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RESUMO

Uma das maiores dificuldades encontradas no estudo dos processos de separagio
por estagios ¢ a grande dimensdo dos modelos do processo. Assim, a simulagio desses
processos envolve um elevado niimero de equagdes algébrico-diferenciais ndo-lineares
ocasionando um elevado esforco computacional. Varios pesquisadores tm proposto
estratégias que reduzam a dimens@o dos modelos, estas técnicas recebem o nome de
métodos de reducdo de ordem e os modelos por ela obtidos séo denominados modelos de
ordem reduzida.

Este trabalho tem como objetivos o desenvolvimento de modelos de ordem reduzida
para sistemas de processos de separacio por estdgios usando a metodologia da colocagéo
ortogonal discreta, a selecfio da methor estratégia de colocagdo, assim como a selegdio do
algoritmo mais adequado para a solugdo das equagdes do modelo reduzido visando
selecionar aquela combinac3o de estrutura de modelo e de algoritmo que permita obter uma
simulagdo adequada e custo computacional minimo.

A aplicacdo do método da colocagdo ortogonal € estendida & solucéo de equacdes as
diferencas, a partir do desenvolvimento de uma metodologia que unifica o uso do método
da colocagdio ortogonal tanto para a solugSio de equacdes diferenciais quanto para a de
equacdes as diferengas.

(s resultados obtidos nas simulagdes realizadas demonstram a viabilidade da
aplicacio da colocagfio ortogonal discreta na simulagéio de colunas de destilagdio em estado
estaciondrio. O esquema de colocagfo ortogonal mista levou a uma melhor aproximagio
em relagfio 4 colocacgo ortogonal mista modificada, além de uma reducfio considerdvel no

tempo computacional em compara¢io com o modelo completo.
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ABSTRACT

One of the largest difficulties found in the analysis of staged separation processes is
the great dimension of their models. Thus, the simulation of these processes involves a high
number of algebraic-differential equations, causing a high computational effort. Several
researchers have been proposing order reduction strategies, that is reduce the dimension of
the models.

This work has as objectives the development of reduced order models for systems of
staged separation processes through collocation strategies, the selection of the best
collocation strategy, as well as the selection of the algorithm more adapted for the solution
of the equations of the model seeking that combination of model structure and of algorithm
that allows to obtain an appropriate simulation and minimum computational cost.

The application of the method of orthogonal collocation is extended to the solution
of differences equations, starting from the development of a methodology that unifies the
use of orthogonal collocation for the solution of differential equations as well as for the one
of differences equations.

The results obtained in the simulations demonstrate the viability of the application
of discrete orthogonal collocation in the simulation of distillation columns in stationary
state. The discrete mixed orthogonal collocation led to a better approach than the modified
mixed orthogonal collocation. Besides, a considerable reduction in the computational time

in comparison to the complete model was obtained.
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1. INTRODUCAO

1.1 Motivacio

A destilagdo ¢ um dos processos de separagdo por estdgios mais estudados, visto
que grande parte da inddstria quimica utiliza esse processo. Uma das maiores dificuldades
com modelos matematicos de sistemas de separacfo por estdgios € a grande
dimensionalidade do modelo do processo, o que, entra outras coisas, aumenta as
dificuldades computacionais para obter as condi¢Ges otima de operagfo da coluna. Assim

existe a necessidade de desenvolver modelos de ordem reduzida mais eficientes.

O uso de modelos de ordem reduzida € fundamental em problemas de controle e
otimizag8o. A otimizacfo de processos em tempo real, cujo objetivo € a determinagdio das
condi¢des otimas de operagfio de uma planta ou unidade de processo em tempo real, requer
o uso de modelos estaticos que representem o comportamento do processo com suficiente
exatiddo, Os modelos mais comumente usados na simulagdo de colunas de destila¢do sdo os
modelos ditos completos de estdgios (ideais ou com uma dada eficiéncia). No entanto, estes
apresentam uma grande dimensfo, o que torna o esforco computacional para a otimizagio
em estado estacionario bastante elevado, principalmente quando a coluna possui muitos

pratos ou mais de uma unidade estd envolvida.

No controle preditivo com modelo, o controlador utiliza o conhecimento da
dindmica do processo (um modelo explicito) para encontrar a trajetéria da variavel
controlada sobre um horizonte de controle que otimiza a fun¢#io objetivo num horizonte de
predi¢do. O algoritmo de controle usa a otimizagdo e a solugfo do sistema de equacdes
algébrico-diferenciais do modelo dindmico para determinar a trajetéria 6tima da varidvel
controlada a cada instante de amostragem. Os modelos prato-a-prato de colunas de
destilagio geram um problema de programagfio ndo-linear contendo um grande nimero de
varidveis e restrigbes cuja solucdo requer um grande esforco computacional para cada
instante de amostragem. Isto pode criar um grande atraso enire a amostragem e a
implementacio das agOes de controle e, em casos extremos, o tempo de calculo pode ser

maior que o de amostragem.

O controle 6timo no tempo é empregado quando deseja-se conduzir o sistema de um

estado inicial para algum estado final, no menor tempo possivel, por exemplo. Isto envolve
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um problema de otimizagfio cujas restrigGes incorporam o modelo dindmico do processo
(um sistema de equacSes algébrico-diferenciais). No caso particular de colunas de
destilagdo, dada a elevada dimenséio dos modelos dindmicos completos, um grande esforco

computacional € requerido para a obten¢io da solugfo 6tima.

1.2 Diviséio do Trabalho
Apresentada a motivagdo deste trabalho, parte-se para a divis&o do mesmo.

Inicialmente no capitulo 2 serd feito uma revisdo da literatura sobre modelos de
ordem reduzida de colunas de destilag8o por estdgios, bem como uma andlise critica sobre
os modelos de ordem reduzida existentes e serdo apresentados os objetivos gerais do

presente trabalho.

No capitulo 3 serd abordada a aplica¢fo dos polinémios ortogonais de uma variavel

discreta ao célculo das diferencas finitas, visando a solugfo de equagdes as diferencas.

Em seguida, no capitulo 4 serd descrita a metodologia de redugéo de ordem aplicada
a colunas de destilagdo. Para testar a eficiéncia dos métodos serio simulados alguns casos

exemplo e os resultados comparados com os obtidos com o modelo completo.

Finalmente no capitulo 5 serfio apresentadas as conclusbes e sugestdes para

trabalhos futuros.
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2. Revisiio Bibliogrifica

Umas das maiores dificuldades com modelos matematicos de sistemas de
separacio por estagios € a grande dimensionalidade do modelo do processo. Um modelo de
estado estaciondrio prato-a-prato tipico apresenta N(2NC+1) equagbes algébricas nfo-
lineares , sendo NC o numero de componentes e N o nimero de estigios da coluna, as
quais, devido ainda a eventuais problemas de rigidez, podem apresentar grandes
dificuldades na sua solugdo. Para tentar contornar estes problemas vérios pesquisadores tém
proposto estratégias que reduzam o nimero de equagdes sem perda de precisdo em relagio
o modelo original. Estas técnicas recebem o nome de métodos de redugdo de ordem e os
modelos por elas obtidos sdo denominados modelos de ordem reduzida.

Uma primeira categoria de modelos reduzidos, como os de Wahl e Harriot (1970)
e Georgakis e Stoever (1982), utiliza modelos linearizados. Porém estes sdo de aplicacfo
bastante restrita, pela propria natureza da linearizacfo. QOutra categoria ¢ formada pelos
chamados modelos compartimentais de Espafia ¢ Landau (1978) e Benallou er al. (1986),
que baseiam-se no conceito de prato sensitivo. A grande desvantagem deste método,
segundo Seferlis e Hrymak (1994a), é que o prato sensitivo ndo € definido explicitamente e
sua localizacio tem um papel importante no tempo requerido para a simulagéo.

O uso da colocagdo ortogonal para solucio de modelos de equagdes diferenciais €
uma metodologia bem desenvolvida (Villadsen e Michelsen, 1978a). Recentemente varios
artigos tém utilizado a colocacfio ortogonal para solucfio de modelos de equagdes as
diferengas, tipico de processos por estagios. Osborne (1971) transformou o modelo de
equagdes as diferengas, para processos por estagios, em equacdes diferenciais parciais por
aproximagéo das diferengas por diferenciais.

Wong e Luus (1980) desenvolveram um método de reducdo de ordem baseado na
idéia que os perfis de composicio possam ser representados como varidveis continuas ao
longo da coluna. Neste trabalho, a semelhanc¢a de Osborne (1971), os autores propuseram
que as equacdes as diferengas do modelo original fossem transformadas em equagGes
diferenciais parciais e estas resolvidas pelo método da colocagio ortogonal, com os pontos
de colocacfo localizados nas raizes do polindmio de Jacobi. Foi observada uma redugéo
consideravel no nimero de equagdes, no entanto o balanco de massa no estado estaciondrio

ndo era preservado. Esta metodologia é razoavel para colunas de recheio, porém demonstra-
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se inadequada para colunas de pratos, pois nio preserva a natureza discreta das equagdes s

diferengas do modelo original.

Cho e Joseph (1983) usaram duas abordagens para construir aproximacgées de
ordem reduzida dos modelos prato-a-prato do processo de separagio. Na primeira
abordagem, similarmente 4 Osborne, a coluna de separagiio por estagio é aproximada como
um sistema distribuido, com os perfis de composi¢io e vazdio tratados como variaveis
continuas ao longo do comprimento da coluna. As equagdes diferenciais parciais obtidas
s&o entdo resolvidas pelo método da colocagfio ortogonal usando polinémios de Jacobi. Na
segunda abordagem, a redugiio do modelo foi obtida pela transigio direta para
representacdo polinomial dos perfis de composicio e vazdo na coluna, utilizando
interpolacio de Lagrange e polindmios de Jacobi. Para uma simples coluna de absorgéo de
gas, sem pratos de alimentagdo e sem pratos com retiradas laterais, verificou-se que o
procedimento direto preserva a exatiddo, enquanto que a abordagem por equagdes
diferenciais parciais tende a dar erros altos.

Stewart ef al. (1985) desenvolveram um método rapido para simulagio de
processos de separacdio multiestagio baseado também na transi¢fo direta para representacio
polinomial dos perfis de composigdo e entalpias na coluna. Entretanto, os autores basearam
os polindmios da interpolacéio de Lagrange nas raizes dos polinémios de Hahn, uma familia

de polindmios ortogonais discretos.

Pinto e Biscaia (1988) discutiram os méritos de diferentes estratégias de redugdo
de ordem para modelos de processo de separacio por estdgios. Os autores procuraram
selecionar as melhores familias de polindmios ortogonais discretos a serem usados na
construgdo de modelos de ordem reduzida para sistema de separagfio por estigios. Para
isso, eles escolheram um método dito de “colocagdio ortogonal por se¢des sem
extrapolacéo”, escolhendo em cada secgéio, 0 “prato extremo” (condensador ou refervedor)
como ponto de colocagfo. Deste modo foram obtidos familias de polindmios que néo sdo
nem do tipo Jacobi nem do tipo Hahn. Contudo, o método proposto tem o inconveniente de
ndo considerar as descontinuidades que ocorrem justamente no condensador e no

refervedor.

Um dos problemas das estratégias propostas por Stewart et al. (1985) e Pinto ¢
Biscaia (1988) é que elas ndo levam em conta adequadamente os pratos de alimentacdo e os

pratos com retiradas laterais. Uma outra critica que poderia ser levantada diz respeito a
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complexidade da implementacio do meétodo da transicho direta para representagdio

polinomial dos perfis na coluna.

Seferlis e Hrymak (1994a,b) propuseram uma formulacdo de reducdo de ordem
sendo a coluna dividida em dois elementos, cada um deles definido como um grupo de
pratos situados entre dois pratos das correntes que entram ou saem da coluna. Uma coluna
com um simples prato de alimentago e sem retiradas laterais, por exemplo, é separada em
duas regides. Aqueles pratos onde ocorrem descontinuidades do perfil na coluna sio
tratados como estagios discretos, enquanto que para as regides os autores usaram a
transi¢do direta para representacdo polinomial dos perfis na coluna, com pontos de

colocagdo internos como sendo as raizes dos polindmios de Hahn.

A colocagfo ortogonal discreta ¢ um método eficiente para a redugdo da ordem do
modelo de processos de separagfio por estagios (Serfelis ¢ Hrymak, 1994). Contudo, o
emprego da colocagfio ortogonal discreta para redugio da ordem do modelo de processos de
separagdo por estagios pode ser talvez melhor descrito pela opinidio de Taylor e Lucia
(1995) que * ndo existe muita publicagio que utiliza esses métodos”. Além das criticas
formuladas acima, a situacfio é talvez devido ao fato que a metodologia da colocagio
ortogonal discreta é relativamente desconhecida pelos engenheiros, a0 mesmo tempo,
quando tenta-se usar polindmios ortogonais discretos ou aplicar colocagfio ortogonal
discreta , o engenheiro é confrontado com o problema que a teoria dos polindmios
ortogonais discretos estd dispersa através de diferentes livros e artigos € que mesmo a
notacéio difere dependendo do autor. Além disso, algumas questSes mais préticas tem que
ser respondidas, como a escolha da familia do polindmios discretos ou o calculo das raizes

do polindmio ortogonal discreto.
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2.1 Objetivos Gerais do Trabalho

O objetivo principal deste trabalho € o desenvolvimento de uma sistematica de
construcio de modelos de ordem reduzida para sistemas de separacgio por estdgios,ou, mais
especificamente, para colunas de destilagdo. Assim, serfo analisados problemas em relagio

aos seguintes topicos:

* Selecdo da estratégia de colocagéo, a da colocagdo ortogonal mista e colocagdo

ortogonal mista modificada.

o Selecdo do algoritmo mais adequado para a solugéio das equagdes do modelo
visando selecionar aquela combinacéo de estrutura do modelo e de algoritmo que permita

obter uma simulagdo com precisfio adequada e custo computacional minimo.

s Avaliagio do efeito de estratégia de redugiio e de simulagiio sobre o tempo

computacional.

Dadas as caracteristicas anteriormente mencionadas referentes & Teoria dos
Polinémios Ortogonais Discretos, sdo apresentados no Anexo I os pontos basicos desta

Teoria, seguida basicamente a notaciio adotada por Nikiforov et al. (1991).
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3. EQUACOES AS DIFERENCAS E COLOCACAO ORTOGONAL DISCRETA

3.1. Introducio

Seja dada uma familia de polindmios {po(x).p;(x), ... ,pafx), ...}, onde p,(x) é um polindmio

exatamente de grau ».

Sob certas condigdes, a funcio f{x) pode ser expandida numa série dos polindmios pa(x)

f(x)=) ¢;pj(x) . G.1
j=0
Contudo, se a série (3.1) for interrompida no termo em p.(x) ela degenera numa

aproximagdo de f{x) por um polindmio de grau »
n
f(x)= Y ¢;pj(x). (3.2)
j=0

Os valores dos coeficientes ¢; (7=0./....,n) na relagdo (3.2) podem ser calculados de tal
maneira que esta relacdo seja exata para n+1 valores de x, {x= x4 x;, ..., x,} ,através do

sistema de equagdes

n
fixi)= cipj(xi) » (=01, ...,n) . (3.3)
j=0

Para qualquer outro valor de x# x; (i=0,1,...,n) o residuo da aproximacdo (3.2), que

representaremos por R,+;(x), seré entdo dado por ( Jordan,1965) :

&
Rn+1(X) m(x—xo)(x~x2)...(x——xn)—m (34)
onde & € um valor situado no intervalo que contém os pontos { X, xg, X, ... , X, ), isto &, &
FreE)

serd uma funcéio de x ( mas uma vez escolhido o valor de x em (3.4), sera uma

(n+1)!

constante) !
Deste modo, a expansao:

(5= 2 )(x =) (= x,)

frnrl)
(1) 77E) 69)

F(x)=¢, po(x) +¢ pi(x)+.+e,p,(x) +
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onde & uma fungdo de x , é exata para qualquer valor de x!

A relacdo (3.4) € interessante, pois mostra que o residuo R,.;(x) depende apenas dos
valores ( X, Xg, Xy, ..., X, ) € da derivada f"""(x) de f{x), e ndo depende dos polindmios p,(x)

usados na expansio.

O desenvolvimento feito mostra ainda que, se fix) for uma funcfio polinomial de grau

exatamente » a expanséio {3.2) serd exata, ou seja, R, ;(x) serd nulo para qualquer x.

3.2. Expansio em Séries de Polindmios Ortogonais Discretos
Consideremos novamente uma fungéio f{x), ¢ seja { p,(x} } uma familia de polindémios
ortogonais discretos definida pela condi¢fo de ortogonalidade

N-1

Zp(xi)pn(xi)pm(xi)=5mnd§ . (36)
=0

Suponhamos, inicialmente, que f{xj ¢ um polindmio exatamente de grau » < N. Entéo ,

como vimos acima, a expansdo polinomial

n
f(x)=) e;pj(x) 3.7)
=0
sera exata para todos os valores de x. Neste caso, os valores dos coeficientes ¢; podem ser

obtidos multiplicando ambos os membros de (3.7) por o{x)pm(x)} ., e somando para todos os

x (i=0, 1. N-1)

N-1 N=1 ( n
> PO (X JPm(Xi) = D D Cip (X)X JPm(Xi) |5

= f= fwo
ou
N-1 n N-1
> P (i) (xi) = 3 ¢; > Axi)pj(xipm(xi) - (3.8)
i=0 j=0 i=0

Devido, contudo, & condicdo de ortogonalidade (3.6), obtém-se imediatamente de (3.8):
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N1
> o(xi (X ) j(x;)
¢j =4=0 . (3.9)

2
d;

No caso mais geral em que f(x)nfo ¢ um polindmio de grau <n a expansdo (3.7) constitui
apenas uma aproximagfo de f(x). Neste caso pode-se mostrar que os valores dos

coeficientes ¢; dados por (3.9) sdo 6timos pelo critério dos minimos quadrados

2
N1 n
Snz p(X,‘){f(X;)WZCIPj(X,')} = Min . (310)
i=0 j=0

Com efeito, as condigdes de minimo

ss, L
=23 pxi1(xi)= Y eip(xi) iPy(xi)=0
€k f=0 j=0

devido a condicdo de ortogonalidade (3.6) , reduzem-se a

N-1

N—}
2 PP (x) =¢, > p(x)p] (x)

j=

ou

> p()F (5P, ()

b
CJ,. dz .

1

GB.11)

expressdo obviamente idéntica a (3.9),

Estas consideragbes permitem chegar a uma conclusfo interessante (Jordan,1965):

Para obter a melhor aproximagéo possivel de uma fungfio f{x), definida para os N valores de

x {x=012,. N-1}, por um polinémio de grau » de acordo com o principioc dos minimos

quadrados
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2
N-1 n

Sp 2Z[ffxf)mzcjpf(xf) = Min ;
i=0 j=0

basta expandir essa fungio numa série dos polindmios de Chebyshev discretos
{pj{x)=t;(x,N)} e terminar a série no termo em t,(x}, sendo os ¢; dados pela relagio

(3.76) correspondente.

3.3. Aproximacio Polinomial : Colocacio Ortogonal Discreta

Consideremos o seguinte problema:

Dada uma fungfo f(x), continua no intervalo [0,N - 1], deseja-se aproximar essa funcdo por

um polindbmio exatamente de grau n , P, (x}

F(x) = Py (x) . (3.12)

Sn = 3 {txi) - Palxi))” - (3.13)

onde os pontos x; (i=01,...,N-1) sfo os N pontos equidistantes

Xijsg =X =1
xp=0;XN.g=N=~1"

Como anteriormente, vamos definir o polindmio F,(x) por uma expansdo em série na

familia de polinémios {p n (x)} , truncada no termo em p,(x)

Pn(X)an:c; p(x}. (3.14)
j=0

Como vimos, se os polindmios p;(x) forem os polindmios de Chebyshev discretos,

pj(x}=t;(x,N), e se os (n+1) coeficientes ¢; em (3.14) forem calculados pelas relagdes
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a aproximagdo (3.12) sera étima, no sentido de que a soma dos quadrados dos desvios Sy

serd minima.

Nas aplicagdes é contudo frequente escolher (n+1) pontos u; e[O.N-1],(j=01,....n} e
calcular os (n+1) coeficientes ¢; de (3.14) a partir das (n+1) equacdes obtidas impondo a
condi¢do de que para x=u; ,(j=01,...,n), a aproximagfo (3.12) seja exata, isto é, que se

tenha
us)=Pafu) = Yoeu peluy) (108, 319
k=0

Poe-s¢ entio o problema de saber se existe um conjunto “6timo” de pontos u; (j=07,....n)

para o qual a aproximacdo (3.12) pode ser considerada como “boa” no sentido da

minimizagdo da soma dos quadrados dos residuos (3.13).

Para resolver este problema vamos considerar trés possiveis situagdes.

1* Situacfio: Colocacio de Gauss. Os (n+1) pontos de colocagdo u; (j=07,...,n) estdo

todos situados no intervalo (O,N-1) , isto € tem-se u; ¢(O,N-1}(j=01,....n).

Neste caso, a soma dos quadrados dos residuos ¢ dada por

-
z
N

Sy = o{f(x,-)mP,,(x,-)}z zZ{Rn+1(X;)}2 : (3.16)

=

onde, de acordo com (3.4) se tem

Rp.(x) = B(x)(x —ug){x —tq)..(x —up). (3.17

Mas, a soma (3.16) pode ser aproximada por uma {Oérmula de quadratura de Gauss,
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N

Z{Rn+,(x,.)}2 = i“’f{Rm’(yf)}z : (3.18)

-

-

onde os y; (j=07,...,n) sdo os zeros do polindmio de grau (n+1) pertencente a familia de
polindmios ortogonais discretos definida pela condicéo de ortogonalidade
N-1
(Pn:pm) = zpn(xi)pm(xi) =h£§mn:
i=0

ou seja, a familia dos polinémios de Chebyshev discretos.

De (3.16-18) conclui-se imediatamente que, se os_(n+1) pontos de colocacio

uj(j=01..,n)_forem escolhidos como sendo os_zeros do polindmio_de Chebyvshev

th{x, N}, se terd
N--1 2
Sy =Y {Rnu(x;)}" =0 . (3.19)
i=0

Este resultado mostra que nestas condi¢Ges a aproximagio (3.12) pode ,pelo menos ser

considerada como “sub-6tima”, de acordo com o principic dos minimos quadrados.

2* Situaciio :Colocagiio de Radau. Nesta situagdo os (n+1) pontos de colocagfo u; sdo

escolhidos segundo os seguintes critérios:

-n desses pontos, digamos uy,u,,...,.U,, s80 escolhidos no interior do intervalo
(O.N-1);

-0 ponto restante, uy, € escolhido como sendo um dos extremos do intervalo, isto €
Up = 0 ou

Up = N-1,
Supondo, por exemplo, que escolhemos uy =N -7, entdo o residuo da aproximagéo (3.12)
sera

Rp(x)=B(x)(x —tug)(x —ug)...(x —tp){x ~ xn_1), Onde xp.g =N-1

e u;je(ON-1){j=12...,n). (3.20)
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Neste caso a soma dos quadrados dos residuos (3.16) pode ser aproximada por uma féormula

de quadratura de Radau,
N-1 2 .
Sy =Y {Rpulxi)} = Z ,{Rnn(}’j)} + &g {Rusr(x=N-1", (3.21)
=0 =1

onde os y; (j=1,....n) sdo os zeros do polindmio de grau n, p,{x), pertencente a familia de

polindmios ortogonais discretos definida pela condi¢fo de ortogonalidade

N-1
pnspm Z XN~—1 —X )pm(xi)"hs5mn . (3.22)
f)

—

De (3.20-22) concluimos imediatamente que se 0s n pontos de colocagdo u; (j=1,...,n)

internos ao intervalo (0.N-1)_forem os zeros do polindmio ortogonal discreto de grau n

.Pn(x).definido por (3.22) se terd

N1

Sy = Z{ n«i»‘! “Os

ou seja, a aproximacio (3.12) é, nestas condigdes, pelo menos “sub-6tima™ de acordo com o

principio dos minimos quadrados.

3* Situaciio: Colocagio de Lobatto. Nesta Gltima situagfio os (n+1) pontos de colocagéo

u; s#o escolhidos segundo os seguintes critérios:

-(n-1) destes pontos, digamos uy,uj,...,u,_1, sd0 escolhidos no interior do intervalo

(O.N-1);

-os dois pontos restantes, v, e u,, sdo escolhidos como sendo iguais aos extremos

do intervalo,

comuy =0 e u, =N -1, por exemplo.

Neste caso o residuo da aproximacéo (3.12) serd dado por

Rt (x) = Bx)(x = ug ) —up)o{x —up_g (X = xo)(x ~xpn_q), [xo =0xyg=N-1] (3.23)
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e a soma dos quadrados dos residuos pode ser aproximada por uma férmula de quadratura
de Lobatto

N1 n-1

Sy = ; {Rnt (M)}Z ~ ;a’j[RnH (Yj)}z +wg {Rn+1(xo)}2 + 0N {Rn+1(xN-1)}29(3*24)

onde 0s y; (j=1,...,n-1) sdo os zeros do polinémio de grau (n-1) , p,_s (x) , pertencente &
familia de polinémios ortogonais discretos definida pela condigfio de ortogonalidade
N-1
(P Pm)= Z(x,— =X )(XNet = X1 )Pp{Xi )P m{x;) = h2 Smn - (3.25)
i=0
De (3.23-25) conclufmos imediatamente que, se os (n-1) pontos de colocagdo

ui(j=12,..,n-1) inter-nos ao intervalo (0,N-1) forem .os zeros do polindmio ortogonal

discreto de gran (n-1) , pp_s(x) , definido por (3.25) se terd

i=0

ou seja, a aproximacio (3.12) é, nestas condicdes, pelo menos “sub-0tima” de acordo com o

principio dos minimos quadrados.

3.3.1. O Polin6mio Interpolador de Lagrange

Uma vez definidos os pontos de colocacfio u; (j=041,...,n), o polindmio aproximador de

grau n, P,(x}, pode ser construido usando (3.14), com os coeficientes ¢ ; calculados a partir

de (3.15). Normalmente ,contudo, o polindmio aproximador F,(x) € construido usando o

chamado Polinémio Interpolador de Lagrange:

-Uma vez definidos os pontos de colocacfio v, (j=01....,n) o polindmio de grau » que

interpola os (n+1) pontos {u j,f(u })} ¢ dado por:

Pa(x)=D_£;(x)f(u;) . (3.26)
j=0
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onde os 4{x) sdo, por sua vez, polindmios de grau » definidos por:

Gna1(X)
0ifx) e , 3.27,
1= T Riyta) (3.27.2)

com:

Gnet(X)=(X~ug){x —us ). (x-up) . (3.27.b)

3.2. COLOCACAO ORTOGONAL DISCRETA E DIFERENCAS FINITAS

Uma das 4reas de aplicagéio da Colocagiio Ortogonal Discreta € a do Calculo das Diferencas
Finitas , que trata especialmente de fungbes para as quais a variavel independente x apenas

toma determinados valores xg, x4, ..., X, 150 é, a variavel é descontinua. .

3.2.1. Definiciio das Diferencas Finitas

A teoria do Calculo das Diferencas Finitas foi desenvolvida para o caso de funcdes {f{x)}
definidas para valores discretos de x, {X0,X7,X2,....¥m,..-5, quando estes valores sio

equidistantes, isto €, quando se tem
—x =k, (3.28)
onde h é independente de i.

A teoria pode contudo,também ser aplicada a fungGes de varidvel continua, através do

conceito de diferencgas finitas. Assim, dada a fungdo continua f(x), define-se a 1° diferenca

para a frente de f{x) , representada por 4f(x) por:

Af(x)=flx+h)~f(x) . (3.29)

onde % é constante independente do valor de x (Kreysig,1993).
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As férmulas do Calculo das Diferencas Finitas sfo extremamente simplificadas

quando o incremento % ¢ igual a 1 (h=1). E sempre possivel reduzir a situac8o (3.29) ao

caso h =1 pela mudanca de variavel
Xx=a+hé
de tal modo que, quando Ax=h é AF=7. Entiio

fix)=F(Z)

AF() =F(E+1)-F(&) - (3.30)

Uma vez definida a diferenca de ordem um, e supondo um valor de acréscimo h =7, nos

podemos definir diferencas de ordem superior para a fungéio f(x) :

-Segunda diferenca para a frente de fx), A°f(x)

Nfx)=AlAf@)]=Af(x+)-Af(x) (33la)
ou

NF(x)=fx+2)=2f(x+ D)+ f(x) (3.31.b)

- Enésima diferenca para a frentede f1x), 4"f(x):

ATF(x) = A[A n~Tex )] ) (3.32)

Embora muitos autores ndo as considerem explicitamente (Jordan, 1965 ), € também
frequente usar as chamadas “backward differences” ou diferencas para trds da funcio
continua f(x) ( Kreysig, 1993 ):



Capitulo 3 — Equacdes as Diferencas e Colocacdo Ortogonal Discreta

-Primeira “‘backward difference”de f{x), Vf(x)
Vix)=Ff(x}—f(x~1)

- Enésima “backward difference” de fix), V" f(x)

VH(x) =V [vn-? f(x)]

3.2.2. Algumas Propriedadesde Ae V

-Propriedade Comutativa em relacfio a Constantes

Alef ()] = A f(x)
V[ef ()] = ¥/ (%)

onde ¢ é uma constante.

-Propriedade Distributiva;

A[fl(x)”*”fz(x)] =Afi(x}+ A f,(x)

- Propriedade Comutativa dos Operadores:

AV=VA

- Operadores Aplicados a Produtos;

A/, x) L] = A S (). £, (3) + A £(x). fi(x) + A f,(x).A £, ()
V£, /()] = £,(x). Y (x) + £(2). Y, (x) = VS, (x)V/, (%)

23

(3.33)

(3.34)

(3.35)

. (3.36)

(3.37)

(3.38.2)

(3.38.b)
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3.2.3. Aproximacio das Diferencas de uma Funcio utilizando o Polinémio

Interpolador de Lagrange

Consideremos uma fungdo f(x) e um polinémio interpolador de Lagrange que aproxima a

funcdio com base nos #+/ pontos de colocagdo u; (j=0,1,....n)

f(x)szifj(x)f(uj) , (3.39)

J=0
onde , de acordo com (3.27a-b) se tem:

£j(x) = —2n1 () , (3.40.3)

() -u)phelug)

Poat(x) ={x—ug)(x —uy)...(x -up) . (3.40.b)
3.2.3.1. Calculo das Diferencas “Forward”

De acordo com (3.35) e (3.36) tem-se:

n
Af(x) =" Adi(x)f(u;) . (3.4

i=0

Por outro lado, de (3.40.a) obtém-se:

Pn+t {x) 3.472
xm“i _g RS LAr A . .4
( ) ,(X) P;'wf (Ui) ( )

Usando a diferenca do produto, eq. (3.38.a), e atendendo a que se tem
Ax - x;)={x+1-x;) = (x ~x;) =1,
obtém-se de (3.42):

APpa(X)

Cifx)}+(x—u; +1)Ali(x) = ot (1)
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Oou:
1) -
Ei(x)+(x —u; +1)A2;(x) = pnﬂ(},(o;,)(uan()()
ou
A, (x) = Pt (X3 1) = Pra(x)  €i(x) . (3.43)

(x—uj +1)phog(u;)  (x-u;+1)

Nas aplicagbes estd-se interessado em calcular os valores das diferencas nos pontos de

colocacio.

1° caso: A2;{u;)
Como se tem pp.1(u;) =0, € como

n

[Tx+1-ue)

Pn+1(x+1) k=0
= = x+1-u
(x—u; +1)  (x+1-u;) I£€7Ii( k)

E;(u;)m'f

tem-se de (3.43);

n
H(Uf —Uy +1)

k=0,
Phs1(t;)

Alj(u;)= -1 . (3.44)
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2% caso: A¢; (uj).i=i

Como se tem pp.q(u;)=0, e como £ (u;)=0,j#i , obtém-se de (3.43):

n
H(uj —up +71)

k=0,
P :"r+1 (u i)

ALy )=

Mas, como para k£ =j se tem , u-u,+1 = I, obtém-se finalmente:

n
H(Ul — Uy +1)
k=0,{f,j)

Prafu;)

ALi(U i) = (3.45)

As relagtes (3.43), (3.44) e (3.45) valem para o célculo das 1* diferengas “forward”.
3.2.3.2. Cilculo das Diferencas “Backward”

De (3.39), usando (3.35) ¢ (3.36) tem-se:
Vi{x)~ i VeEi(x)-flu;). (3.46)
j=0

Para a primeira diferenca “backward”, V4(x) tem-se, partindo de (3.39-40ab) e por um

método andlogo ao usado atras:

VPp.,
(x_uf~1)Vf,»(X)+fi(X)=m
O
- Dpag(X =1
(xwu,-wf)VE,-(X)+€;(X)=pn”(x;;wﬁzs)(x :
ou.
ve,-(x)=pn+1(x)—pn+1(x'1)_ £i(x) : (3.47)

(x~u; =1)ppa(u;)  x—u;—1
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Para 0s_pontos de colocagdo ,x =u; (j =01,...,n}, tem-se entdo:

3° caso: V¢;(u;)

Como pp+y(uy) = 0e 4(u) = 1, tem-se de (3.47):

TTwi-ue-1)

Ve (u;)=1- K0 . 3.48
iti) Pha(ur) (3.48)

4° caso: Ve, (u;)j=i

Como pp.q(u;)=0 e ¢;(u;) =0, tem-se de (3.47):

n
H(uj—uk—'l)

k=0,
Prs(t;)

Vij(uje) =~

ecomo para k= é uj ~u, —1=-1, tem-se finalmente:

THw; -ue-1)

k=0(i.j)

Ve (Ujsi)=— 3.49
iWjet) Pr{u;) (349
Introduzindo os vetores das diferencas Af e VF

AF =[AF(uo) Af{us),.... Af(u,)] (3.50)

Vf ={Vi{ug), Vi(ug)..... Vi{u,)] s (3.51)
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pode-se entfio escrever de uma maneira condensada:

Af = Af |

VF =A'F .

