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Pr❡❢á❝✐♦

❈♦♠ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❜❛s❡s ❞❡ ✐♠❛❣❡♠ ❞✐❣✐t❛✐s✱ ♠♦t✐✈❛❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧❛ ♣♦♣✉❧❛✲
r✐③❛çã♦ ❞❛ ❲♦r❧❞ ❲✐❞❡ ❲❡❜✱ ❜❡♠ ❝♦♠♦ ❛ ♠❛ss✐✜❝❛çã♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❝❛♣t✉r❛ ❞✐❣✐t❛❧
❞❡ ✐♠❛❣❡♥s✱ ♦ ♣r♦❝❡ss❛♠❡♥t♦ ❡ ❡①tr❛çã♦ ❞❡ ✐♥❢♦r♠❛çõ❡s s❡♠â♥t✐❝❛s ❞❡st❛s ✐♠❛❣❡♥s ❝r❡s❝❡
❡♠ ✐♠♣♦rtâ♥❝✐❛✳

❆ ✐♥❢♦r♠❛çã♦ ❡♥❝❡rr❛❞❛ ♥❡st❛s ✐♠❛❣❡♥s ♥ã♦ t❡♠ s✐❣♥✐✜❝❛❞♦ s❡♠â♥t✐❝♦ ✐♠❡❞✐❛t♦✱ s❡♥❞♦
♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ té❝♥✐❝❛s ♣❛r❛ ❝❛♣t✉rá✲❧❛✳ ❆ ❛❜♦r❞❛❣❡♠ tr✐✈✐❛❧✱ q✉❡ ❡♥✈♦❧✈❡ ❛ ❛♥♦t❛çã♦
❞❛s ✐♠❛❣❡♥s ♣♦r ❤✉♠❛♥♦s s❡ t♦r♥❛ ❢❛❧❤❛ à ♠❡❞✐❞❛ q✉❡ ♦ t❛♠❛♥❤♦ ❞❛s ❜❛s❡s ❝r❡s❝❡✱ s❡♥❞♦
♥❡❝❡ssár✐♦ ✈♦❧t❛r✲s❡ ♣❛r❛ ♠ét♦❞♦s ♠❛✐s s♦✜st✐❝❛❞♦s✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞♦✉ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥ ❡♠ ❜❛s❡s
❞❡ ✐♠❛❣❡♥s ❞✐❣✐t❛✐s✱ ✈❡r✐✜❝❛♥❞♦ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛♥❞♦ q✉❛tr♦ ♠ét♦❞♦s
❞✐st✐♥t♦s ❞❡ ❝r✐❛çã♦ ❞❡ ❞✐❝✐♦♥ár✐♦s ✈✐s✉❛✐s✳

❊st❡ tr❛❜❛❧❤♦ ♠♦str♦✉ q✉❡ ❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ❞✐❢❡r❡♥t❡s ❞❡s❝r✐t♦r❡s ❝❛♣t✉r❛♥❞♦ ❛s♣❡❝t♦s
❞✐st✐♥t♦s ❞❛s ✐♠❛❣❡♥s✱ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ♣❡❧♦ ♠ét♦❞♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t

❆❧❧♦❝❛t✐♦♥ é ❝❛♣❛③ ❞❡ ♦❜t❡r t❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ♥❛ ❢❛✐①❛ ❞❡ ✾✵%✱ ❛✐♥❞❛ q✉❡ ❝❛❞❛
❝❧❛ss✐✜❝❛❞♦r ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ♥ã♦ t❡♥❤❛ ❞❡s❡♠♣❡♥❤♦ ♠✉✐t♦ s✉♣❡r✐♦r à ❝❤❛♥❝❡✳

❆✐♥❞❛✱ ♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❞❡♠♦♥str❛r❛♠ q✉❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ❡ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s ♥ã♦ é s✐❣♥✐✜❝❛t✐✈❛✱ s❡♥❞♦ ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❝❧❛ss✐✜❝❛❞♦r❡s
❝♦♠ ♣♦✉❝♦s tó♣✐❝♦s ❧❛t❡♥t❡s ❛ ♣❛rt✐r ❞❡ ♣♦✉❝❛s ♣❛❧❛✈r❛s ✈✐s✉❛✐s✱ ❡ ♣♦rt❛♥t♦✱ ❡✜❝✐❡♥t❡s✳
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❆❜str❛❝t

❲✐t❤ t❤❡ ❣r♦✇t❤ ♦❢ ❞✐❣✐t❛❧ ✐♠❛❣❡ ❞❛t❛❜❛s❡s✱ ♠❛✐♥❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ❲♦r❧❞

❲✐❞❡ ❲❡❜ ❛♥❞ ❞✐❣✐t❛❧ ❝❛♣t✉r❡ ❞❡✈✐❝❡s✱ ♣r♦❝❡ss✐♥❣ ❛♥❞ ❡①tr❛❝t✐♦♥ ♦❢ s❡♠❛♥t✐❝ ✐♥❢♦r♠❛t✐♦♥
❢r♦♠ t❤❡s❡ ✐♠❛❣❡s ❣❛✐♥ ✐♠♣♦rt❛♥❝❡✳

❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡s❡ ✐♠❛❣❡s ❤❛✈❡ ♥♦ ✐♠♠❡❞✐❛t❡ s❡♠❛♥t✐❝ ♠❡❛♥✐♥❣
❛♥❞ t❡❝❤♥✐q✉❡s ♠✉st ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❛❝q✉✐r❡ ✐t✳ ❚❤❡ tr✐✈✐❛❧ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s
t❤❡ ♠❛♥✉❛❧ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡s ❜② ❤✉♠❛♥s✱ ❜❡❝♦♠❡s ✢❛✇❡❞ ❛s t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛❜❛s❡
❣r♦✇s✳ ❯s✐♥❣ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♠❡t❤♦❞ ✐s ♥❡❡❞❡❞✳

❚❤✐s ✇♦r❦ st✉❞✐❡❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ❢♦r ❞✐❣✐t❛❧
✐♠❛❣❡ ❞❛t❛❜❛s❡s✱ ✈❡r✐❢②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✬s ♣❡r❢♦r♠❛♥❝❡ ✉s✐♥❣ ❢♦✉r ❞✐✛❡r❡♥t ♠❡t❤♦❞s ♦❢
❝♦❞❡✇♦r❞s ❞✐❝t✐♦♥❛r② ❣❡♥❡r❛t✐♦♥✳

■t s❤♦✇s t❤❛t ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❞❡s❝r✐♣t♦rs ❝❛♣t✉r✐♥❣ ❞✐✛❡r❡♥t ❛s♣❡❝ts ♦❢
t❤❡ ✐♠❛❣❡s✱ ❛✐♠✐♥❣ ❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥✲❜❛s❡❞ ❝❧❛ss✐✜❡rs✱ ✐s
❝❛♣❛❜❧❡ ♦❢ ❛❝❤✐❡✈✐♥❣ ❤✐t r❛t✐♦s ❛r♦✉♥❞ ✾✵%✱ ❡✈❡♥ ✐❢ ❡❛❝❤ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝❧❛ss✐✜❡rs ✐s♥✬t
❧❛r❣❡❧② s✉♣❡r✐♦r t♦ ❝❤❛♥❝❡✳

❨❡t✱ ❡①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ❞✉r✐♥❣ t❤✐s ✇♦r❦ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡
❝♦❞❡✇♦r❞s ❞✐❝t✐♦♥❛r② s✐③❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ t♦♣✐❝s ✐♥ t❤❡ ♠♦❞❡❧ ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t✱
♠❛❦✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♠❛❧❧✲s✐③❡❞✱ ❛♥❞ t❤✉s✱ ❡✣❝✐❡♥t ❝❧❛ss✐✜❡rs ♣♦ss✐❜❧❡✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❊s❝r❡✈❡r ❡st❛ ❞✐ss❡rt❛çã♦✱ ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡ à ♠✐♥❤❛ ❛t✐✈✐❞❛❞❡ ♣r♦✜ss✐♦♥❛❧✱ ♥ã♦ ❢♦✐ ♣❛r❛
♠✐♠ t❛r❡❢❛ ❢á❝✐❧✳ ◆ã♦ ❢♦r❛♠ ♣♦✉❝❛s ❛s ✈❡③❡s q✉❡ ♦ ú♥✐❝♦ ❝❛♠✐♥❤♦ q✉❡ ♠❡ ♣❛r❡❝✐❛ ♣♦ssí✈❡❧
❡r❛ ❞❡s✐st✐r✳ ❉❡ss❛ ❢♦r♠❛✱ ♥ã♦ ♣♦ss♦ ❝♦♠❡ç❛r ❡st❡s ❛❣r❛❞❡❝✐♠❡♥t♦s s❡♠ ♠❡♥❝✐♦♥❛r ❛q✉❡❧❡
q✉❡ ♠❡s♠♦ ♥ã♦ ❡st❛♥❞♦ ♠❛✐s ♣r❡s❡♥t❡✱ ❢♦✐ ❡ ❝♦♥t✐♥✉❛ s❡♥❞♦ ♠❡✉ ❣r❛♥❞❡ ✐♥❝❡♥t✐✈❛❞♦r✿
❆②rt♦♥ ❙❡♥♥❛ ❞♦ ❇r❛s✐❧✱ ♠❡✉ ❤❡ró✐✱ í❞♦❧♦ ❡ í❝♦♥❡✱ q✉❡ ❛tr❛✈és ❞❡ s❡✉s ❡①❡♠♣❧♦s ❡♠ ✈✐❞❛✱
♠❡ ❡♥s✐♥♦✉ ♦ q✉❡ é s❡r ✉♠ ✈❡♥❝❡❞♦r✳

❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ❡s♣♦s❛✱ ❇r✉♥❛✱ q✉❡ ❞✉r❛♥t❡ t♦❞♦ ❡ss❡ t❡♠♣♦ ❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦✱
s❡♥❞♦ ❣r❛♥❞❡ ✐♥❝❡♥t✐✈❛❞♦r❛ ❞❡st❡ tr❛❜❛❧❤♦✱ ❛❥✉❞❛♥❞♦ ✐♥❝❧✉s✐✈❡ ♥❛ r❡✈✐sã♦ ❞❛s ✈❡rsõ❡s
✜♥❛✐s✳ ❆♦s ♠❡✉s ♣❛✐s✳ ❙❡♠ ❛s ❛t✐t✉❞❡s ❞❡ ❛♣♦✐♦ à ❡❞✉❝❛çã♦ q✉❡ ❞❡❧❡s r❡❝❡❜✐✱ ❡✉ ❤♦❥❡
♣♦❞❡r✐❛ ❡st❛r ♣r♦❝❡ss❛♥❞♦ ♦ ❇♦r✐s ❈❛s♦②✳ ❆ ❜❡♠ ❞❛ ✈❡r❞❛❞❡✱ ♥ã♦ ❢♦ss❡♠ ♣♦r ❛t✐t✉❞❡s
❞❡❧❡s ♥♦ ♣❛ss❛❞♦✱ ❡✉ ♥❡♠ ♠❡s♠♦ ❡①✐st✐r✐❛✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ ♠❡✉ ✐r♠ã♦✱ ❡ss❛ ♣❡ss♦❛
❤é❧♣✐s✱ str♦❣♦♥♦✜❝❛♠❡♥t❡ s❡♥s✐✈❡❧✱ q✉❡ ♠❡ s❡r✈❡ t♦❞♦ ❞✐❛ ❞❡ ♣❛râ♠❡tr♦ ♣❛r❛ ❡✉ ♥ã♦ ♠❡
❛❝❤❛r tã♦ ❜♦❜♦ ❛ss✐♠✳

❆♦s ♠❡✉s ❛♠✐❣♦s ▲✉❝❛s ❡ ▼♦r❡♥♦✱ ♣♦r ❞❡♥tr❡ t❛♥t❛s ♦✉tr❛s ❝♦✐s❛s✱ t❡r❡♠ ♠❡ ❝❡❞✐❞♦
♣❛rt❡ ❞♦ s❡✉ ♣♦❞❡r ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ q✉❡ ❡✉ ♣✉❞❡ss❡ r♦❞❛r ✉♠❛ ♣❛r❝❡❧❛ ❞♦s ❡①♣❡r✐♠❡♥✲
t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡ss❛ ❞✐ss❡rt❛çã♦✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ❘❡❞ ❍❛t✱ ♠✐♥❤❛ ❡♠♣r❡❣❛❞♦r❛ ❞✉r❛♥t❡ t♦❞♦ ❡ss❡ t❡♠♣♦ ♥♦ q✉❛❧
❡✉ tr❛❜❛❧❤❡✐ ♥❡ss❛ ❞✐ss❡rt❛çã♦✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ r❛r❛♠❡♥t❡ ❞✐s♣❡♥s❛❞❛✱ ❡♠ ❡s♣❡❝✐❛❧ ♥❛ ❢❛s❡
✜♥❛❧ ❞❡st❡ tr❛❜❛❧❤♦✳

▼✉✐t♦s ❞❡ ♠❡✉s ❝♦❧❡❣❛s ❝♦❧❛❜♦r❛r❛♠ ❝♦♠ ❡st❡ tr❛❜❛❧❤♦✱ ❞✐r❡t❛✱ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ♥❛
❢♦r♠❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❛♣♦✐♦ ♦✉ ✐♥❝❡♥t✐✈♦✳ ❉❡♥tr❡ ❡❧❡s✱ ❛❣r❛❞❡ç♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❉✐❡❣♦
❆r❛♥❤❛✱ ❋❡r♥❛♥❞❛ ❆♥❞❛❧ó ❡ ❚✐❛❣♦ ❈❛r✈❛❧❤♦✳

P❛r❛ ❡♥❝❡rr❛r✱ s❡♠ ♣r❡❥✉í③♦ à s✉❛ ✐♠♣♦rtâ♥❝✐❛✱ ❛❣r❛❞❡ç♦ ❛ ❙②❧✈❡st❡r ❙t❛❧❧♦♥❡ ♣♦r t❡r
❢❡✐t♦ ♦s ✜❧♠❡s ❞♦ ❘♦❝❦②✳ ▼❡♥♦s ♦ q✉✐♥t♦✱ q✉❡ ❡✉ ♥ã♦ ❣♦st❡✐✳

✈✐✐



❙✉♠ár✐♦

Pr❡❢á❝✐♦ ✈

❆❜str❛❝t ✈✐

❆❣r❛❞❡❝✐♠❡♥t♦s ✈✐✐

✶ ■♥tr♦❞✉çã♦ ✶
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✷ ❋✉♥❞❛♠❡♥t♦s Pr♦❜❛❜✐❧íst✐❝♦s ✾
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✹ ❉❡s❝r✐t♦r❡s ❞❡ ■♠❛❣❡♥s ✸✶
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✺ ❊①♣❡r✐♠❡♥t♦s ✹✹
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✻ ❈♦♥❝❧✉sõ❡s ✼✺

❇✐❜❧✐♦❣r❛✜❛ ✼✼

✐①



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✸✳✶ ❘❡s✉♠♦ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s ❡ ❞✐s❝r✐✲
♠✐♥❛t✐✈♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✺✳✶ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❛s ❝❛t❡❣♦r✐❛s ◆♦r♠❛✐s ❡ ❆♥♦✲
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✺✳✷ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦ ❝♦♠ ❝r✐✲
tér✐♦ ❞❡ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛✱ ♣❛r❛ ❛s ❝❛t❡❣♦r✐❛s ◆♦r♠❛✐s ❡ ❆♥♦♠❛❧✐❛s✳ ✳ ✳ ✳ ✳ ✺✸
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✺✳✻ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r ❇■❈✱

✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✺✳✼ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r

❙❯❘❋✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳ ✳ ✻✻
✺✳✽ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r

❙❯❘❋✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳ ✳ ✻✼
✺✳✾ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r

P❛t❝❤❡s✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳ ✻✽
✺✳✶✵ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r

P❛t❝❤❡s✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳ ✻✾
✺✳✶✶ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ três ♣♦♥t♦s ♥❛ ❝✉r✈❛ ❞♦ ♥ú♠❡r♦

❞❡ ✐♠❛❣❡♥s✿ ✺✱ ✶✹ ❡ ✺✹✳ ❉❡s❝r✐t♦r❡s ✐♥❞✐✈✐❞✉❛✐s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✺✳✶✷ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ três ♣♦♥t♦s ♥❛ ❝✉r✈❛ ❞♦ ♥ú♠❡r♦

❞❡ ✐♠❛❣❡♥s✿ ✺✱ ✶✹ ❡ ✺✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
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▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❊①❡♠♣❧♦ ❞❡ ✉♠❛ r❡❞❡ ❇❛②❡s✐❛♥❛ ❣❡r❛❧✳ ❉❛❞♦s ✈❛❧♦r❡s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s
❞❡ A✱ B✱ ❡ C✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❛❧q✉❡r ♦✉tr♦ ♥ó ❞❛
r❡❞❡ ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥❢❡rê♥❝✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✷ ❈❧❛ss✐✜❝❛❞♦r ◆❛ï✈❡ ❇❛②❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✸✳✶ ❊①❡♠♣❧♦ ❞❡ ♠❛♣❡❛♠❡♥t♦ ❢♦r♥❡❝✐❞♦ ♣❡❧❛ té❝♥✐❝❛ ▲❙❆✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ❛s
♣❛❧❛✈r❛s ✶✱ ✷ ❡ ✹ sã♦ ❛ss♦❝✐❛❞❛s ❛♦ ❝♦♥❝❡✐t♦ ✶✱ ❛s ♣❛❧❛✈r❛s ✸ ❡ ✺ ❛♦ ❝♦♥❝❡✐t♦
✷✱ ❡ ❛ ♣❛❧❛✈r❛ ✻ ❛♦ ❝♦♥❝❡✐t♦ ✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✷ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠✉❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✹✳ ❖s ♥ós d ❡
w ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s✱ ❡♥q✉❛♥t♦ ♦ ♥ó z ❝♦rr❡s♣♦♥❞❡ às
✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✸ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠✉❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✺✳ ❖s ♥ós d ❡
w ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s✱ ❡♥q✉❛♥t♦ ♦ ♥ó z ❝♦rr❡s♣♦♥❞❡ às
✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✹ ❘❡❞❡ ❇❛②❡s✐❛♥❛ r❡♣r❡s❡♥t❛♥❞♦ ♦ ♠♦❞❡❧♦ ▲❉❆✳ ❖ ♥ó w ❝♦rr❡s♣♦♥❞❡ ❛♦s
❞❛❞♦s ♦❜s❡r✈á✈❡✐s✳ α ❡ β sã♦ ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✳ ❖s ♦✉tr♦s ♥ós✱ θ ❡
z✱ sã♦ ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s ❞♦ ♠♦❞❡❧♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✺ ❘❡❞❡ ❇❛②❡s✐❛♥❛ r❡♣r❡s❡♥t❛♥❞♦ ♦ ♠♦❞❡❧♦ ▲❉❆ s✐♠♣❧✐✜❝❛❞♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠
❛ ❊q✉❛çã♦ ✸✳✶✹✳ ◆ã♦ ❤á ✈❛r✐á✈❡✐s ♦❜s❡r✈á✈❡✐s✳ γ ❡ φ sã♦ ♦s ♣❛râ♠❡tr♦s ❞♦
♠♦❞❡❧♦✱ ❡ z ❡ θ ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✻ ❘❡❞❡ ❇❛②❡s✐❛♥❛ r❡♣r❡s❡♥t❛♥❞♦ ♦ ♠♦❞❡❧♦ ▲❉❆ s✉❛✈✐③❛❞♦✳ ❖s ♥ó w ❝♦r✲
r❡s♣♦♥❞❡ ❛♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s✱ ❡♥q✉❛♥t♦ ♦s ♥ós α ❡ η r❡♣r❡s❡♥t❛♠ ♦s
♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹✳✶ ❖❜t❡♥çã♦ ❞♦s ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♥♦s ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡✳ ❖s ❣r❛❞✐✲
❡♥t❡s sã♦ ❛❝✉♠✉❧❛❞♦s ❡♠ ✉♠ ❤✐st♦❣r❛♠❛ ❞❡ ♦✐t♦ ♣♦s✐çõ❡s✳ ◆❡st❛ ✐♠❛❣❡♠✱
✹ ❤✐st♦❣r❛♠❛s sã♦ ❝r✐❛❞♦s✱ t♦t❛❧✐③❛♥❞♦ ✉♠ ✈❡t♦r ❞❡ 4 × 8 = 32 ❞✐♠❡♥✲
sõ❡s✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛♣❡♥❛s ✉♠ ❞♦s ❤✐st♦❣r❛♠❛s é ♠♦str❛❞♦✳ ❊♠ s✉❛
❡①❡❝✉çã♦ ✉s✉❛❧✱ ♦ ❙■❋❚ ❝r✐❛ ✶✻ ❤✐st♦❣r❛♠❛s✱ t♦t❛❧✐③❛♥❞♦ ✶✷✽ ❞✐♠❡♥sõ❡s✳ ✳ ✳ ✸✹

①✐



✹✳✷ ❆ ✐♠❛❣❡♠ à ❡sq✉❡r❞❛ é ❛ ✐♠❛❣❡♠ ♦r✐❣✐♥❛❧✳ ➚ ❞✐r❡✐t❛✱ ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡
❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚✱ ❝♦♠ s✉❛s ♠❛❣♥✐t✉❞❡s ❡ ♦r✐❡♥t❛çõ❡s ❞♦♠✐♥❛♥t❡s✳ ✳ ✳ ✸✺

✹✳✸ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦
❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠❛ ❝❡♥❛ ❝♦♠♣❧❡①❛ ❞❛ q✉❛❧
❢❛③ ♣❛rt❡ ♦ ♦❜❥❡t♦ ♦r✐❣✐♥❛❧✳ ❖ ♦❜❥❡t♦ ❡♥❝♦♥tr❛✲s❡ ♥❛ ♠❡s♠❛ ♣♦s❡ ❡♠ ❛♠❜❛s
❛s ✐♠❛❣❡♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹✳✹ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦
❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠❛ ❝❡♥❛ ❝♦♠♣❧❡①❛ ❞❛ q✉❛❧
❢❛③ ♣❛rt❡ ♦ ♦❜❥❡t♦ ♦r✐❣✐♥❛❧✳ ❖ ♦❜❥❡t♦ ❡♥❝♦♥tr❛✲s❡ ❡♠ ♣♦s❡s ❞✐st✐♥t❛s ❡♠
❝❛❞❛ ✉♠❛ ❞❛s ✐♠❛❣❡♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✹✳✺ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚ ❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ❞✉❛s ✐♠❛❣❡♥s ✐❞ê♥t✐✲
❝❛s✱ ❡①❝❡t♦ ♣❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ✐❧✉♠✐♥❛çã♦✱ ❛rt✐✜❝✐❛❧♠❡♥t❡ ♠♦❞✐✜❝❛❞❛s✳ ✳ ✳ ✳ ✸✽

✹✳✻ ❉✐s♣♦s✐çã♦ ❞♦s ♣♦♥t♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ✉♠❛ ■♠❛❣❡♠ ■♥t❡❣r❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✹✳✼ ❆ ✐♠❛❣❡♠ à ❡sq✉❡r❞❛ é ❛ ✐♠❛❣❡♠ ♦r✐❣✐♥❛❧✳ ➚ ❞✐r❡✐t❛✱ ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡

❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙❯❘❋✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
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❈♦♠ ♦ ❛✉♠❡♥t♦ ❞❛s ❜❛s❡s ❞❡ ✐♠❛❣❡♠ ❞✐❣✐t❛✐s✱ ♠♦t✐✈❛❞❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❡❧❛ ♣♦♣✉❧❛r✐✲
③❛çã♦ ❞❛ ❲♦r❧❞ ❲✐❞❡ ❲❡❜✱ ❜❡♠ ❝♦♠♦ ❛ ♠❛ss✐✜❝❛çã♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ❞❡ ❝❛♣t✉r❛ ❞✐❣✐t❛❧
❞❡ ✐♠❛❣❡♥s✱ ♦ ♣r♦❝❡ss❛♠❡♥t♦ ❡ ❡①tr❛çã♦ ❞❡ ✐♥❢♦r♠❛çõ❡s s❡♠â♥t✐❝❛s ❞❡st❛s ✐♠❛❣❡♥s ❝r❡s❝❡
❡♠ ✐♠♣♦rtâ♥❝✐❛✳

❯♠❛ ✐♠❛❣❡♠✱ I(x,y)✱ é ❛q✉✐ r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ♣✐①❡❧s✱
♦✉ ♣✐❝t✉r❡ ❡❧❡♠❡♥ts✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ✐♠❛❣❡♠ ❞✐❣✐t❛❧ ♣❡rt❡♥❝❡ ❛♦
❞♦♠í♥✐♦ ❞✐s❝r❡t♦✳ ❈❛❞❛ ♣✐①❡❧✱ ♥♦ ❡♥t❛♥t♦✱ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❛♠♦str❛❣❡♠ ❞❡ ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡✱ ❝♦♠♦ t❛❧✱ é ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❡♥❞❡r❡çá✈❡❧ ❡♠ ✉♠❛ ❞❛❞❛ ✐♠❛❣❡♠✳ ❯♠❛
q✉❛♥t✐❞❛❞❡ ♠❛✐♦r ❞❡ ♣✐①❡❧s ❡q✉✐✈❛❧❡ ❛ r❡❛❧✐③❛r ❡st❛ ❛♠♦str❛❣❡♠ ❡♠ ✉♠❛ r❡s♦❧✉çã♦ ♠❛✐♦r✱
❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❝♦♠ ♠❡♥♦r ♣❡r❞❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❞♦♠í♥✐♦ ❝♦♥tí♥✉♦
♦r✐❣✐♥❛❧✳

❆ ✐♥❢♦r♠❛çã♦ ❡♥❝❡rr❛❞❛ ❡♠ I(x,y)✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ t❡♠ s✐❣♥✐✜❝❛❞♦ s❡♠â♥t✐❝♦ ✐♠❡❞✐❛t♦✳
❆❧é♠ ❞✐ss♦✱ ♣♦✉❝♦ ♣♦❞❡✲s❡ ✐♥❢❡r✐r ❛ r❡s♣❡✐t♦ ❞♦ s✐❣♥✐✜❝❛❞♦ ❞❛ ✐♠❛❣❡♠ ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡
❞♦s ♣✐①❡❧s s❡♣❛r❛❞❛♠❡♥t❡✳ ◆❛ t❛r❡❢❛ ❞❡ ❡①tr❛çã♦ ❞❡st❡ s✐❣♥✐✜❝❛❞♦✱ ❞❡✈❡✲s❡ r❡❝♦rr❡r ❛
❛❧❣✉♠❛ té❝♥✐❝❛ ❛❞✐❝✐♦♥❛❧✳

❆ ❢♦r♠❛ ♠❛✐s ✐♠❡❞✐❛t❛ ♣❛r❛ ❧✐❞❛r ❝♦♠ ❡st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ♥❛ ❛♥♦t❛çã♦ ♠❛♥✉❛❧
❢❡✐t❛ ♣♦r ❤✉♠❛♥♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❝❛❞❛ ✐♠❛❣❡♠ Ij ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s✱ ❛ss♦❝✐❛✲s❡
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛❧❛✈r❛s wj✳ ❊ss❛ ❡t❛♣❛ ♠❛♣❡✐❛ ♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦ ❞♦♠í♥✐♦ ❞❛ ❛♥á❧✐s❡
t❡①t✉❛❧✱ ♣❛r❛ ♦ q✉❛❧ ❤á ❛♠♣❧♦s r❡s✉❧t❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✺✷❪✳

❆ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♠❛❣❡♥s ♣r❡s❡♥t❡s ♥❡st❛s ❜❛s❡s ✐♥✈✐❛❜✐❧✐③❛ ❡st❛ té❝♥✐❝❛ ♠❛✐s
✐♠❡❞✐❛t❛✳ ❆❧é♠ ❞✐ss♦✱ ❤á ✉♠ ❧❛♣s♦ s❡♠â♥t✐❝♦ ❡♥tr❡ ❛ ❞❡s❝r✐çã♦ t❡①t✉❛❧ ❡ ♦ ❝♦♥t❡ú❞♦ ❞❛
✐♠❛❣❡♠ ♣r♦♣r✐❛♠❡♥t❡ ❞✐t♦ ❬✷✷❪✱ ♦ q✉❡ tr❛③ ✐♠♣❛❝t♦s ♣❛r❛ q✉❛✐sq✉❡r ❛❧❣♦r✐t♠♦s q✉❡ s❡
❛♣♦✐❡♠ ♥♦ ♠❛♣❡❛♠❡♥t♦ ❡♥tr❡ t❡①t♦ ❡ ✐♠❛❣❡♠✳

❆ss✐♠✱ ❞❡✈❡✲s❡ ✐♥✈❡st✐r ❡♠ té❝♥✐❝❛s ❛✉t♦♠❛t✐③❛❞❛s q✉❡ ♣❡r♠✐t❛♠ r❡❛❧✐③❛r ❛ss❡rçõ❡s ❛
r❡s♣❡✐t♦ ❞❛s ✐♠❛❣❡♥s✱ t❡♥❞♦ ❝♦♠♦ ❡♥tr❛❞❛ ♥❛❞❛ ♠❛✐s ❞♦ q✉❡ ❛s ♣ró♣r✐❛s ✐♠❛❣❡♥s✳ ❱ár✐❛s
sã♦ ❛s t❛r❡❢❛s q✉❡ ♣♦❞❡♠ s❡r r❡❛❧✐③❛❞❛s ♣❛r❛ ❛ ❡①tr❛çã♦ ❞❡ s✐❣♥✐✜❝❛❞♦ ❡♠ ✐♠❛❣❡♥s ❞✐❣✐t❛✐s✳

✶



✷

❊♠ ♠✉✐t❛s ❞❡❧❛s✱ é ❝♦♥✈❡♥✐❡♥t❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❡t❛♣❛s ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦✱ ❛ ✜♠ ❞❡ ♦❜t❡r
r❡♣r❡s❡♥t❛çõ❡s ❞❛s ✐♠❛❣❡♥s ❝♦♠ ♠❛✐♦r ❝❛r❣❛ s❡♠â♥t✐❝❛✳

❆❧❣✉♠❛s ❞❡st❛s ❡t❛♣❛s ❡♥✈♦❧✈❡♠ ❛ té❝♥✐❝❛ ❞❡ s❡❣♠❡♥t❛çã♦✳ ❖ ♦❜❥❡t✐✈♦ ❞❡ t❛r❡❢❛s ❞❡
s❡❣♠❡♥t❛çã♦ é s❡♣❛r❛r ♦❜❥❡t♦s ♣r❡s❡♥t❡s ❡♠ ✉♠❛ ❞❛❞❛ ✐♠❛❣❡♠✳ ❆ ♣❛rt✐r ❞❛ s❡❣♠❡♥t❛çã♦✱
é ♣♦ssí✈❡❧ ✉t✐❧✐③❛r ♦s ♦❜❥❡t♦s ❡♥❝♦♥tr❛❞♦s ❞❡ ♠♦❞♦ ❛ ❝r✐❛r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ s✐♠♣❧✐✜❝❛❞❛
q✉❡ t♦r♥❡ ❛ ❛♥á❧✐s❡ s❡♠â♥t✐❝❛ ♠❛✐s ✈✐á✈❡❧ ❬✹✽❪✳ ❆ s❡❣♠❡♥t❛çã♦ s❡❣✉✐❞❛ ❞❡ tr❡✐♥❛♠❡♥t♦
♣❛r❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ♦❜❥❡t♦s ❡♥❝♦♥tr❛❞♦s é ✉♠❛ ❢❡rr❛♠❡♥t❛ út✐❧ ♥❛ ❝❧❛ss✐✜❝❛çã♦ s❡♠â♥t✐❝❛
❞❡ ✐♠❛❣❡♥s ❬✺✺❪✳ ◆♦ ❡♥t❛♥t♦✱ ❛❜♦r❞❛❣❡♥s ❜❛s❡❛❞❛s ♥❛ s❡❣♠❡♥t❛çã♦ ♣ré✈✐❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡
tr❛❜❛❧❤♦ ❡s❜❛rr❛♠ ♥♦ ❢❛t♦ ❞❛ s❡❣♠❡♥t❛çã♦ s❡r ✉♠ ♣r♦❜❧❡♠❛ ❞✐❢í❝✐❧ ❡♠ s✐ ♠❡s♠♦ ❬✸❪✳

❯♠❛ ❛❧t❡r♥❛t✐✈❛ ❛♦ ✉s♦ ❞❛ s❡❣♠❡♥t❛çã♦ é ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛s ✐♠❛❣❡♥s ❛tr❛✈és ❞❡
❞❡s❝r✐t♦r❡s ❞❡ ✐♠❛❣❡♥s✱ s❡❥❛♠ ❡❧❡s ❧♦❝❛✐s ♦✉ ❣❧♦❜❛✐s✳ ❉❡s❝r✐t♦r❡s ❣❧♦❜❛✐s ❞❡s❝r❡✈❡♠ ♦
❝♦♥❥✉♥t♦ ❞❛ ✐♠❛❣❡♠ ❬✶✹❪✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❞❡s❝r✐t♦r ❣❧♦❜❛❧ é ✉♠ ❤✐st♦❣r❛♠❛ ❞❡ ❝♦r✳
❉❡s❝r✐t♦r❡s ❧♦❝❛✐s ❞❡s❝r❡✈❡♠ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡✳

❊♥tr❡ ❛s ❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❞❡s❝r✐çã♦ s❡♠â♥t✐❝❛ ❞❡ ✐♠❛❣❡♥s ❡stá ❛ ❘❡❝✉✲
♣❡r❛çã♦ ❞❡ ■♠❛❣❡♥s ♣♦r ❈♦♥t❡ú❞♦✱ ♦✉ ❈❇■❘ ✭❈♦♥t❡♥t✲❇❛s❡❞ ■♠❛❣❡ ❘❡tr✐❡✈❛❧✮✳ ❉❡ ❢♦r♠❛
❣❡r❛❧ ❡ ♥ã♦ ❡①t❡♥s✐✈❛✱ três ❣r❛♥❞❡s ❝❧❛ss❡s ❞❡ ❈❇■❘ sã♦ ❞❡s❝r✐t❛s ♥❛ ❧✐t❡r❛t✉r❛ ❬✹✾❪✿ ❜✉s✲
❝❛s ❛ss♦❝✐❛t✐✈❛s✱ ♦♥❞❡ ♣❛r❛ ❛❧❣✉♠ ❝r✐tér✐♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✱ ❞❡s❡❥❛✲s❡ ❡♥❝♦♥tr❛r ✐♠❛❣❡♥s
s✐♠✐❧❛r❡s ❛♦s ❡❧❡♠❡♥t♦s ❞❛ ❜✉s❝❛❀ ❜✉s❝❛ ❡s♣❡❝í✜❝❛✱ ♦♥❞❡ ❞❡s❡❥❛✲s❡ ❡♥❝♦♥tr❛r ✉♠❛ ✐♠❛❣❡♠
❡♠ ♣❛rt✐❝✉❧❛r❀ ❡ ❜✉s❝❛ ♣♦r ❝❛t❡❣♦r✐❛✱ ♦♥❞❡ ❞❡s❡❥❛✲s❡ ❡♥❝♦♥tr❛r ✉♠❛ ✐♠❛❣❡♠ ♣❡rt❡♥❝❡♥t❡
❛ ✉♠❛ ❞❛❞❛ ❝❛t❡❣♦r✐❛✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ♣♦ssí✈❡❧ ♣❛r❛ ❛ ❞❡s❝r✐çã♦ s❡♠â♥t✐❝❛ ❞❛s ✐♠❛❣❡♥s✱ ❞❛ q✉❛❧ tr❛t❛ ❡st❡
tr❛❜❛❧❤♦✱ é ❝♦♥str✉çã♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ I = {I1, ..., In} ❞❡ ✐♠❛✲
❣❡♥s ❡ m ❣r✉♣♦s ♣ré✲❞❡✜♥✐❞♦s✱ ❞❡s❡❥❛✲s❡ ✐❞❡♥t✐✜❝❛r ❛ q✉❛❧ ❞♦s ❣r✉♣♦s ❝❛❞❛ ✐♠❛❣❡♠ Ij

♣❡rt❡♥❝❡✳ ❈❧❛ss✐✜❝❛❞♦r❡s sã♦ ❞✐✈✐❞✐❞♦s ❡♠ ❞♦✐s ❣r❛♥❞❡s ❣r✉♣♦s✿ s✉♣❡r✈✐s✐♦♥❛❞♦s ❡ ♥ã♦✲
s✉♣❡r✈✐s✐♦♥❛❞♦s✳

❙ã♦ ❞✐t♦s s✉♣❡r✈✐s✐♦♥❛❞♦s✱ ♦s ❝❧❛ss✐✜❝❛❞♦r❡s ❛♣r❡s❡♥t❛❞♦s ❛ ❞❛❞♦s ❛♥♦t❛❞♦s✱ ♦✉ s❡❥❛✱
❢✉♥çõ❡s y = f(x)✱ q✉❡ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦ x = {x1,...,xn} ❛ss♦❝✐❛♠
❝❛❞❛ xj ❛ ✉♠❛ ❡♥tr❡ ❛s n ❝❧❛ss❡s ❞♦ ♣r♦❜❧❡♠❛✳ ❆ t❛r❡❢❛ ❞♦ ❝❧❛ss✐✜❝❛❞♦r é ❡st✐♠❛r ✉♠❛
❢✉♥çã♦ q✉❡ ♠❡❧❤♦r ❛♣r♦①✐♠❡ ❛ ❢✉♥çã♦ r❡❛❧ ❬✷✸❪✱ ❛ ✜♠ ❞❡ ✉t✐❧✐③á✲❧❛ ♣❛r❛ ❝❧❛ss✐✜❝❛r ❞❛❞♦s
s♦❜r❡ ♦s q✉❛✐s ♦ ❝❧❛ss✐✜❝❛❞♦r ♥ã♦ t❡✈❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦✳

❙ã♦ ❞✐t♦s ♥ã♦✲s✉♣❡r✈✐s✐♦♥❛❞♦s✱ ♦s ❝❧❛ss✐✜❝❛❞♦r❡s ♣❛r❛ ♦s q✉❛✐s ❛ ú♥✐❝❛ ✐♥❢♦r♠❛çã♦ ❞✐s✲
♣♦♥í✈❡❧ é ♦ ❝♦♥❥✉♥t♦ x✳ ❉❡s❡❥❛✲s❡ ❝❛♣t✉r❛r ❡❧❡♠❡♥t♦s ❡str✉t✉r❛✐s ❞♦s ❞❛❞♦s✱ q✉❡ ♣❡r♠✐t❛♠
❞❡s❝r❡✈ê✲❧♦s ♦✉ ❛❣r✉♣á✲❧♦s ❞❡ ❢♦r♠❛ s❛t✐s❢❛tór✐❛ ❬✷✸❪✳

❚❛♠❜é♠ sã♦ ❡♥❝♦♥tr❛❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s q✉❡ r❡ú♥❡♠ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❛♠❜♦s ♦s ❝❧❛s✲
s✐✜❝❛❞♦r❡s ❞❡s❝r✐t♦s✳ ❈❧❛ss✐✜❝❛❞♦r❡s s❡♠✐✲s✉♣❡r✈✐s✐♦♥❛❞♦s sã♦ ❛q✉❡❧❡s ❛♦s q✉❛✐s sã♦ ❛♣r❡✲
s❡♥t❛❞♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s D = {x1,...xn,k1,...kn}✱ ❝♦♠ ❛♥♦t❛çõ❡s y = f(d = {xj})

❞✐s♣♦♥í✈❡✐s ♣❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ {xj} ∈ D ❬✾❪✳
❯♠❛ ❛❜♦r❞❛❣❡♠ só❧✐❞❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❝♦♥s✐st❡ ♥♦ ✉s♦ ❞❡ ❡st❛tíst✐❝❛



