






■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
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❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

• ❊❞✉❛r❞♦ ❈❛♥❞✐❞♦ ❳❛✈✐❡r ✭❖r✐❡♥t❛❞♦r✮

• ❊❞♠✉♥❞♦ ❘♦❜❡rt♦ ▼❛✉r♦ ▼❛❞❡✐r❛
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

• ❉❛♥✐❡❧ ▼❛❝ê❞♦ ❇❛t✐st❛
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❡ ❊st❛tíst✐❝❛ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❙ã♦ P❛✉❧♦

• ❈❛r❧✐❧❡ ❈❛♠♣♦s ▲❛✈♦r ✭❙✉♣❧❡♥t❡✮
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛✲
❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

• ❈✐❞ ❈❛r✈❛❧❤♦ ❞❡ ❙♦✉③❛ ✭❙✉♣❧❡♥t❡✮
■♥st✐t✉t♦ ❞❡ ❈♦♠♣✉t❛çã♦ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
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❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛✲
r❡❢❛s ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ t❛r❡❢❛s s✉❜♠❡t✐❞❛s ❛ ✉♠❛ ❣r❛❞❡
❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❞❡✈❡✲s❡ ❞❡✜♥✐r ❡♠ q✉❛✐s r❡❝✉rs♦s ❡ss❛s t❛r❡❢❛s s❡rã♦ ❡①❡❝✉t❛❞❛s✳ ❆❧❣♦r✐t✲
♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ sã♦ ❡♠♣r❡❣❛❞♦s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠✐♥✐♠✐③❛r ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦
♣❛r❛ ❡①❡❝✉t❛r t♦❞❛s ❛s t❛r❡❢❛s ✭♠❛❦❡s♣❛♥✮ q✉❡ ❢♦r❛♠ s✉❜♠❡t✐❞❛s✳ ◆♦ss♦ ❢♦❝♦ é ❡st✉❞❛r
♦s ❛t✉❛✐s ❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ✉s❛❞♦s ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡ ❝♦♠♣❛r❛r ❡st❡s
❛❧❣♦r✐t♠♦s✳ ◆❡st❛ ❞✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣♦r✐t♠♦s ♦♥❧✐♥❡s✱ ❛♣r♦①✐♠❛❞♦s ❡ ❤❡✉ríst✐❝❛s
♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ ❈♦♠♦ r❡s✉❧t❛❞♦s ♥♦✈♦s✱ ♣r♦✈❛♠♦s ❢❛t♦r❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ❛❧✲
❣♦r✐t♠♦ ❘❘ q✉❛♥❞♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s R; sit|Tj|Cmax✱ R; sit|Tj|❚P❈❈✱
R; sit|Tj = L|Cmax ❡ R; sit|Tj = L|❚P❈❈ é ❥✉st♦✳ P♦r ✜♠✱ ❞❡✜♥✐♠♦s ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡
❛❞✐❝✐♦♥❛ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s ❛ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✱ ♦♥❞❡ ♥ós ♠♦str❛✲
♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡st❛ ✐♥t❡r❢❛❝❡✱ ❡ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ✈✐❛ s✐♠✉❧❛çã♦ ❞♦s
❛❧❣♦r✐t♠♦s s❡♠ ❡ ❝♦♠ r❡♣❧✐❝❛çã♦✳ ◆♦ss❛s s✐♠✉❧❛çõ❡s ♠♦str❛♠ q✉❡✱ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ r❡✲
♣❧✐❝❛çã♦✱ ❤♦✉✈❡ ❛ r❡❞✉çã♦ ♥♦ ♠❛❦❡s♣❛♥ ❞❡ ❛té 80% ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ▼✐♥✲♠✐♥✳ ◆❛s ♥♦ss❛s
❛♥á❧✐s❡s t❛♠❜é♠ ❢❛③❡♠♦s ✉s♦ ❞❛ ♠étr✐❝❛ ❘❚P❈❈ q✉❡ ❝❛❧❝✉❧❛ ❡①❛t❛♠❡♥t❡ ❛ q✉❛♥t✐❞❛❞❡
❞❡ ✐♥str✉çõ❡s q✉❡ ❢♦r❛♠ ✉s❛❞❛s ♣❛r❛ ❡①❡❝✉t❛r t♦❞❛s ❛s t❛r❡❢❛s✳
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❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ✇❡ st✉❞✐❡❞ ❛❧❣♦r✐t❤♠s t♦ s♦❧✈❡ t❛s❦ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠s ✐♥ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❣r✐❞s✳ ●✐✈❡♥ ❛ t❛s❦ s❡t t❤❛t ✇❛s s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❣r✐❞✱ t❤❡ ♣r♦❜❧❡♠ ✐s
t♦ ❞❡✜♥❡ ✐♥ ✇❤✐❝❤ r❡s♦✉r❝❡s t❤❡s❡ t❛s❦s ✇✐❧❧ ❜❡ ❡①❡❝✉t❡❞ ❛♥❞ t❤❡ ♦r❞❡r t❤❡② ✇✐❧❧ ❜❡ ❡①❡❝✉✲
t❡❞✳ ❙❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❡①❡❝✉t❡ ❛❧❧
t❛s❦s ✭♠❛❦❡s♣❛♥✮✳ ❲❡ st✉❞✐❡❞ t❤❡ ♠♦st r❡❝❡♥t s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ♣r♦♣♦s❡❞ t♦ ❜❡ ✉s❡❞
✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❣r✐❞s✱ ❛♥❞ t❤❡♥ ❝♦♠♣❛r❡ t❤❡♠ ✉s✐♥❣ s✐♠✉❧❛t✐♦♥s✳ ■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡
❛❧s♦ ♣r❡s❡♥t ❛♣♣r♦①✐♠❛t❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ♥❡✇ ❤❡✉r✐st✐❝s ❢♦r t❤❡ ♣r♦❜❧❡♠✳ ❆s ♥❡✇ r❡s✉❧ts✱
✇❡ ♣r♦✈❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢❛❝t♦rs t♦ t❤❡ ❘❘ ❛❧❣♦r✐t❤♠ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠s
R; sit|Tj|Cmax✱ R; sit|Tj|❚P❈❈✱ R; sit|Tj = L|Cmax ❛♥❞ R; sit|Tj = L|❚P❈❈✳ ❋✐♥❛❧❧②✱ ✇❡
❞❡✜♥❡❞ ❛♥ ✐♥t❡r❢❛❝❡ t❤❛t ❛❞❞s t❛s❦ r❡♣❧✐❝❛t✐♦♥ ❝❛♣❛❜✐❧✐t② t♦ ❛♥② s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✳
❲❡ t❤❡♥ s❤♦✇ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤✐s ✐♥t❡r❢❛❝❡✱ ❛♥❞ ♣r❡s❡♥t ❛
❝♦♠♣❛r✐s♦♥ ♦❢ ✇❡❧❧ ❦♥♦✇ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t r❡♣❧✐❝❛t✐♦♥✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ ✐s
❞♦♥❡ ✈✐❛ s✐♠✉❧❛t✐♦♥✳ ❖✉r s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t✱ ✇✐t❤ r❡♣❧✐❝❛t✐♦♥✱ t❤❡r❡ ✇❛s ✉♣ t♦ ✽✵✪ ♦❢
r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♠❛❦❡s♣❛♥ t♦ s♦♠❡ ❛❧❣♦r✐t❤♠s ❧✐❦❡ t❤❡ ▼✐♥✲♠✐♥✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ♣❛✐♥❤♦✱ ❘♦❜s♦♥✱ ❛ ♠✐♥❤❛ ✐r♠ã✱ ❆♥❞ré✐❛✱ ❡ ❛ ❚❤❛✐s✱ ♣♦r t♦❞♦ ♦ ❝❛r✐♥❤♦✱ ❛❥✉❞❛
❡ ❡stí♠✉❧♦s ❞✉r❛♥t❡ t♦❞♦ ♦ ♠❡str❛❞♦✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛ ♠❛✐♥❤❛✱ ◆á❞✐❛✱ ♣♦r t♦❞♦ ♦
❝❛r✐♥❤♦ q✉❡ ❡❧❛ s❡♠♣r❡ ♠❡ ❞❡✉✱ ❞♦ q✉❛❧ s✐♥t♦ ♠✉✐t❛ ❢❛❧t❛✳ ❆❣r❛❞❡ç♦ ❛♦ ♥♦✈♦ ①♦❞ó ❞❛
❢❛♠í❧✐❛✱ P❡❞r✐♥❤♦✱ ♣♦r tr❛③❡r ❛✐♥❞❛ ♠❛✐s ❛❧❡❣r✐❛ ♣❛r❛ ❛ ♥♦ss❛ ✈✐❞❛✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛
♠✐♥❤❛ ♥❛♠♦r❛❞❛✱ ❙✉♠❛✐❛✱ ♣♦r t♦❞♦ ❛♣♦✐♦ ❞❛❞♦ ♥♦ ✜♥❛❧ ❞♦ ♠❡str❛❞♦✳

❯♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r Pr♦❢✳ ❊❞✉❛r❞♦ ❳❛✈✐❡r✱ ♣♦r s✉❛ ♣❛❝✐✲
ê♥❝✐❛✱ ♣✉①õ❡s ❞❡ ♦r❡❧❤❛✱ ✐♥❝❡♥t✐✈♦✱ ❛♠✐③❛❞❡ ❡ ❜❛t❡ ♣❛♣♦ ❞✉r❛♥t❡ t♦❞❛ ❛ ♦r✐❡♥t❛çã♦✳ ❖
✐♥❝❡♥t✐✈♦ ❞❡❧❡ ❢♦✐ ♦ ❣r❛♥❞❡ r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❝♦♥❝❧✉sã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ❛♠✐❣♦s ❡st❛✈❛♠ ❞♦ ❧❛❞♦ ♥♦s ♠❛✐s ✈❛r✐❛❞♦s ♠♦♠❡♥t♦s✳
❆ ❡①❝❡❧❡♥t❡ r❡❝❡♣çã♦ ❞❡ ▲❡❝❤✉❣❛✱ ❱✐tã♦✱ ❋❡r♥❛♥❞✐♥❤❛ ❡ ❉❡♣❡♥❞❡✳ ❆s ❝❡r✈❡❥❛s✱ s❛♠❜❛s✱
❢♦rró✱ ❜❛t❡ ♣❛♣♦ ❡ ❛❧♠♦ç♦s ❝♦♠ ▼❛r✐❛③✐♥❤❛✱ ◆❡❣♦ Pr❡t♦ ✭✈✉❧❣♦ ▼❛r❝♦s✮✱ ❊❧sã♦✳ ❆♦s
s❛❣r❛❞♦s ❛❧♠♦ç♦s ❛♦s ✜♥❛✐s ❞❡ s❡♠❛♥❛ r❡❣r❛❞♦ ❛ ✐♠❛❣❡♠ ❡ ❛çã♦ ❡ ❜❛r❛❧❤♦ ❝♦♠ ▼❛r✐❛
❆♥❣é❧✐❝❛✱ ❉❛♥✐❡❧✱ ❲✐❧❧✐❛♥✱ ●✉✐❧❤❡r♠❡✱ ■s❛✉r❛✱ ❇✉♥✐t✐♥❤♦ ✭✈✉❧❣♦ ❚rí♣♦❞✐✮✱ ◆✐♥❡✱ Pr✐s❝✐❧❛✱
❆♥✐♥❤❛ ❘é③✐♦✱ ●♦r❞✐♥❤♦ ✭❋á❜✐♦✮✳ ❆s ✈ár✐❛s ❤♦r❛s ❞❡ ❡st✉❞♦ ❝♦♠ ▲❡❤✐❧t♦♥ ✭♠❡ ❛❥✉❞♦✉
♠✉✐t♦✮✱ ❈❡❛rá ✭❚❤✐❛❣♦✮✱ Pr♦❥❡t♦ ❞❡ ❣❡♥t❡ ✭❆❧✐♥❡✮✱ ❆♥❞ré✱ P❛rá ❡ ❏❡✛❡rs♦♥✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ à ❋❆P❊❙P ❡ ❛ ❈❆P❊❙ ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳

✈✐✐



❙✉♠ár✐♦

❘❡s✉♠♦ ✈

❆❜str❛❝t ✈✐

❆❣r❛❞❡❝✐♠❡♥t♦s ✈✐✐

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✶✳✷ ❱✐sã♦ ❣❡r❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✶✳✸ ❱✐sã♦ ❣❡r❛❧ ❞❡ ❣r❛❞❡s ❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ❣r❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸✳✶ ❚✐♣♦s ❞❡ ❛❧❣♦r✐t♠♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✹ ❉❡✜♥✐çã♦ ❣❡r❛❧ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷ ❊①❡♠♣❧♦s ❞❡ ❆❧❣♦r✐t♠♦s ❆♣r♦①✐♠❛❞♦s ♣❛r❛ ●r❛❞❡s ❈♦♠♣✉t❛❝✐♦♥❛✐s ✶✶

✷✳✶ ❆❧❣♦r✐t♠♦ ❘❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✷✳✷ ❆❧❣♦r✐t♠♦ ▲❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✸ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸ ❍❡✉ríst✐❝❛s ♣❛r❛ Pr♦❜❧❡♠❛s ❞❡ ❊s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ●r❛❞❡s ✷✼

✸✳✶ ❆❧❣♦r✐t♠♦ ❲♦r❦◗✉❡✉❡✭❲◗✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✸✳✷ ▼✐♥✲♠✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✸ ▼❛①✲♠✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✸✳✹ ❋❛st❡st Pr♦❝❡ss♦r t♦ ▲❛r❣❡st ❚❛s❦ ❋✐rst✭❋P▲❚❋✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✺ ❙✉✛❡r❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✹ ◆♦✈♦s r❡s✉❧t❛❞♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❘❘ ✸✹

✹✳✶ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✹✳✷ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✹✳✸ ❘❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✈✐✐✐



✺ ❆♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✹✼

✺✳✶ ▼♦❞❡❧♦ ❞♦ s✐♠✉❧❛❞♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✺✳✷ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✻ ❈♦♥❝❧✉sã♦ ✻✵

✻✳✶ ❚r❛❜❛❧❤♦s ❢✉t✉r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

❇✐❜❧✐♦❣r❛✜❛ ✻✷

✐①



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ▲✐st❛ ❞❡ ❛❧❣♦r✐t♠♦s ❡ s✉❛ ❛♣r♦①✐♠❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✹✳✶ ▲✐st❛ ❞❡ ❛❧❣♦r✐t♠♦s ❛t✉❛❧✐③❛❞❛ ❡ s✉❛ ❛♣r♦①✐♠❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✺✳✶ ▼❛❦❡s♣❛♥✭▼❙♣❛♥✮✱ ❚P❈❈ ❡ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦✭❆♣♣✮ ❞♦s ❛❧❣♦r✐t♠♦s
r❡♣❧✐❝❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✷ ❖ ♠❡❧❤♦r ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝❛❞❛ ❛♠❜✐❡♥t❡ ❞❡ ❡①❡❝✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❊①❡♠♣❧♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✱ ♦♥❞❡ t❛r❡❢❛s sã♦ ❡❧✐♣s❡s✱ ❡ ❝❛❞❛ ♣♦s✐çã♦ ❞❛ ♠❛✲
tr✐③ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐♥str✉çõ❡s ❡①❡❝✉t❛❞❛s ♥✉♠ ✐♥t❡r✈❛❧♦
❞❡ t❡♠♣♦✳ ❖ ❚P❈❈ é ❛ s♦♠❛ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s ❞❡s❞❡ ♦ t❡♠♣♦ ✵
❛té 7.5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✷ ❊①❡♠♣❧♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❘❘✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✷✳✸ ●r❛❢♦ ❞❡ t❛r❡❢❛s G ♦♥❞❡ ❛s t❛r❡❢❛s tê♠ t❛♠❛♥❤♦ 20 ❡ ♥í✈❡❧ l✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✹✳✶ ➱ ✐♠♣♦ssí✈❡❧ ❞❡t❡r♠✐♥✐st✐❝❛♠❡♥t❡ ❝❛❧❝✉❧❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ s❡ ♦
❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s ❢♦r ✐♠♣r❡✈✐sí✈❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹✳✷ ◗✉❛♥❞♦ ❛ ú❧t✐♠❛ t❛r❡❢❛ é ❛❧♦❝❛❞❛ ❡①✐st❡♠ m ✈❛❣❛s ❞✐s♣♦♥í✈❡✐s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✹✳✸ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘✱ ❡ ❛s ✾ ú❧t✐♠❛s t❛r❡❢❛s ❡s❝❛❧♦✲

♥❛❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✹✳✹ ❯♠ ❡①❡♠♣❧♦ ❞❡ ✐♥stâ♥❝✐❛ ❞♦ ♣✐♦r ❝❛s♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✺✳✶ ▼❛❦❡s♣❛♥ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 1]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✺✳✷ ▼❛❦❡s♣❛♥ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 4]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✺✳✸ ▼❛❦❡s♣❛♥ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 8]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✺✳✹ ❘❚P❈❈ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 1]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✺✳✺ ❘❚P❈❈ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 4]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✺✳✻ ❘❚P❈❈ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 8]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✺✳✼ ❉❡s♣❡r❞í❝✐♦ ✭❉❡s♣❡r❞í❝✐♦ ❡♠ ✪ ❳ ◗✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✺✳✽ ❉❡s♣❡r❞í❝✐♦ ✭●❛♥❤♦ ❡♠ ✪ ❳ ◗✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

◆❡st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ❛❧❣♦r✐t♠♦s ✈♦❧t❛❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡
t❛r❡❢❛s✳ ▼✉✐t❛s ❞❛s ✈❛r✐❛çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ sã♦ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦
q✉❡ ♣❡rt❡♥❝❡♠ à ❝❧❛ss❡ ◆P✲❞✐❢í❝✐❧✳ Pr♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦✱ ♥❛ s✉❛ ❢♦r♠❛ ❣❡r❛❧✱ tê♠
❝♦♠♦ ♦❜❥❡t✐✈♦ ♠❛①✐♠✐③❛r ♦✉ ♠✐♥✐♠✐③❛r ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ s♦❜r❡ ✉♠ ❝❡rt♦ ❞♦♠í♥✐♦✳ ❆
t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ♦t✐♠✐③❛çã♦ tr❛t❛ ❞♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❞♦♠í♥✐♦ é ✐♥✜♥✐t♦✳ ❏á ♥♦ ❝❛s♦ ❞♦s
❝❤❛♠❛❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠❜✐♥❛tór✐❛✱ ♦ ❞♦♠í♥✐♦ é t✐♣✐❝❛♠❡♥t❡ ✜♥✐t♦❀ ❛❧é♠
❞✐ss♦✱ ❡♠ ❣❡r❛❧ é ❢á❝✐❧ ❧✐st❛r ♦s s❡✉s ❡❧❡♠❡♥t♦s ❡ t❛♠❜é♠ t❡st❛r s❡ ✉♠ ❞❛❞♦ ❡❧❡♠❡♥t♦
♣❡rt❡♥❝❡ ❛ ❡ss❡ ❞♦♠í♥✐♦✳ ❆✐♥❞❛ ❛ss✐♠✱ ❛ ✐❞❡✐❛ ✐♥❣ê♥✉❛ ❞❡ t❡st❛r t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ss❡
❞♦♠í♥✐♦ ♥❛ ❜✉s❝❛ ♣❡❧♦ ♠❡❧❤♦r ♠♦str❛✲s❡ ✐♥✈✐á✈❡❧ ♥❛ ♣rát✐❝❛✱ ♠❡s♠♦ ♣❛r❛ ✐♥stâ♥❝✐❛s ❞❡
t❛♠❛♥❤♦ ♠♦❞❡r❛❞♦✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❛ss✉♠✐♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ P 6= NP✳ ❉❡ss❛ ❢♦r♠❛✱ t❛✐s ♣r♦❜❧❡✲
♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡ ♠✉✐t♦s ♦✉tr♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ q✉❡ sã♦ ◆P✲❞✐❢í❝❡✐s✱ ♥ã♦
♣♦ss✉❡♠ ❛❧❣♦r✐t♠♦s ❡✜❝✐❡♥t❡s ♣❛r❛ r❡s♦❧✈ê✲❧♦s ❞❡ ❢♦r♠❛ ❡①❛t❛✳ ▼✉✐t♦s ❞❡ss❡s ♣r♦❜❧❡♠❛s
❛♣❛r❡❝❡♠ ❡♠ ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s ❡ ❤á ✉♠ ❢♦rt❡ ❛♣❡❧♦ ❡❝♦♥ô♠✐❝♦ ♣❛r❛ r❡s♦❧✈ê✲❧♦s✳ ❆ ❛❧♦✲
❝❛çã♦ ❞❡ t❛r❡❢❛s é ✉♠❛ ár❡❛ ❝rít✐❝❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ♦❜t❡♥çã♦ ❞❡ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❡♠
s✐st❡♠❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛❧❡❧♦s✳ ➚ ♠❡❞✐❞❛ q✉❡ ❛ t❡❝♥♦❧♦❣✐❛ ❱▲❙■ ✭❱❡r②✲❧❛r❣❡✲s❝❛❧❡
✐♥t❡❣r❛t✐♦♥✮ ❛✈❛♥ç❛✱ sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ❝♦♠♣✉t❛❞♦r❡s ❝♦♠ ✉♠ ♥ú♠❡r♦ ❝❛❞❛ ✈❡③ ♠❛✐♦r ❞❡
♣r♦❝❡ss❛❞♦r❡s ❡ é ❝r❡s❝❡♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❡str❛té❣✐❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡✲
❢❛s ♣❛r❛ t❛✐s t✐♣♦s ❞❡ ❝♦♠♣✉t❛❞♦r❡s✳ ❙ã♦ ♣r♦❜❧❡♠❛s q✉❡ ♥❡❝❡ss✐t❛♠ ❞❡ s♦❧✉çõ❡s rá♣✐❞❛s✱
♠✉✐t❛s ✈❡③❡s ❞❡ ❢♦r♠❛ ♦♥✲❧✐♥❡✱ ♦✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❞❡ t♦❞❛s ❛s
t❛r❡❢❛s q✉❡ s❡rã♦ ❡s❝❛❧♦♥❛❞❛s✳ ❈♦♠♦ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s ♦s s✐st❡♠❛s r❡q✉❡r❡♠ r❡s♣♦st❛s
rá♣✐❞❛s✱ ❛ ❜✉s❝❛ ❞❡ s♦❧✉çõ❡s ót✐♠❛s é ✐♥❛❝❡✐tá✈❡❧✱ ❞❡✈✐❞♦ à ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ t❡♠♣♦
❞❡ ❡①❡❝✉çã♦ ❞❡st❛ ❛❜♦r❞❛❣❡♠✳ ❆ss✐♠✱ é ♥❡❝❡ssár✐♦ ♦❜t❡r ❛❧❣♦r✐t♠♦s rá♣✐❞♦s ♠❛s q✉❡
♣♦ss✉❛♠ ✉♠❛ ❜♦❛ ❣❛r❛♥t✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡♠ r❡❧❛çã♦ ❛ s♦❧✉çã♦ ót✐♠❛✳ ◆❡ss❡ ❝❛s♦✱ ♦s
❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ♦♥✲❧✐♥❡ sã♦ ❜❛st❛♥t❡ ❛❞❡q✉❛❞♦s✱ ♣♦✐s✱ ❛❧é♠ ❞❡ ❞❛r ❣❛r❛♥t✐❛s
❞❡ ❞❡s❡♠♣❡♥❤♦✱ sã♦ ♣♦❧✐♥♦♠✐❛✐s✱ s❡♥❞♦ ♥❛ s✉❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ♠✉✐t♦ rá♣✐❞♦s✳

✶



✷

❆♣❡s❛r ❞❡ ❡st❛r♠♦s ❢♦❝❛❞♦s ♥❛ ❛❧♦❝❛çã♦ ❞❡ t❛r❡❢❛s ♣❛r❛ ❝♦♠♣✉t❛çã♦ ♣❛r❛❧❡❧❛ ❬✹❪✱ ♠✉✐✲
t❛s ❞❛s ✈❛r✐❛çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ❛♣❛r❡❝❡♠ t❛♠❜é♠ ❡♠ ♦✉tr♦s ❝❛s♦s ♣rát✐❝♦s ❝♦♠♦ ❝♦♠♣✐✲
❧❛❞♦r❡s✱ s✐st❡♠❛s ♦♣❡r❛❝✐♦♥❛✐s ❬✼❪ ❡ ✐♥❞ústr✐❛✳ ❙ã♦ ♣r♦❜❧❡♠❛s q✉❡ ♥❡❝❡ss✐t❛♠ ❞❡ s♦❧✉çõ❡s
rá♣✐❞❛s✳ ❆ss✐♠✱ é ♥❡❝❡ssár✐♦ ♦❜t❡r ❛❧❣♦r✐t♠♦s rá♣✐❞♦s ♠❛s q✉❡ ♣♦ss✉❛♠ ✉♠❛ ❜♦❛ ❣❛r❛♥t✐❛
❞❡ ❞❡s❡♠♣❡♥❤♦ ❡♠ r❡❧❛çã♦ à s♦❧✉çã♦ ót✐♠❛✳ ❈♦♥s✐❞❡r❛♠♦s ♣r♦❜❧❡♠❛s ❞❡ ❛❧♦❝❛çã♦ ❞❡ t❛✲
r❡❢❛s✱ q✉❡ ♣♦❞❡♠ ❡st❛r s✉❥❡✐t❛s à ✈ár✐❛s r❡str✐çõ❡s✱ ❡♠ ♠áq✉✐♥❛s ❞❡ t❛❧ ❢♦r♠❛ ❛ ♠✐♥✐♠✐③❛r
❛❧❣✉♠❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛✳ ❊①❡♠♣❧♦s ❞❡ ❝❛s♦s ❡♥✈♦❧✈✐❞♦s ♥❡ss❡ t✐♣♦
❞❡ ♣r♦❜❧❡♠❛ sã♦ ❛ ♦❜t❡♥çã♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦s ❞❡ t❛r❡❢❛s ❡♠ ❝♦♠♣✉t❛❞♦r❡s ♦♥❞❡ ❛ ♠é❞✐❛
❞❡ ❛t❡♥❞✐♠❡♥t♦ ❞❡ ✉♠❛ t❛r❡❢❛ s❡❥❛ ♠✐♥✐♠✐③❛❞❛✱ ♦✉ q✉❡ t❛r❡❢❛s ✐♠♣♦rt❛♥t❡s t❡♥❤❛♠ ♠❛✐♦r
♣r✐♦r✐❞❛❞❡ ♣❛r❛ s❡r❡♠ ✜♥❛❧✐③❛❞❛s✱ ♦✉ ♠❡s♠♦ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ q✉❡ ❣❛st❡
t❡♠♣♦ t♦t❛❧ ♠í♥✐♠♦✳

❈♦♠♦ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡s♦❧✈❡r t❛✐s ♣r♦❜❧❡♠❛s ❞❡ ❢♦r♠❛ ❡①❛t❛ ❡ ❡✜❝✐❡♥t❡✱ ❜✉s❝❛♠♦s
❛❧t❡r♥❛t✐✈❛s q✉❡ ♣♦ss❛♠ s❡r út❡✐s✳ ❊①✐st❡♠ ✈ár✐♦s ♠ét♦❞♦s q✉❡ sã♦ ✉t✐❧✐③❛❞♦s ♥❛ ♣rát✐❝❛✱
❝♦♠♦ ♦ ✉s♦ ❞❡ ❤❡✉ríst✐❝❛s✱ ♣r♦❣r❛♠❛çã♦ ✐♥t❡✐r❛✱ ♣r♦❣r❛♠❛çã♦ ♣♦r r❡str✐çõ❡s✱ ♠ét♦❞♦s
❤í❜r✐❞♦s✱ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❡ ❛❧❣♦r✐t♠♦s ♣r♦❜❛❜✐❧íst✐❝♦s✳

❍❡✉ríst✐❝❛s ❡♥❣❧♦❜❛♠ ✈ár✐❛s té❝♥✐❝❛s ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ❝♦♠ ❛s q✉❛✐s ♦❜té♠✲s❡
s♦❧✉çõ❡s q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ sã♦ ót✐♠❛s✳ ❉❡♥tr❡ ❛s ✈ár✐❛s té❝♥✐❝❛s ❝✐t❛♠♦s ❛ ❜✉s❝❛
t❛❜✉✱ ❛❧❣♦r✐t♠♦s ❣❡♥ét✐❝♦s ❡ ●❘❆❙P❬✸✶❪✳ ❊♠ ❣❡r❛❧✱ ♥ã♦ ♣♦❞❡♠♦s ❛✜r♠❛r q✉ã♦ ❜♦❛ s❡rá
✉♠❛ s♦❧✉çã♦ ❣❡r❛❞❛ ♣♦r ✉♠❛ ❤❡✉ríst✐❝❛✱ ❛♦ ❝♦♥trár✐♦ ❞❡ s♦❧✉çõ❡s ❣❡r❛❞❛s ♣♦r ❛❧❣♦r✐t♠♦s
❛♣r♦①✐♠❛❞♦s✳ ❆✐♥❞❛ ❛ss✐♠✱ ♥❛ ♣rát✐❝❛✱ ♦ ✉s♦ ❞❡ ❤❡✉ríst✐❝❛s t❡♠ s✐❞♦ ♣r♦♠✐ss♦r ♣❛r❛ ❛
♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ❞❡ ❜♦❛ q✉❛❧✐❞❛❞❡✳

❊♠ ♣r♦❣r❛♠❛çã♦ ✐♥t❡✐r❛✱ ❢♦r♠✉❧❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ♣r♦❣r❛♠❛
❧✐♥❡❛r ♦♥❞❡ ❛❧❣✉♠❛s ♦✉ t♦❞❛s ❛s s✉❛s ✈❛r✐á✈❡✐s ❞❡✈❡♠ ❛ss✉♠✐r ✈❛❧♦r❡s ✐♥t❡✐r♦s✳ ❆ r❡s♦❧✉çã♦
❞❡ ✉♠ ♣r♦❣r❛♠❛ ❧✐♥❡❛r ✐♥t❡✐r♦ ✭P▲■✮✱ ❣❡r❛❧♠❡♥t❡ s❡ ❞á ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ r❡❧❛①❛❞❛ ❞♦
P▲■✱ ❡ ❡♠ s❡❣✉✐❞❛ ❛♣❧✐❝❛✲s❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❜r❛♥❝❤✲❛♥❞✲❜♦✉♥❞ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛
s♦❧✉çã♦ ✐♥t❡✐r❛✳

❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ s✉r❣✐✉ ❡♠ r❡s♣♦st❛ à ✐♠♣♦ss✐❜✐❧✐✲
❞❛❞❡ ❞❡ s❡ r❡s♦❧✈❡r s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ◆P✲❞✐❢í❝❡✐s✳ ❚❛✐s
❛❧❣♦r✐t♠♦s sã♦ ❡✜❝✐❡♥t❡s ✭tê♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✮ ❡ ♣r♦❞✉③❡♠ s♦❧✉çõ❡s
q✉❡ ❞✐st❛♠ ❞❡ ♥♦ ♠á①✐♠♦ ✉♠ ❢❛t♦r ❞❛ s♦❧✉çã♦ ót✐♠❛✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❛❧❣♦r✐t♠♦ s❛❝r✐✜❝❛
❛ ♦t✐♠❛❧✐❞❛❞❡ ❡♠ tr♦❝❛ ❞❛ ❣❛r❛♥t✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❝♦♠♣✉tá✈❡❧ ❡✜❝✐❡♥t❡✲
♠❡♥t❡✳ ❈❡rt❛♠❡♥t❡✱ ♦ ✐♥t❡r❡ss❡ é✱ ❛♣❡s❛r ❞❡ s❛❝r✐✜❝❛r ❛ ♦t✐♠❛❧✐❞❛❞❡✱ ❢❛③ê✲❧♦ ❞❡ ❢♦r♠❛ q✉❡
❛✐♥❞❛ ♣♦ss❛♠♦s ❞❛r ❜♦❛s ❣❛r❛♥t✐❛s s♦❜r❡ ♦ ✈❛❧♦r ❞❛ s♦❧✉çã♦ ♦❜t✐❞❛✱ ♣r♦❝✉r❛♥❞♦ ❣❛♥❤❛r ♦
♠á①✐♠♦ ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

❊♠ ❧✐♥❤❛s ❣❡r❛✐s✱ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ sã♦ ❛q✉❡❧❡s q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
♣r♦❞✉③❡♠ ✉♠❛ s♦❧✉çã♦ ót✐♠❛✱ ♠❛s s♦❧✉çõ❡s q✉❡ ❡stã♦ ❞❡♥tr♦ ❞❡ ✉♠ ❝❡rt♦ ❢❛t♦r ❞❛ s♦❧✉çã♦
ót✐♠❛✳ ❊st❛ ❣❛r❛♥t✐❛ ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞❛s ❛s ✐♥stâ♥❝✐❛s ❞♦ ♣r♦❜❧❡♠❛✳ ❉❡st❛
❢♦r♠❛ ❞❡✈❡♠♦s ❞❛r ✉♠❛ ❞❡♠♦♥str❛çã♦ ❢♦r♠❛❧ ❞❡st❡ ❢❛t♦✳



✶✳✶✳ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦ ✸

◆❡st❛ ❞✐ss❡rt❛çã♦ ♥ós ❡st✉❞❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❛♣r♦①✐♠❛❞♦s ♣❛r❛ ❞✐✲
✈❡rs♦s ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✳ P❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❘❘✱ ♥ós ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❛♣r♦✲
①✐♠❛çã♦ ❥✉st❛ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s R; sit|Tj|Cmax✱ R; sit|Tj|❚P❈❈✱ R; sit|Tj = L|Cmax ❡
R; sit|Tj = L|❚P❈❈✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❤❡✉ríst✐❝❛ ♦♥❞❡ ♠♦❞✐✜❝❛♠♦s ♦s ❛❧✲
❣♦r✐t♠♦s ▼❛①✲♠✐♥ ❡ ▼✐♥✲♠✐♥ ♣❛r❛ t♦r♥á✲❧♦s ❞✐♥â♠✐❝♦s✳ P♦r ✜♠✱ ❞❡✜♥✐♠♦s ✉♠❛ ✐♥t❡r❢❛❝❡
q✉❡ ❛❞✐❝✐♦♥❛ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s ❛ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✱ ♦♥❞❡ ♥ós ♠♦s✲
tr❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡st❛ ✐♥t❡r❢❛❝❡✱ ❡ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ✈✐❛ s✐♠✉❧❛çã♦ ❞♦s
❛❧❣♦r✐t♠♦s s❡♠ ❡ ❝♦♠ r❡♣❧✐❝❛çã♦✳

✶✳✶ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦

◆❛ s❡çã♦ ✶✳✷ ❛♣r❡s❡♥t❛♠♦s ❜r❡✈❡♠❡♥t❡ ✉♠❛ ✐♥tr♦❞✉çã♦ s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦
❡ ♥❛ s❡çã♦ ✶✳✸ ❞✐s❝✉t✐♠♦s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳
◆❛ s❡çã♦ ✶✳✹ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡✜♥✐çã♦ s♦❜r❡ ❛❧❣♦r✐t♠♦s ❛♣r♦①✐♠❛❞♦s✳

◆♦ ❝❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ❛❧❣♦r✐t♠♦s ❛♣r♦①✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦
❞❡ t❛r❡❢❛s ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♦♥❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❢♦✐ ♣r♦❥❡t❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ♦
♣r♦❜❧❡♠❛ ❝♦♠ ❝♦♥❞✐çõ❡s ❡s♣❡❝í✜❝❛s✳

◆♦ ❝❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ❤❡✉ríst✐❝❛s ✉s❛❞❛s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠
s✐st❡♠❛s ♣❛r❛❧❡❧♦s✱ ❞❡st❛❝❛♥❞♦ ❛❧❣✉♥s q✉❡ t✐✈❡r❛♠ q✉❡ s❡r ❛❞❛♣t❛❞♦s ♣❛r❛ ❣r❛❞❡s ❝♦♠♣✉✲
t❛❝✐♦♥❛✐s✳

◆♦ ❝❛♣ít✉❧♦ ✹ ♠♦str❛♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❥✉st❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❘❘✳ ❚❛♠❜é♠ ❞❡✲
✜♥✐♠♦s ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡ ❛❞✐❝✐♦♥❛ r❡♣❧✐❝❛çã♦ ❛ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡
t❛♠❜é♠ ♠♦str❛♠♦s q✉❛❧ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ♦s ❛❧❣♦r✐t♠♦s ♣♦ss✉❡♠ ❛♦ ✉s❛r t❛❧ ✐♥t❡r❢❛❝❡✳

◆♦ ❝❛♣ít✉❧♦ ✺ ♠♦str❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ✈ár✐❛s s✐♠✉❧❛çõ❡s ✉s❛♥❞♦ ♦s ❛❧❣♦r✐t♠♦s
❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✸ ❛♣❧✐❝❛♥❞♦ ❛ ✐♥t❡r❢❛❝❡ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹✳

P♦r ✜♠✱ ♥♦ ❝❛♣ít✉❧♦ ✻ ❢❛③❡♠♦s ❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡ s✉❣❡r✐♠♦s ❛❧❣✉♥s tr❛❜❛❧❤♦s
❢✉t✉r♦s✳

✶✳✷ ❱✐sã♦ ❣❡r❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦

Pr♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ tê♠ s✐❞♦ ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ár❡❛s ❞❡ ♣❡sq✉✐s❛ ♥♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦✳ ❱❛❧❡ ❞✐③❡r q✉❡ é ❛tr✐❜✉í❞♦ ❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡
❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s ❡♠ ❝♦♠♣✉t❛❞♦r❡s ♣❛r❛❧❡❧♦s ♦ ♣r✐♠❡✐r♦ ❛❧❣♦r✐t♠♦ ❞❡ ❛♣r♦①✐♠❛çã♦
✭●r❛❤❛♠ ❬✶✾❪✮✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ✉s❛♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✳ ❆s t❛r❡❢❛s ❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s ✭❏♦❜s✮
sã♦ ❞❡♥♦t❛❞❛s ♣♦r Jj✱ j ∈ {1, . . . , n} ♦♥❞❡ n ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ t❛r❡❢❛s✳ ❆s ♠áq✉✐♥❛s
✭♣r♦❝❡ss❛❞♦r❡s✮ sã♦ ❞❡♥♦t❛❞❛s ♣♦r Mi✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r m ♦ ♥ú♠❡r♦ ❞❡ ♠áq✉✐♥❛s✳ ❈❛❞❛



✶✳✷✳ ❱✐sã♦ ❣❡r❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ✹

t❛r❡❢❛ Jj t❡♠ ✉♠ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ pij q✉❡ ❞❡♣❡♥❞❡ ❞❛ ♠áq✉✐♥❛Mi ♦♥❞❡ ❛ t❛r❡❢❛ Jj
s❡rá ♣r♦❝❡ss❛❞❛✳ ◆♦ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ t❡r♠♦s ❛♣❡♥❛s ✉♠❛ ♠áq✉✐♥❛✱ ♦✉ t♦❞❛s ❛s ♠áq✉✐♥❛s
✐❞ê♥t✐❝❛s✱ ❞❡♥♦t❛♠♦s ❛ r❡q✉✐s✐çã♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❛♣❡♥❛s ♣♦r pj✳ ❆ t❛r❡❢❛ Jj ❞❡✈❡ s❡r
♣r♦❝❡ss❛❞❛ ♣♦r ✉♠❛ r❡s♣❡❝t✐✈❛ q✉❛♥t✐❞❛❞❡ ❞❡ t❡♠♣♦ ❡♠ ✉♠❛ ❞❛s m ♠áq✉✐♥❛s✳ P♦❞❡
♦❝♦rr❡r q✉❡ pij =∞✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❛ t❛r❡❢❛ Jj ♥ã♦ ♣♦❞❡rá s❡r ❡①❡❝✉t❛❞❛ ♥❛ ♠áq✉✐♥❛ Mi✳
❈❛❞❛ ♠áq✉✐♥❛ ♣♦❞❡ ♣r♦❝❡ss❛r ♥♦ ♠á①✐♠♦ ✉♠❛ t❛r❡❢❛ ❞❡ ❝❛❞❛ ✈❡③✳ ❆❧é♠ ❞✐ss♦✱ ❛tr✐❜✉í♠♦s
✉♠ ♣❡s♦ wj > 0 q✉❡ ✐♥❞✐❝❛ ❛ ♣r✐♦r✐❞❛❞❡ q✉❡ ✉♠❛ t❛r❡❢❛ t❡♠ ♣❛r❛ s❡r t❡r♠✐♥❛❞❛✳

❈❛❞❛ t❛r❡❢❛ Jj t❡♠ ✉♠ t❡♠♣♦ ❞❡ ❧✐❜❡r❛çã♦ rj ≥ 0 ❛♥t❡s ❞♦ q✉❛❧ ♥ã♦ ♣♦❞❡ s❡r ♣r♦❝❡s✲
s❛❞❛✳ ❉❡♥♦t❛♠♦s ♣♦r Cj ♦ t❡♠♣♦ ❡♠ q✉❡ ❛ t❛r❡❢❛ Jj é ❝♦♠♣❧❡t❛❞❛✳ ◆♦ ❝❛s♦ ❞❡ ❡s❝❛❧♦✲
♥❛♠❡♥t♦s ♣r❡❡♠♣t✐✈♦s ✭♣r❡❡♠♣t✐✈❡✮✱ ✉♠❛ t❛r❡❢❛ ♣♦❞❡ s❡r r❡♣❡t✐❞❛♠❡♥t❡ ✐♥t❡rr♦♠♣✐❞❛ ❡
❝♦♥t✐♥✉❛❞❛ ❞❡♣♦✐s ♥❛ ♠❡s♠❛ ♦✉ ❡♠ ♦✉tr❛ ♠áq✉✐♥❛✳ ❊♠ ❡s❝❛❧♦♥❛♠❡♥t♦s ♥ã♦ ♣r❡❡♠♣t✐✈♦s
✭♥♦♥♣r❡❡♠♣t✐✈❡✮✱ ✉♠❛ t❛r❡❢❛ ❞❡✈❡ s❡r ♣r♦❝❡ss❛❞❛ ❞❡ ♠❛♥❡✐r❛ ✐♥✐♥t❡rr✉♣t❛✳

❖✉tr❛ ❝♦♥❞✐çã♦ ❝♦♠✉♠ ❡♠ ❡s❝❛❧♦♥❛♠❡♥t♦s é ❛ ♣r❡❝❡❞ê♥❝✐❛ ❡♥tr❡ t❛r❡❢❛s✳ ❉❡♥♦t❛♠♦s
♣♦r Jj ≺ Jk s❡ ❛ t❛r❡❢❛ Jj ❞❡✈❡ s❡r ❝♦♠♣❧❡t❛❞❛ ❛♥t❡s ❞❛ t❛r❡❢❛ Jk ❝♦♠❡ç❛r✳

❖ ❛♠❜✐❡♥t❡ ♣♦❞❡ s❡r ♣r❡✈✐sí✈❡❧✱ ♦✉ s❡❥❛✱ ❝♦♥❤❡❝❡ ♦ t❛♠❛♥❤♦ ❞❡ t♦❞❛s ❛ t❛r❡❢❛s ❡ ♦
❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s✳ ❖✉ ✐♠♣r❡✈✐sí✈❡❧✱ ♦♥❞❡ ♥ã♦ ❝♦♥❤❡❝❡ ♦ t❛♠❛♥❤♦ ❞❛s t❛r❡❢❛s ❡ ♦
❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s✳

❈♦♠♦ ♥❡♠ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ♣r❡❝✐s❛♠ ❡st❛r ♣r❡s❡♥t❡s ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡
❡s❝❛❧♦♥❛♠❡♥t♦✱ ●r❛❤❛♠✱ ▲❛✇❧❡r✱ ▲❡♥str❛ ❡ ❘✐♥♥♦♦② ❑❛♥ ❬✷✵❪ ✭✈❡❥❛ t❛♠❜é♠ ❬✷✺❪✮ ❛♣r❡✲
s❡♥t❛r❛♠ ✉♠ ❡sq✉❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ♣❛r❛ ❡st❡s ♣r♦❜❧❡♠❛s ❞❡♥♦t❛❞♦ ♣❡❧❛ tr✐♣❧❛ α|β|γ✳
❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ♦s ✈❛❧♦r❡s ❞❡ α✱ β ❡ γ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡✿

• ❖ t❡r♠♦ α é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♠áq✉✐♥❛ q✉❡ ♣♦❞❡ s❡r 1✱ P ♦✉ R✱ ♦♥❞❡ α = 1

❞❡♥♦t❛ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ✉♠❛ ♠áq✉✐♥❛✳ ◗✉❛♥❞♦ α = P t❡♠♦s ✈ár✐❛s ♠áq✉✐♥❛s
♣❛r❛❧❡❧❛s ✐❞ê♥t✐❝❛s✳ ❖ ❝❛s♦ ❣❡r❛❧ ♦♥❞❡ ❛s ♠áq✉✐♥❛s ♥ã♦ t❡♠ ♥❡♥❤✉♠❛ r❡❧❛çã♦ ❡♥tr❡
s✐✱ é ❞❡♥♦t❛❞❛ ❝♦♠ α = R✳ ❏✉♥t♦ ❝♦♠ ❛s ❧❡tr❛s P ❡ R ♣♦❞❡✲s❡ ❝♦❧♦❝❛r ♦ ♥ú♠❡r♦
❞❡ ♠áq✉✐♥❛s ♥♦ ❛♠❜✐❡♥t❡ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✳ ❆ss✐♠✱ P2 ✐♥❞✐❝❛ q✉❡ t❡♠♦s ❞✉❛s
♠áq✉✐♥❛s ✐❞ê♥t✐❝❛s ❡♠ ♣❛r❛❧❡❧♦✳ ❖ ; sit ♥♦ α s✐❣♥✐✜❝❛ q✉❡ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦
❞❛ ♠áq✉✐♥❛ ✈❛r✐❛ ❝♦♠ ♦ t❡♠♣♦✳