As matrizes A=(Af3-) cA'= (A,j—) sdo dadas por

Ay =A8(u;) Ay =VE(u)),

e o vetor f por

F =[t{uo). fug), ... fun)] -

28

(3.52)

(3.53)

(3.54)

(3.55)

A analogia entre estas relagGes e as usadas para a aproximagio das derivadas na Colocagéo

Ortogonal Classica (Villadsen e Michelsen, 1978) € evidente.
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CAPITULO 4

MODELOS DE ORDEM REDUZIDA E SIMULACAO EM COLUNAS DE
DESTILACAO
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4. MODELOS DE ORDEM REDUZIDA E SIMULACAO EM COLUNAS DE
DESTILACAO

4.1 Introdugio

Neste capitulo sera demonstrada a aplicacfio da colocagdio ortogonal discreta ao
desenvolvimento de modelos de ordem reduzida para sistemas de separagfo por estagios.
Inicialmente serd apresentado o desenvolvimento do modelo completo. Em seguida, sera
feito 0 desenvolvimento da metodologia de redugfo de ordem, utilizando duas estratégias
de colocagfo. Através de alguns casos exemplo, serd testada a eficiéncia do método, onde

os perfis de composicio e temperatura no estado estacionario serfio comparadas com

aqueles obtidos pelo modelo completo.

4.2 Desenvolvimento do Modelo Completo

O desenvolvimento do modelo completo serd feito tomando-se como base uma
coluna de destilago multicomponente com uma Unica alimentagdo e sem retiradas laterais,

conforme ilustrado na Figura 4.1

R Destilado
e
B N\wm ----- —» X
i Condensader M o
e Y
/M \ Qn
i " Refixo
' N-1
N-2
Do
Alimental
_ Mimentagio
F Zr ‘
w4 .
3 :
b
z
\\“*—"’"//:‘mw T o3
Refervedor ; \i/ Produte de Fundo
*———“m—b‘:ﬁ";n“*“\ - ¥
. .
Py B

Figura 4.1 — Coluna de Destilagdo Multicomponente
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Serfio adotadas as seguintes hipoteses simplificadoras:
(a) Holdup do vapor desprezivel,

(b) Equilibrio termodinamico entre o liquido e o vapor que saem de cada

prato;
(¢) Press#o constante ao longo da coluna;

(d) O condensador e o refervedor serfio tratados como estagios separados.

Excluindo-se o prato de alimentacdo, o refervedor e o condensador, tem-se para um
prato j da coluna (ilustrado pela Figura 4.2) as seguintes equagdes de balango de

massa € energia:

LH? V J

li,j+1 v!,j
L 4

Hj+1 H J

Prato j

L, ! V.,

li,j Vi -1
L 14

H' H,

Figura 4.2 — prato j da coluna de destilagéo

 BEquacdes de Balanco de Massa por componente

{

d f’ y
c—i;(Mf EJ—) =gyt vy 4.1)
A

i=l,..,NC

j=2uN=L(j# N
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» Equacdes de Balanco de Energia

L ¥ 4
drl 3 o ~HY +H, ~H

J

i=1,.,NC

J=2, . N-1(j#N;)

(4.2)

33

Por apresentarem estdgios com descontinuidades nas vazfes de liquido e/ou vapor, o prato

de alimentagdo, o refervedor e o condensador sdo modelados separadamente:

e Prato de Alimentacio

d Ln,
E(MNF LJ; }x hovpa =y T Vixp = Vin, + 1,
F

i=1,..,NC
d Hy
o s et w8 e,
» Refervedor
._Ei_[Ml ?LJ:IJ “V, —bi
dt B ’
i=1...NC
L
< B | - by -t
dt B
» Condensador

(4.3)

(4.4)

(4.5)

(4.6)

C)

(4.8)
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Além das relagdes de balango de massa e energia tem-se ainda para cada prato j as

seguintes equagdes de equilibrio termodindmico e de hidraulica do prato:

¢ Relacdo de Equilibrio Termodindmico

v,

v, = K,.JI,.J }f 4.9
i=1,..,NC
j=1.,N
» Equacdo Hidrulica do Prato
M, = E ; (4.10)
J= 15'"9N
Onde:
NC
Lj = Zli’j (4.11)
NC
V,=>v, (4.12)
ezl
L & L
Hi= ;lg_,jhj,j 4.13)
¥ & ¥
H =) v}, (4.14)

i=

O indice i denota o componente e o indice j o nimero do prato
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4.3 Desenvolvimento do Modelo de Ordem Reduzida utilizando Colocagfio Ortogonal
Mista

O modelo de ordem reduzida sera desenvolvido baseado nas mesmas consideragbes
feitas para o modelo completo. A metodologia de ordem reduzida consiste em separar a
coluna em duas secgdes (ou elementos), esgotamento e retificagio, cada qual definida como
um conjunto de pratos entre o prato de alimentagdo e um dos extremos da coluna

(refervedor e condensador), conforme ilustrado na Figura 4.3,

Produto de Topeo
Condensador l::—>

i '

Secglo
de
Retificacao

Corrente de Alimentacao Prato de Alimentacao

Seccao
de
Esgotamenio

[
Refervedor [:i—‘froduto de Fundo

Figura 4.3 — Representacdo da coluna na forma de elementos interconectados

Para cada prato dessa secc¢do as equagdes de balango de massa energia, de equilibrio
termodindmico e de hidraulica do prato sfo as definidas por (4.1), (4.2), (4.3) ¢ (44). O
desenvolvimento do modelo de ordem reduzida sera ilustrado tomando como base a secgéio
de retificacio. Seré introduzida uma varidvel espacial s, continua no intervalo

se [0, M~ - }], e que assume valores inteiros em cada prato s, = {0,1,...,M R —1}, onde M*

€ 0 numero de pratos da sec¢do, como ilustrado na Figura 4.4.
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Prato j+1 i LocalizagBo 5, =s; +1=j+1
() (s, +1)
CH'(s)  HY(s+)

|
Prato J ? L4 Localizaggo s, = J
|
|
|

Prato Jj—1 Y Localizagéo 5., =s,—1=j-1

Figura 4.4 — [lustracio de parte da sec¢fio de retificacio da coluna

Com isso as equagdes (4.1), (4.2), (4.3) e (4.4) podem ser reescritas para cada prato

s, da seguinte maneira:

%(M(HJ)HJ%(S=j+1)-"-l,~(s=j)+v,-(smJ'—I)MV.(S=J')(4-15)
i M'M—LM' e T o= 7 V=-__1__HV=.
dt[M(st) L(Smj))“H(S“”l) H'(s=)+H (s=j-1) (s=7)

(4.16)

= )= =7 = 7 M 4.17

v(s=j)=K,(s= DI(s J)L(Szj) (4.17)

M(s=j)=Y(L(s=]J) (4.18)
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Utilizando as defini¢des de primeiras diferencas forward e backward tem-se que:

Al(s=j)=1(s=j+1)=L(s = /) (4.19)
Wis=)=v(s=j)~v(s=j-1) (4.20)
AHY(s= j)=H"(s= j+D)~H"(s = j) (4.21)
VH (s=)=H'(s=j)~H (s=j-1) (4.22)

e as equagdes (4.15) e (4.16) podem ser escritas na seguinte forma de diferencas finitas:

A ptis= =D At (5= =V (s=

= M(s=j) L(swj)] Al(s=fy-Vv(s=]) (4.23)
d CDHY =D i o o

= M(S“J)H—L(s:j) )MAH (s=7))-VH (s=j) (4.24)

As equagGes molares dos componentes, bem como as entalpias de liquido e vapor
na sec¢do serdo aproximados por fungdes polinomiais da varidvel independente associada
com a posicdo 5. Como foi visto no Capitulo 3, um polindmio de grau » que aproxima
subotimamente estas funcdes pode ser construido através do Polindmio Interpolador de

Lagrange usando 0s pares de valores
(50 L (S8 (5 DS HE (50050 (H (5.0),k =0,,..,m,5, € (0,M" =1}, onde os s,
sdo as raizes do polindmio de Hahn 4"V (x~1,M" ~2).

Sera utilizado na constru¢do do polindmio interpolador um esquema de colocagio
ortogonal mista, pois além dos » pontos de colocag#o internos s,,...,5, , 0s pontos s, =0 e

s,.. =M% -1, correspondentes aos pratos extremos da secgdo, serdo também utilizados

como pontos de colocagdo. A Figura 4.5 ilustra a localizagio dos pontos de colocagio na

seccdo de retificagfio. Assim as fungBes de aproximagfo tomam a forma:

n+l

L(s) = ) L) (s,) (4.25)
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n+l

vi(s)= Zl!c(s)vi(‘sk)

n+l

H (5)= Y L()H (5,)

A+

HY (5)=Y 1()H" (s,)
k=0

i=1,.,NC

onde I, (s} sdo os membros do Polindmio Interpolador de Lagrange.

Condensador

m____._.._______.._._._...»

V(5 ,41)

? if(sn-ﬂ)
14 L
MR {JI (sn.q-i) ' H (SH+2)

SrH}
ME-2
R
M® -3 s
®
M* -4 , | ~
§ i Seccao
i S, ; de
: hd i Retificacdo
i |
2 I !
3 S]
®
2
1
h
0 o
v(s_,) i(sq)
HY(s.)) H(s,)
Prato
| de
Alimentac¢ao

(4.26)

427)

(4.28)

Figura 4.5 — Localizagiio dos pontos de colocagdo na secgdo de retificagdo

38
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Como foi visto no Capitulo 3, para uma funcfio y{x) aproximada pelo Polindmio

Interpolador de Lagrange:

y(xy= Y L (x)p(x,), (4.29)
ke
e a aproximacao das diferencas dessa mesma fungfio é dada por:

Ay = 3 AL ()5, 430)

kel

Com isso as diferencas representadas pelas equacgdes (4.19), (4.20), (4.21) e (4.22)

podem ser aproximadas por:

A+

Al(s)= ; AL (). (5,) (4.31)
Vv,(s) =k}";;v'zk (s,(s,) | (4.32)
AH*(s) = :}:Azk (HH"(s,) (4.33)
VH (5)= ZV:?},(S)HV (s,) (4.34)

Substituindo-se as equagdes (4.25), (4.26), (4.27)e (4.28), juntamente com as (4.31),
(4.32), (4.33) e (4.34) em (4.15), (4.16), (4.17) e (4.18), obtém-se, para um ponto intemno de

colocagdo s; da secgdo de retificacio, as seguintes equagdes:

d li (S ) n+l n+l
~ M(s j)z(—sﬂ = g AL (s )L (s,) = k}; Vi(s,v(s,) (435)

—| M(s,) 6 =Y AL(s)H"(s,) ~ > VI(s )H" (5,) (4.36)

k=0 k=0

d HL (Sj ) J n+l n+l
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V(s,)
L(s,)

li(sj‘):Ki(Sj)Vi(Sj)

M(s;)="¥(L(s,)
i=1,..,NC
j=1la.,n

onde:

NC
L(s)=Yi(s,)

=l

V(Sj) = Zvj(sj)

(4.37)

(4.38)

(4.39)

(4.40)

40

Nota — Nas equagBes (4.35) a (4.40), s, representa o ponto j de colocagdo

(/=0,l,...,n+1) e ndo a posi¢iio do prato j.

As equagdes (4.35) e (4.36) ndo séio validas nos pontos extremos da secgdo, s, €

S,.., pois como poder ser visto na Figura 4.5, os pontos s, e s,,, ndo sdo pontos de

interpolagdo da secgio e portanto as diferengas forward e backward ndo podem ser

calculadas para estes pontos. Em vez disso, os pontos s_, ¢ s,., serdio considerados como

estagios reais e as equagdes para estes serfio as seguintes:

dt L{sy)

k=0

a4
dt L(s,)

k=0

i[Jidf(sﬁ,)gf;gﬁ’l) = E:Alk(so)li(sk)-&v,.,f —v.(s,)

(M(sg) 7 L‘“‘“J = $ Al (s ) () + HE — Y (s,)

(4.41)

(4.42)
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4 L(swa) g _ R
Jr [M(SHH)L(SM])] lr',c li(snﬂ) ;Vlk(snﬂ)vi(sﬁ:) (4.43)

L H ) o gt gies 1o % v
df (M(sml ) L(S"_H) ] - Hc H (Sm-i) ; vlk (Sm-] )H (Sk ) (444)

Para evitar as descontinuidades nos perfis de composicio, o refervedor, o
condensador e o prato de alimentacdo serfio tratados como estagios de equilibrio discretos,

cada qual apresentando seus proprios balang¢os de massa e energia. As Figuras (4.6), (4.7) e

(4.8) ilustram as formulagdes destes estigios.

3
®
Seccgio
de
Esgotamento
SO
v, T T
Hy | H"(s7)
bi
Refervedor —p-
Hy

Figura 4.6 — Formulacgfo do refervedor no modelo de ordem reduzida

Refervedor

i(Mg %—]=t,(s§ g (4.45)

L
i[MB %) =H(s;)-Hy - H/ (4.46)
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o5
Secgéo
de
Retificacao
.S{f
vy A ; 1(s3)
H! | v HGD
f Prato
5 — de
F Alimentacao
Vi(s.vi-l) ? l lﬂf
H'(s,.,) H}
) .?S’E
n+l
Seccio
de
Esgotamento
SE
. n

Figura 4.7 — Formulacdo do prato de alimentag&o no modelo de ordem reduzida

Prato de Alimentacado

&=

(M"” Eﬁ") =L +vilss) Ly v+, (4.47)

o

| &
N

S
I

L
FJmHL(sfy-HV(sfl)—Hﬁ-H;T+HF (4.48)

nt
o

=)
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d
Condensador (—m707F - ' ,
HD
vr' (Sf-b] ) l",ﬂ‘
Hsw) | o Y H
Sn+l
Seccao
de
Retificacao
S,
®

43

Figura 4.8 — Formulagio do condensador no modelo de ordem reduzida

Condensador

D %J = vz(sf»fl)“l;,c -d,

4
di

(11
v

d

HL
oty B ) b 2t

D

(4.49)

(4.50)

Os indices R e E sdo usados para indicar as secgdes de retificagiio e esgotamento da

coluna, respectivamente.

As equagdes do modelo de ordem reduzida para a secgdo de esgotamento da coluna

poderdo ser obtidas utilizando um procedimento andlogo ao qual foi usado para a

retificacio.
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4.4 Desenvolvimento do Modelo de Ordem Reduzida utilizando uma modificacio da

Colocagio Ortogonal Mista

A estratégia de colocagfo ortogonal mista modificada proposta neste modelo utiliza
n pontos de colocagdio internos mais um ponto extremo para o liquido e mais um ponto

extremo para o vapor (ilustrado pela Figura 4.9), sendo s, =0 para o vapor e

8, =M% 1 para o liquido, considere a secgio de retificagfio abaixo.

Condensador o
I(s,.;) * v(s,)
L |
MR {fi ($ye2) i HY (s5,)
Sn+l
ME -2
ME -3 T S
4 r'y
M R “"'4 1 i "
i i Secgédo
I: Snml S)rml:[ de
| g ; Retificacao
| a
S 7 S,
® ®
2
1
S,
0
sy ) STEN)
H'(s)y | H (s.)
Prato
——~ de
Alimentagao

Figura 4.9 — Localizagdo dos pontos de colocagdo na secgfio de retificagio
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As diferencas representadas pelas equagdes (4.19), (4.20), (4.21) e (4.22) podem ser

aproximadas por:

n+l

AlL(s)= ; AL ()L (s,) 4.51)
Vv, (s) = gwk (s, (s,) (4.52)
wﬁ(s>=:§jazk(s)ﬂﬂ<sk) 453)
VH" (5)= kziéwk ()H' (s,) (4.54)

Onde s, sio as raizes do polindmio de Hahn A" (x,M*®). Para este esquema de

colocagfio ndo é possivel determinar os melhores pontos de colocagfo interior pois as

férmulas de aproximacdo (4.51) e (4.52) sdo assimétricas.

Substituindo-se as equagtes (4.25), (4.26), (4.27)e (4.28), juntamente com as (4.51),
(4.52), (4.53) e (4.54) em (4.15), (4.16), (4.17) e (4.18), obtém-se, para um ponto interno de

colocacio s, da secgdo de retificagiio, as seguintes equagdes:

l ntl
[ (s,) ==L As,) = 3 AL (s (s,) - Zw (s,v(s) (455
Ls;) j =

[ (s )L((S))] EAZ (s )H(s,) ~ ZV! (s,)H" (5,)(4.56)

k=1 £
Vis,)
l. K, 4.57
(s,)= (S)V(S)L() (4.57)
M(s,)="¥(L(s,) (4.58)
s NC
J=L..,n

onde:
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NC

L(s)y= 2 1(s,) (4.59)
=]
NC

Vis)=D v(s,) (4.60)

Fac]
As equagOes (4.55) e (4.56) ndo sdo vélidas nos pontos extremos da secgfio, s, €

S,.1+ pois como poder ser visto na Figura 4.9, os pontos s, e s5,., ndo sdo pontos de

interpolagio da secgfo e portanto as diferengas forward e backward ndo podem ser

calculadas para estes pontos. Assim, os pontos s_, e §,,, serfo considerados como estagios

reais € as equagdes para estes serdo as seguintes:

d I u
Z(M(so)f%-:—;—) = vy =3 0) = 2V 50w ) (4.61)

d H* v ¥ - v
"”&“;(M(So) L(E:;)]me—H (SQ-%V&T,C(SG)H (s,) (4.62)

- l:‘(sm-]) -n+1 -
i M(Smi)L(SMI)]—;Nk(Sml )li(sk)+li,c L (5p) (4.63)

d H" i L L L
;,; M@m«;)‘“ﬁ%]:kzﬂfuﬂsm)ﬂ‘ (s, )+H, —H"(s,,)(4.64)

Para evitar as descontinuidades nos perfis de composi¢iio, o refervedor, o
condensador e o prato de alimentagdo serfio tratados como estagios de equilibrio discretos,
cada qual apresentando seus proprios balangos de massa e energia. As Figuras (4.10),

(4.11) e (4.12) ilustram as formulagdes destes estagios.
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Sl SE
® L]
Seccdo
de
Esgotamento
Sy
155 i
HsE)Y o
bi
Refervedor »
Hy

Figura 4.10 — Formulagdo do refervedor no modelo de ordem reduzida

Refervedor

i[MB %] =1,(s)=b, -7, (4.65)

L
m‘fw[MB %—)wﬂsf )~ HE—H]

(4.66)

47
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Sy S’
¢ @
Seccao
de
Retificagao
Sy
lf(SlR) g ; Vi
H(s" )Y H]
f; Prato
I5 P de
F Ahmentagao
va‘(sf )
H' (s7)
n+1
Secgéo
de
Esgotamento
SE SE
¢ o’

Figura 4.11 — Formulagdo do prato de alimentagdo no modelo de ordem reduzida

Prato de Alimentacéio

%(MF —i—) l(.sr1 Y+, (S ) lr -v, .+ 1 (4.67)

£
g(MF%ZJ HY(s®)y+H" (s5)-Hj~H, +H; (4.68)
F

48
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d.
Condensador '

lic v(s5)
H (s5)

Seccgdo
de
Retificacéo

®
LA

Figura 4.12 — Formulagéio do condensador no modelo de ordem reduzida

Condensador

d d,
= (MD 3] =v,(s)~1 . ~d, (4.69)

d Hp L gy
m{MDl)] H (s*)-H! - HY (4.70)
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4.5 Aplicacio dos Modelos de Ordem Reduzida a Simulagio de Colunas de Destilacio

Para testar a eficiéncia dos modelos de ordem reduzida desenvolvidos
anteriormente, alguns casos exemplo foram estudados, utilizando em ambos modelagem de
ordem reduzida e modelagemn completa. Os perfis de composigio e temperatura no estado
estaciondrio foram comparados através de simulacdo computacional utilizando a linguagem
FORTRAN.

4.5.1 Simulacdo de uma coluna depropenizadora em regime estacionario

A coluna utilizada no estudo serd um separador de propeno-propano descrito por
Serferlis ¢ Hrymak (1994). Este tipo de coluna caracteriza-se por apresentar elevado
numero de estdgios, devido a baixa volatilidade entre os dois componentes, e por elevadas
razbes de refluxo (o qual aumenta os custos de operacfio). As especificagdes e condicdes

operacionais sdo apresentadas na Tabela (4.1).

Tabela 4.1 — EspecificagGes do separador propeno-propano

Nimero de pratos 175
Prato de alimentacgio 61
Composicio de alimentacdo propeno: 0,8973

propano: 0,1027

Vazio de alimentacfio (Mmol/d) 1,0734
Temperatura da alimentacgo (°C) 46,11
Press#io de operagfo (kPa) 1860,60
Razdo de refluxo 19,7
Vazdo de destilado (Mmol/d) 0,965
Tipo de refervedor equilibrio

Tino de condensador eaquilibrio
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Por tratar de uma mistura de hidrocarbonetos foi escolhido o modelo termodinamico
Peng-Robinson para representar o equilibrio liquido-vapor, sendo utilizado o pacote de
propriedades termodindmicas desenvolvido por Zemp (1995). Este pacote possui oito sub-
rotinas primarias : PP _INIT (inicializagio das propriedades fisicas), PP _BURT
(temperatura de bolha), PP_BUBP (pressio de bolha), PP_DEWT (temperatura de
orvalho), PP_DEWP (pressio de orvalho), PP_PT (propriedades de fase (T,P)), PP_SEK
(fator de separagfo,volatilidades relativas) e PP_FLASH (calculo de flash).

Foram desenvolvidos dois modelos completos utilizando-se o codigo desenvolvido
por Fredeslund er al. (1977), que utiliza o método de Naphtali ¢ Sandholm (1971), com a
substituigio do modelo termodindmico de UNIQUAC para Peng-Robinson. Utilizaram-se

perfis lineares de composi¢do, vazio e temperatura como estimativas iniciais.

Para o primeiro modelo completo o sistema de equagdes nfo-lineares foi resolvido
pelo método de Newton ¢ pelo algoritmo de Thomas e para o segundo modelo completo foi
utilizada a subrotina CO5SPBF da biblioteca NAG, através do Método Hibrido de Powell

(1970), com uma tolerncia igual a raiz quadrada da precisio da maquina.

A Figura 4.13.a e 4.13.b mostra os perfis dos modeios completos. A concordancia

dos modelos completos € muito boa.

1.0 - 1
o -, -
2 08 \ 7
> R P
= 1 * s
= \ r
@ 0.8 * y —— Mo Gompintn vrwon + Themas)
o >< e Wit GO pits (Hawionh o THETRS,
e Wiodwin Compiere (Powel
b3 4 —— Modln Compietn (Pl
&
[=] ] ..
= 0.4+ 4 «.\
=} N n,
€3 ,
o ki 4
T o2 s .,
w8 i .
0.0 -

Y 1 T T * T ¥ s
20 40 60 &0 100 120 140 160
Prato

Figura 4.13.a -~ Comparagfio entre os perfis estaciondarios da fragdio molar de liquido

obtidos pelos modelos completos



Capitulo 4 — Modelos de Ordem Reduzida e Simulagio em Colunas de Destilagiio 52

54

Modele Complets (Newton » Thomas)

§2 Modelo Complets (Powel)

50

48 -

Temperatura{C)

46 -|

T * T v T T T T T i 1 * T i T T
20 40 &0 80 100 120 140 160
Praio

Figura 4.13.b — Comparacdo entre os perfis estaciondrios da temperatura obtidos pelos
modelos completos

A Tabela 4.2 compara 0 numero de equacdes, numero de iteragdes e o tempo de
CPU requerido para cada modelo completo, bem como o somatério do erro quadratico da
fase liquida, gasosa € da temperatura, tomando-se como referéncia o modelo completo

resolvido pelo Método de Newton e pelo algoritmo de Thomas.

Tabela 4.2 - Resultados

Modele Completo | nimero de | nimero de |  Somatdrio do Somatériodo | Somatdrio do | Tempo de
equagdes | iteragdes | erro quadritico | erro quadratico | erro quadratico | CPU (s)

da fase liquida da fase vapor | datemperatura

Newton ¢ Thomas 875 13 - - - 25,73
{referéncia)
Powell 875 19 1,76x107 1,60x10° | 5,63x10* | 127,20

* SUN SPARC station 20
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INICIO

|
A4

LEITURA DAS CONDICOES OPERACIONAIS DA
COLUNA

Y

ESTIMATIVA INICIAL DO
PERFIL DE COMPOSIGCAO

v

DETERMINACAO DOS PONTOS DE COLOCAGAQ

v

DETERMINAGCAO DAS PRIMEIRAS DIFERENCAS
FORWARD E BACKWARD DO POLINOMIAL /(s,)

|
A 4
RESOLUCAO DO SISTEMA DE EQUAGCOES ALGEBRICAS
NAO-LINEARES PELO METODO DE NEWTON E PELA
SUBROTINA MA28

A4

INTERPOLAGCAO LAGRANGEANA PARA A
RECOMPOSICAO DO PERFIL PRATO-A-PRATO

A
IMPRESSAO DOS RESULTADOS

|
FIM

Figura 4.14 — Diagrama de blocos simplificado do programa de simula¢fio em regime

estacionario

33
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Na simulagiio com o modelo de ordem reduzida utilizando colocagfio ortogonal
mista o nimero de pontos internos de colocacdo foi variado de cinco a sete na secgio de
esgotamento e de seis a onze na secgdo de retificagdo. O sistema de equagdes ndo-lineares
foi resolvido pelo Método de Newton e pela sub-rotina MA28 da biblioteca Harwell. A
sub-rotina MA28 ¢ um método para resolver equacles lineares com matriz Jacobiana
esparsa e nfo-simétrica, possui duas sub-rotinas primarias (MA28ad e MA28cd). A sub-
rotina MA28ad utiliza o processo de fatoragdo LU dos blocos diagonais da matriz esparsa

seguida pela sub-rotina MA28cd que resolve o sistema de equagbes algébricas.

A melhor concordéncia entre o modelo completo (Newton ¢ Thomas) € o modelo
reduzido foi obtida quando se utiliza sete e onze pontos de colocac@o respectivamente na
seccdo de esgotamento e retificagio. As Figuras 4.15.a, 4.15.b, 4.15.¢, 4.15.d, 4.15.¢e,
4.15.f, 4.15.g, 4.15.h, 4.15.i, 4.15j e a Tabela 4.3 comparam os perfis obtidos com o
modelo completo € o modelo reduzido. Sendo npcse o nimero de pontos de colocagéo na

secgdo de esgotamento e npest o nimero de pontos de colocagfio na secgfo de retificagdo.

——— Madelc Completo {Newlon ¢ Thomas} prepenc
Mogals Complate {Newton & Thomas)
1.0 - e Mipdele Radutido (Newton & MAZE) R (x-1,8-2)
o _—\ e Modele Reduzido (Newtan & MAZ81h " (o1 -2}
B 4
3
T G.8 -
_" =
o
. 06~
5
(=
= 0.4
o .
o
O ]
i
L
U 0.2«
propanc
0.0 - T i ¥ T T T T ¥ 13 ¥ T T T ¥
20 43 50 80 100 120 140 160
Prato

Figura 4.15.a2 — Comparagio entre os perfis estaciondrios da fragio molar de liquido
obtidos pelo modelo completo ¢ 0 modelo de ordem reduzida (colocagio ortogonal mista)

com npcse =5 e npesr = 6
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——e——Modeio Compiste {Newten & Thamas)
Modela Reduzigo (Newton & MA2E) h " (x-1,N.2)

50 -

48

Temperatura (°C)

s,
.,
e,
",
.,

46 -

T T 4 T

T T Y 3 T T T 1 Y

i
20 40 80 80 100
Prato

I E] 3
120 140 160
Figura 4.15.b — Comparacéio entre os perfis estacionarios da temperatura obtidos pelo
modelo completo ¢ o modelo de ordem reduzida (colocagdo ortogonal mista) com

npese = 5 e npesr= 6
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Figura 4.15.c ~ Comparagdo entre os perfis estaciondrios da fraciio molar de liquido
obtidos pelo modelo completo e 0 modelo de ordem reduzida (colocago ortogonal mista}

com npese = 5 e npesr= 7
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Figura 4.15.d — Comparagio entre os perfis estaciondrios da temperatura obtidos pelo
modelo completo e 0 modelo de ordem reduzida (colocacdo ortogonal mista) com
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Figura 4.15.e — Comparagdo entre os perfis estaciondrios da frago molar de liquido
obtidos pelo modelo completo ¢ o0 modelo de ordem reduzida (colocag@o ortogonal mista)

com npcse = 6 e npesr =7
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Figura 4.15.f — Comparacdo entre os perfis estacionarios da temperatura obtidos pelo

modelo completo ¢ 0 modelo de ordem reduzida (colocagdio ortogonal mista) com

npese = 6 e npest =7
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Figura 4.15.g — Comparac@o entre os perfis estaciondrios da fragdo molar de liquido

obtidos pelo modelo completo e 0 modelo de ordem reduzida (colocagdo ortogonal mista)

com npcse = 6 e npesr = 8
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Figura 4.15.h — Comparagfio entre os perfis estaciondrios da temperatura obtidos pelo
modelo completo e o modelo de ordem reduzida (colocagdo ortogonal mista) com
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Figura 4.15.i — Comparacfio entre os perfis estacionarios da fracgo molar de liguido
obtidos pelo modelo completo e o modelo de ordem reduzida (colocagdo ortogonal mista)

com npcse = 7 e npesr = 11
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Figura 4.15.] — Comparagdo entre os perfis estacionérios da temperatura obtidos pelo

modelo completo e o modelo de ordem reduzida (colocacdo ortogonal mista) com

npcse = 7 ¢ npesr = 11

Tabela 4.3 - Resultados

Modelo Reduzido | nimero de | nimero de| Somatdério do | Somatério do | Somatorio do | Tempo de
(Newton e MA28) equagdes | iteragdes | erro quadrético | erro quadritico | erro quadrtico | CPU" (s)
da fase Hquida | da fase vapor | da temperatura

Polinémic de Hahn

KD (x-LN=2) | 90 14 1,38x10" | 1,81x107 | 336x107 | 049
npese = 5 e npesr =6
B (x~1,N=2) 95 13 4,05x107 | 1,09x107 | 1,55x10% | 0,53
npese = 3 e npesr =7
D (x-1,N=-2)| 100 14 1,01x10% | 086x107 | 0,67x10% | 0,62
npese=6 e npesr=7

B (x-1,N=-2)| 105 17 6,72x10* | 581x10% | 347x10° | 0,77
npcse = 6 e npcsr = §
KO-, N=2)| 125 20 | 3,08x10° | 3,15x10° | 378107 | 1,51
npcse =7 e npesr =11

* SUN SPARC station 20
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Um outro método empregado para a resolugio dos sistemas de equages ndo-
lineares foi a sub-rotina FO1BRF da biblioteca NAG (Método da Eliminacdo de Gauss).
Nesta simulag@io o niimero de pontos foi variado de seis a oito na secgfio de esgotamento e
de sete a onze na secgfio de retificacfio. A melhor concordancia entre 0 modelo completo
(Newton ¢ Thomas) ¢ o modelo reduzido foi obtida quando se utiliza sete pontos de
colocagfio na secgdo de esgotamento e onze pontos na secgdo de retificacfio. As Figuras

4.15k, 4.151, 4.15.m, 4.15.n e a Tabela 4.4, comparam os perfis obtidos pelo modelo

completo e o modelo reduzido.

54
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Figura 4.15.k ~ Comparacdio entre os perfis estaciondrios da temperatura obtidos pelo
modelo completo € o modelo de ordem reduzida (colocagdo ortogonal mista) com

npcse = 6 e npesr = 8
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Figura 4.15.] — Comparagéio entre os perfis estaciondrios da fragdo molar de liquido
obtidos pelo modelo completo € o modelo de ordem reduzida (colocagdo ortogonal mista)

com npcse = 6 e npesr = §
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Figura 4.15.m — Comparagdo entre os perfis estaciondrios da temperatura obtidos pelo
modelo completo ¢ o modelo de ordem reduzida (colocagfo ortogonal mista) com

npese = 7 € npesr = 11
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Figura 4.15.n — Comparagfio entre os perfis estaciondrios da fracdo molar de liquido

obtidos pelo modelo completo e o modelo de ordem reduzida (colocagio ortogonal mista)

com npcse =7 e npesr = 11

Tabela 4.4 - Resultados

Modelo Reduzido | ntimero de | niimero de| Somatériodo | Somatdricdo | Somatério do | Tempo de
(Gauss) equagbes | iteragBes | erro quadratico | erro quadritico | erro quadratico CPU" (s)
da fase liquida | da fase vapor | datemperatura

Polindmio de Hahn

B (x—1,N=2)| 105 15 8,84x10™ | 832x10* | 534x10° | 3,95
npese = 6 e npesr = §

B(x—1,N=-2)| 125 21 3,87x10° | 3,83x10° | 444x10° | 5,07
npcse =7 e npesr =11

 OYTNT OTYA D8 mtndinae TN
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A simulagiio do modelo de ordem reduzida utilizando uma modificagdo da
colocagfio ortogonal mista apresentou bons resultados. Os pontos' de colocagdo internos
foram variados de sete a nove na secgfo de esgotamento e de nove a treze na secgdo de
retificacdo. A melhor aproximagfio com o modelo completo foi obtida com nove e treze
pontos de colocago respectivamente na sec¢io de esgotamento e retificagdo O sistema de
equacbes nio-lineares foi resolvido pelo Método de Newton e pela sub-rotina MA28 da
biblioteca Harwell. As Figuras 4.16.a, 4.16.b, 4.16.c, 4.16.d, 4.16.¢, 4.16.f ¢ a Tabela 4.5

comparam esses perfis com o modelo completo.

