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Resumo

As estatisticas da razao e do produto de varidveis aleatdrias (VAs) sdo importantes
para caracterizar sistemas de comunicacao sem fio, sendo fundamental para avaliar
seus respectivos desempenhos. Por exemplo, muitos parametros de desempenho para
comunicagoes sem fio envolvem o calculo da razao entre as poténcias dos sinais, como
a razao sinal-interferéncia (SIR, na sigla em inglés). Se o sistema de comunicagao
opera em um canal com desvanecimento, a SIR envolve a relagao entre VAs, esco-
lhidas de acordo com o modelo desejado para o canal. A anélise do produto de VAs
tem também grande importancia. Por exemplo, em sistemas multi-hop em fio, o
canal aleatério entre a origem e destino pode ser modelado como o produto das VAs
que descrevem o ganho do canal a cada pulo, assumindo que estes ganhos sejam
estatisticamente independentes. Nestes sistemas, a probabilidade de interrupcao de
servigo pode também ser modelada como o produto de VAs. Além disso, o produto
de VAs é também 1til para modelar o canal keyhole em sistemas de entrada e saida
multiplas (MIMO, na sigla em inglés).

Nesta tese, sao derivadas expressoes simples, exatas, genéricas, para a fungao den-
sidade de probabilidade (FDP) e funcao de distribuigao cumulativa (FDC) para a
razao e o produto de distribuicoes independentes e nao identicamente distribuidas.
Especificamente, sao considerados: razoes Hoyt/n-p, Rice/n-u, Rice/k-p, n-p/n-p,
T Ky F=fi] Kby Komfi/1)-ft, € Q=fu) -f; € Produtos n-pr X 1-fu, K-fo X K-fi, 1-ft X K-{,
e a-p X a-i. Estes resultados sao utilizados em alguns exemplos de aplicagao. En-
tre eles, incluem-se a andlise da vazao do CSMA (em inglés, Carrier Sense Multiple
Access) em ambientes de desvanecimento Rice, Hoyt, Nakagami-m, Rice e Hoyt com-
binados, 7-p e k-p. Além disso, a vazao do DCF (em inglés, Distributed Coordination
Function) do IEEE 802.11 em ambientes de desvanecimento Hoyt, Rice e Nakagami-
m também é apresentada. Finalmente, a razao de varidveis aleatérias independentes
a-f1 e sua aplicagao na analise da capacidade de sistemas de compartilhamento de
espectro sao apresentadas.

Palavras-chaves: Sistemas de comunicagao sem fio. Canais com desvanecimento.
Desvanecimento a-p. Desvanecimento n-p. Desvanecimento x-p. Razao de variaveis
aleatorias. Produto de variaveis aleatérias. Desempenho de sistemas de comunicacao
sem fio.
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Abstract

The statistics of the ratio and the product of random variables (RVs) are impor-
tant to characterize the wireless communication systems and it is key to assess
their performance. For instance, many wireless communication performance mea-
sures involve the calculation of the ratio between signal powers, e.g., the signal-to-
interference ratio (SIR). In cases when the communication system is operating over
a non-deterministic channel, such as a wireless fading channel, the SIR involves the
ratio of RVs, selected according to the channel model assumed. The statistics of
the product of RVs have also great importance. For instance, in a multi-hop wire-
less system, the random channel from source to destination may be modeled as the
product of the RVs that describe the channel gain at each individual hop, assuming
that these gains are statistically independent. For such a system, the overall outage
probability may also be modeled as the product of RVs, each describing once more
the channel gain for the individual hops. Moreover, the product of RVs is also useful
to model the keyhole channel of Multiple-Input Multiple-Output (MIMO) systems.
In this thesis, general, simple, exact, closed-form and infinite series form expres-
sions for the probability density function (PDF) and cumulative distribution func-
tion (CDF) for the ratio and the product of independent non-identically distributed
(in.i.d.) fading RVs are derived. Specifically, the following are considered: ratios
Hoyt/n-p, Rice/n-p, Rice/k-p, n-pu/n-pr, n-p1/k-pt, k-po/ki-pt, w-pu/n-pp, and a-p/a-p;
and products n-p X n-p, k-p X k-p, N-p X K-p, and a-p X a-p. These results are
used in a few application examples. They include the analysis of the throughput of
Carrier Sense Multiple Access (CSMA) in Rice, Hoyt, Nakagami-m, combined Ride
and Hoyt, n-p and -y fading channels. In addition, it is presented the throughput
of the Distributed Coordination Function (DCF) of IEEE 802.11 in Hoyt, Rice, and
Nakagami-m Fading Channels. The ratio of independent alpha-mu random vari-
ables and its application in the capacity analysis of spectrum sharing systems is also
presented.

Keywords: Wireless communication systems. Fading channels. Fading channel a-p.
Fading channel n-p. Fading channel s-p. Ratio of random variables. Product of
random variables. Performance of wireless communication systems.
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Chapter

Introduction

The widespread use of mobile communications, made possible by the deployment of cellular
telephone systems, has substantially altered and extended our capacity and opportunity to
communicate with one another. It has become a technological milestone, capable of influencing
directly our daily life, even in poorer communities where some basic services may still lack.
Nowadays, for a large number of people, access to a wireless communication network has become

indispensable, and a personal radio communication terminal part of their survival tool kit.

Given its importance, it is not a surprise to see that the mobile radio communication is
a growing and very competitive industry. Consumers are enticed by an ever increasing range
of services being offered, and they are demanding new applications and higher quality for the
existing ones. In fact, mobile phones have grown from their original voice communication
function to become a device delivering broad multimedia content, including, among others,

music, games, video and internet.

The evolution of the industry has been stimulated by the remarkable advance in signal
processing techniques, radio frequency circuit design, semiconductor fabrication technologies,
software development methodologies, and system architectures. These technological advances
have enabled increased user mobility, larger system capacity, and higher efficiency, allowing
larger revenue for the service provider and lower rates for the consumer. As already hinted,
the development of a personal radio communication system involves contributions from several

fields of knowledge and it is indeed a complex task. In this work, a very important part of
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this problem is considered, i.e., the wireless channel which connects the radio transmitter to the

receiver.

1.1 Mobile Radio Channel

In mobile radio systems, the wireless channel is commonly considered to include a large
number of scatterers, and the propagation between the transmitting antenna and the mobile
terminal antenna occurs through multiple paths [2][3]. This situation may or may not include a
component on a direct line-of-sight (LOS) path. In any case, along each path, the electromag-
netic wave may interact with obstacles producing a component with its own amplitude, phase,
distance (or delay) and direction. Possible interactions include reflection on large surfaces,
scattering from small® objects, diffraction around small obstacles, transmission through walls
or floors, and shadowing by trees and other obstructions [4]. At the receiver’s antenna, these
(mostly uncorrelated) components combine constructively or destructively to produce a signal
that shows variations in both amplitude and phase. This scenario is aggravated if the receiver
or the scatterers are moving, which is a likely situation, and a dynamic temporal behaviour
should be added to the channel. At the end, a difficult receiving condition is established, with
the presence of energy fading, inter-symbol-interference (ISI), cross-channel-interference (CCI)
and Doppler effect, and where signal fades of 40 dB or more below the average signal level are
not uncommon [5].

The received signal, produced by the combination at the receiver’s antenna of waves arriving
from different paths, can only be modelled deterministically in some simple cases. A precise
mathematical description of this event, which almost certainly includes an unknown number
of scatterers, is too complex for tractable analysis. Therefore, due to the complexity of the
propagation phenomena and due to the statistical nature of the radio channel parameters, a
reliable channel characterisation should make use of statistical analysis. The efforts towards this
characterization have produced a number of relatively simple and accurate models which depend

on the particular propagation environment. In general, the radio propagation analysis breaks

Large and small should be understood with respect to the wavelength of the carrier signal.
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the problem in the following parts: path loss, shadowing or long-term fading, and multipath or
short-term fading [2]. The path loss gives the mean received signal level, whereas the shadowing
produces gradual but random changes in the local mean with granularity in the tens of meters.
The multipath fading causes the received signal to vary rapidly, even with small displacements

of the receiver terminal. In the following, each of these parts is described briefly.

1.1.1 Path Loss

Path loss refers to the attenuation of the electromagnetic wave while propagating through
space, from the transmitter to the receiver antenna. It is caused by dissipation of the radiated
power as well as other effects, such as absorption. The simplest of such model, the free space
loss, considers the existence of only the direct LOS link between the transmitter and receiver.

Under this model, the received signal power Pg is given as

A 2
PR - PTGTGR <m) (11)

in which Pr is the transmitted power, G and G are the transmit and receive antennas gains,
respectively, A is the transmitted carrier wavelength, and d is the distance between the antennas.
It can be seen that the received power decreases with the square of the distance under free
space propagation. Also, shorter carrier wavelength, or equivalently higher carrier frequency,

translates into higher path loss.

Although conveniently simple, the free space path loss alone is not an accurate model to
describe most propagation scenarios. Additions to the basic model have been proposed by
Okumura, Hata, among others [6][7], for propagation in urban, rural, and indoor areas. Also,
experiments have indicated that the path loss exponent, i.e., the distance exponent in (1.1),
depends on the specific propagation environment, as illustrated in Tables 1.1 [1] and 1.2, which
shows higher attenuation than that found in free space propagation for most locations. In any
case, it can be seen that the path loss given by (1.1) is constant at a given distance, which is a

somewhat simplistic assumption.
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Table 1.1: Path loss exponent values for different environments [1].

Environment Path Loss Exponent
Free space 2
Urban area cellular radio 2.7 to 3.5
Shadowed urban cellular radio 3tob
In building, LOS 1.6 to 1.8
Obstructed in building 4 t0 6

1.1.2 Shadowing

The presence of obstacles that are larger than the carrier wavelength, such as hills, buildings
and trees, obstructs the direct path between transmitter and receiver. In such a case, the
receiver is in the shadow of the transmitted signal, and only the diffracted waves are able to
reach its antenna. Accordingly, this phenomenon is often called shadowing, and it results in
changes of the signal strength, even if measured at points that are at equal distances from the

transmitter.

Experimental results show that shadowing can be fairly accurately modelled as a log-normal
random variable [2]. In other words, the envelope of the received signal under shadowing behaves
as a Gaussian (Normal) random variable if the variable is expressed in the logarithmic scale, for

instance, in dB. Thus, the probability density function (PDF) of the signal envelope r may be

frlr) = ;m exp [—% (T - “)2] (1.2)

in which p is the average value, o is the standard deviation, with r, 4 and o expressed in dB.

given by

The value of p usually represents the path loss estimates for the desired location, whereas the
value of ¢ is often obtained by empirical measurements, with typical values in the range 5-12 dB
[8], as shown in Table 1.2. In addition, measurements have indicated that shadowing exhibits
spatial correlation, i.e., the fading is correlated over short distances, typically within 10 to 50

m [8].
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Table 1.2: Sample of path loss exponent and log-normal shadowing standard deviation values
for urban or suburban.

Environment Path Loss Exponent Standard Deviation
German cities [9] 2.4 to 3.8 7.1to 13.1 dB
San Francisco Bay, USA [10] 2.6 to 2.7 7.7t09.3 dB
Residential, USA [11] 2.7 to 3.6 3.1 to 10.2 dB
Suburban, United States [12] 3.6 to 4.6 8.2 to 10.6 dB
Residential, Boulder, USA [13] 2.0 (LOS) 6.9 dB (LOS)
3.5 (non LOS) 9.5 dB (non LOS)
Dense urban, Chicago, USA [14] 3.9 9.5 dB
Suburban, Helsinki, Finland [15] 4.0 6.1 dB

1.1.3 Multipath Fading

Multipath fading can cause deep fades in the signal strength within small distances or short
periods of time and, accordingly, it is also referred to as short-term fading. Mainly, multipath
fading can be caused by (i) multipath propagation, (i) Doppler effect, and (iii) selective fad-
ing. Multipath propagation, with the combination at the receiver’s antenna of different waves,
each showing random amplitude and phase, can cause significant fluctuations of the received
envelope. Also, the relative motion between the transmitter and the receiver can cause random
frequency modulation, because of the effect of different Doppler shifts on each of the multipath
components. The speed of surrounding objects may also alter the multipath components and
their Doppler shifts, also significantly influencing the received signal. Finally, if the bandwidth
of the transmitted signal is larger than the channel bandwidth, then selective fading might

occur.

Multipath fading is usually modelled by a random variable with a certain probability distribu-
tion. A number of distributions, including the Rayleigh, Rice [16] (also known as Nakagami-n),
Hoyt [17] (also known as Nakagami-q) and Nakagami-m [18], have been used for a few decades
and are well established. In particular, the Nakagami-m distribution has attracted significant
interest because of its analytical tractability and scope, although it was initially proposed with-
out a physical model to support it. There have been, however, situations for which either of

these distributions seems to provide only moderate statistical fit. As a result, work has been
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done aimed at formulating broader models, able to include aspects of the channel that might
have been neglected in these earlier efforts. Among the recent entries to the multipath fam-
ily, the n-p, s-p [19] and a-p [20] distributions should be mentioned, which might be seen as
generalizations of the traditional distributions. In the following, the multipath fading models

relevant to this work are described briefly.

Rayleigh Fading Model

The Rayleigh fading [2] is, probably, the most used model for characterization of multipath
fading in a non-frequency selective channel. It assumes a multipath propagation environment
with a large number of scatterers and without LOS signal, resulting in a signal amplitude that

follows the Rayleigh distribution.

Consider the received signal envelope, with amplitude R and phase ©, defined as the sum
of an arbitrary number n of scattered waves with random amplitudes and phases A; and ©,,

i =1,2,...,n, respectively. Clearly,

Rel® = ZAiej@i =X +j5Y (1.3)
i=1
in which
X £ ZA" cos(6;), and Y = Z A;sin(6;) (1.4)
i=1 i=1

are the in-phase and quadrature components of the signal envelope, respectively. If it is assumed
that n is large and that the phases ©; are uniformly distributed between 0 and 27, it results
that, using the central limit theorem, X and Y are uncorrelated Gaussian variates with zero
mean and equal variance 2. In addition, knowing that R? = X? + Y2, the density fr(r) can
be calculated as the PDF of the Rayleigh distribution and expressed by

i) = Seww (~ ) (15)

o2 202
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Rice Fading Model

The Rice fading model assumes that the received signal is the result of a dominant component
(such as a direct LOS signal) added to a large number of multipath scattered waves. Therefore,
the analysis is similar to the Rayleigh fading channel introduced above, with the addition of the
LOS component. Let the scattered components be represented by two independent Gaussian

2. The in-phase and

variates, denoted X and Y, both with zero mean and equal variance o
quadrature components of the signal envelope in a Rice fading channel can be expressed as
X 4+ a and Y, respectively, where the constant a represents the envelope of the dominant signal

(also, the mean value for the in-phase component). The PDF of the received signal envelope

can be expressed as [16]

T r? + a? ar
fR(T) = ; exp (— 952 ) [0 (;) (16)
in which 7,(.) is the modified Bessel function of the first kind and v-th order [21, Eq. 9.6.10].
Let k £ % be defined as power ratio between the dominant and scattered signals. In

addition, note that the mean square value E(R?) £ 72 = a? + 20?% = 20%(k + 1), in which E(.) is
the expectation operator. Using the values above, the envelope PDF in (1.6) may be rewritten
as

fr(r) = Q(R——FD% exp {—(FL + 1);—2} Iy [2 K(k+1) 2] : (1.7)

er T
It is easy to see that if & is set to zero, thus eliminating the dominant component, (1.7) simplifies

to the Rayleigh PDF; and if Kk — oo, the non-fading situation is obtained.

Hoyt Fading Model

The Hoyt fading model assumes that the received signal is the result of the sum of a large
number of multipath scattered waves, without the prevalence of a single component (for instance,
the LOS signal). However, differently from the Rayleigh fading channel, the variances of the

in-phase and quadrature components of the signal envelope may be different. Accordingly,

2

let X and Y be two independent Gaussian variates with zero mean and variances o

2
and oy,
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respectively. The PDF of the received signal envelope can be expressed as [17]

e KT IO N

o2

Let the power ratio between the in-phase and quadrature signals be defined as n £ = Also,
)

let the parameters h and H be defined as

héi(%hﬁ;y andHéi(%—n). (1.9)

In addition, note that the mean square value E(R?) + 05. Using the values above,

the envelope PDF in (1.8) may be rewritten as
r 7 r?

It is easy to see that if 7 is set to unity, thus making h = 1 and H = 0, (1.10) simplifies to the

Rayleigh PDF; and if n — 0 or n — o0, the one-sided Gaussian PDF is obtained.

Nakagami-m Fading Model

The Nakagami-m fading model was inferred by Nakagami from experimental data. The PDF

of the signal envelope R is given by [18§]

722

falr) = 22 <%)mexp (—Wz) (1.11)

in which 72 £ E(R?) is the mean square value, m = \];:jr((lﬁz)) > 0 is a fading parameter, Var(.)

is the variance operator, and I'(.) is the gamma function [21, Eq. 6.1.1]. For m = 1/2, the
Nakagami distribution reduces to the one-sided Gaussian PDF; for m = 1, it reduces to the

Rayleigh PDF whereas m — oo corresponds to a non-fading situation.
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n-p Fading Model

The n-p fading model was introduced by Yacoub [19], and it is presented in two equivalent
formats, numbered by the author 1 and 2. For the sake of simplicity, only the format 1 is
considered here. The model considers a signal composed by an arbitrary number n of clusters
of multipath waves propagating in a nonhomogeneous environment. The signal envelope R,

written in terms of the in-phase and quadrature components, can be expressed as

n

R =) (X7+Y?) (1.12)

i=1

in which X; and Y; are independent Gaussian variates with zero mean and variances o2 and 05,

respectively. The PDF of the received signal envelope can be expressed as [19]

4\/7_Tuu+% BH2m r2 2
fr(r) = D) H S exp | —2uh = I, . 2MH§ (1.13)

E2(R?)
Var(R?)

in which p £ (1 + IZ—;) > 0 is the real extension of 7, £ Z—% is the power ratio between
Yy
the in-phase and quadrature signals, h and H are defined in (1.9), and #2 £ E(r?) is the mean

square value.

It is easy to see that if u is set to %, (1.13) reduces to the Hoyt PDF; if n — 0 or n — oo
it reduces to the Nakagami-m with m = p; and if p = % and n = 1, it reduces to the Rayleigh

PDF.

rk-p Fading Model

Similarly to the n-p model described above, the k-p fading model also considers a signal
composed by an arbitrary number n of clusters of multipath waves propagating in a nonhomo-
geneous environment. The signal envelope R, written in terms of the in-phase and quadrature

components, can be expressed as

n

R? = Z (X +pi)* + (Vi + 4:)°] (1.14)

=1



10 Chapter 1. Introduction

in which X; and Y; are independent Gaussian variates with zero mean and equal variance o2
and p; and ¢; are the mean values of the in-phase and quadrature components of cluster i,

respectively. The PDF of the received signal envelope can be expressed as [19]

Falr) = zu(n+1) T exp {—,u(/ile 2] - <2M\/T+1 ) (1.15)

,L;,T etrpptl

A E2(R?)(2k+1)

= Var(R2) (v 11)? & Tis(0+a))

oz > 0 is the ratio between

in which p > () is the real extension of n, x

the total power of the dominant components and the total power of the scattered waves, and

~ A .
72 = E(r?) is the mean square value.

It is easy to see that if p is set to unity, (1.15) reduces to the Rice PDF; if £ — 0, it reduces

to the Nakagami-m PDF with m = y; and if ¢ = 1 and k — 0, it reduces to the Rayleigh PDF.

a-p Fading Model

The a-p fading model assumes that the received signal is composed by an arbitrary number
n of multipath components, propagating over an environment in which the resulting signal
envelope is a nonlinear summation of the modulus of these components. Also, suppose that the

nonlinearity is given as a power parameter o > 0. The resulting envelope R may be expressed

by

n

R =Y (X7 +Y?) (1.16)

i=1
in which X; and Y; are independent Gaussian variates with zero mean and equal mean square

values E(X?) = E(Y;?) £ Z-. The PDF of the received signal envelope can be expressed as [20]

aptror=t re
_ _r 1.1
fr(r) T (a7 exp( #f"‘) (1.17)

in which p £ 5;((1;?) > 0 is the real extension of n.

It is easy to see that if u is set to unity, (1.17) reduces to the Weibull PDF; if 4 = 1 and
a = 1, it reduces to the negative exponential PDF; if 4 = 1 and a = 2, it reduces to the

Rayleigh PDF; and if o = 2, it reduces to the Nakagami-m PDF with m = p.
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1.2 Motivation

In wireless communications, the propagation phenomena involved are mostly described by
fading models with parameters determined by experimental measurements. These models are
used in the design and verification of wireless systems as well as in devising fading mitigation
techniques. With increasing usage and growing range of services, the performance and reliability
of wireless systems are becoming an ever greater challenge. Therefore, it is of fundamental im-
portance the formulation of accurate channel models to be used in all phases of the system design
and deployment, so that it would be possible to design optimal or near-optimal communications

systems for the given restrictions.

In addition to the selection of the fading variables in accordance to the channel measure-
ments, a number of issues require knowledge of the ratio and product of these variables. For
instance, the statistical analysis of the ratio of random variables is a topic of interest in a wide
number of fields beyond wireless communications, including biological and physical sciences,
econometrics, and ranking and selection [22]. Particularly in wireless communications, many
performance measures involve the calculation of the ratio between signal powers. A relation
typically of interest is the signal-to-interference ratio (SIR), i.e., the quotient of the desired
signal power and the interference power. In cases when the communication system is operating
over a non-deterministic channel, such as a wireless fading channel, the SIR involves the ratio

of random variables (RVs) [2][3].

The statistics of the product of RVs have also great importance. For instance, the product
of the Rayleigh and Gamma variables is used to model high resolution synthetic aperture radar
(SAR) clutter [23]. In addition, in wireless transmission, where the signal is subject to joint
shadowing and multipath fading, the signal envelope can be modelled as the product of the two
random variables involved [24]. Also, in a multi-hop wireless system, the random channel from
source to destination may be modelled as the product of the RVs that describe the channel
gain at each individual hop, assuming that these gains are statistically independent. For such
a system, the overall outage probability may also be modelled as the product of RVs, each

describing once more the channel gain for the individual hops. Moreover, the product of RVs is
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also useful to model the keyhole channel of Multiple-Input Multiple-Output (MIMO) systems
[25].

Consequently, it is fair to say that the statistics of the ratio and the product of RVs are
important to characterize the wireless communication systems and it is key to assess their per-
formance. In this thesis, general, simple, exact, closed-form and infinite series form expressions
for the probability density function (PDF) and cumulative distribution function (CDF) for the
ratio and the product of independent non-identically distributed (i.n.i.d.) fading RVs are de-
rived. Specifically, the following distributions are considered: Rice [16], Hoyt [17], Nakagami-m
[18], a-p [20], n-p and k-p [19]. These results find applicability in several performance analysis
of wireless communication systems. As examples, a few of these applications are included in

this thesis.

1.3 Literature Survey

The analysis of the ratio and the product of random variables has always been an active
research topic. Considering only distributions important to wireless communications, a few of
the relevant works are listed below, with emphasis to those published recently.

In [26], the authors investigate the product of ii.d. random variables using the Mellin
transform, with particular interest in Gaussian, negative exponential, Weibull and gamma dis-
tributions. The benefit of using the Mellin transform is that the product of i.i.d random variables
is equal to the product of the Mellin transforms of the individual random variables. This artifice
has also been explored in [27][28], among others. However, the inverse Mellin transform is a
contour integral and it is usually of difficult solution.

In [29], the authors calculate the ratio of negative exponential variates and use the result to
estimate the capacity slotted Aloha under Rayleigh fading channels. The follow up of this work
is presented in [30], where the capacity of slotted Aloha under Nakagami-m fading channels is
considered, using ratio of squared Nakagami-m random variables.

In [31], the authors derive the PDF of the ratio of two independent and same-family dis-

tributions of power-quadratic exponential type, such as the Gamma distribution. The PDF
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and the CDF for the linear combination and the ratio of independent exponential and Rayleigh
distributions is presented in [32]. In [33], the authors calculate the CDF of the ratio of weighted
exponential random variables in order to assess the interference in broadcast systems. The
PDF and CDF of the ratio (35, X,)?/(3F, b:X;), in which b; are positive scalars, and X,
i=1,2,..., L, are i.i.d. exponential RVs, is considered in [34]. In [35], the author calculate the
CDF of the ratio of Hoyt (numerator) and Rayleigh (denominator) random variables in order to
assess outage probability of fading channels. Nadarajah derives the PDF and CDF of the ratio
of independent Weibull random variables, and the ratio of independent gamma (numerator) and
beta (denominator) random variables in [36] and [37], respectively. In [38], the authors derive an
upper bound on the ratio of a Rayleigh random variable to a weighted sum of Rayleigh random
variables, and apply their results to interference systems. In a work targeting the outage prob-
ability of fading channels, Paris [39] calculates the CDF of the ratio of n-u random variables,
and k-p (numerator) and 7-p (denominator) random variables, assuming that the p parameter

of the denominator is a positive integer.

The PDF and CDF of the product of n independent Rayleigh random variables is presented
[40], with the authors using the Mellin transform. A similar work is presented in [41], except
that the authors target the Nakagami-m distribution. In [42], an approximation of the product
of two independent Nakagami-m random variables is presented, which is simpler to calculate
compared to previous results. The magnitude of a Gaussian signal transmitted over a Rayleigh
channel is investigated by [43]. In their analysis, the authors derive the PDF of the sum and
product of two complex Gaussian variables. In [44], the authors introduce the complex double
Gaussian distribution that describes the product of two independent, non-zero mean, complex
Gaussian random variables, and discuss its application to blind time reversal detection systems.
In [45], the authors derive approximations to the product of independent random variables, and
the results are used to estimate the outage probability of cascaded fading channels and the rate
offset of the hybrid automatic repeat request (H-ARQ) transmission. Finally, an approximation
to the product of random variables using orthogonal polynomials for log-normal density is

presented in [46].
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1.4 Thesis Outline

The remainder of the thesis is divided into four additional chapters. The results of the ratio
and product of random variables are presented in Chapters 2 and 3, respectively. The following
are considered: ratios Hoyt/n-u, Rice/n-p, Rice/k-pu, n-p/n-pu, n-p/k-pi, £-pu/ k=g, k-p1/n-p, and
a-pu/a-p; and products n-pu X 9-pu, K- X K-, N~ X K-p, and a-p X a-p. These results are used in
a few application examples, which are presented in Chapter 4. They include the analysis of the
throughput of Carrier Sense Multiple Access (CSMA) in Rice, Hoyt, Nakagami-m, combined
Ride and Hoyt, n-p and k-p fading channels. In addition, it is presented the throughput of
the Distributed Coordination Function (DCF) of IEEE 802.11 in Hoyt, Rice, and Nakagami-m
Fading Channels. The ratio of independent alpha-mu random variables and its application in
the capacity analysis of spectrum sharing systems is also presented. Finally, in Chapter 5, a

summary of the research contributions of this work are presented.



Chapter

Ratio of Random Variables

In this chapter, the ratios of i.n.i.d. random variables are calculated. Specifically, the
following are considered: Hoyt/n-u, Rice/n-p, Rice/k-p, n-p/n-pu, n-p/k-pi, K-pu/k-pi, £-p/n-p,
and a-pu/a-p. After intricate and tedious calculations, the results are obtained with a single
summation that converges with small or reasonably small number of terms for the desired
accuracy in most cases of interest. The results for the first three sections can be obtained with
simplifications from the later sections. However, they are included here because their results

are used in the application examples provided in Chapter 4.

For the figures, given the flexibility of the distributions, values of the parameters have been
selected in order to illustrate their possible shapes. The parameters for the accuracy tables have

been selected at the vicinity of the upper and lower limits of their valid range.

2.1 Introduction

The analysis of the ratio of random variables is usually performed using standard analytical

procedures. Let X and Y be two statistically independent random variables and Z £ é their

ratio. The resulting PDF can be expressed as [47]

falz) = / "yl () iy (9)dy (2.1)

15
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in which fx(.) and fy(.) are the PDFs of X and Y/, respectively. The CDF is then expressed as

Fy(2) = Prob {; < Z} _ /0 Fr(t)dt. (2.2)

2.2 Ratio Hoyt/n-u

Let (1.10) represent the PDF of the numerator X

2 2

— 2/l — exp ( . :fg) Io <Hx x—g) (2.3)
T By
and (1.13) the PDF of the denominator Y

AT uﬁ%huyym@ y2 y2
fy(y) = VTl — exp | —2pyhy =5 | 1, 1 2u,H, =5 | . (2.4)
() L gt ) J

In the following, the PDF and the CDF of the ratio Z are calculated.

2.2.1 Probability Density Function

With (2.1), (2.3) and (2.4), the PDF of Z may be expressed as

fz(2) :/Oo BV hapty 2 by oy exp [_ hx(zy)Q}
y— 2
O T, Hy ’ (2:5)

0 H,(2y)? 7
Xexp( 2h, Agy2) Iy [ ;2 ) :|]Hy (2]—] Agy2> dy.

Using [48, Eq. 8.445] to expand in series the function [/ e %(), and making the integration

variable ¢ = y? results in

4\/%,& 21+2#yh“9H21

Z / 22,
il ()T (i + g + 2) $2y4’+4“y

H 2
X exp {— (hxz + 2h “y) t} Iy ( ;f; t) dt.
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Figure 2.1: PDF of the ratio of Hoyt and -y random variables.

With the help of [48, Eq. 8.335.1] and [49, Eq. 2.15.3.2], the integral in (2.6) solves to

fz(2) ! > !

/Rl (14 uz?)2tt = (it py + §) By, i+ 1)B (i + 3, + 1)

H, uz® \” _ 1 1 (H, 1 \°
8 g 1+ uz? 2By Ay + 504y 1y 4 5

2 2"\ hy 1+ uz?
in which B(.,.) is the beta function [48, Eq. 8.384.1], o F}(.) is the Gauss hypergeometric function

21, Eq. 15.1.1], and
hay?

= ——. 2.8
“ 20 hy 22 (28)

Although (2.7) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. In order to estimate the error if the summation in (2.7) is truncated, all
summands whose absolute value is larger than 1072° are calculated, and those smaller than
this value are discarded because it was observed that they do not affect the desired accuracy.
The error of the truncated summation may now be estimated and, of course, these results vary
depending on the given set of parameters used. Let I be defined as the number of terms in a

truncated summation, i.e., 0 < ¢ < I. Table 2.1 gives the value of I necessary to obtain a three-
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Table 2.1: Relation between number of terms and accuracy in the infinite summation of (2.7)
and (2.14).

Parameters smallest I for accuracy of
Ne | My | By | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF
011010501} 177 3 348 10
1.0 ] 81 308 168 643
5.0 4 7656 12 15959
1.0 ] 0.1 ] 213 3 391 7
5.0 8 4807 23 9171
5.0 0.1 | 408 2 625 5
5.0 27 1994 115 3077
0910501 1 3 2 7
5.0 0 4921 1 9542
5.0 0.1 2 1 4 4
5.0 0 1529 1 2179
09]0105]01]| 174 0 351 2
5.0 3 305 8 638
5.0 0.1 375 0 603 1
5.0 0 83 65 130
0910501 1 0 3 2
5.0 0 197 0 384
5.0 0.1 1 0 3 1
5.0 0 66 0 96

decimal-place accuracy (error < 0.0005) and a six-decimal-place accuracy (error < 0.0000005)
for the infinite summation of (2.7). For the PDF accuracy, a smaller number of terms [ is
required for higher values of 7,, n, or z, or lower values of f,,.

Note that (2.7) may be reduced in the following situations: (i) if 7, is set to unity, thus
making h, = 1 and H, = 0, the corresponding PDF reduces to Rayleigh; (i) if y, is set to %,
the corresponding PDF reduces to Hoyt; (i) if , — 0 or i, — oo, the corresponding PDF
reduces to Nakagami-m, with m = p,; and (iv) if 4, = 5 and 7, = 1, the corresponding PDF
reduces to Rayleigh.

The PDF of Z is shown in Fig. 2.1 for various values of 7,, n, and p,. It can be seen
that increasing values of 7, shifts the curve away from the ordinate axis, making it assume, as
expected, a shape closer to the familiar Rayleigh PDF. On the other hand, a PDF with smaller

tail and a higher peak value is obtained for increasing values of n, or f,,.
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Figure 2.2: CDF of the ratio of Hoyt and n-p random variables.
2.2.2 Cumulative Distribution Function

With (2.2), (2.3) and (2.4), the CDF of Z may be expressed as

8v/mhy i, hly ha(ty)?
Fz(z —/ / Malty - ty?Pv 2 exp {— <A2y) } exp (—Qh g;’yz)
z

332 2uy+1H“v 3

t
x I { (y> } I, <2H Z;’gﬁ) dy dt.

72

(2.9)

Using [48, Eq. 8.445] to expand in series the function /y(.), changing the integration order and

the integration variable to w = t? leads to

/ / A/Thapty fy+3% H2 bl % 4422 [ hxwyz}
E wy exp |———;
0 12T (u $4z+2y2uy+1H“y 3 T

X exp ( 2h /fg y2> I, (QH 'lfé/ y2> dw dy.
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Using [48, Eqs. 3.351.1, 8.356.3], the above integral in w solves to

o 0 9—2it2 Ty py+3i sz‘ N [
Fp(2) = / i i — exp< 2hy Ang)
i=0 70 AP (py )Pt the 2 Hy' 2 (2.11)

I . . he22y?
x 1, (QH ggﬁ) {r(m +1)-T (22 ¥, T)} dy

in which I'(.,.) is the incomplete gamma function [48, Eq. 8.350.2]. The integral in (2.11) can

be split in two parts, with one of them carrying the function I'(.,.). Solving the simpler integral

with [49, Eq. 2.15.3.2] and simplifying the summation leads to

X oo 9-2it2 iy uy+%H2ihuy H
FZ(Z> =i / \/_ 2i+3 opy—2 y2“y oXp ( Agy2)
i=0 Y0 Q12D (puy ) g2 tthy 2 Hy,Y 2
y > dy.

ho2
x 1, 1 (QH ‘f;’gﬁ) r <2z +1,

With the help of [48, Eq. 8.335.1] and [50, Eq. 06.08.03.0009.01], the function I'(.,.) can be

(2.12)

expanded in series and the CDF may be expressed as

fe’e) 0o 4F Z—f- 1 My+1H2ihﬂy
Fz(z)=1-— ( ),u Yy exp —Qh@ 2
Yy Qy
=0 Jo iy L Y
10 hy 2%y
x1, s (2]—] gglﬁ) r <2z +1,75 > dy
(Z + l) L uy—&-%H%huy

2 Y xz 'Y 2542, 2542y +2
" Z / , s S A

=0 j=21 Z'P j + 2 /,Ly)fi‘23+2392“y+1h? ! 2Huy 2
h Iz p
X exp {— (j—;zQ + i@g—é’) yﬂ Iuy <2H Ang) dy.

