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Resumo 

Neste trabalho estudamos diversos problemas de empacotamento considerados NP-d1fíceis. As­

sumindo a hipótese de que P =F NP, sabemos que não existem algoritmos eficientes (complexi­
dade de tempo polinom.ial) exatos para resolver tais problemas. Uma das abordagens considera­

das para tratar tais problemas é a de algoritmos de aproximação, que são algoritmos eficientes e 

que geram soluções com garantia de qualidade. Neste trabalho apresentamos alguns algoritmos 
aproximados para problemas de empacotamento com aplicações práticas. Outra maneira de se 

lidar com problemas NP-difíceis é o desenvolvimento de heurísticas. Neste trabalho também 
apresentamos heuristicas baseadas no método de geração de colunas para problemas de corte 

e empacoramento bidimensional. Resultados computacionais sugerem que trus heuristicas são 
eficientes e geram soluções de mui co boa qualidade. 
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Abstract 

In this work we study several packing problems that are NP-hard. lf we consider that P f' NP, 

we know that there are no efficient (polynomial time complexity) exact algorithms to solve 
these problems. One way to deal with these kind of problems is to use approximation algo­

nthms, that are efficient alg01ithms that produce solutions with quality guarantee. We present 
severa! approximation algorithms for some packing problems that have practical applications. 

Another way to deaJ with NP-hard problems isto develop heuristics. We also consider coJumn 

generallon based heuristics for packmg problems. In this case, we present column generation 
algorithms for some two dimensional pack:ing problems and also present computational tests 

with the proposed algorithms. The computational results shows that the heuristics are efficient 
and produce solutions of very good quality. 
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Capítulo 1 

Introdução 

Neste trabalho apresentamos algoritmos voltados para problemas de empacotamento. Mui­
tas das variações de problemas de empacotamento são problemas de otimização que pertencem 
à classe NP-diffcil. Problemas de otimização, na sua forma geral , têm como objetivo maximi­

zar ou mmtmizar uma função definida sobre um certo domínio. A teoria clássica de otimização 
trata do caso em que o domínio é infinito. Já no caso dos chamados problemas de otimização 

combinatóna, o domínio é tipicamente finito; além disso, em geral é fáci I listar os seus elemen­
tos e também testar se um dado elemento pertence a esse domínio. Ainda assim, a idéia ingênua 
de testar rodos os elementos deste domínio na busca pelo melhor mostra-se mvtável na prática, 

mesmo para instâncias de tamanho moderado. 

Como trabalho de doutorado fizemos um estudo na área de otimização combinatória, mais 

especificamente sobre problemas de empacotamento. Quando nos referimos a problemas de 
empacotamento, estamos tratando de uma grande classe de problemas onde remos um ou mais 
objetos grandes n-dimensionais, os quais chamamos de recipientes, e vários objetos menores 
também n-dirnensionais os quais chamamos de itens. O nosso objetivo é empacotar ítens den­
tro de recipientes maximizando ou rniniffilzando uma dada função objetivo. Provavelmente os 

dois problemas de empacotamento mais conhecidos sejam o problema de empacotamento uni­
dimensional (Bin Packing Problem) e o problema da mochila (Knapsack Problem). No primeiro 

problema temos uma lista de itens e um número infin1to de recipientes iguais. O objetivo é em­

pacotar todos os 1tens no menor número de recipientes possível. No segundo problema, temos 
um único recipiente e urna lista de itens. cada item com um determinado valor. O objet1vo do 
problema é empacotar itens da lista que maximizem a soma de seus valores. 

Neste trabalho, assumjmos a hipótese de que P =f NP. Desta forma, tais problemas e 
muitos outros problemas de otimização que são NP-diffce1s não possuem algoritmos eficientes 
exaws. Muitos destes problemas aparecem em aplicações práticas e há um forte apelo econô­

mtco para resolvê-los. Problemas de empacotamento possuem aplicações em diversas áreas 
da Computação e Pesqmsa Operacional. Podemos citar como exemplos, problemas em aloca-

1 



2 Capítulo 1. Introdução 

ção de recursos em computadores ou problemas clássicos de con e de matenaJs em indústrias 

[37, 42. 36. 17. 18. 19, :!O, 21, 16]. 

Como não conseg 1mos resolver tais problemas de forma exata e efic1ente. buscamos al­

temauvas que possam ser úters. Existem vános métodos que são muito utilizados na prática 

como o uso de heurísticas, programação inteira, métodos híbridos, redes neurais, algoritmos 

genétiCOS, dentre outros. 

O foco deste trabalho de dourorado está no desenvolvi mento de heurísticas para problemas 

de empacotamento, principalmente aquelas em que conseguimos estabelecer uma razão, no pior 

caso, emre a solução devolvida pela heurística e a solução ótima. Tais heurísticas são comu-
mente ch.,,..... ' 
er ",... , 

·'~"""' : rle aproximação. Neste caso, o algoritmo sacrifica a otimalidade 

1 J.O aproximada computável em tempo polmomial em relação 

ao tamanho da entrada. Em linhas gerais, algoritmos de aprox imação são aqueles que não ne­

cessanamente produzem uma solução ótima, mas soluções que estão dentro de um certo fator 

da solução ótima. Esta garantia deve ser satisfeita para todas as mstâncias do problema. Desta 

forma, devemo~ dar uma demonstração formal deste fato. Também é nosso mteresse o estudo 
de heurísticas baseadas no .,.....(rrdo de geração de colunas. Muitos problemas de empacotamento 

podem ser f0rmuhdos ~m as lineares que possuem um número muito grande de co-

lunas f' ~ :>oJuçao de tais programas lineares por métodos tradJcJonrus se toma 

1mp . uJlOS destes programas lineares fornecem soluções fracionárias muito próx.imas 

das sotuções Inteiras. Com ISSO, há um grande interesSe em resolver tais s1stemas lineares, e 

usá-los para obter soluções inteiras. Como o número de colunas é mu11o grande aplica-se o 

método de geração de colunas . 

1.1 Objetivos do Trabalho 

O principal objetivo deste trabalho é apresentar novos algoritmos para alguns problemas de 

empacotamento. Para cada problema considerado também buscamos apresentar aplicações prá­

ticas destes, dl! fonna a se ter uma maior motivação por parte do leitor. Para alguns destes 

problemas fizemos inclusive testes computacionais, demonstrando a aplicabi lidade prática de 
alguns dos algoritmos propostos. 

1.2 Organização do Texto 

Esta rese está organizada como uma coletânea de artigos. Uma das grandes vantagens desta 

forma de apresentação é mostrar de forma direta os resultados obtidos na tese de doutorado. 

Por outro lado, uma desvantagem é que pode haver repetições de definições durante o texto. 
De qualquer manei ra optamos por esta forma de organização. Cada artigo apresenta aplica-



1.2. Organização do Texto 3 

ções dos problemas considerados, bem corno os algoritmos propostos. A seguir detalhamos a 
organização do texto. 

No Capítulo 2 apresentamos algumas definições e conceitos básicos que são usados nos 
capítulos seguintes. 

No Capítulo 3 fazemos um resumo dos principais resultados desta tese que correspondem 
aos resultados dos capítulos seguintes. 

Do Capítulo 4 até o Capítulo 8 apresentamos cinco artigos com os principais resultados 

desta tese. 
No Capítulo 9 apresentamos as conclusões e trabalhos futuros. 



Capítulo 2 

Preliminares 

Este capítulo contém. de fonna resumida, definições e noções básicas que serão necessárias 
no decorrer da leitura do trabalho. Primeiramente apresentamos conceitos e problemas básicos 
de empacotamento. Em segutda, introduzimos definições básicas sobre algoritmos de aproxi ­
mação, e dtscuttmos brevemente algumas técnicas usadas no desenvolvimento de algoritmos 
aproXJmados. Apresentamos ainda um resultado de análise combinatória que é utihzado fre­
quememente neste trabalho e por fim apresentamos o algoritmo simplex e como ele pode ser 
usado com o método de geração de colunas. 

2.1 Problemas de Empacotamento 

Nesra seção descrevemos os principais problemas de empatotamento tratados nesta tese. 
Nos problemas de empacotamento temos um ou mais objetos grandes n-dimensionais, os 

quais chamamos de recipientes, e vários objetos menores também n-dimensionais os quais 
chamamos de itens. O nosso objetivo é empacotar itens dentro de recipientes, de forma a 
maximizar ou minimizar urna dada função objetivo. No caso geral, tanto os itens quanto os 
rec1pientes podem assumir qualquer forma, ou modelo (retângulos, esferas, formas quaisquer 
etc.) . O empacotamento deve ser feito de tal maneira que os itens não ocupem um mesmo 
espaço e que as capacidades do recipiente sejam respeitadas. 

Uma tipologta para vários tipos de problemas de empacotamento foi feita por Dyckhoff [14] 

e mais recentemente uma nova tipologia foi proposta por Wascher et ai. [41]. 
Problemas de empacotamento são muito comuns na indústria e em problemas computaci­

onais. Em muitas aplicações, faz-se necessário cortar matenats (placas de metal, vidro, papel 
ou tec1do) em Itens menores para se atender uma determinada demanda. Note que para deci­
dirmos como cortar o material, podemos supor que estamos empacotando os itens no material . 
Como exemplos de problemas computacionajs, citamos problemas de alocação de tarefas em 
computadores. Tais problemas podem ser vistos como problemas de empacotamento. Temos 

4 



2.1. Problemas de Empacotamento 5 

várias tarefas, que correspondem a itens, e devemos alocá-las a um conjunto de processadores 
de modo a otimizar uma certa função objetivo, como por exemplo, maxim1zar o peso das tare­
fas que podem ser processadas até um determinado momento. Neste caso, o problema consiste 
em empacotar itens unidimensionais, que possuem um tamanho e um peso, em recipientes cujo 
tamanho é dado pelo limite de tempo. 

Problemas de empacotamento são comuns em nosso cotidiano. O famoso astrônomo Johan­
nes Kepler, em 1611, já se perguntava a melhor maneira de alocação de esferas. Um feirante 
que deseja empilhar laranjas por exemplo, pode se perguntar qual a melhor maneira de realizar 
tal tarefa. O problema de empacotamento de esferas proposto por Kepler só teve uma solução 
confinnada formalmente em 1998 [38], em uma sequência de trabalhos feitos por Hales [23]. 

Definiremos agora três problemas de empacotamento básicos que são tratados nesta tese. 
Estes problemas serão tratados com algumas restrições extras que são apresentadas em cada 

capítulo. 

O primeiro problema, chamado bin packing, tem como entrada uma lista de itens L = 

(a1 , ... , am), cada ítem com tamanho s(ai), e um número B que indica o tamanho de um 
recipiente. Assumimos que para todo item ai E L, vale que s(ai) :::; B. Este problema consiste 
em empacotar todos os itens de L no menor número possível de recipientes, ou seja, devemos 
achar uma partição P1 , ... , Pq de L tal que q seja mínimo e La,EP

1 
s(ai) :::; B, para cada parte 

PJ. 
Existem as versões em outras dimensões deste problema, como bin packing bidimensional, 

tridimensional etc. Nestes casos, os recipientes e os ítens possuem tamanhos dados por uma 
tupla que indica o seu tamanho em cada dimensão. 

Podemos assumir ainda que cada item ai E L possui uma multiplicidade di. Neste caso 
devemos gerar um empacotamento que contém di itens do tipo ai, i = 1, ... , m. Os problemas 
com multiplicidade são conhecidos na literatura como cutting stock. 

Detalhes sobre algoritmos de aproximação para este problema podem ser encontrados em 
Coffman et ai. [10]. Para o caso bidimensional pode-se consultar as resenhas de Lodi et al. 

[29, 30]. 

O segundo problema é conhecido como knapsack, ou problema da mochila. Neste caso 
temos apenas um recipiente de tamanho B, e uma lista de itens L = (ai> . .. , am) cada item 
com tamanho s(ai) e valor p(at)· O objetivo do problema é empacotar um subconjunto dos 
itens de L em um recipiente de tamanho B de tal forma que a soma dos valores destes itens 
empacotados seja maximizada. Também podemos considerar as versões multi-dimensionais 
deste problema. 

O problema, como foi definido, é conhecido corno restrito, ou mochila 0/1. Neste caso, cada 
item pode ser empacotado apenas uma vez. Na versão não-restrita, um item ai E L pode ser 
empacotado várias vezes. Um esquema de aproximação para o problema restrito foi proposto 
na década de 70 por !barra e Kim [26]. Maiores informações sobre este problema pcrdem ser 
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encontradas no livro de Martello e Toth [31]. 

O terceiro problema é conhecido como strip packing. Neste problema temos uma lista de 

üens bidimensionais L = (a, , ... , am), cada item a, com tamanho (x(a1.) , y(ai)), e uma faixa 

de largura L e altura infinita. O objetivo do problema é empacotar todos os itens na faixa de 
tal maneira que seja rninirmzada a aHura total ut1hzada para empacotar os itens. Versões multi­
dimensionais podem ser consideradas. 

Dentre os di versos algoritmos propostos para este problema. destacamos um esquema de 
aproximação apresentado por Kenyon e Rérnila [27, 28], e algoritmos exatos como o proposto 

por ManeJio et al. [32]. 

Neste trabalho, consideramos duas cl.asses de algoritmos para problemas de empacotamento, 
a classe online e a classe offline. Os algoritmos chamados offline, são aqueles onde todos os da­

dos da instância são conhecidos pelo algoritmo de antemão. Na classe de algoritmos chamados 

onlme. os dados da instância não são conhecidos de antemão pelo algoriono. Itens chegam com 
o passar do ~n ~ - " "rn ser empacotados assim que estiverem disponíveis. Muitos proble-

m .em esta característica, e neste caso é preciso desenvolver algoritmos 
0111 1 •• r .LnJ e;,le~ problemas. Um exemplo de problema online é o Bin Packing Online, que tem 
a mesma definição que o problema offline, com exceção de que os itens a serem empacotados 
chegam um por vez, de tal forma que um algoritmo para este problema deve empacotar um itero 
sem saber quais os próximos itens da lista. 

2.2 Algoritmos de Aproximação 
, .. 

ti seção apresentamos a notação utilizada e alguns conceitos básicos sobre algontmos de 

aproximação. 
Dado um algoritmo A, para um problema de minimjzação, se I for uma instância para 

este problema, denotamos por A(I) o valor da solução devolvida pelo algoritmo A aplicado 
à instância I. Denotamos por OPT(I) o correspondente valor para uma solução ótima de 
!. Dizemos que um algoritmo A tem um fator de aproximação a:, ou é a-aproximado, se 
A (I) f OPT(I) :::;: a, para toda instância /. No caso dos algoritmos probabilísticos, consi­

deramos a desigualdade E[A(I)]/ OPT(!) < a, onde a esperança E[A (I)] é tomada sobre 
todas as escolhas aleatórias feitas pelo algoritmo. Estes limites de desempenho são chamados 
de absolutos. Em problemas de empacotamento é comum considerar aproximações assintó­

ticas. Neste caso dizemos que um algoritmo A tem fator de aproximação assfntót1co a se 
lirnoPT(l)-oo A (I )/ OPT(I) $ a . É importante ressaltar que algoritmos de aprox1mação con­
siderados neste trabalho têm complexjdade de tempo polinomial. 

Do ponto de vista teórico, os algoritmos de aproximação mais desejados são aqueles que 
obtêm valores mats próximos possível do valor ótimo. Dado um valor constante é> O, é possí­
vel mostrar para vários problemas, que estes admitem algoritmos com fatores de aproxtmação 
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(1 +E), no caso de problemas de minirnização, e (1 -E), no caso de problemas de maxími­

zação, onde{: pode ser tomado tão pequeno quanto se queira. Chamamos estes algoritmos de 

esquemas de aproximação polinomial ou PTAS (Polynomia11inze Approximation Scheme) se 

:1presentarem tais fatores de aproximação e tempo de execução polinomial na entrada. Chama­

mos de FPTAS (Fully Polynomial Time Approximation Scheme) o esquema de aproximação que 

tem tempo de execução polinomial na entrada e em :. Logo, dentre os dois tipos, os algoritmos 

mais desejados são os FPTAS. 

Em problemas de empacotamento é também comum considerar esquemas de aproximação 

assintóticos. A definição é paredda com a que demos anterionnente para aproximação as­

sfntotica, mas neste caso deve valer a desigualdade limoPT(l)-oo A (I) / OPT(I) ::; (1 + t:). 
Denotamos por APTAS (Asymptotic Polynomial Time Approximation Scheme) os algoritmos 

que apresentarem tais fatores de aproximação e tempo de execução polinomial na entrada. De­

notamos por AFPTAS (Asymprotic Fully Polynomia/Time Approximation Scheme) os APTAS 

que têm tempo de execução polinomial na entrada e em;. 

Uma outra forma de análíse de problemas NP-difíceis é a utilização do conceito de apro­

XImação dual proposto por Hochbaum e Shmoys [24]. Neste caso um algoritmo é dual apro­

xtmado se ele consegue encontrar uma solução, não necessariamente viável, cujo valor é no 

máximo o valor de uma solução ótima. Neste caso, a medida de qualidade de aproximação está 

ligada a quão inviável é a solução. Existem algumas situações na prática nas quais as restrições 

de viabilidade são flexíveis e o conceito de algoritmos de aproximação duais podem ser utili­

zados. Neste caso o fator de aproximação é uma razão entre alguma inviabilidade da solução 
em relação à restrição de viabilidade. Por exemplo, no caso do problema bin packing, onde 

todos os recipientes têm tamanho 1, wn algoritmo que p.ara qualquer instância I do problema 

encontra uma solução que usa O PT(I) recipientes de tamanho 1.3 corresponde a um algoritmo 

dual aproximado com fator de aproximação 1.3. 

No caso de algoritmos online o temo comumente utilizado para designar fator de aproxi­

mação é competirive ratio, que é a razão, no pior caso, entre o valor da solução devolvida pelo 

algoritmo sobre o valor de uma solução ótima para a versão o.ffiine do problema. No texto, 

quando tratarmos de problemas online, usaremos o tenno fator de aproximação com o mesmo 

significado de competitive ratio. 

Ao projetar um algoritmo aproximado e provar que o mesmo tem um certo fator de apro­

ximação a, é interessante verificar se este fator de aproximação a: demonstrado é o melhor 
possível. Para isto, devemos encontrar uma instância cuja razão entre a solução obtida peJo al­

gontmo e sua solução ótima é igual , ou tão próxíma quanto se queira, de a. Neste caso, dizemos 

que o fator de aproximação a do algoritmo é justo. 

Nos últimos anos surgiram várias técnicas de caráter geral para o desenvolvimento de al­

gontmos de aproximação. Algumas destas são: arredondamento de soluções via programação 
lineat; dualidade em programação linear e método primai-dual. algoritmos probabilísticos (e 
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sua desaleatorização) e programação semidefinida (veja [15. 25, 39, 5]). Além d1sso. resulta­
dos sobre provas verificáveis probabilísticamente [2. 3, 4] pennitJram obter vários resultados 

sobre a impossibihdade de aproximações. 

Uma estratégia comum para se tratar problemas de oturuzação cornbmatóna é formular o 

problema como um programa hnear inteiro e resolver a relaxação hnear deste, uma vez que isto 

pode ser feno em ter olinornial . Programação linear tem sido usado para a obtenção de 

algoritmos aproximado!) aLravés de diversas maneiras. Urna multo comum é o uso de arredon­

damentos das soluções fraciOnárias do programa linear. Outra técnica é resolver o sistema dual 
do programa linear, em vez do primai, e em seguida obter uma solução com base nas variáveis 
duais. Outra técnica mais recente, é o uso do método de aproximação prim31-dual, que tem sido 
usado para obter diversos algoritmos combinatórios usando a teoria de dualidade em progra­

mação linear. Neste caso, o método é em geral combinatóno. não requerendo a resolução de 
programas lineares e cons1ste de uma generalização do método primai-dual tradiciOnal. 

Já no caso de algontmos probabilí ticos. o algoritmo contém passos que dependem de uma 
sec:.i~nc1a de bits aleatórios. • 1ábse da solução gerada pelo algontmo é calcu-

lada com base no va ... esr .. ~ . .. É interessante observar que apesar do modelo 

parecer restrito. a m... . 1..1 dos rugontmos probabi listicos pode ser desaleatonzada, através do 
método das esperanças cond.Jcionais, tomando-se algoritmos determmísucos (veja [15, 5]). A 

versão probab11ísuca é, em geral, mais simples de se implementar e m:us fáci l de se analisar 
que a correspondente versão detenrunística Além disso, muitos dos algontmos de aproxima­

ção combinam o uso de técmcas de programação linear com técmcas usadas em algoritmos 
probabtl ísticos, considerando o valor das variáveis obtidas pela relaxação linear como probabi­

hdades. 

No caso da técmca de programação semidefinida, temos um sistema de programação mate­

mática para o problema, que não prec1sa ser estritamente linear. Em alguns casos é possível ter 

restrições não lineares na fonnulação, como por exemplo restrições quadráticas. Se a formu­
lação for escnta sob cenas condições, o problema pode ser resolvido em tempo polinomial. A 
vantagem deste método é que muitos problemas podem ser representados através de modelos 

de programação semidefinida, isto é, formulações não necessariamente lineares. Goemans e 
Willtansom [22] apresentaram uma forma bastante inovadora de se arredondar as soluções de 
um sistema quadránco, através do arredondamento probabilístico, constderando cada uma das 

variáveis do sistema como um vetor na esfera unitána. 

Estas técmcas, tamo ISoladamente como em conJunto, têm sido usadas nos últimos anos 
com sucesso em diversos problemas de otimização combinatón::t. 

Outro tópico 1mponante em algoritmos de aproximação é a maproximahdade de problemas. 

Dado um certo problema Q, dizemos que este problema possui fator de inaproximalidade a, 
se não ex1st1r um algontmo a-aproxJmado para Q. Uma das manetras para se demonstrar tais 
resultados, é mostrar que se existir um algoritmo a -aproximado para um problema Q. então 
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podemos resolver em tempo polinomial um problema Q' que seja NP-difícíl. Resultados im­

portantes nesta área foram feitos com a utilização de provas verificáveis probabi listicamente, 
devido a Arora et al. [3, 4). Para mais detalhes sobre resultados de inaproximalidade veja 
[2, 5, 25, 39]. 

2.3 Um Resultado sobre Contagem 
-

Nesta seção apresentamos um resultado sobre contagem que é utilizado em diversas partes 

desta tese. Problemas de contagem aparecem como um ramo da análise combinatória onde 

busca-se descobrir uma expressão que determina a quantidade de elementos de um determinado 

conjunto. Uma visão mais ampla sobre problemas de contagem e análise combinatória pode ser 
encontrada em [13). 

Considere os seguintes problemas: 

l. Qual o número de soluções da inequação 2: ~ 1 X1 :S d, onde d é um número inteiro 
positivo e todas as vanãveis Xi são inteiras não negativas? 

2. Dados n letras a e d letras {3, quantas palavras diferentes podemos formar com todas estas 

letras permutando-as? 

A princípio, estes dois problemas podem parecer distintos, mas são equivalentes. Podemos 

fazer a seguinte associação p:li'a os dois problemas. Dada uma permutação qualquer de n letras 
a e d letras /3, o número de letras f3 à esquerda da primeira letra a corresponde ao valor da 

variável x1• O número de letras fJ entre a i-ésima e ( ~ + 1 )-ésima letras a corresponde ao valor 
da variável xi+l• para 1 ::; i ::; n,- 1. O número de letras {3 à direita da última letra a. não é 

associado com nenhuma variável. 
Para respondermos às duas questões acima usaremos combinações. A combinação (~) re­

presenta o número total de subconjuntos de d elementos de um determinado conjunto com n 
elementos. O número destes subconjuntos é exatamente: 

n! 
(n - d)!d! · 

Dados n letras a e d letras {3, podemos enumerar as posições onde cada letra pode aparecer. 

As posições vão de I até n + d. O número de possibilidades de distribuição das letras a nestas 
posições é dado por (n~d). Dado cada uma destas possibilidades, restam n + d - n posições 
para serem preenchidas peJas letras /3, o que nos dá (:) possibilidades. Logo o número total de 
palavras diferentes que podemos formar com n letras Q e d letras /3 é dado por 
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O número de configurações para os dois problemas propostos no início desta seção é dado 

pela fórmula acima. Nesta tese, usamos este resultado no contexto de empacotamento. Suponha 

que para uma determinada instância do problema bin packing unidimensional , o número total 

de itens seja m e saibamos calcular o número totaJ de configurações diferentes de recipientes. 

D"'• l)tamos por c o número tota.l de configurações de recipientes.O número total de soluções 

1 ~-• ... ~s ta instância é limitado por 

De fato, note que o número máximo de recipientes utilizados em uma solução qualquer para 

est..: instância é m . Associando cada configuração i de recipiente a uma variável inteira xi, 
estamos contando o número de possibilidades de soluções para uma equação 

onde c.... .·u la~ vezes a configuração i será usada em uma solução específica. 

Logo o número de soluções para esta instância é limitado por 

= < m+c . (
m +c) (m +c)! ( )c 

rn m!c! -

Note que se o número de configurações de recipientes for constante, o número total de soluções 

para esta determinada instância é polinomial em relação ao tamanho da entrada. 

? I .... r1e Colunas 

Nesta seção apresentamos de forma resumida o funcionamento do algoritmo simplex, e 

como podemos resolver programas lineares com um número muito grande de colunas utilizando­

se o método de geração de colunas. Maiores detalhes sobre programação linear, o algoritmo 

simplex e geração de colunas podem ser encontrados no livro de Bazaraa et al. [6]. 

2.4.1 O algoritmo Simplex 

Considere o programa linear, 

Min ex 

sujeito a Ax = b (2.1) 

Xj ~ O j = 1, ... , n . 

onde A é uma matriz rn x n de posto m, c é um vetor de custos de tamanho n, b é um vetor de 

tamanho m e x é um vetor de variávei.s de tamanho n. Uma base B m xm deste programa linear 
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consiste em uma sub-matnz de A inversível. Uma base é cl.Jta viável se B- 1b ~ O (note que 
B- 1b é uma solução do programa linear). 

A idéia do algoritmo simplex para resolução de sistemas deste tipo está fundamentada em 

alguns resultados que relacionam bases viáveis e pontos extremos do pohedro descrito pelas m 
restrições do ststema. 

Teorema 2.4.1 Se o programa linear (2.1) possut uma solução ówna com valor finito, então 
e.x.isre um vértice do poliedro descrito pelas restrições de (2.1 ), CUJO valor é igual ao valor da 

solução ótima. 

Em outras palavras o que o teorema nos di z, é que é sufictente nos concentrarmos nos 

pontos extremos do poJiedro pois se um programa linear possut uma solução ótima finita, então 

podemos achar uma solução ótima em algum vértice. 

Seja B uma base viável para (2.1). Seja x 8 as vanáveis correspondentes as colunas de B 
(chamadas de variáveis básicas) e XN as demais variáveis (chamadas variáveis não básicas) 
correspondentes as colunas de uma matriz N de dimensões m x (n- m). Fazendo x 8 = s-1b 

c x,, = O, temos uma solução para o programa linear. Para cada base B possível, associamos 
esta com a solução (chamada solução básica) dada por x 8 = B- 1b e x.v = O. O próxjmo 
teorema garante que cada uma das soluções básicas corresponde a um vértice, e que para cada 

vértice do poliedro existe uma solução básica correspondente. 

Teorema 2.4.2 Para cada vértice do poliedro do programa linear (2.1), e.'<iste uma (não ne­

cessariamente tínica) base viável que corresponde a este vértice. e para cada base viável existe 

apenas um vértice correspondente a esta base. 

A idéia do algoritmo simplex é partir de uma base viável inicial e fazer alterações de colunas 

que levem a outras bases melhorando o valor da solução até um ponto em que possamos garantir 
que estamos em urna solução óuma. ou que o sistema é ilimitado (no caso em que a solução 
pode ser melhorada o quanto qu1sennos). 

Suponha que temos urna solução básjca ( 
8 ~

1

b ) cujo valor da função obJetivo é 

( 
a-1 b ) ( s-1 b ) 

Zo =C O = (cB.CN ) Q = CoB- 1b (2.2) 

Temos que b = Ax = Bx8 + NxN, e multiplicando esta equação por s-1 obtemos 

XB = B-1b- B-1 NxN 

- B-1b- L
1
eR B- 1a1x; (2.3) 

- b~- L
1
eR(Y1 )Xj 
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onde R é o COnJUntO dos índices das variáveis não básicas e b" - s- 1b o valor da função 

objeuvo pode ~er reescnto da seguinte forma: 

.. -...,- CRXB + CNI;V 

- cs( B-!b- L, 1 ~R B- 1a1x1 ) + L, 1 ~ R c1x1 

- csB-1b- cB L.,eR B- 1a1x1 + L ,t:Rc1x1 

- zo- L jeR(cBB-1a1 - c1 }x1 

- zo - L,1eR(z" - c;)x1 

(2.4) 

Desta I omw, ut1lrzando estas transformações podemos reescrever o sistema (2.1) da seguinte 

forma: 

Mm z = zv - 2.::(.:1 - c1 )x1 
JER 

)'(y1)x1 + xs = b. 
.;.._J 

(2.5) 

j E R e xs ;?: 0. 

Note que parttmos de uma base vtáve1 com solução (x8 , x IV) e reescrevemos o programa 

hnear de tal forma que a função objettvo tem um valor constante z0 menos um termo em função 
das vanávet~ não básicas, que tem valor zero dado que XN = O. Mas note que se para alguma 

coluna a.1 de A tivermos 

podemos mcrementar o valor da variável não bãsica x1 correspondente, e melhorarmos o valor 

da solução do programa linear. Se para todo j ttvermos z" - c1 $ O então a solução bástca 
corresponde a uma solução óuma. O valor Cj - z1 é conhecido como custo reduz.1do da coluna 
_7 e o vetor c8 B 1 corresponde ao \.etor de solução dual do programa linear. Uma observação 
mteressante é que o custo reduzido das variáveis básicas é igual a zero. Para ver isso, note que 

BB- 1 é a tdenttdade, e para uma coluna b1 de B, temos que c8 B- 1b, =c. 
Seja k o índ1ce de uma vanável não básica cujo valor zk - Ck seja positivo. Mantendo todas 

as demaJs vanávets não bá.c;1cas 1guais a zero o sistema (2.5) pode ser reduzido a 

(2.6) 
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e 

b* m 

Y tk 

Y21.: 

Yrk 

Ymk 
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(2.7) 

NQ[e que se Ytk <O, então XB, deve aumentar seu valor a medida que Xk cresce. Se Yik > O, 
então xa, deve duninuir de valor a medida que xk cresce. Para mantermos as restrições de não­

negatividade, Xk pode ser incrementada até o ponto em que a primeira variável básica assume 

valor .igual a zero. Examinando a equação (2.7), podemos ver que a pnmeira variável básica 

a assumir valor zero a medida que xk aumenta é aquela correspondente a menor fração b: / Yik 

para Y11c positivo. Podemos incrementar xk até o valor 

Xk = b; = Mint<i<m { li. : Yik > O } -
Yrk -- !liA 

(2.8) 

Note que se Ytk < O para todo t, então o sistema é ilimitado. po1s a medída que tncrernenta­
mos Xk, as vanáveis básicas também são incrementadas e o valor da função objetivo decresce. 

Quando xk é incrementada criamos uma nova solução básica onde a coluna ak da matriz A toma 

lugar da coluna a8 ,. . Temos então uma nova solução cujos valores das variáveis básicas são 

b, Yik b* - 1 2 X B, = i - - r, para ?. = , 1 • •• , m 
Yrk 

b* 
Xk =_r_ 

Yrk 

e todas as demats variáveis iguais a zero. 

Abaixo temos uma descrição do algoritmo simplex. Maiores detalhes sobre o algoritmo, 

sobre como achar uma base vJáveJ inicial. tratamento de degenerescência, ciclagem e outros 

tóptcos podem ser encontrados no livro de Bazaraa er ai. [6]. 

Partindo de uma base B viável para o sistema (2.1) execute os seguintes passos. 

1. Resolva o Sistema Bx8 = b cuja única solução é x 8 = B-1b = b•. Seja XB = b", X i\- =O 

e z = caxa- Prossiga para o próximo passo. 
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2. Resolva o sistema wB = c8 cuja solução é w = c8 B-1. Calcule z1 - c1 = wa1 - ci para 

todas as variáveis não básicas. Seja 

onde R é o conjunto dos índices associados as variáveis não básicas. Se zk- ck :::; O então 

pare com a solução básica atual como uma solução ótima. Caso contrário prossiga para o 
próximo passo. 

3. Resolva o sistema Byk = ak, cuja solução é Yk = B - 1ak. Se Yk < O então pare pois 
s.. !Ção é ilimitada. Se Yk 1: O prossiga para o próximo passo. 

4. Calcule o ín<' r da coluna a sair da base que é aquele que atem ao mínimo 

b; M. { b~ O } - = lnl<i<m - ' : Y ik > · Yrk -- y,k 

-- a maLn? mserindo a coluna ak no lugar da coluna a 8 r . Volte ao passo 1. 

2.4.2 O algoritmo Simplex com Geração de Colunas 

A idéia do algoritmo de geração de colunas é simular o algoritmo simplex, mas no passo 2 do 
algoritmo, ao invés de calcularmos o custo zi - c1 para cada uma das variáveis não básicas, 
resolvemos de forma indireta o sub-problema 

(2.9) 

Logo o algoritmo não mantém em memória todas as colunas do programa linear, e na hora 

de gerar uma coluna resolvendo o sub-problema (2.9) não há uma verificação explícita de todas 

as variáveis não básicas. Ressaltamos que a resolução de (2.9) implicitamente não é sempre 
possível mas para alguns problemas isto é possível. 

Como exemplo do método de geração de colunas vamos considerar o problema cutting stock 

unidimensional (denotado por CS). Neste problema ternos uma lista de itens L= (a 1, . .. , am) , 
com tamanhos (s(a1 ) , ... 1 s(am)), um vetor de demandas para cada item (d1 , ... , dm ) e reci­
pientes (bins) de tamanho B . O objetivo do problema é gerar um empacotamento dos ítens 
suprindo todas as demandas utilizando a menor quantidade de recipientes possível. 

Chamamos de padrão, uma descrição de um empacotamento de .itens em um recipiente. 

Podemos considerar um padrão p1 = (p1J, .. . , Pm; ) como um vetor onde cada posição Pii 

indica quantos itens do tipo i estão empacotados neste padrão j . Um padrão Pi para ser válido 

deve satisfazer 2:;:1 Píjs (aí) :::; B. Seja Puma matriz de dimensões m x n que contém todos 
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os tipos de padrões possíveis como colunas. Note que o número de padrões possíve1s é muito 

grande. Podemos formular o problema CS da seguinte fonna 

Min (1) · x 

sujeito a Px=d (2.10) 

x 3 ;::: O j = 1, ... , n . 

Neste programa linear temos um vetor x de tamanho n, que indica quantas vezes cada padrão 

deve ser utilizado em uma solução e (1) representa um vetor de uns com dtmensão n. Note que 

estamos minimizando o número de recipientes utilizados. 

O custo de uma coluna j deste programa linear é 

Seja w = (l )B- 1 e 'P o conjunto de padrões possíveis. No passo 2 do algontrno simplex temos 

então que resolver o sub-problema 

Ma'{PJEP { Wp3 - 1} , 

onde cada padrão possível deve sausfazer 

m 

L Pt1 s(at) ~ B. 
i=] 

Note que se considerarmos p,1 como variáveis inteiras, o sub-problema acima corresponde 

ao problema da mochila, ou seja, ao invés de considerarmos todos os padrões possíveis, pode­

mos resolver o sub-problema acima como um problema da mochila descrito abaixo 

Max wp-1 
m 

sujeito a L Pis(a,) < B (2.11) 
i=l 

p, > O, inteJra, i= 1, ... , m. 

onde pé um vetor de tamanho m de variáveis inteiras. 

