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dR∗

0/dµ0 = 0

p∗0 µ0 ∈ [0, 1] λ0 > 0 p̄ ∈ [0, 1] ρ̄ ∈ [0, 1]

β∗
0 µ0 ∈ [0, 1] λ0 > 0 p̄ ∈ [0, 1] ρ̄ ∈ [0, 1]

m∗
0 µ0 ∈ [0, 1] λ0 > 0 p̄ ∈ [0, 1]
ρ̄ ∈ [0, 1]



R∗
0

R∗
0 ≤ R0, = log2(1 + β ) e−ρ p λ0 κ d2 β

2/α

,

β β0

β0 = 2 ρ p λ0 κ d2 β
2/α
0 (1 + β0) ln(1 + β0).

p0 = 1 ρ0 → 1
β0 β0 > 0

dR0/dβ0

k

ǫ
Rk k ∈ A0

Rk < µk (1− ǫ) log2



1 +

(

− ln(µk (1− ǫ))

ρA0\{k}pA0\{k} λ0κ d2

)α/2


 ,

µk k A0\{k} ρ p
k

k k k ∈ A0

0 0 0
k R∗

k k k

ρ p

k

ρ p

R∗
k

Rk

Rk < R∗
k

k ǫ R∗
k

µk k

R∗
k



k k k ∈ A0

ρA0\{k} → 1 pA0\{k} = 1

Rk < µk (1− ǫ) log2

(

1 +

(− log(µk (1− ǫ))

λ0κ d2

)α/2
)

.

(pk, βk, mk)
k ∈ A0

Rk k k k

ǫ = 0
m∗

k → ∞, ∀k ∈ A0

k k

k ∈ A0

µk = µ ∀k ∈ A0 S∗

S∗ = λ0 µ (1− ǫ) log2

(

1 +

(− log(µ (1− ǫ))

λ0κ d2

)α/2
)

.

λ0

µ0



0 0 p = 1 ρ → 1 α = 4 d = 1
ǫ = 0.02

(λ0, µ0) (p∗0, R
∗
0, 1 +m∗

0) R∗
0 R0,

(0.1, 0.2) (1, 3.57, 17.9)
(0.1, 0.8) (1, 0.31, 2.6)
(0.5, 0.2) (1, 0.52, 17.9)
(0.5, 0.8) (1, 0.014, 2.6)

λ0 = 0.1 2 µ0 = 0.2

0

R∗
0 = 3.57 m∗

0 = ⌊16.9⌋
0

0

0 0

R∗
0 = 0.700

R0, = 0.865

µ0 = 0.8 λ0 = 0.1
R∗

0 µ0 = 0.2

R∗
0 m∗

0

µ0

λ0 = 0.5 0

µ0 = 0.2 R∗
0 R0,

µ0 λ0

R∗
0

R∗
0 λ0 = 0.5

λ0 = 0.1

0 0

R∗
0 R∗

0

R0, 0 0

0

µ0

R∗
0 p

p R∗
0

p



0

R∗
0 µ0

0 < µ0 ≤ 1
R∗

0

ρ0 → 1 µ0 R∗
0

µ0

R∗
0

µ0

R∗
0

R0, µ0 p = 1
R∗

0

R0,

R∗
0

NMaximize

ǫ P ∗
,0 = P

∗1+m∗

0
,0 ≈ ǫ

R∗
0

0 0

R0

ǫ R0 < R∗
0

p = 1 p
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R
*

=

=

=
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0 0 0
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R
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*

R
*

R

R∗
0 0 0 R0,

µ0 λ0 = 0.5 2 p = 1 ρ → 1
α = 4 d = 1 ǫ = 0.02 R∗

0

NMaximize



k k ∀k ∈ A0

µ p R
m θ

A0 Φ0 λ0

S = λ0 (1− P ) p ρ
R

1 +m
,

ρ = µ/θ P m

0 0 k k k ∈ A0

ρ = ρ0 = ρ p = p0 = p θ0 = θ β0 = β m0 = m

1+m = 1−P 1+m

1−P
P = 1− e−p µ

θ
λ0 κ d2β2/α

P = P 1+m

max
(p,β,m)

λ0 p
µ

θ
log2(1 + β) e−p µ

θ
λ0 κ d2β2/α

(

1− e−pµ
θ
λ0 κ d2β2/α

)1+m

≤ ǫ,

θ = p
e−p µ

θ
λ0 κ d2β2/α

1−
(

1− e−p µ
θ
λ0 κ d2β2/α

)1+m ,

θ ≥ p

[

1+m
∑

i=1

(

1 +m

i

)

(−1)i+1 e−p λ0(i−1) κd2β2/α

]−1

> µ.