Solving the above integrals with [49, Eq. 2.15.3.2] and simplifying the summations results in

(2.13)

» (2) 0 (u22>1
z h“y(1+uz 2yt e (i 1) B (21, i + 1)(1 + u2?)i
i 1 1 H, 1 2
F |- 1, v

1 H,\ %
1— = F,
X{ icB(ic,é)\/h_x(hx) o

1 H,
) -1 1| —
zc+2, Sl + (h)]}
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in which u is defined by (2.8), i, = [%1], and [.] is the ceiling function.

Although (2.14) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.1 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.14). For
the CDF accuracy, a smaller number of terms [ is required for higher values of 7,, n, or y,, or

lower values of z.

Note that (2.14) may be reduced in the following situations: (i) if 7, is set to unity, thus
making h, = 1 and H, = 0, the corresponding CDF reduces to Rayleigh; (i) if y, is set to %,
the corresponding CDF reduces to Hoyt; (i) if n, — 0 or 1, — oo, the corresponding CDF
reduces to Nakagami-m, with m = y,; and (iv) if p, = 5 and n, = 1, the corresponding CDF

reduces to Rayleigh.

The CDF of Z is shown in Fig. 2.2 for various values of 7,, 7, and p,. It can be seen that
higher values of u, translate into steeper curves, approaching the unity faster. On the other

hand, an opposite effect is obtained for lower values of 7,.

2.3 Ratio Rice/n-pu

Let (1.7) represent the PDF of the numerator X

2k +1) z? T
fxl) = == S e {_(“’““)E} I [2/ko (ke + 1) 5| (2.15)
and (1.13) the PDF of the denominator Y
4 T uy+%hﬂyy2uy y2 y2
foty) = IO o, LV 1 (2, L) (216)
Dy Hy ¥ g J g

In the following, the PDF and the CDF of the ratio Z are calculated.
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Figure 2.3: PDF of the ratio of Rice and n-p random variables.

2.3.1 Probability Density Function

With (2.1), (2.15) and (2.16), the PDF of Z may be expressed as

00 y y+%
f2(z) = / Sv/(hs + Dhy (@)M 222 oxp {— et (zy)Q}
0

1\ = -
e () a2 Hy» "2\’ v
| ke +1
X exp (—Zhy%gf) Iy (2 /{x% ry) Iuy—é <2Hy%y2) dy.

Using [48, Eq. 8.445] to expand in series the function /y(.), and making the integration variable

(2.17)

t = y? results in

[ i i 1o
fz(z) = / AvTh! (s + 1) H“?JMJFthj 20+ yitpy+3
i=0 V0 i!QF(ﬂy)enz@2i+2g2uy+1H5r§ 21

L1
X exp {_ </€ x—; 2 2@%) t} I, 1 (21@%&) dt.
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Using [48, Eq. 8.335.1] and [49, Eq. 2.15.3.2], the above integral solves to

2uz N (ﬁmUZQ)i
f2(2) T T a2t e Z_; 1B (i + 1, 2p,) (1 + uz?)!

i= (2.19)

i 2y 1 QA 2uy + 2 L (H, 1\’

X o F o\ 7
21471 9 ) 2 ,,LLy+2, hy1+uz2
in which
(Kz + 1)
_ o Th _ (2.20)

Although (2.19) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.2 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.19). For
the PDF accuracy, a smaller number of terms I is required for higher values of 7,, u, or z, or

lower values of K, or f,.

Note that (2.19) may be reduced in the following situations: (i) if k, — 0, the corresponding
PDF reduces to Rayleigh; (i) if y1, is set to 3, the corresponding PDF reduces to Hoyt; (i) if
ny — 0 or 1, — 0o, the corresponding PDF reduces to Nakagami-m, with m = p,; and (iv) if

fy = % and 7, = 1, the corresponding PDF reduces to Rayleigh.

The PDF of Z is shown in Fig. 2.3 for various values of ,, 1, and p,. It can be seen that
diminishing values of k, tends to spread out the probability density. On the other hand, a PDF

with smaller tail and a higher peak value is obtained for increasing values of n, or p,.

1

If u, is a positive integer, i.e., yu, = 1,2,..., then the Bessel function of order u, — 5 in

(2.17), with the help of [48, Eq. 8.467], may be expressed as

n n

1 Z —1)i(n +1)! il s n+i)
In%(z):m e;i(!(n)_<—i)!(2z>)i+(—1) e ZEW (2.21)

1=

in whichn =0,1,2,--- = u, — 1. Using (2.21) in (2.17), and solving the integral in y using [49,
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Figure 2.4: CDF of the ratio of Rice and n-p random variables.

Eq. 2.15.5.4] leads to

py—1

olz) = (-1 (=i )
P e (1w 2?) S (i ) By, i+ 1)(2H, ) (hy — Hy) = (14 ug22) =44
RaU1Z
X 1F 1,1
1 1( i+ py + 1, ’1+u122>
Hy—1

i QthUQZ Z (_1)!@(_2' + MZJ)
e (1 + upz?) =0 (0 + py) By, i+ 1)(2Hy )+ (hy + Hy) 7o (1 + ugz?) =

. Kpllo2?
x 1 F (—z+uy + 1,1,—2)

1+ uy2?
(2.22)
in which {F(.) is the Kummer confluent hypergeometric function [21, Eq. 13.1.2], and
T 1P’ T 1P’
Uy = (e + 1) and uy = (ra + 1)§ (2.23)

2Ny(hy - Hy)iw B QMy(hy + Hy)i'g'



2.3. Ratio Rice/n-p

25

Table 2.2: Relation between number of terms and accuracy in the infinite summation of (2.19)

and (2.29).

Parameters smallest I for accuracy of
Ke | Ny | My | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF

0.1 101]05(0.1 0 0 1 2
1.0 2 15 4 32

5.0 2 332 3 693

1.0 0.1 0 0 1 2

5.0 1 210 3 401

5.0 0.1 0 0 1 1

5.0 0 90 3 141

0910501 0 0 1 2

5.0 1 214 3 417

5.0 0.1 0 0 1 1

5.0 0 71 1 104

10.0 | 0.1 1 0.5 (0.1 1 0 8 5
50| 18 3303 26 6887

5.0 (0.1 0 0 4 2

5.0 0 863 19 1332

09105101 0 0 6 3

50| 17 2124 26 4119

5.0 0.1 0 0 4 2

5.0 0 663 0 946
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2.3.2 Cumulative Distribution Function

With (2.2), (2.15) and (2.16), the CDF of Z may be expressed as

8 x My Ty h”y «+1
(2 _/ / VT (ke + 1)y 22 oxp {_’f :; (ty)2:|
z

er= Iy )22y 2y L Y2
[ ky+1
X exp( 2h ;fgy2) Iy (2 fixH + ty) I, (ZH /f;/yQ) dy dt.
z?

Using [48, Eq. 8.445] to expand in series the function Iy(.), changing the integration order and

(2.24)

the integration variable to w = t? leads to

it+1 +ipm
Z/ / 4\/7_”% ke + 1) 2y iy 222 o (_ ’f:vl“ 1y2w>
T

Z‘2€H“F $22+2y2uy+1Hﬂy 2

X exp < 2h 'lfg y2) I, (ZH 'lfg yQ) dw dy.

(2.25)

Using [48, Eqs. 3.351.1, 8.356.3], the above integral in w solves to

> e 4 xi uy—i-lhﬂy
FZ(Z) :Z/ \/E/ﬁ? My 2y . y2uy exp ( 2%h /;Lgy2>
i—0 70 glereI'(p, )2t Y2
i v (2.26)

++1
x1, 1 (QH '[fgy2> [1 —-Q (z +1, " A—; y222)} dy
Yy y €T

in which Q(a, 2) = 522 is the regularized incomplete gamma function. The integral in (2.26
I'(a)

can be split in two parts, with one of them carrying the function Q(.,.). Solving the simpler

integral with [49, Eq. 2.15.3.2] and simplifying the summation leads to

00 0o 4 xi My'*‘lh“y
Fy(z)=1—- / VL Z 1 Y exp < 2h ItfgyZ)
i=0 70 aleme Dy )yt Hy " 2 (2.27)

2 . ke + 1
X ]Hy (QH Ang) Q (z +1, 73/222) dy.
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Using [50, Eq. 06.08.03.0009.01] to represent (., .), the CDF may be expressed as

X oy i Pyt P
Fz(z) =1 — / VTH e =% exp (_thﬂy 2)
0

=Y
i=0 i!e”xF(uy)g2“y+1H5y_§ v
Hy 2
X [ur% <2Hyg2y ) dy
S (2:23)
i Z / AT MR (ki + 1) Ry A 222
_1
i=0 =0 70 j1(i + 1)ler=T ()22 +2g2me+1 "2
g +1 4 Hy 2 Hy o
X exp {— < = 2"+ ZEhy Y I“r% 2Hyg2y dy
Solving the integrals with [49, Eq. 2.15.3.2] and simplifying the summation results in
uz? . Qi + 1, Ky ) (uz?)’
Fz(2) = 212 +1Z‘ ' 2)i
hy" (1 + uz?)?tt <= (i + 1)B(i + 1,21, ) (1 + uz?)
- (2.29)
P+ 2y + 1 i+ 2, +2 1 /H, 1 Y\
F Yy Yy — =¥
2 2 2 ’“y+2’(hy1+uz2

in which u is defined by (2.20).

Although (2.29) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.2 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.29). For
the CDF accuracy, a smaller number of terms [ is required for higher values of 7, or p,, or lower

values of k, or z.

Note that (2.29) may be reduced in the following situations: (i) if k, — 0, the corresponding
CDF reduces to Rayleigh; (i) if 11, is set to 3, the corresponding CDF reduces to Hoyt; (i) if
ny — 0 or 1, — oo, the corresponding CDF reduces to Nakagami-m, with m = p,; and (iv) if

[y = % and 7, = 1, the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 2.4 for various values of s, 1, and p,. It can be seen that
higher values of x, or i, tend to produce steeper curves, approaching the unity faster. On the

other hand, a smoother CDF is obtained with smaller values of .
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2.4 Ratio Rice/k-u

Let (1.7) represent the PDF of the numerator X

fx(z) = M% exp [ (Kz +1) 2} Iy [2 K (ke +1) g] (2.30)

efiw
and (1.15) the PDF of the denominator Y

24ty (riy + 1) 5y

munAu—l-l
Ky 2 etviuyhy

frly) =

=

) (2.31)

2
Y
exp {—,uy(my + 1);} 1,1 (Q,uy Ky(ky + 1)

In the following, the PDF and the CDF of the ratio Z are calculated.

2.4.1 Probability Density Function

With (2.1), (2.30) and (2.31), the PDF of Z may be expressed as

+1

4, (ke + 1 Ky 4+ 1) Ky + 1 Ky + 1

fa(2) = / ol )EyfﬁA A) 2y exp | ——5—(2y)*| exp | —py—5— Y’
0 e”z‘f‘ﬂy”y/{y 3 p2rytl z Y

(2.32)
Ky + 1 Ky + 1
x Iy <2 /117 zy> Iy, (2My Ky yAz y) dy.
Y
Using [48, Eq. 8.445] to expand in series the function [y(.) leads to
1
Z/ 4#1/"% Kz + 1)z+1(’f + 1)Hy+ iy Rirky +2
2'26”I+l‘yﬁy/ﬁz o $2Z+2yﬂy+1 (233>
Ky —+ 1 Ky + 1 Ra + 1
X exp {— ( = 2+ Myyg—g) yQ} L1 (2uy\/ @79) dy.
Using [49, Eq. 2.15.5.4] to solve the above integral results in
2uz - (kpuz?)
fZ(Z):ﬁ—s—n 2 +IZ'| ) 2Yi
era ity (1 + uz?)rott £ il B(py, 0 + 1)(1 + uz?) (2.34)

. Ly
X 1 £ <Z+Ny+1aﬂya1_{;yu22)
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Figure 2.5: PDF of the ratio of Rice and x-p random variables.

in which
(’fﬂc + 1)@2

= 2.35
py(ry +1)27 (2:35)

Although (2.34) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.3 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.34). For

the PDF accuracy, a smaller number of terms I is required for higher values of k,, Ky, 1, or 2.

Note that (2.34) may be reduced in the following situations: (i) if k, — 0, the corresponding
PDF reduces to Rayleigh; (i7) if p1,, is set to unity, the corresponding PDF reduces to Rice; (%ii)
if k, — 0, the corresponding PDF reduces to Nakagami-m, with m = p,; and (i) if p, = 1 and

ky — 0, the corresponding PDF reduces to Rayleigh.

The PDF of Z is shown in Fig. 2.5 for various values of x,, k, and p,. It can be seen that
diminishing values of k, tends to spread out the probability density. On the other hand, a PDF

with smaller tail and a higher peak value is obtained for increasing values of x, or p,,.
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Table 2.3: Relation between number of terms and accuracy in the infinite summation of (2.34)
and (2.41).

Parameters smallest [ for accuracy of
Ky Ky | My | 2z | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF
0.1 | 0.1 [0.5]0.1 2 0 3 2
1.0 1 15 3 32
5.0 0 331 1 685
1.0 0.1 2 0 4 2
5.0 0 209 1 397
5.0 0.1 4 0 6 1
5.0 0 90 2 140
1000501 13 0 19 1
5.0 3 108 7 170
501 0.1 | 72 0 86 1
5.0 0 55 0 73
100 0.1 [ 0.5]0.1 0 0 2 5
5.0 0 3296 1 6802
5.0 0.1 0 0 4 2
5.0 0 863 1 1329
10.0 { 0.5 | 0.1 0 0 14 2
5.0 2 1045 5 1630
5.0 0.1 0 0 73 2
5.0 0 AT7 0 599
1.0 T T
0.8 e
1
0.6 + 2 4
N 3
& 1
04 + 5 i
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Figure 2.6: CDF of the ratio of Rice and x-p random variables.
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2.4.2 Cumulative Distribution Function

With (2.2), (2.30) and (2.31), the CDF of Z may be expressed as

/ /Oo Ay (ke +1) (Hy + 1) tyuy+2 exp [_ R + 1 (ty)ﬂ
22

efathyry g, y2 T2ty L
Ky + 1 Ky + 1 Ky + 1
X exp (—py ng yg) Iy (2\//176? ty) I, (Q,um [ Ky ng y) dy dt.

Using [48, Eq. 8.445] to expand in series the function /y(.), changing the integration order and

(2.36)

the integration variable to w = t* leads to

Z/ / 21k ( ’fx+1)1+1("€ +1)" Wyt
HPy—1

Z'2€KI+”yﬂy/€ 5 $2Z+2y'“y+l

(2.37)
ke +1 Ky +1 Ky + 1
X exp [_ ( W+ iy —— ) 3/2] Ty (2,“3; Ky = 3/) dw dy
.Z‘ y Y
Using [48, Eqs. 3.351.1, 8.356.3], the above integral in w solves to
[ 2y + 1) e +1
Kz' (K K
Fy(z) =) / Pyl 1 y" exp {—MyyA—ZyQ}
o dlerstmr g, M gut Y (2.38)

1 x+1
X 1,1 (2uy Ky ’fyy2 y> [1 -Q (Z +1, t 22y2>} dy.

The integral in (2.38) can be split in two parts, with one of them carrying the function Q(.,.).

Solving the simpler integral with [49, Eq. 2.15.5.4] and simplifying the summation leads to

py+1

[ 2kt (ky +1) 72 Ky + 1
Fy(z) =1-) / — ( Iy exp {—uy . yQ}
i—0 Y0 @!e’iw‘f'/iy”y/iy 2 ghv Tl Y

Ky +1 . Kz + 1
X 1y, 1 (ZMy Ky yﬁg y) Q (1 +1, 72292) dy.

(2.39)
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Using [50, Eq. 06.08.03.0009.01] to represent Q(.,.) leads to

pyt+1

+1
% 2y kg Ky 4= (ky +1)" 2 i Ky +1 4
)=1-— Z/ Z'e”l+ﬂy“yy#y+1 Yy exp _,Uy—g Y

Ky +1
X I, 1 <2uy’//iy y?) y) dy

(e%] ) . —py+1 <240)
LSS [T Ry (e ) ¢ 1"

= 0 (Z + 1)lj|€/~cz+uyny$2z+2yuy+1 Yy

Ky + 1 Ky +1 Ky + 1
X exp [— ( 57+ My~ o ) yz] Ly <2uy iy~ y) dy.
Solving the integrals with [49, Eq. 2.15.5.4] and simplifying the summation results in
uz? = Qi+ 1, ky)(uz?)
Fy(2) = 1 Z : ; Jur) 2yi
ety (1 + uz? )it (t+1)B(i+ 1, py) (1 + uz?)? (2.41)

: p
XlFl (Z_I_My_'_lauy?l_iuiQ)

in which u is defined by (2.35).

Although (2.41) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.3 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.41). For
the CDF accuracy, a smaller number of terms I is required for higher values of p, or s, or

lower values of k, or z.

Note that (2.41) may be reduced in the following situations: (i) if k, — 0, the corresponding
CDF reduces to Rayleigh; (43) if p1,, is set to unity, the corresponding CDF reduces to Rice; (7ii)
if k, — 0, the corresponding CDF reduces to Nakagami-m, with m = p,; and (i) if p, = 1 and

ky — 0, the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 2.6 for various values of k;, s, and p,. It can be seen that
higher values of k,, k, or u, tend to produce steeper curves, approaching the unity faster. On

the other hand, a smoother CDF is obtained with smaller values of these parameters.
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2.5 Ratio n-u/n-u

Let (1.13) represent the PDF of the numerator X

z+l z 2l
AT
1
Hx—5 A~
T (pp) Hy™ 2 32t

2 z?
fx(z) = exp (_QMmhm §> L1 (Q,uxHI ﬁ) (2.42)

and the PDF of the denominator Y

N uy—k%h#nyuy yz y2
fr(y) = YTy ———— exp <—2uyhy 3) L1 (2uyHy 72) : (2.43)
D) HY g i) j

In the following, the PDF and the CDF of the ratio Z are calculated.

2.5.1 Probability Density Function

With (2.1), (2.42) and (2.43), the PDF of Z may be expressed as

o0 et 3 Hyts plz M
fZ(,Z> :/ ]_67T/,LZ,“ Q,Uy“U th hyly . z2uzy2uz+2py+1 exp |:—2h M (Zy)2:|
A A T 5 Y z A2
0 D(pa) (1) @20t g2t L Hy ™2 Hy ! (2.44)

X exp( 2h. lfggf) I, [QHx[f;C( )2} I, (QH lf;’y2> dy.

Using [48, Eq. 8.445] to expand in series the second Bessel function in (2.44), and making the

integration variable ¢ = y? results in

o0 et 20420y 1 e My 721
(2) :/ 8T a2 puy =T R hyy H 2 g2 241y~
0 T () (s )T (i gy B) @20 it 2 (2.45)

X exp [—th%(zy)ﬂ exp ( 2h 'Lfng) I, [ZHx/f;( )2} dt.

Using [48, Eq. 8.335.1] and [49, Eq. 2.15.3.2], the integral in (2.45) solves to

Qe =1 > 1
CRETRYY (1 4 uz?) 2t 2my Z (i 4 py) B(py, t + 1) B(2i 4 24y, f1z)

H, 2
—_— F,
8 {hy(l"’u'zQ)} .

fz(2)
(2.46)

he 1+ uz?

) ) 1 1 (H, uz
Z"_Mx‘l',uyaz_f'ﬂx"',uy—"inux_’_éa 7
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Figure 2.7: PDF of the ratio of n-u random variables.

in which
fhoho
U= )
fiyhy 2

(2.47)

Although (2.46) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.4 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.46). For
the PDF accuracy, a smaller number of terms [ is required for higher values of n,, 1, or p,, or
lower values of p, or z.

Note that (2.46) may be reduced in the following situations: (i) if p, (or p,) is set to 1,
the corresponding PDF reduces to Hoyt; (i) if n, — 0 or n, — oo (n, — 0 or 1, — 00), the
corresponding PDF reduces to Nakagami-m, with m = i, (m = p,); and (i) if p, = 1 and

Ny =1 (py, = % and 7, = 1), the corresponding PDF reduces to Rayleigh.
The PDF of Z is shown in Fig. 2.7 for various values of 7., 7,, it and p,. It can be seen

that diminishing values of 7, tends to slightly spread out the probability density. On the other

hand, a PDF with smaller tail and a higher peak value is obtained for increasing values of 7, or
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Table 2.4: Relation between number of terms and accuracy in the infinite summation of (2.46)

and (2.54).

Parameters smallest I for accuracy of
Ne | My | Mo | by | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF
0.1101105]05|0.1] 177 3 348 10
1.0 | 81 308 168 643

5.0 4 7656 12 15959

1.0 1 0.1 ] 213 3 391 7

5.0 8 4807 23 9171

5.0 | 0.1 | 408 2 625 5

50| 27 1994 115 3077

5.0] 0.5 0.1 0 0 312 21

5.0 2 75011 4 99915

5.0 0.1 0 0 0 0

5.0 0 19892 15 30687
09]05105]0.1 1 3 2 7
5.0 0 4921 1 9542

5.0 ] 0.1 2 2 4 4

5.0 0 1529 1 2179

5.0 0.5 0.1 0 0 1 0

5.0 0 49181 0 92606

5.0 0.1 0 0 0 0

5.0 0 15234 0 21690
09101050501 174 0 351 2
5.0 3 305 8 638

5.0 0.1 | 375 0 603 1

5.0 0 83 65 130

5.0] 0.5 0.1 0 0 0 0

5.0 2 3028 4 6322

5.0 0.1 0 0 0 0

5.0 0 784 9 1216
09105105101 1 0 3 2
5.0 0 197 0 384

5.0 0.1 1 0 3 1

5.0 0 66 0 96

5.0 0.5 0.1 0 0 0 0

5.0 0 1944 0 3778

5.0 0.1 0 0 0 0

5.0 0 601 0 861
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fty, or diminishing value of fi,.

2.5.2 Cumulative Distribution Function

With (2.2), (2.42) and (2.43), the CDF of Z may be expressed as

(2 _/ / 167T'u o 2” bt e _ 2 g 220y L
My x2ﬂz+1y2ﬂy+1Huz QH/J'y 2
Haz 12 i
X exp [—QFhr(ty)Q] exp ( 2h,, Agy2) ] [QHx AQ( y) } (2.48)

1
X IM <2H A§y2) dy dt.

Using [48, Eq. 8.445] to expand in series the first Bessel function in (2.48), changing the inte-

gration order and the integration variable to w = t? leads to

/ / 87T 1 2 2H gy, Pt 3 P 2l w2i+2Ha—1
1
=0 I (1)U (11 )T (i g 4 3) @ A2t LY (249)

% y4i+4#z+2ﬂy exp |:_2 <hx’lf_§w + hy/’f_g) y2‘| I“ <2H :uy 2) dw dy
T Yy v
Using [48, Eqs. 3.381.1, 8.356.3], the above integral in w solves to

0 oo 9—2i—2p0+3 1 uy+%H§ihl‘y
Fz<2) _ / Hy y2' — y2uy exp (—Qh /fé/y2)
i=0 70 D (pa )T (i + i + ) Ty ) G20t he e Hy* 2 Y (2.50)

X [#y (QH A§y2> [F(Qz +2pu,) =T (QZ + 2ma, h, = Zzyz)] dy.

The integral in (2.50) can be split in two parts, with one of them carrying the function I'(.,.).

Solving the simpler integral with [49, Eq. 2.15.3.2] and simplifying the summation leads to

o roo 9=2i—2ua+3 0, py+3 Fr2ipHy
Fz(z) =1~ / T L 1 oy
=0 0 AT ()T (i + g + 5) Tlpay) g2t LR Hy 2 (2.51)

X exp ( 2 /fgy2) I, (QH /fggf) r (22 + 2mr, th—Qz y ) dy.
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With [50, Eq. 06.08.17.0003.02] and [21, Egs. 6.5.3, 6.5.4, 6.5.29], the functions I'(.,.) and Q(.,.)

may be expressed as

n—1
Q —z

J=0

Zita

d
F]—i—a—i—l an

I'(a+n,z)=T(a+n)

(2.52)

oo
Zita

Qo) =1=e"d iy

J

Using (2.52) in (2.51) leads to

00 < 4 /rT(i . uy-&-lHQih#y
FZ(Z) 1 _ / ﬁ (Z+M )Ny ‘2 x yil yQuy exp< 2% lfgy2>
im0 S0 I ()T (py ) G200t LR Hy 2
Hy o he2*y
xlﬂy (QH AQy)F(Q +1, = )dy
e ; j z y % 1My
I Z / 2(] + 21, + 2)y/7T (i + Nx)ﬂrj+2u Py + HzQ hllj : 20+
i—0 j=2070 AT (pue)T(J + 21, + DT (1 )i‘2j+4“$Qm‘y"'lhi«ziji#zHuy_a

, hy
X g2 T e T2y oy [— ( 222 +h My) 21 Iuy (QH 'Ifng) dy.
T 2 Y

(2.53)

Solving the integrals with [49, Eq. 2.15.3.2] and simplifying the summations results in

(uz?)e > (uz?)’

F = .
Z(Z) hgy(l + u22)2,ux+2ﬂy ; ('L + QNI)B(Z + 2/, 2ﬂy)((1 + UZQ))Z

et s +1Hyl 2 2.54
Mz Hy 2,,[Ly h 1+u22 ( ’ )

2
H 2
L+ gy ic + 1, (h—) ”

1 H,\ %
1—— (== F
{ B@Caﬂx)huz (h ) “

in which u is defined by (2.47), and i, = [Z4].

1
_+,Ux+,uya

X oy 5

Although (2.54) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.4 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.54). For
the CDF accuracy, a smaller number of terms I is required for higher values of n,, n,, or p,, or

lower values of p, or z.
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Figure 2.8: CDF of the ratio of n-u random variables.

Note that (2.54) may be reduced in the following situations: (%) if u, (or p,) is set to

1
2

the corresponding CDF reduces to Hoyt; (i) if n, — 0 or n, — oo (1, — 0 or 7, — 00), the

1

corresponding CDF reduces to Nakagami-m, with m = p, (m = p,); and (#) if p, = 5 and

2

ne =1 (py = % and 7, = 1), the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 2.8 for various values of n,, n,, 1, and p,. It can be seen

that lower values of u, tends to smoothen the function.

climb is obtained with higher values of 7, and 7,,.

2.6 Ratio n-u/k-p

Let (1.13) represent the PDF of the numerator X

1

fX(x) P
D (1) HA™ 2 g2e 1

exp (—Q/Lxh

On the other hand, a CDF with steeper

z? x2
z ﬁ) L1 (2“$Hf” ﬁ) (2.55)
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and (1.15) represent the PDF of the denominator Y

241y (y + 1)%7“?/”’

byl Ky fyiby+1
Ky 2 eMy yyﬂy

fr(y) = exp {—uy(my + 1)‘5—21 1,1 (2/@ Ky(ky + 1) > (2.56)

NaSY Ny

In the following, the PDF and the CDF of the ratio Z are calculated.

2.6.1 Probability Density Function

With (2.1), (2.55) and (2.56), the PDF of Z may be expressed as

y+1

8w b 1 .
fZ(Z) :/ \/_,u 2 [y (:‘iy + )1 — Z2uzy2uz+uy+1 exp [ 2h, FAL2 (zy) }
0 T{pig)ermsdue gt L i, (257)

X eXp <—(/§y + 1)’yfgy2) I, [QHx =g )2} I, (2, [, (5, + )’”;y ) dy.

Using [48, Eq. 8.445] to expand in series the second Bessel function in (2.57), and making the

integration variable ¢ = y? results in

fz(2) = S /OO AT fig “zﬂu 2ty Pt g, (K + 1) 1 e ittt
i—0 YO0 Al (g )F(z—|—uy)euyﬁyﬁuzﬂymwuyng 3 2.58)

X exp {—2 (h%%z2 + (y + 1)’;y) } L.y (2H552%) di.

Using [48, Eq. 8.335.1] and [49, Eq. 2.15.3.2], the integral in (2.58) solves to

(e e}

Q2 pApa—1 1 Ly ¢
f2(2) = 2\ 210+ Z'v ’ s
hi* el (1 4 uz?)2etin L= il B(2pu,, 0 + 1) \ 1+ uz

) (2.59)
U4 2y + phy U 20, + oy + 1 1 (H, uz?
X oFy ) e T 50\ 77 T 2
2 2 hy 1+ uz?
in which
2 Z'hl' )2
Hallal (2.60)

- poy (Ky + 1)32
Although (2.59) includes an infinite summation, the evaluation of the PDF converges rapidly

for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
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Table 2.5: Relation between number of terms and accuracy in the infinite summation of (2.59)

and (2.66).

Parameters smallest I for accuracy of
Ne | Ky | Bz | by | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF

0.1] 0.1 [05]05]0.1 2 7 4 16
1.0 1 231 3 540

5.0 0 317 1 896

1.0 | 0.1 2 5 4 11

5.0 0 331 2 932

5.0 1 0.1 4 3 7 7

5.0 0 102 2 1004

5.0 0.5 0.1 0 53 2 121

5.0 0 971 1 1841

5.0 0.1 0 10 0 23

5.0 0 0 1 1289
1000505 |0.1| 14 10 20 16
5.0 3 298 8 976

50101 75 63 88 79

5.0 0 0 54 1071

5.0 0.5 0.1 0 8 0 28

5.0 2 661 5 1695

5.0 0.1 0 64 0 81

5.0 0 0 0 0

09] 0.1 |05]05]0.1 2 0 3 1
5.0 0 1 1 4

5.0 1 0.1 4 0 6 3

5.0 0 0 2 3

5.0 05101 0 0 0 0

5.0 0 2 1 8

5.0 0.1 0 0 0 0

5.0 0 0 0 2

100 {05105 0.1 13 7 19 14
5.0 3 3 7 6

50101 72 50 86 72

5.0 0 13 0 30

5.0 0.5 0.1 0 0 0 0

5.0 2 2 5 6

5.0 0.1 0 0 0 0

5.0 0 4 0 10
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Figure 2.9: PDF of the ratio of n-u and s-p random variables.

Table 2.5 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.59). For
the PDF accuracy, a smaller number of terms I is required for higher values of 7, or u,, or lower

values of ky, 1, or z.

Note that (2.59) may be reduced in the following situations: (i) if p, is set to 3, the
corresponding PDF reduces to Hoyt; (i) if p, is set to unity, the corresponding PDF reduces
to Rice; (444) if K, — 0, the corresponding PDF reduces to Nakagami-m, with m = p,; and (i)

if p1, = 1 and K, — 0, the corresponding PDF reduces to Rayleigh.

The PDF of Z is shown in Fig. 2.9 for various values of 1, Ky, 11, and p,. It can be seen that
increasing values of p, shifts the curve away from the ordinate axis. Also, diminishing values of
N, tends to slightly spread out the probability density. On the other hand, a PDF with smaller

tail and a higher peak value is obtained for increasing values of &, or j,, or diminishing value

of fi.

If p, is a positive integer, i.e., u, = 1,2, ..., then the Bessel function may be expressed by

[48, Eq. 8.467], as illustrated in (2.21). Using (2.21) in (2.57), and solving the integral in y with



42 Chapter 2. Ratio of Random Variables

[49, Eq. 2.15.5.4] leads to

=
H
H

2
2L (pa) U (py)evrn (1 4 uy 22 )

Z+,be—1)'F( i+ T+ L)

fz(=) = S0t e — 1)I(2H, )

=0

_Z+M1
UL 2 HyhKy
X - T ) )
[(hx— 1+u122} ( L e sy 1+u1z2>

(2.61)

+ 2 Hil (=1 (=i+ )
2 ()T (g Jemvrio (1 4 ugz®)iv = (i 4 g — DIT(—i 4 prg + py ) (2Hy )44

2 —i+ﬂx
U2 . Hyby
X F - T ) )

in which

2xhx_Hx )2 2xhx H:E )2
Ha A)Qy’andwz pi (ha + A);/
py(ky + 1)2 piy(y + 1) 2

uy = (2.62)

2.6.2 Cumulative Distribution Function

With (2.2) and (2.59), the CDF of Z may be expressed as

Z ==
Z 0 hgzeﬂy'{y(l —+ th)Q“ﬁ“y o Z'B(Q,ux,l + l//y) 1+ ut?

i Qs+ gy i Qe+ gy + 1 1 (Hm ut? >2]

P I
X2k 2 ’ 2 e T \ T

Using in (2.63) the transformation of the hypergeometric function given by [50, Eq. 07.23.17.0116.01]

leads to

hZ#z +py t4,uT —1

2u2“T
Fy(

_ (2.64)
u

Hyfiyha dt
hy + (he + Hy)ut? )

8 {thr(ther

)th] o F (Z‘I'Q,ux‘{',uymum Ha s

Expanding in series the function o F (.) with [48, Eq. 9.100], and using [48, Eq. 8.391] to integrate

on t results in

Z Z i+ 24ty + fy); (1)) (pyhy) Iy H (2.65)
= Z'] 2/% (2442, 8 + py)erv™ (hy + Hy)it2me B (225 5 + 2410, 0 + 1)
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Figure 2.10: CDF of the ratio of n-x and x-p random variables.

in which (.),, is the Pochhammer symbol, and B(.,.,.) is the incomplete beta function [48, Eq.
8.391]. Using [50, Eqgs. 06.18.17.0004.01, 06.21.17.0003.01] and [21, Eq. 6.6.3], (2.65) may be

expressed as

(uz?)?= > 1— Qi+ 1, pyky)
F =1 uz 2 ) ; ; -
22) =Tz, o) 4 T iy 2 G ) B )L+ 0]

o0

2hngx('U/Z2)2“x Z 1
e (hy + Hy) 2ot (1 u2?)2be i £ (i 4+ 1) (i + 24ta)
y 1 2H,uz? T
By, i+ 1)B(i 4 2pg, fty) | (hy + Hy)(1 + uz?)

: fhyhiy : , 2H,
F 2 T ) ) F 17 T 17 27—
X1 1(Z+ Ha + [y, Hy 1—|—uz2)2 1( vt pe + 1+ hz+Hx)

(2.66)

in which I,(.,.) is the regularized incomplete beta function [48, Eq. 8.392], and u is given by
(2.60).