✶✳✶✳ ❚r❛❜❛❧❤♦s ❘❡❧❛❝✐♦♥❛❞♦s ✸

❇❛②❡s✐❛♥❛✳ ❈❧❛ss✐✜❝❛❞♦r❡s ❇❛②❡s✐❛♥♦s sã♦ ❝❧❛ss✐✜❝❛❞♦r❡s s✉♣❡r✈✐s✐♦♥❛❞♦s ❡♠♣r❡❣❛❞♦s ❝♦♠
❜♦♥s r❡s✉❧t❛❞♦s ♣rát✐❝♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✷✶✱ ✶✷✱ ✶✽❪✳ ◆❡st❡s✱ ✉♠ ❣r❛❢♦ ❛❝í❝❧✐❝♦ ❞✐r✐❣✐❞♦✱ ♦✉
r❡❞❡ ❇❛②❡s✐❛♥❛ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠♦❞❡❧❛r ♦ ❣r❛✉ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝❧❛ss❡s
❞♦ ♠♦❞❡❧♦ ❛tr❛✈és ❞❛ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s✳

❘❡❞❡s ❇❛②❡s✐❛♥❛s r❡❛❧✐③❛♠ ♣r♦❝❡ss♦s ❞❡ ✐♥❢❡rê♥❝✐❛ ❛ ♣❛rt✐r ❞❡ t❛❜❡❧❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s
❝♦♥❞✐❝✐♦♥❛✐s✳ ❚❛♥t♦ ❡st❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ❝♦♠♦ ❛ ♣ró♣r✐❛ ❡str✉t✉r❛ ❞❛s ❝♦♥❡①õ❡s ❞❡ ✉♠❛
r❡❞❡ ❇❛②❡s✐❛♥❛✱ ♣♦❞❡♠ s❡r ♣r❡✈✐❛♠❡♥t❡ ❡s♣❡❝✐✜❝❛❞❛s ❛ ♣❛rt✐r ❞❡ ❝♦♥s✉❧t❛ ❛ ❡s♣❡❝✐❛❧✐st❛s✱
♦✉ ❡st✐♠❛❞❛s ❡♠ ❢✉♥çã♦ ❞♦s ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ❬✹✶❪✳

❆♣❡s❛r ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ❇❛②❡s✐❛♥♦s s❡r❡♠ ❝❧❛ss✐✜❝❛❞♦r❡s s✉♣❡r✈✐s✐♦♥❛❞♦s✱ ❛ ❡s❝♦❧❤❛
❞❡ ✉♠❛ ❡♥tr❡ ❛s ✈ár✐❛s r❡❞❡s ❇❛②❡s✐❛♥❛s ♣❛r❛ ♠❡❧❤♦r ❞❡s❝r❡✈❡r ✉♠ ❝❧❛ss✐✜❝❛❞♦r é ✉♠
♣r♦❜❧❡♠❛ ♥ã♦ s✉♣❡r✈✐s✐♦♥❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s ❡①❡♠♣❧♦s ❢♦r♥❡❝✐❞♦s r❡❢❡r❡♠✲s❡ ❛♦s ❞❛❞♦s
♦❜s❡r✈❛❞♦s✱ ❡ ♥ã♦ à ❡str✉t✉r❛ ❞❛ r❡❞❡ ❡♠ s✐ ❬✷✶❪✳

❊st❡ tr❛❜❛❧❤♦ é ✉♠ ❡st✉❞♦ ❛ r❡s♣❡✐t♦ ❞❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ❜❛s❡❛❞♦s ❡♠
r❡❞❡s ❇❛②❡s✐❛♥❛s ♣❛r❛ s❡♣❛r❛r ♠í❞✐❛s ❞✐s❝r❡t✐③á✈❡✐s✳ ❆t❡♥çã♦ ❡s♣❡❝✐❛❧ é ❞❛❞❛ ❛♦ ♠ét♦❞♦
▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥ ♥♦ ❞♦♠í♥✐♦ ❡s♣❡❝í✜❝♦ ❞❛s ✐♠❛❣❡♥s ❞✐❣✐t❛✐s✳

◆♦ r❡st❛♥t❡ ❞♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ s❡rá ❛♣r❡s❡♥t❛❞♦ ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞❡ ❛♣❧✐❝❛çõ❡s
❞❡ ❛♥á❧✐s❡ ❡♠ ✐♠❛❣❡♥s q✉❡ s❡ r❡❧❛❝✐♦♥❛♠ ❝♦♠ ♠ét♦❞♦s ❇❛②❡s✐❛♥♦s✳ ❊♠ s❡❣✉✐❞❛✱ sã♦
♠♦str❛❞❛s ❛♣❧✐❝❛çõ❡s ❞❡s❝r✐t❛s ♥❛ ❧✐t❡r❛t✉r❛ ♣❛r❛ ♦ ♠ét♦❞♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥

t❛♥t♦ ♥♦ ❞♦♠í♥✐♦ ❞❡ t❡①t♦s✱ q✉❛♥t♦ ♥❛ ❝r✐❛çã♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ♣❛r❛ ♠í❞✐❛s ❝♦♠♣❧❡①❛s✳
❯♠❛ r❡✈✐sã♦ ❞❛ t❡♦r✐❛ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♠ ❢♦❝♦ ♥♦ ❢❡rr❛♠❡♥t❛❧ ❜❛②❡s✐❛♥♦ é ✐♥tr♦✲

❞✉③✐❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❜❛s❡ t❡ór✐❝❛ ❞❡ ❛❧❣♦r✐t♠♦s ❞❛ ❢❛♠í❧✐❛ ❊①♣❡❝t❛t✐♦♥✲
▼❛①✐♠✐③❛t✐♦♥✱ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❡st✐♠❛r ♣❛râ♠❡tr♦s ❞❡ ❞✐str✐❜✉✐çõ❡s✳ ❙❡❣✉❡✲s❡ ❛ ✐ss♦✱ ♥♦
❈❛♣ít✉❧♦ ✸✱ ❡①❡♠♣❧♦s ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ♣r♦❜❛❜✐❧íst✐❝♦s✱ ❡♥tr❡ ❡❧❡s ♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦✲

❝❛t✐♦♥✳ ❯♠ r❡s✉♠♦ ❞♦s ❞❡s❝r✐t♦r❡s ❞❡ ✐♠❛❣❡♥s ✉t✐❧✐③❛❞♦s ♥❛s ♣rát✐❝❛s ❞❡st❛ ❞✐ss❡rt❛çã♦ é
❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳

P♦r ✜♠✱ ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ♥♦ ❝♦♥t❡①t♦ ❞❡st❡ tr❛❜❛❧❤♦ ♠♦str❛r❛♠ q✉❡ ❛ ❝♦♠❜✐♥❛✲
çã♦ ❞❡ ❞✐❢❡r❡♥t❡s ❞❡s❝r✐t♦r❡s ❝❛♣t✉r❛♥❞♦ ❛s♣❡❝t♦s ❞✐st✐♥t♦s ❞❛s ✐♠❛❣❡♥s✱ ♣❛r❛ ❛ ❝♦♥str✉çã♦
❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ♣❡❧♦ ♠ét♦❞♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥ é ❝❛♣❛③ ❞❡ ♦❜t❡r t❛①❛s ❞❡ ❛❝❡rt♦
♠é❞✐❛s s❛t✐s❢❛tór✐❛s✱ ❛✐♥❞❛ q✉❡ ❝❛❞❛ ❝❧❛ss✐✜❝❛❞♦r ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ♥ã♦ t❡♥❤❛ ❞❡s❡♠♣❡♥❤♦
♠✉✐t♦ s✉♣❡r✐♦r à ❝❤❛♥❝❡✳

❆✐♥❞❛✱ ♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❞❡♠♦♥str❛r❛♠ q✉❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ❡ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s ♥ã♦ é s✐❣♥✐✜❝❛t✐✈❛✱ s❡♥❞♦ ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❝❧❛ss✐✜❝❛❞♦r❡s
❝♦♠ ♣♦✉❝♦s tó♣✐❝♦s ❧❛t❡♥t❡s ❛ ♣❛rt✐r ❞❡ ♣♦✉❝❛s ♣❛❧❛✈r❛s ✈✐s✉❛✐s✱ ❡ ♣♦rt❛♥t♦✱ ❡✜❝✐❡♥t❡s✳

✶✳✶ ❚r❛❜❛❧❤♦s ❘❡❧❛❝✐♦♥❛❞♦s

❋❡✐✲❋❡✐ ❡t ❛❧✳ ❬✷✵❪ ✉t✐❧✐③❛♠ ✉♠❛ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ♣❛r❛ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♦❜❥❡t♦s ✉t✐❧✐✲
③❛♥❞♦ ✉♠ ♥ú♠❡r♦ r❡❞✉③✐❞♦ ❞❡ ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❖s ❛✉t♦r❡s ✉t✐❧✐③❛♠ ✉♠ ♣r♦❝❡ss♦



✶✳✷✳ ❆♣❧✐❝❛çõ❡s ❞♦ ▲❉❆ ✹

❞❡ ❛♣r❡♥❞✐③❛❞♦ ♥ã♦✲s✉♣❡r✈✐s✐♦♥❛❞♦ ♦♥❞❡ ✐♥❢♦r♠❛çõ❡s ❣❡♥ér✐❝❛s s♦❜r❡ ❛s ❝❧❛ss❡s ❥á ♣r❡✈✐❛✲
♠❡♥t❡ ❝♦♥❤❡❝✐❞❛s sã♦ ❛❝♦♣❧❛❞♦s à ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐✳ ❊st❛ ❛❜♦r❞❛❣❡♠ r❡❞✉③ ♦ ♥ú♠❡r♦
❞❡ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ♥❡❝❡ssár✐❛s ♣❛r❛ r❡❝♦♥❤❡❝❡r ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ♣❡rt♦ ❞❡ ✶✵✵✱
♣❛r❛ té❝♥✐❝❛s ❝♦♥✈❡♥❝✐♦♥❛✐s✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ❡♥tr❡ ✶ ❡ ✺✳

❲r❡❞❡ ❡t ❛❧✳ ❬✺✺❪ ❛♥❛❧✐s❛♠ ✈í❞❡♦s ❡♠ ❜✉s❝❛ ❞❡ ♦❜❥❡t♦s ♣❡rt❡♥❝❡♥t❡s à ❝❧❛ss❡s ♣ré✲
❡st❛❜❡❧❡❝✐❞❛s✳ ❖s ❛✉t♦r❡s ✉t✐❧✐③❛♠ ✉♠❛ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛s ♣♦ssí✈❡✐s
❛çõ❡s r❡❛❧✐③❛❞❛s ❡♥✈♦❧✈❡♥❞♦ ❡ss❡s ♦❜❥❡t♦s✳ ❆ r❡❞❡ é ✉t✐❧✐③❛❞❛ ❡♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥❢❡rê♥✲
❝✐❛✱ ♦♥❞❡ ❡❧❡s ❜✉s❝❛♠ ❞❡t❡r♠✐♥❛r q✉❛✐s ❛çõ❡s ❡stã♦ s❡♥❞♦ r❡❛❧✐③❛❞❛s ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s
♦❜s❡r✈❛❞♦s✳ ❆❧é♠ ❞✐ss♦✱ s❡✉ tr❛❜❛❧❤♦ ❛✉♠❡♥t❛ ♦✉ ❞✐♠✐♥✉✐ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛ ♣r❡s❡♥ç❛
❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♦❜❥❡t♦ ♦✉ ❛çã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ♦✉tr♦s ❡❧❡♠❡♥t♦s ♣r❡s❡♥t❡s ♥❛ ❝❡♥❛✳
◆♦ ❡♥t❛♥t♦✱ ❛ ❡str✉t✉r❛ ❞❛ r❡❞❡ é ❡stát✐❝❛✱ ❡ ♣r❡❝✐s❛ s❡r ❞❡✜♥✐❞❛ ❝❛s♦ ❛ ❝❛s♦✳

●❛♦ ❡ ❋❛♥ ❬✷✷❪ ✉t✐❧✐③❛♠ ✉♠❛ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ♣❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ✐♠❛❣❡♥s ❞❡ ❛❝♦r❞♦
❝♦♠ s❡✉ ❝♦♥t❡ú❞♦ s❡♠â♥t✐❝♦ ❡♠ ✈ár✐♦s ♥í✈❡✐s✳ ❖✉ s❡❥❛✿ ❛tr✐❜✉✐✲s❡ ✉♠❛ ♠❡s♠❛ ✐♠❛❣❡♠
❛♦s ❣r✉♣♦s ❝❛rr♦✱ ✈❡í❝✉❧♦✱ ❡t❝✳

✶✳✷ ❆♣❧✐❝❛çõ❡s ❞♦ ▲❉❆

❆♣❡s❛r ❞❡ ♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡s❝r✐t♦ ♣❛r❛ ❞♦❝✉♠❡♥t♦s ❞❡ t❡①t♦✱ ♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥

✭▲❉❆✮ ♣♦❞❡ s❡r ✉s❛❞♦ s♦❜r❡ q✉❛❧q✉❡r ❝♦r♣✉s ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s✳
❲❡✐ ❡ ❈r♦❢t ❬✺✸❪ ♣r♦♣õ❡♠ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ▲❉❆ ♣❛r❛ t❛r❡❢❛s ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡ ✐♥❢♦r✲

♠❛çã♦✱ ❡♠ ♦♣♦s✐çã♦ ❛♦ ✉s♦ ❝❧áss✐❝♦ ♣❛r❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❞♦❝✉♠❡♥t♦s✳
❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦✱ ❞❡✜♥❡✲s❡ ✉♠❛ ❡①♣r❡ssã♦ ❝❤❛♠❛❞❛

✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ ❝♦♥s✉❧t❛✱ ❝♦♠♦

P (Q|D) =
∏

q∈Q

P (q|D), ✭✶✳✶✮

♦♥❞❡ D ❝♦rr❡s♣♦♥❞❡ ❛♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ✭α ❡ β ♣❛r❛ ♦ ❝❛s♦ ❞♦ ▲❉❆✮✱ ❡ Q =

{q1, ..., qn} ♦s t❡r♠♦s ✉t✐❧✐③❛❞♦s ♥❛ ❝♦♥s✉❧t❛✳
◆❡ss❡ ♠♦❞❡❧♦✱ P (Q|D) é ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ q✉❡ ❛ss♦❝✐❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦s t❡r♠♦s

❞❡ ❝♦♥s✉❧t❛ s❡r❡♠ ❣❡r❛❞♦s ❛ ♣❛rt✐r ❞♦s ♣❛râ♠❡tr♦s D✳ ◆♦t❡ q✉❡ ❛ ❊q✉❛çã♦ ✶✳✶ s✉♣õ❡ q✉❡
♦s t❡r♠♦s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♥tr❡ s✐ ❞❛❞♦ ♦s ♣❛râ♠❡tr♦s✳

❆❧é♠ ❞✐ss♦✱ ♥♦t❛✲s❡ q✉❡ ❛ ❊q✉❛çã♦ ✶✳✶ ♥ã♦ ❡s♣❡❝✐✜❝❛ ✉♠ ♠♦❞❡❧♦ ❣❡♥❡r❛t✐✈♦✱ ❞❛❞♦ q✉❡
❛♣❡♥❛s ❢♦r♥❡❝❡ ❢❡rr❛♠❡♥t❛❧ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐✳

❈❛❞❛ t❡r♠♦ ❞❡ ❝♦♥s✉❧t❛ q é ✉♠❛ ♣❛❧❛✈r❛ w ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠ ✈♦❝❛❜✉❧ár✐♦✳ ❆tr❛✈és
❞❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❢r❡q✉ê♥❝✐❛s ❛❧✐❛❞❛ ❛ ❛❧❣✉♠ ♠ét♦❞♦ ❞❡ s✉❛✈✐③❛çã♦✱ ❝♦♠♦ s✉❛✈✐③❛çã♦ ❞❡
❉✐r✐❝❤❧❡t ❬✺✻❪✱ ♣♦❞❡✲s❡ ❡s♣❡❝✐✜❝❛r

P (w|D) =
Nd

Nd + µ
PML(w|D) +

(

1−
Nd

Nd + µ

)

PML(w|C), ✭✶✳✷✮



✶✳✷✳ ❆♣❧✐❝❛çõ❡s ❞♦ ▲❉❆ ✺

❝♦♠♦ s❡♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ ❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ♣❛❧❛✈r❛ ❞♦ ♠♦❞❡❧♦✳ ◆❡st❛ ❡①♣r❡ssã♦✱ PML(w|D)

é ❛ ❡st✐♠❛t✐✈❛ q✉❡ ♠❛①✐♠✐③❛ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❛ ♣❛❧❛✈r❛ w ❡♠ ✉♠ ❞♦❝✉♠❡♥t♦ ❡s♣❡❝í✜❝♦
❝♦♥t❡♥❞♦ Nd ♣❛❧❛✈r❛s✱ ❡♥q✉❛♥t♦ PML(w|C) é ❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❛
♣❛❧❛✈r❛ w ❡♠ t♦❞❛ ❝♦❧❡çã♦ ❞❡ ❞♦❝✉♠❡♥t♦s✱ C✳ ❖ t❡r♠♦ µ é ✉♠ ♣❛râ♠❡tr♦ ❞❛ ❞✐str✐❜✉✐çã♦✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ♠♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s ❝♦♠♦ ♦ ▲❉❆ ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡
✐♥❢♦r♠❛çã♦ é ♦ ❡①❝❡ss♦ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❬✶✶❪✳ P♦ss✐✈❡❧♠❡♥t❡✱ ❤á ✐♥t❡r❡ss❡ ❡♠
❞❡t❡r♠✐♥❛❞♦s t❡r♠♦s ❡s♣❡❝í✜❝♦s ❞❛ ❝♦♥s✉❧t❛✳ ❊st❛ ✐♥❢♦r♠❛çã♦ é ♣❡r❞✐❞❛ q✉❛♥❞♦ s❡ tr❛✲
❜❛❧❤❛ ♥♦ ❡s♣❛ç♦ ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s ♣r♦❞✉③✐❞♦ ♣❡❧♦ ▲❉❆✳

❈♦♠♦ ✉♠ ❡①❡♠♣❧♦ ❞❡st❡ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡r❛✲s❡ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❞❡ t❡r♠♦s ❞❡
❝♦♥s✉❧t❛✿

❣♦❧s ❜r❛s✐❧ ♠✉♥❞✐❛❧ P❡❧é

❊s♣❡r❛✲s❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❝♦♠♦ ♦ ▲❉❆✱ q✉❡ ❛ss♦❝✐❡ ♦s t❡r♠♦s ✏❣♦❧s✱ ❜r❛s✐❧ ❡ ♠✉♥❞✐❛❧✑
❛ tó♣✐❝♦s ❧❛t❡♥t❡s ❛ss♦❝✐❛❞♦s ❛ ❢✉t❡❜♦❧✳ P♦ré♠✱ ♥❡st❡ ❝❛s♦✱ ❛❧é♠ ❞♦s t❡r♠♦s ❞✐s❝✉t✐❞♦s✱
❤á ✐♥t❡r❡ss❡ ❡s♣❡❝í✜❝♦ ❡♠ ❞♦❝✉♠❡♥t♦s q✉❡ ♠❡♥❝✐♦♥❡♠ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ t❡r♠♦ P❡❧é✳ ❊st❛
r❡❧❛çã♦ ♥ã♦ é ❝❛♣t✉rá✈❡❧ ♣❡❧♦ ♠♦❞❡❧♦ ▲❉❆✱ ❛ ♠❡♥♦s q✉❡ ♦ t❡r♠♦ ❡s♣❡❝í✜❝♦ ❛♣❛r❡ç❛ ❝♦♠
❢r❡q✉ê♥❝✐❛ s✉✜❝✐❡♥t❡ ♥♦s ❞♦❝✉♠❡♥t♦s ♣❡sq✉✐s❛❞♦s✳

❯♠❛ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ é ❡s♣❡❝✐✜❝❛r ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♠♦
❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❡♥tr❡ ❛ ❊q✉❛çã♦ ✶✳✷ ❡ ♦ t❡r♠♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞♦ ▲❉❆✱ PLDA(w|D)✳
❉❡ss❛ ❢♦r♠❛✱ ❞♦❝✉♠❡♥t♦s q✉❡ ❛♣r❡s❡♥t❡♠ ❛❧t❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ r❡❧❛❝✐♦♥❛❞❛ ❛♦s t❡r♠♦s ❡s✲
♣❡❝í✜❝♦s ♣♦❞❡♠ t❛♠❜é♠ ❝♦♥tr✐❜✉✐r ♣❛r❛ ❛✉♠❡♥t❛r ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❆ ❊q✉❛çã♦ ♣♦❞❡
s❡r r❡❡s❝r✐t❛ ❝♦♠♦

P (w|D) = λ

(

Nd

Nd + µ
PML(w|D) +

(

1−
Nd

Nd + µ

)

PML(w|C)

)

+ (1− λ)PLDA(w|D),

✭✶✳✸✮
♦♥❞❡ 0 ≤ λ ≤ 1 é ✉♠ ❢❛t♦r r❡❛❧ q✉❡ ❞❡t❡r♠✐♥❛ ❛ ♣r♦♣♦rçã♦ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s✳ P♦ré♠✱
❛ ♠❡❧❤♦r ❝♦♥✜❣✉r❛çã♦ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❣❡r❛✐s ❡ ❡s♣❡❝í✜❝❛s ♥ã♦ é ♦❜✈✐❛✱ t♦r♥❛♥❞♦ ❛
s♦❧✉çã♦ ♥ã♦ s❛t✐s❢❛tór✐❛ ❡♠ ♠✉✐t♦s ❝❛s♦s ❬✶✶❪✳

❋❡✐✲❋❡✐ ❡ P❡r♦♥❛ ❬✶❪ ✉t✐❧✐③❛♠ ♦s ♠ét♦❞♦s ▲❉❆ ❡ Pr♦❜❛❜✐❧✐st✐❝ ▲❛t❡♥t ❙❡♠❛♥t✐❝ ❆♥❛❧②s✐s

✭P▲❙❆✮ ♣❛r❛ ❝♦♥str✉✐r ✉♠ ❝❧❛ss✐✜❝❛❞♦r ❞❡ ❝❡♥❛s ♥❛t✉r❛✐s✳ ❆ t❛r❡❢❛ ❞❡ ❝❛t❡❣♦r✐③❛çã♦ ❞❡
❝❡♥❛s ❞✐❢❡r❡ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞❛ t❛r❡❢❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ♦❜❥❡t♦s ❡♠ ✐♠❛❣❡♥s✳ ◆ã♦ ❤á
♥❡❝❡ss✐❞❛❞❡ ❞❡ ❡s♣❡❝✐✜❝❛r s❡ ❡ ♦♥❞❡ ❞❡t❡r♠✐♥❛❞♦s ♦❜❥❡t♦s ❡stã♦ ♣r❡s❡♥t❡s ♥❛ ❝❡♥❛✳ ❉❡s❡❥❛✲
s❡ ❛♣❡♥❛s ❝❧❛ss✐✜❝❛r ❛ ❝❡♥❛ ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠❛ ❡♥tr❡ k ❝❧❛ss❡s ♣ré✲❡st❛❜❡❧❡❝✐❞❛s✳

❖s ❛✉t♦r❡s ❛r❣✉♠❡♥t❛♠ q✉❡ s❡r❡s ❤✉♠❛♥♦s sã♦ ❝❛♣❛③❡s ❞❡ ❞❡t❡❝t❛r ❝❡♥❛s ❝♦♠♣❧❡①❛s
r❛♣✐❞❛♠❡♥t❡✱ s❡♠ ❞✐s♣❡♥s❛r ❛t❡♥çã♦ ❡s♣❡❝✐❛❧✳ ❊ss❛ ✐♥❢♦r♠❛çã♦ s✉❣❡r❡ ❛❧❣✉♠ ♣♦t❡♥❝✐❛❧
❞❡ ❡①♣❧♦r❛çã♦ ❞❡ ♠ét♦❞♦s ❣❡♥❡r❛t✐✈♦s ❜❛s❡❛❞♦s ❡♠ ❡①tr❛çã♦ ❞❡ ✐♥❢♦r♠❛çõ❡s ❜r✉t❛s ❞❛
✐♠❛❣❡♠✱ s❡♠ ♣ré✈✐❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ♦❜❥❡t♦s ♣r❡s❡♥t❡s✳
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❆ ✐❞❡✐❛ ❝❡♥tr❛❧ é r❡♣r❡s❡♥t❛r ❛ ✐♠❛❣❡♠ ❝♦♠♦ ✉♠ ❞✐❝✐♦♥ár✐♦ ❞❡ ♣❛❧❛✈r❛s ✈✐s✉❛✐s✳ ❈❛❞❛
♣❛❧❛✈r❛ é ✉♠ ♣❡❞❛ç♦ ❞❛ ✐♠❛❣❡♠✱ ❧♦❝❛❧✐③❛❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ♦✉ s❡❣✉♥❞♦ ❛❧❣✉♠ ♣❛❞rã♦✱
❝♦♠♦ ♦ ✉s♦ ❞❡ ❡①tr❛t♦r❡s ❞❡ ♣♦♥t♦s ❝❛r❛❝t❡ríst✐❝♦s✳ ❆ss✐♠✱ ❝❛❞❛ ❧♦❝❛❧✐③❛çã♦ é r❡♣r❡s❡♥t❛❞❛
❛tr❛✈és ❞❡ ❛❧❣✉♠ ❞❡s❝r✐t♦r ❧♦❝❛❧✱ ❝♦♠♦ ♦ ❙❝❛❧❡✲■♥✈❛r✐❛♥t ❋❡❛t✉r❡ ❚r❛♥s❢♦r♠ ✭❙■❋❚✮ ❬✸✽❪✳
❯♠❛ ✐♠❛❣❡♠ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ é r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠ ✈❡t♦r ❞❡ ❞❡s❝r✐t♦r❡s✳
P❛r❛ ♦ ❝❛s♦ ❞♦ ❙■❋❚✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ✐♠❛❣❡♠ é ❡s❝r✐t❛ ❝♦♠♦ N ✈❡t♦r❡s ❞❡ ✶✷✽ ❞✐♠❡♥sõ❡s✳

❯♠❛ ✈❡③ r❡❛❧✐③❛❞♦ ❡ss❡ ♣r♦❝❡ss♦ ❝♦♠ t♦❞❛s às ✐♠❛❣❡♥s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✱
♦s N ✈❡t♦r❡s sã♦ ❛tr✐❜✉í❞♦s ❛ c ✏♣❛❧❛✈r❛s✑✱ ❛tr❛✈és ❞❡ ❛❧❣✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❛❣r✉♣❛♠❡♥t♦✱
❝♦♠♦ ♦ ❦✲♠❡❛♥s✳ ❈♦♠ ❡ss❛ ✐♥❢♦r♠❛çã♦ é ♣♦ssí✈❡❧ r❡♣r❡s❡♥t❛r ❝❛❞❛ ✐♠❛❣❡♠ ❝♦♠♦ ✉♠❛
❧✐st❛ ❞❡ ♣❛❧❛✈r❛s✱ ❛♣❡♥❛s ✉t✐❧✐③❛♥❞♦ ♦ í♥❞✐❝❡ ❞♦ ❣r✉♣♦ ❛ q✉❛❧ ♦ ❞❡s❝r✐t♦r ♦r✐❣✐♥❛❧ ♣❡rt❡♥❝❡✳

❯♠ ♣r♦❝❡ss♦ s✐♠✐❧❛r é ❡♠♣r❡❣❛❞♦ ❢r❡♥t❡ ❛s ✐♠❛❣❡♥s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✿ ❡❧❛s sã♦ ❞❡s✲
❝r✐t❛s ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❡s❝r✐t♦r❡s ❧♦❝❛✐s q✉❡ sã♦ ❛tr✐❜✉í❞♦s ❛ ✉♠ ❞♦s ❛❣r✉♣❛♠❡♥t♦s
q✉❡ ❝♦♠♣õ❡♠ ♦ ❞✐❝✐♦♥ár✐♦✳

❯♠❛ ✈❡③ q✉❡ ❝❛❞❛ ✐♠❛❣❡♠ é r❡♣r❡s❡♥t❛❞❛ ♣♦r s✉❜❝♦♥❥✉♥t♦s ❞❡ss❡ ❞✐❝✐♦♥ár✐♦✱ é ♣♦s✲
sí✈❡❧ ❛♣r❡♥❞❡r ♦s ♣❛râ♠❡tr♦s α ❡ β ❞♦ ♠♦❞❡❧♦ ▲❉❆ ♣❛r❛ ❝❛❞❛ ❝❧❛ss❡ ❞❡ ✐♠❛❣❡♥s✳ ❖
❆❧❣♦r✐t♠♦ ✶✳✶ ✐❧✉str❛ ❡st❡ ♠ét♦❞♦✳

❆❧❣♦r✐t♠♦ ✶✳✶ ❆❧❣♦r✐t♠♦ ❣❡r❛❧ ♣❛r❛ ♦ tr❡✐♥❛♠❡♥t♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ❜❛s❡❛❞♦s ❡♠ ▲❉❆
❛♣❧✐❝❛❞♦s ❛ ✐♠❛❣❡♥s✳
❊♥tr❛❞❛✿ k ❝♦r♣♦s ❞❡ ✐♠❛❣❡♥s Ik = {I1,..., In}✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♠❛❣❡♥s r❡♣r❡s❡♥t❛t✐✈❛s
❞❡ ❝❛❞❛ ✉♠❛ ❞❛s k ❝❧❛ss❡s✳
❙❛í❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ O = {α1, β1,..., αn, βn}✱ ♦s ♣❛râ♠❡tr♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❝❛❞❛ ❝❧❛ss❡✳

f ← ∅

❢♦r ❛❧❧ i ∈ {1,...,k} ❞♦
❢♦r ❛❧❧ I i

j ∈ Ii ❞♦

❊①tr❛✐r f i
j ← F (I i

j)✱ ❝♦♥❥✉♥t♦ ❞❡ ❞❡s❝r✐t♦r❡s ❧♦❝❛✐s ❞❛ ✐♠❛❣❡♠✳
f ← f ∪ {f i

j}
❡♥❞ ❢♦r

❊①tr❛✐r C ❞❡ f ❛tr❛✈és ❞❡ ❛❧❣✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❝❧✉st❡r✐③❛çã♦✳
❢♦r ❛❧❧ i ∈ {1,...,k} ❞♦
❢♦r ❛❧❧ I i

j ∈ Ii ❞♦

❘❡♣r❡s❡♥t❛r I i
j ❝♦♠♦ ✉♠ ✈❡t♦r ❞❡ ♣❛❧❛✈r❛s ❞❡ C✳

❡♥❞ ❢♦r

❊st✐♠❛r ♣❛râ♠❡tr♦s αi ❡ βi ♣❛r❛ ❛ ❝❧❛ss❡ i✳
O ← O ∪ {αieβi}✳

❡♥❞ ❢♦r

❡♥❞ ❢♦r

❖ ❡st✉❞♦ ✉t✐❧✐③♦✉ ✶✸ ❝❧❛ss❡s ❞✐st✐♥t❛s✳ ❆s ♠❡❧❤♦r❡s ♣❡r❢♦r♠❛♥❝❡s ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s
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q✉❛♥❞♦ t♦❞❛ ❛ ✐♠❛❣❡♠ é ✉t✐❧✐③❛❞❛ ❝♦♠♦ ❢♦♥t❡ ❞❡ ♣❛❧❛✈r❛s ✈✐s✉❛✐s✱ ❡♠ ♦♣♦s✐çã♦ ❛♦ ✉s♦
❞❡ ❡①tr❛t♦r❡s ❞❡ ♣♦♥t♦s ❝❛r❛❝t❡ríst✐❝♦s✳ ■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❞✐✈✐❞✐♥❞♦✲s❡ ❛ ✐♠❛❣❡♠ ❡♠
❣r❛❞❡s ❞❡ ❛❧❣✉♠ t❛♠❛♥❤♦ ✜①♦ ♦✉ ✈❛r✐á✈❡❧ ❡ r❡♣r❡s❡♥t❛♥❞♦ ❡ss❛ r❡❣✐ã♦ ❛tr❛✈és ❞❡ ❛❧❣✉♠
❞❡s❝r✐t♦r ❧♦❝❛❧ ❝♦♠♦ ♦ ❙■❋❚✳ ❖s ❛✉t♦r❡s r❡♣♦rt❛r❛♠ t❛①❛ ❞❡ ❛❝❡rt♦ ♠é❞✐❛ ❡♠ t♦r♥♦ ❞❡
✻✹ ✪ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✶✸ ❝❧❛ss❡s ❬✶❪✱ ✉t✐❧✐③❛♥❞♦ ✶✵✵ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ✺✵ ❞❡
t❡st❡s✳ ❚❛♠❜é♠ ♣♦❞❡✲s❡ ♥♦t❛r q✉❡ ❝❧❛ss❡s s✐♠✐❧❛r❡s ❛♣r❡s❡♥t❛♠ ❛❧t♦ ❣r❛✉ ❞❡ ❝♦♥❢✉sã♦✳
❖✉ s❡❥❛✱ ✐♠❛❣❡♥s ❞❛ ❝❧❛ss❡ i s❡♥❞♦ ❝❧❛ss✐✜❝❛❞❛s ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡s à ❝❧❛ss❡ j ❡ ✈✐❝❡✲✈❡rs❛✳

❉❡ss❛ ❢♦r♠❛✱ ❝❧❛ss✐✜❝❛r ❛ ✐♠❛❣❡♠ ❝♦♠♦ ♣❡rt❡♥❝❡♥❞♦ ❛ ✉♠❛ ❡♥tr❡ ❛s N ❝❧❛ss❡s ❝♦♠
♠❛✐♦r ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❛✉♠❡♥t❛ ❛ t❛①❛ ❞❡ ❛❝❡rt♦ ❞♦ ❛❧❣♦r✐t♠♦ à ♠❡❞✐❞❛ q✉❡ N ❝r❡s❝❡✳ ➱
tr✐✈✐❛❧ ♥♦t❛r q✉❡ ♦ ❛❧❣♦r✐t♠♦ t❡♠ t❛①❛ ❞❡ ❛❝❡rt♦ ❞❡ ✶✵✵ ✪ q✉❛♥❞♦ N = 13✳ P❛r❛ ❛ ♠é❞✐❛
❡♥tr❡ t♦❞❛s ❛s ✶✸ ❝❧❛ss❡s✱ ♦s ❛✉t♦r❡s r❡♣♦rt❛r❛♠ ✉♠❛ t❛①❛ ❞❡ ❛❝❡rt♦ ❞❡ ∼ 82 % q✉❛♥❞♦
N = 2 ❬✶❪✳

❆ ❝r✐❛çã♦ ❞♦ ✈♦❝❛❜✉❧ár✐♦ ❞❡ ♣❛❧❛✈r❛s ✈✐s✉❛✐s ♣♦❞❡ t❛♠❜é♠ ♦❝♦rr❡r ❞❡ ♦✉tr❛s ❢♦r♠❛s✱
q✉❡ ♥ã♦ ♦ ❛❣r✉♣❛♠❡♥t♦ ❞❡ ❞❡s❝r✐t♦r❡s ❧♦❝❛✐s✳ ❊❧❛♥❣♦ ❡ ❏❛②❛r❛♠❛♥ ❬✶✾❪ s❡❣♠❡♥t❛♠ ❛s
✐♠❛❣❡♥s ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ✈♦❝❛❜✉❧ár✐♦ ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦s s❡❣♠❡♥t♦s✱
❝♦♠♦ ❤✐st♦❣r❛♠❛ ❞❡ ❝♦r❡s✱ ❤✐st♦❣r❛♠❛ ❞❡ ❣r❛❞✐❡♥t❡s✱ ❝♦♥tr❛st❡✱ ❡t❝✳

❖s ✈ár✐♦s s❡❣♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s sã♦ t❛♠❜é♠ ❛❣r✉♣❛❞♦s ❛tr❛✈és ❞❡ ❛❧❣♦r✐t♠♦s ❞❡
❝❧✉st❡r✐③❛çã♦✱ ♣❛r❛ r❡❞✉③✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ t❡r♠♦s ♣♦ssí✈❡✐s✳ ❖ ♦❜❥❡t✐✈♦ ❞♦ tr❛❜❛❧❤♦ ❞❡
❊❧❛♥❣♦ ❡ ❏❛②❛r❛♠❛♥✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ é ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❝❡♥❛s✳ ❖s ❛✉t♦r❡s ✉t✐❧✐③❛r❛♠ ❛
❞✐str✐❜✉✐çã♦ ❞❡ tó♣✐❝♦s ❞❡ ✉♠❛ ✐♠❛❣❡♠ ❡♠ ♣❛rt✐❝✉❧❛r ❝♦♠♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♥❝✐s❛ ❞❛
♠❡s♠❛✱ ❛ ✜♠ ❞❡ r❡❛❧✐③❛r t❛r❡❢❛s ❞❡ ❝❧✉st❡r✐③❛çã♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡♥♦r ❞✐♠❡♥s✐♦♥❛✲
❧✐❞❛❞❡✳ ❖s ❛✉t♦r❡s r❡♣♦rt❛r❛♠ ✉♠❛ t❛①❛ ❞❡ ❛❝❡rt♦ ♠é❞✐❛ ❞❡ ∼ 78 % ✉t✐❧✐③❛♥❞♦ ❛ ❜❛s❡ ❞❡
✐♠❛❣❡♥s ❈■❘❊❙ ❬✷✼❪✳

◆✐❡❜❧❡s ❡t ❛❧✳ ❬✹✷❪ ✉t✐❧✐③❛r❛♠ ♦ ▲❉❆ ♣❛r❛ ❡♥❝♦♥tr❛r tr❡❝❤♦s ❞❡ ✈í❞❡♦s q✉❡ ❝♦rr❡s♣♦♥✲
❞❛♠ ❛ ❛çõ❡s ❤✉♠❛♥❛s ♣❡rt❡♥❝❡♥t❡s ❛ ❝❛t❡❣♦r✐❛s ♣ré✲❞❡t❡r♠✐♥❛❞❛s✳ ❆s ❞✐✜❝✉❧❞❛❞❡s ❞❡st❛
t❛r❡❢❛ ✐♥❝❧✉❡♠ ❛q✉❡❧❛s ✉s✉❛❧♠❡♥t❡ ❡♥❝♦♥tr❛❞❛s ❡♠ ✈✐sã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❝♦♠♦ ♣r❡s❡♥ç❛
❞❡ ♦❝❧✉sã♦✱ ✐♥t❡r❢❡rê♥❝✐❛ ❞♦ ❢✉♥❞♦✱ ♠❛s t❛♠❜é♠ ❛s ❝r✐❛❞❛s ♣❡❧♦ ♠♦✈✐♠❡♥t♦ ❞❛ ❝â♠❡r❛✳
❯♠ ♦❜❥❡t♦ q✉❡ s❡ ♠♦✈❡ ❝♦♠ ❛ ♠❡s♠❛ ✈❡❧♦❝✐❞❛❞❡ q✉❡ ❛ ❝â♠❡r❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛♣❛r❡♥t❛rá
❡st❛r ♣❛r❛❞♦✳

❱✐s❛♥❞♦ ❝r✐❛r ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛ té❝♥✐❝❛✱ ❝❛❞❛ ✈í❞❡♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r
✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ❞❡s❝r✐t♦r❡s ❡s♣❛ç♦✲t❡♠♣♦r❛✐s ✭s♣❛❝❡✲t✐♠❡ ✐♥t❡r❡st ♣♦✐♥ts✮✳ P❛r❛
s❛t✐s❢❛③❡r ❛s ❡①✐❣ê♥❝✐❛s ♠❛t❡♠át✐❝❛s ❞♦ ♠♦❞❡❧♦ ▲❉❆✱ q✉❛❧q✉❡r ✐♥❢♦r♠❛çã♦ ❞❡ ❡str✉t✉r❛
❣❡♦♠étr✐❝❛ ♦✉ t❡♠♣♦r❛❧ r❡❧❛t✐✈❛ ❛♦s ❞❡s❝r✐t♦r❡s ❡♥❝♦♥tr❛❞♦s é ❞❡s♣r❡③❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱
♥ã♦ s❡ ❡s♣❡r❛ q✉❡ ❛ té❝♥✐❝❛ s❡❥❛ ❝❛♣❛③ ❞❡ ❞❡t❡❝t❛r ♣❛❞rõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❝♦♠♣❧❡①♦s✱ ❝✉❥♦
s✐❣♥✐✜❝❛❞♦ ❞❡♣❡♥❞❛ ❞❡ ✉♠❛ ❡✈♦❧✉çã♦ ❡str✉t✉r❛❧ ♥♦ t❡♠♣♦✳

