s
✷ ❡ ✶✷ ❞♦ ❆❧❣♦r✐t♠♦ ✷✮✱ ♦ ♠ét♦❞♦ ❙■❋❚ ❢♦✐ ❛♣❧✐❝❛❞♦ ♣❛r❛ ❡①tr❛✐r ❝❛r❛❝t❡ríst✐❝❛s ❝♦rr❡s✲
♣♦♥❞❡♥t❡s ❡♥tr❡ ♣❛r❡s ❞❡ ✐♠❛❣❡♥s ✭❋✐❣✉r❛ ✹✳✶✶✮✳ ❆ ♣❛rt✐r ❞❡ss❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡
❝❛r❛❝t❡ríst✐❝❛s✱ ❝❛❧❝✉❧❛✲s❡ ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❛✜♠ ♣❛r❛ ❡♥tã♦ ❣❡r❛r ❛ ✐♠❛❣❡♠ ❢✉♥❞✐❞❛ ❛
♣❛rt✐r ❞❛ ♠é❞✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♥❛s ✐♠❛❣❡♥s✳ ❆ tr❛♥s❢♦r♠❛❞❛ ❛✜♠ ✈✐s❛
❛❧✐♥❤❛r ♦ ♣❛r ❞❡ ✐♠❛❣❡♥s ❡♠ q✉❡stã♦✳

◆♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦✱ ♦s ♣r♦❝❡ss♦s ❞❡ s✉❛✈✐③❛çã♦ ✭❧✐♥❤❛ ✼✮ ❡ s✉❜❛♠♦str❛❣❡♠ ✭❧✐♥❤❛
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❖r✐❣✐♥❛❧

❱✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦

❇✐❧✐♥❡❛r

❇✐❝ú❜✐❝❛

■❇P

●PP

P❖❈❙

P❖❈❙✰❘❡sí❞✉♦✰▲▲❊

▼ét♦❞♦ ♣r♦♣♦st♦

❋✐❣✉r❛ ✹✳✶✵✿ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s té❝♥✐❝❛s ❛✈❛❧✐❛❞❛s ❝♦♠ ❢❛t♦r ❞❡ ❛♠✲
♣❧✐❛çã♦ ✐❣✉❛❧ ❛ ✷✳
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❋✐❣✉r❛ ✹✳✶✶✿ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ✐♠❛❣❡♥s ♣❛r❛ r❡❛❧✐③❛çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦✳

✽✮ sã♦ ♦s ♠❡s♠♦s ❞❡s❝r✐t♦s ♥♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠✳ ◆❛ ❧✐♥❤❛ ✾
❞♦ ❛❧❣♦r✐t♠♦✱ ❞❡✈❡✲s❡ r❡ss❛❧t❛r ❛ r❡❢❡rê♥❝✐❛ ❢❡✐t❛ ❛♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦
❞❡ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✸✳✷✳ ❊♥tr❡t❛♥t♦✱ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ♥ã♦
é ❛ ♠❡s♠❛ ❛❞♦t❛❞❛s ♥♦s ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ t❛❧ q✉❡ ❛❧❣✉♥s ♣❛râ♠❡tr♦s
♥❡❝❡ss✐t❛♠ s❡r r❡❛❥✉st❛❞♦s✳

❱✐s❛♥❞♦ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✱ t❡st❡s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❝♦♠ ❞✐❢❡r❡♥t❡s ❝♦♥✜❣✉r❛çõ❡s
✭❝♦♥❢♦r♠❡ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✹✳✶✷✮✱ ❡♠ q✉❡ sã♦ ✈❛r✐❛❞♦s ♦s ✈❛❧♦r❡s ❞❡ α ❡ ♦ ♥ú♠❡r♦ ❞❡
✐t❡r❛çõ❡s✳ ❆♥❛❧✐s❛♥❞♦ ♦ ❣rá✜❝♦ ❛♣r❡s❡♥t❛❞♦✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ♠ét♦❞♦ ♣♦ss✉✐ ♠❡❧❤♦r
❡✜❝á❝✐❛ ♣❛r❛ α ✭♣❛râ♠❡tr♦ ❞❡ s✉❛✈✐③❛çã♦✮ ❜❛✐①♦✱ ❝♦♠♦ ✵✳✵✵✶✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♣❛r❛♥❞♦ ♦
♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❞♦ ♠ét♦❞♦✱ ♥♦t❛✲s❡ q✉❡ ♦ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ é ❛❧❝❛♥ç❛❞♦ ♥♦ t❡st❡
❝♦♠ ✶✺✵ ✐t❡r❛çõ❡s✳