• ❖ t❡r♠♦ β ♣♦❞❡ s❡r ✈❛③✐♦ ♦✉ ❝♦♥t❡r ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛s t❛r❡❢❛s✿ rj ✭♦✉ rij✮✱ ♣r❡❝✱
♣♠t♥ ❡ Tj ✳ ❆ ✐♥❝❧✉sã♦ ❞♦ t✐♣♦ rj ✐♥❞✐❝❛ q✉❡ ❛s t❛r❡❢❛s t❡♠ t❡♠♣♦ ❞❡ ❧✐❜❡r❛çã♦✱
♣r❡❝ ✐♥❞✐❝❛ q✉❡ ❛s t❛r❡❢❛s ♣♦❞❡♠ t❡r ♣r❡❝❡❞ê♥❝✐❛ ❡♥tr❡ ❡❧❛s✱ ♣♠t♥ ✐♥❞✐❝❛ q✉❡ ♦
❡s❝❛❧♦♥❛♠❡♥t♦ ♣♦❞❡ s❡r ♣r❡❡♠♣t✐✈♦ ❡ Tj ✐♥❞✐❝❛ ♦ t❛♠❛♥❤♦ ❞❛s t❛r❡❢❛s✱ ♦♥❞❡ ♣♦❞❡♠
s❡r t♦❞❛s ❞✐❢❡r❡♥t❡s ✭Tj✮ ♦✉ t♦❞❛s ✐❣✉❛✐s ✭Tj = L✮ ♦♥❞❡ L é ♦ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s
♥❡❝❡ssár✐❛s ♣❛r❛ ❡①❡❝✉t❛r ✉♠❛ t❛r❡❢❛✳

• ❖ t❡r♠♦ γ r❡❢❡r❡✲s❡ à ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ◗✉❛♥❞♦ t❡♠♦s γ =
∑

wjCj ❡st❛♠♦s ♠✐♥✐✲
♠✐③❛♥❞♦ ♦ t❡♠♣♦ ❞❡ ✜♥❛❧✐③❛çã♦ ♣♦♥❞❡r❛❞♦ ❞❛s t❛r❡❢❛s✳ ◗✉❛♥❞♦ t❡♠♦s γ = Cmax ♦
♦❜❥❡t✐✈♦ é ♠✐♥✐♠✐③❛r ♦ t❡♠♣♦ ♠á①✐♠♦ ♣❛r❛ ❝♦♠♣❧❡t❛r t♦❞❛s ❛s t❛r❡❢❛s✱ ♦✉ s❡❥❛✱ ♦



✶✳✷✳ ❱✐sã♦ ❣❡r❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ✺

♠❛❦❡s♣❛♥✳ ◆♦t❡ q✉❡ ❡st❡ ú❧t✐♠♦ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ♣❛r❛ ♦ ❝❛s♦ ♦♥❞❡ t❡♠♦s ♣r❡❝❡✲
❞ê♥❝✐❛ ❡ ♣❡s♦s✳ P❛r❛ ✐ss♦✱ ❜❛st❛ ❝♦❧♦❝❛r t♦❞♦s ♦s ♣❡s♦s ✐❣✉❛✐s ❛ ✵ ❡ ✐♥s❡r✐r ✉♠❛ ♥♦✈❛
t❛r❡❢❛ ❝♦♠ ♣❡s♦ ✉♥✐tár✐♦ ❡ q✉❡ s✉❝❡❞❡ t♦❞❛s ❛s ❞❡♠❛✐s t❛r❡❢❛s✳

❆ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♠❛✐s ✉s❛❞❛ ♥♦s ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ é ♦ ♠❛❦❡s♣❛♥✱ ♠❛s
❡①✐st❡♠ ♦✉tr❛s ❢✉♥çõ❡s ♦❜❥❡t✐✈♦s✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ q✉❡ r❡❞✉③❛ ♦ trá❢❡❣♦
❞❡ r❡❞❡✳ ◆❡ss❛ ❞✐ss❡rt❛çã♦ só ❛♥❛❧✐s❛♠♦s ♦s ♣r♦❜❧❡♠❛s q✉❡ q✉❡r❡♠ ♦t✐♠✐③❛r ♦ ♠❛❦❡s♣❛♥

♦✉ ♦ ❝❧✐❝♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ✭❚P❈❈✮✳
❖✉tr❛ ❞✐st✐♥çã♦ ❢❡✐t❛ ❡♠ r❡❧❛çã♦ ❛ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡s❝❛❧♦♥❛♠❡♥t♦ é s❡ ❡❧❡ é ♦♥✲❧✐♥❡

♦✉ ♦✛✲❧✐♥❡✳ ❯♠ ❛❧❣♦r✐t♠♦ ♦✛✲❧✐♥❡ t❡♠ ❝♦♠♦ ❡♥tr❛❞❛ t♦❞♦s ♦s ❞❛❞♦s ✭pj✱rj✱❡t❝✮ r❡❧❛t✐✈♦s
❛♦ ❝♦♥❥✉♥t♦ ❞❡ t❛r❡❢❛s✳ ◆❡st❡ ❝❛s♦ ♦ ❛❧❣♦r✐t♠♦ t❡♠ ♣r❡✈✐❛♠❡♥t❡ ❡st❡s ❞❛❞♦s ❡ ❝♦♥stró✐ ♦
❡s❝❛❧♦♥❛♠❡♥t♦ ❛ ♣❛rt✐r ❞❡❧❡s✳ ❏á ✉♠ ❛❧❣♦r✐t♠♦ ♦♥✲❧✐♥❡ ❝♦♥stró✐ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ à ♠❡❞✐❞❛
q✉❡ ♦ t❡♠♣♦ ♣❛ss❛ ❡ q✉❡ ♥♦✈❛s t❛r❡❢❛s sã♦ ❧✐❜❡r❛❞❛s✳ ❙❡ ✉♠ ♣r♦❝❡ss♦ Jj é ❧✐❜❡r❛❞♦ ♥♦
t❡♠♣♦ t ❡♥tã♦ ♦ ❛❧❣♦r✐t♠♦ só t♦♠❛ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ❞❛❞♦s r❡❧❛t✐✈♦s ❛ Jj ♥♦ t❡♠♣♦ t✳ ◆♦
t❡♠♣♦ t ♦ ❛❧❣♦r✐t♠♦ só ♣♦ss✉✐ ❞❛❞♦s ❞❛s t❛r❡❢❛s ❝✉❥♦ rj ≤ t✳ ❖ ❛❧❣♦r✐t♠♦ t❡♠ q✉❡ ❞❡❝✐❞✐r
♦ ❡s❝❛❧♦♥❛♠❡♥t♦ s❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s t❛r❡❢❛s q✉❡ ✈✐rã♦ ♥♦ ❢✉t✉r♦✳

❈♦♥str✉✐r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ P ||∑Cj é ✉♠ ♣r♦❜❧❡♠❛
♣♦❧✐♥♦♠✐❛❧ ❬✷✱ ✷✸✱ ✹✷❪✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❛❞✐çã♦ ❞❡ t❡♠♣♦s ❞❡ ❧✐❜❡r❛çã♦ ♦✉ ♣r❡❝❡❞ê♥❝✐❛ ♦✉
♣❡s♦s ♣❛r❛ ♦s t❡♠♣♦s ❞❡ ✜♥❛❧✐③❛çã♦✱ t♦r♥❛ ❡st❡ ♣r♦❜❧❡♠❛ ◆P✲❞✐❢í❝✐❧ ❬✺❪✳ ❆té r❡❝❡♥t❡♠❡♥t❡✱
♣♦✉❝♦ s❡ s❛❜✐❛ s♦❜r❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳ ❈♦♠ ✉s♦ ❞❡ ♥♦✈❛s
té❝♥✐❝❛s✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ❛❧❣♦r✐t♠♦s ❝♦♠ ❜♦♥s ❧✐♠✐t❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡♠ r❡❧❛çã♦ ❛♦
✈❛❧♦r ❞❡ ✉♠❛ s♦❧✉çã♦ ót✐♠❛✳ ❆❧❣✉♠❛s ❞❡st❛s té❝♥✐❝❛s sã♦ ♦ ✉s♦ ❞❡ r❡❧❛①❛çõ❡s ❧✐♥❡❛r❡s ❞❡
♣r♦❣r❛♠❛s ✐♥t❡✐r♦s✱ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❡ s✉❛ ❞❡s❛❧❡❛t♦r✐③❛çã♦
❡ ♣r♦❣r❛♠❛çã♦ s❡♠✐❞❡✜♥✐❞❛✳

❖ ♣r♦❜❧❡♠❛ 1||∑wjCj ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❢♦r♠❛ ót✐♠❛ ✉s❛♥❞♦
❛ r❡❣r❛ ❞❡ ❙♠✐t❤ ✭❲❡✐❣❤t❡❞ ❙❤♦rt❡st Pr♦❝❡ss✐♥❣ ❚✐♠❡ ✭❲❙P❚✮✮✱ q✉❡ ♦r❞❡♥❛ ❛s t❛r❡❢❛s
❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛s r❛③õ❡s ♣❡s♦✲t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❬✹✷❪✳

P❛r❛ ♦ ❝❛s♦ ♦♥✲❧✐♥❡ ❞♦ ♣r♦❜❧❡♠❛ 1|rj, pmtn|∑wjCj✱ ❙❝❤✉❧③ ❡ ❙❦✉t❡❧❧❛ ❬✸✹❪ ♦❜t✐✈❡r❛♠
✉♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ✐❣✉❛❧ ❛ 4/3 ✭✈❡r t❛♠❜é♠ ❬✶✼✱ ✶✻❪✮ ❡ ❡♠ ❬✻❪✱ ❈❤❡❦✉r✐✱ ▼♦t✇❛♥✐✱
◆❛t❛r❛❥❛♥ ❡ ❙t❡✐♥ ❝♦♥s✐❞❡r❛♠ ❛ ✈❡rsã♦ ♦♥✲❧✐♥❡ ♣❛r❛ ♠áq✉✐♥❛s s✐♠♣❧❡s ♦❜❡❞❡❝❡♥❞♦ ❞✐✈❡rs♦s
t✐♣♦s ❞❡ ❣r❛❢♦s ❞❡ ♣r❡❝❡❞ê♥❝✐❛✳

P❛r❛ ♦ ❝❛s♦ ❞❡ ♠áq✉✐♥❛s ♥ã♦ r❡❧❛❝✐♦♥❛❞❛s✱ ❍❛❧❧✱ ❙❤♠♦②s ❡ ❲❡✐♥ ❛♣r❡s❡♥t❛r❛♠ ✉♠
❛❧❣♦r✐t♠♦ 16/3✲❛♣r♦①✐♠❛❞♦ ♣❛r❛ R|rj|

∑
wjCj✳ P♦st❡r✐♦r♠❡♥t❡✱ ❢❛③❡♥❞♦ ✉s♦ ❞❡ r❡❧❛①❛çõ❡s

❧✐♥❡❛r❡s ❡ ❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ s✉❛ s♦❧✉çã♦ ❝♦♠♦ ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ❙❝❤✉❧③ ❡ ❙❦✉t❡❧❧❛ ❬✸✻❪
♦❜t✐✈❡r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ (2+ǫ)✲❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛R|rij|

∑
wjCj ❡ ✉♠ ❛❧❣♦r✐t♠♦

(3/2 + ǫ)✲❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ❝❛s♦ s❡♠ rij✱ ♦♥❞❡ ǫ ♣♦❞❡ s❡r t♦♠❛❞♦ tã♦ ♣❡q✉❡♥♦ q✉❛♥t♦
s❡ q✉❡✐r❛✳ ❊ss❡ ♣r♦❜❧❡♠❛ ❢♦✐ ♣r♦✈❛❞♦ s❡r ❢♦rt❡♠❡♥t❡ ◆P✲❞✐❢í❝✐❧ ♣♦r ▲❡♥str❛✱ ❘✐♥♥♦② ❑❛♥
❡ ❇r✉❝❦❡r ❬✷✻❪✳ P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ♠áq✉✐♥❛s ✐❞ê♥t✐❝❛s✱ P |rj|

∑
wjCj✱ ♦ ❛❧❣♦r✐t♠♦

❛♣r❡s❡♥t❛❞♦ ♣♦r ❙❝❤✉❧③ ❡ ❙❦✉t❡❧❧❛ t❡♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ✐❣✉❛❧ ❛ ✷✳



✶✳✷✳ ❱✐sã♦ ❣❡r❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ✻

P❤✐❧❧✐♣s✱ ❙t❡✐♥ ❡ ❲❡✐♥ ❬✸✷❪✱ ♦❜t✐✈❡r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ✷✲❛♣r♦①✐♠❛❞♦ ❡❧❡❣❛♥t❡ ♣❛r❛ ♦
❝❛s♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s ❝♦♠ ♣r❡❝❡❞ê♥❝✐❛ ❡♠ ❞♦✐s ♣r♦❝❡ss❛❞♦r❡s✳ ❆❧é♠ ❞✐ss♦✱ é
♣♦ssí✈❡❧ ♦❜t❡r ❡①t❡♥sõ❡s ❞❡st❡ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♦❜t❡r ✉♠❛ ✸✲❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s
1|rj, prec|∑wjCj ❡ P |rj, prec, pj = 1|∑wjCj✱ ✉♠❛ ✹✲❛♣r♦①✐♠❛çã♦ ♣❛r❛ P |rj|

∑
wjCj

❡ ✉♠❛ ✼✲❛♣r♦①✐♠❛çã♦ ♣❛r❛ P |rj, prec|
∑

wjCj✳ ❊ss❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞♦s
♣❛r❛ ♠♦❞❡❧♦s ♥♦s q✉❛✐s ❛s ♠áq✉✐♥❛s t❡♠ ✈❡❧♦❝✐❞❛❞❡s ❞✐❢❡r❡♥t❡s ✭✈❡❥❛ ❬✷✷✱ ✸✺✱ ✷✶❪✮✳

❊♠ ❬✸✸❪✱ ❙❛❤♥✐ ♦❜t❡✈❡ ✉♠❛ 1/2(1+
√
2) ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ♥ú♠❡r♦ ✜①♦

❞❡ ♣r♦❝❡ss❛❞♦r❡s✳ ❊♠ ❬✹✶❪ ❙❦✉t❡❧❧❛ ❡ ❲♦❡❣✐♥❣❡r ❛♣r❡s❡♥t❛♠ ✉♠ ❡sq✉❡♠❛ ❞❡ ❛♣r♦①✐♠❛çã♦
♣❛r❛ P ||∑wjCj✳ ❊♠ ❬✶❪ ❈❤❡❦✉r✐ ❡t ❛❧ ❛♣r❡s❡♥t❛r❛♠ ❡sq✉❡♠❛s ❞❡ ❛♣r♦①✐♠❛çã♦ ♣♦❧✐♥♦✲
♠✐❛❧ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s 1|rj|

∑
Cj✱ P |rj|

∑
wjCj✱ P |rj, pmtn|∑wjCj✱ Rm|rj|

∑
wjCj ❡

Rm|rj, pmtn|∑wjCj✳
▼❡❣♦✇ ❡ ❙❝❤✉❧③ ❬✷✾❪ ❡st✉❞❛r❛♠ ❛ ✈❡rsã♦ ♦♥✲❧✐♥❡ ❞♦s ♣r♦❜❧❡♠❛s P |rj, pmtn|∑wjCj ❡

P |rj|
∑

wjCj✳ ❊❧❡s ❛♣r❡s❡♥t❛r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦ ♥❛ r❡❣r❛ ❲❙P❚ ❝♦♠ ❛♣r♦①✐♠❛çã♦
✐❣✉❛❧ ❛ ✷ ♣❛r❛ ♦ ❝❛s♦ ♣r❡❡♠♣t✐✈♦ ❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛r❛♠ ✉♠ ♦✉tr♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ❢❛t♦r
❞❡ ❛♣r♦①✐♠❛çã♦ 3.28 ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ♣r❡❡♠♣t✐✈♦✳ ❊st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❢♦✐ ♠❡❧❤♦r❛❞♦
♣♦st❡r✐♦r♠❡♥t❡ ♣♦r ❈♦rr❡❛ ❡ ❲❛❣♥❡r ❬✾❪ q✉❡ ❛♣r❡s❡♥t❛r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ 2.62 ❛♣r♦①✐♠❛❞♦✳
❆❧é♠ ❞✐ss♦✱ ❈♦rr❡❛ ❡ ❲❛❣♥❡r ❛♣r❡s❡♥t❛r❛♠ ❛❧❣♦r✐t♠♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❝♦♠ ❛♣r♦①✐♠❛çã♦
❡s♣❡r❛❞❛ ♠❡♥♦r ❞♦ q✉❡ ✷✳

❙❦✉t❡❧❧❛ ❡ ❯❡t③ ❬✹✵❪ ❞❡s❡♥✈♦❧✈❡r❛♠ ♦s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s✲
❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ♣❡s♦s q✉❛♥❞♦ ♦ t❡♠♣♦ ❞❛s t❛r❡❢❛s é ❣♦✈❡r♥❛❞♦ ♣♦r ❞✐str✐❜✉✐çõ❡s ❞❡
♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❊ss❡s ♣r♦❜❧❡♠❛s sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡st♦✲
❝ást✐❝♦✳

❘❡❝❡♥t❡♠❡♥t❡ ❛ ✈❡rsã♦ ❡st♦❝ást✐❝❛ ❡ ♦♥✲❧✐♥❡ ❞♦s ♣r♦❜❧❡♠❛s P ||∑wjCj ❡ P |rj|
∑

wjCj

❢♦✐ ❡st✉❞❛❞❛ ♣♦r ▼❡❣♦✇ ❡t ❛❧ ❬✸✵❪✳ ❊❧❡s ❛♥❛❧✐s❛r❛♠ ✈ár✐❛s ♣♦❧ít✐❝❛s ❝♦♠❜✐♥❛tór✐❛s ❞♦
♣r♦❜❧❡♠❛ ❡ ♠♦str❛r❛♠ ❢❛t♦r❡s ❡s♣❡r❛❞♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❝♦♥st❛♥t❡✳

❖✉tr❛ té❝♥✐❝❛ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ é ❛ ♣r♦❣r❛♠❛çã♦ s❡♠✐❞❡✜♥✐❞❛✱ q✉❡ ❢♦✐ ✉s❛❞❛ ❝♦♠
❜❛st❛♥t❡ s✉❝❡ss♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞♦ ❝♦rt❡ ♠á①✐♠♦ ❬✶✽❪✱ ♠á①✐♠❛ s❛t✐s❢❛t✐❜✐❧✐❞❛❞❡ ❡
❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❡ ❝♦❧♦r❛çã♦ ❬✷✹❪✳ ❚❛❧ té❝♥✐❝❛ ♣❡r♠✐t✐✉ ♦❜t❡r ❧✐♠✐t❛♥t❡s ♠❡❧❤♦r❡s q✉❡ ♦s
❡①✐st❡♥t❡s ♣❛r❛ ♦s r❡s♣❡❝t✐✈♦s ♣r♦❜❧❡♠❛s✳ ❙❦✉t❡❧❧❛ ❬✸✾❪ ❛♣r❡s❡♥t♦✉ ✉♠ ❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦
❡♠ ♣r♦❣r❛♠❛çã♦ s❡♠✐❞❡✜♥✐❞❛ ♣❛r❛ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ ❞✉❛s ♠áq✉✐♥❛s ♥ã♦ r❡❧❛❝✐♦♥❛❞❛s
♣❛r❛ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ♣❡s♦s✱ ♦✉ s❡❥❛✱ R2||∑wjCj✳ ❊♥q✉❛♥t♦ q✉❡ ❝♦♠ ♦ ♠❡❧❤♦r
❛❧❣♦r✐t♠♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❜❛s❡❛❞♦ ❡♠ r❡❧❛①❛çã♦ ❞❡ ♣r♦❣r❛♠❛s ❧✐♥❡❛r❡s ❢♦✐ ♦❜t✐❞♦ ✉♠
❧✐♠✐t❛♥t❡ ❞❡ 3/2✱ ❡st❡ ♠ét♦❞♦ ♣r♦♣♦r❝✐♦♥♦✉ ✉♠❛ ♠❡❧❤♦r❛ ♣❛r❛ 1, 2752 ✉s❛♥❞♦ ❛ té❝♥✐❝❛
❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❞❡ ●♦❡♠❛♥s ❡ ❲✐❧❧✐❛♠s♦♥✳ ❊ss❛ ❢♦✐ ❛ ♣r✐♠❡✐r❛ ✈❡③ q✉❡ ♦ ♠ét♦❞♦ ❞❡
♣r♦❣r❛♠❛çã♦ s❡♠✐❞❡✜♥✐❞❛ ❢♦✐ ✉s❛❞♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s✳

❘❡❝❡♥t❡♠❡♥t❡✱ ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❬✶✸✱ ✶✺❪ ♣r♦❥❡t❛r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ (1+m(ln(m−1)+1)
n

)

❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ❆
❢✉♥çã♦ ♦❜❥❡t✐✈♦ ✉s❛❞❛ ❢♦✐ γ =

∑
sjk q✉❡ r❡♣r❡s❡♥t❛ ♦ ❚P❈❈ ✭❝♦♥s✉♠♦ t♦t❛❧ ❞❡ ❝✐❝❧♦ ❞♦



✶✳✸✳ ❱✐sã♦ ❣❡r❛❧ ❞❡ ❣r❛❞❡s ❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ❣r❛❞❡ ✼

♣r♦❝❡ss❛❞♦r✳ ❉♦ ✐♥❣❧ês t♦t❛❧ ♣r♦❝❡ss♦r ❝②❝❧❡ ❝♦♥s✉♠♣t✐♦♥✮✳ ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❝r✐❛r❛♠
❡ss❛ ♥♦✈❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♣♦r ❝❛✉s❛ ❞❛ ✐♥✈✐❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ✉s❛r γ = Cmax✭t❡♠♣♦ ♠á①✐♠♦
♣❛r❛ ❡①❡❝✉t❛r t♦❞❛s ❛s t❛r❡❢❛s✮✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ q✉❛❧q✉❡r s♦❧✉çã♦ q✉❡ ♥ã♦ s❡❥❛ ❛ ót✐♠❛
♣♦❞❡ ❡st❛r ♠✉✐t♦ ❞✐st❛♥t❡ ❞❛ ót✐♠❛✱ ♣♦✐s ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞♦s ♥ós ♥❛ ❣r❛❞❡
✈❛r✐❛ ❞✉r❛♥t❡ ♦ t❡♠♣♦✳ P♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❤❛ q✉❡ t❡♠♦s ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ t❡♠♣♦
OPT ✳ ❙❡ ❛s ♠áq✉✐♥❛s✱ ♣♦r ✉♠ ♠♦t✐✈♦ q✉❛❧q✉❡r✱ ♥♦ ✐♥st❛♥t❡ OPT ❞✐♠✐♥✉íss❡♠ ♦ ♣♦❞❡r
❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♣♦r ✉♠ ❧♦♥❣♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦✱ q✉❛❧q✉❡r s♦❧✉çã♦ q✉❡ ♥ã♦ s❡❥❛ ❛ ót✐♠❛
❡st❛rá ❜❡♠ ❞✐st❛♥t❡ ❞❛ s♦❧✉çã♦ ót✐♠❛✳ P♦r ✜♠✱ ♦ ♣r♦❜❧❡♠❛ ❡st✉❞❛❞♦ ♣♦r ❋✉❥✐♠♦t♦ ❡
❍❛❣✐❤❛r❛ ❢♦✐ R|rj = L|∑ sjk R; sit|pij = L|TPCC ✱ ♦♥❞❡

∑
sjk é ♦ ❚P❈❈ ❡ L é ✉♠❛

❝♦♥st❛♥t❡ ❞♦ ♠♦❞❡❧♦✳ ▼❛✐s ❞❡t❛❧❤❡s s❡rã♦ ✈✐st♦s ♥❛ s❡çã♦ ✷✳✶✳
❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❬✶✹❪ t❛♠❜é♠ ♣r♦❥❡t❛r❛♠ ✉♠ ❛❧❣♦r✐t♠♦ (1 + Lcp(n)·m(ln(m−1)+1

n
)

❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|prec; pij = L|TPCC ♦♥❞❡ ❛s t❛r❡❢❛s tê♠ ♣r❡❝❡❞ê♥❝✐❛✳
▼❛✐s ❞❡t❛❧❤❡s s❡rã♦ ✈✐st♦s ♥❛ s❡çã♦ ✷✳✷

❙❝❤✇✐❡❣❡❧s❤♦❤♥✱ ❚❝❤❡r♥②❦❤ ❡ ❨❛❤②❛♣♦✉r ❬✸✼❪ ✜③❡r❛♠ ✉♠ ❡st✉❞♦ s♦❜r❡ ❛❧❣♦r✐t♠♦s ❞❡
❡s❝❛❧♦♥❛♠❡♥t♦ ♦♥❧✐♥❡ ♣❛r❛ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♦♥❞❡ ♠♦str❛r❛♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ▲✐st

❙❝❤❡❞✉❧✐♥❣ t❡♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ r✉✐♠ ♣❛r❛ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ❊❧❡s ♣r♦♣✉s❡r❛♠ ✉♠❛
♠❡❧❤♦r✐❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ❣❛r❛♥t❡ ✉♠ t❛①❛ ❞❡ ❝♦♠♣❡t✐t✐✈✐❞❛❞❡ 5 ✉s❛♥❞♦ ❛ té❝♥✐❝❛ ❥♦❜

st❡❛❧✐♥❣✳ ❆ ✐❞❡✐❛ ❞❡ss❛ té❝♥✐❝❛ é ♠♦♥t❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡stát✐❝♦ ❡ s❡ ✉♠ ♣r♦❝❡ss❛❞♦r
✜❝❛r ♦❝✐♦s♦✱ ❡❧❡ r♦✉❜❛ ❛s t❛r❡❢❛s q✉❡ ❢♦r❛♠ ❛❧♦❝❛❞❛s ♣❛r❛ ♦✉tr♦ ♣r♦❝❡ss❛❞♦r✳ ■ss♦ t♦r♥❛ ♦
❛❧❣♦r✐t♠♦ ♠❛✐s ❛❞❛♣t❛❞♦ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ❞❡ ●r❛❞❡s✳

✶✳✸ ❱✐sã♦ ❣❡r❛❧ ❞❡ ❣r❛❞❡s ❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦

❡♠ ❣r❛❞❡

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ●r❛❞❡ ❈♦♠♣✉t❛❝✐♦♥❛❧ ❡ s♦❜r❡ ❊s✲
❝❛❧♦♥❛♠❡♥t♦ ❡♠ ●r❛❞❡✳

❆ ❣r❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✭❣r❛❞❡✮ ❢♦✐ ❝r✐❛❞❛ ❣r❛ç❛s ❛♦ ❛✈❛♥ç♦ ❞❛s t❡❝♥♦❧♦❣✐❛s ❞❡ r❡❞❡
❡ ♦ ❜❛✐①♦ ❝✉st♦ ❞♦s ❝♦♠♣♦♥❡♥t❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ●r❛❞❡ é ✉♠ s✐st❡♠❛ q✉❡✱ ❛tr❛✈és ❞❛
✉t✐❧✐③❛çã♦ ❞❡ ✐♥t❡r❢❛❝❡s ❡ ♣r♦t♦❝♦❧♦s ♣❛❞r♦♥✐③❛❞♦s✱ ❛❜❡rt♦s ❡ ❞❡ ♣r♦♣ós✐t♦ ❣❡r❛❧✱ ❝♦♦r❞❡♥❛
r❡❝✉rs♦s q✉❡ ♥ã♦ ❡stã♦ s✉❥❡✐t♦s ❛ ✉♠ ❝♦♥tr♦❧❡ ❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❢♦r♥❡❝❡r
q✉❛❧✐❞❛❞❡s ❞❡ s❡r✈✐ç♦s ♥ã♦ tr✐✈✐❛✐s ❬✶✷❪✳ ❆ ❛❣r❡❣❛çã♦ ❝r✐❛ ✉♠ s❡r✈✐ç♦ ✈✐❛❜✐❧✐③❛♥❞♦ ♦ ♣r♦✲
❝❡ss❛♠❡♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ❧❛r❣❛ ❡s❝❛❧❛✳ P❛r❛ ♠❡❧❤♦r ✉s♦ ❞❡ss❡s r❡❝✉rs♦s✱ ♦✉ ♣❛r❛ s✉♣r✐r
❛❧❣✉♠ r❡q✉✐s✐t♦ ❡s♣❡❝í✜❝♦✱ é ♥❡❝❡ssár✐♦ q✉❡ ❛ ❣r❛❞❡ ❢❛ç❛ ✉♠ ❜♦♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❛s
t❛r❡❢❛s✳ ❖s r❡q✉✐s✐t♦s ♣♦❞❡♠ s❡r ❜❡♠ ✈❛r✐❛❞♦s✱ ❝♦♠♦ ♠✐♥✐♠✐③❛r ♦ t❡♠♣♦ ♠á①✐♠♦ ❞❡
❝♦♠♣✉t❛çã♦✱ ❞✐♠✐♥✉✐r ❝♦♥s✉♠♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♦✉ ❞✐♠✐♥✉✐r ♦ trá❢❡❣♦ ♥❛ r❡❞❡✳

❆❧❣✉♥s t❡r♠♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ sã♦ ❞❡s❝r✐t♦s ❛ s❡❣✉✐r✳

• ❯♠❛ t❛r❡❢❛ é ✉♠❛ ✉♥✐❞❛❞❡ ❛tô♠✐❝❛ ❛ s❡r ❡s❝❛❧♦♥❛❞❛ ♣♦r ✉♠ ❡s❝❛❧♦♥❛❞♦r ❡ ❛tr✐❜✉í❞❛



✶✳✸✳ ❱✐sã♦ ❣❡r❛❧ ❞❡ ❣r❛❞❡s ❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ❣r❛❞❡ ✽

❛ ✉♠ r❡❝✉rs♦✳

• ❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠❛ t❛r❡❢❛ sã♦ ♦s ♣❛râ♠❡tr♦s ❝♦♠♦ r❡q✉✐s✐t♦ ❞❡ ❈P❯✱ r❡q✉✐s✐t♦
❞❡ ♠❡♠ór✐❛✱ ♣r❛③♦ ✜♥❛❧✱ ♣r✐♦r✐❞❛❞❡✱ ❡t❝✳

• ❯♠ tr❛❜❛❧❤♦ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ t❛r❡❢❛s ❛tô♠✐❝❛s q✉❡ s❡rã♦ ❡①❡❝✉t❛❞❛s ♥✉♠ ❝♦♥❥✉♥t♦
❞❡ r❡❝✉rs♦s✳ ❖s tr❛❜❛❧❤♦s ♣♦❞❡♠ s❡r ❡str✉t✉r❛❞♦s r❡❝✉rs✐✈❛♠❡♥t❡✱ ♠♦str❛♥❞♦ q✉❡ ♦
tr❛❜❛❧❤♦ é ❝♦♠♣♦st♦ ❞❡ ♦✉tr♦s tr❛❜❛❧❤♦s ♦✉ t❛r❡❢❛s✳

• ❯♠ r❡❝✉rs♦ é q✉❛❧q✉❡r ♦❜❥❡t♦✱ ❢ís✐❝♦ ♦✉ ❧ó❣✐❝♦✱ ♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦ s❡❥❛
❡①❡❝✉t❛❞♦✳ P♦❞❡ s❡r ❈P❯✱ ♠❡♠ór✐❛✱ ❡♥❧❛❝❡ ❞❡ r❡❞❡ ♦✉ ❞✐s♣♦s✐t✐✈♦ ❞❡ ❛r♠❛③❡♥❛✲
♠❡♥t♦✳

• ❯♠ ♥ó é ✉♠❛ ❡♥t✐❞❛❞❡ ❛✉tô♥♦♠❛ ❝♦♠♣♦st❛ ♣♦r ✉♠ ♦✉ ♠❛✐s r❡❝✉rs♦s✳

• ❯♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❛s t❛r❡❢❛s é ✉♠ ♠❛♣❡❛♠❡♥t♦ ❞❛s t❛r❡❢❛s ♣❛r❛ ✉♠ s❡❧❡✲
❝✐♦♥❛❞♦ ❣r✉♣♦ ❞❡ r❡❝✉rs♦s q✉❡ ♣♦❞❡♠ ❡st❛r ❞✐str✐❜✉í❞♦s ❡♠ ♠ú❧t✐♣❧♦s ❞♦♠í♥✐♦s
❛❞♠✐♥✐str❛t✐✈♦s✳

❖s ❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ q✉❡ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ s✐st❡♠❛s
♣❛r❛❧❡❧♦s ❡ ❞✐str✐❜✉í❞♦s ♥ã♦ sã♦ ♦s ♠❛✐s ❛❞❡q✉❛❞♦s ♣❛r❛ ●r❛❞❡ ❥á q✉❡ ❡ss❡s ❛❧❣♦r✐t♠♦s
❛ss✉♠❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥tr♦❧❡ ❞♦s r❡❝✉rs♦s ❡ ♦s s✐st❡♠❛s sã♦ ❤♦♠♦❣ê♥❡♦s✳ ◆❛s
●r❛❞❡s t♦❞♦ r❡❝✉rs♦ é ❞♦❛❞♦ ♣❡❧♦ ❞♦♥♦ ❞❡st❡✳ ❖ ❞♦♥♦ t❡♠ ❝♦♥tr♦❧❡ t♦t❛❧ ❞♦ r❡❝✉rs♦✱
❝♦♠♦ ♦ ❝♦♥tr♦❧❡ ❞❡ ❛❝❡ss♦✱ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♠ór✐❛ ❞✐s♣♦♥✐❜✐❧✐③❛❞❛✱ ♠á①✐♠♦ ❞❡ ❝♦♥s✉♠♦ ❞❡
❈P❯✱ ♣❡r♠✐ssã♦ ❞❡ ❛❝❡ss♦ ❡ ✈ár✐❛s ♦✉tr❛s r❡❣r❛s q✉❡ ♣♦❞❡♠ s❡r ❝♦♥✜❣✉r❛❞❛s✳ Pr♦❜❧❡♠❛s
♠❛✐♦r❡s✱ ❝♦♠♦ ♦ ❝❛s♦ ❞♦ ✉s✉ár✐♦ ❞❡s❧✐❣❛r s❡✉ r❡❝✉rs♦ ♦✉ s♦❜r❡❝❛rr❡❣á✲❧♦ ❛ ♣♦♥t♦ ❞❡ ♥ã♦
s♦❜r❛r r❡❝✉rs♦ ♣❛r❛ ❛ ●r❛❞❡✱ ♣♦❞❡♠ ♦❝♦rr❡r✳ P♦r ✐ss♦ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ●r❛❞❡s ♥❡❝❡ss✐t❛
❞❡ ✉♠ ❡st✉❞♦ ♠❛✐s ❢♦❝❛❞♦ ♥❛s ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝í✜❝❛s ❞❡ss❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛✳ ❉♦♥❣ ❡
❆❦❧ ❬✶✶❪ ❧✐st❛r❛♠ ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ✐♥✢✉❡♥❝✐❛♠ ♦ ♣r♦❥❡t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦
❡♠ ❣r❛❞❡s✿

• ❍❡t❡r♦❣❡♥❡✐❞❛❞❡ ❡ ❆✉t♦♥♦♠✐❛

▼❡s♠♦ ❛ ❤❡t❡r♦❣❡♥❡✐❞❛❞❡ s❡♥❞♦ ✉♠ tó♣✐❝♦ ❥á ❡st✉❞❛❞♦ ❡♠ ♦✉tr♦s ♣r♦❜❧❡♠❛s ❞❡ s✐s✲
t❡♠❛s ❞✐str✐❜✉í❞♦s✱ ❡❧❡ ❛✐♥❞❛ é ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ♣r❡❝✐s❛ s❡r ❡①♣❧♦r❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦
❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❣r❛❞❡✳ ❊♠ ●r❛❞❡s ❡①✐st❡♠ r❡❝✉rs♦s q✉❡ ❡stã♦ ❞✐str✐❜✉í❞♦s ❡♠
♠ú❧t✐♣❧♦s ❞♦♠í♥✐♦s ♥❛ ✐♥t❡r♥❡t✱ ❡ t❛♥t♦ ♦s ♥ós q✉❛♥t♦ ❛s s✉❜✲r❡❞❡s ✐♥t❡r♥❛s sã♦
❤❡t❡r♦❣ê♥❡❛s✳

❊♠ s✐st❡♠❛s ♣❛r❛❧❡❧♦s ❡ ❞✐str✐❜✉í❞♦s tr❛❞✐❝✐♦♥❛✐s✱ ♦s r❡❝✉rs♦s sã♦ ❝♦♥tr♦❧❛❞♦s ♣❡❧♦
s✐st❡♠❛✱ ❡♥tã♦ é ♠❛✐s ❢á❝✐❧ ♣r❡✈❡r ♣♦ssí✈❡✐s ❡✈❡♥t♦s q✉❡ ✐♥✢✉❡♥❝✐❡♠ ♥❛s ❞❡❝✐sõ❡s✳ ❊♠
●r❛❞❡s ❝❛❞❛ r❡❝✉rs♦ é ❞❡ ❝♦♥tr♦❧❡ t♦t❛❧ ❞♦ ❞♦♥♦✱ ❡ ♥ã♦ ❤á ❝♦♠♦ ❝♦♥tr♦❧❛r ♦✉ t❡♥t❛r
♣r❡✈❡r ♦s ❡✈❡♥t♦s✱ ❥á q✉❡ ❡①✐st❡♠ ♦✉tr♦s ♣r♦❝❡ss♦s ❝♦♥❝♦rr❡♥t❡s ❞❡ q✉❡ ❛ ●r❛❞❡ ♥ã♦



✶✳✸✳ ❱✐sã♦ ❣❡r❛❧ ❞❡ ❣r❛❞❡s ❡ ♣r♦❜❧❡♠❛s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ❣r❛❞❡ ✾

t❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❡ ❝♦♥tr♦❧❡✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡♠ ♣♦❧ít✐❝❛s ❧♦❝❛✐s q✉❡ ♦ ❞♦♥♦ ❞♦
r❡❝✉rs♦ ❝♦♥✜❣✉r❛ q✉❡ ❛ ●r❛❞❡ t❡♠ q✉❡ r❡s♣❡✐t❛r✳

• ❱❛r✐❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦

❆s ●r❛❞❡s ❡stã♦ s♦❜ ✉♠ ❛♠❜✐❡♥t❡ ❞✐♥â♠✐❝♦ ♦♥❞❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ r❡❝✉rs♦s ✈❛r✐❛
❞✉r❛♥t❡ ♦ t❡♠♣♦✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ ❤á ❝♦♥tr♦❧❡ ❝❡♥tr❛❧ ❞❡ss❡s r❡❝✉rs♦s✳ P♦r ❡①❡♠♣❧♦✱
♥♦ ❝❛s♦ ❞❡ ✉♠ ❝❧✉st❡r✱ ♦ s✐st❡♠❛ t❡♠ ❝♦♥tr♦❧❡ ❞❡ t♦❞♦s ♦s r❡❝✉rs♦s✱ ❡ ❝❛s♦ ✉♠❛ t❛r❡❢❛
♥♦✈❛ ♣r❡❝✐s❡ s❡r ❡s❝❛❧♦♥❛❞❛✱ ❡❧❡ ❛ ❡s❝❛❧♦♥❛ ❝♦♠ s✉❛ ✈✐sã♦ ❞❡ t♦❞♦ ♦ ❛♠❜✐❡♥t❡✳ ❏á ♥❛
●r❛❞❡✱ s❡ ✉♠❛ t❛r❡❢❛ ❝♦♥❝♦rr❡♥t❡ ❧♦❝❛❧ r♦❞❛r ♥♦ s✐st❡♠❛ ❡❧❡ ♥ã♦ t❡rá ❝♦♥tr♦❧❡ s♦❜r❡
❡❧❛✳ ❊♠ r❡❧❛çã♦ ❛♦s s✐st❡♠❛s tr❛❞✐❝✐♦♥❛✐s✱ ❛ ✢✉t✉❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s r❡❝✉rs♦s
é ❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ q✉❡ ✐♥✢✉❡♥❝✐❛ ♦ ♣r♦❥❡t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦
❞❡ t❛r❡❢❛s✳

• ❊s❝♦❧❤❛ ❞♦s r❡❝✉rs♦s ❡ ❙❡♣❛r❛çã♦ ❞♦s ❞❛❞♦s

❆ ❤❡t❡r♦❣❡♥❡✐❞❛❞❡ ❞❛ ●r❛❞❡ ♣♦❞❡ ❢❛③❡r ❝♦♠ q✉❡ ♦s ♥ós ❞❡ ❛r♠❛③❡♥❛♠❡♥t♦ ❡st❡❥❛♠
❡♠ ❞♦♠í♥✐♦s ❞✐❢❡r❡♥t❡s✱ ❡ ✐ss♦ t❡♠ q✉❡ s❡r ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛ ♥♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❛s
t❛r❡❢❛s✱ ❥á q✉❡ ♦ trá❢❡❣♦ ❞♦s ❞❛❞♦s ✐rá ✐♥✢✉❡♥❝✐❛r ♥♦ t❡♠♣♦ ✜♥❛❧ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦✳

❊ss❛s ❝❛r❛❝t❡ríst✐❝❛s ❢❛③❡♠ ❝♦♠ q✉❡ ❛ ●r❛❞❡ t❡♥❤❛ ❝❛r❛❝t❡ríst✐❝❛s ú♥✐❝❛s ❡ q✉❡ ❞❡✈❡♠
s❡r ❧❡✈❛❞❛s ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♥♦ ♣r♦❥❡t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✳

✶✳✸✳✶ ❚✐♣♦s ❞❡ ❛❧❣♦r✐t♠♦s

❖s ❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ tê♠ s❡♠♣r❡ ❞✉❛s ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❝✐t❛❞❛s ❛❜❛✐①♦✳ ❙ã♦
❡stát✐❝♦s ♦✉ ❞✐♥â♠✐❝♦s ❝♦♠ ♦✉ s❡♠ ♣r❡❞✐çã♦✳ ❊ss❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦ ❞❡✜♥✐❞❛s ❛❜❛✐①♦✿

❊stát✐❝♦s ❙ã♦ ❛❧❣♦r✐t♠♦s q✉❡ ❞❡✜♥❡♠ t♦❞♦ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❜❛s❡❛❞♦s ♥❛s ✐♥❢♦r♠❛çõ❡s
✐♥✐❝✐❛✐s ❬✶✵❪ ❞❛ ❣r❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♦✉ s❡❥❛✱ ❡❧❡s ♥ã♦ ❛❝♦♠♣❛♥❤❛♠ ❛s ♠✉❞❛♥ç❛s
q✉❡ ♦❝♦rr❡♠ ♥❛ ❣r❛❞❡✳

❉✐♥â♠✐❝♦s ❙ã♦ ❛❧❣♦r✐t♠♦s q✉❡ ♣r❡❝✐s❛♠ t♦♠❛r ❞❡❝✐sõ❡s ✈ár✐❛s ✈❡③❡s ❞✉r❛♥t❡ t♦❞♦ ♦
t❡♠♣♦ q✉❡ ♦ s✐st❡♠❛ ❡stá ❡♠ ❡①❡❝✉çã♦✳ ❈❛❞❛ ✈❡③ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♣r❡❝✐s❛ t♦♠❛r
❛❧❣✉♠❛ ❞❡❝✐sã♦✱ ❡❧❡ ✉s❛ ❛s ✐♥❢♦r♠❛çõ❡s ❞❛ ❣r❛❞❡ ♥❛q✉❡❧❡ ✐♥st❛♥t❡✳ ❊st❡ t✐♣♦ ❞❡
❛❧❣♦r✐t♠♦ é ♦ ♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❥á q✉❡ ❛s ❣r❛❞❡s sã♦
s✐st❡♠❛s ❜❡♠ ❞✐♥â♠✐❝♦s ❡ ❤❡t❡r♦❣ê♥❡♦s✳

❙❡♠ ♣r❡❞✐çã♦ ❆❧❣♦r✐t♠♦s s❡♠ ♣r❡❞✐çã♦✱ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ♣r❡❝✐s❛♠ ❝♦♥❤❡❝❡r ❛s ❝❛r❛❝✲
t❡ríst✐❝❛s ❞❛ ❣r❛❞❡✳ ❙ó ♣r❡❝✐s❛♠ ❝♦♥❤❡❝❡r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s q✉❡ ❡stã♦
❞✐s♣♦♥í✈❡✐s ❡ ❡♠ ❛❧❣✉♥s ❝❛s♦s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ t❛r❡❢❛s✳



✶✳✹✳ ❉❡✜♥✐çã♦ ❣❡r❛❧ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ✶✵

❈♦♠ ♣r❡❞✐çã♦ ❆❧❣♦r✐t♠♦s ❝♦♠ ♣r❡❞✐çã♦ ♣r❡❝✐s❛♠ ❝♦♥❤❡❝❡r ❝❛r❛❝t❡ríst✐❝❛s ♠❛✐s ❡s♣❡✲
❝í✜❝❛s s♦❜r❡ ❛ ❣r❛❞❡✱ ❝♦♠♦ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❛t✉❛❧ ❞❡ ✉♠❛ ♠áq✉✐♥❛ ❞❛
❣r❛❞❡✱ ♦ t❛♠❛♥❤♦ ❞❛ t❛r❡❢❛s✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ r❡❞❡✱ ♦✉ q✉❛❧q✉❡r ♦✉tr❛ ✐♥❢♦r♠❛çã♦
q✉❡ s❡❥❛ r❡❧❡✈❛♥t❡ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦✳ ❈♦♠ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ♦ ❛❧❣♦r✐t♠♦ ❝♦♥s❡❣✉❡
t♦♠❛r ❞❡❝✐sõ❡s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s✱ ♠❛s ❡ss❛s ✐♥❢♦r♠❛çõ❡s sã♦ ❝✉st♦s❛s✱ ❝♦♠♣❧✐❝❛❞❛s
❡ ❛s ✈❡③❡s ♣♦✉❝♦ ❝♦♥✜á✈❡✐s ❬✶✵✱ ✶✺❪✳

◆ós ❡st✉❞❛♠♦s ❡ ✐♠♣❧❡♠❡♥t❛♠♦s ❛❧❣♦r✐t♠♦s ❝♦♠ ❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡
♦s ❛❧❣♦r✐t♠♦s ❞✐♥â♠✐❝♦s✳

✶✳✹ ❉❡✜♥✐çã♦ ❣❡r❛❧ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦

◆❡st❛ s❡çã♦ ❞✐s❝✉t✐♠♦s ❜r❡✈❡♠❡♥t❡ ❛s ♣r✐♥❝✐♣❛✐s ❛❜♦r❞❛❣❡♥s ❛❧❣♦rít♠✐❝❛s q✉❡ ✉t✐❧✐③❛♠♦s
♥❡st❛ ❞✐ss❡rt❛çã♦✱ q✉❡ sã♦ ❛❧❣♦r✐t♠♦s ❛♣r♦①✐♠❛❞♦s ❡ ♦s ♦♥✲❧✐♥❡s✳