Podemos começar a resolução do programa linear (2.10) com uma base VJável correspon­

dente a matriz identidade lmxm• e o passo 2 do algontmo simplex é resolvido utlltzando o 

programa hnear (2. 11 ). Desta maneira, sempre mantemos na memória apenas as colunas bási­

cas na resolução de (2. 10), e o passo 2 do algoritmo simplex é resolvido de forma implícita sem 

a necessidade de calcular o custo zi - c1 para todas as variáveis não básicas. 

C IHLIOTECA C ENTRA L 
CÉSAR LATTES 

D E:~ F~ 'VOL '.'IMf.NTO DE 
Cotcç,\o 
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Capítulo 3 

Resumo dos Resultados 

Neste capítulo descrevemos os pnncipais resultados apresentados nesta tese. Cada um dos pró­

XImos capítulos desta tese representa um artigo com resultados enganais desenvolvidos durante 
o doutorado Cada arugo apresenta aplicações dos problemas considerados, bem como algorit­
mos propoc:tnc: n:tr" t;uc: nroblemas. 

11amos o problema que chamamos de Class Constrained Shelf Bin 
Pu. _ .. l~ problema é uma generaliZação do bin packing onde Itens têm classes 
diferentes e devemos empacotar os 1tens separando-os por prateleiras. 

Uma mstânc1a para este problema consiste de uma tupla I = (L. s. c d ~ B). onde L é 

uma lista de Jtens, se c são funções de tamanho e classe sobre os itens de L. d é o tamanho 

de uma divisóna, ~é o tamanho máxuno de uma prateleira c B é o tamanho dos recipientes. 
Dado uma sub-hsta L' Ç L denotamos por s(L') a soma dos tam::mhos dos itens em L', i.e, 

s(L') = LeEL/ s(e). Um empacotamento P da instância I para o problema CCSBP consiste 
em um conjunto de rectpientes 'P = { P1 , . .. , Pk}, onde os i tens em cada recipiente Pl E P 
estão panicionados em prateleiras { Ni .... , N:J tal que para cada prateleira Nj temos que 
s(NJ) ~ ~.todos os 1Lens em NJ são de uma mesma classe e L:j' 1 (s(NJ) + d) ~ B. 

Uma aplicação interessante do problema CCSBP pode ser encontrada no trabalho de Fer­
reira er ai [16] que introduziram este problema que aparece na indústna de meLais. 

Apresentamos algontmos baseados nas estratég1as First Fu (Decrcasmg) e Besr Fit (Decre­
asing) para o problema CCSBP. Quando o número de classes d1feremes é hmüado por uma 
constante, apresentamos aJgoritmos com fatores de aproximação assmtótico 3 4 e 2.445. Se 

o número de classes não é limitado por uma constante, mostramos algontmos com fatores de 
aproxtmação absolutos tgu:us a 4 e 3. 

Por fim. para o caso em que o número de classes é limitado por uma constante. apresentamos 
um APTAS para o problema CCSBP. 

Uma versfio resumida deste artigo foi aceita para apresentação no GRAC02005 (2nd Brazi­
lian Symposium on Graphs, Algonthms, and Combinatorics) [44] A versão completa apresen-

16 
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tada nesta tese. foi aceita para publicação em uma edição especial da revista Discre1e Applled 

Marhemarics com anigos selecionados do congresso. 

No Capítulo 5 consideramos dois problemas: o CCSBP e o problema bin packing com 

restnções de classes, denotado por CCBP. Uma instância deste último problema é uma tupla 

f = (L. s. c, C, Q) onde L = (a1 • • . an) é uma hsta com n Jtens, cada 1tem a, E L com 

tamanho O < s(a,) $ 1 e c lasse c( Di ) E {I_ . . .. Q}, e um conjunto de recipientes de tamanho 

1 e C compartimentos. Um empacotamento para esta mstância consiste em um conjunto de 

recipientes P = { P1, .• • , Pk} tal que, para cada ~ o número de classes diferentes de itens 

empacotados em P,. é no máximo C, e a soma dos tamanhos dos itens empacotados em P1 é no 

máximo 1. O objetivo do problema é encontrar um empacotamento de l que utiliza o menor 

número de recipientes possível. 

Neste capítulo apresentamos esquemas de aproximação duais para ambos os problemas. O 

artigo que corresponde a este capítulo foi submetido para publicação em uma revista. 

No Capítulo 6 apresentamos o problema bin packing com restrição de classes (CCBP) com 

aplicações para um problema de construção de servidores de vídeo sob demanda. 

Para o problema online, consideramos dois casos: no primeiro caso, que chamamos de 
limitado, dada uma constante k, um algoritmo pode manter ativo no máximo k recipientes 

durante sua execução (conhecido na literatura como k-bounded); no segundo caso um número 

ilimitado de recipientes pode pennanecer ativo. Um recipiente ativo é aquele que pode ser 

usado para empacotar ttens. Quando um recipiente se torna inativo, ele não pode mats voltar a 

ser ativo. Para o caso limitado, mostramos que não pode eX.istir nenhum algoritmo com fator de 

aproximação constante. Além disso, mostramos que se os itens de uma instãncia têm tamanho 

pelo menos e, então não existe algoritmo com fator de aproximação melhor do que 0(1/Cé)­
Para o caso não limitado mostramos um algoritmo online com fator de aproximação entre 2.666 

e 2.75. 

Também apresentamos nesLe capítulo resultados para a versão offline do problema. Quando 
todos os itens têm tamanhos iguais, apresentamos um algontmo (1 + 1/ C )-aproximado. Para 

o caso paramétrica, quando os itens possuem tamanhos no máximo B fm (B é o tamanho do 

recipiente). para algum inteiro m, apresentamos um algoritmo com fator de aproximação igual a 

(1 + l f C + 1/ min{ C, m} ). Implementamos alguns dos algontmos apresentados e reportamos 

resultados computacionajs baseados em instâncias que refletem o problema de construção de 
servidores de vídeo sob demanda. Tais experimentos mostram que os algoritmos considerados 

geram soluções de muito boa qualidade. 

Neste capítulo consideramos ainda a versão do problema com recipientes de tamanhos va­

riados (VCCBP). Este problema foi estudado pnmeiramente por Dawande er al. [12. 11] onde 

uma tentatJva de um APTAS foi considerada, para o caso em que o número de classes diferentes 

na entrada é hmitado por uma constante. Mostramos que o algoritmo proposto por Dawande et 

al. [12. ll] está errado e então mostramos um APTAS para o problema. 
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Os resultados deste capítulo foram apresentados no 12th Annual International Computing 
and Combinatorics Conference (COCOON 2006) [45], e a versão apresentada aqui foi subme­
tida para publicação em uma revista. 

No Capítulo 7 apresentamos algoritmos de aproximação para a versão do problema bin pac­

king onde os itens possuem demandas, ou seja, para cada item existe urna multiplicidade que 
indica quantos itens deste tamanho devem ser empacotados. Estes problemas são conhecidos 
na literatura como problemas de cutting stock. Neste capítulo mostramos como adaptar vários 
algoritmos de aproximação desenvolvidos para problemas sem demanda para o caso onde há 
demanda. Mostramos que se um determinado algoritmo para um problema sem demanda tiver 
uma detefTT':: ada propriedade, que denominamos de algoiitmos comportados, então este algo­
ritmo podi... .)-.:r transformado em outro para o caso com multiplicidades. Dentre os resultados 
deste capítulo destacamos um esquema de aproximação assintótico para o problema cutting 
stock un i dimension ~ , :om fator de aproximação assintótico igual 2.077 para 
o proble .. ,,. . ual. Os resultados deste capítulo aparecem em um artigo 
aceito p:... .:> l <l. European Journal of Operational Research [8]. 

FinalmL ... . 1 ~ ._ ... pitu]o 8 apresentamos algoritmos para problemas de empacotamento bidi­

mensional. Os problemas considerados assumem cortes guilhotináveis e em estágios. Apresen­
tamos algoritmos exatos para o problema da mochila bidimensional baseados em programação 
dinâmica. Consideramos também o problema bin packing bidimensional com demandas e o 
problema strip packing bidimensional com demandas. Para estes problemas apresentamos heu­
rísticas baseadas no método de geração de colunas. Implementamos os algoritmos propostos 
e reportamos os resultados computacionais obtidos com estes algoritmos. Tais resultados in­
dicam que estes algoritmos acham soluções de muito boa qualidade em tempos razoáveis. Os 
resultados deste capítulo, juntamente com resultados obtidos anteriormente por Cintra e Waka­
bayashi [9] , fazem parte de um artigo aceito para publicação na revista European Joumal of 
Operational Research. 



Capítulo 4 

Artigo: A One-Dimensiortal Bin Packing 

Problem with Shelf Divisions 

E. C. Xaviefl F. K. Miyazawa2 

Abstract 

Given bins of size B, non-negative values d and ó., anda list L of items, each item e E L with 

size se and class Ce, we define a shelf as a subset of items packed mside a bin with total üems 

size at most ó. such that ali items in this shelf have the same class. Two subsequent shelves 

must be separated by a shelf division of size d. The size of a shelf is the total size of its items 
plus the size of the shelf division. The Class Constrained Shelf Bin Packing Problem (CCSBP) 

isto pack the iterns of L into the rnínimum number of bins, such that the items are divided into 

shelves and the total size of the shelves in a bin is at most B. We present hybrid algorithms 

based on the First Fit (Decreasing) and Best Fit (Decreasing) algorithms, and an APTAS for the 

problem CCSBP when the number of different classes is bounded by a constant C. 
Key Words: Approximation algorithms, bin packing, shelf pack.ing. 

4.1 lntroduction 

In this paper we pres~nt approximation algorithms for a class constrained bin packing problem 

when the items must be separated by non-null shelf divisions. We denote this problem by Class 

Consrrained Shelf Bin Packing Problem (CCSBP). 

1 An extended abstract of th1s paper was presented at GRAC02005 (2nd Brazilian SymposiUm on Graphs. 
Algorithms, and Combinatorics) and appeared m Electronic Notes in Discrete Mathematics 19 (2005) 329-335. 
Thts research was pamally supported by CNPq (Proc. 470608/01-3,478818/03-3,306526/04-2 and 490333/04-4) 
and ProNEx- FAPESP/CNPq (Proc. 2003/09925-5). 

2Instttuto de Computação- Universidade Estadual de Campmas, Caixa Postal 6176 - 13084-971 -
Campinas-SP- Braz.i l. { eduardo.xavier,tkm I @ic.urucamp.br. 
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An mstance for Lhe CCSBP problem is a tuple I = (L,.~. c. d. ~ - B), where Lisa list of 

nems, s and c are size and class functions over L, d JS the size of the shelf dJvJsion, ~ is the 

maximum size of a shelf and B 1s the size of the bms. Givcn a sublist of items L' Ç L we 

denote b} stL') Lhe sum of the Slles of the items in L', 1 e, s(L') = EeeL ·"v A .\helf packing 

P o f an mstance I for the CCSBP probJem is a set o f bms P = { P1 • •• _ • Pk}, where thc Jtems 

packed an a bin P, E P are partn10ned in to shelves { Sj, ... .V~.} such that for each shelf .Vj 
we ha\e that s .VJ) =::;~.a li Jtems an .YJ are of the same class and Ej:,.1(s(tYJ) + d) ~ B. 
Wnhout Joss of generah t) we consider that O < se ~ ~ and ct E z~ for each e E L. 

Thc CCSBP problem 1s to finda shelf packing of the items of L in to the minimum number 

of hins. Th1s problem is N P-hard smce it is a generali zation o f the bin packing problem: in 

th1s case consider that the instance has JUSt one cJass, C::. = B and d =O. We note that the term 

·her context an the Jiterature for the 2-D strip packing problem. In this 

~.-... .,taged packmgs divided into leveis. 

There are many practical apphcations for the CCSBP problem even \.a.•hen therc 1s only 

one class of nems. For example, when the items to be packed must be separated b) non-nuJl 

VJS10ns (msade a bm) and each shelf has a luruted capaclly In Figure 4 . J we can see an 

example ora shelf packmg of items mto one bin, wilh B = 60, b. = 17, d = 3 and all1tems 

of the same class. The CCSBP problem is also adequatc when some items cannot bc stored 

in a samc shelf (like foods and chenucal products) . In most of the cases, the stzes of the shelf 

dlvtsions ha\e non-negligtble widlh. AJrhough these problems are very common in pracuce, to 

our knO"- lcdgc this is the first paper that presents approxtmauon results for them. 

Mnximum we1gLh 
su pporte<.l by shelf 
dJVISion: 17 

Max1mum tocai ~e1ght 
_..... ____ ---I.__ _.-- supported 60 

Figure 4.1 · Example of a shelf packlng o f atems imo one bm. 

An mterestmg apphcation for the CCSBP problem was mtroduced by Ferreira et aL [4] in 

the tron and stecl mdustry. In th1s problem, \\e have raw material rolls that must be cut into 

final rolls grouped by certain properties after t\\O cutung phases. The rolls obta.ined after the 

first phase, called primary rolls. are subrnitted to dJfferent processing operauons (tensioning, 

tempenng. lammaung, hardemng etc.) before the second phase cut. Dueto technologacal hm­

Jtallons. pnmary rolls have a maxtmum allowable width and each cut has a trimmtng process 
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that generates a loss in thc roll width. Each processmg operation has a high cost wh1ch implies 

items to be grouped before doing it. where each group corresponds to one shclf. 

G1ven an algorithm A. and an instance I for the CCSBP problem, we denote by A (!) the 

number of bins used by algonthm A to pack the mstance I and by OPT(/) the number of bins 

used m an opumaJ soluuon. The algorirhm Ais an a-apprO>.tmation, if A(J) 'OPT(J ) ~ a, for 

any mstance I. In this case, we also say that A has an absolute performance bound a. In bm 

paclung problems, it1s also usual to use the asymptot•c worst case anaJysts. We say that A has 

an asymptotic performance bound a if there ts a constant {1 such that A(J) ::; oOPT{I) + {3 

for any mstance I. 

Given an nlgorithm A,, for some ê > O, and an instancc f for some problem P we denote 

by Ac(I) thc value of the solution returned by algorithm A when executed on instance /. We 

say that A , for ê > O, is an asymptotic polynorrual time approx1maoon scheme (APTAS) for 

the problem CCSBP 1f there extst constants t and J( such that A, (I) ::; (1 + tê)OPT{J) + K 
for any mstance I. 

ResuJts: In this paper "'e present hybnd algorithms for the CCSBP problem, based on lhe First 

FH (Decreasmg) and Best Fn (Decreasing) algonthms for the btn paclung problem. When the 

number of different cl:.1sses •s bounded by a constant, we shO"- that the hybnd versions of the 

First Fll and Best Fit algorithms have an asymptotic performance bound of 3.4 and the hybrid 

versions of the First Fit Decreasmg and Best Fit Decreasmg algorithms have an asymptotic 

performance bound Jess than 2 4-15. In the case where the number of different classes 1s part 

of the input. "'e show th:H the hybnd \'ersions of the Ftrst Ftt and Best F1t algonthms have an 

absolute performance bound of 4 and lhe hybrid version of the First Ftt Decreastng algonthm 

has an absolute performance bound of 3. At last, for lhe case when lhe number of classes is 

bounded by a constant, we present an APTAS. for the CCSBP problem. 

Related Work: A special case of the CCSBP problem is the Bm Packing problem, which is 

one of the most studied problems in the literature. Some of lhe mosl famous algori thms for the 

bin packing problem are the algorilhms FF, BF, FFD and BFD, wilh asymptotJc performance 

bounds 17 10. 17/10, 11 9 and 11 /9. respectively. Femandez de ]a Vega and LueJ...er [3] pre­

sented an APTAS for the bin packing probJem. Dawande et ai. [2], presented approximation 

schemes for a class constrruned verston of the bin packing (CCBP), where btns can have dif­

ferent s1zes and each bin 1s used to pack items of at most k dtfferent classes, and the number o f 
dtfferent classes in the mpul instance JS bounded by a constant Shachnru and Tarrur [7]. pre­

sented a polynomial time approximation scheme for a dual version of the problem CCBP also 

for the case where the number of different classes in the inpul instance is bounded by a constant 

Shachna1 and Tarrur [8]. constdered a special case of an anime class constraincd bin packmg 

problem. In th1s case aJI ttems have the same size and must be packed wuhout knov.Jedge of 

lhe next subsequent items of thc input. We refer the reader to Coffman et ai. [ 1] for a survey on 

approXJmauon algorithms for bin packing problems. In [11 ]. ~ e consider lhe knapsack versJOn 
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of the CCSFn problem, where each item e has also a value Ve. The objec6ve isto fi nda shelf 

pack.mg of a subset S of the ttems m just one knapsack (btn) of stze K. such that lhe total 

value of tht léffiS in S is maximum. We also give a PTAS for thi s problem. We remark that, 

despi te of Lhe strrularity of the problems. the techniques and algorithms used tn thi s paper are 

not related to the ones used m the knapsack version of Lhe problem. Practical approaches for 

the CCSBP ",.oblem were constdered by Ferreira et ai. [4]. that mtroduced the problem in the 

iron and steel industry. Recently, the problem was considered by Hoto e l ai. [5] and Marques 

and Arenales [6]. Roto et al. [5], considered the cutting stock version of the problem where a 

demand o f ttems must be attended by the minjmurn number of bins. They use a column gener-
C:lt ÍOl 

prob1 

4.1 "' Notation 

hcuristic algorithms are presented for a knapsack version of Lhe 

Gtven an instance I = (L. s, c, d, ~. B ) for the CCSBP problem, we denote by n = ILI the 

number o f irems m thts mstance. For any mteger t, we denote by [t] lhe ser { 1, ... , t}. \Ve 

assume that each class belongs to the set [C]. We assume that C is bounded by a constant, 

unless otherwise stated. We denote by OPTs(I) the minimum number of non-null shelves in 

an optimal packing of I. and by OPT(I) the number of bms in this optimaJ solution. Given 

a paclang P = { P1 , . . .• Pk}, we denote by IPI = k the number of bins used tn this packmg, 

and by N ~( P ) the number of shelves used in ali bios of P. Gtven an algorithm A we denote by 

.A(/) Lhe number of bins used by lhe algorithm A to pack the instance I. 

4.1.2 Simple Lower Bounds 

The following facts presenllower bounds for the number of bins used in any optimum solution 
for the CCSBP problem. 

Fac f 4.1.1 For any insrance I = (L. s, c, d, .6.: B ), we h ave 

s(L) 
OPT(J) > fB/(d + ~ ) 1~. 

Proof Since f B /(d + ~ )l is an upper bound for the numbcr of totally filled shelves in a bío, 

the total items size 10 a btn I S at most r B /(d + ~ )l 6. o 
Fact 4.1.2 For any instance 1 = ( L, s, c, d, b. , B), we have 

OPT(I ) > s(L) + OPTs(I)d > s(L) + f s(L)/ ~ ld. 
- B - B 

Proof The statement holds smce f s(L)/ ~ l is a Jower bound for the number of shelves used in 

any pack.ing. O 
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4.2 Hybrid versions of the First Fit and Best Fit Algorithms 

In this section we present hybrid versions of the Fu-st Fít (Dccrcasing) and Best Fit (Decreas­

mg) algorithms, for the classic bin pack.ing problem. to the CCSBP problem. W1thout loss of 
genera1i ty, we assume that ali bins have capacity L 

We bríefty describe how these algonthros work for the classic bin packi ng problem. The 

First F1t (FF) and the Best Fit (BF) aJgorithms pack the items of a given li st L= (e1, .••• em.) 
in rhe order given by L. Assume that the items e1 • .. . , et-l have been packed into the bins 
B1• 8 2 , •• , Bk. each bin with capacity 1. To pack the next item el> the algorithm FF (resp. BF) 

finds the smallest index j, 1 ~ j ~ k, such thar s(Bj) + s(e,) :5 1 (resp. s(Bj) is maximum 
given that s(B;) + s(e,) :5 1). If the algorithm FF (resp. BF) finds such a bm, the item er is 

packed 1nto lhe bin Br Otherwise, the item e1 is packed into a new bin Bk+i· This process is 

repeated until ali the nems of L have been packecl 
The First Fit Decreasing (FFD) (resp. Best Fit Decreasing (BFD)) algonthm first sorts the 

nems of L in non-increasing order of size and then apply lhe algorithm FF (resp. BF). The 

followmg result holds (see [1. 9]). 

Theorem 4.2.1 For any mstance f for rhe bin paclang problem. we have 

FF{I) :5 ~~ OPT{I) + 1, BF(J ) < ~~ OPT(J) + 1, 

FFD(l) < 
1
; OPT(J) + 3, BFD(J) :5 ~ OPT(J) + 3 

3 
and FFD(I) :5 2oPT(I) 

Now we can presem the hybrid algorithms for the problem CCSBP. 
Algorithms SFF, SBF, SFFD and SBFD: Given an instance I = (L, s, c, d, 6., B), the algo­
rithm SFF (resp. SBF, SFFD and SBFD) uses the algorithm FF (resp. BF, FFD and BFD) to 

pack aJJ items of a same class imo shelves of size 6 . The algorithm considers the size of each 

generated shel f as the total items stze in the shelf plus the size of the shelf di vision d. 'J!le set 
of generated shelves are then packed into bins of size B using Lhe algonthm FF (resp. BF, FFD 
andBFD). 

Gtven an instance I = (L. s, c. d. 6.. B ) for the CCSBP problern, we denote by OPT~{I) 
the minimum nurnber of shelves of size ó. needed to pack L, where ali items 10 a shelf have the 
same class. Clearly OPT 6 (1) is a Jower bound for lhe number of shelves used in any optimaJ 

solution. That is, OPT~(J ) :5 OPTs(l). 

Tbeorem 4.2.2 Ler 1 be an instance for the CCSBP problem. /f til e number of classes in f is 

bounded by C rhen 

SFF(J) ~ (3 + ~) OPT(I) + 2C, SBF(I) < (3 + ~) OPT(I) + 2C. 
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SFFD(I) ~ (2 + ~) OPT(J), 6C and SBFD(J) ~ (2 + ~) OPT(I) .J.. 6C. 

Proof. Let .A' be an algorithm tn {FF. BF. FFD. BFD} such lhat 

A' (I') S oOPT(J') + {3 

for anv tnstance I ' te class1c btn packing problem and let A be the correspondmg algorithm 

in {- '3FD}. Let I = (L, s, c, d. ~ . B ) be an instance for the CCSBP prob-

lem. Cons1der tne pack1ng P produced by the algonthm A for the instance !. \Ve consider that 

IPI > 1. otherwise P ts optimum. On average, ali btns tn Pare filled by at least 1/ 2 (incJuding 
shelf divi sions), smce the algorithms pack the shelves in such a way that any pair of bins have 

to tal contents sizc greater than 1. We can conclude the followmg: 

A(l)(l / 2) < s(L) + P.~ s( P }d 

< s(L) + (aOPT ~(I)+ C{J)d (4 .1) 

< s(L) + (aOPT_,(I) + Ci3)d (4.2) 

< a(s(L) + dOPTsU)) + Cf)d 

< aOPT(I),.. C:J. (4.3) 

where (4 . 1) holds from Theorem 4 .2.1. and (4.3) follows from Fact 4 .1.2 and the fact that d < l. 
o 

NOlice that 1m .. ..,,,.." ..... ..,, for the classic bin pack.mg problem can be eastly extended to an 

alf.!' ototJc performance bound and that produces bins that on average 
.~..~~l , ..... vi ns capacnies. Therefore, the followmg result can be eastl y derived 

as a generahzation of the previous theorem. 

Corollary 4.2.3 Gtven an algorithm A ' for the bin pachng problem, such that 

A'(L) ~ aOPT(L) + {3 

for any instance L. then there exists an algorithm A for rhe CCSBP such tltar 

A {l) ~ 2a0PT(I)- 2BC. 

for any insrance I ofthe CCSBP problem 

This result sho~s that v.,hen the number of classes JS bounded by a constant we can obtain, using 

an APTAS for thc bm packing problem. algorithms for the CCSBP problem w1th asymptotic 

performance bound as close to 2 as desired (although with h1gh ume complexny and with high 
value of J). 
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Now we consider that the number of ctifferent classes is not bounded by a constant. Notice 

lhat if a given algorithm A' for the bin packing problem has abso1ute performance bound a, 
then we can derive an algorithm A for the CCSBP problem with absolute performance bound 

2a, even if the number of differenl c lasses of ilems is given as part of the input. Using the fact 

that algorithms FF, BF and FFD have abso1ute performance bound 2, 2 and 3/ 2 respectively, 

we can obtain the following result. 

Corollary 4.2.4 Let I be an instance for the CCSBP problem, then 

SFF(I) :Ç 40PT(I). SBF(I) :::; 40PT(I) and SFFD(I ) :Ç 30PT(I), 

even if 1/ze number o f differem classes is not bounded by a constam. 

From the practicaJ point of view, the size of lhe shelf ctivision d is not so Jarge compared 

with 6.. The nexl theorem shows thal if d is a small fraction of ~ . we can obtain a better 

perfonnance bound for the Best and First Fit strategies. 

Theorem 4.2.5 Let I= (L, s, c, d. 6. , B) be an instancefor the CCSBP problem. !fthe num­
ber o f classes in I is bounded by C and d = ~. r ~ 1, we h ave 

SFF(I) :Ç (2 + ~~) OPT(I) + 2C, SBF(/) :Ç (2 + ~;) OPT(/) + 2C, 

SFFD(J) :::; (2 + !.) OPT(J) + 6C, SBFD(J) < (2 + !J OPT(J) + 6C, 

2 
and SFFD(I ) :Ç (2 +- )OPT(J). 

r 

Proof Let A' be an algorithm in {FF, BF, FFD, BFD} such that 

A' (I') :::; aOPT(J') + /3 

for any instance /' of the classic bin packing problem and let A the corresponding algorithm in 

{SFF, SBF, SFFD, SBFD} . Let I= (L, s, c, d. 6., B) be an instance for the CCSBP problem 

and P the packing produced by the a1gorithm A for the instance I . 
We djvide the proof in two cases, according to the values of Ns(P) and OPTs(I). 

CASE 1: Ns(P) < OPT.,..(J). In this case, we have 

A(J)(l / 2) < s(L) + Ns(P)d 

< s(L) + OPTs(I)d 

< OPT(J), (4.4) 
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where mequalit} (4.4) holds from Fact 4 .1.2. That is, 

A (/) < 20PT{J). (4.5) 

CASE 2: .\"5 P :::.. OPT,(/). ln this case. we can follow the proof of Theorem 4 .2.~ and obtam 
mequality (4.2) That is. 

A(J)(l / 2) $ s(L) + ( aOPT ~ U ) + Ct3)d. (4.6) 

Smce on a\erage each shelf generated by rhe algonthrn A 1s filled by at Jcast ~ / 2 (not includmg 

the shelf dJvi slon) "'" have 

T(I) ~ s(L ) 

> Ns(P )(D./ 2) 

~ OPTs(J ) ~ / 2 = OPTs(/ )dr/2. 

That ~ ~ OPT .~(I) d ~ (20PT{I)) r . Therefore, from inequalny (4.6), v. e have 

A(J ){ l / 2) < s(L) + (aOPTs(I) + C/3)d. 

- s(L ) + OPTs(I)d + (a- l )OPT5(/)d + C 3d. 

< OPT(l) - a-
1 

(20PT(l)) + C{Jd. 
r 

< (1 + 2(a -
1) )OPT(/ ) + C [3d . 

T 

ThatJS, 

A(J) ::: (2 + 4(a- l ) )OPT(J) + 2/JC 
T 

(4.7) 

The theorem follows from mequaJitJes (4.5), (4.7) and theorem 4.2. l. O 

The fo llowing proposi t1 on shows that the previous theorem prescnts an asympto t1c perfor­

nat is ti ght for the algorithms SFF and SBF, when d is very small compared to 

Proposition 4.2.1 The as)'mptotic performance bound of the algontluns SFF and SBF is ai 

least 2. even l1.'/ren there is only one class. 

Proof Let In = (L. s, c. d. ~ . B ) be an mstance w1th L = (e1, ... , C2n) . é = 1/ n. d = e/ 2, 
B = 1, ~ = 1 '2 and s(e1 ) = 1 12- é wben i is odd and s (e,) = é otherwise. Nouce lhat 

d = .!.l r Also assume thaL al1 uems have a same class. The SFF and SBF algonthms applied 
over lh1s mstance generates n shelves, each one contaming one ttem of stze 1 2- ! and one 

item of size t. The final pack.ing generated by these algorithms has n btns, each one containing 

one she lf. An opumul pack.Jng with n/2 + 1 bins can be obtruned m such a way thar n/ 2 bms 
ha\e two shelves each, one shelf with an item of s1ze 1/ 2 - ~ . and the other shelf wtth two 

ttems, one Hem of stzc 1/2-! and another of size ~ . The last bm contams the remaJntng uems 
of SIZC ~. 0 
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4.3 An Asymptotic PolynomiaJ Time Approximation Scheme 

In thts section we present an APTAS for the CCSBP problem when the number of dtfferent 

classes is bounded by a consrant C. 
The algorithm is presemed m F1gure 4.2 and 1s denoted by ASBPc. Ir constders two cases: 

When E ;::: d + ~. it uses an algorithm denoted by ASBP ~ and in the other case, it uses an 

aJgorithm denoted by ASBP; . Notjce that the algori thrn A S BP ~ recetves as input a rescaled 
instance so that the maxtmum shelf capacity is 1. 

ALGORJTHM ASBPe(L, .s, C, d, 6, B ) 
lnput: List of items L, each item e E L with size se and class Ce, maximum capacity 

of a shelf 6. shelf divisions of size d, bins of capacity B = L 

Ourpuc: Shelf packing P of L . 
Subrourines. Algorithms ASBP ~ and ASBP ~ . 

1. If e: ~ d + 6 then 
2. 'P ._ ASBP ~( L .s . c, d , .6 , B ) 

3. else 

4. Scale lhe sizes d. ~. B and Se. for each e E L, proport.Jonally so lhal ~ = 1. 

S. 11 The condition to enter in this caseis now equtvalent to E :5 (d + 6 )/ B. 
6. P- ASBP;(L,s.c.d.6, 8 ). 
7. Return P. 

Figure 4.2: Algoríthm ASBP, . 

The inruition to consider these two cases is that in the first case, we can pack shelves aJmost 

optimally because the maximurn size of a shelf is bounded by e, and then the bins can be filled 

by at least (1 - c). In the second case, since e < d + t:l., we can bound by a constant the number 

of shelves used in each bin of an optimal solution. Then an enumerat1on sLep can be done to 

guess lhe shelves that are used in an optirnal solution and an almost optlmal shelf paclcing can 

be generated for large items. SmaJl items are packed !ater usmg a linear programming strategy. 

In the following two subsections we show that algorithms A S BP ~ and ASBP; are APTAS. 

4.3.1 The algorithm ASBP ~ 

In thts section we show that the algorithm ASBP ~ is an APTAS for its corresponding case. This 

algorithm uses two subroutines: One ts the FF algorithrn and the other is an APTAS for the 

one dimensional bin packing problem presented by Femandez de la Vega and Lueker [3]. We 

consider the vers10n o f thts APTAS presented by Vaztrani [I O]. whích we denote by FLc. for 

which the following statement holds. 
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Theorem 4.3.1 For any E > O, there exists a polynomial time algorithm FLe to pack a list of 

ilems L, each item e E L with size se E [0, ~]. into bins of capaciry ~ such that FL.::(L) :::; 
( 1 + ~) OPT ~ (L) + 1, >vhere OPT ~ (L) is the minimum number of bins o f capaciry !::11o pack 

L. 

The algorithm ASBP~ is presented in Figure 4.3. Given an instance f, the aJgorithm ASBP~ 

first packs aU items of the mstance imo bms of size 1::1 using the algonthm FLe. The algorithm 

ASBP~ cons1ders each one of these bins of size D. as a shelf, where the size of a shelf is its total 

items size p1us the size d of a shelf division. The algorithm ASBP: packs these shelves into 

bins of size 1 using the algorithm FF. 

ALGORrTHM ASBP ~(L. s, c,il1 d, B) 
lnput: List of items L, each item e E L with size se and class Ce, maximum capacity 

of a shelf D., sbelf divisions of size d, bins of capacity B = 1 and e ~ d + ~­
Output: Shelf packing P of L . 

Suhroutines: Algorithms FLe and FF. 

1. Let Lc be lhe set of items of class c in L. 
2. For each class c E [C] let Pg, be the paclàng of Lc obtained by the algorithm FLe 

usiog bins of capacity D.. 

3. Let Pe::. be the union ofthe packings P2,, foreach c E [CJ. 
4. Consider each bin D E P e::. as a shelf with size I.:eeD Se + d. 
5. Let S be the set of shelves obtained from P6 . 

6. Let P be the packing obtaioed with the algorithm FF to pack the shelves of Sinto 
unit bins. 

7. Retum P. 

Figure 4.3: Algorithm ASBP~ where E 2: d + ó.. 

The following statement holds for the algorithm ASBP:. 

Lemma 4.3.2 Tite algorithm ASBP~, is an APTAS for the CCSBP problem when the given 

insrance I is such tha1 B = l andE 2: d +á 

Proof In step 2, the algorithm obtains a packing Pó of items of class c in L (items in Lc) into 

bins of capacity 1::1 using the algorithm FLe. By Theorem 4.3.1 , we have 

(4.8) 

The algorithrn then considers each bin in P!:l as a shelf and obtains a sheJf pack.ing P using 

the algorithrn FF to pack these shelves mto unit bins. Since E 2: d + ó., ali bins of P. except 
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perhaps rhe last, must be filled by at least 1 - ç. So, 

( ASBP ~( L)- 1)(1 - ~) < s(L) + djPÓI 
c 

< s(L) + d .I )(l + e)OPT ~ (Lc) + 1) 
e=l 

c 
< (1 + e:)(s(L) + dL OPTó(Lc)) + dC 

c""l 

< (1 + ê)(s(L) + dOPT !I(I )) + dC (4.9) 

< (1 + e:)OPT(I) +C 

where mequality (4.9) 1s valid from Fact 4.1.2. Also notice that d < 1. Therefore, for any 

O < é < 1/ 3 we h ave 

AS BP ~(L) 
l +ê c 

< 1 - é OPT(I) + 1- e+ 1 

3C 
< (1 + 3~)0PT(I )- "2 + 1. 

Notice that the running time of the algorithm ASBP~ only depends on the running times of 

algonthms FL!' and FF, and the value of C. Let Tpr. (n. e) and Tfp(n. e) be the running times of 

algorithms FL, and FF respectively. The running time of aJ gorithm ASBP~ is O(C TpL(n, e) + 
TFF(n, e)). Since the aJgorithms FL, and FF have polynorrual time complexity in n for fixed é , 

the complexity time of algorithm ASBP: is also polynomial in n for fixed E. O 

4.3.2 The algorithm ASBP~ 

Now, assume that the algorithm ASBP, obtains a shelf packJ ng with the algorithm ASBP~ . 

Throughout this section, we consider that se. d, !:l and B is the rescaled instance, such that 

~ = 1. Notice that, the eqUJvalent condition to enter m this case is 

d+b. d+l 
é< --=-- . 

B B 
(4.10) 

Notice that the maximum number of shelves completei) filJed packed m a bin is at most 

r d:~ l whtch from (4. 10) is at most ~ + 1. Observe that if there is any bin Wlth more than ~ + 2 
shelves of a same cJass, it has at least rwo shelves of thís class with total size ar most ó.. In 

this case, these two shelves can be combined into only one shelf Without loss of generallty we 

consider that each bin, in a solution for the CCSBP problem, contains at most ~ + 2 shelves of 

a same class. 
In Figure 4.4 we present the algorithm ASBP;. The algonlhm first obtains a pair (P1 , JP) 

where P1 U P' , for each P' E JP, is a packing of big ttems (items with size at least ê 2 ). This pair 
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is obtamed by the subroutine ALR· For each packing P1 U P'. P' E LP. the algorithm ASBP; 
uses Lhe subroutine SMALL to pack the items with size less than é 2 into the pack.ing P'. At 

least one of lhe generated pack.ings uses at most (1 + 0 (€))0PT(J) + 0(1) bins as will be 
shown latter. The algorithm retums the pack.ing with the smallest number o f bins. 

