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Resumo

Neste presente trabalho nds definimos a familia de grupos de diagrama de grafos a qual é
a generalizacdo dos grupos de diagrama estudados em [1]. Nés seguimos ideias similares
para definir esta familia mas demos nossa propria versao das nogoes de células, derivagoes,
diagramas e concatenacoes. N6s também provamos que nossa familia é grande em dois
sentidos. Em primeiro lugar, mostrando que ela é fechada sob produto direto e em segundo
lugar, mostrando que algumas familias de grupos conhecidos podem ser vistas como grupos
de diagrama de grafos. Por exemplo, nés estudamos a familia dos grupos de rearranjos [2],

a qual contém varios grupos tipo Thompson.

Palavras-chave: Grupos de Diagramas de Grafos, grupos de rearranjos, grupos tipo

Thompson.



Abstract

In the present work we define the family of Graph Diagram Groups that is a generalization
of Diagram Groups studied in [1]. We follow similar ideas to define our family but give
our own version of the notions of cells, derivations, diagrams and concatenations. We also
show that our family is big in two ways. Firstly, by proving that it is closed under direct
product and secondly by showing that some known families of groups are contained in the
family of graph diagram groups. For instance, we study the family of the Rearrangement

Group of Fractals [2] that is a family containing many Thompson-like groups.

Keywords: Diagram groups. Rearrangement groups of fractals, Thompson-like groups.



1.1
1.2
1.3
1.4
1.5
1.6
1.6.1

2.1
2.2
2.3
2.4
2.5
251
252
253
254

3.1
3.2
3.3
3.4

Contents

Introduction . . . . . ... ... e e 11
SOME IMPORTANT GROUPS . ... .. ... ... . .. 14
Thompson groups F;Tand V' . . . . ... ... . ... ... ....... 14
The Basilica Thompson Group . . . . . . . ... ... ... ........ 15
Rewriting Systems . . . . . . ... ... 17
Diagram groups . . . . . . .. ... 19
Right Angled Artin Groups . . . . . . . .. ... ... ... ........ 24
Rearrangement Groups of Fractals . . . . ... ... ... ... ... .. 25
Colored Replacement systems . . . . . ... ... ... ... ... .. 34
GRAPH REWRITING SYSTEMS . . ... ... ... .......... 37
Context for Graphs . . . . . . . . ... ... 37
Boundaries and Portions . . . . . ... ... oo 38
Independence . . . . . . . .. ... 40
Graph rewriting systems . . . . ... ... L 42
Graph Diagrams . . . . . . . .. ... ... 44
Cells and Diagrams . . . . . . . . . . 44
The Partial Order . . . . . . . . .. 48
Reductions of diagrams . . . . . . . ... ... 55
Graph Diagram Groups . . . . . . . . . . ... 62
FAMILIES OF GRAPH DIAGRAM GROUPS . ... ... ....... 71
Free Groups . . . . . . . . . . .. 71
Right Angled Artin Groups . . . . . . . ... ... ... ... ....... 74
Diagram Groups . . . . . . . . ... 80
The Rearrangement Group of Fractals . . . . . .. ... ... ... .. 80

EQUIVALENT GRAPH REWRITING SYSTEMS AND GROUPS .. 93
Graph Diagram Groups and Group Theoretic Constructions . . . . . 95

Final Remarks . . . . . . . . o i i i it e e e e e e e e e e e e e e e 97

BIBLIOGRAPHY . . . . . e 99



11

Introduction

In this thesis we define and study Graph Diagram Groups, a family of groups
generalizing Guba and Sapir’s diagram groups. We will show that this family contains
some important family of groups in geometric group theory. For instance, Thompson’s
groups F,T and V introduced by Richard Thompson in [3] are graph diagram groups.
Elements of these groups can be defined by piecewise-linear homeomorphisms and, in
particular. F" acts on [0,1], T acts on S* and V acts on the Cantor set. The groups 7' and

V' are the first examples of infinite, finitely presented simple groups.

We wish to describe the groups in our family, so we are interested in finding
common properties in some groups of this family. For instance, Max Dehn in [4] defined

the following decision problems that are interesting in Geometric Group Theory.

e Word Problem: Given a group GG generated by a finite generating set X, is there
an algorithm that decides if, given a word w in the alphabet X, it is the identity

element when viewed as an element of G7

e Conjugacy Problem: Given a group G with a given finite presentation (X | R), is
there an algorithm that decides if, given two words w; and ws in the alphabet X,

they are conjugate when viewed as elements of G7

e Isomorphism Problem: Given two finitely presented groups G7 and G, is there an

algorithm that decides whether or not they are isomorphic?

In general these problems are a useful tool to understand how a group works. It has
been shown that F,T and V have solvable conjugacy problem, see [5]. On the other hand,
the elements of the Thompson group F' can be defined as rearrangements of [0, 1] that
is, as piecewise linear homeomorphism between two dyadic partitions of [0, 1] that map
a standard dyadic interval of [0,1] in the first partition into one in the second. Belk
and Forrest in [2] extend this idea to a more complicated class of groups and provide a
framework that covers Thompson’s groups. From their point of view F' is the group of
rearrangements of the unit interval that preserves the self-similar structure defined by the
standard dyadic intervals. They define a family of groups that act by homeomorphisms on

a large family of self-similar topological spaces.

There have been many attempts to generalize the Thompson’s groups F, T,
and V into larger families. Among these we mention Higman’s groups [6], the piecewise-

linear groups of Bieri and Strebel [7] and Stein [8], the braided version studied by Brin
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[9] and Dehornoy [10], the two-dimensional version of V' described by Brin [11] and the

rearrangement groups of fractals studied by Belk and Forrest [2].

In this doctoral thesis, we will study one more attempt to generalize Thompson’s
groups into a family of groups. We will define Graph Diagram Groups, a new family of
groups inspired by the family of diagram groups. Diagram groups are a family of groups
that was first suggested by Meakin and Sapir. The first theory about this family was
developed by Kilibarda in her thesis [12] and in [13]. This family was further studied by
Guba and Sapir in [1], [14], [15] and [16].

The importance of the study of such kind of families relies on the fact that they
provided a framework that allow to prove properties for many groups in the family. For
example, Guba and Sapir prove the solvability of the conjugacy problem for the elements
in the family of diagram groups with the restriction that the semigroup presentation
associated with the group has solvable word problem. In particular for Thompson’s group
F, they show new presentations for some groups that have definitions similar to F' and

give characterizations for the centralizer of F.

The study of diagram groups was also followed for other authors, for instance
Farley [17] shows that if P is a finite semigroup presentations the diagram group associated
to this presentation and a single word w is of type F. Farley constructs a contractible,
free complex for each diagram group D(P,w) and shows that if P is a finite semigroup
presentation this complex is a proper CAT'(0) cubical complex with respect to its natural

metric and D(P,w) act properly, freely, cellularly and by isometries.

James Belk and Bradley Forrest conceived of the idea of graph diagram groups
as part of their work on rearrangement groups [2], but did not explore the idea fully.
The goal of this thesis is to provide a solid foundation, finding examples and start the

investigation on their structure.

The family of graph diagram groups has already shown to be of importance.
For example, Belk and Forrest worked independently on generalizations of the Farley
complex and showed that every graph diagram group over finite graph rewriting system
acts properly by isometries on a C'AT'(0) cubical complex. They also use the graph diagram
group structure to show that the group of rearrangements for the airplane defined in

Example 1.55 has type Fo..

We divide this work as follows, in Chapter 1 we introduce some families related
to the graph diagram groups such as Thompson groups, right angled Artin groups, rear-
rangement groups of fractals, (see [2]), and diagram groups. In Chapter 2 we define Graph

diagrams and show that, under certain conditions, they are a group under concatenation.

Theorem. The set of D(R,T") of equivalence classes of Diag(R,T") forms a group under

concatenation.
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On the other hand, in Chapter 3 and Chapter 4 we show that the family of
graph diagram groups is large. In particular in Chapter 3 we show that all the groups in
Chapter 1 can be seen as Graph diagram groups. More precisely, we have the following

theorem,

Theorem. If the rewriting system R’ associated to a graph rewriting system R is reductive

and symmetric, the rearrangement group G(R') is isomorphic to D(R,T).

Moreover, in Chapter 4 we see that the class of graph diagram groups is closed
under direct product and a direct consequence of the work realized for the graph diagram
groups is that the class of rearrangement group of fractals is also closed under direct

products.

We stress that the main contributions of this work are:

1. Each graph diagram is equivalent to a unique reduced graph diagram (Theorem
2.50);

2. D(R,T') is a group (Theorem 2.57);
3. Right angled Artin groups are graph diagram groups (Theorem 3.4);

4. Rearrangement groups of fractals are graph diagram groups (Theorems 3.13, 3.14
and 3.22).
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1 Some important groups

In this chapter we introduce all the groups that will be of interest throughout
this doctoral thesis. We define Thompson groups F,T and V in Section 1.1, while in
Section 1.2 we introduce another Thompson like group, the Basilica Thompson Group.
In Section 1.3 we discuss some preliminary theory to understand the family of Diagram
groups, defined in Section 1.4. Finally, we will define right angled Artin groups and the
rearrangement group of fractals in Sections 1.5 1.6, respectively. We will concentrate on
the principal properties of these groups, though we only prove some of them. Furthermore,

none of the results presented in this chapter are new.

1.1 Thompson groups F,T" and V'

Definition 1.1. A dyadic subdivision of the interval [0,1] is recursively defined by
taking some intervals of a dyadic subdivision and cutting them in half, starting from the

basic subdivision given by [0, 1] itself. This means that the intervals of a dyadic subdivision

1
are all of the form [2—m, %]

Definition 1.2. Given two dyadic subdivisions with the same number of subintervals, the
corresponding dyadic rearrangement of [0,1] is the orientation-preserving piecewise-
linear homeomorphism obtained by mapping each interval of the first subdivision linearly

onto the corresponding interval of the second subdivision.

Example 1.3. Consider the following rearrangement of [0,1]

0 1
1 1
1 2
\4\ ;
0 1 3 1
2 A

The domain of ¢ is a dyadic subdivision of [0,1], since it can be constructed
by first cutting the interval [0,1] in half and then cutting the interval [0,1/2] in half.

Moreover ¢ is a dyadic rearrangement that maps [0,1/4] linearly onto [0,1/2],
maps [1/4,1/2] linearly onto [1/2,3/4], and maps [1/2,1] linearly onto [3/4,1].

Theorem 1.4. The set of all dyadic rearrangements of the interval [0,1] forms a group

under composition; this is called Thompson’s group F.
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Proof. See [18], p.2, Theorem 1.1.2 and Corollary 1.1.3. ]

One of the advantages of F' is that we can have multiple interpretation of its
elements. This idea allows us to find more than one prove for some of its properties. There

are other definitions for F'. One of these is the following,
Definition 1.5. We define Thompson’s group F as the group (under composition) of those
homeomorphisms of the interval [0, 1], which satisfy the following conditions:

1. they are piecewise linear and orientation-preserving,

2. there are only finitely many breakpoints on the interval [0, 1],

3. in the pieces where the maps are linear, the slope is always a power of 2, and

4. the breakpoints are dyadic.

Thompson’s group F' is one of three groups discovered by Richard J. Thompson
in the 1960’s [3]. The others are 7', which acts on the unit circle by suitable piecewise-linear
homeomorphisms, and V' which acts on the standard Cantor set by suitable piecewise-linear

homeomorphisms. See [19] for a general introduction to these groups.

Thompson groups F, T, and V' are considered interesting in geometric group

theory because of their unique properties. In particular:

1. F,T, and V are finitely generated and finitely presented. Indeed, Brown and Ge-
oghegan showed in [20] that F' has type F. and Brown then showed in [21] that
all groups belonging to a large family of groups (containing the groups F,T and V)
have type Fo.. A group has type F., if it can be realized as the fundamental group

of an aspherical CW-complex with finitely many cells in each dimension.
2. T and V are simple, and F' has simple commutator subgroup.
3. T and V are the first known examples of infinite, finitely presented simple groups.
4. Each of F,T and V acts properly by isometries on a C'AT'(0) cubical complex.

5. F,T and V have exponential word growth.

1.2 The Basilica Thompson Group

In [22] Belk and Forrest define the Basilica Thompson group Tg. The figure
below shows the invariant lamination for the Basilica fractal. This lamination consists

of a circle [0,1]/{0, 1} together with a single hyperbolic arc between each pair of points
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Figure 1 — The Basilica Julia set and the lamination of the Basilica

that should be identified. Any homeomorphism of the circle that preserves this lamination

descends to a homeomorphism of the Basilica Julia set.

Then, topologically, the Basilica Julia set can be obtained from this lamination
by identifying the end point of each arc. Similarly to Thompson’s group F, we have

multiple definitions for this group, for example,

Definition 1.6. The Basilica Thompson group Tp consists of all piecewise-linear

homeomorphisms h of the circle satisfying the following conditions:

1. All the slopes of h are powers of 2.

k
2. All of the breakpoints of h and h™" are at angles of the form 277; , where k,n € Z.

3. h preserves the invariant lamination for the Basilica.

In [2] the same authors see that this group is a Rearrangement Group of
Fractals. In fact, the rearrangement group T for the Basilica replacement system from

Example 2.48 in the case n =1 is the Basilica Thompson group.

Belk and Forrest proved the following facts about this group:

1. Tp is generated by the four elements in Figure 2.
2. Thompson’s group T contains copies of Tz, and T contains 7.

3. The commutator subgroup [T : Tg] has index two in Tp and is simple. It is not

isomorphic to T

4. They also conjecture that Tz is not finitely presented, which was proven by Witzel
and Zaremsky in [23].
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Figure 2 — The generators of the Basilica group

1.3 Rewriting Systems

The topics presented in this section will be of importance many times throughout
this thesis. Mainly, we will use them to define equivalence classes of elements that belong

to a graph diagram group, see Chapter 2.

Definition 1.7. A graph in the sense of Serre is a 5— tuple <V, E, "' 1,7 >. where
V and E are disjoint sets of vertices and edges respectively, and ~* is an involution

on E, and v and T are functions from E to V. Moreover, we must have:

1. et 4e for everyee B
2. 1(et) =7(e),m(e7h) = (e).
Here 1(e) is called the initial vertex of e and 7(e) is called the terminal vertex of e.

Definition 1.8. An (undirected) graph is a pair G = (V,E), where V is a set whose
elements are called vertices, and E is a set of 2-sets (sets with two distinct elements) of
vertices, whose elements are called edges. The vertices x and y of an edge {x,y} are called
the endpoints of the edge. The edge {x,y} is said to join x and y and to be incident
to x and y. A directed graph is a pair G = (V,E) where

e V a set of vertices;

e E is a set of ordered pairs E ¢ {(x,y) | (x,y) € V* and x # y} a set of edges called
directed edges.
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We also define a multigraph as a graph which is allowed to have multiple edges that

have the same initial and terminal vertices.

Remark 1.9. Notice that the definition of a graph in the sense of Serre (Definition 1.7)
is independent of (but related to) the notions of directed graph and undirected graph. In
general, one can turn a directed graph into a graph in the sense of Serre and viceversa. It
will be clear from the various contexts of this thesis which definition we will be using. More
precisely, we use the definition of graphs in the sense of Serre when we discuss rewriting
systems in Section 1.3, while we work with undirected/directed graphs in the context for

graphs of graph diagrams that we will now introduce.

Definition 1.10. A path on a graph in the sense of Serre is either a vertex or a non-
empty sequence of edges ejes,...e, where 7(e;) = t(e; 1) for every i = 1,2,...n—1. If
p = eéy,...e, then we call the path p™' = e;let,, ... e; inverse path. A path that is

formed by only one vertex is called empty path.

Definition 1.11. An orientation on a graph I in the sense of Serre is a subset Fy of
the set E of edges such that Eyu E;' = E and Eyn E;' = @. The edges of Ey are called
positive and the edges of E;' are called negative. An oriented graph is a graph with

an orientation. A path in an oriented graph is called positive if all its edges are positive.

Definition 1.12. A rewriting system is an oriented graph in the sense of Serre. The

vertices of I' are called objects and the positives edges are called mowves.

If a =(e),b =7(e) for some positive edge e then we write a —r b and we

denote the reflexive, transitive closure of the relation — by Sr.

Definition 1.13. A rewriting system is called terminating if every sequence a; — as, —

..ap — ... terminates, that is, it is finite. A rewriting system I is called confluent if for
every three objects a,b,c such that a = b and a = ¢ there exists an object d such that b = d
and ¢ = d. A rewriting system T is called locally confluent if for every three objects

a,b,c such that a — b and a — c there exists an object d such that b 5dand ¢ = d.

Lemma 1.14 (Diamond Lemma). Fvery terminating locally confluent rewriting system is

confluent.

Proof. See [24] and also [25]. O

Remark 1.15. Consider the equivalence relation generated by —r, that is the reflexive
symmetric closure of —r, denoted by <>r. Observe that each connected component C' has a
unique element v(C) such that the moves of I' cannot be applied to v(C). In fact, suppose
that = is an object that belong to C'. Note that each sequence x - w1 - x9 — ... must
terminate since I' is terminating and the last element in each sequence must be v(C') since

I' is confluent.
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A special class of rewriting system is a the class of string rewriting system. To

define this class we need to set the following basic concepts.

Definition 1.16. An alphabet is an arbitrary nonempty set X, the elements in 3 are
called letters. The free semigroup X* over X is the set of all nonempty strings of letters
from X with operation given by concatenation. The free monoid X is obtained from X+

by adding the empty string denoted by 1.

Definition 1.17. A string rewriting system is a rewriting system where objects (ver-
tices) are elements of a free monoid ¥* and the moves (edges) are the applications of
relations from some fized set of relations R where a relation is pair of words from X*.
Formally, an edge of the string rewriting system (X | R) is a triple (z,u — v,y) where

x,y € X%, (u,v) € R. The initial vertex of this edge is xuv and the terminal vertez is xvy.

1.4 Diagram groups

Definition 1.18. Given a R a rewriting system, a derivation is a sequence of words

T1 T2 Tn
Ul = Uy = ... = Up.
such that for every i =0,...,n—1 either u; > w1 or u;y1 = u; are in R. Here uy is called

the wnitial word of the derivation and u, is called the terminal word of the derivation.

Guba and Sapir associate to each derivation a geometrical object called diagram.
Each diagram consists of a top path, a bottom path together with a set of cells that are
between the top and the bottom of the diagram. We will motivate the definition of a

diagram with the following examples.

Example 1.19. Let P = (a,b,c | b = c,ac = a,ca = a) be a semigroup presentation. We
denote the relations b= c,ac = a,and ca = a (read in this order) by the letters ri,ry and rs
respectively, to denote directed edges of a graph. Consider the following derivations under

the semigroup presentation P.

r1 ro 3t it
abba = acba = aba = abca = abba

We associate the word
abba

to the linear diagram labeled with the letters of the word abba in each edge. We denote
this graph by e(abba) and we say that this diagram has top and bottom e(abba). In general,
gwen a diagram A obtained from a derivation p, with initial word u and terminal word w
we define top(A) = e(u) and bot(A) = e(w).
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In the first move of the rewriting system, abba = q ba, we add a cell (b,c) with top b and
bottom c to e(abba), then the derivation induces a diagram whose top is €(abba) and the

bottom e(acba).

T1 72
abba = acba = aba

1 ) 7"?:1
abba = acba = aba = ab

1 () Tgl TII
abba = acba = aba = abca = abba

a
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Finally, we obtain a diagram with the same top and bottom labeled with the word abba.

Example 1.20. Consider the semigroup presentation P = {x,y, z, 81, 82,l1,la | 51 = S2,11 =

ly). Consider the following derivations corresponding to the figure below.

T1 2 T1 T2
xs1yliz = xsoyliz = xsoylaz and xs1yliz = xs1yloz = xsylsz

Observe that we can write these derivations as sequences of graphs on the next

figure.

S1

S1

/ b

na

S9 12

o)

S2

S

Figure 3
Also note that we can add the cells following the same procedure of the last example and

produce the graph diagram in Figure /.

S1

S9 l2

Figure 4

From these examples we can understand a method to create a diagram: Given
a derivation we associate a labelled plane graph by taking e(u) and attaching one by
one cells corresponding to the relations used in this derivation. Notice that following this

process we obtain a planar graph at every step, so a diagram is a planar graph.