❉❛❞♦ ✉♠ ❛❧❣♦r✐t♠♦ A✱ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦✱ s❡ I ❢♦r ✉♠❛ ✐♥stâ♥❝✐❛
♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r A(I) ♦ ✈❛❧♦r ❞❛ s♦❧✉çã♦ ❞❡✈♦❧✈✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦
A ❛♣❧✐❝❛❞♦ à ✐♥stâ♥❝✐❛ I ❡ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r OPT(I) ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✈❛❧♦r ♣❛r❛ ✉♠❛
s♦❧✉çã♦ ót✐♠❛ ❞❡ I✳ ❉✐r❡♠♦s q✉❡ ✉♠ ❛❧❣♦r✐t♠♦ t❡♠ ✉♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ α✱ ♦✉ é
α✲❛♣r♦①✐♠❛❞♦✱ s❡ A(I)/OPT(I) ≤ α✱ ♣❛r❛ t♦❞❛ ✐♥stâ♥❝✐❛ I✳ ◆♦ ❝❛s♦ ❞♦s ❛❧❣♦r✐t♠♦s
♣r♦❜❛❜✐❧íst✐❝♦s✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ E[A(I)]/OPT(I) ≤ α✱ ♦♥❞❡ ❛ ❡s♣❡r❛♥ç❛
E[A(I)] é t♦♠❛❞❛ s♦❜r❡ t♦❞❛s ❛s ❡s❝♦❧❤❛s ❛❧❡❛tór✐❛s ❢❡✐t❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦✳ ➱ ✐♠♣♦rt❛♥t❡
r❡ss❛❧t❛r q✉❡ ❛❧❣♦r✐t♠♦s ❞❡ ❛♣r♦①✐♠❛çã♦ tê♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳

❆♦ ❡❧❛❜♦r❛r ✉♠ ❛❧❣♦r✐t♠♦ ❛♣r♦①✐♠❛❞♦✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é ❜✉s❝❛r ✉♠❛ ♣r♦✈❛ ❞❡ s❡✉
❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦✳ ❖✉tr♦ ❛s♣❡❝t♦ ✐♥t❡r❡ss❛♥t❡ é ✈❡r✐✜❝❛r s❡ ♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ α

❞❡♠♦♥str❛❞♦ é ♦ ♠❡❧❤♦r ♣♦ssí✈❡❧✳ P❛r❛ ✐st♦✱ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ✐♥stâ♥❝✐❛ ❝✉❥❛ r❛③ã♦
❡♥tr❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❡ s✉❛ s♦❧✉çã♦ ót✐♠❛ é ✐❣✉❛❧✱ ♦✉ tã♦ ♣ró①✐♠❛ q✉❛♥t♦
s❡ q✉❡✐r❛✱ ❞❡ α✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ é ❥✉st♦✱ ♦✉
s❡❥❛✱ s❡✉ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ♥ã♦ ♣♦❞❡ s❡r ♠❡❧❤♦r❛❞♦✳

❖s ❛❧❣♦r✐t♠♦s ♦♥✲❧✐♥❡ sã♦ ❛q✉❡❧❡s q✉❡ r❡❝❡❜❡♠ s✉❛s ❡♥tr❛❞❛s ❞❡ ❞❛❞♦s ❛♦ ♣❛ss❛r ❞♦
t❡♠♣♦✳ ❆s ❞❡❝✐sõ❡s sã♦ t♦♠❛❞❛s ❝♦♠ ❜❛s❡ ♥❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❥á ♣♦ss✉✐✳ ➱
✐♠♣♦rt❛♥t❡ ❣r✐❢❛r q✉❡ t♦❞❛ ❞❡❝✐sã♦ ❥á t♦♠❛❞❛ ♥ã♦ ♣♦❞❡ s❡r ❛♥✉❧❛❞❛✳



❈❛♣ít✉❧♦ ✷

❊①❡♠♣❧♦s ❞❡ ❆❧❣♦r✐t♠♦s ❆♣r♦①✐♠❛❞♦s

♣❛r❛ ●r❛❞❡s ❈♦♠♣✉t❛❝✐♦♥❛✐s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❛❧❣♦r✐t♠♦s ❛♣r♦①✐♠❛❞♦s ♣❛r❛ ❣r❛❞❡s ❝♦♠♣✉✲
t❛❝✐♦♥❛✐s q✉❡ ❢♦r❛♠ ❡st✉❞❛❞♦s✳ ◆❛ s❡çã♦ ✷✳✶ ❛♣r❡s❡♥t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❘❘ (1+m(ln(m−1)+1

n
)

❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|Tj = L|TPCC✳ ◆❛ s❡çã♦ ✷✳✷ ❛♣r❡s❡♥t❛♠♦s ♦ ❛❧❣♦r✐t♠♦
▲❘ (1+ Lcp(n)·m(ln(m−1)+1

n
) ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|prec;Tj = L|TPCC✳ ◆❛ s❡çã♦ ✷✳✸ ❛♣r❡✲

s❡♥t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ GPm|sizej; rj|Cmax

❝♦♠ ❢❛t♦r 3 ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦✛✲❧✐♥❡ ❡ ❢❛t♦r 5 ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦♥✲❧✐♥❡✳
❆ t❛❜❡❧❛ ❛❜❛✐①♦ r❡s✉♠❡ ♦s ❛❧❣♦r✐t♠♦s q✉❡ ❢♦r❛♠ ❡st✉❞❛❞♦s✿

α β γ ♦❜s❡r✈❛çã♦ ❛❧❣♦r✐t♠♦ ❛♣r♦①✐♠❛çã♦
R; sit Tj = L TPCC ♥ã♦ ♣r❡❞✐t✐✈♦ ❘❘ (1 + m(ln(m−1)+1

n
)

R; sit prec;Tj = L TPCC ♥ã♦ ♣r❡❞✐t✐✈♦ ❘❘ (1 + Lcp(n)·m(ln(m−1)+1

n
)

GPm sizej; rj Cmax ♦♥✲❧✐♥❡ ❘❘ 3
GPm sizej; rj Cmax ♦✛✲❧✐♥❡ ❘❘ 5

❚❛❜❡❧❛ ✷✳✶✿ ▲✐st❛ ❞❡ ❛❧❣♦r✐t♠♦s ❡ s✉❛ ❛♣r♦①✐♠❛çã♦

✷✳✶ ❆❧❣♦r✐t♠♦ ❘❘

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|Tj =

L|TPCC ♣r♦♣♦st♦ ♣♦r ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❬✶✸❪ q✉❡ ♦❜t❡✈❡ ✉♠❛ (1 + m(ln(m−1)+1
n

) ❛♣r♦✲
①✐♠❛çã♦✳ ◆❡st❡ ♣r♦❜❧❡♠❛ t❡♠♦s n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ L ❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s ❡♠ m

♠áq✉✐♥❛s✱ ❡ ❝❛❞❛ ♠áq✉✐♥❛ ✈❛r✐❛ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖ ❛❧❣♦✲
r✐t♠♦ t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠✐♥✐♠✐③❛r ❛ ❢✉♥çã♦ ❚P❈❈ q✉❡ ❝❛❧❝✉❧❛ ♦ t♦t❛❧ ❞❡ ✐♥str✉çõ❡s ❣❛st❛s

✶✶
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♣❛r❛ ❡①❡❝✉t❛r t♦❞❛s ❛s t❛r❡❢❛s ❞♦ ✐♥í❝✐♦ ❛té ♦ ✐♥st❛♥t❡ q✉❡ ❛ ú❧t✐♠❛ t❛r❡❢❛ é ❝♦♥❝❧✉í❞❛✱
✐♥st❛♥t❡ Cmax✳

❖ ❚P❈❈ é ❢♦r♠❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❝♦♠♦✿

m∑

i=1

⌊Cmax⌋−1
∑

t=0

si,t +
m∑

i=1

(Cmax − ⌊Cmax⌋)si,⌊Cmax⌋.

❖♥❞❡ si,t é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♠áq✉✐♥❛ Mi ❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ [t, t + 1)✱ ♠❡❞✐❞♦s
❡♠ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥str✉çõ❡s q✉❡ ♣♦❞❡♠ s❡r ❡①❡❝✉t❛❞❛s✱ ♦♥❞❡ t é ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦✱
❡ Cmax é ♦ t❡♠♣♦ ♠á①✐♠♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s ♣❛r❛ ✉♠ ❞❛❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦✱
♦✉ s❡❥❛✱ ♠❛❦❡s♣❛♥✳ ❊♥tã♦ ♦ ❚P❈❈ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥str✉çõ❡s ❡①❡❝✉t❛❞❛s ♣♦r t♦❞♦s ♦s
♣r♦❝❡ss❛❞♦r❡s ❞✉r❛♥t❡ ♦ ✐♥st❛♥t❡ [0, Cmax]✳ ◆❛ ✜❣✉r❛ ✷✳✶ ❞❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝á❧❝✉❧♦
❞♦ ❚P❈❈ ♣❛r❛ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ✺ t❛r❡❢❛s ❡ ✸ ♠áq✉✐♥❛s✳ ◆❡st❡ ❡①❡♠♣❧♦ ♦ ❚P❈❈ é

(15 +
2

2
)

︸ ︷︷ ︸

M1

+(14 +
4

2
)

︸ ︷︷ ︸

M2

+(8 +
6

3
)

︸ ︷︷ ︸

M3

= 43✳

✵ ✸✳✺ ✼✳✺ tempo

Mi

M3

M2

M1 ✸ ✺ ✼ ✵ ✵ ✵ ✵ ✷
✽ ✺ ✶ ✵ ✵ ✵ ✵ ✹
✺ ✷ ✶ ✵ ✵ ✵ ✵ ✻

▼❛❦❡s♣❛♥ ❂ 7.5 ❚P❈❈ ❂ ✹✸

❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✱ ♦♥❞❡ t❛r❡❢❛s sã♦ ❡❧✐♣s❡s✱ ❡ ❝❛❞❛ ♣♦s✐çã♦ ❞❛ ♠❛tr✐③
❝♦rr❡s♣♦♥❞❡ ❛♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐♥str✉çõ❡s ❡①❡❝✉t❛❞❛s ♥✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✳ ❖
❚P❈❈ é ❛ s♦♠❛ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s ❞❡s❞❡ ♦ t❡♠♣♦ ✵ ❛té 7.5

❖ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣♦r ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❝♦♥s✐❞❡r❛ q✉❡✿

• ❆s t❛r❡❢❛s tê♠ t❛♠❛♥❤♦s ✐❣✉❛✐s✱ ❡ r❡♣r❡s❡♥t❛♠♦s ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s ♥❡❝❡s✲
sár✐❛s ♣❛r❛ ❡①❡❝✉t❛r ❛ t❛r❡❢❛✳

• ❆ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣r♦❝❡ss❛❞♦r é ♦ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s q✉❡ ♣♦❞❡♠ s❡r ❝♦♠♣✉t❛❞❛s
♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳

• ❆ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♠áq✉✐♥❛ Mi ♥ã♦ ✈❛r✐❛ ❞✉r❛♥t❡ ♦ t❡♠♣♦ [t, t+ 1) ❡ t❡♠ ✈❡❧♦❝✐❞❛❞❡
✐❣✉❛❧ ❛ si,t✳ ➱ ❛ss✉♠✐❞♦ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ é ③❡r♦ q✉❛♥❞♦ ♦ ♣r♦❝❡ss❛❞♦r ❡st✐✈❡r ♠✉✐t♦
s♦❜r❡❝❛rr❡❣❛❞♦ ♦✉ ❞❡s❧✐❣❛❞♦✳



✷✳✶✳ ❆❧❣♦r✐t♠♦ ❘❘ ✶✸

• ◆ã♦ ❡stá ♣r❡✈✐st♦ ❛❞✐çã♦ ♦✉ r❡♠♦çã♦ ❞❡ ♠áq✉✐♥❛s ❡ t❛♠❜é♠ ♥ã♦ ❡stá ♣r❡✈✐st♦
♦❝♦rrê♥❝✐❛ ❞❡ ❢❛❧❤❛s ❞❡ q✉❛❧q✉❡r ♥❛t✉r❡③❛✳

• ❙❡❥❛ T ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n t❛r❡❢❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ♠❡s♠♦ t❛♠❛♥❤♦ L✳ ❙❡❥❛ m ♦
♥ú♠❡r♦ ❞❡ ♠áq✉✐♥❛s ♥✉♠❛ ❣r❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❯♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S ♥✉♠❛ ❣r❛❞❡
❝♦♠ m ♠áq✉✐♥❛s ❡ n t❛r❡❢❛s é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ tr✐♣❧❛s 〈j, i, t〉✱
q✉❡ s❛t✐s❢❛③❡♠ ❛s r❡❣r❛s ❘✶ ❡ ❘✷ ✭❛❜❛✐①♦✮✱ ♦♥❞❡ 1 ≤ j ≤ n é ♦ í♥❞✐❝❡ ❞❛ t❛r❡❢❛✱
1 ≤ i ≤ m é ♦ í♥❞✐❝❡ ❞♦ ♠áq✉✐♥❛ ❡ t é ♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ❡♠ q✉❡ ❛ t❛r❡❢❛ Tj

✐♥✐❝✐♦✉✳
❘✶✮ P❛r❛ ❝❛❞❛ 1 ≤ j ≤ n✱ ❡①✐st❡ ✉♠❛ tr✐♣❧❛ 〈j, i, t〉 ∈ S✳ ❖✉ s❡❥❛✱ t♦❞❛s ❛s t❛r❡❢❛s
Tj ∈ T s❡rã♦ ❡①❡❝✉t❛❞❛s✳
❘✷✮ ◆ã♦ ❡①✐st❡♠ ❞✉❛s tr✐♣❧❛s 〈j, i, t〉, 〈j′, i, t′〉 ∈ S ❝♦♠ t ≤ t′ < t+ d ♦♥❞❡ t+ d é ♦
t❡♠♣♦ ❞❡ ❝♦♥❝❧✉sã♦ ❞❛ t❛r❡❢❛ Tj✳ ❖✉ s❡❥❛✱ ✉♠ ♣r♦❝❡ss❛❞♦r ♥ã♦ ♣♦❞❡ ❡①❡❝✉t❛r ♠❛✐s
❞❡ ✉♠❛ t❛r❡❢❛ ❛♦ ♠❡s♠♦ t❡♠♣♦✳

• ❆ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s ♦❝♦rr❡ q✉❛♥❞♦ ✉♠❛ t❛r❡❢❛ Tj é ❡①❡❝✉t❛❞❛ ❡♠ ♠❛✐s ❞❡ ✉♠
♣r♦❝❡ss❛❞♦r✳

◆♦ ❆❧❣♦r✐t♠♦ ✶ ❛♣r❡s❡♥t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❘❘ ♣r♦♣♦st♦ ♣♦r ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛✳
◆❡st❡ ❛❧❣♦r✐t♠♦ é ✉t✐❧✐③❛❞♦ ✉♠ ❛♥❡❧ q✉❡ é ✉♠❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ❝✐r❝✉❧❛r ♦♥❞❡ ♦s
❡❧❡♠❡♥t♦s t❡♠ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ t♦t❛❧✱ ♦✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡♠ ❞♦✐s ♦✉ ♠❛✐s ❡❧❡♠❡♥t♦s ♥❛
♠❡s♠❛ ♦r❞❡♠✳ ❖ ❛♥❡❧ t❡♠ ✉♠❛ ❝❛❜❡ç❛ q✉❡ ✐❞❡♥t✐✜❝❛ q✉❛❧ é ♦ ❛t✉❛❧ ❡❧❡♠❡♥t♦✳ ❊ss❛
❝❛❜❡ç❛ ♣♦❞❡ ♠✉❞❛r ❞❡ ♣♦s✐çã♦ ♣❛r❛ ♦ ♣ró①✐♠♦ ❡❧❡♠❡♥t♦ ❞♦ ❛♥❡❧✳ ◗✉❛♥❞♦ ❛ ❝❛❜❡ç❛ s❡
♠♦✈❡ ♣❛r❛ ♦ ♣ró①✐♠♦ ❡❧❡♠❡♥t♦✱ ❡❧❛ ✐rá ♣❛r❛ ♦ ♣ró①✐♠♦ ❡❧❡♠❡♥t♦ ❞❡ ♠❛✐♦r ♦r❞❡♠✱ ♠❛s
s❡ ♦ ❡❧❡♠❡♥t♦ ❛t✉❛❧ ❢♦r ♦ ❞❡ ♦r❞❡♠ ♠á①✐♠❛✱ ❡♥tã♦ ❡❧❛ ✐rá ♣❛r❛ ♦ ❞❡ ♦r❞❡♠ ♠í♥✐♠❛✳ ❖s
❡❧❡♠❡♥t♦s ❞♦ ❛♥❡❧ ♣♦❞❡♠ s❡r r❡♠♦✈✐❞♦s ❡ s❡ ♦ ❡❧❡♠❡♥t♦ ❢♦r ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧✱ ❛ ❝❛❜❡ç❛ ❞♦
❛♥❡❧ t❡rá q✉❡ ❛♣♦♥t❛r ♣❛r❛ ♦ ♣ró①✐♠♦ ❡❧❡♠❡♥t♦✳ ❖ ❆❧❣♦r✐t♠♦ ✶ ✉s❛ ✉♠ ❛♥❡❧ ❞❡ t❛r❡❢❛s
❝♦♠ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s✳

❖ ❛❧❣♦r✐t♠♦ ❘❘ ✭❆❧❣♦r✐t♠♦ ✶✮ ❢❛③ ✉s♦ ❞❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ❛♥❡❧ R q✉❡ ❣❡r❡♥❝✐❛
❛s t❛r❡❢❛s q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ❝♦♥❝❧✉í❞❛s✳ ❖ ❛♥❡❧ t❡♠ ✉♠❛ ❝❛❜❡ç❛ q✉❡ ❛♣♦♥t❛ ♣❛r❛ ❛
t❛r❡❢❛ ❛t✉❛❧✳ ❆s t❛r❡❢❛s q✉❡ sã♦ ❣❡r❡♥❝✐❛❞❛s ♣❡❧♦ ❛♥❡❧ s❡❣✉❡♠ ❛ ❧ó❣✐❝❛ ❞♦ ❘♦✉♥❞✲❘♦❜✐♥✱
♦✉ s❡❥❛✱ ❛ss✐♠ q✉❡ ❛ t❛r❡❢❛ ❛t✉❛❧ Tr é ❛tr✐❜✉í❞❛ ❛ ✉♠ ♣r♦❝❡ss❛❞♦r ❧✐✈r❡✱ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧
R ♠✉❞❛ ♣❛r❛ ❛ ♣ró①✐♠❛ t❛r❡❢❛ ♥♦ ❛♥❡❧✳

❆ s❡❣✉✐r s❡rá ❞❡s❝r✐t♦ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘❘✳ ◆♦ ✐♥í❝✐♦ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦✱
t♦❞❛s ❛s ♠áq✉✐♥❛s tê♠ ✉♠❛ t❛r❡❢❛ ❛tr✐❜✉í❞❛✳ ❙❡ ❛❧❣✉♠❛ t❛r❡❢❛ ✜♥❛❧✐③❛r✱ ❘❘ r❡❝❡❜❡ ♦
r❡s✉❧t❛❞♦ ❞❛ t❛r❡❢❛ ❡ ❛tr✐❜✉✐rá ✉♠❛ ♥♦✈❛ t❛r❡❢❛✱ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦✐ ❛tr✐❜✉í❞❛ ❛ ♥❡♥❤✉♠❛
♠áq✉✐♥❛✱ ♣❛r❛ ❛ ♠áq✉✐♥❛ q✉❡ ✜❝♦✉ ❧✐✈r❡✳ ❖ ❘❘ r❡♣❡t❡ ❡ss❡s ♣❛ss♦s ❛té q✉❡ t♦❞❛s ❛s
t❛r❡❢❛s t❡♥❤❛♠ s✐❞♦ ❛tr✐❜✉í❞❛s ❛ ❛❧❣✉♠❛ ♠áq✉✐♥❛✳ ▲♦❣♦✱ ♥❡ss❡ ♠♦♠❡♥t♦ ❡①❛t❛♠❡♥t❡ m

t❛r❡❢❛s ❡stã♦ s❡♥❞♦ ❡①❡❝✉t❛❞❛s✱ ♦✉ s❡❥❛✱ ❛✐♥❞❛ ♥ã♦ ❝♦♥❝❧✉ír❛♠ ♦ ♣r♦❝❡ss❛♠❡♥t♦✳ ❊ss❛s
m t❛r❡❢❛s sã♦ ❣❡r❡♥❝✐❛❞❛s ♥♦ ❛♥❡❧ R✳ ❖ ❛❧❣♦r✐t♠♦ ❡①❡❝✉t❛rá ♦s s❡❣✉✐♥t❡s ♣❛ss♦s ❛té q✉❡



✷✳✶✳ ❆❧❣♦r✐t♠♦ ❘❘ ✶✹

❆❧❣♦r✐t♠♦ ✶✿ ❆❧❣♦r✐t♠♦ ❘❘
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ T ❞❡ t❛r❡❢❛s✱ ❯♠ ♥ú♠❡r♦ m ❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ✭S✮ ❞❡ T ❡♠ m ♠áq✉✐♥❛s
✐♥í❝✐♦

❙❡❥❛ Q ✉♠❛ ✜❧❛ ❞❡ t❛r❡❢❛s❀
❊♥✜❧❡✐r❡ t♦❞❛s ❛s t❛r❡❢❛s ❞❡ T ❡♠ Q❀
❉❡s❡♥✜❧❡✐r❡ ❛s ♣r✐♠❡✐r❛s m t❛r❡❢❛s q✉❡ ❡stã♦ ❡♠ Q ❡ ❛tr✐❜✉❛ ❝❛❞❛ ✉♠❛ ❛ ✉♠❛
♠áq✉✐♥❛ ❞✐st✐♥t❛❀
r❡♣✐t❛

❊s♣❡r❡ ❛ ✜♥❛❧✐③❛çã♦ ❞❡ ✉♠❛ t❛r❡❢❛ ❡♠ ❛❧❣✉♠❛ ♠áq✉✐♥❛❀
❉❡s❡♥✜❧❡✐r❡ ❛ ♣r✐♠❡✐r❛ t❛r❡❢❛ q✉❡ ❡stá ❡♠ Q ❡ ❛tr✐❜✉❛ ❛ ♠áq✉✐♥❛ q✉❡ ❡stá
❧✐✈r❡❀

❛té Q = ∅❀
❙❡❥❛ U ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❛✐♥❞❛ ♥ã♦ ❝♦♥❝❧✉ír❛♠❀
⊲ ◆♦t❡ q✉❡ |U | = m❀
❙❡❥❛ R ✉♠ ❛♥❡❧ ❝♦♠ t♦❞❛s ❛s t❛r❡❢❛s ❞❡ U ❀
⊲ ❆ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧ é ✐♥✐❝✐❛❧✐③❛❞❛ ❛r❜✐tr❛r✐❛♠❡♥t❡❀
r❡♣✐t❛

❊s♣❡r❡ ❛ ✜♥❛❧✐③❛çã♦ ❞❡ ✉♠❛ t❛r❡❢❛ ❡♠ ❛❧❣✉♠❛ ♠áq✉✐♥❛❀
▼❛t❡ t♦❞♦s ❛s ✐♥stâ♥❝✐❛s ❞❛ t❛r❡❢❛ q✉❡ ❝♦♥❝❧✉✐✉❀
❘❡♠♦✈❛ ❛ t❛r❡❢❛ q✉❡ ❝♦♠♣❧❡t♦✉ ❞❡ R❀
s❡ R 6= ∅ ❡♥tã♦

❡♥q✉❛♥t♦ ✉♠❛ ♠áq✉✐♥❛ ❧✐✈r❡ ❡①✐st✐r ❢❛ç❛
❆tr✐❜✉❛ ❛ ♠áq✉✐♥❛ ❧✐✈r❡ ❛ ❛t✉❛❧ t❛r❡❢❛ ❞❡ R❀
▼♦✈❛ ❛ ❝❛❜❡ç❛ ❞❡ R❀

❛té R = ∅❀

t♦❞❛s ❛s m t❛r❡❢❛s s❡❥❛♠ ❝♦♥❝❧✉í❞❛s✳ ❙❡ q✉❛❧q✉❡r ✐♥stâ♥❝✐❛ ❞❡ ✉♠❛ t❛r❡❢❛ Tj ❝♦♥❝❧✉✐r ♥❛
♠áq✉✐♥❛ Mi✱ ❡❧❡ ✐rá r❡❝❡❜❡r ♦ r❡s✉❧t❛❞♦✱ ❛❜♦rt❛rá t♦❞❛s ❛s ✐♥stâ♥❝✐❛ ❞❡ Tj ♥❛ ❣r❛❞❡ ❡
r❡♠♦✈❡rá Tj ❞♦ ❛♥❡❧ R✳ ❊♥q✉❛♥t♦ ❡①✐st✐r ♣r♦❝❡ss❛❞♦r ❧✐✈r❡✱ ❘❘ ✐rá ♣❡❣❛r ❛ t❛r❡❢❛ ❛t✉❛❧
❞♦ ❛♥❡❧ R ❡ ❝r✐❛rá ✉♠❛ ré♣❧✐❝❛ ❞❛ t❛r❡❢❛ ♥♦ ♣r♦❝❡ss❛❞♦r ❧✐✈r❡✱ ♠♦✈❡♥❞♦ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧
♣❛r❛ ❛ ♣ró①✐♠❛ t❛r❡❢❛✳

◆❛ ❋✐❣✉r❛ ✷✳✷ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘
♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝✐♥❝♦ t❛r❡❢❛s {T1, T2, . . . , T5} ❡ três ♠áq✉✐♥❛s {M1,M2,M3}✳ ◆❡ss❡
❝❛s♦ ❛ ✜❧❛ Q é ✐♥✐❝✐❛❧✐③❛❞❛ ❝♦♠ 〈T1, T2, . . . , T5〉 ❡ ♦ ❛♥❡❧ R é ✐♥✐❝✐❛❧✐③❛❞♦ ❝♦♠ {T1, T4, T5}✳

❖ ❛❧❣♦r✐t♠♦ ❘❘ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

Pr♦♣r✐❡❞❛❞❡ ✶✳ ❉✉r❛♥t❡ t♦❞♦ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❛s t❛r❡❢❛s✱ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ♥ã♦

♣❡r♠✐t❡ q✉❡ ♥❡♥❤✉♠❛ ♠áq✉✐♥❛ ✜q✉❡ ♦❝✐♦s❛✳



✷✳✶✳ ❆❧❣♦r✐t♠♦ ❘❘ ✶✺

✵ ✷ ✹ ✻ t

M

M3

M2

M1 ✶ ✵ ✵ ✹ ✶✵ ✶✵
✼ ✸ ✶✵ ✾ ✷ ✸
✸ ✺ ✹ ✶ ✸ ✷

Q = {T1, T2, T3, T4, T5}
m = 3
L = 10

✵ ✷ ✹ ✺✳✺ t

M

M3

M2

M1 T̄1 T5

T̄2 T̄4 T1 T5

T̄3 T̄5

R = {T5}
R = {}

❋✐❣✉r❛ ✷✳✷✿ ❊①❡♠♣❧♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❘❘✳

❊♥q✉❛♥t♦ ♦ |Q| > 0 t♦❞❛s ❛s ♠áq✉✐♥❛s ❡stã♦ ♦❝✉♣❛❞♦s✳ ❊ q✉❛♥❞♦ |Q| = 0 ❛ r❡♣❧✐❝❛çã♦
❞❡ t❛r❡❢❛s ✐rá ❣❛r❛♥t✐r q✉❡ ♥ã♦ ❡①✐st❛ ♠áq✉✐♥❛ ♦❝✐♦s❛✳

❉❡✜♥✐♥❞♦ ❛ i✲és✐♠❛ ú❧t✐♠❛ t❛r❡❢❛ ❝♦♠♦ ❛ t❛r❡❢❛ q✉❡ ❝♦♥❝❧✉✐✉ s❡❣✉✐♥❞♦ ❛ ♦r❞❡♠ ❞❡ trás
♣❛r❛ ❛ ❢r❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✳

Pr♦♣r✐❡❞❛❞❡ ✷✳ P❛r❛ t♦❞❛ t❛r❡❢❛ i(m ≤ i ≤ n)✱ ❘❘ ♥✉♥❝❛ r❡♣❧✐❝❛ ❛ ✐t❤✲ú❧t✐♠❛ t❛r❡❢❛✳

◆❛ ✜❣✉r❛ ✷✳✷✱ ♦ 1✲és✐♠❛ é ❛ T5✱ ♦ 2✲és✐♠❛ é ❛ T1 ❡ ♦ 3✲és✐♠❛ é ❛ T4✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡
s❡ ❡①✐t❡♠ m ♣r♦❝❡ss❛❞♦r❡s ❡♥tã♦ s♦♠❡♥t❡ m t❛r❡❢❛s ❡♥tr❛♠ ♥♦ ❛♥❡❧ R✳ ❏á q✉❡ ❛ r❡♣❧✐❝❛çã♦
❞❡ t❛r❡❢❛s só ♦❝♦rr❡ q✉❛♥❞♦ ✉♠ ♣r♦❝❡ss❛❞♦r ✜❝❛ ❧✐✈r❡ ❡ ✐ss♦ só ❛❝♦♥t❡❝❡rá q✉❛♥❞♦ ❝♦♥❝❧✉✐r
✉♠❛ ❞❛s m t❛r❡❢❛s✱ ❡♥tã♦ s♦♠❡♥t❡ m− 1 t❛r❡❢❛s ♣♦❞❡♠ s❡r r❡♣❧✐❝❛❞❛s✳

❉❡✜♥✐♠♦s ❝♦♠♦ ✐♥stâ♥❝✐❛ ❞❡ ❣r✉♣♦ ❞❡ ✉♠❛ t❛r❡❢❛ Tj ♥♦ ✐♥st❛♥t❡ t ♦ ❝♦♥❥✉♥t♦ ❞❡
t♦❞❛s ❛s ✐♥stâ♥❝✐❛s ❞❡ Tj ♥♦ ✐♥st❛♥t❡ t✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❣r✉♣♦ ❞❡ ré♣❧✐❝❛s ❞❡ T1 ♥♦ ✐♥st❛♥t❡
t = 4 é {T 1 ❡♠ T1 ❡ T1 ❡♠ T2} ❡ ❞❡ T5 é {T 5 ❡♠ T3}✳

Pr♦♣r✐❡❞❛❞❡ ✸✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ♣❛r❡s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ✐♥stâ♥❝✐❛ ♥♦

✐♥st❛♥t❡ t é ❞❡ ♥♦ ♠á①✐♠♦ ✉♠✳

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ T1 ❡ T5 ♥♦ ✐♥st❛♥t❡ t❡♠♣♦ t = 4 t❡♠♦s ✉♠❛ ❞✐❢❡r❡♥ç❛ ❞❡ 1✱ ❥á
q✉❡ T1 ❡stá ❡①❡❝✉t❛♥❞♦ ❡♠ ❞✉❛s ♠áq✉✐♥❛s ❞✐❢❡r❡♥t❡s ❡ T5 só ❡stá ❡①❡❝✉t❛♥❞♦ ❡♠ ✉♠❛
♠áq✉✐♥❛✳ ❏á ♥♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ t = 1 só ❡①✐st❡ ✉♠❛ ✐♥stâ♥❝✐❛ ❞❛s t❛r❡❢❛s T1✱ T2 ❡ T3✳
❊ss❛ ♣r♦♣r✐❡❞❛❞❡ ♦❝♦rr❡ ♣♦rq✉❡ ♦ ❛❧❣♦r✐t♠♦ ❘❘ r❡♣❧✐❝❛rá ❛ t❛r❡❢❛ q✉❡ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧
❡stá ❛♣♦♥t❛♥❞♦✳ ❆♣ós ❛ r❡♣❧✐❝❛çã♦ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧ ❛♣♦♥t❛rá ♣❛r❛ ♦ ♣ró①✐♠♦ ❡❧❡♠❡♥t♦ ❞♦
❛♥❡❧✳ ❏á q✉❡ ♦ ❛♥❡❧ t❡♠ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ t♦t❛❧✱ ❡♥tã♦ ❛ t❛r❡❢❛ q✉❡ ❛❝❛❜♦✉ ❞❡ s❡r r❡♣❧✐❝❛❞❛
só ♣♦❞❡rá s❡r r❡♣❧✐❝❛❞❛ ❛♣ós t♦❞❛s ❛s ♦✉tr❛s t❛r❡❢❛s ❞♦ ❛♥❡❧ ❢♦r❡♠ r❡♣❧✐❝❛❞❛s✳ ❊♥tã♦ ❛
❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s ❞❡ ❝❛❞❛ t❛r❡❢❛ s❡rá ❞❡ ♥♦ ♠á①✐♠♦ ✉♠✳



✷✳✶✳ ❆❧❣♦r✐t♠♦ ❘❘ ✶✻

❯s❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛ ✐r❡♠♦s ♠♦str❛r ❛❧❣✉♥s ❧❡♠❛s ♣❛r❛ ♣r♦✈❛r ❛
❣❛r❛♥t✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘❘✳

▲❡♠❛ ✶✳ ❙❡❥❛ f(x) ♦ ♥ú♠❡r♦ ❞❡ ré♣❧✐❝❛s ❞❛ xt❤✲ú❧t✐♠❛ t❛r❡❢❛ ♣❛r❛ ❛s m − 1 t❛r❡❢❛s

r❡♣❧✐❝á✈❡✐s✳ ❊♥tã♦ f(x) s❛t✐s❢❛③ ❛ ✐♥❡q✉❛çã♦ ❛❜❛✐①♦✳

⌊m− x

x
⌋ ≤ f(x) ≤ ⌈m− x

x
⌉

❉❡♠♦♥str❛çã♦✳ ◆♦ ✐♥st❛♥t❡ q✉❡ ❛ x✲és✐♠❛ t❛r❡❢❛ ❝♦♥❝❧✉✐r✱ t❡♠♦s x t❛r❡❢❛s ♦r✐❣✐♥❛✐s ❡m−x
ré♣❧✐❝❛s ❡♠ ❡①❡❝✉çã♦✳ ❯s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✸ s❛❜❡♠♦s q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❛ q✉❛♥t✐❞❛❞❡
❞❡ ré♣❧✐❝❛s é ❞❡ ♥♦ ♠á①✐♠♦ ✶✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ré♣❧✐❝❛s ♣♦r t❛r❡❢❛ ✈❛r✐❛ ❡♥tr❡ ⌊m−x

x
⌋ ❡

⌈m−x
x
⌉

P♦r ❡①❡♠♣❧♦✱ ♥❛ ✜❣✉r❛ ✷✳✷ t❡♠♦s ✉♠ ❛♠❜✐❡♥t❡ ❝♦♠ m = 3 ❡ ❛ 1❛ t❛r❡❢❛ t❡♠ ✷ ré♣❧✐❝❛s✳
❏á ❛ 2❛ t❛r❡❢❛ t❡♠ ✶ ré♣❧✐❝❛✳

▲❡♠❛ ✷✳ ❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ré♣❧✐❝❛s ❡♠ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❘❘ é ❞❡ ❛té ♥♦

♠á①✐♠♦ m ln(m− 1) +m✳

❉❡♠♦♥str❛çã♦✳ ➱ ❝♦♥❤❡❝✐❞♦ q✉❡

lim
n→∞

n∑

k=1

1

k
= ln(n) + γ

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ❊✉❧❡r γ ≈ 0.5772156✳ ❊♥tã♦

lim
n→∞

n∑

k=1

1

k
≤ ln(n) + 1

P❛r❛ ❝❛❞❛ xt❤ t❛r❡❢❛✱ t❡♠♦s ♥♦ ♠á①✐♠♦ ⌈m−x
x
⌉ ré♣❧✐❝❛s✳ ❊♥tã♦ ♦ t♦t❛❧ ❞❡ ré♣❧✐❝❛s ✭r✮

é✿

r =

min(n,m−1)
∑

x=1

⌈m− x

x
⌉

≤
m−1∑

x=1

⌈m− x

x
⌉

≤
m−1∑

x=1

(
m− x

x
+ 1)

≤
m−1∑

x=1

(
m

x
)

r ≤ m ln(m− 1) +m
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▲❡♠❛ ✸✳ ❖ ❚P❈❈ ót✐♠♦ é ♣❡❧♦ ♠❡♥♦s nL✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ L✳ ❚♦❞❛s ❞❡✈❡♠ s❡r ❡①❡❝✉t❛❞❛s ❡ ♣♦rt❛♥t♦
♦ ❚P❈❈ s❡rá ♣❡❧♦ ♠❡♥♦s nL✳

❚❡♦r❡♠❛ ✶✳ ❖ ❚P❈❈ ❞♦ ❘❘ é ♥♦ ♠á①✐♠♦ (1 + m ln(m−1)+m
n

) ✈❡③❡s ♦ ❚P❈❈ ót✐♠♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❧❡♠❛ ✸ t❡♠♦s q✉❡ ♦ ót✐♠♦ é ♣❡❧♦ ♠❡♥♦s nL ❡ ♣❡❧♦ ❧❡♠❛ ✷ t❡♠♦s ✉♠
❧✐♠✐t❡ ♠á①✐♠♦ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ré♣❧✐❝❛s✳ ❏á q✉❡ ❝❛❞❛ t❛r❡❢❛ t❡♠ ♦ t❛♠❛♥❤♦ L ❡ t❡♠♦s n
t❛r❡❢❛s ♦r✐❣✐♥❛✐s✱ ❡♥tã♦ ♥♦ ♠á①✐♠♦ s❡rã♦ ❡①❡❝✉t❛❞♦s (n+m ln(m− 1) +m)L ✐♥str✉çõ❡s✳
▲♦❣♦ ❛ ❛♣r♦①✐♠❛çã♦ é ❧✐♠✐t❛❞❛ ♣♦r

(n+m ln(m− 1) +m)L

nL

✷✳✷ ❆❧❣♦r✐t♠♦ ▲❘

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♠ ❞❡t❛❧❤❡s ♦ ❛❧❣♦r✐t♠♦ ▲❘ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛R; sit|prec;Tj =

L|TPCC ❛♣r❡s❡♥t❛❞♦ ♣♦r ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❬✶✹❪ q✉❡ ♦❜t❡✈❡ ✉♠❛ (1+ Lcp(n)·m(ln(m−1)+1

n
)

❛♣r♦①✐♠❛çã♦✳ ◆❡st❡ ♣r♦❜❧❡♠❛ t❡♠♦s n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ L ❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s ❡♠ m

♠áq✉✐♥❛s ❝♦♠ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♥ã♦ ♣r❡✈✐sí✈❡❧ ❡ ✈❛r✐á✈❡❧✱ ❡ r❡s♣❡✐t❛♥❞♦ ♦ ❣r❛❢♦
❞❡ t❛r❡❢❛s✳ ❖ ❣r❛❢♦ ❞❡ t❛r❡❢❛s é ✉♠ ❣r❛❢♦ ❛❝í❝❧✐❝♦ ❞✐r❡❝✐♦♥❛❞♦ G = (T,E) q✉❡ ❞❡✜♥❡ ❛
♣r❡❝❡❞ê♥❝✐❛ ❞❛s t❛r❡❢❛s✳ ❖ ❛❧❣♦r✐t♠♦ t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♦t✐♠✐③❛r ❛ ❢✉♥çã♦ ❚P❈❈✳

❈♦♠♦ ❢♦✐ ❞✐t♦ ❛❝✐♠❛✱ ♦ ❣r❛❢♦ ❞❡ t❛r❡❢❛s é ✉♠ ❣r❛❢♦ ❛❝í❝❧✐❝♦ ❞✐r❡❝✐♦♥❛❞♦ G = (T,E)

♦♥❞❡ ❝❛❞❛ ♥ó ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♥ós T t❡♠ ♣❡s♦ ✭t❛♠❛♥❤♦✮ L ❡ ❛s ♣r❡❝❡❞ê♥❝✐❛s sã♦ r❡♣r❡s❡♥t❛s
♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ❞✐r❡❝✐♦♥❛❞❛s E✳ ❈❛❞❛ ❛r❡st❛ é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ♥♦t❛çã♦
(Tj, Tj′) ❡ s✐❣♥✐✜❝❛ q✉❡ ♦ ♥ó Tj é ♦ ♣r❡❞❡❝❡ss♦r ✐♠❡❞✐❛t♦ ❞❡ T ′

j ✳ ❆ t❛r❡❢❛ q✉❡ ♥ã♦ t❡♠
♣r❡❞❡❝❡ss♦r ✐♠❡❞✐❛t♦ é ❝❤❛♠❛❞♦ ❞❡ t❛r❡❢❛ ❞❡ ❡♥tr❛❞❛✳ ❉❛❞♦ ✉♠ ❝❛♠✐♥❤♦ ♥♦ ❣r❛❢♦ ❞❡
t❛r❡❢❛s✱ ❞❡✜♥✐♠♦s ♦ t❛♠❛♥❤♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ t❛r❡❢❛s ♥❡st❡✳ ❖ ♥í✈❡❧ ❞❛
t❛r❡❢❛ Tj✱ ❞❡♥♦t❛❞♦ ♣♦r level(Tj)✱ é ♦ t❛♠❛♥❤♦ ❞♦ ♠❛✐♦r ❝❛♠✐♥❤♦ ♣❛rt✐♥❞♦ ❞❡ ✉♠❛ t❛r❡❢❛
❞❡ ❡♥tr❛❞❛ ❛té ❛ t❛r❡❢❛ Tj✳ ➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦ ♥í✈❡❧ ❞❡ ✉♠❛ t❛r❡❢❛ é ✐♠✉tá✈❡❧✱
♠❡s♠♦ s❡ s✉❛s ♣r❡❝❡❞ê♥❝✐❛s ❥á ❡st✐✈❡r❡♠ ❝♦♥❝❧✉í❞❛s✳ ❖ ♠❛✐♦r ❝❛♠✐♥❤♦ ❞❡ ✉♠ ❣r❛❢♦ ❞❡
t❛r❡❢❛s é ❝❤❛♠❛❞♦ ❞❡ ❝❛♠✐♥❤♦ ❝rít✐❝♦✱ ❞❡♥♦t❛❞♦ ♣♦r Lcp(n)✳ ❆ ✜❣✉r❛ ✷✳✸ ♠♦str❛ ✉♠ ❣r❛❢♦
❞❡ t❛r❡❢❛s✱ ❝♦♠♣♦st♦ ♣♦r ✺ t❛r❡❢❛s ❡ t♦❞❛s ❝♦♠ t❛♠❛♥❤♦ ✐❣✉❛❧ ❛ ✷✵✳ ◆❡ss❡ ❣r❛❢♦ ❞❡ t❛r❡❢❛s
❛ t❛r❡❢❛ ❞❡ ❡♥tr❛❞❛ é ❛ T1✱ ♦ ❝♦♥❥✉♥t♦ E = {(T1, T2), (T1, T3), (T1, T4), (T3, T5), (T4, T5)}✱ ❡
♦ ❝❛♠✐♥❤♦ ❝rít✐❝♦ t❡♠ t❛♠❛♥❤♦ 3✳ ❖ ♥í✈❡❧ ❞❛s t❛r❡❢❛s {T1, T2, T3, T4, T5} é {1, 2, 2, 2, 3}✳
❈❛❞❛ ♥í✈❡❧ l t❡♠ nl t❛r❡❢❛s✱ ❡♥tã♦

∑Lcp(n)
l=1 nl = n✳

❖ ❡s❝❛❧♦♥❛♠❡♥t♦ S ❞❡ G ♥✉♠❛ ❣r❛❞❡ ❝♦♠ m ♠áq✉✐♥❛s é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡
tr✐♣❧❛s 〈j, i, t〉 q✉❡ s❛t✐s❢❛③❡♠ ❛s r❡❣r❛s ❘✶ ❡ ❘✷ ✈✐st♦ ♥❛ s❡çã♦ ✷✳✶ ❡ ❛ r❡❣r❛ ❘✸ ❛❜❛✐①♦✱



✷✳✷✳ ❆❧❣♦r✐t♠♦ ▲❘ ✶✽

T1

✷✵✱ l = 1

T2

✷✵✱ l = 2

T3

✷✵✱ l = 2

T4

✷✵✱ l = 2

T5✷✵✱ l = 3

❋✐❣✉r❛ ✷✳✸✿ ●r❛❢♦ ❞❡ t❛r❡❢❛s G ♦♥❞❡ ❛s t❛r❡❢❛s tê♠ t❛♠❛♥❤♦ 20 ❡ ♥í✈❡❧ l✳

♦♥❞❡ j ∈ T ✱ i ∈ (1 ≤ i ≤ m) é ♦ í♥❞✐❝❡ ❞❛ ♠áq✉✐♥❛ ❡ t é ♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ ❡♠ q✉❡ ❛
t❛r❡❢❛ Tj ✐♥✐❝✐♦✉✳ ❆ tr✐♣❧❛ 〈j, i, t〉 s✐❣♥✐✜❝❛ q✉❡ ❛ t❛r❡❢❛ Tj ✐♥✐❝✐♦✉ ❛ ❡①❡❝✉çã♦ ♥❛ ♠áq✉✐♥❛
Mi ♥♦ ✐♥st❛♥t❡ t✳
❘✸✮ ❙❡ (j, j′) ∈ E ❡ 〈j, i, t〉 ∈ S✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ tr✐♣❧❛ 〈j′, i′, t′〉 ∈ S ❝♦♠ t+ d ≤ t′ ♦♥❞❡
t + d é ♦ t❡♠♣♦ ❞❡ ❝♦♥❝❧✉sã♦ ❞❛ t❛r❡❢❛ j✳ ❖✉ s❡❥❛✱ ❛ t❛r❡❢❛ j′ só ✐rá ❡①❡❝✉t❛r ❞❡♣♦✐s ❞♦
tér♠✐♥♦ ❞❛ t❛r❡❢❛ j✳