Al.GOR ITHM ASBP~(L, s. c. d, ~ . B ) 
lnpur: Ltst of items L. each item e E L wilh size Se and class Ce, maximum capacity 

of a shelf ~ = 1. shelf dtvisions of size lL bins of capacity B and é $ (d + 
b.)/B 

Output. Shelf p3cking 'P of L. 

Subroutines: Algorit hms ALR and SMALL. 

I. Let G be tl-n ~' • "r ir,..mc; e E L with size Se 2: é 2 and S the set L \ G. 
2. Let ,;o\:.& lnt!d from the algorithm At.R applied over Lhe Jist 

L 
3. For each {2 é iP do 

4. let Q be lhe packiog obtained using the algorithm SMALL to pack S imo 
Q. 

S. Let P be a pact·if'c- 'P, 11 Ó where Q E lP and IQI is minimum. 
6. ReLUm r 

Ftgure 4.4: Algonthrn ASBP~ . 

In Lhe next subsections we presenr the subroutines used by the aJgorithm ASBP: . The first 

subroutine called ALR is used to generate a set o f packings o f big 1tems. On the next subsection 

we present an algorithm caJJed SMALL used to pack srnal l items (items with size sma!Jer than 

e2
) m the packmgs of the big items generated by the algorithm A LR· In the last subsection we 

present lhe analysis of the algorithm ASBP~ . 

Gcnerating Packings for the Big ltems 

In thJs secuon. we present the algorithm ALR used to pack items with size at least € 2 of a given 

input mstance J. This algorithm generates a set of packings such that at least one can be used to 

pack the smallttems, such that lhe resuJting pack.ing h as stze at most (1 +O(é))OPT(I) -LQ(l). 
This algorithm uses the hnear roundi ng technique, presented by Femandez de la Vega and 

Lueker [3], and considers only items with size at least é 2 . T he algorithm ALR retums a pair 

(P 1• P), where P1 is a packJng for a list of very big items and IP ts a set of pack.Jngs for the 

remaming ttems. 

We use Lhe foiJowing notation in the description of the linear roundmg techmque: Given two 

hsts o f iLems X and Y, let X 1,. • X c and Y1 ....• Yc be the panttion o f X and Y respectively 

in classes, where X c and Yc have only items of c1ass c for each c E [C]. We wnte X ~ Y lf 
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there is an injeclion !c : Xc ~ Yc for each c E [C) such that s(e) S s(f(e}) for ali e E Xc. 
Given t\\ o lists L1 and L2 we denole by L1 11 L2 the concatenation o f these hsts. 

The algonthm ALR uses three subroutines: ~L· SFF, andAR· The algori thm SFF was 

presented in Section 4.2. In what follows we present the algonthms A.\LL andAR. 

Algorithm A.~LL: Th1s is an aJgomhm used as subroutine to generate all possible packings with 

at most ~ + 2 shelves of a same class, when the size of each item is bounded from below by a 

constant and the number of distinct sizes in each cJass is upper bounded by a constant t. The 

algorithm may generate empty shelves (used latter to pack small items). The following Jem.ma 
guarantees the existence of such an algorithm. 

Lemma 4.3.3 Givell. an instance I = (L, s, c, d, 6, B), with 6 = 1, where the number of 

distmct items sizes in each class is at most a constant t , the number of different classes is 

bounded by a constant C and each icem e E L has size Se ~ é
2

, then there exzsts a polynomial 
time algorithm thar geJLerates all possible sheif packings of L wilh ar mosr ~ + 2 shelves of a 

same class in each bin. 

Proof The number of ilems in a she)f is bounded by p = l /ê2• Given a cJass, the number of 

dlfferent shelves for H as bounded by r' = (p+;+1) and so, lhe number of different shelves is 

bounded by r = Cr'. Since the number of sheJves in a bm as bounded by q = C(~ + 2), the 

number of differem bins is bounded by u = (q;r). Notice that u is a (large) constant since ali 

the values p, q, r and u depends only on E, C and t which are constants. 

Therefore, the number of aiJ feasible packings is bounded by (n!"), which is bounded by 
(n + u)u, which in tum is polynomial in n. O 

Notice that the complexity time of the algorithm A.u.L is O(n0(2C/e)
0111

r
2

l
1 

). 

Algorithm AR.: Given two lists X and Y such that X :::$ Y anda packing 'Py ofY, there exists 

an algorithm, which we denoted by A a (Replace), with input ('Py, X), that obtains a packing 

'Px for X such that I'Pxl = I'PYI as the next Iem.ma guarantees. 

Lemma 4.3.4 !f X and Y are rwo lists with X ~ Y, then OPT(X) $ OPT(Y). Moreover, 
if'Py is a shelfpacking ofY then there exists a polynomial time algorithm AR that given 'Py 
obtains a shelfpacking 'Px of X such that i'Px i = j'Pyj. 

Proof The algorithm AR sorts the lists Xc and Yc for each r E !C] in non-increasing arder of 

ttems size and then replaces in this order, each item of Yc in the packing 'Py by an item of Xc. 
The possible remaining 1tems of Yc are removed. O 

For any instance X, denote by X lhe instance with precisely lXI items with size equal to 

the size o f the smallest item in X. Clearly, X :::$ X. 

The algorithm ALR is presented in Figure 4.5. It consists in the followi ng: Let G 1 , . • , Gc 
be the panitton of the input list G' into classes 1, ... , C and Jet nc = IGcl for eaeh dass c. 
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The algorithm A LR partition each hst Gc into groups G~. G~ , ... G~ " · Let G1 = uf= 1 G~. The 
algon thm generates a pack.tng P 1 of G1 using O (c)OPT(J) + 1 bms anda set iP wnh polynorrual 

number of pacldngs for the items tn G \ G1. The packmg P1 is generated by the algorithm SFF 

and the set o f pacldngs IP is generated using the algorithms AALL and AR-

ALGORITHM ALR(G) 

lnpw. List G wtth n items. each ttem e E G with size se ~ ~ 2 ; maximum capactty 

of a she lf ~ = 1; shelf divisions of size d and bins of capacity B. 

Output: A par r ('P1, 1P'), wherc 'P1 is a packing and lP' is a se~ of packings, where 'P1 U'P' 
is a packing of G for each 'P' E JP. 

Subroutincs: Algorithms AALL• SFF and AR. 
]. Partition G into li "1 r f r• • ' -s c= 1, .. . , C and ler nc = IGcl-
2. Panition each li 1 .::

31 groups G~. G~, ... , G~ c. such Lhat 

01 >- 0 2 >- ... >- Gk" c- c - - c• 

where 1~1 = qc = L ncé
3 J for ali j = 1. ...• kc - 1, 

and I G ~" I ~ qc. 

3. Let G1 = uf= 1 G ~-
4. Let 'P1 be a packing of G 1 obtained by the algorithm SFF. 
5. Let Q be the set of ali possible paclcings obtained with the algorithm A..\LL 

over the list (G} 11 . 11 0~ 1 - 1 11 . -IIGbll-. - IIG~c-l) 

6. Let I? be the set of packings obtained wilh lhe algoriLhm AR over each paJI 

(Q,Grll-. 11 0~ 1 11· .. IIG~II·. -II G~ ) - wbere Q E Q. 

7. Retum ('P1 , lP') . 

Figure 4.5: Algorithm to obtain packings for items with size at least e2. 

Denote by TALL· TR and TsFF Lhe time complexity of algorithms AALL· AR. and SFF re­
spectively. The time complexity of steps 1-3 of algorithm ALR IS bounded by O(nlog n). The 

overall time complextty of algorithm ALR is O(n log n + TsFF + ri\LL + TALLTR)· Since TALL· 

TR and TsFF have polynom.ial time complexity in n for fixed e, the time complexlly of algorithm 

ALR is also polynomJal tn n for fixed ê. 

The foi lo\\ mg statement holds for the packing P 1• 

Lemma 4.3.5 The packtng P 1 for the items in G 1 is such tltar 

I'Pd $. 4.=- OPT(/) + 1. 

Proof First, consider the total ttems size packed in a bin T of some shelf packing. From Fact 
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4.1.1 any opumum solutton must satisfy 

s(L) s(L) 1 s(L) 
OPT(J) > f B/(d + ~)16. --=-r B___, /..,.....( d_+_1~)l ~ 2 B / (d + 1). (4.11) 

Notice that l::~ 1 nc = n. The aJgorithm SFF packs at Jeast LB/(d + ~ )J shelves in each 
bin, each shelf with at least one item. This rneans that each bin has at least lB /(d + ~ ) J items, 
except perhaps rhe last, each item with size at least t 2 and at most 1. Since the group G1 has at 

rnost né3 items, the number of bms tn the shelf paclcing P1 can be bounded as follows. 

IPd < r LB/(~é: ~)J 1- r lB /~: 1)J l 
nt:3 é s(L ) 

< 2 
B/(d + 1) + 1 ~ 2 B/(d + 1) + 1 

< 4e OPT(I) + 1, 

where the inequaJjty (4.12) is valid from (4.11). 

Packing the Small Items 

(4.12) 

o 

In this section we present an algorithm to pack the small ttems. If we only consider Lhe big 

items, at least one of the packings generated by the algonthm ALR has basically the sarne 
configuration of an optimal packing. That is, one of the generated pack.ings has approxi.mately 
the sa.me number of bins and approximately the same shelves (including empty shelves that are 

used only for small items) of an opt1mal packing. Therefore the algorithm can guess how the 
small items are packed into the shelves of this pack.ing, leaving only a small fraction of small 

items to be packed in new extra bins. Notice that a firsr approach to deal with the CCSBP 
problem, would be to produce the pack.ing of the btg items and then try to pack small items 

greedily. In the classic bin packing problem this approach works, since after packing the small 
1tems in the bins, each bjn is filled by at least (1 - E) of its capacity, except perhaps the last 
bin. In the CCSBP problem this strategy may not work, since after packing the small items, the 
packing could use more shelves. This way, each bin would not be fi lled with iterns by at least 

(1 - E) of its capacity, since each bin also contains shelf divisions. To pack small items in the 
shelves gene.rated by the algonthm ALR we use a linear programming strategy. This approach 
has an easier and clearer analysis Jeading to the APTAS. 

The algorithm ASBP ~ uses a subroutine denoted by SMALL to pack smal l items (size less 
than é 2) tnto a giVen packing of big items. Lel P = { P1, .. . , Pk} be a shelf packing of a list of 

items L and assume that we have to pack a set S of small items, with size at most E2
, in to P. The 

packing of the small items is obtained from a solution of a linear program. Let Nfc, .. . , JV;:=.c be 
rhe shelves of class c in the bin Pt of the packing P. For each shelf Njc, define a non-negative 
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vanable x~c. The vanable x;c tndicates the total stze of small atems of class c thatas to be packed 

in the shelf s;c Cons1der the followmg hnear program denoted by LPS: 

k c n,c: 

max l::L:I:: x;c 
•=1 c=l J=l 

,c;(NJc) + X~c ~ ~ \i i E [k]. c E (C], j E [n,c], (1) 
c " 
~' ~ r.~c + d) -5 B 'ViE[k]. (2) 
-..J-

c--1 J=l 
t n,c 

_-=I:x;c ~ s(Sc) 'V c E [G'], (3) 
t= l ;=I 

x1c 
) 2::0 'V i E (k] . c E [C), j E [nu.] (4) 

where Se 1~ thc set of small items of class c in S. 
Jt the amount of space used in each shelf is at most ~ and 

constramt \2) guarantee!> thaL the amount of space used in each bin ts at most B. Consrramt (3) 

guarantees that variables .c~c are not greater than the total size of small items 
Gl\·en a packmg P, anda set S of small items. the algorithm SMALL first solves the linear 

program LPS, and then packs small items m the folJowing way: For cach variable x;c it packs, 

~ hile posstble. the smallttems o f class c in to the shelf N;c, so that the total s1ze o f the packed 
small IIP.. '~1 most x;c. The posstble remaining smaJI atems are grouped by classes and 

i:' 1 • <:;FF mto neY. bins. The complexity Lime of algonthm SMALL 
is pu.J ........ ~.. .. . ~ .. .... ~... m~ linear program LPS can be solved m polynomjal time and the 

algonthm SFF also has polynom1al time. 

The followmg lemma is vali1 • for the algorithm SMALL. 

Lemma 4.3.6 Ler P be u shelf packing o f a list of items L. where each bin of P has at most 

~ + 2 shelves of a same class. G be r/te set o f items in L with size ar least E2 and S be the set 

L \ G. Ler G' be a lisr of items witlz G' ~ G and P be a packing of rhe irems G' U S obrained 

from P as follows. 

1 Ler 'P1 be rlte packmg obtained from P removing the items o f S. 

2 Ler 1'2 be rhe packmg ofG' using the algoritlzm AR over rhe patr (Pt. G'). 

3. Ler P be the packmg obtamed applying the algorithm SMALL over tlte pair (P2 , S). 

I1zen, we ha\'e !'P ~ (1 ..... 8CE)I7'1 +C -r L 

Proof. Not1ce that P2 1 = IP and for each shelf . \~ in a bin of P. 1ts correspondang shelf S j 

m P2 •s such that s(.V;) ~ ~(N;). If IPI = IPI then the lemma follows. So assume that the 

algorithm SMALL uses addiuonal bins to pack the items of S. 
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Given a bm E. denote by ns(E) the number of shelves m E, nsc(E) the number of shelves 

of class c in E. :;5(E ) lhe total size of small items in E and ssc(E) lhe total size of small items 

of class c mE. 
Consider lhe linear program LPS. An optimum solutton for LPS leads to an optimaJ frac­

tional packing 'P"' o f the srnall items such that I'P' I = IPI. Considera bm P;· of p• and P~ the 

correspondJng b1n in i>. \Ve first prove that the following inequaltty is valid, 

(4. 13) 

To prove (4. 13), notice that ns c( ~") = nsc(A) for each class c. Given a shelf N;c and 

the corresponding variable x;c, the algorithrn SMALL packs a set of items r;c in N]c such that 

xf- s(TJc) S ê.2 smce a smaJI item has size at most e2
. Since each bin in 'P" has at most ~ + 2 

shelves of a same class, we have for each class c E (C] 

n,, 

ssc(Ê>. ) > ,I )x ~c - E
2

) = ssc(Pt)- nsc(P.")e2 

j=l 

? 
> SSc(Pt)- c: + 2)&2 2: SSc( ~" )- 4E. 

E 

Since the above inequalities are valid for each class we can conclude Lhe proof of (4.13). From 
(4.13), we know that the total size of small items packed in additional bins by SMALL with the 

algorithm SFF, is at most 4CéjP*I = 4CEI'PI. Denote by Q the set of additional bins. Each 
shelf generated by Lhe aJgorithm SFF is fiJled by at Jeast 6 - E2 , except perhaps in C shelves. 

Therefore, the number of shelves in Q is at most r 1 f ~!~ ' l + C :5 8CEI'PI +C+ 1. Smce 

each additional bm has at least one shelf, the number of bms m Q is at most BC E IPI + C+ l. 
Therefore, the number of bíns in i> is at most (1 + 8Cé)IPI +C+ 1. O 

Analysis of the Algorithm ASBP; 

In thts section we conclude the analysis o f the algonthm AS BP ~ . Firsl, let TLR and Ts be the 

time complexities of algonthms ALa and SMALL, respectively. Notice rhat the Lime complex­

ity of algorithm ASBP; is dorrunated by steps 2-4, that have time complexity O(TLR + TLaTs ). 
Smce the úme complexity of algori thms ALR and SMALL is polynomial for fixed ê , the time 

complexHy of algonthm AS BP ~ 1s also polynomial. The followmg Jemma concludes the anal­

ysis o f the algonthm ASBP;. 

Lemma 4.3.7 The algorirhm ASBP:. is an APTAS for the CCSBP problem when the given 

instance I is such rhal D. = 1, ~ $ (d + D.)/ B mui rhe number of di.fferem classes is bounded 
by some consranr C. 
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Proof Given an mstance I = (L , s. c, d, ó . B ), with .ó = 1, let G be lhe set of items in L with 

s1ze at least ~ 2 and S the set L \ G'. 
The tlems m G' are packed by the algorithrn A LR· It first partitions G into lists Gc for each 

class c and then it partítions each ltst Gc into groups G~ ~ G~ ~ .. ~ G~ e. From Lemma 

4.3 -= the follov.ing inequality is vaJ id for the list G1 = uf:1 G~. 

IPd ~ 4E OPT(J) + 1. (4. 14) 

The packing of the 1tems in Gf[J ... IIG71
[[ ••. J[Gbll· .. fiG~c is obtained from the sel of ali 

possil)le packings of Gill · .. IIG71
-

1
[[ ..• J[Qbll ... JIG ~c-l . Nolice that 

G! JJ ... JJ G~ 1 - 1 1J .. JfGhJI .. JJ G~~ - 1 ~ G~ JI . .. IJG~ 1 11 . . [ JG~-JI .. [[ G~c:. 

Let O he ""' <'ntimum shelf packing of I, 0 1 the packing obtained from O without the items 

" the possible empty shelves and 0 2 the packing of 0 1 rounding down each item 

s1ze to the correspondmg item in 

G~IJ ... IJG~'- 1
1J, ... , JIGbll -IIG~-

1
-

Clearly, 0 2 E IP, where .IP is the set of packings generated by the algorithm A ALL· Let Ô be a 
p .. cking obtained from lhe algonthm AR over the pair 

If Q 1~ a P•"'-1\Jng obtained applying the algorithm SMALL over lhe pair (Ô. S), we have from 

Lemma 4.3.6 the fol1owmg resuJt. 

Q ~ (1 + 8Cr:) [OJ +C+ 1 = (1 + 8Cr:)OPT(J) +C+ 1 (4.15) 

Sínce the algorithm ASBP~ obtams a pack.ing P that uses at most the number o f bms in P1 U Q, 

the theorem follows from inequalities (4.14) and (4.15). O 

From lemmas 4.3.2 and 4 .3.7, the following statement holds. 

Theorem 4.3.8 The algorirhm ASBPe is anAPTASfor rlle CCSBP problem. 

4.4 Concluding Remarks 

In th1s paper we consider the CCSBP problem, a class constraíned bin pack.ing problem \\ith 

non-null shelf d1vi sions. Although th1s problem has man} pract1cal applications, lo our knowl­

edge, th1s is the first paper to present approxirnation results for Jt. We first presenled hybrid 
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versions of me First Fit (Decreasing) and Best Fit (Decreasing) algorithms for the bin pack.ing 

problem to the CCSBP problem. When the number of dífferent classes of items is bounded by a 
constam C, we prove mat me versions ofthe First Fit and Best Fit have asymptotic performance 

bound 3.4 and the versions of me F1rst Fü Decreasing and Best Fit Decreasing have asymptotic 

petformance bound 2.445. We also presented an APTAS for this same case whose running time 

is 
3 O( n0 ( 2/ ~)0(1 /c2) C I < ). 

This algorithm is more of theoretical (rather man practical) interest since it has a high running 

time (yet polynomial). \Vhen the number of classes is not bounded by a constam we show that 
the algorithm SFFD has absolule performance bound 3. 
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Artigo: A Note on Dual Approximation 

Algorithms for Class Constrained Bin 

Packing Problems 

E. C. Xavier1 F. K. Miyazawa2 

Abstract 

ln this paper we present a dual approximation scheme for the class constrained shelf bin packing 
problem. In this problem, we are given bins of capacity 1, and n ítems of Q different classes, 
each item e with class Ce and size Se· The problem isto pack the items into bins, such that items 

of different classes must be packed in clifferent shelves, inside the bin, that are separated by non­
null shelf divisions. We also present a dual approximat10n scheme for the class constrained bin 
packing problem. In this problem, items must be packed in such a way that each bin contains at 

most C different classes and has total items size at most 1. A dual approximation scheme may 
produce infeasible packings but only within a smaii tolerance. 

Key Words: Bin Pack.ing, Approximation Algorithms. 

5.1 Introduction 

In this paper we study class constrained bin packing probJems, that are generalizations of the 
well known NP-hard bin packing problem. We first consider the class constrained shelf bin 

1Correspondtng author: para@ic.umcamp.br -Instituto de Computação- Umversidade Estadual de Camp­
mas. Caixa Postal 6176- 13084-971- Campinas-sP - Brazíl- Phone (+55)(19) 3788-5882. 

2fkm@ic.unicamp br- lnst1tuto de Computação- Universtdade Estadual de Campmas, Caixa Postal 6176 
- 13084- 971-Campinas-sP - Brazil- Phone (+55)(19) 3788-5882 
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pack.ing (CCSBP) problem. In this problem we are given a tuple I = (L. .!>, c Q, d, ó ), v. here 

L = (a1 •.... an) JS a hst of n 1tems, each item a 1 E L wnh size O < sa., ~ 1 and class 

Ca, E { 1 . Q}. d is the SJLe of a shelf division and 6 is the ma>.1mum s1ze of a shelf. We are 

also given a set of bms, each one with capacity L 

Given a list or set of nems S we denote by s(S) lhe total s1ze of nems in S, i.e. s(S) = 

L eeS Se-

A shelfpackmg 'P of an instance I for the CCSBP problem is a packing of the items in a set 

of bins P = {P1, .•• , Pk }, where the ítems packed in a bin Pt E Pare partitioned into shelves 

{Si , .... S~,} such that foreach shelf s; we have that s(S; ) :5 ó, ali 11ems in s; are ofthe sarne 

class and 'L~ 'c: 1 (s(S;) + d) $ 1. The problem isto finda shelf packing that uses the rninimum 

number o f bins. 

We also consider the class constrained bin packing problem, which we denote by CCBP. 
In this problem wc are given a tuple I = (L. s, c, C. Q) where L = (a 1, .. . , an ) ts a list of 

n items. each Jtem a 1 E L w1th size O < sa, < 1 and class Ca , E {1 , . . , Q}, and a set of 

bms, each one w1th capacJty 1 and C compartments. A pack.mg for mstance I is a set of bms 

P = {P1 •..• H.} such that the number of different classes of items packed in each bin ~ is 
at most C and the total nems size in each bin is at most L The problern is to find a packing of 

instance I that uses the m1mrnum number of bins. 

In both problems we assume that Q, the number of different classes in the mput instance, JS 

bounded by a constant. 

Given an algorithm A for the CCBP or CCSBP problem and an instance I , we denote by 

A (I ) the number of bins used by the algorithm to pack th1s mstance. We denote by OPT{I) 
the number of bins used by an optimum solution to pack the instance I. In both notat10ns the 

problem considered will be clear from the context. Given an integer t, we denote by [t] the set 

{l, ... , t}. 
In [5], Hochbaum and Shmoys presented the concept of dual approximation algorithms 

where one has to find an infeasible optima1 solution, and the quality of the algorithm is measured 

by how infeasible is the generated solution. There are some cases whcre the restrictions of 

the problem are ftexible m practice and the concept of dual approximat1on algorithms can be 

appl1ed. 

A dual polynomial time apprmurnation scheme (dual PTAS) for the CCSBP problem is an 

aJgonthm that, for ali mstances I, produces solutions that use at most OPT(I) bins, each bin 

with size at most { 1 + 0 (€)) and each shelf of the bin with size ar most (1 + 0 (~)) 6 . A dual 

PTAS for the CCBP problem is an algorithm that, for all instances I , produces soluuons that 

use at most OPT{f) bms. each bm with s12e at most {1 + 0 (€)). In both cases E is a fixed 

parameter given to the algonthm. 

Packing problems with class constraints have many appltcations m multtrned1a storage sys­

tems. resource allocauon [J 5, 11 , 4, 7, 14, 16, 13, 3, 19] and m rnanufacturing systems [6, 9, 1]. 
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The CCSBP problem appears in the tron andsteel mdustry [2, 8, 10, 17, 18]. 

The CCSBP problem admits an asymptotic polynorrual ume approximauon scheme [17]. A 

knapsack version of this problem also admits aPTAS [18]. Th1s paper 1s the first one to present 
a dual PTAS for the CCSBP problem. 

We also present a dual PTAS for the CCBP problem. Notice that a dual apprm(Jmation 

scheme for the CCBP problem was first presented by Shachna.i and Tamir [12] also considering 
that the number of dtfferent classes in the input instance is bounded by a constant. The com­

plexity time of their algori thm is O(n 16Q/ E:
2

) . In thetr pape r they presented a dual PTAS using 

techniques that group smaJJ items together. They also sa.id: " We cannot adopt lhe technique 

commonly used for packing, where we first consider large items and then add the small items". 

In this paper we show how to adopt the traditional technique and obtain a dual PTAS with an 
easier analysis, also considering thar Q is a fixed constam. AJthough the easter analysis, the 
complexíty ume of our algorithm is O(Tn°<20 Q(togl+c th·)ll'>) . where T is the complexicy time 

to solve a linear program (see Section 5.3). 

In section 5.2 we present a dual PTAS for the CCSBP problern using traditional techniques, 

and hnear programrnmg to pack smalJ items. In section 5.3 we use these tdeas to obram a dual 

PTAS for lhe CCBP problem. The analysis of it is easier than the one presented by Shachnru 

and Tamir [12]. 

5.2 A dual PTAS for the CCSBP Problem 

In this sect10n we present a dual PTAS for the CCSBP problern. 
Let I = (L, s, c, Q, d , .6.) be an instance for the CCSBP problem. We first present a duaJ 

PTAS for the case where the maxtmum size of a shelf plus the shelf divisor satisfy ~ + d ~ ç. 

Hochbaum and Shmoys [5] presented a dual PTAS, wttich we denote by AHs, for lhe classi­

cal bin packing problem. Consider an aJgorithm that constructs a üst of sheJves S m a straight­

forward manner: For each class, it packs the items of this class using the aJgorithm AHs con­
sidering shelves as bins, each one with size ~- Since the aJgorithm AHs is a dual PTAS the 
number of generated shelves by the algorithm is at most the number of shelves used m any op­

timaJ solution, which we denote by OPT(/)5 • Moreover each generated shelf has size at most 

(1 + t:) L\. 
Given the list of shelves S , consider another algorithm that packs the shelves in the following 

manner: It packs shelves (including the shelf divisors) in a bin until for the first time the total 
size of packed shelves becomes greater than 1. Then 1t proceeds with a new bin. 1t is easy to 

prove the fo llowing result for this algorithm. 

Theorem 5.2.1 Tlle presented algorithm is a dual PTAS f or the CCSBP problem rasrricted to 

mstances where ó. + d < ê . 
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Proof Noticc thatthe algorithm packs allttems in at most OPT{I), shelves and each shelf has 

1ts stze mcreased by a factor of at most ~- The total sizc of itcms and shelf dt\ isors that the 

aJgon thm has to pac~ mto btns ts 

s(L) + dOPT(I),) < OPT{J). 

Smce the algonthm generated btns with size greater than 1, the algonthm packs ali shelves in 

at most OPT(l) bms. Smce each shelf has size at most 2e, each generatcd bin has stze at most 

(1 + 2c). O 
On the remaming of thts section we assume that b. + d ~ ê. Notice that the maximum 

number of shclves complete ly tilled, that can be packed in :l bin is at most r r/~~ l' that ís at 

m "c;t 1 + 1. Observe that i f there is any bin with more than : + 2 shelves of a same c lass, it has 

•ves of this class with total size at most b.. Jn thts case, rhese two shelves can be 

comt one shelt Wtthout loss of generalny we assume that each btn tn a solution 

for thc CCSBP problem. contains at most ~ + 2 shelves of a same class. 

Throughout the remruning of this section. we assume that s,. for each c E L. d. ~ and the 

stze of the bins are rescaled, such thar ~ = 1. We denote b~ B the new s1ze of the bms 

Let Lb be the hst of Jtems with size greater than or equal to e2 (b•g items) and Jct L 5 be 

the remammg ttems in L (small items). We round down each ttem tn Lb as follows: each 

item e E Lb with s tze m the interval [E"2(1 ..1- E 2)i. ~ 2 (1 + c2)•-rl) has Hs stze rounded do~11 to 

c 2(1 ...... .:2)'. for z ~ O. The rounded ttems have at mosl AJ = f logll+t'" ) 11 ::
21 d1fferent s1zes. 

Lemma 5.2.2 Lct I = (L. s. c, Q, d. ~ ) be an insrance of the CCSBP problem where L = 

Lb U L~, ~ = 1, the number of disrinct items sizes in Lb is ar mosr a constalll /li, the number of 

different classes ts bounded by a conszant Q, each icem e E Lb h as size s,. 2: E2 and Ls = L \ Lb. 
Then rhere exists a polynomial time algorithm that generares ali possible she!f packings of L, 

removing small items of the packing, with at most : + 2 shelves of a same class in each bin. 

Moreove1; each bin of eac/1 generazed packing has an indication of the possible shelves thar 

may be used byfurther small uems. 

Proof The max1mum number ofbig items that can be packed ma shelfts bounded by p = 1/ t:.2 . 

GJ\ien a cl~s. the number of dtfferent shelves for tt IS bounded by r' = e, ... ~.,. 1 )' tncludtng a 

empt)' shclf that can be used latter to pack only small items. The number of different shelves 

can be bounded b} r = Qr'. Since the number o f shelves m a btn ts bounded by q = Q( ~ ..1- 2), 
the number o f different bms is bounded by u = (9!r). Nouce that u •s a (large) constanr since 

ali the vnlues p. q. r and u depends only on E, Q and l\1 wh1ch are constants. 

Therefore, the number of ali feastble packings JS bounded by (n;"), whtch is bounded by 
(n ,.. u) J. whtch in tum tS polynomtal in n. O 

Jn each gencrated pack.ing, we then cons1der the ongmal s izes of the btg ttems, and m 

this case. thc total size of each shelf increases by a factor of at most e2• Since the maximum 
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number of shelves in a bin is bounded by Q(~ + 2), the size of each bin increases to at most 

B + Q(: + 2)E2
. 

The algorithm generates a set, which we denote by IP, o f all possible pac.kings of the rounded 

btg items. Foreach of these packings we then consider the big items with their original size. For 

each pack.ing m IP, tbe algorithm then packs small items ustng a solution from a linear program. 

Let P = {Pt, ... , Pk} be a shelf paclang of a list of items Lb and suppose we have to pack a 

list Ls of small items, with s1ze at most € 2
, into P . The pack.ing of the small items is obtained 

from a solutioo of a linear progTam. Let Ni Ç {1, .. , Q} be the set of possible classes that 

are packed in the bin Pt and let Sic, ... , S~~c be the shelves of class c E N1 in the bm Pt of the 

packing P. For each shelf s;c, define a non-negative variable x;c. The variable x~c indicates the 

total size of small items of cJass c that is to be packed in the shelf s;c. Denote by s(Sjc) the 

total size of big items al.ready packed in the shelf sy. Consider the following linear prograrn 

denoted by LPS 1: 

k n,c 

maxLLLx;c 
i=l cEN, j=l 

s(SJc) + x}c 5 (1 + E2)6. 
nu: 

2:: L (s(SY) + x;c + d) S: (1 + Xé
2)B 

cEN, J=l 
k 7lic 

L L x~c 5 s(L~) 
i = l j=l 

xtc ~ O 
J 

where L~ is the set of small items of class c in L 8 • 

r!~ E [k], c E Nu j E [nic], (1) 

r! i E [kj, (2) (LPSl) 

V c E [Q), (3) 

\;f i E [k), c E [Ni}, j E (n1.cJ (4) 

Constraint (1) guarantees that the amount of space used in each sheJf is at most (1 + E2).D. 
and constraint (2) guarantees that the arnount of space used in each bin is at most (1 + xt:2)B. 
where x = Q(~ + 2). Constraint (3) guarantees that variables x~c are not greater than the total 

size of small items. The number of variables in LPSI is bounded by O(nQ2/E) and the number 

of constraints is bounded by O (nQ2/é + n + Q). 
G1ven a packing P , anda list Ls of small items, the algorithm first solves the linear program 

LPSl , and then packs srnall items in the following way: For each variable x~c the algorithm 

packs, while possible, small iterns of class c into shelf s;c of the bin ?;., so that the total size of 

the packed small iterns is at most x~c + e:2 . 

The algorithm returns a packing that uses the minimum number of bins and that packs ali 

items in bins of size at most (1 + (: + 2)2E2Q)B. 
Stnce Q and e: are constants, the size of lP is bounded by a polynomial in n. Since the 

complexity tlrne to solve LPSl 1s polynomial, the presented algori thm has a polynomial tlme 

complexity. Now we conclude with the following theorem. 
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Theorem 5.2.3 The presented algorithm is a dual PTAS for the CCSBP problem when !::. + d 2: 
é . 

Proof Let O= {Pt, . . . , Pk'} be an optimal packing for an instance I ofthe CCSBP problem 

(notice that OPT(I) = k ). Round down the big items according to the rounding we have 

presented and remove the small items of O obtaining another packing 0 ' . Clear]y O ' E lP and 

has an indication of the shelves of small items that were packed on it. When the algorithm packs 

the big items with their origina] size, the size in each shelf of O' increases by at most e:2. Since 

in the linear programming formulation we consider the síze of each shelf as (1 + e:2 ) , there is 

enour+ r()om to pack all small items. So the variables x sums to the total size of small items. We 

ai· the size of each bin in the linear programming formulation as (1 + (: + 2)e2 Q)B , 
so then om to pack all shelves. 

Dur of the small items we increase the size of each shelfby at most e:2 . Since 

the maximun! lH. ... uDer of shelves in a bin is ( ~ + 2)Q then the total size of each bin is increased 

to at most B + ( ~ + 2)2e2Q ::::; (1 + (: + 2)2e2Q)B. O 

5.3 A dual PTAS for the CCBP Problem 

In thi s section we present a duaJ PTAS for the CCBP problem using the same ideas of the 

previous section. This dual PTAS has an easier analysis than the one presented by Shachnaj and 

Tarnir [12]. 

Let Lb be the set of items in L with size at Ieast c, (big items) and let Ls be the remaining 

items in L (small items). We round down each item in Lb as foJlows: each item e E Lb with 
size in the interval [e: (1 +E); 

1 
e:(l + E)i+1) has its size rounded down to e:(1 + E)i , for i > O. The 

rounded items have at most M = fl og ( I+~ ) 1/ E 1 different sizes. 

It is not hard proof the fo1lowing lernma that is similar to Lemma 5.2.2. 

Lemma 5.3.1 Let I= (L , s , c, C , Q) be an instance ofthe CCBP problem where L= Lb U L5 , 

the number of distinct items sizes in Lb is at most a constant M, the number of different classes 

is bounded by a constant Q. each item e E Lb has size Se 2: e:, and Ls = L \ Lb. Then there 

exists a polynomial time algorithm that generates all possible packings of L removing the small 

items of the packing. Moreover, each bin of each generated packing has an indication of the 

possible classes that may be used to pack the small items. 

Proof The number of big items that can be packed in a bin is bounded by y = 1/ E. The number 

of distinct types of big items is bounded by J\1Q. The number of different configurations ofbins 

is bounded by r' = (Y+ ~ Q + 1 ), including the empty bin. If we also consider additional classes 

to pack small items in each configuration, the number of different configurations is bounded by 
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r= r'2Q, whJch is a constant. Notice that we only consider configurations that satisfy the class 

constraints. 

The number o f ali feasible packings IS bounded by (";r), whach is bounded by ( n + r y, 
wh1ch m rum is polynorrual in n. O 

We then consider the original size of the items in each of the generated packings. In this 

case, the size of each bin increases by at most a factor o f e. 