❱ár✐♦s ❞❡s❝r✐t♦r❡s ❧♦❝❛✐s ♣❛r❛ ✈í❞❡♦s sã♦ ❞❡s❝r✐t♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✸✹❪✳ ❇❛s✐❝❛♠❡♥t❡✱
❞✐✈✐❞❡♠✲s❡ ❡♠ três t✐♣♦s✿ ♦s ❞❡s❝r✐t♦r❡s ❡stát✐❝♦s✱ ❜❛s❡❛❞♦s ❡♠ ❝❛♥t♦s ❡ ♣♦♥t♦s s❛❧✐❡♥t❡s❀
♦s ❞✐♥â♠✐❝♦s✱ ❜❛s❡❛❞♦s ♥❛ té❝♥✐❝❛ ❞♦ ✢✉①♦ ó♣t✐❝♦❀ ❡ ♦s ❡s♣❛ç♦✲t❡♠♣♦r❛✐s✱ ♦❜t✐❞♦s ❛tr❛✈és



✶✳✷✳ ❆♣❧✐❝❛çõ❡s ❞♦ ▲❉❆ ✽

❞❡ ❛♥á❧✐s❡ ❧♦❝❛✐s ❞❛s ✐♠❛❣❡♥s ♣r❡s❡♥t❡s ❡♠ ♣❡q✉❡♥❛s ❥❛♥❡❧❛s ❞❡ t❡♠♣♦✳
❙❡❣✉♥❞♦ ◆✐❡❜❧❡s ❡t ❛❧✳ ❬✹✷❪✱ tr❛❜❛❧❤♦s ❛♥t❡r✐♦r❡s ❝♦♠ ❞❡s❝r✐t♦r❡s ❡s♣❛ç♦✲t❡♠♣♦r❛✐s

♠♦str❛r❛♠✲s❡ út❡✐s ♥❛ t❛r❡❢❛ ❡s♣❡❝í✜❝❛ ❞❡ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❛çõ❡s ❤✉♠❛♥❛s✱ t♦r♥❛♥❞♦ ❡ss❡
t✐♣♦ ❞❡ ❞❡s❝r✐t♦r ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ♣❛r❛ ❛ t❛r❡❢❛ ♣r♦♣♦st❛✳

P❛r❛ ❛ ❞❡t❡❝çã♦ ❞♦s ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡✱ ❤á té❝♥✐❝❛s ❝♦♠♦ ❞❡t❡❝t♦r❡s ❞❡ ❝❛♥t♦s ❣❡✲
♥❡r❛❧✐③❛❞♦s✱ ❞❡s❝r✐t♦s ♣♦r ▲❛♣t❡✈ ❬✹✷✱ ✸✸❪✳ P♦ré♠✱ ❡st❡ ❞❡t❡❝t♦r ♥ã♦ ♣r♦❞✉③ ✉♠ ❣r❛♥❞❡
♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❡♠ ❝❡♥❛s ❝♦♠♣❧❡①❛s✳ ❖s ❛✉t♦r❡s ✉t✐❧✐③❛♠ ❡♠ s❡✉ tr❛❜❛❧❤♦ ♦ ♠ét♦❞♦
❞❡ ✜❧tr♦ s❡♣❛r❛❞♦r ❧✐♥❡❛r✱ ❞❡s❝r✐t♦ ♣♦r ❬✹✷✱ ✶✼❪✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♥❡ss❛ ❞✐ss❡rt❛çã♦ é ✐♥s♣✐r❛❞❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❋❡✐✲❋❡✐ ❡
P❡r♦♥❛ ❬✶❪✳ ❆❧é♠ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡s❝r✐t♦✱ ♦ tr❛❜❛❧❤♦ r❡❛❧✐③❛❞♦ ❡st✉❞♦✉ ❛
✐♥✢✉ê♥❝✐❛ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s ❡ ❞♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ♥❛ t❛①❛
❞❡ ❛❝❡rt♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳ ❋♦r❛♠ t❛♠❜é♠ ✉t✐❧✐③❛❞♦s ♦✉tr♦s ❞❡s❝r✐t♦r❡s✱ ❝♦♠♦ ❙❯❘❋
✭❙❡çã♦ ✹✳✹✮ ❡ ❇■❈ ✭❙❡çã♦ ✹✳✷✮✱ ❡st❡ ú❧t✐♠♦✱ ✉♠ ❞❡s❝r✐t♦r ❣❧♦❜❛❧✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r q✉❛♥❞♦ ❡①♣♦st♦ ❛ ✐♥❢♦r♠❛çõ❡s ❞✐st✐♥t❛s ♣r♦✈❡♥✐❡♥t❡s
❞❡ ✈ár✐♦s ❞❡s❝r✐t♦r❡s ❞✐❢❡r❡♥t❡s ❢♦✐ ❛♥❛❧✐s❛❞♦✱ ❡ ♠♦str♦✉ ❛❧❝❛♥ç❛r r❡s✉❧t❛❞♦s s✐❣♥✐✜❝❛t✐✈❛✲
♠❡♥t❡ s✉♣❡r✐♦r❡s ❛♦ ❞❡s❝r✐t♦ ♦r✐❣✐♥❛❧♠❡♥t❡✳



❈❛♣ít✉❧♦ ✷

❋✉♥❞❛♠❡♥t♦s Pr♦❜❛❜✐❧íst✐❝♦s

❉❡✜♥❡✲s❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛tór✐♦ ♦✉ ❡①♣❡r✐♠❡♥t♦ ❡st♦❝ást✐❝♦✱ ❝♦♠♦ ✉♠ ❡①♣❡r✐♠❡♥t♦
❝✉❥♦s r❡s✉❧t❛❞♦s sã♦ ❞✐❢❡r❡♥t❡s ❡ ✐♠♣r❡✈✐sí✈❡✐s q✉❛♥❞♦ ❡①❡❝✉t❛❞♦s s♦❜ ❛s ♠❡s♠❛s ❝♦♥❞✐✲
çõ❡s ❬✸✺❪✳ ❉❡ ❢♦r♠❛ ♠❛✐s ♣r❡❝✐s❛✱ ❡①✐❣❡✲s❡ q✉❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ♦❜s❡r✈❛❞♦r s♦❜r❡ ♦
❡①♣❡r✐♠❡♥t♦ s❡❥❛ ♦ ♠❡s♠♦✱ ❛✐♥❞❛ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❡①♣❡r✐♠❡♥t♦ ❡♠ s✐ ♥ã♦ s❡❥❛♠ ♥❡✲
❝❡ss❛r✐❛♠❡♥t❡ ❛s ♠❡s♠❛s ❬✹✶❪✳ ❊♠ ❞♦✐s ❧❛♥ç❛♠❡♥t♦s ❞❡ ✉♠❛ ♠♦❡❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❢♦rç❛
❝♦♠ q✉❡ sã♦ r❡❛❧✐③❛❞♦s sã♦ ♣r♦✈❛✈❡❧♠❡♥t❡ ❞✐❢❡r❡♥t❡s✳ P♦ré♠✱ ❡st❡s ❞❛❞♦s sã♦ ❞❡s❝♦♥❤❡❝✐✲
❞♦s ❛♦ ❡①♣❡r✐♠❡♥t❛❞♦r✳ ❖ ❡s♣❛ç♦ ❛♠♦str❛❧✱ Ω✱ ❛ss♦❝✐❛❞♦ ❛ ❡st❡ ❡①♣❡r✐♠❡♥t♦ é ♦ ❝♦♥❥✉♥t♦
❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♣♦ssí✈❡✐s✳

❊♠ ✉♠ ❡①❡♠♣❧♦ ❝❧áss✐❝♦✱ ❛♦ ❧❛♥ç❛r ✉♠❛ ♠♦❡❞❛✱ t❡♠✲s❡ ♦ ❡s♣❛ç♦ ❛♠♦str❛❧

Ω = {cara, coroa}.

◗✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❞❡ Ω é ❝❤❛♠❛❞♦ ✉♠ ❡✈❡♥t♦✳ ❆ ❝❛❞❛ ✉♠ ❞♦s ❡✈❡♥t♦s k ∈ Ω✱
♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠ ♥ú♠❡r♦ r❡❛❧ ❛ ❡❧❡ ❛ss♦❝✐❛❞♦✱ ✉♠❛ ♠❡❞✐❞❛ ❞♦ q✉ã♦ ♣r♦✈á✈❡❧ é ♦❜t❡r k

❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡st❡ ❡①♣❡r✐♠❡♥t♦✳ ❊st❛ ♠❡❞✐❞❛✱ ❞❡♥♦t❛❞❛ ♣♦r P (k) s❡rá ❝❤❛♠❛❞❛ ✉♠❛
♣r♦❜❛❜✐❧✐❞❛❞❡✱ s❡ ♦❜❡❞❡❝❡r ❛♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s ❬✸✺❪✿

✶✳ 0 ≤ P (k)✱

✷✳ P (Ω) = 1✱ ❡

✸✳ ❙❡ Ai ∩ Aj = ∅, i 6= j✱ ❡♥tã♦ P (∪Ak) =
∑

P (Ak)✳

❍á ❞✉❛s ♣r✐♥❝✐♣❛✐s ✐♥t❡r♣r❡t❛çõ❡s ♣❛r❛ ♦ s✐❣♥✐✜❝❛❞♦ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❬✹✶❪✿

• ❛ ✐♥t❡r♣r❡t❛çã♦ ❢r❡q✉❡♥t✐st❛✱ ♦♥❞❡ ❞❡t❡r♠✐♥❛✲s❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣❛rt✐r ❞❡ ✉♠❛
s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ ❞❡ ❡①♣❡r✐♠❡♥t♦s ❛❧❡❛tór✐♦s✳ ❖s ❢r❡q✉❡♥t✐st❛s ❛✜r♠❛♠ q✉❡ ♥♦
❧✐♠✐t❡✱ ❛ ❢r❡q✉ê♥❝✐❛ r❡❧❛t✐✈❛ ❞❡ ✉♠ ❡✈❡♥t♦ ♥❛ s❡q✉ê♥❝✐❛ ❛❧❡❛tór✐❛ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡st❡ ❡✈❡♥t♦✳ ❊❧❛ é ❛ss✐♠✱ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❢ís✐❝❛ ❞♦ ❡st❛❞♦ ❞♦ ♠✉♥❞♦ ❡ ♣♦r ✐ss♦ é
♣♦r ✈❡③❡s ❝❤❛♠❛❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❢ís✐❝❛

✾



✶✵

• ❛ ✐♥t❡r♣r❡t❛çã♦ ❜❛②❡s✐❛♥❛✱ ♦✉ s✉❜❥❡t✐✈✐st❛✱ ♥❛ q✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ✉♠❛ ❝❛r❛❝t❡rís✲
t✐❝❛ ✐♥t❡r✐♦r ♦✉ s✉❜❥❡t✐✈❛ ❛ ✉♠ ✐♥❞✐✈í❞✉♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ r❡♣r❡s❡♥t❛
✉♠ ❣r❛✉ ❞❡ ❝❡rt❡③❛ s♦❜r❡ ✉♠ ❡✈❡♥t♦✳ ❉❡✈✐❞♦ ❛ s❡✉ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦✱ ❞♦✐s ♦❜s❡r✲
✈❛❞♦r❡s ♣♦❞❡♠ ❛tr✐❜✉✐r ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞✐❢❡r❡♥t❡s ❛♦ ♠❡s♠♦ ❡✈❡♥t♦ ❡ ❡st❛r❡♠ ❛♠❜❛s
❝❡rt❛s✳ ❊♠ s✐t✉❛çõ❡s ♦♥❞❡ é ♣♦ssí✈❡❧ ♦❜t❡r ❢r❡q✉ê♥❝✐❛s r❡❧❛t✐✈❛s s♦❜r❡ ✉♠ ❡✈❡♥t♦✱
❡s♣❡r❛✲s❡ q✉❡ ❡❧❛ ❝♦rr❡s♣♦♥❞❛ à ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ✐♥❞✐✈í❞✉♦s ❛tr✐❜✉✐ ❛
✉♠ ❞❛❞♦ ❡✈❡♥t♦✳ P♦ré♠✱ ❛ r✐❣♦r✱ ♥❡♥❤✉♠ ❡①♣❡r✐♠❡♥t♦ é ♥❡❝❡ssár✐♦ ♣❛r❛ s❡ ❛tr✐❜✉✐r
♣r♦❜❛❜✐❧✐❞❛❞❡s ❜❛②❡s✐❛♥❛s ❛ ✉♠ ❡✈❡♥t♦ ❬✷✹❪✳

❖ r❡s✉❧t❛❞♦ ❞♦ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛tór✐♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥✉♠ér✐❝♦✳ P♦❞❡✲s❡ ❛tr✐✲
❜✉✐r ❛❧❣✉♠❛ ❢✉♥çã♦ ❛ ❝❛❞❛ ✉♠ ❞♦s r❡s✉❧t❛❞♦s ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❞❡ ❢♦r♠❛ ❛ ♦❜t❡r ❛❧❣✉♠
♥ú♠❡r♦ r❡❛❧✳ ❆ ❢✉♥çã♦ X : Ω → R r❡s♣♦♥sá✈❡❧ ♣♦r ❡st❛ ❛ss♦❝✐❛çã♦ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡
✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❉❛❞♦s ❞♦✐s ❡✈❡♥t♦s A ❡ B✱ ❞❡✜♥❡✲s❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧✱ P (A|B)✱ ❝♦♠♦ ❛
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡✈❡♥t♦ A✱ ❞❛❞❛ ❛ ♦❝♦rrê♥❝✐❛ ♣ré✈✐❛ ❞❡ B✳ ■ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❝♦♠♣✉t❛r
❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡✈❡♥t♦ A ♥✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧ ❛❧t❡r♥❛t✐✈♦✱ ❞❡✜♥✐❞♦ ♣❡❧♦ s✉❜❝♦♥❥✉♥t♦
B ⊂ Ω✳

❙❡
P (A|B) = P (A), ✭✷✳✶✮

❞✐③✲s❡ q✉❡ ♦s ❡✈❡♥t♦s A ❡ B sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ◆❡ss❡ ❝❛s♦✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

P (A ∩B) = P (A)P (B). ✭✷✳✷✮

❉❛❞♦ ✉♠ t❡r❝❡✐r♦ ❡✈❡♥t♦ C✱ ❞✐③✲s❡ q✉❡ A ❡ B sã♦ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠
r❡❧❛çã♦ ❛ C✱ ❝❛s♦

P (A ∩B|C) = P (A ∩B), ✭✷✳✸✮

❞❡ ♦♥❞❡ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r q✉❡

P (A ∩B|C) = P (A|C)P (B|C). ✭✷✳✹✮

❉❛❞❛s três ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s X✱ Y ❡ Z✱ ❞❡♥♦t❛♠♦s P (X, Y, Z)→ [0, 1] ❛ ♣r♦❜❛❜✐❧✐✲
❞❛❞❡ ❝♦♥❥✉♥t❛ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s✳ ❊st❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♥❝❡rr❛ ❛ ✐♥❢♦r♠❛çã♦
s♦❜r❡ ♦ q✉ã♦ ♣r♦✈á✈❡❧ é ✉♠ ❡✈❡♥t♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ t♦❞♦s ♦s ♦✉tr♦s ❡✈❡♥t♦s ♣♦ssí✈❡✐s✳

❆ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ é út✐❧ ❛♦ ❝r✐❛r ♠♦❞❡❧♦s q✉❡ r❡♣r❡s❡♥✲
t❡♠ ❛❝♦♥t❡❝✐♠❡♥t♦s s✉❥❡✐t♦s ❛ ♠❛✐s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧✳ P♦ré♠✱ ❡♥❢r❡♥t❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡
❡s♣❡❝✐✜❝❛çã♦ ❞❡ ✈❛❧♦r❡s ❬✶✵❪✿ ♠❡s♠♦ tr❛t❛♥❞♦✲s❡ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞✐s❝r❡t❛s✱ q✉❛❧q✉❡r
❛❧❣♦r✐t♠♦ q✉❡ s❡ ❜❛s❡✐❡ ❡♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❞❡✈❡rá ❡s♣❡❝✐✜❝❛r
✉♠❛ q✉❛♥t✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ✈❛❧♦r❡s ♣❛r❛ ❞❡✜♥✐r ❝♦♠♣❧❡t❛♠❡♥t❡ ❡st❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❞❡ n ✈❛r✐á✈❡✐s ❜✐♥ár✐❛s✱ sã♦
♥❡❝❡ssár✐♦s 2n−1 ✈❛❧♦r❡s✳ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❛❧♦r❡s ❡s♣❡❝✐✜❝❛❞♦s ♣♦❞❡ s❡r s✉❜st❛♥❝✐❛❧♠❡♥t❡
r❡❞✉③✐❞❛ s❡ ✉t✐❧✐③❛r♠♦s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✳



✷✳✶✳ ❘❡❞❡s ❇❛②❡s✐❛♥❛s ✶✶

✷✳✶ ❘❡❞❡s ❇❛②❡s✐❛♥❛s

❯♠❛ ❢♦r♠❛ ❞❡ r❡❞✉③✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❛❧♦r❡s ❛ s❡r❡♠ ❡s♣❡❝✐✜❝❛❞♦s ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦
❝♦♥❥✉♥t❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ♠♦❞❡❧❡ ✉♠ ❡✈❡♥t♦ é ♦ ✉s♦ ❞❡ r❡❞❡s ❇❛②❡s✐❛♥❛s✳ ❊st❛s✱
✉t✐❧✐③❛♠✲s❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇❛②❡s ✭❊q✉❛çã♦ ✷✳✻✮ ♣❛r❛ tr❛t❛r ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❞❡♣❡♥❞ê♥✲
❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❬✹✶❪✳ ❖ ✉s♦ ❞❡ r❡❞❡s ❇❛②❡s✐❛♥❛s ♦❢❡r❡❝❡ ✉♠❛ sér✐❡ ❞❡
✈❛♥t❛❣❡♥s✱ ❞❡st❛❝❛♥❞♦✲s❡ ❡♥tr❡ ❡❧❛s ❬✷✹❪✿

• ♦❢❡r❡❝❡♠ ✉♠ ❢❡rr❛♠❡♥t❛❧ só❧✐❞♦ ♣❛r❛ tr❛t❛r ✐♥stâ♥❝✐❛s ❞❡ ❞❛❞♦s ✐♥❝♦♠♣❧❡t❛s✱ ♦✉ s❡❥❛✱
♣r♦❜❧❡♠❛s ♦♥❞❡ ❛♣❡♥❛s ♣❛rt❡ ❞♦s ❞❛❞♦s é ❝♦♥❤❡❝✐❞❛✱

• ♣❡r♠✐t❡♠ q✉❡ s❡ ❢❛ç❛ ❛✜r♠❛çõ❡s ❡♥tr❡ r❡❧❛çõ❡s ❝❛✉s❛✐s ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ♠♦❞❡❧❛❞❛s
♥♦ ♣r♦❜❧❡♠❛✱

• ❝♦♠♣õ❡♠ ✉♠ ❜♦♠ ❢❡rr❛♠❡♥t❛❧ ♣❛r❛ ❛ ❛ss♦❝✐❛çã♦ ❡♥tr❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❞❡ ✉♠
❞❛❞♦ ❞♦♠í♥✐♦✱ ❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ♦❜s❡r✈á✈❡✐s✱ ❡

• ♦❢❡r❡❝❡♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❡✜❝✐❡♥t❡✱ t❛♥t♦ ♥♦ ❝❛♠♣♦ t❡ór✐❝♦ q✉❛♥t♦ ♣rát✐❝♦✱ ♣❛r❛ s❡
❡✈✐t❛r ♣r♦❜❧❡♠❛s ❞❡ ♦✈❡r✜tt✐♥❣ ❡♠ r❡❧❛çã♦ ❛♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s✳

❘❡❞❡s ❇❛②❡s✐❛♥❛s sã♦ ❣r❛❢♦s ❞✐r✐❣✐❞♦s ❛❝í❝❧✐❝♦s ❬✶✵❪✳ ❖s ♥ós r❡♣r❡s❡♥t❛♠ ✈❛r✐á✈❡✐s
❛❧❡❛tór✐❛s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♠ ❛❧❣✉♠ ♠❛♣❡❛♠❡♥t♦ ♣❛r❛ ❡st❛❞♦s ♣r❡s❡♥t❡s ♥♦ ♠✉♥❞♦ r❡❛❧
s❡♥❞♦ ♠♦❞❡❧❛❞♦✳

❆s ❛r❡st❛s ❝❛rr❡❣❛♠ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ r❡❧❛çõ❡s ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ♥ós✳ ❆ ✐♥❡①✐s✲
tê♥❝✐❛ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ ❞♦✐s ♥ós Xi ❡ Xj ✐♥❞✐❝❛ q✉❡ ❡st❡s ♥ós sã♦ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s✳ ❘❡❞❡s ❇❛②❡s✐❛♥❛s ♦❜❡❞❡❝❡♠ ❛♦ ❝r✐tér✐♦ ❧♦❝❛❧ ❞❡ ▼❛r❦♦✈✳ ■ss♦ s✐❣♥✐✜❝❛
❞✐③❡r q✉❡ q✉❛❧q✉❡r ♥ó é ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t♦❞♦s ♦s ♦✉tr♦s✱ ❞❛❞♦ s❡✉s
♣❛✐s ❬✹✻❪✳

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ♣❛r❛ ❛ r❡❞❡ é ❢❛t♦r❛❞❛ ❝♦♠♦

P (X1, . . . ,Xn) =
n
∏

i=1

P (Xi|{pi}), ✭✷✳✺✮

♦♥❞❡ {pi} r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣❛✐s ❞♦ ♥ó Xi✳ ❯♠❛ ✈❡③ ❡s♣❡❝✐✜❝❛❞❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
❞❡ {pi}✱ ♥❡♥❤✉♠ ♦✉tr♦ ✈❛❧♦r é ♥❡❝❡ssár✐♦ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ Xi✳

❉❡ss❛ ❢♦r♠❛✱ ❛♣❡♥❛s ♦s ✈❛❧♦r❡s P (Xi|{pi}) ♥❡❝❡ss✐t❛♠ s❡r ❡s♣❡❝✐✜❝❛❞♦s✱ q✉❛♥t✐❞❛❞❡
♣r♦♣♦r❝✐♦♥❛❧ à ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦✱ ♠❛s ❡♠ ❣❡r❛❧ ❛✐♥❞❛ ♠❡♥♦r q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❡①✲
♣♦♥❡♥❝✐❛❧ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛❧♠❡♥t❡ ❡①✐❣✐❞❛ ♣❛r❛ s❡ ❡s♣❡❝✐✜❝❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❬✶✵❪✳
❆❧é♠ ❞✐ss♦✱ s♦❜ ❛s ♠❡s♠❛s s✉♣♦s✐çõ❡s ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ❛ ❢❛t♦r✐③❛çã♦ ♣r♦❞✉③✐❞❛
♣♦r ✉♠❛ r❡❞❡ ❇❛②❡s✐❛♥❛ é ú♥✐❝❛ ❬✶✵❪✳

❯♠ ❡①❡♠♣❧♦ ❞❡ r❡❞❡ ❇❛②❡s✐❛♥❛ é ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✳ ◆❡st❛ r❡❞❡✱ G é ❝♦♥❞✐❝✐♦✲
♥❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t♦❞♦s ♦s ♦✉tr♦s ♥ós ❞❛❞♦ F ✳



✷✳✶✳ ❘❡❞❡s ❇❛②❡s✐❛♥❛s ✶✷

❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ ✉♠❛ r❡❞❡ ❇❛②❡s✐❛♥❛ ❣❡r❛❧✳ ❉❛❞♦s ✈❛❧♦r❡s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡
A✱ B✱ ❡ C✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❛❧q✉❡r ♦✉tr♦ ♥ó ❞❛ r❡❞❡ ❛tr❛✈és ❞❡
✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥❢❡rê♥❝✐❛✳

❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ❞❡s❡❥❛✲s❡ ❝♦♠♣✉t❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (h) ❞❡ ✉♠❛ ❤✐♣ót❡s❡ h s❡r ✈❡r✲
❞❛❞❡✐r❛✳ ❆ r❡❞❡ ♣♦ss✉✐ ❞♦✐s t✐♣♦s ❞❡ ✈❛r✐á✈❡✐s✿ ❛s ✈❛r✐á✈❡✐s ♦❜s❡r✈á✈❡✐s✱ D✱ ❝✉❥♦ ✈❛❧♦r
♣♦❞❡✲s❡ ✐♥❢❡r✐r ❛ ♣❛rt✐r ❞❡ ✉♠ ❡①❛♠❡ ❞♦ ❡st❛❞♦ ❞♦ ♠♦❞❡❧♦✱ ❡ ❛s ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✱ ♦✉
♥ã♦✲♦❜s❡r✈á✈❡✐s✱ ❝✉❥♦ ✈❛❧♦r ❞❡s❡❥❛✲s❡ ❝❛❧❝✉❧❛r ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥❢❡rê♥❝✐❛✳

❊♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦ D✱ t❡♠✲s❡ q✉❡ P (D) é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛

♣r✐♦r✐✱ r❡♣r❡s❡♥t❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡♥♦t❛❞♦ ♣♦r D s❡ ✈❡r✐✜❝❛r ♥♦
❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐ ❞❛ ❤✐♣ót❡s❡ h é ❞❡♥♦t❛❞❛
♣♦r P (h)✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (D|h) é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ♦❜s❡r✈❛r ♦ s✉❜❝♦♥❥✉♥t♦ D

❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❛ s❡r t❡st❛❞❛✳ ❊st❛ ❞✐str✐❜✉✐çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡
r❡s✉❧t❛❞♦s ❞✐r❡t♦s ❞❡ ✉♠ ♠♦❞❡❧♦ t❡ór✐❝♦✱ ❝♦♥s✉❧t❛ ❛ ❡s♣❡❝✐❛❧✐st❛s✱ ❛♣r❡♥❞✐③❛❞♦✱ ❡t❝✳ ❉❡
q✉❛❧q✉❡r ❢♦r♠❛✱ ❡❧❛ é t♦♠❛❞❛ ❝♦♠♦ ❡❧❡♠❡♥t♦ ❝♦♥❤❡❝✐❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ✐♥❢❡rê♥❝✐❛✳ ❆
♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♠❛✐♦r ✐♥t❡r❡ss❡ é P (h|D)✱ q✉❡ r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐✱
♦✉ s❡❥❛✿ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ h s❡r ✉♠❛ ❤✐♣ót❡s❡ ✈❡r❞❛❞❡✐r❛ ❞❛❞♦ q✉❡ ♦ s✉❜❝♦♥❥✉♥t♦ D ❢♦✐
❞❡ ❢❛t♦ ♦❜s❡r✈❛❞♦✳

❖ ❚❡♦r❡♠❛ ❞❡ ❇❛②❡s ❞✐③ q✉❡

P (h|D) =
P (D|h)P (h)

P (D)
. ✭✷✳✻✮



✷✳✶✳ ❘❡❞❡s ❇❛②❡s✐❛♥❛s ✶✸

❉❡ss❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ r❡❧❛❝✐♦♥❛r ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❝♦♠ ❛s ❞✐str✐❜✉✐çõ❡s
❛ ♣r✐♦r✐ ❡ ❝♦♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ P (D|h)✱ t♦❞❛s ❝♦♥❤❡❝✐❞❛s✳ ❖ ♣r♦❜❧❡♠❛ ❞❡
✐♥❢❡rê♥❝✐❛ ❇❛②❡s✐❛♥❛ ♣♦❞❡ s❡r ❡♥❝❛r❛❞♦ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ❛ ❞✐str✐❜✉✐çã♦ q✉❡
♠❛①✐♠✐③❡ ❛ ✈❡r♦s✐♠✐❧❤❛♥ç❛

hv = argmax P (D|h)P (h), ✭✷✳✼✮

♦✉ ♣❛r❛ ♦ ❝❛s♦ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s t♦❞❛s ❛s ❤✐♣ót❡s❡s ✐♥✐❝✐❛✐s ✐❣✉❛❧♠❡♥t❡ ♣r♦✈á✈❡✐s✱

hv = argmax P (D|h), ✭✷✳✽✮

♦♥❞❡ ♦ t❡r♠♦ P (D) é ❞❡s♣r❡③❛❞♦ ♣♦r s❡ tr❛t❛r ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ❡♠ r❡❧❛çã♦ à ❤✐♣ót❡s❡✳
❯♠ ❡①❡♠♣❧♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❞❡ r❡❞❡ ❇❛②❡s✐❛♥❛ é ♦ ❝❧❛ss✐✜❝❛❞♦r ❝❤❛♠❛❞♦ ◆❛ï✈❡

❇❛②❡s ❬✶✷❪✱ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✷✳ ❉❛❞♦ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❞❡❝✐sã♦ y✱ ❢r❡q✉❡♥t❡♠❡♥t❡
❜✐♥ár✐❛✱ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s x = {x1, x2,..., xn}✱ ❞❡s❡❥❛✲s❡ ❡st✐♠❛r P (y,x)✳ ➱
♣♦ssí✈❡❧ ♥♦t❛r q✉❡ ♣❛r❛ s❡ ❡s♣❡❝✐✜❝❛r ❡st❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛✱ sã♦ ♥❡❝❡ssár✐♦s 2|x|+1

✈❛❧♦r❡s✳ ❖ ♠♦❞❡❧♦ t♦r♥❛✲s❡ r❛♣✐❞❛♠❡♥t❡ ✐♥tr❛tá✈❡❧ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡ ✈❛❧♦r❡s
❡♠ x✳

❖ ♠♦❞❡❧♦ ◆❛ï✈❡ ❇❛②❡s ❛ss✉♠❡ q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s sã♦ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ✐♥❞❡♣❡♥✲
❞❡♥t❡s ❡♥tr❡ s✐✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡

P (y|x) ∼ p(y)
∏

xi∈x

p(xi|y). ✭✷✳✾✮

◆❡st❡ ❛rr❛♥❥♦✱ ❛♣❡♥❛s |x|+ 1 q✉❛♥t✐❞❛❞❡s ♣r❡❝✐s❛♠ s❡r ❡s♣❡❝✐✜❝❛❞❛s✳ ❆♣❡s❛r ❞❡ s✐♠✲
♣❧❡s✱ ♦ ❝❧❛ss✐✜❝❛❞♦r ◆❛ï✈❡ ❇❛②❡s ❛♣r❡s❡♥t❛ ❜♦♥s r❡s✉❧t❛❞♦s ♣❛r❛ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ♣rá✲
t✐❝❛s ❬✶✷❪✱ ♠❡s♠♦ ❡♠ ❞♦♠í♥✐♦s ♦♥❞❡ ♥ã♦ s❡ ❡s♣❡r❛ q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥✲
❞✐❝✐♦♥❛❧ s❡❥❛ ✈❡r❞❛❞❡✐r❛ ❬✶✽❪✳

❋✐❣✉r❛ ✷✳✷✿ ❈❧❛ss✐✜❝❛❞♦r ◆❛ï✈❡ ❇❛②❡s

❆ ✐♥❢❡rê♥❝✐❛ ❡♠ r❡❞❡s ❇❛②❡s✐❛♥❛s é ❝♦♥❤❡❝✐❞❛♠❡♥t❡ ✉♠ ♣r♦❜❧❡♠❛ ◆P✲❞✐❢í❝✐❧ ❬✹✵❪✳
❚é❝♥✐❝❛s ❛♣r♦①✐♠❛❞❛s sã♦ ♥♦r♠❛❧♠❡♥t❡ ✉t✐❧✐③❛❞❛s✳ ❊♥tr❡ ❡st❛s té❝♥✐❝❛s✱ ❞❡st❛❝❛♠✲s❡ ❛
▼❈▼❈ ✭▼♦♥t❡✲❈❛r❧♦ ▼❛r❦♦✈✲❈❤❛✐♥✮✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ▲❛♣❧❛❝❡✱ ❡ ♦ ♠ét♦❞♦ ❱❛r✐❛t✐♦♥❛❧

❇❛②❡s ❬✺✱ ✷✵❪✳



✷✳✷✳ ❆♣r❡♥❞✐③❛❞♦ ❞❡ P❛râ♠❡tr♦s ♣❛r❛ ❘❡❞❡s ❇❛②❡s✐❛♥❛s ✶✹

✷✳✷ ❆♣r❡♥❞✐③❛❞♦ ❞❡ P❛râ♠❡tr♦s ♣❛r❛ ❘❡❞❡s ❇❛②❡s✐❛♥❛s

❆ ❢♦r♠❛ ♠❛✐s tr✐✈✐❛❧ ❞❡ s❡ ❛tr✐❜✉✐r ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ✉♠❛ r❡❞❡ ❇❛②❡s✐❛♥❛ é ♠❛♥✉❛❧♠❡♥t❡✱
❛tr❛✈és ❞❡ ❝♦♥s✉❧t❛ ❛ ❡s♣❡❝✐❛❧✐st❛s✱ ♦✉ ♦✉tr♦ ♠ét♦❞♦ s✐♠✐❧❛r✳ P♦ré♠✱ ❡♠ r❡❞❡s ❝♦♠ ♠✉✐t♦s
♥ós✱ ❡ss❡ ♣r♦❝❡ss♦ s❡ t♦r♥❛ ❛❧❣♦ ❞✐s♣❡♥❞✐♦s♦ ❬✹✶❪✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s sã♦
❢r❡q✉ê♥❝✐❛s r❡❧❛t✐✈❛s✱ é ♣♦ssí✈❡❧ ❛♣r❡♥❞❡r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ss♦❝✐❛❞❛s às ✈❛r✐á✈❡✐s ❛tr❛✈és
❞❛ ♦❜s❡r✈❛çã♦ ❞❛s ❢r❡q✉ê♥❝✐❛s ❝♦♠ q✉❡ ❡st❛s ✈❛r✐á✈❡✐s sã♦ ♦❜s❡r✈❛❞❛s✳ ❆s ❞✐str✐❜✉✐çõ❡s
❛♣r❡♥❞✐❞❛s sã♦ ❝❤❛♠❛❞❛s ♣❛râ♠❡tr♦s ❬✹✶❪✳

❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❇❛②❡s ❢♦r♥❡❝❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s ❞❡ s❡ r❡❛❧✐③❛r ❛♣r❡♥✲
❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛✳ ❖ ❛♣r❡♥❞✐③❛❞♦ ❛❝♦♥t❡❝❡ ♣❡❧❛ ❛t✉❛❧✐③❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❛ ♣❛rt✐r ❞❛s
❞✐str✐❜✉✐çõ❡s q✉❡ r❡♣r❡s❡♥t❛♠ ❛s ♦❝♦rrê♥❝✐❛s ❞♦s ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❯♠❛ ❢♦r♠❛ ❞❡
s❡ ❛♣r❡♥❞❡r ♦s ♣❛râ♠❡tr♦s ❞❛ r❡❞❡ é ♦ ✉s♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❊▼ ✭✈❡r ❙❡çã♦ ✷✳✹✮✱ ♣❛r❛
❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❬✸✻❪✳

❈♦♠♦ s❡ ♣♦❞❡ ✈❡r✐✜❝❛r ❞❛ ❊q✉❛çã♦ ✷✳✻✱ ❞♦✐s t❡r♠♦s ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❡st❛
❛♥á❧✐s❡ sã♦ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ P (D|h)✱ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ P (h)✳ ❆ ♣r✐♠❡✐r❛ r❡♣r❡✲
s❡♥t❛ ❛ ♣❛r❝❡❧❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ r❡❢❡r❡♥t❡ ❛♦s ❞❛❞♦s ❛ q✉❡ ❛ r❡❞❡ é ❡①♣♦st❛✱ ♦✉ s❡❥❛✱ ❛
❡✈✐❞ê♥❝✐❛ ♦✉ ♦❜s❡r✈❛çã♦✳ ❆ s❡❣✉♥❞❛✱ r❡♣r❡s❡♥t❛ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛♥t❡r✐♦r✱ ♣r❡✈✐❛♠❡♥t❡
❛❞q✉✐r✐❞♦✳ ❆tr❛✈és ❞❡ ❛❥✉st❡s ♥❛s ❞✐str✐❜✉✐çõ❡s✱ ♣♦❞❡✲s❡ ❞❛r ♠❛✐s ♦✉ ♠❡♥♦s ✐♠♣♦rtâ♥❝✐❛
❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❬✹✶❪✳

❈♦♥s✐❞❡r❛♥❞♦ ❛s ♣♦ssí✈❡✐s ♦❝♦rrê♥❝✐❛s ❞♦s ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ❝♦♠♦ ✐♥❞❡♣❡♥❞❡♥t❡s✱
♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ r❡❢❡r❡♥t❡ ❛♦s ❞❛❞♦s ❝♦♠♦ ✉♠❛ ❞✐str✐✲
❜✉✐çã♦ ❜✐♥♦♠✐❛❧✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❜✐♥ár✐♦✱ ♦✉ ♠✉❧t✐♥♦♠✐❛❧✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡
❤❛✈❡r ♠❛✐s ❞❡ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛ ✐♥stâ♥❝✐❛ ❞♦s ❞❛❞♦s s❡♥❞♦ ❛♥❛❧✐s❛❞❛✳ ❆ss✐♠✱
✉♠❛ ❝♦♥t❛❣❡♠ s✐♠♣❧❡s ❞❛s ✐♥stâ♥❝✐❛s ❞♦s ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ❥á ♣♦❞❡ ❢♦r♥❡❝❡r ✉♠❛
❡str✉t✉r❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ❛♣r❡♥❞✐③❛❞♦ ❬✹✶❪✳

➱ ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ ♥❛ ❊q✉❛çã♦ ✷✳✻✱ ♦ t❡r♠♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ P (D|h) é ♠✉❧t✐♣❧✐❝❛❞♦
♣❡❧❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ P (h)✳ ❉❡s❡❥❛✲s❡ q✉❡ ❡st❡ ❝á❧❝✉❧♦ s❡❥❛ tã♦ ❢á❝✐❧ q✉❛♥t♦ ♣♦ssí✈❡❧✳
➱ ♣♦ssí✈❡❧ ❣❛r❛♥t✐r ✐ss♦ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ q✉❡ ♣❡rt❡♥ç❛ ❛
✉♠❛ ❝❧❛ss❡ ❝♦♥❥✉❣❛❞❛ à ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❯♠❛ ❝❧❛ss❡ ❝♦♥❥✉❣❛❞❛ é ✉♠❛ ❝❧❛ss❡ ❞❡
❢✉♥çõ❡s q✉❡ ❣❛r❛♥t❡ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ s❡rá ❞❛ ♠❡s♠❛ ❝❧❛ss❡ q✉❡ ❛ ❞✐str✐❜✉✐çã♦
❛ ♣r✐♦r✐ ❬✹✸❪ ✳

◆♦ ❝❛s♦ ❞♦s ❞❛❞♦s s❡r❡♠ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡ ❞❡s❝r✐t♦s ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱
❞❡s❡❥❛✲s❡✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ❞❡s❝r✐t❛ ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ t❛♠❜é♠
♥♦r♠❛❧✳ ❉✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s s♦❜r❡ ✉♠❛ ✈❛r✐á✈❡❧ sã♦ ❞✐t❛s ❛✉t♦✲❝♦♥❥✉❣❛❞❛s✳ P❛r❛ ♦ ❝❛s♦
❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ s♦❜r❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✱ t❡♠✲s❡ ❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧✲❲✐s❤❛rt

❝♦♠♦ s✉❛ ❝♦♥❥✉❣❛❞❛✳
❈♦♥s✐❞❡r❛♥❞♦ ♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s ❝♦♠♦ ♠♦❞❡❧á✈❡✐s ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ♠✉❧t✐♥♦♠✐❛❧✱

❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ s❡❥❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t✱ s✉❛