❖ ❛❧❣♦r✐t♠♦ ▲❘ ❬✷❪ s❡♣❛r❛ ❛s t❛r❡❢❛s ❡♠ ❣r✉♣♦s Vl✱ ♦♥❞❡ l ∈ (1 ≤ l ≤ Lcp(n)) é ♦ ♥í✈❡❧
❞❛ t❛r❡❢❛ ♥♦ ❣r❛❢♦ ❞❡ t❛r❡❢❛✱ ❝❛❧❝✉❧❛❞♦ ✉s❛♥❞♦ ❛ ❢✉♥çã♦ level(Tj)✳ P♦r ❡①❡♠♣❧♦✱ ♥❛ ❋✐❣✉r❛
✷✳✸ t❡♠♦s ♦s ❣r✉♣♦s V1 = {T1}✱ V2 = {T2, T3, T4} ❡ V3 = {T5}✳ ❈❛❞❛ ❣r✉♣♦ Vl é ❡s❝❛❧♦♥❛❞♦
✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ❬✶❪✳ ❆ s❡♣❛r❛çã♦ ❡♠ ❣r✉♣♦s ❣❛r❛♥t❡ q✉❡ ❛ ♣r❡❝❡❞ê♥❝✐❛ ❞❛s t❛r❡❢❛s
s❡❥❛♠ r❡s♣❡✐t❛❞❛s ❡ ♦ ✉s♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘❘ ❣❛r❛♥t❡ ❛ ❛♣r♦①✐♠❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦
✷✳✶ ❡♠ ❝❛❞❛ ♥í✈❡❧ l✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ❛ ❣❛r❛♥t✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦ ▲❘✳ ❯s❛♥❞♦ ❛ ♣r♦♣r✐❡✲
❞❛❞❡ ✶ ❡ ♦ ❧❡♠❛ ✷ ❞❛ s❡çã♦ ✷✳✶ ♣♦❞❡♠♦s ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✷✳ ❖ ❛❧❣♦r✐t♠♦ ▲❘ é (1 + Lcp(n)(m(ln(m−1)+1))

n
)✲❛♣r♦①✐♠❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ✐♥stâ♥❝✐❛ I ♦♥❞❡ t❡♠♦s n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ L ❛ s❡r❡♠
❡s❝❛❧♦♥❛❞❛s ❡♠ m ♠áq✉✐♥❛s✳ ❏á q✉❡ n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ L ♣r❡❝✐s❛♠ s❡r ❡①❡❝✉t❛❞❛s✱
❡♥tã♦ ♦ ♠❛❦❡s♣❛♥ ót✐♠♦ OPT ≥ nL✳ ❙❡❥❛ Lcp(n) ♦ t❛♠❛♥❤♦ ❞♦ ❝❛♠✐♥❤♦ ❝rít✐❝♦ ❞♦
❣r❛❢♦ ❞❡ t❛r❡❢❛s✳ ❙❡❥❛ nl ❛ q✉❛♥t✐❞❛❞❡ ❞❡ t❛r❡❢❛s ♥♦ ♥í✈❡❧ l (1 ≤ l ≤ Lcp(n))✳ ❯s❛♥❞♦ ❛
♣r♦♣r✐❡❞❛❞❡ ✶ ❡ ♦ ❧❡♠❛ ✷✱ s❛❜❡♠♦s q✉❡ sã♦ ❝♦♠♣✉t❛❞♦s ♥♦ ♠á①✐♠♦

(nl +m(ln(m− 1) + 1))L

✐♥str✉çõ❡s ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ l✳ ❏á q✉❡ ♦ ▲❘ ❡①❡❝✉t❛ ♦ ❛❧❣♦r✐t♠♦
❘❘ Lcp(n) ✈❡③❡s✱ t❡♠♦s ♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦✿



✷✳✸✳ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✶✾

❆❧❣♦r✐t♠♦ ✷✿ ❆❧❣♦r✐t♠♦ ▲❘
❊♥tr❛❞❛✿ ❯♠ ❣r❛❢♦ ❞❡ t❛r❡❢❛s G ❡ ❝❛❞❛ t❛r❡❢❛ ❝♦♠ ♠❡s♠♦ t❛♠❛♥❤♦ L✱ ♥ú♠❡r♦ m

❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ✭S✮ ❞❡ n t❛r❡❢❛s ❡♠ m ♠áq✉✐♥❛s
✐♥í❝✐♦

⊲ ❈❛❧❝✉❧❡ ♦ ♥í✈❡❧ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s ❡♠ G❀
♣❛r❛ j = 0 ❛té n ❢❛ç❛

l = level(Tj) ⊲ ◆í✈❡❧ ❞❛ t❛r❡❢❛❀
❆❞✐❝✐♦♥❛r Tj ♥♦ ❝♦♥❥✉♥t♦ Vl❀

⊲ ❙❡❥❛ Lcp(n) ♦ ❝❛♠✐♥❤♦ ❝rít✐❝♦ ❞♦ ❣r❛❢♦❀
♣❛r❛ l = 1 ❛té Lcp(n) ❢❛ç❛

❙❡❥❛ Vl ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛r❡❢❛s ♥♦ ♥í✈❡❧ l ❞❡ G❀
❊s❝❛❧♦♥❛r V ♥❛s m ♠áq✉✐♥❛s ✉s❛♥❞♦ ♦ ❆❧❣♦r✐t♠♦ ❘❘❀

LR(I)

OPT (I)
=

∑Lcp(n)
l=1 (nl +m(ln(m− 1) + 1))L

nL
✭✷✳✶✮

=

∑Lcp(n)
l=1 (nlL) +

∑Lcp(n)
l=1 (m(ln(m− 1) + 1))L

nL
✭✷✳✷✮

=
nL+ Lcp(n)(m(ln(m− 1) + 1))L

nL
✭✷✳✸✮

= 1 +
Lcp(n)(m(ln(m− 1) + 1))

n
✭✷✳✹✮

✷✳✸ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥

◆❡ss❛ s❡çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
GPm|sizej; rj|Cmax ❛♣r❡s❡♥t❛❞♦ ♣♦r ❙❝❤✇✐❡❣❡❧s❤♦❤♥✱ ❚❝❤❡r♥②❦❤ ❡ ❨❛❤②❛♣♦✉r ❬✸✼❪✳ ❊❧❡s
♦❜t✐✈❡r❛♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❝♦♠ ❢❛t♦r 3 ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦✛✲❧✐♥❡ ❡ ✉♠ ❢❛t♦r 5 ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ♦♥✲❧✐♥❡✳ ◆❡st❡ ♣r♦❜❧❡♠❛ t❡♠♦s ✉♠❛ ●r❛❞❡✱ GPm✱ ❝♦♠♣♦st❛ ♣♦r m ♠áq✉✐♥❛s✱
♦♥❞❡ ❝❛❞❛ ♠áq✉✐♥❛ Mi t❡♠ mi ♣r♦❝❡ss❛❞♦r❡s✳ ❆s ♠áq✉✐♥❛s sã♦ ♦r❣❛♥✐③❛❞❛s ❡♠ ♦r❞❡♠
❝r❡s❝❡♥t❡ ♣❡❧❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛❞♦r❡s✱ ♦✉ s❡❥❛✱ mi−1 ≤ mi✳ P♦r ❞❡✜♥✐çã♦ m0 = 0✳

❆s t❛r❡❢❛s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ s✉❜♠❡t✐❞❛s ❡♠ ❞✐❢❡r❡♥t❡s ✐♥st❛♥t❡s rj✳ ❈❛❞❛ t❛r❡❢❛
t❡♠ ♦ ♥í✈❡❧ ❞❡ ♣❛r❛❧❡❧✐s♠♦✱ sizej✱ ♥❡❝❡ssár✐♦ ♣❛r❛ ❡①❡❝✉t❛r ❛ t❛r❡❢❛✱ ♦✉ s❡❥❛✱ ♣❛r❛ q✉❡
✉♠❛ ♠áq✉✐♥❛ Mi ♣♦ss❛ ❡①❡❝✉t❛r ❛ t❛r❡❢❛ Jj é ♥❡❝❡ssár✐♦ q✉❡ sizej ≤ mi✳ ❆ ❡①❡❝✉çã♦ ❞❛
t❛r❡❢❛ Jj ♥❛ ♠áq✉✐♥❛ Mi é ❞❡♥♦t❛❞❛ ♣♦r i = a(j)✳ ❖ t❡♠♣♦ ❞❡ s✉❜♠✐ssã♦ ❞❛ t❛r❡❢❛ é



✷✳✸✳ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✷✵

rj ≥ 0 ❡ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❛ t❛r❡❢❛ é pj > 0✳ ❖ t❡♠♣♦ pj só é ❝♦♥❤❡❝✐❞♦ ❞❡♣♦✐s q✉❡
❛ t❛r❡❢❛ t❡r♠✐♥❛✱ ♦✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ ♣r❡❞✐çã♦ ♥♦ ❛♠❜✐❡♥t❡✳ ❖ ✐♥st❛♥t❡
❞❡ ❝♦♥❝❧✉sã♦ ❞❡ ✉♠❛ t❛r❡❢❛ Jj ❡♠ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S é ❞❡♥♦t❛❞♦ ♣♦r Cj(S)✱ ♦✉ ♣❛r❛
s✐♠♣❧✐✜❝❛r Cj✳

P❛r❛ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ s❡r ❝♦♥s✐❞❡r❛❞♦ ✈✐á✈❡❧ t❡♠ q✉❡ ♦❜❡❞❡❝❡r ❛s ❞✉❛s r❡str✐çõ❡s
❛❜❛✐①♦✿

• rj + pj ≤ Cj ✖ ❆ t❛r❡❢❛ Jj t❡♠ q✉❡ t❡r♠✐♥❛r ❛♥t❡s ❞♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ s♦♠❛❞♦
❛♦ t❡♠♣♦ ❞❡ s✉❜♠✐ssã♦✳

• mi ≥
∑

Jj |Cj−pj≤t<Cj∧i=a(j)

sizej ✖ P❛r❛ t♦❞♦ ✐♥st❛♥t❡ t ❡ ❝❛❞❛ ♠áq✉✐♥❛s Mi✱ ❛ q✉❛♥t✐✲

❞❛❞❡ ❞❡ ♣r♦❝❡ss❛❞♦r❡s q✉❡ ❡stã♦ ❛❧♦❝❛❞♦s ♣❛r❛ ❡①❡❝✉t❛r t❛r❡❢❛s ♥ã♦ ♣♦❞❡ s❡r s✉♣❡r✐♦r
❛♦ ♥ú♠❡r♦ ♠á①✐♠♦ mi ❞❡ ♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛ Mi✳ ❖✉ s❡❥❛✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡
t❛r❡❢❛s q✉❡ ❡stã♦ ❡①❡❝✉t❛♥❞♦ ❡♠ ♣❛r❛❧❡❧♦ ❡♠ ✉♠❛ ♠áq✉✐♥❛ Mi ♥ã♦ ♣♦❞❡ ✉s❛r ♠❛✐s
❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞♦ q✉❡ ❛ ❞✐s♣♦♥í✈❡❧✳

❖ ♠❛❦❡s♣❛♥ ❞❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S é ❞❡✜♥✐❞♦ ❝♦♠♦ Cmax(S) = ♠❛①j{Cj(S)}✱ ♦✉
s❡❥❛✱ é ♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ q✉❡ ❛ ú❧t✐♠❛ t❛r❡❢❛ t❡r♠✐♥♦✉✳ ❖ ♦❜❥❡t✐✈♦ ❞♦ ❛❧❣♦r✐t♠♦ é
r❡❞✉③✐r ♦ ♠❛❦❡s♣❛♥✱ ♦♥❞❡ ♦ ♠❛❦❡s♣❛♥ ót✐♠♦ é ❞❡♥♦t❛❞♦ ♣♦r

C∗
max = min

❡s❝❛❧♦♥❛♠❡♥t♦ ❧❡❣❛❧ S
Cmax(S).

❖ ❛❧❣♦r✐t♠♦ ❡ ❛s ❛♥á❧✐s❡s ❛ss✉♠❡♠ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦ rj = 0✳ ➱ ✐♠♣♦rt❛♥t❡ ♠♦str❛r
q✉❡ ♥❡ss❡ ❛♠❜✐❡♥t❡ t❡♠♦s ✉♠❛ ❢♦rt❡ r❡str✐çã♦ q✉❡ é ♦ ♥í✈❡❧ ❞❡ ♣❛r❛❧❡❧✐s♠♦ ♠í♥✐♠♦ q✉❡ ✉♠❛
t❛r❡❢❛ ❡①✐❣❡ ♣❛r❛ s❡r ❡①❡❝✉t❛❞❛✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ❝❡rt❛s t❛r❡❢❛s só ♣♦ss❛♠ s❡r ❡s❝❛❧♦♥❛❞❛s
♥✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ♠áq✉✐♥❛s✳

❖s ❛✉t♦r❡s ❛♣r❡s❡♥t❛r❛♠ ♦ ❧✐♠✐t❛♥t❡ ✐♥❢❡r✐♦r ❞♦ ♠❛❦❡s♣❛♥ ót✐♠♦ ♥♦ ❝❛s♦ ❞❡ s✉❜♠✐ssã♦
❝♦♥❝♦rr❡♥t❡ ✭✉♠❛ ♠áq✉✐♥❛ ♣♦❞❡ ❡①❡❝✉t❛r ♠❛✐s ❞❡ ✉♠❛ t❛r❡❢❛ ❛♦ ♠❡s♠♦ t❡♠♣♦✮ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✿

C∗
max ≥ ♠❛①

{

♠❛① ♣j
j

, max
1≤i≤m

∑

j|sizej>mi−1
pj · sizej

∑m
v=i mv

}

.

❖ ❧✐♠✐t❛♥t❡ é ♦ ♠á①✐♠♦ ❡♥tr❡ ♦s ❞♦✐s ❧✐♠✐t❛♥t❡s ❛❜❛✐①♦✿

❆ ❖ ♠❛✐♦r t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ✉♠❛ t❛r❡❢❛✳

❇ ❉❛❞♦ ✉♠ í♥❞✐❝❡ ❞❡ ♠áq✉✐♥❛ i✱ ❝♦♥s✐❞❡r❛✲s❡ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ♥❡❝❡ss✐t❛♠ ❞❡ ♠❛✐s
♣r♦❝❡ss❛❞♦r❡s ❞♦ q✉❡ mi−1✱ ♦✉ s❡❥❛✱ sizej > mi−1✳ ❚♦❞❛s ❡st❛s t❛r❡❢❛s ❞❡✈❡♠
s❡r ❡①❡❝✉t❛❞❛s ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥❛s ♠áq✉✐♥❛s Mi, · · · ,Mm✳ P♦rt❛♥t♦ ✉s❛✲s❡ ✉♠
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❧✐♠✐t❛♥t❡ ❝♦♥❤❡❝✐❞♦✱ q✉❡ é ♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❡st❛s t❛r❡❢❛s
❞✐✈✐❞✐❞♦ ♣❡❧♦ t♦t❛❧ ❞❡ ♣r♦❝❡ss❛❞♦r❡s ❞✐s♣♦♥í✈❡✐s✳ ■st♦ é ❢❡✐t♦ ♣❛r❛ ❝❛❞❛ i ❡ t♦♠❛✲s❡
♦ ♠❛✐♦r ❞❡ t♦❞♦s ♦s ✈❛❧♦r❡s✳

❆❣♦r❛ ✈❛♠♦s ❝♦♠❡ç❛r ❛ ❞❡✜♥✐r ♦s t✐♣♦s ❞❡ ❞❛❞♦s ✉s❛❞♦s ♣❡❧♦ ❛❧❣♦r✐t♠♦✳

❉❡✜♥✐çã♦ ✶✳ P❛r❛ ❝❛❞❛ ♠áq✉✐♥❛ Mi ❡①✐st❡♠ três ❞✐❢❡r❡♥t❡s ❝❛t❡❣♦r✐❛s ❞❡ t❛r❡❢❛s✿

✶✳ Ai =
{
Jj|♠❛①{mi

2
,mi−1} < sizej ≤ mi

}

✷✳ Bi =
{
Jj|mi−1 < sizej ≤ mi

2

}

✸✳ Hi =
{
Jj|mi

2
< sizej ≤ mi−1

}

❆ ❝❛t❡❣♦r✐❛ Ai é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r ❡①❡❝✉t❛❞❛s
♥❛ ♠áq✉✐♥❛ Mi−1 ❡ q✉❡ ♣r❡❝✐s❛♠ ❞❡ ♠❛✐s q✉❡ 50% ❞♦s ♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛ Mi✳
❖ ❝♦♥❥✉♥t♦ Bi t❡♠ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r ❡①❡❝✉t❛❞❛s ♥❛ ♠áq✉✐♥❛ Mi−1✱
♠❛s q✉❡ ♣r❡❝✐s❛♠ ❞❡ ♠❡♥♦s q✉❡ 50% ❞❡ ♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛ Mi✳ ❊ ♦ ❝♦♥❥✉♥t♦ Hi

❝♦♥té♠ ❛s t❛r❡❢❛s q✉❡ ♣♦❞❡♠ s❡r ❡①❡❝✉t❛❞❛s ♥❛ ♠áq✉✐♥❛ Mi−1✱ ♠❛s q✉❡ ♣r❡❝✐s❛♠ ❞❡ ♠❛✐s
q✉❡ 50% ❞❡ ♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛ Mi✳

❚♦❞❛ t❛r❡❢❛ Jj ❡stá ♥♦ ❝♦♥❥✉♥t♦ Ai ♦✉ Bi ♣❛r❛ ❛❧❣✉♠ í♥❞✐❝❡ i✱ ❥á q✉❡ Ai ∪ Bi =

{Jj|mi−1 < sizej ≤ mi}✳ ❙❡ mi−1 ≥ m2

2
✱ ❡♥tã♦ Jj ❢❛③ ♣❛rt❡ ❞❡ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ Ai✱ ❝❛s♦

❝♦♥trár✐♦ Jj ❢❛③ ♣❛rt❡ ❞♦ ❝♦♥❥✉♥t♦ Ai ♦✉ Bi✳ ❙❡ mi−1 =
mi

2
✱ ❡♥tã♦ Bi = ∅ ❡ Hi = ∅✳ ◆✉♥❝❛

♣♦❞❡♠♦s t❡r Bi 6= ∅ ❡ Hi 6= ∅ ♣♦✐s ♦s ❞♦✐s ❝♦♥❥✉♥t♦s sã♦ ❡①❝❧✉❞❡♥t❡s✿ ♦ ♣r✐♠❡✐r♦ ❝♦♥s✐❞❡r❛
mi−1 < mi

2
❡♥q✉❛♥t♦ ♦ s❡❣✉♥❞♦ mi

2
< mi−1✳ ❖✉ s❡❥❛✱ s❡ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ❢♦r ✈❛③✐♦✱

♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦ ♦✉tr♦ ❝♦♥❥✉♥t♦ é ✈❛③✐♦✳ ❚♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ❡♠ Bi ♥ã♦ ❡st❛rã♦
❝♦♥t✐❞❛s ❡♠ ♥❡♥❤✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦✱ ♠❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ❡♠ Hi ♥❡❝❡ss❛r✐❛♠❡♥t❡
❡stã♦ ❡♠ Ai−1 ♦✉ ❡♠ Hi−1✳ ◆♦t❡ q✉❡ s❡ Hi ∩ Hi−1 6= ∅ ❡♥tã♦ Ai−1 ⊆ Hi✳ P❛r❛ ✈❡r ✐ss♦
♥♦t❡ q✉❡ s❡ Jj ♣❡rt❡♥❝❡ ❛ Hi ❡♥tã♦ mi

2
< sizej ❡ s❡ Jj t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ Hi−1 ❡♥tã♦

sizej ≤ mi−2✳ ▲♦❣♦
mi−1

2
< mi

2
< mi−2✳ ▲♦❣♦ q✉❛❧q✉❡r Jj′ ∈ Ai−1 t❡♠ size′j > mi−2 >

mi

2

❡ ♣♦rt❛♥t♦ ♣❡rt❡♥❝❡ ❛ Hi✳
P♦r ❡①❡♠♣❧♦✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ m = 4 ♠áq✉✐♥❛s✱ M = {m1 = 2,m2 = 4,m3 =

5,m4 = 7}✱ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ✼ t❛r❡❢❛s✱ J = {size1 = 1, size2 = 2, size3 = 3, size4 =

4, size5 = 5, size6 = 6, J7 = 7} ❛s ❝❛t❡❣♦r✐❛s ✜❝❛♠ ❛ss✐♠✿

• A1 = [1 < sizej ≤ 2] = {J2}
B1 = [0 < sizej ≤ 1] = {J1}
H1 = [1 < sizej ≤ 0] = ∅

• A2 = [2 < sizej ≤ 4] = {J3, J4}
B2 = [2 < sizej ≤ 2] = ∅
H2 = [2 < sizej ≤ 2] = ∅
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• A3 = [4 < sizej ≤ 5] = {J5}
B3 = [4 < sizej ≤ 2.5] = ∅
H3 = [2.5 < sizej ≤ 4] = {J3, J4}

• A4 = [5 < sizej ≤ 7] = {J6, J7}
B4 = [5 < sizej ≤ 3.5] = ∅
H4 = [3.5 < sizej ≤ 5] = {J4, J5}

❆❧❣♦r✐t♠♦ ✸✿ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ n ❞❡ t❛r❡❢❛s✱ ❯♠ ♥ú♠❡r♦ m ❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ✭S✮ ❞❡ n ❡♠ m ♠áq✉✐♥❛s
✐♥í❝✐♦

♣❛r❛ i← 1 ❛té m ❢❛ç❛
Li ← Ai❀
Si ← Hi❀

❯♣❞❛t❡❀
r❡♣✐t❛

♣❛r❛ i← 1 ❛té m ❢❛ç❛
❡♥q✉❛♥t♦ ❡①✐st✐r ✉♠❛ q✉❛♥t✐❞❛❞❡ s✉✜❝✐❡♥t❡ ❞❡ ♣r♦❝❡ss❛❞♦r❡s ♦❝✐♦s♦s ♥❛
♠áq✉✐♥❛ i ❢❛ç❛

❊s❝❛❧♦♥❡ ✉♠❛ t❛r❡❢❛ ❞❡ Li ♥❛ ♠áq✉✐♥❛ i❀
❘❡♠♦✈❛ ❛ t❛r❡❢❛ ❡s❝❛❧♦♥❛❞❛ ❞❡ t♦❞❛s ❛s ❧✐st❛s Lk❀
s❡ ❛❧❣✉♠❛ ❧✐st❛ Lk = ∅ ❡♥tã♦

❯♣❞❛t❡❀

❛té t♦❞❛s ❛s t❛r❡❢❛s ❡st✐✈❡r❡♠ ❡s❝❛❧♦♥❛❞❛s❀

❆❣♦r❛ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ❬✸❪ ❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦
❯♣❞❛t❡✳ ◆♦ ❆❧❣♦r✐t♠♦ ✸✱ ♣❛r❛ ❝❛❞❛ ♠áq✉✐♥❛ Mi ❡①✐st❡ ✉♠❛ ❧✐st❛ ♣r✐♥❝✐♣❛❧ Li ❡ ✉♠❛ ❧✐st❛
❛✉①✐❧✐❛r Si✳ ❆ ❧✐st❛ Li ❝♦♥té♠ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ♣r♦♥t❛s ♣❛r❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s
♥❛ ♠áq✉✐♥❛ Mi ❡ é ✐♥✐❝✐❛❧✐③❛❞❛ ❝♦♠ ❛s t❛r❡❢❛s ❞❛ ❝❛t❡❣♦r✐❛ Ai✳ ❆ ❧✐st❛ Si ❝♦♥té♠ t♦❞❛s ❛s
t❛r❡❢❛s ❞♦ ❝♦♥❥✉♥t♦ Hi q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ tr❛♥s❢❡r✐❞❛s ♣❛r❛ Li✳ ❆s ❞✉❛s ❧✐st❛s ❝♦♥té♠
t❛r❡❢❛s q✉❡ ❡①✐❣❡♠ ♠❛✐s ❞♦ q✉❡ 50% ❞♦s ♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛ Mi✳

❖ Pr♦❝❡❞✐♠❡♥t♦ ❯♣❞❛t❡ é r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ♠❛♥✉t❡♥çã♦ ❞❛s ❧✐st❛s Li ❡ Si ❞❡ t♦❞❛s ❛s
♠áq✉✐♥❛s✳ ❊❧❛ t❛♠❜é♠ ❣❛r❛♥t❡ q✉❡ ❛ ❧✐st❛ Li ♥✉♥❝❛ ✜❝❛rá ✈❛③✐❛ ❝❛s♦ ❡①✐st❛ ❛❧❣✉♠❛ t❛r❡❢❛
❡♠ q✉❛❧q✉❡r ❧✐st❛ Lk ♣❛r❛ k < i✳ ❙❡♠♣r❡ q✉❡ ❛❧❣✉♠❛ ❧✐st❛ Li ❡stá ✈❛③✐❛✱ ❡❧❛ é ❛t✉❛❧✐③❛❞❛
s❡❣✉✐♥❞♦ ❛ ♦r❞❡♠ ❛❜❛✐①♦✿

✶✳ ❈❛s♦ ❡①✐st❛ ❛❧❣✉♠❛ t❛r❡❢❛ ♥❛ ❧✐st❛ ❛✉①✐❧✐❛r Si✱ ♦ ❛❧❣♦r✐t♠♦ ❝♦❧♦❝❛rá ❛s t❛r❡❢❛s q✉❡
❡stã♦ ♥❛ ❧✐st❛ Si ❡ q✉❡ t❛♠❜é♠ ❥á ❡stã♦ ♥❛ ❧✐st❛ Li−1 ♥❛ ❧✐st❛ Li✳ ❉❡♣♦✐s ♦ ♣r♦❝❡❞✐✲
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Pr♦❝❡❞✐♠❡♥t♦ ❯♣❞❛t❡

♣❛r❛ i← 1 ❛té m ❢❛ç❛
s❡ Li = ∅ ❡♥tã♦

s❡ i 6= 1 ❡ Si 6= ∅ ❡♥tã♦
Li ← Li−1 ∩ Si❀
Si ← Si \ Li❀

s❡♥ã♦ s❡ Bi 6= ∅ ❡♥tã♦
Li ← Bi❀

s❡ i 6= 1 ❡ Li−1 6= ∅ ❡ Si = ∅ ❡♥tã♦
Li ← Li−1❀

♠❡♥t♦ r❡♠♦✈❡ ❡st❛s t❛r❡❢❛s ❞❛ ❧✐st❛ Si✳ ❊ss❛s t❛r❡❢❛s ♣r❡❝✐s❛♠ ❞❡ ♠❛✐s ❞❛ ♠❡t❛❞❡
❞♦s ♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛ Mi✳

✷✳ ❈❛s♦ ❡①✐st❛♠ t❛r❡❢❛s ♥❛ ❝❛t❡❣♦r✐❛ Bi✱ ❡ss❛s t❛r❡❢❛s sã♦ ❝♦❧♦❝❛❞❛s ♥❛ ❧✐st❛ Li✳ ❏á
q✉❡ t♦❞❛s ❛s t❛r❡❢❛s ❝♦♥t✐❞❛s ♥❡ss❛ ❝❛t❡❣♦r✐❛ ♣r❡❝✐s❛♠ ❞❡ ♠❡♥♦s ❞❛ ♠❡t❛❞❡ ❞♦s
♣r♦❝❡ss❛❞♦r❡s ❞❛ ♠áq✉✐♥❛✱ ❛ ♠áq✉✐♥❛ ❝♦♥s❡❣✉❡ ❡①❡❝✉t❛r t❛r❡❢❛s ❡♠ ♣❛r❛❧❡❧♦✳ ❈❛s♦
❡①✐st❛ ♠❛✐s ❞❡ ✉♠❛ t❛r❡❢❛ ♥❛ ❝❛t❡❣♦r✐❛ Bi✱ ❛ ♠áq✉✐♥❛ Mi t❡rá ♠❛✐s ❞♦ q✉❡ ❛ ♠❡t❛❞❡
❞♦s ♣r♦❝❡ss❛❞♦r❡s ❡♠ ✉s♦✳

✸✳ ❈❛s♦ ✉♠❛ t❛r❡❢❛ Jj ❢❛ç❛ ♣❛rt❡ ❞❛s ❝❛t❡❣♦r✐❛s Hi+1 ∩Ai−1✱ ❡ss❛ t❛r❡❢❛ ❢❛rá ♣❛rt❡ ❞❛
❧✐st❛ Li+1 ❛ss✐♠ q✉❡ t♦❞❛s ❛s t❛r❡❢❛s ❞❡Ai+1 ❡ Ai∩Hi+1 ❥á ❡st✐✈❡r❡♠ s✐❞♦ ❡s❝❛❧♦♥❛❞❛s✳
▼❛s ♣❛r❛ ✐ss♦ ❛❝♦♥t❡❝❡r é ♥❡❝❡ssár✐♦ q✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❯♣❞❛t❡ ❝♦❧♦q✉❡ ♥❛ ❧✐st❛
Li t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ❡♠ Li−1 ❡ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ❡s❝❛❧♦♥❛❞❛s✳

❙❡❥❛ ❛ t❛r❡❢❛ Jj′ ❛ ú❧t✐♠❛ t❛r❡❢❛ ❛ s❡r ❡s❝❛❧♦♥❛❞❛ ♥❛ ♠áq✉✐♥❛ Mi′ ✳ ◆ós ✐r❡♠♦s ♠♦str❛r
❝♦♠♦ ♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ❡✈✐t❛ q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❝❡ss❛❞♦r❡s ❞❛
♠áq✉✐♥❛ Mi ✜q✉❡♠ ♦❝✐♦s♦s ❛♥t❡s q✉❡ ❛ t❛r❡❢❛ Jj′ s❡❥❛ ❡s❝❛❧♦♥❛❞❛✱ ♣❛r❛ ❝❛❞❛ ♠áq✉✐♥❛ i′

♦♥❞❡ 1 ≤ i′ ≤ m✳

▲❡♠❛ ✹✳ ❖ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ❣❛r❛♥t❡ q✉❡ ♣❛r❛ t♦❞❛s ❛s ♠áq✉✐♥❛s

❞❛ ●r❛❞❡ ♠❛✐s q✉❡ 50% ❞♦s s❡✉s ♣r♦❝❡ss❛❞♦r❡s ❡st❛rã♦ ♦❝✉♣❛❞♦s ❡①❡❝✉t❛♥❞♦ t❛r❡❢❛s ❛♥t❡s

❞♦ ✐♥st❛♥t❡ ❞❡ s✉❜♠✐ssã♦ ❞❛ ú❧t✐♠❛ t❛r❡❢❛ ♣❛r❛ ❛ ♠áq✉✐♥❛✳

❉❡♠♦♥str❛çã♦✳ ▲❡♠❜r❛♥❞♦ q✉❡ ♣r✐♠❡✐r♦ t♦❞❛s ❛s t❛r❡❢❛s ❞❛s ❝❧❛ss❡s Ai ❡ Hi sã♦ ❡s❝❛❧♦✲
♥❛❞❛s ♥❛ ♠áq✉✐♥❛ Mi✱ t❡♠♦s q✉❡ ❞✉r❛♥t❡ ❛ ❡①❡❝✉çã♦ ❞❡ss❛s t❛r❡❢❛s t♦❞❛s ❛s ♠áq✉✐♥❛s
t❡rã♦ ♠❛✐s ❞❡ 50% ❞♦s ♣r♦❝❡ss❛❞♦r❡s ♦❝✉♣❛❞♦s✳ ❆♣ós ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ss❛s t❛r❡❢❛s✱
t♦❞❛s ❛s t❛r❡❢❛s ❞❛ ❝❧❛ss❡ Bi s❡rã♦ ❡①❡❝✉t❛❞❛s✱ ♠❛s ❝♦♠♦ ❡❧❛s ♣r❡❝✐s❛♠ ❞❡ ♠❡♥♦s q✉❡ 50%
❞♦s ♣r♦❝❡ss❛❞♦r❡s✱ ❡❧❛s ♣♦❞❡♠ s❡r ❡①❡❝✉t❛❞❛s ♣❛r❛❧❡❧❛♠❡♥t❡✳ ❈❛s♦ ❛s t❛r❡❢❛s q✉❡ ❡stã♦



✷✳✸✳ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✷✹

❡♠ Bi ❛❝❛❜❡♠ ♦✉ ♥ã♦ s❡❥❛♠ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦❝✉♣❛r ♣❡❧♦ ♠❡♥♦s mi

2
♣r♦❝❡ss❛❞♦r❡s✱ ❡♥tã♦

♦ ❛❧❣♦r✐t♠♦ ✐rá ❡s❝❛❧♦♥❛r ❛s t❛r❡❢❛s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❛s ❧✐st❛s Li′ ♣❛r❛ i′ < i✱ ❧❡♠❜r❛♥❞♦
q✉❡ ❡ss❛s t❛r❡❢❛s ♣♦❞❡♠ s❡r ❡①❡❝✉t❛❞❛s ❡♠ ♣❛r❛❧❡❧♦ ❝♦♠ ❛s t❛r❡❢❛s ❞❛ ❝❛t❡❣♦r✐❛ Bi ❡✴♦✉
❡♥tr❡ ❡❧❛s✱ ❥á q✉❡ ❡ss❛s t❛r❡❢❛s tê♠ ❣r❛✉ ❞❡ ♣❛r❛❧❡❧✐s♠♦ ♠❡♥♦r ❞♦ q✉❡ mi

2
✳ ❙❡ ♠❡s♠♦ ❛ss✐♠

❛ ♠áq✉✐♥❛ ♥ã♦ ❢♦✐ ♦❝✉♣❛❞❛ ❡♠ ♣❡❧♦ ♠❡♥♦s 50%✱ s✐❣♥✐✜❝❛ q✉❡ ❛ ú❧t✐♠❛ t❛r❡❢❛ ❞❛ ♠áq✉✐♥❛
Mi ❢♦✐ ❡s❝❛❧♦♥❛❞❛✳

P❛r❛ ♣r♦✈❛r♠♦s ♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦✱ s❡rá ♠♦str❛❞♦ ♥♦ ❧❡♠❛ ❛❜❛✐①♦ q✉❡ ♣❛r❛ ✉♠
❡s❝❛❧♦♥❛♠❡♥t♦ ♥ã♦ ❜❛❧❛♥❝❡❛❞♦ ❛s ♠❛✐♦r❡s ♠áq✉✐♥❛s ♥ã♦ ❡①❡❝✉t❛♠ t❛r❡❢❛s ❞❡ ♠áq✉✐♥❛s
♠❡♥♦r❡s✳

▲❡♠❛ ✺✳ ❙❡❥❛ ❛ t❛r❡❢❛ Jj′ ❛ ú❧t✐♠❛ t❛r❡❢❛ ❛ s❡r ❡s❝❛❧♦♥❛❞❛ ✭Cj′(S) = Cmax✮ ♥✉♠ ❡s❝❛❧♦✲

♥❛♠❡♥t♦ S ❣❡r❛❞♦ ♣❡❧♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥✳ ❙❡ ✉♠❛ ♠áq✉✐♥❛ Mi ❝♦♠ i < a(j′)

t✐✈❡r ♣❡❧♦ ♠❡♥♦s mi

2
♣r♦❝❡ss❛❞♦r❡s ♦❝✐♦s♦s ❡♠ ✉♠ ✐♥st❛♥t❡ t < Cj′ − pj′ ❡♥tã♦ ♦ ❛❧❣♦✲

r✐t♠♦ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✐rá ♣r♦❞✉③✐r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S ′ ❝♦♠ ♦ ♠❡s♠♦ ♠❛❦❡s♣❛♥

✭Cmax(S
′) = Cmax(S)✮ s❡ t♦❞❛s ❛s t❛r❡❢❛s ♥♦s ❝♦♥❥✉♥t♦s Ai′ ❡ Bi′ ❝♦♠ i′ ≤ i ❢♦r❡♠ r❡♠♦✲

✈✐❞❛s✳

❉❡♠♦♥str❛çã♦✳ ❆ ❛✜r♠❛çã♦ ❡stá ❝♦rr❡t❛ s❡ ♥❡♥❤✉♠❛ ♠áq✉✐♥❛ Mk ♣❛r❛ k > i ❡①❡❝✉t❛r
t❛r❡❢❛s ❞♦s ❝♦♥❥✉♥t♦s Ai′ ❡ Bi′ ❝♦♠ i′ ≤ i✳

❱❛♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❛ ✉♠❛ t❛r❡❢❛ Jj ♥♦ ❝♦♥❥✉♥t♦ Ai′ ♦✉ Bi′ ❝♦♠ i′ ≤ i ❡ q✉❡
❡ss❛ t❛r❡❢❛ é ❡①❡❝✉t❛❞❛ ♥❛ ♠áq✉✐♥❛ Mk ♣❛r❛ ❛❧❣✉♠ k > i✳ ■♠♣♦st♦ ♣❡❧♦ ♣r♦❝❡❞✐♠❡♥t♦
❯♣❞❛t❡✱ ❛ t❛r❡❢❛ Jj só ♣♦❞❡ ❡♥tr❛r ♥❛ ❧✐st❛ Lz ♣❛r❛ i < z ≤ k s❡ t♦❞❛s ❛s t❛r❡❢❛s ❞❡ Az

❡ Bz ❥á ❡st✐✈❡r❡♠ ❡s❝❛❧♦♥❛❞❛s✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ ❛ r❡♠♦çã♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦
♥❛s ❝❛t❡❣♦r✐❛s Ai′ ❡ Bi′ ♥ã♦ ✐rá ✐♥✢✉❡♥❝✐❛r ♦ ✐♥st❛♥t❡ ❞❡ ❝♦♥❝❧✉sã♦ ❞❛s t❛r❡❢❛s Az ❡ Bz✱
♣❛r❛ i < z ≤ k✳

P♦r ✜♠✱ t❡♠♦s Jj′ ∈ Av ♦✉ Jj′ ∈ Bv ♣❛r❛ ❛❧❣✉♠❛ ♠áq✉✐♥❛ Mv ♦♥❞❡ v > i ✈✐st♦
q✉❡ ❛ t❛r❡❢❛ Jj′ ♥ã♦ ✐♥✐❝✐♦✉ ♥❛ ♠áq✉✐♥❛ Mi ♥♦ ✐♥st❛♥t❡ t ♦✉ ❛♥t❡s ❞♦ ✐♥st❛♥t❡ t✳ P♦r
❝♦♥s❡q✉ê♥❝✐❛✱ ❛ r❡♠♦çã♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s ♥♦s ❝♦♥❥✉♥t♦s Ai′ ❡ Bi′ ♣❛r❛ i′ ≤ i ♥ã♦ ✐rá
r❡❞✉③✐r ♦ Cmax(S)✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ♦ ❢❛t♦r ❝♦♠♣❡t✐t✐✈♦ ❞♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥✳

❚❡♦r❡♠❛ ✸✳ ❖ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ❣❛r❛♥t❡ q✉❡ Cmax

C∗

max
< 3 ♣❛r❛ q✉❛❧✲

q✉❡r ❡♥tr❛❞❛ ❡ q✉❛❧q✉❡r ❝♦♥✜❣✉r❛çã♦ ❞❡ ●r❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ s✉❜♠✐ssã♦ ❝♦♥❝♦rr❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Jj′ ✉♠❛ t❛r❡❢❛ ❝♦♠ Cj′(S) = Cmax ❡♠ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S ♣r♦❞✉③✐❞♦
♣❡❧♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥✳ ❙❡ ❡①✐st❡ ✉♠❛ ♠áq✉✐♥❛ Mi ♣❛r❛ i < a(j′) ❡
♣❡❧♦ ♠❡♥♦s mi

2
♣r♦❝❡ss❛❞♦r❡s ❡stã♦ ♦❝✐♦s♦s ❛♥t❡s ❞♦ ✐♥st❛♥t❡ Cj′−pj′ ❡♥tã♦ ♥ós r❡♠♦✈❡♠♦s

t♦❞❛s ❛s t❛r❡❢❛s ❞♦s ❝♦♥❥✉♥t♦s Ai′ ❡ Bi′ ♣❛r❛ i′ ≤ i✳ ❉❡✈✐❞♦ ❛♦ ❧❡♠❛ ✺✱ ♦ ❢❛t♦r Cmax

C∗

max
❝♦♥t✐♥✉❛



✷✳✸✳ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✷✺

✐♥❛❧t❡r❛❞♦✱ ♣♦✐s ♦s ✈❛❧♦r❡s Cmax ❡ ♦ C∗
max ♥ã♦ s❡ ❛❧t❡r❛♠✳ ❙❡ ♥❡❝❡ssár✐♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦

♣♦❞❡ s❡r ❡①❡❝✉t❛❞♦ r❡♣❡t✐❞❛♠❡♥t❡✳
❉❡✈✐❞♦ ❛♦ ❧❡♠❛ ✺✱ ♥ós ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❡ ✉♠❛ ♠áq✉✐♥❛ Mk ❞♦ q✉❛❧ ❝❛❞❛

♠áq✉✐♥❛ Mz ♣❛r❛ k ≤ z ≤ a(j′)✱ ♠❛✐s q✉❡ 50% ❞♦s ♣r♦❝❡ss❛❞♦r❡s ❡stã♦ s❡♠♣r❡ ♦❝✉♣❛❞♦s
❛♥t❡s ❞♦ ✐♥st❛♥t❡ Cj′ − pj′ ❡ t♦❞❛s ❛s ♠áq✉✐♥❛s Mi′ ♣❛r❛ i′ < k ♣♦❞❡♠ s❡r ✐❣♥♦r❛❞♦s ❥á
q✉❡ ♥ã♦ ♣♦❞❡♠ ❡①❡❝✉t❛r ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ♥♦s ❝♦♥❥✉♥t♦s Az ❡ Bz ♣❛r❛ z > k✳

❆❣♦r❛ ❛ss✉♠❛ q✉❡ ❡①✐st❛ ❛❧❣✉♠ ✐♥st❛♥t❡ t < Cj′ − pj′ t❛❧ q✉❡ ♥♦ ♠á①✐♠♦ 50% ❞♦s
♣r♦❝❡ss❛❞♦r❡s ❞❡ ❛❧❣✉♠❛ ♠áq✉✐♥❛ Mi′ ♣❛r❛ i′ > a(j′) ❡stã♦ ❡①❡❝✉t❛♥❞♦ t❛r❡❢❛s ♥♦ ✐♥st❛♥t❡
t ❡♠ S✳ ❊♥tã♦ ♥ós t❡♠♦s Li′ = ∅ ❡ La(j) 6= ∅ ♥♦ ✐♥st❛♥t❡ t✳ ◆♦✈❛♠❡♥t❡ ✐ss♦ ♥ã♦ é ♣♦ssí✈❡❧
❞❡✈✐❞♦ ❛ ❡①❡❝✉çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❯♣❞❛t❡✳ ❖✉ s❡❥❛✱ t♦❞❛s ❛s ♠áq✉✐♥❛s q✉❡ sã♦ ♠❛✐♦r❡s
❞♦ q✉❡ ❛ ♠áq✉✐♥❛ q✉❡ ❡①❡❝✉t♦✉ ❛ ú❧t✐♠❛ t❛r❡❢❛ ❡stã♦ ❝♦♠ ♠❛✐s q✉❡ 50% ❞♦s ♣r♦❝❡ss❛❞♦r❡s
♦❝✉♣❛❞♦s ❛té ♦ ✐♥st❛♥t❡ Cj′ − pj′ ✱ s❡♥ã♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❯♣❞❛t❡ ❤❛✈❡r✐❛ ❛❧♦❝❛❞❛ ❛ t❛r❡❢❛
Jj′ ❡♠ ❛❧❣✉♠❛ ♠áq✉✐♥❛ Mi′ ✳

❊♥tã♦ t❡♠♦s

Cmax(S) = pj′ + Cj′ − pj′

< pj′ + 2 ·
∑

Jj∈Av∪Bv |v≥k pj · sizej
∑

v≥k mv

≤ C∗
max + 2C∗

max✳

❉❡♣♦✐s ❞❡ ❛♣r❡s❡♥t❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ✈❡rsã♦ ♦✛✲❧✐♥❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ✈❡rsã♦
♠♦❞✐✜❝❛❞❛ ❞♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❙❝❤✇✐❡❣❡❧s❤♦❤♥ ❡ ❚❝❤❡r♥②❦❤ ❬✸✼❪ ✉s❛♥❞♦ ♦ r❡✲
s✉❧t❛❞♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❙❤♠♦②s✱ ❲❡✐♥ ❡ ❲✐❧❧✐❛♠s♦♥ ❬✸✽❪✳ ❊ss❛ ♠♦❞✐✜❝❛çã♦ ✐rá ❛✉♠❡♥t❛r✱
♥♦ ♠á①✐♠♦✱ ♦ ❢❛t♦r ❝♦♠♣❡t✐t✐✈♦ ❡♠ ✉♠ ❢❛t♦r ❞❡ ✷✱ r❡s✉❧t❛♥❞♦ ❡♠ Cmax(S)

C∗

max
< 6✳

❖s ❝♦♥❥✉♥t♦s A✱ B ❡ H ❞❡✐①❛r❛♠ ❞❡ s❡r ❡stát✐❝♦s ❡ ♣❛ss❛r❛♠ ❛ s❡r ❞✐♥â♠✐❝♦s✳ ❖✉
s❡❥❛✱ ✉♠❛ ✈❡③ q✉❡ ✉♠❛ t❛r❡❢❛ é ❡s❝❛❧♦♥❛❞❛✱ ❡❧❛s sã♦ r❡♠♦✈✐❞❛s ❞❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ❡
❞❛s ❧✐st❛s L ❡ S✳

❆❣♦r❛ t♦❞❛s ❛s ❧✐st❛s Li ❡ Si sã♦ r❡♠♦✈✐❞❛s s❡♠♣r❡ q✉❡ ✉♠❛ ♥♦✈❛ t❛r❡❢❛ é s✉❜♠❡t✐❞❛
❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❯♣❞❛t❡ é ❝❤❛♠❛❞♦ ♣❛r❛ ✐♥✐❝✐❛❧✐③❛r ❛s ❧✐st❛s✳ ❊ss❡ ❛❧❣♦r✐t♠♦ é ❝❤❛♠❛❞♦
❞❡ ●r✐❞ ❖✈❡r✲❚✐♠❡✲❙✉❜♠✐ss✐♦♥

❆ ❛♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ●r✐❞ ❖✈❡r✲❚✐♠❡✲❙✉❜♠✐ss✐♦♥ é ❜❛s❡❛❞❛ ♥❛ ❛♥á❧✐s❡ ❞♦
❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥✳

❚❡♦r❡♠❛ ✹✳ ❖ ❛❧❣♦r✐t♠♦ ●r✐❞ ❖✈❡r✲❚✐♠❡✲❙✉❜♠✐ss✐♦♥ ❣❛r❛♥t❡ Cmax

C∗

max
< 5 ♣❛r❛ t♦❞♦s ♦s

❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ♥♦ ❝❛s♦ ❞❡ s✉❜♠✐ssã♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ ❛ ✉❧t✐♠❛ t❛r❡❢❛ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦ S t❡♠ t❡♠♣♦ ❞❡ s✉❜✲
♠✐ssã♦ r✳ ❆♣ós ♦ t❡♠♣♦ r ♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ é ✉s❛❞♦✳ ▼❛s ❛♥t❡s



✷✳✸✳ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥ ✷✻

❞❡ ✉s❛r ♦ ❛❧❣♦r✐t♠♦✱ é ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❥á ❢♦✐ ✉s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡
♣♦r ✐ss♦ ♦s ♣r♦❝❡ss❛❞♦r❡s ♣♦❞❡♠ ❡st❛r ♦❝✉♣❛❞♦s ❡①❡❝✉t❛♥❞♦ t❛r❡❢❛s q✉❡ ❢♦r❛♠ s✉❜♠❡t✐❞❛s
❛♥t❡r✐♦r♠❡♥t❡✳ ❆s t❛r❡❢❛s q✉❡ ❡stã♦ ♥♦ ❝♦♥❥✉♥t♦ A ❡ H ♣r❡❝✐s❛♠ ❡s♣❡r❛r ❛té q✉❡ t❡♥❤❛♠
♣r♦❝❡ss❛❞♦r❡s ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡①❡❝✉tá✲❧❛s✳ ❉✉r❛♥t❡ ❡ss❡ t❡♠♣♦✱ mi

2
♣r♦❝❡ss❛❞♦r❡s ♦✉ ♠❛✐s

♣♦❞❡♠ ❡st❛r ♦❝✐♦s♦s ❡♠ ✉♠❛ ♠áq✉✐♥❛ Mi✳ ▼❛s ❝♦♠♦ t♦❞❛s ❛s ❧✐st❛s Li ❢♦r❛♠ ❡s✈❛③✐❛❞❛s
❡ss❡ t❡♠♣♦ é ❧✐♠✐t❛❞♦ ♣❡❧♦ t❡♠♣♦ ♠á①✐♠♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ❛❧❣✉♠❛ t❛r❡❢❛✳ P♦rt❛♥t♦✱ ❛s
❝♦♥❞✐çõ❡s ❞♦s ❧❡♠❛s ✹ ❡ ✺ sã♦ ✈á❧✐❞❛s ❛♣ós ♦ ✐♥st❛♥t❡ r+♠❛①jpj ❡ t❡r❡♠♦s ♦ ❢❛t♦r ❞❡ ❛♣r♦✲
①✐♠❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳ ❯s❛♥❞♦ ♦ ❧✐♠✐t❛♥t❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❛ s❡çã♦ ❡ ❛ ✐♥❡q✉❛çã♦
r < C∗

max t❛♠❜é♠ ❛♣❧✐❝❛❞♦ ❛♦ ❝❛s♦ ❞❡ s✉❜♠✐ssã♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ t❡♠♦s

Cmax(S) < r +♠❛① pj
j

+3C∗
max < 5C∗

max



❈❛♣ít✉❧♦ ✸

❍❡✉ríst✐❝❛s ♣❛r❛ Pr♦❜❧❡♠❛s ❞❡

❊s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ●r❛❞❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛s ❤❡✉ríst✐❝❛s q✉❡ ❢♦r❛♠ ✉s❛❞♦s ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞♦
❝❛♣ít✉❧♦ ✺✳ ❚♦❞❛s ❛s ❤❡✉ríst✐❝❛s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ♥❡st❡ ❝❛♣ít✉❧♦ ✉s❛♠ ❛s ❞❡✜♥✐çõ❡s
❛❜❛✐①♦✳

Jj ✖ ❚❛r❡❢❛ j✳

Mi ✖ ▼áq✉✐♥❛ i✳

pij ✖ ❚❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❛ t❛r❡❢❛ Jj ♥❛ ♠áq✉✐♥❛ Mi✳

cij ✖ ■♥st❛♥t❡ ❞❡ ❝♦♥❝❧✉sã♦ ❞❛ t❛r❡❢❛ Jj ♥❛ ♠áq✉✐♥❛ Mi✳

ri ✖ ■♥st❛♥t❡ q✉❛♥❞♦ ❛ ♠áq✉✐♥❛ Mi ❡st❛rá ❧✐✈r❡ ♣❛r❛ ❡①❡❝✉t❛r ♦✉tr❛ t❛r❡❢❛✳

◆❛s s❡çõ❡s ✸✳✶✱ ✸✳✷✱ ✸✳✸✱ ✸✳✹ ❡ ✸✳✺ ❛♣r❡s❡♥t❛r❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❛❧❣♦r✐t♠♦s ❲◗✱
❉▼✐♥✲♠✐♥✱ ❉▼❛①✲♠✐♥✱ ❉❋P▲❚❋ ❡ ❙✉✛❡r❛❣❡✳ ❆♣r❡s❡♥t❛♠♦s ♦s ❛❧❣♦r✐t♠♦s ❉▼✐♥✲♠✐♥ ❡ ♦
❉▼❛①✲♠✐♥ sã♦ ✈❡rsõ❡s ❞✐♥â♠✐❝❛s ❞♦s ❛❧❣♦r✐t♠♦s ▼✐♥✲♠✐♥ ❡ ▼❛①✲♠✐♥ ♣❛r❛ s❡ ❛❞❡q✉❛r ❛♦
❛♠❜✐❡♥t❡ ❞❡ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳

✸✳✶ ❆❧❣♦r✐t♠♦ ❲♦r❦◗✉❡✉❡✭❲◗✮

❖ ❛❧❣♦r✐t♠♦ ❲♦r❦◗✉❡✉❡✭❲◗✮ é ✉♠ ❝❧áss✐❝♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❬✶✺❪ q✉❡ ❢♦✐
❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ♠áq✉✐♥❛s ♣❛r❛❧❡❧❛s ❤♦♠♦❣ê♥❡❛s✳ ❖ ❲◗ é ✉♠ ❛❧❣♦r✐t♠♦ ♠✉✐t♦ s✐♠♣❧❡s
q✉❡ ❛tr✐❜✉✐ ✉♠❛ t❛r❡❢❛ ❛ ✉♠❛ ♠áq✉✐♥❛ ❛r❜✐tr❛r✐❛♠❡♥t❡✳

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ ❛❧❣♦r✐t♠♦ ✹✱ ♦ ❛❧❣♦r✐t♠♦ t♦♠❛ ❞❡❝✐sã♦ ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛✱
s✐♠♣❧❡s♠❡♥t❡ ❛❧♦❝❛♥❞♦ ❛ t❛r❡❢❛ q✉❡ t❡♠ ❡♠ ♠ã♦s ♥♦ ♣r✐♠❡✐r♦ ♣r♦❝❡ss❛❞♦r q✉❡ ✜❝❛r ❧✐✈r❡✳

✷✼



✸✳✷✳ ▼✐♥✲♠✐♥ ✷✽

❆❧❣♦r✐t♠♦ ✹✿ ❆❧❣♦r✐t♠♦ ❲♦r❦◗✉❡✉❡
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ J ❞❡ t❛r❡❢❛s✱ ✉♠ ♥ú♠❡r♦ m ❞❡ ♣r♦❝❡ss❛❞♦r❡s
❙❛í❞❛✿ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ S ❞✐♥â♠✐❝♦ ❞❡ J s♦❜r❡ m ♠áq✉✐♥❛s
✐♥í❝✐♦

❡♥q✉❛♥t♦ ❊①✐st✐r ♣r♦❝❡ss❛❞♦r ❧✐✈r❡ ❢❛ç❛
❘❡♠♦✈❛ ✉♠❛ t❛r❡❢❛ q✉❡ ❡stá ❡♠ J ❡ ❛tr✐❜✉❛ ♦ ♣r♦❝❡ss❛❞♦r q✉❡ ❡stá ❧✐✈r❡❀

r❡♣✐t❛
❊s♣❡r❡ ♣♦r r❡t♦r♥♦ ❞❡ r❡s✉❧t❛❞♦ ❞❡ ❛❧❣✉♠ ♣r♦❝❡ss❛❞♦r❀
❘❡♠♦✈❛ ✉♠❛ t❛r❡❢❛ q✉❡ ❡stá ❡♠ J ❡ ❛tr✐❜✉❛ ♦ ♣r♦❝❡ss❛❞♦r q✉❡ ❡stá ❧✐✈r❡❀

❛té J = ∅❀

❊s♣❡r❛✲s❡ ❝♦♠ ❡st❡ ❛❧❣♦r✐t♠♦ q✉❡ ❛ ♠áq✉✐♥❛ ♠❛✐s rá♣✐❞❛ ❡①❡❝✉t❡ ♠❛✐s t❛r❡❢❛s✳ ➱ ✉♠❛
✐❞❡✐❛ s✐♠♣❧❡s✱ ❢á❝✐❧ ❞❡ ✐♠♣❧❡♠❡♥t❛r✱ ♥ã♦ ♣r❡❝✐s❛ t❡r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❞♦ t❛♠❛♥❤♦
❞❛s t❛r❡❢❛s ❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦s ♣r♦❝❡ss❛❞♦r❡s✱ ♠❛s q✉❡ ♥ã♦ ♦❜té♠ ❜♦♥s r❡s✉❧t❛❞♦s✳ ❊①✐st❡
✉♠ ♣r♦❜❧❡♠❛ q✉❛♥❞♦ ♦ ♣r♦❝❡ss❛❞♦r ♠❛✐s ❧❡♥t♦ é s♦rt❡❛❞♦ ❝♦♠ ❛s t❛r❡❢❛s ❣r❛♥❞❡s✳ P♦r
❝❛✉s❛ ❞✐ss♦ ♥♦r♠❛❧♠❡♥t❡ ♦ ♠❛❦❡s♣❛♥ ✉s❛♥❞♦ ❡st❡ ❛❧❣♦r✐t♠♦ é ♠❛✐♦r ❞♦ q✉❡ ♦s ♦✉tr♦s
❛❧❣♦r✐t♠♦s✳

✸✳✷ ▼✐♥✲♠✐♥

❖ ❛❧❣♦r✐t♠♦ ▼✐♥✲♠✐♥ ✭❆❧❣♦r✐t♠♦ ✺✮ é ✉♠❛ ❤❡✉ríst✐❝❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✷✽❪ ❡ t❡♠ ❝♦♠♦ ✐❞❡✐❛
❜ás✐❝❛ ❡①❡❝✉t❛r ❛s t❛r❡❢❛s q✉❡ ✐rã♦ t❡r♠✐♥❛r ♣r✐♠❡✐r♦✳ ❊ss❡ ❛❧❣♦r✐t♠♦ é ❡stát✐❝♦ ❡ ♣r❡❝✐s❛
❝♦♥❤❡❝❡r ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ t♦❞❛s ❛s ♠áq✉✐♥❛s ❡♠ t♦❞♦s ♦s ✐♥st❛♥t❡s ❞❡ t❡♠♣♦ ❡
t❛♠❜é♠ ♣r❡❝✐s❛ s❛❜❡r ♦ t❛♠❛♥❤♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s✳ ❆ ✐❞❡✐❛ é ♠♦♥t❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦
♦♥❞❡ ✉♠❛ t❛r❡❢❛ Jj s❡♠♣r❡ ✐rá ❡①❡❝✉t❛r ♥❛ ♠áq✉✐♥❛ q✉❡ ❛ t❛r❡❢❛ t✐✈❡r ♦ ♠❡♥♦r t❡♠♣♦ ❞❡
❝♦♥❝❧✉sã♦✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠✉♠ ❞❡ss❡ ❛❧❣♦r✐t♠♦ é ❡①❡❝✉t❛r ♣❛r❛❧❡❧❛♠❡♥t❡ ♣❡q✉❡♥❛s
t❛r❡❢❛s ❞❡✐①❛♥❞♦ ♣♦r ✉❧t✐♠♦ ❛s t❛r❡❢❛s ❣r❛♥❞❡s✳

❊♠ ✉♠ ❛♠❜✐❡♥t❡ ❞❡ ❣r❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♥ã♦ é ♣♦ssí✈❡❧ ❝♦♥❤❡❝❡r ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡s✲
s❛♠❡♥t♦ ❞❛s ♠áq✉✐♥❛s ❡♠ t♦❞♦s ♦s ✐♥st❛♥t❡s ❞❡ t❡♠♣♦ t✱ ❡♥tã♦ ✜③❡♠♦s ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦
❛❧❣♦r✐t♠♦✳ ❙❡♠♣r❡ q✉❡ ✉♠❛ ♦✉ ♠❛✐s ♠áq✉✐♥❛s ✜❝❛r❡♠ ♦❝✐♦s❛s ♦ ❛❧❣♦r✐t♠♦ ✈❛✐ ❡s❝❛❧♦♥❛r
❛s t❛r❡❢❛s q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ❡s❝❛❧♦♥❛❞❛s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♠áq✉✐♥❛s q✉❡ ❡stã♦ ♦❝✐♦s❛s✳
◆ós ❝❤❛♠❛♠♦s ❡ss❡ ♥♦✈♦ ❛❧❣♦r✐t♠♦ ❞❡ ❉▼✐♥✲♠✐♥✳

❊ss❡ ❛❧❣♦r✐t♠♦ ♣r❡❝✐s❛ ❝♦♥❤❡❝❡r ♦ t❛♠❛♥❤♦ ❞❛s t❛r❡❢❛s ❡ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦
❞❛s ♠áq✉✐♥❛s ❞♦ ✐♥st❛♥t❡ q✉❡ ✈❛✐ ❢❛③❡r ♦ ❡s❝❛❧♦♥❛♠❡♥t♦✳ ■ss♦ é ✉♠❛ ♦♣❡r❛çã♦ ❝✉st♦s❛ ❡
q✉❡ ❞✐✜❝✉❧t❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❬✶✺❪✳



✸✳✸✳ ▼❛①✲♠✐♥ ✷✾

❆❧❣♦r✐t♠♦ ✺✿ ❆❧❣♦r✐t♠♦ ▼✐♥✲♠✐♥
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ J ❞❡ t❛r❡❢❛s✱ ✉♠ ❝♦♥❥✉♥t♦ M ❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❊s❝❛❧♦♥❛♠❡♥t♦ ❞❡ J s♦❜r❡ m ♠áq✉✐♥❛s
✐♥í❝✐♦

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

cij = pij + ri❀

❡♥q✉❛♥t♦ J 6= ∅ ❢❛ç❛
♣❛r❛ ❝❛❞❛ Jj ∈ J ❢❛ç❛

❆❝❤❛r ♦ ♠❡♥♦r cij ❡ ❛ r❡s♣❡❝t✐✈❛ ♠áq✉✐♥❛❀

❊♥❝♦♥tr❡ ❛ t❛r❡❢❛ Jj ❝♦♠ ♦ ♠❡♥♦r cij❀
❆tr✐❜✉❛ ❛ t❛r❡❢❛ Jj ♣❛r❛ ❛ ♠áq✉✐♥❛ Mi❀
❘❡♠♦✈❛ Jj ❞❡ J ❀
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

❆t✉❛❧✐③❡ ri❀

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
❆t✉❛❧✐③❡ cij❀

✸✳✸ ▼❛①✲♠✐♥

❖ ▼❛①✲♠✐♥ é ✉♠❛ ❤❡✉ríst✐❝❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✷✽❪ ❡ t❡♠ ❝♦♠♦ ✐❞❡✐❛ ❜ás✐❝❛ ❡①❡❝✉t❛r ❛s
t❛r❡❢❛s ❣r❛♥❞❡s ♣r✐♠❡✐r♦✳ ❖✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ ♠áq✉✐♥❛ ❡❧❡ ✐rá ❛❝❤❛r ❛ t❛r❡❢❛ ❝♦♠ ♦ ♠❛✐♦r
t❡♠♣♦ ❞❡ ❝♦♥❝❧✉sã♦✱ ❡ ❞❡st❛s ✐rá s❡❧❡❝✐♦♥❛r ♦ q✉❡ t✐✈❡r ♦ ♠❡♥♦r t❡♠♣♦ ❞❡ ❝♦♥❝❧✉sã♦✳
❆ ✐❞❡✐❛ ❞♦ ❛❧❣♦r✐t♠♦ é ❡s❝❛❧♦♥❛r ♣r✐♠❡✐r♦ ❛s t❛r❡❢❛s ❣r❛♥❞❡s✱ ❞❡✐①❛♥❞♦ ♣♦r ✉❧t✐♠♦ ❛s
♣❡q✉❡♥❛s t❛r❡❢❛s✳

❆ss✐♠ ❝♦♠♦ ♦ ▼✐♥✲♠✐♥✱ ♦ ▼❛①✲♠✐♥ ✭❆❧❣♦r✐t♠♦ ✻✮ t❛♠❜é♠ ❢♦✐ ❛❞❛♣t❛❞♦ ♣❛r❛ ♦ ❛♠✲
❜✐❡♥t❡ ❞✐♥â♠✐❝♦ ❞❛s ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ❆ ú♥✐❝❛ ❛❧t❡r❛çã♦ é q✉❡ ❛ ❡s❝♦❧❤❛ ❞❛ t❛r❡❢❛
♦❝♦rr❡ q✉❛♥❞♦ ✉♠❛ ♦✉ ♠❛✐s ♠áq✉✐♥❛s ✜❝❛r❡♠ ♦❝✐♦s❛s✳

◆♦s t❡st❡s q✉❡ r❡❛❧✐③❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ▼❛①✲♠✐♥ ♦❜t❡✈❡ r❡s✉❧t❛❞♦s ♠❡❧❤♦r❡s ❞♦ q✉❡ ♦
▼✐♥✲♠✐♥ ♣r✐♥❝✐♣❛❧♠❡♥t❡ s❡ t✐✈❡r♠♦s ♣♦✉❝❛s t❛r❡❢❛s ❣r❛♥❞❡s ❡ ♠✉✐t❛s t❛r❡❢❛s ♣❡q✉❡♥❛s✳
◆❡ss❡ s❡♥ár✐♦ ❛s t❛r❡❢❛s ❣r❛♥❞❡s sã♦ ❡①❡❝✉t❛❞❛s ♣❛r❛❧❡❧❛♠❡♥t❡ ❝♦♠ ❛s t❛r❡❢❛s ♣❡q✉❡♥❛s✳
❆ss✐♠ ❝♦♠♦ ♦ ▼✐♥✲♠✐♥✱ ♦ ❛❧❣♦r✐t♠♦ ♣r❡❝✐s❛ t❡r ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡ ♦ t❛♠❛♥❤♦ ❞❛s t❛r❡❢❛s
❡ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❛s ♠áq✉✐♥❛s✳



✸✳✹✳ ❋❛st❡st Pr♦❝❡ss♦r t♦ ▲❛r❣❡st ❚❛s❦ ❋✐rst✭❋P▲❚❋✮ ✸✵

❆❧❣♦r✐t♠♦ ✻✿ ❆❧❣♦r✐t♠♦ ▼❛①✲♠✐♥
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ J ❞❡ t❛r❡❢❛s✱ ✉♠ ❝♦♥❥✉♥t♦ M ❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❊s❝❛❧♦♥❛♠❡♥t♦ ❞❡ J s♦❜r❡ m ♠áq✉✐♥❛s
✐♥í❝✐♦

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

pij = pij + rj❀

❡♥q✉❛♥t♦ J 6= ∅ ❢❛ç❛
♣❛r❛ ❝❛❞❛ Jj ∈ J ❢❛ç❛

❆❝❤❛r ♦ ♠❡♥♦r cij ❡ ❛ r❡s♣❡❝t✐✈❛ ♠áq✉✐♥❛❀

❊♥❝♦♥tr❡ ❛ t❛r❡❢❛ Jj ❝♦♠ ♦ ♠❛✐♦r cij❀
❆tr✐❜✉❛ ❛ t❛r❡❢❛ Jj ♣❛r❛ ❛ ♠áq✉✐♥❛ Mi❀
❘❡♠♦✈❛ Jj ❞❡ J ❀
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

❆t✉❛❧✐③❡ ri❀

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
❆t✉❛❧✐③❡ cij❀

✸✳✹ ❋❛st❡st Pr♦❝❡ss♦r t♦ ▲❛r❣❡st ❚❛s❦ ❋✐rst✭❋P▲❚❋✮

❖ ❛❧❣♦r✐t♠♦ ❋❛st❡st Pr♦❝❡ss♦r t♦ ▲❛r❣❡st ❚❛s❦ ❋✐rst ✭❋P▲❚❋✮ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❬✶✵✱ ✽✱ ✶✺✱
✶✸❪ é ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡stát✐❝♦ q✉❡ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ✐❞❡✐❛ ❡s❝❛❧♦♥❛r
❛s ♠❛✐♦r❡s t❛r❡❢❛s ♥♦s ♣r♦❝❡ss❛❞♦r❡s ♠❛✐s rá♣✐❞♦s✳ ▼❛s ❛s ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s sã♦
s✐st❡♠❛s ❤❡t❡r♦❣ê♥❡♦s ❡ ❞✐♥â♠✐❝♦s✱ ♦✉ s❡❥❛✱ ♦ r❡❝✉rs♦ q✉❡ ❡stá ❞✐s♣♦♥í✈❡❧ ♣❛r❛ ❛ ❣r❛❞❡
✈❛r✐❛ ❝♦♠ ♦ t❡♠♣♦✱ ❡♥tã♦ ❡s❝❛❧♦♥❛♠❡♥t♦s ❡stát✐❝♦s ♥ã♦ ♣❡r❝❡❜❡♠ ❡ss❛s ❛❧t❡r❛çõ❡s✳

P❛r❛ r❡s♦❧✈❡r ❡ss❡ ♣r♦❜❧❡♠❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♦ ❉②♥❛♠✐❝ ❋❛st❡st Pr♦❝❡ss♦r t♦ ▲❛r❣❡st

❚❛s❦ ❋✐rst ✭❉❋P▲❚❋✮✳ ❖ ❉❋P▲❚❋ ❡①❡❝✉t❛ ♦ ❋P▲❚❋ q✉❡ ♠♦♥t❛ t♦❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦✳
◗✉❛♥❞♦ ✉♠❛ t❛r❡❢❛ é ❝♦♥❝❧✉í❞❛✱ ❡❧❡ ❝♦❧♦❝❛ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ♥ã♦ ❢♦r❛♠ ❝♦♥❝❧✉í❞❛s
♦✉ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ❡s❝❛❧♦♥❛❞❛s ♥♦✈❛♠❡♥t❡ ♥❛ s❛❝♦❧❛ ❞❡ t❛r❡❢❛s✳ ❖ ❉❋P▲❚❋ ❡①❡✲
❝✉t❛ ♥♦✈❛♠❡♥t❡ ♦ ❋P▲❚❋✱ r❡♠♦♥t❛♥❞♦ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ♥❛
s❛❝♦❧❛✱ ❛ss✐♠ ♦ ❉❋P▲❚❋ t♦♠❛rá ❛s ❞❡❝✐sõ❡s ❝♦♠ ❜❛s❡ ♥❛s ✐♥❢♦r♠❛çõ❡s ❛t✉❛✐s ❞❛ ❣r❛❞❡
❝♦♠♣✉t❛❝✐♦♥❛❧✳

❖ ❉❋P▲❚❋ ♣r❡❝✐s❛ ❝♦♥❤❡❝❡r q✉❛❧ é ♦ t❛♠❛♥❤♦ ❞❛ t❛r❡❢❛ ✭❚❛s❦ ❙✐③❡✮✱ ♣♦❞❡r ❞❡ ♣r♦✲
❝❡ss❛♠❡♥t♦ ❞❛ ♠áq✉✐♥❛ ✭❍♦st ❙♣❡❡❞✮ ❡ q✉❛♥t♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡stá ❞✐s♣♦♥í✈❡❧
♣❛r❛ ❛ ❣r❛❞❡ ✭❍♦st ▲♦❛❞✮✳ ❈♦♠ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ❡❧❡ ❝❛❧❝✉❧❛ ♦ ❝✉st♦ ❞❛ t❛r❡❢❛

pij =

TaskSize
HostSpeed

1−HostLoad
.
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❚❡♠♦s ♦ ♣s❡✉❞♦✲❝ó❞✐❣♦ ❞♦ ❉❋P▲❚❋ ♥♦ ❆❧❣♦r✐t♠♦ ✼✳

❆❧❣♦r✐t♠♦ ✼✿ ❆❧❣♦r✐t♠♦ ❉❋P▲❚❋
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ J ❞❡ t❛r❡❢❛s✱ ✉♠ ❝♦♥❥✉♥t♦ M ❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❊s❝❛❧♦♥❛♠❡♥t♦ ✭S✮ ❞✐♥â♠✐❝♦ ❞❡ J s♦❜r❡ m ♠áq✉✐♥❛s
✐♥í❝✐♦

r❡♣✐t❛
♣❛r❛ ❝❛❞❛ Jj ∈ J ❢❛ç❛

♣❛r❛ ❝❛❞❛ Mi ∈M ❢❛ç❛
cij = pij + rj❀

❡♥q✉❛♥t♦ J 6= ∅ ❢❛ç❛
♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛

❆❝❤❛r ♦ ♠❡♥♦r cij ❡ ❛ r❡s♣❡❝t✐✈❛ ♠áq✉✐♥❛❀

❊♥❝♦♥tr❡ ❛ t❛r❡❢❛ Jj ❝♦♠ ♦ ♠❛✐♦r cij❀
❆tr✐❜✉❛ ❛ t❛r❡❢❛ Jj ♣❛r❛ ❛ ♠áq✉✐♥❛ Mi❀
❘❡♠♦✈❛ Jj ❞❡ J ❀
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

❆t✉❛❧✐③❡ ri❀

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
❆t✉❛❧✐③❡ cij❀

❊s♣❡r❡ ♣♦r r❡t♦r♥♦ ❞❡ r❡s✉❧t❛❞♦ ❞❡ ❛❧❣✉♠ ♣r♦❝❡ss❛❞♦r❀
❈♦❧♦❝❛r t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ❝♦♥❝❧✉í❞❛s ❡ ♥ã♦ ❡stã♦
❡①❡❝✉t❛♥❞♦ ❡♠ J ❀
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

❆t✉❛❧✐③❡ ri❀

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
❆t✉❛❧✐③❡ cij❀

❛té J = ∅❀

✸✳✺ ❙✉✛❡r❛❣❡

❆ss✐♠ ❝♦♠♦ ♦ ❉❋P▲❚❋✱ ♦ ❙✉✛❡r❛❣❡ ❬✸✱ ✷✽✱ ✽❪ é ✉♠ ❛❧❣♦r✐t♠♦ ❞✐♥â♠✐❝♦ q✉❡ t♦♠❛ ❞❡❝✐sõ❡s
❝♦♠ ❜❛s❡ ♥❛ ❡st✐♠❛t✐✈❛ ❞♦ ❝✉st♦ ❞❡ ❡①❡❝✉çã♦ ❞❛ t❛r❡❢❛✳ ▼❛s ❞✐❢❡r❡♥t❡ ❞♦ ❋P▲❚❋✱ ❡❧❡ ❢❛③
✉s♦ ❞♦ s♦❢r✐♠❡♥t♦ ✭s✉✛❡r✮ ♣❛r❛ s❡❧❡❝✐♦♥❛r q✉❛❧ s❡rá ❛ ♣ró①✐♠❛ t❛r❡❢❛ ❛ s❡r ❡s❝❛❧♦♥❛❞❛✳
❉❡✜♥✐♥❞♦ s✉✛❡r ❝♦♠♦

sufferij = s❡❣✉♥❞♦ ♠❡❧❤♦rcij −♠❡❧❤♦rcij



✸✳✺✳ ❙✉✛❡r❛❣❡ ✸✷

♦♥❞❡ ♦ s✉✛❡r é ♦ ❝✉st♦ ❞❛ t❛r❡❢❛ ♥ã♦ s❡r ❡①❡❝✉t❛❞❛ ♥❛ ♠áq✉✐♥❛ q✉❡ tr❛③ ♦ ♠❡♥♦r t❡♠♣♦
❞❡ tér♠✐♥♦ ❞❡st❛✳ ❖ ❛❧❣♦r✐t♠♦ ✽ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡s❝❛❧♦♥❛r ♣r✐♠❡✐r♦ ❛s t❛r❡❢❛s ♠❛✐s
s♦❢r✐❞❛s ❡ ❡s❝❛❧♦♥❛r ❛s t❛r❡❢❛s ♥❛s ♠áq✉✐♥❛s ❡♠ q✉❡ ❡st❛s t❡♥❤❛♠ ♦ ♠❡♥♦r t❡♠♣♦ ❞❡
tér♠✐♥♦ ♣♦ssí✈❡❧✳
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❆❧❣♦r✐t♠♦ ✽✿ ❆❧❣♦r✐t♠♦ ❙✉✛❡r❛❣❡
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ J ❞❡ t❛r❡❢❛s✱ ✉♠ ❝♦♥❥✉♥t♦ M ❞❡ ♠áq✉✐♥❛s
❙❛í❞❛✿ ❊s❝❛❧♦♥❛♠❡♥t♦ ❞❡ J s♦❜r❡ m ♠áq✉✐♥❛s
✐♥í❝✐♦

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

cij = pij + rj❀

❡♥q✉❛♥t♦ J 6= ∅ ❢❛ç❛
♣❛r❛ ❝❛❞❛ i ❢❛ç❛

▼❛r❝❛r Mi ❝♦♠♦ ♥ã♦ ❛ss♦❝✐❛❞♦❀

♣❛r❛ ❝❛❞❛ Jj ∈ J ❢❛ç❛
❆❝❤❛r ♦ ♠❡♥♦r c[1]ij❀
❆❝❤❛r ♦ s❡❣✉♥❞♦ ♠❡♥♦r c[2]ij❀
s✉✛❡r = c[2]ij − c[1]ij❀
s❡ Mj ♥ã♦ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ t❛r❡❢❛ ❡♥tã♦

❆ss♦❝✐❛r Jj ❛ Mi❀
❘❡♠♦✈❡r Jj ❞❡ J ❀
▼❛r❝❛r Mi ❝♦♠♦ ❛ss♦❝✐❛❞♦❀

s❡♥ã♦ s❡ ♦ suffer ❞❛ t❛r❡❢❛ Jk q✉❡ ❡stá ❛t✉❛❧♠❡♥t❡ ❛ss♦❝✐❛❞❛ ❛♦
♣r♦❝❡ss❛❞♦r Mi é ♠❡♥♦r ❞♦ q✉❡ ♦ suffer ❞❛ t❛r❡❢❛ Jj ❡♥tã♦

❉❡s❛ss♦❝✐❛r ❛ t❛r❡❢❛ Jk ❡ ❞❡✈♦❧✈❡r ❛ J ❀
❆ss♦❝✐❛r Ji ❛♦ ♣r♦❝❡ss❛❞♦r Mi ❀
❘❡♠♦✈❡r Ji ❞♦ ❝♦♥❥✉♥t♦ J ❀

♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛
❆t✉❛❧✐③❡ ri❀

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
❆t✉❛❧✐③❡ cij❀

❊s♣❡r❡ ♣♦r r❡t♦r♥♦ ❞❡ r❡s✉❧t❛❞♦ ❞❡ ❛❧❣✉♠ ♣r♦❝❡ss❛❞♦r❀
❈♦❧♦❝❛r t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ❝♦♥❝❧✉í❞❛s ❡ ♥ã♦ ❡stã♦
❡①❡❝✉t❛♥❞♦ ❡♠ J ❀
♣❛r❛ t♦❞♦ Mi ∈M ❢❛ç❛

❆t✉❛❧✐③❡ ri❀

♣❛r❛ t♦❞♦ Jj ∈ J ❢❛ç❛
❆t✉❛❧✐③❡ cij❀



❈❛♣ít✉❧♦ ✹

◆♦✈♦s r❡s✉❧t❛❞♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦s

❛❧❣♦r✐t♠♦s ❘❘

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♥♦✈❛s ❛♥á❧✐s❡s ❞♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘❘
♣❛r❛ ♦ ❝❛s♦ ❞❡ t❛r❡❢❛s ✐❣✉❛✐s✱ ♥❛ s❡çã♦ ✹✳✶✱ ❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ t❛r❡❢❛s ❞✐❢❡r❡♥t❡s✱ ♥❛ s❡çã♦ ✹✳✷✳
◆❛ s❡çã♦ ✹✳✸ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡ ❛❞✐❝✐♦♥❛ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s ❛ q✉❛❧q✉❡r
❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡ t❛♠❜é♠ ♠♦str❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦
❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ q✉❡ ✉s❡ ❡ss❛ ✐♥t❡r❢❛❝❡✳

❆t✉❛❧✐③❛♥❞♦ ❛ ❚❛❜❡❧❛ ✷✳✶ ❝♦♠ ❛s ❛♥á❧✐s❡s q✉❡ sã♦ ❛♣r❡s❡♥t❛s ♥❡st❡ ❝❛♣ít✉❧♦✱ t❡♠♦s ♦
❝♦♥❥✉♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❛❜❛✐①♦✿

α β γ ♦❜s❡r✈❛çã♦ ❛❧❣♦r✐t♠♦ ❛♣r♦①✐♠❛çã♦
R; sit Tj = L Cmax ♣r❡❞✐t✐✈♦ ❘❘ Ót✐♠♦
R; sit Tj = L TPCC ♣r❡❞✐t✐✈♦ ❘❘ Ót✐♠♦
R; sit Tj Cmax ♥ã♦ ♣r❡❞✐t✐✈♦ ❘❘ ◆ã♦ ❡①✐st❡
R; sit Tj TPCC ♥ã♦ ♣r❡❞✐t✐✈♦ ❘❘ m

R; sit Tj = L TPCC ♥ã♦ ♣r❡❞✐t✐✈♦ ■♥t❡r❢❛❝❡ A ♠✐♥{(1 + (m−1)2

n
),m}

R; sit Tj TPCC ♥ã♦ ♣r❡❞✐t✐✈♦ ■♥t❡r❢❛❝❡ A m

R; sit prec;Tj = L TPCC ♥ã♦ ♣r❡❞✐t✐✈♦ ❘❘ (1 + Lcp(n)·m(ln(m−1)+1

n
)

GPm sizej; rj Cmax ♦♥✲❧✐♥❡ ❘❘ 3
GPm sizej; rj Cmax ♦✛✲❧✐♥❡ ❘❘ 5

❚❛❜❡❧❛ ✹✳✶✿ ▲✐st❛ ❞❡ ❛❧❣♦r✐t♠♦s ❛t✉❛❧✐③❛❞❛ ❡ s✉❛ ❛♣r♦①✐♠❛çã♦

✸✹



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✸✺

✹✳✶ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s

◆❡st❛ s❡çã♦ ✈❛♠♦s ♠♦str❛r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ❣❡r❛ ✉♠ r❡s✉❧t❛❞♦ ót✐♠♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s
R; sit|Tj = L|Cmax ❡ R; sit|Tj = L|❚P❈❈ ♦♥❞❡ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❛s ♠áq✉✐♥❛s é
❝♦♥❤❡❝✐❞♦✳ ❉❡♣♦✐s ✐r❡♠♦s ♠♦str❛r q✉❡ ♥♦ ♣r♦❜❧❡♠❛ R; sit|Tj = L|❚P❈❈ ❛♣ós ♦ ✐♥st❛♥t❡
OPT ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘ ❢❛❧t❛♠ ♥♦ ♠á①✐♠♦ m

2
t❛r❡❢❛s ❛ s❡r❡♠ ❡①❡❝✉t❛❞❛s✳ ■st♦

❧❡✈❛ ❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ✐❣✉❛❧ ❛♦ q✉❡ ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❛♣r❡s❡♥t❛r❛♠
❡♠ ❬✶✸❪✱ ♠❛s ✈❛♠♦s ♠♦str❛r q✉❡ ❡ss❛ ❛♣r♦①✐♠❛çã♦ é ❥✉st❛ ❛♣r❡s❡♥t❛♥❞♦ ✐♥stâ♥❝✐❛s ❡♠ q✉❡
m
2
t❛r❡❢❛s s❡rã♦ ❡①❡❝✉t❛❞❛s ❞❡♣♦✐s ❞♦ ✐♥st❛♥t❡ OPT ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘✳
❈❛❞❛ ✐♥stâ♥❝✐❛ ❞♦ ♣r♦❜❧❡♠❛ é ❝♦♠♣♦st❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦

L ❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s ❡♠ m ♠áq✉✐♥❛s s❡♠ r❡❧❛çã♦ ❡♥tr❡ s✐✳ ❊♠ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ♦
♦❜❥❡t✐✈♦ é ❣❡r❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S q✉❡ ♠✐♥✐♠✐③❡ ♦ ❚♦t❛❧ Pr♦❝❡ss♦r ❈②❧❡ ❈♦♥s✉♠♣t✐♦♥

✭❚P❈❈✮ ♦✉ ♦ Cmax✳
◆ós ✐r❡♠♦s ❛♥❛❧✐s❛r ♦s ♣r♦❜❧❡♠❛s s✐t❛❞♦s ❛❝✐♠❛ ❡♠ ❛♠❜✐❡♥t❡ ✐♠♣r❡✈✐sí✈❡❧ ♦✉ ♣r❡✈✐sí✈❡❧✳

◆✉♠ ❛♠❜✐❡♥t❡ ♣r❡✈✐sí✈❡❧ é ❝♦♥❤❡❝✐❞♦ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ t♦❞❛s ❛s ♠áq✉✐♥❛s ❡
♦ t❛♠❛♥❤♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s✳ ❏á ♥♦ ❛♠❜✐❡♥t❡ ✐♠♣r❡✈✐sí✈❡❧✱ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ♥ã♦ sã♦
❝♦♥❤❡❝✐❞❛s✳

P❡❧❛ ❞❡✜♥✐çã♦ ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦ ✷✳✶✱ ♦ ❚P❈❈ ❝❛❧❝✉❧❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥str✉çõ❡s
q✉❡ t♦❞♦s ♦s ♣r♦❝❡ss❛❞♦r❡s ♣♦❞❡♠ ❡①❡❝✉t❛r ❞♦ ✐♥í❝✐♦ ❛♦ ✜♠ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦✳ ❖✉ s❡❥❛✱
q✉❛♥t♦ ♠❛✐♦r ♦ ♠❛❦❡s♣❛♥✱ ♠❛✐♦r s❡rá ♦ ❚P❈❈✱ ❡ q✉❛♥t♦ ♠❡♥♦r ♦ ♠❛❦❡s♣❛♥✱ ♠❡♥♦r é ♦
❚P❈❈✳ ▲♦❣♦✱ ✉♠ ❚P❈❈ ót✐♠♦ ✐♠♣❧✐❝❛ ♥✉♠ ♠❛❦❡s♣❛♥ ót✐♠♦✱ ❡ ✈✐❝❡ ✈❡rs❛✳ ❆ ♣❛rt✐r ❞✐ss♦
t❡♠♦s ❛ ♣r♦♣r✐❡❞❛❞❡ ❛❜❛✐①♦✳

Pr♦♣r✐❡❞❛❞❡ ✹✳ ❯♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S t❡♠ ✉♠ ♠❛❦❡s♣❛♥ ót✐♠♦ s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ❚P❈❈

❢♦r ót✐♠♦✳

❱❛♠♦s ♠♦str❛r ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ♠❛❦❡s♣❛♥ ót✐♠♦✳ ◆ós ♠♦s✲
tr❛r❡♠♦s q✉❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ♠❛❦❡s♣❛♥ ót✐♠♦ s❡♠ r❡♣❧✐❝❛çã♦ ♣♦❞❡ s❡r tr❛♥s❢♦r✲
♠❛❞♦ ❡♠ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ r❡♣❧✐❝❛çã♦ ♦♥❞❡ t♦❞❛s ❛s ♠áq✉✐♥❛s ✜❝❛♠ ♦❝✉♣❛❞❛s ❛té
♦ t❡♠♣♦ ❞♦ ♠❛❦❡s♣❛♥✳

▲❡♠❛ ✻✳ P❛r❛ t♦❞❛ ✐♥stâ♥❝✐❛ I ❞♦ ♣r♦❜❧❡♠❛ R; sit|Tj = L|Cmax✱ ❡①✐st❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦

ót✐♠♦ ❡st❡♥❞✐❞♦ ❊❖P❚✭■✮ ♦♥❞❡✿

✶✳ P❛r❛ ❝❛❞❛ ♠áq✉✐♥❛ Mi✱ ♥ã♦ ❡①✐st❡ t❡♠♣♦ ♦❝✐♦s♦ ❡♥tr❡ ♦ t❡r♠✐♥♦ ❞❡ ✉♠❛ t❛r❡❢❛ ❡ ♦

✐♥í❝✐♦ ❞❡ ♦✉tr❛✳

✷✳ ❚♦❞❛s ❛s ♠áq✉✐♥❛s ❡①❡❝✉t❛♠ t❛r❡❢❛s ❛té ♦ t❡♠♣♦ ❞♦ ♠❛❦❡s♣❛♥ ót✐♠♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ OPT (I) ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ♠❛❦❡s♣❛♥ ót✐♠♦ ❝♦♠ t❡♠♣♦ ❖P❚✳
◆ós ✐r❡♠♦s ❝♦♥str✉✐r ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ EOPT (I) ❝♦♠ ♦ ♠❡s♠♦ ✐♥st❛♥t❡ ❞❡ tér♠✐♥♦✳



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✸✻

P❛r❛ ♣r♦✈❛r ✭✶✮ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ ❛❧❣✉♠❛s ♠áq✉✐♥❛sMi ❡♠ OPT (I) q✉❡ ✜❝❛♠ ♦❝✐♦s❛s
❡♥tr❡ ♦ tér♠✐♥♦ ❞❡ ✉♠❛ t❛r❡❢❛ ❡ ❛ ❛tr✐❜✉✐çã♦ ❞❡ ♦✉tr❛✱ ♦✉ s❡❥❛✱ ❛♣ós Tj t❡r♠✐♥❛r ❡①✐st❡
✉♠ t❡♠♣♦ ♦❝✐♦s♦ ♣❛r❛ ✉♠❛ t❛r❡❢❛ Tj′ ❝♦♠❡ç❛r ❛ s❡r ❡①❡❝✉t❛❞❛✳ ❙❡ ♠♦✈❡r♠♦s ❛ t❛r❡❢❛ Tj′

♣❛r❛ ✐♥✐❝✐❛r ❧♦❣♦ ❛♣ós ❛♦ t❡r♠✐♥♦ ❞❡ Tj✱ ✐ss♦ ♥ã♦ ✐rá ❣❡r❛r ❛❝rés❝✐♠♦ ❛♦ ♠❛❦❡s♣❛♥✳
P❛r❛ ♣r♦✈❛r ✭✷✮ ❜❛st❛ r❡♣❧✐❝❛r♠♦s t❛r❡❢❛s ❛✐♥❞❛ ❡♠ ❡①❡❝✉çã♦ ❡♠ ♣r♦❝❡ss❛❞♦r❡s ♦❝✐♦s♦s

❛té ♦ t❡♠♣♦ ❖P❚✳ ◆♦t❡ q✉❡ s❡rã♦ ❡s❝❛❧♦♥❛❞❛s ❝ó♣✐❛s ❞❡ t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ L ❡ q✉❡ ❡ss❛s
t❛r❡❢❛s ♣♦❞❡♠ ♥ã♦ t❡r♠✐♥❛r ❛té ♦ ✐♥st❛♥t❡ OPT ✳ ❆s ❝ó♣✐❛s ❞❡ t❛r❡❢❛s q✉❡ ✉❧tr❛♣❛ss❛r❡♠
♦ ✐♥st❛♥t❡ OPT s❡rã♦ ❛❜♦rt❛❞❛s ♥♦ ✐♥st❛♥t❡ OPT ✱ ❛ss✐♠ ♥ã♦ ✐r❡♠♦s ❣❡r❛r ✉♠ ❛❝rés❝✐♠♦
♥♦ ♠❛❦❡s♣❛♥✳

❖ ♥♦✈♦ ❡s❝❛❧♦♥❛♠❡♥t♦ EOPT (I) t❡♠ ♠❛❦❡s♣❛♥ ót✐♠♦ ❡ t❛♠❜é♠ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡
❞❡ ♥ã♦ t❡r ♠áq✉✐♥❛s ♦❝✐♦s❛s ❞❡s❞❡ ♦ ✐♥st❛♥t❡ ❞❡ ✐♥í❝✐♦ ❛té ♦ ✐♥st❛♥t❡ ❞❡ tér♠✐♥♦ ❞♦
❡s❝❛❧♦♥❛♠❡♥t♦✳

❆ ♣❛rt✐r ❞♦ ❧❡♠❛ ✻ ❝♦♥s❡❣✉✐♠♦s ♠♦str❛r q✉❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ ♣❛r❛ ♦ ♣r♦✲
❜❧❡♠❛ R; sjk|Tj = L|Cmax ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
R; sjk|Tj = L|❚P❈❈ q✉❡ ♣❡r♠✐t❛ q✉❡ ❛s t❛r❡❢❛s s❡❥❛♠ r❡♣❧✐❝❛❞❛s✳ ❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❛♠♦s
❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞♦ ❚P❈❈✳

❉❛❞♦ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ t❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s✱ ✈❛♠♦s
❝♦♥s✐❞❡r❛r ❝❛❞❛ t❛r❡❢❛ ♥♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠♦ ✉♠❛ ✈❛❣❛ ♦♥❞❡ q✉❛❧q✉❡r ♦✉tr❛ t❛r❡❢❛ ♣♦❞❡
s❡r ❛tr✐❜✉í❞❛✱ ❥á q✉❡ t♦❞❛s ❛s t❛r❡❢❛s t❡♠ t❛♠❛♥❤♦ ✐❣✉❛✐s✳ ❆❣♦r❛ ♣♦❞❡♠♦s ❡st✉❞❛r ♦
♣r♦❜❧❡♠❛ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❛❧♦❝❛r n ✈❛❣❛s ♥❛s ♠áq✉✐♥❛s ♠✐♥✐♠✐③❛♥❞♦ ♦ ❚P❈❈✳ ◆ós
✐r❡♠♦s ♠♦str❛r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ❬✶❪ ❣❡r❛ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ q✉❡ é ✐❞ê♥t✐❝♦ ❛♦ ót✐♠♦
❡♠ ♥ú♠❡r♦ ❞❡ ✈❛❣❛s ❡s❝❛❧♦♥❛❞❛s✳