The algorithm generates a seL, which we denote by JP, of ali possible packings of the big 
items. For each one o f these packings the algorithm packs the smallaems in the following way: 

Let P = { P 1, ... , Pk} be a packing of the list of items Lb and suppose we have to pack a list 

Ls of small items, with size at most é , into 'P. The pack.ing of the small items is obta.ined from 

a solution of a linear program. Let N, Ç {1, . . . , Q} be the set of possible classes that may be 

used to pack the smaJJ items in the bin Pi of the packing P. For each class c E Ní. define a 

non-negatJve vanable x~ . The variable x ~ indicates the total size of small ttems of class c to be 

packed in the bin ~- Denote by s(Pz ) the total size of big Hems already packed in the bin Pz. 
Consider the following linear program denoted by LPS2: 

S. 

max L:L: x~ 
1-=l cE1V, 

s(Pt) + L x ~ ~ (1 +é) V i E (k] (1) 
ceN, (LPS2) 

k 

L I ~ ~ s( L ~) V c E (QJ, (2) 

•=1 
x' c 2: 0 Vi E (k] , c E [Ni), (3) 

where L~ is the set of small items of class c in Ls. 
Constraint (1) guarantees that the items packed in each bin satisfy its capacities and con­

stramt (2) guarantees that the total use of variables x ~ is not greater than the total size of sma11 

1tems for each class c. In this linear program, the number of variables is bounded by nQ and 

the number of constraints is bounded by n, Q. 
Given a packing P, anda list Ls of srnall items, the algorithrn first solves the linear program 

LPS2, and then pncks small items in the foUowing way: For each vanable x ~ , it packs, while 

posstble, the small items of class c into tbe bin Pl, so that the totaJ size of the packed small 

items is at most x~ -r- ~-

The algonthm retums a paclong that uses the minimum number of bins and thal packs all 

items in bins of size at most (1 + (C+ l )é). The number of packings in the set l? can be 
bounded by T1 = O(n2QQ(logl+c l/e)' ' t) . Let T2 be the worst complexity time to solve a hnear 

program LPS2. The complexity time of the entire algorithm can be bounded by O(Tt T2) , which 

is polynornial since Q and é are constants and the complex1ty time T2 ts polynomiaJ. 



46 Capítulo 5. 

We conclude wirh the following theorem. 

Tbeorem 5.3.2 The presented algorithm is a dual PTAS for the CCBP problem. 

Proof Lel O = { Pi , . . P; } be an optimal pack.ing for an instance I o f the CCBP problem. 
Round down the big items according to the rounding we have presented and remove the small 
items of O obtaining another packing 0 '. Clearly O' E IP and has an indication of the classes 

of small items that were packed on it. When the algorithm packs the big iterns wüh their 
original size. the size of each bin in O' increases by at most € . Since in the linear prograrnrrúng 
formularton we constder the size of each bin as (1 + .s), there is enough room to pack all small 

items. So the variables x sums to the total size of small items. 
Jring the packing of the small items we increase the size of each bín by at most E for each 

class in rhe hí, So the total size of each bin is increased to at most (1 +(C + l )E) . O 
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Artigo: The Class Constrained Bin Packing 

Prnhlem with .A ~1p li .. --ations to 

Video-on-Demand 

E. C. Xavier F K. Mi yazawa2 

Abstract 

ln H-;- n1per we present approximatíon results for a class consrrained bin packmg problem that 
has ...t}Jpm:ations to Yideo-on-Demand Systems. In this problem we are given bins of capacity B 
with C compartments, and n items of Q different classes, each item i E {1, .. . , n} with class ci 

and size st· The problem isto pack items into biris, where each bin contains at most C different 
classes and has total items size at most B. We present severai approximation aJgorithms for 
offiine and online versions of the problem. The presented results are the best known to the 

author's knowledge. 
Key words: Bin Packing, Video-on-Demand. 

6.1 Introduction 

In this paper we study the class constrained version of the well known bin packing problem, 
which we denote by CCBP (Class Constrained Bin Packing). In this problem we are given 
a tuple 1 = (L. s, c, C, Q) where L = (a1, . . . , a..) is a list of items, each item ai E L with 

1 A prehminary version of thts paper appeared as an extended abstract in COCOON 2006, LNCS 41 12. pp. 
439-448. 2006. 

2Instimto de Computação - Universidade Estadual de Campmas, Catxa Postal 6176 - 13084-971 -
Campinas-SP- Brazil, { eduardo.xavier,fkm} @ic.unicamp. br. 
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size O < sa, ::; B and class Ca, E {1, ... , Q}, and a set of bins, each one wi th capacity B 
and C compartments. A packing P of L is a partition of the items in to bins, where each bin 
has total items size at most B and the number of different classes in each part is at most C. 
The problem is to find a pack.mg of L into the m.inimum number of bins. In the online version 

of the CCBP problem the items musl be packed in the order (a1 . .. . , an), where each item G.t 

must be packed without knowJedge of further items. We consider that 1 < C < Q, otherwíse 
the CCBP problem can be solved as the original bin packing, since if C = 1 then items of 

dlfferent classes must be packed in different bins and i f C > Q then the class constraints are 

irrelevant. We also consider the version of this problem with bins of different sizes. In this 
case we have T different bin sizes. The input instance is a tuple I = (L, s, c, w, C, Q) where 
w: {1, .. , T} ~ JR+ is a function of bins size. We assume w.l.o.g that foreach i E {1, ... , T}, 
w(i) $ B. In this case, the problem is to pack ali items into bins such thaL the total size 
of used bins is minimized. This problem is denoted by VCCBP (Variable Class Constrained 

Bin Packing). Packing problems with class constraints have many applications in multimedia 

storage systems, resource allocation [23, 19. 8, 13, 22, 9, 21, 7] and in operations research like 
manufacturing systems [ 12, 17, 5, 26, 27]. 

6.1.1 Notation 

In the online case, the bins used to pack the items are classified as open or closed. An empty 
bin ts declared open when it receives its first item, and remains so until it is declared closed_ 
Only open bms may receive items. Once a bin is closed, tt cannot be declared open again. We 
consider the bounded and unbounded space versions for the online CCBP problem. In the l­
bounded space problern an algorithm must keep at any time during its execution at rnost l open 

bins. In the unbounded version an algorithm rnay keep an unbounded number of open bins. 

GJven an algorithm A for the CCBP problem and an instance I, we denote by A (!) the 
number of bíns used by the algorithm to pack this instance. We denote by OPT(J) the number 
of bms used by an optimum (offiine) solution to pack the instance I. The algorithm .A has 

an absolute approxímation factor a, if for every I it satisfies A (I) < aOPT(I). lt has an 
O' approximation factor if for every I, the algorithm produces a solution such that A (I ) ::; 
aOPT(J) + {3 where {3 1s a constant. Given an algorithm AE, for some c > O, and an instance 
I for some problem P we denote by Ae(I) the value of the solution returned by algonthm 
A, when executed on instance I. We say that A,, for é > O, is an asymptotic polynomial 
time approximation scheme (APTAS) for the problem CCBP if there exist constants t and {3 

such that Ae(I) ~ (1 + té)OPT(I) + {3 for any instance I. An online a1gorithm A for a 
minimization problem is said to have a competitive ratio a if there exists a constanl {3 such that 

A (I) $ a OPT(J) + {3 for any instance I. 
Ler I be an instance of the CCBP problem and L be the list of items m I. We write that 
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a E I with lhe same meamng of a E L. and -we denote s (l ) = s(L} = La L .-.(a). Gtven an 

imeger .\/.\\C denote b> [1\1] the set {1. . .. . jf}. 

G1ven tv. o scquences La = ( a1 • . ••• ~ ) and L6 = ( b1. . . . bm ). we denote the concatenation 

ofthese two hsts by Laii L6 , i.e, Laii L6 = (a 1 , . ... o.n . b1 • . • .• bm)· Gtven a packmg P we denote 

b} 'P thc number of bms m P. 
ThroughoUl this pape r. we use the tenns color and class v. uh the same meamng. We say 

that a bm ts colored i f it contains Jtems of C differenr classes. In this case, lhts btn cannot pack 

an) other item of a d1fferen1 class. A bm is said to be jull1f Lhe total s1zc of the 1tems packed 

mstde 1t 1s equal to 8. 

6.1.2 Related Work 

A specaal case of the CCBP problem as the Bin Packmg problem, whtch ts one of the most 

lems in the lnerature. Some of the most famous algorithms for the bm paclong 

• ~ ttte algomhms FF. BF. FFD andBFD, '-"ith asymptotic perfonnance bounds 17/ 10, 

17 110. 11 19 and 11 9, respecuvely. We refer the reader to Coffman et a/ [2] for a survey on 

approximauon algorilhms for bin packing problems. Femandez de la Vega and Lueker [6] pre­

sented an APTAS for the bm packmg problern. The online bm pad.mg JS also a \\ell studied 

problem. There are many online algorithms presented m the hterature for the bm-packmg prob­

lem The algorithms FF, NF, and BF are online and were investigated by Ullman [24], Johnson 

[lO] and Johnson et ai. [ 11 ]. Subsequenr papers proposed algorithms wnh berter approxtmation 

rauos lhal pack ilems accordmg to mterva1 sizes. Yao [28]. and Lee and Lee [15] presented 

the Harmonic and Refined Hannonic algorithms with competi tive ratio 1.692 and 1.636 respec­

tively. To our knowledgc the best online algorithm, with a cornpetitive ratio of 1.58889, was 

presented by Scidcn [18). The best lower bound for thi s problem is 1.54014 dueto van Vhet 

[25). Recently the class-constrained versions of packing problems hnve obtained attention. In 

[5, 4], Dawande er al. cla1mcd to present an approx1mation scheme for the ofni ne VCCBP 

problem when the number of different classes Q m the input instance is bounded by a constant. 

In [20). Shachnai and Tamir presented a dual polynomial time approximauon scheme for the 

offline class constrained bin packing problem (CCBP). They also constder that the number of 

d1fferent classe~ m the mput instance is bounded by a constam. In this case, given an instance 

I. the problem as to find a packmg of the iterns in at most OPT{I) bins, each bm with size 

at most (1 + O(ê))B. In [19], Shachnai and Tamrr presented theoretical resuhs for a Multiple 
Knapsack problem wnh class constraints where al1 Jtems have unit stze. They mtroduce this 

problem wnh apphcauons to v1deo-on-demand servers. Subsequently lO lh1s work, Golubchik 

era/. [8] presented an approxtmauon scheme to the problem. Later, Kashyap and Khuller [13], 

also presenled approximauon schemes to the problem, but they consider thatthc class reqUJre­

ment of nems are not equal to ali classes. ShachnaJ and Tamir in [23]. presentcd algonrhms 
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for the online CCBP problem when aJJ ttems have equaJ size. In this case they provide a lower 

bound o f 2 to the problem and also algorithms that get a competi tive ratio o f 2. 

6.1.3 ResuJts 

In this paper we generalize the work presented by Shachnai and Tamir [23], since we consider 

the online CCBP problcm where items can have different sizes. We show that the bounded 

space online CCBP problem cannot have a constant competHive ratio. Moreover 1f any item of 

rhe mstance have size at least e < B we show that there is no algori thm wllh compelilive ratio 

better than 0 (1/ CE). For the unbounded space problem we present an onltne algorithm w1th 

compeutive rat10 in (2.666. 2.75]. We aJso present some re5ults for the offlme problem. When 

aJI Jtems have equal size, we present an (1 + 1 C )-approxJmauon aJgorithm When nerns 

have saze at most 8 1m, for some integer m, \.\e shm\ an algonthm with approximauon factor 

(1 + JIC + 1/ min{ C. m} ). Notíce that we consider that the number of different classes Q is 
part of the input in these cases. Wc implemented rhese practical algorithms and we also present 

in this paper some expenmemaJ resulu, for them. The e.x.penments show that the aJgonthms 

generate soluuons of high quahty and can be used m pracLtce. The VCCBP problem was first 

cons1dered by Dawande er ai. [5. 4] where a tenrative of an APTAS was cons1dered when Q 
1s bounded by a constant. We observed that their algonthm does not lead to an APTAS as 

clatmed. First of ali, the) do a hnear rounding step of the List of items L and then obtain an 

opumal paclóng for the new li st. Doing this they do not guarantee a pack.ing for the original 

itcms bccause of the class constramts. To pack the small items they use a First Fit strategy, and 

claim that each bin (m most a constant number of bins), is filled by at least (1 - 0(!' )), but this is 

also not true dueto the class constratnts. In this paper we show the points where the1r algorithm 

fails and present an APTAS for the VCCBP problem for fixed Q. In the Jinear roundmg step we 

separate items by colors and generate aJI possible packmgs for lhe rounded 1tems. To pack lhe 

small items we use another strategy 

Organization: In Secrion 6.2 we present the applicalion of the CCBP problem to data place­

ment of vtdeos. In Secuon 6.3, motivated by the v1deo-on-demand systems applications. we 

present practicaJ approximation algonthms for the CCBP problem considering that ali Jtems 

have equal ~tze . In Section 6.4, we present lower bounds for the competill ve ratio of any al­

gonthm for the bounded space online CCBP problem. In thts sect1on. we also present onlme 

algonthms. one o f them with competi tive ratio in [2.666 2. 75). ln Sectton 6.5 we present an 

APTAS for the VCCBP problem when Q is bounded by a constant. In Secuon 6.6 \\e show 

expenmental results of the practical algorithms shown m Scctton 6.3. 



52 Capítulo 6. 

6.2 Applications of the CCBP Problem to Data Placement on 
Video-on-Demand Servers 

The first work to cons1der packing problems with class constrajms as a data placement problem 

was the one of Shachnat and Tamir [19]. They considered the knapsack version of the CCBP 

problem. In this case N bins are given. and the objective is to pack the maximum nurnber of 

items satisfying the class constraints in each bin. Suppose we have a server of vídeos with 

.1\" di sks, each di sk j E { l , ... , N } wi th storage capaciry C1 and load capacity B1 . That 

is, each disk j can store C1 movies and can attend at most B1 simultaneously requests for 

vídeos. The problem js to construct a server such that, based on expected requests for rnovtes 

(computed by movies popularity), the number of attended requests is maximized. The total 

load capacity of the server is BT = L:;:1 Br The movies considered to be stored in the 

server are F1. P.1 . . . .. F1 with popularity paramerers p 1,p2 , . .. , PJ> where L:[=1 Pi = l. Given 

these populanty parameters we compute expected requests for each movie at any time. These 

expected requests are, for each i , defined as ri= BTPi· Notice that L:(= 1 r, = Br (we suppose 
that each r1 is an 1nteger). 

Consider for example that we have a server with two hard disks. Disk 1 has C1 = 2 and 

8 1 = 4 and disk 2 has C2 = 2 and B2 = 8. There are three movies Ft , F2 and F3, with 

popularity parameters p1 = 1/ 4, p2 = 1/ 4 and p3 = 1 / ~. Computing the expected requests one 

obtain r 1 = 3, r2 = 3 and r3 = 6. One optimal solution is given in Figure 6.1. One copy of 

movi e F1 is done m disk 1, a copy of movi e F2 is done in disk 1 and 2. anda copy of movi e F3 
is done in disk 2. Notice that not alJ load capacity of the disks can be used. We call a perfect 

placernent when aJJ load capacity is used, i.e, ali requests are allocated. 

gFI ====== ~· 
Disk 2 

Figure 6.1: An optimal solution for the given video server. 

This problem was shown to be N P-hard by Shachnai and Tamir [19]. Golubchik et al. [8] 

show that even if ali disks are equal, i.e, have the same load and store capacities, the problem 

rem ai ns N P -hard. 

We can also consider the following problem: given a set of requests for a set of rnov1es, 

construct a server usmg the minimum number of disks. This problem is N P-hard since, given 

an instance for the data placement with N disks, a perfect placement exists, if and only if we 
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can finda packing for all requests using at most N disks . When ali disks are equal, we can see 
this data placement problem as a special case of the CCBP problem. In this case we have an 

instance I = (L, s, c, C, Q), where each item i E L is a request for a Joad of class ci E Q (the 
movie type). All items have the same size and C is the capacity of the disks, i.e, the number of 
different movíes that the disk can store. That is, we want to construct a vídeo server storing the 
videos and d:istributing ali the requests rninirnizíng the number of used disks. 

6.3 Practical Approximation Algorithms 

In this section we consider the problem where ali items have unit size. As we saw, this problem 
is N P-hard and has applications in the data placement problem for video-on-demand. In this 

case, we can consider that items are given as a list of sets U1 , ... , UQ, where each set Uí has ní 

items of unit size with class í . Each bin packs at most B items of at most C different sets. The 
problem is to pack all sets of items in the rninimum number of bins. We say that a set of items 
is totally packed in a bin if all of its items are packed in the bin, otherwise we say that a set is 
partially packed. We also say that a bin packs entirely C sets, if C sets are totally packed in the 

bin. 
We adapt here, an algorithm known as Moving-Window (MW) first presented by Shachnai 

and Tamir [19] and also used later by Golubchik ez al. [8] and Kashyap and Khuller [13). In 
these previous works the algorithm was consídered for the knapsack version of the problem, 
where one rnust have to pack the rnaximum number of items in a given number of bins. 

Moving-Window (M\V): The algorithm keeps a vector R= (R[l ], R[2], ... , R[QJ) repre­
senting non-packed items in such a way that R[i] is the number ofremaining items to be packed 
of some set Ui. The vector is maintained in non-decreasing order of the values R[i] during ali 
the execution of the algorithm. Tf at any given moment, it is packed part of the items represented 

by R[í], then the vector must be reordered. 
In any iteratíon of the algorithm, it tries to pack C different sets creating a new bin. For 

that, the algorithm keeps a window of C sets. At first, the window goes from R[l] to R[C]. If 
L: ~ 1 R[i] 2: B then the algorithm packs the corresponding sets of R[l], R[2], .. . , R[j], where 

j ~ C is the first index such that L:{=1 R[i] 2: B. Notice that R[j] may be partially packed. The 
totally packed sets are removed from the vector. If L:~ 1 R[i] < B then the algorithm moves 
the window to the right, until that for the first time the window has C sets such that their sizes 

are greater than or equal to B. If this ís the case, the C sets are packed and the vector R is 
reordered (if the last considered set was partially packed). Then the algorithm restarts. If in 

some iteration, the window reaches the end of the vector R , i.e, the C largest sets have total size 
smaller than B, then the algorithm generates b.ins by packing entirely C sets in each bin, with 
exception perhaps in the last bin that can pack less than C sets. 

Let B1 , ... , B N be the bins created by the algorithm M\V in the order they were created. 



54 Capítulo 6. 

Let Sp be the nurnber of full b1ns and Nc be the number of bms that are not full whích we call 

colored Let .\ = S F + .\'c. Nottce that bins B1 , . .. , B.v,.. are the fu\\ bins since when the 
algonthm creates the first non-full bm, when the v. indow reaches the end o f R and the C largest 

sets ha~e total size smaJicr than B, then all other generated bins becomcs non-full havíng C 
dífferent sets each except perhaps the last. 

Lemma 6.3.1 lf Q/1) of rlle first N r bins produced by rlze algonthm ~fvY packs less than C 
differenr sets (e/asses). tlum rhc algorithm produces an opttmal solutiou. 

Proof Let B, be the first b1n, among the first NF bins, that packs less than C different sets. 

In th1s case, the wmdow must start from R[1] and goes until R[J'] for some j' S C - 1. The 

vector Ris ordcred such that R[j'J ~ R[J' + 1] ~ . . ~ R[Q]. Therefore, any C- 1 remaming 
sets have total size greater than B. That is. even 1f lhe set R[J'J was partiaJiy packed, ali other 

created bins must be full. because the remaining items of a partiaJly packed set w1th C- 1 sets 

hd-.:e total SJZe greater than B. O 

Th1s wa), \\C constder that for each of the .YF first bms, the algorithm packs. in each itera­

tion, cxactly C different sets and that at most one of these sets JS partiaJJy packed. Clearly, for 

thc remainmg Nc bins, ali of them packs totally C different sets except perhaps the last bin. 

Let OPTll) be Lhe number of bins used by an opumaJ soJuuon to pack instance I. We 

assume that 1YF ~ OPT(/) - 1, otherwise the a lgonthm generated an opumal soluuon. We 

ha\e the followmg result 

Lemma 6.3.2 1\.fter the ~1\\" algorithm has created rhefirsr OPT(l) bins, 1/zere e.ústs ar mosr 
l\1 

F Sf!TS lO be packed 

Proof Notice that the number of d1fferent sets must sat1 sfy Q ~ OPT(J)C. Stnce each one 

of the full bins packs C d1fferent sets, where one of these sets may be partiaJJy packed, then 

the algonthm partially packs at most NF sets. These partially packed sets can bc seen as new 
sets that are considered by the algomhm during its execuuon. That IS, we can assume that the 

algonthm pack.s at most Q- .V F d1fferenr sets. Also remember that each one of lhe .Yc colored 

bms packs emirely C d1fferem sets. Since each one of the first OPT{l) bins packs C d1fferent 

sers and Q ~ OPT(J)C we conclude that il remains at most .SF sets that are packed in extra 

colored bms. O 

Wllh th1s result we can g•vc the approximation factor of the l\1\~ algorithm. 

Theorem 6.3.3 The ~1\\. algorithm has an approximation facror of (1 .J.. t ) for the CCBP 

problem \\ hen ali items are equal s1zed. 

Proof. Let I be an mstance for the CCBP problem where aJJ llems have unit size. From Lemma 

6.3.2. after the algonthm has generated the first OPT(/) bms. it remains at most .\'F sets to be 
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packed. Since each one of the generated bins pack:.ing these sets is colored, each bin entirely 

packs C different sets and then, the number of extra bins created can be bounded by 

r
NF1 < OPT(J) - 1 _ OPT(I) /C 
C - C +1- C -1 + L 

We can bound the number of generated bins by OPT(I) + OPT(I)/C + 1. o 

Proposition 6.3.1 The bound ojTheorem 6.3.3 is tight. 

Proof Consider that the input mstance I consists of N(C- 2) big sets with 2p + 2 iterns each, 

and 2N small sets with p items each. The bin capacity is B =(C- 2)(2p + 2) + 2p + 2 items. 
Notice that (C- 2) big sets with two small sets does not fill the bin capacity. When the MW 

algorithrn is executed over this instance, tbe first generated bin packs one srnaiJ set, (C- 2) 
big sets entirely and another big set partially. The remaining iterns of the last packed big set 

becomes a small set with p items. Nottce that the MW algorithm generates N(C- 2)/(C - 1) 
bins by packmg big sets and one small set that is a residual part of a big set. After that, rernains 
2N small sets that are packed in more 2N / C bins. When N and C increase enough, the number 

of bins tends to N + N / C. An optimal pack of this instance uses N bins. In this packing, each 
bin packs (C- 2) big sets and two small sets. O 

Notice that the MW algorithm ts based m a heuristic that tries to pack C different sets in 
each bin. But the way the algorithm works, it tends to pack sma11 and large sets in different bins. 

A good heuristic isto pack large and small sets together, in such a way that each generated bin 
has a good use of its capacity, while trying to pack C different sets m each bin. For that, we 
propose a new algorithm that we call Modified-Moving-Wmdow (IviW'). 

Modified-Moving-Window (MW' ): This algorithm is sirrrilar to the 1-I\iV algorithm in such 

a way that it also keeps a window of size C over a vector R = (R[l], R[2], .. . , R[Q]) that is 
maintained ordered in non-decreasing order of the va]ues R{i) . The algorithm also moves a 

window of size C until the total size of the sets in the window contains B or more items. 
In the :VIW' algorithm, we consider that the veclor R is a circular li st. At first, the window 

consists of the sets R[l) .. .. , R[C]. lf the total size of these sets is grearer than or equal to 

B, then the algorithm packs the sets R[l], .. . , R[j], where j ~ C is the first index such that 

2::=1 R[i] 2:: B, wíth the last set R[j) probably partially packed. If the total size of these sets 
is smaller than B then instead of doing a move to the right, as in the original MW algorithm, 

Lhe algorithm perfonns a move to the left and considers the sets R[Q], R{l) , . . .. R{ C- 1]. The 
algorithm performs moves to the left untll the total size of the C sets are greater than or equal 
to B. In this case it packs the C sets and restarts. 1f the algorithm perfonns C moves to the left. 

and then considers the largest C sets, and this sets have total size Jess than B, then the algorithm 
generates a packing like the original MW algorithm, by packing entirely C sets in each bin. 

It is not hard to prove similar resulrs to Lemma 6.3.1 and Lernma 6.3.2 to the MW' algo­
rithm. Using the same arguments of Theorem 6.3.3 we can prove the following result. 
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Theorem 6.3.~ The ~I\\' algorithm lws an approximarion factor of (1 + i;) for the CCBP 

problem "here allttcms are equal sized. 

Nottce thatthts bound i~ tight since lhe algonthm ~f\Y' gencrates the same soluuon gener­
ated by the algonthm ~1\\' for the mstance presented in Proposlllon 6.3. 1. The ad"amage of lhe 

\f\ r algon thm is to try to pack small sets with large ones lr) mg to guarantee a good filling of 
the bms, smcc it tries to pack the maximum number of small sets wtth large sets. To see this, 

consider for example an instance I that consists o f 212 small sets, each one with one item, n large 

sets wtth 5 1tems each and n medi um sets with 2 ttems each. Suppose B = 7 and C = 3. The 

MW algorithm lirst generates n bins by packing two medi um sets and part of another large set. 
Afrer that, tl gcnerates 2n/ 3 new bi ns to pack the small sets. Thc M W' algorithm fi rst generates 
n bins such th:ll each one packs two small sets and a large set. The remaining medi um sets are 

packed m n/ 3 bins. 
Another simple approach used to solve the problem isto use Sl1Ttllar ideas o f the well knov.-n 

FFD, (BFD) algonthms (see Coffman et ai. [2J) 
Algorithm FFD: The algorithm first sorts lhe sets ~· 1 • . U_,1 m non-mcreasmg order of 

thei.. l pply lhe FF algorithm in the list obtained concatenattng lhese sets. 

Theorem 6.3.5 TI1e FFD algorilhm has an approximation Jacror equal to 2 for the CCBP 
problem ~\hell alluems have una si~e. 

Proof Let B 1• • B.v be the bms created by the algonthm, XF be the number of fuJI bms 
and ,\c be the number of colored bms. CJearly, N F < OPT and each bm that JS not fulJ must 
be colored except perhaps the last generated bin. Also notice that two dtfferent bms that are 

colored cannot havc 1tcms of a same co1or. Since CNc/C :5 fQ/Cl :5 OPT we get that 
Nc $ OPT. Then we can bound the number of generated bins by N :5 20PT + 1. O 

Stnce thi s algorithm does not try to optimize the class usage in thc packing, it can generate 
poor qualny pack.ings. In fact , wc show in the next proposition that the bound ofTheorem 6.3.5 

IS tt ght. 

Proposition 6.3.2 The bound ofTheorem 6.3.5 is righr. 

Proof Let I = (L s. c. C. Q) be an mstance to the CCBP problem 'Where ali atems have unit 

stze. Let the stzc of lhe bms bc B = C 2 . Suppose the input llst of 11ems consisls of one b1g set 
wnh C3 nems and C2 small scts wilh one item each. The FFD algorithm first packs the btg set 
in C'3 /C2 bms and lhe small sets in C 2 / C bins givmg a total of 2C btns. An opumal solutton 
uses C bms packmg m each bin C2 - (C - 1) ttems of the big set and C- 1 small sers. The 
remrumng C(C- 1) nems of the big set. and C smal1 sets can be packed m 2 extra bms. O 

Now we constder the case where items in each set may have djfferent sizes. Thts case 
is also mteresu ng for appllcations of the data-pJacement problem to video-on-demand servers. 
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Suppose that uscrs have different nctwork access speeds. In th1s case, requests for 1oad resources 

may have different sizes. This case can be mapped to the case in the CCBP problem where items 

have d1fferent s1zes. Also notice thar even ú the items have d1fferent stzes, in practical mstances 

1t as expected that the size of the item is not too large. So. suppose that the maximum size of 

an item is an rnteger bounded by B j m for somem 2:. 1. Problems with this restnction are also 

called parametric pack.ing problems [ L6, 3]. Given an integer m, we denote this version o f the 

problemas Paramctnc Class Constrained Bin Packing (CCBP m) problem. 

Let I be an instance of lhe CCBPm problem where each nem has stze bounded by B fm. 
ConsJder that the inpul instance I consists of sets U1, ... , UQ. We now present an algonthm to 

pack this instance. Although items may have different sizes, consider that each item with size s 
greater than 1 is broken in to s unit size pieces. Now apply the MW aJgorithm for lhis modified 

mstance. Now consider this pack.ing for the original 1tems. For each full btn ic may happen 

that the last item packed is fractionally-Packed. For each bm where this happens, remove the 

Hem o f the bm. Notice thar there are at most N F items removed o f lhe generated packing. For 

these remaimng 1tems, generate new bins packing at least min{m, C} ttems in each bin except 

perhaps m the last bin. 

Theorem 6.3.6 Tlzere exists a11 algorithm for the CCBP problem where each 1tem h as size at 

most B f m, for some m ~ 1, with approximation factor equaJ to (1 + 1/ min{ m 1 C} ,- 1/ C ). 

Proof From Theorem 6.3.3, the packing generated when items are fractionally packed uses at 

most (1 + 1/ C)OPT{I) + 1 bins. Notice that the number of items fractionally packed in this 
packing is bounded by NF. since the first Np bms are the only ones that are full. These NF 

extra items can be packed in at most r NF/ min{ m , C}l extra bins. o 

6.4 The Online CCBP Problem 

From now on, we consider rhat the capacity of the bin is B = 1, and each item e has size 

O < se < 1. In this section we consider the online class constrained bin packing problem. 

In this case each 1tem in the hst of items L = (a1 , ... , an). as packed without knowledge of 

subsequent items in the Jist. In subsection 6.4.1 we present Jower bounds for any bounded 

space algorithm. in subsectíon 6.4.2 we present and analyze an algorithm based in lhe First­

Fit strategy and finally m subsection 6.4.3 we present another online algorithm with better 

competi tive rauo. 

6.4.1 Lower bounds for bounded space algorithms 

In th1s section we present inapproximability results for the bounded space online CCBP prob­

lem. In thts case, the basic strategy isto compare the result obtained by the algorithm with the 
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opttmum offtme pack.mg 

Theorem 6.4.1 Ler / be a consram. rhen rlze l-bozmded space onlme CCBP problem does nor 
adnut an algorithm wah constam competitfve ratio. 

Proof Let .A be an algonthm for the /-bounded space online CCBP problem. Consider an 

insrance ! , such that ILI = n21. Q = nl, and n is dh isJblc by C. Thc hst L have nl dif­

ferent classes and ali items have s1ze l iCn. Cons1der that L = Ldl- .. IILn. where each 

Lr - taJ, ... , Uni) IS a sequence of nl items where each a; has class J · 

Let t1 be thc time immed1ately after the algonthm has packed the list Lt. At time t 1 the 

algori thm A can have at most l open bms. Since each item of the ftrst sequence ts of a different 

class. the algorithm uses at Jeast nl/ C bins to pack L 1, where at least nl/C- l o r these bins 
are closed. Whcn the packmg o f the list L 2 starts, the algonthm h as at most l open bins that can 

r"rk a t 'l'lOSI IC items of the sequence L2. To pack thts sequence, the algonthm uses at 1east 
(ln - LC) t( 1er sequences L3 _ .• L, •. 

Thcrefore, - , .......... gon tn.H. Á uses at least 

n(nl C)- (n -l)l = n2l C- (n- 1)/ 

bins. 

Since ali items have stze 1 Cn, an optimaJ offhne solution can use at most In/C bins, by 

paclang Cn ttems m each bm. Therefore, the competJtive r.mo must be at least 

I
. n2ljC - (n - l )l _ 
tm l / C - n. n-oc n 

o 
In Theorem 6.4.1, 1tems may have arbitrary small sizes. Jf ali items huve size at least ê, 

for some constant e , we may a lso oblain an inapproximability result using similar arguments. 
Notice that in this case, any simple algorithm has a competitive rauo of 1/e. 

Theorem 6.4.2 Ler L and e < 1 be conswn.ts and consider instances for the CCBP probJem 
where each ttem has stze nt least ~ Then the online CCBP problem does not admJt an algorithm 

\\-Íth competltJve ratio better than 0(1/ CE). 

Proof Suppose that 1 ~ dl\ides n and we bave the sarne instance presented in Theorem 6.4.1. 

modtfied such that aJJ ttems have size equaJ to c. In this case any algonthm uses at least n2l/C­
(n- 1)/ bms. An opu mal offline solution packs items of a g1ven class in n! bins. To pack L an 

opu mal offltne algonthm uses at most n2Lc bins. 

Therefore. Lhe compeuuve rat10 is at Jeast 

lim n2 l/C _ nl- l = _1_ 
n-oo n 2 lc n 2lê Cc 
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o 
Given these negati ve results, for the remain ing of this section we only consider the un­

bounded space online CCBP problem. 

6.4.2 The First-Fit Algorithm 

Given an online algorithm A for the bin-packing problem, we can obtain an online algotithm 
A .. for the online CCBP problem in a straightforward rnanner. To pack the next item e, the 

algorithm A* works as follows: Let Ce be the class of the item e, B be the list o f bins in the 
order they were opened. Let Be be the list of bins of B, in the sarne order of B, where each bin 
has at least one item of class ce or has items of at most C - 1 different classes. The item e is 

packed with algorithm A into the bms of Be. 
One of the most famous algori thm for the bm-packing problem is the First-Fit (FF) aJgo­

rithm. This algorithm packs the next item into the first bin, in the order they were opened, that 

has sufficienl space for the item. 

In rhis section we show that the competitive ratio of the algorithm FF'" 1s in [2.7, 3]. We note 

that the upper bound was previously shown by Dawande et al. [4]. Notice that the aJgorithm 
FF* is on line, sínce it only looks for the item it is packing and it is unbounded since it keeps 
all bins opened. In fact it closes a bin only if the bin is fu11. This algorithm is used in other 
algorithms of subsequent sections. 

Lemma 6.4.3 Let I be an instance for the online CCBP problem. such that every item has size 

at most é. Let P be the set ofbíns generatedby the algorithm FF*, applied over the instance I, 
that arefilled by less zhan 1- €. Then: (i) Each bin in P, 'IVhich is not the last generated bin, is 
colored. (ii) There is no items of a same color in two different bins of P. 

Proof Let B 1 be a bin in P, Bt the last bin created by the algori thm FF* and al an 1tem packed 

m Bt. Since 8 1 is filled with Jess than 1 -E and s(at) ::; E. a1 was not packed in B1 because it 
must be colored. 

Now suppose there are two different bins B1 and B2 in P that are filled with less than 1 - é 

and there are items ai E B;, i = 1, 2 with the same class. Without loss of generalíty, consíder 
that B1 was opened first. Since the maximum size of a2 is € and the algorithm FP tries to pack 
an item into the bins in the order they were opened, sat:Jsfying the size and class constraints, the 
item a2 would be packed in the bin B 1. That is, a contradiction. O 

The result of the next theorem can be found in the work of Dawande et al. [4]. The idea 
to prove this theorem isto consider separately bins that are filled by at Jeast half of tts capacity 
and bms that are not. In the .first case the number of bins is bounded by 20PT(J). ln the !ater 

case usmg Lemma 6.4.3 we can prove that all bins are colored, except perhaps the Jast, and then 
usmg the fact that fQ/Cl :5 OPT(J), we can bound the number of used bins by OPT{l) + 1. 



60 Capítulo 6. 

Theorem 6.4.4 The algorithm FF• has a competi tive ratio 3 for the online CCBP problem. 

Now, we show that the algorithm FF* cannot have a competitive ratio better than 2.7. We 

first give an intuitive lower bound of 2.666 and then we present the lower bound of 2.7. 

Theorem 6.4.5 There is an instance In wíth n items, n 2:: 1, for the online CCBP problem such 
that FF* Un) f OPT(In) -+ 2.666 as n -+ oo. 