❈♦♠ ❜❛s❡ ♥❛ ❝♦♥✜❣✉r❛çã♦ ❡st✐♠❛❞❛ ✭α = 0.001 ❡ ✶✺✵ ✐t❡r❛çõ❡s✮✱ ♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲
r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ❢♦✐ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦✉tr♦s ❞♦✐s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦
♣❛r❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s ✭■❇P ❡ P❖❈❙✮ ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ ❡ ❛♣r❡s❡♥t❛❞♦s ❝♦♠ ♠❛✐s
❞❡t❛❧❤❡s ♥♦ ❈❛♣ít✉❧♦ ✷✳

❆s ❚❛❜❡❧❛s ✹✳✺ ❡ ✹✳✻ ❛♣r❡s❡♥t❛♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲
r❡s♦❧✉çã♦ ♣❛r❛ ❢❛t♦r❡s ❞❡ ❛♠♣❧✐❛çã♦ ✐❣✉❛✐s ❛ ✷ ❡ ✹✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st❡s ✈❛❧♦r❡s ❢♦r❛♠
❛❧❝❛♥ç❛❞♦s ❝♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞♦s ♠ét♦❞♦s ❝♦♠ ❛ ✐♠❛❣❡♠ ❞❡ r❡❢❡rê♥❝✐❛ ❞♦ ❣r♦✉♥❞

tr✉t❤ ✭♣r✐♠❡✐r❛ ✐♠❛❣❡♠ ❞❛ s❡q✉ê♥❝✐❛ ❢♦r♥❡❝✐❞❛✮✳
❆ ❛♥á❧✐s❡ q✉❛♥t✐t❛t✐✈❛ ❡ q✉❛❧✐t❛t✐✈❛ ❞♦s r❡s✉❧t❛❞♦s ❞❡♠♦♥str❛ ❛ ❡✜❝á❝✐❛ ❞♦ ♠ét♦❞♦

♣r♦♣♦st♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♣❡❧♦s ✈❛❧♦r❡s ❞❡st❛❝❛❞♦s ❡♠ ♥❡❣r✐t♦ ♥❛s t❛❜❡❧❛s✳ ❊♠ ❣❡r❛❧✱
♣❛r❛ r❡❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ♥ã♦ s❡ ✉t✐❧✐③❛ s❡q✉ê♥❝✐❛s ❞❡ ✐♠❛❣❡♥s ❧♦♥❣❛s✱
♣♦✐s q✉❛♥t♦ ♠❛✐♦r ♦ ♥ú♠❡r♦ ❞❡ q✉❛❞r♦s ❞❛ s❡q✉ê♥❝✐❛✱ ♠❛✐♦r s❡rá ❛ q✉❛♥t✐❞❛❞❡ ❞❡ r✉í❞♦
❛❝r❡s❝❡♥t❛❞❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦✳ ◆♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ s✉❜s❡q✉ê♥❝✐❛s ❞♦ ✈í❞❡♦
❝♦♠ ✻ ❡ ❝♦♠ ✶✷ q✉❛❞r♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s✱ t❛✐s ❝♦♠♦ ♦s ❡①❡♠♣❧♦s ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✸✳