ρ p



m S∗

k ∀k ∈ A0 k k

ǫ

S∗ ≈



























µ λ0 (1− ǫ) log2

(

1 +

(

1

µ λ0 (1− ǫ) κ d2 e

)α/2
)

µ(1− ǫ) ≤ e−1

µ λ0 (1− ǫ) log2

(

1 +

(− log(µ (1− ǫ))

λ0 κ d2

)α/2
)

µ(1− ǫ) > e−1

,

(p∗, β∗, m∗) S∗ µ(1 −
ǫ) ≤ e−1

p∗ = µ(1− ǫ)e,

β∗ =

(

1

µ λ0 (1− ǫ) κ d2 e

)α/2

,

m∗ =
1

logǫ(1− e−1)
− 1,

(p∗, β∗, m∗) µ(1− ǫ) > e−1

p∗ = 1,

β∗ =

(− log(µ0 (1− ǫ))

λ0 κ d2

)α/2

,

m∗ =
1

logǫ(1− µ(1− ǫ))
− 1.

∗

ρ∗ → 1
S∗

P ∗ = P ∗1+m∗

= ǫ

µ ≈ θ∗ = p∗
1− P ∗

1− P ∗1+m∗
= p∗

1− ǫ
1

1+m∗

1− ǫ
⇒ p∗

(

1− ǫ
1

1+m∗

)

≈ µ(1− ǫ).

1− P ∗ = e−p∗ λ0 κ d2β∗2/α
β∗

β∗ =

(

log(p∗)− log(µ(1− ǫ))

p∗ λ0 κ d2

)α/2

.



S∗ = λ0 (1− P ∗ ) p∗ ρ∗
R∗

1 +m∗

= λ0 p
∗ R∗ (1− P ∗)

≈ µ λ0 (1− ǫ) log2

(

1 +

(

log(p∗)− log(µ(1− ǫ))

p∗ λ0 κ d2

)α/2
)

,

R∗ = log2(1 + β∗)
p∗

p∗ = argmax
x

log(x)− log(µ(1− ǫ))

x λ0 κ d2
= min(µ(1− ǫ)e, 1),

µ < x ≤ 1

β∗ m∗

S∗ (p∗0, β
∗
0 , m

∗
0)

S∗ µ ∈ [0, 1] λ0 > 0

µ∗ ∈ [0, 1] S∗ µ ∈ [0, 1]
dS∗/dµ = 0

λ0 > 0 S∗ λ0 > 0
dS∗/dλ0 = 0

p∗ µ λ0 > 0

β∗ µ ∈ [0, 1] λ0 > 0

m∗ µ ∈ [0, 1] λ0 > 0

S∗ S

S∗ ≤ S =



















λ0 log2(1 + β∗)

eλ0 κ d2 β∗2/α
β∗ ≤ (λ0κd

2)
−α/2

log2(1 + β∗)

κ d2 β∗2/α e
β∗ > (λ0κd

2)
−α/2

,



β∗ β

β =











(

2

α
λ0 κ d2 (1 + β) log(1 + β)

)
α

α−2

β ≤ (λ0κd
2)

−α/2

−1 + eW0(−α
2
e−α/2)+α

2 β > (λ0κd
2)

−α/2

,

W0(·) x = W0(x)e
W0(x)

x ≥ −e−1 W0(x) ≥ −1

ρ → 1
p∗ β∗

S = λ0p log2(1 + β)e−pλ0κd2β2/α
β p

p∗ β∗

p∗ =
1

λ0 κ d2 β∗ 2
α

.