Proof Let I be an instance with an input Jist of items L = LaiiLb iiLc ii Ld. Let C be the 

maximum number of classes allowable in each bin. The list La = ( a 1, ... , a(C- l )6N) is such 
that each item aí h as class i, í = 1, . . . , (C - 1 )6N and each item has size o., which is a very 

sr1 • '· · .. st is followed by a list Lb = (b1, . . . , b6N) , where each item bt has class 

T = 6JV 1. L - l ) + 1, and size 1/ 7 + €. In the list Lc = (c1 , . . . , c6N) each item ci has size 
1/ 3 +E anel class 1·. Fin· ·ll · íhe list Ld = (d1, . . . , d6N) each item di has size 1/ 2 + € and 

elas~ 

.r • algorithm packs the list La in 6
N{g- l) bins, the list Lb in N bins, the list Lc in 

and the list .Ld in 6N bins. The Figure 6.2 presents the different bins in the packing 

generated by the FF* algorithm. 

Ilems size: a 1/7+ € 1/ 3 + € 1/2 + € 

Figure 6.2: The bins generated by the FF* algorithm. 

An optimal (offline) soluüon uses at most 6N bins. This packin g is obtained by pack.ing one 

item of Ld, one item of Lc, one ítem of Lb and C - 1 ítems of the Jist La in only one bin. 

This gives a lower bound of 

lim 
N ,C -+oc 

(C-~)6N + lON 

6
N = 2.666. 

o 
The previous lower bound can be improved using an íntricate instance presented by Johnson 

et al. [11] that provides a lower bound of 1. 7 for the FF algorithm in the bin pack.ing problem. 
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Theorem 6.4.6 The competitive ratio of the algorithm FF* is at least 2. 7. 

Proof Consider an instance I such that each bin can pack at most C different classes. The input 

list L is the concatenation of four lists: L= LallLbiiLciiLd. In the list La= (a1 , .. . , asN(C- l)). 
each item ai has class i. for i = 1, . .. , 5N(C- 1), and each item has size a , which is a very 

small value. The list La is fo llowed by an instance similar to the one presented by Johnson et 

ai. [ 11] that provides a lower bound o f 1. 7 for the FF algorithm in the bin packing problem. In 

the list Lb = (b1, .. . , bsN ) each item bi has size 1/ 7 + Yi· where Yi E 'R, for i = 1, . .. , 5N . In 

the list Lc = (cl, ... ' CsN ) each item Ci has size 1/ 3 + Wt, where Wi E n, for i = 1, . . . ' 5N. In 
the list Ld = (db . .. , d5N) each item di has size 1/ 2 + c. Ali items in the lists Lb, Lc and Ld 
have class 5N(C - 1) + 1. 

The algorithm FF* generates a packing as the one presented in the proof of the Theorem 

6.4.5, except that it packs only five items of the list Lb per bin. That ís, 

5N(C- 1) 
FF*(J) 2:: . C + N + 2.5N + 5N. 

An optimal solution can use 5N + 2 bins (see [11]), pack..ing one item of each list Lb, Lc and 

Ld and C - 1 items of the list La. 
Therefore, the competi tive ratio of the algorithm FF* is at least 

l
. 5N(C- 1)/ C + 8.5N = 

2 7 lffi . . 
N,C-+oo 5N + 2 

o 

6.4.3 A 2. 75-competitive algorithm 

In this section we present an algorithm, which we denote by A c (Figure 6.3), with competitive 

ratio in the interval (2.666, 2. 75] 
To prove the competitive ratio of the algorithm Ac, we use the following lernma (the·proof 

can be found in [16]). 

Lemma 6.4.7 Suppose X , Y , x , y are real numbers such that x > O andO < X < Y < 1. Then 

x+y 1 - X 
-----=------ < 1 + --
max{ x , X x + Y y} - Y 

Theorem 6.4.8 Algoríthm Ac has a competitive ratio of2. 75. 

Pro o f 
Let Li the list of items packed in P,, for i= 1, 2, 3. 
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ALGORrTHM Arl L. s. c, C. Q) 

1. Let P, - 0. for t = l . 2. 3. 
2. For each c E L do 

3. ,r ... (t) E (4. 1] then k - 1 

4. if <>(c) E (5. ~] then k - 2. 

5. if s(c) E (0. ~] then k- 3. 

6. Let P ~ the subhst o f bins in Pk having items of class c( e) or 

wtth at mosL C - 1 classes, preserving the order of lhe bins in Pk. 
7. Tf ""oc;sihle pacl< the item e mto the bins P~ using the algorithm Ff•. 

, 1 .1t:k r: into a new empty bm in Pk. 

8. KetL•. ''diP2IIPJ. 

Figure 6.3: Algorithm Ac . 

Note that ali bms o f r, ha\e cxactly one item \\ 1th s1ze greater than ~. In fact we cannot 

pac"' more,._ ;,em of L 1 per bin. Therefore, 

(6.1) 

(6.2) 

The packmg P2 has exactly two ttems per bin, except perhaps lhe last, each Jtcm "ith s1ze 

at Jeast 5· Therefore, 

(6.3) 

Let P3 thc set of bins in P3 that are filled by at least ~ and P3' the remaining bins (i.e., 

P1 = . \ Pfs ). Thc fo llowing is val!d 

(6.4) 

where L'1 JS Lhe set of iteml:l packed in~- Let SA = I'Pd and .\'8 = IPzl + I 'P ~I - L Since 
OPT(l) ~ s(/) ~ s(L t) + s( L2 11 L;) from inequaliues (6.2H6 4 ) we have 

OPT(J) > s(I) > s(Li) + s( L2l1 L;) 
1 y 2 ,. 

> 2- A+ J. B· 

From mequallltes (6.1 ) and (6.5) \~e have 

OPT(/) 2: max{ l\'A , ~NA + ~N B } 

(6.5) 

(6.6) 
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From Lemma 6.4 7 v. e h ave that 
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(6.7) 

(6.8) 

Now, constder the packing 'Pf. Using a stmilar argument uscd in Lemma 6.4.3, we have 

(6.9) 

The proof can be completed summing the inequalities (6.8) and (6.9). 

Ac(T) - IPtl + I'P2I + IP~I + I'P~'I 
< 1.75 OPT(J) + OPT(I) + 2 = 2.75 OPT(J) + 2 

o 
Nouce that the same instance used to prove a lower bound for the algorithm Ff• in Theorem 

6.4.5 can be used to prove a lower bound for the Ac algorithm. 

Theorem 6.4.9 17tere is an instance I for the online CCBP problem such that 

A c (I)/OPT(l) ~ 2.666. 

6.5 An APTAS for Bounded Number of Classes 

In this section we prcsent an APTAS for the offline VCCBP problem. The mput instance for 

th1s problem ts a tuple I = (L, s, c, w, C, Q) where w : {1, ... , T} ---. JR+ is a function of bins 

size. The problem is to find a pack of al11tems rninimizing the total size of used bins. In this 

section we consider that the maxtmum size of a bin is 1 and thal the number of dtfferent classes 

Q in the input instance, is bounded by a constant. 

ln subsection 6.5.1 we presenl the algorithm of Dawande, Kalagnanarn and Sethuraman 

[5, 4] and show in what points thetr algorithm failed to be an APTAS. In subsection 6.5.2 

we present an APTAS for the VCCBP problem. Given an e, we will show an algorithm A 
that runs in polynomtal orne and produces a packing for a gtven instance such that A(!) ~ 
(1- O(é))OPT + {3, where {3 is a constant. 

As was noticed by Dawande et ai. [5, 4], we only use bins such thatthe1r size are at Jeasr ê, 

since thts condition does not affect roo much rhe cost of the solution, i.e, the algonrhm remams 

an APTAS. 



6.5.1 The Algorithm of Dawande, Kalagnanam and Sethuraman 

In this section we glVe a brief descrip[lon of the algorithm of Dawande et a!. [5, 4] and presem 

the points where lheir algonthm fails. 

Let I = (L, s , c, w. C. Q) be an instance for the VCCBP problem and let Lb be the items in 

L with size atleast .:2 (big items) and Jet Ls be the rematning items in L (small items). 

Let n = ILb l· The algorithm sorts the hst Lb in non-increasing order of size and partition this 

list in to groups (I ists) Ll , . . . ' L M' each one with r m:2l irems except perhaps the last Jist that 

can has Iess than r rzE2l items. Call the firs t item in each group as the group-leader. Let L~ be 

the list having JL;J = JL1 J items, where each item has size equal to the size of the group-Jeader 

of L,. Let L' = L; JJ . . -IILM. 
For the !1st L' it is possible to generate ali configurations of bins in constant time since the 

oumber of different items size is bounded by a constant M, the number of different item colors 

is also bounded by a constant Q and the maxunum number of items that can be packed in a bin 

is l / .:2. Let t = A1Q. Given an item size and an item color, denote by d1 the number of items 

ofthistype t E [t]. 
Let N be the total number of bin configurations. Let x1 be a variable thar represenls the 

number of times a configurat1on j E (N] is used in a solution, ai1 be the coefficient that rep­

resents the number of times an item type 'l E [t] is used in configuration J and w1 the size of 
the bin used in configuration j . The next step of the algorithm isto solve the following linear 

program: 

11/ 

min L wixi 
j =l 

N (LP) 
L: a ~ 3 x 1 > di V i E (tj (1) 
j= l 

Xj ~ o V j E [N]. (2) 

The algorithm solves this lmear program and generates an integer solution by rounding up 

the vanables x . The solution is a packing for the list L' that is used to generate a packing for 

the llst L11 . 
The next step of the algorithm is to pack the smaJI items in the solution provided by the 

linear program. To do this. 1t uses the FF'"' algorithm. 

Dawande er al. [5. 4] claimed rhat this a1gorithm is an APTAS for the VCCBP problem. 

The list Lb was partiiJoned into lists L1 JI .. . JI LM· Let L ~ be a list having JL ~I = IL;J items, 

where each item has size equal to the group-leader of the 1ist L~+ 1 , for i = 1, . . . , M - 1, and 

L ~ ~ 1 be an emply llst. Let L" = L'{IJ ... li L~. Clearly OPT(L") $ OPT( Lb )-
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Dawande et a/. claimed thatthe following relation JS vahd 

g1ven the argument Lhat L' and L" differ onJy in lheir first and last groups Thts way, g1ven a 

packmg for lhe lisl L" JLJS easy to construct a packmg for the hst L211· .. IIL~ 1 . Smce IL~I = 
jL, 11. for 1 = 2. . .. 111, and the1r ltems size are the same. aJthough th1s seems Lo be true, notice 

that lhe color of items of L~ and L~ '_ 1 may be different. Then, 1t is not clear ho\\ to construct a 

packing for L2 ll .IIL:\1 g1ven a packmg for L". 
Let B be the number of bms uscd by their algorithm. After packing the small itcms using 

thc tirst-fit strategy, thcy claimed that at least B - r§l bins have residual capaclty ut most E. 

This is also nottrue. Suppose ali small items have different colors from the b1g items It JS easy 

to construct examples where optimaJ packings for the b1g items given by the hnear program 

ha\e ali bms with C different colors and the residual space is larger than a g1ven =:. Th1s way no 

smaiJ Jtem wJIJ be packed in the bins given as solution by lhe hnear program and then, allthese 

bins will have residual capacJty greater than €. 

6.5.2 Ao APTAS for the \'CCBP Problem 

In th1s sectlon we present an APTAS for the VCCBP problem. In Lhe next subsecuon we show 

how to pack big 1tems doing a linear rounding for each dJ fferent coJor. The aJgorithm to pack 

the b1g Jtems generates a polynom1al number of packmgs for the big 1tems, and also provide 
information of how Lo pack small items. In tbe following subsectJon, we present an algorithm to 

pack the smallnems that is based in the solutlon of a hnear program. The algorithm generates 

a polynom1aJ number of packmgs such that at least one is very close to the optimal. 

Packing Big Items with Linear Rounding 

Let Lb be the irems in L with size at least é? (btg items) and Jet L:. be the remaining items in 

L (small items). In this secuon we show how to do the hnear rounding for the big items and 

generate a pack.ing for them. 

The aJgonthm that packs the hsl Lb, which we denote by ALR· uses the linear rounding 
technique, presented by Fernandez de la Vega and Lueker [6]. and cons1ders only uems with 

size at least e2. The algorithm ALR retums a pair ('P8 ,l?), where 'P8 is a packmg for a list of 

\eT) b1g items and !P 1s a ser of packings for the remaining 1tems of Lb. 
For the use of the lmear roundmg technique, we use the followmg notauon. Given two hsts 

o f Jtems X and Y, let X 1 •...• XQ and Y1, •. . , YQ be the partltJOn of X and Y respecuvely in 

colors, v.here Xr and Y, have only !lems of color c for each c E [Q). \Ve wnte X =: }. 1f there 

IS an IOJCCliOn f, ·X,_, Yc for cach c E [Q] such Lhat c;( e) $ s(f(e)) for ali e E Xc . 
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For any instance X, denote by X the instance with precisely lXI items with size equal to 

the size o f the smallest item m X. Clearly, X ~ X. 
The Algorithm also uses the variant of the First-Fit (FF*) that we presented m section 6.4.2. 

The algorithm ALR is presented in Figure 6.4. It consists in the following: Let L 1 , . .. , LQ 
be the partition of the input list Lb into co1ors 1. .. . 1 Q and let nc = I Lei for each color c. The 

algorithm ALR sorts each üst Lc 1n non-increasing order of size and then partrtion the list Lc 
into at most 1V = fl /é3l groups L~. L~ .... , L~. where Lc = L~ li -. . IIL~. Each group has 

l n cê3 J items except perhaps the last Jist (with the smallest items) that can have less than l nct:3 J 
items. 

Let L8 = U~J L~. The algorithm generates a packing P 8 of the list La with cost at most 

O(t:)OPT(J) anda set W with a poJynomial number of pac.lángs for the items in L0 \La. The 

pack.ing P8 is generated by the algorithm FF* with bins of size 1. 

The algonthm generates a set o f pac.lángs Q, o f polynomial size, for the list (L f li· .. 11Lf1-
1 

11 -. !L 1,11 .. IIL~ - 1 ). Thrs can be done in polynomial time as the next lemma guarantees. 

Lemma o.S.l Given an instance I = (Lb, s, c, w. C, Q), where the number of disrinct items 

sizes of each color is at most a constant !YI, the number of differem colors is bounded by a 
constant Q and each item e E Ló has size se 2 t:2, then there exists a polynomial time algorithm 
that generates ali possible packings of Lb· Moreover, each b;n of each generazed packing has 

an indication o f the possible colors that may be used by further small items. 

Proof The number of irems in a bín ís bounded by y = l /E2
• The number of distinct type 

of items is bounded by MQ. The number of different configurations of bins is bounded by 

r'= ( 11 +~Q+ 1 ). lf we want to indicare the colors of small items that shouJd be packed in each 

configuration , the number of different configurations will be r = r'2Q , which is a constant. 

Notice that we only generate configurations that satisfy the color constnúnts. 

For each given configuration, we pack it with the smaJlest bin that has enough space to pack 

the configuration. The number of aJJ feasible packings JS bounded by (n~r), which is bounded 

by (n + ry, which in turn is polynoffilal in n. O 

Since L~ t L~+l, i= 1, . . , 1\tf- 1 for each calor c. it is easy to construct a pack.ing for the 

list LIII· .. IILt'll· . -IILbll· .. IIL~. given a packing for the list 

(Li li-· .IILf'-111·. -IILbll·. -IILzr-'). 
The following is vaJid for the packing PB of the list L 8 . 

Lemma 6.5.2 w(PB) < Qt:OPT(I). 

Proof NotJce that the algorithm FF• packs at Jeasr one r tem per bm and since IL8 1 :::; Qnt:3 and 

each nem h as size at 1east t:2 , we h ave IL 8 I :::; Qt:O PT (I). 
o 
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ALGORITHM ALR(Lb) 
lnput: List Lb with n items, each item e E Lb with size Se 2:: ~ 2 . 

Output: A pair (Ps, IP), where Ps is a packing <Uld IP is a set of packings, where PaU P' is a 
packing of Lb for each P' E 1?. 

I. Partition Lb into lists Lc for each color c = 1, ... , Q and let nc = !Lei. 
2. Sort each list Lc in non-increasing order of items size. 

3. Partition each list Lc into Nf ~ fl/c3l groups L~, L~ •. . . , L ~ 1 , such that 

L~ t L~+l, i = 1, . .. , M - 1 

where IL ~ I = qc = LncéJ for all i= 1, ... , M- 1, 

and I L~I ~ qc. 

4. Let La = U~ 1 L~. 
S. Let P B be a packing of L a obtained by the algorithm FF* with bins of size 1. 

6. Let Q be the set of ali possible packings over the list 

(Li li . .. 11Lf4 - 1 11 .. . IILb 11· .. li L~ -l ), according to Lemma 6.5.1. 

7. Let IP be the set of packings for the items in (Lfll·. -llLf111 .. -IIL~IJ .. . jjLy), using Lhe 

packings Q E Q. 

8. Return (Pa ,JP>). 

Figure 6.4: Algorithm to obtain packíngs for items with size at least e2
. 

Packing the small items 

67 

Observe that a1gorithmALR generates a packingfor very big items thatcosts at most QeOPT(I), 
anda set lP of packings for the remaíning big items. For a given packing P E JP, the algorithm 

marked colors of small items that should be packed in each bin of P. To pack the small items 

we use a solution given by a linear program. 

Let P = { B1 , .. . , Bk} be a packing of the list of items L0 and suppose we have to pack a 

list L5 of small ítems, with size at most e2, into P. The packing of the small items is obtaíned 

from a solution of a linear program. Let Ni Ç [Q] be the set of possible colors that may be 

used to pack the small items in the bin B~ of the packing P. For each color c E N,, define a 

non-negative variable x~ . The variable x~ indicates the total size of small üems of color c to be 

packed in the bin Bi. Denote by s(Bt) the total size of items already packed in the bin Bi and 

by w(Bt) the capacity o f bin Bi· Consider the following linear program denoted by LPS: 

i f-'!Bt.IOTECA CENTRAL 

. CÉSAR LATTES I CL,E'.\'OLVJMENTO DE 

J COLE<;Ao 
1 UNICAr'lfP 
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k 

max L L :r ~ 
t=l cEY, 

,c;( B,) -t L X ~ ~ u.lB ,) 'i i E [k) (1) (LPS) 
C"\ 

J.. 

L X~ :5 s(Sc) v c E (C). (2) 
1=-l 

wht:re Se 1s the set of smallt tems of color c in S . 
The construmt (1) guarantces that the items packed in each bin sattsfy its capacities and 

constraint (2) gua ttees that variablcs x~ is not greater than the total size of small items. 
G1ven a packm0 P, anda list L$ of smaU items, the algonthm first so.lves the linear program 

LPS. lild then packs small aems in the following 'A ay: For each vanable x ~ Jt packs, while 
poss1ble. the small ltems of color c mto the bin B ,, so that the total s1ze of the packed small 
nems 1s at most x~ . The poss•ble remaining smalJ items are packed using Lhe algorithm FF• 

mto ne'" bms of s1ze L Thc algorithm to pack small items has polynomialtime, smce Lhe linear 
program LPS can be solved m polynorrual time. 

The small items that are packed into new bins use al most 

ne\\ bms, smce each bm IS fi lled by at least (1 - .::2) except perhaps by at mos L r Q I Cl bi ns. 
The algorithm packs rhe small 1tems m each packmg P E IP'. In rhe end, the algorithm 

generates ::mother set of packings .IP' for all items. At least one of the gencrated packings has 
cost at most (1 + O(e))OPT(I) + {3, for a constant {3. The algorithm retums the packing with 
smallesr cost. 

Nov. we prove that the presented algorithm is an APTAS for the VCCBP. 

Theorem 6.5.3 Ler 1 = (L . s. c, u:. C , Q), be an instancefor tlte VCCBP problem. The pack­
ing P retumed by the algonthm satisfy u:('P ) $ (1 + O(e))OPT(J) + {J. where {3 is a conswnr. 

Proof Let O be an oprima! packing for mstance /. Let O' be Lhe packing WJthout the small items 
and w1th the big items rounded accordmg to the hnear rounding of algonthm Aut· Assume that 
each bin ol O' has an md1cation of lhe colors of small llems used in the corresponding bm of 
O. Clearl)' the padung O E Q except that it can use smaller bins than the ones used mO 

When the algorithm generates a packing P forthe hst Li li· . 11 Li'11l . . ji L ~II· . LPJ using 

the packing O' \\ ith ttems {L f 11 ·IIL1'
1

-
1 II . . . IILb ll · .. II L~ - 1 

) . 1t1s true that u.'('P) $ w(O) 
since in P wc probably use bins of smaller size for each gtven configuration of b1g items. 
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Let P = { B 1 , .. • • Bk}. Notice that we must have 

k 

w(O) ~ w(P ) + (s( Ls)- I: I: x~). 
t=l cEN, 

The total size of small items that are packed in to new bms is at most 

k 

(s(Ls)- L L x~) + IP IE2Q 
i=l cEN, 

The algorithm packs small items in bins of size 1 obtaimng a new packing P'. The total cost 

of the packing P' is 

w(P ') (6.10) 

(6. 11) 

(6.12) 

The last inequaJity follows from the fact that IPI ~ I O I and the smallest size of a bin is é. Usmg 

this result, Lemma 6.5.2 and the fact that Q is bounded by a constant we conclude the proof. D 

6.6 Experimental Results of the Practical Algorithms 

ln this section we provide experimental results for the algorithms MW, MW' and FFD pre­

sented in Section 6.3. As we mentioned 7 these algorithms were developed motivated by the data 

placement problem in video servers. This problem is a special case of the CCBP problem. AlJ 

these algorithms were implemented in C and we made a senes of practical tests with them. 

The instance set is constructed in some way to represent the real problem. A movie in 

MPEG format uses about 2Gbytes of space, and requires a transference rate of 3Mbits/sec 

(384Kbytes/sec) [lj . Suppose that the server uses dísks of lOOGbytes of capacity with trans­

ference rate of 60Mbytes/sec. In this case, each d1sk have storage capacity C = 50 and load 

capacity B = 160. 

We call single-disk server, the systems that are constructed in such a way that a ent1re copy 

of a movie is done m one disk. But most video se.rvers uses scriped-disks [l]. In this case, a 

vídeo is broken in lo several pieces and each one of these pieces is stored in a different disk. This 

is done to increase the number of requests that can be attended by the system and to balance 

the load capacity of the disks. Suppose for example that e ach dí sk have transference rate of 
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60Mbytes/sec and storage capac1ty of 100Gbytes. Theoretically a disk can support 160 users 
simultaneously. If we strip the movie along 3 disks, and assume that users requests over the time 
are distributed unifonnly among the three parts of the movie, then the striped-disk can support 
480 simultaneously users requests to this movi e. For our purposes, we can view each striped­
disk as one disk with storage capacity equal to 300Gbytes and load capacity equaJ to 480. In 
practice it is better to use striped-disks to balance requests. Consider for example, a single-disk 
server where a copy of a movie A is in disk 1 and a copy of a movie B is in another disk 2, and 
there are 320 requests for the movi e A and none to the movi e B. The system becomes unable to 
attend 160 requests to the movi e A. In a striped-disk system, where the first half part of movie 
Ais stored in disk 1 while the last haJf partis stored in disk 2, it can attend more users if their 
requests are distributed along the movie in such a way that requests are divided through the two 
d1sks. 

We generate classes ofinstances represented by a tuple (Q, N, T) . The value Q corresponds 
to the number of different movies (different classes) and we consider that Q E {250, 500, 1000}. 
The value N is the number of requests to the movies (number of items), and we assume that 
_l\.r E {5000, 10000, 20000}. Finally the value T corresponds to the system type, where T is 
C:.fUal [0 se for single-disk system or ST for striped-disk system. In the single-disk system, we 
have C = 50 and B = 160, and in the striped-disk system, we have C = 150 and B = 480. 

The requests for movies are generated using the Zipf distribution (14]. This distribution was 
used previously to generat.e data for video-on-demand systems [1]. This distribution have the 
property that the generated data have locality properties. In movie servers it is expected that 
recent movies are the most requested ones. It is expected that most of the requests goes to a 
small subset of movies in the server. The Zipf distribution have this property. Let r5 be a small 
positive number. The probability that the n-th movie among Q movies wil l be requested is Pn 
g1ven as 

where 

c 
Pn = n (lH) 

1 
c= --=-----

"'Q (1 1i(l+ó)). 
L.,t=l I 

As 8 increases, the distribution becomes more loca]ized andas r5 decreases the distribution 
becomes more uniformly. Considering Q = 1000, if r5 = 0.0, then 80% of the requests are to 
approximate1y 20% of the movies. If 8 = 1.0, then 80% of the requests are to approxirnately 
0.3% of the movies. When 8 = -1.0 we get the uniform distribution where each movie have 
the same probability 1/ Q to be requested. 

We present some experimental results in Tables 6.1 and 6.2. All results were obtained 
in a few seconds. In the tests of these tables, we generate data using 8 E {0.0, 0.5, 1.0}, N E 

{5000, 20000} and Q E {250, 500, 1000}. The lower bound is given by max{IQ/ Cl , f N/ Bl} . 
In Table 6.1 we consider single-disk system, and in Table 6.2 we consider the striped-disk sys-
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tem. We also pcrformed tesrs \.\.i th 1\' = 10000 but we do not present the resuhs here since 

we get sunilar results to the tests with X = 5000 and .\ = 10000 We observe that the FFD 

algonthm generate good resuhs and ll becomes better for lhe s·nped-d1sk. system. But in com­
panson wnh the \{\\' and ).!\\'' algonthms it performs worse. c;mce these algonthms generated 
optimaJ soluuons to ali tests. The ~1\\' and ~1\V' sho,., s to be vcry cffective algonthrns to be 

used m practtcal1nsumces to construct VIdeo-on-demand servers 

Ssog1e·Dsd. 250 Mo,ses 5000 RequesiS 500 Mo"ies 5000 Requ~ ~ 1000 Mo,ses 5000 Requests 

~lt.a A1gonthm Result Lower Bound Algonthm Result Lo~er Bound Algonthm Rrsull Lov.cr Bound 

FFD 32 FFD 34 FFD 42 
6 =0.0 MW 32 32 MW 32 32 MW 33 33 

MW 32 MW' 32 MW' 33 
FFD 34 FFD 19 FFD 48 

6 = 0.5 MW 32 32 !vfW 33 33 ~•w 36 J6 
t.!W 32 MW' 33 M\V 36 
FFU JH FFD 406 Fr-IJ so 

ó = 1.0 ~1\V 33 33 MW 34 3~ MW 37 2 37.Z 

M\\' 33 r-f\\'' 34 M\\'' 37 2 

Ssnglc:·DssJ. 250 Movse) 20000 Requesl ~ SOO Movtes 20000 Requ~ b 1000 Movs ~ 20000 Requens 

~lu Algonthm R~ult Lov. cr Bound Algoridun Resulr Lov.cr Bouml Algonthm Resuh Lov.er Bouod 
FFD 12S FFD 125 FrU 12~ 

6•00 ~I\ \ 1!5 125 I M\\' 125 125 MW 126 12(1 

~1\\" I~ MW 125 MW, 126 

FFO IZ6 FFD 1294 FFD 131! 

I 6=05 ~I\\ 1~ 6 126 !-lW 126 1:!6 ~I\\' lZb I :!E 

~I\\' IZ6 MW' IZ6 ~f\\ ' ' ll8 

1-FD 1:!8 FFD 133 FFD 143 

I 6= 1 0 ~I\\' 126 126 MW 128 128 MW 131 131 

~1\\" 126 MW' 128 MW' 131 

Table 6.1: Performance of the algonthms for Stngle-Dtsk. 
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Striped-Di$k 250 Movies 5000 Requests 500 Movies 5000 Requests 1000 Mov1es 5000 Requests 

Delta Algorithm Result Lower Bound Algorithm Result Lower Bouod Algorithm Result Lower Bound 

FFD li FFD 12 FFD 14 

8= 0.0 MW li li MW 11 11 MW li li 

MW' li MW' li MW' li 

FFD 12 FFD 13 FFD 16 

ó = 0.5 MW 11 li MW li 11 MW 12 12 

MW' li MW' li MW' 12 

FFD 12 FFD 14 FFD 17 

ó = 1.0 MW li 11 MW 12 12 MW 13 13 
MW' 11 MW' 12 MW' 13 

Smped-Disk 250 Movies 20000 Requests 500 Movies 20000 Requests 1000 Movies 20000 Requests 

Delta Algorithm Result Lower Bound A1gorithm Result Lower Bound Algorithm Resulr LowerBound 

FFD 42 FFD 42 FFD 43 

ó = 0 .0 MW 42 42 M W 42 42 MW 42 42 

MW' 42 '.1'W' 42 M W' 42 
·-FFD FFD 42 43 46 

ó = 0.5 MW 42 42 
f--

42 42 MW 43 43 

MW' 42 
f--

42 MW' 43 

FFD 43 { - 45 FFD 48 
ó = 1.0 :V!W 

f-.:-·· 
43 43 MW 42 42 ]\ ... 44 44 

MW' 42 ~ - 43 MW' 44 

Table 6.2: Performance of the algorithms for Striped-Disk. 

In Figures 6.5 to 6.9 we present graphics of the resuJts of the algorithms varying the disk 
storage capacity. The results are given in the y-axjs and the storage capacity of the bin is gíven 

in the x-axis. In ali these tests we consider the load capacity B = 160, the number of different 
movies Q = 250 and the nurnber of requests equal to 5000. In Figure 6.5 (resp. 6.6, 6.7, 
6.8, and 6.9) we use 8 equal to LO (resp. 0.5, 0.0, -0.5 and -1). In the graphics the MW' 

algorithm is denoted by MvV2. The Iower bound is given by max{fQ/ C l. rN/ Bl}. Notice 
that the problem becomes easier as the distribution o f requests becornes uniformly, i.e, the value 

of o decreases. When 8 = -1.0 ali algorithms generates solutions alrnost equal to the iower 
bound. Another point is that the problem is harder when the capacity is smal1, as one could 
expect. When the capacity becomes equal to approximately 10 the algorithms MW and MVv' 
produces optimal solutions. When we consider the capacity greater than 100, the aJgorithm 

FFD generates optimal solutions (for 8 equal to 1 and 0.5). The MW' algorithm generates 
better solutions than the MW algorithm in severa} instances for o equal to 1.0, 0.5, 0.0 and 
- 0.5. Generally the solutions generated by the algorithm MW' uses 2 or 1 less disks than 
1\1\V. Most of these better solutions were obtruned with capacities between 2 and 8. lt is also 

interesting to notice that the MW algorithm generates a better solution than the MvV' algorithm 
in one test, the one with o= -1 and capacity equal to 8. In this case the solution found by the 
Ivl'W' aJgorithm uses 34 disks while the solution generated by the MW algorithm uses 33 disks. 
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ln th1s paper we present approximation algorithms for the online and offtine class-constrained 

bin packing problem. The problem is motivated by applications in the data-placement problem 
to video-on-demand servers and applications in the cutting and packing area. For the online 
problem we provide lower bounds for any bounded space algorithm and we also present an 

algorithm for the unbounded version with approx.imation factor 2.75. For the offline problem we 
present practical approximation algorithms for two special cases of the problem, with conditions 
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Figure 6.8· Results w1th & = -0.5. 

already cons1dered in the lirerature: when all items have the same stze and the parametenzed 

verston of lhe problem. We also perform severa! tests wllh these pracncal algorithms. For the 
1nstances \\C constdered representmg practicaJ ones. the algonthms M\V and .M\V' obta.med 

opumal soluuons. At last. \'e present an APTAS for the spectaJ case where the number of 

dtfferent classes of the mput instance ts bounded by a constant. 
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Capítulo 7 

Artigo: A Note on the Approximability of 

Cutting Stock Problems 

G. Cintra2 F. K Mjyazawa3 Y Wakabayashi4 E. C. XavierS 

Abstract 

Cutting stock problems and bin packing problems are basically the same problems. They differ 
essentially on the variability of the input items. In the first, we have a set of ítems, each item 
with a given multiplicity; in the second, we have simply a list of items (each of which we may 
assume to have multíplicity 1). Many approxirnation algorithms have been designed for packing 

problems; a natural question is whether some of these algorithms can be extended to cutting 
stock problems. We define the notion of "well-behaved" algorithms and show that well-behaved 
approxirnation algorithrns for one, two and higher dimensional bin packing problems can be 

translated to approximatíon algorithrns for cutting stock problems wüh the same approximation 
ratios. The results we show include the existence of an asymptotic approximation scheme for 
the one-dimensional cutting stock problem and an algorithm with an asymptotic performance 

bound of 2.077 for the two-dimensional cutting stock problem. 

Key words: bin packing, cutting stock, approximation algorithm. 
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7.1 lntroduction 

Cutting stock problems are of great mterest, both from a theoretical and a practical point-of­
view. Their applications go from packing of items into boxes or containers, to cutting of fabrics, 
hardboards, glasses, foams, etc. The exact computational complexity status of these problems 
is unknown. lt seems that the decision versions of these problems may not be included in NP 

and that we can only assume that they lie somewhere below EXPSPACE. 

In this paper we show that some approximation algorithms for bin paclúng problems give 

rise to approximation algorithms for cutting stock problerns. More precisely, according to the 

typology proposed by Wascher, Haussner and Schumann [18), the problems we consider here 

are the Single Bin-Size Bin Packing (which we abbreviate by SBSBP) and the Síngle Stock-Size 

Ctttting Stock (which we abbreviate by SSSCS). In d-dimensional SBSBP problems, we are 

g1ven a list L of n items, where each item i E L is a d-dimensional parallelepiped. and we 
are asked to pack the elements of L into a minimum number of unit-capacity d-dtmensional 
parallelepipeds. The items have to be packed orthogonally and oriented in ali dimensions. 
Furthermore, no two items can overlap in the packing. In d-dimensional SSSCS problems, 
we are given additionally a (posttive integer) demand di (rnultíplicity) for each item i E L. 

Therefore, SBSBP problems can be considered particular cases of SSSCS problems, where ali 

demands are equal to 1. Note, however, tbat although an instance I for a SSSCS problem can be 

trivtally translated to an instance I' for the corresponding SBSBP problem, the size of I ' may 

be exponential in the size of I . This means that such a tnvial translation is nota good approach 
to tack.Je SSSCS problems. 

We denote by ISSSCS, 2SSSCS and 3SSSCS the one, two and three-dimensiona1 SSSCS 
problems, respectively; and by lSBSBP, 2SBSBP and 3SBSBP the corresponding SBSBP 
problems. For the latter, severa! approximatíon algorithms have appeared in the literature [12, 
7, 3, 1, 13, 6, 4, 5]. Curiously, despite the sirnilarity of the problems, we did not find refer­

ences to approximation algorithms for SSSCS problerns. Pioneering works on these problems 
were carned out by GiLmore and Gomory [9, 10, 11] in the early sixties, and since them many 
contnbutJons have appeared [14, 15, 16. 17]. We refer the readerto Cheng et al. [2] for a survey. 

In this note we discuss how to extend some approximat1on algorithms for SBSBP problems 
to approximation algorithms for SSSCS problerns through the notion of "well-behaved" algo­

rithm. In Section 7.3 we consider the lSSSCS problem. We define the concept of well-behaved 
algorithm and show that any well-behaved algorithrn for the lSBSBP problem can be trans­
Jated to an algorithm for the lSSSCS problem. In Section 7.4 we mention how to obtain similar 
results for higher dimensional SSSCS problems. We assume that the reader is famihar witb the 
aJgorithms for the lSBSBP problem we mention here: KF (Next Fit), FF (First Fit), BF (Best 
Fit), NFD (Next Fit Decreasmg), FFD (First Fit Decreasing), BFD (Best Fil Decreasmg), and 

HM (Harmonic). 
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7.2 Notation 

An instance I = (L, s. d) of the l SSSCS problem conststs of a hst L o f elements, in wh1ch each 

element e E Lhas size Se E (0, 1} and demand de E z+ ; thus s = (se)c:eL and d = (de)eEL· 
The number of icems m the mstance I , wtuch we denote by 11 111 . is the sum L:eeL de. That is, 

the number of items ts at least the number of elements of L. The demand de of an element e 

indjcates thatthcre is a multiplicity of de iterns of the element of size se . We say that an item ~ 

corresponding Lo an element e E L is an item of rype e. That is, tn the mstance I there are de 
1 tems o f type e. 