❆❧é♠ ❞❛ ❛✈❛❧✐❛çã♦ ❡❢❡t✉❛❞❛ ♣❡❧❛ q✉❛♥t✐❞❛❞❡ ❞❡ q✉❛❞r♦s ❞❛ s❡q✉ê♥❝✐❛✱ ♦ ♠ét♦❞♦ ♣r♦✲
♣♦st♦ t❛♠❜é♠ ❢♦✐ ❛✈❛❧✐❛❞♦ s❡❣✉♥❞♦ ♦ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✷ ❡ ✹✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦



✹✳✺✳ ❊①♣❡r✐♠❡♥t♦s ♣❛r❛ ▼ú❧t✐♣❧❛s ■♠❛❣❡♥s ✹✵

0 20 40 60 80 100 120 140 160 180
0

20

40

60

80

100

120

140

R
M

S
E

Número de iterações

 

 
alfa = 0.001

alfa = 0.01

alfa = 0.1
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❋✐❣✉r❛ ✹✳✶✷✿ ❊st✐♠❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡♠ ❢✉♥çã♦ ❞♦ ❘▼❙❊✳ P❛râ♠❡tr♦s α ❡
♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳

❋❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✷①
▼ét♦❞♦ ✻ ◗✉❛❞r♦s ✶✷ ◗✉❛❞r♦s
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❚❛❜❡❧❛ ✹✳✺✿ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱
❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✐❣✉❛❧ ❛ ✷✳

❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❢♦✐ s✉♣❡r✐♦r ❛♦s ♦✉tr♦s ❞♦✐s ♠ét♦❞♦s ❞❛ ❧✐t❡r❛t✉r❛✳
❯♠❛ ❛♥á❧✐s❡ ✈✐s✉❛❧ ❞♦s r❡s✉❧t❛❞♦s ❞♦s ♠ét♦❞♦s t❡st❛❞♦s ♣♦❞❡ s❡r ❢❡✐t❛ ❛ ♣❛rt✐r ❞❛ ❋✐✲

❣✉r❛ ✹✳✶✸✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r ♥✐t✐❞❡③ ♥♦s ❞❡t❛❧❤❡s✱
❝♦♠♣❛r❛❞♦ ❛♦s ❞❡♠❛✐s✳

❖s ♣❛râ♠❡tr♦s ❡st✐♠❛❞♦s ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s ♥♦ ♣r✐♠❡✐r♦ ❡①✲
♣❡r✐♠❡♥t♦ ❢♦r❛♠ ♦s ♠❡s♠♦s ✉t✐❧✐③❛❞♦s ♥♦ s❡❣✉♥❞♦✳ ❖s r❡s✉❧t❛❞♦s ❞❡st❛❝❛❞♦s ❡♠ ♥❡❣r✐t♦
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❋❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✹①
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❚❛❜❡❧❛ ✹✳✻✿ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱
❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✐❣✉❛❧ ❛ ✹✳

❖r✐❣✐♥❛❧
✻ ◗✉❛❞r♦s ✶✷ ◗✉❛❞r♦s ✻ ◗✉❛❞r♦s ✶✷ ◗✉❛❞r♦s

✭✷×✮ ✭✷×✮ ✭✹×✮ ✭✹×✮

■❇P

P❖❈❙

▼ét♦❞♦ ♣r♦♣♦st♦

❋✐❣✉r❛ ✹✳✶✸✿ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✷ ❡ ✹ ❡ ♣❛r❛ s❡q✉ê♥❝✐❛s ❝♦♠ ✻ ❡
✶✷ q✉❛❞r♦s✳

♥❛ ❚❛❜❡❧❛ ✹✳✼✱ ❛ss✐♠ ❝♦♠♦ r❡❧❛t❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❛♥t❡r✐♦r❡s ✉t✐❧✐③❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❞❡
✈í❞❡♦ ❞❡ tá①✐✱ ❛♣r❡s❡♥t❛♠ ♠❡❧❤♦r ❡✜❝á❝✐❛ ❡♠ t❡r♠♦s ❞❡ ❘▼❙❊ ❡ ❙❙■▼✱ ❝♦♠♣❛r❛❞♦s ❝♦♠
♦✉tr♦s ♠ét♦❞♦s ❞❛ ❧✐t❡r❛t✉r❛✳