▲❡♠❛ ✼✳ ❈♦♥s✐❞❡r❡ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘ ♦♥❞❡ ❡❧❡ ❡s❝❛❧♦♥❛

n ✈❛❣❛s ❞❡ ♠❡s♠♦ t❛♠❛♥❤♦ L✳ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ t❡♠ ♦ ♠❡s♠♦ ♠❛❦❡s♣❛♥ ❞♦

❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ ❝♦♥s✐❞❡r❛♥❞♦ n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦s ✐❣✉❛✐s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ ♣❛r❛ ❛❧♦❝❛çã♦ ❞❡ n t❛r❡❢❛s ❡ s❡✉ ❡s❝❛❧♦♥❛✲
♠❡♥t♦ ót✐♠♦ ❡st❡♥❞✐❞♦ ❊❖P❚✭■✮ ❣❡r❛❞♦ ♣❡❧♦ ❧❡♠❛ ✻✳ ◆♦t❡ q✉❡ ❡♠ ❊❖P❚✭■✮ ✉♠❛ t❛r❡❢❛ é
❛❜♦rt❛❞❛ s♦♠❡♥t❡ q✉❛♥❞♦ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❛❝❛❜❛✳ ❆❧é♠ ❞✐ss♦✱ t♦❞❛s ❛s ♠áq✉✐♥❛s ❡st❛rã♦
❡♠ ❡①❡❝✉çã♦ ❛té ♦ ✐♥st❛♥t❡ ❞♦ ♠❛❦❡s♣❛♥ ót✐♠♦✱ ❡ ❡ss❛ é ❛ ♣r✐♠❡✐r❛ ✈❡③ q✉❡ n t❛r❡❢❛s sã♦
✜♥❛❧✐③❛❞❛s✳ ◆ã♦ é ❞✐❢í❝✐❧ ❞❡ ✈❡r q✉❡ ♦ ❘❘✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛❧♦❝❛çã♦ ❞❡ n ✈❛✲
❣❛s✱ ✐rá ❣❡r❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ✐❣✉❛❧ ❛♦ ❊❖P❚✱ ✉♠❛ ✈❡③ q✉❡ s❡♠♣r❡ q✉❡ ✉♠❛ ♠áq✉✐♥❛
✜❝❛ ♦❝✐♦s❛ é ❡s❝❛❧♦♥❛❞❛ ✉♠❛ ✈❛❣❛✳ ◗✉❛♥❞♦ ❛ n✲és✐♠❛ ✈❛❣❛ é ❡s❝❛❧♦♥❛❞❛✱ ♦ ❛❧❣♦r✐t♠♦
❝♦♠❡ç❛ ❛ r❡♣❧✐❝❛r ✈❛❣❛s ♥❛s ♠áq✉✐♥❛s ♦❝✐♦s❛s ❛té ❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ q✉❡ n ✈❛❣❛s t❡♥❤❛♠
❝❛❞❛ ✉♠❛✱ t✐❞♦ L ✐♥str✉çõ❡s ❡①❡❝✉t❛❞❛s✳

◗✉❛♥❞♦ t♦❞❛s ❛s t❛r❡❢❛s tê♠ t❛♠❛♥❤♦s ✐❣✉❛✐s✱ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦
❘❘✱ ❛té ♦ ✐♥st❛♥t❡ q✉❡ ❛ ✉❧t✐♠❛ t❛r❡❢❛ é ❛❧♦❝❛❞❛✱ é s✐♠✐❧❛r ❛ ✉♠ ❊❖P❚✭■✮✳ ❆ ú♥✐❝❛



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✸✼

❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡❧❡s é ♥❛ ♦r❞❡♠ q✉❡ ❛❧❣✉♠❛s t❛r❡❢❛s sã♦ ❛❧♦❝❛❞❛s✳ ❉❡♣♦✐s ❞❛s n ✈❛❣❛s
❛tr✐❜✉í❞❛s✱ ♦ ❘❘ ✐♥✐❝✐❛ ❛ ❢❛s❡ ❞❡ r❡♣❧✐❝❛çã♦✱ ❡ ❛ ❞✐❢❡r❡♥ç❛ ❛❝♦♥t❡❝❡ ❛q✉✐ ♣♦✐s ♦ ❘❘ ❛❜♦rt❛
❛s ré♣❧✐❝❛s q✉❡ ❥á t❡r♠✐♥❛r❛♠✳ ❙❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s sã♦ ♣r❡✈✐sí✈❡✐s✱ ❡♥tã♦ ♦
❘❘ ♣r♦❞✉③✐rá ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦✳

❚❡♦r❡♠❛ ✺✳ ❖ ❛❧❣♦r✐t♠♦ ❘❘ ♣♦❞❡ s❡r ♠♦❞✐✜❝❛❞♦ ♣❛r❛ t❡r ♦ ♠❛❦❡s♣❛♥ ❡ ♦ ❚P❈❈ ót✐♠♦

q✉❛♥❞♦ t♦❞❛s ❛s t❛r❡❢❛s t❡♠ t❛♠❛♥❤♦ L ❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s sã♦ ♣r❡✈✐sí✈❡✐s✳

❆❧é♠ ❞✐ss♦ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ é ❣❡r❛❞♦ ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❡ ♥ã♦ é ♥❡❝❡ssár✐♦ r❡♣❧✐❝❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ❊❖P❚ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡st❡♥❞✐❞♦ ót✐♠♦ s❛t✐s❢❛③❡♥❞♦ ♦ ❧❡♠❛ ✻✳ ❈♦♥✲
s✐❞❡r❡ ❝❛❞❛ t❛r❡❢❛ ❛tr✐❜✉í❞❛ ❡♠ ❊❖P❚ ❝♦♠♦ ✉♠❛ ✈❛❣❛ ♦♥❞❡ é ♣♦ssí✈❡❧ ❛tr✐❜✉✐r q✉❛❧q✉❡r
t❛r❡❢❛✳ ◆ós ♣♦❞❡♠♦s ❛tr✐❜✉✐r ❛ q✉❛❧q✉❡r ✈❛❣❛ ❡♠ ❊❖P❚ ❛s t❛r❡❢❛s ❞❡ ❛❝♦r❞♦ ❛ ❛❧❣✉♠❛
♦r❞❡♠ ❞❡✜♥✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘✳ ❏á q✉❡ t♦❞❛s ❛s t❛r❡❢❛s tê♠ ♦ ♠❡s♠♦ t❛♠❛♥❤♦✱ ❛ ♦r✲
❞❡♠ ❞❡ ❛tr✐❜✉✐çã♦ ❞❛s t❛r❡❢❛s ♥ã♦ ✐♥t❡r❢❡r❡ ♥♦ ♠❛❦❡s♣❛♥ ❡ ♥❡♠ ♥♦ ❚P❈❈✳ ❆té ♦ ✐♥st❛♥t❡
♠❛❦❡s♣❛♥ ❡♠ ❊❖P❚ ♥ós t❡♠♦s n t❛r❡❢❛s ❞✐❢❡r❡♥t❡s ❡①❡❝✉t❛❞❛s✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ s❛❜❡♥❞♦
♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s ♥ós ♣♦❞❡♠♦s ❝♦♥str✉✐r ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❊❖P❚ ❛♥t❡❝✐♣❛❞❛✲
♠❡♥t❡ ❡ ❛tr✐❜✉✐r ✉♠❛ t❛r❡❢❛ ❞✐❢❡r❡♥t❡ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s n ❞✐❢❡r❡♥t❡s ✈❛❣❛s q✉❡ ❛❝❛❜❛r❡♠
♠❛✐s ❝❡❞♦✳ P❛r❛ ❝♦♥s❡❣✉✐r ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❊❖P❚✱ ♣❡❧♦ ❧❡♠❛ ✼ ♥ós só ♣r❡❝✐s❛♠♦s ❡①❡❝✉✲
t❛r ✉♠❛ s✐♠✉❧❛çã♦ ❞♦ ❘❘ ♥♦s ❞❛♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ❡ ❛ ❛❧♦❝❛çã♦ ❞❛s n ✈❛❣❛s✳
❊♥tã♦ ♦ ❛❧❣♦r✐t♠♦ só ♣r❡❝✐s❛ ❛tr✐❜✉✐r ❛s n t❛r❡❢❛s ✉s❛♥❞♦ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦✳ ❚❛♠❜é♠ ♥♦t❡
q✉❡ t❡♥❞♦ ❝❛❧❝✉❧❛❞♦ ❛ s✐♠✉❧❛çã♦ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ♥ã♦ é ♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ r❡♣❧✐❝❛çã♦✳

P❛r❛ ❝❛❧❝✉❧❛r ❛ s✐♠✉❧❛çã♦ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦✱ ♦ ❛❧❣♦r✐t♠♦ ❛tr✐❜✉✐ n t❛r❡❢❛s ❡ ✐♥✐❝✐❛ ❛
❢❛s❡ ❞❡ r❡♣❧✐❝❛çã♦✳ ◆♦ ♠á①✐♠♦ m t❛r❡❢❛s ❡st❛rã♦ ❡♠ ❡①❡❝✉çã♦ q✉❛♥❞♦ ❛ ❢❛s❡ ❞❡ r❡♣❧✐❝❛✲
çã♦ ❝♦♠❡ç❛✱ ❡ ❝❧❛r❛♠❡♥t❡ ❝❛❞❛ ✉♠❛ ❞❛s t❛r❡❢❛s ♣♦❞❡♠ t❡r ♥♦ ♠á①✐♠♦ m ré♣❧✐❝❛s✳ P♦r
❝♦♥s❡q✉ê♥❝✐❛ ♦ ❛❧❣♦r✐t♠♦ ❡①❡❝✉t❛ O(n+m2) ❛tr✐❜✉✐çõ❡s q✉❡ é ♣♦❧✐♥♦♠✐❛❧ ❡♠ n ❡ m✳

◗✉❛♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦s ♣r♦❝❡ss❛❞♦r❡s é ✐♠♣r❡✈✐sí✈❡❧ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ✉♠
♠❛❦❡s♣❛♥✴❚P❈❈ ót✐♠♦ ♥ã♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❞❡t❡r♠✐♥✐st✐❝❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ ♦ s✐♠♣❧❡s
❡①❡♠♣❧♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✿ ◆ós s❛❜❡♠♦s q✉❡ ❛té ♦ t❡♠♣♦ ❞♦ ♠❛❦❡s♣❛♥ ót✐♠♦✱ ✸ t❛r❡❢❛s s❡rã♦
❝♦♥❝❧✉í❞❛s✳ ❙✉♣♦♥❤❛ q✉❡ ❡①❛t❛♠❡♥t❡ ✸ t❛r❡❢❛s s❡rã♦ ❝♦♥❝❧✉í❞❛s✳ ◗✉❛♥❞♦ T1 t❡r♠✐♥❛✱
❛s t❛r❡❢❛s T2 ❡ T3 ❛✐♥❞❛ ❡stã♦ ❡♠ ❡①❡❝✉çã♦ ❡ ♥ós t❡♠♦s ✉♠❛ ✈❛❣❛ ♥❛ ♠áq✉✐♥❛ M1 ❛♣ós
❛ t❛r❡❢❛ T1✳ ◆ós s❛❜❡♠♦s ❝♦♠ ❝❡rt❡③❛ q✉❡ T2 ♦✉ T3 ✐rá t❡r♠✐♥❛r ♥♦ ✐♥st❛♥t❡ OPT ✱ ❡
s✉♣♦♥❤❛ q✉❡ s♦♠❡♥t❡ ✉♠❛ ❞❡❧❛s ✐rá t❡r♠✐♥❛r✳ ❉❡ss❛ ♠❛♥❡✐r❛ é ✐♠♣♦ssí✈❡❧ ❞❡❝✐❞✐r q✉❡♠
❞❛s ❞✉❛s t❛r❡❢❛s✱ T2 ♦✉ T3✱ s❡rá ❡s❝❛❧♦♥❛❞❛ ❞❡♣♦✐s ❞❡ T1✳

❊♥tã♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦s ♣r♦❝❡ss❛❞♦r❡s é ✐♠♣r❡✈✐sí✈❡❧ ♥ã♦ é ♣♦ssí✈❡❧
❛❧❝❛♥ç❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠ ♠❛❦❡s♣❛♥ ót✐♠♦✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ♥ós ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ♦♥❞❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦s ♣r♦❝❡ss❛❞♦r❡s
sã♦ ✐♠♣r❡✈✐sí✈❡✐s✳ ◆❡ss❡ ❝❛s♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ♥♦ ✐♥st❛♥t❡ ❞♦ ♠❛❦❡s♣❛♥ ót✐♠♦ ♥♦
♠á①✐♠♦ ⌊m/2⌋ t❛r❡❢❛s ❡st❛rã♦ ❡♠ ❡①❡❝✉çã♦ ♥✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦
❘❘✳



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✸✽

M3 T3

M2 T2

M1 T1

T2 ♦✉ T3❄
OPT

❋✐❣✉r❛ ✹✳✶✿ ➱ ✐♠♣♦ssí✈❡❧ ❞❡t❡r♠✐♥✐st✐❝❛♠❡♥t❡ ❝❛❧❝✉❧❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ s❡ ♦ ❞❡✲
s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s ❢♦r ✐♠♣r❡✈✐sí✈❡❧✳

▲❡♠❛ ✽✳ ❙❡❥❛ ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ S ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘ ♣❛r❛ ✉♠❛ ✐♥stâ♥❝✐❛ ❞♦

❝❛s♦ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✐♠♣r❡✈✐sí✈❡❧ ❞♦ ♣r♦❜❧❡♠❛ R; sjk|Tj = L|❚P❈❈✳ ❉❡♣♦✐s ❞♦ ✐♥st❛♥t❡

❞♦ ♠❛❦❡s♣❛♥ ót✐♠♦✱ ♥♦ ♠á①✐♠♦ ⌊m/2⌋ t❛r❡❢❛s ❡st❛rã♦ r♦❞❛♥❞♦ ❡♠ S✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ♦ ❧❡♠❛ t❡r❡♠♦s q✉❡ ❛♥❛❧✐s❛r ❞♦✐s ❝❛s♦s q✉❡ ❞❡♣❡♥❞❡♠ ❞♦
♥ú♠❡r♦ ❞❡ t❛r❡❢❛s n ❡ ♦ ♥ú♠❡r♦ ❞❡ ♠áq✉✐♥❛s m✳

✶✳ (m/2 < n < m)✿ ◆ós s❛❜❡♠♦s q✉❡ ❛té ♦ ✐♥st❛♥t❡ ót✐♠♦ t♦❞❛s ❛s n t❛r❡❢❛s ♣♦❞❡♠ s❡r
❡①❡❝✉t❛❞❛s✳ ❊①✐st❡♠ ♣❡❧♦ ♠❡♥♦s n ✈❛❣❛s ❛té ❖P❚ ♦♥❞❡ t♦❞❛s ❛s t❛r❡❢❛s ♣♦❞❡♠ ❡st❛r
❛❧♦❝❛❞❛s ❡ ✜♥❛❧✐③❛❞❛s✳ ❏á q✉❡ n < m✱ ♥♦ t❡♠♣♦ t0 = 0 t♦❞❛s ❛s t❛r❡❢❛s T1, . . . , Tn

❡st❛rã♦ ❛❧♦❝❛❞❛s ❡ ❛❧❣✉♠❛s ♦✉tr❛s T1, . . . , Tx ❡st❛rã♦ ❞✉♣❧✐❝❛❞❛s✱ ♦♥❞❡ 1 < x < n✳
❚♦❞❛s ❛s t❛r❡❢❛s ❡stã♦ ♥✉♠ ❛♥❡❧ ♥♦ ♠♦♠❡♥t♦ ❡ ❛ ♣ró①✐♠❛ t❛r❡❢❛ ❛ s❡r ❞✉♣❧✐❝❛❞❛ é
❛ t❛r❡❢❛ Tx+1 ♦♥❞❡ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧ ❡stá ♣♦s✐❝✐♦♥❛❞❛✳ Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡ ♦
♥ú♠❡r♦ ❞❡ ♠áq✉✐♥❛s é m = n+x ❡ ❡①✐st❡♠ n−x t❛r❡❢❛s ❝♦♠ s♦♠❡♥t❡ ✉♠❛ ré♣❧✐❝❛✳
◗✉❛♥t❛s t❛r❡❢❛s ♣r❡❝✐s❛rã♦ t❡r♠✐♥❛r ♣❛r❛ q✉❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ t♦❞❛s t❛r❡❢❛s ❡♠
❡①❡❝✉çã♦ t❡♥❤❛♠ ❞✉❛s ré♣❧✐❝❛s❄ ❙❡ ✉♠❛ t❛r❡❢❛ q✉❡ ❥á tê♠ ❞✉❛s ré♣❧✐❝❛s ✜♥❛❧✐③❛r✱
❡♥tã♦ ✈♦❝ê ✈❛✐ ❞❡s♣❡r❞✐ç❛r ♥♦ ♠á①✐♠♦ ❞✉❛s ✈❛❣❛s✱ ❡ ❞✉❛s t❛r❡❢❛s ❝♦♠ ✉♠❛ ré♣❧✐❝❛
s❡rã♦ ❞✉♣❧✐❝❛❞❛s✳ ◆♦t❡ q✉❡ ♥❡ss❡ ❝❛s♦✱ ✉♠❛ t❛r❡❢❛ ✭❛ q✉❡ t❡r♠✐♥♦✉✮ é r❡♠♦✈✐❞❛ ❞♦
❛♥❡❧ ❡ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧ ❛♥❞❛ ❞✉❛s t❛r❡❢❛s✱ ❥á q✉❡ ❞✉❛s ♠áq✉✐♥❛s ✜❝❛♠ ♦❝✐♦s❛s✳ ❙❡
✉♠❛ t❛r❡❢❛ ❝♦♠ ✉♠❛ ré♣❧✐❝❛ t❡r♠✐♥❛r s♦♠❡♥t❡ ✉♠❛ ✈❛❣❛ s❡rá ✉s❛❞❛ ❡ ❡♥tã♦ ♦✉tr❛
t❛r❡❢❛ ❝♦♠ ✉♠❛ ré♣❧✐❝❛ s❡rá ❞✉♣❧✐❝❛❞❛✳ ◆❡st❡ ❝❛s♦ é ❝♦♠♦ s❡ ❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧ t✐✈❡ss❡
❛♥❞❛❞♦ ❞✉❛s ♣♦s✐çõ❡s✱ ❥á q✉❡ ✉♠❛ t❛r❡❢❛ t❡r♠✐♥♦✉ ❡ é r❡♠♦✈✐❞❛ ❞♦ ❛♥❡❧ ❡ ❡ss❛ t❛r❡❢❛
♥ã♦ ♣♦❞❡ ❡st❛r ❛trás ❞❛ ❝❛❜❡ç❛ ❞♦ ❛♥❡❧ ✭s♦♠❡♥t❡ t❛r❡❢❛s ❝♦♠ ❞✉❛s ré♣❧✐❝❛s ❡stã♦
❛♥t❡s ❞❛ ❝❛❜❡ç❛✮✳ ■♥❞❡♣❡♥❞❡♥t❡ ❞❛ s✐t✉❛çã♦✱ ♣❛r❛ ❡ss❡ ❝❛s♦✱ ♣❛r❛ ❝❛❞❛ t❛r❡❢❛ q✉❡
t❡r♠✐♥❛ ♥ós ♠♦✈❡♠♦s ❞✉❛s t❛r❡❢❛s ♣❛r❛ ❢r❡♥t❡ ♥♦ ❛♥❡❧✳ ❏á q✉❡ t❡♠♦s n− x t❛r❡❢❛s
❝♦♠ s♦♠❡♥t❡ ✉♠❛ ré♣❧✐❝❛ ♥♦ ✐♥st❛♥t❡ t0✱ ❡♥tã♦ s❡rã♦ ♥❡❝❡ssár✐♦s ✜♥❛❧✐③❛r ⌈m−x

2
⌉

t❛r❡❢❛s ♣❛r❛ q✉❡ t♦❞❛s ❛s t❛r❡❢❛s t❡♥❤❛♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ré♣❧✐❝❛s ♣❡❧❛ ♣r✐♠❡✐r❛
✈❡③✳ ❖ ♥ú♠❡r♦ ❞❡ ✈❛❣❛s ✉s❛❞❛s é ♥♦ ♠á①✐♠♦

2⌈n− x

2
⌉ = n− x < n



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✸✾

s❡ (n− x) é ♣❛r✱ ❡ ♥♦ ♠á①✐♠♦

2⌈n− x

2
⌉ = 2(

n− x+ 1

2
) = n− x+ 1 ≤ n

s❡ (n− x) é ✐♠♣❛r✳

❉❡ q✉❛❧q✉❡r ❢♦r♠❛ ♥ós ✉s❛♠♦s ♥♦ ♠á①✐♠♦ ♦ ♥ú♠❡r♦ ❞❡ ✈❛❣❛s q✉❡ ❡①✐st❡♠ ❛té ♦
✐♥st❛♥t❡ ót✐♠♦✳ ◆♦t❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ t❛r❡❢❛s r❡♠❛♥❡s❝❡♥t❡s é ♥♦ ♠á①✐♠♦

n− ⌈n− x

2
⌉ ≤ n− (n− x)

2
=

n+ x

2
=

m

2

✷✳ (n ≥ m)✿ ❙❡❥❛ t1 ♦ ✐♥st❛♥t❡ q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❘❘ ❡s❝❛❧♦♥♦✉ ❛ n✲és✐♠❛ t❛r❡❢❛✳
◆♦ ✐♥st❛♥t❡ t1 ❡①✐st❡♠ m′ ≤ m t❛r❡❢❛s ❞✐❢❡r❡♥t❡s ❡♠ ❡①❡❝✉çã♦ ♥♦ ❡s❝❛❧♦♥❛♠❡♥t♦ S

❣❡r❛❞♦ ♣❡❧♦ ❘❘✳ ❉❡ ❢♦r♠❛ ❣❡r❛❧ m′ = m✱ ♠❛s ♣♦❞❡ ❛❝♦♥t❡❝❡r ❞❡ ♠❛✐s ❞❡ ✉♠❛ t❛r❡❢❛
✜♥❛❧✐③❛r ❡①❛t❛♠❡♥t❡ ♥♦ ♠❡s♠♦ ✐♥st❛♥t❡ t1 q✉❛♥❞♦ ❛ ú❧t✐♠❛ t❛r❡❢❛ é ❛❧♦❝❛❞❛✳ ❙❡♠
♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❡ ♣❛r❛ s✐♠♣❧✐✜❝❛r✱ ♥ós ❛ss✉♠✐♠♦s q✉❡ m′ = m✳

❙❡❥❛ t2 ♦ ✐♥st❛♥t❡ ❡♠ q✉❡ ❛ ♣r✐♠❡✐r❛ t❛r❡❢❛ é r❡♣❧✐❝❛❞❛✳ ◗✉❛♥❞♦ ✐st♦ ❛❝♦♥t❡❝❡✱
❡①✐st❡♠ m − 1 t❛r❡❢❛s ❞✐❢❡r❡♥t❡s s❡♥❞♦ ❡①❡❝✉t❛❞❛s✳ ❙❡❥❛ X ♦ ❝♦♥❥✉♥t♦ ❝♦♠ ❡st❛s
m − 1 t❛r❡❢❛s q✉❡ ♣♦❞❡♠ s❡r ré♣❧✐❝❛s✳ P❡❧♦ ▲❡♠❛ ✼ s❛❜❡♠♦s q✉❡ ❛té ❛♥t❡s ❞♦
✐♥st❛♥t❡ t2 ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ S é ❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ ❛♦ EOPT (I) ❥á q✉❡ ♥❡♥❤✉♠❛
t❛r❡❢❛ é ❛❜♦rt❛❞❛ ❡ s❛❜❡♠♦s q✉❡ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s m− 1 ✈❛❣❛s q✉❡ ❛❝❛❜❛♠ ❛♥t❡s
❞♦ ✐♥st❛♥t❡ ❖P❚✳ ❙❡❥❛ SL ♦ ❝♦♥❥✉♥t♦ ❞❛s m − 1 ✈❛❣❛s✳ ◆ós ❛❧❡❣❛♠♦s q✉❡ ❝❛❞❛
t❛r❡❢❛ ❡♠ X ♣♦ss❛ s❡r ❛tr✐❜✉í❞❛ ❛ ♥♦ ♠á①✐♠♦ ❞✉❛s ❞❛s ✈❛❣❛s ❡♠ SL✱ ♦✉ q✉❛♥❞♦
♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ✉♠❛ t❛r❡❢❛ ♦❝✉♣❛r três ✈❛❣❛s✱ ❡①✐st❡♠ ♠❡♥♦s q✉❡ m/2 t❛r❡❢❛s ❡♠
❡①❡❝✉çã♦✳ P❛r❛ ♣r♦✈❛r ✐st♦✱ ♥♦t❡ q✉❡ ♣❛r❛ ✉♠❛ t❛r❡❢❛ ✉s❛r três ✈❛❣❛s é ♥❡❝❡ssár✐♦
q✉❡ t❡♥❤❛ ♣❡❧♦ ♠❡♥♦s três ré♣❧✐❝❛s✳ ❙❡❥❛ Tj ❛ ♣r✐♠❡✐r❛ t❛r❡❢❛ q✉❡ ❝♦♥s❡❣✉✐✉ ❞✉❛s
ré♣❧✐❝❛s ♥♦ ✐♥st❛♥t❡ t2✳ ◆♦ ✐♥st❛♥t❡ t2 ❡①✐st❡♠ m − 1 t❛r❡❢❛s r♦❞❛♥❞♦ ❡ s♦♠❡♥t❡
Tj t❡♠ ❞✉❛s ré♣❧✐❝❛s✳ P❛r❛ ✉♠❛ t❛r❡❢❛ t❡r três ré♣❧✐❝❛ s❡rá ♥❡❝❡ssár✐♦ ♣❛ss❛r ♣♦r
t♦❞❛s ❛s t❛r❡❢❛s ❞♦ ❛♥❡❧ ❡ ✈♦❧t❛r ♣❛r❛ Tj✳ ❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞♦ ❝❛s♦
m/2 < n < m✱ ♣❛r❛ q✉❡ ✉♠❛ t❛r❡❢❛ t❡♥❤❛ três ré♣❧✐❝❛s é ♥❡❝❡ssár✐♦ q✉❡ ⌈m−1

2
⌉

t❛r❡❢❛s s❡❥❛♠ ✜♥❛❧✐③❛❞❛s

❉❡st❛ ❢♦r♠❛ s❡ ✉♠❛ t❛r❡❢❛ ✉s❛ três ✈❛❣❛s ❞❡ SL✱ ❡♥tã♦ ♠❡♥♦s q✉❡m/2 ❡stã♦ r♦❞❛♥❞♦
❛♣ós ♦ ♠❛❦❡s♣❛♥ ót✐♠♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ q✉❛❧q✉❡r t❛r❡❢❛ ✉s❛ ♥♦ ♠á①✐♠♦ ❞✉❛s
✈❛❣❛s✱ ❡①✐st✐rã♦ ♣❡❧♦ ♠❡♥♦s ⌈m−1

2
⌉ t❛r❡❢❛s ❞✐❢❡r❡♥t❡s ♥❛s ✈❛❣❛s✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❛♣ós

♦ ✐♥st❛♥t❡ ❖P❚ ♥♦ ♠á①✐♠♦

m− 1− ⌈m− 1

2
⌉ ≤ m− 1

2

t❛r❡❢❛s ❡st❛rã♦ ❡♠ ❡①❡❝✉çã♦✳



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✹✵

❆ ♣❛rt✐r ❞❡ ✭✶✮ ❡ ✭✷✮ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ m/2 t❛r❡❢❛s ❡♠ ❡①❡❝✉çã♦ ❛♣ós ♦ ✐♥st❛♥t❡ ❖P❚✱
❡ ❥á q✉❡ ♦ ♥ú♠❡r♦ ❞❡ t❛r❡❢❛s ❡♠ ❡①❡❝✉çã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ✐♥t❡✐r♦✱ ♥ós ♣♦❞❡♠♦s
❛rr❡❞♦♥❞❛r ♦ ✈❛❧♦r ♣❛r❛ ⌊m/2⌋ t❛r❡❢❛s✳

❈♦♥s✐❞❡r❡ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❛♣ós ♦ ✐♥st❛♥t❡ ❖P❚✳ ❉♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❡①✐st❡♠ ♥♦
♠á①✐♠♦ ⌊m/2⌋ t❛r❡❢❛s ❡♠ ❡①❡❝✉çã♦✳

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✸ ♥ã♦ é ❞✐❢í❝✐❧ ♣❡r❝❡❜❡r q✉❡ ❞✉r❛♥t❡ ✉♠ ✐♥st❛♥t❡ t q✉❛❧q✉❡r ❛♣ós ♦
✐♥st❛♥t❡ ❖P❚✱ s❡ ❡①✐st✐r ✉♠ ♥ú♠❡r♦ X ❞❡ t❛r❡❢❛s ❞✐st✐♥t❛s ❡♠ ❡①❡❝✉çã♦✱ ❛❧❣✉♠❛s t❛r❡❢❛s
t❡rã♦ ⌊m

x
⌋ ré♣❧✐❝❛s✱ ❡♥q✉❛♥t♦ ♦✉tr❛s t❡rã♦ ⌈m/|X|⌉ ré♣❧✐❝❛s✳

❈♦♠ ❡ss❡s r❡s✉❧t❛❞♦s ♥ós ♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛ ✻✳ ❖ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❡♠ ✻✳✷ é ❛s✲
s✐♥t♦t✐❝❛♠❡♥t❡ ✐❣✉❛❧ ❛♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✷✳✶✱ ♠❛s ✐r❡♠♦s ♠♦str❛r q✉❡ ❡st❡ r❡s✉❧t❛❞♦
é ❥✉st♦✱ ❝♦♠ ✐♥stâ♥❝✐❛s ♦♥❞❡ ❞❡♣♦✐s ❞♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ OPT ❤❛✈❡rá m

2
t❛r❡❢❛s ❡♠

❡①❡❝✉çã♦✳

❚❡♦r❡♠❛ ✻✳ ❙❡❥❛ I ✉♠❛ ✐♥stâ♥❝✐❛ ❞❡ ✉♠ ❝❛s♦ ✐♠♣r❡✈✐sí✈❡❧ ❞♦ ♣r♦❜❧❡♠❛ R; sit|Tj =

L|TPCC✳

• ❖ ❚P❈❈ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘ é ♥♦ ♠á①✐♠♦ OPT+L
∑m/2

i=1 ⌈m/i⌉✳

• ❖ ❘❘ é ✉♠ ❛❧❣♦r✐t♠♦ (1 + 3m
2n

+ m ln(m/2)
n

)✲❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ✐♠♣r❡✈✐sí✈❡❧ ❞♦

♣r♦❜❧❡♠❛ R; sit|Tj = L|TPCC✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ S ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❛ ✐♥stâ♥❝✐❛ I ❡ s❡❥❛ ❛
✐✲és✐♠❛ ú❧t✐♠❛ t❛r❡❢❛ ❝♦♠♦ ❛ t❛r❡❢❛ q✉❡ ❝♦♥❝❧✉✐✉ s❡❣✉✐♥❞♦ ❛ ♦r❞❡♠ ❞❡ trás ♣❛r❛ ❛ ❢r❡♥t❡✳ ❆
♣❛rt✐r ❞❛ ♣r♦♣r✐❡❞❛❞❡ ✸✱ ♥♦ ♠♦♠❡♥t♦ ❧♦❣♦ ❛♥t❡s ❞❛ i✲és✐♠❛ ú❧t✐♠❛ t❛r❡❢❛ ❝♦♥❝❧✉✐r✱ ❡①✐st❡♠
♥♦ ♠á①✐♠♦ ⌈m/i⌉ ré♣❧✐❝❛s ❞❡st❛ t❛r❡❢❛✱ ✈✐st♦ q✉❡ ❡①✐st❡♠ i t❛r❡❢❛s ❡♠ ❡①❡❝✉çã♦✳

P❛r❛ ♣r♦✈❛r ✭✶✮ ♥♦t❡ q✉❡ ❛té ♦ ✐♥st❛♥t❡ ❖P❚ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ OPT (I) ❡ ♦
❡s❝❛❧♦♥❛♠❡♥t♦ S t❡♠ ♦ ♠❡s♠♦ ❚P❈❈ ❝♦♠ ♦ ✈❛❧♦r ❖P❚✳ ❆♣ós ♦ ✐♥st❛♥t❡ ❖P❚✱ ❞♦ ▲❡♠❛
✽ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ ⌊m/2⌋ t❛r❡❢❛s ❡♠ ❡①❡❝✉çã♦ ❡♠ S✳ ❆ ♣❛rt✐r ❞❛ ♣r♦♣r✐❡❞❛❞❡ ✸ ❡st❛s
t❛r❡❢❛s ✐rã♦ ✐♥❝r❡♠❡♥t❛r ♦ ❚P❈❈ ❝♦♠ ♥♦ ♠á①✐♠♦ L

∑m/2
i=1 ⌈mi ⌉ ✐♥str✉çõ❡s✳

P❛r❛ ♣r♦✈❛r ✭✷✮ ♥♦t❡ q✉❡ ♦ ❚P❈❈ ót✐♠♦ é ♥♦ ♠í♥✐♠♦ nL ✐♥str✉çõ❡s✱ ♣♦✐s ❝❛❞❛ t❛r❡❢❛



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✹✶

t❡♠ t❛♠❛♥❤♦ L ❡ t♦❞❛s ❞❡✈❡♠ s❡r ❡①❡❝✉t❛❞❛s✳ ❖ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ é✿

r =
OPT + L

∑m/2
i=1 ⌈mi ⌉

OPT
✭✹✳✶✮

=1 +
L
∑m/2

i=1 ⌈mi ⌉
OPT

✭✹✳✷✮

≤1 + L
∑m/2

i=1 (
m
i
+ 1)

nL
✭✹✳✸✮

≤1 + m/2 +m
∑m/2

i=1
1
i

n
✭✹✳✹✮

≤1 + m/2 +m(ln(m/2) + 1)

n
✭✹✳✺✮

≤1 + 3m/2 +m ln(m/2)

n
✭✹✳✻✮

≤1 + 3m/2

n
+

m ln(m/2)

n
✭✹✳✼✮

❊♠❜♦r❛ ♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ♣r♦✈❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✻ s❡❥❛ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ✐❣✉❛❧ ❛♦
❢❛t♦r ❛♣r❡s❡♥t❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✶✱ ♥ós ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡ ❡st❡ r❡s✉❧t❛❞♦ é ❥✉st♦ ♣❛r❛ ♦
❛❧❣♦r✐t♠♦ ❘❘ ♠♦str❛♥❞♦ ❝❧❛ss❡s ❞❡ ✐♥stâ♥❝✐❛s ♦♥❞❡ ⌊m

2
⌋ t❛r❡❢❛s ❡stã♦ ❡①❡❝✉t❛♥❞♦ ❛♣ós

♦ t❡♠♣♦ OPT ✳ ❈♦♥s✐❞❡r❡ ♦ ❡①❡♠♣❧♦ ❞❛❞♦ ♥❛s ❋✐❣✉r❛s ✹✳✷ ❡ ✹✳✸✳ ❊①✐st❡♠ ✾ ♠áq✉✐♥❛s ❡
q✉❛♥❞♦ ❛ ú❧t✐♠❛ t❛r❡❢❛ é ❛❧♦❝❛❞❛ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ ✾ ✈❛❣❛s ❞✐s♣♦♥í✈❡✐s ✭❋✐❣✉r❛ ✹✳✷✮✳
P❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ♥ã♦ ♠❛r❝❛❞♦s ❝♦♠♦ ✈❛❣❛s ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦ ♣r♦❝❡ss❛❞♦r
t❡♠ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ✐❣✉❛❧ ❛ 0 ❞❡s❞❡ ♦ ✐♥st❛♥t❡ q✉❡ ❛ ú❧t✐♠❛ t❛r❡❢❛ é ❡s❝❛❧♦♥❛❞❛
❛té ♦ ✐♥st❛♥t❡ OPT ✳ ❆ ❛tr✐❜✉✐çã♦ ❞❛s ú❧t✐♠❛s 9 t❛r❡❢❛s✱ ❢❡✐t❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦
❘❘✱ ♦❝♦rr❡ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✸✳

◆♦t❡ q✉❡ ❛♣ós ♦ ✐♥st❛♥t❡OPT ✱ ❡①✐st❡♠ ⌊m
2
⌋ = 4 t❛r❡❢❛s ❛ s❡r❡♠ ✜♥❛❧✐③❛❞❛s ✭T4, T6, T8, T9✮✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❛ss✉♠❛ q✉❡ ✉♠❛ t❛r❡❢❛ Tj q✉❡ t❡♥❤❛ ⌈m
nj
⌉ ré♣❧✐❝❛s t❡r♠✐♥❡✱ ❡ t♦❞❛s

❛s s✉❛s ré♣❧✐❝❛s t❛♠❜é♠ t❡r♠✐♥❡♠ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ♦♥❞❡ nj é ♦ ♥ú♠❡r♦ ❞❡ t❛r❡❢❛s ❡①❡✲
❝✉t❛♥❞♦ ❧♦❣♦ ❛♥t❡s ❞❡ Tj ✜♥❛❧✐③❛r✳ ◆♦ ❡①❡♠♣❧♦✱ ❛ ♣r✐♠❡✐r❛ t❛r❡❢❛ ❛ t❡r♠✐♥❛r é ❛ T4✳
❙❡❣✉✐♥❞♦ ❡ss❡ r❛❝✐♦❝í♥✐♦ ♥ós ✐r❡♠♦s t❡r ♠❛✐s

L

⌊m
2
⌋

∑

i=1

⌈m
i
⌉

✐♥str✉çõ❡s ❡①❡❝✉t❛❞❛s ❞❡♣♦✐s ❞♦ ✐♥st❛♥t❡ ❖P❚✳
◆ós ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✼✳ ❆ ❛♣r♦①✐♠❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✻ é ❥✉st❛✳



✹✳✶✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ✐❣✉❛✐s ✹✷

♥✲t❤ t❛r❡❢❛ ❛❧♦❝❛❞❛

M1 . . . ✵ ✐♥str✳✴s

M2 . . . ✵ ✐♥str✳✴s

M3 . . . ✈❛❣❛

M4 . . . ✵ ✐♥str✳✴s

M5 . . . ✈❛❣❛ ✵ ✐♥str✳✴s

M6 . . . ✵ ✐♥str✳✴s

M7 . . . ✈❛❣❛ ✵ ✐♥str✳✴s

M8 . . . ✈❛❣❛ ✵ ✐♥str✳✴s

M9 . . . ✈❛❣❛ ✈❛❣❛ ✈❛❣❛ ✈❛❣❛ ✈❛❣❛

❖P❚

❋✐❣✉r❛ ✹✳✷✿ ◗✉❛♥❞♦ ❛ ú❧t✐♠❛ t❛r❡❢❛ é ❛❧♦❝❛❞❛ ❡①✐st❡♠ m ✈❛❣❛s ❞✐s♣♦♥í✈❡✐s✳

♥✲t❤ t❛r❡❢❛ ❛❧♦❝❛❞❛ ❖P❚

M1 . . . T9

M2 . . . T8

M3 . . . T7 T4

M4 . . . T6

M5 . . . T5 T8

M6 . . . T4

M7 . . . T3 T6

M8 . . . T2 T4

M9 . . . T1 T2 T3 T5 T7 T9

❋✐❣✉r❛ ✹✳✸✿ ❖ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❘❘✱ ❡ ❛s ✾ ú❧t✐♠❛s t❛r❡❢❛s ❡s❝❛❧♦♥❛✲
❞❛s✳

❉❡♠♦♥str❛çã♦✳ ❖ ❡①❡♠♣❧♦ ♥❛s ❋✐❣✉r❛s ✹✳✷ ❡ ✹✳✸ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦
í♠♣❛r m ❞❡ ♠áq✉✐♥❛s✳ ❙❡♠♣r❡ ❡①✐st✐rá ⌊m/2⌋ t❛r❡❢❛s ❡①❡❝✉t❛♥❞♦ ❛♣ós ♦ ✐♥st❛♥t❡ ❖P❚
❡ ♣♦❞❡✲s❡ ❡st❛❜❡❧❡❝❡r ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ t❛❧ q✉❡ s❡♠♣r❡ q✉❡ ❛ i✲és✐♠❛ ú❧t✐♠❛
t❛r❡❢❛ q✉❡ t❡♠ ⌈m

i
⌉ ré♣❧✐❝❛s t❡r♠✐♥❡✱ t♦❞❛s s✉❛s ré♣❧✐❝❛s t❡r♠✐♥❛♠ ❥✉♥t❛s ❝♦♥s✉♠✐♥❞♦

L⌈m
i
⌉ ✐♥str✉çõ❡s✳ ❊♥tã♦ ♦ ❚P❈❈ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❘❘ é

OPT + L

m/2
∑

i=1

⌈m
i
⌉.



✹✳✷✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s ✹✸

✹✳✷ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ♠♦str❛r ♦ ❛♣r♦①✐♠❛çã♦ ❥✉st❛ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s R; sit|Tj|Cmax ❡
R; sit|Tj|❚P❈❈ ♦r✐❣✐♥❛❧♠❡♥t❡ ❛♣r❡s❡♥t❛❞♦s ♣♦r ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❬✶✸✱ ✶✹❪✳

❈❛❞❛ ✐♥stâ♥❝✐❛ ❞♦ ♣r♦❜❧❡♠❛ é ❝♦♠♣♦st♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n t❛r❡❢❛s ❞❡ t❛♠❛♥❤♦ Lj

❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞♦s ❡♠ m ♠áq✉✐♥❛s s❡♠ r❡❧❛çã♦ ❡♥tr❡ s✐✳ ❆ ♣r❡❝❡❞ê♥❝✐❛ ❡♥tr❡ t❛r❡❢❛s é
r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠ ❣r❛❢♦ ❞❡ ❛❝í❝❧✐❝♦ ❝❤❛♠❛❞♦ ❞❡ ❣r❛❢♦ ❞❡ t❛r❡❢❛✳ ❖ ♦❜❥❡t✐✈♦ é ❣❡r❛r ✉♠
❡s❝❛❧♦♥❛♠❡♥t♦ S q✉❡ ♠✐♥✐♠✐③❡ ♦ ❚♦t❛❧ Pr♦❝❡ss♦r ❈②❧❡ ❈♦♥s✉♠♣t✐♦♥ ✭❚P❈❈✮ ♦✉ ♦ Cmax✳

◆❛ s❡çã♦ ✹✳✶ ♥ós ♠♦str❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ❝❤❡❣❛r ❛ ✉♠ ❚P❈❈ ♦✉ ♠❛❦❡s♣❛♥ ót✐♠♦
q✉❛♥❞♦ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ é ♣r❡✈✐sí✈❡❧✳ ◆ós ✐r❡♠♦s ♠♦str❛r q✉❡ ♥ã♦ é ♣♦ssí✈❡❧
❝❤❡❣❛r ❛♦ r❡s✉❧t❛❞♦ ót✐♠♦ q✉❛♥❞♦ ❛s t❛r❡❢❛s tê♠ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s✱ ♠❡s♠♦ q✉❛♥❞♦ ♦
♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ é ♣r❡✈✐sí✈❡❧✳

❚❡♦r❡♠❛ ✽✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ✐♥stâ♥❝✐❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ R; sit|Tj|Cmax✱ ❡ s❡❥❛ l ❛ ❧✐st❛ ❞❡

n t❛r❡❢❛s ❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s✱ ❝❛❞❛ t❛r❡❢❛ Tj ❝♦♠ t❛♠❛♥❤♦ Lj✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡

❞❛s ♠áq✉✐♥❛s é ♣r❡✈✐sí✈❡❧✳ ❊♥tã♦ ❛ ♥ã♦ s❡r q✉❡ P = NP é ✐♠♣♦ssí✈❡❧ ❝❤❡❣❛r ✉♠ ❛❧❣♦r✐t♠♦

❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ I = (S,D) ✉♠❛ ✐♥stâ♥❝✐❛ ❞♦ Pr♦❜❧❡♠❛ ❞❡ P❛rt✐❝✐♦♥❛♠❡♥t♦ ✭PP✮
✭♣r♦❜❧❡♠❛ ◆P✲❞✐❢í❝✐❧ ❜❡♠ ❝♦♥❤❡❝✐❞♦✮✱ ♦♥❞❡ S = s1, . . . , sn é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n ♥ú♠❡r♦s
♥❛t✉r❛✐s ❡ D = (

∑n
j=1 sj)/2 é ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧✳ ◆♦ ♣r♦❜❧❡♠❛ PP ♥ós t❡♠♦s q✉❡

❞❡t❡r♠✐♥❛r s❡ ✉♠ ❝♦♥❥✉♥t♦ S ♣♦❞❡ s❡r ♣❛rt✐❝✐♦♥❛❞♦ ❡♠ ❞♦✐s ❝♦♥❥✉♥t♦s✱ t❛❧ q✉❡ ❛ s♦♠❛
❞♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ s❡❥❛ D✳

❉❛❞♦ ❛ ✐♥stâ♥❝✐❛ I ❞❡ ✉♠ ♣r♦❜❧❡♠❛ PP ♥ós ❝♦♥str✉í♠♦s ✉♠❛ ✐♥stâ♥❝✐❛ I ′ ❞♦ ♣r♦❜❧❡♠❛
❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ R; sij|Tj|Cmax ❝♦♠ ❞♦✐s ♣r♦❝❡ss❛❞♦r❡s✱ ❝❛❞❛ ✉♠ ❞♦s ♣r♦❝❡ss❛❞♦r❡s ❝♦♠
♣♦❞❡r ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ 1 ✐♥str✉çã♦ ♣♦r s❡❣✉♥❞♦ ❞✉r❛♥t❡ ♦s D ♣r✐♠❡✐r♦s s❡❣✉♥❞♦s✱ ❡ 0

✐♥str✉çõ❡s ♣♦r s❡❣✉♥❞♦ ♥♦ r❡st❛♥t❡ ❞♦ t❡♠♣♦✳ ◆ós t❛♠❜é♠ t❡♠♦s n t❛r❡❢❛s✱ ❝❛❞❛ t❛r❡❢❛
Tj ❝♦♠ t❛♠❛♥❤♦ Lj = sj✱ j = 1, . . . , n✳

❙❡ ❛ ✐♥stâ♥❝✐❛ I ❞♦ ♣r♦❜❧❡♠❛ PP ❛❞♠✐t❡ ✉♠❛ ♣❛rt✐çã♦✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦✲
❜❧❡♠❛ R; sij|Tj|Cmax t❡♠ ♠❛❦❡s♣❛♥ D✳ P♦r s✉❛ ✈❡③ s❡ I ♥ã♦ ❛❞♠✐t❡ ✉♠❛ ♣❛rt✐çã♦✱ ❡♥tã♦
❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ R; sij|Tj|Cmax t❡♠ ♠❛❦❡s♣❛♥ α✳ ❊♥tã♦✱ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦
α✲❛♣r♦①✐♠❛❞♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❞❡❝✐❞✐r s❡ ♦ ♣r♦❜❧❡♠❛ PP ❛❞♠✐t❡ ✉♠❛ ♣❛rt✐çã♦✱ ❥á q✉❡
✉♠ ❛❧❣♦r✐t♠♦ α✲❛♣r♦①✐♠❛❞♦ r❡t♦r♥❛ ✉♠❛ s♦❧✉çã♦ ❝♦♠ ✈❛❧♦r ✜♥✐t♦ ✭♥♦ ♠á①✐♠♦ αD✮ s❡ ❡
s♦♠❡♥t❡ s❡ ❛ ✐♥stâ♥❝✐❛ I ′ ❛❞♠✐t❡ ✉♠❛ ♣❛rt✐çã♦✳

❏á q✉❡ ♥ã♦ ❡①✐st❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❢✉♥çã♦ Cmax✱ ✐r❡♠♦s ❛♥❛❧✐s❛r s♦♠❡♥t❡ ❛
❢✉♥çã♦ ❚P❈❈✳

❚❡♦r❡♠❛ ✾✳ ❖ ❛❧❣♦r✐t♠♦ ❘❘ é ✉♠ ❛❧❣♦r✐t♠♦ m✲❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ R; sit|Tj|TPCC

♠❡s♠♦ q✉❛♥❞♦ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❛s ♠áq✉✐♥❛s é ✐♠♣r❡✈✐sí✈❡❧✳



✹✳✷✳ ❚❛r❡❢❛s ❝♦♠ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s ✹✹

❉❡♠♦♥str❛çã♦✳ ❏á q✉❡ ♣❛r❛ ❛ s♦❧✉çã♦ ót✐♠❛ t♦❞❛s ❛s t❛r❡❢❛s ❞❡✈❡♠ s❡r ❡①❡❝✉t❛❞❛s✱ ❧♦❣♦
t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❛♥t❡ ✐♥❢❡r✐♦r✿

n∑

j=1

Lj ≤ OPT.