For any structu re T, we denote by (T) the size in bits of the representation of T. Given k 
li sts Q1 . • .. , Q~.:. whcre Qi = (ai, ... , a~J. we denote by Q = Q1ll·. -II Q,_. lhe concatenation 

of these lists, defined as the li st Q = (af , .. . , a~ 1 , •• • , af , . . a~ k) . The number of e lements of 

a list ora set S ts denoted by I SI. 
I f L = (a 1 ••••• an) then expand(L. s . d) denotes the llst L' = (s ~ , .. . , s~, .. . . , sj, . . , sd, ), 

where s~ = s(a,), fo r 1 :5 j < di. Gtven an instance L' of the lSBSBP problem, we denote by 

condense(L') thetnple (L,s, d), where L'= expand(L ,s, d) and ILi ts mimmum. 

For a gtven instance I = (L. s. d). a one-dimensional bin B can be represented (or de­

scribed) by a pair (La. ds) . where Ls Ç L, O ~ d8 (e) < d(e) for each e E La. We say that 

such a pair (L8 • d8 ) is a bin rype for I. C1ear1y, (B ) is bounded by a polynorrual in (1}. 

The eq-panition (equal parti tion) of a líst Q is the list (Q1, . . , Qk) , where k is rninimum 

and (i) Q = (Qdl -.. IIQ.~.- ) ; (ii) e' = e" for e' , e" E Q,, 1 <i < k. This definition also applies 

to llsts whose items are bms. 

7.3 One-dimensional Single Stock-Size Cutting Stock Prob­
lem 

The one-dimensional single stock-size cutting stock (lSSSCS) problem can be de fined as fol­

lows: 

Problem 1 (lSSSCS) Given an instance I= (L , s, d ) as defmed above, fmd a packing of the 

irems in 1 into the minimum number ofunit-capacity bins. 

A natural approach to obtain approXJmation algorithms for the lSSSCS problem is to adapt 

k.nown algorithms for the lSBSBP problem. As we mentioned beforc, the naive approach that 

transfonns a given instance I for the ISSSCS problern into the list expand(J ) and appltes an 
algorithm for the lSBSBP problern on this list IS ftawed as both expnnd(J) and the size of 

lhe packmg that is produced may be exponential m the size of I . Of course, expansions of I 
ma} be easily avoided, so the rnain concem is whether we can adapt the algorithms soas to 
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produce solutions with shorr descriptions (that is, descriptions that are polynonual m the size 

of l). Putting in a more general setting, we would like to address the following question: which 
properties should an algorithm for the lSBSBP problem sati sfy in order to be transformabJe 

into an algorithm for the lSSSCS problern that produccs a packing with a short descriptíon? 

In what follows, we define the notion of well-behaved algorithrn, and give an answer to this 

question. 

Definitioo 7.3.1 An algorithm A' that receives an inpta list L' for the lSBSBP problem is 

well-behaved if ir satisfies the following two propenies: 

Pl. STABLE ÜRDER PROPERTY. The algorithm packs consecutively the equal-sized items that 
are consecutive in the inputlisz L'. More precisely, if ( L~, ... . L~) is an eq-partition of L' 

then the algorithm packs the items of each L~ consecutively. Fonnal/y, we may consider 

that the algorithm behaves as follows: 

1.1. Take (L", s , d) .= condense( L'). 

1.2. Take L:= e:~;pand(L"' , s, d). where L"' is a pennuration of L". 

1.3. Pack the items following the arder given by L. 

P2. GROUPING PROPERTY. To pack an item, the algorithm does the following. 

2.0 Suppose (L1 , ... , Lp) is an eq-partition of L, where L ís the list mentioned in the 
previous property. Tlte algorithm A' packs firsl the lisz L 1 . 

2.1 Before packing rhe first item o f a list Li, 

2.1.1. let B = (B1, B2 , ... , Bk ) be the list of e.xisting non-empty bins, in the order 

they were generated. 

2.1.2. Let (81 , . .• , Bq) be the eq-partition of B. 

Each lisl B; = (B) .. .. , s;i) is said to be a group. 

2.1.3. Let Bq+l be a group with sufficiently many empty bins. 
11 New bins are obtainedfrom this group. 

2.2. To pack Lhe first item e E L 1, 

2.2.1. the algorithm packs e into a bin BJ E 8 1, for some J, such that either j < q 
or (j = q + 1 and t = 1). 

2.2.2. Now s; becomes the current bin and 81 the current group. 

2.3 While the list Li is non-empty, to pack the next item e E Lt., 

2.3.1. if possible, packs e into the current bin B~. 

2.3.2. !f A' fails in the previous step and B~-rl E B; then A ' packs e into s;+1
. 

Now, Bj+1 becomes the current bin. 
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2.3.3. /f A farls inthe previous step, A' packs e mro a bin 8 1 .for some group 8 1,_ 

No~ .. : BJ, becomes the cu"ent bin and B; tlze currem group. 

lt 1s not hard LO check thaL XF, FF. BF. HM. :\FD. FFD, and BFD ::tre u.ell-behaved 

algonthms O\\ usmg Lhis fact, and the concept of a short descnpt1on of a packing, define-d 

below, u.e can denve our tirst result. 

Definition 7.3.2 Ler l = (L.~. d) be an instancefor tlle lSSSCS problem and 'P a packing of 

I . A dcscripuon of'P is a lisr 'D ofpairs (B, bB). where B =(La, ds) is a bin rypefor I and bs 
the mulriplicity of the bm type B in the packing 'P; and if Bc is the mnnber of irems of type e 

in the bJ" ' tlum l:(B,bo)EC bnB(' = de for any e E L. We say th.at Vis a short descnption if 

the bm typt!.l B are ali distinct and ('D) is polynomially bounded in (l). 

Theorem 7.3.1 Ler I be an i1zstance for the lSSSCS problem alld A' all algorithm for rhe 

lSBSBP problem Jf A' i~ well-belzaved, then there exlSls a polynomwl Time algoritlun A rhat 

p1uduces a pa,kmg thar is precisely the pacl..7.ng produced by A ' 011 the /ist expan.d(f), dif!ering 

possibl) only on rhe description of rlze packing. 

Proof Let 1 = (L " d), and L' be the permutatton of expand(/) that JS obtruned as a conse­

quence o f the Mable order propert )' P 1, after applying .,..\' to expand (I ). Assume that {L 1 ..... Lk) 

is lhe eq-paniuon of L'. 
Let (81• Bq ) be ::m eq-partitJon of lhe bms generated by algonthm A' for the Jtems 

L 1 I IL and letBq+t be a hst of sufficientJy many empty bms. Clearly, Lhe algorithm A may 

use a shon descripuon of (8 1 , 8 9 ). Now, consider lhe packing oi the nems of the hst Li+t· 
To pack lhe first item of Lt+l• Lhe algorithm chooses a bin s; of a group B, = (BJ 1 ••• I B;J ), 
wherc J ~ q + 1. and trics to pack the items of Li+1 in lhe bms (D5, ... , n;J ). consecutively. 

If H fall s h 1J..ICk ali items o f Lt+ 1 in these bins , it continues in the same fashion moving to the 

first bin of nnother group. 

Supposc that 8 11 • • •• B,,. is the sequence of groups in the list B = (81, ••• , Bq+ 1) (of bins) 

in whtch the algorithm A' has packed the items of L~+ I> in the order the packing has occurred. 

Smce A' ts a wcll-bchaved algonthm, it packs tbe items in consecutive bms of cach group. First 

suppose thatn -.... 1 Jn this case, after packing lhe ttems of L,+1 m the group 8 11 , the number 

of different bm~ mcreases by at most 1 (note that lhe packmg of the 1tems may start m any of 

rhe bms of the group). After packmg items of L 1 _ 1 in Lhe groups 8,:, . 8 ..,_ 1 • the number of 

dtfferent bms does not mcrease. After packing lhe remammg 1tems of L,T1 m the group B:-,.,, 

the number of btns mcreases b} at most 2. Therefore, the number of d1fferent bms after packing 

the \\ hole hst L .,.1 mcreases by at most 3. When m = 1, the number o f d1fferent bins mcreases 

by at most 2. 

Nottce that wtth a st mple calculation, the algorithm A can figure out how many items of 

L1+l can bc packed 10 a bin of a group Bi and how many bins of this group tt uses to pack 
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these items. After packing ali the Jists LI> . _ .. Lk. we can conclude that the number of different 

bins is at most 3k. Th1s shows thar (mirnicking the behav10r of algorithm A') we may design a 

polynomial ume algorithm A that produces a pack.ing that has a short description. O 
Denote by :'\Fo., FFcs, BFcs , Hz..~ cs , XFDcs, FFDcs and BFDcs the algorithms NF. FF, BF, 

H ~ 1 • NFD, FFD and BFD, respectively, adapted for the lSSSCS problem that generate pack­

tngs with short dcscriptions. 

Corollary 7.3.2 The algorilhm NFcs (respectively NFcs, FFcs. BFcs, HMcs· :.J'FDcs. FFDcs and 

BFDcsJ has asymptoric perfomlance bound 2 (respeccively 1.7, 1.7, 1.691 .... 1.691 ... , 11/ 9 
and ll / 9). The boundfor HMcs holds when NI-+ oo. 

Considering the same ideas of short descripuons presented for the well-behaved aJgorithms, 

we may also convert the AFPTAS ofFernandez de la Vega and Lueker [7] into an AFPTAS for 

the lSSSCS problem. That ts, the following resull holds. 

Theorem 7.3.3 There exisrs an AFPTAS for the lSSSCS problem. 

7.4 Two and Higher Dimensional Single Stock-Size Cutting 
Stock Problems 

An instance I = (L , w, h, d) for the 2SSSCS problem consists of a hst of eJements L, each 
element e E L wi th WJdth We E (0, 1}, height he E (0, 1] and demand de E z+. Most of the 

notation we used in the context of the lSSSCS problem can be extended easily to the context of 

2SSSCS, as for example, e:rpand(L , w, h, d), condense( L), etc. For this problem we can also 

define the concept of well-behaved algorithm. Although better defimttons may be given, we 

present a simple definition of well-behaved algorithm for the 2SSSCS problem, as this can be 

extended easily to higher djmensions. 

Definition 7.4.1 An algorithm A rhat receives an inputlist L' for lhe problem 2SBSBP is well­

behaved if it satisfies the following properries: 

QI. STABLE O ROER PROPERTY. The behavior o f the algoritlun can be described as follo~vs: 

1.1. Take (L" ,w,h.d) := condense(L'}. 

1.2. Take L := expand(L111
, s. d), where L"' is a pennulation of L". 

1.3. Pack rhe iremsfollowing rhe order givell by L. 

Q2. LEVEL ORIENTED PROPERTY. The strategy used by the algorithm lo produce a pack.ing 

is che following · 
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2.1 Thc algonrlzm generares a lisr C of leveiJ using a u e/1-belta\•ed al~orirhm for the 

ISBSBP problem. 

2.2 The algonrlzm uses a well-behaved algorithm for rlze lSBSBP problem to pack the 
le\ eis of C inro unir-capacLry rwo-dimensional bins. 

Theorem 7.4.1 Ler 1 be an mstance for the 2SSSCS problem and A ' an algorirhm for the 

2SBSBP problem. /f A' is a ~~ell-behaved algoritlzm. rhen r/lere extsts a polynomialtime algo­

rithm A tlwt produces a packing rhar is precisely the packing produced bv the algoritlun A' on 

the lisr cxpand(l), differing possibly only on the descriprion ofthe packing. 

One or the mosr famous nlgorithm for the 2SBSBP proble m is the algori thm HFF (Hybrid 

Ftrst F1t), presented by Chung, Garey and Johnson [3] . These authors proved that HFF has an 

asymplotic perfonnance bound o f 2.125, and ]ater Caprara [I) proved that thi s algorithm has an 

as} mptouc perfonnance bound o f 2 077 . .. Frenk and Galambos [8] proved that the next fi r 
vanant of the algonthm HFF, \\ h1c h we denote by HXF, has an asymptotic performance bound 

of 3.382 The algorithm wuh the best knov.'n asymptouc performance bound for 2SBSBP, 
wh1ch we denote by HC, JS due 10 Caprara [1] and has bound 1.691 .... These three algori lhrns 

are hybrid and use algorithms for lhe lSBSBP problem to pac k 11ems mto leveis and le.,.els mto 

two-dJmensJonal bms. M oreover, ali algorithms for the 1SBSI3P problem used as subroutines 

have a corresponding version for lhe lSSSCS problem. g1"en by Corolla.T) 7.3.2 or by Theorem 
7.3.3. 

CorollaQ 7.4.2 There exisrs an algorirhm H:\Fcs (resp. HFFcs. IICcs) with asymptotic perfor­
mance bound 3 382 ... ( resp 2 077 . . . , 1.691 .. ) for the 2SSSCS problem. 

Most of thc idcas presented here can also be extended to higher dimensions. In particular, 

the 4.84-approxímation algorithms of Li and Cheng [13] and of Csirik ;.md van Vliet [6] can 

be translated lo a lgorithms for the 3SSSCS problem, as they generate pac kings that consist of 

leveis. We can prove that these algorilhms are well-behaved and thal thc followmg holds. 

Corollary 7.4.3 Tltere e;.ist algorithmsfor the problem 3SSSCS with asymprotic perfonnance 
bound .t ~ 
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Artigo: Algorithms for Two-Dimensional 

Cutting Stock and Strip Packing Problems 

Using Dynamic Programming and Column 

Generation 

G. Cintra2 F. K. Míyazawa3 Y. Wakabayasht4 E. C. XavierS 

Abstract 

We investigate severa] two-dimensional guiJJotine cutting stock problerns. We restrict our at­
tention to the variants of these probJems where the cuts are k-staged. We also consider the 
variants in which orthogonal rotations are allowed. We first present a dynamic programming 

based algorith.m for the Rectangular Knapsack (RK). Using this algorithm we solved aJJ in­
stances of the RK problem found at the OR- LIBRARY, including one for which no optimal 

soJution was known. We also consider the Two-dimensional Cutting Stock (2CS) problem. We 

present a column generation based algorithm for this problem that uses the first algorithm above 
menrioned to generate the columns. We also investigate a variant of this problem where the bins 
have different sizes. At last, we study the Two-dimensional Strip Packing (SP) problem. We 
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also presenr a column generation based algonthm for this problem that uses the sccond algo­

rithm above mentioned where staged parterns are imposed. In th1s case we sol"e instances for 

two-. three- and four-staged patterns. We report on some computat1ona1 expenments with the 

algonthms of this paper. The results indicate that these algorithms seem to be suitable for soh­

ing real-world mstances. We give a detailed descripuon (a pseudo-code) of ali the algorithms 

presented herc. so that the reader may easily irnplement these algonthms. 

Key words: column generation, cutting stock, guillottne cutting, dyna11Uc programrrung, 

two-dimensional packmg, strip packing 

8.1 Introduction 

Many industries face the chal lenge of finding solutions that are the most econornical for the 

problem of cutting Jarge objects to produce specified smaller objects. Very often, the Jarge 

ObJects (bins) and the small objects (items) are two-dimensional and have rectangular shape. 

Besides that, a usual resuiction for cutting problems is that m each object we may use only 

guill01me cuts, that is, cuts that are parallel to one of the sides of the object and go from one 

s1de to the opposite one; problems of this type are caJied two-dimensional guillotine cutting 

problems. Another usual restnction for these problems are the staged cuts. A k-staged cutting 

is a sequence of at most k stages of cuts, each stage of which is a set of parallel gulllotme cuts, 

perfonned on the obJects obtained in lhe previous stagc. Clearly, the cuts in each stagc must be 

orthogonal to the cuts in the previous stage. We assume, without loss of generality, that the cuts 
are infinitely thin. 

In what follows, we define the problems we consider in this paper. In ali of them, we assume 

that at most k stages o f gui llotine cuts are allowed, even i f is is not explicltely menttoned. 

In the Recwngular Knapsack (RK) problem we are given a rectang1e B = (W, H) with 

width W' and height H, and a list of m items (types of rectangles), each item i with width wi, 

he1ght h1 , and value v1 (i = 1, . .. , m). We wish to determine how to cut the rectangle B, so 

as to maximize the sum of the values of the items that are produced. We assume that many 

cop1es of the sarne Item can be produced. We denote such an instance by I = (H·, H , w, h. v). 
Here, as well in the next problems. we assume that w = (u-'1, . . , wm). h = (h1 , ... , hm), 
and d = (d1•. . , dm) are Li sts. We use ( ) to represent an empty list and the operator 11 to 

concatenale li sts. 

The Two-dimensional Cutting Stock (2CS) probJem is defined as follows. Given an unlim­

Jted quanuty of two-dimens1onal bms B = (W, H ), w1th width H' and height H. and a hst of 

m 1tems (small rectangles) each item 1 w1th dimensJOns (w,, h1 ) and demand d, (z = 1,. . . m), 

detenntne how to cut the smaUest number of bms B soas to produce d, unit1es of each item z. 
An instance for the 2CS problem is denoted by I= ({r H. w, h, d). 

We also consider the 2CS probJem with variable bm sizes, that will be denoted by BPV. 



8.1. Introduccion 89 

This problem 1s stmilar to the previous one: the difference is that we are now given a list of 

two-dimensional bín types B1, .. . , Bt" each bin type B1 with dimensions (vVJ, HJ) nnd value 

'0 (there is an unlimited quantity of thern). We want to determine how to produce dt unities of 

each item i, 1 :::; i $ m, soas to minnnize the sum of the values of the bins that are used. Such 

an instance for this problem is denoted by I = (tv. H. 11, W, h, d), where w = (lVl' . .. vVb) . 
H= (H1, ... , Hb ) and V = (ví , ... , Vb) · 

The Two-dimensional Strip Packing (SP) problem is the following: given a two-dimensional 

strip with width l1V and infinite heigbt, and a list of m items (rectangles), each item i with 

dirnensíons (wi> hi) and demand du 1 :::; i :::; m, determine how to produce dt unities of each 

item i from the strip, soas to minimize the height ofthe part of the strip thaL is used. We require 

that the cuts be k-staged, and that in the first stage (in which horizontal cuts are performed) the 

dístance between any two subsequent cuts must be at most H (a commom restnction in practice, 

imposed by the cuning machines). An instance as above wiJJ be denoted by I = (W, H, w, h, d) . 
For ali these problerns, we consider variants with orthogonal rotations. Unless otherwise 

stated, we assume that the items are oriented (that is, rotations of the 1tems are not allowed). 

The variants of these problems in which the Jtems may be rotated orthogonally are denoted 
by RKr, BPr, BPVr and spr . We also assume that, in ali instances the items have feasible 

dimensions, that is, each o f them fit into the given bin ( or some bin type) or strip. 

Thls paper focuses on algorithms for the problems above mentioned. They are classical 

hard optimization problems, interesting both from theoretical as well as practical point-of-view. 

Most of them have been Jargely investigated. In the next sections we discuss these problems 
and rnention some of the results that have appeared in the literature. 

We cal I each possíble way of cutting a bin a cutting pattern (or simply pattem). To represent 

the patterns (and the cuts to be performed) we adopt the convenuon that is generally used in this 

context. We consíder the Eucljdean plane R 2, wíth the xy coordinate system, and assume that 

the width of a rectangle is represented in the x-axis, and the height is represented in the y-axis. 

We also assume that the position (O, O) of this coordinate systern represents the bonom left 

comer of the bin. Thus a bin of width W and height H corresponds to the region defined by 

the rectangle whose bottom left comer is at the positíon (O, O) and the top right comer is at the 
position (W, H ). To specify the position of an item i in the bin, we specify the coordinates of 

its bottom left comer. Using these conventions, it is not difficul t to define more formaJiy what 

is a pattern and how we can represent one. 

A guillotine pattern is a pattern that can be obtained by a sequence of guillotine cuts applied 

to the onginal bin and to the subsequent small rectangles thaL are obtained after each cut (see 

Figure 8.1). 

Many practical applications have restrictJons on the number of cuttíng stages to obtain the 

final items. especially when the cost of the material to be cut is Low compared to the industrial 

cost involved in the cutting process. We say thal a paUern is k -staged if it is obtained after 
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Figure 8. 1: (a) Non-guillotine pattern; (b) Guíllotine pattem. 

perfonning k stages of cutting (an eventual additional stage is allowed in order to separate an 
item from a wasted area) . In Figure 8. l (b) we have a 3-staged (guil lotine) pattem (We consider 

that the gray areais a wasted area). Following other papers in the literature (see [1 2, 13, 46]), 

we assume that the first cutting stage is performed in the horizontal direction. for ali problems 
on staged pattems. 

This paper is organized as foJJows. In Section 8.2, we focus on the Rectangular Knap­
sack (RK) problem, where we present dynamic programming based algorithms to obtain exact 
solutions for i L 

Section 8.3 is devoted to the Two-climensíonal Cutting Stock (2CS) problern. We describe 
two algonthms for il, both based on the column generation approach. One of them uses a 

perturbatíon strategy to deaJ wi th the residual instances . We also consider the variant of the 2CS 
problem in which orthogonal rotations are allowed. In Section 8.4 we study the BPV problem, 
a variant of the 2CS problem where bins may have different sizes and values. In Secuon 8.5 we 
study the Strip Packing (SP) problem. All algorithms based on the coJumn generation approach 

we presem here rnake use of the exact algorithms of Section 8.2. 
FinaJly, 10 Section 8.6 we report on the computational results we have obtained with the 

presented algorithrns, and in the last section we make some final remarks. The computational 

tests show that the algorithms we describe here find solutions for medium size instances that 
are very close to the optimum in small amount of time. 

Observation: The results of this paper is an extension of the work done by Cintra [18], 

where he presented column generation algorithms for the non-staged versions of the problems 
RK, 2CS and BPV. In thts paper we extend his work to consider staged panerns and also to the 

SP problem. A paper containing the results presented here and the results presented by Cintra 
[18] was submined to a joumal. 

8.2 The k-staged rectangular knapsack problem 

The Recrangular Knapsack (RK) problem has been largely investigated since the sixt1es. Gilmore 
and Gomory [27, 28] studied this problem (on guillotine cuts) and they also introduced in 1965 
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the variant wJth k-staged cuts [29] . In 1972, Herz [31] presented a recursive algorithm to obtam 

pattems, called canonicaJ, making use of the so-caJJed discretization points. Christofides and 

Whitlock [15] showed a dynamic prograrnming approach to compute the discretization points. 

Some papers also consider exact tree search procedures [7, 39] for this problem. ArenaJes 

and Moráb1to [3] proposed an exact branch and bound aJgorithm using an and-or-graph search 
approach for non-guiJJotine pattems. 

Wang [47] proposed an algorithm that generates cutting patterns combining smaJler pieces 

of pattems. Beasley [5] proposed a dynarruc programming approach usmg the discretization 

points o f Herz for borh the non-staged and the staged versions of the problem. Recently, Belo v 

and ScheJthauer [8] presented a branch and cut algorithm for a vatiant restricted to 2-staged 

(oriented) patterns. Lodi and Monaci [36] aJso investigated the 2-staged versíon. For the variant 

in which ali items must be packed at most once, Jansen {33] obtruned a (2 + e)-approximation 

algorithm. 

We describe now the algorithms we implemented for the RK problem. For that we present 

first some concepts and resuJts. We basically implement the recurrence formulas proposed 

by Beasley (using dynamic programming) combined with the concept of dlscretization points 

defined by Herz [31]. This approach seems to be very effective: we could solve an mstance of 

the OR-Library whose optimal soluuon was unk:nown. 

Let I = (M', H, w, h, v) be an instance of the RK problem. We consider that W, H, and the 

entries of w and h are ali integer numbers. If thís is not the case, we can obtrun an equivaJent 

integral instance sirnply by muJtipJying the widths and/or the heights of the bin and of the Hems 

by appropriate nurnbers. 

A discrelization poim ofthe width (respectively o f lhe heiglu) is a vaJue i :::; W (respectively 
J ::::;- H) that can be obtained by an integer conic combination of w 1 , .. . , Wm (respectively 

h1 , .. ·, hm). 

We denote by P (respectively Q) the set of all discretization points of the width (respectively 

height). Followmg Herz, we say that a canonical panem is a pattern for which ali cuts are made 

at discretization points. 

We note that it suffices to consider only canonical panems (for every pattem that is not 

canonical there is an equivalent one that is canonical). To refer to them, the following functions 

will be useful. For a rationaJ X < rv. let p( X) := max (i I i E P, i < X) and for a rationaJ 

y $H, let q(y) ·= max (j I J E Q, j < y). 
We denote by V (vV, H, k, V ), (respectively V(W, H , k , 1t)) the value of an optimal canoni­

cal guillotine k-staged partem for a rectangle of dimensíons (\11. H) where the first stage of cut 

is done in lhe vertical (horizontal) direction, i .e, the parameters 1t and V indicate lhe direction 

o f the first cutting stage: either honzontal or vertical. The recurrence formulas to calculate these 

vaJues are given in what follows. In this formula, v(w, h) denotes the value of the most valuable 

ítem that can be cut in a rectangle of dirnensions (w, h); it is O if no item can be cut in such a 
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rectangle. 

V(w, h. O, V or 'H) = v(w, h) 
V(w,h. k, V)= max{V(w. h, k -1, 'H), (V (w', h, k- 1. 'H)+ V (p(w- w'), h, k , V) I w' E P, ul $ w/2}. 
V (w, h. k.1f) = ma.x{V(w, h, k -l, V), (V(w, h' , k -l, V)+ V (w.q(h- h') . k , 'H) I h' E Q. h'~ h/2)}. 

8.2.1 Discretization points 

In thJs section we present, for completeness, an algorithm, called DDP (Discretization using 

Dynamic Programming) to find the dtscretization points of the width (or height). The aJgorithm 

is already known m the literature anda detailed description of this algorithm and other ones to 

generate discretization points can be found in [18]. 

The presented algorithm finds the discreúzations poims of rhe width. To find the discretiza­

uon pomts of the height, it is only needed to cons1der the heigbt of the items, msp1te of the 

w1dth and to consider the height of the bin. The basic idea of this algorithm is to solve a knap­

sack problem in wh.ich every item i has weight and vaJue w1 (i = 1, .. . , m), and the knapsack 

has capactty W. The well-known dynamic programming technique for the knapsack problem 

(see [23]) finds optimal values of knapsacks with (jnteger) capacities taking values from 1 to 

tV. Ir is easy to see that j is a discretization point if and only if the knapsack with capacity j 
has opnmal value J. 

Input: W, WJ, . . . , 'Wm· 

Output: a set P of discretization points. 

p = {0}. 
For J =O to W do Cj =O. 
For i = 1 to m do 

For J = wt to W 
If c1 < c1-u:, + W 1 then c1 = c1-w, + wl 

For j = 1 to 1-V 
If Cj = j then P =PU {J }. 

Return P. 
Algorithm 8.1: DDP 

We note that the algorithm DDP requires time O(mW ). The algonthm DDP is suited for 

mstances m which H! is not very large. In aU the computational tests, presented in Sectjon 8.6, 

we used the algorithm DDP to generate the discretization points. 
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8.2.2 The k-staged RK problem 

In thts section we present an exact algorithm to solve thts problem and a vanant v.·here rotations 

are allowed. 

Let I = (ll". H. w, h. u) , wjth u: = (u'l· . ... W111 ), h = {llJ , .... hm) and t' = (vi, . .. , Vm), 
be an instance of the problem RK. 

We denote by P (respectively Q) the set of ali dJscretizauon pomts of the width (respec­

tively height). We denote by v(w, h) the value of the most valuable item that can be cut (orbe 

obtained wi thout any c ut) from a rectangle of ctimensions (w, h). orO tf no item can be c ut (or 

be obtained). 

We describc in the sequei the algorithm SDP (Algon thm 8.2) that solves the recurrence 

formulas proposed for the k-staged RK problem. In the descnption o f th1s algorithm we assume 

that the lirst stage of cuts is done m the horizontal direction 

Let Wmin (respectively hmm) be the minirnum \\ tdth (he1ght) of the items in the instance. 

Let P0 be lhe set o f valucs ~ E P sue h that i < W - Wmm• and let Q0 be the set of values J E Q 
such that J < H - hmm. Let P1 = Po U {11' }, and Jet Q 1 = Qo U {H}. We can use the sets P1 

and Q1 mstead of the sets P and Q m the above recurrence Jnd posstbly obtam an tmprovement 

tn the time to solve 1L, smce no 1tem can be to the right (respecti vely to the top) of a vertical 

(respectJvely horizontal) c ut done in a position greater than 11\f - Wm,n (H - hmm). 

We have designed the algorithm m such a way that a pattem corresponding to an optimal 

so]ution can be easi ly obtained. For that, the algorithm stores 1n a matrix, for every rectangle 

of width Pt E ? 1 and he1ght q1 E Q1 , which is the direcuon (horizontal or vertical) and the 

posi tion o f the first guillotine cut that has to be made in this rectangle. In case no cut should be 

made in the rectangle, the aJgonthm stores the item that corresponds to this rectangle. 

When the algorithm SDP halts, we have that V(k, 1.,j) contains the optimaJ value that can 

be obtained in k stages for a rectangle with dimensions (pi, Qj). Furthermore, guillotme(k, i,j) 
mdicates the direction o f the first guillotine cut, and position(k, z, J), stores the corresponding 

position (i n the x-ax1s o r in the y-axis) of the first guilloune cut. I f guzllotine(k, i, j) = nil, 
then no cut h as to be made in this rectangle. In this case, ztem( i, j) (i f nonzero) iftdicates which 

item corresponds to thi s rectangle. The value of the optimal soluuon will bem V (k, r, s), where 

r= JPd and s = JQIJ. 
The algorithm calculares the best solutions for the 1-staged problern and then uses this 

informauon to calculare the best solutions of the 2-staged problem and so fonh. There may 

be a stage in wh1ch no cut has to be made: that happens when lhe best solution of a g1Ven stage, 

say l, is the best solution of the prev10us stage l - L In thts case, the value 'P' is stored in the 

corresponding entry of gutllotme, mdJcating that the soluuon JS given by thc previous stage. 

Consider that T > s. The attributions of value to lhe vanable t can be done in O (log r) time 

by using binary search in the set of the discretization points. But we can use a vector X (resp. 

Y), of s1ze \F (resp. H), and let X , (resp. Yj) contain p(i) (resp. q(J')). Once the discretízation 
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Input: An instance I = (W, H, w, h, v, k) of the k-staged RK problem. 

Output: An optímal k-staged solution for I. 

Letpt < . . . < Pr. be the points in P1 . 

Let ql < .. . < q5 , be the points in Q1. 

For i = 1 to r-

For j = 1 to s 

V(O, i, j) = max ( {vt 11 :::; f ::; m, Wf -.5: p1 and ht ::; q, } U {O} ). 

Capítulo 8. 

item(O, i, j) = max ({f Jl :::; f ::; m , W J < Pi. ht ::; qi and V f = V(1, i, j)} U {O}) . 
guillotine(O, i, j) = nil. 

If k is even then A= 'H ' else A= 'V' 

For l = 1 to k 

For i = 2 to r 

'H' . 

For j = 2 tos 
V(l, i, j) = V(l- 1, (j) 
guillotine(l, i,j) ='P' 
If A= 'V' then 

n = max (f I 1 ::; f :::; s and qf ::; l ~ J). 
For y = 1 to n 

t = max (f I l ::; f ::; s and qf :::; % - qy). 
IfV(l,i,j) < V(l-l,i , y) + V(l,i , t) then 

V (l, i, j) = V(l- 1, i, y) + V (l, i, t), position(l, i, j) = qy and guillotine(l, i, j) = 

Eis e 

n = max (f I 1 :::; f :::; r and p f :::; l1-J ) . 
For x = 1 to n 

t = max(f 11::; f::; r andpf::; Pi - Px)­
If V(l , i, j) < V(l - 1, x, j) + V (l, t, j) then 

V (l,i,j) = V(l -l ,~c,j) +V (l,t,j),po s iti on(l,i,j ) = px andguillotine(l,i,j) = 

'V'. 

If A= 'V' then A= 'H' else A= 'V' . 

Algorithm 8.2: SDP 

points are caJculated, it requires time O(W + H ) to determine the values in the vectors X and 

Y . Using these vectors, each attribution to the variable t can be done in constant time and leads 

to an implementation of the algorithm DP, using DDP as a subroutine, with time complexity 

O(ml-V + mH + ( ~ )(r~s) + ( ~ )(r ~
2

)) . In any case, the amount of memory required by the 

algorithm SDP is O(krs + W + H) . We use this strategy in our implementation. 

We can also use the a]gorithm SDP to solve the k-staged RKr problem, in which orthogonal 
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rotauons o f the ttems are aJ lowed. For that, for each item i in I. o f w1dth w1 , he1ght ha and value 

l'1 • we add another 1tem of w1dth h~> height W1 and value t., \\hcnever w, =r hu w, $ H and 

h, < H'. Wc denote the corresponding algorithm for thJs case hy SDPr 

8.3 The 2CS problem 

We focus now on the Two-dimensional Cutting Stock (2CS) problem. Gilmore and Gomory [27, 

28, 29] 10 the early stxttes were the first to propose the use of the column gcneration approach 

for this problem. They proposed the k-staged pattern vers1on and also cons1dered thc BPV 

problem, the variant o f 2CS with bins of different sizes. 

Alvarez-Vales, Parajon and Tamarit [2] also presented a column generation approach for the 

2CS problcm. They used thc dynarnic prograrrurung algonthm presented by Beasley and also 

some meta-heunstic procedures. Puchinger and Raidl [42] investigated the 3-staged version: 

they apphed the column generauon approach using either a greedy heuristi c or an evolutionary 

algorithm to generate columns. 

Riehme. Schenhauer and Temo [44] designed an algonthm for the 2CS problem with ex­
rremely varymg order demands. Their algorithm is also based on the column generation ap­

proach and is resuictcd 10 a 2-staged problem. Vanderbeck [46) also proposed a column gen­

eration approach for a cu1ung stock problem with severa! different restncuons. The solution 

must be 3-slaged and unu~;ed parts of some stock can be used I ater as a new stock. The problem 

tnvo]ves other praclical restrictions. 

For the special case in which the demands are ali equal to 1 (also known as bin packmg 

problem) Chung. Garey and Johnson [16] Pf<?Sented the first approximauon algorithm for this 

problem, cal led HFF (Hybrid First F1t), shown to have asymptotic performance bound at most 

2.125. Later, Capraro [J J] proved that HFF has asymptotic pcxiormance bound at rnost 2.077; 

and he also presented an 1.691-approximation aJgorithm (this tS the bcst known result for this 

problem). We observe that the algorithm HFF is a 2-staged algorithm. and therefore may be 
used as a subroutine to any k-staged problem for k > 2. These results are for the onented case. 

When orthogonaJ rotations are allowed, Miyazawa and Wakabayashi [38] presented a 2.64-

approximauon algonthm. For the particular case in which ali bins are squares and rotations 

are allowed, Epstem [25] presented a 2.45-approxlmation illgonthm. In [ 19], we have shown 

that some of lhe approxtmation algonthms for the bin packmg problem can be modified for the 

cuttmg stock problem. In this case the a1gorithms are of polynomial time and preserve the same 

approximauon facror of lhe original algorithms. 
The column generalion aJgorithms we presented in thi se-uon were developed by Cmtra 

[18]. but for completeness we also present these aJgorithms here 
To d1scuss the column generauon approach, let us firs l forrnulate the 2CS problem as an 

ILP (Integer Linear Prograrn). Let I = (l·F, H , w, h, d) bc an mstance for lhe 2CS problem. 
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Represent each pattem j for the instance I as a vector Pi , whose i-th entry indicares the number 

of rimes item ~ occurs in thi s pattem. The 2CS problem consists then in deciding how many 
times each pattem has to be used to meet the demands and minimize the total number of bins 

that are used. 