❆ ❚❛❜❡❧❛ ✹✳✼ ❛♣r❡s❡♥t❛ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡ ✉♠❛ ✐♠❛❣❡♠ ❞❡ ❛❧t❛
r❡s♦❧✉çã♦ ❛ ♣❛rt✐r ❞❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ✺ q✉❛❞r♦s ❞♦ ✈í❞❡♦ ♦r✐❣✐♥❛❧✱ ❛q✉❡❧❡s ♠❡s♠♦s ✐❧✉s✲
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tr❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✹✳ ❊st❡s ✈❛❧♦r❡s ❢♦r❛♠ ❛❧❝❛♥ç❛❞♦s ❝♦♠♣❛r❛♥❞♦✲s❡ ♦s r❡s✉❧t❛❞♦s ❞♦s
♠ét♦❞♦s t❡st❛❞♦s ❝♦♠ ❛ ✐♠❛❣❡♠ ❞❡ r❡❢❡rê♥❝✐❛ ✭❣r♦✉♥❞ tr✉t❤✮✱ ♦✉ s❡❥❛✱ ❛ ♣r✐♠❡✐r❛ ✐♠❛❣❡♠
❞❛ s❡q✉ê♥❝✐❛ ❢♦r♥❡❝✐❞❛ ✭❋✐❣✉r❛ ✹✳✶✹✲✭❛✮✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✐❣✉❛❧ ❛ q✉❛tr♦✳

❋❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✹①
▼ét♦❞♦ ✺ ◗✉❛❞r♦s
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❚❛❜❡❧❛ ✹✳✼✿ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱
❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦ ✐❣✉❛❧ ❛ ✹✳

❙✐♠✐❧❛r♠❡♥t❡ ❛♦ ❡①♣❡r✐♠❡♥t♦ ❛♥t❡r✐♦r✱ ✉♠❛ ❛♥á❧✐s❡ ✈✐s✉❛❧ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧♦s
♠ét♦❞♦s t❡st❛❞♦s ♣♦❞❡ s❡r ❢❡✐t❛ ❛ ♣❛rt✐r ❞❛ ❋✐❣✉r❛ ✹✳✶✹✱ ❡♠ q✉❡ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦
❛♣r❡s❡♥t❛ ♠❡❧❤♦r ♥✐t✐❞❡③ ♥♦s ❞❡t❛❧❤❡s✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦s ❞❡♠❛✐s✳

✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

❋✐❣✉r❛ ✹✳✶✹✿ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s té❝♥✐❝❛s ❛✈❛❧✐❛❞❛s ❝♦♠ ❢❛t♦r ❞❡ ❛♠♣❧✐❛çã♦
❞❡ 4×✳ ✭❛✮ ✐♠❛❣❡♠ ♦r✐❣✐♥❛❧❀ ✭❜✮ ■❇P❀ ✭❝✮ P❖❈❙❀ ✭❞✮ ♠ét♦❞♦ ♣r♦♣♦st♦✳

✹✳✻ ❉✐s❝✉ssã♦

❊st❛ s❡çã♦ ❛♣r❡s❡♥t❛ ✉♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ❛ ♣❛rt✐r
❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ✐♠❛❣❡♥s✳