✷✳✷✳ ❆♣r❡♥❞✐③❛❞♦ ❞❡ P❛râ♠❡tr♦s ♣❛r❛ ❘❡❞❡s ❇❛②❡s✐❛♥❛s ✶✺

❞✐str✐❜✉✐çã♦ ❝♦♥❥✉❣❛❞❛ ❬✹✶❪✳ ◆❛ ❙❡çã♦ ✷✳✷✱ ❡st❛ ❞✐str✐❜✉✐çã♦ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ❞❡t❛❧❤❡s✳

❉✐str✐❜✉✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t

❆ ❢✉♥çã♦ ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❉✐r✐❝❤❧❡t r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡
M ❡✈❡♥t♦s ❞✐s❥✉t♦s xi s❡❥❛♠ ♦❜s❡r✈❛❞♦s αi − 1 ✈❡③❡s✳ ❚❡♠ ❛ ❢♦r♠❛ ❬✹✺❪

D(h, α1, α2, α3, ..., αM) = β

i=M
∏

i=1

θ(αi−1), ✭✷✳✶✵✮

♦♥❞❡ h é ♦ ❝♦♥❥✉♥t♦ ❞❛s ❤✐♣ót❡s❡s✱ β é ✉♠❛ ❝♦♥st❛♥t❡ ✉t✐❧✐③❛❞❛ ♣❛r❛ s❡ ❛ss❡❣✉r❛r q✉❡ ❛
❞✐str✐❜✉✐çã♦ é ❞❡ ❢❛t♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡ α✱ ♦s ❝❤❛♠❛❞♦s ♣❛râ♠❡tr♦s
❞❛ ❞✐str✐❜✉✐çã♦✱ ♥ú♠❡r♦s r❡❛✐s ❡ ♣♦s✐t✐✈♦s✳ ❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t
é q✉❡ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ θ t❡♠ s✉❛s ❝♦♠♣♦♥❡♥t❡s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ M − 1✲s✐♠♣❧❡①✱ ♦✉
s❡❥❛✱

i=M
∑

i=1

θi = 1, 0 < θi < 1. ✭✷✳✶✶✮

❆❧é♠ ❞♦ ❢❛t♦ ❞❡ s❡r ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉❣❛❞❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t t❡♠ ♦✉tr❛s
♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s q✉❡ ❥✉st✐✜❝❛♠ s❡✉ ✉s♦ ♣❛r❛ ❛s t❛r❡❢❛s ❞❡ ❛♣r❡♥❞✐③❛❞♦✳ ❊♥tr❡
❡❧❛s✱ ❞❡st❛❝❛✲s❡ ♦ ❝á❧❝✉❧♦ ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♠ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ s✐♠♣❧❡s

E(hj|α) =
αj

∑i=m

i=1 αi

. ✭✷✳✶✷✮

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❞❛❞❛ ✉♠❛ ♦❜s❡r✈❛çã♦ q✉❡ ♦❜❡❞❡❝❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♠✉❧t✐♥♦♠✐❛❧
✭❱❡r ❙❡çã♦ ✷✳✷✮ r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ ✈❡t♦r O✱ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ s❡❥❛ Vj ✱ é ❞❛❞♦ ♣♦r

P (Vj|O) =
Oj + αj

∑i=M

i=1 Oi +
∑i=M

i=1 Oiαi

. ✭✷✳✶✸✮

◆♦t❛✲s❡ q✉❡ ♥❡st❛ ❡q✉❛çã♦✱ ❤á ✉♠❛ ♣❛r❝❡❧❛ ❞❡ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐✱ r❡✲
♣r❡s❡♥t❛❞❛ ♣❡❧♦s t❡r♠♦s αi✱ ❡ ✉♠❛ ♣❛r❝❡❧❛ ❞❛ ♦❜s❡r✈❛çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❞✐t❛✱ r❡♣r❡s❡♥t❛❞❛
♣❡❧♦s ✈❛❧♦r❡s ❞❡ Oi✳

❉✐str✐❜✉✐çã♦ ▼✉❧t✐♥♦♠✐❛❧

❆ ❞✐str✐❜✉✐çã♦ ♠✉❧t✐♥♦♠✐❛❧ é ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ✈ár✐❛s ✈❛r✐á✈❡✐s ❞❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧✱
q✉❡ r❡♣r❡s❡♥t❛ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s s✉❝❡ss♦s ❡s♣❡r❛❞♦s ❡♠ n ❡①♣❡r✐♠❡♥t♦s ❞❡ ❇❡r♥♦✉❧❧✐✳
❈❛❞❛ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❇❡r♥♦✉❧❧✐ é ✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛tór✐♦ ❝♦♠ ❛♣❡♥❛s ❞♦✐s r❡s✉❧t❛❞♦s
♣♦ssí✈❡✐s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧ r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❜t❡r p

s✉❝❡ss♦s ❡♠ n ❡✈❡♥t♦s ❞✐st✐♥t♦s ❬✸✺❪✳



✷✳✸✳ ❈♦♠♣❛r❛çõ❡s ❡♥tr❡ ❉✐str✐❜✉✐çõ❡s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ✶✻

P❛r❛ ✈ár✐❛s ✈❛r✐á✈❡✐s✱ ♥ã♦ ♠❛✐s é ♠❛✐s ❛❞♠✐t✐❞♦ ✉♠ r❡s✉❧t❛❞♦ ❜✐♥ár✐♦ ❞♦ t✐♣♦ s✉✲
❝❡ss♦✴❢❛❧❤❛✱ ♠❛s s✐♠ ✉♠ ❡♥tr❡ k ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s✳ ❯♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Xi ❛ss♦❝✐❛❞❛
❛ ✉♠ ❞❡st❡s ❡①♣❡r✐♠❡♥t♦s r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❡③❡s ❡♠ q✉❡ ♦ r❡s✉❧t❛❞♦ ❞❡♥♦t❛❞♦
♣♦r i ❢♦✐ ♦❜s❡r✈❛❞♦ ❡♠ n t❡♥t❛t✐✈❛s✳ ❆ss✐♠✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡ X = (X1,..Xn) ♦❜❡❞❡❝❡
✉♠❛ ❞✐str✐❜✉✐çã♦ ♠✉❧t✐♥♦♠✐❛❧✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♠✉❧t✐♥♦♠✐❛❧✱ é ❛ ❝♦♥t❛❣❡♠ ❞❡ t❡r♠♦s ❡♠ ✉♠ ❞♦✲
❝✉♠❡♥t♦✱ ❝♦♠♦ s❡rá ❞❡t❛❧❤❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❙✉♣♦♥❞♦ ✉♠ ❞♦❝✉♠❡♥t♦ t❡①t✉❛❧ ❝♦♥t❡♥❞♦
♣❛❧❛✈r❛s ❞❡ ✉♠ ❞✐❝✐♦♥ár✐♦ ❝♦♠ ✸ t❡r♠♦s ♣♦ssí✈❡✐s✱ ❡ ✉♠ t♦t❛❧ ❞❡ N ♣❛❧❛✈r❛s✱

pi =
ci

N
✭✷✳✶✹✮

é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ♦ t❡r♠♦ i s❡❥❛ ❡♥❝♦♥tr❛❞♦ ♥❡ss❡ ❞♦❝✉♠❡♥t♦✱ s✉♣♦♥❞♦ q✉❡ t❡♥❤❛
s✐❞♦ ♦❜s❡r✈❛❞♦ ci ✈❡③❡s✳

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧✱ ♦♥❞❡ pfalha = 1−psucesso✱ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦
♠✉❧t✐♥♦♠✐❛❧✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡

∑

i∈k

pi = 1. ✭✷✳✶✺✮

❚r❛t❛✲s❡ ❞❡ ✉♠❛ ❞❡❝♦rrê♥❝✐❛ ❞✐r❡t❛ ❞♦s ❛①✐♦♠❛s ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❍á ❞❡ s❡ ♥♦t❛r q✉❡ ❡st❛
♠❡s♠❛ r❡str✐çã♦ ❡stá ♣r❡s❡♥t❡ ❡♠ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s q✉❡ ♦❜❡❞❡❝❡♠ ❛ ✉♠❛ ❞✐str✐❜✉✐çã♦
❞❡ ❉✐r✐❝❤❧❡t✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❊q✉❛çã♦ ✷✳✶✶✳

✷✳✸ ❈♦♠♣❛r❛çõ❡s ❡♥tr❡ ❉✐str✐❜✉✐çõ❡s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡

❉❛❞❛s ❞✉❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❞❡s❡❥❛✲s❡ ❢r❡q✉❡♥t❡♠❡♥t❡ ❛✈❛❧✐❛r ❛ s✐♠✐❧❛r✐❞❛❞❡
❡♥tr❡ ❡❧❛s✳ ❊ss❛ ♥❡❝❡ss✐❞❛❞❡ ❛♣❛r❡❝❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ t❛r❡❢❛s ♦♥❞❡ ❞❡s❡❥❛✲s❡ ❡st✐♠❛r ✉♠❛
❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ Q✱ q✉❡ ❛♣r♦①✐♠❡ ✉♠❛ ♦✉tr❛ ❞✐str✐❜✉✐çã♦✱ P ✱ ❝❤❛♠❛❞❛ ❞❡
❛❧✈♦✱ ♦✉ ♦❜❥❡t✐✈♦ ❬✷✾❪✳

❯♠❛ ❢♦r♠❛ ✉s✉❛❧ ❞❡ s❡ ❡①♣r❡ss❛r ❡ss❛ s✐♠✐❧❛r✐❞❛❞❡ é ❛tr❛✈és ❞❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ ❑✉❧❧❜❛❝❦✲
▲❡✐❜❧❡r✱ t❛♠❜é♠ ♠❡♥❝✐♦♥❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ❞✐stâ♥❝✐❛ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ❬✷✾❪✳

❙❡❥❛♠ ❞✉❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P ❡ Q✳ ❙✉♣♦♥❞♦ q✉❡ ❛♠❜❛s ❛s ❞✐str✐❜✉✐çõ❡s
s❡❥❛♠ ❞✐s❝r❡t❛s✱ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

DKL(P‖Q) =
∑

i

P (i) log
P (i)

Q(i)
. ✭✷✳✶✻✮

P❛r❛ ♦ ❝❛s♦ ❞❡ P ❡ Q s❡r❡♠ ❝♦♥tí♥✉❛s✱ ❛ ❞✐✈❡r❣ê♥❝✐❛ t❡♠ ❛ ❢♦r♠❛

DKL(P‖Q) =

∫ ∞

−∞

p(x) log
p(x)

q(x)
dx, ✭✷✳✶✼✮

♦♥❞❡ p(x) ❡ q(x) sã♦ ❛s ❢✉♥çõ❡s ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss♦❝✐❛❞❛s ❬✸✷❪✳



✷✳✹✳ ❊①♣❡❝t❛t✐♦♥ ▼❛①✐♠✐③❛t✐♦♥ ✶✼

➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛♣❡s❛r ❞❡ ❢❛③❡r ❛s ✈❡③❡s ❞❡ ✉♠❛ ❞✐stâ♥❝✐❛✱ ❛ ❞✐✈❡r❣ê♥❝✐❛
❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ♥ã♦ é ✉♠❛ ❞✐stâ♥❝✐❛ ♣r♦♣r✐❛♠❡♥t❡ ❞✐t❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡❧❛ é ♥ã♦
s✐♠étr✐❝❛✳ ❖✉ s❡❥❛✱

DKL(P‖Q) 6= DKL(Q‖P ), ✭✷✳✶✽✮

❛❧é♠ ❞❡ ♥ã♦ ♦❜❡❞❡❝❡r à ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❬✶✸❪✳

✷✳✹ ❊①♣❡❝t❛t✐♦♥ ▼❛①✐♠✐③❛t✐♦♥

❖ ❛❧❣♦r✐t♠♦ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❊▼✱ ❡♠ s✉❛ ❢♦r♠❛ ❣❡r❛❧✱ é ❧❛r✲
❣❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ❝á❧❝✉❧♦s ✐t❡r❛t✐✈♦s ♣❛r❛ ❡st✐♠❛t✐✈❛s ❞❡ ♠á①✐♠❛✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡♠
♣❛râ♠❡tr♦s ♣❛r❛ ♠♦❞❡❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s✳ ❖ ❛❧❣♦r✐t♠♦ ❣❛r❛♥t✐❞❛♠❡♥t❡
❝♦♥✈❡r❣❡✱ ❝❤❡❣❛♥❞♦ ❛ ✉♠ ✈❛❧♦r ❡st❛❝✐♦♥ár✐♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❡st✐♠❛❞♦s ❛♣ós ✉♠ ♥ú♠❡r♦
✜♥✐t♦ ❞❡ ✐t❡r❛çõ❡s ❬✸✾❪✳

❆ ♣r✐♥❝✐♣❛❧ ❛♣❧✐❝❛çã♦ ❞❡st❛ té❝♥✐❝❛ é ❡♠ ♣r♦❜❧❡♠❛s ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♣r♦❜❧❡♠❛s ❞❡

❞❛❞♦s ✐♥❝♦♠♣❧❡t♦s✱ ♦♥❞❡ ❛ ♦❜t❡♥çã♦ ❞❡ ❡st✐♠❛t✐✈❛s ❡①❛t❛s ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ sã♦ ♣r♦❜❧❡✲
♠át✐❝❛s ❬✸✾❪✳ P❛r❛ t❛✐s ♣r♦❜❧❡♠❛s✱ ♦s ❞❛❞♦s ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞♦s ❡♠ ❞❛❞♦s ♦❜s❡r✈❛❞♦s✱
❝✉❥♦s ✈❛❧♦r❡s sã♦ ❝♦♥❤❡❝✐❞♦s ❛♣ós ❛❧❣✉♠ ❡①♣❡r✐♠❡♥t♦✱ ❡ ♥ã♦ ♦❜s❡r✈❛❞♦s ♦✉ ❧❛t❡♥t❡s✱ ❝✉❥♦s
✈❛❧♦r❡s ❞❡✈❡♠ s❡r ✐♥❢❡r✐❞♦s ❛ ♣❛rt✐r ❞❡ ❛❧❣✉♠ ♣r♦❝❡❞✐♠❡♥t♦✳

❖ ❛❧❣♦r✐t♠♦ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ❛ss♦❝✐❛ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ❞❛❞♦s ✐♥❝♦♠♣❧❡t♦s✱
♣r♦❜❧❡♠❛s ❞❡ ❞❛❞♦s ❝♦♠♣❧❡t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✱ ♦✉ s❡❥❛✱ ♣r♦❜❧❡♠❛s ♦♥❞❡ t♦❞♦s ♦s ❞❛❞♦s
sã♦ ♦❜s❡r✈❛❞♦s✱ P❛r❛ ❡st❡s✱ ❡s♣❡r❛✲s❡ q✉❡ ♦ ❝á❧❝✉❧♦ ❞❛ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ s❡❥❛ ♠❛✐s
❢á❝✐❧✳

❖ ❛❧❣♦r✐t♠♦ é ❝♦♠♣♦st♦ ❞❡ ❞✉❛s ❡t❛♣❛s✿

• ❡t❛♣❛✲❊✱ ♦♥❞❡ r❡❛❧✐③❛✲s❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞♦s ♣❛râ♠❡tr♦s ♥ã♦ ♦❜s❡r✈❛❞♦s✱ ♦✉ ❧❛t❡♥t❡s✱
❡ ❛ ♣❛rt✐r ❞✐ss♦✱ ❝♦♠♣✉t❛✲s❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ ❡

• ❡t❛♣❛✲▼✱ ♦♥❞❡ ❝♦♠♣✉t❛♠✲s❡ ♦s ♣❛râ♠❡tr♦s ♥ã♦ ♦❜s❡r✈❛❞♦s✱ ♦✉ ❧❛t❡♥t❡s✱ ❛ ♣❛rt✐r ❞❛
✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡♥❝♦♥tr❛❞❛ ♥❛ ❡t❛♣❛✲❊✳

❈♦♠♦ ❞✐✈❡rs♦s ♦✉tr♦s ♠ét♦❞♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ❡st✐♠❛t✐✈❛s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐✲
❧❤❛♥ç❛✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ é ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ❜✉s❝❛ ❡♥❝♦♥tr❛r
③❡r♦s ❞❡ ❢✉♥çõ❡s✳ ❆ss✐♠✱ ❡❧❡ ♣♦❞❡ s❡r ❝♦♠♣❛r❛❞♦ ❝♦♠ té❝♥✐❝❛s tr❛❞✐❝✐♦♥❛✐s ❝♦♠♦ ◆❡✇t♦♥✲

❘❛♣❤s♦♥ ♦✉ ♣♦♥t✉❛çã♦ ❞❡ ❋✐s❤❡r ❬✸✾❪✳
❆❧❣♦r✐t♠♦s ❞❡ ❊▼ sã♦ ❝♦♥s✐❞❡r❛❞♦s ♥ã♦✲❇❛②❡s✐❛♥♦s✱ ❞❛❞♦ q✉❡ s❡✉ r❡s✉❧t❛❞♦ ✜♥❛❧ é

✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s♦❜r❡ ♦s tó♣✐❝♦s ❧❛t❡♥t❡s✱ ❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ♣♦♥t✉❛❧
❞♦ ♣❛râ♠❡tr♦ ❞❡s❡❥❛❞♦✳ ➱ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ✈❡rsã♦ t♦t❛❧♠❡♥t❡ ❇❛②❡s✐❛♥❛ ❞♦ ❛❧❣♦r✐t♠♦✱
♦♥❞❡ ❛ s❛í❞❛ s❡❥❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s♦❜r❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s✱ s❡❥❛♠ ❧❛t❡♥t❡s
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♦✉ ♦❜s❡r✈á✈❡✐s✱ s❡♠ ❛ ♣r❡s❡♥ç❛ ❞❡ ❡st✐♠❛t✐✈❛s ♣♦♥t✉❛✐s✳ ❊st❛ ✈❛r✐❛çã♦ é ❝♦♥❤❡❝✐❞❛ ♣♦r
❱❛r✐❛t✐♦♥❛❧ ❇❛②❡s ❬✺❪✳

✷✳✺ ❑✲▼❡❛♥s

❯♠ ❡①❡♠♣❧♦ ❞❡ ❛❧❣♦r✐t♠♦ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥✱ ❛tr❛❡♥t❡ ♣♦r s✉❛ s✐♠♣❧✐❝✐❞❛❞❡✱ é ♦
❦✲♠❡❛♥s✳ ❙❡✉ ♦❜❥❡t✐✈♦ é ❛❣r✉♣❛r n ♣♦♥t♦s ❡♠ k ❣r✉♣♦s ❞✐st✐♥t♦s✱ ❞❡ ❢♦r♠❛ ❛ ♠✐♥✐♠✐③❛r ♦
❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡♥tr❡ ♦ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ❡♥❝♦♥tr❛❞♦ ❡ ♦ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ót✐♠♦ ❬✸✵✱ ✼❪✳

❊st❡ ❛❧❣♦r✐t♠♦ é ✉♠❛ s✐♠♣❧✐✜❝❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❊▼ ♣❛r❛ ❡st✐♠❛t✐✈❛ ❞❡ ♣❛râ♠❡tr♦s
♣❛r❛ ✉♠❛ ♠✐st✉r❛ ❞❡ ❣❛✉ss✐❛♥❛s✳ ◆❡st❡ ❝❛s♦✱ ❞❡s❡❥❛✲s❡ ❡st✐♠❛r ❛s k ♠é❞✐❛s ❞♦s ❣r✉♣♦s
q✉❡ t❡♠ ♠❛✐s ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❣❡r❛r ♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s✳

❆ ❤✐♣ót❡s❡ é q✉❡ ♦s ❞❛❞♦s sã♦ ♦r✐❣✐♥ár✐♦s ❞❡ ❞✐str✐❜✉✐çõ❡s ❣❛✉ss✐❛♥❛s ❝♦♠ ♠❛tr✐③❡s ❞❡
❝♦✈❛r✐â♥❝✐❛ ♣r♦♣♦r❝✐♦♥❛✐s à ✐❞❡♥t✐❞❛❞❡✳ ❖ q✉❡ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ ♦s ❞❛❞♦s sã♦ ✐s♦tró♣✐❝♦s✱
♦✉ ❝✐r❝✉❧❛r♠❡♥t❡ s✐♠étr✐❝♦s✳ ❙♦❜ ❡ss❛ ❤✐♣ót❡s❡✱ ♦ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ót✐♠♦ ❞♦ ❝❡♥tr♦ ❞❡ ✉♠
❣r✉♣♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ s❡✉ ❝❡♥tró✐❞❡ ❬✸✵❪✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❛❧❣♦r✐t♠♦ s❡❧❡❝✐♦♥❛ k ♣♦♥t♦s✱ µ1, µ2,..., µk✱ ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ♦✉ ❛tr❛✈és
❞❡ q✉❛❧q✉❡r ♦✉tr❛ ❤❡✉ríst✐❝❛✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ xj ∈ R

n ♣❡rt❡♥❝❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦
❞❡ ❞❛❞♦s✱ ❞❡s❡❥❛✲s❡ ❡s❝♦❧❤❡r µi∗ t❛❧ q✉❡

‖xj − µi∗‖ < ‖xj − µi‖, i = {1,...,k}, ✭✷✳✶✾✮

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡

n
∑

m=1

(xjm
− µi∗m

)2 <

n
∑

m=1

(xjm
− µim)2, i = {1,...,k}. ✭✷✳✷✵✮

❖✉ s❡❥❛✱ ❞❡s❡❥❛✲s❡ ♠✐♥✐♠✐③❛r ♦ ❡rr♦ q✉❛❞rát✐❝♦ ❡♥tr❡ ♦ ❝❡♥tr♦ ❡♥❝♦♥tr❛❞♦✱ ❡ ♦ ❝❡♥✲
tr♦ ✈❡r❞❛❞❡✐r♦ ❞❛ ❞✐str✐❜✉✐çã♦✳ ❊st❛ ❛tr✐❜✉✐çã♦ ❝♦rr❡s♣♦♥❞❡ à ❡t❛♣❛✲❊ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦
❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥✳

❆ ♣❛rt✐r ❞❡st❛ ❛tr✐❜✉✐çã♦✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s k ❣r✉♣♦s✱ ❝❛❧❝✉❧❛✲s❡

µi =
1

|xi|

∑

xj∈xi

xj, ✭✷✳✷✶✮

♦♥❞❡ xi é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s ♣♦♥t♦s ❛tr✐❜✉í❞♦s ❛♦ ❣r✉♣♦ i✳
❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✱ ♦ ❛❧❣♦r✐t♠♦ ❣❛r❛♥t✐❞❛♠❡♥t❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ❡rr♦

♠í♥✐♠♦✳ P♦ré♠✱ ♥ã♦ ❤á ❣❛r❛♥t✐❛s ❞❡ q✉❡ ❡st❡ ♠í♥✐♠♦ s❡❥❛ ♦ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❬✸✵✱ ✼❪✳ ❉❡ss❛
❢♦r♠❛✱ ❛ ❡s❝♦❧❤❛ ❞♦s k ❝❡♥tr♦s t❡♠ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ q✉❛❧✐❞❛❞❡ ❞♦ r❡s✉❧t❛❞♦ ✜♥❛❧
♦❜t✐❞♦✳
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❉❡ ❢❛t♦✱ ❡①✐st❡♠ ❛❧❣♦r✐t♠♦s ❝♦♠♦ ♦ ❦✲♠❡❛♥s✰✰ ❬✹❪✱ ❞❡❞✐❝❛❞♦s ❛ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥✲
❥✉♥t♦ s❛t✐s❢❛tór✐♦ ❞❡ ❝❡♥tr♦s ❞❡ ❢♦r♠❛ q✉❡ s❡ ♣♦ss❛ ✐♠♣♦r ❣❛r❛♥t✐❛s s♦❜r❡ ❛ q✉❛❧✐❞❛❞❡ ❞♦
r❡s✉❧t❛❞♦✳

➱ ✐♠♣♦rt❛♥t❡ ❢❛③❡r ✉♠❛ ❞✐st✐♥çã♦ ❡♥tr❡ ♦ ❛❧❣♦r✐t♠♦ ❦✲♠❡❛♥s ❡ ♦ ♣r♦❜❧❡♠❛ ❦✲♠❡❛♥s✳ ❖
❛❧❣♦r✐t♠♦ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ s♦❧✉çã♦ ♠❛✐s ♣♦♣✉❧❛r ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ s❡ ❛❣r✉♣❛r ✉♠
❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡♠ R

n ❡♠ t♦r♥♦ ❞❡ k ❝❡♥tr♦s✱ ❞❡ ❢♦r♠❛ ❛ ♠✐♥✐♠✐③❛r ✉♠❛ ♠étr✐❝❛ ❞❡
❡rr♦✳ ❆ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞♦ t✐♣♦ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ♣❛r❛ ♦❜t❡♥çã♦ ❞❛
s♦❧✉çã♦ ❛❞✈é♠ ❞♦ ❢❛t♦ ❞❡ ♦ ♣r♦❜❧❡♠❛ ❦✲♠❡❛♥s s❡r ✉♠ ♣r♦❜❧❡♠❛ ◆P✲❞✐❢í❝✐❧ ❬✸✵❪✳



❈❛♣ít✉❧♦ ✸

❈❧❛ss✐✜❝❛❞♦r❡s Pr♦❜❛❜✐❧íst✐❝♦s

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♦❜s❡r✈á✈❡✐s D✱ ❝♦♥❞✐❝✐♦♥❛❞♦s ❛ ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s x✱ ❤á ❞✉❛s
❢♦r♠❛s ♣r✐♥❝✐♣❛✐s ❞❡ ❝❛t❡❣♦r✐③❛r ❝❧❛ss✐✜❝❛❞♦r❡s✿ ♦s ♠♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s ❡ ❞✐s❝r✐♠✐♥❛t✐✲
✈♦s ❬✺✶❪✳

P❛r❛ ♦s ♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s✱ ❛ q✉❡stã♦ ❞❡ ✐♥t❡r❡ss❡ é ❞❡t❡r♠✐♥❛r

P (x|D),

♦✉ s❡❥❛✱ q✉❛❧ ❞✐str✐❜✉✐çã♦ s♦❜r❡ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ x q✉❡ ♠❡❧❤♦r s❡ ❛❞❡q✉❛ ❛♦s ❞❛❞♦s
♦❜s❡r✈❛❞♦s✳ ❈♦♠ ❡ss❛ ❞✐str✐❜✉✐çã♦✱ é ♣♦ssí✈❡❧ ❢❛③❡r ♣r❡❞✐çõ❡s ❛ r❡s♣❡✐t♦ ❞♦s ✈❛❧♦r❡s ❞❡ x✱
q✉❛♥❞♦ ♥♦✈♦s ❞❛❞♦s sã♦ ♦❜s❡r✈❛❞♦s✳ ❚é❝♥✐❝❛s ❝♦♠♦ ❙✉♣♣♦rt ❱❡❝t♦r ▼❛❝❤✐♥❡s ✭❙❱▼✮✱ ❘❡✲
❞❡s ◆❡✉r❛✐s ❆rt✐✜❝✐❛✐s ✭❘◆❆✮✱ ❡♥tr❡ ♦✉tr❛s✱ sã♦ ❡①❡♠♣❧♦s ❞❡ ♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s ❬✺✶❪✳

▼♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s✱ ❛♦ ❝♦♥trár✐♦ ❞♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s✱ sã♦ ❝❛♣❛③❡s ❞❡ ❣❡r❛r ✐♥stâ♥✲
❝✐❛s ❞♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s ❬✹✹✱ ✺✶❪✳ ■ss♦✱ ♣♦rq✉❡ ✉♠ ♠♦❞❡❧♦ ❣❡♥❡r❛t✐✈♦ ❜✉s❝❛ ♦❜t❡r ❛
❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛

P (x, D),

s♦❜r❡ ♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s ❡ ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡s♣❡❝✐✜❝❛❞❛s ❡st❛
❞✐str✐❜✉✐çã♦✱ ❡ P (D|x)✱ ♦❜t✐❞♦ ✉s✉❛❧♠❡♥t❡ ❛tr❛✈és ❞❡ ❡t❛♣❛s ❞❡ tr❡✐♥❛♠❡♥t♦✱ ♣♦❞❡✲s❡
❢❛❝✐❧♠❡♥t❡ ♦❜t❡r ❛ ♠❡s♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✉t✐❧✐③❛❞❛ ♣♦r ♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s✳
■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❛tr❛✈és ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇❛②❡s ✭❊q✉❛çã♦ ✷✳✻✮✳

▼♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s ♣♦ss✉❡♠ ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ❡♠ r❡❧❛çã♦ ❛♦s ♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛✲
t✐✈♦s ❬✺✶❪✱ ❝♦♠♦✿

✶✳ q✉❛♥❞♦ s❡ r❡❛❧✐③❛ ❛♣r❡♥❞✐③❛❞♦ s✉♣❡r✈✐s✐♦♥❛❞♦✱ ♠♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s sã♦ ❝❛♣❛③❡s ❞❡
tr❛t❛r ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ❝♦♠ ❛♥♦t❛çõ❡s ✐♥❝♦♠♣❧❡t❛s✱ ♦✉ ❡♥tã♦ ❡st❡♥❞❡r ❝♦♥❥✉♥t♦s
❞❡ ❞❛❞♦s ♣❛r❝✐❛❧♠❡♥t❡ ❛♥♦t❛❞♦s ❝♦♠ r❡s✉❧t❛❞♦s s✉♣❡r✐♦r❡s ❛♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s✱ q✉❡
♣r❡❝✐s❛♠ ❞❡ q✉❛♥t✐❞❛❞❡ ❛❜✉♥❞❛♥t❡ ❞❡ ❞❛❞♦s ❬✹✹❪✱

✷✵



✸✳✶✳ ❆♥á❧✐s❡ ❞❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡ ✷✶

✷✳ ♥ã♦ ❤á ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❛ ♣r✐♦r✐✱ ✉♠❛ ✈❡③ q✉❡
✉♠❛ ♥♦✈❛ ❝❧❛ss❡ X + 1 ♣♦❞❡ s❡r ✐♥tr♦❞✉③✐❞❛ ❛♣❡♥❛s ❞❡t❡r♠✐♥❛♥❞♦ p(D|X + 1)✱
✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛s ♦✉tr❛s ❝❧❛ss❡s ❥á ♠♦❞❡❧❛❞❛s✱ ❡

✸✳ sã♦ ❝❛♣❛③❡s ❞❡ tr❛t❛r ❝♦♠❜✐♥❛çõ❡s ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❡s♣❛ç♦ ❞♦s ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦
s❡♣❛r❛❞❛♠❡♥t❡✳ P♦r ❡①❡♠♣❧♦✱ é ♣♦ssí✈❡❧ ❞❡s❡♥✈♦❧✈❡r ❝❧❛ss✐✜❝❛❞♦r❡s ♣❛r❛ ❢❛❝❡s✱ ❜✐❣♦✲
❞❡s✱ ❝❤❛♣é✉s✱ ❡ ❡♥tã♦ r❡❝♦♥❤❡❝ê✲❧♦s ❡♠ ❝♦♥❥✉♥t♦✳ ▼♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s✱ ♣♦r ♦✉tr♦
❧❛❞♦✱ ❞❡✈❡♠ s❡r ❡①♣♦st♦s ❛ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ♣♦ssí✈❡✐s ♥❛ ❡t❛♣❛ ❞❡ tr❡✐♥❛♠❡♥t♦✳

P♦r s✉❛ ✈❡③✱ ♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s ❛♣r❡s❡♥t❛♠✱ t❛♠❜é♠✱ ✈❛♥t❛❣❡♥s s♦❜r❡ ♦s ❣❡♥❡✲
r❛t✐✈♦s✿

✶✳ tê♠ ❧✐♠✐t❡s ✢❡①í✈❡✐s ❡♥tr❡ ❛s ❝❧❛ss❡s ❬✷✽✱ ✺✶❪✱ ♣❡r♠✐t✐♥❞♦ ♠❡❧❤♦r ❝❧❛ss✐✜❝❛çã♦ ♣❛r❛
r❡❣✐õ❡s ❞♦ ❡s♣❛ç♦ ❞❡ ❞❛❞♦s ♦♥❞❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ t❡♠ ✈❛❧♦r❡s ❞✐st❛♥t❡s
❞♦s ❡①tr❡♠♦s ❞♦ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ✵ ❡ ✶✱

✷✳ ✉♠❛ ✈❡③ r❡❛❧✐③❛❞♦ ♦ tr❡✐♥❛♠❡♥t♦✱ ♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s✱ ❡♠ ❣❡r❛❧✱ sã♦ ❝❛♣❛③❡s
❞❡ ❡❢❡t✉❛r ♣r❡❞✐çõ❡s ♠❛✐s ❡✜❝✐❡♥t❡♠❡♥t❡✳ ▼♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s✱ ❡♠ ❝♦♥tr❛st❡✱ ❝♦st✉✲
♠❛♠ r❡q✉❡r❡r s♦❧✉çõ❡s ✐t❡r❛t✐✈❛s✱ ❡

✸✳ q✉❛♥❞♦ ♦s ❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦ sã♦ ❛❜✉♥❞❛♥t❡s✱ ♣♦ss✉❡♠ ✉♠ ♣♦❞❡r ♣r❡❞✐t✐✈♦ ♠❛✐♦r
q✉❡ ♦s ♠♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s ❡q✉✐✈❛❧❡♥t❡s✳

❆s ❝❛r❛❝t❡ríst✐❝❛s ❛♣r❡s❡♥t❛❞❛s ❡stã♦ ♠♦str❛❞❛s r❡s✉♠✐❞❛♠❡♥t❡ ♥❛ ❚❛❜❡❧❛ ✸✳✶✳ ❆❧é♠
❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s ♣✉r❛♠❡♥t❡ ❞✐s❝r✐♠✐♥❛t✐✈♦s ♦✉ ❣❡♥❡r❛t✐✈♦s✱ é t❛♠❜é♠ ♣♦ssí✈❡❧ ❝♦♥str✉✐r
❝❧❛ss✐✜❝❛❞♦r❡s ❤í❜r✐❞♦s✱ ✉t✐❧✐③❛♥❞♦ ♠♦❞❡❧♦s q✉❡ ❛❜r❛♥❣❡♠ ❝❛r❛❝t❡ríst✐❝❛s ❣❡♥❡r❛t✐✈❛s ❡
❞✐s❝r✐♠✐♥❛t✐✈❛s ❬✹✹✱ ✷✽❪✳

✸✳✶ ❆♥á❧✐s❡ ❞❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡

❆ té❝♥✐❝❛ ❞❛ ❆♥á❧✐s❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡✱ ❞♦ ✐♥❣❧ês ▲❛t❡♥t ❙❡♠❛♥t✐❝ ❆♥❛❧②s✐s ✭▲❙❆✮✱ ♦r✐✲
❣✐♥❛❧♠❡♥t❡ ❝♦♥❝❡❜✐❞❛ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ❞♦❝✉♠❡♥t♦s t❡①t✉❛✐s✱ ❜❛s❡✐❛✲s❡ ♥♦ ♠❛♣❡✲
❛♠❡♥t♦ ❞❡ ✈❡t♦r❡s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ♣❛r❛ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ r❡❞✉③✐❞❛✱
❝❤❛♠❛❞♦s ✏▲❛t❡♥t ❙❡♠❛♥t✐❝ ❙♣❛❝❡✑✱ ♦✉ ❊s♣❛ç♦ ❙❡♠â♥t✐❝♦ ▲❛t❡♥t❡ ❬✶✺❪✳ ❆♣❡s❛r ❞❛ ♠♦t✐✲
✈❛çã♦ ✐♥✐❝✐❛❧✱ ❛ té❝♥✐❝❛ é ❛♣❧✐❝á✈❡❧ ❛ q✉❛✐sq✉❡r ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ❞✐s❝r❡t♦s ♦r✐❣✐♥ár✐♦s ❞❡
❛❧❣✉♠ ❝♦♥❥✉♥t♦ w = {w1, w2,...wn}✳

❉❛❞❛ ✉♠❛ ♦❜s❡r✈❛çã♦ ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠ ✈❡t♦r D ❝♦♠ ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ w✱
❝❤❛♠❛✲s❡ ✉♠ ✈❡t♦r ❞❡ ❢r❡q✉ê♥❝✐❛s ✉♠❛ ❢✉♥çã♦ f(D)✱ t❛❧ q✉❡ f(wi) = #(wi)✱ ♦✉ s❡❥❛✱ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❛ ♣❛❧❛✈r❛ wi ♥♦ ✈❡t♦r D✳
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▼♦❞❡❧♦✿ ●❡♥❡r❛t✐✈♦ ❉✐s❝r✐♠✐♥❛t✐✈♦

P♦❞❡r Pr❡❞✐t✐✈♦ ❇♦♠✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❆❧t♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡
♣♦✉❝♦s ❞❛❞♦s ♠✉✐t♦s ❞❛❞♦s

❆❞✐çã♦ ❞❡ ♥♦✈❛s ❙❡♠ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ◆❡❝❡ss✐❞❛❞❡ ❞❡
❝❧❛ss❡s r❡tr❡✐♥❛♠❡♥t♦ r❡tr❡✐♥❛♠❡♥t♦

❈♦♠❜✐♥❛çõ❡s ❞♦s ❚r❡✐♥❛♠❡♥t♦ s❡♣❛r❛❞♦ ❚r❡✐♥❛♠❡♥t♦ ❝♦♥❥✉♥t♦
❞❛❞♦s ❞❡ tr❡✐♥❛♠❡♥t♦

◆❡❝❡ss✐❞❛❞❡ ❞❡ ●❡r❛❧♠❡♥t❡ s✐♠ ●❡r❛❧♠❡♥t❡ ♥ã♦
❙♦❧✉çõ❡s ■t❡r❛t✐✈❛s

❚❛❜❡❧❛ ✸✳✶✿ ❘❡s✉♠♦ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠♦❞❡❧♦s ❣❡♥❡r❛t✐✈♦s ❡ ❞✐s❝r✐♠✐✲
♥❛t✐✈♦s✳

P♦r ❡①❡♠♣❧♦✱ ❡♠ ✉♠ t❡①t♦ ❝♦♥t❡♥❞♦ ❝✐♥❝♦ ♣❛❧❛✈r❛s✱ ❞❡♥♦t❛❞❛s w1, w2, ..., w5✱ ♦ ✈❡t♦r
v = (2, 3, 1, 6, 9) é ✉♠ ✈❡t♦r ❞❡ ❢r❡q✉ê♥❝✐❛s ✈á❧✐❞♦✱ ✐♥❞✐❝❛♥❞♦ ❞✉❛s ♦❝♦rrê♥❝✐❛s ❞❛ ♣❛❧❛✈r❛
✶✱ três ♦❝♦rrê♥❝✐❛s ❞❛ ♣❛❧❛✈r❛ ✷✱ ❡t❝✳

❖ ♠❛♣❡❛♠❡♥t♦ ♣r♦❞✉③✐❞♦ ♣❡❧♦ ▲❙❆ r❡s✉❧t❛ ❡♠ ✉♠ ✈❡t♦r ❝❤❛♠❛❞♦ ✈❡t♦r ❞❡ ❝♦♥❝❡✐t♦s✳
❊❧❡ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❝❛♣t✉r❛r ❡ ❡①♣❧✐❝✐t❛r r❡❧❛çõ❡s s❡♠â♥t✐❝❛s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s✱ ❝♦♠♦
♣♦r ❡①❡♠♣❧♦✱ ♦ ✉s♦ ❞❡ s✐♥ô♥✐♠♦s✳ ❊s♣❡r❛✲s❡ q✉❡ ❞✉❛s ♣❛❧❛✈r❛s q✉❡ sã♦ ✉s❛❞❛s ✐♥t❡r❝❛♠✲
❜✐❛✈❡❧♠❡♥t❡ s❡❥❛♠ ♠❛♣❡❛❞❛s ♣❛r❛ ♦ ♠❡s♠♦ ❝♦♥❝❡✐t♦✳ ❆ ❋✐❣✉r❛ ✸✳✶ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦
❞❡st❡ ♠❛♣❡❛♠❡♥t♦✱ ♦♥❞❡ s❡✐s ♣❛❧❛✈r❛s sã♦ ♠❛♣❡❛❞❛s ♣❛r❛ três ❝♦♥❝❡✐t♦s✳