Given a diagram A we can define its initial vertex as the leftmost vertex denoted
t(A) and its terminal vertex as the rightmost vertex denoted 7(A). This vertex together
with the cells induce oriented paths with initial vertex ¢(A) and terminal vertex 7(A). For

example in Example 4 we have paths e(zs1yl12), e(xseyli12), e(xs1ylaz) and e(xsaylsz).



Chapter 1. Some important groups 22

Definition 1.21. A diagram whose top path is labelled by u and whose bottom path is
labelled by v is called a (u,v)-diagram. The closure of a bounded complementary region
of a diagram A is a cell of A. A diagram is trivial if it has no cells. An atomic
diagram is one with at most one cell. Recall that an isotopy of a plane R* is a continuous
function & from R*x[0,1] to R* such that every function &, = 6(*,t) from R* to R? is
a homeomorphism. Let T' = (V. E) and I'" = (V' E") be plane graphs. We say that these
graphs are isotopic if there exists an isotopy §: R? x [0,1] = R? of the plane into itself
which takes V to V', E to E" and for every t € [0,1] we have that (§(V,t),0(E,t)) is a
plane graph.

Therefore, two diagrams A1 and Ao are isotopic, denoted by Ay = Ao, if there
is an isotopy of the plane carrying A, to As which takes vertices to vertices and edges to

edges, and matches orientations and labels on the edges.

If A;isa (u,v)-diagram and A is a (v, w)—diagram, then the concatenation
A o A, is obtained by identifying the bottom path of A; with the top path of A,, using
suitable representatives of the isotopy classes of A; and As,. This operation is well-defined

on isotopy classes and it is associative.

A pair of cells '} and C5 in a diagram forms a dipole if the bottom path
of (1 is identical to the top path of C5 and the label of the top path of Cy is equal
to the label of the bottom path of C5 in the free semigroup ¥*. To reduce a dipole
one removes the portion of the diagram lying between the top path of C)} and the
bottom path of Cy, and identifies the top path of C; with the bottom path of Cy (see
Figure 5). Reducing a dipole is also called an elementary reduction. The inverse

process is called inserting a dipole. A diagram without dipoles is called reduced.

Figure 5 — A dipole reduction
We can define a rewriting system R(P). The objects of this rewriting system are diagrams

over P and the moves are elementary reductions.
Lemma 1.22. The diagram rewriting system R(P) is confluent and terminating.

If a diagram A; can be obtained from A, by repeatedly inserting and removing dipoles
(up to isotopy), then A; and A, are equivalent modulo dipoles, A; = A,. Observe that

concatenation is well defined under the class of diagrams modulo dipoles.
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Notice that Lemma 1.22 and Remark 1.15 implies the following theorem that was proved
by Kilibarda in [12].

Theorem 1.23. Fvery equivalence class of diagrams over a semigroup presentation con-

tains exactly one reduced diagram.

Theorem 1.24. Let D(P,w) the set of (w,w)—-diagrams modulo dipoles over the semigroup
presentation P. Then D(P,w) forms a group under concatenation and it is called the

diagram group over P with the base word w.

Diagram groups are important for several reasons. For example Guba and Sapir in [1]

show the following:

e The family of diagram groups contains Thompson’s group F',

e Using the Squier complex for diagram groups, Guba and Sapir find new presentations

for the Generalized Thompson Groups F,,.

e Diagram groups over semigroup presentations with solvable word problems have

solvable conjugacy problems.

e Every diagram group is torsion free and has unique extraction roots, this is given
two elements A1, Ay € D(P,w), A? = A2 implies A; = A,.

e The centralizer of every diagram group is isomorphic to the product of other diagram
groups under the same presentation (but possibly different initial word) and a finite

direct product of cyclic groups.

e Moreover, Crisp, Sageev and Sapir show in [26] that surface groups are contained in

some diagram groups.

Moreover, Farley builds in [17] a contractible, free D(P,w)-complex K (P,w) for each
diagram group D(P,w). Guba and Sapir define in [1] a 2— dimensional complex K(P),
called Squier Complex. The 2-skeleton of K (P, w) can be described as the universal cover
of the connected component of JC(P) containing the base point w. (Vertices in IC(P) are
words in the alphabet, and vice versa.) The complex K (P,w) is a natural extension of
K(P) into higher dimensions.

The following results are due to Daniel Farley in [17].

Theorem 1.25. If P is a finite semigroup presentation, then [?(73, w) 1s a proper C AT (0)
cubical complex with respect to its natural metric and D(P,w) acts properly, freely, cellularly

and by isometrices.

Corollary 1.26. If P is a finite semigroup presentation, then D(P,w)satisfies the Baum-

Connes conjecture.
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We refer the reader to [27] and [28] for a proper introduction about the Baum-Connes

conjecture.

Corollary 1.27. If P is a finite semigroup presentation, then D(P,w) is of type Feo.

1.5 Right Angled Artin Groups

In this section we briefly discuss the class of right angled Artin groups. We recommend

the reader to see [29] for more details.

Definition 1.28. An Artin group A is a group with the following presentation

A=(51,52,...,5 | 8iSjSi...=5j8;Sj...).
—_— — —

where m;; = mj; € N, m;; > 2 or my; = oo if there is no relation between s; and s;.

Example 1.29. The Artin group
A =(5|2)

is the free group with basis S. In this case mgy = oo for all s,t € S. On the other hand, the

Artin group
Ay = (S |st=ts, Vs, tel)

1s the free abelian group with basis S. In this case mg = my, =2 for all s,t € S.

We will study a particular case of the Artin groups called right angled Artin group in
which m;; € {2, 00} for all 4, 7 so that, in this case, we have relations of the form s;s; = s;s;.
The groups in Example 1.29 are right angled Artin groups. The most natural way to give
the presentation for a right-angled Artin group is by means of the defining graph T,
where I' is the graph with vertices labeled by the generators S = {si,...,s,} and where

there is an edge between a pair of vertices s;, s; if and only if m;; = 2.

C ® ° d
Figure 6 — Ar = Fiq.qy X Fipy

Example 1.30. o If ' is a graph with no edges, then Ar = F,,, the free group of n

generators,
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e IfT' is a complete graph, then Ar = 7",

e If " is a square (as in the figure 6), then Ar decomposes as a direct product of two

free groups Ar = Fiq gy % Fpp ey,

e [fI' is an n-agon, for n > 5, then Ar cannot be decomposed as either a direct product

or a free product.

1.6 Rearrangement Groups of Fractals

The definitions of the three Thompson groups depend heavily on the self-similar structure
of the spaces on which these groups act. For example, each half of the unit interval is
similar to the whole interval, as is each quarter. For this reason, it is natural to study
Thompson-like groups associated with self-similar structures such as fractals. The results
and definitions presented in this section are from Belk and Forrest in [2]. We will prove
some of them to give some notion of the objects and techniques which are involved in the

future chapters of this thesis.

Definition 1.31. An edge replacement system is a pair (Go,e - R), where Gq is a
finite, directed graph, e is a (non loop) oriented edge with distinguished initial and terminal
vertices and R 1s a directed graph that contain the vertex v and w. We refer to the vertices
v and w respectively as the initial and terminal vertices of R. The vertices v,w are called
the boundary vertices of R. A simple expansion of an oriented graph G, denoted by
G <€ consists of replacing an edge € of G by a copy of R by gluing the initial (terminal)
vertex of € with the initial (terminal) vertex of R. The graph obtained by doing a simple
expansion in every edge of a graph G is called full expansion of G. We also denote G;yq

the full expansion of the graph G;.

Given a graph G obtained from applying cosecutive simple expansions to a graph Gy we
may refer to their edges by using finite sequences, €p€; ... €, where ¢y € Gy and ¢; € R for
0 <7 <n. Analogously, we may refer to the vertices of the simple expansions as a sequence
€0€1 - . . €, Where €5 € Gy and ¢; € R for 0 <i <n and v is a vertex in R. We refer to the
sequences €€ ... €, and €ge; ... €,v as addresses of an edge and a vertex, respectively. To

illustrate this, observe the following example.

Example 1.32. Consider  the replacement — system i Figure 7.

Base Graph

e—>R
- l [1
O —) — v
0
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Figure 7
The graph E 1is a single directed edge and R is a graph with edges 0 and 1, in-
terior vertex v and initial vertice «(R) = xz and terminal verter T(R) = y. We
can obtain the graphs F <« E, E < E < 0 and E < E < 0 by applying cosec-

utive simple expansions, see Figure 8 (for simplicity we omit arrows on the edges).

Q E<«FE E<xFE«l E<FE«0

9 [ @ 9 G—————) G e—

Figure 8
For instance the graph EE< E <41 has edges FO, E10 and E11 and vertices Ev and Elv,
see Figure 8. Notice that all the edges are sequences €yey . .. €, with €y in the base graph

and € .. .€, edges in the graph R of the replacement system.
E<FE«l

* l&) 10 E11

Figure 9

Example 1.33. Consider the replacement system given by (I';e - R) as in Figure 10

r
e R
1
X OO
0
D
Figure 10
In Figure 11 we have the graph I' < C with edges A, B, D,C0,C1,C2 and a new vertex Cv.
«cC
C1
Co
D
Figure 11

Let € be the set of symbols that consists of elements eyeies ... with €g € Go and ¢; € R for
1> 1. The set €2 allows to refer to any edge in the limit space, but does not give information
about the adjacency relations between its edges.The adjacency is given by the following

relation,
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Definition 1.34. Let R = (Go,e — R) be a replacement system with full expansion sequence

{G,} and symbol space Q2. Consider the relation ~ defined as follows: two sequences

€0€1€a ... and €\ere, . ..

are equivalent if for all n the edges of G,, with addresses

€0E1€E2 - .. €y and €ETES .. . €,

share at least one vertex. If ~ is an equivalence relation, we call it the gluing relation

on ). In this case, we define the limit space X for R as the quotient —.

Definition 1.35. A replacement system R = (Gg,e - R) is expanding if the following

conditions are satisfied:
1. Neither Gy nor R has any isolated vertices.
2. The wnitial and terminal vertices of R are not connected by an edge.
3. R has at least three vertices and two edges.

We thus call a replacement system satisfying these conditions an exrpanding replacement

system.

Recall that the idea is to generalize Thompson’s groups to see them as rearrangement
groups acting on self-similar structures. Observe that in Definition 1.34 we require the
gluing relation to be an equivalence relation, however the relation ~ does not always have
this property. In the case that it is not an equivalence relation, we may be tempted to
define the limit space using the transitive closure of the gluing relation. This approach
often produces a space X that is not Hausdorff and therefore it cannot be guaranteed that
the rearrangements of X are self-similar or conformal maps. On the other hand, when the
replacement system is expanding we can guarantee that X is Hausdorff and therefore that
is compact and metrizable. This is since {2 is compact and metrizable and X is a quotient
of Q, so it is enough to prove that X is Hausdorff (see [30], Proposition I1X.17).

Theorem 1.36. If R is an expanding replacement system, then the gluing relation ~ is

an equivalence relation, and the limit space X = — is a compact metrizable space.

Hence, expanding replacement systems are important to ensure that X is compact and
metrizable. Therefore, given an expanding replacement system we can endow X with a
metric and we can prove that the canonical homeomorphism between any pair of cells in X
that have the same number of boundary vertices is a similitude, that is, having the same

shape but perhaps different size, so rearrangements are piecewise-similar homeomorphisms.

Convention 1.37. In this thesis all replacement systems are assumed to be expanding.
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Q
Definition 1.38. Let 7:Q — — and Q(e) the set of all the words in Q with prefix e we
call a cell of the limit space as C'(e) =m(2(e)).

Definition 1.39. Let C(e) and C(e") be cells in X, where both e and €' are loops or
both are not loops. There exists a homeomorphism ® : Q(e) — Q(e’) that ®(e(1(s...) =

e'GCa. .. for any edges (1¢s... in R and ® descends to a canonical homeomorphism

6:C(e) > C ().

Definition 1.40. 1. A cellular partition of X is a cover of X by finitely many cells

whose interiors are disjoint.

2. A homeomorphism f, is a rearrangement if there exists a cellular partition P such

that f is a canonical homeomorphism in each cell of P.
Theorem 1.41. The set of rearrangements of X s a group under the composition.

Proof. The identity rearrangement is the rearrangement that sends any partition of the
limit space to itself. If f is a rearrangement that sends a partition P, of X to another
partition P, then ™' is a homeomorphism that sends each cell of P, canonically to the
corresponding cell of P,. Lastly, if f and g~! are rearrangements that restrict to a canonical
homeomorphisms on each cell of P; and P, respectively. Consider the least common
refinement ) of P, and P, that is the set of all cells of P, u P, that are not properly
contained in other cells of P, u P5. So, f and g~! restricts to a canonical homeomorphism
in each cell of Q and f(g(¢7'(Q))) is well defined. O

Example 1.42. In Section 1.2 we introduced the Basilica Thompson group Tg. In
[2] Belk and Forrest prove that the Basilica is homeomorphic to the limit space given
by Figure 12 and so the rearrangement group of that limit space is isomorphic to
the Basilica Thompson group. In Figure 2 we have some examples of elements of
the Basilica group. In general a rearrangement of the Basilica is any homeomor-
phism that maps conformally between corresponding pairs of cells in two cellular

partitions. The group of all such rearrangements is the Bastlica Thompson group Tg.

Limat Space Base Graph Replacement Rule
2 2
Basilica Julia Set —
1 1

Figure 12
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The composition of elements in the rearrangement groups is analogous to that of the
Thompson groups. For instance, consider o, € Tg as in Figure 13. Recall that these
elements are generators of Ty the Basilica Thompson group, see Figure 2. Suppose that we

wish to calculate (3 o a.

M Al o
e

Figure 13

Let Py the domain of 3, Pa the domain of o' and Q the least common refinement of
P1U Py, this is the set of all the cells in Py U Py that are not properly contained in other
cells of Py uPy. In this case o« is as in Figure 1/.

e e

Boa

Figure 14

Example 1.43. (The Family of Rabbits) This family correspond to the Julia
sets for functions of the form f(z) = 2° + c, where c lies in any interior com-
ponent of the Mandelbrot set that is adjacent to the main cardioid (see Figure

15). There is a rabbit replacement system for each natural number. For example
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Figure 15 — The main cardioid and in blue the components adjacent to the main cardioid

Figure 16 — The basilica, the Douady rabbit and a three eared rabbit

for n = 1 we have the basilica, n = 2 correspond to Douady rabbit, n=3 cor-

respond to a three eared rabbit, and so forth (see Figure 16 and Figure 17).

Index Base Graph Rule
2 2
B;Lzszzlﬁca 1 R
1 1
9 2
F N “
Douady Rabbit K
n=2
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3l 3

Figure 18 — An element of the Basilica Thompson’s group

Figure 17

Definition 1.44. A graph pair diagram for the rearrangement f is a triple (E, E', ¢),
where E and E' are expansions of Gy and ¢ is an isomorphism between these graphs. The

homeomorphism f maps the cell C(e) canonically into the cell C(¢(e)) for each e € E.

Remark 1.45. Given a replacement system (R,T"). There is a one to one correspondence
between partitions of the limit space and the graphs that can be obtained by applying
consecutive simple expansions beginning with the graph I'. This relation implies that each
element in the rearrangement group of fractals can be interpreted by using a graph pair

diagram.

Example 1.46. Note that, by Remark 1.45, there is a one to one correspon-
dence between partitions of the Basilica and the graphs obtained by expand-
ing the base graph given in the replacement system defined in Figure 17. Also,
note the relation between the rearrangement between the two partitions of the

Basilica in  Figure 18 and the graph pair diagram (G,H,p) in Figure 19.

G H

o HO—OX O

Figure 19

Example 1.47. Recall that Thompson’s groups F, T and V are groups of piecewise-linear,

preserving orientation homeomorphisms respectively acting over [0, 1], St and a Cantor set.
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Group Base Graph Replacement Rule
2 2
Ja L — | —
1 1
2 12
T p  —
1 1
2 2
V O — | —
1 1
Figure 20

Theorem 1.48. The rearrangement groups corresponding to the replacement systems

shown in Figure 20 are isomorphic to Thompson’s groups F, T and V.

Proof. We will prove the result for the replacement system corresponding to 7', the other
cases being similar. Let the base graph F for the replacement be the unit circle, and let 0
and 1 be the left and right edges in the replacement graph respectively.

Each graph G, in the full expansion sequence for this replacement system is a directed
path of length 2". The gluing relation on the symbol space E x {0,1}* is given by e01 ~ 10
for any edge e € G, and E0 = F1. It follows that the limit space X is homeomorphic to S*
with each point in the symbol space mapping to the point in S! whose binary expansion is
the given binary sequence.

Then the gluing vertices correspond to dyadic fractions in S*. The cells in X correspond

k-1 k
TR 2—n] for ne N and k € {1,...,2"}, with 1 identified with 0
and a cellular partition of X is a subdivision of S' into standard dyadic intervals.

to intervals of the form [

Hence a homeomorphism h : S — S! is a rearrangement if and only if there exist two
partitions of S! into standard dyadic intervals such that h maps the first partition to
the second linearly and preserving the orientation. It is immediate that the group of

rearrangements is precisely Thompson’s group 7. O

Example 1.49. Another important rearrangement group of fractals is the re-
arrangement group of the Vicsek fractal. In Figure 21 we have an element

of this group. The replacement system to obtain this group 1is the following:
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Figure 21 — A rearrangement of the Vicsek fractal

Limat Space Base Graph Replacemnt Rule

Vicsek Fractal

Figure 22

Theorem 1.50. Let G be the rearrangement group for the Vicsek fractal, and let H be a
finite group. Then H is isomorphic to a subgroup of G if and only if H is solvable of order
213% for some j, k>0

Theorem 1.50 implies that G is not isomorphic to any currently known Thompson-like
group. Recall that the basilica is a fractal in the rabbit family in Figure 17. Analogously,
the Vicsek fractal is part of a family the fractals called the Vicsek Family that can be

obtained for the following replacement systems
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Index Base Graph Rule
2
2
n — 1 - ~
1 1
2 2
n = 2 A —
1 1e

Figure 23 — The Vicsek family of replacement systems.
In particular, the case n = 2 corresponds to the Vicsek replacement system.

Theorem 1.51. The rearrangement groups for the Vicsek family are all of type Feoo.

1.6.1 Colored Replacement systems

Belk and Forrest also work with a wider class of replacement systems by allowing a different
replacement graph for each color. This generalization allows to construct rearrangement
groups for many different fractals. They provide the example of the airplane Julia set
Figure 26 with replacement system in Figure 25. Additionally, rearrangement groups of

this kind of replacement systems generalize a certain class of diagram group [2].

Definition 1.52. A colored replacement system R consists of the following:

1. A finite set C of colors.
2. A directed base graph Gy, whose edges have been colored by the elements of C.

3. For each c € C, a directed replacement graph R., whose edges have been colored by

elements of C.

Similar to the case without colors we can define a limit space, replacement rules, canonical
homeomorphism and graph pair diagram. In fact, given a colored edge e with the color ¢
and a graph R, with an initial vertex and a terminal vertex, we can apply a replacement
rule (e » R.) to a graph by erasing e and gluing the initial (terminal) vertex of e with the

initial (terminal) vertex of R.. For such a replacement system, the symbol space can be
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defined in an obvious way, and it endow of a topology as a closed subspace of the Cantor

space E(Gg) x (| E(R.))*. Moreover, if the base graph G, and each of the replacement
ceC
graphs R, satisfy the requirements for an expanding replacement system, we have that the

gluing relation ~, in Definition 1.34 is an equivalence relation, and the limit space X = —
is compact and metrizable. )
For a colored replacement system R, each cell C'(e) in the corresponding limit space has a
color, and it only makes sense to talk about the canonical homeomorphism between cells of
the same color. Then we can define a rearrangement similar to that of the non-colored case.
Here each such rearrangement has a graph pair diagram of the form (E4, Ey, ), where F4
and Fs are colored expansions of the base graph Gy, and ¢ : Fy - Es is a color-preserving

isomorphism.