❆ ❝♦♥✜❣✉r❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♥♦ ♠ét♦❞♦ ✐♥✢✉❡♥❝✐❛ s✉❛ ❛❝✉rá❝✐❛✱ t❛❧ q✉❡ ♦s
♣❛râ♠❡tr♦s ❞❡✈❡♠ s❡r ❝r✐t❡r✐♦s❛♠❡♥t❡ ❡st✐♠❛❞♦s✳ ◆♦s ❣rá✜❝♦s ♠♦str❛❞♦s ♥❛s ❋✐❣✉r❛s ✹✳✽
❡ ✹✳✶✷✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ❛ t❡♥❞ê♥❝✐❛ ♥♦ ❛✉♠❡♥t♦ ❞♦ ✈❛❧♦r ❞❡ ❘▼❙❊ à ♠❡❞✐❞❛ q✉❡ ✈❛❧♦r ❞❡
α ❛✉♠❡♥t❛✳ ❊st❡ ♣❛râ♠❡tr♦ ❛❢❡t❛ ❞✐r❡t❛♠❡♥t❡ ❛ q✉❛❧✐❞❛❞❡ ❞❛s ✐♠❛❣❡♥s ♣r♦❞✉③✐❞❛s✱ ✉♠❛
✈❡③ q✉❡✱ q✉❛♥t♦ ♠❛✐♦r ♦ s❡✉ ✈❛❧♦r✱ ♠❛✐s ✐♥❢♦r♠❛çõ❡s r✉✐❞♦s❛s sã♦ ✐♥s❡r✐❞❛s ♥♦s r❡s✉❧t❛❞♦s✳
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❆s ❝♦♥✜❣✉r❛çõ❡s ❞♦s ♣❛râ♠❡tr♦s s✉❣❡r✐❞❛s ♥❛s ❙❡çõ❡s ✹✳✹ ❡ ✹✳✺ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡
✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ r❡s✉❧t❛r❛♠ ❡♠ ❛❝✉rá❝✐❛ s✉♣❡r✐♦r
❛♦s ♦✉tr♦s ♠ét♦❞♦s ❝♦♠♣❛r❛❞♦s✳

P❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠✱ ♦ ❞❡s❡♠♣❡♥❤♦ ♠é❞✐♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦
é ♣ró①✐♠♦ ❛♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ●PP ❬✹✻❪ ❛♣❧✐❝❛❞♦ ✐s♦❧❛❞❛♠❡♥t❡✳ ❊♥tr❡t❛♥t♦✱
❝♦♥❢♦r♠❡ ❚❛❜❡❧❛s ✹✳✷ ❡ ✹✳✸✱ ♦❜s❡r✈♦✉✲s❡ q✉❡ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♦❜t❡✈❡ ♠❡❧❤♦r ❡✜❝á❝✐❛
q✉❡ ♦s ❞❡♠❛✐s ❝♦♠♣❛r❛❞♦s ♥❛ ♠❛✐♦r✐❛ ❞❛s ❛♠♦str❛s ❛♥❛❧✐s❛❞❛s✳

❯♠❛ ❞❡s✈❛♥t❛❣❡♠ ❞♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠ é ♦ ✉s♦ ❞❡ ✉♠ ❝♦♥✲
❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❞✉r❛♥t❡ ❛ ❢❛s❡ ❞❡ ❛♣r❡♥❞✐③❛❞♦✳ P❛r❛ ❣❛r❛♥t✐r ✉♠ ❜♦♠ ❞❡s❡♠♣❡♥❤♦✱
❛s ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ❞❡✈❡r✐❛♠ s❡r r❡❧❛t✐✈❛♠❡♥t❡ ❤♦♠♦❣ê♥❡❛s ✭s✐♠✐❧❛r❡s✮ ❡♥tr❡ s✐✳
◆♦ ❡♥t❛♥t♦✱ ❡ss❛ ❞❡s✈❛♥t❛❣❡♠ ♥ã♦ ♦❝♦rr❡ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s
✐♠❛❣❡♥s✱ ✈✐st♦ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ é ❣❡r❛❞♦ ❛ ♣❛rt✐r ❞❛ ♣ró♣r✐❛ s❡q✉ê♥❝✐❛✳
◆❡st❛ ❛❜♦r❞❛❣❡♠✱ ❛ ❞✐❢❡r❡♥ç❛ ♥♦s r❡s✉❧t❛❞♦s ❡♥tr❡ ♦s ♠ét♦❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛
❡ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ é s✐❣♥✐✜❝❛t✐✈❛ ✭❚❛❜❡❧❛s ✹✳✺ ❡ ✹✳✻✮✳



❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s ❡ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s

❉❡✈✐❞♦ à ❞❡♠❛♥❞❛ ♣♦r ✐♠❛❣❡♥s ❞❡ ❛❧t❛ r❡s♦❧✉çã♦ ❡♠ ❞✐✈❡rs♦s ❞♦♠í♥✐♦s ❞❡ ❝♦♥❤❡❝✐✲
♠❡♥t♦ ❡ ❛✐♥❞❛ ❛♦ ❝✉st♦ ❡❧❡✈❛❞♦ ❞♦s s❡♥s♦r❡s ❞❡ ❛❧t❛ ♣r❡❝✐sã♦ ❡ às ❧✐♠✐t❛çõ❡s ❡①✐st❡♥t❡s
♣❛r❛ r❡❞✉çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦s ♣✐①❡❧s ❞❛s ✐♠❛❣❡♥s ❡♥❝♦♥tr❛❞❛s ♥♦ ♣ró♣r✐♦ s❡♥s♦r✱ té❝♥✐✲
❝❛s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❛♣r❡s❡♥t❛♠ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ ✐♠❛❣❡♥s ❞❡ ❛❧t❛
r❡s♦❧✉çã♦✳

❊st❡ tr❛❜❛❧❤♦ ♣r♦♣ôs ❞♦✐s ♠ét♦❞♦s ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❜❛s❡❛❞♦s ❡♠ ❛♣r❡♥❞✐③❛❞♦✱ ✉♠
♣❛r❛ ú♥✐❝❛ ✐♠❛❣❡♠ ❡ ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ♠❡s♠♦ ♣❛r❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s✳ ◆♦ ♠ét♦❞♦
♣r♦♣♦st♦ ♣❛r❛ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠✱ ❝♦♥s✐❞❡r❛✲s❡ ✉♠❛ ❜❛s❡ ❞❡ tr❡✐♥❛♠❡♥t♦
❝♦♥t❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s ❞❡ ✐♠❛❣❡♥s ❞❡ ❛❧t❛ ❡ ❜❛✐①❛ r❡s♦❧✉çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s✳
❈♦♠♦ ♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠ ❛❝r❡s❝❡♥t❛r ✐♥❢♦r♠❛çõ❡s ♥❛ ✐♠❛❣❡♠ r❡s✉❧t❛♥t❡ ♣♦r ♠❡✐♦ ❞❡
❝♦♠♣❡♥s❛çã♦ r❡s✐❞✉❛❧✱ ❡♠ q✉❡ ♦s ♣❡s♦s ♣❛r❛ ❛ r❡❝♦♥str✉çã♦ ❞♦s r❡sí❞✉♦s sã♦ ❛♣r❡♥❞✐❞♦s ♥❛
❜❛s❡ ❞❡ tr❡✐♥❛♠❡♥t♦ ❛ ♣❛rt✐r ❞♦s s❡✉s ❞❡s❝r✐t♦r❡s✱ ❡st❛ ❜❛s❡ ♣r❡❝✐s❛ s❡r ❜❡♠ ♠❛♥✐♣✉❧❛❞❛✳
❆ ❛❜♦r❞❛❣❡♠ é ✐t❡r❛t✐✈❛✱ ♦s ❞❡s❝r✐t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s sã♦ ❡①tr❛í❞♦s ♣❡❧♦ ♠ét♦❞♦ ❍❙❈
❡ ❛ té❝♥✐❝❛ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❛❞♦t❛❞❛ é ♦ ▲▲❊✳