❋✐❣✉r❛ ✸✳✶✿ ❊①❡♠♣❧♦ ❞❡ ♠❛♣❡❛♠❡♥t♦ ❢♦r♥❡❝✐❞♦ ♣❡❧❛ té❝♥✐❝❛ ▲❙❆✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ❛s
♣❛❧❛✈r❛s ✶✱ ✷ ❡ ✹ sã♦ ❛ss♦❝✐❛❞❛s ❛♦ ❝♦♥❝❡✐t♦ ✶✱ ❛s ♣❛❧❛✈r❛s ✸ ❡ ✺ ❛♦ ❝♦♥❝❡✐t♦ ✷✱ ❡ ❛ ♣❛❧❛✈r❛
✻ ❛♦ ❝♦♥❝❡✐t♦ ✸✳

P❛r❛ ♣r♦❞✉③✐r ♦ ♠❛♣❡❛♠❡♥t♦✱ ♦ ▲❙❆ ✉t✐❧✐③❛ ❛ té❝♥✐❝❛ ❙❱❉✱ ♦✉ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡✲
❝♦♠♣♦s✐t✐♦♥ ❬✶✺❪✳ ❯♠ ❣r✉♣♦ ❞❡ ❞♦❝✉♠❡♥t♦s é ❞❛❞♦ ♣♦r D = {d1, ...dN}✱ ❝♦♠♣♦st♦ ♣♦r
t❡r♠♦s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ✈♦❝❛❜✉❧ár✐♦ ❞❡✜♥✐❞♦ ♣♦r W = {w1,...wM}✳ P♦❞❡✲s❡ ❞❡✜♥✐r ✉♠❛
t❛❜❡❧❛ ❞❡ ❝♦✲♦❝♦rrê♥❝✐❛s✱ ♦♥❞❡ ♦ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ❞♦s t❡r♠♦s é ❞❡s♣r❡③❛❞♦✳ ❊ss❛ t❛❜❡❧❛ é
✉♠❛ ♠❛tr✐③ K ❞❡ t❛♠❛♥❤♦ N ×M ✱ ♦♥❞❡ ♦ t❡r♠♦ kij r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ♦



✸✳✷✳ ❆♥á❧✐s❡ ❞❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡ Pr♦❜❛❜✐❧íst✐❝❛ ✷✸

t❡r♠♦ wj ❛♣❛r❡❝❡ ♥♦ ❞♦❝✉♠❡♥t♦ di✳
❉❡ ♣♦ss❡ ❞❡ss❛ t❛❜❡❧❛✱ ♣♦❞❡✲s❡ ❡①♣r✐♠✐r ❛ ♠❛tr✐① K ❝♦♠♦

K = UΣV ⊤, ✭✸✳✶✮

♦♥❞❡ U é ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛ ❡ V ⊤ s✉❛ ❝♦♥❥✉❣❛❞❛ tr❛♥s♣♦st❛✳
P❛r❛ ✉♠ ♠♦❞❡❧♦ ❞❡ k tó♣✐❝♦s ❧❛t❡♥t❡s✱ ❡s❝♦❧❤❡♠✲s❡ ♦s ♠❛✐♦r❡s k ✈❛❧♦r❡s ❡♠ Σ✱ ❡♥q✉❛♥t♦

t♦❞♦s ♦s ♦✉tr♦s sã♦ ❢♦rç❛❞♦s ❛ ③❡r♦✳ ❆ss✐♠✱ ✉♠❛ ♥♦✈❛ ♠❛tr✐③ Σ̃ é ♦❜t✐❞❛✳ ❯t✐❧✐③❛♥❞♦✲s❡
❛s ♠❡s♠❛s ♠❛tr✐③❡s U ❡ V ⊤ ♣♦❞❡✲s❡ ❛♣r♦①✐♠❛r ❛ ♠❛tr✐③ ♦r✐❣✐♥❛❧ ♥❡ss❡ ♥♦✈♦ ❡s♣❛ç♦ ❝♦♠♦

K = UΣ̃V ⊤. ✭✸✳✷✮

✸✳✷ ❆♥á❧✐s❡ ❞❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡ Pr♦❜❛❜✐❧íst✐❝❛

❆♥á❧✐s❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡ Pr♦❜❛❜✐❧✐st✐❝❛✱ ❞♦ ✐♥❣❧ês Pr♦❜❛❜✐❧✐st✐❝ ▲❛t❡♥t ❙❡♠❛♥t✐❝ ❆♥❛❧②✲

s✐s ✭P▲❙❆✮✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ♣♦r P▲❙■ ✭Pr♦❜❛❜✐❧✐st✐❝ ▲❛t❡♥t ❙❡♠❛♥t✐❝ ■♥❞❡①✐♥❣✮ é ✉♠❛
té❝♥✐❝❛ ✐♥s♣✐r❛❞❛ ♥♦ ▲❙❆✱ ♣♦ré♠ ❝♦♥str✉í❞❛ s♦❜r❡ ✉♠ ❢❡rr❛♠❡♥t❛❧ ❡st❛tíst✐❝♦ ♠❛✐s r♦✲
❜✉st♦✳ ❆ ♥❡❝❡ss✐❞❛❞❡ ❞❛ ❝♦♥str✉çã♦ s✉r❣❡✱ s❡❣✉♥❞♦ ❍♦❢♠❛♥♥ ❬✷✻❪✱ ❞♦ ❢❛t♦ ❞❡ q✉❡ ♦ ▲❙❆
s♦❢r❡ ❞❡ ❢❛❧t❛ ❞❡ ❡♠❜❛s❛♠❡♥t♦ t❡ór✐❝♦ ❛❞❡q✉❛❞♦✱ ❛❧é♠ ❞❡ ♥ã♦ s❡r ❝❛♣❛③ ❞❡ ❝❛♣t✉r❛r ❝♦♥s✲
tr✉çõ❡s ♥♦ ❞♦♠í♥✐♦ t❡①t✉❛❧ ❝♦♠♦ ♣♦❧✐ss❡♠✐❛✱ ♦✉ s❡❥❛✱ ✉♠❛ ♠❡s♠❛ ♣❛❧❛✈r❛ ❞♦t❛❞❛ ❞❡ ✈ár✐♦s
s✐❣♥✐✜❝❛❞♦s✳

❖ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❞❡st❛ té❝♥✐❝❛ é ✉♠ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❝♦♥❤❡❝✐❞♦ ♣♦r ♠♦❞❡❧♦ ❞❡

❛s♣❡❝t♦✱ ♦✉ ❛s♣❡❝t ♠♦❞❡❧✳ ❊st❡ ♠♦❞❡❧♦ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♦❜s❡r✈á✈❡❧ ✉♠❛ ❝❧❛ss❡✱ ♦✉
❝♦♥❝❡✐t♦✱ ♥ã♦ ♦❜s❡r✈á✈❡❧✳ ❈❛❞❛ ❝♦♥❝❡✐t♦ é ❞❡♥♦t❛❞♦ ♣♦r z ∈ Z = {z1, ..., zk}✳ P❛r❛ ✉♠
❣r✉♣♦ ❞❡ ❞♦❝✉♠❡♥t♦s D = {d1, ...dN} ❝♦♠ t❡r♠♦s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ✈♦❝❛❜✉❧ár✐♦ ❞❡✜♥✐❞♦
♣♦r W = {w1,...wM}✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
s♦❜r❡ D×W ✳ ❙✉♣♦♥❞♦✲s❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ❡♥tr❡ w ❡ d✱ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣♦❞❡
s❡r ❡s❝r✐t❛ ❝♦♠♦

P (d,w) = P (d)P (w|d), ✭✸✳✸✮

s❡♥❞♦ q✉❡
P (w|d) =

∑

z∈Z

P (w|z)P (z|d), ✭✸✳✹✮

♦✉ ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ ❝♦♠♦

P (d,w) =
∑

z∈Z

P (z)P (d|z)P (w|z). ✭✸✳✺✮

❆♠❜❛s ❛s ❢♦r♠✉❧❛çõ❡s ❝♦rr❡s♣♦♥❞❡♠ ❛ r❡❞❡s ❇❛②❡s✐❛♥❛s ✈á❧✐❞❛s ♣❛r❛ r❡♣r❡s❡♥t❛r P (d, w)✳
◆❛ ❢♦r♠✉❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✹✱ ❛ss✉♠❡✲s❡ ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ d ❡ w ❞❛❞♦ z✱



✸✳✷✳ ❆♥á❧✐s❡ ❞❡ ❙❡♠â♥t✐❝❛ ▲❛t❡♥t❡ Pr♦❜❛❜✐❧íst✐❝❛ ✷✹

t❡♥❞♦✲s❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ s♦❜r❡ d✳ ❆ r❡❞❡ ♦❜t✐❞❛ ♥❡st❡ ❝❡♥ár✐♦ é ♠♦str❛❞❛ ♥❛
❋✐❣✉r❛ ✸✳✷✳

◆❛ ❢♦r♠✉❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✺✱ ❛ ♠❡s♠❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ é ❢❡✐t❛✳
P♦ré♠✱ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ✉t✐❧✐③❛❞❛ ❞✐str✐❜✉✐✲s❡ s♦❜r❡ z✳ ❆ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡st❛
❢♦r♠✉❧❛çã♦ é ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✸✳ ❆ s❡❣✉♥❞❛ ❢♦r♠✉❧❛çã♦ t❡♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r
s✐♠étr✐❝❛ ❡♠ r❡❧❛çã♦ ❛♦ t❡r♠♦ ❧❛t❡♥t❡ z✳

❋✐❣✉r❛ ✸✳✷✿ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠✉❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✹✳ ❖s ♥ós d ❡ w

❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s✱ ❡♥q✉❛♥t♦ ♦ ♥ó z ❝♦rr❡s♣♦♥❞❡ às ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✳

❋✐❣✉r❛ ✸✳✸✿ ❘❡❞❡ ❇❛②❡s✐❛♥❛ ❡q✉✐✈❛❧❡♥t❡ à ❢♦r♠✉❧❛çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✺✳ ❖s ♥ós d ❡ w

❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❞❛❞♦s ♦❜s❡r✈á✈❡✐s✱ ❡♥q✉❛♥t♦ ♦ ♥ó z ❝♦rr❡s♣♦♥❞❡ às ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s✳

❈♦♠♦ ❡s♣❡r❛✲s❡ q✉❡ |Z| < |W |✱ ♦ P▲❙❆ t❛♠❜é♠ ❡❢❡t✉❛✱ t❛❧ q✉❛❧ ♦ ▲❙❆✱ ✉♠❛ r❡❞✉çã♦
❞❡ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✳ ❊♠ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ▲❙❆✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s
P (zi)✱ ♣❛r❛ ❝❛❞❛ ❝♦♥❝❡✐t♦ i✱ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❙❱❉
✉t✐❧✐③❛❞❛ ♥♦ ▲❙❆✳ ❉❡♥♦t❛♥❞♦ ❡ss❛ ♠❛tr✐③ ♣♦r Σ̂✱ ❡ ❞❡✜♥✐♥❞♦ ❛s ♠❛tr✐③❡s

Û = (P (di|zk))i,k,

V̂ = (P (wi|zk))i,k,

é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ♦ ♠♦❞❡❧♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s P✱ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ P (d,w) ❝♦♠♦

P = ÛΣ̂V̂. ✭✸✳✻✮

■ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❞❡s❝r✐t♦ ♥❛ ❊q✉❛çã♦ ✸✳✺✱ ♣♦ré♠✱ ❡♠ r❡❧❛çã♦ ❛♦ ▲❙❆✱ ❛ ♠❛tr✐③
P ❛♣r❡s❡♥t❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❜❡♠ ❞❡✜♥✐❞❛ ❞❡ ♦♥❞❡ s❡ ♣♦❞❡♠ ❡①tr❛✐r
s✐❣♥✐✜❝❛❞♦s✱ ❛♦ ❝♦♥trár✐♦ ❞♦s ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ♦❜t✐❞♦s ♣❡❧♦ ❙❱❉✳

❆ ❡t❛♣❛ ❞❡ tr❡✐♥❛♠❡♥t♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♦❜t❡r ♦ ✈❛❧♦r ❞❡ P (z|d,w)✱ ♦✉ s❡❥❛✱ ❛
❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s s♦❜r❡ ♦s t❡r♠♦s ❡ ❞♦❝✉♠❡♥t♦s ♣r❡s❡♥t❡s✳ ❖ tr❡✐♥❛♠❡♥t♦
♣♦❞❡ s❡r ❢❡✐t♦ ❛tr❛✈és ❞❛ té❝♥✐❝❛ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ❬✷✻❪✳



✸✳✸✳ ❆❧♦❝❛çã♦ ▲❛t❡♥t❡ ❞❡ ❉✐r✐❝❤❧❡t ✷✺

❉♦ ❚❡♦r❡♠❛ ❞❡ ❇❛②❡s✱ ♣♦❞❡✲s❡ ❞❡r✐✈❛r ❛ ❡①♣r❡ssã♦ ❬✷✺❪

P (z|d, w) =
P (z)P (d|z)P (w|z)

∑

z′∈Z P (z′)P (d|z′)P (w|z′)
, ✭✸✳✼✮

✉t✐❧✐③❛❞❛ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❡t❛♣❛ ❊①♣❡❝t❛t✐♦♥✱ ❜❡♠ ❝♦♠♦ ❛s ❡①♣r❡ssõ❡s

P (w|z) ∝
∑

d∈D

n(d, w)P (z|d, w), ✭✸✳✽✮

P (d|z) ∝
∑

w∈W

n(d, w)P (z|d, w), ✭✸✳✾✮

P (z) ∝
∑

d∈D

∑

w∈W

n(d,w)P (z|d,w), ✭✸✳✶✵✮

✉t✐❧✐③❛❞❛s ♥❛ ❡t❛♣❛ ▼❛①✐♠✐③❛t✐♦♥✳
◆❡st❛s ❡①♣r❡ssõ❡s✱ n(d,w) r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ s♦❜r❡ D ❡ W ✱ ❡ ❡q✉✐✈❛❧❡

à t❛❜❡❧❛ ❞❡ ❢r❡q✉ê♥❝✐❛s ♦❜t✐❞❛ ♣❡❧❛ ❝♦♥t❛❣❡♠ ❞♦s t❡r♠♦s ♥♦s ❞♦❝✉♠❡♥t♦s✳ ❆ ♠❡♥♦s ❞❡
✉♠❛ ❝♦♥st❛♥t❡✱ ❡ss❛ t❛❜❡❧❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♠✉❧t✐♥♦♠✐❛❧✱ ❞❡t❛❧❤❛❞❛ ♥❛
❙❡çã♦ ✷✳✷✳

✸✳✸ ❆❧♦❝❛çã♦ ▲❛t❡♥t❡ ❞❡ ❉✐r✐❝❤❧❡t

❆ té❝♥✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ▲❉❆✱ ❆❧♦❝❛çã♦ ▲❛t❡♥t❡ ❞❡ ❉✐r✐❝❤❧❡t✱ ✭❞♦ ✐♥❣❧ês ▲❛t❡♥t ❉✐✲

r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥✮ é ❛♣❧✐❝á✈❡❧ ❛ q✉❛✐sq✉❡r ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ❞✐s❝r❡t♦s✳ ❋♦✐ ♣r♦♣♦st❛
♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❇❧❡✐ ❡t ❛❧✳ ❬✽❪✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❞♦❝✉♠❡♥t♦s
t❡①t✉❛✐s✳

❖ ▲❉❆ ✐♥s♣✐r❛✲s❡ ♥♦ P▲❙❆✱ ❢♦r♥❡❝❡♥❞♦ ✉♠❛ r❡❞❡ ❇❛②❡s✐❛♥❛ s✐♠✐❧❛r✱ ❝♦♠♦ ♠♦str❛❞♦
♥❛ ❋✐❣✉r❛ ✸✳✹✳ P♦ré♠✱ ❛♦ ❝♦♥trár✐♦ ❞♦ P▲❙❆✱ ♦ ▲❉❆ ❢♦r♥❡❝❡ ✉♠ ♠♦❞❡❧♦ ❣❡♥❡r❛t✐✈♦
❜❡♠ ❞❡✜♥✐❞♦ ❬✽✱ ✺✸❪✳ ◆♦ P▲❙❆✱ ♣❛r❛ ❝❛❞❛ ❞♦❝✉♠❡♥t♦✱ ❤á ✉♠❛ ❞✐str✐❜✉✐çã♦ p(z|d) q✉❡
❞❡✜♥❡ ❛ ♣r♦♣♦rçã♦ ❞♦s tó♣✐❝♦s ♥♦s ❞♦❝✉♠❡♥t♦s✳ ◆♦ ❡♥t❛♥t♦✱ d é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛
♠✉❧t✐♥♦♠✐❛❧✱ q✉❡ t❡♠ t❛♥t♦s ✈❛❧♦r❡s q✉❛♥t♦ ❞♦❝✉♠❡♥t♦s ♣r❡✈✐❛♠❡♥t❡ ❛♥❛❧✐s❛❞♦s✳ ❉❡ ♦✉tr❛
❢♦r♠❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ tó♣✐❝♦s ❡♠ ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡♣❡♥❞❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❞♦❝✉♠❡♥t♦
❡♠ s✐✳ ◆ã♦ ❤á ✉♠❛ ♠❛♥❡✐r❛ ó❜✈✐❛ ❞❡ ❛tr✐❜✉✐r ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ❞♦❝✉♠❡♥t♦s ♥ã♦ ✈✐st♦s ❬✽❪✳
❉✐ss♦ r❡s✉❧t❛♠ ♣r♦❜❧❡♠❛s ❞❡ ♦✈❡r✜tt✐♥❣ ❬✶✾❪✳

P❛r❛ s✉♣❡r❛r ❡ss❛ ❧✐♠✐t❛çã♦✱ ♦ ▲❉❆ ❞❡✜♥❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞❡ ❉✐r✐❝❤❧❡t θ ∼

Dir(α)✱ ♦♥❞❡ α ❡ β sã♦ ♦s ♣❛râ♠❡tr♦s ❞❛ ❞✐str✐❜✉✐çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ❣❡r❛r ✉♠
♥♦✈♦ ❞♦❝✉♠❡♥t♦✱ ❞❡✜♥✐♥❞♦✲s❡ ❛ ♠✐st✉r❛ ❞❡ tó♣✐❝♦s q✉❡ ♦ ♠❡s♠♦ ❞❡✈❡ ❝♦♥t❡r✳

❙✉♣♦♥❞♦ q✉❡ ✉♠ ❞❛❞♦ ❞♦❝✉♠❡♥t♦ ❝♦♥té♠ ❛♣❡♥❛s ✉♠ tó♣✐❝♦ ❧❛t❡♥t❡✱ t❡♠✲s❡ ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ♦s ♠♦❞❡❧♦s ▲❉❆ ❡ P▲❙❆ ❬✽❪✳ ■ss♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ✈✐st♦ ❝♦♠♣❛r❛♥❞♦✲
s❡ ❛s ❋✐❣✉r❛s ✸✳✷ ❡ ✸✳✹✳



✸✳✸✳ ❆❧♦❝❛çã♦ ▲❛t❡♥t❡ ❞❡ ❉✐r✐❝❤❧❡t ✷✻

❆ ✐❞❡✐❛ ❝❡♥tr❛❧ ❞♦ ♠ét♦❞♦ é q✉❡ ✉♠ ❞❛❞♦ ❞♦❝✉♠❡♥t♦ é ❝♦♠♣♦st♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦
❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s✳ ❆ ❝❛❞❛ tó♣✐❝♦ é ❛ss♦❝✐❛❞♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s♦✲
❜r❡ ❛s ♣❛❧❛✈r❛s ❞♦ ✈♦❝❛❜✉❧ár✐♦✳ ❖ ♣r♦❝❡ss♦ ❞❡ ❣❡r❛çã♦ ❞❡ ✉♠ ♥♦✈♦ t❡①t♦ é ❞❡s❝r✐t♦ ♥♦
❆❧❣♦r✐t♠♦ ✸✳✶✳

P❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛ té❝♥✐❝❛✱ ❞❡✈❡✲s❡ ❞❡✜♥✐r ❛s s❡❣✉✐♥t❡s ❡♥t✐❞❛❞❡s✿

✶✳ P❛❧❛✈r❛s✱ ❞❡♥♦t❛❞❛s ♣♦r w✱ sã♦ ❛s ✉♥✐❞❛❞❡s ❜ás✐❝❛s✱ ❞✐s❝r❡t❛s✱ ❞♦ ❝♦r♣♦ ❞❡ ❞❛❞♦s
q✉❡ s❡ ♣r❡t❡♥❞❡ ❛♥❛❧✐s❛r✳ ❈❛❞❛ ♣❛❧❛✈r❛ w ♣❡rt❡♥❝❡ ❛ ✉♠ ✈♦❝❛❜✉❧ár✐♦ ❝♦♥t❡♥❞♦ t♦❞❛s
❛s ♣❛❧❛✈r❛s ♣♦ssí✈❡✐s✱ ❡ é ✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞❛ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♥♦r♠❛ ✉♥✐tár✐❛✱ ❡
❞✐♠❡♥sã♦ ✐❣✉❛❧ à ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ✈♦❝❛❜✉❧ár✐♦✳

✷✳ ❯♠ ❞♦❝✉♠❡♥t♦✱ ❞❡♥♦t❛❞♦ ♣♦r w = (w0, w1, ...wN)✱ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♣❛❧❛✈r❛s✳

✸✳ ❯♠ ❝♦r♣✉s✱ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s✱ ❞❡♥♦t❛❞♦ ♣♦r D = (w0,w1,...,wm)✳

✹✳ ❯♠ tó♣✐❝♦ ❧❛t❡♥t❡ z é ✉♠❛ ✈❛r✐á✈❡❧ ♥ã♦ ♦❜s❡r✈á✈❡❧ à q✉❛❧ s❡ ❛ss♦❝✐❛ ✉♠❛ ❞✐str✐❜✉✐çã♦
q✉❡ ❞❡t❡r♠✐♥❛ ✉♠❛ ❞❛❞❛ ❢r❡q✉❡♥❝✐❛ ❞❡ ♣❛❧❛✈r❛s✳ ❆ ❝❛❞❛ ❝♦r♣✉s✱ é ❛ss♦❝✐❛❞♦ ✉♠
❝♦♥❥✉♥t♦ z = {z1, ..., zn} ❝✉❥❛ ♣r♦♣♦rçã♦ é ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡
❉✐r✐❝❤❧❡t✳

❖✉ s❡❥❛✱ ❛♦ s❡ ❞❡t❡r♠✐♥❛r ♦s ♣❛râ♠❡tr♦s ❞❡ ✉♠ ♠♦❞❡❧♦ ▲❉❆ ❞❡✜♥❡✲s❡ ✉♠❛ ♣r♦♣♦rçã♦
❡♥tr❡ t♦❞♦s ♦s tó♣✐❝♦s ❧❛t❡♥t❡s ❡ ❡♠ ♦✉tr♦ ♥í✈❡❧✱ ✉♠❛ ♣r♦♣♦rçã♦ ❡♥tr❡ ❛s ♣❛❧❛✈r❛s ❡♠ ✉♠
❞❛❞♦ tó♣✐❝♦✳

❆❧❣♦r✐t♠♦ ✸✳✶ ❆❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❣❡r❛r ✉♠ ♥♦✈♦ ❞♦❝✉♠❡♥t♦ ❛tr❛✈és ❞♦ ▲❉❆✳
❊♥tr❛❞❛✿ ❖s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✱ α ❡ β✳ ❖ ♥ú♠❡r♦ ❞❡ ♣❛❧❛✈r❛s N ✱ ♦✉ ✉♠ ♣❛râ♠❡tr♦
ξ✳
❙❛í❞❛✿ ❯♠ ✈❡t♦r w ❝♦♥t❡♥❞♦ ❛s ♣❛❧❛✈r❛s ❞♦ ❞♦❝✉♠❡♥t♦

x← ∅

❊s❝♦❧❤❡r N ∼ Poisson(ξ) ✭♦✉ ✜①♦✮✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❛❧❛✈r❛s ♥♦ ❞♦❝✉♠❡♥t♦✳
❆♠♦str❛r θ ∼ Dir(α)✳ ❊st❛ ❡t❛♣❛ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❛ ❣❡r❛çã♦ ❞❛s ♣r♦♣♦rçõ❡s
❡s♣❡r❛❞❛s ❡♥tr❡ ♦s tó♣✐❝♦s z ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦✳
❢♦r ❛❧❧ n ∈ {1,...,N} ❞♦

❆♠♦str❛r ✉♠ tó♣✐❝♦ zn ∼Multinomial(θ)
❆♠♦str❛r wn ∼ p(wn|zn, β)✳ ❆q✉✐✱ β é ✉♠ ♣❛râ♠❡tr♦ ❞♦ ♠♦❞❡❧♦✱ ❡ p ✉♠❛ ❞✐str✐❜✉✐çã♦
♠✉❧t✐♥♦♠✐❛❧✱ ❝♦♥❞✐❝✐♦♥❛❞❛ ❛♦ tó♣✐❝♦
W←W ∪ {wn}

❡♥❞ ❢♦r

❆ ❡t❛♣❛ ❞❡ tr❡✐♥❛♠❡♥t♦ ❞♦ ▲❉❆ ❝♦♥s✐st❡ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ♣❛râ♠❡tr♦s α ❡ β ❞♦
♠♦❞❡❧♦✳ ❖ ♣❛râ♠❡tr♦ β é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♠✉❧t✐♥♦♠✐❛❧✱ q✉❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛





✸✳✸✳ ❆❧♦❝❛çã♦ ▲❛t❡♥t❡ ❞❡ ❉✐r✐❝❤❧❡t ✷✽

❊st❛ ❡q✉❛çã♦ s✉♣õ❡ q✉❡ sã♦ ❝♦♥❤❡❝✐❞♦s ♦s ♣❛râ♠❡tr♦s α ❡ β ❞♦ ♠♦❞❡❧♦ ❡ ❛s ♣❛❧❛✈r❛s
w ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ ❛♦ q✉❛❧ ♦ ♠♦❞❡❧♦ é ❡①♣♦st♦✳

◆♦ ❡♥t❛♥t♦✱ ❛ ✐♥❢❡rê♥❝✐❛ ❡①❛t❛ s♦❜r❡ ❡ss❛ ❞✐str✐❜✉✐çã♦ é ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✉♠ ♣r♦✲
❜❧❡♠❛ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❬✽✱ ✶✻❪✳ ❆ss✐♠ s❡♥❞♦✱ ❞❡✈❡✲s❡ ✉t✐❧✐③❛r ❛❧❣✉♠ ❛❧❣♦r✐t♠♦
❛♣r♦①✐♠❛❞♦ ♣❛r❛ s✉❛ ♦❜t❡♥çã♦✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛✱ é r❡♣r❡s❡♥t❛r ❛ r❡❞❡ ❇❛②❡s✐❛♥❛ ♣♦r ✉♠
♠♦❞❡❧♦ ❛❧t❡r♥❛t✐✈♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s ❞✐❢❡r❡♥t❡s✱ q✉❡ ❛♣r♦①✐♠❡ ❛ ❞✐str✐✲
❜✉✐çã♦ ❞❡s❡❥❛❞❛ ❛♦ ♠❡s♠♦ t❡♠♣♦ q✉❡ ♣r♦❞✉③ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❝♦♠♣✉tá✈❡❧
❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳

❖ ♠♦❞❡❧♦ s✐♠♣❧✐✜❝❛❞♦ ✉t✐❧✐③❛❞♦ é ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✺✳ ❆ ❡❧❡ ❝♦rr❡s♣♦♥❞❡♠ ✉♠❛
❢❛♠í❧✐❛ ❞❡ ❞✐str✐❜✉✐çõ❡s q✱ ✐♥❞❡①❛❞❛s ♣❡❧♦s ♣❛râ♠❡tr♦s ❛✉①✐❧✐❛r❡s γ ❡ φ✱ ❞❛ ❢♦r♠❛

q(θ, z|γ, φ) = q(θ|γ)
N
∏

n=1

q(zn|φn). ✭✸✳✶✹✮

❆ ❞✐str✐❜✉✐çã♦ q ✉t✐❧✐③❛❞❛ ❞❡✈❡ ❛♣r♦①✐♠❛r ❛ ❞✐str✐❜✉✐çã♦ ♦r✐❣✐♥❛❧✱ p✱ s✉✜❝✐❡♥t❡♠❡♥t❡
❜❡♠✳ P❛r❛ ✐ss♦✱ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✭✈❡r ❙❡çã♦ ✷✳✸✮✱ ❞❛❞❛ ♣♦r

DKL(q(θ, z|γ, φ)‖p(θ, z|w,α, β)) =

∫ ∞

−∞

q(θ, z|γ, φ) log
p(θ, z|w,α, β)

q(θ, z|γ, φ)
dx, ✭✸✳✶✺✮

❞❡✈❡ s❡r ♠✐♥✐♠✐③❛❞❛✳ ❆ t❛r❡❢❛ ❞❛ ✐♥❢❡rê♥❝✐❛ ♣❛ss❛ ❛ s❡r ❡♥❝♦♥tr❛r ♦s ♣❛râ♠❡tr♦s γ ❡ φ

q✉❡ ♠✐♥✐♠✐③❡♠ ❡ss❛ ❞✐✈❡r❣ê♥❝✐❛✳ P♦❞❡✲s❡ ❞❡♠♦♥str❛r q✉❡ ❡st❡s ♣❛râ♠❡tr♦s sã♦ ❬✽❪

φni ∝ βiwn
exp{Eq[log(θi)|γ]}, e ✭✸✳✶✻✮

γi = αi +
N
∑

n=1

θni. ✭✸✳✶✼✮

❖ t❡r♠♦ Eq[log(θi)|γ] ♥ã♦ t❡♠ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✱ ♠❛s ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

Eq[log(θi)|γ] = Ψ(γi)−Ψ

(

k
∑

j=1

γj

)

, ✭✸✳✶✽✮

♦♥❞❡ Ψ é ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❣❛♠♠❛ ❬✽❪✳ ❊st❛ ❢✉♥çã♦✱ ♣♦r s✉❛
✈❡③✱ é ❝♦♠♣✉tá✈❡❧ ❛tr❛✈és ❞❡ ✉♠❛ sér✐❡ ❞❡ ❚❛②❧♦r ❬✷❪✳ ❆❧é♠ ❞✐ss♦ ❡st❛s ❡q✉❛çõ❡s sã♦
❞❡♣❡♥❞❡♥t❡s ❡♥tr❡ s✐✱ ❡ ♣♦❞❡♠ s❡r ❛✈❛❧✐❛❞❛s ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ ♠ét♦❞♦ ✐t❡r❛t✐✈♦✱ ❝♦♠♦ é
❞❡t❛❧❤❛❞♦ ♥♦ ❆❧❣♦r✐t♠♦ ✸✳✷✳

❯♠♠ét♦❞♦ s✐♠✐❧❛r ❛♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ ✐♥❢❡rê♥❝✐❛ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ tr❡✐♥❛♠❡♥t♦✳
❇✉s❝❛✲s❡ ❛ ♦❜t❡♥çã♦ ❞♦s ♣❛râ♠❡tr♦s α ❡ β ❞♦ ♠♦❞❡❧♦ ❛tr❛✈és ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞♦ t✐♣♦
❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥✳

❖s ♣❛râ♠❡tr♦s ❛❧t❡r♥❛t✐✈♦s γ ❡ φ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ✉♠❛ ❞✐str✐✲
❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❡♠ r❡❧❛çã♦ ❛♦ ♠♦❞❡❧♦✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡t❡r♠✐♥❛♠✲s❡ α ❡ β ❞❡ ❢♦r♠❛ ❛
♠❛①✐♠✐③❛r ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♠ ❡ss❛ ❞✐str✐❜✉✐çã♦✳







❈❛♣ít✉❧♦ ✹

❉❡s❝r✐t♦r❡s ❞❡ ■♠❛❣❡♥s

❆s té❝♥✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✸ ❛♣❧✐❝❛♠✲s❡ ❛ ❞♦❝✉♠❡♥t♦s t❡①t✉❛✐s✳ P❛r❛ ♦ ❞♦♠í♥✐♦
❞❛s ✐♠❛❣❡♥s é ♥❡❝❡ssár✐♦ ❧❛♥ç❛r ♠ã♦ ❞❡ ❛❧❣✉♠❛ té❝♥✐❝❛ q✉❡ ♣❡r♠✐t❛ ❛ ❡①♣r❡ssã♦ ❞❡ ✉♠❛
✐♠❛❣❡♠ ❛tr❛✈és ❞❡ ❡❧❡♠❡♥t♦s ❞✐s❝r❡t♦s✳ ◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s r❡♣r❡s❡♥t❛çõ❡s
❝♦♥❝✐s❛s ❞❡ ✐♠❛❣❡♥s ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❞❡s❝r✐t♦r❡s ❞❡ ✐♠❛❣❡♥s✳ ❆ ♣❛rt✐r ❞❡st❛ ❞✐s❝r❡t✐③❛çã♦✱
é ♣♦ssí✈❡❧ ♠❛♣❡❛r ✉♠❛ ✐♠❛❣❡♠ ♣❛r❛ ✉♠ ❞♦❝✉♠❡♥t♦ t❡①t✉❛❧✳

✹✳✶ ❉❡s❝r✐t♦r❡s ❞❡ ■♠❛❣❡♥s ❙✐♠♣❧❡s

❉❛❞❛ ✉♠❛ ✐♠❛❣❡♠ I✱ r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠❛ ♠❛tr✐③ ❞❡ ♣✐①❡❧s✱ ❞❡s❡❥❛✲s❡ ❝♦♥str✉✐r ✉♠❛
r❡♣r❡s❡♥t❛çã♦ ❛❧t❡r♥❛t✐✈❛ q✉❡ ♠❡❧❤♦r ❞❡s❝r❡✈❛ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

P❛r❛ ❡st❛ t❛r❡❢❛ ♣♦❞❡✲s❡ ✉t✐❧✐③❛r ✉♠ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✿ ✉♠ ♣♦♥t♦ vi = (v1, ..., vn) ∈

R
n✱ ❝❛♣❛③ ❞❡ ❡①♣r❡ss❛r ❛❧❣✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✉♠❛ ✐♠❛❣❡♠✱ ❝♦♠♦ ❝♦r✱ ❢♦r♠❛✱ t❡①t✉r❛✱

❡t❝✳ ❆♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❡ ✉♠❛ ❢✉♥çã♦ δ : Rn×Rn → R

é ❞❛❞♦ ♦ ♥♦♠❡ ❞❡ ❞❡s❝r✐t♦r ❞❡ ✐♠❛❣❡♠ ❬✶✹❪✳ ❆ ❢✉♥çã♦ δ ♠❡❞❡ ♦ ❣r❛✉ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡
❞♦✐s ❞❡s❝r✐t♦r❡s ❞✐st✐♥t♦s✳ P♦r s❡ tr❛t❛r ❞❡ ✉♠❛ ❢✉♥çã♦ ❛♥á❧♦❣❛ ❛ ✉♠❛ ❞✐stâ♥❝✐❛✱ q✉❛♥t♦
♠❛✐♦r ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❞♦✐s ❞❡s❝r✐t♦r❡s ♠❡♥♦r s❡rá ♦ ✈❛❧♦r ❞❡ δ✳

❉❡s❝r✐t♦r❡s ❞❡ ✐♠❛❣❡♠ ♣♦❞❡♠ s❡r ❛❣r✉♣❛❞♦s ❡♠ três ❝❛t❡❣♦r✐❛s ♣r✐♥❝✐♣❛✐s ❬✸❪✿

• ▼ét♦❞♦s ●❧♦❜❛✐s✱ q✉❡ ❞❡s❝r❡✈❡♠ ❛ ❞✐str✐❜✉✐çã♦ ❣❧♦❜❛❧ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♥✉♠❛
✐♠❛❣❡♠✱ s❡♠ ❝♦♥s✐❞❡r❛r ❝❛r❛❝t❡ríst✐❝❛s ❧♦❝❛❧♠❡♥t❡ r❡❧❡✈❛♥t❡s✳

• ▼ét♦❞♦s ❘❡❣✐♦♥❛✐s✱ q✉❡ ❞❡❝♦♠♣õ❡♠ ❛ ✐♠❛❣❡♠✱ ❛tr❛✈és ❞❡ ♣r♦❝❡ss♦s ❞❡ s❡❣♠❡♥✲
t❛çã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ ✐♠❛❣❡♠✳

• ▼ét♦❞♦s ▲♦❝❛✐s✱ q✉❡ ❧♦❝❛❧✐③❛♠ ♣♦♥t♦s ✐♠♣♦rt❛♥t❡s ❡ ❝♦♥str♦❡♠ ❞❡s❝r✐t♦r❡s ❡♠
t♦r♥♦ ❞❡❧❡s✳

✸✶



✹✳✷✳ ❇■❈ ✸✷

❉❡ t♦❞♦s ♦s ❞❡s❝r✐t♦r❡s ❞❡ ✐♠❛❣❡♠ ♣♦ssí✈❡✐s✱ ❤á ✐♥t❡r❡ss❡ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ♥♦s ❝❤❛♠❛✲
❞♦s ✐♥✈❛r✐❛♥t❡s ❡♠ r❡❧❛çã♦ ❛ ❛❧❣✉♠ t✐♣♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡✳ ❊♥❝♦♥tr❛r ❞❡s❝r✐t♦r❡s ✐♥✈❛r✐❛♥t❡s
❛ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ s✐❣♥✐✜❝❛ q✉❡ s❡rá ♣♦ssí✈❡❧ ❛ss♦❝✐❛r ❡st❛ ✐♠❛❣❡♠ ❝♦♠ ♦✉tr❛ ♥❛ q✉❛❧ ❛s
♠❡s♠❛s r❡❣✐õ❡s sã♦ ❡♥❝♦♥tr❛❞❛s✱ ♣♦ré♠ ❝♦♠ ✈❛r✐❛çõ❡s ♥❡st❛ ♣r♦♣r✐❡❞❛❞❡ ❬✸✽❪✳ ❊♥tr❡ ❛s
♣r♦♣r✐❡❞❛❞❡s ✐♥✈❛r✐❛♥t❡s ✉s✉❛✐s✱ ❞❡st❛❝❛♠✲s❡ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛✱ ❡s❝❛❧❛ ❡ r♦t❛çã♦✳

❯♠ ❞❡s❝r✐t♦r s✐♠♣❧❡s ❞❡s❝r✐t♦ ♥❛ ❧✐t❡r❛t✉r❛ ❬✶❪ ❡ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐st❡ ❡♠
s❡♣❛r❛r ❛ ✐♠❛❣❡♠ ❡♠ ❥❛♥❡❧❛s ❞❡ t❛♠❛♥❤♦ ✜①♦✳ ❆ ❧♦❝❛❧✐③❛çã♦ ❞♦s ♣♦♥t♦s ❡♠ t♦r♥♦ ❞♦s
q✉❛✐s s❡ ❞❡s❡❥❛ ❡st❛❜❡❧❡❝❡r ❛s ❥❛♥❡❧❛s ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ✉♠❛ ✈❛rr❡❞✉r❛ ❡♠ ❣r❛❞❡
♥❛ ✐♠❛❣❡♠✳ ◆❡ss❡ ♣r♦❝❡ss♦✱ ♣❡r❝♦rr❡✲s❡ ❛ ✐♠❛❣❡♠ ❡♠ ✐♥❝r❡♠❡♥t♦s ✜①♦s ❡♠ x ❡ y✳ ❆❧t❡r✲
♥❛t✐✈❛♠❡♥t❡✱ ♣♦❞❡✲s❡ ✉t✐❧✐③❛r q✉❛❧q✉❡r ❛❧❣♦r✐t♠♦ ❞❡ ❞❡t❡❝çã♦ ❞❡ ♣♦♥t♦s ❝❛r❛❝t❡ríst✐❝♦s✱
❝♦♠♦ ♦s ♣ró♣r✐♦s ❙■❋❚ ♦✉ ❙❯❘❋✱ ❞❡s❝r✐t♦s ♥❛s ❙❡çõ❡s ✹✳✸ ❡ ✹✳✹✳