Although (2.66) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.5 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)

and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.66). For
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the CDF accuracy, a smaller number of terms I is required for higher values of 7, or p,, or lower
values of Ky, p, or z.

Note that (2.66) may be reduced in the following situations: (i) if p, is set to 1, the
corresponding CDF reduces to Hoyt; (i) if p, is set to unity, the corresponding CDF reduces
to Rice; (44) if K, — 0, the corresponding CDF reduces to Nakagami-m, with m = p,; and (i)
if p1, = 1 and K, — 0, the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 2.10 for various values of 7n,, x,, 1, and p,. It can be seen
that lower values of u, tends to smoothen the function. On the other hand, a CDF with steeper

climb is obtained with higher values of 7, and &,.

2.7 Ratio k-u/k-p

Let (1.15) represent the PDF of the numerator X

pztl

iy (ky + 1) 2 gk x? x
fx(x) = a Erl ) exp {—Mz(/{z + l)ﬁ} I, (2%:\//%(/% + 1)5) (2.67)

'Lix 2 e#zﬁz.f;ﬂz‘Fl

and the PDF of the denominator Y

_ 241y (Ky + 1)MyT+ly“y

2
fy(y) fg—1 exXp {ﬁ“y(’fy + 1)%} Ly, (2:“1/ \/ Ky (Fy +1)

— 5 Ky fjiby+1
K/y 2 eMy yy#y

< =

) . (2.68)

In the following, the PDF and the CDF of the ratio Z are calculated.

2.7.1 Probability Density Function

With (2.1), (2.67) and (2.68), the PDF of Z may be expressed as

00 pz+l Py+1
F2(2) :/ Apigply (ke +1) 72 (K, +1) 73 ZuZyueruyﬂ
0

—1 ey —1
/{x“xz Ky % eHalatiyty plat1 gy +1

Ky + 1 Ky + 1
X exp [—ux—(zyf] exp (—uy ygg yQ) (2.69)

i»?

Ky +1 Ky + 1
S <2pﬂ//{m = zy) L, <2uy Ky ng y) dy.
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Figure 2.11: PDF of the ratio of x-u random variables.

Using [48, Eq. 8.445] to expand in series the second Bessel function in (2.69) results in

bxt

("{y + 1)”%

Z/ il ji Z:H‘“’ (f /:_l(jjzﬁﬁuyﬁy DHe LG 2y ey
(2.70)
X exp [— (ux M:; S ﬁyg; 1) y2] L (2%\/@%@—?1@) dy.
Using [49, Eq. 2.15.5.4], the integral in y may be solved to
fa(2) = Quittw z2#a =1 i 1 ( Lhyky )
Z eharathyka (] 4 qz2)patiy P ilB(i + puy, p) \ 1+ uz? (2.71)
x 1k (2 + Ha + iy, fha, %)

in which

~2
y = Helfie + VI (2.72)
fy(y +1)22

Although (2.71) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).

Table 2.6 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
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Table 2.6: Relation between number of terms and accuracy in the infinite summation of (2.71)
and (2.78).

Parameters smallest I for accuracy of
Ky Ky | Me | My | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF

0.1 | 0.1 [0.5105]0.1 2 0 4 2
1.0 1 9 3 19

5.0 0 167 1 345

1.0 | 0.1 2 0 4 2

5.0 0 106 2 202

5.0 0.1 4 0 7 2

5.0 0 47 2 75

5.010.5 (0.1 0 0 2 0

5.0 0 1645 1 3400

5.0 0.1 0 0 1 0

5.0 0 430 1 665

10005 105(01| 14 0 20 2
5.0 3 56 8 90

50101 75 0 88 2

5.0 0 31 54 42

5.0 0.5 0.1 0 0 10 0

5.0 2 521 5 815

5.0 0.1 0 0 0 0

5.0 0 239 0 304

10.0 | 0.1 | 0.5]0.5 0.1 1 1 3 4
5.0 0 1649 1 3404

5.0 0.1 3 0 6 3

5.0 0 434 1 670

5.0 0.5 0.1 0 0 0 0

5.0 0 16469 1 33982

5.0 0.1 0 0 0 0

5.0 0 4295 0 6608

100105105 (0.1| 11 0 18 3
5.0 2 525 5 820

501]0.1| 66 0 83 3

5.0 0 244 0 308

5.0 0.5 (0.1 0 0 0 0

5.0 2 5205 4 8113

5.0 0.1 0 0 0 0

5.0 0 2343 0 2922
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and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.71). For
the PDF accuracy, a smaller number of terms [ is required for higher values of ., u, or z, or

lower values of &, or j,.

Note that (2.71) may be reduced in the following situations: (3) if p, (or p,) is set to unity,
the corresponding PDF reduces to Rice; (i) if k, — 0 (k, — 0), the corresponding PDF reduces
to Nakagami-m, with m = u, (m = p,); and (i) if 4, = 1 and k, — 0 (p, = 1 and &, — 0),

the corresponding PDF reduces to Rayleigh.

The PDF of Z is shown in Fig. 2.11 for various values of k;, Ky, p, and p,. It can be seen
that diminishing values of k, tends to slightly spread out the probability density. On the other
hand, a PDF with smaller tail and a higher peak value is obtained for increasing values of &,
or fi,, or diminishing value of .. In the figure, it can be seen that the curves for p, = 0.5 have

the shape of a one-sided Gaussian, as expected.

2.7.2 Cumulative Distribution Function

With (2.2), (2.67) and (2.68), the CDF of Z may be expressed as

—1 —1
. My2 eHatatiyty plat1 gy +1

s prt+l Py +1
/ / 4p“ﬂc:uy Ky + 1) 2 (’iy + 1) 2 t#zy#z+ﬂy+1

+ 1 +1
X exp l ,uac = (ty)ﬂ exp (—,uy yng y2> (2.73)

Ky + 1 Ky +1
g (2/%\/ Ky = ty) L, 1 (Q,um //-fyyyA—zy) dy dt.

Using [48, Eq. 8.445] to expand in series the first Bessel function in (2.73), changing the inte-

gration order and the integration variable to w = t? leads to

py—1 w y
Z'F f[/ + /’L eﬂaﬁx+ﬂyﬁyx21+2uxyuy+1 P}

X exp (—ux o wy?) exp (—My 72 y2) L1 (Q;M /nyyg—zy) dw dy

+1 .
/ / 2 1y (R 4 1) (K, +1) Kao' itpa—1, 2420y

(2.74)
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Using [48, Eqs. 3.381.1, 8.356.3], the above integral in w solves to

oo Hy+

Fy(z) = /OOO 24y (pratia)' (Ky + 1)

etz Retpy Ky Ky yz y,uy'i‘

Ky +1
yHv exp {—MyyA—Qyz}
i=0 Y

Ky + 1 . Kgy + 1
X Ly, (2uy iy ygg y) {1 -Q <z+ux,ux = zg?f")] dy.

The integral in (2.75) can be split in two parts, with one of them carrying the function Q(.,.).

(2.75)

Solving the simpler integral with [49, Eq. 2.15.5.4] and simplifying the summation leads to

My+

[ 24y (ks 1 1
Fz(z) =1- / flfara) (Ky + ) : yuy exp {_“y Hy: y2}
I / (.70
Ky + 1 . Ky + 1
X 1y, 1 <2uy Ky yg2 y) Q (2 + Uy fox 72 2292) dy.
Using (2.52) in (2.76) leads to
) =1- Z / ot} sty % ey (—uy—'{yfg y2>
@'@Mz"”vfrﬂy“y/@ Tz ogiwtl Yy
Ky + 1
X Ay, 1 <2/Ly\/ ’iyyyA—gy)
@17

[e%¢} 7 0o it . . it
i Z Z/ 2ﬂx +J+p /Ly/ixj(lﬁx + ]_) i (,‘i + 1) Z2i+2ﬂzy2i+2ﬂz+ﬂy
0 ]‘F(z + e + 1)@Nz”z+ﬂy“y /{y 5= x21+2uzyﬂy+1

Ky + 1 Ky + 1 Ky + 1
X exp [_ (Mr 72 2y ygg ) 3/2} Lyt (2Ny\/ ’iyyyA—2y)

Solving the integrals with [49, Eq. 2.15.5.4] and simplifying the summation results in

(uz?)H= Qi+ 1, pigkig ) (wz?) , Ly Ky
F = F X ) ) .
T Zo i+ 1) Bl pgopy) T F b T ) (278)

in which u is defined by (2.72).

Although (2.78) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.6 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)

and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.78). For
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Figure 2.12: CDF of the ratio of k-u random variables.

the CDF accuracy, a smaller number of terms I is required for higher values of x, or p,, or
lower values of k., p, or z.

Note that (2.78) may be reduced in the following situations: (3) if p1, (or p,) is set to unity,
the corresponding CDF reduces to Rice; (i) if K, — 0 (k, — 0), the corresponding CDF reduces
to Nakagami-m, with m = u, (m = p,); and (i) if 4, = 1 and k, — 0 (p, = 1 and &, — 0),
the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 2.12 for various values of k;, Ky, 1, and p,. It can be seen
that lower values of u, tends to smoothen the function. On the other hand, a CDF with steeper

climb is obtained with higher values of k, and &,,.

2.8 Ratio k-u/n-u

Let (1.15) represent the PDF of the numerator X

pr+1

2. (ke +1) 2 k= x? T
fx(z) = a Erl ) exp {—ux(/ix + 1)§} 1,1 (2@1\/@(@ + 1)5) (2.79)

Ky 2 eﬂx"’ixi'ﬂx‘i‘l
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and (1.13) the PDF of the denominator Y

AN/ H uy—i-%hﬂyyluy yz y2
fy(y) = vy — exp | —2pyhy =5 | 1, 1 (20, H, =5 | - (2.80)
() L gt i) J

In the following, the PDF and the CDF of the ratio Z are calculated.

2.8.1 Probability Density Function

With (2.1), (2.79) and (2.80), the PDF of Z may be expressed as

pr+1

fZ(Z) :/ \/_ Y ( ) Yy
0

e Ty, ) ip 5 s L2y L 3
Ky + 1
X exp <—2hy%y2) I, (2ux\//fx72y> [Mr% (QHy%;f) dy.

Using [48, Eq. 8.445] to expand in series the first Bessel function in (2.81), and making the

Ky + 1
Hoyha 2t exp [—ux = (Zy)2]

(2.81)

integration variable ¢ = 2 results in

O [0y itz |, fyts . it My
T T2 (K + 1 h - iy 1
fz(2) / Vit o2 (e 1 ) Y i e Lyt iy
0

1
" Z'F(l —I—,ux)F(uy)€'“mmj2i+2’umguy+%H{jy 2 (2.82)

.+ 1
X exp {— (uﬁ ; 2y m%) t} I, <2Hy%t) dt.

Using [49, Eq. 2.15.3.2] to solve the above integral results in

gt 2o 1 &) 1 Mm’fquZ i
fZ(Z) _eﬂwﬁx(l + uz?)u»x-i-?liy ZZ_; Z'B(Z + Uz, 2”!/) ( 1+ uz? ) (2 83)
o | Ha 2y i et 20 1 +l Ay 2 |
21 2 ’ 2 Hy 2’ hy 14 uz?
in which
T ZT 1 ?
= Halria + DY (2.84)

2pyhy, @2
Although (2.83) includes an infinite summation, the evaluation of the PDF converges rapidly

for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
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o1

Table 2.7: Relation between number of terms and accuracy in the infinite summation of (2.83)

and (2.91).

Parameters smallest I for accuracy of
Ke | My | Me | My | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF

0.1 |0.1/05]05]0.1 1 0 1 2
1.0 1 9 3 19

5.0 1 167 3 350

1.0 ] 0.1 1 0 1 2

5.0 1 106 3 204

5.0 0.1 0 0 1 2

501 0 47 3 75

50105 0.1 0 0 1 0

50 3 1649 6 3442

5.0 1 0.1 0 0 0 0

501 0 429 3 666
09]105]05(0.1 1 0 1 2
5.0 1 109 3 212

5.0 1 0.1 0 0 1 2

501 0 38 2 o7

50105 0.1 0 0 1 0

50 2 1059 5 2058

5.0 0.1 0 0 0 0

501 0 330 0 474

10.0 [ 0.1]0.5]0.5]0.1 3 1 6 4
50 | 11 1653 17 3446

5.0 0.1 2 0 4 3

501 0 434 13 671

50105 0.1 0 0 0 0

5.0 | 67 16506 83 34401

5.0 0.1 0 0 0 0

501 0 4291 61 6623
09]105]05(0.1 2 0 5 4
5.0 | 10 1064 17 2063

5.0 | 0.1 2 0 4 3

501 0 335 0 479

50105 0.1 0 0 0 0

5.0 | 64 10607 81 20569

5.0 0.1 0 0 0 0

501 0 6623 0 4684
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Figure 2.13: PDF of the ratio of xk-p and -y random variables.

Table 2.7 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.83). For
the PDF accuracy, a smaller number of terms [ is required for higher values of 7, or p,, or lower

values of k., p, or z.

Note that (2.83) may be reduced in the following situations: (i) if p, is set to unity, the
corresponding PDF reduces to Rice; (%) if , — 0 or n, — oo, the corresponding PDF reduces
to Nakagami-m, with m = p,; and (i1) if p,, = % and 7, = 1, the corresponding PDF reduces

to Rayleigh.

The PDF of Z is shown in Fig. 2.13 for various values of x,, 1, tt; and p,. It can be seen
that diminishing values of k, tends to slightly spread out the probability density. On the other
hand, a PDF with smaller tail and a higher peak value is obtained for increasing values of 7, or
[ty, or diminishing value of p,. In the figure, it can be seen that the curves for p, = 0.5 have

the shape of a one-sided Gaussian, as expected.

If pu, is a positive integer, i.e., u, = 1,2,..., then the Bessel function may be expressed by
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(2.21). Using (2.21) in (2.81), and solving the integral in y with [49, Eq. 2.15.5.4] leads to

1 Myl ;
Myl e (=1

fz(2) = ; -
erahie (1 4 uy 22)ie ZZ; 20y (3 4 ) B(py, @ + 1) B(ph, =1 + 1) Hy iy
1 . Yy KUy 22
X . Fi| — " Mgy ———————
T e (e e ) (285)
QRL b Z2Ha Hy—1 (—1)ms
e {1+ w220 2 950+ ug) Bty + 1) Bt —i + o) H
1 . Yo KU 22
X — 1k | - x Moy ————
[(hy + Hy) (T + u2?)] e ( e 1+qu2)
in which
oKz +1 )2 oKz +1 )2
u; = o lFa + 1) and uy = o lFa + 1)f ) (2.86)

2.8.2 Cumulative Distribution Function

With (2.2), (2.79) and (2.80), the CDF of Z may be expressed as

Z _/ /oo 8\/_Iu MerlM My+ (I€$+1) tﬂZsz+2#y+1

1
N (T a:l*w“meyHH“ v

Ky + 1 Ky + 1
X exp |:_/Jm = (ty)Q} exp < 2h lfé’ y2) Ly (2% o= ty) (2.87)
I (2]—] “yy2> dy dt
Hy— 12 :

Using [48, Eq. 8.445] to expand in series the first Bessel function in (2.87), changing the inte-

gration order and the integration variable to w = t? leads to

y
z'Fz+M Jetana T (j1, )2+ e Gmu L T2 (2.88)

.+ 1
X exp {—Mwﬁ g;_ wyﬂ exp ( 2h ‘f;’gf) I y— <2H /fggf) dw dy

2z+uz py+i itpg | Py
Z/ / My "2 Ry (ke + 1) hy _ e Ly 20 2 2y
0
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Using [48, Eqs. 3.381.1, 8.356.3], the above integral in w solves to

oy ki )it B
FZ(Z) _ / \/7_T<IU’ K ) :u:/ Yy y2uy exp < 2h Ilf?;yQ) [ (2H /f?;yQ)
S0 dlemereD () Y gt Y (2.89)

L+ 1
X {1—62 (Humuz’i; yzz?)} dy.

The integral in (2.89) can be split in two parts, with one of them carrying the function Q(.,.).

Solving the simpler integral with [49, Eq. 2.15.3.2] and simplifying the summation leads to

X[ AT (kg ) g S Y
Fy(2) =1 — / ' VT (eka) M::’y_l —— " exp ( 2h /fgy2>
i=0 70 z!euwzr(ﬂy)Hy gt (2.90)

I _ Ky +1
< I, 1 (ZH f;’yQ) Q (Zﬂtmux — ygzz) dy.

Using (2.52) in (2.90), solving the integrals with [49, Eq. 2.15.3.2] and simplifying the summation

results in
(uz?)H= > QUi + 1, pgkiz)(uz?)
hy" (1 + uz?)Hat2nmy Z@'O (04 p) B + o, 2p0) (1 + uz?))

(2.91)
X 2F1

i A g A 2ty 0+ 24, + 1 1 (H, 1 \°
2 2 >y hy 1+ uz2

in which u is defined by (2.84).

Although (2.91) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 2.7 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (2.91). For
the CDF accuracy, a smaller number of terms I is required for higher values of 7, or p,, or lower

values of k., p, or z.

Note that (2.91) may be reduced in the following situations: (i) if p, is set to unity, the
corresponding CDF reduces to Rice; (i) if n, — 0 or 1, — oo, the corresponding CDF reduces

1 and n, = 1, the corresponding CDF reduces

to Nakagami-m, with m = p,; and (41) if p, = 3

to Rayleigh.
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Figure 2.14: CDF of the ratio of k-u and n-p random variables.

The CDF of Z is shown in Fig. 2.14 for various values of x,, 1, 1, and p,. It can be seen
that lower values of p, tends to smoothen the function. On the other hand, a CDF with steeper

climb is obtained with higher values of x, and 7.

2.9 Ratio a-u/a-p

Let (1.17) represent the PDF of the numerator X

Oé:l?,uxux xaac,ux_l xa;c
_ . 2.92

and the PDF of the denominator Y

1% Myﬂyyayﬂy_l yO‘y
fr(y) = —=F————exp | —py=— | . 2.93
YW= TR e g (293)

In the following, the PDF and the CDF of the ratio Z are calculated.
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2.9.1 Probability Density Function

With (2.1), (2.92) and (2.93), the PDF of Z may be expressed as

- awayluwﬂxluyﬂy agpre—1, o piztoypy—1
z) = - — z Mz x M yHy
#0= | i <

(2.94)
X exp [_;j (zy)az} exp (—g;i y"y) dy.

T

Let us assume that g—z = § in which p and ¢ are coprime positive integers. With the integration
variable changed to ¢t = y®, the integral in (2.94) can be solved with the help of [51, Eq.

2.3.2.13]. If p > q, it results in

p—1 _— . _ . _
o —1)u O‘y(H'My)Z ay (i+py)—1 ) q
o)~ 3o L it )]
(k)T (1y) = a4 p (2.95)
. q . q? -
X (q+1) Flp) [1, A <,uw + (i + ;@)—,q) AL+ 1,p); p(uz) P y}
p (—p)
in which
1 -1
Aa,n) = (E,H +_) (2.96)
n n n
and
1
w= Y (2.97)
oy v T
On the other hand, if p < g, solving the integral in (2.94) results in
q—1 ; ; i _
QO (_ 1)zuaz(z+uz)zo¢z (i4pz)—1 ‘ P
fz(z) = : Uy + (04 pe)=
; p . - . pp qQOy
X 1) Flg) |1, A My+(l+/~ba:)5,p ,A(l+1aQ)7w(W) :
Finally, if p = ¢ (thus making o, = a, = «), then
au_aﬂyz_aﬂy_l
fz(2) = —

auHe z— Atz — 1

B(pig, p1y)[1 + (uz)o]patey”
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Figure 2.15: PDF of the ratio of a-p random variables.

Note that (2.95), (2.98) and (2.99) may be reduced in the following situations: (i) if p, (or
[y is set to unity, the corresponding PDF reduces to Weibull; (i) if p1, =1 and o, =1 (p, = 1
and a,, = 1), the corresponding PDF reduces to negative exponential; and (i) if p, = 1 and
ay =2 (p, =1 and o, = 2), the corresponding PDF reduces to Nakagami-m PDF with m = p,
(m = py).

The PDF of Z is shown in Fig. 2.15 for various values of ay, p, ¢, pt, and p,. It can be seen
that the curves have different shapes, varying from close to the negative exponential (smaller
a,) to closer to Rayleigh (larger o). Also, a PDF with smaller tail is obtained for increasing

values of f,,, or diminishing values of o, or the ratio %’.

2.9.2 Cumulative Distribution Function

With (2.2), (2.92) and (2.93), the CDF of Z may be expressed as

T
/ / OéxOéyﬂx xﬂy Y taxux—lyaxux—&—ayuy—l

My maz/ﬁzyayﬂy
Y yay) dy dt.

(2.100)

X exp [—

IU’I o i|
ty)° —~
ey
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Figure 2.16: CDF of the ratio of a-p random variables.

Using [48, Eq. 1.211.1] to expand in series the first exponential function in (2.100), solving the

integral on y results in

00 . a itpiy
(= D'ey , Qy T\ oo (i) —
Fr(z) =) ™ 1y, (= y el =g (2,101
A / MGy 0T 1\G) e (210

With Z‘—; = § as already defined, assuming p > ¢, and solving the integral in (2.101) results in

Fy(z) =1 — ‘ TE F{uﬁ(”uy)—}

’q) ; (2.102)

in which w is given by (2.97). Using [48, Eq. 1.211.1] to expand in series the second exponential

function in (2.100), solving the integral on y results in

00 . a 7/“!‘/1113
- (_1)1&:5 . am ?J ‘ ,ua: ('+ —
F = E — T ) — = - ealtra)=lge (21

My Y
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With Z—z = § as already defined, assuming p < ¢, and solving the integral in (2.103) results in

1 q—1 (_1)i(uz) oz (i) |:
Z( ) F(MI)F(H’?J> p— Z'(Z _{_qu) Y ( )
1+ oz . Y%
X (p+2) Flgt1) {17 g A (,uy + (i + p@;,p) : (2.104)
L i . PP }
+ 1, A 1+ 17 ; uz qaz
p L) (—Q)q< )

in which w is given by (2.97). If p = ¢ (thus making a, = a,, = «), then

(uz) o
FZ(Z) :1_B—QF1 [My’/va—i_,uw:uy—i_la_(uz) ]
(UZ)_QMI Ja [ + +1 ( )a] '
= T 57 Moy Py Hys Bz , —(uz :
1B (o )" ’

Note that (2.102), (2.104), and (2.105) may be reduced in the following situations: (7) if p,
(or py,) is set to unity, the corresponding CDF reduces to Weibull; (i) if 4, = 1 and o, =1
(py = 1 and o, = 1), the corresponding CDF reduces to negative exponential; and (7i1) if p, = 1
and o, = 2 (pu, = 1 and o, = 2), the corresponding CDF reduces to Nakagami-m CDF with
m = fiz (m = p).

The CDF of Z is shown in Fig. 2.16 for various values of «, p, ¢, ft, and p,. It can be seen
that higher values of u,, a, or «, tend to produce a steeper curve. On the other hand, lower

values of (1, or p, result in a smoother CDF'.
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Chapter

Product of Random Variables

In this chapter, the products of i.n.i.d. random variables are calculated. Specifically, the
following are considered: n-p X m-pt, k-p X K-pi, n-p X K-, and a-p X a-p. After intricate and
tedious calculations, the results are obtained with a single summation that converges with small

or reasonably small number of terms for the desired accuracy in most cases of interest.

For the figures, given the flexibility of the distributions, values of the parameters have been
selected in order to illustrate their possible shapes. The parameters for the accuracy tables have

been selected at the vicinity of the upper and lower limits of their valid range.

3.1 Introduction

The analysis of the product of random variables may be performed using standard analytical
procedures. Let X and Y be two statistically independent random variables and W £ X x Y

their ratio. The resulting PDF can be expressed as [47]
<1 w
fww)=[ =fx (=) fr(y)dy (3.1)
o Y Y
in which fx(.) and fy(.) are the PDFs of X and Y, respectively. The CDF is then expressed as
Fiw(w) = Prob {XY < W} = / Fw()dt. (3.2)
0

61
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3.2 Product n-u X n-u

Let (1.13) represent the PDF of X

1
4\/E,um/ia:+§ hgzx%z
_1
D (pg) Hy™ ™ 2 320t

fx(z) =

x? x?
exp (—Q/Lxh,z ﬁ) [Mr% (Z,uxHx E) (3.3)
and the PDF of Y

4 T ,uer%thyQuy y2 y2
fr(y) = VTl — Y exp | —2uyhy = L, 1\ 20,Hy = ). (3.4)
D) HY? ™2 gt i) j

In the following, the PDF and the CDF of the product W are calculated.

3.2.1 Probability Density Function

With (3.1), (3.3) and (3.4), the PDF of W may be expressed as

o0 at3 +5 o PP
O DL HEH ot (3.5)

X exp( th/f; il gggﬁ) I, 1 (ZHx/:L; y2> I, 1 (2[{ ggyz) dy.

Using [48, Eq. 8.445] to expand in series the Bessel functions, and making the integration

variable t = y? results in

87Tux2i+2,ux,uy2j+2uy huw H?ihﬂy H2j

Z Z/ il (e )F (2 + gy + l) r (] + py + ) FAH e AT+

=0 7=0

(3.6)

CEA2

o qudit e —1p—2i+2j~2p0+2py—1 exp( o Mo W - 9 Myt> dt.

Using [48, Eq. 3.471.9], the integral in (3.6) solves to

& 167 H:c 2 Hy 2
) =2 D GG e+ DTG g + D (h_) ( " ) (3.7)

ittty ) 20 2)+ 2410+ 2y — 1
X e PR 2 T o —op, (4 uw)
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Figure 3.1: PDF of the product of - random variables.

in which K,(.) is the modified Bessel function of the second kind and and v-th order 21, Eq.

9.6.2], and

_ halypiapry,

i (3.8)

After some algebraic manipulation, the double summation in (3.7) may be simplified to

27 2He =21y 3702 5 [(2p, — 24ty )T 2\/_w
fW(w> - BHw Py s Z
wF(I‘L.I)F(luy) €z Y i=0
2/ uw )4 R 1 (H,\>
X . ( \/_ ) 2F1 __7_—7:uy+_7 —
(i — 2y + 24, + 1) 2 2 2"\ hy
« OBy | + i<+ 4—1 +—1 , 3.9
2471 5 Mz — [y, 5 Mo — My 27,“1 2'\ h, ( . )
(2\/uw)#= - T i+1 1
- = 211 ——7——7/%4‘—7
(i 4 2p, — 2y + 1) 2 2 2
R N i . +_1 H,\?
241 92 Ha ,uya 2 Moz Uy 27,uy 27 hy

in which gﬁl(.) is the regularized Gauss hypergeometric function [50, Eq. 07.24.02.0001.01].

Although (3.9) includes an infinite summation, the evaluation of the PDF converges rapidly
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Table 3.1: Relation between number of terms and accuracy in the infinite summation of (3.9)

and (3.10).
Parameters smallest I for accuracy of
Ne | My | Mo | ty | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF
0.1{01]05(05 01| 113 11 258 15
1.0 | 133 134 291 137
5.0 70 682 262 686
1.0 | 0.1 | 142 19 299 22
5.0 52 971 282 974
5.0 1 0.1 | 351 40 557 43
501 0 2176 401 2180
091050501 ] 71 2 208 4
5.0 88 100 269 104
5.0 1 0.1 2 2 4 12
501 0 338 298 341
1.0
0.8
0.6
O
= i
0.4 B
3 curve | 1 2 3 4 5 6
4 N 09 0.1 09 09 09 09
0.2 | 5 ny, |01 01 01 0.9 09 0.1]
6 L 05 3 3 05 3 3
sy 10.55 0.55 0.55 3.25 0.55 3.25
0.0 ' ' ' '
0 1 2 3 4 )

z

Figure 3.2: CDF of the product of n-u random variables.
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for cases of interest. Let I be the number of terms in a truncated summation (as defined
earlier). Table 3.1 gives the value of I necessary to obtain a three-decimal-place accuracy (error
< 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of
(3.9). For the PDF accuracy, a smaller number of terms I is required for higher values of 7,, 7,
or z, or lower values of 1, or ji,.

The PDF of Z is shown in Fig. 3.1 for various values of n,, 7,, i, and pu,. It can be seen
that increasing values of 1, or p, shifts the curve away from the ordinate axis. On the other
hand, a PDF with smaller tail and a higher peak value is obtained for increasing values of 7,,
Tlys Ha O [y.

Note that (3.9) may be reduced in the following situations: (%) if y, (or p,) is set to 1,
the corresponding PDF reduces to Hoyt; (%) if n, — 0 or n, — oo (n, — 0 or 7, — 00), the
corresponding PDF reduces to Nakagami-m, with m = i, (m = p,); and (i) if p, = 1 and

ne =1 (py = % and 7, = 1), the corresponding PDF reduces to Rayleigh.

3.2.2 Cumulative Distribution Function

With (3.2) and (3.9), the CDF of W may be calculate as

FW<w) :2—2Mz—2ﬂy+2ﬂ.2 CSC[(Q,LLx 2,u/y i 2\/_w
()T (py ) ™ by =
2 Ay A | 1 (H,\"
% . ( \/aw) oy —E,—i,ﬂy+—7 (_y>
(0 + 20, )T(7 — 200 + 211y + 1) 2 2 2"\ hy
. i 1 1 (H,\"

(2w :

- 7. . 2471

(0 + 200) (0 + 210 — 24 + 1)

i b H,\?
o M TH T T T,

)
—5 et 1y,

X 2F1 5

in which u is defined by (3.8).
Although (3.10) includes an infinite summation, the evaluation of the CDF converges rapidly

for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
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Table 3.1 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (3.10). For
the CDF accuracy, a smaller number of terms [ is required for higher values of n,, n, or yu,, or

lower values of p, or p,.

Note that (3.10) may be reduced in the following situations: (i) if p1, (or p,) is set to 1,
the corresponding CDF reduces to Hoyt; (i) if n, — 0 or n, — oo (1, — 0 or 1, — 00), the
corresponding CDF reduces to Nakagami-m, with m = p, (m = p,); and (i) if p, = 1 and

Ny =1 (p, = % and 7, = 1), the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 3.2 for various values of 7, 1y, 1, and p,. It can be seen
that increasing values of 1, or p, tend to produce steeper curves. On the other hand, lower

values of 7, or 7, tend to produce curves that reach the unity for higher values of z.

3.3 Product s-u X k-p

Let (1.15) represent the PDF of X

pz+1

3 pHe 2
foa) = Hialia £ D550 [_M(@ n 1)%} L1 (2#3”/@(@ n 1)%) . (311

-1
Hxﬁ%ffeﬂmﬁzjﬂz+1

and the PDF of Y

_ 2py(Ky + 1)%7“.7/”’

py—1
-5 Koy 7} 1
Ky 2 el yyﬂy‘f'

fr(y)

) . (3.12)

2
Y
eXp {_Mywy + 1)?} Ly (2/@ Fy(kiy + 1)

NS Ny

In the following, the PDF and the CDF of the ratio W are calculated.
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3.3.1 Probability Density Function

With (3.1), (3.11) and (3.12), the PDF of W may be expressed as

oo pztl l‘y+
_ Apigpiy(Ke +1) 72 (K, +1) 2 [, — oty —1
fW(W) - pp—1 py—1 wy
0 Ky 2 /{yTeﬂw“w+Ny’fy;pr+1yﬂy+1

L1 2 1
X exp [ ,ux,{6 :1; (%) ] exp< ,uyﬁy;— y2> (3.13)

w
I, 1|20, ke +F1)— )1, 12 1 d
X Ly 1( ta/ Ko (Ka + )yx> fry—1 ( py/ Koy (y + )y) Y-

Using [48, Eq. 8.445] to expand in series the Bessel functions, and making the integration

variable t = y? results in

_ Z 00 2# i+ 2j+#y/‘6xi/'€yj(5x + 1)i+ﬂm</€y + 1)j+ﬂy

Al IF Z + ) (7 + eha oty Ry 322042 (27 +21y

W qu2it2pe— it petpy—1 exp (—M:c

Using [48, Eq. 3.471.9], the integral in (3.14) solves to

Z Z 4(pake)" (Ny“y)j
G0+ )T (J + gy )ereretiury

=0 j=

(3.15)

i+jtpartry
xu— 2w TG, (2V0w)

in which
_ Hapty(Kz + 1) (Ky + 1)
- ZfQQZ :

(3.16)

After some algebraic manipulation, the double summation in (3.15) may be simplified to

+
4u = 2% qttetiy—1

fW(w) = ottty K,ux—uy (2\/611)) OF?) (17 oy Hoy, Mwﬁxﬂyﬁyuw2)

pxtpy

4u 2 wﬂx +My -1 >

;(\/ﬂw)z (3.17)

eHakztiyky

X [(#IKI)iKi+Mz_ﬂy (2\/&’&)) OFS (Z + 1,0+ g, iy, Nx"fx,uy'%yuw2)

+(:U“y’{y)iK—i+ux—My (2\/611]) OF?) (l + ]-a /,Lx,l + oy, :uz/ixﬂy/{yuw2)i|
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Figure 3.3: PDF of the product of k-u random variables.

in which pﬁ’q(.) is the regularized generalized hypergeometric function [50, Eq. 07.32.02.0001.01].

Although (3.17) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 3.2 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (3.17). For

the PDF accuracy, a smaller number of terms I is required for higher values of z, or lower values

of Ky, Ky, ly OT [iy.

The PDF of Z is shown in Fig. 3.3 for various values of x,, ky, p, and p,. It can be seen
that the values of u, and p, influence significantly the shape of the curves, from curves with
shape similar to the negative exponential to curves with shape similar to Rayleigh. Also, a PDF

with smaller tail and a higher peak value is obtained for increasing values of k, or k.

Note that (3.17) may be reduced in the following situations: (4) if p, (or p,) is set to unity,
the corresponding PDF reduces to Rice; (i) if k, — 0 (k, — 0), the corresponding PDF reduces
to Nakagami-m, with m = p, (m = p,); and (i) if p, = 1 and k, — 0 (g, = 1 and K, — 0),

the corresponding PDF reduces to Rayleigh.
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Table 3.2: Relation between number of terms and accuracy in the infinite summation of (3.17)

and (3.20).