0 ≤ p ≤ 1
p∗ > 1 p∗ = 1

S

S < S∗,

S∗

S∗

S∗

S∗ ≤ S∗,

S∗ S∗

p∗ = 1

µ(1− ǫ) ≤ e−1

S



S∗ S∗

S∗ = S∗ µ(1− ǫ) > e−1

p∗ S∗

µ(1 − ǫ) ≤ e−1

ǫ µ

µ p∗ S∗

p∗ = 1 p∗

(p∗, β∗, m∗)

λ0 µ

µ µ = 0.2
p∗ µ = 0.8

p∗ = 1

p∗

S∗ = S∗ p∗ = 1 S∗

S
S∗ S S∗

µ
S∗ S∗ µ
µ S∗

α = 4 d = 1 ǫ = 0.02
(λ0, µ) (p∗, R∗, 1 +m∗) S∗ S∗ S
(0.1, 0.2) (0.53, 3, 95, 8.5)
(0.1, 0.8) (1, 0.31, 2.6)
(0.5, 0.2) (0.51, 0.66, 8.5)
(0.5, 0.8) (1, 0.014, 2.6)
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S

ô S
*

S
*

æ S
*

S
*

S

S∗ S
S∗ µ λ0 = 0.5

2 α = 4 d = 1 ǫ = 0.02 S∗ S∗

NMaximize

Μ

S
*

Λ =

Λ =

Λ =

S

S∗ S
µ λ0 α = 4 d = 1 ǫ = 0.02



Λ

S
*

Μ=

Μ=

Μ=

S

S∗ S
λ0 µ α = 4 d = 1

ǫ = 0.02

µ
S∗

µ λ0

S∗ µ
λ0 µ S∗ µ S λ0

S∗

µ λ0 S∗ µ
µ

λ0 S∗ S

λ0 µ
S∗ λ0 S

λ0

λ0 S∗ S
µ = 0.5 µ = 0.7 µ = 0.2



µ = 0.2 S∗





A 2

S 2

S =
1

A

K
∑

i=0

Ri.

S∗

R = (R0, ..., RK) ∈ H
S∗ = max

R∈H
S.

S∗

Φ λ 2

R
2

d

Φ H
S∗

R
2

Φ

R = (R0, ..., RK) H
C

C = [S∗] =

[

max
R∈H

1

A

K
∑

i=0

Ri

]

.



C

C ≈ λ [R∗],

R∗

Φ R
2 A → ∞ K → ∞ R =

(R0, R1, ...)

C =

[

max
R∈H

lim
A→∞

1

A

K
∑

i=0

Ri

]

,

(a)
=

[

lim
A→∞

1

A

K
∑

i=0

R∗
i

]

,

(b)≈ λ [R∗].

a R∗ = (R∗
0, R

∗
1, ...) ∈ H

S∗

Φ
d

R∗

λ R∗

(b)

R∗

R∗



d

r1 = dβ
∗

1

α

0

TX0RX0

TX1

0 0

1 0 R∗
0

r1 = dβ
∗ 1
α

0 r1
0 1

α > 2 j

i x−α
ij xij

k Pk,

1 +
∑

j∈A\{k}
Pkj ≈ Pk,

R∗ = (R∗
0, R

∗
1, ...) ∈

H
R∗

i , ∀ i ∈ A fR∗(x)
R∗

fR∗(x) ≈ ln 4
2xλπd2 (2x − 1)

2
α

α (2x − 1)
e−λπd2(2x−1)

2
α ,

x > 0

0 0 Φ
Φ

0 i 0 1

2 1+
∑∞

k=1 Pk ≈ P1



0 1 0 d > 0 r1 > 0

R0 ≤ log2

(

1 +
d−α

r−α
1

)

,

r1
r1

r1

fr1(x) = 2λπxe−λπx2

,

x > 0 β∗
0 = d−α/r−α

1

r1 = dβ
∗ 1
α

0

β∗
0 > 0

fβ∗

0
(x) =

2λπd2x
2
α

αx
e−λπd2x

2
α .