Modeio Compieto (Newion & Thomas)
Modalo Complate {Nawton ¢ Thomas)
1.0 5 Modoio Reduzide (Newton 8 MAZBE) k™ (x N}
M odaio Heduzido (Newton a MAZS) h ™ (x,N)
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I s U ———————————

1 ]
20 40 60 80 100 120
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T

1 ' T
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Figura 4.16.a — Comparacio entre os perfis estaciondrios da fragio molar de liquido
obtidos pelo modelo completo e 0 modelo de ordem reduzida (colocagéo ortogonal mista

modificada) com npcse = 7 e npesr =9
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Figura 4.16.b — Comparacio entre os perfis estaciondrios da temperatura obtidos pelo
modelo completo e o modelo de ordem reduzida (colocagdo ortogonal mista modificada)

com npcse = 7 € npesr = 9
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Figura 4.16.c ~ Comparagdio entre os perfis estaciondrios da fragdio molar de liquido
obtidos pelo modelo completo e o modelo de ordem reduzida (colocag@io ortogonal mista

modificada) com npcse = 8 e npesr = 10
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Figura 4.16.d - Comparacfio entre os perfis estacionarios da temperatura obtidos pelo
modelo completo e o modelo de ordem reduzida (colocagéio ortogonal mista modificada)

com npcse = 8 e npesr = 10
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Figura 4.16.e - Comparagdo entre os perfis estacionarios da fracdo molar de liquido
obtidos pelo modelo completo e 0 modelo de ordem reduzida (colocacdo ortogonal mista

modificada) com npese = 9 e npesr = 13
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Figura 4.16.f - Comparagfo entre os perfis estacionarios da temperatura obtidos pelo

modelo completo e o modelo de ordem reduzida (colocagdo ortogonal mista médiﬁcada)

com npese = 9 e npesr = 13

Tabela 4.5 - Resultados
Modelo Reduzido | niimero de | niimero de| Somatdrio do | Somatdric do | Somatorio do | Tempo de
(Newton e MA28) equaghes | iteragbes | erro quadritico | erro quadratico | erro quadrético CPU (s)
da fase liquida | da fase vapor | datemperatura
Polindmio de Hahn
hr(l"»o) (x,N) 105 15 3,86x1 0? 4,54x1 0 5,12x1 0? 0,74
npcse =7 € npesr =9
B9 (x, N 115 18 6,56x10° | 5,99x10° | 1,97x10° | 0,83
npese =8 e npesr=10
hrgo*“)(st) 125 20 4,23}{10’4 3,96:{10”4 :’),39)(10'3 1,56

npese = 9 e npesr=13

* SUN SPARC station 20
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Capitulo 5 - Conclusfes e Sugestdes

5. CONCLUSOES E SUGESTOES

5.1 Conclusoes

Este trabalho tinha como objetivos o desenvolvimento de modelos de ordem
reduzida para sistemas de processos de separagdio por estagios, a selecdo da melhor
estratégia de colocagdo, assim como a selegfo do algoritmo mais adequado para a solugéo
das equagdes do modelo visando selecionar aquela combinagio de estrutura de modelo e de

algoritmo que permitisse obter uma simulacdo adequada e custo computacional minimo.

Os resultados das simulagdes realizadas demonstram a viabilidade da aplicagfo da

colocacfo ortogonal discreta na simulagfo de colunas de destilacio em estado estacionario.

A partir da teoria dos polindmios ortogonais discretos desenvolveu-se uma
metodologia de reducfio de ordem, que, até certo ponto unifica a aplicacdo do método da
colocagdo ortogonal tanto para a solugiio de equagdes diferenciais quanto para equagles as

diferengas.

A aplicagio da metodologia de redugiio de ordem a colunas de destilagéo de pratos
permite um equacionamento mais simples e mais compacto que os modelos de ordem

reduzida encontrados na literatura.

As simula¢des em regime estacionario demonstraram que o esquema de colocagio
ortogonal mista com as raizes do polindmio de Hahn #""(x~1,N -2) leva a uma melhor

aproximacdo em relagfio & colocag@io ortogonal mista modificada que utiliza as raizes do

polindémio de Hahn #>%(x,N).

Com relagio ao tempo computacional, os modelos de ordem reduzida levaram a
uma reducio de até¢ 97% em comparacdo com o modelo completo que utiliza o método de

Newton ¢ de Thomas e de até 99% para o modelo completo que utiliza o método de Powell.

Colocagio ortogonal discreta € um método muito util para a redugfio do modelo de
processos de separagdo por estigios. Umas das dificuldades encontradas na utilizagio dos
modelos de ordem reduzida que utilizam a colocag@o ortogonal € a auséncia de um regra

geral que possibilite a determinagio do nimero de pontos de colocacfio ideal para a
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obtencdo da melhor aproximacio dos perfis da coluna. Assim como o fato de que a notagéo

utilizada na teoria dos polindmios ortogonais discretos difere muito de autor para autor.

5.2 Sugestdes para trabalhos futuros

* Dividir a coluna em mais de um elemento por secgdo com o objetivo de contornar
as descontinuidades nos perfis de vazdo provocadas pela alimentagfio, refervedor e

condensador. (Colocagéio por elementos finitos).

¢ Desenvolvimento de uma metodologia que permita determinar o numero de pontos

de colocacio no modelo de ordem reduzida.

* Aplicagdo dos modelos de ordem reduzida desenvolvidos neste trabalho a
problemas de otimizagio on-line, controle preditivo com modelo e controle étimo do

tempo.

¢ Estender a metodologia para o estado transiente a coluna de destilacéo.
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ANEXO 1

I. POLINOMIOS ORTOGONAIS DISCRETOS E CALCULO DE DIFERENCAS
FINITAS

L1 INTRODUCAO

Os polinémios ortogonais constituerm uma classe de fungdes de grande interesse na
Analise Matematica (Szegt, 1975) e, mais particularmente, na Simulagio de Processos
(Villadsen e Michelsen, 1978). A teoria e aplicagbes dos chamados polindmios ortogonais

classicos ( Jacobi, Hermite, Legendre) estdo expostas nas referéncias citadas acima.

Neste trabatho ¢ estudada a aplicacdo dos chamados polindmios ortogonais de

varidvel discreta ao Calculo das Diferengas Finitas, visando a solugfo de equagdes as

diferencas, encontradas por exemplo nos modelos matematicos de processos de separacéo

por estagios.

Como a teoria destas familias de polindmios ortogonais nfo esta ainda sistematizada, ndo
havendo sequer uma nota¢io unificada, serd primeiramente feita uma apresentacfio
condensada desta teoria, visando sobretudo as aplicagdes em engenharia. Sempre que

possivel a notacfio seguida ¢ a apresentada por Nikiforov ef al. (1991).

1.1.1 Polindémios Ortogonais

Para uma fun¢fo arx), monotdnica ndo-decrescente no intervalo [a,b], define-se o produto
escalar de duas fungdes reais continuas fix) e g(x), x € [ab], pela seguinte integral de

Stieltjes-Lebesgue (Apostol, 1974)

b
(f.9)= ff(x)g(x)da(x), (1)

a

e a ortogonalidade de f{x) e g(x) em relacdo a distribuicfo dafx) pela condigo:

b
(r.9)= ffx)g(x)da(x)=0, @
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As fungdes f{x), g(x), para as quais o produto escalar (1) existe, podem ser consideradas

como “vetores” de um espago vetorial, cujo produto interno é definido por (1), sendo a

norma associada a este produto interno, dada por:

IF=(r.0)""2 : 3)

Um conjunto finito de fungdes fox), fi(xh..., fufx) € dito linearmente independente se a

equagio :

"ﬁofo + }qf‘r '@“...+an” EE =0

s6 for validapara g = A; = ... = 4, = 0.

Seja darx) uma distribuigdo no intervalo [a,b]; supondo-se que os momentos

b
Cp = Ix”da(x) n=0,1,..,n, .. (4

a

existem, entdo, o conjunto das poténcias ndo-negativas de x,
{1,522 . x5}

¢ linearmente independente em [a,b] em relacdo a dafx) (Szegd 1975). A partir deste
conjunto, por um processo de ortogonalizacdo Gram-Schmidt (Szegs,1975) . € possivel

obter um conjunto de polindmios
PolX).pi(xX}, .., Pul%), ..
determinado unicamente pelas condigbes:
(a) pa(x) é um polindmio precisamente de grau n, para o qual o coeficiente de x” € positivo;

(b) O sistema { pn(x) } € ortogonal, isto €, tem-se:
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b
jpn(x)pm(x)da(x) = 5nmd§ , nm=0,1,,n., (5

a

onde

3

{1, n=m
0, n#m

e d, ¢ anorma

b
dr% =(Pn,Pn)=”PnH2 = _"pn(x)Pn(x)da(X) - (6

a

As condigbes a) e b) acima definem os polindmios p,(x} em questdo.a menos de constantes
multiplicativas (normalizag8o) Vérios tipos de normalizac8o podem ser e séo usados, tais

como: definir o valor da norma d,, ;fixar o valor de p.(x) para x = a ou x = b; fixar o valor

do coeficiente de x” em p,(x), etc.

L.1.2 Propriedades Gerais dos Polindomios Ortogonais

Os polindmios pn(x), definidos pelas condigdes (a) e (b) acima, formam uma familia de

polindmios ortogonais em relacio ao intervalo [a.bl e a distribuicio derx). As familias de

polindmios ortogonais obtidas apresentam um conjunto de propriedades gerais. De uma

maneira geral, o polindmio p,(x}, que € suposto ser exatamente de grau n ,serd
representado, na sua forma expandida, por:
C K
pn(x)"-”zan,kx > (7)
=0

onde a,, ¢ diferente de zero ¢ positivo.

-Qualquer polindémio q, (x) _de grau n pode ser representado por uma combinagdo linear

dos polindmios ortogonais pg (x),k=01,...,n, isto é
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Gn (x)= D ckn Pi(x). (8
K=

O.k+n

b
a’(x)dea =
!”( ) Lk=0

w b
a, (JC)”2 = ; jck,npkpnda = {

Usando as relacSes de ortogonalidade (5) obtém-se:

b
1
Ckn ==5 [an (x)py ()dar(x). ©9)
%a
- A relacfio de ortogonalidade (5) € equivalente a:
b
_{p,,(x)xmda(x)=0 (m<ny. (10)

]

Com efeito, expandindo x™ em termos dos py (x) conforme (8) ter-se-a:

m
x™ = ch,m Py (x),
k=0

e a condi¢do de ortogonalidade (5), para m<n , leva imediatamente a (10).

Uma consequéncia imediata de (10) é que o polindémio p,(x} € ortogonal em relagéo a

qualquer polinémio de grau m, g, (x}, sempre que for m<n.

Uma outra consequéncia imediata da relacdo de ortogonalidade (5) é:

b b
Ix”p,,(x)da(x): ! jpn(x)pn(x)da(x)zm. (11)

a a
a nn a n.n
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- Relacdo de Recorréncia - Todas as familias de polindmios ortogonais satisfazem a uma

relagio de recorréncia do tipo:
xp,(x)=a, p, ()t B, p,(X)+7, Pa(¥), (12)
onde ¢, f, € ¥ slo constantes,
Com efeito, consideremos o polindémio de grau n+7
Tnar (X) =X B (x) .
Expandindo g,,7(x) em termos dos py (x) tem-se

n+t

Qn+1( Xpn ch n+1 pk (13)

onde
Chnst =L2 I xp,., (x)]pk (x)da(x)zaiém Jp,, (x)[x Dy (x)]dcz(x). (14)
k a k a

Como  x pg (x) é um polindmio de grau k+/,conclui-se de (14) que os coeficientes ¢ p.1

sdo nulos a menos que se tenha & +72 n, ou seja, (13) reduz-se a:

XPp (X) =Cnitn+t Poat (X) +Cnn+t P (X) +Cphfnst Pt (X) . (15)

Comparando (12) com (15} tem-se @, =Cp1ps1.8n =Crnst -7 n =Cntnet -

Comparando-se os termos em x™ em ambos os membros de (12) tem-se imediatamente:

= (16)

an+1,n+1
onde 0s a,, sdo os coeficientes dos termos de maior ordem da expanséo de p,{x) dada

por (7).
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Por outro lado, de (14) obtém-se:
b

ko (9o (x) ) = XPocPn) an

Bn=Cppu =
d?

a

Alternativamente, por comparagdo dos termos em x” em ambos os membros de (12)

obtém-se:
8nn-1 = 2n8pain + Bnlnn,
ou, com (16):

8nn-1 Anitn
B = - . (i8)
pn dn41.n+1

Finalmente tem-se:

b

1

Yn =Cnutnit = 2 J Xpn 1{ ]da( )s
ﬂ E]

relacdo que se reduz a

a -1 1
- n=-1n-— J‘pn ﬁda

ou,com (11)

2
a —
_ “n-1n-t Cin i (19)
8nn dy 4

- Da relacdo de recorréncia (12) deduz-se (Szego,1975) a chamada Identidade de

Christoffel-Darboux :

4 k(X)pk(E/) 2n.n Pra1{OPa (¥} =P (X)Pne1(y)
Z (20)
k=0 ds 8n 1,041 (X —Y)
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- Zeros dos Polindmios - Todos os zeros ( raizes ) x; de p,(x} sdo reais e simples, e situados

no intervalo (a,b).

Se a fungdo af{x)em (5) for absolutamente continua ,a condigso de ortogonalidade reduz-se

[ae)p (ol @

onde w(x)m dajdx, uma fungdio ndio negativa, mensuravel no sentido de Lebesgue. para a

b
qual se tem fw(x)dx>0 , € chamada de funcdo peso.

Os polinémios ortogonais cldssicos ( Jacobi, Hermite, Legendre, etc) sdo definidos a partir
de uma condigéo de ortogonalidade do tipo (21).

1.2 POLINOMIOS ORTOGONAIS DISCRETOS

Seja da(x) uma distribuiciio no intervalo [a,b]. Supondo-se que ofx) € uma funcio degrau
em {a,b], isto €, uma fung8o constante por partes, apresentando um numero finito de saltos
(degraus) em [a,b], e se for N o nimero de tais degraus, entdo ter-se-a:
N—1
da(x)=ZP(X;)5(X—X:‘), (22}
i=0
onde p(x;) € a amplitude do degrau de a(x) em x=x;,(i=01,...,N-1). Nestas condigdes,
a condigdo de ortogonalidade (5) toma a forma:
N-1

an(xijpm(xi)l’(xi)inmdrzp- . (23)
=0
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Os polindmios { pa(x) } que satisfazem a uma relac8o de ortogonalidade do tipo (23) séo
chamados de polindmios ortogonais de uma varidvel discreta (ou também de polindmios
ortogonais discretos).

Note-se que estes polindmios p,(x) sfo ,na realidade, funcGes continuas da varidvel

continua x; a designacdo “discreta” estd associada as relagBes do tipo (23) e a outras

propriedades destas familias de polinémios.

Como a condicdio de ortogonalidade (23) nfio ¢ mais do que um caso particular do integral
de Stieltjes-Lebesgue (5), as familias de polinémios ortogonais definidas por uma condigio
de ortogonalidade do tipo (23) gozam de todas as propriedades gerais dos polindmios

ortogonais definidas no paragrafo L1.

1.2.1 Os Polinémios de Hahn

Dentre os polindmios ortogonais de uma varidvel discreta, os mais conhecidos sdo os
polindmios de Hahn ( Nikiforov et «l.,1991), para os quais na relagdo de ortogonalidade

(23) se tem

Xps] = Xt { ’ (24)

isto €, os pontos de descontinuidade de afx) formam uma malha uniforme.

De acordo com Nikiforov er al., os polinémios de Hahn, p,(x)=#%""(x,N), sio

definidos pela condicéo de ortogonalidade

p,(x.a, B,N) = h*P (x,N) , (25)
N-1
SR (x NP (x1, N) p(xi) = GomdE » (26)
x,=0

sendo p(x) a fungdo peso

I'N+a-x)I'(x+p+1

27
T(x+DI(N - x)

p(x) =
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onde /(x) € a Fungio Gama, definida para x > 0 pela integral:
I(x)= J'e”’tx“’dt (28)
0

n_e N sfo inteiros positives, sendo # a ordem ( grau ) do polinémio, com »n < (N -1} Os

pardmetros ¢ e B sfo nimeros reais, que satisfazem a condicéo:

a,f > -1 . (29)

A condicdo de ortogonalidade (26), juntamente com a fungdo peso (27), define os

polindmios #*#/(x, N ), a menos de uma constante multiplicativa.

-Equacfio_as Diferencas: Os polindmios de Hahn, tal como definidos por Nikiforov et al.,

sdo solugdes da equagio as diferencas

(x+ B +I}(N-x~Dh (x+1)+x(N+a-x)h(x~1)=

, (30)
=[x(N+a-x)+(x+ B +I}N-x~1)—n(n+a+ B +1)|h,(x)

- Zeros ( Raizes ) dos polindmios de Hahn: Em numerosas aplicagdes o conhecimento dos

zeros dos polindmios #/“#/(x,N) é fundamental. E necessério pois desenvolver um

método explicito e preciso para o calculo destes zeros.

Consideremos a familia de polinémios #/*#/(x, N ) com a expansdo em série de poténcia

RSP (5, N)= D a,,x" . ., 6D
k=0
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Estes polindmios, assim como os outros polindmios ortogonais, satisfazem a relacdo de
recorréncia (12). Se normalizarmos os polinémios h!“*’(x,N) pela condicdo de se ter o
coeficiente da poténcia x" igual & unidade , isto é, se considerarmos a familia de

polindmios de Hahn {p,(x)}

B (x,N
pn(x)m-——’i———-(—x———):x" X" b, (31a)

nn

é facil de ver que os polindmios p,(x) definidos por (3la) satisfarfo a condigfo de

ortogonalidade

43 s (@p) di .2

> Palxi Jpm(x; )p(x;)==sm > BA“P (x NP (%, N)p(X; ) = O o —F—= hE S > (31D)
x,=0 nn x,=0 n,n

A Tabela 1 apresenta os dados caracteristicos para os polinémios de Hahn, tal como

definidos por (31a) e (31b).
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Tabela 1 - Dados para os polinémios de Hahn n,(;"ﬁ )(x,N) e de Chebyshev ¢,{x,N)

(adaptado de Nikiforov,1991)

hga’ﬁ)(x,N) *) tn(x,N)
(a.b) (o,N) (o,N)
Ax) I(N+a-x)[(B+1+x) . 1,0
x+0riN-x) ’ (@.f>-1)
n.n (**) 1,0 1,0
h2 n!(a+n)!(ﬁ+n)!(a+ﬁ+N+n)!(aw+«ﬁ—i—n)! (n!)4(N+n)!
(Nunmi)!(a+ﬁ+2n+l)(a+ﬁ+2n)2§ (2n+1)(2n!)2(N~n—1)!
ap 1,0 10
[(+ A(B+N)N-T) +n{a+p+n+T)a—pB+2N-2)] N-1
(@+p+2nfa+pB+2n+2) 2
Bn
Yn n(a+n)(B+nfa+pB+N+n)a+p+n)N-n) nZ(Nz ~n2)

(a+ﬁ+2n)2(a +f+2n+1)(a+ B+2n~1)

4(2n +1)(2n - 1)

(*) a.p inteiros

(**) a, , € o coeficiente do termo em x” de hf,“’ﬂ ) (x.N)

i B W8T w7
B B nunsaot b e i s
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A relagdo de recorréncia (12) para os polindmios p,(x) normalizados de acordo com (31a)

pode entdo escrever-se sob a forma:

Pra{X}=(X—= B )Pp{X)— 7 nPn_1(x) . (32)

onde B, e y sdo dados na Tabela 1.

Usando a relagdio (32) € possivel calcular facilmente o valor de p,(x) para qualquer valor de

x, assim como o valor da derivada p] (x) e os zeros de p,fx), usando o método apresentado

por Villadsen ¢ Michelsen(1978). Os algoritmos para o calculo das raizes de p,(x) e de

p,(x) séo apresentados no Anexol .

Para completar a introdugfio aos zeros dos polinémios de Hahn € interessante apresentar

algumas propriedades gerais referentes ao seus zeros (Nikiforov,1991).

1) Para o>-1 ¢ #>-1 ¢ n <N-1 os zeros dos polindmios de Hahn 4*? (x,N) sdo
todos reais e simples ¢ estfo localizados no intervalo aberto (0, N-1) , sendo que para x;

e(0,N-1) existe no maximo um zero no intervalo fechado [x,x;+/].

2) Para n= N, ou seja para o polindmio de Hahn h,(f‘ﬁ ) (x, N ), 0S zeros S80 oS

inteiros {0, 1,2, ... N-1};

3) Para n2 N os polinémios de Hahn h,(,“”s ) (x, N ) tém, além de outros , 08 zeros

§0.1,2,..N-I} ;

A func¢io peso pfx) definida por (3.7) € simétrica em relagfio as trocas a8 ¢ xe> N-I-x

,isto €, tem-se:

p(aaﬁ:xaN):p(ﬁaaanl-'x;N) (33)
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De (33) pode-se deduzir a relag8o de simetria para os polindmios de Hahn:
KO (x,N) ={(-1)" AP (N -1-x,N) . (34)

"

A relagdio (34) mostra que, se x; ¢ um zero do polindémio hi“’ﬂ ) (x, N ) , entdo (N-1-x)

¢ um zero do polinémio 4% (x, N ).
Os polinémios de Hahn com a=f=0 , isto é, os polinémios A" (x, N ) . sdo por vérios
autores chamados de Polindmios de Chebyshev Discretos e representados por

ty (. N)=hD (e, N) . (35)

A relagdio (34) para a=f=0 mostra que, para estes polindmios, as raizes esto dispostas

simetricamente no intervalo (0, N-1) , isto é , para cada raiz x; existe uma raiz N-[-x; .

Além disso, estes polindbmios gozam de outra propriedade muito interessante , a saber, que

para eles se tem:

pl)=1 : (36)
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L3 FORMULAS DE QUADRATURA

No célculo aproximado de integrais definidos e de somas de um grande nimero de
termos recorre-se frequentemente a Formulas de Quadratura. O uso de férmulas de
quadratura para a aproximagio de integrais definidos € apresentado por Villadsen e
Micheisen (1978) e por Krylov e Stroud (1962). Aqui sera feito o desenvolvimento de
férmulas de quadratura para a aproximacdo de somas de um elevado niimero de termos,
baseadas nas propriedades dos polindmios ortogonais discretos, tal como sugerido por
Nikiforov et al. (1991).

1.3.1 Formulas de Quadratura de Gauss
Consideremos uma soma Sy da forma
N-1
SNL“Zp(X,')f(X,') N (37)
i=0
onde f(x) é uma funglo qualquer, continua em [xg,xy. 7] & p(x} uma fung¢lo peso néo-
negativa em [xg,xy1]-
As formulas de quadratura mais simples e mais frequentemente usadas sdo as chamadas

Formulas de Quadratura de Gauss, que aproXimam a soma (37) por uma combinagio
linear de valores de f(x),
N-1

n
> olxi)Hxi)= > fluj) (38)
i=0 j=1
onde os u; (j=1,...,n) sdo determinados valores de x contidos no intervalo (xp,Xn-1)-
Propriedade 1- Se os n pontos u; contidos no intervalo (xg,xy.y) forem os zeros do

polindmio p,(x) pertencente & familia de polindmios ortogonais discretos definida pela

condicio de ortogonalidade
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N-1
(Pr.Pm)= Zp(x, Po(xi)Pm(xi) =hZ6mn , (39

S
a aproximagdo (38) € exata para qualquer polinémio f(x) de grau <2n-1.
-Consideremos,com efeito, o polindmio interpolador de grau »-1

n

Zn-1 (")”ij(x)ffuj)a (40.a)
J=1
com
x Pn (x)
£(x) (=u,)n(e) (40.b)
e
pr(X)=(x ~us)(x —uz)..(x-up), (40.¢)

onde pp(x) é o polindmio de grau n pertencente & familia de polinébmios ortogonais

definida por (39) e os u; (j=1,...,n) sdo 0s zeros de p,.
Seja f(x) o polindmio de grau 2n-/
f(x)ﬂ”n#(x)+gnw1(x)pn(x)s (41)

onde g, +(x} ¢ um polindmio arbitrario de grau n-7. De (41) obtém-se:

N-1 N-1 N1
ZP(Xf)f(Xi)= p(xi)7ng(xi) + ZP i Y901 (Xi )P (i) (42)
i=0 i=0 i=0

Mas, como g,.s{x) é um polinémio de grau n-1<n, tem-se,atendendo as propriedades

dos polindmios ortogonais
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e portanto
gﬂ(xr‘)f (xi)= Z;P(xi)”n—1(xi)e (43)
ou, com (40)
Ep(x,')f(xi)_lgp(x‘,){i pn(xi) f(u )}
=0 =0 = —uglenluy)
ou

ou, finalmente

N-1 n
2 plxilflxi)= D wf{u;), (44)
i=0 =
com
N1 _
of=—1— Zp(x;)——-——-—————'p-”ix‘)- . (45)

- Calculo dos w j

Usando a Identidade de Christoffel-Darboux para a familia de polindmios {p,(x)} tem-se

>

1 Pnst (Xf)Pn(Uj) - Pn+1(uj)Pn{Xi) ~ 5: Pk(Xf)pk(Uj)
T Xj—Uj P h?

ou, COMo p,,(uj)zo

Polxi) __ hi < pr(xi)pic(u) ,

Xj—uj Pns1 (Uj)kxo h;f

0 que ,por substitui¢@o em (45) da:
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=

2 u.) (N1
@j=- il th(zj){zp(xi)i)k(xi)}- (46)

Pn (uj )Pn+1 (uj) k=0 i=0

Contudo, pelas propriedades dos polindmios ortogonais tem-se

N1 N-1 0, k>0
2 pxiek(xi) = 2 p(xi)xpi(xi) = {h,f k=0’
i=0 i=0 '

pelo que, com py(x) =1 ,se tem finalmente de (46):

(47)

A relagdo (47) pode ainda ser colocada numa forma alternativa. Atendendo-se a relagio de

recorréncia
Prst(X) = (X = )P (X) = ¥ nPy-1(x)

eaque u; é um zero de p,(x), tem-se

2
Pn+1(Uj)= - 7’npn—1(uj) == il pn—1(uj) ;
e portanto ,substituindo-se em (47) tem-se:

B =l (48)

1.3.2 Formulas de Quadratura de Radan

As formulas de quadratura de Gauss usam para a aproximacdo da soma Sy uma
combinagfio linear de valores de f(x) calculados para pontos contidos no intervalo
(Xo.xn.1). As formulas de quadratura ditas de Radau usam na aproximacgio de Sy além
dos pontos u; e(xp,xy.4)f=1..,n, o valor de f(x) calculado num dos extremos do

intervalo, f(xg)ou f(xn_s) . Assim, uma féormula de quadratura de Radau sera, por exemplo:
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n

N-1
SN=Zp(X,')f(X,')zZa)jf(Uj) +a)N_1f(XN,_1). (‘49)
i=0 Jus1

Propriedade 2-A aproximagfio (49) ¢ exata para qualquer polindmio f(x) de grau
<2n se 0s n pontos u; €(xg.Xy.1) forem os zeros do polindmio p,(x) pertencente & familia
de polinémios ortogonais discretos definida pela condico de ortogonalidade

N=1
(Pn.Pm) = ZP(Xi)(xN—1 ~%))Pn(Xi)Pm (X1} =hE Smn . (50)

i=0

A demonstracio segue o mesmo caminho que a feita para o caso das formulas de

quadratura de Gauss, partindo-se do polindmio interpolador de grau n , 7, (x)

n+1
za(X)= Y £ (x)f(u;). (51.a)
=
onde Upt =XN.q4 €
Pn+1 (x)
¢ (x) = , (51.b)
/ (x) (x - uf)P,;,H(uj)

com

Poat(x) = (x = ug)(x —up)..(x —up)(x = xpn_1) = (X - xp_g)Pn{x). (51.0)

e construindo-se o polindmio arbitrario de grau 2n

f(X) =7Tn (X) +0n-1 (X)Pn+1 (X) . (52)
E f4cil de ver que neste caso se tem

N-T n+1

p(x;)f(x,-):Zcojf(uj), (53)

i—0 =1

com
N- e ,
@j= ! P(XI)M ; (54)
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sendo Bpg =ON4 -

A analogia de (54) com (45) é evidente.

Calculo dos o

-1° caso: j¢n+1(u i #xN,_1). Neste caso pode-se seguir o procedimento usado para o

calculo dos @; das férmulas de quadratura de Gauss obtendo-se a partir de (54)

Poes |
(xN_1 *“f)pr'?(“j)pn_duj)’(an”)‘ (55)

&Jj‘—'

2% caso: j=n+1 (u j=X N,,) . Neste caso tem-se:

ProlXn1)=Pn(Xn.1) s

Ppa1(x;)
— = g, i{Xx;),
X~ XnN-1 N( ')

pelo que de (54) se obtem:

N1
1
=ON-1 Xi)PnlX;}- 56
By = O Ng pn(xN—f) mop( ;) n( ;) ( )
O caso correspondente a aproximagio

N-1 n
SN“ZP(X;)f(Xf)NZmﬂ(uﬂ»&«wof(xo), (57)

i=0 jmf

reduz-se a (49) com a mudanca de variavel

Z=Xpn.q +Xg—X.
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Portanto neste caso os v; serfio os zeros do polindmio p,(x) definido pela condigdo de
ortogonalidade
N-1

pn pm ZP "XO pn( i)pm(xi)=h§5mn . (58)

i=

1.3.3 Formulas de Quadratura de Lobatto

Neste caso a soma Sy € aproximada por uma combinagdio linear de valores de f{x)

incluindo os dois pontos extremos xp & x p_y, 15t0 €, tem-se

SN=Z_p(x,-)f(x,-)ziwjf(uj) +wgf(xg) +onaf(xng).  (59)

Propriedade 3-A aproximacio (59) ¢ exata para qualguer polindmio ffx) de grau
<2n+1se 0s n pontos u; e(xg,xn4) forem os zeros do polindmio de grau n p,(x)
pertencente a familia de polindmios ortogonais discretos definida pela condiclio de

ortogonalidade

N-~1

Pn Pm ZP "XO XNw )pn( i)pm(xi)zhﬁgmn . (60)
i=0

A demonstracdo segue o mesmo caminho que anteriormente, partindo-se do polinémio

interpolador de grau n+1

n+1
Frn+1(X}=ij(X)f(Uj), (61&)
j=0
COm
) _ Pn+2(x) 61.b
ej(x)_(x UJ)PA+2(UJ), ( 1. )
€

Ppiz(x)=(x —xg)(x —tg)...(x —tup){(x = xn_g) ={x = xo)(x = xn_1) Pn(X). (61.c)
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Construindo-se o polindmio arbitrério de grau 2n+/
F(x) = T pag (X) + Gn_1(X)Pns2(x) »

¢ facil ver que se tem

SNmZp(x,-)f(x,-)zz.cojf(uj),_ (62)
i=0 j=0

com, de uma maneira geral

N-1 )
0o Zp(x:)P“ff(;"_)- (63)

Calculo dos :

-1° caso: j=0,n+1(uj %X ,Xn_q). Neste caso pode-se seguir um procedimento analogo ao

usado para o célculo para as formulas de quadratura de Gauss, recorrendo a identidade de
Christoffel-Darboux, obtendo-se a partir de (63):
h2
n-t j=1,2,...n. (64)

nT (uj = xo)xwer —us)pafus)Pastlu;)

-2° caso; j=0{u; =xq}. Neste caso tem-se diretamente de (3.63)

N-1

R e rw DI LI CIREEALACR (65)
- n i=0

3% caso: j=n+1 (u =X N_,) . Neste caso tem-se também diretamente de (63)

N-1

g = plxilx; - x p . (66)
ON-1 (wawxo Pn XN»T P o n( )




Anexo 1 100

H. CALCULO DOS ZEROS DOS POLINOMIOS ORTOGONAIS DISCRETOS

Para construir o algoritmo para o calculo dos zeros dos polindmios ortogonais

discretos {p,(x)} definidos por (3.25), isto é,dos polindmios de A\*#(x,N) normalizados

de tal modo que o coeficiente do termo em x” ¢ igual a 1, parte-se da relagfio de recorréncia

(3.12), que ¢ aqui colocada da forma:

pj= (X“Q’j )Pj-1 - hipjo
(A1.1)
De (Al.1) obtém-se para as derivadas

pj= (X —Qj)p}'-1 +pjg~hipj_s
(A1.2)
De acordo com a condi¢do de normalizagio tem-se:

po =1 s p'ozo
(Al.3)

sendo que, para iniciar a iteragéo, se tem:

p_1=ply = qualquer valor.