Example 1.53. (Diagram groups) The case of the linear colored replacement system,
that is where the base graph Gy is a directed path, and the replacement graph R. for each
color 1s a directed path of length two or greater from the initial vertex to the terminal
vertex, always has a limit space homeomorphic to a closed interval. For example, consider

the replacement system based on the rules in Figure 2. with two colors green and blue.

Base Graph Replacement Rules
2 2 2 2
o o —_— —_
1 1 1 1

Figure 24 — A linear colored replacement system
Then the corresponding rearrangement group R acts on a closed interval. Algebraically, R

18 1somorphic to the restricted wreath product F': F'.

Theorem 1.54. The rearrangement group corresponding to a linear colored replacement
system is always isomorphic to a diagram group, where the replacement rules determine

the presentation of the corresponding semigroup.

The graph diagram group given by the graph rewriting system R in Figure 24 coincides

with the diagram group of the semigroup presentation

P =(G,B|G=G% B=BGB).
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Example 1.55. Let C' = {green,blue}, and consider the replacement system given in

Figure 25.
Base Graph Replacement Rules
2 2 2 2
*—e —_— g
1 1 1 1

Figure 25 — The airplane replacement system
The limit space for this replacement system is a fractal homeomorphic to the Julia set for

2% = 1.755, which is known as the airplane.

Figure 26 — The limit space for the airplane replacement system

Theorem 1.56. FEvery rearrangement group acts properly by isometries on a CAT(0)

cubical complex.
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2 Graph rewriting systems

In the present chapter we establish the necessary concepts to introduce graph diagram
groups. We will follow some of the ideas of Guba and Sapir, who work in diagrams groups
in [1]. Recall that a diagram is a geometrical object whose definition relies on that of
a rewriting system. Given a finite sequence of words (called derivation) obtained by
successively applying rules in the string rewriting system Guba and Sapir associate a
geometrical object (called diagram) by adding step by step cells that correspond to the
rules used in the derivation. In a rough way a diagram is a set of cells together with two
distinguished paths denoted top and bottom of the diagram. A product of two of these
objects by concatenation is defined by identifying the top of the first diagram with the
bottom of the second and giving some conditions to get a group structure. Among the
required conditions we must consider two isotopic diagrams as the same and define the
equivalence class of the diagram modulo some reductions called dipole reductions. One
must then prove that every diagram yields only one reduced diagram. In general, diagram
groups depend on a string rewriting system together with an initial word. In our case we
will follow the same strategy to generalize diagram groups, but with some differences, for
instance, we will use graph rewriting systems instead of a string rewriting system and
therefore we will have more difficulties to endow these objects with a group structure. For
example, in order to do this we will need to define a partial order on the cells of the graph
diagram that allows us to define an analogue of the dipole reduction and the concatenation
of two diagrams. Then we will consider two graph diagrams as equal if they are in the
same equivalence class modulo a dipole reduction. Graph diagram groups depend on a
graph rewriting system together with a fixed initial graph (that is the top of the diagram,
which plays the role of the initial word for diagram groups) and an isomorphism between
its top and its bottom. In this Chapter, we will introduce the necessary theory to define

graph rewriting systems and graph diagram groups.

2.1 Context for Graphs

We start by choosing a context for graphs, which can be
1. The graphs can be both directed and undirected, see Definition 1.8.

2. The edges or labels might be labeled with the elements of some alphabet or with

some set of colors.

Remark 2.1. Independently of the context of the graphs, we consider the graphs to be

multigraphs. From this Chapter onwards isomorphisms are graph isomorphisms that depend
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on the context for graphs in the sense that they preserve it. For instance, if the context
for graphs is given by directed graphs, then an isomorphism is a graph isomorphism that

preserves directions.

2.2 Boundaries and Portions

Definition 2.2. Consider a graph G with a subgraph X (denoted by 0G ), which we call
the boundary of G. Any vertex of 0G is called a boundary vertex, and any edge of 0G
15 a boundary edge. The remaining edges and vertices are respectively called interior
edges and interior vertices. In particular, there can be interior edges with a vertex in
the boundary and a vertezx in the interior of G. Note that an edge in the interior of G

cannot be in its boundary 0G too.

Definition 2.3. 1. Let G a graph. A subgraph of G with boundary is a pair
(H,0H) where H is a subgraph of G and 0H is a boundary of H.

2. Given (G,0G) and (G,0G) a boundary preserving isomorphism a:G — G is
a graph isomorphism between G and G that satisfies a(0G) = 0G.

Definition 2.4. Let G = PuQ with P and @ subgraphs of G. We define a portion as a
pair (P, P n Q) where PN @ is the boundary of P.

Note that (@,JP) is also a portion where we endowed ) with the same boundary of
P. We usually denote (Q,0P) by (P¢ dP) and call it the complementary portion of
(P,0P) in G. Thus, when we say that (P,0P) is a portion, we are also saying that its

complementary portion exists too.

Remark 2.5. We use the notion of portion to avoid the notion of pushout complement
used in [31], p.23, Definition 8. Given a graph G, it turns out that the pair of embeddings

11 and 19 associated with a subgraph P with boundary 0P in the diagram below

0P
. N
i
N
\
P Pe
Ve
7/
12 » 7
G

has a pushout complement in the category of graphs and graph morphisms if and only if
(P,0P) is a portion, in which case the pushout complement is precisely the complement of
the portion, that is (P¢,0P).

Proposition 2.6 (Characterization of boundaries). Let G be a graph and let P be a
subgraph of G with boundary 0P. Then (P,0P) is a portion of G if and only if it satisfies
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the following condition: for every interior vertex v of P, every edge of G incident to v is

an (interior) edge of P.

Proof. We start proving that, if (P,JdP) is a portion of G and e is an edge of G that is
incident to a vertex v in the interior of P, then e is in the interior of P. By definition of
portion, there exists (Q), 0P) complementary portion of P in GG. Since v is in the interior of
P, e cannot be in dP and v cannot be in (), which implies that e cannot be in the interior
of Q). Therefore assuming that G = Pu @ and 0P = P n () implies that e is in the in the
interior of P.

On the other hand, consider the set

W = {vertices of G that are not vertices in the interior of P}
and define the subgraph of G given by
Q) = {W,{edges incident to W but not to the interior of P in G}}.

Note that 0P is a subgraph of @), so we can consider the graph with boundary (Q,JP)
and 0P ¢ P n@. Actually, we have that 0P = P n @ since, by hypothesis, each edge
with a vertex in the interior of P is an interior edge of P, so there are no edges with
an endpoint in the interior of P and other endpoint in the interior of (). Moreover, by
construction of W (respectively, @) all the vertices (respectively, edges) of G are in Pu Q.
Thus, G=PuQ. H

Definition 2.7. A partial isomorphism between G and H is a boundary preserving
isomorphism ¢ : P — Q) where (P,0P) is a portion of G and (Q,0Q) is a portion of H.

The partial isomorphism can be used to amalgamate graphs as follows,

Definition 2.8. If o : G — H is a partial isomorphism, the amalgamation G u, H is
the graph obtained from the disjoint union G U H by identifying each vertex and edge in

the domain of ¢ with its image in the range of .

Definition 2.9. A replacement rule is a triple t = (R, S,v) where R, S are graphs with

boundaries and non-empty interior, and v : 0R — 0S is an isomorphism.

Given G graph, there is a match for ¢ in G if there exists a boundary preserving isomor-
phism a : R — P where (P,J0P) is a portion of G and we can apply the replacement rule
by removing the interior of P and attaching a copy of the interior of S. The resulting
graph is G=PUyt S.

Note that the isomorphic portion between G and G is (P¢,0P). Then we have a partial
isomorphism ¢ : G = P°UP — G = P°U,op1 S that identifies the graph P¢ in the domain
with its copy in the image. So the domain of the partial isomorphism is the complement

of the portion (P,dP). The support of a replacement is the complement of its domain,
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i.e. the portion of GG isomorphic to R. Similarly, the cosupport of a replacement is the

complement of its range, i.e. the portion of G isomorphic to S.

Definition 2.10. Two replacement rules (R, S,v) and (R',S', V") are isomorphic if there
exist boundary-preserving isomorphism p: R - R and ~v: S - S" making the following
diagram commute.

OR—"~oR/

08 —L= 08

Definition 2.11. Let t be a replacement rule, and let p : G — G be a partial isomorphism

of graphs. We say that ¢ is a replacement of type t denoted
ef-Yel

if there exists a pair of boundary preserving isomorphisms a: R — dom(p)¢ and : S —

range(p)¢ making the following diagram commute.

OR . oS

- |

& dom(p) —2= 0 range(y)

That s, G 24 G is a replacement if G~P°uS

2.3 Independence

Following [31] we consider two types of independence for replacements.

Definition 2.12. e Two subgraphs H and K of G with boundary are said to overlap

of H intersects the interior of K, or if K intersects the interior of H.

e Two replacements
HE G o

with initial graph G are parallel independent if their supports do not overlap.

e Two consecutive replacements

are sequentially independent if the cosupport of the first does not overlap with

the support of the second.
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Proposition 2.13. Given a parallel (respectively, sequential) independent replacements,
it is possible to find suitable sequential (respectively, parallel) independent replacements

that form the following diamond

/\
\/

which commutes in the sense that Yy op=por.

Proof. Let G =2H SZiq K be such that the two replacements are sequentially independent,
then

G = supp()° U supp(p) and H = supp()* U cosupp(y) (2.1)
and, by definition, cosupp(y) does not overlap supp(t)), thus
1. cosupp(yp) does not intersect the interior of supp(v)).
2. supp(v) does not intersect the interior of cosupp(yp).

By item 1 and by (2.1) we have that supp(v)) c supp(¢)€, so we can apply the replacement
r over G and obtain a graph H' = supp(m) U supp(m)¢ where supp(m) = supp(1)). Moreover

supp(v) c supp(p)® implies that supp(p) c supp(1)° = supp(m)¢ and we can apply the
rule s over the graph H’, then we obtain

G=H S K
On the other hand, let H £ ¢ Z H' be two parallel independent replacements, then

G = supp(p)° v supp(p) = supp(p)° U supp(p), (2.2)
H = supp(p)* u cosupp(p) and H' = supp(p)“ v supp(p) (2.3)

and, by definition, supp(y) does not overlap supp(p), thus
1. supp(p) does not intersect the interior of supp(p).
2. supp(p) does not intersect the interior of supp(y).

By item 2 and by (2.2) we have that supp(p) c supp(p)¢, so we can apply the replacement
r over H and obtain a graph K. Analogously supp(y) c supp(p)¢ and we can apply the

replacement s over H' and obtain the graph K. Therefore, we have derivations

GBI Kand 2 2 K,
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2.4 Graph rewriting systems

In Section 1.3 we introduced rewriting systems (see Definition 1.12) and we presented a
type of rewriting systems called string rewriting system (see Definition 1.17). Specifically,
string rewriting systems were fundamental to define the Guba and Sapir diagrams in
Section 1.4. Analogously, in this Section we will introduce the graph rewriting systems

that will be important to define a general class of diagrams called the graph diagrams.
Definition 2.14. A graph rewriting system R consists of the following data:

1. A context for graphs.

2. A set of replacement rules in the given context.

Convention 2.15. We assume that no two replacement rules for the same graph rewriting
system R are isomorphic. Thus, given a partial isomorphism ¢ : G — G between graphs,
there is at most one replacement rule t in R. In this case we can denote the replacement

of type t, G = G without specifying the replacement rule.

Definition 2.16. If R is a graph rewriting system, a derivation over R is a finite

sequence

¥1 P2 %)
G0$G1=>G2...$Gn

of replacements from R. The graphs Gy and G,, are called initial and terminal graph of

the derivation respectively.

Given two deriwvations Gy REY Gy = Gy... R G, and H g H; g H,. .. d’:” H,
we say that they are tsomorphic if there exist isomorphisms 19,7y, ...,T, that satisfy

Ti(supp(@iz1)) = supp(Yiz1) for 0 <i<n and make the following diagram commute
Go=== G, == e G

P
H, Y1 H, P2 Un

Two replacement rules (Ry,S1,v1) and (Ra,Sa,1v5) are called inverse if there exists
boundary-preserving isomorphisms oy : Ry — Sy and as : S; - Ry making the follow-
ing diagram commute

OR, 2~ 05,

o

852 T (9R2

Later on in Proposition 2.41 we will better see the meaning of this definition
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Example 2.17. Consider the graph rewriting system with initial graph I' and replacement

rules r and r~!

2 2
r

—»

1 1

In this case the derivations below are isomorphic if we take T; as the rotation by .

O=~0O=~0O

To T 1 Tz

O-0~Q

Example 2.18. Consider the following rule with initial graph T", and directed edges in
the context for graphs. Note that the numbers are giving us the information about how the
boundary of the graphs, in this case the end vertices of the graphs, are identified by the

boundary preserving isomorphism.

9 2

T "1
A—>

1 1

The definition of replacement rule says that a replacement rule is a triple (R, S,v) where
(R,0R) and (S,0S) are graphs with boundary, non-empty interiors and v(OR) = 0S. In this
case OP is given by the vertices labelled by 1 and 2. On the other hand the characterization
of a boundary says that there are no edges between the interior of P and the interior of
P, then P°=0P and R is isomorphic to the directed edge T.

The following derivations are not isomorphic. In fact, the isomorphism in the derivation
fixes the edges labels with 1 and 2 and there is no isomorphism between the last graphs of

the derivation that fixes the end vertices and changes the direction of the edges.
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1 2
1901 2 1 l(pl
o—t——p— O—etlp——Pp—0
1 l L2 L [ g 2
1 l
1 2 1
2

2.5 Graph Diagrams

In this Section we fix a set of replacement rules R. Every graph will be a graph over R,
this is a graph which we can apply rules from R. We say that replacements from R are

valid replacements.

2.5.1 Cells and Diagrams

Definition 2.19. Let A be a graph. A cell in A is a subgraph C' together with a pair
(T, B) of complementary portions of C such that

T-= B

is a valid replacement and where i : 0T — 0B denotes the identity isomorphism. Here we
call the portion T as the top of the cell and B as the bottom of it and we denote them
top(C) and bot(C').

Definition 2.20. An ordered graph diagram is a graph A with a finite collection of
cells in A such that there exists an ordering C1,Cs, ..., C, of the cells and a sequence

Go, Gy, ..., G, of subgraphs of A satisfying the following conditions:
1. G()UGlU"'UGn:A
2. GiﬂGkngfOTZ.<j<k’

3. top(C;) is a portion of Gi_1, bot(C;) is a portion of G;, and the complement of
top(C;) in Gi_1 is equal to the complement of bot(C;) in G;.

Definition 2.21. Given a derivation
=Gy G = Gy... 22 G,
a graph diagram associated with this derivation, denoted,
A = Diag(Gy = G, = Gs... = G,) = Diag(p)

s defined as follows:
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1. A graph A =Gou,, G1 Uy, ---U,, Gy
2. The cells {C1,Cy,...C,} are defined by

Ci = supp(p;) U cosupp(;)
where top(C;) = supp(p;) and bot(C;) = cosupp(p;). We call {C4,...,C,} the cells

induced by the derivation.

Example 2.22. In FExample 2.17 we consider two derivations. We will see how to produce

the graph diagrams of one of these derivations.

1 1
¥1 P2
ﬁ ﬁ
2 2

Here the partial isomorphism 1 identifies the directed edges with initial vertex labeled

Consider

with 1 and terminal vertex labeled with 2 and joins the disjoint union of the other edges as

follows:

Finally, @y identifies the labeled edges with initial vertex 2 and terminal vertex 3 and joins

the disjoint union of the other edges to obtain the following graph diagram:

This notion is similar to the construction of a Guba and Sapir diagram where for each
derivation we add a cell to the diagram.

Remember that each time that we apply a replacement rule ((R, 0R), (S,0S),v) we have a
portion (P, 0P) of G isomorphic to (R, JR), then we identify the border of S with 0P and
replace the interior of P by the interior of S to obtain a graph G’, that is G = &' The
graph obtained by this process is G U, G' = G U, cosupp(), which means that cosupp(y)

does not overlap with G.
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Definition 2.23. If A is an ordered graph diagram, the top of A (denoted by top(A))
18 the subgraph consisting of all the edges and vertices that are not in the interior of the
bottom of any cell. Analogously, the bottom of A (denoted by bot(A)) is the subgraph

consisting of all the edges and vertices that are not in the interior of the top of any cell.

Definition 2.24. An ordering on the set of cells Cy,...,C, of a diagram that satisfies the

conditions of Definition 2.21 s called a valid ordering.

Remark 2.25. Observe that Definition 2.21 says that, given a derivation, we can obtain
a valid order of its cells given by its partial isomorphisms and that also, given a valid
ordering for the cells of a graph diagram, we can obtain a derivation for this graph diagram.
This means that each ordered graph diagram arises from a derivation, in the sense that any
valid ordering Cy,Cs, ..., C, with subgraphs Go,G1, ..., G, is a derivation corresponding
to a deriwation
Go=G1 = Gy... G,

where each iy denotes the identity isomorphism on Gj_1 N Gy. This means that the cells of
a valid order for a graph diagram induce replacement rules (supp(i;),cosupp(i;),i;) that

consist of the partial isomorphism of the derivation above.
Denote top(C;) = R;, bottom(C;) = S;, for every G; we have
Go =P UR;y,
Gy =PfuS;=PFP5uUR,,
Gi=PuS; =P, ,UR;;;, 0<i<n-1
where P c G,y and G;_1n S; € 0Pf.
Proposition 2.26. A = Diag(Gy = G, = Gsy... 2 G.) is an ordered graph diagram.
Proof. We must verify the items of Definition 2.20.
1. By definition, we have A = Gy u,, Gy Uy, -+~ U,, Gy

2. We will show that

GinGrc Gy, for0<i<j<k<n

Let Agm) =Gy, G v Uy, G, for [ <m.

Pl+1 Pre2

Consider A ;) Uy,,, Ais1,k) Where, by definition, the amalgamation by ;1 of these
diagrams consists of identifying the domain of ¢;; with its range and make the
disjoint union of the rest of the graph diagram. Thus an edge or vertex in G; n Gy,
must be in G;. Indeed, it must be in (supp(p;41))° and in (cosupp(p;.1))¢ otherwise

they would be disjoint (again by the definition of amalgamation).
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3. By construction R; € G;_1, S; € G;. Note that G, = P°u S; and G;_.; = PFUR,
implies that the complement of R; in GG;_; coincides with the complement of \S; in

G;. (R;,0R;) is a portion of Gj.
O

Definition 2.27. Given A and A" graph diagrams, we say that these graph diagrams are
isomorphic if there exists a graph isomorphism p: A - A" which maps the cells of A to

the cells of A" in a way that preserves their tops and bottoms.

Proposition 2.28. Given two isomorphic derivations, their respective graph diagrams are

1somorphic.

Proof. 1t is enough to see it for derivations with n = 1. Suppose that the derivations are
isomorphic,

GoéGl

b
1

H():Hl

By Definition 2.21 it is enough to observe that

1. the first cell in the derivation (1, is isomorphic to the first cell of the second derivation

1, and this isomorphism preserves tops and bottoms of the cells and
2. Gy u,, G is isomorphic to Hy Uy, H;.
To show point 1, we observe that, by definition

T0(top(Ch)) = To(supp(e1)) = supp(v1) = top(CY), so that
Y1(To(supp(ip1))) = cosupp(¢1) and
71(bottom(C1)) = T1(cosupp(p1)) = cosupp(1) = bottom(CY)

since the square diagram commutes. On the other hand, point 2 follows from point 1 and

the isomorphism of the graphs in the derivations. ]

Example 2.29. In example 2.17 we have two isomorphic derivations whose amalgamation

produce the graph diagrams below.

Note that A, is isomorphic to Ay,
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2.5.2 The Partial Order

Given a graph A and a set of cells C in A, we can define a partial order over these cells. Let
C and D cells in A, we say that C' directly precedes D, denoted C < D if the bottom
of C' overlaps with the top of D. More generally, we say that C' precedes D, denoted
C < D, if there exist cells Cy,...,C), in C so that C' =Cy<C; < Cy--- < C,,.