R∗
0 = log2(1 + β∗

0)

0

Φ

C ≈ λ

∫ ∞

0

xfR∗(x) dx,

C
f(·)

f (px1 + (1− p)x2) ≥ min{f(x1), f(x2)} 0 ≤ p ≤ 1
R∗ λ R∗ = f(λ) C

λ R∗

λ1 λ2 λ1 < λ2

λ = pλ1 + (1− p)λ2 0 ≤ p ≤ 1

C (λ) = (pλ1 + (1− p)λ2) [f (pλ1 + (1− p)λ2)]

(a)

≥ λ1 [f (pλ1 + (1− p)λ2)]

(b)
= λ1 [f(λ1)] = C (λ1)

(c)

≥ λ2 [f(λ2)] = C (λ2).



(a) λ1 ≤ pλ1 + (1 − p)λ2 (b)
p = 1 0 ≤ p ≤ 1

λ1 [f(λ1)] < λ2 [f(λ2)] (c)
λ1 [f(λ1)] ≥ λ2 [f(λ2)]

λ∗

λ > 0
∫ ∞

0

x
2
α
−1 log2(1 + x)e−λπd2x

2
α dx =

∫ ∞

0

x
2
α
−1

(

λπd2x
2
α − 1

)

log2(1 + x)e−λπd2x
2
α dx.

fβ∗(x)

C = λ

∫ ∞

0

log2(1 + x)fβ∗(x) dx.

C λ
dC /dλ = 0

C ≥ λye−λπd2(2y−1)
2
α ,

y > 0

[R∗ ≥ y] ≤ [R∗]

y
⇒ [R∗] ≥ ye−λπd2(2y−1)

2
α ,

[R∗ ≥ y] = 1−
∫ y

0
fR∗(x) dx 2y − 1 > 0

λ

C ≤ λ log2

(

1 +

(

1

λπd2

)α
2

Γ
(

1 +
α

2

)

)

.

Γ(·)

C = λ [R∗]

(a)
= λ [log2(1 + β∗)]

(b)

≤ λ log2(1 + [β∗]),

(a) R∗ = log2(1 + β∗) (b)
β∗



∼

C ∼ c λ1−α
2 ,

λ → ∞ c =

(

1

πd2

)
α
2

Γ
(

1 +
α

2

)

f(x) g(x) f(x) ∼ g(x)
lim
x→∞

f(x)/g(x) = 1

β∗ λ → ∞

lim
λ→∞

fβ∗(x) = δ(x),

δ(x)
β∗ 0

β∗ → 0

lim
β∗→0

log2(1 + β∗)

β∗ =
1

ln 2
.

C

lim
λ→∞

C = lim
λ→∞

λ [log2(1 + β∗)] = lim
λ→∞

λ
[β∗]

ln 2
.

lim
λ→∞

λ log2(1 + [β∗]) = lim
λ→∞

λ
[β∗]

ln 2
.

lim
λ→∞

λ [log2(1 + β∗)]

λ log2(1 + [β∗])
= 1.

C ∼ λ log2

(

1 +

(

1

λπd2

)
α
2

Γ
(

1 +
α

2

)

)

,

λ → ∞
(

1

λπd2

)
α
2

Γ
(

1 +
α

2

)

→ 0 λ → ∞
log(1 + x) ≈ x x << 1

C
λ

λ∗



Λ

C

C
λ α = 4 d = 1 y = 1

λ C

R∗ C
λ

λ

λ
C λ → ∞



k

Pk,

Pk, 1+
∑

j∈Ā∗

k

Pkj ≈ Pk,

R∗ =
(R∗

0, R
∗
1, ...) ∈ H R∗

k, ∀ k ∈ A R∗

fR∗(x)

fR∗(x) ≈
∞
∑

i=0

(λπd2)i

Γ(i)
e−λπd2fR∗|n(x|n = i)

fR∗|n(x|n) R∗ 1 + n

fR∗|n(x|n) ≈ ln 4
2(1+n)xλπd2

α

(

2(1+n)x − 1

1 + n

)

2
α
−1

e
−λπd2





(

2(1+n)x
−1

1+n

) 2
α
−1





,

x > log(2+n)
1+n

0 0

0 0 0

0

A∗
0



d

r1 = dβ
∗

1

α

0

TX0

RX0

TX1

TX

0 0

0 1 0

r1 0 1

r1 > d

n

0

log

(

1 +
(1 + n)P00

P0,

)

< log

(

1 +
P00 +

∑n
i=1 P0i

P0,

)

.