Let n be the number of all possible pattems for I, and let P denote an m x n matrix whose 
columns are the pattems p 1 , . . . , Pn· If we denote by d the vector o f the demands, then we have 

the following ILP formulation: minimize "L;=I Xj subject to Px = d and 1;i ;::: O and Xj integer 
for 1 = 1, . . . , n . (The variable x1 indicates how many times the pattem j is selected.) 

~~ e well-k.nown column generation method proposed by Gilmore and Gomory [27] consists 
m solving the relaxation of the above ll..P, shown below. The ideais to start with a few coJumns 

and then generate new columns of P, only when they are needed. 

minimize 

subject to 

Xt + · · · + Xn 

Px =d 

xi > O j = 1, . . . , n. 

(8.1) 

We can use the algorithm SDP (for the RK problem) to generate new columns (with k-staged 

guillotine patterns). If Yi is the dual value corresponding to each item i, 1 ~ i ~ m, then we 
want a pattem that maximizes 'L~ 1 yizi, where zi is the number of times item i is used in the 
pattern. We describe in the sequei the algorithm SimplexCG2 that solves (8.1) (Algorithm 8.3). 

Input: An instance I= (W, H , w, h, d) of the 2CS problem. 
Outprw An optimaJ solution for (8.1), where the columns of Pare pattems for I. 

Subrouune: The algorithm SDP for the RK problem. 

1 L = d and B be the identity matrix of order m. 
2 .._, 'JJve yT B = JIT . 

3 Generate a new column z executing the algorithm SDP with parameters W, H, w, h, y . 

4 If yT z ~ 1, return B and x and halt (x corresponds to the columns of B ). 
5 Otherwise, solve Bw = z. 

6 Let t = min (~li ~ j ~ m, Wj > 0). 

7 Let s = min (j 11 ~ j :S m, ~ = t) . 
. ' 8 For i = 1 to m do 

8.1 Bt,S = Zi -

8.2 If i = s then Xí = t; otherwise, Xi = Xi - wit. 
9 Go to ~:- ') 2. 

Algorithm 8.3: SimplexCG2 

We implemented this algorithm using subroutine SDP described in Section 8.2. 
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We describe now a procedure to find an integer solution from the solut:JOns obtamed by 

SimplexCG2. The procedure is Jterative. Each iteration starts with an instance I of the 2CS 

problem and consists basjcally in solving (8.1) with SimplexCG2 obtaining B and x. If x 
JS integral, we retum B and x and halt. Otherwise, we calculare x .. = (xj .. . . , x~ ) , where 

x: = L x 1 j (i = 1. ... , m). For thi s new so]ution, possibly part of lhe demand of the items is not 

fulfilied. More precisely, the demand of each item 'l that is not fulfilled is di = d1 - 2::;'::1 Bi.jx;. 
Thus, if we take d* = (dt, . . . , d:n), we have a residual instance I " = (W, H, w, h, d*) (we rnay 

eliminate from r the items with no demand). 

If some x; > O for some i E {1, . .. , m}, part of the demand is fulfilled by the solution 

x*. In this case, we return B and x, we Jet I = r and start a new iteration. If xi = O for all 
i E {1, ... , m}, no part ofthe demand is fulfilled by x• . We solve then the instance r with the 

algorithm M-HFF (Modified HFF) that corresponds to the algonthm HFF modified to consider 

demands for the items, see [19]. We present in what follows the algorithm CG (Algorithm 8.4) 

that implements the iterative procedure we have described. 

Note that, in each iteration, either part of the demand is fulfilled or we go to step 4. Thus, 

after a finite number of iterations the demand will be met (part of it eventualJy in step 4). In 
fact, it is easy to prove that step 3.6 of the algorithm CG js executed at most m times (see [18]). 

We observe rhat the algorithm M-HFF can be irnplemented to run in polynornial time, 

see [19]. As its asymptotic performance bound is at most 2.077 (see [11]), we may expect 

that using M-HFF we produce solotions of good quality. 

lnput: An instance I= (W , H , w , h , d) of the 2CS probJem . 

Output: A solution for I. 

1 Execute the algorithm SímplexCG2 with parameters W, H , w , h. d obtaining B and x. 
2 For i = 1 to m do xi = l xd . 
3 If xi > O for some i , 1 < i < m, then 

3.1 Retum B and xj , . . . , x:n (but do not halt). 

3.2 For i = 1 to m do 

3.2.1 For j = 1 to m do di = d,- Bt,jx; . 
3.3 Let m' = O, w' = ( ) , h'= () and d' = (). 
3.4 For i = 1 to m do 

3.4.1 If d, >O lhen m' = m' + 1, w' = w'll (wt), h' = h' ll (hi) and d' = d'll(d,). 
3.5lf m' = O then halt. 

3.6 Let m = m', w = w', h = h', d = d' and go to step 1. 

4 Return the solutjon of algorithm M-HFF executed with parameters vV, H , w, h, d . 

Algoritbm 8.4: CG 

We note that the algorithrn CG can be tiSed to solve the vanant o f 2CS, called BPr, in which 
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onhogonal rotations o f rhe items are allowed. For that, before we c ali the algonthm SDP, in step 

3 of SimplexCG2 , tt suffices to make rhe transformation exp1ained at the end of Section 8.2.2. 
We wlll call SímplexCG2 lhe vananl of SimplexCG2 with this transformation. It should be 

noted however that Lhe aJgonthm M-HFF, called in step 6 of CG, does not use the fact that the 

Items can be rotated. 

We use a Sl mple algorithm for the variant of BPr in which ali ste ms have demand 1. This 

algonthm. called First Fit Decreasing Height using Roiations (FFDHR), has asymptotic ap­

proxtmation bound at most 4. as have been shown by Cintra in [18]. Substttuting the call to 

M-IE . wHh a call to FFDHR., we obtain the algorithm CGR, that is a specialized version of 

CG for the spr problem. 

We also tested another modification of the a!gorithm CG (and of CGR). This is the fo l­

lowing: when we solve an mstance, and the solution retumcd by SimplexCG2 rounded down is 

.1al to zero, ínstead of Simply submitting this instance Lo M-HFF (or FFDHR), we use M-HFF 

~0r FFDHR) to obram a good pauem. and update the demands; 1f there ís some stem for whjch 

the demand is not fulfi lled. we go to step l. The good pattem used is lhe one wsth the largest 

occupated area of the bín. 

Note that. the basic 1dea 1s to perturb the residual instances whose relaxed LP solutJon, 

rounded down, is equal to zero. With lhis procedure, it is expected that the solution obtained 

by SimplcxCG2 for the residual instance has more vanables with value greater than 1. The 

algorithm CGP. described in what follows (Algorithm 8.5), mcorporates this modification. 

lnput: An mstance I= (\V, H, w, h, d) of 2CS. 
Output: A solut10n for I. 

1 Execute lhe algori thm SlmplexCG2 with parameters vV, H, W, h, d obtaining B and x. 
2 For ·i = 1 to m do x; = l x, J. 
3lf x; > O for some i, 1 ::; i < m, then 

3.1 Retum B and xr' ... I x:n (bul do not halt). 

3.2 For z = 1 to m. do 

3.2.1 For J = 1 tom do d, = d1 - Bi,3x;. 
3.3 Let m' =O, w' = ( ). h'= () and d' = (). 

3.4 For i = 1 to m do 

3.4.1 I f d, >O then m' = m' + 1, w' = w'll(w,), h'= h'll(h,) and d' = d'll(d,). 
3.5 l f m' = O then halt. 

3.6 Let m = m', w = w', h = h', d = d' and go to step 1. 

~ Retum a patte m generated by the algorithrn M-HFF, executed wlth parameters 

H ~ H. w h,d, that has the smallest wasted area, and update the demands. 

5 I f there are demands to be fulfilled, go Lo step 1. 

Algorithm 8.5: CCJP 
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It should be noted thar with th1s mocüficatíon we cannot guarantee anymore that we have to 

make at most m + 1 calls to SimplexCG2. lt is however, easy to see that the algorithm CGP m 

fact ha1ts , as each time step 1 is executed, the demand decreases strictly. After a finite number 

of iterations the demand will be fuJfilled and lhe algorithm halts. 

8.4 The 2CS problem with bins of düferent sizes 

ln this section we adapt the algorithm CG for the BPV problem. Let f = ("W; H, V, w, h, d) be 

an instance of the BPV, where M! = (W1 , •.• , U'b), H = (HJ, . .. , Hb) and V = (Vt, ... , VI,) 
are lists of size b indicating the heighr, width, and value of each bin type i, 1 ~ i ~ b. We 

can also represent each panern j of the instance I as a vector p3 , whose 'l-th entry indicares the 

number of times item i occurs in this pattern. The BPV problern consists then in dec1ding how 

many times each pattern h as to be used to meet the demands and minimize the total value of the 

bins that are used. Let n be the number of ali possible pattems for I. and let P denote an m x n 
matrix whose columns are the pattems p1, ... 1 Pn. lf we denote by d the vector of the demands, 

then the following is an ILP formulation for the BPV problem: minimize :z:=;=I Vjx1 subject to 

Px = d and Xj ~ O and Xj integer for J = 1, ... , n. (The variable x1 indicares how many times 

pattern j ís selected and Vj is the value of the bin type used in pattem j). The following is the 

corresponding reJaxed fonnulation. 

minimize 

subject to 

V1x1 + ... + VnXn 

Px=d 

Xj ~ O j = 1, . . , n. 

(8.2) 

In this case, we can also use the algorithrn SDP to produce gumotine patterns. lf y1 is the 

dual value corresponding to each item i, 1 :::; i ~ m, then we want a pattern that maxillllzes 

2::::1 YiZt· where Z1 is the number of times item i is used in the pattem. But in this case we 

have to solve the SDP problem to each possible bin size j, and a column j enters in the basis i f 

L~I Yt-Zt > Vj. 
The algorithms of this section are an extension of the algorithms of the previous section. A 

more detajled description of these algorithms was done by Cintra [18]. 

We describe in the sequei the algorithm SimplexCG3 that solves (8.2) (Algorithm 8.6). In 
this algonthm, we have a vector f of size m that indicares the bin assoctated with each column 

of the matrix B. This way, we can reconstruct a soJution constdering the vector f, and the 

entries of B, guzllotine and pos~üon. ln the aJgorithm SimplexCG3 we used subroutine SDP to 

solve the RK problem. 
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bzpw · An mstance f = ( \ l . H \ ·. w h . d ) of the BPV problem 

Owpw: An opu mal solutton for (8.2), where the columns of Pare the panems for I. 

Subrowme: The algonthm SDP for the RK problem. 

1 Let f bc a 'ector o f sazc m ~ here f , is the smallest mdex o f J sue h that u:, ::; \\ ~ and h, ~ H1 . 

2 Let x = d and B be the tdentity matrix of order m . 

3 Sol\'e yT 8 = VJ". 
4 For 2 = 1 to b do 

4.1 Generate a new column z cxecuting the algonthm SDP with paramcters H',, H1 , w, h, y . 
4.2 Jf yT.:: ,. \li, go to step 6. 

5 Rctum B, f and x and halt (J.: corresponds to the columns of B). 
6 Solve Bw = .z. 
7 Let t = min (~ l i < J ~ m, W; > O). 

J 

8 Let s = miu (J 1 1 ~ j ~ m . ~ = t) . 
J 

9 Let J, = 1 

10 For i = 1 to m do 

10.1 B, ..• = :. •. 

10.2lf t = .s then .r, = t , othen' ise, X i = x~ - w1t . 
11 Go to step 3. 

Algorithm 8.6: Simple>.CG3 

The algonthm CGV (Aigonthm 8.7) that sohes the BPV problem usmg the algonthm 

StmplexCG3 is very simtlar to the aJgorithm CG of Section 8.3, and therefore we omit the 

details. 

We also constdered the variants of the algorithm CGV, when we may h ave orthogonaJ rota­

tions, and when the residual instance is solved with a perturbation method. !n the latter case, 

to generate ::t pattem we use a bin for which the fraction 11 1 ~v . (for t = 1, ... , b) attains the 
mmtmum value. 

8.5 The SP problem and the column generation method 

The stnp packjng problem is mostly cons1dered in the hterature for the special case in which 

the demands are all equal to 1. Many approximation algorithms have been proposed for thJ.s 
problem. Coffman. Garey. Johnson and Tarjan [21] presented the algonthms NFDH and FFDH 

for the onented case wtth asymptotic performance bounds 2 and 1.7, respecttvel) . Algorithms 

with beuer performance bounds were obtamed b) Baker, Brov. n and Katseff [4) and also by 

Kenyon and Rémila [34]: 5/ 4 and (1 + e). Recently, aPTAS for the SP problem v. tth rotations 

''as obtaJncd by Jansen and van Stee [32]. In 2005, Seiden and Woeginger [45) presented an 
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lnpw: An instance I = (vV. H , v; w, h, d) of BPV. 

Output: A solution for I . 

1 Execute lhe algorithm SimplexCG2 with parameters B , w, h, d obtaining B, b and x. 
2 For i = l to m do x; = L xd. 
3 If x: > O for some i, 1 ~ 1 ~ m. then 

3.1 Retum B , b and xj, .. . , x~~ (but do not halt). 

3.2 For i = 1 to m do 

3.2.1 For j = 1 to m do dr = d1 - Bt,;xj . 
3.3 Let m' = O, h'= ( ), w' = () and d1 = ( ) . 

3.4 For i = 1 to m do 

3.4.1 If d1 > O then m' = m' + 1, w' = w'll(w1), h'= h' l!(hi) and d' = d'll(d1). 

3.5 If m' = O then hal L 

3.6 Let m = m', w = w', h = h', d = d' and go to step 1. 

4 Let V* = min ( H~ w, I i= 1, .. . , b) and j = min (i I H~ v, = V*). 
5 Retum the solution of algorithm M-HFF execuled with parameters vV;. H1 , w, h, d. 

Algorithm 8.7: CGV 
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analysís of the quality of a k-stage guillotine strip pac.ldng versus a globally optimum pac.ldng. 

They showed that for k = 2 no algorithm can guarantee any bounded asymptotic performance 

ratio. When k = 3 (resp. k = 4) an asymptotic performance rat10 arbitrarily cJose to 1.69103 
(resp. 1) can be obtained. Although some of the approximation a1gonthms above have bounds 

very dose to 1, mosto f these results are more o f theoretical relevance. Other approaches me 1 ude 

genetic algonthms [40] , branch and bound and integer linear programming models [35, 37]. 

All algorithms for the SP probJem mentioned above cons1de r that each item has demand 1. 

Although the column generation approach can be easily applied to the problem SP, it is less 

investigated under this approach. One o f the main advantages o f this approach is the possibility 

to consider larger values of demands, as this case has many mdustrial applications. 

Let I = (W, H, w , h, d) be an ínstance of the SP problem. We consider that the first cut 

stage is done in the horizontal direction of the strip; furthermore, two subsequent cuts must be 

ar a di stance at most H . We call H -partem a pattem corresponding to a packing between two 

subsequent horizontal cuts (that has to beata maximum distance H). 

Let p1 , p2, .. . , Pn be the set o f all possible H -patterns. Denote by Ht the height o f the H­
pattem Pt and let P be the matrix whose columns are the pattem s p1 , p2 , ... , Pn- In this case, the 

following is an ILP forrnulation for the SP problem: minimize L:;= I H1 x1 subject to Px = d 
and Xj 2: O and x1 integer for j = 1, ... , n. To solve this ILP we can use the same approach 

we used for rhe problem BPV. In fact, we can reduce the SP problem to the BPV problem. For 

that, note that each H -pattern with height Hr corresponds to a bi n w1th dimensions (TV. H,) and 
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value prec•sel}' Hi. 

Let Q - { q1 .. ... q ~ } be lhe set of ali discretizalion pomts o f the height H (th1s \.VIII be the 

rna>.1mum height of the bms). 

For 2-staged cumng pauem s, we can cons1der H as the maximum hcighl of an nem. thar 

is. H = ID<i.Xlh1•• • hm)- In th1s case, Q is the sel of lhe he1ghtS of Lhe items. l f lhere ares 

dafferenl hetghts. we have H-panems (bms) \\1th width n·. = n· and height H,. for 1 ~ z ~S . 

The algonlhm we propose to solve the SP problem, called CGS, uses basically the algorithm 

CGV wilh two modificat10ns. First, the residual instance 1s solved with the algorithm FFDH. 
Second, evcry call to the algorithm SimplexCG3 solves only one instance of the RK problem, 

cons•stmg of a knapsack of size (IV, H). 

We nOte that. Jookmg al the entries of V", guzllotme and posztwn produced by algorithm 
SDP (algonlhm for the staged RK problem) we can obtam soluuons for each height in Q: we 

just have to access positions (H ·. h,) of lhese variables, for each ~ E Q, 1 ~ l ~ s. Th1s last 

modilicauon 1s very imponant. as s can be very Jarge and solvmg mstances of lhe RK problem 

for each of lhe s dtfferent bms would consume a lot of time. We dtd not use thi s 1dea for lhe 

BPV problem smce it is not always better to solve only instances of RK w1th the largcsl bin 

d1mensions. 

Note lhat, m the BPV problem. the instances may cons1st of bms of different w1dths. Con­

sider. for example, an instance consisung of x bins: one bin w1th size (r. r 2), another one wíth 

s1ze (r2 r) and some other x- 2 bms wilh dimensions smaJler than r, for some mleger r. If 
"e cal I the aJgorithrn DP for a bin of dtmensions (r2 , r 2) and assume lhat the number of dis­

cretization poinrs is hnearly proportional to the dimensions of the bin, then thc algori lhm wtll 

consume time O(kr·6). But if we solve for each of thc bins, the algori rhm wi ll consume tíme 

O(k:r1·5
) 

The render should note that the first cutting phase is done automatJcally by the column 

generauon algorithm by choosing the best bins m a solutJon. Therefore, Lhe algonthm SDP is 

called \'-' llh the first cutting phase m the vertical d!rection and one curring phase less than lhe 

number o f stages o f lhe instance. 

We amplemented the algori thm CGS and its variant CGSr (for the onhogonal rotation case) 

and CGSP with a perturbed residual instance. In lhe algorithm CGSP a good way to perturb lhe 

instance isto generate a levei by lhe algorithm FFDH with mimmum wasted area (considenng 

the he1ght of the levei). When rOtations are allo\\-ed we use an algorilhm, which we denote by 

FFDHR2. to generate a perturbed mstance. This algonthm works like the algorithm FFDH, but 

1f an item cannot be packed m any of the existing leveis then the algorithm tries to pack 1t m the 

other oncntallon before creaung a new leve]. 
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8.6 Computational results 

In the oext subsections we present the computational results obtained with the 1mplcmentations 

of the algonthms we have described. Ali algorithms were implemented in C language. The 

computational tests were run on a computer with processor Intel Pentium JV, clock of I.80Hz, 

memory of 512Mb and operating system Linux using the LP solver CLP (COIN-OR Linear 
Program Solver) [22]. 

For ali problems we have performed cornputationaJ tests considenng staged guillotine pat­

tems with and wilhout orthogonal rotations. FoJJowing other papers in the hterature (see 

[ 12, 13, 46]), we assume that the first cutting stage is performed in the horizontal direction. 

8.6.1 Computational results for the RK problem 

The perlormance of the algorithm SDP was tested wüh the instances of RK available in the 

OR-LIBRARY1 (see Beasley [7] for a brief descriptíon of thi s library). We considered the 13 

instances of RK, ca)Jed gcutl, . . . ,gcutl3 available in this library. For ali these instances, with 

exception of instance gcutl3, optimal solutions had already been found [5]. We considered the 

the SDP algorithm with the number of stages k E {2, 3, 4} . 
ln (20] , Cintra and Wakabayashi already found an optimaJ solution for instance gcut13, but 

considering non-staged patterns. Using the algorithm SDP we found optimal solutjons for the 

instance gcurl3 for the staged patterns considered. We notice that the solutíon found with 3-

staged patterns already corresponds to an optimal solution without restriction on the number 
of stages. Ttus solution was found in less than 22 seconds and is shown in Figure 8.2. In all 

these instances the value of each item 1s precisely its area. Caprara and Monaci [14] andFekete 

and Schepers [26] could not find an optimal solution for this instance in 1800 seconds in recent 

machines (a Pentium ill 800MHz and Pentium IV 2.8GHz with 1Gb of memory, respectively). 

We reca11 that theír approaches are for the more general setting in which the cuts need not be 

guillotine. We note that, in this general case, our approach can be used to obtain a lower bound. 

Since the algorithm solves aJJ instances ofthe OR-LIBRARY in a few seconds, we construct 

other four instances (gcutl4- gcutll) based on the avai lable instances. We join the items 

instance gcutl3 with rhe items of instances gcut9, gcutlO. gcurll and gcu12, obtaining the new 

insrances. For each one o f these new instances we considered a knapsack with size (3500.3500). 

In Table 8.1 we give some information about the instances. 

The computational results are shown 10 Table 8.2. The column "Waste" shows -for each 

solution found- the percentage of the area of the bin that does not correspond to any itero. The 

column "Time" indicares the time required to solve the instance; the entry O indicares that the 

I http://mscmga ms. ic.ac. uklinfo html 
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Figure 8.2: The optimal solution for gcut 13 found by the algorithm SDP with 3-staged patterns. 
The small squares have dimensions (378, 200) and the squares in the bottom have dimensions 
(555, 496) and (5.55, 755). 

time required is less than 0.000001 seconds. On the average, the waste for 2-staged patterns was 
less than 1% larger than the waste for 4-staged patterns. The space utilization comparing 3- and 
4-staged patterns are very close. The solutions that differs in waste are the solutions of instances 

gcut8, gcutl4, gcut15, gcutl6 and gcutl7. Moreover, a]] solutions found with 4-staged pattems 

of instances gcutl through gcutl3 also correspond to optimal solutions for the unrestricted case 
as one can compare to the results in [20]. 

To run tests for the case in which orthogonal rotations are allowed, we considered the in­

stances gcutl, . . . ,gcutl7, and narned them correspondingly as gcutl r, . . . ,gcutl7r (meaning that 
rotations are allowed). The performance algorithm SDP for these instances is presented in table 
8.3. We remark that, comparing with the problem without rotations, for some instances the time 
increased and the wa~te decreased (on the average less than 1 %), as one would expect. 

For these instances, we can also note that the solutions with 4-staged pattems correspond 
to optimal solutions for the unrestricted case (see [20]) except for instance gcu.tl4r. The dif­
ferences on space utilization from the 3-staged to the 4-staged patterns are a]so very small, 
differing in the instances gcu.t3r, gcu.t8r, gcu.tl4r, gcu.tl5r and gcu.t16r. 
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Quantity Dimensions 
Instance of1tems ofthe bin r s 

gcutl LO (250, 250) 28 9 
gcut2 20 (250, 250) 39 52 
gcut3 30 (250, 250) 81 42 
gcut4 50 (250. 250) 85 84 
gcut5 LO (500. 500) 19 27 
gcut6 20 (500, 500) 34 42 
gcut7 30 (500, 500) 66 33 
gcut8 50 (500, 500) 97 136 
gcut9 lO (1000, 1000) 31 J J 
gcutlO 20 ( 1000. 1000) 29 55 
gcutll 30 (1000, 1000) 69 109 
gcutl2 50 (1000, 1000) 155 124 
gcutl3 32 (3000, 3000) 1457 2310 
gcull4 42 (3500, 3500) 2390 2861 
gcutl5 52 (3500, 3500) 2422 2933 
gcutl 6 62 (3500, 3500) 2559 2943 
gcut17 82 (3500, 3500) 2676 2953 

Table 8.1: Instances information. 

QuanL 2-staged 3-staged 4-staged 
o f Damens10ns Optimal Time O primai T1me Optimal Time 

lnsl items of the bm Soluoon Waste (sec) Solution Waste (sec) Solution Waste (sec) 

gcutl lO (250, 250) 56460 966% o 56460 9.66% o 56460 9.66% o 
gcut2 20 (250, 250) 60076 3.878% o 60536 3.142% o 60536 3 142% o 
gcut3 30 (250, 250) 60133 3.787% o 61036 2.342% o 6 !036 2.342% o 
gcut4 50 (250. 250) 6 1698 1.283% o 61698 1.283% 001 6 1698 1.283% o 
gcul.S lO (500. 500) 246000 1600% o 246000 1600% o 246000 1600% o 
gcut6 20 (500, 500) 235058 5977% o 238998 4.40!% o 238998 4401% o 
gcut7 30 (500. 500) 242567 2.973% o 242567 2.973% o 242567 2-.973% 0.017 
gcut8 50 (500. 500) 245758 1.697% o 245758 I 697% o 246633 1.347% 0071 
gcut9 lO (1000. 1000) 971100 2.890% o 971 100 2890% o 971 100 2890% o 
gcutiO 20 (1000. 1000) 982025 1.798% o 982025 1798% o 982015 1798% o 
gcutll 30 (1000. 1000) 974638 2.536% o 980096 1 990% o 980096 1.990% o 
gcutl 2 50 ( I 000. 1 000) 977768 2.223% 001 979986 2001% o 979986 2001% 0.01 

gcutl3 32 (3000. 3000) 8906216 I 042% 21.82 8997780 0.025% 32.?8 8997780 0025% 43.72 

gc:utl4 42 (3500. 3500) 12216788 0271% 124.55 12239634 0.085% 175.96 12242100 0.064% 264.41 

gcur15 52 (3500. 3500) 122156 14 0.281% 137.21 12239904 0.082% 189.53 12242100 0064% 289.98 

gcut1 6 62 (3500, 3500) 12210837 0320% 17721 12243100 0.056% 239.24 12244511 0045% 371 60 

gcut17 82 (3500. 3500) 12232948 o 139% 22313 12246422 0029% 290.07 12246694 0.027% 456.00 

Table 8.2: Perfonnance of the algorithm SDP for 2-, 3- and 4-staged pattems. 
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Qty. 2-sr.aged 3-sr.aged 4-smged 
o f Dtmensíons OptimaJ % Time Optimal % Time Optimal % Time 

lnst. items oftbe bio Solution Waste (sec) Solution Waste (sec) Solution Waste (sec) 

gcutlr ) (250, 250) 58136 6.982 o 58136 6.982 o 58136 6.982 o 
gcut2r 20 (250. 250) 6061 I 3.022 o 6061 I 3.022 o 60611 3 .022 o 
gcut3r 30 (250, 250) 60485 3.224 o 61399 1.762 o 61626 1.398 o 
gcut4r 50 (250, 250) 62265 0.376 0 .01 62265 0 .376 0.01 62265 0.376 0.01 
gcutSr lO (500, 500) 246000 1.600 o 246000 1.600 o 246000 1.600 o 
gcut6r 20 (500. 500) 240951 3 620 o 240951 3.620 o 240951 3.620 o 
gcut7r 30 (500. 500) 245866 1.654 0.0 1 245886 1.654 0 .01 245866 1.654 o 
gcut8r 50 (500. 500) 247260 1.096 0.01 247462 1.015 0 .02 247787 0.885 0.02 
gcut9r lO ( I 000, I 000) 971100 2.890 o 97 1100 2.8.90 o 971 100 2.890 o 
gcutiOr 20 (1000. 1000) 982025 1.798 o 982025 1.798 o 982025 1.798 o 
gcutl lr 30 (1000. 1000) 980096 1.990 0 .02 980096 1.990 0.03 980096 I 990 0.04 
gcutl2r 50 (1000, 1000) 988694 1.131 0.03 988694 l.I31 0.05 988694 1.131 0,06 
gcutl 3r 32 (3000, 3000) 8997780 0.025 106.3 9000000 0 .0 129.64 9000000 0 .0 226.75 
gcutl4r 42 {3500, 3500) 12240515 0 .077% 322.77 12247700 0.019% 418.26 12247796 0.018% 702.19 
gcutiSr 52 (3500, 3500) 12242904 0.058% 337.27 12248176 0 .015% 437.72 12250000 0.000% 725 21 
gcutl6r 62 (3500. 3500) 12243100 0.056% 368.20 12249625 0 .003% 465.92 12250000 0 .000% 800.55 
gcut l7r 82 (3500. 3500) 12242998 0 .057% 393.52 12250000 0 .000% 495.39 12250000 0 .000% 829.92 

Table 8.3: Performance of the algorithm SDP for 2-, 3- and 4-staged pattems with rotations. 



8.6. Compucational resulcs 107 

8.6.2 Computational results for the 2CS problem 

We d1d not find m~tances for tbe 2CS problem in the OR-LIBRARY. We tested the algorithms 

CG and CG" wllh the instances gcutl, ... , gcur12, associating wilh each item 1 a randornly 
generated demand dt between 1 and 100 (varying demands). We ca1Jed these mstances gcurld, 

.... gcml2d. 

In the tables of the results, LB denotes the lower bound (given by Lhe rounded up solunon 

of (8.1)) for the vaJue of an opu mal integer solution. 

We used the algorithm CG" with subroutine SDP and k = 2, 3, 4. 

The tests for this case are presented in tables 8.4-8.9. For ali tests, the aJgorithms CG and 
CGP obtajned solutions in a small amount of time. 

Solution Difference Columns Solutton lmprovemem 

lnstance ofCG LB from LB Time {sec) GeneraLed ofM-HFF overM-HFF 

gcutld 295 2950 0.000% 0.03 19 322 8.39% 

gcut2d 345 345.0 0000% 0.37 137 360 4.17% 

gcut3d 343 3420 0.292% 1.10 388 374 829% 

gcut..td 845 8450 0000% 4.02 828 878 3.76% 

gcut5d 201 207.0 0000% 0.03 19 224 7.59% 

gcut6d 375 375.0 0.000% 0.14 71 395 5.06% 

gcul7d 600 600.0 0.000% 0.59 278 642 6.54% 

gcut8d 720 720.0 0.000% 3.35 592 765 5.88% 

gcut9d 135 135.0 0000% 0.07 48 141 4.26% 

gcut10d 315 315.0 0000% 0.14 79 328 3.96% 

gcutlld 349 349.0 0.000% 0.68 224 375 6.93% 

gcutl2d 676 675.0 o 148% 4.03 660 722 6.37% 

Table 8.4: Performance o f the algorithm CG with 2-staged pattems. 

For the 2-staged cutting, the algorithms CG and CGP obtained opumum soluuons for all 

mstances, except for two of them (on the average, the difference from LB was 0.03G%). When 

compared to the solution of M-HFF, the improvement was 5.93% on the average. This is a great 
improvernent, since M-HFF is also restricted to 2-staged patterns. 

For the 3-staged problem, algonthm CCJP, found one more optimal solution (gcurJOd) com­
paring to the results of algorithm CG. For the 4-staged case the algorithm CG found a better 
solulion to instance gcurd7d than the one found b) the algorithrn CG". On the other hand the 

algorithm CG' found an optimal solution to instance gcutll d while CG does not. 

The algonthms had a good performance both in terms of the qualtty of the solution and in 

tenns of the time required. The improvement of thc algonthm CG" for the 4-staged case, over 
M-HFF was, on the average, 8 89%, for example. 
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Solution Difference Col umns Solution lmprovemem 

lnswnce of CG LB frorn LB Time (sec) Generated ofM-HFF overM-HFF 

gcutld 295 295.0 0.000% 0.03 2 1 322 8.39% 

gcut2d 345 345.0 0000% 0.45 173 360 4. 17% 

gcut3d 343 342.0 0292% 1.31 534 374 8.29% 

gcUl4d 845 845.0 0.000% 5.99 1506 878 3.76% 

gcutSd 207 207.0 0.000% 0.03 2 1 224 7.59% 

gcut6d 375 375.0 0000% 0. 16 86 395 5.06% 

gcut7d 600 600.0 0.000% 0.71 357 642 6.54% 

gcut8d 720 720.0 0.000% 3.50 693 765 5.88% 

gcut9d 135 135.0 0.000% 0.08 57 141 4.26% 

gcutlOd 3 15 315 0.000% 0.21 122 328 3.96% 

gcut 1ld 349 34C 0.000% 0.79 289 375 6.93% 

gcutl2d 676 67).1) 0.148 % 5.28 1167 722 6.37% 

Table 8.5: Perfonnance of rhe algorithm CQP w1th 2-staged patterns. 

We also tested the algorithms with rotations on the instances gcutldr, .. . , gcutl2dr. See 

tables 8.10-8.15. 
Nottce that the algorithm CGRP obtains better solutions than the algorithm CGR in several 

instances. For the algorithm COR". in the 2-staged case, the difference from the lower bound 
was 0.220%, on the average and the improvement over the FFDHR aJgonthm was 10.14%. 

These numbers are very close to the ones we can obtam for the 3- and 4-staged version. 
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Soluuon I Dafference 1 Columns Solut1on j lmpro\ement 
lnstance ofCG LB from LB Tune (sec) Generated ofM IDT O\er M-HFF 
gcut1d 294 294.0 0.000~ 0.04 24 3:!2 8 70'll 
gcut2d 345 345.0 0.000% 034 101 360 4.17% 
gcut3d 333 333.0 0.000% 0.87 285 374 10.96% 
gcut4d 837 836.0 0.120% 5~ 1015 878 4.67% 
gcuód 198 197.0 0508% 0.05 29 224 11.61% 
gcut6d 344 343.0 0292% 0.20 100 395 12.9 l 'h> 
gcut7d 591 591.0 0.000% 0.46 203 642 7.94% 
gcut8d 692 690.0 0.290% 7.02 985 765 9.54% 
gcut9d 132 131.0 0.763% 0.08 49 141 6.38% 
gcut10d 294 293.0 0.341% 0.12 58 328 10.37% 
gcut11d 331 330.0 0.303% 1.42 379 375 11.73% 
gcut12d 673 672.0 0.149% 4.32 601 722 6.79% 

Table 8.6: Performance o f the a1gorilhrn CG wnh 3-staged pattems. 

Solutaon Difference Columns Soluuon lmprovement 
Instctnce ofCG LB from LB Tune (l>ec) Generated ofM-HFF overM-HFF 

gcutl d 294 294.0 0.000% 0.04 26 322 8.70% 
gcut2d 345 345.0 0.000% 0.38 135 360 4.17% 
gcut3d 333 333.0 0.000% 1.30 506 374 10.96% 
gcut4d 837 836.0 0.120% 8.19 1878 878 4.67% 
gcuód 198 197.0 0.508% 0.06 41 224 11.61% 
gcut6d 344 343.0 0.292% 0.22 113 395 12.91% 
gcut7d 591 59 1.0 0.000% 0.52 229 642 7.94% 
gcut8d 692 690.0 0.290% 8.88 1563 765 9.54% 
gcut9d 132 131.0 0.763% 010 70 141 6.38% 
gcutiOd 293 2930 0.000% 0.13 73 328 10 67'k 
gcutlld 331 330.0 0.303% 2.28 710 375 11 73'k 
gcutl2d 673 672.0 o 149% 4.95 885 722 6 79% 

Table 8.7: Perfonnance of the aJgorithm CGP WJth 3-staged pattems. 
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Solution Dtfference Columns Solution Improvement 
Tnstance ofCG LB from LB Time (sec) Generaled ofM-HFF over M-HFF 

gcutld 294 294.0 0.000% 0.04 23 322 8.70% 

gcut2d 345 345.0 0.000% 0.46 133 360 4. 17% 

gcuGd I 332 332.0 0.000% 0.87 260 374 11 .23% 
gcut~d I 837 836.0 0.120% 4.27 668 878 4.67% 

gcul5d 198 197.0 0.508% 0.05 28 224 11.61% 
gcut6d 344 343.0 0292% 0.19 98 395 12.91% 
gcul7d 592 591.0 0.169% 0.27 J03 642 7.79% 
gcut8d 691 690.0 0.145% 9.68 1247 765 9.67% 

gcut9d 131 131.0 0.000% 0.05 35 141 7.09% 
gnJtiOd --.:-~, 293.r 0.341% 0.14 70 328 10.37% 
gcutlld • 1 330.0 0.303% 1.26 285 375 1173% 
gcut 12d 673 672.0 0.149% 5.06 640 722 6.79% 

T' hle 8.8: Performance of the algorithm CG with 4-staged patterns. 