Lemma 2.30. Let A be an ordered graph diagram. Let Cy,Cs....C, be a valid order of
its cells,and let Gy, Gy, ..., G, be the corresponding sequence of subgraphs. Then

1. top(C;) and top(C;) have disjoint interiors for i < j.
2. bot(C;) and bot(C;) have disjoint interiors for i < j.
3. top(C;) and bot(C;) are non-overlapping for i < j.
4. C;nGiy =top(C;) and C;n G; = bot(C;).

Proof. 1. We start by observing that top(C;) ntop(C;) € G;-1nG,-; € G;. On the other
hand, by definition top(C;) is a portion of G;_1, therefore there exists a complementary
portion K that satisfies G;_1 = K utop(C;), G; = Kubot(C;), dtop(C;) = Kntop(C;),
and 0bot(C;) = K nbot(C}).

Then top(C;) ntop(C;) < top(C;) nG; = top(C;) n (K ubot(C;)) < dtop(C;), since by
definition bot(C;) and top(C;) are complementary portions of C;.

2. We start by observing that bot(C;) nbot(C;) € G;nG; € Gj_1. On the other hand,
by definition bot(C;) is a portion of G, so there exists a complementary portion K
in G;_; such that G;_; = K utop(C;), G; = K ubot(C;), dtop(C;) = K ntop(C;) and
obot(C;) = K nbot(C;).

So bot(C;) nbot(C;) < bot(C;) n G-y € bot(C;) n (K utop(Cy)) = dbot(CY).

3. top(C;) nbot(C;) € GioynGj € Gy nGj-;. Then, as in the previous cases we have
top(C;) N G; = dtop(C;) and bot(C;) n G4 = dbot(C;). Thus
top(C;) nbot(C;) < dtop(C;) nobot(C};). Therefore top(C;) and bot(C;) intersect only

in their boundaries.

4. top(C;) is a portion of G;_1, so there exists K a complementary portion in G;_;
and it satisfies K ntop(C;) = dtop(C;), K utop(C;) = Gi1, K ubot(C;) = G; and
K nbot(C;) = dbot(C;). Then, K nC; = otop(C;) = dbot(C;), so C;nGig = Cin (KU
top(C)) = (Cin K) U (Ci ntop(C)) = top(C).
On the other hand, C;nG; = C;n (K ubot(C;)) = (C;n K)u (C;nbot(C;)) = bot(C;),
then C; n G; = bot(C;).
[
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The following result relates valid orderings introduced in Definition 2.24 together with the

partial order introduced at the beginning of Subsection 2.5.2.

Lemma 2.31. Let be A an ordered graph diagram and Ci,...,C, a wvalid order-
ing for A. Suppose that Cy ¢ Ciy1 for some k € {1,...,n —1}. Then the ordering
Ciy...,Cri1,C, ..., C, s also valid for A.

Proof. Let Gy,...,G, the graphs corresponding to C4,...,C,. Note that bot(C}) and
top(Cs1) are portions of Gy,, so there exist portions H; and Hs such that

bOt(Ck) U H1 = top(C’k+1) @) H2 = Gk
In particular, H = H; n H, satisfies

top(Chy1) Ubot(Cy) U H = top(Cly1) Ubot(Cr) u (Hy N Hy) =
(top(Cry1) Ubot(Cy) U Hy)) n (bot(Cy) u Hy Utop(Cryi1)) = Gy

We claim that top(Cy),bot(Cy),top(Cis1) and bot(C.1) are pairwise non-overlapping,
with
top(Cy) n H = dtop(Cy) = dbot(Cy) = bot(Cy) n H and

top(Crs1) N H = 0top(Chy1) = 0bot(Chy1) = bot(Cryr) N H

Since bot(Cy) and top(Cky1) do not overlap, we know that bot(Cy) n H = dbot(Cy) and
top(Crs1) N H = 0top(Csa)-

Note that H U top(Cis1) is the complement of bot(Cy) in Gy and by definition of graph
diagram H U top(Cyy1) is also the complement of top(Cy) in Gy_1. Thus,

(H utop(Crs1)) ntop(Cy) = (H utop(Cry1)) Nnbot(Cy) = dtop(Cy) = dbot(Cy) € H

Moreover, dtop(Cy) = dbot(Cy) € H implies top(Cy) n H = dtop(Cy) = dbot(Cy,).

Finally, note that Cj 4 Cii1, imply that top(Cy1) and bot(Cy) are non-overlapping
and the pairs top(Cy),bot(Cy) and top(Chs1),bot(Cry1) are non overlapping by the
definition of a cell. On the other hand, by Lemma 2.30 we have that the pairs
top(Cy), top(Cls1), bot(Cy), bot(Cii1) and top(Cy), bot(Cli1) have disjoint interiors. More
than that, as the interiors of all these are contained in H, it follows that these pairs are
non-overlapping.

Observe that, given the graphs Gy_; = H U top(Cy) Utop(Crs1) and Gy = H U bot(Cy) U
bot(Cy.1) we can consider the graph Gy,=Hu top(Cy) U bot(Cyy1). We will prove that
Go,...Gy, ..., G, satisty the required properties.

1. Recall that Gy = H U bot(Cy) U top(Clyi1), s0 Gi_q U GrUGprir = Gy UGy U G,
and
Giu--UGU...G,=GiU-—-UGLU...G, = A.
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2. Ifi<k<j,theni<k-1<jandi<k+1<j, so

GiﬁGj CGr1 NG =H§ék.

If k << 7, then since Gr € Gi1 U Gyy1, we have

ék n G]’ c (Gk—l n G]) U (Gk+1 N Gj) c Gl U Gl = Gz
Analogously, if i < j < k, then Gj, € Gy_1 U Ggyq implies

Gi N ék c (Gz n Gk—l) @) (Gz N Gk+1) c Gj @] Gj = Gj.

3. top(Cyy1) is a portion of Gy_1 and bot(Cj,1) is a portion of G, where the complement
is HUtop(Cy,) in each of these two cases. Similarly, top(Cy) is a portion of G, and
bot(Cy) is a portion of Gy,1, where the complement is H U bot(Cj1) in each these

two cases.

Therefore the ordering C',...,Cyi1, Ch, ... C, is valid.
O

Definition 2.32. A strict partial order < is a binary relation on a set X that satisfies,

for every a,b,ce X
eata
e ifa<band b<c, then a< c.

Theorem 2.33. Let A be an ordered graph diagram. Then, < is a strict partial order on
the cells of A. Furthermore, an ordering C1,...,C, of the cells of A is valid if and only if

forallv,jel,... . n.

Proof. Suppose that C1,...,C, is a valid order for A and G,,...,G, are its corresponding
graph diagrams. Observe that, by Lemma 2.30, the interior of top(C;) can only intersect
G1,...,G;_1 while the interior of bot(C;) can only intersect G;,...,G,. Therefore the
hypothesis (2.4) is satisfied. Moreover, since < is a transitive subrelation of < the linear
ordering given by the numbering of the cells, that is C; < Cy <--- < (), then < is a strict
partial order.

On the other hand, let C'y, ..., C), be an ordering of the cells of A that satisfies the hypothesis
(2.4). Consider C1,...,C} a valid order for A where {C},...,C,} = {C},...,C}}. Note
that this order exists since A is an ordered graph diagram. We will show that C1,...,C,

is a valid order.
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Note that Cy, £ C; for k€ {2,...,n}, otherwise Cj < C; = k < 1 by hypothesis (2.4) and
we would have a contradiction. Let j € {1,...,n} such that C} = C} and observe that
Cp £t Ci = C’l for ke {1,...,5-1}. Then, by Lemma 2.31, the ordering of the cells given
by C = (1, 5, Ci1,Cliq, -, Cy 18 valid,

Analogously, note that Cy ¢ Cy for k € {3,...,n}, otherwise Cy < Cy = k < 2 by hypothesis
(2.4) and we would have a contradiction. Let s € {1,...,n} such that Cy = C! and observe
that Cy, £ C. = Cy for k ¢ {j,s}. By Lemma 2.31, the ordering of the cells given by
C1=C},Co=Cg,CL,...,0,Cy,...,Cl,Clyy, ., Oy s valid.

Following this process we can reorganize the valid ordering C1,...,C) using Lemma 2.31
until we get C1,...,C, implying that this ordering is also valid.

O]
Definition 2.34. Consider the derivation
©,8 p,r
G=H=K

and suppose that r and s are sequentially independent, and let

/\
\/

be the corresponding replacement square. Then the derivation
GE HEK

1s called a transposition of the original, we also say that we move to the left the
replacement r in the derivation. We can transpose any two consecutive, sequentially
independent replacements in a derivation.

A permutation of a derivation is obtained by any sequence of transpositions.

Remark 2.35. Consider the derivations p with graphs Go,G1,...,G;,Giy, ... Gy and the
derivation p" with graphs Go,G1,...,Gi1, G, Gy, ... Gy, such that they are a transposition

of one another,

1,71 2,72 901'7177“1 ©i,Ti 902+11“z+ Pi+2,7i+2 ®n,Tn
GO G1 e i+1 ce Gn

%ﬂx %1 Ti

These derivations give us a valid ordering for its cells. In fact, we have a graph dia-
gram A with graphs Go,G1,...,G;.1,Gi, G, ... Gy and cells Cy,...,Ciq,C;, Cipq, ... Cy,
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where Cy, = supp(pr) U cosupp(pr) and a graph diagram A" with graphs
Go,G,...,Gi1,G Gy, .. .Gy and  cells Cy,...,Ci1,Ciq,Cyy ... Cyy with Ciyy =
supp(h) U cosupp(ph) and C; = supp(pl,,) U cosupp(pi,,). On the other hand, if we
have this structure in the cells of the graph diagrams we have that the replacement rules r;
and ;1 are sequentially independent and the two derivations induced by these orders a

transposition of one another. In Lemma 2.38, we will prove that A = A,

Example 2.36. Consider the following graph rewriting system,

=@
N}
—
N}

Figure 27 — A graph rewriting system

In Figure 28 the replacements r1 and ro are sequentially independent, so we can move the

replacement ro to the left.

r——e
x { } 1
Figure 28

Example 2.37. Let P = (a,b,c|b=c,ac=a,ca=a) be a semigroup presentation. Denote
the relations b = c,ac = a,and ca = a by the replacement rules ri,ry and rs respectively.
Consider the following derivations under the presentation P:

r1 ro 3t it
abba = acba = aba = abca = abba

r3t it r r
abba = abbca => abbba => acbba = abba
Note that the two derivations are a permutation of one another. In FExample 1.19 we show
how to obtain the diagram of the first derivation (we can do something analogous to get
the same graph diagram). We can follow a similar process to realize that the graph diagram

of both derivations corresponds to the diagram in Figure 29.
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a b

Figure 29

Lemma 2.38. Suppose that (;,1;) and (pis1,7i41) are sequentially independent replace-
ment rules, then the derivation p with graphs Go, G, ...,Gi-1,Gi, Gi, ..., G, and p" with
graphs Go, Gy, ...,Gi1,G. G, ..., Gy, have isomorphic graph diagrams.

1,71 2,72 <Pz‘—177’z— ©i,T %+1T’z+ Pi+2,75+2 ®n,Tn
Go G e el . G,

@w& %y'ﬁ

Proof. Let Cy,...,C;1,C;,Ciyq,...C, be a valid ordering for the cells of A = Diag(p),
and C1,...,C;1,Ci1,C, ... Cy, be a valid ordering of the cells of A" = Diag(p").
It is enough to show that C; £ Cj,1, since in this case Lemma 2.31 says that both orders

are valid orders for the same graph diagram.

Suppose that C; < Ci,1. By hypothesis (¢;, ;) and (@;11,7:41) are sequentially independent
replacement rules, so bot(C;) and top(Cj,1) are non overlapping which implies that C; #
Ciy1. Moreover C; < Cyy1 and C; ¢ Cy,1 implies that there exists a sequence

Ci, =C; < Cyy <+~ < Cy, <y, = Cipy, for suitable iy € {1,...,n}, Cisy # C;, and C; # G,
which means that i + 1 # 45 and i # ;.

Note that iy € {i +2,...,n}, since C; < C;, = i < iy (by Theorem 2.33) and the fact that
i+ 1 #4y. Similarly we have i; € {1,...,i -1}, since C;j; < Cj;1 = i; <i+1 (by Theorem
2.33) and the fact that i # ;.

Since C, < C;;, Theorem 2.33 implies ¢ < i3 < 7; < 7, a contradiction. Therefore C; £Ci. O

Theorem 2.39. Two derivations correspond to isomorphic graph diagrams if and only if

the second derivation is isomorphic to a permutation of the first.

Proof. (=) Let

T1,$1 72,02 Tn,$Pn
7{7&0/1 75750/2 T 790/
F=G s G R G 2,

such that
A = Diag(p) = Diag(p") = A’
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Recall that C; = supp(y;) U cosupp(p;) for i € {1,...,n} and C; = supp(p}) L cosupp(;)
forie{l,...,n}

Having isomorphic graph diagrams means that there is a graph isomorphism that maps
the cells of A in the cells of A’ preserving the tops and bottoms.

Moreover, the graph diagram isomorphism guarantees that the rules applied in the first
derivation are isomorphic to the rules applied in the second. In particular, there exists j;
such that 1 = rj with cells satisfying the same relations in the partial order. Recall that a
valid order of the cells of a graph diagram has the same information of a derivation in the
sense that given a derivation we can recognize a valid order for the graph diagram of the
derivation and given an order in the cells we can obtain the associated permutation.
Furthermore, note that as r; is a rule applied over the graph Gy, we have that r} can be
applied over the graph GY. In fact, rule 7, corresponds to the cell Cy in the valid order of
A, while rule 77 corresponds to the cell C7 in the valid order of A" and C; = C},.

Thus C; £ C; for i € {2,...,n}, since C; < C; would imply ¢ < 1 by Theorem 2.33, a
contradiction. The same relation must be satisfied for Cj,, that is C} ¢ C}, for i # j1. Then
Lemma 2.31 implies that C% ,C1,...,C} 1,C} ,q,...,C; is also a valid order for A" and
these orders are obtained from derivations that are a permutation of one another. Indeed,
recall that in Remark 2.35 we explain that each time that we use Lemma 2.31 we are
transposing two replacements in a derivation.

Similarly, there exists jo such that r, 7}, and r, is sequentially independent of r; for
k # ji. In fact, in this case Cy = C}, and we have that Cy £ C; for k # 1, since Cp, < ()
implies 1 # k < 2 by Theorem 2.33, a contradiction. Then we have that C, £ C7, and Lemma
2.31 implies that C},,C},,
and the derivation associated with this valid order is a permutation of p'.

/ !/ / !/ ! o : !
Ci,.. 01,0y, Cl g, Clyyy - € is @ valid order for A

Following this process we can reorganize the cells of A" until get a new order C7 ,C7% ..., C}
for this graph diagram that satisfies ¢} = C} for k € {1,...,n} and the permutation of
this new order of A’ is a permutation of p’.

(<) It is enough to prove the statement in the case when the derivation p is isomorphic to
a transposition of p'. Let C,...,C, be the valid order induced by p and let C1,...,C} be
the valid order induced by p'. Since p is a transposition of p’ there exists i € {1,...,n -1}
such that C; 2 C],; and Cy;1 2 C] and Cy, = C, for k ¢ {i,i+ 1} preserving tops and bottoms.
Let p; be the derivation that is isomorphic to p’ and is a transposition of p. Note that, by
Lemma 2.38, the derivation p; is obtained from the valid order C1,C5,...,Ci1,Cy, ..., C,y,
satisfying Diag(p1) = Diag(p). We claim that Diag(p;) 2 Diag(p’).

In fact, by hypothesis, p; and p’ have isomorphic derivations. Thus, by Lemma 2.28, we

have

Diag(p") 2 Diag(p1) = Diag(p).
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2.5.3 Reductions of diagrams

In what follows, we will paint in red the boundary of the rules in the graph rewriting
system, in black the interior edges, and in blue the interior vertices. We also will use
black to represent the base graph of the graph rewriting system. We will use numbers to

underline how to identify the boundaries.

Definition 2.40. Let A be a graph diagram. A dipole in A is a pair (C,D) of cells

satisfying the following conditions
1. bot(C) =top(D),
2. No other cell E of A satisfies C' < E < D, and

3. There exists an isomorphism bot(D) — top(C) that restricts to the identity on
obot(D).

If (C, D) is a dipole we can reduce it by removing the interior of bot(C'), and identifying
bot(D) to top(C') via a boundary-fixing isomorphism ¢.

Recall that two replacement rules (Ry, S1,v1) and (Rs, Sa,2) are inverse if there exist
boundary-preserving isomorphisms «aq : Ry = S5 and «s : S7 - Ry making the following

diagram commute

6R1 L é’Sl

(952 T 0R2
We will prove that the graph diagram A = Ry Uy, S1 U,,0a, S2 is a dipole.

Proposition 2.41. Following the notation above, let r1 = (Ry,S1,v1) and ry = (Ry, Sa, )

be inverse replacement rules. Consider the derivation

$1,71 2,72
p::Rl :>S1 :>527

then Diag(p) can be reduced to R;.

Proof. The valid order given by p has cells C; = (R; U, S1) and Cy = (5] Upyon, S2)
and defining graphs Gy = R1,G1 = S1 and Gy = Sy. Thus bot(Cy) = S1 = top(Cs) by the
commutativity of the diagram after Definition 2.40 we have a3 (0R1) = v1oasown(0(Ry)) =
a0 5(051) = 12(0Ry) = 0S,, implying that a7'(0S;) = ORy, that is, oy is a boundary
fixing isomorphism and (Cp,C3) is a dipole. We can reduce such dipole by eliminating G1,
C} and Cs from the valid order and identifying Gy with Gbs. m

Proposition 2.42. Let A be a graph diagram, and let C be its collection of cells. Let
(C, D) be a dipole in A, and let A bea graph obtained by reducing this dipole, with cells
C-{C,D}. Then A is a graph diagram.
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Proof. By condition (2) in the dipole definition and the Theorem 2.33 there exists a valid

ordering in C as follows:

Cy,...,C,=C,Crsn=D,....,C,

for some 1<k <n. Let Gy, Gq,...,G, the corresponding graphs of A.

Let ¢ the isomorphism that identifies top(C') to bot(D). Given a cell C; in the valid order,
we can apply the reduction of the dipole by applying ¢. Observe that top(C') and top(C;)
have disjoint interior by Lemma 2.30, so that for each edge in C; and G; we apply ¢ on
the edges that are in bot(Cy,1). After applying this process to each cell and corresponding
graph in A, we obtain a graph diagram A with cells 51, 62, ...,Coy and corresponding

graphs Go,G1,...,Gn_s, where Ci, Char, Gy and Gy were removed from this list. We will
check that A is a graph diagram.

1. The same edges were removed from A and Gy, Gq,...,G, to obtain A and its

corresponding graphs Go,G1,...,Gn_s. The valid order on the cells of A induces a

valid order on the cells of A = Gyu Gy U+ UGs.

2. We will show that G, n G, ¢ G,,. We will analyze the different positions (with respect
to the partial order of the cells) where the dipole might be.

We will use constantly the fact that the dipole reduction does not affect edges and

vertices in G; for j < k.
Suppose that a <b< k < c.

Notice that G,nG,,2 € G, implies that the relation it is true for the edges in G,nG.
that are not modified by the dipole. We will prove that the edges (vertices) modified
by the dipole also satisfy the required relation. Observe that, once we reduce the
dipole, the edges and vertices in bot(Cj,1) and top(C},) are identified. Moreover, since
Gri1 = bot(Cry1) Ubot (Cly1)¢ where bot(Chy1)¢ = top(C )¢ € Gr_1 and G,N Gy € Gy,
then we have G, N (CNJC Nbot(Clry1)) C Gy. Furthermore, the image of bot(Cy1) in
éa is contained in ék_l = Gj_1. Thus G, N Gy € G, implies @a N ék_l c éb, SO
G.nG,.c G,

Suppose that a <k <b<ec.

In a fashion similar to the previous case, note that G, N G,2 € Gy,o implies that the
relation it is true for the edges (vertices) in G, n G, that are not modified by the

dipole.