◆♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ♠ú❧t✐♣❧❛s ✐♠❛❣❡♥s✱ ❡♠ q✉❡ ❛s ✐♥❢♦r♠❛çõ❡s ♣r♦✈❡✲
♥✐❡♥t❡s ❞❡ ✈ár✐❛s ✐♠❛❣❡♥s ❞❡ ❜❛✐①❛ r❡s♦❧✉çã♦ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ r❡❝✉♣❡r❛r ♦s ❞❡t❛❧❤❡s ❡
❣❡r❛r ✉♠❛ ✐♠❛❣❡♠ ❡♠ ❛❧t❛ r❡s♦❧✉çã♦✱ ♦ ♣r♦❝❡ss♦ ❞❡ ❢✉sã♦ ❞❛s ✐♠❛❣❡♥s é r❡❛❧✐③❛❞♦ ❛ ♣❛rt✐r
❞♦ ♠ét♦❞♦ ❙■❋❚✳ ❆s ✐♠❛❣❡♥s sã♦ ❢✉♥❞✐❞❛s ❞✉❛s ❛ ❞✉❛s ❡✱ ♣❛r❛ s✉♣❡r✲r❡s♦❧✈❡r✱ ♦ ♠ét♦❞♦
✐t❡r❛t✐✈❛♠❡♥t❡ ❢❛③ ✉s♦ ❞♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠ ♣r♦♣♦st♦✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❝♦♠♣❛r❛çõ❡s ❡❢❡t✉❛❞❛s ❡ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♦s ♠ét♦❞♦s
❞❡s❡♥✈♦❧✈✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ♦❜t✐✈❡r❛♠ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ♥❛ ♠❛✐♦r✐❛ ❞♦s t❡st❡s r❡❛❧✐✲
③❛❞♦s✳ P❛r❛ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠✱ ♦❜s❡r✈♦✉✲s❡ q✉❡ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ❨✉ ❡t ❛❧✳ ❬✺✷❪ ❣❡r❛
✈ár✐♦s ❛rt❡❢❛t♦s ♥❛s ✐♠❛❣❡♥s s✉♣❡r✲r❡s♦❧✈✐❞❛s✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡✉ ❝♦♠ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦✳
■st♦ ✐♥❞✐❝❛ q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❞❡s❝r✐t♦r❡s r♦❜✉st♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♣r♦✈ê ♠❡❧❤♦r❡s ❝❛♥✲
❞✐❞❛t♦s ❡ ♦ ▲▲❊ é ❝❛♣❛③ ❞❡ ❡st✐♠❛r ✉♠❛ r❡❝♦♥str✉çã♦ ♠❛✐s ❛❝✉r❛❞❛ ♣❛r❛ ❛s ✐♠❛❣❡♥s
s✉♣❡r✲r❡s♦❧✈✐❞❛s✳ P❛r❛ ❛s s❡q✉ê♥❝✐❛s ❞❡ ✐♠❛❣❡♥s✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ✉♠❛ ♠❡❧❤♦r ♥✐t✐❞❡③

✹✹



✹✺

♥♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❢✉sã♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❞❡s❡♠♣❡♥❤♦
❞♦ ♠ét♦❞♦ ❞❡ s✉♣❡r✲r❡s♦❧✉çã♦ ❞❡ ú♥✐❝❛ ✐♠❛❣❡♠✳

❈♦♠♦ ♣r♦♣♦st❛ ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s✱ s✉❣❡r❡✲s❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❜❧♦❝♦s ❞❛ ✐♠❛❣❡♠ ♣❛r❛
❝♦♠♣❡♥s❛çã♦ r❡s✐❞✉❛❧✱ ❛♦ ✐♥✈és ❞❡ ✉t✐❧✐③❛r ❛ ✐♠❛❣❡♠ ❝♦♠♦ ✉♠ t♦❞♦✳ ❈♦♠ ❡ss❛ ❛❧t❡r❛çã♦✱
✐♠❛❣✐♥❛✲s❡ q✉❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ✜q✉❡ ♠❡♥♦s s✉s❝❡tí✈❡❧ à ❜❛s❡ ❞❡ tr❡✐♥❛♠❡♥t♦ ❡
❛ ❝♦♠♣❡♥s❛çã♦ r❡s✐❞✉❛❧ s❡❥❛ ♠❛✐s ♣r❡❝✐s❛✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❲✳ ❆②❛❧❛ ❛♥❞ ❏✳ ❉♦♠✐♥❣♦✳ ❙♣❛t✐❛❧ ❙✐③❡ ❉✐str✐❜✉t✐♦♥s✿ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❙❤❛♣❡ ❛♥❞
❚❡①t✉r❡ ❆♥❛❧②s✐s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❛tt❡r♥ ❆♥❛❧②s✐s ❛♥❞ ▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡ ✱
✷✸✭✶✷✮✿✶✹✸✵✕✶✹✹✷✱ ❉❡❝✳ ✷✵✵✶✳