Seguindo o algoritmo proposto por Villadsen e Michelsen (1978), para calcular as raizes

de pp(x)
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procede-se do seguinte modo:

101

(a)Comecando-se com x=0 e usando-se 0 método de Newton

(A1.4)

obtém-se araiz x; mais proximade 0 .

(b)Para calcular a segunda raiz x;, parte-se do polindmio quociente

qn—‘l( )‘1 i)’:(:;)
(A1.5)
ou:
Inqn_4(x)=iIn pp(x) - In{x - x4)
ou:

dx

ou:

_’nqn‘T(x) = '(};(-In.pn(x) - a"n(){ -——XT)
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(A1.6)

Entio tem-se:

ou, atendendo-se a (A1.6):

(AL.7)

A iteragdo (A1.7) € iniciada com um valor

1 _
xg) = X;+€ ,com,porex. =107%,

(c)Da mesma maneira, uma vez calculadas as raizes xq,x,...,xx (k<n) , para calcular a

raiz Xp.; tem- se

A -, - ek p;,(:;; d
[p,, Xk+1 /Pn Xk+1 ] Z[ }}

=1

(A1.8)

Como se vé, o calculo das raizes de p,fx) pressupde célculos sucessivos de pu(x) e de

y (x) para diferentes valores de x, usando as relagdes de recorréncia (Al.1) e (A1.2).
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Programa Principal

[eEeReRe T RR AT

loReleieieReiaieieiekeivieieieivisieieRoieioRnisieEe e R e o R ol

[eNo XS]

PROGRAMA PARA A SIMULACAQ DE UMA COLUNA DE DESTILACAC
MULTICOMPONENTE UTHIZANDC O METODO DA COLOCACAO
ORTOGONAL MISTA { METODO DE NEWTON /MA28 )

#
#
#
#
# PACOTE TERMODINAMICO: PENG-ROBINSON
# Cedido pelo Prof Dr.Roger Zemp

#  Autor: Alexandre Rodrigues Simdes

#

IMPLICIT NONE

INTEGER LILNK NSTNCOMP ICOND ISL ILK NF ICOMP(10),NPCSE,NPCSR,

SNPSENPSR NXE.IS,NPF,NTPC NXR,JPOL,JRNLICN?

REAL FEED(5),FL(50),FV(50),FLL(500,15),

$EVV(500,15), TK(500),ZF(10), YEQ10), XF(10) EMU(50),DFE(15,15),
$DFR(15,15),DBE(15,15),DBR({15,1 5),X(500,15).Y(500,15), ROOTE(15),
$ROOTR(15),DIFE(15),DIFR{ 1 5), XINTPE{ 15} XINTPR{15),30X(500,13),
$Y'Y(500,15),TTC{500), Texac(500) xexact(2,175, 2, DEST, RELX.P,

$TF,TT,TB,SL.PBAR TTK, TBE EMUS FI,VAPF LIQF HVFLASHHLFLASH.HF BU,

$SLLSVV.XY XV, YV, TV, ERRLIQ ERRVAP,ERRT, TFK
CHARACTER*1 PHASE
COMMON/COMP/NCOMP
COMMON/ORTODAT/NPCSE NPCSR NTPC NPF
COMMON/DIF/DFE DFR DBE DBR
COMMON/COLDAT/NK PBAR FEED, RFLX DEST,HF,BUEMU SL
COMMON/DHAHN/ROOTE ROOTR. DIFE DIFR

COMMON/MA/IRNTICN1
ol ot e o S0 2 ol o ok ol O o o o o o o ke o o ool e o ol ke e o e e S ool S S o ke o e o ok ok o R e o o
* NOMENCLATURA *
o302 3 o o o o Al o A A ot o o o e S o R K R R ke o o e SO SRR S e R ek
* *
* NCOMP => No. de componentes *
* JCOMP => No. de identificacac do componente no banco de *
* dados TERMORPP.PPD
* NST == No. de pratos teoricos da coluna *
* NF => No. do prato de alimentacao *
* JCOND => Tipo do condensadot. ICOND = 1 { parcial ) *
* ICOND = 2 ( total ) *
* ISL => Se ISL = 1 ( existe saida lateral de liquidono ¥
* condensador parcial ) *
* DEST ==> Vazao de destilado ( moles/h) *
* RFLX => Razao de refluxo *
* P => Pressao{ atm ) *
* TT => Estimativa da Temperatura do condensador (oC)  *
*x

TB => Estimativa da Temperatura do refervedor { oC ) *

* QL => Vazao da saida lateral no condensador (molesth)

* NPCSE => No. de ptos. de colocacao da seccao de esgotamertto *
* NPCSR => No. de ptos. de colocacao da seccao de retificacao *
* NPSE => No. de pratos da seccao de esgotamento *

* NPSR => No. de pratos da seccac de retificacao *

* NPF => No. do pto. de colocacao referente a almlentacao *

* NTPC =2 No. total de ptos. de colocacao

* EMUS => Eficiencia de Murphree *

* TF => Temperatura da alimentacao ( oC ) *

* FEED(i) => Vazao de alimentacao do componente i {molh) *
ek o A o oo o o e o o o e R ok o ok ke sk o o o o o o MO R R ok R R R Rk Rk R R Rk

OPEN( UNIT=6, FILE = 'multred.in’, STATUS = 'OLD')
OPEMN{ UNIT=T7, FILE ='COLOC1.IN, STATUS ='0OLD")
OPEN{ UNIT=9, FILE = EXIT.QUT, STATUS = UNKNOWN")

REAIN7,%) IPOL
READ(7,%) IRN1,JCN]

LEITURA DO NUMERQ DE COMPONENTES

READ(6,*) NCOMP
NK = NCOMP

B R R A R B R R S R S R R R TR
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C
C
c

OO O00

OO0

(o] [oReoNe! o0

[oXoXe! (@]

a0

LEITURA DOS COMPONENTES

DO1=1,NK
READX6,*) ICOMP()
END DO

CHAMADA DA SUBROTINA DE INICIALIZACAO

CALL PP_INIT(ICOMP, TERMORPP PPDY 2 NK)

LEITURA DA ESPECIFICACOES DA COLUNA

REAIX6,%) NST,NF,ICOND,ISL
REALX6,*) DESTRFLX.P,IT,TB
IF(ISL.EQ.1) THEN

READ(6,*) SL

ELSE

SL=0.D0

ENDIF

PBAR=P*1.013
TTK =TFT+273.15
TBK = TB+273.15

LEITURA DOS DADOS DA COLOCACAO ORTOGONAL

READ(7.%) NPCSE,NPCSR
REAIX(7,*) NPSE,NPSR

NPF = NPCSE+4
NTPC = NPCSE+NPCSR+7

LEITURA DA EFICIENCIA DE MURPHREE

READ(6,¥) EMUS
DO I=2.NTPC

EMU(I) = EMUS

END DO

EMU(1) =1

IF (COND.EQ.2) EMUNTPC)=1E-08

LEITURA DAS ESPECIFICACOES DA ALIMENTACAQ

READ(6,*) TF,(FEED(E), =1 NK)
TFK = TF+273.15

FT=0

DG =1.NK

FT =FT+FEED()
ENDDO

DPOJT=1NK
ZF(J)=FEED(I/FT
END DO

CHAMAR A SUBROTENA PARA CALCULAR A CONDICAO DA ALIMENTACAG

CALL PP_FLASH(ZF,PBAR, TFK LIQF, VAPF HLFLASH HVFLASH XF,YF PHASE)

PRIMEIRA APROXIMACAQ DOS FLUXOS TOTAIS

FV(NTPC) = DEST
FL(NTPC) = DEST*RFLX

FV(NTPC-1) = FLONTPC)+DEST+SL

DO = 3 NTPC

1=NTPC+2.11

FL(I) = FL(I+1)

IF(1.EQ.NPF) FL(Iy=FL{)+FT*LIQF
FV(I-1) = FV(D}

IF (LEQ.NPF) FV(L-1)=F V(.1 WFT*VAPF
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END DO
FL(1}= FL(Z) - FV(1)
BU=FT - DEST - §L

WRITE(9,*YIMPRESSAQ DOS RESULTADOS'
WRITE(S,*) :
WRITE(9.*)

WRITE(.18)
18 FORMAT(/,;COMPOSICAQ DE ALIMENTACAC /)
WRITE(9,23) {LZEU)=1.NK)
23 FORMAT(I3.F12.3)
C

WRITE(9,16) NST,NF,RFLX P
16 FORMAT(// NUMERO DE PRATOS "J9/,
$NUMERO DO PRATO DE ALIMENTACAO 19/,
$RAZAO DE REFLUXO 'F6.%/,
$PRESSAO DE OPERACAO (atm) 'F5.2//)
WRITE(9,*) FV(NTPC),FL(NTPC),FVV,FLL
ESTIMATIVA INICIAL DO PERFIL DE TEMPERATURA (LINEAR)

leNeNe]

DO I= LNTPC
TK(D) = TBK+(I-1*(TTK-TBKYNTPC
END DO

ESTIMATIVA INICIAL DAS VAZOES MOLARES (VALOR FIXO})

leNeXe]

DOI=INTEC
DO I = [ NK
FLL{1J) = FEED(JIWFT*FL(D)
FVV(LF) = FEED{)/TT*FV{])
END DO
END DO
CHAMAR A SUBROTINA DE COLOCACAO ORTOGONAL
CALL COL_ORTO(NPSE,NPSR NPCSE,NPCSR,DFE,DFR,DBE,DBR,IPOL)
CHAMAR A SUBROTINA PARA CALCULAR O SISTEMA DE EQUACOES
CALL CALC(FLLFVV,TK)

CALCULAR AS FRACOES MOLARES

o0 Oon0 00

DOI=1NTPC
SLL=0

SV =0

DOI=1NK

SLL = SLLAFLL(LY)

SVV = SVVHFVV(L])
END DO

FL{l)=SLL

FV(I) = §VV
END DO

DO 1= NTPC
DOJ=1NK
X(LY) = FLLEI)YFL(D)
YLD =FVVIYFV()
END DO

END DO

DMPRESSAQ DOS RESULTADQS NOS PONTOS DE COLOCACAO

[eXeRe!

WRITE(9.*)

WRITE(9,%) * SOLUCAO NOS PONTOS DE COLOCACAO '
WRITE(9,) ° !
WRITE(9.%)
WRITE(S,*)
WRITE(9,*) ' Composicao da fase liquida '

WRITE(®,*)
DO1=1NTPC
WRITE(S,*) LX(LD.J=1 NK)
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END DO

WRITE(%,*)
WRITE(9,*} ' Composicao da fase vapor'
WRITE(S,*}

DO L= INTPC
WRITE(9,*} L{Y(LJ).7=].NK)
END RO

WRITE(G*)
WRITE(9.*) ’ Perfil de Temperatura ( oC }*
WRITE(9,*}

DO =INTPC
WRITE(9,*) L(TK(1)-273.15)
END DO

DOJ=1NK
XL =X(1,3)
YY(1L.h=Y({LD)

END DO
TTC(1) = TK(1)-273.15

[eXeXe]

NXE ~ NPCSE+2
DO IS = 1,NPSE
XY ={IS-1)/1

CALL INTPR{15.NXE XY ROOTE DIFE XINTPE)

DOI=1NK
XV=0
YV=0
V=0
DOJ=1NXE
KV = XVXINTPE(*X(+1,D
YV = YVSXINTPEWY(J+1.D
TV = TV+XINTPE(IY*TK(J+1)
END DO
XKOS+H ) =XV
YY(QES+1D) =YV
TTC(S+H) = TV-273.15

END DO

END DO

DO =I,NK
XX(NEJ) = X(NPE.T)
YY(NF.J) = Y(NPE,J)

END DO
TTCNF) = TE(NPF)-272.15

NXR = NPCSR+2
DO IS = 1 NPSR
XY = (1811

CALL INTPR{1S NXR XY ROOTR DIFR XINTPR)

DOl=1NK
XV=0
YV=0
V=0
DO =1,NXR
XV = XVAXINTPR(J*X(J+NPF 1)
YV = YVAXINTPRUYY(J+NPE,])
TV = TV+XINTPR{U P TE{J+NPF)
END DO
XX{NF+IS8,[)= XV
YY(NFHS,I}= YV
TTC(NFHS) = TV-273.15

END DO

END DO

DO J= 1| NK
KX(NST.F) = X(NTPC.T)
YY(NST,J) = Y(NTPC,1)

CALCULAR OS RESULTADOS PRATO A PRATO UTILIZANDO INTERPOLACAO
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END DO
TTCNST) = TR(NTPC)-273.15

IMPRESAC DOS RESULTADOS PRATO A PRATO

o000

WRITE(S,*}
WRITE(9,*}" SOLUCAQ PRATO-A-PRATO '

WRITE(9,*)
WRITE(9,*) ' Composicao da fase liquida '
WRITE(9,*)

DOI=1NS8T
WRITE(?,*) L1, 7=1,NK)
END DO

WRITE(9.*)
WRITE(9,*} * Composicao da fase vapor'
WRITE(9,*)

DO1=1,NST
WRITE(9.*) LY Y(LI).J=1,NK)
END DO

WRITE(9,*)
WRITE(9,*) ' Perfil de Temperatura ( oC )’
WRITE(9,*)

DO1=INST

WRITE(9,%) LTTC(D)

END DO

WRITE(9,*) FV(NTPC), FL(NTPC),FVV FLL

c
C***++ Transferencia dos resultados para 08 seUS Arquivps *FF s ke
C

open (uait=91, file='resx 1 ma.dat, status="unknown')

open (unit=92, file="regx2ma.dat’, status=unknowr')

open (unit=93, file='regy  ma.dat, status=unknown’)

open (unit=94, file="resy2ma.dat’, status=unknown’)

open (unit=05, file="restema da¥, status=unknown’)

do =1 nst

write (91,*y xx(i,1)
write (92,.*%) xx(1,2)
write (93,*) yv(i,1)
write (94.%) yy(1,2)
write (93,%) TTC3)
end do

close (unit=91)
close (urnit=92)
close (unit=93)
close (unit=94)
ciose {unif=95)
C
C***#* Calculo do erre quadmﬁCG Rk kkkkkkk Rk kR kR Rk Rk d kX kkkk
C
errlig=0.0
errvap=0.0
errt=01.0
open (unit=11, file ="multexac. i status = ‘old)
dok=i2
do i=].nst
do =1k
read(11,*) xexact(k,i,j}
if (keq.1) then
ertlig=errliq-+H{xexact(k,i,j}-ro(ij)**2
else
erTvap=errvapt{xexact(k,i,j)-yy(ij)**2
end if
end do
end do

o T

e
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c

end do

do i=1,nst

read{11,*) Texac(i)

errt=errt-H{ Texac(i)}-TTC()**2
end do

write{9,* Yerro quadratico na fase fiquida= erriig
write(9,* Yerro quadratico na fase vapor="errvap
write{9,* Yerro quadratico da temperatura=",erst

ciose(unit=11)
CALCULO DAS CARGAS TERMICAS DO REFERVEDOR E CONDENSADOR

CALL ENT(NST,TK.PBAR FLL,FVV HLL HVV,HLHV,CLCV)
QC=HV(NST-1)-HL(NST)-HV(NST)

QR=HV(I H+HL{1)-HL(2)

WRITE(6,725) QR

WRITE(6,726) QC

¢ 725 FORMAT{(//, O CALOR FORNECIDO AQ REFERVEDOR E\E124,KVH./)
¢ 726 FORMAT{(// O CALOR RETIRADO NO CONDENSADOR E\E12.4,KI/H,)

[

s NaNsNeRe] 9]

C

C
c
C

eNeXoKe!

STOP
END

FhaadkrRwixkEx kR SRR OTINAS AUNILIARES ®dkk kb sk Rk kok ks dodegon ke ook

I B L et B S e S e o o et o

+ SUBROTINA COL_ORTO +
+ Caleula as diferencas forward e backward para as seccoes de +
+ esgotamento ¢ retificacao +

B B B T e e
SUBROUTINE COL_ORTO(NPSE NPSR,NPCSE NPCSR,DFE,DFR.DBE, DBR.IPOL)

REAL XNE(2),XNR(2),DIFE(1 5),DIFR(15),ROOTE(15),ROOTR( 1 5),
SDFE(15,15),DFR(15,15),DBE(15,15),DBR(15,15)

INTEGER LI,NTENTR.IPOL

COMMON/DHAHN/ROOTE,ROOTR, DIFE, DIFR

CALCULO DOS PTOS. DE COLOCACAD PARA A SECCAQO DE ESGOTAMENTO

XNE(1) = 0.0
XNE(2) = (NPSE-1V/1.0
IF (JPOL.EQ.1) THEN

CALL HAHN(15 NPSE,NPCSE, 1,1,1.0,1 0,DIFE,ROOTE,XNE)
ELSE IF (IPOL.EQ.2) THEN

CALL ORTPOL(NPSENPCSE,1,1.DIFE,ROOTE XNE)

ELSE

STOP

ENDF

CALCULO DOS PTOS. DE COLOCACAO PARA A SECCAO DE RETIFICACAO

XNR{1)=0.0
HKNR(Z) = {NPSR-1/1.0

IF (IPOL.EQ.1) THEN

CALL HAHN(15NPSRNPCSR.1,1,1.0,1. 0 DIFR ROOTR XNR)
ELSE IF (IPOL.EQ.2} THEN

CALL ORTPOL(NPSRNPCSR, 1,1, DIFR,ROOTR XNR)

ELSE

sTOP

END IF

CALCULO DAS DIFERENCAS FORWARD E BACKWARD PARA A SECCAO
DE ESGOTAMENTO

NTE = NPCSE+2
DO 1= 1 NTE
DOJT=1,NTE
XX = ROOTE(N)
CALL DILFOR(15,NTE,LDIFE,ROOTE XX VCE)
DFE(L]) = VCE
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CALE DILBAC(15NTELDIFE ROOTE XX, VBE)
DBE(L]) = VBE

END DO

END DO

CALCULO DAS DIFERENCAS FORWARD E BACKWARD PARA A SECCAO
DE RETIFICACAO

aoOn

NTR = NPCSR+2
DOI=1NTR
DOJ=1NTR
XY = ROOTR()
CALL DILFOR(15,NTR.L, DIFR ROOTR XY, VCR)
DFR{,J) = VCR
CALL DILBAC(15,NTR LDIFR ROOTR XY, VBR)
DBR(LJ)= VBR
END DO
END DO

L2}

SUBROTINA CALC +

............. i
t

PRI
LI M I e A B B B B | RN A M 1 M e 100 0 M B B B B e L2 s 2 3

QOO non
+

SUBROUTINE CALC(FLLFVV,TK)

REAL FLL{500,15), FVV(500,15),X(200),
SFEED(5),TK(500),EMU(50)

INTEGER NIT.IFLAG

COMMON/ORTODAT/NPCSE,NPCSR,NTPC,NPF

COMMON/COLDAT/NK, PBAR FEED RFLX, DEST,HF, BUEMU SL

N=NTPC*2*NK+1}

it=]
iflag=1

ransformacao das variaveis

ied

DOJ= I NK
DOT= LNTEC
X((J-1PNTPCH) = FLL(L))
X((3-1 NTPCHNK*NTPC+NTPCH) = FYV(L])
END DO
END DO

DO =INTPC
KNKANTPCH) = TR
END DO

chamar a subroting newton

[ 2 vl

(¢

T1=HiGH _RES_CLOCK@(TRUE)
call newton(IN, X iflag it}
T2 =HIGH_RES CLOCEK@( FALSE)

impresao do tempo de cpu e outras informacoes

0o 00

it=it-1
tepu =T2-T1
C write(6,*) Tempo de CPU{seg) = "ftepu
write(9,*Ynumero de fteracoes=, it
write(9,*Yiflag="iflag
if (iflag Jt.0) then
write(9,*¥no success'
end if

transformacao das variavels

[+]

DO J=1NK
DO1=1LNTPC
FLL(LT) = X({J-1Y*NTPC+T)
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FVV(LI) = X((J-1)*NTPCHNK*NTPCHNTPCH)
END BO

END DO
[+
DO 1= NTPC
TK) = X(NK*NTPC+])
END DO
[
RETURN
END
¢
O T e o A B o o L e B I S B M
C + FiM DA SUBROTINA CALC +
L T e R LA g 0 1 0 U 0 1 MCRY S SRER LS ST S
c
L o e e T e e B R R e e e SR B S
c + SUBROTINA NEWTON +
c + I e B B R 1 = SIS U I S BYAA S UUAR WA
c
subroutine newton(t.xv,iflag,it)
COMMON/MA/RNLICNI
REAL xv(n),dela_xv(200)
¢
do while(itle.19)
¢
¢ caleular delta_xv, resolvendo o problema linear Ax=b
¢ sendo A=flac, {rths=)b=fvec e x=delta_xv
¢
call ma28(nxv,dela_xv,iflag)
¢
[ calcular o passo newton
e
do i=in
xv{iFxv(iy-delta_xv(i}
end do
<
c aumentar ¢ numero de iteracoes
¢
il
¢
end do
c
refurn
end
¢
B B e o T T e T B LA L o i t
¢+ FiM DA SUBROTINA NEWTON +
T o o T T T T I e o o e
o o e B T L L o B
¢+ SUBROTINA MA28 -
Lo o T B L I I L R RN
[
subroutine ma28(n,xv.rhs,iflag)
INTEGER MTYPE LICN,LIRN IRNIRN 1 ICN(ICNILJIKEEP(IRN 1,3},
$TW(IRN1,8)
REAL xv{n),a(ICN1),rhs{n),w(IRN1),1J
commeon/coloc/nel ne2 nrl nr2
COMMON/MA/IRNLICNI
¢
< declaracao das variaveis, sendo:

mtype integer, para resolver a equacao direta (mtype=1)
ou & su matrix transposta (mtype.ne. 1)

lien  integer, tamanho dos arrays A ¢ icn

lim integer, tamanho do array irn

u  real, para controlar se "bias towards numeric or
sparsity pivoting. w=1.0 gives partial pivoting
while u=0.0 does not check muitipliers at all.”
[u>1 > u=1, u<0 > u=0]

a(2*nz) vetor com os valores nao-zeros do Jacobiano
irn{nz) vetro com as posicoes "row” dos elementos
nao-zeros na matriz Jacobiana

O 000000060000
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¢ icn(2*nz) vetor com as posicoes "column” dos elementos
c nao-zeros da matriz Jacobiano

¢ rhs(n)} vetor com os valores frec das equacoes ao entrar
[ em mu28 e com o resultado deita_xv na saida

¢ ikeep(nz, 5}

¢ iw(nz,8)

¢ wnz)

¢

c

rz=IRN1
nzd=2%nz
mtypes=|
licn=nzd
lirn=nz
u=1.0
[
¢ calcelar o vetor da funcao e a matrix do jacobianc
<
cail fen(n xv,rhs.anz nzd im.icn)
<
c [Jecomposicac LU da matrix A(n*n,1)
<
call maZ8ad(n,nz,a licn, imn,lirn fon g, tkeep, iw,w, iflag)
c
c Resolver o problema linear Ax=b
¢ com rhs=b na entrada da subrotina e x=rhs na saida
c
cali ma28cd(n,a licn fon ikeep,rhs,w,miype)
c
rejurmn
end
C
T B e T o o
[V FIM DA SUBROTINA MA28 +
B e I e 1 S 2L S
c
O ket bbb bbb bbbt
¢+ SUBROTINAFCN +
L e e S frofeb ettt
[

SUBROUTINE FCN(N,X.FVEC, aa,nze,nzed,ir,icn)

REAL X(N),FVEC(N)FLL{560,15,FVV(500,15) XFK(500,15),
SDFE(15,15),DFR(15,15),DBE(15,15),DBR(15,15),FEED(3),EMU(30),
STK(500),DFK(500,15,15),FL(50),FV(50),
$HLL(500,15),HVV(500,15),HL{500),HV(500),CL{500),CV(S00), aa{rized),
$51,52,83,34,55,96,87,88,59,510

INTEGER IRN(IRN13ICN(ICN1)

COMMON/ORTODAT/NPCSE,NPCSRNTPC NPF

COMMON/DIF/DFE,DFR, DBE, DBR

COMMON/COLDAT/NE. PBAR,FEED RFLX, DEST HF BUEMU,SL

COMMON/MA/IRN1ICN1

[
c***** ’i‘ransfemacao das variaveis ook ok o e e ekl ok ok ok Rk kb sk ok ok ke sk kR kb
[
DOJ=1NK
DO 1= 1.NTPC
FLL(LD) = X1 PFNTPCH)
FVV(LT) = X({(J-1 PPNTPC+NEANTPCHNTPCH)
END DO
END DO

DOT= I NTPC
TK(D) = X(NKNTPCH)
END DO

DO 1= 1NTPC
SLL=0
SVV=0
DO = 1,NK
SLL = SLL +FLL(LJ)
SVV =S8VV + FYV(L])
END DO
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FL(I)= SLL
FV(D) = SVV

END DO
[}
cﬁl**** Calcuiﬂ dos Pararnetros 3k e o o o o s e S o e sl s ok o o6 o o ol o R ok sl ok ok of R 3 OR ok ok
[+

CALL KFAC(NTPC,TK,PBAR FLL.FVV XFK DFK)

CALL ENT(NTPC, TK.PBAR FLL FVV HLL HVV HL HV.CLCV)
[
c*k*i* Eva]uacao das funcoes e 3 70 e A0k 3k o e o ok ok R 0 i ok ok el sk ol ok o o ok s Sl S S e e ke ok sk e e ok

©

FUNCOES DISCREPANCIA DE BALANCO DE MASSA

C
c
C REFERVEDOR
C
PO I=1NK
FVEC(J) = FLL{2.)-FLL(LI)}FVV(11)
END DO

ek

PRIMEIRO PTO. EXTREMO DA SECCAQ DE ESGOTAMENTO

[¢]

DOJI=1NK

S1=0

DO = I NPCSE+2

81 = S1+DFEL D*FLL(O+1,1)

END DO

FVECONKA+T) = SI+FVV{1 Y FVV(2,5)
KTT =NK+]I
END DO

[+

€ PTOS. INTERNOS DA SECCAQ DE ESGOTAMENTO

[+]

NN=0
DO K = 2,(NPCSE+1)
DOT=1.NK
S2 =0
85 =0
DO JJ = 1,NPCSE+2
§2 = S2+DFE(E K FLLOI1LY)
$3 = SIHDBELKPFVVIILD
END DO
NN = NN+1
FVEC({2*NKANN) = §2-83
END DO
END DO
KK = NN+2*NK

SEGUNDO PTO. EXTREMO DA SECCAO DE ESGOTAMENTO

Q("}O

DOJ=1NK
S4=0
DO I = | NPCSE+2
$4 = S4+DBE(ILNPCSE+2FVV(II+1,7)
END DO
FVEC(KK+J} = FLL(NPF.T)-FLL(NPF-1,1)-84
1J = KK+F
END DO

[

PRATO DE ALIMENTACAQ

«

DO = I NK
FVEC(II+]) = FLLINPF+ 1L IFVV(NPF-1.)-FLL(NPF J)-FVV(NPF.J)
$ +FEED(J}
=15+
END DO

[+]

C PRIMEIRO PTO. EXTREMO DA SECCAQ DE RETIFICACAO

(2]

DO J=1NK
85=0
DO 1= ] NPCSR+2
85 = §5+DFR(LI P*FLLINPFHLI)
END DO
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FVEC(JI+) = S5+FVV(NPFJ)-FVVINPF+1,1)
KW = JI+]
END DO

c
C  PTOS. INTERNOS DA SECCAO DE RETEFICACAQ

o

oMo

OOO

o000 [Nl

oMo

NW =0
DO K =2 (NPCSR+1)
DO J=1NK
$6=0
§7=0
DO IS = 1, NPCSR+2
86 = S6+DFRILK M FLILHI+NPE.D
87 = STHDBRJLKPFVV(II4HNPE D)
END BOC
NW =NW+1
FVEC(NW-+KW) = 56.57
END DO
END DO
KH = NW+KW

SEGUNDO PTO. EXTREMO DA SECCAQ DE RETIFICACAD

DOT=1NK
58=0
DO 13 = 1, NPCSR+2
§8 = SE+DBRIINPCSRA2PFVV(IINPED
END DO
FVEC(KH+I) = FLL(NTPC,3)-ELL(NTPC-1,1)-88
KX = KH+
END DO

CONDENSADOR PARCIAL

DO F=1,NK
FVEC(KXH) = FVV(NTPC-1,5)-EVV{NTPC,J)-FLL(NTPC,}y¥(1 +SL/FL(N
TR
KS =KX+
END DO
FUNCOES DISCREPANCIA DE RELACAO DE EQUILIBRIO

KA=0

DO 1= | NTPC

DO J=1NK
KA=KA+]
FVEC(KAFKS) = EMUIPXFRID FV(D*FLLADFLD-FVYVLY)
IF(LGT.1) FVEC(KA+K S =FVEC(KAHKS 1 -EMUMPFVV(E-1,0)*
FVIYFV(-1)

END DO

END DO

FUNCOES DISCREPANCIA DE BALANCO DE ENERGIA
REFERVEDOR
$1=0
2O J= [ NK
St=SH+FLL{LD
END DO
FVEC(2*NK*NTPC+1)=BU-51
to PTO. EXTREMO DA SECCAO DE ESGOTAMENTO
8§2=0
DO 1=1NPCSE+2
82 = S2+DFE(E DYHL+1)
END DO
FVEC(2*NK*NTPC+2) = S2+HV(1)}-HV(2)

PTOS. INTERNOS DA SECCAO DE ESGOTAMENTO
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DO J = 2,NPCSE+]

§3=0

$4=0

DO 1= 1 NPCSE+2

83 = S3+DFE(LI*HL{1)

4 = S4+DBE(L¥HV(I+1)

END DO
FVEC(Z*NK*NTPCH1+) = $3-54
END DO

Do

20 PTO. EXTREMO DA SECCAO DE ESGOTAMENTO

§5=0

DO 1= 1 NPCSE+2

$5 = §3+DBE(LNPCSE+2Y*HV(I+1)
END DO

FVBC{Z*NK*NTPCHNPE-1) = HL(NPE)-HL(NPF-1 S5

o

PRATO DE ALIMENTACAC

[+]

FVEC(2¥NK*NTPC+NPF) = HLONPF-+1 Y*HV(NPE-1 }-HL(NPF)-HV(NPF)+HE

@Rl

lo PTO. EXTREMO DA SECCAO DE RETIFICACAC

&

86=0
DO 1= I NPCSR+2

$6 = S6+DFR(L1 Y HL(NPF+])
END DO

FVEC(2SNK*NTPC+NPF+1) = S6+HV(NPF)-HV(NPF+1}

™M o

PTOS. INTERNOS PA SECCAQ DE RETIFICACAO

(o]

DO 3 =2NPCSR+
87=0
$8=0
DO 1= | NPCSR+2
§7 = STHDFR(LIFHLINPF+D)
$§ = SR+DBR(LI*HV(NPF+)
END DO
FVEC{2*NEK*NTPC+NPF+I} = 57-38
END DO
C
C 20 PTO. EXTREMOQ DA SECCAQ DE RETHFICACAO
c
89=0
DO1= 1,NPCSR+2
§9 = $9+DBR(LNPCSRA2#*HV(NPF+])
END DO
c
FVEC(2*NK*NTPCHNTPC-1) = HL(NTPCIHLANTPC-13-89

¢
C  CONDENSADOR
<

510=0

DO T = LNK

510 = S10+FLLNTPC.D)

END DO
c

FYEC(NTPCHZ*NE+1)) = DEST*RFLX-S10
2***** Calculo do Jacobian() 4t 3 o 3 e 3 o ok o ke o e ok e ok o ok ok ok ke e ke e ok R ok Ak kR A e ok Rk R
c
¢ JACOBIANO DAS EQUACOES DO REFERVEDOR
c

k=1

NX=0

DOI=1NK

an(ky=-1

im(k)=1J

icn(k) = (J-1 YPNTPC+1

aa(k+1)= 1
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c

c

¢

¢
C
¢

¢
<
¢

¢
C
c

imn(k+1) = J

ien(k+1) = (-1 *NTPC+2

aa(k+2)=-1

im(k+2) =}

ien(k+2) = NTPCHNK+(J-JHNTPC+H
k=k+3

NX =NX+1
END DO

JACOBIANQ DO jo PTO. EXTREMO DA SECCAOQ DE ESGOTAMENTO

BO1=1NK
DO J = | NPCSE+2
aatk) = DEE(L1)
ingk) = NX+
jen(k) = F+(I-1 Y*NTPC+1
feket 1
END DO
as(k}=1
ira(k) = NX+I
icn(k) = NTPCHNK+{-1)}sNTPC+]
aakd1)=-
im(k+1) = NX+H
ien(ic+1) = NTPCHNKHI-1)HNTPC2
k=i 2
NW = NX+
ENDDO