Moreover Gy_1 = top(Cy,) Utop(C )¢, together with G,NG.,2 € Gp.o and the fact that
the dipole reduction does not affect G; for j < k implies that (G,ntop(Cy)°)NG. € G,
Note also that top(Cy) € Gi_1 = G1 and Gy1 NG, € G,. Hence, G, n G, € G,.

Similarly, if a < b< c<k, then G, n G, ¢ GG, immediately implies that G,nG,cG,

and likewise if k < a < b < ¢, then Gui0 N Geya € Gy immediately implies that
Gon G, cGh.
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3. The only edges affected by ¢ are those in bot(Cy,1), and such edges in G; and C;
for j > k + 1 were subjected to the same mapping. So, since A is a graph diagram,
the top of each C; is a portion of G;_1, the bottom of each C; is a portion of G;, and
the complement of top(C;) in G;_; is equal to the complement of bot(C;) in G;.

In particular, note that when the dipole is reduced Gi_; and G, are identified,
$0 Gy_1 = Gy_1 and C), and Gy, are obtained by applying the reduction to Cj,s and

G1.,o respectively making the claim true for C,. and Gj_;.

We say that A in Proposition 2.42 is obtained from a reduction of A.
Definition 2.43. A graph diagram is reduced if it contains no dipoles.

Given a dipole (C, D) there may be more than one isomorphism between bot(D) and
top(C), and therefore there may be more than one way to reduce a dipole. This implies
that, in some occasions, two different graph diagrams can be obtained from reducing the
same dipole. We wish to avoid such situation as we look for conditions helping us prove
that each graph diagram only has one reduced element under the dipole reduction. This

motivates the following definition.

Definition 2.44. A replacement rule t = (R,S,v) is said to be reductive if the only
automorphism of R that fizes OR pointwise is the identity automorphism, and similarly

for S. A graph rewriting system is reductive if each of its replacement rules is.

Remark 2.45. 1. Note that in a reductive graph rewriting system if p1, o are isomor-
phisms from the bottom of the graph diagram to the top of it, we have that @ o 5!
is an automorphism of the bottom of the graph diagram, then @, o @5 is the identity

automorphism and o1 = ps.

2. Given a dipole (C, D) in a graph diagram A we have boundary fixing isomorphisms
@ top(C) = bot(D), v:bot(C') - top(D) making the following diagram commute

dtop(C') —— dbot(C)

P

obot(D) <— dtop(D)

where ¢ is the identity map. Therefore the replacement rule used to obtain the cell C
is the inverse that the replacement rule used to obtain the cell D and by Convention

2.15 we have that ¢ must be the identity map.

Definition 2.46. A graph diagram A is equivalent to a graph diagram A if there is a

sequence

A=Ay, Ay, ... A, = A
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where, for all i, the diagram A; is obtained by a reduction of A;_1 or A;_1 is obtained by a

reduction of A;.

The rearrangement group of fractals provides several rules that induce graph rewriting

systems, some of these rules are reductive and some of them are not.

Example 2.47. In the next sections we will explain how we can obtain a graph rewriting
system from a replacement system of a rearrangement group of fractals. For example,
in Figure 30 we have graph rewriting systems for the Thompson groups F' and V. Note
that each rule in this system is reductive since the only automorphism of the graphs in
the replacement rules that fizes pointwise the boundary is the identity. Recall that these

automorphisms must preserve the context of the graphs, in this case directed graphs.

Group  Base Graph Graph rewriting system
2 2 2 2

F O — A —) —) A
1 1 1 1
2 j2 2] 2

1% L — A — } — A
1 1 1 1

Figure 30 — The graph rewriting system for the groups F' and V.
The Generalized Thompson’s Groups I, i, T, 1 and V,, ; where n,k are positive integers are
also graph diagram groups. The groups Fs9,T59 and Vs o correspond to the graph rewriting
systems in Figure 31. When n =2 and k =1 we have the case of the Thompson’s groups

F,T and V' respectively.
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Group  Base Graph Graph rewriting system

2 12 2 l 2

F [ e o e A m— A —) A

3,2

1 1 1
2 {2 2 2

T3’2 A — A — A
1 1 1 1
2 * 2 2 * 2

‘/372 G — A — i i —l A

Figure 31 — The graph rewriting system for the groups Fs, 752 and Vi .

Example 2.48. We can turn some non-reductive rules into reductive ones. Observe that
in Figure 17 and Figure 23 we have replacement rules for the rabbit and Vicsek families.
In particular for n =2 the limit spaces are the basilica and the Vicsek fractal. Note that in
both figures the rule for n =1 is reductive, but for n > 2 we have an automorphism that
fix pointwise the boundaries but maps an edge (loop) to another. We can turn all these
non-reductive rules (such as the one in Figure 32) into reductive ones by changing the
context to allow edge labels. For example for n =2 in the rabbit family we can add labels

“A” and “B” and then replace the non-reductive rule into the three rules in Figure 32.

Non reductive rule Reductive rules

B3
_ O— O
oO— O




Chapter 2. Graph rewriting systems 60

Figure 32 — From non-reductive rule to auxiliary reductive ones.

Remember that when we apply a reduction of graph diagrams, given a dipole (C, D) such
that ¢(bot(D)) = top(C') we construct the graph diagram by applying ¢ to each cell C;
and subgraph G; where j > k+1. That is, for each edge in C; and G; we apply ¢ if the edge
is in interior of bot(Cy,1). We obtain cells Cl, Cg, .. Cn o and graphs G’O, Gl, . Gn 9.
Note that C},, Cy.1, G and Gi,q1 have been removed from this list.

Observe that if C, D, E, F' are pairwise distinct we can reduce two dipoles from a diagram
without caring about the order in which we do it. Indeed, given two dipoles (C, D) and

(E, F), we can reduce the dipoles using the isomorphism ¢; and ¢ respectively.

Lemma 2.49. Let A be a graph diagram over a reductive graph rewriting system with
dipoles (C,D),(E,F) such that C,D,E,F are pairwise distinct. Then, once we reduce

one of these dipoles we still can reduce the other.

Proof. Tt is enough to see that we can reduce the dipole (C,D) and after the dipole
(E, F). Observe that by definition of dipole we have that there exists a valid order with
cells C1,Cs,...,Cp = C,Cry1 = D,...,Cy = E,Cyy1 = F,...,C,. If we reduce (C,D) we
identify bot(D) with top(C') using ;. Note that as the graph rewriting system is reductive
by Remark 2.45, then ¢ is the identity map on bot(D). Moreover, by Lemma 2.30,
bot(C) = top(D) does not intersect the interior of top(E) and bot(F’), so there are no
erased edges or vertices from the interior of top(E) and bot(F') when the dipole (C, D) is
reduced and no edges or vertices of (F, F") have been affected. Therefore, we can still use
o to reduce the dipole (E, F). O

Theorem 2.50. Fvery graph diagram over a reductive graph rewriting system s equivalent

to a unique reduced diagram.

Proof. Under the graph reduction and the equivalence class of diagrams, we will prove
that the rewriting system is confluent, so we can use Lemma 1.14. Note that with every
reduction the number of cells is reduced by two, so the system is terminating. It suffices to
show that the system is locally confluent. We consider first some cases where cells coincide
in some way and after that we will consider the case when the cells in the dipoles are
pairwise distinct.

Let (C,D) and (F, F) be dipoles in a graph diagram A.

e Suppose that C' = E. Then the definition of dipole implies bot(C') = top(D) = bot(E) =
top(F') and by Lemma 2.30 we have that D = F.

o Let AM and A® be the graph diagrams obtained by reducing from A the dipoles
(C, D) and (E, F'), respectively. Suppose D = E. Note that since the rewriting system
is reductive, the only boundary preserving graph isomorphism from bot(D) to top(C')
is the identity map, and so removing the dipole (C, D) identifies top(F') with top(C).
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Analogously, the identity map is the only boundary preserving graph isomorphism
from top(E) to bot(F'), and so removing the dipole (E, F') identifies bot(C') and
bot(F). Therefore, if we reduce both dipoles from A we obtain the following relations,
bot(E) = top(C) = top(F'), and top(E) = bot(F') = bot(C'), Thus

C =top(C)ubot(C) = bot(E) utop(E),

F =top(F)ubot(F) = bot(E)utop(F)

This means that the replacement rules that induce C' and F' are the inverses of the
replacement rules that induce E. Observe that the graph diagrams A® and A®
have the same cells with the exception of the cell Cy, that is C'in AM and F in A®),

therefore AM and A® are isomorphic graph diagrams.

e Let (C,D) and (E, F') be dipoles in A with isomorphisms ¢; and ¢ respectively
to identify their tops and bottoms and so that C, D, E, F are pairwise distinct.
Consider the graph diagrams A, A2, A% where A¥ is the graph diagram obtained
from reducing the dipoles applying y;¢; with ¢+ j =3 and 1<4,j < 2.

We will show that A'? =~ A%

A is a graph diagram with dipoles (C, D) and (E, F'). Then, by definition of dipole we
have that there exists a valid order with cells C;,Cs,...,C,=C,Cry1=D,...,C; =
E,Ci1=F,...,C,. We will denote C!? and C?! the cells of A'? and A?! respectively
and G}? and G?! the defining graphs of A'? and A%, respectively.

We must show that the cells and defining graphs of both graph diagrams are
isomorphic. In general, the defining graphs of a graph diagram are determined by
the cells and the top of the diagram. This is because the other defining graphs are
obtained successively from G by taking complements using the third property in the
definition of graph diagram. Thus, it is enough to show that the cells of both graphs are
isomorphic (and preserving tops and bottoms) and top(A'?) = G2 = G2 = top(A?!).

The second statement that we need to show is true. Indeed, observe that the top
of a diagram is invariant under reductions since, by definition, it consists of the
edges and vertices of A that are not in the interior of the bottom of any cell, in
fact top(A) = Gy, and when we eliminate the dipoles (C, D) and (E, F') we erase
bot(C) and bot(E) from A, then no edges and vertices of G are erased when we
apply such reductions. Moreover, no edges and vertices of G are affected by the
dipole reduction since R is reductive and this implies that the map that identifies the
bottom and the top of each dipole is the identity. Therefore, to reduce the dipoles
do not move edges in top(A) and

top(A?) = G§? 2 G&! = top(A?h) 2 top(A).
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On the other hand, to prove that the cells of both diagrams are isomorphic, we must
note that independently of the order of the reductions the edges and vertices in the
interior of bot(C') and bot(E) are erased from the new graph diagrams when both
reductions are made. Observe that, by Lemma 2.49, we can do these reductions in

any order we prefer.

We will prove that each cell of A that is not in the dipole remains the same once a

dipole reduction is made.

Note that if C; < C' in the valid order given in A, then the dipole reduction does not
affect the cell C;.

On the contrary, if D < C;, again we have by Lemma 2.30 that, given a cell C; of A
and so top(D) and bot(C;) are non-overlapping. This means that the intersection
of the interior of top(D) and bot(C;) is empty, so the reduction of the dipole does
not eliminate any vertex or edge in bot(C;). In particular, it does not eliminate
vertices and edges in dbot(C;) = dtop(C;). Similarly, bot(C') and bot(C;) have disjoint

interiors, thus the dipole reduction does not eliminate edges or vertices in C;.

Now we can prove that when a dipole is reduced, the new cell ¢;(C;) is equal to C;.
Indeed, suppose that we reduced the dipole (C, D). Thus,

— If C; doe not intersect the interior bot(D),C; = p1(C;).

— If C; intersects the interior of bot(D), we call such intersection W. Observe
that since the graph rewriting system is reductive, ¢; is the only boundary
preserving graph isomorphism from bot(D) to top(C') and it is the identity map.
Then, ¢1(W) 2 W and (W) u (C; ~ W) 2 C;.

We have a analogous situation each time that we reduce a dipole, therefore we can
conclude that ¢1(p2(C;)) 2 wa(p1(C;)) = C;.

So we have that the graph diagrams A'? and A?! have isomorphic initial graphs and

set of cells, therefore A2 =~ A%,

2.5.4 Graph Diagram Groups

Definition 2.51. Let A and A be two ordered graph diagrams where Cy,Csy,...C, and
Go,G1,...G, are the cells and the corresponding subgraphs of A and Cy,Cs,...C, and
Go,G1,...,G. are the cells and the corresponding subgraphs ofz. Suppose that ¢ : G,, - Go
15 a graph isomorphism. The concatenation AoAisa graph diagram given by A u,, A
with cell set C,Cy,...Cn,Ch,Cs,...,Cp and corresponding subgraphs Go,G1,...G, =
Go,G1,...,Gp.
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Proposition 2.52. Ao A is an ordered graph diagram.
Proof. 1. We have Auwz =GouGLU---U (p(G,) = CNJO) uGiU---UG,,.

2. Observe that G; NGy, € G; for i < j <k and él N ék c ij for i < j < k are satisfied.

Remember that A u, A is the amalgamated union of A and A that is obtained by
doing the disjoint union of A and A but identifying G,, and G using .

We need to check,

. GiﬂékEGjfori<jandf0rany0£k£m

In fact, note that if £ =0
GinGy=G;nG,cG,fori<j<n

If k£ # 0 then, by definition of A u,, E, then Gy, in this new diagram has edges
(and vertices) that are either disjoint from G; or that belong to G,, Go and so

they are not disjoint from G;. In this last case,
GimékEGmGnng for i < j <mn.

° Gimékgéj for j < k.
Indeed, if 7 = n,
Gnmékzéomékgéj for 0<j<k.

If i # n by definition of A u,, Z, the graph G; in this new diagram has edges
(vertices) that are either disjoint from Gy, or edges (vertices) that belong to

G, 2 Gy and so they are not disjoint from Gj. Then,
Gm@/kgéomékg@ for i < j <m.

3. Since A and A satisfy property 3 of Definition of 2.20, then clearly Ao A satisfies it

too, by construction.
]
Letbep, = Gy = G = ... = G, and py = Gy = G, = ... = G, with

cells C1,Cy,...C, and Cy,Cs,...C, respectively where C; = supp(yp;) U cosupp(y;)

Ci = sup(3;) v cosupp(F;).
Observe that the graph diagram AoA coincides with the graph diagram of the concatenation

of the derivations,

szogGlgGgangélgéggém
Indeed, note that the defining grahs of Diag(p) are Go,G1,...Gn = Gy, Gy, ...,G,n. and

the cells are C1,Cs,...Cpn,C1,Ca,...Ch.
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Example 2.53. In the example 2.18 and the upcoming example 3.10 we have a graph
rewriting system for F'x Zy and derivations using this graph rewriting system. Consider

the element in Figure 33,

®
A:
®

Figure 33 — On the left side a graph diagram A and in the right the isomorphism between

A ﬁ v
AN

its top and bottom.
We can calculate the square of this element A® by using the isomorphism o, that is, @ tells

us how to concatenate A\ with itself.

lgp A2: @ >

O

Figure 34 — Concatenation of an element with itself

In Figure 3/ the map ¢ tells us how to identify the bottom of the first copy of A, that we
call Ay with the top of the second that we call Ay. This means that, when we perform this
identification, all the edges of Ao are affected, that is, when we rotate the top of Ay to

identify it with bot(Ay), we also rotate the whole graph diagram Ao and obtain the graph
A2,

Remark 2.54. For simplicity we restrict the replacement rules of our graph rewriting

system to those that are not their own inverse. For example the following rule called

1 2 1 2
Z
3 4 3 4

diagonal flip is forbidden,
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Definition 2.55. A graph rewriting system is called symmetric if for each replacement

rule in it, we have the inverse rule in it.

We wish to capture in the same equivalence class those graphs that produce isomorphic
graph diagrams and the same top. In Theorem 2.28 we prove that the graph diagrams of
isomorphic derivations are isomorphic, see also Examples 2.17 and Example 2.29. This

motivates the following definition.

Definition 2.56. Given a symmetric reductive graph rewriting system R, consider the
set Diag(R,T) of pairs (A, p) where A is a reduced graph diagram with top graph I' and
graph isomorphism ¢ : bot(A) - I'. Two elements (A1, p1) and (Ag,ps2) of this set are
equivalent if there exist isomorphic derivations for Ay and Ao that are the identity on I’
(this is the top of both diagrams is I' and the map 1y in Definition 2.16 is the identity)
and p1 = @3 0 @ where ¢ is the isomorphism from bot(Ay) to bot(As).

Let (A, ) with cells C1,...,C,. Suppose that C; corresponds to an application of the
replacement rule (R, R,v) and let C;' be the cell given by applying (R, R,v™") with
bot(C;) = top(C; ') and top(C) = bot(C;1). The inverse of (A, @), (A, ¢™1), is the diagram
(Au, o) with cells C;',...,Cr" where the I’ in the amalgamated union is disjoint
from A.

Theorem 2.57. The set of D(R,T") of equivalence classes of D(R,T") forms a group under

concatenation.

Proof. We denote A, a representative of the equivalence class of (A, ¢) in D(R,T).
Suppose A, € D(R,I") with defining graphs Gy =T, ..., G, and cells C1,Cs, ..., C,. Note
that given (A1, ¢1),(As,p2) € D(R,T') we have that the composition in the group is given
by (Az,02) o (A1, 1) = (A1 Uy, Ag)gyort Where 7, is given by an isomorphic derivation

as in the diagram below and o, 0 7,1 (G7) =T.

Al A2
Go=T=—..=—G=,, T G G —2>T
LL l‘l’l—kpil lTlJrl LT’I’L L
o1
(A1U¢2A2)¢2077—Ll

Note that given A,,, AL, e D(R,I') we have Ay, 0 Al = (A"uy, A)pyop, € D(R,T), this

is 7,, = 7" and therefore is satisfied that

Y17

T (bot(Ay, 0 AL)) = 1(bot(A,, 0 AL))) = ¢1(G)) = bot(Ay). (2.5)
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e The equivalence class of the concatenated and reduced graph diagram does not depend
on the representative of the class. Let (Aq,¢1) and (A, ¢]) be respectively equivalent
to (Ag, ) and (As,¢5) with @1 = g0 and ¢} = 50" Then II; = (A}, ¢) o
(A1, 1) = (A1 g, Al 0 ¢1) and Ilp = (A, ¢5) 0 (A2, 92) = (A2 Uy, Aj, ¢ 0 2)
are equivalent. Indeed, by hypothesis there exist isomorphic derivations for the
graph diagrams (Aj, 1) and (Ag,¢2) and for the graph diagrams (Af, ¢}) and
(A}, ¢5) then the composition of these derivations produce isomorphic derivations

for (Ayu,, A7) and (Azu,, Aj), see diagram below.