◗✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❛❧♦❝❛r ❛ ✉❧t✐♠❛ t❛r❡❢❛ ✐♥✐❝✐❛✲s❡ ❛ ❢❛s❡ ❞❡ r❡♣❧✐❝❛çã♦✳ ❆ q✉❛♥t✐❞❛❞❡
❡①tr❛ ❞❡ ré♣❧✐❝❛s ❞❡ ❝❛❞❛ t❛r❡❢❛ é ❞❡ ♥♦ ♠á①✐♠♦ m − 1 ❡ t❡♠♦s ♥♦ ♠á①✐♠♦ m − 1✳ ❙❡❥❛
(Tj1 , . . . , Tjm−1

) ❛s t❛r❡❢❛s r❡♣❧✐❝❛❞❛s✳ ❖ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s ❡①❡❝✉t❛❞❛s ♣❡❧❛s ré♣❧✐❝❛s é
❧✐♠✐t❛❞♦ ♣♦r

(m− 1)
m−1∑

i=1

Lji ≤ (m− 1)OPT.

❖ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ r ♣♦❞❡ s❡r ❧✐♠✐t❛❞♦ ♣♦r

r ≤
∑n

j=1 Lj + (m− 1)OPT

OPT
≤ mOPT

OPT
≤ m

❚❡♦r❡♠❛ ✶✵✳ ❖ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ m ❞♦ ❛❧❣♦r✐t♠♦ ❘❘ é ❥✉st♦✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ❡st❡ r❡s✉❧t❛❞♦ ♥ós ✈❛♠♦s ❢♦r♥❡❝❡r ✉♠❛ ❝❧❛ss❡ ❞❡ ✐♥stâ♥❝✐❛
♦♥❞❡ ♦ ❢❛t♦r ❡stá ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ✐♥str✉çõ❡s ❡①❡❝✉t❛❞♦s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❡ ♦ ót✐♠♦ é
Ω(m)✳

❙✉♣♦♥❤❛ ✉♠❛ ❧✐st❛ ❞❡ n = m t❛r❡❢❛s (T1, . . . , Tm) ♦♥❞❡ ❛s (m − 1) ♣r✐♠❡✐r❛s t❛r❡❢❛s
tê♠ t❛♠❛♥❤♦ L ❡ ❛ ✉❧t✐♠❛ t❛r❡❢❛ t❡♠ t❛♠❛♥❤♦ (m − 1)L✳ ◆ós t❡♠♦s m ♠áq✉✐♥❛s ❡
♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦ t❡r♠✐♥❛ ♥♦ ✐♥st❛♥t❡ t1✳ ❆ ♣❛rt✐r ❞♦ ✐♥st❛♥t❡ 0 ❛té t1 ✉♠❛ ❞❛s
♠áq✉✐♥❛s ❡①❡❝✉t❛ (m − 1)L ✐♥str✉çõ❡s ❡ ❛s ♦✉tr❛s ♠áq✉✐♥❛s ❡①❡❝✉t❛♠ L ✐♥str✉çõ❡s✳ ➱
♦❜✈✐♦ q✉❡ ♥♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ót✐♠♦✱ ❛ t❛r❡❢❛ Tm é ❡s❝❛❧♦♥❛❞❛ ♥❛ ♠áq✉✐♥❛ ♠❛✐s rá♣✐❞❛ ❡
❛s ♦✉tr❛s t❛r❡❢❛s ♥❛s ♦✉tr❛s ♠áq✉✐♥❛s✳ ❏á q✉❡ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♥ã♦ é ♣r❡✈✐sí✈❡❧✱
♣♦❞❡ ❛❝♦♥t❡❝❡r ❞❛ t❛r❡❢❛ Tm ♥ã♦ s❡r ❡s❝❛❧♦♥❛❞❛ ♥❛ ♠áq✉✐♥❛ ♠❛✐s rá♣✐❞❛✳

❙✉♣♦♥❤❛ ✉♠ ❡①❡♠♣❧♦ ❝♦♠ s❡✐s t❛r❡❢❛s (T1, . . . , T6)✱ ♦♥❞❡ ❡❧❛s sã♦ ❛tr✐❜✉í❞❛s ♥❡st❛
♦r❞❡♠✳ ❆ t❛r❡❢❛ T6 t❡♠ t❛♠❛♥❤♦ 5L ✐♥str✉çõ❡s ❡ ❛s ♦✉tr❛s t❡♠ t❛♠❛♥❤♦ L✳ ❆ ♠áq✉✐♥❛
♠❛✐s rá♣✐❞❛ t❡♠ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ 5L ✐♥str✉çõ❡s ❛té ♦ ✐♥st❛♥t❡ t1✳ ❆ ❋✐❣✉r❛
✹✳✹ ♠♦str❛ ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❛ ✐♥stâ♥❝✐❛ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞❡✜♥✐r✳
❯♠❛ s♦❧✉çã♦ ót✐♠❛ s❡r✐❛ ❛ ❛tr✐❜✉✐çã♦ ❞❛ t❛r❡❢❛ T6 à ♠áq✉✐♥❛ ♠❛✐s rá♣✐❞❛ ❡ ❛s ♦✉tr❛s
t❛r❡❢❛s ♥❛s ♦✉tr❛s ♠áq✉✐♥❛s✳

◆♦ ❝❛s♦ ❣❡r❛❧✱ ❝♦♥s✐❞❡r❡ m ✉♠ ♥ú♠❡r♦ ♣❛r❀ ❛ss✉♠❛ q✉❡ ✉♠ ❛❧❣♦r✐t♠♦ ❡s❝❛❧♦♥❡ ❛s t❛✲
r❡❢❛s (T1, . . . , Tm) ♥❡st❛ ♦r❞❡♠❀ ❝♦♥s✐❞❡r❡ Tm ❛ ♠❛✐♦r t❛r❡❢❛ ❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱
❛ ♠áq✉✐♥❛ M1 é ❛ ♠áq✉✐♥❛ ♠❛✐s rá♣✐❞❛✳ P❛r❛ m ♣❛r✱ ♣❡❧♦ ♠❡♥♦s ♠❡t❛❞❡ ❞❛s t❛r❡❢❛s



✹✳✸✳ ❘❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛ ✹✺

t1

M6 T6

M5 T5 T6

M4 T4 T6

M3 T3 T6

M2 T2 T4 T6

M1 T1 T2 T3 T5 T4 T6

❋✐❣✉r❛ ✹✳✹✿ ❯♠ ❡①❡♠♣❧♦ ❞❡ ✐♥stâ♥❝✐❛ ❞♦ ♣✐♦r ❝❛s♦✳

s❡rã♦ ❡①❡❝✉t❛❞❛s ♥❛ ♠áq✉✐♥❛ M1 ❛♥t❡s q✉❡ Tm s❡❥❛ ❛tr✐❜✉í❞❛ ❛ ❡❧❛✳ P❛r❛ ❡♥①❡r❣❛r ✐st♦
s✉♣♦♥❤❛ q✉❡ ❛♣ós T1 ❡ T2 t❡r♠✐♥❛r❡♠ s✉❛ ❡①❡❝✉çã♦ ❡♠ M1✱ é ♣♦ssí✈❡❧ ❛❧♦❝❛r ✉♠ ♣❛r ❞❡
t❛r❡❢❛s ❛ s❡r❡♠ ❡s❝❛❧♦♥❛❞❛s✱ ✉♠❛ ♥❛ ♠áq✉✐♥❛ M1 ❡ ♦✉tr❛ ♥❛ ♠áq✉✐♥❛ q✉❡ ❢♦✐ ❧✐❜❡r❛❞❛✳
❙❡❣✉✐♥❞♦ ❡ss❡ r❛❝✐♦❝í♥✐♦✱ ♥♦ ✐♥st❛♥t❡ t1✱ ❛ t❛r❡❢❛ Tm ❡①❡❝✉t♦✉ ♠❡♥♦s q✉❡ ❛ ♠❡t❛❞❡ ❞♦
s❡✉ t❛♠❛♥❤♦ ♥❛ ♠áq✉✐♥❛ M1✳ ❯♠❛ ✈❡③ q✉❡ ❝❛❞❛ ♠áq✉✐♥❛ ♣♦❞❡ ❡①❡❝✉t❛r L ✐♥str✉çõ❡s
❛té ♦ ✐♥st❛♥t❡ t1✱ ❡♥tã♦ ♥♦ ♠á①✐♠♦ L ✐♥str✉çõ❡s ❞❡ Tm ❢♦r❛♠ ❡①❡❝✉t❛❞♦s ♥❛s ♦✉tr❛s ♠á✲
q✉✐♥❛s✳ ❏á q✉❡ ❛s ♦✉tr❛s ♠áq✉✐♥❛s ♣♦❞❡♠ ❡①❡❝✉t❛r L ✐♥str✉çõ❡s ❛té ♦ ✐♥st❛♥t❡ t1✱ ❡♥tã♦
♥♦ ♠á①✐♠♦ L ✐♥str✉çõ❡s ❞❡ Tm ❢♦r❛♠ ❡①❡❝✉t❛❞♦s ♥❛s ♦✉tr❛s ♠áq✉✐♥❛s✳ ❆♣ós ♦ ✐♥st❛♥t❡
t1✱ t♦❞♦s ♦s ♣r♦❝❡ss❛❞♦r❡s ❡stã♦ ♣r♦❝❡ss❛♥❞♦ ✉♠❛ ré♣❧✐❝❛ ❞❡ Tm ❡ t♦❞❛s t❡r♠✐♥❛♠ ❥✉♥t❛s✳
❉❡st❛ ❢♦r♠❛✱ ♦ ❚P❈❈ ❞♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❣❡r❛❞♦ s❡rá 2(m−1)L ❛té ♦ ✐♥st❛♥t❡ t1✱ ❡ ❛♣ós t1
s❡rã♦ ❡①❡❝✉t❛❞♦s (m−1)L

2
✭♦ q✉❡ ❢❛❧t❛ s❡r ♣r♦❝❡ss❛❞♦ ❞❛ t❛r❡❢❛ Tm ♥❛ ♠áq✉✐♥❛ M1✮✱ ♠❛✐s

(m−1)((m−1)L−L) ✭♦ q✉❡ ❢❛❧t❛ ❞❡ Tm ❛ s❡ ♣r♦❝❡ss❛❞♦ ♥❛s ♦✉tr❛s ♠áq✉✐♥❛s✮ ✐♥str✉çõ❡s✳
❖ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❡ ❛ s♦❧✉çã♦ ót✐♠❛ s❛t✐s❢❛③❡♠

r ≤ 2(m− 1)L+ (m−1)L
2

+ (m− 1)2L− (m− 1)L

2(m− 1)L

♦♥❞❡

lim
m→∞

2(m− 1)L+ (m−1)L
2

+ (m− 1)2L(m− 1)L

2(m− 1)L
=

m

2

✹✳✸ ❘❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛

◆❡ss❛ s❡çã♦ ♥ós ✈❛♠♦s ♣r♦♣♦r ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡ ♣♦❞❡rá s❡r ✉s❛❞❛ ♣❛r❛ ❛❞✐❝✐♦♥❛r r❡♣❧✐❝❛✲
çã♦ ❡♠ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✳ ❉❡♣♦✐s ♥ós ✐r❡♠♦s ❝♦♠♣❛r❛r ♦ ❞❡s❡♠♣❡♥❤♦
❞♦s ❛❧❣♦r✐t♠♦s q✉❡ ❢♦r❛♠ ❡st❡♥❞✐❞♦s ✉s❛♥❞♦ r❡♣❧✐❝❛çã♦✳

❙❡❥❛ A(T,M,C) ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ q✉❡ r❡❝❡❜❡ ♣♦r ♣❛râ♠❡tr♦ ✉♠ ❝♦♥✲
❥✉♥t♦ ❞❡ t❛r❡❢❛s T ❛ s❡r ❡s❝❛❧♦♥❛❞♦ ♥✉♠ ❝♦♥❥✉❣♦ M ❞❡ ♠áq✉✐♥❛s✱ ❝♦♠ ✉♠❛ ❝♦♥✜❣✉r❛çã♦



✹✳✸✳ ❘❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛ ✹✻

✐♥✐❝✐❛❧ C ✭❡st❛ ❝♦♥✜❣✉r❛çã♦ ♠♦str❛ ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ❡①❡❝✉t❛♥❞♦ ♥❡st❡ ❡①❛t♦ ♠♦♠❡♥t♦
❡ ❡♠ q✉❛✐s ♠áq✉✐♥❛s ❡❧❛s ❡stã♦ ❡①❡❝✉t❛♥❞♦✮✳ ❙❡♠♣r❡ q✉❡ ❡①✐st✐r ♠áq✉✐♥❛ ♦❝✐♦s❛ ♦ ❛❧❣♦✲
r✐t♠♦ A(T,M,C) é ❝❤❛♠❛❞♦✱ ❛t✉❛❧✐③❛♥❞♦ T ❡ C✳ P❛r❛ ❣❡r❛r ✉♠ ❡s❝❛❧♦♥❛♠❡♥t♦ ❝♦♠♣❧❡t♦
é só ❢❛③❡r ❝❤❛♠❛❞❛s s✉❝❡ss✐✈❛s ❛♦ ❛❧❣♦r✐t♠♦ (A) ❛té q✉❡ t♦❞❛s ❛s t❛r❡❢❛s t❡♥❤❛♠ s✐❞♦
❡s❝❛❧♦♥❛❞❛s✳ P❛r❛ ❛❞✐❝✐♦♥❛r s✉♣♦rt❡ ❛ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s é só ❝r✐❛r ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡
❝❤❛♠❛ (A) ❡ ♠♦♥✐t♦r❛ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ sã♦ ❛❧♦❝❛❞❛s✳ ❉❡♣♦✐s q✉❡ t♦❞❛s ❛s t❛r❡❢❛s
❡st✐✈❡r❡♠ ❛❧♦❝❛❞❛s ❛ ✐♥t❡r❢❛❝❡ ♠♦♥✐t♦r❛ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ❡①❡❝✉t❛♥❞♦ ♥✉♠❛ ❧✐st❛
R✳ ❙❡♠♣r❡ q✉❡ ✉♠❛ ♠áq✉✐♥❛ ✜❝❛r ❧✐✈r❡ ❛ ✐♥t❡r❢❛❝❡ ❡①❡❝✉t❛ A(R,M,C)✳ ◗✉❛♥❞♦ ✉♠❛
t❛r❡❢❛ r❡♣❧✐❝❛❞❛ t❡r♠✐♥❛✱ ❛ ✐♥t❡r❢❛❝❡ ♠❛t❛ t♦❞❛s ❛s ré♣❧✐❝❛s ❞❛ t❛r❡❢❛✳

◆ós ✈❛♠♦s ♠♦str❛r ❛ ❣❛r❛♥t✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛✲
♠❡♥t♦ q✉❡ ♣❡r♠✐t❛ r❡♣❧✐❝❛çã♦ ✉s❛♥❞♦ ❡st❡ ♠ét♦❞♦✳

❚❡♦r❡♠❛ ✶✶✳ ❙❡❥❛ A ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|Tj = L|TPCC

♦✉ R; sit|Tj|TPCC✳ ❆ ✈❡rsã♦ ❞♦ A ❝♦♠ r❡♣❧✐❝❛çã♦ t❡♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ♥♦ ♠á✲

①✐♠♦ ♠✐♥{(1 + (m−1)2

n
),m} ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|Tj = L|TPCC ❡ ♥♦ ♠á①✐♠♦ m ♣❛r❛ ♦

♣r♦❜❧❡♠❛ R; sit|Tj|TPCC✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|Tj = L|TPCC ♥♦t❡ q✉❡ q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❡s✲
❝❛❧♦♥❛ ❛ ú❧t✐♠❛ t❛r❡❢❛ ❡❧❡ ❡①❡❝✉t♦✉ nL ✐♥str✉çõ❡s✳ ◆❛ ❢❛s❡ ❞❡ r❡♣❧✐❝❛çã♦✱ ❝❛❞❛ ✉♠❛ ❞❛s
(m− 1) ❞❛s t❛r❡❢❛s q✉❡ ✜❝❛r❛♠ ❡①❡❝✉t❛♥❞♦ t❡rã♦ ♥♦ ♠á①✐♠♦ m r❡♣❧✐❝❛çõ❡s✳ ▲♦❣♦ ♦ ❢❛t♦r
❞❡ ❛♣r♦①✐♠❛çã♦ é ❧✐♠✐t❛❞♦ ♣♦r

r ≤ nL+ (m− 1)2L

nL
= 1 +

(m− 1)2

n
.

❖ ❧✐♠✐t❛♥t❡m ♣❛r❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❛♠❜♦s ♦s ♣r♦❜❧❡♠❛s é s✐♠✐❧❛r ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛
✾✳



❈❛♣ít✉❧♦ ✺

❆♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ♠♦str❛r ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ s✐♠✉❧❛çõ❡s
✉s❛♥❞♦ ♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✸ ❛♣❧✐❝❛♥❞♦ ❛ ✐♥t❡r❢❛❝❡ ❞❡ r❡♣❧✐❝❛çã♦ ❛♣r❡✲
s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✹✳ ❈♦♠ ♦s r❡s✉❧t❛❞♦s ❞❛ s✐♠✉❧❛çã♦ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❛❧ ♦ ❣❛♥❤♦
q✉❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ♦❜t❡✈❡ ❛♦ ❛♣❧✐❝❛r ❛ ✐♥t❡r❢❛❝❡ ❡ ♣♦❞❡♠♦s ❝♦♠♣❛r❛r ♦s ❛❧❣♦r✐t♠♦s ❡♠
❞✐❢❡r❡♥t❡s ❛♠❜✐❡♥t❡s✳

◆❛ s❡çã♦ ✺✳✶ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ♠♦❞❡❧♦ q✉❡ ✉s❛♠♦s ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ♦ s✐♠✉❧❛❞♦r ❡
♥❛ s❡çã♦ ✺✳✷ s❡rá ❛♣r❡s❡♥t❛❞♦ ♦s r❡s✉❧t❛❞♦s✳

✺✳✶ ▼♦❞❡❧♦ ❞♦ s✐♠✉❧❛❞♦r

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♦ ♠♦❞❡❧♦ ✉s❛❞♦ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ♦ ♥♦ss♦ s✐♠✉❧❛❞♦r✱ ❜❛s❡❛❞♦
♥♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣♦r ❋✉❥✐♠♦t♦ ❡ ❍❛❣✐❤❛r❛ ❬✶✺❪✳

◆♦ss❛ ❣r❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❢♦r♠❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ m ♠áq✉✐♥❛s ♦♥❞❡ ❝❛❞❛
♠áq✉✐♥❛ t❡♠ ✉♠ ♣r♦❝❡ss❛❞♦r✳ ❖ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❝❛❞❛ ♠áq✉✐♥❛ Mi✱ ❞❡✜♥✐❞♦ ♣♦r si,t✱
✈❛r✐❛ ❛ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ t✱ ♠❛s ♥ã♦ ✈❛r✐❛ ♥♦ ✐♥t❡r✈❛❧♦ [t, t + 1)✳ ❖ s✐♠✉❧❛❞♦r
♣r♦✈ê ♦ t❛♠❛♥❤♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s q✉❡ ❡stã♦ ♥❛ ❣r❛❞❡ ❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♠áq✉✐♥❛s ♥♦
✐♥st❛♥t❡ q✉❡ é s♦❧✐❝✐t❛❞♦✳ P❛r❛ s✐♠♣❧✐✜❝❛r ♦ ♠♦❞❡❧♦✱ ❡ss❛s ❢✉♥çõ❡s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛s ❛
❝✉st♦ ③❡r♦✳

◆❛ ❝r✐❛çã♦ ❞♦s ❛♠❜✐❡♥t❡s ❢♦r❛♠ ✉s❛❞❛s ❛s ❞✐str✐❜✉✐çõ❡s ❯♥✐❢♦r♠❡ ❡ ❩✐♣❢✳ ❆ ❞✐str✐❜✉✐çã♦
❯♥✐❢♦r♠❡ ✭U [a, b]✮ ❣❡r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s ❡♥tr❡ a ❡ b✱ ♣❛r❛ a < b✱ ❞❡ ❢♦r♠❛ ✉♥✐❢♦r♠❡✳
❏á ❛ ❞✐str✐❜✉✐çã♦ ❩✐♣❢ ✭Zipf [a, b]✮ ❣❡r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s ✉s❛♥❞♦ ❛ ❧❡✐ ❩✐♣❢ ♦♥❞❡ a
é ♦ ❡❧❡♠❡♥t♦ ❝♦♠ ♠❛✐♦r ❢r❡q✉ê♥❝✐❛✱ ❡♥q✉❛♥t♦ b é ♦ ❡❧❡♠❡♥t♦ ❝♦♠ ♠❡♥♦r ❢r❡q✉ê♥❝✐❛✳ P♦r
❡①❡♠♣❧♦ ♣❛r❛ ❛ ✐♥stâ♥❝✐❛ Zipf [5, 30] ♦ ❡❧❡♠❡♥t♦ ✺ t❡rá ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❞❡ 25, 94% ❡♥q✉❛♥t♦
♦ ❡❧❡♠❡♥t♦ ✸✵ t❡rá ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❞❡ 0, 997%✱ ✐st♦ é✱ s❡ ❝r✐❛r♠♦s ✶✵✵ ❡❧❡♠❡♥t♦s ✉s❛♥❞♦
❡st❛ ❞✐str✐❜✉✐çã♦✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✷✺ ❡❧❡♠❡♥t♦s s❡rã♦ ♦ ♥ú♠❡r♦ 5 ❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶
s❡rá ♦ ♥ú♠❡r♦ ✸✵✳

✹✼



✺✳✶✳ ▼♦❞❡❧♦ ❞♦ s✐♠✉❧❛❞♦r ✹✽

❈❛❞❛ s✐♠✉❧❛çã♦ é ❝♦♠♣♦st❛ ❞❡ q✉❛tr♦ ✈❛r✐á✈❡✐s✿ q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛ ✭qtdp✮✱ ✈❛✲
r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ✭MV ✮✱ q✉❛♥t✐❞❛❞❡ ❞❡ t❛r❡❢❛s ✭qtdt✮ ❡ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ t❛r❡❢❛s
✭TV ✮✳ ❱❛♠♦s ♠♦str❛r ❛❜❛✐①♦ ❝♦♠♦ ❝❛❞❛ ✈❛r✐á✈❡❧ é ❝r✐❛❞❛ ♥♦ ♥♦ss♦ s✐♠✉❧❛❞♦r✳

❆ q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s ✭qtdp✮ ❢♦✐ ✜①❛❞❛ ❡♠ s♦♠❡♥t❡ três ✈❛❧♦r❡s✱ q✉❡ sã♦ qtdp ∈
{16, 64, 256}✳

❆ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ✭MV ✮ ❞✐t❛ ❛ ❤❡t❡r♦❣❡♥❡✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ♥♦ ❛♠❜✐❡♥t❡✳
◆♦ ❛♠❜✐❡♥t❡ ❛ ♠áq✉✐♥❛ ♠❛✐s rá♣✐❞❛ ♣♦❞❡ s❡r ♥♦ ♠á①✐♠♦ MV ✈❡③❡s ♠❛✐s rá♣✐❞❛ ❞♦ q✉❡
❛ ♠áq✉✐♥❛ ♠❛✐s ❧❡♥t❛ ❞♦ ❛♠❜✐❡♥t❡✳ ❊ss❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❢♦✐ ✜①❛❞❛ ❡♠ três ✈❛❧♦r❡s✱ q✉❡
sã♦ MV ∈ {1, 4, 8}✱ ❛ss✐♠ t❡♠♦s ✉♠ ❛♠❜✐❡♥t❡ ❤♦♠♦❣ê♥❡♦ ❡ ❞♦✐s ❛♠❜✐❡♥t❡s ❤❡t❡r♦❣ê♥❡♦s✳
❚♦❞❛ ♠áq✉✐♥❛Mi t❡♠ ✉♠ ♠✉❧t✐♣❧✐❝❛❞♦r zi q✉❡ é s♦rt❡❛❞♦ ✉s❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ U [1,MV ]✳
❖ ❞❡s❡♠♣❡♥❤♦ ❞❛ ♠áq✉✐♥❛ é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ s❡❣✉❡✿ si,t = U [0, 5]∗zi✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r
q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♠áq✉✐♥❛ ♣♦❞❡ s❡r ③❡r♦✱ ❛ss✐♠ ♣♦❞❡♠♦s s✐♠✉❧❛r ❛ s✐t✉❛çã♦ ❡♠ q✉❡ ❛
♠áq✉✐♥❛ ❡stá s♦❜r❡❝❛rr❡❣❛❞❛✳

❆ q✉❛♥t✐❞❛❞❡ ❞❡ t❛r❡❢❛s ✭qtdt✮ é ♦ ♣r♦❞✉t♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s ❡ ✉♠❛ ❝♦♥st❛♥t❡
k✱ ♦✉ s❡❥❛✱ qtdp ∗ k✳ ❊ss❛ ❝♦♥st❛♥t❡ k é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ q✉❡ ❢♦✐ ✜①❛❞❛ ❡♠ s❡✐s ✈❛❧♦r❡s
❞✐❢❡r❡♥t❡s✱ q✉❡ sã♦ k ∈ {1, 2, 3, 4, 5, 6}✳ ❆ss✐♠ ♣♦❞❡♠♦s ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s
❛❧❣♦r✐t♠♦s ❝♦♠ ✈♦❧✉♠❡ ❞❡ t❛r❡❢❛s ❞✐❢❡r❡♥t❡s✳

❆ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s t❛r❡❢❛s ✭TV ✮ ❞✐t❛ ❝♦♠♦ s❡rá ❝r✐❛❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛r❡❢❛s✱ ❝r✐❛♥❞♦
❞✐❢❡r❡♥t❡s ❛♠❜✐❡♥t❡s ❞❡ t❡st❡✳ ◆❛s ♥♦ss❛s s✐♠✉❧❛çõ❡s ❞❡✜♥✐♠♦s ❝✐♥❝♦ t✐♣♦s ❞❡ ✈❛r✐❛❜✐❧✐❞❛✲
❞❡s q✉❡ s❡rã♦ ❡①♣❧✐❝❛❞♦s ❛❜❛✐①♦✿

• U [1, 30] ✖ ❚♦❞♦s ♦s t❛♠❛♥❤♦s sã♦ s♦rt❡❛❞♦s ✉s❛♥❞♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✳

• Zipf [5, 30] ✖ ❯s❛ ❛ ❞✐str✐❜✉✐çã♦ ❩✐♣❢ ♦♥❞❡ ❛ ♠❛✐♦r✐❛ ❞❛s t❛r❡❢❛s sã♦ ♣❡q✉❡♥❛s ❡
♣♦✉q✉íss✐♠❛s t❛r❡❢❛s sã♦ ❣r❛♥❞❡s✳

• Zipf [30, 5] ✖ ❖ ❝♦♥trár✐♦ ❞❛ ❛♥t❡r✐♦r✱ ❛ ♠❛✐♦r✐❛ ❞❛s t❛r❡❢❛s sã♦ ❣r❛♥❞❡s ❡ ♣♦✉q✉ís✲
s✐♠❛s sã♦ ♣❡q✉❡♥❛s✳

• 20%U [1, 15] ✖ 20% ❞❛s t❛r❡❢❛s sã♦ ❝r✐❛❞❛s ✉s❛♥❞♦ U [1, 15] ❡ ❛s ♦✉tr❛s 80% sã♦
❝r✐❛❞❛s ✉s❛♥❞♦ U [15, 30]✳

• 80%U [1, 15] ✖ 80% ❞❛s t❛r❡❢❛s sã♦ ❝r✐❛❞❛s ✉s❛♥❞♦ U [1, 15] ❡ ❛s ♦✉tr❛s 20% sã♦
❝r✐❛❞❛s ✉s❛♥❞♦ U [15, 30]✳

❆ ♣❛rt✐r ❞❛ ❝♦♠❜✐♥❛çã♦ ❞❛s q✉❛tr♦ ✈❛r✐á✈❡✐s q✉❡ ❞❡s❝r❡✈❡♠ ♦ ❛♠❜✐❡♥t❡ ❢♦✐ ♣♦ssí✈❡❧
❛✈❛❧✐❛r ♦ ✐♠♣❛❝t♦ q✉❡ ❝❛❞❛ ✉♠❛ t❡♠ ♥♦s ❛❧❣♦r✐t♠♦s✳ P❛r❛ ❝❛❞❛ ❝♦♠❜✐♥❛çã♦ ❞❛s ✈❛r✐á✈❡✐s
❢♦r❛♠ ❡❢❡t✉❛❞♦s ✷✵ s✐♠✉❧❛çõ❡s✱ t♦t❛❧✐③❛♥❞♦ ✹✸✷✵✵ s✐♠✉❧❛çõ❡s✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ✐r❡♠♦s
❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s r❡❧❡✈❛♥t❡s✳



✺✳✷✳ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ✹✾

✺✳✷ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ♣rát✐❝❛ ❡♥tr❡ q✉❛tr♦s
❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sjk|Tj|Cmax ♦♥❞❡ ✐r❡♠♦s ❛♥❛❧✐s❛r ✈ár✐❛s
♠étr✐❝❛s ♣❛r❛ ❛s ✈❡rsõ❡s ❝♦♠ ❡ s❡♠ r❡♣❧✐❝❛çã♦✳

❖ ❚P❈❈✱ ✉♠❛ ❞❛s ♠étr✐❝❛s ❛♥❛❧✐s❛❞❛s✱ ❝❛❧❝✉❧❛ ❛ s♦♠❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❛❞❛ ♠áq✉✐♥❛
❛té ♦ ✐♥st❛♥t❡ ❞♦♠❛❦❡s♣❛♥✱ ♠❛s ❛❧❣✉♠❛s ♠áq✉✐♥❛s ♥ã♦ ❡①❡❝✉t❛♠ t❛r❡❢❛s ❛té ❡ss❡ ✐♥st❛♥t❡✳
❉❡ q✉❛❧q✉❡r ❢♦r♠❛ ♦ ❚P❈❈ é ✉♠❛ ❜♦❛ ♠étr✐❝❛✱ ❝♦♠♦ ✈✐st♦ ♥❛ s❡çã♦ ✷✳✶✱ ♣❛r❛ ❢❛③❡r ❛♥á❧✐s❡s
t❡ór✐❝❛s ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❛❧❣♦r✐t♠♦s✳

▼❛s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♣rát✐❝♦ é ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❛♥❛❧✐s❛r ♦ ❘❡❛❧ ❚♦t❛❧ Pr♦❝❡ss♦r

❈②❝❧❡ ❈♦♥s✉♠♣t✐♦♥ ✭❘❚P❈❈✮✱ ❡ q✉❡ ♥ós ❞❡✜♥✐♠♦s ❝♦♠♦ ❛ s♦♠❛ ❞❛s ✐♥str✉çõ❡s ❞❛s t❛r❡❢❛s
(T1, . . . , Tn) ❡①❡❝✉t❛❞❛s ♥❛s ♠áq✉✐♥❛s✱ ♦✉ s❡❥❛✱ só é ❝❛❧❝✉❧❛❞♦ ♦ q✉❡ r❡❛❧♠❡♥t❡ ❢♦✐ ✉t✐❧✐③❛❞♦
♣❡❧❛ ❡①❡❝✉çã♦ ❞❛s t❛r❡❢❛s✳ P❛r❛ ❛❧❣♦r✐t♠♦s q✉❡ ♥ã♦ ✉s❛♠ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s ♦ ❘❚P❈❈
é ✐❣✉❛❧ ❛ s♦♠❛ ❞♦ t❛♠❛♥❤♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s✱ ❥á q✉❡ ♦s ❛❧❣♦r✐t♠♦s ♥ã♦ ✐rã♦ ❣❛st❛r ♠❛✐s
♣r♦❝❡ss❛♠❡♥t♦ ❞♦ q✉❡ ♦ ♥❡❝❡ssár✐♦✳ ▼❛s ❛❧❣♦r✐t♠♦s q✉❡ ❢❛③❡♠ r❡♣❧✐❝❛çã♦ ❣❛st❛♠ ♠❛✐s
♣r♦❝❡ss❛♠❡♥t♦ ❞♦ q✉❡ é r❡❛❧♠❡♥t❡ ♥❡❝❡ssár✐♦✱ ❡ ♥♦ ❝❛s♦ ❞❡ ❛❧❣♦r✐t♠♦s ❝♦♠ r❡♣❧✐❝❛çã♦ s❡♠
❧✐♠✐t❡s ♦ ❘❚P❈❈ é ✐❣✉❛❧ ❛♦ ❚P❈❈✱ ❥á q✉❡ s❡♠♣r❡ q✉❡ ✉♠❛ ♠áq✉✐♥❛ ❡stá ❧✐✈r❡✱ ❛❧❣✉♠❛
t❛r❡❢❛ é ❛❧♦❝❛❞❛✴r❡♣❧✐❝❛❞❛ ♣❛r❛ ❡st❛✳

❖✉tr❛ ♠étr✐❝❛ q✉❡ ✐r❡♠♦s ✉s❛r é ♦ ❘❚P❈❈ ♣❡r❞✐❞♦✳ ❊ss❛ ♠étr✐❝❛ é ✉s❛❞❛ ♥♦s ❛❧❣♦r✐t✲
♠♦s ❝♦♠ r❡♣❧✐❝❛çã♦ ♣❛r❛ s❛❜❡r ♦ q✉❛♥t♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❢♦✐ ❣❛st♦ ❡♠ t❛r❡❢❛s q✉❡ ❢♦r❛♠
❛❜♦rt❛❞❛s ❡♠ r❡❧❛çã♦ ❛ q✉❛♥t✐❞❛❞❡ t♦t❛❧ ♥❡❝❡ssár✐❛ ♣❛r❛ ❡①❡❝✉t❛r t♦❞❛s ❛s t❛r❡❢❛s✳ ❊ss❡
é ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛♥❛❧✐s❛r♠♦s ❛ r❡❧❛çã♦ ❝✉st♦✲❜❡♥❡❢í❝✐♦ ❞♦s ❛❧❣♦r✐t♠♦s✳

▼❛s ♣❛r❛ ♣❡r♠✐t✐r ❛ ❛♥á❧✐s❡ ❞♦ ❝✉st♦ ❜❡♥❡❢í❝✐♦✱ ♥ós t❛♠❜é♠ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ q✉❛♥t♦
✉♠ ❛❧❣♦r✐t♠♦ ♠❡❧❤♦r♦✉ ❛♦ ✉s❛r r❡♣❧✐❝❛çã♦✳ P❛r❛ ✐ss♦ ♥ós ❡①❡❝✉t❛♠♦s ❛ ✈❡rsã♦ ❝♦♠ ❡ s❡♠
r❡♣❧✐❝❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ♥✉♠❛ ♠❡s♠❛ ✐♥stâ♥❝✐❛ ❡ ❝♦♠♣❛r❛♠♦s ♦ ♠❛❦❡s♣❛♥ ❞♦s ❞♦✐s
r❡s✉❧t❛❞♦s✱ ♦❜t❡♥❞♦ ❡♠ ♣♦r❝❡♥t❛❣❡♠ q✉❛♥t♦ ✉♠ ❛❧❣♦r✐t♠♦ é ♠❡❧❤♦r ❞♦ q✉❡ ♦ ♦✉tr♦✳

◆♦ tr❛❜❛❧❤♦ ❬✽❪ é ❛♣❧✐❝❛❞♦ r❡♣❧✐❝❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦ ❲♦r❦◗✉❡✉❡ s❡♥❞♦ ❛ ✈❡rsã♦ ❝♦♠
r❡♣❧✐❝❛çã♦ ❞❡♥♦t❛❞❛ ♣♦r ❲◗❘①①✳ ❖ s✉✜①♦ ①① r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s q✉❡
❝❛❞❛ t❛r❡❢❛ ♣♦❞❡ t❡r✱ ♦♥❞❡ ♦ ①① s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❡①✐st❡ ✉♠ ❧✐♠✐t❡ ♣❛r❛ ré♣❧✐❝❛s✳ ▼❛s ♣❛r❛
♦s ❝❛s♦s ✷①✱ ✸① ❡ ✹① s✐❣♥✐✜❝❛ q✉❡ ❝❛❞❛ t❛r❡❢❛ ♣♦❞❡ t❡r ✷✱ ✸ ❡ ✹ ré♣❧✐❝❛s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆
❞❡✜♥✐çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❲◗❘①① é ✐❣✉❛❧ ❛♦ ❛❧❣♦r✐t♠♦ ❘❘✱ ♦♥❞❡ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ é q✉❡ ♦
❛❧❣♦r✐t♠♦ ❘❘ ❡s♣❡❝✐✜❝❛ ❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s q✉❡ s❡rá ✉s❛❞❛ ♣❛r❛ ❝♦♥tr♦❧❛r ❛ r❡♣❧✐❝❛çã♦
❞❛s t❛r❡❢❛s✳ ◆ós t❛♠❜é♠ ✐♠♣❧❡♠❡♥t❛♠♦s ♦s ❛❧❣♦r✐t♠♦s ❧✐♠✐t❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s
♣❛r❛ ❡st✉❞❛r♠♦s ❛ s✉❛ ✐♥✢✉ê♥❝✐❛ ♥♦ ♠❛❦❡s♣❛♥✳ ◆❛s ✜❣✉r❛s ✺✳✶✱ ✺✳✷✱ ✺✳✸✱ ✺✳✹✱ ✺✳✺ ❡ ✺✳✻
t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❝♦♠ r❡♣❧✐❝❛çã♦ t❡♠ ♦ s✉✜①♦ ✲❘①① ✐♥❞✐❝❛♥❞♦ q✉❛♥t❛s ré♣❧✐❝❛s sã♦
♣❡r♠✐t✐❞❛s✳ ◆❡ss❛s ✜❣✉r❛s ♥ós ❝♦♠♣❛r❛♠♦s t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❝♦♠ ❡ s❡♠ r❡♣❧✐❝❛çã♦✳
P❛r❛ ❝❛❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛ ❡ t❛r❡❢❛ ♥ós ❝❛❧❝✉❧❛♠♦s ❛ ♠é❞✐❛ ❞♦ ♠❛❦❡s♣❛♥ ❡
❘❚P❈❈ ❞❡ t♦❞♦s ♦s t❡st❡s ❡♥✈♦❧✈❡♥❞♦ ❡st❛ ❝♦♥✜❣✉r❛çã♦✳



✺✳✷✳ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ✺✵

❊♠ tr❛❜❛❧❤♦s ❛♥t❡r✐♦r❡s ❬✽✱ ✶✺❪ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❲♦r❦◗✉❡✉❡ ❬✽❪✱ ❙✉❢✲
❢❡r❛❣❡ ❬✸❪✱▼❛①✲♠✐♥ ❬✷✽❪✱ ▼✐♥✲♠✐♥ ❬✷✼❪ ❡ ❉❋P❚▲❋ ❬✸❪ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦ ❘❘ ✭♦✉
❲◗❘①①✮✳ ❉❡ ❢♦r♠❛ ❣❡r❛❧ ♦ ♠❛❦❡s♣❛♥ ❣❡r❛❞♦ ♣❡❧♦s ❡s❝❛❧♦♥❛❞♦r❡s q✉❡ t❡♠ ✐♥❢♦r♠❛çõ❡s
s♦❜r❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣r♦❝❡ss❛❞♦r sã♦ ❧✐❣❡✐r❛♠❡♥t❡ ♠❡❧❤♦r❡s ❞♦s q✉❡ ♥ã♦ t❡♠✱ ♠❛s ♦ tr❛✲
❜❛❧❤♦ t❛♠❜é♠ ♠♦str♦✉ q✉❡ ❛ r❡♣❧✐❝❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦ ❘❘ ❣❡r❛ ❜♦♥s r❡s✉❧t❛❞♦s s❡♠ ✉s❛r
♠✉✐t♦ r❡❝✉rs♦ ❛❞✐❝✐♦♥❛❧✳

◆❡st❛ ❞✐ss❡rt❛çã♦ ♥ós ✐♠♣❧❡♠❡♥t❛♠♦s ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s✱ ❝♦♠ ❡①❝❡çã♦
❞♦▼❛①✲♠✐♥✳ ❖▼❛①✲♠✐♥✱ ❝♦♠♦ ❥á ❞✐t♦ ♥❛ s❡çã♦ ✸✳✸✱ é ✉♠ ❛❧❣♦r✐t♠♦ ❡stát✐❝♦ ❡ ✜③❡♠♦s ✉♠❛
❛❞❛♣t❛çã♦ ♣❛r❛ ❛♠❜✐❡♥t❡s ❞✐♥â♠✐❝♦s✱ ♠❛s ♥❡ss❛ ❛❞❛♣t❛çã♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦▼❛①✲♠✐♥

✜❝♦✉ ✐❣✉❛❧ ❛♦ ❞♦ ❛❧❣♦r✐t♠♦ ❉❋P❚▲❋✳ ❖ ▼✐♥✲♠✐♥ ✐♠♣❧❡♠❡♥t❛♠♦s ❛ ✈❡rsã♦ ❞✐♥â♠✐❝❛✳
P❛r❛ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ ❛ ✈❡rsã♦ ❝♦♠ r❡♣❧✐❝❛çã♦ ✉s❛♥❞♦ ❛ ✐♥t❡r❢❛❝❡
(A) ❞❡✜♥✐❞❛ ♥❛ s❡çã♦ ✹✳✸✳ ❆s ✈❡rsõ❡s ❝♦♠ r❡♣❧✐❝❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s sã♦ ✐❞❡♥t✐✜❝❛❞❛s ♣❡❧❛
❛❞✐çã♦ ❞♦ s✉✜①♦ ✲❘ ♥♦s s❡✉s ♥♦♠❡s✳

◆❛s ✜❣✉r❛s ✺✳✹✱ ✺✳✺ ❡ ✺✳✻ ♣♦❞❡♠♦s ✈❡r q✉❡ s❡♠♣r❡ q✉❡ ❛✉♠❡♥t❛♠♦s ❛ q✉❛♥t✐❞❛❞❡ ❞❡
r❡♣❧✐❝❛çã♦✱ ♦ ❘❚P❈❈ ❛✉♠❡♥t❛✳ ❊ss❡ é ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥❛t✉r❛❧✱ ❥á q✉❡ q✉❛♥t♦ ♠❛✐s
ré♣❧✐❝❛s ❡①✐st❡♠ ♠❡♥♦s ♣r♦❝❡ss❛❞♦r❡s ✜❝❛♠ ♦❝✐♦s♦s✳ ▼❛s ❛ ♣❛rt✐r ❞❡ss❡s ❣rá✜❝♦s ♣♦❞❡♠♦s
✈❡r q✉❡ q✉❛♥❞♦ ♥ã♦ ❧✐♠✐t❛♠♦s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s ♦ ❝♦♥s✉♠♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦
❛✉♠❡♥t❛ ♠✉✐t♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❛ ✈❡rsã♦ ❝♦♠ ❧✐♠✐t❛çã♦ ❞❡ ré♣❧✐❝❛s✳ ❊ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r
♥❛s ✜❣✉r❛s ✺✳✶✱ ✺✳✷ ❡ ✺✳✸ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s ♦ ❣❛♥❤♦ ♥♦ ♠❛❦❡s♣❛♥ é ♠✉✐t♦ ♣❡q✉❡♥♦
❡♠ ❝♦♠♣❛r❛çã♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ q✉❡ é ❝♦♥s✉♠✐❞❛✳ ➱ ✐♥t❡r❡ss❛♥t❡ ✈❡r✐✜❝❛r
❡ss❛ r❡❧❛çã♦ ♣❛r❛ ❞❡❝✐❞✐r s❡ r❡❛❧♠❡♥t❡ ✈❛❧❡ ❛ ♣❡♥❛ ❛✉♠❡♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ré♣❧✐❝❛s✱ ♠❛s
✐ss♦ ✈❛✐ ❞❡♣❡♥❞❡r ❞♦s r❡q✉✐s✐t♦s ❞♦ s✐st❡♠❛ ❡♠ q✉❡stã♦✳