P❛r❛ ❝❛❞❛ ✉♠ ❞❡st❡s ♣♦♥t♦s✱ s❡❧❡❝✐♦♥❛✲s❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠❛ ❡s❝❛❧❛ ❡ ❝r✐❛✲s❡ ✉♠❛
❥❛♥❡❧❛ q✉❛❞r❛❞❛ ❝❡♥tr❛❞❛ ♥♦ ♣♦♥t♦ ❞❡ ✐♥t❡r❡ss❡✱ ❝♦♠ ❧❛❞♦s ✐❣✉❛✐s ❛ ❞✉❛s ✈❡③❡s ❛ ❡s❝❛❧❛
✉t✐❧✐③❛❞❛✳ ❊st❛ ❥❛♥❡❧❛ é r❡❞✉③✐❞❛ ♣❛r❛ ✉♠❛ ❞❡ t❛♠❛♥❤♦ ✜①♦✱ ♣♦r ❡①❡♠♣❧♦✱ 11 × 11✳ ❆
✐♠❛❣❡♠ I é r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦

I = {w1, ..., wn}, ✭✹✳✶✮

♦♥❞❡ ❝❛❞❛ wi é ✉♠ ✈❡t♦r ❝♦♥t❡♥❞♦ ♦ ✈❛❧♦r ❞❛ ❥❛♥❡❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ ❝❛❞❛ ✉♠ ❞❡ s❡✉s
♣♦♥t♦s✳ ❙✉♣♦♥❞♦ ✉♠❛ ✐♠❛❣❡♠ ❡♠ t♦♥s ❞❡ ❝✐♥③❛✱ ❞✐✈✐❞✐❞❛ ❡♠ ❥❛♥❡❧❛s 11 × 11✱ ❝❛❞❛ wi é
✉♠ ✈❡t♦r ❞❡ ✶✷✶ ❞✐♠❡♥sõ❡s✱ ♦♥❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❝♦♥té♠ ♦ ✈❛❧♦r ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❡♠ ❝❛❞❛
✉♠ ❞♦s ♣✐①❡❧s ❞❛ ❥❛♥❡❧❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❡ss❡ ❞❡s❝r✐t♦r s✐♠♣❧❡s s❡rá r❡❢❡r✐❞♦ ❝♦♠♦ ❏❛♥❡❧❛s

♦✉ P❛t❝❤❡s✳

✹✳✷ ❇■❈

❖ ❇■❈ ✭❇♦r❞❡r✴■♥t❡r✐♦r P✐①❡❧ ❈❧❛ss✐✜❝❛t✐♦♥✮ é ✉♠ ❞❡s❝r✐t♦r ❞❡ ✐♠❛❣❡♥s ❜❛s❡❛❞♦ ❡♠ ❝♦✲
r❡s ❬✺✵❪✳ ❆ ✐♠❛❣❡♠ s♦❢r❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ✐♥✐❝✐❛❧ ♥❛ q✉❛❧ é q✉❛♥t✐③❛❞❛✱ r❡s✉❧t❛♥❞♦ ❡♠
✉♠❛ ✈❡rsã♦ ❝♦♠ ✻✹ ❝❧❛ss❡s ❞❡ ❝♦r✳

❊♠ s❡❣✉✐❞❛✱ ♦ ❛❧❣♦r✐t♠♦ ❝❧❛ss✐✜❝❛ t♦❞♦s ♦s ♣♦♥t♦s ❞❛ ✐♠❛❣❡♠ ❡♠ ❞✉❛s ❝❧❛ss❡s✿ ❜♦r❞❛ ❡
✐♥t❡r✐♦r✳ ❊st❛ ❝❧❛ss✐✜❝❛çã♦ é ❢❡✐t❛ ❛tr❛✈és ❞❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ q✉❛tr♦ ❞❡ s❡✉s ✈✐③✐♥❤♦s
✭s✉♣❡r✐♦r✱ ✐♥❢❡r✐♦r✱ ❡sq✉❡r❞♦✱ ❡ ❞✐r❡✐t♦✮✳ ❆ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦✐t♦ ✈✐③✐♥❤♦s é ❞❡s♥❡❝❡ssár✐❛✱
♣♦✐s ❛❞✐❝✐♦♥❛ ❝♦♠♣❧❡①✐❞❛❞❡ s❡♠ tr❛③❡r ❣❛♥❤♦s ❛❞✐❝✐♦♥❛✐s ❬✺✵❪ ✳

❯♠ ♣♦♥t♦ é ❝❧❛ss✐✜❝❛❞♦ ❝♦♠♦ ✐♥t❡r✐♦r✱ s❡ s❡✉s q✉❛tr♦ ✈✐③✐♥❤♦s t❡♠ ❛ ♠❡s♠❛ ❝♦r q✉❛♥✲
t✐③❛❞❛✳ ❈❛s♦ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡ s❡✉s q✉❛tr♦ ✈✐③✐♥❤♦s t❡♥❤❛ ✉♠❛ ❝♦r q✉❛♥t✐③❛❞❛ ❞✐❢❡r❡♥t❡✱
♦ ♣✐①❡❧ é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ❜♦r❞❛✳

P❛r❛ ❝❛❞❛ ❝♦r ♣r❡s❡♥t❡ ♥❛ ✐♠❛❣❡♠✱ ❝♦♥str♦❡♠✲s❡ ❞♦✐s ❤✐st♦❣r❛♠❛s✱ s❡♥❞♦ ✉♠ ♣❛r❛
♣♦♥t♦s ❞❡ ✐♥t❡r✐♦r ❡ ♦✉tr♦ ♣❛r❛ ♣♦♥t♦s ❞❡ ❜♦r❞❛✳ ❈❛❞❛ ✉♠ ❞♦s ❤✐st♦❣r❛♠❛s ❝♦♥té♠ ✉♠❛
❝❧❛ss❡ ♣❛r❛ ❝❛❞❛ ❝♦r q✉❛♥t✐③❛❞❛✱ t♦t❛❧✐③❛♥❞♦ ✶✷✽ ❝❧❛ss❡s✿ ✻✹ ♣❛r❛ ♣♦♥t♦s ❞❡ ❜♦r❞❛ ❡ ✻✹
♣❛r❛ ♣♦♥t♦s ❞❡ ✐♥t❡r✐♦r✳



✹✳✸✳ ❙■❋❚ ✸✸

P❛r❛ ❝♦♠♣❛r❛r ❞♦✐s ❞❡s❝r✐t♦r❡s ♣♦❞❡✲s❡ ✉t✐❧✐③❛r ❛ ♠étr✐❝❛ dLog✳ ❉❛❞♦s ❞♦✐s ❞❡s❝r✐t♦r❡s
q ❡ d✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

dLog(q, d) = |f(q[i])− f(d[i])|, ✭✹✳✷✮

♦♥❞❡

f(x) =















0, s❡ x = 0✱

1, s❡ 0 < x ≤ 1✱

⌈log2 x⌉+ 1, s❡ x > 1✳

✭✹✳✸✮

❆ ✉t✐❧✐③❛çã♦ ❞❡ ❝♦♠♣❛r❛çõ❡s ❧♦❣❛rít♠✐❝❛s✱ ❛tr❛✈és ❞❛ ❢✉♥çã♦ dLog✱ ❡♠ ❝♦♥str❛st❡
❝♦♠ ♠étr✐❝❛s ❝♦♠♦ L1 ❡ L2 t❡♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ ♠✐♥✐♠✐③❛r ❞✐st♦rçõ❡s✱ ♦♥❞❡ ✉♠❛ ❞❛❞❛
❝♦r q✉❛♥t✐③❛❞❛ ❞♦♠✐♥❛ ♦ ❤✐st♦❣r❛♠❛✱ ♠❡s♠♦ s❡♠ ♣❛rt✐❝✐♣❛r ❞❡ r❡❣✐õ❡s s❡♠❛♥t✐❝❛♠❡♥t❡
r❡❧❡✈❛♥t❡s ❬✺✵❪✳

❖s ❤✐st♦❣r❛♠❛s ♣♦❞❡♠ s❡r ❛r♠❛③❡♥❛❞♦s ❞✐r❡t❛♠❡♥t❡ ❡♠ ❡s❝❛❧❛ ❧♦❣❛rít♠✐❝❛✱ ♦ q✉❡
s✐♠♣❧✐✜❝❛ ❛ ❝♦♠♣❛r❛çã♦ ♣♦st❡r✐♦r ❞❛s ❞✐stâ♥❝✐❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❡s❝❛❧❛s ❧♦❣❛✲
rít♠✐❝❛s ✉t✐❧✐③❛ ❛♣❡♥❛s ♠❡t❛❞❡ ❞♦ ❡s♣❛ç♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ♦ ❛r♠❛③❡♥❛♠❡♥t♦ ❞♦ ❤✐st♦❣r❛♠❛
❝♦♠✉♠✳

✹✳✸ ❙■❋❚

❖ ❙■❋❚ ❬✸✽❪✱ ❞♦ ✐♥❣❧ês ❙❝❛❧❡✲■♥✈❛r✐❛♥t ❋❡❛t✉r❡ ❚r❛♥s❢♦r♠ é ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡t❡❝çã♦
❡ ❞❡s❝r✐çã♦ ❞❡ ♣♦♥t♦s ❝❛r❛❝t❡ríst✐❝♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠✳ ❖s ❞❡s❝r✐t♦r❡s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦
❙■❋❚ sã♦ ✈❡t♦r❡s✱ ♥♦r♠❛❧♠❡♥t❡ ✶✷✽✲❞✐♠❡♥s✐♦♥❛✐s✱ q✉❡ r❡♣r❡s❡♥t❛♠ ❝❛r❛❝t❡ríst✐❝❛s ❧♦❝❛✐s
❞❛ ✐♠❛❣❡♠✱ ✐♥✈❛r✐❛♥t❡s à ❡s❝❛❧❛✱ r♦t❛çã♦ ❡ ✐❧✉♠✐♥❛çã♦✱ ❛❧é♠ ❞❡ ♣❡q✉❡♥❛s ❛❧t❡r❛çõ❡s ❞❡
♣♦♥t♦ ❞❡ ✈✐st❛ ❡ r♦t❛çã♦ ✸❉✳ ◆♦ ❛❧❣♦r✐t♠♦✱ ❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦ ❡♥❝♦♥tr❛❞❛s ❛tr❛✈és ❞❡
✉s♦ ❞❡ ✜❧tr♦s ❡♠ ✈ár✐♦s ❡stá❣✐♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦✱ ❜✉s❝❛♠✲s❡ r❡❣✐õ❡s ❞❛ ✐♠❛❣❡♠ q✉❡
s❡❥❛♠ ❝♦♥s✐❞❡r❛❞❛s ❡stá✈❡✐s ❡♠ r❡❧❛çã♦ às ❝❛r❛❝t❡ríst✐❝❛s ✐♥✈❛r✐❛♥t❡s✳

■ss♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛tr❛✈és ❞❛ ❜✉s❝❛ ♣♦r ♠á①✐♠♦s ❡ ♠í♥✐♠♦s ❧♦❝❛✐s ❡♠ ✉♠❛ ❢✉♥çã♦
❝♦♥tí♥✉❛ ❞❛s ❡s❝❛❧❛s✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡s♣❛ç♦✲❡s❝❛❧❛ ❬✺✹❪✳ ❊♠ ❣❡r❛❧✱ ♦ ❡s♣❛ç♦✲❡s❝❛❧❛ ✉t✐✲
❧✐③❛❞♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ✜❧tr♦ ❣❛✉ss✐❛♥♦ ❬✸✼❪✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ✉♠❛ ✐♠❛❣❡♠ I(x,y)✱
♣♦❞❡✲s❡ ❡s❝r❡✈❡r ♦ ❡s♣❛ç♦ ❡s❝❛❧❛ L✱ ❝♦♠♦

L(x, y, σ) =

(

1

2πσ2
e−

(x2+y2)

2σ2

)

∗ I(x, y), ✭✹✳✹✮

♦♥❞❡ ∗ é ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♥✈♦❧✉çã♦✳
P♦♥t♦s ❡stá✈❡✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❛tr❛✈és ❞♦s ♠í♥✐♠♦s ❡ ♠á①✐♠♦s ❧♦❝❛✐s ❞❛ ❢✉♥çã♦

❞✐❢❡r❡♥ç❛ ❞❡ ❣❛✉ss✐❛♥❛s✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ à ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ♣ró①✐♠♦s ♥♦ ❡s♣❛ç♦
❡s❝❛❧❛ ❬✸✼✱ ✸✽❪✳







✹✳✸✳ ❙■❋❚ ✸✻

❋✐❣✉r❛ ✹✳✸✿ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦ ❡
s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠❛ ❝❡♥❛ ❝♦♠♣❧❡①❛ ❞❛ q✉❛❧ ❢❛③ ♣❛rt❡ ♦ ♦❜❥❡t♦
♦r✐❣✐♥❛❧✳ ❖ ♦❜❥❡t♦ ❡♥❝♦♥tr❛✲s❡ ♥❛ ♠❡s♠❛ ♣♦s❡ ❡♠ ❛♠❜❛s ❛s ✐♠❛❣❡♥s✳
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❋✐❣✉r❛ ✹✳✹✿ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦ ❡
s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠❛ ❝❡♥❛ ❝♦♠♣❧❡①❛ ❞❛ q✉❛❧ ❢❛③ ♣❛rt❡ ♦ ♦❜❥❡t♦
♦r✐❣✐♥❛❧✳ ❖ ♦❜❥❡t♦ ❡♥❝♦♥tr❛✲s❡ ❡♠ ♣♦s❡s ❞✐st✐♥t❛s ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ✐♠❛❣❡♥s✳
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❋✐❣✉r❛ ✹✳✺✿ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙■❋❚ ❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ❞✉❛s ✐♠❛❣❡♥s ✐❞ê♥t✐❝❛s✱
❡①❝❡t♦ ♣❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ✐❧✉♠✐♥❛çã♦✱ ❛rt✐✜❝✐❛❧♠❡♥t❡ ♠♦❞✐✜❝❛❞❛s✳
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❋✐❣✉r❛ ✹✳✽✿ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙❯❘❋ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦
❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠❛ ❝❡♥❛ ❝♦♠♣❧❡①❛ ❞❛ q✉❛❧ ❢❛③ ♣❛rt❡ ♦
♦❜❥❡t♦ ♦r✐❣✐♥❛❧✳ ❖ ♦❜❥❡t♦ ❡♥❝♦♥tr❛✲s❡ ♥❛ ♠❡s♠❛ ♣♦s❡ ❡♠ ❛♠❜❛s ❛s ✐♠❛❣❡♥s✳
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❋✐❣✉r❛ ✹✳✾✿ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙❯❘❋ ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠ ♦❜❥❡t♦
❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ✉♠❛ ✐♠❛❣❡♠ ❝♦♥t❡♥❞♦ ✉♠❛ ❝❡♥❛ ❝♦♠♣❧❡①❛ ❞❛ q✉❛❧ ❢❛③ ♣❛rt❡ ♦
♦❜❥❡t♦ ♦r✐❣✐♥❛❧✳ ❖ ♦❜❥❡t♦ ❡♥❝♦♥tr❛✲s❡ ❡♠ ♣♦s❡s ❞✐st✐♥t❛s ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ✐♠❛❣❡♥s✳



✹✳✹✳ ❙❯❘❋ ✹✸

❋✐❣✉r❛ ✹✳✶✵✿ P♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ❙❯❘❋ ❡ s❡✉s ❝❛s❛♠❡♥t♦s ❡♠ ❞✉❛s ✐♠❛❣❡♥s ✐❞ê♥t✐❝❛s✱
❡①❝❡t♦ ♣❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ✐❧✉♠✐♥❛çã♦✱ ❛rt✐✜❝✐❛❧♠❡♥t❡ ♠♦❞✐✜❝❛❞❛s✳



❈❛♣ít✉❧♦ ✺

❊①♣❡r✐♠❡♥t♦s

✺✳✶ ❇❛s❡s ❞❡ ■♠❛❣❡♥s

❊st❡ tr❛❜❛❧❤♦ ❛✈❛❧✐♦✉ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ▲❛t❡♥t ❉✐r✐❝❤❧❡t ❆❧❧♦❝❛t✐♦♥✱ ❛ ✐♠❛❣❡♥s✳ ◆♦s
❡①♣❡r✐♠❡♥t♦s✱ ❛s ❜❛s❡s sã♦ ❞✐✈✐❞✐❞❛s ❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡
t❡st❡s✳ ❊♠ ❝❛❞❛ ✉♠ ❞❡❧❡s✱ ❤á n ❝❛t❡❣♦r✐❛s ❞✐st✐♥t❛s✳

❚r❡✐♥❛♠✲s❡ n ♠♦❞❡❧♦s ▲❉❆✱ ✉♠ ♣❛r❛ ❝❛❞❛ ❝❛t❡❣♦r✐❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❆
❝❛❞❛ ✐♠❛❣❡♠ It ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✱ ❞❡s❡❥❛✲s❡ ❛ss♦❝✐❛r ✉♠❛ ❝❛t❡❣♦r✐❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡
tr❡✐♥❛♠❡♥t♦✳

❖ ♠ét♦❞♦ ❢♦✐ ❡①❡❝✉t❛❞♦ ❡♠ ❞✉❛s ❜❛s❡s ❞❡ ✐♠❛❣❡♥s ❞✐st✐♥t❛s✿

• ✉♠❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ♠é❞✐❝❛s✱ ❝♦♥t❡♥❞♦ ✐♠❛❣❡♥s ❞❡ ❢✉♥❞♦ ❞♦ ♦❧❤♦ ❤✉♠❛♥♦✱ ✉t✐❧✐③❛✲
❞❛s ❡♠ ❞✐❛❣♥óst✐❝♦s ❞❡ ♣❛t♦❧♦❣✐❛s✳ ❆ ❜❛s❡ é ❝♦♠♣♦st❛ ❞❡ ❞✉❛s ❝❛t❡❣♦r✐❛s✿ ✐♠❛❣❡♥s
❞❡ ❢✉♥❞♦s ❞❡ ♦❧❤♦s ♥♦r♠❛✐s✱ ❡ ✐♠❛❣❡♥s ❞❡ ❢✉♥❞♦s ❞❡ ♦❧❤♦s ❝♦♠ ❛♥♦♠❛❧✐❛s✳ ❆ ❝❛t❡❣♦✲
r✐❛ ♥♦r♠❛✐s t❡♠ ✉♠ t♦t❛❧ ❞❡ ✻✽✼ ✐♠❛❣❡♥s✱ ❡♥q✉❛♥t♦ ❛ ❝❛t❡❣♦r✐❛ ❛♥♦♠❛❧✐❛s✱ ✻✾✸✳ ❆s
✐♠❛❣❡♥s ❢♦r❛♠ ♦❜t✐❞❛s ❥✉♥t♦ à ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❙ã♦ P❛✉❧♦ ✭❯◆■❋❊❙P✮✳ ▼é✲
❞✐❝♦s ❡s♣❡❝✐❛❧✐st❛s ❞❛ ♣ró♣r✐❛ ❯◆■❋❊❙P ❛♥♦t❛r❛♠ ❛s ✐♠❛❣❡♥s✱ ❢❛③❡♥❞♦ ❛ s❡♣❛r❛çã♦
❡♥tr❡ ❛s ❝❧❛ss❡s✳

❊①❡♠♣❧♦s ❞❡ ✐♠❛❣❡♥s ♣❛r❛ ❡st❛ ❜❛s❡ sã♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✶

• ❋r❡❡ ❋♦t♦ ◆❛t✉r❡✱ ❝♦♥t❡♥❞♦ ❢♦t♦❣r❛✜❛s ❞❡ ❝❡♥❛s ♥❛t✉r❛✐s✳ ❆ ❜❛s❡ ♣♦ss✉✐ ♥♦✈❡ ❝❛t❡✲
❣♦r✐❛s✱ ❝♦♠♦ ❢♦❧❤❛s✱ ár✈♦r❡s✱ ♣r❛✐❛s✱ ❡t❝✱ ♥♦♠❡❛❞❛s ✵✵✶✱ ✵✵✷✱ ✳✳✳✱ ✵✵✾✳ ❆s ❝❛t❡❣♦r✐❛s
♣♦ss✉❡♠ ✉♠ t♦t❛❧ ❞❡ ✹✾✻✱ ✽✺✹✱ ✹✽✸✱ ✷✵✹✱ ✼✵✱ ✻✶✻✱ ✽✸✱ ✶✻✷ ❡ ✹✾✹ ✐♠❛❣❡♥s r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ ❡ ❡♥❝♦♥tr❛✲s❡ ❞✐s♣♦♥í✈❡❧ ♥❛ ■♥t❡r♥❡t ♥♦ ❡♥❞❡r❡ç♦ ✇✇✇✳❢r❡❡❢♦t♦✳❝♦♠✳

❊①❡♠♣❧♦s ❞❡ ✐♠❛❣❡♥s ♣❛r❛ ❡st❛ ❜❛s❡ sã♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✷

✹✹



✺✳✶✳ ❇❛s❡s ❞❡ ■♠❛❣❡♥s ✹✺

✭❛✮ ❖❧❤♦ ◆♦r♠❛❧✳ ✭❜✮ ❖❧❤♦ ❝♦♠ ❆♥♦♠❛❧✐❛✳

❋✐❣✉r❛ ✺✳✶✿ ■♠❛❣❡♥s ❞❡ ❡①❡♠♣❧♦ ♣❛r❛ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❞❡ r❡t✐♥❛✳

✭❛✮ ❈❛t❡❣♦r✐❛ ✵✵✶✳ ✭❜✮ ❈❛t❡❣♦r✐❛ ✵✵✷✳ ✭❝✮ ❈❛t❡❣♦r✐❛ ✵✵✸✳

✭❞✮ ❈❛t❡❣♦r✐❛ ✵✵✹✳ ✭❡✮ ❈❛t❡❣♦r✐❛ ✵✵✺✳ ✭❢✮ ❈❛t❡❣♦r✐❛ ✵✵✻✳

✭❣✮ ❈❛t❡❣♦r✐❛ ✵✵✼✳ ✭❤✮ ❈❛t❡❣♦r✐❛ ✵✵✽✳ ✭✐✮ ❈❛t❡❣♦r✐❛ ✵✵✾✳

❋✐❣✉r❛ ✺✳✷✿ ■♠❛❣❡♥s ❞❡ ❡①❡♠♣❧♦ ♣❛r❛ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❋r❡❡ ❋♦t♦ ◆❛t✉r❡✳



✺✳✷✳ ▼❡t♦❞♦❧♦❣✐❛ ❡ ❘❡s✉❧t❛❞♦s ✹✻

✺✳✷ ▼❡t♦❞♦❧♦❣✐❛ ❡ ❘❡s✉❧t❛❞♦s

◗✉❛tr♦ ♠ét♦❞♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛ ❝r✐❛çã♦ ❞♦ ✈♦❝❛❜✉❧ár✐♦✿ ❙■❋❚✱ ❇■❈✱ ❙❯❘❋✱ ❡
♣❛t❝❤❡s✳ P❛r❛ ♦ ♠ét♦❞♦ ♣❛t❝❤❡s✱ ♦s ❞❡s❝r✐t♦r❡s ❢♦r❛♠ ❝r✐❛❞♦s ❝♦♠ t❛♠❛♥❤♦ 11 × 11✱
t♦t❛❧✐③❛♥❞♦ ✶✷✶ ❞✐♠❡♥sõ❡s✳ P❛r❛ ♦ ♠ét♦❞♦ ❙❯❘❋✱ ❢♦✐ ✉t✐❧✐③❛❞♦ ❛ s✉❛ ✈❛r✐❛♥t❡ ❯✲❙❯❘❋✱
❝♦♠ ✻✹ ❞✐♠❡♥sõ❡s✳ ❖ ❙■❋❚ ❢♦✐ ✉t✐❧✐③❛❞♦ ❡♠ s✉❛ ❢♦r♠❛ ♣❛❞rã♦ ❝♦♠ ✶✷✽ ❞✐♠❡♥sõ❡s✳ ❖
❇■❈ é ✉♠ ❞❡s❝r✐t♦r ❣❧♦❜❛❧✱ ❣❡r❛♥❞♦ ✉♠❛ ♣❛❧❛✈r❛ ♣❛r❛ ❝❛❞❛ ✐♠❛❣❡♠✳ ❊st❡s ♠ét♦❞♦s sã♦
❞❡s❝r✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✹✳

❖s ❞❡s❝r✐t♦r❡s ❡♥❝♦♥tr❛❞♦s ❛❣r✉♣❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛ s✐♠✐❧❛r✐❞❛❞❡ ❛tr❛✈és ❞❡ ❛❧✲
❣✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❝❧✉st❡r✐③❛çã♦✳ ◆♦ ♣r❡s❡♥t❡ ❡st✉❞♦✱ ✉t✐❧✐③♦✉✲s❡ ♦ ♠ét♦❞♦ ❦✲♠❡❛♥s✱ ✉♠
❛❧❣♦r✐t♠♦ ❞♦ t✐♣♦ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥✱ q✉❡ ❜✉s❝❛ ❛❣r✉♣❛r ❡st❡s ❞❡s❝r✐t♦r❡s ❡♠ k

❣r✉♣♦s ❞✐st✐♥t♦s✱ r❡♣r❡s❡♥t❛❞♦s ♣❡❧♦ ❝❡♥tr♦ ❞❡ ❝❛❞❛ ❣r✉♣♦✳ ❈❛❞❛ ✉♠ ❞♦s k ❝❡♥tr♦s é
❝❤❛♠❛❞♦ ✉♠❛ ♣❛❧❛✈r❛ ✈✐s✉❛❧✳ ❆♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ✈✐s✉❛✐s ❞á✲s❡ ♦ ♥♦♠❡ ❞❡
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ▲❉❆ ❝♦♠ ♣❛❧❛✈r❛s ✈✐s✉❛✐s ❞❛ ❢♦r♠❛ ❛♣r❡✲
s❡♥t❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦ ❞✐s♣❡♥s❛ ❛ ❡t❛♣❛ ❞❡ s✉❛✈✐③❛çã♦ ❞❡s❝r✐t❛ ♥❛ ❙❡çã♦ ✸✳✹✳ ❈♦♠♦ ❝❛❞❛
❞❡s❝r✐t♦r é ❛tr✐❜✉í❞♦ ❛ ✉♠❛ ♣❛❧❛✈r❛ ♣ré✲❡①✐st❡♥t❡ ♥♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧✱ ♥ã♦ ❤á ♦❝♦rrê♥❝✐❛
❞❡ ♣❛❧❛✈r❛s ♥ã♦ ♣r❡s❡♥t❡s ♥❛ ❡t❛♣❛ ❞❡ tr❡✐♥❛♠❡♥t♦✳

◆❛ ❋✐❣✉r❛ ✺✳✸✱ ❛❧❣✉♠❛s ❞❛s ♣❛❧❛✈r❛s ✈✐s✉❛✐s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ ❛ ❜❛s❡ ❋r❡❡ ❋♦t♦ ◆❛t✉r❡ ❛
♣❛rt✐r ❞♦ ❛❣r✉♣❛♠❡♥t♦ ❞♦s ❞❡s❝r✐t♦r❡s ❡♥❝♦♥tr❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ♣❛t❝❤❡s sã♦ ❛♣r❡s❡♥t❛❞❛s✳
❆♥❛❧♦❣❛♠❡♥t❡✱ ❛ ❋✐❣✉r❛ ✺✳✹ ❛♣r❡s❡♥t❛ ♣❛❧❛✈r❛s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❞❡
r❡t✐♥❛✳ P❛r❛ ❡st❛ ❜❛s❡ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛♣r❡s❡♥t❛♠✲s❡ t❛♠❜é♠✱ ♥❛ ❋✐❣✉r❛ ✺✳✺ ❛s ♣❛❧❛✈r❛s
❡♥❝♦♥tr❛❞❛s ♣❛r❛ ❞✐❝✐♦♥ár✐♦s ❞❡ t❛♠❛♥❤♦ k = ✶✷✵✱ ✽✵ ❡ ✹✵✳

❉❛❞❛ ✉♠❛ ✐♠❛❣❡♠ ❞❡ tr❡✐♥❛♠❡♥t♦✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é ❞❡s❝r❡✈ê✲❧❛ ❛tr❛✈és ❞♦s ❞❡s❝r✐✲
t♦r❡s ✉t✐❧✐③❛❞♦s✳ ❈❛❞❛ ✐♠❛❣❡♠ é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠ ✈❡t♦r

Id = (d1, ..., dn),

♦♥❞❡ di sã♦ ♦s ❞❡s❝r✐t♦r❡s✳
❊♠ s❡❣✉✐❞❛✱ ❝❛❞❛ ✉♠ ❞♦s ❞❡s❝r✐t♦r❡s ❡♥❝♦♥tr❛❞♦s é ❝♦♠♣❛r❛❞♦ ❝♦♠ ❛s ♣❛❧❛✈r❛s ♣❡r✲

t❡♥❝❡♥t❡s ❛♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❞❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s✳ ❖ ❞❡s❝r✐t♦r é ❛ss♦❝✐❛❞♦ à ♣❛❧❛✈r❛ ✈✐s✉❛❧
wj ❝✉❥❛ ❞✐stâ♥❝✐❛

dij = dist(di, wj)

❡♥tr❡ di ❡ wj ❢♦r ♠í♥✐♠❛✱ ♣❛r❛ ❛❧❣✉♠ ❝r✐tér✐♦ ❞❡ ❞✐stâ♥❝✐❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ é ✉t✐❧✐③❛❞❛ ❛
❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛✱ t❛♠❜é♠ ❝❤❛♠❛❞❛ L2✳ ❊♠ s❡❣✉✐❞❛ ❝r✐❛✲s❡ ✉♠❛ ♥♦✈❛ r❡♣r❡s❡♥t❛çã♦
❞❛ ✐♠❛❣❡♠✱ ❝♦rr❡s♣♦♥❞❡♥t❡ à t❛❜❡❧❛ ❞❡ ❢r❡q✉ê♥❝✐❛s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ♣❛❧❛✈r❛s✳

P❛r❛ ❝❛❞❛ ❞❡s❝r✐t♦r ❝♦♥str♦✐✲s❡ ✉♠ ❝❧❛ss✐✜❝❛❞♦r ❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ▲❉❆✱ q✉❡ ❝♦rr❡s✲
♣♦♥❞❡ ❛ ✉♠❛ ❢✉♥çã♦ h(I) : {I} → {C1, ...Cn}✱ q✉❡ ❛ss♦❝✐❛ ✉♠❛ ❞❛❞❛ ✐♠❛❣❡♠ ❡♥tr❡ t♦❞❛s
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❛s ✐♠❛❣❡♥s ♣♦ssí✈❡✐s✱ ❛ ✉♠❛ ❡♥tr❡ ❛s n ❝❛t❡❣♦r✐❛s ❡①✐st❡♥t❡s✳ ➱ tr✐✈✐❛❧ ♣❡r❝❡❜❡r q✉❡ ✉♠
❝❧❛ss✐✜❝❛❞♦r ❜✐♥ár✐♦ g ♣♦❞❡ s❡r ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞❡ h ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❢✉♥çã♦

g(I,Cj) =

{

1, hi(I) = Cj

0, ❈❛s♦ ❈♦♥trár✐♦✳
✭✺✳✶✮

❆❧é♠ ❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s ❛❧✐♠❡♥t❛❞♦s ♣♦r ❛♣❡♥❛s ✉♠ ❞❡s❝r✐t♦r✱ ❡st❡ tr❛❜❛❧❤♦ ❛♥❛❧✐s♦✉
♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ❡♠ ✉♠ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦✳ P❛r❛ ❡st❡ ♠ét♦❞♦✱ ♦❜té♠✲s❡
❛ r❡s♣♦st❛ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ♣❛r❛ ♦s q✉❛tr♦ ❞❡s❝r✐t♦r❡s ✉t✐❧✐③❛❞♦s ♦✉✱ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ♣❛r❛
❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ três ❞❡s❝r✐t♦r❡s ❡♥tr❡ ♦s q✉❛tr♦ ❞✐s♣♦♥í✈❡✐s✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ✈♦t❛çã♦ ❝♦♠ n ♣❛rt✐❝✐♣❛♥t❡s ♦♥❞❡ ❝❛❞❛ ✉♠ ❞❡❧❡s ♦❢❡r❡❝❡ ✉♠❛ r❡s✲
♣♦st❛ ❜✐♥ár✐❛ g(I, Cj) ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✉❛çã♦ ✺✳✶✱ ❞❡✜♥❡✲s❡ ❛ ❢✉♥çã♦

f(I,Cj) =

{

1,
∑n

i=1 gi(I, Cj) > ⌊n
2
⌋

0, ❈❛s♦ ❈♦♥trár✐♦✳
✭✺✳✷✮

❉❡ss❛ ❢♦r♠❛✱ ♦ r❡s✉❧t❛❞♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦ é t❛♠❜é♠ ✉♠❛
r❡s♣♦st❛ ❜✐♥ár✐❛ s♦❜r❡ ❛ ♣❡rt✐♥ê♥❝✐❛ ♦✉ ♥ã♦ ❛ ✉♠❛ ❞❛❞❛ ❝❧❛ss❡✳ ❊st❛ ❛❜♦r❞❛❣❡♠ ❞✐❢❡r❡
❞❡ ✉♠ ❝❧❛ss✐✜❝❛❞♦r q✉❡ ❞❡✈❡ t❡r ✉♠❛ ❝❧❛ss❡ ú♥✐❝❛ ❝♦♠♦ r❡s♣♦st❛✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r
q✉❡ ❡st❡ ♠ét♦❞♦ é ❛♣❧✐❝á✈❡❧ ❛♣❡♥❛s ❛ ❝❧❛ss✐✜❝❛❞♦r❡s q✉❡ ❞❡✈❡♠ ❞❡❝✐❞✐r ❡♥tr❡ ♠❛✐s ❞❡ ❞✉❛s
❝❧❛ss❡s✱ ✈✐st♦ q✉❡ ✉♠❛ ✐♠❛❣❡♠ ♣♦❞❡ s❡r ❡♥q✉❛❞r❛❞❛ ❡♠ ♠❛✐s ❞❡ ✉♠❛ ❝❧❛ss❡ ✭❞❡✈✐❞♦ ❛♦
✉s♦ ❞❛ ❢✉♥çã♦ ⌊ ⌋✮✳ ❊st❡ t✐♣♦ ❞❡ r❡s♣♦st❛ é ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ❜❛s❡s ❞❡ ✐♠❛❣❡♥s ❝♦♠ ❛❧t♦
❣r❛✉ ❞❡ s✐♠✐❧❛r✐❞❛❞❡ ✐♥t❡r♥❛ ❡♥tr❡ s✉❜❝♦♥❥✉♥t♦s ❞❛s ❝❧❛ss❡s✱ ♦♥❞❡ ♠❡s♠♦ ❤✉♠❛♥♦s tê♠
❞✐✜❝✉❧❞❛❞❡ ❡♠ ❞❡t❡r♠✐♥❛r ♣r❡❝✐s❛♠❡♥t❡ ❛ ❝❧❛ss❡ ❛ q✉❛❧ ✉♠❛ ✐♠❛❣❡♠ ♣❡rt❡♥❝❡✳

P♦r ❡①❡♠♣❧♦✱ é ♣♦ssí✈❡❧ q✉❡ três ♠ét♦❞♦s ❞✐st✐♥t♦s a✱ b ❡ c t❡♥❤❛♠ ❝♦♠♦ r❡s♣♦st❛ ❛s
❝❧❛ss❡s Ci✱ Cj ❡ Ck✱ ❝♦♠ i 6= j 6= k✳ ❯♠ ❝❧❛ss✐✜❝❛❞♦r ♥ã♦ ❜✐♥ár✐♦ q✉❡ ❞❡s❡❥❡ ❞❡t❡❝t❛r ❛
q✉❛❧ ❝❧❛ss❡ ♣❡rt❡♥❝❡ ❛ ✐♠❛❣❡♠ ❡♠ q✉❡stã♦ ❞❡✈❡ ❞❡❝✐❞✐r ❡♥tr❡ ❛s três ❝❧❛ss❡s ✉t✐❧✐③❛♥❞♦✲s❡
❞❡ ❛❧❣✉♠ ❝r✐tér✐♦✳

P❛r❛ ❞❡❝✐sõ❡s ❡♥tr❡ ❛♣❡♥❛s ❞✉❛s ❝❧❛ss❡s✱ ❛ ✈♦t❛çã♦ ❞❡✈❡ ❡①✐❣✐r ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛✱ ❞❡
❢♦r♠❛ q✉❡ ✉♠❛ ✐♠❛❣❡♠ s❡❥❛ s❡♠♣r❡ ❛tr✐❜✉í❞❛ ❛ ❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡✳ P♦❞❡✲s❡ ❛❧❝❛♥ç❛r ✐ss♦
❛tr❛✈és ❞❛ s✉❜st✐t✉✐çã♦ ❞❛ ❢✉♥çã♦ ⌊ ⌋ ♣♦r ⌈ ⌉✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❢♦r❛♠ r❡❛❧✐③❛❞♦s três ❡①♣❡r✐♠❡♥t♦s✿

✶✳ ◆♦ ♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦ ❡st✉❞♦✉✲s❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ▲❉❆ ♥❛ ❜❛s❡
❞❡ ✐♠❛❣❡♥s ❞❡ r❡t✐♥❛✱ ❝♦♠ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ✈❛❧✐❞❛çã♦ ❝r✉③❛❞❛✳ ❆ ❜❛s❡ ❢♦✐ ❞✐✈✐❞✐❞❛
❡♠ ❝✐♥❝♦ ♣❛rt✐çõ❡s ❞✐s❥✉♥t❛s✱ ❝♦♥t❡♥❞♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✉♠ q✉✐♥t♦ ❞❛s ✐♠❛❣❡♥s
❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳ ❉❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝❛t❡❣♦r✐❛s ♣❛r❛ ❛ ♣❛rt✐çã♦ ❞❡ t❡st❡✱ ✶✸✽
✐♠❛❣❡♥s sã♦ s❡❧❡❝✐♦♥❛❞❛s ♣❛r❛ ♦s t❡st❡s ❡ ✺✵ ✐♠❛❣❡♥s ♣♦r ❝❛t❡❣♦r✐❛ sã♦ ❡s❝♦❧❤✐❞❛s
❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❡♥tr❡ ❛s ♦✉tr❛s q✉❛tr♦ ♣❛rt✐çõ❡s ♣❛r❛ tr❡✐♥❛♠❡♥t♦✱ t♦t❛❧✐③❛♥❞♦ ✶✵✵
✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦✳
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❋✐❣✉r❛ ✺✳✸✿ ❊①❡♠♣❧♦ ❞❡ ❢r❛❣♠❡♥t♦s ❞❛ ✐♠❛❣❡♠✱ ❡①tr❛í❞♦s ❞❛ ❜❛s❡ ❞❡ ❞❛❞♦s ❞❡ ✐♠❛❣❡♥s
❋r❡❡ ❋♦t♦ ◆❛t✉r❡✳ ❆ ❋✐❣✉r❛ ♠♦str❛ ✶✷✵✵ ❢r❛❣♠❡♥t♦s ❡①tr❛í❞♦s ❞❡ t♦❞❛s ❛s ✐♠❛❣❡♥s ❞♦
❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ♣❛r❛ ✉♠❛ ❡①❡❝✉çã♦ ❡s♣❡❝í✜❝❛✳
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❋✐❣✉r❛ ✺✳✹✿ ❊①❡♠♣❧♦ ❞❡ ❢r❛❣♠❡♥t♦s ❞❛ ✐♠❛❣❡♠✱ ❡①tr❛í❞♦s ❞❛ ❜❛s❡ ❞❡ ❞❛❞♦s ❞❡ ✐♠❛❣❡♥s
❞❡ r❡t✐♥❛✳ ❆ ❋✐❣✉r❛ ♠♦str❛ ✶✷✵✵ ❢r❛❣♠❡♥t♦s ❡①tr❛í❞♦s ❞❡ t♦❞❛s ❛s ✐♠❛❣❡♥s ❞♦ ❝♦♥❥✉♥t♦
❞❡ tr❡✐♥❛♠❡♥t♦ ♣❛r❛ ✉♠❛ ❡①❡❝✉çã♦ ❡s♣❡❝í✜❝❛✳
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✭❛✮ ✶✷✵ ♣❛❧❛✈r❛s ✈✐s✉❛✐s