Fz(Z>

Parameters smallest I for accuracy of
Ky | Ky | o | fy | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF
0.1] 0.1 ]05]05(0.1 2 0 3 1
1.0 2 2 3 4
5.0 1 7 3 9
1.0 0.1 | 21 0 29 1
5.0 0 10 23 12
5.0 0.1 4 0 7 2
5.0 0 27 4 30
100 (05105101 13 1 19 2
5.0 0 22 15 26
50101 74 0 87 1
5.0 0 61 69 65
1.0
0.8
0.6
1
0.4 )
3 curve | 1 2 3 4 5 6
4 Kz 01 2 01 01 01 2
0.2 5 Ky |2 2 01 2 2 2
6 Lo 05 05 05 05 3 3
sy 10.55 0.55 3.25 3.25 3.25 3.25
0.0 . ! !
1 2 3 4

z

Figure 3.4: CDF of the product of x-p random variables.



70 Chapter 3. Product of Random Variables

3.3.2 Cumulative Distribution Function

With (3.2) and (3.15), the CDF of W may be expressed as

ZZ/ 4(pake)" (My“y)j
WGIT (6 + pe)T(J + puy ) eteriativiy

=0 7=0 (318)
s e YKty (2V/ut) dt
With the help of [49, Eq. 2.16.2.3], the above integral solves to
i i 7TCSC z —J 4 e — My)ﬂ](ﬂx’f:v)i(ﬂy’fy)j (uw2)j+my
i=0 j=0 I+ g )ereriathory
><1F2(j"f’uy,j"f'ﬂy—f—l:_i_"j_Nx+uy+1vuw2) (3.19)

LSl = e = )l G

1451 zRz Uy R
P Zij-}-lu)eN ByRy

X 1 Fy (i + po i 4 pro + 1,0 — § + g — iy + 1, uw?)

in which w is defined by (3.16). After some algebraic manipulation, the double summations in

(3.19) may be simplified to

cse[(p |7 o= (uw?
FW(U]) - e#zﬁz+uyﬁy Z
=0
uw?)Hv S S
{(i—i—,u )FEZ _/)i +M + 1)1F1(_Za,uy7,uy/€y)lpl(_z+,Ua: _,Uya,ua:a,ucc"ﬁx> <32O>
y x y
(uw?)k=

- (Z T ,ux)F(z + [y — ,Uy + 1)1F1(—Z, He, ,ua:Kva:)lFl(_Z — Mg + ,Uynuyaﬂy'%y)} .

Although (3.20) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 3.2 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (3.20). For
the CDF accuracy, a smaller number of terms [ is required for lower values of k;, Ky, ftg, fty OF

z.

Note that (3.20) may be reduced in the following situations: (i) if p, (or 4,) is set to unity,
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the corresponding CDF reduces to Rice; (i) if K, — 0 (k, — 0), the corresponding CDF reduces
to Nakagami-m, with m = p, (m = p,); and (i) if 4, = 1 and k, — 0 (p, = 1 and &, — 0),
the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 3.4 for various values of K, Ky, ti; and p,. It can be seen
that increasing values of i, or p, tend to produce steeper curves. On the other hand, lower

values of k, or k, tend to produce curves that reach the unity for higher values of z.

3.4 Product n-u X k-u

Let (1.13) represent the PDF of X

1
T 5 xr 2 xr
AT P2 bl 2P
_1
T(p,) Hy 2 320at1

fx(z) =

x? x?
exp (—QMxhx ﬁ) Im_% (Q,uxHx ﬁ) (3.21)

and (1.15) the PDF of Y

+1
2y (ky + 1)~y y? [
fr(y) = yuyf/l exp | —py (ky + 1)? L1 | 209/ Ky(Ky + 1)

Ly by 1
Ky 2 eﬂy”vyyﬂyJF

> . (3.22)

NS Ny

In the following, the PDF and the CDF of the ratio W are calculated.

3.4.1 Probability Density Function

With (3.1), (3.21) and (3.22), the PDF of W may be expressed as

X8yt 1) Rt
fW(w) :/ ﬁlu QMy(K“y—i_ ) 2 T w2uxy—2uw+uy—1
0 I‘(

Byl e = g 1 ]
qu)e/iy’fy/gy 2 H, T2t Ly

Mo [ W ? Ky +1
X exp _thﬁ — exp | —fiy 7 Y (3.23)

Y

2
Mo (W / Yy
X I/m_% [2Ha} [fQ (Z) ] ]My—l (Q,Uy /‘iy(/{y + 1)5) dy
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Using [48, Eq. 8.445] to expand in series the Bessel functions, and making the integration

variable t = y? results in

- f: io: /oo ﬁux2i+2uxuy2j+uy K/yj(Kfy + 1)j+ﬂyh/~£w ng‘
0

A | D (0 + g + 1)P(j + 1y )el‘y“y;i‘4i+4#mg2j+2ﬂy

=0 j=0 (3.24)
s quditme—1y—2itj —2patpy—1 exp ( 2%, ,Lfg " /iy:i- 1t) it
t U2
Using [51, Eq. 2.3.16.1], the integral in (3.24) solves to
) =3 > 2R ()
- Ky Mo
= T ()T (04 po + 5) T(G + oy )ervmv i (3.25)
HI i+ 2pz+uy s s
" (h_) u2++22 + wzz+y+2ux+uy—1K_Qiﬂ_?uﬁuy (2\/ﬂw)
in which

l‘2y2

After some algebraic manipulation, the double summation in (3.25) may be simplified to
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Figure 3.5: PDF of the product of -y and x-p random variables.

in which i, = [£].

Although (3.27) includes an infinite summation, the evaluation of the PDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 3.3 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (3.27). For
the PDF accuracy, a smaller number of terms [ is required for higher values of 7,, &, u, or z,

or lower values of .

The PDF of Z is shown in Fig. 3.5 for various values of 1, Ky, 11, and p,. It can be seen that
combined low &, and high g, shifts the curve away from the ordinate axis, making it assume,
as expected, a shape closer to the familiar Rayleigh PDF. This is also seen, to a lesser degree,
with high ;. On the other hand, a PDF with smaller tail and a higher peak value is obtained

for diminishing values of ex or increasing values of k.

Note that (3.27) may be reduced in the following situations: (i) if p, is set to 3, the
corresponding PDF reduces to Hoyt; (%) if x, — 0, the corresponding PDF reduces to Nakagami-

m, with m = p,; and (4) if i, = 1 and x, — 0, the corresponding PDF reduces to Rayleigh.
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Table 3.3: Relation between number of terms and accuracy in the infinite summation of (3.27)

and (3.30).

Parameters smallest I for accuracy of
Ne | Ky | Bz | by | 2 | 3-decimal-place | 6-decimal-place
PDF | CDF | PDF | CDF

0.1 01 |05]05]0.1] 236 1 544 3
1.0 | 234 11 544 16

5.0 | 176 70 518 73

1.0 | 0.1 | 140 2 416 4

5.0 | 176 100 538 103

5.0 | 0.1 4 7 14 9

501 0 233 580 237

5010501 728 0 1148 2

501 0 225 966 229

5.0 1 0.1 | 604 0 1024 11

501 0 723 846 726

100 { 0.5 1051 0.1 90 3 374 5
501 0 223 561 226

50 0.1 74 2 87 b}

501 0 707 568 710

50105 (01| 484 0 930 2

501 0 716 0 720

5.0 1 0.1 0 0 0 0

501 0 2258 0 2262

09| 01 [05]05]0.1 2 0 4 1
501 0 10 4 13

5.0 1 0.1 3 0 6 2

501 0 40 4 43

50105 0.1 4 0 7 1

501 0 42 3 45

5.0 1 0.1 0 0 0 0

501 0 120 0 123

100 05(05(0.1] 11 1 17 2
501 0 33 14 35

50101 70 0 85 1

501 0 97 0 99

50105 0.1 2 0 5 2

501 0 116 0 120

5.0 0.1 0 0 0 0

501 0 338 0 341
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Figure 3.6: CDF of the product of n-p and k-p random variables.

3.4.2 Cumulative Distribution Function

With (3.2) and (3.25), the CDF of W may be expressed as

22/ 2 A2t ST (g by )
G0 (e )T (i + po + 5) T(J A+ pry)ervro b (3.28)

H,

21

2i+j+2pxt+py S _

X (h,_) u 2 (2T 2ty 1K—2i+j—2/lac+uy (2\/625) dt
x

With the help of [49, Eq. 2.16.3.2], the above integral solves to

Z Z —21+ J B 2;“1 + My)F<Z + Mm)(:uyﬂy)j (E) .

parfe ilg!( 2z —i— 2005 ) T ()T (20 + 202)T(J + gy ) ervrv by \ by

X (uw2)2i+2“”“1F2 (20 + 210,20 + 2415 + 1,20 — j + 2p15 — pry + 1, uw®)

2 — j + 2ty — py) (0 + 1) (p1yhiy ) H\
+ZZ J+ 200 — )V 4 pa) (pyiy) (_)

i=0 j=0 iy + p)U (1)U (20 + 202) (5 + puy Jervrivhe™ \ hy

(3.29)

X (uw?) T By (j + gy, J A+ py + 1, =20+ 7 — 20, + py + 1,uw2)
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in which u is defined by (3.26). After some algebraic manipulation, the double summations in

(3.29) may be simplified to

m f: csc(2pz — )]
U(py)ermvhie il (2p,)

(uw2)i+uy

{u )T = 200 + iy + 1)

. . 2
A L S L R
g THe T T 2+2’Mm+2’(h$
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X oI

(uw?)i+20e
Fi(—i—2 x ) ’
Gt 200G + 2 — iy + 1)1 (=8 = 240 + iy, fy, fyky)

i i1 1 (H,\? (3.30)
Ty Ty Ty (h_)

N i esc(2py — pry + 2i )] (uw?) T2
8ip(1+ 25) (1 — 20 )! B, 1)1 (2py + 20 )1 (4 + 2p5 — 1y + 1)
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T
__+Zf7

X 3F2 5

L,
2

i 1. 1 (H)\?
__+@+f+572f+1yﬂx+zf+§7 e

in which iy = |2] 4+ 1, and |.] is the floor function.

Although (3.30) includes an infinite summation, the evaluation of the CDF converges rapidly
for cases of interest. Let I be the number of terms in a truncated summation (as defined earlier).
Table 3.3 gives the value of I necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (3.30). For
the CDF accuracy, a smaller number of terms I is required for higher values of p,, or lower
values of 7, Ky, py OF 2.

Note that (3.30) may be reduced in the following situations: (z) if j, is set to 1, the corre-
sponding CDF reduces to Hoyt; (i) if k, — 0, the corresponding CDF reduces to Nakagami-m,
with m = p,; and (%) if p, = 1 and &, — 0, the corresponding CDF reduces to Rayleigh.

The CDF of Z is shown in Fig. 3.6 for various values of n,, x,, pt, and p,. It can be seen
that increasing values of i, or p, tend to produce steeper curves. On the other hand, lower

values of n, or k, tend to produce curves that reach the unity for higher values of z.
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3.5 Product a-u X a-u

Let (1.17) represent the PDF of X

Oé:l?,uxux xa:t,ua:_l &
_ ot 3.31
and the PDF of Y
o Iuy#yyayﬂy*1 yay
fry) = == exp | —py=— | - 3.32
W)= g Y 552

In the following, the PDF and the CDF of the ratio W are calculated.

3.5.1 Probability Density Function

With (3.1), (3.31) and (3.32), the PDF of W may be expressed as

fW(w) _/ %o} Yo
0 F(,Ux>r<,uy);€ @M Oy y

X exp [— fbj (E) } exp (—%yay) dy.
B \y g

Let us assume that o= = § in which p and ¢ are coprime positive integers. With the integration
Y

(3.33)

variable changed to ¢t = y“*, the integral in (3.33) can be solved with the help of [51, Eq.

2.3.2.14]. If p # q, it results in

1) =) {ay I B

X 1Fpiq [1, A(i+1,p), A (—m + (i + uy)% + 1,q) :

=0
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pPq

(3.34)
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Figure 3.7: PDF of the product of a-p random variables.

If p = ¢ (thus making a, = a, = «),

204 pxtHy pathy
fww)=————u 2z w* z 'K, _, (2\/uw°‘> . (3.36)
IN(RINGT) e

The PDF of Z is shown in Fig. 3.7 for various values of oy, p, ¢, i, and p,. It can be seen
that the curves have different shapes, varying from close to the negative exponential (smaller
a,) to closer to Rayleigh and Rice (larger a,). Also, a PDF with smaller tail is obtained for

increasing values of fi,,.

Note that (3.34) and (3.36) may be reduced in the following situations: () if u, (or pu,) is
set to unity, the corresponding PDF reduces to Weibull; (i) if p, = 1 and o, = 1 (p, = 1
and o, = 1), the corresponding PDF reduces to negative exponential; and (7) if p, = 1 and

a; =2 (p, =1 and o, = 2), the corresponding PDF reduces to Nakagami-m PDF with m = p,

(m = py)
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Figure 3.8: CDF of the product of a-u random variables.

3.5.2 Cumulative Distribution Function

Let £ = £ as already defined. Assuming that p # ¢, with (3.2) and (3.34), and using [52,

Eq. 1.16.1.1] to solve the integral leads to

Ftw) = e {5 2 sy o= (i)
(4T (1) i—0 i+ py) "p
L+ [y , , q iy (=D e
X 2Fpiqn1 {17 Y A(i+1,p), A {_“&" +(+ 'uy)]_g T 1’4 " p +1 Wuw
D p
T T e i) D | (4 v
+§i!(i+uz)u w { (z+ux)q+uy}
L+ pg . , p i+ o (=1t axq
X 2Fp+q+1 |:17T?A<Z+17Q)7A |:(Z+/"Ll')§_l’l’y+]'7p:| ) q +]-7 pPqe uw :
(3.37)
If p = ¢ (thus making o, = a, = ),
1 e — o o
fw(w) = { (w “y)(uw Vi Es (py, — e+ by + 1,y + 1 uw®)
F(,Ux)r(:uy) Hy (3.38)

F(—ILLI + Iu“y) uw®

+ MxlFQ(,uxnu:C_My+17,ua:+]-auwa)}
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in which u is given by (3.35)

Note that (3.37) and (3.38) may be reduced in the following situations: (i) if p, (or ) is
set to unity, the corresponding CDF reduces to Weibull; (i) if p, = 1 and o, = 1 (p, = 1
and o, = 1), the corresponding CDF reduces to negative exponential; and (i) if p, = 1 and
a; =2 (py = 1 and o, = 2), the corresponding CDF reduces to Nakagami-m CDF with m = p,
(m = py)

The CDF of Z is shown in Fig. 3.8 for various values of ay, p, ¢, it and p,. It can be seen
that higher values of u,, a, or o, tend to produce a steeper curve. On the other hand, lower

values of p, or p, result in a smoother CDF.



Chapter

Application Examples

In this chapter, application examples based on results from previous chapters are presented.
Specifically, the following are studied: (i) analysis of the throughput of Carrier Sense Multiple
Access (CSMA) in Rice, Hoyt, Nakagami-m, combined Ride and Hoyt, n-p and x-p fading
channels; (i) analysis of the throughput of the Distributed Coordination Function (DCF) of
IEEE 802.11 in Hoyt, Rice, and Nakagami-m Fading Channels; and (%ii) ratio of independent
alpha-mu random variables and its application in the capacity analysis of spectrum sharing
systems.

These examples are introduced as a collection of articles presented in conferences or published
or submitted to scientific journals. For the sake of convenience, the introductory parts explaining

the motivation and presenting the analytical model are repeated in every application.

4.1 Capacity of CSMA under Nakagami Fading!'

4.1.1 Introduction

Wireless local area networks (WLANS) are experiencing rapid development in part stim-
ulated by the deployment of systems compatible to the IEEE 802.11 standards. They offer
data communication between terminals within radio range while allowing a certain degree of

mobility. In order to serve terminals exhibiting bursty traffic behaviour, WLANs make use of

!This material was presented at [53].
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packet radio techniques with random access to a transmission channel shared by multiple users.
Specifically, variations of carrier sense multiple access (CSMA) is generally used to access the
wireless medium [54, 55, 56, 57]. The capacity of the channel is then influenced by the prob-
ability of packet collision and by the signal degradation due to mutual interference and signal
attenuation. In other words, it is influenced by the medium contention resolution algorithm and
by the channel characteristics.

Intuitively one might expect that original (wireline) CSMA systems show better system
performance than wireless systems because of more hostile channel characteristics found in the
latter. However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna
will not always destroy each other because they may show different and independent fading
and attenuation levels [58, 59]. This leads to expect that wireless systems may actually exhibit
successful reception rate higher than that of original (wireline) systems. In fact, Arnbak and
Blitterswijk have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

In this application example, we investigate the throughput performance of CSMA in a packet
radio network with Nakagami fading environment. The performance of the original (wireline)
CSMA is presented in [60] and is here extended to the wireless environment, for which the
Nakagami-m fading conditions are assumed. A number of closed form as well as series expres-
sions are found. To the best of the authors’ knowledge, these results are novel contributions.

This application example is organized as follows. Section 4.1.2 describes the analytical
model. Section 4.1.3 considers the case of incoherent packet addition at the receiver’s antenna,
and extends the model to include spatial coverage such as in a cell. Comments and conclusions

are given in Sections 4.1.4 and 4.1.5, respectively.

4.1.2 Analytical Model
Nonpersistent CSMA

For nonpersisting CSMA, a terminal ready to transmit first senses the channel. If it senses

the channel idle, it transmits the packet. Otherwise, it schedules the (re)transmission of the
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packet to a later time according to some randomly distributed retransmission delay. After the
retransmission delay has elapsed, the terminal repeats the procedure described above. In this
application example, the channel is considered to be memoryless, i.e., failures to capture the
channel and future attempts are uncorrelated. In addition, all packets are assumed to have fixed
length and to require p seconds to transmit. Finally, each packet is assumed to have a single

destination.

Probability of Capture

Given the transmission of an arbitrary test packet over a wireline channel, it is generally
assumed that a successful reception can only occur if no other transmission attempt is made
during the test packet reception, i.e., if there is no signal overlap at the receiver. However, in
wireless systems the radio receiver may be able to be captured by a test packet, even in the
presence of n interfering packets, provided that the power ratio between the test signal and the
joint interfering signal exceeds a certain threshold during a given portion of the transmission
period t,, 0 < t, < p, to lock the receiver [61, 62]. In such a case, a test packet is only
destroyed if w,/w, < z during t,,, with n > 0, where z is the capture ratio, and w, and w,, are
the test packet power and the joint interference power at the receiver’s antenna, respectively.
Values for z and the capture window ¢,, depend on the modulation and the coding employed by
the network, among other things. For a typical narrowband FM receiver, a z value of 6 dB is
suggested in [63]. The details about estimation of the values of z and ¢,, are beyond the scope

of this application example.

Let the random variable Z be defined as the signal-to-interference ratio

=

Z& 2 7>0 (4.1)

=

where W, > 0 and W,, > 0 are random variables representing the desired signal power and the

interference power, respectively. Assuming that W, and W,, are statistically independent, the
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resulting probability density function (PDF) can be expressed as [47]

falz) = / "y hwn(29) Fu, () (42)

where fi,(.) and fiy, (.) are the PDFs of the desired signal power and the interference power,

respectively. The cumulative distribution function (CDF) is then expressed as

Fy(2) = Prob { ZVVH < ZO} _ /0 () (4.3)

Let the number of packets generated in the network for new messages plus retransmissions
be Poisson distributed, with mean generation rate of A\ packets per second. The mean offered
traffic is then expressed as G = pA packets per transmission period. Given the transmission of

an arbitrary test packet, the probability of it being overlap by n other packets is given by [47]

R, = e (4.4)

where 7 is the worst case propagation delay and a = 7/p its normalised version. Finally, the
unconditional probability of a test packet being able to capture the receiver in an arbitrary

transmission period may be expressed by

Pupt(20) = 1= Y Ry Fz(20). (4.5)

n=1

Channel Throughput

Let U, B and I be random variables representing, respectively, the duration of the successful
transmission, the duration of the busy period and the duration of the idle period. Let E{U},
E{B} and E{I} be their respective expected values. Clearly, the channel throughput can be
expressed by S = E{U}/(E{B} + E{I}). For nonpersistent CSMA, Kleinrock and Tobagi have
shown that [60]

E{B} =p+2r— % (1—e9) and E{I} = (4.6)

P
o
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It can also be seen that

E{U} = p Pegpi(20) (4.7)

where P.,,(.) is the probability of receiver’s capture and also it represents the probability of a

successful transmission. Using the results of (4.6)-(4.7), the throughput can be written as

GPca t(ZO)
S = P 4.8
G(1+ 2a) + e G (48)
Nakagami Fading Channel
In a Nakagami fading channel, PDF of the signal envelope r is given by [18]
or?m=l  m\m mr?
_ 2 - 4.9
Tr() = ) () eXp( @ ) (49)

where w = E{r?} is the mean square value, m is a fading parameter, and I'(.) is the gamma
function [21, Eq. 6.1.1]. For m=1 , the Nakagami distribution reduces to the Rayleigh PDF
while m — oo corresponds to a non-fading situation. If we define the signal power w = 72 | its

PDF can be expressed as

)= 2 (2) e (12 a0

where w = E{w} is the mean power.

Interference Signal

In a wireless system, interference typically results from (supposedly uncorrelated) signals
arriving at the receiver’s antenna from multiple transmitters. Depending on how these random
signals combine during the observation interval, one of two scenarios might occur [1]: coherent
addition or incoherent addition.

Coherent addition occurs if the carrier frequencies are equal and if the random phase fluctu-
ations are small during the capture time ¢,,. For instance, coherent addition might happen when

the deviation caused by the phase modulation is very small, and the observation interval is short
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compared to the modulation rate. For the Nakagami channel, analysis of coherent addition of
signals is rather intricate and it is a matter still under investigation by the authors.

Incoherent addition occurs if the phases of the individual signals fluctuate significantly due to
mutually independent modulation [29, 64]. In this case, the interference power w, experienced

during the observation interval is the sum of the individual signals’ powers w;, i.e.,

w, = Zw = wi(t)zi(t) (4.11)

=1

where zf(.) is the complex conjugate of phasor x;(.). Considering the current work, where the
signal power is a random variable, the PDF of the joint interference power is therefore the

convolution of the PDFs of all contributing signal powers.

4.1.3 Analytical Results

For the calculations presented in this section, let (4.10) represent the desired signal power
PDF as well as, with different parameters, the signal power PDF of an individual component
of the interference signal. Note that due to the lack of space, some intermediate steps in the
derivation of the formulae presented below may be omitted. Also, for the remaining of this
application example and wherever applicable, the subscripts s, ¢ and n are used to represent the
desired signal variables, the interference signal’s individual component variables, and the joint

interference signal variables, respectively. Finally, let Z, be defined as Z, = 2/ (W, /W, ).

Incoherent Interference

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the
individual signal power PDF which, on its turn, is expressed by (4.10). This calculation gives

that

fw, (wy,) = W (%> ' exp (_miwn> (4.12)
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where m; and m, = nm; are the individual and the joint fading parameters, respectively, and
w, = E{w,} = nE{w,;} is the joint mean power. It can be seen from (4.10) and (4.12) that
both signal power and interference power are described by the same distribution, except that
they have distinct parameters.

Using the appropriated expressions in (4.2), and after some manipulation, the signal-to-
interference PDF may be expressed as

fpe) = — 1 1 (ms @Z) " (1 L s @Z> o (4.13)

B(mg,my) z \'m,, Ws

where B(.) is the beta function [21, Eq. 6.2.2]. The corresponding CDF may be expressed as
[30]
Fy(z0) = Ly (ms,my,) (4.14)

where I,(.) is the regularized incomplete beta function [21, Eq. 6.6.2], and

m, w, 1\ !
a:0:<1+ ”—5—> . (4.15)

ms mn 20

As a special case, for Rayleigh fading channels ms; = m; = 1 (which results in m,, = n).

Using these values in (4.14), it can be shown that

Fa(z0) =1 — <#>n (4.16)

n + 2oW, /W

If the result above is further simplified by assuming that w, = w; = w,/n, then the same

expression presented in [29] is found.

Spatial Coverage

The analysis presented so far assumes that the components of the interference signal have
equal mean power w; , ¢ = 1,...,n. This restriction limits the results to systems where perfect
power control is employed or to terminals placed at a fixed distance from the receiving antenna

(i.e., on a circular ring) and in an environment without any shadowing effects. Let us now
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Figure 4.1: Throughput curves assuming incoherent addition of Nakagami-fading interfering
packets and constant mean packet power, with my = m,, = 0.5. The dotted lines correspond to
the original (wireline) channel where zy — oo.

extend the model presented above to include the case of packets arriving with different mean
power, e.g., from terminals spread across a radio cell and at different transmission distances to
the receiver’s antenna. Therefore, the statistical behaviour of the packet mean power needs to
be specified and taken into account.
The mean power of a packet received from a terminal at a distance d is of the general form
2]
w=kd*“ (4.17)

where o gives the channel attenuation with the distance, and k is a value that depends on,
among other things, the transmit power and the height and gain of the antennas. Typical
values of the exponent v are o = 2 in free space and o = 4 in urban land mobile cellular
systems. Using a similar approach to that presented in [29], let p = d k~'/ be defined and used
to rewrite (4.17) as

w=p “ (4.18)

Let the offered traffic density function G(p) be defined as the number of packets offered per
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Figure 4.2: Throughput curves assuming incoherent addition of Nakagami-fading interfering
packets and constant mean packet power with Z; = 5 and a = 0.1. The dashed line correspond
to the Rayleigh channel where my; = m,, = 1. The dotted line correspond to the original
(wireline) channel where zg — oco.

transmission period per unit of area at distance p. The total offered traffic can be calculated by

Gy =2m /OOOpG(p) dp. (4.19)

The spatial CDF of the offered traffic as a function of the distance p can be expressed as

Fa(p) = Prob{packet generated within distance p}

or [P (4.20)
=— [ uG(u)du
G ), (u)
and the corresponding PDF is
2m
fa(p) = aﬂG(P)- (4.21)
t

The PDF of the received packet mean power

@) = feto) | 32 (4.22)
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Figure 4.3: Normalised offered traffic density defined by (4.25).
is calculated using (4.18) and (4.21) and can be expressed as
_ 2 G(w~Y*)
(@) = — G, e (4.23)

The capture probability for spatial coverage is now considered. Given an arbitrary spatial
traffic density G(p), (4.23) can be used to calculate the PDF of the test packet mean power
fiw.(@,). The PDF of the mean interference power of n packets fi; (w,) is calculated by
convolving (4.23) n times. With these results and assuming that the signal power and the
interference power are statistically independent, the CDF of the signal-to-interference ratio can

be calculated as

Folzo) = /O d /0 w, /0 102 o () fo (5,) i (4.24)

where fz(.) is given by (4.2). With (4.5) and (4.24), the capture probability is then calculated.

As an example, let us use the quasi-constant traffic density given in [29], expressed as

G T
Glp) = —texp (=70*) s 20, (4.25)
v
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Figure 4.4: Throughput curves assuming incoherent addition of Nakagami-fading interfering
packets and spatial coverage, with my = m,, = 0.5. The dotted lines correspond to the original
(wireline) channel where zg — oco.
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Figure 4.5: Throughput curves assuming incoherent addition of Nakagami-fading interfering
packets and spatial coverage with zy; = 10 and @ = 0.1. The dashed line correspond to the
Rayleigh channel where mg = m,, = 1. The dotted line correspond to the original (wireline)
channel where zo — 00.



92 Chapter 4. Application Examples

and depicted in Fig. 4.3. Note that the traffic density is roughly constant inside the cell of

radius p = 1, falling rapidly beyond the cell boundary. If we select a = 4, it can be seen that

_ 1 T
st (ws) = 2@3/2 €xp (_4ws) (426)
and
_ n n?
= 7 e (). .

Using these results in (4.24), and considering fz(.) given by (4.13), the signal-to-interference
CDF is given by

m
C[) ® 2F1 (m87ms + My, Mg + 17CO>

F7(z9) = sec(mgm)

Mg B(ms,my,) (4.28)
I (m, +3) 1 13 3 '
—2 2 F. _717 n+_7_7_ s+_7
VO (m) D (ma)T (= + 2) * 2 (2 Mo Ty T Ty CO)}

where o F(.) is the Gauss hypergeometric function [21, Eq. 15.1.1], 3F5(.) is a generalized hy-

pergeometric function [48, Eq. 9.14.1], and

ms

co = n*2p (4.29)

n

4.1.4 Numerical Results
Perfect Power Control

With the results obtained in Section 4.1.3, using (4.5), (4.8) and (4.14), it is possible to
calculate the capture probability and the channel throughput considering the perfect power
control. Figs. 4.1 and 4.2 present the channel throughput for a number of different conditions. As
expected, lower values for the propagation delay a brings higher throughput figures. Throughput
is also higher with lower values for the capture threshold z,, which is related to the receiver’s
ability to cope with the interference. A lower value for zy means that the receiver is able to detect
the test signal even in the presence of higher interference power levels. The fading parameter m

has also an impact on the throughput. Less severe fading conditions (indicated by higher values
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of m) result in lower throughput figures. In other words, higher m values push the throughput

results closer to those obtained for the original (wireline) channel model.

Spatial Coverage

With the results obtained in Section 4.1.3, applying the results of (4.4) and (4.28) in (4.5),
and the latter in (4.8), the throughput can be calculated. Fig. 4.4 presents the throughput for
ms = m, = 0.5 and various values of the capture threshold 2z, and the propagation delay a. As
expected, the lower the value of 2y, the higher the throughput obtained. The same behaviour
is also observed with the value of a. Fig. 4.5 presents the curves of throughput for various
values of mg and m,,. In a way similar to the result presented above, the lower fading intensity
also translates into lower throughput. However, for the current analysis it seems that m has a

somewhat minor impact on the throughput.

4.1.5 Conclusions

This application example investigates the throughput performance of CSMA in a packet
radio network and Nakagami fading environment. Analytical and numerical results are presented
considering the signal capture model with incoherent addition of interfering signals, as well as
the case of unequal average power levels. The results showed that lower values for the capture
threshold zg result in higher throughput figures. This is an expected outcome since zj is related
to the ability of a receiver to detect the intended signal among the interfering signals. Also, the
results showed that the fading intensity, represented by the Nakagami distribution m parameter,

has a somewhat smaller influence in the throughput performance.
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4.2 Throughput of CSMA in Hoyt Fading Channels?

4.2.1 Introduction

Wireless local area networks (WLANS) are experiencing rapid development in part stimulated
by the deployment of systems compatible to the IEEE 802.11 standards. They offer data

communication between terminals within radio range while allowing a certain degree of mobility.

In order to serve terminals exhibiting bursty traffic behaviour, WLANs make use of packet
radio techniques with random access to a transmission channel shared by multiple users. Specif-
ically, variations of carrier sense multiple access (CSMA) is generally used to access the wireless
medium [54, 55, 56, 57]. The capacity of the channel is then influenced by the probability of
packet collision and by the signal degradation due to mutual interference and signal attenua-
tion. In other words, it is influenced by the medium contention resolution algorithm and by the

channel characteristics.

Intuitively one might expect that original (wireline) CSMA systems show better system
performance than wireless systems because of more hostile channel characteristics found in the
latter. However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna
will not always destroy each other because they may show different and independent fading
and attenuation levels [58, 59]. This leads to expect that wireless systems may actually exhibit
successful reception rate higher than that of original (wireline) systems. In fact, Arnbak and
Blitterswijk have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

In this application example, we investigate the throughput performance of CSMA in a packet
radio network with Hoyt fading environment. The performance of the original (wireline) CSMA
is presented in [60] and is here extended to this fading scenario. The channel model considered in
this work is among those commonly used to describe the short-term signal statistics of wireless
communications links subject to fading [66, 67]. The Hoyt model (also known as Nakagami-q)

applies to the cases when there is not a dominant signal and the variances of the in-phase and

2This material was presented at [65].
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quadrature components of the received signal are different or correlated.
This application example is organized as follows. Section 4.2.2 describes the analytical model
and considers the cases of coherent and incoherent packet addition at the receiver’s antenna.

Section 4.2.3 presents the results obtained. Comments and conclusions are given in Section

4.2.4.

4.2.2 Analytical Model
Nonpersistent CSMA

For nonpersisting CSMA, a terminal ready to transmit first senses the channel. If it senses
the channel idle, it transmits the packet. Otherwise, it schedules the (re)transmission of the
packet to a later time according to some randomly distributed retransmission delay. After the
retransmission delay has elapsed, the terminal repeats the procedure described above. In this
application example, the channel is considered to be memoryless, i.e., failures to capture the
channel and future attempts are uncorrelated. In addition, all packets are assumed to have fixed
length and to require p seconds to transmit. Finally, each packet is assumed to have a single

destination.

Probability of Capture

Given the transmission of an arbitrary test packet over a wireline channel, it is generally
assumed that a successful reception can only occur if no other transmission attempt is made
during the test packet reception, i.e., if there is no signal overlap at the receiver’. However, in
wireless systems the radio receiver may be able to be captured by a test packet, even in the
presence of n interfering packets, provided the power ratio between the test signal and the joint
interfering signal exceeds a certain threshold during a given portion of the transmission period

tw, 0 < t,, < p, to lock the receiver [61, 62]. In such a case, a test packet is only destroyed if
wS

— <z during t,,, with n > 0, (4.30)
Wn
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where z is the capture ratio, and w, and w,, are the test packet power and the joint interference
power at the receiver’s antenna, respectively. Values for z and the capture window t,, depend
on the modulation and the coding employed by the network, among other things. For a typical
narrowband FM receiver, a z value of 6 dB is suggested in [63]. The details about estimation
of the values of z and t,, are beyond the scope of this application example.

Let the random variable Z be defined as the signal-to-interference ratio (SIR)

=

7= Z >0 (4.31)

=

where W, > 0 and W,, > 0 are random variables representing the desired signal power and the
interference power, respectively. Assuming that W, and W,, are statistically independent, the

resulting cumulative distribution function (CDF) can be expressed as [47]

F7(z|n) = Prob {% < zo|n}
(4.32)

_ / "2 / yfw.(29) fuv, (y)dy
0 0

where fi,(.) and fiy, (.) are the probability density functions (PDFs) of the desired signal power
and the interference power, respectively.