R0+
∑n

i=1Ri < log
(

1 + (1+n)P00

P0,

)

β∗
0 = P00/P0,

r1 > d fβ∗

0
(x)

fβ∗

0
(x) =

2λπd2x
2
α

αx
e
−λπd2

(

x
2
α−1

)

,

x > 1 fβ∗

0
(x) = 0 x ≤ 1

R0 +
∑n

i=1Ri ≈ (1 + n)R0 (1 + n)R∗
0 = log (1 + (1 + n)β∗

0)
R∗

0 n
0 fR∗|n(x|n)

n = i
πd2

0 1 + n
(1 + n)P00

(1 + n)R0

1 + n
1+n



R0+
∑n

i=1Ri ≈
(1+n)R0

C

C ≈ λ

∫ ∞

0

xfR∗(x) dx,

fR∗(x)

R∗ λ
C λ R∗

C ≥ λ
∞
∑

i=0

(λπd2)i

Γ(i)
ye

−λπd2
(

2(1+i)y
−1

1+i

) 2
α

,

y > log2(2+i)
1+i

i ≥ 0

C ≤ λ

∞
∑

i=0

(λπd2)i

Γ(i)

e−λπd2

1 + i
×

× log2

(

1 + (1 + i)

(

1

λπd2

)
2
α

Γ

(

1 +
2

α
, λπd2

)

eλπd
2

)

,

Γ(·, ·) Γ(z, a) =
∫∞
a

tz−1e−t dt

∼

C ∼ λ

∞
∑

i=0

(λπd2)i

Γ(i)

e−λπd2

1 + i
×

× log2

(

1 + (1 + i)

(

1

λπd2

)
2
α

Γ

(

1 +
2

α
, λπd2

)

eλπd
2

)

,

λ → ∞



1+n

n = i πd2 (λπd2)i

Γ(i)
e−λπd2

C C λ

C ≥ C .

a log2(1 + x) ≤ log2(1 + ax) ∀ a ≥ 1

∫ ∞

1

x
2
α
−1 log2(1 + (1 + n)x)

1 + n
e−λπd2x

2
α dx ≥

∫ ∞

0

x
2
α
−1 log2(1 + x)e

−λπd2
(

x
2
α−1

)

dx,

n ∈ N 0 0

0 0

0 n πd2
2λπd2

α

∞
∑

i=0

(λπd2)i

Γ(i)
e−λπd2

∫ ∞

1

fβ∗ (x)
log2(1 + (1 + i)x)

1 + i
dx ≥

≥
∞
∑

i=0

(λπd2)i

Γ(i)
e−λπd2

∫ ∞

0

fβ∗ (x) log2(1 + x) dx,

fβ∗ (x) fβ∗ (x)
λ

C λ

y y = 2
y

C
λ C

C λ

C
C λ λ → ∞



Λ

C

C
λ α = 4 d = 1 y = 2



T = max
R

[S],

T R = (R0, R1, ...)
Ri i

S

T

T = λ log2(1 + β∗)e−λπd2β∗
2
α ,

β∗ β > 0

β =

(

2

α
λπd2(1 + β) ln(1 + β)

)
α

α−2

.

S = λ(1− P )R,

R P R

R = log2(1+

β) R, β > 0 P = 1− e−λπd2β
2
α

S = λ log2(1 + β)e−λπd2β
2
α ,

β β∗ dS/dβ =
0 β∗

T

T = λ

∞
∑

i=0

(λπd2)i

Γ(i)

e−λπd2

1 + i
log2(1 + (1 + i)β∗

i ) e
−λπd2

(

β
∗
2
α

i −1

)

i = 0, 1, 2, ... β∗
i βi > 1

βi =

(

2

(1 + i)α
λπd2(1 + (1 + i)βi) ln(1 + (1 + i)βi)

) α
α−2

.



Λ

S

T

C

T

C

T
C λ
d = 1 α = 4

βi = d−α/r−α
1 > 1
r1 > d

i = 0, 1, 2, ...
i πd2

C T
C T λ

C ≥ T .

y = log(1 + β∗)
i ∈ N

y yi =
log(1+(1+i)β∗

i )

1+i

T C



T C

λ
λ

C
λ

λ → 0

λ → 0
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