Ay Af

/\/—\

top(Ay) = Go=—= G, == ... Gy = bot(A) =top(A]) == ... == G,, = bot(A})

lT()=L jn L‘rk—ap anz(‘p,

top(Ag) = Hy=——= Hy — ... H;, = bot(Ay) = top(A},) =— ... —= H,, = bot(A))

As A
On the other hand, by 2.5 we have that ¢} o 1 : bot(Ily) = T', @5 o g : bot(Ily) = T
and 1 = o 0 and | = ph o ¢’ implies that exist v : bot(Il;) — bot(Ily) such that
@) oy = hop,yo). In fact, it is enough to consider ) = @5 0 ¢’ 0 ¢ and see that
02! (¢ (@1 (bot(I1))) = ¢3' (¢’ (bot(A])) = p3" (bot(A3)) = bot(ILz).

e Let be I', a graph diagram with ¢ : ' — IT" the identity map and top(T',) = bot(T",) =T.
Note that A, o', = (T'u, A), = (I'y, Gou---uG,),=A,and I', o Ay, = (Au,T'), =
(Gou---uG,u,T), = A,. Furthermore A, oI, and I', o A, have cells Cy,Cy, ..., C,
and defining graphs Gy =T, ..., G,. Therefore T, is the identity in D(R,T").

o Consider Ay, AL = (AU, )1, and AL 0 Ay = (Aug A™) 10, The last diagram
results from the amalgamation of the bottom of A (that is, the edges that are not in
the top of any cell) with the top of A™!(that is, the bottom of A). We can have a
better view of A;l oAy = (AU, A™) 10, from the following diagrams. In the first

diagram we calculate A;h = (Au, ),
Afl

F:g,—l Gn=GH_1=G0;>F

D=p(Gy) =G | ...— G —-T
(Auwr)(p—l

In the second diagram we use the same notation as in the previous one to calculate
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Ao, = (AU, A,

A A
Go=T— ... — G, =, 0o(G,) G Gy 2—~T
lf L701=¢1 lTll L7n1=¢1 .
Go=T), \Gn—/cy Go—>T
(AUwA_l)w—lo(p

Note that when the graphs are amalgamated each cell will eventually end up in a
dipole that can be reduced leaving only the top of A. In fact, recall that A has cells
C1,Cy,...C, and A™ has cells ', ..., C*. Notice that when we identify bot(A)
with top(A™) = bot(A) we also identify bot(C,,) with top(C]) = top(C;;') = bot(C,,)
therefore the diagram A;El o A, has cells {C]}

C{ = Clvcé = 027 . CT/L = CH7C1/1+1 = C?’_Ll7 s 7Cén+2 = Cfl_1
and defining graphs {G}}, defined as follows
GE):GO:F,G/I :Gl,...G;L:Gn,G;LJrl :Gn,G;HQ:Gn,l,...GénJrQ :GOZF

and a dipole (C,,,C;;'). We can reduce this dipole by erasing these cells and the graph
G,, from these lists and identifying the graph G,,; with the graph GJ,_;. Similarly to
the previous case, bot(C,,_;) is identified with top(C’,,) = top(C;1,) = bot(C,_;) and
we have again a dipole (C,,_;,C;};). We can repeat this argument until we identify
the graph G{, =T with the graph G5,,,, =T

o Let Ay, Q,, and A,y € D(R,T). Consider ((A,, 082, )oM,,) and (A, o(Qp,0A,,)) €

Y1

D(R,T'). Observe that, by definition

(Bgy 0Q,) 0 Mgy = (QUg, Ao © Mgy = (AUps QUg, A)graprops
On the other hand,

Ap 0 (R, 0 Agy) = By © (AU D) rops = (A Upy QUp, A)gropmops

By definition of composition we have that both diagrams have the same cells (respec-
tively, defining graphs), that is the union of the set of cells (respectively, defining
graphs) in each graph diagram is the same. Therefore (A,, 0 Q,,) o Ay, and A, o
(Qp, 0 Ayy), are equal in D(R,T).
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Example 2.58. Consider the following derivation

1 1

2 2 2
Observe that there are two isomorphisms between the terminal graph and the initial graph
of the derivation. These isomorphisms determine two different graph diagrams. First o,
corresponds to the isomorphism ¢1(3) = 1,¢1(2) = 2, while the second corresponds to the
isomorphism 2(3) = 2,¢2(2) = 1.
In Example 3.10 we give a graph rewriting system for the Thompson group T'. The graph
diagrams in Figure 35 belong to this group. In fact, these elements have the same valid
order, but different isomorphism between its bottom and top. In Figure 35 we use colors to

indicate the isomorphism between the top (the circle inside the figure) and the bottom of

the graph diagram (colored edges in the outside of the diagram).

00

Figure 35

Remark 2.59. We can define the product of two graphs diagrams under certain conditions.
In fact, let II, be a graph diagram with top(Il,) = I'y and bot(Il,) = I'y, ¢ : Ty = Iy
an automorphism and 11, be a graph diagram with top(Il,) = I'y and bot(Il},) = Ty,
©' 1Ty > T'y and automorphism. We can find the concatenation A, = H;, olIl, and to do
this we wish to know how change the graph diagram I, when we identified bot(Il,) with
top(I1},) in I, o I,. So, we will construct a derivation p with initial graph bot(Il,) and
1somorphic to the one that is associated with the graph diagram H:D,. Consider the diagram
below where the first n coordinates of the first line correspond to a derivation and the map
¢" correspond to the isomorphism between bot(11,) and I'y. We can obtain the second line
of this diagram by identifying bot(Il,) with top(Il,,) and applying the same replacements
that in the first line successively from bot(Il,) and defining ¢ = ¢’ o 7,;*. Notice that the
derivation p in the diagram below, tell us how the defining graphs and cells of 11, change
when we identified top(11},,) and bot(Il,). Therefore the graph diagram of the derivation,
A, is by construction the graph diagram obtained when we identify bot(Il,) and top(II,).
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In the diagrams below the map v correspond to the identity isomorphism of a graph.

I,

%}
top(Il,)) == Gy === ... ==L bot(Il,) =T,
lTO‘P LTI l’f—n ]L
pi=  bot(I,) L= Hy =2 =2y, — Y T,

Ay

So,
Ay =11, 01l = (TTu, A")y = (LU, IT') . (2.6)

Observe that this operation is associative. In fact, let be A; an element of the groupoid
such that top(A;) = T'i_1,bot(A;) 24, I'; fori=1,2,3. Consider also the derivations,

1 P2 Vi
pr=ly =G = Gy...= G =, I'

Yr+1 2 Yy
P2 = Fl == GkJrl == Gk+2 .= Gl R FQ

Yiy )2 L
p3 =Dy = Grog = Gra... = G, >4, I3

such that Diag(p;) = ;. We will prove that Ago (Ayo Ay) = (AzoAy)oAy. Consider the
derivation associated to Aso Ago Ay,

I'y=G=..=G,=, '1'=Gum=..=0G=,1v=G=...=G, >, s
We will use 2.6 to obtain (Azo Ay)o Ay. This is, we first do the amalgamated union of As
and Ag,Ay U, Az, by identifying Gy =,, Ty as Gy =, 03" (I'2) = G} and after we amalgamate

this union to As. Observe that in the second derivation of the diagram below we obtain
A3 o AQ = (Ag Uy, A3)<P3°7'ﬁl’

Aq Ag Az
Ty=—=..=—=Gi=p, [1=—=...=—= G =, [ Gt G, 2T,
lL lL l‘rﬁg&gl lﬂu lTn lL
or1
(B20py A3) . 0r-1

Moreover we can identify G =,, I'1 as Gy, =, @1 () == Gy.

(A2U¢2A3)¢30751
To == ... Gy =gy Ty === Gl .. == G == G .. = G, 22T T
| R N N T
F():...Gk:Lék=6k+1-..=>él=>él+1... ’Gan>F3

(Alum A2U¢2 A3)€9

3oTpto(r))



Chapter 2. Graph rewriting systems 70

where v = o307, o (1))71. We proceed in a similar way to calculate (Azo Ay) o Ay,

Al AQ
/\ /\ o

FQ=...G1§=W1 F1=>Gk+1...=Gl = F2=Gl+1...=>Gn—>F3

TR T T

¥3

To="..Gr =p, G == Ci1... == G =ppor1 To==Gly1... == G, == T}

Az

(Ayug, A2)¢20+;1

Finally by the following diagram establish through equivalent derivations with identity

isomorphism v between its initial graphs that Ago(Alu(mAQ)moﬁ_l = (AU, AgUu, Ag) pyorat

(Aluv1A2)(p20i—f1 As

-~ -~ -~ ¥3
[y=...Gp= Gr=GCrn.. =G =i T2 =—=Cl1... — G, —>T}

A A Sy I P

P0=...Gk=L§k=§k+1... él §l+1~~ Gnﬂfg

(A1Up) AgUp, Az)

<p3o'7’£1

Notice that the graph Gy is the same in the derivations for Azo(Ay0Ay) and (AzoAs)oA
since the amalgamation of graphs is associative, so we can relate the maps 1;, 7] with the
map 7. This is, T41(Gie1) = Gy = 71 (1141(Gr41)) implies that 7/, o 7141 = Ti41. Moreover,
T/, 07 =T; for 1 < i <n since we apply the same rules in each step. In particular, T, 0T, =T,
therefore Ago (Ag o Ay) = (A1 Uy, Ay Ug, Ag)guort = (A1 Uy, Ao Uy, Ag)pyorto(r)t =
(Aso0Ay)oAy.
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3 Families of Graph Diagram Groups

In this Chapter we see some examples of graph diagram groups. Our principal results in
this chapter are that right angled Artin groups, the Guba and Sapir diagram groups and

rearrangement groups of fractals are all graph diagram groups.

3.1 Free Groups

Free groups are a fundamental example of diagram groups. The proof of the next theorem
gives a blueprint for the proof that right angled Artin groups and diagram groups are

graph diagram groups (which we will see later in this chapter).
Theorem 3.1. Free groups are graph diagram groups.

Proof. We will first prove that Fg with free generating set S = {a,b} is a graph
diagram group. Let the context for graphs be given by labeled graphs in the
vocabulary ¥ = {x,ai,a2,b1,bo} and consider the following graph rewriting sys-

tem R with base graph I' given by a single segment labeled with the letter =z.

Graph rewriting system

1 11 1 1 11 1

T ey | @1 Q) ey | T | T ==} ) || T
2 2 2 2 2 2 9 2
1 11 ] 1 11 1

| =] ay as] == Y| p| —=>| b2 by —>|b:
2 9 2 2 2 2 2
1 s 1 1 1o 1

T| ey | a2 o] ——p | 2| T =—>]| b2 by ——>]| 2
2 2 2 2 2 2 2 2

Figure 36

First note also that in Remark 2.54 we forbid rearrangement rules that are its own inverse,
SO a1 # as and by # by. Also observe that R is reductive and symmetric, so by Theorem 2.57
D(R,T") is a group. Moreover, the graph diagram group arising from R coincides with the

diagram group (in the sense of Guba and Sapir) for the semigroup presentation given by
P = (IE,CLl,bl,CLQ,bQ | T =0a1,01 =02, =09,T = bl,bl = bg,bQ = l’)

, see [1], Example 6.3.
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Notice that an element in D(R,T") is a graph diagram with top and bottom I" and cells
induced by R and graph isomorphism the identity between the bottom and the top of
each graph diagram.

Consider the following graph diagrams in D(R,T),

Consider the graph A and note that we are using the auxiliary edges labeled with aq, as to
avoid a dipole reduction each time that appear consecutive copies of A in a graph diagram.
In particular A? is reduced. On the other hand, we have that AB # BA.

We denote a cell as a pair C' = (a,b) where the top(C') is an edge labeled with a and the
bot(C') is an edge labeled with the letter b.

Let a: Fg - D(R,T") be a group homomorphism naturally defined by a(a) = A, a(b) =

B,a(a™)= A" and a(b7?) = B! and extend it naturally over words in Fj.

N
-©60-

Figure 37
Observe that a(1) = a(a)a(a™) = a(b)a(b™) =T and a(ab) = a(a)a(b) = AB.
On the other hand, « is an isomorphism.
First, note that ker(a) = I'. Indeed, let 2125 ... 2, € Fg with z; € {a,b,a™,b7'} for 1 <i <n.
We define a(z;) = D,, = A*! if z; = a*' and a(x;) = D,, = B*' if x; = b*'. We will proceed
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by induction over n. For n = 2, then a(z,25) = D,, D,, =T, this is 2, = z7'. Now assume
the induction hypothesis for k£ < n. Suppose that A = a(xy2y...2,) = Dy Dy, ... Dy, =T
where D,, e D(R,I") for 1 <i <n. This implies that we can reduce A until get the identity
in D(R,I"). We claim that there exists a j such that D, D, , =T First, note that each
D,, is reduced and this implies that D,, D,, ... D, cannot have a dipole (C, D) such that
bot(C) = top(D) =y with y € {ay, as,b1,b2}. Indeed, suppose that bot(C) = top(D) = a4
and observe that, by construction, the only possibilities for top(C') and bot(D) are ag or x
with bot(D) # top(C') and neither of these cases is a dipole. On the other hand, suppose
that we have a dipole (C, D) such that bot(C') = top(D) = = so the only possibilities for
top(C') and bot(D) are aj,az,b; and by. In each case we obtain a graph diagram D,
with bot(C') = bot(D,,) = v and a graph diagram D, ,, with top(D) = top(D,,,,) that
satisfies D,, D,,,, =T'. To clarify, suppose that top(C) = a1, so as (C, D) is a dipole, then
bot(D) = a;. Since the elements of the groups are graph diagrams with top and bottom
edge labeled with x, A must have cells E and F' such that bot(E) = top(C) = a; and
top(F') = bot(D) = ay, so top(E) = bot(F') = ay. The result follows from doing one more
time the same argument to finally obtain A™ with bot(A™') = bot(C) = z and A with
top(A) =top(D) = x (see Figure 37).

Hence,

Tj+1 Tj+1

J+1

Dy, Dy, ...D, =Dy Dy, ...Dy. D D,, =D, D,,...Dy, D

n T X n T

D, =T

ez Day,
Therefore,
a(r1xe...xn) = (@1Ta ... TjTjs1 ... X)) = (1T . Tj1Tjrn ... Xy) =T

Observe that the last term of the last equality has less than n factors, so we have
that by inductive hypothesis 1 = z122...2,1%j12... 2, = 122 ... Ty, since we know that
D.,D

Let us now show that « is surjective. Consider a non-trivial reduced graph diagram

e = L, then z;wj,0 = 1.

A, € D(R,T'). It is enough to see that this diagram can be decomposed as a concatenation
of copies of A, A™', B and B™'. First, note that as A, is a diagram with top a segment
labeled with the letter x, then its bottom must be also an edge labeled with the letter x,
since ¢ in this case is the identity isomorphism. Note also that each time that a segment
labeled with the letter x appears in A, we can find a copy of either A, A™, B or B™* after
2 in a reduced graph diagram.

In fact, suppose that we have a cell with top an edge labeled with x and bottom an edge
labeled with by, denote this cell by C;_y = (z,b1), then as A, is reduced the next cell with
top by must be C; = (b1,by) and analogously the next cell must be Cjyq = (b2, ). Then
after  we have a copy of B.

So, by the First Isomorphism Theorem, we have that Fg is isomorphic to D(R,T").

Now we will argue why the result is true when n > 2. Let be

S = {a,b,c} and consider the graph rewriting system given by
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the rules in Figure 36 together with the following additional rules

Extra Rules

1 1 1 1
L| weep | €1 Cl| ey | T
2 2 2 2
1 1 1 1
cal—| o | —] @
2 2 9 2
1 1 1 1
2 X 2
Figure 38

Notice that we can use the same technique used in the case when the free generating set
has 2 elements to prove that Fg is isomorphic to D(R,T") when S = {a,b, c}. Moreover,
observe that, for each element in the free generating set, we are using a modified copy
of the rule in Figure 38. In fact, the rules in Figure 36 are two sets of rules similar to
those rules in Figure 38. The general case where S is the free group generated by a free
generating set of n elements follows from adding n copies of the rules in Figure 38 to
the graph rewriting system and then use the same strategy followed when S had two

generators.

]

3.2 Right Angled Artin Groups

Recall that given a right angled Artin group A we can express a presentation for this group
using a defining graph X with vertices the generators of the group and edges indicating
that two elements commute in A. Consider the graph T with the same set of vertices as g
and set of edges determined by the following rule: for each pair of vertices g1, g, € X that
are not connected in X, we add an edge labeled by ay,,4,, but we do not add any more
edges in T. We call T the graph obtained from r by changing each isolated vertex g by a
new edge agy; with vertices labeled by g and g. Observe that the new edges are disjoint
from the other edges in I' (see Example 3.3). Note also that if T has no isolated vertices
I'=T (see Example 3.2). Throughout this section I" will be the base graph for our graph
diagram groups.

Given ¢ a generator of I' we consider the set of edges {agy,, Gy, ,- - -, agy, } that are adjacent
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to g in I'. We call a, the graph consisting of all these edges. Observe that I' = ] q,
geVv
where V' is the set of vertices of I'. Note also that if ¢ is an isolated vertex, we have that

ag = {ay;}. Given a graph a, denote b, the graph that results from changing to b’s all the
a’s that appear in the graph a4 as in Figure 40. Analogously, given a graph b, denote ¢,
the graph that results from changing to c¢’s all the b’s that appear in the graph b,. We

assume that
Qgy, = Qyrg, - - -, Qgy, = Gy, o Dut all the other labels are different. (3.1)

This means for example that by, , # by, and ¢, , # by, ,. Consider the graph rewriting
system R with replacement rules given by 71 = (a, = b,), 72 = (by = ¢4) and 73 = (¢; = ay)
together with the inverse rules b, — a4, ¢, = by, and a, - ¢, where the vertices are the
boundaries and the isomorphism consists in identifying the vertices with the same label.
Similarly to what we did for the free groups we will denote the cells as (¢,,m,) with top
ty and bottom m, where t,m € {a,b,c} and g is a generator of A. For example in Figure
41 we have a cell (a,,b;).

Let A, be the diagram of the derivation

$1,71

> (7

p2,r2

> (i

pi=Go=T

that is, the graph diagram with initial graph I" and cells C} = (ay,by),Cs2 = (by, ¢,) and
Ch = (¢g,ay). See Figure 42 and Figure 46.

In this case we also use some extra labeled edges as in the case of the free groups.

Example 3.2. Consider the presentation A = (x,y,z,w | xy = yx,yz = zy,2w = wz).
Notice that in this case I =T.

Defining graph X r
T y x y
Arzl @y Ay
z w p w
Figure 39

Asin 3.1, we assume that Ay, = Guy, Qpy = Qg AN Ayyyy = Qg but for example by, # by, by #
buwz and by, # buy and iy # Cony Cow F Cuwz aNA Cyyy # Cuy- We have these conditions to avoid

forbidden relations as in Remark 2.5/ and to avoid reductions when we do the product of
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some of Ay’s with g a generator of A. In this case a, and b, are as follows:

az by
Azz|  Qgop bys b
z w z w
Figure 40
In this case the amalgamation of a, U, b, is the graph,
x
b:cw
aa)z
be
a/.’L'U)
z w
Figure 41
Therefore, given
pi= GO -T <P1,T1, Gl <P2,T2, G2 <P3,T3, Gg
and A, = Diag(p) is the following graph diagram,
x
Yy
axw
Ay
aIL'Z
AI = Qg
a.Z’Z
z w

Figure 42
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the graph A, has top and bottom the graph diagram I'. On the other hand consider

X Y
a
Ay _ Tz Ay Ay Ay
(]
w
z
Figure 43

Notice that a, and b, do not have common edges, implying that A A, = A A, (see Figure
44).

Figure 44

Example 3.3. Let be A=(x,y,z |2y =yx,xz = zx,yz = zy). In this case we define T in
the following way: for each element g that commutes with all the other elements in A we

create an edge agg in I

Defining graph r
€T T Az T
Qyy Az
Yy % Yy g z z

Figure 45



Chapter 3. Families of Graph Diagram Groups 78

In this case we define a, as a single edge labeled with a,z and A, 1is the

graph diagram of the deriwation p defined in a way analogous to FExample 3.2.

Rules Ay
Arz - Ar7 =
T l T N~z
O ) Arz
T bz T e a
vy zZ
O——() Oe——)
O— I z z
T Cgz T y Y
Figure 46

Note also that similarly to Theorem 3.1 the graph diagram formed by the initial graph
[ and cells (ag,by), (by,ci) and (cg,a,) generate a free group and that A, has top and
bottom the diagram I'. Observe that a similar analysis can be done for each A, with g a

generator of A.

Guba and Sapir find that many right angled Artin groups were already diagram groups
[16]. In the next results we manage to prove that the whole family of right angled Artin

groups are graph diagram groups.
Theorem 3.4. Fvery right angled Artin group A can be seen as a graph diagram group.

Proof. Let A be a right angled Artin group, I' be the base graph and R be the graph
rewriting system given by the rules r, = (a, - b,), s, = (b, = ¢,) and t, = (¢, = a,)
together with the inverse rules (b, - a,), (¢, = b,) and (a, — ¢,) for each g € A. Note that,
by construction, R is reductive and symmetric and so, by Theorem 2.57, we have that
D(R,T") is a group. Given S a set of generators of A we define & that maps a generator
g of A to the graph A, and g™ to the graph A;l, so we set Aj1 = A;l if ge S. We can
extend this to @ : Fg > D(R,T") group homomorphism from the free group Fs and such
that &(g192...9n) = Ay Ay, - .- Ay,

First we will prove the following statement.

Suppose that g1 # go. Then g; commutes with g, if and only if A, commute with A, .
Assume g1g2 = gog1 and recall that I" is a graph that has edges between the non commuting
elements of A (except for the edges with initial and final vertex with the same label). Then
9192 = g201 if and only if a4 and a4, do not have edges in common in I'. Note that the
last statement is equivalent to say that the relations that produce A, are sequentially
independent of those that produce A,, which means that A, commute with A,,.
Moreover, if g1 # g» and g192 # 9291, we have that A, does not commute with A,,. Indeed,
observe that Ay A, and Ay, A, are reduced graph diagrams with different sets of cells.