If n is known and fixed, the conditional capture probability may be expressed as
Pcapt(ZO|n) =1- FZ(ZO|n) (433)

Let the number of packets generated in the network for new messages plus retransmissions
be Poisson distributed, with mean generation rate of A packets per second. The mean offered
traffic is then expressed as G = pA packets per transmission period. Given the transmission of
an arbitrary test packet, the probability of it being overlap by n other packets is given by [47]

(G7)"

Ry = —— e 7 (4.34)

where 7 is the worst case propagation delay and 7 = 7/p its normalised version. Finally, the
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unconditional probability of a test packet being able to capture the receiver in an arbitrary

transmission period may be expressed by

Peapt(z0) = 1 — Z Ry, Fz(20|n). (4.35)

n=1

Channel Throughput

Let U, B and I be random variables representing, respectively, the duration of the successful
transmission, the duration of the busy period and the duration of the idle period. Let E{U},
E{B} and E{I} be their respective expected values. Clearly, the channel throughput can be

expressed by

E{U}
= . 4.36
E{B} + E{I} (4.36)
For nonpersistent CSMA, Kleinrock and Tobagi have shown that [60]
B{B}=p+2r— & (1-e %) (4.37)
and
B{ny =21 (4.38)
G
It can also be seen that
E{UY} = p Paape(20) (4.39)

where P, (.) is the probability of receiver’s capture and also it represents the probability of a

successful transmission. Using the results of (4.37)-(4.39), the throughput can be written as

__ GPeap(2)
5= G(1 +27) + e CF (4.40)

Hoyt Fading Channel

The Hoyt fading model assumes that the received signal is the result of the sum of a large

number of multipath scattered waves. Let  and y be two independent Gaussian processes with
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zero mean and variances o2 and 02, respectively. The PDF of the received signal envelope can

be expressed as [17]

27101 /11
Jr(r) = a:ay exp {—% (0_%, + 0—5)} I {% <U_§ - 0—5%)} : (4.41)

Let n £ 02/ 03 be defined as power ratio between the in-phase and quadrature signals. Also,

let the parameters h and H be defined as

héi(%Jﬂ/ﬁ)Q andHéi(%—n). (4.42)

In addition, note that 7> £ E{r?} = 02 + o2. Using the values above, the envelope PDF in

(4.41) may be rewritten as

fr(r) = 2\/3% exp (—h :—z) I (H ﬁ) : (4.43)

?22

It is easy to see that if 7 is set to unity, thus making h = 1 and H = 0, (4.43) simplifies to the
Rayleigh distribution with 7* = 2072 = 207.
Let w = 72 be the signal power and w = 72 its average value. The signal power PDF may

be expressed as

fw(w) = g exp (—h%) Iy (H% : (4.44)

Knowing that n > 0, it can be seen that the PDF in (4.44) is symmetrical around n = 1 [19].
Therefore, as far as the signal power distribution is concerned, considering either of the ranges

n < 1orn>1 suffices.

Interference Signal

In a wireless system, interference typically results from (supposedly uncorrelated) signals
arriving at the receiver’s antenna from multiple transmitters. Depending on how these random
signals combine during the observation interval, one of two scenarios might occur [1]: coherent

addition or incoherent addition.
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Coherent addition occurs if the carrier frequencies are equal and if the random phase fluc-
tuations are small during the capture time ¢,,. For instance, coherent addition might happen
when the deviation caused by the phase modulation is very small, and the observation interval
is short compared to the modulation rate. Although the conditions for the coherent addition of
signals to occur are difficult to meet, which makes it a rather unlikely scenario, the analysis are

still presented here for the sake of completeness.

Let the phasor x(t) = Re{r(t) e/lv+9®I} represent a signal reaching the receiver’s antenna,
where r(t) and 6(t) are the random envelope and phase, respectively, and w, is the carrier’s

angular frequency. For the coherent addition of n signals, the resulting phasor is [29]

T (t) = Z (1) (4.45)

where the subscripts n and ¢ represent the aggregate and individual variables, respectively.

Consider the Hoyt channel model described earlier, with its in-phase and quadrature Gaus-
sian components. Since such channel is generated by the sum of Gaussian processes, further
adding same-type phasors changes the parameters of the channel without changing its nature.
In other words, the interference signal, assuming coherent addition, behaves as a Hoyt pha-
sor, with the aggregate mean value equal to the sum of the individual mean values. If the n
phasors are independent and identically distributed (i.i.d.), the resulting phasor has w,, = nw;,

2 2 2 2

O-x,n = naz,i’ Y,n = ngy,i’

and 7, = ;.
Incoherent addition occurs if the phases of the individual signals fluctuate significantly due to
mutually independent modulation [29, 64]. In this case, the interference power w,, experienced

during the observation interval is the sum of the individual signals’ powers w;, i.e.,

wy, = Zwi = Zml(t)xj (t) (4.46)

where z7(.) is the complex conjugate of phasor z;(.). Considering the current work, where
the signal power is a random variable, the PDF of the joint interference power is therefore

the convolution of the PDFs of all contributing signal powers. If the individual components
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Table 4.1: Relation between number of terms and accuracy in the summations of (4.47) and
(4.51). For (4.47), only entries with n = 1 apply.

Parameters smallest J for accuracy of
n ns N, 2o 3-decimal-place 6-decimal-place
1 01 01 0.1 5 10
1.0 13 30
5.0 18 44
09 1.0 13 26
5.0 19 44
0.9 01 1.0 1 3
5.0 1 3
0.9 1.0 2 3
5.0 1 4
10 0.1 0.1 1.0 10 17
5.0 21 38
09 1.0 10 16
5.0 21 36
0.9 01 1.0 2 3
5.0 1 4
0.9 1.0 2 3
5.0 1 4
50 0.1 0.1 5.0 21 32
0.9 5.0 21 31
09 0.1 5.0 1 3
0.9 5.0 1 4

are i.i.d., then the interference power is expressed as the n-fold convolution of the PDF of the

individual signal power.

4.2.3 Results

For the calculations presented in this section, let (4.44) represent the desired signal power

PDF as well as, with different parameters, the signal power PDF of an individual component

of the interference signal. Also, for the remaining of this application example and wherever

applicable, the subscripts s, ¢ and n are used to represent the desired signal variables, the

interference signal’s individual component variables, and the joint interference signal variables,

respectively. Finally, let Z, be defined as %, 2 z,/(W,/w,) where the ratio w,/w,, is commonly

denoted as average SIR.
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Figure 4.6: Throughput S for coherent Hoyt channel with n = 1, = n,,. The dashed lines
correspond to the Rayleigh channel. The dotted lines correspond to the original (wireline)
channel.

Coherent Addition

If coherent addition of phasors is assumed, then (4.44) should be used to represent the joint
interference signal power PDF. Using the appropriated expressions in (4.32), and after some

manipulation, the signal-to-interference CDF may be expressed as

. . 2
J+1 7 H,
Lz <L 1.1 -
9 72+77(U1hn>]

SRR

where I'(.) is the gamma function [21, Eq. 6.1.1], 2F(.) is the Gauss hypergeometric function

(4.47)

[21, Eq. 15.1.1], [.] is the ceiling function (defined as [x] = n, with = € R and n is the smallest

integer such that x < n), and
hon

= 4.4
by + hsZo (4.48)

U1
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Figure 4.7: CDFs of (4.47) and (4.51) with n = ns, = n,. For (4.47) only curves with n = 1
apply. The dashed lines correspond to the Rayleigh channel.
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Figure 4.8: Conditional capture probability for incoherent Hoyt channel with n = ns, = n,. The
dashed lines correspond to the Rayleigh channel.
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Figure 4.9: Throughput S for incoherent Hoyt channel with n = ny = n,. The dashed lines
correspond to the Rayleigh channel. The dotted lines correspond to the original (wireline)
channel.

It is interesting to note that (4.47) does not depend directly on the value of n. In other words,
the statistics of the joint interference signal can be described using only the parameters 7, and
wy,, which is expected since this signal follows the Hoyt distribution.

Note also that if both 1, and 7, are set to unity in (4.47), the CDF simplifies to the Rayleigh

channel model and it can be expressed as

Fz(%n) = (4.49)

If the result above is further simplified by assuming that w, = w; = w,/n, then the same
expression presented in [29] is produced.

Although (4.47) includes an infinite summation, the evaluation of the CDF converges rapidly
for most cases of interest. Let J be defined as the maximum value for the index variable j in
a truncated summation, i.e., 0 < j < J. The entries for n = 1 in Table 4.1 give the value of
J necessary to obtain a three-decimal-place accuracy (error < 0.0005) and a six-decimal-place

accuracy (error < 0.0000005) for the summation of (4.47).
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With the results obtained so far, using (4.35), (4.40) and (4.47), it is possible to calculate
the channel throughput, which is presented in Fig. 4.6. Assuming that n = 1, = 1, and that

the n interfering signals are i.i.d., the curves for n = 1 in Fig. 4.7 illustrate the CDF of (4.47).

Incoherent Addition

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the

individual signal power PDF which, on its turn, is expressed by (4.44). This calculation gives

that B
_W/nw (nhy)? wy, N Wy,
fw, (wy,) = NORE SH.w exp nh : In21 anwn (4.50)

where w,, = nw;, h,, = h; and H, = H,. It can be seen that the n-fold convolution used to
obtain (4.50) produced the n — u distribution presented in [19].
Using the appropriated expressions in (4.32), and after some manipulation, the signal-to-

interference CDF may be expressed as

(1—wv,)
Fz(Zyn) =1 —
z(%oln) \/_\/hhnz G+n)B(+ Ln)
« oI +n’j+n+1’n—|—1 H,
2 2 2

vnh—n) ] (4.51)
1
2

HA T (141 +1) j j i\
(hz) NOED L]+ H“’(f?s)
where
nhy,
Un:m (4.52)

with w, = nw;, n, = n;, h, = h; and H,, = H; since the n interfering signals are i.i.d.. It is
interesting to note that if n is set to unity in (4.51), the CDF simplifies to the coherent addition
case of (4.47).

Although (4.51) includes an infinite summation, the evaluation of the CDF converges rapidly

for most cases of interest. Let J be the maximum value of the index variable j (as defined
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earlier). Table 4.1 gives the value of J necessary to obtain a three-decimal-place accuracy (error

< 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the summation of (4.47).

Fig. 4.7 depicts the CDF of (4.51) for n = n, = n,, and various values of n. With the results
obtained so far, using (4.35), (4.40) and (4.51), it is now possible to calculate the capture

probability and the channel throughput, which are presented in Figs. 4.8 and 4.9, respectively.

4.2.4 Conclusion

This application example investigates the throughput performance of CSMA in a packet
radio network and Hoyt fading environment. Analytical and numerical results are presented

considering the signal capture model with coherent and incoherent addition of interfering signals.

Fig. 4.7 presents the CDF of the capture threshold zy for incoherent addition of signals and,
if n = 1, coherent addition of signals as well. It can be seen that for values of 1 closer to unity,
the distribution shows a somewhat smaller variance. This is indicated by the steeper climb from
zero that these curves exhibit. A similar, although stronger, effect can also be seen for higher

values of n.

The throughput graphics clearly indicate the important role the normalised worst case propa-
gation delay 7 plays to determine the channel throughput. Also, the higher the capture threshold
is, the closer the curve is to the original (wireline) results, which is expected since it indicates a di-
minished ability of receiver detection of the intended signal among the interfering signals. When
compared to the Rayleigh channel, Hoyt results show only minor differences in the throughput
performance, with lower values of 1 producing slightly higher throughput. Larger differences
in throughput figures can be seen when results are compared against those obtained for the

original (wireline) channel.
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4.3 Throughput of CSMA in Rice Fading Channels®

4.3.1 Introduction

Wireless local area networks (WLANSs) are experiencing rapid development in part stimulated
by the deployment of systems compatible to the IEEE 802.11 standards. They offer data

communication between terminals within radio range while allowing a certain degree of mobility.

In order to serve terminals exhibiting bursty traffic behaviour, WLANs make use of packet
radio techniques with random access to a transmission channel shared by multiple users. Specif-
ically, variations of carrier sense multiple access (CSMA) is generally used to access the wireless
medium [54, 55, 56, 57]. The capacity of the channel is then influenced by the probability of
packet collision and by the signal degradation due to mutual interference and signal attenua-
tion. In other words, it is influenced by the medium contention resolution algorithm and by the
channel characteristics.

Intuitively one might expect that original (wireline) CSMA systems show better system
performance than wireless systems because of more hostile channel characteristics found in the
latter. However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna
will not always destroy each other because they may show different and independent fading
and attenuation levels [58, 59]. This leads to expect that wireless systems may actually exhibit
successful reception rate higher than that of original (wireline) systems. In fact, Arnbak and
Blitterswijk have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

In this application example, we investigate the throughput performance of CSMA in a packet
radio network with Rice fading environment. The performance of the original (wireline) CSMA
is presented in [60] and is here extended to this fading scenario. The Rice fading environment
is relevant to model a situation where the random multipath signals are superimposed on a

nonfading dominant signal, for instance, when a line-of-sight (LOS) component is present [2].

This application example is organized as follows. Section 4.3.2 describes the analytical model

3This material was presented at [68].
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and considers the cases of coherent and incoherent packet addition at the receiver’s antenna.
Section 4.3.3 presents the results obtained. Comments and conclusions are given in Section

4.3.4.

4.3.2 Analytical Model
Nonpersistent CSMA

For nonpersisting CSMA, a terminal ready to transmit first senses the channel. If it senses
the channel idle, it transmits the packet. Otherwise, it schedules the (re)transmission of the
packet to a later time according to some randomly distributed retransmission delay. After the
retransmission delay has elapsed, the terminal repeats the procedure described above. In this
application example, the channel is considered to be memoryless, i.e., failures to capture the
channel and future attempts are uncorrelated. In addition, all packets are assumed to have fixed
length and to require p seconds to transmit. Finally, each packet is assumed to have a single

destination.

Probability of Capture

Given the transmission of an arbitrary test packet over a wireline channel, it is generally
assumed that a successful reception can only occur if no other transmission attempt is made
during the test packet reception, i.e., if there is no signal overlap at the receiver. However, in
wireless systems the radio receiver may be able to be captured by a test packet, even in the
presence of n interfering packets, provided the power ratio between the test signal and the joint
interfering signal exceeds a certain threshold during a given portion of the transmission period

tw, 0 < t,, < p, to lock the receiver [61, 62]. In such a case, a test packet is only destroyed if

D < during t¢,,, with n > 0, (4.53)
Wn,

where z is the capture ratio, and w, and w,, are the test packet power and the joint interference

power at the receiver’s antenna, respectively. Values for z and the capture window t,, depend
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on the modulation and the coding employed by the network, among other things. For a typical
narrowband FM receiver, a z value of 6 dB is suggested in [63]. The details about estimation

of the values of z and t,, are beyond the scope of this application example.

Let the random variable Z be defined as the signal-to-interference ratio (SIR)

=

7 4

Z>0 (4.54)

=

where W, > 0 and W,, > 0 are random variables representing the desired signal power and the
interference power, respectively. Assuming that W, and W,, are statistically independent, the

resulting cumulative distribution function (CDF') can be expressed as [47]

W
F7(zy) = Prob {W < zo}

) " (4.55)
— /0 dz /0 yfw, (zy) fw, (y)dy

where fi,(.) and fiy, (.) are the probability density functions (PDFs) of the desired signal power

and the interference power, respectively.

Let the number of packets generated in the network for new messages plus retransmissions
be Poisson distributed, with mean generation rate of A packets per second. The mean offered
traffic is then expressed as G = pA packets per transmission period. Given the transmission of
an arbitrary test packet, the probability of it being overlap by n other packets is given by [47]

GT)" -
R, = (&) - (4.56)

n!

where 7 is the worst case propagation delay and 7 = 7/p its normalised version. Finally, the
unconditional probability of a test packet being able to capture the receiver in an arbitrary

transmission period may be expressed by

Peapt(20) = 1 — i Ry, Fz(20). (4.57)

n=1
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Channel Throughput

Let U, B and I be random variables representing, respectively, the duration of the successful
transmission, the duration of the busy period and the duration of the idle period. Let E{U},
E{B} and E{I} be their respective expected values. Clearly, the channel throughput can be

expressed by

E{U}
= . 4.58
E{B} + E{I} (4.58)
For nonpersistent CSMA, Kleinrock and Tobagi have shown that [60]
E{B} =p+2r -5 (1-e %) (4.59)
and
B{ry =L (4.60)
G
It can also be seen that
E{U} = ppcapt(zo) (461)

where P,.,,:(.) is the probability of receiver’s capture and also it represents the probability of a

successful transmission. Using the results of (4.59)-(4.61), the throughput can be written as

G Peapt(20)
_ _ 4.62
S G(1+27) 4+ e G7 (4.62)

Rice Fading Channel

The Rice fading model assumes that the received signal is the result of a dominant component
added to a large number of multipath scattered waves. Let z and y be two independent Gaussian
processes with zero mean and variances o2 and 02, respectively. The in-phase and quadrature
components of the signal envelope in a Rice fading channel can be expressed as z + a and y,
respectively, where the constant a represents the envelope of the LOS signal (also, the mean

value for the in-phase component). Assuming that o2 = ¢2 = 05, the PDF of the received signal
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Figure 4.10: Throughput S for coherent Rice channel with x = ks = k,,. The dashed lines
correspond to the Rayleigh channel. The dotted lines correspond to the original (wireline)
channel.

envelope 7 can be expressed as [2]

Jr(r) = % exp (—r2 Z a2) Iy (ﬁ> (4.63)

where I,(.) is the modified Bessel function of the first kind and v-th order [21, Eq. 9.6.10].

Let xk = a?/(20?) be defined as power ratio between the LOS and scattered signals. Also,
note that 72 £ E{r?} = a% + 20% = 20%(k + 1), where E{.} represents expected value. Using

the values above, the envelope PDF in (4.63) may be rewritten as

fr(r) = M% exp (—(/{ + 1);—2) Iy (2 k(k+1) ;) : (4.64)

6N

It is easy to see that if x is set to zero, thus eliminating the LOS component, (4.64) simplifies

to the Rayleigh distribution with 72 = 202,

Let w = r? be the signal power and w = 72 its average value. The signal power PDF may
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be expressed as

k+1

fw(w) = o exp <—(/<c+ 1)%) Iy (2 k(K + 1)%

:

) . (4.65)

Interference Signal

In a wireless system, interference typically results from (supposedly uncorrelated) signals
arriving at the receiver’s antenna from multiple transmitters. Depending on how these random
signals combine during the observation interval, one of two scenarios might occur [1]: coherent
addition or incoherent addition.

Coherent addition occurs if the carrier frequencies are equal and if the random phase fluc-
tuations are small during the capture time ¢,. For instance, coherent addition might happen
when the deviation caused by the phase modulation is very small, and the observation interval
is short compared to the modulation rate. Although the conditions for the coherent addition of
signals to occur are difficult to meet, which makes it a rather unlikely scenario, the analysis are
still presented here for the sake of completeness.

Let the phasor x(t) = Re{r(t) e/lv+9®)]} represent a signal reaching the receiver’s antenna,
where r(t) and 6(t) are the random envelope and phase, respectively, and w, is the carrier’s

angular frequency. For the coherent addition of n signals, the resulting phasor is [29]

T, (t) = Z (1) (4.66)

where the subscripts n and ¢ represent the aggregate and individual variables, respectively.
Consider the Rice channel model described earlier, with its in-phase and quadrature Gaussian
components. Since such channel is generated by the sum of Gaussian processes, further adding
same-type phasors changes the parameters of the channel without changing its nature. In other
words, the interference signal, assuming coherent addition, behaves as a Rice phasor, with the
aggregate mean value equal to the sum of the individual mean values. As a result, the coherent
addition of n uncorrelated Rice phasors produces a Rice phasor with mean value w, = Y., w;,

n 2

LOS signal power a2 = Y1 | a?, and scattered signal power o2 = Y ¢7. If the n phasors are

2 2

independent and identically distributed (i.i.d.), the resulting phasor has w, = nw;, a; = na;,
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02 =no?, and Kk, = k;.
Incoherent addition occurs if the phases of the individual signals fluctuate significantly due to
mutually independent modulation [29, 64]. In this case, the interference power w,, experienced

during the observation interval is the sum of the individual signals’ powers w;, i.e.,

w, = Zw = Z i (t)a: (t) (4.67)

where x7(.) is the complex conjugate of phasor z;(.). Considering the current work, where
the signal power is a random variable, the PDF of the joint interference power is therefore
the convolution of the PDFs of all contributing signal powers. If the individual components
are i.i.d., then the interference power is expressed as the n-fold convolution of the PDF of the

individual signal power.

4.3.3 Results

For the calculations presented in this section, let (4.65) represent the desired signal power
PDF as well as, with different parameters, the signal power PDF of an individual component
of the interference signal. Also, for the remaining of this application example and wherever
applicable, the subscripts s, ¢ and n are used to represent the desired signal variables, the
interference signal’s individual component variables, and the joint interference signal variables,
respectively. Finally, let Z, be defined as %, 2 z,/(wW,/wW,) where the ratio w,/w,, is commonly

denoted as average SIR.

Coherent Addition

If coherent addition of phasors is assumed, then (4.65) should be used to represent the joint
interference signal power PDF. Using the appropriated expressions in (4.55), and after some

manipulation, the signal-to-interference CDF may be expressed as

Fy(20) = 2 > (1= w) QU i) B + L L) (4.68)

Jj=0
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Table 4.2: Relation between number of terms and accuracy in the infinite summation of (4.72).

Parameters smallest J for accuracy of

n | K Kn | Zo | 3-decimal-place | 6-decimal-place
1 ]0.01]0.01]0.1 2 2
1.0 2 3
5.0 2 3
1.0 | 1.0 2 2
10.0 | 1.0 1 2
1.0 | 0.01 | 1.0 5 8
1.0 | 1.0 3 5
10.0 | 1.0 2 4
10.0 | 0.01 | 1.0 18 26
1.0 | 1.0 10 16
10.0 | 1.0 4 7
10 [ 0.01 | 0.01 | 1.0 1 3
1.0 | 1.0 2 3
10.0 | 1.0 2 3
1.0 | 0.01 | 1.0 0 8
1.0 | 1.0 5 8
10.0 | 1.0 4 5
10.0 | 0.01 | 1.0 0 19
1.0 | 1.0 19 24
10.0 | 1.0 9 13
50 | 0.01 ] 1.0 | 1.0 1 3
10.0 | 1.0 2 3
1.0 | 1.0 | 1.0 5 9
10.0 | 1.0 5 7
100 | 1.0 | 1.0 0 0
10.0 | 1.0 18 23
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where 1 Fi(.) is the Kummer confluent hypergeometric function [21, Eq. 13.1.2], Q(.) is the
regularized incomplete gamma function defined as Q(a,b) = I'(a,b)/I'(a), I'(.) is the gamma

function [21, Eq. 6.1.1], T'(.,.) is the incomplete gamma function [21, Eq. 6.5.3], and

(Kn + 1)
(Fn+ 1)+ (ks +1) 29

UL =

(4.69)

It is interesting to note that (4.68) does not depend directly on the value of n. In other words,
the statistics of the joint interference signal can be described using only the parameters x,, and

w,, which is expected since this signal follows the Rice distribution.

If both k, and &, are set to zero in (4.68), the CDF simplifies to the Rayleigh channel model

and it can be expressed as

Fz(%) = : (4.70)

If the result above is further simplified by assuming that w, = w; = w,/n, then the same

expression presented in [29] is produced.

Although (4.68) includes an infinite summation, the evaluation of the CDF converges rapidly
for most cases of interest. Let J be defined as the maximum value for the index variable j in
a truncated summation, i.e., 1 < j < J. The entries for n = 1 in Th. 4.2 give the value J
necessary to obtain a three-decimal-place accuracy (error < 0.0005) and a six-decimal-place

accuracy (error < 0.0000005) for the infinite summation of (4.68).

With the results obtained so far, using (4.57), (4.62) and (4.68), it is possible to calculate
the channel throughput, which is presented in Fig. 4.10. Assuming that x = k, = k,, and that

the n interfering signals are i.i.d., the curves for n = 1 in Fig. 4.11 illustrate the CDF of (4.68).

Incoherent Addition

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the

individual signal power PDF which, on its turn, is expressed by (4.65). This calculation gives
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Figure 4.11: CDF of (4.72) with kK = ks = k,. The dashed lines correspond to the Rayleigh
channel.
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Figure 4.12: Conditional capture probability for incoherent Rice channel with Kk = ks = K,,.
The dashed lines correspond to the Rayleigh channel.
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Figure 4.13: Throughput S for incoherent Rice channel with kK = ks = k,,. The dashed lines
correspond to the Rayleigh channel. The dotted lines correspond to the original (wireline)
channel.

that

n+1 n
n Kn+1\ 2 [fw,\ 2 Wy,
fur (1) = ( = ) (—) exp <—n(l-€n+1)_—>
e’thn Wy, Kp W,

x 1,1 <2n\/mn(/{n + l)w">
Wn,

where w,, = nw;, and Kk, = k;. It can be seen that the n-fold convolution used to obtain (4.71)

(4.71)

produced the k — u distribution presented in [19].

Using the appropriated expressions in (4.55), and after some manipulation, the signal-to-

interference CDF may be expressed as

oo

1_un .]7’?9) .
1Fi(j + n,n,nk,u, 4.72
eij et ) (72

J=

where B(.) is the beta function [21, Eq. 6.2.2], and

n(k, + 1)
n(kn +1) + (ks +1)2

(4.73)

Uy —
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with w, = nw; and kK, = kK; since the n interfering signals are i.i.d.. If both ks and &, are set

to zero in (4.72), the CDF simplifies to the Rayleigh channel model and it can be expressed as

Fy(3) =1— ( n )n (4.74)

n—l—,%o

If the result above is further simplified by assuming that w, = w; = w,/n, then the same
expression presented in [29] is found. Also, it is interesting to note that if n is set to unity in
(4.72) or (4.74), the corresponding CDF simplifies to the coherent addition cases.

Although (4.72) includes an infinite summation, the evaluation of the CDF converges rapidly
for most cases of interest. Let J be the maximum value of the index variable j (as defined earlier).
Tb. 4.2 gives the value of J necessary to obtain a three-decimal-place accuracy (error < 0.0005)
and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (4.72).

Fig. 4.11 depicts the CDF of (4.72) for k = ks = Kk, and various values of n. With the
results obtained so far, using (4.57), (4.62) and (4.72), it is now possible to calculate the capture

probability and the channel throughput, which are presented in Figs. 4.12 and 4.13, respectively.

4.3.4 Conclusion

This application example investigates the throughput performance of CSMA in a packet
radio network and Rice fading environment. Analytical and numerical results are presented
considering the signal capture model with coherent and incoherent addition of interfering signals.

Fig. 4.11 presents the CDF of the capture threshold z, for incoherent addition of signals
and, if n = 1, coherent addition of signals as well. First, it can be seen that larger values of k
concentrates the random outcomes around Z; = 1. This is indicated by the sharp increase of
the CDF around this value and it is an expected result since larger values of £ mean that the
deterministic LOS component dominates over the random Gaussian components. In addition,
larger values of n tend to produce a distribution with lower variance. This is indicated by the
steeper climb from zero that curves with larger n experience.

The throughput graphics clearly indicate the important role the normalised worst case propa-

gation delay 7 plays to determine the channel throughput. Also, the higher the capture threshold
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is, the closer the curve is to the original (wireline) results, which is expected since it indicates
a diminished ability of receiver detection of the intended signal among the interfering signals.
Compared to the Rayleigh channel results, higher values of x in Rice channels produce
slightly lower throughput. The reason behind it might be that higher values of x increase the
dominance of the deterministic components. However, when compared to the Rayleigh channel,

Rice results show only minor differences in the throughput performance.

4.4 Throughput of CSMA in n-1 Fading Channels*

4.4.1 Introduction

Wireless local area networks (WLANSs) are experiencing rapid development in part stimulated
by the deployment of systems compatible to the IEEE 802.11 standards. They offer data
communication between terminals within radio range while allowing a certain degree of mobility.

In order to serve terminals exhibiting bursty traffic behaviour, WLANs make use of packet
radio techniques with random access to a transmission channel shared by multiple users. Specif-
ically, variations of carrier sense multiple access (CSMA) is generally used to access the wireless
medium [54, 55, 56, 57]. The capacity of the channel is then influenced by the probability of
packet collision and by the signal degradation due to mutual interference and signal attenua-
tion. In other words, it is influenced by the medium contention resolution algorithm and by the
channel characteristics.

Intuitively one might expect that original (wireline) CSMA systems show better system
performance than wireless systems because of more hostile channel characteristics found in the
latter. However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna
will not always destroy each other because they may show different and independent fading
and attenuation levels [58, 59]. This leads to expect that wireless systems may actually exhibit

successful reception rate higher than that of original (wireline) systems. In fact, Arnbak and

4This material was presented at [69].
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Blitterswijk have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

In this application example, we investigate the throughput performance of CSMA in a packet
radio network with n-u fading environment. The performance of the original (wireline) CSMA
is presented in [60] and is here extended to this fading scenario. The n-u fading environment is a
general fading model that can be used to better represent the small-scale variation of the fading
signal in a non-line-of-sight condition [19]. The distribution has the Hoyt (Nakagami-q), the
Nakagami-m, the Rayleigh, and the One-Sided Gaussian distributions as special cases. As an
intermediate outcome of the calculation, results for the outage probability for this environment
is also presented. Analysis of the outage probability for fading channels has been an active
investigation topic for the last few years [70, 71, 72, 35, 73, 74], in part because it may be
used to estimate performance of spectrum sharing systems. The work presented here offers

contributions in this area and introduces some original results.

This application example is organized as follows. Section 4.4.2 describes the analytical model
and considers the incoherent packet addition at the receiver’s antenna. Section 4.4.3 presents

the results obtained. Comments and conclusions are given in Section 4.4.4.

4.4.2 Analytical Model

Nonpersistent CSMA

For nonpersisting CSMA, a terminal ready to transmit first senses the channel. If it senses
the channel idle, it transmits the packet. Otherwise, it schedules the (re)transmission of the
packet to a later time according to some randomly distributed retransmission delay. After the
retransmission delay has elapsed, the terminal repeats the procedure described above. In this
application example, the channel is considered to be memoryless, i.e., failures to capture the
channel and future attempts are uncorrelated. In addition, all packets are assumed to have fixed
length and to require p seconds to transmit. Finally, each packet is assumed to have a single

destination.
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Probability of Capture

Given the transmission of an arbitrary test packet over a wireline channel, it is generally
assumed that a successful reception can only occur if no other transmission attempt is made
during the test packet reception, i.e., if there is no signal overlap at the receiver. However, in
wireless systems the radio receiver may be able to be captured by a test packet, even in the
presence of n interfering packets, provided the power ratio between the test signal and the joint
interfering signal exceeds a certain threshold during a given portion of the transmission period

tw, 0 < t, < p, to lock the receiver [61, 62]. In such a case, a test packet is only destroyed if

D <z during t,, with n > 0, (4.75)
Wn,

where z is the capture ratio, and w, and w,, are the test packet power and the joint interference
power at the receiver’s antenna, respectively. Values for z and the capture window ¢,, depend
on the modulation and the coding employed by the network, among other things. For a typical
narrowband FM receiver, a z value of 6 dB is suggested in [63]. The details about estimation

of the values of z and t,, are beyond the scope of this application example.

Let the random variable Z be defined as the signal-to-interference ratio (SIR)

=

=

Z >0 (4.76)

=

where W, > 0 and W,, > 0 are random variables representing the desired signal power and the
interference power, respectively. Assuming that W, and W,, are statistically independent, the
resulting cumulative distribution function (CDF) can be expressed as [47]

Wi
Fz(ZQ,TL) = Prob {W S Z()}

zo 3 (4.77)
— /0 dz /0 yfw.(zy) fw, (y)dy

where fi,(.) and fiy, (.) are the probability density functions (PDFs) of the desired signal power

and the interference power, respectively.



4.4. Throughput of CSMA in n-p Fading Channels 121

Let the number of packets generated in the network for new messages plus retransmissions
be Poisson distributed, with mean generation rate of A\ packets per second. The mean offered
traffic is then expressed as G' = pA packets per transmission period. Given the transmission of
an arbitrary test packet, the probability of it being overlap by n other packets is given by [47]

(GT)"

Rn = T eiG% (478)

where 7 is the worst case propagation delay and 7 = 7/p its normalised version. Finally, the
unconditional probability of a test packet being able to capture the receiver in an arbitrary

transmission period may be expressed by

Poopt(20) =1 — f: R, Fz(z9,n). (4.79)

n=1

Outage Probability

The CDF in (4.77) also represents another important measure of performance for wireless
systems: the outage probability. It is defined as the probability that the SIR at the reference

receiver falls below a certain specified threshold required for successful reception. Therefore
P,ut(z0,n) = Fz(z0,n) (4.80)

where zg is the successful reception threshold.

Channel Throughput

Let U, B and I be random variables representing, respectively, the duration of the successful
transmission, the duration of the busy period and the duration of the idle period. Let E{U},
E{B} and E{I} be their respective expected values. Clearly, the channel throughput can be

expressed by
__ E{U}
- E{B}+ E{I}

(4.81)
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For nonpersistent CSMA, Kleinrock and Tobagi have shown that [60]

E{B}=p+2r— % (1—e ) (4.82)
and
B{ry =L (4.83)
G
It can also be seen that
E{U} = p P (20) (4.84)

where P,.,,:(.) is the probability of receiver’s capture and also it represents the probability of a

successful transmission. Using the results of (4.82)-(4.84), the throughput can be written as

_ Gpcapt(ZO)
G(1+27) + e 67

(4.85)

n-p Fading Channel

The n-p fading model [19] considers clusters of multipath waves propagating in a nonhomo-
geneous environment. The probability density function (PDF) of the signal envelope r may be
expressed as

4\/E,u“+%h“ 7 21 7\ 2 T\ 2
- v R (L = h(j) I, 1|2 H<7> 4.86
fr(r) () (T) exp | =2uh () | Loy 208 (- (4.86)
where 7 = /E(R?) is the rms value of R, I'(.) is the Gamma function [21, Eq. 6.1.1], I,(.)

is the modified Bessel function of the first kind and v-th order [21, Eq. 9.6.10], n > 0 is the

scattered-wave power ratio between the in-phase and quadrature components, 4 > 0 is given by

= % [1 + (%)2}, E(.) and V(.) are the expectation and variance operator, respectively,
and
24147 1
- —and H = (4.87)

Let W = R? be the signal power and w = 72 its average value. The signal power PDF may
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be expressed as

Jw(w) = M (E)M_é exp (—2,uh%) I

w
e (e ST A

w

Interference Signal

In a wireless system, interference typically results from signals arriving at the receiver’s
antenna from multiple transmitters. Depending on how these random signals combine during
the observation interval, one of two scenarios might occur [1]: coherent addition or incoherent
addition.

Coherent addition occurs if the carrier frequencies are equal and if the random phase fluctua-
tions are small during the capture time ¢,,. The conditions for the coherent addition of signals to
occur are difficult to meet, which makes it a rather unlikely scenario, and will not be considered
at this moment.