✭❜✮ ✽✵ ♣❛❧❛✈r❛s ✈✐s✉❛✐s

✭❝✮ ✹✵ ♣❛❧❛✈r❛s ✈✐s✉❛✐s✳

❋✐❣✉r❛ ✺✳✺✿ ❊①❡♠♣❧♦ ❞❡ ❢r❛❣♠❡♥t♦s ❞❛ ✐♠❛❣❡♠✱ ❡①tr❛í❞♦s ❞❛ ❜❛s❡ ❞❡ ❞❛❞♦s ❞❡ ✐♠❛❣❡♥s
❞❡ r❡t✐♥❛✳ ❆ ❋✐❣✉r❛ ♠♦str❛ q✉❛♥t✐❞❛❞❡s ✈❛r✐❛❞❛s ❞❡ ❢r❛❣♠❡♥t♦s ❡①tr❛í❞♦s ❞❡ t♦❞❛s ❛s
✐♠❛❣❡♥s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ♣❛r❛ ✉♠❛ ❡①❡❝✉çã♦ ❡s♣❡❝í✜❝❛✳

❈♦♠♦ ♣❛râ♠❡tr♦s✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ✶✷✵ tó♣✐❝♦s ❧❛t❡♥t❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ▲❉❆ ❡ ✉♠
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❝♦♥t❡♥❞♦ ✶✷✵✵ ♣❛❧❛✈r❛s✳ ❊st❡ ❡①♣❡r✐♠❡♥t♦ é r❡♣❡t✐❞♦ ✸✵ ✈❡③❡s ♣❛r❛
❝❛❞❛ ♣❛rt✐çã♦✱ ❛ ✜♠ ❞❡ ♦❜t❡r s✐❣♥✐✜❝â♥❝✐❛ ❡st❛tíst✐❝❛✳ ❆ ♣❡r❢♦r♠❛♥❝❡ ❞❛ ❝♦♠❜✐♥❛çã♦
❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦ é ❛♥❛❧✐s❛❞❛✳ P♦r s❡ tr❛t❛r ❞❡ ✉♠ ❝❧❛ss✐✜✲
❝❛❞♦r q✉❡ ❞❡✈❡ s❡♣❛r❛r ❛s ✐♠❛❣❡♥s ❡♠ ❛♣❡♥❛s ❞✉❛s ❝❛t❡❣♦r✐❛s ❞✐st✐♥t❛s✱ ❛✈❛❧✐❛♠✲s❡
♦s r❡s✉❧t❛❞♦s ❞❛ ✈♦t❛çã♦ ❝♦♠ ❡①✐❣ê♥❝✐❛ ❞❡ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛✳

✷✳ ◆♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦ ❢♦✐ ❡st✉❞❛❞♦ ♦ ❡❢❡✐t♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧✱
K✱ ❡ q✉❛♥t✐❞❛❞❡ ❞♦s tó♣✐❝♦s ❧❛t❡♥t❡s✱ T ✱ ♥❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳ ❆ ❜❛s❡
✉t✐❧✐③❛❞❛ ❢♦✐ ❛ ❞❡ ✐♠❛❣❡♥s ❞❡ r❡t✐♥❛✱ ❝♦♠ ✺✵ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ✶✸✽ ❞❡ t❡st❡s
♣♦r ❝❛t❡❣♦r✐❛✳ P❛r❛ ♦s q✉❛tr♦ ❞❡s❝r✐t♦r❡s ✉t✐❧✐③❛❞♦s✱ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r
❢♦✐ ♠❡❞✐❞❛ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ♣❛r❛ ✈❛❧♦r❡s ♥♦ ❝♦♥❥✉♥t♦ K =

{200, 400, 600, ...2000}✱ ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ▲❉❆ ♣❛r❛
✈❛❧♦r❡s ♥♦ ❝♦♥❥✉♥t♦ T = {10, 20, ..., 200}✳ ❚❛♠❜é♠ ❢♦✐ ♦❜s❡r✈❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦
❞♦ ❝❧❛ss✐✜❝❛❞♦r ❝♦♠ K = {20, 40, ..., 100} ♣❛❧❛✈r❛s ✈✐s✉❛✐s✳ P♦ré♠✱ ♥❡st❡ ❝❛s♦✱
❛ q✉❛♥t✐❞❛❞❡ ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s ❢♦✐ ♥♦ ♠á①✐♠♦ tã♦ ❣r❛♥❞❡ q✉❛♥t♦ ♦ ♥ú♠❡r♦ ❞❡
♣❛❧❛✈r❛s ✈✐s✉❛✐s✳ P❛r❛ ❝❛❞❛ ♣♦♥t♦✱ ✶✺ ✐t❡r❛çõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s✳

✸✳ ◆♦ t❡r❝❡✐r♦ ❡①♣❡r✐♠❡♥t♦ ❢♦✐ ❡st✉❞❛❞❛ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♠❛❣❡♥s ♥♦
❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❆ ❜❛s❡ ❋r❡❡ ❋♦t♦ ◆❛t✉r❡ ❢♦✐ ❞✐✈✐❞✐❞❛ ❡♠ ❝✐♥❝♦ ♣❛rt✐çõ❡s
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❞✐st✐♥t❛s✳ ❆ ✜♠ ❞❡ ♠❛♥t❡r ❛s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ ❛s ❝❛t❡❣♦r✐❛s ❡q✉❛❧✐③❛❞❛s✱ ✉t✐❧✐③♦✉✲
s❡ ❝♦♠♦ ❧✐♠✐t❡ ♦ t❛♠❛♥❤♦ ❞❛ ♠❡♥♦r ❝❛t❡❣♦r✐❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s n =

{5,6,...,54} ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ✶✹ ✐♠❛❣❡♥s ❞❡ t❡st❡s ♣♦r ❝❛t❡❣♦r✐❛✳ ❆ ❡s❝♦❧❤❛
❞♦ ♥ú♠❡r♦ ✺ ❝♦♠♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞♦ ✐♥t❡r✈❛❧♦ é ❛r❜✐trár✐❛✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❞❡ r❡t✐♥❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ❢♦✐ ♠❛♥t✐❞♦ ✜①♦✱
s❡♥❞♦ ✉♠❛ ♣❛rt✐çã♦ ♣❡r♠❛♥❡♥t❡♠❡♥t❡ s❡♣❛r❛❞❛ ♣❛r❛ ❛s ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦✱
s❡♠ ♦ ✉s♦ ❞❡ ✈❛❧✐❞❛çã♦ ❝r✉③❛❞❛✳ ❋♦r❛♠ r❡❛❧✐③❛❞♦s ✶✺ ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ ❝❛❞❛ ♥ú♠❡r♦
❞❡ ✐♠❛❣❡♠✳

✺✳✷✳✶ ❊①♣❡r✐♠❡♥t♦ ✶

P❛r❛ ♦ ♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦✱ ❝♦♠ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❞❡ r❡t✐♥❛✱ ❛s ♠é❞✐❛s ♣❛r❛ ❛s t❛①❛s
❞❡ ❛❝❡rt♦ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝❛t❡❣♦r✐❛s ❝♦♠ ✐♥t❡r✈❛❧♦ ❞❡ ❞♦✐s ❞❡s✈✐♦s ♣❛❞rõ❡s sã♦ ❛♣r❡✲
s❡♥t❛❞❛s ♥❛s ❚❛❜❡❧❛ ✺✳✸✱ ♣❛r❛ ♦s ❞❡s❝r✐t♦r❡s✱ ❡ ✺✳✹ ♣❛r❛ ❛ ✈♦t❛çã♦ ❡♥tr❡ ❡❧❡s✳ P♦r tr❛t❛r✲s❡
❞❡ ✉♠❛ ❞❡❝✐sã♦ ❡♥tr❡ ❞✉❛s ❝❧❛ss❡s✱ ✉t✐❧✐③❛✲s❡ ✉♠ ❝r✐tér✐♦ ❞❡ ✈♦t❛çã♦ ♣♦r ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛✳

❆s ❚❛❜❡❧❛s ✺✳✶ ❡ ✺✳✷ ♠♦str❛♠ ❛s ♠é❞✐❛s ❞❡t❛❧❤❛❞❛s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝❛t❡❣♦r✐❛s
s❡♣❛r❛❞❛♠❡♥t❡✱ t❛♠❜é♠ ❝♦♠ ✐♥t❡r✈❛❧♦ ❞❡ ❞♦✐s ❞❡s✈✐♦s ♣❛❞rõ❡s✳ ❊st❡s ♠❡s♠♦s ❞❛❞♦s sã♦
❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✺✳✻ ❡ ✺✳✼ ♣❛r❛ ❛ ♠é❞✐❛ ❞❡ ❞❡s❝r✐t♦r❡s ❡ ✈♦t❛çã♦✱ ❡ ♥❛s ❋✐❣✉r❛s ✺✳✽
❡ ✺✳✾ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❝❛t❡❣♦r✐❛s s❡♣❛r❛❞❛♠❡♥t❡✳

❙♦❜ ❛ ót✐❝❛ ❞❛ ✈❛❧✐❞❛çã♦ ❝r✉③❛❞❛✱ ❛s ♠é❞✐❛s ♦❜t✐❞❛s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ♣❛rt✐çõ❡s s❡
♠❛♥té♠ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡rr♦ ♦❜t✐❞♦ ♣❛r❛ ❝❛❞❛ ♣❛rt✐çã♦ s❡♣❛r❛❞❛♠❡♥t❡✳ ◆♦ ❡♥✲
t❛♥t♦✱ ❛s ♠é❞✐❛s ❡♥❝♦♥tr❛♠✲s❡ ❛♣❡♥❛s ❧✐❣❡✐r❛♠❡♥t❡ s✉♣❡r✐♦r❡s à ❝❤❛♥❝❡✳ P❛r❛ ❛s ✐♠❛❣❡♥s
❞❡st❛ ❜❛s❡✱ ❙■❋❚ ❡ ❙❯❘❋ t❡♠ r❡s✉❧t❛❞♦s ❧✐❣❡✐r❛♠❡♥t❡ ♠❡❧❤♦r❡s✱ ♣♦ré♠✱ ❛✐♥❞❛ ❞❡♥tr♦ ❞♦
✐♥t❡r✈❛❧♦ ❞❡ ❡rr♦✳ ❆ ✈♦t❛çã♦ ❡♥tr❡ ♦s ♠ét♦❞♦s ♥ã♦ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♦ ❞❡s❡♠✲
♣❡♥❤♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳ ❆ ❛♥á❧✐s❡ ❞❛s ❚❛❜❡❧❛s ✺✳✹ ❡ ✺✳✸ r❡✈❡❧❛ q✉❡ ♦ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦
♠é❞✐♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r é ❡♥❝♦♥tr❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❚♦❞♦s ✲ P❛t❝❤❡s✳ ◆❡st❡ ❝❛s♦✱ ❛ ❣r❛♥❞❡
s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ♦s ❞❡s❝r✐t♦r❡s ❙■❋❚ ❡ ❙❯❘❋ ❢❛③❡♠ ❝♦♠ q✉❡ ❛s r❡s♣♦st❛s ❡♠✐t✐❞❛s ♣♦r
❛♠❜♦s ♦s ❝❧❛ss✐✜❝❛❞♦r❡s t❡♥❞❛♠ ❛ t❡r ✉♠ ❛❧t♦ í♥❞✐❝❡ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛✳ ❱❛❧❡ ❧❡♠❜r❛r✱ q✉❡ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ✐♠❛❣❡♥s ✉t✐❧✐③❛❞❛✱ ✺✵ ✐♠❛❣❡♥s✱ é ✉♠❛ q✉❛♥t✐❞❛❞❡ ❝♦♥s✐❞❡r❛❞❛ ♣❡q✉❡♥❛ ♣❛r❛
♠♦❞❡❧♦s ❞✐s❝r✐♠✐♥❛t✐✈♦s ♥♦r♠❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥❛s t❛r❡❢❛s ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ✐♠❛❣❡♥s
❞❡st❡ t✐♣♦✳

❆♥❛❧✐s❛♥❞♦ ❛s ❚❛❜❡❧❛s ✺✳✶ ❡ ✺✳✷✱ ❜❡♠ ❝♦♠♦ ♦s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♣r❡s❡♥t❛❞♦s
♥❛s ❋✐❣✉r❛s ✺✳✽ ❡ ✺✳✾✱ ♣❡r❝❡❜❡✲s❡ q✉❡ à ❡①❝❡çã♦ ❞♦ ❞❡s❝r✐t♦r ❇■❈✱ q✉❡ ❛♣r❡s❡♥t❛ t❛①❛s
s✐♠✐❧❛r❡s ♣❛r❛ ❛♠❜❛s ❛s ❝❛t❡❣♦r✐❛s✱ ♦s ♦✉tr♦s ❞❡s❝r✐t♦r❡s ♣r✐✈✐❧❡❣✐❛♠ ❛ ❝❛t❡❣♦r✐❛ ❛♥♦♠❛❧✐❛s✳

❊st❡ r❡s✉❧t❛❞♦ é ❝♦❡r❡♥t❡ ❝♦♠ ♦ q✉❡ ✐♥t✉✐t✐✈❛♠❡♥t❡ s❡ ❡s♣❡r❛ ♣❛r❛ ❡ss❛ ❜❛s❡✳ ❊s♣❡r❛✲s❡
q✉❡ ❞❡s❝r✐t♦r❡s ❞❡ ❝♦r✱ ❝♦♠♦ ♦ ❇■❈✱ s❡❥❛♠ ♠❡♥♦s ❝❛♣❛③❡s ❞❡ s❡ ❞❡❝✐❞✐r ❡♥tr❡ ❛s ❝❧❛ss❡s✱
❞❛❞❛ ❛ ❛❧t❛ s✐♠✐❧❛r✐❞❛❞❡ ❞❡ ❝♦r❡s ❡♥tr❡ ❛s ❝❛t❡❣♦r✐❛s ✭✈❡r ❋✐❣✉r❛ ✺✳✶✮✳

P❛r❛ ♦s ♦✉tr♦s ❞❡s❝r✐t♦r❡s✱ t❛♠❜é♠ é r❛③♦á✈❡❧ ❡s♣❡r❛r s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛s ✐♠❛❣❡♥s✱
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♣♦✐s t♦❞❛s sã♦ ✐♠❛❣❡♥s ❞♦ ♦❧❤♦ ❤✉♠❛♥♦✳ ❊s♣❡r❛✲s❡ ❡♥❝♦♥tr❛r ♥❛ ❝❛t❡❣♦r✐❛ ❛♥♦♠❛❧✐❛s✱
❝❛r❛❝t❡ríst✐❝❛s ♥ã♦ ♣r❡s❡♥t❡s ♥❛s ✐♠❛❣❡♥s ♥♦r♠❛✐s✱ ♣♦r s❡r❡♠ r❡♣r❡s❡♥t❛t✐✈❛s ❞❛s ♣ró♣r✐❛s
❛♥♦♠❛❧✐❛s✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ s❡ ❡s♣❡r❛ q✉❡ ♦ ❝❧❛ss✐✜❝❛❞♦r s❡❥❛ ❝❛♣❛③ ❞❡ ❡♥❝❛r❛r ❛ ❢❛❧t❛ ❞❡
❡✈✐❞ê♥❝✐❛ ❝♦♠♦ ✐♥❢♦r♠❛çã♦ r❡❧❡✈❛♥t❡ ❞♦ ♠♦❞❡❧♦✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ❛✉sê♥❝✐❛ ❞♦s ❞❡s❝r✐t♦r❡s
r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛♥♦♠❛❧✐❛s ♥ã♦ ✐♥❞✐❝❛ ✉♠❛ ♠❛✐♦r ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛t❛r✲s❡ ❞❡ ✉♠❛
✐♠❛❣❡♠ ♥♦r♠❛❧✳

◆♦ ❡♥t❛♥t♦✱ ❞❡✈❡✲s❡ ❧❡♠❜r❛r q✉❡ ❛s ✐♠❛❣❡♥s ❛♣r❡s❡♥t❛♠ ✐♥❢♦r♠❛çõ❡s ✐♠♣r❡❝✐s❛s✳ ❉❡✲
✈✐❞♦ ❛ ❝♦♥❞✐çõ❡s ❞❡ ✐❧✉♠✐♥❛çã♦✱ ❢♦❝♦✱ ♣❡r❞❛ ❞❡ ❞❛❞♦s ♥❛ ❛♠♦str❛❣❡♠✱ ❛❧é♠ ❞❛ ❛❧❣✉♠❛
✐♠♣r❡❝✐sã♦ ✐♠♣♦st❛ ♣❡❧♦s ♣ró♣r✐♦s ❞❡s❝r✐t♦r❡s✱ ♥ã♦ s❡ ❡s♣❡r❛ q✉❡ ❛s ✐♠❛❣❡♥s ❞♦ ❝♦♥❥✉♥t♦
♥♦r♠❛✐s s❡❥❛♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❛♥♦♠❛❧✐❛s✳ ❊♠ s✐t✉❛çõ❡s r❡❛✐s✱ ❞❡✈❡rã♦ ❤❛✈❡r ♣❛❧❛✈r❛s
♣r❡s❡♥t❡s ❡①❝❧✉s✐✈❛♠❡♥t❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ✐♠❛❣❡♥s ♥♦r♠❛✐s✱ ♠❛s ❡♠ ♠❡♥♦r q✉❛♥t✐❞❛❞❡✳
❉❡ ❢❛t♦✱ ✉♠❛ ❛♥á❧✐s❡ ❝✉✐❞❛❞♦s❛ r❡✈❡❧❛ q✉❡ ❡ss❡ é ♦ ❝❛s♦✳

❙❡♥❞♦ A = {w1
a,...w

n
a} ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛❧❛✈r❛s ❛ss♦❝✐❛❞❛s às ✐♠❛❣❡♥s ❛♥ô♠❛❧❛s ❞♦

❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ N = {w1
n,...w

n
n} ♦ ❛♥á❧♦❣♦ ♣❛r❛ ❛s ✐♠❛❣❡♥s ♥♦r♠❛✐s✱ ♣♦❞❡✲

s❡ ❞❡✜♥✐r✱ ❢❛③❡♥❞♦ ✉s♦ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ s✉❜tr❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s✱ \✱ ❡ ✐♥t❡rs❡❝çã♦ ❞❡
❝♦♥❥✉♥t♦s✱ ∩✱ ❛s r❡❧❛çõ❡s

pa = |A\A ∩N|, ✭✺✳✸✮

pn = |N\N ∩A|. ✭✺✳✹✮

❈❛❞❛ ✉♠ ❞❡ss❡s t❡r♠♦s r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛❧❛✈r❛s ♣r❡s❡♥t❡s ❡♠ ✉♠❛ ❝❛t❡✲
❣♦r✐❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ s✉❛ ❢r❡q✉ê♥❝✐❛✱ ♠❛s t♦t❛❧♠❡♥t❡ ❛✉s❡♥t❡s ♥❛ ♦✉tr❛✳ ❆ ♠étr✐❝❛

rp =
pa

pn

− 1 ✭✺✳✺✮

é ❛ r❛③ã♦ ❡♥tr❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛❧❛✈r❛s ú♥✐❝❛s ❡♥tr❡ ❛s ❝❛t❡❣♦r✐❛s ♥♦r♠❛✐s ❡ ❛♥♦♠❛❧✐❛s✳
❖ t❡r♠♦ −1 ❢❛③ ❝♦♠ q✉❡ ♦s ♣♦♥t♦s ❡st❡❥❛♠ ❝❡♥tr❛❞♦s ♥♦ ③❡r♦✱ ❝♦♠ ❝♦♥❥✉♥t♦s ♦♥❞❡ ❤á
♠❛✐s ♣❛❧❛✈r❛s ú♥✐❝❛s ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ✐♠❛❣❡♥s ♥♦r♠❛✐s ♦❜t❡♥❞♦ ✉♠ ✈❛❧♦r ♥❡❣❛t✐✈♦✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ ❞❡✜♥❡✲s❡

rh =
ha

hn

− 1, ✭✺✳✻✮

♦♥❞❡ ha é ❛ t❛①❛ ❞❡ ❛❝❡rt♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ♣❛r❛ ❛s ✐♠❛❣❡♥s ❛♥ô♠❛❧❛s✱ ❡ hn✱ ♣❛r❛ ❛s ✐♠❛❣❡♥s
♥♦r♠❛✐s✳ P❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥❞❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❡st❛s ❞✉❛s ♠étr✐❝❛s✱ ❛❝♦♠♣❛♥❤♦✉✲s❡ ❛
♣❡r❢♦r♠❛♥❝❡ ❞♦s ❞❡s❝r✐t♦r❡s ❡ ❛s ♣❛❧❛✈r❛s ❣❡r❛❞❛s ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❛♦ ❧♦♥❣♦
❞❡ ✶✺ ❡①❡❝✉çõ❡s✳

❆ ❋✐❣✉r❛ ✺✳✶✵ ♠♦str❛ ♦ r❡s✉❧t❛❞♦ ❞❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ rh ❡ rp ♣❛r❛ ♦ ❞❡s❝r✐t♦r❡s
❙❯❘❋✳ ❊♠ t♦❞❛s ❡❧❛s✱ ❛♠❜♦s ♦s t❡r♠♦s sã♦ s❡♠♣r❡ ♣♦s✐t✐✈♦s✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ✉♠❛ t❛①❛ ❞❡
❛❝❡rt♦ ♠❛✐♦r ❞❛ ❝❛t❡❣♦r✐❛ ❛♥♦♠❛❧✐❛s ✈❡♠ ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♣❛❧❛✈r❛s
ú♥✐❝❛s✳ ❆❧é♠ ❞♦ ❢❛t♦ ❞❛ ✉♥✐❝✐❞❛❞❡ ❡♠ s✐✱ rp ❝r❡s❝❡ ❛ ♠❡❞✐❞❛ q✉❡ rh ❝r❡s❝❡✱ ❛♣❡s❛r ❞❡ ♥ã♦
s❡ ♦❜s❡r✈❛r ✉♠❛ r❡❧❛çã♦ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❞✐r❡t❛✳



✺✳✷✳ ▼❡t♦❞♦❧♦❣✐❛ ❡ ❘❡s✉❧t❛❞♦s ✺✸

▼ét♦❞♦ ❇■❈ ❙■❋❚ ❙❯❘❋ P❛t❝❤❡s

◆♦r♠❛✐s 0,5± 0,2 0,3± 0,2 0,4± 0,2 0,4± 0,2

❆♥♦♠❛❧✐❛s 0,5± 0,2 0,8± 0,2 0,7± 0,2 0,7± 0,2

❚❛❜❡❧❛ ✺✳✶✿ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❛s ❝❛t❡❣♦r✐❛s ◆♦r♠❛✐s ❡ ❆♥♦♠❛❧✐❛s✳

▼ét♦❞♦ ❚♦❞♦s ❚♦❞♦s ✲ ❇■❈ ❚♦❞♦s ✲ ❙■❋❚ ❚♦❞♦s ✲ ❙❯❘❋ ❚♦❞♦s ✲ P❛t❝❤❡s

◆♦r♠❛✐s 0,2± 0,2 0,3± 0,2 0,4± 0,2 0,4± 0,2 0,4± 0,2

❆♥♦♠❛❧✐❛s 0,7± 0,2 0,8± 0,2 0,7± 0,2 0,7± 0,2 0,8± 0,2

❚❛❜❡❧❛ ✺✳✷✿ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦ ❝♦♠ ❝r✐tér✐♦
❞❡ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛✱ ♣❛r❛ ❛s ❝❛t❡❣♦r✐❛s ◆♦r♠❛✐s ❡ ❆♥♦♠❛❧✐❛s✳

P❛r❛ ♦s ❞❡s❝r✐t♦r❡s ❙■❋❚ ❡ ♣❛t❝❤❡s✱ ♠♦str❛❞♦ ♥❛s ❋✐❣✉r❛s ✺✳✶✶ ❡ ✺✳✶✷✱ ❛❧❣✉♠❛s ❡①❡❝✉✲
çõ❡s tê♠ ❛ ❝❛t❡❣♦r✐❛ ♥♦r♠❛✐s ❝♦♠ t❛①❛ ❞❡ ❛❝❡rt♦ s✉♣❡r✐♦r à ❛♥♦♠❛❧✐❛s✳ P♦ré♠ ♥❡st❛s✱ rp é
t❛♠❜é♠ ♥❡❣❛t✐✈♦✳ ❆ ú♥✐❝❛ ❡①❝❡çã♦ ❛❝♦♥t❡❝❡ ♥❛ ❡①❡❝✉çã♦ ✹ ♣❛r❛ ♦ ❞❡s❝r✐t♦r ♣❛t❝❤❡s✳ ❈♦♥✲
t✉❞♦✱ ❛♠❜❛s ❛s ♠étr✐❝❛s sã♦ ♣ró①✐♠❛s ❛ ③❡r♦✱ s❡♠ ♥❡♥❤✉♠❛ ❝❛t❡❣♦r✐❛ t❡♥❞♦ ✉♠ ♥ú♠❡r♦
s✐❣♥✐✜❝❛t✐✈♦ ❞❡ ♣❛❧❛✈r❛s ú♥✐❝❛s✳

❯♠❛ s✐t✉❛çã♦ t♦t❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡ é ✈❡r✐✜❝❛❞❛ ♣❛r❛ ♦ ❞❡s❝r✐t♦r ❇■❈✳ P❛r❛ t♦❞❛s ❛s
❡①❡❝✉çõ❡s✱ rp ♣❡r♠❛♥❡❝❡ ♣ró①✐♠♦ ❛ ③❡r♦ ❡ rh s❡ ❛❧t❡r♥❛✳ ❊st❡ r❡s✉❧t❛❞♦ ❝♦rr♦❜♦r❛ ❛
❛✜r♠❛çã♦ ❞❡ q✉❡ ❛ ❜❛✐①❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ❛s ❝❧❛ss❡s ❡♠ r❡❧❛çã♦ ❛ ❡st❡ ❞❡s❝r✐t♦r ❛❢❡t❛ ❛
❝❛♣❛❝✐❞❛❞❡ ❞❡ ❞✐st✐♥çã♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳

❊st❡s r❡s✉❧t❛❞♦s sã♦ ❝♦♠♣❛tí✈❡✐s ❝♦♠ ♦ ❝❡♥ár✐♦ ❡♥❝♦♥tr❛❞♦ ♥❛s ❋✐❣✉r❛s ✺✳✽ ❡ ✺✳✾ ❡
♣r❡✈✐❛♠❡♥t❡ ❞❡s❝r✐t♦✳ ❉✐ss♦✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ❡♠ s✐t✉❛çõ❡s ❞❡ ❛❧t❛ s✐♠✐❧❛r✐❞❛❞❡ ✐♥t❡r✲
❝❧❛ss❡s ♦♥❞❡ ✉♠❛ ❞❛s ❝❧❛ss❡s ❛♣r♦①✐♠❛✲s❡ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❛ ♦✉tr❛✱ ❛ ♠❛✐♦r ❝❧❛ss❡ s❡rá
♣r✐✈✐❧❡❣✐❛❞❛ ♣❡❧♦ ❝❧❛ss✐✜❝❛❞♦r✳



✺✳✷✳ ▼❡t♦❞♦❧♦❣✐❛ ❡ ❘❡s✉❧t❛❞♦s ✺✹

▼ét♦❞♦ ❇■❈ ❙■❋❚ ❙❯❘❋ P❛t❝❤❡s

P❛rt✐çã♦ ✶ 0,55± 0,06 0,59± 0,06 0,59± 0,06 0,53± 0,06

P❛rt✐çã♦ ✷ 0,56± 0,06 0,60± 0,06 0,59± 0,08 0,53± 0,04

P❛rt✐çã♦ ✸ 0,52± 0,06 0,56± 0,08 0,57± 0,06 0,51± 0,06

P❛rt✐çã♦ ✹ 0,53± 0,06 0,60± 0,06 0,61± 0,08 0,53± 0,04

P❛rt✐çã♦ ✺ 0,52± 0,06 0,57± 0,06 0,57± 0,06 0,53± 0,04

▼é❞✐❛ 0,54± 0,06 0,58± 0,08 0,59± 0,08 0,53± 0,06

❚❛❜❡❧❛ ✺✳✸✿ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❛s ❝✐♥❝♦ ♣❛rt✐çõ❡s✳

▼ét♦❞♦ ❚♦❞♦s ❚♦❞♦s ✲ ❇■❈ ❚♦❞♦s ✲ ❙■❋❚ ❚♦❞♦s ✲ ❙❯❘❋ ❚♦❞♦s ✲ P❛t❝❤❡s

P❛rt✐çã♦ ✶ 0,44± 0,06 0,58± 0,06 0,58± 0,07 0,58± 0,06 0,61± 0,07

P❛rt✐çã♦ ✷ 0,45± 0,05 0,59± 0,07 0,59± 0,06 0,59± 0,06 0,62± 0,07

P❛rt✐çã♦ ✸ 0,41± 0,05 0,55± 0,05 0,55± 0,05 0,54± 0,05 0,57± 0,05

P❛rt✐çã♦ ✹ 0,5± 0,1 0,55± 0,2 0,57± 0,07 0,53± 0,23 0,5± 0,2

P❛rt✐çã♦ ✺ 0,42± 0,09 0,56± 0,1 0,56± 0,05 0,55± 0,11 0,5± 0,1

▼é❞✐❛ 0,44± 0,09 0,6± 0,1 0,57± 0,07 0,56± 0,1 0,58± 0,1

❚❛❜❡❧❛ ✺✳✹✿ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❛s ❝✐♥❝♦ ♣❛rt✐çõ❡s✱ ✉t✐❧✐③❛♥❞♦✲s❡ ♦
♠ét♦❞♦ ❞❡ ✈♦t❛çã♦ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛✳
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t✐♥❛✳ ❊①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❝♦♠ ✺✵ ✐♠❛❣❡♥s✳ ❆s ❝❛t❡❣♦r✐❛s ♥♦r♠❛✐s ❡ ❛♥♦♠❛❧✐❛s sã♦
♠♦str❛❞❛s s❡♣❛r❛❞❛♠❡♥t❡✳
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✺✳✷✳✷ ❊①♣❡r✐♠❡♥t♦ ✷

❆s ❚❛❜❡❧❛s ✺✳✻✱ ✺✳✽ ❡ ✺✳✶✵ ♠♦str❛♠ ♦ r❡s✉❧t❛❞♦ ❞♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦✱ ♦♥❞❡ ❡st✉❞♦✉✲s❡
❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ♥♦ ❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ q✉❛♥t✐❞❛❞❡ ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s
❞♦ ♠♦❞❡❧♦ ♣❛r❛ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s ❞❡ r❡t✐♥❛✳

◆♦ ✐♥t❡r✈❛❧♦ K = {400, 600, ..., 2000}✱ ♥ã♦ ❢♦✐ ❝♦♥st❛t❛❞❛ ♥❡♥❤✉♠❛ ❞✐❢❡r❡♥ç❛ ❢♦r❛ ❞♦
✐♥t❡r✈❛❧♦ ❞❡ ❡rr♦ ♣❛r❛ ♥❡♥❤✉♠ ❞♦s três ❞❡s❝r✐t♦r❡s t❡st❛❞♦s✳ ❖ ♠❡s♠♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦
♣❛r❛ ❞✐❝✐♦♥ár✐♦s ♠❡♥♦r❡s✱ ♥♦ ✐♥t❡r✈❛❧♦ K = {20, ..., 200}✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥❛s
❚❛❜❡❧❛s ✺✳✺✱ ✺✳✼ ❡ ✺✳✾✳ ❆ ❝♦♠♣❛r❛çã♦ ❞♦s ❡①tr❡♠♦s ❞♦ ✐♥t❡r✈❛❧♦✱ ♥♦ ❡♥t❛♥t♦✱ ♣❛r❛ ♦s
❞❡s❝r✐t♦r❡s ❙❯❘❋ ❡ ♣❛t❝❤❡s✱ ♠♦str❛♠ q✉❡ ❛❧❣✉♠❛ ❞✐❢❡r❡♥ç❛ ❝♦♠❡ç❛ ❛ ♣♦❞❡r s❡r ♥♦t❛❞❛✳

❖ r❡s✉❧t❛❞♦ ✐♥❞✐❝❛ q✉❡ ♠♦❞❡❧♦s ♣♦❞❡♠ s❡r tr❡✐♥❛❞♦s ❝♦♠ ♥ú♠❡r♦s r❡❞✉③✐❞♦ ❞❡ ♣❛❧❛✈r❛s
✈✐s✉❛✐s✱ ❜❡♠ ❝♦♠♦ ❞❡ tó♣✐❝♦s ❧❛t❡♥t❡s✳ P❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝❧✉st❡r✐③❛çã♦ ✉t✐❧✐③❛❞♦✱ t❛♥t♦
❛ ❡t❛♣❛✲❊ q✉❛♥t♦ ❛ ❡t❛♣❛✲▼ ❞❡✈❡♠ ❝♦♠♣❛r❛r t♦❞♦s ♦s ♣♦♥t♦s ❝❛♥❞✐❞❛t♦s ❛ ❝❛❞❛ ✉♠ ❞♦s
❝❡♥tró✐❞❡s ✶✳ ➱ tr✐✈✐❛❧ ♣❡r❝❡❜❡r q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠❡♥♦s ❝❡♥tr♦s r❡s✉❧t❛ ❡♠ ♠❡♥♦r t❡♠♣♦
❞❡ ❡①❡❝✉çã♦✳

❖ r❡s✉❧t❛❞♦ ♥ã♦ s✉r♣r❡❡♥❞❡✱ ❛♣ós ✉♠❛ ❛♥á❧✐s❡ ❝✉✐❞❛❞♦s❛ ❞❛ ❋✐❣✉r❛ ✺✳✹✳ P♦❞❡✲s❡ ♣❡r❝❡✲
❜❡r q✉❡ ❛♦ ♠❡♥♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r ♣❛t❝❤❡s✱ ♣❛r❛ ♦ q✉❛❧ é ♣♦ssí✈❡❧ ❢❛③❡r ❡ss❛ ❛♥á❧✐s❡ ✈✐s✉❛❧✱
♠✉✐t❛s ❞❛s ♣❛❧❛✈r❛s ✈✐s✉❛✐s ❡♥❝♦♥tr❛❞❛s sã♦ ❜❛st❛♥t❡ s✐♠✐❧❛r❡s✳ P❛❧❛✈r❛s s✐♠✐❧❛r❡s ❛✐♥❞❛
sã♦ ❡♥❝♦♥tr❛❞❛s ♠❡s♠♦ ♣❛r❛ ❞✐❝✐♦♥ár✐♦s ♠❡♥♦r❡s✱ ❝♦♠♦ s❡ ♣♦❞❡ ♣❡r❝❡❜❡r ♣❡❧❛ ❋✐❣✉r❛ ✺✳✺✳

▼✉✐t♦s ❞♦s ♣❛❞rõ❡s ❞✐st✐♥t♦s ♥❛ ❋✐❣✉r❛ ✺✳✹✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ s❡ r❡♣❡t❡♠ ♥❛ ❋✐❣✉r❛ ✺✳✺✱
♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s ♣❛❞rõ❡s ❞❡ t❡①t✉r❛s ❝♦♠♣❧❡①♦s✳ ■ss♦ s✉❣❡r❡ q✉❡ t❡①t✉r❛s ❝♦♠♣❧❡①❛s
tê♠ ♣♦❞❡r ❞✐st✐♥t✐✈♦ ♣❛r❛ ❛s ✐♠❛❣❡♥s ❞❡ss❛ ❜❛s❡✳ P❛❞rõ❡s s✐♠♣❧❡s✱ ❝♦♠♦ ♦s ❞❛ ❋✐❣✉r❛ ✺✳✺
❞❡♠♦♥str❛♠✲s❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡✜♥✐r ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳

◗✉❛♥t♦ ❛♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✱ ❛ ❋✐❣✉r❛ ✺✳✶✹ ❛♣r❡s❡♥t❛ ❛s ♠é❞✐❛s ❡♠ ✷✵ ❡①❡❝✉çõ❡s ❝♦♠
✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❞♦✐s ❞❡s✈✐♦s ♣❛❞rõ❡s ♣❛r❛ ♦s t❡♠♣♦s ❞❡ ❡①❡❝✉çã♦ ❞❡ ✉♠ ❛♣r❡♥❞✐③❛❞♦ ❞❡
♣❛râ♠❡tr♦s ♣❛r❛ ✺✵ ✐♠❛❣❡♥s ❛❧❡❛tór✐❛s ❞❛ ❜❛s❡ ❞❡ r❡t✐♥❛✱ ❝❛t❡❣♦r✐❛ ◆♦r♠❛✐s✳ ❖ ❞✐❝✐♦♥ár✐♦
✉t✐❧✐③❛❞♦ ❝♦♥t✐♥❤❛ ✶✷✵✵ ♣❛❧❛✈r❛s ✈✐s✉❛✐s✳

❈♦♠♦ s❡ ♣♦❞❡ ♣❡r❝❡❜❡r✱ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ t❛♠❜é♠ s♦❜❡ ❛ ♠❡❞✐❞❛ q✉❡ s❡ ❛✉♠❡♥t❛♠
♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳ P❛r❛ ✈❛❧♦r❡s ♣❡q✉❡♥♦s✱ ♦ r❡s✉❧t❛❞♦ ❞♦ ❡①♣❡r✐♠❡♥t♦ é ❡rrát✐❝♦✱ ❝♦♠
t❡♠♣♦s ❞❡ ❡①❡❝✉çã♦ ♣♦r ✈❡③❡s s✉♣❡r✐♦r❡s ❛♦s ♦❜t✐❞♦s ♣❛r❛ ♠❛✐s tó♣✐❝♦s✱ ❡ ❛❧t♦s ❞❡s✈✐♦s
♣❛❞rõ❡s✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❞✈é♠ ❞♦ ❢❛t♦ ❞♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦
❞♦s ♣❛râ♠❡tr♦s s❡r ✉♠ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦✳ P❛r❛ ♣♦✉❝♦s tó♣✐❝♦s✱ ♦ ❛❧❣♦r✐t♠♦ ♥❡❝❡ss✐t❛ ❞❡
✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ✐t❡r❛çõ❡s ♣❛r❛ ❛t✐♥❣✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛✳ P♦ré♠✱ ♣❛r❛ ✈❛❧♦r❡s ♣ró①✐♠♦s
❛ 90✱ ❛té ♦ ♣♦♥t♦ ✜♥❛❧ ❞❛ ❛❢❡r✐çã♦✱ 300✱ ♣♦❞❡✲s❡ r❡❛❧✐③❛r ❛ ♠❡❞✐❞❛ ❝♦♠ ♣r❡❝✐sã♦✳

✶❘✐❣♦r♦s❛♠❡♥t❡ ❢❛❧❛♥❞♦✱ ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ t♦❞♦s ♦s ❝❡♥tró✐❞❡s ♥ã♦ é ♥❡❝❡ssár✐❛✳ ❖ ✉s♦ ❞❡ ❡str✉t✉r❛s
❞❡ ❞❛❞♦s ❝♦♠♦ ❦❞✲tr❡❡s ❬✸✵❪ r❡s✉❧t❛ ❡♠ ♠❡♥♦r t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞♦ q✉❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❡①❛✉st✐✈❛✳