JACOBIANO DOS PTOS. INTERNOS DA SECCAO DE ESGOTAMENTO

NZ=0
DO L = 2,NPCSE+]
DOI=INK
NZ = NZ+1
DO I = |, NPCSE+2
aa(k) = DFE(.L)
irn(k) = NZ+NW
ienk) = J4{I-ANTPC+
aa(k+1) = -DBE(J,L)
irn(k+1) = NZ+NW
ien(k+1) = FNTPCHNKHI-DINTPCH
Kk 2
END DO
END DO
END DO
NY = NZ+NW

JACOBIANO DO 20 PTO. EXTREMO DA SECCAQ DE ESGOTAMENTO

DOT=1NK

aalk)=-1

(k) = NY+I

ien(k) = (-1 P*NTPCHNPF-1
aa(k+1)= 1

im(k+1} =NY~+i

ica(k+1}) = (-1 *NTPC+NPF
k=ke+2

DO = 1 NPCSE+2

aa(k) = -DBE(J NPCSE+2)

imgk) =NY-+

ien(k) = FNTPCH{NKHI-1))+NTPC+]

kektl

END DO

NG =NY+I
END DO

JACOBIANQ DX PRATO DE ALIMENTACAQ

DOI=1,NK

aa(k) = -1

im(k) = NG+

ien(k) # {I-1)*NTPC+NPF
an(k+1)=1

117



Anexo Il

C

im(k+1) = NG+

ien(k+1) = (I-1 P NTPC+NPF-+1

aa(k+2) =1

im(k+2) = NG+

ion(k+2) = NTPC*((I-1 FHNK #NTPC+NPE-1
aa(kc+3) = -1

im(k+3) = NG+

icn(k+3) = NTPC*((I-1)+NK)+NTPC+NPF
k=i

NU = NG+l
END DO

C  JACOBIANO DO lo PTO. EXTREMO DA SECCAO DE RETIFICACAO

C

c

DOI=1NK
PO =1 NPCSR+2
aa(k) = DFR(L1)
irn(k) = MNU
icn(k) = (I-1 *NTPC+NPF-+]
ke=k+1
END DO
aa(k)=1
im(k)} = F+NU
icn(k)} = NTPC*((J- 1 - NK)+NTPC+NPF
aa(k+1y=-1
irn(le+1) = HNU
ion(k+1) = NTPCH{I-1 +NE Y-NTPCHNPF+1
ke=k+2
NH =J+NU
END DO

€ JACOBIANOQ DOS PTOS. INTERNOS DA SECCAOQ DE RETIFICACAO

¢

c

C

C

[+

C

c

NV =0
DO L =2 NPCSR-+1
DO =1 NK
NV =NV+]
DO I =1 NPCSR+2
aa(k) = DFR(I.L)
irn(k) = NV+NH
ien(k) = IHI-E*NTPCH+NPF
aa(k+1)=-DBR(IL)
irn{k+1)=NV+NH
ten(k+1) = FANTPCH((I- H HNK +HNTPCHNPF
k=k+2
END DO
END DO
END DO
NT =NV+NH

JACOBIANO DO 20 PTO. EXTREMO DA SECCAO DE RETIFICACAO

DOI=1NK
aa(k) = -1

im(k)=NTH

ien(ky = NTPCH((I-£)+1)-1
aalk+l) =1

(k) = NTH

fen(k+1) = NTPCH(I-17+1)
ki 2

DO J = 1,NPCSR+2
aa(k) = -DBR(J NPCSR+2)
imn(k) = NT+I
ien(k) = FENTPCH((1-1 W NK H+NTPC+NPF
k=k+1
END DO
NO =NT+H
END DO

JACOBIANC DO CONDENSADOR

DOH=1NK
DO J=1NK
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C
C

DO L= | NTPC
IF(L.EQ.NTPC) THEN
aa(k) = SL*FLL(NTPC,IIYFL(NTPC)**2
IF (1 EQIN) THEN
aa(k) = aa(k) - {1 +SLELINTPCY)
ENDIF
im(k) = NQHI
icn(k) = L+{J-1*NTPC
ekt 1
ENDIF
END DO
END DO
END DO

DOI=LNK
aa(k) = |
im(k) = NQ+E
ien(k) = NTPC*((I-1 ¥NK+1 #NTPC-1
aa(k+1)=-1
in(let{) = NQH1
jen(k+1) = NTPCH(I-1 #NK+1 HNTPC
kesk+2
NR = NQH
END DO

JACOBIANO DAS RELACQES DE EQUILIBRIQ

DOI=1NTPC
DOl =1 NK
DOJ= 1 NK

DOL=1NTPC

F(L.EQ.D) THEN
IF(J.EQ.IT) THEN
aa(k) = FV(IPEMUD/FLAMKFRLIHFLLLIM
DFK(LILID-XEK(LI*FLLOLIVEL{D)
im(k) = NK*NTPC+{(1-1))+11
ion(k) = LHI-1 *NTPC
aa(k+1) = EMU*FLLOLIVFLO(XFK{LIHEV(D)*
DFK(LEJNK+1))-1
in(kH1) = NKANTPCHI-1))y+1
ien(k+] )} = L+NTPCH(J-1 #NK )+ NTPC
IF(LGT.1} THEN
aa(k+1)=aafk+ 1+ -EMU(FV V(-1 IVEV(I-1)
ENDIF

ELSE
aa(k) = FV(I*EMU(D)/FL{A FLLLHYPDFE(LILT)-
XFR(LHFFLL{LIYFL))
irn{k) = NKX(NTPCHI-1 )+
ienlk) = L+(J-1*NTPC
aa(k+1) = EMUD*FLLLIFL{D*XFR(LID+FFV(ID*
DFK(LILINK+1)
irn(k+1)y = NEK*NTPCHI-1)+i
ien{k+1) = LANTPCH(J- 1 NEHNTPC
IF(L.GT.1) THEN
aa(k+1) = ga(k+ D H{ -EMUGN*EVV(-LIYVEV-1)
ENDIF
END IF
Le=k+2
ENDIF

IF(L.LTI) THEN
IFLEQ{I-13) THEN
{F(3.EQH) THEN
aa(k) = (1-EMU(D)*FVAYEV(I-1)
irn(k) = NKA(NTPCHI-1)0
ien(k) = LANTPC*((J-1 NKHNTPC
IF(LGT.1) THEN
aa(k} = aa(ky*(1-FVV{I-1,IEV(E-1))
ENDIF
ELSE
aa(k) = (-EMUD)*FVD/FV(E-1)
ik = NKANTPCH-1+T
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ien(ky = LANTPCM(J-1 NK)#NTPC
IF(LGT.1) THEN

aa(k) = aa(k P (-FVY V(- LIYFV(-1))
END IF

ENDIF
k=k+1
END IF
ENDIF

END DO

END DO
END DO
END DO

DOI=]NTPC
DO = | NK
DOL=1NTPC
F(L.EQD THEN
aa(k)= EMUQIPFV{I*FLILID/FLIFDFK LI NK+1)
irn(k} = NKANTPC+(I- 1)+
icn(k) = NK*NTPC+L
k=k-+1
END IF
END DO
END DO
ENDDO

JACOBIANG DAS EQUACOES DE BALANCO DE ENERGIA
EM RELACAO A VAZAO MOLAR DE LIQUIDO

REFERVEDOR

coeca0n

DOJ=1NK

aalk)=-1

im(k) = 2*NK*NTPC+1
ten(k) = (J-1)*NTPC+}
k=k+1

END DO

Mo

1o PTO. EXTREMO DA SECCAQ DE ESGOTAMENTO

O

DO I=2,(NPCSE+3)
DOJI=1NK
aa(k) = DFE(I-1, 1 *HLI{L])
im(k) = 2*NEK*NTPC+2
icn() = (J-1 *NTPC+1
b=k+]
END DO
END DO
[
€ PTOS. INTERNGS DA SECCAO DE ESGOTAMENTO
[
DOT=2NPCSE+i
DO J= |.NK
DO L =2,(NPCSE+3)
aa(k) = DFE(L~1,l)*HLL{L )
(k) = 2¥NK*NTPC+1+41
ien(k) = (J-1PPNTPCH,
lemk+1
END DO
END DO
END DO

¢
C 20 PTO. EXTREMO DA SECCAQ DE ESGOTAMENTCO
¢

DOI=1,NK

aa(k) = -HLL(NPE-1,7)

im(k) = 2*NK*NTPC+NPF-1
ien(k) = (J-1*NTPCHNPE-1
az(k+1) = HLL{NPE,T)

im(k+1 )= 2¥NK*NTPC+NPF-1
icn(k+1) = (J-1*NTPCHNPE
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no oMo

(2]

o Ao o mMma It

o an G Mo A

k=k+2
END DO

PRATO DE ALIMENTACAO

DO I=1NK
an(k) = -HLL(NPF.])
imik) = ZANKANTPCHNPE
icn(k) = (3-1*NTPC+NPF
aa(k+1} = HLL(NPF+1_))
irn(icH1) = 2*NK*NTPC+NFPF
ien(k+1) = (3-1)*NTPCENPF+
l=k+2
END DO

1o PTO. EXTREM( DA SECCAQ DE RETIFICACAQ

DO 1=2,(NPCSR+3)
DOJ=1NK
aa(k) = DFR(I-1,1*HLL(NPF+1-1,1)
im(k) = 2*NTPC*NK+NPF+1
ien(k) = (J-1)*NTPC+NPF-1+1
k=k+1
END DO
END DO

PTOS. INTERNOS DA SECCAQ DE RETIFICACAQ

DO =2, (NPCSR+1)
PO i=1LNK
DO L =2,(NPCSR+3)
aa(k) = DFR(L-1,1)*HLL(NPF-1+L,7)
im(k) = 2*NE *NTPC-NPF+
ien(k) = (J-1 NTPC-+HNPE-1+L
=k+1
END DO
END DO
END DO

20 PTO. EXTREMO DA SECCAQ DE RETIFICACAQ

DOI=1NK
aa(k) = -HLL(NTPC-1,J}
im(k) = NTPCH2*NE+1)-1
ien{k) = NTPCH{J-1y+1)-]
aa(k+1}= HLL{NTPC,I)
irn(k+1) = NTPCHI*NE+1)-1
ien(k+1) = NTPCH(J-1}+1)
Skt 2

END DO

CONDENSADOR

DO J=1NK

aafk)y=-1

irn(k) = NTPC*(2*NE+1)
icn(l) = NTPCH((F-1}+1)
k=k+1

END DO

EM RELACAO A TEMPERATURA

REFERVEDOR
(jacobianc = zero)

1o PTO. EXTREMO DA SECCAD DE ESGOTAMENTO

aalk)y=CV(1)

im(k) = 2*NK*NTPC+2

ien(k) = NK*NTPC+1

aa(k+1) = DFE(LIY*CL(2)-CV(2)
in(k+1) = 2*NK*NTPC+2
fon(k+1) = NK*NTPC+2
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l=k+2

DO = 3,(NPCSE+3)

aa(k) = DFE((1-1), 1 )*CL()
im(k) = 2*NE*NTPC+2
jen(k) = NK*NTPC+H
k=kt]

END DO

C  PTOS. INTERNOS DA SECCAQ DE ESGOTAMENTO

DO 1=2,(NPCSE+1)
DO I =2,(NPCSE+3)
aa(k) = DFE(J-1,*CL())-DBE(I-1,)*CV(J)
im(k) = 2*NKNTPCH 1+
jen(k) = NK*NTPC+]
=kt
END DO
END DO

C 20 PTO. EXTREMO DA SECCAQ DE ESGOTAMENTOQ

DO 1= 2 (NPCSE+3)
aa(k) = -DBE(I-1 NPCSE+2)*CV(D)
irn(k) = 2NK*NTPC+NPCSE+3
jen(k) = NK*NTPC+
IF(LEQ.(NPCSE+3)) THEN
aa(k)= aa(k) - CL(NPF-1)

ENDIF

kewk+1
END DO

aa(k) = CL(NPF)
irn(k) = Z¥NK*NTPC+NPCSE+3
ien(k) = NK*NTPC+NPF

k=k+1

skt

PRATO DE ALIMENTACAO

aa(k) = CV(NPE-1)
irn{k}y=2*NK*NTPC+NPF
icn(k) = NK*NTPC+NPF-1
aa(k+1) = -CLNPF)-CV(NPF)
im(k+1) = 2*NK*NTPC+NPF
ien(k+1) = NK¥NTPC+NPF
aafk+2)= CL({NPF+1)
im(k+2) = 2*NK*NTPC+NPE
icn(k+2) = NKC*NTPC+NPF+1
ke=k+3

o Rl

1o PTO. EXTREMO DA SECCAQ DE RETIFICACAC

aa(k) = CV(NPF)

irn(k} = 2*NK*NTPC+NPF+1
ien(k) = NK*NTPCHNPF
ke=k+1

DO J = ] NPCER+2

aa(k) = DFR(J,1 Y*CL(NPF+])
im(k) = 2*NK*NTPC+HNPE+]
iendk) = NK*NTPCHNPF+]
{F(JEQ.1) THEN

aadk) = aa(k) - CV{NPF+1)
ENDIF

k=k+1
END DO

[t

PTOS. INTERNOS DA SECCAOQ DE RETIFICACAO

DO J= NPF+2NTPC-2

DO J=1,NPCSR+2
aa(k) = DFR(} I-NPFY*CL{NPF+J}-DBR(JI-NPFY*CV(NPF+I}
im(k) = 2*NK*NTPCH
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jcn(k) = NKANTPC+NPF+)
lek+l

ENDDO

END DO

o MG

DO J= 1 NPCSR+2
aa(k) = -DBR(J,NPCSR+2)*CV(NPF+])
irn(k) = 2¥NK*NTPCHNTPC-1
ien(k) = NK*NTPC+NPE+]
1F(J EQ (NPCSR+2)) THEN
aa(k} = aa(k) - CL{NTPC-1}
ENDIE
ekt ]
END DO

aa(k) = CL{NTPC)

irn{k) = NTPC*(2*NK+1)-1
icn(k) = NK*NTPC+NTPC
k=k+}

CONBENSADOR
(Jacobiano = zero)

REFERVEDOR
{Jacobiane = zero)

6RO Mo Qe 0 Mo

DOJ=1NK
aa(k) =HVV(L,D
imk) = 2¥NEANTPCH2
ien(k) = NTPCH{(J-1 +NE+1)+1
aa(k+1) = -HVV(2,D)
imnk+1) = 2¥NE*NTPC+2
ten(kc+1) = NTPCH(J-1 #NK+1)+2
k=k+2
END DO

[ Wit

DO =2(NPCSE+)
DO )= 1NK
DO L = 2,(NPCSE+3)
aa(k) = -DBE(L-} JJ*HV V(L)
im(k) = Z*NK#NTPC+1 41
fon(k) = NTPCH((J-1 N+ DAL
ks |
END DO
END DO
END DO

oMme

DO 1= 2 (NPCSE+3)
DO F= 1 NK
aa(k) = -DBE(I-1 NPCSE+2)*HV V(L))
ik} = 2*NK*NTPC+NPF-1
ien(k) = NTPC*{(J-1+NK+1}H
k=k+!
END DO
END DO

PRATO DE ALIMENTACAG

oo

DOJ=1NK

aa(k) = HVV(NPE-1J)

im(k) = 2*NK*NTPC+NFPF

ien(k) = NTPCH(J-1)$NK-+ | HHNPF-1
aa(k+1) = -HVV(NPF,T)

20 PTO. EXTREMO Da SECCAO DE RETIFICACAO

EM RELACAO A VAZAO MOLAR DE VAPOR

1o PTO. EXTREMO DA SECCAQ DE ESGOTAMENTO

PTOS. INTERNOS DA SECCAO DE ESGOTAMENTO

20 PTO. EXTREMO DA SECCAO DE ESGOTAMENTO
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[+

C

v

C

im(ke+1) = 2*NK *NTPCNPF
ien{k+1) = NTPCH((J-1 #NK+ 1 }#NPF
k=k+2

END DO

1o PTO. EXTREMO DA SECCAO DE RETIFICACAQ

DOJ=1.NK

aa(k) = HVV(NPF.J)

im(k) = Z*NKANTEC+NPE-+1

fen(k) = NTPC*((J-1 )+ NK+1 }+NPF
aa(k+]) = -HVV(NPF+1J)

ira(lcr]) = 2¥NIK*NTPCHNPF+]
icn(k+1) = NTPCH((J-1 ¥ NK+1 }=NPE+1
k=k+2
END DO

€ PTOS. INTERNOS DA SECCAO DE RETIFICACAQ

[

a o

GO o Mmoo

[e N el o INN ¢ N r o N o]

c

DO [=2,(NPCSR+1)
DOJ=I.NK
DO L = 2(NPCSR+3)
aa(k) = -DBR(L-1,*HVV(NPE-1+L.J)
irn(k) = 2*NK*NTPCHNPF-+H
icn(k) = NTPC*((J-1 +NK+1)+NPF-1+L
k=k+1
END DO
END DO
END DO

20 PTO. EXTREMO DA SECCAOQ DE RETIFICACAC

DO =2, (NPCSR+3)

DOI=1NK
aa(k) = -DBR(I- 1, NPCSR+23*HVVNPE.1+L])
imik) = NTPCH2¥NK+1)-1
icn(k) = NTPCH((J-1 J-NK+1 )+ NPF-1+]

ekt 1
END DO
END DO
CONDENSADOR
{Jacobiano = zero}
RETURN
END
+ SUBROTINA HAHN +
-+ Calcuia os pontos de colocacao( raizes do polimomio de Hahn ) +
+ e a derivada priteira nestes mesmos pontos. +

B R R I SRR R S o o e SIS S SR S S
subroutine hahn{nd,np,n,n0,n1 al be.difl rootxne)

real difl{nd),dif2(10),root{rd ) xne(2)

¢ evaluation of roots of hahn polynomials and of derivatives of inter
¢ polating polynomial

C

¢ evaluation of coefficients in recursion formulas. These coefficients
¢ are stored transitorily in dif1 and dif2

<

mp=ap

ab=al+be

ad==be-al

ap=al*be

dFf1{1)=(adAab+2. }+1 Y*(znp-1.)/2.
dif2(1)y=0.

if(n.1t.2) goto 15

do 10 #=2.n

Zi=i~1
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w=pht2 ¥z
dif1{iy=((znp-1 y*ab*(be+1.}zi*ab*ad~zi*(zi+1 . Y*ad+2 *zi* (ab+
Jzit] Y (anp-1.))/2(2+2)
¢
if(ine.2) goto 11
dif(iy=(znp-1.)*(abrap+ziy*(znp+z-1. Yeizlz+1.)
goto 10
1§ z=z*z
y=zi*{abtzi)
yey*(aprryy*(znp-zi)* abranpzi)
dif2(iF=y/zi(z-1.)
10 continue
¢
¢ root determination by newton method
[
15 x=0.
do20=1n
25 xd=0,
xn=].
xd1=0.
xn]=0.
do 30 5=1n
xp=(difT( )y Fxn-dif2(y*xd
*pi={difl G-x)famn1-dif2(y*xd 1-xn
xd=xn
xd1=xnl
=KD
30 xnl=xpl
ze=]
z=xn/xnl
ifi.eq.1) goto 21
do 22 §=2,i
22 ze=ze-z/(x-root(j-1))
2} =zl
A=K
if{abs(z).gt. 1e-05) goto 25
root(iy=x
x=x%+.0001
20 contizue
¢
¢ add eventual interpolation points at the extremes
c
ng=rrind+nl
ifin0.eq.Q) goto 35
do 31 i=Ln
=ntl-
31 root(j+1y=root(j)
reot(1)=xne(l)
35 ifinl.eq.1) roof(nt)=xne{2)
¢
c evaluate first derivatives of polynomial to be stored in difl
[
do 40 1=1,nt
X=rot(i}
dif1{7)=1.
do 40 j=1,nt
if (j.eq.i} goto 40
V=R-root(j}
dif {1 =y*difl1(i)
40 continue
etum
end

LR

Lodont 4 PRSI
0 U S T A A M 0 200 ML B

+ FIM DA SUBROTINA HAHN +

+ SUBROTINA DILFOR +
+ Caicula as primeiras diferencas forward +

Bt 1 ¢ 1 2 e o e

oOnNn oo a00ooon

subroutine dilfor(nd,nt,i,dif} root,x, vect)
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REAL difl(nd),root(nd)
c
¢ subroutine evaluates first forward differences of polynomial li at
¢ all nodes, which are stored in vect
¢
vi=i.
vimy.
do 20 k=1.nt
if(k.eq.i) goto 20
vi=vi¥(x-root(k)+1.)
v2=v2¥(x-root(k))
20 continue
veet=(v1-v2 Ydif1{i)

return
end
T L I B i B B A A o 20 UL T T A B OF I M o N
¢+ SUBROTINA DILBAC +
¢ + Calcula as primeiras diferencas backward +
L o B o o et o T S

subroutine dilbac(nd,nt,i,difl root.x,vb)

REAL difl{nd).root(nd)
c
¢ subroutine evaluates first backward differences of polynomials
¢ li at the collocation nodes
¢
vl=1,
=],
do 20 k=1nt
if{k.eq.i) goto 20
vi=vI*(x-root(k))
v2=v2*{xroot(k)-1.)
20 continue

C
vb=(v1-v2)/dif1{i}
refum
end
C
LR o o o e o e o o o o o o o o o o o o B I M s L e ) S B R A o s o o e o
¢ + FIM DA SUBROTINA DILBAC +
€ ettt b
B B o 5 L 2 o o S o f .
[ 0 B 2t S
¢ + SUBROTINA ENT +
[ + e e e e
¢

Subroutine ENT(NST, T, P, FLL, FVV, HLL, HVV, HL, HV, CL, CV)

REAL HLL{500,15),HVV(500,15),FLL{300,15),FVV(300,15),T(500),
SHL(500), HV{500),CL{500), CV(500), XX(10), YY(10),

$FUGCL(10), FUGCV(10), HVAPX(10), HLIQX(10) ZCOMP(10).P,
SHLIQP, HVAPP SLIQ.SVAP, HLIQHVAP XT.Y T FLIQ.FVAP TP ISMEX
INTEGER NCOMP,NK,LNST, 11

COMMON /COMP/ NCOMP

NK = NCOMP

Do 701=t, NST
HLI = 0.0
HV(D)=0.0
CL(H =00
CV(=0.0
XT=00
YT=00
FLIQ=0.0

FVAP =00

C  Compute compositions
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Do10J~=1,NK
YT=YT+FVV({, D
XT=XT+FLL(L D)

FLIQ = FLIQ + ELL(L 1)
FEVAP=FVAP+FVV({L ]}
10 Continue

Do20i=1NK
YY) =FVV(L /YT
XX(N=FLLL N/IXT
20 Continue
TAUX =T()

Call PP_PT(XX, P, TAUX, L' HLIQ, SLIQ, FUGCL,ZCOMP)
Call PP_PT(YY, P, TAUX'V', HVAP, SVAP, FUGCV,ZCOMP)

leRe]

Total enthalpy of phases

HL(D) = HLIQ * FLIQ
HV(I) = HVAP * FVAP

Enthalpy of components

a0

Do30I=1,NK
HLL{, H=HLIQ
HVV({L, )= HVAP

30 Continge

c write(*,*) hlig

C  Denivative of total enthalpy

0 e i

TAUX=TM+ 1.0
Call PP_PT(XX, P, TAUX, 1!, HLIQP, SLIQ, FUGCL,ZCOMP)
Call PP_PT(YY, P, TAUX.'V', HVAPP, SVAP, FUGCV ZCOMP)

CL(1) = ((HLIQP - HLIQ) * FLIQ)/ 1 .0
CV(I) = (HVAPP » HVAP) * FVAP)/ 1.0

70 Continue
Return
End

.......... et

+ FIM DA SUBROTINA ENT +

+ SUBROTINA KFAC +

b o

TR S A SRS T SO0 WO SO0 0 S S VDOV Y I AT SO NS S 0 JUCHOT SO0 SO0 T8 B SO S A S A U R PO
LA 20 W 3 £ +

A0 A e B T Mk 0 0 B N A N N N A R I

I UL S o 0 0 U L o S

;;;;;;;;;;;;;

kb oo ' TERPET S S SR E)
LI S I B S B i i BN e 20 - S A B 2 e 2 | L e L

O 00006060600

Subroutine KFAC(NST, T, PFLLFVV, XKF, DFAC)

This subroutine calculates the separation coefficlent XKF
and the partial derivatives of XKF with respect to component
flow in the vapour phase, liquid phase and temperature,

10/08/54 Modified for PR RIZ

IsEoNoRo e Ro RO RO NSRS

C  Parameter (NMSTAG = 60, NMCOMP = 10}
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REAL XX(10). YY(10),FLL{500,1 5),FVV(500,15),

SXKF(500,15),XXP(10), FUGCL(10), FUGELP(10), FUGCLT(10},
SYYP(106),FUGCV(10),FUGCVP(10).FUGCVT(10),ZCOMPL(10),
SZCOMPV(10),ZCOMPLP(10),ZCOMPVP(10),ZCOMPLT(10),
$ZCOMPVT(10),DFAC(500,15,15),T{500),XT.YT.HLIQ HVAP SLIQ.SVAP,
$TP.P

INTEGER NK, NK1, I, NST, J, K. NCOMP

COMMON /COMP/ NCOMP

NK =NCOMP

€  CALCULATION OF THE SEPARATION FACTOR

NEI=NK+1

LOOP OVER ALL STAGES

o Re]

DO 1101=1,NST
XT=00
YT =00

Compute compositions

10

DO 10F= 1, NK
YT = YT +FVV(, T)
XT = XT +FLL(L, J}
10 CONTINUE
DO20T=1,NK
YY) =FVVL /YT
KX(T) = FLL(L B/ XT
20 CONTINUE

C  Compute fugacity coefficients
c

TAUX = T(I)

Call PP_PT{XX, P, TAUX, 1, HLIQ, SLIQ), FUGCL ZCOMPL)
Cali PP_PT(YY, P, TAUX V', HVAP, SVAP, FUGCV ZCOMPV)
DO30T=1,NK
XKF(L, J) = FUGCL(T} / FUGCV(T)
30 CONTINUE

C  Derivative of separation factor reiative to component flow in
C  liquid phase
C

DOG0K =1, NK
DO401=1,NK
XXP(J)= FLL(L 1)/ (XT + 1.0)
40 CONTINUE

XXP(K) = (FLI{L, K)+ 1.0) / (XT -+ 1.0)
TAUX =T(D)
Call PP_PT(XXP.P, TAUX,1., HLIQ, SLIQ, FUGCLP.ZCOMPLP)
DO S0 T=1,NK
DFAC(E, J, K) = FUGCLP() / FUGCV(]}
* - XKF(L D

50 CONTINUE
60 CONTINUE

C  Derivative of separation factor relative to component flow in
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C  vapour phase

Do 90 K= 1, NK
Do70Jl=1,NK
YYR(D=FVV({, )/ (YT+1.0)
70  Continue
YYPR) =¢(FVV(ILK)+ LO)/(YT+ 1)

TAUX =T(D)
Caill PP_PT(YYP, P, TAUX,'V', HVAP, SVAP, FUGCVP,ZCOMPVP)

Do 80 =t NK
DFACCL J, K+ 1+ NK} =FUGCL(]) / FUGCVE(D)
* - XKF(1, D)
80  Continue
90 Continue

C  CALL GET_KEY@(KEY)

€ Derivative of separation factor relative to temperature

C

O O 000

O 00 o O

c
[+
¢
¢

TAUX=T{) +1.0E1

Call PP_PT(XX, P, TAUX, L', HLIQ, SLIQ, FUGCLT,ZCOMPLT)
Calt PP_PT(YY. P, TAUX,V', HVAP, SVAP, FUGCVT.ZCOMPVT)

Do 100F={,NK
DFAC, J, NK + 1) = (FUGCLT{J) / FUGCVT(])
* - XKF(, 1))/ 1.0El
100 Continue

110 Continue

Return
End

A B B e B e
SUBROTINA INTPR +

+
+  Calcula os coeficientes da interpolacac Lagrangeana +
B o L A I 2 B B o A I B oz

subroutine intpr(nd.nt;x root,dif1 xintp)

REAL root(nd),dif1{nd) xintp{nd)
poi=1,
do5i=1nt
y = %-To0t{1}
xingp{l) = 0.
if (y.eq.0) xintp(i}=1.
5 pol = pol*y
if (poieq.0) gote 10
do6i=l1nt
6 xintp(i) = polAdif1 ()/{x-root(i}}
10 retum
end
+ FIM DA SUBROTINA INTPR +
A B o o o B o
subrotina ORTPOL
calculo dos zeros do polinomio ortogonai discreto definido pelo

produto interno {p,q Fsoma(p(x(N*e(x()y*w(i),i=1,..,np) e das

¢ derivadas do polinomio interpolador.

c
c
C

sao tambem caleuldos oa coeficientes da formula de recursao, trans-
feridos para o programa principal atraves dos vetores beta e gama.
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subroutine ortpol(np,n,n0,n1,dif? root,xne)
IMPLICIT REAL{A-H,0-2)
REAL dif1(15),dif2(13),root{ 153, w{150),p1{150),p2(150),
$ p3(150),xne(2),v( 1 50}, beta( 150),gama( 1507
¢
¢ calculo dos coeficientes da formula de recursac.Estes coeficientes
¢ 5ac transiforiamente armazenados em dif] e dif2
c
znp=np-1
do 20 i=1,np
y(iF=i-1
w{iy=y{iy*(znp-y(i))
¢ wiiE=l
20 continue
de 10C j=1,n
h=0.

b=,
ifi(j.gt.1) goto 35
do 10 i=1 zp
16 h=h+w(i)
do 25 i=inp
25 b=bry(iD)*w(i}
©

dif1{1y=b/h
dif2{1)=0.
beta(1)=difi(1)
gama(1}=dif2(1)

hi=h
do 3G i=] np
pl{ip=1.

30 p2(i)=y(i)-dif1(j)
if{n.gt.1) goto 100
goto 100

[+

35 do40=lnp

40 h=htw(i)*p2(i)**2

I
do 30 =1np

50 b=by(y*w(i)*p2(iy**2
dif1(jy=b/h
dif2(jy=h/h1
betalj)=dif1(j)
gama(j=dif2(5)
hi=h

<«
do 60 i=1.np

60 p3(=(y(i-difl())*p2(1)-di2([)*p1 ()
if{n.gt.2.and j lt.n} goto 65

c
65 do 70 i=1.np
pi(iFp2(})
¢ p23iyp3i)
160 continue
¢
¢ determinacao dos zeros pelo metodo de Newton

c
200 x=0.
do 300 i=ln
225 ui=0,
xn],
xd1=0.
xnl=G,
do 250 j=1,n
xp=(x-dif 1{}))*xn-dif2(j)*xd
£pl=(x-dif i ()*xn1-dif2(jy*xd  +xn
xd=xn
xd1=xnl
KIE=Xp
250 xnl=xpl
c
ze=1.0
z=xnixnl
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iflieq.1) goto 270

do 260 j=2,i
260 zemze-z/(-root(i-1)}
270 zmz/zc

K=K
if{abs(z).gt.1 E~4) goto 225
root{i)=x
x=xt1
30C continne
c
¢ adicionar os eventuais pontos de interpolacao nos extremos
c
nt=n+nd+nt
if{n0.eq.0) gote 350
do 310 1=1,n
=l
310 root(j+1)=root(j)
root{1=xne()
350 if(nt.eq.1) root{nty=me(2)
I
¢ ealeulo das primeiras derivadas do polinomio a armazenar em difl
c
do 400 =} nt
*=TOOt(i}
difl(i=1.
do 400 j=1 nt
if{j.eq.i} goto 400
yi=x-root())
dif'1 (D=y1 *dif1(i}
400 continue
return:
end
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Sub-rotina MAZ28

cH##itdate 01 3an 1984 copyright ukaes, harwell.
cH#H#Ralias ma2Bad ma28bd maZ8cd
o calls ma30 me20 me22 me23 me24

subroutine ma28ad(n, nz, 1, lien, irn, lim, icn, u, ikeep, iw, w,

* iflag)
¢ this subroutine performs the lu factorization of a.
¢
c the parameters are as follows.....
¢n  order of matrix not altered by subroutine.
cnz aumber of non-zeros in input matrix not aliered by subroutine.
caisa real array length Hen, holds nen-zeros of matrix on entry
¢ and non-zeros of factors on exit, reordered by me20a/ad and
¢ mec23a‘ad and altered by ma30a/ad.
¢ lien imteger length of arrays a and icn. not altered by subroutine.
cim integer array of iength lim. holds row indices on input,
¢ used as workspace by ma3(a/ad to hold column orientation of
¢ matrix.
¢ lim integer length of array irm. not altered by the subroutine.
cien imeger array of length licn. holds column indices on entry
¢ and column indices of decomposed matrix on exit. reordered by
¢ mec20afad and me23a/ad and altered by ma30a/ad.
cu reai variable set by user to control bias towards numeric or
¢ sparsity pivoting. u=1.0 gives partial pivoting while u=0. does
¢ notcheck multipliers at all. values of u greater than one are
c treated as one while negative values are treated as zero, not
c altered by subroutine.
¢ ikeep integer array of length 5*n used as workspace by ma23a/ad
{see later comments). it is not required to be set on entry
and, on exit, it contains information about the decomposition.
it should be preserved between this cail and subsequent calls
10 ma28b/bd or ma28c/ed.
ikeep(i,1),i=1,n holds the total length of the part of row i
in the diagonal block.
row ikeep{i,2),#1,n of the input matrix is the ith row in
pivot order.
column ikeep(1,3)i=1.n of the input matrix is the ith colurnn
in pivot order.
ikeep{i,4),1=1,n hoids the length of the part of rowiin
the | part of the ¥u decomposition.
tkeep(1,5),i=1,n holds the length of the part of row { in the
off-diagonat blocks. if there is only one diagonal block,
ikeep(1,5) will be setto -1,
o iw integer array of length 8*n. if the option nsrch.len is
¢ used, then the length of array iw can be reduced to 7*n,
¢ wreal array length n. used by me24a/ad both as workspace and to
c return growth estimate in w(}), the use of this array by ma28a/ad

Q000660060060 0G60000

¢ isthus optional depending on comumon block logical variable grow.

c iflag integer variable used as error flag by routine. a positive
¢ or zero value on exit indicates success. possible negative
¢ values are -1 through -14.
c
integer n, nz, lien, Iim, iflag
integer irn(lim}, icaglien), tkeep(n,5), iw(n,8)
REAL a(licn), u, w{n)
¢
¢ common and private variables.
¢ common block ma28f/fd is used merely
¢ tocommunicate with cormon biock ma30f/fd so that the user
¢ need not declare this common biock in his main program.
¢ the common block varizbies are as follows ..
¢ lp,mp integer defauit value 6 (line printer). unit number
¢ for error messages and duplicate element warmning resp.
cnlp,mip integer unit number for messages from ma30a/ad and
¢ mc23a/ad resp. set by ma28a/ad to value of Ip.
¢ Iblock logical defauit value ue. if true me23afad is used
¢ to first permute the matrix to block lower triangular form.
¢ grow jogical default value true. if true then an estimate
¢ of the increase in size of matrix elements during l'u
¢ decomposition is given by me24afad.
¢ eps,rminresid real/double precision variables not referenced
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¢ bymalBafad.