Incoherent addition occurs if the phases of the individual signals fluctuate significantly due to
mutually independent modulation [29, 64]. In this case, the interference power W,, experienced

during the observation interval is the sum of the individual signals’ powers W, i.e.,

W, = i W, = i X () X7 (2) (4.89)

where X/ (.) is the complex conjugate of phasor X;(.). Considering the current work, where
the signal power is a random variable, the PDF of the joint interference power is therefore the
convolution of the PDFs of all contributing signal powers. If the individual components are
independent and identically distributed (i.i.d.), then the interference power is expressed as the

n-fold convolution of the PDF of the individual signal power.

4.4.3 Results

For the calculations presented in this section, let (4.88) represent the desired signal power

PDF as well as, with different parameters, the signal power PDF of an individual component
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Table 4.3: Relation between number of terms and accuracy in the infinite summation of (4.92).

Parameters smallest J for accuracy of
s | P | Ms Nn | Zo | 3-decimal-place | 6-decimal-place

0.5]0.51(0.01]0.01]0.1 32 69
1.0 309 644

5.0 1534 3197

0.99 | 1.0 197 377

0.5 [0.01]1.0 16 34

0.99 | 1.0 11 22

0.99 | 0.01 | 1.0 15 31

0.99 | 1.0 10 20
0.5]1.0(0.01]0.01]1.0 195 373
0.99 | 1.0 131 230

0.5 [0.01]1.0 11 22

0.99 | 1.0 9 16

0.99 | 0.01 | 1.0 10 20

0.99 | 1.0 8 15

5.0 10.010.01]10 84 132

1.0 0.5 |0.01|0.01 | 1.0 614 1281
1.0 { 0.01 | 0.01 | 1.0 387 739
5.010.01]0.01]10 163 254
5.0]0.5(0.01]0.01]1.0 3056 6379
1.0 { 0.01 | 0.01 | 1.0 1916 3664
5.010.01]0.01]10 792 1228

of the interference signal. Also, for the remaining of this application example and wherever
applicable, the subscripts s, ¢ and n are used to represent the desired signal variables, the
interference signal’s individual component variables, and the joint interference signal variables,
respectively. Finally, let %, be defined as Zy £ 2/(Ws/w,) where the ratio w,/w, is commonly

denoted as average SIR.

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the
individual signal power PDF which, on its turn, is expressed by (4.88). If the Laplace transform
of the PDF is used, then the n-fold convolution can be converted to a n-times product. Using

21, Egs. 29.2.12, 29.3.60], the Laplace transform Fy (s) = L[fw (w)] of (4.88) can be calculated
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Figure 4.14: CDF of (4.92) with p = ps = p; = pn/n and n = ng = 1; = n,. The dashed lines
correspond to the Hoyt channel where p = 1/2. The dotted lines correspond to the Rayleigh
channel where p=1/2 and n = 1.
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as o= (00 [

where a; = 2hp/w and ay; = 2Hp/w. Raising (4.90) to the n-th power and using [21, Egs.
29.2.3, 29.2.12, 29.3.60] to calculate its inverse Laplace transform gives the joint interference

signal power PDF, which can be expressed as

,Un""% w Nn_%
v () =2 (ﬁ—) (—)

['(pn) W, H,

X exp (—ZMnhn%) I“n_% <2Man%) .

It can be seen that the joint interference signal power PDF and the individual signal power

(4.91)

PDF follow the same distribution, with p,, = nu;, 9, = n; (thus making h,, = h; and H, = H;),
and w,, = nw;.
Using the appropriated expressions in (4.77), and after some manipulation, the signal-to-

interference CDF may be expressed as °

pn 0 )J+2us o 1 1 (H, 2
Fyl § F =, [
z(%0,m) h’”” J+2Ms BG + 21 2p) > | T e T (3,

Jj=
H 2
oo (52) |}

(4.92)
X Q1 ! H\ ™ F.
mjhgsB(:u&ﬂn) R .

where j, = 2 + ps + pn, m; = [ZE1], [.] is the ceiling function, B(.) is the beta function [21,

Jjt+1

Eq. 6.2.2], o F(.) is the Gauss hypergeometric function [21, Eq. 15.1.1], and

B fr o,
,unhn + ,ushsg() '

(4.93)

Although (4.92) includes an infinite summation, the evaluation of the CDF converges rapidly
for most cases of interest. Let J be defined as the number of terms in a truncated summation,
i.e.,, 0 <j < J. Table 4.3 gives the value of J necessary to obtain a three-decimal-place accuracy

(error < 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation

5This expression corrects a typo in Eq. (18) of [69].
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of (4.92).

Fig. 4.14 depicts the CDF of (4.92) for p = ps = p; = pp/n and n = ns = n; = 1, and a
couple of values of n. The curves for Hoyt and Rayleigh channels are indicated. The Rayleigh
channel is obtained when [19] 4 = 1/2 and n = 1, and the Hoyt channel is obtained when
p = 1/2 with the Hoyt parameter b given by b = —ﬁ. First, it can be seen that larger values
of 11 concentrate the random outcomes around Z; = 1. This is indicated by the sharp increase of
the CDF around this value. Also, larger values of n tend to produce a distribution with lower
variance. This is indicated by the steeper climb from zero that curves with larger n experience.

With the results obtained so far, using (4.79), (4.85) and (4.92), it is now possible to calculate
the channel throughput, which are presented in Fig. 4.15. The graphics clearly indicate the
important role the normalised worst case propagation delay 7 plays to determine the channel
throughput. Also, the higher the capture threshold is (indicated by higher Zj), the lower the
throughput is, which is expected since it indicates a diminished ability of receiver detection of
the intended signal among the interfering signals. For instance, with 7 = 0.1, ps = p; = 1/2 and
ns = n; = 0.1, there is an throughput increase of 3% at G' = 10 if the capture threshold changes
from Zy = 5 to 1. This gain is larger for heavier traffic (higher G). The fading intensity may
be the reason behind the influence of ys, where lower values of p (i.e., higher fading intensity)
produce higher throughput. The parameters ns and n; play a somewhat smaller influence on the

throughput. It can be seen that values of 1, and 7; close to zero produce higher fading intensity

and, as a result, higher throughput.

4.4.4 Conclusion

This application example investigates the throughput performance of CSMA in a packet radio
network and n-u fading environment. Analytical and numerical results are presented considering
the signal capture model with incoherent addition of interfering signals. The approach used here
includes the signal capture model with uniform attenuation for all terminals (or perfect power
control). The results indicate that higher fading intensity, lower capture threshold or lower

propagation delay contributes to higher channel throughput.
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The formulations for the statistics of the ratio of n-u variates, although used here for the
evaluation of the CSMA technique, are general and can be applied to any communication sys-
tem in which interference is an issue. Wireless communications networks in general in which
reuse frequency is deployed are certainly possible targets. More specifically, cooperative com-
munications with relay and/or destination nodes being interferred with unwanted faded Hoyt,
Nakagami-m, Rayleigh, or n-p signals can be investigated. Also, in spectrum sensing applica-
tions the effect of the interference of the secondary users with the primary users in n-p scenario

can be explored.

4.5 Throughput of CSMA in k-u Fading Channels®

4.5.1 Introduction

Wireless local area networks (WLANS) are experiencing rapid development in part stimulated
by the deployment of systems compatible to the IEEE 802.11 standards. They offer data
communication between terminals within radio range while allowing a certain degree of mobility.

In order to serve terminals exhibiting bursty traffic behaviour, WLANs make use of packet
radio techniques with random access to a transmission channel shared by multiple users. Specifi-
cally, variations of carrier sense multiple access (CSMA) are generally used to access the wireless
medium [54, 55, 56, 57]. The capacity of the channel is then influenced by the probability of
packet collision and by the signal degradation due to mutual interference and signal attenua-
tion. In other words, it is influenced by the medium contention resolution algorithm and by the
channel characteristics.

Intuitively one might expect that original (wireline) CSMA systems show better system
performance than wireless systems because of more hostile channel characteristics found in the
latter. However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna

will not always destroy each other because they may show different and independent fading

6This material was presented at [75].
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and attenuation levels [58, 59]. This leads to expect that wireless systems may actually exhibit
successful reception rate higher than that of original (wireline) systems. In fact, Arnbak and
Blitterswijk have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

In this application example, we investigate the throughput performance of CSMA in a packet
radio network with x-p fading environment. The performance of the original (wireline) CSMA
is presented in [60] and is here extended to this fading scenario. The k-u fading environment
is relevant to model a situation where the random multipath signals are superimposed on a
nonfading dominant signal, for instance, when a line-of-sight (LOS) component is present [19].
The distribution has the Rice (Nakagami-n), the Nakagami-m, the Rayleigh, and the One-Sided
Gaussian distributions as special cases.

This application example is organized as follows. Section 4.5.2 describes the analytical model
and considers the incoherent packet addition at the receiver’s antenna. Section 4.5.3 presents

the results obtained. Comments and conclusions are given in Section 4.5.4.

4.5.2 Analytical Model
Nonpersistent CSMA

For nonpersisting CSMA, a terminal ready to transmit first senses the channel. If it senses
the channel idle, it transmits the packet. Otherwise, it schedules the (re)transmission of the
packet to a later time according to some randomly distributed retransmission delay. After the
retransmission delay has elapsed, the terminal repeats the procedure described above. In this
application example, the channel is considered to be memoryless, i.e., failures to capture the
channel and future attempts are uncorrelated. In addition, all packets are assumed to have fixed
length and to require p seconds to transmit. Finally, each packet is assumed to have a single

destination.

Probability of Capture

Given the transmission of an arbitrary test packet over a wireline channel, it is generally

assumed that a successful reception can only occur if no other transmission attempt is made
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during the test packet reception, i.e., if there is no signal overlap at the receiver. However, in
wireless systems the radio receiver may be able to be captured by a test packet, even in the
presence of n interfering packets, provided the power ratio between the test signal and the joint
interfering signal exceeds a certain threshold during a given portion of the transmission period

tw, 0 < t, < p, to lock the receiver [61, 62]. In such a case, a test packet is only destroyed if

D <z during t,, with n > 0, (4.94)
Wn,

where z is the capture ratio, and w, and w,, are the test packet power and the joint interference
power at the receiver’s antenna, respectively. Values for z and the capture window ¢,, depend
on the modulation and the coding employed by the network, among other things. For a typical
narrowband FM receiver, a z value of 6 dB is suggested in [63]. The details about estimation

of the values of z and t,, are beyond the scope of this application example.

Let the random variable Z be defined as the signal-to-interference ratio (SIR)

=

722 7>0 (4.95)

=

where Wy > 0 and W,, > 0 are random variables representing the desired signal power and the
interference power, respectively. Assuming that W, and W,, are statistically independent, the

resulting cumulative distribution function (CDF) can be expressed as [47]

W,

Fz(2) = Prob { W, < Zo}
— / e / yfw.(zy) fw. (y)dy
0 0

(4.96)

where fy.(.) and fy, (.) are the probability density functions (PDFs) of the desired signal power

and the interference power, respectively.

Let the number of packets generated in the network for new messages plus retransmissions
be Poisson distributed, with mean generation rate of A\ packets per second. The mean offered

traffic is then expressed as G = pA packets per transmission period. Given the transmission of



4.5. Throughput of CSMA in x-u Fading Channels 131

an arbitrary test packet, the probability of it being overlap by n other packets is given by [47]

R, = (Canl e 7 (4.97)

n!

where 7 is the worst case propagation delay and 7 = 7/p its normalised version. Finally, the
unconditional probability of a test packet being able to capture the receiver in an arbitrary

transmission period may be expressed by

Pcapt(z()> =1- f: Rn Fz(Zo). (498)

n=1
Channel Throughput

Let U, B and I be random variables representing, respectively, the duration of the successful
transmission, the duration of the busy period and the duration of the idle period. Let E{U},
E{B} and E{I} be their respective expected values. Clearly, the channel throughput can be

expressed by

E{U}
= . 4.99
E{B} + E{I} (4.99)
For nonpersistent CSMA, Kleinrock and Tobagi have shown that [60]
B{B}=p+21 - £ (1-e %) (4.100)
and
B{ny =21 (4.101)
G
It can also be seen that
E{U} = p P.opi(20) (4.102)

where P, (.) is the probability of receiver’s capture and also it represents the probability of a

successful transmission. Using the results of (4.100)-(4.102), the throughput can be written as

__ GPap(x)
5= G(1+27) +eG7 (4.103)
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k-p Fading Channel

The k-p fading model [19] considers clusters of multipath waves propagating in a nonhomo-
geneous environment. The probability density function (PDF) of the signal envelope r may be

expressed as

ptl

fr(r) :Wi——ll)z (;)Mexp |:—,U,(fi +1) <£>2} I, [QN\/W;] (4.104)

TR 2 efH

where 7 = y/E(R?) is the rms value of R, I,(.) is the modified Bessel function of the first kind

and v-th order [21, Eq. 9.6.10], k > 0 is the ratio between the total power of the dominant

A E?(R?)(2k+1)

= V@jinrne » and

components and the total power of the scattered waves, u > 0 is given by p

E(.) and V(.) are the expectation and variance operator, respectively.

Let W = R? be the signal power and w = 72 its average value. The signal power PDF may

be expressed as

fur (w) :% (%) T e [—M(n + 1)%} Iy {zm [k + 1)%} . (4.105)

Interference Signal

In a wireless system, interference typically results from signals arriving at the receiver’s
antenna from multiple transmitters. Depending on how these random signals combine during
the observation interval, one of two scenarios might occur [1]: coherent addition or incoherent

addition.

Coherent addition occurs if the carrier frequencies are equal and if the random phase fluctua-
tions are small during the capture time ¢,,. The conditions for the coherent addition of signals to
occur are difficult to meet, which makes it a rather unlikely scenario, and will not be considered

at this moment.

Incoherent addition occurs if the phases of the individual signals fluctuate significantly due to

mutually independent modulation [29, 64]. In this case, the interference power W,, experienced
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during the observation interval is the sum of the individual signals’ powers W, i.e.,
Wo =Y Wi=> X(t)X;(t) (4.106)
i=1 i=1

where X7(.) is the complex conjugate of phasor X;(.). Considering the current work, where
the signal power is a random variable, the PDF of the joint interference power is therefore the
convolution of the PDFs of all contributing signal powers. If the individual components are
independent and identically distributed (i.i.d.), then the interference power is expressed as the

n-fold convolution of the PDF of the individual signal power.

4.5.3 Results

For the calculations presented in this section, let (4.105) represent the desired signal power
PDF as well as, with different parameters, the signal power PDF of an individual component
of the interference signal. Also, for the remaining of this application example and wherever
applicable, the subscripts s, ¢ and n are used to represent the desired signal variables, the
interference signal’s individual component variables, and the joint interference signal variables,
respectively. Finally, let Z, be defined as %, £ 2z/(W,/W, ) where the ratio w,/w,, is commonly

denoted as average SIR.

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the
individual signal power PDF which, on its turn, is expressed by (4.105). If the Laplace transform
of the PDF is used, then the n-fold convolution can be converted to a n-times product. Using

21, Egs. 29.2.12 and 29.3.81], the Laplace transform Fy (s) = L[fw(w)] of (4.105) can be

Fi(s) = e (Sia>uexp (Sf_a) (4.107)

where a = % and k £ @ Raising (4.107) to the n-th power and using [21, Egs. 29.2.12

calculated as

and 29.3.81] to calculate its inverse Laplace transform gives the joint interference signal power
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Table 4.4: Relation between number of terms and accuracy in the infinite summation of (4.109).

Parameters smallest J for accuracy of
Lhs Lhn, K Kn | Zo | 3-decimal-place | 6-decimal-place

0.5 | 0.5 0.010.01]0.1 3 5
1.0 9 19

5.0 34 70

1.0 | 1.0 8 15

10.0 | 1.0 5 9

1.0 { 0.01 ] 1.0 15 31

1.0 | 1.0 13 24

10.0 | 1.0 8 13

10.0 [ 0.01 | 1.0 70 145

1.0 | 1.0 54 103

10.0 | 1.0 26 41

0.5 | 1.0 [ 0.01 ]0.01]1.0 7 13
1.0 | 1.0 6 11

10.0 | 1.0 5 8

1.0 { 0.01 ] 1.0 11 21

1.0 | 1.0 10 17

10.0 | 1.0 7 11

10.0 { 0.01 | 1.0 45 87

1.0 | 1.0 37 65

10.0 | 1.0 21 32

10.0 | 1.0 | 1.0 | 1.0 6 10

1.0 | 05 | 1.0 | 1.0 | 1.0 21 41
1.0 | 1.0 | 1.0 | 1.0 15 28
10.0 | 1.0 | 1.0 | 1.0 9 14
100 0.5 | 1.0 | 1.0 | 1.0 178 345
1.0 | 1.0 | 1.0 | 1.0 114 207
10.0 | 1.0 | 1.0 | 1.0 40 60
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PDF, which can be expressed as

pn—1

Mn([{n + 1) Hn2+1 wn o wn
fw, (wy,) = —— — exp | —fin(Kn + 1)@—

wnﬁln 2 efintin Wn, n

X 1,1 [2/%\//@”(/% + 1)w"| :

W,

(4.108)

It can be seen that the joint interference signal power PDF and the individual signal power

PDF follow the same distribution, with u, = nu;, K, = k; and W, = nw;.

Using the appropriated expressions in (4.96), and after some manipulation (see Section 4.5.5),

the signal-to-interference CDF may be expressed as

oo 1 . u ]-Hts ] +1 FJSMS) )
Fz (% Fi(J + ts + fins o, Knpin 4.109
0) e,ﬁnunz; G 0BG Ty Ut s i, it (4.109)

where B(.) is the beta function [21, Eq. 6.2.2], 1 Fi(.) is the Kummer confluent hypergeometric

function [21, Eq. 13.1.2], Q(.) is the regularized incomplete gamma function defined as Q(a,b) =

%, I'(.) is the gamma function [21, Eq. 6.1.1], I'(.,.) is the incomplete gamma function [21,
Eq. 6.5.3], and
n n 1
- fin(Fin + 1) , (4.110)

pin(Fin + 1) + ps(rs + 1) 20
If us = 1 and p,, = n, where n > 0 is an integer, the result in (4.109) simplifies to the case of
Rice channel model described in [68]. In addition, if both ks and &, are set to zero in (4.109),

the CDF simplifies to the Rayleigh channel model and it can be expressed as

Fr(3) =1— ( n )n (4.111)

n+ 2o

Finally, if the result above is further simplified by assuming that w, = w; = w,/n, then the

same expression presented in [29] is found.

Although (4.109) includes an infinite summation, the evaluation of the CDF converges
rapidly for most cases of interest. Let J be defined as the number of terms in a truncated

summation, i.e., 0 < j < J. Table 4.4 gives the value of J necessary to obtain a three-decimal-
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Figure 4.16: CDF of (4.109) with u = ps = p; = pn/n and k = ks = K; = K. The dashed lines
correspond to the Rice and Rayleigh channels, as indicated.

place accuracy (error < 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the

infinite summation of (4.109).

Fig. 4.16 depicts the CDF of (4.109) for p = pus = p; = pn/n and kK = ks = Kk; = K, and a
couple of values of n. The curves for Rice and Rayleigh channels are indicated. The Rayleigh
channel is obtained when [19] 1 = 1 and k = 0, and the Rice channel is obtained when pu = 1
with the Ricean parameter k given by k = k. First, it can be seen that larger values of pu
concentrate the random outcomes around Z; = 1. This is indicated by the sharp increase of
the CDF around this value. Also, larger values of n tend to produce a distribution with lower

variance. This is indicated by the steeper climb from zero that curves with larger n experience.

With the results obtained so far, using (4.98), (4.103) and (4.109), it is now possible to
calculate the channel throughput, which are presented in Fig. 4.17. The graphics clearly indicate
the important role the normalised worst case propagation delay 7 plays to determine the channel
throughput. Also, the higher the capture threshold is (indicated by higher Z), the lower the
throughput is, which is expected since it indicates a diminished ability of receiver detection

of the intended signal among the interfering signals. The fading intensity may be the reason
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Figure 4.17: Throughput S for incoherent x — p channel with © = ps = p; = pn/n and
Kk = Ks = K; = Ky,. The dashed lines correspond to the Rice and Rayleigh channels, as indicated.
The dotted lines correspond to the wireline channel (zg — 00).

behind the influence of i, where lower values of p (i.e., higher fading intensity) produce higher
throughput. The parameter k plays a somewhat smaller influence on the throughput. It can be

seen that lower values of k produce higher fading intensity and, as a result, higher throughput.

4.5.4 Conclusion

This application example investigates the throughput performance of CSMA in a packet radio
network and x-p fading environment. Analytical and numerical results are presented considering
the signal capture model with incoherent addition of interfering signals. The approach used here
includes the signal capture model with uniform attenuation for all terminals (or perfect power
control). The results indicate that higher fading intensity, lower capture threshold or lower

propagation delay contributes to higher channel throughput.
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4.5.5 Calculation

The calculation presented below refers to the incoherent addition of n interfering signals.
Let (4.105) and (4.108) be used to describe the desired signal power and the interference power,
respectively. With (4.96), changing the integration order, using [21, Eq. 9.6.10] and integrating
over z (see [48, Eqs. 3.381.1, 8.356.3]) leads to

%ﬂ Hn+1
4 (20) Z (psks) Rl ki Kn+ 1\ 2 yun{le mntly g
k' e’inun""“is,us @n

Kn+1 s+ 1
x 1, 1 (2un fin—— y)[ Q<k+us, P uszoy)}dy

n

(4.112)

Applying [48, Eq. 8.356.2] recursively, and [21, Egs. 6.5.3, 6.5.4, 6.5.29], it can be seen that
= (4.113)

Using (4.113) in (4.112) leads to

—pn+1

pl kR ek e, ke +1 7 [k, +1Y) 2
2(2) Z Z = -
KIT(J + ps + 1) ermpmtrsps \ 2, W,

(4.114)
pet it — (Bt o+ rntly, Yy Fon + 1
X gt e : "1 2800 in———y | dy.
Wn,
Solving the integral over y (see [48, Eqgs. 6.643.2, 9.220.2]) results
o (ks (1 = w)i syt T 4 pig + fin
Fy(20) :ZZ a ]3! e(nnuﬁ;zsus F(j(—lj—,u M+ 1)?(2 )
D (i (1.115)

X 1F1 (] + s + My P ,un"inu)

where u is given by (4.110). Changing the summation order and using [48, Eq. 8.352.2] eliminates

the summation on k. From here (4.109) is easily obtained.
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4.6 Throughput of CSMA in a Rice-Signal with Hoyt-

Interference Environment’

4.6.1 Introduction

Wireless local area networks (WLANSs) have been experiencing rapid development in part
stimulated by the deployment of systems compatible to the IEEE 802.11 standards. They offer
data communication between terminals within radio range while allowing a certain degree of
mobility. These networks are organized either with or without a central node. In either case, the
aims are to provide complete connectivity among terminals and to efficiently and fairly dispense
the available bandwidth while employing little or no central coordination.

In order to serve terminals exhibiting bursty traffic behaviour, WLANs make use of packet
radio techniques with random access to a transmission channel shared by multiple users. Specif-
ically, variations of carrier sense multiple access (CSMA) is generally used to access the wireless
medium [54, 56, 57]. The capacity of the channel is then influenced by the probability of packet
collision and by the signal degradation due to mutual interference and signal attenuation. In
other words, it is influenced by the medium contention resolution algorithm and by the channel
characteristics.

Intuitively, one might expect that original (wireline) CSMA systems show better system
performance than wireless systems because of more hostile channel characteristics found in the
latter. However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna
will not always destroy each other because they may show different and independent fading
and attenuation levels [58, 59]. This leads to expect that wireless systems may actually exhibit
successful reception rate higher than that of wireline systems. In fact, Arnbak and Blitterswijk
have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

In this application example, we investigate the throughput performance of CSMA in a packet

radio network with combined Rice and Hoyt fading environment. The performance of the

"This material was presented at [76].
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wireline CSMA is presented in [60] and is here extended to this fading scenario. A number
of formulations are found and, to the best of the authors’ knowledge, these results are novel
contributions. As an intermediate outcome of the calculation, results for the outage probability
for these environments are also presented. Analysis of the outage probability for fading channels
has been an active investigation topic for the last few years [70, 73, 74], in part because it may
be used to estimate performance of spectrum sharing systems. The work presented here offers

contributions in this area and introduces many original results.

The channel models considered in this work are among those commonly used to describe the

short-term signal statistics of wireless communications links subject to fading [2].

This application example is organized as follows. Section 4.6.2 describes the analytical
model. Section 4.6.3 considers the cases of incoherent signal addition at the receiver’s antenna
with uniform attenuation for all terminals (or perfect power control). Coherent signal addition
and a model that includes spatial coverage such as in a cell is also explored. Numerical results

and conclusions are given in Sections 4.6.4 and 4.6.5, respectively.

4.6.2 Analytical Model

Nonpersistent CSMA

For nonpersisting CSMA, a terminal ready to transmit first senses the channel. If it senses
the channel idle, it transmits the packet. Otherwise, it schedules the (re)transmission of the
packet to a later time according to some randomly distributed retransmission delay. After the
retransmission delay has elapsed, the terminal repeats the procedure described above. In this
application example, the channel is considered to be memoryless, i.e., failures to capture the
channel and future attempts are uncorrelated. In addition, all packets are assumed to have fixed
length and to require p seconds to transmit. Finally, each packet is assumed to have a single

destination.
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Probability of Capture

Given the transmission of an arbitrary test packet over a wireline channel, it is generally
assumed that a successful reception can only occur if no other transmission attempt is made
during the test packet reception, i.e., if there is no signal overlap at the receiver’s end. However,
in wireless systems the radio receiver may be able to be captured by a test packet, even in the
presence of n interfering packets, provided the power ratio between the test signal and the joint
interfering signal exceeds a certain threshold during a given portion of the transmission period

tw, 0 < ty, < p, to lock the receiver [61, 62]. In such a case, a test packet is only destroyed if

— < z during t,, with n > 0, (4.116)

where z is the capture ratio, and w, and w,, are the test packet power and the joint interference
power at the receiver’s antenna, respectively. Values for z and the capture window t,, depend
on the modulation and the coding employed by the network, among other things. For a typical
narrowband FM receiver, a z value of 6 dB is suggested in [63]. The details about estimation

of the values of z and t,, are beyond the scope of this application example.

Let the random variable Z be defined as the signal-to-interference ratio (SIR)

72l

>0, (4.117)

=

where Wy > 0 and W,, > 0 are random variables representing the desired signal power and the
interference power, respectively. Assuming that W, and W,, are statistically independent, the

resulting cumulative density function (CDF) can be expressed as [47]

Fylz) = / ! / "y (z9) v (9)dy (4.118)

where fiy,(.) and fiy, (.) are the probability density functions (PDFs) of the desired signal power

and the interference power, respectively.

Let the number of packets generated in the network for new messages plus retransmissions
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be Poisson distributed, with mean generation rate of A packets per second. The mean offered
traffic is then expressed as G' = pA packets per transmission period. Given the transmission of
an arbitrary test packet, the probability of it being overlapped by n other packets is given by
47

(G7)"

R, =———e T (4.119)
n.

where 7 is the worst case propagation delay and 7 = 7/p its normalised version. Finally, the
unconditional probability of a test packet being able to capture the receiver in an arbitrary

transmission period may be expressed by

Pcapt(z(]) =1- iRn Fz(Z()). (4120)

n=1

Outage Probability Defined

The CDF in (4.118) also represents another important measure of performance for wireless
systems: the outage probability. It is defined as the probability that the SIR at the reference

receiver falls below a certain specified threshold required for successful reception. Therefore
Pout(20) = Fz(20) (4.121)

where zj is the successful reception threshold.

Channel Throughput

Let U, B and I be random variables representing, respectively, the duration of the successful
transmission, the duration of the busy period and the duration of the idle period. Let E{U},
E{B} and E{I} be their respective expected values. Clearly, the channel throughput can be

expressed by [60]
__ B}
-~ E{B}+ E{I}

(4.122)
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For nonpersistent CSMA, Kleinrock and Tobagi have shown that [60]

E{B}=p+2r— % (1—e ) (4.123)
and
B{ry =L (4.124)
G
It can also be seen that
E{U} = p Poapt(20) (4.125)

where P,.,,(.) is the probability of receiver’s capture and also it represents the probability of a

successful transmission. Using the results of (4.123)-(4.125), the throughput can be written as

_ GPcapt(ZO)
G(1+27) + e 67

(4.126)

Rice Fading Channel

The Rice fading model assumes that the received signal is the result of a dominant component
(such as a direct LOS signal) added to a large number of multipath scattered waves. Let
X and Y be two independent Gaussian processes with zero mean and variances c% and 0%,
respectively. The in-phase and quadrature components of the signal envelope in a Rice fading
channel can be expressed as X 4 a and Y, respectively, where the constant a represents the
envelope of the dominant signal (also, the mean value for the in-phase component). Assuming

that 02 £ 0% = 02, the PDF of the received signal envelope can be expressed as [2]

r _r’+d? ar
fr(r) = — e 2" I (;) (4.127)

g

where I,(.) is the modified Bessel function of the first kind and v-th order [21, Eq. 9.6.10].

Let k = a?/(20?) be defined as power ratio between the dominant and scattered signals.

It is easy to see that if k is set to zero, thus eliminating the dominant component, the Rice

distribution simplifies to the Rayleigh.
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Let W = R? be the signal power and w = E{R?} its average value, where F{.} represents

expected value. The signal power PDF may be expressed as
w

1 w
fw(w) = _H@—;“ e~ (FHDE Iy {2 k(k+1)

f

] . (4.128)

Hoyt Fading Channel

The Hoyt fading model assumes that the received signal is the result of the sum of a large
number of multipath scattered waves, without the prevalence of a single component (for instance,
the LOS signal). Let X and Y be two independent Gaussian processes with zero mean and
variances 0% and 0%, respectively. The PDF of the received signal envelope can be expressed

as [17]

2

fr(r) = Te_%<é+$> Iy F (% — LQ)] : (4.129)

oxOy 4 \oy o%

Let n 2 0% /o2 be defined as the power ratio between in-phase and quadrature signals. Also,

let the parameters h and H be defined as

héi(%Jﬂ/ﬁ)Q andHéi(%—n>. (4.130)

Again, it is easy to see that if n is set to unity, thus h = 1 and H = 0 and Hoyt distribution

simplifies to the Rayleigh distribution.

With W = R? and w = E{R?} as defined earlier, the signal power PDF may be expressed
as
fvtw) = Y ent g, (H2). (4.131)

w w
Knowing that n > 0, it can be seen that the PDF in (4.131) is symmetrical around n =1 [19].
Therefore, as far as the signal power distribution is concerned, considering either of the ranges

n <1 orn > 1 suffices.
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Interference Signal

In a wireless system, interference typically results from signals arriving at the receiver’s
antenna from multiple transmitters. Depending on how these random signals combine during
the observation interval, one of two scenarios might occur [1]: coherent addition or incoherent

addition.

Coherent addition occurs if the carrier frequencies are equal and if the random phase fluc-
tuations are small during the capture time t,,. For instance, coherent addition might happen
when the deviation caused by the phase modulation is very small, and the observation interval

is short compared to the modulation rate.

Let the phasor x(t) = Re{r(t) e/lv+9®)]} represent a signal reaching the receiver’s antenna,
where r(t) and 6(t) are the random envelope and phase, respectively, and w, is the carrier’s

angular frequency. For the coherent addition of n signals, the resulting phasor is [29]

T, (t) = Z i(t) (4.132)

where the subscripts n and ¢ represent the aggregate and individual variables, respectively.

Consider the Hoyt channel model described earlier, with its in-phase and quadrature Gaus-
sian components. Since such channel is generated by the sum of Gaussian processes, further
adding same-type phasors changes the parameters of the channel without changing its nature.
In other words, the interference signal, assuming coherent addition, behaves as a Hoyt pha-
sor, with the aggregate mean value equal to the sum of the individual mean values. As a
result, the coherent addition of n uncorrelated Hoyt phasors produces a Hoyt phasor with mean
value w, = Y., W;, in-phase signal power Ugm =3, ag(ﬂ., and quadrature signal power
032,,71 = >, 0'%/71-. If the n phasors are independent and identically distributed (i.i.d.), the

resulting phasor has w, = nw;, 0%, = nox,;, 0%, =nos, and 1, = n;.

Incoherent addition occurs if the phases of the individual signals fluctuate significantly due to

mutually independent modulation [29, 64]. In this case, the interference power w,, experienced
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during the observation interval is the sum of the individual signals’ powers w;, i.e.,

w, = Zw = in(t)x;*(t) (4.133)

where z7(.) is the complex conjugate of phasor z;(.). Considering the current work, where
the signal power is a random variable, the PDF of the joint interference power is therefore
the convolution of the PDFs of all contributing signal powers. If the individual components
are i.i.d., then the interference power is expressed as the n-fold convolution of the PDF of the

individual signal power.

4.6.3 Analytical Results

For the remaining of this application example and wherever applicable, the subscripts s, ¢
and n are used to represent the desired signal variables, the interference signal’s individual com-
ponent variables, and the joint interference signal variables, respectively. For the calculations
presented in this section, let (4.128) represent the desired signal power PDF and (4.131) the
signal power PDF of an individual component of the interference signal. Also, for compactness,
let Z be defined as %, = zy/(w,/w,) where the ratio w,/w, is commonly denoted as average

SIR.

Coherent Addition

If coherent addition of phasors is assumed, then (4.131) should be used to represent the
joint interference signal power PDF. Using the appropriate expressions in (4.118), and after
some manipulation, the signal-to-interference CDF may be expressed as

]T’ % +1,1, (h—ul) ] (4.134)

Fy(30) = Z(l —ur)’ Q(J, K)o F
Vhn 4

where @(.) is the regularized incomplete gamma function defined as Q(a,b) = I'(a,b)/T'(a),

I'(,,.) is the incomplete gamma function [21, Eq. 6.5.3], 2F7(.) is the Gauss hypergeometric
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Figure 4.18: Outage probability for incoherent combined Rice and Hoyt channel. The dashed
lines correspond to the Rayleigh channel (ks = 0 and n,, = 1).

function [21, Eq. 15.1.1], and
C hp (ke +1)Z

U (4.135)

It is interesting to note that (4.134) does not depend directly on the value of n. In other words,
the statistics of the joint interference signal can be described using only the parameters 7, and
w,,, which is expected since this signal follows the Hoyt distribution.