By Von Dyck’s Theorem, the map @ induces a group homomorphism «: A - D(R,T).
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We will see that ker(«) = 1. We proceed by induction over the number of generators in the
factorization of g € A. If g = g192 and a(g192) = Ay Ay, =T' we have that A, = Agf which
means that g, = g7

Suppose that a(gigz...gn) = Ag, Ay, ... Ag, = T where A, € D(R,T) for j e {1,...,n}.
Note that if g;' # g; then Ay A, is reduced. In fact the cells of Ay and Ay, can not
produce dipoles by condition 3.1. Therefore a dipole (C, D) for A, A, ... A,, must have
bot(Ay,) = bot(C) = top(D) = top(A,).

A, =Ag Ay, ... Ay, =T implies that we can reduce A, until get the identity of D(R,I).
In particular at the beginning of such reduction we can reduce A, with Ay, for some
1<j<k<mn, thisis Aj A, =T. We will prove first that, given cells C,D of a of A,
such that bot(C') = top(D), then we can find a valid order in which these cells appear
at consecutive positions. In fact, note that the boundaries in each cell of the valid order
are given by vertices since all the rules in the graph rewriting system has vertices as its
boundaries satisfy that condition while the interior of all cells are given by the edges. In fact,
note that all the vertices of a cell C' are generators of A (or auxiliary vertices ) and that,
by construction, they are boundary points of top(C') and bot(C'). On the other hand, by
Definition 2.19, the interiors of top(C') and bot(C') cannot be empty and therefore must be
given by the edges. Thus, in this case for a graph to overlap with another, they must share
at least one edge. We claim that given a valid order C1,...C; =C,...Cy,...,Cy=D,...,C,
for A, such that bot(C') = top(D), then bot(C;) and top(D) are non- overlapping. Note that
by Lemma 2.5.2 bot(C;) and bot(D) have disjoint interior, moreover dbot(C') = dtop(D)
can not intersect the interior of bot(C;) since dtop(D) is formed by a set of vertices while
the interior of bot(C)) is formed by edges. By the same argument 0bot(C}) can not intersect
the interior of bot(D), that is, bot(C;) and top(D) are not overlapping. Notice that by
Lemma 2.38 we can permute D with all the cells C; such that j <[ < k, therefore we can
find a valid order for A, such that C' and D are consecutive cells.

Hence, given a valid order for Ay Ay, ... Ay, we can first obtain another valid order where
the dipole (C, D) appears in consecutive cells and bot(C') = bot(Ay,) = top(Ay,) = top(D).
Then we can apply the same strategy again until we obtain a valid order where the cells of
Ay, and Ay, appear in consecutive positions. This implies that Ay Ay, =T In fact suppose
that the last cell of Ay is (by,a,), then the first dipole of Ay, is (ay,b,y) and the only A,’s
that have that cell in its top and bottom are A;l and A, respectively.

Then we can find a valid order for A, such that
AgAgy . Ay, = Ag Ay, ... Ay Ay, A
=Ag Ay, .. Ay A

LA, A

gj+1 ° 9k-1°"Gk+1 " *

LA, A A

gj+1 ° 9k-1°"Gk+1 " *

A

gn
=T

dn

So we have that,

a(g192---9n) = (9192 - - - 9jGkGj+1 - - - Gk-10k+1 - - - Gn)
=a(9192---Gj-19j+1 - - - Gk—1Gk+1 - - - Gn) =
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The last equation has less than n factors, so by inductive hypothesis this implies that

G192 ---gn = 1.
We will prove that « is surjective. Consider a reduced element A, € D(R,I") and note that

Ay =Ay Ay ... Ay, where g1,02...,9, are either generators of A or their inverses.

In fact, since I' can be written as union of a,,’s where g; are generators of A, it is enough
to show that each time that we have a copy of a, in D(R,I'), then either a, is not the top
of a cell, or there is a copy of Ay or A" in A,

Note first that similarly to the argument that we did for the free groups, a graph diagram
has bottom diagram isomorphic to I' and this isomorphism must preserve the context for
graphs (in this case labeled graphs).

Secondly, in a reduced graph diagram it holds that each time that there is a copy of a4 in
A, that is the top of a non-trivial cell we must have by, ¢, and a, as the tops and bottoms
of the subsequent cells. For example, if we have a cell C' = (a,4,¢,) in A, then immediately
after such cell we will have cells D = (¢,,b,), and E = (b,, a,) that satisfying C' < D < E
any without any other cell between them, because no other relations with support ¢, and
b, can be applied. Therefore in this case we have a copy of A;l after a,.

Thus, by the First Isomorphim Theorem, we have that A is isomorphic to D(R,T"). O

3.3 Diagram Groups

We already worked with several diagram groups. For instance free groups, Thompson’s
group F' and Example 3.2 are part of this family. These examples allow us to provide a
graph rewriting system R and a base graph I' for D(R,T") from the classical rewriting
system G arising from the semigroup presentation P and the initial word w of the diagram
group D(P,w). Indeed, given a word v let [(v) be the linear graph with all the edges
directed from left to right and labeled with the letters of v. Moreover, if v = x125 ... 2, we
say that the initial vertex of I(v) is the leftmost vertex of I[(x;) and the final vertex of
[(v) is the rightmost vertex of I(z,). Then, given a diagram group D(P,w), we define the
initial graph I' as [(w) and for each rule r = s in G we will add to R the rules I(1) - I(s)
and [(s) — I(r) where the boundaries of these rules map the initial (final) point of I(r) to
the initial (final) point of I(s). Therefore is straightforward the following result

Theorem 3.5. Consider the semigroup presentation P = (¥ |R') and the graph rewriting
system R obtained from R’ as in the paragraph above. Then D(P,w) 2 D(R,T).

3.4 The Rearrangement Group of Fractals

In the current section we will show that the family of the rearrangement group of fractals

is contained in the family of the graph diagram groups. In order to do that we will follow
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the next steps:

1. We will show how each element in a rearrangement group of fractals that we denote
by G(R',Gy) can be used to obtain a graph diagram D(R, Gy).

2. We show how a replacement system of the rearrangement group of fractals can be
used to obtain a graph rewriting system such that the groups generated by these are

isomorphic.

To explain the first point recall that given an element in a rearrangement group G(R', Gy)
we can describe this element using a graph pair diagram, see Definition 1.44 and Remark
1.45. Therefore, this element can be obtained by applying simple expansions to the initial
graph Gy until we get the domain and rank of the rearrangement. Notice that each
application of the replacement rule to a graph G; produces a new graph G;,;. On the other
hand, each replacement rule of the rearrangement group of fractals (e - R) (where u,v
are the vertices of e and u, v are distinguished vertices in R) also induces a replacement
rule for the graph rewriting system given by r = (e, R,v) and 7' = (R,e,v™") where ¢, R
are graphs with boundary {u,v} and {u,v} respectively, and v identifies the vertex u
with the vertex u and the vertex v with the vertex v. A rule r; = (e;, R;,v;) induces a cell
Ci = (e;, R;) and a rule r;' = (Ry, e;, ;") induces a cell C;' = (R;, e;). This motivates the

following definition:

Definition 3.6. Consider a graph pair diagram (Gk,ék,cp) for the rearrangement f
and diagrams A(Gy) and A(ék) given by Go,G1,...Gy, and Gy = Go,G1,...Gy, and
Ch,C,...C and 51,52, . ék as their respective cells. Here each G;,1 and éi+1 18 0b-
tained from G; and Gi, respectively by applying a replacement rule in R'. We define a
graph diagram A(f) for f as A™(Gy) o, A(Gh).

Observe that, by definition of concatenation, we have that A(f) has defining graphs
Go,G1,... Gy = ék,ék_l,...Go and cells Cl,@,...Ck,é’,;l,é’,;_ll,...é’;l. Recall that in
Remark 2.59 we explain how to make the product of A™(Gy), and A(Gy),.

Example 3.7. To illustrate this construction suppose that the replacement system
for G(R',Gy) is determined by the initial graph I' = Gy and the rule r as follows:

O OO
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We want to see which diagram is produced by the following rearrangement .

X O=0)

In order to create a derivation for this rearrangement, first we produce the domain and the

range using the replacement rules induced by the cells as follows:

Domain of ¢ Range of

Then, we use ¢~' to identify the domain and the range of ¢ and we get the following

O-rC

In the next picture we obtain the graph diagram induced by this derivation and the one

derivation

induced by its square.

© ©cC

Note that A%, and p* are the identity elements of their respective groups.

Given a replacement system (R',Gy) of the rearrangement group of fractals, we will
produce a graph rewriting system R. In order to do that, it is necessary to understand
the differences between the rules in R’ and rules in R. For example, in the case of R’ we
can apply a replacement over any edge (including a loop) while in R we need a boundary

preserving isomorphism that by definition is a graph isomorphism.

Remark 3.8. How to produce a graph rewriting system R from a replacement

system R': The replacement system of the rearrangement group induces a graph rewriting
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system with simple expansions playing the role of partial isomorphisms. Sometimes we need
to add a finite number of extra rules to produce the same graphs with R and R'. Indeed, in
general, it is enough to consider rules that can be obtained from applying the replacement
(e > R) to the edges of R and to the edges of the initial graph T' as in Example 3.11. We
also need to add the inverse of each of these rules to produce a symmetric graph rewriting
system. In fact, this makes sense since all the edges in the limit space are obtained by

successively applying replacement rules on the initial graph or in copies of the graph R.

Definition 3.9. Given a replacement system R’ of the rearrangement group of fractals,

we call R the graph rewriting system induced by R’ described in Remark 3.8.
We will clarify this in the following examples.

Example 3.10. Consider the graph rewriting system given in [2] Belk and Forrest gave a
replacement system for F' x Zsq, this replacement consist of the base graph I' and the rule rq
in Figure 47. Notice that the replacement system is reductive since the only automorphism
of e and S that fix de and 0S pointwise is the identity automorphism and following Remark

3.8 we add the inverse replacement to obtain a graph rewriting system for F'x Z,.

Replacement rules Base graph
e S S e
r A A 7";1 T
L —) —l A o= > -9

Figure 47 — A graph rewriting system for F' x Z,

Example 3.11. Consider the rules ri,r9 in Figure 49 and the graphs I' and T'y in Figure
48. Observe that given a graph rewriting system R’ = {r1} we cannot apply the rule ry to the
graph I' and obtain I'y, since we need a boundary preserving isomorphism to apply this rule
and there is not even a graph isomorphism. However seen as a rule from a rearrangement

group we can apply the rule to I' and obtain the graph T'y.

Figure 48

Moreover, observe that the replacement system given by R' = {r1} and the initial graph

I' is enough to produce the Thompson group T as a rearrangement group of fractals and
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we need R = {ry,ro, 1, m5'} and the initial graph T to produce the same group as graph

-1 O-C

Figure 49

diagram group.

If the graph rewriting system induced by the replacement rule of a rearrangement group is
reductive and symmetric, then we have that by Theorem 2.57 that we can consider the
graph diagram group it generates.

Note that the associated derivation does not depend on the order of how we construct
the graph pair diagram. In fact, suppose that we have two constructions of the graph pair
diagram using the same number of simple expansions to get (G, Gy, ). In this case we
obtain the graph pair diagram applying the same rules in a different order, this means that
both derivations are transpositions of each other and, by Theorem 2.39. their diagrams
are isomorphic.

The graph pair diagram obtained from a rearrangement is not unique. In fact, given
(G;, G, ¢) and e is an edge of Gy, then (G; < e,G. < ¢(e),¢") is another graph pair
diagram for the same rearrangement, where ¢’ coincide with ¢ in G; — {e} and maps ee to
@(e)e for every e in R. However, the next proposition proved by Belk and Forrest in [2]
guarantees that each graph diagram has a unique reduced element. We will show that two

rearrangements with the same reduced graph pair diagram have equivalent graph diagram.
Proposition 3.12. Fvery rearrangement has a unique reduced graph pair diagram.

We will prove that rearrangement groups of fractals are contained in the family of the
graph diagram groups. For clarity, we will see the following cases and in all of them R will

be a symmetric graph rewriting system

1. first show the result in Theorem 3.13 in the case when the graph rewriting system R

induced by R’ is reductive,

2. then in Theorem 3.14 we explain that almost the same proof works for colored

rewriting systems, and
3. finally we explain how to modify the proof in the case when R is not reductive.

Theorem 3.13. If the graph rewriting system R induced by R’ is reductive and symmetric,
then the rearrangement group G(R',T") is isomorphic to D(R,T").
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Proof. First off, note that, by construction, we can obtain the same graphs from the
replacement system (R’,T") and with the graph rewriting system (R,T"). Also note that
by Theorem 2.57 D(R,T") is a group since R is a reductive and symmetric graph rewriting
system.

Consider a map «a : G(R',T') - D(R,I') that maps each rearrangement f to the graph
diagram A(f). We will prove that this application is well defined, bijective and preserves
the product of G(R',T").

1. The map a does not depend on the valid orders used to obtain the reduced graph
pair diagram. In fact, given two valid orders for A(f) associated to the same reduced
graph pair diagram, we know that these produce isomorphic graph diagrams by
Theorem 2.39.

2. Two equivalent elements in G(R', ") produce equivalent graph diagrams. It is enough
to prove that given f,g € G(R',T') such that, if the graph pair diagram of f is
obtained from the graph pair diagram of g by applying one single reduction, then
their diagrams are equivalent. Suppose that f has a graph pair diagram (Gy, Gy ®)
and ¢ has graph pair diagram (G, Grat, ¢") where Gy, is obtained from Gy, by
applying a simple expansion (e - R) in an edge f of G} and Grs1 is obtained from

G}, by applying the same rule on the edge ¢(e) of Gy.
In this case A(f) has defining graphs and cells given as follow

Go=D,G4,...,Gp=Gy,...,Go =T and cells 01,...,Ck,5,;1,...5;1
and A(g) has defining graphs and cells given by

Go,Gl, .. -,kaGk;+1 = ék+1,ék,. .. ,éo and Cl, ce ,C’k,C’ml,@,jl,. . .,61_1

Observe that, when Gi.; and G, are identified, also R = bot(Cyy1) and R =
top(Crl,) = bot(Crly) are identified. Then (Cj,q,C;ly) is a dipole and when we
reduce it, we eliminate Gy, Gy and Cy, Ciyq from the list of A(g) and we obtain
the list of defining graphs and cells of A(f). Thus A(f) is equivalent to A(g).

3. Observe that « is a homomorphism that satisfies ker(a) = I'. In fact, let f and
g be elements in G(R',T') and suppose that g o f is well defined. Then, we can
write the graph pair diagrams for f and g as (E1, E2,¢), (Es, Es, ") respectively.
By Definition 3.6, A(f) = A(E2) ™' o, A(E1) and A(g) = A(E3) ™ oy A(E3). Then

A(9) o0 ALS) = AlE) 0y AE) U, AE;) " 0y A(E)
= A(Ey) Uy (A(E2)_1 u, A(Es)) Uy A(E3)_1
= A(El) Uy I Uy A_I(Ei‘)
= A(E1) Uprop AN (E3) = A(g o f)
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On the other hand, assume that o(f) = T’ with (G, Gy, ) a graph pair diagram for
f. So,
a(f) =T = A(Gy) oy AN (Gy) =T < Gy = Gy,

thus f is the identity rearrangement.

4. On the other hand, « is surjective. Indeed, let A, €e D(R,T") and let R = {R*UR"}
where R* is the set of replacement rules associated with simple expansions, (e —
R) and R~ is the set of replacement rules associated with the inverses of simple
expansions. We will use the replacements in R* to produce a graph diagram A(Gy,)
and the replacements in R~ to produce a graph diagram A(éj) in such a way that
(Gy, éj,T) will be a graph pair diagram for f that satisfies a(f) = A,.

A, arises from a valid order with cells Cy,Cy,...,C,, and defining graphs
Go,Gq,...,G,.

We will show that we can find a valid order for A, such that we have first all
of the cells (e, R) induced by r € R* and, after, all of the cells (R,e) obtained
from rules r € R™. It is enough to show that we can transpose two consecutive
cells C; = (Ry,e1) and Cji1 = (€2, R2) in this order, where ey, 5 are isomorphic to
e and Rj, Ry are isomorphic to R. Indeed, let C; = (Ry,e;1) and Cjq = (eq, Ry),
by hypothesis A, is reduced, so e; # e and the replacements that induce these
cells are sequentially independent. In fact note that bot(Cy) = e; does not intersect
the interior of top(Cy) = es and top(Cs) = ey does not intersect the interior of
bot(Ch) = ey, so top(Cs) and bot(Cy) are non overlapping by Lemma 2.38 the order
C1,0Cs,...,C511,C), ... C, is a valid order for A,.

We proceed now to define A(Gy) and A(éj) and therefore the graph pair diagram
(G, G;, 7). Notice that we wish that both graph diagrams have top given by the
graph Gy. Firstly suppose that the C;’s are the cells induced by r; € R and that
r1,...,7x € R" and rgyq,...,7, € R™. Then we can produce a sequence of graphs G;
applying the rule r; over the graph G;_;. Moreover, note that Gy = ¢(G,,) and that
we can apply the rule 7! to the graph ¢(G,,) and obtain a graph G, in such a way
that G,,_1 = Gy, then we apply the rule r,,_; to the graph G; in such a way that we
obtain a graph 52 that satisfies G,,_3 = 62 and we follow this process until we get

7.—1 ,r.—l

-1
n n—1 Tk+1
G Gna1 Gy

an lTn—l LTk
1 -1 -1

0(G) 2= Gy =225 2L G

where the 7;’s are isomorphisms. Hence, the two derivations are isomorphic and

therefore they produce the same graph diagram.

Note that the rearrangement f with graph pair diagram (G, G, 7) belongs to
G(R,T) and satisfies a(f) = A,. In fact, the graphs Gy and G; are obtained
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by applying replacements from R’ and A(Gy) is given by the defining graphs
Gy, Gy, ...Gy and cells C1,Cy,...Cy and A(éj) is given by the defining graphs
Go=p(G,) = Go, Gy, ... éj and cells C,,,Cp_1,...,Chi1.

On the other hand, A™(G;) o, A(G)) = A(Gy) Uy, ATH(G) 2 A,
O

Theorem 3.14. Let R be the graph rewriting system induced by a colored graph rewriting
system (R',T"). Then G(R',T") is isomorphic to D(R,T").

Proof. Observe that the proofs of items 1, 2 and 3 are analogous to the same items of the
proof of Theorem 3.13.

We will prove item 4, that is, that « is surjective.

In this case we have an initial graph I' with edges colored by a finite set of colors C and
cells of the form (e., R.) where e, is colored by an element of C and R, have edges colored
with some colors of C. Each replacement graph R, has distinguished initial and terminal
vertices. In fact, let A, e D(R,T") and let R = {R*UR™} where R* is the set of replacement
rules associated with simple expansions (e, R.), and R~ is the set of replacement rules
associated with the inverse of simple expansions (R,,e.), where ¢ €C.

We notice that A, arises from a valid order with cells Cy, Cs, ..., C,, and defining graphs
Go,Gh,...,G, We will show that we can find a valid order for A, such that the cells
appearing first are of the form (e, R.) induced by r € R* and those appearing afterwards
are those of the form (R.,e.) obtained from rules € R™. To prove this, it is enough to
show that we can transpose two consecutive cells C; = (R.;, e.,) and Cj,1 = (e, Re,,, ).
Indeed, let C; = (R, e.,) and Cj,1 = (e,,,, R

€c;,,> then the result follows as in Theorem 3.13 while, on the other hand, ¢; # ¢j1 implies

¢;o1)- Now, if e.; has different color than
that the replacements that induce the cells are sequentially independent since bot(C;) and
top(Cj.1) have different colors in their edges, so they are non-overlapping and, by Lemma
2.38 the order (', Cs,...,Cj11,Cj, ... Cy is a valid order for A,

The proof now follows as in Theorem 3.13.