¢ irncpiencp integer set to number of compresses on arrays i and
¢ icn/arespectively.

¢ minim,minicn integer minimum length of arrays im and icn/a

¢ respectively, for success on future runs.

¢ jrapk integer estimated rank of matrix.

¢ mirncp,micacp,mirank,mim,micn integer variables, used to

¢ communicate between ma30ffd and ma28£/fd values of abovenamed
¢ variables with somewhat similar names.

c abortl abort2 logical variables with default value true. if false

¢ then decomposition will be performed even if the matrix is

¢ structuraily or numerically singular respectively.

¢ aborta,abortb logicai variables used to communicate values of

¢ abort! and abort2 to ma30a‘ad.

¢ abort logical used to communicate value of abort] to me23a/ad.

¢ abort3 logical variable not referenced by ma28a/ad.

cidisp integer array length 2. used to communicate information

¢ on decomposition between this call to ma28a/ad and subsequent
¢ calls to ma28b/bd and ma2fe/cd. om exit, idisp(l) and

¢ idisp(2) indicate position in amrays a and icn of the

¢ first and last elements in the ¥u decomposition of the

¢ diagonal blocks, respectively.

¢ numnz integer structural rank of matrix.

cnum integer number of diagonal blocks.

¢ large integer size of largest diagonal block,

c

¢ see block data for further comments on commeon block variables.
¢ see code for comments on private variables.
c
REAL tol, themax, big, dxmax, errmax, dres, cgee,
*tol1, bigl, upriv, rmin, eps, resid, zero
integer idisp(2)
logical grow, Iblock, abort, abortl, abort2, abort3, aborta,
* aborib, Ibig, Ibigl
common /ma28ed/ Ip, mp, Iblock, grow
common /ma28fd/ eps, rmin, resid, imep, ienep, mimirm, minicn,
* frank. abortl, abort2
common /ma28gd/ idisp
commen /ma28hd/ tol, themax, big, errmax, dres, cgee,
* ndrop, maxii, noifer, nsreh, istart, [big
common /ma30id/ toll, bigl, ndropl, nsrehl, tbigl
common /ma30ed/ nlp, aborta, abortb, abort3
common /ma30fd/ mirncp, micnep, mirank, mirn, micn
common /mc23bd/ mip, numnz, num, large, abort
common Apivot/ ipiv(10),Inpiv{10),mapiv,manpiv.iavpiv,
* ianpiv.kountl
external ma28jd
¢
¢ some initiakization and ransfer of information between
¢ common blocks (see earlier comments).
data zero /0.0d0/
iflag =0
aborta = abortl
abortb = abort2
abort = abort
mip=1ip
nlp=Ip
toll = tol
thigl = lhig
nsrehl = nsrch
¢ upriv private copy of u is used in case it is outside
¢ Tange zerotoone and isthus altered by ma30a/ad.
upriv=1u
¢ simple data check on input variables and array dimensions.
if(n.gt.0ygoto 10
iflag = .8
if (ip.ne.0) write (1p,99999) n
gote2l0
10 if {nz.gt.0) go 10 20
iftag =-9
if (Ip.ne.0) write (1p,99998) nz
goto210
20 if (licn.ge.nz} go to 30
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iflag = -10
if (Ip.ne.0) write (1p,99997) licn
gor 210
30 if (lim.ge.nz) go to 40
iflag=-11
if (Ip.ne.0) write (1p,99996) lim
goto210
c
¢ data check to see if all indices lie between | and n.
40 do 50 i=1 nz
if(ir{i).gr.0 .and. irn(i).Je.n and. icn(i).gt.0 .and.
* icn(i).Je.n) go to 50
if (iflag.eq.0 .and. Ip.ne.0) write (Ip,99995)
iflag =-12
if (ip.ne.0) write (Ip,99994) 1, ai), irn{i), icndi)
50 continue
if {flag it.0) go to 220
<
¢ sort matrix into row order.
cali me20ad(n, nz, a, icn, Iw, i, 0)
¢ part of ikeep is used here as a work-array. ikeep{i,2) is
c the Jast row to have a nor-zero in column i, tkeep(i,3)
¢ is the off-set of column i from the start of the row.
do 60 i=1n
keep(i, 2y =90
ikeep(i,1}=0
60 continue
c

¢ check for duplicate elements .. surnming any such entries and

¢ printing a warmning message on unit mp.

¢ move is equal to the number of duplicate elements found.

move = ()

¢ the loop also calculates the largest element in the matrix, themax.

themax = zero
<]l is position in arrays of first non-zero in row.
=11
do 130 i=1n
iend =nz+ }
if (i.ne.n) iend = tw{i+1,1)
length = fend - j1
if (length.eq.0) go to 130
j2=lend - 1
newjl =ji - move
do 120 jj=j1 42
3= ien(j)
themax = abs(a(ji})
# (ikeep(j,2).eq.i) goto 110
¢ first ime column has ocurred in current row.
tkeep(j,2) =i
tkeep(3,3) =}j - move - newjl
if {(move.eq.0) go to 120
¢ shift necessary because of previous duplicate element.
newpos = i - move
a{newpos) = a(jj)
ien(newpos) = iendjj)
goto 120
¢ duplicate element.
111G  move=move-+ }
length = length -
jay = tkeep(3,3) + mewjl
if {mp.ne.0) write (mp,99993) i, §, aljj)
a(jay) = aljay) + a(j)
themax = abs{a{jay))
120 continue
ikeep{i,1) = length
jl = iend
130 continue
¢

¢ knum is actual number of non-zeros in matrix with any maltiple

¢ entries courntted only once.
knum = nz - move
if (.not.iblock) go to 140

<
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¢ perform block triangularisation.
call me23ad(n, icn, a, licn, ikeep, idisp, ikeep(i,2),
*keep(1,3), ikeep(1,5), iw(1,3), iw}
if (idisp(1).et.0)} go 2o 170
iflag = -7
if (idisp(1).eq.-1) iflag = -1
if (ip.ne.G) write (1p,99992)
goto219
¢
¢ block triangularization not requested.
¢ move structure to end of data arrays in preparation for
¢ malla/ad.
¢ also set lenoffi 1) to -1 and set permutation arrays.
140 do 150 i=1 knum
i kum - 1+ ]
newpos = licn -1+ 1
icn(newpos) = icn(it)
alnewpos) = a(ii)
156 continue
idisp{1}=1
idisp(2) = len - knum + 1
do 160 i=1n
ikeep(i,2) =i
tkeep(i,3)=1
160 continue
ikeep(1,5) =-1

170 if (Ibig) big] = themax
if (nsrch.len) go fo 180
[+
¢ perform Vs decomosition on diagonal blocks.
call ma30ad(n, icn, a, licn, ikeep, tkeep(1.4), idisp,
*ikeep(1,2), ikeep(1,3), irm, lirn, iw(1,2), iw(1,3), iw(1,4),
*iw(§,5), iw(1,6), iw(1,7), iw(1,8), 1w, upriv, iflag}
gote 190
¢ this call if used if nsrch has been set less than or equal n.
¢ inthis case, two integer work arrays of length can be saved.
180 call ma30ad(n, icn, a, licn, keep, ikeep(1,4), idisp,
* ikeep(1,2), ikeep(1,3), im, lim, iw(1,2), tw(1,3), iw(1.4),
* iw(1,5), iw, iw, iw(1,6), iw, upriv, tiag)
c
¢ transfer commeon block information.
190 minirn = max0(mirn nz)
minicn = max({micn,nz)
imep = mimep
icnep = micnep
irank = mirank
ndrop = ndropi
if (Ibig) big = bigi
if (iflag.ge.0) go to 200
if (lp.ne.0) write (1p,99991)
got0 210
I
¢ reorder off-diagonal blocks according to pivot permutation.
200 11 = idisp(1) - 1
if (i}.ne.0) call me22ad(n, icn, &, i1, ikeep{1,5), ikeep(1,2),
* ikeep(1,3), iw, irn)
it = idisp(1)
fend = lien - il + 1
¢
¢ optionally calculate element growth estimate.
if (grow) call me24ad(n, icn, a(il), iend, ikeep, ikeep(l,4), w)
¢ mcrement growth estimate by original maximum element.
if {grow) w(1) = w(1) + themax
if {grow and. n.gt.1) w(2) = themax
¢ set flag if the only error is due to duplicate ¢lements,
if (iflag.ge.0 .and. move.ne.0) iflag =-14
goto 220
210 if {lp.ne.0) write (Ip,99990)
220 return
99999 format (36x, 17hn out of range =, i10)
99998 format (36x, 18hnz non positive =, i15)
99997 format (36x, 17hlicn foo small =, 110)
99996 format (36x, 1 Thlirn too small =, i10)
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99995 format (54h error return from ma28a/ad because indices found out ,
* 8hof range)

99994 format (1x, 16, 22hth element with value , 1pd22.14, $h is out o,
* 21hf range with indices | i8, 2h , i8)

95993 format (31h duplicate element in position , 18, 2h ,, i8,
* 12h with vaiue , 1pd22.14)

99992 format (36x, 26herror refura from me23a/ad)

99991 format (36x, 26herror return from ma30a/ad)

99980 format {36h-+error retum from ma28a/ad because )

end
ch##fididate 01 jan 1984  copyright ukaea, harwell
chifHalias ma30ad
subroutine ma30ad(nr, icn, a, licn, fenr, lenrl, idisp, ip, iq,
* irm, ki, lenc, ifirst, lastr, nextr, laste, nextce, iptr, ipe,
* u, ifiag)

¢ if the user requires a more convenient data interface then the ma28

¢ packape should be used. the ma28 subroutines call the ma30

¢ subroutines afier checking the user's input data and optionally

¢ using mc23a/ad to permute the matrix to block triangular form,

¢ this package of subroutines {ma30a/ad, ma30b/bd, ma3Co/cd and

¢ ma30d/dd) performs operations pertinent to the selution of a
general sparse n by n system of linear equations (i.e. solve
ax=h). siructually singular matrices are permitted including
those with row or columns consisting entirely of zeros (l.e.
including rectangular matrices). it is assumed that the
non-zeros of the matrix a do not differ widely in size. if
necessary a prior call of the sealing subroutite mc19a/ad may be
made.

a discussion of the design of these subroutines is given by duffand
reid (acm trans math sofiware 5 pp 18-35,1979 (css 48)) while
fulier details of the implementation are given in duff (harwell
report aere-r §730,1977). the additional pivoting option in
ma30a/ad and the use of drop tolerances (see common block
ma30#id) were added to the package after joint work with reid,
schawmburg, wasniewski and zlatev (duff, reid, schaumburg,
wasniewski and zlatev, harwell report css 135, 1983).

ma3Ca/ad performs the lu decomposition of the diagonal blocks of the
permutation paq of a sparse matrix a, where input permutations
pl and gl are used to define the diagonal blocks. there may be
non-zeros in the off-diagonal blocks but they are unaffected by
ma30a/ad. p and pl differ onfy within blocks as do q and g1. the
permutations pi and gl may be found by calling me23a/ad or the
matrix may be treated as a single block by using pl=ql=i, the
matrix non-zeros should be held compactly by rows, although it
should be noted that the user can supply the matrix by columns
to get the lu decomposition of a transpose.

o0 060600060000 0G000000000~000000000

¢ the parameters are. ..

¢ this description should also be consulted for further information on

¢ most of the parameters of ma30b/bd and ma3Gc/cd.

c

¢ n is an integer variable which must be set by the user to the order

¢ of the matrix. it is not altered by ma30a/ad.

¢ ien is an integer array of length fien. positions idisp(2) to

¢ licn must be set by the user to contain the column indices of
the non-zeros in the diagonal blocks of pl*a*ql. those belonging
10 a single row must be contiguous but the ordering of column
indices with each row is unimportant. the non-zeros of row i
precede those of row i+1i=1, _n-1 and no wasted space is
aliowed between the rows. on output the column indices of the
lu decomposition of paq are held in positions idisp(}) to
idisp(2), the rows are In pivotal order, and the colume indices
of the | part of each row are in pivotal order and precede those
of u, again there is no wasted space either within a row or
between the rows. icn{1) to icnfidisp{1)-1), are neither
required nor altered. if me23a/ad been called, these will hold
information about the off-diagonal biocks.

a is a real/double precision array of length licn whose entries
idisp(2) to lien must be set by the user to the values of the
non-zero entries of the matrix in the order indicated by icn.
on output a will hold the lu factors of the matrix where again
the position in the matrix is determined by the corresponding

SN0 o 0N 000 00066000000
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¢ valgesin ien, a(l) to a(idisp(1)-1) are neither required nor
c altered.
¢ lien is an integer variable which must be set by the user to the
¢ length of arrays icn and a. it must be big enough for a and icn
¢ tohold all the non-zeros of 1 and u and ieave some "elbow
¢ room”. itis possible to caleulate a minimum value for lica by
¢ a preliminary run of ma30a/ad. the adequacy of the elbow room
¢ can be judged by the size of the common block variabie icnep. it
¢ isnot altered by ma30a/ad.
¢ lenr is an integer array of length n. or input, lenr(i) should
¢ equal the number of non-zeros in row i, i=1,....n of the
¢ diagonal blocks of pi*a*qi. on output, lent(i) will equai the
¢ total number of non-zeros in row i of | and row i of u.
clenrl is an integer array of length n. on output from ma30a/ad,
¢ lenri(i) will hold the number of non-zeros in row i of .
¢ idisp is an integer array of length 2. the user shouid set idisp(1)
¢ tobe the first available position in a/icn for the I
¢ decomposition while idisp(2) is set to the position in a/icn of
¢ the first non-zero in the diagonal blocks of pl*a*ql. on output,
¢ idisp(1) will be unaltered while idisp(2) will be set to the
¢ position in a/icn of the last non-zero of the lu decomposition.
¢ ip is an integer array of length n which holds a permuation of
¢ theintegers 1 ton. on input to ma30a‘ad, the absolute value of
¢ ip{i) must be set to the row of a which isrow i of pi*a*gl. a
¢ negative value for ip{i) indicates that row i is at the end of &
¢ diagonal block. on output from ma30a/ad, ip(i) indicates the row
¢ of awhich is the i th row in pag. ip(i) will still be negative
¢ for the izst row of each block (except the last).
¢ iq is an integer array of Jength n which again holds a
¢ permutation of the integers § ton. on input to ma30a/ad, ig(j)
¢ must be set to the column of a which s column j of p1*a*ql. en
¢ output from ma30a‘ad, the absolute value of iq{j) indicates the
¢ column of a which is the j th in pag. for rows, i say, in which
¢ stuctural or numerical singularity is detected (i) is
¢ negated.
¢ irn is an integer array of length lirn used as workspace by
¢ ma3la‘ad.
¢ lim is an infeger variable. it should be greater than the
¢ largest number of non-zeros in a diagonal biock of pt*a*ql but
¢ need not be as jarge as Fer. it is the length of array irn and
¢ should be jarge enough to hold the active part of any block,
¢  pius some "elbow reom”, the a posteriori adequacy of which can
¢ be estimated by examining the size of common block variable
¢ imnep.
¢ lenc,ifirst lastr nextr Jastc,nextc are all integer arrays of
c length n which are used as workspace by ma30a/ad. ifnsrchis
¢ settoa value less than or equal to n, then arrays laste and
¢ nextc are not referenced by ma30a/ad and so can be dummied
¢ the cali to ma30a/ad.
¢ iptr,ipe are integer arrays of length n which are used as workspace
¢ byma30a/ad
¢ u is & real/double preeision variable which should be set by the
¢ userto a value between 0. and 1.0. if less than zero it is
reset to zero and if its value is 1.0 or greater it is reset to
0.9999 (0.999999999 in d version). it determines the balance
between pivoting for sparsity and for stability, values near
zero emphasizing sparsity and values near one emphasizing
stability. we recommend u=0.1 as a posible first trial value.
the stability can be judged by a later call to mc24a/ad or by
setting lbig to true.
iflag is an integer variable, it will have a non-negative value if
ma3Ca/ad is successful. negative values indicate error
conditions while positive values indicate that the matrix has
been successfully decomposed but is singular, for each non-zero
valug, an appropriate message is output on unit Ip. possible
non-zero values for iflag are ..

OO 00 G 0 000000

¢ -1 the matrix is structually singular with rank given: by irank in

¢ common block ma30f/fd.

¢ +1 if, however, the user wants the Iu decomposition of a

¢ structurzlly singular reatrix and sets the common block variable
¢ abortl to false., then, in the event of singularity and a

¢ successfil decomposition, iflag is returned with the vaiue +]
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¢ and no message is output.

© -2 the matrix is numericatly singular (it may also be structualky

¢ singular) with estimated rank given by irank in common block

¢ ma30f/fd.

c+2 the user can choose to continue the decomposition even when a

¢ zero pivot is encountered by setting common block variable

¢ abort2 to false. if'a singularity is encountered, iflag will

¢ then return with & value of +2, and no message is output if the

¢ decomposition has been completed successfully.

¢ -3 lim has not been large encugh to continue with the

¢ decomposition. if the stage was zero then common block variable

¢ minimn gives the length sufficient to start the decomposition on

¢ this block. for a successful decomposition on this block the

¢ user should make lim slightly (say about n/2) greater than this

¢ value

¢-4 licr not large enough to continue with the decomposition.

c-5 the decomposition has been completed but some of the lu factors
have been discarded to create enough room in aficn to continue
the decomposition. the variable minicn in common block ma30f/4d
then gives the size that licn should be to enable the
factorization to be successful. if the user sets commen biock
variable abori3 to .true., then the subroutine will exit
immediately instead of destroying any factors and continuing.

-6 both licn and Iim are too small. termination has been caused by
lack of space in irn (see error iffag= -3), but already some of
the Ju factors in a/icn have been lost (see error iflag=-3).
minicn gives the minimum amount of space required in a/icn for
decomposition up to this point.

o000 0060000606~0

REAL aflicn), u, au, umax, amax, 2ero, pivrat, pive,

* tol, big, anew, aanew, scai¢

integer iptr(nn), pivot, pivend, dispc, oldpiv, oldend, pivrow,
* rowi, ipe(nn), idisp(2)}, colupd

integer icn(licn), lenr(nn), lenrl(nn), ip(nn), ig(nn),

* lenc(nn), irn(lirn), ifirst{nn), lasit(nn), nextr{nn},

* taste{nn), nexte(nn}

logical abortl, abort2, abort3, Ibig

¢ for comments of common block variables see block data subprogram.

comrrion /ma30ed/ Ip, aborti, abort2, abort3

common /ma30fd/ imep, icnep, irank, minirn, minicn
common /ma30id/ tol, big, ndrop, nsrch, Ibig

common Apivot/ ipiv(10),Inpiv(16),mapiv,manpiv,iavpiv,
* ianpiv kountl

external ma30jd

data umax/ 99599999940/
data zero /3.0d0/
msrch = nsreh
ndrop =9
do 1272 kk=1.10
npiv(kk =0
Ipiv(kic}=0
1272 continue
mapiv =0
manpiv =0
iavpiv =10
janpiv=_
kountl =0
minirn =0
migicn = idisp(1) - 1
morei =0
irank = nn
imep=0
icnep =0
iflag =0
creset & if necessary.
U= umax
¢ ibeg is the position of the next pivot row after elimination step
c usingit.
1 8 ZErO
ibeg = idisp(I)
¢ iactiv is the position of the first entry in the active part of a/icn.
iactiv = idisp(2)
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¢ nzrow is current mumber of non-zeros in active and unprocessed part
¢ of row file icn.

nzrow = iien - factiv + 1

minicn = nErow + minicn
C
¢ count the number of diagonal blocks and set up pointers 1o the
¢ beginnings of the rows.
c num is the number of diagonal blocks.

num = 1

ipir(1) = iactiv

if{nn.eq.}) goto 20

nnmil =nn- I

do 10 =1 nnml

i (ip(1}.it.0) num = num + 1
fpte{i+1) = ipte(i) + lenr(i)
10 continue
c ilast is the last row in the previous block,
20 ast =10

C
'Y o 2 9 3 el e sl ol o ol o ool ok e ol ok o el sk ok e ok o sk e o s ko ol ofe o s ok sk

¢ **** |y decomposition of block nblock ****
[ ook o sk A e e o e ol sk o o ok o ke ok ol ok ok Rk ok R Rk R R R ok Rk koK
c
¢ each pass through this loop performs iu decomposition on one
¢ ofthe diagonal blocks.
do 1000 nbiock=1,num
istart = ilast + 1
do 30 irows=istart,nn
if {ip{irows).1e.0) go to 40
3G continue
irows = nn
40 ilast = irows
¢ 1t is the number of rows in the currens block.
¢ istart is the Index of the first row in the current block.
c ilast is the index of the last row in the current block.
¢ iactiv is the position of the first entry in the block,
¢ itop is the position of the last entry in the block.
n = ilast - istart + |
if (n.ne.1) go to 9¢

¢
¢ code for deaking with 1x1 block.
lenriilast) = 0
ising = Istart
if (lenr(ilast).ne.0} go to 50
& block 15 structuratly singular.
irank = irank - 1
ising = -ising
if (iflag.ne.? and. iflag.ne.-3) iffag = 1
if (.not.abortl} go to 80
idisp{2} = jactiv
iflag = 1
if (ip.ne.0) write (1p,99999)
¢ Temm
goto 1120
50 scale = abs(a(iactiv))
if (scale.eq.zero) go to 60
if (lbig) big = scale
goto 70
60 ising = -ising
frank = irank - |
ipr(ilast) = 0
if (iflag.ne.-5) iflag=2
if (notabort2) goto 70
idisp{2) = lactiv
iffag = .2
if (Ip.ne.0) write (ip,99998)
goto 1120
70 a{ibeg) = afiactiv)
icn(tbeg) = icn{iactiv)
iactiv = lactiv + |
iptr(istart) = 0
iheg =ibeg+ }
nZrow = nzrow - |1
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80 lastr(istart) = istart
ipe{istart) = -ising
goto 1000
¢
¢ non-rivial block.
90 itop =licn
if (ifast.ne.nn} itop = iptr(ilast+1) - 1
@
¢ set up column oriented storage.
do 100 i=istart ilast
lenrl(i) =0
lenc(i) =0
" 100 continue
if (itop-iactiv.ltlim) go to [ 19
minirn = itop - factiv -+ 1
pivot = istart - 1
goto 1190
c
¢ calculate column counts.
110 do 120 i=iactiv,itop
i= ien(il)
lenc( =lenc(i}+ 1
120 continue

¢ set up column pointers so that ipe(j) points to position afler end

¢ of column j in column file.
ipe(ilasty = lirn + 1
il =istart+ 1
do 130 jj=i1 ilast
j=ilast-jj+jl -1
ipe(f) = ipe(j+1) - lenc(j+1)
130 continue
do 150 indrow=istart ilast
11 = iptr{indrow)
j2=j1 +lenr(indrow) - |
if (j1.gt42) go to 156
do 140 3j=11,42
j=ien(yj)
ipos =ipe(3) - 1
irn(ipos) = indrow
ipe(i) = ipos
140 continee
150 continue
c dispe 15 the lowest indexed active location i the column: file.
dispe = ipc(istart)
nzcol = firn - dispe + |
minirn = max0(nzcolminire:)
nzmin = |
¢
¢ initialize array ifirst, ifirst(i) = +/- k indicates that row/col
¢ khasinon-zeros. if Hirst(i} = 0, there is no row or column
¢ with I non zeros.
do 160 =11
ifirst{i)=0
160 continue
C
¢ compute ordering of row and column counts.
¢ first run through colurmns (fom column n to column 1).
do 180 jj=istart ilast
j = ilast - jj+ istart
nz = lenc(j)
if{nz.ne0) go1c 170
ipe(jy =90
goto 180
170 if(nsrch.lenn) go to 180
isw = 1first(nz)
ifirst{nz) = -j
laste(3) = 0
nexte(y) = -isw
iswl = abs{isw)
if Cisw.ne.0) laste(iswl) =}
180 continue
¢ now run through rows (again fromn to 1).
do 210 1i=istart, jast
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1% ilast - i + istart
nz = lenr(i}
if{nz.ne.0) goto 190
iptr{i} =0
lastr(i) =0
goto 210
190 isw = ifirst(nz)
ifirst(nz) =1
if (isw.gt.0} go to 200
nextr(i) =0
lastr() = isw
goto 210
200 pexu(i}=isw
lastr{i) = lastzr(isw}
lastr{isw) = i
210 continue
c
¢
c e e ot e o e o e o el o o e o e o ol o o o o ol o o o o o e o O o e R kel ok

c*¥4*%  start of main elimination loop  #***
I e 2 o ok 3R e o ot o ok ol o R ol o ok ot ol S0 6 o SR SR o R K R
do 980 pivot=istart, ilast
€
¢ first find the pivot using markowitz criterion with stability
¢ control.
¢ jeost is the markowitz cost of the best pivot so far,.. this
¢ pivotis in row ipiv and column jpiv.
nz2 = nzmin
jeost=p*n
c
¢ examine rows/columns in order of ascending count.
do 340 1=1,2
pivrat = zere
isrch=1
ff=1

¢ a pass with | equal to 2 is only performed in the case of singularity,

do 330 nz=nz2.n
if (jeostlefnz-1)**2) go to 420
ijfir = ifirst{nz)
if (1firy 236, 220,240
220 if{lieq.1) nzmin=nz+ |

go to 330
230 =2

1ifir = -fifir

go to 290
240 =2

¢ scan rows with nz non-zeros.
do 270 wummy=1,n
if (jcost.le.{nz-1)**2) go to 420
if (isrch.gt.msrch) go to 420
if (1jfir.eq.0) go to 289
¢ row ijfir is now examined.
i= fjfir
ijfir = nextr(i)
c first caleulate multiplier threshold Jevel.
ANHIX = ZEr0
j1 = iptr(i} + lenrl(s)
j2 = iptr(i) + lenr(i) - 1
do 250 jj=11 42
amax = abs(a(jj})
250 continue
au = amax*u
isrch =ierch +1
¢ scan row for possible pivots
do 260 ji=j1.j2
if (abs(a(jj)).Je.au .and. Leq.1} go to 260
F=iendjj)
kecost = (nz-1 y*(lenc(j)-1)
if (keost.gticost) go to 260
pIvE = Zero
if (amax.ne.zero) pivr = abs(a(ij)¥amax
if (kcost.eq jeost .and. {pivr.ie.pivrat .or.
* nsrch.gt.nn+1)) go to 260
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¢ best pivot so far is found,
jeost = keost
ijpos=jj
ipiv=g
jpiv =
if (msrch.gtnn+! .and. jeostle (nz-1)**2) go t0 420
pivrat = pivr
266 continue
276 continue
¢
¢ columns with nz non-zeros now examined.
280 {jfir = ifirst(nz)
iifir = Jastr(ijfir)
290 if {jeost.le.nz*(nz-1)) go to 420
if (msreh.le.nn) go to 330
do 320 idummy=1,n
if (ijfir.eq.0) go to 330
j=iifir
Hfir = nexte(ijfir}
il = ipe(3)
i2=il +nz-1
¢ scan column j.
do 310 fi=i1,12
1= (i)
keost = (nz-1 Y*(lenr{i)-lenrl(i}-1)
if (keost.ge. joost) go to 310
€ pivot has best markowitz count so far ... now check its
¢ suitability on numeric grounds by examining the other non-zeros
¢ Initsrow.
31 = ipte(i) + lentl(i)
32 = ipir(i) + tenr(i} - 1
¢ we need a stability check on singleton columns because of possible
¢ problems with underdetermined systems,
amax = 2ero
do 300 j=ji 42
amax = abs(a{}j)}
if {icnfjj).eq.j} jpos = jj
300 continue
if (abs(a(jpos)}.te.amax*u .and. Leq.1} go to 310
jeost =kcost
ipiv e
jpiv =]
ijpo3s *= 1pOS
if (amax ne.zero) pivrat = abs(a{jpos))/amax
if (joost le.nz*(nz-1)) go 1o 420
310 continue
[+
320 continue
c
330 continue
c in the event of singularity, we must make sure all rows and columns
¢ are tested,
msrch =n
¢
¢ matrix is numerically or structurally singular ... which it is will
¢ bediagnosed iater.
irank = frank - 1
340  continue
¢ assign rest of rows and columns to ordering array.
¢ matrix is structurally singular.
if (iflag.ne.2 .and. iflag.ne.-5) iffag =1
irank = irank - ilast + pivot + 1
if (not.abortl) goio 350
idisp(2) = iactiv
iflag = -1
if (Ip.ne.0) write (ip,9999%)
goto 1120
350 k=pivot-1
do 390 i=istart, last
if (fastr{i).ne.0) go to 390
k=k+1
lastr(i} =k
if (lenri(i}.eq.0) go to 380
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minien = max0{minicn nzrow-+ibeg- 1 +morei-+ienrl(i))
if {iactiv-ibeg ge lenrl(i)) go to 360
call ma30dd(a, ien, iptr(istar?), n, iactiv, itop, .frue.)
¢ check now to see if ma30d/dd has created enough available space.
if (lactiv-ibeg ge ienrl(1)) go to 360
¢ create more space by destroying previousty created u factors.
morei = morei + ibeg - idisp(1)
ibeg = idisp{1)
if (ip.ne.0) write (Ip,99997)
iflag = .5
if (abort3) go to 1090
360 31 = ipir(ty
j2 =]l +ienrl(i}- 1
iptr{)=0
do 370 ji=j1,2
afibeg) = a(jj)
ien(ibeg) = icndij}
ien(jfy=0
ibeg = ibeg + |
370 continue
nzrow = nzrow - lenrl(i)
380 if (keq.ilast) go to 400
350  continue
400 k=pivot-1
do 410 F=istart,ilast
if (ipe(i).ne.0) go to 410
k=k+1
ipe(iy=k
if (k.eq.ilast} go to 990
41¢  continue
c
¢ the pivot has now been found in position (ipiv,jpiv) in location
¢ ijpos in row file.
¢ update column and row ordering arrays to correspond with removal
¢ of the active part of the matrix.
420 ising = pivot
if (a(ijpos).ne.zero) go to 430
¢ numerical singularity is recorded here.
ising = -ising
if (iflag.ne.-5) iflag=2
if (.not.abort?) go to 430
idisp(2) = iactiv
iflag = 2
if (ip.ne 0} write (Ip,99998)
goto 1120
430 oldpiv = iptr(ipiv) + lensiipiv)
oldend = iptr{ipiv) + lenr{ipiv) - 1
¢ changes to column ordering.
if (nsrch.le.nn) go to 460
colupd = nn + |
lenpp = oldend-oldpiv+1
if (enpp.l.4) lpiv(1) = Ipiv(}) + §
if (lenpp.ge.4 .and. lenpp.le.6) ipiv(2) = Ipiv(2) + 1
if (lenpp.ge.7 .and. lenpp.le. 10) Ipiv(3) = lpiv(3) + 1
if (lenpp.ge.11 .and. lenpp.le.15) Ipiv(4) = lpiv(4) + 1
if (lenpp.ge.16 .and. lenpp.le.20) Ipiv(3) = lpiv(5) + 1
if (lenpp.ge.21 .and. lenpp.le 30) lpiv(6) = Ipiv(6) + 1
if (lenpp.ge.31 .and. leapp.le 50) Ipiv(7) = Ipiv(Ty + 1
if (lenpp.ge.51 .and. lenpp.le. 70) Ipiv(8) = Ipiv(8) + 1
if (lenpp.ge.71 .and. lenpp.le. 100) Ipiv(9) = Ipiv(9) + 1
if (lenpp.ge.101) Ipiv{10) = Ipiv(i0) + 1
mapiv = maxC{mapiv,ienpp)
iavpiv = favpiv + lenpp
do 450 jj=oldpiv.oldend
J=ien(jp)
le = laste(})
e = nexte(y)
nexte(j) = ~cotupd
if (jj ne.ijpos) colupd =}
if (nc.ne.0) laste(ne) =l
if(lc.eq.0) go to 440
nexic(ic) =nc
goto 450
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440  nz=lenc{j)
isw = ifirsi(nz)
if (isw.gt.0) lastr(isw) = -n¢
if (isw.It.0) ifirst(nz) = -nc
450  continue
¢ changes to row ordering.
460 i = ipe(jpiv)
2 =] + lenc(jpiv) - 1
do 480 =il ,i2
1= imn{in
ir = lastr()
nr = aextr(i)
if (nr.ne. G} laste{nr) =Ir
if {Ir.le.0) go t0 470
nexir(l) = nr
goto 480
470 nz=lent(l) - lenri(i)
if (nr.ne.0) ifirst(nz) = nr
if(nr.eq.0) ifirst(rez) = Ir
480  continue
c
¢ move pivot to position lenrk+! in pivot row and move pivot row
¢ tothe beginning of the available storage.
¢ the | part and the pivot in the old copy of the pivot row is
¢ nutlified while, in the strietly upper triangular part, the
¢ column indices, j say, are overwritten by the corresponding
¢ entry of iq {iq{j)) and iq(;) is set 10 the negative of the
¢ displacement of the column index from the pivot entry,
if (okdpiv.eq.ijpos) go to 490
au = aoldpiv)
a(oldpiv) = a(ijpos}
a(ilpos)=au
ien{ijpos) = icn{oldpiv)
icn{oldpiv) = jpiv
¢ check to see if there is space immediately avatlable in a/icn to
¢ hold new copy of pivot row.
490  rminicn = max0{minicn,nzrow+ibeg- 1+morei+lenr(ipiv)}
if (lactiv-ibeg.ge Jenr(ipiv)) go to 500
call ma30dd(a, icn, iptr{istart), n, iactiv, itop, .true.)
oldpiv = iptr(ipiv} + lentl{ipiv)
oldend = ipwr(ipiv) + lenr(ipiv) - 1