❆♥❛❧✐s❛♥❞♦ ♦ ♠❛❦❡s♣❛♥ ❞❛ ✜❣✉r❛s ✺✳✶✱ ✺✳✷ ❡ ✺✳✸ ✈✐♠♦s q✉❡ ❛♣❧✐❝❛r ❛ r❡♣❧✐❝❛çã♦ tr♦✉①❡
✉♠❛ ♠❡❧❤♦r✐❛ s✐❣♥✐✜❝❛t✐✈❛ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❛ ✈❡rsã♦ s❡♠ r❡♣❧✐❝❛çã♦✳ ▼❛s t❛♠❜é♠ ❡♥✲
❝♦♥tr❛♠♦s r❡s✉❧t❛❞♦s ❞✐❢❡r❡♥t❡s ❞♦ ❡s♣❡r❛❞♦✱ ♣♦✐s ❛❝❤á✈❛♠♦s q✉❡ q✉❛♥t♦ ♠❛✐s r❡♣❧✐❝❛çã♦
✉♠❛ t❛r❡❢❛ ♣✉❞❡ss❡ t❡r✱ ♠❡❧❤♦r s❡r✐❛ ♦ s❡✉ ♠❛❦❡s♣❛♥✳ ◆♦s r❡s✉❧t❛❞♦s ♣❡r❝❡❜❡♠♦s q✉❡
♦ ❛❧❣♦r✐t♠♦ ▼✐♥✲♠✐♥ t❡♠ ♦ s❡✉ ♠❡❧❤♦r ♠❛❦❡s♣❛♥ ♥❛ ✈❡rsã♦ ▼✐♥✲♠✐♥✲❘✷①✳ ❆❧❣♦ ♣❛r❡✲
❝✐❞♦ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❙✉✛❡r❛❣❡✱ ♠❛s q✉❡ só ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡
❞❛s ♠áq✉✐♥❛s é U [1, 1] ❡ U [1, 4]✳ ◗✉❛♥❞♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ é U [1, 8] ♦ ♠❛❦❡s♣❛♥ ❝♦♥t✐♥✉❛
❝❛✐♥❞♦✳ ■ss♦ ❞❡✈❡ ❛❝♦♥t❡❝❡r ♣♦rq✉❡ q✉❛♥❞♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❛✉♠❡♥t❛✱ ♦ ❛♠❜✐❡♥t❡ ♣❛ss❛ ❛
t❡r ❝♦♠♣✉t❛❞♦r❡s ♠✉✐t♦ s✉♣❡r✐♦r❡s q✉❡ ❢❛③❡♠ t♦❞❛ ❛ ❞✐❢❡r❡♥ç❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ r❡♣❧✐❝❛çã♦✱
♠❛s ✐ss♦ ♥ã♦ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ ▼✐♥✲♠✐♥ ♣♦rq✉❡ ♠❡s♠♦ t❡♥❞♦ ♣r♦❝❡ss❛❞♦r❡s ♠✉✐t♦ ♣♦t❡♥✲
t❡s✱ ♦ ❛❧❣♦r✐t♠♦ t❡♥❞❡ ❛ ❝♦❧♦❝❛r ❛s ♠❡♥♦r❡s t❛r❡❢❛s ♥❡ss❡s ♣r♦❝❡ss❛❞♦r❡s ❝♦❧♦❝❛♥❞♦ ❛s
t❛r❡❢❛s ♣❡s❛❞❛s ❡♠ ♣r♦❝❡ss❛❞♦r❡s ♠❛✐s ❧❡♥t♦s✳ ❈✉r✐♦s❛♠❡♥t❡ ♦ ❛❧❣♦r✐t♠♦ ❉❋P▲❚❋ ♣✐♦r❛
♣❛r❛ ✉♠❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛ U [1, 4] ❡ ❞❡ t❛r❡❢❛s Zipf [30, 5] q✉❛♥❞♦ ♥ã♦ ❧✐♠✐t❛✲
♠♦s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s ✭❉❋P▲❚❋✲❘①①✮✱ ♠❛s ❡❧❡ ♣✐♦r❛ ♠✉✐t♦ ♣♦✉❝♦ ❡♠ r❡❧❛çã♦ ❛♦
❉❋P▲❚❋✲❘✸①✳

❆ ✜❣✉r❛ ✺✳✼ ♠♦str❛ ♦ ❞❡s♣❡r❞í❝✐♦ ❞❡ ❝✐❝❧♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞♦s ❛❧❣♦r✐t♠♦s ❡♠ ❢✉♥çã♦
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❋✐❣✉r❛ ✺✳✻✿ ❘❚P❈❈ ✭❱❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s ∈ U [1, 8]✮



✺✳✷✳ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ✺✹

❞❛ r❡♣❧✐❝❛çã♦✳ ❈❛❞❛ ❝♦r r❡♣r❡s❡♥t❛ ✉♠ ❛❧❣♦r✐t♠♦✳ ❊①✐st❡ ✉♠ ♣♦♥t♦ ♣❛r❛ ❝❛❞❛ ❝♦♠❜✐♥❛çã♦
❞❛s ✈❛r✐á✈❡✐s q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s✱ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠áq✉✐♥❛s✱ q✉❛♥t✐❞❛❞❡ ❞❡ t❛r❡❢❛s✱
✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s t❛r❡❢❛s ❡ q✉❛♥t✐❞❛❞❡ ❞❡ r❡♣❧✐❝❛çã♦✱ t♦t❛❧✐③❛♥❞♦ 1350 ♣♦♥t♦s ♣❛r❛ ❝❛❞❛
❛❧❣♦r✐t♠♦✳ P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛ ❞♦ ❣rá✜❝♦ ❢♦✐ ❛♣❧✐❝❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ r❡♣✉❧sã♦ ❡♥tr❡ ♦s
♣♦♥t♦s✱ s❡♥ã♦ t♦❞♦s ♦s ♣♦♥t♦s ❡st❛r✐❛♠ ♥✉♠❛ ❧✐♥❤❛✳ ▲♦❣♦ ♦s ❛❧❣♦r✐t♠♦s s❡♠ r❡♣❧✐❝❛çã♦
t❡♠ ❞❡s♣❡r❞í❝✐♦ ③❡r♦✱ ❡♥tã♦ t♦❞♦s ♦s ♣♦♥t♦s ❡st❛r✐❛♠ ♥❛ ❝♦♦r❞❡♥❛❞❛ (0, 0)✳ ❏á ♦ ❣rá✜❝♦ ✺✳✽
♠♦str❛ ♦ ❣❛♥❤♦ ❞♦ ♠❛❦❡s♣❛♥ ❡♠ ♣♦r❝❡♥t❛❣❡♠ ❞♦s ❛❧❣♦r✐t♠♦s q✉❡ ❛♣❧✐❝❛r❛♠ r❡♣❧✐❝❛çã♦
❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ ✈❡rsã♦ s❡♠ r❡♣❧✐❝❛çã♦✳ ◆❡ss❡ ❣rá✜❝♦ ♥ã♦ ❡①✐st❡ ♦s ❛❧❣♦r✐t♠♦s s❡♠
r❡♣❧✐❝❛çã♦✱ t♦t❛❧✐③❛♥❞♦ 1080 ♣♦♥t♦s✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s ♦ ✈❛❧♦r −1 ♥♦ ❡✐①♦ ❨ s✐❣♥✐✜❝❛
q✉❡ ♥ã♦ ❡①✐st❡ ❧✐♠✐t❡ ❞❡ r❡♣❧✐❝❛çõ❡s✳

P♦❞❡♠♦s ✈❡r ♥❡ss❡s ❣rá✜❝♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❉❋P▲❚❋ ❞❡s♣❡r❞✐ç♦✉ ♣♦✉❝♦ ♣r♦❝❡ss❛✲
♠❡♥t♦✳ ❖s ❙✉✛❡r❛❣❡ t❛♠❜é♠ t❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❜❡♠ ❝♦♥❝❡♥tr❛❞♦s ❡ ❝♦♠ ✉♠
❞❡s♣❡r❞í❝✐♦ r❛③♦❛✈❡❧♠❡♥t❡ ❜❛✐①♦✱ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦s ♦✉tr♦s✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ✈❡r q✉❡
♦ ▼✐♥✲♠✐♥ ❡ ♦ ❘❘ ✭❲◗✮ sã♦ ♦s r❡❝♦r❞✐st❛s ❞❡ ❞❡s♣❡r❞í❝✐♦✱ ♠❛s ❡❧❡s t❛♠❜é♠ ❢♦r❛♠ ♦s
r❡❝♦r❞✐st❛s ❡♠ ❣❛♥❤♦✳

◆❛s t❛❜❡❧❛s ✺✳✶ ❡ ✺✳✷ ❧✐♠✐t❛♠♦s ❛ ❛♥á❧✐s❡ ♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s q✉❡ ♥ã♦ r❡str✐♥❣❡♠ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s✳

◆❛ t❛❜❡❧❛ ✺✳✶ ❛♣r❡s❡♥t❛♠♦s ♦ r❡s✉❧t❛❞♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞♦s ❛❧❣♦r✐t♠♦s ❝♦♠ r❡♣❧✐❝❛✲
çã♦✱ ❡①❡❝✉t❛❞♦s ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s✱ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s ❡
✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ t❛r❡❢❛s✳ P❛r❛ ✉♠❛ ❞❛❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠áq✉✐♥❛s✱ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛ ♠á✲
q✉✐♥❛ ❡ t❛r❡❢❛✱ ♦ r❡s✉❧t❛❞♦ é ❛ ♠é❞✐❛ ❞❡ t♦❞♦s ♦s t❡st❡s ♣❛r❛ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡
t❛r❡❢❛s✳ ◆❡st❛ t❛❜❡❧❛ ♣♦❞❡♠♦s ✈❡r ♦ ♠❛❦❡s♣❛♥ ✭Cmax✮✱ ❚P❈❈ ❡ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦
✭❆♣♣✮✳ ❖ ❢❛t♦r ❆♣♣ ❞❡ss❛ t❛❜❡❧❛✱ é ✉♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ♣rát✐❝♦✱ q✉❡ é ♦ q✉♦❝✐❡♥t❡
❡♥tr❡ ♦ ❚P❈❈ ❡ ❛ s♦♠❛ ❞♦ t❛♠❛♥❤♦ ❞❡ t♦❞❛s ❛s t❛r❡❢❛s✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❡♠
t♦❞♦s ♦s ❝❛s♦s ♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ ♣rát✐❝♦ é ♠✉✐t♦ ✐♥❢❡r✐♦r ❛♦ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦
t❡ór✐❝♦✳

◆❛ t❛❜❡❧❛ ✺✳✷ ♠♦str❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦ ♠❡❧❤♦r ♠❛❦❡s♣❛♥ ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡
❛♠❜✐❡♥t❡ ❞❡ ❡①❡❝✉çã♦✳ ◆❡st❡ t❛❜❡❧❛✱ ❝❛❞❛ r❡s✉❧t❛❞♦ é ❛ ♠é❞✐❛ ❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s
♣❛r❛ ❝❛❞❛ ❛♠❜✐❡♥t❡✳ ◆❡❧❛ t❡♠♦s ❛s ♠étr✐❝❛s ♠❛❦❡s♣❛♥ ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♠ r❡♣❧✐❝❛çã♦
✭Cmax✮✱ ♠❛❦❡s♣❛♥ ❞♦ ❛❧❣♦r✐t♠♦ s❡♠ r❡♣❧✐❝❛çã♦ ✭Cmax s✴r❡♣❧✐❝✳✮✱ q✉❛♥t♦ ♦ ❛❧❣♦r✐t♠♦ ❝♦♠
r❡♣❧✐❝❛çã♦ é ♠❡❧❤♦r ❞♦ q✉❡ ♦ s❡♠ r❡♣❧✐❝❛çã♦ ✭▼❡❧❤♦r✐❛ ❡♠ ✪✮ ❡ q✉❛♥t♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦
❢♦✐ ❞❡s♣❡r❞✐ç❛❞♦ ♣♦r ❝❛✉s❛ ❞❛ r❡♣❧✐❝❛çã♦ ❞❛s t❛r❡❢❛s ✭❉❡s♣✳ ❡♠ ✪✮✳

P♦❞❡♠♦s ✈❡r ♥❛ t❛❜❡❧❛ ✺✳✷ q✉❡ ♦ ✉s♦ ❞❛ r❡♣❧✐❝❛çã♦ tr♦✉①❡ ✉♠ ❣❛♥❤♦ ❞♦ ♠❛❦❡s♣❛♥

❡♠ ❝♦♠♣❛r❛çã♦ ❛ ✈❡rsã♦ s❡♠ r❡♣❧✐❝❛çã♦✳ ❆ ♠é❞✐❛ ❞❡ ❣❛♥❤♦ q✉❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ t❡✈❡ ❡♠
♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡ é 27.64% ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❘❘✱ 24.42% ♣❛r❛ ♦ ▼✐♥✲♠✐♥✲❘✱ 22.39% ♣r♦
❙✉✛❡r❛❣❡✲❘ ❡ 19.83% ♣❛r❛ ♦ ❉❋P▲❚❋✲❘✳

❚❛♠❜é♠ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r q✉❛❧ é ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ✈❛r✐❛çã♦ ❞❛s t❛r❡❢❛s ✭❚❱✮ ❡ ❞❛s
♠áq✉✐♥❛s ✭▼❱✮ ♥♦ ❣❛♥❤♦ ❞♦ ♠❛❦❡s♣❛♥✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠é❞✐❛ ❞❡ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s







✺✳✷✳ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ✺✼

t❡♠♦s q✉❡ ♦ ❣❛♥❤♦ ♠é❞✐♦ ♣❛r❛ ❝❛❞❛ ❛♠❜✐❡♥t❡ ❢♦✐✿ 43.05% ♣❛r❛MV = U [1, 8]❀ 25.06% ♣❛r❛
MV = U [1, 4]❀ ❡ 2.60% ♣❛r❛ MV = U [1, 1]✳ ◗✉❛♥❞♦ t❡♠♦s ✐♥stâ♥❝✐❛s ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡
♣❡q✉❡♥❛s t❛r❡❢❛s é ❣r❛♥❞❡ ❡ ♣♦✉❝❛s t❛r❡❢❛s sã♦ ❣r❛♥❞❡s ♦ ❣❛♥❤♦ ♥♦r♠❛❧♠❡♥t❡ ❢♦✐ ♠❡❧❤♦r✳
P♦r ❡①❡♠♣❧♦ ♦ ❣❛♥❤♦ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ t❛r❡❢❛s ❢♦r❛♠✿ 27.24% ♣❛r❛
80%U [1, 15]❀ 26.53% ♣❛r❛ ❩✐♣❢[5, 30]❀ 23.61% ♣❛r❛ 20%U [1, 15]❀ 21.02% ♣❛r❛ ❩✐♣❢[30, 5]❀ ❡
19.46% ♣❛r❛ U [1, 30]✳

P❛r❛ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❡ ❡♠ t♦❞♦s ♦s ❝❛s♦s ❞❡ V T ❡ QM ✱ ❛ r❡♣❧✐❝❛çã♦ ❛♣❧✐❝❛❞❛
♥✉♠ ❛♠❜✐❡♥t❡ ❤♦♠♦❣ê♥❡♦ ✭VM = U [1, 1]✮ ♠♦str♦✉ q✉❡ ❡①✐st❡ ✉♠ ❞❡s♣❡r❞í❝✐♦ q✉❡ ✈❛r✐❛
❞❡ 12.57% à 47.17% ♣❛r❛ ✉♠ ❣❛♥❤♦ q✉❡ ✈❛r✐❛ ❞❡ 0.13% à 8.69%✳ ❖✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡
❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❡♠ ✉s❛r r❡♣❧✐❝❛çã♦ ♥✉♠ ❛♠❜✐❡♥t❡ ❤♦♠♦❣ê♥❡♦✱ ♣♦✐s ❣❛st❛✲s❡ ♠✉✐t♦ ♣❛r❛
✉♠ ❣❛♥❤♦ ♠✉✐t♦ ♣❡q✉❡♥♦✳

❆ ♣❛rt✐r ❞♦ r❡s✉❧t❛❞♦ ❞❡ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱ ♥ós ♣✉❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ♦s ♠❡❧❤♦r❡s
❛❧❣♦r✐t♠♦s ❢♦r❛♠ ♦ ❉❋P▲❚❋✲❘ ❡ ♦ ❘❘✳ ❖✉tr♦s ❛❧❣♦r✐t♠♦s q✉❡ ♦❜t✐✈❡r❛♠ ❜♦♥s r❡s✉❧t❛❞♦s
❝♦♠ ❛ r❡♣❧✐❝❛çã♦ ❢♦r❛♠ ♦ ❙✉✛❡r❛❣❡✲❘✱ ♠❛s ♥ã♦ tã♦ ❜♦♥s q✉❛♥t♦ ♦ ❉❋P▲❚❋✲❘ ❡ ♦ ❘❘✳
P♦r ♦✉tr♦ ❧❛❞♦ ♦ ▼✐♥✲♠✐♥ ♦❜t❡✈❡ ✉♠❛ ❣r❛♥❞❡ ♠❡❧❤♦r✐❛ ♥♦ ♠❛❦❡s♣❛♥ ♠❛s s❡♠♣r❡ ♦❜t❡✈❡
♦s ♣✐♦r❡s r❡s✉❧t❛❞♦s✳ ❊♠ ❛♠❜✐❡♥t❡s ♦♥❞❡ ♦ ♣♦❞❡r ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❛s ♠áq✉✐♥❛s sã♦
❢❛❝✐❧♠❡♥t❡ ♣r❡✈✐sí✈❡✐s ♦ ❉❋P▲❚❋✲❘ é ❛ ♠❡❧❤♦r ❡s❝♦❧❤❛✱ ♠❛s ❡♠ ❛♠❜✐❡♥t❡s ♦♥❞❡ ❛ ♣r❡❞✐çã♦
é ♠✉✐t♦ ❝✉st♦s❛ ♦ ❘❘ ♠♦str♦✉ s❡r ❛ ♠❡❧❤♦r ❛❧t❡r♥❛t✐✈❛✳
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✻✹ ❯❬✶✱✽❪ ✽✵✪❯❬✶✱✶✺❪ ✹✳✻✹ ✸✷✻✸✳✹✺ ✶✳✹✹ ✺✳✾✺ ✹✶✽✸✳✷✹ ✷✳✵✹ ✹✳✽✻ ✸✹✷✸✳✷✾ ✶✳✺✾ ✺✳✵✻ ✸✺✻✶✳✺✼ ✶✳✻✻
✻✹ ❯❬✶✱✽❪ ❯❬✶✱✸✵❪ ✶✵✳✷✼ ✼✶✾✾✳✾✷ ✶✳✺✸ ✶✶✳✵✶ ✼✼✶✺✳✾✻ ✶✳✻✼ ✶✵✳✻✻ ✼✹✼✶✳✸✷ ✶✳✺✼ ✶✵✳✵✹ ✼✵✹✻✳✻✾ ✶✳✹✸
✻✹ ❯❬✶✱✽❪ ❩✐♣❢❬✸✵✱✺❪ ✽✳✻✾ ✻✵✽✺✳✾✾ ✶✳✺✹ ✾✳✺✹ ✻✻✾✵✳✽✾ ✶✳✼✺ ✽✳✽✷ ✻✶✽✺✳✺✼ ✶✳✺✻ ✽✳✺✻ ✻✵✵✸✳✼✷ ✶✳✹✼
✻✹ ❯❬✶✱✽❪ ❩✐♣❢❬✺✱✸✵❪ ✹✳✾✼ ✸✹✾✻✳✵✷ ✶✳✹✽ ✻✳✷✵ ✹✸✺✼✳✾✸ ✷✳✵✷ ✺✳✷✷ ✸✻✻✾✳✹✵ ✶✳✻✷ ✺✳✸✶ ✸✼✸✾✳✻✾ ✶✳✻✺
▼é❞✐❛ ♣❛r❛ ✻✹ ♠áq✉✐♥❛s ✶✺✳✸✷ ✹✻✾✸✳✼✸ ✶✳✹✹ ✶✽✳✷✶ ✺✺✸✸✳✸✹ ✶✳✽✵ ✶✻✳✼✷ ✺✵✸✼✳✼✸ ✶✳✺✽ ✶✻✳✾✸ ✺✵✸✸✳✾✺ ✶✳✺✼

✷✺✻ ❯❬✶✱✶❪ 20%U [1, 15] ✷✻✳✶✵ ✶✻✻✼✾✳✵✽ ✶✳✹✵ ✸✸✳✶✼ ✷✶✷✵✷✳✻✶ ✶✳✼✼ ✸✶✳✵✻ ✶✾✽✺✶✳✸✵ ✶✳✻✻ ✸✶✳✷✵ ✶✾✾✹✸✳✶✸ ✶✳✻✸
✷✺✻ ❯❬✶✱✶❪ 80%U [1, 15] ✶✾✳✸✼ ✶✷✸✽✷✳✶✵ ✶✳✺✺ ✷✻✳✻✷ ✶✼✵✶✵✳✵✵ ✷✳✶✷ ✷✸✳✶✵ ✶✹✼✻✶✳✹✻ ✶✳✽✹ ✷✹✳✻✸ ✶✺✼✹✶✳✽✺ ✶✳✾✶
✷✺✻ ❯❬✶✱✶❪ U [1, 30] ✹✵✳✸✹ ✷✺✼✾✸✳✺✹ ✶✳✸✶ ✹✺✳✵✸ ✷✽✼✾✶✳✹✾ ✶✳✹✻ ✹✹✳✽✷ ✷✽✻✺✽✳✵✾ ✶✳✹✹ ✹✸✳✸✶ ✷✼✻✾✷✳✹✼ ✶✳✹✵
✷✺✻ ❯❬✶✱✶❪ Zipf [30, 5] ✸✸✳✾✼ ✷✶✼✶✽✳✷✾ ✶✳✸✺ ✸✾✳✼✵ ✷✺✸✼✾✳✷✻ ✶✳✺✽ ✸✼✳✼✺ ✷✹✶✸✸✳✸✼ ✶✳✺✵ ✸✼✳✼✺ ✷✹✶✸✹✳✶✷ ✶✳✹✾
✷✺✻ ❯❬✶✱✶❪ Zipf [5, 30] ✷✵✳✸✶ ✶✷✾✼✾✳✻✵ ✶✳✺✹ ✷✽✳✶✶ ✶✼✾✻✶✳✺✸ ✷✳✶✵ ✷✹✳✶✵ ✶✺✹✵✹✳✷✻ ✶✳✽✶ ✷✺✳✼✹ ✶✻✹✹✾✳✺✽ ✶✳✽✽
✷✺✻ ❯❬✶✱✹❪ 20%U [1, 15] ✶✶✳✾✹ ✶✾✷✹✸✳✸✻ ✶✳✻✵ ✶✺✳✹✵ ✷✹✼✾✻✳✷✽ ✷✳✶✽ ✶✸✳✷✶ ✷✶✷✾✶✳✹✵ ✶✳✽✻ ✶✷✳✻✶ ✷✵✸✶✺✳✽✸ ✶✳✻✼
✷✺✻ ❯❬✶✱✹❪ 80%U [1, 15] ✽✳✶✻ ✶✸✶✽✻✳✺✷ ✶✳✺✸ ✶✶✳✽✹ ✶✾✵✽✾✳✾✷ ✷✳✸✾ ✾✳✺✸ ✶✺✸✽✻✳✽✼ ✶✳✾✸ ✾✳✺✶ ✶✺✸✹✷✳✹✺ ✶✳✽✸
✷✺✻ ❯❬✶✱✹❪ U [1, 30] ✶✽✳✺✸ ✷✾✽✷✸✳✽✶ ✶✳✻✵ ✷✵✳✾✺ ✸✸✼✷✸✳✶✻ ✶✳✽✺ ✶✾✳✽✶ ✸✶✽✽✾✳✸✵ ✶✳✼✸ ✶✽✳✶✵ ✷✾✶✸✾✳✺✺ ✶✳✹✾
✷✺✻ ❯❬✶✱✹❪ Zipf [30, 5] ✶✺✳✷✺ ✷✹✺✻✺✳✹✼ ✶✳✺✼ ✶✽✳✸✽ ✷✾✺✾✾✳✻✾ ✶✳✾✻ ✶✻✳✸✹ ✷✻✸✷✸✳✷✸ ✶✳✼✸ ✶✺✳✹✻ ✷✹✾✵✸✳✵✸ ✶✳✺✺
✷✺✻ ❯❬✶✱✹❪ Zipf [5, 30] ✽✳✻✷ ✶✸✾✵✽✳✶✶ ✶✳✺✺ ✶✷✳✸✼ ✶✾✾✸✺✳✷✵ ✷✳✸✻ ✶✵✳✵✹ ✶✻✶✾✷✳✽✵ ✶✳✾✶ ✶✵✳✶✷ ✶✻✸✷✽✳✺✾ ✶✳✽✹
✷✺✻ ❯❬✶✱✽❪ 20%U [1, 15] ✼✳✹✸ ✷✶✸✺✶✳✹✶ ✶✳✼✹ ✽✳✻✸ ✷✹✽✶✽✳✹✼ ✷✳✷✷ ✼✳✺✹ ✷✶✻✻✵✳✻✾ ✶✳✽✼ ✻✳✾✼ ✷✵✵✹✷✳✹✶ ✶✳✻✸
✷✺✻ ❯❬✶✱✽❪ 80%U [1, 15] ✹✳✾✽ ✶✹✸✷✸✳✾✺ ✶✳✺✽ ✻✳✻✷ ✶✾✵✶✼✳✻✼ ✷✳✸✾ ✺✳✸✸ ✶✺✸✶✻✳✵✶ ✶✳✽✾ ✺✳✷✶ ✶✹✾✽✷✳✺✼ ✶✳✼✼
✷✺✻ ❯❬✶✱✽❪ U [1, 30] ✶✵✳✽✻ ✸✶✷✻✽✳✷✽ ✶✳✼✵ ✶✶✳✼✾ ✸✸✾✻✸✳✻✹ ✶✳✾✵ ✶✶✳✷✶ ✸✷✷✻✽✳✶✻ ✶✳✼✻ ✶✵✳✶✶ ✷✾✶✶✼✳✸✶ ✶✳✹✽
✷✺✻ ❯❬✶✱✽❪ Zipf [30, 5] ✾✳✷✵ ✷✻✹✻✵✳✻✸ ✶✳✼✷ ✶✵✳✸✷ ✷✾✻✾✸✳✵✽ ✷✳✵✷ ✾✳✸✶ ✷✻✼✽✾✳✸✷ ✶✳✼✻ ✽✳✻✷ ✷✹✽✵✸✳✻✸ ✶✳✺✸
✷✺✻ ❯❬✶✱✽❪ Zipf [5, 30] ✺✳✸✵ ✶✺✷✸✹✳✾✷ ✶✳✻✷ ✻✳✾✼ ✷✵✵✷✸✳✼✾ ✷✳✸✾ ✺✳✻✼ ✶✻✷✾✸✳✼✷ ✶✳✾✵ ✺✳✺✵ ✶✺✽✶✼✳✽✼ ✶✳✼✺
▼é❞✐❛ ♣❛r❛ ✷✺✻ ♠áq✉✐♥❛s ✶✻✳✵✷ ✶✾✾✷✼✳✾✹ ✶✳✺✻ ✶✾✳✼✸ ✷✹✸✸✸✳✼✷ ✷✳✵✺ ✶✼✳✾✷ ✷✶✼✹✽✳✵✵ ✶✳✼✼ ✶✼✳✻✻ ✷✵✾✽✸✳✻✸ ✶✳✻✻



✺✳✷✳ ❘❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ✺✾

❚❛❜❡❧❛ ✺✳✷✿ ❖ ♠❡❧❤♦r ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝❛❞❛ ❛♠❜✐❡♥t❡ ❞❡ ❡①❡❝✉çã♦
❆♠❜✐❡♥t❡ ▼❡❧❤♦r

Cmax
Cmax ▼❡❧❤♦r✐❛ ❉❡s♣✳

MV, TV ❆❧❣♦r✐t♠♦ s✴r❡♣❧✐❝✳ ❡♠ ✪ ❡♠ ✪
U [1, 1], 20%U [1, 15] ❉❋P▲❚❋✲❘ ✷✺✳✷✾ ✷✻✳✶✷ ✸✳✶✺ ✶✽✳✾✼
U [1, 1], 80%U [1, 15] ❉❋P▲❚❋✲❘ ✶✽✳✸✶ ✶✾✳✸✽ ✺✳✺✸ ✷✷✳✾✵
U [1, 1], U [1, 30] ❉❋P▲❚❋✲❘ ✸✾✳✵✶ ✸✾✳✹✵ ✵✳✾✽ ✶✻✳✽✽

U [1, 1], Zipf [30, 5] ❉❋P▲❚❋✲❘ ✸✷✳✽✺ ✸✸✳✸✽ ✶✳✻✵ ✶✽✳✽✼
U [1, 1], Zipf [5, 30] ❉❋P▲❚❋✲❘ ✶✾✳✹✶ ✷✵✳✸✾ ✹✳✼✾ ✷✷✳✺✻
U [1, 4], 20%U [1, 15] ❉❋P▲❚❋✲❘ ✶✶✳✹✾ ✶✹✳✵✷ ✶✽✳✵✺ ✷✽✳✻✸
U [1, 4], 80%U [1, 15] ❉❋P▲❚❋✲❘ ✼✳✼✾ ✾✳✽✺ ✷✶✳✵✵ ✷✼✳✶✶
U [1, 4], U [1, 30] ❉❋P▲❚❋✲❘ ✶✼✳✻✽ ✷✶✳✵✵ ✶✺✳✽✷ ✷✼✳✵✸

U [1, 4], Zipf [30, 5] ❉❋P▲❚❋✲❘ ✶✹✳✻✺ ✶✼✳✹✺ ✶✻✳✵✷ ✷✼✳✸✷
U [1, 4], Zipf [5, 30] ❉❋P▲❚❋✲❘ ✽✳✸✶ ✶✵✳✺✶ ✷✵✳✽✽ ✷✼✳✹✸
U [1, 8], 20%U [1, 15] ❘❘ ✻✳✻✻ ✶✸✳✸✷ ✺✵✳✵✹ ✸✷✳✶✽
U [1, 8], 80%U [1, 15] ❉❋P▲❚❋✲❘ ✹✳✺✶ ✽✳✶✶ ✹✹✳✸✽ ✷✾✳✸✽
U [1, 8], U [1, 30] ❘❘ ✾✳✼✷ ✶✻✳✽✹ ✹✷✳✸✶ ✷✻✳✾✶

U [1, 8], Zipf [30, 5] ❘❘ ✽✳✷✸ ✶✺✳✵✸ ✹✺✳✷✷ ✷✽✳✼✾
U [1, 8], Zipf [5, 30] ❉❋P▲❚❋✲❘ ✹✳✽✸ ✽✳✸✼ ✹✷✳✷✼ ✸✵✳✶✼



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sã♦

❆ ♣❛rt✐r ❞♦s ❡st✉❞♦s ❢❡✐t♦s ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s ❡♠ ❣r❛✲
❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♥♦t❛♠♦s q✉❡ ❡①✐st❡♠ ♠✉✐t♦s tr❛❜❛❧❤♦s ♣✉❜❧✐❝❛❞♦s✱ ♠❛s ♣♦✉❝♦s ❛♥❛✲
❧✐s❛♥❞♦ t❡♦r✐❝❛♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛✳ ❆❧é♠ ❞✐ss♦✱ ♦s tr❛❜❛❧❤♦s t❡ór✐❝♦s ❢❛③❡♠ ✉s♦ ❞❡ ✉♠
♠♦❞❡❧♦ s✐♠♣❧✐✜❝❛❞♦ ❞♦ ♣r♦❜❧❡♠❛ r❡❛❧✱ ✐❣♥♦r❛♥❞♦ ✈❛r✐á✈❡✐s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ♦ t❛♠❛♥❤♦
❞♦s ❞❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❡①❡❝✉t❛r ❛s t❛r❡❢❛s✱ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛ t❛r❡❢❛ tr❛❢❡❣❛r
♥❛ r❡❞❡✱ t♦♣♦❧♦❣✐❛ ❞❛ r❡❞❡✱ ❢❛❧❤❛s ♥❛s ♠áq✉✐♥❛s ❡ r❡str✐çõ❡s ❞❡ ❤❛r❞✇❛r❡✳ ❊st❛s ✈❛r✐á✈❡✐s
❛❜r❡♠ ❡s♣❛ç♦ ♣❛r❛ ♠✉✐t❛ ♣❡sq✉✐s❛ t❡ór✐❝❛ ♥❛ ár❡❛✳

❉♦s ❛❧❣♦r✐t♠♦s ❡st✉❞❛❞♦s✱ ❘❘ ♣❛r❡❝❡✉ s❡r ✐♥t❡r❡ss❛♥t❡ ❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦ ❡♠ ❛♠❜✐✲
❡♥t❡s r❡❛✐s✱ ♣♦✐s é ✉♠ ❛❧❣♦r✐t♠♦ s✐♠♣❧❡s ❡ ♥ã♦ ❢❛③ ✉s♦ ❞❡ r❡❝✉rs♦s ❝❛r♦s ❝♦♠♦ ❛ ♣r❡❞✐çã♦✳
❆❧é♠ ❞✐ss♦✱ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s ♠♦str❛♠ q✉❡ ❡❧❡ ♦❜tê♠ ❜♦♥s r❡s✉❧t❛❞♦s ♥♦ ♦❜❥❡t✐✈♦ ❞❡
r❡❞✉③✐r ♦ ♠❛❦❡s♣❛♥✳

◆ós ✜③❡♠♦s ✉♠❛ ♥♦✈❛ ❛♥á❧✐s❡ ❞♦ ❛❧❣♦r✐t♠♦ ❘❘ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s R; sit|Tj = L|❚P❈❈
❡ R; sit|Tj|❚P❈❈ ♠♦str❛♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡①❡♠♣❧♦s ♣r♦✈❛♥❞♦ q✉❡
❛ ❛♣r♦①✐♠❛çã♦ é ❥✉st❛✳ ❙❡♥❞♦ q✉❡ ❡st❡ é ♦ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ q✉❡ ♠♦str❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦
♣❛r❛ ♦ ♣r♦❜❧❡♠❛ R; sit|Tj|❚P❈❈✳

❙✉s♣❡✐t❛♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ▲❘ t❛♠❜é♠ ✐rá ♦❜t❡r ✉♠ ❜♦♠ r❡s✉❧t❛❞♦✱ ♣♦✐s ❡❧❡ ❢❛③
✉s♦ ❞♦ ❛❧❣♦r✐t♠♦ ❘❘ ✐♥t❡r♥❛♠❡♥t❡ ♣❛r❛ r❡s♦❧✈❡r ♦s s✉❜♣r♦❜❧❡♠❛s✳ ▼❛s ♣❛r❛ ❛♠❜✐❡♥t❡s
r❡❛✐s ♥ós s✉❣❡r✐♠♦s ✉♠❛ ♣❡q✉❡♥❛ ❛❧t❡r❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦✱ ♠✉❞❛♥❞♦ ♦ ♥í✈❡❧ ❞❡ ✉♠❛ t❛r❡❢❛
s❡♠♣r❡ q✉❡ t♦❞❛s ❛s s✉❛s ♣r❡❞❡❝❡ss♦r❛s t✐✈❡r❡♠ ✜♥❛❧✐③❛❞❛s✳

❏á ♦ ❛❧❣♦r✐t♠♦ ●r✐❞ ❈♦♥❝✉rr❡♥t✲❙✉❜♠✐ss✐♦♥✱ ❝♦♠♦ ♦s ♣ró♣r✐♦s ❛✉t♦r❡s ❢❛❧❛r❛♠✱ ♥ã♦ é
✉♠ ❛❧❣♦r✐t♠♦ ❛♣❧✐❝á✈❡❧ ❡♠ ❛♠❜✐❡♥t❡s r❡❛✐s✱ ♣♦✐s ❡❧❡s ❝r✐❛♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣♦✉❝♦ ❡✜❝✐❡♥t❡
❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❛♥á❧✐s❡ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳

❯s❛♥❞♦ ❛ ✐❞❡✐❛ ❞❡ r❡♣❧✐❝❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❛❧❣♦r✐t♠♦ ❘❘ ❡ ♥♦ ❛❧❣♦r✐t♠♦ ❲◗❘①①✱
❞❡✜♥✐♠♦s ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡ ❛❞✐❝✐♦♥❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ r❡♣❧✐❝❛çã♦ ❞❡ t❛r❡❢❛s ❛ q✉❛❧q✉❡r
❛❧❣♦r✐t♠♦ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✳ ❊ss❛ ✐♥t❡r❢❛❝❡ t❛♠❜é♠ ♣❡r♠✐t❡ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s
❞❡ ❝❛❞❛ t❛r❡❢❛ ♣♦ss❛r s❡r ❝♦♥tr♦❧❛❞❛✳ ❯s❛♥❞♦ ❡ss❛ ✐♥t❡r❢❛❝❡ ✜③❡♠♦s s✐♠✉❧❛çõ❡s ♦♥❞❡

✻✵



✻✳✶✳ ❚r❛❜❛❧❤♦s ❢✉t✉r♦s ✻✶

♣✉❞❡♠♦s ♣❡r❝❡❜❡r ❣❛♥❤♦s s✐❣♥✐✜❝❛t✐✈♦s ♥❛ r❡❞✉çã♦ ❞♦ ♠❛❦❡s♣❛♥✱ ♠❛s ❡ss❡s ❣❛♥❤♦s ❣❡r❛♠
❞❡s♣❡r❞í❝✐♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✳ ❊♥tã♦ é ✐♥t❡r❡ss❛♥t❡ ❢❛③❡r ✉♠❛ ❛♥á❧✐s❡ ❞❡ ❝✉st♦ ❜❡♥❡❢í❝✐♦
❡♥tr❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ré♣❧✐❝❛s ❡ ♦ ❣❛♥❤♦ ♥♦ ♠❛❦❡s♣❛♥✳

❆ s✐♠✉❧❛çã♦ t❛♠❜é♠ ♠♦str♦✉ q✉❡ ♦s ❛❧❣♦r✐t♠♦s ❉❋P▲❚❋✲❘ ❡ ♦ ❘❘ ♦❜t✐✈❡r❛♠ ♦s
♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✳ ❊♥tã♦ s❡ ♦ ❛♠❜✐❡♥t❡ ♣r♦✈❡r ❛ ✉♠ ❜❛✐①♦ ❝✉st♦ ♦s ♠❡❝❛♥✐s♠♦s ❞❡
♣r❡❞✐çã♦ é r❡❝♦♠❡♥❞á✈❡❧ ✉s❛r ♦ ❛❧❣♦r✐t♠♦ ❉❋P▲❚❋✲❘✱ ❝❛s♦ ❝♦♥trár✐♦ ✉s❡ ♦ ❛❧❣♦r✐t♠♦ ❘❘✳

✻✳✶ ❚r❛❜❛❧❤♦s ❢✉t✉r♦s

❱❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ♣♦♥t♦s q✉❡ ❝♦♥s✐❞❡r❛♠♦s ♣r♦♠✐ss♦r❡s✿

• ❊st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦ ❞❡ t❛r❡❢❛s ❡♠ ❣r❛❞❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❧❡✈❛♥❞♦
❡♠ ❝♦♥s✐❞❡r❛çã♦ ✈❛r✐á✈❡✐s ❝♦♠♦ ♦ ❛tr❛s♦ ❞❛ r❡❞❡✱ t❛♠❛♥❤♦ ❞❛s t❛r❡❢❛s ❡ ♦✉tr❛s✳

• P❡sq✉✐s❛r ♣♦r ❛❧❣♦r✐t♠♦s ♣r♦❜❛❜✐❧íst✐❝♦s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛ ❞❡ ❡s❝❛❧♦♥❛♠❡♥t♦✳

• ❆❞✐❝✐♦♥❛r ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ ✐♥t❡❧✐❣ê♥❝✐❛ ❛♦ ❘❘ ❡ ❢❛③❡r ♠❛✐s t❡st❡s✳ P♦r ❡①❡♠♣❧♦✱ ♦
❘❘ ♣r✐♦r✐③❛r ♦ ❡s❝❛❧♦♥❛♠❡♥t♦ ❡♠ ♣r♦❝❡ss❛❞♦r❡s q✉❡ ❤✐st♦r✐❝❛♠❡♥t❡ ❡①❡❝✉t❛r❛♠ ❛s
t❛r❡❢❛s ♠❛✐s r❛♣✐❞❛♠❡♥t❡✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❋✳ ❆❢r❛t✐✱ ❊✳ ❇❛♠❜✐s✱ ❈✳ ❈❤❡❦✉r✐✱ ❉✳ ❑❛r❣❡r✱ ❈✳ ❑❡♥②♦♥✱ ❙✳ ❑❤❛♥♥❛✱ ■✳ ▼✐❧✐s✱
▼✳ ◗✉❡②r❛♥♥❡✱ ▼✳ ❙❦✉t❡❧❧❛✱ ❈✳ ❙t❡✐♥✱ ❛♥❞ ▼✳ ❙r✐✈✐❞❡♥❦♦✳ ❆♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠✲
♠❡s ❢♦r ♠✐♥✐♠✐③✐♥❣ ❛✈❡r❛❣❡ ✇❡✐❣❤t❡❞ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✇✐t❤ r❡❧❡❛s❡ ❞❛t❡s✳ ■♥ Pr♦❝✳ ♦❢

t❤❡ ✹✵t❤ ■❊❊❊ ❙②♠♣♦s✐✉♠ ♦♥ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✶✾✾✾✳

❬✷❪ ❏✳▲✳ ❇r✉♥♦✱ ❊✳●✳ ❈♦✛♠❛♥ ❏r✱ ❛♥❞ ❘✳ ❙❡t❤✐✳ ❙❝❤❡❞✉❧✐♥❣ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s t♦ r❡❞✉❝❡
♠❡❛♥ ✜♥✐s❤✐♥❣ t✐♠❡✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✶✼✿✸✽✷✕✸✽✼✱ ✶✾✼✹✳

❬✸❪ ❍✳ ❈❛s❛♥♦✈❛✱ ❆✳ ▲❡❣r❛♥❞✱ ❉✳ ❩❛❣♦r♦❞♥♦✈✱ ❛♥❞ ❋✳ ❇❡r♠❛♥✳ ❍❡✉r✐st✐❝s ❢♦r s❝❤❡❞✉❧✐♥❣
♣❛r❛♠❡t❡r s✇❡❡♣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❣r✐❞ ❡♥✈✐r♦♥♠❡♥ts✳ ■♥ ❍❡t❡r♦❣❡♥❡♦✉s ❈♦♠♣✉t✐♥❣

❲♦r❦s❤♦♣✱ ♣❛❣❡s ✸✹✾✕✸✻✸✱ ✷✵✵✵✳

❬✹❪ ❙✳ ❈❤❛❦r❛❜❛rt✐ ❛♥❞ ❙✳ ▼✉t❤✉❦r✐s❤♥❛♥✳ ❘❡s♦✉r❝❡ s❝❤❡❞✉❧✐♥❣ ❢♦r ♣❛r❛❧❧❡❧ ❞❛t❛❜❛s❡
❛♥❞ s❝✐❡♥t✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ Pr♦❝✳ ♦❢ t❤❡ ✽t❤ ❆♥♥✉❛❧ ❆❈▼ ❙②♠♣♦s✐✉♠ ♦♥ P❛r❛❧❧❡❧

❆❧❣♦r✐t❤♠s ❛♥❞ ❆r❝❤✐t❡❝t✉r❡s✱ ♣❛❣❡s ✸✷✾✕✸✸✺✱ ❏✉♥❡ ✶✾✾✻✳

❬✺❪ ❙✳ ❈❤❛❦r❛❜❛rt✐✱ ❈✳ ❆✳ P❤✐❧❧✐♣s✱ ❆✳ ❙✳ ❙❝❤✉❧③✱ ❉✳ ❇✳ ❙❤♠♦②s✱ ❈✳ ❙t❡✐♥✱ ❛♥❞ ❏✳ ❲❡✐♥✳
■♠♣r♦✈❡❞ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ♠✐♥s✉♠ ❝r✐t❡r✐❛✳ ■♥ ■❈❆▲P✱ ♣❛❣❡s ✻✹✻✕✻✺✼✱ ✶✾✾✻✳

❬✻❪ ❈✳ ❈❤❡❦✉r✐✱ ❘✳ ▼♦t✇❛♥✐✱ ❇✳ ◆❛t❛r❛❥❛♥✱ ❛♥❞ ❈✳ ❙t❡✐♥✳ ❆♣♣r♦①✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r
❛✈❡r❛❣❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ s❝❤❡❞✉❧✐♥❣✳ ❙■❆▼ ❏✳ ❈♦♠♣✉t✳✱ ✸✶✭✶✮✿✶✹✻✕✶✻✻✱ ✷✵✵✶✳

❬✼❪ ❈✳❙✳ ❈❤❡❦✉r✐✱ ❘✳ ❏♦❤♥s♦♥✱ ❘✳ ▼♦t✇❛♥✐✱ ❇✳ ◆❛t❛r❛❥❛♥✱ ❇✳❘✳❘❛✉✱ ❛♥❞ ▼✳ ❙❝❤❧❛♥s❦❡r✳
Pr♦✜❧❡✲❞r✐✈❡♥ ✐♥str✉❝t✐♦♥ ❧❡✈❡❧ ♣❛r❛❧❧❡❧ s❝❤❡❞✉❧✐♥❣ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ s✉♣❡r ❜❧♦❝❦s✳
■♥ Pr♦❝✳ ♦❢ t❤❡ ✷✾t❤ ❆♥♥✉❛❧ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ▼✐❝r♦❛r❝❤✐t❡❝t✉r❡✱ ♣❛❣❡s
✺✽✕✻✼✱ ❉❡❝❡♠❜❡r ✶✾✾✻✳

❬✽❪ ❲✳ ❈✐r♥❡✱ ❋✳ ❇r❛s✐❧❡✐r♦✱ ❉✳ P❛r❛♥❤♦s✱ ▲✳❋✳❲✳ ●ó❡s✱ ❛♥❞ ❲✳ ❱♦♦rs❧✉②s✳ ❖♥ t❤❡ ❡✣✲
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