O

There are cases where the graph rewriting system R induced by the rewriting system R’
is not reductive. In these cases we need to modify the map « defined in Theorem 3.14 a
little bit.

Example 3.15. We will work in the case n =2 of the Basilica family.
In Figure 32 we constructed a reductive replacement system for the element n = 2 of

the basilica set family. We will add to that graph rewriting system the inverse rules and
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consider the same initial graph seen in Figure 17.

Reductive and symmetric graph rewriting system R

2
A 1 2 5 9 A
Ty 1
— —
B
B
1 1

0=0 0~ 0
00 0-0

Figure 50
Recall that the initial graph and top of the diagram in the rabbit family for n =2 is an

unlabeled graph and that a graph diagram is a diagram that has a set of cells and defining
graphs together with an isomorphism between its top and its bottom. This isomorphism
must preserve the context for graphs and so the bottom of the graph diagram must be also
an unlabeled graph.

Once we use the rule r1 in Figure 50 we will eventually either use the rule 7 (in this case
we have a dipole in the graph diagram) or we must use the rules ro and r3 to eliminate
the labels in the graph since the bottom of the diagram has no labels. Apart of the cases
mentioned above, there are no other ways of removing the labels in a derivation.

Observe that in a valid order for a graph diagram the rules 7', r3" and r3' are sequentially
independent from the other rules and the same statement is also true for their inverse
rules r1,79 and r3. So, by Lemma 2.38 we can transpose the cells in the valid order until

put them in consecutive positions as in Figure 51.
A A
o o o |=> ooo=}€ooo=}goo
B

Figure 51
We will show in Lemma 5.21 that we can move to the left the replacement un-

til obtains all the auxziliary rules one after the other as in the figure below,



Chapter 3. Families of Graph Diagram Groups 89
A A
LI ) [ = g —— 2 €=} o000
B

r

Figure 52 — Replacing the rule r = (e, R, v) by a sequence of auxiliary reductive rules.

Therefore, having the auxiliary rules can be seen as having a unique rule r.

In the following we will define a graph rewriting system R obtained from R’ where G(R’,T)
is a rearrangement group of fractals. We will show the relation between these objects later
on in Theorem 3.22.

We will focus our attention to the case when (R',I") is a colored replacement system (see
Definition 1.52). In particular, in this case we can have more than one replacement rule
where the color of the edge tells us which rules we can apply over that edge. So, in this

case we can also have more than one non-reductive rule in R’.

Remark 3.16. Given a non-reductive rule, we wish to replace it by some reductive rules
as in Example 3.15. Consider r; = (e, R,v), note that e in the rule r; is already reductive
since the only automorphism of e that fizes de pointwise is the identity. However, (e, R)
is not reductive if R admits automorphisms different from the identity. In these cases, to
make r; reductive, we must replace the rule (e, R) by some other rules. In order to do this,
first we change R by the graph R that consists in assigning a different label to each edge
(loop) that is identified with some other edge (loop) in an automorphism of R. After that,
for each labeled edge (loop) eq in R we add a rule (ea,e,v) where e is the edge (loop)
obtained from erasing the label of e4. Then these rules correspond to cells (ea,e), where
ea is an edge (loop) with label A and e is an edge (loop) without label. Observe that in
FExample 3.10 we obtain the rules r1,ro and r3 by applying the former process to the rule r

wmn Figure 50.

Proposition 3.17. Given a rearrangement group of fractals G(R',I"). Then the graph

rewriting system R obtained from R’ as in Remark 3.16 is reductive.
Proof. Note that the rules from R are all reductive. In fact, we have rules of two forms.

o (e, R, v) where R is a graph with different labels in each edge that can be identified
with a different edge through a boundary fixing automorphism of R. Thus, in R
the only boundary fixing automorphism that preserves the labels is the identity

automorphism. The same happens with e and therefore (e, E, v) is a reductive rule.
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e (e4,e,v) where e is an edge (loop) and ey is an edge (loop) labeled by the letter A.
Thus, the only boundary fixing automorphism that preserves e, and e is the identity

automorphism, so that (ea,e,r) is reductive.
]

Remark 3.18. In virtue of Proposition 3.17 given a rearrangement group of fractals with
replacement system R’ we can obtain a symmetric and reductive graph rewriting system R
by applying the process described in Remark 3.16 to each rule in R’ and adding the inverse

rules of each rule that we obtain in this process.

Definition 3.19. Let r; be a non-reductive rule in R, then we call auxiliary rules the
set of reductive rules S; = {rj, i, ..., Tin} in R constructed as in Remark 3.18. In this case,
we say that, if r € R*, then 11,7, ... Tin € R* and, if r € R™, then 11, Tin, .., Tin € R .

We denote C;; the cell associated with the auziliary replacement ;.

Remark 3.20. Note that all the rules in this graph rewriting system have vertices as
boundaries. Thus, given cells C = (R,e) and D = (f,S), where e and f are edges, we have
that they only can overlap if bot(C') and top(D) have a common edge, this means in this
case that e = f.

Lemma 3.21. Let A, € D(ﬁ,f‘) be a reduced graph diagram. Then there exists a valid

order where appear first all the rules r € R* and after all the rules r e R~

Proof. Note that, by construction, the cells induced by replacements in R* have two
forms, say (e, Ry) and (e4,e), and consequently the cells induced by rules in R~ have
forms (Ry,e) and (e,ep) for some labels A and B. We will study the cases in which
two consecutive cells C' and D appear in a valid order and such that C' is induced by a
replacement in R~ and D is induced by a replacement in R+ and we will prove that in all
these cases, we can transpose these cells and obtain a valid order where cell D comes before
cell C. Before analyzing the cases we will establish some notation. Let e, f be edges labeled
with a certain color such that the cells (e, R;) and (f, R) are induced by replacement in

R.

1. C = (Ry,f) and D = (e, Ry) Note that each replacement is applied to a different
color. So, if e = f, then R; = Ry and we would have a dipole in Ay, but this graph
diagram is reduced. On the other hand, if e # f then, by Remark 3.20, bot(C') and
top(D) are non-overlapping and, by Lemma 2.38, we can transpose C' and D in a

valid order.
2. C'=(Ry, f) and D = (e4,e).

3. C'=(f,fg) and D = (e, Ry).
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4. C=(f, f) and D = (ea,e).

Observe that the cases 2. 3. and 4. can be analyzed all at the same time. Indeed,
either bot(C') or top(D) are labeled vertices, therefore by Remark 3.20 these graphs
can not be overlapping. Again, by Lemma 2.38, we can transpose C' and D in each

of these cases, obtaining a valid order for A,,.

]

We have seen in Proposition 3.10 that, if the rearrangement system of G(R',T") contains
rules that are not reductive, we can replace them by some reductive rules that we called
auxiliary rules and get a symmetric and reductive graph rewriting system R as in Example
3.15. In this case, for each element in G(R,I"), we can do something similar to Definition
3.6, but using rules from R instead of the rules from R’. Hence, given a rearrangement
f, we define z(f) in the same way that we defined A(f). Observe that this graph can
be obtained from A(f) by taking {G;} as its collection of graphs and that, if Gy, were
obtained from G}, using a non-reductive rule, we change it to a sequence of graphs obtained

by using rules in R as in the Figure 52.

Theorem 3.22. Consider the rearrangement group given by G(R',T). Let R be a reductive

and symmetric graph rewriting system obtained from R' by adding some auxiliary rules.
Then G(R',T) is isomorphic to D(R,T).

Proof. Consider a : G(R',T') -» D(R,T) that maps each rearrangement f to the graph
diagram A(f).

Observe that the proofs of items 1, 2 and 3 are analogous to the same items of the proof
of Theorem 3.13. We will prove that « is surjective.

Let A, € G (ﬁ, I') be a reduced graph diagram with a valid order given by cells
C1,Cs, ..., C,, and defining graphs Go,Gq,...,G,.

By Lemma 3.21 we can assume that the valid order that we have is given by taking first
all of the cells induced by r € R* and, after, all of the cells obtained from rules r € R".
On the other hand, analogously to the proof of Theorem 3.13, we can find a graph pair
diagram (Gy, éj, 71) for the rearrangement f. Observe first that the graphs G}, and ij
can be obtained by applying replacements from R. Indeed, by Lemma 3.21, once we apply
an auxiliary rule r; = (e = R;), we must apply replacements ry = (R; - Ry),r3 = (Ry -
R3),...,rn = (R,1 — R) that are the reductive rules associated with a replacement rule
r=(e— R) eR' Notice that r1,7s,...7, € R*. So Gy, is the graph obtained from applying
successively and beginning from G all the rules in R*. A similar analysis happens with éj.
On the other hand a(f) = A,. In fact, the graph diagram A(G}y) is given by the defining
graphs Gy, G1,...G}, and cells Cy,Cy,...C) and A(éj) is given by the defining graphs
Go=¢(G,) =Go,Gy,...G; and cells C,,, C,y_yq, ..., Chiy.

On the other hand, A™Y(G;) o, A(Gr) = A(Gy) Uy, ATH(G) 2 A,
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]

In conclusion, we can use Remark 3.8 to find a symmetric and reductive graph rewriting
system R from a replacement system of a rearrangement group of fractals. In particular,
we use this strategy in examples 3.10, 3.11, 3.15 and in Figure 30 to get symmetric and

reductive graph rewriting systems for the following groups
e Thompson groups F,T and V.
e The rearrangement group F' x Zs.
e The Generalized Thompson groups F,, i, 1), and V,, 4.
e The Basilica family of rearrangement groups.
and we can use the same technique to find R for
e The Vicsek family of rearrangement groups.
e The rearrangement group the colored replacement system (for example The Airplane).

Then, in virtue of the Theorems 3.13, 3.14 and 3.22, these groups can all be seen as Graph

Diagram Groups.
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4 Equivalent graph rewriting systems and

groups

Definition 4.1. We say that a graph Ty is equivalent to a graph I'y in a graph rewriting

system R (and write U'g 2 T'1) if there exists a derivation

$1,71 $2,72 PnTn

G0=FO=G1:G2...:Gn=F1

where ri,r9,...,1, € R.

Theorem 4.2. Let R be a reductive and symmetric graph rewriting system. Let I'y and
Iy graphs over R. If Ty 2g T'y, then D(R,Ty) 2 D(R,T'y).

Proof. Observe that I'y 2z I'; implies that exist a graph diagram with top I'y, bottom Iy
and cells induced by relations in R. We call this graph diagram II,, where ¢y : 'y - I'y

is the identity isomorphism in I'y. Analogously II;!

-~ is the inverse graph diagram of

II,, where ¢; : I'y = I'; is the identity isomorphism in I';. This is, II,; o H;ll =TI, and
IT;' oI, =T,, We define a map © : D(R,T) > D(R,T1) where O(A,) =11 o A, o II,,.

31

Notice that top(©(A,)) =T'; and bot(©(A,)) 2I'y. © is a homomorphism, in fact, given
A,, Al € D(R,Tp) by the associative property explained in Remark 2.59, we have that

@(ASO) °© Q(A:O’) = Hzll ° A‘P °© (HLO ° Hzll) °© Aclp' °© HLO
=1, 0o A 0 Al 0TI,
=0(A,0Al).

O is injective, indeed,

G(As@) = (Fl)bl ~ ]'_‘[L_11 ° A@ ° HLO = (Fl)bl -
A@D =110 (Fl)u ° HL_ll =1y, (Hbo ° (Fl)u)
= (H_l U, (Fl)t U, H)Lo = (FO)

Lo

Moreover, O is surjective since if A, € D(R,T1), II,; 0 A, o II;' € D(R,Ty) and O(IL,, o
Ay oIl = A, O
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Example 4.3. Consider the graph rewriting system R’ given by the rules ri,ry,73 in

Figure 53 together with the inverse rules ri*,r3*,r3t.

Graph rewriting system

p)

2 2 9 a

- @ I - l -
—) —) x

) 1 1 1 Az

Figure 53
Note that R = {ri,r,r7', 75"} with base graph T given in Figure 54, is a graph

rewriting system for Thompson’s group T, see FExample 3.11. We wish to com-
pare T = D(R,I') with D(R',E) where E is an edge label with the letter x.

Base graphs

r r E

Figure 54
First, note that D(R,T') = D(R,T). In fact, it is enough to define the ay : D(R,T) —
D(R,F) that map each diagram A, with top I' to a diagram with two dangling edges labeled
with the letter a, in the only vertex of I'. This is, o map the top of A, says I" to T and the
other cells A, to themselves. Note that ay is an isomorphism. On the other hand, E =/ f,
so by the last theorem D(R',E) = D(R',T). We will prove that D(R,T') = D(R',E)
by proving that D(R,T) = D(R',T). In fact, let be as : D(R,T) - D(R',T) such that
as(A,) = Ay. Note that o is a homomorphism injective. We will show that it is surjective.
In fact, note that a reduced element in D(R',T") can not have a cell induced by the relation
r3, on the contrary, this cell would have a labeled edge x but bot(A,) have not edges

labeled with the letter x, so this cell must be in a dipole, which is a contradiction since A,
is reduced. In resume we prove that D(R',E) 2 D(R',T) 2 D(R,T) 2 D(R,T).
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Figure 55 — An element of D(R', E)

4.1 Graph Diagram Groups and Group Theoretic Constructions

All the graph rewriting systems in this section are assumed to be symmetric and reductive.

Lemma 4.4. Let R., and R., graph rewriting systems with disjoint sets of colors Cy and
Ci. Let Ty and I'y respectively be disjoint graphs over the sets of colors Cy and C4. Let
R =R URe, and T be the disjoint union To|*JT1. Then D(R,T) is isomorphic to the
direct product D(Rey, L) x D(Re,, 7).

Proof. Define a: D(R,,I0) x D(R.,,I'1) = D(R,TI") that maps (A,,,IL,,) to the graph
diagram A, [*JIL,, defined as follows: if A, is the graph diagram given by the valid order
Go,G1,...,Gy and cells Cy,Cy, ..., C, and 11, given by the valid order Go,Gy,...,Gm
and cells C4, ..., C,, then we define a(Ay,,I1,,) as the graph diagram with defining graphs

GOUF1,G1UFl,...,GnUrl,GnUél,...,GnUém

and cells
017027"'7Cn7517"'75m

where ¢(bot(Ay,) [Jbot(IL,,)) = @o(bot(Ay,)) ) 1 (bot(I1,,)) =To[ )Ty =T.

e Suppose that (A,,,Il,,) is equivalent to (A:%,H:O,l). Then A, is equivalent to
A:PE) and IL,, is equivalent to H:D,l , so this implies that the derivations given by the

following orderings are also equivalent

GoUrl,GlUFl,...,GnUrl,GnUél,...,GnUGm

and
GouTy =GHuly,Gyuly,... .G uly,GuGh, ... .Gl UG,

Moreover, these equivalences also imply that exist 1y and 11 such that ¢g = @f o ¥y

and ¢ = ¢} o1 which, in turn, imply the existence of v satisfying ¢ = ¢' o).
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e (v is a homomorphism. In fact, the product works in the same way on both sides and

this homomorphism is injective since, if A, (*JIL,, are equivalent, then A, and II,,

o
are also equivalent.

e « is surjective. Let A, € D(R,I"), then we have a valid order for this graph diagram.
In particular, we have that the cells inducing replacement rules of color Cj are
sequentially independent of those of color ¢; since they belong to a different connected
component in A,. Hence, we can consider a valid order for I' where the first cells
(graphs) are induced by the replacement rules of color Cy and the other cells (graphs)

correspond to the replacement rules of color C;. Thus, the defining graphs are

G0UF17G1UFl,...,GnUFhGnU§1,...,GnUGm

Then the graph diagrams A, and I, with ordering G¢,Gi,...,G, and cells
Ch,Cs,...,C, and éo,él,...,ém and cells 51,...,5m respectively satisfy that
a(A

elrg s Hole, ) = Ay by construction of a.

]

Theorem 4.5. The class of the graph diagram groups over a graph rewriting system is

closed under taking finite direct products.
Proof. 1t is a consequence of Lemma 4.4. m

Corollary 4.6. Given rearrangement groups of fractals G(R.,T';) such that each R for
1 <i <n induces a symmetric and reductive graph rewriting system R;, then the finite

direct product of these rearrangement groups of fractals is a rearrangement group of fractal.

Proof. We will prove the case when we have two replacement systems since the other cases
are analogous.Given (Rg,I'g) and (R},I'1) we define the replacement systems (R, ,I,)
and (R,,I'c,) by respectively coloring the edges in their rules and their initial graphs with
disjoint color sets ¢y and ¢y, that is, we consider the rewriting systems (R, ) and (R}, I'1),
but using disjoint sets of colors for each of them. In particular, if (R{,I'y) and (R},I'1)
are uncolored rewriting systems, then we use only two colors ¢y and ¢;, where we use ¢; on
every replacement rule in (R},I';).Note that, by construction, G(Rg,I'0) 2 G(R;,,T.,) and
G(R1,T1) 2G(R.,,I's). Let R' =R uR, then, by Theorems 3.14 and 4.5, we have that
G(R',T) 2 D(R,T) £ D(Rey, To) x D(Rer, Ty) 2 G(RL, Ty) ¥ G(RL Ty

co) c1?

where R,R., and R., are, respectively, the reductive and symmetric graph rewriting
systems induced by R', R/, and R, and I' =T, [-JT,.
O
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Final Remarks

In this doctoral thesis, we define a family of groups called Graph Diagram Groups. This
family was inspired by other families containing Thompson-like groups such as diagram
groups [1] and rearrangement group of fractals [2].Let us recall the topics presented in the
chapters.

In Chapter 2 we follow a structure similar to the work of Guba and Sapir [1] to define this
family. For instance, we use a graph rewriting system instead of a rewriting system or a
semigroup presentation to capture a larger variety of groups in our family. To do this, we
use the notion of portion of a graph that allows us to define cells and apply replacement
rules in a wider sense than in rearrangement groups of fractals [2]. This abstract concept
of cell requires a more precise concept of dipole that depends on a strict partial order on
the cells of the graph diagram (see Lemma 2.30 and Definition 2.40). Furthermore, we
also need to restrict the dipole reduction to be reductive (Definition 2.44) to prove that
each graph diagram is equivalent to a unique reduced element. Finally, we define some
conditions to give group structure to D(R,T").

In Chapter 3 we show that the families of right angled Artin groups, diagram groups and
rearrangement groups of fractals are contained in the family of graph diagram groups.
For each such family, we give concrete graph rewriting systems R and find isomorphisms
between D(R,I") and groups in these families. An important characteristic between the
graph rewriting systems that we use to prove these isomorphisms is that all the rules in
the graph rewriting system that we define have vertices as boundary. Therefore, it is easier
to prove that two cells are non-overlapping and so when two valid orders represent the
same graph diagrams.

Finally, in Chapter 4, we prove that our family is closed under direct products by adapting
ideas from [1] and, as a corollary, we obtain the same result for the family of rearrangement
group of fractals in its colored version (see Subsection 1.6.1).

The work in the family of graph diagram groups is still in progress, and we have many
possible options to continue it. For example the fundamental group of the groupoid
associated with the groups in this family is a useful tool to find presentations for some
groups using standards techniques from algebraic topology. Therefore, we will continue
looking for more elements in the family and we will try to give alternative presentations for
these elements taking this approach. In particular Belk and Forrest prove independently
that every graph diagram group over finite graph rewriting systems acts properly by
isometries on a CAT'(0) cubical complex and, therefore, we can study first groups that
act properly on a CAT'(0) cubical complex.

Another direction consists in using the group structure to look for solutions of the conjugacy

problem. Note that the techniques used by Guba and Sapir for diagram groups do not
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seem to lead us to a solution of the conjugacy problem in most of the groups in our family.
This happens since in their case all the groups are torsion-free while the new interesting
examples of graph diagram groups are groups with torsion. However, in [5] James Belk
and Francesco Matucci give a solution of the conjugacy problem for F,T and V using a
geometrical object called strand diagram that can be induced by the dipole reductions of
the Thompson group F' when this is seen as a diagram group. Following the same approach
we are trying to solve conjugacy in the Basilica group T, that is we define an abstract
strand diagram that preserves the information about the cells, edges and vertices in the

graph diagram and have partial results towards a solution of the conjugacy problem.
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