¢ check now to see if ma30d/dd has created enough available space.

if (iactiv-ibeg.ge.lenr{ipiv}) go to 500
¢ create more space by destroying previously created lu factors.
morel = morei t ibeg - idisp(1)
ibeg = idisp(1)
if (Ip.ne.0) write (Ip,99997)
iflag=-3
if (abort3) go to 1090
if (activ-ibeg.ge.lenr{ipiv}) go to 500
¢ there is still not encugh room in aficn.
iffag = -4
goto 1090
¢ copy pivot row and set up iq array.
506 ijpos=0
ik = iptr(tpiv)

do 330 ji=il,cldend
afibeg) = ajj)
icn(ibeg) = icn(jj)
if (ifpos.ne Gy go to 510
if (ien(jj).eq.jpiv) {jpos = ibeg
ien(ijy=10
goto 520
516 k=ibeg- ijpos
J=ien(jp)
fen(iy = ig()
ig(p) = -k
520  ibeg=ibeg+ ]
330  continue
<
iipl =ijpos + 1
pvend = ibeg - }
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ienpiv = pivend - ijpos
nzrow = nzrow - kenrl(ipiv) - 1
iptr{ipiv) = oldpiv -+ §
i (lenpiv.eq.0) iptr{ipiv) =0
Cc
¢ remove pivot row (inciuding pivet) from column oriented file.
do 560 ji=ijpos,pivend
3= ienjj)
i1 = ipc(j)
lenc(j) =lenc(j) - }
¢ i2 is last position in new column.
i2 = ipe(j) + lene(j) - §
if(i2.]ti1) go to 550
do 540 ii=11,12
if (irn(ii).ne.ipiv) go to 5340
irn(it) = im(i2+1)
goto 550
540 continue
550 dmn(i2+1)=0
560 continue
azeol = nzcol - lenpiv ~ |
c
¢ go down the pivot column and for each row with a non-zero add
¢ the appropriate multiple of the pivotrow to it.
¢ we loop on the number of non-zeros in the pivot column since
¢ ma30d/dd may change ifs actual position.
¢
nzpe = lene(jpiv)
if {nzpc.eq.0) go 1o 900
do 840 =1 nmpe
1= fpe(jpiv) +iii- 1
i = 1irn(ii)
¢ search row i for non-zero to be eliminated, calculate multipkier,
¢ and place it in position lenrl+] in its row.
¢ ideop is the number of non-zero eniries dropped fromrow |
¢ because these fall beneath tolerance level
e
idrop =0
31 = iptr(i) + fensl{i)
iend = iptr(i) + lenr(i) - 1
do 570 ji=jl iend
if (icn(jj).ne jpiv) go to 570
¢ if pivot Is zero, rest of column is and so multiplier is zero.
au = Zero
if {a(ijpos).ne.zero) au = -a{jj¥a{ijpos)
if (ibig) big = abs(au)
a(ij) =agl)
aily=au
ien(jj) = icnf1}
ien(j1) = jpiv
lenrl¢i) = lenrl(iy + 1
go to 580
570 continue
¢ jump if pivot row is a singleton.
580  if (lenpiv.eq.0) go to 840
© now perform necessary operations on rest of non-pivot row i.
rowi=j] +1
iop=10
¢ jump if all the pivot row causes fill-m.
if {rowi.gt.iend) go to 650
¢ perform operations on current non-zeros in row i,
¢ innermost loop.
lenpp = iend-rowi+1
if Genpp.ltd) Inpivil) = Inpiv(1} + |
if (lenpp.ge4 .and. lenpp Je.6) Inpiv(2} = Inpiv(2} + 1
if (lenpp.ge.7 .and. lenpp.le. LG} Inpiv{3) = Inpiv(3) + 1
if (lenpp.ge.11 .and. lenpp-le.15) Inpiv(4) = npiv(4} + 1
if {lenpp.ge.16 .and. lenpp je.20) Inpiv(5) = inpiv(5) + 1
if {lenpp.ge 21 .and. lenpp.ie.30) Inpiv(6) = Inpiv(6} + 1
if (lenpp.ge.31 .and. lenpp.Je.50) Inpiv(7) = Inpiv(7) + 1
if {lenpp.ge.51 .and. lenpp.le.70) Inpiv(8) = Inpiv(8) + 1
if (lenpp.ge. 71 and. lenpp.Je.100) Inpiv(9) = Inpiv(9) + 1
if {lenpp.ge. 101) lnpiv{10) = Inpiv(103 + 1
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manpiv = max((manpiv,lenpp)
lanpiv = ianpiv + lenpp
kountl = kountl + 1
de 390 fj=rowi,iend
J=ien(y)
if (ig(j).g1.0) go to 550
lop = iop + |
pivrow = {jpos - ig(j)
a(ji} = a(}j} + au*alpivrow)
if (Ibig) big = abs(a(jj))
ien{pivrow) = -ien(pivrow)
if (abs(a(jj)).lt.tol) idrop = idrop + I
590  continue
c
¢ jump if no non-zeros in non-pivot row have been removed
¢ because these are beneath the drop-tolerance tol.
c
if (idrop.eq.0) go to 650
¢
¢ run through non-pivot 1ow compressing row so that only
€ non-zeros greater than tol are stored. all non-zeros
¢ lessthan tol arealso removed from the column structure.
¢
jnew = rowi
do 630 jj=rowi,iend
if (abs(a(]j)).It.tol) go to 600
a{jrew) = a(jj)
icn(jnew) = ien(jj)
jnew = jnew + 1

go to 630
<
¢ TEmove non-zero enry from column structure.
c
600 1= ien(ji)
i = ipe(j)

i2 = i} + lene(j) - 1
do 610 ii=il,i2
i (im(ii).eq.1) go to 620
610 continue
620 g i) = irn{i2)
im(i2)=0
lence{j) = lenc()) - 1
if {nsreh.fe.nn) go to 630
¢ remove column from cofumn chain and place in update chain.
if (nexte{j).1.0) go to 630
© jump if column already in update chain.
ic = laste())
ne = nextedj)
nexte(j} = ~colupd
colupd =
if (ne.ne.0) laste(ne) = lc
if (ke.eq.0) go 10 622
rexte(lc) = nc
go to 630
622 nz=lenc(j) + 1
isw = ifirst{nz)
if (isw.gt.0) lastr(isw) = -nc
if (isw.it.0) ifirst(nz) = nc
630  continue
do 640 jj=inew,iend
ien(Gy =0
640  continue
¢ the vatue of idrop might be different from that calculated earlier

c  because, we may now have dropped some heon-zeros which were not

¢ modified by the pivot row,
idrop=iend + 1 - jnew
iend = jnew - 1
lenr(i) = lenr(i) - idrop
NZTOW = NZIowW - idrop
nzeol = nzeol - idrop
ndrop = ndrop + idrop

650  ifill =lenpiv -iop
¢ jump s if there is no fill-in.

146



Anexo I

if (ifill.eq.0) go to 750
¢ now for the fill-in.
mirden = max0(minicnmorei+ibeg- T +nzrow+ifill+lenr(1))
¢ see if there is room for fifl-in.
¢ get maximum space for row 1 in situ.
do 660 jdiff=1.ifill
jnpos = iend + idiff’
if (inpos.gt.licnt) go to 670
if (len(jnpos).ne.0) go to 670
660  continue
¢ there is room for ali the fill-in after the end of the row s0 it
¢ can be leftin situ.
¢ next available space for fill-in.
iend = iend + 1
go to 750
¢ jmore spaces for fill-in are required in front of row.
670 jmore = ifil} - jdiff + 1
il = ipte(i)
¢ we now look in front of the row to see if there is space for
¢ the rest of the fill-in.
do 680 jdiff=1 jmore
japos =il - jdiff
if (jnpos.lt.iactiv) go to 650
if (icndjnpos).ne.0) go to 700
68G  continue
695G jnpos =i} - jmore
goto 710
© whole row must be moved to the beginning of available storage.
700 jmpos = iactiv - lenr(i) - ifif}
¢ jurnp if there is space immediately available for the shifted row.
716 if (japos.ge.ibeg) go to 730
cali ma30dd(a, icn, iptr{istart), n, iactiv, itop, true.)
il = ipw(i)
iend = i1 + lene(i} -~ 1
jnpos = iactiv - lenr(1} - ifil]
if (inpos.ge.ibeg) go to 730

¢ no space available so ry to create some by throwing away previous

¢ iudecomposition.
morei = morei + tbeg - idisp(1) - lenpiv - 1
if (ip.ne.(7} write (1p,99997)
iflag = -5
if (abort3) go to 1090
¢ keep record of current pivot row,
ibeg = idisp{1)
icn{ibeg) = jpiv
a(ibeg} = a(ijpos}
iipos = ibeg
do 726 ji=ijp1 pivend
ibeg = ibeg + 1
a(ibeg) = ajj)
icn(ibeg) = ien(j;)
720 continue
ijpl =ijpos+1
pivend = ibeg
ibeg = ibeg + 1
if {jnpos.ge.ibeg) go to 730
¢ this stili does not give enough room.
iflag = -4
go to 1090
736 iactiv = minG{iactiv,jnpos)
© MOve non-pivot row i,
tptr(i) = jnpos
do 740 yj=11 jend
a(inpos) = a(jj}
icn{inpos) = ien(jj)
jnpos = jnpos +
ien{jjy=0
740 comtinue
¢ first new available space,
iend = jnpos
750 nzrow = nzrow + ifili
¢ innermost {1il-in loop which also resets icn.
wdrop =10
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do 830 jj=ijpl,pivend
j= iengjj)
if (j.3t.0) go 1o 820
anew = au*a(jj)
aanew = ahs(anew)
if {aanew.ge.to}) go to 760
idrop = idrop + 1
ndrop =ndrop + [
NZIOW = NZIow - 1
minicn = minicn - |
ifill = ifill - 1
go to 830
760 if {Ibig) big = aanew

a(iend) = anew
ien(iend) = j
jend =jend + |

e

¢ put new eniry in column file.

minim = max{d{misim,nzcol+lenc(i 1)

_;'end = ipe(j) + lenc())

jroom = nepc - Hi-+ 1 +lenc(f)

if (jend.gt lirn) go to 770
if (irn(jend).eq.0) go 1o 810

70 if (jroom.lt.dispe) go to 780
¢ compress column file to obtain space for new copy of coluns.
call ma30dd(a, im, ipc(istart), n, dispe, lirn, faise.)

if jroom.lt.dispc) go to 780
Jjroom = dispe - 1

if (jroom.ge. Jenc(j)+1) go to 780

¢ column file is not large enough.
goto 1100
¢ copy column to beginning of file,
780 jbeg = ipe(j)
Jend = ipefj) +lene(j) - 1
jzero=dispc - 1
dispe = dispe - jroom
idispe = dispc
do 790 fi=jbeg,jend
imn(idispe) = imi}
i) =0
idispc = idispc + 1
798 continue
ipo(j) = dispe
jend = idispe
do 8OO ii=jend jzere
im(ii) = 0
800 continue
810 im{jend) =1
nzcol =nzeol + 1
lene(3) = lene(j)+ 1
c end of adjustment to column file.
20t 830
c
820 iendjj) = «j
830  continue
i (idrop.eq.0) go to 834
do 832 kdrop=1,idrop
ien(iend)=10
iend = jend + 1
8§32  continue
834 lenr(i)=lenr(i) + iffll
¢ end of scan of pivot colums.
840  continue
<
c

¢ remove pivot column from column oriented storage and update row

¢ ordering arrays.
il = ipe{jpiv)
12 = ipe(jpiv) + lenc(ipiv) - 1
nzeol = rzeol - lenc(ipiv)
do 890 fi=il,i2
i=dirn(ii)
irn(in) =0
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nz = lenr{i) - lenrl(i)
if (nz.ne.0) go to 856
lastr(i)=0
g0 to 890
850  ifir = ifirst{nz)
ifirst(nz) =i
if (ifir) 860, 880, 870
860  lastr(i)=ifir
nextr(iy =0
go to 890
870 last(i) = lastr{ifir)
nexir(i) = ifir
lastr(ifin =1
go to 830
880  lastr(i}=0
nextr(i) =
nzmin = mind{nzmin,nz}
890 continue
¢ restore ig and nullify u part of old pivot row.
¢ record the column permutation m laste(jpiv) and the row
¢ permutation in lastr{ipiv).
900  ipe(jpiv) = -ising
lastr(ipiv) = pivot
if (lenpiv.eq.0) go to 980
NZIOW = NZIOW - lenpiv
jval=ijp!
izer = ipir(ipiv)
iptr(ipivy =0
do 910 jeount=1 lenpiv
j=en(jval)
iq{3) = icn{jzer)
icndjzer) =0
jval=jval + 1
fzer =jzer +1
910 continue
¢ adjust column ordering arrays.
if {nsrch.ginn) goto 920
do 916 Ji=ijpl.pivend
J=1ten{jj)
nz = lenclj)
if (nzne.0) poto 914
ipe() =0
goio 916
914 nzmin = mind¢{nzmin nz)
9i6  coniinue
£0 to 980
920  jj=colupd
do 970 jdummy=1.an

1=3
if (j.eq.rm+1) go to 980
1) = -nexte(j)
nz = leac(y)
if (nz.ne.0) go to 924
ipe(jy=0
goto 970
924 ifir= irst(nz)
laste(j) =0
if (ifiry 93C, 940, 950
830 ifirst{nz) =+
ifir = -jifir
faste(ifir) = j
nexte(j) = iir
goto 970
940  ifirst(nz) =+
nexte{j}=0
2o 10 960
950 le = -lasir(ifir)
lastr{ifiry = 4
nexte(j) =l
if (fe.ne.0} laste(ic) = j
960  nzmin = mind{nzminsz)
970 continue
98G continue
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¢ *¥**  end of main climination lopp  ****
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C reset iactiv to point to the beginning of the next block.
990 if (ilast.ne.nn) iactiv = iptr(ilast+1)
1000 continue

¢

o o o e e ol e ook ool e o o oo o ot e e el ol e ol e b i o e o ook ok o ok Kok o R

o **¥**  end of deomposition of block  ****
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¢
¢ record singularity (if any) in iq array.
if (irank.eq.nn) go to 1020
do 1010 i=]1 nn
if (ipe(i).16.0) go to 1010
ising = ipc{i}
iq(ising) = -iq(ising)
ipe(i) = -ising
1010 continue
C

c run through lu decomposition changing column indices to that of new
¢ order and permuting lenr and lenr] arrays according to pivot

¢ permuiations.
1020 istart = idisp(f)
iend = ibeg - 1
if (jend.lt.istart) go to 1040
de 1030 jj=istart iend
Jjobd = ien(jj)
ien(jj) = -ipe(jokd)y
1036 continue
1040 do 10506 ii=1,nn
i = fastr(ii)
nextr(i) = lenr(ii)
iptr(i} = lenri(if)
1050 continue
do 1060 i={ nn
lenrl(i) = iptr(1)
lersr(i) = nextr(i)
1068 continue
¢
¢ update permutation arrays ip and iq.
do 1670 5i=1,nn
i = lastr(ii}
j = -ipe(ii)
nextr(i} = iabs(ip(iiyH0)
iptr(j) = iabs(ig(ily+0)
1070 continue
do 1080 i=1nn
if (ip(i).1t.0) nextr(i} = -nextr(i)
ip(i) = nextr{i}
if (1g(i).1t. 0) iptr(i} = -iptr(i)
ia(D) = ipte(i)
1080 continue
ip(nn) = iabs{ip(nn)+0)
idisp{2} = iend
goto 1120
¢
c *F* errorreturns  ***
1090 idisp(2) = iactiv
if(lpeqgd)goto 1120
write (ip,99996)
goto 1110
1100 1f (iflag eq.-5) iflag = -6
if (iflag.ne ~6) iflag = -3
idisp{2) = tactiv
if {lp.eq0) goto 1120
if (iflag.eq.-3) write (}p,99995}
if (iflag.eq.-6) write (Ip,99994)
1110 pivot= pivot - istart + |
write (ip,99993) pivot, nblock, istart, ilast
if (pivot.eq.0) write (1p,99992) minim
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[
11280 return
99999 format (54h error return from ma30a/ad because matrix is structur,
* 13hally singular)
99998 format (54h error return from ma30a/ad because matrix is mamnerica,
* 12hlly singular)
99997 format (48h lu decomposition destroyed to create more space)
99996 format (54h error return from ma30a/ad because licn not big enoug,
* 1hh)
99965 format (54h error return from ma30a/ad because lim not big enoug,
* thh)
99954 format (51h error return from ma30a/ad lirm and licn too small)
99993 format (10h at stage , 15, 10h in block |, 15, 16h with first row ,
* 15, 14k and last yow , i5)
99992 format (34h to continue set lirn to at least , i8)
end
subroutine ma3Cdd(a, icn, ipir, », factiv, itop, reals}
¢ this subroutine performs garbage collection operations on the
¢ arrays a, icr and im.
¢ ractiv is the first position in arrays aficn from which the compress
¢ starts. on exit, iactiv equals the position of the first entry
¢ inthe compressed part of a/icn
[+
REAL afitop)
logical reais
integer ip(n)
integer ien(itop)
c see block data for comments on variables in common.
common /ma30fd/ imep, icnep, irank, minim, minicn
c
if (reals) jenep = ienep + 1
if {.not.reals) irmcp = imep + |
¢ set the first non-zero entry in each row to the negative of the
¢ row/col number and hold this row/co! index in the row/col
¢ pointer. this is so that the beginning of each row/col can
¢ be recognized in the subsequent scan.
do 16 j=1n
k= iptr(j)
if (k.ltiactiv) go to 10
ipr(j) = ien(k)
ienfk)=-j
10 continue
kn = jtop + 1
ki=itop - iactiv + i
¢ go through arrays in reverse order compressing to the back so
¢ that there are no zeros held in positions iactiv to itop in icn.
¢ reset first entry of each row/col and pointer array ipir.
do 30 k=1 ki
jpos=ilop-k+1
if (ien(ipos).eq.0) go to 3G
kn=%kn-1
if {reals) afkn) = a(jpos)
if (ien(jpos).ge.0) go to 20
¢ first non-zero of row/col has been located
= -ien(jpos)
ien(jpos) = iptr(j)
iptr(j) = kn
20 ien(kn) = icn(jpos)
30 continue
iactiv=kn
return
end
ci##iidate 01 jan 1984  copyright ukaea, harwell.
cHi#ialias mel3d
subroutine me13d(n,icn,jicn,ipjenr,ior,ib,num,iw}
integer ip(n)
integer fen(licn),jenr(n),ior(n),ib(n).iw(n,3)
call mcl3e(n,icnlicn,ip,lenr,ior,ibnum,iw( 1,1 Liw(1,2),iw(1,3))
return
end
subroutine mei 3e(n,icn lien,ip,lenr,arp,ib,num lowl numb,prev}
integer stp,dumsny
integer ipfn}
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¢

¢ arp(i) is one less than the number of unsearched edges leaving

¢ nodel atthe end of the algorithm itis setto a

© permutation which puts the matrix in biock lower

¢ triangular form

¢ 1b(j} is the position in the ordering of the start of the ith

¢ block. ib(nt+1-1) holds the node number of the ith node

¢ onthe stack.

¢ lowl(i} is the smaliest stack position of any node to which a paths

¢ from node i has been found. it is set to n+1 when node 1

¢ isremoved from the stack.

¢ numb(i) is the position of node i in the stack if it is on

¢ it is the permuted order of node i for those nodes

¢ whose final position has been found and is otherwise zero.

¢ prev(i} is the node at the end of the path when node i was

¢ placed on the stack.
integer icn(lica),lenr{n),arpén),ib(n),lowl(n),numb(n),
Iprev(n)

¢
¢
¢ icnt is the number of nodes whose positions in finat ordering have
¢ been found.
ient=0

¢ nurr is the number of blocks that have been found.
num=_
namb=n+a-1
c
¢ initialization of arrays.
do 20 j=1,n
numb(jF=)
arp(j)=tenr(j}-1
20 contisue
c
€
do 120 isn=1,n
¢ look for a starting node
if (numb(isn}.ne.0) goto 120
iv=isn
¢ ist Is the number of nodes on the stack ... it is the stack pointer.
ist=1
¢ put node iv at beginning of stack.
lowk(ivy=1
numb(iv}=I
ib{n)=iv

<
¢ the body of this foop puts a new node on the stack or backtracks,

do 110 dummy=1,nnmi}
il=arp(iv)
¢ have all edges leaving node iv been searched.
if (il.1td) goto 60
1Z=ip(1vHlenr(iv}-1
HEErE |
c
c look at edges leaving node iv until one enters a new node or
¢ all edges are exhausted,
" do 50ii=il.i2
tweien(ii)
© has node iw been on stack already.
if (numb(iw}.eq.0) go to 100
¢ update value of lowl(iv) if necessary.
30 lowl(ivi=mind(lowl(iv) lowi(iw}))
c
¢ there are no more edges leaving node iv,
arp(ivi=1
¢ i3 node iv the root of 2 block.
60 if (lowl{iv}.It.numb(iv)) go to 90
c
¢ order nodes in a block.
npum=num-+1
ist bk §oist
lent=icnt+1
¢ peei block off the top of the stack starting at the top and
¢ working down 10 the root of the block.
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do 70 stp=istln
iw=ib(stp}
lowi(fw)n+1
ient=tent+]
numb{iwy=icnt
if (fw.eq.iv) go to 80
70 continue
80 ist=n-stp
ib(num)=lcnt
¢ are there anty nodes left on the stack.
if{istne.0y go o 90
¢ have all the nodes been ordered.
if{icntitn) go to 120
goto 130

¢
¢ backtrack to previous node on path,
90 iw=iv
iv=prev{iv)

¢ update value of lowl(iv) if necessary.

lowi(iv)=min0{lowl(iv).Jowl{iw))
goto 110
C
¢ put new node on the stack.
100 arp(iv)=i2-ii-1
prev{iw)=iv
fv=iw
ist=ist+]
lowl(iv)=ist
numb{iv)=ist
k=n+1-ist
ib(K)y=iv
110 ¢ontinue
¢
120 continue
C
(™

¢ put perrnutation i the required form.

130 do 140 1=1n
ii=numb(i}
140 arp(ii}=i
returmn
end

cHB#ifHdate 01 jan 1984  copyright ukaea, harwell,

ch#####alias me20ad me20bd

subroutine me20adi{nc,maxa,a,inum jptrjinum, jdisp)

c
integer inum{maxa) inum(maxa)
REAL a{maxa},ace acep
dimension jptr(nc)

c

© EEERARR R R R RSN AR KA A AR R KA K R R

¢
null=jdisp
c**  glear jpr
do 60 =1 ne
60 jpir(j)=0

c**  count the number of elements in each column.

do 120 k=1 maxa
JEinum(k)+jdisp
ipr(i=jpir(ir]
120 continue
¢**  set the jpir array
k=1
do 150 j=1.ne
kr=k-+jptr(j)
jpr(jF=k
150 k=i
c

e**  reorder the elements into column order. the aigorithm is an
¢ in-place sort and is of order maxa.

do 230 j=1,maxa
[ establish the current entry.
jee=inum{iy+disp
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if{jee.eq.0) go 1o 230
ace=a(i}
ice=inum(i)
c clear the location vacated.
JnumdEnull
¢ chain from current entry to store iiems.
do 200 i=1 maxa
¢ current entry not in correct position. determine correct
c position to store entry.
loc=jptr{jce}
jpr(jee)=jpr(jeeyti
¢ save contents of that location,
acep=afloc)
icep=inum(loc)
Jeep=jnum(loc)
¢ store current entry.
alloc)=ace
inum(locy=ice
mum(locy=miil
¢ check if next current eniry needs to be processed.
if(jeep.eq.nuil) go to 230
c it does. copy into current entry,
ace=acep
ice=icep
200 jee=jeeptidisp
c
230 continue
c
c**  reset jpir vector.
ja=1
do 250 =1,nc
Jt=jpte(j)
iprya
250 ja=jb
return
end
ch##idtdate 01 jen 1984 copyright ukaea, harwell.
cH####alias mc2la
subroutine me2 1aln, icn licn, ip lenr. iperm,numnz, iw)
integer ip(n)
integer icn(licn)enr(n),iperm{n),iw(n4}
call mc21b(n,icn,lica,ip,lens,iperm,numnz iw{ 1, 1),iw{1,2),iw(1,3),
Hiw(14))
return
end
subroutine mo21b(n.icn iicn,ip.lenr,iperm numnz,pr.arp,cv,out}
integer ip(n)
¢ pr(i} is the previous row to { in the depth first search.
¢ it is used as a work array in the sorting algorithm.
¢ elements (iperm(i),i} =1, ... n are non-zero at the end of the
¢ algorithm unless n assignments have not been made. in which case
¢ {iperm(i),i} will be zero for p-numnz entries.
c cvii} is the most recent row extension at which column ¢
¢ was visited.
¢ arp{i} is one less than the number of non-zeros in row i
¢ which have not been scanned when looking for a cheap assignment.
¢ out{i) is one less than the number of non-zeros in row i

¢ which have not been scanned during one pass through the main loop.

integer icn{licn), jenr(n).iperm(n),pr(n),cv{n),
larp{n),out(n)
¢
¢ initizlization of arrays.
do 16 i=1n
arp{iy=lent(i}}
ev{iy=0
19 iperm{iy=0
numnz=0

each pass round this loop either results in 2 new assignment
or gives a row with no assignment.
do 130 jord=1.n

C
c
¢ main loop.
C
c
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=jord
prijy=1
do 100 k=1 jord
¢ look for & cheap assignment
int=arp(j)
if{in1.}11.0) go to 60
in2=ip{jy+-enr(j)-1
inl=in2-inl
do 80 ii=inl,in2
=ien(ii)
if (iperm{i).eq.0) go to i 10
5 continue
¢ no cheap assignment in row.
arp(jy=-1
¢ begin looking for assignment chain starting with row j.
60 out(jF=lenr(j)-1
¢ inner loop. extends chain by one or backtracis.
do 90 k=1 jord
ini=out(})
if (ini.1t.0) goto 80
in2=ip{jyHens(j)-1
inl=in2-inl
¢ forward scan.
do 70 ii=ind in2
=ien(if)
if {ev(id.eq.jord) goto 70
¢ column | has not vet been accessed during this pass.
jl=j
J=ipesm(i)
cv(iy=ord
prijy=i
out{j § F=in2-ii-1
go to 100
70 continue
¢
¢ backtracking step.
80 j=pr(j)
if(jeq-1) goto 130
90 continue
c
100 continue
[
¢ new assignment is made.
110 iperm{iy=i
arp(jp=in-ii-1
numnz=numnz+[
do 120 k=1 jord
J=pr(Q}
if (l.eq.~1} goto 130
iE=ip(iyHenr{j)-out(-2
i=ien(ii)
iperm(i)=j
{20 continue
¢
130 continue
c
¢ if matrix is structurally singular, we now complete the
¢ permutation iperm.
if (rumnz.eq.n) return
do 146 i=1.n
140 arp(iy=0
k=0
do 160 i=1,n
if Gperm{i}ne.0) go tc 150
k=k+1
out(k)=i
go to 160
150 j=iperm(i}
arpljFei
160 continue
k=0
do 170 =1n
if{arp(i}ne0igoto 170
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k=k+1
ioutk=out{x}
iperm{icutk)=i
170 continue
return
end
c#éiiftdate 01 jan 1984  copyright ukaea, harwell.
cHAi#HEalias me22ad
subroutine me22ad(n,icn,a,nz lenrow,ip,iqiw,iwl }
REAL a(nz),aval
Infeger tw{n,2)
integer ien(nz),lenrow(n).ip{n).iq(n).iwl{nz)
if (nz.1e.0) go to 1000
if{n.le.0) go to 1000
¢ set start of row i in iw(i,1) and lenrow(i) in iw(i,2)
iw(l,1=1
w(1.2)=lenrow(1}
do 10i=2n
w(i, 1 =iw(i-1.1 y+lenrow(i-1)
10 iw(i,2=lenrow(i)
< permute [enrow according to ip. sef off-sets for new position
¢ of rowiold in iw(iold,1) end put old row indices in iwl in
¢ positions corresponding to the new position of this row in a/ien.
=1
do 20 i=lzn
iold=ip(i}
iold=iabs(iold)
length=iw{iold,2)
lenrow{iy=length
if (length.eq.0) go to 20
iw(iold, 1 y=iw{iold,1)-j)
j2=jjHength-1
do 15 je=ig,i2
15 iwi(3)=told
=i+l
2G continue
¢ set inverse permutation to iq in iw(.,2).
do 30 =1,n
iold=iq(i}
iokd=iabs(toid)
30 iwliold,2)=i
¢ permute 2 and icn in place, changing to new column numbers.
¢
c*** mainloop ***
¢ each pass through this loop places 2 closed chain of column indices
¢ intheir new (and final) positions ... this is recorded by
¢ setting the iwl entry to zero so that any which are subsequently
¢ encountered during this major scan can be bypassed.
do 200 i=1 nz
iold=iwi(i)
if (iold.eq.0} go to 200
ipos=i
Jval=ien(i)
¢ if row told is in same positions after permutation go to 150
if (iw(iold,1).eq.0) goto 150
aval=a(i)
c** cham loop **
¢ each pass through this loop places one {permuted} column index
¢ inits final position .. viz. ipos.
do 100 ichain=1nz
¢ newpos is the original position in a/icn of the element to be placed
¢ in position ipos. it is also the position of the next element in
¢ the chain.
newpos=ipostiwiold,1)
¢ is chain complete ?
if (newpos.eq.i} go to 130
a(iposya(newpos)
mum=icn{newpos}
fen(ipos =iw(jnum,2)
POS=NEWPOS
iold=tw1{ipos)
iwl]{ipos)=0
¢ ** end of chain loop **
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100 continue
130 a(iposy=aval
150 ien{iposy=iw(jvai,2}
¢ *** ond of main loop  ***
200 continue
c
1000 return
end
citiiditidate 01 jan 1984 copyright ukaea, harwell.
cH##itt#alias me23ad
cifH#EY calls mel3 mc2l
subroutine me23ad(nuicn,a lien lenr, idisp,ip,ig.lenoffiw,iwl
REAL aflicn)
integer 1disp(2)iwi(n2}
logicat abort
integer ien(licn),Jent(n),ip(n),ig(n) lenoff{n).iw(n,5)
common /mc23bd/ Ip,namnz num,large.abort
¢ input ... m,ien .. a,icnjenr ...
[
¢ set up pointers iw(.,1} to the beginning of the rows and set lenoff
¢ equal to lenr,
wl{1,1)=1
lenoff{ 1 }=lenr(1}
if (neq.1) goto 20
do 10 =2,n
lenoff{ iy=lenr{i)
10 iwt (4, w1, 1 r+lenr(i-1)
¢ idisp{1) points fo the first position in a/icn after the
¢ off-diagonal blocks and untreated rows.