✺✳✷✳
▼
❡t♦❞♦❧♦❣✐❛

❡
❘
❡s✉❧t❛❞♦s

✻✹

❚ó♣✐❝♦s ✷✵ ✹✵ ✻✵ ✽✵ ✶✵✵ ✷✵✵

✶✵ 0,57± 0,07 0,55± 0,07 0,57± 0,07 0,57± 0,05 0,55± 0,05 0,55± 0,07

✷✵ 0,54± 0,05 0,55± 0,06 0,56± 0,06 0,56± 0,06 0,55± 0,05 0,56± 0,05

✸✵ 0,55± 0,06 0,55± 0,05 0,55± 0,07 0,56± 0,03 0,56± 0,06

✹✵ 0,55± 0,07 0,57± 0,05 0,55± 0,05 0,56± 0,06 0,55± 0,06

✺✵ 0,57± 0,05 0,56± 0,06 0,56± 0,07 0,56± 0,05

✻✵ 0,56± 0,06 0,57± 0,07 0,55± 0,06 0,57± 0,05

✼✵ 0,55± 0,03 0,55± 0,05 0,55± 0,05

✽✵ 0,56± 0,07 0,55± 0,05 0,56± 0,06

✾✵ 0,56± 0,05 0,56± 0,06

✶✵✵ 0,57± 0,05 0,55± 0,07

✶✶✵ 0,57± 0,06

✶✷✵ 0,57± 0,05

✶✸✵ 0,56± 0,05

✶✹✵ 0,55± 0,04

✶✺✵ 0,56± 0,07

✶✻✵ 0,55± 0,08

✶✼✵ 0,56± 0,04

✶✽✵ 0,56± 0,06

✶✾✵ 0,56± 0,05

✷✵✵ 0,57± 0,06

❚❛❜❡❧❛ ✺✳✺✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r ❇■❈✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳



✺✳✷✳
▼
❡t♦❞♦❧♦❣✐❛

❡
❘
❡s✉❧t❛❞♦s

✻✺

❚ó♣✐❝♦s ✹✵✵ ✻✵✵ ✽✵✵ ✶✵✵✵ ✶✷✵✵ ✶✹✵✵ ✶✻✵✵ ✶✽✵✵ ✷✵✵✵

✶✵ 0,56± 0,06 0,57± 0,06 0,55± 0,06 0,55± 0,06 0,56± 0,06 0,56± 0,07 0,55± 0,06 0,56± 0,05 0,56± 0,06

✷✵ 0,56± 0,06 0,55± 0,05 0,56± 0,05 0,55± 0,06 0,56± 0,05 0,56± 0,06 0,56± 0,06 0,55± 0,06 0,55± 0,05

✸✵ 0,55± 0,05 0,56± 0,07 0,56± 0,06 0,56± 0,05 0,55± 0,07 0,55± 0,06 0,56± 0,06 0,55± 0,05 0,56± 0,05

✹✵ 0,55± 0,07 0,56± 0,06 0,56± 0,06 0,55± 0,06 0,56± 0,06 0,55± 0,06 0,56± 0,07 0,56± 0,06 0,55± 0,06

✺✵ 0,55± 0,06 0,56± 0,06 0,55± 0,07 0,56± 0,06 0,55± 0,06 0,56± 0,05 0,56± 0,06 0,56± 0,06 0,55± 0,05

✻✵ 0,55± 0,06 0,56± 0,06 0,56± 0,07 0,56± 0,06 0,56± 0,06 0,56± 0,06 0,56± 0,05 0,56± 0,06 0,56± 0,07

✼✵ 0,55± 0,06 0,56± 0,05 0,56± 0,06 0,55± 0,06 0,56± 0,06 0,55± 0,06 0,55± 0,06 0,56± 0,06 0,56± 0,06

✽✵ 0,55± 0,06 0,56± 0,05 0,56± 0,07 0,56± 0,06 0,56± 0,06 0,55± 0,06 0,55± 0,06 0,56± 0,06 0,55± 0,05

✾✵ 0,56± 0,07 0,56± 0,07 0,56± 0,06 0,56± 0,05 0,56± 0,06 0,55± 0,07 0,56± 0,06 0,56± 0,06 0,56± 0,05

✶✵✵ 0,57± 0,06 0,56± 0,07 0,55± 0,07 0,55± 0,08 0,56± 0,05 0,56± 0,05 0,56± 0,05 0,56± 0,06 0,56± 0,05

✶✶✵ 0,56± 0,06 0,56± 0,06 0,56± 0,04 0,57± 0,06 0,56± 0,06 0,56± 0,06 0,55± 0,06 0,56± 0,05 0,55± 0,05

✶✷✵ 0,56± 0,05 0,56± 0,04 0,56± 0,07 0,54± 0,07 0,56± 0,05 0,56± 0,05 0,56± 0,05 0,55± 0,07 0,56± 0,05

✶✸✵ 0,56± 0,06 0,57± 0,06 0,56± 0,05 0,55± 0,07 0,55± 0,06 0,56± 0,05 0,56± 0,05 0,55± 0,05 0,56± 0,05

✶✹✵ 0,56± 0,07 0,55± 0,05 0,55± 0,07 0,57± 0,06 0,55± 0,05 0,56± 0,05 0,56± 0,06 0,56± 0,06 0,57± 0,06

✶✺✵ 0,56± 0,05 0,55± 0,08 0,57± 0,06 0,56± 0,05 0,55± 0,06 0,56± 0,06 0,56± 0,06 0,56± 0,06 0,56± 0,05

✶✻✵ 0,56± 0,05 0,56± 0,06 0,56± 0,06 0,55± 0,06 0,56± 0,05 0,56± 0,07 0,55± 0,05 0,56± 0,06 0,57± 0,05

✶✼✵ 0,56± 0,06 0,56± 0,05 0,56± 0,07 0,55± 0,06 0,55± 0,05 0,56± 0,07 0,57± 0,06 0,55± 0,06 0,56± 0,05

✶✽✵ 0,56± 0,06 0,55± 0,05 0,55± 0,06 0,55± 0,05 0,56± 0,05 0,55± 0,06 0,56± 0,06 0,57± 0,07 0,57± 0,05

✶✾✵ 0,56± 0,06 0,56± 0,06 0,55± 0,07 0,56± 0,06 0,56± 0,06 0,55± 0,05 0,55± 0,06 0,56± 0,05 0,56± 0,06

✷✵✵ 0,55± 0,05 0,55± 0,05 0,56± 0,07 0,56± 0,06 0,56± 0,05 0,56± 0,06 0,56± 0,06 0,56± 0,06 0,56± 0,06

❚❛❜❡❧❛ ✺✳✻✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r ❇■❈✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳



✺✳✷✳
▼
❡t♦❞♦❧♦❣✐❛

❡
❘
❡s✉❧t❛❞♦s

✻✻

❚ó♣✐❝♦s ✷✵ ✹✵ ✻✵ ✽✵ ✶✵✵ ✷✵✵

✶✵ 0,52± 0,05 0,55± 0,06 0,56± 0,08 0,58± 0,06 0,56± 0,07 0,58± 0,05

✷✵ 0,53± 0,07 0,56± 0,08 0,55± 0,06 0,56± 0,06 0,57± 0,07 0,58± 0,07

✸✵ 0,55± 0,10 0,55± 0,08 0,55± 0,06 0,56± 0,08 0,58± 0,07

✹✵ 0,53± 0,05 0,54± 0,06 0,55± 0,06 0,56± 0,07 0,58± 0,05

✺✵ 0,54± 0,08 0,54± 0,06 0,55± 0,06 0,59± 0,06

✻✵ 0,55± 0,09 0,54± 0,07 0,56± 0,07 0,58± 0,08

✼✵ 0,57± 0,10 0,55± 0,09 0,58± 0,08

✽✵ 0,56± 0,09 0,57± 0,08 0,57± 0,06

✾✵ 0,56± 0,09 0,58± 0,06

✶✵✵ 0,57± 0,09 0,59± 0,07

✶✶✵ 0,58± 0,08

✶✷✵ 0,59± 0,06

✶✸✵ 0,58± 0,10

✶✹✵ 0,56± 0,09

✶✺✵ 0,56± 0,09

✶✻✵ 0,58± 0,06

✶✼✵ 0,59± 0,10

✶✽✵ 0,58± 0,09

✶✾✵ 0,58± 0,04

✷✵✵ 0,60± 0,07

❚❛❜❡❧❛ ✺✳✼✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r ❙❯❘❋✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳



✺✳✷✳
▼
❡t♦❞♦❧♦❣✐❛

❡
❘
❡s✉❧t❛❞♦s

✻✼

❚ó♣✐❝♦s ✹✵✵ ✻✵✵ ✽✵✵ ✶✵✵✵ ✶✷✵✵ ✶✹✵✵ ✶✻✵✵ ✶✽✵✵ ✷✵✵✵

✶✵ 0,57± 0,07 0,57± 0,06 0,58± 0,05 0,57± 0,07 0,59± 0,05 0,59± 0,08 0,60± 0,06 0,60± 0,07 0,61± 0,06

✷✵ 0,57± 0,05 0,58± 0,05 0,57± 0,07 0,59± 0,06 0,58± 0,05 0,59± 0,08 0,60± 0,07 0,60± 0,07 0,60± 0,06

✸✵ 0,56± 0,05 0,57± 0,05 0,60± 0,06 0,58± 0,04 0,59± 0,07 0,59± 0,06 0,61± 0,07 0,61± 0,06 0,62± 0,08

✹✵ 0,57± 0,06 0,57± 0,05 0,59± 0,07 0,59± 0,04 0,60± 0,06 0,60± 0,06 0,60± 0,05 0,62± 0,05 0,60± 0,07

✺✵ 0,56± 0,07 0,57± 0,06 0,59± 0,07 0,59± 0,04 0,60± 0,06 0,61± 0,06 0,59± 0,07 0,61± 0,07 0,60± 0,07

✻✵ 0,56± 0,06 0,57± 0,08 0,58± 0,08 0,57± 0,07 0,59± 0,06 0,60± 0,04 0,60± 0,06 0,61± 0,06 0,60± 0,06

✼✵ 0,57± 0,06 0,58± 0,05 0,58± 0,06 0,58± 0,07 0,61± 0,06 0,59± 0,07 0,60± 0,06 0,61± 0,06 0,61± 0,05

✽✵ 0,57± 0,05 0,57± 0,08 0,57± 0,06 0,58± 0,08 0,58± 0,04 0,59± 0,07 0,60± 0,07 0,60± 0,05 0,62± 0,06

✾✵ 0,59± 0,06 0,57± 0,05 0,57± 0,06 0,58± 0,07 0,59± 0,06 0,60± 0,06 0,60± 0,06 0,60± 0,08 0,62± 0,07

✶✵✵ 0,58± 0,07 0,57± 0,07 0,58± 0,04 0,58± 0,06 0,59± 0,09 0,61± 0,06 0,61± 0,04 0,60± 0,07 0,61± 0,06

✶✶✵ 0,57± 0,06 0,57± 0,05 0,58± 0,06 0,59± 0,06 0,59± 0,06 0,60± 0,07 0,61± 0,06 0,60± 0,07 0,61± 0,06

✶✷✵ 0,57± 0,06 0,58± 0,05 0,56± 0,06 0,59± 0,06 0,59± 0,06 0,59± 0,06 0,60± 0,06 0,60± 0,06 0,62± 0,08

✶✸✵ 0,59± 0,06 0,57± 0,07 0,56± 0,07 0,57± 0,03 0,58± 0,05 0,60± 0,08 0,59± 0,07 0,60± 0,06 0,60± 0,07

✶✹✵ 0,58± 0,04 0,58± 0,07 0,58± 0,06 0,58± 0,08 0,59± 0,08 0,60± 0,07 0,59± 0,06 0,60± 0,06 0,61± 0,06

✶✺✵ 0,57± 0,06 0,58± 0,05 0,60± 0,04 0,59± 0,05 0,58± 0,07 0,61± 0,06 0,60± 0,06 0,59± 0,08 0,62± 0,05

✶✻✵ 0,58± 0,07 0,58± 0,06 0,57± 0,08 0,59± 0,06 0,59± 0,05 0,59± 0,07 0,60± 0,05 0,60± 0,08 0,61± 0,06

✶✼✵ 0,59± 0,07 0,58± 0,06 0,58± 0,06 0,59± 0,05 0,59± 0,07 0,60± 0,07 0,61± 0,08 0,60± 0,06 0,62± 0,07

✶✽✵ 0,57± 0,07 0,58± 0,07 0,58± 0,05 0,58± 0,07 0,57± 0,04 0,60± 0,09 0,60± 0,05 0,61± 0,07 0,61± 0,07

✶✾✵ 0,58± 0,07 0,58± 0,06 0,58± 0,05 0,58± 0,07 0,59± 0,06 0,62± 0,08 0,60± 0,06 0,59± 0,06 0,61± 0,06

✷✵✵ 0,59± 0,07 0,58± 0,06 0,58± 0,08 0,58± 0,08 0,60± 0,05 0,60± 0,08 0,60± 0,06 0,61± 0,06 0,60± 0,06

❚❛❜❡❧❛ ✺✳✽✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r ❙❯❘❋✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳



✺✳✷✳
▼
❡t♦❞♦❧♦❣✐❛

❡
❘
❡s✉❧t❛❞♦s

✻✽

❚ó♣✐❝♦s ✷✵ ✹✵ ✻✵ ✽✵ ✶✵✵ ✷✵✵

✶✵ 0,54± 0,07 0,55± 0,06 0,53± 0,06 0,53± 0,06 0,51± 0,06 0,53± 0,04

✷✵ 0,53± 0,06 0,54± 0,07 0,54± 0,05 0,54± 0,05 0,52± 0,06 0,54± 0,05

✸✵ 0,54± 0,05 0,53± 0,05 0,52± 0,06 0,54± 0,04 0,54± 0,06

✹✵ 0,52± 0,05 0,53± 0,06 0,52± 0,06 0,54± 0,06 0,53± 0,05

✺✵ 0,52± 0,06 0,53± 0,08 0,53± 0,05 0,53± 0,05

✻✵ 0,53± 0,05 0,53± 0,05 0,53± 0,06 0,53± 0,05

✼✵ 0,53± 0,06 0,53± 0,07 0,55± 0,04

✽✵ 0,52± 0,06 0,53± 0,05 0,55± 0,05

✾✵ 0,52± 0,05 0,54± 0,07

✶✵✵ 0,53± 0,07 0,54± 0,06

✶✶✵ 0,55± 0,03

✶✷✵ 0,56± 0,07

✶✸✵ 0,55± 0,07

✶✹✵ 0,56± 0,05

✶✺✵ 0,55± 0,07

✶✻✵ 0,55± 0,04

✶✼✵ 0,55± 0,06

✶✽✵ 0,56± 0,05

✶✾✵ 0,56± 0,07

✷✵✵ 0,56± 0,06

❚❛❜❡❧❛ ✺✳✾✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r P❛t❝❤❡s✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳



✺✳✷✳
▼
❡t♦❞♦❧♦❣✐❛

❡
❘
❡s✉❧t❛❞♦s

✻✾

❚ó♣✐❝♦s ✹✵✵ ✻✵✵ ✽✵✵ ✶✵✵✵ ✶✷✵✵ ✶✹✵✵ ✶✻✵✵ ✶✽✵✵ ✷✵✵✵

✶✵ 0,53± 0,05 0,55± 0,05 0,54± 0,05 0,53± 0,07 0,54± 0,07 0,53± 0,07 0,53± 0,05 0,54± 0,05 0,54± 0,06

✷✵ 0,54± 0,06 0,53± 0,04 0,54± 0,06 0,54± 0,06 0,54± 0,07 0,53± 0,05 0,54± 0,06 0,54± 0,05 0,52± 0,06

✸✵ 0,53± 0,06 0,54± 0,05 0,53± 0,07 0,54± 0,06 0,53± 0,06 0,52± 0,04 0,52± 0,05 0,53± 0,06 0,54± 0,06

✹✵ 0,54± 0,05 0,53± 0,04 0,53± 0,05 0,53± 0,07 0,55± 0,06 0,53± 0,05 0,53± 0,05 0,52± 0,07 0,53± 0,05

✺✵ 0,54± 0,05 0,53± 0,06 0,53± 0,06 0,54± 0,07 0,51± 0,05 0,54± 0,04 0,54± 0,05 0,53± 0,05 0,53± 0,05

✻✵ 0,54± 0,05 0,54± 0,05 0,53± 0,08 0,53± 0,06 0,54± 0,06 0,54± 0,05 0,53± 0,08 0,52± 0,04 0,53± 0,05

✼✵ 0,54± 0,04 0,54± 0,07 0,54± 0,07 0,54± 0,06 0,53± 0,05 0,53± 0,05 0,53± 0,06 0,52± 0,04 0,53± 0,06

✽✵ 0,53± 0,07 0,53± 0,06 0,53± 0,04 0,52± 0,04 0,54± 0,04 0,52± 0,06 0,53± 0,07 0,54± 0,05 0,53± 0,05

✾✵ 0,54± 0,07 0,55± 0,06 0,54± 0,06 0,54± 0,03 0,53± 0,05 0,53± 0,05 0,53± 0,06 0,53± 0,04 0,53± 0,06

✶✵✵ 0,54± 0,05 0,54± 0,06 0,53± 0,05 0,54± 0,06 0,54± 0,04 0,54± 0,06 0,53± 0,05 0,53± 0,06 0,53± 0,06

✶✶✵ 0,53± 0,05 0,55± 0,06 0,53± 0,06 0,54± 0,05 0,52± 0,06 0,54± 0,05 0,53± 0,05 0,52± 0,05 0,54± 0,04

✶✷✵ 0,53± 0,05 0,53± 0,04 0,54± 0,07 0,55± 0,07 0,52± 0,05 0,54± 0,05 0,54± 0,05 0,53± 0,07 0,53± 0,05

✶✸✵ 0,54± 0,08 0,54± 0,05 0,55± 0,08 0,54± 0,04 0,53± 0,07 0,53± 0,06 0,54± 0,05 0,53± 0,05 0,53± 0,05

✶✹✵ 0,54± 0,07 0,54± 0,06 0,55± 0,05 0,55± 0,06 0,55± 0,05 0,53± 0,06 0,53± 0,06 0,53± 0,04 0,53± 0,04

✶✺✵ 0,55± 0,05 0,53± 0,08 0,55± 0,07 0,54± 0,06 0,54± 0,07 0,53± 0,06 0,53± 0,03 0,53± 0,06 0,52± 0,05

✶✻✵ 0,55± 0,06 0,53± 0,04 0,55± 0,05 0,54± 0,05 0,55± 0,04 0,54± 0,05 0,54± 0,06 0,53± 0,05 0,54± 0,06

✶✼✵ 0,55± 0,06 0,55± 0,05 0,54± 0,05 0,53± 0,05 0,53± 0,06 0,54± 0,07 0,54± 0,05 0,53± 0,07 0,55± 0,06

✶✽✵ 0,56± 0,06 0,56± 0,05 0,53± 0,06 0,55± 0,05 0,55± 0,05 0,54± 0,06 0,55± 0,06 0,53± 0,06 0,53± 0,05

✶✾✵ 0,56± 0,04 0,54± 0,06 0,55± 0,05 0,55± 0,03 0,53± 0,06 0,53± 0,05 0,53± 0,05 0,53± 0,07 0,52± 0,05

✷✵✵ 0,56± 0,06 0,52± 0,04 0,54± 0,07 0,53± 0,07 0,55± 0,07 0,54± 0,05 0,53± 0,08 0,53± 0,06 0,54± 0,05

❚❛❜❡❧❛ ✺✳✶✵✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♠é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❞❡s❝r✐t♦r P❛t❝❤❡s✱ ✈❛r✐❛♥❞♦✲s❡ ♦ t❛♠❛♥❤♦ ❞♦
❞✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ❡ ♦ ♥ú♠❡r♦ ❞❡ tó♣✐❝♦s✳



✺✳✷✳ ▼❡t♦❞♦❧♦❣✐❛ ❡ ❘❡s✉❧t❛❞♦s ✼✵
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❋✐❣✉r❛ ✺✳✶✹✿ ❚❡♠♣♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ tó♣✐❝♦s ♣❛r❛ ❛ ❜❛s❡ ❞❡ ✐♠❛❣❡♥s
❞❡ r❡t✐♥❛✱ ❝❛t❡❣♦r✐❛ ◆♦r♠❛✐s✳ ❉✐❝✐♦♥ár✐♦ ✈✐s✉❛❧ ✉t✐❧✐③❛❞♦ ❝♦♠ ✶✷✵✵ ♣❛❧❛✈r❛s✳



✺✳✷✳ ▼❡t♦❞♦❧♦❣✐❛ ❡ ❘❡s✉❧t❛❞♦s ✼✶

▼ét♦❞♦ ❇■❈ ❙■❋❚ ❙❯❘❋ P❛t❝❤❡s

▼í♥✐♠♦ 0,43± 0,09 0,18± 0,09 0,22± 0,06 0,3± 0,1

■♥✢❡①ã♦ 0,61± 0,05 0,40± 0,06 0,25± 0,07 0,41± 0,07

▼á①✐♠♦ 0,76± 0,05 0,51± 0,03 0,50± 0,07 0,51± 0,06

❚❛❜❡❧❛ ✺✳✶✶✿ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ três ♣♦♥t♦s ♥❛ ❝✉r✈❛ ❞♦ ♥ú♠❡r♦
❞❡ ✐♠❛❣❡♥s✿ ✺✱ ✶✹ ❡ ✺✹✳ ❉❡s❝r✐t♦r❡s ✐♥❞✐✈✐❞✉❛✐s✳

✺✳✷✳✸ ❊①♣❡r✐♠❡♥t♦ ✸

P❛r❛ ♦ t❡r❝❡✐r♦ ❡①♣❡r✐♠❡♥t♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❜❛s❡ ❋r❡❡ ❋♦t♦ ◆❛t✉r❡✱ ❛♣r❡s❡♥t❛♠✲s❡ ♦s r❡✲
s✉❧t❛❞♦s ♣❛r❛ ♦s q✉❛tr♦ ❞❡s❝r✐t♦r❡s ♥❛ ❋✐❣✉r❛ ✺✳✶✺✳ ◆❛ ❋✐❣✉r❛ ✺✳✶✻ sã♦ ♠♦str❛❞♦s ♦s
r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çõ❡s ♥❛ ♠❡s♠❛ ❡s❝❛❧❛ ❞♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ ❛ ✜♠
❞❡ ❢❛❝✐❧✐t❛r ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❡❧❡s✳ P♦ré♠✱ ❞❛❞♦ q✉❡ ❛ ♠❛✐♦r ♣❛rt❡ ❞♦s ♣♦♥t♦s s❡ ❡♥✲
❝♦♥tr❛♠ ❝♦♥❝❡♥tr❛❞♦s ♥♦ ✐♥t❡r✈❛❧♦ > 90%✱ ❛ ❋✐❣✉r❛ ✺✳✶✼ ♠♦str❛ ♦s ♠❡s♠♦s ❞❛❞♦s✱ ❡♠
❡s❝❛❧❛s ✐♥❞❡♣❡♥❞❡♥t❡s✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♥❛ ❙❡çã♦ ✺✳✷✳✶✱ ♦ ❞❡s❝r✐t♦r ❇■❈ é ♦ ❞❡s❝r✐t♦r q✉❡
♦❜té♠ ♠❛✐♦r t❛①❛ ❞❡ s✉❝❡ss♦ ✐♥❞✐✈✐❞✉❛❧✳ ❊ss❛ ❝♦♥st❛t❛çã♦ ❛❝♦♠♣❛♥❤❛ ❛ ✐♥t✉✐çã♦ s♦❜r❡
❛ ❜❛s❡✱ ❞❛❞♦ q✉❡ ❤á ❛❧t❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ ❝♦r ❡♥tr❡ ❛s ✐♠❛❣❡♥s ❞❛s ❞✐❢❡r❡♥t❡s ❝❛t❡❣♦r✐❛s✱
❝♦♠♦ ❡✈✐❞❡♥❝✐❛❞♦ ♣❡❧❛ ❋✐❣✉r❛ ✺✳✷✳

❉❡ ❢❛t♦✱ ❛ t♦t❛❧ r❡t✐r❛❞❛ ❞❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❝♦r✱ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❝✉r✈❛ ❞❡ ✈♦t❛çã♦
❝♦♠ três ❝❧❛ss✐✜❝❛❞♦r❡s✱ ❡①❝❡t♦ ♦ ❇■❈✱ ♣❡♥❛❧✐③❛ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ✜♥❛❧✳

❆s ❚❛❜❡❧❛s ✺✳✶✶ ❡ ✺✳✶✷ ♠♦str❛♠ ♣❛r❛ ♦s ❞❡s❝r✐t♦r❡s ❡ ♣❛r❛ ❛ ✈♦t❛çã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ❡♠ três ♣♦♥t♦s ❞✐st✐♥t♦s ❞❛ ❝✉r✈❛✿ ♦ ♣♦♥t♦ ♠í♥✐♠♦✱ é ♦
♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ✐♠❛❣❡♥s ♣♦r ❝❛t❡❣♦r✐❛ ✭✺✮❀ ♦ ♣♦♥t♦ ♠á①✐♠♦✱
é ♦ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐♠❛❣❡♥s ♣♦r ❝❛t❡❣♦r✐❛ ✭✺✹✮❀ ❡♥q✉❛♥t♦ ♦
♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ♣♦♥t♦ ♥♦ q✉❛❧ ♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ♥♦ ❝♦♥❥✉♥t♦ ❞❡
tr❡✐♥❛♠❡♥t♦ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ♣♦r ❝❛t❡❣♦r✐❛ ✭✶✹✮✳

❊♠ r❡❧❛çã♦ ❛♦ ♣♦♥t♦ ♠í♥✐♠♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ♦ ♣♦♥t♦ ♠á①✐♠♦ t❡♠ ♣❡r❢♦r♠❛♥❝❡ ❝♦♥✲
s✐st❡♥t❡♠❡♥t❡ ❡ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♠❛✐♦r✱ ♠❡s♠♦ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡rr♦ ❡st❛tíst✐❝♦✳

❖ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦✱ ♥♦ ❡♥t❛♥t♦ t❡♠ s✉❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡rr♦ ♣❛r❛
♦s ♠❡❧❤♦r❡s ❝❧❛ss✐✜❝❛❞♦r❡s✳ ❆ss✐♠✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❝❧❛ss✐✜❝❛❞♦r❡s
▲❉❆ ❝♦♠ ♣❡r❢♦r♠❛♥❝❡ s❛t✐s❢❛tór✐❛ ✉t✐❧✐③❛♥❞♦✲s❡ ❞❡ ✉♠ ♥ú♠❡r♦ r❡❞✉③✐❞♦ ❞❡ ✐♠❛❣❡♥s✳
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✭❜✮ ♣❛t❝❤❡s✳
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✭❝✮ ❙❯❘❋✳
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❋✐❣✉r❛ ✺✳✶✺✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♣❡r❝❡♥t✉❛✐s ♠é❞✐❛s ❡♥tr❡ t♦❞❛s ❛s ❝❛t❡❣♦r✐❛s ❞❛ ❜❛s❡ ❋r❡❡
❋♦t♦ ◆❛t✉r❡✱ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ✭♣♦r ❝❧❛ss❡✮✳ ❆s t❛①❛s sã♦
❛♣r❡s❡♥t❛❞❛s s❡♣❛r❛❞❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❞❡s❝r✐t♦r❡s✳

▼ét♦❞♦ ❚♦❞♦s ❚♦❞♦s ✲ ❇■❈ ❚♦❞♦s ✲ ❙■❋❚ ❚♦❞♦s ✲ ❙❯❘❋ ❚♦❞♦s ✲ P❛t❝❤❡s

▼í♥✐♠♦ 0,89± 0,07 0,35± 0,08 0,88± 0,06 0,86± 0,07 0,89± 0,07

■♥✢❡①ã♦ 0,96± 0,02 0,50± 0,07 0,94± 0,03 0,95± 0,02 0,96± 0,02

▼á①✐♠♦ 0,98± 0,02 0,69± 0,07 0,98± 0,02 0,97± 0,02 0,98± 0,02

❚❛❜❡❧❛ ✺✳✶✷✿ ▼é❞✐❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ três ♣♦♥t♦s ♥❛ ❝✉r✈❛ ❞♦ ♥ú♠❡r♦
❞❡ ✐♠❛❣❡♥s✿ ✺✱ ✶✹ ❡ ✺✹✳
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❋✐❣✉r❛ ✺✳✶✻✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♣❡r❝❡♥t✉❛✐s ♠é❞✐❛s ♣❛r❛ ❛s ♥♦✈❡ ❝❛t❡❣♦r✐❛s ❞❛ ❜❛s❡ ❋r❡❡
❋♦t♦ ◆❛t✉r❡✱ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ✭♣♦r ❝❧❛ss❡✮✱ ✉t✐❧✐③❛♥❞♦
♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦✳ ❆s t❛①❛s sã♦ ❛♣r❡s❡♥t❛❞❛s s❡♣❛r❛❞❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡
❞❡s❝r✐t♦r❡s ♣r❡s❡♥t❡s ♥❛ ✈♦t❛çã♦✳
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❋✐❣✉r❛ ✺✳✶✼✿ ❚❛①❛s ❞❡ ❛❝❡rt♦ ♣❡r❝❡♥t✉❛✐s ♠é❞✐❛s ♣❛r❛ ❛s ♥♦✈❡ ❝❛t❡❣♦r✐❛s ❞❛ ❜❛s❡ ❋r❡❡
❋♦t♦ ◆❛t✉r❡✱ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♠❛❣❡♥s ❞❡ tr❡✐♥❛♠❡♥t♦ ✭♣♦r ❝❧❛ss❡✮✱ ✉t✐❧✐③❛♥❞♦
♦ ♠ét♦❞♦ ❞❡ ✈♦t❛çã♦✳ ❆s t❛①❛s sã♦ ❛♣r❡s❡♥t❛❞❛s s❡♣❛r❛❞❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡
❞❡s❝r✐t♦r❡s ♣r❡s❡♥t❡s ♥❛ ✈♦t❛çã♦✳ ❈❛❞❛ ❞❡s❝r✐t♦r é ❛♣r❡s❡♥t❛❞♦ ❡♠ ❡s❝❛❧❛ ♣ró♣r✐❛✱ ♣❛r❛
♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s

❆tr❛✈és ❞♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ té❝♥✐❝❛ t❡♠ ❜♦❛ ♣❡r❢♦r♠❛♥❝❡ ♥❛
t❛r❡❢❛ ❞❡ ❝❛t❡❣♦r✐③❛çã♦ ❞❡ ✐♠❛❣❡♥s✱ ❞❛❞♦ q✉❡ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s s❡❥❛♠ s❛t✐s❢❡✐t❛s✳ ❆s
❝❧❛ss❡s ♥❛s q✉❛✐s ❞❡s❡❥❛✲s❡ s❡♣❛r❛r ❛s ✐♠❛❣❡♥s ❞❡✈❡♠ s❡r s✉✜❝✐❡♥t❡♠❡♥t❡ ❞✐st✐♥t❛s✳ ❊st❛
❞✐st✐♥çã♦ ❡♥tr❡ ❛s ❝❧❛ss❡s é ✉♠❛ ❢✉♥çã♦ ❞♦s ❞❡s❝r✐t♦r❡s ✉t✐❧✐③❛❞♦s ♥❛ ❢♦r♠❛çã♦ ❞♦ ❞✐❝✐♦♥ár✐♦
❞❡ ♣❛❧❛✈r❛s ✈✐s✉❛✐s✱ ❞❡ ❢♦r♠❛ q✉❡ ❞✐❢❡r❡♥t❡s ❞❡s❝r✐t♦r❡s ❧❡✈❛♠ ❛ r❡s✉❧t❛❞♦s ❞✐✈❡rs♦s ♥❛s
t❛①❛s ❞❡ ❛❝❡rt♦s ❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s✳

P❛r❛ ❝❧❛ss❡s ❞❡ ✐♠❛❣❡♥s✱ ❛ss♦❝✐❛❞❛s ❛ ✉♠ ❞❡s❝r✐t♦r ♣❛rt✐❝✉❧❛r✱ ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡
♣❛❧❛✈r❛s ✈✐s✉❛✐s ❣❡r❛❞♦s ♣❛r❛ ✉♠❛ ❞❛s ❝❧❛ss❡s✱ ❞✐t❛ ❝❧❛ss❡ ♠❛✐♦r✱ s❡❥❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡
✉♠❛ ♦✉tr❛ ❝❧❛ss❡✱ ❞✐t❛ ❝❧❛ss❡ ♠❡♥♦r✱ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ♦s ❝❧❛ss✐✜❝❛❞♦r❡s ❜❛s❡❛❞♦s ❡♠ ▲❉❆
t❡♥❞❡♠ ❛ ♣r✐✈✐❧❡❣✐❛r ❛ ❝❧❛ss❡ ♠❛✐♦r✳ ❖s ❝❧❛ss✐✜❝❛❞♦r❡s ❝♦♥str✉í❞♦s ♥ã♦ sã♦ ❝❛♣❛③❡s ❞❡
✐♥t❡r♣r❡t❛r ❛ ❢❛❧t❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❝♦♠♦ ❡✈✐❞ê♥❝✐❛ ♣♦s✐t✐✈❛ ❞❛ ♣❡rt✐♥ê♥❝✐❛ ❞❛ ✐♠❛❣❡♠ ♥❛
❝❧❛ss❡ ♠❡♥♦r✳

❉✐❢❡r❡♥t❡s ❞❡s❝r✐t♦r❡s ❝❛♣t✉r❛♠ ❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❛s ✐♠❛❣❡♥s ✉t✐❧✐③❛❞❛s✳ ❈♦♠♦
r❡s✉❧t❛❞♦ ❞❡ss❡ ❢❛t♦✱ ❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ❞✐❢❡r❡♥t❡s ❞❡s❝r✐t♦r❡s ❡♠ ♠ét♦❞♦s ❞❡ ✈♦t❛çã♦ ♣♦❞❡
r❡s✉❧t❛r ❡♠ ♠❡❧❤♦r❡s t❛①❛s ❞❡ ❛❝❡rt♦ ❞♦ q✉❡ ❝❛❞❛ ✉♠ ❞♦s ❞❡s❝r✐t♦r❡s ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✳
❱♦t❛çõ❡s ❡str✐t❛s✱ ❝♦♠ ❡①✐❣ê♥❝✐❛ ❞❡ ♠❛✐♦r✐❛ ❛❜s♦❧✉t❛ ♥ã♦ ❛♣r❡s❡♥t❛♠ r❡s✉❧t❛❞♦s s✐❣♥✐✲
✜❝❛t✐✈❛♠❡♥t❡ s✉♣❡r✐♦r❡s ❛♦s ❞❡s❝r✐t♦r❡s ✐♥❞✐✈✐❞✉❛✐s✳ ❆♦ r❡❧❛①❛r ❛ ❝♦♥❞✐çã♦ ❞❡ ♠❛✐♦r✐❛
❛❜s♦❧✉t❛✱ ♣❡r♠✐t✐♥❞♦ q✉❡ ✉♠❛ ✐♠❛❣❡♠ s❡❥❛ ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠❛ ❝❧❛ss❡
q✉❛♥❞♦ ❡ss❛ ❢♦r ❛ r❡s♣♦st❛ ❞❛ ♠❡t❛❞❡ ❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s✱ ♦❜té♠✲s❡ t❛①❛s ❞❡ ❛❝❡rt♦ ❛❧t❛s✱
♣❡rt♦ ❞❡ ✾✵ ✪✳ ❖ r❡❧❛①❛♠❡♥t♦ ❞❡ss❛ ❝♦♥❞✐çã♦✱ ♥♦ ❡♥t❛♥t♦✱ só é ❛♣❧✐❝á✈❡❧ ♣❛r❛ ❜❛s❡s ❞❡
✐♠❛❣❡♥s ❝♦♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❡ ❛❧t❛ s✐♠✐❧❛r✐❞❛❞❡ ✐♥t❡r✲❝❧❛ss❡s✱ ♦♥❞❡ s❡❥❛ ❛❝❡✐tá✈❡❧
q✉❡ ✉♠❛ ✐♠❛❣❡♠ s❡❥❛ ❝❧❛ss✐✜❝❛❞❛ ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡ ❛ ♠❛✐s ❞❡ ✉♠❛ ❝❧❛ss❡ ✭❡①✿ ♠♦♥t❛♥❤❛✱
♣r❛✐❛✱ ❡t❝✮✳

❆ ❡s❝♦❧❤❛ ❞♦s ♠❡❧❤♦r❡s s✉❜❝♦♥❥✉♥t♦s ❞❡ ❞❡s❝r✐t♦r❡s ♣❛r❛ ❝♦♠♣♦r ♦s ✈♦t❛♥t❡s ❛❢❡t❛
s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ✜♥❛❧✳ ❖ ♠❡❧❤♦r s✉❜❝♦♥❥✉♥t♦ ❞❡ ❞❡s❝r✐t♦r❡s ❞❡♣❡♥❞❡ ❞❛
❜❛s❡ ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞❛✱ s❡♥❞♦ t❛♠❜é♠ ❢✉♥çã♦ ❞✐r❡t❛ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ✐♥tr❛✲❝❧❛ss❡s ❞❡

✼✺



✼✻

s✉❛s ❝❛r❛❝t❡ríst✐❝❛s✳ P♦r ❡①❡♠♣❧♦✱ ❜❛s❡s ❞❡ ✐♠❛❣❡♥s ♦♥❞❡ ❛ ❝♦r é ❢❛t♦r ❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛
❛ ❞✐❢❡r❡♥❝✐❛çã♦ ❡♥tr❡ ❛s ❝❧❛ss❡s✱ t✐✈❡r❛♠ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s q✉❛♥❞♦ ❞❡s❝r✐t♦r❡s ❞❡ ❝♦r
❢♦r❛♠ ✐♥❝❧✉í❞♦s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈♦t❛♥t❡s✳

❱❡r✐✜❝♦✉✲s❡ t❛♠❜é♠ q✉❡ ♦ ♠♦❞❡❧♦ s❡ ❝♦♠♣♦rt❛ ❜❡♠ q✉❛♥❞♦ sã♦ ✉t✐❧✐③❛❞♦s ❞✐❝✐♦♥ár✐♦s
✈✐s✉❛✐s ♣❡q✉❡♥♦s ❡ ♣♦✉❝♦s tó♣✐❝♦s ❧❛t❡♥t❡s ♥❛ ❡t❛♣❛ ❞❡ tr❡✐♥❛♠❡♥t♦✿ ♥ã♦ ❢♦✐ ♥♦t❛❞❛ ❞✐❢❡✲
r❡♥ç❛ s✐❣♥✐✜❝❛t✐✈❛ ❢♦r❛ ❞❛ ♠❛r❣❡♠ ❡st❛tíst✐❝❛ ❡♥tr❡ ❛ ♣r❡❝✐sã♦ ❞♦s ❝❧❛ss✐✜❝❛❞♦r❡s ♣❛r❛ ♦s
✈ár✐♦s ✈❛❧♦r❡s ❡①♣❡r✐♠❡♥t❛❞♦s ❞❡st❡s ❞♦✐s ♣❛râ♠❡tr♦s✳ ❯♠❛ ✈❡③ q✉❡ ❞✐❝✐♦♥ár✐♦s ♠❡♥♦r❡s✱
❜❡♠ ❝♦♠♦ ♠♦❞❡❧♦s ❝♦♠ ♣♦✉❝♦s tó♣✐❝♦s ❧❛t❡♥t❡s sã♦ ♠❛✐s tr❡✐♥❛❞♦s ❡ ❛✈❛❧✐❛❞♦s ❡♠ ♠❡♥♦r
t❡♠♣♦✱ ❡ss❛ ♦❜s❡r✈❛çã♦ ♣❡r♠✐t❡ ❛ ❝♦♥str✉çã♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ♠❛✐s ❡✜❝✐❡♥t❡s✳
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❬✶❪ ❆ ❇❛②❡s✐❛♥ ❤✐❡r❛r❝❤✐❝❛❧ ♠♦❞❡❧ ❢♦r ❧❡❛r♥✐♥❣ ♥❛t✉r❛❧ s❝❡♥❡ ❝❛t❡❣♦r✐❡s✱ ✈♦❧✉♠❡ ✷✱
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