Although (4.134) includes an infinite summation, the evaluation of the CDF converges
rapidly for cases of interest. Let J be the maximum value of the index variable j in a truncated
summation, i.e., 1 < 7 < J. The entries for n = 1 in Table 4.5 give the value of J necessary to
obtain a three-decimal-place accuracy (error < 0.0005) and a six-decimal-place accuracy (error

< 0.0000005) for the infinite summation of (4.134).

Incoherent Addition

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the

individual signal power PDF which, on its turn, is expressed by (4.131). This calculation gives
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Table 4.5: Relation between number of terms and accuracy in the infinite summation of (4.134)

and (4.137).

Parameters smallest J for accuracy of
n | Ks Mn | 2o | 3-decimal-place | 6-decimal-place

1 10.01]0.01]0.1 2 6
1.0 9 25

5.0 41 109

0.5 | 0.1 2 4

1.0 8 19

5.0 31 78

0.99 | 1.0 7 17

5.0 29 67

1.0 { 0.01 ] 1.0 17 46
5.0 80 211

0.99 | 1.0 13 30

5.0 55 128

10.0 | 0.01 | 1.0 88 232
5.0 431 1140

0.99 | 1.0 60 140

5.0 294 677

10| 1.0 | 0.01 | 1.0 8 15
5.0 29 50

0.99 | 1.0 7 13

5.0 24 39

10.0 [ 0.01 | 1.0 31 55
5.0 141 243

0.99 | 1.0 26 42

5.0 115 178

50 | 1.0 | 0.01 | 5.0 21 32
0.99 | 5.0 20 29

10.0 | 0.01 | 5.0 94 130
0.99 | 5.0 86 113




4.6. Throughput of CSMA in a Rice-Signal with Hoyt-Interference Environment 149

1'0 T L T L T L

=1, kg =0, n, = 0.01]
Zo =2, kg =5, n, =0.01
0.8 L Zo =2, ks =0, n, =0.01
ZOZQ,K/S:O,nn:1
Zo =5, ks =5, n, = 0.01
Z0=9,Kks=0,m, =1

0.6 wireline_
N Ks =0, n, = 0.01
ks =0, 1, =0.01
04T s =0, 1 = 1
wireline

0.2

0.0 e P
0.01 0.1 1 10 100

Figure 4.19: Throughput S for incoherent combined Rice and Hoyt channel with perfect power
control. The dashed lines correspond to the Rayleigh channel (ks = 0 and 7, = 1). The dotted
lines correspond to the wireline channel (zy — c0).

that
R4 n"s h?L Wy, T wy, Wy,

where w,, = nw;, h, = h; and H, = H;. It can be seen that the n-fold convolution used to
obtain (4.136) produced the 1 — u distribution for p = n/2 [19].
Using the appropriate expressions in (4.118), and after some manipulation, the signal-to-

interference CDF may be expressed as

(1—u,) ',/is +n j+n+1 n+1 (H, 2
FZ ZO >2F1 J ,j , ,<_Un)] (4137)

\/WZ iB(j 2 2 2 B,

where B(.) is the beta function [21, Eq. 6.2.2] and

nh,
nhy, + (ks +1)Zo

Uy = (4.138)

with w,, = nw;, n, = n;, h, = h; and H,, = H; since the n interfering signals are i.i.d..
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Although (4.137) includes an infinite summation, the evaluation of the CDF converges
rapidly for cases of interest. Let J be the maximum value of the index variable j (as defined
earlier). Table 4.5 gives the value of J necessary to obtain a three-decimal-place accuracy (error
< 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the infinite summation of

(4.137).

4.6.4 Numerical Results
Outage Probability

The outage probabilities for the combined Rice and Hoyt channel, considering incoherent
addition of interfering signals and perfect power control, is pictured in Fig. 4.18. In all cases
the outage probability decreases with higher values of average SIR, as expected. In addition,
using the results for the Rayleigh channel as a reference, the figures allow a comparison between
these channels with regards to the outage probabilities. The figures show that higher fading
intensity values translate into higher outage probabilities. Also, considering the average SIR
value constant, the number of interfering signals n has only a minor influence on the outage

probability.

Perfect Power Control

With the results obtained in the previous sections, using (4.120), (4.126) and (4.137), it
is now possible to calculate the CSMA channel throughput for the combined Rice and Hoyt
channel, assuming incoherent addition of interfering signals and perfect power control. Fig. 4.19
shows the throughput for various values of kg, 1,, Zo and 7.

The throughput graphs clearly indicate the important role the normalised worst case propa-
gation delay 7 plays to determine the channel throughput. Also, the higher the capture threshold
is, the closer the curve is to the wireline results, which is expected since it indicates a diminished
ability of receiver detection of the intended signal among the interfering signals. Examining same
Zo data, compared to the Rayleigh channel results, higher values of ks produce almost equal

throughput when the throughput is around its maximum value, and slightly lower figures for
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high mean offered traffic G. On the other hand, lower values of 7, produce slightly higher
throughput when compared to Rayleigh channel results. In general, higher fading intensity

values lead to higher throughput, in particular for heavier traffic (larger G).

4.6.5 Conclusions

This application example investigates the throughput performance of CSMA in a packet
radio network and combined Rice and Hoyt fading environment. Analytical and numerical
results are presented considering the signal capture model with coherent and incoherent addition
of interfering signals. The approach considered includes the signal capture model with uniform
attenuation for all terminals (or perfect power control). The results indicate that higher fading
intensity, lower capture threshold or lower propagation delay contributes to higher channel

throughput.

4.7 The Ratio of Independent Arbitrary a-u Random

Variables and its Application in the Capacity Anal-

ysis of Spectrum Sharing Systems®

4.7.1 Introduction

Many wireless communication performance measures (e.g., capacity, outage, interference,
and others) involve the calculation of the ratio between signal powers. A relation typically of
interest is the signal-to-interference ratio (SIR), i.e., the quotient of the desired signal power
and the interference power, the latter one commonly found as the result of a sum of interfering
signals. In addition, if the communication system is operating over a non-deterministic channel,
such as a wireless fading channel, then the SIR involves the ratio of random variables (RVs),
selected according to the channel model assumed. In such a case, the knowledge of the statistics

of the SIR is key to assess the performance.

8This material was published in [77].
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In this application example, general, simple, exact, closed-form expressions for the prob-
ability density function (PDF) and cumulative distribution function (CDF) for the ratio of
independent non-identically distributed (i.n.i.d.) a-p RVs [20] are derived. As an application
example of our results, we provide a comprehensive capacity analysis of spectrum sharing sys-
tems undergoing a-p fading. Although along the last years (see, for instance, [78, 79]) the
capacity limits of spectrum sharing systems in traditional fading environments (i.e., Rayleigh,
Nakagami-m) have been extensively investigated, such a study in a more generalized fading sce-
nario, such as the a-p model is still missing®. Relying upon the obtained results, a closed-form
expression for the delay-limited capacity is derived. Furthermore, based on the power alloca-
tion related to the outage capacity, a closed-form expression for the corresponding minimum
outage probability is attained. Finally, expressions for the ergodic capacity are also derived in
closed-form considering an average interference power constraint. Numerical plots are shown
in order to investigate the effect of the fading parameters in the system capacity. To the best
of the authors’ knowledge, these results are all unprecedented in the literature. Due to space

constraint the derivations of our exact formulations are only, but clearly, hinted.

4.7.2 Ratio of Independent Arbitrary a-u RVs

Let the RV G > 0 designate the instantaneous power, either the signal power or channel
power gain, depending on the application. From [20, Egs. (1) and (5)], the PDF of G can be

expressed as

fa(g) = %“;iﬂg P [—u (g) ] , (4.139)

in which o > 0 denotes the non-linearity parameter, u > 0 is related to the number of multipath

o «

clusters, T'() is the Gamma function [21, Eq. (6.1.1)], § £ E( ¥G%) = E(G)ual () /T (1 + 2,

and F(-) denotes expectation.

9In [80], the a-u model has been considered, but the calculations were drastically facilitated since the links
were assumed to be independent and identically distributed (i.i.d.).
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Furthermore, let the RV X be defined as
X2 = (4.140)

in which Gy and Gp are instantiations of the RV G. Assuming that Gy and Gp are statistically

independent, the resulting PDF can be expressed as [47]

fx(z) = / o () fon (£, (4.141)
0
with fe,(.) and fg,(.) denoting the PDFs of G and Gp, respectively.

Adding the appropriate subscripts in (4.139) and using it in (4.141), the PDF of X, fx(x),

can be calculated after some algebraic manipulations [21, Eq. (4.2.1)],[48, Eq. (3.478.1)] as

ap o= (—1)F (uz) o)
fx(@) =3 = — . (4.142)
1=0 ' /8<ﬁ7:anuN7'L>

and, equivalently, as

o o0 _1 7 uxr (NN+i)aTN
fx(x) = —gz< Z.,) (a ) N (4.143)
=0 ' 6 (%7MN7/~LD7Z>

depending on which of the two exponential functions appearing in (4.141) the series expan-
sion gets applied to. In the formulae, S(r,mg,my,7) = I'(mo)I'(mq)/T[(mo + i)r + m4], and
u = (un)?N /(up)?*P x gp/gn. Both (4.142) and (4.143) converge adequately and correctly,
although because of their alternating series, convergence rate may rely upon the accuracy of
the calculating machine. A useful and decisive alternative we propose here is to assume that

ay/ap = p/q, for which p > 1 and ¢ > 1 are co-prime integers, and then make use of [51, Eq.

(2.3.2.13)].

Two situations are presented: for the case in which p > ¢, the result is given by

pfl i —(up+i) 22

i=0 ﬁ( uDuN,>

q+1F |:Q((1}I);(,UD7 UN, Z)a
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whereas if p < ¢, the result is given by

q—l i N ON
« ) YN+ . oy
—NZ pirFy | O G 1, 1 () B9 (4.145)
2% ()

=0 /8 (q7/vLN7MD7 )

In the formulae, ,F,(.) represents the generalized hypergeometric function [48, Eq. (9.14.1)],
Q%)m (m07 my, ) {1 A<r07 (m0+2)7”0/r1+m1) A<r17 Z+1)}7 and A(k7 CL) = {CL//{Z, (CL+1)/]{Z, SR (CL+
k—1)/k}.

If p=q =1, thus making anx = ap = «, and from [48, Eq. (3.381.4)], the PDF of X reduces

to
Lpn—1
u(ux)2hy

( ur % —UN—HKD
Blan i) [1+ (uz)2] , (4.146)

fx(z) :%

for which B(-) denotes the beta function [21, Eq. (6.2.2)].

By its turn, the CDF of X can be calculated from (4.142), in closed-form, as

o _1 i uxr _aTD(UD+i)
Fx(z)=1-)_ Z-.(< iz‘) ( a> AN (4.147)
i=0 KD B(ﬁa“D?NN?Z)
and, equivalently, using (4.143) as
< (_1yi (i) 24
(=" (us) - (4.148)

FX@:) :Zi'(

Now, let us use an approach similar to the one described above, with ay/ap = p/q as

already defined. Assuming p > ¢, the CDF of X can be expressed as

1 A ep ;
p (_1)1 (ux)—T(HD—H)
Fx(z)=1=» - '
; il(pp +1) B <%, uD,MNJl) (4.149)

. q? _ep
a+2Fp |:Q¢(1?Z)J(UD7#N71); (_p)p(U35) 2 p} .
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Equivalently, for p < ¢, the CDF of X can be expressed as

1 . N O
(DT ()t
F = - -
X () ;z!(MN"'Z)B(g,MN;NDai) (4.150)

)

X p+2Fq+1 Ql(y?g(MNa HD, Z))

In the formulae, 2, (mo, my,4) = {1, (mo + i)/r1, A(ro, (mo + i)ro/r1 + m1); (mo + )/ +
1, A(ry,i+ 1)}

If p=q =1, thus making ay = ap = «a, the CDF of X reduces to

ap N a
ur) 2 oF! s UN + D, + 1, —(ux)?2
Fy(z) = (uz) 2 2 F} (MN HN T KD, BN (uz) )’ (4.151)

HINB<,UN> MD)

in which 5 F(-) denotes the Gauss hypergeometric function [21, Eq. (15.1.1)].

4.7.3 Application Example: Capacity Analysis of Spectrum Sharing

Systems
System Model

Consider a spectrum sharing system over a block-fading channel in which a secondary user
(SU) is allowed to use the spectrum licensed to the primary user (PU) as long as the interference
power at the PU receiver remains below a certain threshold. Let Gy and GG; denote the instan-
taneous channel power gain from the SU transmitter (SU-Tx) to the PU receiver (PU-Rx) and
SU receiver (SU-Rx), respectively, which are assumed to be independent, and of the flat fading
type with channel coefficients following the a-p distribution [20] and subject to additive white
Gaussian noise (AWGN). In addition, the corresponding noise terms ngy and n; are independent
circularly symmetric complex Gaussian random variables with zero mean and variance Ny [79].

Finally, perfect channel state information (CSI) on G and G, is assumed to be available at the

SU-Tx.

Let P(Go,G1) > 0 be the instantaneous transmit power at the SU-Tx for the channel gain
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pair (Go, G1). Also, since we consider as a constraint the interference power at the PU-Rx, let
Qavg and Qpi denote the average and peak received power limits at the PU-Rx, respectively.
Qavg 1s a figure better suited for services in which the long-term Quality of Service (QoS) at
the PU-Rx is more relevant, whereas (), is more appropriate for services with an instantaneous

QoS requirement. Clearly,

Qavg < E[GoP(Go, G1)], Qi < GoP(Go,Gh). (4.152)

Outage Capacity

Outage capacity is defined as the maximum constant rate that can be sustained with a
given outage probability. Mathematically speaking, this is equivalent to minimize the outage
probability for a given transmission rate Ry. Assuming a peak interference power constraint
(Qpk, our problem can be formulated as

minimize  Pr {log2 [1 + %00(;1)} < Ro} ,

(4.153)
subject to  GoP(Go, G1) < Qpk,

in which Pr{-} denotes probability. It can be easily observed that (4.153) is minimized for

P(Go, G1) = Qui/Go, so that the outage probability can be expressed as

Gi  Np(2Fo — 1)}
P —Pr PR 4154
! {GO ka ( )

Note that the statistical distribution of the ratio G;/Gy is key for the calculation of (4.154).

With G; = G and Gy = Gp in (4.140), the PDF and the CDF of the ratio G;/G are already

available. Therefore, the outage probability can be expressed in closed-form as

Pout = FX (W) ) (4155>
p

with Fy(-) being either (4.147), (4.148), (4.149), (4.150) or (4.151).
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Delay-Limited Capacity

The DLC is defined as the maximum constant transmission rate achievable over each of the
fading blocks. Herein, we will analyze the DLC under the average interference power constraint
Qavg, because for the peak power case the DLC is easily proved to be zero. Our problem can

therefore be formulated as

maximize log, |1+ M] ,
Mo (4.156)
subject to  E[GoP(Go, G1)] < Quug-
In [79], it was shown that the optimal power allocation for this problem is given by
P(Go, G) = — s (4.157)
G1E(Gy/Gh)

Let again G; = Gy and Gy = Gp in (4.140) and define Y 2 G(/G; = X~!. Using standard
statistical procedures, the PDF of Y can be derived using the concepts of transformations of
RVs [47] and calculated using the results presented in Section 4.7.2. The mean value of ¥ can

be expressed by
BV = [ [ stdafun e (atdy, (4.158)
o Jo

Changing the order of integration and using [48, Eq. (3.478.1)] to integrate first on y and then
on t, the mean value of Y can be expressed now by
D+ 2 )0 (g — 2
E(Go) H1 a1 H1 o1

E(Y) = g T , (4.159)

for g1 > 2/ay. Noting that the constant transmission rate is maximized when P(-,-) is maxi-

mized, the DLC can be attained in closed-form as

E(G1> Qavg F<N1)2

Cyqg=log, |1+
E(Go) N, <M1 + O%) r (M1 - O%)

(4.160)
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Figure 4.20: Outage probability versus ), for different fading conditions.

Observe that, by setting py; = 1 and ay = 2 (i.e., the Rayleigh case) in (4.160), the DLC equals

zero. This is justified by the fact that, for the Rayleigh scenario, E(Y') tends to infinity, being

in accordance with the related results presented in the literature.

Ergodic Capacity

Ergodic capacity is defined as the maximum achievable rate averaged over all the fading

blocks (long-term average). For the case of average interference power constraint, the optimiza-

tion problem to be solved is

maximize F [log2 (1 + %ﬁ@)] ’

(4.161)

subject to  E[GoP(Go, G1)] < Qavg-
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Figure 4.21: Ergodic capacity versus ()44 for different fading conditions.

Then, employing a similar rationale to the one applied in [78, Sec. III], the ergodic capacity

under average interference power constraint can be obtained as

o0

cl@) :/1 Blogy(vox) fx(x)dx, (4.162)

e

0

in which B is the total available bandwidth, vy = 1/(1)0NoB), and 1)y is calculated so that the

average interference power in (4.162) equals Quyy, i-€.,

/ / max <07 i - NOB@) fGo (g())fGl (gl> ng dgl = Qavg; (4163>
Go JGi Yo Gy

in which fg,(g:), i = 1,2 is the PDF given in (4.139).

Let G; = Gy and Gy = Gp in (4.140). With an approach similar to that used earlier, the
ergodic capacity under average interference power constraint, expressed by (4.162), can now be

calculated. For some cases, however, the integral in (4.162) may diverge. A way to circumvent
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this is to write (4.162) as

1

clo =~ [ Blog ) fx (o) (4.164)
0
in which
6:/ Blogy(vox) fx(z)dx. (4.165)
0

The introduction of C is decisive because it removes the infinity as one of the limits of integration

in (4.162), thence convergence is always attained.

The value of C' can be calculated using (4.141) in (4.165), changing the order of integration
and using [48, Eq. (4.352.1)] to integrate first on x and then using [48, Eqs. (3.478.1) and

(4.352.1)] to integrate on t. The result is given by

o= B @(@) (o) + ) (4.166)

In(2) u) o a

in which ¢ (-) is the psi (digamma) function [21, Eq. (6.3.1)].

Using (4.162) with (4.142) and (4.164) with (4.143), the ergodic capacity can be expressed

by
oo . 20 (po+4)
2B - ()¢
cor _ - (=1 : () 7 (4.167)
Qp 1H<2) =0 Z.(,MO + Z) ﬁ (%7#07”177:)
and &
( u ) 71(/11+i)
~ 2B & (—1) "
@ _ 4.1
Cy C+ 2) Z il( ’ (4-168)

respectively. Applying an approach similar to the one described earlier, let oy /g = p/q as
already defined, and use this assumption to rewrite (4.167) and (4.168). For p > ¢, (4.167) is

used and the result is given by

o P2L (~1)i (y_o)%(uoﬂ’)

u

(a) —
Ce apIn(2) Z il(po +14)? 3 (

- q 1
i=0 pa,UOa,UlaZ) (4.169)

N A A
X g+3Fpi2 |:Q((13; (10, 11, %) ; (—p) <Z> ] ;
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and for p < ¢, (4.168) is used and the result is given by

1 u G (n1+1)
. 2B L (~1) <—
G =C+ a1 1n(2) Z Z'(( —22)2 7
1 i—o U\ B <§ M1>M0> (4.170)

X py3lgr

Lq

In the formulae, QS (mo, mu, i) = {1, (mo+1)/r1, (mo +1) /11, A(ro, (mo +1)ro/r1 +my); (mo +
i)/r1+ 1, (mo +4)/r + 1,A(r,i + 1)}. If p =g = 1, thus making ay = oy = a, the ergodic

capacity reduces to

C(a) . 2B 1 ('70) %,U'O
= @) BB o) \u
7o

. (4.171)
X 3F5 | o, po, fto + pas po + 1, o + 1; — (Z) 2} '

4.7.4 Numerical Results and Discussions

This section shows some plots to illustrate the use of the exact expressions derived in this
application example. Without loss of generality, it is assumed that E(Gy) = E(G;) = 1.
Fig. 4.20 shows the outage probability versus the peak interference power constraint assuming
No = 1 and Ry = 1 bit/s/Hz, and varying fading parameters. First, note that the curves
are close together when @) is lower than 0 dB, indicating that the fading scenario does not
affect considerably the outage capacity performance for small values of the peak interference
power constraint. Interestingly, it can be noted that at 0 dB (ka = Ny (QRO — 1)), the outage
is independent of the fading scenario, which is consistent with our analysis in Sec. III-B. As
expected, the outage diminishes with the increase of ),;. Note also in Fig. 4.20 that, as the
fading condition at the interfering link improves (higher ag or higher pg), the probability of
outage increases, which is consistent with the fact that, in such a case, the peak power at
the primary user receiver may have a higher chance of being reached. Fig. 4.21 shows the
ergodic capacity as a function of the average interference power constraint for the various fading

scenarios. Of course, the capacity increases as the interference power constraint is loosened
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(higher Q(wg). The most interesting analysis, however, concerns how the fading scenarios affect
the capacity. It can be seen that as ag or g increase, i.e. the fading condition of the interfering
link improves, the ergodic capacity diminishes. In the same way, in Fig. 4.21, it can be seen that
as a or pup increase, i.e. the fading condition of the target link improves, the ergodic capacity
also increases. Both analysis are physically consistent, attesting the consistency of the exact
formulations derived here. The curves for the DLC are not shown here, but the observations

made for the ergodic capacity are also valid for DLC.
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4.8 Exact Formulations for the Throughput of IEEE 802.11
DCF in Hoyt, Rice, and Nakagami-m Fading Chan-

nels!?

4.8.1 Introduction

Wireless local area networks (WLANSs) have been experiencing rapid development lately in
part stimulated by the deployment of systems compatible with the IEEE 802.11 standards [82].
They offer data communication capability between terminals within radio range while allowing
a certain degree of mobility. These networks are organized either with or without a central
node. In the cellular topology, a central node is responsible for controlling the access to the
wireless medium and forwarding data to the intended users. In ad-hoc topologies, the central
node is absent and all terminals share similar capabilities and responsibilities; the terminals
can communicate with each other either directly or by routing their data through intermediate
nodes. In either case, the aims are to provide connectivity among terminals and to efficiently

and fairly dispense the available bandwidth while employing little or no central coordination.

In order to serve terminals exhibiting bursty traffic behavior, WLANs make use of packet
radio techniques with random access to a transmission channel shared by multiple users. Specif-
ically, variations of carrier sense multiple access (CSMA) protocols and, in particular, of CSMA
with collision avoidance (CSMA/CA), are generally used to access the wireless medium [57, 83,
84, 85, 86, 87, 88]. The capacity of the channel is then influenced by the probability of packet
collision and by the signal degradation due to mutual interference and signal attenuation. In
other words, it is influenced by the medium contention resolution algorithm and by the channel
characteristics. Currently, it is fair to say that the use of CSMA/CA is wide, and it has been

growing continually, with very recent adoption by some other IEEE standards [89, 90].

Intuitively, one might expect that original (wireline) CSMA systems show better perfor-

mance than wireless ones because of the more hostile channel characteristics found in the latter.

0This material was submitted to [81].
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However, this is not necessarily the case. For instance, in a channel model that takes into
account the effects of fading, competing packets arriving at a common radio receiver antenna
will not always destroy each other because they may show different and independent fading and
attenuation levels [58, 59]. This leads to infer that wireless CSMA systems may actually exhibit
successful reception rate higher than that of wireline ones. In fact, Arnbak and Blitterswijk

have shown this to happen with slotted Aloha over Rayleigh fading channels [29].

A practical and more sophisticated implementation of the CSMA /CA protocol is the IEEE
802.11. Such a system specifies two operating modes: the Point Coordination Function (PCF)
and the Distributed Coordination Function (DCF). The former is an access method planned to
be implemented in an infrastructured network. The latter, which is similar to CSMA/CA, is

the main focus of this work.

In this application example, we investigate the throughput performance of IEEE 802.11 DCF
with Hoyt, Rice and Nakagami-m fading environments and capture effect. The performance of
IEEE 802.11 DCF with unsaturated traffic and non-ideal channel is presented in [91] and it is
here extended to these fading scenarios. The evolution of the performance analysis of IEEE
802.11 DCF has been conducted in the following steps. Bianchi [92] presented analytical results
and simulation for the performance of IEEE 802.11 DCF assuming ideal channel conditions,
finite number of terminals and saturated traffic. In [92], the MAC algorithm is modeled by a
two dimensional Markov chain. Liaw et al. [93] added an idle state to the Markov chain of
Bianchi’s model, this way extending it to unsaturated traffic conditions, however keeping the
channel ideal. Daneshgaran et al. [91] further extended the analysis to include non-ideal channel
conditions and capture effect. In [91], the authors assume Rayleigh fading channel and they use

simulation to validate their results.

The IEEE 802.11 DCF is a commercially available, widely used and practical system and it
is interesting to see it evaluated with generic and potentially more realistic fading models. In
addition, for the sake of comparison, results for CSMA /CA in similar fading conditions are also
presented. The work presented here introduces a number of exact closed-form as well as exact

series-based expressions. To the best of the authors’ knowledge, unless otherwise cited, these
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results are novel contributions. As an intermediate outcome of the calculation, novel results
for the outage probability for these environments are also introduced. Analysis of the outage
probability for fading channels has been an active investigation topic for the last few years
(72, 35, 94, 73, 74, 39], in part because it may be used to estimate the performance of spectrum
sharing systems. The work presented here offers contributions in this area and introduces many

original results.

The channel models considered in this work are among those commonly used to describe
the short-term signal statistics of wireless communications links subject to fading [2, 66, 67].
The Rice model (also known as Nakagami-n) is used when the random multipath signals are
superimposed on a nonfading dominant signal, for instance, when a line-of-sight (LOS) com-
ponent is present. The Hoyt model (also known as Nakagami-q) applies to the cases when no
dominant signal is present and the in-phase and quadrature components of the received signal
have non-identical powers or, otherwise, are correlated. Finally, the Nakagami-m model was
inferred by Nakagami [18] from experimental data. Its distribution can approximate the Hoyt
and Rice distributions, and it includes as special cases the one-sided Gaussian and the Rayleigh

distributions.

In this application example, the channel is considered to be memoryless, i.e., failures to
capture the channel and future attempts are uncorrelated. In addition, all packets are assumed
to have fixed length and to require p seconds to transmit, and that the 2-way handshaking
mechanism is used for the packet transmissions. The 4-way handshaking, with the “Request to
Send” (RTS) and “Clear to Send” (CTS) messages is not considered here and might be a topic
for future work. Also, the analysis makes distinction between usefull (data) traffic and overhead

(control) traffic. Finally, each packet is assumed to have a single destination.

This application example is organized as follows. Sections 4.8.2 describes the framework used
in this application example, while Section 4.8.3 applies it to the particular scenario assumed
here. Section 4.8.4 considers the cases of incoherent signal addition at the receiver’s antenna
with uniform attenuation for all terminals (or perfect power control). Coherent signal addition

and a model that includes spatial coverage, such as in a cell, are also explored. Numerical results
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and conclusions are given in Sections 4.8.5 and 4.8.6, respectively.

4.8.2 Framework

Consider a generic packet data communication system. If the transmission of an arbitrary
test packet is performed over a wireline channel, it is generally assumed that a successful recep-
tion can only occur if no other transmission attempt is made during the test packet reception,
i.e., if there is no signal overlap at the receiver’s end. However, in wireless systems the radio
receiver may be able to be captured by a test packet, even in the presence of n interfering pack-
ets, provided the power ratio between the test signal and the joint interfering signal exceeds a
certain threshold during a given portion of the transmission period t,,, 0 < t,, < p, to lock the

receiver [61, 62]. In such a case, the test packet is only destroyed if

D <z during t,, with n > 0, (4.172)
Wn,

where z is the capture ratio, and w, and w,, are the test packet power and the joint interference
power at the receiver’s antenna, respectively. Values for z and the capture window t,, depend
on, e.g., the modulation and the coding employed by the network. For a typical narrowband
FM receiver, a z value of 6 dB is suggested in [63]. The details about estimating the values of z
and t,, are beyond the scope of this application example. The interested reader can find further
information about the capture effect in the literature, including [95, 96, 97, 98|.

For the wireless channel, for which the signal assumes a random behavior, the capture
phenomenon should, accordingly, be treated statistically. Let the random variable Z be defined

as the signal-to-interference ratio (SIR)

=

Y
o

(4.173)

=

where W, > 0 and W,, > 0 are random variables representing the desired signal power and the
interference power at the receiver’s antenna, respectively, with the latter one assumed to be an

n-signal ensemble. If W, and W, are statistically independent, the resulting probability density
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function (PDF) can be expressed as [47]

falz) = / () Fu () (4.174)

where fi,(.) and fi, (.) are the PDFs of the desired signal power and the interference power,

respectively. The cumulative distribution function (CDF) is then expressed as

Fy(2) = Prob {% < zo} - /0 " (). (4.175)

n

If n is known and fixed, the resulting conditional capture probability may be expressed as
Peap(z0|n) =1 — Fz(20). (4.176)

Of course, the statistics of W and W,, depend on the channel characteristics, and, in the current

work, on the fading model used.

In order to produce the unconditional capture probability, let v be defined as the probability
that a station starts a transmission in a randomly chosen time slot, with ~ assumed to be
constant across all time slots. Considering a scenario in which there are N stations apt to
transmit, the unconditional probability of a test packet being able to capture the receiver in an

arbitrary transmission period may be expressed by

N-1

Pantia) = 3 (1) 77 0= ¥ Pyl (4177)

n=1

Hence, given the conditions described above, (4.177) yields the probability of successful recep-
tion.

Furthermore, let S represent the normalized channel throughput (or channel efficiency),
defined as the fraction of time the channel is used to successfully transmit user information.
It can be expressed as S = G X P.,(2), where G is the offered traffic. In other words, S is

evaluated as the portion of the offered traffic that is successfully received.

It is interesting to note that the CDF in (4.175) also represents another important measure of
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performance for wireless systems: the outage probability. This is defined as the probability that
the SIR at the reference receiver falls below a certain specified threshold required for successful

reception. Therefore P, (z9) = Fz(20), where zq is the successful reception threshold.

Another relevant aspect of our investigation is how the interfering signal arises. In a wireless
system, it typically results from signals arriving at the receiver’s antenna from multiple trans-
mitters. Depending on how these random signals combine during the observation interval, one

of two scenarios might occur [1]: coherent addition or incoherent addition.

Coherent addition occurs if the carrier frequencies are equal and if the random phase fluctu-
ations are small during the capture time ¢,,. For instance, coherent addition might happen when
the deviation caused by the phase modulation is very small, and the observation interval is short
compared to the modulation rate. In other words, coherent addition should be considered if the
random phases of the individual interferers barely vary during the capture period. Incoherent
addition occurs if the phases of the individual signals fluctuate significantly due to mutually

independent modulation [29, 64].

Let the phasor x(t) = Re{r(t) e/l"+9®)I} represent a signal reaching the receiver’s antenna,
where r(t) and 6(t) are the random envelope and phase, respectively, and w, is the carrier’s

angular frequency. For the coherent addition of n signals, the resulting phasor is [29]

T, (1) = Z zi(t) (4.178)

where the subscripts n and ¢ represent the aggregate and individual variables, respectively.

For the incoherent addition, the interference power w, experienced during the observation

interval is the sum of the individual signals’ powers w;, i.e.,

Wy, = Zw = in(t)xj(t) (4.179)

where zf(.) is the complex conjugate of phasor x;(.). Considering the current work, where the
signal power is a random variable, the PDF of the joint interference power is therefore the

convolution of the PDFs of all contributing signal powers. If the individual components are
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independent and identically distributed (i.i.d.), then the interference power is expressed as the
n-fold convolution of the PDF of the individual signal power.
In the next section, the concepts introduced here are tailored to the specific scenario of the

current work.

4.8.3 System Model

Medium Access Mechanism

The IEEE 802.11 DCF standard [82] is the communication system considered in this work. It
uses CSMA /CA as its medium contention resolution algorithm and, in essence, a terminal ready
to transmit first senses the channel for a period of at least a Distributed Interframe Space (DIFS).
If it senses the channel idle, it transmits its packet. Otherwise, it schedules the (re)transmission
of the packet to a later time according to some randomly distributed retransmission delay. After
the retransmission delay has elapsed, the terminal repeats the procedure described above. A
binary exponential backoff algorithm is used to determine the retransmission delay. The delay
is uniformly chosen in the interval [0, CW; — 1], where C'W; is the contention window size at
the backoff stage i, ¢ = 0, ..., m. At the first transmission attempt (i = 0), the contention
window size is set to its minimum value CWy = CW,,;n. After each unsuccessful transmission,
the backoff stage ¢ is incremented up to the value of m and the contention window is doubled
up to its maximum value CW,,, = CW,,40 = 2"CW in.

Consider a setting with unsaturated traffic generated by N contending stations, non-ideal
transmission channel, capture effect, and that the number of packets generated in the network
for new messages plus retransmissions follows the Poisson distribution, with mean generation
rate of A packets per second. For such a scenario, Daneshgaran et al. [91] use a two-dimensional

Markov process to model the protocol’s behavior and produces a channel throughput given by

BPs(l — PE)E{PL}
(1-P)o+P(1-P)T,+ B P(1—P)T, + B B P. T,

S = (4.180)

in which: (i) P, is the probability that, in the considered time slot, at least one of the contending
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stations is transmitting; (4i) Ps is the probability that a packet transmission is successful; (7ii)
P, is the probability that errors due to the channel may occur on a transmitted packet; (iv)
E{PL} is the average packet payload length; (v) o is the duration of an empty time slot; and
(vi) T,, T, and Ty are the average times a channel is sensed busy due to a collision, an error
affected data frame transmission and a successful data frame transmission, respectively. In order
to calculate the channel throughput in (4.180), the analysis leads to the set of equations given

below, which should be treated as a nonlinear system and should be solved numerically [91]:

P=1-(1-)"

Ny(1 =)™ + Peap(20)
By

Pcol =1~ (1 - V)N_l - Pcap(ZO)

P, =

Peq:(1_Pe>(1_pcol>:P6+Pcol_pepcol (4181)

— 2(1 _ 2Pe£1)q
1T (CW (I~ 2P) + OWPy(1 — (2Fg)™)] +2(1 - q)(1 — Pop)(1 - 2Ps,)

q= 1 — e*)\E{Sts}

E{Sis}=(1-P)o+P(1—-P)T.+ P, P,(1-P.)Ts+ P, P, P.T.,,

in which: (i) P, is the probability that collisions may occur on a transmitted packet; (i) P., is
the probability of failed transmission; (iii) g is the probability that there is at least one packet

to be transmitted in the buffer; and (iv) E{S} is the expected time per slot.