❬✷❪ ❇✳ ❇❛s❝❧❡✱ ❆✳ ❇❧❛❦❡✱ ❛♥❞ ❆✳ ❩✐ss❡r♠❛♥✳ ▼♦t✐♦♥ ❉❡❜❧✉rr✐♥❣ ❛♥❞ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ❢r♦♠
❛♥ ■♠❛❣❡ ❙❡q✉❡♥❝❡✳ ■♥ ❋♦✉rt❤ ❊✉r♦♣❡❛♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱ ♣❛❣❡s ✺✼✸✕
✺✽✷✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✻✳

❬✸❪ ◆✳ ❆✳ ❱✳ ❇❡ç❛✳ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ ❈â♠❛r❛ ❞❡ ❆❧t❛ ❙❡♥s✐❜✐❧✐❞❛❞❡ ❡ ❇❛✐①❛ ❘❡s♦✲
❧✉çã♦ ♣❛r❛ ❙✉♣❡r✲❘❡s♦❧✉çã♦✳ ▼❛st❡r✬s t❤❡s✐s✱ ❋❛❝✉❧❞❛❞❡ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛✱
❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❈♦✐♠❜r❛✱ ❈♦✐♠❜r❛✱ P♦rt✉❣❛❧✱ ✷✵✵✽✳

❬✹❪ ❙✳ ❇♦r♠❛♥ ❛♥❞ ❘✳ ▲✳ ❙t❡✈❡♥s♦♥✳ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥ ❢r♦♠ ■♠❛❣❡ ❙❡q✉❡♥❝❡s ✲ ❆ ❘❡✈✐❡✇✳
■♥ ▼✐❞✇❡st ❙②♠♣♦s✐✉♠ ♦♥ ❈✐r❝✉✐ts ❛♥❞ ❙②st❡♠s✱ ♣❛❣❡s ✸✼✹✕✸✼✽✱ ✶✾✾✽✳

❬✺❪ ❈❆❱■❆❘✳ ❈❆❱■❆❘ ❚❡st ❈❛s❡ ❙❝❡♥❛r✐♦s✳ ❤tt♣✿✴✴❤♦♠❡♣❛❣❡s✳✐♥❢✳❡❞✳❛❝✳✉❦✴r❜❢✴

❈❆❱■❆❘❉❆❚❆✶✴✱ ❛❝❡ss♦ ❡♠ ❆❜r✐❧ ✷✵✶✶✳

❬✻❪ ❍✳ ❈❤❛♥❣✱ ❉✳✲❨✳ ❨❡✉♥❣✱ ❛♥❞ ❨✳ ❳✐♦♥❣✳ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥ t❤r♦✉❣❤ ◆❡✐❣❤❜♦r ❊♠❜❡❞✲
❞✐♥❣✳ ■♥ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥ ❛♥❞ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ✭❈❱P❘✮ ✱
♣❛❣❡s ✷✼✺✕✷✽✷✱ ✷✵✵✹✳

❬✼❪ ❙✳ ❈❤❛✉❞❤✉r✐✳ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥ ■♠❛❣✐♥❣✳ ❚❤❡ ❙♣r✐♥❣❡r ■♥t❡r♥❛t✐♦♥❛❧ ❙❡r✐❡s ✐♥ ❊♥❣✐✲
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