20 idisp( 1 y=iwi(n, ] Flent(n)
C

c find row permutation ip to make diagonal zero-free.
call me2aln,ien lien,iwl lenr ip numnz,iw)
¢
¢ possible error return for structurally singuiar matrices.
if {numnz.ne.n.and.abort) go to 170
c
¢ twl{,,2) and ienr are permutations of iwl(.,1) and lenr/lenoff’
¢ suitable for entry
c to mel3d since matrix with these row pointer and length arrays
¢ has maximum number of non-zeros on the diagonal.
do 30 1i=1a
i=ip(it}
iwi(ii 2wl (3,1}
30 lenr{ i)y=lenoffi}
c
¢ find symmetric permutation iq to block lower triangular form.
call me13d(n,ien Jientwl(1.2) Jenr,iq,iw{1,4),num, iw)
c
if {num.ne.1) go to 60
c
¢ action taken if matrix is irreducible.
¢ whole matrix is just moved to the end of the storage.
do 40 i=1,n
tenr{1y=lenofi{l)
ip{i)sl
40 ig{iy=i
lenoff{1)=1
¢ idisp(1) is the first position after the last element in the
¢ off-diagonal blocks and untreated rows.
nz=idisp(1)}-1
idisp{1)=1
¢ idisp(2) is the position in a/icr of the first element in the
¢ diagonal blocks.
idisp(2 p=licn-nz+]
large=n
if (nz.eq.lien) go t0 230
do 50 k=1 nz
Fnr-ktd
j=lica-k+1
a(jiy=a(j)
50 ien(jj=ion(d)

¢ 230 =return
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goto 230
c
¢ data structure reordered.
¢
¢ form composite row permutation ... ip(i) = ip(ig(i)).
60 do 70 ii=1.n
i=iq(ii)
70 iw(ii, 1 y=ip(i)
do 80 i=1,n
80 ip(iy=iw(i,1)
c

¢ run through blocks in reverse order separating diagonal blocks
¢ which are moved to the end of the storage. elements in
¢ off-diagonal blocks are left in place unless a compress is
¢ necessary,
¢
¢ ibeg indicates the lowest value of j for which ienéi) has been
¢ set o zero when element in position § was moved to the
¢ diagonai block part of storage.
ibeg=licn+1
¢ iend is the position of the first element of those treated rows
¢ which are in diagonai blocks.
iend=ticn+1
© large is the dimension of the largest biock encountered so far.
large=)
¢
¢ num is the number of diagonal blocks.
do 150 k=1 num
iblock=num-k+1
¢ il is first row (in permuted form) of block iblock.
¢ 12 is last row {in permuted form) of block iblock.
1i=1w{iblock,4)
iZ=n
if (k.me. 1) 2=tw(iblock+1 4)-1
large=maxO(large,i2-i1+1)
¢ go through the rows of block iblock in the reverse order.
do 140 i=il.i2
inew=i2.ji+il
¢ we now deal with row inew in permuted form (row iod in original
¢ matrix).
iold=ip(inew)
¢ if there is space to move up diagonai block portion of row go to 110
if (fend-idisp(1).ge lenoff(iold)) go to 110
¢
¢ in-tine compress.
¢ moves separated off-diagonal elements and untreated rows to
¢ front of storage.
jnpos=ibeg
tlend=idisp(1 )]
if (ilend lt.ibeg) go to 190
do 90 i=ibeg,ilend
if (icn(j).eq.0) go to 90
ien(japos)=ien(j)
a(inposy=a(j)
jnpos=jnpos+1
9 continue
idisp(1)y=inpos
if (iend-inpos.lt. lenoffliold)) go to 190
ibeg=licn+1
¢ reset pointers to the beginning of the rows.
do 100 =20
100 swl{i, 1 =iwl (i-1,1 Hlenoffi-1)
¢
¢ row iold is row split inte diag, and off-diag. parts.
110 frowb=iwl(iold, 1)
jeni=0
rowe=trowb-+lenoff{iold)-1
¢ backward scan of whole of row iold (in original matrix).
if (irowe. lt.irowb) go to 130
do 120 ji=irowb,irowe
J=irowe-jitirowb
jold=icn{j)
¢ 1w(.,2) holds the inverse permutation o iq.
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€ ... it was set to this in mcl 3d.
new=iw(iold,2)

¢ iféjnew ltii) then ...

¢ element is in off-diagonal block and so is left in situ,
if (jnewltii)goto 120

¢ element is in diagonal block and is moved to the end of the storage.

iend=iend-1
aliendy=a(}
ien{ iend =jnew
ibeg=minQ{ibeg,i}
fen(j)=0
leni=leni+1
120 continue
¢
lenoff{iold)y=lenoff{iold len:
130 lenr{inew)=leni
140 continue
c
ip{i2=ip{i2)
150 continue
¢ resets ip(n} to positive value.
ip(n)=-ip(n)
¢ idisp(2) is position of first element in diagonat blocks.
idisp{2)=iend
c
¢ this compress is used to move ali off-diagenal elements to the

¢ front of the storage.
if (ibeg.gt lien) go to 230
npos=ibeg
lend=idisp(1)-1
do 160 j=ibeg,ilend
if (iea(j).eq.0) go to 160
ien{jnposy=icn(3}
a(jnpesy=a(j)
jrpos=japos+]
160 continue
¢ idisp(1) is first position after last element of off-diagonal biocks.
idisp{ 1 y=mpos
goto 230
C
¢
¢ erTor return
170 if (Ip.ne.0) write(lp, 1 80) numnz
180 format(33x,4 1k matrix is structurally singular, rank = 16}
idisp( =1
goto 210
190 if (Ip.ne.0) write(1p,200) n
200 format(33x,33h licn not big enough increase by ,i6)
idisp(1 =2
210 if (Ip.ne.0) write(1p,220)
220 format(33h+error return from me23ad because)
<
230 return
end
cH#d###date 0] jan 1984  copyright ukaea, harwell.
cHiirtalias me2dad
subroutine me24ad(n,icn,a e lenr Jensl,w}
REAL a{licn),w{n),amaxiwrowl,amaxu,zero
integer icn(lien)lenr{n)lenri(n}
data zero/0.0d9/
amaxi=zero
do 10 =1l n
10 w(ipzere
10=1
do 160 i=1n
if {lenr(i).ea.0) go to 100
j2=j0+lenr(i)-1
if {lenrl{i}.eq.0} go to 50
¢ cajculation of 1-norm of |.
ji=)0+lenrl(i)1
wrowk=zero
do 30 §j=0,1
30 wrowl=wrowltabs(a(ij)}
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¢ amax} is the maximum norm of columns of 1 so far found.
amaxi=wrowl
0=+
¢ caleylation of norms of columns of 1 (max-norms),
50 j0=j0+1
i (508152 o to 90
do 80 jj=i0,i2
J=ien()
80 w(iyabs(alin
90 i0=j2+1
100 continue
£ amaxu is set 1o maximum max-norm of columns of u.
AMAXU=ZETO
do 200 i=1.n
200 amaxu=w(i)
¢ grofac is max u max-norm times max 1 -norm.
w( 1 }amaxi*amaxu
return
end

subroutine ma28cd(n, a, licn, icn, ikeep, rhs, w, mtype)
¢
¢ this subroutine uses the factors from ma28a/ad or ma28b/bd to
¢ soive a system of equations without iterative refingment,
¢ the parameters are ...
cn integer order of matrix not altered by subroutine.
ca real/double precision array length licn. the same array as
¢ was used in the most recent call to ma?8a/ad or ma28b/bd.
¢ ficn integer length of arrays a and icn. not altered by
¢ subroutine.
cicn  integer array of length licn. same asray as output from
¢ ma28a/ad. unchanged by ma28c/cd.
¢ ikeep integer array of length 5*%n. same array as output from
¢ ma28a/ad. unchanged by ma28c/ed.
erhs real/double precision array length n. on entry, it holds the
¢ right hand side. on exit, the solution vector.
cw real/double precision array length n. used as workspace by
¢ ma30c/ed.
cmtype integer used to tell ma30c/cd to solve the direct equation
¢ (mtype=1) of its transpose (mtype.ne. 1}
C

REAL a(lien), ths(n), w{n), resid, mresid, eps, rmin

integer idisp(2)

integer icn(licn), ikeep(n,3)

logical abort], abort2
¢ common block variables.
¢ unless otherwise stated common block variables are as in ma28a/ad.
¢ those variables referenced by ma28c/ed are mentioned below.
cresid real/double precision variable returns maximum residual of
¢ equations where pivot was zero.
c myesid real/double precision variable used by ma28c/ed to
¢ communicate between ma28f/4d and ma30n/hd.
¢ idisp integer array length 2 the same as that used by ma28a/ad.
¢ it is unchanged by ma28b/bd.
¢
¢ further information on common block variables can be found in block
¢ data or ma28a/ad.

comumon /ma28fd/ eps, rmin, resid, imcp, iencp, minirm, minicn,

* frank, abortl, abort2

common /maZ8gd/ idisp

common /ma3Chd/ mresid
c
¢ this call performs the solution of the set of equations,

call ma30cd(n, icn, a, lien, ikeep, keep( £,4), ikeep{1,5),

* idisp, ikeep(1,2), ikeep(1,3), rhs, w, mtype)
¢ transfer common block information.

resid = mresid

returm

end

subroutine ma30cd(n, icn, a, licn, lenr, lenrt, lenoff, idisp, ip,

*ig, x, w, mtype)
¢ ma30c/cd uses the factors produced by ma3Ga/ad or ma30b/bd o solve
¢ 2x=D or a transpose x=b when the matrix pl*a*gl (paq) is block
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¢ lower triangular {including the case of only one diagonai

¢ block)

c

¢ we now describe the argument list for ma3Ge/ed.

cn isan integer variable set to the order of the matrix. it is ot

¢ altered by the subroutine.

¢ icn is an integer array of length licn. entries idisp{1) to

¢ idisp(2) should be unchanged since the fast call to ma30a/ad. if
¢ the matrix has more than one diagonal block, then column indices
¢ corresponding 1o non-zeros in sub-diagonal blocks of paq must
¢ appear in positions 1 to idisp(1)-1. for the same row those

¢ entries must be contiguous, with those in row i preceding those
¢ inrow i+] (#=1,..,n-1) and no wasted space between rows.

¢ enirigs may be in any order within each row. it is not altered

¢ by ma3Ge/ed.

ca is areal/double precision array of length lien. entries

¢ idisp(1) to idisp(2) should be unchanged since the last call to

¢ ma30a/ad or ma30b/bd. if the matrix has more than one diagonal
¢ block, then the values of the non-zeros in sub-diagonal blocks
¢ must be in positions 1 to idisp(1)-1 in the order given by icn.

¢ itis not altered by ma30c/cd.

clicn is an integer variable set to the size of arrays icn and a.

¢ it is not altered by ma30c/ed.

¢ lenr,lenr] are integer arrays of length n which should be

¢ unchanged since the last call to ma30a/ad. they are not altered
¢ byma3Oc/cd,

¢ lenoff is an integer array of length n. tf the matrix pag {or

¢ pl*a*ql) has more than one diagonal block, then lenofKi),

¢ i=1,..,n should be set to the number of non-zeros in row i of

¢ the matrix paq which are in sub-diagonal blocks. if there is

¢ only one diagonal block then lenoff{1) may be set to -1, in

¢ which case the other entries of lenoff are never accessed. itis

¢ rnotaltered by ma3Gc/cd.

¢ idisp is an integer array of length 2 which should be unchanged

¢ since the last call to ma30a/ad. it is not altered by ma3Qcicd.

¢ ip,in are integer arrays of length n which should be unchanged

¢ since the last call to ma30a/ad. they are not altered by

¢ ma3leled.

¢ x is a real/double precision array of length n. it must be set by

¢ the user to the values of the right hand side vector b for the

¢ equations being solved. on exit from ma30c/ed it will be equal
¢ tothe solution x required.

cw is a real/double precision array of length n which is used as

¢ workspace by ma3Qe/ed,

c mtype is an integer variable which must be set by the user, if

¢ mtype=1, then the solution to the system ax=b is returned; any
¢ other vaiue for mtype will return the solution to the system a

¢ transpose x=b. it is not altered by ma3lc/ed.
¢

REAL a(lien), x{n), w{n), wii, wi, resid, zero
logical neg, nebloc
integer idisp(2)
integer ien(lien), lenr(n), lenrl(n}, lenoff(n). ip(n), ig(n)
¢ see block data for comments on variables in common.
common /ma30hd/ resid
data zero 0.0/
¢
¢ the final value of resid is the maximum residual for an inconsistent
¢ setof equations.
resid = zero
¢ nobloc is frue. i subroutine block has been used previously and
¢ is false otherwise. the value false. means that lenoff
¢ will not be subsequently accessed.
nobloc = lenoff( 11,160
if (mtype.ne.1) go to 140
¢
cwenow solve a*x=b
¢ neg is used to indicate when the last row in a block has been
¢ reached. it is then set to true whereafter backsubstitution is
¢ performed on the block.
neg = false,
¢ ip(n) is negated so that the last row of the last block can be
¢ recognised. itisreset to its positive value on exit.
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ip(n) = -ip(n)
¢ preorder vector .., w(i} = x(ip(i})
do 10 1i=in
i=p(if)
1= tabs(i)
w(iiy = x(i)
1{ continue
¢ it holds the position of the first non-zero in the current row of the
¢ offidiagonal blocks.
t= |
¢ ifirst holds the index of the first row in the current block,
ifirst=1
¢ iblock holds the position of the first non-zero in the current row
¢ of the lu decomposition of the diagonal biocks.
iblock = idisp{1)
¢ if i is not the last row of a block, then a pass through this loop
¢ adds the inner product of row 1 of the off-diagonatl blocks and w
to w and performs forward elimination using row i of the la
decomposition. if i is the last row of a block then, after
performing these aforementioned operations, backsubstitution is
performed using the rows of the block.
do 120 i=1i.n
wi = w(i}
if (nobloe) go to 30
if (lenoffi}.eq.0) go 10 30
¢ operations using lower triangular blocks,
¢ itend is the end of row 1 in the off-diagonal biocks.
liend = It + lenoff{i) - 1
do 20 fj==it ltend
J=ien(jj)
wi=wi - a(ji)y*w(j}
20 continue
¢ It is set the beginning of the next off-diagonal row.
It =ltend + 1
¢ set neg to true. if we are on the last row of the block.
30 if(ip(i)1t.0) neg = true.
if {lenri(i}.eq.0} go to 50
¢ forward elimination phase,
¢ fend is the end of the | part of row i in the lu decomposition.
iend = tblock + lenrl{i) - 1
do 40 y=iblock,jend
j= ien(jj)
wi =wi + a(fjy*w(j)
40 continue
¢ iblock is adjusted to point to the start of the next row.
50 iblock = iblock + lenr{i)
w(i} = wi
if { not.neg) go to 120
¢ back substitution phase,
¢ j1 is position in a/icn after end of block beginning in row ifirst
¢ and ending in row i,
jt = ibtock
¢ are there any singularities in this block? if not, continue with
¢ the backsubstitution.
ib=i
if (iq(i).gt.0) go to 70
do 60 ii=ifirst,i
ib =i - fil + ifirst
if (iq{ib}.g1.0) go to 70
jl =j1 «lenr(ib)
resid = abs(w(ib))
wi{ib) = zero
60 continue
¢ entire block is singular.
gotw 110
¢ each pass through this loop performs the back-substitution
¢ operations for a single row, starting at the end of the block and
¢ working through it in reverse order.
70 do 100 iti=ifirst.ib
ii = ib - iii + ifirst
¢ j2 is end of row ii.
j2=j1-1
¢ J1 15 beginning of row i1
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j1 =1 «lenr(ii}
¢ jpiv is the position of the pivot in row ii.
jpiv=j1+ lenrl(ii}
jpivpl =jpiv + |
¢ jump if row ii of i has no non-zeros.
if (j2.11.jpivpl) go to 90
wii = w(il}
do 80 ji=jpivpl j2
J=ien(jj)
wii = wii - a(jj)y*w(j)
80 continue
wit) = wii
90 w(il) = w(ii}a(jpiv)
160 continue
110 ifirst=i+ 1
neg = false.
120 continue
c
¢ reorder solution vector ... x(i)=w(iginverse(i})
do 130 i=1,n
1= ig{ii)
£ iabs{i)
%*(i) = w{ii)
130 continue
ip(n) = -ip(n)
goto 320
c
¢
¢ we now solve atranspose * x=b.
¢ preorder vector ... w(iFx(iq(i)}
140 do 150 i=in

i = ig(ii)
i = iabs(1)
w(if) = (i}

150 continue
¢ lj1 points to the beginning the current row in the off-diagonal
¢ blocks.
11 = idisp(1}
¢ iblock is initialized to point to the beginning of the block after
¢ thelastone]
iblock = idisp(2) + 1
¢ ifast is the last row irt the current block,
ilast=n
¢ iblend points to the position after the last non-zero in the
¢ current hiock.
iblend = iblock
¢ each pass through this loop operates with one diagonal block and
¢ the off-diagonal part of the matrix corresponding to the rows
¢ of this biock. the blocks are taken in reverse order and the
& number of times the loop is entered is min{n,no. blocks+1).
do 290 numblk=1n
if (ilast.eq.0) go to 300
ibiock = iblock - lenr(ilast)
¢ this loop finds the index of the first row in the current block..,
¢ itisfirst and iblock is set to the position of the beginning
¢ ofthis first row,
do 160 k=l n
i =ilast - k
if (iLeq.0) goto 170
if (ip(ii).1t.0) go to 170
iblock = iblock - lenr(ii)
160 continue
170 ifirst=#+1
¢ j points to the position of the beginning of row i (It part) or pivot
1 =1block
¢ forward elimination.

¢ each pass through this foop performs the operations for one row of the

¢ Dbiock. ifthe corresponding entry of w is zero then the
¢ operations can be avoided.
do 210 i=ifizstilast
if (wli).eq.zero) go to 200
¢ jump if row i singular.
if (iq(i}.1t.0) go 10 220
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¢ j2 first points to the pivot in row i and then is made to point to the
¢ first non-zero in the u transpose part of the row,
j2=]1 +lenrli)
wi = w{i)a(j2)
if (lenr{(i)-lenrl{i).eq.1} go to 190
R=j2+1
¢ j3 points to the end of row 1.,
j3=il +lenr{i)- 1
do 180 jj=i2,i3
j=fendii)
w(j) = wij) - aliiy*oi
180  continue
190 wiy=wi
200 ib=j1 +lens(i)
210 continue
2010 240
c deals with rest of block which is singular.
220 do 230 ii=i,iast
resid = abs{w(ii}}
wi{ii) = zero
230 continue
¢ back substitution.
c this loop does the back substitution on the rows of the biock in
¢ thereverse order doing it simultaneously on the | wanspose part
¢ ofthe diagonai blocks and the off-diagonal blocks,
240G i1 =iblend
do 280 iback=ifirst ilast
i = ilast - iback + ifirst
¢ il points to the beginning of row 1.
j1=j1 - lenr(i}
if (lenrl(i).eq.0) go to 260
¢ i2 points to the end of the 1 transpose part of Tow L.
2 =41 +lenr(i)- 1
do 250 ji=j1,j2
= feni)
wij) = wij) + algyrw(i)
230 continue
260  if (nobloc) goto 280
¢ operations using lower triangular blocks.
if (tenofi{i).eq.0) go to 280
¢ 1j2 points to the end of row i of the off-diagonal blocks.
2=41-1
¢ lji points to the beginning of row 1 of the off-diagonal blocks.
i1 =1j1 - fenoff{(i)
do 270 ji=41,3j2
i=ien)
w(j) = w(3) - a(if)*w(i)
270 continue
280 continue
ibiend = ji
ilast = ifirst - |
290 continue
¢ reorder solution vector ... x(3¥=w{ipinverse{i})
300 do 310 5=1,n
i=ip(ii)
i=1abs(1}
x{i) = w(ii)
310 continue
¢
320 remrn
end

block data ma28jd
c
¢ commenis on all the common block variables are given here even
¢ though some are not initialized by block data.
¢ Ip,mp are used by the subroutine as the urit numbers for its warning
¢ and diagnostic messages. default value for both is 6 (for line
printer output). the user can either reset them to a different
stream number or suppress the output by setting them to zero.
while Ip directs the output of error diagnostics from the
principal subroutines and internaily called subroutines, mp
controls only the output of a message which warns the user that he
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has input two or more non-zeros a(i), . . ,a(k) with the same row
and column indices. the action taken in this case is t0 proceed
using & numerical value of a(iy+ _+a(k). in the absence of other
errors, iflag will equal -14 on exit.

Iblock is a logical variable which controls an option of first
preordering the matrix to block lower triangular form (using
harwell subroutine me23a). the preordering is performed if Iblock
is equal to its default value of true. i Bblock is set to
false. , the option is not invoked and the space aliocated to
ikeep can be reduced to 4¥n+],

grow s a jogical variable. if it is left at its default value of
true. , then on return from ma28a‘ad or ma28b/bd, w(1) will give
an estimate (an upper bound) of the increase in size of elements
encountered during the decomposition. if the matrix is welt
scaled, then a high value for w(1), relative to the largest entry
in the input matrix, indicates that the lu decomposition may be
inaccurate and the user should be wary of his results and perhaps
increase u for subsequent runs. we would like to emphasise that
this value only relates to the accuracy of our lu decomposition
and gives no indication as to the singularity of the matrix or the
accuracy of the solution. this upper bound can be a significant
overestimate particularly if the matrix is badly scaled. if an
accurate value for the growth is required, Ibig (q.v.) should be
setto true.

eps,rmin are real variables. if, on entry to ma28b/bd, eps is kess
than one, then rmin will give the smallest ratio of the pivotto

the largest element in the corresponding row of the upper
triangular factor thus monitoring the stability of successive
factorizations. if rmin becomes very large and w(1) from
ma28b/bd is also very large, it may be advisable to perform a
new decomposition using ma28a/ad.

resid is a real variable which on exit from ma28c/ed gives the value
of the maximum residual over all the equations unsatisfied because
of dependency (zero pivots).

imep,icncp are integer variables which monitor the adequacy of "etbow
room" in irn and afien respectively. if either is quite karge (say
greater than n/10), it will probably pay te increase the size of
the corresponding array for subsequent runs. if either is very low
or zero then one car perhaps save storage by reducing the size of
the corresponding array.

minirn,tminicn are integer variables which, in the event of a
successful retumn (iflag ge O or iflag=14) give the minimum size
of irn and aficn respectively which would enable a successful run
on an identical matrix. on an exit with iflag equal to -3, minicn
gives the minimum value of icn for success on subsequent runs on
an identical matrix, in the event of failure with iflag= -6, -4,
-3, -2, or -1, then minicn and minirn give the rainimum value of
licn and lirn respectively which would be required for a
successful decomposition up to the point at which the failure
oceurred.

© irank is an integer variable which gives an upper bound on the rank of

¢ the matrix.

c abort] is a logical variable with default value true. if aborti is

¢ setto false. then ma28a/ad will decompose structurally singuiar

¢ matrices (incleding rectanguiar ones).

¢ abort2 is a logical variable with default value true. if abort2 is

¢ setto false. then ma28a/ad will decompose numerically singalar

¢ matrices.

¢ idisp is an integer array of length 2. on output from ma28a/ad, the

¢ indices of the diagonal blocks of the factors lie in positions

¢ idisp{1) to idisp(2) of a/icn. this array must be preserved

¢ between a call to ma28a/ad and subsequent calls (o ma28b/bd,

¢ ma28cicd or ma28iid.

¢ tof is a real variable. if it is set to a positive value, then any

¢ non-zere whose modulus is less than tol wili be dropped from the

factorization. the factorization will then require less storage

but will be inaccurate. after a run of ma28a/ad with tol positive

it is not possible to use ma28b/bd and the user is recommended to

use ma28ifid to obtain the solution. the default vaiue for tol is

¢ Q0.

¢ thernax is a real variable. on exit from ma28a/ad, it will hold the

¢ largest entry of the original matrix.

¢ big is a real variable. i Ibig has been set to .true., big will hold

G OO 000600000 0G000000Gg000 0060000000606 000000a0606000008066O0A0O0
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¢ the Jargest entry encountered during the factorization by ma28a/ad
¢ ormaZ8b/bd.

¢ dxmax 15 a real variable. on exit from ma28i/id, dxmax wilt be set to
¢ the Jargest component of the sofution.

¢ errmax is a real variable, on exit from ma28i/id, if maxit is

€ positive, errmax will be set to the largest component in the

¢ estimate of the error.

© dres is a real variable. on exit from ma28i/id, if maxit is positive,

¢ dres wili be set to the largest component of the residual,

¢ cgee is a real variable, it is used by ma284/id to check the

¢ convergence rate. if the ratio of successive corrections is

¢ notless than ¢gee then we terminate since the convergence

© rate is adjudged too slow.

< ndrop is an integer variabie. if tol has been set positive, on exit

¢ from ma28a/ad, ndrop will hold the number of entries dropped from
¢ the data structure,

¢ maxit is an integer variable. it is the maxdmum number of iterations
¢  performed by ma28¥id. it has a default vaiug of 16.

¢ noiter is an integer variable. it is set by ma28i/id to the number of

¢ iterative refinement iterations actually used,

¢ nsrch is an integer variable. if nsrch is set to a value less than n,

¢ then a different pivot option will be empioyed by ma28a/ad. this
¢ may result in different fill-in and execution time for ma28a/ad.

¢ if msrch is Jess than or equal 10 1, the workspace array iw can be
¢ reduced in length. the default value for ngreh is 32768.

¢ istart is an integer variable. if istart is set {o a value other than

¢ zero, then the user must supply an estimate of the solution to

¢ ma28i/id. the default value for istart is zero,

¢ lbig is a logical variabie. if Ibig is set to .true., the value of the

¢ largest element encountered in the factorization by ma28a/ad or
ma28b/bd is returned in big. setting Ibig to true. will

ingrease the time for ma?8a‘ad marginaily and that for ma28b/bd
by about 20%. the default value for Ibig is false.

Lo eI+ I 4

REAL eps, rmin, resid, toi, themax, big, dxmax,dmax[ dminl.abs,
* errmax, dres, cgee

logical iblock, grow, abort!, abort2, Ibig

common /ma28ed/ Ip, mp, lbiock, grow

commen /ma28fd/ eps, rmin, resid, imep, icnep, minirn, minicn,
* irank, abort], abort2

common /ma28gd/ idisp(2)

common /ma?8hd/ tol, themax, big, ermmax, dres, cgce,

* ndrop, maxit, noiter, nsrch, istart, lhig

data eps /1d-04/, tol /0.0d%/, egee /0.5d0/

data maxit /16/

data Ip /6/, myp /6/, nsrch /327687, istart £/

data Iblock /.true/, grow /true./, Ibig / false./

data abort] /true./, abort2 /.true./

end

block data ma30jd
¢ although sli common block variables do not have default values,
¢ we comment on all the common biock variables here.
<
¢ common block ma3Qe/ed holds control parameters ...
¢ common /ma30ed/ Ip, aborti, abort2, abort3
¢ the mteger Ip is the unit nutntber to which the error messages are
¢ sent. Ip has a default vaiue of 6. this default value can be
¢ reset by the user, if desired. a value of O suppresses all
C  raessages.
¢ the logical variables abort1,abort2.abort3 are used to control the
¢ conditions under which the subroutine wili terminate.
¢ ifabort! 18 .;rue. then the subroutine will exit immediately on
¢ detecting structural singularity.
¢ if abort2 is .true. then the subroutine will exit immediately on
¢ detecting numerical singularity.
¢ if abort3 is .true. then the subroutine will exit immediately when
¢ the available space in a/icn is filled up by the previously
¢ decomposed, active, and undecomposed parts of the matrix.
¢ the default values for abort1,abort2 abort3 are set to .true.,.frue.
c and false. respectively.
¢
¢ the variables in the common block ma30f/{d are used to provide the
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¢ user with information on the decomposition.

¢ common /ma30fd/ irnep, icnep, irank, minirn, minien

¢ irnep and icncp are integer variables used to monitor the adequacy

¢ ofthe allocated space in arrays irn and aficn respectively, by

¢ taking account of the number of data management compresses

¢ required on these arrays. if irnep or icnep is fairly large (say

¢ greater than n/10), it may be advantageous to increase the size

¢ ofthe comresponding array({s). irncp and icnep are initialized

¢ tozero on entry to ma30a/ad and are incremented each time the

¢ compressing routine ma30d/dd is entered.

¢ icnep is the number of compresses on aficn.

¢ imep is the number of compresses on im.

¢ irank is an integer variable which gives an estimate (actually an

¢ upper bound) of the rank of the matrix. on an exit with iflag

¢ equal to 0, this will be equal to n,

¢ minirn s an infeger variabie which, after a successful cali to

¢ ma30alad, indicates the minimum length to which im can be
reduced while still permitting a successful decomposition of the
same matrix. if, however, the user were to decrease the length
of im fo that size, the number of compresses (irncp} may be
very high and quite costly. if lirn is not large enough to begin
the decomposition on & diagonai block, minirn will be equal to
the value required to continue the decomposition and iflag will
be set to -3 or -6. a value of limn shightly greater than this
(say about n/2) will usually provide enough space to complete
the decormnposition on that block. in the event of any other
faflure minirn gives the minimum size of irn required for 2
successful decomposition up to that point.

miricn is an integer variable whith after a successful call to
ma30a/ad, indicates the minimum size of licn required to enable
a successful decomposition. in the event of failure with iflag=
-5, migsicn will, if abort3 is left set to .false., indicate the
mirimurn lengih that would be sufficient to prevent this error in
a subsequent run or an identical matrix. again the user may
prefer to use a vaiue of icn slightly greater than minicn for
subsequent runs to avoid too many conpresses {icacp). in the
event of failure with iflag equal 10 any negative value except
-4, minicn witl give the minimum length to which licn could be
reduced to enable & successful decomposition to the point at
which failure oceurred. notice that, on a successful entry
idisp(2) gives the amount of space in aficn required for the
decomposition while rminicn wili usually be slightly greater
because of the need for "elbow room". if the user 15 very
unsure how large to make licn, the vartable minicn can be used
to provide that information. a prefiminary run should be
performed with abort3 left set to false. and licn about 3/2
tirnes as big as the number of non-zeros in the original matrix.
unless the initial problem is very sparse (when the run will be
successful) or fills in extremely badly {giving an errer return
with iflag equal to -4}, an error return with iflag equal to -5
should result and minicn will give the amount of space required
for 2 successful decomposition.

commen block ma30g/gd is used by the ma30Oly/bd entry only.
common /ma30gd/ eps, rmin

eps is 4 real/double precision variable. it is used to test for
smali pivots. its default value is 1.0e-4 (1.0d~4 in d version).
if the user sets eps 1o any value greater than 1.0, then o
check is made on the size of the pivots. although the absence of
such a check would fail to warn the user of bad instability, its
absence will enable ma30b/bd to run slightly faster. an a
posteriori check on the stability of the factorization can be
cbtained from me24afad.

rmin is & real/double precision variable which gives the user some
information about the stability of the decomposition. at each
stage of the Tu decomposition the magnitude of the pivot apiv
is compared with the largest off.diagonal entry currently in its
row (row of u), rowmax say. if the ratio

min (apivirowmax)

where the minimum is taken over all the rows, is less than eps
then rmin is set to this minimum value and iflag is returned
with the value -+ where i is the row in which this mirimum
occurs. if the user sets eps greater than one, then this test
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¢ isnotperformed. in this case, and when there are no smafi

¢ pivots rmin will be set equal to eps.

c

¢ common block ma30h/hd is used by ma30c/cd only.

¢ common /ma30hd/ resid

¢ resid is a real/double precision variable. in the case of singuiar

¢ orrectangular matrices its final value wili be equai to the

¢ maximum residual for the unsatisfied equations; otherwise its

¢ value will be set to zero.

¢

¢ common block ma30i/id controls the use of drop tolerances, the

¢ modified pivot option and the the caleulation of the largest

¢ entry in the factorization process. this common biock was added

¢ tothe ma30 package in february, 1983,

¢ common /ma30id/ tol, big, ndrop, nsrch, 1big

¢ tol is a real/double precision variable. if it is set to a positive

¢ value, then ma30a/ad will drop from the factors any non-zero
whose modulus is less than tol. the factorization wil then
require fess storage but will be inaccurate. after a run of
ma3{a/ad where entries have been dropped, ma30b/hd shouid not
be called. the default value for ol is 0.0.

big is a real/double precision variable. if big has been set to
true,, big will be set to the largest entry encountered during
the factorization.

ndrop is an integer variable. i tol has been set positive, on exit
from ma3Qa/ad, ndrop wili hold the number of entries dropped
from the data structure,

nsrch is an integer variable. if nsrch is set to a value less than
or equal to n, then a different pivot option will be empioyed by
ma30afad. this may result in different f3il-in and execution
time for ma30a/ad. if nsrch is less than or equal to i, the
workspace arrays laste and nextc are not referenced by ma30a/ad.
the default value for nsreh is 32768.

Ibig is & logical variable. if Ibig is set to true., the value of
the largest entry encountered in the factorization by ma30a/ad
is returned in big. setting Ihig to true. will marginally
increase the factorization time for ma30a/ad and wili increase
that for ma3Cb/bd by about 20%. the defiult value for dbig is
false.

OO0 0000600806000 0000G66000

REAL eps, rmin, tol, big

jogical abort!, abort2, abort3, lbig

common /ma30ed/ Ip, abortl, abort2, abort3
common /ma30gd/ eps, rmin

common /ma30id/ tol, big, ndrop, nsrch, Ibig
data eps /1.0d-4/, tol /0.0d0/, big /0.0d0/

data Ip /6/, nsrch /32768/

data Ibig / false /

data abortl /true./, abort2 /true./, asbort3 / false./
end

biock data me23cd

logical abort

common /me23bd/ lp nummz num large abort
data lp/6/,abort/ false./

end
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