In the current work, the Poisson model is used to describe the traffic generation process, i.e.,
the packet transmission requests from the upper layers. Accordingly, the resulting inter-arrival
time is exponentially distributed. Although the Poisson model may not well represent bursty
packet data traffic, it offers an approach that is simple, tractable and currently widely used

99, 100, 101, 102].

For the sake of comparison, the analysis of channel throughput for the CSMA/CA is also
performed. In this case, a similar analysis to the one presented above for the IEEE 802.11 DCF
is assumed, with a difference that for the former a single-stage backoff algorithm is used to

determine the retransmission delay, i.e., m = 0, with CW,,,;,, = CW .02
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Channel Models

For the calculations presented in this subsection, as well as for the remaining of this appli-
cation example, let r represents the received signal envelope, w = 72 the received signal power,
and w its average value.

Hoyt Fading Channel. The Hoyt fading model assumes that the received signal is the
result of the sum of a large number of multipath scattered waves, without the prevalence of a
single component (for instance, the LOS signal) [17]. Let x and y be two independent Gaussian
processes with zero mean and variances o2 and 02, respectively. The PDF of the received signal
envelope can be expressed as [17]

271 1 2 /1 1
fr(r) = O':O'y exp [—TZ (; + ;)1 Iy {TZ <O'_§ - O'_g)} (4.182)

z Y

where ,,(.) is the modified Bessel function of the first kind and v-th order [21, Eq. 9.6.10].

The signal power PDF may be expressed as
h
fw(w) = 4 exp (—h:) Iy (Hg) (4.183)
w w w

where W = 02 + 05, h & }l <\/%7 + \/ﬁ>2, H 2 % (% —n), and n = aﬁ/az is the power ratio
between the in-phase and quadrature signals. Knowing that n > 0, it can be seen that the PDF
in (4.183) is symmetrical around n = 1 [19]. Therefore, as far as the signal power distribution
is concerned, considering either of the ranges n < 1 or n > 1 suffices. Also, it is easy to see that
if 7 is set to unity, thus making o2 = 05, the Hoyt distribution simplifies to the Rayleigh one.

Considering the way the Hoyt phasor is produced, with its in-phase and quadrature Gaussian
components, it is easy to see that the coherent addition of n uncorrelated Hoyt phasors also
produces a Hoyt phasor with aggregate mean value w,, = Y., W;, in-phase signal power a%m =
> i1 0% and quadrature signal power o3, = > " | oy;. If the n phasors are i.i.d., the resulting
phasor has @, = nw;, 0%,, = noy,, oy, = noy.;, and 1, = n;.

Rice Fading Channel. The Rice fading model assumes that the received signal is the result

of a dominant component (such as a direct LOS signal) added to a large number of multipath
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scattered waves. Let x and y be two independent Gaussian processes with zero mean and equal
variances o2. The in-phase and quadrature components of the signal envelope in a Rice fading
channel can be expressed as x + a and y, respectively, where the constant a represents the
envelope of the dominant signal (also, the mean value for the in-phase component). The PDF

of the received signal envelope can be expressed as [2]

fr(r) = = exp (—TQ i a2> Iy (ﬂ> : (4.184)

o2 202 o2

The signal power PDF may be expressed as

fw(w) = %;1 exp [—(ﬁ + 1)%} Iy (2~ [k(k + 1)%) (4.185)

where W = a? + 20% = 20%(k + 1), and k = a?/(20?) is the power ratio between the dominant

and scattered signals. It is easy to see that if x is set to zero, thus eliminating the dominant

component, the Rice distribution simplifies to the Rayleigh one.

Similarly to the Hoyt case described above, the coherent addition of n uncorrelated Rice
phasors produces a Rice phasor with aggregate mean value w, = ) ., w;, dominant signal

power a2 = """ a?, and scattered signal power o2 = >  oZ. If the n phasors are i.i.d., the

2 2 2 2

resulting phasor has w,, = nw;, a; = nay, o; = no;, and kK, = K;.

Nakagami-m Fading Channel. In a Nakagami fading channel, PDF of the signal envelope

is given by [18]

fr(r) = % (%)mexp (_mf_f) (4.186)
where 72 £ E{r?} is the mean square value, m > 0 is a fading parameter, and I'(.) is the
gamma function [21, Eq. 6.1.1]. For m = 1/2, the Nakagami distribution reduces to the one-
sided Gaussian PDF; for m = 1, it reduces to the Rayleigh PDF while m — oo corresponds to

a non-fading situation. The signal power PDF may be expressed as

Jw(w) = r:;; (%)mexp (—%) : (4.187)
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For the Nakagami-m channel, treatment of coherent addition of signals is still under inves-
tigation by the authors. The main problem is that the exact analysis leads to very intricate

formulation and the idea to use some approximation has not yet produced interesting results.

4.8.4 Analytical Results

For the remaining of this application example and wherever applicable, the subscripts s, @
and n are used to represent the desired signal variables, the interference signal’s individual com-
ponent variables, and the joint interference signal variables, respectively. Also, for compactness,
let Z be defined as %y £ zy/(w,/w,) where the ratio w,/w, is commonly denoted as the average

SIR.

Perfect Power Control

Hoyt Fading Channel. For the calculations presented in this subsection, let (4.183)
represent the desired signal power PDF as well as, with different parameters, the signal power

PDF of an individual component of the interference signal.

If coherent addition of phasors is assumed, then (4.183) should be used to represent the joint
interference signal power PDF. With (4.174) and (4.175), changing the integration order, using

[21, Eq. 9.6.10], integrating over z (see [48, Eq. 3.351.1]), and using [103], the integral solves to

%,%—F 11, (h—vl) ] (4.188)

where o F1(.) is the Gauss hypergeometric function [21, Eq. 15.1.1], and

2 2

B v = (20)! [ H, ;
Falo) = 1= 7= 2 (e <2h) 2 (1-w)ah

hon

=" 4.1
Iy, + hgZo (4.189)

U1

Changing the summation order, using [21, Eq. 6.1.18] and [103], the signal-to-interference CDF
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may be expressed as

3 vy > . j+1 5 H, \?| [ H\>
F :1——§j1— 2 A A A B Y (el —l
7(Z0) ﬁ\/m '_0( v1)! o F} 5 9 + 1, ,(hnw) I
= (o1 , (4.190)
r Cj—|—§ 1 HS
N2 R 1+ =1 222
T, 2| et paT (h)

where ¢; = [j/2], [.] is the ceiling function (defined as [z] = k, with # € R and k being the

smallest integer such that z < k).

Although (4.190) includes an infinite summation, the evaluation of the CDF converges
rapidly for cases of interest. In order to estimate the error if the summation in (4.190) is
truncated, all summands whose absolute value is larger than 1072° are calculated, and those
smaller than this value are discarded because it was observed that they do not affect the de-
sired accuracy. The error of the truncated summation may now be estimated and, of course,
these results vary depending on the given set of parameters used. Let J be defined as the
number of terms in a truncated summation, i.e., 0 < 7 < J. The entries for n = 1 in Table 4.6
give the value of J necessary to obtain a three-decimal-place accuracy (error < 0.0005) and a

six-decimal-place accuracy (error < 0.0000005) for the infinite summation of (4.190).

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the

individual signal power PDF which, on its turn, is expressed by (4.183). This calculation gives

n—1

n+1 n
h?’QL n 2 n n
fw, (w,) = v n 2_ < v ) exp (—nh,ﬁ—) Ian (ang—> (4.191)

2H,w, n

where w,, = nw;, N, = n;, h, = h; and H, = H;. It can be seen that the n-fold convolution

used to obtain (4.191) produced the n-p distribution for p = n/2 [19].

With (4.174) and (4.175), changing the integration order, using [21, Eq. 9.6.10], integrating
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over z (see [48, Eq. 3.351.1]), and using [103], the integral solves to

Fz (%) = o ) ( >2i

L(n)y/hshi <=

2i I( ) . . ] | (H 9 (4.192)
(j+n J+n g+n+1 n+ n
]-_ n F ) ) s\ 7 YUn
" Jz: ] ’ ) o 2 2 2 (hnv ) ]
where
nh,,
y = ——————. 4.193
v nh, + hsZo ( )

Changing the summation order, using [21, Eq. 6.1.18] and [103], the signal-to-interference CDF

may be expressed as

(1—wv,) HN\* T (¢; + 1
\/_\/h h"Z (J+n)B(j+1,n) \ hy ['(c;+1) (4194
4.194
+n j4+n+1l n+1 (H, \? 1 H,\?
XZFI 32 7] 9 ' o 7<h_vn) 2F1 ]-7cj+§7cj+]-7(h_)]

where B(.) is the beta function [21, Eq. 6.2.2], and ¢; as already defined.

Although (4.194) includes an infinite summation, the evaluation of the CDF converges
rapidly for cases of interest. Let J be the number of terms in a truncated summation (as
defined earlier). Table 4.6 gives the value of J necessary to obtain a three-decimal-place ac-
curacy (error < 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the infinite
summation of (4.194).

Rice Fading Channel. For the calculations presented in this subsection, let (4.185) repre-
sent the desired signal power PDF as well as, with different parameters, the signal power PDF
of an individual component of the interference signal.

If coherent addition of phasors is assumed, then (4.185) should be used to represent the joint
interference signal power PDF. With (4.174) and (4.175), changing the integration order, using

[21, Eq. 9.6.10], integrating over z (see [48, Eq. 3.351.1]), and using [103], the integral solves to

U o fii : ; .
Fp(z0) =1- —— > o > (1 =w)Y 1R+ 1,1 su) (4.195)

i=0  j=0
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where 1 F(.) is the Kummer confluent hypergeometric function [21, Eq. 13.1.2], and

(Kn + 1)
(Fn+ 1)+ (ks +1) 29

(4.196)

Uy =

Changing the summation order, using [48, Egs. 1.211.1 and 8.352.2], and the signal-to-interference

CDF may be expressed as

(e 9]

> (= w) 1= QU k)L Fi(j + 1,1, k) (4.197)

j=0

Uy

Fz(zy) =1—
Z(ZO) effn
where @(.) is the regularized incomplete gamma function defined as Q(a,b) = I'(a,b)/I'(a), and

['(.,.) is the incomplete gamma function [21, Eq. 6.5.3].

If both ks and &, are set to zero in (4.197), the CDF simplifies to the Rayleigh channel
model. If this result is further simplified by assuming that ws = w; = w,/n (hence making

Zo = nzp), then the same expression presented in [29, Eq. 20.b] is produced.

Although (4.197) includes an infinite summation, the evaluation of the CDF converges
rapidly for cases of interest. Let J be the number of terms in a truncated summation (as
defined earlier). The entries for n = 1 in Table 4.7 give the value of J necessary to ob-
tain a three-decimal-place accuracy (error < 0.0005) and a six-decimal-place accuracy (error

< 0.0000005) for the infinite summation of (4.197).

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the

individual signal power PDF which, on its turn, is expressed by (4.185). This calculation gives

n+1 n—1
n 1 2 n 2 —n(k Wn n
an(wn> = n (Ku + ) <w_> e (Kn+1) 22 1,1 <2n\/nn(ﬁn—|— 1)3—) (4198)
w

enﬁn wn /{n n

where w,, = nw;, and k,, = k;. It can be seen that the n-fold convolution used to obtain (4.198)

produced the k-u distribution for integer values of © = n [19].

With (4.174) and (4.175), changing the integration order, using [21, Eq. 9.6.10], integrating
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over z (see [48, Eq. 3.351.1]), and using [103], the integral solves to

Uy o~ T+ ) Py
Fr(z) =1— = Z il Z T (1 —u,)’ 1 F1(J + n,n, nkpuy,) (4.199)
=0 j=0
where
w, = n(fn + 1) (4.200)

n(kn+1)+ (ks +1) 2
Changing the summation order, using [48, Egs. 1.211.1 and 8.352.2], and the signal-to-interference

CDF may be expressed as

n

Fp(3)=1— —n i (1= ) [L = QU o)) FL( 4 mym, k). (4.201)

enr 2" (G + m)B(j + 1)

If both ks and &, are set to zero in (4.201), the CDF simplifies to the Rayleigh channel model.
If this result is further simplified by assuming that w, = w; = w,/n (hence making Zy = nz),
then the same expression presented in [29, Eq. 20.a] is found.

Although (4.201) includes an infinite summation, the evaluation of the CDF converges
rapidly for cases of interest. Let J be the number of terms in a truncated summation (as
defined earlier). Table 4.7 gives the value of J necessary to obtain a three-decimal-place ac-
curacy (error < 0.0005) and a six-decimal-place accuracy (error < 0.0000005) for the infinite
summation of (4.201).

Nakagami-m Fading Channel. For the calculations presented in this subsection, let
(4.187) represent the desired signal power PDF as well as, with different parameters, the signal
power PDF of an individual component of the interference signal.

For the incoherent addition, assume that the interference signal is composed of n i.i.d.
variables. As a result, the joint interference signal power PDF is the n-fold convolution of the

individual signal power PDF which, on its turn, is expressed by (4.187). This calculation yields

Jw, (wy) = Un (mn> ' exp (—m%w”) (4.202)

T(m,) \ @, i

where m; and m, = nm; are the individual and the joint fading parameters, respectively, and
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W, = nw; is the joint mean power. It can be seen from (4.187) and (4.202) that both signal
power and interference power are described by the same distribution, except that they have
distinct parameters.

Using the appropriate expressions in (4.174), and after some manipulation, the signal-to-

interference PDF is found as

fz(2) = DT g byt (4.203)

where
A — (4.204)
WpMgZ + WMy,
The corresponding CDF may be expressed as [104, 30]
Fz(go) = [bn(ms, mn) =1- [1,bn(mn, ms) (4205)
where I,(.) is the regularized incomplete beta function [21, Eq. 6.6.2], and
__ Ms%0 (4.206)

" 771350 + mpy .
Spatial Coverage

The analysis presented above for the incoherent addition of interferers assumes that the com-
ponents of the interference signal have identical mean power w; , ¢ = 1,...,n. This restriction
limits the results to systems where perfect power control is employed or to terminals placed
at a fixed distance from the receiving antenna (i.e., on a circular ring) and in an environment
without any shadowing effects. Let us now extend the model presented above to include the
case of packets arriving with different mean powers, e.g., from terminals with a given spatial
distribution across the cell radius and at different transmission distances to the receiver’s an-
tenna. Therefore, the statistical behavior of the packet mean power needs to be specified and
taken into account.

The mean power of a packet received from a terminal at a distance d is of the general form
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2]
w=Ad° (4.207)

where « gives the channel attenuation with the distance, and A is a value that depends on, e.g.,
the transmit power and the height and gain of the antennas. Typical values of the exponent
a are o = 2 in free space and a = 4 in urban land mobile cellular systems. Using a similar

approach to that presented in [29], let p & d A~1/ be defined and used to rewrite (4.207) as

) (4.208)

gl
|
B

Let the offered traffic density function G(p) be defined as the number of packets offered per

transmission period per unit of area at distance p. The total offered traffic can be calculated by

Gy =2m [[° pG(p)dp.

The spatial CDF of the offered traffic as a function of the distance p can be expressed as

or [P
Fg(p) = Prob{packet generated within distance p} = g/o uG(u) du (4.209)

t

and the corresponding PDF is

fa(p) = =pG(p). (4.210)

The PDF of the received packet mean power fi-(w) = fa(p) |3—%| is calculated using (4.208)

and (4.210) and can be expressed as

) 2m ——1/a
fwr(w) = aGw e Gw™/7). (4.211)

The capture probability for spatial coverage is now considered. Given an arbitrary spatial
traffic density G(p), (4.211) can be used to calculate the PDF of the test packet mean power
fiw.(@,). The PDF of the mean interference power of n packets fi (w,) is calculated by

convolving (4.211) n times. With these results and assuming that the signal power and the

interference power are statistically independent, the CDF of the signal-to-interference ratio can
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be calculated as

Folzo) = /0 e /0 0w, /0 102 foo () fo () i, (4.212)

where fz(.) is given by (4.174). With (4.177) and (4.212), the capture probability is then
calculated. As an example, let us use the quasi-constant traffic density given in [29], expressed

as

Gy
G(p) = ?\/Eexp (—%5/}4) , £€>0,p>0. (4.213)

It is possible to see that the traffic density is roughly constant inside the cell of radius p = 1,

falling rapidly beyond the cell boundary. If we select a@ = 4, it can be seen that

fw,(Ws) = Ve exp (— t ) (4.214)

2w 32 470,
and
_ nv/€ n?mré
S, (W) = W €xp (_E> . (4.215)

Using these results in (4.212), and considering the Nakagami-m channel, where f(.) is given

by (4.203), the signal-to-interference CDF is given by

m
C() ® 2F1 (msams + My, Mg + 170())

Fz(z) =sec(mym) . Bl my)

4.216
W U (m,+1) (L, L3 L3 (4.216)
- ¢ o0 LMy o050 M 0 G
T (mg)T(m)T (—ms + 3) 772\ 2 2’2 27"
where 3F5(.) is a generalized hypergeometric function [48, Eq. 9.14.1], and
Co = n220 s . (4217)

n

Note that the parameter £ does not influence the results in (4.216). This is due to the fact that
it appears as a multiplicative factor of the mean power (Eqs. 4.214 and 4.215), and in (4.212)
the average is performed over the ratio of these powers. In physical terms, this parameter simply
indicates more or less concentration of traffic within the center of the cell, which impacts equally

on the effect of the desired signal as well as of the interference ones.
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4.8.5 Numerical Results

This section presents numerical results assuming, wherever applicable and unless otherwise
indicated, the networks parameters listed in Table 4.8. These parameters belong to the IEEE
802.11b protocol. However, the mathematical models used here hold for any wireless protocol

with similar MAC functionality.

Outage Probability

The outage probabilities for the Hoyt, Rice and Nakagami-m channels, considering incoher-
ent addition of interfering signals and perfect power control, are pictured in Figs. 4.22, 4.23 and
4.24, respectively. In all cases the outage probability decreases with higher values of average
SIR, as expected. In addition, using the results for the Rayleigh channel as a reference, the
figures allow a comparison between these channels with regards to the outage probabilities.
Considering a line of decreasing fading intensity, the Rice channel spans from Rayleigh fading
(k = 0) to a no-fading situation (k — 00); the Hoyt channel ranges from one-sided Gaussian
fading (n = 0) to Rayleigh fading (n = 1); and the Nakagami-m channel varies from one-sided
Gaussian fading (m = 1/2) to a no-fading situation (m — oo), with Rayleigh fading (m = 1)
in-between. The figures show that higher fading intensity values translate into higher outage
probabilities. Also, considering the average SIR value constant, the number of interfering signals

n has only a minor influence on the outage probability.

Channel Throughput: Perfect Power Control

With the results obtained in the previous sections, using (4.177), (4.180), (4.201), (4.194)
and (4.205), it is now possible to calculate the IEEE 802.11 DCF channel throughput for the
Hoyt, Rice and Nakagami-m channels, assuming incoherent addition of interfering signals and
perfect power control. Let 7 be the worst case propagation delay and 7 = 7/p its normalized
version. For the Hoyt channel, the throughput for various values of n = 1, = n,, 2y, 7 and
P, is shown in Fig. 4.25. For the Rice channel, Fig. 4.26 depicts the throughput for various

values of Kk = kg = Kk, Zp, 7 and P.. For the Nakagami-m channel, considering various values
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of m = my =m;, Zy, T and P,, the throughput is presented in Fig. 4.27.

The figures indicate that the behavior of the throughput S as a function of the packet rate A
consists, basically, of two regions: a linear growth region where S is a linear function of A, and
a saturation region where S remains almost constant. The transition between the two regions

may be characterized by a peak in the throughput, in particular if the number of nodes N is

high.

In addition, the throughput graphs clearly indicate the important role the normalized worst
case propagation delay 7 plays to determine the channel throughput. Also, higher normalized
capture threshold Z; values mean lower channel throughput, which is expected since it indicates
a diminished ability of receiver detection of the intended signal among the interfering signals.
Examining same-Z, data, compared to the Rayleigh channel results, higher values of x in Rice
channels tend to produce slightly lower throughput. The reason behind it is that higher x implies
a more deterministic scenario, approaching that of the wireline case. On the other hand, lower
values of 1 in Hoyt channels tend to produce slightly higher throughput when compared to
Rayleigh channel results. The reason for this is that lower n implies a more random scenario
which may increase the chance of capture. For the Nakagami-m channel, depending on the
value of m, throughput results can be higher or lower than those seen for the Rayleigh channel.
In all cases, higher fading intensity values tend to higher throughput, although the differences
observed are rather marginal. Also, in all cases, higher probability of channel error P, translates

into lower throughput.

It is noteworthy that the Nakagami-m distribution approximates Hoyt and Rice and includes

Rayleigh. The Hoyt channel is approximated if the parameter m is such that 1/2 < m < 1,

vm ot Vo ! (4.218)

with [18]

|
—

3=

On the other hand, the Rice channel is approximated if m > 1, with [18]

m2 —m

m—vm?2—m

K= (4.219)
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Of course, m = 1 produces the Rayleigh channel. Fig. 4.28 illustrates these situations by
showing the throughput for the Hoyt, Rice and Rayleigh channels and equivalent curves for the
matching Nakagami-m channel. It can be seen that the original and the matching curves are
indistinguishable. These results show that the formulation obtained for the spatial coverage for
the Nakagami-m case can be directly applied to the Hoyt (1/2 < m < 1) and Rice (m > 1)

cases, for which the exact formulations are mathematically intractable.

Channel Throughput: Spatial Coverage

With the results obtained in Section 4.8.4, using (4.177), (4.180) and (4.216), the throughput
can be calculated for the Nakagami-m channel model. Fig. 4.29 presents the throughput for
various values of m = my, = m;, Zy and P.. In addition, it shows how the IEEE 802.11
DCF compares against a simpler version of CSMA /CA. In this case, CSMA/CA is assumed to
implement a single-stage backoff algorithm, i.e., m = 0, with CW,,;,, = CW,,,4, = 256. Similarly
to the perfect power control scenario presented above, it can be seen that lower values of Z; or
P, translates into higher throughput figures. However, it seems that the influence of the fading
parameter m is somewhat weaker when compared to the results presented earlier. On the other
hand, the results indicate that Z; appears to play a more significant role in determining the
channel performance. Also, the results, presented for N = 4, show that the IEEE 802.11 DCF
outperforms the CSMA/CA although the difference seems narrower at the both ends of the
curves, i.e., with low and high packet rates. Also, the transition between the linear and the
saturation regions for CSMA /CA is not as sharp as the one observed for the IEEE 802.11 DCF'.

Fig. 4.30 presents the throughput for various values of m = m, = m; and average packet
payload length E{PL}. As expected, the throughput is lower for shorter payload packets,
although the relation between packet payload length and throughput is not a one-to-one. For
instance, a reduction of 49% in the average packet payload length (from 1020 to 520 bytes)
causes the saturated throughput to drop only about 8%, and an 87% reduction (from 1020 to

128 bytes) causes the saturated throughput to drop about 37%.

As already mentioned, it is important to note that since the Nakagami-m distribution ap-
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proximates Hoyt and Rice, the former may be used to estimate the spatial coverage when the

desired channel model is either one of the latter.

4.8.6 Conclusions

This application example investigates the throughput performance of IEEE 802.11 DCF
in a packet radio network and Hoyt, Rice and Nakagami-m fading environments. Analytical
and numerical results are presented considering the signal capture model with coherent and
incoherent addition of interfering signals. The approach used here includes the signal capture
model with uniform attenuation for all terminals (or perfect power control) and unequal average
power levels (or spatial coverage). The results indicate that higher fading intensity, lower capture
threshold or lower propagation delay contributes to higher channel throughput. Also, since the
fading intensity values of the Nakagami-m channel model approximate those found in the Hoyt
and Rice channels, the results presented for the former channel offer a good indication of what
range the latter channels may exhibit. It is certainly of interest to extend these results to more
general fading scenarios, such as those of k-p, 7-p and a-p[20].

The IEEE 802.11 DCF algorithm and its corresponding Markov model as used here, and that
has been extracted from [91], has already been fully validated in [91] by means of simulation.
Apart from the new channel model statistics proposed here, which have no effect on the traffic
model of [91], the formulations of [91] are kept intact. The new fading statistics added to the
model of [91] have been fully validated by means of numerical integration. Therefore, the full

model is validated.
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Table 4.6: Relation between number of terms and accuracy in the infinite summation of (4.194).

Parameters smallest J for accuracy of
n | ns Mn Zo | 3-decimal-place | 6-decimal-place

1 10.01]0.01]0.1 27 59
1.0 117 274

5.0 167 423

0.1 | 1.0 115 265

5.0 169 421

0.99 | 1.0 104 217

5.0 179 415

0.1 | 0.01 1.0 14 31
5.0 18 44

0.99 | 1.0 13 26

5.0 19 44

0.99 | 0.01 | 1.0 1 3
5.0 1 3

0.99 | 1.0 1 3

5.0 2 3

10 | 0.01 | 0.01 | 1.0 67 110
5.0 186 337

0.99 | 1.0 57 86

5.0 181 293

0.99 | 0.01 | 1.0 1 3
5.0 1 3

0.99 | 1.0 1 3

5.0 1 3

50 | 0.01 | 0.01 | 5.0 170 243
0.99 | 5.0 163 217

0.99 | 0.01 | 5.0 1 3
0.99 | 5.0 1 3
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Table 4.7: Relation between number of terms and accuracy in the infinite summation of (4.201).

Parameters smallest J for accuracy of
n K K Zo | 3-decimal-place | 6-decimal-place
1 10.01]0.01]0.1 2 2
1.0 2 3
5.0 2 3
1.0 | 1.0 2 3
5.0 2 3
10.0 | 1.0 2 3
5.0 2 3
1.0 { 0.01 ] 1.0 5 8
5.0 5 8
10.0 | 1.0 5 8
5.0 5 9
10.0 [ 0.01 | 1.0 18 26
5.0 18 26
10.0 | 1.0 19 25
5.0 17 26
10 | 0.01 | 0.01 | 1.0 2 3
5.0 2 3
10.0 | 1.0 2 3
5.0 1 3
10.0 [ 0.01 | 1.0 19 25
5.0 12 25
10.0 | 1.0 18 23
5.0 0 15
50 | 0.01 | 0.01 | 5.0 1 3
10.0 | 5.0 1 3
10.0 | 0.01 | 5.0 0 18
10.0 | 5.0 0 0
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187
Table 4.8: Typical network parameters.
MAC header 34 bytes
PHY header 24 bytes
ACK frame 14 bytes + PHY header
packet payload 1020 bytes
channel bit rate 1 Mbps
DIFS 50 ps
SIE'S 10 ps
ACK timeout 300 ps
o 20 us
m D
CWmin 8
100 ¢ . . . . .
curve 1 3 4 5 6
n 1 1 0.1 0.1 0.01 o0.01
n 50 1 50 1 50 1
10*4 1 1 1 1 1
) 10 15 20 25 30
1/Zo [dB]
Figure 4.22: Outage probability for incoherent Hoyt channel with n = ny; = 7,. The dashed
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100 ¢
1071 ¢
El -2
S 10
1073 |
10*4 1 1 1 1 1
0 5 10 15 20 25 30
1/ [dB]

Figure 4.23: Outage probability for incoherent Rice channel with Kk = k3 = k,,. The dashed
lines correspond to the Rayleigh channel (k = 0).

1/% [dB]

Figure 4.24: Outage probability for incoherent Nakagami-m channel with m = mg = m,;. The
dashed lines correspond to the Rayleigh channel (m = 1).



4.8. FExact Formulations for the Throughput of IEEE 802.11 DCF in Hoyt, Rice, and
Nakagami-m Fading Channels 189
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0.8 |

0.6 |

04
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Z [dB]|6 6 6 6 6 20 20 20 20 20 20 20 20 20
Notle: 7=0.01 amdI P.=0 exceptI T T =2, andli: P.=0.1.

curve

0.2

0.0
0 20 40 60 80 100

A [pkt/s]

Figure 4.25: Throughput S for IEEE 802.11 DCF with 2-way handshake, incoherent Hoyt
channel, perfect power control and 7 = ns = n; = n,. The dashed lines correspond to the
Rayleigh channel (n = 1)

1.0 . . . T

5 6 7 8 9 10 11f 12 13 14f
10 4 4 4 10 10 10 20 20 20| /
0 0 10 10 0 10 10 0 10 10
6 20 20 20 20 20 20 20 20 20
=0 exceptI T T=2, andlfp: P. =0.1.

Zo [dB]| 6 6 6
Note: ¥ = 0.01 and P,
1 1

20 40 60 80 100
A [pkt/s]

4
4
K 10 10 10 O
6
P

Figure 4.26: Throughput S for IEEE 802.11 DCF with 2-way handshake, incoherent Rice chan-
nel, perfect power control and kK = ks = k; = K,,. The dashed lines correspond to the Rayleigh
channel (x = 0).
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Figure 4.27: Throughput S for IEEE 802.11 DCF with 2-way handshake, incoherent Nakagami-
m channel, perfect power control and m = my; = m; = m,/n. The dashed lines correspond to

the Rayleigh channel (m = 1).

1.0 T T T T
0.8 ; i
Nakagami-m, m =5
Rice, £ = 847 |
0.6 L Rayleigh]— i
Nakagami-m, m = 0.51 |
N Hoyt, n = 0.01 |
04 i
0.2 + i
OO 1 1 1 1
0 20 40 60 80 100
A [pkt/s]

Figure 4.28: Throughput S for IEEE 802.11 DCF with 2-way handshake, incoherent Hoyt, Rice,

Nakagami-m and Rayleigh channels with perfect power control, n = n, = 7, = n,, K = ks

Ki = Kkp and m =mgz =m; =my,/n, 7=0.01, N =4, 2, =6 dB and P, = 0.
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02 | m |5 1050505 1 5 5 0505 1 05 1 5|
Zo[dB]|6 6 6 6 20 20 20 6 6 6 6 20 20 20
P. o 0 0 0 0 0 0 0101010.10.10.101
0.0 Note: 802.11 except 1: CSMA/CA.
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A

Figure 4.29: Throughput S for IEEE 802.11 DCF with 2-way handshake, incoherent Nakagami-
m channel with spatial coverage, m = my = m; = m,/n and 7 = 0.01. The dashed lines
correspond to the Rayleigh channel (m = 1). The dotted lines correspond to CSMA /CA.

1.0 . . . T
0.8 | [ TSR O
-------------------------------------------------- =0
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0.2 + curve 1 2 3 4y 57 6f 7t 8 9% i
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Note: E{PL} = 1020 bytes except 1: E{PL} = 520 bytes,
0.0 and {: E{PL} = 128 bytes.
0 20 40 60 80 100

A

Figure 4.30: Throughput S for IEEE 802.11 DCF with 2-way handshake, incoherent Nakagami-
m channel with spatial coverage, m = ms; = m; = m,/n, 7 = 0.01, N = 10, 2, = 6 dB and
P. = 0. The dashed lines correspond to the Rayleigh channel (m = 1).
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Chapter

Conclusions and Perspectives

5.1 Contributions

The statistics of the ratio and the product of random variables (RVs) are important to
characterize the wireless communication systems and it is key to assess their performance.
In this work, general, simple, exact, closed-form and infinite series form expressions for the
probability density function (PDF) and cumulative distribution function (CDF) for the ratio
and the product of independent non-identically distributed (i.n.i.d.) fading RVs are derived. In
particular, the statistical models considered in this research are among those commonly used
to describe the short-term signal statistics of wireless communications links subject to fading.
Furthermore, the focus has been on distributions that have been recently proposed: the a-pu [20],
the -y and the n-p [19] distributions. Due to their flexibility, these distributions are adaptable
to situations in which neither of the traditional distributions yields good fit.

The a-p model is a general physical fading model which considers a signal composed of
clusters of multipath waves propagating in a non-homogeneous environment. The distribution
associated with this model includes as special cases other important distributions, such as
Nakagami-m, Weibull, Rayleigh, Negative Exponential, and One-Sided Gaussian. As its name
implies, the a-u distribution is written in terms of two physical parameters, namely o and p.
The power parameter « is related to the nonlinearity of the environment, whereas the parameter

i > 0 is associated to the number of multipath clusters.
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The k-p fading environment is a general fading model that can be used to better represent
the small-scale variation of the fading signal in the presence of a LOS component. The distribu-
tion has the Rice (Nakagami-n), the Nakagami-m, the Rayleigh, and the One-Sided Gaussian
distributions as special cases. As its name implies, the k- distribution is written in terms of the
physical parameters x and p. The parameter x is defined as the ratio between the total power
of the dominant components and the total power of the scattered waves, and the parameter
i > 0 is associated to the number of multipath clusters.

The n-p fading environment is a general fading model that can be used to better represent the
small-scale variation of the fading signal in a non-line-of-sight condition. The distribution has the
Hoyt (Nakagami-q), the Nakagami-m, the Rayleigh, and the One-Sided Gaussian distributions
as special cases. As its name implies, the n-u distribution is written in terms of the physical
parameters 7 and p. The parameter 7 is defined as the scattered-wave power ratio between the
in-phase and quadrature components, whereas the parameter o > 0 is associated to the number
of multipath clusters.

In this thesis, the following ratio of RVs have been considered: Hoyt/n-u, Rice/n-u, Rice/k-
[y M=) 1-phy M-pu) K-pty K-pu/ K-pi, K-p1/n-pt, and a-p/a-p. Also, the following product of RVs are
considered: n-pXn-pt, k- X K-, N-p X k-, and a-px a-p. In addition, a few application examples
are presented. They include the analysis of the throughput of Carrier Sense Multiple Access
(CSMA) in Rice, Hoyt, Nakagami-m, combined Ride and Hoyt, - and x-p fading channels.
In addition, it is presented the throughput of the Distributed Coordination Function (DCF) of
IEEE 802.11 in Hoyt, Rice, and Nakagami-m Fading Channels. The ratio of independent alpha-
mu random variables and its application in the capacity analysis of spectrum sharing systems

is also presented.

5.2 Future Works

Recommendations for further study include the calculation of the moments of the ratios Z
and the products W. Of special interest is the first moment (mean value) of these RVs.

Also, it is certainly of interest to extend these results to the cross ratios and products
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involving the three distributions, a-u, k-p and n-u, that have not yet been calculated in this
work.

Other interesting topics for future work are listed below.

Calculation of the products for a generic n number of terms.

Calculation of the ratios of generic products, i.e., the numerator is the product of m terms

and the denominator is the product of n terms, with generic m and n.

Assessment of closed formulations for special cases of interest.

Evaluation of how close the calculated ratios are of the ratios of sum of n-u, k- and a-p

variates.

The last suggestion refers to applications where the ratio of sum of RVs is necessary; the goal

is to use a single - and k-p to approximate the sum of -y and x-p RVs.
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