Solunon Difference Col umns Solurion lmprovement 

Insta" ... ofCG LB from LB Time (sec) Generated ofM-HFF overM-HFF 

gcutJd 294 294.0 0.000% 0.04 25 322 8.70% 

gcut2d 345 145.0 0.000% 0.49 L 57 360 4.17% 

gcut3d 332 332.0 0.000% 1.76 621 374 11.23% 

gcut4d 837 836.0 0.120% 7.27 1606 878 4.67% 

gcul5d 198 197.0 0.508% 0.06 40 224 11.61% 

gcut6d 344 343.0 0.292% 0.26 136 395 12.91% 
g.cut7d 593 591.0 0.338% 0.61 295 642 7.63% 

gcut8d 691 6900 0.145% 10.33 1539 765 9.67% 

gcut9d 131 131.0 0.000% 0 .08 55 141 7.09% 

gcut!Od 294 293.0 0.341% 0. 17 93 328 10.37% 

gcut11d 330 330.0 0.000% 1.88 535 375 1.2.00% 

gcutl2d 673 672.0 0.149% 5 .70 927 722 6.79% 

Table 8.9: Performance of the algorithm CGP with 4-staged pattems. 
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Solut1on D1fterence Columns Solution Improvement 
lnstance ofCG LB from LB Time (sec) Generated oi M-HFF overM-HFF 

gcutldr 291 291.0 0.000% 003 21 291 000% 

gcut2dr 283 282.0 0.355% 3.01 263 31 4 9.87% 

gcut3dr 318 316.0 0.633% 2.83 580 347 8.36% 

gcut4dr 837 836.0 0.120% 5.50 722 846 1.06% 

gcut5dr 175 175.0 0.000% 0.07 33 198 11.62% 

gcut6dr 302 302.0 0.000% 0.44 156 371 18.60% 

gcut7dr 543 542.0 0.185% 0.69 178 623 12.84% 

gcut8dr 650 650.0 0.000% 6.76 602 734 1144% 

gcut9dr 126 125.0 0.800% 0.07 38 143 1189% 

gcutiOdr 271 270.0 0.370% 0.37 128 301 997% 

gcutlldr 300 2990 0.334% 6.15 388 342 12 28Cli 

gcut l2dr 602 601 o o 166% 21.55 835 696 1351 % 

Table 8.10: Perfonnancc o f the algorithm CGR wi th rotations and 2-staged pattems. 

Solut1on Difference Columns Soluuon lmprovement 

lnstance ofCGR" LB from LB Time (sec) Generated ofFFDHR overFFDHR 

gcutldr 29 1 29 1.0 0.000% 0.05 26 29 1 0.00% 

gcut2dr 283 282.0 0.355% 3.69 359 3 14 9.87% -
gcut3dr 317 316.0 0.3 16% 4.35 1023 347 8.65% 

gcut4dr 837 836.0 0.120% 9.47 1523 846 1.06% 

gcut5dr 175 175.0 0.000% I 0.09 45 198 11.62% 

gcut6dr 302 302.0 0.000% 0.45 166 37 1 18.60% 

gcut7dr 543 542.0 0. 185% 0.72 193 623 12.84% 

gcut8dr 650 650.0 0.000% 6.85 630 734 11.44% 

gcut9dr 126 125 o 0800% 0.10 61 143 11.89% 

gcutiOdr 271 270.0 0.370% I 0.45 177 301 997% 

gcut l ldr 300 2990 0.334Ç I 8.32 6~77 342 I 1228~ 

gcut12dr 602 601.0 0.166q, 2-155 120-:' 696 I 13.5 1 ct-

Table 8.11. Perfonnance of the algorithm CGRP with rotatlons and 2-staged pattems. 
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Solutton Difference Columns Solution Improvemem 
lnstance ofCGRP LB fromLB Time (sec) Generated ofFFDHR overFFDHR 

gcut1dr 291 291.0 0.000% 0.04 22 291 0.00% 

gcul2dr 283 282.0 0.355% 3.50 256 314 9.87% 
gcut3dr 315 313.0 0.639% 3.28 585 347 9.22% 

gcut4dr 836 836.0 0.000% 6.62 782 846 1.18% 
gcut5dr 175 174.0 0.575% 0.10 48 198 11 .62% 

gcut6dr 302 301.0 0.332% 0.78 228 371 18.60% 

gcul7dr 544 542.0 0.369% 1.63 350 623 12.68% 

gcut8dr 651 650.0 0.154% 11.92 716 734 11.31% 

gcut9dr P' _.) 122.0 0.820% 0.08 39 143 J3.99% 

gcmlOdr 270 270.0 0.000% 0.35 89 301 10.30% 

gcutlldr 299 298.0 0.336% 5.99 321 342 12.57% 

gcutl2dr 603 601.0 0.333% 35.15 976 696 13.36% 

Table 8.12: Performance of the algorithm CGR w1th rorat1ons and 3-sLaged panerns. 

Solution Difference Columns Solution lmprovement 

lnstance ofCGRP LB fromLB Time (sec) Generated ofFFDHR overFFDHR 

gcutldr 291 291.0 0.000% 0.05 27 291 0.00% 

gcut2dr 283 282.0 0.355% 4.24 331 314 9.87% 

gcut3dr 3 15 313.0 0.639% 5.13 1056 347 9.22% 
gcut4dr 836 836.0 0.000% 9.67 1344 846 1.18% 

gcut5dr 175 174.0 0.575% 0.14 69 198 11.62% 

gcut6dr 301 301.0 0.000% L04 330 371 18.87% 

gcut7dr 543 542.0 0.185% 2.10 509 623 12.84% 

gcut8dr 651 650.0 0.154% 13.57 967 734 1 1.3)% 

gcut9dr 123 122.0 0.820% 0.10 53 143 13.99% 

gcutLOdr 270 270.0 0.000% 0.35 92 301 10.30% 

gcutlldr 299 298.0 0.336% 6.41 417 342 12.57% 

gcutl2dr 602 601.0 0.166% 35.66 1142 696 13.51% 

Table 8.13: Performance of the algorithm CGRP with rotations and 3-staged patterns. 
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So.lution Differ~nce Columns Solution Improvement 
Insrance ofCGRP LB fromLB Time (sec) Generated ofFFDHR overFFDHR 

gcutldr 291 291.0 0.000% 0.05 21 291 0.00% 
gcut2dr 283 282.0 0.355% 1.95 174 314 9.87% 

gcut3dr 315 313.0 0.639% 3.05 439 347 9.22% 

gcut4dr 836 836.0 0.000% 6.41 583 846 1.18% 

gcut5dr 175 174.0 0.575% 0.13 53 198 11.62% 

gcut6dr 302 301.0 0.332% 0.54 147 371 18.60% 

gcut7dr 543 542.0 o. 185% 1.87 348 623 12.84% 

gcut8dr 652 650.0 0.308% 14.51 691 734 11.17% 

gcut9dr 123 122.0 0.820% 0.09 42 143 13.99% 

gcut10dr 270 270.0 0.000% 0.45 103 301 10.30% 

gcutlldr 299 298.0 0.336% 11.84 386 342 12.57% 

gcutl2dr 603 601.0 0.333% 40.92 903 696 13.36% 

Table 8.14: Perfonnance of lhe aJgonthm CGR with rotations and 4-staged patterns. 

Solution Difference Columns Solution Improvement 
Instance ofCGRP LB from LB Time (sec) Generated ofFFDHR overFFDHR 

gcutldr 291 291.0 0.000% 0.05 26 291 0.00% 

gcut2dr 283 282.0 0.355% 2.22 274 314 9.87% 

gcut3dr 314 313.0 0.319% 6.85 1103 347 9.51% 

gcut4dr 836 836.0 0.000% 12.81 1446 846 1.18% 

gcut5dr 175 174.0 0.575% 0.14 65 198 11.62% 

gcut6dr 302 301.0 0.332% 0.74 230 371 18.60% 

gcut7dr 542 542.0 0.000% 2.46 568 623 13.00% 

gcut8dr 651 650.0 0.154% 18.35 1159 734 11.31 % 

gcut9dr 123 122.0 0.820% 0.11 58 143 13.99% 

gcut10dr 270 270.0 0.000% 0.44 109 301 10.30% 

gcutlldr 299 298.0 0.336% 20.08 996 342 12.57% 

gcutl2dr 602 601.0 0.166% 47.96 1535 696 13.51% 

Table 8.15: Performance of the algorithm CGRP wjth rotations and 4-staged pauerns. 
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8.6.3 Computational results for the BPV problem 

\\'e have tcsted the algonthm CGVP wtth the mstances gcutld, . . , gcur12d, dcfining three dif­

ferent btns. For each bin m the original instances, "'e define two others. Gtven an mstance, 

let n· H) be the bm dimcn tons of llus tnstance. In our modified instances, one bm has di­

mensions ( 1 2\ r O H) and the other has dimensions ( l.líi'. O 9H). The v alue of each bm 

corresponds to tts area ~r x H . 

For Lhe k-staged verston of he BPV problem, we present tests for the algorithm CGVP with 

k = 2, 3, 4 (scc tables 8.16-8.18). We do not present the rcsults of the algorithm CGV since 
CGVP got bctter resu lts m severa! instances. 

Solution Dtfference Columns 
lnstance ofCGVP LB from LB Time (sec) Generated 

gcut1d 14880000 14822812.5 0386% 0.58 397 

gcut2d 16820625 16740781.3 0477% 1.31 492 

gcut3d 20267500 20149803.6 0.584% 21.83 7877 

gcut4d 46591875 46523511.2 0.147% 60.56 11569 
gcut.Sd 42022500 41667500.0 0.852% 0.17 110 

gcu16d 78167500 77621562.5 0.703% 0.96 539 
gcut7d 124257500 123946562.5 0.251% 2.90 1316 

gcut8d 161 575000 161074884.1 0.310% 23.67 3958 
gcut9d 131830000 130802500.0 0.786% 0.12 86 

gcut lOd 262470000 260444166.7 0.778% 0.81 434 

gcutlld 304440000 303 137516.6 0.430% 18.58 6926 
gcur 1 2d 611210000 6095194 16.7 0.28 1% 36.65 5452 

Table 8. 16: Performance of the a1gorithm CGVP wilh 2-staged pauerns. 

For k - 2 (resp. 3 and 4) the dtfference of the soluuon obtained by the algorithm from the 

Jower bound was of 0.498o/c. (resp. 0.505% and 0.437%) on lhe average. The aJgonthm CGvP 

with J, = 3 (resp k = -!) has an tncrease of 8-!. 56% (resp. 143.68%) of computauonaJ ume 

when compared ''uh k = 2. on lhe average. 

When orthogonal rolat1ons are allowed m the BPV problem, we note lhat JL becomes harder 

to sol\ e thc mstances. We can see thatthe Large instances requ1re several m.inutes to be solved. 

See tables 8 19-8.21. 
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So1ution Difference Columns 

1nstance ofCGVP LB from LB Time (sec) Generated 

gculld 14880000 14822812.5 0386% 0.45 310 

gcut2d 15768125 15679972.9 0.562% 6.37 2587 

gcut3d 19914375 19830115.7 0.425% 8.72 3086 

gcut4d 46413750 46269759.9 0.31 1% L03.53 19002 

gcut5d 41737500 41517500.0 0.530% 070 493 

gcul6d 74440000 73967812.5 0.638% 3.96 2116 

gcul7d 123135000 122531666.7 0.492% 9.16 3940 

gcut8d 155612500 155267743.8 0.222% 91.62 15493 

gcut9d 130730000 129600000.0 0.872% 0. 18 119 

gcutlOd 254160000 252596666.7 0.619% J.61 1030 

gcullld 295270000 292967500.0 0.786% 17.55 5627 

gcut12d 603220000 601848214.3 0.228% 66.44 9763 

Table 8. 17: Performance of the algorithm CGVP with 3-staged patterns. 

Solution Difference Co1umns 

Instance of CGVRP LB from LB Time (sec) Generated 

gculldr 13908750 13828125.0 0.583% 0.67 416 

gcut2dr 15474375 15432371.3 0.272% 37.05 4616 

gcut3dr 19436875 19310805.3 0.653% 45.33 12159 

gcut4dr 44905000 44767392.4 0.307% 166.68 21902 

gcut5dr 40382500 40087187.5 0.737% 0.74 341 

gcut6dr 71162500 70839625.0 0.456% 5.49 241 1 

gcut7dr 115312500 114817716.3 0.431% 56.78 13326 

gcut8dr 153410000 152634892.3 0.508% 394.05 28128 

gcut9dr 121040000 119568000.0 1.231% 1.14 756 

gcutiOdr 249260000 247872857 .I 0.560% 5.68 1545 

gcutl1dr 289430000 286973906.4 0.856% 290.64 23447 

gcutl2dr 564650000 562898801.3 0.311% 690.59 28565 

Table 8. J 9: Performance of the algorithm CGVRP with rotauons and 2-staged pattems 
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Solution Difference Columns 

lnstance ofCGYl) LB fromLB Time (sec) GenerJted 

gcut1d 14880000 14822812.5 0.386% 0.44 307 

gcut2d 15730625 15673933.2 0.362% 8.03 3163 

gcut3d 19864375 19769831.3 0.478% 40.23 12327 

gcUl4d 46343750 46257603.4 0.186% 125.23 18410 

gcut5d 41737500 41517500.0 0.530% 0.68 489 

gcut6d 74187500 739678 12.5 0.297% 2.27 1005 

gcut7d 122745000 122295271.7 0.368% 9.09 3715 

gcut8d 155832500 155221710.8 0.393% 117.61 17864 

gcut9d 129360000 128389230.8 0.756% 1.01 727 

gcullOd 254130000 252565036.2 0.620% 2.76 1649 

gcutlld 294200000 292879166.7 0.451% 33.78 8413 

gcutl2d 602360000 599851250.0 0.418% 68.63 7886 

Table 8.18: Performance of the aJgorithm COVP w ith 4 -staged pattems. 

Solution Difference Columns 

Instance ofCGVRP LB from LB Time (sec) Generated 

gcut1dr 13823750 13790625.0 0.240% 0.70 407 

gcut2dr 15158750 15083409.1 0.499% 33.76 2676 

gcut3dr 19235000 19120561.8 0.599% 45.67 8410 

gcut4dr 44672500 44627391.4 0.101% 307.66 31450 

gcut5dr 38887500 38456458.3 l.l21 % 2.42 1044 

gcut6dr 70090000 69717232.1 0.535% 12.23 3892 

gcut7dr 115220000 L 14605812.2 0.536% 52.29 10316 

gcut8dr 15 1917500 151467609.8 0.297% 502.60 32303 

gcut9dr 120290000 119104183.0 0.996% 0.41 210 

gcuLIOdr 247580000 246552500.0 0.417% 5.55 2065 

gcut1ldr 283940000 282079863.6 0.659% 269.26 16320 

gcut12dr 561610000 559820015.8 0.320% 1003.48 39675 

Table 8.20: Performance of the algorithm CGVRP with rotations and 3-staged pattems. 



8.6. CompuLational results 117 

Solution Difference Columns 
Instance ofCGVRP LB from LB Time (sec) Generated 

gcut1dr 13823750 13790625.0 0.240% 0.83 I 415 

gcut2dr 15161875 15083409.1 0.520% 46.73 3010 
gcut3dr 19181875 19118423.5 0.332% 96.76 16255 
gcur4dr 44723750 44575105.3 0.333% 253.43 27104 
gcut5dr 38890000 38454765.6 1.1 32% 4.72 1662 
gcut6dr 70 192500 69599732.1 0.852% 10.45 2639 
gcut7dr 114867500 114503487.9 0.318% 70.18 12339 
gcut8dr 151745000 1514623U.9 0.187% I 605.13 :I 30285 
gcut9dr 119730000 118806666.7 0.777"'o 2.73 I 1198 
gcut10dr 248620000 246552500.0 0.839% 9.25 I 3409 
gcut11dr 283560000 281851974.2 0.606% 628.87 27379 
gcut12dr 561640000 559820015.8 0.325% 1328.03 32554 

Table 8.21: Performance of the algorithm CGVRV w1th rorat10ns and 4-staged pattems. 
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8.6.4 Computational results for the SP problem 

For the problem SP, \\ e have used the mstances gcutld, . . ,gcurl2d considcring the maxtmum 

dtstance betwecn two honzontal cuts of lhe strip as the width of the bm. 

AILhough the mstances for the SP problem required considerably more ti me than the (same) 

mstances for the 2CS problem, the corresponding ttmes required by the latter were stil1 small 
and acceptable in practice. 

The results for algorithm CGSP for 2-, 3- and 4-staged cuui ng are shown in tables 8.22, 
8.23 and 8.24, respectively. The lower bound corresponds to the optimal fractional solution of 

formulation 8.2. 

Solution Dífference Average Columns Solution lmprovcmem 

Instance of CGSP LB from LB Time (sec) Generated ofFFDJI over FFDH 

gcutld 5 1604 51583.0 0 .041 % 0.06 43 54323 5.01 % 

gcut2d 77436 77369 5 0086% 0.26 J41 77436 O.OO'k 

gcut3d 80206 801 12.5 0.117% 4.50 1479 83529 3.98% 

gcut4d 196480 196422.5 0.029% 3.74 702 205250 4.27% 

gcut5d 9 1177 91177.0 0.000% 0.04 29 96693 5.70% 

gcut6d 168 148 167987.5 0.096% 0.18 93 181578 7.40% 
gcut-d 24324 1 ~4 3 0 76 o 0 .068% 0.65 232 259462 6.25% 

gcut8d 332924 332669.3 0 .077% 3 57 534 344732 3.43% 

gcut9d 122836 122532.5 0 .248% 0.08 66 129706 5.30% 
gcutlOd 272919 272680.5 0.087% 0.22 119 286790 4.84% 

gcutl1d 315026 314747.5 0.088% 1.50 332 338271 6.87% 

gcut12d 573806 573590.0 0.038% 8.88 610 605126 5. 18% 

Table 8.22: Perfonnance of the algorithm CGSP wi th 2-staged pattems. 

For lhe 2-stagcd problcm, ali instances were sol ved in less than 1 O seconds. On the av­
erage, the difference between the solutions found by the algorithm an the lower bound was 

onJy 0.081% and an optimal solutton for mstance gcut5d was found. The tmprovement of the 
algorithm CGSP over FFDH was, on the average, of 4.85%. These improvements are very 

sigmficant, since algonthm FFDH also produces 2-staged soluuons. 
For the 3-staged problem, lhe mosl difficult ínstance (gcut/2) take 151 seconds to be com­

pleted On lhe average. lhe dJfference between the soJutions found by the algorithm and the 

Jower bound was 0. 113% and the average improvement over FFDH was 7.66%. 
For the 4-stag.ed problem. the difference between the solutions found by the aJgon thm CGSP 

an the lower bound v.as O 116% and the improvement over FFDH was 7.74%, on the average. 
We also performed tests when onhogonal rotations are a llowed. The results of the tests 

can be found tn tables 8.25, 8.26 and 8.27. On the average, the difference between the solu­
ttons found by the algorithm CGSRP and the lower bound was 0.114%, 0.204% and 0.261% 
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Soluuon Difference Average Co1umns So1uuon lmprovement 
lnstance ofCQSP LB from LB Ttme (sec) Generated ofFFDH overFFDH 
gcutld 51432 51332.8 0. 193% 0.25 188 54323 5.32% 
gcu!2d 17436 77369.5 0.086% 0.31 116 77436 0.00% 

gcutJd n19o 77728.7 0.079% 10.51 3297 83529 6.87% 

gcut4d 195307 195249 5 0.029% 8.40 1233 205250 4.84% 

gcut5d 87249 87 164.4 0097% 0.09 6 1 96693 9.77% 
gcut6d 158137 158104 5 0.021% 0.32 132 18 1578 12.91% 
gcut7d 236508 236412.8 0.040% 1.28 319 259462 8.85% 
gcut8d 310748 310493.8 0.082% 42.55 4861 344732 986% 
gcut9d 120479 119988.6 0.409% 0.33 245 129706 7.11% 

gcutlOd 260388 260259.5 0.049% 0.33 131 286790 9.21 o/o 
gcut11d 305348 304918.0 0.141% 9.96 1386 338271 9.73% 

gcutl2d 559870 559132.5 o 132% 151 .08 9748 605126 748% 

Table 8.23: Performance of the algorithm CGSP w1th 3-staged patterns. 

respecuvely for lhe 2-, 3- and 4-staged problem. Comparing v. ith the solutjons generated by the 
FFDHR2 we obtrun on the average an improvement of 11 62%, 13.41% and 13.42% respectively 
for the 2-, 3- and 4-staged problem. 
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So1ution j 01fference I Average Columns Soluuon Lmprovement 
Instance llfCGSP LB from LB Time (sec) Generdted of FFDH over FFDI1 

gcut1 d 51~32 51332.8 o 193% I 023 178 54323 532% 
gcutld 71436 I 77369 5 o 086Ck 0.40 126 77436 0.00% 
gcut3d 77446 77287.0 o 206«7r 19 80 4516 83529 7.28"( 
gcut4d 19530i 195249 5 0.029""c 9.70 I I 118 205250 4 84% 
gcut5d 87249 87164.4 0097% o li 62 96693 977~ 

gcut6d 158137 1581045 0.021% 0.40 149 181578 12.91% 
gcul7d 236508 236412 8 0.040% 1.48 314 259462 8.85% 
gcut8d 310672 310493.8 0.057% 47.28 4544 344732 9.88% 
gcut9d 119861 1194262 0.364% 0.20 131 129706 7.59% 
gcutlOd 260388 260259 5 0049% 0.39 132 286790 9 21 t;( 
gcut1ld 305348 304918.0 0.14 1% 13.80 1557 338271 9 73% 
gcutl2d 559159 558531.9 0.112l'f 201.51 10422 605126 7.60% 

Table 8.24: Performance o f the algorilhrn CGSP ""ith 4-staged pattems. 

Soluuon 01fterence Average Columns Soluuon Jmpro\'ement 
lnstance of CGSR LB from LB Tune (sec) Generated ofFFDHR2 overFFDHR2 

gcut 1dr 50612 50589.0 0045% 0.10 54 "4323 6 8311 
gcut2dr 60311 60192.0 o 198% 1.18 347 74744 19.31% 
gcut3dr 77385 77296.3 o 115% 5.88 1193 83529 7.36% 
gcut4dr 175996 175930.4 0.037% 32.11 3501 19 1383 8.04% 
gcut5dr 78530 78370.8 0203% 0.56 235 96530 l8.65'it 
gcut6dr 138207 138041 o 0120% 0.97 224 181578 23 89% 

1 gcut7dr 226312 226163.8 0.066% 3.28 53 1 2-l-4742 7.53% 
gcut8dr 300696 300499.3 0065% 29.54 1419 326197 7.82% I 
gcut9dr 119584 119417.0 0.140% 0.22 102 129657 7.77% 
gcut10dr 236531 236278.2 0.107% 1.20 193 265322 1085% 
gcut11dr 28616-t 285661.6 0.176'lí 10.53 555 326275 12.29C'f-
gcut l2dr 549751 549181.6 O 1Q.t ~ I L30.30 2908 605126 9 15% 

Table 8 25 Performance of the algonthm CGSRP with rotauons and 2-sraged pattems. 
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Soluuon D1fference Average Columns Solurion lmprovemem 
lnstance ofCGSR LB fromLB Time (sec) Generated ofFFDHR2 O\>erFFDHR2 

gcutldr 50433 50329.0 0.207% 0.44 250 54323 7 16% 
gcut2dr 59369 59138.7 0.389% 4 91 1220 74744 20.57% 
gcut3dr 75447 75227.5 0.292% 8003 11692 83529 9.68% 
gcut4dr 173796 173588.0 0.120% 127.54 11925 191383 9 19% 
gcuõdr 74885 74706 o 0.240% 040 140 96530 2242% 
gcut6dr 135952 135450.9 0.370% 4.77 1227 181578 25.13% 
gcut7dr 221258 221137.5 0.054% 7.39 847 244742 9.60% 
gcut8dr 294465 294 188.3 0.094% 353 28 13965 326197 9.73% 
gcut9dr 116404 115994.6 0.353% 0.55 231 129657 I 0.22<.;( 
gcutlOdr 233321 233253.7 0.029% 2.14 2 11 265322 12.06% 
gcull ldr 278 144 277452.3 0.249% 232 .55 7009 326275 14.75'1-
gcutl2dr 541926 541610.5 0.058% 1179 61 20669 605126 10.44% 

Table 8.26: Perlonnance of the algorithrn CGSRP with rotat10ns and 3-staged patterns. 

Soluuon D1ffereoce Average Columns Solution Lmprovement 
lnstance ofCGSR LB from LB Time(sec) Generated ofFFDHR2 overFFDHR2 

gcutldr 50433 50329.0 0.207% 0.47 255 54323 7 16% 

gcut2dr 59420 59124.5 0.500% 10.75 2222 74744 20.50% 
gcut3dr 75396 75162.2 0.311% 50.26 7261 83529 9.74% 
gcut4dr 173687 173534.3 0.088% 259.84 20740 191383 9.25% 
gcutSdr 74717 74391.0 0.438% 0.46 155 96530 2260% 
gcut6dr 135952 135450.9 0.370% 6.17 1332 181578 25.13% 
gcut7dr 221258 221137.5 0.054% 8.19 791 244742 9.60% 
gcut8dr 294578 294188.1 0.133% 764.96 23291 326197 9.69% 
gcut9dr 116296 115927.8 0.318% 0.51 164 129657 10.30% 

gcutlOdr 233582 233066.7 0.221% I 5.24 376 265322 11.96% 

gcut11dr 278362 277230 7 0408% 206.29 5251 326275 1468% 

gcut12dr 541998 5~1540 . 0 0.085% 935.73 12450 605126 1043% 

Table 8.27: Perfonnance of lhe algorithm CGSRP with rotations and 4-staged pauerns. 
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8. 7 Concluding remarks 

In th1s paper we presented algorithrns for the RK, 2CS, BPV and SP problems and their variants 

RKr. BPr, BPVr and spr (where orthogonal rotations of the 1terns are allowed) usmg guillotme 
staged pattems. 

For the RK problem we presented the (exact) pseudo-polynorrual algorithms SDP for k­
staged pattems. We h ave also rnentioned how to use SDP to solve the problem RKr. 

We extend the work of [18] by using colurnn generation based algorithms to solve the 2CS 

and BPV problems using staged pattems, and also extended these algorithms to solve the SP 
problem. These algorithms use, as subroutines, the algorithm SDP to generate the columns. 

The algorithms combines different techniques: Simplex method with column generation, an 
exact algorithm for the discretization points, and approxímation algorithms for the last residual 
instance. An approach of this nature has shown to be promising, and has been used to tackle 
the one-dimensional cutting stock problem [48, 17]. 

The algorithm for the SP problem was obtained adapting the algorithm for the BPV problem. 
We have used the same strategy used in the algorithms for the 2CS and BPV problems. The 
residual mstances were solved with an approximation algorithm (FFDH) or another algorithm 
we proposed (called FFDHR2) when rotations are allowed. 

For almost ali mstances tested, the algorithms that use a perturbation method found solutions 
of a slightly better quality than CG (respectively CGR) at the cost of a slight increase in the 
running time. 

A natural development of our work would be to adapt the approach used in the algorithm 
CO for lhe vers10n with arbitrary orthogonal cutting pattems (the cuts need not be guillotine). 

One can find an initial solution using homogeneous patterns; the columns can be generated 

using any of the algorithms that have appeared in the literature for the two-dimensional cutting 
stock problem with value [6, 3]. To solve the last residual instance one can use approximation 
algorithms [16, 11 , 34]. 

One can also use column generation for the variant of 2CS in which the quantity of items 
in each bm is bounded. This variant, proposed by Christofides and Whitlock [15], is called 

rescricted two-dimensional cutting stock problem. Each new column can be generated with 
any of the known algorithms for the restricted two-dimensional cutting stock problem with 
value [15, 41], and the last residual instance can be solved with the algorithm M-lfFF. This 
restricted version with guillotine cut requirement can also be solved using the ideas we have 
just described: the homogeneous patterns and the pattems produced by M-HFF can be obtained 
with guillotine cuts, and the columns can be generated with the algorithm of Cung, Hifi and Le 
Cun [24]. 

As a final remark we mention that we did not use a heuristic procedure to solve the column 
generation step. Therefore, we could obtain optimal fractional solutions for ali the instances-
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we havc considered. These optimal fractional solutions y1elded excelJent lower bounds for the 

optimal solutions, which tumed out to be in most of the tests, very cJose to the solutions found 
by the algorithms. 

We perfonned many tests and compared the solutions obtained for the different variants of 
the problems. On average, we noted an increase in computational time and decrease of space 

occupation when we considered 2-, 3- and 4-staged palterns, as well as when rotations were 

considered. It is interesting to note that very few papers consider 4-staged patterns. Finally, 
we observe that for ali tests performed, the algorithms we implemented found optimal or quasi­

optimal so1utions in a reasonable amount of time, showing that they may be useful for practicaJ 

purposes 
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Capítulo 9 

Conclusões e Trabalhos Futuros 

Neste trabalho apresentamos algoritmos para diversos problemas de empacotamento. O princi­
pal foco do trabalho foi o desenvolvimento de algoritmos de aproximação e heurísticas baseadas 

no método de geração de colunas. 

No Capítulo 4 apresentamos o problema que chamamos de Class Constrained Shelf Bin 

Packing (CCSBP). Este problema é uma generalização do problema bin packing onde itens têm 

classes diferentes e devemos empacotar os itens separando-os por prateleiras. Este problema 
possui aplicações na indústria de metais [16]. Apresentamos algoritmos aproximados práticos 

para este problema, e também um esquema de aproximação para o caso em que o número de 

classes diferentes é limitado por uma constante. Como trabalho futuro permanece em aberto a 
questão da existência de um esquema de aproximação para o caso onde o número de classes faz 
pane da entrada. 

No Capítulo 5 consideramos dois problemas: o CCSBP e o problema bin packing com res­
trições de classes. Apresentamos esquemas de aproximação duais para ambos os problemas. 
Neste caso buscamos soluções para a versão dual, que podem ser inviáveis para o problema 
original, usando no máximo a quantidade de recipientes de uma solução ótima da versão ori­
ginal. A medida da qualidade da solução gerada está relacionada com o grau de inviabilidade 

da solução. Como possível trabalho futuro pode-se tentar propor esquemas de aproximações 
duais com complexidade de tempo mais baixa, já que a complexidade de tempo dos algoritmos 

propostos é muito alta. 

No Capítulo 6 apresentamos o problema bin packing com restrição de classes, denotado por 

CCBP, com aplicações para um problema de construção de servidores de vídeo sob demanda. 
Apresentamos algoritmos aproximados práticos para este problema e exibimos resultados de 
testes computacionais com tais algoritmos. Também apresentamos algoritmos aproximados 
para a versão online do problema. Por fim , apresentamos um esquema de aproximação para 
o caso em que o número de classes diferentes da entrada é limitado por uma constante. Aqui 
também fica em aberto a existência de um esquema de aproximação quando o número de classes 
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diferentes faz parte da entrada. Um esquema de aproximação para este problema pode levar 
a um esquema de aproximação para o problema CCSBP. Por outro lado, um resultado de 
inaproximabilidade também pode ajudar a construir um resultado semelhante para o problema 
CCSBP . 

No Capítulo 7 apresentamos algoritmos de aproximação para a versão do problema bin 
packing onde os itens possuem demandas, problemas que são conhecidos na literatura como 

problemas de cutting stock. Neste capítulo mostramos como adaptar vários aJgoritmos de apro­

ximação desenvolvidos para problemas sem demanda para o caso onde há demanda para os 

itens. Dentre os resultados deste capítulo destacamos um esquema de aproximação assintótico 

para o problema cutting stock unidimensional e um algoritmo com fator de aproximação as­
sintótico 2.077 para o problema cutting stock bidimensional. Neste ponto, destacamos que a 

complexidade computacional do problema de cutting stock está em aberto. Apesar de sabermos 

que este problema é NP-difícil, não se sabe se a versão de decisão do problema está em NP. 

Finalmente no Capítulo 8, apresentamos algoritmos para problemas de empacotamento bi­
dimensional. Nestes problemas são considerados cortes guilhotináveis e em estágios. Apresen­

tamos algoritmos exatos para problema da mochila bidimensional baseados em programação 
dinâmica. Consideramos também o problema bin packing bidimensional com demandas e o 

problema strip packing bidimensional com demandas. Para estes problemas apresentamos heu­

rísticas baseadas no método de geração de colunas. Um possível ponto para trabalhos futuros é 

estender os algoritmos descritos para problemas tridimensionais. Para tanto, deve-se construir 
algoritmos eficientes para o problema da mochila tridimensional, que será usada na parte de 
geração de colunas. 

Algoritmos de aproximação são vistos por muitas pessoas como resultados teóricos sem 
grande aplicabilidade prática. Nesta tese apresentamos alguns algoritmos aproximados práti­

cos e fizemos alguns testes computacionais (ver Capítulo 6). Os resultados destes testes mos­
tram que tais algoritmos produzem soluções de excelente qualidade, podendo ser utilizados na 

prática. Vários algoritmos aproximados são de fácil implementação e em geral produzem so­
luções cujos valores estão muito mais próximos do ótimo do que os fatores de aproximação 
demonstrados [39, 43]. Tais algoritmos podem ser usados inclusive como heurísticas primais 

em algoritmos exatos (veja [1] como exemplo). 

Também há um grande interesse de investigação teórica relacionada a algoritmos de apro­
ximação. Neste caso busca-se saber, para um determ.inado problema, qual o melhor fator de 
aproximação que pode ser obtido por um algoritmo para este problema. Nesta linha pode-se 
projetar algoritmos aproximados ou provar resultados de inaproximabilídade [25, 5, 39]. A par­
tir de tais resultados criou-se urna teoria de complexidade baseada em classes de aproximação 

(veja por exemplo [5]). Tais resultados trazem uma maior fundamentação teórica para a questão 
de se P é igual a NP. Hoje sabemos, por exemplo, que a existência de algum FPTAS para uma 
enorme quantidade de problemas equivaleria a mostrar que P = NP. Com os recentes resul-
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tados sobre provas venficávets probabthsticameme [2, 3, 4], sabemos que diversos problemas 

não admitem sequer aprox tmaçào constante a menos que P = :\P. 

Nesta tese também invesugnmos heurísticas baseadas no método de geração de colunas. A 

grande vantagem desta abordagem é trabalhar com programas lineares que fornecem Imtitantes 

duats mutto próximos do ótimo Para o problema cuuing stock umd1mensional extste uma 

conJectura famosa, para a formulação correspondente a apresentada no Capítulo 7 (fonnulação 

8 I). conhectda como MIRUP (Modrfied Integer Round-Up Propcrty) que dJZ o scgumte: O 

valor de uma solução mteira ótima para uma instâncta I do cuuing srock unidtmcns10nal é 

no máximo o teto da função objet1vo do programa lmear adJctonado de I. Vãnos resultados 

corroboram com esta conjectura [34, 35, 40]. Para o caso bid1mensional com cortes em dojs 
estágtos Riehme er a/. [33] apresentam uma versão da conjectura MIRUP, (mas neste caso 

adtctona-sc 2 ao valor do teto do programa linear) e resultados computaCIOnais dando supone a 

conJCClUra. Uma maior mvestlgação da qualJdade do limitante dual fornecido pela fonnulação 

8.1 para o problema btdtmens1onal pode ser um mteressante trabalho. Como vimos no Capítulo 

7. as heurísticas propostas, baseadas na solução deste programa h near. obtiveram excelentes 

resultados 
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